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Katalin A. Bencsáth Paul R. Halmos
Mathematics Department of Mathematics
School of Science Santa Clara University
Manhattan College Santa Clara, CA 95053
Riverdale, NY 10471 USA
USA phalmos@scuacc.scu.edu
katalin.bencsath@manhattan.edu

Mathematics Subject Classification (2000): 00A07, 13-01, 16-01

Library of Congress Cataloging-in-Publication Data

Lam, T.Y. (Tsit-Yuen), 1942–
Exercises in classical ring theory / T.Y. Lam.—2nd ed.

p. cm.—(Problem books in mathematics)
Includes indexes.
ISBN 0-387-00500-5 (alk. paper)
1. Rings (Algebra) I. Title. II. Series.

QA247.L26 2003
512′.4—dc21

2003042429

ISBN 0-387-00500-5 Printed on acid-free paper.

@ 2003, 1994 Springer-Verlag New York, Inc.
All rights reserved. This work may not be translated or copied in whole or in part without
the written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Av-
enue, New York, NY 10010, USA), except for brief excerpts in connection with reviews or
scholarly analysis. Use in connection with any form of information storage and retrieval,
electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed is forbidden.
The use in this publication of trade names, trademarks, service marks, and similar terms,
even if they are not identified as such, is not to be taken as an expression of opinion as
to whether or not they are subject to proprietary rights.

Printed in the United States of America.

9 8 7 6 5 4 3 2 1 SPIN 10913086

www.springer-ny.com

Springer-Verlag New York Berlin Heidelberg
A member of BertelsmannSpringer Science+Business Media GmbH



To Chee King

Juwen, Fumei, Juleen, and Dee-Dee



This page intentionally left blank 



Preface to the Second Edition

The four hundred problems in the first edition of this book were largely
based on the original collection of exercises in my Springer Graduate Text
A First Course in Noncommutative Rings, ca. 1991. A second edition of this
ring theory text has since come out in 2001. Among the special features of
this edition was the inclusion of a large number of newly designed exercises,
many of which have not appeared in other books before.

It has been my intention to make the solutions to these new exercises
available. Since Exercises in Classical Ring Theory has also gone out of
print recently, this seemed a propitious time to issue a new edition of our
Problem Book. In this second edition, typographical errors were corrected,
various improvements on problem solutions were made, and the Comments
on many individual problems have been expanded and updated. All in all,
we have added eighty-five exercises to the first edition, some of which are
quite challenging. In particular, all exercises in the second edition of First
Course are solved here, with essentially the same reference numbers. As
before, we envisage this book to be useful in at least three ways: (1) as
a companion to First Course (second edition), (2) as a source book for
self-study in problem-solving, and (3) as a convenient reference for much
of the folklore in classical ring theory that is not easily available elsewhere.

Hearty thanks are due to my U.C. colleagues K. Goodearl and H.W.
Lenstra, Jr. who suggested several delightful exercises for this new edition.

While we have tried our best to ensure the accuracy of the text, occa-
sional slips are perhaps inevitable. I’ll welcome comments from my read-
ers on the problems covered in this book, and invite them to send me
their corrections and suggestions for further improvements at the address
lam@math.berkeley.edu.

Berkeley, California T.Y.L.
01/02/03
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Preface to the First Edition

This is a book I wished I had found when, many years ago, I first learned
the subject of ring theory. All those years have flown by, but I still did not
find that book. So finally I decided to write it myself.

All the books I have written so far were developed from my lectures;
this one is no exception. After writing A First Course in Noncommutative
Rings (Springer-Verlag GTM 131, hereafter referred to as “FC ”), I taught
ring theory in Berkeley again in the fall of 1993, using FC as text. Since the
main theory is already fully developed in FC, I asked my students to read
the book at home, so that we could use part of the class time for doing the
exercises from FC. The combination of lectures and problem sessions turned
out to be a great success. By the end of the course, we covered a significant
portion of FC and solved a good number of problems. There were 329
exercises in FC ; while teaching the course, I compiled 71 additional ones.
The resulting four hundred exercises, with their full solutions, comprise this
ring theory problem book.

There are many good reasons for a problem book to be written in ring
theory, or for that matter in any subject of mathematics. First, the solutions
to different exercises serve to illustrate the problem-solving process and
show how general theorems in ring theory are applied in special situations.
Second, the compilation of solutions to interesting and unusual exercises
extends and completes the standard treatment of the subject in textbooks.
Last, but not least, a problem book provides a natural place in which to
record leisurely some of the folklore of the subject: the “tricks of the trade”
in ring theory, which are well known to the experts in the field but may not
be familiar to others, and for which there is usually no good reference. With
all of the above objectives in mind, I offer this modest problem book for
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the use and enjoyment of students, teachers and researchers in ring theory
and other closely allied fields.

This book is organized in the same way as FC, in eight chapters and
twenty-five sections. It deals mainly with the “classical” parts of ring theory,
starting with the Wedderburn-Artin theory of semisimple rings, Jacobson’s
theory of the radical, and the representation theory of groups and algebras,
then continuing with prime and semiprime rings, primitive and semiprim-
itive rings, division rings, ordered rings, local and semilocal rings, and the
theory of idempotents, and ending with perfect and semiperfect rings. For
the reader’s information, we should note that this book does not include
problems in the vast areas of module theory (e.g., projectivity, injectivity,
and flatness), category theory (e.g., equivalences and dualities), or rings of
quotients (e.g., Ore rings and Goldie rings). A selection of exercises in these
areas will appear later in the author’s Lectures on Modules and Rings.

While many problems in this book are chosen from FC, an effort has
been made to render them as independent as possible from the latter. In
particular, the statements of all problems are complete and self-contained
and should be accessible to readers familiar with the subject at hand, either
through FC or another ring theory text at the same level. But of course,
solving ring theory problems requires a considerable tool kit of theorems
and results. For such, I find it convenient to rely on the basic exposition in
FC. (Results therein will be referred to in the form FC-(x.y).) For readers
who may be using this book independently of FC, an additional challenge
will be, indeed, to try to follow the proposed solutions and to figure out
along the way exactly what are the theorems in FC needed to justify the
different steps in a problem solution! Very possibly, meeting this challenge
will be as rewarding an experience as solving the problem itself.

For the reader’s convenience, each section in this book begins with a
short introduction giving the general background and the theoretical ba-
sis for the problems that follow. All problems are solved in full, in most
cases with a lot more details than can be found in the original sources (if
they exist). A majority of the solutions are accompanied by a Comment
section giving relevant bibliographical, historical or anecdotal information,
pointing out relations to other exercises, or offering ideas on further im-
provements and generalizations. These Comment sections rounding out the
solutions of the exercises are intended to be a particularly useful feature of
this problem book.

The exercises in this book are of varying degrees of difficulty. Some
are fairly routine and can be solved in a few lines. Others might require a
good deal of thought and take up to a page for their solution. A handful
of problems are chosen from research papers in the literature; the solutions
of some of these might take a couple of pages. Problems of this latter kind
are usually identified by giving an attribution to their sources. A majority
of the other problems are from the folklore of the subject; with these,
no attempt is made to trace the results to their origin. Thus, the lack of
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a reference for any particular problem only reflects my opinion that the
problem is “in the public domain,” and should in no case be construed as a
claim to originality. On the other hand, the responsibility for any errors or
flaws in the presentation of the solutions to any problems remains squarely
my own. In the future, I would indeed very much like to receive from
my readers communications concerning misprints, corrections, alternative
solutions, etc., so that these can be taken into account in case later editions
are possible.

Writing solutions to 400 ring-theoretic exercises was a daunting task,
even though I had the advantage of choosing them in the first place. The
arduous process of working out and checking these solutions could not
have been completed without the help of others. Notes on many of the
problems were distributed to my Berkeley class of fall 1993; I thank all
students in this class for reading and checking my notes and making con-
tributions toward the solutions. Dan Shapiro and Jean-Pierre Tignol have
both given their time generously to this project, not only by checking some
of my solutions but also by making many valuable suggestions for im-
provements. Their mathematical insights have greatly enhanced the qual-
ity of this work. Other colleagues have helped by providing examples and
counterexamples, suggesting alternative solutions, pointing out references
and answering my mathematical queries: among them, I should especially
thank George Bergman, Rosa Camps, Keith Conrad, Warren Dicks, Ken-
neth Goodearl, Martin Isaacs, Irving Kaplansky, Hendrik Lenstra, André
Leroy, Alun Morris and Barbara Osofsky. From start to finish, Tom von
Foerster at Springer-Verlag has guided this project with a gentle hand; I
remain deeply appreciative of his editorial acumen and thank him heartily
for his kind cooperation.

As usual, members of my family deserve major credit for the timely
completion of my work. The writing of this book called for no small sac-
rifices on the part of my wife Chee-King and our four children, Juwen,
Fumei, Juleen, and Dee-Dee; it is thus only fitting that I dedicate this
modest volume to them in appreciation for their patience, understanding
and unswerving support.

Berkeley, California T.Y.L.
April 1994
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Notes to the Reader

The four hundred and eighty-five (485) exercises in the eight chapters of
this book are organized into twenty-five consecutively numbered sections.
As we have explained in the Preface, many of these exercises are chosen
from the author’s A First Course in Noncommutative Rings, (2nd edition),
hereafter referred to as FC. A cross-reference such as FC-(12.7) refers to
the result (12.7) in FC. Exercise 12.7 will refer to the exercise so labeled
in §12 in this book. In referring to an exercise appearing (or to appear)
in the same section, we shall sometimes drop the section number from the
reference. Thus, when we refer to “Exercise 7” within §12, we shall mean
Exercise 12.7.

The ring theory conventions used in this book are the same as those
introduced in FC. Thus, a ring R means a ring with identity (unless other-
wise specified). A subring of R means a subring containing the identity of
R (unless otherwise specified). The word “ideal” always means a two-sided
ideal; an adjective such as “noetherian” likewise means both right and left
noetherian. A ring homomorphism from R to S is supposed to take the
identity of R to that of S. Left and right R-modules are always assumed to
be unital; homomorphisms between modules are (usually) written on the
opposite side of the scalars. “Semisimple rings” are in the sense of Wed-
derburn, Noether and Artin: these are rings R that are semisimple as (left
or right) modules over themselves. Rings with Jacobson radical zero are
called Jacobson semisimple (or semiprimitive) rings.

Throughout the text, we use the standard notations of modern math-
ematics. For the reader’s convenience, a partial list of the notations com-
monly used in basic algebra and ring theory is given on the following pages.
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Some Frequently Used Notations

Z ring of integers
Zn integers modulo n (or Z/nZ)
Q field of rational numbers
R field of real numbers
C field of complex numbers
Fq finite field with q elements
Mn(S) set of n × n matrices with entries from S
Sn symmetric group on {1, 2, . . . , n}
An alternating group on {1, 2, . . . , n}
⊂,⊆ used interchangeably for inclusion
�,� strict inclusions
|A|, Card A used interchangeably for the cardinality

of the set A
A\B set-theoretic difference
A � B surjective mapping from A onto B
δij Kronecker deltas
Eij matrix units
tr trace (of a matrix or a field element)
det determinant of a matrix
〈x〉 cyclic group generated by x
Z(G) center of the group (or the ring) G
CG(A) centralizer of A in G
H ✁ G H is a normal subgroup of G
[G : H] index of subgroup H in a group G
[K : F ] field extension degree
[K : D]�, [K : D]r left, right dimensions of K ⊇ D

as D-vector space
KG G-fixed points on K
Gal(K/F ) Galois group of the field extension K/F
MR, RN right R-module M , left R-module N
M ⊕ N direct sum of M and N
M ⊗R N tensor product of MR and RN
HomR(M,N) group of R-homomorphisms from M to N
EndR(M) ring of R-endomorphisms of M
soc(M) socle of M
length(M), �(M) (composition) length of M
nM (or Mn) M ⊕ · · · ⊕ M (n times)∏
iRi direct product of the rings {Ri}

char R characteristic of the ring R
Rop opposite ring of R
U(R), R* group of units of the ring R

U(D), D*, Ḋ multiplicative group of the division ring D
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GL(V ) group of linear automorphisms of a vector space V
GLn(R) group of invertible n × n matrices over R
SLn(R) group of n × n matrices of determinant 1

over a commutative ring R
rad R Jacobson radical of R
Nil*(R) upper nilradical of R
Nil*(R) lower nilradical (or prime radical) of R
Nil (R) ideal of nilpotent elements in a commutative ring R
soc(RR), soc(RR) socle of R as left, right R-module
ann�(S), annr(S) left, right annihilators of the set S
kG, k[G] (semi)group ring of the (semi)group G

over the ring k
k[xi : i ∈ I] polynomial ring over k with (commuting)

variables {xi : i ∈ I}
k 〈xi : i ∈ I〉 free ring over k generated by {xi : i ∈ I}
k[x;σ] skew polynomial ring with respect to an

endomorphism σ on k
k[x; δ] differential polynomial ring with respect to a

derivation δ on k
[G,G] commutator subgroup of the group G
[R,R] additive subgroup of the ring R generated by

all [a, b] = ab − ba
f.g. finitely generated
ACC ascending chain condition
DCC descending chain condition
LHS left-hand side
RHS right-hand side
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Chapter 1
Wedderburn-Artin Theory

§1. Basic Terminology and Examples
The exercises in this beginning section cover the basic aspects of rings,
ideals (both 1-sided and 2-sided), zero-divisors and units, isomorphisms of
modules and rings, the chain conditions, and Dedekind-finiteness. A ring R
is said to be Dedekind-finite if ab = 1 in R implies that ba = 1. The chain
conditions are the usual noetherian (ACC) or artinian (DCC) conditions
which can be imposed on submodules of a module, or on 1-sided or 2-sided
ideals of a ring.

Some of the exercises in this section lie at the foundations of noncom-
mutative ring theory, and will be used freely in all later exercises. These
include, for instance, the computation of the center of a matrix ring (Exer-
cise 9), the computation of the endomorphism ring for n (identical) copies
of a module (Exercise 20), and the basic facts pertaining to direct decom-
positions of a ring into 1-sided or 2-sided ideals (Exercises 7 and 8).

Throughout these exercises, the word “ring” means an associative (but
not necessarily commutative) ring with an identity element 1. (On a few
isolated occasions, we shall deal with rings without an identity.1 Whenever
this happens, it will be clearly stated.) The word “subring” always means
a subring containing the identity element of the larger ring. If R = {0}, R
is called the zero ring; note that this is the case iff 1 = 0 in R. If R �= {0}
and ab = 0 ⇒ a = 0 or b = 0, R is said to be a domain.

Without exception, the word “ideal” refers to a 2-sided ideal. One-sided
ideals are referred to as left ideals or right ideals. The units in a ring R are

1 Rings without identities are dubbed “rngs” by Louis Rowen.
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the elements of R with both left and right inverses (which must be equal).
The set

U(R) = {a ∈ R : a is a unit}
is a group under multiplication, and is called the group of units of R. If
R �= {0} and U(R) = R\{0}, R is said to be a division ring. To verify that
a nonzero ring R is a division ring, it suffices to check that every a ∈ R\{0}
is right-invertible: see Exercise 2 below.

All (say, left) R-modules RM are assumed to be unital, that is, 1 · m =
m for all m ∈ M .

Exercises for §1
Ex. 1.1. Let (R, +,×) be a system satisfying all axioms of a ring with iden-
tity, except possibly a+ b = b+ a. Show that a+ b = b+ a for all a, b ∈ R,
so R is indeed a ring.

Solution. By the two distributive laws, we have

(a+ b)(1 + 1) = a(1 + 1) + b(1 + 1) = a+ a+ b+ b,

(a+ b)(1 + 1) = (a+ b)1 + (a+ b)1 = a+ b+ a+ b.

Using the additive group laws, we deduce that a+ b = b+ a for all a, b ∈ R.

Ex. 1.2. It was mentioned above that a nonzero ring R is a division ring
iff every a ∈ R\{0} is right-invertible. Supply a proof for this statement.

Solution. For the “if” part, it suffices to show that ab = 1 =⇒ ba = 1
in R. From ab = 1, we have b �= 0, so bc = 1 for some c ∈ R. Now left
multiplication by a shows c = a, so indeed ba = 1.

Ex. 1.3. Show that the characteristic of a domain is either 0 or a prime
number.

Solution. Suppose the domain R has characteristic n �= 0. If n is not a
prime, then n = n1n2 where 1 < ni < n. But then ni1 �= 0, and
(n11)(n21) = n1 = 0 contradicts the fact that R is a domain.

Ex. 1.4. True or False: “If ab is a unit, then a, b are units”? Show the
following for any ring R:

(a) If an is a unit in R, then a is a unit in R.
(b) If a is left-invertible and not a right 0-divisor, then a is a unit in R.
(c) If R is a domain, then R is Dedekind-finite.

Solution. The statement in quotes is false in general. If R is a ring that is
not Dedekind-finite, then, for suitable a, b ∈ R, we have ab = 1 �= ba. Here,
ab is a unit, but neither a nor b is a unit. (Conversely, it is easy to see that,
if R is Dedekind-finite, then the statement becomes true.)
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For (a), note that if anc = can = 1, then a has a right inverse an−1c
and a left inverse can−1, so a ∈ U(R). For (b), say ba = 1. Then

(ab − 1)a = a − a = 0.

If a is not a right 0-divisor, then ab = 1 and so a ∈ U(R). (c) follows im-
mediately from (b).

Ex. 1.4*. Let a ∈ R, where R is any ring.
(1) Show that if a has a left inverse, then a is not a left 0-divisor.
(2) Show that the converse holds if a ∈ aRa.

Solution. (1) Say ba = 1. Then ac = 0 implies c = (ba)c = b(ac) = 0.
(2) Write a = ara, and assume a is not a left 0-divisor. Then a(1− ra) = 0
yields ra = 1, so a has left inverse r.

Comment. In general, an element a ∈ R is called (von Neumann) regular if
a ∈ aRa. If every a ∈ R is regular, R is said to be a von Neumann regular
ring.

Ex. 1.5. Give an example of an element x in a ring R such that Rx � xR.

Solution. Let R be the ring of 2× 2 upper triangular matrices over a

nonzero ring k, and let x =
(
1 0
0 0

)
. A simple calculation shows that

Rx =
(
k 0
0 0

)
, and xR =

(
k k
0 0

)
.

Therefore, Rx � xR. Alternatively, we can take R to be any non-Dedekind-
finite ring, say with xy = 1 �= yx. Then xR contains 1 so xR = R, but
1 �∈ Rx implies that Rx � R = xR.

Ex. 1.6. Let a, b be elements in a ring R. If 1− ba is left-invertible (resp.
invertible), show that 1− ab is left-invertible (resp. invertible), and con-
struct a left inverse (resp. inverse) for it explicitly.

Solution. The left ideal R(1− ab) contains

Rb(1− ab) = R(1− ba)b = Rb,

so it also contains (1− ab) + ab = 1. This shows that 1− ab is left-invertible.
This proof lends itself easily to an explicit construction: if u(1− ba) = 1,
then

b = u(1− ba)b = ub(1− ab), so

1 = 1− ab+ ab = 1− ab+ aub(1− ab) = (1 + aub)(1− ab).

Hence,
(1− ab)−1 = 1 + a(1− ba)−1b,

where x−1 denotes “a left inverse” of x. The case when 1− ba is invertible
follows by combining the “left-invertible” and “right-invertible” cases.
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Comment. The formula for (1− ab)−1 above occurs often in linear algebra
books (for n × n matrices). Kaplansky taught me a way in which you can
always rediscover this formula, “even if you are thrown up on a desert
island with all your books and papers lost.” Using the formal expression
for inverting 1− x in a power series, one writes (on sand):

(1− ab)−1 = 1 + ab+ abab+ ababab+ · · ·
= 1 + a(1 + ba+ baba+ · · ·)b
= 1 + a(1− ba)−1b.

Once you hit on this correct formula, a direct verification (for 1-sided or
2-sided inverses) is a breeze.2

For an analogue of this exercise for rings possibly without an identity,
see Exercise 4.2.

Ex. 1.7. Let B1, . . . , Bn be left ideals (resp. ideals) in a ring R. Show that
R = B1 ⊕ · · · ⊕ Bn iff there exist idempotents (resp. central idempotents)
e1, . . . , en with sum 1 such that eiej = 0 whenever i �= j, and Bi = Rei for
all i. In the case where the Bi’s are ideals, if R = B1 ⊕ · · · ⊕ Bn, then each
Bi is a ring with identity ei, and we have an isomorphism between R and
the direct product of rings B1 × · · · × Bn. Show that any isomorphism of
R with a finite direct product of rings arises in this way.

Solution. Suppose ei’s are idempotents with the given properties, and
Bi = Rei. Then, whenever

a1e1 + · · ·+ anen = 0,

right multiplication by ei shows that aiei = 0. This shows that we have a
decomposition

R = B1 ⊕ · · · ⊕ Bn.

Conversely, suppose we are given such a decomposition, where each Bi is
a left ideal. Write 1 = e1 + · · ·+ en, where ei ∈ Bi. Left multiplying by ei,
we get

ei = eie1 + · · ·+ eien.

This shows that ei = e2
i , and eiej = 0 for i �= j. For any b ∈ Bi, we also

have
b = be1 + · · ·+ bei + · · ·+ ben,

so b = bei ∈ Rei. This shows thatBi = Rei. If each ei is central, Bi = Rei =
eiR is clearly an ideal. Conversely, if each Bi is an ideal, the above work
shows that b = bei = eib for any b ∈ Bi, so Bi is a ring with identity ei.
Since BiBj = 0 for i �= j, it follows that each ei is central. We finish easily

2 This trick was also mentioned in an article of P.R. Halmos in Math. Intelli-
gencer 3 (1981), 147–153. Halmos attributed the trick to N. Jacobson.
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by showing that
B1 × · · · × Bn → R

defined by
(b1, . . . , bn) �→ b1 + · · ·+ bn ∈ R

is an isomorphism of rings. The last part of the Exercise is now routine: we
omit it.

Ex. 1.8. Let R = B1 ⊕ · · · ⊕ Bn, where the Bi’s are ideals of R. Show that
any left ideal (resp. ideal) I of R has the form I = I1 ⊕ · · · ⊕ In where, for
each i, Ii is a left ideal (resp. ideal) of the ring Bi.

Solution. Let Ii = I ∩ Bi, and write Bi = Rei as in Exercise 1.7. We claim
that

⊕
Ii ⊆ I is an equality. Indeed, for any a ∈ I, we have

a = 1a = e1a+ · · ·+ ena

with eia = aei ∈ I ∩ Bi = Ii. Therefore, I =
⊕

Ii, where Ii is a left ideal
of R (and also of Bi). If I is an ideal of R, clearly Ii is an ideal of R (and
also of Bi).

Ex. 1.9. Show that for any ring R, the center of the matrix ring Mn(R)
consists of the diagonal matrices r · In, where r belongs to the center of R.

Solution. Let Eij be the matrix units. If r ∈ Z(R), then

(r · In)(aEij) = raEij = (aEij)(rIn),

so r · In ∈ Z(S), where S = Mn(R). Conversely, consider

M =
∑

rijEij ∈ Z(S).

From MEkk = EkkM , we see easily that M is a diagonal matrix. This
and MEkl = EklM together imply that rkk = rll for all k, l, so M = r · In
for some r ∈ R. Since this commutes with all a · In(a ∈ R), we must have
r ∈ Z(R).

Ex. 1.10. Let p be a fixed prime.

(a) Show that any ring (with identity) of order p2 is commutative.
(b) Show that there exists a noncommutative ring without identity of order

p2.
(c) Show that there exists a noncommutative ring (with identity) of order

p3.

Solution. (a) If the additive order of 1 is p2, then R = Z · 1 is clearly
commutative. If the additive order of 1 is p, then R = Z · 1⊕ Z · a for any
a �∈ Z · 1, and again R is commutative.

(c) The ring of 2× 2 upper triangular matrices over Fp is clearly a non-
commutative ring with identity of order p3.
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(b) For any nonzero ring k,

R =
{(

a b
0 0

)
: a, b ∈ k

}

is a right ideal of M2(k). Therefore, (R, +, ×) satisfies all the axioms of a
ring, except perhaps the identity axiom. An easy verification shows that R
has in fact no identity. Finally,(

1 0
0 0

)(
0 1
0 0

)
=
(
0 1
0 0

)
, but

(
0 1
0 0

)(
1 0
0 0

)
=
(
0 0
0 0

)
,

so R is a noncommutative “rng”. Note that, if we represent the elements of
R in the simpler form (a, b) (a, b ∈ k), then the multiplication in R can
be expressed by

(1) (a, b)(c, d) = (ac, ad).

In particular, if k = Fp, we get a noncommutative “rng” of cardinality p2.

Comment. We can define another multiplication on S = k2 by

(2) (a, b) ∗ (c, d) = ((a+ b)c, (a+ b)d) .

Then, (S, +, ∗) is also a noncommutative “rng”. This is just another “copy”
of (R, +, ×). In fact, ϕ : S → R given by

ϕ(a, b) = (a+ b, b)

is a “rng” isomorphism from S to R. Note that S is also isomorphic to

the “subrng” of M2(k) consisting of matrices of the form
(
a b
a b

)
, with an

isomorphism given by (a, b) �→
(
a b
a b

)
.

Ex. 1.11. Let R be a ring possibly without an identity. An element e ∈ R
is called a left (resp. right) identity for R if ea = a (resp. ae = a) for every
a ∈ R.

(a) Show that a left identity for R need not be a right identity.
(b) Show that if R has a unique left identity e, then e is also a right identity.

Solution. (a) For the “rng” R constructed in (b) of Exercise 10, any
(1, b) ∈ R is a left identity, but not a right identity.

(b) Suppose e ∈ R is a unique left identity for R. Then for any a, c ∈ R,

(e+ ae − a)c = c+ ac − ac = c.

Therefore, e+ ae − a = e, which implies ae = a (for any a ∈ R).
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Ex. 1.12. A left R-module M is said to be hopfian (after the topologist
H. Hopf) if any surjective R-endomorphism of M is an automorphism.

(1) Show that any noetherian module M is hopfian.
(2) Show that the left regular module RR is hopfian iff R is Dedekind-
finite.3

(3) Deduce from (1), (2) that any left noetherian ring R is Dedekind-finite.

Solution. (1) Let α : M → M be surjective and M be noetherian. The
ascending chain

kerα ⊆ kerα2 ⊆ · · ·
must stop, so ker αi = kerαi+1 for some i. If α(m) = 0, write m = αi(m′)
for some m′ ∈ M . Then

0 = α(αi(m′)) = αi+1(m′)

implies that 0 = αi(m′) = m, so α ∈ AutR(M).

(2) Suppose RR is hopfian, and suppose ab = 1. Then x �→ xb defines a
surjective endomorphism α of RR. Therefore, α is an automorphism. Since

α(ba) = bab = b = α(1),

we must have ba = 1, so R is Dedekind-finite. The converse is proved by
reversing this argument.

(3) Since RR is a noetherian module, it is hopfian by (1), so R is Dedekind-
finite by (2).

Comment. (a) In the proof of (3), a weaker ascending chain condition would
have sufficed. In fact, an endomorphism α : RR → RR is given by right
multiplication by b = α(1), and αi is given by right multiplication by bi.
Thus, ker (αi) = ann�(bi) and we need only assume that any left annihilator
chain

ann�(b) ⊆ ann�(b2) ⊆ · · ·
stabilizes in order to ensure that RR is hopfian by the argument used for
(1) in the exercise.

(b) By (1) of the exercise, any left noetherian ring R has the property that
any finitely generated left R-module is hopfian. There are other classes of
rings with this property too: see the Comments on Exercises 4.16 and 20.9.
The Comment on the latter contains also a characterization of rings whose
finitely generated modules are all hopfian.

(c) The hopfian property can also be studied in the category of groups: a
group G is said to be hopfian if any surjective endomorphism of G is an

3 In particular, R being hopfian is a left-right symmetric notion.
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automorphism. The same proof used in (1) above shows that, if the normal
subgroups of a group G satisfy the ACC, then G is hopfian. For instance, all
polycyclic groups are hopfian (see p. 394 of Sims’ book “Computation with
Finitely Presented Groups,” Cambridge Univ. Press, 1994), and all free
groups of finite rank are also hopfian (see p. 109 of the book “Combinatorial
Group Theory” by Magnus, Karrass, and Solitar, J. Wiley Interscience,
1966).

(d) One can also formulate a dual version of “hopfian,” and obtain the
notion of “cohopfian”: see Exercise 4.16 below.

Ex. 1.13. Let A be an algebra over a field k such that every element of A
is algebraic over k.

(a) Show that A is Dedekind-finite.
(b) Show that a left 0-divisor of A is also a right 0-divisor.
(c) Show that a nonzero element of A is a unit iff it is not a 0-divisor.
(d) Let B be a subalgebra of A, and b ∈ B. Show that b is a unit in B iff
it is a unit in A.

Solution. Consider any nonzero element b ∈ A, and let

anb
n + · · ·+ ambm = 0 (ai ∈ k, an �= 0 �= am, n ≥ m)

be a polynomial of smallest degree satisfied by b. If m > 0, then

c = anb
n−1 + · · ·+ ambm−1 �= 0,

and we have cb = bc = 0. In this case, b is both a left 0-divisor and a right
0-divisor. If m = 0, then, for

d = anb
n−1 + · · ·+ a1,

we have db = bd = −a0 ∈ k*. In this case, b is a unit in A. This gives (a),
(b) and (c). If b ∈ B is as in (d) and b is a unit in A, the above also shows
that

b−1 = −a−1
0 d ∈ k[b] ⊆ B.

Comment. An algebra satisfying the hypothesis of this exercise is called an
algebraic algebra over k. For other interesting properties of such an algebra,
see Exercises 12.6B, 13.11, and 23.6(2).

Ex. 1.14. (Kaplansky) Suppose an element a in a ring has a right inverse
b but no left inverse. Show that a has infinitely many right inverses. (In
particular, if a ring is finite, it must be Dedekind-finite.)

Solution. Suppose we have already constructed n distinct right inverses
b1, . . . , bn for a. We shall show that there exist at least n+ 1 distinct right
inverses for a. Indeed, consider the elements

ci = 1− bia (1 ≤ i ≤ n),
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which have the property that

aci = a(1− bia) = 0.

If ci = cj , then bia = bja, and right multiplication by b1 shows that bi = bj .
This shows that c1, . . . , cn are distinct. Also, each ci �= 0, since a has no
left inverse. Therefore,

{b1, b1 + c1, . . . , b1 + cn}

are n+ 1 distinct right inverses for a.

Alternative Solution. Consider the elements

dj = (1− ba)aj (j ≥ 1),

which have the property that adj = 0. We claim that the dj ’s are distinct.
Indeed, if di = dj for some i > j, then, right multiplying (1− ba)ai = (1−
ba)aj by bj , we get

(1− ba)ai−j = 1− ba (since ajbj = 1).

But then
[(1− ba)ai−j−1 + b]a = 1,

a contradiction. Since the dj ’s are distinct, {dj + b : j ≥ 1} is an infinite
set of right inverses for a.

Comment. The first solution above is essentially that given in C.W. Bitzer’s
paper, “Inverses in rings with unity,” Amer. Math. Monthly 70 (1963),
315. As for the second solution, a more elaborate construction is possible.
Given ab = 1 �= ba in a ring, Jacobson has shown that the elements eij =
bi(1− ba)aj give a set of “matrix units” in the sense that eij ekl = δjk eil
(where δjk are the Kronecker deltas). For more details, see FC-(21.26).

Ex. 1.15. Let A = C[x;σ], where σ denotes complex conjugation on C.

(a) Show that Z(A) = R[x2].
(b) Show that A/A · (x2 + 1) is isomorphic to H, the division ring of real
quaternions.
(c) Show that A/A · (x4 + 1) is isomorphic to M2(C).

Solution. (a) Here A is the ring of all “skew polynomials”
∑

aix
i (ai ∈ C),

multiplied according to the rule xa = σ(a)x for a ∈ C. Since σ2 = 1,

x2a = σ2(a)x2 = ax2 for all a ∈ C.

This shows that R[x2] ⊆ Z(A). Conversely, consider any f =
∑

arx
r ∈

Z(A). From fa = af , we have arσ
r(a) = aar for all a ∈ C. Setting a = i,
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we see that ar = 0 for odd r. Therefore, f =
∑

a2sx
2s. From fx = xf , we

see further that σ(a2s) = a2s, so f ∈ R[x2].

(b) Since x2 + 1 ∈ Z(A), A · (x2 + 1) is an ideal, so we can form the quo-
tient ring

A = A/A · (x2 + 1).

Expressing the ring of real quaternions in the form H = C ⊕ Cj, we can
define ϕ : A → H by ϕ(x) = j, and ϕ(a) = a for all a ∈ C. Since ja = σ(a)j
in H for any a ∈ C, ϕ gives a ring homomorphism from A to H. This induces
a ring homomorphism ϕ : A → H, since ϕ(x2 + 1) = j2 + 1 = 0. In view of

ϕ(a+ bx) = a+ bj (for a, b ∈ C),

ϕ is clearly an isomorphism.

(c) Changing notations, we write here A = A/A · (x4 + 1). Define ϕ : A →
M2(C) by

ϕ(x) =
(
0 i
1 0

)
and ϕ(a) =

(
a 0
0 σ(a)

)
for a ∈ C.

Since (
0 i
1 0

)(
a 0
0 σ(a)

)
=
(
0 iσ(a)
a 0

)
=
(
σ(a) 0
0 a

)(
0 i
1 0

)
,

ϕ gives a ring homomorphism from A to M2(C). Again, ϕ induces a ring
homomorphism ϕ : A → M2(C), since

ϕ(x4 + 1) =
(
0 i
1 0

)4

+ I =
(
i 0
0 i

)2

+ I = 0.

By a straightforward computation, for bk, ck ∈ R:

ϕ

(
3∑
k=0

(bk + ick)xk
)

=
(

b0 + c0i+ i(b2 + c2i)
b1 − c1i+ i(b3 − c3i)

−(b3 + ic3) + i(b1 + c1i)
b0 − ic0 + i(b2 − c2i)

)
.

Clearly, this is the zero matrix only if all bk, ck = 0. Therefore, ϕ is one-
one. Since ϕ is an R-homomorphism and both A and M2(C) have dimension
8 over R, it follows that ϕ is an isomorphism. (Note that ϕ here is not a
homomorphism of left C-vector spaces, since ϕ is not the identity map from
C ⊆ A to C ⊆ M2(C)!)

Ex. 1.16. Let K be a division ring with center k.

(1) Show that the center of the polynomial ring R = K[x] is k[x].
(2) For any a ∈ K\k, show that the ideal generated by x − a in K[x] is the
unit ideal.
(3) Show that any ideal I ⊆ R has the form R · h where h ∈ k[x].
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Solution. (1) Clearly k[x] ⊆ Z(R). Conversely, if

f =
∑

aix
i ∈ Z(R),

then fa = af for all a ∈ K shows that each ai ∈ Z(K) = k, and hence
f ∈ k[x].

(2) Fix b ∈ K such that ab �= ba. Then (x − a) (the ideal generated by
x − a) contains

b(x − a)− (x − a)b = ab − ba ∈ U(K),

so (x − a) = R.

(3) We may assume I �= 0, and fix a monic polynomial of the least degree
in I. By the usual Euclidean algorithm argument, we see that I = R · h.
For any a ∈ K, we have ha ∈ I = R · h, so ha = rh for some r ∈ R. By
comparing the leading terms, we see that r ∈ K, and in fact r = a. Thus,
ha = ah for any a ∈ K, which means that h ∈ k[x].

Ex. 1.17. Let x, y be elements in a ring R such that Rx = Ry. Show
that there exists a right R-module isomorphism f : xR → yR such that
f(x) = y.

Solution. Define f(xr) = yr for any r ∈ R. Note that if xr = xr′, then
x(r − r′) = 0 implies that

y(r − r′) ∈ Rx(r − r′) = 0.

This shows that yr = yr′, so f is well-defined. Clearly, f is an R-module
epimorphism from xR to yR, with f(x) = y. Finally, if xr ∈ ker(f), then
yr = 0 and we have xr ∈ (Ry)r = 0. Therefore, f is the isomorphism we
want.

Ex. 1.18. For any ring k, let

A =
{(

a b
c d

)
: a+ c = b+ d ∈ k

}
.

Show that A is a subring of M2(k), and that it is isomorphic to the ring R
of 2× 2 lower triangular matrices over k.

Solution. Let α =
(
1 1
0 1

)
. Then α−1Rα consists of the matrices

(
1 −1
0 1

)(
x 0
y z

)(
1 1
0 1

)
=
(
x − y x − y − z

y y + z

)
.

We see easily that the set of these matrices is exactly A. Therefore, A is
just a “conjugate” of the subring R in the ring M2(k). In particular, A ∼= R.



12 Chapter 1. Wedderburn-Artin Theory

(We can define mutually inverse isomorphisms f : R → A and g : A → R
explicitly by

f

(
x 0
y z

)
=
(
x − y x − y − z

y y + z

)
∈ A, and

g

(
a b
c d

)
=
(
a+ c 0

c d − c

)
∈ R,

where a+ c = b+ d.)

Comment. A similar construction shows that A is also isomorphic to the
ring S of 2× 2 upper triangular matrices over k. (The fact that R ∼= S is a
special case of Exercise 1.22(1) below.)

Ex. 1.19. Let R be a domain. If R has a minimal left ideal, show that R
is a division ring. (In particular, a left artinian domain must be a division
ring.)

Solution. Let I ⊆ R be a minimal left ideal, and fix an element a �= 0 in
I. Then I = Ra = Ra2. In particular, a = ra2 for some r ∈ R. Cancelling
a, we have 1 = ra ∈ I, so I = R. The minimality of I shows that R has no
left ideals other than (0) and R, so R is a division ring (cf. Exercise 1.2).

Ex. 1.20. Let E = EndR(M) be the ring of endomorphisms of an R-
module M , and let nM denote the direct sum of n copies of M . Show that
EndR(nM) is isomorphic to Mn(E) (the ring of n × n matrices over E).

Solution. Say M is a right R-module, and we write endomorphisms on
the left. Let εj : M → nM be the jth inclusion, and πi : nM → M be the
ith projection. For any endomorphism F : nM → nM , let fij be the com-
position πiFεj ∈ E. Define a map

α : EndR(nM) → Mn(E)

by α(F ) = (fij). Routine calculations show that α is an isomorphism of
rings.

Ex. 1.21. Let R be a finite ring. Show that there exists an infinite sequence
n1 < n2 < n3 < · · · of natural numbers such that, for any x ∈ R, we have
xn1 = xn2 = xn3 = · · · .
Solution. Label the elements of R as x1, x2, . . . , xk. Since there are
at most k distinct elements in the set {x1, x

2
1, x

3
1, . . . }, there must exist

r1 < r2 < · · · such that
xr11 = xr21 = · · · .

By considering {xr12 , xr22 , . . . }, we see similarly that there exist a subse-
quence s1 < s2 < · · · of {ri} such that

xs12 = xs22 = · · · .
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Repeating this construction a finite number of times, we arrive at a se-
quence n1 < n2 < . . . such that

xn1
i = xn2

i = · · · for 1 ≤ i ≤ k.

For the next two problems, note that an anti-isomorphism ε : k → k′

(from a ring k to another ring k′) is an additive isomorphism with ε(ab) =
ε(b)ε(a) for all a, b ∈ k (and hence ε(1) = 1). An involution ε on a ring k is
an anti-automorphism ε : k → k with ε2 = Idk.

Ex. 1.22. For any ring k, let A = Mn(k) and let R (resp. S) denote the
ring of n × n upper (resp. lower) triangular matrices over k.

(1) Show that R ∼= S.
(2) Suppose k has an anti-automorphism (resp. involution). Show that the
same is true for A,R and S.
(3) Under the assumption of (2), show that R,S,Rop, Sop are all isomor-
phic.

Solution. To simplify the notations, we shall work in the (sufficiently typ-
ical) case n = 3.

(1) Let E =


0 0 1
0 1 0
1 0 0


 and let α be the inner automorphism of A defined

by E (with α2 = IdA). An easy calculation shows that

α


a b c

d e f
g h i


 =


 i h g

f e d
c b a


 .

In particular, α restricts to a ring isomorphism from R to S.

(2) Suppose ε : k → k is an anti-automorphism (resp. involution). Compos-
ing the transpose map with ε on matrix entries, we can define δ0 : A → A
with

δ0


a b c

d e f
g h i


 =


ε(a) ε(d) ε(g)

ε(b) ε(e) ε(h)
ε(c) ε(f) ε(i)


 .

It is easy to check that this δ0 is an anti-automorphism (resp. involution)
of A, and therefore so is δ : = α ◦ δ0 given by

δ


a b c

d e f
g h i


 =


ε(i) ε(f) ε(c)

ε(h) ε(e) ε(b)
ε(g) ε(d) ε(a)


 .
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By inspection, we see that this δ restricts to anti-automorphisms (resp.
involutions) on the subrings R and S of A.

(3) follows immediately from (1) and (2). (Conversely, one can also show
that R ∼= Rop =⇒ k ∼= kop.)

Comment. In (2) above, α and δ0 commute as operators on A. Thus, we
have a commutative diagram

R

R

R

S

S

S

δ0 δ0δ δ0 δ

α α

αα

In particular, (R, δ) and (S, δ) are isomorphic “as rings with involutions,”
with isomorphism defined by α.

Ex. 1.22A. Let R be the upper triangular ring
(

Z Z2
0 Z2

)
.

(1) Show that every right 0-divisor in R is a left 0-divisor.
(2) Using (1), show that R is not isomorphic to its opposite ring Rop.

Solution. (1) Suppose α =
(
m a
0 n

)
is not a left 0-divisor. Then m must

be odd, for otherwise
(
m a
0 n

)
is right annihilated by

(
0 1
0 0

)
. In addition,

we must have n = 1, for otherwise n = 0, and α would be right annihilated

by
(
0 a
0 1

)
since ma+ a ∈ 2Z · a = 0. But then α is also not a right 0-

divisor, for

0 =
(
x z
0 y

)(
m a
0 1

)
=
(
xm xa+ z
0 y

)
=⇒ x = 0, y = z = 0.

(2) If R ∼= Rop, (1) would imply that every left 0-divisor in R is a right

0-divisor. Now β =
(
2 0
0 1

)
is a left 0-divisor since

(
2 0
0 1

)(
0 1
0 0

)
= 0,

but

0 =
(
x z
0 y

)(
2 0
0 1

)
=
(
2x z
0 y

)
=⇒ x = 0, y = z = 0

shows that β is not a right 0-divisor—a contradiction.
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Ex. 1.22B. Let R be the upper triangular ring
(

Z2k Z2
0 Z2

)
, where k ≥ 2.

(1) Compute the set N of nilpotent elements of R.
(2) By comparing the left and right annihilators of N , show that R �∼= Rop.

Solution. (1) Let A = 2Z2k ⊆ Z2k . Then
(
A Z2
0 0

)
⊆ N , since any ele-

ment in the former has kth power equal to zero. Conversely, if
(
m a
0 n

)
∈

N , then m ∈ Z2k and n ∈ Z2 must both be nilpotent, so m ∈ A and n = 0.

This shows that N =
(
A Z2
0 0

)
.

(2) Let B = 2k−1Z2k ⊆ Z2k . From(
2b c
0 0

)(
x z
0 y

)
=
(
2bx cy
0 0

)
,

it follows that annr(N) =
(
B Z2
0 0

)
. On the other hand, from

(
x z
0 y

)(
2b c
0 0

)
=
(
2xb xc
0 0

)
,

and the fact that k ≥ 2, we see easily that ann�(N) =
(
B Z2
0 Z2

)
. Thus we

have |annr(N)| = 4, and |ann�(N)| = 8. Since the nilpotent elements of R
correspond to those of Rop (under the one-one correspondence a ↔ aop),
this surely implies that R �∼= Rop.

Comment. I thank H.W. Lenstra, Jr. for suggesting this finite modifica-
tion of Ex. 1.22A. In later parlance (from Ch. 3), N here is exactly the
Jacobson radical of R, and ann�(N) and annr(N) are respectively the right
and left socles of the ring R: see Ex. 4.20. We note, however, that the
assumption k ≥ 2 is essential since, for k = 1, the ring R admits an invo-

lution
(
x z
0 y

)
�→

(
y z
0 x

)
by (the solution to) Ex. 1.22, so in particular,

R ∼= Rop, and the example no longer works.
It seems likely that, by taking k = 2 above, the ring of 16 elements

obtained in this exercise is the smallest ring R such that R �∼= Rop. We
leave this matter to the curious reader.

Ex. 1.23. For a fixed n ≥ 1, let R =
(

Z nZ
Z Z

)
and S =

(
Z Z
nZ Z

)
. Show

that R ∼= S, and that these are rings with involutions.
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Solution. As in the solution to Exercise 22, the inner automorphism of

M2(Z) defined by
(
0 1
1 0

)
sends

(
a b
c d

)
to
(
d c
b a

)
, so it restricts to a ring

isomorphism α from R to S. Next, applying Exercise 22(2) with ε = IdZ, we

get an involution δ on M2(Z) sending
(
a b
c d

)
to

(
d b
c a

)
. By restriction,

δ defines involutions on the subrings R and S of M2(Z).

Alternative Solution. Define β : R → R by

β

(
a b
c d

)
=
(

a nc
b/n d

)
.

A direct calculation shows that β is an involution on R. An involution γ
on S can be defined similarly. Now consider the transpose map t : R → S,
which is an anti-isomorphism. By composing R

β→ R
t→ S, we obtain an

isomorphism α′ : R → S given by

α′
(
a b
c d

)
=
(

a b/n
nc d

)
.

Comment. Here, (R, δ), (S, δ) are isomorphic as rings with involutions
(with isomorphism defined by α), and (R, β), (S, γ) are isomorphic as rings
with involutions (with isomorphism defined by α′). How about (R, δ) and
(R, β)?

Ex. 1.24. Let R be the ring defined in Exercise 23, where n ≥ 1 is fixed.

(1) Show that m ∈ Z is a square in R iff m is a square in Z/nZ.

(2) Let R =
(

Z 2pZ
Z Z

)
where p is an odd prime. Show that 2p ∈ R2, p ∈

R2, but 2 ∈ R2 iff 2 is a square in Z/pZ.

Solution. (1) First suppose m is a square in R. Then

(∗) mI =
(
a b
c d

)(
a b
c d

)
=
(

a2 + bc b(a+ d)
c(a+ d) d2 + bc

)
for some a, b, c, d ∈ Z with n | b. Therefore,

m = a2 + bc ≡ a2 (mod n).

Conversely, if m ≡ a2 (mod n) for some a ∈ Z, then m = a2 + nc for some
c, and (∗) holds with b = n and d = −a.

(2) Applying (1) with n = m = 2p, we see that 2p ∈ R2. Next, we apply
(1) with n = 2p and m = p. Since

p2 − p = p(p − 1) ∈ 2pZ,



§1. Basic Terminology and Examples 17

p is a square in Z/2pZ, so p ∈ R2. Finally, we apply (1) with n = 2p and
m = 2. By (1), 2 ∈ R2 iff 2 is a square in Z/2pZ. Since

Z/2pZ ∼= Z/2Z × Z/pZ,

this holds iff 2 is a square in Z/pZ.

Ex. 1.25. (Vaserstein) Let a, b, c be such that ab+ c = 1 in a ring R. If
there exists x ∈ R such that a+ cx ∈ U(R), show that there exists y ∈ R
such that b+ yc ∈ U(R).

Solution. Write u = a+ cx ∈ U(R). We claim that the element y : = (1−
bx)u−1 works, i.e.

v : = b+ (1− bx)u−1c ∈ U(R).

To see this, note that

vx = bx+ (1− bx)u−1(u − a) = 1− (1− bx)u−1a,

vx(1− ba) = 1− ba − (1− bx)u−1a(1− ba)

= 1− ba − (1− bx)u−1(1− ab)a

= 1− [b+ (1− bx)u−1c]a = 1− va.

Therefore, for
w : = a+ x(1− ba),

we have vw = 1. We finish by showing that wv = 1 (for then v ∈ U(R)).
Note that

wb = ab+ xb(1− ab) = ab+ xbc,

w(1− bx) = a+ x(1− ba)− abx − xbcx

= a+ (1− ab)x − xb(a+ cx)

= a+ cx − xbu,

w(1− bx)u−1c = c − xbc.

Adding the first and the last equation yields wv = ab+ c = 1, as desired.

Comment. This interesting exercise is a special case of a result of L.N.
Vaserstein in algebraic K-theory (see his paper “Stable rank of rings and
dimensionality of topological spaces”, Funct. Anal. Appl. 5 (1971), 102–
110). The above solution is an adaption of Vaserstein’s proof, taken from
K.R. Goodearl’s paper “Cancellation of low-rank vector bundles,” Pac. J.
Math. 113 (1984), 289–302. To put this exercise in perspective, we need
the following definition from §20: A ring R is said to have “right stable
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range 1” if, whenever aR+ cR = R, the coset a+ cR contains a unit. “Left
stable range 1” is defined similarly, using principal left ideals. The exercise
above implies that these two conditions are in fact equivalent!

Ex. 1.26. For any right ideal A in a ring R, the idealizer of A is defined
to be

IR(A) = {r ∈ R : rA ⊆ A}.

(1) Show that IR(A) is the largest subring of R that contains A as an ideal.
(2) The ring ER(A) := IR(A)/A is known as the eigenring of the right
ideal A. Show that ER(A) ∼= EndR(R/A) as rings. (Note that, in a way,
this “computes” the endomorphism ring of an arbitrary cyclic module over
any ring.)

Solution. (1) It is straightforward to check that IR(A) is a subring of R.
Since A · A ⊆ A, A ⊆ IR(A). Clearly A is an ideal in IR(A). Conversely,
if A is an ideal in some subring S ⊆ R, then r ∈ S implies rA ⊆ A, so
r ∈ IR(A). This shows that S ⊆ IR(A).

(2) Define λ : IR(A) → EndR(R/A) by taking λ(r) (r ∈ IR(A)) to be left
multiplication by r. (Since rA ⊆ A, λ(r) is a well-defined endomorphism of
the module (R/A)R.) Now λ(r) is the zero endomorphism iff rR ⊆ A, that
is, r ∈ A. Since λ is a ring homomorphism, it induces a ring embedding
ER(A) → EndR(R/A). We finish by showing that this map is onto. Given
ϕ ∈ EndR(R/A), write ϕ(1) = r, where r ∈ R. Then

ϕ(x) = ϕ(1 · x) = r · x = rx

for any x ∈ R. In particular, for x ∈ A, we see that rx ∈ A, so r ∈ IR(A),
and we have ϕ = λ(r).

(It is of interest to note that, in case A is a maximal right ideal of R,
then (2) coupled with Schur’s Lemma FC -(3.6) implies that the eigenring
ER(A) is a division ring.)

Ex. 1.27. Let R = Mn(k) where k is a ring, and let A be the right ideal of
R consisting of matrices whose first r rows are zero. Compute the idealizer
IR(A) and the eigenring ER(A).

Solution. Write a matrix β ∈ R in the block form
(
x y
z w

)
, where

x ∈ Mr(k), and similarly, write α ∈ A in the block form α =
(
0 0
u v

)
. Since

βα =
(
x y
z w

)(
0 0
u v

)
=
(
yu yv
wu wv

)
,
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the condition for βA ⊆ A amounts to y = 0. Therefore, IR(A) is given by

the ring of “block lower-triangular” matrices
{(

x 0
z w

)}
. Quotienting out

the ideal
{(

0 0
z w

)}
, we get the eigenring ER(A) ∼= Mr(k).

Ex. 1.28. Do the same for the right ideal A = xR in the free k-ring R =
k〈x, y〉, and for the right ideal A = xR where x = i+ j + k in the ring

R = Z ⊕ Zi ⊕ Zj ⊕ Zk

of quaternions with integer coefficients.

Solution. (1) Let R = k〈x, y〉 and A = xR. For r ∈ R, we have r ∈ IR(A)
iff r · x ∈ xR. Writing r = r0 + r1 where r0 is the constant term of r, we
see that

r · x = r0x+ r1x ∈ xR iff r1 ∈ xR.

This shows that IR(A) = k + xR, from which we get

ER(A) = (k + xR)/xR ∼= k.

(2) Let R = Z ⊕ Zi ⊕ Zj ⊕ Zk and A = xR, where x = i+ j + k. Since
x2 = −3, we have 3R ⊆ xR. Writing “bar” for the projection map R →
R = R/3R, we check easily that the right annihilator of x in R has 9 ele-
ments. Since |R| = 34, it follows that

(∗) [R : xR] =
[
R : xR

]
= 81/9 = 9.

Now xR is not an ideal in R, so we have

R � IR(xR) ⊇ xR+ Z � xR.

From (*), we see that IR(xR) = xR+ Z, and

ER(xR) = IR(xR)/xR ∼= Z/3Z.

The next two exercises on idealizers are based on observations of
H. Lenstra and the author.

Ex. 1.29A. For a right ideal A in a ring R, let S = IR(A) be the idealizer
of A. Among the following four conditions, show that (1), (2) are equivalent,
and (3), (4) are equivalent:

(1) End(S(R/A)) is a commutative ring.
(2) A is an ideal of R, and R/A is a commutative ring.
(3) A is a maximal right ideal and R/A is a cyclic left S-module.
(4) A is an ideal of R, and R/A is a division ring.
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Solution. (2) =⇒ (1). Here, S = R since A is an ideal. Thus,

End(S(R/A)) = End(R(R/A)) = End(R/A(R/A)) ∼= R/A,

which is (by assumption) a commutative ring.

(1) =⇒ (2). For r ∈ R, let ρr denote right multiplication by r on R/A.
This is meaningful since R/A is a right R-module, and we have ρr ∈
End(S(R/A)). Thus, for any r, r′ ∈ R, (1) yields an equation ρrρr′ = ρr′ρr.
Applying the two sides of this equation to the coset 1 +A ∈ R/A, we get
rr′ +A = r′r +A, which clearly implies (2).

(4) =⇒ (3) is clear, since S = R under the assumption (4).

(3) =⇒ (4). Under (3), (R/A)R is a simple module, so Schur’s Lemma (FC -
(3.6)) and Ex. 1.26 imply that the eigenring E := S/A is a division ring. If
S(R/A) is cyclic, R/A is a 1-dimensional left E-vector space. Since S/A is
a nonzero E-subspace in R/A, we must have S = R, from which (4) follows
immediately.

Ex. 1.29B. Let R be a ring with center C. Show that a right ideal A of
R is an ideal if any of the following holds:

(5) End(C(R/A)) is a commutative ring;
(6) R/A is a cyclic left C-module;
(7) The factor group R/A is cyclic, or isomorphic to a subgroup of Q.

Solution. Keep the notations in Ex. 1.29A. Since S ⊇ C, End(S(R/A)) is
a subring of End(C(R/A)). Therefore, we have (5) =⇒ (1) =⇒ (2).

Next, suppose (6) holds. Then C(R/A) can be identified with C/I for
some ideal I of C. Then

End(C(R/A)) ∼= End(C(C/I)) ∼= End(C/I(C/I)) ∼= C/I

is a commutative ring, so we have (6) =⇒ (5) =⇒ (2).
Finally, under (7), any Z-endomorphism of R/A is induced by multipli-

cation by an integer or a rational number. Since End(S(R/A)) is a subring
of End(Z(R/A)), we have (7) =⇒ (1) =⇒ (2).

Comment. Note that the condition (7) can be further expanded, as there
are many other abelian groups whose endomorphism rings are commuta-
tive. These include, for instance, the Prüfer p-group (the p-primary com-
ponent of Q/Z), the group of p-adic integers, etc. Therefore, if R/A is
any one of these groups, A must be an ideal of R. On the other hand, if
R/A ∼= (Zm)n or Zn (as groups) where n ≥ 2, A need not be an ideal any
more. Easy examples are provided by Ex. 1.27 and Ex. 1.28.

Ex. 1.30. If m and m′ are maximal right ideals in a ring R, show that
the (simple) right R-modules R/m and R/m′ are isomorphic iff there exists
an element r ∈ R\m such that rm′ ⊆ m. In this case, show that m and m′

contain exactly the same ideals of R.
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Solution. We first note the following generalization of the idea of an ide-
alizer in Ex. 1.26. If A, A′ are right ideals of R, we can form the additive
group

I = I(A′, A) := {r ∈ R : rA′ ⊆ A},
which contains A as a subgroup. As before, we can check easily that sending
r ∈ I to the left multiplication by r defines a group isomorphism

λ : I/A → HomR(R/A′, R/A).

It follows, therefore, that R/A ∼= R/A′ as R-modules iff there exists an
element r ∈ I such that

rR+A = R, and rx ∈ A =⇒ x ∈ A′.

The situation becomes a lot simpler if A, A′ are replaced by the maximal
right ideals m and m′. Since R/m and R/m′ are simple R-modules, they
are isomorphic iff there is a nonzero homomorphism from R/m′ to R/m.
Thus, the isomorphism criterion boils down to I(m′,m) �= m; that is, there
exists an element r ∈ R\m such that rm′ ⊆ m.

In this case, we have rR+ m = R (by the maximality of m). If J is any
ideal contained in m′, then

J = (rR+ m)J = rJ + mJ ⊆ rm′ + m = m.

By symmetry, it follows that m and m′ contain exactly the same ideals
of R. Of course, this conclusion could also have been obtained from the
observation that all ideals in m are contained in a largest one, namely, the
annihilator of the right module R/m. The extra argument given above,
however, serves to illustrate the utility of the isomorphism criterion in this
exercise.

Comment. A good example to keep in mind is R = Mn(Q), with m (resp.
m′) the maximal right ideal of matrices with first (resp. second) row zero.
Here, R/m and R/m′ are both isomorphic to the (simple) right R-module
Qn. For the element r in the solution above, we can take any matrix with
a first row (0, 1, 0, . . . , 0).

In general, if two maximal right ideals m, m′ in a ring R contain exactly
the same ideals of R, it does not follow that R/m ∼= R/m′. For instance,
we can take R to be any simple ring with two nonisomorphic simple right
R-modules R/m and R/m′.

Ex. 1.31. Let I be a right ideal in a polynomial ring A = R[x1, . . . , xn],
where R is any ring.

(1) If I · g = 0 for some nonzero g ∈ A, show that I · r = 0 for some nonzero
r ∈ R.
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(2) Assume R is a commutative ring or a reduced ring, and let f ∈ A.
If f · g = 0 for some nonzero g ∈ A, show that f · r = 0 for some nonzero
r ∈ R.
(3) Show that the conclusion of (2) need not hold if R is an arbitrary ring.

Solution. (1) We induct on n. First assume n = 1 and write A = R[x].
Let g ∈ A\{0} be of minimal degree such that I · g = 0, say g = bxd + · · · ,
b �= 0. If d > 0, then f · b �= 0 for some f =

∑
i aix

i ∈ I. We must have
aig �= 0 for some i (for otherwise aib = 0 for all i and hence f · b = 0). Now
pick j to be the largest integer such that ajg �= 0. From

0 = f · g = (ajxj + · · ·+ a0) · g,
we have ajb = 0, so deg(ajg) < d. But I · (ajg) ⊆ I · g = 0, which contra-
dicts the choice of g. Thus, we must have d = 0 and g ∈ R.

For the inductive step, write A = B[xn], where B = R[x1, . . . , xn−1].
Each polynomial f ∈ A can be written in the form

∑
i hix

i
n (hi ∈ B). For

convenience, let us call the hi’s the “coefficients” of f . Assume I · g = 0,
where g �= 0 in A. By the paragraph above, we may assume that g ∈ B. Let
I ′ be the right ideal in B generated by all “coefficients” of the polynomials
in I. Since g does not involve xn (and I is a right ideal), we see easily that
I · g = 0 =⇒ I ′ · g = 0. By the inductive hypothesis, there exists r ∈ R\{0}
such that I ′ · r = 0. From this, we have, of course, I · r = 0, as desired.

(2) If R is commutative, we have (fA)g = fgA = 0, so (1) applies. If R
is reduced, a leading term argument (plus induction) shows that A is
also reduced. Thus (gf)2 = g(fg)f = 0 implies that gf = 0, and hence
(fAg)2 = 0. It follows that (fA)g = 0, so (1) applies again.

(3) We look for a counterexample R, which, by (2), must be neither commu-
tative nor reduced. An obvious choice is a matrix ring R = M2(S), where
S is a nonzero ring. Fortuitously, this does work! To see this, let f = a+ bx
and g = c+ dx, where

a =
(−1 0

0 0

)
, b =

(
0 1
0 0

)
, c =

(
0 0
1 1

)
, and d =

(
1 1
0 0

)
in R. We have ac = bd = 0 ∈ R and also

ad+ bc =
(−1 −1

0 0

)
+
(
1 1
0 0

)
= 0 ∈ R,

so fg = 0 ∈ A. However, for any r ∈ R, f · r = 0 implies r = 0. To see this,

let r =
(
p q
s t

)
. From f · r = 0, we have

0 = ar =
(−1 0

0 0

)(
p q
s t

)
, and 0 = br =

(
0 1
0 0

)(
p q
s t

)
,

which forces p = q = 0 = s = t, so r = 0 ∈ R.
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Comment. (1) of this exercise is due to N. McCoy; see his paper in the
MAAMonthly 64 (1957), 28–29. In the commutative case, (2) was obtained
earlier by McCoy in the MAA Monthly 49 (1942), 286–295. Part (3) was a
problem proposed by L.G. Jones and A. Rosenberg in the MAAMonthly 57
(1950), 692. The solution above, given by L. Weiner, appeared in the MAA
Monthly 59 (1952), 336–337. Weiner also observed that the conclusion of
(2) need not hold for nonassociative (e.g. Jordan) algebras. More references
to related work in the literature were given in McCoy’s 1957 paper.

It is natural to study also the 0-divisor problem for a power series ring
B = R[[x]]. D.E. Fields proved that, if R is commutative and noetherian,
the analogue of McCoy’s result holds: if f ∈ B is killed by some nonzero
g ∈ B, then f is killed by some nonzero r ∈ R; see his paper in Proc. A.M.S.
27 (1971), 427–433. An example in this paper, due to R. Gilmer, showed
that the noetherian assumption in this result cannot be removed.

Ex. 1.32. Show that, if A = R[x] where R is a commutative ring, then for
f =

∑
i aix

i ∈ A:

(∗) f ∈ U(A) ⇐⇒ a0 ∈ U(R) and ai is nilpotent for i ≥ 1.

Does either implication hold for an arbitrary ring R?

Solution. The “if” part is clear since, in any commutative ring, the sum
of a unit and a nilpotent element is always a unit. For the “only if” part,
a rather slick proof using basic commutative algebra (mainly the fact that
the intersection of prime ideals in R is equal to Nil(R)) is given in FC -pp.
67–68. For the sake of completeness, let us record below a proof that uses
a “bare-hands” approach, accessible to every beginning student in algebra.

Assume that f ∈ U(A). It is easy to see that a0 ∈ U(R). We are done if
we can show that an is nilpotent in case n ≥ 1 (for then f − anx

n is also
a unit, and we can repeat the argument). Let

I = {b ∈ R : atnb = 0 for some t ≥ 1}.

Say fg = 1, where g = b0 + · · ·+ bmxm ∈ A.We claim that bi ∈ I for every
i. If this is the case, there exists t ≥ 1 such that atnbi = 0 for all i, and so
atn = fatn g = 0, as desired. The claim is certainly true if i = m. Inductively,
if bi+1, . . . , bm ∈ I, then, comparing the coefficients of xn+i in the equation
fg = 1, we have

anbi + an−1bi+1 + an−2bi+2 + · · · = 0.

For s sufficiently large, we then have as+1
n bi = −an−1a

s
nbi+1 − · · · = 0, so

bi ∈ I as claimed.
Note that the proofs above showed that (∗) holds as long as the ai’s

commute with each other: we don’t really need the commutativity of R.
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If the ai’s do not all commute, neither implication in (∗) is true (in
general). To see this, let R = M2(S) as in the solution to Ex. 1.31(3), where
S is a nonzero ring. For a counterexample to “=⇒”, take

a =
(
1 1
0 1

)
∈ U(R), and c =

(
0 0
1 0

)
∈ R.

Then, b := ca =
(
0 0
1 1

)
is not nilpotent (it is a nonzero idempotent), but

since c is nilpotent,

a+ bx = (1 + cx)a ∈ U(A) ·U(R) = U(A).

For a counterexample to “⇐=”, let f = a+ cx, where a and c are as above.
We claim that f �∈ U(A). To see this, assume there exists an equation

(a+ cx)(d0 + d1x+ · · ·+ dnx
n) = 1, where di ∈ R.

Comparing coefficients of the two sides, we have

(†) ad0 = 1, ad1 + cd0 = 0, . . . , adn + cdn−1 = 0, and cdn = 0.

Solving successively for d0, d1, . . . , dn, we get

d0 = a−1, d1 = −a−1ca−1, d2 = a−1ca−1ca−1, . . . ;

that is, di = (−1)i(a−1c)ia−1 for i ≤ n. Thus, the last equation in (†) gives
c(a−1c)n = 0. But a−1c =

(−1 0
1 0

)
, so

c(a−1c)n =
(
0 0
1 0

)
(−1)n

(
1 0
−1 0

)
= (−1)n

(
0 0
1 0

)
,

a contradiction!

Comment. While “⇐=” is not true in general, there is a closely related
question on the units of A = R[x] that has remained a difficult open prob-
lem in ring theory for years: if I ⊆ R is an ideal each of whose elements is
nilpotent, is 1 + I[x] ⊆ U(A)? An affirmative answer to this question would
amount to a solution to the famous Köthe Conjecture in classical ring the-
ory: for more details on this, see Ex. (10.25) (especially statement (4)).

Ex. 1.33. Let k be a ring. Show that (1) the ring A generated over k by x,
y with the relations x3 = 0 and xy + yx2 = 1 is the zero ring, and (2) the
ring B generated over k by x, y with the relations x2 = 0 and xy + yx = 1
is isomorphic to the matrix ring M2(k[t]).
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Solution. (1) Right multiplying xy + yx2 = 1 by x in A, we get xyx = x.
Left multiplying the same equation by x2, we get x2yx2 = x2. Therefore,
x2 = x(xyx)x = x3 = 0, and so 1 = xy + yx2 = xy. Left multiplying this
by x yields x = x2y = 0 and hence 1 = xy + yx2 = 0 ∈ A, proving that
A = (0).

(2) Define a ring homomorphism ϕ : B → M2(k[t]) by ϕ | k = Idk, and

ϕ(x) =
(
0 0
1 0

)
, ϕ(y) =

(
0 1
t 0

)
.

(It is easy to check that ϕ respects the relations x2 = 0 and xy + yx = 1
on B.) We have ϕ(y2) = t · I2, so

(∗) ϕ(y2n) = tn · I2, and ϕ(y2n+1) =
(

0 tn

tn+1 0

)
.

Expressing B in the form k[y] + k[y]x, we can write an arbitrary element
γ ∈ B in the form α+ βx, where α =

∑
aiy
i, and β =

∑
biy
i (with ai,

bi ∈ k). In view of (∗),

ϕ(α) =
(

a0 + a2t+ a4t
2 + · · · a1 + a3t+ a5t

2 + · · ·
a1t+ a3t

2 + a5t
3 + · · · a0 + a2t+ a4t

2 + · · ·
)

,

ϕ(βx) =
(
b1t+ b3t

2 + b5t
3 + · · · 0

b0 + b2t+ b4t
2 + · · · 0

)
.

If ϕ(γ) = 0, we must have all ai = 0, and therefore all bi = 0. This shows
ϕ is one-one. The form of the matrices above also shows that ϕ is onto, so
B ∼= M2(k[t]).

Ex. 1.34. Let a be an element in a ring such that ma = 0 = a2r

, where
m ≥ 1 and r ≥ 0 are given integers. Show that (1 + a)m

r

= 1.

Solution. The proof is by induction on r. The case r = 0 being clear, we
assume r > 0. Sincema = 0, the binomial theorem gives (1 + a)m = 1 + a2b
where b is a polynomial in a with integer coefficients. Since

m(a2b) = 0 and (a2b)2
r−1

= a2r

b2
r−1

= 0,

the inductive hypothesis (applied to the element a2b) implies that

1 = (1 + a2b)m
r−1

= [(1 + a)m]m
r−1

= (1 + a)m
r

,

as desired.

Comment. For a nice application of this exercise, see Ex. 5.11.

Ex. 1.35. Let A, B be left ideals in a ring R. Show that for any idempotent
e ∈ R, we have the following two distributive laws:
(1) eR ∩ (A+B) = (eR ∩ A) + (eR ∩ B), and
(2) eR+ (A ∩ B) = (eR+A) ∩ (eR+B).
(3) Show that (1) and (2) no longer hold if eR is replaced by Re.
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Solution. (1) We need only prove the inclusion “⊆”. Let x = a+ b ∈ eR,
where a ∈ A and b ∈ B. Then

x = ex = ea+ eb ∈ (eR ∩ A) + (eR ∩ B),

since ea ∈ eR ∩ A and eb ∈ eR ∩ B.

(2) Here, we need only prove the inclusion “⊇”. For any element x ∈ (eR+
A) ∩ (eR+B), we can write

x = er + a = es+ b, where r, s ∈ R, a ∈ A, and b ∈ B.

Then ex = er + ea = x − a+ ea, so x − ex ∈ A. Similarly, x − ex ∈ B.
Thus,

x = ex+ (x − ex) ∈ eR+ (A ∩ B),

as desired.

(3) To find the desired counterexamples, take e =
(
1 0
0 0

)
in the matrix

ring R = M2(Q), and

A = R ·
(
1 1
0 0

)
=
{(

a a
b b

)}
, B = R ·

(
0 0
0 1

)
=
{(

0 c
0 d

)}
.

Since Re =
{(

a 0
b 0

)}
, we have Re ∩ A = Re ∩ B = (0). On the other

hand, A+B = R so Re ∩ (A+B) = Re. This shows that (1) does not
hold if eR is replaced by Re. Also, note that Re+A = R and Re+B = R,
so their intersection is R. On the other hand,

Re+ (A ∩ B) = Re+ (0) = Re,

so (2) also fails if eR is replaced by Re.

§2. Semisimplicity
A left module M over a ring R is said to be semisimple if it has one of the
following equivalent properties:

(1) Every submodule N ⊆ M is a direct summand of M ,
(2) M is the sum of a family of simple submodules, or
(3) M is the direct sum of a family of simple submodules.

Here, a simple module means a nonzero R-module M such that the only
submodules of M are (0) and M . Each simple (left) R-module is isomorphic
to R/m for some maximal left ideal m in R.
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A general module is “seldom” semisimple. For instance, over R = Z,
M = Z/4Z is not semisimple, since N = 2Z/4Z is not a direct summand.
Over the polynomial ring R = Q[x], the module M = Q2 on which x acts

by the nilpotent matrix
(
0 1
0 0

)
(xe1 = 0, xe2 = e1) is not semisimple,

since the R-submodule N = Qe1 ⊆ M is not a direct summand.
One of the most wonderful properties for a ring R to have is that all

its (say, left) modules are semisimple. In this case, R is said to be a (left)
semisimple ring. For this, it suffices to check that the left regular module RR
be semisimple (FC-(2.5)), and there are other characterizations in terms
of projective and injective modules (FC-(2.8), (2.9)). As it turns out, the
definition of a semisimple ring is left-right symmetric (FC-(3.7)), so the
“left”, “right” adjectives may be ignored.

The exercises in this section deal with examples (and nonexamples)
of semisimple rings, and some of their ideal-theoretic properties. Of fun-
damental importance is Exercise 7 which says all “reasonable” finiteness
conditions on a semisimple module are equivalent (finite generation, finite
length, noetherian, and artinian).

Exercises for §2
Ex. 2.1. Is any subring of a left semisimple ring left semisimple? Can any
ring be embedded as a subring of a left semisimple ring?

Solution. The answer to the first question is “no”: for instance, Z is a
subring of the semisimple ring Q, but Z is not a semisimple ring. The
answer to the second question is also “no”: for instance, A = R1 × R2 × · · ·
(where Ri are nonzero rings) cannot be embedded as a subring of a (left)
semisimple ring. Indeed, if A is a subring of a ring R, then R will have
nonzero idempotents e1, e2, . . . with eiej = 0 for i �= j. But then

R ⊇ Re1 ⊕ Re2 ⊕ · · · ,

and this implies that R is not left noetherian (let alone left semisimple).
Similarly, if k is any nonzero ring, A = k[x1, x2, . . .] with the relations

xixj = 0 (for all i, j)

cannot be embedded in a left semisimple ring. Indeed, if A is a subring of
a ring R, then

Rx1 � Rx1 +Rx2 � · · ·

(by an easy proof), and againR is not left noetherian (let alone left semisim-
ple).
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Ex. 2.2. Let {Fi : i ∈ I} be a family of fields. Show that the direct product
R =

∏
i Fi is a semisimple ring iff the indexing set I is finite.

Solution. First suppose R is semisimple. The solution of the previous
exercise shows that I must be finite. Conversely, assume I is finite, and
consider any ideal A ⊆ R. By Exercise 1.8, A =

⊕
i∈J Fi for a subset J ⊆ I.

Clearly, A is a direct summand of RR, so RR is a semisimple module, as
desired.

Ex. 2.3A. Determine which of the following are semisimple Z-modules
(where Zn denotes Z/nZ):

Z, Q, Q/Z, Z4, Z6, Z12, Z2 × Z2 × Z2 × · · · , and

Z2 ⊕ Z3 ⊕ Z5 ⊕ · · · , Z2 × Z3 × Z5 × · · · .
Solution. Z, Q, and Z2 × Z3 × Z5 × · · · are not torsion abelian groups, so
they are not semisimple Z-modules. Z4 is also not a semisimple Z-module,
since 2Z4 is not a direct summand. Since Z12 and Q/Z both contain a copy
of Z4, they are also not semisimple. On the other hand, Z6 ∼= Z2 ⊕ Z3 and
Z2 ⊕ Z3 ⊕ Z5 ⊕ · · · are obviously semisimple. Finally, Z2 × Z2 × Z2 × · · ·
is a Z2-vector space; this makes it semisimple over Z2, and hence over Z.

Ex. 2.3B. What are the semisimple Z-modules? (Characterize them in
terms of their structure as abelian groups.)

Solution. Note that Z-modules are just abelian groups, so the simple Z-
modules are the abelian simple groups, namely, the groups Zp, where p
ranges over all prime numbers. Therefore, semisimple Z-modules are just
direct sums of copies of such Zp’s, and are, in particular torsion abelian
groups. The ideas used in working with the examples in the previous exer-
cise lead easily to a proof of the following: an abelian group A is semisimple
as a Z-module iff A is torsion and its p-primary part is killed by p for each
prime number p.

Comment. The above description of semisimple modules also holds over
any commutative principal ideal domain. (Simply replace the p’s above by
a “representative set” of the irreducible elements of the PID.)

Ex. 2.4. Let R be the (commutative) ring of all real-valued continuous
functions on [0, 1]. Is R a semisimple ring?

Solution. The answer is “no”. Indeed, assume R is semisimple. Consider
the ideal

I = {f ∈ R : f(0) = 0}.
Then I is a direct summand of RR, and Exercise 1.7 implies that I = Re
for some idempotent e ∈ I. But

e(x)2 = e(x) =⇒ e(x) ∈ {0, 1}
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for any x ∈ [0, 1]. Since e(0) = 0, continuity of e forces e to be the 0-
function, so I = 0; a contradiction.

Alternative Solution. Consider the ideals

In = {f ∈ R : f([1/n, 1]) = 0},

where n ≥ 1. It is easy to see that I1 � I2 � · · · , so R is not an artinian
ring. In particular, R is not semisimple.

Ex. 2.5. Let R be a (left) semisimple ring. Show that, for any right ideal
I and any left ideal J in R, IJ = I ∩ J . If I, J, K are ideals in R, prove
the following two distributive laws:

I ∩ (J +K) = (I ∩ J) + (I ∩ K),
I + (J ∩ K) = (I + J) ∩ (I +K).

Solution. First, it is clear that IJ ⊆ I and IJ ⊆ J , so IJ ⊆ I ∩ J . To
prove the reverse inclusion, write J = Rf where f = f2 ∈ J (cf. Exercise
1.7). For any a ∈ I ∩ J , write a = rf ∈ I, where r ∈ R. Then a = rf · f ∈
IJ , as desired. Assuming that I, J, K are ideals, we have

I ∩ (J +K) = I(J +K) = IJ + IK = (I ∩ J) + (I ∩ K),

(I + J) ∩ (I +K) = (I + J)(I +K) = I + JK = I + (J ∩ K).

Comment. The property IJ = I ∩ J in the first part of the Exercise turns
out to characterize von Neumann regular rings: see Exercise 4.14 below.
The fact that semisimple rings are von Neumann regular is explicitly noted
in FC-(4.24).

In this exercise, if we assume the (equivalent) fact that R is right
semisimple, then any right ideal I ⊆ R has the form eR for some idem-
potent e ∈ R. Thus, according to Ex. 1.35, the two distributive laws above
already hold for any right ideal I and left ideals J , K in R.

Ex. 2.6. Let R be a right semisimple ring. For x, y ∈ R, show that Rx =
Ry iff x = uy for some unit u ∈ U(R).

Solution. If x = uy where u ∈ U(R), then Rx = Ruy = Ry. Conversely,
assume Rx = Ry. By Exercise 1.17, there exists a right R-isomorphism
f : yR → xR such that f(y) = x. Write

RR = yR ⊕ A = xR ⊕ B,

where A, B are right ideals. By considering the composition factors of
RR, yR and xR, we see that A ∼= B as right R-modules. Therefore, f can be
extended to an automorphism g of RR. Letting u = g(1) ∈ U(R), we have

x = f(y) = g(y) = g(1y) = uy.
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Comment. The conclusion of the Exercise is false in general if R is not a
(right) semisimple ring. For instance, if R is a non-Dedekind-finite ring with
elements x, z such that zx = 1 �= xz, then Rx = R1 since Rx contains zx =
1, but x �= u1 for any u ∈ U(R). However, the conclusion of the Exercise
is true if R is a domain: if we write x = uy and y = vx for u, v ∈ R, then
(assuming x �= 0), x = uvx implies uv = 1, and similarly y = vuy implies
vu = 1. Thus, u ∈ U(R).

Ex. 2.7. Show that for a semisimple module M over any ring R, the
following conditions are equivalent:

(1) M is finitely generated;
(2) M is noetherian;
(3) M is artinian;
(4) M is a finite direct sum of simple modules.

Solution. (1) ⇒ (4). Let M =
⊕
i∈IMi where the Mi’s are simple mod-

ules. If M is generated by m1, . . . ,mn, we have {m1, . . . ,mn} ⊆ ⊕
i∈JMi

for a finite subset J ⊆ I. Therefore, M =
⊕
i∈JMi (which of course implies

that J = I).

(4) ⇒ (2) ⇒ (1) and (4) ⇒ (3) are trivial, so we are done if we can show
(3) ⇒ (4). Let M =

⊕
i∈IMi as above. If I is infinite, this decomposition of

M would lead to a strictly descending chain of submodules of M . Therefore,
I must be finite, and we have (4).

Ex. 2.8. Let M be a semisimple (say, left) module over a ring. Let {Vi :
i ∈ I} be a complete set of nonisomorphic simple modules which occur
as submodules of M . Let Mi be the sum of all submodules of M which
are isomorphic to Vi. It is easy to show that M =

⊕
iMi: the Mi’s are

called the isotypic components of M . In the following, we assume that each
Mi is finitely generated. By Exercise 7, this means that each Mi ∼= miVi
for suitable integers mi. Let N be any submodule of M . Show that N ∼=⊕
i niVi for suitable ni ≤ mi, and that M/N ∼= ⊕

i(mi − ni)Vi.

Solution. Write N =
⊕
iNi, where the Ni’s are the isotypic components

of N . Then Ni ⊆ Mi, so we have Ni ∼= niVi for some ni ≤ mi. By the
Jordan-Hölder Theorem, Mi/Ni ∼= (mi − ni)Vi. Therefore, we have N ∼=⊕
i niVi and

M/N ∼=
⊕
i

(Mi/Ni) ∼=
⊕
i

(mi − ni)Vi.

Comment. The exercises above can be equivalently stated in the form of a
cancellation theorem: If N ⊕ K ∼= N ′ ⊕ K ′ is a semisimple module whose
isotypic components are all finitely generated, then N ∼= N ′ implies that
K ∼= K ′. Note that the finiteness assumption is essential to such a cancel-
lation. For instance, if

M = V1 ⊕ V1 ⊕ · · · ,
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the isomorphism type of a submodule N ⊆ M is certainly not sufficient to
determine the isomorphism type of M/N . (For N = M,M/N = 0; but for

N ′ = 0⊕ V1 ⊕ V1 ⊕ · · · ,

M/N ′ ∼= V1. And yetN ∼= N ′.) For another cancellation result not requiring
any semisimplicity assumption, see Exercise 20.2 below.

Ex. 2.9. Let U , V be modules over a commutative ring R. If U or V is
semisimple, show that U ⊗R V (viewed as an R-module in the usual way)
is also semisimple. How about the converse?

Solution. For the first statement, it suffices to handle the case where V
is semisimple. Since tensor product distributes over direct sums, we may
further assume that V is simple, say V ∼= R/m where m is a maximal ideal
of R. But then m · (U ⊗R V ) = 0, so U ⊗R V is a vector space over the field
R/m. Thus, U ⊗R V is semisimple over R/m, and also over R.

The converse statement does not hold in general. For instance, Z4 and
Z9 are not semisimple over Z, but Z4 ⊗ Z9 = 0 is.

Comment. Information on another kind of tensor products (over group
rings) is available from Ex. 8.29 and Ex. 8.30.

Ex. 2.10. Let U , V be semisimple modules over a commutative ring. Is
HomR(U, V ) (viewed as an R-module in the usual way) also semisimple?

Solution. If one of U , V is finitely generated, the answer is “yes”, by the
same argument given in the solution to Ex. 2.9. In general, however, the
answer is “no”, as we can show by the following example over R = Z. Take
U = V =

⊕
p Zp, where p ranges over all primes. Let ε ∈ E := HomZ(V, V )

be the identity map from V to V . We claim that ε has infinite additive
order in E (which certainly implies that E is not a semisimple Z-module).
For any natural number n, take a prime p > n. Then

(n · ε)(0, . . . , 1, 0, . . . ) = (0, . . . , n, 0, . . . ) �= 0

if the 1 appears in the coordinate corresponding to Zp. Therefore, n · ε �=
0 ∈ E, as claimed.

Ex. 2.11. If RV is a simple module over a commutative ring R, show that
any direct product of copies of V is semisimple. Does this hold over an
arbitrary ring R?

Solution. Representing V in the form R/m where m is a maximal ideal
of R, we can solve the first part as in the solution to Ex. 2.9. However,
the same conclusion does not hold (in general) without the commutativity
assumption. To produce a counterexample, let V be a right vector space
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over a division ring D with a basis {e1, e2, . . . }, and let R = End(VD). Then
V is a simple left R-module. The map

ϕ : RR −→ P := V × V × · · · defined by ϕ(r) = (re1, re2, . . . )

is easily checked to be an R-module isomorphism. In particular, RP is
cyclic. On the other hand, RP is obviously not noetherian, so it is not
semisimple (by Ex. 7).

As a matter of fact, we can also easily name a nonsplit submodule of
P . The direct sum V ⊕ V ⊕ · · · is nonsplit in P since it is not finitely
generated, whereas a direct summand of P must be cyclic.

Comment. If we think of R as the ring of column-finite N × N matrices over
D, the isomorphism ϕ corresponds to the decomposition of this matrix
ring into a direct product of its “column spaces”. Such a decomposition
is quite useful. For instance, it explains why RR is not Dedekind-finite
(RR ⊕ V ∼= RR), and it is also applicable toward Ex. 3.14. For more precise
information on direct products of simple (and semisimple) modules, see the
two later exercises Ex. 20.13 and Ex. 20.14.

Ex. 2.12. Let V be a left R-module with elements e1, e2, . . . such that, for
any n, there exists r ∈ R such ren, ren+1, . . . are almost all 0, but not all 0.
Show that S := V ⊕ V ⊕ · · · is not a direct summand of P := V × V × · · ·
(so in particular, P is not a semisimple R-module).

Solution. This exercise is directly inspired by the last part of the solution
to the previous exercise. Assume that P = S ⊕ T for some R-submodule
T ⊆ P . Write

(e1, e2, . . . ) = (s1, s2, . . . ) + (t1, t2, . . . )

where (s1, s2, . . . ) ∈ S, and (t1, t2, . . . ) ∈ T . Then the exists an index n
such that ti = ei for all i ≥ n. Let r ∈ R be such that ren, ren+1, . . . are
almost all 0 but not all 0. Then

r(t1, . . . , tn, tn+1, . . . ) = (rt1, . . . , rtn−1, ren, ren+1, . . . ) �= 0

lies in S as well as in T , a contradiction.

§3. Structure of Semisimple Rings
The exercises in this section are mostly based on the Wedderburn-Artin
Theorem, which classifies the semisimple rings. According to this theorem,
a ring R is semisimple iff

R ∼= Mn1(D1)× · · · × Mnr (Dr),
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where the Di’s are division rings. Here, r is the number of distinct iso-
morphism types of the simple left R-modules, say, M1, . . . ,Mr; ni is the
number of times Mi occurs as a composition factor in RR; and Di is the
endomorphism ring of Mi, defined as a ring of right operators on Mi.

Each semisimple ring is uniquely decomposed into a direct sum of its
simple components. The simple components which can occur are precisely
the artinian simple rings, or equivalently, simple rings which have minimal
left ideals. (Recall that a ring S is simple if S �= 0 and the only ideals
in S are (0) and S.) In general, there are many nonartinian simple rings.
Various examples are given in FC-§3, but a general theory for such rings
is decidedly beyond our reach.

Many exercises in this section are folklore in the subject, e.g. the Dou-
ble Annihilator Property (Exercise 12) and the Dedekind-finiteness (Ex-
ercise 10) of a semisimple ring. Especially recommended is Exercise 6A,
which says that if RM is a semisimple module, then so is ME where
E = End(RM). This is easy when RM is finitely generated (for then the
ring E is semisimple), but quite a bit more tricky in general. Exercises 14,
15 and 16 offer useful basic information on the ring of linear transformations
on a (possibly infinite-dimensional) vector space over a division ring.

In two additional exercises ((21) and (22)), we sketch a computation
for the smallest number of elements µ(M) needed to generate a finitely
generated module M over a semisimple ring. The fact that the expression
for µ(M) (in the artinian simple ring case) involves Knuth’s “ceiling func-
tion” of the composition length is a bit of a surprise to beginners in module
theory. It certainly serves warning that everything is not the same as for
vector spaces over fields!

Exercises for §3
Ex. 3.0. Show that, if M is a simple module over a ring R, then as an
abelian group, M is isomorphic to a direct sum of copies of Q, or a direct
sum of copies of Zp for some prime p.

Solution. By Schur’s Lemma (FC -(3.6)), the R-endomorphism ring of M
is a division ring D. Let F be the prime field of D. We may view M as a
D-vector space, so M is also an F -vector space. As such, M is isomorphic
to a direct sum of copies of F . This gives the desired conclusion since we
have either F ∼= Q, or F ∼= Zp for some prime p.

Comment. The solution above offers perhaps the best “conceptual view” of
this exercise. However, a direct proof not using Schur’s Lemma is possible
too. One observes that, if M has p-torsion for any prime p, then pM =
0; otherwise, argue that pM = M for any prime p so M is a torsionfree
divisible group. These remarks quickly lead us to the desired conclusions.
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Ex. 3.1. Show that if R is semisimple, so is Mn(R).

Solution. Let R ∼= ∏r
i=1 Mni

(Di), where the Di’s are suitable division
rings. Then

Mn(R) ∼=
∏
i

Mn(Mni(Di)) ∼=
∏
i

Mnni(Di),

which is a semisimple ring.

Ex. 3.2. Let R be a domain. Show that if Mn(R) is semisimple, then R
is a division ring.

Solution. Consider any chain I1 ⊇ I2 ⊇ · · · of left ideals in R. Then

Mn(I1) ⊇ Mn(I2) ⊇ · · ·
is a chain of left ideals in Mn(R), so it must become stationary. This implies
that I1 ⊇ I2 ⊇ · · · also becomes stationary, so R is left artinian. By Exercise
1.19, R must be a division ring.

Ex. 3.3. Let R be a semisimple ring.

(a) Show that any ideal of R is a sum of simple components of R.
(b) Using (a), show that any quotient ring of R is semisimple.
(c) Show that a simple artinian ring S is isomorphic to a simple component
of R iff there is a surjective ring homomorphism from R onto S.

Solution. (a) follows directly from Exercise 1.8.

(b) Write R = R1 × · · · × Rr where the Ri’s are the simple components of
R. Consider any quotient ring R/I of R. After a reindexing, we may assume
that I = R1 ⊕ · · · ⊕ Rs for some s ≤ r. Therefore,

R/I ∼= Rs+1 × · · · × Rr

is a semisimple ring.

(c) If S ∼= Ri, we can find a surjective ring homomorphism from R to S
by utilizing the ith projection of R = R1 × · · · × Rr. Conversely, suppose
ϕ : R → S is a surjective ring homomorphism. After a reindexing, we may
assume that

ker(ϕ) = R1 × · · · × Rr−1.

Therefore, S ∼= R/ ker(ϕ) ∼= Rr.

Comment. The solution to (c) shows that it remains true if we replace the
words “simple artinian” by “indecomposable”. (A nonzero ring is said to
be indecomposable if it is not the direct product of two nonzero rings.)

Ex. 3.4. Show that the center of a simple ring is a field, and the center of
a semisimple ring is a finite direct product of fields.
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Solution. Suppose R is a simple ring, and let 0 �= a ∈ Z(R). Then Ra is
an ideal, so Ra = R. This implies that a ∈ U(R). But clearly a−1 ∈ Z(R),
so Z(R) is a field. Next, assume R is a semisimple ring, and let

R =
r∏
i=1

Mni(Di)

where the Di’s are division rings. By Exercise 1.9,

Z(D) =
∏
i

Z (Mni
(Di)) ∼=

∏
i

Z(Di),

where the Z(Di)’s are fields.

Comment. It follows in particular from this exercise that the center of
a (semi)simple ring is (semi)simple. For results on the centers of other
classes of rings, see Exercises 5.0 (J-semisimple rings), 10.0 (prime rings),
10.1 (semiprime rings), 11.11 (primitive rings), 19.6 (local rings), 20.12
(semilocal rings), 21.7 (von Neumann regular rings), and 21.25 (artinian
and noetherian rings).

Ex. 3.5. Let M be a finitely generated left R-module and E = End(RM).
Show that if R is semisimple (resp. simple artinian), then so is E.

Solution. First assume R is semisimple, and let S1, . . . , Sr be a complete
set of simple left R-modules. Then

M = M1 ⊕ · · · ⊕ Mr,

where Mi is the sum of all submodules of M which are isomorphic to Si.
Since M is finitely generated, Mi ∼= niSi for suitable integers ni. Therefore,

EndRM ∼=
∏
i

EndRMi ∼=
∏
i

Mni
(EndRSi)

by Exercise 1.20. By Schur’s Lemma, all EndRSi are division rings, so
EndRM is semisimple. If, in fact, R is simple artinian, we have r = 1 in
the calculation above. Therefore, EndRM ∼= Mn1(EndRS1) is also a simple
artinian ring.

Comment. In the case where RM is not finitely generated, E is no longer
semisimple. However, it turns out that M is always finitely generated over
E: see Ex. 11.6*.

Ex. 3.6A. Let M be a left R-module and E = End(RM). If RM is a
semisimple R-module, show that ME is a semisimple E-module.
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Solution. Every nonzero element m of M can be written as m1 + · · ·+mn
where each Rmi is simple. We claim that each miE is a simple E-module.
Once this is proved, then m is contained in the semisimple E-module∑

miE, and we are done. To show that miE is a simple E-module, it
suffices to check that, for any e ∈ E such that mie �= 0, mieE contains mi.
Consider the R-epimorphism ϕ : Rmi → Rmie given by right multiplica-
tion by e. Since Rmi is simple, ϕ is an isomorphism. Let ψ : Rmie → Rmi
be the inverse of ϕ, and extend ψ to an f ∈ E. (We can take f to be zero,
for instance, on an R-module complement of Rmie.) Now

mief = (mie)ψ = (mie)ϕ−1 = mi,

as desired.

Comment. This exercise came from Chevalley’s book “Fundamental Con-
cepts of Algebra” (Exercise 27 on p. 133). The hint to that exercise sug-
gested a reduction to the case when the semisimple R-module M is “iso-
typic” (i.e. a sum of copies of a simple module). In this case, Chevalley
claimed that ME is a simple module. This is, unfortunately, incorrect. For
instance, if k is any division ring, R = Mn(k), and M is the unique simple
left R-module, then RM is certainly isotypic, but E ∼= k (see FC-p. 34),
and ME is not simple if n > 1. Note that the solution we offered for the
exercise did not depend on the reduction to the isotypic case.

Ex. 3.6B. In the above Exercise, if ME is a semisimple E-module, is RM
necessarily a semisimple R-module?

Solution. The answer is “no” in general. To construct an example, let R
be the ring of 2× 2 upper triangular matrices over a field k, and let M
be the left R-module k2 with the R-action given by matrix multiplication
from the left. An easy computation shows that E = End(RM) = k (cf. FC-
p.110); in particular, ME is a semisimple E-module. We claim that RM is
not a semisimple R-module. In fact, consider the R-submodule

N =
{(

a
0

)
: a ∈ k

}
⊆ M.

If
(
b
c

)
�∈ N , then c �= 0, so R ·

(
b
c

)
contains

(
0 ac−1

0 0

)(
b
c

)
=
(
a
0

)
for all a ∈ k. This shows that N is not an R-direct summand of M , so RM
is not semisimple.

Comment. The module M over the triangular matrix ring R can be used as
a counterexample on quite a number of different occasions. Aside from the
above exercise, we also use M and R in Exercises 1.5, 11.21, 21.5 and 22.3B.
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Ex. 3.7. Let R be a simple ring that is finite-dimensional over its center
k. (k is a field by Exercise 4 above.) Let M be a finitely generated left
R-module and let E = End(RM). Show that

(dimkM)2 = (dimkR)(dimkE).

Solution. Say R = Mn(D), where D is a division ring, with Z(D) =
Z(R) = k. Let V be the unique simple left R-module, so M ∼= mV for
some m. For d = dimkD, we have dimkM = m · dimkV = mnd. Since

E ∼= Mm(EndRV ) ∼= Mm(D),

it follows that

(dimkR)(dimkE) = (n2d)(m2d) = (mnd)2 = (dimkM)2.

Ex. 3.8. For R as in Exercise 7, show that R is isomorphic to a matrix
algebra over its center k iff R has a nonzero left ideal A with (dimkA)2 ≤
dimkR.

Solution. If R ∼= Mn(k), we can take A to be R · E11 for which

(dimkA)2 = n2 = dimkR.

Conversely, suppose R has a nonzero left ideal A with (dimkA)2 ≤ dimkR.
Let us use the notations introduced in the solution to Exercise 7. Then

(nd)2 = (dimkV )2 ≤ (dimkA)2 ≤ dimkR = n2d.

This implies that d = 1, so D = k and R ∼= Mn(k).

Ex. 3.9. (a) Let R, S be rings such that Mm(R) ∼= Mn(S). Does this
imply that m = n and R ∼= S? (b) Let us call a ring A a matrix ring if
A ∼= Mm(R) for some integer m ≥ 2 and some ring R. True or False: “A
homomorphic image of a matrix ring is also a matrix ring”?

Solution. (a) The answer is “no”. For instance, for R = M2(Q) and S =
M3(Q), we have R �∼= S (by dimension considerations), but M3(R) ∼= M2(S)
since both rings are isomorphic to M6(Q).

(b) The statement is indeed true. A homomorphic image S of A = Mm(R)
has the form A/I where I is an ideal of A. But by FC-(3.1), I = Mm(A)
for some ideal A ⊆ R. Therefore,

S ∼= Mm(R)/Mm(A) ∼= Mm(R/A).

If m ≥ 2, then S is indeed a matrix ring.
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Comment. In view of the counterexample we gave, it would be more reason-
able to ask in (a): Does Mn(R) ∼= Mn(S) imply R ∼= S? In a large number
of cases, the answer to this new question is “yes.” For instance, if R, S are
commutative rings, Mn(R) ∼= Mn(S) implies

R ∼= Z (Mn(R)) ∼= Z (Mn(S)) ∼= S,

by Exercise 1.9. If R, S are both left artinian rings, it can be shown that
the answer is also “yes.” However, if R, S are left noetherian rings, the
answer is, in general, “no.” In fact, there exist pairs of (left and right)
noetherian rings R �∼= S such that Mn(R) ∼= Mn(S) for every n ≥ 2. For a
detailed discussion of this, see the author’s booklet “Modules with Isomor-
phic Multiples, and Rings with Isomorphic Matrix Rings,” Monog. No. 35,
L’Enseig. Math., Geneva, Switzerland, 1999.

Ex. 3.10. Let R be any semisimple ring.

(1) Show that R is Dedekind-finite, i.e. ab = 1 implies ba = 1 in R.
(2) If a ∈ R is such that I = aR is an ideal in R, then I = Ra.
(3) Every element a ∈ R can be written as a unit times an idempotent.

Solution. By the Wedderburn-Artin Theorem, we are reduced to the case
when R = Mn(D) where D is a division ring.

(1) Think of R as End(VD) where V is the space of column n-tuples over D.
If ab = 1 in R, then clearly ker(b) = 0, and this implies that b ∈ Aut(VD).
In particular, ba = 1 ∈ R.

(2) Since R = Mn(D) is now a simple ring, we have either I = 0 or I = R. If
I = 0, then a = 0 and Ra = I holds. If I = R, then ab = 1 for some b ∈ R.
By (1), ba = 1, so Ra = I also holds.

(3) By the theorem on Reduction to Echelon Forms, we can find invertible
n × n matrices b, c ∈ R such that

d := bac = diag(1, . . . , 1, 0, . . . , 0) (an idempotent).

We have now

a = (b−1c−1)(cdc−1) = ue

where u : = b−1c−1 is a unit and e : = cdc−1 is an idempotent.

Comment. (A) The conclusion in (1) also follows from Exercise 1.12, since a
semisimple ring is always left noetherian. (B) The property (3) for semisim-
ple rings goes back a long way, and was explicitly pointed out (and proved)
by K. Asano, “Über Hauptidealringe mit Kettensatz”, Osaka Math. J. 1
(1949), 52–61. In current terminology, (3) expresses the fact that semisim-
ple rings are “unit-regular”: for a more general view of this, see Exercises
4.14B and 4.14C.
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Ex. 3.11. Let R be an n2-dimensional algebra over a field k. Show
that R ∼= Mn(k) (as k-algebras) iff R is simple and has an element r
whose minimal polynomial over k has the form (x − a1) · · · (x − an) where
a1, . . . , an ∈ k.

Solution. First, suppose R = Mn(k). Then R is simple, and the matrix
with 1’s on the line above the diagonal and 0’s elsewhere has minimal
polynomial xn. Conversely, suppose R is simple and has an element r whose
minimal polynomial over k is (x − a1) · · · (x − an), where a1, . . . , an ∈ k.
Then we have a strictly descending chain of left ideals

(∗) R � R(r − a1) � R(r − a1)(r − a2) � · · · � R(r − a1) · · · (r − an) = 0.

For, if R(r − a1) · · · (r − ai) = R(r − a1) · · · (r − ai+1) for some i, right
multiplication by (r − ai+2) · · · (r − an) would give

(r − a1) · · · (r − ai)(r − ai+2) · · · (r − an) = 0 ∈ R,

which is impossible. Now, express R in the form Mm(D) where D is a
division k-algebra of, say, dimension d. Then n2 = m2d, and RR has com-
position length m. Appealing to (∗), we have m2 ≥ n2 = m2d, so d = 1,
n = m, and R ∼= Mn(k).

Ex. 3.12. For a subset S in a ring R, let ann�(S) = {a ∈ R : aS = 0}
and annr(S) = {a ∈ R : Sa = 0}. Let R be a semisimple ring, I be a left
ideal and J be a right ideal in R. Show that ann� (annr(I)) = I and
annr (ann�(J)) = J .

Solution. By symmetry, it is sufficient to prove the above “Double An-
nihilator Property” for I. Let I = Re, where e = e2 (see Exercise 1.7),
and let f = 1− e. We claim that annr(I) = fR. Indeed, since I · fR =
RefR = 0, we have fR ⊆ annr(I). Conversely, if a ∈ annr(I), then ea = 0
so a = a − ea ∈ fR. This proves annr(I) = fR, and hence similarly

ann� (annr(I)) = ann�(fR) = Re = I.

Comment. An artinian ring satisfying the Double Annihilator Properties
in this Exercise is known as a quasi-Frobenius ring. The conclusion of the
Exercise is therefore that any semisimple ring is a quasi-Frobenius ring.

The following is an interesting explicit illustration for the equation

annr(Re) = (1− e)R

in a matrix ring R = Mn(k), where k is any ring. Take

e = E11 + E22 + · · ·+ Err
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where the Eij ’s are the matrix units. By explicit calculations, we see easily
that

Re =




k · · · k 0 · · · 0
· · · ·· · · ·· · · ·· · · ·· · · ·
k · · · k 0 · · · 0




︸ ︷︷ ︸
r

, (1− e)R =




0 · · · · · 0
· ·· ·· ·
0 · · · · · 0
k · · · · · k
· ·· ·· ·
k · · · · · k




n − r

and that the right annihilator of the former is precisely the latter.

Ex. 3.13. Let R be a simple, infinite-dimensional algebra over a field k.
Show that any nonzero left R-module V is also infinite-dimensional over k.

Solution. The left action of R on V leads to a k-algebra homomorphism
ϕ : R → End(Vk). Since V �= 0 and R is a simple ring, ϕ must be one-one.
If dimk V < ∞, this would imply that dimkR < ∞. Therefore, V must be
infinite-dimensional over k.

Ex. 3.14. (Over certain rings, the “rank” of a free module may not be de-
fined.) Let D be a division ring, V =

⊕∞
i=1 eiD, and E = End(VD). Define

f1, f2 ∈ E by f1(en) = e2n, f2(en) = e2n−1 for n ≥ 1. Show that {f1, f2}
form a free E-basis for EE . Therefore, as right E-modules, E ∼= E2; using
this, show that Em ∼= En for any finite m,n > 0!

Solution. Define g1, g2 ∈ E by

g1(e2n−1) = 0, g1(e2n) = en, and

g2(e2n−1) = en, g2(e2n) = 0

for n ≥ 1. An easy calculation shows that

f1g1 + f2g2 = 1 ∈ E, and g2f1 = g1f2 = 0.

The former shows that {f1, f2} span EE . To show that f1, f2 are linearly
independent in EE , suppose f1h1 + f2h2 = 0, where hi ∈ E. Then, for h :
= f1h1 = −f2h2, we have

h = (f1g1 + f2g2)h = (f1g1)(−f2h2) + (f2g2)(f1h1) = 0.

Since f1, f2 are injective maps, it follows that h1 = h2 = 0. Therefore, E ∼=
E2 as right E-modules, and by induction, E ∼= En for all n > 0.

Alternatively, if we fix a D-isomorphism α : V → V ⊕ V and apply the
functor HomD(V,−), we get a group isomorphism β : E → E ⊕ E. After
checking that β respects the right E-action, we see that EE ∼= E2

E . (Actu-
ally, this second solution “implies” the first solution. By choosing α suitably,
we can get f1, f2 above as β−1(1, 0) and β−1(0, 1).)
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For yet another view, recall from the solution to Ex. 2.11 that, viewing
V naturally as a left E-module, we have an E-isomorphism EE ∼= V × V ×
· · · . This clearly gives EE2 ∼= EE, and taking E-duals yields E2

E
∼= EE .

Comment. Taking endomorphism rings of the E-modules EE ∼= EnE and
applying Exercise 1.20, we deduce that

E ∼= End(EE) ∼= End(EnE) ∼= Mn(E).

Thus, all matrix rings over E turn out to be isomorphic!

Ex. 3.15. Show that the ring E above has exactly three ideals: 0, E, and
the ideal consisting of endomorphisms of finite rank.

We omit the solution since this exercise is only a special case of the
next one. Nevertheless, the reader should solve this exercise first before
attempting the more ambitious Ex. 16.

Ex. 3.16. Generalize the exercise above to the case of E = End(VD), where
dimDV = α is an arbitrary infinite cardinal.

Solution. For any infinite cardinal β ≤ α, let

Eβ = {f ∈ E : rank(f) < β},

where rank(f) denotes the cardinal number dimD f(V ). Since rank(g′fg) ≤
rank(f), Eβ is an ideal of E. We claim that the ideals of E are (0), E and
the Eβ ’s. For this, we need the following crucial fact.

(∗) If f, h ∈ E are such that rank(h) ≤ rank(f), then h ∈ EfE.

Indeed, write
V = ker(h)⊕ V1 = ker(f)⊕ V2.

Fix a basis {ui : i ∈ I} for V1, and a basis {vj : j ∈ J} for V2. We have

|I| = rank(h) ≤ rank(f) = |J |,

so let us assume, for convenience, that I ⊆ J . Define g ∈ E such that
g (ker(h)) = 0, and g(ui) = vi for all i ∈ I. Noting that {f(vj) : j ∈ J} are
linearly independent, we can also find g′ ∈ E such that g′ (f(vi)) = h(ui)
for all i ∈ I. Then h = g′fg. In fact, both sides are zero on ker(h), and on
ui (i ∈ I) we have

g′fg(ui) = g′f(vi) = h(ui).

This proves (∗).
Now consider any ideal A �= 0, E. Then, for any f ∈ A, rank(f) < α. For,

if rank(f) = α = rank(Id), then (∗) implies Id ∈ EfE ⊆ A, a contradiction.
Since the class of cardinal numbers is well-ordered, there exists a cardinal
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β ≤ α which is least among cardinals larger than rank(f) for every f ∈ A.
We leave to the reader the easy task of verifying that β is an infinite
cardinal. Clearly, A ⊆ Eβ by the definition of Eβ . We finish by showing
that Eβ ⊆ A. Let h ∈ Eβ , so rank(h) < β. By the choice of β, we must
have rank(h) ≤ rank(f) for some f ∈ A. But then, by (∗), h ∈ EfE ⊆ A,
as desired.

Comment. This exercise implies that Eα is the unique maximal ideal of E;
in particular, E/Eα is a simple ring. Another consequence of the exercise
is that the ideals of E are linearly ordered with respect to inclusion.

Ex. 3.17. (K. A. Hirsch) Let k be a field of characteristic zero, and (aij) be
an m × m skew symmetric matrix over k. Let R be the k-algebra generated
by x1, . . . , xm with the relations xixj − xjxi = aij for all i, j. Show that R
is a simple ring iff det(aij) �= 0. In particular, R is always nonsimple if m
is odd.

Solution. Consider a linear change of variables given by x′
i =

∑
j cijxj

where C = (cij) ∈ GLm(k). We have

x′
ix

′
j − x′

jx
′
i =

∑
r

cirxr
∑
s

cjsxs −
∑
s

cjsxs
∑
r

cirxr

=
∑
r,s

circjs(xrxs − xsxr)

=
∑
r,s

cirarscjs.

If we write

a′
ij =

∑
r,s

cirarscjs,

then x′
ix

′
j − x′

jx
′
i = a′

ij , and we have A′ = CACT where A = (aij) and
A′ = (a′

ij), and “T” denotes the transpose. Therefore, we are free to per-
form any congruence transformation on A. After a suitable congruence
transformation, we may therefore assume that A consists of a number

of diagonal blocks
(

0 1
−1 0

)
, together with a zero block of size t ≥ 0. If

t > 0, then det(A) = 0, and xm generates a proper ideal in R. If t = 0,
then det(A) �= 0 and m = 2n for some n. Here, R is the nth Weyl algebra
An(k). Since k has characteristic zero, R is a simple ring by FC-(3.17).

Comment. Hirsch’s paper “A note on non-commutative polynomials” ap-
peared in J. London Math. Soc. 12 (1937), 264–266.

Ex. 3.18. (Quebbemann) Let k be a field of characteristic zero, and let R
be the Weyl algebra A1(k) with generators x, y and relation xy − yx = 1.
Let p(y) ∈ k[y] be a fixed polynomial.
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(a) Show that R · (x − p(y)) is a maximal left ideal in R, and that the simple
R-module V = R/R · (x − p(y)) has R-endomorphism ring equal to k.
(b) Show that R → End(Vk) is injective but not an isomorphism.

Solution. We can identify V as an abelian group with k[y]. In order to
use this identification effectively, we must describe the action of y and x
on “V = k[y]”. Of course, the y action is just left multiplication by y. To
describe the x action, consider any v(y) ∈ k[y]. Since

x · v(y) = v(y)x+
dv

dy
= v(y) (x − p(y)) + p(y)v(y) +

dv

dy
,

we see that x − p(y) acts on V = k[y] as differentiation with respect to y.
To show that RV is simple, consider any v(y) �= 0, say of degree m. Then
(x − p(y))m · v(y) is a nonzero constant in k. This shows that R · v(y) = V ,
so V is simple. Now consider any f ∈ EndRV and let f(1) = g(y). Then,
in V = k[y]:

0 = f ((x − p(y)) · 1) = (x − p(y)) · g(y) = dg

dy
,

so g ∈ k. But then

f (v(y)) = f (v(y) · 1) = v(y)g,

so f is just multiplication by the constant g ∈ k. This completes the proof
of (a). The natural map α : R → End(Vk) must be injective since R is a
simple ring. However, since Vk is infinite-dimensional, End(Vk) is not a
simple ring, by Exercise 15. Therefore, ϕ is not an isomorphism.

Comment. For any two rings R,S, an (R,S)-bimodule M is said to be
faithfully balanced if the natural ring homomorphisms R → End(MS) and
S → End(RM) giving the left and right actions are both isomorphisms.
For instance, RRR is a faithfully balanced (R,R)-bimodule. For any sim-
ple ring R, and any nonzero left ideal A ⊆ R with endomorphism ring
D = End(RA), Rieffel’s Theorem FC-(3.11) says that RAD is a faithfully
balanced bimodule. The exercise above shows that Rieffel’s result fails if
one tries to replace the left ideal A by a simple left R-module.

Quebbemann’s paper on Weyl algebras appeared in J. Alg. 59 (1979),
311–312. The present exercise is only a special case of Quebbemann’s main
result, which says that any finite-dimensional division k-algebra D with
Z(D) = k is the ring of endomorphisms of a suitable simple left module
U over R = A1(k) (if char k = 0). Thus, for any such D, there always
exists an (R,D)-bimodule RUD with D → End(RU) an isomorphism but
R → End(UD) only a monomorphism, not an isomorphism.

Ex. 3.19. True or False: “If I is a minimal left ideal in a ring R, then
Mn(I) is a minimal left ideal in Mn(R)”?
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Solution. In general, Mn(I) is a left ideal in Mn(R). However, it need not
be a minimal left ideal. To construct an example, let R = M2(k), where k

is a field. Take I to be the minimal left ideal
(
k 0
k 0

)
in R. Then

dimk Mn(I) = n2dimkI = 2n2.

However, for S = Mn(R) ∼= M2n(k), the unique simple left S-module M
has k-dimension 2n, so Mn(I) ∼= n · M as left S-modules. In particular, if
n > 1, Mn(I) is not a minimal left ideal in S = Mn(R). Even more simply,
k is a minimal left ideal of k, but Mn(k) is not a minimal left ideal of Mn(k)
if n > 1.

Ex. 3.20. Let Ai(1 ≤ i ≤ n) be ideals in a ring R, and let A =
⋂
i Ai. If

each R/Ai is semisimple, show that R/A is semisimple.

Solution. Each Ai is a finite intersection of maximal ideals m ⊂ R for
which R/m is simple artinian. Therefore, we may as well assume that each
R/Ai is simple artinian. In particular, each Ai is a maximal ideal. We may
further assume that Ai �= Aj for i �= j. Then Ai + Aj = R whenever i �= j,
and the Chinese Remainder Theorem implies that

R/A ∼=
n∏
i=1

R/Ai,

which is a semisimple ring.

Comment. If {Ai} is an infinite family of ideals, the exercise no longer
holds. For instance, in the ring R = Q × Q × · · · , let

Ai = {(a1, a2, . . .) : ai = 0} (i ≥ 1).

Then R/Ai ∼= Q is semisimple, but A =
⋂

Ai = 0, and R/A = R is not
semisimple.

In the terminology of §12, this exercise says that a subdirect product of
finitely many semisimple rings remains semisimple. For analogues of this
for J-semisimple rings and for von Neumann regular rings, see Exercises
4.12A and 4.12D.

Ex. 3.21. For any finitely generated left module M over a ring R, let
µ(M) denote the smallest number of elements that can be used to generate
M . If R is an artinian simple ring, find a formula for µ(M) in terms of
�(M), the composition length of M .

Solution. Say RR ∼= nV where V is the unique simple left R-module, and
n = �(RR). We claim that

µ(M) =  �(M)/n!,
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where  ·! is Knuth’s notation for the “ceiling function.” ( α! is defined
to be the smallest integer ≥ α.) To prove this formula, let � = �(M), and
k =  �/n!. Since � ≤ kn, there exists an epimorphism RR

k → M . Since
RR
k can be generated by k elements, µ(M) ≤ k. If M can be generated by

k − 1 elements, then there exists an epimorphism RR
k−1 → M , and we get

�(M) ≤ �(Rk−1) = (k − 1)n.

This contradicts the definition of k, so we must have µ(M) = k, as claimed.

Ex. 3.22. (1) Generalize the computation of µ(M) in the above exercise
to the case of a finitely generated left module M over a semisimple ring R.
(2) Show that µ is subadditive, in the sense that µ(M ⊕ N) ≤ µ(M) + µ(N)
for finitely generated R-modules M,N .
(3) Show that N ⊆ M ⇒ µ(N) ≤ µ(M).

Solution. We shall solve Part (1) by reducing the calculation of µ(M) to
the case of modules over artinian simple rings. Let

M = M1 ⊕ · · · ⊕ Mr

be the decomposition of M into its isotypic components (cf. Exercise 2.8).
Let

R = R1 ⊕ · · · ⊕ Rr,

where Ri is the simple component of R corresponding to Mi. Since RjMi =
0 for j �= i, we have µR(Mi) = µRi

(Mi). We now accomplish the desired
reduction by proving that

(∗) µ(M) = max {µR1(M1), . . . , µRr (Mr)} .

The inequality “≥” is easy, since each Mi may be viewed as an epimorphic
image of M . To prove the inequality “≤”, let us assume (in order to simplify
the notation) that r = 2. Say n = µR(M1), m = µR(M2), with n ≥ m. Let
{x1, . . . , xn} be generators for M1, and {y1, . . . , yn} be generators for M2.
We finish by showing that x1 + y1, . . . , xn + yn generate M = M1 ⊕ M2.
Indeed, for (x, y) ∈ M1 ⊕ M2, write

x =
∑

αixi (αi ∈ R1), y =
∑

βiyi (βi ∈ R2).

Then, in the module M :∑
(αi + βi)(xi + yi) =

∑
αixi +

∑
βiyi = x+ y,

so µ(M) ≤ n, as desired.
Part (2) of the exercise is trivial (and holds over any ring R). For Part

(3), we can use Part (1) to reduce to the case of modules over artinian simple
rings. In this case, the inequality µ(N) ≤ µ(M) in (3) follows immediately
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from the formula derived in Exercise 21, sinceN ⊆ M implies �(N) ≤ �(M).
Alternatively, since R is semisimple, N ⊆ M implies that there exists an
R-epimorphism M → N , which gives µ(N) ≤ µ(M) right away.

Ex. 3.23. Show that a nonzero ring R is simple iff each simple left R-
module is faithful.

Solution. First assume R is simple and let M be a simple left R-module.
Then ann(M) �= R. Since ann(M) is an ideal, we must have ann(M) = 0,
so M is faithful. Conversely, assume that R is not simple. Then R has an
ideal I �= 0, R. Let m be a maximal left ideal containing I and letM = R/m.
Then RM is simple, but it is not faithful since IM = 0.

Ex. 3.24. (Jacobson) A subset S in a ring R is said to be nil (resp.
nilpotent) if every s ∈ S is nilpotent (resp. if Sm = 0 for some m, where
Sm denotes the set of all products s1 · · · sm with si ∈ S).

(1) Let R = Mn(D) where D is a division ring. Let S ⊆ R be a nonempty
nil set which is closed under multiplication. Show that Sn = 0.
(2) Let R be any semisimple ring. Show that any nonempty nil set S ⊆ R
closed under multiplication is nilpotent.

Solution. (2) follows from (1) by applying the Wedderburn-Artin Theo-
rem and by projecting S to the simple components of R. In the follow-
ing, we assume R = Mn(D) as in (1), and identify R with End(VD) where
dimDV = n. Note that, in this case, any nilpotent set So ⊆ R will auto-
matically satisfy Sno = 0. This follows readily by considering the chain of
D-subspaces

V ⊇ SoV ⊇ S2
oV ⊇ · · · .

(For any subset T ⊆ R, TV denotes the D-subspace {∑i tivi : ti ∈ T ,
vi ∈ V }.)

Clearly, the set S ⊆ R in (1) contains 0. Consider all nilpotent subsets
Si ⊆ S (e.g. {0, s} for any s ∈ S). Since Sni = 0 for all i, Zorn’s Lemma
can be applied to show the existence of a maximal nilpotent subset So ⊆ S.
We see easily that {0} � So. Let U = SoV . Then 0 �= U �= V , so dimDU ,
dimDV/U are both < n. Consider

S1 : = {s ∈ S : sU ⊆ U}.

Clearly S1 ⊇ So, and S2
1 ⊆ S1. Invoking an inductive hypothesis at this

point, we may assume S1 is nilpotent on U and on V/U . Then S1 itself is
nilpotent, and so S1 = So. In particular, for any s ∈ S\So, we have sSo � So
(for otherwise

sU = sSoV ⊆ SoV = U

implies s ∈ S1 = So).
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Assume, for the moment, that So �= S. Take s ∈ S\So. Then ss1 �∈ So
for some s1 ∈ So, and, since ss1 ∈ S, (ss1)s2 �∈ So for some s2 ∈ So, etc.
But then we get

s(s1s2 · · · sn) �∈ So

where all si ∈ So, contradicting the fact that

s(s1s2 · · · sn) = 0 ∈ So.

Therefore, we must have S = So, and so Sn = 0.

Comment. In the ring theory literature, there are many generalizations of
(2) in the above exercise to other rings, due to Hopkins, Levitzki, Goldie,
Herstein, Small, Lanski, J.W. Fisher, and others. Loosely speaking, if R
satisfies certain finiteness conditions, then one hopes to prove that a nil set
S ⊆ R closed under multiplication is nilpotent. For instance, the result of
Lanski says that this is true in any right Goldie ring, and in particular in
any right noetherian ring; see his paper in Canadian J. Math. 21 (1969),
904–907.

Ex. 3.25. Suppose a ring R has exactly seven left ideals �= 0, R. Show that
one of these must be an ideal (and give some examples of such a ring R).

Solution. Assume otherwise. Then R has no nontrivial ideals, so it is a
simple ring. Having only a finite number of left ideals, R must also be
left artinian. Therefore, by Wedderburn’s theorem, R = Mn(D) for some
division ring D, where, of course, n ≥ 2. If n ≥ 3, it is easy to produce (by
column constructions) more than seven nontrivial left ideals in R. Thus,
we must have n = 2. In this case, consider the map

α : {lines through 0 in (D2)D} → {nontrivial left ideals in R},

defined by taking annihilators. Using linear algebra in the plane, we check
readily that α is a 1–1 correspondence. Therefore, the number of nontrivial
left ideals in R is |D|+ 1. Thus, we have |D| = 6, which is impossible!

Two obvious examples of the rings R under consideration are the com-
mutative rings Z4 × Z4 and Z28 . For a noncommutative example, consider

the ring R =
(
k k
0 k

)
, where k is a finite field. Using FC -(1.17)(1), one

computes that R has exactly |k|+ 3 nontrivial left ideals, so taking k = F4
gives what we want.

Comment. The fact that α is a bijection, which is particularly easy to
see for (D2)D, generalizes nicely to the finite-dimensional vector space
(Dn)D. Here, taking annihilators defines a bijection (in fact a lattice anti-
isomorphism) from the subspaces of Dn to the left ideals in Mn(D). (This
can be shown, e.g. using the semisimplicity of Mn(D); for more information
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on this, see Ex. 11.15.) Applying this also for n = 3 (along with n = 2), we
see that the number 7 is only the “tip of the iceberg”: the exercise remains
equally valid if we replace 7 by 11, 13, 15, 16, 19, 23, 25, 27, . . . , and many
other numbers!

I learned this exercise from K. Goodearl, who informed me that (an
equivalent form of) it once appeared as a question in a written qualifying
examination at the University of Washington. The original form of the
question was: “Show that a simple ring cannot have exactly nine left ideals.”
I recast this question into its present form (Ex. 3.25) so as to “hide away”
the fact that the exercise is really all about simple artinian rings and the
Artin-Wedderburn Theorem! Hopefully, a reader will have more fun and joy
figuring this out on his or her own, and solving the exercise accordingly.



Chapter 2
Jacobson Radical Theory

§4. The Jacobson Radical
The Jacobson radical of a ringR, denoted by radR, is the intersection of the
maximal left ideals of R. This notion is left-right symmetric; in particular,
rad R is an ideal of R. A good way to understand rad R is to think of it as
the ideal of elements annihilating all left (resp. right) simple R-modules.
The Jacobson radical is also closely tied in with U(R), the group of units
of R. In fact, rad R is the largest ideal I such that 1 + I ⊆ U(R).

The definition of rad R led N. Jacobson to a new notion of semisimplic-
ity: a ring R is called Jacobson semisimple (or J-semisimple for short) if
rad R = 0. The (classical) semisimple rings studied in Chapter 1 are just
the artinian J-semisimple rings.

Two famous results involving the use of rad R are the Hopkins-Levitzki
Theorem and Nakayama’s Lemma. The former implies that left artinian
rings are left noetherian, and the latter says that, if RM is nonzero
and finitely generated, then (rad R)M �= M . These results are deservedly
among the cornerstones of noncommutative ring theory today.

Of equal importance is the class of von Neumann regular rings, which
occur somewhere “between” semisimple rings and J-semisimple rings. By
definition, these are the rings R in which every element a can be “factored”
into axa for some x ∈ R (depending on a). Such rings can be character-
ized by a “weak” semisimplicity property: every finitely generated left ideal
should be a direct summand of RR. Von Neumann regular rings occur nat-
urally as rings of operators in functional analysis. The theory of such rings
is very rich, and constitutes an important field of study.
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The exercises in this section begin with an introduction to the Jacobson
radical theory for rings possibly without an identity. This is not essential
for the problems in the later sections, but it is nice to know how this theory
is developed. The other exercises deal with folklore results concerning rad
R, for instance lifting invertible matrices from R/I to R where I ⊆ rad R
(Exercise 21). The Brown-McCoy radical, not nearly as useful as rad R,
receives only a fleeting mention in Exercise 8. Various other kinds of radicals
will be dealt with in the Exercises for §10. A few exercises are devoted to
von Neumann regular rings and their characterizations: see Exercises 13–
15. In Exercise 14B, we introduce the notion of a unit-regular ring which
has played an increasingly important role in the recent research on von
Neumann regular rings. More exercises in this direction can be found in
§12, §21, and §22.

Exercises for §4
In FC, we deal only with rings with an identity element. In particular, the
theory of the Jacobson radical was developed in that text for rings with an
identity. However, by doing things a little more carefully, the whole theory
can be carried over to rings possibly without an identity. In Exercises 1–7
below, we sketch the steps necessary in developing this more general theory;
in these exercises, R denotes a ring possibly without 1 (or a “rng” according
to Louis Rowen).

Ex. 4.1. In R, define a ◦ b = a+ b − ab. Show that this binary operation
is associative, and that (R, ◦) is a monoid with zero as the identity element.

Solution. For any a, b, c ∈ R, we have

(a ◦ b) ◦ c = (a+ b − ab) ◦ c = a+ b+ c − ab − ac − bc+ abc,

= a ◦ (b+ c − bc) = a ◦ (b ◦ c).

Furthermore, a ◦ 0 = a+ 0− a0 = a and 0 ◦ a = 0 + a − 0 a = 0, so (R, ◦)
is indeed a monoid with zero as the identity element.

Ex. 4.2. An element a ∈ R is called left (resp. right) quasi-regular if a has
a left (resp. right) inverse in the monoid (R, ◦) with identity. If a is both
left and right quasi-regular, we say that a is quasi-regular.

(1) Show that if ab is left quasi-regular, then so is ba.
(2) Show that any nilpotent element is quasi-regular.
(3) Show that, if R has an identity 1, the map ϕ : (R, ◦) → (R,×) sending
a to 1− a is a monoid isomorphism. In this case, an element a is left (right)
quasi-regular iff 1− a has a left (resp. right) inverse with respect to ring
multiplication.



§4. The Jacobson Radical 51

Solution. (1) Say c ◦ ab = 0, so c = (ca − a)b. Left-multiplying by b and
right-multiplying by a, we get bca = b(ca − a)ba. Therefore,

b(ca − a) ◦ ba = b(ca − a) + ba − b(ca − a)ba

= bca − b(ca − a)ba = 0,

so ba is also left quasi-regular.

(2) Say an+1 = 0. Then

a ◦ (−a − a2 − · · · − an) = −a2 − · · · − an + a(a+ a2 + · · ·+ an) = 0,

and similarly

(−a − a2 − · · · − an) ◦ a = 0.

(3) Assume now 1 ∈ R. For any a, b ∈ R, we have

ϕ(a)ϕ(b) = (1− a)(1− b) = 1− (a+ b − ab)

= ϕ(a+ b − ab) = ϕ(a ◦ b).

And of course, ϕ(0) = 1− 0 = 1. Clearly, ϕ is one-one and onto, so it is
a monoid isomorphism. Therefore, a ∈ R is (say) left quasi-regular with a
“left quasi-inverse” b iff 1− a is left invertible in R with a left inverse 1− b.

Comment. Any ring R (with or without identity) can always be embedded
in a ring S with identity. The map

ϕ : a �→ 1− a

then defines a monoid embedding of (R, ◦) into (S,×). This explains why
the associative law should hold for (R, ◦). It also explains the construction
of a left quasi-inverse for ba in (1) (cf. Exercise 1.6), and the construction
of a left quasi-inverse for the nilpotent element a in (2).

Our definition of a ◦ b = a+ b − ab follows the original one by Jacobson
(see his book “Structure of Rings” in the AMS Colloquium Publications).
Some later authors found it more convenient to use an alternate definition:
a ∗ b = a+ b+ ab. Since

(−a) ∗ (−b) = −(a ◦ b),

we can easily go from one set-up to the other by changing signs. For in-
stance, to say that a ∈ R is left quasi-regular in one set-up simply amounts
to saying that −a is left quasi-regular in the other set-up.

Ex. 4.3. A set I ⊆ R is called quasi-regular (resp. left or right quasi-
regular) if every element of I is quasi-regular (resp. left or right quasi-
regular). Show that if a left ideal I ⊆ R is left quasi-regular, then it is
quasi-regular.
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Solution. We must show that every b ∈ I is right quasi-regular. Choose
a ∈ R such that a ◦ b = 0. Then a = ab − b ∈ I so there exists b′ ∈ R with
b′ ◦ a = 0. But then

b = 0 ◦ b = (b′ ◦ a) ◦ b = b′ ◦ (a ◦ b) = b′,

so we have b ◦ a = 0, as desired.

Ex. 4.4. Define the Jacobson radical of R by

rad R = {a ∈ R : Ra is left quasi-regular}.
Show that rad R is a quasi-regular ideal which contains every quasi-regular
left (resp. right) ideal of R. (In particular, rad R contains every nil left or
right ideal of R.) Show that, if R has an identity, the definition of rad R
here agrees with the one given in the Introduction to this section.

Solution. To show that rad R is a left ideal, it suffices to check that,
if a, b ∈ rad R, then r(a+ b) is left quasi-regular for any r ∈ R. For any
c, d ∈ R, note that

c ◦ d ◦ r(a+ b) = c ◦ [d+ ra+ rb − dr(a+ b)]

= c ◦ [d ◦ ra+ (r − dr)b].

Choose d such that d ◦ ra = 0; then choose c such that c ◦ (r − dr)b = 0.
The above equation shows that c ◦ d is a left quasi-inverse of r(a+ b),
as desired. To show that rad R is also a right ideal, we must check that
a ∈ rad R and s ∈ R imply as ∈ rad R. For any r ∈ R, sra is left quasi-
regular, so by Exercise 2, r(as) is also left quasi-regular. This shows that
as ∈ rad R.

Next, we show that rad R is a quasi-regular ideal. In view of Exercise 3,
it suffices to show that every element a ∈ rad R is left quasi-regular.1 Since
a2 ∈ Ra is left quasi-regular, there exists b ∈ R such that b ◦ a2 = 0. But
then

(b ◦ (−a)) ◦ a = b ◦ ((−a) ◦ a) = b ◦ a2 = 0

shows that a is left quasi-regular.
By definition, rad R contains every quasi-regular left ideal. Let I be

any quasi-regular right ideal. For a ∈ I, aR is right quasi-regular, therefore
quasi-regular by the right analogue of Exercise 3. Applying Exercise 2, we
see that Ra is (left) quasi-regular, so I ⊆ rad R, as desired.

Finally, assume that 1 ∈ R. By Exercise 1, the radical just defined can
be described as

{a ∈ R : 1− ra is left-invertible for any r ∈ R}.
This is precisely the Jacobson radical for the ring R with identity: cf. FC-
(4.1).

1 This is non-trivial since a may not lie in Ra!
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Comment. If we define the radical to be the intersection of all “modular”
maximal left ideals (see Exercise 5), some of the above verifications can be
simplified. However, modularity is a rather intricate notion. It is therefore
of independent interest to define and characterize the radical (and prove
its left-right symmetry) using only the notion of quasi-regularity, without
appealing to the notion of modularity.

Ex. 4.5. A left ideal I ⊆ R is said to be modular (or regular2) if there
exists e ∈ R which serves as a “right identity mod I”; i.e. re ≡ r (mod I)
for every r ∈ R.

(a) Show that if I � R is a modular left ideal, then I can be embedded in
a modular maximal left ideal of R.
(b) Show that rad R is the intersection of all modular maximal left (resp.
right) ideals of R.

Solution. (a) Fix the element e above. For any left ideal I ′ ⊇ I, we have
I ′ �= R iff e �∈ I ′. (For the “only if” part, note that if e ∈ I ′, then, for any
r ∈ R, we have r ∈ re+ I ⊆ I ′.) Therefore, we can apply Zorn’s Lemma to
the family of left ideals

{I ′ : I ′ �= R and I ′ ⊇ I}

to prove the existence of a maximal left ideal m containing I. Clearly, m is
also modular, and e �∈ m.

(b) Let J be the intersection of all modular maximal left ideals of R. (If
there are no modular maximal left ideals, we define J = R.) First we prove
J ⊆ rad R. Consider any a �∈ rad R. Then e : = xa is not left quasi-regular
for some x ∈ R. It is easy to check that

I = {r − re : r ∈ R}

is a modular left ideal. Since e �∈ I, we have I �= R. By (a), I ⊆ m for some
modular maximal left ideal m, with e �∈ m. In particular, e = xa �∈ J , so
a �∈ J . We now finish by proving that rad R ⊆ J . Assume the contrary.
Then rad R � m for some modular maximal left ideal m. In particular, rad
R+ m = R. Let e ∈ R be such that r ≡ re (mod m) for all r ∈ R. Write
e = a+ b where a ∈ rad R and b ∈ m. Then e − a ∈ m so e − ae ∈ m. Since
rad R is left quasi-regular, there exists a′ ∈ R such that a′ + a − a′a = 0.
But then

e = e − (a′ + a − a′a)e = (e − ae)− a′(e − ae) ∈ m,

a contradiction.

2 We mention this alternate term only because it is sometimes used in the litera-
ture. Since “regular” has too many meanings, we shall avoid using it altogether.
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Ex. 4.6. A left R-module M is said to be simple (or irreducible) if R · M �=
0 and M has no R-submodules other than (0) and M . Show that RM is
simple iff M ∼= R/m (as left R-modules) for a suitable modular maximal
left ideal m ⊂ R. Show that rad R is the intersection A of the annihilators
of all simple left R-modules.

Solution. Let M be simple. Then Rm �= 0 for some m ∈ M , and so Rm =
M . Let ϕ : R → M be the R-epimorphism defined by ϕ(r) = rm, and let
m = ker(ϕ). Then m is a maximal left ideal of R. Since m ∈ M = Rm, there
exists e ∈ R such that m = em. For any r ∈ R:

ϕ(r − re) = (r − re)m = rm − rm = 0.

Therefore r ≡ re (mod m), so m is modular, with R/m ∼= M .
Conversely, let M = R/m, where m is a modular maximal left ideal.

Let e ∈ R be such that r ≡ re (mod m) for all r ∈ R. Then R e = M ; in
particular, R · M �= 0.

Finally, we show rad R = A. For any modular maximal left ideal m, we
have (rad R) R ⊆ rad R ⊆ m by Exercise 5. Therefore, (rad R) · R/m = 0,
so rad R ⊆ A. Conversely, if a ∈ A, then aR ⊆ m for any modular maximal
left ideal, so aR ⊆ rad R. Since rad R is quasi-regular, so is aR; hence
a ∈ rad R (cf. Exercise 4).

Comment. For a given maximal left ideal mo ⊂ R, let M = R/mo, and
consider the following statement:

(∗) M is a simple R-module iff mo is modular.

We have shown above that the “if” part is true. However, the “only if”
part is false in general! Let R be the ring (without identity) of cardinality
p2 constructed in the solution to Exercise 1.10(b). Let

mo = {(d, d) : d ∈ Fp}.

This is a left ideal of index p in R, so it is maximal. Let M = R/mo. Clearly
RM �= 0, so M is a simple R-module. For any (x, y) ∈ R, we have

(0, 1)(x, y)− (0, 1) = (0, 0)− (0, 1) = (0,−1) �∈ mo.

Therefore, mo is not modular. However, if we carry through the first part
of the proof of the Exercise, we will be able to represent M as R/m for a
suitable modular maximal left ideal. Indeed, if we choose m = (1, 0) to be
a cyclic generator of M , we can take m to be

{(c, d) : (c, d)(1, 0) ∈ mo} = {(c, d) : (c, 0) ∈ mo}
= {(0, d) : d ∈ Fp}.
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Choose e ∈ R such that em = m; for example, e = (1, 0). As predicted by
our earlier proof:

(a, b)(1, 0)− (a, b) = (a, 0)− (a, b) = (0,−b) ∈ m (∀(a, b) ∈ R),

so m is indeed modular, with R/m ∼= M = R/mo. In particular, rad R ⊆ m.
On the other hand, m2 = 0 implies that m ⊆ rad R, so we have in this
example rad R = m.

One final observation: although (∗) is false in general, it is true in case
mo happens to be an ideal (e.g. when R is commutative). Indeed, if M =
R/mo is simple, then, using the notation in the beginning of the Solution,
we have mo ⊆ kerϕ, so mo = kerϕ, which is modular!

Ex. 4.7. Show that rad (R/rad R) = 0, and that, if I is an ideal in R,
then, viewing I as a ring, rad I = I ∩ rad R. This shows, in particular,
that a ring R may be equal to its Jacobson radical: if this is the case, R is
said to be a radical ring. Show that R is a radical ring iff it has no simple
left (resp. right) modules.

Solution. Let m ⊇ rad R be a typical modular maximal left ideal. Clearly
m/rad R is a modular maximal left ideal of R/rad R. Since

⋂
m = rad R

by Exercise 5, we see that rad (R/rad R) = 0.
For any ideal I ⊆ R, consider a ∈ I ∩ rad R. For any b ∈ R, ba has a

left quasi-inverse r ∈ R. But then

r = rba − ba ∈ I,

so ba is left quasi-regular as an element of the ring I. In particular, this
shows that a ∈ rad I. Conversely, consider any a ∈ rad I. Since (Ra)2 ⊆ Ia,
(Ra)2 is quasi-regular, so (Ra)2 ⊆ rad R. The image of Ra, being nilpotent
in R/rad R, must be zero, since rad (R/rad R) = 0. Therefore, Ra ⊆ rad R.
In particular, Ra is quasi-regular, so a ∈ I ∩ rad R.

The last conclusion of the Exercise characterizing radical rings follows
easily from Exercise 6.

Comment. As in the text, we may define a ring R (possibly without 1) to
be J-semisimple if rad R = 0. Let R* = R ⊕ Z be the ring obtained from R
by formally adjoining an identity (the 1 in Z). Using the Exercise and the
J-semisimplicity of Z, it is easy to show that rad R = rad R*. In particular,
R is J-semisimple iff R* is J-semisimple.

The notion of a radical ring is a new ingredient in the theory of rings
without identity. In simple terms, a ring R is a radical ring iff every element
a ∈ R has a (say left) quasi-inverse in R. By the last paragraph, radical
rings may be thought of as the radicals of rings with identity. For instance,
any nil ring R (every a ∈ R is nilpotent) is radical. In this connection, it is
of interest to mention that Sasiada has constructed an example of a simple
radical ring; see E. Sasiada and P.M. Cohn, J. Algebra 5 (1967), 373–377.
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More recently, A. Smoktunowicz has constructed an example of a simple
nil ring; see Comm. Algebra 30 (2002), 27–59.

In the following problems, we return to our standing assumption that
all rings to be considered have an identity element.

Ex. 4.8. An ideal I � R is called a maximal ideal of R if there is no ideal
of R strictly between I and R. Show that any maximal ideal I of R is
the annihilator of some simple left R-module, but not conversely. Defining
rad′ R to be the intersection of all maximal ideals of R, show that rad
R ⊆ rad′R, and give an example to show that this may be a strict inclusion.
(rad′ R is called the Brown-McCoy radical of R.)

Solution. Let V = R/m, where m is a maximal left ideal of R containing
I. Then IV = 0, so I ⊆ ann(V ). Since ann(V ) is an ideal of R, the maxi-
mality of I implies that I = ann(V ). By FC-(4.2), it follows that rad R ⊆ I.
Therefore, rad R ⊆ rad′ R.

Consider V =
⊕∞
i=1 eik where k is any division ring, and let R =

End(Vk). Then V is a simple left R-module. However, annR(V ) = 0 is not
a maximal ideal in R (see Exercise 3.15). By FC-(4.27), R is von Neumann
regular, so by FC-(4.24), rad R = 0. On the other hand, the only maximal
ideal of R is

I = {f ∈ R : dim f(V ) < ∞}
(by Exercise 3.15), so we have here rad′ R = I � rad R = 0.

Comment. Of course, if R is a commutative ring, then rad′ R = rad R.
The same holds for simple and semisimple rings (since, in these cases, both
radicals are zero).

If R is a ring possibly without identity, the Brown-McCoy radical rad′ R
may be defined as the intersection of all modular maximal ideals of R
(where “modular” is now understood in the 2-sided sense). The radical
rad′ R is useful in the theory of Banach algebras, under the alternative
name “strong radical.” In p. 490 of his book on Banach algebras (Cambridge
University Press, 1994), T. Palmer observed that “The Jacobson radical of
familiar Banach algebras is usually a pathological portion. This is not true
of the strong radical.” For instance, if H is a separable Hilbert space, then
the strong radical of B(H), the ring of all bounded operators, turns out to
be the ideal of all compact operators.

Ex. 4.9. Let R be a J-semisimple domain and a be a nonzero central
element of R. Show that the intersection of all maximal left ideals not
containing a is zero.

Solution. Let x be an element in this intersection. We claim that ax ∈
rad R. Once we have proved this, the hypotheses on R imply that ax = 0
and hence x = 0. To prove the claim, let us show that, for any maximal left
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ideal m, we have ax ∈ m. If a ∈ m, this is clear since a ∈ Z(R). If a �∈ m,
then by the choice of x we have x ∈ m, and hence ax ∈ m.

Ex. 4.10. Show that if f : R → S is a surjective ring homomorphism, then
f(rad R) ⊆ rad S. Give an example to show that f(rad R) may be smaller
than rad S.

Solution. The inclusion f(rad R) ⊆ rad S is clear since, for any maximal
left ideal m of S, the inverse image f−1(m) is a maximal left ideal of R.
(Note that the result f(rad R) ⊆ rad S here may also be viewed as a special
case of FC-(5.7).) To give an example of strict inclusion, let R = Z and let
f be the natural projection of R onto S = Z/4Z. Here,

f(rad R) = f(0) = 0,

but rad S = 2Z/4Z �= 0.

Ex. 4.11. If an ideal I ⊆ R is such that R/I is J-semisimple, show that
I ⊇ rad R. (Therefore, rad R is the smallest ideal I ⊆ R such that R/I is
J-semisimple.)

Solution. The J-semisimplicity of R/I means that the intersection of the
maximal left ideals of R containing I is exactly I. It follows that rad R,
the intersection of all the maximal left ideals of R, is contained in I.

Ex. 4.12A. Let Ai (i ∈ I) be ideals in a ring R, and let A =
⋂
i Ai. True

or False: “If each R/Ai is J-semisimple, then so is R/A”?

Solution. For each i, the J-semisimplicity of R/Ai implies that Ai is an
intersection of maximal left ideals of R. Therefore, so is A =

⋂
i Ai. This

shows the J-semisimplicity of R/A.

Comment. (1) In the terminology of §12, the affirmative solution to the
Exercise implies that any subdirect product of J-semisimple rings is J-
semisimple.

(2) Using this exercise, we can also give a new solution to the earlier Exer-
cise 3.20. It suffices to show that, if A, B are ideals with A ∩ B = 0, and
R/A, R/B are semisimple, then R is semisimple. Now B maps injectively
into R/A, so RB is artinian, as is R(R/B). This implies that RR is artinian.
Since R is J-semisimple, it must be semisimple, by FC-(4.14).

Ex. 4.12B. Show that, for any direct product of rings
∏

Ri, rad (
∏

Ri)
=
∏

rad Ri.

Solution. Let y = (yi) ∈
∏

Ri. By FC-(4.1), y ∈ rad (
∏

Ri) amounts to
1− xy being left-invertible for any x = (xi) ∈

∏
Ri. This, in turn, amounts

to 1− xiyi being left-invertible in Ri, for any xi ∈ Ri (and any i). There-
fore, y ∈ rad (

∏
Ri) iff yi ∈ rad Ri for all i.
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It follows that a direct product of J-semisimple rings is J-semisimple.
But this is only a special case of (1) in the Comment on the last exercise.

Ex. 4.12C. For a triangular ring T =
(
R M
0 S

)
(where M is an (R,S)-

bimodule), show that rad(T ) =
(
rad(R) M

0 rad(S)

)
. Apply this to compute

the radical of the ring Tn(k) of n × n upper triangular matrices over any
ring k.

Solution. Let J = rad(R), J ′ = rad(S), and I =
(
J M
0 J ′

)
. It is routine

to check that I is an ideal of T , with T/I ∼= R/J × S/J ′. The latter ring
is J-semisimple by Ex. 4.12B, so we have rad(T ) ⊆ I by Ex. 4.11. This
will be an equality, as asserted, if we can show that 1 + I ⊆ U(T ). Now

any element of 1 + I has the form
(
u m
0 v

)
, where m ∈ M , u ∈ U(R), and

v ∈ U(S). This is indeed in U(T ), since it has inverse
(
u−1 −u−1mv−1

0 v−1

)
.

To compute rad(Tn(k)) for any ring k, we can treat Tn(k) as a triangu-
lar ring with R = k, S = Tn−1(k), and M = kn−1 (as (R,S)-bimodule). Us-
ing the above, and invoking an inductive hypothesis, we see that rad(Tn(k))
consists of n × n upper triangular matrices with diagonal entries from
rad(k). The same conclusion could also have been obtained, without induc-
tion, by a judicious application of the method used in the first paragraph.)

Comment. Analogues of the result in this exercise also hold for other types
of radicals; see Ex. 10.23*.

Ex. 4.12D. Redo Ex. 12A with “J-semisimple” replaced by “von Neu-
mann regular”.

Solution. We use the notations in Ex. 12A, but surprisingly, the conclu-
sions here are a little different. If the indexing set I is infinite, the answer
is “no”. For instance, taking Ap = (p) for primes p in R = Z, we have
A =

⋂
p Ap = (0). Here, each R/Ap ∼= Z/pZ is a field and hence von Neu-

mann regular, but R/A ∼= Z is not von Neumann regular.
To treat the case |I| < ∞, let I = {1, 2, . . . , n}. We claim that here the

answer is “yes”. It suffices to prove this for n = 2, and we may assume A1 ∩
A2 = (0). Consider any a ∈ R. Since R/A1 and R/A2 are von Neumann
regular, there exist x, y ∈ R such that (1− ax)a ∈ A1 and a(1− ya) ∈ A2.
Then

(1− ax)a(1− ya) ∈ A1 ∩ A2 = 0.

This yields a = a(x+ y − xay)a, so R is von Neumann regular.
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Comment. Note that the argument above produces an explicit “pseudo-
inverse” of a from given pseudo-inverses of a in R/A1 and in R/A2. As
in the Comment on Ex. 4.12A, we may conclude that any finite subdirect
product of von Neumann regular rings is von Neumann regular.

Ex. 4.13. Let R be the ring of all continuous real-valued functions on a
topological space A. Show that R is J-semisimple, but “in most cases” not
von Neumann regular.

Solution. The following are clearly maximal ideals of R:

ma = {f ∈ R : f(a) = 0},
where a ∈ A. Therefore,

rad R ⊆
⋂
a∈A

ma = {f ∈ R : f(A) = 0} = 0.

To see that in most cases R is not von Neumann regular, consider any non-
singleton connected compact Hausdorff space A. Then the only idempotents
in R are 0 and 1. Assume R is von Neumann regular. For any nonzero
f ∈ R, fR = eR for some idempotent e ∈ R, so we must have fR = R, i.e.
f ∈ U(R). Therefore, R is a field. The known classification theorem for
maximal ideals of R then implies that |A| = 1, a contradiction.

Ex. 4.14. Show that a ring R is von Neumann regular iff IJ = I ∩ J for
every right ideal I and every left ideal J in R.

Solution. First assume R is von Neumann regular. For I, J as above, it
suffices to show that I ∩ J ⊆ IJ . Let a ∈ I ∩ J . There exists x ∈ R such
that a = axa. Thus, a ∈ (IR)J ⊆ IJ . Conversely, assume that IJ = I ∩ J
for any right ideal I and any left ideal J . For any a ∈ R, we have then

a ∈ (aR) ∩ (Ra) = (aR)(Ra) = aRa.

Comment. What about the equation IJ = I ∩ J for left ideals I and right
ideals J (or for right ideals I, J)? The answer is a rather pleasant surprise:
the equation holds in these other cases iff R is a von Neumann regular ring
without nonzero nilpotent elements (a so-called strongly regular ring). See
Exercises 12.6A and 22.4B below!

Ex. 4.14A1. Let R = Endk(M) where M is a right module over a ring k.
Show that an element f ∈ R is von Neumann regular iff ker(f) and im(f)
are both direct summands of M .

Solution. In FC -(4.27), it was shown that, if Mk is semisimple, then R is
von Neumann regular. This exercise may be viewed as a generalization of
that result. In fact, the solution here is just a sharpening of the proof of
FC -(4.27). First, suppose f ∈ R is such that

ker(f)⊕ P = M = im(f)⊕ Q,
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where P , Q are k-submodules of M . Then

f | P : P → im(f)

is an isomorphism. Defining g ∈ R such that g(Q) = 0(∗) and g | im(f) is
the inverse of f | P , we get f = fgf . Conversely, if f ∈ R can be written

as fgf for some g ∈ R, then the surjection M
f→ im(f) is split by the map

g (since, for every m ∈ M , fg(f(m)) = f(m)). This shows that

M = ker(f)⊕ im(gf).

Dually, the injection im(f) → M is split by the map fg, so

M = im(f)⊕ ker(fg).

Comment. In the case where M is a projective k-module, we may simplify
the “iff” condition to “im(f) is a direct summand of M .” For, if this holds,
then im(f) is also a projective module, and hence the surjection f : M →
im(f) splits, which implies that ker(f) is a direct summand of M . Dually,
one can show that, in case M is an injective k-module, then the “iff”
condition in this exercise can be simplified to “ker(f) is a direct summand
of M .” In general, of course, neither simplification is possible.

Ex. 4.14A2. (1) If R is a commutative principal ideal domain, show that
the von Neumann regular elements of Mn(R) are precisely matrices of the
form UAV , where U , V ∈ GLn(R), and A = diag(1, . . . , 1, 0, . . . , 0).

(2) Let B =


4 9 2
3 5 7
8 1 6


 (“Chinese Magic Square”)(†),

or B =


 1 1 0

2 5 2
−2 −8 −4


. Is B a von Neumann regular element in the ring

M3(Z)? If it is, find all matrices X ∈ M3(Z) such that B = BXB.

Solution. (1) First observe that, if u, v are units in any ring S, then an
element a ∈ S is von Neumann regular iff uav is. (To see this, it suffices to
prove the “only if” part. Suppose a = asa for some s ∈ S; as in Ex. 12D,

(∗) We take g(Q) = 0 only for convenience. In fact, g | Q could have been taken
to be any homomorphism from Q to M .

(†) In the words of A. Bremner (Notices AMS 50 (2003), p. 357), “Magic squares
are ancient and common to several civilizations. They were sometimes used
as amulets and viewed as possessing talismanic powers. The first references

appear to be Chinese, with the familiar square

(
4 9 2
3 5 7
8 1 6

)
known as the

lo shu.”
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we call any such s a “pseudo-inverse” of a. To find a pseudo-inverse t for
uav, we need to solve the equation: uav = (uav)t(uav). This amounts to
a = a(vtu)a, so it suffices to choose t = v−1su−1, and all pseudo-inverses
for uav arise in this way.) Applying this remark to Mn(R), it follows that,
for U , V , A as in (1), UAV is von Neumann regular (since A = A2 = A3

is). Conversely, let B be any von Neumann regular element in Mn(R). By
the Smith Normal Form Theorem, there exist P , Q ∈ GLn(R) such that

PBQ = diag(b1, . . . , bn),

where bi+1 ∈ biR for each i < n. By the remark above, diag(b1, . . . , bn) is
von Neumann regular. Thus, upon interpreting Mn(R) as EndR(Rn),

im(diag(b1, . . . , bn)) = b1R ⊕ · · · ⊕ bnR ⊆ Rn

must be a direct summand of Rn (by Ex. 4.14A1). This is possible only if
each biR is either 0 or R. Since the “elementary divisors” bi are determined
up to units anyway, we may assume that

diag(b1, . . . , bn) = diag(1, . . . , 1, 0, . . . , 0) := A,

and so B = UAV for U = P−1 and V = Q−1 in GLn(R).

(2) Here, R = Z. If B is the Chinese Magic Square (with magic sum 15),
we have det(B) = 15× 24. Computing determinants shows that B cannot
be written in the form BXB in M3(Z), so B is not von Neumann regular.

Next, let B be the second matrix in (2). For this choice of B, we offer
two different solutions. First, by performing elementary row and column
operations on B, we can easily bring it to the Smith Normal Form. Sup-
pressing the calculations, we have, e.g., PBQ = diag(1, 1, 0), where

P =


 1 0 0
−2 1 0
−2 2 1


 , and Q =


1 −1 2
0 1 −2
0 −1 3


 (in GL3(Z)).

By (1), B is von Neumann regular, and the pseudo-inverses for B are of the
form QY P , where Y ranges over the pseudo-inverses for the idempotent
matrix A = diag(1, 1, 0). By inspection of the equation AY A = A, we see

easily that Y can be any matrix of the form


1 0 c
0 1 d
a b e


. Thus, the pseudo-

inverses of B are expressed in the form of a 5-parameter linear family QY P ,
with integer parameters a, b, c, d, e. If we set all parameters equal to 0
(that is, taking Y = A), we get the following specific pseudo-inverse for B:

(∗) QY P = QAP =


1 −1 0
0 1 0
0 −1 0




 1 0 0
−2 1 0
−2 2 1


 =


 3 −1 0
−2 1 0
2 −1 0


 .
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For a second solution, we note that the method of proof for Ex. 4.14A1 is
in fact good enough for “constructing” all pseudo-inverses for B ∈ End(Z3),
as soon as we know that B is von Neumann regular. Starting from scratch,
let {e1, e2, e3} be the unit vector basis for Z3, and let β1, β2, β3 be the
three columns of B. To see that B ∈ End(Z3) is von Neumann regular, we
need to determine if the subgroup im(B) generated by {β1, β2, β3} splits
in Z3 (see Comment on Ex. 4.14A1). By column transformations, we have

B =


 1 1 0

2 5 2
−2 −8 −4


 �→


 1 0 0

2 3 2
−2 −6 −4


 �→


 1 0 0

2 1 2
−2 −2 −4


 .

Thus, im(B) is generated by β1 = (1, 2,−2)t and β := (0, 1,−2)t = β2 −
β1 − β3. Since {β1, β, e3} is (clearly) a basis for Z3, im(B) splits in Z3, so
B is von Neumann regular. From the solution to Ex. 4.14A1, it follows that
all pseudo-inverses X for B can be determined by taking X | im(B) to be
any splitting of B : Z3 → im(B), and taking X | e3Z to be arbitrary. By an
easy computation, we have ker(B) = (−2, 2,−3)t · Z. Since

β1 = B(e1), and β = β2 − β1 − β3 = B(e2 − e1 − e3),

the most general pseudo-inverse X ∈ End(Z3) is defined by:

X(β1) =


1
0
0


+ w


−2

2
−3


, X(β) =


−1

1
−1


+ v


−2

2
−3


 =


−1− 2v

1 + 2v
−1− 3v


,

and X(e3) = (x, y, z)t, for integer parameters v, w, x, y, z. Now β = e2 −
2e3, so the equations above give

X(e2) = X(β + 2e3) =


−1− 2v + 2x

1 + 2v + 2y
−1− 3v + 2z


 .

Finally, β1 = e1 + 2e2 − 2e3 yields

X(e1) = X(β1)− 2X(e2) + 2X(e3) =


 3− 2w + 4v − 2x
−2 + 2w − 4v − 2y
2− 3w + 6v − 2z


 .

Introducing a new parameter u = w − 2v, we see that a pseudo-inverse for
B has the following general form:

X =


 3− 2u − 2x −1− 2v + 2x x
−2 + 2u − 2y 1 + 2v + 2y y
2− 3u − 2z −1− 3v + 2z z


 .

For u = v = x = y = z = 0, this retrieves, by a “nice coincidence”, the
pseudo-inverse obtained earlier in (∗)!
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Ex. 4.14A3. For any ring R, show that the following statements are equiv-
alent:

(1) R is semisimple.
(2) The endomorphism ring of every right R-module M is von Neumann
regular.
(3) The endomorphism ring of some infinite-rank free right R-module F is
von Neumann regular.
(4) Any countably generated right ideal A ⊆ R splits in RR.

Solution. (1) =⇒ (2) follows from Ex. 14A1 since MR is semisimple, and
(2) =⇒ (3) is a tautology.

(3) =⇒ (4). Let F and A be as in (3) and (4). Certainly, A is the image of
some R-homomorphism from F to R. If we identify RR with a fixed rank
1 free direct summand of F , then A is the image of some R-endomorphism
of F . Since End(FR) is von Neumann regular, Ex. 4.14A1 implies that A
is a direct summand of FR, and hence of R.

(4) =⇒ (1). Under assumption (4), R is certainly von Neumann regular.
By FC -(4.25), (1) will follow if we can show that R is right noetherian.
Assume, instead, that there exists a strictly ascending chain of right ideals
in R. From this, we can construct a strictly ascending chain

(∗) a1R � a1R+ a2R � a1R+ a2R+ a3R � · · · (in R).

The union A of this chain is a countably generated right ideal, and hence
a direct summand of RR by (4). But this means that A = eR for some e =
e2 ∈ R. Since e belongs to some a1R+ · · ·+ anR, the chain (∗) stabilizes
after n steps—a contradiction.

Comment. If R is a von Neumann regular ring, it can be shown that the
endomorphism ring of a free module of finite rank is also von Neumann
regular: see Ex. 6.20 and Ex. 21.10B below. The problem whether the same
holds for free modules of infinite rank was raised in L.A. Skornyakov’s
book “Complemented Modular Lattices and Regular Rings,” Oliver and
Boyd, Edinburgh-London, l964. (See Problem 16 on p. 165.) The negative
answer, together with the main parts of this exercise, appeared in G.M.
Cukerman’s paper, “Rings of endomorphisms of free modules” (in Russian),
Sibersk. Mat. Ž. 7 (1966), 1161–1167. The same results were rediscovered
a few years later by R.F. Shanny, in “Regular endomorphism rings of free
modules,” J. London Math. Soc. 4 (1971), 353–354. I thank K. Goodearl
for bringing this exercise to my attention, and for pointing out the relevant
literature referenced above.

Ex. 4.14B. For any ring R, show that the following are equivalent:

(1) For any a ∈ R, there exists a unit u ∈ U(R) such that a = aua.
(2) Every a ∈ R can be written as a unit times an idempotent.
(2′) Every a ∈ R can be written as an idempotent times a unit.
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If R satisfies (1), it is said to be unit-regular.

(3) Show that any unit-regular ring R is Dedekind-finite.

Solution. By left-right symmetry, it suffices to prove (1) ⇐⇒ (2).

(1) ⇒ (2). Write a = aua where u ∈ U(R). If e : = ua, then

e2 = uaua = ua = e,

and a = u−1e, as desired.

(2) ⇒ (1). Given a ∈ R, write a = ve where v ∈ U(R) and e2 = e. The latter
implies v−1a = v−1av−1a, so a = av−1a, as desired.

(3) Suppose ab = 1 ∈ R, where R is unit-regular. Write a = aua, where
u ∈ U(R). Then 1 = ab = auab = au, so a = u−1 ∈ U(R).

Comment. (1) The important notion of a unit-regular ring was introduced
by G. Ehrlich: see her paper in Portugal. Math. 27 (1968), 209–212.

(2) Note that, by Exercise 3.10, any semisimple ring is unit-regular.

(3) In general, a von Neumann regular ring R may not be Dedekind-finite.
Therefore, R may fail to be unit-regular.

Ex. 4.14C. (Ehrlich, Handelman) Let M be a right module over a
ring k such that R = Endk(M) is von Neumann regular. Show that R
is unit-regular iff, whenever M = K ⊕ N = K ′ ⊕ N ′ (in the category of
k-modules), N ∼= N ′ implies K ∼= K ′.

Solution. The proof of the sufficiency part is a direct modification of the
argument used in Exercise 14A1. For a ∈ R, write

M = ker(a)⊕ P = Q ⊕ im(a)

as in that exercise. Since a defines an isomorphism from P to im(a), the
hypothesis implies that ker(a) ∼= Q(∼= coker(a)). Defining u ∈ U(R) such
that u is an isomorphism from Q to ker(a), and u : im(a) → P is the inverse
of a|P : P → im(a), we have a = aua ∈ R.

For the necessity part, assume R is unit-regular. Suppose

M = K ⊕ N = K ′ ⊕ N ′,

where N ∼= N ′. Define a ∈ R such that a(K) = 0 and a|N is a fixed isomor-
phism from N to N ′. Write a = aua, where u ∈ U(R). As in Exercise 14A1,

(∗) M = ker(a)⊕ im(ua) = K ⊕ u(N ′).

Since u defines an isomorphism from N ′ to u(N ′), it induces an isomor-
phism from M/N ′ to M/u(N ′). Noting that M/N ′ ∼= K ′ and M/u(N ′) ∼=
K (from (∗)), we conclude that K ∼= K ′.
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Comment. Under the assumption that R is von Neumann regular, the
above argument also suffices to show that: a ∈ R can be written in the
form aua where u ∈ U(R) iff ker(a) ∼= coker(a) as k-modules.

For the relevant literature, see G. Ehrlich, “Units and one-sided units
in regular rings,” Trans. AMS 216 (1976), 81–90, and D. Handelman, “Per-
spectivity and cancellation in regular rings”, J. Algebra 48 (1977), 1–16.

Ex. 4.14D. Let M be a semisimple right k-module. Show that R =
Endk(M) is unit-regular iff the isotypic components Mi of M (as defined
in Exercise 2.8) are all finitely generated.

Solution. First assume that some isotypic component, say M1, is not
finitely generated. Then M1 is an infinite direct sum of a simple k-module,
so it is easy to find an epimorphism f1 : M1 → M1 which is not an iso-
morphism. Extending f1 by the identity map on the other Mi’s, we get
an f : M → M which is an epimorphism but not an isomorphism. Now for
any splitting g for f , we have fg = 1 �= gf . By Exercise 14B(3), R cannot
be unit-regular.

Next, assume all Mi’s are finitely generated. By Exercise 2.8,

M = K ⊕ N = K ′ ⊕ N ′ and N ∼= N ′ =⇒ K ∼= K ′.

By Exercises 14A1 and 14C, we conclude that R is unit-regular. Alterna-
tively, we can give a more direct argument. Since Mi is finitely generated,
Ri : = Endk(Mi) is a simple artinian ring, so it is unit-regular by Exercise
3.10(3). It is easy to see that

R = Endk(⊕iMi) ∼=
∏
i

Ri,

so it follows that R is also unit-regular.

Ex. 4.15. For a commutative ring R, show that the following are equiva-
lent:

(1) R has Krull dimension 0.3

(2) rad R is nil and R/rad R is von Neumann regular.
(3) For any a ∈ R, the descending chain Ra ⊇ Ra2 ⊇ . . . stabilizes.
(4) For any a ∈ R, there exists n ≥ 1 such that an is regular (i.e. such that
an ∈ anRan).

Specializing the above result, show that the following are also equiva-
lent:

(A) R is reduced (no nonzero nilpotents), and K-dim R = 0.
(B) R is von Neumann regular.
(C) The localizations of R at its maximal ideals are all fields.

3 Recall that the Krull dimension of a commutative ring R is the supremum of
the lengths of chains of prime ideals in R. In particular, K-dim R = 0 means
that all prime ideals in R are maximal ideals.
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Solution. (1) ⇒ (2). By (1), rad R is the intersection of all prime ideals,
so it is nil. For the rest, we may assume that rad R = 0. For any a ∈ R,
it suffices to show that Ra = Ra2. Let p be any prime ideal of R. Since
R is reduced, so is Rp. But pRp is the only prime ideal of Rp, so we have
pRp = 0. Therefore, Rp is a field. In particular, Rpa = Rpa

2. It follows that
(Ra/Ra2)p = 0 for every prime ideal p ⊂ R; hence Ra = Ra2, as desired.

(2) ⇒ (3). Let a ∈ R. By (2), a = a2b ∈ R/rad R for some b ∈ R, so (a −
a2b)n = 0 for some n ≥ 1. Expanding the LHS and transposing, we get
an ∈ Ran+1, and hence Ran = Ran+1 = · · · .
(3) ⇒ (4) is clear.

(4) ⇒ (1). Let p be any prime ideal, and a �∈ p. By (4), an = a2nb for some
b ∈ R and some n ≥ 1. Then an(1− anb) = 0 implies that 1− anb ∈ p. This
shows that R/p is a field, so p is a maximal ideal.

Upon specializing to reduced rings, (1) becomes (A) and (2) becomes
(B), so we have (A) ⇔ (B). The implication (A) ⇒ (C) is already done in
(1) ⇒ (2) above, and (C) ⇒ (A) follows from a similar standard local-global
argument in commutative algebra.

Comment. This exercise is related to Exercise 14B, in that any commuta-
tive von Neumann regular ring is unit-regular in the sense of that exercise.
In fact, as long as all idempotents are central in a von Neumann regular
ring R, then R is unit-regular: see Exercises 12.6A and 12.6C below.

For more information on the conditions (3) and (4) in the noncommu-
tative case, see the Comments on Exercises 4.17 and 23.5 below.

Ex. 4.16. (Cf. Exercise 1.12) A left R-module M is said to be cohopfian
if any injective R-endomorphism of M is an automorphism.

(1) Show that any artinian module M is cohopfian.
(2) Show that the left regular module RR is cohopfian iff every non right-
0-divisor in R is a unit. In this case, show that RR is also hopfian.

Solution. (1) Let α : M → M be injective, and M be artinian. The de-
scending chain

im(α) ⊇ im(α2) ⊇ · · ·
must stabilize, so im(αi) = im(αi+1) for some i. For any m ∈ M , we have
αi(m) = αi+1(m′) for some m′ ∈ M . But then αi(m − α(m′)) = 0 implies
that m = α(m′), so α ∈ AutR(M).

(2) The first statement is clear since injective endomorphisms of RR are
given by right multiplications by non right-0-divisors, and automorphisms
of RR are given by right multiplications by units. Now suppose non right-
0-divisors are units, and suppose ab = 1. Then

xa = 0 =⇒ xab = 0 =⇒ x = 0,
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so a is not a right-0-divisor. It follows that a ∈ U(R), so we have shown
that R is Dedekind-finite. By Exercise 1.12(2), RR is hopfian.

Comment. The fact that RR is cohopfian =⇒ RR is hopfian may be viewed
as an analogue of the fact that RR is artinian =⇒ RR is noetherian. It is,
however, easy to see that RR is hopfian need not imply that RR is cohopfian
(e.g. takeR = Z). Note also that, forR-modules in general, RM is cohopfian
� RM is hopfian (e.g. take the module

M = {ζ ∈ C : ζ2i

= 1 for some i}

over Z). Finally, one can also show that RR cohofian �=⇒ RR cohopfian.
Some classes of rings R have the property that every finitely generated

left R-module is cohopfian. By (1) of the Exercise, left artinian rings have
this property. Another class of rings with this property is the class of re-
duced von Neumann regular rings. (Over such rings, finitely generated left
modules are also hopfian. For the proofs, see (3.2) and (6.16) of Goodearl’s
book on von Neumann regular rings, Krieger Publ. Co., Malabar, Florida,
1991.) For more information on these matters, see the next exercise, as well
as Exercise 20.9 and Exercises 23.8–23.11.

Ex. 4.16∗. Let ϕ : R → S be a ring homomorphism such that S is finitely
generated when it is viewed as a left R-module via ϕ. If, over R, all finitely
generated left modules are hopfian (resp. cohopfian), show that the same
property holds over S.

Solution. Let f : M → M be a surjective (resp. injective) endomorphism
of a finitely generated left S-module M . Via ϕ, we may view M as a left
R-module, and, since RS is finitely generated, so is RM . Viewing f : M →
M as a surjective (resp. injective) R-homomorphism, we infer from the
assumption on R that f is an R-isomorphism, and hence an S-isomorphism.

Ex. 4.17. Let R be a ring in which all descending chains

Ra ⊇ Ra2 ⊇ Ra3 ⊇ · · · (for a ∈ R)

stabilize. Show that R is Dedekind-finite, and every non right-0-divisor in
R is a unit.

Solution. By (2) of Exercise 4.16, it is sufficient to show that RR is cohop-
fian. Let α : RR → RR be an injective R-endomorphism. Then α is right
multiplication by a : = α(1), and αi is right multiplication by ai. Therefore,
im(αi) = Rai. Since the chain

Ra ⊇ Ra2 ⊇ · · ·

stabilizes, the argument in (1) of Exercise 4.16 shows that α is an isomor-
phism.
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Comment. Rings in which all descending chains

Ra ⊇ Ra2 ⊇ Ra3 ⊇ · · ·

stabilize are known as strongly π-regular rings. In Exercise 23.5, it will be
shown that this is a left-right symmetric notion. It follows that, in such a
ring, “left-0-divisor” and “right-0-divisor” are both synonymous with “non-
unit.” In particular, this is the case for any left artinian ring. For a direct
proof of this last fact, see Exercise 21.23. There are, however, no analogues
of the above results for (even 2-sided) noetherian rings. For instance, in the
noetherian ring

R =
(

Z Z/2Z
0 Z

)
,

the element a =
(
2 0
0 1

)
is not a right 0-divisor. But it is a left 0-divisor,

and à fortiori a nonunit (see FC-p. 3).
Among commutative rings, the strongly π-regular ones are just those

with Krull dimension 0, according to Exercise 4.15.

Ex. 4.18. The socle soc(M) of a left module M over a ring R is defined
to be the sum of all simple submodules of M . Show that

soc(M) ⊆ {m ∈ M : (rad R) · m = 0},

with equality if R/rad R is an artinian ring.

Solution. The first conclusion follows from the fact that (rad R)V = 0 for
any simple left R-module V . Now assume R/rad R is artinian. Let

N = {m ∈ M : (rad R) · m = 0},

which is an R-submodule of M . Viewing N as a module over the semisimple
ring R/rad R, we see that RN is semisimple. Therefore, N ⊆ soc(M), as
desired.

Comment. If R/rad R is artinian, R is said to be a semilocal ring. If R is
not semilocal, the submodule N defined above may be larger than soc(M).
For instance, for R = Z, we have rad R = 0, so N is always equal to M .
However, if M is not semisimple, we have soc(M) � M .

Ex. 4.19. Show that for any ring R, soc(RR) (= sum of all minimal left
ideals of R) is an ideal of R. Using this, give a new proof for the fact that
if R is a simple ring which has a minimal left ideal, then R is a semisimple
ring.

Solution. For any minimal left ideal I ⊆ R and any r ∈ R, Ir is a ho-
momorphic image of RI, so Ir is either 0 or another minimal left ideal.
Since soc(RR) =

∑
I, we see that soc(RR) is an ideal. Now suppose R
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is a simple ring which has a minimal left ideal. Then soc(RR) �= 0 and so
soc(RR) = R. This means that RR is a semisimple module, so (by FC-(2.5))
R is a semisimple ring.

Ex. 4.20. For any left artinian ring R with Jacobson radical J , show that

soc(RR) = {r ∈ R : Jr = 0} and soc(RR) = {r ∈ R : rJ = 0}.
Using this, construct an artinian ring R in which soc(RR) �= soc(RR).

Solution. Since R/rad R is artinian, the two desired equations follow by
applying Exercise 18 (and its right analogue) to the modules RR and RR.
To construct an artinian ring R for which the two socles differ, take R =(

Q Q
0 Q

)
. For this 3-dimensional Q-algebra, we have rad R =

(
0 Q
0 0

)
,

which has right annihilator
(

Q Q
0 0

)
and left annihilator

(
0 Q
0 Q

)
, so

soc(RR) �= soc(RR).

Comment. Actually, another choice of the triangular ring gives a smaller,
and more interesting, example. Let R be the triangular ring (of cardinal-
ity 2k+2, k ≥ 2) in Ex. 1.22B. By the solution to that exercise, we have
soc(RR) ⊆ soc(RR), with cardinalities 4 and 8 respectively.

Ex. 4.21. For any ring R, let GLn(R) denote the group of units of Mn(R).
Show that for any ideal I ⊆ rad R, the natural map GLn(R) → GLn(R/I)
is surjective.

Solution. First consider the case n = 1. For x ∈ R, the argument in FC-
(4.8) shows that x ∈ U(R) iff x ∈ U(R/I). Therefore, U(R) → U(R/I) is
surjective. Applying this to the matrix ring Mn(R) and its ideal

Mn(I) ⊆ Mn(rad R) = rad Mn(R) (see FC-p. 57),

we see that

U(Mn(R)) → U(Mn(R)/Mn(I)) = U(Mn(R/I))

is onto; that is, GLn(R) → GLn(R/I) is onto.

Comment. The hypothesis I ⊆ rad R in the Exercise is essential. Without
this hypothesis, even U(R) → U(R/I) need not be onto. For instance, take
R = Z and I = pZ, where p is any prime number ≥ 5.

Ex. 4.22. Using the definition of rad R as the intersection of the maximal
left ideals, show directly that rad R is an ideal.

Solution. For y ∈ rad R, r ∈ R, and m any maximal left ideal, we must
show that yr ∈ m. Assume otherwise; then Rr + m = R. Consider the
left R-module homomorphism ϕ : R → R/m defined by ϕ(x) = xr. Since
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Rr + m = R, ϕ is onto. This implies that ker(ϕ) is a maximal left ideal.
Therefore, y ∈ ker(ϕ), so we have 0 = ϕ(y) = yr, a contradiction.

Comment. With the reader’s indulgence, we return for a moment to rings
R possibly without an identity. Let J� (resp. Jr) be the intersection of the
maximal left (resp. right) ideals of R. Kaplansky pointed out that J� (resp.
Jr) is always an ideal of R. In fact, this follows from the proof above, since
the identity element was never used! In view of Exercise 5(b), we have
J�, Jr ⊆ rad R, and, if R has a left (resp. right) identity, then

J� ⊆ Jr = rad R (resp. Jr ⊆ J� = rad R).

However, as also noted by Kaplansky, J� �= Jr in general. For instance, let
R be the “rng” of cardinality p2 constructed in Exercise 1.10(b). It is easy
to check that the only right ideals are (0), R, and

m = {(0, d) : d ∈ Fp}.

Since R has a left identity (1, 0), we have Jr = rad R = m. But m is a
maximal left ideal, and

mo = {(d, d) : d ∈ Fp}

is another, so J� = (0). (It follows that m is the only modular maximal left
ideal.)

Ex. 4.23. (Herstein) In commutative algebra, it is well known (as a conse-
quence of Krull’s Intersection Theorem) that, for any commutative noethe-
rian R,

⋂
n≥1 (rad R)n = 0. Show that this need not be true for noncom-

mutative right noetherian rings.

Solution. Let A be a commutative discrete valuation ring with a uni-

formizer π(�= 0) and quotient field K. Consider the ring R =
(
A K
0 K

)
,

which is right noetherian (but not left noetherian) by FC-(1.22). It is easy
to check that

J : =
(
πA K
0 0

)
is an ideal of R, and that

R/J ∼= (A/πA)× K.

Since the latter is a semisimple ring, we have rad R ⊆ J by Exercise 11.
On the other hand, 1 + J consists of matrices of the form(

1 + πa b
0 1

)
(a ∈ A, b ∈ K),
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which are clearly units of R. Therefore, J ⊆ rad R. We have now J = rad R,
from which it is easy to see that

(rad R)n =
(
πnA K
0 0

)
,

for any n ≥ 1. It follows that

⋂
n≥1

(rad R)n =
(
0 K
0 0

)
�= 0.

Comment. In the above example, R/rad R ∼= (A/πA)× K is semisimple,
so R is a semilocal ring in the sense of FC-§20. It is also possible to construct
examples R which are local rings: see Exercise 19.12.

If R is a left and right noetherian ring, it has been conjectured that⋂
n≥1

(rad R)n = 0 (“Jacobson’s Conjecture”).

This has been verified for various special classes of noetherian rings, by
Lenagan, Jategaonkar, and others. However, the general case has remained
open for years.

Ex. 4.24. For any ring R, we know that

(∗) rad(R) ⊆ {r ∈ R : r +U(R) ⊆ U(R)}.

Give an example to show that this need not be an equality.

Solution. Let I(R) be the set on the RHS, and consider the case R =
A[t] where A is a commutative domain. It is easy to see that rad(R) = 0.
However, I(R) contains rad(A), since a ∈ rad(A) implies that

a+U(R) = a+U(A) ⊆ U(A) = U(R).

Thus, we see that equality in (∗) does not hold for R = A[t] if we choose A
to be any commutative domain that is not J-semisimple.

Comment. This exercise might be captioned “How not to characterize the
Jacobson radical”! I have included this exercise since it has been claimed in
a standard ring theory text that equality holds in (∗). Of course, equality
does hold for some classes of rings; see, for instance, Ex. 20.10B.

Ex. 4.25. Let R be the commutative Q-algebra generated by x1, x2, . . .
with the relations xnn = 0 for all n. Show that R does not have a largest
nilpotent ideal (so there is no “Wedderburn radical” for R).
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Solution. It is not hard to show that each xn has index of nilpotency
exactly equal to n in R. Let I be any nilpotent ideal in R; say In = 0.
Then xn+1 �∈ I, and so I + xn+1R is a nilpotent ideal larger than I.

Ex. 4.26. Let R be a commutative Q-algebra generated by x1, x2, . . .
with the relations xixj = 0 for all i, j. Show that R is semiprimary (that
is, rad R is nilpotent, and R/rad R is semisimple), but neither artinian nor
noetherian.

Solution. Clearly, rad R is the ideal generated by the xi’s. We have
(rad R)2 = 0, and R/rad R ∼= Q, so R is semiprimary. The strictly as-
cending chain

(x1) � (x1, x2) � (x1, x2, x3) � · · ·
shows that R is not noetherian, while the strictly descending chain

(x1, x2, . . .) � (x2, x3, . . .) � (x3, x4, . . .) � . . .

shows that R is not artinian.

Comment. A nice noncommutative semiprimary ring satisfying neither
ACC nor DCC on 1-sided ideals can be found in Ex. 20.5.

Ex. 4.27. Let J be a nilpotent right ideal in a ring R. If I is a subgroup
of J such that I · I ⊆ I and J = I + J2, show that I = J .

Solution. Since J is nilpotent, it suffices to show that J = I + Jn for all
n ≥ 1. We induct on n, the case n = 1 being clear. Assume that J = I + Jn

where n ≥ 1. Then

J · I = (I + Jn) · I = I · I + Jn · I ⊆ I + Jn+1, and hence

J2 = J · (I + Jn) ⊆ I + Jn+1 + Jn+1 = I + Jn+1.

From this, it follows that J = I + J2 ⊆ I + Jn+1, as desired.

Comment. If I was a right ideal, we can form the right R-module M = J/I,
so the conclusion in the exercise would follow from the observation that
MJ = M . The point of this exercise is that, instead of assuming I · R ⊆ I,
we need only assume I · I ⊆ I to guarantee the conclusion J = I. This
exercise is distilled from Lemma (3.1) in I.M. Isaacs’ paper “Characters of
groups associated with finite algebras,” J. Algebra 177 (1995), 708–730.

Ex. 4.28. (1) If R is a commutative ring or a left noetherian ring, show
that any finitely generated artinian left R-module M has finite length.
(2) Construct an example to show that (1) need not hold over an arbitrary
ring R.

Solution. (1) If R is left noetherian, then M is a noetherian (as well as
artinian) module, so it has finite length. Now assume R is commutative.
Since M is a finite sum of cyclic artinian submodules, we may assume M
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itself is cyclic. Represent M in the form R/I, where I ⊆ R is a left ideal.
Since R is commutative, I is an ideal, and the fact that RM is artinian
implies that R/I is an artinian ring. By the Hopkins–Levitzki theorem
(FC -(4.15)), R/I is also a noetherian ring, so we are back to the case
considered above.

(2) We construct here a cyclic artinian left module M of infinite length
over some (noncommutative, non left-noetherian) ring R. In the triangular

ring R =
(

Q 0
Q Z

)
, the idempotent e =

(
1 0
0 0

)
generates the left ideal

Re =
(

Q 0
Q 0

)
(which is in fact an ideal). We express this module in the

simpler form
(

Q
Q

)
, and consider its submodule

(
0

Z(p)

)
, where Z(p) denotes

the localization of Z at a prime ideal (p). Since(
a 0
b c

)(
0 0
x 0

)
=
(
0 0
cx 0

)
(a, b ∈ Q; c ∈ Z),

the ideal Re acts trivially on
(
0
Q

)
, so the R-submodules of

(
0
Q

)
are just(

0
G

)
where G is any subgroup of Q. Now Q/Z(p) is isomorphic to the

Prüfer p-group (the group of pn-th roots of unity for n ∈ N), which is of
infinite length as a Z-module. Therefore, the cyclic R-module

M :=
(

Q
Q

)/(
0

Z(p)

)
⊇ M ′ =

(
0
Q

)/(
0

Z(p)

)

is also of infinite length. Now M/M ′ ∼=
(

Q
Q

)/(
0
Q

)
is a simple R-module,

and M ′ is an artinian Z-module (and hence an artinian R-module). It
follows that M is also an artinian R-module (of infinite length), as desired.

Comment. Since
(
a 0
b 0

)(
y
z

)
=
(
ay
by

)
, it is clear that any submodule of

M not contained in M ′ must be M itself. Therefore, the submodules of
M are precisely M and the chain of subgroups of the Prüfer group M ′. In
particular, the submodules of M form a chain (under inclusion). (A module
M with such a property is known as uniserial : see FC -§20, Appendix.)
Another remarkable property of M is that, for any submodule X � M
other than M ′, the quotient module M/X is isomorphic to M . Indeed,

since X is necessarily of the form
(

0
p−nZ(p)

)/(
0

Z(p)

)
(for some n ≥ 0),

it is precisely the kernel of the surjective endomorphism of M given by
multiplication by pn. From this, it follows that M/X ∼= M as R-modules.



74 Chapter 2. Jacobson Radical Theory

Uniserial modules M with this property played an interesting role in the
work of Facchini, Salce, and others on the uniqueness of Krull-Schmidt
decompositions.

§5. Jacobson Radical Under Change of Rings
Given a ring homomorphism f : R → S, one would like to relate rad R
with rad S, if it is at all possible. A few basic results are given in FC-§5.
Two important cases are when f is an inclusion, and S is a power series
ring or a polynomial ring over R, say in one variable t. The case S = R[[t]]
turns out to be very easy, and is covered in Exercise 6. The case S = R[t]
is much more difficult, and is not yet fully understood. In this case, a good
theorem of Amitsur (FC-(5.10)) guarantees that J = rad R[t] contracts to a
nil ideal N of R, and that J = N [t]. However, Amitsur’s Theorem does not
say what the ideal N is. “Köthe’s Conjecture” amounts to the hypothetical
statement that N is the largest nil ideal of R, but this was never proven.
For more information on this, see Exercises 10.24 and 10.25.

The two Exercises 3 and 4 below offer a different proof of Amitsur’s
Theorem in the case when R is an algebra over a field k. Although this
is a somewhat restrictive case, the basic ideas of this alternative proof are
simple and direct. Exercise 8, on the other hand, presents a generalization
of Amitsur’s Theorem to graded rings.

Exercises for §5
Ex. 5.0. (This exercise refines some of the ideas used in the proof of FC-
(5.6).) For any subring R ⊆ S, consider the following conditions: (1) RR is
a direct summand of RS and RR is a direct summand of SR. (2) R is a full
subring of S in the sense that R ∩ U(S) ⊆ U(R). (3) R ∩ rad S ⊆ rad R.

(A) Show that (1) ⇒ (2) ⇒ (3).
(B) Deduce from the above that, if C = Z(S) (the center of S), then C ∩
rad S ⊆ rad C.
(C) Does equality hold in general in (B)?

Solution. (1) ⇒ (2). First assume RS = RR ⊕T , where T is a suitable R-
submodule of RS. If r ∈ R has a right inverse in S, say r′ + t where r′ ∈ R
and t ∈ T , then

1 = r(r′ + t) = rr′ + rt

implies that 1 = rr′ (since rr′ ∈ R and rt ∈ T ). Therefore, r already has
a right inverse in R. Repeating this argument for SR, we see that, if (1)
holds, R must be a full subring of S in the sense of (2).

(2) ⇒ (3). Let x ∈ R ∩ rad S. For any r ∈ R, 1 + rx is a unit in S, so it
is a unit in R. By FC-(4.1), this implies that x ∈ rad R.
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This completes the proof of (A). For (B), it suffices to show that C
is a full subring of S. Let c ∈ C ∩ U(S). For any s ∈ R, sc = cs yields
c−1s = sc−1. This shows that c−1 ∈ C, so c ∈ U(C). For (C), note that, in
general, rad C may not lie in rad S. For instance, let C be any commutative
domain. Then the free algebra S = C〈x, y〉 has center C. It is easy to see
that rad S = 0, but of course rad C need not be zero.

Comment. There is one important case in which the equality C ∩ rad S =
rad C does hold in (C), namely, in the case when S is left or right artinian.
See Exercise 21.25 below. (For an easier case, see Exercise 7.4.)

There are many examples of pairs of rings R ⊆ S where R is full in S.
See, for instance, Exercises 1.13 and 6.4.

Ex. 5.1. Let R be a commutative domain and S−1R be the localization
of R at a multiplicative set S. Determine if any of the following inclusion
relations holds:

(a) rad R ⊆ R ∩ rad S−1R,
(b) R ∩ rad S−1R ⊆ rad R,
(c) rad S−1R ⊆ S−1(rad R).

Solution. None of these is true in general! For (a), take a commutative
local domain (R,m) with m �= 0. Then rad R = m, but for S = R\{0},
S−1R is a field, with rad S−1R = 0. For (b) and (c), take R = Z and
S=Z\2Z. Here, rad S−1R = 2Z(2) andR ∩ rad S−1R = 2Z, but radR = 0.

Ex. 5.1*. Given an element a in a commutative ring R, let S be the
multiplicative set 1 + aR ⊆ R.

(1) Show that a ∈ rad(S−1R) (where a means a/1 ∈ S−1R).
(2) Does (1) still hold if S ⊆ R is taken to be only a multiplicative set
containing 1 + aR?

Solution. (1) It suffices to show that 1 +R′a ⊆ U(R′) where R′ = S−1R.
A typical element of 1 +R′a has the form

b = 1 + (s−1r)a = s−1(s+ ra), where r ∈ R and s ∈ S.

Writing s in the form 1 + r1a (r1 ∈ R), we have

b = s−1(1 + (r1 + r)a) ∈ s−1S ⊆ U(R′).

(2) If we assume only S ⊇ 1 + aR, we may no longer have a ∈ rad(S−1R).
For instance, take a to be a nonzero element in a commutative domain R,
and take S = R \ {0} so S−1R is the quotient field of R. Then rad(S−1R) =
0 does not contain a.

Ex. 5.2. Give an example of a ring R with rad R �= 0 but rad R[t] = 0.

Solution. Again, take (R,m) to be a reduced commutative local ring with
0 �= m = rad R. By Amitsur’s Theorem FC-(5.10) (or Snapper’s Theorem
FC-(5.1)), the fact that R is reduced implies that rad R[t] = 0.
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In the following two Exercises, we sketch another proof for Amitsur’s
Theorem on rad R[t] (FC-(5.10C)), in the special case when R is an algebra
over a field k. As in FC-(5.10C), we let S = R[t], J = rad S, and N =
R ∩ J . The fact that N is a nil ideal is easy to see (cf. FC-(5.10A)). The
main job is that of proving the equation J = N [t].

Ex. 5.3. Assume k is an infinite field. Show that J = N [t].

Solution. We first show that J �= 0 ⇒ N �= 0. Let

f(t) = ao + a1t+ · · ·+ ant
n ∈ J\{0}

with n chosen minimal. For any constant α ∈ k, t �→ t+ α defines an R-
automorphism of S, so we have f(t+ α)− f(t) ∈ J . Since this polynomial
has degree less than n, we must have f(t+ α) = f(t). Setting t = 0 gives
anα

n + · · ·+ a1α = 0 for any α ∈ k. Since k is infinite, the usual Vander-
monde matrix argument shows that

an = · · · = a1 = 0,

so f(t) = ao gives a nonzero element in R ∩ J = N .
In the general case, consider the ideal N [t] ⊆ J = rad R[t]. For R =

R/N , we have by FC-(4.6):

rad R[t] = rad(R[t]/N [t]) = J/N [t].

Since J/N [t] contracts to zero in R, the case we dealt with in the first
paragraph implies that rad R[t] = 0, that is, J = N [t].

Ex. 5.4. Assume k is a finite field. Show again that J = N [t].

Solution. Let k̃ be the algebraic closure of k, and

R̃ = R ⊗k k̃, J̃ = rad(R̃[t]).

By the first part of FC-(5.14), J = R[t] ∩ J̃ . Let f(t) =
∑

ait
i ∈ J . Then

f(t) ∈ J̃ , and, since k̃ is infinite, Exercise 3 yields ai ∈ J̃ for all i. But then

ai ∈ R ∩ J̃ = R ∩ (R[t] ∩ J̃) = R ∩ J = N,

so J = N [t].

Ex. 5.5. Let R be any ring whose additive group is torsion-free. Show
(without using Amitsur’s Theorem) that J = rad R[t] �= 0 implies that R ∩
J �= 0.

Solution. Let f(t) ∈ J\{0} be of minimal degree, say

f(t) = ant
n + · · ·+ ao,

where ai ∈ R, an �= 0. We are done if we can show that n = 0. Assume,
instead, n ≥ 1. As in the solution to Exercise 3, we must have f(t+ 1) =
f(t). Comparing the coefficients of tn−1, we see that nan = 0 and hence
an = 0, a contradiction.
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Ex. 5.6. For any ring R with (Jacobson) radical J , show that the power
series ring A = R[[xi : i ∈ I]] (in a nonempty set of, say, commuting vari-
ables {xi}) has radical J +

∑
i∈I Axi. (In particular, A can never be J-

semisimple if R �= 0.)

Solution. Clearly, J ′ := J +
∑
iAxi is an ideal of A. Since A/J ′ ∼= R/J

is J-semisimple, Ex. 4.11 yields rad(A) ⊆ J ′. This will be an equality, as
asserted, if we can show that 1 + J ′ ⊆ U(A). Now any element of 1 + J ′ has
the form f0 + f1 + f2 + · · · where f0 ∈ U(R), and fn (n ≥ 1) is a homo-
geneous polynomial (over R) of degree n in {xi}. According to FC -(1.5),
this power series is invertible in A.

Ex. 5.7. For any k-algebra R and any finite field extension K/k, show
that rad R is nilpotent iff rad RK is nilpotent.

Solution. By FC-(5.14), we have

rad R = R ∩ rad RK .

In particular, rad R ⊆ rad RK . Thus, if rad RK is nilpotent, so is rad R.
Conversely, assume that rad R is nilpotent, say (rad R)m = 0. Then, clearly,
[(rad R)K ]m = 0. But if [K : k] = n, FC-(5.14) also gives (rad RK)n ⊆
(rad R)K . Therefore, (rad RK)nm = 0.

Ex. 5.8. (This problem, due to G. Bergman, is the origin of the proof of
FC-(5.10B).) Let R be a graded ring, i.e.

R = R0 ⊕ R1 ⊕ · · ·
where the Ri’s are additive subgroups of R such that RiRj ⊆ Ri+j (for all
i, j) and 1 ∈ R0. Show that J = rad R is a graded ideal of R, in the sense
that J has a decomposition

J = J0 ⊕ J1 ⊕ · · · ,
where Ji = J ∩ Ri.

Solution. Let
α = αn + αn+1 + · · ·+ αm ∈ J,

where αi ∈ Ri, and αn �= 0 �= αm. We shall show that αi ∈ J by induction
on the number of nonzero homogeneous components in α (for all rings R).
If this number is 1, there is clearly no problem. For the inductive step, we
consider a prime p (to be specified) and the ring

(∗) S =
R[ζ]

(1 + ζ + · · ·+ ζp−1)
= R ⊕ Rζ ⊕ · · · ⊕ Rζp−2.

Note that ζp = 1, and if we view ζ as an element of degree 0, S is also a
graded ring, with

Si = Ri ⊕ Riζ ⊕ · · · ⊕ Riζ
p−2.
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On the ring S, we have a special automorphism ϕ defined on homogeneous
elements si ∈ Si by ϕ(si) = ζisi. From (∗), we have J = R ∩ rad S (by
FC-(5.6), (5.7)). Thus, α ∈ rad S, and so rad S contains

ϕ(α)− ζmα = (ζnαn + · · ·+ ζmαm)− (ζmαn + · · ·+ ζmαm)

= (ζn − ζm)αn + · · ·+ (ζm−1 − ζm)αm−1.

By the inductive hypothesis, we have

(ζn − ζm)αn ∈ rad S, and so (1− ζm−n)αn ∈ rad S.

Now assume p > m − n. Then p ∈ (1− ζm−n)S. (Modulo 1− ζm−n, we
have ζ

m−n
= 1, ζ

p
= 1, so ζ = 1 and p = 1 + ζ + · · ·+ ζ

p−1
= 0.) From

this, we conclude that

pαn ∈ R ∩ rad S = J.

Since this holds for any prime p > m − n, it follows that αn ∈ J , and by
induction, αi ∈ J for all i.

Ex. 5.9. Let A = R[T ], where T is an infinite set of commuting indeter-
minates. Show that rad A is a nil ideal.

Solution. Consider any α ∈ rad A. Pick a finite subset S ⊆ T such that
α ∈ R′ : = R[S], and let T ′ = T\S �= ∅. Then

A = R[S][T ′] = R′[T ′],

and α ∈ R′ ∩ radR′[T ′]. By Amitsur’s Theorem FC-(5.10),R′ ∩ radR′[T ′]
is a nil ideal, so α is nilpotent.

Comment. One may ask if the conclusion of the exercise remains true if T
is a finite (nonempty) set of commuting indeterminates. I do not know the
answer.

Ex. 5.10. Let us call a ring R “rad-nil” if its Jacobson radical is a nil
ideal. (Examples include: J-semisimple rings, algebraic algebras, and com-
mutative affine algebras over fields, etc.) Show that:

(1) a commutative ring is Hilbert iff all of its quotients are rad-nil;
(2) any commutative artinian ring is Hilbert;
(3) any commutative ring is a quotient of a commutative rad-nil ring.
(4) Construct a commutative noetherian rad-nil ring that is not Hilbert.

Solution. (1) Recall that a commutative ring R is called Hilbert if every
prime ideal inR is an intersection of maximal ideals. Note that this property
is inherited by all quotients. If R is Hilbert, then Nil(R), being (always) the
intersection of prime ideals in R, is also an intersection of maximal ideals
in R. This shows that Nil(R) = rad(R), and the same equation also holds
for all quotients of R. This proves the “only if” part, and the “if” part is
clear.
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(2) Let R be a commutative artinian ring, and consider any quotient R of
R. Then R is also artinian, and so rad(R) = Nil(R) (by FC -(4.12)). By (1),
R is Hilbert. [Alternatively, we can use the well-known fact that R, being
artinian, has Krull-dimension 0. (This follows from Ex. 4.15.) This means
that any prime ideal of R is maximal, so R is clearly Hilbert.]

(3) For any commutative ring A, let R = A[t]. By Snapper’s Theorem FC -
(5.1), R is a rad-nil ring, and we have A ∼= R/(t).

(4) Let A be a commutative noetherian ring that is not rad-nil (e.g. the
localization of Z at any maximal ideal). Then R = A[t] is noetherian (by the
Hilbert Basis Theorem), rad-nil (by Snapper’s Theorem), but its quotient
R/(t) ∼= A is not rad-nil. Thus, by (1), R is not Hilbert.

Ex. 5.11. Let J be an ideal in any ring R.

(1) If J ⊆ rad(R), show that, for any i ≥ 1, the multiplicative group
(1 + J i)/(1 + J i+1) is isomorphic to the additive group J i/J i+1.

(2) Suppose Jn+1 = 0 (so in particular, J ⊆ rad(R)). Show that 1 + J is
a nilpotent group of class ≤ n; that is, 1 + J has a central series of length
≤ n. If, moreover, the group J/J2 has a finite exponent m, show that
(1 + J)m

n

= 1.

(3) If J is a nil ideal and the ring R/J has prime characteristic p, show
that 1 + J is a p-group.

Solution. (1) First note that, for i ≥ 1, 1 + J i is a normal subgroup of
U(R), as it is the kernel of the natural group homomorphism U(R) −→
U(R/J i). We define a map σ : J i −→ (1 + J i)/(1 + J i+1) by

σ(x) = (1 + x) · (1 + J i+1), for every x ∈ J i.

This is a group homomorphism since, for x, y ∈ J i:

σ(x)σ(y) = (1 + x)(1 + y) · (1 + J i+1)

= (1 + x+ y + xy) · (1 + J i+1)

= (1 + x+ y)[1 + (1 + x+ y)−1xy] · (1 + J i+1)

= σ(x+ y).

Since σ is surjective and has kernel J i+1, it induces a group isomorphism
J i/J i+1 ∼= (1 + J i)/(1 + J i+1).

(2) If Jn+1 = 0, the subgroups {1 + J i: 1 ≤ i ≤ n+ 1} give a normal series
in the group 1 + J . Moreover, the same calculation as in (1) above, with
x ∈ J i and y ∈ J , shows that (1 + J i)/(1 + J i+1) is in the center of (1 +
J)/(1 + J i+1), for each i ≥ 1. Therefore, {1 + J i: 1 ≤ i ≤ n+ 1} is a central
series in 1 + J of length ≤ n, so by definition, 1 + J is a nilpotent group of
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class ≤ n. If, in addition, mJ ⊆ J2 for some m ≥ 1, then m · J i/J i+1 = 0
for all i ≥ 1, so (1) implies that (1 + J i)m ⊆ 1 + J i+1. From this, we see
by induction that (1 + J)m

n ⊆ 1 + Jn+1 = 1.

(3) Here, we have p ∈ J and pn = 0 ∈ R for some n ≥ 1. For any a ∈ J ,
pick a large integer r such that a2r

= 0. Applying Ex. 1.34 with m = pn,
we see that (1 + a)p

nr

= 1, so every element in 1 + J has a p-power order.

Comment. This exercise is surely part of the folklore in noncommutative
ring theory, although a complete statement for all three parts of the exercise
is not easy to find in the literature. A good approximation appeared in
Lemma 8.12 in the paper of H. Bass and M.P. Murthy, “Grothendieck
groups and Picard groups of abelian group rings,” Annals of Math. 86
(1967), 16–73. This lemma states that, if J is an ideal in a ring R with
mJ = 0 = Jn, then (1 + a)m

n

= 1 for all a ∈ J . Part (2) of this exercise
gives a sharper result, with the hypothesis mJ = 0 weakened to mJ ⊆ J2.
Also, part (3) here applies to nil (instead of nilpotent) ideals J , thanks to
the earlier Ex. 1.34.

Finally, we note that, for the ring R of (n+ 1)× (n+ 1) upper trian-
gular matrices over a field k, and J = rad(R) (with Jn+1 = 0), 1 + J is the
unitriangular group UTn+1(k) consisting of upper triangular matrices with
diagonal entries 1. This exercise shows that UTn+1(k) is nilpotent of class
≤ n. For a proof that equality actually holds here, see, e.g. p. 107 of “Fun-
damentals of the Theory of Groups” by Kargapolov and Merzljakov, GTM
Vol. 62, Springer, 1972. In the case k = R, 1 + J is also called the Heisen-
berg group (at least when n = 3). For more relevant information about the
groups 1 + J (for nil ideals J in k-algebras), see Exercises 9.4A–C.

Ex. 5.12. (Suggested by H.W. Lenstra) For any ring R with Jacobson
radical J , we have an exact sequence of groups

(∗) 1 → 1 + J → U(R) → U(R) → 1 (where R = R/J),

induced by the projection map π : R → R (see FC -(4.5)). Show that this
sequence splits if

(1) R is a commutative rad-nil Q-algebra, or
(2) R is a commutative artinian ring. (To prove this part, you may use the
Akizuki–Cohen Theorem in FC -(23.12).)

Solution. (1) Under the hypothesis of (1), the groups in (∗) are all abelian,
and 1 + J is a divisible group since, for any x ∈ J (a nilpotent element),
we can use the binomial expansion

(1 + x)1/n =
∞∑
i=0

(
1/n
i

)
xi ∈ 1 + J (a finite sum)

to get an nth root of 1 + x in 1 + J . Thus, 1 + J is an injective Z-module,
and so (∗) splits.
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(2) We assume here that R is commutative artinian. By the theorem of Ak-
izuki and Cohen, R is isomorphic to a finite direct product of commutative
local artinian rings. Thus, we need only treat the case where R is local. Let
k be the residue class field R/J .

Case A. char(k) = 0. In this case, r · 1 �∈ J for any positive integer r, so
r ∈ U(R). This implies that Q ⊆ R. Thus, R is a (rad-nil) Q-algebra, and
we are done by (1).

Case B. char(k) = p > 0. Here, a basic case to keep in mind is R = Z/pn+1Z
where p is a prime. In this special case, J = pZ/pn+1Z so |1 + J | = |J | = pn.
Since |U(R)| = pn(p − 1), G is precisely the p-Sylow subgroup of the finite
abelian group U(R); of course it splits in U(R).

We now try to “generalize” the above to our local ring (R, J). By
FC -(4.12), Jn+1 = 0 for some integer n ≥ 0. Then, since p · J/J2 = 0,
Ex. (5.11)(2) gives (1 + J)p

n

= 1. Also, in the field k of characteristic p,
xp = 1 =⇒ x = 1 so U(k) is p-torsionfree. Our conclusion, therefore, is im-
mediate from the following general result in the theory of abelian groups.

Proposition. Let 0 → A → B → C → 0 be an exact sequence of (additive)
abelian groups. If, for some prime p, C is p-torsionfree, and pnA = 0 for
some n, then the exact sequence splits.

Proof. We induct on n. For n = 1, pA = 0 implies that A ∩ pB = 0. The
induced inclusion map A → B/pB splits since both groups are vector spaces
over Zp. This implies that A → B also splits. For n ≥ 2, let D = pn−1A.
Applying the inductive hypothesis to the inclusion A/D → B/D, we have a
subgroup V ⊆ B such that B = A+ V and A ∩ V = D. By the n = 1 case,
the inclusion D → V also splits (since V/D ↪→ B/A is p-torsionfree). Thus,
a direct complement to D in V provides a direct complement to A in B.

Second Proof. Readers familiar with basic homological algebra may pre-
fer the following proof of the Proposition using the Ext-functor over Z. We
need to prove Ext1(C,A) = 0, and proceed by induction on n. The case
n = 1 can be handled as before. For n ≥ 2, let D = pn−1A and use the
exact sequence

Ext1(C,D) → Ext1(C,A) → Ext1(C,A/D).

By the n = 1 case, Ext1(C,D) = 0, and by the inductive hypothesis,
Ext1(C,A/D) = 0. Therefore, Ext1(C,A) = 0, as desired.

Comment. The Proposition above can also be deduced easily from a more
general group-theoretic theorem: if an abelian group A of finite exponent
is a pure subgroup of an abelian group B (that is, A ∩ mB = mA for any
integer m), then A splits in B. For a proof of this theorem, see (4.3.8)
in Robinson’s book, “A Course in the Theory of Groups,” GTM Vol. 80,
Springer, 1972. We note, however, that the Proposition no longer holds if
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A is only assumed to be a p-group. An example is given by taking A to be
the torsion subgroup of B := Zp × Zp2 × Zp3 × · · · . Here, A is a p-group
and B/A is torsionfree, but A does not split in B: a short proof for this
can be found in (4.3.10) in Robinson’s book.

It is also worth pointing out that the exact sequence (∗) is known to split
for a certain large class of finite-dimensional (not necessarily commutative)
algebras. In fact, if R is such an algebra over a field k, and if the factor
algebra R = R/J (J = rad(R)) is separable over k, the Principal Theorem
of Wedderburn-Mal’cev(∗) says that the projection may π : R → R splits by
a suitable k-algebra homomorphism R → R. This implies, of course, that
π : U(R) → U(R) also splits.

Ex. 5.13. Let R be a commutative domain that is not a field.

(1) If R is semilocal (that is, R has only finitely many maximal ideals),
show that R is not J-semisimple.

(2) Show that the converse holds in (1) if R is a 1-dimensional noetherian
domain, but not in general for noetherian domains.

Solution. (1) If m1, . . . ,mn are the maximal ideals of R (each nonzero
since R is not a field), then 0 �= m1 · · ·mn ⊆ rad(R).

(2) Let R be a 1-dimensional noetherian domain. For convenience, we’ll
assume the commutative version of Ex. 10.15 below. If rad(R) �= 0, any
maximimal ideal of R is a minimal prime over rad(R). By Ex. 10.15, there
are only finitely many such primes, so R is semilocal.

For higher dimensions, the converse to (1) fails in general. For in-
stance, the 2-dimensional noetherian domain R = Z[[x]] is not J-semisimple
by Ex. 5.6 above, but has infinitely many maximal ideals: (p, x) for
p = 2, 3, 5, . . . .

Comment. The converse to (1) also fails if R is a 1-dimensional non-
noetherian domain, though we will not produce an example here.

§6. Group Rings and the J-Semisimplicity
Problem
It all started in 1898 when H. Maschke proved that finite group algebras
over fields of characteristic zero are semisimple rings. Maschke’s Chicago
colleague L.E. Dickson subsequently pointed out that the theorem already
holds when the characteristic of the field does not divide the order of the
group. Certainly, Maschke’s Theorem played a key role in Noether’s refor-
mulation of the representation theory of finite groups, now enshrined in van

(∗) See (72.19) in “Representation Theory of Finite Groups and Associative Al-
gebras” by Curtis and Reiner, J. Wiley Interscience, 1962.
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der Waerden’s “Modern Algebra.” We shall return to this matter shortly
in the next chapter.

With Jacobson’s discovery of the notion of J-semisimple rings in the
1940’s, it was only natural to search for analogues of Maschke’s Theorem,
with J-semisimplicity replacing classical semisimplicity. Rickart’s 1950 re-
sult, to the effect that CG and RG are both J-semisimple for any group
G, was a stunning testament to the prowess and efficacy of Banach algebra
methods. But of course the algebraists were not to be outdone. Amitsur
showed more generally that, for any group G, KG is J-semisimple if K is
a nonalgebraic field extension of Q, and Passman proved the analogue of
this for p′-groups over fields of characteristic p. Surprisingly, the toughest
case with the “J-semisimplicity Problem” for group rings occurs when the
ground field is an algebraic extension of the prime field. In this case, the J-
semisimplicity Problem for group rings has apparently remained unsolved
to this date.

There are other problems and conjectures too, mostly concerning the
structure of kG when k is a domain and G is a torsion-free group. Is
kG a domain, or is it at least reduced (no nonzero nilpotent elements)?
What is U(kG), and, if G �= {1}, is kG always J-semisimple? None of these
questions has been fully answered, but a large number of partial results have
been obtained. A short exposition for some of these is given in FC-§6, along
with a quick glimpse into Passman’s ∆-group methods.

The exercises in this section are a mixed bag, ranging from varia-
tions and applications of Maschke’s Theorem, to the relationship between
rad (kH) and rad (kG) for H normal in G, to explicit computations of
rad (kG) for specific groups, and to purely group-theoretic results such as
Hölder’s Theorem (Exercise 11), Neumann’s Theorem (Exercise 17), and
the delightful Dietzmann’s Lemma (Exercise 15). The overall theme behind
all of these exercises is simply that group theory and ring theory sometimes
parade as inseparable twins. In the study of group rings, the two theories
are merged together so harmoniously that it seems no longer possible to
tell where one ends and the other begins.

Exercises for §6
In the following exercises, k denotes a field and G denotes a group, unless
otherwise specified.

Ex. 6.1. Let V be a kG-module and H be a subgroup in G of finite index
n not divisible by char k. Modify the proof of Maschke’s Theorem to show
the following: If V is semisimple as a kH-module, then V is semisimple as
a kG-module.

Solution. Fix a coset decomposition G =
⋃n
i=1 Hσi. Let W be any kG-

submodule of V . Following the notations in the proof of FC-(6.1), let f :
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V → W be a kH-homomorphism with f |W = 1W . Here we try to modify
f into a kG-homomorphism g : V → W with g|W = 1W . Define

g(v) = n−1
n∑
i=1

σ−1
i f(σiv) (v ∈ V ).

It is clear that g|W = 1W , so we only need to prove g(τv) = τg(v) for
every τ ∈ G. Write σiτ = θiσα(i) where θi ∈ H and α is a permutation of
{1, . . . , n}. Then

g(τv) = n−1
∑

σ−1
i f(σiτv) = n−1

∑
σ−1
i f(θiσα(i)v)

= n−1
∑

σ−1
i θif(σα(i)v) = n−1

∑
τσ−1
α(i)f(σα(i)v)

= τ
(
n−1

∑
σ−1
α(i)f(σα(i)v)

)
= τg(v).

Ex. 6.2. Let A be a normal elementary p-subgroup of a finite group G such
that the index of the centralizer CG(A) is prime to p. Show that for any
normal subgroup B of G lying in A, there exists another normal subgroup
C of G lying in A such that A = B × C.

Solution. Let k = Fp and let G act on A by conjugation. The subgroup
CG(A) is also normal in G, and acts trivially on A. Writing G = G/CG(A),
we may therefore view A as a kG-module. Since |G| = [G : CG(A)] is prime
to p = char k, kG is a semisimple ring. The assumption that B ✁ G implies
that B is a kG-submodule of A. Therefore, A = B ⊕ C for a suitable kG-
submodule C ⊆ A. Going back to the multiplicative notation, we have A =
B × C, and C ✁ G.

Ex. 6.3. Let G be a finite group whose order is a unit in a ring k, and let
W ⊆ V be left kG-modules.

(1) If W is a direct summand of V as k-modules, then W is a direct sum-
mand of V as kG-modules.
(2) If V is projective as a k-module, then V is projective as a kG-module.

Solution. (1) Fixing a k-homomorphism f : V → W such that f | W is
the identity, we can define g : V → V as in the solution to Ex. 1 by the
“averaging” device:

g(v) = |G|−1
∑
σ∈G

σ−1f(σv), for v ∈ V.

Again, we check easily that g is a kG-homomorphism with g | W = IdW ,
and so V = W ⊕ ker(g).

(2) Take a kG-epimorphism ϕ : F → V , where F is a suitable free kG-
module, and let E = ker(ϕ). Since V is projective as a k-module, E is a
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direct summand of F as k-modules. By (1), E is a direct summand of F as
kG-modules. Thus, V is isomorphic to a direct kG-complement of E in F ,
so V is a projective kG-module.

Ex. 6.4. (This exercise is valid for any ring k.) For any subgroup H of a
group G, show that

(∗) kH ∩ U(kG) ⊆ U(kH) and kH ∩ rad kG ⊆ rad kH.

Deduce that, if kH is J-semisimple for any finitely generated subgroup H
of G, then kG itself is J-semisimple.

Solution. Let R = kH ⊆ S = kG, and fix a coset decomposition

G =
⋃
i∈I

Hσi.

Then we have S =
⊕
iRσi. We may assume that some σi0 = 1. Therefore,

RR = Rσi0 is a direct summand of RS. Similarly, RR is a direct summand
of SR. Applying Exercise 5.0, we get the two conclusions in (∗).

Assume now rad kH = 0 for any finitely generated subgroup H ⊆ G.
For any α ∈ rad kG, we have α ∈ kH for some such H, so

α ∈ kH ∩ rad kG ⊆ rad kH = 0.

This implies that rad kG = 0, as desired.

Ex. 6.5. (Amitsur, Herstein) If k is an uncountable field, show that, for
any group G, rad kG is a nil ideal.

Solution. Let α ∈ rad kG. Then

α ∈ kH ∩ rad kG ⊆ rad kH

for some finitely generated subgroup H ⊆ G. Now dimk kH = |H| is count-
able, and k is uncountable. Therefore, FC-(4.20) gives the desired conclu-
sion that αn = 0 for some n ≥ 1.

Ex. 6.6. Let H be a normal subgroup of G. Show that I = kG · rad kH
is an ideal of kG. If rad kH is nilpotent, show that I is also nilpotent. (In
particular, if H is finite, I is always nilpotent.)

Solution. Any σ ∈ G defines a conjugation automorphism on the subring
kH ⊆ kG, and this automorphism must take rad kH to rad kH. Therefore,

(rad kH)σ ⊆ σ · rad kH ⊆ I,

which shows that I is an ideal of kG. This method also shows that

In = kG · (rad kH)n

for any n ≥ 1, so the rest of the Exercise follows.
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Ex. 6.7. (For this Exercise, we assume Wedderburn’s Theorem that finite
division rings are commutative. A proof of this theorem can be found in
FC-(13.1).) Show that if k0 is any finite field and G is any finite group,
then (k0G/rad k0G)⊗k0 K is semisimple for any field extension K ⊇ k0.

Solution. Let A = k0G/rad k0G. In fact, A can be any finite-dimensional
semisimple k0-algebra below. ByWedderburn’s Theorem, A ∼= ∏

iMni(Di),
where the Di’s are finite-dimensional k0-division algebras. By the other
theorem of Wedderburn quoted in the statement of the Exercise, each Di
is just a finite field extension of k0. Now

A ⊗k0 K ∼=
(∏
i

Mni
(Di)

)
⊗k0 K ∼=

∏
i

(Mni(Di)⊗k0 K)

∼=
∏
i

Mni (Di ⊗k0 K) .

We are done if we can show that each Di ⊗k0 K is a finite direct product of
fields. To simplify the notation, write D for Di. The crux of the matter is
that D/k0 is a (finite) separable extension. (The finite field k0 is a perfect
field!) Say D = k0(α), and let f(x) be the minimal polynomial of α over k0.
Then f(x) is a separable polynomial over k0. Over K[x], we have a factor-
ization f(x) = f1(x) · · · fm(x) where the fi’s are nonassociate irreducible
polynomials in K[x]. By the Chinese Remainder Theorem:

D ⊗k0 K ∼= k0[x]
(f(x))

⊗k0 K ∼= K[x]
(f1(x) · · · fm(x))

∼=
∏
j

K[x]
(fj(x))

.

This is a finite direct product of finite (separable) field extensions of K, as
desired.

Ex. 6.8. Let k ⊆ K be two fields and G be a finite group. Show that

rad (KG) = (rad kG)⊗k K.

Solution. We may assume that char k = p > 0, for otherwise both sides
of the equation are zero. Let Fp denote the prime field of k. We shall first
prove the following special case of the Exercise:

(∗) rad(kG) = (rad FpG)⊗Fp
k.

By Exercise 7,

(FpG/rad FpG)⊗Fp k ∼= kG/
(
(rad FpG)⊗Fp k

)
is semisimple. Therefore, by Exercise 4.11, we must have

rad kG ⊆ (rad FpG)⊗Fp k.
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Since the latter is a nilpotent ideal in kG, equality holds. This proves (∗),
and we deduce immediately that

rad(KG) = (rad FpG)⊗Fp
K = (rad FpG)⊗Fp

k ⊗k K
= (rad kG)⊗k K.

Ex. 6.9. Let k ⊆ K and G be as above. Show that a kG-module M is
semisimple iff the KG-module MK = M ⊗k K is semisimple.

Solution. By Exercise 8, rad KG = (rad kG)⊗k K. Therefore,

(rad KG) · MK = (rad kG ⊗k K) · (M ⊗k K)

= (rad kG · M)⊗k K.

It follows that:

M is semisimple ⇐⇒ rad kG · M = 0

⇐⇒ (rad KG) · MK = 0

⇐⇒ MK is semisimple.

Ex. 6.10. Let k be a commutative ring and G be any group. If kG is
left noetherian (resp. left artinian), show that kG is right noetherian (resp.
right artinian).

Solution. Define a map ε : kG → kG by

ε
(∑

agg
)
=
∑

agg
−1.

Since (gh)−1 = h−1g−1, and k is commutative, we can show that ε(αβ) =
ε(β)ε(α). Of course ε is one-one, onto, and an additive homomorphism.
Since we also have ε2 = 1, ε is an involution on kG. (This is a special case
of the discussion in FC-p. 83.) If

I1 � I2 � · · ·

was an ascending chain of right ideals in kG,

ε(I1) � ε(I2) � · · ·

would have given an ascending chain of left ideals in kG. This gives the
desired conclusion in the noetherian case, and the artinian case follows
similarly.

Comment. The existence of the involution ε above implies that kG is iso-
morphic to its opposite ring. For a ring R to be isomorphic to its opposite
ring, what we need exactly is an “anti-isomorphism” ε : R → R (“anti”
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referring to the property ε(αβ) = ε(β)ε(α)): we do not need to have ε2 = Id.
If R is any ring that is isomorphic to its opposite ring, our argument above
shows that R is left noetherian (resp. artinian) iff it is right noetherian
(resp. artinian). But of course, if k is not commutative, the Exercise doesn’t
work: just take G = {1}.

Ex. 6.11. (Hölder’s Theorem) An ordered group (G,<) is said to be
archimedean if, for any a, b > 1 in G, we have a < bn for some integer n ≥ 1.
Show that if (G,<) is archimedean, then G is commutative and (G,<) is
order-isomorphic to an additive subgroup of R with the usual ordering.

Solution. It is more convenient to present the proof here by switching to
the additive notation for the ordered group (G,<). Thus, we write “+” for
the operation on G, and 0 for its identity element. The positive cone for
the ordered group (G,<) is therefore

P = {a ∈ G : a > 0}.

We just have to work a bit more carefully since it is not assumed that
a+ b = b+ a.

The argument is divided into the following two cases.

Case 1. The set P admits a least element, say a. In this case, we prove that
(G,<) is order-isomorphic to (Z, <) with a ↔ 1. It suffices to show that
every b > a is an integer multiple of a. Let n be the least positive integer
such that b < na. Then n ≥ 2 and we have (n − 1)a ≤ b < na. Left-adding
(1− n)a, we get

0 ≤ (1− n)a+ b < a,

and therefore b = −(1− n)a = (n − 1)a.

Case 2. P has no least element. In this case, first note that

(A) For any c > 0, there exists d > 0 such that 2d ≤ c.

To prove this, fix any positive e < c. We may assume that c < 2e. Adding
−e from both left and right, we get −e + c − e < 0. Adding c from the
left, we get 2d < c with d : = c − e > 0. Next, we claim that:

(B) For any a, b > 0, a+ b = b+ a in G.

Indeed, if otherwise, there exist a, b > 0 with a+ b > b+ a. Let

c = (a+ b)− (b+ a) > 0.

By (A), 0 < 2d ≤ c for some d. Pick integers n,m ≥ 0 such that

md ≤ a < (m+ 1)d, nd ≤ b < (n+ 1)d.
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Then a+ b < (m+ n+ 2)d, and b+ a ≥ (m+ n)d. Right-adding

−(b+ a) ≤ −(m+ n)d

to the former, we get c < 2d, a contradiction. From (B), we deduce easily
thatG is commutative. (From here on, we can afford to be a bit less cautious
with the notation, for now we have n(a+ b) = na+ nb for n ∈ Z, etc.) Fix
any element ω > 0. We shall construct an order-embedding ϕ : G → R with
ϕ(ω) = 1. The idea is: for any rational number r ∈ Q and any a ∈ G, we
can define what is meant by “rω < a”. Namely, if r = m/n where m,n ∈ Z
and n > 0, we take rω < a to mean mω < na. (It is easy to see that this
depends only on r, and not on the choice of m,n.) For any a ∈ G, define
now

La = {r ∈ Q : rω < a}.
Since (G,<) is archimedean, we see that La is nonempty and bounded from
above. Therefore, we can define ϕ : G → R by

ϕ(a) = sup(La) ∈ R (with ϕ(ω) = 1).

Using the commutativity of G, it can be checked that La + Lb = La+b. (We
omit the routine proof of this equality.) Therefore, we have

ϕ(a+ b) = sup (La+b) = sup (La + Lb)

= sup (La) + sup (Lb) = ϕ(a) + ϕ(b).

It only remains to show that ϕ is an order-embedding. Say a < b in G. Then
c : = b − a > 0 and ω < nc for some integer n > 0. But then n−1 ∈ Lc and

ϕ(b) = ϕ(a) + ϕ(b − a) ≥ ϕ(a) + n−1 > ϕ(a),

as desired.

Comment. (1) It can be shown that, for the given element ω > 0 in G, the
map ϕ constructed above is the only order-embedding of (G,<) into (R, <)
taking ω to 1.
(2) A result similar to that in Exercise 11 also holds for ordered rings: If
(R,<) is an archimedean ordered ring, then R is commutative, and order-
isomorphic to a subring of R with the usual ordering. For this result, see
FC-(17.21). The proof there uses exactly the same ideas. However, the work
is significantly easier, since (R,+) is already commutative, and there is a
natural choice for the element ω > 0 used in the construction of the order-
embedding, namely, ω = 1! The general proof for the ordered group case,
as we saw above, is quite a bit more subtle.

Hölder’s Theorem is as old as the last century. It appeared in Hölder’s
paper with the somewhat unlikely title “Die Axiome der Quantität und
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die Lehre vom Mass,” Ber. Verk. Sächs. Wiss. Leipzig, Math. Phys. Cl. 53
(1901), 1–64.

Ex. 6.12. Assume char(k) = 3, and let G = S3 (symmetric group on three
letters).

(1) Compute the Jacobson radical J = rad(kG), and the factor ring kG/J .
(2) Determine the index of nilpotency for J , and find a k-basis for J i for
each i.

Solution. Consider the homomorphism ϕ : kG → kS2 induced by the
group surjection G → G/〈(123)〉 = S2. It is easy to see that ker(ϕ) =
kG · α1, where α1 = (123)− 1. Since

kS2 ∼= k[t]/(t2 − 1) ∼= k × k

is semisimple, we have J ⊆ ker(ϕ) (by Ex. 4.11). We claim that J = ker(ϕ)
(whereby kG/J ∼= k × k). For this, it suffices to check that (123) acts as
the identity on any left simple kG-module V . Now

V0 = {v ∈ V : (123)v = v} �= 0

since α3
1 = (123)3 − 1 = 0 ∈ kG implies that α1 acts as a nilpotent trans-

formation on V . It is easy to check that V0 is a kG-submodule of V , so
indeed V0 = V . We have thus shown that

J = ker(ϕ)

= {x+ y(123) + z(132) + u(12) + v(13) + w(23) :

x+ y + z = u+ v + w = 0}.
A k-basis for J is therefore given by

α1 = (123)− 1, α2 = (132)− 1, α3 = (12)− (13), α4 = (12)− (23).

A simple computation shows that each product αiαj is of the form ±β1 or
±β2, where

β1 = 1 + (123) + (132), and β2 = (12) + (13) + (23).

Thus, J2 has k-basis {β1, β2}. By inspection, we see that αiβj = 0 for all
i, j. Therefore, J3 = 0, so the index of nilpotency for J is 3.

Comment. The computation of rad(kG) here is a special case of Wallace’s
result in FC -(8.7). Another case of interest is when char(k) = 2: this is
covered by the first part of the next exercise, as well as by Ex. 8.30(2)
later.

Ex. 6.13. (Passman) Assume char k = 2. Let A be an abelian 2′-group
and let G be the semidirect product of A and a cyclic group 〈x〉 of order
2, where x acts on A by a �→ a−1.

(1) If |A| < ∞, show that rad kG = k ·∑g∈G g, and (rad kG)2 = 0.
(2) If A is infinite, show that kG has no nonzero nil ideals.
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Solution. First note that, by FC-(6.13), kA has no nonzero nil ideals.
Since kA is commutative, this simply means that the only nilpotent ele-
ment of kA is zero. For

α =
∑
a∈A

αaa ∈ kA,

let α* =
∑

αaa
−1 (cf. FC-p. 86). This defines an involution on kA, with

xα = α* x for any α ∈ kA. Any element σ ∈ kG can be expressed uniquely
in the form α+ βx, with α, β ∈ kA. Let I be any nil ideal in kG, and let
σ ∈ I. Then

(α+ βx)(α* + xβ*) = αα* + ββ* + (βα+ αβ)x

= αα* + ββ* ∈ kA.

Since this element is nilpotent, we must have αα* = ββ*. Therefore,

(α+ βx)2 = α2 + βxβx+ αβx+ βxα

= α2 + ββ* + (αβ + βα*)x

= α2 + αα* + (αβ + α*β)x

= (α+ α*)(α+ βx).

Say (α+ βx)n = 0. Then we have 0 = (α+ α*)n−1(α+ βx), so that (α+
α*)n−1α = 0. But then

0 = x[(α+ α*)n−1α]x = (α+ α*)n−1α*.

Therefore, by addition, (α+ α*)n = 0, so α = α*. Now consider any b ∈ A.
Then b(α+ βx) ∈ I implies bα = (bα)*. Suppose α �= 0; say α involves some
group element b−1 ∈ A. Then 1 ∈ supp(bα), and bα = (bα)* implies that
|supp(α)| = |supp(bα)| is odd, since A has no element of order 2. But if
supp(α) misses some element c−1 ∈ A, then 1 �∈ supp(cα), and cα = (cα)*
would imply that |supp(α)| = |supp(cα)| is even. Therefore, we must have
supp(α) = A. If A is infinite, this is impossible. In this case, we conclude
that α = 0, and since σx = βx2 = β is nilpotent, β = 0 too, so σ = 0. This
completes the proof in Case (2).

Next, assume |A| < ∞. Then |A| is odd, so every element of A is
a square. We continue to work with the element σ = α+ βx ∈ I. Write
α =

∑
a∈A αaa. For any a1, a2 ∈ A, choose d ∈ A such that d2 = a−1

1 a−1
2 .

Then da1 = (da2)−1, and dα = (dα)* implies that αa1 = αa2 . Therefore,
α = ε

∑
a∈A a for some ε ∈ k. Since

(α+ βx)x = β + αx ∈ I,

we have similarly β = ε′ ∑
a∈A a. Now let τ =

∑
g∈G g ∈ Z(kG). We have

τ2 = |G|τ = 2|A|τ = 0,
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so kτ is an ideal with (kτ)2 = 0. This implies that kτ ⊆ rad kG. Applying
the above analysis to σ ∈ I : = rad kG, we have now

σ + ε′τ = (ε+ ε′)
∑
a∈A

a ∈ I.

Since this is a nilpotent element in kA, we conclude that ε = ε′, so σ = ετ .
This shows that I = kτ , with I2 = 0.

Comment. The above clever argument is taken from Passman’s article “Nil
ideals in group rings,” in Mich. Math. J. 9 (1962), 375–384.

Ex. 6.14. (Wallace) Assume char k = 2, and let G = A · 〈x〉 as in Exer-
cise 13, where A is the infinite cyclic group 〈y〉. (G is the infinite dihedral
group.) Show that R = kG is J-semisimple (even though G has an element
of order 2).

Solution. Let Hr =
〈
y3r〉

✁ G (1 ≤ r < ∞) and let Gr = G/Hr, which
is a dihedral group of order 2 · 3r. We first show that the natural ring
homomorphism

(∗) ϕ = (ϕr) : kG −→
∏
r

kGr

is injective. Indeed, consider a nonzero element

α = a1g1 + · · ·+ angn ∈ R,

where ai �= 0 for all i, and g1, . . . , gn are distinct elements of G. Since
H1 ⊇ H2 ⊇ · · · and

⋂
Hr = {1}, there exists an s such that g−1

i gj �∈ Hs
for all i �= j. But then giHs �= gjHs, and we have

ϕs(α) = a1g1Hs + · · ·+ angnHs �= 0 ∈ kGs.

Now, by part (1) of Exercise 13, (rad kGr)2 = 0 for all r. From

ϕr(rad kG) ⊆ rad kGr

(cf. Exercise 4.10), we have ϕr((rad kG)2) = 0. Since this holds for all r,
the injectivity of ϕ yields (rad kG)2 = 0. But then part (2) of Exercise 13
gives rad kG = 0, as desired.

Comment. Let {Hr : r ∈ I} be a family of normal subgroups of a group
G such that

⋂
Hr = {1}, and for every r, r′, there exists s with Hs ⊆

Hr ∩ Hr′ . Let Gr = G/Hr. A slight generalization of the argument used
above shows that the map ϕ = (ϕr) in (∗) is injective.

Therefore, one may derive information on rad kG (e.g. nilpotency prop-
erties) via information on {rad kGr}. In the most basic case, if each kGr
is J-semisimple, kG is also J-semisimple. Wallace has used this method
to show, for instance, that kG is J-semisimple for certain residually fi-
nite groups. For this and much more information on rad kG, see Wallace’s
article in Math. Zeit. 100 (1967), 282–294.
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Ex. 6.15. (Dietzmann’s Lemma) Let G be a group generated by x1, . . . , xn
where each xi has finite order and has only finitely many conjugates in G.
Show that G is a finite group.

Solution. After enlarging the generating set, we may assume that

X : = {x1, . . . , xn}

is closed under conjugation. Every element of G is a product of the xi’s.
(We don’t need their inverses since each xi has finite order.) Fix a large
number e such that xei = 1 for all i. We finish by showing that every a ∈ G
is a product of no more than n(e − 1) elements from X. (This yields an
explicit bound |G| ≤ nn(e−1).)

Suppose a = a1 · · · am where ai ∈ X and m > n(e − 1). It suffices to
show that we can “reexpress” a with fewer factors. Since m > n(e − 1),
some x ∈ X must appear at least e times in the above expression. Say ai
is the first factor equal to x. Let a′

j = x−1ajx ∈ X for j < i. Then

a = xa′
1 · · · a′

i−1ai+1 · · · am.

Repeating this process, we can move e factors of x to the left, to get

a = xea∗
1 · · · a∗

i−1 · · · a∗
m−e,

where a∗
j ∈ X. Since xe = 1, we have now a = a∗

1a
∗
2 · · · a∗

m−e, as desired.

Ex. 6.16. (1) Let G be a group such that [G : Z(G)] < ∞. Show that the
commutator subgroup [G,G] is finite.
(2) Let G be an f. c. group, i.e. each g ∈ G has only finitely many conjugates
in G. Show that [G,G] is torsion. If, moreover, G is finitely generated, show
that [G,G] is finite.

Solution. (1) Let n = [G : Z(G)]. By FC-(6.22), G is n-abelian, i.e.
(xy)n = xnyn for all x, y ∈ G. In particular, for any commutator [a, b], we
have [a, b]n = [an, bn] = 1 (since an ∈ Z(G)). Writing

G =
n⋃
i=1

Z(G)ai,

we see that [G,G] is generated by the finite set {[ai, aj ]}. By Exercise 15,
|[G,G]| < ∞.

(2) We first handle the case where the f.c. group G is finitely generated,
say by {g1, . . . , gm}. Here,

Z(G) =
m⋂
i=1

CG(gi)
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is of finite index, so |[G,G]| < ∞ by (1). If G is just f. c., consider any
g ∈ [G,G]. There exists a finitely generated subgroup H ⊆ G such that
g ∈ [H,H]. Since H is also f. c., the order of g divides |[H,H]| < ∞.

Ex. 6.17. For any group G, let

∆(G) = {g ∈ G : [G : CG(g)] < ∞}, and

∆+(G) = {g ∈ ∆(G) : g has finite order}.

(1) Show that ∆+(G) is a characteristic subgroup of G and that ∆+(G) is
the union of all finite normal subgroups of G.
(2) (B. H. Neumann) Show that ∆(G)/∆+(G) is torsion-free abelian.

Solution. (1) ∆+(G) is clearly closed under inverses. To see that it is
closed under multiplication, consider a1, a2 ∈ ∆+(G), and the subgroup
H they generate in G. Since each ai has finite order and finitely many
conjugates in G, Exercise 15 implies that H is finite. Therefore a1a2 ∈ H
also has finite order, and we have a1a2 ∈ ∆+(G). Any automorphism of G
induces an automorphism of ∆(G), which in turn induces an automorphism
of ∆+(G). Therefore, ∆+(G) is a characteristic subgroup of G. If K is any
finite normal subgroup of G, we have clearly K ⊆ ∆+(G). Conversely, if
a ∈ ∆+(G), let A = {a1, . . . , an} be the set of all conjugates of a. Then
A ⊆ ∆+(G), and by Exercise 15 again, A generates a finite normal subgroup
of ∆+(G) containing a.

(2) Let a ∈ ∆(G) be such that a has finite order in the quotient group
Q = ∆(G)/∆+(G). Then an ∈ ∆+(G) for some n ≥ 1, and hence (an)m = 1
for some m ≥ 1. But then a ∈ ∆+(G), and so a = 1. This shows that Q is
torsion-free. Since ∆(G) is an f.c. group, so is Q. But then by FC-(6.24),
Q must be abelian.

Ex. 6.18. A total ordering “<” of the elements of a group is said to be a
right ordering of G if x < y =⇒ xz < yz for any x, y, z ∈ G. Show that, if
G can be right ordered, then, for any domain k, A = kG has only trivial
units and is a domain. Moreover, if G �= {1}, show that A is J-semisimple.

Solution. In FC -(6.29), this was proved in the case where “<” is an or-
dering. Here, we need only re-examine the proof given before, and extend
it to the case where “<” is a right ordering. Consider a product αβ where

α = a1g1 + · · ·+ amgm, g1 < · · · < gm, ai �= 0 (1 ≤ i ≤ m),

β = b1h1 + · · ·+ bnhn, h1 < · · · < hn, bj �= 0 (1 ≤ j ≤ n).

Choose i0, j0 such that gi0hj0 is least among {gihj}. Then i0 = 1 (for
otherwise g1 < gi0 =⇒ g1hj0 < gi0hj0). In particular, gi0hj0 = gihj implies
i = i0 = 1 and hence j = j0. This shows that, in the product αβ, a1bj0g1hj0
cannot be “canceled out” by any other term, so αβ �= 0. To compute U(A),
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suppose αβ = 1. By the above consideration, we see that there is also a
largest product among the gihj ’s, which cannot be “canceled out” by other
terms in the expansion of αβ. Thus, the only way for αβ = 1 to be possible
is when m = n = 1, so A has only trivial units. The argument given before
(see FC -(6.21)) for the J-semisimplicity of A (when G �= {1}) carries over
verbatim.

Ex. 6.19. For any von Neumann regular ring k, show that any finitely
generated submodule M of a projective k-module P is a direct summand
of P (and hence also a projective k-module).

Solution. Say M ⊆ P are right k-modules. Clearly, it suffices to handle
the case where P is free with a finite basis e1, . . . , en. In this new situation,
we carry out the proof by induction on n, the case n = 1 being covered by
FC -(4.23).

For n ≥ 2, let P0 = e1k ⊕ · · · ⊕ en−1k, and M0 = M ∩ P0. By taking the
projection π : P → enk, we get a short exact sequence

(∗) 0 → M0 → M
π−→ I → 0, where I = π(M).

By the beginning case of the induction (applied to the finitely generated
submodule I ⊆ enk), we have enk = I ⊕ J for some k-submodule J ⊆ enk.
Thus, I is projective. Hence (∗) splits, and M0 is finitely generated. By the
inductive hypothesis, P0 = M0 ⊕ N for some k-module N . Since P0 +M =
P0 + I, we have now

P = P0 ⊕ I ⊕ J = (P0 +M)⊕ J = M ⊕ (N ⊕ J),

as desired.

Comment. As far as I can ascertain, the conclusion of this exercise first
appeared in I. Kaplansky’s paper, “Projective modules,” Annals of Math.
68 (1958), 372–377.

Note that the proof above can be used to show that M is isomorphic to
a finite sum of right ideals of the form e · k where the e’s are idempotents
of k. In fact, in Theorem 4 of the above paper, Kaplansky showed that
any projective right k-module (finitely generated or otherwise) is always a
direct sum of right ideals of the form e · k where the e’s are idempotents
of k.

Ex. 6.20. Show that the conclusion of the last exercise is equivalent to
the fact that, if k is a von Neumann regular ring, then so is Mn(k) for any
n ≥ 1.

Solution. For any endomorphism f : kn → kn, im(f) is finitely generated.
By the last exercise, im(f) is a direct summand of kn, and hence a projective
k-module. This implies that ker(f) is finitely generated, and hence also a



96 Chapter 2. Jacobson Radical Theory

direct summand of kn. By Ex. 4.14A1, it follows that Mn(k) ∼= Endk(kn)
is von Neumann regular.

Conversely, suppose Mn(k) is von Neumann regular for all n ≥ 1. To
solve the last exercise, we may again restrict ourselves to the case where
M is a finitely generated (right) k-submodule of P = kn. By enlarging n if
necessary, we may assume that M can be generated by n elements. Thus
M = im(f) for some f ∈ Endk(kn) ∼= Mn(k). Since Mn(k) is von Neumann
regular, Ex. 4.14A1 implies that M is a direct summand of kn.

Comment. Of course, it is also possible to give a proof for the fact that
Mn(k) is von Neumann regular if k is by using direct matrix computations.
See the solution to Ex. 21.10B.

It is natural to ask what happens if Mn(k) is replaced by MN(k), the ring
of column-finite N × N-matrices over k (which is the endomorphism ring
of the infinite-rank free module k ⊕ k ⊕ · · · ). Such a replacement brings a
radical change: according to Ex. 4.14A3, MN(k) is von Neumann regular iff
k is a semisimple ring !

Ex. 6.21. (Auslander, McLaughlin, Connell) For any nonzero ring k and
any group G, show that the group ring kG is von Neumann regular iff k
is von Neumann regular, G is locally finite (that is, any finite subset in G
generates a finite subgroup), and the order of any finite subgroup of G is a
unit in k.

Solution. First suppose R = kG is von Neumann regular. As a quotient
ring of R, k is certainly von Neumann regular. Consider any finite subgroup
E ⊆ G, say of order m. It suffices to show that any prime p | m is a unit in
k. To see this, we fix an element σ ∈ E of order p (which exists by Cauchy’s
Theorem). Taking an element α ∈ R such that 1− σ = (1− σ)α(1− σ), we
can argue as in the proof of FC -(6.1) that p ∈ U(k). Finally, let H be a
subgroup of G generated by a finite set of elements, say h1, . . . , hn. It is
easy to see that

I :=
∑
h∈H

R · (h − 1) =
n∑
i=1

R · (hi − 1)

(using facts such as h−1
i − 1 = h−1

i (1− hi), and hihj − 1 = hi(hj − 1) +
hi − 1). Since R is von Neumann regular, I = Re for some idempotent e.
Now I is contained in the augmentation ideal of R, so e �= 1 (since k �= 0).
Thus, f := 1− e �= 0. But for any h ∈ H,

(h − 1)f ∈ I · f = R · ef = 0 =⇒ f = hf.

Since f involves only finitely many elements of G, this implies that
|H| < ∞.

For the converse, let us assume the given conditions on k and G. Con-
sider any element α = a1h1 + · · ·+ anhn ∈ R (ai ∈ k, hi ∈ G), for which we
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want to show α ∈ αRα. Let H be the (finite) subgroup of G generated by
h1, . . . , hn. Since α ∈ kH, we are done if we can show that S := kH is von
Neumann regular. Consider any principal left ideal, say S · β, where β ∈ S.
Viewing S · β ⊆ S as k-modules, we have

S ∼= k|H| and S · β =
∑
h∈H

k · (hβ).

Since k is von Neumann regular, S · β is a direct summand of S as k-
modules (by Ex. 19). From Ex. 3 (which applies since |H| ∈ U(k)), it follows
that S · β is a direct summand of S as S-modules. This checks that S is
von Neumann regular, as desired.
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Chapter 3
Introduction to
Representation Theory

§7. Modules over Finite-Dimensional
Algebras

In this new chapter, we shift our main emphasis from rings to modules.
More specifically, we study modules over finite-dimensional k-algebras,
where k is a field. For such an algebra R, R/rad R is a finite-dimensional
semisimple k-algebra, whose structure is completely determined byWedder-
burn’s Theorem. Thus, the study of simple (and semisimple) left R-modules
is well under control.

In studying finite-dimensional k-algebras R, it is often essential to con-
sider base field extensions K/k, and the associated algebra scalar extensions
RK = R ⊗k K. This leads quickly to the notion of an absolutely irreducible
module: an irreducible (left) R-module M is said to be absolutely irreducible
if MK = M ⊗k K remains irreducible over RK for any field extension K/k.
(An equivalent condition is that End (RM) = k : see FC-(7.5).) We say that
a field K/k is a splitting field for R (or that R splits over k) if every (left)
irreducible RK-module is absolutely irreducible. (An equivalent condition
is that RK/rad (RK) is a finite direct product of matrix algebras over K:
see FC-(7.7).) Roughly speaking, if K/k is a splitting field for R, the classi-
fication of simple modules reaches a “stable state” when we go to the scalar
extension algebra RK . The precise meaning of this is given in FC-(7.14);
see also Exercise 8 below.

Another advantage of the k-algebra setting is that we can define char-
acters of finite-dimensional R-modules. In characteristic 0, the characters
of such a module determines its composition factors (FC-(7.19)). In the
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case of a split algebra, independently of the field characteristic, characters
determine the simple modules (FC-(7.21)).

The exercises in this section mostly deal with the concept of splitting,
and with the behavior of finite-dimensional modules under scalar extensions
of the ground field.

Exercises for §7
In the following exercises, k denotes a field.

Ex. 7.1. Let M,N be finite-dimensional modules over a finite-dimensional
k-algebra R. For any field K ⊇ k, show that MK and NK have a common
composition factor as RK-modules iff M and N have a common composi-
tion factor as R-modules.

Solution. Fix a composition series

0 = M0 � M1 � · · · � Mn = M

for M . Then

0 = MK
0 � MK

1 � · · · � MK
n = MK

can be refined into a composition series for MK . Therefore, if {Vi} are the
composition factors of M , then those of MK are the composition factors of
{V Ki }. This gives immediately the “if” part of the Exercise, and the “only
if” part also follows by an appeal to FC -(7.13)(2).

Ex. 7.2. Let R be a finite-dimensional k-algebra which splits over k. Show
that, for any field K ⊇ k, rad (RK) = (rad R)K .

Solution. Without any assumptions on k, the nilpotency of (rad R)K

implies that (rad R)K ⊆ rad(RK) (see FC-(5.14), and also Exercise 7 be-
low). Now assume R splits over k. The quotient R(R/rad R) is a semisim-
ple R-module. Since every simple R-module remains a simple RK-module
upon scalar extension to K, (R/rad R)K remains a semisimple RK-module.
Therefore, rad(RK) annihilates

(R/rad R)K = RK/(rad R)K ,

which amounts precisely to rad (RK) ⊆ (rad R)K .

Ex. 7.3. Let R be a finite-dimensional k-algebra, M be an R-module and
E = EndRM . Show that if f ∈ E is such that f(M) ⊆ (rad R)M , then
f ∈ rad E.
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Solution. Let

I = {f ∈ E : f(M) ⊆ (rad R)M}.
It is routine to check that I is an ideal in the endomorphism ring E. For
this ideal I, we have InM ⊆ (rad R)nM . Since rad R is nilpotent, InM = 0
for a sufficiently large n, so In = 0. This implies that I ⊆ rad E, as desired.

Ex. 7.4. Let R be a left artinian ring and C be a subring in the center Z(R)
of R. Show that Nil C = C ∩ rad R. If R is a finite-dimensional algebra over
a subfield k ⊆ C, show that rad C = C ∩ rad R.

Solution. Let a ∈ Nil C. Then aR is a nil ideal of R, so aR ⊆ rad R. This
shows that Nil C ⊆ C ∩ rad R. For the converse, note that rad R is nil (in
fact nilpotent, since R is left artinian). Therefore, C ∩ rad R ⊆ Nil C. Now
assume dimkR < ∞, where k is a field ⊆ C. Then we also have dimkC < ∞,
so rad C is nil(potent). This implies that rad C = Nil C = C ∩ rad R, as
desired.

Comment. In the case when C = Z(R) where R is any left artinian ring,
the equality rad C = C ∩ rad R always holds. The proof is considerably
harder: see Exercise 21.25 below.

Ex. 7.5. Let R be a finite-dimensional k-algebra which splits over k. Show
that any k-subalgebra C ⊆ Z(R) also splits over k.

Solution. By Exercise 4, rad C = C ∩ rad R. Therefore, we have a k-
embedding ϕ : C/rad C → R/rad R. Since R splits over k,

R/rad R ∼=
r∏

Mni(k)

for suitable n1, . . . , nr (by FC-(7.7)). We have then

ϕ(C/rad C) ⊆ Z(R/rad R) ∼=
r∏

k.

We claim that every k-subalgebra of B : =
∏r

k is k-isomorphic to
∏s

k
for some s ≤ r. Assuming this claim, we will have

C/rad C ∼= ϕ(C/rad C) ∼=
s∏

k,

so by FC-(7.7), C splits over k. To prove our claim, consider a k-subalgebra
A ⊆ B. Since A is commutative, reduced, and artinian,

A = K1 × · · · × Ks

for suitable finite field extensions Ki/k (e.g. use the Wedderburn-Artin
Theorem!). We finish by showing that Ki = k for all i. Let ei be the identity
of Ki. For a suitable coordinate projection π of B =

∏r
k onto k, we have

π(ei) �= 0. Since π(ei) is an idempotent, we must have π(ei) = 1. Thus,
π defines a k-algebra homomorphism from Ki to k, and it follows that
π : Ki ∼= k, as desired.
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Comment. If C is not assumed to be in the center Z(R) of R, the conclusion
in the Exercise may no longer hold. For instance, take k = R and R =
M2(R). Then R splits over R. However, the R-subalgebra

C =
{(

a −b
b a

)
: a, b ∈ R

}
⊆ R

is R-isomorphic to C, which does not split over R. Of course, here

C �⊂ Z(R) = R.

Alternatively, we can also take R = M4(R), and C to be an R-subalgebra
of R isomorphic to the division ring of real quaternions: see FC-p. 15. Many
other counterexamples can be constructed using group algebras, say over
Q. For “most” finite groups G,C = QG fails to split over Q. However, by
Cayley’s Theorem, G can be embedded in the symmetric group Sn for some
n, and a well-known theorem in the representation theory of groups says
that R = QSn (which contains C) always splits over Q.

Ex. 7.6. For a finite-dimensional k-algebra R, let T (R) = rad R+ [R,R],
where [R,R] denotes the subgroup ofR generated by ab − ba for all a, b ∈ R.
Assume that k has characteristic p > 0. Show that

T (R) ⊆ {a ∈ R : ap
m ∈ [R,R] for some m ≥ 1},

with equality if k is a splitting field for R.

Solution. For a ∈ T (R), write a = b+ c where b ∈ rad R and c ∈ [R,R].
By FC-(7.15), we have for every m:

bp
m

= (a − c)p
m ≡ ap

m − cp
m ≡ ap

m

(mod [R,R]).

Choosing m to be large enough, we have bp
m

= 0 (since rad R is nil).
Therefore, the above congruence shows that ap

m ∈ [R,R]. Now assume k
is a splitting field for R, and let a ∈ R be such that ap

m ∈ [R,R] for some
m. Let

R = R/rad R ∼=
∏
i

Ai

where Ai = Mni(k). Our job is to show that a = a+ rad R belongs to
[R,R]. Using the direct product decomposition above, we are reduced to
showing that, for any i, the image ai ∈ Ai of a belongs to [Ai, Ai] (given
that ap

m

i ∈ [Ai, Ai] for some m). Therefore, we may as well assume that
R = Mn(k). Here, let us compare

T ′(R) : = {a ∈ R : ap
m ∈ [R,R] for some m ≥ 1}

with T (R) = [R,R]. By FC-(7.15) again, T ′(R) is a k-subspace of R con-
taining T (R). But by FC-(7.16), T (R) has codimension 1 in R. Since

a = diag(1, 0, . . . , 0) �∈ T ′(R)

(also by FC-(7.16)), we must have T (R) = T ′(R).
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Ex. 7.7. Using FC-(4.1) and FC-(7.13), give another proof for the fact
(already established in FC-(5.14)) that for any finite-dimensional k-algebra
R and any field extension K ⊇ k, (rad R)K ⊆ rad(RK).

Solution. By FC-(4.1), it suffices to show that (rad R)K annihilates any
simple left RK-module V . But by FC-(7.13)(1), V is a composition factor
of MK for some simple left R-module M . Since (rad R)M = 0, it follows
that (rad R)KMK = 0. But then (rad R)KV = 0, as desired.

Ex. 7.8. Let R be a finite-dimensional k-algebra and let L ⊇ K ⊇ k be
fields. Assume that L is a splitting field for R. Show that K is a splitting
field for R iff, for every simple left RL-module M , there exists a (simple)
left RK-module U such that UL ∼= M .

Solution. The “only if” part follows directly from FC-(7.14). For the “if”
part, assume every simple (left) RL-module “comes from” a simple RK-
module. Let M1, . . . ,Mn be all the distinct simple RL-modules, and let
Mi = ULi , where U1, . . . , Un are (necessarily distinct) simple RK-modules.
If there is another simple RK-module V not isomorphic to any Ui, then by
FC-(7.13)(2), a composition factor of V L would give a simple RL-module
not isomorphic to any Mi, a contradiction. Thus, {U1, . . . , Un} give all the
distinct simple RK-modules. Each Ui remains irreducible over L and hence
over the algebraic closure of L. Therefore, each Ui is absolutely irreducible
(by FC-(7.5)), and we have proved that K is a splitting field for R.

Ex. 7.9. If K ⊇ k is a splitting field for a finite-dimensional k-algebra R,
does it follow that K is also a splitting field for any quotient algebra R
of R?

Solution. Since this fails for subalgebras (see Comment following Exercise
5), an impulsive guess might be that it also fails for quotient algebras.
However, the statement turns out to be true for quotient algebras. To prove
this, we may assume that K = k. Consider the natural surjection ϕ : R →
R. Any simple left R-module V may be viewed as a simple left R-module
via ϕ. For any field extension L ⊇ k, V L remains simple as a left RL-
module. Therefore, V L is also a simple left R

L
-module. This shows that V

is absolutely irreducible, so k is indeed a splitting field for R.

Ex. 7.10. Let R be a k-algebra where k is a field, and M,N be left R-
modules, with dimkM < ∞. In FC-(7.4), it was shown that, for any field
extension K ⊇ k, the natural map

θ : (HomR(M,N))K −→ HomRK (MK , NK)

is an isomorphism of K-vector spaces. Replacing the hypothesis dimkM <
∞ by “M is a finitely presented R-module,” give a basis-free proof for the
fact that θ is a K-isomorphism.
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Solution. First consider the special case when M ∼= Rn. In this case, we
have the canonical isomorphisms

(HomR(M,N))K ∼= (HomR(Rn, N))K ∼= (nN)K ∼= n · NK ,

HomRK (MK , NK) ∼= HomRK

(
(RK)n, NK

) ∼= n · NK .

From this, we can safely conclude that θ is an isomorphism. (Some commu-
tative diagrams must be checked, but it is mostly routine work.) Next we
assume M is a finitely presented R-module, which means that there exists
an exact sequence of R-modules

M1 → M2 → M → 0

where M1 = Rn and M2 = Rm. Applying the left-exact Hom-functors into
N and into NK , we have the following commutative diagram:

0 → (HomR(M,N))K → (HomR(M2, N))K → (HomR(M1, N))K

↓ θ ↓ θ2 ↓ θ1

0 →HomRK (MK , NK)→HomRK (MK
2 , NK)→HomRK (MK

1 , NK)

Since θ1, θ2 are both isomorphisms, an easy diagram chase shows that θ is
also an isomorphism.

§8. Representations of Groups
In this section, we specialize our finite-dimensional k-algebras to group
algebras R = kG, where G is any finite group. Here, the module theory over
R becomes the theory of representations of the group G. In this beautiful
theory, groups, rings, and modules find a common melting pot, and group
characters emerge as a central notion unifying the three.

In studying group representations, one needs to distinguish “ordi-
nary representations” (char k � |G|) from “modular representations” (char
k| |G|). The theory of modular representations is quite deep, and requires
various sophisticated tools. Here, one has to deal with indecomposable
modules as well as irreducible ones. In a beginning treatment, one usu-
ally focuses on ordinary representation theory, and postpones the modular
theory in order to avoid excessive technical difficulties. Our approach to
basic representation theory in this section is certainly guided by this piece
of traditional wisdom.

The theory of group characters works particularly well in characteristic
zero over a splitting field. In this case, the character table of the group
G encodes much of the key information about G itself (although it is not
sufficient to determine G). The characters of a group are usually eminently
computable, since so many precise facts are known about them. Quite often,
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information about the characters of a group G can be used to prove purely
group-theoretic facts about G. Burnside’s Theorem on the solvability of
groups of order paqb has remained the quickest and one of the most beau-
tiful applications of the theory of group characters. The Feit-Thompson
Theorem on the solvability of groups of odd order went much further in
combining character-theoretic methods with purely group-theoretic meth-
ods. With the proof of the odd-order theorem, the theory of finite group
representations was elevated to a new plateau.

The many exercises in this section deal with examples of representa-
tions and their characters, explicit computations of the decompositions of
semisimple group algebras, units of integral group rings, and the isomor-
phism problem for group algebras. Most problems are in the framework of
ordinary representations, but a couple of elementary problems on modular
representations (cf. Exs. 11, 12, 26, 30, 31) offer a quick glimpse into what
happens in the world of characteristic p| |G|. Some familiarity with basic
finite group theory on the part of the reader will be assumed throughout
these exercises.

Exercises for §8
Ex. 8.1. Give an example of a pair of finite groups G,G′ such that, for
some field k, kG ∼= kG′ as k-algebras, but G �∼= G′ as groups.

Solution. Let G,G′ be abelian groups of order n, and let k = C. Since
k has no proper algebraic extensions, Wedderburn’s Theorem implies that
kG, kG′ are both isomorphic (as k-algebras) to k × · · · × k (n factors). But
of course, G and G′ need not be isomorphic!

Comment. The solution to the above problem was easy since we were al-
lowed to pick the field k. (See also Exercise 15). If the field k is speci-
fied, the problem of deciding whether kG ∼= kG′ implies G ∼= G′ can be
much harder. There are various affirmative results. For instance, a theo-
rem of Perlis and Walker states that, for finite abelian groups G and G′,
QG ∼= QG′ (as Q-algebras) does imply G ∼= G′. (See their article in Trans.
Amer. Math. Soc. 68 (1950), 420–426.) But if p is a prime > 2 and G,G′ are
the two nonisomorphic nonabelian groups of order p3, then QG ∼= QG′. In
characteristic p, Deskins has shown that, for finite abelian p-groups G,G′,
and any field k of characteristic p, kG ∼= kG′ implies G ∼= G′. (See Duke
Math. J. 23 (1956), 35–40.) Most remarkably, Dade has constructed a pair
of nonisomorphic finite groups G,G′ such that kG ∼= kG′ (as k-algebras)
for all fields k. (See Math. Zeit. 119 (1971), 345–348.) For an exposition
of the work done on this kind of “Isomorphism Problem” over fields, see
Chapter 14 of Passman’s book “The Algebraic Structure of Group Rings”,
J. Wiley Interscience, 1977.
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The case of integral group rings (whether ZG ∼= ZG′ implies G ∼= G′)
presents yet another facet of the Isomorphism Problem: we have only barely
touched the “tip of the iceberg” of this problem in FC-(8.25).

For nilpotent (finite) groups, an affirmative answer to this problem has
been given by K. Roggenkamp and L. Scott (Ann. Math. 126 (1987), 593–
647). However, M. Hertweck has recently constructed two nonisomorphic
solvable groups G and G′ of order 221 · 9728 with ZG ∼= ZG′; see his paper
in Ann. Math. 154 (2001), 115–138. One remaining problem is whether
such examples can be found for odd-order groups. For an excellent survey
on the group ring Isomorphism Problem (and its interesting relations to
the various conjectures of Zassenhaus), see D. Passman’s feature review of
Hertweck’s article in MR 2002e:20010.

Ex. 8.2. Let k be a field whose characteristic is prime to the order of a
finite group G. Show that the following two statements are equivalent:

(a) each irreducible kG-module has k-dimension 1;
(b) G is abelian, and k is a splitting field for G.

Solution. For the proof, it is convenient to use the notations set up in FC-
(8.1). Assume (a). Then we have 1 = dimkMi = nidimkDi, which implies
that ni = 1 and dimk Di = 1. Therefore, Di = k, and we have

kG ∼= k × · · · × k

(since rad kG = 0 here). Clearly, this gives (b). Conversely, if (b) holds,
then ni = dimk Di = 1 for all i, and we have dimk Mi = ni dimk Di = 1,
as desired.

Ex. 8.3. Let G = S3. Show that QG ∼= Q × Q × M2(Q) and compute the
central idempotents of QG that give this decomposition of QG into its
simple components. Compute, similarly, the decompositions of QG1,QG2,
where G1 is the Klein 4-group, and G2 is the quaternion group of order 8.

Solution. Since the three irreducible complex representations of G = S3
can be defined over Q, we know that Q is a splitting field for G. The
dimension equation |G| = ∑

χi(1)2 here is 6 = 12 + 12 + 22, so we have

QG ∼= Q × Q × M2(Q).

The three central idempotents of QG giving such a decomposition can be
read off from FC-(8.15)(1), by using the character table of S3. They are:

e1 = 1
6 {(1) + (123) + (132) + (12) + (23) + (13)} ,

e2 = 1
6 {(1) + (123) + (132)− (12)− (23)− (13)} ,

e3 = 1− e1 − e2 = 2
3 (1)− 1

3 (123)− 1
3 (132).

Next, let G1 be the Klein 4-group 〈a〉 × 〈b〉. Here,

QG1 ∼= Q × Q × Q × Q,
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and the (central) idempotents giving this decomposition are determined
again from the irreducible characters:

e1 = 1
4 (1 + a+ b+ ab), e2 = 1

4 (1 + a − b − ab),

e3 = 1
4 (1− a+ b − ab), e4 = 1

4 (1− a − b+ ab).

Finally, let G2 be the quaternion group {1, i, j, k, ε, εi, εj, εk}. Since there
is an irreducible QG2-module given by the rational quaternions H0, and
four 1-dimensional QG2-modules, we have

QG2 ∼= Q × Q × Q × Q × H0.

For the corresponding central idempotents, we can first construct the
ones associated with the linear characters (cf. Exercise 18 below):

e1 = 1
8 (1 + ε+ i+ εi+ j + εj + k + εk),

e2 = 1
8 (1 + ε − i − εi+ j + εj − k − εk),

e3 = 1
8 (1 + ε+ i+ εi − j − εj − k − εk),

e4 = 1
8 (1 + ε − i − εi − j − εj + k + εk).

The last central idempotent can then be obtained as:

e5 = 1− e1 − e2 − e3 − e4 = 1
2 (1− ε).

(This is indeed an idempotent, as e2
5 = 1

4 (1− 2ε+ ε2) = 1
2 (1− ε) = e5.)

Ex. 8.4. Let R = kG where k is any field and G is any group. Let I be the
ideal of R generated by ab − ba for all a, b ∈ R. Show that R/I ∼= k[G/G′]
as k-algebras, where G′ denotes the commutator subgroup of G. Moreover,
show that I =

∑
a∈G′ (a − 1)kG.

Solution. Let G be the abelian group G/G′. Then kG is a commuta-
tive ring, so the natural ring homomorphism ϕ0 : R → kG sends ab − ba
to zero, for all a, b ∈ R. This shows that ϕ0(I) = 0, so ϕ0 induces a k-
algebra homomorphism ϕ : R/I → kG. Next, we shall try to construct a k-
algebra homomorphism ψ : kG → R/I. Consider the group homomorphism
ψ0 : G → U(R/I) defined by ψ0(g) = g + I. Since

ψ0(gh) = gh+ I = hg + I = ψ0(hg) (∀g, h ∈ G),

ψ0 induces a group homomorphism G → U(R/I), which in turn induces a
k-algebra homomorphism ψ : kG → R/I. It is easy to check that ψ and ϕ
are mutually inverse maps, so we have R/I ∼= kG.

To prove the last part of the Exercise, let

J =
∑
a∈G′

(a − 1)kG.
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Since G′ is normal in G, we have for any g ∈ G and a ∈ G′:

g(a − 1)kG = (gag−1 − 1)g · kG ⊆ J,

so J is an ideal in kG. The same method above can be used to show that
R/J ∼= kG. From this, we conclude easily that I = J .

Ex. 8.5. For any field k and for any normal subgroup H of a group G,
show that kH ∩ rad kG = rad kH.

Solution. Even without H being normal in G, we have in general

kH ∩ rad kG ⊆ rad kH,

by Exercise 6.4. Therefore, it suffices to prove that, if H is normal in
G, then rad kH ⊆ rad kG. Consider any simple left kG-module V . By
Clifford’s Theorem FC-(8.5), kHV is a semisimple kH-module. Therefore,
(rad kH)V = 0. By FC-(4.1), this implies that rad kH ⊆ rad kG.

Comment. If H is not normal in G, the inclusion rad kH ⊆ rad kG may
not be true, even when H,G are finite groups. To construct an explicit
example, let k be any field of characteristic 2, G = S3, and H = 〈(12)〉.
Then y = 1 + (12) ∈ rad kH, but we claim that y �∈ rad kG. Indeed, if
y ∈ rad kG, then

1 + (23)y = 1 + (23) + (132) ∈ U(kG).

Suppose a+ b(12) + c(13) + d(23) + e(123) + f(132) is its inverse. A quick
calculation leads to six incompatible linear equations in a, b, . . . , f .

Ex. 8.6. In the above Exercise, assume further that [G : H] is finite and
prime to char k. Let V be a kG-module and W be a kH-module. Show
that

(1) V is a semisimple kG-module iff kHV is a semisimple kH-module.
(2) W is a semisimple kH-module iff the induced module kG ⊗kH W is a
semisimple kG-module.

Solution. (1) The “only if” part follows from Clifford’s Theorem FC-(8.5),
since a semisimple kG-module is a direct sum of simple kG-modules. The
“if” part is the earlier Exercise 6.1.

For (2), let V = kG ⊗kH W , and let G =
⋃
i xiH be the coset decompo-

sition with respect to H. Then kG =
⊕

xikH, and so V =
⊕

xi ⊗kH W .
Here, each xi ⊗kH W is a kH-submodule of V . Indeed, for any h ∈ H, we
have h′ : = x−1

i hxi ∈ H, so for any w ∈ W :

h(xi ⊗ w) = hxi ⊗ w = xih
′ ⊗ w = xi ⊗ h′w.

This shows, in fact, that the kH-module xi ⊗kH W is just a “twist” of kHW
(using the automorphism of H induced by the conjugation by xi). Assume
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that kHW is semisimple. It is easy to see that the “twisted” kH-modules
xi ⊗kH W are also semisimple. Therefore, kHV is semisimple, and part (1)
above implies that kGV is semisimple. Conversely, if kGV is semisimple,
then by part (1) so is kHV . Since W = 1⊗kH W is a kH-submodule of
kHV , it is also semisimple.

Ex. 8.7. (Villamayor, Green-Stonehewer, Willems) Let k be a field, and H
be a normal subgroup of a finite group G. Show that rad kG = kG · rad kH
iff char k � [G : H].

Solution. Write G =
⋃
i xiH as in the solution of Exercise 6. First assume

char k � [G : H]. Since kG =
⊕
i xikH, any α ∈ rad kG can be written in

the form
∑

xiαi where αi ∈ kH. We claim that each αi ∈ rad kH. In-
deed, consider any simple kH-module W . By Exercise 6, kG ⊗kH W is a
semisimple kG-module, so

0 = α · kG ⊗kH W ⊇
∑

xiαi ⊗kH W =
∑

xi ⊗ αiW.

This implies that αiW = 0 for all i, so αi ∈ rad kH. We have now shown
that rad kG ⊆ kG · rad kH, and the reverse inclusion follows from Exercise
5. (Note that the work above actually yields an explicit dimension equation:
dimk rad kG = [G : H] dimk rad kH.)

For the converse, let us now assume that

rad kG = kG · rad kH.

Consider the group algebra R = k[G/H] as a left kG-module (via the action
of G on G/H). Since H acts as the identity on R, the augmentation ideal of
kH acts as zero, and therefore so do rad kH and rad kG = kG · rad kH. We
can then view R as a kG/rad kG-module. Since kG/rad kG is a semisimple
ring, R is a semisimple kG/rad kG-module. Therefore, R is also a semisim-
ple module over kG and over R, so R is itself a semisimple ring. Now
FC-(6.1) implies that char k � [G : H].

Ex. 8.8. Let G be a finite group such that, for some field k, kG is a finite
direct product of k-division algebras. Show that any subgroup H ⊆ G is
normal.

Solution. Since kG is semisimple, |G| is a unit in k, by FC-(6.1). There-
fore, for any given H ⊆ G, we can form the element

e = |H|−1
∑
h∈H

h ∈ kH ⊆ kG.

We have

e2 = |H|−2 · |H|
∑
h∈H

h = e,
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so e is an idempotent. Writing kG = D1 × · · · × Dr where the Di’s are
division rings, we see that any idempotent in kG is central. Therefore, for
any g ∈ G, we have geg−1 = e. This implies that gHg−1 = H, so H ✁ G.

Comment. A group G is said to be Hamiltonian if any subgroup H ⊆ G is
normal. (In some books, G is also required to be nonabelian.) The structure
of (finite or infinite) Hamiltonian groups is completely known: see Theorem
12.5.4 in Marshall Hall’s book “The Theory of Groups,” Macmillan, 1959.

Ex. 8.9. Show that the First Orthogonality Relation in FC-(8.16)(A) can
be generalized to ∑

g∈G
χi(g−1)χj(hg) = δij |G|χi(h)/ni,

where h is any element in G, and ni = χi(1). (FC-(8.16)(A) was the special
case of this formula for h = 1.)

Solution. Here χi are the characters of the simple left kG-modules, where
k is a splitting field for G of characteristic not dividing |G|. The proof
depends on the expressions for the central idempotents in kG giving the
Wedderburn decomposition of kG into its simple components. According
to FC-(8.15)(1), these central idempotents are given by

ei = |G|−1ni
∑
g∈G

χi(g−1)g.

Now use the equations eiej = δijei, where the δij ’s are the Kronecker deltas.
The coefficient of h−1 on the RHS is δij |G|−1niχi(h), and the coefficient
of h−1 on the LHS is

ninj |G|−2
∑
g∈G

χi(g−1)χj(hg).

Therefore, the desired formula follows.

Ex. 8.10. Under the same assumptions on kG as in Exercise 9, let Fk(G)
be the k-space of class functions on G, given the inner product

[µ, ν] =
1
|G|

∑
g

µ(g−1)ν(g).

Show that, for any class function f ∈ Fk(G), there is a “Fourier expansion”
f =

∑
i [f, χi] χi, and that, for any two class functions f, f ′ ∈ Fk(G), there

is a “Plancherel formula”

[f, f ′] =
∑
i

[f, χi] [f ′, χi].

Assuming that char k = 0, show that f = χM for some kG-module M
iff [f, χi] is a nonnegative integer for all i, and that M is irreducible iff
[χM , χM ] = 1.
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Solution. We know that the irreducible characters {χi} form an orthonor-
mal basis for Fk(G) under [ , ]. If f =

∑
i aiχi, we see immediately that

[f, χj ] = [
∑
i

aiχi, χj ] = aj .

If similarly, f ′ =
∑
i a′
iχi, then

[f, f ′] = [
∑
i

aiχi,
∑
j

a′
jχj ] =

∑
i

aia
′
i

=
∑
i

[f, χi] [f ′, χi].

If f = χM , we can resolve χM into
∑

siχi where the si’s are nonnegative
integers. In this case [f, χi] = si, as desired. Conversely, if si : = [f, χi] are
nonnegative integers, we can form the module M : =

⊕
i siMi where Mi is

the simple kG-module affording the character χi. Then

f =
∑
i

[f, χi] χi =
∑
i

siχi = χM ,

as desired. If M is an irreducible kG-module, say M ∼= Mi, then χM = χi
and of course [χM , χM ] = [χi, χi] = 1. Conversely, let M be a kG-module
with [χM , χM ] = 1. Write χM =

∑
siχi as before, where si ≥ 0. Then∑

s2
i = 1. Since char k = 0, we must have some si = 1 and other sj ’s zero.

Therefore χM = χi, and M ∼= Mi by FC-(7.19).

Ex. 8.11. Let k be the algebraic closure of Fp and K = k(t), where t is
an indeterminate. Let G be an elementary p-group of order p2 generated
by a, b. Show that

(∗) a �→ A =
(
1 1
0 1

)
, b �→ B =

(
1 t
0 1

)
defines a representation of G over K which is not equivalent to any repre-
sentation of G over k.

Solution. Since Ap = Bp = I and AB = BA, (∗) defines a representation
D : G → GL2(K). We shall prove a slightly stronger statement: For any
extension field L ⊇ K, D cannot be equivalent over L to any representation
of G over k. Indeed, assume otherwise. Then there exists

U =
(
a b
c d

)
∈ GL2(L)

which conjugates both A and B into GL2(k). By explicit matrix multipli-
cation,

U−1BU = e−1
( ∗ td2

−tc2 ∗
)

, U−1AU = e−1
( ∗ d2

−c2 ∗
)

,
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where e = det U = ad − bc ∈ L*. Therefore,

td2e−1, d2e−1, tc2e−1, c2e−1

all belong to k. Now c, d cannot both be zero, since U ∈ GL2(L). If c �= 0,
we have t = tc2e−1/c2e−1 ∈ k. If d �= 0, we have similarly

t = td2e−1/d2e−1 ∈ k.

This gives the desired contradiction.

Ex. 8.12. Let k be any field of characteristic 2, and let G = S4. Let M be
the kG-module given by

ke1 ⊕ · · · ⊕ ke4/k(e1 + · · ·+ e4),

on which G acts by permuting the ei’s. Compute the kG-composition fac-
tors of M .

Solution. We think of V as a k-space with basis e1, e2, e3, and an element
e4 = e1 + e2 + e3. Let

W = k(e1 + e2)⊕ k(e2 + e3).

Since W also contains (e1 + e2) + (e2 + e3) = e1 + e3 and e4 + ei for 1 ≤
i ≤ 3, we see that W is a kG-submodule of V . Clearly, V/W is the 1-
dimensional trivial kG-module. We finish by showing that W is irreducible.
(If so, the composition factors of V are W and V/W .) Assume, on the
contrary, that W is reducible. Then there exists a “line” kv in W stabilized
by G. Let

v = a(e1 + e2) + b(e2 + e3) �= 0.
Since (123) is a commutator in S3 ⊂ S4, we must have

a(e1 + e2) + b(e2 + e3) = (123)v = a(e2 + e3) + b(e3 + e1).

Comparing the coefficients of e1, e2, e3, we get a = b = 0, a contradiction.

Ex. 8.13. Let k be a field of algebraic numbers, and A be its ring of
algebraic integers. Let G be any finite group. Using the character of the
regular representation of G, give another proof for the fact (FC-(8.26)) that
AG has no idempotents except 0 and 1.

Solution. Let e =
∑

agg and e′ = 1− e be complementary idempotents in
AG, and let R = kG. We write χreg for the character associated with the left
regular module RR. Then χreg(e) is the trace of the linear transformation
E : R → R defined by left multiplication by e. Decomposing R into eR ⊕
e′R, we observe that E is zero on e′R, and the identity on eR. Therefore,
χreg(e) = dimk(eR). On the other hand, χreg(e) = a1 · |G|. Therefore,

a1 = |G|−1dimk(eR) ∈ Q ∩ A = Z.

Since we also have 0 ≤ a1 ≤ 1, we see that a1 = 0 or 1. If a1 = 0, we have
eR = 0, so e = 0. If a1 = 1, then |G| = dimk(eR), and we have e′ = 0; that
is, e = 1.
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Comment. The proof given above is due to D. Coleman; see his article in
Proc. Amer. Math. Soc. 17 (1966), p. 961. The idea of computing the trace
of the linear map E by using a decomposition of R = kG is rather akin to
that used for the proof of Littlewood’s Formula in Exercise 25 below.

Ex. 8.14. (Kaplansky) Let G = 〈x〉 be a cyclic group of order 5. Show
that u = 1− x2 − x3 is a unit of infinite order in ZG, with inverse v =
1− x − x4. Then show that

U(ZG) = 〈u〉 × (±G) ∼= Z ⊕ Z2 ⊕ Z5.

For the more computationally inclined reader, show that a = 2x4 − x3 −
3x2 − x+ 2 is a unit of infinite order in ZG, with inverse b = 2x4 − 3x3 +
2x2 − x − 1.

Solution. Let R = Z[ζ] where ζ is a primitive 5th root of unity. By Dirich-
let’s Unit Theorem, U(R) has rank 1. To shorten the proof, we shall assume
the number-theoretic fact that 1 + ζ is a fundamental unit in R, that is,

U(R) = 〈1 + ζ〉 · {±ζi}.

(Of course, 1 + ζ has infinite order. Its inverse is −(ζ + ζ3).) Now con-
sider the projection ϕ : ZG → R defined by ϕ(x) = ζ. We claim that
ϕ : U(ZG) → U(R) is an injection. To see this, suppose

ϕ(α0 + α1x+ · · ·+ α4x
4) = 1,

where αi ∈ Z. This implies that

1 = α0 + α1ζ + α2ζ
2 + α3ζ

3 + α4(−1− ζ − ζ2 − ζ3)

= (α0 − α4) + (α1 − α4)ζ + (α2 − α4)ζ2 + (α3 − α4)ζ3,

so we have α1 = α2 = α3 = α4 = α (say), and α0 = 1 + α. On the other
hand, the “augmentation”

α0 + α1 + · · ·+ α4 = (1 + α) + 4α = 1 + 5α

must be ±1, since
∑

αix
i ∈ U(ZG). Therefore, we must have α = 0, and∑

αix
i = 1, which proves our claim.We can now determine U(ZG) by com-

puting ϕ(U(ZG)). Of course, ϕ(±G) = {±ζi}. A simple calculation using
the same ideas as above shows that

1 + ζ �∈ ϕ(U(ZG)).

On the other hand, uv = 1 (by direct calculation), and

ϕ(xu) = ζ(1− ζ2 − ζ3) = ζ − ζ3 + (1 + ζ + ζ2 + ζ3)

= 1 + 2ζ + ζ2 = (1 + ζ)2.
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This, together with ϕ(±G) = {±ζi}, imply that [U(R) : ϕ(U(ZG))] ≤ 2.
Since 1 + ζ �∈ ϕ(U(ZG)), equality must hold, and we must have

ϕ(U(ZG)) =
〈
(1 + ζ)2

〉 · {±ζi}, and therefore

U(ZG) = 〈xu〉 × (±G) = 〈u〉 × (±G) ∼= Z ⊕ Z2 ⊕ Z5.

We finish with a sketch of the proof that a is a unit of infinite order in ZG.
Again, we exploit the map ϕ. Note that

ϕ(a) = −2(1 + ζ + ζ2 + ζ3)− ζ3 − 3ζ2 − ζ + 2

= −ζ(3 + 5ζ + 3ζ2).

On the other hand,

(1 + ζ)4 = 1 + 4ζ + 6ζ2 + 4ζ3 − (1 + ζ + ζ2 + ζ3)

= ζ(3 + 5ζ + 3ζ2).

Therefore, ϕ(−a(xu)−2) = 1. Since −a(xu)−2 has clearly augmentation 1,
our earlier argument implies that −a(xu)−2 = 1. It follows that a = −(xu)2

is a unit of infinite order in ZG, with

a−1 = −(xu)−2 = −x3v2

= −x3(1− x − x4)2

= −x3(1 + x2 + x8 − 2x − 2x4 + 2x5)

= 2x4 − 3x3 + 2x2 − x − 1.

Comment. In general, for any finite abelian group G,

U : = U(ZG)

is known to be a finitely generated abelian group. The rank r of U can be
explicitly computed, and the torsion subgroup of U is ±G according to a
theorem of G. Higman. Therefore, U ∼= Zr × (±G). If G is only finite but
not necessarily abelian, U is still a finitely generated group, and the torsion
subgroup of the center of U is ±Z(G). This generalization of Higman’s
Theorem is proved in FC-(8.21). However, U may have elements of finite
order outside of ±G.

Ex. 8.15. For finite abelian groups G and H, show that RG ∼= RH as
R-algebras iff |G| = |H| and |G/G2| = |H/H2|.

Solution. Since G is abelian, Wedderburn’s Theorem gives:

RG ∼= R × · · · × R × C × · · · × C.
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Suppose there are s factors of R, and t factors of C, so that |G| = s+ 2t.
The number s is the number of 1-dimensional real representations of G.
This is the number of group homomorphisms from G to {±1} ⊆ R*, so
s = |G/G2|. Therefore, the isomorphism type of RG (as an R-algebra) is
uniquely determined by |G| and |G/G2|. The conclusion of the Exercise
follows immediately from this.

Comment. For instance, if G,H are abelian groups of odd order 2t+ 1,
then RG ∼= RH as R-algebras. In fact, the analysis above shows that both
group algebras are ∼= R × C × · · · × C with t factors of C.

Ex. 8.16. Show that, for any two groups G,H, there exists a (nonzero)
ring R such that RG ∼= RH as rings.

Solution. We claim that there exists a group K such that K × G ∼= K ×
H as groups. First let us assume this claim. Then Z[K × G] ∼= Z[K × H]
as rings. It is easy to see that

Z[K × G] ∼= (Z[K])[G], and similarly Z[K × H] ∼= (Z[K])[H].

Therefore, for the integral group ring R : = Z[K], we have RG ∼= RH as
rings.

To prove our claim, take the group

K = (G × H)× (G × H)× · · · .

We have

G × K ∼= G × (H × G)× (H × G)× · · ·
∼= (G × H)× (G × H)× · · · ∼= K, and

H × K ∼= H × (G × H)× (G × H)× · · ·
∼= (H × G)× (H × G)× · · · ∼= K.

In particular, G × K ∼= H × K, as desired.

Comment. The above kind of infinite constructions is sometimes referred
to as “Eilenberg’s trick.” Note that the construction also works if direct
sums are used in lieu of direct products. This enables us to use a “smaller”
group K: for instance, if G,H are countable, we can also take K to be
countable.

This exercise suggests that, for arbitrary rings R, we should not expect
the group ring RG to capture much of the information about the group
G. One very interesting case is, however, where R = Z and |G| < ∞, as we
have seen in the Comment on Ex. 1.
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Ex. 8.17. Using the theory of group representations, show that for any
prime p, a group G of order p2 must be abelian.

Solution. Say CG ∼= Mn1(C)× · · · × Mnr (C), with n1 = 1. Then

n2
1 + · · ·+ n2

r = |G| = p2.

But by FC-p. 129 (bottom of the page), each ni|p2. This clearly implies
that each ni = 1. In particular,

CG ∼= C × · · · × C,

so G is abelian.

Ex. 8.18. Let G = {±1,±i,±j,±k} be the quaternion group of order 8.
It is known that, over C, G has four 1-dimensional representations, and a
unique irreducible 2-dimensional representation D (FC-p. 120). Construct
D explicitly, and compute the character table for G.

Solution. Let H be the division ring of real quaternions. A well-known
model of H is the R-subalgebra{(

α β

−β α

)
: α, β ∈ C

}
⊆ M2(C).

Here, a real quaternion w + xi+ yj + zk ∈ H is “identified” with(
w + xi y + zi
−y + zi w − xi

)
= wI + x

(
i 0
0 −i

)
+ y

(
0 1
−1 0

)
+ z

(
0 i
i 0

)
.

In particular, we arrive at a 2-dimensional representation D : G → GL2(C)
with

(∗) D(1) = I, D(i) =
(
i 0
0 −i

)
, D(j) =

(
0 1
−1 0

)
, D(k) =

(
0 i
i 0

)
.

These matrices are easily checked to be C-linearly independent, so they
span M2(C). This implies that D is irreducible, so D is the representation
we want.

Another way to construct D is to embed C = R ⊕ Ri ⊂ H, and view CH
as an irreducible CG-module via the G-action

g ∗ h = hg−1 (g ∈ G, h ∈ H).

Note that this action is C-linear by the associative law on H. Using the left
C-basis {j,−1} on H, and noting that

i ∗ j = ij, i ∗ (−1) = i = (−i)(−1),

j ∗ j = 1 = (−1)(−1), j ∗ (−1) = j,
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we see that, under this “new” representation:

i �→
(
i 0
0 −i

)
, j �→

(
0 1
−1 0

)
.

Thus, we have retrieved the representation D.
Note that the C-independence of the matrices in (∗) implies that we

can identify C ⊗R H with M2(C) as C-algebras. Via this identification, the
CG-module affording the representation D is just the “canonical module”{(

a
b

)
: a, b ∈ C

}
over M2(C). In particular, if D0 denotes the irreducible

R-representation given by the RG-module H (see FC-p. 120), we have a
decomposition C ⊗R D0 ∼= D ⊕ D.

Using 1, i, j, k,−1 as the conjugacy class representatives for G (and
noting that 12 + 12 + 12 + 12 + 22 = 8 = |G|), we arrive at the following
character table:

1 i j k −1

χ1 1 1 1 1 1
χ2 1 1 −1 −1 1
χ3 1 −1 1 −1 1
χ4 1 −1 −1 1 1
χ5 2 0 0 0 −2

Comment. Note that the matrices in (∗) are unitary matrices, so D is a
unitary representation. If we multiply D(i), D(j), D(k) by −i, we get the
following three Hermitian matrices

σz =
(
1 0
0 −1

)
, σy =

(
0 −i
i 0

)
, σx =

(
0 1
1 0

)
.

These are the famous Pauli spin matrices, which are used by physicists
in the study of the quantum mechanical motion of a spinning electron.
The following relations among the Pauli spin matrices are familiar to all
quantum physicists:

σxσyσz = iI, σ2
x = σ2

y = σ2
z = I,

σxσy = −σyσx = iσz, σyσz = −σzσy = iσx, σzσx = −σxσz = iσy.

Ex. 8.19. Let G be the dihedral group of order 2n generated by two
elements r, s with relations rn = 1, s2 = 1 and srs−1 = r−1. Let θ = 2π/n.

(1) For any integer h (0 ≤ h ≤ n), show that

Dh(r) =
(
cos hθ −sin hθ
sin hθ cos hθ

)
, Dh(s) =

(
1 0
0 −1

)
defines a real representation of G.
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(2) Show that, over C, Dh is equivalent to the representation D′
h defined by

D′
h(r) =

(
e−ihθ 0
0 eihθ

)
, D′

h(s) =
(
0 1
1 0

)
.

(3) For n = 2m+ 1, show that D1, . . . , Dm give all irreducible representa-
tions of G (over R or over C) with dimensions > 1. For n = 2m, show the
same for D1, . . . , Dm−1.

(4) Construct the character table for G.

(5) Verify that the two nonabelian groups of order 8 (the dihedral group
and the quaternion group) have the same character table (upon a suitable
enumeration of the characters and the conjugacy classes of the two groups).

Solution. (1) We omit the routine check that Dh(r) and Dh(s) satisfy the
relations between r and s.

(2) Extending scalars to C, we can take in C2 the new basis{(
1
i

)
,

(
1
−i

)}
:

these are the eigenvectors of Dh(r), with corresponding eigenvalues e−ihθ

and eihθ. By using the new basis, we obtain the following diagonalization
of the rotation matrix Dh(r):(

1 1
i −i

)−1 (cos hθ −sin hθ
sin hθ cos hθ

)(
1 1
i −i

)
=
(
e−ihθ 0
0 eihθ

)
= D′

h(r).

By a simple calculation,(
1 1
i −i

)−1 (1 0
0 −1

)(
1 1
i −i

)
=
(
0 1
1 0

)
= D′

h(s).

(3) We first determine the 1-dimensional representations of G. Noting that

r−2 = (srs−1)r−1 ∈ [G,G],

we see that [G,G] is 〈r〉 when n = 2m+ 1, and
〈
r2
〉
when n = 2m. The

commutator quotient group G/[G,G] is therefore 〈s〉 and 〈r〉 × 〈s〉 accord-
ingly. In particular, G has 1-dimensional characters χ1, χ2 in the first case,
and χ1, χ2, χ3, χ4 in the second case. These will appear in the charac-
ter tables below. Let n = 2m+ 1, and let αh = χDh

for 1 ≤ h ≤ m. Since
αh(r) = 2cos hθ and 0 < hθ < π, we have αh �= αh′ for h �= h′. Also, since
χ1, χ2 take only values ±1, αh cannot decompose into a sum of the χi’s.
Therefore, Dh (1 ≤ h ≤ m) are irreducible over C. Since

χ1(1)2 + χ2(1)2 +
m∑
h=1

αh(1)2 = 2 + 4m = 2n = |G|,
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we have now found all the irreducible C-representations. The argument
for the case n = 2m is the same, by using αh = χDh

for 1 ≤ h ≤ m − 1.
(It is easy to see that Dh ∼= Dn−h in general, so it is not surprising that
we use only a subset of the Dh’s. Note also that, in the case n = 2m, the
representation Dm is useless, since it is obviously reducible.)

(4) For n = 2m+ 1, the conjugacy class representatives can be taken to be

{1, s, r, . . . , rj , . . . , rm}.

We have the character table (where 1 ≤ h ≤ m):

1 s r · · · rj · · · rm

x1 1 1 1 · · · 1 · · · 1
x2 1 −1 1 · · · 1 · · · 1
αh 2 0 2cos hθ · · · 2cos hjθ · · · 2cos hmθ

For n = 2m, the class representatives can be taken to be

{1, s, sr, r, . . . , rj , . . . , rm}.

Here we have the character table (where 1 ≤ h ≤ m − 1):

1 s sr r · · · rj(j < m) · · · rm

χ1 1 1 1 1 · · · 1 · · · 1
χ2 1 1 −1 −1 · · · (−1)j · · · (−1)m

χ3 1 −1 1 −1 · · · (−1)j · · · (−1)m

χ4 1 −1 −1 1 · · · 1 · · · 1
αh 2 0 0 2cos hθ · · · 2cos hjθ · · · 2(−1)h

(5) For m = 2, we have |G| = 8. Taking h = 1 and θ = π/2, the second
character table above (for the dihedral group of order 8) is seen to be the
same as that in Exercise 18 (for the quaternion group of order 8).

Ex. 8.20. Let G = S4, which acts irreducibly on

M = Qe1 ⊕ Qe2 ⊕ Qe3 ⊕ Qe4/Q(e1 + e2 + e3 + e4).

Let M ′ = σ ⊗ M , where σ denotes the sign representation of G. Show that
M ′ is equivalent to the representation D of G as the group of rotational
symmetries of the cube (or of the octahedron).
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Solution. We shall show that σ ⊗ D is equivalent to the representation
afforded by M . One way to show this is by using characters. On the five
conjugacy classes of G represented by

(1), (12), (123), (1234) and (12)(34),

χM takes the values (3, 1, 0,−1,−1) (cf. FC-p. 132). By writing down
the matrices D((1)), D((12)), . . ., etc., we see that χD takes the values
(3,−1, 0, 1,−1). Since (12), (1234) are odd and the other class represen-
tatives are even, we have χσ⊗D = χM , so σ ⊗ D is equivalent to M by
FC-(7.19). However, this formal computation of characters is not really
very illuminating. In the following, we shall give a more geometric proof
for the equivalence of σ ⊗ D with M .

A4

A3

A1́

A4́

A3́

A1

A2

j
A2́

i

k

We label the vertices of the cube as in the above picture, so that the
four long diagonals are AiA

′
i (1 ≤ i ≤ 4). Under the representation D, the

elements of G realize all the 24 permutations of the four long diagonals. We
now let G act on R3 by the twisted representation σ ⊗ D. To see that this
is “the same” as the representation M , we choose in R3 the four vectors

e1 = MOA1, e2 = MOA′
2, e3 = MOA3, e4 = MOA′

4.

Since MOA1 + MOA3 = 2Mk and MOA′
2 + MOA′

4 = −2Mk, we have

e1 + e2 + e3 + e4 = 0.

We finish by showing that, under σ ⊗ D, the action of any g ∈ G = S4 is
exactly the permutation action of g on {e1, e2, e3, e4}. Since G is generated
by (143) and (1234), it suffices to check the desired conclusion for g1 = (143)
and g2 = (1234). For the even permutation g1,

(σ ⊗ D)(g1) = D(g1)
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is a 120o-rotation about the axis A2A
′
2, under which

e1 → e4, e2 → e2, e3 → e1, e4 → e3,

as desired. For the odd permutation g2,

(σ ⊗ D)(g2) = −D(g2)

is the counterclockwise 90o-rotation about the z-axis followed by −I. Under
this 2-stage action:

e1 → MOA2 → MOA′
2 = e2, e2 → MOA′

3 → MOA3 = e3,

e3 → MOA4 → MOA′
4 = e4, e4 → MOA′

1 → MOA1 = e1.

Again, this is the permutation action of g2 on {e1, e2, e3, e4}.

Ex. 8.21. Show that, over Q, G = A5 has four irreducible representations,
of dimensions 1, 4, 5, 6 respectively.

Solution. Let R = QG. It will be convenient to assume the knowledge
of the irreducible CG-modules constructed in FC-p.133. The 4-dimensional
and 5-dimensional irreducible C-representations both come from irreducible
R-modules. Therefore, we have

R ∼= Q × M4(Q)× M5(Q)× S

where S is the product of the remaining simple components, with

dimQ S = 60− (12 + 42 + 52) = 18.

Let Mr(D) be a simple component of S, and let V be the corresponding
simple left R-module. By Exercise 7.1, V C must break into a sum of 3-
dimensional irreducible CG-modules. If V C does not involve both of these
modules, it would follow that one of the 3-dimensional irreducible char-
acters of G is rational-valued, which is not the case. Therefore, V C must
involve both of the 3-dimensional irreducible C-representations, and, by
Exercise 7.1 again, there are no more simple R-modules (beyond what we
have constructed). In particular, we must have

r2 dimQD = 18 and r dimQD = dimQV ≥ 6.

From these, we conclude that r = 3, dimQD = 2, and dimQV = 6. (A little
further work will show that, in the Wedderburn decomposition

R ∼= Q × M4(Q)× M5(Q)× M3(D),

we have D ∼= Q(
√
5).)
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Comment. It is of interest to give a direct construction for the 6-dimensional
simple R-module V . For readers familiar with the representation theory of
the symmetric groups, we can take V to be the 6-dimensional simple QS5-
module corresponding to the Young diagram

and simply view V as an R-module. This module yields a character χ such
that1

χ(1) = 6, χ ((12)(34)) = −2, χ ((123)) = 0,

χ ((12345)) = χ ((13524)) = 1.

Since this is exactly the sum of the two irreducible 3-dimensional complex
characters (cf. FC-p.133), we see that V is the simple R-module we are
after.

Ex. 8.22. For any finite group G and any field k, is it true that any
irreducible representation of G over k is afforded by a minimal left ideal
of kG? (The answer is yes, but don’t get very discouraged if you can’t
prove it.)

Solution. This Exercise is best done by assuming some more facts on
group algebras kG not yet developed in FC. The most relevant fact needed
here is the result that R = kG is a quasi-Frobenius ring. For such a ring,
we have always the following Double Annihilator Property:2 if I is any left
ideal, then

ann� (annr(I)) = I.

Assuming this, consider now any simple left R-module V , say V = R/m,
where m is a maximal left ideal. By the property quoted above, we see that
annr(m) �= 0. Fix a nonzero element a ∈ R such that ma = 0, and define
ϕ : R → R by ϕ(r) = ra. Then ϕ is a nonzero endomorphism of RR, with
m ⊆ ker(ϕ). Since m is a maximal left ideal, we have m = ker(ϕ). Therefore

ϕ(R) ∼= R/m = V,

so ϕ(R) is the minimal left ideal we sought.

1 See, e.g. F. D. Murnaghan: “The Theory of Group Representations,” p. 142,
Dover Publications, 1963.

2 If char k � |G|, kG is semisimple so this Double Annihilator Property for kG
follows from Exercise 3.12. The harder case occurs when char k | |G|.
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Comment. A ring R is called left Kasch if every simple left R-module is
isomorphic to a minimal left ideal (i.e. can be embedded in RR). The work
done above is the standard proof for the fact that any quasi-Frobenius ring
is left (and right) Kasch.

Ex. 8.23. If a finite group G has at most three irreducible complex rep-
resentations, show that G ∼= {1},Z2,Z3 or S3.

Solution. Let r be the number of conjugacy classes in G. By assumption,
r ≤ 3. If r = 1, clearly G = {1}. Now assume r = 2. The two conjugacy
classes have cardinalities 1 and |G| − 1, so we have (|G| − 1) | |G|. This
implies that |G| = 2, and hence G ∼= Z2. Finally, assume that r = 3. Let
1, a, b be the cardinalities of the three conjugacy classes, and let n = |G|.
Then a+ b = n − 1, and we may assume that a ≥ (n − 1)/2. Write n = ac,
where c ∈ Z. If c ≥ 3, then

n ≥ 3a ≥ 3(n − 1)/2

and hence n ≤ 3. In this case, G ∼= Z3. We may now assume c = 2, so

b = n − a − 1 =
n

2
− 1.

Since b|n, we can only have n = 4 or n = 6. If n = 4, G would have 4
conjugacy classes. Therefore, n = 6, and since G is not abelian, G ∼= S3.

Comment. As pointed out to me by I.M. Isaacs, similar (but somewhat
more elaborate) computations can be used to settle the case r = 4. In this
case, there are exactly four possibilities for G:

Z4, Z2 ⊕ Z2, A4, and the dihedral group of order 10.

According to a classical theorem of E. Landau, for any given r, there are
only finitely many finite groups with exactly r conjugacy classes (or equiv-
alently, r irreducible complex representations). For a proof of Landau’s
Theorem, see pp. 48–49 of Isaacs’ book “Algebra,” Brooks/Cole, 1994.

Ex. 8.24. Suppose the character table of a finite group G has the following
two rows:

g1 g2 g3 g4 g5 g6 g7

µ 1 1 1 ω2 ω ω2 ω

ν 2 −2 0 −1 −1 1 1

(
ω = e2πi/3

)

Determine the rest of the character table.

Solution. This exercise is easier than it looks. First note that g1 must
be the identity conjugacy class. Let χ1 be the trivial character, χ2 = µ,
χ3 = µ (complex conjugate of µ), and χ4 = ν. We get two more irreducible
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characters by forming

χ5 : = χ2ν = (2,−2, 0,−ω2,−ω, ω2, ω),

χ6 : = χ3ν = (2,−2, 0,−ω,−ω2, ω, ω2).

It only remains to determine the last irreducible character χ7 (since there
are seven conjugacy classes). We must have χ7µ = χ7 (to avoid getting an
8th irreducible character), so χ7 = (a, b, c, 0, 0, 0, 0), where a ∈ N, and b, c
are algebraic integers. Using the orthogonality relations for the 1st and 2nd
(resp. 1st and 3rd) columns, we get:

12 + 12 + 12 − 22 − 22 − 22 + ab = 0 =⇒ ab = 9,

12 + 12 + 12 + 0 + 0 + 0 + ac = 0 =⇒ ac = −3.

Therefore, c = −3/a ∈ Q. Since c is an algebraic integer, we must have
a = 1 or 3. If a = 1, we would be able to use the linear character χ7 to
“twist” ν to get another 2-dimensional irreducible character. Therefore,
we must have a = 3, c = −1, and b = 3, which completes the following
character table:

g1 g2 g3 g4 g5 g6 g7

χ1 1 1 1 1 1 1 1
µ = χ2 1 1 1 ω2 ω ω2 ω

µ = χ3 1 1 1 ω ω2 ω ω2

ν = χ4 2 −2 0 −1 −1 1 1
µν = χ5 2 −2 0 −ω2 −ω ω2 ω

µν = χ6 2 −2 0 −ω −ω2 ω ω2

χ7 3 3 −1 0 0 0 0

To complete the information, we have

|G| = 3 · 12 + 3 · 22 + 32 = 24.

The seven conjugacy classes are easily seen to be of cardinalities

1, 1, 6, 4, 4, 4, 4 (in that order),

by using the orthogonality relations.

Comment. We would be remiss if we did not try to construct an explicit
group G with the above character table. As a matter of fact, we can take
G to be the binary tetrahedral group

G = {±1,±i,±j,±k, (±1± i ± j ± k)/2},
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which is the group of units of Hurwitz’ ring of integral quaternions (see
FC-p. 5).3 We have

G/{±1,±i,±j,±k} ∼= Z3,

so we have the three linear characters χ1, χ2, χ3. Also,G/{±1} ∼= A4 (which
is why G is called the binary tetrahedral group), so we get the character
χ7 by “lifting” the unique 3-dimensional C-representation of A4. The real-
valued 2-dimensional character ν can be constructed as follows. View the
real quaternions H as C ⊕ Cj (a 2-dimensional C-space) and let G act on
H by

g ∗ h = hg−1 (g ∈ G, h ∈ H).

This gives an irreducible 2-dimensional C-representation of G affording ν
(cf. Exercise 18). The conjugacy class representatives can be taken to be

g1 = 1, g2 = −1, g3 = i, g4 = −α, g5 = α2, g6 = α, g7 = −α2,

where

α = (1 + i+ j + k)/2, and α2 = (−1 + i+ j + k)/2.

The three characters χ4, χ5, χ6 can also be constructed by using induced
representations from the quaternion group {±1,±i,±j,±k}.

In fact, the G above is the only group with the character table worked
out in this exercise. I am grateful to I. M. Isaacs who patiently explained
to me a nice proof for the uniqueness of G. For readers with a penchant
for “proofs by exhaustion,” we might mention that the recent book “Rep-
resentations and Characters of Groups” by James and Liebeck (Cambridge
University Press, 1993) contains character tables for all groups of order
< 32. A look at the character tables of all 15 groups of order 24 will reveal
that the table in this exercise occurs only once (incidentally, on p. 404 of
loc. cit.)!

Ex. 8.25. (Littlewood’s Formula) Let e =
∑
g∈G ag g ∈ kG be an idem-

potent, where k is a field and G is a finite group. Let χ be the character of
G afforded by the kG-module kG · e. Show that for any h ∈ G,

χ(h) = |CG(h)| ·
∑
g∈C

ag,

where C denotes the conjugacy class of h−1 in G.

Solution. Given h ∈ G, let ϕ : kG → kG be the linear map defined by
ϕ(α) = hαe. Consider the decomposition

kG = kG · e ⊕ kG · (1− e).

3 Another “model” for this group is the classical group SL2(F3).
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On kG · e, ϕ is just left multiplication by h, and on kG · (1− e), ϕ is the
zero map. Therefore, χ(h) = tr(ϕ). Now

ϕ(α) = hα
∑
g∈G

ag g =
∑
g∈G

ag hαg.

Thus, if ϕg : kG → kG is defined by ϕg(α) = hαg, we have

χ(h) =
∑
g∈G

ag tr(ϕg).

We finish by calculating tr(ϕg) (g ∈ G). Since ϕg takes G to G, tr(ϕg) is just
the number of group elements α ∈ G such that hαg = α, i.e. g = α−1h−1α.
Thus, if g is not conjugate to h−1, tr(ϕg) = 0. If g is conjugate to h−1, the
number of α ∈ G such that g = α−1h−1α is |CG(h)|, so tr(ϕg) = |CG(h)|.
It follows that

χ(h) = |CG(h)| ·
∑
g∈C

ag,

where C is the conjugacy class of h−1 in G.

Comment. The formula proved above is named after Dudley E. Littlewood,
no relation to John E. Littlewood, the longtime collaborator of G. H. Hardy.
(A.O. Morris informed me, however, that when D.E. Littlewood was an
undergraduate student in Cambridge, his Director of Studies was none
other than J.E. Littlewood!) Littlewood’s Formula can be found as Theorem
I in p. 266 of his classic text “A University Algebra” (2nd edition), reprinted
by Dover in 1970.

Ex. 8.26. Let G = S3, and k be any field of characteristic 3.

(a) Show that there are only two irreducible representations for G over k,
namely, the trivial representation and the sign representation.
(b) It is known that there are exactly six (finite-dimensional) indecom-
posable representations for G over k (see Curtis-Reiner: Representation
Theory of Finite Groups and Associative Algebras, p.433). Construct these
representations.

Solution. (a) Let U be an irreducible kG-module, and let T be the action
of (123) on U . Since

(T − I)3 = T 3 − I = 0,

T has an eigenvalue 1, so

U0 = {u ∈ U : Tu = u} �= 0.

For u ∈ U0, we have

(123) ((12)u) = (12)(132)u = (12)(123)2u = (12)u,
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so (12) u ∈ U0 also. This shows that U0 is a kG-submodule of U , so U0 = U ,
and we may view U as a kG-module where

G = G/ 〈(123)〉 =
〈
(12)

〉
.

Since (12) has order 2, we have U = U+ ⊕ U− where

U+ = {u ∈ U : (12)u = u}, and U− = {u ∈ U : (12)u = −u}.

Therefore, we have either U = U+ (giving the trivial representation), or
U = U− (giving the sign representation).

(b) In the following, let U+ denote the trivial representation, and U− the
sign representation of kG. We shall construct four more indecomposable
kG-modules: M,M ′ of dimension 3, and V, V ′ of dimension 2. Let M =
ke1 ⊕ ke2 ⊕ ke3, on which G acts by permuting the ei’s, and let

V = M/k(e1 + e2 + e3).

(b1) Let V0 = kv, where v = e1 − e2 ∈ V . We check easily that V0 is a kG-
submodule of V isomorphic to U−, with V/V0 ∼= U+. Thus, the composition
factors for V are {U+, U−}. We claim that V has no submodule ∼= U+. In
fact, if 0 �= u = ae1 + be2 spans a line ∼= U+, then

ae1 + be2 = (12)u = ae2 + be1 and

ae1 + be2 = (123)u = ae2 + be3 = −be1 + (a − b)e2

imply that a = b = 0, a contradiction. It follows that V is indecomposable,
and hence so is V ′ : = U− ⊗ V . Also, since V ′ contains U− ⊗ U− ∼= U+, we
see that V �∼= V ′.

(b2) Using the same type of calculations as above, we can verify the fol-
lowing two properties of M = ke1 ⊕ ke2 ⊕ ke3:

(A) M has no kG-submodule ∼= U−.
(B) The only kG-submodule of M isomorphic to U+ is k(e1 + e2 + e3).

We can now show that M is indecomposable. In fact, if otherwise, (A)
implies that M ∼= U+ ⊕ N for some N . Since M has composition factors
{U+, U+, U−}, N has composition factors {U+, U−}. By (A) again, N must
contain a copy of U+. But then M contains a copy of U+ ⊕ U+, which
contradicts (B). This shows that M is indecomposable, and hence so is
M ′ : = U− ⊗ M . Since

M ⊇ k(e1 + e2 + e3) ∼= U+,

M ′ contains a copy of U− ⊗ U+ ∼= U−. By (A) again, we have M ′ �∼= M .
This completes the construction of the six indecomposable kG-modules.
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Comment. Since by the Krull-Schmidt Theorem FC-(19.22) every finite-
dimensional kG-module is uniquely a direct sum of indecomposable mod-
ules, the above work together with the result quoted from Curtis-Reiner
enable us to construct and classify all finite-dimensional kG-modules.

Ex. 8.27. Let G be a cyclic group of prime order p > 2. Show that the
group of units of finite order in QG decomposes into a direct product of G
with {±1} and another cyclic group of order 2.

Solution. Let ζ be a primitive pth root of unity, and let G = 〈x〉. The map
x �→ ζ extends to a surjective ring homomorphism QG → Q(ζ). Therefore,
one of the simple components of QG is Q(ζ) (see Exercise 3.3). On the
other hand, QG also has a simple component Q. Since

dimQ(Q × Q(ζ)) = 1 + p − 1 = p,

we must have QG ∼= Q × Q(ζ). For any commutative ring R, let U0(R)
denote the group of units of finite order in R. Then

U0(QG) ∼= U0(Q)×U0(Q(ζ)) ∼= {±1} ×U0(Q(ζ)).

We finish by noting that U0(Q(ζ)) is the group of roots of unity in Q(ζ),
which is just the group 〈−ζ〉 = 〈±1〉 × 〈ζ〉.

Ex. 8.28. Let G be the group of order 21 generated by two elements a, b
with the relations a7 = 1, b3 = 1, and bab−1 = a2.
(1) Construct the irreducible complex representations of G, and compute
its character table.
(2) Construct the irreducible rational representations of G and determine
the Wedderburn decomposition of the group algebra QG.
(3) How about RG and the real representations of G?

Solution. (1) In preparation for the computation of the character table of
G, we first note that G has five conjugacy classes, represented by 1, a, a3,
b, b2. (This is an easy group-theoretic computation, which we omit.) Thus,
we expect to have five irreducible complex representations.

Obviously, [G,G] = 〈a〉, so G/[G,G] ∼= 〈b〉. This shows that there are
three 1-dimensional representations χi : G → C∗, which are trivial on 〈a〉,
with χ1(b) = 1, χ2(b) = ω, and χ3(b) = ω2, where ω is a primitive cubic
root of unity.

Next, we construct a 3-dimensional C-representation D : G → GL3(C)
by taking

(A) D(a) =


ζ

ζ2

ζ4


 , and D(b) =


0 1 0
0 0 1
1 0 0


 ,
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where ζ is a primitive 7th root of unity. (It is straightforward to check
that the relations between a and b are respected by D.) If D is a reducible
representation, it would have to “contain” a 1-dimensional representation.
This is easily checked to be not the case. Thus, D is irreducible, and we
get another irreducible 3-dimensional C-representation D′ by taking

(B)

D′(a) = D(a) =


ζ6

ζ5

ζ3


 , and D′(b) = D(b) =


0 1 0
0 0 1
1 0 0


.

Note that we have D �∼= D′, since they have different characters, say χ4 and
χ5. We have now computed all complex irreducible representations of G,
arriving at the following character table:

1 a a3 b b2

χ1 1 1 1 1 1
χ2 1 1 1 ω ω

χ3 1 1 1 ω ω

χ4 3 α α 0 0
χ5 3 α α 0 0

(
where α = ζ + ζ2 + ζ4) .

From the first column of this character table, we see that the Wedderburn
decomposition of CG is:

(C) CG ∼= C × C × C × M3(C)× M3(C).

(2) We now turn to the case of rational representations. Going to the quo-
tient group G/〈a〉 ∼= 〈b〉, we have a surjection QG

π−→ Q〈b〉 ∼= Q × Q(ω),
where ω is as in (1). This gives two simple QG-modules: Q with the trivial
G-action, and Q(ω) with a acting trivially and b acting by multiplication
by ω. The surjection π gives Q and Q(ω) as two simple components of QG.

Our next step is to construct a 6-dimensional simple QG-module. We
start with the simple Q〈a〉-module K = Q(ζ) (where ζ is as before), on
which a acts via multiplication by ζ. We can make K into a QG-module
by letting b act via the field automorphism σ ∈ Gal(Q(ζ)/Q) of order 3
sending ζ �→ ζ2. This gives a well-defined G-action since, for any k ∈ K,
(a2b)k = ζ2σ(k), while

(ba)k = b(ζk) = σ(ζk) = ζ2σ(k).

Thus, K is a simple QG-module. Let E = End(QGK). Any f ∈ E is right
multiplication by some element � ∈ K, and we must have (bk)f = b(kf)
(for every k ∈ K); that is,

σ(k)� = σ(k�) = σ(k)σ(�),
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which amounts to � ∈ Q(ζ)σ. Now F := Q(ζ)σ is the unique quadratic ex-
tension of Q in K, which is well-known to be Q(

√−7 ). (More explicitly,

α = ζ + σζ + σ2ζ = ζ + ζ2 + ζ4 ∈ F

has minimal equation α2 + α+ 2 = 0, so F = Q(α) = Q(
√−7 ).) We have

now seen that E ∼= F . Since dimEK = 3, a simple component of QG is
given by

End(KE) ∼= M3(E) ∼= M3
(
Q(

√
−7 )

)
.

This has Q-dimension 18, so we must have

(D) QG ∼= Q × Q(ω)× M3
(
Q(

√
−7 )

)
,

and Q, Q(ω), and K are the three simple QG-modules.

(3) Tensoring (D) up to R, we get

(E) RG ∼= R × C × M3(C),

which means that each of the irreducible Q-representations above remains
irreducible over R (and these give all irreducible R-representations).

Comparing (D) and (E) with (C), we see that the 6-dimensional irre-
ducible rational (resp. real) representation of G tensors up into the direct
sum of the two 3-dimensional complex representations of G. (Of course,
this is also easy to see by checking directly that χK = χ4 + χ5.)

Comment. While the C-representation D and the 6-dimensional Q-repre-
sentation of G were constructed above in a matter-of-fact manner, we
should point out that these constructions do come from some general facts.
To explain this, however, we have to assume some material from FC -§14
on cyclic algebras. Using the notations in the above solution, we note that
K/F is a cyclic extension with Galois group 〈σ〉. Thus, we can form the
cyclic algebra

A = (K/F, σ, 1) = K ⊕ Kb ⊕ Kb2 (b3 = 1),

where bk = σ(k)b for every k ∈ K. Identifying G with the semidirect prod-
uct 〈ζ〉 · 〈b〉 ⊆ U(A), we see that G acts linearly on the right of the 3-
dimensional left K-vector space A. The matrices D(a) and D(b) in (1) are
simply those for a and b (with respect to the basis {1, b, b2} on A) under
this K-representation. (And, of course, a K-representation may be viewed
as a C-representation.) As for the 6-dimensional Q-representation in (2),
we note that A above is just the twisted group ring K ∗ 〈b〉 in Ex. 14.13A,
with b acting as σ on K. According to Ex. 14.13B, K can be naturally
viewed as an A-module. Again, we can identify G with 〈ζ〉 · 〈b〉 ⊆ U(A),
so G acts Q-linearly on K: this gives the 6-dimensional Q-representation
constructed in (2).
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Ex. 8.29. Let U , V be simple modules of infinite k-dimensions over a
group algebra kG (where k is a field), and let W = U ⊗k V , viewed as a
kG-module under the diagonal G-action.

(1) Does W have finite length?
(2) Is W semisimple?

Solution. The answers to (1), (2) are both “no”, by a single counterexam-
ple. Let G be the multiplicative group of any infinite field extension K of k.
Let U (resp. V ) be a copy of K (as k-vector space) with G-action defined
by g ∗ u = gu (resp. g ∗ v = g−1v). Clearly, U , V are simple kG-modules.
If we view K as a kG-module with the trivial G-action, the k-map

ϕ : U ⊗k V → K induced by u ⊗ v �→ uv

is easily checked to be a kG-epimorphism. Since K has infinite length as a
kG-module, so does W = U ⊗k V .

We finish by checking that W is not a semisimple kG-module. Indeed,
if W is semisimple, ϕ would be a split kG-epimormorphism, so W would
have a submodule with trivialG-action mapping isomorphically ontoK. We
shall contradict this below by showing that there are actually no nonzero
G-fixed points in W .

Consider any nonzero element w =
∑n
i=1 ui ⊗ vi ∈ W . We may assume

all ui �= 0. Let U1 be the k-span of u1, . . . , un in U , and fix a k-space U2 ⊆ U
such that U = U1 ⊕ U2. Since each u−1

i U2 has finite k-codimension in U , so
does

⋂n
i=1 u−1

i U2. In the infinite-dimensional k-space U , we can thus find
a nonzero element g ∈ ⋂n

i=1 u−1
i U2. Then gui ∈ U2 for all i, so we have

g ∗ w =
∑
i

gui ⊗ g−1vi ∈ U2 ⊗ V.

Since W = (U1 ⊗ V )⊕ (U2 ⊗ V ) and 0 �= w ∈ U1 ⊗ V , it follows that
g ∗ w �= w.

Comment. The argument in the last paragraph shows, in fact, that a
nonzero kG-submodule W0 ⊆ W cannot be contained in U1 ⊗ V for any
finite-dimensional k-subspace U1 ⊆ U . In particular, any such W0 must be
infinite-dimensional.

I thank H.W. Lenstra, Jr. for suggesting part (1) of this exercise.
Part (2), which I made up, is related to a classical theorem of Cheval-
ley (p. 88 in Vol. 3 of his book “Théorie des Groupes de Lie”), which states
that, if U , V are finite-dimensional simple kG-modules over a field k of
characteristic 0, then W = U ⊗k V is semisimple. (In other words, finite-
dimensional semisimple kG-modules are closed under tensor products in
case char(k) = 0.) The negative answer to (2) in this exercise shows that
Chevalley’s theorem holds only for finite-dimensional representations. The
next two exercises show, in turn, that Chevalley’s theorem does not hold
in characteristic p > 0.
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Ex. 8.30. For G = S3 and any field k of characteristic 2, view

V = ke1 ⊕ ke2 ⊕ ke3/k(e1 + e2 + e3)

as a (simple) kG-module with the permutation action.

(1) Show that W = V ⊗k V with the diagonal G-action is not a semisimple
kG-module.
(2) Show that kG ∼= M2(k)×(k[t]/(t2)), and that kG/rad(kG) ∼= M2(k)×k.

Solution. (1) With the basis {e1, e2} on V , the G-action is described by

(12)e1 = e2, (12)e2 = e1; (123)e1 = e2, (123)e2 = e1 + e2.

Using these, it is easy to check that the k-span of

x = e1 ⊗ e1, y = e2 ⊗ e2, and z = e1 ⊗ e2 + e2 ⊗ e1

is a 3-dimensional kG-submodule A ⊆ W (with B = k · z as a trivial kG-
submodule). We claim that A is not a kG-direct summand of W . Indeed,
if W = A ⊕ k · w is a kG-decomposition, we must have w ∈ WG (G-fixed
points in W ) since G/[G,G] ∼= {±1} implies that any 1-dimensional kG-
module is trivial. But if

w = a(e1 ⊗ e1) + b(e2 ⊗ e2) + c(e1 ⊗ e2) + d(e2 ⊗ e1),

(12)w = w implies that c = d so w ∈ A, a contradiction. This shows that
W is not semisimple. (In fact, (123)w = w implies further that a = 0, so
we have WG = k · z = B. The kG-composition factors of W are the trivial
G-modules B, W/A, together with A/B ∼= V .)

(2) Let ϕ : kG → Endk(V ) ∼= M2(k) be the k-algebra homomorphism
associated with the kG-module V . This map is onto since V is absolutely
irreducible.(∗) Thus, dimk ker(ϕ) = 2. Now e = (1) + (123) + (132) is a cen-
tral idempotent of kG, with

kG · e = ke ⊕ kσ, where σ =
∑
g∈G

g ∈ kG.

Since σ2 = 6σ = 0, we have kG · e ∼= k[t]/(t2). By a simple computation,
ϕ(e) = 0, so kG · e = ker(ϕ) (both spaces being 2-dimensional). Therefore,

kG = kG · (1− e)× kG · e ∼= M2(k)× (k[t]/(t2)).

Computing radicals, we get rad(kG) = rad(kG · e) = k · σ (consistently
with Ex. 6.13(1)), so kG/rad(kG) ∼= M2(k)× k.

(∗) It is of interest to note that the F2-span V0 of {e1, e2} is the Klein 4-group,
which is being acted on by Aut(V0) ∼= S3 = G, and V is simply the scalar
extension k ⊗F2 V0, which is irreducible over any k ⊇ F2.
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Ex. 8.31. For any field k of characteristic p, let G = SL2(Fp) act on the
polynomial ring A = k[x, y] by linear changes of the variables {x, y}, and
let Vd ⊆ A (d ≥ 0) be the kG-submodule of homogeneous polynomials of
degree d in A. It is known (and thus you may assume) that V0, . . . , Vp−1
are a complete set of simple modules over kG.(∗)

(1) Compute the composition factors of Vp, and show that Vp is semisimple
over kG if and only if p = 2.
(2) If {d1, . . . , dn} is any partition of p, show that the tensor product Vd1 ⊗k
· · · ⊗k Vdn

(under the diagonal G-action) is not semisimple over kG, unless
p = 2 and n = 1.

Solution. (1) Let ε : V1 → Vp be the k-linear map defined by ε(x) = xp

and ε(y) = yp. This is a kG-monomorphism since, at the Fp-level, ε is the
Frobenius map � �→ �p. Next, we define a k-linear map π : Vp → Vp−2 by

π(f) =
1
y

∂f

∂x
= − 1

x

∂f

∂y
(f ∈ Vp),

where the second equality results from Euler’s identity

x
∂f

∂x
+ y

∂f

∂y
= (deg f) · f = p · f = 0.

Note that π maps xp, yp to 0, and maps xiyp−i(0 < i < p) to ixi−1yp−i−1 ∈
Vp−2, so ker(π) = im(ε), and im(π) = Vp−2. Therefore, we have an exact
sequence of kG-modules

(∗) 0 −→ V1
ε−→ Vp

π−→ Vp−2 −→ 0

if we can show that π(σ · f) = σ · π(f) for any σ =
(
a b
c d

)
∈ G. Checking

this on the basis elements f = xiyj (i+ j = p), we have

π(σ · f) = π((ax+ cy)i(bx+ dy)j)

= y−1(ax+ cy)i−1(bx+ dy)j−1[ia(bx+ dy) + jb(ax+ cy)]

= y−1(ax+ cy)i−1(bx+ dy)j−1[(i+ j)abx+ (iad+ jbc)y]

= i(ax+ cy)i−1(bx+ dy)p−i−1(ad − bc),

which is just σ · π(f) since ad − bc = 1! From (∗), it follows that the com-
position factors for Vp are {V1, Vp−2}.

If p = 2, x2 + xy + y2 is the only irreducible quadratic form over F2, so
it must be G-invariant. Thus,

V2 = im(ε)⊕ k · (x2 + xy + y2) ∼= V1 ⊕ V0

(∗) For a proof of this, see J. Alperin’s book “Local Representation Theory,”
pp. 15–16, Cambridge University Press, 1986.
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is semisimple. For p > 2, we claim that the kG-sequence (∗) does not split
(so Vp is not semisimple). Indeed, if there exists a kG-splitting ϕ for π, let
f = ϕ(yp−2) and g = ϕ(xp−2). Then, modulo im(ε), we have

f ≡ xyp−1, and g ≡ xp−1y/(p − 1) ≡ −xp−1y.

But for σ =
(
0 1
1 0

)
∈ G, we have σ · yp−2 = xp−2, so σ · f = g. Since

σ(im(ε)) ⊆ im(ε), this implies that yxp−1 ≡ −xp−1y modulo im(ε), which
is impossible (for p > 2).

(2) Let d1 + · · ·+ dn = p, where each di ≥ 1. Then

f1 ⊗ · · · ⊗ fn �→ f1 · · · fn (fi ∈ Vdi)

defines a kG-surjection Vi1 ⊗ · · · ⊗ Vin → Vp. If p > 2, then Vi1 ⊗ · · · ⊗ Vin
cannot be semisimple over kG, since Vp is not. If p = 2, this argument
no longer works. However, if n �= 1, the conclusion remains valid; namely,
V1 ⊗ V1 is still not semisimple. In fact, for p = 2, G = SL2(Fp) is the group
S3, and V1 is easily seen to be isomorphic to the module V in Ex. 8.30.
Thus, the desired conclusion follows from Ex. 8.30!

Comment. This exercise comes from J.-P. Serre’s paper “Sur les semi-
simplicité des produits tensoriels de répresentations des groupes,” In-
vent. Math. 116 (1994), 513–530. In this paper, Serre proved the fol-
lowing remarkable theorem: if char(k) = p > 0, and U1, . . . , Un are finite-
dimensional (semi)simple kG-modules over any (possibly infinite) group
G with

∑n
i=1(dimkUi − 1) < p, then U1 ⊗ · · · ⊗ Un is semisimple. In this

exercise, we have dimkVi = i+ 1 for all i: Serre invoked part (2) above to
show that the dimension bound in his theorem cannot be further improved
in any prime characteristic (even for finite groups G). The proof of Serre’s
theorem depends heavily on the theory of linear algebraic groups; see also
a sequel to his paper in J. Algebra 194 (1997), 496–520.

§9. Linear Groups
The theory of linear groups is a beautiful branch of algebra with many
truly significant results. The early theorems in the subject, due to Burnside
and Schur, planted the seed for the (bounded, and restricted) Burnside
Problems, solved only many years later by Novikov, Adjan, and Zelmanov.
The delightful Lie-Kolchin Theorem turned out to be a harbinger for the
modern theory of linear algebraic groups. The study of classical groups and
the so-called groups of Lie type is, according to most algebraists, group
theory par excellence!
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A little bit of ring theory enters the scene as well. If G ⊆ GLn(k) is a
linear group acting on the vector space V = kn (where k is a field), G spans
a k-subalgebra R of Mn(k) which is a homomorphic image of the group
algebra kG. The space V = kn may be viewed as an R-module as well as
a kG-module. We say that G is completely reducible if V is semisimple as
a kG-module. Somewhat surprisingly, it turns out that this is equivalent
to R being a semisimple ring. In any case, the connection between linear
groups and modules over rings is now more apparent.

The exercise set for this section is rather small by design, since our
main goal is only to point out the interplay between linear groups and ring
theory. The eight problems below deal with certain properties of linear
groups, such as irreducibility and complete reducibility. Exercise 3 offers
an explicit computation of the subalgebra spanned by a linear group, and
Exercises 9.4A–C provide a view of the unipotent linear groups from the
perspective of noncommutative rings and their nil ideals.

Exercises for §9
Ex. 9.1. Let G ⊆ GLn(k) be a linear group over a field k. Show that G is
an f.c. group (i.e. every conjugacy class of G is finite) iff the center Z(G)
has finite index in G. Show that every finite group can be realized as a
linear group, but not every infinite group can be realized as a linear group.

Solution. The “if” part is clearly true for any group G. Now assume
G ⊆ GLn(k) is f.c. Choose g1, . . . , gr ∈ G which span the k-space generated
by G in Mn(k). Note that if g ∈ G commutes with each gi, then g ∈ Z(G).
Therefore,

Z(G) =
⋂

CG(gi).

Since each CG(gi) has finite index in G, we have [G : Z(G)] < ∞.
If G is a finite group, G acts on itself faithfully by left multiplication, so

we can embed G as a group of permutation matrices in GLm(Z) ⊆ GLm(Q),
where m = |G|.

We finish by constructing an infinite group G which cannot be realized
as a linear group. Take any nonabelian finite group H. Since H is f.c., the
direct sum

G : = H ⊕ H ⊕ · · ·

is also f.c. However, since H �= Z(H),

Z(G) = Z(H)⊕ Z(H)⊕ · · ·

has infinite index inG. By the first part of the exercise,G cannot be realized
as a linear group.
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Comment. An alternative construction is as follows. It is known that there
are infinite groups G with only a finite number of conjugacy classes. Ac-
cording to Burnside’s Second Theorem (FC-(9.5)), such a group cannot be
realized as a linear group.

Ex. 9.2. Can every finite group be realized as an irreducible linear group?
(A linear group G ⊆ GL(V ) is said to be irreducible if G acts irreducibly
on V .)

Solution. Consider an irreducible linear group G ⊆ GL(V ), where V is
a finite-dimensional vector space over a field k. We claim that Z(G) is
cyclic. This will show, for instance, that the Klein 4-group Z2 ⊕ Z2 cannot
be realized as an irreducible linear group. To prove the claim, consider
D = End(kGV ), which is, by Schur’s Lemma, a (finite dimensional) division
algebra over k. Since every g ∈ Z(G) acts as a kG-automorphism of V , we
can think of Z(G) as embedded in D*. The k-algebra F generated by Z(G)
in D is a finite-dimensional k-domain, so F is a field. By a well-known
theorem in field theory, Z(G) ⊆ F* must be a cyclic group.

Ex. 9.3. Let k be any field of characteristic 3, G = S3 and let V be the
kG-module

ke1 ⊕ ke2 ⊕ ke3/k(e1 + e2 + e3),

on which G acts by permuting the ei’s. Show that this realizes G as a
linear group in GL(V ). Is G a completely reducible linear group? What is
its unipotent radical? Determine Spank(G) and its Jacobson radical.

Solution. Since (123) does not act trivially on V , the representation ho-
momorphism ϕ : G → GL(V ) must be injective. Therefore, ϕ realizes G as
a linear group in GL(V ). It is easy to see that Vo = k(e1 − e2) is a kG-
module affording the sign representation (of G), with V/Vo affording the
trivial representation: cf. Ex. 8.26. In this exercise, it was also shown that
kGV is indecomposable. Therefore, G ⊆ GL(V ) is not completely reducible.

The unipotent radical of G is the unique maximal normal unipotent
subgroup. By the discussion in the proof of FC-(9.22), this unipotent radical
consists of g ∈ G which act trivially on the composition factors of kGV . In
our case, this subgroup is clearly 〈(123)〉.

Next we try to determine S : = Spank(G). Using {e1 − e2, e1} as a basis
for V , we have

ϕ(123) =
(
1 −1
0 1

)
and ϕ(12) =

(−1 −1
0 1

)
,

so S ⊆ T , the k-subalgebra of all upper triangular matrices in M2(k). Since
S is noncommutative, we must have S = T . It follows that

rad S = rad T = k ·
(
0 1
0 0

)
= k · (1− ϕ(123)).
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Ex. 9.4A. Let J be a nil ideal in an algebraR over a field k of characteristic
0, and let G be the group 1 + J ⊆ U(R).

(1) Show that the map exp : J → G defined by the Taylor series of the
exponential function is a one-one correspondence between J and G, with
inverse given by the log-function.

(2) Show that two elements x, x′ ∈ J commute iff exp(x) and exp(x′) com-
mute in G, in which case we have

(A) exp(x) · exp(x′) = exp(x+ x′) ∈ G.

Similarly, show that two elements y, y′ ∈ G commute iff log(y) and log(y′)
commute in J , in which case we have

(B) log(yy′) = log(y) + log(y′) ∈ J.

(3) For any y ∈ G and α ∈ k, define

(C) yα = exp(α log(y)) ∈ G.

Show that log(yα) = α log(y), (yα)β = yαβ , and yαyβ = yα+β for any α,
β ∈ k.

(4) Show that G is a uniquely divisible group; that is, for any positive
integer r, each element of G has a unique rth root in G. (In particular, the
group G is torsionfree.)

(5) For any y ∈ G, let yk := {yα : α ∈ k}. If y �= 1, show that yk is a sub-
group of G isomorphic to the additive group k.

(6) Show that two subgroups yk and zk of G are either the same or have
trivial intersection, and G is the union of all such subgroups.

(7) If J is commutative under multiplication, show that G ∼= J as (abelian)
groups.

Solution. (1) We define exp : J → G and log : G → J by

(D)

exp(x) = 1 +
x

1!
+

x2

2!
+ · · · ∈ G, and log(1 + x) = x − x2

2
+

x3

3
− · · · ∈ J,

for any x ∈ J . Since x is nilpotent, these formulas make sense, and “exp”
and “log” are mutually inverse as usual.

(2) If xx′ = x′x in J , certainly exp(x) commutes with exp(x′) in G, and
(A) holds here as it holds already as a power series identity over Q in
the commuting variables x and x′. Conversely, if exp(x) = 1 + s commutes
with exp(x′) = 1 + s′ (where s, s′ ∈ J), then ss′ = s′s. This implies that
x = log(1 + s) commutes with x′ = log(1 + s′), since they are, respectively,
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polynomials in s and s′. The second conclusion in (2) can be proved simi-
larly, or derived from the first by using inverse functions.

(3) To begin with, log(yα) = log[exp(α log y)] = α log y. Using this, we get

log(yα)β = β log(yα) = βα log(y) = log(yαβ),

so the injectivity of “log” implies that (yα)β = yαβ ∈ G. Finally, since
α log y and β log y do commute in J , (A) gives

yαyβ = exp(α log y) · exp(β log y)

= exp((α+ β) log y) = yα+β .

(4) Note that, for α ∈ Z ⊆ k, yα has its usual meaning. (This we can believe!
It is a formal fact that the integral power functions yn can be identified
with exp(n log y).) Thus, for any y ∈ G and any positive integer r, y1/r

(defined as in (C)) is an rth root of y in G. Moreover, if z ∈ G is such that
zr = y, taking the (1/r)-th powers yields z = y1/r. This proves (4).

(5) By (3), yk is a subgroup of G (for every y ∈ G), and “exp” and “log”
define mutually inverse group isomorphisms between k · log y and yk. If
y �= 1, the former group is isomorphic to k.

(6) This is clear since k · log y and k · log z are either the same or have zero
intersection in J , and J is the union of all of these.

(7) If J is commutative under multiplication, the law (A) implies that
exp : J → G is a group isomorphism (with inverse isomorphism given by
“log”).

Comment. The exponential expressions yα (y ∈ G,α ∈ k) could also have
been defined by writing y = 1 + x (x ∈ J) and using Newton’s binomial
expansion

(1 + x)α = 1 + αx+
α(α − 1)

2!
x2 +

α(α − 1)(α − 2)
3!

x3 + · · · ∈ G,

which makes sense (again) since x is nilpotent.
In case Jn+1 = 0 for some n, we have shown in Ex. 5.11 that G = 1 + J

is a nilpotent group of class ≤ n. This need not be the case here, but the
statement (4) proved above is related to following fact: in any torsionfree
nilpotent group G, zr = wr =⇒ z = w for any integer r ≥ 1. This can be
proved by induction on the nilpotency class of G, using the fact that z and
[G,G] generate a nilpotent group of smaller class in G.

For more relevant information on this exercise, see the Comment on
Ex. 9.4B.

Ex. 9.4B. Keep the notations in Ex. 9.4A, but assume, instead, that
char(k) = p > 0. Let G1 = {y ∈ G : yp = 1}. Show that yk can still be de-
fined as long as y ∈ G1, and that the subgroups yk ⊆ G (for y ∈ G1) have
the same properties as before (in Ex. 9.4A), with union equal to G1.
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Solution. Note that G1 is only a subset (not necessarily a subgroup)
of G. Letting J1 := {x ∈ J : xp = 0}, we have G1 = 1 + J1. We can de-
fine exp : J1 → G1 and log : G1 → J1 by the same formulas as in (D) in
Ex. 9.4A, except that here, we drop all terms xn with n ≥ p. (Note that
the denominators of the remaining terms are all p-free and are thus invert-
ible in k.) This gives a one-one correspondence J1 ←→ G1. For y ∈ G1 and
α ∈ k, we can define yα = exp(α log y) ∈ G1 just as before, noting that J1
is closed under multiplication by k. The exponential (and logarithmic) laws
in Ex. 9.4A(3) still hold for y ∈ G1 (by the same proofs), and again we have

k ∼= k · log(y) ∼= yk ⊆ G1 if y �= 1.

Here, J1 is the union of the “lines” k · log y (1 �= y ∈ G1), two of which are
either the same or intersect at {0}. Thus, G1 is the union of the groups
yk (1 �= y ∈ G1), two of which are either the same or intersect at {1}.
Comment. Much of the information contained in this and the last exercise
is folklore in groups and rings, but our present exposition is inspired by
two papers of I.M. Isaacs: “Equally partitioned groups”, Pacific J. Math. 49
(1973), 109–116, and “Characters of groups associated with finite algebras”,
J. Algebra 177 (1995), 708–730. In the latter paper, J is the Jacobson
radical of a finite-dimensional k-algebra. Here, we work more generally
with nil ideals in any k-algebra.

In Isaacs’ terminology, Ex. 9.4A(6) says that the group G is “equally
partitioned” by the distinct subgroups {yk}. That was in characteristic 0.
In characteristic p, this exercise shows that G1 is also “equally partitioned”
by the distinct subgroups {yk}, except that G1 is no longer a group. Isaacs’
main result in the first paper cited above was that, if a finite group G can
be equally partitioned into proper subgroups, then G must have prime
exponent. Of course, if a group G has prime exponent p, then G can be
equally partitioned into its distinct subgroups of order p. The next exercise
will offer examples of nonabelian (finite or infinite) groups of exponent p
admitting equal partitions into subgroups of size > p.

Ex. 9.4C. Let G be a maximal unipotent subgroup of GLn(k) over a
field k.

(1) If char(k) = 0, show that G is a torsionfree, nilpotent, and uniquely
divisible group, and that it is the union of a family of subgroups Hi ∼= k
such that Hi ∩ Hj = {1} for all i �= j.

(2) If char(k) = p > 0, show that G is a p-group. (In particular, G is
uniquely r-divisible for any positive integer r that is prime to p.) If, more-
over, n ≤ p, show that G has exponent p, and that it is the union of a
family of subgroups Hi ∼= k such that Hi ∩ Hj = {1} for all i �= j.

Solution. By the Lie-Kolchin Theorem (see the version stated in FC -
(9.19)), G is conjugate to UTn(k), the unitriangular group of upper tri-
angular matrices with 1’s on the diagonal. To simplify notations, let us
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assume that G = UTn(k). Then G = 1 + J for J = rad(R), where R is the
ring of n × n upper triangular matrices over k. We have here Jn = 0, so
G is nilpotent of class ≤ n − 1 by Ex. 5.11(2). (In fact, the class is exactly
n − 1.) The rest of (1) follows from Ex. 9.4A.

If char(k) = p > 0, Ex. 5.11(3) shows that G is a p-group. If, moreover,
n ≤ p, then for any x ∈ J , we have xn = 0, and hence

(1 + x)p = 1 + xp = 1 + xnxp−n = 1.

Thus, G has exponent p, and the rest of (2) follows from Ex. 9.4B.

Comment. In connection with this exercise, it is certainly worth recalling
that, in the case k = Fq where q = ps, G = UTn(k) is a p-Sylow subgroup
of GLn(k): see FC -§9 (around (9.20)). In the second paper of Isaacs cited
in the Comment on Ex. 9.4B, he studied the irreducible complex characters
of finite groups of the form G = 1 + J , where J is the Jacobson radical of
a finite-dimensional Fq-algebra. The main result of that paper is that all
irreducible characters of G have q-power degrees. In particular, this nice
conclusion holds for the p-Sylow subgroups G of the group GLn(Fq).

Ex. 9.5. Let k be an algebraically closed field, and G ⊆ GLn(k) be a
completely reducible linear group. Show that G is abelian iff G is conjugate
to a subgroup of the group of diagonal matrices in GLn(k).

Solution. The “if” part is obvious, so it suffices to prove the “only if” part.
Assume G is abelian, and decompose V = kn into V1 ⊕ · · · ⊕ Vr where the
Vi’s are simple kG-modules. Consider an element g ∈ G, and let λi be an
eigenvalue of g on Vi. Then

{v ∈ Vi : gv = λiv}
is a nonzero kG-submodule of Vi, and hence equal to Vi. This means each
g ∈ G acts as a scalar multiplication on Vi, so dimkVi = 1 for all i. Writing
Vi = kvi and using the basis {v1, . . . , vn} on V , we have then represented
G as a group of diagonal matrices over k.

Ex. 9.6. Let k be a field of characteristic zero. Let G ⊆ GLn(k) be a linear
group, and H be a subgroup of finite index in G. Show that G is completely
reducible iff H is.

Solution. We think of V = kn as a kG-module. If kHV is semisimple,
Maschke’s Theorem, in the generalized form of Exercise 6.1, implies that
kGV is semisimple. This gives the “if” part. Conversely, assume kGV is
semisimple. Since [G : H] < ∞, the intersection A of the finite number of
conjugates of H is a normal subgroup of finite index in G. By Clifford’s
Theorem (FC-(8.5)), kAV is semisimple. Since

[H : A] ≤ [G : A] < ∞,

the first part of the exercise implies that kHV is also semisimple, so H is
completely reducible, as desired.
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Prime and Primitive Rings

§10. The Prime Radical; Prime and
Semiprime Rings

The notion of prime ideals in commutative rings extends naturally to non-
commutative rings. One takes the “same” definition, but replaces the use
of elements by ideals of the ring. The Zorn’s Lemma construction of prime
ideals disjoint from a multiplicative set in the commutative setting finds
a natural generalization, if we just replace the multiplicative set with an
“m-system”: cf. FC-(10.5). (A nonempty set S ⊆ R is called an m-system
if, for any a, b ∈ S, arb ∈ S for some r ∈ R.)

For any ideal A ⊆ R, one can define
√

A to be the set of all s ∈ R
such that every m-system containing s meets A. Then

√
A is exactly the

intersection of the prime ideals of R containing A. Those A for which A =√
A are called semiprime ideals; they are just the intersections of prime

ideals. A ring R is called prime (resp. semiprime) if (0) is a prime (resp.
semiprime) ideal. For a proper understanding of how these notions are
derived from their commutative counterparts, the chart on FC-p.153 is
highly recommended.

The exercises in this section involve three more radicals of a ring R
(beyond the Jacobson radical). The lower nilradical (or Baer-McCoy radi-
cal), denoted by Nil*R, is simply

√
(0). This is the intersection of all the

prime ideals of R, and, for this reason, it is also known as the prime radical.
The upper nilradical, Nil*R, is the unique largest nil ideal of R. Finally,
the Levitzki radical, L-rad R, is the unique largest locally nilpotent ideal
of R. (An ideal, or more generally, a subset I ⊆ R is locally nilpotent if, for
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any finite subset {a1, . . . , an} ⊆ I, there exists an integer N such that any
product of N elements from {a1, . . . , an} is zero.)

In general, the four radicals are related as follows:

Nil*R ⊆ L-rad R ⊆ Nil*R ⊆ rad R.

Any of these inclusions may be strict. However, for some rings R, we may
have one or more equalities. For instance, a classical theorem of Levitzki
(FC-(10.30)) says that, if R is a 1-sided noetherian ring, then

Nil*R = L-rad R = Nil*R,

and this is the largest nilpotent (1-sided or 2-sided) ideal in R.
The exercises in this section deal with properties of prime and semiprime

rings, and of the various radicals. Again, there are many folklore results:
every prime contains a minimal prime (Exercise 14), and every ring with
ACC on ideals has only finitely many minimal primes (Exercise 15). We do
not feel justified in giving an axiomatic treatment of the theory of radicals in
general. As a compromise, Exercise 20 offers a glimpse into what properties
an “abstract” radical might be expected to enjoy.

Needless to say, no discussion of nilradicals can be complete without
at least a mention of the Köthe Conjecture. This famous conjecture says
that if a ring R has no nonzero nil ideals, then it has also no nonzero nil
right ideals. An equivalent form is the equally provocative statement that
the sum of two nil right ideals in R is always nil. No one knows if either
statement is true or false. Exercises 24 and 25 offer various other equivalent
forms of the Conjecture, found by Krempa and Amitsur. Matrix enthusiasts
will perhaps give a shrewd nod to the following equivalent form: If I is a
nil ideal in R, then Mn(I) is a nil ideal in Mn(R). According to Exercise
25, if you could prove this, you would have proved the long-standing Köthe
Conjecture!

Exercises for §10
Ex. 10.0. Show that a nonzero central element of a prime ring R is not
a zero-divisor in R. In particular, the center Z(R) is an integral domain,
and char R is either 0 or a prime number.

Solution. Let 0 �= a ∈ Z(R), and say ab = 0. Then aRb = Rab = 0, so
b = 0 since R is a prime ring. This says that a is not a zero-divisor in
R, and the other conclusions of the exercise follow immediately.

Comment. Any commutative domain A is the center of a suitable noncom-
mutative prime ring R. In fact, we can take R to be Mn(A) for any n ≥ 2.
(As observed after FC-(10.20), Mn(A) is a prime ring for any domain A.)

Ex. 10.1. For any semiprime ring R, show that Z(R) is reduced, and that
char R is either 0 or a square-free integer.
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Solution. Let a ∈ Z(R) be such that a2 = 0. Then aRa = Ra2 = 0, so
a = 0. This shows that Z(R) is a reduced (commutative) ring, and the
second conclusion of the exercise follows immediately.

Ex. 10.2. Let p ⊂ R be a prime ideal, A be a left ideal and B be a right
ideal. Does AB ⊆ p imply that A ⊆ p or B ⊆ p?

Solution. The answer is “no.” For instance, let R be any prime ring with
an idempotent e �= 0, 1. (We can take R = Mn(Z) with n ≥ 2.) Then, p = 0
is a prime ideal in R. However, for A = Re �= 0 and B = (1− e)R �= 0, we
have AB = Re(1− e)R = 0.

Comment. The case when A is a left ideal and B is a right ideal is “the
only bad case.” The following statement in the mixed case turns out to be
valid (along with FC-(10.2)): p � R is prime iff, for any right ideal A and
any left ideal B,AB ⊆ p implies that either A ⊆ p or B ⊆ p. The “if” part
follows directly from FC-(10.2). For the “only if” part, assume AB ⊆ p,
where A is a right ideal and B is a left ideal. Then RA and BR are ideals,
with RA · BR ⊆ RpR ⊆ p. Therefore, we have either RA ⊆ p or BR ⊆ p.
This implies that either A ⊆ p or B ⊆ p.

Ex. 10.3. Show that a ring R is a domain iff R is prime and reduced.

Solution. First assume R is a domain. Then an = 0 =⇒ a = 0, so R is
reduced. Also,

aRb = 0 =⇒ ab = 0 =⇒ a = 0 or b = 0,

so R is prime. Conversely, assume R is prime and reduced. Let a, b ∈ R be
such that ab = 0. Then, for any r ∈ R,

(bra)2 = br(ab)ra = 0,

so bra = 0. This means that bRa = 0, so b = 0 or a = 0, since R is prime.

Ex. 10.4. Show that in a right artinian ring R, every prime ideal p is
maximal. (Equivalently, R is prime iff it is simple.)

Solution. R/p is semiprime and right artinian, so it is semisimple by FC-
(10.24). Since R/p is in fact prime, it can have only one simple component.
Therefore, R/p is simple, so p is a maximal ideal.

Comment. In commutative ring theory, a much sharper statement is pos-
sible. In fact, for R commutative, it is well-known that R is artinian iff R
is noetherian and every prime ideal of R is maximal: see FC-(23.12).

Ex. 10.4*. For any given division ring k, list all the prime and semiprime
ideals in the ring R of 3× 3 upper triangular matrices over k.
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Solution. We first make a general observation on the semiprime ideals in
a right artinian ring R. Say A ⊆ R is semiprime. Then rad R ⊆ A since rad
R is nilpotent. On the other hand, if A is any ideal containing rad R, then
A/rad R must be the sum of some simple components of the semisimple
ring R/rad R. But then R/A is semisimple and hence A is automatically
semiprime. On the other hand, for such A to be prime, we need A/rad R
to be the sum of all but one simple components of R/rad R (cf. the last
exercise).

To apply this to the ring R in the exercise, recall that rad R is the ideal
of R consisting of matrices with zero diagonal, and

R/rad R ∼= k × k × k

(cf. FC-p. 60). In particular, the prime (or maximal) ideals of R are:
0 k k
0 k k
0 0 k


 ,


k k k
0 0 k
0 0 k


 , and


k k k
0 k k
0 0 0


 .

There are only five more semiprime ideals in R, namely:
0 k k
0 0 k
0 0 0


,


k k k
0 0 k
0 0 0


,


0 k k
0 k k
0 0 0


,


0 k k
0 0 k
0 0 k


 , and R.

Comment. The method above can be applied to some nonartinian rings as
well. For instance, if R is the ring of 3× 3 upper triangular matrices over
Z, then rad R is the ideal of R consisting of matrices with zero diagonal,
and

R/rad R ∼= Z × Z × Z.

The prime ideals of R are
pZ Z Z

0 Z Z
0 0 Z


 ,


Z Z Z
0 pZ Z
0 0 Z


 ,


Z Z Z
0 Z Z
0 0 pZ




where p is zero or a prime number, and the semiprime ideals of R are
n1Z Z Z

0 n2Z Z
0 0 n3Z




where each ni is either zero or a square-free integer.

Ex. 10.5. Show that the following conditions on a ring R are equivalent:

(1) All ideals �= R are prime.
(2) (a) The ideals of R are linearly ordered by inclusion, and

(b) All ideals I ⊆ R are idempotent (i.e. I2 = I).

If R is commutative, show that these conditions hold iff R is either (0) or
a field.
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Solution. (1) =⇒ (2). To show (2a), let I, J be two ideals �= R. By (1),
I ∩ J is prime, so IJ ⊆ I ∩ J implies that either I ⊆ I ∩ J or J ⊆ I ∩ J .
Thus, we have either I ⊆ J or J ⊆ I. To show (2b), we may assume that
I �= R. By (1), I2 is a prime ideal. Since I · I ⊆ I2, we must have I ⊆ I2

and hence I = I2.

(2) =⇒ (1). Let p be any ideal �= R, and let I, J ⊇ p be two ideals such that
IJ ⊆ p. We wish to show that I = p or J = p. By (2a), we may assume that
I ⊆ J . By (2b), I = I2 ⊆ IJ ⊆ p, so we have I = p.

Finally, let R �= 0 be a commutative ring in which all proper (principal)
ideals are prime. Then R is a domain (since (0) is prime). If R is not a field,
some a �= 0 is a non-unit. Then a2R is prime, so we must have a = a2b for
some b ∈ R. But then ab = 1, a contradiction.

Comment. (A) The last part of this exercise is well-known to commuta-
tive algebraists. In fact, it is the very first exercise in Kaplansky’s book
“Commutative Rings”!

(B) In general, (2a) alone does not imply (1). For instance, in a discrete
valuation ring R with maximal ideal p �= 0, (2a) holds since the only ideals
in R are

R ⊇ p ⊇ p
2 ⊇ · · · ⊇ (0).

However, (1) does not hold since p2, p3, . . . are not prime ideals.

(C) In general, (2b) also fails to imply (1). For instance, let

R = B1 ⊕ · · · ⊕ Br

be a semisimple ring with simple components B1, . . . , Br (r ≥ 2). It is easy
to see that (2b) holds (since any ideal is a sum of the Bi’s). However, (0)
is not a prime ideal, since BiBj = 0 whenever i �= j. Of course, (2a) also
fails to hold, since there are no inclusion relations among the Bi’s.

(D) In the noncommutative case, a trivial class of rings satisfying (1) and
(2) in the above exercise is given by the simple rings. A more interesting
class of noncommutative examples is given in the next exercise.

Ex. 10.6. Let R = End(Vk) where V is a vector space over a division ring
k. Show that R satisfies the properties (1), (2) of the exercise above. In
particular, every nonzero homomorphic image of R is a prime ring.

Solution. If dimk V < ∞, R is a simple ring. Therefore, it suffices to treat
the case when V is infinite-dimensional. By Exercise 3.16, the ideals ofR are
linearly ordered by inclusion. To show that they are all idempotent, consider
any ideal I �= 0, R. By Exercise 3.16, there exists an infinite cardinal β <
dimk V such that

I = {f ∈ R : dimk f(V ) < β}.
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For any f ∈ I, let f ′ ∈ R be such that f ′ is the identity on the f(V ),
and zero on a direct complement of f(V ). Clearly, f ′ ∈ I, and f = f ′f .
Therefore, f ∈ I2, and we have proved that I = I2. (It is also not difficult
to check directly that each such I, as well as the zero ideal, is prime.)

Ex. 10.7. For any integer n > 0, show that

(1) R =
(

Z nZ
Z Z

)
is a prime ring, but R′ =

(
Z nZ
0 Z

)
is not, and

(2) R is not isomorphic to the prime ring P = M2(Z) if n > 1.

Solution. (1) In R′, there is a nilpotent ideal
(
0 nZ
0 0

)
�= 0, so R′ is not

semiprime, let alone prime. To see that R is prime, view it as a subring
of P = M2(Z). Note that nP ⊆ R. If a, b ∈ R are such that aRb = 0, then
naPb ⊆ aRb = 0, and hence aPb = 0. Since P is a prime ring (see FC-
(10.20)), we conclude that a = 0 or b = 0.

(2) Assume n > 1. To see that R �∼= P , note that, by FC -(3.1), the ideals
of P are of the form

M2(kZ) = kM2(Z) = kP,

where k ∈ Z. Now R has an ideal M2(nZ) (which is, in fact, an ideal of the
larger ring P ). Since this ideal of R is obviously not of the form kR for any
integer k, it follows that R �∼= P .

Comment. (A) Obviously, the argument in the second part of the solution
permits the following generalization. Let R be a subring of a prime ring P
such that, for any s ∈ P , there exists α ∈ Z(P )\{0} with αs ∈ R. Then R
is also a prime ring. (Note that, by Exer. 10.0, α is not a zero-divisor in P .)
In particular, R can be any subring containing αP for some α ∈ Z(P )\{0}.
(B) Many examples of prime rings can be constructed by using (A). For

instance, if A is a prime ring and β, γ ∈ Z(A)\{0}, then R =
(

A βA
γA A

)
is also a prime ring, for we can take P = M2(A) and α = βγ (viewed as

a central element in P ). Taking A =
(

Z nZ
Z Z

)
and β = n �= 0, γ = m �= 0

for instance, we get a prime ring


Z nZ nZ n2Z
Z Z nZ nZ

mZ mnZ Z nZ
mZ mZ Z Z


 .

Ex. 10.7*. Let R be a subring of a right noetherian ring Q with a set
S ⊆ R ∩U(Q) such that every element q ∈ Q has the form rs−1 for some
r ∈ R and s ∈ S. Show that:
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(1) If B is an ideal of R, then BQ is an ideal of Q.
(2) If Q is prime (resp. semiprime), then so is R.
(3) The converse of (2) is true even without assuming Q to be right noethe-
rian.

Solution. (1) For any q ∈ Q, we need to show that qBQ ⊆ BQ. Write q =
rs−1 as above. The ascending sequence of right ideals s−1BQ ⊆ s−2BQ ⊆
· · · in the right noetherian ring Q shows that s−nBQ = s−(n+1)BQ for
some n ≥ 1, and thus BQ = s−1BQ. From this we see that

qBQ = r(s−1BQ) = rBQ ⊆ BQ.

(2) Let a, b ∈ R be such that aRb = 0. Applying (1) to the ideal B = RbR
in R, we have

aQb ⊆ aQ · (RbR)Q ⊆ a(RbR)Q = 0,

so a = 0 or b = 0. The semiprime case is similar, by setting a = b.

(3) Assume R is prime, and (as−1)Q(bt−1) = 0 where a, b ∈ R and s, t ∈ S.
Then 0 = (as−1)(sR)b = aRb, so a = 0 or b = 0. The semiprime case is
similar, by setting a = b.

Comment. This exercise leads to many examples of prime (resp. semiprime)
rings, by taking suitable subrings R of, say, simple artinian (resp. semisim-
ple) rings Q. For instance, if Q = M2(Q), we get once more the prime ring

examples
(

Z nZ
mZ Z

)
(with nm �= 0) obtained in the previous exercise. The

idea of Ex. 10.7* comes from the general theory of “rings of quotients”. For
an exposition of this theory, see §§10–11 in the author’s Lectures on Modules
and Rings, Springer GTM, Vol. 189, 1999.

Ex. 10.8. (a) Show that a ring R is semiprime iff, for any two ideals A,B
in R, AB = 0 implies that A ∩ B = 0.

(b) Let A,B be left (resp. right) ideals in a semiprime ring R. Show that
AB = 0 iff BA = 0. If A is an ideal, show that annr(A) = annl(A).

Solution. (a) First assume R is semiprime, and let AB = 0. For C : =
A ∩ B, we have C2 = CC ⊆ AB = 0, so C = 0. Conversely, assume the im-
plication property about A,B in (a), and consider any ideal C with C2 = 0.
Then CC = 0 implies 0 = C ∩ C = C, so R is semiprime.

(b) It suffices to prove the “only if” part, so assume AB = 0, where A,B
are (say) left ideals. We have

(BA)2 = BABA = 0,

so BA = 0 since R is semiprime. For the last statement in (b), we shall
prove a little bit more: if A is a left ideal, then annl(A) ⊆ annr(A). (This
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clearly gives the desired statement, by symmetry.) Indeed, let B = annl(A),
which is also a left ideal. By definition, BA = 0, so the first part of (b) gives
AB = 0, that is, B ⊆ annr(A).

Comment. The inclusion annl(A) ⊆ annr(A) above may be strict for a left
ideal A. For instance, if A = Re for an idempotent e in a semiprime ring R,
we have annr(A) = (1− e)R, which may not lie in annl(A) since (1− e)Re
may not be zero.

Ex. 10.8∗. Show that, with respect to inclusion, the set S of semiprime
ideals in any ring R forms a lattice having a smallest element and a largest
element. Give an example to show, however, that the sum of two semiprime
ideals need not be semiprime.

Solution. For A, B ∈ S, we have A ∩ B ∈ S. Thus, inf{A,B} is given
simply by A ∩ B. For sup{A,B}, we take √

A+B ∈ S, where the “radical”
of an ideal is defined as in FC -(10.6). A semiprime ideal C contains both
A and B iff C ⊇ A+B, iff C ⊇ √

A+B. Thus,
√
A+B is indeed the

supremum of A and B in S. This shows that S is a lattice. Clearly, S has
a largest element, R, and a smallest element, Nil∗R.

In the above construction, we cannot replace
√
A+B by A+B, since

A+B may not be semiprime. For an explicit example of this, consider
R = Z[x], in which A = (x) and B = (x − 4) are (semi)prime ideals (since
R/A ∼= Z ∼= R/B). Here,

A+B = (x, x − 4) = (x, 4)

is not semiprime (since R/(A+B) ∼= Z4), and we have

sup{A,B} =
√
A+B = (2, x).

Alternatively, we could have also taken A = (2) and B = (x2 − 2), for which
A+B = (2, x2) is not semiprime. Here sup{A,B} is again (2, x).

In spite of these examples, there are many rings in which we do have
sup{A,B} = A+B for semiprime ideals A and B. These include, for in-
stance, von Neumann regular rings, and left (right) artinian rings, as the
reader can easily verify. The ring Z is another example: here, A+B is
semiprime as long as one of A, B is semiprime!

Comment. The S in this exercise is actually a complete lattice, in the sense
that “sup” and “inf” exist for arbitrary subsets in S. If {Ai : i ∈ I} ⊆ S,
the infimum is given as before by the semiprime ideal

⋂
iAi ∈ S, and the

supremum is given by the semiprime ideal
√∑

iAi.

Ex. 10.9. Let I ⊆ R be a right ideal containing no nonzero nilpotent
right ideals of R. (For instance, I may be any right ideal in a semiprime
ring.) Show that the following are equivalent: (1) IR is an artinian module;
(2) IR is a finitely generated semisimple module. In this case, show that
(3) I = eR for an idempotent e ∈ I.
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Solution. (2) =⇒ (1) is clear. Conversely, assume (1). If I �= 0, it contains
a minimal right ideal A1. Since A1 cannot be nilpotent, Brauer’s Lemma
FC-(10.22) implies that A1 = e1R for some idempotent e1. Let

B1 = I ∩ (1− e1)R,

so I = A1 ⊕ B1. If B1 �= 0, the same argument shows that B1 contains a
minimal right ideal A2 = e2R where e2

2 = e2. Since e2 ∈ (1− e1)R, we have
e1e2 = 0. By a straightforward calculation,

e′
2 : = e1 + e2(1− e1)

is an idempotent, and A1 ⊕ A2 = e′
2R. Now let B2 = I ∩ (1− e′

2)R. Since

1− e′
2 = (1− e1) + (1− e1)e2(1− e1) ∈ (1− e1)R,

we have B2 ⊆ B1. If B2 �= 0, we can take a minimal right ideal A3 = e3R ⊆
B2, and continue this construction. Since B1 � B2 � · · · , this construction
process must stop in a finite number of steps. If, say, Bn = 0, then

IR = A1 ⊕ · · · ⊕ An

is semisimple, and equal to e′
nR for the idempotent e′

n, as desired.

Comment. The Exercise above may be thought of as a generalization of
the fact that any semiprime right artinian ring is semisimple. (Cf. Exercise
22.3C below.)

Ex. 10.10A. Let N1(R) be the sum of all nilpotent ideals in a ring R.

(1) Show that N1(R) is a nil subideal of Nil*R which contains all nilpotent
one-sided ideals of R.
(2) If N1(R) is nilpotent, show that N1(R) = Nil*R.
(3) Show that the hypothesis and conclusion in (2) both apply if the ideals
in R satisfy DCC.

Solution. Let N = N1(R).

(1) Note that any nilpotent ideal is in Nil*R, so N ⊆ Nil*R, and N is
nil. If A is a nilpotent (say) left ideal, then AR is a nilpotent ideal, so
A ⊆ AR ⊆ N .

(2) Say Nn = 0. Then R/N has no nonzero nilpotent ideals. (For, if I/N is a
nilpotent ideal ofR/N , then Im ⊆ N for somem, and hence Imn ⊆ Nn = 0.
This implies that I ⊆ N .) Therefore, N is semiprime, so N = Nil*R.

(3) Assume now ideals in R satisfy DCC. Then Nn = Nn+1 for some n.
We finish by showing that M : = Nn is zero. To see this, assume instead
M �= 0. Then there exist ideals A ⊆ M with MAM �= 0 (for instance A =
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M). Among such ideals A, choose a B that is minimal. Then MBM �= 0,
so MbM �= 0 for some b ∈ B. Since

MbM ⊆ B and M(MbM)M = MbM �= 0,

we must have MbM = B. In particular, there exists an equation

b =
r∑
i=1

mi bm
′
i , where mi,m

′
i ∈ M.

Now consider the ideal J ⊆ N generated by

{mi,m′
i : 1 ≤ i ≤ r}.

Since N is a sum of nilpotent ideals, J lies in a finite sum of nilpotent ideals,
so Jk = 0 for some k. Since b ∈ JbJ , we now have by repeated substitution
b ∈ JkbJk = 0, a contradiction.

Comment. Of course, if R is a commutative ring, then N1(R) = Nil*R =
Nil*R (although this may not be nilpotent). If R is a Banach algebra, the
same equation is known to hold, and the common nilradical is nilpotent:
see Theorem 4.4.11 in T. Palmer’s recent book “Banach Algebras and the
Theory of *-Algebras,” Vol. 1, Cambridge University Press, 1994.

Ex. 10.10B. Keeping the notations of Exercise 10A, give an example of
a (necessarily noncommutative) ring R in which N1(R) � Nil*R.

Solution. We follow here a construction in p. 233 of Jacobson’s book
“Structure of Rings.” Fix a commutative ring S with a nilradical J that is

not nilpotent, and consider R0 =
(
J S
J J

)
⊆ M2(S). This R0 is a “subring”

of M2(S), except for the fact that it may not possess an identity element.

Step 1. R0 is a “nil rng” (i.e. every element of R0 is nilpotent). Indeed, let

α =
(
x s
y z

)
∈ R0, where x, y, z ∈ J and s ∈ S. Let

I = xS + yS + zS,

which is a nilpotent ideal. We shall show by induction that

(1) α2m ∈
(

Im Im

Im+1 Im

)
, and (2) α2m+1 ∈

(
Im+1 Im

Im+1 Im+1

)
.

(Clearly, these imply that αk = 0 for sufficiently large k.) The induction is

started by noting that α ∈
(
I S
I I

)
. If we have (2) for some m, then

α2m+2 ∈
(
x s
y z

)(
Im+1 Im

Im+1 Im+1

)
⊆
(
Im+1 Im+1

Im+2 Im+1

)
.
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On the other hand, if (1) holds for some m, then

α2m+1 ∈
(
x s
y z

)(
Im Im

Im+1 Im

)
⊆
(
Im+1 Im

Im+1 Im+1

)
.

This completes the induction.

Step 2. We adjoin an identity to R0 to form a ring R : = R0 ⊕ Z. Step 1
clearly implies that Nil*R = R0. Therefore, Nil*R ⊆ R0. Let

N = N1(R) ⊆ Nil*R

be the sum of all nilpotent ideals of R. We claim that the matrix β =(
0 1
0 0

)
does not belong to N . Indeed, assume β ∈ N . Then, β is contained

in a finite sum of nilpotent ideals of R, so (RβR)r = 0 for some r. But RβR
contains (

0 1
0 0

)(
0 0
J 0

)
=
(
J 0
0 0

)
.

Hence Jr = 0, in contradiction to the choice of J .

Step 3. We finish by showing that β ∈ Nil*R (which implies that N �
Nil*R). For this, it suffices to show, by Exercise 17 below, that for any
sequence β1, β2, . . . ∈ R such that β1 = β and βn+1 ∈ βnRβn for every n,
we have βn = 0 for sufficiently large n. Since β2

1 = 0, an explicit calculation

shows that β2 =
(
0 y
0 0

)
for some y ∈ J . Similarly, the fact that β2

2 = 0

implies β3 =
(
0 y2y′

0 0

)
for some y′ ∈ J , etc. Since y is nilpotent, we see

that βn = 0 for sufficiently large n.

Comment. On p. 233 of Jacobson’s book referenced above, it is shown that
R2

0 ⊆ N . Therefore, one has in fact Nil*R = R0 = Nil*R.

Ex. 10.11. (Levitzki) For any ring R and any ordinal α, define Nα(R) as
follows. For α = 1, N1(R) is defined as in Exercise 10A. If α is the successor
of an ordinal β, define

Nα(R) = {r ∈ R : r +Nβ(R) ∈ N1 (R/Nβ(R))} .

If α is a limit ordinal, define

Nα(R) =
⋃
β<α

Nβ(R).

Show that Nil*R = Nα(R) for any ordinal α with Card α > Card R.
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Solution. The Nα(R)’s form an ascending chain of ideals in Nil*R. Write
P (R) = Nα(R) where α is an ordinal with Card α > Card R. Then, for
any ordinal α′ with Card α′ > Card R, we have P (R) = Nα′(R). Since
P (R) ⊆ Nil*R, it suffices to show that Nil*R ⊆ P (R). Now R/P (R) has
no nonzero nilpotent ideals, so it is a semiprime ring. This means that
P (R) is a semiprime ideal. Hence Nil*R ⊆ P (R) since Nil*R is the smallest
semiprime ideal of R.

Comment. For the example R constructed in Exercise 10B, we have N1(R)
� Nil*R, and in the Comment on that exercise, we pointed out that
N2(R) = Nil*R. More generally, for any ordinal α, Amitsur has constructed
a ring R = Rα for which Nα(R) � Nα+1(R). This means that, for a general
ring R, we might need an arbitrarily large ordinal α for Nα(R) to reach
Nil*R. See Amitsur’s article “Nil radicals. Historical notes and some new
results” in Rings, Modules and Radicals, Coll. Math. Soc. János Bolyai 6,
Keszthely (Hungary), 47–65, North Holland, 1971. For a sketch of Amit-
sur’s construction, see p. 318 of Rowen’s “Ring Theory, I,” Academic Press,
1988.

Ex. 10.12. Let I be a left ideal in a ring R such that, for some integer
n ≥ 2, an = 0 for all a ∈ I. Show that an−1Ran−1 = 0 for all a ∈ I.

Solution. (A. A. Klein) Given any r ∈ R, let s = ran−1 ∈ I. Then sa = 0,
and a quick induction on m shows that

(s+ a)m = sm + asm−1 + a2sm−2 + · · ·+ am.

Taking m = n and using sn = an = (s+ a)n = 0, we have

0 = asn−1 + · · ·+ an−2s2 + an−1s = (at+ 1)an−1s

for some t ∈ R. (Note that s2 = ran−1s, etc.) Since (at)n+1 = a(ta)nt = 0,
we have at+ 1 ∈ U(R), so

0 = an−1s = an−1ran−1,

as desired.

Ex. 10.13. (Levitzki, Herstein) Let I �= 0 be a left ideal in a ring R such
that, for some integer n, an = 0 for all a ∈ I.

(1) Show that I contains a nonzero nilpotent left ideal, and R has a nonzero
nilpotent ideal.
(2) Show that I ⊆ Nil*R.

Solution. We may assume n is chosen minimal. Since I �= 0, n ≥ 2. Fix
an element a ∈ I with an−1 �= 0. By Exercise 12, an−1Ran−1 = 0, so
(Ran−1R)2 = 0. Therefore Ran−1R is a nonzero nilpotent ideal, and I con-
tains the nonzero nilpotent left ideal Ran−1. For (2), let J = Nil*R. If
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the image I of I in R/J is nonzero, (1) would give a nonzero nilpotent
ideal in R/J , which is impossible. Therefore, we must have I = 0, that is,
I ⊆ Nil*R.

Comment. For any left ideal I ⊆ R, the above (for n = 2) shows that every
a ∈ I has square zero iff I is a union of left ideals of square zero. However,
I itself need not be nilpotent, even if R is commutative. For instance, let R
be the commutative F2-algebra generated by x1, x2, . . . with the relations

x2
1 = x2

2 = · · · = 0.

Then every element in the ideal I =
∑

Rxi has square zero, but each power
Im contains a nonzero element x1x2 · · ·xm, so I is not nilpotent.

Ex. 10.14. (Krull-McCoy) Show that any prime ideal p in a ring R con-
tains a minimal prime ideal. Using this, show that the lower nilradical
Nil*R is the intersection of all the minimal prime ideals of R.

Solution. The second conclusion follows directly from the first, since
Nil*R is the intersection of all the prime ideals of R (cf. FC-(10.13)). To
prove the first conclusion, we apply Zorn’s Lemma to the family of prime
ideals ⊆ p. It suffices to check that, for any chain of prime ideals {pi : i ∈ I}
in p, the intersection p′ =

⋂
pi is prime. Let a, b �∈ p′. Then a �∈ pi and

b �∈ pj for some i, j ∈ I. If, say, pi ⊆ pj , then both a, b are outside pi, so we
have arb �∈ pi for some r ∈ R. But then arb �∈ p′, and we have checked that
p′ is prime.

Ex. 10.15. Show that if the ideals in R satisfy ACC (e.g. when R is left
noetherian), then R has only finitely many minimal prime ideals.

Solution. Assuming R �= 0, we first prove that any ideal in R contains a
finite product of prime ideals. Suppose, instead, that the family F of ideals
which do not contain a finite product of prime ideals is nonempty. Let I be
a maximal member of F. Certainly I �= R, and I is not prime. Therefore,
there exist ideals A,B � I such that AB ⊆ I. But each of A,B contains a
finite product of primes, and hence so does I, a contradiction.

Applying the above conclusion to the zero ideal, we see that there exist
prime ideals p1, . . . , pn such that p1 · · · pn = 0. We claim that any minimal
prime p is among the pi’s. Indeed, from p1 · · · pn ⊆ p, we must have pi ⊆ p

for some i. Hence p = pi. Therefore, R has at most n minimal primes.

Ex. 10.16. (McCoy) For any ideal A in a ring R, show that
√

A consists
of s ∈ R such that every n-system containing s meets A. [An n-system is a
subset N ⊆ R such that, for any s ∈ N , srs ∈ N for some r ∈ R.]

Solution. In FC-(10.6),
√

A is defined to be the set of s ∈ R such that
every m-system containing s meets A. The desired conclusion, therefore,
follows from the following two facts: (1) every m-system is an n-system,
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and (2) if N is an n-system and s ∈ N , then there exists an m-system M
such that s ∈ M ⊆ N (cf. the proof of FC-(10.10)).

Ex. 10.17. (Levitzki) An element a of a ring R is called strongly nilpotent
if every sequence a1, a2, a3, . . . such that a1 = a and an+1 ∈ anRan (∀n) is
eventually zero. Show that Nil*R is precisely the set of all strongly nilpotent
elements of R.

Solution. First assume a �∈ Nil*R. By FC-(10.6) and (10.13), there ex-
ists an m-system M containing a and not containing 0. Take a1 = a, and
inductively

an+1 ∈ (anRan) ∩ M.

Then we get a sequence a1, a2, a3, . . . of the desired type which is never
0. Therefore, a is not strongly nilpotent. Conversely, if a is not strongly
nilpotent, there exists a set M = {ai : i ≥ 1} of nonzero elements such that
a1 = a and an+1 ∈ anRan(∀n). As observed in the proof of FC-(10.10), M
is an m-system. Since 0 /∈ M , it follows from FC-(10.6) that a �∈ Nil*R.

Ex. 10.18A. (1) Let R ⊆ S be rings. Show that R ∩Nil*(S) ⊆ Nil*(R).

(2) If R ⊆ Z(S), show that R ∩Nil*(S) = Nil*(R).
(3) Let R,K be algebras over a commutative ring k such that R is k-
projective and K ⊇ k. Show that R ∩Nil*(R ⊗k K) = Nil*(R).

Solution. (1) Let r ∈ R ∩Nil*(S). Consider any m-system M of the ring
R such that r ∈ M (see FC-(10.3)). By definition, M is also an m-system
of S, so 0 ∈ M since r ∈ Nil*(S). It follows that r ∈ Nil*(R). (We could
have also proved this part by Exercise 17.)

(2) Under the assumption R ⊆ Z(S), any prime ideal p of S contracts to a
prime p0 : = p ∩ R of R. Indeed, if a, b ∈ R are such that ab ∈ p0, then

aSb = abS ⊆ p0S ⊆ p,

so we have, say, a ∈ p ∩ R = p0. Therefore, any r ∈ Nil*R lies in all primes
p of S, and so r ∈ Nil*S. This (together with (1)) gives the equation in (2).

(3) Let S = R ⊗k K. Since R is k-projective, tensoring the inclusion k → K
by R gives an inclusion

R ⊗k k → R ⊗k K.

We identify R ⊗k k with R, and view it as a subring of S = R ⊗k K. We
finish again by showing that any prime ideal p of S contracts to a prime
ideal p0 = p ∩ R of R. Indeed, let aRb ⊆ p0, where a, b ∈ R. Then

aSb = a(R ⊗k K)b ⊆
∑

aRb ⊗k K ⊆
∑

p0(1⊗k K) ⊆ p,

so we must have, say, a ∈ p ∩ R = p0.
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Comment. The prime contraction property used in (2) and (3) does not
hold in general for a ring extension R ⊆ S. For instance, let k be a field,
and let

S = M2(k), and R =
(
k k
0 k

)
.

Then (0) is a prime ideal of S, but is not a prime ideal of R. Here, Nil*(S) =

0 and Nil*(R) =
(
0 k
0 0

)
, so the inclusion

R ∩Nil*(S) ⊆ Nil*(R)

in (1) is now a strict inclusion.

Ex. 10.18B. Let R be a k-algebra where k is a field. Let K/k be a
separable algebraic field extension.

(1) Show that R is semiprime iff RK = R ⊗k K is semiprime.
(2) Show that Nil*(R

K) = (Nil*(R))K .

Solution. (1) The “if” part is clear (for any field extension), since, for
any nilpotent ideal I ⊆ R, IK is a nilpotent ideal in RK . For the converse,
assume that R is semiprime. Repeating the entire argument of FC-(5.16)
with the lower nilradical replacing the Jacobson radical, we can deduce
that RK is also semiprime. (Note that the proof of FC-(5.16) uses only the
change-of-rings properties of the radical, so it applies equally well here, in
view of Exercise 18A above.)

(2) Since Nil*(R) ⊆ Nil*(R
K), we have (Nil*(R))K ⊆ Nil*(R

K). On the
other hand,

RK/(Nil*R)K ∼= (R/Nil*R)K

is semiprime by (1), so (Nil*(R))K ⊇ Nil*(R
K). Therefore, the desired

equality follows.

Comment. Again, the separability condition on K/k is essential for both
conclusions above: see the standard counterexample in FC-p. 77 for the
inseparable case.

Ex. 10.19. For a ring R, consider the following conditions:

(1) Every ideal of R is semiprime.
(2) Every ideal I of R is idempotent (i.e. I2 = I).
(3) R is von Neumann regular.

Show that (3) ⇒ (2) ⇔ (1), and that (1) ⇒ (3) if R is commutative.
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Solution. (3) ⇒ (2). Let I be any ideal of R. For any a ∈ I, we have
a ∈ aRa ⊆ I2, so clearly I2 = I.

(2) ⇒ (1). Let J be any ideal of R. Suppose I is an ideal such that I2 ⊆ J .
Then I = I2 ⊆ J , so J is semiprime.

(1) ⇒ (2). If (2) does not hold, there exists an ideal I such that I2 � I.
Then R/I has a nonzero ideal I/I2 of square zero. This means I2 is not a
semiprime ideal, so (1) does not hold.

(1) ⇒ (3) (assuming now R is commutative). Let a ∈ R. Then a2R is a
semiprime ideal; that is, R/a2R is reduced. This implies that a ∈ a2R, so
we have (3).

Comment. The fact that we left (1) ⇒ (3) open for general rings suggested
that it may not hold for noncommutative R. To see that this is indeed the
case, we appeal to a later exercise. In Exercise 12.2 below, a noncommu-
tative domain A is constructed which has exactly three ideals, (0), A, and
some L. Clearly, (0), L must be both prime and idempotent, so (1), (2)
above are both satisfied. However, since A is a domain (but not a division
ring), it cannot be von Neumann regular.

It is of interest to compare this exercise with Exercise 5. In the latter
exercise, the condition (1) here is strengthened to every ideal I � R being
prime, and (2) is strengthened by adding the condition that the ideals of
R are linearly ordered by inclusion.

Ex. 10.20. Let Rad R denote one of the two nilradicals, or the Jacobson
radical, or the Levitzki radical of R. Show that Rad R is a semiprime ideal.
For any ideal I ⊆ Rad R, show that Rad (R/I) = (Rad R)/I. Moreover,
for any ideal J ⊆ R such that Rad (R/J) = 0, show that J ⊇ Rad R.

Solution. The case of the Jacobson radical is already covered in the text
of FC, and in earlier exercises. The case of the lower nilradical follows
easily from the interpretation of Nil*R as the smallest semiprime ideal of
R. Now consider the upper nilradical Nil*R. If N ⊇ Nil*R is an ideal with
N2 ⊆ Nil*R, then N is clearly nil, and so N = Nil*R. This checks that
Nil*R is semiprime, and we can check the other two properties without
difficulty. Finally, we deal with the Levitzki radical L-radR. Again, consider
an ideal N ⊇ L-rad R with N2 ⊆ L-rad R. We claim that N is locally
nilpotent. In fact, if a1, . . . , an ∈ N , form the products

aij : = aiaj ∈ L-rad R.

There exists an integer m such that any product of m elements from the
set {aij} is zero. Therefore, any product of 2m elements from the set {ai}
is zero. This shows that N ⊆ L-rad R, so L-rad R is semiprime. If I is an
ideal ⊆ L-rad R, a similar argument shows that

L-rad (R/I) = (L-rad R)/I.
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For the last part, consider any ideal J ⊆ R such that L-rad (R/J) = 0. The
image of L-rad R in R/J is still locally nilpotent, so it must be zero, as
L-rad (R/J) = 0. Thus, we must have L-rad R ⊆ J .

Ex. 10.21. Let R[T ] be a polynomial ring over R, and let N = R ∩
rad R[T ]. Show that N is a semiprime ideal of R and that L-rad R ⊆
N ⊆ Nil*R, where L-rad R denotes the Levitzki radical of R.

Solution. That N ⊆ Nil*R is part of Amitsur’s Theorem (FC-(5.10)). To
see that N is semiprime, it suffices to show that the ring (R/N)[T ] is
semiprime (see FC-(10.18)). By Amitsur’s Theorem:

(R/N)[T ] =
R[T ]
N [T ]

=
R[T ]

rad R[T ]
.

This ring is semiprimitive, and therefore semiprime, as desired. Finally,
since L-rad R is locally nilpotent, (L-rad R)[T ] is nil, so it lies in rad R[T ].
Contracting back to R, we see that L-rad R ⊆ N .

Ex. 10.22. For any ring R, show that Nil*Mn(R) = Mn(Nil*R).

Solution. Let N = Nil*R. Then R/N is semiprime, so Mn(R/N) is also
semiprime by FC-(10.20). But then Mn(R)/Mn(N) is semiprime, so
Nil*Mn(R) ⊆ Mn(N). Write the ideal Nil*Mn(R) of Mn(R) in the form
Mn(I), where I is an ideal in R (see FC-(3.1)). Then

Mn(R/I) ∼= Mn(R)/Nil*Mn(R)

is semiprime, and so is R/I by FC-(10.20). This implies that N ⊆ I, so we
have

Mn(N) ⊆ Mn(I) = Nil*Mn(R),

and equality holds.

Comment. Although it was easy to show that

Nil*Mn(R) = Mn(Nil*R) (for all n),

it is not known if the analogous equation

Nil*(Mn(R)) = Mn(Nil*R)

holds for the upper nilradicals. In fact, it turns out that the truth of the
above equation (for all n and for all rings R) is equivalent to the famous
Köthe Conjecture (cf. FC-(10.28)). For more details on this, see Exercises
23 and 25 below.
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Ex. 10.23. Let I be a nil left ideal of a ring R.

(1) Show that the set of matrices in Mn(R) whose kth column consists of
elements of I and whose other columns are zero is a nil left ideal of Mn(R).
(2) If Tn(R) is the ring of n × n upper triangular matrices over R, show
that Tn(I) is a nil left ideal in Tn(R).
(3) If R is a commutative ring, show that Mn(I) is a nil ideal in Mn(R).
Using this, show that Nil∗(Mn(R)) = Mn(Nil∗(R)).

Solution. (1) It is clear that S is a left ideal in Mn(R). Let A ∈ S, and
let the kth column of A be (a1, . . . , an)t. By explicit multiplication, we
see that Am+1 has kth column (a1a

m
k , . . . , ana

m
k )
t, and other columns zero.

Choosing m such that amk = 0, we have Am+1 = 0, so S is nil.

(2) Again, it is clear that Tn(I) is a left ideal in Tn(R). Let B ∈ Tn(I), say
with diagonal entries b1, . . . , bn. Then Bm has diagonal entries bm1 , . . . , bmn .
Choosing m such that bmi = 0 for all i, we obtain an upper triangular matrix
Bm with a zero diagonal. Such a matrix is always nilpotent; hence so is the
given matrix B ∈ Tn(I).

(3) We assume here that R is a commutative ring. It is easy to see that
J := Mn(I) is an ideal of Mn(R). To show that J is nil, consider a power
αN where α = (aij) ∈ J . Each entry (αN )ij is a sum of N -fold products of
elements from the set {aij}. Fix an integer r such that ark� = 0 for all k,
�. If N is large enough, some ak� will occur at least r times in any given
summand of (αN )ij . Since R is commutative, such a summand has a factor
ark�, and is therefore 0. This shows that αN = 0, as desired.

Applying the above to I = Nil∗(R), we see that Mn(Nil∗R) ⊆
Nil∗(Mn(R)). On the other hand, if we write the ideal Nil∗(Mn(R)) in
the form Mn(I ′) where I ′ is a suitable ideal in R (see FC -(3.1)), I ′ must
be nil, so I ′ ⊆ I. Therefore, Nil∗(Mn(R)) ⊆ Mn(Nil∗R) for any ring R, and
equality holds for any commutative ring R.

Ex. 10.23*. (Analogue of Ex. 4.12C for the nilradicals.)

(1) For a triangular ring T =
(
R M
0 S

)
(where M is an (R,S)-bimodule),

show that Nil∗(T ) =
(
Nil∗(R) M

0 Nil∗(S)

)
. Apply this to compute the lower

nilradical of the ring Tn(k) of upper triangular matrices over any ring k.

(2) Do the same for the upper nilradical.

Solution. (1) We proceed as in the solution to Ex. 4.12C. For the

ideal N =
(
N1 M
0 N2

)
⊆ T , where N1 = Nil∗(R) and N2 = Nil∗(S), T/N ∼=

(R/N1)× (S/N2) is semiprime, so N ⊇ Nil∗(T ). This will be an equality if
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we can show that N ⊆ p for any prime ideal p of T . Now p must contain the

nilpotent ideal
(
0 M
0 0

)
, so p “corresponds” to a prime ideal in the ring

R × S. Thus, we have either p =
(

p1 M
0 S

)
, or p =

(
R M
0 p2

)
, where p1

(resp. p2) is a prime ideal in R (resp. S). But then N1 ⊆ p1, and N2 ⊆ p2,
so in either case, N ⊆ p, as desired.

Using the above computation and induction, we deduce as in Ex. 4.12C
that Nil∗(Tn(k)) consists of matrices in Tn(k) with diagonal entries in
Nil∗(k).

(2) Consider again the ideal N =
(
N1 M
0 N2

)
, where now N1 = Nil∗(R),

N2 = Nil∗(S). Since T/N ∼= (R/N1)× (S/N2) has no nonzero nil ideals (by
a simple application of Ex. 1.8), we have Nil∗(T ) ⊆ N . On the other hand,
the idea used in the solution of Ex. 10.23(2) shows that N is a nil ideal in T ,
so we have N ⊆ Nil∗(T ) also. Using induction, we can show as before that
Nil∗(Tn(k)) consists of matrices in Tn(k) with diagonal entries in Nil∗(k).

Ex. 10.24. (Krempa-Amitsur) Let I be an ideal of a ring R such that, for
all n, Mn(I) is a nil ideal in Mn(R). Show that I[t] ⊆ rad R[t].

Solution. It suffices to show that, for any ai ∈ I,

1 + a1t+ · · ·+ ant
n is invertible in R[t].

Let
∑
i bit

i be the “formal” inverse of 1 + a1t+ · · ·+ ant
n in the power

series ring R[[t]]. Then we have:

b0 = 1, b1 = −a1, b2 = −(b1a1 + a2), b3 = −(b2a1 + b1a2 + a3), etc.

Let A be the companion matrix


0 −an
1 0 −an−1
. . . . . .

...
1 −a1


 .

By direct matrix multiplication, we see that, for e = (0, . . . , 0, 1):

eA = (0, . . . , 1,−a1) = (0, . . . , 0, b0, b1)

eA2 = (0, . . . , 0, b0, b1,−b0a2 − b1a1) = (0, . . . , 0, b0, b1, b2),
· · · · · ·

eAn = (b1, . . . , bn−1, bn)

eAn+1 = (b2, . . . , bn, bn+1), etc.
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Also, we can check that the entries of An “involve” only the ai’s and not
the element 1, so An ∈ Mn(I). By the hypothesis, An is nilpotent, so the
equations for eAk above show that bk = 0 for sufficiently large k. Therefore,
the formal inverse for 1 +

∑
i ait

i lies in R[t], as desired.

Ex. 10.25. Using Ex. 23 and 24, show that the following are equivalent:

(1) Köthe’s Conjecture. (“The sum of two nil left ideals in any ring is nil”:
see FC-(10.28).)
(1)′ The sum of two nil 1-sided ideals in any ring is nil.
(2) If I is a nil ideal in any ring R, then Mn(I) is nil for any n.
(2)′ If I is a nil ideal in any ring, then M2(I) is nil.
(3) Nil*(Mn(R)) = Mn(Nil*(R)) for any ring R and any n.
(4) If I is a nil ideal in any ring R, then I[t] ⊆ rad R[t].
(5) rad (R[t]) = (Nil*R)[t] for any ring R.

Solution. First, (1) ⇐⇒ (1)′ is clear, since, for any element b in a nil right
ideal, Rb is a nil left ideal. Second, we have (2) ⇐⇒ (2)′. For, if (2)′ holds,
then for any nil ideal I, M2t(I) ∼= M2(M2t−1(I)) is also nil, by induction
on t. Since any n ∈ N is bounded by 2t for some t, we have (2). In the
following, we may therefore focus on the conditions (1)–(5) only.

(1) =⇒ (2). Note that Mn(I) =
∑
k Jk where Jk is the left ideal in Mn(R)

consisting of matrices with kth column entries from I and all other entries
zero. By Exercise 23, each Jk is nil, so by (1) (and induction), Mn(I) is nil.

(2) ⇐⇒ (3). This follows from the argument in the last paragraph of the
solution to Ex. 10.23(3).

(2) =⇒ (4) follows from Exercise 24.

(4) =⇒ (5). The inclusion “⊆” in (5) follows from Amitsur’s Theorem (FC-
(5.10)). The reverse inclusion “⊇” follows from (4).

(5) =⇒ (1). We shall prove (1) in the alternative form: If R is a ring such
that Nil*R = 0, then every nil left ideal I ⊆ R is zero (see FC-(10.28)).
It suffices to show that, for any f(t) ∈ I[t], 1 + f(t) has a left inverse in
R[t], for then I[t] ⊆ rad R[t], and rad R[t] = 0 by (5). Consider the ring
R′ = I ⊕ Z, obtained by formally adjoining an identity 1′ = (0, 1) to the
“rng” I. It is easy to see that Nil*R′ = I, so by (5), rad R′[t] = I[t]. Given
f(t) ∈ I[t], 1′ + f(t) has then a left inverse, say 1′ + g(t), in R′[t]. From

1′ = (1′ + g(t))(1′ + f(t)),

we have
−g(t) = f(t) + g(t)f(t) ∈ I[t],

since I[t] is an ideal in R′[t]. Now the equation

1 = (1 + g(t))(1 + f(t))

implies that 1 + f(t) has a left inverse 1 + g(t) ∈ R[t], as desired.
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Comment. Note that, if (5) is true, it would give a much sharper form of
Amitsur’s Theorem (FC -(5.10)) on the Jacobson radical of a polynomial
extension. But, of course, (5) may very well be false. Köthe’s Conjecture
has remained open as of this day.

Amitsur had once conjectured that, if I is any nil ring (a ring without
identity in which every element is nil), then the polynomial ring I[t] is also
nil. This would imply the truth of (4) (for then 1 + I[t] ⊆ U(R[t])). How-
ever, A. Smoktunowicz has found a counterexample to Amitsur’s conjec-
ture; see her paper in J. Algebra 233 (2000), 427–436. This is an important
counterexample, but it did not alter the open status of (4), or of Köthe’s
Conjecture.

§11. Structure of Primitive Rings;
the Density Theorem

A central notion in noncommutative ring theory is that of a left primitive
ring. Following Jacobson, we call a ring R �= 0 left primitive if R has a faith-
ful simple left module. Similarly, we call R semiprimitive if R has a faithful
semisimple (left) module. An easy check shows that R is semiprimitive iff
R is J-semisimple.

If M = RVk is an (R, k)-bimodule (where R, k are given rings), we say
that R acts densely on Vk if we can “approximate” any f ∈ End(Vk) on
a finite number of elements v1, . . . , vn ∈ V by an element of R (that is,
there exists r ∈ R such that rvi = f(vi) for all i). The Jacobson-Chevalley
Density Theorem expresses a fundamental fact in abstract algebra: If RV
is a semisimple module over any ring R, and k = End(RV ), then R acts
densely on Vk. The power of this result lies in its simplicity: there is only
one assumption needed, that RV be semisimple. And needless to say, the
result is not true for nonsemisimple modules.

If k is a division ring above, then Vk is a k-vector space. In this case, R
acts densely on Vk iff, given any vectors

v1, . . . , vn, u1, . . . , un ∈ V

where the ui’s are k-linearly independent, there exists r ∈ R such that
rui = vi for all i. The Density Theorem in this context can be restated as
follows: A nonzero ring R is left primitive iff it is isomorphic to a dense ring
of linear transformations on a vector space Vk over some division ring k. In
this case, there are two possibilities. If R is left artinian, then R ∼= Mn(k)
for some n; if R is not left artinian, then, for any n > 0, some subring
Rn ⊆ R admits a ring homomorphism onto Mn(k).

In the commutative category, primitive rings are just fields. In the non-
commutative category, however, left primitive rings abound, and are con-
siderably more general than division rings. For instance, if k is a field, then

k 〈x, y〉 /(xy − 1)
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is primitive, and so is the free algebra k 〈x, y〉 (cf. FC-pp. 184–185). If char
k = 0, the Weyl algebra

k 〈x, y〉 /(xy − yx − 1)

is also primitive. If K is a division ring containing an element not algebraic
over its center, then the polynomial ring K[t] is primitive (cf. FC-(11.14)).
The important role played by left primitive rings in the structure theory of
noncommutative rings was brought to the fore by Jacobson in a series of
fundamental papers in the 1940’s. This work of Jacobson culminated in his
A.M.S. Colloquium Publications volume “Structure of Rings,” which has
remained a standard reference for classical ring theory as of this day.

The exercise set for this section collects sundry facts and examples about
primitive rings. For instance, left primitivity is not inherited by subrings,
homomorphic images, or polynomial rings, but is inherited by matrix rings,
and by passage from R to eRe for any idempotent e. We also see that a
free algebra k 〈x, y〉 has more than one faithful simple module (Exercise 10).
The Density Theorem is seen to have somewhat surprising applications to
simple rings (Exercise 6) and to differential operators (Exercise 12).

Among the left primitive rings, those with nonzero socle deserve special
attention (cf. FC-(11.11)). These rings turn out to be dense rings of linear
transformations which contain projection operators of finite (nonzero) rank.
Their minimal (left or right) ideals are generated by projections onto 1-
dimensional subspaces. These facts are developed in Exercises 16, 17 and
18 below.

Exercises for §11

Ex. 11.1. Show that a homomorphic image of a left primitive ring need
not be left primitive.

Solution. For any field k, let

R = k 〈x, y〉 and S = k × k.

We have a surjective k-algebra homomorphism ϕ : R → S defined by

ϕ(x) = (1, 0) and ϕ(y) = (0, 1).

By FC-(11.23), R is left primitive. However, S is not. (Recall that com-
mutative primitive rings are fields.) Many other examples can be given.
For instance, let k be a field with a non-surjective endomorphism σ, and
let R = k[x;σ] (with the Hilbert twist xb = σ(b)x). By FC-(11.13), R is
a left primitive ring. However, its homomorphic image S = R/Rx2 is not
left primitive. (The nonzero ideal Rx/Rx2 ⊆ S has square zero, so S is not
even semiprime!)
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Ex. 11.2. Show that a ring R can be embedded into a left primitive ring
iff either char R is a prime number p > 0, or (R,+) is a torsion-free abelian
group.

Solution. First assume R ⊆ S, where S is a left primitive ring. Then S
is a prime ring, so by Exercise 10.0, char R = char S is either a prime
number p, or char R = 0. In the latter case, for any integer n ≥ 1, n · 1 is
not a 0-divisor in S by Exercise 10.0. Clearly, this implies that (R,+) is
torsion-free.

(Alternatively, in the spirit of the solution of Ex. 3.0, let SM be a
faithful simple S-module. Then EndS(M) is a division ring, with prime
field F ∼= Q or Fp (for some prime p). Since S acts faithfully on M as a
ring of F -linear transformations, the desired conclusions follow for S, and
thus also for R.)

Conversely, assume char R is a prime p, or that (R,+) is torsion-free.
In either case, R can be embedded into a k-algebra A over some field
k. (In the former case, choose k = Fp ⊆ R and let A = R. In the latter
case, choose k = Q and embed R into A = R ⊗Z Q.) Now the “left regular
representation”

ϕ : A −→ Endk(A)

defined by ϕ(a)(b) = ab for a, b ∈ A is an embedding of A (and hence of R)
into the left (and incidentally also right) primitive k-algebra Endk A.

Comment. There is an analogue of the above result for the embeddability
of a ring R into a semiprimitive (i.e. J-semisimple) ring: The necessary and
sufficient condition is that, for any prime number p > 0, R has no element
of additive order p2. This is a result of O. Goldman: see his paper in Bull.
Amer. Math. Soc. 52 (1946), 1028–1032.

Ex. 11.3. Let R be a left primitive ring. Show that for any nonzero idem-
potent e ∈ R, the ring A = eRe is also left primitive.

Solution. Let V be a faithful simple left R-module. It suffices to show
that U = eV is a faithful simple left A-module. First

A · U = eRe · eV = eReV ⊆ eV = U,

so U is indeed an A-module. Let a = ere ∈ A, where r ∈ R. Then ae =
ere2 = a. If aU = 0, then 0 = aeV = aV implies that a = 0, so AU is faith-
ful. To check that AU is simple, let us show that for 0 �= u ∈ U and u′ ∈ U ,
we have u′ ∈ Au. Note that u, u′ ∈ eV implies u = eu, u′ = eu′. We have
u′ = ru for some r ∈ R, so

u′ = eu′ = eru = (ere)u ∈ Au,

as desired.
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Ex. 11.4. Which of the following implications are true?

(a) R left primitive ⇐⇒ Mn(R) left primitive.
(b) R left primitive ⇐⇒ R[t] left primitive.

Solution. (a) Both implications here are true. In fact, assume S : = Mn(R)
is left primitive (for some n). For the idempotent e = E11 (matrix unit),
eSe is also left primitive by Exercise 3. Since

eSe = RE11 ∼= R (as rings),

we conclude that R is left primitive. Conversely, assume R is left primitive,
and fix a faithful simple left R-module V . Let U be the group of column
n-tuples (v1, . . . , vn)T , where vi ∈ V . We make U into a left S-module by
using “matrix multiplication” as the action. We are done if we can show
that U is a faithful simple S-module. If (rij)U = 0, we have rijV = 0, so
rij = 0, for all i, j. To show that U is simple, it suffices to show that, given
any

u = (v1, . . . , vn)T �= 0 and u′ = (v′
1, . . . , v

′
n)
T ,

we have u′ ∈ Su. Say vi �= 0. Then there exist r1, . . . , rn ∈ R such that
v′
j = rjvi for all j. For the matrix σ ∈ S with ith column (r1, . . . , rn)T

and other columns zero, we have clearly σu = u′. Alternatively, we can use
the characterization of left primitive rings given in FC-(11.28) (“R is left
primitive iff there exists a left ideal A �= R which is comaximal with any
nonzero ideal B.”) Fix such a left ideal A in R. Any nonzero ideal in S has
the form Mn(B) for some ideal B �= 0 in R (according to FC-(3.1)). Since
A + B = R, the left ideal Mn(A) � S is clearly comaximal with Mn(B).
Therefore, FC-(11.28) implies that S is left primitive.

(b) The forward implication is certainly not true in general. For instance,
if R is a field, then R is primitive; however, R[t] is commutative but not a
field, so it is not primitive. The backward implication is also not true, but to
see this requires more work. The following construction of a counterexample
is based on a crucial lemma due to George Bergman, included here with
his kind permission.

Lemma. Let A = A0 ⊕ A1 ⊕ · · · be a nonzero graded ring with a faithful
module AV such that Anv = V for any n ≥ 0 and any v �= 0 in V. Then the
ring1 R : = A0 × A1 × · · · is not (left or right) primitive, but the polynomial
ring T = R[t] is left primitive.

1 Multiplication on R is defined by

(a0, a1, . . . )(b0, b1, . . . ) = (a0b0, a0b1 + a1b0, a0b2 + a1b1 + a2b0, . . . ).

In some sense, R is a “completion” of the ring A.
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Proof. As in FC-(1.5), we can check that any element (1, a1, a2, . . . ) is a
unit in R, so

A1 × A2 × · · · ⊆ rad R.

Since each An �= 0, rad R �= 0, so R is not even semiprimitive (let alone
primitive). To see that R[t] is left primitive, let M be the additive group
of sequences (vi)i∈Z where vi ∈ V are eventually 0 on the left. We make
M into a left R-module by letting an ∈ An act by its given action on the
“coordinates” vi followed by a shift n steps to the right. Thus,

(a0, a1, a2, . . . ) · ( . . . , 0, vi, vi+1, vi+2, . . . )

= ( . . . , 0, a0vi, a0vi+1 + a1vi, a0vi+2 + a1vi+1 + a2vi, . . . ).

From the hypothesis on AV , we see that, if vi �= 0:

(1) R · ( . . . , 0, vi, vi+1, . . . ) = {(uj)j∈Z : uj = 0 for j < i} .

Next, we make M into a (left) module over T = R[t] by letting t “shift
coordinates” one step to the left (which clearly commutes with the R-
action). From (1), we see easily that

(2) T · ( . . . , 0, vi, vi+1, . . . ) = M whenever vi �= 0,

so M is a simple T -module. We finish by showing that TM is faithful (for
then T is a left primitive ring). To simplify the notation, let us show that,
for α, β ∈ R:

(3) (α+ βt) · M = 0 =⇒ α = β = 0 ∈ R.

(The general case when α+ βt is replaced by

α+ βt+ · · ·+ γtm ∈ T

can be handled similarly.) Writing

α = (a0, a1, . . . ) and β = (b0, b1, . . . )

(where an, bn ∈ An), (3) gives

0 = (α+ βt) · ( . . . , 0, vi, vi+1, . . . )

= ( . . . , 0, b0vi, b0vi+1 + (a0 + b1)vi, b0vi+2 + (a0 + b1)vi+1

+(a1 + b2)vi, . . . ).

Since this holds for all vi, vi+1, . . . ∈ V and AV is faithful, we must have

b0 = 0, a0 + b1 = 0, a1 + b2 = 0, etc.

Therefore, a0 = b1 = 0, a1 = b2 = 0, etc., so α = β = 0 ∈ R, as desired.
QED
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To produce an explicit example, we must construct the data (A, V ) as
in the Lemma. This is fairly easy if we look in the right direction. Let k
be a field with an automorphism σ of infinite order, and let A = k[x;σ] be
the twisted polynomial ring over k constructed from σ. Then

A = A0 ⊕ A1 ⊕ · · ·
is a graded ring with An = kxn (n ≥ 0). Taking V = k, with the A-action

(4) (uxn) · v = uσn(v) (u, v ∈ k, n ≥ 0),

we see from FC-(11.13) that AV is a faithful module. Furthermore, for any
v �= 0 in V and any n ≥ 0, (4) shows that

An · v = kσn(v) = k = V,

so the hypotheses in the lemma are satisfied. The ring

R = A0 × A1 × · · ·
constructed in the lemma is just the twisted power series ring k[[x;σ]].
Also, the M in the proof of the lemma may be identified with the Laurent
series ring k((x;σ)). The left R-action of R on M = k((x;σ)) is now just
the multiplication in M , since, under this multiplication

(uxn)(vxm) = uσn(v)xn+m,

which is exactly the uxn-action followed by a shift of n steps to the right.
The t-action on TM is just right multiplication by x−1 on M (which com-
mutes with the left R-action in view of the associative law). With the
above data, R is the (local) domain with rad R = Rx �= 0, but T = R[t] is
a left primitive ring with a simple faithful module M = k((x;σ)) with the
R-action and t-action described above.

Ex. 11.5. Let R be a ring which acts faithfully and irreducibly on a left
module V . Let v ∈ V and A be a nonzero right ideal in R. Show that
A · v = 0 =⇒ v = 0.

Solution. If v �= 0, then we must have Rv = V . Since

A · (Rv) = (AR) · v = A · v = 0,

the faithfulness of V implies that A = 0, a contradiction.

Ex. 11.5*. For any left ideal I in a ring R, define the core of I to be
the sum of all ideals in I. Thus, core (I) is the (unique) largest ideal of R
contained in I.

(1) Show that core (I) = ann(V ) where V is the left R-module R/I. (In
particular, V is faithful iff core (I) = 0.)
(2) Show that R(R/I) is faithful only if I ∩ Z(R) = 0, where Z(R) is the
center of R.
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Solution. First, ann(V ) ⊆ I, and ann(V ) is an ideal, so ann(V ) ⊆ core(I).
Secondly,

core(I) · R ⊆ core(I) ⊆ I =⇒ core(I) · V = 0,

so core(I) ⊆ ann(V ). This establishes (1). If R/I is indeed faithful, then, in
view of (1) and I ∩ Z(R) ⊆ core(I), we have I ∩ Z(R) = 0, establishing (2).

Ex. 11.6. (Artin-Whaples) Let R be a simple ring with center k (which
is a field by Exercise 3.4). Let x1, . . . , xn ∈ R be linearly independent over
k. Show that, for any y1, . . . , yn ∈ R, there exist a1, . . . , am and b1, . . . , bm
in R such that yi =

∑m
j=1 ajxibj for every i.

Solution. Let A : = R ⊗k Rop act on R by the rule

(a ⊗ bop)x = axb.

Since the A-submodules of AR are just the ideals of R, AR is a simple
module. An endomorphism ϕ of this module is an additive map R → R
commuting with both left and right multiplication, so ϕ is just multiplica-
tion by an element of k. We have now End (AR) = k, so by the Density
Theorem (FC-(11.16)), A acts densely on Rk. Fix f ∈ End(Rk) such that
f(xi) = yi for all i. By density, there exists

r =
m∑
j=1

aj ⊗ bopj ∈ A

such that rxi = f(xi) for all i. Thus,

yi = f(xi) =
m∑
j=1

ajxibj

for 1 ≤ i ≤ n.

Ex. 11.6* Let M be a (not necessarily finitely generated) semisimple left
module over a semiprimary ring R, and let k = EndR(M). Show that

(1) Mk is a finitely generated k-module; and
(2) the natural ring homomorphism R → End(Mk) is surjective.

Solution. By the Density Theorem, R acts densely on Mk. Therefore, as
soon as we prove (1), (2) follows from FC -(11.17). To prove (1), note that,
since (rad R) · M = 0, we may replace R by R/rad(R) to assume that R
is a semisimple ring. Let S1, . . . , Sr be a representative set of simple left
R-modules, and let Mi be the isotypic component of M with respect to Si.
Then k = k1 × · · · × kr where ki = EndR(Mi), so it suffices to show that
each Mi is finitely generated over ki.

Let Di be the division ring EndRSi. By the Artin-Wedderburn The-
orem, we know that (Si)Di has a finite basis, say {v1, . . . , vn}. (Here, we
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regard i as fixed). Let Mi = S
(J)
i (direct sum of J copies of Si). Fix an in-

dex, say, 1 ∈ J . Let v′
j (1 ≤ j ≤ n) be the element in Mi with component vj

in the “first” copy of Si and zero components in the other copies. Clearly,∑n
j=1 v′

jki contains the “first” copy of Si in the direct sum S
(J)
i . Using

“translations” (which are elements of ki), we see that
∑n
j=1 v′

jki contains

any copy of Si in the direct sum S
(J)
i . Thus, Mi =

∑n
j=1 v′

jki, as desired.

Comment. Note that the key property needed from R is that R/rad R be
semisimple. Rings with this property are called semilocal rings; see FC -§20.

Ex. 11.7. Let E = End(Vk) where V is a right vector space over the
division ring k. Let R be a subring of E and A be a nonzero ideal in R.
Show that R is dense in E iff A is dense in E.

Solution. It suffices to prove the “only if,” for which we may assume that
A = (a), the ideal generated by a nonzero element a ∈ R. Fix a vector
w ∈ V such that aw �= 0. Given v1, . . . , vn ∈ V , and k-linearly independent
vectors u1, . . . , un ∈ V , we want to find b ∈ A such that buj = vj for all
j. Since R · aw = V , vj = rjaw for suitable rj ∈ R. By density, there also
exist s1, . . . , sn ∈ R such that siuj = δijw. For

b : =
∑
i

riasi ∈ A,

we have, for all j:

buj =
∑
i

riasiuj =
∑
i

riaδijw = rjaw = vj .

Ex. 11.7*. Let E = End(Vk) be as in Exercise 7, and let R ⊆ E be a dense
subring.

(1) For any a ∈ R with finite rank, show that a = ara for some r ∈ R.
(2) Deduce that the set

S = {a ∈ R : rank(a) < ∞}
is a von Neumann regular ring (possibly without identity).

Solution. (1) The proof here is a slight modification of the usual proof for
E to be von Neumann regular (cf. FC-(4.27)). Let K = ker(a), and fix a
k-subspace U ⊆ V such that V = K ⊕ U . Then

n : = dimkU = rank(a) < ∞.

Let {u1, . . . , un} be a k-basis for U . Then a(u1), . . . , a(un) remain k-linearly
independent, so by density, there exists r ∈ R such that ra(ui) = ui for all
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i. We have now ara = a since both sides vanish on K, and take ui to a(ui)
on the basis elements {ui} of U .

(2) It is easy to see that S is an ideal of R, so we may view S as a ring,
possibly without identity. To prove (2), we may assume that S �= 0. By
Exercise 7, S also acts densely on V . Noting that the proof of (1) above
did not make use of the identity element, we conclude from (1) that S is a
von Neumann regular ring.

Comment. The ideal S above turns out to be the (left and right) socle of
the ring R: see Exercise 18 below.

Ex. 11.8. Let V =
⊕∞
i=1 eik where k is a field. For any n, let Sn be the

set of endomorphisms λ ∈ E = End(Vk) such that λ stabilizes
∑n
i=1 eik

and λ(ei) = 0 for i ≥ n+ 1. Show that

S =
∞⋃
n=1

Sn ⊆ E

is a dense set of linear transformations. For any i, j, let Eij ∈ E be the
linear transformation which sends ej to ei and all ej′ (j′ �= j) to zero. Show
that any k-subalgebra R of E containing all the Eij ’s is dense in E and
hence left primitive.

Solution. Let v1, . . . , vm, u1, . . . , um ∈ V , where the ui’s are k-linearly in-
dependent. Pick a large integer n such that

uj , vj ∈
n∑
i=1

eik for all j.

Take

λ ∈ Endk

(
n∑
i=1

eik

)

such that λ(uj) = vj for all j, and extend λ to an endomorphism of V
by defining λ(ei) = 0 for i ≥ n+ 1. Then λ ∈ Sn ⊆ S, and we have proved
the denseness of S. The last statement in the Exercise is clear, since the
k-algebra R contains Sn for all n.

Ex. 11.9. (Jacobson) Keep the notations above and define f, g ∈ E by
g(ei) = ei+1, f(ei) = ei−1 (with the convention that e0 = 0). Let R be the
k-subalgebra of E generated by f and g.

(1) Use Exercise 8 to show that R acts densely on Vk.
(2) Show that R is isomorphic to S : = k 〈x, y〉 /(xy − 1), with a k-
isomorphism matching f with x and g with y.
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Solution. (1) For i, j ≥ 1, we claim that gi−1f j−1 − gif j equals the Eij
defined in Exercise 8. In fact,

(gi−1f j−1 − gif j)(ej) = gi−1(e1)− gi(0) = ei,

(gi−1f j−1 − gif j)(e�) = gi−1(f j−1e�)− gi(f je�) = 0 for � < j,

(gi−1f j−1 − gif j)(e�) = gi−1(e�−j+1)− gi(e�−j)

= e�−j+i − ei+�−j = 0 for � > j

Therefore, Eij ∈ R, and Exercise 8 implies that R is dense in E. (A some-
what different proof for the density of R was given in FC-p. 184.)

(2) To simplify the notations, let us continue to write x, y for the elements
x, y ∈ S. Since fg = 1 ∈ R, we have a well-defined k-algebra homomor-
phism ε : S → R with ε(x) = f and ε(y) = g. We need to show that ε is
injective. In view of xy = 1, any element in S has the form

z = α(y) + β(y)x+ γ(y)x2 + · · · ,
where α, β, γ, . . . are polynomials in y. Suppose ε(z) = 0. Applying ε(z) to
e1, we get α(g)e1 = 0. Clearly this implies that α ≡ 0. Applying ε(z) to e2,
we get

0 = β(g)f(e2) = β(g)e1,

so β = 0. Repeating this argument, we see that z = 0 ∈ S.

Ex. 11.10. For a field k, construct two left modules V, V ′ over the free
algebra R = k 〈x, y〉 as follows. Let V = V ′ =

∑∞
i=1 eik. Let R act on V

by:
xei = ei−1, yei = ei2+1,

and let R act on V ′ by

xei = ei−1, yei = ei2+2

(with the convention that e0 = 0). Show that V, V ′ are nonisomorphic faith-
ful simple left R-modules.

Solution. The fact that R acts faithfully and irreducibly on V was proved
in FC-(11.23). The same argument also applies to V ′. To see that V, V ′ are
not isomorphic as R-modules, note that

x2y(e1) = x2e2 = 0

in V . We are done if we can show that x2y does not annihilate any nonzero
vector in V ′. But

x2y(ei) = x2ei2+2 = ei2

in V ′ for any i ≥ 1. Therefore, if

0 �= v′ = ejaj + ej+1aj+1 + · · · ∈ V ′



§11. Structure of Primitive Rings; the Density Theorem 171

with aj �= 0, then

x2y(v′) = ej2aj + e(j+1)2aj+1 + · · · �= 0,

as desired.

Ex. 11.11. Let A be a subring of a field K. Show that the subring S of
K 〈x1, . . . , xn〉 (n ≥ 2) consisting of polynomials with constant terms in A
is a left primitive ring with center A.

Solution. We know that R = K 〈x1, . . . xn〉 is a left-primitive ring, by FC-
(11.26). Let V be a faithful simple left R-module, and k = End(RV ). Then
R acts densely on Vk. By Exercise 7, the ideal (x1, . . . , xn) of R generated
by the xi’s also acts densely on Vk. The ring S in question is just A+
(x1, . . . , xn). Since S acts densely on Vk, FC-(11.20) implies that S is a left
primitive ring. Finally, it is easy to see that

Z(S) = Z(R) ∩ S = K ∩ S = A.

Ex. 11.12. Let k be a field of characteristic zero. Represent the Weyl alge-
bra R = k 〈x, y〉 /(xy − yx − 1) as a dense ring of linear transformations on
an infinite-dimensional k-vector space V , and restate the Density Theorem
in this context as a theorem on differential operators.

Solution. Let RV = k[y] with y ∈ R acting as left multiplication by y and
x ∈ R acting as D = d/dy (formal differentiation). Choosing the k-basis

{en = yn : n ≥ 0}
on V , we have

yen = en+1 and xen = nen−1 (with e−1 = 0).

Using these action rules, we can check directly that the R-module RV is
simple, with End (RV ) = k. (We suppress the calculations here, since more
general conclusions have already been obtained in Exercise 3.18.) Thanks
to char k = 0, R is a simple domain by FC-(3.17), so RV is automatically
faithful. It follows that R is k-isomorphic to the (dense) ring of linear
transformations on V generated by the actions of y and x. Stated in the
language of differential operators, the density of R means the following:
Given any polynomials

v1, . . . , vn ∈ k[y],

and k-linearly independent polynomials

u1, . . . , un ∈ k[y],

there exists a differential operator∑
aijy

iDj (aij ∈ k)

which takes u� to v� for all � (1 ≤ � ≤ n).
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Ex. 11.13. Let R be a left primitive ring such that a(ab − ba) = (ab − ba)a
for all a, b ∈ R. Show that R is a division ring.

Solution. Let RV be a faithful simple R-module with k = End(RV ). It
suffices to show that dimkV = 1 (for then R ∼= k, which is a division ring).
Assume instead there exist k-linearly independent vectors u, v ∈ V . By the
Density Theorem, there exist a, b ∈ R such that au = u, av = 0 and bu =
0, bv = u. But then

a(ab − ba)(v) = a2u = u, (ab − ba)a(v) = 0,

a contradiction.

Comment. Similar arguments were used in FC-§12 to prove certain commu-
tativity theorems in ring theory. In fact, the choice of a, b above corresponds
precisely to the choice of the matrix units a = E11, b = E12 in the proof of
FC-(12.11). As observed in that proof, ab − ba = b, and hence

(ab − ba)a = 0 �= a(ab − ba) = b.

Ex. 11.14. Let R be a left primitive ring such that 1 + r2 is a unit for
any r ∈ R. Show that R is a division ring.

Solution. We repeat the argument in the last exercise. If the independent
vectors u, v ∈ V exist, find r ∈ R such that r(u) = −v and r(v) = u. Then

(1 + r2)(u) = u − u = 0,

contradicting the assumption that 1 + r2 ∈ U(R).

Comment. Again, in terms of matrices, the idea is that

I +
(

0 1
−1 0

)2

= I − I = 0.

In the next four exercises (15 through 18), let R be a left primitive ring,
RV be a faithful simple R-module, and k be the division ring End(RV ). By
the Density Theorem, R acts densely on Vk.

Ex. 11.15. For any k-subspace W ⊆ V , let

ann(W ) = {r ∈ R : rW = 0},
and, for any left ideal A ⊆ R, let

ann(A) = {v ∈ V : Av = 0}.
Suppose n = dimk W < ∞. Without assuming the Density Theorem, show
by induction on n that ann (ann(W )) = W . From this equation, deduce
that R acts densely on Vk. If, in addition, R is left artinian, show that
dimk V < ∞, R = End(Vk), and ann(ann(A)) = A for any left ideal A ⊆ R.
In this case, W �→ ann(W ) gives an inclusion-reversing one-one correspon-
dence between the subspaces of Vk and the left ideals of the (simple ar-
tinian) ring R.
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Solution. If dimk W = 0, we have ann(ann(W )) = ann(R) = 0. To handle
the inductive step, fix a k-basis w1, . . . , wn for W , with n ≥ 1. Let v ∈ V
be such that ann(W ) · v = 0. Our job is to show that v ∈ W . Consider the
left ideal

A = ann

(
n∑
i=2

wik

)
.

By the inductive hypothesis, A · w1 �= 0, so we must have A · w1 = V . Define
a map α : V → V by the rule (aw1)α = av, for any a ∈ A. This map is well-
defined, for, if aw1 = 0, then

a ∈ A ∩ ann(w1k) = ann(W ),

and so av = 0. Clearly, then, α ∈ End(RV ) = k. Since a(v − w1α) = 0 for
all a ∈ A, we have (by the inductive hypotheses)

v − w1α ∈
n∑
i=2

wik,

and therefore v ∈ W , as desired.
To prove that R acts densely on V , let w1, . . . , wn be as above, and

u1, . . . , un ∈ V . Recalling the equation A · w1 = V above, we see that there
exists r1 ∈ R that takes w1 to u1, and w2, . . . , wn to zero. Similarly, there
exists ri ∈ R that takes wi to ui and the other wj ’s to zero. The sum

r = r1 + · · ·+ rn ∈ R

therefore takes wi to ui for all i.
Now assume that R is left artinian. Then we must have dimk V < ∞,

for otherwise an ascending chain

W1 � W2 � · · ·

of finite-dimensional subspaces would lead to a descending chain of left
ideals in R (in view of ann(ann (Wi)) = Wi). The denseness of R then
implies thatR = End(Vk). Let A be any left ideal inR. We finish by showing
that ann(ann A) ⊆ A. Since R is a simple artinian ring, A = Re for some
e = e2 ∈ R, and so V = ker(e)⊕ eV . Let

r ∈ ann(ann A) = ann(ker(e)).

Then re and r both vanish on ker(e), and have the same effect on eV .
Therefore,

r = re ∈ Re = A,

as desired.
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Comment. The above solution is adapted from an argument given in
Artin’s article “The influence of J.H.M. Wedderburn on the development of
modern algebra,” Bull. Amer. Math. Soc. 56 (1950), 65–72. In a footnote to
this paper, Artin acknowledged that his treatment of the Density Theorem
“(follows) a presentation by Mr. J.T. Tate.”

Ex. 11.16. For any r ∈ R of rank m (i.e. dimk rV = m), show that there
exist r1, . . . , rm ∈ Rr of rank 1 such that r = r1 + · · ·+ rm.

Solution. Let {v1, . . . , vm} be a k-basis for rV . By the density of R, there
exist s1, . . . , sm ∈ R such that si(vj) = δijvj (where δij are the Kronecker
deltas). For any v ∈ V , write

r(v) =
m∑
j=1

vjαj

where αj ∈ k. Then

r(v) =
∑
i,j

δijvjαj =
∑
i,j

(si(vj))αj =
∑
i

si


∑
j

vjαj


 =

∑
i

sir(v).

Setting ri = sir ∈ Rr, we have r =
∑
i ri, with

riV = si


∑
j

vjk


 = vik,

so rank(ri) = 1 for all i.

Ex. 11.17. (1) Show that A ⊆ R is a minimal left ideal of R iff A = Re
where e ∈ R has rank 1, and that (2) B ⊆ R is a minimal right ideal of R
iff B = eR where e ∈ R has rank 1.

Solution. (1) Let A = Re, where eV = vk, v �= 0. To check that A is a
minimal left ideal, we show that, for any re �= 0 (r ∈ R), we have e = sre for
some s ∈ R. Since 0 �= reV = (rv)k, there exists s ∈ R such that s(rv) = v.
Now

(1− sr)eV = (1− sr)vk = 0,

so (1− sr)e = 0, as desired. Conversely, let A be any minimal left ideal in
R. Since R is semiprime, Brauer’s Lemma (FC-(10.22)) implies that A = Re
for some e = e2 ∈ R. We finish by proving that e has rank 1. Assume, for
the moment, that eV contains two k-linearly independent elements v, v′.
Then ev = v, ev′ = v′. By density, R has an element s such that sv′ = 0
and sv = v. Consider the left ideal

A0 = {r ∈ A : rv′ = 0} ⊆ A.
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Since (se)v′ = sv′ = 0 and (se)v = sv = v, we have 0 �= se ∈ A0, so A0 = A.
But then e ∈ A0, so 0 = ev′ = v′, a contradiction.

(2) Suppose e ∈ R has rank 1. By (1), Re is a minimal left ideal. Since R is
semiprime, FC-(11.9) implies that eR is a minimal right ideal. Conversely,
let B ⊆ R be a minimal right ideal. As before, B = eR for some e = e2 ∈ R.
By FC-(11.9) again, Re is a minimal left ideal. From the proof of part (1),
we infer that e has rank 1.

Ex. 11.18. Show that the following statements are equivalent:

(1) soc(R) �= 0,
(2) R contains a projection of V onto a line,
(3) there exists a nonzero r ∈ R of finite rank, and
(4) for any finite-dimensional k-subspace W ⊆ V , R contains a projection
of V onto W .

Finally, show that soc(R) = {r ∈ R : rank(r) < ∞}.

Solution. (1) =⇒ (2). (Recall that, in any semiprime ring R, soc(RR) =
soc(RR): cf. FC-p.175.) Let A be a minimal left ideal in R. By the solution
of Exercise 17(1), A = Re where e is a projection of V onto a line.

(4) =⇒ (2) =⇒ (3) are trivial.

(3) =⇒ (1). By Exercise 16, (3) implies that R has an element e of rank 1.
By Exercise 17(1), Re ⊆ soc(RR).

(2) =⇒ (4). Let e ∈ R be a (fixed) projection of R onto a line uk (u ∈ V ).
We shall prove (4) by induction on n = dimkW . First assume n = 1; say
W = wk. Choose a, b ∈ R such that a(u) = w and b(w) = u. We have

aeb(w) = ae(u) = a(u) = w, and

aeb(V ) = ae(bV ) ⊆ a(uk) = wk = W.

Therefore, aeb is a projection of V onto W . To handle the general case, let
{w1, . . . , wn} be a basis of W . By the inductive hypothesis, there exists an
f ∈ R that is a projection of V onto

∑n
i=2 wik. Write

f(w1) =
n∑
i=2

wiαi (where αi ∈ k),

and consider the vector

w = w1 −
n∑
i=2

wiαi ∈ W.
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Note that {w,w2, . . . , wn} is a basis of W , and that

f(w) = f(w1)−
n∑
i=2

f(wi)αi = f(w1)−
n∑
i=2

wiαi = 0.

By the case we have already handled, there exists g ∈ R which is a projec-
tion of V onto wk. We claim that

h : = f + g − gf ∈ R

is a projection of V onto W . In fact, for 2 ≤ i ≤ n:

h(wi) = f(wi) + g(wi)− gf(wi) = wi + g(wi)− g(wi) = wi, and

h(w) = f(w) + g(w)− gf(w) = g(w) = w.

Finally,

h(V ) ⊆ f(V ) + g(V ) =
n∑
i=2

wik + wk = W.

This completes the proof of our claim.
We finish by proving the equation for the socle. If r ∈ R\{0} has finite

rank m, then, by Exercise 16,

r = r1 + · · ·+ rm

where each ri ∈ R has rank 1. By Exercise 17, we have ri ∈ soc(R) for all
i, so r ∈ soc(R). This shows that

{r ∈ R : rank(r) < ∞} ⊆ soc(R).

For the reverse inclusion, it suffices to show that any minimal left ideal A of
R consists of linear transformations of finite rank. By Exercise 17, A = Re
where e ∈ R has rank 1. Therefore, any a ∈ A has the form re for some
r ∈ R. In particular, rank(a) ≤ rank(e) = 1.

Comment. The proof of (2) =⇒ (4) actually shows quite a bit more: If
e ∈ R has finite rank m > 0, then, for any finite-dimensional k-subspace
W ⊆ V , the ideal (e) generated by e in R contains a projection of V onto
W . In fact, first decompose e into e1 + · · ·+ em where each ei ∈ Re has rank
1 (cf. Exercise 16). Since (ei) ⊆ (e), we are reduced to the case rank(e) = 1.
In view of the proof of Exercise 17(1), we may further assume that e = e2.
In this case, the proof of (2) =⇒ (4) gives what we want, since aeb ∈ (e),
and we may choose f, g ∈ (e) as well, so that the final choice

h = f + g − gf

is in (e), as desired.
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Left primitive rings R with soc(R) �= 0 have a unique faithful simple
left module, and are always right primitive, according to FC-(11.11). These
rings were very well-studied in the classical literature. The main result in
this direction is that such rings always arise from “a pair of dual vector
spaces”: see, e.g. Jacobson’s “Structure of Rings,” p. 75, Amer. Math. Soc.
Colloq. Publ., Vol. 37, 1956.

Ex. 11.19. Show that a ring R is left primitive iff R is prime and R has
a faithful left module M of finite length.

Solution. We need only prove the “if” part. Let

0 = M0 ⊆ M1 ⊆ · · · ⊆ Mn = M

be a composition series for M . Then Ij = ann(Mj/Mj−1) are ideals in R
with

I1 · · · InMn ⊆ I1 · · · In−1Mn−1 ⊆ · · · ⊆ I1M1 ⊆ M0 = 0.

Since M = Mn is faithful, we have I1 . . . In = 0 in R, and hence Ij = 0
for some j. Now Mj/Mj−1 is a simple faithful left R-module, so R is left
primitive.

Ex. 11.20. For any division ring k with center C, show that the following
are equivalent:

(1) k[x] is left primitive,
(2) k[x] is right primitive,
(3) there exists 0 �= f ∈ k[x] such that k[x]f ∩ C[x] = 0.

Solution. Note first that

0 �= gf ∈ C[x] =⇒ gf = fg.

(Multiply by f from the left and cancel off f from the right.) This implies
that (3) is a left-right symmetric condition. Therefore, it suffices to prove
(1) ⇐⇒ (3). Let R = k[x] and note that Z(R) = C[x].

(1) =⇒ (3). Since R is a principal left ideal domain, a faithful simple left R-
module V can be represented as R/Rf , where f ∈ R is necessarily nonzero.
By Exercise 5*, the faithfulness of V implies that

0 = Rf ∩ Z(R) = Rf ∩ C[x].

(The polynomial f here is irreducible, but this fact is not needed.)

(3) =⇒ (1). Let V = R/Rf , where f is as in (3). Since kV is finite-
dimensional, RV has a composition series. By Exercise 1.16(3), the hy-
pothesis that Rf ∩ C[x] = 0 implies that core(Rf) = 0, so by Exercise 5*,
RV is faithful. Since R is a domain and hence a prime ring, Exercise 19
shows that R is left primitive.
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Comment. The conditions (1), (2), (3) above are satisfied by some division
rings k, and not by others. For instance, if k is not algebraic over C, then
the conditions hold, by FC-(11.14). But if dimCk < ∞, then the conditions
do not hold, by Exercise 16.9 below. Both of these results are special cases
of a theorem of Amitsur and Small (Israel J. Math. 31 (1978), 353–358),
which gives a criterion for a polynomial ring

Rn = k[t1, . . . , tn]

to be left primitive. According to this theorem, Rn is left primitive iff some
matrix ring Mr(k) contains a field of transcendence degree n over C. The
proof of this theorem makes crucial use of a noncommutative version of
Hilbert’s Nullstellensatz, to the effect that any simple left Rn-module is
finite-dimensional over k.

Ex. 11.21. Let RV be a nonsemisimple module, and k = End(RV ). Show
that R may not act densely on Vk. (In other words, the Jacobson-Chevalley
Density Theorem FC-(11.6) may not hold for nonsemisimple modules.)

Solution. To construct a counterexample, let k be a field, and let R =(
k k
0 k

)
act on V =

(
k
k

)
= k2 by left matrix multiplication. Then RV is

not semisimple and End (RV ) = k (cf. FC-p. 110). But no element of R can

take
(
1
0

)
to

(
0
1

)
, so R is not even 1-transitive. For an even simpler coun-

terexample, take R = Z, V = Q, with k = End(ZQ) = Q. Here, no element
of R can take 1 to 1/2 in V .

§12. Subdirect Products and Commutativity
Theorems

Subdirect product representations of rings offer a nice way to deal with
their structure theory. A subdirect product representation of R by other
rings Ri is an injective ring homomorphism ε : R → ∏

iRi for which each
“projection map” R → Ri is onto. Some basic facts are, for instance:

(1) R �= 0 is semiprimitive iff R is a subdirect product of left primitive
rings,

(2) R �= 0 is semiprime iff R is a subdirect product of prime rings, and
(3) R �= 0 is reduced iff R is a subdirect product of domains.
(4) Any R �= 0 is a subdirect product of subdirectly irreducible rings

(“Birkhoff’s Theorem”).

Here, a subdirectly irreducible ring is a nonzero ring R for which there is
no “nontrivial way” of expressing R as a subdirect product (see FC-(12.1)).
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These are rings R which have an ideal L �= 0 that is contained in all other
nonzero ideals. We call L the “little ideal” of R; in the literature, L is also
known as the “heart” of R.

The role of subdirect product representations in the general structure
theory of rings is explained in detail in FC-p. 196. One of the best known
applications of this is to the study of commutativity theorems in ring the-
ory. Although “nowadays pretty outré stuff” according to L. Small2, these
commutativity theorems have remained an excellent initiation to the sub-
ject for generations of fledgling ring theorists. Small himself recalled his
delight in learning about these classical theorems; there will certainly be
others to come. Speaking from my own teaching experience, even the slow-
est and the most timid student in algebra can be counted upon to take out
pencil and paper and to dabble at the proof of an intriguing commutativity
theorem!

Without going overboard, this section offers a few elementary com-
mutativity exercises (see (4) and (7)–(10)). The proofs for the cases
n = 2, 3, 4, 5, 6 of Jacobson’s “an = a” theorem (FC-(12.10)) are the best
I have known so far. The Comment offered after Exercise 8A for rings
without identity is possibly a bit surprising.

Exercises 5 and 6A, 6B, 6C deal with a subclass of von Neumann regular
rings which are known as strongly regular (or abelian regular) rings. These
rings were discovered and named by Arens and Kaplansky, in their study of
topological representations of algebras (c. 1948). In many ways, this study
is akin to the study of subdirect product representations of rings. Strongly
regular rings also arise in the context of rings of operators. They turn out to
be always unit-regular in the sense of Exercise 4.14B: see Exercise 6C below.

Exercises for §12
Ex. 12.0. (1) Characterize rings R that are subdirect products of fields.
(2) Characterize rings S that can be embedded into direct products of
fields.
(3) Characterize rings T that can be embedded into a direct product of
F2’s and F3’s.

Solution. (1) Since fields are primitive, any subdirect product of fields
is (commutative and) semiprimitive by FC-(12.5). Conversely, let R be
a commutative semiprimitive ring. By FC-(12.5) again, R is a subdirect
product of left primitive rings {Ri}. Since the Ri’s are commutative, they
are fields by FC-(11.8), so R is a subdirect product of fields.

(2) If S ⊆ ∏
i Si where the Si’s are fields, clearly S is commutative and

reduced. Conversely, if S is any commutative reduced ring, then (0) =
⋂
i pi

2 See his review of FC in the Amer. Math. Monthly 100 (1993), 698–699.
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where {pi} are the prime ideals of S. It follows that S can be embedded
into

∏
i Si where Si is the quotient field of S/pi.

(3) If T ⊆ ∏
i Ti where each Ti is either F2 or F3, clearly, every element

t ∈ T satisfies t2 = ±t. Conversely, let T be any ring with the property
that t2 = ±t for every t ∈ T . Then t2 = 0 implies t = 0, so T is a reduced
ring. By FC-(12.7), we have a subdirect product representation

(ϕi) : T −→
∏
i

Ti

where the Ti’s are domains. Since ϕi(T ) = Ti, we have t2i = ±ti for every
ti ∈ Ti, so ti ∈ {0,±1}. This implies that Ti ∼= F2 or Ti ∼= F3, so T is a
subdirect product of F2’s and F3’s. (In particular, T must be commutative.)

Ex. 12.1. Let R be a subdirectly irreducible ring. Show that if R is
semiprimitive (resp. semiprime, reduced), then R is left primitive (resp.
prime, a domain). In particular, show that R is left primitive iff R is right
primitive.

Solution. First assume R is semiprimitive. By FC-(12.5), there exists a
subdirect product representation

ε = (εi) : R −→
∏
i

Ri

where the Ri’s are left primitive rings. Since R is subdirectly irreducible,
some εi : R → Ri is an isomorphism, so R is left primitive. The two other
cases are handled in the same way, using FC-(12.5) again, and FC-(12.7).
The last statement in the Exercise now follows from left-right symmetry.

Alternative Solution. We offer here a direct proof of the Exercise with-
out “resolving” R into a subdirect product. Let L �= 0 be the “little ideal”
of R (see FC-p. 192).

(1) Assume R is semiprimitive, but not left primitive. Then, for any max-
imal left ideal m ⊂ R, R/m cannot be faithful, so ann(R/m) must contain
L. This implies that L ⊆ m. But then

L ⊆
⋂

m = rad R = 0,

a contradiction.

(2) Assume R is semiprime, but not prime. Then there exist nonzero ideals
I, J with IJ = 0. But then L ⊆ I, L ⊆ J , and we have L2 ⊆ IJ = 0, a
contradiction to the fact that R is semiprime.

(3) Assume R is reduced. Then R is semiprime, and hence prime by (2).
From Exercise 10.3, it follows that R is a domain.
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Ex. 12.2. (1) Show that a commutative domain cannot have exactly three
ideals.

(2) Show that there exist (noncommutative) domains A which have exactly
three ideals.
(3) Give an example of a nonsimple subdirectly irreducible domain.

Solution. Suppose A is a domain with exactly three ideals, (0), A, and
L. Then A is not a simple ring, but A is clearly subdirectly irreducible,
with L as its little ideal. Such a domain A cannot be commutative, since
a commutative subdirectly irreducible domain is a field (cf. FC-(12.4)).
Therefore, it suffices to construct a domain A as in (2). The construction
of A below follows an example in 1.3.10 of the book “Noncommutative
Noetherian Rings” by McConnell and Robson (AMS, 2001).

Let k0 be any field of characteristic 0, and R be the (first) Weyl algebra
over k0, with generators x, y and relation xy − yx = 1. Letting δ be the
differentiation operator d/dy on k : = k0[y], we think of R as the skew
polynomial ring k[x; δ] (cf. FC-(1.9). Exploiting the fact that R is a simple
k0-domain (FC-(3.17)), we propose to prove:

Lemma. L : = Rx = {amxm + · · ·+ a1x : ai ∈ k} is a simple domain
without identity.

Once this lemma is proved, it follows easily that

(4) A : = L ⊕ k0 = {amxm + · · ·+ a1x+ a0 : a0 ∈ k0, a1, . . . , am ∈ k}

is a k0-domain with exactly three ideals, (0), A, and L. (Use the fact that
any ideal in A intersects L at (0) or L.)

Proof. Let J be any nonzero ideal in the ring (without identity) L. Since
R is a simple ring (loc. cit.), we have RxJR = R. Right multiplying by x,
we get

(5) L = Rx = RxJRx = LJL ⊆ J,

and therefore J = L. This shows that L is a simple domain (without iden-
tity), as desired.

Comment. (A) The ring A constructed in (4) is in fact the “idealizer” of
the left ideal L = Rx in R, that is:

A = IR(L) : = {h ∈ R : Lh ⊆ L}.

The inclusion “⊆” is clear since k0 ⊆ Z(R). For “⊇”, note that if

h = amxm + · · ·+ a0 ∈ IR(L) (where ai ∈ k),

then a0 ∈ IR(L) too, and xa0 = a0x+ δ(a0) implies that δ(a0) = 0. Hence
a0 ∈ k0 and h ∈ Rx+ k0 = A.
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(B) Since A is a domain with only three ideals (0), A, and L, we must
have L = Ln for all n ≥ 1. In fact, applying (5) to J = L, we have L = L3.
From this, it follows that L = Ln for all n ≥ 1. Note that A is a good
example of a noncommutative domain satisfying the properties (1) and (2)
of Exercise 10.5.

(C) Note that the ring A above is a primitive domain. To see this, note that,
since x+ 1 has no inverse in R, A(x+ 1) is contained in a maximal left ideal
M of A. We check easily that A/M is a simple faithful left A-module (since
its annihilator cannot be L), so A is a left primitive domain. By considering
(x+ 1)A, we see similarly that A is a right primitive domain. (Of course
these conclusions are also clear from Exercise 1, since A is subdirectly
irreducible, and x /∈ rad A implies that rad A = 0.)

(D) It is known that R is a (2-sided) noetherian ring. As it turns out, the
ring A is also noetherian. For a proof of this, see 1.3.10 in the book of
McConnell and Robson referred to above.

Ex. 12.3A. Let k be a field of characteristic p and G be a finite p-group,
where p is a prime. Show that the ring A = kG is subdirectly irreducible,
with its little ideal given by k σ where σ =

∑
g∈G g ∈ A.

Solution. Every nonzero left ideal of A contains a minimal left ideal.
Therefore, we are done if we can prove the following stronger fact: the only
minimal left ideal of A is k σ. Let I be any minimal left ideal. By FC-(8.4),
AI is the 1-dimensional trivial G-module. Let I = kα, where α �= 0. Since
gα = α for all g ∈ G, α = aσ for some a ∈ k*. Therefore, I = k · aσ = kσ.

Comment. In the terminology of §19, A = kG is a local ring with its unique
maximal (left) ideal given by the augmentation ideal m = ker ε, where ε :
kG → k is defined by

ε
(∑

αgg
)
=
∑

αg.

Since ασ = σα = ε(α)σ, we have

ann�(σ) = annr(σ) = m,

so m is exactly the set of zero-divisors in A (together with zero). By FC-
(8.8), we have in fact m|G| = 0.

Ex. 12.3B. The following exercise appeared in an algebra text: “The
zero-divisors in a subdirectly irreducible ring (together with zero) form an
ideal.” Give a counterexample! Then suggest a remedy.

Solution. Take R to be Mn(k), where k is a field and n ≥ 2. Then R is a
simple ring, and it is subdirectly irreducible (with little ideal R). There are
various (left, right, 2-sided) zero-divisors in R, but surely they don’t form
an ideal (or even a 1-sided ideal). To rectify the statement, assume that R
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is commutative. Let I be the set of zero-divisors in R, together with 0. To
see that I is an ideal, it suffices to show that I is closed under addition. Let
a1, a2 ∈ I\{0}. Then ann(ai) �= 0, and so ann(ai) contains the little ideal,
say L, of R. Therefore, Lai = 0 for i = 1, 2, and we have L(a1 + a2) = 0.
This clearly implies that a1 + a2 ∈ I.

Comment. In FC-(12.4), the commutative subdirectly irreducible rings R
that are reduced are completely determined: they turn out to be just fields.
If R is not assumed to be reduced, its structure is more interesting. In the
next exercise, we offer more information on the ideal I of 0-divisors in a
nonreduced commutative subdirectly irreducible ring R.

Ex. 12.3C. (McCoy) Let R be a commutative subdirectly irreducible
ring which is not a field. Let L be the little ideal of R. Prove the following
statements:

(1) L = aR for some a with a2 = 0.
(2) m : = ann(a) is a maximal ideal of R.
(3) m = I (the set of all 0-divisors of R together with 0).
(4) ann(m) = aR, and a ∈ Nil(R) ⊆ m.
(5) If R is noetherian, then Nil(R) = m, and R is an artinian local ring.

Solution. (1) Fix any nonzero element a ∈ L. Clearly, L = aR. By Brauer’s
Lemma (FC-(10.22)), we have either L2 = 0 or L = eR for some idempo-
tent e ∈ R. In the latter case, we must have e �= 1 (for otherwise L = R, and
R is a field). But then L ∩ (1− e)R = 0 gives a contradiction. Therefore,
we must have L2 = 0.

(2) Since a �= 0, m �= R. Let b �∈ m. Then ab �= 0 implies a ∈ abR. Writ-
ing a = abc for some c ∈ R, we have a(1− bc) = 0 so 1− bc ∈ m. This
proves (2).

(3) It suffices to show that I ⊆ m. Let r ∈ I. From ann(r) �= 0, we see that
aR ⊆ ann(r). This means that ar = 0, so r ∈ m.

(4) We need only show that ann(m) ⊆ aR. Say xm = 0, where x �= 0. Write
a = xy for some y ∈ R. Then y �∈ m (since xm = 0) so by (2), yz − 1 ∈ m

for some z ∈ R. Multiplying by x, we see that

x = xyz = az ∈ aR.

The inclusion Nil(R) ⊆ m is trivial since m is a prime ideal.

(5) Let b ∈ m. Using the ACC on ideals, we see that ann(bn) = ann(bn+1)
for some n ≥ 1. If bn �= 0, we would have a = xbn for some x. Then 0 =
ab = xbn+1 implies 0 = xbn = a, a contradiction. Therefore, bn = 0, and we
have b ∈ Nil(R). Since now Nil(R) = m, this is the only prime ideal in R,
so the noetherian ring R is in fact a local artinian ring (see Comment on
Exercise 10.4).
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Comment. (a) If R is not assumed to be noetherian, the inclusion Nil(R) ⊆
m in (4) above may be strict. For an example of such a commutative sub-
directly irreducible ring, see McCoy’s paper in Duke Math. Journal, vol.
12 (1945), pp. 382–387, on which the above exercise was based.

(b) Since any nonzero ring is a subdirect product of subdirectly irreducible
rings (Birkhoff’s Theorem: FC-(12.3)), it follows immediately from (5)
above that any commutative noetherian ring is a subdirect product of com-
mutative local artinian rings.

Ex. 12.3D. Let R be a commutative artinian ring. Show that R is subdi-
rectly irreducible iff soc(R) is a minimal ideal.

Solution. If soc(R) is a minimal ideal, then any nonzero ideal contains
soc(R), so R is subdirectly irreducible (with soc(R) as its little ideal).
Conversely, if R is subdirectly irreducible with little ideal L, then L is the
only minimal ideal of R. Hence soc(R) = L, and it is minimal.

Comment. An explicit class of examples for the rings in this exercise are
group rings R of finite (abelian) p-groups G over a field k of characteristic
p. Here,

soc(R) = L = kσ where σ =
∑
g∈G

g

(see Ex. 12.3A). Other examples are given by R = A/πmA, where π is a
nonzero prime element in a principal ideal domain A, and m ≥ 1. Here,

soc(R) = L = πm−1A/πmA.

Ex. 12.3E. (Cf. the proof of Birkhoff’s Theorem in FC -(12.3).) For 0 �=
a ∈ R (for any ring R), let I be any ideal of R maximal with respect to the
property that a �∈ I. Then the factor ring R/I is subdirectly irreducible
(since its nonzero ideals all contain the nonzero coset a+ I). If R = Z,
compute the ideals I arising in this manner from a given nonzero integer
a, and classify the associated subdirectly irreducible rings R/I.

Solution. Write a = ±pr11 · · · prnn , where the pi’s are distinct primes, and
ri ≥ 1. Since Z is a PID, we have I = bZ where b� | a but any proper divisor
of b divides a. Clearly, b �= 0. Taking b to be positive, and using the unique
factorization theorem in Z, we see that either b is a prime p distinct from
the pi’s or b = pri+1

i for some i. Therefore, the subdirectly irreducible rings
R/I arising from our construction are precisely the fields Z/pZ for the
primes p distinct from the pi’s, and the rings Z/pri+1

i Z. For instance, if
a = 60 = 22 · 3 · 5, the possibilities for R/I are: Z/pZ for primes p ≥ 7, and
Z/8Z, Z/9Z, Z/25Z.

Comment. Certainly, the description of the rings R/I are compatible with
the predictions in the Exercises 12C–D above.
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Ex. 12.3F. Show that rings of the form R[x] or R[[x]] are never subdirectly
irreducible, while a ring of the form Mn(R) is subdirectly irreducible iff R is.

Solution. The second conclusion is clear since the ideals of R are in one-
one correspondence with those of Mn(R), by I ↔ Mn(I). (This implies that
I0 is a little ideal of R iff Mn(I0) is a little ideal of Mn(R).)

Next, suppose a polynomial ring A = R[x] is subdirectly irreducible.
Take f = r0 + r1x+ · · ·+ rnx

n in the little ideal of A, with rn �= 0. Then
f lies in the nonzero ideal Axn+1. This implies that deg(f) ≥ n+ 1, a
contradiction.

Finally, suppose a power series ringB = R[[x]] is subdirectly irreducible.
Take g = rnx

n + rn+1x
n+1 + · · · in the little ideal of B, with rn �= 0. Then

g lies in the nonzero ideal Bxn+1. This implies that g does not involve an
xn-term, a contradiction.

Ex. 12.4. The following exercise appeared in an algebra text: “Let n ≥ 2
and a, b be elements in a ring D. If

(∗) an − bn = (a − b)
(
an−1 + an−2b+ · · ·+ abn−2 + bn−1) ,

then ab = ba.” Show that

(1) this is true for n = 2;
(2) this is false for n = 3, even in a division ring D;
(3) if (*) holds for n = 3 for all a, b in a ring D, then indeed ab = ba for all
a, b.

Solution. (1) For n = 2, the hypothesis gives

a2 − b2 = (a − b)(a+ b) = a2 − b2 + ab − ba, so ab = ba.

(3) For n = 3, the hypothesis amounts to

a3 − b3 = (a − b)(a2 + ab+ b2) = a3 − b3 + a(a+ b)b − ba(a+ b),

which simply means that b commutes with a(a+ b). If this also holds with
b replaced by b+ 1, then we have

a(a+ b+ 1)(b+ 1) = (b+ 1)a(a+ b+ 1).

Cancelling a(a+ b+ 1) from the two sides and using a(a+ b)b = ba(a+ b),
we get ab = ba.

(2) By Exercise 12 below, there exists a division ring D, say of characteristic
not 2, in which there are elements a �= c such that a2 − 2ac+ c2 = 0. For
b : = −2c,

a(a+ b) = a(a − 2c) = −c2

certainly commutes with b, so (*) is satisfied for n = 3. However, a, b do
not commute. For, if a, b commute, then a, c also commute, and

0 = a2 − 2ac+ c2 = (a − c)2
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implies that a = c, which is not the case. (We won’t bother about con-
structing an example in characteristic 2.)

Ex. 12.5. Call a ring R strongly (von Neumann) regular if, for any a ∈ R,
there exists x ∈ R such that a = a2x. If R is strongly regular, show that R
is semiprimitive, and that R is left primitive iff it is a division ring. Using
this, show that any strongly regular ring is a subdirect product of division
rings.

Solution. Given any element a ∈ rad R, write a = a2x for a suitable x.
Then a(1− ax) = 0. Since 1− ax ∈ U(R), we have a = 0. This shows that
rad R = 0, so R is semiprimitive.

If R is a division ring, of course it is left primitive. Conversely, assume
R is (strongly regular and) left primitive. Then it is prime. From this alone,
we shall show that R is a division ring.

Step 1. R is reduced. Indeed, if a ∈ R is such that a2 = 0, then, writing
a = a2x (for some x ∈ R), we see that a = 0.

Step 2. R is a domain. This follows from Exercise 10.3: any reduced prime
ring is a domain (and conversely).

Step 3. R is a division ring. Let a �= 0 in R. Then a = a2x for some x.
Cancelling a yields ax = 1. By Exercise 1.2, R is a division ring.

To prove the last conclusion in the Exercise, let R �= 0 be any strongly
regular ring. Then R is semiprimitive by the first part of the Exercise, so
(by FC-(12.5)) it is a subdirect product of a family of left primitive rings
Ri. Since each Ri is an epimorphic image of R, Ri is also strongly regular,
and hence a division ring by the above.

Comment. The converse of the last part of the Exercise is not true! In
other words, a subdirect product of division rings (or even fields) need not
be strongly regular. For instance, the ring Z is a subdirect product of the
fields Fp (p = 2, 3, 5, . . .); but of course Z is not strongly regular.

If R is von Neumann regular and left primitive, R need not be a division
ring (or even an artinian ring). An immediate example is given by End(Vk),
where V is an infinite-dimensional vector space over a division ring k. The
precise relationship between “regular” and “strongly regular” will be given
in the next exercise.

Ex. 12.6A. (Arens-Kaplansky, Forsythe-McCoy) Show that the following
conditions on a ring R are equivalent:

(1) R is strongly regular;
(2) R is von Neumann regular and reduced;
(3) R is von Neumann regular and every idempotent in R is central;
(4) every principal right ideal of R is generated by a central idempotent.
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Solution. (1) ⇒ (2). Assume R is strongly regular. We have already ob-
served in the last Exercise that R is reduced. For any a ∈ R, write a = a2x
where x ∈ R. Then

(a − axa)2 = a2 + axa2xa − a2xa − axa2

= a2 + axa2 − a2 − axa2 = 0, so a = axa.

(2) ⇒ (3). We note more generally that, in any reduced ring R, any idem-
potent e ∈ R is central. In fact, let f = 1− e and consider any a ∈ R. Then
(eaf)2 = 0 so eaf = 0, which implies that ea = eae. Similarly ae = eae, so
ea = ae for any a ∈ R.

(3) ⇒ (4) is trivial in view of FC-(4.23).

(4) ⇒ (1). Let a ∈ R. By (4), aR = eR for a central idempotent e ∈ R.
Write e = ax, a = ey, where x, y ∈ R. Then (1) follows since

a2x = a · ax = eye = e2y = ey = a.

Comment. A ring R is called abelian if every idempotent in R is central.
For instance, any reduced ring is abelian, as shown in (2) ⇒ (3). The char-
acterization (3) above shows that an abelian regular ring is just a strongly
regular ring. For other interesting characterizations of such a ring, see Ex-
ercises 22.4B and 23.7.

Ex. 12.6B. (Jacobson, Arens-Kaplansky) Let R be a reduced algebraic
algebra over a field k. Let r ∈ R, and ϕ(x) ∈ k[x] be its minimal polynomial
over k.

(1) Show that any root a ∈ k of ϕ(x) is a simple root.
(2) Show that R is strongly regular.

Solution. (1) Write ϕ(x) = (x − a)iψ(x) with ψ(x) ∈ k[x] and ψ(a) �= 0.
Then

[(r − a)ψ(r)]i = (r − a)iψ(r)i = ϕ(r)ψ(r)i−1 = 0

implies that (r − a)ψ(r) = 0. Since ϕ(x) is the minimal polynomial of r,
we must have i = 1.

(2) For r ∈ R, we would like to show that r ∈ r2R. Let

ϕ(x) = xn + an−1x
n−1 + · · ·+ a0 ∈ k[x]

be the minimal polynomial of r over k. If a0 �= 0, then r ∈ U(R). In this
case, the desired conclusion is trivial. If a0 = 0, then by (1), a1 �= 0 and we
have

r = −a−1
1 (rn + · · ·+ a2r

2) ∈ r2R.
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Alternative Proof for (2). For r ∈ R, A : = k[r] is a finite-dimensional re-
duced commutative k-algebra. By Wedderburn’s Theorem, A ∼= ∏n

i=1 Ki
where the Ki’s are finite field extensions of k. Such a ring is clearly strongly
regular, so r ∈ r2A ⊆ r2R.

Comment. If the ground field k in this exercise is a finite field, the k-
algebra R above must in fact be commutative. This is a result of Jacobson:
see Exercise 13.11 below. In general, however, R need not be commutative.
For instance, R may be a finite-dimensional k-division algebra of dimension
> 1 over its center k.

Ex. 12.6C. (Ehrlich) Show that any strongly regular ring R is unit-regular
in the sense of Exercise 4.14B, that is, for any a ∈ R, there exists u ∈ U(R)
such that a = aua.

Solution. For a ∈ R, write a = a2x where x ∈ R. By the above Exercise,
we have also a = axa, and e : = ax is a central idempotent. Consider now
any representation of R as a subdirect product of division rings, say (ϕi) :
R → ∏

Di. Since ϕi(e) = ϕi(a)ϕi(x) is either 0 or 1 in Di, we see that
ϕi(e) = ϕi(x)ϕi(a) also (for every i), and hence e = xa ∈ R. Now let f =
1− e, and u = ex+ f , v = ea+ f in R. Since e is central, we have

vu = e2ax+ f2 = e+ f = 1,

and similarly uv = 1. Therefore u = v−1 ∈ U(R). From a = a2x = ae, we
get af = 0, so now

aua = a(ex+ f)a = axa = a,

as desired. (For an alternative proof, see Exercise 22.2.)

Comment. More generally, Fisher and Snyder have shown that, if R is any
von Neumann regular ring for which there exists an integer n > 0 such
that bn = 0 for any nilpotent element b ∈ R, then R is unit-regular. The
exercise above corresponds to the case when n = 1 (since “strongly regular”
amounts to R being reduced). For a proof of the Fisher-Snyder result, see
(7.11) in Goodearl’s book “von Neumann Regular Rings,” 2nd ed., Krieger
Publ. Co., Malabar, Florida, 1991. Summarizing, we have for von Neumann
regular rings R:

strongly regular ⇒ bounded index ⇒ unit-regular ⇒ Dedekind-finite.

It is known that each of these implications is irreversible. All of these con-
ditions should be thought of as finiteness conditions on R.

In the Comment on Ex. 4.17, we have briefly encountered the notion of a
strongly π-regular ring. More information on such rings can be found in the
exercises in §23. For von Neumann regular rings, the notion of strongly π-
regular rings can be added to the above display by placing it right between



§12. Subdirect Products and Commutativity Theorems 189

“bounded index” and “unit-regular.” The fact that the additional forward
implications hold depends on results of Azumaya, Burgess-Stephenson, and
Goodearl-Menal.

Ex. 12.7. In the solution to Exercise 6A, we have given an easy proof for
the fact that any idempotent e in a reduced ring is central. Now prove the
following more general fact: in any ring R, an idempotent e ∈ R is central
if (and only if) it commutes with all nilpotent elements in R.

Solution. We need to extend the earlier proof only slightly. Let a ∈ R and
write f = 1− e. Since (eaf)2 = 0, the hypothesis (for the “if” part) implies
that

eaf = e(eaf) = (eaf)e = 0,

so ea = eae. Similarly, ae = eae, so ea = ae for all a ∈ R.

Comment. For another result of the same genre, see Exercise 22.3A below.

Ex. 12.8A. Prove the following commutativity theorem without using the
machinery of subdirect products: Let R be a ring such that (ab)2 = a2b2

for any elements a, b ∈ R. Then R is commutative.

Solution. Replacing b by 1 + b in the equation above, we get

a2(1 + 2b+ b2) = (a+ ab)2 = a2 + (ab)2 + a2b+ aba,

so we have a2b = aba. Now, replacing a by 1 + a in this equation, we get

(1 + 2a+ a2)b = (1 + a)b(1 + a) = b+ ab+ ba+ aba.

Cancelling b and a2b = aba, we have ab = ba.

Comment. The proof above made substantial use of the identity element
1. Indeed, if R is a ring without 1, the conclusion in the Exercise need
not hold. To construct an example, fix a prime p, and let R be the ring
without identity with cardinality p2 constructed in Exercise 1.10(b). For
any a = (w, x) and b = (y, z) in R (where w, x, y, z ∈ Fp), we have:

(ab)2 = (wy,wz)2 = (w2y2, w2yz),

a2b2 = (w2, wx)(y2, yz) = (w2y2, w2yz).

Therefore, (ab)2 = a2b2 holds for all a, b ∈ R. But we knew that R was not
commutative!

Ex. 12.8B. Let R be a ring possibly without an identity. If a2 − a ∈ Z(R)
for every a ∈ R, show that R is a commutative ring.



190 Chapter 4. Prime and Primitive Rings

Solution. We have to work a bit harder here since R may not have an
identity. Noting that

(a+ b)2 − (a+ b)− (a2 − a)− (b2 − b) = ab+ ba,

we have ab+ ba ∈ Z(R) for all a, b. In particular,

a(ab+ ba) = (ab+ ba)a,

so a2b = ba2. This implies that a2 ∈ Z(R) for all a. Therefore,

(a2 − a)b = a2b − ab = ba2 − ab.

On the other hand,

(a2 − a)b = b(a2 − a) = ba2 − ba.

Comparing these two equations, we conclude that ab = ba.

Ex. 12.8C. Let R be a ring such that, for any a ∈ R, an(a) = a for some
integer n(a) > 1. By Jacobson’s Theorem (FC-(12.10)), R is a commutative
ring. Show that R has Krull dimension 0.

Solution. The conclusion simply means that any prime ideal p ⊂ R is a
maximal ideal. Consider the quotient ring R = R/p, which is an integral
domain. For any a �= 0 in R, we have an = a for some n > 1 (depending on
a). Cancelling a, we have an−1 = 1 ∈ R, so a ∈ U(R). This shows that R
is a field, so p is a maximal ideal.

Comment. Of course, we could have simply referred to (B) =⇒ (A) in
Exercise 4.15.

Ex. 12.9. Give elementary proofs for the following special cases of Jacob-
son’s Theorem (FC-(12.10)): Let n ∈ {2, 3, 4, 5} and let R be a ring such
that an = a for all a ∈ R. Then R is commutative.

Solution. First assume n = 2. Then −1 = (−1)2 = 1, so 2R = 0. For all
a, b ∈ R, we have

a+ b = (a+ b)2 = a2 + b2 + ab+ ba.

Therefore, ab = −ba = ba. (This simple proof for the commutativity of a
Boolean ring is familiar to all beginning students in abstract algebra.)

Now assume n = 3. We first note that b2 = 0 ⇒ b = b3 = 0, so R is
reduced. Next, (a2)2 = a4 = a2, so a2 ∈ Z(R) by Exercise 7. From

1 + a = (1 + a)3 = 1 + 3a+ 3a2 + a3,

we see that 3a ∈ Z(R). Coupling this with 2a = (a+ 1)2 − a2 − 1 ∈ Z(R),
we get a ∈ Z(R).



§12. Subdirect Products and Commutativity Theorems 191

Next assume n = 4. Then −1 = (−1)4 = 1, so 2R = 0. As in the case
n = 3, R is reduced. Since

(a2 + a)2 = a4 + a2 = a+ a2,

we have a2 + a ∈ Z(R) (again by Exercise 7). Replacing a by a+ b, we see
that Z(R) contains

(a+ b)2 + a+ b = a2 + b2 + ab+ ba+ a+ b,

so it also contains ab+ ba. In particular, a(ab+ ba) = (ab+ ba)a, so a2b =
ba2. Replacing a by a2, we see that a4b = ba4, which gives ab = ba.

Finally, assume n = 5. The following proof is based on suggestions of
Dan Brown. First, note that R is reduced, 30R = 0 (since 2 = 25 = 32 ∈ R),
and that (a4)2 = a8 = a4, so a4 ∈ Z(R) by Exercise 7. From

1 + a = (1 + a)5 = 1 + 5a+ 10a2 + 10a3 + 5a4 + a5,

we get 5a+ 10a2 + 10a3 ∈ Z(R). Multiplying by 3 then yields 15R ⊆ Z(R).
Next, note that (a4 + a2)2 = 2(a4 + a2), so 23(a4 + a2) is an idempotent (as
(23)2 · 2 = 27 = 23 ∈ R). Therefore, 8(a4 + a2) ∈ Z(R). From this, we get
8a2 ∈ Z(R), so

a2 = 16a2 − 15a2 ∈ Z(R).

This yields
2a = (a+ 1)2 − a2 − 1 ∈ Z(R),

so a = 15a − 7 · 2a ∈ Z(R).

Comment. Another proof for the n = 5 case of Jacobson’s Theorem can be
found on p. 145 of McCoy’s Carus Monograph “Rings and Ideals.” However,
McCoy’s proof is more complicated, and made use of the further hypothesis
that 5R = 0.

There are several different proofs of Jacobson’s Theorem (FC-(12.10))
in the literature which do not rely on the theory of primitive rings. The
shortest and the most elementary is perhaps that of J. Wamsley in J.
London Math. Soc. 4 (1971), 331–332. Wamsley’s proof is a modification
of the one given for division rings in FC-§13 using the lemma of Herstein.
However, Wamsley’s proof was rather terse, so in reading his paper, the
reader should perhaps be prepared to fill in a number of details along
the way.

Ex. 12.10. Let R be a ring such that a6 = a for any a ∈ R. Show that
a2 = a for any a ∈ R, i.e. R is a (commutative) Boolean ring.

Solution. Since −1 = (−1)6 = 1, char R = 2. Expanding the RHS of a+
1 = (a+ 1)6, we get a2 = a4. Multiplying this by a2, we get a4 = a6 = a
and therefore a = a2 for all a ∈ R. (Moral : “n = 6 is trivial.” Surprise!)

Ex. 12.10A. Let R be a ring of characteristic 2, and let n be a fixed
2-power. If an+1 = a for all a ∈ R, show that R is a Boolean ring.
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Solution. (We do not assume here that R has an identity.) First note that

the binomial coefficients
(
n
k

)
are all even, for 1 < k < n. (This follows,

for instance, by writing n as 2r and inducting on r.) Therefore, for any
commuting pair x, y ∈ R, we have (x+ y)n = xn + yn. Thus,

x2 + x = (x2 + x)n+1 = (x2 + x)n(x2 + x)

= (x2n + xn)(x2 + x)

= x2n+2 + x2n+1 + xn+2 + xn+1

= x2 + x+ x2 + x = 0,

so x2 = x (for all x ∈ R).

Comment. This problem comes from theMathematics Magazine. Note that
the 2-power assumption on n is essential. For instance, R = F2s has charac-
teristic 2, and an+1 = a for all a ∈ R with n = 2s − 1; but R is not Boolean
if s ≥ 2. The characteristic 2 assumption cannot be removed either: if p is a
Fermat prime 22t

+ 1, then for n = 22t

, an+1 = ap = a for all a ∈ R = Fp,
but R is not Boolean.

Ex. 12.11. Let p be a fixed prime. Following McCoy, define a nonzero ring
R to be a p-ring if ap = a and pa = 0 for all a ∈ R. Assuming Jacobson’s
Theorem FC-(12.10), show that:

(1) A ring R is a p-ring iff it is a subdirect product of Fp’s;
(2) A finite ring R is a p-ring iff it is a finite direct product of Fp’s.

Solution. (1) First observe that p-rings are closed with respect to the for-
mation of direct products and subrings. Secondly, Fp is obviously a p-ring.
From these, it follows that any subdirect product of Fp’s is a p-ring. Con-
versely, let R be a p-ring. Then R is commutative by Jacobson’s Theorem.
Let {mi : i ∈ I} be the maximal ideals of R. Since R is von Neumann regu-
lar and hence J-semisimple, we have

⋂
imi = 0. Therefore, R is a subdirect

product of the fields Fi = R/mi, which clearly remain p-rings. But in any
field the equation xp = x has at most p solutions, so Fi ∼= Fp for all i.

(2) If R is a finite p-ring, then clearly n = |I| < ∞ in the above. By the
Chinese Remainder Theorem, we have

R ∼=
n∏
i=1

R/mi ∼=
n∏
i=1

Fp.

Conversely, any finite direct product of Fp’s is clearly a finite p-ring.

Ex. 12.12. For any field k, show that there exists a k-division algebra D
with two elements a �= c such that a2 − 2ac+ c2 = 0.
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Solution. We take D = K((x;σ)), the division ring of twisted Laurent
series in x, where K is some field extension of k, equipped with an au-
tomorphism σ. We shall choose c = x, a = yx, where 1 �= y ∈ K is to be
specified. Since

a2 − 2ac+ c2 = yxyx − 2yxx+ x2 = (yσ(y)− 2y + 1)x2,

we need only arrange that yσ(y)− 2y + 1 = 0. For this, we may choose
K to be the rational function field k(y) in the variable y. If we define
σ ∈ Autk(K) by the fractional linear transformation

σ(y) =
2y − 1

y
= 2− y−1,

then yσ(y)− 2y + 1 = 0, as desired. Note that this construction works well
even in characteristic 2: in that case, we simply take σ(y) = y−1, and

(yx)2 + x2 = (yσ(y) + 1)x2 = 0 in D.

If k is a field of characteristic p > 0, we can even choose K above to
be an algebraic extension of k. In fact, let K be the algebraic closure of k.
Then the equation yp+1 − 2y + 1 = 0 has a root y ∈ K. If we take σ to be
the Frobenius automorphism on K (σ(z) = zp), then

yσ(y)− 2y + 1 = yp+1 − 2y + 1 = 0.

Comment. Under suitable conditions on the division ring D, a2 − 2ac+
c2 = 0 may imply a = c. For instance this is always the case if D is a
generalized quaternion division algebra over a field of characteristic not 2.
For more details, see Exercise 16.15.

Ex. 12.13. Let R be a nonzero ring such that every subring of R is a
division ring. Show that R must be an algebraic field extension of some Fp.

Solution. First we cannot have char R = 0, for otherwise Z ⊆ R and we
have a contradiction. Since R itself is a division ring, we must have Fp ⊆ R,
where p is a prime. Consider any nonzero element a ∈ R. Then a must be
algebraic over Fp, for otherwise Fp[a] is isomorphic to the polynomial ring
Fp[x], which is not a division ring. Therefore, Fp[a] is a finite field, and we
have an(a) = a for some n(a) ≥ 2. By Jacobson’s Theorem (FC-(12.10)), R
is commutative. Therefore, R is an algebraic field extension of Fp.

Ex. 12.14. Show that a ring R is reduced iff, for any elements a1, . . . , ar ∈
R and any positive integers n1, . . . , nr:

(∗) a1 · · · ar �= 0 =⇒ an1
1 · · · anr

r �= 0.
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Solution. The “if” part is trivial by using (∗) in the case r = 1. For the
“only if” part, first observe that, in a reduced ring R, xy �= 0 =⇒ yx �= 0.
(For, if yx = 0, then xy · xy = 0 and hence xy = 0 since R is reduced.) More
generally, suppose a1 · · · ar �= 0. Then

a1a2 · · · ara1 · · · ar �= 0,

so a1a2 · · · ara1 �= 0, and the observation above gives a2
1a2 · · · ar �= 0. Re-

peating this, we get an1
1 a2 · · · ar �= 0. It follows that a2 · · · aran1

1 �= 0, so we
get similarly an2

2 a3 · · · aran1
1 �= 0, and hence an1

1 an2
2 a3 · · · ar �= 0. Further

repetition of this argument clearly gives (∗).
Comment. Of course, we can also prove (∗) easily for a reduced ring R
by using a subdirect product representation (ϕi) : R → ∏

iRi where the
Ri’s are domains. (Indeed, if an1

1 · · · anr
r = 0, then for each i, we must have

ϕi(aj) = 0 for some j. This implies that ϕi(a1 · · · ar) = 0 for all i, and so
a1 · · · ar = 0 ∈ R.) However, it seems more fair to prove the “only if” part
of this exercise in an entirely elementary fashion.

Ex. 12.15. Let a, b be elements in a reduced ring R, and r, s be two positive
integers that are relatively prime. If ar = br and as = bs, show that a = b
in R.

Solution. We may assume that a �= 0. By FC-(12.7), there is a represen-
tation of R as a subdirect product of domains. Therefore, it is sufficient to
prove the conclusion in the case when R is a domain. Switching r and s
if necessary, we can write 1 = rp − sq, where p, q are nonnegative integers.
After replacing r, s by rp and sq, we may therefore assume that r − s = 1.
Then

as(a − b) = as+1 − asb = as+1 − bs+1 = 0 =⇒ a = b.

Comment. This exercise was proposed as a problem in the MAA Monthly
99 (1992), p. 362, by Michael Barr. Its easy solution by subdirect product
representations given above is well-known to experts. Actually, it is almost
just as easy to solve the exercise without making the reduction to the case
of domains. In his solution to the problem published in the MAA Monthly
101 (1994), p. 580, Pat Stewart noted that, by a special case of Ex. 14,
the equation as(a − b) = 0 in the argument above implies a(a − b) = 0.
Similarly, b(a − b) = 0. Therefore, (a − b)2 = 0, which yields a = b!

Ex. 12.16. A ring R is said to be reversible if ab = 0 ∈ R =⇒ ba = 0.
Show that:

(1) A ring R is a domain iff R is prime and reversible.
(2) R is a reduced ring iff R is semiprime and reversible.

Solution. (1) It suffices to prove the “if” part, so suppose R is prime
and reversible. Then, whenever ab = 0 ∈ R, we have a(bR) = 0 and hence
bRa = 0 by reversibility. Since R is prime, it follows that a = 0 or b = 0.
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(2) Note that if R is reduced, of course R is semiprime, and we have ob-
served in the solution to Ex. 12.14 that R is reversible. Conversely, assume
R is semiprime and reversible. Then, whenever a2 = 0, we have a(aR) = 0
and hence aRa = 0. Since R is semiprime, it follows that a = 0. This shows
that R is reduced.

Comment. This exercise comes from P.M. Cohn’s paper, “Reversible rings,”
Bull. London Math. Soc. 31 (1999), 641–648.

Ex. 12.17. A ring R is said to be symmetric if abc = 0 ∈ R =⇒ bac = 0.
Show that R is symmetric iff, for any n,

(∗) a1 · · · an = 0 ∈ R =⇒ aπ(1) · · · aπ(n) = 0 for any permutation π.

Solution. (“Only If”) Assuming R is symmetric, we first observe that
R must be reversible, since ab = 0 implies (ab)(1) = 0, which implies
0 = (ba)(1) = ba. Since the symmetric group Sn is generated by the trans-
position (12) and the n-cycle (12 · · ·n), the proof of (∗) can be reduced to
the following two cases:

(A) a1 · · · an = 0 =⇒ a2a1a3 · · · an = 0;

(B) a1 · · · an = 0 =⇒ a2a3 · · · ana1 = 0.

The first follows directly from the “symmetric” property (by taking c =
a3 · · · an); the second follows from reversibility.

Ex. 12.18. A ring R is said to be 2-primal if every nilpotent element of
R lies in Nil∗R. (For instance, reduced rings and commutative rings are
2-primal.) Show that, for any ring R:

R is reduced =⇒ R is symmetric =⇒ R is reversible =⇒ R is 2-primal,

but each of these implications is irreversible!

Solution. (1) AssumingR is reduced, we know already thatR is reversible.
From this, we see further that

(†) xy = 0 ∈ R =⇒ xry = 0 (∀ r ∈ R),

since (xry)2 = xr(yx)ry = 0. To check that R is symmetric, we start with
any equation abc = 0 ∈ R. For any r, s ∈ R, we have arbc = 0 and hence
arbsc = 0 (by two applications of (†)). From this,

(bac)2 = bac · bac ∈ b(aRbRc) = 0,

so bac = 0, as desired.
Clearly, a symmetric ring need not be reduced, since any commutative

ring is symmetric (but not necessarily reduced).
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(2) The (trivial) fact that symmetric rings are reversible was already
pointed out in the solution to Ex. 12.17. Let us now construct a ring that
is reversible but not symmetric. The following construction is due to D.D.
Anderson, V. Camillo, and independently, G. Marks.

Let K be a field, A = K〈x, y, z〉, and R = A/I, where

I = (AxA)2 + (AyA)2 + (AzA)2 +AxyzA+AyzxA+AzxyA.

For ease of notation, we shall use the same letters x, y, z to denote their
images in R. The idea in forming the ring R is that we “kill” all monomials
in A if they contain 2 factors of x, or of y, or of z, or if they contain one of
the strings xyz, yzx, or zxy. A monomial K-basis for R is therefore given
by e0 = 1, e1 = x, e2 = y, e3 = z together with

e4 = xy, e5 = yx, e6 = xz, e7 = zx, e8 = yz, e9 = zy,

e10 = xzy, e11 = zyx, e12 = yxz.

Since xyz = 0 �= yxz, R is not symmetric. To prove that R is reversible, we
must show that, for

a =
12∑
i=0

aiei, b =
12∑
i=0

biei (in R),

ab = 0 implies ba = 0. Since R is a local ring(∗) with unique maximal ideal
spanned by e1, . . . , e12, we may assume that a0 = b0 = 0 (for otherwise
one of a, b is a unit and we are done). Also, since e10, e11, e12 are killed
by all monomials in a, b, we can remove them from a, b to assume that
a =

∑9
i=1 aiei, b =

∑9
i=1 biei. By expanding ab, we see that ab = 0 amounts

to the following two sets of equations:

E1(a, b): a1b2 = 0, a1b3 = 0, a2b3 = 0, a2b1 = 0, a3b1 = 0, a3b2 = 0;

E2(a, b): a1b9 + a6b2 = 0, a2b6 + a5b3 = 0, a3b5 + a9b1 = 0.

Thus, reversibility amounts to the fact that these equations, taken as a
whole, imply E1(b, a) and E2(b, a). The former is clear, since E1(b, a) is no
different from E1(a, b). To check E2(b, a), we go into two simple cases.

Case 1. a1 = a2 = a3 = 0. In this case, the equations in E2(a, b) involve
only one term on the LHS’s, and these amount to the one-term equations
in E2(b, a).

Case 2. By cyclic symmetry, it remains only to treat the case a1 �= 0. In this
case, E1(a, b) gives b2 = b3 = 0, and E2(a, b) gives a1b9 = 0, a2b6 = 0, and
a3b5 + a9b1 = 0. We need only prove two equations from E2(b, a), namely,
b5a3 = 0 and b9a1 = 0. The second is at hand, and the first needs proof
only if a3 �= 0. But in this case, E1(a, b) gives b1 = 0, so a3b5 + a9b1 = 0
gives the desired result.

(∗) For the general notion of a local ring, see FC -§19.
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In this construction, we took K to be a field only for convenience. The
proof given above shows that we get a reversible ring R by using this
construction if (and of course, only if) we start with a reversible ground
ring K.

(3) Let R be a reversible ring, and let a ∈ R be a nilpotent element, say
with an = 0. By reversibility, arxas = 0 whenever r + s = n. Another ap-
plication of reversibility shows that arxasyat = 0 whenever r + s+ t = n.
By finite induction, it follows that x1 · · ·xm = 0 as long as n of the factors
xi are equal to a. This implies that (RaR)n = 0, so RaR ⊆ Nil∗(R). In
particular, a ∈ Nil∗(R), as desired.

We finish now by constructing a 2-primal ring that is not reversible. The
following construction is due to G. Bergman. Let K be any division ring
that is not a field, and let R be the ring generated over K by two elements
x, y commuting with K, with the relations xy = yx = x2 − y2 = 0. Then
R is a local ring with (left and right) K-basis {1, x, y, x2}, whose maximal
ideal m = Kx ⊕ Ky ⊕ Kx2 satisfies m3 = 0. Clearly, such a ring is 2-primal.
Now fix a pair of noncommuting elements u, v ∈ K. Noting that

(A) (x+ uy)(x − u−1y) = x2 − y2 = 0 ∈ R,

we have ab = 0 for a = v(x+ uy) and b = x − u−1y. But

(B) ba = (x − u−1y)v(x+ uy) = (v − u−1vu)x2 �= 0,

so R is not reversible.

Comment. The fact that a reduced ring satisfies the “symmetric” property
(∗) in Ex. 12.17 is folklore in noncommutative ring theory. Kaplansky at-
tributed this result to Herstein (unpublished), while Goodearl, in his book
on von Neumann regular rings, attributed the result to Andrunakievich
and Ryabukhin (see their paper in Soviet Math. Dokl. 9 (1968), 565–568).
The same result was observed by Lambek in Canad. Math. Bull. 14 (1971),
359–368. In their paper in Comm. Algebra 27 (1999), 2847–2852, Ander-
son and Camillo proved the result more generally for reduced semigroups
with 0.

The fact that a reversible ring is 2-primal is a slight improvement of
Theorem 2.2 in P.M. Cohn’s paper cited in the Comment on Ex. 12.16.

We could have also introduced the condition ab = 0 =⇒ aRb = 0 on a
ring R: this condition has been referred to as (SI) in the literature (for
reasons that we shall not go into here). As we have seen, reversibility im-
plies (SI), and the work done above is good enough to show that (SI)
=⇒ 2-primal. Thus, we could have inserted the (SI) condition “between”
reversible and 2-primal in this exercise. Note that Bergman’s 2-primal ex-
ample R constructed above already fails to satisfy (SI), since we have (in
the notation there):

(x − u−1y)(x+ uy) = 0 �= (x − u−1y)v(x+ uy) (in R).
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We leave it to the reader to find an example of a ring that satisfies (SI),
but is not reversible.

A word of caution is needed on the implication “symmetric =⇒ re-
versible”. In a recent monograph in ring theory, it has been claimed that
this implication is an equivalence. The example offered in (2) above shows
that this claim cannot be true. I first learned this example in 1998 from
G. Marks(∗), who later found the same example in the paper of Anderson
and Camillo, loc. cit. Anderson and Camillo showed, moreover, that in any
semigroup with zero, if ZCn denotes the condition

a1 . . . an = 0 =⇒ aσ(1) . . . aσ(n) = 0 (∀σ ∈ Sn),

then, for n ≥ 3, ZCn =⇒ ZCn+1. Thus, the fact that “reversible �=⇒ sym-
metric” is an “anomaly” to a general phenomenon. For rings with identity,
clearly ZCn+1 =⇒ ZCn for all n (in generalization of “symmetric =⇒ re-
versible”). However, for semigroups with 0 but without 1, Anderson and
Camillo showed that ZCn+1 �=⇒ ZCn for n ≥ 2.

Ex. 12.18∗. Show that any 2-primal ring R is Dedekind-finite, but not
conversely.

Solution. Given ab = 1 ∈ R, we have a(1− ba) = 0, so [(1− ba)a]2 = 0.
Since R is 2-primal, (1− ba)a ∈ Nil∗(R) and hence 1− ba ∈ Nil∗(R). It
follows that

ba ∈ 1 + Nil∗(R) ⊆ U(R),

so cba = 1 for some c ∈ R. This shows that a is also left-invertible, as de-
sired.

Of course the converse of this exercise does not hold: for instance, for
any field k, M2(k) is Dedekind-finite, but not 2-primal.

Comment. It follows from Ex. 12.18 and Ex. 12.18∗ that any reversible
ring R is Dedekind-finite. This is an observation of D.D. Anderson and
V. Camillo in their paper referenced in the Comment on Ex. 12.18. They
proved this fact directly as follows. Assume R is reversible. If ab = 1, then
(ba − 1)b = b − b = 0 implies b(ba − 1) = 0, so b2a = b. From this, we have
ab2a = ab = 1, and hence

ba = (ab2a)ba = ab2a = 1.

Ex. 12.19. (0) Show that a ring R is 2-primal iff the factor ring R/Nil∗R
is reduced.

(1) Show that a left artinian ring R is 2-primal iff R/rad R is reduced, iff
R/rad R is a finite direct product of division rings.
(2) Show that a finite direct product of 2-primal rings is 2-primal.
(3) If R is 2-primal, show that so is the polynomial ring R[T ] for any set
of commuting variables T ).

(∗) See his paper in J. Pure and Applied Algebra 174 (2002), 311–318.



§12. Subdirect Products and Commutativity Theorems 199

Solution. (0) Suppose R is 2-primal, and an ∈ Nil∗R for some n ≥ 1. Since
Nil∗R is a nil ideal, we have (an)m = 0 for some m ≥ 1. Thus, a is nilpotent
and so a ∈ Nil∗(R). This shows that R/Nil∗R is reduced. Conversely, if
R/Nil∗R is reduced, then for any nilpotent element a ∈ R, a is nilpotent
in R/Nil∗R. Thus, we have a ∈ Nil∗R, so R is 2-primal.

(1) Since R is left artinian, rad R = Nil∗R by FC -(10.27). Therefore,
the first “iff” follows from (0) above. The second “iff” follows from the
Wedderburn-Artin Theorem, since a matrix ring Mr(D) over a nonzero
ring D is reduced only if r = 1.

(2) The prime ideals in a direct product R = R1 × · · · × Rn are of the
form R1 × · · · × pi × · · · × Rn, where pi is a prime ideal in Ri. Taking the
intersection of such prime ideals in R, we see that

Nil∗(R) = Nil∗(R1)× · · · ×Nil∗(Rn).

If a = (a1, . . . , an) ∈ R is any nilpotent element, then each ai ∈ Ri is nilpo-
tent. If each Ri is 2-primal, then ai ∈ Nil∗(Ri) for all i, and so a ∈ Nil∗(R)
by the equation above.

(3) Using the fact that Nil∗(R[T ]) = (Nil∗R)[T ] (FC -(10.19), we get

R[T ]
Nil∗(R[T ])

=
R[T ]

(Nil∗R)[T ]
∼=
(

R

Nil∗R

)
[T ].

If R is 2-primal, R/Nil∗R is reduced, from which we see easily that
(R/Nil∗R)[T ] is also reduced. Thus, the isomorphism above implies that
R[T ] is 2-primal.

Comment. For (2), we should point out that an arbitrary direct product of
2-primal rings need not be 2-primal. Such examples have been constructed
by E. Armendariz, and independently by C. Huh, H.K. Kim and Y. Lee.
Even more notably, G. Marks has constructed a 2-primal ring R for which
R × R × · · · is not 2-primal; see his paper “Direct product and power series
formations over 2-primal rings,” in Advances in Ring Theory (eds. S.K.
Jain, S.T. Rizvi), pp. 239–245, Trends in Math., Birkhäuser, Boston, 1997.

Part (3) of this exercise appeared in the paper of G.F. Birkenmeier, H.E.
Heatherly and E.K. Lee: “Completely prime ideals and associated radicals,”
in Ring Theory (Granville, Ohio, 1992), (eds. S.K. Jain, S.T. Rizvi), pp.
102–129, World Scientific, Singapore and River Edge, N.J., 1993. In this
paper, the authors asked the related question whether R 2-primal implies
that the power series ring R[[t]] is 2-primal. This question was also answered
negatively in G. Marks’ paper cited in the last paragraph.

Ex. 12.20. If R is right duo in the sense that any right ideal in R is an
ideal, show that R is 2-primal.
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Solution. By (0) of the previous exercise, it is sufficient to show that
a2 = 0 =⇒ a = 0, where a denotes the image of a ∈ R in R = R/Nil∗(R).
Since aR is an ideal in R, we have Ra ⊆ aR. Therefore,

(aR )2 = aRaR ⊆ a (aR )R = 0.

Since R is a semiprime ring, it follows that aR = 0, and so a = 0 ∈ R.

Comment. In general, a right duo ring need not be left duo: see Ex. 22.4A
(as well as Ex. 22.4B) below.



Chapter 5
Introduction to Division Rings

§13. Division Rings
The study of division rings at the beginning stage is a wonderland of beau-
tiful results. It all started with Frobenius’ Theorem (c. 1877) classifying
the finite-dimensional division algebras over the reals. Nowadays, we know
that the theorem also works for algebraic algebras. Shortly after E.H. Moore
completed his classification of finite fields, J.H.M. Wedderburn delighted
the world with his “Little” Theorem (c. 1905), that all finite division rings
are commutative. Over the years, this result gradually evolved into its
various higher forms, of which the commutativity theorems of Jacobson,
Kaplansky, and Herstein are prime examples. Then there was the Cartan-
Brauer-Hua Theorem (c. 1945 or thereabout): not the result of a collabo-
rative effort, but somehow proved at about the same time, by three famous
mathematicians from three different countries. Albeit a smaller result, Her-
stein’s “little” theorem is equally enchanting: it says that if an element in
a division ring has more than one conjugate, it has infinitely many. Even
one of my analyst colleagues rediscovered this result, and proposed it as
a problem for the Amer. Math. Monthly. And, in the time-honored tradi-
tion of that journal, the problem was duly solved by an impressive list of
fun-lovers, experts and laymen alike.

The exercises in this section explore some of the more elementary as-
pects of the theory of division rings. Again, many of these are folklore
results. My favorite is Exercise 11, due to Jacobson, which says that re-
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duced algebraic algebras over a finite field are always commutative. The
spirit of Wedderburn certainly lives on!1

The last three exercises deal with the theory of ranks of matrices over
division rings. There are surprisingly few references for this topic. Because
of this, I included a full proof for the “Kronecker Rank Theorem” (Exercise
13). After reading this proof, the reader will perhaps conclude that I have
just “plagiarized” the proof for matrices over fields. And of course he/she
is right! Those who are accustomed to working with matrices over fields,
however, will be a bit surprised by the last exercise, which says that the
rank equation rank(A) = rank(At) fails rather miserably for matrices over
a noncommutative division ring.

Exercises for §13

Ex. 13.0. Let D be a nonzero ring, not assumed to have an identity, such
that for any nonzero a ∈ D, there exists a unique b ∈ D satisfying aba = a.
Show that D is a division ring.

Solution. We proceed in the following steps.

Step 1. D has no 0-divisors. Say ac = 0, where a �= 0. Let b ∈ D be such
that aba = a. Then a(b+ c)a = aba+ aca = a implies that b+ c = b (by
the uniqueness of b), and so c = 0.

Step 2. For the elements a, b in Step 1, we also have bab = b. Indeed, since
a(bab) = (aba)b = ab, Step 1 (and the distributive law) yields bab = b.

Step 3. For the elements a, b above, e := ab is a multiplicative identity of
D. Indeed, for any d ∈ D, we have dea = daba = da, so Step 1 yields de = d.
Similarly, bed = babd = bd yields ed = d (since b is obviously �= 0).

Now that D has an identity (which is necessarily unique), Step 3 also
showed that any nonzero a ∈ D has a right inverse b. Thus D is a division
ring, by Ex. 1.2. (Of course, by reversing the role of a and b in Step 3, we
see that ba is also the identity, so in any case it is clear that b is a 2-sided
inverse of a.)

Comment. The crux of the hypothesis in this exercise is the uniqueness of
b. Without assuming this uniqueness, D could have been any von Neumann
regular ring, with or without an identity.

Ex. 13.1. Show that a nonzero ring D is a division ring iff, for any a �= 1
in D, there exists an element b ∈ D such that a+ b = ab.

1 Incidentally, Jacobson was the fifth and last Ph.D. student of J.H.M. Wedder-
burn.
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Solution. If D is a division ring and a �= 1, we can solve the equation
a+ b = ab (uniquely) by b = (a − 1)−1a. Conversely, assume the solvability
of this equation for any a �= 1. Then, for any c �= 0, we have 1− c �= 1, so
there exists b ∈ D with

1− c+ b = (1− c)b.

Cancelling b, we get 1 = c(1− b), so c has a right inverse. By Exercise 1.2,
D is a division ring.

Comment. In the terminology of Exercise 4.2, the result above says that
D �= 0 is a division ring iff every element a �= 1 in D is right quasi-regular.
In this case, D\{1} under the “◦” operation will be a group isomorphic
with the multiplicative group D* of the division ring D.

Ex. 13.2. Let L be a domain and K be a division subring of L. If L is
finite-dimensional as a right K-vector space, show that L is also a division
ring.

Solution. Let a ∈ L\{0} and consider ϕ : L → L defined by ϕ(x) = ax
(∀x ∈ L). This is an injective endomorphism of the finite-dimensional K-
vector space LK , so it must be surjective. In particular, there exists b ∈ L
such that 1 = ϕ(b) = ab. By Exercise 1.2 again, L is a division ring.

Ex. 13.3. Show that any finite prime (resp. semiprime) ring R is a matrix
ring over a finite field (resp. a finite direct product of such matrix rings).

Solution. If R is semiprime, FC -(10.24) and the Artin-Wedderburn The-
orem imply that R ∼= ∏n

i=1 Mni
(Di), where the Di’s are (finite) division

rings. By Wedderburn’s Little Theorem FC -(13.1), each Di is a field. The
prime case also follows, since in that case we must have n = 1.

Ex. 13.4. For any division ring D, show that any finite abelian subgroup
G of D* is cyclic.

Solution. Let k = Z(D), which is a field. Let A be the (commutative)
k-subalgebra of D generated by G. Then

K = {ab−1 : a, b ∈ A, b �= 0}
is a subfield of D. Since G is a finite subgroup of K*, a well-known result
in elementary field theory guarantees that G is cyclic.

Comment. Note that in this proof, A is a finite-dimensional commutative
domain over k, so by Exer. 2 it is in fact a field, hence equal to K. However,
the proof goes through without this observation.

Of course, a finite subgroup G of D* need not be cyclic, as the case of
G = {±1,±i,±j,±k} in the division ring of real quaternions shows.

Ex. 13.4A. Show that a division ring D is a finite field iff D∗ is a cyclic
group under multiplication.
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Solution. We refer that reader to any textbook in abstract algebra for
a proof of the standard “only if” part. For the converse, assume that D∗

is cyclic, say with generator a. If char(D) = 0, we would have Q ⊆ D, so
Q∗ ⊆ D∗ is also cyclic, which is certainly not the case. Therefore, D ⊇ Fp
for a prime p. Since Fp(a) contains all powers of a, we have Fp(a) = D. It
follows that a cannot be transcendental over Fp (since in that case a+ 1
can’t be a power of a). Thus a is algebraic over Fp, and D = Fp(a) is a
finite field.

Ex. 13.5. Show that an element in a division ring D commutes with all
its conjugates iff it is central.

Solution. We need only prove the “only if” part. Suppose d ∈ D com-
mutes with every element in

C : = {xdx−1 : x ∈ D*}.
Assume that d �∈ Z(D). By FC-(13.18), D is generated as a division ring by
the set C. Therefore, d commutes with every element of D, contradicting
d �∈ Z(D).

Ex. 13.6. Let D be an algebraic division algebra over a field k. Let a, b ∈
D* be such that bab−1 = an, where n ≥ 1. Show that a, b generate a finite-
dimensional division k-subalgebra of D.

Solution. Let A be the k-subalgebra of D generated by a, b. Then A is an
algebraic k-algebra. Since A is a domain, Exercise 1.13 implies that A is
a division algebra. We finish by proving that dimkA < ∞. From ba = anb,
we have bas = asnb by induction on s ≥ 0. By another induction on t ≥ 0,
we can show that

btas = asn
t

bt.

Therefore, A is spanned over k by {aibj : i, j ≥ 0}. It follows that
dimk A ≤ (dimk k[a]) (dimk k[b]) < ∞.

Ex. 13.7. (Brauer) Let K ⊆ D be two division rings, and let N =
N
D* (K*), C = C

D*(K*) be the group-theoretic normalizer and centralizer
of the subgroup K* ⊆ D*. For any h ∈ D\{0,−1}, show that h, 1 + h ∈ N
iff h ∈ K ∪ C. Using this, give another proof for the Cartan-Brauer-Hua
Theorem (FC-(13.17)).

Solution. The “if” part is clear, since K and C ∪ {0} are closed under
addition. Conversely, assume that h, 1 + h ∈ N , but h �∈ C. Then there ex-
ists an element δ ∈ K not commuting with h. Let δ0 = hδh−1 �= δ, and
δ1 = (h+ 1)δ(h+ 1)−1. By hypothesis, δ0, δ1 ∈ K. Subtracting the equa-
tion hδ = δ0h from (h+ 1)δ = δ1(h+ 1), we get

δ − δ1 = (δ1 − δ0)h.
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If this element is zero, we get δ = δ1 = δ0, a contradiction. Therefore, δ1 −
δ0 �= 0, and we have

h = (δ1 − δ0)−1(δ − δ1) ∈ K,

as desired.
To derive the Cartan-Brauer-Hua Theorem, assume that K �= D and

K is normal in D. Then, in the above notation, N = D*. By the first part
of the Exercise, we have D = K ∪ C. Since K �= D, we deduce easily that
C = D*, so K ⊆ Z(D), as desired.

Ex. 13.8. (Cf. Herstein’s Lemma in FC-(13.8)) Let D be a division ring
of characteristic p > 0 with center F . Let a ∈ D\F be such that ap

n ∈ F
for some n ≥ 1. Show that there exists b ∈ D such that ab − ba = 1, and
there exists c ∈ D such that aca−1 = 1 + c.

Solution. As in the proof of FC-(13.8), we write δ = δa for the inner
derivation on D defined by δ(x) = ax − xa. If we can find b ∈ D such that
δ(b) = 1, then, thanks to δ(a) = 0, we’ll have δ(ba) = δ(b)a = a. It follows
that, for c : = ba,

aca−1 = 1 + c.

Therefore, it is sufficient to prove the existence of b.
As in FC-(13.8), we have

δp
n

(x) = ap
n

x − xap
n

= 0

for all x ∈ D, so δp
n ≡ 0. Let k ≥ 0 be the smallest integer such that δk+1 ≡

0. Since a �∈ F , we have k ≥ 1. Pick y ∈ D such that δk(y) �= 0, and let
z = δk−1(y). Then δ(z) �= 0, and δ(δ(z)) = 0 implies that δ(δ(z)−1) = 0.
For b = zδ(z)−1 ∈ D, we have

δ(b) = δ
(
zδ(z)−1) = δ(z) · δ(z)−1 + zδ

(
δ(z)−1) = 1,

as desired.

Comment. For a given element a ∈ D, ax − xa = 1 is known as the metro
equation for a. In the case when a is an algebraic element over the center
of D, a necessary and sufficient condition for the existence of a solution for
the metro equation (in D) is given in Exercise 16.11 below.

Ex. 13.9. The following example of Amitsur shows that the Cartan-
Brauer-Hua Theorem FC-(13.17) does not extend directly to simple rings.
Let F = Q(x) and A = F [t; δ] be the ring of polynomials {∑ gi(x)ti} over
F with multiplication defined by the twist tg(x) = g(x)t+ δ(g(x)), where
δ(g(x)) denotes the formal derivative of g(x). Show that

(1) A is a simple domain,
(2) U(A) = F*, and
(3) F is invariant under all automorphisms of A, but F � Z(A).
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Solution. Since F is a simple Q-algebra and δ is not an inner derivation
on F , FC-(3.15) implies that A is a simple ring. By degree considerations,
U(A) is seen to be F*, and A has no zero-divisors, so we have (1) and (2).
If σ is any automorphism of A, it must take units to units, so σ(F ) = F .
However, F �= A, and tx = xt+ 1 shows that x �∈ Z(A), so F � Z(A).

Ex. 13.10. Let k be an algebraically closed field and D be a division k-
algebra. Assume that either D is an algebraic algebra over k, or dimkD <
Card k (as cardinal numbers). Show that D = k.

Solution. First assume D is an algebraic algebra over k. If there exists
α ∈ D\k, k[α] would give a proper algebraic field extension of k. Therefore,
we must have D = k. Next, assume dimkD < Card k. We are done if we
can show that D is an algebraic k-algebra. Consider any α ∈ D\k (if it
exists). The set {(a − α)−1 : a ∈ k} has cardinality Card k, so there exists
a dependence relation

r∑
i=1

bi(ai − α)−1 = 0,

where ai ∈ k, and bi ∈ k*. Clearing the denominators, we see (as in the
proof of FC-(4.20)) that α is algebraic over k, as desired.

Ex. 13.11. (Jacobson) Let A be a reduced algebraic algebra over a finite
field Fq. Show that A is commutative.

Solution. We first prove the following fact.

Lemma. Let ψ(x) ∈ Fq[x] be such that ψ(0) �= 0. Then ψ(x)|(xN − 1) for
some integer N .

Proof. It suffices to prove this in the algebraic closure F of Fq. Write

ψ(x) = a(x − a1) · · · (x − am)

where a, ai ∈ F*. Each ai is a root of unity, so there exists an integer k such
that aki = 1 for all i. Therefore, (x − ai)|(xk − 1), and so ψ(x)|(xk − 1)m.
Let p = char(F) and pick s such that ps ≥ m. Then ψ(x) divides

(xk − 1)p
s

= xkp
s − 1,

as desired.

Now let α ∈ A and let ϕ(x) ∈ Fq[x] be the minimal polynomial of α
over Fq. By Exercise 12.6B(1), we can write ϕ(x) = xiψ(x) where i ∈ {0, 1}
and ψ(0) �= 0. By the above lemma, there exists an integer N such that
ψ(x)|(xN − 1). Therefore, ϕ(x)|(xN+1 − x), and so αN+1 = α. By Jacob-
son’s Theorem FC-(12.10), A is commutative.

For a much easier solution, we can appeal to FC -(12.7), which says that
A can be expressed as a subdirect product of a family of domains {Ai}.
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Since each Ai is a quotient of A, it remains algebraic over Fq. Thus, it
suffices to handle the case where A is a domain. But now for any α ∈ A,
Fq[α] is a finite field, so we certainly have αN+1 = α for some integer N .

Comment. The Exercise above can be further improved. According to a
more general result of Arens and Kaplansky, the conclusion of the Exercise
remains true if Fq is replaced by any field k satisfying the following two
conditions: (a) all finite-dimensional division k-algebras are commutative,
and (b) all finite separable field extensions of k are normal.2 The proof
for this more general result depends on the Skolem-Noether Theorem (for
possibly infinite-dimensional division algebras).

Ex. 13.12. Let D be a division ring, and x, y ∈ D* be such that ω =
xyx−1y−1 lies in the center F of D.

(1) For any integers m,n, show that xnymx−ny−m = ωmn.
(2) If x is algebraic over F , show that ω is a root of unity.
(3) If ω is a primitive kth root of unity, show that (y + x)k = yk + xk.

Solution. From xy = ωyx, we get xym = ωmymx by induction on m ≥ 0.
From

xy−1 =
(
y−1ω−1xy

)
y−1 = y−1ω−1x = ω−1y−1x,

we have similarly xy−m = ω−my−mx for m ≥ 0. Therefore, the formula
xym = ωmymx is valid for all m ∈ Z. Now ymx = ω−mxym, so the deduc-
tion above shows that

ymxn = (ω−m)nxnym

for all n (and all m). This gives

xnymx−ny−m = ωmn,

as desired.
Now assume x is algebraic over F . Let

xr + a1x
r−1 + · · ·+ ar = 0

be the minimal equation of x over F . Conjugating this equation by y and
using y−1xy = ωx, we get another equation

(ωx)r + a1(ωx)r−1 + · · ·+ ar = 0.

Subtracting and cancelling x, we obtain

(ωr − 1)xr−1 + a1(ωr−1 − 1)xr−2 + · · ·+ ar−1(ω − 1) = 0.

2 The conditions (a), (b) are, of course, well-known properties of finite fields.
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We must have ωr = 1, for otherwise x would satisfy a polynomial equation
of degree r − 1 over F .

In order to prove the last statement in the Exercise, consider the ex-
pansion (x+ y)k for any k ≥ 0. For an indeterminate q, let

(k!)q = (qk−1 + qk−2 + · · ·+ 1)(qk−2 + · · ·+ 1) · · · (q + 1) ∈ Z[q],

and define the “noncommutative q-binomial coefficients” to be[
k
i

]
q

= (k!)q /(i!)q((k − i)!)q (0 ≤ i ≤ k).

(Note that if q = 1,
[
k
i

]
1
reduces to the usual binomial coefficients.) After

showing that [
k
i

]
q

= qi
[
k − 1

i

]
q

+
[
k − 1
i − 1

]
q

,

we see that
[
k
i

]
q

∈ Z[q] for all i ≤ k. Using the relation xy = ωyx, we can

then show by induction on k that

(y + x)k =
k∑
i=0

[
k
i

]
ω

yixk−i (∀k ≥ 0).

Finally, suppose ω is a primitive kth root of unity. Then
[
k
i

]
ω

= 0 for

0 < i < k, so the “noncommutative binomial theorem” above yields (y +
x)k = yk + xk, as desired.

Comments. The “q-binomial coefficients”
[
k
i

]
q

are used in various branch-

es of combinatorics: see “The Theory of Partitions” by G. E. Andrews
(p. 35), Encyclopedia of Math. and Its Applic., Vol. 2, Addison-Wesley,
1976. They also occur in the theory of norm residue symbol algebras: see
“An Introduction to Algebraic K-Theory” by J. Milnor (p. 147), Princeton
Univ. Press, 1976. With the advent of “quantum geometry” in recent years,

the equation xy = ωyx and the q-binomial coefficients
[
k
i

]
q

have gained
further visibility in modern mathematics.

Ex. 13.13. Let D be a division ring and A = (aij) be an m × n matrix
over D. Define the row rank r (resp. column rank c) of A to be the left
(resp. right) dimension of the row (resp. column) space of A as a subspace
of D(Dn) (resp. (Dm)D). Show that r = c.
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Solution. Let B be an r × n matrix over D whose r rows form a basis of
the (left) row space of A. Expressing the rows of A as left linear combina-
tions of those of B, we get A = B′B for a suitable m × r matrix B′. But
the equation A = B′B may also be construed as expressing the columns
of A as right linear combinations of the r columns of B′. Hence c ≤ r. A
similar argument shows that r ≤ c.

Ex. 13.14. Keep the notations in Exercise 13. The common value r = c
is called the rank of the matrix A. Show that the following statements are
equivalent:

(a) rank A = s.
(b) s is the largest integer such that A has an s × s invertible submatrix.
(c) A has an s × s invertible submatrix M such that any (s+ 1)× (s+ 1)
submatrix of A containing M is not invertible.

(This is called “Kronecker’s Rank Theorem.”)

Solution. We first treat a special case of this theorem. In the case when
A ∈ Mn(D), we claim that A has rank n iff it is invertible. Indeed, if rank
A = n, we can express the unit vectors as left linear combinations of the
row vectors of A, so A′A = In for a suitable matrix A′, and this implies
that A is invertible since Mn(D) is Dedekind-finite. The converse can be
proved by reversing the argument.

(a) =⇒ (b). If t > s = rank A, any t × t submatrix of A has rank < t, for
otherwise A would have t rows which are left linearly independent. There-
fore, any such submatrix is not invertible. Furthermore, since rank A = s
and A has size m × n, there is a submatrix A0 of size s × n with rank
A0 = s. Taking s columns of A0 which are right linearly independent, we
arrive at an s × s submatrix M of A0 with rank M = s. By the paragraph
above, M is invertible.

(b) =⇒ (c) is a tautology.

(c) =⇒ (a). The s rows of A supporting the matrix M in (c) are clearly left
linearly independent, so rank A ≥ s. If rank A > s, we can add one more
row to the above set to produce s+ 1 left linearly independent row vectors.
Let A1 be the submatrix of A consisting of these rows. Then rank A1 = s+
1. Let A2 be the unique (s+ 1)× s submatrix of A1 containing M . The s
columns of A2 are right linearly independent (since rank M = s), so we can
add one more column of A2 to get a set of s+ 1 right linearly independent
columns. This leads to an (s+ 1)× (s+ 1) submatrix M ′ of A2 containing
M , with rank M ′ = s+ 1. This contradicts the choice of M in (c).

Ex. 13.15. Show that rank(A) = rank(At) for all matrices A over a divi-
sion ring D iff D is a field.
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Solution. If D is a field, the rank equation is true since there is no need to
distinguish the left row space from the right row space of A. Now assume D
is not a field. Fix two elements a, b ∈ D such that ab �= ba. Then the matrix

A =
(
1 b
a ab

)

has rank 1 since
(

b
ab

)
=
(
1
a

)
b, and

(
1
a

)
�= 0. But

At =
(
1 a
b ab

)

has rank 2. Indeed, if we have an equation

c(1, a) + d(b, ab) = 0,

then db = −c and dab = −ca = dba, so d = 0 and c = 0. We have therefore
rank(A) �= rank(At).

Comment. For the elements a, b above, the matrix B =
(
1 a
b ab

)
is invert-

ible, but its transpose Bt =
(
1 b
a ab

)
is not. This is not a contradiction,

since over a noncommutative ring (XY )t is in general not equal to Y tXt.
The apparently defective situation rank(A) �= rank(At), however, should

not cause undue alarm. In fact, if we define a new transpose AT by
(AT )ij = Aop

ji , so that AT is a matrix over the opposite division ring Dop, it
is then easy to verify that rank(A) = rank(AT ) for any rectangular matrix
A over D. Moreover, (XY )T = Y TXT , so X is invertible over D iff XT is
invertible over Dop.

Ex. 13.16. Let G be the group of order 21 generated by two elements a, b
with the relations a7 = 1, b3 = 1, and bab−1 = a2. Using the Wedderburn
decomposition of QG obtained in Ex. (8.28)(2), show that G cannot be
embedded in the multiplicative group of any division ring.

Solution. Suppose, instead, G ⊆ U(D), where D is a division ring. SinceG
is not cyclic, we must have char(D) = 0 by FC -(13.3). LetD0 be the Q-span
of G in D. Then D0 is a finite-dimensional Q-domain, so D0 is a division
ring. Since D0 is a homomorphic image of QG, it must be isomorphic to a
simple component of the semisimple ring QG (by Ex. (3.3)(c)). This is a
contradiction, since QG does not have such a simple component, according
to our solution to Ex. 8.28(2)!

Ex. 13.17. Give a ring-theoretic proof for the conclusion of the above
exercise (without using the representation theory of groups).
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Solution. Using the notation in the last exercise, let us assume that G ⊆
U(D), where D is a division ring (or just a domain). From ba = a2b, we get
b2a = a4b2. Now

0 = b3 − 1 = (b − 1)(b2 + b+ 1) ∈ D

shows that b2 + b+ 1 = 0. Right multiplying this by a, we get

0 = (b2 + b+ 1)a = a4b2 + a2b+ a

= a4(−b − 1) + a2b+ a

= a2(1− a2)b − a4 + a ∈ D.

Since a2 �= 1, this implies that b commutes with a, which contradicts
bab−1 = a2.

Comment. The above argument suggests that certain classes of finite
groups can be shown to be not embeddable in the multiplicative group
of any division ring by completely elementary ring-theoretic calculations.
For more details, see the author’s short note “Finite groups embeddable in
division rings” in Proc. Amer. Math. Soc. 129 (2001), 3161–3166.

§14. Some Classical Constructions
In principle, it is not difficult to “construct” all fields. Since any field K has
a transcendence base {xi : i ∈ I} over its prime field, we can obtain K as an
algebraic extension of Q({xi}) or of Fp({xi}). For division rings, however,
there is no such simple procedure. As a result, we have to try much harder
in order to come up with good constructions of noncommutative division
rings.

This section deals with two of the best known classical constructions of
division rings, due to L.E. Dickson, A.I. Mal’cev, and B.H. Neumann. In
order to set up the notations to be used in the exercises, a brief summary
of these two constructions is given below.

Given a cyclic field extension K/F with Galois group 〈σ〉 of order s,
Dickson’s cyclic algebraD = (K/F, σ, a) (with respect to an element a ∈ F )
is a formal direct sum

D = K ⊕ Kx ⊕ · · · ⊕ Kxs−1,

made into an F -algebra with the multiplication rules xs = a and xb = σ(b)x
for every b ∈ K. If a �= 0, D is always a simple F -algebra with Z(D) = F ,
and with K as a maximal subfield. Under suitable assumptions on a, D will
be a division algebra: cf. FC-(14.8), (14.9). From the perspective of skew
polynomial rings, (K/F, σ, a) is just the quotient ring K[t;σ]/(ts − a). For
instance, nonsplit quaternion algebras are cyclic algebras.
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While Dickson’s cyclic algebra constructions give only centrally finite
division rings, the Mal’cev-Neumann formal Laurent series constructions
lead to many examples of centrally infinite division rings. Let (G,<) be a
multiplicatively written ordered group, R be a ring, and ω : G → Aut(R)
(g �→ ωg) be a fixed group homomorphism. The Mal’cev-Neumann ring
A = R((G,ω)) is defined to be the ring of formal sums α =

∑
g∈G αgg with

well-ordered supports. Addition and multiplication are defined formally,
the latter being given the “twist”:

gr = ωg(r)g, for g ∈ G and r ∈ R.

Substantial work is needed in verifying that A is a well-defined ring (see
FC-pp. 130–131). Once this is known, it can further be checked that, if R is
a division ring, then so is A = R((G,ω)) (see FC-(14.21)). The construction
of A has various useful applications. For instance, it leads to the Mal’cev-
Neumann-Moufang Theorem on the embeddability of free algebras over
division rings into division rings (as in FC-(14.25)).

The exercises in this section deal with numerous examples of cyclic
algebras, their maximal subfields, and the Mal’cev-Neumann rings. Some
of these exercises are of a number-theoretic flavor. Other exercises deal with
dimension questions (Exercises 1, 2), skew group rings (Exercises 13A, 13B,
13C), and quadratic extensions of division rings (Exercise 12).

Exercises for §14
Ex. 14.1. Let D be a ring containing a division ring K. Let [D : K]�
(resp. [D:K]r) denote the dimension (as a cardinal number) of D as a
left (resp. right) K-vector space. The following construction shows that
[D : K]� �= [D : K]r in general. Let k be a field and K = k(t) where t is an
indeterminate. Let D = K ⊕ K · x, made into a ring with the multiplication
rules x2 = 0 and x · b(t) = b(t2)x for any b(t) ∈ K. Show that K · x = xK ⊕
txK, and so [D : K]� = 2, [D : K]r = 3. If we set Kn = k(tn), then the
transitivity formulas for left and right dimensions show that [D : Kn]� =
2n, [D : Kn]r = 3n.

Solution. Let E = k(t2), so K = E ⊕ tE. We have

K · x = (E ⊕ tE)x = Ex ⊕ tEx = xK ⊕ txK,

in view of x · b(t) = b(t2)x for b(t) ∈ K. Therefore, [K · x : K]r = 2 and

[D : K]r = [K ⊕ Kx : K]r = 1 + 2 = 3,

in contrast to [D : K]� = 2. Since [K : Kn] = n, we have, by the transitivity
formulas for left and right dimensions:

[D : Kn]l = [D : K]l[K : Kn] = 2n, and

[D : Kn]r = [D : K]r[K : Kn] = 3n.
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Ex. 14.2. The following question was raised by E. Artin: if D ⊇ K are a
pair of division rings, is [D : K]� = [D : K]r? Show that this holds if D is
centrally finite.

Solution. Let F = Z(D), and assume [D : F ] < ∞. Let A = F · K be the
subring of D generated by F and K. Since A is a domain with [A : F ] < ∞,
A is a division ring. Since A = F · K, we can choose a basis of AK consisting
of elements of F . Therefore, [A : K]� = [A : K]r. On the other hand

[D : F ] = [D : A]�[A : F ] = [D : A]r[A : F ] < ∞

implies that [D : A]� = [D : A]r. We have then

[D : K]� = [D : A]�[A : K]� = [D : A]r[A : K]r = [D : K]r,

as desired.

Comment. The answer to Artin’s original question is “no” in general. P.M.
Cohn has found examples of division rings D ⊇ K such that [D : K]� is
finite but [D : K]r is infinite: see p.126 of his book “Skew Field Con-
structions,” Cambridge University Press, Cambridge, 1977. More recently,
A.H. Schofield has constructed examples of division rings D ⊇ K such that
[D : K]� and [D : K]r are arbitrarily prescribed integers ≥ 2: see his paper
“Artin’s problem for skew field extensions,” Proc. Cambridge Phil. Soc. 97
(1985), 1–6.

Ex. 14.3. For K/F a cyclic extension with Gal(K/F ) = 〈σ〉, let D =
(K/F, σ, a) be a cyclic algebra, where a ∈ F . Show that, if we allow a to
be zero, the resulting algebra D is no longer simple (unless K = F ).

Solution. By definition,

D = K ⊕ Kx ⊕ · · · ⊕ Kxs−1,

where s = [K : F ], and xs = a, xb = σ(b)x for all b ∈ K. We claim that, if
a = 0,

A = Kx ⊕ · · · ⊕ Kxs−1

is an ideal of D. In fact, let β = bxi where b ∈ K and i ≥ 1. For any γ = cxj

with c ∈ K and j ≥ 0, we have

γβ = cxjbxi = cσj(b)xi+j and βγ = bxicxj = bσi(c)xi+j .

Since i+ j ≥ 1 and xi+j = 0 if i+ j ≥ s, both products above belong to
A. This shows that A is an ideal of D, so D is not a simple algebra, unless
s = 1.

Ex. 14.4. Let D = (K/F, σ, a) be a cyclic algebra for which there exists
c ∈ K* with NK/F (c) = a. Give an alternative proof for the splitting of D
by constructing an explicit isomorphism L from D to EndF (K).
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Solution. For b ∈ K, let λ(b) ∈ EndF (K) denote the left multiplication
by b on K. Define L : D → EndF (K) by L(b) = λ(b) (b ∈ K), and L(x) =
λ(c)σ. To check that L is a well-defined F -algebra homomorphism, we
must check that L respects the defining relations for the cyclic algebra.
More specifically, we must check that

[λ(c)σ]s = λ(a), and λ(c)σλ(b) = λ(σb)λ(c)σ for all b ∈ K.

By direct computations, we have, for any d ∈ K:

[λ(c)σ]i(d) = c · σc · · · ·σi−1c · σi(d),
[λ(c)σ]s(d) = NK/F (c)σs(d) = λ(a)(d), and

[λ(c)σλ(b)](d) = cσ(bd) = σ(b)c · σ(d) = [λ(σb)λ(c)σ](d),

as desired. Since D is a simple algebra, L must be injective. It follows that
L is an isomorphism, since dimF EndF (K) = s2 = dimFD.

Ex. 14.5. Let K = Q(v) be the cyclic cubic field defined by

v3 + v2 − 2v − 1 = 0,

with Gal(K/Q) = 〈σ〉 where σ(v) = v2 − 2. Let D be the cyclic division
algebra

(K/Q, σ, 2) = K ⊕ Kx ⊕ Kx2

considered by Dickson (cf. FC-p. 227). Show that, for any nonzero α ∈ K,
we have

(∗) Q(αx) ∼= Q
(

3
√
2N(α)

)
and Q(ax2) ∼= Q

(
3
√
4N(α)

)
(where N = NK/Q), and that these are maximal subfields of D. Note that
K = Q(v) is Galois over Q, but these new maximal subfields are not.

Solution. Let y = αx and z = αx2 in D. Then

y3 = αx · αx · αx = ασ(α)x2αx = ασ(α)σ2(α)x3 = 2N(α),

z3 = αx2 · αx2 · αx2 = ασ2(α)σ4(α)x6 = ασ(α)σ2(α)x6 = 4N(α).

Since 2 �∈ N(K̇) (see FC-p. 227), 2N(α) and 4N(α) are not in Q̇3, so the
minimal polynomials of y and z over Q are respectively t3 − 2N(α) and
t3 − 4N(α), and (∗) follows. To see that K ′ = Q(y) is a maximal subfield of
D, let E ⊆ D be a subfield containing K ′. Then dimQ E | 9 and 3 |dimQ E
by the transitivity formulas for dimensions. These force dimQ E to be 3, so
E = K ′. Similarly, K ′′ = Q(z) is also a maximal subfield of D. However,
neither K ′ nor K ′′ is Galois over Q, since K ′ (resp. K ′′) does not contain
the nonreal roots of t3 − 2N(α) (resp. t3 − 4N(α)).
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Comment. If one assumes the results in FC-(15.4) about dimensions of cen-
tralizers in a division ring, it will be immediate that the K ′,K ′′ above are
maximal subfields of D. This observation applies also to the two exercises
below.

Ex. 14.6. Let k be a field, with an automorphism σ of order s. Let D =
k((x, σ)) (division ring of formal Laurent series in x with xia = σi(a)xi),
which may be viewed as the cyclic algebra (K/F, σ, xs) where F = k0((xs)),
K = k((xs)), and k0 = kσ (fixed field of σ).3 Show thatK ′ = k0((x)) as well
as K are maximal subfields of D. If s > 1, show that K and K ′ are not
isomorphic over F .

Solution. Of course, K is a maximal subfield of D, since D is a cyclic
algebra constructed from the cyclic extension K/F (cf. FC-(14.6)(3)). To
show that K ′ = k0((x)) is also a maximal subfield, it suffices to check that
CD(K ′) ⊆ K ′. Let β ∈ CD(K ′). We can write

β = b0 + b1x+ · · ·+ bs−1x
s−1

where bi ∈ K. From βx = xβ, we get

b0x+ · · ·+ bs−2x
s−1 + bs−1x

s = σ(b0)x+ · · ·+ σ (bs−2)xs−1 + σ (bs−1)xs,

and so bi = σ(bi) for all i. This yields bi ∈ Kσ = F , whence

β ∈
s−1∑
i=0

Fxi = k0((x)) = K ′.

Now assume s > 1. Then the two maximal subfields K,K ′ of D cannot be
isomorphic over the center F . In fact, the element xs ∈ F is an sth power
in K ′; however, a straightforward lowest-degree-term argument shows that
xs ∈ F is not an sth power in K. This clearly implies that K and K ′ are
not F -isomorphic.

Ex. 14.7. Let ζ ∈ C\{1} be an sth root of unity, where s is a prime. Let
k = Q(ζ),K = k(y), and F = k(ys), where y is an indeterminate commut-
ing with k.

(1) Show that K/F is a cyclic (Kummer) extension with Gal(K/F ) = 〈σ〉,
where σ is defined by σ(y) = ζy.
(2) Show that ζ �∈ NK/F (K*). Therefore, D = (K/F, σ, ζ) is an s2-dimen-
sional division algebra over its center F . (The cyclic algebra relations boil
down to xs = ζ, xy = ζyx. Note that the former relation already implies
that xζ = ζx.)
(3) Show that K and K ′ = F (x) are both maximal subfields of D. (Note
that K = Q(ζ, y) and K ′ = k(x)(ys) ∼= Q(ζ ′, y), where ζ ′ is a primitive s2th
root of unity. In particular, K and K ′ are nonisomorphic fields.)

3 We view σ as an automorphism on K by extending σ ∈ Aut(k) to K via
σ(xs) = xs.
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Solution. (1) We have [K : F ] = s, and K is obtained by adjoining an
sth root of an element ys �∈ F s. Since F contains the primitive sth root
of unity ζ, K/F is a cyclic Kummer extension. The conjugates of y ∈ K
are y, ζy, . . . , ζs−1y, so Gal(K/F ) = 〈σ〉, where σ is the identity on F and
σ(y) = ζy.

(2) Assume, instead, ζ = NK/F (f(y)/g(y)), where f, g ∈ k[y], g �= 0. Then

(∗) f(y)f(ζy) · · · f(ζs−1y) = ζg(y)g(ζy) · · · g(ζs−1y).

Let

f(y) = any
n + an+1y

n+1 + · · · ,
g(y) = bmym + bm+1y

m+1 + · · · ,

where ai, bj ∈ k, an �= 0 �= bm. Comparing the lowest degree terms in (∗),
we see that n = m. Therefore, f/g = f1/g1 where

f1 = an + an+1y + · · · , and

g1 = bn + bn+1y + · · · .

After replacing f, g by f1, g1, we may then assume f(0) �= 0 �= g(0). Setting
y = 0 in (∗), we see that ζ = f(0)s/g(0)s ∈ ks. This is, of course, impossible,
so we have shown that ζ �∈ NK/F (K*). It follows from FC-(14.8) that D =
(K/F, σ, ζ) is an s2-dimensional division algebra over its center F .

(3) As usual, K is a maximal subfield of D. The argument used in the
solution of Exercise 6 shows that K ′ = F (x) is also a maximal subfield of D.
(This is valid in any cyclic division algebra D = K ⊕ Kx ⊕ · · · ⊕ Kxs−1.)
The two fields K,K ′ are not isomorphic since K ′ contains a primitive s2th
root of unity (namely x), but K does not.

Ex. 14.8. Let a be an integer which is not a norm from the extension
E = Q

(
3
√
2
)
of Q. Show that the Q-algebra with generators ω, α, x and

relations

(∗) ω2 + ω + 1 = 0, α3 = 2, x3 = a, ωα = αω, ωx = xω, xα = ωαx

is an 18-dimensional Q-division algebra with center Q(ω).

Solution. Let F = Q(ω) where ω is a primitive cubic root of unity, and
let α = 3

√
2. Then

K = E · F = Q(ω, α)

is a cyclic cubic extension of F , with Gal(K/F ) = 〈σ〉, where σ(α) = ωα.
The cyclic algebra

D = (K/F, σ, a) = K ⊕ Kx ⊕ Kx2 = Q 〈ω, α, x〉
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is therefore defined by the relations

x3 = a, xb = σ(b)x (∀b ∈ K),

together with the relations in K, namely,

ω2 + ω + 1 = 0, α3 = 2, and ωα = αω.

To spell out the relations xb = σ(b)x more explicitly, note that K = Q(ω, α)
simplifies these relations to the following two:

xω = σ(ω)x = ωx, xα = σ(α)x = ωαx.

Therefore, D = Q 〈ω, α, x〉 is precisely defined by the relations (∗). More-
over,

dimFD = (dimF D)(dimQ F ) = 9 · 2 = 18,

and Z(D) = F = Q(ω) by FC-(14.6)(1). To see that D is a division algebra,
it suffices to show that a �∈ NK/F (K̇) (by FC-(14.8)). Assume, instead, that
a = NK/F (b) for some b ∈ K. Then

NK/Q(b) = NF/Q(a) = a2,

so a−2 ∈ NE/Q(E) and a = a3a−2 ∈ NE/Q(E), a contradiction.

Ex. 14.9. Let R be a ring, (G,<) be an ordered group, and ω : G →
Aut(R) be a group homomorphism. Let A = R((G,ω)) be the Mal’cev-
Neumann ring constructed from the data {R,G,<, ω} (cf. FC-(14.18)).
For any α ∈ A such that

supp(α) ⊆ P : = {g ∈ G : g > 1}
and any positive integer n which is invertible in R, show that 1 + α has an
nth root in A.

Solution. The main trick is to use the following

Lemma. For any integers k ≥ 0, n ≥ 1, and m ∈ Z, the generalized bino-
mial coefficient

(
m/n
k

) ∈ Z[1/n].

Proof. For a fixedm, n, let ak =
(
m/n
k

) ∈ Q. Following the suggestion of D.
Shapiro, we proceed by induction on k. Since a0 = 1 and a1 = m/n, there
is no problem in starting the induction. By Newton’s generalized binomial
theorem,

(∗) (1 + a1x+ a2x
2 + · · · )n = (1 + x)m ∈ Z[[x]].

For k ≥ 2, comparison of the coefficients of xk on the two sides of this
equation yields nak ∈ Z[a1, a2, . . . , ak−1]. By the inductive hypothesis, ai ∈
Z[1/n] for all i ≤ k − 1. Therefore,

ak ∈ (1/n)Z[1/n] ⊆ Z[1/n].
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Alternatively, there is a p-adic proof of the Lemma, which I learned
from H. Lenstra. Since

Z[1/n] =
⋂
p �n

Z(p)
(
Z(p) = localization of Z at the prime (p)

)
,

it suffices to show that
(
m/n
k

) ∈ Z(p) for any prime p � n. Given such a prime
p, consider the polynomial function

f(x) =
(
x

k

)
= x(x − 1) . . . (x − k + 1)/ k!

from Q̂p to itself (where Q̂p denotes the field of p-adic numbers). As we
have noted already in (∗), f(Z) ⊆ Z. Since f is a continuous function (with
respect to the p-adic topology), we have f

(
Ẑ(p)

)
⊆ Ẑ(p), where Ẑ(p) is the

ring of p-adic integers. Therefore,(
m/n

k

)
= f(m/n) ∈ Q ∩ Ẑ(p) = Z(p).

The third time being the charm, we record here also a purely arithmetic
proof of the Lemma given by Pólya and Szegö (Aufgaben und Lehrsätze aus
der Analysis II, Problem 138 on p. 353). Write k! = rs, where r is divisible
only by the primes dividing n, and (s, n) = 1. Since(

m/n
k

)
=

m(m − n) · · · (m − (k − 1)n)
(nkr)s

,

our job is to show that N := m(m − n) · · · (m − (k − 1)n) is divisible by s.
Let t ∈ Z be such that tn ≡ 1 (mod s). Then

tkN = (tm)(tm − tn) · · · (tm − (k − 1)tn)

≡ (tm)(tm − 1) · · · (tm − (k − 1)) (mod s).

Since a product of k consecutive integers is always divisible by k! = rs, we
see that tkN ≡ 0 (mod s), and hence N ≡ 0 (mod s), as desired!

Now, coming back to the Exercise, let n be a fixed natural number which
is invertible in R. Then we have a ring homomorphism from Z[1/n] to R.
In particular, by the Lemma (applied with m = 1), all binomial coefficients(1/n
k

)
make sense in R. Let α ∈ A be given as in the exercise. According to

FC-(14.23), the infinite sum

1 +
(
1/n
1

)
α+

(
1/n
2

)
α2 + · · ·+

(
1/n
k

)
αk + · · ·

gives a well-defined element β of A (thanks to supp(α) ⊆ P ). Since the
above series is a formal nth root of 1 + α, we have βn = 1 + α, as desired.
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Ex. 14.10. Let A = R((G)) (with trivial ω), where R is a division ring
and (G,<) is a (not necessarily abelian) ordered group. Define a map ϕ :
A* → G by ϕ(α) = min(supp α) for any α ∈ A*. Show that ϕ is a Krull
valuation of the division ring A with value group G in the sense that it has
the following properties:

(1) ϕ(αβ) = ϕ(α)ϕ(β) for any α, β ∈ A*, and
(2) ϕ(α+ β) ≥ min {ϕ(α), ϕ(β)} for any α, β, α+ β ∈ A*.

Solution. Let
α = ag + · · · , β = bh+ · · · ,

where a, b ∈ R*, g = min(supp α), and h = min(supp β). Then αβ =
(ab)gh+ · · · , and by the ordered group axioms, gh = min(supp αβ). There-
fore

ϕ(αβ) = min(supp αβ) = gh = ϕ(α)ϕ(β).

For the sum, we have

α+ β = ag + bh+ · · · .

The “smallest” group element occurring here is clearly no smaller than
min {g, h}. Therefore

ϕ(α+ β) = min(supp(α+ β)) ≥ min{g, h} = min{ϕ(α), ϕ(β)},

if α+ β ∈ A*.

Ex. 14.11. Let A = R((G,ω)) be as in Exercise 9, where R is a division
ring. In case G is an additively written ordered abelian group, it is conve-
nient to introduce a symbol x and write the elements of G “exponentially”
as {xg : g ∈ G}. The elements of A are then written as a =

∑
g∈G agx

g.
Now let G be the additive group R with the usual ordering. Let A1 be the
subset of A consisting of

∑∞
n=1 anx

gn where an ∈ R and {g1, g2, . . .} is any
strictly increasing sequence in R with limn→∞gn = +∞. Show that A1 is
a proper division subring of A. If

A2 =

{ ∞∑
n=1

anx
gn : an ∈ R and g1 < g2 < · · · in R

}
,

is A2 a subring of A?

Solution. Consider any two elements

α =
∑

anx
gn , β =

∑
bnx

hn

where g1 < g2 < · · · , h1 < h2 < · · · , with lim gn = ∞ = lim hn. For any
real number M , we have gn, hn ≥ M for sufficiently large n, so there are
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only finitely many gi, hj with gi < M and hj < M . Thus, we can rearrange
the elements {g1, g2, . . . , h1, h2, . . .} into

k1 ≤ k2 ≤ k3 ≤ · · ·

where no three consecutive elements are equal, and lim kn = ∞. Since
α ± β =

∑
cnx

kn for suitable elements cn ∈ R, we have α ± β ∈ A1. To
handle the product αβ, we observe similarly that, for any real number M ′,
there are only finitely many gi, hj such that gi + hj < M ′. This enables
us to “rearrange” the elements {gi + hj} in a nondecreasing sequence as
before, so that we can conclude that αβ ∈ A1. To show that any

α =
∑

anx
gn ∈ A1\{0}

has its inverse in A1, we may assume (after extracting the factor a1x
g1

from α) that a1 = 1 and g1 = 0. Let

γ = −(a2x
g2 + a3x

g3 + · · · ),

with supp(γ) > 0. Then

(1) α−1 = (1− γ)−1 = 1 + γ + γ2 + · · · ,

where the sum on the RHS makes sense according to FC-(14.23). Consider
the set of positive real numbers

(2) {gi, gi + gj , gi + gj + gk, . . . } (i, j, k, . . . ≥ 2).

For any real number N , there are only a finite number of elements of the
above set which are < N . Therefore, we can again “rearrange” the elements
in (2) above in a nondecreasing sequence (which tends to ∞). It follows that
the RHS of (1) is an element of A1, so A1 is a (proper) division subring of
A, as claimed. On the other hand, A2 is not a subring of A. To see this,
look at

α = x1/2 + x3/4 + x7/8 + · · · and β = x1,

both of which are elements of A2. However, α+ β with support {1/2, 3/4,
7/8, . . . , 1} is not an element of A2. Therefore, A2 is not even an additive
subgroup of A, let alone a subring.

Ex. 14.12. Let K be a division ring and σ be an automorphism of K such
that σ2(b) = aba−1 for all b ∈ K, where a is an element of K fixed by σ.
Let D = K ⊕ Kx where x2 = a and xb = σ(b)x for all b ∈ K.

(1) Show that D is a division ring iff there does not exist c ∈ K such that
a = σ(c)c.
(2) Compute Z(D).
(3) Show that D is centrally finite iff K is.
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Solution. (1) Let R be the skew polynomial ring K[x;σ] (in which xb =
σ(b)x for all x ∈ K), and let A = R · (x2 − a). Since

(x2 − a)x = x3 − xσ−1(a) = x(x2 − a), and

(x2 − a)b = σ2(b)x − ab = aba−1x − ab = aba−1(x − a),

A is an ideal in R. The given ring D may be identified with the quotient
R/A. If a = σ(c)c for some c ∈ K, then

(x+ σ(c))(x − c) = x2 − xc+ σ(c)x − σ(c)c = x2 − a.

In this case R/A has a proper left ideal R · (x − c)/A, so R/A is not a
division ring. Conversely, if R/A is not a division ring, it will have a proper
left ideal B/A. Since R is a principal left ideal domain (see FC-(1.25)),
B = Rf for a (say monic) polynomial f . We have x2 − a = gf for some
g ∈ R, so clearly deg f = deg g = 1, and g is also monic. Writing f = x − c
and g = x+ d (c, d ∈ K), we have

x2 − a = (x+ d)(x − c) = x2 + (d − σ(c))x − dc ∈ R.

Therefore, d = σ(c), and a = dc = σ(c)c, as desired.

(2) Clearly, σ induces an automorphism of order ≤ 2 on Z(K) (the center
of K). We write

Kσ = {k ∈ K : σ(k) = k} and F = Z(K)σ = Z(K) ∩ Kσ.

Then [Z(K) : F ] ≤ 2. For b, b′ ∈ K, we can work out the necessary and
sufficient conditions for b+ b′x ∈ Z(D). These conditions are:

(b+ b′x)c = c(b+ b′x) (∀c ∈ K), and (b+ b′x)x = x(b+ b′x),

which translate into: b ∈ F, b′ ∈ Kσ, and b′σ(c) = cb′ (∀c ∈ K). The com-
putation of Z(D) can therefore be divided into two cases:

(a) There does not exist b0 ∈ Kσ such that σ(c) = b−1
0 cb0 (∀c ∈ K). In this

case, Z(D) = F from the above.
(b) There exists b0 ∈ Kσ such that σ(c) = b−1

0 cb0 (∀c ∈ K). In this case,
b0x ∈ Z(D), and the above considerations easily lead to Z(D) = F ⊕
F · b0x.

(3) First assume [D : Z(D)] = m < ∞. Then [D : F ] ≤ 2m, so

[K : Z(K)] ≤ [K : F ] = [D : F ]/2 ≤ m < ∞.

Conversely, assume [K : Z(K)] = n < ∞. Then

[D : Z(D)] ≤ [D : F ] = 2[K : F ] = 2[K : Z(K)][Z(K) : F ] ≤ 4n < ∞.
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Ex. 14.13A. Let G be a group of automorphisms of a field K, and let F
be the fixed field of G. Let A = K ∗ G be the skew group ring of G over
K, with respect to the natural action of G on K. (The elements of A are
formal combinations

∑
σ∈G aσσ (aσ ∈ K), with multiplication induced by

(aσσ)(bττ) = aσσ(bτ )στ : see FC-(1.11).) Show that

(1) A is a simple ring with center F .
(2) K(= K · 1) is a maximal subfield of A.

Solution. The arguments here are almost the same as those used to prove
the properties of the cyclic algebra in FC-p. 219 (except that here G may
be infinite). To prove (1), let A �= 0 be an ideal in A. Choose a nonzero
element

z = bi1σi1 + · · ·+ birσir ∈ A (bij ∈ K; σij distinct in G),

with r minimal. If we can show that r = 1, then z ∈ U(A) and A = A.
Assume, instead, r ≥ 2. Then σi1(b) �= σir (b) for some b ∈ K. Subtracting
zb from σi1(b)z as in FC-p. 219, we obtain a “shorter” nonzero element in
A, a contradiction. Next, we show that CA(K) ⊆ K. Let

z =
∑

bσσ ∈ CA(K).

Then, for any a ∈ K, za = az leads to bσσ(a) = abσ. Therefore, bσ �= 0 ⇒
σ = 1, and hence z ∈ K. From CA(K) ⊆ K, (2) follows immediately. It is
easy to see that F ⊆ Z(A). To show the reverse inclusion, let b ∈ Z(A).
Then b ∈ CA(K) ⊆ K, and

bσ = σb = σ(b)σ (∀σ ∈ G)

shows that b ∈ KG = F .

Ex. 14.13B. (W. Sinnott) Keep the notations in Exercise 13A.

(1) Show that K is a left A-module under the action(∑
aσσ

)
· c =

∑
aσσ(c).

(2) Show that AK is faithful and simple, with End(AK) ∼= F .
(3) Using the Wedderburn-Artin Theorem (but without assuming any facts
from Galois Theory), show that |G| < ∞ iff [K : F ] < ∞, and that, in this
case, |G| = [K : F ].

Solution. (1) It suffices to show that, for any c ∈ K:

(aσσ) · [(bττ) · c] = [(aσσ)(bττ)] · c.
This follows since

(aσσ) · [(bττ) · c] = (aσσ) · (bττ(c)) = aσσ(bτ )στ(c),

[(aσσ)(bττ)] · c = [aσσ(bτ )στ ] · c = aσσ(bτ )στ(c).
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(2) Since KK is a simple K-module, of course AK is a simple A-module.
By Exercise 13, A is a simple ring, so AK is automatically faithful. Con-
sider now any f ∈ End(AK). Since we also have f ∈ End(KK), f is the
multiplication on K by some element a ∈ K. The endomorphism law
f(σ · c) = σ · f(c) amounts to

aσ(c) = σ(ac) (∀σ ∈ G, c ∈ K).

Therefore, multiplication by a gives an A-endomorphism iff a ∈ KG = F .
This shows that End(AK) ∼= F .

(3) First assume the simple ring A is not artinian. In this case, the
Wedderburn-Artin Theorem implies that K is infinite-dimensional over
End(AK) = F . Also, G must be an infinite group, for otherwise dimKA <
∞ would imply A is artinian. Finally, assume A is artinian. In this case,
the Wedderburn-Artin Theorem implies that n : = [K : F ] < ∞, and that
A ∼= Mn(F ). Computing F -dimensions, we find that

n2 = dimFA = (dimKA) [K : F ] = |G| · n,

and therefore |G| = n = [K : F ].

Comment. (3) above is a somewhat surprising application of the Wedder-
burn-Artin Theory. The fact that |G| = [K : F ] in case G is finite is a basic
fact in Galois Theory, known as “Artin’s Theorem” (cf. p. 264 in Lang’s
“Algebra,” 3rd edition). This theorem also asserts that when |G| < ∞,K/F
is a Galois extension: Artin used this theorem to develop Galois Theory in
his famous Notre Dame lecture notes.

The faithfulness of the module AK (in the general case), which we de-
duced from the simplicity of the ring A, means the following: if

∑
σ∈G aσσ

(aσ ∈ K) acts as the zero operator on K, then all aσ = 0. This property,
called the “K-linear independence of automorphisms,” was first discovered
by Dedekind, and is often referred to as the “Dedekind-Artin Lemma.”
This lemma can be formulated and proved already for monoids of auto-
morphisms of K.

Ex. 14.13C. (Berger-Reiner) Keep the notations in Exercise 13A, and
assume that n = |G| < ∞. The field K has the natural structure of a left
FG-module. Noether’s Normal Basis Theorem in Galois Theory states that
the FG-module K is free of rank 1, i.e. there exists an element c ∈ K such
that K =

⊕
σ∈G F · σ(c).

(1) Deduce this theorem from the Krull-Schmidt Theorem for finite-dimen-
sional FG-modules (FC-(19.22)).
(2) Deduce from (1) that, for any subgroup H ⊆ G, the fixed field L = KH

has a primitive element over F .
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Solution. (1) SinceG acts trivially on F , we may (and shall) view R = FG
as an F -subalgebra of A = K ∗ G. The module structure on RK is just that
on AK restricted to the subring R. We claim that RA is a free R-module
of rank n. To see this, fix any F -basis {ci : 1 ≤ i ≤ n} on K. Calculating
in A, we have

A =
⊕
σ

Kσ =
⊕
σ

σ · K =
⊕
σ

σ ·
(⊕
i

Fci

)

=
⊕
i

(⊕
σ

Fσ

)
ci =

n⊕
i=1

R · ci.

Since the ci’s are units in A, each R · ci is R-free of rank 1, so RA ∼= RR
n.

On the other hand, by Exercise 13B, AK is the unique simple module over
the simple F -algebra A ∼= Mn(F ), so we have AA ∼= AK

n. Restricting this
isomorphism to the subring R ⊆ A, we get

RK
n ∼= RA ∼= RRn,

so the Krull-Schmidt Theorem yields RK ∼= RR !

(2) For c ∈ K as in (1), let d =
∑
τ∈H τ(c), which clearly lies in KH = L.

We fix a coset decomposition

G =
m⋃
i=1

σiH,

where m = [G : H]. Since

{σiτ(c) : 1 ≤ i ≤ m, τ ∈ H}

is an F -basis on K, σ1d, . . . , σmd are linearly independent over F (and in
particular distinct). Thus, d ∈ L has at least m distinct conjugates over F ,
so [F (d) : F ] ≥ m. On the other hand, [K : L] = |H| by Exercise 13A, so

[L : F ] = [K : F ]/[K : L] = |G|/|H| = m.

Since d ∈ L, we must have L = F (d), as desired.

Comment. Noether’s Normal Basis Theorem is proved in many books in
Galois theory and algebraic number theory, usually by calculations with
determinants. By Galois theory, part (2) above amounts to the existence of
primitive elements for any finite separable extension of F . This theorem is
usually proved by considering separately the case of finite fields and infinite
fields. The nice approach to both of these theorems in the present exercise
is taken from the paper of T.R. Berger and I. Reiner in the MAA Monthly,
vol. 82 (1975), 915–918. This paper of the two authors, however, did not
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originate as a joint work. At about the same time and independently of
each other, Berger and Reiner submitted papers to the MAA Monthly on
new proofs of Noether’s Normal Basis Theorem. Since the two papers used
similar ideas, they were combined and reorganized into a joint paper (loc.
cit.), at the suggestion of the Monthly’s editor, A. Rosenberg. This inter-
esting piece of anecdotal information was supplied to me by Irma Reiner.
For a “unified version” of the Primitive Element Theorem and the Nor-
mal Basis Theorem, see the recent article of W. C. Waterhouse in Comm.
Algebra 22 (1994), 2305–2308.

Ex. 14.14. (“Dickson’s Example”) Let K = Q (v), where v3 + v2 − 2v − 1
= 0. This is a cyclic Galois extension of Q with Gal(K/F ) = 〈σ〉, where
σ(v) = v2 − 2. As in Exer. 5, let

D = (K/Q, σ, 2) = K ⊕ Kx ⊕ Kx2 = Q 〈v, x〉 ,

with the usual cyclic algebra relations. It is known that D is a division
algebra. Find the inverse for v + x in D.

Solution. We try to find b, c, d ∈ K such that

d = (b+ cx+ x2)(v + x) = (bv + 2) + (b+ cσv)x+ (c+ σ2v)x2.

Clearly,

c = −σ2(v) = v2 + v − 1,

b = −cσ(v) = σ2(v)σ(v).

Since σ2(v)σ(v)v = 1, we have b = v−1 = v2 + v − 2. Finally

d = (v2 + v − 2)v + 2 = v3 + v2 − 2v + 2 = 3.

Therefore, (v + x)−1 is given by

[x2 + (v2 + v − 1)x+ (v2 + v − 2)]/3 ∈ D.

Ex. 14.15. Let K = Q (v) be the cubic field defined by the minimal equa-
tion v3 + av + b = 0 where a, b are odd integers. Show that for any element
α = p+ qv + rv2 ∈ K where p, q, r ∈ Z, we have

NK/Q(α) ≡ 1 + (p+ 1)(q + 1)(r + 1) (mod 2).

Using this, show that, for any even integer n, if n ∈ NK/Q(K̇), then 8|n.
Solution. Since αv = −rb+ (p − ra)v + qv2, and

αv2 = pv2 + q(−av − b) + r(−av − b)v

= −qb − (qa+ rb)v + (p − ra)v2,
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the matrix of left multiplication by α on K (with respect to the basis
{1, v, v2}) is given by: 

p −rb −qb
q p − ra −(qa+ rb)
r q p − ra


 .

Computing the determinant of this matrix modulo 2, we have:

NK/Q(α) ≡ p(p2 + r2a2 + q2a+ qrb) + rb(pq + r2b) + qb(q2 + pr + r2a).

Since sn ≡ s (mod 2) for any s ∈ Z, and a ≡ b ≡ 1 (mod 2),

NK/Q(α) ≡ p+ pr + pq + pqr + pqr + r + q + pqr + qr

≡ p+ pr + pq + r + q + pqr + qr

≡ 1 + (p+ 1)(q + 1)(r + 1) (mod 2).

Now let n ∈ 2Z, and assume n ∈ N(K̇), where N = NK/Q. Write n =
N(α/m) where

α = p+ qv + rv2 (p, q, r ∈ Z),

and m ∈ N is chosen as small as possible. By the above, we have

m3n ≡ 1 + (p+ 1)(q + 1)(r + 1) (mod 2).

Since n is even, p, q, r must all be even. But then m must be odd (by its
minimal choice). Writing p = 2p0, q = 2q0 and r = 2r0, we have

m3n = 8N(p0 + q0v + r0v
2) ∈ 8Z,

so n ∈ 8Z, as desired. (The last part of the proof here is just a repetition
of the argument given in FC-p. 227.)

Ex. 14.16. Show that K = Q (v) with v3 − 3v + 1 = 0 is a cyclic cubic
field, and find the conjugates of v. Then, proceeding as in Dickson’s example
(cf. FC-pp. 226–227), show that D = Q 〈v, x〉 defined by the relations

(∗) v3 − 3v + 1 = 0, x3 = 2, and xv = (v2 − 2)x

is a 9-dimensional central division algebra over Q.

Solution. We start more generally with a cubic field K = Q (v) defined
by a minimal equation v3 + av + b = 0. By a known formula in field theory
(see Jacobson’s “Basic Algebra I,” p. 259), the discriminant for K/Q with
respect to the basis {1, v, v2} is d = −(4a3 + 27b2). Furthermore, K/Q is
Galois iff d ∈ Q̇2. In our case, v3 − 3v + 1 being clearly irreducible over Q,
the discriminant is

d = −(27− 4 · 33) = 34,

so K/Q is Galois.
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More directly, in the polynomial ring K[t], we can use long division to
obtain the factorization

t3 − 3t+ 1 = (t − v)
(
t2 + vt+ (v2 − 3)

)
.

By brute-force computation, one can check that the discriminant 12− 3v2

of the quadratic factor above is a perfect square (2v2 + v − 4)2 in K, so we
can further factor

t3 − 3t+ 1 = (t − v)
(
t − (v2 − 2)

) (
t+ (v2 + v − 2)

)
.

Therefore, the conjugates of v are

v, v2 − 2 and 2− v − v2

in K, and K is Galois. We can write Gal (K/Q) = 〈σ〉 where σ(v) = v2 − 2.
The cyclic algebra

D = (K/Q, σ, 2) = K ⊕ Kx ⊕ Kx2 = Q 〈v, x〉

is, therefore, defined exactly by the relations (∗). By Exercise 15, 2 �∈
NK/Q(K̇), so by FC-(14.8), D is a (9-dimensional central) division alge-
bra over Q.

Ex. 14.17. Do the same for K = Q (v) with v3 − 7v + 7 = 0.

Solution. After testing for roots, we see that f(t) = t3 − 7t+ 7 is irre-
ducible over Q. The discriminant of K with respect to {1, v, v2} is

d = −4(27 · 72 − 4 · 73) = 2272 ∈ Q̇2,

so K is again Galois over Q. After some lengthy computations, we arrive
at the following factorization of f(t) over K:

f(t) = (t − v)
(
t2 + vt+ (v2 − 7)

)
= (t − v)

[
t − (3v2 + 4v − 14)

] [
t+ (3v2 + 5v − 14)

]
.

Therefore, the conjugates of v are

v, 3v2 + 4v − 14 and − (3v2 + 5v − 14).

Writing Gal(K/Q) = 〈σ〉 where σ(v) = 3v2 + 4v − 14, we can construct
D = (K/Q, σ, 2) = Q 〈v, x〉 with the relations

v3 − 7v + 7 = 0, x3 = 2 and xv = (3v2 + 4v − 14)x.

Again, Exercise 15 gives 2 �∈ NK/Q(K̇), so D is a 9-dimensional central
division algebra over Q.
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Comment. There is a field-theoretic theorem behind Exercises 16 and 17.
It is known that every cyclic cubic field K over Q is defined by a minimal
equation

v3 − 3(r2 + 3s2)v + 2r(r2 + 3s2) = 0,

where r, s ∈ Q and s �= 0. Conversely, if the polynomial on the left-hand
side above is irreducible over Q, then it defines a cyclic cubic field over Q.
In this case, the two other conjugates of v are

±1
s
(r2 + 3s2)∓ r ± s

2s
v ∓ 1

2s
v2 ∈ K.

For a proof of these facts, see C. MacDuffee’s “An Introduction to Abstract
Algebra,” p. 90, J. Wiley, 1940. The polynomial t3 − 3t+ 1 in Exercise
16 corresponds to r = s = 1/2; the polynomial t3 − 7t+ 7 in Exercise 17
corresponds to r = 3/2 and s = 1/6.

§15. Tensor Products and Maximal Subfields
A subfield K of a division ring D is a maximal subfield iff it is self-
centralizing, in the sense that the centralizer CD(K) of K in D is just
K. Such a maximal subfield always contains F = Z(D), the center of D.
The study of the maximal subfields of D is of great importance in under-
standing the structure of D, especially in the case when D is a centrally
finite division ring.

One of the principal tools for studying division subalgebras K ⊆ D in
general is the formation of the tensor product R = D ⊗F Kop, where Kop

denotes the opposite ring of K. Under the action

(d ⊗ aop)(v) = dva for d, v ∈ D and a ∈ K,

D becomes a faithful simple left R-module (cf. FC-(15.3)). The F -algebra R
is always simple, and acts densely on DL, where L = End(RD) is essentially
the centralizer CD(K). In the case when dimFK < ∞, R is even a simple
artinian ring. Here, the density result mentioned above leads directly to
the so-called Double Centralizer Theorem for K ⊆ D (cf. FC-(15.4)). As it
turns out, the division ring D is centrally finite iff it has a maximal subfield
that is finite-dimensional over F . In this case, the maximal subfields of D
are precisely those subfields K ⊇ F such that (dimF K)2 = dimFD, or
such that D ⊗F K is a matrix algebra over K. Moreover, classical results
of Noether, Köthe and Jacobson guarantee thatD always admits a maximal
subfield that is separable over F (cf. FC-(15.12)).

The full text for §15 in FC offers an assortment of other results, e.g.
Kaplansky’s Theorem on division rings D which are “radical” over their
centers F (every d ∈ D has a power in F ), the Gerstenhaber-Yang Theorem
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on division rings that have finite right dimension over a real-closed subfield,
and the Brauer-Albert Theorem on the existence of special F -bases for
centrally finite division rings, etc.

The exercise set for this section is relatively modest, offering a few exam-
ples for the general theory of maximal subfields, and some counterexamples
(for instance for the Double Centralizer Theorem for centrally infinite divi-
sion rings). The first two exercises, due to Hua, Kaplansky and Jacobson,
are taken directly from the classical literature (see, for instance, Jacobson’s
“Structure of Rings”).

Exercises for §15
Ex. 15.1. (Hua, Kaplansky) Suppose, in a noncommutative division ring
D, an integer n(x) > 0 is assigned to every element x ∈ D in such a way that
n(axa−1) = n(x) for every a ∈ D*. Show that {xn(x) : x ∈ D*} generates
D as a division ring.

Solution. Let K be the division ring generated by {xn(x) : x ∈ D*} in D.
Clearly, K is invariant under all inner automorphisms of D. Assume, for the
moment that K �= D. By the Cartan-Brauer-Hua Theorem (FC-(13.17)),
K ⊆ Z(D). But then D is radical over Z(D), so by FC-(15.15), we must
have D = Z(D), which contradicts K �= D.

Ex. 15.2. (Jacobson) Let D be an algebraic division algebra of infinite di-
mension over its center F . Show that there exist elements in D of arbitrarily
high degree over F .

Solution. Assume otherwise and let K ⊇ F be a finite separable field ex-
tension of F in D with the largest degree. Let L = CD(K) ⊇ K, which is
also a division ring. Since [K : F ] < ∞, FC-(15.4) implies that Z(L) = K. If
K �= L, there would exist an element α ∈ L\K which is separably algebraic
over K, by FC-(15.11). This would contradict the choice of K. Therefore,
we must have K = L, in which case K is a maximal subfield of D. But then
FC-(15.8) implies that [D : F ] < ∞, again a contradiction.

Ex. 15.3. Let R be a field, (G,<) be a nontrivial ordered group, and
ω : G → Aut R be an injective group homomorphism. Show that R is a
maximal subfield of the Mal’cev-Neumann division ring D = R((G,ω)).

Solution. It suffices to show that CD(R) ⊆ R (cf. FC-(15.7)). Consider
any element

α =
∑

αgg ∈ CD(R).

(Recall that the formal sum may be infinite in general.) Then, for any
r ∈ R, we have∑

rαgg = rα = αr =
(∑

αgg
)
r =

∑
αgωg(r)g.
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Suppose g ∈ G is such that αg �= 0. Then rαg = αgωg(r) implies that
ωg(r) = r for every r ∈ R. This means that ωg = I and hence g = 1 (by
the injectivity of ω). We have thus shown that α = α1 ∈ R.

Ex. 15.4. Let R = Q(y) and let σ be the Q-automorphism of R defined
by σ(y) = 2y. Let D be the division ring R((x, σ)). Show that K1 = Q(y)
and K2 = Q((x)) are both maximal subfields of D. Let L1 = Q(y2) and
L2 = Q((x2)), both of which contain Z(D) = Q. Show that CD(Li) = Ki
and so CD (CD(Li)) = Ki � Li for i = 1, 2. (This provides counterexamples
to the Double Centralizer Theorem for subfields of D infinite-dimensional
over the center.)

Solution. We can apply the previous exercise with G = 〈x〉 and
ω : G → Aut R given by ω(x) = σ.

Since σ is of infinite order, ω is an injection. It follows that K1 is a maximal
subfield of D. Alternatively, let us show directly that CD(Li) ⊆ Ki (i =
1, 2). (Note that this also implies CD(Ki) = Ki, so each Ki is a maximal
subfield of D.) Consider any

α =
∑
j≥m

ajx
j ∈ CD(Li), where aj ∈ R.

Let i = 1. Commuting α with b ∈ L1, we have ajσ
j(b) = baj for j ≥ m.

Therefore, whenever aj �= 0, we have σj(b) = b for all b ∈ L1. The latter is
possible only when j = 0, so we see that α = a0 ∈ K1.

Now let i = 2. Commuting α with x2, we get aj = σ2(aj) for j ≥ m.
Since the fixed field of σ2 is Q, this gives aj ∈ Q for all j ≥ m, and so
α ∈ Q((x)) = K2.

Ex. 15.5. Let D be a centrally finite division ring with center k. Let [D,D]
be the additive subgroup generated by all additive commutators ab − ba,
where a, b ∈ D. Show that [D,D] � D.

Solution. Let K be a maximal subfield of D. Consider an element of the
form (ab − ba)⊗ α ∈ DK , where a, b ∈ D and α ∈ K. Since

(ab − ba)⊗ α = (a ⊗ α)(b ⊗ 1)− (b ⊗ 1)(a ⊗ α),

we see that [D,D]K ⊆ [DK , DK ]. Thus, it suffices to check that

[DK , DK ] � DK .

NowDK ∼= Mr(K) for some r, and under this isomorphism, [DK , DK ] maps
into the subspace

S = {M ∈ Mr(K) : tr(M) = 0}.

Since S � Mr(K), we see that [DK , DK ] � DK , as desired.
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Ex. 15.6. Let D be a centrally finite division algebra with center k, and
let K be a subfield of D containing k. Show that K is a splitting field for
D iff K is a maximal subfield of D.

Solution. Let L = CD(K), and recall from FC-(15.4) that, if r = dimFK,
then dim (DL) = r, and D ⊗F K ∼= Mr(L). Therefore, K is a splitting field
for D iff D ⊗F K is a matrix ring over K, iff K = L = CD(K), iff K is a
maximal subfield of D.

§16. Polynomials over Division Rings
In the polynomial ring D[t] over a division ring D, the indeterminate t com-
mutes with the scalars. However, if we “evaluate” f(t) =

∑
ait
i at d ∈ D

(to get f(d) =
∑

aid
i), the element d need no longer commute with the

ai’s. What this means is that evaluation at d is no longer a ring homomor-
phism from D[t] to D. Nevertheless, a “weak” homomorphism property
survives, and a suitable form of the usual Remainder Theorem remains
true: see FC-(16.2) and (16.3). Thanks to these facts, one can still develop
a substantial amount of polynomial theory, at least in one variable, over
the division ring D.

In this new polynomial theory, various new phenomena come to light.
One has Dickson’s Theorem on the conjugacy of algebraic elements over the
center, and Wedderburn’s Theorem on the factorization of minimal poly-
nomials of such algebraic elements. For the theory of roots of polynomials
in one variable, one has the theorems of Gordon-Motzkin, Bray-Whaples,
as well as the more classical results of Niven, Jacobson, and Baer. By and
large, this theory seems to have a life of its own, and bears little resemblance
to the theory of polynomials in the commutative case.

The exercises in this section deal with various aspects of polynomi-
als over division rings D, including: ideals in D[t] and central polynomi-
als, primitivity questions for D[t], interpolation and Vandermonde matri-
ces, and equations of the type ax − xb = c, etc. A few explicit polynomial
equations are solved over the real quaternions in Exercises 3 and 15, with
somewhat surprising results!

Exercises for §16
In the following exercises, D denotes a division ring with center F.

Ex. 16.1. Let K be a division subring of D and let f(t) = h(t)k(t) �= 0 in
D[t]. If f(t), k(t) ∈ K[t], show that h(t) ∈ K[t].

Solution. We induct on deg h, the case deg h = 0 being trivial. For the
inductive step, write

h(t) = ant
n + h′(t)
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where an �= 0, and h′ = 0 or deg h′ < n. By comparing leading coefficients
in f(t) = h(t)k(t), we see that an ∈ K*. Since

(antn + h′(t))k(t) ∈ K[t] =⇒ h′(t)k(t) ∈ K[t],

the inductive hypothesis gives h′(t) ∈ K[t]. Therefore, h(t) ∈ K[t], as de-
sired.

Ex. 16.2. Let K be a division subring of D. An element d ∈ D is said to
be (right) algebraic over K if f(d) = 0 for some polynomial f(t) ∈ K[t]\{0}.
Among these polynomials, there is a unique monic f0(t) ∈ K[t] of the least
degree, which is called the minimal polynomial of d over K. Is f0(t) always
irreducible in K[t]? In case f0(t) is indeed irreducible in K[t], are two roots
of f0(t) in D always conjugate by an element of CD(K)?

Solution. In general, f0(t) need not be irreducible in K[t]. For instance,
let D be the division ring of rational quaternions, and let K = Q[i]. The
element d = j satisfies the polynomial t2 + 1 ∈ K[t], and does not satisfy
any linear polynomial in K[t] (since j �∈ K). Hence, the minimal polynomial
f0(t) of d over K is t2 + 1. This factors into (t+ i)(t − i) in K[t]! The
answer to the second question in the exercise is also in the negative. Here,
we consider the two elements

d1 = j + i, d2 = j − i.

Both of these have minimal polynomial

f0(t) = t2 + 2 ∈ K[t],

which is irreducible over K. However, d1, d2 are not conjugate by an element
of CD(K) = K. Indeed, if x+ yi ∈ K* is such that

(x+ yi)(j + i) = (j − i)(x+ yi),

where x, y ∈ Q, we get

xj + xi+ yk − y = xj − yk − xi+ y.

This yields x = y = 0, a contradiction.

Ex. 16.3. In the division ring H of real quaternions, find all roots of the
quadratic polynomials

f1(t) = (t − j)(t − i), f2(t) = (t − (j − i))(t − i),

and of the cubic polynomial f3(t) = (t − k)(t − j)(t − i).

Solution. (1) Of course f1(i) = 0. We claim that i is the only root. Indeed,
suppose f1(z) = 0 where z �= i in H. Expanding f1(t) into t2 − (i+ j)t+ ji,
we have

z2 − (i+ j)z = −ji,
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so (z − i)z = j(z − i). This shows that z is conjugate to j, so in particular
z2 = j2 = −1. Using this, we have

ji = (i+ j)z − z2 = (i+ j)z + 1.

Since this is a linear equation in z, there is a unique solution in H. But i
is obviously a solution, so no other solution can exist.

(2) We have f2(t) = t2 − jt+ (1− k) by expansion. Aside from the root i,
we also have another root i+ j, since

(i+ j)2 − j(i+ j) + 1− k = −2 + ij + ji − ji − j2 + 1− k = 0.

Now the two roots i, i+ j are not conjugate in H, since (i+ j)2 �= −1. The
theorem of Bray and Whaples in FC-(16.13) then implies that i and i+ j
are the only roots of f2 in H.

Aside from this solution, the following direct transformations are of
interest:

f2(t) = (t − (j − i))(t − i)

= t2 − (j − i+ i)t+ (j − i)i

= t2 − (i+ j − i)t − i(i+ j)

= (t+ i)(t − (i+ j)).

(3) Since i, j and k are conjugate in H, FC-(16.4) implies that any root of
f3 is conjugate to i. We claim that i is the only root of f3. Indeed, assume
f3 has another root (in the conjugacy class of i). By FC-(16.17),

f3(t) = (t − a)(t2 + 1) for some a ∈ H.

(Note that t2 + 1 is the minimal polynomial of i over R). Comparing con-
stant coefficients, we have a = kji = 1. Comparing coefficients of t2, we get
−1 = −(i+ j + k), a contradiction.

Ex. 16.4. Let c0, . . . , cn ∈ D be pairwise nonconjugate elements. Show
that the (n+ 1)× (n+ 1) Vandermonde matrix

V = V (c0, . . . , cn) =




1 · · · 1
c0 · · · cn
c20 · · · c2n
...

...
cn0 · · · cnn




is invertible over D. If d0, . . . , dn are any given elements in D, show that
there exists a unique polynomial

f(t) = ant
n + · · ·+ a0 ∈ D[t]

such that f(ci) = di for 0 ≤ i ≤ n.
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Solution. We view V as a D-linear transformation acting on the right of
the left D-space {(b0, . . . , bn)}. It suffices to show that ker(V ) = 0. Let

g(t) = b0 + b1t+ · · ·+ bnt
n ∈ D[t].

For (b0, . . . , bn) ∈ ker(V ), we have

0 = (b0, . . . , bn)V = (g(c0), . . . , g(cn)),

so g has roots in n+ 1 different conjugacy classes of D. By the Gordon-
Motzkin Theorem (FC-(16.4)), g(t) must be the zero polynomial, so
(b0, . . . , bn) = 0. For the second conclusion of the exercise, let d0, . . . , dn
be given. To find the desired polynomial f amounts to solving the equation

(a0, . . . , an)V = (d0, . . . , dn).

Since V is invertible, a solution (a0, . . . , an) exists and is unique.

Ex. 16.5. Let a, b, c be three distinct elements in D.

(1) Show that the 3× 3 Vandermonde matrix V = V (a, b, c) is not invertible
if and only if

(b − a)b(b − a)−1 = (c − a)c(c − a)−1.

(2) Show that V is invertible if a, b, c do not lie in a single conjugacy class
of D.

Solution. (2) follows from (1) and from symmetry. In the following, we
offer two proofs for (1).

For the first proof, note that the noninvertibility of V amounts to the
existence of a nonzero monic polynomial f of degree ≤ 2 such that

f(a) = f(b) = f(c) = 0.

Thus, we seek a polynomial f(t) = (t − d)(t − a) which vanishes on b and
c. By FC-(16.3),

f(b) =
(
(b − a)b(b − a)−1 − d

)
(b − a),

f(c) =
(
(c − a)c(c − a)−1 − d

)
(c − a).

These are both zero for some d iff

(b − a)b(b − a)−1 = (c − a)c(c − a)−1.

The latter is, therefore, the necessary and sufficient condition for the exis-
tence of the desired polynomial f .

The second proof is independent of the theory of polynomials over divi-
sion rings. It uses, instead, the basic technique of elementary row transfor-
mations. First, we left-multiply V by a suitable matrix (which corresponds
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to two successive row operations):
 1 0 0
−a 1 0
0 −a 1


V =


1 1 1
0 b − a c − a
0 (b − a)b (c − a)c


 .

We are now reduced to looking at the 2× 2 matrix

V ′ =
(

b − a c − a
(b − a)b (c − a)c

)
,

and finding a criterion for its noninvertibility. A second left-multiplication
yields (

(c − a)−1 0
0 (c − a)−1

)
V ′ =

(
(c − a)−1(b − a) 1
(c − a)−1(b − a)b c

)
,

and a third and last one yields(
(c − a)−1(b − a) 1

(c − a)−1(b − a)b − c(c − a)−1(b − a) 0

)
.

Therefore, V is not invertible iff

(c − a)−1(b − a)b = c(c − a)−1(b − a),

or equivalently,

(b − a)b(b − a)−1 = (c − a)c(c − a)−1.

For instance, if b, c ∈ Z(D), or b − a, c − a ∈ Z(D), then

b �= c =⇒ (b − a)b(b − a)−1 �= (c − a)c(c − a)−1,

so we can conclude that V is invertible.

Comment. The converse of (2) above is not true in general. However, if D
is the division ring H of real quaternions, the converse is true. For, if a, b, c
are elements in a given conjugacy class A of H, then A satisfies a monic
quadratic polynomial over R, and our earlier work in Exercise 4 shows that
V is not invertible. The simplest examples illustrating this are

V (i, j, k) and V (j + k, k + i, i+ j).

Of course these Vandermonde matrices are not invertible since their first
and third rows are obviously linearly dependent! The general theory of
Vandermonde matrices over division rings was developed by the author in
an article in Expos. Math. 4 (1986), 193–215.
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Ex. 16.6. If a conjugacy class A of D is not algebraic over F , show that
no h(t) ∈ D[t]\{0} can vanish identically on A.

Solution. Suppose

h(t) =
n∑
i=0

bit
i ∈ D[t]\{0}

vanishes identically on A. We may assume that n is chosen minimal, and
that bn = 1. Fix a ∈ A, and use the notation az for the conjugate z−1az.
For any x, y ∈ D*, we have

0 =
∑

bi

(
axy

−1
)i

=
∑

bi(ai)xy
−1

, so

0 =
∑

byi (a
i)x =

∑
byi (a

x)i.

This means that h′(t) =
∑

byi t
i also vanishes identically on A. Since h(t)

and h′(t) are both monic of degree n, we must have bi = byi for all y ∈ D*.
This implies that all bi ∈ F , so A is now algebraic over F , a contradiction.

Ex. 16.7. Let f(t) = g(t)h(t) where g ∈ F [t] and f, h ∈ D[t]. Show that
d ∈ D is a root of f iff d is a root of g or a root of h.

Solution. Since f = gh = hg, if d is a root of g or h, then d is a root of f
by the Remainder Theorem (see FC-(16.2)). Now assume d is a root of f ,
but not a root of h. Let a = h(d) �= 0. By FC-(16.3),

0 = f(d) = g(ada−1)h(d),

so g(ada−1) = 0. Since g(t) ∈ F [t], g(ada−1) is just ag(d)a−1. Therefore,
g(d) = 0.

Ex. 16.8. For a polynomial f(t) ∈ D[t], write (f) for the ideal generated
by f . By a central factor of f , we mean a polynomial h ∈ F [t] that divides
f . Assume f �= 0.

(a) Let f(t) = g(t)f0(t), where f0(t) is a central factor of f(t) of the largest
possible degree. Show that (f) = (f0).
(b) Show that (f) = D[t] iff f has no nonconstant central factor.
(c) If f vanishes on some conjugacy class A of D, then (f) � D[t].

Solution. (a) Let h be a monic polynomial of the least degree in (f). By
the solution to Exercise 1.16, (f) = D[t]h and h is central. Let f0 and g be
as in (a), and assume (for convenience) that f0 is monic. We are done if we
can show that f0 = h. Write h =

∑
gifg

′
i, where gi, g′

i ∈ D[t]. Then

h =
(∑

gigg
′
i

)
f0,

so deg h ≥ deg f0. By the choice of f0, we must have deg h = deg f0. Since
h, f0 are both monic, it follows that h = f0.

(b) follows immediately from (a).
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(c) Let k(t) be a monic polynomial of the smallest degree vanishing on
A. By the solution to Exercise 6, we have k(t) ∈ F [t]. The usual Euclidean
algorithm argument shows that f(t) = q(t)k(t) for some q(t) ∈ D[t]. There-
fore, f has the central factor k, so (f) � D[t] by (b).

Ex. 16.9. (Jacobson) Assume that d = dimFD < ∞. For any polynomial
f(t) =

∑n
i=0 ait

i ∈ R = D[t] of degree n, show that there exists a nonzero
polynomial g(t) ∈ R of degree n(d − 1) such that f(t)g(t) = g(t)f(t) ∈ F [t].
As a consequence, show that R is neither left primitive nor right primitive.

Solution. The second conclusion follows from the first, in view of Exercise
11.20. To construct the polynomial g in the first conclusion, we may assume
an = 1. Let

V = De1 ⊕ · · · ⊕ Den

be a left D-vector space with basis e1, . . . , en, and let A be the D-endomor-
phism defined by: eiA = ei+1 for i < n, and

(1) enA = −a0e1 − a1e2 − · · · − an−1en.

The matrix of A with respect to {ei : 1 ≤ i ≤ n} is the companion matrix
of f , with last row

(−a0,−a1, . . . ,−an−1).

We shall identify E = End(DV ) with Mn(D) via the basis {ei : 1 ≤ i ≤ n},
and view Mn(D) as a (D,D)-bimodule.4 For any i < n, we have

(2) e1(Aia) = (e1A
i)(Ia) = ei+1(Ia) = aei+1 = a(e1A

i).

We claim that

f(A) =
n∑
j=0

ajA
j = 0.

For this, it suffices to show that ekf(A) = 0 for all k. Write k = i+ 1, where
0 ≤ i < n. By (2) and (1):

ekf(A) = (e1A
i)


 n∑
j=0

ajA
j


 =

n∑
j=0

(e1A
iaj)Aj

=
n∑
j=0

(aje1A
i)Aj =

n∑
j=0

(
aje1A

j
)
Ai

= (a0e1 + a1e2 + · · ·+ an−1en + enA)Ai = 0,

4 Note that E itself does not have a natural D-structure on either side. We get
a (D,D)-bimodule structure on E only by identifying E with Mn(D) using a
basis.
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as desired. On the other hand, if r(t) =
∑n−1
j=0 rjt

j has degree < n and
r(A) = 0, the same calculation shows that

0 = e1r(A) = r0e1 + r1e2 + · · ·+ rn−1en,

so we must have r(t) = 0. This implies, by the usual Euclidean algorithm
argument, that for any polynomial h,

h(A) = 0 =⇒ h ∈ Rf.

Now, if we view V as an F -vector space (of dimension nd), the F -linear
transformation A satisfies its characteristic polynomial, say h(t) ∈ F [t].
Therefore h = gf for some g ∈ R with

deg g = deg h − deg f = nd − n = n(d − 1).

Moreover, gh = hg = gfg shows that h = fg as well.

Comment. The second conclusion of the above exercise states that if D[t]
is left primitive, then dimFD is infinite. The converse of this is however not
true, although, if D contains a transcendental element over F , then indeed
D[t] is left primitive: see FC-(11.14). In general, D[t] is left primitive iff
some matrix ring Mr(D) contains a transcendental element over F : see the
Comment on Exercise 11.20.

Ex. 16.10. Let a, b be elements of D that have the same minimal polyno-
mial f(t) over the center F of D. For c ∈ D*, P.M. Cohn has shown that
the equation ax − xb = c has a solution x ∈ D iff f(t) has a right factor
(t − cbc−1)(t − a) in D[t]. Give a proof for the “only if” part.

Solution. Fix x ∈ D* such that ax − xb = c and write

y = xbx−1 − a = −cx−1 �= 0.

Since f(a) = 0, f(t) = g(t)(t − a) for some g(t) ∈ D[t]. Evaluating this
polynomial at t = xbx−1, we have

0 = f(xbx−1) = g(yxbx−1y−1)y

by FC-(16.3). Therefore,

yxbx−1y−1 = (−c)b(−c)−1 = cbc−1

is a root of g(t). It follows that

g(t) = h(t)(t − cbc−1)

for some h(t), and hence

f(t) = h(t)(t − cbc−1)(t − a).
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Comment. The proof of the “if” part above can be found in P.M. Cohn’s
paper “The range of derivations on a skew field and the equation ax − xb =
c,” J. Indian Math. Soc. 37 (1973), 61–69.

Ex. 16.11. Let a ∈ D be algebraic over F . Show that the “metro equation”
ax − xa = 1 has a solution x ∈ D iff a is not separable over F . (You may
use Cohn’s result mentioned in Exercise 10.)

Solution. Let f(t) ∈ F [t] be the minimal polynomial of a over F , and let
E = F [a] ⊆ D. If a is not separable over F , then, in E[t], f(t) is divisible by
(t − a)p, where p = char F > 0. In particular, in D[t], f(t) has a quadratic
right factor (t − a)2. By Cohn’s result (applied with b = a and c = 1), ax −
xa = 1 has a solution in D. Conversely, if ax − xa = 1 has a solution in D,
then

f(t) = h(t)(t − a)2 for some h(t) ∈ D[t].

Since f(t), (t − a)2 ∈ E[t], Exercise 1 shows that h(t) ∈ E[t]. Now f(t) has
a nonsimple root a in the algebraic closure of F , so a is not separable
over F .

Alternative Solution (not using the result of Cohn). First assume there
exists x ∈ D such that ax − xa = 1. By induction on n ≥ 1, we have anx −
xan = nan−1. Therefore, if f(t) ∈ F [t] is the minimal polynomial of a over
F , then

f ′(a) = f(a)x − xf(a) = 0,

so a is not separable over F . For the converse, we follow an argument of J.-
P. Tignol. Assume a is not separable over F . Then a �∈ K : = F [ap] where
p = char F > 0. Let L = CD(K) (the centralizer of K in D). By FC-(15.4),
Z(L) = K, so a ∈ L\Z(L) and ap ∈ Z(L). By Exercise 13.8, ax − xa = 1
has a solution in L ⊆ D.

Comment. The term “metro equation” for ax − xa = 1 was coined in the
early 1970’s by P.M. Cohn. According to reliable sources, Cohn and Amit-
sur were traveling in the Paris subway system (presumably to get to some
conference) when Cohn asked Amitsur whether he knew of any equation in
a division ring D which did not have solutions in any division ring extension
of D. Amitsur reportedly suggested looking at the equation ax − xa = 1
where a ∈ D is a separable algebraic element over Z(D). In his subsequent
papers, Cohn fondly referred to ax − xa = 1 as the “metro equation.” The
same equation was also considered at about the same time by M. Boffa and
P. van Praag. (The first papers dealing with the equation ax − xb = c were
written in 1944 by N. Jacobson and R.E. Johnson.)

Ex. 16.12. (Cohn) Let a, b ∈ A, where A is an algebra over a commutative
ring k. Suppose there exists f(t) ∈ k[t] with f(b) = 0 and f(a) ∈ U(A). For
any c ∈ A, show that the equation ax − xb = c has a unique solution x ∈ A.



240 Chapter 5. Introduction to Division Rings

Solution. Let L denote left multiplication by a and R denote right mul-
tiplication by b, on A. Then LR = RL (by associativity), f(R) = 0, while
f(L) is a bijection. (The latter is just left multiplication by f(a) ∈ U(A).)
Given c ∈ A, we wish to solve the equation (L − R)(x) = c for x ∈ A. Note
that

f(L) = f(L)− f(R) = (L − R) · g(L,R) = g(L,R) · (L − R)

for some polynomial g ∈ k[t, s]. Since f(L) is a bijection, it follows from this
operator equation that L − R is also a bijection. Therefore, (L − R)(x) = c
has a unique solution x ∈ A.

Comment. Cohn’s formulation of the above result is quite a bit more
general. Let A,B be k-algebras (where k is as above), and let C be an
(A,B)-bimodule such that αc = cα for every α ∈ k and c ∈ C. For given
elements a ∈ A and b ∈ B, suppose there exists f(t) ∈ k[t] with f(b) = 0 and
f(a) ∈ U(A). Then, for any c ∈ C, the equation ax − xb = c has a unique
solution x ∈ C. The proof above works verbatim in this case. (In our exer-
cise, A = B = C.)

Ex. 16.13. Let A be a k-algebra where k is a field, and let a, b ∈ A be
algebraic elements over k with minimal polynomials ma(t),mb(t) ∈ k[t].
Consider the following conditions:

(1) ma(t),mb(t) are relatively prime in k[t];
(2) for any c ∈ A, the equation ax − xb = c has a unique solution x ∈ A;
(3) for x ∈ A, ax = xb =⇒ x = 0.

Show that (1) ⇒ (2) ⇒ (3), and that (3) ⇒ (1) if A is a simple algebra
with dimkA < ∞ and Z(A) = k. Does (3) ⇒ (1) hold in general for any
finite-dimensional central k-algebra?

Solution. (1) =⇒ (2). Fix an equation

α(t)ma(t) + β(t)mb(t) = 1

in k[t]. Evaluating this on a, we have

1 = β(a)mb(a) = mb(a)β(a), so mb(a) ∈ U(A).

Since we also have mb(b) = 0, Exercise 12 gives (2).

(2) =⇒ (3) follows by setting c = 0 in (2).

(3) =⇒ (1) (assuming here that A is simple, dimkA < ∞ and Z(A) = k).
In order to shorten the proof, we shall assume several facts about A when
we extend scalars from k to k, the algebraic closure of k.

(a) The k-algebra A : = A ⊗k k is isomorphic to Mn(k) (for some n).
(b) Any a ∈ A has the same minimal polynomial as a ⊗ 1 ∈ A.
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The fact (b) implies that the condition (1) is unchanged if we replace the k-
algebra A by the k-algebra A. Next, notice that, upon this scalar extension,
the condition (3) is also unchanged. In fact, if we express x ∈ A in (3) in
terms of a fixed k-basis of A, the equation ax = xb in A amounts to a
homogeneous system of linear equations in the “coordinates” of x. As is
well-known, such a system admits a nontrivial solution in k iff it does in k.

In view of the above remarks, it is sufficient to prove (3) =⇒ (1) when
k is algebraically closed and A = Mn(k). Assume that (1) does not hold.
Then there exists λ ∈ k which is a common eigenvalue of the matrices a, b.
If we can find a nonzero x ∈ A such that

(a − λ)x = x(b − λ),

then ax = xb and we are done. Thus, after replacing a, b by a − λ and
b − λ, we may assume that a, b are both singular matrices. We shall think
of a, b as linear endomorphisms of kn. Fix a nonzero vector u ∈ ker(a) and a
nonzero linear functional f on kn vanishing on im(b). Then x ∈ Endk(kn) =
A defined by

x(v) = f(v)u (v ∈ kn)

is clearly nonzero, with ax = 0 and xb = 0. In particular, ax = xb, as de-
sired.

In general, (3) ⇒ (1) does not hold for finite-dimensional central k-
algebras. To construct a counterexample, consider the C-algebra A consist-

ing of all matrices of the form


r t u
0 r v
0 0 s


 in M3(C). A straightforward

computation shows that Z(A) = C. Let

a =


1 1 1
0 1 1
0 0 0


 and b =


0 0 0
0 0 1
0 0 2




in A. Since a, b are singular matrices, ma(t) and mb(t) are both divisible
by t, so (1) does not hold.5 However, (3) holds. In fact, if

1 1 1
0 1 1
0 0 0




r t u
0 r v
0 0 s


 =


r t u
0 r v
0 0 s




0 0 0
0 0 1
0 0 2


 ,

a quick computation shows that r = s = t = u = v = 0.

Comment. Note that, for finite-dimensional algebras A, (3) =⇒ (2) does
hold. For, if (3) holds, then the k-linear map x �→ ax − xb on A is a
monomorphism, and hence an isomorphism. The counterexample given

5 An explicit computation shows that ma(t) = t(t− 1)2, and mb(t) = t(t− 2).
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above shows, therefore, that (2) =⇒ (1) also fails in general for finite-
dimensional central k-algebras.

Ex. 16.14. Let a ∈ D where D is a division ring. If a is the only root of
the polynomial (t − a)2 in D, show that a is the only root of (t − a)n in D
for any n ≥ 2.

Solution. Suppose c �= a is another root of

f(t) = (t − a)n = (t − a)n−1(t − a), where n ≥ 3.

By FC-(16.3), (c − a)c(c − a)−1 must be a root of (t − a)n−1. Invoking an
inductive hypothesis, we have then

(c − a)c(c − a)−1 = a.

This amounts to (c − a)c = a(c − a), or equivalently a2 − 2ac+ c2 = 0.
This means that c is a root of (t − a)2, so c = a, a contradiction!

Ex. 16.15. Let a ∈ D where D is a division algebra over a field F . Suppose
F (a) is a separable quadratic extension of F . Show that the polynomial

f(t) = (t − a)n =
n∑
i=0

(−1)i
(
n

i

)
aitn−i

has a unique root (namely a) in D. (In particular, this is always the case
for every a ∈ D if D is a generalized quaternion division algebra over a field
F of characteristic not 2.)

Solution. By Exercise 14, it suffices to prove the conclusion in the case
n = 2. Let a′ �= a be the Galois conjugate of a in F (a), and let

g(t) = (t − a′)(t − a) ∈ F [t]

be the minimal polynomial of a over F . Consider any c ∈ D which is a root
of f(t) = (t − a)2. By the Gordon-Motzkin Theorem, c is conjugate to a in
D. Since a is a root of g(t) ∈ F [t] and F ⊆ Z(D), so is c. Therefore, c is a
root of

f(t)− g(t) = (t − a)2 − (t − a′)(t − a) = (a′ − a)(t − a).

Since a′ �= a, this implies that c = a.

Comment. Recall that, in the solution to Exercise 12.12, we have con-
structed division algebras D with an element a ∈ D such that the quadratic
polynomial

f(t) = (t − a)2 = t2 − 2at+ a2

has two distinct roots a, c ∈ D.
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Ex. 16.16. Let H be the division ring of real quaternions. For α =
w + xi+ yj + zk ∈ H, write α = w − xi − yj − zk, and define the trace
and norm of α by

T(α) = α+ α = 2w, N(α) = αα = αα = w2 + x2 + y2 + z2.

Using Dickson’s Theorem (FC -(16.8)), show that two quaternions α, β ∈ H
are conjugate iff T(α) = T(β) and N(α) = N(β). Does this conclusion also
hold in the division ring of rational quaternions?

Solution. First assume β = γαγ−1, where 0 �= γ ∈ H. Since N(στ) =
N(σ)N(τ) and T(στ) = T(τσ), we have

N(γαγ−1) = N(γ)N(α)N(γ−1) = N(α), and

T(γαγ−1) = T(αγ−1γ) = T(α).

Conversely, assume T(α) = T(β) and N(α) = N(β). If α = w ∈ R and β =
w1 + x1i+ y1j + z1k, then we have

2w = 2w1, and w2 = w2
1 + x2

1 + y2
1 + z2

1 .

This implies that x1 = y1 = z1 = 0, and so α = w = w1 = β. Now we may
assume α, β �∈ R. Since

α2 − T(α)α+N(α) = α2 − (α+ α) α+ αα = 0,

we see that α is quadratic over R, with minimal polynomial f(t) = t2 −
T(α)t+N(α). But then β has the same minimal polynomial f(t), so Dick-
son’s Theorem implies that α and β are conjugate in H. The same proof,
of course, also works over the rational quaternions.

Comment. Essentially the same proof would work in any “generalized”
quaternion division algebra D over a field F of characteristic �= 2; see
my book “The Algebraic Theory of Quadratic Forms”, Revised Edition,
W.A. Benjamin, 1982. However, in the case of a “split” quaternion alge-
bra, the “if” part of this exercise does not work. For instance, if there
exist (x1, y1, z1) ∈ F 3\{0} such that x2

1 + y2
1 + z2

1 = 0, then α = 1 and
β = 1 + x1i+ y1j + z1k both have trace 2 and norm 1. But of course, α
and β are not conjugate. Here, the quaternion algebra F ⊕ Fi ⊕ Fj ⊕ Fk
(with i2 = j2 = −1 and k = ij = −ji) splits.

Ex. 16.17. Use Dickson’s Theorem (FC -(16.8)) to show that Herstein’s
Lemma (FC -(13.8)) holds in a division ring D of any characteristic.

Solution. The Lemma in question states that, if a ∈ D∗ is a noncentral,
torsion element, then there exists y ∈ D∗ such that yay−1 = ai �= a, where
i is some positive integer. Moreover, y may be chosen to be an additive
commutator. In FC -(13.8), this result was proved for division rings D of
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characteristic p > 0. In the following, we shall give a characteristic-free
proof of the result for all division rings D.

Let n > 1 be the order of a ∈ D∗, and write

tn − 1 = f1(t) · · · fr(t) ∈ F [t] (F = Z(D)),

where each fj is monic irreducible in F [t]. Working in the field F (a), we
also have a factorization

tn − 1 = (t − 1)(t − a)(t − a2) · · · (t − an−1).

Applying the unique factorization theorem in F (a)[t], we see that, for a
suitable index j, fj(t) = (t − a) · (· · · ). Since fj(t) ∈ F [t] but a �∈ F , fj(t)
must have another factor t − ai where i ∈ {2, . . . , n − 1}. Thus, fj(t) is the
minimal polynomial of both a and ai over F . By Dickson’s Theorem (FC -
(16.8)), we have xax−1 = ai �= a for some x ∈ D∗. As was pointed out in
the proof of FC -(13.8), a simple replacement of x by y := ax − xa �= 0 leads
to yay−1 = ai �= a, where y is now an additive commutator.

Comment. Since the original proof of Herstein’s Lemma made heavy use of
techniques in characteristic p, it is remarkable that the same result actually
holds in all characteristics.

Ex. 16.18. (Lam-Leroy) Let f(t) = (t − d)g(t) ∈ D[t]. If D is a centrally
finite division ring, show that f(d′) = 0 for a suitable conjugate d′ of d.

Solution. We offer a solution here that depends on the existence of
a nonzero F -linear function T : D → F = Z(D) with the property that
T (rs) = T (sr) for any r, s ∈ D. Let us first assume the existence of such a
function T .

Writing g(t) = ant
n + · · ·+ a0 (ai ∈ D), we have

f(t) = (t − d)g(t)

= ant
n+1 + (an−1 − dan)tn + · · ·+ (a0 − da1)t − da0.

We try to find a conjugate d′ = rdr−1 (r ∈ D∗) such that

(1)

0 = f(d′)

= anrd
n+1r−1 + (an−1 − dan)rdnr−1 + · · ·+ (a0 − da1)rdr−1 − da0.

Consider the map ϕ : D → D defined by

(2) ϕ(r) = anrd
n+1 + (an−1 − dan)rdn + · · ·+ (a0 − da1)rd − da0r

for any r ∈ D. This map is clearly F -linear. Moreover, since

T (ϕ(r)) = T (anrdn+1)− danrd
n) + · · ·+ T (a0rd − da0r) = 0
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for all r ∈ D, we have ϕ(D) ⊆ ker(T ) � D. Invoking now the assumption
that dimFD < ∞, we see that ker(ϕ) �= (0). Thus ϕ(r) = 0 for some r ∈ D∗,
and a comparison of (1) and (2) shows that f(rdr−1) = 0, as desired.

The existence of the nonzero functional T above is well-known in the
theory of finite-dimensional division algebras. In fact, T may be taken to
be the “reduced trace” function on D. We’ll give only a quick sketch of
its construction here. By FC -(15.8), if K ⊇ F is a maximal subfield of D,
then

D ⊗F K ∼= Mr(K), where r = (dimFD)1/2.

Viewing the isomorphism here as an identification, we get a function

D ⊗F K → K

by taking the trace of matrices. It is easy to see that this restricts to a
nonzero. F -linear map T : D → F , and we clearly have T (rs) = T (sr) for
all r, s ∈ D since this equation holds for traces of matrices over K.

Comment. As the reader might suspect, the conclusion of this exercise no
longer holds if D is not assumed to be centrally finite. An example to this
effect can be found in T.Y. Lam and A. Leroy: “Wedderburn polynomials
over division rings, I,” J. Pure and Applied Algebra, to appear.



This page intentionally left blank 



Chapter 6
Ordered Structures in Rings

§17. Orderings and Preorderings in Rings
From our first course in abstract algebra, we learned that Z, the set of all
integers, is not only a ring, but an ordered ring, in that we have the ordering
relation

· · · < −2 < −1 < 0 < 1 < 2 < · · ·
between its elements. For arbitrary rings, it is also of significance to study
their orderings if they exist.

We say (R,<) is an ordered ring if R is a ring and “<” is a transitive
total ordering of its elements such that, for all a, b, c ∈ R, we have

a < b =⇒ a+ c < b+ c,

0 < a, 0 < b =⇒ 0 < ab.

The “positive cone” P = {c ∈ R : 0 < c} has the properties:

P + P ⊆ P, P · P ⊆ P, and P ∪ (−P ) = R\{0}.

Conversely, if we are given a nonempty set P ⊆ R satisfying these three
properties, then, defining a < b by b − a ∈ P , we obtain an ordered ring
(R,<). By abuse of terminology, we shall often refer to P itself (rather
than “<”) as an ordering on R.

If P is any ordering on R as above, then 1 ∈ P, P ∩ (−P ) is empty, and
R is a domain of characteristic zero (FC-(17.4)). Thus, rings with 0-divisors
cannot be ordered in our sense. (If we want to consider ordering structures
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in rings with 0-divisors, our definition of an ordering must be modified first;
we shall not go into this generality in the present section.)

In order to deal effectively with existence questions about orderings,
we need the notion of a preordering. By definition, a preordering in R is a
nonempty subset T ⊆ R\{0} such that T + T ⊆ T , and for any

a1, . . . , am ∈ R\{0} and t1, . . . , tn ∈ T,

the product of

a1, a1, . . . , am, am, t1, . . . , tn,

taken in any order, lies in T . It turns out that such a T is an ordering on R
iff T is maximal as a preordering: see FC-(17.10). If T is not yet maximal,
we can always “enlarge” T to a maximal preordering by Zorn’s Lemma.
Therefore, R has a preordering iff R has an ordering.

The above approach to orderings via preorderings leads quickly to a
criterion for a nonzero ring R to admit an ordering. To wit, R can be ordered
iff R is formally real in the sense that there is no equation

∑
ti = 0 where

each ti is a product of

ai1, ai1, . . . , ain, ain,

taken in some order, where aij ∈ R\{0}. In the case of fields, this is a fa-
mous theorem of Artin and Schreier. The extension of this result to division
rings is due to Szele (and Pickert), while the extension to arbitrary rings
is due to R.E. Johnson.

If R is formally real, there is a unique smallest preordering T (R) ⊆ R
consisting of all (finite) sums

∑
ti, where the ti’s are as described in the

last paragraph.1 This T (R) is known as the weak preordering of R. It can
be used, for instance, to describe the so-called totally positive elements of
R: a nonzero element a ∈ R is positive in all orderings of R iff there exists
b ∈ R\{0} such that ab2 ∈ T (R) (FC-(17.15)).

An ordered ring (R,<) is said to be archimedean if, for any a, b > 0 in
R, na > b for a suitable positive integer n. Such an ordered ring is always
commutative, and is in fact order-isomorphic to a unique subring of R (with
the induced ordering). This classical result is proved by using Dedekind cuts
in FC-(17.21). Another proof appears below in the solution to Exercise 10.

The exercises in this section offer examples of ordered rings and expand
on the various themes discussed in this introduction. While most exercises
are oriented toward noncommutative rings, a couple of them are in the
commutative setting. The most memorable one is Artin’s result in Exercise
9A which states that, for a formally real field k, any totally positive element
in the polynomial ring R = k[t] (in one variable) is a sum of squares in R.

1 The “formally real” assumption guarantees that 0 
∈ T (R).
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Exercises for §17
Ex. 17.1. Let (R,<) be an ordered ring and (G,<) be a multiplicative or-
dered group. In the group ring A = RG, define P to be the set of

∑n
i=1 rigi

where r1 > 0 in R and g1 < g2 < · · · < gn in G. Show that (A,P ) is an
ordered ring.

Solution. The two properties

P + P ⊆ P, P ∪ (−P ) = A\{0}
for an ordering cone are both clear. To check the last property, P · P ⊆ P ,
take α =

∑n
i=1 rigi as above, and another element α′ =

∑m
j=1 r′

jg
′
j where

r′
1 > 0 in R and g′

1 < g′
2 < · · · < g′

m in G. Then

αα′ = r1r
′
1g1g

′
1 + s2h2 + s3h3 + · · · (si ∈ R, hi ∈ G)

with r1r
′
1 > 0 in R and

g1g
′
1 < h2 < h3 < · · · in G.

Therefore, αα′ ∈ P , as desired.

Comment. The same conclusion holds already if (G,<) is an ordered semi-
group, since the inverse operation plays no role in the above construction
(and proof).

Ex. 17.2. Show that any free algebra F over a formally real field k can
be ordered.

Solution. Say F is freely generated over k by {xi : i ∈ I}. Let G (resp.
H) be the free group (resp. semigroup) generated by {xi : i ∈ I}. By the
Artin-Schreier Theorem (cf. FC-(17.11)), k can be ordered, and by the
Birkhoff-Iwasawa-Neumann Theorem (see FC-(6.31)), G can be ordered.
Therefore, by Exercise 1, the group ring A = kG can be ordered. Since
F = kH may be viewed as a subring of A = kG, we can get an ordering
on F by restricting an ordering on A to F . Alternatively, we can apply the
Comment on Exercise 1 to get directly an ordering on F , using an ordering
on k and an ordering on H (the latter obtained by restricting an ordering
on G).

Ex. 17.3. Let R by the Weyl algebra generated over R by x and y, with
the relation xy − yx = 1. Elements of R have the canonical form

r = r0(x) + r1(x)y + · · ·+ rn(x)yn,

where each ri(x) ∈ R[x], rn(x) �= 0 (if r �= 0). Let P ⊂ R be the set of
all nonzero elements r ∈ R above for which rn(x) has a positive leading
coefficient. Show that P defines an ordering “<” on R on which

(∗) R < x < x2 < · · · < y < xy < x2y < · · · < y2 < xy2 < x2y2 < · · · .
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Solution. As in Exercise 1, the two properties

P + P ⊆ P, P ∪ (−P ) = R\{0}

are clear. To show that P · P ⊆ P , consider r ∈ P as above, and another
element

s = s0(x) + s1(x)y + · · ·+ sm(x)ym ∈ P.

Upon multiplying r with s and writing the product in the “canonical form,”
the highest degree term in y comes from the product rn(x)ynsm(x)ym. If

sm(x) = a0 + a1x+ · · ·+ akx
k (where ak > 0),

we have

ynsm(x) = yn
k∑
i=0

aix
i =

(
k∑
i=0

aix
i

)
yn + · · ·

where the suppressed terms have y-degree < n. Therefore,

rn(x)ynsm(x)ym = rn(x)sm(x)yn+m + (terms with y-degree < n+m).

Since the leading coefficient of rn(x)sm(x) is the product of those of rn(x)
and sm(x), it is positive. This checks that rs ∈ P . The inequalities in (∗)
can be checked easily by forming differences and writing them in canonical
form. For instance,

x2yi − xyi = (x2 − x)yi

shows that xyi < x2yi, etc.

Ex. 17.4. In R = Q(t), define P to be the set of f(t)/g(t) where f , g
are polynomials with positive leading coefficients. Show that (R,P ) is a
nonarchimedean ordered field, and that all the order-automorphisms of
(R,P ) are induced by t �→ at+ b where a, b ∈ Q, a > 0.

Solution. The three properties for an ordering cone:

P + P ⊆ P, P · P ⊆ P, P ∪ (−P ) = R\{0}

are all clear for the P defined in this exercise. Therefore, P defines an or-
dering “<” on R. For any c ∈ Q, we have t − c ∈ P . This shows that c < t
for any c ∈ Q, so “<” is a nonarchimedean ordering. It is well known that
any automorphism ϕ of R is the identity on Q, with

ϕ(t) =
at+ b

ct+ d
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where a, b, c, d ∈ Q, and ad − bc �= 0. Now assume ϕ is an order-automor-
phism, i.e. with ϕ(P ) ⊆ P . We claim that c = 0. Indeed, assume c �= 0.
Then

ϕ
(
t − a

c

)
=

at+ b

ct+ d
− a

c
=

cb − ad

c(ct+ d)
,

ϕ
(
t − a

c
− 1

)
=

−c2t+ (cb − ad − cd)
c(ct+ d)

.

In the second equation, the RHS is in −P , but the LHS is in ϕ(P ) ⊆ P , a
contradiction. Therefore, we must have c = 0. We may assume, without loss
of generality, that d = 1, so now ϕ(t) = at+ b, where a ∈ Q is necessarily
> 0 since ϕ(t) ∈ ϕ(P ) ⊆ P . Conversely, it is easy to see that, for any a > 0,
ϕ(t) = at+ b induces a unique order-automorphism of R.

Ex. 17.5. Let k ⊆ R be a field of real algebraic numbers, and let π be any
transcendental real number. Let P ⊆ k[t] be the set of polynomials f(t)
such that f(π) > 0. Show that P is an archimedean ordering in A = k[t].

Solution. Since f(π) �= 0 for f ∈ A\{0}, we have either f(π) > 0 or f(π) <
0. Therefore, P ∪ (−P ) = A\{0}. The two properties

P + P ⊆ P, P · P ⊆ P

are both clear. Therefore, P defines an ordering “<” on the integral domain
A. To show that P is an archimedean ordering, consider any f, g ∈ P . Fix
a positive integer n such that f(π)/g(π) < n. Then

(ng − f)(π) = ng(π)− f(π) > 0,

so ng − f ∈ P , i.e. ng > f with respect to the ordering “<” defined by P .

Comment. Of course, this construction works also for the rational function
field F = k(t), and defines an ordering P̃ on F extending the ordering P on
A. We can think of F as a subfield of R by using the embedding f(t) �→ f(π)
(for any f(t) ∈ F ); the ordering P̃ is then obtained simply by restricting
to F the usual ordering on R.

Ex. 17.6. If a commutative domain R is not formally real, must −1 be a
sum of squares in R?

Solution. To say that the commutative domain R is not formally real
means that there exists an equation a2

1 + · · ·+ a2
n = 0 in R where the ai’s

are not all zero. This need not imply that that −1 is a sum of squares in
R. For instance, consider the ring

R = R[x1, . . . , xn]/(x2
1 + · · ·+ x2

n),
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in which x2
1 + · · ·+ x2

n = 0 and xi �= 0 for all i. We have an R-algebra ho-
momorphism ϕ : R → R induced by ϕ(xi) = 0 for all i. If −1 was a sum of
squares in R, an application of ϕ would show that −1 is a sum of squares
in R, which is absurd. Therefore, −1 cannot be a sum of squares in R.

Ex. 17.7. Show by a direct calculation that, in any ring R, the division
closure T̃ of any preordering T is also a preordering.

Solution. Recall from FC-(17.12) that T̃ is defined to be any one of the
four equal sets below:

{a ∈ R : at ∈ T for some t ∈ T}
= {a ∈ R : t′a ∈ T for some t′ ∈ T}
= {a ∈ R : ab2 ∈ T for some b �= 0}
= {a ∈ R : b′2a ∈ T for some b′ �= 0}.

Since 0 �∈ T , we have also 0 �∈ T̃ . To show that T̃ is a preordering involves
checking the following two properties:

(1) T̃ + T̃ ⊆ T̃ .
(2) For a1, . . . , an ∈ T̃ and c1, . . . , cm ∈ R\{0}, per (c21 · · · c2ma1 · · · an) ∈ T̃ .

Here, as in FC-p. 263, per (c21 · · · c2ma1 · · · an) means any product of the
following factors

c1, c1, . . . , cm, cm, a1, . . . , an,

taken in any order. To check (2), fix ti ∈ T such that aiti ∈ T , and let
t = (a1t1) · · · (antn) ∈ T . For any

a = per (c21 · · · c2ma1 · · · an),

at is a product of the form

per (c21 · · · c2ma2
1 · · · a2

nt1 · · · tn),

which is in T . Therefore, by definition, a ∈ T̃ . To check (1), consider a1, a2 ∈
T̃ ; say aiti ∈ T , where ti ∈ T . Then, since T is a preordering,

(a1 + a2)t1a2t2 = (a1t1)(a2t2) + a2t1a2t2 ∈ T.

Noting that t1a2t2 = t1(a2t2) ∈ T , we conclude that a1 + a2 ∈ T̃ .

Comment. There is a much more conceptual approach to the fact that T̃
is a preordering. In fact, in FC-(17.13), it is proved that T̃ is precisely the
intersection of all the orderings of R containing T . This implies the result in
the exercise since any intersection of orderings (or preorderings) is always
a preordering. However, it is nice to see a direct check of the preordering
axioms for T̃ .
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Ex. 17.8. Show that

R = R[x1, . . . , xn, y, z]/(x2
1 + · · ·+ x2

n − y2z)

is formally real, and that its weak preordering T = T (R) is not division-
closed, i.e. T �= T̃ .

Solution. Recall that T (R) denotes all sums of terms of the form

per (a2
1 . . . a2

n) where ai ∈ R\{0}.

By definition, R being formally real means that 0 �∈ T (R). In the commuta-
tive case, T (R) is simply the set of all sums

∑
a2
i where the ai’s are nonzero,

and R being formally real means that
∑

a2
i �= 0 whenever all ai �= 0.

Consider now the commutative ring R in this exercise. Since x2
1 + · · ·+

x2
n − y2z is an irreducible polynomial, the ideal

(x2
1 + · · ·+ x2

n − y2z)

is prime. Therefore, R is an integral domain. The quotient field F of R
is easily seen to be the rational function field R(x1, . . . , xn, y). Since F is
formally real (why?), so is R. Thus, T = T (R) is a preordering in R. To
see that T is not division-closed, consider the R-homomorphism f : R → R
defined by

f(x1) = · · · = f(xn) = f(y) = 0 and f(z) = −1.

Since f(T ) ≥ 0 in R and f(z) = −1, we see that z �∈ T . On the other hand,

y2z = x2
1 + · · ·+ x2

n ∈ T

implies that z ∈ T̃ , so T̃ �= T .

Ex. 17.9A. (E. Artin) For a formally real field k, show that the weak
preordering T of R = k[t] is division-closed.

Solution. We present here Artin’s original solution to this problem. For
the sake of authenticity, we shall also use Artin’s own notations.

Initial Observation. If h, f �= 0 are sums of squares in k(t), then so is h/f .
(This follows easily from the equation h/f = fh/f2.)

To prove that T is division-closed, we must show that, if

(1) ϕ(t)2F (t) =
N∑
i=1

gi(t)2 �= 0 (F,ϕ, gi ∈ R),

then F (t) ∈ T . This will be done by induction on n = deg F , the case n = 0
being clear (by comparing leading coefficients). We may also assume that
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F (t) is not divisible by the square of any nonconstant polynomial, and that
ϕ is chosen with deg ϕ minimal in (1).

Write gi = qiF + hi where deg hi < n. We claim that the hi’s are not
all 0. In fact, if all hi = 0, then (1) gives ϕ2 = F

∑N
i=1 q2

i . Since F has no
square factors, we have F |ϕ in R, and (ϕ/F )2F =

∑
q2
i contradicts the

minimal choice of deg ϕ. Plugging gi = qiF + hi into (1) and squaring, we
get

(2) fF =
N∑
i=0

h2
i �= 0 for some f ∈ R.

Here, deg f ≤ 2(n − 1)− n = n − 2. Among all identities of the form (2),
we may assume that the above one is chosen with m = deg f minimal (and
hence ≤ n − 2). By our “Initial Observation” above, f is a sum of squares
in k(t), so by the inductive hypothesis, f ∈ T . Assume, for the moment,
that m > 0. Write hi = pif + ri where pi, ri ∈ R, with deg ri < m. If all
ri = 0, then (2) yields

F = f
(∑

p2
i

)
∈ T · T ⊆ T.

Hence we may assume some ri �= 0, in which case (2) yields
∑

r2
i = ff1 �= 0

for some f1 ∈ R, with

deg f1 ≤ 2(m − 1)− m = m − 2.

Now by Lagrange’s Identity:

(3)

(
N∑
i=1

h2
i

)(
N∑
i=1

r2
i

)
=

(
N∑
i=1

hiri

)2

+
∑
i<j

(hirj − hjri)2.

Here, the LHS is Ff2f1 �= 0. On the RHS, since hi ≡ ri (mod f), we have

N∑
i=1

hiri ≡
N∑
i=1

h2
i ≡ 0 (mod f), and

hirj − hjri ≡ hihj − hjhi ≡ 0 (mod f).

Therefore, the RHS of (3) has the form f2G for some G ∈ T . Cancelling f2

from (3) now yields f1F = G ∈ T , which contradicts the minimal choice of
m. Thus, we must have m = 0, i.e. f = a ∈ k\{0}. Since f ∈ T , a is a sum
of squares in k, and so

F = a
∑

(hi/a)2 ∈ T,

as desired.
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Comment. The above result and its proof appeared in Artin’s famous pa-
per “Über die Zerlegung definiter Funktionen in Quadraten,” Hamburg
Abh. 5 (1927), 100–115, in which he solved Hilbert’s 17th Problem (“Ev-
ery positive semidefinite polynomial F ∈ R[x1, . . . , xr] is a sum of squares
in R(x1, . . . , xr)”). Much later (namely in 1964), Cassels modified Artin’s
argument to get the following quantitative result: If ϕ2F is a sum of N
squares in k[t] (where 0 �= ϕ ∈ k[t] and k is any field), then F is also a
sum of N squares in k[t]. Shortly thereafter, Pfister improved this ver-
sion further: If ϕ2F = a1g

2
1 + · · ·+ aNg2

N where 0 �= ϕ ∈ k[t], gi ∈ k[t], and
ai ∈ k, then F = a1f

2
1 + · · ·+ aNf2

N for suitable fi ∈ k[t]. Now known as
the Cassels-Pfister Theorem, this result plays a crucial role in the modern
algebraic theory of quadratic forms over fields. For more details, see Chap-
ter 9 of the author’s book “The Algebraic Theory of Quadratic Forms,”
Benjamin/Addison-Wesley, 1973. Although the Cassels-Pfister argument
yields a stronger conclusion valid in the more general setting of quadratic
forms, historians of algebra are not likely to forget Artin’s original theorem
(c. 1927), or his very elegant proof thereof, reproduced in this Exercise.

Artin’s Theorem does not extend to sums of higher even powers: for
every d ≥ 2, there exists F ∈ R[t] which is a sum of 2d powers in R(t), but
not in R[t]. Finally, Artin’s Theorem also fails in the multivariate case: For
r ≥ 2 and k a formally real field, the weak preordering T of k[x1, . . . , xr]
is no longer division-closed. This is the content of the next exercise, which
essentially goes back to Hilbert (c. 1888).

Ex. 17.9B. Let k be any formally real field and let r ≥ 2. Show that
there exist polynomials in R = k[x1, . . . , xr] which are sums of squares in
k(x1, . . . , xr), but not in R.

Solution. It suffices to prove this in the r = 2 case, where we write R =
k[x, y]. Consider the sextic polynomial

(∗) F (x, y) = x4y2 + y4 + x2 − 3x2y2 ∈ R.

By direct computation, one can check that

(x2 + y2)2F (x, y) = x4y2(x2 + y2 − 2)2 + (x2 − y2)2(x2y2 + x2 + 1),

so F is a sum of four squares in k(x, y). We claim that F is not a sum of
squares in R. Indeed, assume it is, say F =

∑
f2
i , where fi ∈ R. Then

fi = aix
3 + biy

3 + cix
2y + dixy

2 + rix
2 + siy

2 + tixy + pix+ qiy + ei,

where the coefficients are in k. Comparing coefficients of x6, y6 and the
constant terms in F =

∑
f2
i , we see that

ai = bi = ei = 0 for all i.
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Using these, and comparing coefficients of x2y4, x4 and y2, we see further
that

di = ri = qi = 0 for all i.

But then
−3 = (coefficient of x2y2) =

∑
i

t2i ∈ k,

a contradiction.

Comment. The above example and proof are taken from the author’s joint
paper with M. D. Choi in Math. Ann. 231 (1977), 1–18. The polynomial F
is a modification of Motzkin’s polynomial

M(x, y) = x4y2 + x2y4 + 1− 3x2y2,

which was the first explicit polynomial in two variables known to have the
properties in this exercise. Note that, by the Arithmetic-Geometric Inequal-
ity, both M and F are positive semidefinite polynomials, with respect to
any ordering on k.

Ex. 17.10. Without using Dedekind cuts, show that an archimedean or-
dered ring (R,<) is commutative, and that the only order-automorphism
of (R,<) is the identity.

Solution. For the first part, it is sufficient to show that any two positive
elements a, b ∈ R commute. For any m ∈ N, there exists n ∈ N such that
(n − 1)a ≤ mb < na. Thus,

m(ab − ba) = a(mb)− (mb)a < a(na)− (n − 1)aa = a2.

Since this holds for all m ∈ N (and (R,<) is archimedean), we must have
ab − ba ≤ 0. By symmetry, we also have ba − ab ≤ 0; hence ab = ba.

For the second part, consider any order-automorphism ϕ of (R,<). Let
b > 0 in R. For any m ∈ N again, there exists n ∈ N such that

n − 1 ≤ mb < n.

Writing b′ = ϕ(b) and applying ϕ to these inequalities, we get n − 1 ≤
mb′ < n. Subtraction now yields

−1 < m(b − b′) < 1,

that is,2 m|b − b′| < 1 for any m ∈ N. Since (R,<) is archimedean, this is
possible only when b = b′ = ϕ(b). This implies also that

ϕ(−b) = −ϕ(b) = −b,

so ϕ is the identity map on R.

2 The absolute value (with respect to the ordering “<”) is defined in the usual
way: |a| = a if a ≥ 0, and |a| = −a if a < 0.
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Comment. The result in this exercise is due to Hilbert, who first proved
it for ordered division rings. Compare FC-(17.21) for the treatment using
Dedekind cuts. See also the proof of the analogous “Hölder’s Theorem”
(Exercise 6.11) for archimedean ordered groups. Note that the proof in the
ring-theoretic case is quite a bit easier since Z ⊆ R for any ordered ring
(R,<).

Ex. 17.11. Give an example of an ordered ring R which has infinitely large
elements but no infinitely small elements. Give an example of an ordered
ring other than Z for which there exists no element between 0 and 1.

Solution. Let R = Z[t], with the ordering given by the set P of all poly-
nomials with positive leading coefficients. As in Exercise 4, P is not archi-
medean: for instance, the element t ∈ P is infinitely large. Consider any

f(t) = ant
n + · · ·+ a0 ∈ P

where necessarily an > 0. If n > 0, then f is also infinitely large. If n = 0,
then f = a0 ≥ 1. Therefore, there are no elements in R between 0 and 1.
In particular, there are no infinitely small (positive) elements.

Ex. 17.12. Let (R,<) be any ordered ring that is algebraic over a subfield
F ⊆ Z(R). If F is archimedean with respect to the induced ordering, show
that (R,<) is an archimedean ordered field.

Solution. First, since R has no 0-divisors, it is clear that R is a division
ring (see Exercise 1.13(c)). Next, we claim that, for any r ∈ R, |r| < N for
a suitable integer N > 0. Fix a monic equation satisfied by r over F , say

rn + a1r
n−1 + · · ·+ an = 0 (ai ∈ F ).

We claim that
|r| ≤ 1 + |a1|+ · · ·+ |an|.

Since (F,<) is archimedean, this clearly gives what we want. To prove the
inequality, we may assume, of course, that |r| > 1. Then

|r|n = |a1r
n−1 + · · ·+ an| ≤ |a1| · |r|n−1 + |a2| · |r|n−2 + · · ·+ |an|

≤ |a1| · |r|n−1 + |a2| · |r|n−1 + · · ·+ |an| · |r|n−1

= (|a1|+ |a2|+ · · ·+ |an|) · |r|n−1.

Therefore,
|r| ≤ |a1|+ · · ·+ |an| ≤ 1 + |a1|+ · · ·+ |an|,

as claimed.
Since (R,<) is now archimedean, Exercise 10 implies that R is commu-

tative. Therefore, R is a field.
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Ex. 17.13. Let (R,P ) be an ordered ring, and σ : R → R by any endo-
morphism of the additive group of R such that σ(P ) ⊆ P . Assume that,
for any r ∈ R, there exists an integer n ≥ 1 such that σn(r) = r. Show that
σ is the identity map.

Solution. Note that σ respects the total ordering “<” defined by P . In
fact, if a < b, then b − a ∈ P , so σ(b − a) ∈ P . Since σ is an additive endo-
morphism,

σ(b − a) = σ(b)− σ(a).

Therefore, we have σ(a) < σ(b).
Assume, for the moment, that σ �= id. Then σ(r) �= r for some r ∈ R.

We have either r < σ(r) or σ(r) < r. Say r < σ(r). Fix an integer n ≥ 1
such that σn(r) = r. By the first paragraph, we have

r < σ(r) < σ2(r) < · · · < σn(r) = r,

a contradiction. If σ(r) < r, a similar contradiction results.

Ex. 17.14. Let (R,P ) be an ordered ring for which P is a well-ordered set,
i.e. every nonempty subset of P has a smallest element. Show that (R,P )
is order-isomorphic to Z with its usual ordering.

Solution. Clearly, P ⊇ N, the set of positive integers. We are done if we
can show that P ⊆ N. Assume, for the moment, that this is not the case.
Let x be the smallest element of P\N. If x > 1, then x − 1 ∈ P\N is smaller
than x, a contradiction. Hence we must have 0 < x < 1. But then

x − x2 = x(1− x) ∈ P

implies that 0 < x2 < x < 1, which is again a contradiction.

§18. Ordered Division Rings
In this section, we focus our study of ordered rings on the case of division
rings. Therefore, in the following, D always denotes a division ring.

Due to the fact that any nonzero element of D has an inverse, the def-
inition of a preordering on D can be recast in a somewhat simpler form.
As is shown in FC-(18.1), a set T ⊆ D* is a preordering iff T + T ⊆ T ,
T · T ⊆ T , and d2 ∈ T for every d ∈ D*. (Here, we no longer need to con-
sider products of

a1, a1, . . . , am, am, t1, . . . , tn,

taken in some order.) If T is such a preordering, then T is a normal subgroup
of D*, and D*/T is an abelian group of exponent 2. Finally, this T is an
ordering of D iff |D*/T | = 2. In this case, T is itself a multiplicative ordered
group, with the ordering cone {a ∈ T : a − 1 ∈ T}.
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The gist of the matter is that, in a division ring, any product of
a1, a1, . . . , an, an (in any order, where ai ∈ D*) is always a “square-
product,” i.e. of the form b21 · · · b2m. Therefore, the definition for D to be
formally real requires here that a sum of nonzero square-products be again
nonzero. The criterion for the existence of an ordering on D then takes
on the following simpler form: D has an ordering iff −1 is not a sum of
square-products in D (FC-(18.2)). In this case, T (D), the weak preordering
on D, is the set of all sums of nonzero square-products, and an element
a ∈ D* is positive in all orderings of D iff a ∈ T (D) (FC-(18.4)).

The first noncommutative ordered division ring was constructed by Hil-
bert, in connection with his study of the foundations of geometry. Many
other examples can be constructed by using the Mal’cev-Neumann division
rings of Laurent series associated with ordered groups (FC-(18.5)). How-
ever, Albert has shown that, for any orderable division ring D, the center
F of D is always algebraically closed in D (FC-(18.10)). In particular, if D
is a noncommutative algebraic algebra over its center F , then D can never
be ordered. (Stated in a positive form: any formally real algebraic division
algebra over its center is commutative. In this form, Albert’s Theorem may
be thought of as another commutativity result.)

Ordered division rings sometimes exhibit rather unexpected properties:
see, for instance, FC-(18.12) and Exercise 7 below. The other exercises in
this section deal with the natural Krull valuation on the Mal’cev-Neumann
Laurent series ring R((G)) over a given ordered division ring R. Exercise
6 offers an easy, but nevertheless surprising, example of a noncommutative
division ring D that is archimedean over its center.

Exercises for §18
Ex. 18.1. (This exercise, due to A. Wadsworth, provides an example of
a centrally finite division algebra D in which −1 is a square-product, but
is not a sum of squares.) Let k be a field with at least two orderings, P ,
P ′, and let e ∈ P\P ′. Let F = k((y)) and let D be the F -algebra with
generators i, j and relations

i2 = e, j2 = y, and k : = ij = −ji.

Then D is a 4-dimensional (generalized quaternion) division algebra over F .
Show that −1 is a square-product in D (so D has level 1 in the terminology
of FC-§18), but ∑H2

α = 0 in D implies that Hα = 0 for all α.

Solution. The fact that D is a division F -algebra is not obvious, but the
proof is fairly elementary, using a quadratic form theoretic criterion for a
generalized quaternion algebra to be a division algebra. In any case, we are
not required to prove this part in detail in this exercise.
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Note that (in any generalized quaternion algebra)

k2 = (ij)2 = ijij = −i2j2,

so −1 = (i−1)2k2(j−1)2 is always a product of 3 squares. This checks that
D has level 1. Now consider an equation

∑
H2
α = 0 where

Hα = aα + bαi+ cαj + dαk.

Upon squaring and comparing constant terms, we get an equation

(∗)
∑

a2
α + e

∑
b2α = y

(
e
∑

d2
α −

∑
c2α

)
∈ F.

Suppose the Laurent series aα, bα, cα, dα are not all zero, and that the
lowest degree terms in them are of the form yr(r ∈ Z). We write

aα = yr(aα0 + · · · ) (aα,0 ∈ k),

and similarly for bα, cα and dα. Then the aα0, bα0, cα0, dα0 ∈ k are not all
zero. Comparing terms of degree y2r in (∗), we get∑

a2
α0 + e

∑
b2α0 = 0.

If some bα0 �= 0, then
∑

b2α0 �= 0 and this equation shows that −e is a sum
of squares in k (cf. “Initial Observation” in the solution to Exercise 17.9A),
contradicting e ∈ P\P ′. Therefore, we must have all bα0 = 0 and hence all
aα0 = 0. Going back to (∗) and comparing terms of degree y2r+1, we get

e
∑

d2
α0 =

∑
c2α0.

Repeating the argument above, we see that all dα0 = 0 and hence all cα0 =
0, a contradiction!

Ex. 18.2. Let (R,Po) be an ordered division ring, (G,<) be an ordered
group, and A = R((G)) be the division ring of (untwisted) Laurent series
as defined in FC-§14. Let v : A* → G be the Krull valuation constructed
in Exercise 14.10, and let m be the Jacobson-radical of the valuation ring
of v. Show that the ordering P ⊂ A constructed in FC-(18.5):

P =

{
α =

∑
g∈G

αgg : αgo ∈ Po for go = min (supp(α))

}

has the following properties:

(1) P ∩ R = Po,
(2) G ⊆ P ,
(3) P is “compatible” with v in the sense that 1 + m ⊂ P .

Then show that P is uniquely determined by these three properties.
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Solution. (1) and (2) are both obvious. For (3), look at any α =
∑

αgg ∈
m. By definition, this means that

αg �= 0 =⇒ g > 1 in G.

Thus, min(supp(1 + α)) is the group element 1 ∈ G, which occurs in 1 + α
with coefficient 1. Therefore, 1 + α ∈ P , which shows that 1 + m ⊆ P .

Now let P ′ be any ordering on A such that

P ′ ∩ R = Po, G ⊆ P ′,

and 1 + m ⊆ P ′. We claim that P ⊆ P ′. Once this is proved, it is easy
to see that P = P ′ since P , P ′ are both orderings. Let α ∈ P , with
min(supp(α)) = go. Then

α = αgogo + · · ·+ αhh+ · · · = αgogo(1 + · · ·+ α−1
go αhg

−1
o h+ · · · ).

The term in parentheses is in 1 + m ⊆ P ′. Since we also have αgo ∈ Po ⊆ P ′

and g0 ∈ P ′, it follows that α ∈ P ′, so P ⊆ P ′, as desired.

Ex. 18.3. In the exercise above, show that the valuation ring V of v is
given by the convex hull of R in A with respect to the ordering P , i.e.

(∗) V = {a ∈ A : −r ≤ a ≤ r for some r ∈ P0 ⊆ R}.
Moreover, show that the residue division ring V/m is isomorphic to R.

Solution. Let V ′ be the RHS of the equation (∗). First consider any α =∑
αgg ∈ V ∩ P . Then

go := min (supp(α)) ≥ 1, and αgo > 0.

If go > 1, then 1− α ≥ 0 so α ∈ V ′. If go = 1, then

(αgo + 1)− α ∈ 1 + m ⊆ P

by Exercise 2. This shows that α ≤ αgo + 1 ∈ R, so again α ∈ V ′. We have
therefore V ⊆ V ′. Now, changing notations, consider any positive α �∈ V .
Then go < 1 and αgo > 0. For any r ∈ R, α − r still has “lowest term”
αgogo, so α − r ∈ P . This means that α > R in the ordering P , so α �∈ V ′.
This completes the proof that V = V ′. Since V = R ⊕ m, it follows further
that the residue division ring of the valuation ring V is V/m ∼= R.

Ex. 18.4. Keep the notations in Exercise 2. Define two elements a, b ∈ A*
to be in the same archimedean class relative to R if |a| ≤ r|b|, |b| ≤ r′|a|
for suitable r, r′ ∈ Po ⊆ R. (Here, the absolute values are with respect to
P , and are defined in the usual way.) Write [a] for the archimedean class
of a (relative to R). We multiply these classes by the rule [a] · [b] = [ab],
and order them by the rule: [a] < [b] iff r|a| < |b| for all r ∈ Po. Show that
all archimedean classes relative to R form an ordered group which is anti-
order-isomorphic to (G,<) itself.
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Solution. Let us write a ∼ b if a, b ∈ A* are in the same archimedean class
(always relative to R). We claim that

(∗) a ∼ b iff v(a) = v(b) ∈ G,

where v : A* → G is the Krull valuation on A in the two previous exercises.
First assume a ∼ b, with |a| ≤ r|b| and |b| ≤ r′|a| where r, r′ ∈ Po. Changing
the signs of a, b if necessary, we may assume a, b > 0. Let

g = v(a) = min (supp(a)), and

h = v(b) = min (supp(b)).

If g < h, then the “lowest term” of a − rb has positive coefficient, so
a − rb > 0, a contradiction. Similarly, h < g also leads to a contradiction.
Therefore, we must have

v(a) = g = h = v(b).

Conversely, if v(a) = v(b) = g and

a = aog + · · · , b = bog + · · · ,

with (say) ao, bo ∈ Po, we can choose r, r′ ∈ Po such that ao < rbo and
bo < r′ao. Then a < rb and b < r′a, so we have a ∼ b.

Let U = U(V ) where V is the valuation ring of v. Then U = ker(v) is a
normal subgroup of A* with A*/U ∼= G. The work in the paragraph above
shows that the archimedean classes are just the cosets of A* with respect
to U ; in fact, [a] = aU = Ua for every a ∈ A*. This accounts for the group
structure on the set of all archimedean classes. By a slight modification of
the argument in the first paragraph, we can also show that

r|a| < |b| for all r ∈ Po ⇐⇒ v(a) > v(b) in G.

Therefore, the isomorphism A*/U → G induced by ϕ is order-reversing
from the ordered group of archimedean classes to the given ordered groupG.

Ex. 18.5. Keep the notations in Exercise 2, and define the valuation topol-
ogy on A by taking as a system of neighborhoods at 0 the sets

{α ∈ A : α = 0 or v(α) > g} (g ∈ G).

Show that the valuation topology, as a uniform structure, is complete, i.e.
every Cauchy net in A has a limit.

Solution. The idea here is the same as that used in the proof of the
completeness of the field of p-adic numbers. To simplify the notations, let
us just show that any Cauchy sequence in A is convergent. (The case of
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Cauchy nets can be done in essentially the same way.) For convenience, we
shall take v(0) = ∞.

Let {α(n) : n ∈ N} be a Cauchy sequence in A. It is enough to find a
convergent subsequence {α(ni)}. Indeed, assume such a subsequence exists,
with limα(ni) = α ∈ A. For any g ∈ G, take an N ∈ N such that

v(α(m) − α(n)) > g whenever m,n > N.

For any n > N , take ni > n to be large enough so that v(α − α(ni)) > g.
Then

v(α − α(n)) = v(α − α(ni) + α(ni) − α(n))

≥ min{v(α − α(ni)), v(α(ni) − α(n))} ≥ g,

and hence limα(n) = α.
To find a convergent subsequence of {α(n)}, we may assume that {α(n)}

contains no constant subsequence. After passing to a suitable subsequence,
we may assume that, for gn = v(α(n+1) − α(n)), we have

1 < g1 < g2 < · · · .
We shall now show that {α(n)} is convergent by constructing its limit α =∑

αgg ∈ A. For any g ∈ G, take any n such that g < gn. (Such n exists since
{α(n)} is Cauchy.) Then define αg = α

(n)
g (the coefficient of g in α(n)). Note

that, since v(α(n+1) − α(n)) = gn, we have

α(n+1) − α(n) = rgn + “higher terms” (r ∈ R),

so the coefficients of g in α(n), α(n+1) (and α(n+2) etc.) are the same.
Assuming for the moment that the formal sum α =

∑
αgg is an element

of A, we see immediately that limα(n) = α, since, for any g ∈ G, we have
gn > g for large n, and the latter implies v(α − α(n)) ≥ gn since α and α(n)

have the same coefficients for every g < gn.
To see that α ∈ A, we must show that every nonempty T ⊆ supp(α) has

a least element. Fix any g ∈ T , and choose an n such that gn > g. Then for
any g′ ≤ g in T , we have 0 �= αg′ = α

(n)
g′ . Therefore,

{g′ ∈ T : g′ ≤ g} ⊆ supp (α(n)).

Since supp(α(n)) is well-ordered, the LHS has a least element, which is also
the least element of α. Therefore, α ∈ A as claimed.

Comment. In case A is a field, the same kind of arguments above can be
used to show that any “pseudo-convergent” sequence in A has a “pseudo-
limit.” Thus, A is in fact a “maximally valued field” in the sense of Krull
and Kaplansky.

Ex. 18.6. (K.H. Leung) An ordered division ring (D,<) is said to be
archimedean over a division subring D0 if, for every d ∈ D, we have d ≤ d0
for some d0 ∈ D0. True or False: “If (D,<) is archimedean over Z(D), then
D is commutative ”?
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Solution. Let us first explain why this is an interesting question. As-
sume that the answer to the question is “yes.” Then we can deduce from
it two well-known theorems on ordered division rings. First, if (D,<) is
archimedean (i.e., archimedean over Q), then D is commutative (Hilbert’s
Theorem: Ex. 17.10). Secondly, if (D,<) is algebraic over Z(D), then D is
commutative (Albert’s Theorem: FC-(18.10)).3 Thus, if the answer to the
question is in the affirmative, we would have a common generalization to
the two theorems cited above.

Unfortunately, the answer to the question is “no” in general. To con-
struct a counterexample, start with any noncommutative ordered division
ring (K,<) with center F . Then the division ring D = K((t)) of Laurent
series over K has center F ((t)). We extend “<” to D as in FC-(18.5): a Lau-
rent series is positive iff its lowest degree coefficient is positive. Denoting
the extended ordering again by “<,” we claim that (D,<) is archimedean
over F ((t)). Indeed, for any

d = ant
n + an+1t

n+1 + · · · ∈ D,

we have d < tn−1 ∈ F ((t)) since

tn−1 − d = tn−1 − ant
n − · · · > 0.

However, since F ((t)) �= D, D is not commutative!

Ex. 18.7. A theorem of K.H. Leung states that, if (R,<) is an ordered
ring such that a2 + b2 ≥ 2ab for all a, b ∈ R, then R must be commutative.
Prove this theorem in the special case when R is an (ordered) division ring.

Solution. Replacing b by a+ rb (where r is any element in R), we get the
inequality

a2 + a2 + (rb)2 + arb+ rba ≥ 2a(a+ rb) = 2a2 + 2arb,

so (rb)2 ≥ arb − rba. Since a ∈ R is arbitrary, we also have

(rb)2 ≥ (−a)rb − rb(−a) = −(arb − rba),

and so

(1) |arb − rba| ≤ |rb|2 (∀a, b, r ∈ R).

By the triangular inequality,

|r(ba − ab)| ≤ |rba − arb|+ |(ar − ra)b| ≤ |rb|2 + |r|2|b|,
3 Note that if (D,<) is algebraic over Z(D), then (D,<) is archimedean over
D: see the “root estimate” argument in the solution to Exercise 17.12.
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where the second inequality follows by applying (1) twice (first in general
and secondly for b = 1). Therefore,

(2) |ba − ab| ≤ (|b|+ 1) · |r| · |b| whenever r �= 0.

Let c be an arbitrary positive element in R, and assume b �= 0. If R is a
division ring, there certainly exists r ∈ R\{0} such that

(|b|+ 1) · |r| · |b| ≤ c.

Therefore, (2) yields |ba − ab| ≤ c. Since this holds for all c > 0, we must
have ba = ab, as desired.

Comment. Leung has proved various other forms of commutativity the-
orems over ordered rings, all in generalization of the above exercise. For
instance, if (R,<) is any ordered ring such that, for any a, b ∈ R, there
exists a positive integer n such that a2n + b2n ≥ 2anbn, then R must be
commutative. For more details, see Leung’s paper “Positive semidefinite
forms over ordered skew fields,” in Proc. Amer. Math. Soc. 106 (1989),
933–942.
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Chapter 7
Local Rings, Semilocal Rings,
and Idempotents

§19. Local Rings
In commutative algebra, a local ring is defined to be a (nonzero) ring that
has a unique maximal ideal. This definition generalizes readily to arbitrary
rings: a (nonzero) ring A is said to be local if A has a unique maximal left
ideal. This definition turns out to be left-right symmetric, and is equivalent
to the condition that A/rad A be a division ring.

In commutative algebra, one of the most powerful tools is the association
of a family of local rings to any commutative ring A, namely, the family
of the localizations Ap of A at the various prime ideals p ⊂ A. This theory
does not generalize well to the noncommutative setting. Therefore, the
role of local rings in noncommutative algebra is not as prominent as in
the commutative case. Nevertheless, noncommutative local rings do arise
naturally, and form an important class for study. For instance, they arise
frequently as endomorphism rings of modules, as valuation rings associated
with Krull valuations of division rings, and as group algebras of finite p-
groups over fields of characteristic p > 0.

A nonzero module MR over a ring R is said to be strongly indecom-
posable if End(MR) is a local ring. Such M is always indecomposable.
Conversely, if MR is indecomposable and has a composition series, then
M is strongly indecomposable (cf. FC-(19.17)). The significance of strong
indecomposability can be seen in part from the Krull-Schmidt-Azumaya
Theorem, which states the following: Let MR be an R-module with the de-
compositions

M = M1 ⊕ · · · ⊕ Mr = N1 ⊕ · · · ⊕ Ns,

where the Ni’s are indecomposable, and the Mi’s are strongly indecompos-
able. Then r = s, and after a reindexing, we have Mi ∼= Ni for all i. The
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assumption that the Mi’s be strongly indecomposable is essential for this
theorem. In fact, if the Mi’s are only indecomposable (as are the Ni’s), the
conclusions of the above theorem may fail rather miserably, even over a
commutative noetherian ring R.

For finitely generated right modules M over a right artinian ring R,
the theorem cited above is classically known as the Krull-Schmidt The-
orem. In this case, it is enough to assume that the Mi’s and Ni’s are
indecomposable. This result, along with other closely related results such
as the Noether-Deuring Theorem (FC-(19.25)), are indispensable tools in
the study of representations of finite-dimensional algebras over fields.

The exercises in this section explore different examples and properties
of noncommutative local rings. If R is local, so is its center Z(R) (Ex. 6),
and every finitely generated projective R-module is free (Ex. 11). However,
if R is right noetherian, it may not be left noetherian, and the intersection⋂∞
i=1(rad R)i may not be zero (Ex. 12), etc.

Exercises for §19
Ex. 19.1. For any local ring R, show that (1) the opposite ring Rop is
local, and (2) any nonzero factor ring of R is local.

Solution. (1) Since R is local, R has a unique maximal left ideal m by
FC-(19.1). Clearly,

m
op = {aop : a ∈ m}

is the unique maximal right ideal of R. By FC-(19.1) again, Rop is a local
ring.

(2) Consider any factor ring R = R/I, where I is any proper ideal of R.
Since I cannot contain any units, we have I ⊆ m (where m is as in (1)).
Clearly, m/I is the unique maximal left ideal of R, so R is local, again by
FC -(19.1).

Ex. 19.2. (a) For any field k, show that

(1) R =




a 0 b
0 a c
0 0 a


 : a, b, c ∈ k




is a commutative local ring whose unique maximal ideal m has square zero.
(b) Assume that char k = p > 0, and let G be an elementary p-group of
order p2 generated by x, y. Let V be the 3-dimensional right kG-module
k3 = e1k ⊕ e2k ⊕ e3k with

(2) e1x = e1, e2x = e2, e3x = e1 + e3 and

(3) e1y = e1, e2y = e2, e3y = e2 + e3.
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Show that End(VkG) ∼= R and deduce that V is a strongly indecomposable
kG-module.

Solution. (a) Let m be the set of matrices in (1) with a = 0. It is straight-
forward to check that m is an ideal ofR with m2 = 0, and that U(R) = R\m.
Therefore, by FC-(19.1), (R,m) is a local ring.

(b) Since G is abelian, we may also think of V as a left kG-module, on
which x and y act by left multiplication of the matrices

X =


1 0 1
0 1 0
0 0 1


 and Y =


1 0 0
0 1 1
0 0 1




with respect to the basis {e1, e2, e3}. A matrix A ∈ M3(k) gives a kG-
endomorphism of V iff A commutes with X and Y . For A = (aij), these
conditions amount to:

a12 = a21 = a31 = a32 = 0 and a11 = a22 = a33.

Therefore, End(VkG) corresponds exactly to R ⊆ M3(k) with respect to
the basis {e1, e2, e3}. Since R is a local ring, VkG is by definition strongly
indecomposable.

Ex. 19.3. What can you say about a local ring (R,m) that is von Neumann
regular?

Solution. Since a von Neumann regular ring is always J-semisimple (cf.
FC-(4.24)), we have m = rad R = 0. Therefore, R ∼= R/m is a division ring.

Ex. 19.4. Let R = kG where k is a field and G is a nontrivial finite group.
Show that the following statements are equivalent:

(1) R is a local ring.
(2) RR is an indecomposable R-module.
(3) R/rad R is a simple ring.
(4) k has characteristic p > 0 and G is a p-group.

Solution. (1) =⇒ (2) follows from the fact that a local ring has only trivial
idempotents (cf. FC-(19.2)).

(2) =⇒ (1). Since RR is a module with a composition series, the fact that
it is indecomposable implies that End(RR) is a local ring, by FC-(19.17).
But End(RR) ∼= R, so R is a local ring.

(1) =⇒ (3). If R is local, R/rad R is in fact a division ring.

(3) =⇒ (4). Assume instead char k = 0. Then rad R = 0 by Maschke’s
Theorem, so (3) implies that R is a simple ring. This is impossible since
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the augmentation ideal I is an ideal �= 0, R in R (thanks to |G| �= 1). Thus,
p = char k > 0. Under the augmentation map R → k, rad R maps into rad
k = 0, so we have rad R ⊆ I. From (3), we see that rad R = I. Since R is
artinian, I is nilpotent by FC-(4.12). Therefore, for any g ∈ G,

0 = (g − 1)p
n

= gp
n − 1 ∈ R

for a sufficiently large integer n. This gives gp
n

= 1, so G is a (finite) p-
group.

(4) =⇒ (1) follows from FC-(8.8) (cf. FC-(19.10)). In fact, under the hy-
potheses in (4), rad R is just the augmentation ideal of R, and R/rad R ∼= k.

Ex. 19.5. Let A be an ideal in a ring R such that A is maximal as a left
ideal. Show that R = R/An is a local ring for every integer n ≥ 1.

Solution. Since the image A of A in R is nilpotent, we have A ⊆ rad R.
Clearly, this implies that A is the unique maximal left ideal of R. Therefore,
(R,A) is a local ring.

Ex. 19.6. Show that if a ring R has a unique maximal ideal m, then the
center Z of R is a local ring. (In particular, the center of a local ring is a
local ring.)

Solution. First observe that U(Z) = Z ∩U(R). Consider any element a ∈
Z\U(Z). Then 1 �∈ Ra, (for otherwise a ∈ U(R)), so Ra = aR is contained
in a maximal ideal of R. By the hypothesis on m, we must have Ra ⊆ m.
Therefore, for a, b ∈ Z\U(Z), we have a+ b ∈ m; in particular,

a+ b ∈ Z\U(Z).

This shows that Z\U(Z) is closed under addition, so Z is a (commutative)
local ring, by FC-(19.1).

Comment. A ring R with a unique maximal ideal m need not be a local
ring. For instance, consider V = e1k ⊕ e2k ⊕ · · · where k is a division ring,
and let R = End(Vk). By Exercise 3.15, R has a unique maximal ideal

m = {f ∈ R : dimk f(V ) < ∞}.
However, R is not a local ring. The center Z of R can be shown to be
∼= Z(k), which is a field.

Ex. 19.7. A domain R is called a right discrete valuation ring if there is
a nonunit π ∈ R such that every nonzero element a ∈ R can be written in
the form πnu where n ≥ 0 and u is a unit. Show that

(1) R is a local domain;
(2) every nonzero right ideal in R has the form πiR for some i ≥ 0;
(3) each πiR is an ideal of R; and
(4)

⋂
i≥1(π

iR) = 0.
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Give an example of a noncommutative right discrete valuation ring by using
the twisted power series construction.

Solution. First we show that π has neither a right inverse nor a left in-
verse. Indeed, assume πa = 1 where a ∈ R. Write a = πnu where n ≥ 0
and u ∈ U(R). Then πn+1u = 1, which implies π ∈ U(R), a contradiction.
Next assume bπ = 1 and write b = πmv where m ≥ 0 and v ∈ U(R). Then
πmvπ = 1. From the case we have just treated, m must be zero, so again
π = v−1 ∈ U(R), a contradiction.1

Now let m = πR �= R. If A �= 0, R is any right ideal, let 0 �= a ∈ A and
write a = πnu, where n ≥ 0 and u ∈ U(R). Clearly n �= 0, so a ∈ πR. This
shows that A ⊆ m, so m is the unique maximal right ideal of R. Therefore,
R is a local domain with rad R = m. In the above notation, we also have
πn ∈ A. Now choose i minimal such that πi ∈ A. For any nonzero a ∈ A

above, we must have n ≥ i, so

a = πiπn−iu ∈ πiR.

This shows that A = πiR, as required in (2). (Note that this makes R a
principal right ideal domain.)

The right ideals of R form a chain

(0) � · · · � πi+1R � πiR � · · · � πR � R,

where the strict inclusions follow from the fact that π has no right inverse.
For any u ∈ U(R), conjugation by u takes the above chain to another chain
with strict inclusions. Therefore, we must have u(πiR)u−1 = πiR for every
i ≥ 0. This shows that u(πiR) = πiRu = πiR, from which we see that

(πnu)(πiR) = πn+iR ⊆ πiR (∀n ≥ 0),

so πiR is an ideal.
Finally, if

a = πnu ∈
⋂
i≥1

(πiR) (n ≥ 0, u ∈ U(R)),

then πnu = πn+1r for some r ∈ R. But then u = πr implies that π has a
right inverse, which is not the case. This proves (4).

To construct an example of a noncommutative right discrete valua-
tion ring, we take a field k with an endomorphism σ, and let R = k[[x;σ]]
be the ring of formal power series of the form

∑
i≥0 xiai (ai ∈ k), with

multiplication induced by the twist ax = xσ(a) for all a ∈ k. (Here, we
have reversed our usual notational conventions for the twist equation.

1 Actually, the fact that π has no left inverse will not be needed in the rest of
the proof.
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But of course this does not matter.) Taking π = x, we have for any
α = xnan + xn+1an+1 + · · · with an �= 0:

α = xn(an + xan+1 + · · · ) ∈ πnU(R) (cf. FC-p. 9).

Therefore, R is a right discrete valuation ring. (Note that if σ is not sur-
jective, then Rπi � πiR for all i ≥ 1, and the Rπi ’s are not ideals in R.)

Ex. 19.8. (Brungs) Let R be a nonzero ring such that any nonempty
collection of right ideals of R has a largest member (i.e. one that contains
all the others). Show that (1) R is a local ring, (2) every right ideal of R is
principal, and is an ideal.

Solution. Let m be the largest right ideal among all right ideals �= R.
Since m contains all right ideals �= R, m is the unique maximal right ideal
of R. Therefore, R is a local ring with rad R = m. Let A be any right ideal
of R. Among all right ideals {aR : a ∈ A}, let aoR be the largest. Then
a0R ⊇ aR for all a ∈ A, so A = a0R. To see that all right ideals are ideals,
let us assume the contrary. Among all right ideals which are not ideals, let
aR be maximal. Then, for some b ∈ R, we have baR �⊆ aR. Comparing the
two right ideals baR and aR, we must have aR � baR. Write a = bar, where
r ∈ R. Necessarily, r �∈ U(R), for otherwise ba = ar−1 ∈ aR. Therefore, r ∈
m. By the maximal choice of aR, baR is an ideal; in particular, b · ba = bas
for some s ∈ R. Then

ba = b(bar) = (b2a)r = (bas)r

gives ba(1− sr) = 0. Here

1− sr ∈ 1 + m ⊆ U(R),

so we get ba = 0, which contradicts baR �⊆ aR.

Ex. 19.9. For a division ring D and a (not necessarily abelian) ordered
group (G,<), a function v : D* → G is called a (Krull) valuation if v(ab) =
v(a)v(b) for all a, b ∈ D* and v(a+ b) ≥ min{v(a), v(b)} for all a, b ∈ D*
such that a+ b �= 0. Given such a valuation, let

R = {0} ∪ {r ∈ D* : v(r) ≥ 1}.

(1) Show that R is a local ring.
(2) Show that aRa−1 = R for any a ∈ D*.
(3) Show that for any a ∈ D*, either a ∈ R or a−1 ∈ R.
(4) Show that any right (resp. left) ideal in R is an ideal.
(5) Show that the (right) ideals in R form a chain with respect to inclusion.
(6) Show that any finitely generated right ideal in R is principal.
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Solution. The two valuation axioms clearly imply that R is a subring
of D.

(1) Let m = {0} ∪ {r ∈ D* : v(r) > 1}, which is easily checked to be an
ideal of R. For any r ∈ R\m, we have v(r) = 1, so v(r−1) = 1 as well, and
we have r−1 ∈ R\m. This shows that R\m = U(R), so R is a local ring with
rad R = m.

(2) For r ∈ R\{0}, we have v(r) ≥ 1, so

v(ara−1) = v(a)v(r)v(a)−1 ≥ 1,

since the ordering cone in (G,<) is closed under conjugation (see FC-p. 95).
Therefore, ara−1 ∈ R, from which we see easily aRa−1 = R.

(3) Assume a �∈ R. Then v(a) < 1 implies v(a−1) > 1, so by definition a−1 ∈
m ⊆ R.

(4) follows from (2) since (2) implies aR = Ra (∀a ∈ R).

(5) For given (right) ideals A,B ⊆ R, consider the following two cases
(where A*, B* denote A\{0}, B\{0} respectively):

Case (i). v(A*) ⊆ v(B*). For any a ∈ A*, we have v(a) = v(b) for some
b ∈ B*. Then, v(b−1a) = 1 implies b−1a ∈ U(R), so a = b · b−1a ∈ B. Thus,
in this case, A ⊆ B.

Case (ii). v(A*) �⊆ v(B*); say v(a) �∈ v(B*), where a ∈ A*. For any b ∈ B*,
we cannot have b−1a ∈ R (for otherwise v(a) = v(b · b−1a) ∈ v(B*)). By
(3), we must have a−1b ∈ R. Therefore, b = a · a−1b ∈ A, so we have in this
case B ⊆ A.

(6) Let A = a1R+ · · ·+ arR be a finitely generated right ideal in R. Since
a1R, . . . , arR form a chain, A = aiR for the largest member aiR in the
chain.

Comment. In the theory of Dedekind cuts, a set S in the ordered group
(G,<) is called an upper class if s ≤ s′ and s ∈ S imply that s′ ∈ S. For
any ideal A ⊆ R, v(A*) is an upper class in

G+ = {g ∈ G : g ≥ 1}.

The ideas in the proof of (5) above can be used to show that A �→ v(A*)
gives a one-one correspondence between the ideals ofR and the upper classes
in G+ (with (0) corresponding to the empty upper class, and R correspond-
ing to G+). Moreover, under this correspondence, multiplication of ideals
corresponds to multiplication of upper classes in G+.



274 Chapter 7. Local Rings, Semilocal Rings, and Idempotents

Any ordered group (G,<) (abelian or otherwise) is the recipient group
of a surjective valuation from a suitable division ring D. For an explicit
construction of D and v, see Exercise 14.10.

Ex. 19.10. Let R be a subring of a division ring D which satisfies the two
properties (2), (3) in Exercise 9. Show that there exists an ordered group
(G,<) and a valuation v : D* → G such that

R = {0} ∪ {d ∈ D* : v(d) ≥ 1}.

(Such a subring R of a division ring D is called an invariant valuation ring
of D. If D is a field, the property (2) is automatic; in this case, we get back
the usual (commutative) valuation rings in D).

Solution. Let U = U(R). From aRa−1 = R, we see that U is a normal
subgroup of D*. Therefore, we can form the quotient group G = D*/U ,
whose elements are written as d = dU (for d ∈ D*). Let

P = {d ∈ G : d ∈ R\U(R)}.

We claim that P satisfies the following three axioms for a “positive cone”
on the multiplicative group G:

(a) P · P ⊆ P ;
(b) gPg−1 ⊆ P for any g ∈ G;
(c) G\{1} is the disjoint union of P and P−1.

Clearly, (b) follows from (2), and (c) follows from (3). (a) follows from the
fact that the nonunits in R are closed under multiplication. Therefore, P
defines an ordering “<” on G (cf. FC-p.100). We now define v : D* → G
by v(d) = d (for any d ∈ D*), which is just the projection map from D* to
its quotient group D*/U . Clearly, the set

{0} ∪ {d ∈ D* : v(d) ≥ 1}

is just our given ring R. To show that v is a (Krull) valuation, we need
only check that:

v(a+ b) ≥ min{v(a), v(b)} whenever a, b, a+ b ∈ D*.

We may assume that v(a) ≤ v(b). Then a ≤ b implies that b a−1 ≥ 1, so
ba−1 ∈ R. Therefore, 1 + ba−1 ∈ R, and we have

v(a+ b) = v((1 + ba−1)a) = v(1 + ba−1)v(a) ≥ v(a),

as desired.
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Comment. For a general division ring D, a subring R ⊆ D may satisfy the
property (3) in Exercise 9 without satisfying the “invariance” property (2).
Such subrings are local rings and are called valuation rings in the literature
(cf. FC-(19.3)(b)), though they do not give rise to Krull valuations as we
saw in the two exercises above.

Ex. 19.11. Deduce the fact that a finitely generated projective right mod-
ule P over a local ring (R,m) is free (FC-(19.29)) from the Krull-Schmidt-
Azumaya Theorem (FC-(19.21)).

Solution. Since P/Pm is a finite-dimensional vector space over R/m, P
has a decomposition into a finite direct sum of indecomposable R-modules.
(If P = P1 ⊕ · · · ⊕ Pn where each Pi �= 0, then Pi/Pim �= 0 by Nakayama’s
Lemma, and hence n ≤ dimR/m P/Pm.) Say P ⊕ Q ∼= Rr. Since P,Q are
finite direct sums of indecomposables and RR is strongly indecomposable2,
the Krull-Schmidt-Azumaya Theorem implies that P ∼= Rs for some s ≤ r.

Ex. 19.12. Let k be a field with the property that k(t) (the rational
function field in one variable over k) is isomorphic to k. (For instance,
Q(x1, x2, . . .) is such a field.) Let θ : k(t) → k be a fixed isomorphism. Let
p(t) be a fixed irreducible polynomial in k[t], and let A be the discrete
valuation ring obtained by localizing k[t] at the prime ideal (p(t)). On
R = A ⊕ A, define a multiplication by

(a, b)(a′, b′) = (aa′, ba′ + θ(a)b′).

Then R is a ring with identity (1,0).

(1) Show that R is a local ring with rad R = A · p(t)⊕ A.
(2) Show that

⋂∞
i=1(rad R)i = (0)⊕ A, and that this is the prime radical

of R.
(3) Show that every right ideal of R is an ideal.
(4) Show that R is right noetherian but not left noetherian.

Solution. The distributive laws on R result from θ(a+ a′) = θ(a) + θ(a′),
and the associative law on R results from θ(aa′) = θ(a) θ(a′). The other
ring axioms are easily verified.

(1) From the multiplication formula on R = A ⊕ A, it is clear that

m : = A · p(t)⊕ A

is an ideal. On the other hand, if (a, b) �∈ m, then a ∈ U(A), and it is easy
to verify that (a, b) has inverse (a−1,−bθ(a)−1a−1) in R. It follows that R
is a local ring with rad R = m (cf. FC-(19.1)).

2 Recall that End(RR) ∼= R (which is a local ring).
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(2) By (1) and induction on i, we see easily that mi = A · p(t)i ⊕ A. There-
fore,

∞⋂
i=1

m
i =

( ∞⋂
i=1

A · p(t)i
)

⊕ A = (0)⊕ A.

To see that this is the prime radical of R, note first that (0, b)(0, b′) =
(0, 0) implies that (0)⊕ A has square zero. This gives (0)⊕ A ⊆ Nil*R.
Secondly, R/((0)⊕ A) ∼= A is an integral domain, so Nil*R ⊆ (0)⊕ A, and
hence equality holds. (Incidentally, we also have Nil*R = Nil*R.)

(3) It suffices to check that any principal right ideal (a, b) · R is an ideal in
R. To see that

(a′, b′)(a, b) ∈ (a, b) · R,

we need only find x, y ∈ A such that

(a′a, b′a+ θ(a′)b) = (a, b)(x, y) = (ax, bx+ θ(a)y).

If a = 0, we are done by choosing x = θ(a′) and y = 0. Now assume a �= 0.
We choose x = a′ and find y from the equation

b′a+ θ(a′)b = ba′ + θ(a)y.

Since a, b, a′, b′ ∈ A and θ(a) ∈ k*, the unique solution y for this equation
is in A, as desired.

(4) To see that RR is a noetherian module, it suffices to check that (0)⊕ A
and R/((0)⊕ A) are noetherian right R-modules. For R/((0)⊕ A) ∼= A,
this is clear since A is a (commutative) noetherian ring. To analyze (0)⊕ A,
note that

(0, b)(x, y) = (0, bx),

so R acts on the right of (0)⊕ A via the natural (first coordinate) projection
R → A. Since AA is noetherian, it follows that ((0)⊕ A)R is noetherian.
The left R-structure on (0)⊕ A is, however, quite different. Since

(x, y)(0, b) = (0, θ(x)b),

we have R · (0, b) ⊆ (0, k · b). From this (and the fact that dimk A = ∞), it
is clear that ACC fails for R((0)⊕ A). In particular, R is not left noetherian.

Comment. Note that both m and (0)⊕ A are principal right ideals. In fact,

m = (p(t), 0) · R, and (0)⊕ A = (0, 1)R.

However, they are not principal left ideals. The fact that

∞⋂
i=1

m
i = (0)⊕ A �= 0
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for this example is to be contrasted with Krull’s Intersection Theorem in
commutative algebra: for more commentary on this, see Exercise 4.23.

Ex. 19.13. Show that any finitely generated projective right module P
over a right artinian ring R is isomorphic to a finite direct sum of principal
indecomposable right modules of R.

Solution. Let RR ∼= n1P1 ⊕ · · · ⊕ nrPr where the Pi’s are the distinct
principal indecomposable right R-modules. Since P is finitely generated
and projective, P is a direct summand of some

RnR
∼= nn1P1 ⊕ · · · ⊕ nnrPr.

By the Krull-Schmidt Theorem, it follows that

P ∼= m1P1 ⊕ · · · ⊕ mrPr

for suitable integers mi ≥ 0.

Ex. 19.14. Give an example of a local ring whose unique maximal ideal
is nil but not nilpotent.

Solution. Let R be the commutative ring Q[x1, x2, . . .] with the relations

x2
1 = x2

2 = · · · = 0.

Then R is a local ring with unique maximal ideal m =
∑

Rxi. Since each
xi is nilpotent, m is a nil ideal. However, mn �= 0 for any integer n, since
mn contains x1x2 · · ·xn �= 0. Another example is given by R = kG where
k is any field of characteristic p > 0, and G is the infinite abelian p-group
Zp ⊕ Zp ⊕ · · · .
Ex. 19.15. Let (R, J) be a local ring, and M be a finitely generated left
R-module. If HomR(M,R/J) = 0, show that M = 0.

Solution. Assume that M �= 0. Since M is finitely generated, Nakayama’s
Lemma (FC-(4.22)) implies that M/JM �= 0 as a left vector space over the
division ring R/J . Let

f : M/JM → R/J

be a nonzero R/J-homomorphism. Composing this with the projection
map M → M/JM , we get a nonzero R-homomorphism f̃ : M → R/J , so
we have HomR(M,R/J) �= 0.

Ex. 19.16. Let (R, J) be a left noetherian local ring, and M be a finitely
generated left R-module. Show that M is a free R-module iff, for any exact
sequence 0 → A → B → M → 0 of left R-modules, the induced sequence

0 → A/JA → B/JB → M/JM → 0

remains exact.
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Solution. The “only if” part is clear since

0 → A → B → M → 0

splits in case M is a free module. For the “if” part, note first that M/JM is
a finite-dimensional vector space over R/J . Choose m1, . . . ,mr ∈ M such
that m1, . . . ,mr form an R/J-basis of M/JM . By Nakayama’s Lemma,∑

Rmi = M . Let B = Rr, with the usual basis e1, . . . , er, and let ϕ : B →
M be the R-epimorphism defined by ϕ(ei) = mi. Then, for A = ker(ϕ),
the hypothesis gives an exact sequence

0 → A/JA → B/JB
ϕ→ M/JM → 0.

Here ϕ takes the basis e1, . . . , er of B/JB to the basis m1, . . . ,mr of
M/JM , so ϕ is an isomorphism. It follows that A/JA = 0. Since R is
left noetherian, A ⊆ Rr implies that A is finitely generated over R. Thus,
Nakayama’s Lemma yields A = 0, and we have the desired conclusion
M ∼= Rr.

Ex. 19.17. Let M ∈ Mn(R) where (R,m) is a local ring. If each diagonal
entry of M is a unit and each off-diagonal entry of M is a nonunit, show
that M ∈ GLn(R).

Solution. From rad(R) = m, we know that rad Mn(R) = Mn(m) (see FC -
p. 57). Thus,

Mn(R)/rad Mn(R) = Mn(R)/Mn(m) ∼= Mn(k),

where k is the division ring R/m. The given conditions on the matrix M
means that, under the natural surjection Mn(R) → Mn(k), M goes to a
diagonal matrix with unit diagonal entries over k. Since such a matrix is
in GLn(k), it follows from FC -(4.8) that M ∈ GLn(R).

Comment. This exercise can easily be strengthened as follows. For an ar-
bitrary ring R, let M ∈ Mn(R) be such that each diagonal entry of M is
a unit and each off-diagonal entry is in rad R. Then M ∈ GLn(R). Essen-
tially the same proof works in this more general case (except that the new
formulation has no longer anything to do with local rings!).

§20. Semilocal Rings
In commutative algebra, a commutative ring is called semilocal if it has
only finitely many maximal ideals. Such rings arise upon localizing a com-
mutative ring A at a multiplicative set S = A\⋃mi=1 pi where p1, . . . , pm
are prime ideals in A.
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For arbitrary rings, we take a different approach. By definition, a ring R
is semilocal if R/rad R is artinian (and hence semisimple). In the commuta-
tive case, this turns out to be equivalent to the earlier definition. In general,
if a ring R has finitely many maximal left ideals, then R is semilocal. How-
ever, a semilocal ring (e.g. a simple artinian ring) may have infinitely many
maximal left ideals.

While there is no obvious process of “semilocalization” for noncommu-
tative rings, many semilocal rings arise naturally. For instance, all local
rings and 1-sided artinian rings are semilocal rings. Moreover, if k is any
commutative semilocal ring (e.g. a field), and R is a k-algebra that is finitely
generated as a k-module, then R is always a semilocal ring (see FC-(20.6)).

Semilocal rings R have many nice properties, most of which are proved
by “lifting” corresponding properties from the semisimple ring R/rad R.
One of the most important properties of a semilocal ring R is that it has
“left stable range 1.” This property has played such an interesting role in
modern ring theory and algebraic K-theory that it certainly deserves a
mention here.

A ring E is said to have left stable range 1 if, whenever Ea+ Eb = E
(a, b ∈ E), there exists e ∈ E such that a+ eb ∈ U(E). “Right stable range
1” can be defined similarly by looking at principal right ideals. Amazingly,
“left stable range 1” and “right stable range 1” turn out to be equivalent
conditions. This result is due to Vaserstein; an elementary proof of it is
contained in the solution to Exercise 1.25. As we have mentioned above,
semilocal rings have stable range 1. However, rings of stable range 1 need
not be semilocal (see Ex. 10C).

Stable range conditions were first introduced by Bass in his investigation
of the stability properties of the “K1” of a ring. Independently of this, the
stable range 1 condition turned out to be of significance in the study of the
cancellation problem of modules. For instance, E.G. Evans has proved that,
if A,B,C are right modules over any ring R such that End(AR) has (left)
stable range 1, then A ⊕ B ∼= A ⊕ C implies that B ∼= C (cf. FC-(20.11)).
Note that this is a very strong cancellation theorem, since no conditions
were imposed upon the modules B and C! In particular, if R itself has stable
range 1, then finitely generated projective R-modules can be “cancelled”
from direct sum decompositions (cf. FC-(20.13)).

The exercises in this section offer more characterizations of semilocal
rings (Exercises 1, 13, and Comment on Exercise 11) and some of their
additional properties (Exercises 3, 6, 7 and 12). The class of semilocal rings
with a nilpotent Jacobson radical is especially susceptible to analysis: these
are called the semiprimary rings. Over such rings, for instance, any nonzero
module has a maximal submodule and a minimal submodule (Exercise 5*).
Finally, the stable range 1 condition is related to a matrix-theoretic “stable
finiteness” condition in (the Comment on) Exercise 8.
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Exercises for §20
Ex. 20.1. Show that a ring R is a semilocal iff, for every left R-module M ,

(∗) soc(M) = {m ∈ M : (rad R) · m = 0}.

Solution. The “only if” part should look familiar: we have solved it before
in Exercise 4.18! For the converse, assume that (∗) holds for all left R-
modules M (or just for all cyclic left R-modules). Applying (∗) to the
cyclic left R-module

M := R/rad(R),

we deduce that soc(M) = M . This means that M is a semisimple module
over R, and hence over R/rad(R). Thus, R/rad(R) is a semisimple ring, so
R is semilocal, as desired.

Comment. Some further characterizations of semilocal rings in terms of
the behavior of their simple and semisimple modules can be found in Ex-
ercise 13. The verification for these characterizations is again based on the
useful principle that semisimple R-modules are essentially the same as the
semisimple modules over the canonical factor ring R/rad(R).

If R is a semiprimary ring, more can be said about the socles of modules.
For any left R-module M , it is easy to deduce from Ex. 5∗ below that
soc(M) is always essential in M ; that is M ′ ∩ soc(M) �= 0 for any nonzero
submodule M ′ of M . In fact, the same property holds for the socles of
arbitrary left modules over any right perfect ring R, if we apply Ex. 24.7
instead of Ex. 5∗.

Ex. 20.2. Let A,B,C be right modules over a ring R. If A has a compo-
sition series, show that A ⊕ B ∼= A ⊕ C implies B ∼= C.

Solution. We can decompose A into A1 ⊕ · · · ⊕ An where each Ai is in-
decomposable and has a composition series. Therefore, it suffices for us
to handle the case A = Ai. In this case, E = End(AR) is a local ring by
FC-(19.17); in particular, E has left stable range 1. By the Cancellation
Theorem in FC-(20.11), we conclude that

A ⊕ B ∼= A ⊕ C =⇒ B ∼= C.

Comment. For a stronger conclusion, see the Comment on Exercise 21.24.

Ex. 20.3. Show that, over any commutative semilocal domain R, any
finitely generated projective R-module P is free.

Solution. Let K be the quotient field of R. Then P ⊗R K ∼= Kn for some
integer n. For any prime ideal p of R, the localized module Pp over the
local ring Rp is also free, so Pp

∼= Rmp for some integer m (by FC-(19.29)).
Localizing further to the quotient field K, we see that m = n. Now consider
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the quotient map i : R → S, where S = R/rad R is semisimple (and hence
a finite direct product of fields). For any prime ideal p′ of S, p : = i−1(p′)
is a prime ideal of R, and we have a ring homomorphism Rp → Sp′ . From

(P ⊗R S)⊗S Sp′ ∼= (P ⊗R Rp)⊗Rp
Sp′ ∼= Rnp ⊗Rp

Sp′ ∼= Snp′ (∀p
′),

it is easy to see that P ⊗R S ∼= Sn. (Use Exercise 19.13 for the ring S.) It
now follows from FC-(19.27) that P ∼= Rn as R-modules.

Ex. 20.4. (Jensen-Jøndrup) Can every commutative semiprimary ring C
be embedded in a right (resp. left) noetherian ring?

Solution. The answer is “no” in general. To give a counterexample, let C
be the commutative Q-algebra generated by x1, x2, . . . with the relations
xixj = 0 for i �= j, and x3

i = 0 for all i. It is easy to see that C is a local
ring with

J : = rad C =
⊕
i

(Qxi ⊕ Qx2
i ).

Since xixjxk = 0 for all i, j, k, we have J3 = 0, so C is a semiprimary ring.
Assume, for the moment, that C can be embedded as a subring of a right
noetherian ring R. Then JR =

∑
i xiR is a finitely generated right ideal in

R, so we have JR =
∑n
i=1 xiR for some n. But then

xn+1 = x1r1 + · · ·+ xnrn

for suitable ri ∈ R, and left multiplication by xn+1 (in R) gives x2
n+1 = 0,

a contradiction.

Comment. In contrast, if C is any commutative semiprimary ring with
(rad C)2 = 0, Jensen and Jøndrup have shown that C can then be embed-
ded in an artinian ring! See their paper in Math. Zeit. 130 (1973), 189–197.

Ex. 20.5. The ring C in the above exercise is a commutative non-

noetherian semiprimary ring. Show that R =
(

Q R
0 Q

)
is a noncommuta-

tive semiprimary ring that is neither right noetherian nor left noetherian.

Solution. Clearly, J : =
(
0 R
0 0

)
is an ideal of square zero in R. Therefore,

J ⊆ rad R. On the other hand, R/J ∼= Q × Q is semisimple, so by Exercise
4.11, rad R ⊆ J . This shows that rad R = J , so

R/rad R ∼= Q × Q.

Hence R is semilocal. Since (rad R)2 = J2 = 0, R is a semiprimary ring.
According to FC-(1.22), R is neither right noetherian nor left noetherian.

Ex. 20.5*. Let R be any semiprimary ring, and M be any nonzero left
R-module. Show that (rad R)M �= M and soc(M) �= 0.
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Solution. Let J = radR. The hypothesis onRmeans thatR/J is semisim-
ple and Jn = 0 for some n. If JM = M , successive multiplication by J
yields M = JnM = 0, a contradiction. Therefore, JM �= M . Let m be the
smallest integer such that JmM = 0. Then m ≥ 1, and N : = Jm−1M is a
nonzero R/J-module. Since R/J is a semisimple ring, RN is a semisimple
R-module, so soc(M) ⊇ N �= 0.

Comment. For a much more general result, see Exercise 24.7 below.

Ex. 20.6. Let R be a left noetherian semilocal ring such that rad R is a
nil ideal. Show that R is left artinian.

Solution. Since R is left noetherian, the nil ideal rad R must be nilpotent
by Levitzki’s Theorem (FC-(10.30)). Therefore, R is a semiprimary ring.
By the Hopkins-Levitzki Theorem (FC-(14.15)), the fact that R is left
noetherian implies that R is left artinian.

Ex. 20.7. (cf. Exercise 4.21) Let R be any semilocal ring. For any ideal
I ⊆ R, show that the natural map ϕ : GLn(R) → GLn(R/I) is onto.

Solution. We first prove the desired conclusion for n = 1. In this case,
we have to prove the surjectivity of U(R) → U(R/I). Let a ∈ R be such
that a ∈ U(R/I). Then Ra+ I = R. By Bass’ Theorem (FC-(20.9)), a+ I
contains a unit u ∈ U(R). Clearly, this unit lifts the given unit a ∈ U(R/I).
For a general n, let

R′ = Mn(R) and I ′ = Mn(I).

By FC-(20.4), R′ is also semilocal. By the n = 1 case settled above,
U(R′) → U(R′/I ′) is onto. Since U(R′) = GLn(R) and

U(R′/I ′) = U(Mn(R/I)) = GLn(R/I),

we conclude that ϕ : GLn(R) → GLn(R/I) is onto.

Ex. 20.8. For any ring R and any integer n ≥ 1, show that the following
statements are equivalent:

(1) Mn(R) is Dedekind-finite;
(2) for any right R-module M , Rn ∼= Rn ⊕ M implies that M = (0);
(3) RnR is hopfian, i.e. any right module epimorphism α : Rn → Rn is an
isomorphism.

Solution. (1) ⇒ (3). Let β : Rn → Rn be a splitting of the epimorphism
α, so that αβ = I. Identifying End(RnR) with Mn(R) in the usual way, we
have αβ = I =⇒ βα = I, so α is also one-one, hence an isomorphism.

(3) ⇒ (2). Fix an isomorphism ϕ : Rn → Rn ⊕ M and let π : Rn ⊕ M →
Rn be the first-component projection onto Rn. Then πϕ is an epimorphism
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and hence an isomorphism. This implies that π is also an isomorphism, so
M = ker(π) = 0.

(2) ⇒ (1). Say αβ = I ∈ Mn(R). Then α defines an epimorphism Rn → Rn

with a splitting β. Letting M = ker(α), we have Rn ∼= Rn ⊕ M . Now (2)
implies that M = 0, and we conclude easily that βα = I ∈ Mn(R).

Comment. A ring R satisfying any of the conditions (1), (2), (3) above is
called stably n-finite (or, according to P.M. Cohn, weakly n-finite). Note
that if R is stably n-finite, then R is stably m-finite for any m ≤ n. For
instance, if R has stable range 1, then R is stably n-finite for all n, by
FC-(20.13).

Ex. 20.9. According to Ex. 1.12, if a ring R is right noetherian, then any
finitely generated right R-module is hopfian. Show that the same conclusion
holds also over any S-algebra R over a commutative ring S such that R is
finitely generated as a module over S. (In particular, right noetherian rings
and S-algebras of the above type are stably n-finite for any n.)

Solution. In view of Ex. 4.16∗, it is enough to handle the case R = S; that
is, we may assume that R is a commutative ring.

Given a surjective f : M → M where MR is finitely generated, we may
view M as a right R[t]-module by letting t act via f . Let A be the ideal
tR[t] in R[t]. Then MA = M (since f is onto). Pick m1, . . . ,mn ∈ M such
that M =

∑n
i=1 miR. We can write mi =

∑
jmjαij where αij ∈ A. By a

familiar argument in linear algebra, we see that

M · det(In − (αij)) = 0.

Now det(In − (αij)) has the form 1 + α for some α ∈ A, say α = r1t+ · · ·+
rkt
k. For any m ∈ ker(f), we have then

0 = m(1 + α) = m+ f(m)r1 + · · ·+ fk(m)rk = m,

which shows that f is surjective.

Comment. The result in this exercise first appeared in print in Vasconce-
los’s paper in Án. Acad. Brasil Ci. 37 (1965), 389–393. Our proof above
follows that of Prop. 1.2 in a later paper of Vasconcelos in Trans. Amer.
Math. Soc. 138 (1969), 505–512. Essentially the same result was indepen-
dently proved in §4 of Strooker’s paper in Nagoya J. Math. 27 (1966), 747–
751. (Strooker assumed only that R is a direct limit of a directed system of
right noetherian rings, which is certainly the case when R is commutative,
by the Hilbert Basis Theorem.) The commutative case of Strooker’s result
(for finitely presented modules) also appeared on p. 35 in Grothendieck’s
“Éléments de Géométrie Algébrique”, IV. 3, Publ. I.H.E.S., no. 28, 1966,
and was proved by a familiar reduction to the case of noetherian rings.
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By standard localization techniques, it follows immediately from this
exercise that, for R commutative, the hopfian property already holds for
locally finitely generated R-modules.

The most general result on the hopfian property was that obtained by
K. Goodearl. In his paper in Comm. Algebra 15 (1987), 589–609, Goodearl
defined a (possibly noncommutative) ring R to be right repetitive if, for any
a, b ∈ R, akb =

∑k−1
i=0 aib for some k. With this definition, Goodearl showed

that all finitely generated right modules over a ring R are hopfian iff all
matrix rings Mn(R) are right repetitive. Goodearl also pointed out that
these conditions are not left-right symmetric. From Goodearl’s results, it is
easy to deduce, for instance, that commutative rings and right noetherian
rings both have the hopfian property discussed in this exercise. An example
due to Armendariz, Fisher, and Snider showed, however, that P.I. rings
(rings satisfying a polynomial identity) need not have this hopfian property;
see their paper in Comm. Algebra 6 (1978), 659–672.

The cohopfian analogue of Goodearl’s result, due to Dischinger, was
actually obtained some ten years earlier; see Ex. 23.9 below.

Ex. 20.9∗. (Partial generalization of Ex. 9.) A ring R is called right duo if
every right ideal of R is an ideal. Show that such a ring R is stably n-finite
for all n.

Solution. The following succinct solution was suggested to us by K. Good-
earl, who also pointed out that it is sufficient to assume R is right quasi-duo;
that is, every maximal right ideal of R is an ideal. For such a ring R, let
{mi} be the set of maximal right ideals, with rad R =

⋂
mi. Since mi is an

ideal, R/mi is a ring; this is a division ring since its only right ideals are
(0) and itself. Thus, for any n,

Mn(R)/Mn(mi) ∼= Mn(R/mi)

is a simple artinian ring, which we know is Dedekind-finite (by linear
algebra, or by one of Ex. 3.10, Ex. 4.17). The natural ring homomor-
phism Mn(R) → ∏

iMn(R/mi) has kernel Mn(rad R) = rad Mn(R) (see
FC -p. 57). Thus, Mn(R)/rad Mn(R) is Dedekind-finite, and FC -(4.8) im-
plies the same for Mn(R).

Comment. This exercise, brought to my attention by J. Sjogren, was a
remark from p. 479 of Kaplansky’s classic paper “Elementary divisors and
modules,” Trans. Amer. Math. Soc. 66 (1949), 464–491. No proof was given
for this remark.

In the terminology of FC -§12, the proof above showed that, for a right
quasi-duo ring R, Mn(R)/rad Mn(R) is a subdirect product of simple ar-
tinian rings. The reader might try to investigate what other properties of
Mn(R) can be deduced from this fact.

Deciding whether a particular class of rings is stably finite (i.e. stably
n-finite for all n) is often not easy. For an interesting example, consider
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the class of group algebras kG where k is a field and G is a group. If char
k = 0, Kaplansky has shown that kG is stably finite, but the same con-
clusion is not known if char k = p > 0. For more detailed discussions on
this (including references to the work of I. Kaplansky, S. Montgomery and
D. Passman in this direction), see I. Herstein’s lovely “Notes from a Ring
Theory Conference,” CBMS Monograph Series No. 9, Amer. Math. Soc.,
1971. Some cases in which the characteristic p question has an affirmative
answer are: (1) G is finite or abelian, (2) G is an ordered group, and (3) G
is an amenable group. Here, (1) is easy, (2) follows from FC -(14.24), and
(3) is a recent result of Ara, O’Meara and Perera from their paper “Sta-
ble finiteness of group rings in arbitrary characteristic,” Adv. Math. 170
(2002), 224–238.

Ex. 20.10A. (Kaplansky) Show that a ring R has left stable range 1 iff
Ra+Rb = R implies that R · (a+ xb) = R for some x ∈ R.

Solution. (“If” part) Assuming that Ra+Rb = R implies R · (a+ xb) =
R for some x ∈ R, we are done if we can show that R is Dedekind-finite.
Suppose au = 1. From Ra+R(1− ua) = R, our assumption gives a left-
invertible element v = a+ x(1− ua) for some x ∈ R. Then vu = au+ xu −
xu(au) = 1 shows that v ∈ U(R), and hence u, a ∈ U(R) also.

Comment. The result in this exercise appeared in an unpublished (and
mimeographed!) note of I. Kaplansky, entitled “Bass’s first stable range
condition”, written in 1971. The general (left) stable range n condition,
first introduced by Bass in his work on algebraic K-theory, requires that,
whenever Ra1 + · · ·+Ran+1 = R, there exist x1, . . . , xn ∈ R such that

R(a1 + x1bn+1) + · · ·+R(an + xnbn+1) = R.

In the case n = 1, we used a slightly different definition in FC -p. 300. The
point of this exercise is to show that the two definitions are equivalent (for
n = 1). For general n, L. Vaserstein proved the rather amazing result that
the stable range n condition is left-right symmetric. We have alluded to
this in the case n = 1 in the Introduction to this section.

Ex. 20.10B. For any ring R with left stable range 1, show that rad (R)
is given by {r ∈ R : r +U(R) ⊆ U(R)}.

Solution. It suffices to show that r +U(R) ⊆ U(R) implies r ∈ rad(R).
By FC -(4.1), the latter will follow if we can show that, for any s ∈ R,
1− sr has a left inverse. From Rr +R(1− sr) = R, the left stable range 1
condition gives a unit

r + x(1− sr) ∈ U(R)

for some x ∈ R. But then x(1− sr) ∈ r +U(R) ⊆ U(R), which clearly im-
plies that 1− sr has a left inverse.
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Comment. It was Sam Perlis who first proved that the (Wedderburn)
radical of a finite-dimensional algebra R over a field is given by the set
{r ∈ R : r +U(R) ⊆ U(R)}. (See his paper “A characterization of the rad-
ical of an algebra”, Bull. Amer. Math. Soc. 48 (1942), 128–132.) This is
a special case of the present exercise, since any such algebra is certainly
semilocal, and semilocal rings have left stable 1 according to Bass’s The-
orem (FC -(20.9)). The following is, for instance, a consequence of this
exercise: if R is a semisimple ring, then the only element r ∈ R with the
property r +U(R) ⊆ U(R) is zero. Note, however, that the “stable range 1”
condition on R in this exercise cannot be dropped, as we have seen earlier
in Ex. 4.24.

Ex. 20.10C. Without assuming the results in the next two exercises, show
that a ring of stable range 1 need not be semilocal.

Solution. It is easy to see that if Ri (i ∈ I) are rings of stable range 1,
then so is their direct product R =

∏
iRi. Therefore, if we take {Ri} to

be an infinite family of fields, then R =
∏
iRi has stable range 1. But R is

clearly not semilocal.
Another construction can be given if we notice that the direct limit of

a family of rings of stable range 1 is also of stable range 1. Thus, if we fix
any field k and embed M2i(k) into M2i+1(k) by

M �→
(
M 0
0 M

)
,

then R =
⋃
i M2i(k) is of stable range 1. But R is a nonartinian simple

ring (see FC-p. 40), so it is again not semilocal.

Comment. In case the above examples look a bit “pathological” to some
readers, we point out that there are many commutative integral domains
which are of stable range 1 but are not semilocal. Some examples are: the
ring of all algebraic integers, and the ring of all holomorphic functions on
C. (Both of these are Bézout domains.) For other examples, see the papers
“Stable range in commutative rings” by D. Estes and J. Ohm, J. Algebra
7 (1967), 343–362, and “Stable range one for rings with many units” by K.
Goodearl and P. Menal, J. Pure and Applied Alg. 54 (1988), 261–287.

The class of rings of stable range 1 turns out to be veritably larger than
what one might initially expect. For more information on this, see the next
two exercises.

Ex. 20.10D. For any von Neumann regular ringR, show that the following
conditions are equivalent:

(1) R has (left) stable range 1;
(2) R is unit-regular (in the sense defined in Ex. 4.14B);
(3) finitely generated projective (right) R-modules satisfy the cancellation
law.
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Solution. (1) =⇒ (3) follows from FC -(20.13) (even without the regular-
ity assumption on R). (3) =⇒ (2) follows from Ex. 4.14C (applied to the
module M = RR). Thus, we need only prove (2) =⇒ (1).

Assume R is unit-regular. We can show that R has left stable range
1 by repeating Swan’s proof of the same conclusion for semisimple rings,
as given in FC -(20.9). Starting with Ra+Rb = R, there are exactly three
steps in Swan’s proof that depended on semisimplicity, namely:

(A) We can write Rb = (Ra ∩ Rb)⊕ B′ for some left ideal B′.

(B) If K = {r : ra = 0}, the sequence 0 → K → R
f−→ Ra → 0 (defined by

f(1) = a) splits.

(C) From Ra ⊕ K ∼= R = Ra ⊕ B′, we can deduce K ∼= B′.

If we can justify each of these steps over the unit-regular ring R, Swan’s
proof will go through. Now (B) is clear, since Ra (as a direct summand of
RR) is projective. (A) follows from the natural exact sequence

0 → Ra ∩ Rb → R −→ (R/Ra)⊕ (R/Rb) → 0.

(Since (R/Ra)⊕ (R/Rb) is projective, this sequence splits, so Ra ∩ Rb is
a direct summand of R, hence of Rb.) So far, we have used only the von
Neumann regularity of R. Finally, (C) follows from Ex. 4.14C in light of
the unit-regularity of R.

Comment. A direct proof for (1) =⇒ (2) is also possible; see, for instance,
Prop. 4.12 in K. Goodearl’s book “von Neumann Regular Rings”, 2nd
edition, Krieger Publ. Co., Malabar, Florida, 1991.

Ex. 20.10E. For any ring R, show that the following conditions are equiv-
alent:

(1) R has left stable range 1;
(2) R/rad R has left stable range 1;
(3) R[[x]] has left stable range 1.

From this, deduce that, if R is a commutative ring of (Krull) dimension 0,
then R[[x1, . . . , xn]] has stable range 1 (for any n ≥ 0).

Solution. The equivalence (1) ⇐⇒ (2) follows quickly from the following
two observations on the factor ring R = R/J , where J is any ideal of R
contained in rad R:

(A) For r ∈ R, r ∈ U(R) iff r ∈ U(R);
(B) For a, b ∈ R, Ra+Rb = R iff Ra+Rb = R.

In fact, these observations show that (1) is equivalent to R/J having left
stable range 1. Applying this to the ideal (x) ⊆ rad R[[x]], we see also that
(1) ⇐⇒ (3).
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Now assume R is commutative, with dim R = 0. By the Comment on
Ex. 4.15, R/rad R is unit-regular. Applying Ex. 10D, we see that R/rad R
has left stable range 1, so by (2) =⇒ (1) above, R also has left stable range
1. Applying (1) =⇒ (3) n times, we see that R[[x1, . . . , xn]] has left stable
range 1.

Comment. The implication (1) =⇒ (3) was observed by Brewer, Katz, and
Ullery in their paper in J. Algebra 106 (1987), 265–286. The fact that
0-dimensional commutative rings have stable range 1 has a powerful gen-
eralization: P. Ara has proved that any strongly π-regular ring has stable
range 1; see his paper in Proc. Amer. Math. Soc. 124 (1996), 3293–3298.

Ex. 20.11. (Camps-Menal) Recall that a subring A ⊆ R is full if A ∩U(R)
⊆ U(A) (see Exercise 5.0). If R = D1 × · · · × Dn where each Di is a division
ring, show that any full subring A ⊆ R is a semilocal ring.

Solution. We proceed by induction on n. If n = 1, a full subring A ⊆ R =
D1 is a division ring and hence semilocal. Now assume n > 1. If A contains
a nontrivial idempotent e, then e must be central in R and we have

(1) eA ⊆ eR, (1− e)A ⊆ (1− e)R,

where eR, (1− e)R are direct products of fewer than n division rings. It is
easy to check that, in (1), eA and (1− e)A are full subrings of eR and (1−
e)R. (Use the fact that if x ∈ eA ∩U(eR), then x+ (1− e) ∈ A ∩U(R).)
Therefore, by the inductive hypothesis, eA and (1− e)A are semilocal,
which implies that A = eA × (1− e)A is semilocal.

In the following, we assume that A contains no trivial idempotents. We
may also assume that A is not a division ring. Pick an element a ∈ A\{0}
with the largest number of zero coordinates, say

a = (0, . . . , 0, ar+1, . . . , an),

where all ai �= 0. Then 0 < r < n. Let

π : A → D1 × · · · × Dr

be the projection map into the first r components. We claim that

(2) b ∈ ker(π), x ∈ A =⇒ 1− xb ∈ U(R).

In fact, let b = (0, . . . , 0, br+1, . . . , bn) and x = (x1, . . . , xn) in A. Then

(3) 1− xb = (1, . . . , 1, 1− xr+1br+1, . . .) ∈ A,

(4) xb(1− xb) = (0, . . . , 0, xr+1br+1(1− xr+1br+1), . . .) ∈ A.

Assume, for the moment, that 1− xb �∈ U(R). Then, from (3), we have, say,
1− xr+1br+1 = 0. Now the element in (4) has at least r + 1 zero coordi-
nates, so xb(1− xb) = 0. This means that xb is an idempotent in A; hence
xb = 0 or 1. Both are contradictions, so we have proved (2).
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Since A ⊆ R is full, we have in fact 1− xb ∈ U(A) in (2). Therefore,
ker(π) ⊆ rad A. Next we claim that

(5) The subring A/ ker(π) ⊆ D1 × · · · × Dr is full .

If so, then, by the inductive hypothesis, A/ ker(π) is semilocal. Since
ker(π) ⊆ rad A, this implies that A is semilocal, as desired.

To prove (5), consider x = (x1, . . . , xn) ∈ A such that

π(x) ∈ U(D1 × · · · × Dr),

i.e. x1, . . . , xr �= 0. We want to prove that all xi �= 0, for then x ∈ A ∩
U(R) ⊆ U(A). Assume, for the moment, that, say xr+1 = 0. Then (for the
element a constructed earlier) xa has at least r + 1 zero coordinates, so
xa = 0. This means

xr+1 = · · · = xn = 0,

and hence

x+ a = (x1, . . . , xr, ar+1, . . . , an) ∈ A ∩U(R) ⊆ U(A).

Since a ∈ ker(π) ⊆ rad A, this gives x ∈ U(A), which is clearly a contradic-
tion.

Comment. The above result of Camps and Menal appeared in Comm. Al-
gebra 19 (1991), 2081–2095. It was subsequently further generalized by
Camps and Dicks (in Israel J. Math. 81 (1993), 203–211) as follows. Define
a ring homomorphism f : S → R to be local if f−1(U(R)) ⊆ U(S). (Note
that a subring A ⊆ R is full iff the inclusion map A → R is local.) In their
joint paper, Camps and Dicks proved that if f : S → R is local and R is
semilocal, then S is also semilocal.

For any ring S, the projection map S → S/rad S is always a local
homomorphism (by FC-(4.8)). Therefore, the result of Camps and Dicks
can also be stated in the following equivalent form: A ring S is semilocal
iff there exists a local homomorphism from S to some semisimple ring.

Ex. 20.12. (Cf. Exercise 19.6) For any semilocal ring R, show that C : =
Z(R) is semilocal.

Solution. By the solution to Exercise 5.0, C is full in R, and

J : = C ∩ rad R ⊆ rad C.

We claim that

(1) C/J ↪→ R/rad R is a full subring.

In fact, if c ∈ C is such that c ∈ U(R/rad R), then by FC-(4.8),

c ∈ C ∩U(R) ⊆ U(C).
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From (1), it follows that

(2) C/J ↪→ Z(R/rad R) is also a full subring.

By Exercise 3.4,

Z(R/rad R) ∼= D1 × · · · × Dn,

where the Di’s are fields. Therefore, by the last exercise, C/J is semilocal.
Since J ⊆ rad C, this implies that C is semilocal.

Comment. Of course, if we assume the more general result of Camps and
Dicks mentioned in the Comment on Exercise 11, then the fact that C ↪→ R
is a local homomorphism implies directly that C is a semilocal ring.

The following two exercises were worked out in collaboration with H.W.
Lenstra, Jr.

Ex. 20.13. For any ring R, show that the following are equivalent:

(1) R is semilocal;
(2) Any direct product of semisimple right R-modules is semisimple;
(3) Any direct product of copies of a semisimple right R-module is semisim-
ple;
(4) Any direct product of simple right R-modules is semisimple.

Solution. Let R = R/J , where J = rad (R).

(1) =⇒ (2). If R is semilocal, R is a semisimple ring. Let {Mi} be any
family of semisimple right R-modules. Since MiJ = 0 for all i, each Mi is
an R-module, and therefore so is

∏
iMi. But then

∏
iMi is semisimple over

R, and hence also over R.

(2) =⇒ (3) and (2) =⇒ (4) are tautologies.

(3) =⇒ (1). Let {Sj} be a representative set of simple right R-modules.
Then M =

⊕
i Sj is a faithful semisimple right module over R (as in FC -

(11.1)). For each i ∈ M , let ϕi : R → M be the R-module homomorphism
sending r to i r. Since MR is faithful, these ϕi’s define an embedding of
RR into

∏
i∈M M . By (3), the latter is semisimple, so RR is also semisimple.

This means R is a semisimple ring, so we have (1).

(4) =⇒ (1). For {Sj} as above, let N =
∏
j Sj . By (4), NR is semisimple

(and still faithful over R). Repeating the above argument with N replacing
M (and noting that

∏
i∈N N is semisimple), we see that RR is semisimple

as before.



§21. The Theory of Idempotents 291

Comment. It should not go unnoticed, perhaps, that the choices of our im-
plications were designed in such a way that we stay clear from any slippery
considerations of arbitrary direct products of direct sums of modules!

Ex. 20.14. For any ring R, show that the following are equivalent:

(5) Any right primitive factor ring of R is artinian;
(6) Any direct product of copies of a simple right R-module is semisimple.

Solution. (5) =⇒ (6). Given any simple module MR, let R := R/ann(M).
This ring is right primitive, since it has a faithful simple right module M .
Thus, by (5), R is simple artinian. Any direct product of copies of M is
semisimple over R, and hence also over R.

(6) =⇒ (5). Any right primitive factor ring R of R has a faithful simple
right module M . Arguing as in (3) =⇒ (1) of the previous exercise, we see
that RR can be embedded into

∏
i∈M M . Thus, (6) implies that R is a

semisimple (and hence artinian) ring.

Comment. Of course, the conditions in Ex. 13 imply those in Ex. 14. The
converse is not true. For instance, any commutative ring R satisfies (5), but
not necessarily (1)!

Since the conditions in Ex. 13 are left-right symmetric (specifically, (1)
is), it is natural to ask if the same is true for the conditions (5), (6) in
Ex. 14. In pp. 60–61 of K. Goodearl’s book on von Neumann regular rings
(Krieger Publ. Co., 1991), it is proved that, if R is von Neumann regular,
the condition (5) is equivalent to prime factor rings of R being artinian.
This implies, in particular, that (5) (and hence (6)) is left-right symmetric
for von Neumann regular rings. In general, however, (5) is not equivalent
to its left analogue, according to my colleague G. Bergman. In his 1964
paper in Proc. A.M.S. 15, 473–475, Bergman constructed the first example
of a ring (in fact an infinite-dimensional Q-algebra) that is right primitive
but not left primitive. Clearly, R cannot satisfy (5). In an email to me on
3/28/03, Bergman proved further that all simple left R-modules are finite-
dimensional over Q. In particular, every left primitive factor ring of R is
finite-dimensional over Q, and therefore artinian. This sharpens the earlier
conclusion that R is not left primitive into the statement that R actually
satisfies the left analogue of (5)—almost forty years after the publication
of the original Proc. A.M.S. paper!

§21. The Theory of Idempotents
If e is a central idempotent in a ring R (that is, e = e2 ∈ Z(R)), then, for the
complementary idempotent f = 1− e, we have a decomposition of R into a
direct product of the two rings eR and fR. Conversely, any decomposition
of R into a direct product of two rings arises in this fashion.
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If e = e2 but e is not necessarily central, then for f = 1− e we have
R = eR ⊕ fR where eR, fR are now right ideals, and any decomposition
of R into a direct sum of two right ideals arises in this fashion. (A similar
result holds for left ideals.) In general, even if a ring R has only the trivial
central idempotents (0 and 1), it may have lots of nontrivial idempotents.
The example of a matrix ring R = Mn(k) (n > 1, k any domain) is an
important case in point.

In view of what we said above, it is perhaps not surprising that idem-
potents play a much larger role in the structure theory of noncommutative
rings. Given e = e2 ∈ R, we can associate with it the ring eRe, which has
identity e, and can be identified with the endomorphism ring of (eR)R (cf.
FC-(21.7)). In a manner of speaking, the ring eRe contains the “local infor-
mation” about the idempotent e. The close relationship between the 1-sided
(resp. 2-sided) ideals of R and eRe is described in detail in FC-(21.11).

For any nonzero idempotent e ∈ R, consider the following properties for
the right module eR:

(1) eR is a simple module.
(2) eR is a strongly indecomposable module.
(3) eR is an indecomposable module.

These properties define, respectively, the notions of right irreducible, local,
and primitive idempotents, in decreasing strength. The latter two turn out
to be left-right symmetric conditions: e local means eRe is a local ring,
while e primitive means eRe has only trivial idempotents. In general, e
right irreducible is different from e left irreducible, although, in the case of
a semiprime ring R, these two notions do coincide, and they both amount
to eRe being a division ring (FC-(21.16)).

For two given idempotents e, e′ ∈ R, consider the following possible re-
lationships between them:

(1) eR = e′R.
(2) eR ∼= e′R and (1− e)R ∼= (1− e′)R (as right R-modules).
(3) eR ∼= e′R (as right R-modules).

Here again, we have (1) ⇒ (2) ⇒ (3) (the first implication is Exercise
4 below), and (2), (3) turn out to be left-right symmetric relations. The
relation (3) amounts to e = ab and e′ = ba for suitable a, b ∈ R: in this case,
we write e ∼= e′, and say that e, e′ are isomorphic idempotents (FC-(21.20)).
The relation (2) amounts to e, e′ being conjugate in R: see Exercise 16.

For an ideal I ⊆ R, it is of interest to study the relationship between
the idempotents of R and those of R = R/I. For instance, when can an
idempotent in R be lifted to an idempotent in R? This turns out to be
possible in at least two important cases, first when I is nil, and secondly
when R is I-adically complete: see FC-(21.28) and FC-(21.31). The lifta-
bility of idempotents in these cases is a fundamental result in ring theory
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with a wide range of applications to number theory, integral and modular
representation theory, and algebraic K-theory.

The many exercises in this section expand the themes discussed above,
and provide examples and counterexamples to illustrate the general theory
of idempotents. Much of this belongs to the folklore of noncommutative ring
theory. A few exercises (e.g. Ex’s 16*, 23, 28, 29, 30) are taken directly from
original papers in the literature.

Exercises for §21
Ex. 21.1. Let e be an idempotent in a ring R. For any right R-module V ,
we can view V e as a right eRe-module.

(1) Show that if 0 → V ′ → V → V ′′ → 0 is an exact sequence of right R-
modules, then 0 → V ′e → V e → V ′′e → 0 is an exact sequence of right
eRe-modules.
(2) If VR is irreducible, show that V e is either zero or is irreducible as an
eRe-module.
(3) Show that for any irreducible right eRe-module W , there exists an
irreducible right R-module V , unique up to isomorphism, such that W ∼=
V e.

Solution. (1) It suffices to show that, whenever V ′ ϕ→ V
ψ→ V ′′ is exact,

so is V ′e α→ V e
β→ V ′′e, where α, β are induced by ϕ,ψ. Clearly, im(α) ⊆

ker(β). Suppose β(ve) = 0, where v ∈ V . Then ψ(ve) = 0 too, so ve = ϕ(v′)
for some v′ ∈ V ′. But then

ve = vee = ϕ(v′)e = ϕ(v′e) = α(v′e).

(2) Assume V e �= 0. To prove the simplicity of (V e)eRe, we’ll show that
any ve �= 0 generates this module. Noting that veR = V , we see that

ve · eRe = (veR)e = V e.

(3) Since eR is a left eRe-module, we can form the tensor product

M = W ⊗eRe eR,

and this is a right R-module, with

Me = W ⊗eRe eRe ∼= W.

It is convenient to think of this isomorphism as an identification, so that
we can view W as Me. In general, however, MR may not be irreducible.
Let N be the sum of all R-submodules of M which are killed by e. Since
N ∩ W = 0, N �= M . We claim that N contains all proper R-submodules X



294 Chapter 7. Local Rings, Semilocal Rings, and Idempotents

of M. (In particular, N is the unique maximal R-submodule of M.) To see
this, consider the exact sequence

0 → X → M → M/X → 0,

and the associated exact sequence

0 → Xe → Me → (M/X)e → 0.

If Xe �= 0, then Xe = Me (since Me = W is simple), and hence (M/X)e =
0. This implies that X ⊇ Me = W and hence X ⊇ W · R = M , a contra-
diction. Thus, Xe = 0, so X ⊆ N as claimed. Now, for the simple R-module
V : = M/N , we have

V e = (Me+N)/N = (W +N)/N ∼= W.

(3)′ To prove the uniqueness of V , let V ′
R be another simple R-module with

V ′e ∼= W . Using the notations in (3), we can construct an R-epimorphism
ϕ : M → V ′ which “extends” the embeddings of W into M and V ′. Since
Ne = 0 but V ′e �= 0, the R-submodule ϕ(N) ⊆ V ′ must be zero. There-
fore, ϕ induces V = M/N → V ′, which must be an isomorphism by the
irreducibility of V .

Ex. 21.2. Define a partial ordering on the set of all idempotents in R by:
e′ ≤ e iff ee′ = e′e = e′. Call a nonzero idempotent e minimal if there is no
idempotent strictly between 0 and e. Show that the minimal idempotents
in this sense are precisely the primitive idempotents of R.

Solution. The condition ee′ = e′e = e′ is easily seen to be equivalent to
e′ ∈ eRe. Therefore, the minimality of e(�= 0) amounts to the fact that eRe
has no nontrivial idempotents. By FC-(21.8), this is equivalent to e being
a primitive idempotent of R.

Ex. 21.2*. Describe the primitive idempotents in R if R is (1) the Boolean
ring of all subsets of a nonempty set S, or (2) the ring End(Vk) where V is
a nonzero vector space over a division ring k.

Solution. (1) Here, every e ∈ R is an idempotent. If e, e′ ∈ R, then e, e′ are
subsets of S, and e′ ≤ e (in the sense of Exercise 2) means that e′ ⊆ e ⊆ S.
Therefore, the primitive idempotents of R are given by the singleton subsets
of S.

(2) For R = End(Vk), every idempotent e ∈ R gives rise to a direct sum
decomposition V = ker(e)⊕ im(e). Conversely, for any direct sum decom-
position V = U ⊕ W , the projection of V onto W with kernel U is an idem-
potent in R. If e, e′ are idempotents in R, then e′ ≤ e (in the sense of
Exercise 2) is easily seen to be equivalent to

im(e′) ⊆ im(e) and ker(e′) ⊇ ker(e).

From this, it follows that e = e2 is a primitive idempotent in R iff dimk
e(V ) = 1, i.e. iff e is a projection of V onto a line.
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Ex. 21.3. Let e ∈ R be an idempotent, and f = 1− e. Show that for
any r ∈ R, e′ = e+ erf is an idempotent. Writing f ′ = 1− e′, show that
e = e′ + e′sf ′ for some s ∈ R.

Solution. First, we have

e′2 = (e+ erf)e(1 + rf) = e(1 + rf) = e′.

Noting that ee′ = e′ and e′e = (e+ erf)e = e, we have further

ff ′ = (1− e)(1− e′) = 1− e − e′ + ee′ = f, so

e = e′ − erf = e′ − e′erff ′ = e′ + e′sf ′

for s = −erf .

Comment. The apparent symmetry of the situation studied above will be
elucidated by the next exercise.

Ex. 21.4. For idempotents e, e′ ∈ R, show that the following statements
are equivalent:

(1) eR = e′R;
(2) ee′ = e′ and e′e = e;
(3) e′ = e+ er(1− e) for some r ∈ R;
(4) e′ = eu where u ∈ U(R);
(5) R(1− e) = R(1− e′).

If these conditions hold, show that e′ = u−1eu for some u ∈ U(R). Does
the converse hold?

Solution. (1) =⇒ (2). Write e = e′r and e′ = es, where r, s ∈ R. Left mul-
tiplying by e′ and e respectively, we get (2).

(2) =⇒ (3). Given (2), e+ ee′(1− e) = e+ e′(1− e) = e+ e′ − e′e = e′.

(3) =⇒ (4). From (3), e′ = eu where u = 1 + er(1− e). Here u ∈ U(R) since
it has inverse 1− er(1− e).

(4) =⇒ (1). Given (4), we have e′R = euR = eR, since u ∈ U(R).

(1) =⇒ (5). From (1), we have (2), whence

1− e = 1− e − e′ + ee′ = (1− e)(1− e′) ∈ R(1− e′).

Similarly, we have 1− e′ ∈ R(1− e), so R(1− e) = R(1− e′).

(5) =⇒ (1) follows from the above, by left-right symmetry.

Now suppose the above conditions hold. For the unit u constructed
explicitly in (3) =⇒ (4), we have

u−1e = (1− er(1− e))e = e,
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so u−1eu = eu = e′. Alternatively, note that

(∗) (1− e)R ∼= R/eR = R/e′R ∼= (1− e′)R

as right R-modules. From this and (1), we can also show directly that e′ is
conjugate to e: see Exercise 16(1) below.

In general, the relation e′ = u−1eu (for some unit u) does not imply the

conditions (1)–(5). For instance, for e =
(
1 0
0 0

)
and u =

(
0 1
1 0

)
= u−1

in R = M2(Q), we have e′ : = u−1eu =
(
0 0
0 1

)
. But

eR =
(

Q Q
0 0

)
�= e′R =

(
0 0
Q Q

)
.

Comment. We should also note that the conditions (1)–(5) above do not
imply (1− e)R = (1− e′)R (although they do imply the isomorphism (∗)).
For instance, for the idempotents e =

(
1 0
0 0

)
and e′ =

(
1 1
0 0

)
in R =

M2(Q), we have

eR = e′R =
(

Q Q
0 0

)
, R(1− e) = R(1− e′) =

(
0 Q
0 Q

)
, but

(1− e)R =
{(

0 0
x y

)
: x, y ∈ Q

}

�= (1− e′)R =
{(−x −y

x y

)
: x, y ∈ Q

}
.

However, we do have e′ = eu = u−1eu for the unit u =
(
1 1
0 1

)
, as pre-

dicted by the exercise.
In the next exercise, we shall show that the situation is quite a bit

simpler with a class of idempotents called “projections” in rings with invo-
lutions.

Ex. 21.4*. Let (R, *) be a ring with an involution *. (This means R
is equipped with an additive endomorphism * such that a** = a and
(ab)* = b*a* for all a, b ∈ R.) An idempotent e ∈ R with e = e* is called a
projection. For projections e, f in (R, *), show that

(1) e ≤ f in the sense of Exercise 2 iff eR ⊆ fR, iff Re ⊆ Rf .
(2) e = f iff eR = fR.
(3) eR = fR iff Re = Rf , iff (1− e)R = (1− f)R, iff R(1− e) = R(1− f).
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Solution. (1) If e ≤ f , then by definition ef = fe = e. In particular, eR =
feR ⊆ fR. Conversely, assume that eR ⊆ fR. Then e = fr for some r ∈ R,
so fe = f2r = fr = e. But then

ef = e*f* = (fe)* = e* = e

also, so we have e ≤ f . This establishes the first “iff”; the second “iff”
follows from left-right symmetry.

(2) (“If” part) Assume that eR = fR. From the last paragraph, we have
e = ef = fe. By symmetry, we also have f = ef = fe, so e = f .

(3) is now clear, since each of the conditions in fact amounts to e = f .

Ex. 21.5. Let e be an idempotent in a semiprime ring R, and let S = eRe.
Show that the following are equivalent:

(1) (eR)R is semisimple;
(2) S(eR) is semisimple;
(3) S is a semisimple ring;
(1)′ R(Re) is semisimple;
(2)′ (Re)S is semisimple.

Solution. Clearly, it suffices to prove the equivalence of (1), (2) and (3).

(1) =⇒ (3). Say (eR)R ∼= n1S1 ⊕ · · · ⊕ nrSr where S1, . . . , Sr are distinct
simple right R-modules. By FC-(21.7):

eRe ∼= End(eR)R ∼=
∏
i

Mni(End(Si)R),

which is a semisimple ring.

(3) =⇒ (2). All (left) modules over a semisimple ring are semisimple.

(2) =⇒ (1) (cf. solution to Exercise 3.6A). Every nonzero element m ∈ eR
can be written as m1 + · · ·+mn where each Smi is a simple S-submodule
of eR. We claim that each miR is a simple R-module. Once this is proved,
then m is contained in the semisimple R-module

∑
miR, and we are done.

To show the simplicity of miR, it suffices to check that, for any r ∈ R such
that mir �= 0, mirR contains mi. Since R is semiprime, miramir �= 0 for
some a ∈ R. Note that

(Smi)(rami) = eRemiraemi ⊆ Smi.

Therefore, right multiplication by rami defines an S-endomorphism ϕ of
Smi. Since ϕ(mi) = mirami �= 0, we have ϕ �= 0, so ϕ is an isomorphism
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(by the simplicity of Smi). Let ψ be the inverse of ϕ. Then, in view of
mi = emi again:

mi = ψϕ(mi) = ψ(mirami) = ψ ((emirae)mi)

= (emirae)ψ(mi) ∈ mirR,

as desired.

Comment. The proof above shows that

(1) =⇒ (3) =⇒ (2) and (1)′ =⇒ (3) =⇒ (2)′

are true over any ring R. However, the equivalence of the five conditions
depends on the semiprimeness of R. For instance, for any field k and the

idempotent e =
(
0 0
0 1

)
in the nonsemiprime ring R =

(
k k
0 k

)
, we have

eR =
(
0 0
0 k

)
and Re =

(
0 k
0 k

)
.

Here, (1), (2), (3), (2)′ are satisfied, but (1)′ is not. (For more details, see

the solution to Exercise 3.6B.) If we choose e =
(
1 0
0 0

)
instead, then (1)′,

(2)′, (3), (2) are satisfied, but (1) is not.

Ex. 21.6. Show that in a von Neumann regular ring R, the intersection
of any two principal left ideals A,B ⊆ R is a principal left ideal.

Solution. We know that A,B and C : = A+B are all direct summands
of RR (cf. FC-(4.23)). Thus, R/B is a projective R-module, and so is its
direct summand C/B. Therefore, the exact sequence

0 → A ∩ B → A → C/B → 0

splits, so A ∩ B is a direct summand of A. It follows that A ∩ B is a direct
summand of RR, so A ∩ B = Re for some idempotent e ∈ R.

Comment. In general, the set of all principal left ideals in a von Neumann
regular ring R forms a “complemented modular lattice,” with “sup” given
by the sum, and “inf” given by the intersection. In fact, it follows easily
from Ex. 6.19 that, in any projective module RP , the intersection of a finite
number of finitely generated submodules of P is always finitely generated,
and is a direct summand of P.

Ex. 21.7. Let R be a von Neumann regular ring.

(1) Show that the center Z(R) is also von Neumann regular.
(2) If R is indecomposable as a ring, then Z(R) is a field.
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Solution. (1) Let c ∈ R and write c = cxc. Note that we can always “re-
place” x by y = xcx, since

cyc = cxcxc = cxc = c.

Thus, we are done if we can show that, whenever c is central, so is y.
Assume c ∈ Z(R) and let r ∈ R. Then

yr = xcxr = x2rc = x2rcxc = x2c2rx = xcrx,

and similarly ry = xrcx, so yr = ry as desired.

(2) Assume R is indecomposable. Then R �= 0 and the only central idem-
potents are 0, 1. For 0 �= c ∈ Z(R), consider the equation c = cyc obtained
in (1). Since cy �= 0 is a central idempotent, we have cy = 1. This shows
that Z(R) is a field.

Ex. 21.8. Show that an idempotent e in a von Neumann regular ring R
is primitive iff e is right (resp. left) irreducible, iff eRe is a division ring.

Solution. If (eR)R is irreducible, it is certainly indecomposable. Con-
versely, assume (eR)R is indecomposable. If (eR)R was not irreducible,
it would contain a proper submodule aR �= 0. But aR is a direct summand
in RR, and hence also in (eR)R, a contradiction. This proves the first “iff”
statement, and the second follows from FC-(21.16), since R is a semiprime
ring.

Ex. 21.9. Let e = e2 ∈ R. Show that if R is semilocal (resp. von Neumann
regular, unit-regular, strongly regular), so is S : = eRe.

Solution. (1) First assume R is semilocal, and let J = rad R. From FC-
(21.10), we have S/rad S ∼= eR e, where R = R/J . By assumption, R is a
semisimple ring, so by FC-(21.13), eR e is also semisimple. Therefore, S is
a semilocal ring.

(2) Assume now R is von Neumann regular. Let a ∈ S and write a = axa
where x ∈ R. Since ae = a = ea, we have

a = (ae)x(ea) = aya

where y = exe ∈ S. This verifies that S is also von Neumann regular.

(3) Assume R is strongly regular. Let a ∈ S and write a = a2x where x ∈ R.
Since ae = a = ea, we have

a = (a2x)e = a2(exe) ∈ a2S,

so S is strongly regular.
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(4) Assume, finally, that R is unit-regular. Identifying S with End (eR)R,
we shall show the unit-regularity of S by checking that eR = N ⊕ K =
N ′ ⊕ K ′ and N ∼= N ′ imply K ∼= K ′. (We use here Exercise 4.14C.) From

R = (fR ⊕ N)⊕ K = (fR ⊕ N ′)⊕ K ′ (f : = 1− e)

and fR ⊕ N ∼= fR ⊕ N ′, we conclude that K ∼= K ′, since R ∼= End (RR) is
unit-regular. (Here, we use again Exercise 4.14C.)

Comment. It is natural to ask if one can prove (4) directly from the def-
inition of a unit-regular ring, rather than from a characterization thereof.
For such a proof, see the note by T.Y. Lam and W. Murray: “Unit regular
elements in corner rings,” Bull. Hong Kong Math. Soc. 1 (1997), 61–65. On
the other hand, the proof of (4) using Exercise 4.14C is remarkably easy.

Ex. 21.10A. (McCoy’s Lemma) An element a ∈ R is said to be (von
Neumann) regular if a = ara for some r ∈ R. Show that a is regular iff
there exists x ∈ R such that axa − a is regular.

Solution. The “only if” part is trivial, since we can choose x to be zero.
For the “if” part, assume axa − a is regular (for some x), and choose y ∈ R
such that

axa − a = (axa − a)y(axa − a).

Since the RHS lies in aRa, transposition yields a ∈ aRa.

Ex. 21.10B. Using Exercise 9 and direct matrix computations (but not
using Ex. (6.19) or Ex. (6.20)), show that, for any n ≥ 1, R is von Neumann
regular iff Sn = Mn(R) is.

Solution. First suppose Sn is von Neumann regular. For e = (the matrix
unit) E11, we have eSne ∼= R, so by Exercise 9, R is also von Neumann
regular. (Alternatively, for a ∈ R ⊆ Sn, a ∈ aSna implies that a ∈ aRa.)
Conversely, assume R is von Neumann regular. We consider first the case

n = 2, and show that any
(
a b
c d

)
is regular (i.e. S2 is a von Neumann

regular ring). Writing c = cxc, we have(
a b
c d

)(
0 x
0 0

)(
a b
c d

)
−
(
a b
c d

)
=
(∗ ∗
0 ∗

)
.

By McCoy’s Lemma, it suffices to show that any
(
a b
0 d

)
is regular. Writing

a = aya and d = dzd, we have(
a b
0 d

)(
y 0
0 z

)(
a b
0 d

)
−
(
a b
0 d

)
=
(
0 ∗
0 0

)
,
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so we are now reduced to showing that any
(
0 b
0 0

)
is regular. This follows

by noting that, if b = bwb, then(
0 b
0 0

)(
0 0
w 0

)(
0 b
0 0

)
=
(
0 b
0 0

)
.

Since S2i+1 ∼= M2(S2i), it follows by induction that S2i is von Neumann
regular for any i ≥ 1. To handle the general case of Sn, choose i such that
2i ≥ n. To show that (any) M ∈ Sn is regular in Sn, consider the block

matrix
(
M 0
0 0

)
∈ S2i . Writing

(
M 0
0 0

)
=
(
M 0
0 0

)(
A B
C D

)(
M 0
0 0

)
in S2i , block multiplication of the RHS leads toM = MAM , soM is regular
in Sn, as desired.

Comment. We have given a proof for the “only if” part of this exercise
before in the solution to Ex. 6.20, using projective modules. The proof
above has the virtue of being direct and very elementary. There is at least
one more proof available, which is based on the following two facts: (1) R
and Sn have equivalent right module categories; (2) a ring is von Neumann
regular iff all of its right modules are flat. We cannot advocate such a proof
here since the notions used in the above two facts are not “officially” at
our disposal.

Ex. 21.10C. Let P be any finitely generated projective right module over
a von Neumann regular ring A. Show that End(PA) is a von Neumann
regular ring.

Solution. Say P ⊕ Q = AnA, and let e be the projection of AnA onto P
with respect to this decomposition. As usual, we identify R = End(AnA)
with Mn(A), which is von Neumann regular by Exercise 10B. It is easy to
see that End(PA) ∼= eRe, and this is von Neumann regular by Exercise 9.

Ex. 21.11. For any idempotent e ∈ R, show that EndR(eR/eJ) ∼=
eRe/eJe, where J = rad R.

Solution. Viewing eR/eJ as a module over R : = R/J , we have a natural
R-epimorphism ϕ : eR/eJ → eR. This is in fact an isomorphism. Indeed,
if 0 = ϕ(er + eJ) = e r, then er ∈ J and hence er = e · er ∈ eJ . Therefore,

EndR(eR/eJ) ∼= EndR(eR) ∼= eR e ∼= eRe/eJe

by FC-(21.7) and FC-(21.10).
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Ex. 21.12. Give an example of a nonzero ring in which 1 is not a sum of
primitive idempotents. More generally, give an example of a nonzero ring
which has no primitive idempotents.

Solution. Let S be an infinite set, and R be the Boolean ring of all subsets
of S. By Exercise 2*, the primitive idempotents of R are given by the
singleton subsets of S. Since the identity 1 ∈ R is given by the (infinite)
set S (as a subset of itself), 1 is clearly not a sum of primitive idempotents
in R. To construct the second example, note that

F = {T ⊆ S : |T | < ∞}
is an ideal of R, so we can form the quotient ring R = R/F. We claim that R
has no primitive idempotents. Indeed, consider any nonzero element of R,
say A+ F, where A ⊆ S is an infinite set. We can write A = B ∪ C where
B,C are disjoint infinite sets. Then A is also the symmetric difference of
B and C, so A+ F is the sum of the two nonzero orthogonal idempotents
B + F and C + F in R. Therefore, A+ F cannot be a primitive idempotent
in R.

Comment. Since R has no primitive idempotents, it follows from Exercise
2*(1) that the Boolean ring R is not isomorphic to the Boolean ring of
all subsets of any set. Nevertheless, according to Stone’s Representation
Theorem, any Boolean ringB (with or without identity) is isomorphic to the
Boolean ring of all compact open subsets of the “Stone space” associated
to B.

Ex. 21.13. Recall that two idempotents e, f ∈ R are isomorphic (written
e ∼= f , or, if necessary, e ∼=R f) if eR ∼= fR as right R-modules, or equiva-
lently, if Re ∼= Rf as left R-modules (cf. FC-(21.20)). Let S be a subring of
R and let e, f be idempotents in S. Does e ∼=S f imply e ∼=R f? How about
the converse? What happens in the case when S = gRg where g = g2?

Solution. First assume e ∼=S f . By FC-(21.20), there exist a, b ∈ S such
that e = ab and f = ba. Since a, b are also elements of R, the same result
FC-(21.20) yields e ∼=R f . (Notice that this argument does not require S,R
to have the same identity.) Next, assume that S = gRg where g = g2. This
is a ring with identity g. Suppose e, f ∈ S and e ∼=R f . By FC-(21.20) again,
there exist a ∈ eRf and b ∈ fRe such that e = ab and f = ba. But e = ge =
eg and f = gf = fg imply that

a ∈ geRfg ⊆ S and b ∈ gfReg ⊆ S,

so we have e ∼=S f . If S is an arbitrary subring of R and e, f ∈ S, then
e ∼=R f need not imply e ∼=S f . For instance, let R = M2(Q) and S be the
subring of diagonal matrices. Then, for

e =
(
1 0
0 0

)
and f =

(
0 0
0 1

)
in S,

we have e ∼=R f , but e �∼=S f since S is a commutative ring.
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Ex. 21.14. Let e, e′ be idempotents in R.

(1) If e ∼= e′ and e is primitive, local, or right irreducible, show that so is e′.
(2) If e ∼= e′, with e = ab, e′ = ba where a, b ∈ R, construct an explicit ring
isomorphism from eRe to e′Re′ using a, b.
(3) Conversely, does eRe ∼= e′Re′ imply e ∼= e′?
(4) For any u ∈ U(R), show that e ∼= u−1eu.

Solution. (1) is clear since the notions of e being primitive, local, or right
irreducible are defined via properties of the right module (eR)R.

(2) If e ∼= e′, then eR ∼= e′R as R-modules. Taking their endomorphism
rings and using FC-(21.7), we see that eRe and e′Re′ are isomorphic as
rings. An explicit isomorphism α : eRe → e′Re′ can be defined by:

α(ere) = b(ere)a = (ba)(bra)(ba)

= e′(bra)e′ ∈ e′Re′.

Indeed, we have α(e) = b(ab)a = e′2 = e′, and

α(ere) α(ese) = b(ere)a · b(ese)a = b(ere3se)a

= b(ere · ese)a = α(ere · ese),

so α is a ring homomorphism. Similarly, β : e′Re′ → eRe defined by
β(e′re′) = a(e′re′)b is a ring homomorphism. A straightforward calculation
shows that αβ = I and βα = I, so α, β are mutually inverse ring isomor-
phisms.

(3) In general, eRe ∼= e′Re′ (as rings) does not imply e ∼= e′ (as idempo-
tents). An example for this is given by

e =
(
1 0
0 0

)
and e′ =

(
0 0
0 1

)

in the ring R =
(
k k
0 k

)
, where k is any field. For these idempotents, we

have

eRe =
(
k 0
0 0

)
, e′Re′ =

(
0 0
0 k

)
,

both of which are isomorphic to k. However,

eR =
(
k k
0 0

)
and e′R =

(
0 0
0 k

)

are not isomorphic as right R-modules; in fact, they are not even isomorphic
as k-modules!
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(4) Let e′ = u−1eu. Then ue′ = eu so ue′R = euR = eR. Therefore, left
multiplication by u defines a right module isomorphism e′R → eR, showing
that e ∼= e′.

Ex. 21.15. Let 1 = e1 + · · ·+ er = e′
1 + · · ·+ e′

r be two decompositions of
1 into sums of orthogonal idempotents. If ei ∼= e′

i for all i, show that there
exists u ∈ U(R) such that e′

i = u−1eiu for all i.

Solution. We have

RR = e1R ⊕ · · · ⊕ erR = e′
1R ⊕ · · · ⊕ e′

rR.

For each i, fix an R-isomorphism ϕi : e′
iR → eiR. Then ϕ1 ⊕ · · · ⊕ ϕr is an

automorphism of RR, given by left multiplication by some unit u ∈ U(R).
Since ue′

iu
−1 ∈ eiRu−1 = eiR and∑

ue′
iu

−1 = u
(∑

e′
i

)
u−1 = 1,

the direct sum decomposition R = e1R ⊕ · · · ⊕ erR shows that ue′
iu

−1 = ei
for all i.

Ex. 21.16. Let e, e′ be idempotents in R, and f = 1− e, f ′ = 1− e′ be
their complementary idempotents.

(1) Show that e and e′ are conjugate in R iff e ∼= e′ and f ∼= f ′.
(2) If eRe is a semilocal ring, show that e and e′ are conjugate in R iff
e ∼= e′.
(3) Is (2) still true if eRe is not assumed to be semilocal?

Solution. (1) The “if” part is a special case of Exercise 15. For the “only
if” part, assume e′ = u−1eu where u ∈ U(R). Then e ∼= e′ by Exercise 14,
and since

u−1fu = u−1(1− e)u = 1− e′ = f ′,

we have similarly f ∼= f ′.

(2) Now assume eRe is a semilocal ring, and that e ∼= e′. Then End (eR)R ∼=
eRe by FC-(21.7), and this ring has left stable range 1 by Bass’ Theorem
FC-(20.9). From

RR = eR ⊕ fR = e′R ⊕ f ′R and eR ∼= e′R,

the Cancellation Theorem FC-(20.11) implies that fR ∼= f ′R. Therefore, e
and e′ are conjugate in R by (1).

(3) If no assumption is imposed upon e, the conclusion in (2) is no longer
true in general. To see this, consider the Q-algebra R generated by x, y with
a single relation xy = 1. Then e′ = yx ∈ R is an idempotent, and e′ ∼= e = 1
by FC-(21.20). But since e′ �= e, e′ and e are certainly not conjugate in
R ! (Alternatively, 0 �= f ′R �∼= fR = 0.)
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Ex. 21.16*. (Ehrlich, Handelman) Let R be a von Neumann regular ring.
Show that R is unit-regular (in the sense of Exercise 4.14B) iff, for any two
idempotents e, e′ ∈ R, e ∼= e′ implies 1− e ∼= 1− e′.

Solution. By assumption, R ∼= End(RR) is von Neumann regular. By Ex-
ercise 4.14C, this endomorphism ring is unit regular iff whenever

RR = K ⊕ N = K ′ ⊕ N ′

(in the category of right R-modules), N ∼= N ′ implies K ∼= K ′. Since a
decomposition RR = K ⊕ N arises precisely by taking N = eR and K =
(1− e)R where e is an idempotent, the desired condition amounts to

e ∼= e′ =⇒ 1− e ∼= 1− e′

for all idempotents e, e′ ∈ R.

Ex. 21.17. Let 1 = e1 + · · ·+ er = e′
1 + · · ·+ e′

s be two decompositions
of 1 into sums of orthogonal local idempotents. Show that r = s and that
there exists u ∈ U(R) such that e′

π(i) = u−1eiu for all i, where π is a suitable
permutation of {1, 2, . . . , r}.
Solution. We have the decompositions

RR = e1R ⊕ · · · ⊕ erR = e′
1R ⊕ · · · ⊕ e′

sR

where the eiR, e′
jR are strongly indecomposable right R-modules (cf. FC-

(21.9)). By the Krull-Schmidt-Azumaya Theorem (FC-(19.21)), we have
r = s, and eiR ∼= e′

π(i)R for some permutation π of {1, 2, . . . , r}. The desired
conclusion now follows from Exercise 15.

Ex. 21.18. Let e1, . . . , er be idempotents in R which are pairwise orthog-
onal and isomorphic. For e = e1 + · · ·+ er, show that eRe ∼= Mr(eiRei) for
any i.

Solution. Clearly, e is an idempotent. Let P = eiR for a fixed i. Then
eR ∼= r · P (direct sum of r copies of P ), so by FC-(21.7):

eRe ∼= End (eR) ∼= End (r · P ) ∼= Mr(End(P )) ∼= Mr(eiRei).

Ex. 21.19. Let A be a ring which has no nontrivial idempotents. Let {Eij}
be the matrix units in R = Mn(A). True or False: Every idempotent in R
is conjugate to E11 + E22 + · · ·+ Eii for some i ≤ n?

Solution. Any idempotent e ∈ R defines an A-endomorphism

e : AnA −→ AnA

with AnA = ker(e)⊕ im(e). Therefore, e gives rise to a finitely generated
projective right A-module im(e) (and conversely, every finitely generated
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projective right A-module arises in this way). If two idempotents e, e′ are
conjugate in R, it is easy to see that im(e) ∼= im(e′) as right A-modules. In
particular, if e is conjugate to e′ = E11 + · · ·+ Eii, then

im(e) ∼= im(e′) ∼= AiA.

Therefore, if there exist finitely generated projective right A-modules that
are not free, then there are idempotents in some Mn(A) which are not
conjugate to any E11 + · · ·+ Eii.

An explicit example for A is the ring of algebraic integers Z[θ] where
θ2 = −5. The class number of A is 2, and the class group of A is generated
by the projective ideal

P = 2R+ (1− θ)R.

It is easy to verify that

e =
( −2 θ + 1
θ − 1 3

)

is an idempotent in M2(A) whose kernel and image are both isomorphic to

P . Since P is not free, e is not conjugate3 to the idempotent
(
1 0
0 0

)
in

M2(A). (This can also be verified directly by a matrix computation, using
the fact that U(A) = {±1}.)

Ex. 21.20. Let J be an ideal in R which contains no nonzero idempotents
(e.g. J ⊆ rad R). Let e, f be commuting idempotents in R.

(1) If e = f in R/J , show that e = f in R.
(2) If e, f are orthogonal in R/J , show that e, f are orthogonal in R.

Is any of these results true if e, f do not commute?

Solution. (1) Since ef = fe, we have

(e − ef)2 = e2(1− f)2 = e(1− f),

so e − ef is an idempotent. On the other hand, e − f ∈ J implies that

e − ef = e(e − f) ∈ J,

so e − ef = 0. Similarly, f − ef = 0, so f = ef = e. For (2), assume that
ef = 0 ∈ R/J . Then ef ∈ J . Since

(ef)2 = e2f2 = ef,

we have ef = 0.

3 Of course, e cannot be conjugate to 0 or I.



§21. The Theory of Idempotents 307

If e and f do not commute, neither (1) nor (2) is true in general. To
construct counterexamples, consider the ring R = M2(Z) and the ideal J =

M2(2Z). For the two (noncommuting) idempotents e =
(
1 0
0 0

)
and f =(

1 2
0 0

)
, we have

f − e =
(
0 2
0 0

)
∈ J,

so e = f ∈ R/J , but e �= f . Similarly, for f as above and

e′ =
(
0 0
0 1

)
= e′2,

we have e′f = 0, fe′ =
(
0 2
0 0

)
∈ J , so e′, f are orthogonal in R/J , but

not in R.
We finish by showing that, for any integer n > 1, the ideal J = M2(nZ)

contains no nonzero idempotents. Assume, for the moment, that nM ∈ J
is a nonzero idempotent, where M ∈ M2(Z). Then n2M2 = nM implies
nM2 = M . If det M �= 0, this yields nM = I, a contradiction. Therefore,
det M = 0, and the Cayley-Hamilton Theorem gives M2 = tM , where t =
tr(M) ∈ Z. But then

M = nM2 = ntM

implies nt = 1, a final contradiction.

Ex. 21.21. Let R be a semilocal ring whose radical is nil. Let I be a right
ideal of R. Show that I is indecomposable (as a right R-module) and nonnil
iff I = eR where e is a primitive idempotent.

Solution. The “if” part follows directly from FC-(21.8). Conversely, as-
sume IR is indecomposable and nonnil. Then I contains a nonzero idem-
potent e by FC-(21.29). From

I = eR ⊕ (I ∩ (1− e)R),

it follows that I = eR, and that e is a primitive idempotent.

Ex. 21.22. Let R be as in Exercise 21. Show that a nonzero idempotent
e ∈ R is primitive iff every right ideal properly contained in eR is nil.

Solution. For the “if” part, assume eR = A ⊕ B, where A,B are nonzero
right ideals. Then A,B are nil and so

e ∈ A+B ⊆ rad R,

which is impossible. Therefore, e is primitive. For this part of the proof, we
do not need the given hypotheses on R.
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Now assume R is semilocal with rad R nil, and let e ∈ R be a primitive
idempotent. Let A � eR be any right ideal. If A is nonnil, FC-(21.29) im-
plies that it contains a nonzero idempotent e′. But then e′R is a nonzero
direct summand � eR, a contradiction.

Ex. 21.23. (Asano) Let R be a ring for which J = rad R is nil and R =
R/J is unit-regular (in the sense of Exercise 4.14B). Show that any nonunit
a ∈ R is a left (resp. right) 0-divisor in R. (In particular, “left 0-divisor”
and “right 0-divisor” are both synonymous with “nonunit” in R. In the
terminology of Exercise 4.16, RR and RR are both cohopfian (and hence
also hopfian).)

Solution. Since R is unit-regular, a = u e, where

u ∈ U(R) and e2 = e ∈ R.

Therefore, u ∈ U(R) (by FC-(4.8)), and since J is nil, we may assume e ∈ R
is chosen such that e2 = e (by FC-(21.28)). Note that f = 1− e �= 0 (for
otherwise a = u ∈ U(R) implies that a ∈ U(R)). Letting x = a − ue ∈ J
and y = u−1x ∈ J , we have

a = u(e+ y) = u[e+ (e+ f)y] = u[e(1 + y) + fy].

Let v = (1 + y)−1 ∈ U(R). Then av = u(e+ fyv), where z : = fyv ∈ J . If
z = 0, then avf = uef = 0 with vf �= 0, so we are done. Now assume z �= 0.
Then zr �= 0 = zr+1 for some integer r ≥ 1. Since ez = 0, we have

avzr = u(ezr + zr+1) = 0 with vzr �= 0,

so we are also done.

Comment. Since any semisimple ring is unit-regular (by Exercise 3.10(3)),
the conclusions of the Exercise apply to all semilocal rings R for which
rad R is nil. These include, for instance, the 1-sided perfect rings to be
studied in §23. In particular, the conclusions of this exercise apply to all
semiprimary rings and all 1-sided artinian rings.

Ex. 21.24. Let Mk be a module of finite length n over a ring k, and let
R = End(Mk), J = rad R. Show that R is a semilocal ring with Jn = 0.
(In particular, R is a semiprimary ring.)

Solution. (Following Rowen’s book “Ring Theory I,” p. 240.) Certainly
there exists a decomposition

M = M1 ⊕ · · · ⊕ Mr

where the Mi’s are indecomposable k-modules. Let ei ∈ R be the pro-
jection of M onto Mi with respect to this decomposition. Then the ei’s
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are orthogonal idempotents in R with sum 1, and it is easy to see that
eiRei ∼= End(Mi)k. By FC-(19.17), the latter is a local ring, so each ei ∈ R
is a local idempotent, and by FC-(21.18), eiR is a minimal right ideal in
R : = R/J . Since

R = e1R ⊕ · · · ⊕ erR,

R is a semisimple ring, so R is semilocal.
Next we’ll show that f ∈ J ⇒ fn = 0. Since M has length n, the chains

M ⊇ im(f) ⊇ im(f2) ⊇ · · · and

(0) ⊆ ker(f) ⊆ ker(f2) ⊆ · · ·

show that im(fn) = im(fn+1) = · · · and ker(fn) = ker(fn+1) = · · · . As in
the proof of FC-(19.16), we see that

M = ker(fn)⊕ im(fn).

The restriction of f to im(fn) is then an automorphism, say with inverse g.
Now view g as an element of R by defining g(ker(fn)) = 0. Then 1− gf is
zero on im(fn). Since 1− gf ∈ U(R), it follows that im(fn) = 0, as desired.

Finally, we claim that if S ⊆ R is any set of nilpotent endomorphisms
closed under multiplication, then Sm = 0 for some m. (If so, then J itself
is nilpotent. Since

M ⊇ JM ⊇ J2M ⊇ · · ·
is a chain of k-modules, the fact that length(M) = n implies that JnM = 0,
so Jn = 0 as desired.) To prove our claim, we distinguish the two cases:
J = 0, and J �= 0. If J = 0, R is semisimple and we are done by Ex-
ercise 3.24(2). Now assume J �= 0. Since fn = 0 for every f ∈ J , J con-
tains a nonzero nilpotent ideal I by the solution of Exercise 10.13. Then
0 �= IM �= M , so IM and M/IM are k-modules of lengths < n. Invoking
an inductive hypothesis at this point, we may assume that Sa(M/IM) = 0
and Sb(IM) = 0 for suitable a, b. Therefore

Sb+aM ⊆ Sb(IM) = 0,

so Sa+b = 0. (Of course, S may not act faithfully on IM and M/IM . But
we may replace S by its images in End(IM) and End(M/IM) in order to
apply the inductive hypothesis.)

Comment. One might wonder what happens if the assumption that Mk
has finite length is weakened to Mk being artinian. In this case, Camps
and Menal have shown that End(Mk) may not be semiprimary. However,
Camps and Dicks have shown that End(Mk) is still semilocal: see their pa-
per referenced in the solution to Exercise 20.11. Since semilocal rings have
stable range 1, this result of Camps and Dicks, together with FC-(20.11),
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imply the following strong cancellation theorem (improving Exercise 20.2):
if Mk is artinian and B,C are arbitrary k-modules, then

M ⊕ B ∼= M ⊕ C =⇒ B ∼= C.

Ex. 21.25. Let R be any right artinian ring, and let C = Z(R).

(1) Show that C is a semiprimary ring.
(2) Deduce from (1) that C ∩ rad R = rad C.

Solution. (1) Let S = Rop ⊗Z R and view R as a right S-module via the
action

r(aop ⊗ b) = arb.

The S-endomorphisms of R commute with both left and right multiplica-
tions by elements of R, so they are given by multiplications by central ele-
ments of R, and consequently End(RS) ∼= C. Now, by the Hopkins-Levitzki
Theorem (FC-(4.15)),RR satisfies both ACC and DCC. Since S-submodules
of R are necessarily right ideals of the ring, RS also satisfies ACC and
DCC, so RS is a module of finite length. From Exercise 24, we conclude
that C ∼= End(RS) is a semiprimary ring.

(2) Since rad C is a nilpotent ideal of C, R · rad C is a nilpotent ideal
of R. Therefore, R · rad C ⊆ rad R, so we have rad C ⊆ C ∩ rad R. The
reverse inclusion holds for any ring R by Exercise 5.0, so we have rad C =
C ∩ rad R.

Comment. In the solution to Exercise 20.4, we have constructed a commu-
tative semiprimary ring C with

(rad C)3 = 0 �= (rad C)2

such that C does not embed in any right noetherian ring. Since any right
artinian ring is right noetherian, it follows in particular that C cannot be
the center of any right artinian ring. In contrast, Jensen and Jøndrup have
shown that, if C is a commutative semiprimary ring such that (rad C)2 = 0
and C/rad C is countable, then C can be realized as the center of a suitable
artinian ring. (See their paper cited in the Comment on Exercise 20.4.)
Since C need not be noetherian, it follows that the center of an artinian
(or noetherian) ring need not be noetherian (let alone artinian).

Ex. 21.26. Let a be a nonsquare element in a field F of characteristic
not 2, and let A be a commutative F -algebra with basis {1, x, y, xy} such
that x2 = y2 = a. Find the primitive idempotents in A, and show that
A ∼= F (

√
a )× F (

√
a ).
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Solution. Let e = 1
2

(
1 + xy

a

)
and e′ = 1

2

(
1− xy

a

)
in A. Since

ee′ =
1
4

(
1− x2y2

a2

)
= 0,

the equation e+ e′ = 1 implies that e2 = e and e′2 = e′. We have there-
fore a direct product decomposition A = eA × e′A (cf. Exercise 1.7). To
determine eA, note that

eA = F -span{e, ex, ey, exy}
= F -span{e, 1

2 (x+ y), 1
2 (x+ y), ae}

= F -span{e, 1
2 (x+ y)}.

Since
[ 1
2 (x+ y)

]2 = 1
4 (2a+ 2xy) = ae, we see that eA ∼= F (

√
a). A similar

calculation shows that e′A ∼= F (
√
a). Therefore, e, e′ are primitive idempo-

tents, and they are the only primitive idempotents in the algebra A.

Ex. 21.27. Let A be a “look-alike” quaternion algebra over a field F
of characteristic 2, i.e. A = F1⊕ Fi ⊕ Fj ⊕ Fk, where i2 = j2 = −1 and
k = ij = −ji. (Of course, −1 = 1 ∈ A, since char F = 2.) What are the
primitive idempotents in A, and what kind of ring is A?

Solution. The first is a trick question. Since

(a+ bi+ cj + dk)2 = a2 + b2 + c2 + d2 ∈ F (for a, b, c, d ∈ F ),

the only idempotents in A are 0 and 1. Therefore, the only primitive idem-
potent is 1. In particular, by FC-(19.19), A is a (commutative) local ring.
If we don’t want to assume FC-(19.19), the structure of A can also be
described explicitly as follows. Since

1 + i, 1 + j and 1 + k

are linearly independent nilpotent elements in the commutative F -algebra
A of dimension 4, they must span Nil(A) = rad(A). Thus, A/rad A ∼= F ,
so A is local with (rad A)3 = 0. Note that

F1⊕ Fi ∼= F1⊕ Fj ∼= F [x]/(x2 − 1) ∼= F [t]/(t2).

This is known as the algebra D of dual numbers over F . It is easy to see
that A ∼= D ⊗F D as F -algebras, with

Nil(A) ↔ (Nil D)⊗ D + D ⊗ (Nil D).

Ex. 21.28. (Bass) Let G be an abelian group and H be its torsion sub-
group. For any commutative ring k, show that any idempotent e of kG
belongs to kH.
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Solution. We may assume that G is finitely generated. Write

G = F × H, where F ∼= Zr and |H| < ∞.

Then kG ∼= (kH)[F ]. If we know the conclusion in the case F ∼= Zr, then
the given idempotent e must lie in kH and we are done. Therefore, we are
reduced to the case G = F ∼= Zr. By induction, it suffices to handle the
case r = 1. In this case, kG = k[t, t−1] for an indeterminate t. Let

e = e2 =
∑

ait
i ∈ k[t, t−1].

For any prime ideal p ⊂ k, (k/p)[t, t−1] is an integral domain, in which
the only idempotents are 0 and 1. Therefore, ai ∈ p for all i �= 0. Writing
N = Nil(k), we have then ai ∈ N for all i �= 0. Since now

a0 = e ∈ (k/N)[t, t−1],

we see that a0 is an idempotent in k/N . By FC-(21.28), there exists an
idempotent a ∈ k which lifts a0. In particular, e − ea and a − ea are nilpo-
tent (since they lie in N [t, t−1]). But

e − ea = e(1− a) and a − ea = a(1− e)

are also idempotent. Therefore,

e − ea = 0 = a − ea,

so e = ea = a ∈ k, as desired.

Comment. Bass’ result above appeared as Lemma 6.7 in his paper “Euler
characteristics and characters of discrete groups,” Invent. Math. 35 (1976),
155–196. This paper contains many other interesting results on idempotents
in group rings.

Ex. 21.29. (Bergman) Let A be the real coordinate ring of the 2-sphere
S2, i.e. A = R[x, y, z] with the relation x2 + y2 + z2 = 1. Let σ be the R-
automorphism of A defined by

σ(x) = −x, σ(y) = −y, and σ(z) = z.

Let R = A ⊕ Ar, where r2 = 1 and rh = σ(h)r for every h ∈ A. Show that
for the idempotent e0 = (1− r)/2 in the ring R, R/Re0R ∼= R × R, but the
two nontrivial idempotents of R × R cannot be lifted to R.

Solution. In the R-algebra R/Re0R we have the relation r = 1 in addition
to the other relations on x, y, z, r in R. The two relations rx = −xr and
ry = −yr now simplify to x = 0 and y = 0. Therefore,

(1) R/Re0R ∼= R[z]/(z2 − 1) ∼= R × R,
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with the isomorphism induced by

(2) π : f + gr �→ (f(N) + g(N), f(S) + g(S)) ∈ R × R,

where N = (0, 0, 1) and S = (0, 0,−1) are the north and south poles re-
spectively. If e is any idempotent in R, we would like to prove that π(e) is
either (0, 0) or (1, 1) (i.e. not (1, 0) or (0, 1)).

In the following, we’ll give a sketch of Bergman’s argument. (More in-
formation can be found in his paper “Some examples in PI ring theory” in
Israel J. Math. 18 (1974), 257–277.) Defining the map

P = (x, y, z) �→ P ′ = (−x,−y, z)

on S2, we have clearly σ(h)(P ) = h(P ′). Note that A is a Z2-graded R-
algebra with

(3) A0 = {h ∈ A : σ(h) = h} and A1 = {h ∈ A : σ(h) = −h}.

We claim that R is isomorphic to the algebra of matrices

(4) T =
(
A0 A1
A1 A0

)
⊆ M2(A).

The isomorphism is established here by identifying

A = {α+ β : α ∈ A0, β ∈ A1}

with
{(

α β
β α

)}
⊆ T , and then identifying r ∈ R with

(
1 0
0 −1

)
∈ T . The

relation

r(α+ β) = (α − β)r ∈ R

is checked by the matrix equation(
1 0
0 −1

)(
α β
β α

)
=
(

α −β
−β α

)(
1 0
0 −1

)
.

Note also that the image of A ⊕ Ar consists of matrices(
α β
β α

)
+
(
γ δ
δ γ

)(
1 0
0 −1

)
=
(
α+ γ β − δ
β + δ α − γ

)
,

which, of course, constitute the subalgebra T in (4). Finally, note that
under the above isomorphism, we have

(5) x �→
(
0 x
x 0

)
, y �→

(
0 y
y 0

)
, z �→

(
z 0
0 z

)
, e0 �→

(
0 0
0 1

)
.
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In the following, we shall “identify”R with T , and thus think of elements
of R as (continuous) matrix-valued functions from S2 to M2(R). The map
π in (2) now simply “becomes”:

(6)
(
α β
δ γ

)
�→ (α(N), α(S)),

since this rule produces the right values on the generators x, y, z, r ∈ R,
namely

x �→ (0, 0), y �→ (0, 0), z �→ (1,−1), r �→ (1, 1).

Now consider any nontrivial idempotent e ∈ R. As a matrix function
S2 → M2(R), e assigns continuously to every point P ∈ S2 an idempotent
matrix, that is, a projection of R2 to a subspace. By continuity (and the
connectedness of S2), the ranks of these subspaces must be all 1. [Note
that the only idempotent matrix “very close” to I2 (resp. 0 · I2) is I2 (resp.
0 · I2) itself.] Thus, to each P ∈ S2, e assigns continuously the projection of
R2 to a line L(P ) through the origin.

Note that if e corresponds to
(
α β
δ γ

)
, then

e(P ′) =
(
α(P ′) β(P ′)
δ(P ′) γ(P ′)

)
=
(

α(P ) −β(P )
−δ(P ) γ(P )

)
,

so L(P ′) is just L(P )′, the reflection of the line L(P ) with respect to the
x-axis. In particular, since N ′ = N , L(N) must be either the x-axis or the
y-axis. As a matter of fact, the rank 1 idempotent matrix

e(N) =
(
α(N) 0
0 γ(N)

)

can only be
(
1 0
0 0

)
or
(
0 0
0 1

)
. (A similar remark holds for the south pole

S.) Since π(e) = (α(N), α(S)) by (6), our goal is to show that α(N) = α(S),
which simply means that L(N) = L(S).

For a point P moving along a path C from N to S, let w denote the
total winding number through which the line L(P ) turns. At the same time,
the point P ′ will travel the path C ′ from N to S, and the associated line
L(P ′) = L(P )′ will clearly turn through a winding number of −w. But the
paths C and C ′ are homotopic, since S2 is simply connected. Hence we
must have w = −w, so w = 0. This proves that L(N) = L(S), as desired.

Ex. 21.30. (Stanley) Let e, f , e′, f ′ be idempotents in a ring R such that
e − e′, f − f ′ ∈ J , where J is an ideal in R such that

⋂∞
n=1 Jn = 0. Show

that eRf = 0 iff e′Rf ′ = 0.
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Solution. It suffices to show that eRf = 0 =⇒ e′Rf = 0. Write e′ = e+ a,
where a ∈ J . Then e′ 2 = e′ amounts to a = ae+ ea+ a2. Assuming eRf =
0, we claim that e′Rf ⊆ anRf for all n ≥ 1. This is true for n = 1, since

e′Rf ⊆ eRf + aRf = aRf.

Inductively, if e′Rf ⊆ anRf for some n ≥ 1, then

e′Rf = e′(e′Rf) ⊆ (e+ a)anRf ⊆ an+1Rf,

which proves our claim. Since a ∈ J and J is an ideal, it follows that e′Rf ⊆⋂∞
n=1 Jn = 0.

Comment. The fact about idempotents in this exercise was discovered
by R. Stanley in his investigation on the incidence algebras of locally fi-
nite posets. Using this fact, Stanley proved that a locally finite poset is
uniquely determined by its incidence algebra (over a fixed field). See his
paper “Structure of incidence algebras and their automorphism groups,”
in Bull. Amer. Math. Soc. 76 (1970), 1236–1239.

§22. Central Idempotents and Block
Decompositions
A central idempotent e in a ring R is said to be centrally primitive if
e �= 0, and e cannot be written as a sum of two orthogonal nonzero central
idempotents. If a ring R has nontrivial central idempotents, a first impulse
might be to try to decompose 1 into a (finite) sum of mutually orthogonal
centrally primitive idempotents. This is not always possible (as is shown by
the example of Z × Z × · · · ), but whenever it is possible, the decomposition
is essentially unique (FC-(22.1)), and R decomposes into a finite direct
product of indecomposable rings (called the “blocks” of R). This is always
the case, for instance, when R satisfies certain reasonable chain conditions
on its ideals (FC-(22.2)).

If the identity element 1 ∈ R can be written as a (finite) sum of mutually
orthogonal primitive idempotents, say 1 = e1 + · · ·+ en, then by suitably
grouping the ei’s and forming their sums in groups, we obtain a decomposi-
tion of 1 into a sum of mutually orthogonal centrally primitive idempotents
(and therefore obtain a block decomposition R). This result is proved in
detail in FC-(22.5). The proof makes interesting use of a certain equivalence
relation among the primitive idempotents, known as “linkage.” In our case,
retrospectively, two primitive idempotents are “linked” iff they belong to
the same block.

For certain ideals I ⊆ R, there are interesting (and sometimes surpris-
ing) results relating the central idempotents of R and those of R/I. In
some cases, the natural map e �→ e+ I may define a one-one correspon-
dence between these central idempotents: see, for instance, FC-(22.9) and
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FC-(22.11). Again, results of this nature are of significance in the integral
and modular representation theory of finite groups, as well as in other areas
of algebra.

The exercises in this section present a few more results on central idem-
potents. Exercise 4A introduces the notion of a right duo ring, and Exercise
4B gives various new characterizations of strongly regular (a.k.a. abelian
regular) rings. Exercise 5 shows that any ring R gives rise to a Boolean
ring B(R), whose elements are the central idempotents in R.

Exercises for §22
Ex. 22.1. Show that the ring R of n × n upper triangular matrices over
any indecomposable ring k is indecomposable.

Solution. A routine calculation shows that Z(R) consists of matrices of
the form aIn where a ∈ Z(k). The matrix aIn is idempotent in R iff a is
idempotent in k. If k is indecomposable, then k has no nontrivial central
idempotents. It follows that R has no nontrivial central idempotents, so R
is indecomposable as well.

Ex. 22.2. For two central idempotents e, f in a ring R, show that e ∼= f
iff e = f . Using this fact and Exercise 21.16*, show that a strongly regular
ring must be unit-regular (a fact proved earlier in Exercise 12.6C).

Solution. (“Only if”) One characterization of e ∼= f is that e = ab, f = ba
for some a, b ∈ R (cf. FC-(21.20)). Since e is central,

f = f2 = (ba)(ba) = bea = ef.

Similarly, we have e = fe, and so f = e.
Now let R be strongly regular. Let e, f be idempotents in R. By Exercise

12.6A, e, f are central. Therefore,

e ∼= f =⇒ e = f =⇒ 1− e ∼= 1− f.

By Exercise 21.16*, this guarantees that R is unit-regular.

Ex. 22.3A. For e = e2 ∈ R, show that the following are equivalent:

(1) e ∈ Z(R),
(2) eR = Re,
(3) e commutes with all the idempotents of R which are isomorphic to e.

Solution. (1) clearly implies (2) and (3). Let f = 1− e.

(2) =⇒ (1). For any r ∈ R, erf ∈ Ref = 0 implies that er = ere. Similarly,
fre ∈ feR = 0 gives re = ere. Therefore, er = re for all r ∈ R.
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(3) =⇒ (1). Again, consider r ∈ R. By Exercise 21.4, e+ erf and similarly
e+ fre are idempotents ∼= e. By the given hypothesis, we have

e(e+ erf) = (e+ erf)e and e(e+ fre) = (e+ fre)e.

Since fe = ef = 0, these simplify to erf = 0 and fre = 0. It follows as in
(2) =⇒ (1) that er = ere = re.

Ex. 22.3B. Let S = eR where e = e2 ∈ R. Suppose S is an ideal of R not
containing any nonzero nilpotent ideal. Show that e ∈ Z(R), and conclude
that R is a direct product of the semiprime ring S and the ring (1− e)R.

Solution. Let f = 1− e and consider any r ∈ R. Since Re ⊆ eR, we have
fRe = 0 so ere = re as before. However, some work is needed to show that
eRf = 0. For s : = erf ∈ S, note that

sRs = erfRerf ⊆ erfeRf = 0,

so (RsR)2 = 0. Since RsR ⊆ S, the hypothesis yields s = 0. Therefore
eRf = 0 after all, and we get

er = ere = re,

so e ∈ Z(R). From this, it follows that R = eR × fR as rings. Since eR = S
contains no nonzero nilpotent ideals, it is a semiprime ring.

Comment. The hypothesis that S contains no nonzero nilpotent ideals can-

not be dropped from the above exercise. In fact, if R =
(
k k
0 k

)
where

k �= 0 is any ring, then for e =
(
1 0
0 0

)
, S = eR =

(
k k
0 0

)
is an ideal, but

e �∈ Z(R). Here,

S ⊇ J =
(
0 k
0 0

)

with J2 = 0. Note also that

eR � Re =
(
k 0
0 0

)
.

Ex. 22.3C. Let S be an ideal in a ring R such that SR is an artinian
R-module and S contains no nonzero nilpotent ideals of R. Show that S is
a semisimple ring with an identity e, and that R is the direct product of
the ring S with the ring (1− e)R.
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Solution. By Exercise 10.9, SR is a semisimple R-module, and S = eR for
an idempotent e ∈ S. Since S is an ideal, Exercise 3B implies that e ∈ Z(R).
Therefore,

R = S × (1− e)R.

It follows that SS is a semisimple S-module, so S is a semisimple ring (with
identity e).

Ex. 22.4A. In Ex. 12.20, a ring R is defined to be right duo (resp. left
duo) if every right (resp. left) ideal in R is an ideal. Show that a right duo
ring R is always abelian; that is all idempotents in R are central. Is every
right duo ring also left duo?

Solution. The first part is just a slight modification of (2) ⇒ (1) in
Exercise 3A. Let e = e2 ∈ R and f = 1− e. The fact that R is right
duo amounts to Ra ⊆ aR for every a ∈ R. In particular, Re ⊆ eR and
Rf ⊆ fR.Therefore, fRe = 0 = eRf and we are done as before.

The answer to the question in the exercise has to be “no,” for otherwise
we would not have bothered about the “left,” “right” terminology! A right
duo ring that is not left duo has, in fact, been constructed in the solution
to Exercise 19.7 (cf. also Exercise 19.12). By using essentially the same
method, we can construct an artinian example. Let R = K ⊕ uK where
K = Q(x). We make R into a ring by using the multiplication rules u2 = 0
and

f(x) · u = uf(x2) for f(x) ∈ K.

Then R is an artinian local ring with J : = rad R = uK having square zero.
Since RK is 2-dimensional, the right ideals of R are just 0, J and R. Thus,
R is a right duo ring. However, Ku is a left ideal but not an ideal (since
J = Ku ⊕ Kux), so R is not a left duo ring.

Comment. The R above was constructed many years ago by K. Asano
as an example of an artinian ring that is right uniserial but not left unise-
rial. (“Uniserial”= “uniqueness of composition series.”) On the other hand,
there is no lack of examples of (noncommutative) right/left duo rings. For
instance, any valuation ring arising from a Krull valuation of a division
ring is always (right and left) duo: see Exercise 19.9(2). The next exercise
characterizes duo von Neumann regular rings.

Ex. 22.4B. Show that for any ring R, the following are equivalent:

(1) R is strongly regular;
(2) R is von Neumann regular and right duo;
(3) I ∩ J = IJ for any left ideal I and any right ideal J ;
(4) I ∩ J = IJ for any right ideals I, J ;
(5) aR ∩ bR = aRbR for all a, b ∈ R.
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Solution. (1) =⇒ (2). It is enough to show that aR is an ideal for any
a ∈ R. By Exercise 12.6A, aR = eR where e = e2 ∈ Z(R). This is clearly
an ideal.

(2) =⇒ (4). Let I, J be right ideals. Then J is also a left ideal, so by
Exercise 4.14, I ∩ J = IJ .

(4) =⇒ (5) is a tautology.

(5) =⇒ (1). Taking a = 1, we get bR = RbR. Taking a = b, we get

bR = bRbR = b(bR) = b2R,

so R is strongly regular.

(1) =⇒ (3). Under (1), we know R is both right and left duo. In particular,
the I, J in (3) must be both ideals. The equation I ∩ J = IJ then follows
from Exercise 4.14.

(3) =⇒ (2). Taking I = R (resp. J = R), we see that R is right (resp. left)
duo. Therefore I ∩ J = IJ also holds for right ideals I and left ideals J . By
Exercise 4.14 again, R must be von Neumann regular.

Comment. The above characterizations of strongly regular rings came from
the work of many authors, including Arens-Kaplansky, Andrunakievich,
Lajos, Szász, Chiba-Tominaga, and others. Curiously enough, the notion
of duo rings seemed to have appeared first in Hille’s book on functional
analysis and semigroups.

Ex. 22.5. Let S be the set of all central idempotents in a ring R. Define
an addition ⊕ in S by

e ⊕ e′ = e+ e′ − 2ee′ = (e − e′)2,

and define multiplication in S by the multiplication in R. Show that
(S,⊕,×) is a Boolean ring, i.e. a ring in which all elements are idempotents.

Solution. Since e ⊕ e′ = e(1− e′) + e′(1− e) and e(1− e) = e′(1− e′) =
0, we see that e ⊕ e′ ∈ S. Also, an easy computation shows that (e ⊕ e′)⊕
e′′ and e ⊕ (e′ ⊕ e′′) are both equal to

e+ e′ + e′′ − 2ee′ − 2ee′′ − 2e′e′′ + 4ee′e′′,

so ⊕ is associative. Clearly, 0 is the identity element for (S,⊕), and

e ⊕ e = e+ e − 2e = 0

shows that (S,⊕) is an elementary 2-group. It only remains to show that
“×” is distributive over “⊕”. This follows since, for e, e′, e′′ ∈ S:

e′′(e ⊕ e′) = e′′(e+ e′ − 2ee′) = e′′e+ e′′e′ − 2e′′ee′′e′ = e′′e ⊕ e′′e′.
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Comment. The ring S above is usually denoted by B(R), and is called the
Boolean ring associated to R. Here is a quick example: If R = Z × · · · × Z,
then

B(R) ∼= Z2 × · · · × Z2.

[The (central) idempotents are of the form e = (e1, . . . , en), where each
ei ∈ {0, 1}. To see how these add under ⊕, take the simple case when n = 3.
If e = (1, 1, 0) and e′ = (0, 1, 1), then

e ⊕ e′ = (1, 1, 0) + (0, 1, 1)− 2(0, 1, 0) = (1, 0, 1),

as if we were adding components modulo 2.]
In a number of sources in the literature, the addition ⊕ in the Boolean

ring S = B(R) was wrongly given as e ⊕ e′ = e+ e′ − ee′. The confusion
stems from the fact that e+ e′ − ee′ is indeed an idempont (if ee′ = e′e).
However, e+ e′ − ee′ is the “sup” of e and e′ in a Boolean algebra structure
on B(R) (to be discussed in Ex. 7 below), and is not the sum of e and e′

in the Boolean ring studied in this Exercise.

Ex. 22.6. For any ring R, let S = B(R) be the Boolean ring of central
idempotents in R, as defined in Exercise 5. For any central idempotent
e ∈ R, show that e is centrally primitive in R iff e is (centrally) primitive
in S.

Solution. Recall that e being centrally primitive in R means that e �= 0
and e is not the sum of two nonzero orthogonal central idempotents in R.
Assume this is the case. If e = e1 ⊕ e2 with ei �= 0 in S and e1e2 = 0, then

e = e1 + e2 − 2e1e2 = e1 + e2

gives a contradiction. Conversely, assume e is (centrally) primitive in S. If
e = e1 + e2 with ei �= 0 in R and e1e2 = 0, then

e = e1 + e2 = e1 + e2 − 2e1e2 = e1 ⊕ e2

gives a contradiction.

Ex. 22.7. By definition, a Boolean algebra is a lattice (S, ≤, ∧, ∨) with 0
and 1 (such that 0 ≤ s ≤ 1 for all s ∈ S) that is both distributive and com-
plemented. For any ring R, show that S = B(R) (defined in Ex. 5 above)
is a Boolean algebra with respect to the partial ordering

e′ ≤ e ⇐⇒ e′e = e′ (e, e′ ∈ S),

and the complement operation e �→ e∗ := 1− e.
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Solution. To begin with, it is useful to note that, for e, e′ ∈ S, we have
e = e′ iff eR = e′R. (This is a special case of (1) ⇐⇒ (3) in Ex. 21.4, and
is clear in any case since e is the identity of the ring eR.) By “identifying”
e ∈ S with eR, we can think of S as the set of “ring direct factors” of
R. Under this identification, e′ ≤ e corresponds to the inclusion relation
e′R ⊆ eR. It is therefore clear that (S,≤) is a poset. Next, we claim that,
for e, e′ ∈ S:

(1) eR ∩ e′R = ee′R, and eR+ e′R = (e+ e′ − ee′)R.

For these, we only need to verify “⊆” as the reverse inclusions are clear.
For a = er ∈ e′R, we have a = e′a = e′er ∈ ee′R, proving the first equation.
For the second, it is enough to note that

(e+ e′ − ee′)e = e+ e′e − ee′ = e

implies e ∈ (e+ e′ − ee′)R, and similarly e′ ∈ (e+ e′ − ee′)R.
A simple calculation shows that, as long as e, e′ are commuting idem-

potents, then ee′ and e+ e′ − ee′ are idempotents. In particular,

e, e′ ∈ S =⇒ ee′ ∈ S and e+ e′ − ee′ ∈ S.

From (1), it follows immediately that (S,≤) is a lattice, with

(2) e ∧ e′ = ee′ and e ∨ e′ = e+ e′ − ee′,

and S has smallest element 0 and largest element 1. (In fact, under the
identification e ↔ eR, S is a sublattice of the ideal lattice of the ring R.)
Defining e∗ to be 1− e, we have a unary operation S → S such that for
every e ∈ S:

e ∧ e∗ = e(1− e) = 0 and e ∨ e∗ = e+ (1− e)− e(1− e) = 1.

Therefore, e �→ e∗ is a complement operation. Finally, for all e, e′, e′′ ∈ S,
we have

(3) e ∧ (e′ ∨ e′′) = (e ∧ e′) ∨ (e ∧ e′′),

since both sides are equal to ee′ + ee′′ − ee′e′′. Thus, (S, ≤, ∧, ∨, ∗) is a
Boolean algebra. (The other distributive law can be checked similarly, but
in general one distributive law suffices.)

Comment. Assuming Ex. 5, the conclusions of this exercise are entirely to
be expected if the reader is familiar with the natural equivalence between
the category of Boolean rings and the category of Boolean algebras. In
general, given a Boolean ring (B, ⊕, ·), we can make B into a Boolean
algebra by defining a ≤ b ⇐⇒ a = ab, and taking

(4) a ∧ b = ab, a ∨ b = a ⊕ b ⊕ ab, and a∗ = 1⊕ a.
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Conversely, given a Boolean algebra (B, ≤, ∧, ∨, ∗), we can turn B into a
Boolean ring with addition and multiplication defined by

(5) ab = a ∧ b, and a ⊕ b = (a ∧ b∗) ∨ (a∗ ∧ b).

These two structures share the same elements 0 and 1.
If we take the Boolean ring (B(R), ⊕, ·) defined in Ex. 5, then its

associated Boolean algebra is the one defined in Ex. 7, since

e ⊕ e′ ⊕ ee′ = (e+ e′ − 2ee′)⊕ ee′

= e+ e′ − 2ee′ + ee′ − 2(e+ e′ − 2ee′)ee′

= e+ e′ − ee′.

Similarly, if we take the Boolean algebra in Ex. 7, then its associated
Boolean ring is the one defined in Ex. 5.

Ex. 22.8. Given elements e1, . . . , en in the Boolean algebra S = B(R)
in Ex. 7 above, let e = e1 ∨ · · · ∨ en ∈ S. Show that there exist elements
x1, . . . , xn ∈ S such that ei = xie for each i, and x1R+ · · ·+ xnR = R.

Solution. We first handle the case n = 2. Here, we can take

x1 = 1− e2 + e1e2, x2 = 1− e1 + e1e2,

both of which can be checked to be elements of S. Since eie = ei, we have

x1e = (1− e2 + e1e2)e = e − e2 + e1e2 = e1,

and similarly x2e = e2. Also

x1e1 + x2(1− e1) = e1 + (1− e1)2 = 1

implies that x1R+ x2R = R.
For the general case, we induct on n. Suppose the elements x1, . . . , xn

have been obtained as required for the set {e1, . . . , en} ⊆ S with a supre-
mum e = e1 ∨ · · · ∨ en. For another given element en+1 ∈ S, we set

e′ := e ∨ en+1 = e1 ∨ · · · ∨ en ∨ en+1,

and use the n = 2 case to find x, y ∈ S such that

e = xe′, en+1 = ye′, and xR+ yR = R.

Then, for i ≤ n, we have ei = xie = xixe
′, with xix ∈ S and

x1xR+ · · ·+ xnxR+ yR = x(x1R+ · · ·+ xnR) + yR

= xR+ yR = R.

Thus, x1x, . . . , xnx, and y in S are the elements we sought.



§22. Central Idempotents and Block Decompositions 323

Ex. 22.9. Determine all integers r ∈ Z such that, for commuting idempo-
tents e, e′ in any ring R, e+ e′ − ree′ is an idempotent in R.

Solution. From the work on Ex. 5 and Ex. 7, we see that r = 1 and r = 2
are valid choices. (We don’t need e, e′ to be central; all we need is ee′ = e′e.)
Conversely, if r ∈ Z is a valid choice, then for e = e′ = 1 in the ring R = Z,
we have e+ e′ − ree′ = 2− r, which is an idempotent in Z (if and) only if
r = 1 or 2.

Comment. For a solution that is independent of Ex. 5 and Ex. 7, we can
proceed as follows. Let a = e+ e′ − ree′, where e, e′ are commuting idem-
potents in any ring R. Then

a2 = (e+ e′ − ree′)(e+ e′ − ree′)

= (e+ ee′ − ree′) + (ee′ + e′ − ree′)− (ree′ + ree′ − r2ee′)

= e+ e′ + (r2 − 4r + 2) ee′,

and so a2 − a = (r2 − 3r + 2) ee′ = (r − 1)(r − 2) ee′. From this, we see
that the “good” choices for r are precisely r = 1 and r = 2.

Ex. 22.10. If e, e′ are noncommuting idempotents in a ring R, show that
e+ e′ − ree′ may not be an idempotent of R for any r ∈ R.

Solution. Consider the noncommuting idempotents

e =
(
1 0
0 0

)
, e′ =

(
0 0
1 1

)
in R = M2(Z).

Since ee′ = 0, e+ e′ − ree′ =
(
1 0
1 1

)
for any r ∈ R, and this is not an

idempotent of R.
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Chapter 8
Perfect and Semiperfect Rings

§23. Perfect and Semiperfect Rings
Even in the early days of ring theory, it was realized that semiprimary rings
were worthwhile generalizations of artinian rings. In the 1950’s, with the
advent of homological algebra, a number of papers were written about the
homological properties of semiprimary rings. In his seminal 1960 paper, H.
Bass studied the classes of perfect and semiperfect rings as homological gen-
eralizations of semiprimary rings, and obtained striking characterizations
of these rings, both in homological and non-homological terms.

By definition, a semiperfect ring is a semilocal ring R for which idem-
potents of R/rad R can be lifted to R. These rings are characterized by the
property that the identity element 1 ∈ R can be decomposed into a sum of
mutually orthogonal local idempotents (see FC-(23.6)).

A left (resp. right) perfect ring is a semilocal ring R whose Jacob-
son radical, rad R, is left (resp right) T -nilpotent. Here, a subset A ⊆ R
is called left (resp. right) T -nilpotent if, for any sequence of elements
{a1, a2, . . .} ⊆ A, there exists an integer n ≥ 1 such that a1a2 · · · an = 0
(resp. an · · · a2a1 = 0). The use of such T -nilpotent properties can be traced
back to the work of J. Levitzki. Since a (left or right) T -nilpotent ideal is
nil, and idempotents modulo a nil ideal can always be lifted, a (left or
right) perfect ring is always semiperfect. On the other hand, a nilpotent
ideal is always (left and right) T -nilpotent, so a semiprimary ring is always



326 Chapter 8. Perfect and Semiperfect Rings

(2-sided) perfect. In more detail, we have, as in FC-p. 335:

{one-sided artinian rings}⋂
{semiprimary rings}⋂
{right perfect rings}⋂

{local rings} ⊂ {semiperfect rings} ⊂ {semilocal rings}.

In the case of commutative rings, R is semiperfect iff it is a finite direct
product of commutative local rings Ri (FC-(23.11)), and R is perfect iff,
in this decomposition, the maximal ideal of each Ri is T -nilpotent (FC-
(23.24)). In general, however, a right perfect ring need not be left perfect.

It may be said that the more interesting right perfect rings are the ones
without ACC on right or left ideals. In fact, if a right perfect ring R is right
(or left) noetherian, then, according to Exercise 20.6, R is already right
(or left) artinian, and we are back to a more classical setting. For right
perfect rings satisfying somewhat weaker ascending chain conditions, see
Exercise 24.8.

While 1-sided artinian rings are always right perfect (by the above
chart), the right perfect rings can in turn be characterized by certain kinds
of descending chain conditions. A surprising theorem of Bass (FC-(23.20))
states that a ring R is right perfect iff R satisfies DCC on principal left
ideals, iff any left R-module satisfies DCC on its cyclic submodules. (Note
the switch from “right” to “left,” which is not a misprint.) A further refine-
ment of this characterization, due to J.E. Björk, is developed in Exercises
3 and 4.

A precursor to the study of DCC on 1-sided principal ideals was I.
Kaplansky’s work in the early 50’s on DCC for chains of the special
form

aR ⊇ a2R ⊇ a3R ⊇ · · · and Ra ⊇ Ra2 ⊇ Ra3 ⊇ · · · .

This work was continued later by G. Azumaya. However, it took almost
25 years before it was proved, by F. Dischinger, that the two resulting
chain conditions (each imposed for all a ∈ R) are, in fact, equivalent! They
characterize rings that are known as strongly π-regular rings: the relevant
details are developed in Exercises 5 and 6 below. We have already had a
brief encounter with these rings in Exercises 4.15 and 4.17; in the former,
we saw that, among commutative rings, the strongly π-regular rings are
just those with Krull dimension 0.



§23. Perfect and Semiperfect Rings 327

Exercises for §23
Ex. 23.1. Show that any left T -nilpotent set J is locally nilpotent.

Solution. To say J is locally nilpotent means that, for any finite sub-
set A = {a1, . . . , an} ⊆ J , there exists a natural number N such that the
product of any N elements from A is zero. Assume, on the contrary, that
for A, no such integer N exists. Then, for any i ≥ 1, there exists a prod-
uct ai1ai2 · · · aii �= 0 where aij ∈ A. Since |A| < ∞, there exists r1 and an
infinite set I1 with min(I1) ≥ 1 and such that ai1 = ar1 for all i ∈ I1. Simi-
larly, there exists r2 and an infinite set I2 ⊆ I1 with min(I2) ≥ 2 such that
ai2 = ar2 for all i ∈ I2. Inductively, we can define rm and an infinite set
Im ⊆ Im−1 with min(Im) ≥ m and aim = arm for all i ∈ Im. Consider now
the sequence

ar1 , ar2 , . . . ∈ A ⊆ J.

For any m ≥ 1, fix an i ∈ Im. Then i ≥ m, and

ar1 · · · arm = ai1 · · · aim �= 0

since ai1 · · · aim · · · aii �= 0. This contradicts the fact that J is left T -
nilpotent.

Comment. (1) The argument here amounts essentially to an application of
the “König Tree Lemma” in graph theory. However, our ad hoc treatment
above renders the proof self-contained.

(2) In the special case when J is a 1-sided ideal, a somewhat easier proof
is possible: see the arguments in the proof of FC-(23.15).

(3) The converse for the Exercise is false in general, even if J is an ideal.
In fact, let R be the commutative F2-algebra generated by x1, x2, . . . with
the relations

x2
1 = x2

2 = · · · = 0.

The ideal J =
∑

Rxi is clearly locally nilpotent. However, since x1 · · ·xn �=
0 for any n ≥ 1, J is not T -nilpotent. The commutative ring R here is
semiperfect (in fact local), but not perfect. (It was used once before in the
Comment to Exercise 10.13.)

Ex. 23.2. Let K ⊇ k be a field extension, and let A be a k-algebra such
that rad A is right T -nilpotent. Show that A ∩ rad(AK) = rad A.

Solution. Without any conditions on A, we have always

A ∩ rad(AK) ⊆ rad A (see FC-(5.14)).

Therefore, it suffices to show that rad A ⊆ rad(AK). Consider any element
in (rad A)⊗k K, say

a1 ⊗ α1 + · · ·+ an ⊗ αn,
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where ai ∈ rad A, αi ∈ K. By Exercise 1, there exists a natural number
N such that the product of any N elements from {a1, . . . , an} is zero. It
follows that

(a1 ⊗ α1 + · · ·+ an ⊗ αn)N = 0.

This means that (rad A)⊗k K is a nil ideal, so (rad A)⊗k K ⊆ rad(AK),
as desired.

Ex. 23.3. (Björk) For any left module M over a ring R, show that if the
cyclic submodules of M satisfy DCC, then the f.g. (=finitely generated)
submodules of M also satisfy DCC.

Solution. Among submodules of M whose f.g. submodules satisfy DCC,
there exists a maximal one, say N , by Zorn’s Lemma. Assume, for the
moment, that N �= M . Then M/N contains a simple submodule. (For oth-
erwise, there would exist an infinite chain

Rx1 +N � Rx2 +N � . . . .

After re-choosing the xi’s, we may arrange that xi+1 ∈ Rxi for every i. But
then Rx1 � Rx2 � · · · contradicts the hypothesis on M .) Fix an element
y ∈ M\N such that, for P : = Ry +N , P/N is a simple module. We shall
derive a contradiction by showing that the f.g. submodules of P satisfy
DCC.

Consider any chain P1 ⊇ P2 ⊇ · · · in P where each Pn is f.g. If some
Pn ⊆ N , then of course the chain becomes stationary. Thus, we may assume
that each Pn �⊆ N . Now choose yn ∈ Pn such that y ≡ yn(modN) and that
Ryn is minimal. In the following, we shall construct f.g. submodules Q1 ⊇
Q2 ⊇ · · · in N such that

(∗)n Pn = Ryn +Qn = Ryn+1 +Qn (for any n).

Once the Qn’s are constructed, we will have Qn = Qn+1 = · · · for some n.
From (∗)n, (∗)n+1, . . ., we get therefore Pn = Pn+1 = · · · , as desired.

We finish now by constructing the Qn’s. To begin with, note that

P1 = Ry1 + P1 ∩ N.

By resolving a finite system of generators of P1 with respect to this sum,
we can write P1 = Ry1 +Q1 for a suitable f.g. submodule Q1 ⊆ N . Since
y2 ≡ y1 (mod N ), we can write y2 = r1y1 + q1 where r1 ∈ R and q1 ∈ Q1.
Then

y ≡ y2 ≡ r1y1 (mod N ),

and the minimal choice of Ry1 implies that Ry1 = Rr1y1. Therefore, P1 =
Ry2 +Q1, as in (∗)1. From this, we have

P2 = Ry2 + P2 ∩ Q1.
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As before, we can write P2 = Ry2 +Q2 for a suitable f.g. module Q2 ⊆ Q1,
and we can repeat the above process to show that, for this Q2, (∗)2 holds,
etc.

The above proof shows that M = N , so f.g. submodules of M satisfy
DCC!

Comment. This exercise is Theorem 2 in Björk’s paper “Rings satisfying a
minimum condition on principal ideals,” J. reine angew. Math. 236 (1969),
112–119.

Ex. 23.4. Using Exercise 3, show that a ring R is right perfect iff the
finitely generated submodules of any left R-module satisfy DCC.

Solution. First assume R is right perfect. By Bass’ Theorem (FC-(23.20)),
any leftR-moduleM satisfiesDCC on cyclic submodules. By Exercise 3,M
also satisfies DCC on finitely generated submodules. Conversely, suppose
any left R-module M satisfies DCC on finitely generated submodules. In
particular, applying this to M = RR, we see that principal left ideals of
R satisfy DCC. By Bass’ Theorem (FC-(23.20)) again, R must be a right
perfect ring.

Ex. 23.5. (Dischinger) Let R be a ring in which any descending chain
aR ⊇ a2R ⊇ · · · (∀a ∈ R) stabilizes. Show that any descending chain Ra ⊇
Ra2 ⊇ · · · (∀a ∈ R) also stabilizes. (Such a ring R is known as a strongly
π-regular ring.)

Solution. The proof will be based on the following lemma.

Lemma. Suppose a = a2b and b = b2c in the ring R given above. Then
a ∈ Ra2.

Proof. Write d = c − a ∈ R, and note that

(1) ac = a(ab)c = a(a2b)bc = a3b = a2,

(2) abc = (a2b)bc = a2b = a,

(3) ad = a(c − a) = 0 (by (1)),

(4) d2 = (c − a)d = cd (by (3)),

(5) abd2 = abcd = ad = 0 (by (4), (2), (3)),

(6) b2d2 = b2cd = bd (by (4)).

Since dR ⊇ d2R ⊇ · · · also stabilizes, we have dk = dk+1r for some r ∈ R.
Then, by repeated use of (6):

(7) bd2r = (b2d2)dr = b2d3r = · · · = bkdk+1r = bkdk = bd.

From this and (5), we have

(8) 0 = abd2r = abd, and so

(9) 0 = abdr = ab2d2r = ab(bd) = ab2d (by (8), (6), (7)).
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Recalling that d = c − a, (8) now gives aba = abc = a (by (2)), and (9)
gives ab2a = ab2c. Therefore

a = aba = a(b2c)a = (ab2a)a ∈ Ra2,
as desired.

To prove the assertion in the exercise, consider any descending chain
Rao ⊇ Ra2

o ⊇ · · · . Since aoR ⊇ a2
oR ⊇ · · · stabilizes, we have ano = an+1

o bo
for some bo ∈ R, and similarly bmo = b2mo c for some c ∈ R. Without loss of
generality, we may assume that m ≥ n. Since

ano = ao(ano )bo = an+2
o b2o = · · · = an+mo bmo ,

multiplication by am−n
o yields amo = a2m

o bmo . Letting a = amo and b = bmo ,
we have then a = a2b and b = b2c. Applying the Lemma, we get a ∈ Ra2.
Hence, amo ∈ Ra2m

o , so the chain Rao ⊇ Ra2
o ⊇ · · · stabilizes.

Comment. The above highly intricate proof appeared in Dischinger’s paper
“Sur les anneaux fortement π-réguliers,” C.R. Acad. Sc. Paris 283 (1976),
Sér. A, 571–573. Another (allegedly somewhat more economical) proof can
be found in Hirano’s paper “Some studies on strongly π-regular rings”,
Math. J. Okayama Univ. 20 (1978), 141–149.

The somewhat clumsy name “strongly π-regular” is partly justified by
the fact that if R is strongly regular (in the sense of Exercise 12.5), then
it is strongly π-regular (since aR = a2R = a3R = . . . for all a ∈ R). More
justification for the terminology is given in the Comment on the next ex-
ercise. A couple of elementary properties of strongly π-regular rings have
been given earlier in Exercise 4.17.

A large class of strongly π-regular rings arise as endomorphism rings of
modules. Let R = End(MA), where M is a right module over some ring A.
Armendariz, Fisher and Snider (Comm. Algebra 6 (1978), 659–672) have
shown that R is strongly π-regular iff M has the “Fitting Decomposition
Property,” i.e. for any f ∈ R, M = ker(fn)⊕ im(fn) for some n ≥ 1.1 By
the classical Fitting’s Lemma (FC-(19.16)), any module MA of finite length
has this property. It follows therefore that any such M has a strongly π-
regular endomorphism ring.

Applying the Armendariz-Fisher-Snider result to R ∼= End(RR) for any
ring R, we see in particular that R is strongly π-regular iff, for any a ∈ R,
there exists n ≥ 1 such that R = annr(an)⊕ anR.

Ex. 23.6. Recall that an element b ∈ R is called (von Neumann) regular
if b ∈ bRb.

(1) (Azumaya) Let R be any strongly π-regular ring, and let a ∈ R. Show
that there exists an element r ∈ R commuting with a such that an = an+1r
for some n ≥ 1. From this, deduce that an is regular.

1 This theorem is to be compared with similar results in Exercises 4.14A1 and
4.14C on von Neumann regular and unit-regular endomorphism rings.
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(2) (Kaplansky) Let R be an algebra over a field k, and a ∈ R be algebraic
over k. Show that aR ⊇ a2R ⊇ · · · stabilizes, and that an is regular for
some n ≥ 1. From this, deduce that any algebraic k-algebra is strongly
π-regular.

Solution. As a motivation for (1), we begin by proving (2).

(2) Let am + am−1cm−1 + · · ·+ co = 0 where ci ∈ k, and m is chosen small-
est. If co �= 0, then a ∈ U(R) (cf. Exercise 1.13), in which case the desired
conclusions are obvious. We may now assume that, for some n ≥ 1, cn �= 0,
but ci = 0 for all i < n. Then from

−ancn = an+1cn+1 + · · ·+ am,

we have an = an+1r where r ∈ R is a polynomial in a (and in particular
commutes with a). This shows that anR = an+1R = · · · . Since ar = ra, we
have

(∗) an = anar = an+1rar = an+2r2 = · · · = a2nrn = anrnan,

so an ∈ R is regular. The last assertion in (2) is now obvious.

(1) The last assertion in (1) can be proved exactly as in (∗), once we find
the element r ∈ R such that an = an+1r and ar = ra. Since (by Ex. 23.5)

aR ⊇ a2R ⊇ · · · and Ra ⊇ Ra2 ⊇ · · ·
both stabilize, there exist a large integer n such an = a2nx = ya2n for suit-
able x, y ∈ R. Now let b = an. Then

(1) b = b2x = yb2

(2) bx = yb2x = yb (by (1)),

(3) bxb = yb2 = b = b2x = byb (by (2), (1)).

Setting s = bx2 ∈ R, we have:

(4) bs = bybx = bx = yb = ybxb = sb (by (2), (3)),

(5) b2s = bsb = bxb = b (by (4), (3)),

(6) bs2 = ybs = ybx = bx2 = s (by (4)).

We have now from (5):

an = a2ns = an+1r for r : = an−1s.

Finally, for any c ∈ R, we claim that

(7) ac = ca =⇒ sc = cs.

If so, then applying this to c = a, we see that a commutes with s, and hence
with r, as desired. To prove (7), consider any c ∈ R commuting with a (and
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hence with b). We have

(8) sbc = scb = scb2s = sb2cs = bcs (by (5), (4)),

(9) sc = bs2c = s2bc = sbcs (by (6), (4), (8))

(10) cs = cs2b = cbs2 = sbcs (similarly).

Comparison of (9) and (10) shows sc = cs, as desired.

Comment. The proof for (1) is taken from Azumaya’s paper “Strongly
π-regular rings,” J. Fac. Sci. Hokkaido Univ. 13 (1954), 34–39, while the
argument for (2) is from Kaplansky’s paper “Topological representations
of algebras, II,” Trans. Amer. Math. Soc. 68 (1950), 62–75.

McCoy defined a ring R to be π-regular if, for any a ∈ R, some an (n ≥
1) is regular. Using this definition, we have then

strongly regular =⇒ strongly π-regular
⇓ ⇓

regular =⇒ π-regular

In this chart, all implications are irreversible. However, for rings with a
bounded index for their nilpotent elements, Azumaya (loc. cit.) has shown
that the vertical implication on the right is an equivalence. In particular,
this implies that if a von Neumann regular ring R has a bounded index
for its nilpotent elements, then R is strongly π-regular. This result was
rediscovered years later (via Pierce sheaves) by Burgess and Stephenson:
see their paper in Comm. Algebra 4 (1976), 51–75, or Theorem 7.15 in
Goodearl’s book on von Neumann regular rings. For commutative rings R,
both vertical implications above are equivalences. In this case, the conditions
on the RHS just amount to K-dim R = 0: see Exercise 4.15.

In general, any von Neumann regular ring is J-semisimple. The analo-
gous result for the π-case is that, for any π-regular ring R, rad R is nil. In
fact, if a ∈ rad R, then, choosing n ≥ 1 and x ∈ R such that an = anxan,
we have (1− anx)an = 0, which implies an = 0.

The relationship between right perfect rings and strongly π-regular rings
is provided by Bass’ Theorem FC-(23.20) characterizing the former. In view
of this theorem, any right perfect ring is strongly π-regular. It follows (from
Exercise 5) that, in such a ring R, any chain

aR ⊇ a2R ⊇ a3R ⊇ · · ·

stabilizes, although a chain

a1R ⊇ a2R ⊇ a3R ⊇ · · ·

need not stabilize (since R may not be left perfect).
As we have pointed out in the Comment on Ex. 20.10E, P. Ara has

proved in 1996 that any strongly π-regular ring has stable range 1.



§23. Perfect and Semiperfect Rings 333

Ex. 23.7. Show that a ring R is strongly regular iff it is reduced and
strongly π-regular.

Solution. If R is strongly regular, we know that R is reduced by
Ex. 12.6(A), and that R is strongly π-regular by the chart in the Comment
on Ex. 23.6. Conversely, assume that R is reduced and strongly π-regular.
For any a ∈ R, Ex. 23.6(1) yields an equation an = an+1r for some n ≥ 1
and some r ∈ R commuting with a. We have then

(a − a2r)n = [a(1− ar)]n = an(1− ar)n

= an(1− ar)(1− ar)n−1

= (an − an+1r)(1− ar)n−1 = 0.

Since R is reduced, this implies that a = a2r, so R is strongly regular.

Ex. 23.8. (Vasconcelos) Show that a commutative ring R has (Krull)
dimension 0 iff all finitely generated left R-modules are cohopfian.

Solution. If dim R �= 0, there exist prime ideals P � Q in R. Fix an el-
ement a ∈ Q\P . Then f : R/P → R/P given by multiplication by a is an
injective R-homomorphism with image contained in Q/P � R/P , so f is
not surjective. This proves the “if” part.

For the “only if” part, assume that dim R = 0, and let f be an injective
endomorphism of a finitely generated left R-module M . We apply here the
same technique used in the hopfian case (Ex. 20.9). View M as a left R[t]-
module by letting t act via f , and let J ⊆ R[t] be the annihilator of M .
Pick m1, . . . ,mn ∈ M such that M =

∑n
i=1 Rmi. We can write

tmi = f(mi) =
∑
j

rijmj , where rij ∈ R.

By the “determinant trick” again, this gives det(tIn − (rij)) · M = 0. Thus
J contains a monic polynomial in t, and hence R′ := R[t]/J is an integral
extension of the 0-dimensional ring R/R ∩ J . By the Cohen-Seidenberg
Theorem, it follows that dim R′ = 0. Now t is not a 0-divisor in R′, since
for any polynomial α(t) ∈ R[t]:

t · α(t) = 0 =⇒ f(α(f)M) = 0 =⇒ α(f)M = 0 =⇒ α(t) ∈ J.

Since dim R′ = 0, Ex. 4.15 and Ex. 4.17 imply that t is a unit in R′. From
this, it is clear that f is an automorphism.

Comment. The result in this exercise comes from Vasconcelos’s paper in
Proc. Amer. Math. Soc. 25 (1970), 900–901. This result was extended to
P.I. rings (rings satisfying a polynomial identity) by Armendariz, Fisher,
and Snider, who proved that, for any P.I. ring R, all finitely generated left
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R-modules are cohopfian iff all prime ideals of R are maximal ; see their
paper in Comm. Algebra 6 (1978), 659–672.

Ex. 23.9. (Dischinger) For any ring R, show that all finitely generated left
R-modules are cohopfian iff all matrix rings Mn(R) are strongly π-regular.

Solution. First assume that all finitely generated left R-modules are co-
hopfian. We view S = Mn(R) as EndR(Rn), acting on the right of Rn.
Given any f ∈ S, let T =

⋃∞
i=1 ker(f

i). Then Tf ⊆ T , so f induces an
f ∈ EndR(Rn/T ). This endomorphism is injective, since

(x+ T )f = 0 =⇒ xf ∈ T =⇒ x ∈ T.

Thus, f is also surjective. Write ei + T = (xi + T )f , where e1, . . . , en are
the unit vectors in Rn. Then for a sufficiently large integer k, we have
ei − xif ∈ ker(fk) for all i. Let g ∈ S be defined by eig = xi (1 ≤ i ≤ n).
Then

ei(fk − gfk+1) = ei(1− gf)fk = (ei − xif)fk = 0

for all i, so we have fk = gfk+1. This means that the chain Sf ⊇ Sf2 ⊇ · · ·
stabilizes, so S is strongly π-regular.

Conversely, assume that all matrix rings Mn(R) are strongly π-regular.
Given an injective f ∈ End(RM) where RM is finitely generated, we must
prove f is surjective. We shall first treat the case where RM is a cyclic
module, say M = R/A, where A ⊆ R is a left ideal. Say (1 +A)f = r +A.
Since R is strongly π-regular, there exists an equation rk = srk+1 for some
k ≥ 1 and s ∈ R. Thus,

(1 +A)fk = rk +A = srk+1 +A = (s+A)fk+1,

and so Mfk ⊆ Mfk+1. Since f is injective, this implies that M ⊆ Mf , so
f is surjective.

For the general case, let M =
∑n
i=1 Rmi. Writing the elements of M (n)

as column vectors (x1, . . . , xn)t, we can view M (n) as a left module over S =
Mn(R) via matrix multiplication. This S-module is cyclic, with generator
(m1, . . . ,mn)t. Given an injective f ∈ End(RM), we can define an injective
f∗ ∈ End(SM (n)) by the equation

(x1, . . . , xn)tf∗ = (x1f, . . . , xnf)t (xi ∈ M).

Since the matrix rings M�(S) ∼= M�n(R) are all strongly π-regular, the
cyclic case covered before implies that f∗ is surjective. It follows that f
is also surjective.

Comment. The result in this exercise is a theorem proved in Dischinger’s
1977 doctoral dissertation at the Universität München; see also his paper in
C. R. Acad. Sci., Sér. A 283 (1976), 571–576. The proof above follows that
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given by Armendariz, Fisher, and Snider in their paper cited in the Com-
ment on Ex. 8. In view of Dischinger’s other theorem (Ex. 5) that strong
π-regularity is a left-right symmetric notion, it follows from this exercise
that, for any ring R, all finitely generated left R-modules are cohopfian iff
all finitely generated right R-modules are cohofian. (This statement is not
true if “cohopfian” is replaced by “hopfian”: see the Comment on Ex. 20.9.)

To some readers, an “annoying” feature of the statement of this ex-
ercise might be that, for the sufficiency part, you have to assume strong
π-regularity not only for R, but for all matrix rings Mn(R). This raised
the question whether the two conditions in this exercise are equivalent to
R itself being strongly π-regular. Dischinger observed in his paper (loc. cit)
that, if the property of strong π-regularity always passed to matrix rings,
then the famous Köthe Conjecture (see Ex. 10.25) would have an affirma-
tive answer. However, Cedó and Rowen have shown that strong π-regularity
does not pass to 2×2 matrix rings; see their paper in Israel J. Math. 107
(1998), 343–348. Thus, in general, Ex. 23.9 cannot be further improved.

For certain classes of rings, strong π-regularity does pass to matrix
rings. We shall only cite one result in this direction. Recall that a ring R is
2-primal if its prime radical Nil∗(R) consists of all nilpotent elements of R
(see FC -§12, or Ex. 12.18, Ex. 12.19(0)); examples of 2-primal rings include
commutative rings and reduced rings. Building on the work of Tominaga
(Math. J. Okayama Univ. 4 (1955), 135–144), Hirano has proved that, if
R is 2-primal, then R is π-regular iff it is strongly π-regular, iff all matrix
rings Mn(R) are strongly π-regular; see his paper in Math. J. Okayama
Univ. 20 (1978), 141–149. The commutative case of this result is covered
by Ex. 4.15 and the exercise below.

Ex. 23.10. Let S be a commutative ring of dimension 0, and R be an
S-algebra that is finitely generated as an S-module. Show that any matrix
ring Mn(R) is strongly π-regular.

Solution. By Ex. 8, any finitely generated left S-module is cohopfian. In
view of Ex. 4.16∗, this implies that any finitely generated left R-module
is also cohopfian. Applying Ex. 9, we see that any matrix ring Mn(R) is
strongly π-regular.

Ex. 23.11. Let R be a right perfect ring. Show that (1) any matrix ring
Mn(R) is right perfect, and (2) any finitely generated left or right R-module
is cohopfian.

Solution. (1) By FC -(20.4), S = Mn(R) is also semilocal, so it suffices
to show that J = rad S = Mn(rad R) is right T -nilpotent. Accordingly to
FC -(23.16), this will follow if we can show that, for any right S-module M ,
MJ = M =⇒ M = 0. Let {eij} be the matrix units in S. From MJ = M ,
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we have

Me11 = MJe11 = M (
∑
i ei1 · rad R)

= M · (∑i ei1e11 · rad R)

⊆ Me11 · rad R.

Since Me11 is a right R-module, and rad R is right T -nilpotent, this implies
that Me11 = 0. Right multiplying this by e1i, we see that Me1i = 0, and
hence

Meii = M(ei1e1i) ⊆ Me1i = 0.

Summing over i, we get M = 0, as desired.

(2) Since Mn(R) is right perfect, its principal left ideals satisfy DCC (by
FC -(23.20)), so in particular Mn(R) is strongly π-regular. By Ex. 10 (and
the left-right symmetry of strong π-regularity), it follows that finitely gen-
erated left, right R-modules are all cohopfian.

Comment. Part (1) is folklore in Bass’s theory of (right) perfect rings, and
is usually proved by using the Morita equivalence of module categories
over R and Mn(R), and categorical characterizations of right perfect rings
(such as “flat right modules are projective”). Since we do not have Morita’s
theory at our disposal, we gave a direct (and more elementary) proof. Part
(2) of the exercise was an observation of Armendariz, Fisher, and Snider;
see Cor. (1.3) in their paper cited in the Comment on Ex. 8.

§24. Homological Characterizations of Perfect
and Semiperfect Rings

As we have mentioned in the Introduction to §23, Bass’ study of perfect
and semiperfect rings was partly inspired by homological algebra. In order
to retrace his path of discovery, we have to first review some of the module-
theoretic notions introduced in FC-§24.

A submodule S of an R-module M is said to be small (or superfluous)
(written S ⊆s M) if, for any submodule N ⊆ M ,

S +N = M =⇒ N = M.

The sum of all small submodules of M is called the radical of M , and
is denoted by rad M . This radical is also the intersection of all maximal
submodules of M (FC-(24.4)). (If there are no maximal submodules, this
intersection is understood to be M .) Thus, the radical of a module is just
a straightforward generalization of the Jacobson radical of a ring.

For any MR, a projective cover of M means an epimorphism θ : P →
M where PR is a projective module and ker θ ⊆s P . (Sometimes we shall
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loosely refer to P as a projective cover of M , suppressing the role of θ.)
In general, MR may not have a projective cover, but whenever it does,
as above, then the projective cover is essentially unique (FC-(24.10)). The
question is: when does every MR admit a projective cover?

One of Bass’ main theorems is that every MR has a projective cover
iff R is right perfect (FC-(24.18)), and every finitely generated MR has a
projective cover iff R is semiperfect (FC-(24.16)). A pleasant consequence
of this is that if R is right perfect (resp. semiperfect), then so is R/I for
any ideal I ⊆ R (FC-(24.17), FC-(24.19)).

The homological connection does not stop here, as there is also another
surprising link to the notion of flat modules. A module MR is called flat
if the functor M ⊗R − is exact on the category of left R-modules. (The
notion of flat modules generalizes the notion of torsion-free abelian groups.)
Another theorem of Bass states that a ring R is right perfect iff every flat
module MR is projective2 (FC-(24.25)). In fact, it is this homological result
which first led Bass to the characterization of right perfect rings as rings
satisfying DCC on principal left ideals. Later, a nonhomological proof of
this characterization was found by R. Rentschler, but the proof was by no
means easy.

The exercises in this section deal mainly with maximal, minimal, and
superfluous submodules, and their connections to projective covers and per-
fect and semiperfect rings. Projective covers of simple modules are charac-
terized in Exercise 4. Commutative rings for which every nonzero module
has a maximal submodule are characterized in Exercise 9. Since we do not
have the full homological machinery at our disposal, no exercises on flat
modules are included in this section.

Exercises for §24

Ex. 24.1. For any finitely generated right R-module M , show that rad
M ⊆s M .

Solution. Assume rad M is not superfluous in M . Then there exists a
submodule N � M such that N + rad M = M . Since M is finitely gener-
ated, Zorn’s Lemma implies that N ⊆ N ′ for some maximal submodule N ′

of M . But then N ′ ⊇ radM , and hence

N ′ ⊇ N + radM = M,

a contradiction.

Ex. 24.2. Let S,M be right R-modules such that S ⊆s M . Show that M
has a projective cover iff M/S does.

2 Of course, every projective module is always flat.
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Solution. For the “only if” part, let f : P → M be a projective cover of
M . Let T = f−1(S). We claim that T ⊆s P . To see this, suppose N is a
submodule of P such that N + T = P . Then

M = f(P ) = f(N) + f(T ) = f(N) + S

implies that f(N) = M . This in turn implies that N + ker(f) = P . Since
ker(f) ⊆s P , we conclude that N = P . Having now proved that T ⊆s P , it
follows that f : P → M/S is a projective cover of M/S.

Conversely, let g : P → M/S be a projective cover of M/S. Since P is
projective, there exists an R-homomorphism f : P → M such that π ◦ f =
g where π is the projection map M → M/S. From

ker(f) ⊆ ker(g) ⊆s P,

it follows that ker(f) ⊆s P . We are done if we can show that f(P ) = M .
But

M/S = g(P ) = πf(P )

implies that f(P ) + S = M . Since S ⊆s M , we have indeed f(P ) = M .

Ex. 24.3. Show that a ringR is semiperfect iff every simple right R-module
has a projective cover.

Solution. Recall that R is semiperfect iff every finitely generated right
R-module has a projective cover (FC-(24.16)). Our job is therefore to show
that, if every simple right R-module has a projective cover, then so does
every finitely generated right R-module M. Let {Mi : i ∈ I} be the family
of maximal submodules ofM . For each i ∈ I, fix a projective cover gi : Pi →
M/Mi. Since Pi is projective, there exists fi ∈ HomR(Pi,M) “lifting” gi. It
is easy to see that

∑
i fi(Pi) = M . (For otherwise

∑
i fi(Pi) ⊆ Mj for some

j, which contradicts Mj + fj(Pj) = M .) Since M is finitely generated, it
follows that

(1) fi1 ⊕ · · · ⊕ fin : Pi1 ⊕ · · · ⊕ Pin −→ M

is onto for suitable indices i1, . . . , in ∈ I. To simplify the notation, let us
write 1, . . . , n for i1, . . . , in in the following. From (1), we have an epimor-
phism

(2)
n⊕
i=1

Pi/rad Pi ∼=
(
n⊕
i=1

Pi

)/
rad

(
n⊕
i=1

Pi

)
−→ M/rad M.

Since ker(gi) is maximal in Pi, we have rad Pi ⊆ ker(gi). On the other
hand, ker(gi) ⊆s Pi implies that ker(gi) ⊆ rad Pi (see FC-(24.4)). There-
fore, equality holds, and we have Pi/rad Pi ∼= M/Mi for every i. It follows
from (2) that M/rad M is a finitely generated semisimple module. Since
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each simple right R-module has a projective cover, so does M/rad M (cf.
FC-(24.11)(3)). By Exercise 1, rad M ⊆s M , so by Exercise 2, M also has
a projective cover.

Ex. 24.4. For any projective right R-module P �= 0, show that the follow-
ing are equivalent:

(1) P is a projective cover of a simple R-module;
(2) P has a superfluous and maximal submodule;
(3) rad P is a superfluous and maximal submodule;
(4) every maximal submodule of P is superfluous;
(5) E : = EndR(P ) is a local ring;
(6) P ∼= eR for some local idempotent e ∈ R.

Solution. (1) ⇔ (2) is clear.

(4) =⇒ (2) is clear since (by FC-(24.7)) P always has a maximal submodule.

(2) =⇒ (3). Let K ⊂ P be both superfluous and maximal. Then K ⊆ rad P
by FC-(24.4), and hence K = rad P , proving (3).

(3) =⇒ (5). First note that P must be indecomposable. (For, if P = P1 ⊕ P2
with Pi �= 0, then rad Pi �= Pi by FC-(24.7), and

rad P = rad P1 ⊕ rad P2

would not be maximal.) Since P is projective, it follows that an endomor-
phism of P is an automorphism iff it is an epimorphism. To check that
E is a local ring, it suffices to show that, whenever f + g = 1 ∈ E and
f �∈ U(E), then g ∈ U(E). Now, from f �∈ U(E), we have f(P ) �= P . The
assumptions on rad P then imply that f(P ) ⊆ rad P . On the other hand,
f + g = 1 implies that f(P ) + g(P ) = P . Therefore, g(P ) = P and we have
g ∈ U(E).

(5) =⇒ (4). Let N be any maximal submodule of P . To prove that N ⊆s P ,
suppose N +M = P , where M is another submodule of P . Let f be the
composition of

P → P/N ∼= M/M ∩ N,

and choose a homomorphism g : P → M which lifts f . We shall view g as
an element of E. For any p = m+ n where m ∈ M and n ∈ N , we have
f(p) = m, so m − g(p) ∈ N . This implies that (1− g)(P ) ⊆ N , so 1− g �∈
U(E). Since E is a local ring, it follows that g ∈ U(E), and in particular
M = P , as desired.

We have now proved the equivalence of (1)–(5).

(6) =⇒ (5) is clear, since EndR(eR) ∼= eRe by FC-(21.7).
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(1) =⇒ (6). Let α : P → S be a projective cover, where S is a simple
R-module. Fix a surjection π : R → S. Since P is projective, there exists
β ∈ HomR(R,P ) such that αβ = π. Then β(R) + ker(α) = P , so we must
β(R) = P . This implies that P ∼= eR for some e = e2 ∈ R. Since we already
know (1) ⇒ (5), eRe ∼= EndR(P ) is a local ring, so e is a local idempotent.

Ex. 24.5. Show that a semiprime right perfect ring R is semisimple.

Solution. This follows without any work from FC -(10.24) if we use the
characterization of right perfect rings as rings satisfying DCC on principal
left ideals ((1) ⇐⇒ (2) in FC -(24.25)). An alternative proof is given below.

Since rad R is right T -nilpotent, FC-(23.15) implies that

rad R ⊆ Nil∗R (the lower nilradical of R).

The fact that R is semiprime means that Nil∗R = 0. Therefore, rad R = 0.
It follows from the definition of a right perfect ring that R(= R/rad R) is
semisimple.

Ex. 24.6. Let R be a ring satisfying one of the following conditions:

(a) Every nonzero right R-module has a maximal submodule;
(b) Every nonzero left R-module has a simple submodule.

Show that J = rad R is right T -nilpotent.

Solution. First assume (a) holds. For any right R-module M �= 0, (a)
implies that rad M � M . Since MJ ⊆ rad M by FC-(24.4), it follows that
MJ � M . The fact that this holds for any MR �= 0 implies that J is right
T -nilpotent, according to FC-(23.16).

Next assume (b) holds. Then for any left R-module N �= 0,

annN (J) : = {x ∈ N : Jx = 0}

is necessarily nonzero. This fact implies that J is right T -nilpotent, again
by FC-(23.16).

Ex. 24.7. For any ring R, show that the following are equivalent:

(1) R is right perfect;
(2) R is semilocal and every right R-module M �= 0 has a maximal sub-
module;
(3) R is semilocal and every left module N �= 0 has a simple submodule.

Solution. (2) or (3) =⇒ (1). Assume (2) or (3). By Exercise 6, rad R is
right T -nilpotent. Since R is semilocal, it follows by definition that R is
right perfect.

(1) =⇒ (2) + (3). Assume R is right perfect. By definition, R is semilocal
and J : = rad R is right T -nilpotent. Let M �= 0 be any right R-module.
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By the last part of FC-(24.4), MJ = rad M , and by FC-(23.16), MJ �= M .
Therefore, rad M �= M , which means that M has a maximal submodule.
Next, consider any left R-module N �= 0. By Exercise 4.18,

soc(N) = annN (J),

and by FC-(23.16) again, annN (J) �= 0. Therefore, soc(N) �= 0, which
means that N has a simple submodule.

Comment. In (2) and (3), one may try to replace “R is semilocal” by
the weaker condition that “there is no infinite set of nonzero orthogonal
idempotents in R.” Let (2)′ and (3)′ denote the resulting conditions. In
FC-(23.20) and (24.25), it was shown that (1) ⇐⇒ (3)′: this was part of
Bass’ Theorem in his original 1960 paper (Trans. AMS 95). Of course, we
also have (1) ⇒ (2)′, so it is tempting to ask if (2)′ ⇒ (1). This was raised
as an open question in p. 471 of Bass’ paper (although it was misquoted as
a “conjecture” in a few other papers). In the case when R is a commutative
ring, (2)′ ⇒ (1) was proved later by Hamsher, Renault, and Koifman.
(This implication is an easy consequence of Exercise 9 below.) However, a
noncommutative example was constructed by Koifman to show that (2)′ ⇒
(1) does not hold in general: see his paper (in Russian) in Mat. Zametki 7
(1970), 359–367 (translated into English in Math. Notes 7 (1970), 215–219).

Ex. 24.8. Let R be a right perfect ring which satisfies ACC on right anni-
hilators of ideals. Show that J : = rad R is nilpotent (so R is a semiprimary
ring).

Solution. Fix an integer n ≥ 1 such that

annr(Jn) = annr(Jn+1).

(Here, “annr” denotes “right annihilator.”) If annr(Jn) = R, then Jn =
0 and we are done. Assume, for the moment, that annr(Jn) �= R. Since
annr(Jn) is an ideal, we can view R/annr(Jn) as a left R-module. By
Exercise 7, there exists a left ideal N � annr(Jn) such that N/annr(Jn) is
a simple left R-module. But then JN ⊆ annr(Jn), so

0 = Jn(JN) = Jn+1N.

Since annr(Jn) = annr(Jn+1), this implies N ⊆ annr(Jn), a contradiction.

Comment. There do exist semiprimary rings satisfying ACC on right (and
left) annihilators that are not right noetherian. The most immediate ex-
amples are nonnoetherian local rings (R,m) for which m2 = 0. (The only
annihilators are (0), R, and m.) This is an observation of Carl Faith; see
his paper in Proc. Amer. Math. Soc. 112 (1991), 657–659.

Ex. 24.9. (Hamsher, Renault) Let R be a commutative ring. Show that
every nonzero R-module has a maximal submodule iff rad R is T -nilpotent
and R/rad R is von Neumann regular.
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Solution. First assume every nonzero R-module has a maximal submod-
ule. By Exercise 6, rad R must be T -nilpotent. After factoring out rad R,
we may assume that rad R = 0. In particular, R is now a reduced ring; we
must show that R is von Neumann regular. By Exercise 4.15, it suffices to
show that any prime ideal p ⊂ R is maximal. After factoring out p, we may
further assume that R is an integral domain, and must show that R is a
field. Let K be the quotient field of R, and assume R �= K. Let M be a
maximal submodule of KR, and fix an R-isomorphism

ϕ : R/m → K/M,

where m is a maximal ideal of R. Since R �= K, there exists a nonzero
element r ∈ m. Let ϕ(1 + m) = k +M and pick s ∈ R such that ϕ(s+ m) =
k/r +M . Then

ϕ(sr + m) = (k/r +M)r = k +M = ϕ(1 + m)

implies that 1 ∈ sr + m ⊆ m, a contradiction.
For the converse, assume now that J = rad R is T -nilpotent and R/J

is von Neumann regular. Let MR �= 0 be any R-module. By FC-(23.16), we
have MJ �= M . It suffices to show that M/MJ has a maximal submodule.
Since M/MJ is a right module over R/J , we may replace R by R/J to
assume that R is von Neumann regular. To find a maximal submodule ofM ,
we follow here an argument suggested by K. Goodearl. Fix a maximal ideal
m ⊂ R at which the localization Mm �= 0. By Exercise 4.15, the localization
Rm is a field. Therefore, as a nonzero vector space over Rm, Mm admits
an Rm-homomorphism f onto Rm. Composing f with the natural map
M → Mm, we get an R-homomorphism g : M → Rm, which is easily seen
to be nonzero. As an R-module, Rm is just the simple module R/m. Since
g �= 0, it must be onto, so ker(g) is a maximal submodule of M .

Comment. For the relevant literature, see R. Hamsher’s paper in Proc.
Amer. Math. Soc. 17 (1966), 1471–1472, and G. Renault’s paper in C. R.
Acad. Sc. Paris 264 (1967), Sér. A, 623–624.

Ex. 24.10. (Hamsher) Let R be a commutative noetherian ring. Show
that every nonzero R-module has a maximal submodule iff R is artinian.

Solution. IfR is artinian, thenR is perfect, so by Exercise 7, every nonzero
R-module has a maximal submodule. Conversely, assume R has this prop-
erty. By Exercise 9, J = rad R is T -nilpotent and R/J is von Neumann
regular. Since R/J is also noetherian, FC-(4.25) implies that it is semisim-
ple. It follows now from Exercise 20.6 that R is an artinian ring.

Comment. The above result can be generalized to the noncommutative
setting. In fact, Renault has shown that a right noetherian ring R is right
artinian iff every nonzero right R-module has a maximal submodule. The
proof requires considerably more work: see Renault’s paper in C. R. Acad.
Sc. Paris 267 (1968), Sér. A, 792–794.
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§25. Principal Indecomposables and Basic
Rings

The theory of principal indecomposable modules and basic rings was clas-
sically developed for right artinian rings, but can be easily adapted to
the case of semiperfect rings. If R is semiperfect, any primitive idempotent
e ∈ R is local (FC-(23.5)), and eR is called a principal indecomposable mod-
ule. The isomorphism classes of principal indecomposables are in one-one
correspondence with the isomorphism classes of simple right R-modules,
by the map

[eR] �−→ [eR/eJ ]

where J = rad R. Moreover, any finitely generated projective right R-
module is uniquely a direct sum of principal indecomposables (FC-(25.3)).

A basic idempotent in a semiperfect ring R is an idempotent of the form

e = e1 + · · ·+ er

where the ei’s are orthogonal primitive idempotents in R such that e1R, . . . ,
erR represent a complete set of isomorphism classes of the principal inde-
composables. For any such basic idempotent e, eRe is called a basic ring
of R. This ring is also semiperfect, and its isomorphism type is uniquely
determined (FC-(25.6)). The ultimate justification for the formation of the
basic ring is that it provides a “canonical minimal representative” for the
class of rings that are “Morita equivalent” to R. However, since we do not
have the details of the Morita Theory at our disposal, we shall not pursue
this connection here.

Exercise 4 below shows that a basic idempotent of a semiperfect ring
R is determined up to a conjugation in R. The other exercises deal with
the classical case of finite-dimensional algebras (over fields), and are largely
motivated by the representation theory of such algebras.

Exercises for §25
Ex. 25.1. Let R be a finite-dimensional algebra over a field k, and let M
be any finite-dimensional right R-module. For any idempotent e ∈ R, show
that dimk HomR(eR,M) = dimkMe.

Solution. By FC-(21.6), we have an additive group isomorphism

λ : HomR(eR,M) −→ Me

defined by λ(f) = f(e) for any λ ∈ HomR(eR,M). It is easy to check
that HomR(eR,M) and Me are k-vector spaces, and that λ is a k-
homomorphism. Therefore, λ is a k-isomorphism, and we have

dimk HomR (eR,M) = dimk Me.
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Ex. 25.2. In Exercise 1, assume k is a splitting field for R. Let e ∈ R
be a primitive idempotent and let J = rad R. Show that the number of
composition factors of MR isomorphic to eR/eJ is given by dimk Me.

Solution. Since eRe is finite-dimensional over k and has no nontrivial
idempotents, it is a local k-algebra by FC-(19.19). Therefore, e is in fact
a local idempotent, so by FC-(21.18), eR/eJ is a simple R-module. Fix a
composition series

M = M1 � M2 � · · · � Mn � Mn+1 = 0.

Suppose

Mi1/Mi1+1, . . . ,Mir/Mir+1 (1 ≤ i1 < · · · < ir ≤ n)

are the composition factors isomorphic to eR/eJ . Recall that

Mi/Mi+1 ∼= eR/eJ ⇐⇒ Mie � Mi+1

(see FC-(21.19); of course this is also a special case of Exercise 1). Therefore,
there exist mij ∈ Mij such that mije �∈ Mij+1 for 1 ≤ j ≤ r. After replacing
mij by mije, we may assume that mij ∈ Me. From Mij = mijR+Mij+1,
we have

(A) Mije ⊆ mijRe+Mij+1 = mij (eRe) +Mij+1.

Let us write “bar” for the residue map from R to R = R/J . Since k is a
splitting field for R, eRe ∼= EndR(eR) is 1-dimensional over k. Therefore,
eRe = ek + eJe, so from (A) we have

(B) Mije ⊆ mijek +mijeJe+Mij+1 ⊆ mijk +Mij+1.

We shall now complete the proof by showing that mi1 , . . . ,mir form a
k-basis for Me. Since they are clearly k-linearly independent, it suffices
to show that they span Me. Consider any m ∈ Me. Since Mie ⊆ Mi+1
whenever i �∈ {i1, . . . , ir}, the fact that m = me implies that m ∈ Mi1 . In
view of (B), there exists α1 ∈ k such that

m′ : = m − mi1α1 ∈ Mi1+1,

and therefore m′ = m′e ∈ Mi1+1e. This implies as before that m′ ∈ Mi2 ,
and so m′ ∈ Mi2e. We then have

m′ − mi2α2 ∈ Mi2+1

for a suitable α2 ∈ k. Continuing like this, we obtain in r steps an equation

m = mi1α1 + · · ·+mirαr + ε,
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with an “error term” ε ∈ Mir+1. But now ε = εe ∈ Mir+1 e = 0, so we have

m = mi1α1 + · · ·+mirαr,

as desired.

Ex. 25.3. Construct a basic idempotent e for the group algebra R = QS3,
and determine the corresponding basic ring eRe.

Solution. Referring to Exercise 8.3, we have

R ∼= Q × Q × M2(Q),

with the three centrally primitive idempotents e1, e2, e3 as worked out in
that exercise. The first two of these are already primitive idempotents in
R, but e3 is not. To find a primitive idempotent in the block e3R, we fix an
irreducible Q-representation belonging to this block, say the one afforded
by the module

V = (Qv1 ⊕ Qv2 ⊕ Qv3)/Q · (v1 + v2 + v3),

on which S3 acts by permuting the vi’s. Using v1, v2 as basis for V , we have

(1) �→
(
1 0
0 1

)
, (12) �→

(
0 1
1 0

)
, (13) �→

(−1 0
−1 1

)
, (123) �→

(
0 −1
1 −1

)
.

These four matrices are linearly independent, so we have a unique linear
combination, namely

α = 1
3 [(1)− (12)− 2(13)− (123)],

which maps to the primitive idempotent
(
1 0
0 0

)
∈ M2(Q). Of course, α

may not lie in the block e3R. But we can simply replace it by 3

β = αe3 = 1
3 [(1)− (13) + (23)− (123)] ∈ e3R.

Since our representation gives an isomorphism ϕ from e3R to M2(Q), β is
a primitive idempotent in e3R. A basic idempotent for R is therefore

e = e1 + e2 + β = 1− e3 + β

= 1− 1
3 [2(1)− (123)− (132)] + 1

3 [(1)− (13) + (23)− (123)]

= 1
3 [2(1)− (13) + (23) + (132)].

To compute eRe, note that e1, e2, β are mutually orthogonal, and that
e3β = βe3 = β. Thus, e(eiR)e = Qei for i = 1, 2, and

e(e3R)e = ee3Re3e = β(e3Re3)β = Qβ

3 If we had chosen to work with the matrices representing (1), (13), (23) and
(123), we would have gotten this β in one shot, but we didn’t know better.
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in view of the isomorphism ϕ. A basic ring for R is therefore

eRe = (Qe1)× (Qe2)× (Qβ) ∼= Q × Q × Q,

which is, of course, consistent with the predictions of the general theory
(cf. (25.7)(3)).

Comment. For the general symmetric group G = Sn, there is a well-known
method, due to Alfred Young, by which one can construct explicitly a
primitive idempotent associated with each irreducible QG-representation,
from the so-called Young diagram of the representation. This method is
described in detail in §28 of “Representation Theory of Finite Groups and
Associative Algebras” by Curtis and Reiner. In concluding this discussion,
Curtis and Reiner stated: “An interesting unsolved problem in this connec-
tion is whether the sort of algorithm used in the case of Sn, which gives a
direct construction of the minimal (right) ideals in the group algebra from
the conjugacy classes in the group, is available for other classes of (finite)
groups.”

In the case of G = S3, the representation used in the solution of our
exercise arises from the Young tableau:

1 2

3

Following through Young’s algorithm (as given in §28 of Curtis-Reiner), we
obtain the primitive idempotent

γ = 1
3 [(1)(1)− (1)(13) + (12)(1)− (12)(13)]

= 1
3 [(1)− (13) + (12)− (132)].

This leads to a new basic idempotent

e′ = e1 + e2 + γ = 1− e3 + γ = 1
3 [2(1)− (13) + (12) + (123)].

Note that the basic idempotent e we constructed earlier is just the conju-
gation of e′ by (13). This is not surprising in view of our next (and last)
exercise!

Ex. 25.4. Let e be a basic idempotent of a semiperfect ring R, and e′

be another element of R. Show that e′ is a basic idempotent for R iff
e′ = u−1eu for some u ∈ U(R).

Solution. Let e = e1 + · · ·+ er, where the ei’s are orthogonal primitive
idempotents such that e1R, . . . , erR represent a complete set of isomor-
phism classes of principal indecomposables. Let e′ = u−1eu where u ∈
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U(R), and write e′
i = u−1eiu. In view of Exercise 21.14, the e′

i’s have the
same properties as the ei’s. Therefore, e′ = e′

1 + · · ·+ e′
r is also a basic

idempotent of R.
Conversely, let e′ be any basic idempotent of R. Then eR ∼= e′R, since

both modules are isomorphic to the direct sum of a complete set of principal
indecomposables. Also, both rings eRe, e′Re′ are semiperfect (FC-(25.6))
and hence semilocal. Therefore, by Exercise 21.16, e, e′ must be conjugate
in R.

Ex. 25.5. Let R be the ring of upper triangular n × n matrices over a di-
vision ring k, and let P = kn be the space of row n-tuples, viewed as a right
R-module by the natural R-action. Show that P has a unique composition
series (of length n).

Solution. We first construct a composition series for P . Let e1, . . . , en ∈ P
be the unit vectors, and let Vi be the span of {ei, . . . , en} (1 ≤ i ≤ n+ 1)
(so that Vn+1 = 0). These are clearly R-submodules of P , with

(∗) P = V1 � V2 � · · · � Vn � Vn+1 = 0,

and it is easy to see that the n filtration factors are precisely the n different
simple right R-modules. Therefore, (∗) is a composition series for P . (This
is essentially the same as the composition series constructed for P1 in FC -
(25.11), upon identifying P1 there with our P .) Our job is to show that any
R-submodule V ⊆ P is one of the modules in (∗).

Let i be the largest integer such that Vi ⊇ V . We may assume i ≤ n
(for otherwise V = 0). Pick a vector v ∈ V \Vi+1. Then

v = (0, . . . , 0, ai, . . . , an) with ai �= 0.

If we right multiply v by the matrix (in R) with ith row

(0, . . . , 0, a−1
i xi, a

−1
i xi+1, . . . , a

−1
i xn)

and 0’s elsewhere, we get (0, . . . , xi, xi+1, . . . , xn) ∈ Vi. Thus, Vi ⊆ vR ⊆ V ,
so V = Vi, as desired.
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Prüfer, H., 20

Quebbemann, H.-G., 42–43



352 Name Index

Reiner, I., 82, 126, 223–225, 346
Relham, G., 360
Renault, G., 341, 342
Rentchler, R., 337
Rickart, C.E., 83
Rieffel, M.A., 43
Rizvi, S.T., 199
Robinson, D.J.S., 81–82
Robson, J.C., 181–182
Roggenkamp, K.W., 106
Rosenberg, A., 23, 225
Rowen, L.H., 1, 50, 152, 308, 335
Ryabukhin, Yu.M., 197

Salce, L., 74
Sasiada, E., 55
Schmidt, O.Ju., 74, 267
Schofield, A.H., 213
Schreier, O., 248
Schur, I., 18, 20, 33, 134
Scott, L.L., 106
Serre, J.-P., 134
Shanny, R.F., 63
Shapiro, D.B., xi, 217
Sims, C., 8
Sinnott, W., 222
Sjogren, J., 284
Skolem, T., 207
Skornyakov, L.A., 63
Small, L.W., 47, 178–179
Smith, H.J.S., 61
Smoktunowicz, A., 56, 161
Snapper, E., 75
Snider, R.L., 188, 284, 330, 333, 335,

336
Solitar, D., 8
Stanley, R., 314–315
Stephenson, W., 189, 332
Stewart, P., 194
Stone, M., 302
Stonehewer, S.E., 109

Strooker, J.R., 283
Szász, F.A., 319
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182
minimal polynomial, 39, 187, 240
minimal prime ideal, 142, 153
modular left ideal, 53, 70
modular representation, 104, 316
Morita Theory, 336, 343
Motzkin polynomial, 256
m-system, 153

Nakayama’s Lemma, 49, 278
Neumann’s Theorem, 83, 94
nil (left or right) ideal, 24, 78–79, 158
nil set, 46
nilpotent (left or right) ideal, 77, 85,

149–150
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nilpotent group, 79–80, 106, 139
nilpotent set, 46
Noether-Deuring Theorem, 268
Noether’s Normal Basis Theorem, 224
noetherian module, 7, 30, 72–73
noetherian ring, 7, 38, 70
nonarchimedean ordering, 250
norm, 215, 217, 225–226, 243
number of generators, 45
n-system, 153

Octahedral representation, 120
odd-order group, 105–106
opposite ring, 13–15, 268
ordered division ring, 257, §18
ordered group, 88, 219
ordered ring, §17
ordering of a ring, §17
ordinary representations, 104
orthogonal idempotents, 4, 305
orthogonality relations, 110, 124

Passman’s Theorems, 90
Pauli spin matrices, 117
PID, 28, 60
polynomial identity, 284, 333
Plancherel’s formula, 110
polycyclic group, 8
positive semidefinite polynomial, 255,

265
power series ring, 23, 77, 82, 159, 185,

271, 287
preordering in a ring, 248, 252
prime ideal, 141, 143–144
prime ideal contraction, 155
prime radical (or lower nilradical), §10
prime ring, §10, 145–147
primitive element, 225
Primitive Element Theorem, 225
primitive idempotent, 292, 299, 302,

307
primitive polynomial ring, 122
principal indecomposable module, 343
projection, 175–176, 296
projective cover, 336, 338
projective module, 60, 95, 275, 277,

280, 301

Prüfer group, 20, 73
pseudo-convergent, 262
pseudo-inverse, 59, 61, 62
pure subgroup, 81
p-adic integers, 20, 218
p-adic numbers, 262
p-group, 79, 111, 116, 182, 269
p′-group, 83, 90
p-ring, 192
π-regular ring, 332

Quadratic extension, 242
quasi-Frobenius ring, 39, 122–123
quasi-inverse, 51, 55
quasi-regular, 51
quaternion algebra (generalized), 242,

243, 259–260
quaternions, 9, 19, 116, 203, 232–233,

243, 311
quaternion group, 106–107, 116, 119
q-binomial coefficients, 208

Radical ring, 55
radical of an ideal, 141, 153
radical of a module, 337–339
rad-nil ring, 78–80
rank of a free module, 40–41
rank of a linear operator, 41–42
rank 1 endomorphism, 174–176
rational quaternions, 106–107
reduced ring, 22, 75, 83, 186, 193–194
regular element, 3, 59–61
regular group rings, 96–97
Remainder Theorem, 236
representations, Ch. 3
reversible ring, 194
Rickart’s Theorem, 83
Rieffel’s Theorem, 43
right dimension, 212–213
right discrete valuation ring, 270
right duo ring, 199, 284, 318
right Goldie ring, x, 47
right ideal, 1
right inverse, 8–9
right irreducible idempotent, 292
right Kasch ring, 123
right ordering, 94
right perfect ring, 280, §§23–24
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right primitive ring, §11
right quasi-duo ring, 284
right repetitive ring, 284
right 0-divisor, 2, 14, 68
ring, 1
ring of continuous functions, 28, 59
ring of operators, 49, 179
ring of differential operators, 43, 171
ring with involution, 13, 15–16, 87, 91,

296
ring with polynomial identity, 333
ring homomorphism, xvii
rng (ring without identity), 1, 5–6,

50–55, 189
row rank (of a matrix), 208

Sasiada-Cohn example, 55
scalar extension, 99
Schofield’s examples, 213
Schur’s Lemma, 18, 20, 33, 136
semilocal ring, 68, 71, 168, §20, 309
semiperfect ring, §§23–24
semiprimary ring, 72, 167, 280, 281,

308, 325
semiprime ideal, 141, 143–144, 148
semiprime ring, §10, 147
semiprimitive ring, see Jacobson

semisimple ring
Semiprimitivity Problem for group

rings, §6
semisimple module, §§2–3
semisimple ring, xvii, §§2–3, 63
separable algebraic extension, 86, 155
separable maximal subfield, 228
separable polynomial, 86
Serre’s Theorem, 134
simple artinian ring, 34, 37, 44–45
simple (or Wedderburn) component,

34, 45, 128
simple domain (without identity), 181
simple module, 20, 26, 54
simple nil ring, 56
simple radical ring, 55
simple ring, 33
SI-ring, 197
skew group ring, 222
skew Laurent series ring, 166
skew polynomial ring, 9, 166, 221

skew power series ring, 166, 271
small (or superfluous) submodule, 336
Smith Normal Form, 61
Snapper’s Theorem, 75, 79
socle of a module, 68–69, 280
socle (left or right) of a ring, 69, 175
solvable group, 105, 106
splitting field (of an algebra), 99, 103
stable range one, 17–18
stably finite, 283, 284
Stone’s Representation Theorem, 302
strong radical, 56
strongly indecomposable module, 267
strongly nilpotent element, 154
strongly π-regular ring, 68, 188, 288,

326, 329–330, 334–335
strongly (von Neumann) regular ring,

59, 186, 299, 318, 333
subdirect product, 44, 57, 59, §12
subdirectly irreducible ring, 178,

182–184
subring, xvii, 1
superfluous (or small) submodule, 336
symmetric group, 195, 346
symmetric ring, 195
S3, 93, 106, 108, 126, 132, 136, 346
S4, 112, 119
S5, 122
SL2, 133

Tensor product of modules, 31
Torsion subgroup, 82, 311–312
torsion-free abelian group, 94, 163,

337
torsion-free group, 83, 139
trace, 243, 244
triangular ring, 12–15, 58, 80, 158,

316, 347
two-primal ring, 195, 197–199, 335
two-sided ideal, 1

Unipotent group, 139
unipotent radical, 136
uniserial module, 73, 347
uniserial ring, 318
unit (or invertible element), 2
unital, 2
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units of group rings, 113–114, 128
unit-regular element, 63–64
unit-regular ring, 38, 63–66, 188, 286,

299, 316
unitriangular group, 80, 139
upper nilradical, 141

Valuation ring, 260, 261, 318
valuation topology, 262
Vandermonde matrix, 231, 233–235
von Neumann regular ring, 3, 49–50,

58–60, 95–97, 155, 269, 286, 298,
341

von Neumann regular element, 3, 59,
60–62, 300–301

Wadsworth’s example, 259
Wallace’s Theorem, 92

weak preordering, 248, 253
weakly finite, see stably finite
Wedderburn-Artin Theorem, §3, 47,

86, 101, 222–223
Wedderburn-Artin Theory, Chapter 1
Wedderburn’s “Little” Theorem, 86,

201, 203
Wedderburn’s Theorem (on roots),

231
Wedderburn-Mal’cev Theorem, 82
Wedderburn radical, 71
Weyl algebra, 42–43, 162, 171, 249

Young diagram, 122
Young tableau, 346

Zassenhaus Conjectures, 106


