A Course in
Ring Theory

Donald S. Passman

AMS CHELSEA PUBLISHING

Amencan Mathemaucal Society
Providence, Rhode Island




A COURSE
RING THEORY

IN

DONALD S. PASSMAN

AMS CHELSEA PUBLISHING
American Mathematical Society * Providence, Rhode Island



2000 Mathematics Subject Classification. Primary 16-01; Secondary 16-02, 19-02.

For additional information and updates on this book, visit
www.ams.org/bookpages/chel-348

Library of Congress Cataloging-in-Publication Data

Passman, Donald S., 1940~
A course in ring theory / Donald S. Passman.
p. cm.

Originally published: Pacific Grove, Calif. : Wadsworth & Brooks/Cole Advanced Books &
Software, c1991.

Includes bibliographical references and index.
ISBN 0-8218-3680-3 (alk. paper)
1. Rings (Algebra) 1. Title.

QA247.P28 2004
512'.4—dc22 2004054403

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for such
permission should be addressed to the Acquisitions Department, American Mathematical Society,
201 Charles Street, Providence, Rhode Island 02904-2294, USA. Requests can also be made by
e-mail to reprint-permission@ams.org,.

© 2004 by Donald S. Passman. All rights reserved.
Printed in the United States of America.

The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at http://www.ams.org/

10987654321 09 08 07 06 05 04



Preface

These are the somewhat expanded notes from a course in ring theory
that I have been giving for about ten years. The nature of the course has
evolved over time; I am now relatively happy with the choices made.

In this book; we use the underlying theme of projective and injective
modules to touch upon various aspects of commutative and noncommuta-
tive ring theory. In particular, we highlight and prove a number of rather
major results. ‘

In Part I, “Projective Modules,” we begin with basic module theory
and a brief study of free and projective modules. We then consider Wed-
derburn rings and, more general, Artinian rings. Next, come hereditary
rings and, in particular, Dedekind domains. With this, we are ready for
the key concepts of the projective dimension of a module and of the global
dimension of a ring. Finally, we introduce the tensor product of modules
and we determine all projective modules of local rings.

In Part II, “Polynomial Rings,” we study these rings in a mildly
noncommutative setting. We start with skew polynomial rings, determine
their global dimension and then compute their Grothendieck and projec-
tive Grothendieck groups. In particular, we obtain the Hilbert Syzygy
Theorem in the commutative case. Next, we offer an affirmative solution
to the Serre Conjecture and, in fact, we determine all the projective mod-
ules of these polynomial rings. Finally, we use generic flatness to prove
the Hilbert Nullstellensatz for almost commutative algebras.

In Part III, “Injective Modules,” we start with injective analogs of
projective results, but quickly move on to intrinsically injective proper-
ties. In particular, we study the maximal ring of quotients and use it to
prove the existence of the classical ring of quotients. We then obtain the
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Goldie Theorems, study uniform dimension, and characterize the injective
modules of Noetherian rings. We close with basic properties of reduced
rank and determine when Artinian quotient rings exist.

This book contains numerous exercises for the student and ends with
a list of suggested additional reading.

In closing, I would like to express my thanks to a number of people.
First, to my friends Larry Levy, Martin Lorenz, Jim Osterburg, and Lance
Small for their input and helpful criticism. Second, to Mike Slattery, who
attended the first course I gave on this subject and who offered me a copy
of his class notes. I suspect he will be rather surprised at the direction in
which this course evolved. Third, to Irving Kaplansky, who introduced
noncomputational homological algebra. These notes are written in the
spirit of his book “Fields and Rings.” Finally, my love and appreciation
to my family Marj, Barbara, and Jon for their enthusiastic support of this
project. I couldn’t have done it without them.

Donald S. Passman
Madison, Wisconsin
November, 1990
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1. Modules and Homomorphisms

In this book we will take a module theoretic stroll through various as-
pects of commutative and noncommutative ring theory. We assume that
the reader has some familiarity with basic ring theoretic concepts such
as ideals and homomorphisms. But we make no such assumption regard-
ing modules. Indeed, in this chapter we begin with basic notions and
some elementary observations. In particular, we define R-module and R-
homomorphism and prove the three fundamental isomorphism theorems.

DEFINITION It will be necessary to use both right and left function notation.
To be precise, let X, Y, and Z be sets and suppose a: X — Y and
B:Y — Z are maps. Then right notation means that the image of z € X
under « is written as za € Y or, in other words, a:z — za. We then
denote the function composition first o then 8 by a@: X — Z so that, by
definition,

z(af) = (za)B forallze X

Of course, a3 is the unique function that makes the diagram

X =Y -
e\ LB
Z
commute.
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We note that a diagram of functions and their domains is said to
commute if all paths from one domain to another yield the same answer.
Thus for example

X =5 v
e L
v 5 v

commutes if and only if ar = gé.

Similarly, left notation uses a:x — az or perhaps a:z — a(z) for
all z € X. Here the composition first @ then 3 is denoted by Ba: X — Z
so that, by definition,

(Ba)r = B(az) forallze X

Again Ba is the unique function that makes the diagram

X =% v
Ba\, B
Z

commute.

In either case, composition is an associative operation. Thus, for
example, if 4: Z — U and if we use right notation, then for all z € X,

z((aB)y) = (z(aB))y = ((ze)B)y

and, similarly,

z(e(B)) = (za)(B) = ((za)B)y

Thus (@8)y = a(By) and both these functions can be described as first
« then (3 then 4.

We will freely use both right and left function notation throughout
this book. The particular choice will always be clear from context.

DEFINITION Now let V and W be additive abelian groups. A map a:V — W

is said to be a homomorphism if

(v1 + v2)a = via + voc for all vi,v2 €V
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The set of all such homomorphisms is denoted by Hom(V,W). If o, 8 €
- Hom(V, W), we define their sum e+ 5: V — W by

via+ B) =va+vB forallveV

It follows easily that a+ 3 € Hom(V, W) and that, in this way, Hom(V, W)
becomes an additive abelian group. Indeed, the zero map is given by
v0 =0 for all v € V' and the negative of a satisfies v(—a) = —(va).

When W =V, we call a: V' — V an endomorphism of V and write
End(V) = Hom(V, V). In this case, if o, 8 € End(V'), then the composite
af:V — V is easily seen to be an endomorphism. Thus a8 € End(V)
and, in this way, End(V) becomes a ring with 1. Here vl = v for all
v € V. Of course, there are also analogous structures determined by left
function notation.

DEFINITION Let V be an additive abelian group and let R be a ring with 1.
Then V is said to be a right R-module if and only if there exists a map
V x R — V, written multiplicatively as (v, r) — vr, such that

i (vi+v2)r =vir + ver,
il. w(ri+re) =wry +ore,
iii. wv(rirg) = (vr1)rg, and
iv. vl=w

for all v,v;,v2 € V and r,71,72 € R. We will sometimes write V = Vg
to stress the right action of R. Note that if R is a field, then a right
R-module is precisely a right R-vector space.

Similarly, V is a left R-module if and only if there exists a multi-
plicative map R x V — V satisfying

s/

—

r(v1 + v2) = rv1 + rug,
ii’. (1 +r2)v=riv+rov,
iti". (rire)v =ri(ryv), and
iv., lv=w

for all v,v1,v2 € V and r,71,7, € R. In this case we write V = gV to
indicate the left action of R. The meaning of these sets of axioms will
become clear in Lemma, 1.1, but first a few comments are in order.

In this book, all rings are assumed to have a 1. Indeed, if R and S
are rings, then R C S means that R is a subring of S with the same 1.
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Furthermore, if 6: R — S is a ring homomorphism, then we insist that
6(1) = 1. R-modules satisfying (iv) or (iv’) are sometimes said to be
unital. Here we assume throughout that all modules are unital.

LEMMA 1.1 IfV is a right R-module and r € R, define 6(r):V — V by
v0(r) = vr. Then 6: R — End(V) is a ring homomorphism. Conversely,
suppose V is an additive abelian group and that ¢: R — End(V) is a ring
homomorphism. If we define vr = v¢(r) for allv € V and r € R, then V
becomes an R-module.

PROOF Assume that V is an R-module. Then (i) says that 6(r) €
End(V'), whereas (ii), (iii), and (iv) assert that 6: R — End(V) is a ring
homomorphism. :

Conversely, suppose V is an additive abelian group and that ¢: R —
End(V) is a ring homomorphism. Since ¢(r) € End(V), (i) is satisfied
and, since ¢ is a ring homomorphism, (ii), (iii), and (iv) follow. a

In other words, V' is an R-module if and only if there is an appro-
priate ring homomorphism from R to End(V). This homomorphism is
called the representation of R associated with V.

DEFINITION Now let V and W be right R-modules. A map a:V — W is said
to be an R-homomorphism if c is a homomorphism satisfying

a(vr) = (av)r forallveV,reR

In other words, first applying r and then « is the same as first a and then
7. Thus the latter formula is actually a commutativity condition that
translates to an associative law once we write a on the left. The set of
all such « is a subset of Hom(V, W) denoted by Hompg(V, W). Indeed, it
is easy to see that Hompg(V, W) is a subgroup of Hom(V,W). In case R
is a field, Hompg(V, W) is clearly the set of R-linear transformations from
V to W.

Next, a:V — W is an R-isomorphism if it is an R-homomorphism
which is one-to-one and onto. If such an isomorphism exists, we say
that V and W are R-isomorphic and we write V &£ W or Vy & Whp.
Obviously & is an equivalence relation and isomorphic modules are “es-
sentially the same.” When V' = W, an R-homomorphism is said to be
an R-endomorphism and an R-isomorphism is an R-automorphism. The
set of all such R-endomorphisms of V' is Endg(V') and this is a subring
of End(V'). Furthermore, V is clearly a left Endg(V)-module.

There are, of course, analogous definitions for left R-modules, in
which case we write the R-homomorphisms on the right. However, for
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the most part we will restrict our attention to right modules and we will
not bother to state the obvious left analogs. We now list some additional
notation and a few simple observations.

First, if V' is an R-module, then W C V is an R-submodule if W is
an R-module with the same addition and multiplication. It is clear that
W is a submodule if and only if it is a nonempty subset of V' closed under
+ and under multiplication by R. Note that R itself is a right R-module
called the regular module and the submodules of Rp are precisely the
right ideals of R.

Next, if V and W are R-modules, then so is their ezternal direct sum
V@ W once we define (v@w)r = vr@wr forallv € V, we W and r € R.
In a similar manner, if {V; | ¢ € T} is a family of R-modules, then there
is a natural R-module structure on the ezternal weak direct sum &3, V;.
Specifically, the elements of @ ), V; are all the infinite tuples @®; v; with
vi € V; and with only finitely many of the v; not zero. Furthermore,
addition and multiplication by r € R are defined in a componentwise
fashion, so that (®;v;) + (®;v}) = ®; (v; + v}) and (®; v;)r = s (wr).
The modifier “weak” is used here to signify that almost all the components
in each element @; v; are zero. Since our direct sums are almost always
of this type, we will usually delete the modifier unless there is a need
for emphasis. Sirong direct sums, where the assumption on components
being zero is dropped, will be considered in Chapter 21.

Now if W; and W5 are submodules of V', then so are W1 N W, and

Wi+ Wy = {w; +wy | w; € W; }

Moreover if W; N Wy = 0, then the map 6: W & Wy, — W + W; given by
wy @ we — wy + ws is an R-isomorphism. Thus Wi 4+ W;, is an internal
direct sum, which we denote by Wy + Ws.

Finally, if 6:V — V' is an R-homomorphism, then Im(f) = 0V,
the image of 0, is an R-submodule of V'. Similarly, the kernel of 9,
Ker(f) = {v eV |fv=0},is an R-submodule of V. Of course, 6 is onto
if and only if Im(@) = V' and 0 is one-to-one if and only if Ker() = 0.
The following result shows that any submodule of V' is the kernel of a
homomorphism:

LEMMA 1.2 Let W be an R-submodule of V. Then V/W has an R-module
stucture such that the natural map v:V — V/W is an R-homomorphism
onto with Ker(v) = W.

PROOF Since W is an additive subgroup of V', we know that V/W can
be given the structure of an additive abelian group. Here, of course, V/W
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consists of the distinct cosets W +v with v € V and the addition in V/W
is defined by (W + v1) + (W + v3) = W + (v1 + v3). Furthermore, the
natural map v: V — V/W given by v(v) = W +v is an epimorphism with
kernel W.

Now observe that (W +v)r = Wr +vr CW +wor for all v € V and
r € R. Thus (W + v)r is contained in a unique coset, namely W + vr,
and this allows us to define (W + v)r = W + vr unambiguously in V/W.
We then have v(v)r = (W + v)r = W + vr = v(vr) and it follows, by
applying v to the module conditions of V, that V/W is also an R-module
and that v is an R-homomorphism onto with kernel W. O

Note that V/0 2 V. The next result shows that if : V — V' is an
R-homomorphism and if W — 0, then 0 factors through V/W.

PROPOSITION 1.3 Let6:V — V' be an R-homomorphism and suppose W is a
submodule of V contained in the kernel of §. Then there exists a unique
R-homomorphism 1: V/W — V' such that the diagram

14 2 14

v\ /'
v/w

commutes. Thus 0 = nv.

PROOF Since §(W) = 0, we have O(W +v) =0v € V' forallv € V. Thus
in V/W, we can define n(W + v) = (W + v) = v unambiguously and it
follows easily that 7: V/W — V' is an R-homomorphism. Furthermore,
gu(v) = n(W + v) = 6v, so g = 6. O

We can now describe all the homomorphic images of an R-module
V and indeed all the homomorphisms emanating from that module.

THEOREM 1.4 (First Isomorphism Theorem) Let 8:V — V' be an R-homo-
morphism onto. If W is the kernel of 0, then there exists a unique R-
isomorphism n: V/W — V' such that the diagram

14 2 v

N /'
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commutes. In particular, V! 2V /W and nv = 6.

PROOF Since W = Ker(f), we have (W) = 0 and the previous propo-
sition implies that an appropriate map #: VI/W — V' exists. We need
only show that 7 is one-to-one and onto and the latter follows because
6 = vn is onto. Finally, if W 4+ v € Ker(7), then 0 = n(W + v) = 6v, so
v € Ker(§) = W. Thus W + v = W + 0 is the zero element of V/W, so
Ker(n) = 0 and % is one-to-one. O

We note that if :V — V'’ is an R-homomorphism and if W C
V, then 6: W — V', the restriction of 6 to W, is certainly also an R-
homomorphism.

THEOREM 1.5 (Second Isomorphism Theorem) Let W and X be R-submodules
of V. Then

W + X)/W = X/(W N X)

PROOF We assume for convenience that V =W + X and we let v: V —
V/W be the natural map. Then V/W = »(W + X) = v(X), so the
restriction ¥': X — V/W is onto. Furthermore, the kernel of the latter
map is the set of those elements of V' that both map to 0 and belong to
X. Thus Ker(v') = W N X and the First Isomorphism Theorem implies
that

XWnX)2V/W=W+X)/W
as required. ‘ O

THEOREM 1.6 (Third Isomorphism Theorem) Let X C W be R-submodules of
V. Then

ViX

WzV/W

PROOF The natural map »:V — V/W sends X to 0 and therefore, by
Proposition 1.3, it can be factored through V/X. In other words, we
have an R-epimorphism n: V/X — V/W givenby 1 X +v —» W + .
Now clearly X + v € Ker(n) if and only if v € W and hence if and only if
X+v € W/X. Thus Ker(n) = W/X and the First Isomorphism Theorem
again yields the result. a
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An R-module V is said to be eyelic if it has one generator, that is
if V = yR for some vop € V. Similarly, V is finitely generated if it has
finitely many generators, that is if V = v1R + voR+ - - - + v, R for finitely
many v; € V. It is clear that a homomorphic image of a cyclic or finitely
generated module is again cyclic or finitely generated. Furthermore, we
have:

LEMMA 1.7 An R-module V is cyclic if and only if V = R/I for some right '

ideal I of R.

PROOF Clearly R/I is cyclic, being generated by the element I + 1.
Conversely, if V = vgR, then the map 0: R — V givenby 7 — w7 is easily
seen to be an R-homomorphism onto. If I = Ker(d) = {r € R | vor =0},
then I is a right ideal of R and Theorem 1.4 implies that V = R/I. O

We close this chapter with two basic properties of the lattice of
submodules of an R-module.

LEMMA 1.8 Let0:V — V' be an R-homomorphism onto and for any submodule

W' of V! let
wWh={veV|weW'}

Then the maps 0: W — (W) and ~1: W' — 6~Y(W') yield a one-to-one
inclusion preserving correspondence between those submodules W of V
containing Ker(0) and all submodules W' of V'. In particular, these maps
respect sums and intersections.

PROOF 1t is clear that #~'(W') is an R-submodule of V containing
Ker(§). Moreover, since 8: V — V' is onto, we have §(6=1(W')) = W'.

Conversely if W is a submodule of V containing Ker(f), then 6(W)
is certainly a submodule of V. Moreover, if v € V with 8v € (W), then
6v = Ow for some w € W and thus v — w € Ker(#). But Ker(d) C W, so
we conclude that v € W and hence that 6~ (8(W)) = W.

It follows that the maps 6 and 6~ do indeed yield a one-to-one
correspondence between the appropriate sets of submodules. O

LEMMA 19 (Modular Law) Suppose A, B and C are submodules of V with

AD B. Then:
i AN(B+C)=B+(ANO).
iLIfA+C=B+Cand ANC =BNC, then A= B.
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PROOF (i) It is clear that AN (B + C) 2 B+ (ANC). Conversely, let
z € AN(B+0C), sothat z = a = b+c forsuitablea € A, be Bandc € C.
Thenc=a—b€ A, since BC A,soc € ANC and z = b+c € B+(ANC).

(ii) By assumption and (i) we have

A=AN(A+C)=ANn(B+0)
=B+ (4ANC)=B+(BNC)=B

so the result follows. a

EXERCISES

1

Suppose V is an additive abelian group and that there exists a mul-
tiplicative map V' x R — V satisfying conditions (i), (ii), and (iii) of
the definition of an R-module. Prove that V = V, + Vi, where Vj
and V4 are the additive subgroups given by Vp = {v € V | vl =0}
and V; = {v € V| v1 = v }. Deduce that VoR = 0 and that V; is a
(unital) R-module.

. Let : G — H be a homomorphism of groups. Prove that 6 sends

the identity of G to the identity of H and that it sends inverses to
inverses.

. If V is a right R-module, prove that v0 = 0 = Or for all v € V and

r € R. Furthermore, show that (—v)r = —(vr) = v(-r).

. Let W be a subset of V. Prove that W is a submodule if and only if

it is nonempty, closed under + and closed under multiplication by R.
If X and Y are submodules of V, show that X NY and X + Y are
also submodules.

. Let V and W be additive abelian groups. Verify that Hom(V, W) is

an additive abelian group and that End(V) is a ring. If V and W are
R-modules, verify that Homg(V, W) is a subgroup of Hom(V, W) and
that Endg(V) is a subring of End(V).

.If V and W are vector spaces over the field K, observe that they

are K-modules and describe Homg (V, W) and Endg (V). Be more
specific in case dimg V = n < 0o and dimg W = m < oo.

. Show that the diagram

A - B I C
al 1B b

A L B’ SN c'
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commutes if and only if each of the smaller squares commutes. What
is the obvious generalization of this fact?

. Suppose
A - B
al N
A =B

is a commutative diagram of R-modules and of R-homomorphisms.
Prove that a:Ker(c) — Ker(c') and furthermore that 8 induces a
map (: B/Im(c) — B’/Im(c’). Here B/Im(o) is called the cokernel
of o.

. Let V be a nonzero finitely generated R-module.

maximal submodule W.

are no submodules contained properly between W and V. Show by
example that this result is false for arbitrary nonzero V.

If the collection of subspaces of the K-vector space V satisfies either
distributive law A+ (BNC)=(A+B)N(A+C)or AN(B+C) =
(AN B) + (ANC), show that dimg V < 1.
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As we will see, there are a number of important classes of R-modules with

names such as free, projective, flat, injective, completely reducible, and
- simple. Our goal in this chapter is to introduce the first two. For this,

we begin with some notation concerning sequences of homomorphisms.

DEFINITION Let R be aring. Then the sequence

e A BP0
of R-modules and R-homomorphisms is said to be a zero sequence, or
a complez, if the composition of adjacent homomorphisms is always the
zero map. Thus, for example, the homomorphisms & and 8 that go into
and out of B must satisfy Sa = 0 or, equivalently, Ker(3) 2 Im(a).

Now suppose that the preceding is a zero sequence. If Ker(8) =
Im(a), then the sequence is said to be eract at B. Furthermore the
sequence is exact if it is exact at all such interior modules B. In particular,

0-A-—=B

is exact if and only if @ is one-to-one (an R-monomorphism) and
B c—o

is exact if and only if B is onto (an R-epimorphism). Thus
0-4-5B-L 00

13
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is a short eract sequence if and only if C = Im(8) = B/Ker(8) and
Ker(8) = Im(a) & A. In other words, if W is an R-submodule of V, then
the natural map v:V — V//W gives rise to the short exact sequence

0—=W—=V - V/W—0

Now suppose X and Y are R-modules and let X®Y be their external
direct sum. Then we have maps

mx: XY - X given by T@y—z
v XY —-Y given by T@y—y

which are R-epimorphisms and

nx: X —=XeY given by z—z®0
Y - XY given by y—= 0@y

which are R-monomorphisms. Clearly #xnx = lx, the identity map on
X, and

0= X5 XY 5 Y -0

is exact.
Furthermore, the latter sequence has back maps, namely the maps
wx and gy in the following diagram.

O—»X X@Y Y-—+0

wX ny

Here, of course, 7xnx = 1x and myny = ly. This motivates the follow-
ing:

DEFINITION The short exact sequence

0—>ALB£»C-—>O

is said to be split if either

i. There exists 7: C — B with fy = 1¢, or

ii. There exists 6: B — A with §a = 14.
The R-homomorphism « or § is called a backmap or a splitting backmap.
As we will see in Lemma 2.2, conditions (i) and (ii) are, in fact, equivalent.
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LEMMA 2.1 Let X and Y be R-modules.
i. If there exist R-homomorphisms ¢ and T with

XéY and or=1y
T

then X = Ker(c) + Im(r) and Im(r) & Y. Thus Y | X; that is, Y is
isomorphic to a direct summand of X.

ii. Conversely, if Y is isomorphic to a direct summand of X, then o
and t exist as before with o = 1y.

PROOF (i) Let z' € Ker(c) NIm(7). Then ' = r3/ for some 3’ € Y and
0 =0z’ = oty =4 It follows that '’ = 70 = 0, so Ker(¢) N Im(7) = 0.
Now let z € X be arbitrary and observe that £ = (z — roz) + 7oz. Of
course, 7oz € Im(7) and we have

o(z — roz) =ocx— (or)oz =02 —0x =0

so z — 1oz € Ker(o). Thus z € Ker(c) +Im(7) and X = Ker(o) + Im(7).
Finally, since or = 1y, we see that 7 is one-to-one, so Y 22 Im(r) as
required.

(ii) Conversely, suppose X =V + W with V2 Y. If:V - Y is
the given isomorphism, define 0: X — Y by 0 = any and 1Y — X by
r=1nva~t. Then o1 = a(ryny)a~! = aa™! = 1y as required. O

As a consequence we have:
LEMMA 2.2 If
04 B-L 050

is a split short exact sequence, then B =2 A @ C. In particular, B has a
backmap if and only if o does.

PROOF There are two cases to consider. Suppose first that v:C — B
exists with By = 1g. By the previous lemma, B = Ker(8) + Im(y)
and Im(y) & C. Thus, since Ker(f) = Im(a) & A, we conclude that
B = A@ C. Furthermore, we obtain a backmap for a by first projecting
B into Im() and then following with o, where ap is the isomorphism
a: A — Im(a). ‘

On the other hand, suppose 6: B — A exists with 6o = 14. Again the
previous lemma yields Im(c) = A and B = Im(a) +Ker(6). Furthermore,

Ker(6) & B/Im(a) = B/Ker(B) = C
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and therefore B = Im(a) + Ker(é) A @ C. Indeed, the restrlcted map
Bo given by B:Ker(§) — C is an isomorphism and therefore G5! is a
backmap for . a

We now come to the first key:

DEFINITION An R-module F is said to be free if it has a free basis { f; | i € T }.
By this we mean that every element of F' is uniquely writable as a finite
sum ), f;7; with r; € R. A familiar example here is, of course, a vector
space over a field; vector spaces always have free bases. The following two
lemmas are essentially obvious. The first is the module analog of the fact
that a vector space of dimension 7 is isomorphic to the set of n-tuples
over the field. The second asserts that homomorphisms from free modules
exist and are determined by the images of the basis.

LEMMA 2.3 Let F' be an R-module.
i. F is free if and only if it is isomorphic to @ ) ; Rr, a weak direct
sum of copies of the regular module Rp.
ii. If F' is free and finitely generated, then every free basis for F' is
finite. '
iii. If F' is free and not finitely generated, then all free bases for F'
have the same infinite size.

PROOF (i) If F has the free basis { f; | ¢ € 7}, then it is easy to see that
the map & Ezez Rg — F given by ®;r; — Y _; fir; is an R-isomorphism.
Conversely, if F' = @ ;- 7 Rr, then F” has the free basis {filied},
with f; having a 1 in the ]th component and zeros elsewhere.

(11) Suppose { f; | ¢ € T} is a free basis for F' and let F' be generated
by v1,v2,...,v,. Since each v; can be written in terms of finitely many
basis elements, we see that all v; involve only finitely many of the f;. It
follows that the latter collection of f;’s generates F' and hence must be
the entire basis.

(iii) First, (ii) implies that all bases for F' are infinite. Now let A
and B be two such bases. As before, each b € B can be written as an
R-linear combination of finitely many members of .A. Thus all elements
of B can be written in terms of the members of a subset A’ of A with
|A'| < Ro|B|. Since B generates F', it follows that A’ also generates F'
and then uniqueness of expression implies that A’ = .A. We conclude that
|A| < ¥o|B| = |B|, since B is infinite. By symmetry, |B| < |A| and the
result follows. a

It is clear from (i) that R has free modules with basis of arbitrary



Chapter 2. Projective Modules 17

size and that a weak direct sum of free R-modules is again free.

LEMMA 2.4 Let R be a ring.
i. Let F have free basis { f; | i € Z} and let V be an R-module. If
v; € V are chosen arbitrarily, then there exists a unique R-homomorphism
0:F — V with f; — v;.
ii, Every module is a homomorphic image of a free module.
iii. Every finitely generated module is a homomorphic image of a
finitely generated free module.

PROOF (i) By uniqueness of expression, the map 6: F — V given by
S; firi = 3, virs is well defined and sends each f; to v;. Note that the
sums here are finite. It is now easy to see that 8 is an R-homomorphism.

(i), (iii) If {v; | 4 € T} is a generating set for V, possibly all of V,
choose a free R-module F' with basis { f; | ¢ € Z}. The map 6:F —» V
defined by f; — v; is then an R-epimorphism. Of course, if V is finitely
generated, then we can take the index set Z to be finite. O

If F is a free R-module with basis { f; | ¢ € T}, then the rank of
F, rank F', is defined to be the size of the index set Z. It follows from
Lemma 2.3(iii) that the rank of F' is well defined if it is infinite. On the
other hand, unlike the ordinary vector space situation, finite ranks need
not be uniquely determined by F. We will briefly consider some aspects
of this shortly. As we will see, the problem translates precisely to the
question of whether there exist nonsquare invertible matrices over R. To
be precise, we say that an n X m matrix A is invertible over R if there
exists an m X n matrix B with entries in R such that AB = I,, then xn
identity matrix, and BA = I,,,. If R is a field, then all invertible matrices
must be square, but for general rings anomalies do exist. The following
is a familiar property of the change of basis matrix.

LEMMA 2.5 Let F be a free R-module with basis { fi, fa,...,fn} and let
g1,92,...,9m be elements of F. If a;; € R with g; = 3, fia;; for all
1< j < m, then {g1,92,...,9m } is a free basis for F if and only if the
n X m matrix A = (a; ;) is invertible over R.

PROOF For convenience, we let F denote the 1 X n row matrix given by
(fi f2 ... fn) and similarly weset G = (g1 g2 ... 9m). Then,
by definition of A, we have G = FA.

Suppose first that { g1, 92,-..,9m } is also a free basis. Then we can
write F = GB for a unique m X n matrix B with entries in R. It follows
that F = GB = F(AB), so uniqueness of expression yields AB = I,,.
Similarly, G = FA = G(BA), so BA = I,.
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Conversely suppose A is invertible with inverse B. Then we have
GB = F(AB) = F, since AB = I,, and it follows that {g1,92,...,9m } is
at least a generating set for F. Finally, let R be any m x 1 column matrix
of elements of R with GR = 0. Then 0 = GR = F(AR), so freeness
implies that AR = 0. But then R = (BA)R = B0 = 0 and we conclude
that { g1,92,.+.,9m } is indeed a free basis. a

DEFINITION The ring R is said to have invariant basis number, or IBN, if

all finitely generated free R-modules have unique rank. In view of the
preceding lemma, this occurs if and only if invertible matrices over R are
necessarily square. This characterization allows us to easily prove:

LEMMA 2.6 Let R and S be rings and suppose that S has IBN. If either

i. There is a homomorphism from R to S, or
ii. R is a subring of S, or
iii. R is commutative,
then R has IBN.

PROOF (i) There is an obvious extension of 6: R — S to a map from
the matrices of R to those of S. Furthermore, this map clearly preserves
addition and multiplication when defined and, since 6(1) = 1, it follows
that 6(I,) = I,. Now suppose that A is an n x m invertible matrix over
R with inverse B. Then by the preceding observations, it is clear that
6(A) is an invertible matrix over S with inverse 6(B). But S has IBN, so
we conclude that n = m and hence R has IBN. ‘

(ii) This follows immediately from (i), since the identity map is a
suitable homomorphism from R to S.

(iii) Since R is commutative, if M is a maximalideal of R, then R/M
is a field. But we know that any field has IBN, so the result again follows
from (i). a

Additional facts of this nature as well as some examples of interest
are contained in the exercises. We now come to the second key:

DEFINITION An R-module P is projective if whenever
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is given with the bottom row exact, then there exists an R-homomorphism
v: P — V that makes the diagram commute. That is, given any R-
epimorphism 3:V — W and any R-homomorphism a: P — W, there
exists 7: P — V with #vy = a. As we will see, there is a close relationship
between projective and free R-modules.

LEMMA 2.7 Let P be an R-module and suppose that either
i. P is free, or
ii. P is isomorphic to a direct summand of a projective module.
Then P is projective.

PROOF Suppose we are given
b :

la

v A w - oo

(i) Let { fi | € T} be a free basis for P. Since af; € W and § is an
epimorphism, there exists v; € V with Bv; = af;. Now define v:P — V
by - fz — V;.

(ii) Here we suppose that P is isomorphic to a direct summand of
the projective module @. Then by Lemma 2.1(ii) we have

P=Q  with ro=1p
T

Since @ is projective and a7: @@ — W, it follows that there exists 7: Q — V
with By = ar. But then f(yo) = a(ro) = a, so y0: P — V is the
" required map. . O

We can now quickly characterize projective modules.

THEOREM 2.8 Let P be an R-module. T he following are equivalent.
i. P is a projective R-module.
ii. Every short exact sequence 0 - A — B — P — 0 splits.
iii. P is isomorphic to a direct summand of a free R-module.

PROOF (i) =-(ii) The short exact sequence gives rise to the diagram
P

L1
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where 3 is the given epimorphism. Hence, since P is projective, there
exists a map 7: P — B with #y = 1p and, by definition, the sequence
splits.

(ii) =(iii) If we choose a free module F' that maps onto P, then
we obtain a short exact sequence 0 - A — F — P — 0. By (ii), this
sequence splits and hence, by Lemma 2.2, P is isomorphic to a direct
summand of F.

(iii) =-(i) This follows from both parts of the preceding lemma. O

Notice that the module A in (ii) above is irrelevant. Thus P i§
projective if and only if for every R-epimorphism f: B — P, there exists
a back map v: P — B with fy = 1p. We close this chapter with a few
simple observations.

LEMMA 2.9 Let R be a ring.

i Every R-
module.
ii. Every finitely generated R-module is a homomorphic image of a
finitely generated projective R-module.
iii. A weak direct sum of projective R-

PROOF Parts (i) and (ii) follow from Lemma 2.4(ii)(iii) since any free
module is projective. Part (iii) follows from the preceding theorem, since
a weak direct sum of free R-modules is free. a

EXERCISES

1. It is important to observe that certain properties are isomorphism
invariants. Prove that a module isomorphic to a free module is free
and that a module isomorphic to a projective module is projective.

2. Let

A —- B — C

ol 18 b
A & B o

be a commutative diagram of modules and homomorphisms with , g
and « isomorphisms.
the second row is.

3. Suppose the commutative diagram



Chapter 2. Projective Modules 21

A - B - C —- D — FE

al gl L lé le

AI — BI — Cl — DI — El
has exact rows. If @, (3, 6 and € are isomorphisms, prove that « is
also. This is known as the Five Lemma.

4. Prove that R has IBN if either (i) all finitely generated subrings of
R have IBN or (ii) R has a subring S with IBN such that Rg. is
a finitely generated free S-module. In particular, the latter applies
when R = M,(S).

5. Let R be a ring and let .4 be an additive abelian group. An additive
homomorphism 7: R — A is said to be a trace map if 7(rs) = 7(sr)
for all ,s € R. Show that 7 extends naturally to a map from the
set of square matrices of R to .4 and that this extended map satisfies
7(AB) = 7(BA) for all n x m matrices A and m X n matrices B. If
7(n-1) # 0 for all integers n > 0, prove that R has IBN.

6. Suppose R is the ring of linear transformations on an infinite dimen-
sional K-vector space with basis {vp,v;,v2,...}. Show that Rp =
Rpr ® Rg using shift maps on the basis to construct an appropriate
2 x 1 invertible R-matrix.

7. Let K be a field and let X be a set of variables. Then the free K-
algebra K(X) is defined just like the polynomial ring K[X] except
that the variables do not commute. In particular, K(X) has a K-basis
consisting of all formally distinct words in the variables and it follows
easily that this ring has no zero divisors. Prove that R = K(X) has
IBN by constructing a homomorphism from R to K. Then show that
| X| > 2 implies that the regular module Rg contains a free submodule
of infinite rank.

8. Give a proof, directly from the definition, that a weak direct sum of
projective modules is projective. The result is false for strong direct
sums, as we will see in Exercise 10. Where does the proof fail?

In the remaining two problems, let Z be the ring of integers and
note that Z-modules are precisely the same as additive abelian groups.
If V is such a module, we say that v € V is infinitely divisible if the
equation zn = v has solutions € V for infinitely many integers n.

9. If F is a free Z-module, show that F' has no nonzero infinitely divisible
members. In particular, if @ is the field of rationals, show that Qz € F
and deduce that Qz is not projective.
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10. Now let V = [];2, Zz be the strong direct sum of countably many

copies of the regular Z-module and suppose by way of contradiction
that V is contained in a free Z-module F' with basis B.

i. If W is the submodule of V' consisting of all sequences that are
eventually 0, observe that W = @32, Zz and hence is countable.
Deduce that there is a countable subset B’ of B such that W C F’,
where F' is the free submodule of F' generated by B'.

ii. Now note that F” = F/F' is a free Z-module that contains an
isomorphic copy of V/(VNF"). Furthermore, for each infinite sequence
€ = {e€1,€2,...} of £ signs, let v. € V be given by ve = [[;2, €;1l.
Show that ve+ (VN F') is an infinitely divisible element of V/(VNEF")
and that some v, is not contained in VNF’, since the latter submodule
is countable.

iii. Obtain a contradiction from the preceding exercise and deduce
that V cannot be contained in F'. Conclude that a strong direct sum
of projective Z-modules need not be projective.
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If K is a field, then K-modules are vector spaces and hence have bases.
Thus all K-modules are free and, in particular, projective. In this chapter
we find other rings with this same property and, indeed, we characterize
all such rings. To start with, we briefly consider completely reducible
modules.

DEFINITION Let R be a ring and let V be an R-module. Then V is said to be
irreducible, or simple, if it is nonzero and has no proper nonzero submod-
ules. More generally, V' is completely reducible if each of its submodules
is a direct summand. This means that if W C V, then there exists
U CV with V = W + U. Obviously, any simple R-module is completely
reducible, but the converse is certainly not true.

LEMMA 3.1 Submodules and homomorphic images of a completely reducible
module are completely reducible.

PROOF Let W be a submodule of the (5ompletely reducible module V
and let X C W. Then X 4+ U =V for some U C V and, since X C W,
the Modular Law yields

W=WnV=WnX+U)=X+WnU)

Furthermore, the latter sum is direct since WNU C U. It follows that X

is a direct summand of W and hence that W is completely reducible.
Finally we note that V = W+Y,s0o V/W =Y. Since Y is completely

reducible by the preceding, we conclude that V/W is also. O

Now suppose {V; | ¢ € T} is a family of R-submodules of V' and let
W be the submodule of V' that they generate. Then W clearly consists of

23
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all finite sums ), v; with v; € V; and we write W = ), V;. Furthermore,
if >°; Vi is naturally isomorphic to & ), Vi, then we write W = -3, V;
and we say that W is the internal direct sum of the V;. Of course, the
latter occurs if and only if °, v; = 0 with v; € V; implies that all v; = 0.

LEMMA 3.2 LetV bean R-module andlet {V; | i € T} be a family of irreducible

submodules of V' that generate it. If W is a submodule of V', then there
exists a subset J C T such that

wt(->v)=v

jeg

PROOF Let S be the set of all subsets C of 7 such that W+ (- X pcx Vi)
is an internal direct sum. We note that S is nonempty, since § € S.
Furthermore, the property of being a direct sum is finitary, so Zorn’s
Lemma, implies that there exists a maximal element J € S. By definition,
we know that W' = W 4 (- Y ics V;) is a direct sum.

Suppose by way of contradlctlon that W' # V. Then since V is
generated by all V;, it follows that there exists some Vj, with Vi, € W'.
But V; is irreducible, so this implies that W’/ N V; = 0 and hence that
W'+ V, is a direct sum. In particular, if we set J' = JU{k }, then W +
( z ;e Vj) is also direct and hence J’ € S. This, of course, contradicts
the mammahty of J and thus W’ =V as required. O

It is now a simple matter to characterize completely reducible mod-
ules.

THEOREM 3.3 For an R-module V, the following are equivalent.

1. V is a sum of irreducible submodules.
ii. V is a direct sum of irreducible submodules.
iii. V is completely reducible.

PROOF The implication (i)=(ii) follows from the preceding lemma with
W = 0 and (ii)=-(iii) follows from the general case of that result. Thus we
need only prove that (iii)=>(i). To this end, let V be completely reducible
and let S be the sum of all simple submodules of V. The goal is to show
that S = V. If this is not the case, fix ve V'\ S.

By Zorn’s Lemma we can choose a submodule M of V maximal
with the properties 5 C M and v ¢ M. Now V is completely reducible
and clearly M # V, s0 V = M + U for some nonzero submodule U C
V. Furthermore, since S C M, we know that U is not irreducible. In
particular, we can let A # 0 be a proper submodule of U and then, since
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U is completely reducible by Lemma 3.1, we have U = A + B for some
B # 0. It follows that V = M + A 4+ B and, by the maximality of M, we
seethat v € M+A and v € M+B. But thenv € (M+A)N(M+B) = M,
a contradiction. Thus S =V and the theorem is proved. a

DEFINITION Let V be an R-module. Then a finite chain
0=WCEWNC---CVp=V

of submodules is called a series for V. The factors of this series are the
quotients V;41/V; for i = 0,1,...,n — 1 and the length of this series is n,
the number of factors. Two such series are said to be equivalent if they
have the same length and isomorphic factors in some order.

The series 0 =Wy CW;1C .- C W, =V is said to be a refinement
of the preceding if each V; is some Wj.:
obtained by adding more submodules to the series.

LEMMA 3.4 (Schreier-Zassenhaus Lemma) Any two series for the R-module V
have equivalent refinements.
PROOF Suppose we are given the two series
0=XoCX;C---CXp=V
0=YoCY1C--CVr=V
We can then refine the X-series by defining the submodules
Xi
foralli=0,1,...,n—1and j =0,1,...,m — 1. Of course this formula
also makes sense if ¢ = n or j = m. Notice that for fixed i we have
Xi=X;0CXinC o  C Ximo1 € Xiim = X1
It therefore follows that the X;,
V on top, is indeed a refinement of the X-series.
Since Xi+1,0 = Xiym,

Xij+1/Xs5 for i =0,1,...,n—1and j =0,1,...,m — 1. Furthermore,
by the Second Isomorphism Theorem and the Modular Law, we have

X;,
Xig Xij - Xij
~ Xi+1NYj
T (X1 N Y1) N (X + (K41 NYG))
Xir1 NYj1

T Xin Y1)+ (Xipa NY;)



26 Part |. Projective Modules

since X;41 NYj41 2 X541 N Y; and X;N (Xiv1N Yj+1) = X;NYjy1. But
note that the final expression for X;;11/X;; is symmetric in X; and Y.
Thus if we define Y; ; similarly by

Yij =Y+ (Y10 Xy)

then X;j11/X;; = Yiq1,;/Y;; and therefore the two refinements are
equivalent. O

A composition series for V is a series
0=VHCWVC:---CV=V

such that each factor V;4+1/V; is irreducible. Needless to say, not every
module has such a series. As an immediate consequence of the preceding
lemma we have:

THEOREM 3.5 (Jordan-Holder Theorem) Any two composition series for an R-
moduleV are equivalent, that is they have the same length and isomorphic
factors. Furthermore, if V' has a composition series, then any series for V
with nonzero factors can be refined to a composition series.

PROOF Let0=VpC V3 C ... CV, =V be a composition series for V.
Since V;41/V; is simple, it follows from the Third Isomorphism Theorem
that there are no R-submodules of V' contained properly between V; and
Vit1. Thus any refinement of the given composition series merely adds
additional copies of the various V; and therefore has the same nonzero
factors as the original. With this observation, the Schreier-Zassenhaus
Lemma, clearly yields the result. a

If V has a composition series, then the common length of all such
series is called the composition length of V' and is denoted by len V. Sim-
ilarly, the factors from any such series are called the composition factors
of V. To be precise, if

0=VoCVC--CVa=V

is any composition series for V, then lenV = n and the composition
factors of V are V1/Vo, Va/VA,. .., Va/Va-1 counting multiplicities.

LEMMA 3.6 Let V be an R-module.
i. Suppose W C V. Then V has a composition series if and only
if both W and V/W have composition series. Furthermore, when this
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occurs, then lenV = len W + len V/W and the set of composition factors
of V' is the union of those of W and of V/W.

ii. Suppose V = -
ducible submodules W;. Then V has a composition series of length n
with composition factors Wy '

PROOF (i) We may clearly assume that W # 0,V.
V has a composition series. Then it follows from the preceding theorem
that the series 0 € W C V can be refined to a composition series, say

0=WCWh
Vi
Visr /W Vs
Vi/lW — W
and hence
Vi - Vit Vo  V
=k c...cln_ Y
0 Wg w - -w W

is a composition series for the module V/W.
Conversely, suppose 0 = Wy C Wy

series for W and that 0 = V{

If v:V — V/W denotes the natural map, let

Vi =vt

be the complete inverse image of V.
submodule of V containing W and V; = v(V;) =V;/W. Since

Vit o, Vird/W _ Vip
Vi ©— wwo v

we conclude that

0=Wo CW1C- - CWp=W=VWCViC:-CVn=V
is a composition series for V.

(ii) Now assume that V = -> i,
let V; =-

0=V CWC - CVp=V
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is a composition series for V. Here n=1lenV and the composition factors
are precisely Wy, Wa, ..., Wh. a

DEFINITION Let V be an R-module. Then V satisfies the minimum condition,
or min, if every nonempty collection of submodules of V' has a minimal
member. By this we mean that if F is a nonempty family of submodules,
then there exists W € F such that W contains no other members of F.

In addition, we say that V satisfies the descending chain condition, or
d.c.c., if every descending chain V3 2 V3 D - - - of submodules eventually
stabilizes. In view of the Jordan-Holder Theorem, any module with a
composition series necessarily satisfies d.c.c.

It is easy to see that these two properties are in fact equivalent. To
start with, suppose V satisfies min and let V; D V5 D - - - be a descending
chain of submodules. Then the collection { V3, Va, ... } contains a minimal
member, say V,,, and the series stabilizes at n.

Conversely, suppose V satisfies d.c.c. and let F be a nonempty col-
lection of submodules of V. Choose V7 € F. If V7 is not minimal, then
there exists V5 € F with V3 D V,. If V3 is not minimal, then we can find
V3 € F with V, D V3. Continuing in this manner, we either find a minimal
member of F or we construct an infinite descending chain V3 D V2 D ---
which does not stabilize.

Modules satisfying min, or equivalently d.c.c., are called Artinian.

DEFINITION A ring R is said to be right Artinian if the regular module Rg
satisfies d.c.c. In addition, R is a right Wedderburn ring if it is right
Artinian and has no nonzero nilpotent right ideal. Here, of course, a
subset X of a ring R is nilpotent if 0 = X™ = X - X..- X for some
n > 1. With either of the preceding ring theoretic properties, we usually
delete the modifier “right” unless the side is in doubt; there are of course
analogous definitions on the left.

In any ring R, a nonzero right ideal I is said to be minimal if I
contains no other nonzero right ideal. In particular, I is minimal if and
only if I is a simple right R-module. If R is Artinian, then the minimum
condition guarantees that any nonzero right ideal of R contains a minimal
one.

LEMMA 3.7 Let V be an R-module.
i. Suppose W C V. Then V is Artinian if and only if both W and
V/W are Artinian. : A
ii. Suppose { W; | i € '} is a family of irreducible submodules of V'
and that V = -3, W;. Then V is Artinian if and only if the index set T
is finite.
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iii. Let V be a finitely generated R-module. If R is Artinian, then
so is V. Furthermore, if Rr has a composition series, then so does V.

PROOF (i) Suppose first that V' is Artinian. Since any descending chain
of submodules of W is also a chain of submodules of V, it follows that
W inherits d.c.c. from V. Now let »:V — V/W be the natural R-
epimorphism and let V{ 2 Vj 2D --- be a descending chain of submodules
of V/W. If V; = v~1(V/), then »(V;) = V/ and ;

. scending chain in V'. But the latter chain must stabilize and hence, using
v(V;) = V/, we conclude that the original one does also.

Conversely, suppose W and V/W satisfy d.c.c. and let Vi 2 Va

be a descending chain of submodules of V. Then

inw) 2 (V;

is a descending chain of submodules of W and hence this chain must
stabilize, say at p. Furthermore,

Vit W _ Va+W Vi+W
T 2 20 2 e 2

is a descending chain of submodules of V/W and hence this chain must
also stabilize, say at ¢. In particular, if £ > p, q, then Vi1 "W =V;:NW
and V;o1 + W = V; + W. Thus since V; 2 Viy1, the Modular Law
implies that 14 = V;4+1 and we conclude that the original series does
indeed stabilize.

(ii) If 7 is finite, then V is Artinian by Lemma 3.6(ii). On the other
hand, if 7 is infinite, then we can construct an infinite strictly descending
chain of submodules of V by deleting one summand at a time from the
direct sum V =3, W;.

(iii) Suppose first that Rp is Artinian. Then, by (i) and Lemma 1.7,
every cyclic R-module is Artinian. We now proceed by induction on the
number of generators. If V = v R+ v,
can assume that the submodule W = v; R+ v,

But V/W is clearly generated by W + v, and is therefore cyclic. Thus (i)
now yields the result. Finally, if Rr has a composition series, then the
same argument, along with Lemma, 3.6(i), completes the proof. O

We need one more simple observation.

LEMMA 3.8 Let I be a right ideal of the ring R.
i. I = eR for some idempotent e € R if and only if I is a direct
summand of Rr. Furthermore, when this happens, we have I = el.
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ii. If I is a minimal right ideal, then either I = 0 or I = eR for
some idempotent e.

PROOF (i) IfI = eR, then R = eR+ (1—€)R = I+(1—e)R. Conversely,
let R=I+J and write 1 = e+ f withe €I and f € J. If i € I, then

i=(e+ fli=ei+ficI+J

and uniqueness of expression yields ei = i. It follows that e2 = e, so
e is an idempotent, and that el = I. But eR C I = el and therefore
I=eR=cel '

(ii) Assume that I? # 0 and choose a € I with al # 0. Then al
is a right ideal of R and alI C I, so al = I by the minimality of I. In
particular there exists e € I withae =a. Nowlet J={:€I|ai=0}.
Then J is a right ideal of R, J C I, and J # I. Thus, by the minimality
of I again, we have J = 0. But a(e? —e) = 0 and e? — e € I, so it follows
that €2 — e = 0. In other words, e is an idempotent contained in I and
ae=a#0s0e#0. Thus 0 # eR C I and we conclude that I =eR. O

With this, we can now prove:

THEOREM 3.9 IfR is a ring, then the following are equivalent.
i. Every R-module is projective.
ii. Every R-module is completely reducible.
iii. Rp is completely reducible.
iv. R is a Wedderburn ring.

PROOF We first show that (i), (ii), and (iii) are equivalent and then that
(iii) is equivalent to (iv).

(i)=(@i) If W C V are R-modules, then V/W is projective by as-
sumption. Thus the short exact sequence 0 - W — V — V/W — 0
splits and W is a direct summand of V.

(ii)=(iii) This is obvious.

(iii)=>(i) Since Rpg is completely reducible, it is a sum of irreducible
submodules. It follows that any free R-module is also a sum of irreducibles
and hence is completely reducible. Finally, if V' is any R-module, then V'
is a homomorphic image of some free module F' and, since F' is completely
reducible, this epimorphism must split. Thus V is isomorphic to a direct
summand of F' and it is therefore projective.

(iii)=>(iv) Since R is completely reducible, we see that Rp =) I;
where each I; is an irreducible R-module and hence a minimal right i(fea,l
of R. Sayle 1+ I+ :-+4+1I,. Then R=1RC I + I 4+ + I, and
equality must occur. Thus Rp satisfies d.c.c. by Lemma 3.7(ii) and R is
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an Artinian ring. Furthermore, if I is any right ideal of R, then R = I +J
by complete reducibility and hence I = eR for some idempotent e € I
by the preceding lemma. In particular, if I is also nilpotent, then clearly
e=0and I =0. Thus R is a Wedderburn ring.

- (iv)=(iii) Since R is Wedderburn, it follows from Lemma 3.8(ii) that
every minimal right ideal of R is generated by an idempotent. Now we
show that every right ideal of R is a sum of minimal right ideals. If this is
not the case, then since Rp satisfies the minimum condition, there exists
a minimal counterexample L. Clearly, L # 0, so L contains a minimal
right ideal I = eR. Since I+ I’ = R and I C L, the Modular Law implies
that L = I + (I' N L). In particular, L is properly larger than I' N L,
so the minimal nature of L implies that I’ N L is a sum of minimal right
ideals of R. But then L = I'4 (I’ N L) is also such a sum, a contradiction.
In particular, we conclude that R is a sum of minimal right ideals and
hence a sum of irreducible submodules. It follows from Theorem 3.3 that
Rp is indeed completely reducible. O

As we will see in Exercise 7, right Artinian rings need not be left

Artinian. On the other hand, right Wedderburn rings are necessarily also
left Wedderburn.

EXERCISES

1. Let {V; | i € T} be a family of submodules of V. Show that there
exists a natural epimorphism 6: ® 5, V; — >, V; and describe Ker(#).

2. Suppose Vi,Vs,...,V, are finitely many R-submodules of V' with
N Vi = 0.
aléo. To this end, first observe that V embeds in & Y 7 V/V;. Now
show by example that the result fails if n is allowed to be infinite.
Conclude therefore that a strong direct sum of completely reducible
modules is not necessarily completely reducible.

3. Let I1,I5,...,I, be a finite collection of two-sided ideals of R such
that I; + I; = R for all i # j.
prove that there exists 7 € R with 7 = a; mod I; for all .. Deduce that
R/(N} L) = & Y7 R/I;. This is the Chinese Remainder Theorem.

4. Let p be a fixed prime number and let A be the multiplicative group
of complex p™th roots of unity for all n > 0. If we view A additively
as a module over the integers, show that A satisfies min but that it
does not have a composition series.

5. Let 0 =V, C V3 C .-+ CV, =V be a series for the R-module
V and let W C V. Show that W has a series of length n whose
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factors are isomorphic to submodules of the factors of the V-series.
Similarly, prove that V/W has a series of length n whose factors are
homomorphic images of the factors of the V-series.

.Let R O S be rings and assume that Rg is a finitely generated S-

module. If § is Artinian, prove that R is also. In particular, if R =
M, (S) deduce that S is Artinian if and only if R is Artinian.

. Suppose K C F are fields with dimg F' = oo and let R be the subring

of M, (F)

minimal right ideal of R and then construct a composition series for
Rpg. Deduce that R is right Artinian and then prove that R is not left
Artinian.

. Show that there is a one-to-one correspondence between idempotents

e € Endg(V) and direct sum decompositions V =X + Y.

. Let I be a two-sided ideal of R. Prove that I = eR for some central

idempotent e € R if and only if R = I+ J for some two-sided ideal J.
When this occurs, show that e and J are uniquely determined by I.
Prove that all R-modules are free if and only if R is a division ring.
This is quite simple and does not require Theorem 3.9.
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The goal now is to obtain a more precise description of Wedderburn rings.
We do this by computing the endomorphism ring of certain module direct
sums. Since we are dealing with right R-modules, we will of course write
all R-homomorphisms on the left. The following lemma is, for the most
part, fairly obvious.

LEMMA 4.1 Let V and W be R-modules.
i. Hompg(V, W) is a right Endg(V')-module and a left Endg(W)-

module with multiplication given by function composition.

il IfV =Y ,V; is a finite direct sum, then Homg(V,W) is
isomorphic to & Y_;_, Homg(Vi, W) as a left Endg(W)-module.

Hi.IfW = E;'?__l W; is a finite direct sum, then Homg(V,W) is
isomorphic to ® Y.~ ; Homg(V, Wj) as a right Endgr(V')-module.

iv. Let W = . . W; be an arbitrary weak direct sum such that for

each j, every nonzero element of Homg(V, W;) is a monomorphism. Then
Hompg(V, W) is End g(V')-isomorphic to & 3_; Hompg(V, Wj).

PROOF (i) If a:V — W and B:V — V are R-homomorphisms, then so
is the composite map a3:V — W. Thus we have a map

HomR(V, W) X EndR(V) — HomR(V, W)

given by a@ x 8 — oaf that clearly makes Homg(V,W) into a right
Endg(V)-module. The result for W is similar.

(ii) Each element @ € Hompg(V, W) determines R-homomorphisms
a;:V; = W for i = 1,2,...,n by restriction. Furthermore, the map
ar— a1 ®oay @+ ®ay is then easily seen to be an Endgr(W)-module
isomorphism from Hompg(V, W) to & >, Homg(V;, W).

33
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(iii) Each element 8 € Hompg(V, W) determines R-homomorphisms
Bj:V = W — W; for j = 1,2,...,m via composition. It is then easy
to see that the map 8 — 51 @ Bo @ -+ ® By is an Endgr(V)-module
isomorphism from Hompg(V, W) to & Ej Hompg(V,W;).

(iv) Here the result follows asin (ii1), provided that each such § has
at most finitely many nonzero §;. But observe that if g; # 0, then, by
assumption, f; is a monomorphism. Hence if v is any nonzero element of
V, then SB;(v) # 0 and B(v) has a nonzero W;-component. But 8(v) can
have only finitely many nonzero components, so this condition is clearly
satisfied. )

The proof of the next lemma is more formal. Parts (i) and (ii) are
actually special cases of a more general result that describes Endg(V) as
a suitable checkered matriz ring (see Exercise 2).

LEMMA 4.2 LetV =V;+Va+---+V, be a finite direct sum of R-submodules.

i. If Homg(V;, V;) =0 for all i # j, then Endgr(V) is isomorphic to
the ring direct sum & ) ;. , Endg(V3).

ii. If all V; are isomorphic to a fixed R-module W, then Endg(V) is
isomorphic to the matrix ring M, (Endg(W)).
PROOF For eachi=1,2,...,n,let m;:V — V; and 1;:V; — V be the
obvious projection and injection maps. Then x;%; = 1;, the identity on V;,
wm; =0 for ¢ # j, and Y ;_; mkmk = 1, the identity on V. In particular,
if @ € Endg(V), then

a=lal= me-anjwj = Zmai,ﬂj
1,5 1,5

where o; ; = m;am; € Hompg(V;, V;). We note that if 8 € Endg(V), then

(@ + B)i,j = @ij + Ps,j and

(@B)i; = malfn; = Y (miome)(7kBn;) = D 0ikBr,g
k=1

k=1

(i) By assumption, a; ; = 0 for all i # j. Thus, by the latter formula,
the map o — a;; is a ring homomorphism and hence so is the map

, n
0: Endgp(V) — & Z Endg(V;)

i=1

given by o = a1, @ a2 @+ @ ann. Note that 1;; = mm; = 1;. Since
@ =), Mk kTk, it follows that Ker(#) = 0 and 6 is one-to-one. Finally,
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let vx € Endgr(Vk)
Then

Vii = TV = Z TiNEYETEN = i
k=1

and 0 is onto.

(ii) Choose isomorph1sms 0;: Vi = W and for each o € Endg(V),
let ¢(a)i,j = 030,505+ € Endp(W).
and

n

¢(aB)s,j = 0 (E @ kﬂk,a)

n

= ciaikoit - kB0t = D (@i kd(O)k.s
k=1

k=1

It follows that the map ¢:Endgr(V) — M,(Endg(W)) given explicitly
by @ — (¢(a);;) is a ring homomorphism. Furthermore, this map is
one-to-one, since if ¢(a) = 0, then oy; = 0 for all ¢,j and hence o =
> ; Mo, jm; = 0. Finally, let (7;,5) € Mn(Endr(W)) and set

¥=3" 1005 Tap00m, € Endr(V)
a,b

Then v;,; = myn; = 03 17‘,,,03 and thus ¢(v)i,; = 0i7;,50; Tl= Ti,j. In
other words, ¢(y) = ('T,,, ;) and we conclude that ¢ is onto. a

In the next two lemmas we consider some concrete computations.

LEMMA 4.3 Let e and f be idempotents in R.
i. If V is an R-module, then Hompg(eR,V) = Ve. In particular,
Hompg(eR, fR) = fRe.
ii. If e # 0, then Endg(eR) is ring isomorphic to eRe acting by left
multiplication.
iii. If F' is a free R-module of rank n, then Endg(F) & M, (R).

PROOF (i) Foreach v € Ve, let 8(v) € Hompg(eR, V) be given by r — vr.
Then 0: Ve — Hompg(eR, V) is clearly an additive group homomorphism
and we show that  is an isomorphism. Suppose first that 8(») = 0. Then
0 = f(v)e = ve = v, since v € Ve, and hence 6 is one-to-one.

hand, if & € Hompg(eR, V), set w = a(e). Then w = a(e-e) = a(e)e = we,
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so w = we € Ve. But for any r € R, we have a(er) = a(e)r = (we)r =
w(er), so & = f(w) and 6 is onto.

(ii) Here we need only observe that if V = eR, then 6 preserves
multiplication. For this, let s,t € eRe and let r € eR. Then 6(s)0(t)r =
6(s)tr = str = 0(st)r and this fact is proved.

(iii) It follows from statement (ii), with e = 1, that Endg(R) & R.
Thus, since F' is isomorphic to a direct sum of n copies of R, Lerrima 4.2(ii)
yields the result. a

LEMMA 4.4 (Schur’s Lemma) Let V and W be irreducible R-modules. Then
any nonzero element of Homg (V,W) is an isomorphism. In particular,
Endg(V) is a division ring and if V 2% W, then Homg(V,W) = 0.

PROOF Let 0 be a nonzero element of Homg(V,W). Then 0 # 0V =
Im(f) is a submodule of W, so Im(#) = W and 0 is onto. Similarly,
Ker(#) # V is a submodule of V', so Ker(f) = 0 and 0 is one-to-one. Thus
6 is an R-isomorphism and, since !

the result follows. a

DEFINITION Let V be a nonzero R-module. We say that R is transitive on V
if for all vy,
easy to see that this occurs if and only if V' is simple. Indeed, suppose V'
is irreducible. Then v;
and R is transitive. Conversely, suppose R is transitive and let W be
a nonzero submodule of V. If 0 # v; € W, then wR C W C V. But
transitivity implies that v;R =V and hence W =V as required.

We now come to a fundamental result. Recall that R is defined to

be a Wedderburn ring if it is right Artinian and has no nonzero nilpotent
right ideal.

THEOREM 4.5 (Artin-Wedderburn Theorem) R is a Wedderburn ring if and
only f R = - ey
* over division rings. Furthermore, when this occurs, then
i. R has precisely m simple modules V1, Va,..., Vi, up to isomor-
phism, and each is a direct summand of Rg.
ii. ny is the multiplicity of Vi,
iii. Dy,
Thus the parameters m, nyg, and Dy
PROOF Suppose first that R is a Wedderburn ring. Then by Theo-
rem 3.9, Rp is completely reducible and, by Lemma 3.7(ii), Rg is in fact
a finite direct sum of irreducible modules. Let W;
sentatives of the isomorphism classes of the simple summands of Rg that



Chapter 4. Wedderburn Rings 37

occur in this particular direct sum decomposition. Then by suitably per-
muting all such summands, we can assume that Rg = Uy + Uy ++ - -+ Uy,
where each Uy, is a direct sum Uy = Wi1 + Wk 2 4.4 Wk n, with all
Wk, j & Wk.

Now for i # j we have W; # W; and hence Homg(W;, W;) = 0 by
Schur’s Lemma. It follows that Hompg(U;,U;) = 0 by Lemma 4.1(ii)(iii),
so Endg(R) is ring isomorphic to & Y ., Endg(Ux) by Lemma 4.2(i).
In addition, the second part of that lemma implies that Endg(Uy) is
isomorphic to the matrix ring My, (Endg(Wk)); observe that Endg(Wk)
is a division ring by Schur’s Lemma. Thus, since Endg(R) & R, by
Lemma 4.3(iii), we conclude that R does indeed have the appropriate
structure.

Conversely, assume that R = -3 3. My, (Dk) is a direct sum of
full matrix rings over the division rings D. We will show that R is
a Wedderburn ring and that (i), (ii), and (iii) are satisfied. To start
with, let {e¥; | 4,5} denote the set of matrix units in My, (D). Since
Wi, = ef;R = ef;Mp, (Dx) is the ith row of this kth matrix ring, it
follows that

R= .Zefﬂ-R= 'ZWk,i
k,i k,i

is a direct sum of right ideals. Next we claim that each such Wy ; isin fact
minimal and hence an irreducible R-module. Indeed, let w = 3=, e{-“, ;jd;j be
a nonzero element of Wg; with all d; € Di. If dp # 0, then w-d; 1eg,i =
ei.“,i and hence wR = e{-“, +8 = Wg ;. In other words, R is transitive on Wy ;
and we conclude that Rg is the direct sum of the irreducible submodules
Wk;. Thus Rpg is completely reducible and R is a Wedderburn ring by
Theorem 3.9.

Now observe that Hompg(Wk i, Wi ;) = ef,'jRef,i by Lemma 4.3(i)
and that the latter expression is clearly zero if ¥’ # k and nonzero oth-
erwise. It therefore follows from Schur’s Lemma that, for any fixed &, all
Wi,; are isomorphic to Vi = Wy, and that Vi 2 Vir when k # &'. In
particular, by Lemma 3.6(ii), ny is precisely the multiplicity of Vi as a
composition factor of Rg. Furthermore, we have

Endg (Vi) = Endg(ef, R) 2 e} |Ref
= e’f,ank (Dk)elf,l = elf,le

and the latter ring is clearly isomorphic to Dx. Finally, if V' is any ir-
reducible R-module, then, since Homg(R,V) # 0 by Lemma 4.3(i), it
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follows that Homg(W,i, V) # 0 for some k,i. Thus Vi & Wi; =V, by
Schur’s Lemma, and the theorem is proved. O

Since the above matrix characterization of Wedderburn rings is cer-
tainly right-left symmetric, we conclude that any right Wedderburzn ring
is necessarily also left Wedderburn.

For any ring R, we use I < R to indicate that I is a two-sided ideal of
R. In particular, R is said to be a simple ring if I < R implies that I =0
or I =R.

COROLLARY 4.6 R is a simple Artinian ring if and only if R = My (D) is a full

matrix ring over a division ring D.

PROOF Suppose first that R = My(D). Then by the above we know
that R is a Wedderburn ring and, in particular, it is Artinian. Now let
I be a nonzero ideal of R and let 7 = 3, ; d;je;; be a nonzero element
of I. Here, of course, {e;; | 4,5} is the set of matrix units of M n(D)
and each d;; € D. If dy 4 # 0, then for all subscripts 4, j we have e; g=
€i,ply sTeq,j € I and hence I = R. We conclude that R is simple.
Conversely suppose that R is a simple Artinian ring and let J be
a nilpotent right ideal of R with, say, J* = 0. Then I = RJ < R and,
using JR = J, we have I* = 0.
conclude that 7 =0 and J = 0.
and hence R =3 ;- My, (D) by the preceding theorem. But each of
these m matrix rings is an ideal of R and thus we must hawve m=1. O

As we have seen, Lemma 4.2(ii) is a key ingredient in the proof of
the Artin-Wedderburn Theorem and hence also of the preceding result.
Specifically, the lemma asserts that if V = -3 i ; W; and if W; @ W
for all 7, then Endg(V) = My(Endgr(W)). But there is another way
to explain the matrix structure of R and this argument applies to more
general rings.

DEFINITION IfV is an R-module, we say that V is faithful if for all 7 € R,

Vr = 0 implies that 7 = 0. Equivalently, this means that the natural
ring homomorphism R — End(V) is one-to-one and therefore that R is
essentially a subring of End(V) acting on the right.

A ring R is said to be primitive if it has a faithful irreducible module.
For example, suppose R is a simple ring and let M be a maximal right ideal
of R. Then V = R/M is an irreducible R-module, by Lemma 1.8, and
obviously R must act faithfully on V. Thus any simple ring is necessarily
primitive.
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Now let R act faithfully on the irreducible module V' and set D =
Endg(V). Then D is a division ring, by Schur’s Lemma, and as we have
observed, V' is a left Endg(V)-module. Thus V is a left D-vector space.
Furthermore, if d € D, v € V and r € R, then the associativity condition
d(vr) = (dv)r implies that r is a D-endomorphism of V' or, equivalently,
a D-linear transformation. In other words, we see that R C Endp(V).
Of course, if dimp V' = n < oo, then Endp(V) 2 My (D) and therefore
R is at least embedded isomorphically in the matrix ring M, (D). More
generally, Endp(V') can be described as the ring of row finite matrices over
D and the goal is to show that R is a “large” subset of this endomorphism
ring. :

DEFINITION Let D be a division ring and let V' be a left D-vector space. We
say that R C Endp(V) is a dense ring of linear transformations if for

every finite D-linearly independent subset { v1,v2,...,vs } of V and every
subset {wy,ws,...,wy } C V, there exists r € R with v;r = w; for all
1=1,2,...,n.

Thus, for example, if dimpV = n < oo and if R is dense, then
certainly R = Endp(V) 2 M, (D). On the other hand, supposedimp V' =
oo and, for any integer n, choose V;, to be a subspace of V' of dimension n.
If R, ={r € R| Vpr C V, } then, by density, R, acts as the full ring of
D-linear transformations on V,. In particular, if I, = {r € R | Vor =0},
then I, < R, and Rn/I, = M,(D). In other words, if dimp V' = oo then,
for all n > 1, the matrix ring M, (D) is involved in R.

The basic result here is:

THEOREM 4.7 (Chevalley-Jacobson Density Theorem) Let R be a primitive ring
with faithful irreducible right module V' and let D. denote the division ring
Endgr(V). Then R is a dense ring of linear transformations on the left
D-vector space pV. Furthermore, if R is right Artinian, then dimp V =
n < 00 and R = M, (D).

PROOF If W is a D-subspace of V, then the right annihilator of W in
R, ranng(W) = {r € R | Wr = 0}, is a right ideal of R. We first
show that the double annihilator condition holds for finite dimensional
subspaces of V. Specifically, we show that if dimp W < co andif z € V
with z - r.anng(W) = 0, then z € W. We proceed by induction on
dimp W = m < oo, the case m = 0 being trivial. Thus suppose that
m > 1 and write W = W’ + Dw, where W’ is a subspace of dimension
m — 1. In particular, by induction, if A’ = r.anng(W’), then wA’ # 0.
But A’ is a right ideal of R, so wA’ is a nonzero R-submodule of V' and
hence wA' =V.
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Write A = r.anng(W) and let x € V with A = 0. The goal is to
show that z € W. To this end, recall that V = wA’ and let &V — V
be given by 6(wa’) = za' for all ' € A’. To see that § is well-defined, it
suffices, as usual, to show that if wa’ = 0, then za’ = 0. But if wa’ =0,
then, since o/ € A’ and W = W’ + Dw, we have Wa' = 0. Hencea’ € A
and za’ = 0 by the choice of z. Thus § is a well-defined map, which is now
easily seen to be an R-endomorphism. In other words, § € D. Finally,
for all o’ € A’, we have (z — dw)a’ = 0, so z — dw is contained in the
annihilator of A’, namely W', and z € W' + Dw = W, as required.

It is a simple matter to complete the proof. Let { vy, v2,...,v9,} CV
be a D-linearly independent set and let { wy,ws, ..., ws } be any subset of
V. Then for each %, since v; is not contained in the finite dimensional D-
subspace spanned by the remaining v;’s, the double annihilator condition
implies that there exists s; € R with v;s; = 0 for j # i and v;s; # 0.
Furthermore, since R acts transitively on V, there exists t; € R with
(vsi)t; = w;. In particular, if we set 7 = 3 p_; sktk € R, then vr = w;
for all 4 and the first part of the theorem is proved. ‘

Finally, suppose dimpV = oo and choose V; C Vo C V3 C --: to
be a strictly increasing chain of finite dimensional D-subspaces of V. If
I; = r.anng(V;), then I; is a right ideal of R and density implies that
I, DI D I3 D - is a strictly decreasing sequence in R. In other words,
R is not Artinian. Turning this around, we see that if R is assumed to be
Artinian, then dimp V. = n < oo and R & M, (D) by density again. O

Since any simple ring is necessarily primitive, we have therefore ob-
tained an alternate proof of Corollary 4.6. Next, we have an amusing
consequence.

LEMMA 4.8 Let D be a division ring with a central subfield K and let F O K

be a maximal subfield of D. If dimg F < oo, then dimg D < oco.

PROOF Since D is a division ring, V' = D is a faithful irreducible right D-
module. In particular, we can think of D as being embedded in End(V),
acting on the right. Furthermore, since F' is a commutative field, there
is an embedding p: F — End(V) given by p(f):v — fv for all f € F
and v € V. Let F' = p(F) C End(V) and note that F” is not equal to
F, in general, since left and right multiplication by f € F yield distinct
endomorphisms of V. On the other hand, since K is central, we do have
K'=p(K) =K.
Let R be the subring of End(V") generated by D and F’. Since

v(p(f)d) = (fv)d = f(vd) = v(dp(f))
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for all appropriate v, f, and d, we see that D and F’ commute elemen-
twise. Thus R = F’D consists of all finite sums of elements of the form
f'd with f’ € F' and d € D. But dimg F’ < o0, so it follows that R is
a finite dimensional right D-vector space. In particular, since any right
ideal of R is a D-subspace, we conclude that R is Artinian.

Finally, observe that R C End(V) acts faithfully and irreducibly on
V. Furthermore, by Lemma 4.3(ii), Endg(V) C Endp(V') = D acting by
left multiplication. Since d € Endg(V) must also commute with F/, we
have

d(fv) = d(vp(f)) = (dv)p(f) = f(dv)

for all f € F and v € V. In other words, d € D centralizes F. But F' is
a maximal subfield of D, so this implies that d € F' and it follows that
Endg(V) = F. We can now conclude from Theorem 4.7 that D =V is
finite dimensional as a left F-vector space. Thus, since dimg F' < oo and
K is central in D, we have dimg D < oo as a K-vector space on either
side. a

We close with an example of interest. Let S be a ring and let G
be a multiplicative group. Then the group ring S[G] is the set of all
formal finite sums Y, .o 852 with sz € S. Addition in S[G] is defined in -
a componentwise fashion and multiplication is determined distributively
by (az) - (by) = (ab)(zy) for all a,b € S and z,y € G. It is easy to verify
that S[G] is indeed an associative ring. Furthermore, if S = K is a field,
then K[G] is a K-algebra called the group algebra.

PROPOSITION 4.9 (Maschke’s Theorem) Let K be a field and let G be a finite
group. Then K[G) is an Artinian ring that is Wedderburn if and only if
the characteristic of K does not divide |G|.

PROOF Note that K[G] is a finite dimensional K-algebra and that every
right or left ideal of K[G] is a K-subspace. Since K[G] satisfies d.c.c. on
K-subspaces, it follows that K[G] is Artinian.

Suppose first that the characteristic of K divides |G| so that |G| =0
in K. Define vy = 3 g 9 € K[G] and observe that zy = v = vz for all
z € G. This implies that ~ is central in K[G] and that 42 = |G| -y = 0.
Thus vK[G] is a nonzero ideal of K[G] of square 0 and hence K[G] is not
a Wedderburn ring.

Conversely, assume that |G| = n is not 0 in K and consider the
n X n matrix ring M, (K), where we index the rows and columns by the
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elements of G. Then the map 6: K[G] — Mn(K) given by 6(g) = (6y,z9)
is easily seen to determine a K-algebra embedding, since

0(9)0(h) = (63,29 ) (8y,oh) = (by,agn) = 0(gh)

Here, of course, g, h,z,y € G. Furthermore, 0zy =1 when z = y and
0z = 0 otherwise.

Next note that the matrix traces satisfy tr6(1) = n and tré(g) =0
if 1 # g € G. In particular, if a = 3 g agg € K[G], then trf(a) = na;.
Now, suppose in addition that « is mlpotent Then so is 6(a) and hence
tr6(a), being the sum of all eigenvalues, must be 0. Thus na; =0 and,
since n # 0 in K, we conclude that a; = 0.

Finally, let I be a nilpotent right ideal of K[G] and let 5 gec bgg =
B € I. Then, for all z € G, we have 3 ;bggz = fz~! € I and
this element, being nilpotent, has its identity coefficient equal to 0. Thus
by = 0 for all =, and therefore 8 = 0, as required. O

An alternate proof of this result in a more general context can be
found in Exercise 13.7.

1. Show by example that the addition formulas of Lemma 4.1(ii)(iii) fail
for infinite direct sums.

2. Let V = -3 %_; Vi be a direct sum of R-modules. Prove that the
endomorphism ring Endg (V) is isomorphic to the checkered matrix
ring

§={(ai;)|ai; € Homg(V;, Vi) }

Here multiplication of entries is given by function composition.

3. Assume that R does not have IBN. Show that M;(R) = M,(R) for
some 4 # j. The converse of this is not true. Indeed, let K be a field
and define the rings S, 1nductively by So = K and Sp+1 = M2(S,) 2
Sy forn > 0. If § = [J°o, S, show that S = M,(S) but that S has
IBN.

4. Suppose the ring R has elements e; ; for 4,j = 1,2,...,n that satisfy
eijejik =0if j# 5, eijejr=e€ixandl=ey 1 +ep+ - +eqn. If
S is the centralizer in R of these n? elements, prove that R & M, (S)
and that S = e;1Re; ;. To start with, define a map o:M,(S) — R
by (8i,j) = 3; ; 8i,j€i,5- Then show that o is a ring isomorphism.

n=0
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5.

6.

10.

. Let K be a field and let R C M2(K) be given by R = (

Prove that an Artinian ring with no nonzero nilpotent elements and
no nontrivial central idempotents is a division ring.

Let R = M, (D) with D a division ring. Show that R has finitely
many right ideals if and only if either n = 1 or D is finite.

0 K
If e = e;,1, show that Endgr(eR) is a field even though eR is not an
irreducible R-module.

K K)_

. Write R = - Y 3, My, (Dg) as in the Artin-Wedderburn Theorem.

If I « R, show that I is a direct sum of certain of the M, (D). In
particular, deduce that the M, (D) are the unique minimal two-sided
ideals of R and that, if I # R, then R/I is a Wedderburn ring.

.If R = M,(S5), show that all ideals of R are of the form M, (I) for

I« S. Furthermore, prove that e; ;R = e; ; R as right R-modules.
Let D be a division ring and let R be a ring of D-linear transformations
on pV. Assume that R is doubly transitive on V' so that, by definition,
if { v1,v2 } is a D-linearly independent subset of V and if { wy,ws } C
V is arbitrary, then there exists r € R with v1r = w; and ver = ws.
Show that Endg(V) = D and conclude that R is a dense ring of linear
transformations on V. What happens if we merely assume that R is
transitive on V7?7
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We now move on to consider more general Artinian rings. For this, we
must deal with nonzero nilpotent right ideals; there are a number of ways
to proceed, which inevitably all turn out to be equivalent. The approach
we take uses the nil radical since it can be easily and quickly defined.
Later in this chapter we discuss the more important Jacobson radical.

An ideal I of R is said to be nil if every element of I is nilpotent. In
particular, any nilpotent ideal is nil. Furthermore, as we have observed
earlier, if J is a nilpotent right ideal of R, then RJ is a nilpotent, and
therefore a nil, two-sided ideal.

LEMMA 5.1 Let I be a nil ideal of R.

44

i. Ifz € R is nilpotent, for example if ¢ € I, then 1 —z is invertible.
ii. If J/I is a nil ideal of R/I, then J is a nil ideal of R.
iii. An arbitrary sum of nil ideals is nil.

PROOF (i) Ifz* =0,sety =1+z+:--+xt"1. Then (1 —z)y =
y(l—z)=1-zt=1landy=(1-z) L

(ii) If r € J, thenr+I € J/I is nilpotent. In particular, (r+I)™ =0
for some m > 0 and ™ € I. But I is a nil ideal, so 7™ is nilpotent and
hence so is 7.

(iii) Suppose I and J are nil ideals of R. Then (I + J)/I is a nil
ideal of R/I, since it is a homomorphic image of J. Thus, by (ii), I +J is
nil and it follows by induction that any finite sum of nil ideals is also nil.
Finally, any element of the arbitrary sum ), I; of nil ideals is contained
in a finite sum of these ideals and is therefore nilpotent. Thus ), I; is
also nil. a
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DEFINITION If R is an arbitrary ring, then its nil radical Nil(R) is the sum of
all nil two-sided ideals of R. In view of Lemma 5.1(iii), Nil(R) is, in fact,

the unique largest nil two-sided ideal of R. Furthermore, by (ii) we see
that Nil(R/Nil(R)) = 0.

LEMMA 5.2 Let I<R.
i. If W is an R/I-module, then W is naturally an R-module with

multiplication given by wr = w(r+1I) for allw € W, r € R. Furthermore,
the R-submodules of W are precisely the R/I-submodules and any R/I-
module homomorphism W — W' is also an R-homomorphism.

ii. If V is an R-module with VI = 0, then V is naturally an R/I-
module with multiplication given by v(r + I) = vr for allv € V, r € R.
Furthermore, the R/I-submodules of V are precisely the R-submodules
and any R-homomorphism V' — V' is also an R /I-homomorphism.

iii. If R is an Artinian ring, then so is R/I.

PROOF We use the module characterization given by Lemma, 1.1.

(i) The composite homomorphism R — R/I — End(W) defines
W as a right R-module. Since R and R/I have the same image in
End(W), the submodule structure is the same in either case. Finally,
the homomorphism result follows from the module multiplication formula
wr = w(r+ I). ’

(i) Since the homomorphism R — End(V') sends I to zero, it factors
through R/I. Thus we have R — R/I — End(V) and in this way V
becomes an R/I-module. Again, R and R/I have the same image in
End(V).

(iii) By assumption Rg, is an Artinian module and hencesois (R/I)g
by Lemma 3.7(i). But I annihilates the latter module, so (ii) implies that
(R/I)r/s is Artinian and therefore R/I is an Artinian ring. O

We now obtain a key result.

THEOREM 5.3 Let R be an Artinian ring with N = Nil(R). Then R/N is a
Wedderburn ring and N is the unique largest nilpotent ideal of R.

PROOF Since Nil(R/N) = 0, we know that R/N has no nonzero nilpo-
tent right ideal. Lemma 5.2(iii) now implies that R/N is a Wedderburn
ring. It remains to show that N is nilpotent, since NV = Nil(R) certainly
contains all nilpotent ideals of R.

Since R is Artinian, the descending chain N D N2 D N3 D ... must
stabilize. Thus suppose N¥* = N¥*! and let I = {r € R | rN* = 0}.
Then I is easily seen to be a right ideal of R and the goal is to show that
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I = R. If this is not the case, then the minimum condition applied to the
set of right ideals of R properly larger than I yields a minimal such right
ideal J. Clearly J = I +aRforsomea € J\Iso I+ JN =1+ (aR)N =
I+aN.

If JN € I, then the minimality of J implies that I+JN = J. Hence,
sincea € J, we havea =i +az for somei € I andz € N. But 1 —z is
invertible, by Lemma 5.1(i), so a = i(1 — )™! € I, a contradiction. Thus
we must have JN C I and hence JN¥*1 = JN . N¥ C IN¥ = 0. But
Nk+1 = Nk 50 JN* = 0 and by definition of I we have J C I, again a
contradiction. Thus I = R and, since IN* = 0, we conclude that N* =0
as required. a

With this, we can begin to study R-modules.

LEMMA 5.4 Let R be an arbitrary ring and let N be a nilpotent ideal of R. If

W CV are R-modules with V =W + VN, then V = W. In particular,
ifV=VN, thenV =0.

PROOF We show by induction on ¢ > 1 that V = W + VN%. Indeed,
if V= W 4+ VN is given, then VN = WN + VNt and hence V =
W + VN = W + VNit! a5 required. But N is nilpotent, so N* = 0 for
some k > 1 and we conclude that V =W + VNt = W. O

PROPOSITION 5.5 Let R be an Artinian ring. Then up to isomorphism, R has

m < oo irreducible modules V1,Va,...,Vy and V; - Nil(R) = 0 for all i.
Furthermore, every completely reducible R-module is uniquely a direct
sum of copies of these V;’s.

PROOF Let N = Nil(R). If W is an irreducible R/N-module, then by
Lemma 5.2(i), W is naturally a simple R-module. Conversely, if V is
an irreducible R-module, then by the preceding two results, V'  VN.
Thus since VN is a submodule of V, we have VN = 0 and hence, by
Lemma 5.2(ii), V is naturally a simple R/N-module. In view of the homo-
morphism aspects of Lemma 5.2(i)(ii), it follows that there is a one-to-one
correspondence between the isomorphism classes of irreducible R-modules
and of irreducible R/N-modules. Thus, since R/N is a Wedderburn ring,
there are only finitely many such classes, by Theorem 4.5(i), with repre-
sentatives Vi, Va,..., Vy, for instance.

Now let U be a completely reducible R-module. Then U is a direct
sum of irreducible R-modules, say U = 'Zje 7Uj, where U; = Vy;).
For uniqueness we need to show that, for each i, the cardinality of the
set J; = {j € J| f(j) =i} depends only on U and V;. To this end,
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observe that by Schur’s Lemma every nonzero member of Homg(V;, U;)
is an isomorphism. Thus, by Lemma 4.1(iv), Homg(V;,U) is EndR(V,,)

isomorphic to @ Z g Homp(V;,U;). Thus the cardinality of J; is pre-
cisely equal to the d1mens1on of Hom r(V;,U) as a vector space over the
division ring Endg(V;) and hence it is uniquely determined by the mod-
ules U and V;. O

In particular, the preceding result applies to Wedderburn rings and
asserts that if R is Wedderburn, then every R-module is uniquely a direct
sum of irreducibles.

THEOREM 5.6 (Hopkins-Levitzki Theorem) If R is an Artinian ring, then any
finitely generated R-module has a composition series. In particular, Rg
has such a series.

PROOF Set N = Nil(R) so that, by Theorem 5.3, N¥* = 0 for some
integer £ > 1. Now let V' be a finitely generated R-module. Then V is
Artinian, by Lemma 3.7(iii), and hence so are the submodules

VOVNDVNZD...DVNk=0

and the factors W; = VN!/V N+l But W;N = 0, so Lemma 5.2(ii)
implies that each W; is an Artinian R/N-module. Furthermore, since
R/N is a Wedderburn ring, each W; is completely reducible and hence a
direct sum of irreducible modules. Thus, by Lemmas 3.7(ii) and 3.6(ii),
we conclude that W; has a composition series as an R/N-module and
hence also as an R-module. Lemma 3.6(i) now yields the result. O

Next, we consider the structure of projective R-modules. For this,
we need two observations.

LEMMA 5.7 Let R be an arbitrary ring and let N be a nilpotent ideal of R. If
P and Q are projective R-modules, then we have P & @ if and only if
P/PN 2 Q/QN.

PROOF Suppose first that 6: P — @ is an isomorphism. Then §(PN) =
O(P)N = @QN and, similarly, #~}(QN) = PN. Therefore, the kernel of
the composite epimorphism P — @ — @/QN is PN and it follows that
P/PN £ Q/QN.

Conversely, if P/PN = Q/QN, then there exists an R-epimorphism



48 Pait |. Projective Modules

a: P — Q/QN with kernel PN. This gives rise to the diagram

P
la
Q = QN - 0

and, since P is projective, there exists a map #: P — @ that makes the
diagram commute.

Notice that S(P) + @N contains the kernel of v and maps onto
Q/QN since « is an epimorphism. Thus @ = 8(P)+@QN, by Lemma 1.8,
and then @ = B(P), by Lemma 5.4. In other words, 3: P — @ is an
epimorphism and, since @ is projective, Theorem 2.8 implies that [ splits
and hence that P = Ker(8) + @' for some submodule @' isomorphic to
Q. Finally, since v8 = a, it follows that

Ker(8) C Ker(a) = PN = Ker(8)N + Q'N
Thus Ker(8) = Ker(8)N and Lemma 5.4 yields Ker(3) = 0. O

The following result asserts that idempotents can be lifted modulo
nil ideals.

LEMMA 5.8 Let N be a nil ideal of R and let v:R — R/N be the natural
epimorphism. If a € R with v(a) an idempotent, then there exists b € R
such that e = aba is an idempotent with v(e) = v(a).

PROOF If a € R is as given, then v(a) = v(a)? = v(a®), so a — a? € N.
Hence, since N is nil, we have (a — a2)¥ = 0 for some integer k£ > 2.

Now observe that (1 — a)* = 1 — ad for a suitable d € R with ad = da.
Furthermore,

1-v(ad) =v((1-a)f) = (1- ll(cc))lc =1-v(a)
so v(ad) = v(a) and
0= (a —a?)* =a*(1 - a)* = a¥(1 — ad)

so a* = a¥(ad). Hence, for any integer i > 1, we have a* = a*(ad)‘; in

particular, the case i = k yields a* = a*¥(ad)* = a?*d¥, since a and d
commute. But then e = (ad)® is an idempotent and, by the preceding,



Chapter 5. Artinian Rings - 49

v(e) = v(ad)* = v(a)* = v(a). Finally, since ¥ > 2, we conclude that
e = (ad)* = aba for some b € R. m|

An R-module V is decomposable if it is the direct sum V = V; 4+ V5 of
two nonzero submodules. Otherwise, V is indecomposable. The following
is the key result on projective modules. Its statement implicitly requires
Proposition 5.5.

THEOREM 5.9 Let R be an Artinian ring with nil radical N and suppose
V1, Va,..., Vi, are representatives of the finitely many isomorphism classes
of simple R-modules.

i. For each i, there exists a projective R-module P;, unique up to
isomorphism, with P;/[P;N = V;.
ii. Each P; is an indecomposable direct summand of R with unique
maximal submodule P;N.
iii. Every projective R-module P is uniquely a direct sum of copies of
these P;’s. Furthermore, P is finitely generated if and only if the number
of summands is finite.

PROOF (i) By Proposition 5.5 and Lemma 5.2(ii), V; is a simple R/N-
module. Hence, since R/N is a Wedderburn ring, Theorem 4.5(i) implies
that V; is isomorphic to a direct summand of R/N. In other words, by
Lemma 3.8(i), there exists an idempotent &; € R/N with V; = &;(R/N).
Now N is a nil ideal, so the preceding lemma asserts that &; can be lifted to
an idempotent e; of R and we set P; = ¢; R. Thus P; is a direct summand
of Rp and, in particular, it is a projective R-module. Furthermore, if
"R — R/N is the natural epimorphism, then

Next observe that P;N = (e;R)N = ¢; N and that
e NCPNN-= ei(Pi nN) Ce;N

since e; acts like a left identity on P;. Thus P,N N = ¢;N = P;N and
P;/P;N 2 V; as required. The uniqueness of P; follows from Lemma 5.7,
since N is nilpotent.

(ii) We already know that P; is a direct summand of Rp and that
P;N is a maximal submodule, since P;/P;N is irreducible. In particular,
if W is any submodule of P; with W € P;N, then W + P;N = P;. Thus
W = P; by Lemma 5.4 and we conclude that P; N is the unique maximal
submodule of P;. Furthermore, if P = W' + W”, then we cannot have
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both W’ and W” contained in P;N. Thus one of these summands must
equal P; and therefore P; is indecomposable.

(iii) Now let P be an arbitrary projective R-module. Then P/PN
is a module for the Wedderburn ring R/N and hence it is completely
reducible. Thus P/PN is also completely reducible as an R-module and
we can write P/PN = .3 .., U; with U; 2 Vj(;). Now define Q =
® Y jeg Qj» where Q; = Py(;). Then Q is certainly projective and

Q/QN=@e ) Q;/Q;N = P/PN

jeT

since Py(;)/ Ps(jyN = V(;). Thus, by Lemma 5.7, P = @ and P is indeed
a direct sum of copies of the F;’s. _ _
Finally, suppose P = -5, .y Py with Py & Py). Then we have

N B/BN=P/PN=-)"TUj;
kex Jj€T

and hence the sets K; = {k €K |gk)=i}and J;={je T | f(j) =1}
have the same cardinality, by Proposition 5.5. Thus uniqueness is proved
and the result follows, since each P; = e;R is a cyclic R-module. a

In view of the preceding, P, Ps,..., P, are, up to isomorphism, the
only nonzero indecomposable projective R-modules. They are called the
projective indecomposables or the principal indecomposables of R.

DEFINITION If Ris an arbitrary ring, then its Jacobson radical is given by
Rad(R) = {r € R| Vr =0 for all simple R-modules V'}

Thus Rad(R) is the obstruction to studying R in terms of its irreducible
modules. When this obstruction is not present, that is when Rad(R) = 0,
we say that R is semiprimitive. It is clear that any primitive ring is
necessarily semiprimitive.

An ideal I of R is said to be primitive if R/I is a primitive ring.
In view of Lemma 5.2(i)(ii), I is primitive if and only if there exists an
irreducible R-module V with I = {r € R| Vr = 0}. In other words, [ is
the kernel of the ring homomorphism R — End(V).

Finally, the ideal I is quasi-regular if 1 — z is invertible for all z € I.
In particular, by Lemma 5.1(i), every nil ideal is quasi-regular. Basic
properties and relations between these concepts are as follows.
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LEMMA 5.10 Let R be an arbitrary ring.
i. Rad(R) is the intersection of all primitive ideals of R.
ii. Rad(R) is the intersection of all maximal right ideals of R.
iii. Rad(R) is the unique largest quas:-regu]aa' ideal of R. In partic-
ular, Nil(R) C Rad(R).
iv. If I <R with I C Rad(R), then Rad(R/I) = Rad(R) /1.

PROOF (i) This is essentially obvious. If V is an irreducible R-module,
then r.anng(V) = {r € R | Vr = 0} is a primitive ideal and indeed
these are all the primitive ideals of R. Thus, by definition, Rad(R) =
(y r.anng(V') is the intersection of all primitive ideals of R.

(ii) If M is a maximal right ideal of R, then R/M is an irreducible
R-module, which must therefore be annihilated by J = Rad(R). In par-
ticular, 0 = (1 + M)J = J + M and hence J C M. It follows that J is
contained in J’, the intersection of all maximal right ideals of R.

Conversely, let V' be an irreducible R-module and fix any 0 # v €
V. Then V = vR, so the map 6: R — V given by r — ovr is an R-
epimorphism. It follows from Lemma 1.8 that Ker(f) = {r€ R|vr =0}
is a maximal right ideal of R and therefore Ker(6) 2 J'. Thus vJ' =0
and, since v and V are arbitrary, we obtain the reverse inclusion J' C J.

(iii) Let I <« R. Suppose first that I is quasi-regular and let M be
any maximal right ideal of R. If I € M, then R=I+M,s0l =i+ m
for some 7 € I and m € M. But then 1 —¢ = m € M is invertible and
this is certainly a contradiction. Thus I C M for all such M and hence
I C (M =Rad(R).

Conversely, suppose I C Rad(R) and let z € I. If 1 —z)R # R
then, by Zorn’s Lemma, we have (1 — z)R C M for some maximal right
ideal M. But I C Rad(R) C M, so this implies that both z and 1 — z
are in M, clearly a contradiction. We conclude that (1 — z)R = R for all
z € I and, in particular, that each such 1 — z has a right inverse.

Again let £ € I and let 1 — y be a right inverse for 1 — z. Then
1=(01-2z)1-y),s0y=zy—=z € I and thus 1 — y also has a right
inverse. But then 1 — y has both a left and a right inverse, so it follows
that 1 —y is invertible with inverse 1 — z. In other words, (1—z)~! exists
for all z € I and we conclude that I is quasi-regular.

(iv) Finally, let »: R — R/I be the natural epimorphism. If M 1 is
a maximal right ideal of R/I, then »~1(M’) is a maximal right ideal of
R by Lemma 1.8. Conversely, if M is a maximal right ideal of R, then
M D Rad(R) 2 I and thus »(M) is a maximal right ideal of R/I. In this
way, we obtain a one-to-one correspondence between the maximal right
ideals of these two rings. Since 27~ preserves intersections, by Lemma, 1.8,
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we conclude from (ii) that »~!(Rad(R/I)) = Rad(R). m]

In view of (iii), the definition of Rad(R) is in fact right-left symmet-
ric. In other words, Rad(R) is also the intersection of the annihilators of

all irreducible left R-modules and it is the intersection of all maximal left
ideals of R.

LEMMA 5.11 If R is Artinian, then Rad(R) = Nil(R).

PROOF By Lemma 5.10(iii)(iv), N = Nil(R) € Rad(R) and it suffices to
show that R/N is semiprimitive. But R/N is a Wedderburn ring, so the
regular module (R/N)g/n is completely reducible and hence a direct sum
of irreducible modules. It follows that Rad(R/N) annihilates the regular
module and, in particular, 1-Rad(R/N) = 0. a

We close this chapter by briefly sketching an interesting example.
Let K be a field of characteristic # 2 and let a1, as,...,a, be fixed el-
ements of K. Then the Clifford algebra C = C(ay,az,...,a,) is the
K-algebra generated by noncommuting variables zi,zs,...,Z, subject
to the relations z;z; = —z;z; and z? = a; for all i # j. When all the q;
are zero, C is the more familiar Grassmann algebra, or ezterior algebra.
On the other hand, C(—1, —1) is the ordinary quaternion algebra over K
and therefore C(a1,a2) is usually called a generalized quaternion algebra
when a;,a; # 0.

The following notation is used in the next proposition. First, if S =
{41,%2y...,%5 } is a subset of N = {1,2,...,n} with 4; < iz < - < i,
then we write ©s for the monomial z; z;,---z;, € C. In particular,
g = 1 and z(;} = z;. Next, if § and T are subsets of N, then we
denote their symmetric difference by 5 % T'. Thus, by definition, S * T =
(S\T)U(T\ S) = (SUT)\(SNT) and, as is well known, * is an associative
operation. For convenience, if i € N we write S * ¢ for S * {7} and note
that Sxi=SU{i}ifi ¢ S and S\ {¢} otherwise. .Finally, for any such
Sandi,let SG)={jeS|j>i}.

PROPOSITION 5.12 The Clifford algebra C = C(ay,as,...,a,) is a K-algebra

with basis { zg | S € N }. In particular, dimg C = 2™ and C is Artinian.
Furthermore, C is a Wedderburn ring if and only if []7 a; # 0.

PROOF C is obviously spanned over K by all monomials in the variables
T1,T3,..., Ty and, by using the anticommuting relation z;z; = —z;z;, we
see that each such monomial is equal to & a monomial with the z;’s in the
correct order. Furthermore, we can then replace each occurrence of z2
with a; € K. It follows that every such monomial is a scalar multiple of
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some zg and therefore that C is spanned by { zs | S C N }. In particular,
dimg C < 2™ and C is Artinian.

Now let V be a K-vector space of dimension 2™ having basis elements
that correspond to the subsets S of N. Specifically, let {[S] | S C N}
be such a basis of V and, for each i € N, let y;: V — V be the K-linear
transformation defined by [S]y; = k(S,4)[S*4], where k(S,) = (—1)I5@I
ifi ¢ S and (—1)I5®lg; otherwise. Since S¥i*j = Sxj*i and S*ixi= S,
it follows easily that y;y; = —y;¥; and yf = @; for all ¢ # j. Thus, by
definition of C, there exists a K-algebra homomorphism C — Endg (V)
with z; — y; and, in this way, V can be viewed as a right C-module.
But observe that [#]zs = [S]; thus, since {[S] | S C N} is linearly
independent, it follows that {zs | S C N} is also linearly independent.
In other words, dimg C = 2.

Now suppose that some a; is zero, say a, = 0. Then the anticom-
muting relations imply that z,.Cz, = 0 and thus z,C is a nonzero right
ideal of C of square 0. In particular, C is not a Wedderburn ring,

For the converse, let tr: C — K yield the trace of the elements of C
viewed as linear transformations on V and note that if S,T C N, then
[T)zs is a scalar multiple of [T'*S]. Thus, since T'+S # T when S # 0, it
follows that tr zs = 0 for such S. Furthermore, since tr zyg = dim V' = 27,
we conclude that tr (Z s asms) = 2"ay. In particular, if ® = Y gagzs is
a nilpotent element of C, then tra = 0, so 2"ay = 0 and hence ap = 0,
since the characteristic of K is not 2.

Finally, suppose that all a; are different from 0. It then follows
easily that zgzs is a nonzero scalar multiple of z g, for all S,T C N.
Furthermore, note that S * T = ( if and only if S = T. Thus if 8 =
S sbszs is a nonzero element of C, with, for example, br 3 0, then the
xg-coefficient of Bz is not zero and, in particular, fzr is not nilpotent.
This clearly implies that C' has no nonzero nilpotent right ideal and we
conclude that C' is a Wedderburn ring. a

It can be shown that if C is a Wedderburn ring, then C is a direct
sum of at most two simple components.

EXERCISES

An idempotent e € R is primitive if it cannot be written as e = f + g,
a sum of two nonzero orthogonal idempotents. Here orthogonal means
that fg =gf = 0.

1.If f and g are orthogonal idempotents, show that e = f + g is an
idempotent and that eR = fR 4+ gR. Conclude that an idempotent
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e’ of R is primitive if and only if ¢'R is indecomposable as a right
R-module.

. Let N be a nil ideal of R and let { &;,&z,...,&, } be a set of orthogo-

nal idempotents of R/N that sum to 1. If »: R — R/N is the natural
epimorphism, prove that there exists a set { e1,ez,..., e, } of orthog-
onal idempotents of R with v(e;) = & and e; +ex+ -+ +e, = L.
Furthermore, if { f1, f2,...,fn } is a second such lifting, show that
u=-eifi +exfo+:-:+enfy is a unit of R with u™le;u = f; for all .

A ring R is called semiprimary if N = Nil(R) is a nilpotent ideal
with R/N a Wedderburn ring. In particular, by Theorem 5.3, any
Artinian ring is necessarily semiprimary. Furthermore, it is easy to
see that the results of Proposition 5.5 and Theorem 5.9 apply to these
more general rings.

. Find an example of a semiprimary ring that is not Artinian. A suitable

upper triangular 2 x 2 matrix ring will work.

. Let I be a nonnilpotent right ideal of the semiprimary ring R. Use

Lemma 5.8 to prove that I contains a nonzero idempotent. Further-
more, show that I is minimal with the property of being nonnilpotent
if and only if I = eR for some nonzero primitive idempotent e € R.
Notice that such right ideals correspond precisely to the projective
indecomposables of R.

A ring R is said to be von Neumann regular if every cychc right
ideal is generated by an idempotent.

. Prove that R is von Neumann regular if and only if for all 7 € R

there exists v’ € R with r7'r = r. Conclude that the definition of von
Neumann regular is right-left symmetric.

. Show that any Wedderburn ring is von Neumann regular. Conversely,

if R is von Neumann regular and Artinian, show that it is a Wedder-
burn ring. Give an example of a von Neumann regular ring that is
not Wedderburn. For this, let X be an infinite set, let D be a division
ring and consider the ring of all functions from X to D with pointwise
addition and multiplication.

. Let I be a two-generator right ideal of the von Neumann regular ring

R. Showthat I = eR+fR = eR+(1—e)fR = eR+gR, wheree, f and
g are idempotents of R with eg = 0. Then show that I = (1—g)eR+gR
and observe that g and (1 — g)e are orthogonal idempotents of R.
Conclude that h = (1 — g)e + g is an idempotent and that I = hR. It
follows that every finitely generated right ideal of R is generated by
an idempotent and hence is a direct summand of R.
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8.

10.

If0: R — S is a ring epimorphism, prove that 9(Nil(R)) C Nil(S) and
that #(Rad(R)) C Rad(S). Show by example that these inclusions
need not be equalities. What happens if 6 is not an epimorphism?
Finally, find a commutative integral domain R with Rad(R) # 0.
Conclude that Rad(R) can be properly larger than Nil(R).

. Let I be aright ideal of Randlet A={r € R| (R/I)r =0}. Prove

that A is the largest two-sided ideal of R contained in I.

Let C = C(ay,az,...,a,) be a Clifford algebra with a; # 0 precisely
when i < r. Prove that Rad(C) is generated by £,+1,...,Z, and that
C/Rad(C) = C(ay,...,ar).
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Having completed our study of Wedderburn rings and Artinian rings, we
now move on to the corresponding next levels of complication. Thus, in
this chapter we consider the very basic properties of hereditary rings and
of Noetherian rings. Although it will not become apparent until later on,
these are indeed the respective next steps.

Let R be an arbitrary ring. An R-module V5 is said to be hereditary
if V and all its submodules are projective. Notice that submodules of
hereditary modules are necessarily hereditary.

LEMMA 6.1 Let W be an R-module, let T be a well-ordered set and suppose
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{W(a) | @ € T} is an increasing chain of submodules of W satisfying
Usez W(a) = W. For each o, set W(a)™ = Up<, W(B) and assume
that W(a)/W(a)~ = Wy, is projective. Then W = @3, W, and
therefore W is projective.

PROOF Since W, is projective, the exact sequence
0— W(a)” »W()—-W,—0

splits and thus W(a) = W(a)~ + W, with W, & W/,. We will show that
W=-%,W,.

To start with, set ' = 5, Wo. If W # T, then we can choose y €
to be minimal with W(y) € T. But then W(y)~ C T and W, C T, so
W(v) C T, a contradiction. Thus W =T =5, W,.

Finally, suppose wq, + Wa, + ++* + Wo, = 0 with wy;, € Wy, and
with a; < ay < --- < ap. Then

Wa, = _(wax +Wap o0+ wan-—1) € Wa, N W(an)n =0
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and it follows that the sum ), W, is direct. Thus
W = Z Wa = @ Z Wclv
=4 =4
and W is projective. ' O

LEMMA 6.2 An arbitrary weak direct sum of hereditary R-modules is hered-
itary. Indeed, let {V, | & € T} be a family of hereditary modules. If
V=83 scr Vo and if W is a submodule of V, then W £ @ 3, V,, with
V., C V.

PROOF Let W C V be as-given and let m,: V' — V, be the natural
projection. Well-order the set Z and, for each v € V, define degv =
max{ a | ma(v) # 0}. Note that the above set is necessarily finite so the
maximum always exists. By definition, deg0 = —o0 < Z.

Now, for each @ € Z, set W(a) = {w € W | degw < a}. In this
way we obtain an increasing chain of submodules of W whose union is all
of W. Furthermore, by restricting m, to W(a), we have

0—W(a)~ = W(a) =V, =0
where V, = 7, (W (a)) C Va and

W@~ ={weW|degw<a}= U w(B)
B<La

But V, C V4, so V4 is projective and the preceding lemma applies. We
conclude that W = @ 3,7V, so W is a projective module and V' is
therefore hereditary. O

DEFINITION R issaid to be a hereditary ring if all its right ideals are projective
modules. Obviously, this occurs if and only if the regular module Rp is
hereditary. In view of Theorem 3.9, all Wedderburn rings are necessarily
hereditary.

THEOREM 6.3 If R is a hereditary ring, then every free R-module is hereditary.
Indeed, every submodule of a free R-module, and hence of a projective
R-module, is isomorphic to a direct sum of right ideals of R.

PROOF Let Fg be a free R-module. Then F' =3, V, with each V, &
Rpg. It follows that F' is hereditary by the previous result. Furthermore,
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if W is a submodule of F, then W 2 @ Y, V., where Vi, CV, = Rp. In
particular, V, is isomorphic to a right ideal of R. O

COROLLARY 6.4 Let R be a commutative principal ideal domain. Then R is
hereditary and indeed every submodule of a free R-module is free.

PROOF 1If I is a nonzero ideal of R, then I = dR for some 0 # d € R.
Since R is a domain, the map R — I given by r — dr is a module
isomorphism. Thus I & Rp is free, so R is hereditary and the previous
theorem yields the result. ' ||

In the following chapter we characterize all hereditary commutative
domains. Furthermore, in Chapter 8 we explain why hereditary rings are
the natural next step after Wedderburn rings. Here we change topics
slightly and introduce the family of Noetherian R-modules.

DEFINITION Let V be an R-module. Then V satisfies the mazimum condition,
or maz, if every nonempty collection of submodules of V' has a maximal
member. By this we mean that if F is a nonempty family of submodules,
then there exists W € F such that W is contained in no other member
of F.

In addition, we say that V satisfies the ascending chain condition,
or a.c.c., if every ascending chain V; C 15 C .- - of submodules eventually
stabilizes. In view of the Jordan-Holder Theorem, any module with a
composition series necessarily satisfies a.c.c.

It is easy to see that these two properties are in fact equivalent. To
start with, suppose V satisfies max and let V; C V, C - -+ be an ascending
chain of submodules. Then the collection { V3, V%,. ..} contains a maximal
member, say V,, and the series stabilizes at n.

Conversely, suppose V satisfies a.c.c. and let F be a nonempty collec-
tion of submodules of V. Choose V1 € F. If V; is not maximal, then there
exists V5 € F with V4 C Vs. If V; is not maximal, then we can find V3 € F
with V2 C V3. Continuing in this manner, we either find a maximal mem-
ber of F or we construct an infinite ascending chain V3 C V5 C +-- that
does not stabilize.

Modules satisfying max, or equivalently a.c.c., are also called Noethe-
rian. Part (i) of the following lemma contains a key alternate characteri-
zation of such modules.

LEMMA 6.5 Let V be an R-module.
i. V is Noetherian if and only its submodules are all finitely gener-
ated.
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ii. Suppose W C V. Then V is Noetherian if and only if both W
and V/W are Noetherian.

iii. V' has a composition series if and only if it satisfies both a.c.c.
and d.c.c.

PROOF (i) Suppose first that all submodules of V' are finitely generated

" and let V3 C Vo C --- be an ascending chain of submodules. If W =
UT Vi, then W is certainly a submodule of V and hence it is finitely
generated. But each generator of W is contained in some V; and, by taking
the largest of these finitely many subscripts, we see that all generators
of W are contained in some V;. Thus W = V; and we conclude that the
series stabilizes at t.

Conversely suppose that V satisfies max and let W be a submodule
of V. Since 0 is a finitely generated submodule of W, it follows from max
that there exists a submodule W’ of W maximal with the property of
being finitely generated. But if w € W, then W' + wR is also a finitely
generated submodule of W. Thus the maximality of W’ implies that
w € W' and therefore that W/ = W.

(ii) This follows as in Lemma 3.7(3).

(iii) As we have already observed, if V has a composition series, then
it satisfies both max and min. Conversely suppose V satisfies both max
and min and set Vo = 0. If V # V, then by min there exists a submodule
V1 of V minimal with the property of properly containing V5. Again,
if V3 # V, then there exists V5 minimal with the property of properly
containing V3. Continuing in this manner, we obtain a strictly increasing
sequence Vo C V3 C V2 C -+ and, since V satisfies max, we conclude that
V =V, for some n. Thus0 =V CcV; C--- CV, =V is a composition
series for V. a

DEFINITION R is said to be a right Noetherian ring if the regular module Rp
satisfies a.c.c. As usual, we delete the modifier “right” unless the side is
in doubt; there is of course an analogous definition on the left. It follows
from Lemma 6.5(i) that R is Noetherian if and only if all right ideals of
R are finitely generated. Furthermore, by (iii) and the Hopkins-Levitzki
Theorem, any Artinian ring is necessarily Noetherian.

LEMMA 6.6 Let R be a Noetherian ring. If V is a finitely generated R-module,
then V is a Noetherian R-module. In particular, all submodules of V are
finitely generated.

PROOF 1t follows as in Lemma 3.7(iii) that V is Noetherian. Part (i) of
the preceding lemma now yields the result. a
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DEFINITION A ring R is said to be prime if for all nonzero ideals A, B < R we
have AB # 0. In particular, any simple ring is prime.

An ideal P of R is prime when R/P is a prime ring. Thus P is
prime if and only if for all ideals A, B of R that contain P, the inclusion
AB C P implies A = P or B = P. In particular, any maximal ideal of R
is prime. Furthermore, it is easy to see that P is prime if and only if for
all ideals A, B of R, the inclusion AB C P implies AC Por BC P.

In case R is commutative, R being prime is the same as R being an
integral domain. Thus P is a prime ideal of R precisely when R/P is an
integral domain. As usual, this occurs if and only if ab € P, with a,b € R,
implies that a € P or b € P.

PROPOSITION 6.7 If R is a Noetherian ring and A < R, then there exist not
necessarily distinct prime ideals Py, Ps, ..., P,, each containing A, with
PP, .- P, C A In particular, 0 is a finite product of prime ideals of R.

PROOF 1If false, then the set C of counterexample ideals is nonempty
and hence, by the maximum condition, C contains a maximal member C.
Certainly C is not prime. Thus there exist ideals A and B of R properly
containing C' with AB C C. Since A and B are not counterexamples,
each of these contains a finite product of prime ideals with each prime
containing A or B and hence C. Thus AB contains an appropriate finite
product of primes and this is a contradiction since AB C C. O

Note that the preceding only requires that R satisfy the maximum
condition on its two-sided ideals. We close with two additional results
needed for the next chapter.

LEMMA 6.8 Let A and B be right ideals of R.
i.If A+ B=R,then A® B= R® (AN B) as right R-modules.
ii. In (i), if R is commutative, then AN B = AB.
iii. If Vg &2 Wpg, then VA = W A.

PROOF (i) Let m: A® B — R be the R-homomorphism given by a ®b
a —b. Since A + B = R, we see that 7 is onto and, since R is projective,
the map splits. Thus A® B = R® J, where J = Ker(w). Buta®be J
means that a=b € AN B, so the map ANB — Jgivenbyc— c®cis
an isomorphism and hence J & AN B.

(ii) If R is commutative, then A N B O AB. Conversely, since R =
A+ B,wehave ANB=(ANB)(A+ B) C AB.

(iii) If 8: V' — W is the given isomorphism, then §(VA) = 6(V)A =
WA, so VA2 WA. O
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LEMMA 6.9 Let R be a commutative integral domain with field of fractions F
and let Ay, As,...,A, and By, By, ..., By be nonzero R-submodules of
F. If

A DA D - DA, EB1DB - D By,

thenn=m and [[; A =q-[]; B; forsome0#qe€ F.

PROOF 1If C is any nonzero R-submodule of F' and 0 # ¢ € C, then
C' = ¢!C is an R-submodule of F, 1 € C' and C}, = Cr. Thus without

loss of generality, we can assume that each A; and B; contains 1.
Let

0: 4, 0420 ®A, > B1®B:®-+- ® B,
be the given isomorphism. For each i, write
0@ - 0L,® ®0)=b;10b;20 - Dbim

with b;; € B;. Here 1; indicates that 1 occurs in the ith summand. Since
R is a commutative ring, it then follows easily that for all a; € A;, we
have

H(QEB---EBaiEB---EBO) = a;bi 1 ® aibio @ -+ D asbim
and hence Aibi,3 C Bj;. Similarly for each j, write
00 0L @ - D0)=a;1 D28 Dajn
with a;; € A;. Again, this implies that
07 0® - ®bj @ ®0) =bjaj1 ®bjaj2® - D bjajn

for all b; € Bj. Thus Bja;; C A;.

Let B be the n xm matrix B = (b;; ) and let A be the m x n matrix
A = (a;;). Then by computing the composite maps 816 and 6671, it
follows easily that BA = I, and AB = I,,,. In particular, since these are
matrices over the field F, we must have n = m and A = B~!. Finally,
A;b;j C B; implies that A-det B C B, where 4 = H A; and B = H B;.
Similarly, B ;0 C A; yields B-det A C A. Thus, since det . A- detB = 1
we conclude that A = B -det B and the lemma is proved. a
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EXERCISES

In the following two problems, let Z be the ring of integers, @ the
field of rationals, and let R be the subring of Ms(Q) given by R =
(Z Q). Set N = (0 Q and let V = (0 0 ) We show that

0 Q 0 0 0 Q
R is hereditary but not left hereditary.

1. First prove that N and V are minimal right ideals of R, that Vg is
projective and that Ngp = Vgi. Next show that any right ideal of

R properly containing N 4+ V has the form Q), where 0 #

2L
0 Q

z € Z, and that, as a right R-module, this ideal is isomorphic to Rg.
Conclude that R is hereditary. To this end, observe, for example, that
if I is a right ideal of R with I 2 N, then INN = 0. Thus I + N
is a right ideal containing N and it suffices to show that I + N is
projective.

2. Note that both N and A = N 4+ V are two-sided ideals of R and that
Moy nR = A= AR. It follows that if F is a free left R-module, then
Moy 7" = AF. Now show that g is not projective. Indeed, if F is
a free left R-module with F = N 4+ W, then

N= ﬁnNg ﬁnF=AF=AN-i—AW=AW

n=1 n=1
Thus R is not left hereditary.

Let R be a ring and let n be a positive integer. Then R is said to
be an n-fir if all n-generator right ideals of R are free of unique rank.

3. Prove that R is a 1-fir if and only if it is a domain, that is a ring without
zero divisors. In one direction, suppose R is a 1-fir, let 0 # a € R and
consider the short exact sequence 0 — I — R — aR — 0, where the
epimorphism is left multiplication by a. Since aR is free, R= I ®aR
and hence I is also a 1-generator right ideal of R. The other direction
follows easily from Lemma 2.5.

4. Let V be an R-module with a composition series and let # € Endg (V).
Observe that the ascending chain { Ker(6) | i = 1,2,...} and the de-
scending chain {Im(6%) | ¢ = 1,2,...} must both terminate and choose
integer n > 1 so that Ker(f®) = Ker(6*") and Im(6™) = Im(6?»).
Prove that V' = Ker(6") +Im(6™), that 6 is a nilpotent endomorphism
on the first summand and that 0 is an automorphism of the second. In
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particular, if V' is indecomposable, conclude that 6 is either nilpotent
or an automorphism of V. This is Fitting’s Lemma.

. Let S be a ring with the property that every element is either nilpotent

or invertible. If ¢, 8,y € S with a and S nilpotent, show that o, va,
and a + 0 are nilpotent. For the latter, first observe that a+ 3 cannot
equal 1. Conclude that Nil(S) is the set of all nilpotent elements of
S. In view of the preceding problem, this applies to S = Endg(V) if
V is an indecomposable R-module with a composition series.

In the next two exercises let V' be an R-module with a composition
series and write

V=W+Vedt - +V,=V]+V3+---+ V.,
with all V; and VJ' indecomposable modules. Let m;: V' — V;, n;: V; —

V, m3:V — V] and n;: V] — V be the natural projections and injec-
tions.

. For each i = 1,2,...,n define a; = 1M € Homg(Vi, V{) and G; =

Ty € Hompg(V{,V;). Then o;f; € Endg(V/) and note that 1 =
Soiey @ifi. Since V{ is indecomposable, deduce from the preceding
problem that some «;f3; is not nilpotent, say ;4. Now show that
B is a nonnilpotent endomorphism of Vi and conclude that both
a10; and B;a; are automorphisms.

. Continuing with the preceding notation, show that @; is an isomor-

phism with inverse (f1a1) 181 = B1(@181) ! and conclude that V; 22

- V. Next, prove that V = V4 +VJ +---4V?. To this end, note that c;

10.

maps V1N (V4 +---4+ V") to zero and that w} maps Vi + V4 +.--+ V.,
onto V{. Finally, show by induction on the total number of summands
that n = m and that, by suitably relabeling the submodules, we have
V; 2 V! for all i. This is the Krull-Schmidt Theorem.

. Show that any primitive ring is prime. Conversely, if R is a prime

ring with a minimal right ideal, prove that R is primitive. Give an
example of a prime ring that is not primitive.

. Prove that a prime Artinian ring is simple. Give an example of a prim-

itive ring that is not simple. For this, let V' be an infinite dimensional
K-vector space and let R be a suitable subring of Endg (V).

Use the argument of the Hopkins-Levitzki Theorem to show that a
ring is Artinian if and only if it is semiprimary and Noetherian.
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The goal here is to characterize the commutative integral domains that are
hereditary. Specifically, we show that these rings are necessarily Dedekind
domains and we precisely describe their ideal structure and their projec-
tive modules. For convenience, we assume throughout this chapter that R
is a commutative integral domain and we let F' denote its field of fractions.

DEFINITION If A is anideal of R, define
A ={geF|AqCR}

It is easy to see that A~! is an R-submodule of F' that contains R. Fur-
thermore, A C AA~! C R and hence AA~! is an ideal of R. When
AA~! = R, we say that A is invertible. Obviously, this occurs if and only
if 1 € AA™! and hence if and only if 1 = ;- a;g; for suitable a; € 4
and g; € A~ L.

LEMMA 7.1 Let A be a nonzero ideal of R.
i. If either A is invertible or R is Noetherian, then both A and A1
are finitely generated R-modules.
ii. There is an abelian group isomorphism 6: A= — Hompg(4, R)
given by 8(q)a = qa for allg € A~ and a € A.

PROOF (i) Suppose first that A is invertible and let a; € A and ¢; € A™!
be given with 1 = Y 1, a;g;. If a € A, then

n n
a= Zai(qia) € ZaiR
i=1

i=1

64
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and if ¢ € A™1, then

qa= Z(qaz)q'l, € z Rg;

i=1

Thus A=Y ;a;R and A™! =Y, ¢iR.

Now let R be Noetherian so that, of course, the ideal A is finitely
generated. Furthermore, if 0 # a € 4, then aA~! C R, so A~ Ca™!R.
But a™R is a cyclic R-module and A~! is a submodule, so Lemma 6.6
implies that A~ is also finitely generated.

(ii) Since A4 C R, it follows that : A~! — Homg(4,R), as
described previously, is indeed a homomorphism of abelian groups. Fur-
thermore, 6 is one-to-one, since A(q) = 0 implies that ¢4 = 0. Finally, let
A € Hompg(A4, R) and let a,b € A\ 0. Then

Aa)b = A(ab) = A(ba) = A(b)a

so A(a)/a = A(b)/b. Thus A(a)/a is constant for all 0 # a € A and we
denote this common fraction by ¢ € F. In other words, A(a) = ga for all
a € 4, including a = 0. It follows that g4 = A(A) C R, so ¢ € A~ and,
since 8(g) = A, we conclude that 6 is onto. a

PROPOSITION 7.2 Let 0 # A< R. Then Ap is projective if and only if A is
invertible. In particular, R is a hereditary ring if and only if all its nonzero
ideals are invertible.

PROOF Suppose first that A is invertible and say 1 = Y ;. ; a;g; for
suitable a; € 4 and q; € A~L. If V is a free R-module of rank n with basis
{v1,v2,...,v, }, then we define mV — A by m v; — a;. Furthermore,
we let ax A — V be given by a:a — Ez_l vi(ag;). Then, for all a € A4,
we have

ma(a) = W(zn: vi(aqi)) = azn:aiqi =a

Coi=1 i=1

and thus 7o = 14. It follows that A is isomorphic to a direct summand
of V and hence that Ag is projective.

Conversely, let Ag be projective and let W be a free R-module with
W = A+U. Suppose W has basis {w; | j € J } and, for each a € A4, let us
write a = Ej wjA;(a), where \j(a) € R. Obviously, A\; € Hompg(4, R), so
the preceding lemma implies that there exists f; € A~ with Aj(a) = f;a.
In other words, a = 3_; wj(f;a).
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Now fix 0 # b € A. Since b has only finitely many nonzero w;-
components, it follows that f;b = 0 for almost all j and hence that f; =
0 for almost all j. In particular, if fi, fo,..., fn are the finitely many
nonzero f;’s, then b = 3°%_) w;(f;b). Finally, if w; = b; +u; € A+U,
then projecting to the 4 summand yields b = Y ., b;j(f;b), an equation
in A € F. We can therefore cancel the b # 0 factor here to obtain
1= 37, b;f; and we conclude that A is invertible.

Finally, since the zero ideal is always a projective R-module, the last
statement of the proposition is clear. a

DEFINITION Let S 2 R be commutative integral domains. An element s € S is

integral over R if s is the root of a monic polynomial in R[z]. Obviously,
this occurs if and only if there exist elements r9,71,...,7n—1 € R with
§" = ro+T18+ - +7,-18""L. In particular, every element of R is integral
over R and we say that R is integrally closed if these are the only elements
of the field of fractions F' which are integral over R.

Again let R be a commutative integral domain. Then R is a Dedekind
domain if and only if

1. R is Noetherian,
2. R is integrally closed, and
3. All nonzero prime ideals of R are maximal.

The following lemma yields one direction of the characterization of hered-
itary domains.

LEMMA 7.3 If R is a hereditary domain, then R is a Dedekind domain.

PROOF Note that all nonzero ideals of R are invertible by Proposi-
tion 7.2. It is necessary to show that R satisfies conditions (1), (2), and
(3) of the preceding definition.

(1) This follows from Lemma 7.1(i).

(2) Let g € F be integral over R and say ¢" = Y1 ¢'r; withr; € R,
Set X = E?____Ol ¢*R so that X is an R-submodule of F' containing ¢ and
observe that the formula for ¢® implies that X2 = X. Furthermore, by
taking a common denominator for the finitely many generators of X, we
see that there exists 0 # A< R with XA C R. Note that B = XA is
a nonzero ideal of R and that B2 = X242 = X A% = BA. Thus, since
BB~! = R, multiplying the latter equation by B~! yields B = 4. In
particular, A = B = XA, so multiplying by A~! yields X = R and
therefore ¢ € R as required.

(3) Let P be a nonzero prime ideal of R and let I <R with P C I.
Then P C PI"! C II"! = R, so PI"! « R. Furthermore, (PI~1)I C P.
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Thus, since P is a prime ideal and P C I, it follows that PI~! C P and
therefore that PI~! = P. Finally, multiplying this equation by IP~!
yields I = R and thus P is indeed a maximal ideal. O

We can now complete the characterization.

THEOREM 7.4 Let R be a commutative integral domain. Then R is a hereditary
ring if and only if it is a Dedekind domain. Furthermore, when this occurs,
then every nonzero ideal of R is uniquely a finite product of prime ideals.

PROOF In view of the preceding lemma, it suffices to assume that R is
a Dedekind domain. The goal is to show, by Proposition 7.2, that all
nonzero ideals of R are invertible and that each is a unique product of
primes. We proceed in a series of steps.

STEP 1 If P #0 is a prime ideal of R, then P~ D R.

PROOF Let 0 # a € P. Then, since R is Noetherian, Proposition 6.7
implies that there exist finitely many nonzero prime ideals P; with aR D
PP, .- P, and assume that n is minimal with this property. Since P D
P,P,-.--P, and P is prime, we must have P D P; for some i, say P D
P,, and since P, is a maximal ideal, it follows that P = P,. Now the
minimality of n implies that PyP;---P,—1 € aR, so there exists b in
Py Py---Pp_; \ aR. Notice that bP C PP, - P, C aR and thus b/a €
P~1. On the other hand, b/a ¢ R, since b ¢ aR. m|

STEP 2 If P is a nonzero prime ideal of R, then P is invertible.

PROOF If P is not invertible, then P C PP~1 C R; hence, since P is
maximal, we have P = PP~1, It follows that P(P~!)! = P for all¢ > 0.
Now let 0 # a € P and, by Step 1, choose ¢ € P!\ R. Then a¢* €
P(P~1)i C R, 50 Y ;2,ag'R is an ideal of R. The Noetherian property
now implies that this ideal is finitely generated, say by aq®, ag?,...,aq® 1.
Thus aq™ = 2;:01 ag'r; for suitable r; € R and, since a # 0, it follows
that g is integral over R. But R is integrally closed, so this implies that
g € R, a contradiction. O

STEP 3 Every nonzero ideal of R is a finite product of prime ideals.

PROOF Let 0 # A< R. By Proposition 6.7, we know at least that
A D PP, P,, a finite product of nonzero prime ideals. Assume n is
chosen minimal and proceed by induction on n. If n =0, then A = R is
an empty product of primes. Now let n > 1. Since A # R, there exists
a prime ideal P of R with P 2 A. Thus P D PP, - P,, so P contains
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some PB;, say P 2 P,. But P, is maximal, so P = P, and mult1ply1ng by
P~ yields

R=PP1DAP 1D PP---Pyy

Thus AP~! 4R has parameter smaller than n, so AP~ = Q1Q3 - - - Q, for
suitable prime ideals ); and therefore multiplying by P yields a similar
formula for A. a

STEP 4 Completion of the proof.

PROOF We first show that each nonzero ideal is uniquely a product of
primes. To this end, suppose

PPy Pp=Q1Q2 - Qm

are appropriate products and say n > 1. Then P; D Q1Q2: - @Qm, so
we may suppose P; D Q;. But again, Q; is maximal, so P, = Q; and
therefore multiplying by P;! = Ql'l yields a shorter relation. Continuing
in this manner, we clearly obtain the appropriate uniqueness result.
Finally, if A = Th T, - - - T, is written as a product of nonzero primes,
set B=T; 1 .. T;'T; . Then AB=R,s0 BC A 'and AA~'=R. In
fact, it follows that B = A~!, since AB = R now yields B = A71(4B) =
ATlR =471, d

DEFINITION Let R be a Dedekind domain with field of fractions F. Then any
finitely generated R-submodule of F' is called a fractional ideal of R. In
particular, if 0 # A< R, then Lemma 7.1(i) implies that both A and A~
are fractional ideals. It is clear that the set of all fractional ideals of R is
closed under multiplication. Furthermore, if A is as before, then the usual
exponent laws are satisfied when we define A’ = R and A™™ = (4A~1)»
for n > 1. We remark that in this context, ordinary ideals of R are also
called integral ideals.

COROLLARY 7.5 Let R be a Dedekind domain. Then the set of nonzero frac-
tional ideals of R is a group under multiplication. Furthermore, every
such fractional ideal I is uniquely a finite product I = P{*P;? .- Ptr,
with Py, Ps, ..., P, distinct nonzero prime ideals of R.

PROOF In view of the preceding remarks, the set F of nonzero fractional
ideals of R is closed under multiplication. Furthermore, if I is such a
nonzero ideal, then by taking a common denominator for its finitely many
generators, we see that there exists 0 # A < R with Al = B< R Thus



Chapter 7. Dedekind Domains 69

I = BA~! and I has the multiplicative inverse I=! = AB~1. It follows
that F is a group and Theorem 7.4 quickly yields the result. O

If A is a fractional ideal of R and if 0 # ¢ € F, then qA is also a
fractional ideal. Furthermore, as R-modules we have (gA)r = Ag. The
structure of the projective R-modules is based on:

LEMMA 7.6 Let R be a Dedekind domain.
i. If A and B are nongero fractional ideals of R, then A®B = RGAB
as R-modules.

ii. If Ay, A, ..., A, and By, Bs, ..., By, arenonzero fractional ideals
of R, then

A A - A, =B ®B;&---® B,
if and only if n =m and [[; Ai = ¢ [[; B; for some 0 #q € F.

PROOF (i) Let0#d€ A and0#b€ B~ Then A =3GA4<R and
B = bB < R. Furthermore, Ag & Ag, Br & Bpg, and (.@B)R = (AB)g.
Thus, without loss of generality, we can assume that A and B are integral
ideals. Observe that if A+ B = R, then Lemma 6.8(i)(ii) implies that
A®DB=R® AB.

We now proceed by induction on the number k of prime factors of
A If k=0, then A = R and A+ B = R. Next suppose k = 1, so that
A is a prime ideal of R and hence a maximal ideal. Since B~!B = R,
there exists ¢ € B~! with ¢B € A. Thus ¢gB< R and A +¢B = R, so
A®gB= R®qAB. But ¢B = B and ¢AB = AB, so this case is proved.

Finally, let k be arbitrary. Again, if A+ B = R, we are done, so
it suffices to assume that A + B C P for some prime ideal P. Then
A= A'P and B = B'P, where A’ = AP"1 9 R and B' = BP~1. Since
A’ has parameter k — 1, induction implies that A’® B' =2 R@® A’'B’ and
thus Lemma 6.8(iii) yields .

AdB=(A®B)P=(RoAB))P=P®AB'
But P is prime, so the k = 1 case yields
P AB'2*R® AB'P=R® AB

and the result follows.
(ii) Set A = []; 4; and B = []; B;. Then it follows from (i), by
induction on n, that

A 040 DA, 2RO---OROA=R"'04
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and similarly
Bi1®B,® - ®B,%R®---®dR®B=R""'0B

Thus n = m and A = ¢B clearly implies that the two direct sums are
isomorphic. The converse follows directly from Lemma 6.9. O

It is now a simple matter to prove:

THEOREM 7.7 Let R be a Dedekind domain and let V be a nonzero projective
R-module.
i. If V is finitely generated, then

VRe.--®ROA=R"104

for somen > 1 and 0 # A< R. Furthermore, n is uniquely determined by
V and A is determined up to multiplication by a nonzero constant in the
field of fractions of R.

ii. If V is not finitely generated, then V is a free R-module of unique
rank.

PROOF Since R is hereditary, it follows from Theorem 6.3 that V is
isomorphic to a direct sum of nonzero ideals of R. Suppose first that this
sum is finite so that V is finitely generated. Then by Lemma 7.6(i),

VR®---0R®OA=R"'04

for some nonzero ideal A of R. Furthermore, Lemma 7.6(ii) implies that
n and A are suitably determined by V.

Now suppose the sum is infinite, so that V is clearly not finitely
generated. By suitably grouping the summands, we see that it suffices to
prove that any countably infinite direct sum of nonzero ideals is free. To
this end, let

W=A4,0B104:, 0B, A3

be such a direct sum. If C, = [];-; 4iB; with Cp = R, then A,B, =
C;.l.lcn, so Ap, @ Bp, = C,:_ll ® C,, by Lemma 7.6(ii). Thus

WCleCieCileCeC e

and, since C,, ® C;! & R® R, we conclude that W is indeed free. The
uniqueness of the infinite rank of V" follows from Lemma 2.3(iii). a
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Finally, we remark that the definition of Dedekind domain is suffi-
ciently concrete to yield the following key result. Since the proof of this
theorem requires a certain amount of field theory, we merely sketch it here.
However, some of the necessary background information is contained in
the exercises.

THEOREM 7.8 Let R be a Dedekind domain with field of fractions F' and let K
be a finite degree separable field extension of F'. If S is the set of elements
of K that are integral over R, then S is a Dedekind domain.

PROOF To start with, we know at least that S is a subring of K, having
K as its field of fractions. Indeed, if o« € K, then there exists 0 #r € R
with ra € S. Furthermore, SN F = R, since R is integrally closed.
It remains to verify conditions (1), (2), and (3) of the definition of a
Dedekind domain.

(1) In view of the preceding remarks, we can let { @, z,...,a,}
be an F-basis for K with each o; € S. Notice that multiplication by any
B € K determines an F-linear transformation of the F-vector space K.
We can therefore let tr G denote the trace of this linear transformation.
In other words, if fa; = >, fijo; with f; j € F, thentr§ =Y i_; fii-
Clearly, tr: K — F is an F-linear functional and it is not hard to see that
if 8 € S, then tr3 € SN F = R. Furthermore, since F/K is separable,
we know that the n X n matrix (tro;c; ) is nonsingular.

Let s € S and write s = ¢;a; +coap + - + e, With ¢; € F. Then
forall j =1,2,...,n we have

trsa; = citraza; + catraga; + -+ +cptrap oy

a system of n linear equations in the n unknowns c;, ¢, ..., c,. Note that
d = det (tra;a; ) # 0, so this system can be solved by Cramer’s Rule. In
particular, since the terms tr sc; and tro;c; are all contained in R, we
conclude that each ¢; € d R and thus that

SCdlaiR+d rasR+ - +d ta,R

But R is a Noetherian ring and the preceding right-hand side is a finitely
generated R-module. Thus Lemma 6.6 implies that Sp is a Noetherian
R-module; since any ideal of S is a submodule of Sg, we conclude that S
is a Noetherian ring.

(2) Since integrality is transitive, it follows that any o € K that
is integral over S must also be integral over R. Thus € S and S is
integrally closed.
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(3) Finally, let P be a nonzero prime ideal of S and let s be a nonzero
element of P. Then s is integral over R and say 8/ = rg + 718+ -+ +
Tj_lsj —1 with r; € R. Furthermore, since S is a domain and s # 0, we can
clearly assume that 79 # 0. But 7o € RN P and therefore Q = RNP # 0.
Now R/Q embeds in the integral domain S/P. Thus @ is a prime ideal
of R and, since it is nonzero, @ is maximal and R/Q is a field. Moreover,
S is a finitely generated R-module, so S/P is a finitely generated module
over the field R/@Q. Thus since S/P is an integral domain, it follows that
S/P is a field and hence that P is a maximal ideal of S. This completes
the proof. a

Recall that any principal ideal domain is a hereditary ring and hence
a Dedekind domain. Thus, in the Theorem 7.8, we can certainly take R
to be the ring of integers or perhaps R = Fy[t], the polynomial ring in
one variable over a field Fp.

EXERCISES

1. A ring R is said to be semihereditary if every finitely generated right
ideal of R is projective. Show that, over such a ring, any finitely
generated submodule of a free module is projective.

In the following three problems, R is a Dedekind domain with field
of fractions F. Furthermore, we assume that A = Py*Py?... P2*
and B = Plbl 32 ---P}c”‘ are nonzero ideals of R with Pi, Ps,..., Py
distinct primes of R.

2. If V is a finitely generated R-submodule of F* = F® F & --- @ F,
prove that V is projective. Show that Fg is projective if and only if
F=R.

3. Prove that A+ B = H?:l Pimm(m,bi) and ANB = H?:l Pimax(a-i,bi)_

4. Now suppose A D B and, for each ¢ = 1,2,..., k, choose an element
o; € P\ P®*!, Use the Chinese Remainder Theorem (Exercise 3.3)
to find @ € R with & = a; mod P**! for all i and then prove that
A = B + aR. Conclude that if I is any nonzero ideal of R and if
0 # o € I, then there exists 7 € I with  =ocR + 7R.

In the next two exercises, Z denotes the ring of integers and Q the
field of rationals. In addition, d € Z is a square free integer.

5. Let R be the ring of all elements of @[v/d] that are integral over Z.
Show that R = Z[v/d] if d = 2,3 mod 4 and that R = Z[(1 + Vd)/2]
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10.

ifd =1 mod4. If d = 1 mod4, find a nonzero, noninvertible ideal in

the ring Z[V/d).

. Now let R be the Dedekind domain Z[\/ 5]. Show that the norm map

N: R — Z given by N(a+bv/—=5) = a? + 5b? is multiplicative. Use this
to prove that the only units in R are &1 and that the elements 2, 3,
13+/=5 are all irreducible, that is they have no proper factorizations.
Since 23 = (1 + +/=5) - (1 — /=5), conclude that R is not a unique
factorization domain and hence not a principal ideal domain.

In the remaining problems, let K 2 F' be a finite extension of fields.

. Let { @1,as2,...,an } be an F-basis for K . Prove that the n.xn matrix

(tr ;e ) is singular if and only if tr K = 0. To this end, observe that
if the matrix is singular, then there exist fi, fo,...,fn € F, not all
zero, with ), f; - tra;a; = 0 for all j. In particular, if 8 = Y, fiai,
then tr BK = 0. Find an example where tr K = 0. Obviously this can
occur only in characteristic p > 0.

. Now suppose that K/F is separable so that, by the Primitive Ele-

ment Theorem, K = F[f]. Show that the characteristic polynomial
for the F-linear transformation # is the same as the minimal poly-
nomial for 6 over F' and observe that this polynomial has distinct
roots 01,0z,...,0n in an algebraic closure K of K. Conclude that
trf¢ = 0% + 605 +--- + 6% for all i > 0 and hence that tr67 # 0 for
some j > 0. Thus tr K # 0.

. Let R be a subring of F' having F' as its field of fractions and let S be

the subring of K consisting of those elements that are integral over
R. If a € K, show that there exists 0 #r € R withra € S. Iff € S,
show that all roots of its minimal polynomial over F' are integral over
R. Conclude that tr 3 is integral over R.

In the preceding, let R be a principal ideal domain. Show that -S is a
free R-module and that any basis { si, s2,..., sn } for S over R is also
a basis for K over F. Prove that det (trs;s;) is, up to a unit in R,
independent of the choice of basis.
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It is finally time to understand the relationship between Wedderburn rings
and hereditary rings. For this, it is first necessary to define the projective
dimension of a module and the global dimension of a ring. We then show
that Wedderburn rings are precisely the rings of global dimension 0 and
that those hereditary rings that are not Wedderburn are precisely the
rings of global dimension 1. We begin with a key observation.

LEMMA 8.1 (Schanuel’s Lemma) Let R be a ring and let

74

0+B->P -2 450

0B P £ a0
be short exact sequences of R-modules with P and P’ projective. Then
BoP =B o®P.

PROOF Let W be the R-submodule of P ® P’ given by W = {p®p’ |
Bp= ('p'}. Then it is easy to see that the projection map m: W — P is
onto. Indeed, if p € P, then, since ' is onto, there exists p’ € P’ with
B'p' = Bp. Thusp®p' € W and p = n(p & p'). Now P is projective, so
the epimorphism #: W — P must split and therefore W = Ker(w) @ P.
But

Ker(r) = {0@p' | B'p' =0} = Ker(8') = B
and thus W = B’ @ P. Similarly, W £ B & P'. O

This motivates the following:
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DEFINITION Let A and A’ be R-modules. We write A ~ A’ if and only if there
exist projective R-modules P and P’ with A@P = A’®P’. Obviously ~ is
an equivalence relation. Indeed, if A ~ B and B ~ C, then A®P = B&P'
and B® Q = C & Q' for suitable projective modules P, P!, Q, Q'. Thus

Ao (PoQ)2BeP oqQ
~“BoQoP =Co(@QaoP)

and A ~ C. We use [4] to denote the equivalence class of A. Since any
direct summand of a projective module is projective, it follows that [0] is
precisely the set of all projective R-modules.

We need a slight refinement of Schanuel’s Lemma.

LEMMA 8.2 Suppose we are given short exact sequences

0-B—oP—-A-0
0B —-P -4 -0

with P and P’ projective. If A~ A', then B ~ B'.

PROOF Since A~ A’, we have A® Q = A’ ® Q' for suitable projective
modules @ and @’. Furthermore, we then have the exact sequences

0BO0—>POQ>A®Q—0
0—-B'o0—-PoQ —-AoQ —0

But AeQ=A®Q,soBo(P'adQ) =B &(P&Q) by Lemma 8.1
and hence B ~ B’ as required. a

DEFINITION Let A be any R-module. By Lemma 2.9(i), there exists a short
exact sequence 0 - B —- P — A — 0 with P projective and we define
the kernel map K by K:[A] — [B]. In view of the preceding lemma, K is
a well-defined map on the ~ equivalence classes of R-modules. That is,
K is independent of the representative of the class and of the particular
exact sequence chosen. Since 0 — 0 — 0 — 0 — 0 is exact, we have
K[0] = [0].

The projective dimension of A, written pdg A = pd 4, is defined to
be the minimal integer n with K»[A] = [0]. Of course, if no such integer
exists, then pd A = co. Modules with finite projective dimension are in
some sense “close to” the projective modules. For example, pd A = 0 if
and only if A is projective.
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Suppose 0 —+ B —- P —+ A — 0 is exact and that P is projective.
Then K"[A] = K™~ ![B] for alln > 1. Furthermore, if A is projective, then
the sequence splits so B | P and B is projective. We conclude therefore
that

1. pd A = o if and only if pd B = oo,

2. pd A =0 implies pd B = 0, and

3. pdA=n>0implies pd B=n - 1.

Finally, the (right) global dimension of R is defined to be the supre-

mum of the projective dimensions of all right R-modules. Thus gldim R
is either an integer or the symbol co. As promised, we now prove:

LEMMA 8.3 If R is a ring, then

i. gldim R = 0 if and only if R is Wedderburn, and
ii. gldim R = 1 if and only if R is hereditary but not Wedderburn.

PROOF (i) By definition, R has global dimension 0 ifand only if pd A = 0
for all Ag. This means that all R-modules are projective and hence, by
Theorem 3.9, that R is a Wedderburn ring.

(ii) Now suppose that gldim R = 1. If I is a right ideal of R, then
the exact sequence 0 — I — R — R/I — 0 implies that K[R/I] = [I].
But pdR/I < gldim R = 1, so it follows that pd I = 0. In other words,
all right ideals of R are projective and therefore R is a hereditary ring.

Conversely, let R be hereditary. If A is an R-module, map a free
module F onto A to obtain 0 - B —- F — A — 0. But Theorem 6.3
implies that B C F is projective, so K[A] = [B] = [0]. Thus pd4 <1
and, since A is arbitrary, gldim R < 1. Part (i) now yields the result. O

In the remainder of this chapter, we obtain some basic properties of
projective dimension. To start with, we have:

LEMMA 8.4 Let {A; | i € T} be a collection of R-modules and set A =

®Y ez Ai- Thenpd A=sup{pd4;|i€Tl}.

PROOF Foreachi € 7, let A? = A; and then define Az and the projective
modules P} inductively so that the sequences

O—>A£+1—+Pj—>A£-+0

2

are exact. If A/ = @ ¥, A7 and P/ = @ %, P/, then PJ is a projective
R-module and the sequences

0 ATl L Pi L A7 50
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are exact. Since 4 = A9, it follows that K®[A;] = [A?] and K™[4] = [4")].
Finally, fix any integer n > 0. If pd A; < n for all ¢, then each A} is
projective. Thus A™ = @ )", A? is projective and pd A < n. Conversely,

- if pd A < n, then A™ is projective. But A | A", so each A? is projective
and we conclude that pd 4; < n forallz € Z. a

As a consequence, we see that R has infinite global dimension if and
only if pd A = oo for some R-module A. The next lemma offers a simple
way to construct such modules. Let V' be an R-module and let v € V.
As usual, the right annihilator of v in R is given by

ranng(v) =r.ann(v) ={r€R|vr =0}
In particular, this applies with V = Rp.

LEMMA 8.5 Suppose a,b € R satisfy r.anng(a) = bR and r.anng(b) = aR.
Then either pdaR = pdbR = o0 or aR®bR = R and pdeR = pdbR = 0.

PROOF The natural map R — aR given by r — ar is clearly onto and
has kernel r.ann(a) = bR. Thus 0 - bR — R — aR — 0 is exact
and similarly, so is 0 - aR — R — bR — 0. Since R is free, this
implies that X[aR) = [bR] and K[bR] = [aR]. Thus K**[aR] = [aR] and
K?"+1[aR] = [bR)] for all integers n > 0. In particular, if pdaR < oo,
then clearly [aR] = [bR] = [0], so aR and bR are both projective. In this
case, both exact sequences split, so we conclude that R=2aR®OR. O

For example, let K be a field and set R = K|[z]/(z?) so that R =
K+KZT with 2 = 0. Ifa = b = Z, then r.ann(a) = bR and r.ann(b) = aR.
Furthermore, R 2 TR @ TR, since Z annihilates the right-hand module
but not the left. Thus pdZR = oo and hence gldim R = co. Similarly, if
Z is the ring of integers, we could take R’ = Z/(a'b’) for any a’,t’ > 1.

The following lemma allows us to shift from a given short exact se-
quence to another one involving modules of smaller projective dimension.

LEMMA 8.6 Suppose 0 - A — B — C — 0 is an exact sequence of R-modules.
Then there exist modules D, E, and P with P projective and short exact
sequences

0—-D—>P—->B—=0
0 FE—-P—>C—=0
0—-D—-E—-A-0
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In particular, K[B] = [D] and K[C] = [E]. Furthermore, if R is Noethe-
rian and B is finitely generated, then we can take D, E, and P to be
finitely generated.

PROOF We can assume that A C B. Map a projective module P onto
B to obtain 0 - D — P — B — 0. It follows that if E is the preimage
of AC B, then0 - D - E —+ A — 0 is also exact. But the kernel of
the combined epimorphism P — B — C is clearly equal to E and thus
we have 0 = E —- P —- C — 0.

Finally, suppose R is Noetherian and B is finitely generated. Then
we can surely take P to be a finitely generated projective R-module. Since
D C E C P, we conclude from Lemma 6.6 that both D and E are also
finitely generated. a

The following lemma is crucial.

LEMMA 8.7 Given the exact sequence 0 - A — B — C — 0. If any two of

these modules have finite projective dimension, then so does the third
and

pd A < max{pd B,pdC'}
pd B < max{1+pdA,pdC}
pdC < max{1+pdA,1+pdB}

Furthermore, if pd B=1 and pdC > 2, then pdC =1 + pd A.

PROOF Set a = pdA, b = pdB and ¢ = pdC. For the first part,
we proceed by induction on the sum of the two given finite dimensions.
Suppose first that B is projective, so that b = 0 and K[C] = [A]. Then
clearly ¢ < ¢ € a + 1 and the result follows in this case. Next, if C is
projective, then ¢ = 0 and the sequence splits. Thus B &2 A ® C, so
B ~ A and b = a. Again, the necessary inequalities are satisfied.

Thus it suffices to assume that neither B nor C is projective. Choose
D, E, and P as in the preceding lemma so that

0—-D—-P—-B-—-0
0 F—-P—-C—0
0—-D—-E—-A—0 -

are exact. Since b,c# 0, wehaved=pdD =b~1ande=pdE =c-1.
Thusin0 — D —- E — A — 0, at least two of the projective dimensions
are finite and these have lower sum than in the original sequence. We
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therefore conclude by induction that the third projective dimension is
also finite. Furthermore,

a <max{l+d,1+e} = a < max{b,c}
e <max{l+d,a} = c<max{l+b1+a}
d < max{e,a} = b <max{1l+a,c}

so we obtain the required inequalities.

For the second part of the lemma, we now suppose that b = 1 and
¢ > 2. In particular, B and C are not projective, so we obtain, as before,
an exact sequence 0 = D - F -+ A - O withd =pdD=b-1=0
and e = pdE =c—1 > 1. Note that A cannot be projective here.
Otherwise, the latter sequence splits, so E = A @® D and FE is projective,
a contradiction. Thus @ > 1 and we can apply the preceding lemma
again to obtain the short exact sequence 0 — F — @ — D — 0 with
f=pdF=e—1=c—2and g =pdG =a—1. But D is projective, so
this sequence splits and F' ~ G. Thus f = g and thereforec=a+1. O

As we see shortly in a more general context, the inequality for pd B
can actually be sharpened to pd B < max{pd 4,pdC }.

LEMMA 8.8 LetV be an R-module, let T be a well-ordered set, and let { V(a) |
a € I} be an increasing family of submodules of V with |J, V(a) = V.
IfV(e)™ = Up<a V(B), then

pdV <sup{pdV(a)/V(e)~" |ae T}

PROOF If the right-hand side is infinite, there is nothing to prove. Thus
we can assume that sup{pdV(a)/V(e)" |@ € T} = n < oo and we
proceed by induction on n. If n = 0, then each V(a)/V(a)™ = V. is
projective. It therefore follows from Lemma 6.1 that V = @YV and
hence V is projective. Thus pd V = 0 as required.

Now assume that n > 1. For each &, choose a projective module
Q. and an epimorphism @, — V(). Define P =& 3 Qq so that P is
projective and extend the above maps to an epimorphism

W:P=@ZQQ —-»UV(a) =V

Furthermore, for each @ € Z, define P(a) = @ } g4, @p so that 7 maps
P(a) onto V(). Thus, if -

Pla)"=JPB) =0 Qs

A< f<la
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then 7 clearly maps P(a)~ onto V(a)~. Notice that P(a)/P(a)” = Qq
is projective.

Set W = Ker(r) and, for each a € Z, define W(a) = W N P(a). In
this way, we obtain an increasing sequence of submodules of W with

UW(@=wn (UP(a)) =WnNP=W

Moreover, if W(a)™ = Ug<, W(B), then we have

W)~ = |J wnP(@®)

B<a

=Wn (ﬁ% P(ﬁ)) =WnPa)"

Now mq, the restriction of 7 to P(a), maps P(a) onto V(a) and we
consider the combined epimorphism

P(a) = V(a) = V(a)/V(a)~
Since P(a)~ — 0, this yields an epimorphism
P(a)/P(a)” % V(a)/V(2)™ =0
and we compute the kernel of this map. To start with, Ker(¢a) =
Lo/ P()~, where Lo = 751(V(a)~). But note that W(a) + P(a)~

contains Ker(m,) and maps onto V(a)~. Thus, by Lemma 1.8, L
W(a) + P(a)~, so

_W(@+P@) ., W()
Ker(¢y) = Pa)- ~ W(a)NP(a)~-
__ W _ W
WNnP)- W)

In particular, for each @, we have the short exact sequence

W(a) _ Pl@) ¢ V(a)

0= W= = Bla- Vo)

-0

Notice that n > 1, pdV(a)/V(a)~ < n, and P(a)/P(a)” = Q, is
projective. Thus pd W(a)/W(a)~ < n—1 for all @ € Z, and hence
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induction implies that pdW <n—-1. But 0 = W — P - V — 0 is exact
and P is projective, so pd V' < n as required. a

For convenience, let us record a special case of the preceding.

LEMMA 89 If0=V,CV; C..- CVy,; =V is a finite series for the R-module
V, then

pdV < max{pdV;/Vi;—1 |i=1,2,...,m}

We close with an interesting consequence of Lemma 8.8.

THEOREM 8.10 The global dimension of any ring R is equal to the supremum
of the projective dimensions of all cyclic R-modules. Furthermore, if R is
Artinian, then gl dim R is equal to the largest of the projective dimensions
of the finitely many irreducible R-modules.

PROOF Since gldim R > pd W for all R-modules W, it suffices to bound
gldim R suitably. To this end, let V' be any R-module and suppose V'
is generated by {v, | @ € T}. If we well-grder Z and define V(a) =
> p<e Vsl then we obtain an increasing sequence of submodules whose
union is all of V. Furthermore, for each o we have V(a) = voR+V (a)~,
so V(a)/V(a)~ is cyclic, generated by the image of v,. But

pdV <sup{pdV(a)/V(a)" |[a €T}

by Lemma 8.8, and thus pd V' is bounded above by the supremum of the
projective dimensions of all cyclic R-modules. Siuce'V is arbitrary, the
same is true of gldim R.

Finally suppose R is Artinian. Then, by Theorem 5.6, any cyclic
R-module V has a composition series. The result now follows from the
preceding lemma since, by Proposition 5.5, R has only finitely many irre-
ducible modules. O

We remark that it is possible for all cyclic R-modules to have finite
projective dimension even though gldim R = oo.

EXERCISES

1. If R is not a Wedderburn ring, prove that gldim R = 1+sup{pdgp I},
where I runs through all right ideals of R. For this, first observe that
every cyclic R-module is of the form R/I.
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2.

3.

7.
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If N is a nilpotent ideal of R, show that gldimR = sup{pdg V |
VN =0}

Let D be a division ring, let R be the ring of upper triangular n x n
matrices over D and let N be the set of strictly upper triangular
matrices. First show that R is an Artinian ring with N = Rad(R) and
that R has precisely n irreducible modules, namely V; & e;R/e;N for
i=1,2,...,n, where e; = ¢; ;. Furthermore, prove that e;N = e;11 R
as right R-modules for ¢ < n and conclude that gldimR < 1.

. Let R 2 S be rings with Rg a projective S-module. If V is an R-

module, prove that pdg V' > pdg V. If in addition R = S + I with
I<R, prove that gldim R > gldim S. For the latter, observe that any
S-module is an R-module by way of the homomorphism R — R/I = S
and that this R-module restricts properly to S.

Let A be an R-module. A projective resolution for A is a long exact
sequence

o <] e
-"—+P2—LP1—1>P0—°>A—>0

with each P; a projective R-module. If all P; are free, then this se-
quence is a free resolution for A.

CIf

A ]

"—*Qz-ﬁi*Ql-ﬁL’Qo—ﬁi*A—*O

is a second projective resolution for A, prove that

Ker(an)®Qn®Pﬂ,—1®Qn—2®P 3D
gKer(ﬁn)eaPTLEBQn—lEBPn—ZGaQn—Se"'

for all n > 0. In particular, observe that Ker(a,) ~ Ker(#z). This is,
of course, a generalization of Schanuel’s Lemma.

. Prove that A has & projective resolution and that if R is Noetherian

and A is finitely generated, then A has such a resolution with all P;
finitely generated. Show that X™[A4] = [Ker(a,—1)] for all n > 1 and
then characterize pd A in terms of the projective resolutions of A.
Let

s BB C—-0
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be a complex of R-modules and R-homomorphisms. Suppose that
there exist abelian group homomorphisms o: C — Cj and o;: C; —
C;+1 such that yo0 = 1¢, 070 + 7100 = 1¢, and 0p—17n + Vn+10n =
1g, for all n > 1. Prove that this sequence is exact.

. Now assume that the preceding C-sequence is exact and that f: A — C

is an R-module homomorphism. Prove that there exist homomor-
phisms f;: P; — C; such that the diagram

- P P 3 PR A 500

I f2 LA ) L

- C B o B G B -0

commutes.

Let S be a ring and let I' be a multiplicative semigroup. Then the
semigroup ring R = S[I'] is the set of all formal finite sums Y cp S5
with s; € S. Addition in S[I'] is componentwise and multiplication
is determined distributively by az - by = (ab)(zy) for all a,b € S and
z,y € I'. For example, the polynomial ring R = S[z14 2,...,2zx] is a
semigroup ring with I' = (z1, z2,...,%,). Furthermore, f ' =G is a
multiplicative group, then S[G] is, of course, the group ring.

. If R = S[T, use Problem 4 to prove that gldim R > gl dim S.
. Suppose R = S[G] with G a multiplicative group and, for each n > 0,

let Fy, be the free right S-module with basis consisting of all (n + 1)-
tuples [go, g1, - - -,9n] With g; € G. If z € G, define [go, g1,...,9r]z =
(90z, 912,...,9nz] and, for all n > 1, let the map an: Fn — Fp—; be
determined by :

n
[QOa g1... 1gn]3 — E(—)k[go, ceeyGkyee ’gn]s
k=0

where g indicates that g, is omitted. If ag:Fy — S is given by
[g0]s — s, show that

---—)Fg—a—2>F1—ai>F0—a°—)S-—>O
is a free resolution for the R-module Sg. For exactness, observe that
the maps 0: S — Fy and o, F, — F,,4 given by 0:s — [1]s and

On: [90,91, cee ,gn]s — -[1,90,91, ceey g’n]s
satisfy the assumptions of Problem 7.
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Tensor Products

Let R be a ring and suppose that A4 and B are both right R-modules or
both left R-modules. Then Hompg(A4, B) is an abelian group determined
by the pair (4, B). As we will see shortly, the tensor product is another
abelian group determined by a pair of modules. But here the similarity
ends. First, the tensor product A® B requires that we deal simultaneously
with both right and left R-modules. Indeed, Ag is right and gB is left.
Second, the tensor product is more than just an abelian group. It comes
endowed with a canonical map A x B — A® B. Finally, A® B is defined
in terms of its properties rather than as a union of its elements. Thus, it
is incumbent upon us to show that the appropriate structure exists.

DEFINITION Let Ag and gB be right and left R-modules respectively. If U is

84

any additive abelian group, then ¢: A x B — U is said to be a balanced
map provided that

1. p(a1 + az,b) = ¢(a1,b) + ¢(az,b),
2. (a, b1 + bg) = (a,b1) + ©(a, bs), and
3. ¢(ar,b) = ¢(a,Td)

for all a,a;,a2 € A, b,b1,b2 € B and r € R. In particular, conditions (1)
and (2) assert that ¢ is bilinear, whereas (3) is an associative law of sorts.
Notice that if 7:U — U’ is a group homomorphism, then the composite
map ne: A x B — U’ is also balanced. This observation is the basis for
the following universal definition of tensor product.

Let Ar and rB be given. Then a tensor product (X,6) of A and B
over R is an additive abelian group X and a balanced map §: Ax B — X
such that any balanced map from A x B factors uniquely through X.
More precisely, if ¢: A x B — U is balanced, then there exists a unique
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group homomorphism 7: X — U such that the diagram

AxB 4 x
Ne Un
U

commutes. In other words, ¢ = 7. As we will see shortly, tensor products
exist and. are essentially unique. We begin with the construction.

If Ap and gB are any R-modules, then we define S = §(4, B) to
be the free abelian group whose free generators are the elements of the
Cartesian product 4 x B. In other words, every element of S is uniquely
a finite sum of the form

Z Za,b (a) b)

(a,b)€eAXB

with 2,4 € Z, the ring of integers. Furthermore, we let So = So(4, B) be
the subgroup of S generated by all elements of the form

(0'1 + aZ)b) - (a'l,b) - (0'21b)
(a,b1 + bz) - (a,bl) - (a, bz)
(ar, b) - (a'7 Tb)

with a,a1,a2 € A, b,b1,b € Band r € R. Now define A® B=A®gr B
to be the additive abelian group S/S,. Notice that A x B is a Z-basis
for S and thus the restriction of the natural epimorphism S — S/S to
A X B yields a map 6: 4 x B - A ® B. We denote the image of (a,b)
under 0 by a®b. Since any element of Sy maps to zero in S/Sy, it follows
from the definition of Sy that

(a1+a2) ®b=0a1®b+a; ®b
a®(b1+b2)=a®b1+a®b2
ar®b=a®rd

for all appropriate elements in 4, B and R. In particular, 6 is a balanced
map.

PROPOSITION 9.1 Let Ar and gpB be R-modules. Then (A ®g B, 6) as just
given is a tensor product of A and B over R. Furthermore, if (X,6’) is
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any other tensor product, then there exists an abelian group isomorphism
0:A® B — X with & = o6.

PROOF As we have observed, A® B is an abelian group and : Ax B —
A ® B is a balanced map. Now let ¢: A x B — U be any balanced map.
Since the elements (a,b) form a Z-basis for S = S(4, B), we can clearly
define an abelian group homomorphism 7': S — U by

n': Z Zap (a,b) Z Zab p(ay b)

(a,b)€EAXB (a,b)€eAXB

Furthermore, since ¢ is balanced, it follows easily that ' maps the gen-
erators of Sp to 0. Thus Sy is contained in the kernel of ' and therefore
n' factors through S/Sp = A ® B. In other words, there exists a ho-
momorphism 7: 4 ® B — U with n(a ® b) = ¢(a,b). Furthermore, 7 is
uniquely determined, since the elements a ® b clearly generate A ® B.
Thus (A ® B,#) is indeed a tensor product for 4 and B over R.

Finally, let (X, ') be any other such tensor product. Since the map
#':A x B — X is balanced, there exists 0: 4 ® B — X with 8/ = o4.
Similarly, since 6: A x B —+ A ® B is balanced, there exists 1 X — A® B
with 8 = 76’. Thus §' = o768’ and = 700, so uniqueness implies that o7
and 7o are both identity maps on the appropriate groups. In particular,

o is an isomorphism and the result follows. a

With slight abuse of notation we now call A®g B the tensor product
of A and B over R. We do this with the understanding that the corre-
sponding balanced map is given by (a,b) — a ® b. Notice that bilinearity
implies

@®b)z=0azQ@b=a®2b

forallae€ A, b€ B and z € Z In particular, 0 ®b=a® 0 =0.

We compute an example. Set R =7, A=7/(m) and B =7Z/(n) for
any m,n > 1. Since A is the cyclic Z-module generated by ap =1 + (m)
and since B is generated by by = 1 + (n), it follows from the preceding
that A ®z B is the cyclic group generated by ag ® bo. Furthermore,

(ao®bo)m=aom®bo=0®bo=0
(ap ®bo)n =ap ®nbo=ay®0=0

80 (ag ® bp)d = C where d = ged(m,n). In particular, A ® B is a ho-
momorphic image of Z/(d) and hence has order at most d. On the other
hand, observe that the map ¢: A x B — Z/(d) given by

@: (i+ (m),j + (n)) — ij + (d)
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is balanced. Thus there exists a homomorphism o: A ® B — Z/(d) with
o(a®b) = p(a,b). But a(ap ® bo) = ¢(ao, bo) =1+ (d), so ¢ is onto. By
order considerations, o is an isomorphism and hence Z/(m) ®z Z/(n) =
Z/(d).

The following is a key property of tensor products.

LEMMA 9.2 Let A, A’, A” be right R-modules and let B, B',B" be left R-
modules. If : A — A’ and B: B — B’ are R-homomorphisms, then there
exists a natural abelian group homomorphism a ® 3:A® B - A’ ® B’
with

a®Pa®b— aa®bS

for alla € A,b € B. Furthermore, if o’: A’ — A" and 8': B' — B" are
also homomorphisms, then

(@ ®B')(a®f) = (') ® (BF')

In particular, if & and (3 are isomorphisms, then so is a ® 3.

PROOF The map AxB — A'®B’ given by (a,b) — ca®bf is easily seen
to be balanced and hence gives rise to the abelian group homomorphism
a®B:A®B — A ® B' witha®B:a®b — aa®bB. The remaining facts
now follow easily by evaluating the appropriate maps on the generating
set {a®b|a€ AbeB}. O

Since the tensor product is defined in a right-left symmetric manner,
it is clear that its properties will also exhibit this symmetry. Thus to
avoid unnecessary repetition, we usually just state one-sided versions of
each result. ‘

DEFINITION Let V be an additive abelian group and let R and S be rings.
Then V is said to be an (R, S)-bimodule, written V = gVg, if V is a left
R-module and a right S-module and if the module structures are related
by the formula

(rv)s = r(vs) forallre R,seS,weV

In particular, multiplication by s € S is an R-endomorphism of V' and
multiplication by r € R is an S-endomorphism. If V and V' are both
(R, S)-bimodules, then the map 6:V — V' is a bimodule homomorphism
if it is both an R-module and an S-module homomorphism.
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LEMMA 9.3 Let R,S,T be rings and let 7Ag and rpBg be given. Then the
tensor product A ®g B is a (T, S)-bimodule with t(a ® b)s = (ta) ® (bs).
Furthermore, if a:A — A’ and 8: B — B' are appropriate bimodule
homomorphisms, then a ® 8: A®g B — A' ®g B’ is a (T, S)-bimodule
homomorphism.

PROOF Let s € S and let 14 denote the identity automorphism of A.
Then by the previous lemma, 14 ®s: AQ B — A®B givenby 14 ®s: a®b —
a ® bs is an endomorphism of the abelian group A ® g B. Furthermore,
the map S — End(4A ® B) given by s — 14 ® s is easily seen to be. a
ring homomorphism. Thus, by Lemma 1.1, A ® B is a right S-module.
Similarly, it is a left T-module and the remainder is clear. ad

In view of the preceding, any tensor product result will usually have
a bimodule version. For the sake of simplicity, we do not bother to offer
these more complicated formulations. The next result is the associativity
of tensor products.

LEMMA 9.4 Let R and S be rings and let Ar, rBs and sC be appropriate
modules. Then AQr(B®sC) = (A®rB)®sC viathemapa®(b®c) —
(a®b) Rc.

PROOF For each a € A, the map B x C — (A ® B) ® C defined by
(byc) — (a ® b) @ c is easily seen to be balanced and therefore yields
6,:B®C — (A® B) ® C. Furthermore, the map A x (B® C) —
(A® B) ® C given by (a,d) — 6,(d) is now also balanced and hence we
have p: AQr (B®sC) - (AQr B)®sC witha® (b ®c) — (a ®b) Qc.
Since the reverse map also exists, ¢ is an isomorphism. O

Part (i) of the next lemma asserts that the tensor product “commutes
with” direct sums. Part (ii) says that it is right ezact.

LEMMA 9.5 Let R be a ring and B a left R-module.
i.IfA=.% .7 A; then

A®RB=-ZAi®B
1€T

! "
i, IfA' 25 A 25 A" — 0 is exact, then so is

A'®B 285 4gpB 288 4ng B0
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PROOF (i) This follows from Lemma 9.2, since direct sums can be char-
acterized by homomorphisms. Specifically, let 7;: A — A; and n;: A; — A
be the corresponding projection and injection maps associated with the
direct sum A = ) ;.7 A;. Then mm; = 1y, mm; = 0 for ¢ # j, and
> mimi = 14 with the understanding that for any a € A almost all m;(a)
are zero. By Lemma 9.2, we obtain maps #; =7;® 13: AQB — A; ® B
and 7; = 7;: ® 15: A; ® B — A ® B which satisfy the analogous relations.
Thus the result is proved.
(ii) It is clear that

A'®B 285 4o 2®8 g1gp

is a zero sequence and that o’ ®1p is an epimorphism. Thus we must show
that the sequence is exact at A® B. To this end, let C = Im(c/ ® 15) and
observe that the map A” x B — (A® B)/C given by (a”,b) — (a®b)+C,
where o’ (a) = a”, is well defined and balanced. Thus we obtain a map
6: A" ® B — (A® B)/C such that §((e” ®15)(z)) =z+C € (A®B)/C
for all z € A ® B. In particular, if z € Ker(a” ® 15), then z € C as
required. O

DEFINITION We say that the left R-module rB is flat if, for all short exact
sequences 0 —» A’ = A — A" — 0 of right R-modules, the sequence

0 A®B—-A®B—-A"®@B—0

is also exact. In view of the preceding lemma, gB is flat if and only if, for
all monomorphisms o': A’ — A, the map o/ ® 15: A’ ® B - A® B is also
a monomorphism. Equivalently, this means that if A’ C A, then A’ ® B
embeds naturally in A ® B. There is, of course, an analogous definition
for flatness of right R-modules.

An example of the failure of flatness is as follows. Let R = Z and let
Z/(n) be embedded in Z/(n?) as all multiples of n > 2. Then the image
of the map

Z/(n)2Z/(n)®Z/(n) = Z/(n*) ® Z/(n) 2 Z/(n)
is zero, since any z @ y maps to zZn® y = ' ®ny =2’ ®0 = 0. In

particular, Z/(n) is not a flat Z-module. Other examples come from:

LEMMA 9.6 Let I be a left ideal of R. If A is a right R-module, then AQgr(R/I)
is isomorphic to A/AI via the map a ® (r + I) — ar + AI. Furthermore,
if0 » A — B — C — 0 is exact with A C B, then

0—-A® (R/I)—» B® (R/I) »C®(R/I)—0
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is exact if and only if AN BI = Al

PROOF Let ": R — R = R/I be the natural module epimorphism. Then
forallace Aand 7€ R, wehave a® T = a ® 7]l = ar ® 1. It therefore
follows that every element of A ® R is of the form a ® 1 for some a € A.

Next note that the map 4 x R — A/AI given by (a,r+1I) — ar+ Al
is well defined and balanced. Thus we obtain a map 6: A ® R — AJAI,
which is clearly onto. It suffices to show that 6 is one-to-one. To this end,
let a®1 € Ker(f). Then 0 = 6(a ® 1) = a + AI, so a € Al. In other
words, we can write a = ), a;m; with r; € I. But then

0®I=)an®l=) ueni=) uel=0
i i i

and we conclude that Ker(6) = 0.
Finally, if A C B then we have the commutative diagram

AeR *2, BoR
! !
A/lAT £,  B/BI
where y: A — B is the natural embedding and f:a+ A — a+ BI. Since
the vertical maps are the isomorphisms described previously, it follows
that y ® 1 is a monomorphism if and only if & is. But the kernel of z is
clearly (AN BI)/AI, so the result follows. a

Note that if I <« R, then R/I is an (R, R/I)-bimodule and the pre-
ceding maps are all R/I-homomorphisms.

LEMMA 9.7 If B is a free left R-module with basis {b; | i € T}, then every

element of A ®g B is uniquely a finite sum of the form ), a; ® b; with
a; € A.

PROOF Since B = -}, 7 Rb;, it follows from Lemma 9.3(i) that A® B =
> ier A ® Rb;. Thus it suffices to show that each element of 4 ® Rb;
is uniquely of the form a; ® b; with a; € A. For this, first observe that
a ® rb; = ar ® b;, so every element is indeed of this form. Furthermore,
Rb; = R,s0 AQ Rb; 2 A® R = A by the previous lemma with I = 0.
Since the isomorphism 4 ® Rb; — A is given by a ® b; — a, the A-term
is unique. O
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We can actually better understand flatness by going back to Propo-
sition 9.1. Thus suppose A’ C A are right R-modules and that B is a left
R-module. Then certainly S(A’, B) C 8(A, B) and So(4’, B) C So(4, B).
Furthermore, if u: A’ — A is the inclusion map, then p ® 1p is the homo-
morphism

S(4,B)  S8(A,B)
So(4,B)  So(4,B)

determined by the inclusion S(A’, B) C S(A, B). Thus, by the Second
Isomorphism Theorem, y ® 1 is one-to-one if and only if

SO(AI, B) = 8(A’,B)N So(4, B)

As we will see shortly, this implies that the monomorphism condition is
local.

Let M be a family of submodules of B. Then M is a local system
for B if every finitely generated submodule of B is contained in some
MeM.

LEMMA 9.8 Let gB and A%, C Ag be given and let M be a local system for
B. Furthermore, let L be a local system for A whose members all contain
A. IfA®M — L®M is a monomorphism forall L € L and M € M,
then A’ ® B — A ® B is also a monomorphism.

PROOF Let x € S(A’,B) N So(A,B). Then the presentation of z in
S8(A’, B) involves only finitely many elements of B and similarly the pre-
sentation of x in Sp(A, B) as a sum of generators involves only finitely
many elements of A and B. Thus, since £ and M are local systems, it fol-
lows that there exists L € £ and M € M with z € S(A’, M) N So(L, M).
But A/'®M — L®M is given to be a monomorphism, so z € Sy(4’, M) C
So(4', B). In other words, Sp(4’,B) = §(4', B) N Sp(4, B) and we con-
clude that A’ ® B —+ A ® B is indeed a monomorphism. a

As a consequence we have:

LEMMA 9.9 Let R be a ring.
i, If g B has a local system of flat submodules, then gB is flat.
ii. An arbitrary direct sum of flat modules is flat. A direct summand
of a flat module is flat.
iii. Any projective R-module is flat.

PROOF (i) This follows from the preceding lemma by taking £ = { A}
and M the given local system of flat submodules.
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(ii) This follows from the definition of flatness and the fact that the
tensor product commutes with direct sums.

(iii) In view of (ii), it suffices to verify that g R is flat, which follows
from Lemma 9.6 with I = 0. a

LEMMA 9.10 If R is a commutative principal ideal domain, then the R-module
rB is flat if and only if it is torsion free.

PROOF Suppose first that B is torsion free. If M is a finitely generated
submodule of B, then, since R is a principal ideal domain, M is free and
hence flat. By Lemma 9.9(i), B is also flat. '

Conversely, suppose B is flat and let 0 # r € R. Since R is a
domain, multiplication by r is a monomorphism from R to R. Hence
r®1p:R® B — R® B must also be a monomorphism. In particular, if
0#be€ B, then 1 ®b # 0 by Lemma 9.6 with I = 0 and hence

0#(r®1p)(1®b)=r®b=1Q7b
Thus 7b # 0 and B is torsion free. O

Now suppose ¢: R — S is a ring homomorphism. Then S is a left
R-module via 7-8 = ¢(r)s and S is a right S-module by way of the regular
representation. It then follows from the associative law that S is in fact an
(R, S)-bimodule. In particular, if Ag is any right R-module, then A®g S
is a right S-module, the S-module induced by A. For example, if I < R
and S = R/I, then A®gr S = A®g (R/I) is the module considered in
Lemma 9.6. Basic properties are as follows.

LEMMA 9.11 Let ¢: R — S be a ring homomorphism.
i. If Ap is a projective or free or finitely generated R-module, then
A ® S has the corresponding property as an S-module.
ii. Suppose R C S and that ¢ is the natural inclusion. If gS is free
with basis { s; | © € T}, then every element of A® S is uniquely a finite
sum of the form Y, .7 a: ® 8; = Y ;c7(ai ® 1)s; with a; € A.

PROOF (i) By Lemma 9.6 with I = 0, it follows that (R ®g S)s & Ss.
Thus, since tensor product commutes with direct sums, we see that if
Ap is free or projective, then so is (A ® S)s. Now let A =Y., a;R be
finitely generated. Then every element of A® S is a finite sum of the form

Z a;iT;,j ® 85,5 = E a; ® (Z ¢(7'i,j)3i,j)
1,4 J

i=1

= Zn:(ai ® 1) (Z ¢(Ti,j)3i,j)

i=1 j
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withr;; € Rand s;; € S. Thus A®S is generated over S by the elements
a;®1fori=1,2,...,n.

(ii) It follows from Lemma 9.7 that every element of A®5 is uniquely
a finite sum of the form 3,7 a;®s; with a; € A. Since a;®s; = (a; ®1)si,
the lemma is proved. O

Finally we prove transitivity of induction.
LEMMA 9.12 Let ¢: R — S and ¢: S — T be ring homomorphisms. Then

¢: R — T is a ring homomorphism and, for all right R-modules A, we
have

(AQrS)®sT =2 AQrT

as right T-modules.

PROOF By Lemma 9.6 with I = 0, we have S ®s T' = T via the map
s®t+— s-t=1(s)t for all s € S, t € T. Thus by the associativity of
tensor product,

(AR S)®s T2 AQr(S®sT) =2 A®RT

and the result follows. O

EXERCISES

1. Suppose I <R and that Ar and g B are R-modules with AT =0=IB.
Prove that A ® r/r) B is naturally isomorphic to A®r B.

2. Let I be a left ideal of R and J a right ideal. If g is flat, prove that
JRI=JI. If g(R/I) is flat, show that J NI = JI.

3. If all R-modules are flat, prove that R is von Neumann regular.
Conversely if R is von Neumann regular, show at least that all sub-
modules of free R-modules are flat. For the first part, choose r € R
and apply the preceding exercise with I = Rr and J = rR. For the
converse, use the fact that R is semihereditary.

4. Let R be the polynomial ring K|z,y] and let I = Rz + Ry. Show that
rI is not flat. For this, first observe that if I is flat, then I2 =T ® I
as (R, R)-bimodules. Next note that I?/I3 is the largest homomor-
phic image of I? that is annihilated on both sides by I and that
dimg I2/I® = 3. On the other hand, show that I ® I maps onto
(I/I?) ®g (I/1?) and that this has dimension 4.
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A flat module rB is faithfully flat if for all nonzero modules Ar we
have A® B # 0.

. Show that the direct sum of a flat module and a faithfully flat module

is faithfully flat. Conclude, therefore, that any nonzero free module is
faithfully flat. Find an example of a flat Z-module that is not faithfully
flat.

. Show that rB is faithfully flat if and only if, for all maps a: 4 — A’,

either @ or @ ® 1p being a monomorphism implies that the other is
also. This is a key alternate characterization of faithfully flat modules.

. A family M of submodules of B is said to be directed if its members

generate B and if every two members are contained in a third. If M
is such a directed family, show that B = (J,;cy M and that M is a
local system.

. Let AR C AR and gB be given. Show that there exists a submodule

L of A containing A’ that is maximal with respect to A’ ® B —
L ® B being a monomorphism. Similarly, show that there exists a
submodule M of B maximal with respect to A’ ® M — A ® M being
a monomorphism.

. Let K be a field and let R and S be K-algebras. We consider the

tensor product R ®g S. To start with, define a multiplication in
S(R,S) distributively by (r1,81) « (72, s2) = (r172,8182). Then show
that, in this way, S(R, S) is an associative ring and that Sp(R,S) is
a two-sided ideal. Conclude that R ®x S is an associative K-algebra
with multiplication given by (r1 ® s1) - (12 ® 82) = (r172) ® (8152).

If R is any K-algebra, prove that R ® gk Mn(K) & M,(R) and that
R ®k K[z] = R[z].
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We close Part I by considering an important class of rings, the local rings.
Our goal here is to show that every projective module over such a ring
is free of unique rank. We begin with Nakayama’s Lemma, a simple
result with powerful applications. It quickly yields our goal in the finitely
generated case.

Asusual, let Rad(R) denote the Jacobson radical of R. Then Rad(R)
is the largest quasi-regular two-sided ideal of R and, in particular, its
definition is right-left symmetric. Furthermore Lemma 5.10(ii) asserts
that Rad(R) is the intersection of all maximal right ideals of R and hence
also the intersection of all maximal left ideals.

LEMMA 10.1 (Nakayama’s Lemma) Let V be a finitely generated right R-
module and let W be a submodule of V.
i. If W C V, then there exists a maximal submodule M of V' with
WcMCV.
il If J =Rad(R) and V = W+ VJ, then V = W. In particular,
V =V J implies V = 0.

PROOF (i) Since V is finitely generated and W C V, it follows by adding
one generator at a time that there exists a submodule W’ of V with
W CW'CV and V/W' cyclic. But then V/W’ = R/I for some proper
right ideal I of R and, of course, I is contained in a maximal right ideal
N of R. In particular, if M is the complete inverse image of N in V, then
M is a maximal submodule of V' containing W’ and hence W.

(if) If W # V, choose M as above. Since V//M is an irreducible R-
module, we have (V/M)J =0 and hence W + VJ C M, a contradiction.
For the final remark, take W = 0. a

95
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As a consequence, we obtain the following analog of Lemma 5.7.

LEMMA 10.2 Let P be a finitely generated projective R-module and write J =
Rad(R).

(i) Suppose V' is a finitely generated R-module and p:V — P is an
R-homomorphism. If i:V/VJ — P/PJ is an isomorphism, then j is also
an isomorphism.

(ii) If P/PJ is a free R/J-module, then P is a free R-module.

PROOF (i) Note that f is defined by f:v + VJ — u(v) + PJ. Thus,
since [ is onto, we have P = pu(V) + PJ and therefore P = u(V) by
Nakayama’s Lemma. Now  is an epimorphism and P is projective, so
we know that # must split. In particular, V = W+ P, where W = Ker(u1)
and P’ = P. Since (W) = 0, we have (W + VJ)/VJ C Ker(z) = 0.
Hence W C VJ = WJ 4 P'J and therefore W = WJ. But W = V/P'
is finitely generated, so Nakayama’s Lemma implies that W = 0 and p is
one-to-one. :

(ii) Since P/PJ is finitely generated and free, P/PJ = &Y 7 R/J.
In particular, if weset F = @ Y] R, then F/FJ = P/PJ and there is an
epimorphism « with

F

la
P - P/PJ] = 0

and Ker(a) = FJ. But F is free and hence projective, so there exists
a map j: F — P that makes this diagram commute. Thus g F/FJ —
P/PJ is the isomorphism « and part (i) therefore implies that u is also
an isomorphism. O

A ring R is said to be local if R/Rad(R) is a division ring. As we
will see, the preceding result is particularly useful in this context. We
start by listing some additional characterizations of such rings.

LEMMA 10.3 The following are equivalent.
i. R is a local ring.
ii. Rad(R) is a maximal right (or left) ideal of R.
iii. Every element of R not contained in Rad(R) is a unit.
PROOF (i)=-(ii) This is clear, since R/Rad(R) is a division ring and
hence has no nontrivial one-sided ideals.
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(ii)=-(iii) Since Rad(R) is the intersection of all maximal right ideals,
by Lemma 5.10(ii), it must be the unique maximal right ideal of R. Now
let z € R\Rad(R). If R were a proper right ideal of R, then it would be
contained in a maximal right ideal and hence z € Rad(R), a contradiction.
Thus zR = R and there exists y € R with zy = 1. Clearly y ¢ Rad(R) so
the same argument implies that there exists z € R with yz = 1. In other

words, y has a right and left inverse, so y is invertible. We conclude that
1

y~' =z = z and therefore z is invertible with inverse y.
(iii)=>(i) Since units map to units, it follows that all nonzero elements
of R/Rad(R) are invertible. Thus R/Rad(R) is a division ring. O

Suppose that R is a commutative integral domain and that T is a
multiplicatively closed subset of R. By this we mean that 1 € T, 0 ¢ T,
and if a,b € T, then so is ab. It is then a simple matter to form the
ring of fractions RT~!. This is the set of all formal fractions r¢~! with
r € R, t € T and with equality given by rltfl = rzt'z“l if and only if
r1ty = rot;. With the usual addition and multiplication, RT~? is clearly
a commutative ring and R embeds in this ring via the map r — r171,
Notice that the elements of T are now invertible in RT~*. When T = R\0,
then RT! is the field of fractions of R and, by abuse of notation, we
sometimes write this as RR™1.

If Q is a prime ideal of R, then T' = R \ @ is multiplicatively closed
and QT = {gt™! | ¢ € Q,t € T} is a proper ideal of RT~?, since
1 ¢ QT~*. Furthermore, every element of RT~! not contained in QT
is clearly invertible. It follows that RT~" is a local ring with Jacobson
radical QT 1. This procedure is known as localization.

Part (ii) of the following result generalizes the implication (i)=(iii)
of Lemma 10.3 and can be obtained fairly directly from it (see Exercise 3).
Here we offer a module theoretic proof.

THEOREM 10.4 Let R be a local ring.
i. All finitely generated projective R-modules are free.
ii. Let (ci,j ) € Mp(R). Ifc;; ¢ Rad(R) for all ¢ and ¢;; € Rad(R)
for all i # j, then the matrix (c;; ) is invertible.

PROOF For convenience, write J = Rad(R) and let “: R — R/J be the
natural homomorphism.

(i) Let P be a finitely generated projective R-module and observe
that P/PJ is an R/J-module. But R/J is a division ring, so all its
modules are free. Thus P/PJ is free and hence, by the preceding lemma,
so is P.
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(ii) Let F' be a free R-module of rank n and note, by Lemma 4.3(iii),
that ( ¢;,; ) corresponds to an endomorphism p of F. Moreover, the matrix
(€ij) € Ma(R/J) corresponds to the endomorphism fi: F/FJ — F/FJ.
Note that &; = 0 for ¢ # j and that ¢; # 0. Thus, since R/J is a
division ring, we see that (¢; ;) is invertible, so /i is an isomorphism. By
Lemma 10.2(i), p is also an isomorphism and thus ( ¢;; ) is invertible. O

We now move on to infinitely generated projective modules. Here
the proof is considerably more complicated, but it is made tractable by
the following reduction, which applies to all rings.

THEOREM 10.5 Let V be a direct sum of countably generated R-modules. If

CLAIM

P |V, then P is also a direct sum of countably generated modules. In
particular, any projective R-module is a direct sum of countably generated
projectives.

PROOF Write V = -7, - V; with each V; countably generated. Further-
more, write V = P+ @ and let 7p: V — P and mg: V — Q be the natural
projections. A submodule W of V is said to satisfy () if 7p(W) C W,
(W) C W, and W = -3, Vi for some A C Z. Obviously, if W
satisfies (), then W |V and W = np(W) + mg(W).

Given any Vi, there exists a countable subset B of T such that k € B
and § =) ;.5 Vi satisfies (x).

PROOF Define the countable subsets B, of Z and the modules S, =
* 2ien, Vi inductively as follows. First let B = {k}. Now if B, is a
countable subset of Z, then S, is a countably generated submodule of
V and hence so are 7p(5,) and mg(S,). Thus there exists a countable
subset Bp+1 of Z containing B, with 7p(S,) and mg(S,) both contained
in Sn+1.

Finally, let B = {J;—oBr and S = - Y ;5 Vi. Then B is countable
and S satisfies (%), since any ¢ € B is contained in some B, and then
7p(V;) and mg(V;) are contained in Sp41 C S. O

Now we say that a submodule W of V satisfies (xx) if it satisfies (%)
and if mp(W) is a direct sum of countably generated modules. Note that
W = 0 satisfies (#*). The goal is to find a submodule of V maximal with
this property and for this it is necessary to keep track of the precise de-
composition of #p(W). Thus we use Z to denote the particular collection
of countably generated submodules that direct sum to wp(W). Of course,
E is not uniquely determined by W; therefore we study the pair (W, E).
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Write (Wl,El) S (Wz, Ez) if and only if W]_ g Wz and 51 g Ez
If {(W;,E;) | j € J} is a chain of such pairs, then it follows easily
that (U; W;, U, E;) also satisfies (++). We can now conclude from Zorn’s
Lemma that a max1mal pair (W, E) exists.

If W # V, then there exist Vi, € W and we can let S be the countably
generated (%)-submodule of V' given by the claim. Then W/ =W + S D
W and certainly W' satisfies (). Next observe that 7p(W) | W and
W |V, s0o mp(W) | V. Furthermore, mp(W) C mp(W'), so the Modular
Law 1mp11es that mp(W') = mp(W) + P. Similarly, we have mo(W’) =
7o(W) + Q. Now notice that W'/W = (W + 8)/W & S/(SNW) is
countably generated. Since

W' =np(W') +mo(W') =W + P +Q

we have W' /W = P 4 Q and thus P, being a homomorphic image of
W' [W, is also countably generated. But then (W,E) < (W',E'), where
&' = EU{ P}, and this contradicts the maximality of (W, E). We conclude
therefore that W = V. In other words, V satisfies (#*) and hence P =
mp(V) is a direct sum of countably generated submodules.

Finally, if P! is any projective R-module, then P’ + Q' = F’, where
F' is free. But then F" is a direct sum of copies of the cyclic R-module Rp,
so the preceding implies that P’ is a direct sum of countably generated
R-modules. The result now follows because any direct summand of a
projective module is projective. O

With this result in hand, it now clearly suffices to consider countably
generated projective modules. The next two lemmas contain the necessary
work.

LEMMA 10.6 Let V be a countably generated R-module. Assume that for every
W |V andz € W, we have W = F+Q, where F is free and z € F. Then
V is a free R-module.

PROOF Let z1,z2,3,... generate V. We construct free submodules F;
inductively so that

V=F+FR+ +F+Qn

and z1,22,...,Z, € Fy + F 4+ -+ 4+ F,. For convenience, set Fy = 0 and
Qo = V.

Givenn > 0, write £n+1 = fn+dn, where fr, € Fy+Fy+4---+ F, and
dn € Qn. Since Qn | V, the hypothesis implies that Qp = Fp+1 + Qni1
with F,, 41 free and g, € Fi4+1. Thus

V=F1+F2+"'+Fn'i‘Fn+1'i'Qn+1
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and Tp41 € Fy + Fy 4+ -+ 4 Fp 4 Fp+q1. This proves the induction step
and we conclude that V = .32 F; is free. a

Next we show that the preceding hypothesis holds when R is local.

LEMMA 10.7 Let R be a local ring, let P be a projective R-module and let
z€P. ThenP=Y 4 T withY a free R-submodule containing z.

PROOF Write P4+@Q = F, where F is free, and choose a basis { f; | i € T}
of F' so that z is written in terms of the minimal number, say n, of basis
elements. By relabeling the subscripts, we can assume that z = Z?=1 firs
with r; € R. Let F' denote the free submodule of F' spanned by the
remaining basis elements f with & > n.

We first note that no r; is a left R-linear combination of the other

ros. Indeed, if rn = 377} birs with b; € R, then

{fl +.fnb1).f2 + fnb29-- . ».fn-—l + .fnbn~—1’fmfn+11"'}

is another free basis for F and z = 3"}
a contradiction.

Let mp: F — P be the natural projection and set wp(f;) = y; for

(fi+ fnbi)r; involves fewer terms,

i=1,2,...,n. Since 7p(z) = =, we have
n n
Z firi=z =7p(z) = Zyi"'i
=1 =1

PFurthermore, y; € F, so we can write

n
Y = Z fjcj,i IIlOd Fl
Jj=1

for suitable ¢;; € R. Thus

T T n
me' = Zyi” = Z ficjsrs mod F'
i=1 =1

2,j=1

and hence r; = Y i ; ¢jir; forall j =1,2,...,m.

We study the latter system of equations. To start with, if c;; ¢
Rad(R) for some j # 4, then c;,; is invertible and hence r; is a left R-linear
combination of the remaining r’s, a contradiction. Thus ¢;; € Rad(R)
for all j # 4. Similarly, 1 — ¢;,; € Rad(R) for all j, so ¢;,; ¢ Rad(R). It
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now follows from Theorem 10.5(ii) that the nxn matrix (c;,; ) is invertible
in Mp(R). Hence Lemma 2.5 implies that { y1,y2,...,¥n } is also a free
basis for F' modulo F’. In other words, if Y = 2 =1 yzR then Y is a free
submodule of P and Y 4 F' = F. Thus P =Y + (F' N P) and the result
follows because z € Y. a

We can now quickly prove:

THEOREM 10.8 (Kaplansky’s Theorem) If R is a local ring, then all projective
R-modules are free of unique rank.

PROOF We first show that projectives are free and, in view of Theo-
rem 10.5, it suffices to consider countably generated projective modules.
Let P be such a module and suppose that W is a direct summand of P.
Then W is projective and, for any £ € W, the preceding lemma implies
that W = F 4+ Q with F free and z € F. Lemma 10.6 now implies that P
is free. Finally, the uniqueness of rank follows from Lemmas 2.3 and 2.6,
since R/Rad(R) is a division ring. a

EXERCISES

1. Prove Lemma 10.1(ii) directly from the quasi-regular property of J =
Rad(R). To this end, suppose {v1,v2,...,v5} € V is a minimal
generating set for V modulo W and write v, € W+VJ = W+Y, v;J.
Now solve for the generator v,,.

2. Let T" be the semigroup consisting of all symbols z?, where ¢ is a
nonnegative rational number, and let the multiplication in I' be given
by z° - 2P = z2*®, Form the semigroup algebra R = K[I'] and let
R = R/z'R. Show that R is a local ring with J = Rad(R) a nil,
but not nilpotent, ideal. Furthermore, show that J% = J = 0, so that
Nakayama’s Lemma can indeed fail for infinitely generated modules.

3. Now let R be a local ring and suppose C = (¢;;) € My(R) with
cii ¢ Rad(R) and ¢;; € Rad(R) for all 4 # j. Show that C is both
row and column equivalent to the identity matrix. Conclude from this
that C is invertible.

4. Suppose T is a multiplicatively closed subset of the commutative do-
main R. If T is the set of divisors of elements of T', prove that T is
multiplicatively closed and that RT~! = RT!. In particular, if R is
a unique factorization domain, show that the rings RT~! correspond
in a one-to-one manner to the sets of prime elements of R.

If V is an R-module, then Rad(V') is defined to be the intersection
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of all maximal submodules of V. In particular, Rad(Rpg) is the usual
Jacobson radical of R.

.Let W C V. If M is a maximal submodule of V, show that either

M D W or that WNM is a maximal submodule of W. Conclude that
Rad(W) C W N Rad(V) with equality if W | V. Find an example of
Z-modules where equality fails.

. Show that Rad(V) D V -Rad(R) with equality if V is free and then if

V is projective. Show that equality fails when R =7 and V' = Qg.

An R-module V has a projective cover P - V — 0 if P is projec-
tive and if no proper submodule of P maps onto V.

IfP -5V —0andQ LR V — 0 are projective covers for V/, prove

that P = (. Furthermore, if R is Artinian, use the argument of
Theorem 5.9(iii) to show that every R-module has a projective cover.

.If P = V — 0 is a projective cover, show that Ker(a) C Rad(P).

Conclude from Exercise 6 that if Rad(R) = 0, then o must be an
isomorphism. In particular, if Rad(R) = 0, then only projective R-
modules have projective covers.

.If P is a cyclic projective R-module, show that P = eR for some

idempotent e € R. Conclude that if R has no idempotents other than
0 or 1 and if V is an irreducible R-module with a projective cover,
then R'is a local ring. Conversely, if R is a local ring, show that all
finitely generated R-modules have projective covers.

Let F — V — 0 be a projective cover for V with F' a free R-module.
Since F' # F - Rad(R), conclude that V' # V - Rad(R). Now use
Exercise 2 to show that not every module over a local ring has a
projective cover.
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11. Skew Polynomial Rings

Skew polynomial rings are polynomial rings in a noncommutative setting,.
Their study allows us to discuss and develop important concepts while
working in a concrete, reasonably familiar environment.

DEFINITION Let R be a ring and let ¢ be an automorphism of R. We define
the skew polynomial ring R[z; o] to consist of all polynomials 3, r;zt with
r; € R and with at most finitely many of these coefficients nonzero. The
addition in R[z; o] is as usual, but multiplication is given by

az® - bad = ab® " gt
for all a,b € R and integers ¢,j > 0. This multiplication is, of course,

analogous to the semidirect product construction in groups. To check
associativity, let a, b, ¢ € R. Then

(az® - bz¥) - ca® = ab® giti . czh

= ab® feo T pititk
and

z* - (ba? - cx®) = azt - be” a;j‘*"“
= a(be ) gk

= b 7 gt
as required.
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We now identify r € R with rz°, so R C R[z;0], and we identify
z with 1z'. It is then clear that R[z;0] is the associative ring freely
generated by R and z subject to the relations rz = zr® for all r € R.
Furthermore, it follows that R[z; o] is symmetrically defined so that every
element is also uniquely a polynomial of the form ), zis; with s; € R. If
o =1, then R[z;0] = R[z] is the ordinary polynomial ring over R.

In the course of this chapter we will be concerned with the nature of
the finitely generated R[z;o]-modules. For this, it is appropriate to work
in the context of Noetherian rings. We therefore start with a noncom-
mutative version of the classical Hilbert Basis Theorem using the same
proof.

THEOREM 11.1 (Hilbert Basis Theorem) If R is a right Noetherian ring, then
so is R[z; o).
PROOF We show that each right ideal of R[z;o] is finitely generated.
Let I C R[z;0] be a right ideal and for each integer n > 0 define

In={reR|ro+rz+--+rpz"€landr=r,}

Since

() n -1
(ro+mz+ - +7r,2")8° =198 +7118° T4 +rp8z"

we see that I, is a right ideal of R. In addition,

(ro+ 7T+ + 78T = ro + 122 4+ 4+ rpz™t!
80 I'n C Iny1.

Since R is Noetherian, the ascending chain I C I; C I C ---
must stabilize, say at ¢. Furthermore, each I; is finitely generated, so for
0 < i <t we can choose finite sets {T'i,j } that generate I;. By definition,

there exist f; ; € I with
fi.;j =i ;5" + lower degree terms

We claim that I is generated as a right ideal of R[z; o] by the finitely
many elements f; ; € I.

If f € I, we show by induction on its degree that f € 3, ; f;,; R[=; 0].
Since 0 is contained in the right-hand side, we can assume that n =
deg f > 0. Write f =ro+7r1Z+ -+ 752" so that r, € I,. If n < ¢, then
Tn = ) ;Tn,ju; for suitable u; € R; thus

g=f- an,jugn
J
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is a polynomial of lower degree contained in I. Hence g € 3, ; fi,j B[; 0]
by induction and so f is also contained in this sum. On the other hand,
if n > ¢, then r, € I, = I and there exist suitable v; € R with

h= f - Z ft,j’l);-’tmn—t
J

a polynomial in I with degh < n. Again, h is in the sum Zi,j fi,jR[z; o]
and hence so is f. Thus I is generated by the finitely many f; ; and the
result follows. a

The remainder of this chapter is concerned with global dimension.
Our goal is to compute gldim R|[z; o] as a function of gldim R. To start
with, we need

DEFINITION Let A be an R-module and let 7 be an automorphism of R. Then
the conjugate module AT is just an isomorphic copy of the abelian group
A and we write this isomorphism as a — a7. Furthermore, the action of
R on A7 is given by

a’r" = (ar)"  foralla€e A, r€R
It is easy to verify that AT is an R-module. Indeed, if the R-module

structure of A is determined by the homomorphism p: R — End(A), then
the structure of A™ is given by the composite map

R 5 R -2 End(4)

once A and A7 are suitably identified.
We now obtain the first key inequality.

THEOREM 11.2 For any ring R,

gldim R[z;0] <1+ gldimR

PROOF We can assume that gldim R = n < oo and for convenience we
write S = R|[z; o). There are two cases to consider.

CASE 1 Induced S-modules have projective dimension at most n.
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PROOF Let A be an R-module. Define the R-modules Ag, A1,...,An
and the projective R-modules P1, P2, ..., Pn inductively so that Ao = A
and

O“’A,,-APZ-—-)AZ__l“-*O

is exact for all ¢ = 1,2,...,n. Since gldim R = n, it follows that A, is
also projective. Now gS is free and hence flat by Lemma 9.9(iii), so

0 A405—-P5—4,-195—=0

is an exact sequence of right S-modules for all ¢ = 1,2,...,n. Further-
more, P;® S and A, ® S are projective by Lemma 9.11(i), so we conclude
that the induced S-module A ® S = Ay ® S has projective dimension at
most n.

We remark that A® S = -3, A® 7, since {27 | j = 0,1,2,...}
is a basis for S as a left R-module. Thus every element of A ® S can be
written uniquely as a “polynomial” H° ja;® z¥ with “coefficients” a;j €A
almost all zero. In particular, it makes sense to speak about the “degree”
of such an element. : a

CASE 2 Arbitrary S-modules have projective dimension at most n + 1.

PROOF If B isan S-module, then by restriction B becomes an R-module
Bp and we can form the induced S-module B ® S. Since the map
Br x S — B given by b x s — bs is clearly balanced, there exists a
homomorphism &: B ® S-— B given by b ® s — bs. It is clear that £ is
an S-module epimorphism. Let L = Ker(&).

Since o € Aut(R), we can also consider the conjugate R-module B§
and the induced S-module B§ ® S. Observe that the map BE x S —
Br ® S given by

P Xxs—bQ@rs—br®s

is balanced. Indeed, it is certainly bilinear and if » € R, then b77° x s =
(br)? x s maps to

brrs—bre®@®s=0Qrrs—brr®s
=bRzr’s—brr° ®s
=bRrrs—br®r°s
and this is the image of 4" x r%s. Thus we obtain an additive map
7: B ® S = Br ® S given by

W Rs—bR®rs—br®s
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and this is clearly a right S-module homomorphism. Furthermore, since
Eb®zs—br®s) =brs—brs=0

we see that the image of 7 is contained in L = Ker(¢).
We claim that 7: B ® S — L is in fact an isomorphism. First, let
0#ve BE®S and write v as

v = b° ® ¥ + lower degree terms
with 0 # b € B. Then
n(v) = b ® z¥*1 + lower degree terms

so n(v) # 0, by the final remarks of Case 1, and hence 7 is one-to-one.
Second, we show by induction on the degree of £ € L that £ € Im(n). If
£ # 0, then clearly degf = k£ +1 > 1 and we have

£=>b® zF 4 lower degree terms

Thus if we set u = b° ® z* € B§ ® S, then £— n(u) € L and has degree at
most k. By induction, £ — n(u) € Im(n) and hence £ € Im(7n), as required.
We have therefore obtained the short exact sequence

0-BE®S 1 BR®S - B—0

of S-modules. Furthermore, by Case 1, B ® S and Br ® S both have
projective dimension at most n. Thus by Lemma 8.7, pdg B < n+1 and,
since B is arbitrary, we conclude that gldimS < n + 1. a

We will show, in fact, that gldim R[z; 0] = 1 + gldim R. For this,
we need to consider ring homomorphisms.

Let I 9 R and set R = R/I. If W is an R-module, then via the
composite homomorphism R — R — End(W), we see that W is also an
R-module. It is clear that this procedure respects submodules, unions,
intersections, and direct sums. It certainly need not respect the properties
of being free or projective.

Conversely, let V be an R-module. Then V = V ®g R = V/VI
is an R-module by Lemma 9.6. Here the procedure does not respect
submodules, but we know from Lemma 9.11(i) that if V' is a projective
or free R-module, then V is a projective or free R-module.
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DEFINITION An element { € R is said to be normal if (R = R{. When this
occurs, then clearly I = (R 4 R. Furthermore, if V' is an R-module, then
VI =V(R{) =V¢and V = V/VI = V/V{. Obviously, 0 and the units
of R are normal elements of R.

THEOREM 11.3 Let { be a normal element of R that is neither a zero divisor
nor a unit. If gldim R/(R < oo, then

gldimR > 1+gldimR/(R

PROOF Set R = R/¢R and observe that R # 0, since ¢ is not a unit of
R. We proceed in a series of steps.

STEP 1 If Q is a nonzero projective R-module, then pdg Q = 1.

PROOF First consider the short exact sequence
0-(R—=R—R—0

of R-modules. Since ¢ is not a zero divisor, (R = R is free and hence
pdp R < 1. Furthermore, by Lemma 8.4, the projective dimension of
a direct sum is the supremum of the dimensions of the summands. It
follows first that every free R-module has projective dimension at most 1
as an R-module and then that the same is true for projective R-modules.
Thus pdp Q < L

Finally, if pdg Q = 0, then @ is a projective R-module and hence
embeds in a free R-module. But ¢ annihilates no nonzero element of a
free R-module and Q¢ = 0, so we conclude that Q = 0. ]

STEP 2 Let A be an R-module. If pdg A < 1 and pdg A < 1, then A is a
projective R-module.

PROOF Map a free R-module F onto A to obtain the exact sequence
0-B—=F—>A-0

Since pdg A < 1, we know that B is a projective R-module. Notice that
B D F(, so we also get

0— B/F(— F|F( - A—0

which we can view as an exact sequence of R-modules. Since F/F(¢ = F
is a free R-module and pdz A < 1, we see that B/F( is a projective
R-module.
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Now B D F({ 2 B(, so the Third Isomorphism Theorem yields
0— F¢/B¢{ — B/B{ — B/F{—0

an exact sequence of R-modules and of R-modules. But B/F( is a pro-
jective R-module, so the sequence splits and we have

B/B{= F(/B{® B/F(

Furthermore, B is a projective R-module, so B=B /B¢ is a prdjective
R-module and hence so is F(/B¢.

Now note that F'¢ D B¢ D F(¢?, so the Third Isomorphism Theorem
yields

0 — B¢/F(? — F(/F(* — F(/B( — 0
and this splits as R-modules, since F¢ /B¢ is projective. Thus we have
F(/F¢* = B{/F¢* + D/F(?

where D is an R-module with F¢2 C D C F(. In particular, if we let
C={f€eF|f¢(eD} then D= C¢ and C D F¢. Furthermore, C is
an R-submodule of F. Indeed, if f € C and r € R, then for some ' € R
we have fr{ = f¢{r’ € D and hence fr € C.

Finally, { annihilates no nonzero element of F, so F'( = B{ + C({
yields F = B+ C and B{ N C(¢ = F¢? yields BNC = F(. Thus
F|/F¢ = B/F{+C/F¢ and C/F( is a projective R-module. But C/F( =
F/B = A, so we conclude that A is a projective R-module. O

STEP 3 If A is a nonzero R-module with pdg A = k < oo, then pdg A > k + 1.

PROOF We proceed by induction on k, the case k = 0 following from
Step 1. Now let k£ > 1 and map a projective R-module P onto A to obtain

0—-B—-P—-A—0

As R-modules we have pdg A = k, pdg P = 0, and hence pdg B = k —1.
As R-modules we have pdg A = a, pdg B = b, and pdg P = 1 by Step 1.
Furthermore, by induction, b > (k—1)+1=k%.

If a > 2, then Lemma 8.7 implies that a = 1+ b > 1+ k as required.
On the other hand, if @ < 1, then the samelemmayieldsb < max{l,a} =
1, s0 k < 1. In other words, pdg A =a < 1and pdg A =k < 1, so Step 2
yields k = 0, a contradiction. Thus Step 3 is proved.
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_ Finally, if gl dim R = n < oo, then there exists a nonzero R-module
A with pdg A = n. We conclude that gldimR > pdg A > n + 1 and the
result follows. a

The hypothesis gldim R/{R < oo of the preceding theorem is ac-
tually necessary. For example, let R = Z be the ring of integers and
let { = 4. Then ( is a normal element of Z and gldimZ = 1. On the
other hand, by the remarks following Lemma 8.5, the global dimension of
R/{R = Z/4Z is infinite.

We can now quickly prove the main result of this chapter.

COROLLARY 11.4 IfRis a ring and o € Aut(R), then

gldim R[z;0] =1+ gldim R

PROOF 1If S = R[z; o), then we know from Theorem 11.2 that gldim S <
1+ gldim R. Thus the result follows if gldim S = oo and it suffices to
assume that gldim S =n < oco.

Since S is a free right R-module, it follows that any free S-module
is a free R-module and then that any projective S-module is a projective
R-module by restriction. Now let A be an arbitrary S-module and let the
S-modules Ag, A4,..., A, and the projective S-modules P, P, ..., P, be
defined inductively so that Ag = A and

O_’AZ"’Pz""'Az——l"")O

is exact for all t = 1,2,...,n. Since gldim S = n, we have A, projective.
By restriction, the preceding become exact sequences of R-modules with
the restrictions of all P; and of A, projective. Thus, clearly, pdg A < n.
In particular, if B is any R-module, then the induced S-module B ® S
satisfies pdy B® S < n. But B® S = -3, B ® 7' is a direct sum of
R-submodules with B & B ® 1 via the map b — b® 1. Thus B is an
R-direct summand of (B ® S)g and hence pdg B < pdg B® S < n. We
conclude at least that gldim R <n < oo.

Finally, notice that z is a normal element of S that is neither a unit
nor a zero divisor. Moreover, § = S/zS = R. Thus, since gldimR < oo,
the preceding theorem yields

n=gldimS >1+gldim5 =1+gldimR

and the reverse inequality is proved. O
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COROLLARY 11.5 Let K be a field and let K|[z1,z2,...,Z,] be the ordinary
polynomial ring in n variables over K. Then

gldim K[z1,z2,...,Z,] =1

PROOF This follows by induction on n, since gldim K = 0. a

The preceding is one aspect of the Hilbert Syzygy Theorem, which

we consider in complete detail in Chapter 15.

EXERCISES

1.

Verify that R[z;0] is freely generated by R and z subject to the re-
lations rz = zr” for all r € R. Then show that R is a right R[z;0]-
module with R acting as right multiplication and with z acting like
the automorphism o. What are the R[z;c]-submodules of R ?

.Let A be an R-module and let 7 € Aut(R). Prove that A7 is an R-

module and verify that the action of R is determined by the composite
map

Tt p
R — R — End(A)

A derivation §: R — R is a map satisfying 6(a + b) = 6(a) + 6(b)
and 6(ab) = ab(b) + 6(a)b for all a,b € R.

. If y € R, prove that the map ady: R — R given by ady:7 — [r,y] =

ry — yr is a derivation of R. Such derivations are said to be inner.

. Let § be a derivation of R. Prove that §(1) = 0 and that § extends

to a derivation ' of the ordinary polynomial ring R[t] by defining
§'(rt*) = 6(r)t"* + nrt*~1 for alln > 0.

If 6 is a derivation of R, then the Ore eztension R[z;6] is the ring
freely generated by R and z subject to the relations rz — zr = §(r)
for all » € R. In particular, § is now the restriction of ad; to R. We
use this notation in the remaining exercises.

. Show that the ordinary polynomial ring R[X]is a right R[z; §]-module

with R acting as right multiplication and with z acting by X*r -z =
Xitlr + Xi6(r). Conclude that 127 = XJ1 forall j > 0.

. First show that every element of R[z;6] can be written as a polynomial

>-;z'r; with r; € R. Then use the preceding module to prove that
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the coefficients r; are uniquely determined. Conclude similarly that
every element of R[z; 6] is uniquely a polynomial of the form }_, s;z*.

. Let R be right Noetherian and let S be any ring generated by R and

some element y such that R + Ry = R + yR. Prove that S is right
Noetherian. In particular, observe that this applies with S = R[z; §].

. Use the arguments of Theorem 11.2 to prove that gldim R[z; 6] <

1+ gldim R. Here conjugate modules are not needed, but one must
still verify that the map BgrxS — Br®S givenby bxs — b®@zs—bz®s
is balanced.

. If R is a Wedderburn ring, show that gldim R[z; 6] = 1.
. Let K be a field of characteristic 2 and consider the matrix ring S =

M2 (K[t]) = M2(K)[t]. Let z,y € S be given by

[0t (0 1
=10 ¥=1o0 o
If R is the subring of S generated by K and y, show that S = R[z; 6]

for a suitable derivation 6. Since gldim R = oo and gldim S = 1, we
see that gldim R is not bounded by gldim R[z; §] in this example.

In general, if gldim R < oo, then

gldim R < gldim R[z;6] <1+ gldim R

and either equality can occur.
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The Grothendieck group of a ring R is an additive abelian group that
is determined by all the finitely generated R-modules. It is important
because it is simple enough to be computed, yet subtle enough to contain
at'least some global information on the modules. As usual, when we study
such modules, it is appropriate to work in the context of Noetherian rings.
Thus we will assume throughout this chapter that R is right Noetherian
and we freely use the fact that submodules of finitely generated R-modules
are finitely generated (Lemma 6.6).

DEFINITION Let R be a right Noetherian ring and let F be the free additive
abelian group whose free generators are the isomorphism classes of the
finitely generated R-modules. Notice that every such finitely generated
module is a homomorphic image of some free R-module R™ of finite rank
n. Because of this, the collection of isomorphism classes of finitely gener-
ated R-modules is a set and we can choose representatives for the individ-
ual classes from among modules of the form R™/N, with N a submodule
of R™®. In other words, the construction of F involves no set theoretic
difficulties. 5

If A is a finitely generated R-module, let A denote the generator of
F that is its isomorphism class. Then the subgroup R of relations of
F is defined to be the span of all expressions of the foorm B— A - C
whenever there exists a short exact sequence 0 - A - B — C — 0.
The abelian group F/R is the Grothendieck group of R and is denoted
by Go(R). Furthermore, we denote the image of A in Go(R) by [A].
Thus Go(R) is the abelian group generated by the symbols [A] for all
finitely generated R-modules A subject to the relations [B] = [A] + [C]
whenever 0 - A — B — C — 0 is exact. Notice that [0] = 0, since

115
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0—0—0—0—0 is exact.

LEMMA 12.1 Let Ay, As,..., A, be finitely generated R-modules.
i If

0-—)A1—>A2—>"'—)An—)0

is exact, then i ;(—)![A:] = 0 in Go(R).
ii. If

0=A4CAC---CA =4

then [A] = Y11 [Ai/Ai-1).

PROOF (i) We proceed by induction on n, the cases n < 3 being clear.
If n > 3 and C is the image of the map A,_s — A,_1, then the original
sequence separates into the two exact sequences

0—2A1 2 A=+ 5 A 2—-C—0

and0—- C — A,1 —= An — 0. Thus
n—2 )
S (-) {4l + (=) ] = 0
i=1

by induction and, since [C] — [An-1] + [4r] = 0, the result follows.
(ii) This part is clear, since [A;/Ai—1] = [As] — [4i—1] and since
[Ao] = [0] =0. a

Now let us compute some examples. Part (i) of Lemma 12.2 is a key
observation. We paraphrase its hypothesis by saying that 6’ respects short
ezact sequences. The statement of part (ii) implicitly uses Proposition 5.5.

LEMMA 12.2 Let R be a ring.

i. Let A be an additive abelian group and let & be a map from
the collection of all finitely generated R-modules to A. Suppose 6'(B) =
0'(A) + 0'(C) whenever 0 = A — B — C — 0 is exact. Then §' deter-
mines a homomorphism 6: Go(R) — A given by 6([A]) = 6'(A).

ii. Assume that R is right Artinian and let V4, V3,..., Vi be repre-
sentatives of the finitely many isomorphism classes of simple R-modules.
Then Go(R) is the free abelian group on the generators [Vi), [Va), . . ., [Vk]-
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Furthermore, the composition length of a module determines a group ho-
momorphism p: Go(R) — Z.

PROOF (i) From the exact sequence 0 — 0 — 0 — 0 — 0, we see
that 6'(0) = 6'(0) + 6'(0) and hence that 6’(0) = 0 € A. Next from
0—0— B — C — 0, we see that B = C implies that 6'(B) = 6'(C).
Since F is free abelian, we can now define 6: F — A by 6(A) = 6'(A).
Furthermore, since 8(R) = 0, this map factors through Go(R) = F/R.
(ii) Now let R be Artinian. Since every finitely generated R-module
has a composition series by the Hopkins-Levitzki Theorem, it follows from
Lemma 12.1(ii) that Go(R) is spanned by [Vi],[V2),...,[Vk]. For inde-
pendence, let A be the free abelian group on the generators vy, vy, ..., Uk
and for each finitely generated R-module 4, define 6'(4) = 3°, m;v; € A,
where m; is the multiplicity of V; as a composition factor of A. Then6'(A)
is well defined, by the Jordan-Holder Theorem, and it respects short exact
sequences. Thus by (i), 8’ determines a homomorphism 6: Go(R) — A.
But 6([V;]) = ¢'(V;) = v; and hence it follows that [V4],[Va),...,[Vk]
are also independent. Finally for the result concerning p, we need only
observe that the composition length of A is a well-defined integer that
respects short exact sequences. a

Next we consider the behavior of Gp under a change of rings. Recall
that if ¢: R — S is a ring homomorphism with ¢(1) = 1, then S becomes
an (R, S)-bimodule with 7+ s = ¢(r)s for all r € R and s € S. Further-
more, if A is a right R-module, then AQg S is the right S-module induced
from A.

LEMMA 12.3 Let R and S be Noetherian rings and let ¢: R — S be a ring
homomorphism. If gS is flat, then the induced module map A— AQ® S
determines a homomorphism 6: Go(R) — Go(S) given by [A] — [A® S].

PROOF 1If A= 37 a;R is a finitely generated R-module, then A® S is
a finitely generated S-module with generators a; ® 1 for i = 1,2,...,n.
Thus 6": A — [A® S] is a well-defined map from the finitely generated R-
modules to Go(S). Furthermore, since gS is flat,if0 = A -+ B - C — 0
is exact, then so is

0 A®S—=-B®S—-C®S—-0
Thus

§'(B)=[B®S]=[A®5]+[C®S]
=0'(4) +6'(C)
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and @ respects short exact sequences. By Lemma 12.2(i), # determines
the appropriate map 6: Go(R) — Go(S). a

As an application, we compute the Grothendieck group of Z.

LEMMA 12.4 IfZ is the ring of integers, then Go(Z) is the infinite cyclic group
generated by [Z].

PROOF Let n be a positive integer. Then nZ = Z as Z-modules, so
[nZ] = [Z] in Go(Z) and hence [Z/nZ] = [Z] —[nZ] = 0. Now every finitely
generated Z-module is a finite direct sum of copies of Z and of Z/nZ for
various n. Thus we conclude from the preceding and Lemma 12.1(ii)
that Go(Z) is generated by the single element [Z]. It remains to show
that [Z] has infinite order. To this end, let @ be the field of rational
numbers, let ¢: Z — Q be the usual embedding, and note that zQ is
flat by Lemma 9.10. Thus the preceding result implies that the induced
module map yields a homomorphism 6: Go(Z) — Go(Q). Furthermore,
by Lemma 12.2(ii), Go(Q) is the infinite cyclic group generated by [Q)].
Since Z ® Q = @, we have 6([Z]) = [Q] and [Z] does indeed have infinite
order. a

There are, in fact, more exotic maps between the Grothendieck
groups of rings. For example, let S = R[z;0] and note that z is a nor-
mal element of S. Thus if A is an S-module, then A/Az is an S-module
and hence an R-module, since R C S. Next, S = Sz implies that
l.anng(z) = {a € A|az =0} is an S-submodule of A and hence also an
R-submodule. Since o € Aut(R), it therefore makes sense to consider the
conjugate R-module l.anng(z)°.

LEMMA 125 Let S = R[z;0] and let 0 - A — B — C — 0 be an exact
sequence of right S-modules. Then there exists a long exact sequence

0 — lanng(z)° — lanng(z)” — lLanng(z)?
— A/Az - B/Bz - C/Cz — 0

of R-modules.

PROOF We may suppose that A C B and let “: B — C denote the given
epimorphism. Since A + Bz is the complete inverse image of Cz in B, it
follows that

0 — (A+ Bz)/Bz — B/Bz — C/[Cz — 0
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is exact. Furthermore, (A + Bz)/Bz & A/(A N Bz) and
0— (ANBz)/Az — AJ/Az — A/(AN Bz) =0

is exact by the Third Isomorphism Theorem. The maps here are, of
course, all S-homomorphisms and hence R-homomorphisms. It therefore
suffices to construct an exact sequence

0 — lanng(z)? — Lanng(z)” — l.anng(z)° — (AN Bz)/Az — 0

To this end, let ¢ € lLanng(z) and say ¢ = b with b € B. Then
0 = cz = bz, so bz € AN Bz. Furthermore, b is unique up to a summand
in A, so bz is uniquely determined by ¢ up to a summand in Az. Thus
we have a well-defined map

8:lanng(z)® — (AN Bz)/Az

givenby ¢ » bz + Az if c = b. Observe that if r € R and if b and c are
as before, then er = br, so

6(c?r?) = 6((cr)”) = brz + Az
=bzr® + Az = §(c%)r’

and 6 is indeed an R-homomorphism. Moreover, 6 is onto, since bz €
AN Bz implies that 0 = bz = bz, so b € Lanng(z) and 6§(b°) = bz + Az.

Finally, suppose §(°) = 0. Then bz € Az, so bz = az for some
a € Aand (b—a)z =0. Also b—a = b. Thus we see that Ker(6) is
the image of l.anng(z)? under the R-homomorphism given by v — (b)°.
But the kernel of ~:l.anng(z) — l.anng(z) is ANlanng(z) = l.anna(z),
so the lemma is proved. O

As a consequence we have:

PROPOSITION 12.6 Let R be a right Noetherian ring and let S = R[x; o). Then
there is a group homomorphism 6: Go(S) — Go(R) given by

[4] — [A/Az] — [Lanny (z)7]

for all finitely generated S-modules A.

PROOF Since R is Noetherian, so is S. If A is a finitely generated S-
module, then both A/Az and l.ann4(z) are finitely generated S-modules.
But S = R + zS and zF acts trivially on each of these modules, so we
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conclude that both A/Az and L.anng4(z) are finitely generated R-modules.
Hence so is l.anna (z)? and it makes sense to define

§'(A) = [A/Az] — [Lanny(z)?] € Go(R)

Now suppose 0 - A — B — C — 0 is an exact sequence of S-
modules. Then by the preceding lemina we have

0 — lanny(z)’ — lanng(z)? — Lanng(z)”
— A/Az — B/Bz — C/Cz — 0

an exact sequence of finitely generated R-modules. By Lemma 12.1(i),
this yields

[Lanna(z)?] — [Lanng(z)?] + [Lannc(z))
— [A/Az]) +[B/Bz) - [C/Cz] =0

in Go(R) and hence 6'(B)—6'(A)—6'(C) = 0. Lemma 12.2(i) now implies
that 6’ determines a group homomorphism 6: Go(S) — Go(R). O

In case R has finite global dimension, the finitely generated projec-
tive R-modules determine Go(R). We will make this statement more
precise in Chapter 15. For now we prove:

LEMMA 12.7 Assume that all finitely generated R-modules have finite pro jec-

tive dimension and let P denote the collection of finitely generated pro-
jective R-modules.

i. Go(R) is spanned by the elements [P] for all P € P.

ii. Let A be an additive abelian group and assume that for each
P € P, we have 0'(P) € A. Furthermore, suppose 6'(P3) = 6'(P1)+0'(P,)
whenever Ps = P; & P,. Then 6’ determines a group homomorphism
6: Go(R) — A satisfying 0([P]) = 6'(P) for all P € P.

PROOF As usual, we freely use the fact that submodules of finitely gen-
erated R-modules are finitely generated.

(i) Let A be a finitely generated R-module. We show by induction
on k = pd A that [A] is in the span of [P] for all P € P. This is clear,
by definition, when & = 0. If k£ > 0, choose P! € P with0 - B —» P' —
A — 0 exact. Then [A] = [P'] — [B] and pd B = k — 1. By induction [B]

.is in the appropriate span and hence so is [4).

(i) Now we show by induction on ¥ = pd A that §'(4) € A can be
defined so that
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a. If0 - B— P — A — Oisexact-and P € P, then 6'(A)+6'(B) =
¢ (P). .
b. If C & A @ P; with P, € P, then §'(C) = 6/(A) + §'(P,).

First we verify the case k = 0. Here A is projective, so the sequence
in (a) splits and P = A®B. Then B is also projective and §'(A)+6'(B) =
6'(P) follows by hypothesis. Similarly, in (b) the module C must be
projective, so this again follows by hypothesis.

Now suppose k¥ > 0 and that the result holds for ¥k — 1. If the
sequences 0 = B—+ P -+ A —-0and 0 —+ By = P, —+ A — 0 are both
exact and P,P; € P, then by Schanuel’s Lemma (Lemma 8.1) we have
B ® P; & B; @ P. Furthermore, pd B = pd B; = k — 1. Thus statement
(b) for k£ —1 yields

¢'(B) +6'(P,) = §'(B & Py)

= ¢(Bro P)=0(B) +0(P)
and hence 6'(P) — §'(B) = 6'(P,) — 6'(B1). We can now define 6'(A)
unambiguously by 6'(A4) = §'(P) — 0'(B) and, with this, (a) follows. For
(b), observe that if 0 -+ B — P —+ A — 0 is exact and C & A @ P;, then

0— B — P®P; —C — 0is also exact. Furthermore, pdC =pdA =k,
so this yields

§'(C)=6¢(Pe P)—¢(B)
=¢'(P)+6'(P) —¢'(B) =6'(4) +6'(P1)
as required. Thus, by induction, (a) and (b) are true in general.

It remains to show that 8’ respects short exact sequences. To this
end, suppose 0 - A — B — C — 0 is exact. The goal is to show that
6'(B) = 6'(A) + 6'(C) and we proceed by induction on the sum of the
three projective dimensions. If pd C' = 0, then C € P and the sequence
splits. Thus B = A& C and 6'(B) = 6'(A) + 6'(C) by (b). On the other
hand, if pd B = 0, then B € P, so §'(B) = 6'(A) + 6'(C) by (a).

Finally, suppose that pd B, pdC > 0. Then by Lemma 8.6, there
exist finitely generated modules D, F, and P € P with

0—+D—-P—-B—0

0-F—-P—-C—0

0—-D—-E—-A—-0

all exact. In particular, pdD = pdB —1 and pdE = pdC -1, so (a)
and induction yield ¢'(B) = 6'(P) — ¢'(D), 6'(C) = ¢'(P) — ¢'(E) and
8'(E) = 6'(A) + ¢'(D). Thus

8'(B) - §'(C) = ¢'(E) — 6'(D) = ¢ (A)
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and ¢ does indeed respect short exact sequences. By Lemma 12.2(i), 6’

determines a homomorphism 6: Go(R) — A satisfying 6([P]) = 6'(P) for
all P e P. a

EXERCISES

Let R be aring and let e be a nonzero idempotent of R; assume that
R = ReR so that 1 = Y7 rier} for suitable r;, v} € R. If A is a right
module for the ring eRe, then, since eR is an (eRe, R)-bimodule, we
can define the right R-module a(A) by a(A) = AQ.g.eR. Conversely,
if B is an R-module, define the right eRe-module 3(B) by B(B) =
Be. The following six problems are aspects of the classical Morita
correspondence. We use all the preceding notation.

1. Show that @ and B are inverse maps and thus yield a one-to-one
correspondence between the isomorphism classes of right eRe-modules
and of right R-modules. To prove that a3(B) = B, first observe that
there is an R-module homomorphism #: Be ®.g. eR — B given by
be ® er — ber. Then note that 7 is onto and that Ker(n) e = 0.

2. Use the maps o: (eRe)® — Re and 7: Re — (eRe)™ defined by

n
0: (81,82, ..+, 8n) F Zrisi
1

T:7e — (eriTe,eryre,. .., ernre)

to prove that Re is a finitely generated projective right eRe-module.
In the same way, eR is a finitely generated projective left e Re-module.
3. Show that A is finitely generated or projective if and only if a(A) is
finitely generated or projective.
4. Prove that a and [ are exact functors. In other words, show that if

O—>A1—€+A2—§-—)A3-—>O

is an exact sequence of eRe-modules, then

0 — (A1) <=5 a(4s) 224 a(43) — 0

is an exact sequence of R-modules. Furthermore, show that if

0— By < By 2 By — 0
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10.

is an exact sequence of R-modules, then

0 = B(B1) = B(By) 2+ B(Bs) — 0

is an exact sequence of eRe-modules using the same homomorphisms
restricted to the subsets 5(B) = Be C B.

. Prove that pd.g. A = pdg @(A). Furthermore, if R is right Noethe-

rian, show that eRe is also right Noetherian and deduce that Go(R)
and Go(eRe) are isomorphic via maps determined by o and S.

. What does all this say about the matrix ring R = M., (S)?

The remaining exercises use the following notation. Let R be a ring
and let R[z] be the ordinary polynomial ring over R. If I is an ideal
of R, define R(I) to be the subring of R[z] given by

R(I)=R+Iz+I*z* + .-

If V is an R-module, then

VOR[z]=V®1+Vz+Vesii..-

is an R[z]-module and we define V(I) C V ® R[z] by

VI =Ve1+VI®c+VIP®z?4--.

. If R is right Noetherian and if I is generated by finitely many central

elements of R, prove that R(I) is right Noetherian. This, of course,
always holds when R is commutative.

. If V is a finitely generated R-module, show that V(I) is a finitely

generated R(I)-module.

. Let W be a submodule of V. Show that

W=Wwel+WnV)ez+WnVI}) ez +...

is an R(I)-submodule of V(I). If W is finitely generated as an R(I)-
module, prove that W N VI™ C W1 for some integer n > 0.

Suppose R is right Noetherian and that I is generated by finitely many
central elements. If V is a finitely generated R-module and W C V,
prove that WNVI™ C W1 for some integer n > 0. This is the (weak)
Artin-Rees Lemma.



13. Graded Rings and Modules

The ultimate goal of these few chapters is to prove that Go(R) is iso-
morphic to Go(R[z;0]) via the induced module map. To do this, it is
necessary to take a brief detour through graded rings and modules.

DEFINITION A ring S is said to be graded if it is the direct sum

124

S=So-i—Sl-i---.-i-Sn-i-.-.
of the additive abelian subgroups S,, and if multiplication satisfies
S,;Sj Q S'H.j for all i,j Z 0

The nonzero elements of the component S, are called homogeneous of
degree n. Of course, S = R[z; o] is graded with S, = Rz".

Now let Sy = S14 S3+- -+, so that S, is clearly a two-sided ideal of
S. Note that if 1 = sg + s’ with so € Sp and s’ € S, then forall s € S,
we have s = 1s = sps+ s's and matching terms of degree n yields s = sgs.
Similarly s = ssg, so sg acts like the identity on all homogeneous elements
of S and thus clearly on all elements of S. In other words, 1 = sp € Sp.
Since (Sg)% C So, it now follows that Sy is a subring of S with the same
1. Moreover, the projection map 7: S — Sp, which sends an element to
its zeroth component, is a ring epimorphism with kernel Sy.

An S-module V is said to be graded if

V=Vo+Vit: - -+Vat-
is a direct sum of the additive abelian subgroups V,, and if

ViS; CViy; foralli,j >0
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In particular, each V;, is an Sp-submodule of V' and, as above, the nonzero
elements of V;, are called homogeneous of degree n. Obviously, S is graded
as a right S-module.

Nowlet W and V be graded S-modules. Then a: W — V is a graded
homomorphism if it is an S-module homomorphism with a(W,) C V,
for all n. In particular, W is a graded submodule of V if W C V and
W =WnV, CV, for all n.

Some basic properties are as follows.

LEMMA 13.1 Let U, V and W be graded S-modules with W C V.
i. W is a graded submodule of V' if and only if it is generated by
homogeneous elements of V.

ii. If a:V — U is a graded homomorphism, then Ker(a) is a graded
submodule of V. .

iii. If W is a graded submodule of V, then V/W = -3, V;/W; is a
graded S-module and the natural map V — V/W is a graded homomor-
phism.

iv. Let W be a graded submodule of V and suppose that V = W+ X
for some submodule X of V. Then there exists a graded submodule Y of
V withV =W +Y. :
PROOF (i) If W is a graded submodule of V, then W = -3, W; =
Y (W NYV;) is generated by the homogeneous elements W NV, of V for
all n. Conversely, suppose W is generated by homogeneous elements of
V. Then ) ,(W NV;) is a direct sum that is easily seen to be a graded
submodule of V' contained in W. But, by hypothesis, this sum contains
all the generators of W. Thus W = - Y, (W NV;) as required.

(ii), (iii) These are obvious.

(iv) For each n, define W, = -3, W; and set Y, = (W, + X)NVx,.
Since V = Wy + W! + X and Wy C Vi, the Modular Law yields

%=ann=(Wn'i‘W;L+X)ﬂ%
=Wn-i-((W,,IL+X)nVn)=Wn'i‘Yn

In particular, if Y =), ¥;, then V = W +Y. Finally, note that W75 C
W, k> 80 Y8k C Yok and we conclude that Y is an appropriate graded
complement for W in V. O

DEFINITION Wesay that F is a graded-free S-module if it is a free S-module
with a homogeneous basis. Suppose, for example, that { f; } is such a
basis and that deg f; = d;. Let U be any graded S-module and let {u;}
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be any set of homogeneous elements of U with degu; = d;. Then there
exists an S-homomorphism F' — U determined by f; — u; for all ¢ and
this map is clearly a graded homomorphism.

Now let P be a graded S-module. We say that P is graded-projective
if and only if whenever we are given

P
i
V = W = 0
with V and W graded modules and with a and 3 graded maps, then there

exists a graded homomorphism «: P — V satisfying ay = (.
As with ordinary modules, we can easily show:

LEMMA 13.2 Let S be a graded ring.

i. Every graded S-module U is a homomorphic image of a graded-
free module F. Furthermore, if U is finitely generated, then we may take
F to be finitely generated.

ii. P is graded-projective if and only if P + Q = F, where P and Q
are graded submodules of the graded-free module F'.

PROOF (i) If U is a graded S-module, then U has homogeneous gener-
ators. Furthermore, if U is finitely generated, then, by taking the com-
ponents of each generator, we see that U is generated by finitely many
homogeneous elements. Now apply the comments contained in the pre-
ceding definition.

(ii) This follows as in Lemma 2.7 and Theorem 2.8. a

Graded modules that happen to be free are not necessarily graded-
free. For example, suppose S = Sy is commutative and let e # 0,1 be an
idempotent of the ring. Then V = Vp+V; with Vo = eS and V; = (1—e)S
is clearly free but not graded-free. On the other hand, we have:

LEMMA 13.3 Let P be a graded S-module. Then P is graded-projective if and

only if it is projective.

PROOF If P is graded-projective, then, by the previous lemma, P+Q =
F for some graded-free module F. But F is free and therefore P is
projective. Conversely, let P be graded and projective and let az: FF — P
be a graded epimorphism with F' graded-free. Since P is projective, the
sequence splits, but the back map need not be graded. In any case, if
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W = Ker(a), then W is a graded submodule of F, F/W = P, and
F =W 4 X for some submodule X. Lemma 13.1(iv) now implies that
there exists a graded submodule Y of F with F = W +Y. But Y
is graded isomorphic to F/W & P and thus P is graded-projective by
Lemma 13.2(ii). O

We now state the graded version of Nakayama's Lemma. It is a
trivial observation but surprisingly powerful. Indeed, it is the main reason
for this graded excursion.

LEMMA 13.4 (Graded Nakayama’s Lemma) Let S be a graded ring and let V
be a graded S-module.
L. IfVSy =V, thenV =0.
ii. If W is a graded submodule of V andV = W+V Sy, thenV =W.

PROOF (i) For all n > 0, we have V = V(S4)", so V contains no
homogeneous elements of degree less than n. Since V is generated by
homogeneous elements, we conclude that V = 0.

(ii) If :V — V/W is the natural graded homomorphism, then V' =
W+ VS, yieldsV=VS,. ThusV=0and V =W. a

As is to be expected, there is a graded analog of the Grothendieck
group Gg. The definition of this group is slightly complicated because
we must consider both graded homomorphisms and abstract (that is, not
necessarily graded) isomorphisms. Again, it is appropriate to work in the
context of Noetherian rings.

DEFINITION Let S = Sy + S; + --- be a right Noetherian graded ring and
let F be the free additive abelian group whose free generators are the
isomorphism classes of finitely generated graded S-modules. If A is such
a graded S-module, then we let A denote the generator of F that is its
isomorphism class. In other words, if A and B are graded S-modules that
are abstractly isomorphic, then A = B even though A and B need not
be graded isomorphic. Thus, for example, if A is graded in two different
ways, then these two modules are abstractly isomorphic and hence yield
the same generator A.

Now we define the subgroup R of relations of F to be generated
by all expressions of the form B — A — C whenever there exists a short
exact sequence 0 - A — B — C — 0 with graded homomorphisms. The
abelian group /R is called the graded Grothendieck group of S and is
denoted by gr Go(S). Furthermore, we denote the image of A in gr Go(S)
by [A]. Thus gr Go(S) is the abelian group generated by the symbols [A]
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for all finitely generated graded S-modules A subject to the relations
[A] = [B) if A= B and [B] = [A] + [C] whenever 0 = A—= B - C — 0
is graded exact. Notice that [0] = 0.

The following lemma indicates how these two types of relations can
be combined into one. Again, we paraphrase its hypothesis by saying
that @ respects graded short eract sequences. Note, however, that f is
not assumed to be a graded map.

LEMMA 13.5 Let S be a graded ring, let A be an additive abelian group and let

0’ be a map from the collection of finitely generated graded S-modules to
A, If 0'(B) = 6'(A) + 6'(C) whenever

0-A-%BL 00

is exact with a a graded homomorphism, then 6' determines a group
homomorphism 6: gr Go(S) — A given by 6([A]) = 6'(A).

PROOF From the exact sequence 0 - 0 — 0 — 0 — 0 we see that
6'(0) = ¢'(0) + 6'(0) and hence that 6’(0) = 0 € A. Next from 0 — 0 —
B — C — 0 we see that B = C implies that §'(B) = 6'(C). Of course,
the inclusion map 0 — B is a graded homomorphism here. Since F is
free abelian, we can now define 8: F — A by 6(A) = 6'(A). Furthermore,
since (R) = 0, this map factors through gr Go(S) = F/R. a

Again, let § =+ Y"22 ) S; be graded and form the ordinary polynomial
ring S[y]. Then S[y] is graded by total degree if we define

deg S;yf =i+ for all 4, j

In particular, S[y]y = So. The following is a key result. Notice that the
ring homomorphism that occurs here “cuts across the grade.”

PROPOSITION 13.6 Let S =) :o, Si be a right Noetherian graded ring and

let the polynomial ring S[y] be graded by total degree. Then the ring
homomorphism S[y] — S given by y — 1 determines a group epimorphism
gr Go(S[y]) — Go(S5).

PROOF Note that S[y] is right Noetherian and that the kernel of the
homomorphism ¢: S[y] — S is the principal ideal I = (y—1)S[y] generated
by the central element y — 1. Since y — 1 is a normal element of S[y],
Lemmas 9.6 and 9.11(i) imply that ¢ determines a map from the finitely
generated S[y]-modules to the finitely generated S-modules given by

A AQgp S = A/AI = AlA(y—1)
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In particular, we get a map 6’ from the finitely generated graded S[y)-
modules to Go(S) by defining 6'(4) = [A/A(y — 1)] € Go(S). This, in
turn, yields a group homomorphism from gr Go(S[y]) to Go(S), provided
we show that 6’ respects graded short exact sequences.

To this end, let

0458 c—o0

be a short exact sequence of graded modules with o a graded homomor-
phism. We may, of course, suppose that A is a submodule of B; then,
since « is graded, A is in fact a graded submodule of B. The goal is to -
show that there exists an exact sequence

0—+A/Aly—1) - B/B(y—-1) - C/Cly—1) =0

of S-modules and, in view of Lemma 9.6, it merely suffices to show that
AN BI = AI or, equivalently, that AN B(y — 1) = A(y — 1). Certainly
we have AN B(y—1) 2 A(y — 1).

For the converse, suppose Y ;a; € A and ) ;b; € B are elements
written in terms of their homogeneous components with

Sa= (3 b)w-1eanBy-1)

Then by comparing homogenous components we have ag = —bp and an, =
bn—1y — bn for all integers n > 1. Thus bg = —ag € A and, by induction,
bp, = bn—1y — an € A for all n. In other words, (3, 4bi)(y -1)e Aly-1)
and we conclude that ANB(y—1) = A(y—1) as required. It follows that

0— A/Aly—-1)—-B/By—-1) = C/C(y—-1)—0

is exact and thus 6'(B) = 6'(A)+6'(C) in Go(S). By the previous lemma,
6’ determines a group homomorphism 6: gr Go(S[y]) — Go(9).

It remains to show that 6 is an epimorphism. To this end, let V' be
a finitely generated S-module. Then, for some integer n, we can map the
free S-module F' = - Y7 f/S onto V' with kernel U’. Let F = - Y7 f;S[y]
be a free S[y]-module on the generators fi, f2,.. ., fa, graded so that each
i is homogeneous of degree 0. Now each u’ € U’ can be written uniquely
asu' =3, fisi =2, ; f{si,j, where s; = 3 s;,; is the decomposition of
s; into its homogeneous components with s;; € S;. If m is the largest
such j that occurs with s;; # 0, we define n(u’) € F by

n(w) =" fisijy™

%,J
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Then 7)(u’) is a homogeneous element of F' of degree m and we let U be the
S[y]-submodule of F' generated by all p(u’) foru’ € U’. By Lemma 13.1(i),
U is a graded submodule of F' and it is finitely generated, since S[y] is
right Noetherian. Furthermore, if V' = F/U, then V is a finitely generated
graded S[y]-module with 0 - U — F — V — 0 graded exact. By the
results of the preceding paragraph, we know that UN F(y —1) = U(y —1)
and that

0—-U/U(y—1)— F/F(y—-1)—>V/V(y—1) =0

is an exact sequence of S-modules.

Consider the additive group epimorphism F — F' given by f;sy7
fls for all4,j and all s € S. The kernel of this map is clearly F(y—1) and
hence we obtain an S-isomorphism F/F(y — 1) — F'. Under this map,
the image of n(u’) + F(y — 1) is precisely »’ and therefore U/U(y — 1) =
U/(U N F(y — 1)) maps onto U'. Thus V' = F'/U' = V/V(y — 1), so
[V'] = 6([V]) and 0 is indeed an epimorphism. a

It is apparent that the second half of the preceding proof is an analog

of the classical trick of adding a new variable to introduce homogeneous
coordinates.

EXERCISES

1. The graded ring S = Sp 451+ - - is said to be graded Noetherian if the
set of graded right ideals of S satisfies the ascending chain condition.
Prove that S is Noetherian if and only if it is graded Noetherian. Note
that if I is any right ideal of S and if I, denotes the set of degree n
components of elements of IN (Sg+ 81 +-+-+Sy), then Io+ I, +-- - is
a graded right ideal of S. With this, one can proceed as in the proof
of the Hilbert Basis Theorem.

2. Show that Sy Noetherian does not imply § Noetherian in general.

3. Let § = So+8;+: - - be a graded ring and assume that every projective
So-module is free. Prove that every graded-projective S-module P =
Py + Py 4 -+ is graded-free. To this end, observe that PSy = N
is a graded submodule of P and that P/PS, = P/N = -5, P;/N;
is a projective Sp-module by Lemma 9.11(i). Thus each P;/N; is
a projective and hence free Sp-module. Now use the argument of
Lemma 10.2 along with the Graded Nakayama’s Lemma.

4. Find all finitely generated graded K[z]-modules up to abstract iso-
morphism. Remember, K[z] is a principal ideal domain.
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Let R be a ring and let G be a multiplicative group. Assume that
G acts as automorphisms on R, so we have a group homomorphism
G — Aut(R). As usual, the fized ring RG of R is defined by

Re={reR|r9=rforallge G}

where the map r — 79 is the automorphism corresponding to g € G.
Furthermore, we define the skew group ring R*G to be the set of
all formal finite sums ) ¢ 799 With coefficients ry € R. Addition in
Rx*G is componentwise and multiplication is determined distributively
by the formula

ag-bh= abg_l(gh)

for all a,b. € R and g,h € G. As with ordinary group rings, we
identify r with 71 and g with 1g so R,G C R+G. In Problems 6 and 7
we assume that |G| =n < oo.

5. Verify that RC is a subring of R and that R*G is an associative ring
with 1.

6.1f 1/n € R, show that e = (1/n) Y ¢ g is an idempotent of R+G
with e(R+G)e = eR® = RE.

7. Let W C V be RxG-modules and assume that Vg = Wgr+ Xg for some
R-submodule X of V. If 1/n € R, show that V = W + Y for some
RxG-submodule Y of V. To this end, let m: V' — W be the R-module
projection map determined by V = W 4+ X and define 7#':V — W
by 7'(v) = (1/n) ¥ yee m(vg~')g. Prove that 7’ is an R+G-module
projection map from V' to W. Explain why this generalizes Maschke’s
Theorem (Proposition 4.9).

Again let G be a multiplicative group. A ring S is said to be G-
graded if S = 'deG Sy is a direct sum of the additive subgroups
Sy and if SgS, C Sg for all g,h € G. Furthermore, S is strongly
G-graded if SqSp = Sgp, for all g,h € G. Observe that S = R«G is
strongly G-graded with Sq = Ryg.

8. Let 5 be a G-graded ring with 1. Show that 1 € S; and that S is
strongly G-graded if and only if 1 € Sy5,-1 for all g € G. Further-
more, if u € Sy is a unit of S, prove that u™* € §g-1.

9. Let $=Mj3(K) and let G = {1,g} be agroup of order 2. Define

K K 0 0 0 K
S;=({K K 0 and Sg=|0 0 K
0 0 K K K 0
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Show that this makes S a strongly G-graded ring but that S is not a
skew group ring.

If |G| = n, let Mg(R) be the ring of n x n matrices over R with rows
and columns indexed by the elements of G. Show that S = Mg(R)
becomes G-graded by assigning a grade of g~1h to the entries in the
(g, h)-position. Thus M, (R) is a G-graded ring for any group G of
order n.
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We are finally ready to compute the Grothendieck group of a skew poly-
nomial ring. We start by fixing certain notation, which will remain in
force until Theorem 14.7 is proved.

Let R be a right Noetherian ring and let § = R[z;0] be a skew
polynomial ring over R. Then S becomes a graded ring by defining S, =
Rz™ for all n. Next, we let T = S[y] be the ordinary polynomial ring over
S in the variable y and we grade T by total degree. Thus, by definition,

i+j=n i+j=n

It is convenient to think of T' as a skew polynomial ring over R in the two
variables z and y with the additional proviso that zy = yz. Of course, y
is actually a central element of T

Let I denote the ideal Ty of T. Then, since £ and y are normal
elements of T, we have

I=T,=zT+yT=Tz+Ty

In particular, if A is a right T-module, then Al = A(Tz+Ty) = Az+ Ay.
Furthermore, T'/I = T /T = Ty = R and, in this way, R becomes a left
and a right T-module.

Let A7 and 7B be T-modules. In homological algebra there is an
interesting and important sequence of abelian groups constructed from
A and B. These are denoted by Tor,(A,B) for n = 0,1,2,... and they
start with Torg(A,B) = A ® B. They are used to compensate for the
fact that the tensor product is not an exact functor. Although we will
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not need much of this Tor machinery in the following arguments, we will
nevertheless be using certain elementary aspects that, in our case, can be
proved directly. We also properly label the following assumptions as Tor
conditions, even though we do not formally define Tor.

DEFINITION Let A be a right T-module. We say that Tor;(A4,R) = 0 if and
only if, for all a1,as € A, a1z = a2y implies that a; = ay and a2 = ax
for some a € A. Furthermore, we say Torz(A,R) = 0 if and only if, for
all a € A, az = 0 = ay implies ¢ = 0. In particular, Torz(A, R) = 0 is
equivalent to L.anng(z) Nlanng(y) = 0.

The following two lemmas contain all the Tor machinery we require.

LEMMA 141 Let0 - A — B — C — 0 be an exact sequence of T-modules
with A C B.
i. If Tor1(C,R) = 0, then ANBI = Al
ii. If AN BI = AI and Tory(B, R) = 0, then Tor1(C, R) = 0.

PROOF Let ~: B — C be the given map and recall that BI = Bz + By.

(i) Suppose that byz — boy € AN BI. Then byz = byy and, since
Tor;(C, R) = 0, we have b; = by and by = bz for some b € B. Thus there
exist a1,a2 € A with b = by + a; and b = bz + a. Since zy = yz, this
yields

b1z — bay = (by + a1)z — (bx + a2)y
=a1T —ay € Al

and hence A N BI C Al as required.

(11) Let ¢; = b; and ¢ = by be elements of C with ¢;z = coy. Then
b1z = bay, 80 byz — bay € AN BI = AI, by assumption. Thus there exist
ai,az € A with byx — bay = a1z — a2y, so (by — a;1)z = (b2 — a2)y. Since
Torl(B R) = 0, there exists b € B with b; — a; = by and b2 — a2 = bz.
But b1 —a; = by = ¢; and by —az = by = ca, so we conclude that
¢1 = by, c = bz and Tor;(C,R) = 0. a

LEMMA 142 Let0 — A — B — C — 0 be exact and suppose A C B.
i. If Tory(B, R) = 0 and Torz(C, R) = 0, then Tor;(A, R) = 0.
ii. If Tora(B,R) = 0, then Tora(A,R) = 0.

PROOF (i) Again let ": B — C denote the given map and suppose
aj,az € A satisfy a1z = agy. Since A C B and Tor;(B,R) = 0, there
exists b € B with a; = by and a2 = bz. But then by = bz = 0, so
Torz(C, R) = 0 implies that b = 0. In other words, b € A and we con-
clude that Tor; (A4, R) = 0.
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(ii) This is clear since A C B. O

If D is a finitely generated R-module, then, by Lemma 9.11(ii), the
induced module

A=D@T="-) Dzl
i,j>0

is a graded T-module once we define

A, = Z D ® zty

t+j=n

Furthermore, A is finitely generated by the elements d ® 1 as d runs
through the generators of D. Notice that Tr 2 R ® T'; therefore, since ®
commutes with direct sums, every free T-module is abstractly isomorphic
to an induced module.

LEMMA 14.3 The induced module map determines a group homomorphism
Go(R) — grGo(T). Furthermore if A is an induced T-module, then
we have Tor; (A, R) = 0 and Torz(A4,R) = 0.

PROOF The map 0": D — [D ®T) sends finitely generated R-modules to
elements of the abelian group gr Go(T'). Furthermore, if

0— Dy -2 Dy 24 Dy =0

is exact, then

0~D;®T 224 D, 0T 2L D, 0T -0

is an exact sequence of graded T-modules, since rT is free and hence flat.
Since a ® 1 and S ® 1 are clearly graded homomorphisms, it follows that

0= [Dz@T]—[Dl ®T]—[D3 ®T]

in gr Go(7T') and hence that 6'(D;) = 6'(D1)+6'(D3). Lemma 12.2(i) now
implies that 6’ determines a group homomorphism 6: Go(R) — gr Go(T').

Finally let A = D ® T, so that every element of A is uniquely of
the form a = Y, ;di; ® ¢y’ with d;; € D. In particular, we have
l.anng(z) = l.anng(y) = 0; hence Torz(A4, R) = 0. Furthermore, suppose

a; and ag are elements of A with a1z = a2y. Then it is clear that a; has
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Nno Nonzero summands of the form d ® z*y° and that a; has no summands
of the form d ® z%y7. Thus a; = a}y and a; = az for some af,a} € A.
But then (aj — a4)zy = a1z — azy = 0 and it follows that ay = a5, as
required. a

We say that a graded T-module is induced if it is abstractly isomor-
phic to some D ® T'. In particular, our previous observation implies that
every graded-free T-module is induced.

LEMMA 14.4 Let C = - 352, C; be a graded T-module and assume that C =
CiT for some k. If Tory(C,R) = 0, then C = Cy ® T and hence C is
an induced module. Furthermore, if C is a finitely generated T-module,
then C}, is a finitely generated R-module.

PROOF Note that C} is a module for Tp = R and thus Cp, ® T is a
T-module. We now define a shifted grading on Cx ® T so that c; ® zty’
has degree ¢ + j + k. Since the map Cy x T — C given by (cg,t) — cxt
is balanced, there is a T-module homomorphism &:Cr ® T' — C given by
ck.® t — cit. By definition of the grading, it is clear that £ is a graded
homomorphism and, since C = CyT, we see that £ is onto. The goal is
to show that £ is one-to-one.

To start with, let a € Ker(¢) and write a = 3, ;di,; ® 2y’ with
di,j € C. Then

0=¢£(a) = Z di jaiy

1,j

and, since d; ;z'y’ has degree i + j + k, we conclude that do = 0. Thus
a € (Cx ® T)I and hence Ker(¢) C (Cr, @ T')I.
Next consider the short exact sequence

0—»Ker(£)—>0k®T—£+C—>0

Since Tor;(C, R) = 0, Lemma 14.1(i) implies that Ker(¢§) N (Cx @ T)I =
Ker(¢)I. But Ker(¢) C (Cr ®T)I, by the preceding, so Ker(¢) = Ker(¢)I.
The Graded Nakayama’s Lemma now yields Ker(¢§) = 0 and thus C is
graded isomorphic to Cx ® T' with the shifted grading. In particular, C
is abstractly isomorphic to Cx ® T, with the usual grading, and hence C
is an induced module.

Finally, since C = CiT, we have C = Cj + Ckqy1 + ---. Thus if
C' = Ciq1 + Cryz +- - -, then C' is a T-submodule of C with C/C’ = Cy
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as modules for the ring T'/I & R. In particular, if C is a finitely generated
T-module, then Cj, = C/C' is a finitely generated R-module. a

We will also need the following simple observation.

LEMMA 145 Let B = -Z;ﬁo B; be a graded T-module and let k > 0 be an
integer. If A = ), . B;T, then A is a graded submodule of B with
A=3%,AiT and ANBI = Al

PROOF . Note that A is generated by homogenous elements of B, so A
is a graded submodule of B. Also, if i < k, then A; = B; and hence
A=Y AT

Now clearly AN BI D AI. For the converse, first observe that

A=Y Ai(R+I)=C+AI
i<k

where weset C =3, <k Ai. Thus since AT C BI, we have
ANBI=(C+ AI)nBI =(CNBI)+ AI
and it suffices to show that

(ZAi) NBI=CNBICAI

i<k

To this end, let b belong to the latter intersection. Since b € BI, we can
writeb =}, b;jt; withb; € B, t; € I and all these elements homogeneous.
Furthermore, since b € C, we have degb < k, so we can assume that each
summand satisfies deg b; +-degt; < k. But then b; € A, so b;t; € AI and
hence b € AI as required. , O

We can now prove:

THEOREM 14.6 Let R be a right Noetherian ring, let S = R[z;c] be a skew
polynomial ring over R and set T = S[y]. If T is graded by total degree,
then the induced module map determines an epimorphism 0: Go(R) —
gr Go(T).

PROOF Lemma 14.3 asserts that the induced module map 6: Go(R) —
grGo(T) exists. If B = -3 2, B; is a finitely generated graded T-
module, we show that [B] € Im(#) by considering several cases.

CASE 1 Tory(B,R) = 0.
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PROOF Since B is finitely generated, we have B = Zf-_—o B;T for some
k and we proceed by induction on k. Set

A=Y BT =) AT

i<k i<k

so that, by the previous lemma, A is a graded submodule of B with
AI = AN BI. Let C = B/A. Then Lemma 14.1(ii) and the graded exact
sequence 0 - A — B — C — 0imply that Tor; (C, R) = 0. Furthermore,
by definition of A, it is clear that C = CiT. Thus, by Lemma 14.4,
C =2 C;®T is an induced module with C a finitely generated R-module.
It follows that [C] € Im(6) and then, by Lemma 14.3, that Torz(C, R) = 0.
But then Lemma, 14.2(i) yields Tor; (4, R) = 0, so, by induction, we have
[4] € Im(6) and therefore [B] = [A] + [C] is also contained in Im(g). O

CASE 2 Torz(B,R) =0.

PROOF Let F be a finitely generated graded-free T-module with 0 —
A - F - B — 0 graded exact. Since F is induced, we have [F] €
Im(6); also, Tor;(F,R) = 0 by Lemma 14.3. Since Torz(B,R) = 0,
Lemma 14.2(i) implies that Tor; (A, R) = 0. Thus [A] € Im(#), by Case 1,
and therefore [B] = [F] — [4] € Im(h). ' O

CASE 3 B arbitrary.

PROOF As before, let 0 = A — F — B — 0 be graded exact with F’
a finitely generated graded-free T-module. Then F is induced, so [F] €
Im(6) and Torz(F, R) = 0. Hence Tory(A, R) = 0, by Lemma, 14.2(ii), and
we conclude from Case 2 that [A] € Im(6). Thus [B] = [F] — [4] € Im(6)
and the theorem is proved. a

It is now a simple matter to put all the ingredients together. Notice
that the following conclusion asserts that 6 is an isomorphism.

THEOREM 14.7 (Grothendieck-Quillen Theorem) Let R be a right Noetherian

ring and let S = R[z;0] be a skew polynomial ring over R. Then the
induced module map determines an isomorphism 60: Go(R) — Go(S).
Specifically, 6: [A] — [A® S] and 6~*:[B] — [B/Bz] — [L.anng(z)].

PROOF Form the ordinary polynomial ring T = S[y] and observe that
both S and T are right Noetherian by the Hilbert Basis Theorem. If we
grade S so that S, = Rz™ and if we grade T by total degree, then Theo-
rem 14.6 asserts that there exists an epimorphism 6y: Go(R) — gr Go(T)
given by 61:[A] — [A Qg T). Next, Proposition 13.6 implies that the
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ring epimorphism ¢ from T = S[y] to S given by y +— 1 determines a
group epimorphism 6y: gr Go(T) — Go(S). Here 6;:[C] — [C ®7 S] =
[C/C(y - 1)].

It follows that the composite map
8: Go(R) 2 gr Go(T) 22 Go(S)

is also an epimorphism. Furthermore, by transitivity of induction, we have
6: [A] — [A®r S), where S is viewed as a left R-module via'the combined

map R— T %, S. But the latter map is just the usual embedding of R
into S, so 6 is precisely the homomorphism corresponding to the induced
module map.

We now know that 6 is onto. It remains to show that it is one-to-one.
To this end, note that, by Proposition 12.6, there is a group homomor-
phism 63: Go(S) — Go(R) given by [B] — [B/Bz] — [Lanng(z)?]. We
consider the composite map

Go(R) = Go(S) 2 Go(R)

If A is a finitely generated R-module, then, by Lemma 9.11(ii),

(o)
B=A®RS=A®RR[$;O‘]=-2A®$7:

=0

It follows that B/Bz = A as R-modules and that l.anng(z) = 0. Thus
630([A]) = 63([B]) = [A] and 636 is the identity on Go(R). We conclude
first that @ is one-to-one and then that 6~ = 3. O

We remark that Grothendieck proved the above result for ordinary
polynomial rings over commutative rings. On the other hand, Quillen’s
result is far more general than what we quote here. It applies to a fairly
large class of graded rings S with Sy = R and its proof requires the full
Tor machinery.

COROLLARY 14.8 Let S = R[z1,3,...,z,] be an ordinary polynomial ring in
n variables over the right Noetherian ring R. Then the induced module
map determines an isomorphism Go(R) — Go(S).

PROOF This follows easily by induction on n and the transitivity of the
induced module map (Lemma 9.12). O
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Let R be an arbitrary ring, let Ap and g B be R-modules and let
B2 B :
o= Pp— P — Pp—+B—0
---———)Pé-g-g-)Pl' -03->P6-—>A—+0

be projective resolutions. If we tensor these sequences with A and B,
respectively, and then delete the A® B term, we obtain the complexes

o AR P, 225 Ao p 128 pe Py 125
.= P,eB2® plop 28 prgB 2% ¢ .

where, for convenience, we let 1® 3p and ap®1 denote the appropriate
zero maps. The abelian groups Tor (A, B) are now defined by

Tor?(A, B) = Tor, (A, B) = Ker(1 ® £,)/Im(1 ® Br41)

forn=0,1,2,.... It can be shown that Tor, (A, B) depends only on
A and B and not on the particular projective resolution chosen for B.
Furthermore, the definition is symmetric in that

Tor2(A, B) = Tor, (A, B) = Ker(oy, ® 1)/Im(an41 ® 1)

. Prove that Torg(4, B) & A ® B and that

Tor, (A, B & C) = Tor,(A, B) & Tor,(4,C)

. Suppose y: B — C'is a left R-module homomorphism. Show that «y de-

termines a group homomorphism Tory, (v): Tor, (A, B) — Tor, (4, C),
which enjoys properties similar to those of 1 ® 4. In particular, if B
is an (R, S)-bimodule, conclude that Tor, (A, B) is a right S-module.
If A or B is flat, prove that Tor, (A, B) =0 for all n > 1.

If pd A=k or pd B = k, show that Tor,(A,B) =0forall n >k + 1.
Suppose 0 -+ C — P — B — 0 is an exact sequence of left R-modules
with P projective. Prove that Tor,(A,C) = Tor,41(A,B) for all
n > 1. Furthermore, show that
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0 — Tor;(A,B) = A®C - A®P - A®B—0

is exact.

. Let R C S be rings with gS flat. Let A be a right R-module and let

B be a left S-module. Note that B is a left R-module by restriction.

Prove that

TorS(A®g S, B) & TorZ(A, g B)

To this end, start with a projective resolution for A and tensor it with
the flat module S to obtain a projective resolution for A®g S. Then
use these sequences to compute the appropriate Tor groups.

Now let R be a right Noetherian ring and use all the notation of
this chapter. In particular, let § = R|[z;0] be graded with S, = Rz"
and let T = S[y] be graded by total degree. Furthermore, view R as
the left S-module R = S/Sz and as the left T-module R & T'/T =
T/(Tz + Ty).

.If A is a right S-module, compute Tor: (A, R) from the short exact

sequence 0 - St — S — R — 0.

. Prove that the induced module map determines a group isomorphism

0: Go(R) — gr Go(S). To this end, define Tor;(A, R) = 0 to mean
that l.anng(z) = 0 and follow the proof of Theorem 14.6. The neces-
sary Tor machinery is all contained in Lemma 12.5.

. Show that the map 6 of Theorem 14.6 is an isomorphism.
. Prove that the sequence of left T-modules

0T - TeT-HT—-R—0

with &:t — (ty, tz) and n: (t1,t2) — t1o — oy is exact. If A is a right
T-module, use this sequence to compute Torg:(A, R). In particular,
justify the definitions given at the beginning of this chapter.
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We now return to the study of finitely generated projective R-modules
and again we assume throughout that R is right Noetherian. The goal is
to obtain a projective analog of the isomorphism Go(R) & Go(R[z;0])
and for this we need a projective version of the Grothendieck group.

DEFINITION Let R be a right Noetherian ring and let F be the free abelian
group whose free generators are the isomorphism classes of the finitely
generated projective R-modules. As usual, if P is such a module, then
we let P denote the generator of F that is its isomorphism class. Fur-
thermore, we let R be the subgroup of F generated by all expressions
of the form B — A — € whenever there exists a short exact sequence
0 - A— B — C — 0. Notice that, since C is projective, the latter se-
quence splits and is equivalent to B = A® C. We now let Ko(R) = F/R
be the projective Grothendieck group of R. In particular, if [P] is the
image of P in Ko(R), then Ko(R) is the abelian group generated by the
symbols [P] for all finitely generated projective R-modules P subject to
the relations [B] = [A] + [C] whenever B & A @ C. Obviously, [0] =0.

We start with the projective analog of Lemma 12.2 and we para-
phrase the hypothesis of part (i) by saying that 6’ respects direct sums.
The statement of part (ii) implicitly requires Theorem 5.9.

LEMMA 15.1 Let R be a ring.

i. Let A be an additive abelian group and let @' be a map from the
collection of finitely generated projective R-modules to A. Suppose that
¢'(B) = 0'(A) +6'(C) whenever B = A& C. Then ¢’ determines a group
homomorphism 6: Ko(R) — A given by 6([P]) = 6§'(P).

142
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ii. Suppose R is right Artinian and let Py, P,,..., Py be representa-
tives of the isomorphism classes of the finitely many principal indecompos-
able R-modules. Then Kq(R) is the free abelian group on the generators
[Pl]v [P2]’ SRR [Pk]'

PROOF (i) From 0 & 060 it follows that 6'(0) = 0 € A. Next, if B C,
then B= 0@ C, so 6'(B) = 6'(C). Thus, since F is free abelian, we can
define 6: F — A by 6(P) = 6'(P). But §(R) = 0, so this map factors
through Ko(R) = F/R.

(ii) Now let R be Artinian. Since every finitely generated projective
R-module is a direct sum of principal indecomposables, it follows that
Ko(R) is spanned by [P1],[Pz],...,[Px). For independence, let A be the
free abelian group on the generators p;,ps,...,px and for each finitely
generated projective R-module P, define §'(P) = 3_; mjp; € A, where
m; is the multiplicity of P;, as a direct summand of P Then ¢ is well
defined, by Theorem 5.9, and it respects direct sums. Thus by (i), ¢’
determines a homomorphism 6: Ko(R) — A. But 6([R;]) = ¢'(P;) = p;,
so it is clear that [P1],[P2],...,[Pk) are also independent. a

We will return to Artinian rings shortly, but first it is appropriate
to consider the relationship between Kg and Gg for arbitrary rings.

THEOREM 15.2 Let R be a right Noetherian ring. Then there is a natural
homomorphism ¢: Ko(R) — Go(R) given by c:[P] — [P]. In addition, if
every finitely generated R-module has finite projective dimension, then c
is an isomorphism.

PROOF The map ¢’ that sends finitely generated projective R-modules
P to [P] € Go(R) clearly respects direct sums. Thus ¢’ determines a
group homomorphism ¢: Ko(R) — Go(R) given by c:[P] — [P].

Now suppose that all finitely generated R-modules have finite pro-
jective dimension. Then, by Lemma 12.7(i), we know that c is onto.
Furthermore, let A = Ko(R) and define §'(P) = [P] € A for all finitely
generated projective R-modules P. Then clearly 6'(P3) = ¢'(P1) + ¢’ (P2)
whenever P; & P; @ P,, so Lemma 12.7(ii) implies that 6’ determines
a group homomorphism 6: Go(R) — A with 6: [P] — ¢'(P) = [P]. But
then the combined map

Ko(R) -5 Go(R) -5 Ko(R)

is the identity on Kq(R) and therefore c is one-to-one. O
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As we mentioned in the paragraph preceding Lemma 12.7, if R has
finite global dimension, then the finitely generated projective R-modules
determine Go(R). Indeed the fact that c is an isomorphism in this sit-
uation gives a precise meaning to that statement. The homomorphism
c: Ko(R) — Go(R) is called the Cartan map.

Now let us suppose that R is right Artinian. Then, by Theorem 5.9,
there is a one-to-one correspondence between the isomorphism classes of
principal indecomposable R-modules Pi, P, ..., P and of the irreducible
R-modules Vi, Vs,..., Vs given by P;/P;N &£ V;, where N = Nil(R) =
Rad(R). In particular, it follows from Lemmas 12.2(ii) and 15.1(ii) that
Go(R) and Ko(R) are isomorphic. On the other hand, this isomorphism
need not be achieved by the Cartan map. Indeed, c is neither surjective
nor injective in general. Finally, note that if V; occurs as a composition
factor of P; with multiplicity c; ;, then

c:[Pi] — Z ¢,3[Vil

and the Cartan matriz (c;;) is precisely the matrix of the Cartan map
with respect to the bases { [P1], [P2),--.,[P&]} and { [Vi],[Va],..., [V&] }-

Next we see that the induced module map for Kg requires no flatness
assumption.

LEMMA 15.3 Let R and S be right Noetherian and let ¢: R — S be a ring
homomorphism. Then the induced module map P — P ® S determines
a homomorphism 6: Ko(R) — Ko(S).

PROOF If P is a finitely generated projective R-module, then P® S is a
finitely generated projective S-module by Lemma 9.11(i). Thus it makes
sense to define 6'(P) = [P ® S] € Ko(S). Furthermore, since tensor
product commutes with-direct sums, it follows that 6’ respects direct
sums and Lemma 15.1(i) yields the result. O

We can now obtain the projective analog of Theorem 14.7.

THEOREM 15.4 (Serre’s Theorem) Let R be a right Noetherian ring and set
S = R[z;0]. IfgldimR < oq, then the induced module map determines
an isomorphism 6: Ko (R) — Ko(S).

PROOF By Theorems 11.1 and 11.2, we know that S is right Noetherian
with gldim §' < oco. In particular, Theorem 15.2 applies to both R and S
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and we have the commutative diagram
Ko(S) &= Go(S)
Te 16

Ko(R) = Go(R)

where 6 and 6; denote the induced module maps and ¢ and ¢; are the
Cartan maps. But c;, ¢~! and 6; are isomorphisms, by Theorems 14.7
and 15.2, and therefore so is 6. ' a

We will obtain some rather powerful corollaries of this result once
we take a closer look at Ko(R).

DEFINITION Let A and B be finitely generated R-modules. Then A and B are
said to be stably isomorphic if A® R™ = B ® R™ for some free R-module
R™ of finite rank n. Furthermore, A is stably free if A® R™ =2 R™ for
some integers m,n > 0.

LEMMA 15.5 Let P and Q be finitely generated projective R-modules.
i. [P] = [Q)] in Ko(R) if and only if P and @ are stably isomorphic.
ii. [P) is in the cyclic subgroup of Ko(R) generated by [R)] if and
only if P is stably free.
iii. Ko(R) is the cyclic group generated by [R] if and only if all
finitely generated projective R-modules are stably free.

PROOF (i) If P and @ are stably isomorphic, then certainly [P] = [@Q] in
Ko(R). For the converse, we work in the free abelian group F and we use
all the notation given in the definition of Ko(R) = F/R. In particular,
if [P] = [Q)], then P — Q € R, so this element can be written as a finite
sum and difference of relations. Say

IS—Q=Z(B,;—A{—C~'¢)+2(Ej+pj—éj)
J

i

with B; & A; ® C; and Ej ng@Fj. Thus
P+Y A+> Ci+Y Ei=Q+Y Bi+Y D+ > F
i i J i J J

and this means that the summands on the left must match, term for
term, with the summands on the right. In particular, the direct sum of
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all modules represented on the left must be isomorphic o the direct sum
of all modules represented on the right. Hence we have PV =2Q oV,
where V is the direct sum

veeY 40y GoY
i i J

0y BoY. D05,
i J J

But V is a finitely generated projective module, so V& U = R™ for some
n. Thus, since :

POR"=PoVoU=QoVoU=QOR"

we conclude that P is stably isomorphic to Q.

(if) If P is stably free with P @ R™® = R™, for example, then [P] =
(m — n)[R)] in Ko(R). Conversely, suppose [P] is contained in the cyclic
subgroup of Ko (R) generated by [R] and say [P] = n[R]. If n > 0, then
P is stably isomorphic to R", by (i), and hence P is stably free. On the
other hand, if n < 0, then P @ R(~™ is stably isomorphic to 0 and again
P is stably free. Thus (ii) is proved and (iii) is immediate. a

We can now obtain the key application of Theorem 15.4.

COROLLARY 15.6 Let R be a ring satisfying the three conditions:

i. It is right Noetherian.

ii. It has finite global dimension.

iii. All finitely generated projective modules are stably free.
If S = R[z; 0], then S also satisfies (i), (ii), and (iii).
PROOF We already know from Theorems 11.1 and 11.2 that conditions
(i) and (ii) are individually inherited by S. Now assume that R satisfies
(i)—(iii). Then by Lemma 15.5(iii), Kq(R) is the cyclic group generated
by [R]. Furthermore, by Theorem 15.4, Ko(S) is isomorphic to Ko(R)
via the induced module map. But R® S = S, so Kg(S) is the cyclic
group generated by [S] and Lemma 15.5(iii) yields the result. a

In particular, we have:

THEOREM 15.7 (Hilbert Syzygy Theorem) Let R = K|[z1,%2,...,Ts] be the

ordinary polynomial ring in n variables over the field K. Then gldim R =
n and all finitely generated projective R-modules are stably free.
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PROOF Note that the field K satisfies conditions (i)—(iii) of the previous
result; thus, by induction on n, so does R = K|[z1,%2,...,Zn). Since
gldim R = n by Corollary 11.5, the result follows. O

This is neither the original formulation nor the original proof of
the Syzygy Theorem. In this context, syzygy means relation and the
preceding result affords at least a partial description of all the finitely
generated modules for the polynomial ring R. For example, suppose V is
such a module with generating set { v1,v2,...,v% }. Then every element
of V is of the form ), v;r; with r; € R but not necessarily uniquely so.
Indeed, to understand V' we must know when two such expressions are
equal or, equivalently, when ), v;r; = 0. To this end, map the free R-
module F = ‘Z?=1 fiR onto V with a: f; — v;. Then ), fir; € Ker(a)
if and only if ), v;r; = 0. In other words, Ker(a) consists of all the
relations satisfied by the set { v1,v2,...,v; } and it is called a first syzygy
for V. Next, we know that Ker(c) is finitely generated, but to better
understand its module structure, we should also compute the syzygy of
its generators. In this way we obtain, by definition, a second syzygy for
V. If we continue in this manner then, since gldim R = n, it follows that
the nth syzygy for V will be projective. But finitely generated projective
R-modules are stably free, so an appropriate (n+1)st syzygy for V is free.
The original Hilbert Theorem asserts that there exists an nth syzygy for
V that is already free. We will obtain this sharper bound as a consequence
of the affirmative solution of the Serre Conjecture.

We close this chapter by showing that the isomorphism 6: Ko(R) —
Ko(R[z; o)) can fail if gldim R = oo. Indeed, we will construct a commu-
tative counterexample in Lemma 15.10 once we accumulate a few prelim-
inary observations.

LEMMA 15.8 Let R be a commutative domain with quotient field K and let P
and ) be R-submodules of K.

i. If PQ = R, then P and ) are both finitely generated projective
R-modules.

ii. If P is stably free, then P = wR for some w € P.

PROOF (i) We use the fact that PQ C R and that 1 = Y 7 p;g; for
suitable p; € P and q; € @. Define the R-module maps o: R® — P and
7:P— R" by

n
0: (11,7250 02y Tn) — zpm

i=1
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T:p— (€10, 2Dy - - - 1 GnD)

Then o7(p) = p for all p € P, so o is an epimorphism and 7 splits the
exact sequence R — P — 0. Thus P | R® and P is a finitely generated
projective R-module.

(ii) Suppose P # 0 is stably free so that P+ R™ = V = R™. We first
show that m = n+ 1. To this end, consider the K-vector space P®gr K. If
0 # p1,p2 € P C K, then there exist nonzero r1,72 € R with pim1 = para. -
Thus

Nn®K=p®nK=prnekK
=pr2 @K =p @K =p, @ K

and hence dimg P ® K < 1. On the other hand, the balanced map
Px K — K givenby (p, k) — pk certainly yields an epimorphism PQK —
K. Thus PQ K 2 K and, of course, R®K = K. Since P+R" =V = R™,
we conclude that V ® K is K-isomorphic to both K®*! and K™ and hence
that m = n + 1, as claimed.

Now let {vg, v1,...,v, } be an R-basis for V = R™ = R™*! and let
{w1,...,w, } be a basis for W = R"™, the complement for P in V. Then,
for each 1 < j < n, we have w; = Z?:o viT;,; with r;,; € R and we study
the (n+ 1) x n matrix M = (r;; ). Notice that if I is any maximal ideal
of R, then

(P/PI)+ (R/I)™ =V/VI=(R/I)"*!

so the elements ws,...,w, are (R/I)-linearly independent modulo VI.
It follows that if 7 ; = r;; + I € R/I, then M = (#;;) must have rank
n as a matrix over the field R/I. Hence at least one of the maximal
n X n minors of M is not zero. Since I is an arbitrary maximal ideal,
this implies that the set {mo,m1,...,my } of maximal minors of M is
unimodular, that is 22‘:0 m;R = R. Indeed, if this were not the case, then
the latter sum would be contained in some maximal ideal of R. Thus we
can find elements 750 € R so that the augmented (n+1) % (n+ 1) matrix
M* = (r;;) has determinant 1 and hence is invertible. Finally, if we

define wy = Y., viTi,0, then {wp,ws,...,w, } must also be an R-basis
for V by Lemma 2.5. Thus P+W =V = woR+W and P = V/W = wyR
is free of rank 1. . a

With this we can prove:

PROPOSITION 15.9 Let R be a commutative domain with quotient field K and

suppose there exists a € K \ R with a%,a® € R. If S is the polynomial
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ring S = R[z], then S has a finitely generated projective module that is
not stably free.

PROOF Let f = az € K(z] and let P = (1 + f,1 + f + f2) be the
R[z]-submodule of K[z] generated by 1+ f and 1+ f + f2. Similarly, let
Q= (1-f,1—f+ f?) and observe that

PQ=Q1-f41+f1~f31+f2+ f*) CRlz]

since a2, a3,a* € R. Furthermore, we have 2 = (1 + f3) + (1 — f3) € PQ
and3=(1-f)(2+f)+(1+f2+f*)ePQ. Thusl€ PQand Pisa
finitely generated projective R[z]-module by Lemma 15.8(i).

Now suppose, by way of contradiction, that P is stably free. Then
Lemma 15.8(ii) implies that P = wR[z] for some w € K[z]. Moreover,
we have P - K[z] = K|[z], since (1 + f + f2) — (1 + f)f = 1, and thus
P = wR[z] implies that K[z] = wK[z]. In other words, w is a unit of
K|[z] and hence w € K. Now note that w@Q = PQ = R[z], so w(l—az) =
w(l - f) € wQ = R[z]. Since w € K, it therefore follows that w € R.
But then 1+ az =1+ f € P = wR[z] C R[z], so a € R, a contradiction,
and we conclude that P is not stably free. O

Now we consider the example.

LEMMA 15.10 Let F be a field and let R be the subring of the power series
ring FY[t]] consisting of all elements with t-coefficient 0. Then R is a
Noetherian local domain and if S is the polynomial ring S = R[z], then
the induced module map 6: Ko(R) — Ko(S) is not surjective.

PROOF We first briefly study the commutative domain T' = F'[[t]]. Sup-
pose & = Y oo a;tt and B = Y20 b;tt are two elements of this ring and
set v =af = Y o, cit'. Then by definition

Cp = G,()bn + allbn-—-l + £t + a/nb[)

for all n > 0. In particular, if o is given with ap # 0, then we can
inductively solve for bg,b1,b2,... in F so that 8 = v = 1. In other
words, every element a with ag # 0 is a unit of T and we conclude that
T is a local ring with Jacobson radical Rad(T") = tT. Furthermore, any
nonzero element of T' can then be written as a unit times t™ for some
m and this implies that T = F([[t]] is a ring whose only nonzero ideals
are of the form ¢"T for n = 0,1,2,.... Hence T is a commutative local

Noetherian domain.
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Let R be the set of all elements of T' with t-coefficient 0, so that
R is easily seen to be a subring of T. Since R = 1- F[[t?]] + 3 - F[[t?]]
and F[[t?]] & T is Noetherian, it follows from Lemma 6.6 that R is also
Noetherian. Furthermore, if o € R with ag # 0, then the equation
0 = ¢; = agby + a1by implies that = € R. Thus R is a commutative
local Noetherian domain with Rad(R) = RNtT and it follows from The-
orem 10.8 that all projective R-modules are free. In particular, Ko(R) is
the cyclic group generated by [R].

Finally note that t2,¢3 € R but that ¢ ¢ R. Thus, by the previous
proposition, S = R[z] has a finitely generated projective module that is
not stably free. Lemma 15.5(iii) now implies that Kg(S) is not the cyclic
group genérated by [S] = [R ® S] and hence the induced module. map
0: Ko(R) — Ko(S) cannot be surjective. O

As a consequence of the preceding, the ring R must have infinite
global dimension. We can see this directly as follows. Let I be the set of
elements of R with constant term 0. Then I < R and we have the short
exact sequence

0-I--SROR-SI—0
given by o:i — (i,it) and 7: (r1,7r2) — 71t — rat2. We conclude, as in
Lemma 8.5, that either pdg I = oo or [ is projective and RGR= 1S I.

But (R®R)/(R®R)I is two dimensional over F whereas (I®1)/(I®I)]
has F-dimension equal to 4. Thus R@ R¥ I @I and pdg [ = .

EXERCISES

Let K be a field. In the following three problems, compute the Cartan
matrix for the given Artinian rings.

1. Let R be the ring of upper triangular n x n matrices over K. Show
that det (c;,;) = 1. Why is this not a surprise?

2. Describe the Cartan matrix in case R is a Wedderburn ring or R =
K[z | z™ = 0]. In particular, note that ¢ need not be surjective.

3. Write A(a,b) and B(a, b) for the sets of 4 x4 upper triangular matrices

> ¥
(=

A(a, b) = B(a’a b) =

o ¥
oo O
! ¥ OO
Q ¥ * *
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10.

with the % entries arbitrary. Now let R and S be the four and eight
dimensional subalgebras of M4(K) given by

R={A(a,b)|a,be K} S={B(a,b)|a,beK}

Observe that R/Rad(R) = K ® K = S/Rad(S) and describe the
Cartan matrices of R and S. Conclude that ¢ need not be injective in
general.

. Let R and S be right Noetherian rings and let M be an (R, S)-

bimodule. Find conditions on M that guarantee that the map A —
A ®r M determines a group homomorphism Gg(R) — Go(S) or
Ko(R) — Ko(S5).

. Let R C S be Noetherian rings. Find conditions on the R-module Sg

to guarantee that the restriction map A v+ Apg determines a group
homomorphism Gg(S) — Go(R) or Ko(S) — Ko(R).

. Modify the proof of Lemma 15.5(i) to show that [X] = [Y] in Go(R)

if and only if there exist exact sequences 0 = A - B X - C — 0
and0 - A —-B®Y — C — 0 with A4, B, and C finitely generated
R-modules.

. Let R be an arbitrary ring and let P be a projective R-module. If

PaQ = F is free, prove that P@F*° =2 F*°, where F'™ is a countably
infinite direct sum of copies of F'. This, of course, does not imply that
P is stably free.

. Let e be an idempotent of the Noetherian ring R and assume that

R = ReR. Use the method of Exercise 12.5 to prove that Ko(R)
Ko(eRe).

. Let § = S+ 81 + - -+ be a graded ring and assume that every finitely

generated projective Sp-module is stably free. Apply the result of
Exercise 13.3 to deduce that every finitely generated graded-projective
S-module is also stably free.

Obtain a power series analog of the Hilbert Basis Theorem. In other
words, show that if R is right Noetherian, then so is R[[t]]. What
about a version for the obvious skew power series ring R[[t; ]]?



16. Patching Theorem

If R is a commutative polynomial ring over a field, then all finitely gen-
erated projective R-modules are free. This is the statement of the Serre
Conjecture, which we prove in the next chapter. Of course, we already
know that all finitely generated projective R-modules P are stably free,
that is P @ F' 2 F for suitable finitely generated free modules F’ and
F. Thus the goal is to show that F’ can somehow be canceled from the
preceding formula.

As we will see, cancellation is equivalent to the affirmative solution
of a certain matrix problem. We begin here by describing that problem
and we obtain some partial but rather key results. For the remainder of
this and the next chapter, R always denotes a commutative ring.

DEFINITION Leta=(a; a -+ ay)bea rowmatriz, that is a 1x n matrix
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over R for some n > 1. We say that a is a unimodular row if ) ,a;R=R
or equivalently if there exist ¢; € R with ), asc; = 1. We say that a
is an eztendible row if it is the first row of an invertible n x n matrix
a € M, (R).

Note that a € M, (R) is invertible if and only if deta is a unit of
R. Thus for example if R is a field; then we need only have deta # 0.
On the other hand, if R = Z is the ring of integers, then we must have
deta = £1.

Suppose now that « is invertible and that a = (a; a2 -+ ay)
is its first row. Then, by computing the determinant of o by cofactors
with respect to the first row, we have ), a;c; = deta = d, where ¢; is,
of course, the cofactor of a;. Thus ), ai(cid‘I) =1 and it follows that a
is unimodular. In other words, every extendible row is unimodular. We
are concerned with the reverse question, namely is every unimodular row
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extendible?

We start with two simple observations. Recall that the elementary
column operations on R-matrices consists of (1) multiplying a column by
a unit of R, (2) interchanging two columns, and (3) adding a multiple
of one column to another. These operations can be applied to any size
matrix, even a row, and they can all be achieved via right multiplication
by appropriate invertible square matrices.

LEMMA 16.1 i. Suppose row a’ can be obtained from a by a sequence of ele-
mentary column operations. Then a’ is extendible (or unimodular) if and
only if a is extendible (or unimodular).

ii. Ifa=(ay a3 -+ an) and a;R + asR = R, then a is ex-
tendible.

PROOF (i) By assumption we have a’ = a-y for some invertible matrix .
Thus if a is the first row of the square matrix o, then a’ is the first row
of av. In particular, if a is extendible, then we can take a invertible and
thus a’ is also extendible. Furthermore, if a = (a1 az -+ ap) and
a’ = (a} a, --- a), then a’ = ay implies that ) ,a}R C > ; a;R.
Thus, if a’ is unimodular, then so is a. The converses follow because
a=a'yL

(ii) Now assume that a1 R + agR = R, so that a1b; — agb2 =1 for
some b;,by € R. Then we see that a is the first row of the invertible

madtrix
ay QG az -++° Qn
bp b 0 .- O
o o 1 --- O
o o0 o0 ..- 1
of determinant 1. O

We will freely use (i) without further comment. We remark that
the matrix problem for n = 1 is trivially true and for n = 2 it is solved
affirmatively in (ii). Thus it first becomes interesting when n = 3. In any
case, in all our future computations we can assume that n > 2.

A commutative ring R is said to be semilocal if it has only finitely
many maximal ideals. In particular, any local ring is semilocal.

LEMMA 16.2 i Let R be a semilocal ring and leta=(ay; a2 --- a,) bea
unimodular row. Then there exist by, ..., b, € R such that a; + 3 5, azb;
is a unit of R.
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ii. If S is a commutative local ring and if 1 # p(z) is a monic poly-
nomial in S[z), then S[z]/p(z)S[z] is a semilocal ring.

PROOF (i) Let M3y, M, ..., My be the finitely many maximal ideals of R.
We first show that, for each i, there exists e; € R such that e; = 1 mod M;
and e; = 0 modM; for all j # i To this end, note that for j # i
we have M; + M; = R, so there exist m; € M; and m; € M; with
mj; +mj = 1. In other words, m; = 1 mod M; and m; = 0 mod M;. Now
take €; = Hj#i m;j.

Since a = (a1 a2 -+ ap) is unimodular, },a;R = R and it
follows that no maximal ideal of R contains all the a;. In particular, for
each maximal ideal Mj, if a; € Mj, then there exists ay with j/ # 1 and
a g ¢ Mj. Set

b = a3 + Z ejajl
a1 EM;

Consider the maximal ideal M;. If a; ¢ M;, then all e; in the
preceding sum for b are contained in M; and hence b ¢ M;. On the other
hand, if a; € M;, then e;a; ¢ M; occurs in the sum for b. Thus, since the
remaining summands for b are all contained in M;, we again have b ¢ M;.
We conclude, therefore, that b is not contained in any maximal ideal of
R and hence that b is a unit of R.

(ii) Suppose that 1 # p(z) is a monic polynomial of degree k + 1.
Our goal is to show that there are only finitely many maximal ideals M of
R = S[z] that contain p(z). To this end, let M be such a maximal ideal
and consider the irreducible R-module V = R/M. Since p(z) € M and
p(z) is monic, it follows that V is finitely generated as an S-module by
the images of 1,z,...,z*. Thus since V # 0, Nakayama’s Lemma implies
that VJ # V', where J = Rad(S). But VJ is certainly an R-submodule
of V and V is irreducible, so V'J = 0 and hence J C M.

In other words, all maximal ideals of R that contain p(z) also contain
the Jacobson radical J of S. Thus they correspond to those maximal
ideals of R/JR = (S/J)[z] that contain the nonzero image p(z) of p(zx).
But S is a local ring, so S/J = F is a field. Thus (S/J)[z] = Flz] is a
principal ideal domain and hence a Dedekind domain. It follows that there
are only finitely many maximal ideals of F[z] that contain the nonzero
ideal p(z)F[z). O

As a consequence we have:

PROPOSITION 16.3 Let R be commutative and leta=(a; az .-+ agp) be

a unimodular row.
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i. If R/a, R is a semilocal ring, then a is extendible.
ii. Suppose R = S[z), with S a local ring. If a,, is a monic polynomial,
then a is an extendible row.

PROOF (i) Let ":R — R/a,R be the natural epimorphism. Since
;4R = R, it follows that 3°;aR = R. Thus, by part (i) of the
preceding lemma, there exist b; € R with b = @1 + 31, @:b; a unit of
R. Define a’ = (ay a2 -+ an), where a] =a; + > i o aibi. Then a’
is obtained from a by a sequence of elementary column operations, so it
suffices to show that a’ is extendible. But observe that a] = b is a unit
of R = R/a,R and hence a{ R+ anR = R. Lemma 16.1(ii) now implies
that a’ is extendible.

(ii) If a, = 1, then a;R + anR = R and the proposition is proved.
Otherwise, by part (ii) of the preceding lemma, R/anR = S[z]/a,S[z] is
a semilocal ring and (i) yields the result. O

We now begin work on a key observation, the Patching Theorem. Re-
call that if T is a multiplicatively closed subset of a commutative integral
domain S, then we can localize to form the ring of fractions ST—!. We
need to consider two such situations here. In one case, T' = {1, f, f2,... }
for some nonzero element f € S and we denote ST~! by Sf. Alterna-
tively, if M is a maximal ideal of S, then T' = S\ M is multiplicatively
closed and we write Sjs for ST—1. These are, of course, all contained in

the field of fractions SS~1.
- We are concerned with n x n matrices over the polynomial ring S[z]
and we note that these can all be viewed as polynomials in z over My (S).

Thus we use polynomial notation for such matrices.

LEMMA 16.4 Let S be a commutative integral domain, let f be a nonzero
element of S and let 0(z) be an invertible matrix in M (Sf[z]). Then there
exists an integer k > 1 such that whenever hi, ho € S satisfy hy — hy €

f*S, then
é(z) = 0(hyz)0(hez) ™

is an invertible matrix in My (S[z]).

PROOF Write 6(z) = 3 a;z* and 6(z) Zo Bz, where a;,B; €
M, (Sf). Now choose an 1nteger k > 1 so that f*a;B; € Mn(S) for all

i,j. If s,t € S, define

b(z; 5t) =0((s + f*t)r) 6(sz)™
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Then
¢(z;8,8) = 1+ [0((s + f¥t)z) — O(sz)]0(sz) "
=1+ Z ;T [(3 + fkt)i - si] 9(3:E)~1

Thus, since f* divides (s + f*t)! — s, we see that ¢(z; s,t) is a matrix in
My, (S[z])-

Finally, let hy — ha € f*S, set s = hg, and choose the element ¢ so
that hy — ho = f%¢. Then ¢(x; 5, t) = O(h17)0(har) ™! = ¢(z) is a matrix
in Mn(S[z]). Similarly, 8(haxz)d(h.1z)~ € Mn(S[z]), so ¢(z) is invertible
in My, (S|z]). O

LEMMA 16.5 Let S be as before and suppose f, g are nonzero elements of S with
Sf+Sg=2_S. Let a(z) = (a1(z) a2(z) --- an(z)) be a unimodular
row over S[z]| and assume that a(z) is extendible over the larger rings
S¢lz] and Sy[z]. If a(0) = (a1(0) a2(0) --- an(0)) is extendible over
S, then a(z) is extendible over S[z].

PROOF We start with some observations on matrix multiplication. If A
and B are square matrices, then the first row of AB depends on all of B
but only the first row of A. Thus if A and A’ have the same first row, then
so do AB and A'B. For example, if 4 has firstrowi=(1 0 ... 0),
then A has the same first row as the identity matrix I and thus AB has
the same first row as IB = B. Conversely, suppose A and B have the
same first row and assume that B is invertible. Then AB~! has the same
first row as BB~ = I, so AB~! has first row i. In particular, if B has
first row i, then so does B~! = B~

Now for the proof. Let as(z) denote the given extension of the row
a(z) to an invertible matrix in M (Sy[z]) and let ag(z) be the extension
of a(z) to an invertible matrix in M, (S;[z]). In addition, let B be an
extension of the row a(0) to an invertible matrix in Mn(S). Then o/ (z) =
Baf(0)~tays(z) is also an invertible matrix in Mn(Sf[z]) and it has first
row a(z). Indeed, since B and a7(0) have the same first row, Baf(0)~! has
first row i and thus a/;(z) has the same first row as a¢(z). Furthermore,
since a4(0) = B, we can now replace as(z) by a%(z) to assume that
af(0) = B. Similarly, we can assume that ag(0) = §8 and, in particular,
that af(0) = ay4(0).

Define 6(z) = ayf(z)ay(z)~?, so that 6(z) is clearly an invertible
matrix in Mn(Syg(z]). Also 6(z) has first row i and 6(0) = I. Since

Stglz] = (Sf)qlz] = (Sg)sl]
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we can apply the previous lemma in two different ways to the matrix
6(z) and we let k to be the larger of the two integers given by those
applications. :

Note that S = (Sf + Sg)?* = Sf*k + Sg*, so we can choose h € S
with h € Sf¥ and 1 — h € Sg*. Since 6(0) = I, we can write

8(z) = [0(z)8(he)~*] [0(0z)B(hz) 1]

and we consider, in turn, each of the two factors in square brackets.
First, we note that 6(z) is invertible in the ring M, ((Sf) )glz]) and
that 1 — h e Sgk C (.S’f) k. Thus, by the previous lemma, ¢s(z) =
0(:1:)0(ha:) is invertible in M, (S¢[z]). Slmilarly, 6(z) is invertible in
M ((Sg)¢[z]) and 0 — h € Sf* C (S,)f*, so the previous lemma also

implies that ¢g(z) = 6(0z)0(hz)~! is invertible in My (S,[z]). Thus

af(z)ag(z) ™ = 8(z) = ¢5(z)dy(z) ™

In other words, ¢(z) las(z) = ¢y(z) " ay(z) and we denote this com-

mon matrix by y(z).

" Since 0(z) has first row i, it follows that ¢s(z) and ¢5(z)~! also

have first row i. Thus 7(z) has the same first row as ay(z), namely

a( ). Furthermore, v(z) is an invertible matrix in both M, (Sf[z]) and
M, (Sq[z]). Thus (z) will be the appropriate extension for the row a(z)

provided we show that S¢[z]NS,[z] = S[z] or, equivalently, that SyNS, =

S. For the latter, let w = s/f7 = t/g? € Sy N S, with s,t € §. Smce

Sfi + Sg? = S, there exist u,v € S with ufJ +vg? = 1. But then

w=wuf +vg))=us+vte 8
and the lemma is proved. O

We can now quickly obtain the main result of this chapter.

THEOREM 16.6 (Quillen Patching Theorem) Let S be a commutative inte-
graldomain and let a(z) = (a1(z) a2(z) -+ an(z)) be a unimodular
row with entries in the polynomial ring R = S[z]. Suppose that a(0)
is extendible in M,,(S) and that a(z) is extendible in My (S m|[z]) for all
maximal ideals M of S. Then a(z) is extendible in My, (R) = M, (S[z]).

PROOF Let

A={0}U{0# f €S |a(z) is extendible in M, (S¢[z]) }
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We claim that A is an ideal of S. To start with, suppose 0 # f € A
and 0 # g € S. Since S¢z] C Syy[x], it follows that a(xz) is extendible in
M,,(Sgglz]). Thus fg € A and we see that A is closed under multiplication
by S. To check closure of addition, it clearly suffices to consider f,g € A
with f,g and f + g all nonzero. The goal is to show that f + g € A.
If S = Sf.4+g, then S5 C S% and §, C 5y, so a(z) is extendible in both
;e[w] ) and Mn(S’ [z]). Furthermore, a(O) is extendible in M,(S) C
M (8"). Thus, since S”f + S'g = &', Lemma 16.5 implies that a(z) is
extendible in My (S’[z]). But S’ = Sy, and therefore f 4+ g € A, as
required. '
We now know that A is an ideal of S. If A # S, then A C M for
some maximal ideal M of S and, by assumption, a(z) is the first row of
an invertible matrix a(z) € My (Swm|z]). In other words, both a(z) and
a(z)~! are contained in M, (Sa)[z]. Now let f be the product of all the
denominators of all the finitely many entries of the M, (S )-coefficients
of these two matrices. Then a(z),a(z)™! € M, (Sy)[z] = Ma(Sf[z]) and
hence f € A C M. On the other hand, f is a product of elements of the
multiplicatively closed set S\ M and therefore f € S\ M, a contradiction.
Thus A = S and, in particular, 1 € A. But S1 = S, so a(z) is

extendible in M, (S[z]) = M, (R) and the theorem is proved. O
EXERCISES
1. Let Py, Ps,..., Py be incomparable prime ideals in the commutative

ring R. For ea.ch i # j, choose a;j € P;\ P; and define e; = H ; 0,5
Show that e; € P; for all j # 4 but that e; ¢ P;. Now let I <1R and
suppose that I is not contained in any P;. If b; € I \ P;, show that
b=zibi6iEI\UiP‘l« A

2. Assume that R is a commutative domain and that Py, P,,... Py are as
before. Show that T'= R\ |J; P; is a multiplicatively closed subset of
R and that RT~! is a semilocal ring whose maximal ideals are P;T—!
fori=1,2,...,k.

3. Let S = Z|[a] be a polynomial ring in one variable over the integers Z.
Since M = (2, a) is a maximal ideal of 3, it follows that Sps is a local
ring. Prove that R = Sp[z]/(1 — az)Sn[z] is not semilocal. For this,
observe that for each integer n # 0, R has a homomorphism onto the
rationals given by a — 2n and z — 1/(2n).

4. Let R be a commutative ring and let V' be a finitely generated right
R-module with generators vi1,vs,...,v,. Suppose that 7;; € R with
z;;l vr;; =0 for j =1,2,...,n. Multiply the matrix equation
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(1 w2 va)(rag)=0

on the right by the adjoint of (;; ) to deduce that V -det (r;,;) =0.
This is known as the determinantal trick.

In the remaining exercises, we assume that R is a principal ideal
domain. We say that two mxn matrices A and B over R are equivalent
and write A ~ B if A = PB(Q, where P is an invertible matrix in
M. (R) and @ is invertible in My (R). Obviously this is an equivalence
relation and the goal is to show that each equivalence class contains a
matrix having a particularly nice form. Recall that a principal ideal
domain is also a unique factorization domain.

5. Suppose a,b € R have greatest common divisor (a,b) = d. Show

that the matrix A = ((: Z) is equivalent to a matrix of the form

(f :) To this end, note that az + by = d for suitable relatively

prime elements z,y € R.

6. Let A be an m x n matrix over R and assume, among all the matrices
equivalent to A, that A has a nonzero entry ¢ with the smallest num-
ber of prime factors. Prove that A is equivalent to the block matrix

(g X, ), where ¢ divides all entries of A’. To start with, use elemen-

tary row and column operations to shift g to the (1,1) position. Then
use the argument of Exercise 5 to deduce that g divides all entries in
the first row and first column. Now apply row and column operations
again. '

7. For each m x n matrix A, define Di(A) to be the greatest common
divisor of the determinants of all £ x k submatrices of A. If A ~ B,
show that Dx(A) and Dx(B) are associates for all k, that is they are
unit multiples of each other.

8. Let A be an m X n matrix over R. Prove that A is equivalent to the
mxn diagonal matrix B = diag{ ¢1,92,...,4; }, wheret = min{m,n }
and where g; | g;41 for all i. Furthermore, show that the g;’s are
uniquely determined up to multiplication by a unit of R.

9. Suppose that W is an R-submodule of the free R-module V = R".
Show that there exists a basis { v1,v2,...,v, } of V and nonzero ele-
ments g1, gz, . ., gk € R with g; | g;+1 such that {v1q1, vegz, ..., vkqk }
is a basis for W. Furthermore, show that the g¢;'s are essentially
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unique. For this, let {v1,v2,...,v, } be any basis for V. Since R is
hereditary and Noetherian, W is also a free module with basis, say
{w1,wa,...,wy }. Write w; = Zj vja;; and observe that a change

of basis in V' and in W corresponds to multiplying the m x n matrix
(ai; ) on the right and on the left by invertible square matrices.
Finally, let M be a finitely generated module over the principal ideal
domain R. Prove that M is isomorphic to a direct sum @ )7 R/q;R,
where g¢; | ¢;+1 for all 7 and no g¢; is a unit. Furthermore, show that
the g; are appropriately unique. In case R = Z is the ririg of integers,
this result is the Fundamental Theorem of Abelian Groups. It follows
from the previous exercise by observing that M = V/W for some
finitely generated free R-module V.



17. Serre Conjecture

In this chapter we complete the proof of the Serre Conjecture. Let K
be a field and let K[z1,Z2,...,%Zm] be a commutative polynomial ring
over K. By a change of variables we mean a collection of polynomials
t1,t2,...,ty that are algebraically independent over K and that generate
the polynomial ring. In other words, ¢1, %2, ...,tn is a change of variables
if and only if K[z1,Zs,...,%m] = K[t1,t2,...,tm]. The following is a
special case of a much more general result.

THEOREM 17.1 (Suslin Monic Polynomial Theorem) Let A be a nonzero ideal
of the polynomial ring K[z1,T2,...,%Zm). Then there exists a change of
variablesty, ty,...,t, such that A contains a polynomial, written in terms
of these new variables, that is monic in ty,.

PROOF We proceed by induction on m, the case m = 1 being trivial.
Now assume that m > 2, let R = K|[z1,...,Zm-1] and observe that
K[ml,"BZ, ceey mm] = K[ml’ ) wm—l][mm] = R[xm]

Let B be the set of leading coefficients of elements of A, so that

k
B={reR|) rai, € Awithr;€ Randry =1}
=0
Then B is easily seen to be a nonzero ideal in the polynomial ring R =
K[z1,...,Zm-1] and induction applies in this smaller ring. Thus we can
assume, by making a change of variables in R, that B contains a polyno-
mial f(zi,...,Zm—1) that is monic in z;. Furthermore, by definition of
B, there is a polynomial g € A with

9 =70+ 71Tm + - + kT, € R[Tm]

161
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such that ry = f.
Finally choose an integer d larger than the total degree of each r;
and define a new change of variables by

Tm—af fi=1
ti=( z; ifi#lorm
T ifi=m
It is clear that t1,%2,...,t, generate the polynomial ring and that they
are algebraically 1ndependent over K. Indeed, we have

tm ifi=1
T =< & ifi#lorm
t+td ifi=m
Now in terms of these new variables, the ith summand of g becomes

Ti(tmytey -« bt ) (b1 + 25, )

and for 7 < k, this polynomial has t,, degree strictly less than d+di < dk
by the choice of d. On the other hand, when ¢ = k we have 7, = f, so
this summand is equal to

Fltmstay -y tme)(ts +3)"

and has ¢, degree at least dk. Furthermore, since f is monic in its first
variable, the latter summand looks like

(tfn + lower degree terms in ¢,,)(t; + tfh )k

and hence is monic in t,, of degree > dk. It follows from all of this that
g € A is monic in the variable #,,. O

As a consequence, we have the following classical result.

THEOREM 17.2 (Noether Normalization Theorem) Let K be a field and let E
be a finitely generated commutative K-algebra. Then E has a subalgebra
Ey, isomorphic to a polynomial ring over K, with E a finite integral
extension of Ey.

PROOF Say FE is generated over K by (1,(3,...,(m. We proceed by
induction on m, the case m = 0 being trivial. Assume now that m > 1
and map the polynomial ring R = K|z, T2,...,Zm] onto E via 0: z; — (.
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If Ker() = 0, then E is a polynomial ring and we are finished. Thus we
may suppose that A = Ker(6) # 0.

By the preceding theorem, there is a change of variables #1,%3,...,tn
in R such that A contains a polynomial monic in the variable ¢,,. Write
n; = 0(t;) and let E' be the K-subalgebra of E generated by the elements
M,72y .+, Mm—1. Since A contains a monic polynomial in ¢, and since
that polynomial maps to 0 in E, it follows that 7, is integral over E'.
But F is generated by 7, and E’, and hence we see that F is a finite
integral extension of E'.

Finally, £’ has m — 1 generators, so, by induction, E’ is a finite
integral extension of a polynomial ring Ey. But an integral extension of
an integral extension is integral, so it follows that E is a finite integral
extension of Ej. a

We can now use the Monic Polynomial and Patching Theorems to
solve the matrix problem.

THEOREM 17.3 Let R = K[z1,%s,...,%n] be a polynomial ring over the field
K andleta=(a; az -+ ayp) be a unimodular row. Then a is the
first row of an invertible matrix in M, (R).

PROOF We can assume that n > 2 and that a; # 0. We proceed by
induction on m, the number of variables that generate R. If m = 0, then
R = K is a field, so a; R + a3R = R and a is extendible. Now assume
that m > 1 and that the result holds for m — 1.

Let A = a;R so that A is a nonzero ideal of R. By the Monic
Polynomial Theorem, there exists a change of variables 1, %2, ..., t;, such
that A contains a polynomial A = a;7r that is monic in #,,. Furthermore,
by an elementary column operation, we can replace a, in a by al, =
an + a17t) = ay + htd for any integer N. In particular, if we choose N
sufficiently large, then a, is monic in ¢,, because h is.

In other words, by renaming the variables and entries, we can now

assume that the variables are z, T2,..., Ty and that a, is monic in z,,.
Set § = K|z1,...,Tm-1] so that R = S[z] with z,, = z. Then we can
write the row a as a(z) = (a1(z) a2(z) -+ an(z)), where the entries

are all polynomials in S[z].

Let M be any maximal ideal of S. Since }_; a;(z)R = R, it follows
that 3, a;(z)Sm[z] = Sm(z] and hence that a(z) is -a unimodular row
over Sps[z]. Thus, since a,(z) is a monic polynomial and Sy is a local
ring, Proposition 16.3(ii) implies that a(z) is extendible over Sps[z]. Next,
by evaluating at = 0, we see that ), a;(0)S = S and hence that a(0) is
a unimodular row over S. But S is a polynomial ring in m — 1 variables,
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so induction implies that a(0) is extendible over S. We can now conclude
from the Patching Theorem that a(z) is extendible over R = S[z] =
K[zy,T9,...,Zy] and the result follows. a

It is now time to explain the relevance of this matrix problem to the
Serre Conjecture.

LEMMA 17.4 Let R be a commutative integral domain and let F = R™ be a
free R-module with basis { f1, f2,..., fa}. Leta = (a1 a2 -+ ap)
be a nonzero row and write f = fia; + faas + -+ + frnan € F. .
i. fR| F if and only ifa is a unimodular row.
ii. fR has a free complement in F' if and only if a is the first row of
an invertible matrix in M, (R).

PROOF (i) Since F is a torsion free R-module, we have fR & R. Suppose
first that fR | R™ and let m: R® — fR be the projection homomorphism.
If #(fi) = fri with r; € R, then

f==(f) =7T(Z fiaz’) = fZTz'ai

Thus 1 = ), ria; and a is a unimodular row.
Conversely, suppose a is a unimodular row and say 1 = ), ais;.
Define : R® — fR by 0: f; — fs;. Then

o0(f) =9(Zfiai) =fZSiaz' =f

and thus # is the identity on fR. In particular, fR N Ker(6) = 0. Fur-
thermore, if v € F is arbitrary, then v = 6(v) + (v — 6(v)) € fR+ Ker(6)
and thus we conclude that F = fR 4 Ker(f).

(ii) Now suppose that a is the first row of the invertible matrix
(¢ij) € Mn(R) and define the elements g; € F by g; = >, fici;.
Since (c; ;) is invertible, so is its transpose matrix and it follows from
Lemma 2.5 that {g1,92,...,9x } is also a free basis for F. Furthermore,

g=) ficri= fia;=f
J J

and thus fR = g1 R has the free complement - Z?:z g;:R.
Conversely, suppose fR has the free complement W = R!. Since
fR = R, we have R® = F = R't! and thus Lemma 2.6(iii) implies
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that n = ¢t + 1. Let W have basis { ho,h3,...,h, } and set hy = f. If
hi = 3; fjdij, then, since { Ay, ha,.. .,hn } is also a free basis for F,
Lemma 2.5 implies that the matrix (d;;) is invertible in M,(R) and
hence so is its transpose (d; ;). But a is the first row of (d;; ), so the
lemma is proved. O

We can now quickly settle the Serre Conjecture. Its affirmative so-
lution was obtained independently and at the same time by both Quillen
and Suslin. Indeed, there are now at least three different proofs of the re-
sult, all of which use its equivalence to the matrix problem. The proof we
chose, based on the Patching Theorem, seems to be of particular interest.

THEOREM 17.5 (Quillen-Suslin Theorem) Let R = K[z1,Z2,...,Tm] be a poly-
nomial ring over the field K in m < oo variables. Then all finitely gener-
ated projective R-modules are free.

PROOF By the Sygygy Theorem, all finitely generated projective R-
modules are stably free. Thus we need only show that any stably free
module is necessarily free.

Suppose first that P is a finitely generated R-module with P & R
free. To be precise, say P+ A = F = R", where A = R and where R®
has free basis { f1, f2, ..., fn }. Since A = R, we have A = fR, with f =
>-1 fia; # 0. By part (i) of the preceding lemma,a= (a3 a2 -+ a,)
is a unimodular row; then, by the affirmative solution of the matrix prob-
lem, it follows that a is extendible. Thus Lemma 17.4(ii) implies that
A = fR has a free complement, say F’, in F. But then P+ A =F =
F'+A,s0 P2 F/A= F' and P is free.

Finally, if P is stably free, then P & R? is free for some ¢ > 0. If
t > 1, then (P® R~ !)® R is free, so the preceding implies that P & Rt~1
is also free. Continuing in this manner, canceling one R summand at a
time, we conclude that P is free. O

It is reasonably easy to construct noncommutative counterexamples
to the preceding theorem. Indeed, we have:

PROPOSITION 17.6 Let D be a noncommutative division ring. Then the poly-

nomial ring S = D|z,y| has a stably free projective module that is not
free.

PROOF Since D is noncommutative, we can choose elements a,b € D
with ab — ba = d # 0. Then d is a unit of D and hence of S. Define the
right ideals A = (z+a)S and B = (y+b)S and note that Ag & Sg = Bg.
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Furthermore, since z and y are central in S we have
(z+a)y+b) - @+d)(z+a) =d (%)

Thus d € A+ B and hence A+ B = S. It now follows from Lemma 6.8(i)
that As ® Bs = Ss® Cgs, where C = AN B. In particular, since A® B =
S @ S, we see that Cg is projective and, in fact, stably free. Suppose by
way of contradiction that Cg is free.

Note that the homomorphism D[z,y] — D given by z,y — 0 maps
S to the IBN ring D. Thus, by Lemma 2.6(i), S is also an IBN ring. In
particular, if Cs is free of rank n, then S@ S = SOC =2 S®S",son=1
and C = f(z,y)S for some nonzero polynomial f(z,y) € S. Of course,
f(z,y) is not uniquely determined, since we can certainly multiply it on
the right by a nonzero element of D to obtain another generator of C.

We use deg, and deg,, to denote the z- and y-degrees of a polynomial
in S. Set u = d~1bd and multiply equation (*) on the right by ¥ + u.
Since d(y + u) = (y + b)d, we obtain

(@+a)(y +b)(y +u) = (y+b) (& + a)(y +u) +d]

so this expression is a nonzero element of (z +a)SN(y +b)S = f(z,v)S.
In other words, f(z,y) is a left divisor of (z + a)(y + b)(y + u) and it
follows that deg,, f(z,y) < 1. Similarly deg, f(z,y) < 1, so we must have

f(z,y) = a+ Br + vy + bzy

for suitable o, 8,7,6 € D.

Now f(z,y) € (z+a)S, so f(z,y) = (z+a)g(z,y) for some g(z,y) €
S and, by degree considerations, g(z, y) = g(y) must be a polynomial in y
with deg, g(y) < 1. Indeed, deg, g(y) = 1, since otherwise deg, f(z,y) =
0 contradicting the fact that f(z,y) € (y + b)S. It follows from all this
that § # 0; thus, by replacing f(z,¥) by f(z,y)6~!, we can assume that
6§ = 1. In particular, f(z,y) = (z + a)g(y) now implies that f(z,y) =
(z+a)(y+b') for some b’ € D and similarly we have f(z,y) = (y+b)(z+a’)
for some a’. Thus

(z +a)(y +V) = f(z,y) = (y + b)(z +a')

and comparing coefficients yields a = a', b = ¥/, and then ab = ba, a
contradiction. Therefore, C is stably free but not free. a

Note that D[z] is a principal ideal ring and hence, as in Corollary 6.4,
all projective D[z]-modules are free. This shows that at least two vari-
ables are needed in the preceding. Examples also exist of commutative
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Noetherian domains with stably free projective modules that arenot free.
At present, their construction seems to require the Hairy Ball Theorem,
which asserts that an even dimensional real sphere does not possess a con-
tinuously differentiable field of unit tangent vectors. See Exercises 7-10
for an advanced calculus proof of this result.

PROPOSITION 17.7 Let R be the field of real numbers and let
R =R[z,y, z]/(.'z:2 +y?+2%2-1)

Then R is a commutative integral domain, finitely generated over R, and
R has a stably free projective module that is not free.

PROOF Let T = R[a,b] be the polynomial ring in two variables over R
and notice that 1 — a2 — b2 does not have a square root in the rational
function field K = R(a,b). Thus the polynomial (2 — (1 — a2 — b?) is
irreducible in K[¢] and, if c is a root of this polynomial, then K{c] is
an algebraic field extension of K. Since the R-homomorphism given by
T+ a,y++ b,z cembeds R = R[z,y, 2]/ (z? +y%+ 2% —1) into K|c], we
see that R is an integral domain. Furthermore, by way of this embedding,
we can write R = R{a, b, ¢] subject to the relation a? + b% + c? = 1.

Now observe that evaluation yields a homomorphism from R[z,y, 2]
to C°°(§2), the ring of infinitely differentiable real valued functions de-
fined on the 2-sphere

$?={(z,5,2) eR® | +72+2* =1}

Indeed, since the polynomial 22 + y2 + 22 — 1 maps to 0, this determines a
homomorphism from R to C*°($2). In particular, if r € R, welet r(s) € R
denote the function r evaluated at s € §2.

Let F be the free R-module of rank 3 with basis { f1, f2, fa } and set
f = fia+ fab+ fac € F. Since a®> +b?+c? =1, weseethata=(a b c)
is a unimodular row; thus, by Lemma 17.4(i), fR | F. In particular, if
F = fR+ P, then P is stably free, since fR = R. Moreover, to prove
that P is not free, it suffices by Lemma 17.4(ii) to show that a is not the
first row of an invertible matrix in M3(R).

Suppose by way of contradiction that

a b ¢
u v w
u vouw

is an invertible matrix in M3(R) with determinant d, a unit of R. Thus
d maps to a unit of C*(S?) and, in particular, d(s) # 0 for all s € §2.
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Now let A,U:$2 — R3 be the continuous vector valued funtions
given by

A(s) = a(s)T+ b(s)7 + c(s)k
U(s) = u(s)7+ v(s)7+ w(s)k

Notice that A(s) is the radial vector at s and that U(s) is never in the same
direction as A(s) because d(s) # 0. Thus the cross product A(s) x U (s)
is never zero and we can define

A(s) x U(s)

X(8) = 7t—r=r
)= T <T@

Then X:§2 — R3 is also an infinitely differentiable vector valued function.

Furthermore, X (s) is always a unit vector perpendicular to the radial

vector A(s). But the Hairy Ball Theorem asserts that no such function

exists. Thus Ppg is a stably free R-module that is not free. a

EXERCISES

1. Let K be a perfect field of characteristic p > 0 and let F' be a
finitely generated field extension of K. Prove that F/K is separa-
bly generated, that is there exists an intermediate field L with L/K
purely transcendental and F/L separably algebraic. For this, suppose
F = K(ay,as,...,a,;) and proceed by induction on n. Choose m max-
imal so that all subsets of { aj,as, ..., a, } of size m are algebraically
independent and suppose that f(ai,as,...,am+1) = 0 is an algebraic
dependence of minimal degree. Show that some exponent in f is not
divisible by p and if that exponent corresponds to the variable a;,
then F is a separable algebraic extension of K(az,...,a,).

2. Let R C S be commutative rings. If @ € S, prove that the following
are equivalent. (i) « is integral over R. (ii) R[c] is a finitely gener-
ated R-module. (iii) & € T, where T is an intermediate ring (R C
T C S) that is finitely generated as an R-module. For (iii)=-(i), let
t1,%2,...,t, generate the module T and observe that tjo = )", tirs j
for suitable 7;; € R. If §; ; = 1 when ¢ = j and 0 otherwise; conclude
from the determinantal trick that det (ad;; — r;; ) annihilates T\ As
a consequence, show that the set of elements of S integral over R is a
subring of S.

3. Prove that an integral extension of an integral extension is integral.
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4. Assume that R is Noetherian and let I« R. If I = Moy I™, use the
Artin-Rees Lemma to show that - = I. Then use the determmanta.l
trick to conclude that

I={reR|r(1—1)=0 for somei€ I}

This is the Krull Intersection Theorem. It follows that if R is a do-
main, then ] must be 0.

5. Suppose I « S with ();—; I™ = 0. Then the I-adic topology on S is
defined so that the cosets s + I™ for n = 1,2,... are a basic neigh-
borhood system for s € S. Show that addition and multiplication
are continuous maps from S x S to S and that the I-adic topology
on S is Hausdorff. Furthermore, show that a sequence s;, 83,... of
elements of S is Cauchy if and only if lim; .00 8; = 0. Note that
Lemma 16.4 asserts that if hy is close to hg in the fS-adic topol-
ogy, then O(h1z)0(hoz) 1! is sufficiently close to the identity matrix to
guarantee that it is invertible in M, (S[z]).

6. If R is a commutative Noetherian ring, prove that (),~; Rad(R)" = 0.

Now let S = (Zg’) g), where @ is the field of rationals and Z;) is

the ring of integers localized at the maximal ideal (p) Show that §
is right, but not left, Noetherian and that e; 2 € pe; Rad(S)". This
is Herstein’s counterexample to Jacobson’s Conjecture.

In the remaining exercises, let $2 denote the real 2-sphere and let
1:§2 — §2 be a continuously differentiable function with v(z) Lz for
all z € §2. Extend v to a function on the punctured space R? \ 0 by
defining v(z) = ||z|| - v(z/||z||). Furthermore, let A be the compact
region given by A= {z € R3 |1/2 < ||z|| < 3/2}.

7. Prove that v, as extended, is a cdntinuously differentiable function
and that it satisfies the Lipschitz condition ||v(z) — v(y)|| < c ||z — y||
for some real constant ¢ > 0 and for all z,y € A.

Now let ¢ be a real parameter with 0 < ¢ < min{1/3,1/c} and
define f; on R3\ 0 by fi(z) = z + tv(z). Note that fi(rz) = rfy(z)
for all positive real numbers r and that f; maps the sphere §2(r) of
radius 7 into §2(rv/1 +t2).

8. For any ug € §2 and t as before, define g(z) = ug — tv(z). Show that
g: A — A and that g satisfies the Lipschitz condition ||g(z) — g(y)| <
ct||z—yl|. Since 0 < ¢t < 1 and A is compact, prove that (o, g"(A)
contains precisely one point z, which is necessarily a fixed point for
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g. From z = g(2) = up — tv(2), deduce that ||z|| = 1/v1+t? and
conclude that f; maps §2(1/v/1 + #2) onto §%(1). Indeed, deduce that
f: maps $2(r) onto §2(rv/1 + 2) for any positive real number r.

9. Show that f; maps A in a one-to-one manner onto

B, = {:v eR | (1/2)vVI+2 < ||z < (3/2)V1+ tz}

Since the Jacobian J(f;) is a polynomial in the parameter ¢, use the
formula ‘

Vol(Bt)=//Ath=//AJ(ft)dV

to prove that the volume of B; is also a polynomial function of ¢.

10. Finally, observe that Vol(B;) = (1 + #2)3/2 Vol(A) and conclude that
the function v does not exist. This is Milnor’s proof of the Hairy Ball
Theorem. It works equally well in all appropriate higher dimensions.



18. Big Projectives

In the previous chapters we were concerned with finitely generated pro-
jective modules over polynomial rings. Now we move on to the infinitely
generated ones. As we will see, if R is any commutative Noetherian do-
main, then big projective R-modules are necessarily free.

DEFINITION Let R be an arbitrary ring and let V be an R-module. If X
is any cardinal number, we let VX denote the direct sum of X copies
of V. In particular, R* is the free R-module on X generators. If oo
denotes the countably infinite cardinal and if X is infinite, then clearly
(VX)yez2yX =vX gV,

. PROPOSITION 18.1 (Eilenberg Trick) Let X be an infinite cardinal and let P
be a projective R-module with X generators. Then RX = R* @ P. In
particular, if RX | P, then P = RX is free.

PROOF ~ Since P has X generators, we can map R* onto P and then,
since P is projective, the map splits. Thus RX = P & @ and, since X is
infinite, we have -

R (R)*=PoQo(PoQoPoQ o
2Po(QoP)do(QoP)o(QadP)® -
~P@®RX

Finally, suppose RX | P and say P = R* & M. Then

RX~RX*@oP=R* o (R¥o M)
~R*eoRN Yo M2R*XoM=P

171
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as required. O

In other words, a projective module P is free if it has enough direct
summands isomorphic to R. To obtain even one such summand, we study
the R-module homomorphisms A\: P — R. Indeed, if ) is an epimorphism,
then the map splits and R | P. This leads to:

DEFINITION IfV is an R-module, then the trace ideal of V, written T'(V),
is the linear span of all images A(V') for all R-module homomorphisms
XV — R. Since each A(V) is a right ideal of R, it is clear that T'(V)
is also a right ideal. Furthermore, if r € R, then the composite map
VSRR given by v — rA(v) is an R-homomorphism with image
rA(V). Thus T(V) is indeed a two-sided ideal of R.
Unfortunately, T(V') is not precise enough to determine whether V'
has a summand isomorphic to R. However, we do have:

LEMMA 18.2 Let V be an R-module. Then T(V) = R if and only if V™ has a
summand isomorphic to R for some integer n > 1.

PROOF 1If R | V™, then there is an epimorphism 6: V™ — R and clearly
0 is of the form

6: (’Ula V25 a'U'n) b )\1('”1) + )\2('"2) palie )\n(’"'n)

where each A\;: V' — R is an R-homomorphism. Since 6 is an epimorphism,
we then have 1 € A (V) 4+ A2(V) + -+ + A\ (V) and hence T(V) = R.
Conversely, if T(V) = R, then 1 € T'(V), so there exist A1, Ag,..., A,

and v1,vg,...,v, such that 1 = 3, Ay(v;). In particular, if we define
0: V™ — R as before, then @ is clearly an epimorphism. Since Rp is
projective, it follows that 6 splits and hence that R | V™. O

By Theorem 10.5, any projective R-module is a direct sum of count-
ably generated projectives. Thus the following result has more general
applicability.

THEOREM 18.3 Let R be a right Noetherian ring and let P be a countably
generated projective R-module. Suppose that the module P/PM is not
finitely generated for every maximal two-sided ideal M of R. Then P is
a free R-module.

PROOF Since P is countably generated, it is a homomorphic image of
R* = F. Furthermore, since the epimorphism splits, we have F = P+Q.
Let { f1, f2, ...} be a free basis for F and, for each 3 € F, let \;(z) € Rbe



Chapter 18. Big Projectives 173

the coefficient of f; when z is written in terms of this basis. In other words,
z is the finite sum ) ; f;\i(z) and it follows easily that each Ai: F — R
is an R-module epimorphism.

STEP 1 [For any integer k > 0, we have 3,5, RAi(P) =R

PROOF Observe that 3., ., RAi(P) is a two-sided ideal of R. Thus if
this sum is not equal to R, then it is contained in some maximal two-sided
ideal M. In particular, A\;(P) C M for all # > k + 1 and hence

k
PC) fiR+FM

i=1

Now F = P+Q, so FM = PM 4+QM and applying the natural projection
wp: F' — P yields

k
P=> np(fi)R+PM

=1

But this implies that P/PM is a finitely generated R-module and thus
we have the required contradiction. O

STEP 2 For any integer k > 0, there emst £ >k +1 and an R-homomorphism
p= Zz_k +17TiAi such that p(P) =

PROOF For each such p as before, (P) is a right ideal of R. Thus
since R is right Noetherian, we can assume that p has been chosen with
p(P) maximal. We show that u(P) = R. First note that p(P) is finitely
generated, say by si, S2,...,8t, and let z; € P with p(z;) = s;. Since
each z; has only ﬁn1tely many nonzero f;-components, there exists £/ > £
with z; € PN (Z 1 i ) for all .

Let 5 > £ and set p' = p+rA; for any r € R. Since \j(z;) = 0,
we have p/(z;) = p(z;) = s; and thus p'(P) 2 Y ;8:R = u,(P). The
maximality of p(P) now implies that u/(P) = u(P).' In particular, if y
is any element of P, then u(y) and p'(y) are both contained in u(P),
so TAj(y) € w(P). But y € P, r € R, and j > £ are arbitrary, so
> j>e BAj(P) C p(P) and Step 1 implies that u(P) = R. O

STEP 3 P is free.

PROOF We define a sequence of ep1morphlsms Un: P — R as follows.
First, take k = 0 in Step 2 to obtain u1 = 21 Ti\; and suppose p1(z1) =
1, where z; € PN Y.1* fiR with m1 > £;. Next, take k = m; in
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Step 2 to obtain gy = fou +1 Tidi and suppose fa(T2) = 1, where z5 €
PN YT f;R with my > €. We continue in this manner, obtaining
P = Zf,’:ﬂ_l i\ and a corresponding ©, € PN Y *" f;R. By the choice
of parameters, it follows that p,(z,) =1 and pg(z,) = 0 for all k > n.

Note that any y € P has only finitely many nonzero components and
hence p,(y) can be nonzero for at most finitely many n. In particular, if
F' is a free R-module with countable basis { f1, f3,. .. }, then we can define
0: P — F' by 0(y) = 302, frbn(y). Since pn(zn) = 1 and pg(zn) = 0
for all k¥ > n, we then have

O(zn) = fot+ Y fisn;

j<n

for suitable s, ; € R and it follows by induction on n that each f;, is in
the image of 6. Thus @ is an epimorphism, so it splits and hence F’ & R®
is a direct summand of P. Proposition 18.1 now implies that P & R is
a free module. a

The main goal of this chapter is to sharpen the preceding result
when R is a commutative integral domain. Thus we will assume, until
Theorem 18.7 is proved, that R is such a ring.

DEFINITION Recall that an R-module V is torsion free if, for all 0 # v € V

and 0 # r € R, we have vr # 0. Thus Rp is torsion free and this
property is inherited by submodules and direct sums. In particular, each
free R-module and each projective R-module is torsion free.

Now let V be a torsion free R-module and let T" be a multiplicatively
closed subset of R. Then, just as we formed the ring of fractions RT 1,
we can also form the module VT—1. Here VT~! is the set of all formal
fractions (or ordered pairs) v¢~! with v € V, t € T and with equality given
by vltfl = vaty 1if and only if v1t; = vaty. This equality of fractions is
easily seen to be an equivalence relation, since V' is torsion free.

Finally, VT~ is an RT~!-module with addition and multiplication
defined by

vlt;l + ’U2t;1 = (’Ultz + ’Uztl)(t]_tz)_l
(wt~1)(rs™t) = (vr)(ts)™?

for all appropriate parameters. It is obvious that the map v — v17! is
an R-module embedding of V' into VT~!. Furthermore, we have:
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LEMMA 18.4 IfV is a torsion free R-module and if T is a multiplicatively closed
subset of R, then VT ! 2V @ RT1.

PROOF This is routine. First we must verify that the map a: VT~ —
V ® RT! given by vt~! ++ v ® t~! respects equality and addition. Then
we verify that the map B:V x RT~! — VT~! given by (v,rt"!)
(vr)t~! is balanced and therefore gives rise to an additive homomorphism
B:V ® RT™! - VT~1. Since @ and 3 are clearly inverses of each other,
they are both bijections. Finally, it is easy to check that a and 8 are both
RT~'-module homomorphisms. O

In view of the preceding, we can apply basic properties of induced
modules to this situation. In particular, if X is any cardinal number, then
(VX)T~1 =2 (VT~1)X and if P is a projective R-module, then PT! is a
projective RT~*-module. We now require two lemmas. The first concerns
localization at a maximal ideal.

LEMMA 18.5 Let V be a torsion free R-module, let M be a maximal ideal of
R, and set T =R\ M. Then (VT~1)(MT~!) = (VM)T™! and

VI-Y(VM)T = V/VM

as R-modules.

PROOF Since M is maximal, R/M is a field. In particular, ift € T, then
there exists s € T with 1 — ts € M. Notice that VM is an R-submodule
of V, MT™! is the maximal ideal of RT~!, and (VT })(MT™?) =
(VvM)T—L. .

We first show that V + (VM)T~! = VT~1. To this end, let vt~ €
VT~ and choose s as before with 1 —ts € M. Then ¢t~ —s € MT™1,
sovt™! —vs € (VM)T! and therefore vt~ € V + (VM)T L.

Next, we observe that V N (VM)T~! = VM and one inclusion is
obvious. For the converse, let v € V N (VM)T! and say v = wt™! with
w € VM. Since v(1 —ts) € VM and vts = ws € VM, we conclude that
ve VM.

As a consequence, we have

VT-Y(VvM)T™ = (V+(VM)T)/(VM)T™?
=V/(Vn(VM)T ) =V/VM

the required R-module isomorphism. O
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This result is decidedly false if we localize at a nonmaximal prime.
Note that if V is a finitely generated R-module, then VT~! is a finitely
generated RT~'-module. We prove a partial converse.

LEMMA 18.6 Let P be a projective R-module and let T be a multiplicatively
closed subset of R. If PT! is a finitely generated RT~'-module, then P

is a finitely generated R-module.

PROOF Suppose p; tl‘l, Daty 1., pnt, ! are the finitely many generators
for PT~1. If p is an arbitrary element of P, then p1=! € 5°,(pit; 1) RT !
and, by clearing denominators, it follows easily that pr € Y, p; R for some
0#re€R.

Since P is projective, P | F, where F is a free R-module with
basis { f; }. Furthermore, by relabeling this basis, we can assume that
D1,D2,..,Pn € F' = Y.7" fiR. Now, by the preceding, if p € P, then
there exists 0 #r € R withpr € 3, p;R C F'. But F = F' + F" and
F" is a torsion free R-module. Thus we conclude that p € F' and hence
that P C F'. Finally, since P | F, the Modular Law implies that P | F'.
Thus P is a homomorphic image of the finitely generated R-module F’
and the lemma, is proved. a

We can now obtain our main result on big projectives.

THEOREM 18.7 (Bass’ Theorem) Let R be a Noetherian commutative integral
domain and let P be a projective R-module that is not finitely generated.
Then P is free.

PROOF Suppose first that P is countably generated but, of course, not
finitely generated. Let M be a maximal ideal of R and set T = R\ M.
Then PT~! = P® RT ! is a projective module for the local ring RT ™! =
Rjs and hence, by Kaplansky’s Theorem, PT™! is free. Furthermore,
since P is not finitely generated, the previous lemma implies that PT?!
is not a finitely generated RT—!-module. Thus PT~! = (RT~1)X for an
infinite cardinal X. Two applications of Lemma 18.5 now yield

P/PM = PT-Y/(PT~Y)(MT™?)
=~ (RT-HX /(RT-1)X(MT™?)
= [RT-Y/(RT-Y)(MT1)]* = (R/M)*
where these are all R-isomorphisms. Thus, since X is an infinite cardinal,

P/PM = (R/M)X is not finitely generated and Theorem 18.3 implies
that P is indeed free.
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Now suppose that P is not even countably generated. By Theo-
rem 10.5, we know that P is a direct sum of nonzero countably generated
projective R-modules and certainly this sum must be infinite. Thus we
can suitably group these terms and write P = -3, (- > ge1 Pi ;). But, for
each i, P, = Z —1 Pi,j is a countably generated projective R-module,
which is clearly not finitely generated. Thus each P; is free, by the work

of the preceding paragraph, and hence P = -3, P; is free. a

In particular, in view of the preceding and the affirmative solution
of the Serre Conjecture, we have:

COROLLARY 18.8 IfK is a field, then all projective modu]es for the polynom1a1
ring K[z1,Z3,...,%n) are free.

We close with a preliminary result needed for the next chapter

DEFINITION Let R be an arbitrary noncommutative ring. Then R is said to be
filtered if R =\|J,_, Rn is the ascending union of the additive subgroups
Ry and if RiR; C Riy; for all.4,j. In addition, we insist that 1 € Ry, so
that Rp is a subring of R.

Notice, for example, that the polynomial ring R = K[z1,Zs, ..., Tm]
is filtered by defining R, to be the set of all polynomials of total degree at
most n. Furthermore, if R =-Y ;2 R; is a graded ring, then R is filtered
by defining R, =+ Y ;o Ri. As we see in the next paragraph, there is a
partial converse to this.

Suppose R = U;°=0 R, is an arbitrary filtered ring; for each ¢ > 0,
define R; = R;/Ri~1, where we set R_; = 0. Then the multiplication
map R; X R; — Riy; gives rise to a map R; x R; — R;4j, which we
again think of as multiplication. Specifically, if T = z + R;—; € R;
and § = y + Rj_1 € R, then &j € RH.J- is defined unambiguously by
ZJ = zy + Riyj—1. Furthermore, it is easy to verify that this family of
multiplication maps is associative. By this we mean that if T and 7 are
as before and if Z € Ry, then Z(§Z) = (§)z € Riyjrk. We now define
R=o Zn—OR and, with the obvious addition and multiplication, R
becomes a graded ring. We call R = gr R the associated graded ring of
R. It is determined by both R and the filtration on R.

Recall that a graded ring is said to be graded right Noetherian (or
graded right Artinian) if every ascending (or descending) chain of graded
right ideals eventually stabilizes. Obviously the ordinary Noetherian (or
Artinian) condition implies its graded counterpart.

LEMMA 18.9 Let R = |Jo_,R» be a filtered ring. If grR is graded right
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Noetherian, then R is right Noetherian. Similarly, if gr R is graded right
Artinian, then R is right Artinian.

PROOF Let I be a right ideal of R and, for each n > 0, let I, be the
image of I, = INR, in R,. Then it follows easily that .I::Rj - I-H.,- and
hence that grI = @ S oo, I, is a graded right ideal of gr R.

Now let J be a second right ideal of R and suppose that I C J.
Then I, C J, for all n and hence grI C gr J. Furthermore, gr = grJ
implies that I = J. Indeed, suppose we already know that I,_; = J,—1.
Then we have y

I.NMRp1=In1=Jn1=Jy nJRn—l

and also I + Rn—1 = Jn + Rn-1, since I, = Jn. But I, C Jy, so the
Modular Law implies that I, =*J, and it follows, by induction on n, that
I=J. ‘

In particular, any strictly increasing or decreasing chain of right
ideals of R gives rise to a strictly increasing or decreasing chain of graded
right ideals of gr R. With this, the result follows. a

EXERCISES

Let R be an arbitrary noncommutative ring. An R-module V is said
to be a generator if, for each R-module W, there exists a cardinal
number X and an epimorphism VX — W. A progenerator for R is
a finitely generated projective R-module which is a generator. Recall
that T(V) is the trace ideal of V.

1. Prove that V is a generator if and only if T'(V') = R.

2. Suppose P 2 @Y 2, P; is an infinite direct sum of countably gener-
ated projective R-modules P; with T'(P;) = R. If R is right Noethe-
rian, show that there exists an epimorphism u: P — R. Conclude
from the Eilenberg Trick that P is free.

3. Suppose R is a right Noetherian ring and P is a finitely generated
projective R-module. Prove that P is a progenerator if and only if
P> = R™,

4. If I is a right ideal of R, show that T(Ig) O RI. Furthermore, if
I = eR for some idempotent e, prove that T'(eR) = ReR.

5. Find an example of a nonzero finitely generated projective R-module
that is not a progenerator. If R is a simple ring and I is a nonzero
right ideal of R, prove that I'g is a generator.

6. Show that all nonzero R-modules are generators if and only if R is a
simple Artinian ring. If R is assumed to be right Artinian, show that
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10.

all nonzero finitely generated projective R-modules are progenerators
if and only if R/Rad(R) is simple.

. Let P be a projective R-module andsay P+Q = F = - Y, f;R ,where,

of course, F is free. If z € P, write z = Y, fi\i(z) and apply the
projection map 7p to conclude that P = PT(P). In particular, if
T(P) # R, there exists a maximal ideal M of R with P/PM = 0.

. If Risa Dedekind domain and 0 # A<R, show that T(Ag) = A~*A =

R. Conclude that all nonzero finitely generated projective R-modules
are progenerators.

. Now assume that R is a commutative domain and let V' be a torsion

free R-module. If T is a multiplicatively closed subset of R, verify
all the steps in the construction of the module VT—!. Furthermore,
if S O T is also a multiplicatively closed subset of R, prove that
(VT~1HS-1 2 VS~1 as RS~ -modules.

Let P be a prime ideal of the commutative integral domain R. If
R+ PRp = Rp, prove that P is a maximal ideal of R. In particular,
conclude that Lemma 18.5 fails for nonmaximal ideals.
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In view of Corollary 18.8, we now completely understand the projective
modules for the polynomial ring R = K|[z1, 3, ..., Zmy). Thus it is time to
move on to other aspects of the module theory of this ring. Specifically,
we now consider the simple R-modules and the nature of the Jacobson
radical of certain homomorphic images of R. Both of these topics actually
fall under the province of the Hilbert Nullstellensatz and our goal is to
prove this result in a mildly noncommutative setting.

DEFINITION If R D S are rings, then R is said to be an almost centraliz-

180

ing extension of S provided that R is generated as a ring by S and the
finitely many elements i, Ts,..., T, Furthermore, we insist that each
T; commutes with S and that

m
T;Tj — T;T; €S + Z Sy,
k=1

for all 4, j. Notice that if S is commutative, then S must be central in R.
Furthermore, if S = K is a field, then R is called an almost commutative
K-algebra. 1t is clear that if R is such a K-algebra, then so are all its
homomorphic images.

Our goal in this and the next chapter is to prove an appropriate
Nullstellensatz (Zero Set Theorem) for these almost commutative alge-
bras. Since any polynomial ring is certainly of this form, we will thereby
obtain the Hilbert Nullstellensatz as a corollary. Furthermore, there are
certainly interesting noncommutative, almost commutative algebras. For
example, we consider the Weyl algebras at the end of the next chapter.
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Again, let R be an almost centralizing extension of S with generators
T1,T2,...,Tm. Set Ro =5 and Rp = (5 + 3 je, S:ck)n for n > 1. Then
it is clear that R = U, Rn is a filtration of R and we consider the
associated grade ringgr R = @ Zn_QR Clearly Ry = S and, since each
T; € R1, we can set T; = ©; + Rg € R;. Furthermore, since TiTj — T5T; €
R1, it follows that the Z; all commute in gr R and hence we see that grRis
a homomorphic image of the ordinary polynomial ring S[Z1,Zg,. .., Zm).
In particular, we conclude easily that every element r € R can be wrltten
as a finite sum r = ), sax®, where a = (@1,0a2,...,an) is an m-tuple
of nonnegative integers, x* = zj*z3? - -+ x5 and 5, € S. Of course, this
expression is not unique in general. Furthermore, if b = (b1, b2,...,bn),
then x2xP = x2*® modR,4+p—1 where a = dega =a3 + -+ ap, b =
degb=1b;+ -+ bm,and a+b = (a1 + b1,a2 + b2,...,am + bm).

Notice that if S' is Noetherian, then, by the Hilbert Basis Theorem,
so is the polynomial ring S[Z1, Z2,. .., Zm). Thus, since any homomorphic
image of a Noetherian ring is Noetherian, Lemma 18.9 yields:

LEMMA 19.1 Let R be an almost centralizing extension of S. If S is right
Noetherian, then so is R.

Our approach to the Nullstellensatz is based on the idea of generic
flatness.

DEFINITION Let S be a commutative integral domain and let V be an S-
module. We say that V' is a-free for some 0 # a € S if V has a free
S-submodule V such that every element of V/V is annihilated by some
power of . We say that V satisfies generic flatness if V is a-free for
some such a. Recall that if @ is a nonzero element of S, then S, is the
localization of S at the multiplicatively closed set {1,q,02,...}. Part
(i) of the following lemma partially explains the term generic flatness.
Namely, it asserts that the induced module V ® S, is free and hence flat.
Furthermore, S, is a flat extension of S.

LEMMA 19.2 Let S be a commutative integral domain and let V be an S-
. module.
i. If V is a-free, then V ®g Sq, is a free Sq-module.
ii. Let S be a principal ideal domain. If V is a-free, then so are all
its submodules.
iii. If V is a-free, then it is af-free for any nonzero f € S. In
particular, if V1, Vs,...,V, are given and if V; is a;-free, then all V; are
a-free, where o = []; .
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iv. Suppose T is a well-ordered set and that {V; | i € T} is an
increasing family of submodules of V' whose union is all of V. For each
i € I, write V;~ =, ; V; and suppose that V;/V;™ is a-free. ThenV is
a-free.

PROOF (i) First observe that So = (J;.o S2~™ and that each Sa ™ is a
free left S-module. Thus, by Lemma 9. 9(1)(u1), Sq is a flat left S-module.
Now let V be the free submodule of V given by the a-free definition and
consider the exact sequence 0 — VoVo V/V — 0. Then, since S, is
flat, we know that

05V®Sy—=VRSy— (V/IV)®8: — 0

is exact. But V ® S, is free, by Lemma 9.11(i), and (V/V) ® 8, = 0,
since each element of the latter module is annihilated by some power of
the unit @ € S,. Thus V® S, 2V ®S, i is free.

(ii) If W is a submodule of V, then W = V' N W is free, by Corol-
lary 6.4, since 5 is a principal ideal domain. But W/ W is isomorphic to a
submodule of V/1 V, so this fact is proved. Part (iii) is, of course, obvious.

(iv) Since V;/ V is a-free, let B; = { v; ; } be a set of elements of V;
which, modulo V;~, form a free basis for the appropriate free submodule
of V/V,”. Let B = |J;B; and observe that the elements of B are S-
independent. Indeed, if }; ;vij8:,; = 0 is a finite dependence, let ig
be the largest first subscript that occurs. Then, reading this equation
modulo V;_, it follows that all s;;,; terms are zero. We can now let V' be
the free S-submodule of V' generated by B. _

It remains to show that each element of V/V is annihilated by a
power of a and for this we proceed by induction on 7 € Z. If v € V;, then,
by definition of B;, we see that va™ = Ej 5,584, mod V;~ for suitable
si,j € §. Hence w = va™ — 3, v;,58:,; € V;~ and thus w € Vj for some
k < i. By induction, we™ € V and hence va™*™ € V, as required. O

If R is an almost centralizing extension of the ring S with gener-
ators x,T2,...,Tm, then the elements of R look like polynomials in
these variables. Thus it is appropriate to study the exponents a =
(a1,a2,...,am) € N™, where N denotes the set of nonnegative integers.
Now there are at least three different orderings we can put on these ex-
ponents. First, N™ can be ordered lezicographically by defining

(al,ag, e ,am) <y (b1,b2, A ,bm)

if and only if a3 = by, ap = bg, ..., aj—1 = b;—1 and a; < b; for some
subscript 1 < 7 < m. Next, we write a < b if either dega < degb or
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dega =degb and a <; b. Either of these is a total order and, indeed, a
well order. Finally, we have the product ordering, where

(0150121 ceey a'm) <x (bl’ bay..ns bm)

if and only if a; < b; for all 7. Note that the latter is only a partial order,

but it has the following striking property.

LEMMA 19.3 Any sequence { Zi1,T2,...} of elements in N™ contains a sub-
sequence {y1,¥2,...} with y; < yi+1 for all i. In particular, if M is a
nonempty subset of N™, then M has only finitely many minimal elements
under <,, and each element of M contains at least one of these.

PROOF The natural ordering on N has the property that every sequence
has a nondecreasing subsequence. Therefore, the same holds for N™,
by projecting the given sequence into each of the m coordinates in turn
and, at each step, taking an appropriate subsequence. It follows that
N™ cannot contain (i) infinitely many incomparable elements under <;
or (ii) a strictly decreasing sequence. Thus the facts on M C N™ follow
immediately. d

We can now prove:

THEOREM 19.4 (Generic Flatness Theorem) Let R be an almost centralizing
extension of the Noetherian commutative integral domain 5. IfV is a
finitely generated R-module, then Vg satisfies generic flatness.

PROOF Since V is finitely generated, it has R-submodules
0=WCWC---CV,=V
such that each V;/V;_; is cyclic. Furthermore, by Lemma 19.2(iii)(iv), it

suffices to show that each V;i/V;i—1 satisfies generic flatness. Thus we may
assume that V' is cyclic and hence that V' = R/I for some right ideal I of

the ring R.
Let R be generated over S by z1,zs,..., T, and, for each exponent
a = (a1,a2,...,am), let S(a) be the set of all finite sums Y, SbXP

with s, € S. In this way we obtain an increasing collection of right
S-submodules of R whose union is all of R. Furthermore, let

L(a)={se.5'| ZsbxbeIands=sa}
b<a
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In other words, L(a) is the set of all “leading coefficients” of elements of
INS(a). It is clear that L(a) is an ideal of the central subring S.

STEP 1 There are at most finitely many distinct L(a).

PROOF 1If degb < dega,then b <a,andifb<a,thenb+c<a+ec
It therefore follows that

(z sbxb)x°= Z shyxd

b<a d<a-c

for suitable s; € S and that the leading coefficients satisfy s} . = Sa.
Thus, since I is a right ideal of R, we conclude that L(a) C L(a+c) for all
a and c. In particular, by definition of the product ordering, L(a) C L(a’)
for all a <, a’.

Suppose, by way of contradiction, that L(ay ), L(az), ... are infinitely
many distinct ideals. By the previous lemma, the sequence { aj,az,...}
contains a nondecreasing subsequence { by, bgz,...} under the product
ordering. But then L(by) C L(bgz) C --- is a strictly increasing chain of
ideals of S and this contradicts the fact that S is Noetherian. a

For each a € N™, define V(a) = (I + 5(a))/I. In this way we
obtain an increasing family of S-submodules of V' whose union is all of
V. Furthermore, we have

V(a)~ = |J V(b)= (T +S(a)")/I
b<a

where S(a)” = Up<a S(b).

STEP 2 V(a)/V(a)~ = S/L(a) as S-modules.
PROOF To start with, the map Aq: S — (I+S5(a))/(I+5(a)”) given by
s+ sx®+ (I'+5(a)”) is an S-module epimorphism, since S(a)~™ +5x® =
S(a). Furthermore, s € Ker(A,) if and only if sx2 € I+ S(a)~ and hence

if and only if there exists Y-, ., sbxP € 5(a)” with sx®+3Y ", . spxP € I.
In other words, Ker(Aa) = L(a) and therefore

nt

L@)  I+S@)~ ([I+S@))/I V(a)-

S o I+8@) . (I+S@)/1 _ V(a)

as required. O

STEP 3 V has generic flatness.
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PROOF By Step 1, there are only finitely many distinct ideals L(a).
Thus, since S is an integral domain, there exists a nonzero element o
contained in all the nonzero ideals of this form. ‘
Now if L(a) = 0, then S/L(a) = S is a free S-module and hence
certainly a-free. On the other hand, if L(a) # 0, then a € L(a). Thus
a annihilates the module S/L(a) and S/L(a) is again a-free. It there-
fore follows from Step 2 that Vi(a)/V(a)~ is a-free for all such a and
Lemma 19.2(iv) yields the result. O

Suppose R is an almost centralizing extension of S and that S is
a commutative domain. If V is an irreducible R-module, then we are
interested in the structure of the restricted module Vs. Suppose, for
example, that Vg is isomorphic to a finite direct sum of copies of F' =
S8, say V =37 v;F. If R is generated over S by 1,2, ..., Tm, then
the action of each z; on V can be described by an n x n matrix over F.
It follows that if & is a common denominator for the finitely many matrix
entries for all these generators, then - Z’f v;Sq is a nonzero R-submodule
of V. But V is irreducible, so - 37 v;Sa =+ Y.y v;F and hence Sy = F.

We say that a commutative domain S is a G-domain if there exists
0 # a € § with S, = SS~1. Notice, for example, that if S is a unique
factorization domain with infinitely many distinct primes, then S is not
a G-domain. This follows because the elements of S, have denominators
that involve only the finitely many prime factors of @ Thus the ring
of integers Z is not a G-domain and neither is the polynomial ring K [z]
over the field K. Indeed, K[z] is a unique factorization domain and the
algebraic closure of K is infinite. Thus there are infinitely many distinct
monic minimal polynomials and each of these is irreducible.

Now suppose that R is a K-algebra, by which we mean that R con-
tains K as a central subfield. If V' is any right R-module and if k¥ € K,
then the map p(k):v — vk is obviously an R-endomorphism of V. Fur-
thermore, since K is a field, we see that p: K — Endg(V) is a ring embed-
ding and, in this way, we can think of K as being contained in Endg (V).
But Endg(V) commutes with right multiplication by any r € R and, in
particular, it centralizes p(K). Thus Endg(V) becomes a K-algebra in a
natural way. It is with this understanding that we state:

THEOREM 19.5 Let R be an almost commutative K-algebra. If V is an ir-
reducible R-module, then D = Endg(V') is a division ring that is finite
dimensional over its central subfield K.

PROOF By Schur’s Lemma, Endg(V) = D is a division ring and, by our
previous comments, K is a central subfield of D. The proof proceeds in
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two steps.

STEP 1 D is algebraic over K.

PROOF Suppose, by way of contradiction, that some d € D is not alge-
braic over K. Then K|[d] C D is isomorphic to a polynomial ring over K
and its field of fractions F' = K (d) is contained in the division ring D.

Form the polynomial ring R' = R[z] and observe that R’ is an almost

. centralizing extension of S’ = K[z] using the same set of generators. Since
d € Endg(V) commutes with the action of R, we can view V as an R'-
module by letting = act like d. Then V is a cyclic R’-module and, since
S’ is a commutative Noetherian domain, the Generic Flatness Theorem
implies that Vg is a-free for some 0# a € S'.

" Choose any 0 # v € V and observe that Fv is an §’-submodule of V.
Thus, since S’ is a principal ideal domain, Lemma 19.2(ii) implies that
Fuv is also a-free. But F' = K(d) and z acts on Fv & F' like multiplication
by d. Thus, by changing to the variable z, it is clear that K (z) is in fact
an a-free K|[z]-module.

Finally, suppose W is the free K[z]-submodule of K(z) correspond-
ing to the definition of a-free. Then W must have rank 1 and hence
W = BK][z] for some 0 # B € K(z). Furthermore, since every ele-
ment of K(z)/W is annihilated by a power of @, it follows that K(z) =
W K|z), = BK|[z]o. But, multiplying by 87! yields K(z) = K|[z], and
this is a contradiction because K[z] is not a G-domain. a

STEP 2 Every maximal subfield of D is finite dimensional over K and hence
dimg D < oo.

PROOF Let F be a maximal subfield of D, so that FF 2 K. By the
preceding, we know that F' is an algebraic extension of K. Since K C
Endg(V), it follows that V is a (K, R)-bimodule, and certainly F' is an
(F,K)-bimodule. Thus, by Lemma 9.3, W = F ® V is an (F,R)-
bimodule. In particular, there is a homomorphism ’: R — End(W), with
End(W) acting on the right. Notice that R’ C End(W), being a homo-
morphic image of R, is also an almost commutative K-algebra. Next,
since F' is commutative and W is a left F-module, there is a homomor-
phism : F — End(W) defined by wf’ = fw for all w € W and f € F.
Clearly F = F' C End(W) and, since W is an (F, R)-bimodule, it follows
that F’ and R’ commute elementwise. Furthermore, since W is a tensor
product over K, it follows from the nature of the embedding of K into D
that both restriction maps ’: K — K’ C End(W) are identical.

We conclude from all this that F'R’, the subring of End(W) gener-
ated by F’ and R/, is an almost commutative F"-algebra whose generators
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over F' are precisely the generators of R’ over K’. Therefore, Lemma 19.1
implies that F'R’ is & Noetherian ring. Now fix 0 # v € V and note that
W = (1 ® v)F'R' is a cyclic F'R'-module. Thus W is a Noetherian
F'R'-module and, in particular, its submodules are finitely generated.
Finally, suppose by way of contradiction that dimg F' = co. Since
F/K is algebraic, we can find a strictly increasing chain of intermediate

fields
K=FRCFRCFRC---CF

Then, for each i > 0, choose f; € Fi41 \ F; and set
{uz=fi®v—~l®waW

Since the submodule Y oo, w;F'R’ is finitely generated, it follows that
Wn € D, wiF'R' for some n > 0.

Set L = F,, and observe that ' ®, V makes sense and that the map
FxV —=F@g.V given by (f,v) — f ®1 v is balanced (over K). Thus
there exists an additive group homomorphism : F®gV — F QL V given
by f ® v — f ®1 v. Furthermore, for any f € F, r € R and 7 < n, we
have

0 (wi(f'7")) =0(ffi ® vr — f ® fivr)
=ffi®Lvr— f®L fiur =0

since f; € L can move across ®. Thus w, € ) ; ., wiF'R' C Ker(6).

On the other hand, 6(w,) = fo ®Lv —1®L frv € FQLV and f, ¢ L.
Thus {1, f, } is part of an L-basis for ' and the left analog of Lemma 9.7
implies that 6(w,) # 0, a contradiction. We conclude, therefore, that

dimg F' < co and Lemma 4.8 yields the result. a

COROLLARY 19.6 If D is a division ring that is an almost commutative K-
algebra, then dimg D < oo.

PROOF V = D is an irreducible right D-module and, by Lemma 4.3(ii),
we have Endp(V) = D. Now apply the preceding theorem. O

COROLLARY 19.7 (Zariski Nullstellensatz) Suppose F is a field that is a finitely
generated ring extension of its subfield K. Then F' is a finite algebraic
extension of K.

The approach to the Nullstellensatz via generic flatness was discov-
ered by P. Hall in his work on group rings of nilpotent groups. Duflo and
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Quillen then went on to study almost commutative rings and proved the
algebraic aspects of Theorem 19.5. The finite dimensional aspects of that
theorem are due to Gabriel and Small. Results of McConnell on almost
normalizing extensions are discussed in Exercises 5-10.

EXERCISES

1.If R = ;2 Rn is a filtered ring, define degr for 0 # r € R to
be the minimal n with 7 € R, and set deg0 = —oo. Prove that
degrs = degr + deg s for all r,s € R if and only if gr R is a domain.
Now find an example of a domain R with gr R not a domain. For this,
try a polynomial ring with a shifted degree.

2. Again let R be a filtered ring. If I,J 4 R with IJ = 0, prove that
(grI)(grJ) = 0. Conclude that if gr R is graded prime, then R
must be prime, and, similarly, if gr R is graded semiprime, then R is
semiprime. Here, a graded ring is graded prime if a product of nonzero
graded ideals is necessarily nonzero. Similarly, graded semiprime
means that there are no nonzero graded nilpotent ideals.

3. Let R be an almost centralizing extension of the integers Z. If V is an
irreducible R-module, use the argument of Theorem 19.5 (Step 1) to
show that Z does not act faithfully on V. Conclude that Endg(V) = D
is a finite division ring and hence a finite field.

4. If S is a commutative integral domain, prove that the following are
equivalent. (i) S is a G-domain. (ii) SS~! is an o-free S-module for
some 0 # a € S. (iii) The intersection of all nonzero prime ideals of
S is not zero.

We say that R is an almost normalizing extension of S if R is gen-
erated as a ring by S and the elements i, zs,...,Z,. Furthermore,
we insist that S + Sz; = S + ;S for all 7 and that

m
T;Tj — T;T; € S + Z STy
k=1

for all 7,7.

5. If R is an almost normalizing extension of the Noetherian ring S,
prove that R is Noetherian. For this, use Exercise 11.7 along with the
proof of Lemma 19.1.

Suppose C is a commutative integral domain central in R. We say
that R satisfies generic flatness with respect to C if every finitely
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10.

generated R-module V is a-free as a C-module for some 0 # a € C.
In the remaining problems let R 2 S D C.

. Suppose that either Rg is finitely generated or R is an almost nor-

malizing extension of S and S is Noetherian. If S satisfies generic
flatness with respect to C, show that R does also. For this, generalize
the proof of Theorem 19.4

A family {I(a)} of right ideals of R, indexed by a € N, is called
weakly ascending if a <; b implies that I(a) C I(b). We say that R
satisfies vector generic flatness with respect to C if, for every £k > 1
and every weakly ascending family {I(a) | a € N*} of right ideals of
R, there exists 0 # a € C such that all R/I(a) are a-free C-modules.
Notice that Exercises 8 and 9 have no Noetherian assumption.

. Show that vector generic flatness with respect to C' implies generic

flatness with respect to C.

. If S satisfies vector generic flatness with respect to C' and if Rg is

finitely generated, prove that R satisfies vector generic flatness with
respect to C.

. Suppose R is an almost normalizing extension of S. If S satisfies

vector generic flatness with respect to C, prove that R does also. For
this, merely observe that if {I(a) | a € Nk} is weakly ascending
and if I(a, b) denotes the set of b-leading coefficients of I(a), then
{I(a,b) | a € N¥, b € N™} is a weakly ascending family with
(a, b) € N¥*™_  Now modify the proof of Exercise 6.

Suppose that C is Noetherian and that every nonzero right ideal of S
meets C nontrivially. If S¢ is a free C-module, prove that S satisfies
vector generic flatness with respect to C.
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The main results of the preceding chapter, namely Theorem 19.5 and
its corollaries, constitute the first half of the Nullstellensatz. We now
move on to the second half and again we are concerned with an almost
commutative K-algebra R. This time, the goal is to understand Rad(R).
As in the classical commutative situation, the result will be proved by
adjoining an additional variable to R. It is for this reason that we begin
by studying the Jacobson radical of an arbitrary polynomial ring.

DEFINITION If R C S are rings, then S is said to be a finite centralizing ez-

tension of R if Sg is a finitely generated R-module with generators that
centralize R.

LEMMA 20.1 Let R C S be an extension of rings.
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i. If S is a finite centralizing extension of R and if V is an irreducible
S-module, then Vg is a finite direct sum of irreducible R-modules. In
particular, Rad(R) C RN Rad(S).

ii. Suppose S = R+ U, where U is a left R-submodule of S. Then
every irreducible R-module is an R-submodule of an irreducible S-module.
In particular, R N Rad(S) C Rad(R).

PROOF (i) Write S = '~, y;R, where each y; € S centralizes R. Since
V is an irreducible S-module, it is a cyclic S-module and hence a finitely
generated R-module. Thus, by Nakayama’'s Lemma, V' # 0 has a maximal
R-submodule M.

For each 7, observe that the map y;: V — V given by v — vy; is an
R-endomorphism; we let M; be the complete inverse image of M. Thus
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M;={veV |vy; € M} is an R-submodule of V and
Vv Vi Vy; Vyz + M vV

~nJ

M My VenM- M SN

In particular, if V//M; is not zero, then it is isomorphic to the irreducible
R-module V/M.

Next, if v € ﬂz__l M;, then vy; € M for all 7 and hence vy;R C M.
Thus vS C M and, since V is an irreducible S-module, we conclude
that v = 0. In other words, ()i=; M; = 0 and hence the natural R-
homomorphism V — & 7w, V/M; is an embedding. But @ 3";-; V/M;,
being a finite direct sum of irreducible R-modules, is completely reducible
and has finite composition length. Thus, by Lemmas 3.1 and 3.6, the same
is true of Vg.

It follows, therefore, from Lemma 3.6(ii) that Vg is a finite direct
sum of irreducible R-modules. In particular, V - Rad(R) = 0 and, since
this is true for all such V, we conclude that Rad(R) C RN Rad(S).

(ii) Now suppose that S = R+ U with RU C U. If W is an irre-
ducible R-module, then W 2 R/M for some maximal right ideal M of R.
Furthérmore, MS = M(R+U) C M +U and hence MS is a proper right
ideal of S. We can therefore choose N to be a maximal right ideal of S
containing M S. Since R D RN N 2 M, we have RN N = M and hence

§ R+N_ R _R
NN "RnN M

In other words, the irreducible S-module V = S/N has R/M = W as an
R-submodule. Finally, V -Rad(S) = 0 implies that W -Rad(S) = 0; since
this is true for all such W, we have R N Rad(S) C Rad(R). O

We can now prove:

PROPOSITION 20.2 IfS =.%:°,S; is a graded ring, then the Jacobson radical
of S is a graded ideal. In other words, Rad(S) = - 352,(S; N Rad(S)).
Furthermore, S, NRad(S) is nil for all m > 0.

PROOF We first prove that Rad(S) is graded. Specifically, the goal is to
show that if s = 3, s; is in Rad(S), then so is each s;. We proceed by
induction on the number n of nonzero components of s, over all choices
of s and S. If n = 0 or 1, the result is clear, so assume that n > 2. Say
8, # 0 and fix any sp # 0 with b # a.

Choose any rational prime p > |b — a| and form the ring extension
B =8[¢c)/(1+¢+--+¢P1) of S. If € denotes the image of ¢ in 5, then
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¢ commutes with S and 1+ €+ ---+ e~ =0, so €? = 1. Furthermore,
S=8+8et---+ SeP=2, s0 both parts of the preceding lemma imply
that Rad(S) = Rad(S) N S. Note also that S is graded with components
Si =8+ Sie+ -+ 5;eP~2. Thus s = ¥, s; € Rad(5) and s; is the
S;-component of s. _ 3

Now observe that the map ¢#:S — S that multiplies each element
of S; by ¢ is an automorphism of S. Thus since Rad(S) is a characteristic
ideal of S, we have ¥, €’s; = ¢#(s) € Rad(5). It follows that

t= Zeisi - ebz s; € Rad(S)

and this element has less than n nonzero components. We can therefore
conclude by induction that ¢, = (e* — e®)s, € Rad(§), so (¢ —1)s, €
Rad(S), where ¢ = |b — a|. Furthermore, by the choice of p we have
p > c¢ > 0, so c¢is prime to p. Thus

(= 1)(ec+26% + -+ + (p— 1)eP~) = p

and it follows that ps, € Rad(S) N S = Rad(S). Since this is true for at
least two distinct primes p, we conclude that s, € Rad(S), as required.
For the second part, let u,, € S,, NRad(S) and assume that m > 0.
Then 1 — up, is invertible in S with inverse v = Y, _, vi;. The equation
1 = (1 — up)v now implies that vy = 1 and that u,v; = Vit for all i.
In particular, we have vj, = (um)? by induction on j > 0. But Vjm 18
eventually zero, so the result follows. O

In case S = R[z] is an ordinary polynomial ring, there is the following
sharper formulation.

THEOREM 20.3 (Amitsur’s Theorem) If R is any ring, then Rad(R[z]) = N[z],

where N is some nil ideal of R.

PROOF Let S = R[z] and observe that S is graded with S; = Rz?. If
N = RN Rad(S), then N is an ideal of R and Rad(S) 2 NS = NJz].
Conversely, if s = ¥, riz* € Rad(9), then, by the previous proposition,
riz* € Rad(S) for all 4. Therefore, it suffices to show that rz* € Rad(S)
implies that 7 € N. For this, observe that the map fixing R and send-
ing £ to 1 + z is a ring automorphism of S. Hence, since Rad(S) is a
characteristic ideal,

r+irz+ - +rzt =7r(1+ ) € Rad(S)
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and we can apply Proposition 20.2 to conclude that r € RNRad(S) = N.
Thus Rad(S) = Nz].

Finally, if » € N, then rz € S; N Rad(S9), so rz is nilpotent. Thus r
is also nilpotent and NNV is indeed a nil ideal of R. O

At present, there is no known intrinsic characterization of the ideal
N for arbitrary rings. However, if R is assumed to be Noetherian, then
the answer is easy.

DEFINITION If a € R, then we recall that r.anng(a) = {r € R| ar =0} is
a right ideal of R known as the right annihilator of a. We say that the
ring R satisfies maz-ra, the maximum condition on right annihilators, if
every nonempty collection of right annihilator ideals contains a maximal
member. Obviously, every right Noetherian ring satisfies max-ra. In

addition, we say that R is semiprime if it has no nonzero nilpotent two-
sided ideal.

LEMMA 20.4 i. Let R be a semiprime ring with max-ra. Then R has no nonzero
nil right or left ideal.
ii. If R is right Noetherian, then Nil(R) is the unique maximal nilpo-
tent two-sided ideal of R.

PROOF (i) Suppose by way of contradiction that I is a nonzero nil right
or left ideal of R. If I is a right ideal, choose 0 # a € I so that aR C I is
also a nil right ideal. Furthermore, since (ra)**! = r(ar)"a for all r € R
and n, it follows that Ra # 0 is a nil left ideal of R. Thus we can now
clearly assume that I is a left ideal. By max-ra, choose 0 # b € I with
r.anng(b) a maximal member of the set {r.anng(c) |0#ce I}.
Suppose that z is an arbitrary element of R. Since I is a nil left ideal
and b € I, there exists n > 0 with (zb)® # 0 but (zb)"*! = 0. If n = 0,
then zb =0, so bzb = 0. If n > 0, then, since r.anng ((zb)*) 2 r.anng(b),
the maximality of r.anng(b) implies that these two right ideals are equal.
But zb € r.anng ((zb)") = r.anng(b), so again we have bzb = 0. In other
words, bRb = 0 so (RbR)? = 0 and R is not semiprime, a contradiction.
(ii) By the Noetherian condition, R has a two-sided ideal N maximal
with respect to the property of being nilpotent. Notice that if N C I« R
and if I2 C N, then I is also nilpotent and hence I = N. It follows that
R/N is a semiprime ring. Furthermore, R/N is Noetherian and hence
satisfies max-ra. Thus we conclude from (i) that Nil(R/N) = 0. But nil
ideals map to nil ideals under an epimorphism, so it is clear that Nil(R)
is contained in N. On the other hand, the reverse inclusion is obvious, so
the result follows. a
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COROLLARY 20.5 If R is a right Noetherian ring, then Rad(R[z]) = Nil(R)[z]
is nilpotent. In particular, if R is semiprime, then R[z] is semiprimitive.

PROOF According to Theorem 20.3 we have Rad(R[z]) C Nil(R)[z] and,
by Lemma 20.4(ii), Nil(R) is the largest nilpotent ideal of R. It then
follows easily that Nil(R)[z] is a nilpotent ideal of R[z] and thus we obtain
the reverse inclusion Nil(R)[z] C Rad(R[z]). O

It is now a simple matter to prove the second half of the Nullstellen-
satz in this noncommutative setting.

THEOREM 20.6 Let R be an almost commutative K-algebra. Then every
semiprime homomorphic image of R is semiprimitive.

PROOF Note that any homomorphic image of an almost commutative
K-algebra is also a K-algebra of this form. Thus it suffices to show that
if R is semiprime, then it is necessarily semiprimitive.

Suppose that R is semiprime. Since R is Noetherian, by Lemma 19.1,
the preceding corollary implies that S = R|[z] is semiprimitive. In partic-
ular, if 0 # r € R, we can find an irreducible S-module V with Vr # 0.
Notice that S = R[z] is an almost commutative K-algebra whose gen-
erators are those of R along with the additional variable z. Thus, by
Theorem 19.5, Endg(V) is finite dimensional over K and hence algebraic
over K. But z is central in S, so the map z: V' — V given by v — vz is
an S-endomorphism of V. Thus we conclude that z, in its action on V,
is algebraic over K.

To make this precise, let ': S — End(V') be the representation of S
associated with the module V. Then S’ = R/[z/] and 2’ is algebraic over
K’ C R'. Thus &' is a finite centralizing extension of R’. Furthermore, V
is an irreducible S’-module, so Lemma, 20.1 implies that Vg is a finite di-
rect sum of irreducible R’-modules. Equivalently, V5 is a finite direct sum
of irreducible R-modules. Since Vr # 0, it follows that r acts nontrivially
on one of these irreducible direct summands and therefore 7 ¢ Rad(R).
Indeed, since this holds for all 0 # r € R, we have Rad(R) = 0. d

Now let us see what all this has to do with zero sets.

DEFINITION Let K be a field, let K denote its algebraic closure and let R =
K[z1,®2,...,Tm] be an ordinary polynomial ring over K in m variables. If
f(z1,22,...,Zm) € R, then an m-tuple (a1,a2,...,an) € K™ is called an
algebraic root, or zero, of f if f(ai,az,...,am) = 0. We then let Z(f), the
zero set of f, be the set of all the algebraic roots of f. Furthermore, if T is
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any nonempty subset of R, then we use Z(T') to denote the set of common
algebraic roots for all members of T. In other words, Z(T') = e 2(f)-

Notice that Ty C T» implies Z(Ty) 2 Z(T3) and that any common
zero of T is also a zero of any R-linear combination of elements of T. It
therefore follows that Z(T) = Z(I), where I is the ideal of R generated
by T. Because of this, we need only be concerned with the zero sets of
ideals. Next observe that if I is an ideal of R and if f® € I for some
n > 1, then Z(f) 2 Z(I). It follows that Z(I) = Z(+/I), where

VI={feR|f* el forsomen>1}

Since R is commiutative, it is trivial to see that VT is an ideal of R
containing I. Indeed, v/I/I = Nil(R/I) and R/\/T is semiprime.

THEOREM 20.7 (Hilbert Nullstellensatz) Let R = K|[z1,%2,...,Zm) be a poly-
nomial ring over the field K and let I be a proper ideal of R.

i. The elements of I have a common algebraic root. Thus Z(I) # 0.
ii. Let f € R. Then f € /T if and only if Z(f) 2 Z(I).

PROOF We first translate these concepts into more ring theoretic lan-
guage. Let (ay,a2,...,am) € K™ and observe that the evaluation map
¢ R — K given by f(z1,Z2,...,Zm) — f(a1,az,...,0r) is a ring ho-
momorphism. Furthermore, since each a; is algebraic over K, ¢(R) =

Klay,as,...,an] is a finite algebraic field extension of K. In particular,
Ker(¢) is a maximal ideal of R. Note that f € Ker(¢) if and only if
(a1,a2,...,am) is an algebraic root of f.

Conversely, suppose M is a maximal ideal of R and observe that
R/M = K|Z1, Z2,...,Em), where T; = z; + M. Thus R/M is a field that
is finitely generated as a ring extension of K and the Zariski Nullstellen-
satz implies that R/M is an algebraic field extension of K. In other words,

(Z1,%2,...,%m) is contained in K™ and the homomorphism R — R/M
is the correspondmg evaluation map as described in the preceding para-
graph.

(i) Since I is a proper ideal of R, it is contained in a maximal ideal M.
Furthermore, by the preceding, M is the kernel of the evaluation homo-
morphism ¢: R — K given by ¢(f) = f(a1,a2,...,am) for some m-tuple
(a1,a2,...,am) € K™. Since I C M, we conclude that (ay,a2,...,0m,) is
a common algebraic root of all f € I.

(ii) If f € VI, then we know that Z(f) 2 Z(I). Conversely, suppose
that Z(f) 2 2(I) and let M be any maximal ideal of R containing v/T.
Since M is the kernel of the evaluation map at some (ay,as,...,am) €
K™, it follows that (ay,a2,...,am) € Z(I) € 2(f). In other words,
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f(a1,a2,...,8m) =0 and f € M. Thus f is contained in all maximal
ideals of R that contain /7.

Finally, observe that R is an almost commutative K-algebra and that
R= R/\/T is a semiprime homomorphic image. Thus, by the preceding
theorem, R is semiprimitive and, in particular, the intersection of all its
maximal ideals is 0. But this says that the intersection of all maximal
ideals of R that contain v/T is precisely equal to \/T and therefore it follows
that f € VT. O

We close this chapter with an extremely interesting example of a
noncommutative, almost commutative K-algebra.

DEFINITION Let V = K[s3,s2,...,8x] be the polynomial ring in m variables,

but think of V as just a K-vector space. Since multiplication by any
element of K [s1, s2,. .., 8] is a K-linear transformation of V, we have an
embedding ~ of this ring into Endg(V'), acting on the right. Specifically,
let K[51,32,...,3m) denote the image of ~ in Endg (V'), so that §; denotes
multiplication by s;. In addition, for each i, the operator 9/3s; is also a
K-linear transformation on V, which we denote by #; € Endg (V). It is
clear that 5;5; = §,5; and t;t; = I;i; for all ¢,j and that 5;t; = £;5; for
all i # j. Furthermore, for any v € V and i, we have

= 0 vS;
v(5:t;) = (Bsi )
O0s;  Ov .
—05—';;—5- 5—3—;% = v+ v($38).

so 5;t; — t;5; = 1. Of course, K is central in Endg (V).
This motivates us to define the Weyl algebra Ap,(K) to be the K-
algebra generated by the 2m noncommuting variables

£L‘1,£L‘2,...,mm,y;[,yz,...,ym

subject to the relations
TiTj = TiTi, Yy = Yi¥%i» TilYj — YjTi = ;5

forall i, j. Here, §;; = 1ifi = j and 0 otherwise. It is clear that A, (K) is

a noncommutative, almost commutative K-algebra. Furthermore, there

is a ring homomorphism A,,(K) — Endg (V) given by z; — 3; y; — &;

and k — k for all k € K. In this way, V becomes a right A,,(K)-module.
We sketch some basic properties.
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THEOREM 20.8 If K is a field of characteristic 0, then An,(K) is a simple
Noetherian K-algebra. Furthermore, A, (K) is a domain and gr A,,(K)
is isomorphic to a polynomial ring over K in 2m variables.

PROOF Let z,y be elements of any K-algebra R with zy—yz = 1. Since
mn+1y - y:z;n+1 = z(z"y — yw”) + (zy — yz)z"

it follows immediately by induction on n > 1 that z™y — yz" = nz™ 1.
In particular, if f(z) is a polynomial in z with coefficients in K, then we
have f(z)y — yf(z) = 0f/0z. Similarly, zg(y) — g(y)z = 8g/0y.

Now A,,(K) is an almost commutative K-algebra, so we know that
every element o of this ring can be written as a suitable finite sum o =
Za’b kapx2y®. Here a = (a1,0az,...,0m) and b = (by,bs,...by) are m-

tuples in N™. Furthermore, x* = £7'z52 - ..z, yP = y’l’l y§2 c+oybm and

kap € K. In particular, a = ), x®fa(y), where each fq is a polynomial
in m variables. In the next paragraph we show that if some fa is not
identically zero as a polynomial and if @ € I < Ap(K), then I = A, (K).

Thus suppose some f, is not zero and choose ¢ = (c1,¢2,...,Cm)
maximal under the lexicographical ordering with f. # 0. Since I is closed
under right and left multiplication, we have ay; — y;a € I for each ¢ and,
by the observation of the first paragraph, this implies that da/0z; € I.
In particular, by the choice of ¢, we have

o o= om
! ! v e ! = s E I
C1:C2 Cm fc(Y) amcl:l 617;2 dzer o

and thus, since char K = 0, it follows that f.(y) € I. But fc is not
identically zero as a polynomial, so we can repeat this process, this time
differentiating with respect to the y;’s, to conclude that 1 € I.

By Lemma 19.1, A, (K) is Noetherian and, by the preceding, this
ring is simple. Furthermore, the representation of any element o as a
polynomial in the z; and y; is unique, since otherwise we could describe
0 as a nontrivial polynomial and yet conclude that the ideal it generates
is the whole ring. It now follows from a leading degree argument that
A, (K) is a domain. Finally, write A = Ap(K) and recall that A is
filtered by Ap = K and

A=K +Kz1++ Kom + Ky1 + -+ + Kym)"

for n > 1. Thus grA is a commutative K-algebra generated by the

elements Z; = z; + Ap and §; = y; + A for 4,5 = 1,2,...,m. Moreover,
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the uniqueness of expression guarantees that all monomials in the Z; and
i of total degree n are K-linearly independent. With this, it is clear
that Z;,...,%m, and #i,...,Jn are algebraically independent over K and
hence generate a polynomial ring over K in the 2m variables. a

EXERCISES

1.

What difference would it make in the definition of an almost central-
izing extension R C S, if we assumed that the centralizing generators
z1,T2,...,T, satisfied the stronger condition z;z; —z;z; € Zz=1 Raxy,
for all 7,57 This has a simple one-line answer.

. Let Z denote the ring of integers and let T' be the multiplicatively

closed subset of Z generated by the primes p;, p2,.... Then R = ZT"!
can be filtered by defining R, to be the set of all fractions of the
form z/p{*p3? - - -pi* with 2 € Z and all a; < n. Prove that gr R =
Z @z S[x], where S is the ring (without 1) given by S = @ 3, GF(p).

. Use the preceding exercise to construct a filtered domain R such that

Rad(R) # 0 but Rad(gr R) = 0. Conversely, construct a semiprimitive
filtered commutative domain R’ with Nil(gr R') # 0.

R C S is a finite normalizing extension of rings if § = Z;Z:l Y;R
for suitable y; € S with y; R = Ry; for all 4.

. Let R C S be a finite normalizing extension and let V be an irreducible

S-module. Prove that Vx is a finite direct sum of irreducible R-
modules. If the extension is centralizing, show that all the irreducible
R-summands of V' are isomorphic.

. Let V be the A, (K)-module described immediately preceding The-

orem 20.8. Prove that V is irreducible if char K = 0 but reducible
otherwise.

The next three problems discuss Amitsur’s simple proof of the Null-
stellensatz over uncountable fields.

. Let R be an algebra over the field K and let r € R. If 1—kr is invertible

for all k € K and if {(1 —kr)~! | k € K} is K-linearly dependent,
prove that r is algebraic over K. Furthermore, show that any s €
Rad(R) which is algebraic over K must necessarily be nilpotent.

. Let R be a K-algebra and assume that dimg R < |K|, where this is

an inequality of possibly infinite cardinals. Prove that Rad(R) is a nil
ideal. Furthermore, if R is a division ring, prove that R is algebraic
over K.
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8.

10.

Suppose now that K is an uncountable field and that R is a finitely
generated K-algebra. Prove that Rad(R) is nil. Furthermore, if V' is
an irreducible R-module, prove that the division ring D = Endg(V)
is algebraic over K.

If K is a countable field and R is a finitely generated K-algebra,
then Rad(R) need not be nil. Although counterexamples exist in all
characteristics, we will only offer a characteristic 0 example here. Its
construction is analogous to the construction of the Weyl algebras.

Let C be a commutative algebra over the field K and let C[[¢]] be
the power series ring over C in the variable (. View V' = C[[{]] as a
C-module and consider End¢(V), acting on the right. Since multipli-
cation by any element of this ring is a C-endomorphism, we have an
embedding of C[[¢]] into Endg(V), say C|[[z]] C Endg(V). In addi-
tion, let y € Endg(V') denote the operator 0/0¢ and let e € Endg (V)
be the map v({) — v(0) that reads off the constant coefficient.

. If & € Endg(V), prove that eae = ec, where ¢ = (1a)(0) € C.

Conclude that e is an idempotent and that e Endg(V)e = eC = C,
where the latter is a ring isomorphism. Next, if 8 € C[[z]], prove that
By — yB = 08/0z.

Now let K be a countable field of characteristic 0. Find a countable
commutative K-algebra C such that C is a domain and Rad(C) # 0.
For example, take C to be a suitable localization of a polynomial
ring over K. Next, let C = {¢g,c1,c¢2,...} and define v € Endg(V)
by v = Yoo caz™/nl. If R = Kle,v,y] is the finitely generated K-
subalgebra of Endg (V'), prove that eRe = eC. Deduce that Rad(R) 2
Rad(eRe) = Rad(C) is not nil.
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21. Injective Modules

We start this chapter by taking another look at Hompg. This time, we
study it in much the same way we studied the tensor product. As we
will see, Homp, is left exact and there are two natural families of modules
associated with it that are analogs of the flat modules. The first of these
families consists of the projective modules; the sécond consists of the
injective ones.

DEFINITION Let Ar and Bp be right R-modules and, as usual, let Hompg (A4, B)
denote the additive abelian group of all R-homomorphisms from A to B,
written on the left. We show next that when A or B is a bimodule, then
Hompg(A, B) inherits additional structure.

Thus suppose that A is an (S, R)-bimodule. If § € Homg(A, B)-and
s € S, then 6s: A — B defined by

(6s)a=06(sa) forallac A

is easily seen to be an R-homomorphism. Indeed, in this way, Homg (A, B)
becomes a right S-module. Similarly, suppose B is a (T, R)-bimodule. If
6 € Hompg(A, B) and t € T, then we define t6: A — B by

(t0)a =t(fa) forallac A

It follows that ¢0 is an R-homomorphism and that Homg(4, B) is a left
T-module. Furthermore, if A is an (9, R)-bimodule and B is a (T, R)-
bimodule, then Homg (A4, B) is a (T, S)-bimodule.

Again, suppose Ar and Bpg are right R-modules. If 0:B — B’
is an R-module homomorphism, then o determines an additive group

203
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homomorphism é: Hompg(A, B) — Homg(A, B') given by () = 0f. In
other words, if §: A — B, then (0) is the composite R-homomorphism

600):4 -5 B2 B

As with the tensor product situation, & preserves the direction of the
arrows and hence is covariant.

Furthermore, if B and B’ are (T, R)-bimodules and if ¢ is a bimod-
ule homomorphism, then & is easily seen to be a left T-module homomor-
phism. On the other hand, if A is an (S, R)-bimodule, then & is a right
S-module homomorphism.

Next, if y: A — A’ is an R-module homomorphism, then p deter-
mines an additive group homomorphism j: Homg(A’, B) — Homg(A4, B)
given by 4(8) = 6pu. In other words, if : A’ — B, then i(6) is the
composite R-homomorphism

p):A-5 4 4B

In this case, we see that the arrows reverse and hence f is said to be
contravariant.

Again, if A and A’ are (S, R)-bimodules and if x is a bimodule ho-
momorphism, then f is a right S-module map. Similarly, if B is a (T, R)-
bimodule, then f is a left T-module homomorphism. -

There are, of course, analogous definitions and properties in case A
and B are left R-modules. The following lemma asserts that Hompg, is left
ezact. It applies equally well in the context of bimodules.

LEMMA 21.1 Assume that the appropriate A’s and B’s that follow are all R-

modules and that the given maps are all R-homomorphisms.
iIf

0—-B->Z B I, B"

is exact, then so is
0 — Hompg(A4, B) -2+ Homg(4, B') -2+ Homg(4, B")
i If

Ab AT A0
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is exact, then so is

0 — Homg (4", B) -1+ Hompg(A', B) -2+ Hompg(4, B)

PROOF (i) Since o: B — B’ is one-to-one, it is trivial to see that & is
also one-to-one with image

Im(6) = {a € Hompg(4, B') | Im(c) C Im(0) }

On the other hand, 8 € Hompg(A, B’) is in the kernel of # if and only
if Im(8) C Ker(7). But Ker(r) = Im(c), so we conclude that Ker(#) =
Im(§).

(ii) Since 7: A’ — A” is onto, it is easy to see that 7 is one-to-one
with image

Im(#) = { o € Homg(A4', B) | Ker(n) C Kez(a) }

On the other hand, 3 € Hompg(A', B) is in the kernel of j if and only if
Im(p) C Ker(8). Thus Im(p) = Ker(n) implies that Ker(3) = Im(%). O

Let us see what is needed for exactness. In the first case, we would
want

0—-B-ZB -5 B">0
exact to imply that
0 — Hompg(4, B) -2 Homg(4, B') - Homg(4,B") = 0

is also exact. Equivalently, if 7: B’ — B" is an epimorphism, thén we
need 7 to be an epimorphism and this says that every R-homomorphism
a: A — B lifts to a map from A — B’. Thus we have the familiar
diagram

A
lea
B’ L BII — 0

which defines the property of being a projective module. In other words,
A is a projective R-module if and only if Hompg (A4, —) preserves short
exact sequences.
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In the second case, we would want
0-AE A A"
exact to imply that
0 — Homg(4”, B) A, Hompg(4', B) 2, Hompg(A4, B) — 0
is also exact. Equivalently, if y: A — A’ is a monomorphism, then we

need /i to be an epimorphism and this says that every R-homomorphism
a: A — B extends to a map from A’ — B.

DEFINITION An R-module @ is said to be injective if whenever

Q
ol
0o - w 2 v

is given with the bottom row exact, then there exists an R~homomorphism
v:V — @ that makes the diagram commute. That is, given any R-
monomorphism f: W — V and any R-homomorphism a: W — @, then
there exists 1: V' — @Q with 78 = a. In view of the preceding remarks, B
is an injective R-module if and only if Hompg(—, B) preserves short exact
sequences.

Since (3 is one-to-one, we can clearly view W as a submodule of V.
Thus, @ is injective if and only if every homomorphism from a submodule
W C V to @ extends to a homomorphism from the entire module V. For
example, if R = K is a field, then Q = Kk is injective, since any linear
functional defined on W extends to one of V.

Let us formally restate the preceding observations.

LEMMA 21.2 i. The R-module P is projective if and only if Homg(P, ~) pre-

serves short exact sequences.
ii. The R-module Q is injective if and only if Hompg(—, Q) preserves
short exact sequences.

Notice that the difference between the definitions of projective and
injective modules is that the arrows are reversed. Thus, this “duality” be-
tween the two families should imply that they share a variety of analogous
properties. However, for the most part, we ignore these analogs in favor
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of those results that are uniquely injective. Indeed, to start with, there
is the question of the existence of “enough” injectives. Unlike the case of
projective modules, where existence was simple because of the presence
of free modules, here we have to work.

LEMMA 21.3 (Baer’s Criterion) The R-module @ is injective if and only if given
any right ideal I C R and any R-homomorphism o:1 — @, there exists
an R-homomorphism o*: R — @ that extends o.

PROOF Suppose first that @ is injective. Since I is a submodule of R,
any map o0: I — @ extends to a mapoc*: R — Q.
Conversely, assume that @ has this extension property and let

Q
af

0 - W —= V

be given with W a submodule of V. Consider the set of all pairs (C, )
where W C C C V and ¢:C — @ extends o to the submodule C. We
say that (C1, 1) < (C2,p2) if and only if C1 C Cz and @1 = (p2)0,, the
restriction of ¢ to C1. Note that any increasing chain { (Ci, ;) |1 € T }
of such pairs is bounded above. Indeed, an appropriate upper bound is
(C',¢'), where C' = |J; C; and pp, = ;. Thus, since the set of pairs is
nonempty, Zorn’s Lemma implies that there exists (C, ¢) maximal in this
ordering. The goal is to show that C = V.

Leta€V andset I = {r € R|ar € C'}. Then I is aright ideal of
R and we have an R-homomorphism o: I — @ given by o(r) = ¢(ar). By
hypothesis, o extends to 0*: R — @ and we define p*:C 4+ aR — @ by
c+ar — (c)+0*(r). Then * is clearly an R-homomorphism extending ¢
provided we show that it is well defined. Thus suppose ¢; +ar; = ¢y +arg
withey,ca € C and 71,72 € R. Thena(ry—r2) =ca—c1 € C,sory—r2 €1
and hence

0*(r1) — 0*(r2) = 0*(r1 —r2) = 0(r1 — 12)
= p(a(r1 —r2)) = p(c2 — 1)
= p(c2) — p(c1)
Thus ¢(c1) + o*(r1) = ¢(c2) + o*(r2) as required.
Since (C, ) < (C + aR, ¢*), the maximality of (C, ¢) implies that

a € C. In particular, since a € V is arbitrary, we conclude that C =V
and the lemma is proved. O
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Let us see what this says when R = Z is the ring of integers.

DEFINITION Let D be an additive abelian group. Then D is said to be divisible
if, for eachd € D and 0 # n € Z, there exists d’ € D with d'n = d. Note
that we do not require d’ to be unique. As an example of a divisible
group we could take D to be the field of rationals @ or perhaps F'*°, the
multiplicative group of nonzero elements of the algebraically closed field
F. Of particular importance is D = @/Z. Note that every Z-module is
an abelian group and that conversely every abelian group is a Z-module.

LEMMA 21.4 A Z-module D is injective if and only if it is divisible.

PROOF The ideals of Z are all of the form nZ. If o:nZ — D is given
with o(n) = d, then o can be extended to ¢*:Z — D if and only if there
exists d' = o*(1) with d'n = d. O

As we observed before, any abelian group V' can be viewed as a left
or right Z-module. Indeed, if V is a left R-module, then it is an (R, Z)-
bimodule, and if W is a right R-module, then it is a (Z, R)-bimodule. It
follows that, for any abelian group D, Homz(gV, D) is a right R-module
and Homgz(Wg, D) is a left R-module.

LEMMA 21.5 Let R be a ring, D be a divisible abelian group, and F' be a free
left R-module. Then Homgz(F, D) is an injective right R-module.

PROOF Let {f; | j € J} be a left R-basis for F, let A = Ap be
a right ideal of R, and let ¢w: A — Homgz(F,D) be a right R-module
homomorphism, which we denote by a +— ¢,. The goal is to show that ¢
extends to a map ¢*: R — Homgz(F, D) and for this we need to determine
the image of 1.

To this end, we consider the additive subgroup AF' of F. Since
F = .3, Rfj, it follows that AF = -3-. Af; and hence we can define
c:AF — D by

0: ) aifi— Y e (fi)
3 i

where, of course, each a; € A. This is a well-defined map, easily seen to be
additive, and thus ¢ is a Z-module homomorphism. Since D is divisible
and therefore injective as a Z-module, o extends to the Z-homomorphism
c*:F = D. :

Now define ¢*: R — Homgz(F, D) by r — ¢} = o*r. We claim that
©* extends . Indeed, if a € A, then, for any j and r € R, we have

0y (rf;) = (0*a)(r f3) = o*(ar f;)
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But ar € A, so arf; € AF) since 6’y = o, we have

o (rf;) = olarf;) = @ar(f5)

Furthermore, ¢: A — Homgz(F, D) is an R-homomorphism, so @, = @7

and hence
wa(rf;) = (ear)(fi) = @alrf;)
Thus ¢* extends ¢ and Baer’s Criterion yields the result. O

An alternate proof of the preceding is sketched in Exercise 7. The
following is clearly the injective dual of Lemma 2.9(i).

THEOREM 21.6 (Baer’s Theorem) Every R-module is contained in an injective
R-module.

PROOF Let W be the given right R-module, let D = Q/Z, and recall
that D is a divisible abelian group. If V' = Homz(W, D), then V is a left
R-module and there exists an R-epimorphism v: F' — V with F a free
left R-module. Thus, by Lemma 21.1(ii), 4: Homz(V, D) — Homz(F,D)
is a right R-module monomorphism. In other words, we have embed-
ded Homz(V, D) into Homz(F, D) and we know, by the previous lemma,
that Homgz(F, D) is injective. Thus it suffices to show that W embeds in
Homgz(V,D) and this is the usual double dual argument.

Define 6: W — Homgz(V,D) by 04(v) = (w)v for allv € V =
Homz(W, D), acting on the right. Then 6 is clearly additive and for
any r € R we have

(Bwr)(v) = Ou(rv) = (w)(rv)
= (wr)v = Oy (v)

Thus 6 is an R-module homomorphism and we need only show that 6 is
one-to-one. To this end, let 0 # w € W and consider Zw C W. If Zw £ Z,
map w to any nonzero element of B. If Zw =2 Z/Zn with n # 0, map w
to 1/n € D. In either case, we obtain an abelian group homomorphism
7:Zw — D with (w)r # 0. Furthermore, D is divisible, so 7 extends to
v = 7 € Homz(W,D) = V. But then 6,(v) = (w)v = (w)T # 0 and
hence 6, # 0. Thus W embeds isomorphically into Homz(V,D) and the
result follows. : a

Now that we know that injective modules are plentiful, it is worth-
while to list some of their basic properties. Suppose that {V; | i € T}



210

Part Ill. Injective Modules

is a family of R-modules. Then we let V' = [];c7 V; denote their strong,
or complete, direct sum. Thus the elements of V' are Z-tuples [], v; with
v; € V; and with no assumption on the number of nonzero components. Of
course, addition and scalar multiplicationin V are defined componentwise
and, if 7 is finite, then [],V; = @3, Vi. Note that ], V; is also called
the direct product of the V.

LEMMA 21.7 i. IfQ is an injective R-module and if A is a direct summand of

Q, then A is injective.

il. If {Q; | i € T} is a family of injective R-modules, then [[;cz Qi
is injective.
PROOF (i) We can assume A C @ and that there is an R-homomorphism
7 Q — A that is the identity on A. Let W C V be R-modules and let
6: W — A be given. Then 6: W — @ and, since @ is injective, 6 extends
to 8*:V — Q. Finally, 760*:V — A extends the map 6: W — A.

(ii) Let W C V and suppose that : W — @ =[], Q; is given. Then,
for all w € W, we have 0(w) = [], 0i(w), where 6;: W — Q; is an R-
homomorphism. Since Q; is injective, 6; extends to 6:V — @Q; and we
can let 6*:V — @Q be given by 6*(v) =[], 65 (v) for allv € V. O

The proof of (ii) fails for direct sums, since it is quite possible for
6 (v) to be nonzero for infinitely many i. We discuss this question in
more detail later on. Finally, we have:

LEMMA 21.8 An R-module Q) is injective if and only if it is a direct summand

of every module which contains it.

PROOF Let @ be injective and suppose that @ C V. Then the identity
map o: @ — @ extends to a map 6*: V — @ and thus V = @ + Ker(c*).
Conversely, assume that @ is a direct summand of all larger modules and
embed @ in an injective module @Q’. Then @ | @', so Q is injective by the
previous lemma. O

EXERCISES

1. Verify all the basic bimodule properties of Homg(A, B) as described
in the beginning of this chapter.

2. Prove that a homomorphic image of a divisible group is divisible.
Conclude that a nonzero divisible group has no proper subgroup of
finite index. In particular, it is not true that every Z-module is a
homomorphic image of an injective Z-module.
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3. Let K be a field and suppose that R is a K-algebra. Then any R-
module V is a K-vector space on either side and thus Vg is a (K, R)-
bimodule. Show that the proofs of Lemma 21.5 and Theorem 21.6
carry over in this context using Homg (—, K') rather than Homgz(—, D).
Conclude that if dimg V' < oo, then V' embeds in an injective R-
module that is also finite dimensional over K.

4. Let R and S be rings and let Ar, rBs and Dg be appropriate mod-
ules. Prove that there exists an isomorphism

~:HomR(AR,H0m5(RBs,D5)) — Homg(Agr ® rBs,Dg)

To define ~, let § € Hompg (A, Homgs(B, D)) and denote the image of
a € Aunder § by 6,. Show that the map Ax B — D given by (a,b) —
6, (b) is balanced and hence gives rise to # € Homg(A ® B, D). For
the reverse map, let ¢ € Homg(A ® B, D) and, for each a € A, define
¢a: B — D by ¢a(b) = ¢(a ® b). Deduce that ¢, € Homg(B, D) and
that the map a — @q belongs to Homg (A4, Homg(B, D)).

5. Prove that ~ as just defined is functorial. Specifically, suppose that
o: A — A’ is an R-homomorphism and note that a®1: AQ B — A’'®B
is an S-homomorphism. Show that the diagram

Homp(A',Homg(B,D)) — Homg(A'® B,D)
la | (@®1)
Homg (4, Homg (B, D)) —» Homg(A® B, D)

cominutes.

The remaining exercises describe the surprising relationship, dis-
covered by Lambek, between the injective R-modules and the flat
R-modules. If A is an abelian group, write A* = Homz(A,D), where

D = Q/Z

6. If 0t A — B is a homomorphism of abelian groups, show that o is
one-to-one or onto if and only if 6: B* — A* is onto or one-to-one,
respectively.

7. Let F be a left R-module. Prove that F' is flat if and only if F* is an
injective right R-module. To this end, suppose that oz Ag — A is a
monomorphism and apply Exercises 4 and 5 with B=F, S =7, and
D =D to obtain the commutative diagram
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Hompg(4',F*) — ‘(A' Q®r F)*

la | (em1)"

Hompg(A4, F*) — (AQgr F)*

where each ~ is an isomorphism. Now observe, by the previous ex-
ercise, that ¢ ® 1 is a monomorphism if and only if (¢ ® 1)" is onto
and hence if and only if & is onto. The definition of flatness and
Lemma 21.2(ii) yield the result.

Now let R be a von Neumann regular ring. Thus, by Exercises 5.5
and 5.7, every finitely generated right or left ideal of R is generated
by an idempotent.

. Suppose rV is a left R-module and that D is an abelian group. Let

Apr be a right ideal of R and let 0: Ag — Homgz(gV, D) be an R-
homomorphism, which we denote by a — o,. Show that the abelian
group homomorphism 7: AV — D determined by av — o0,4(v) is well
defined. To this end, suppose Y, a;v; = Zj bjw; with a;,b; € A and
vi,wj € V. Then 37, a;R+ 3, b;R = eR for some idempotent e and
hence

00, (Vi) = Oca; (i) = (0eai)(vi) = 0e(asvs)

. If 0: Ap — Homz(grV, D) is as just described and if D is a divisible

abelian group, show that there exists 7 € Homgz(V, D) with o, = Ta
for all a € A. Conclude from Baer’s Criterion that Homz(V, D) is an
injective right R-module.

Prove that all right and left R-modules are flat. This is the full con-
verse to Exercise 9.3.
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In this chapter we explore the injective analogs of certain projective con-
cepts. In particular, we define the injective dimension of a module and the
injective global dimension of a ring. However, for reasons that will soon
become apparent, these dimensions do not lead to a spate of additional
computations. We start with:

LEMMA 22.1 (Injective Schanuel’s Lemma) Let R be a ring and let

0-A—-Q—-B—0

0-A—-Q =B =0
be short exact sequences of R-modules with @ and Q' injective. Then we
have B @ = B @ Q.

PROOF 1t suffices to assume that A C Q and A C Q'. Then Q & Q'
contains the submodule A = {a®a|a € A} and weset W = (Q®Q')/A.

Since the map A® Q' — Q' given by a ®¢q' — —a + ¢’ is an epimor-
phism with kernel 4, it follows that Q' = (A®Q’')/A = V. Furthermore,

WiV 2QeQ)/(AeQ)=Q/AxB

Finally, since V' = Q' is injective, Lemma 21.8 implies that V' | W and,
for instance, W = V' + C. Then C & W/V' = B and we conclude that
W=V'"+C= Q@ @B. Similarly, W= Q & B'. O

As with projective modules, this leads to the following

DEFINITION Let A and A’ be R-modules. We write A ~ A’ if and only if there
exist injective R-modules @ and Q' with A® Q = A’ ® Q'. Obviously ~
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is an equivalence relation. Indeed, if A~ B and B ~ C, then A® Q1 =
B®Q] and B&Q: = CoQ4 for sultable injective modules @1, @1, @2 Q5.
Thus

©(Q19Q:2)=BoQ10Q:2
2B3QR:0Q:=2Co(Qy0 Q1)

and A ~ C, by Lemma 21.7(ii). We use [A] to denote the equivalence
class of A. Since any direct summand of an injective module is injective,
by Lemma 21.7(i), it follows that [0] is precisely the set of all injective
R-modules.

We need a slight refinement of the preceding lemma.

LEMMA 22.2 Suppose we are given the short exact sequences

0-A—-Q—-B—0
0-A—-Q -B -0

with Q and Q' injective. If A ~ A, then B ~ B'.

PROOF Since A ~ A', we have A® Q; = A’ @ Q] for suitable injective
modules @; and Q). Thus we obtain the exact sequences

0-AQ1 - Q®Q1 = Ba0—0
0-4A0QI - Q adQy +B' ®0—0

and, since A® Q, = A' & Q}, Lemma 22.1 yields
Bo(Qo@) =B e (QeQ1)

Hence B ~ B’ as required. O

DEFINITION Let A be any R-module. By Baer’s Theorem, there exists a short

exact sequence 0 - A — Q — B — 0 with @ injective and we define the
cokernel map C by C:[A] — [B]. In view of the preceding lemma, C is a
well defined map on the ~ equivalence classes of R-modules. That is, C is
independent of the representative of the class and of the particular exact
sequence chosen. Since 0 — 0 — 0 — 0 — 0 is exact, we have C[0] = [0].
The injective dimension of A, written idgA = id A, is defined to be
the minimal integer n with C*[A] = [0]. Of course, if no such integer
exists, then id A = oo. Modules with finite injective dimension are in
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some sense “close to” the injective ones. For example, id A = 0 if and
only if A is injective.

Finally, the (right) injective global dimension of R is defined to be
the supremum of the injective dimensions of all right R-modules. Thus
injgldim R is either an integer or the symbol oco.

Since there are injective modules that are not projective and pro-
jective modules that are not injective, it is obvious that the injective
and projective dimensions of a module are not necessarily the same. On
the other hand, as we will soon see, the injective and projective global
dimensions of a ring are identical.

DEFINITION Let Ar and Br be R-modules. We say that E(4, B) = 0 if and
only if every short exact sequence of the form

0—wB—-X—-A—0

splits. Thus, by Theorem 2.8, the R-module P is projective if and only
if E(P, B) = 0 for all B. Similarly, by Lemma 21.8, the R-module Q is
injective if and only if E(4, @) = 0 for all A.

Although we only require the definition E(A, B) = 0 to prove equal-
ity of global dimensions, it is certainly worthwhile to describe E(A, B) is
general. We sketch its construction next, relegating most of the tedious
verifications to the exercises.

DEFINITION If A and B are R-modules, then an eztension of B by A is a short
exact sequence of the form

0—-B-5X-2A4-0 (%)
If
0B X 25 450 (%%)

is a second extension, then (#x) is said to be equivalent to (x) if and only
if there exists an isomorphism 4: X — X’ such that the diagram

0 — B I 0x =S 4 =50

l1s AR }1a

! !

0 - B 0 X 5 4 =0
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commutes. Of course, 15 and 14 denote the identity maps on B and A,
respectively. It is easy to see that this is an equivalence relation and that
the split extensions form a single equivalence class.

Again, if () and (**) are given, then we can define the Baer sum
of these extensions as follows. First, let M and B be the submodules of
XoX' givenby M = {z®z' | 0z = o'z’ } and B = {7b®(—7'b) | b€ B}.
Then B C 7B @® 7B C M and we obtain the short exact sequence

0—-(rB®7B)/B—-M/B-1 A-0

where n: (z ® ') + B + oz = o'z’. Since (B & 7'B)/B = B, we then
obtain the extension

0—=B-2Z " A0
where
&b (th®@0)+Be(tBoTB)/BCM/B=2

By definition, this extension is the Baer sum of (x) and (%), and it is
easily seen that equivalent extensions have equivalent Baer sums.

We can now let E(A, B) denote the set of all equivalence classes of
extensions of B by A endowed with the Baer sum binary operation. Then
E(A, B) turns out to be an additive abelian group called the group of
extensions of B by A. Indeed, one easily verifies the commutative and
associative laws and the fact that the equivalence class of split extensions
is the zero element. Finally, the negative of the class of the extension (x)
is the class of '

0—-B-5X5A4-0 (—%)

where (—o)z = —(ox) for all z € X. To see this, note that the cor-
responding submodules M and B of X & X for the Baer sum can be
characterized by

M={z1®z | 21,292 € X and z1 + z2 € 7(B) }
and B = {rb® (—7b) | b € B}. In particular, if C = {z ® (—-=z) |
z € X}, then C is a submodule of M with C' + (rB ® 7B) = M and
CNn(rB&1B) = B. Thus

M/B=(rBe1B)/B+C/B
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and the Baer sum of () and (—=) is split, as required.
Notice that E(A, B) = 0 does indeed mean that all extensions of B
by A are split.

Let Ag and Bgr be R-modules. In homological algebra there is an
interesting and important sequence of abelian groups constructed from A
and B. These are denoted by Ext™(A, B) forn = 0,1, 2,... and they start
with Ext’(A4, B) = Homg(A, B). They are used to compensate for the
fact that Hom is not an exact functor and their construction is analogous
to that of Tor. Specifically, as we will see in the exercises, they can be
constructed from either a projective resolution of A or an injective resolu-
tion of B and the answer is the same in either case. Furthermore, it turns
out that E(A4, B) & Ext'(A, B). The proof of the following proposition
contains within it aspects of proof of this isomorphism.

PROPOSITION 22.3 Let
0C—-P5A4A-0
0—>B—>Qi>D—>O

be short exact sequences of R-modules with P projective and @ injective.
Then E(A, D) =0 if and only if E(C, B) = 0.

PROOF We can assume that C C P and that B C @. The proofs of the
two implications are obviously parallel. We consider each in turn.

CASE 1 E(C, B) =0 implies E(A, D) = 0.

PROOF Let 0 - D — X -Z5 A — 0 be an extension of D by A and
assume for convenience that D C X. Since P is projective, it follows that
there exists a homomorphism 6: P — X such that the diagram

0 - C —- P = A — 0

1,9 .1,9 llA

0 - D — X 2, A - 0

commutes. Indeed, since o: X — A is surjective, 8: P — X exists. Fur-
thermore, 00(C) = a(C) =0, so §: C — Ker(c) = D as required.

Next, let M be the submodule of Q ® C given by M = {g® ¢ |
Bg=06c} If 2B —- M and m: M — C are given by 8:b — b @ 0 and
m:q ® c— ¢, then it is easy to see that

0-B-LM-5C—0
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is exact. Indeed, since # is onto, it follows that for every ¢ € C, there
exists ¢ € @ with B¢ = 6c and hence 7 is onto. Furthermore,

Ker(ﬂ-)={q®0|ﬁq=0}={b®0|b€B}=Im(7])

and therefore we have constructed an extension of B by C. But E(C, B) =
0 by assumption, so the sequence splits and an appropriate back map
C — M exists. In view of the nature of m, this map has the form ¢ —
vc ® c € M, where v:C — Q. Thus, by definition of M, we must have
By =0. '

Now~:C — @, Q is injective, and C C P. Thus « extends to a map
4*: P — Q and we let ¢: P — D be the composite map ¢: P - Q A, p.
By definition of +, this means that ¢ restricted to C is fy = 6. Equiva-
lently, we see that the diagram

0o - C —» P

ol /¢
D

commutes. We now use ¢ to construct a back map 7 X — D as follows.

Let z € X. Since « is onto, there exists p € P with oz = ap and we
set 7z =z — 0p+ ¢p € X. Note that p is uniquely determined by z up to
a summand ¢ € C. Thus, since fc = ¢c, it follows that 7 is a well defined
R-endomorphism of X. Next observe that

orc=0x—ofp+ogp=ap—ocbp=0

since ¢ = 0 and oz = ap. Thus 7z € Ker(c) = D and 7 € Hompg(X, D).
Finally, if z € D C X, then oz = 0, so, using p = 0 in the definition of
7, we obtain 7z = z. In other words, 7: X — D is the identity on D and
therefore yields a splitting of the exact sequence 0 - D —- X — A —
0. Since the latter sequence was an arbitrary extension of D by A, we
conclude that E(A, D) = 0. O

CASE 2 E(A, D) =0 implies E(C, B) = 0.

PROOF This time, let 0 = B — Y <5 C — 0 be an extension of B by
C and assume for convenience that B C Y. Since @ is injective, it follows
that there exist homomorphisms #: Y — @ and 0: C — D such that the
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0 — B - Y s C - 0
lis le l6
0o B —-Q £ D 4o

commutes. Indeed, the map B 15 B C @ extends to 0:Y — Q. Fur-
thermore, 80(B) = B(B) = 0, so 80:Y — D factors through C = Y/B
and 0 exists.

Next, we form the R-module P @ D and let C be its submodule
C ={(—c) ®fc|c € C}. Since the epimorphism P & D — A given by
p ®d +— ap has C in its kernel, we therefore obtain an R-epimorphism
m: (P®D)/C — A given by m (p@®d) + C — ap. Furthermore, if g: D —
(P ® D)/C is defined by n:d — (0 ® d) + C, then we obtain the short
exact sequence

0D -5 (PeD)/C =+ A—0

Indeed, 7 is clearly one-to-one and Ker(w) = (C @ D)/C = Im(n). Thus
the above short exact sequence is an extension of D by A and, since
E(A, D) = 0, the sequence splits and there is a back map (P®D)/C — D.
In view of the nature of 5, this map must be given by (p@d) +C — 6p+d,
where 6: P — D. But this homomorphism vanishes on C and hence we
have 6c = fc for all c € C.

Now 3:Q — D is an epimorphism and 6: P — D. Thus since P
is projective, there exists a homomorphism 6*: P — @ with 36* = 6.
Furthermore, if we let ¢ denote 6¢;, the restriction of 6* to C, then ¢ =
6c = 0. Equivalently, we see that the diagram

C

6/ L@
Q £ D = o0
commutes. We now use ¢ to construct a back map 7: Y — B as follows.

Let y € Y and set 7y = fy — ¢oy € Q. Since Bp = and B0 = o,
we have

Bry = Oy — Booy = By — foy =0
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and hence 7y € Ker(3) = B. It is now clear that 7 € Homg(Y, B).
Furthermore, if y € B CY, then cy =0so 7y =0y = y, since 05 = 15.
Thus 7 is the identity on B and therefore yields a splitting of 0 - B —
Y — C — 0. Since the latter sequence was an arbitrary extension of B
by C, we conclude that E(C, B) = 0. a

With this, we can now quickly prove:

THEOREM 22.4 If R is any ring, then injgldim R = gldim R.

PROOF For any integer n > 0, we will show below that injgldimR <n
if and only gldimR < n. This will clearly yield the result. To avoid
confusion, we use [—]; to denote equivalence classes under the injective
equivalence of this chapter and [—], to denote equivalence classes under
the projective equivalence of Chapter 8.

Fix n and let A and B be any right R-modules. We can then define
the R-modules A;, P;, B;, Q; inductively so that Ag = A, By = B, P; is
projective, @; is injective, and the sequences

0— A1 P - A -0
O—)Bj—)Qj—) j+1 — 0

are exact for 4,5 = 0,1,...,n— 1. In particular, [4An]p, = K*[Alp, [Bn]i =
C™[B); and, by the preceding proposition, E(A4;, Bj+1) = 0 if and only if
E(A;41, B;j) = 0. It follows by restricting our attention toi+j+1=n
that E(4, Br) =0 if and only if E(4,, B) = 0.

Finally, suppose gldimR < 'n. Then An € K"[A], is projective, so
E(A,,B) = 0. Hence E(4, B,) = 0 by the preceding and, since this holds
for all A, we conclude that By, is injective. Thus id B < n and, since this
holds for all such B, we have injgldim R < n.

Conversely, suppose injgldimR < n. This time, B, € C*[B); is
injective, so E(4, B,) = 0. Hence E(A,, B) = 0 by the preceding and,
since this holds for all B, we conclude that A, is projective. Thuspd A <
n and, since this holds for all such A, we have gldimR < n. As we
mentioned earlier, this suffices to prove the result. a

EXERCISES

1. Let {A; | i € T} be a collection of R-modules and set A = [], 4;.
Prove that id A =sup{id4; | i €T}.

2. Suppose 0 - A —- B — C — 0 is an exact sequence of R-modules.
Show that there exist modules D, E and @ with @ injective and
sequences
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0=-B—=Q—=D—-0
0-A—-Q—-E—-0
0—=C—-E—-D—=0

that are exact. This is the injective analog of Lemma 8.6.

3. Suppose 0 = A — B — C — 0 is exact. If any two of these mod-
ules have finite injective dimension, show that the third does also.
Furthermore, prove that

idA <max{1+idB,1+idC}
id B < max{id4,1+idC}
idC < max{idA4,id B}

This is the injective analog of Lemma 8.7.

4. Verify the basic properties of E(A, B). In particular, show that the
Baer sum respects the equivalence relation and that addition is asso-
ciative and commutative. Furthermore, show that the split extensions
form a single class, which corresponds to the zero element of E(A4, B).

5. Let R be aring. Prove directly, without using Theorem 22.4, that the
following are equivalent. '
i. All right R-modules are injective.
ii. All right ideals of R are injective.
iii. R is a Wedderburn ring.
6. Let R be any ring. Show directly, without using Theorem 22.4, that
the following are equivalent.
i. Submodules of projective R-modules are projective.
ii. Homomorphic images of injective R-modules are injective.
For (i)=(ii), let @ be an injective module and U a submodule. Sup-
pose W CV and o: W — Q/U are given. Map a projective module P
onto V and let P’ be the complete inverse image of W. By assumption,
P’ is also projective. Now o extends to a map : P’ - W — Q/U
and, since P’ is projective and @ — Q/U is onto, 7 lifts to a map
™ P - Q.

Let Ar and Br be R-modules, let

i PSP Py A 0

be a projective resolution of A and let
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0——+B-—+QO—@+Q1£2-+Q2——->---

be an injective resolution of B. Of course, the latter is a long exact
sequence with each Q; injective. If we apply Homg(—, B) to the
first sequence and Hompg(A4, —) to the second and then delete the
Hompg(A, B) term, we obtain the complexes

0 %, Hom(P,, B) 2% Hom(Py, B) 22 Hom(Py,B) — - -
0 £, Hom(4, Qo) £ Hom(4, Q1) 2 Hom(4,Q2) — - -

where, for convenience, we let &g and ,30 denote the appropriate zero
maps. The abelian groups Ext%(A, B) are now defined by

Ext%(4, B) = Ext"(4, B) = Ker(8p41)/Im(3,)
forn=0,1,2,.... It can be shown that Ext"(A, B) depends only on

A and B and not on the particular injective resolution chosen for B.
Furthermore,

Ext% (4, B) = Ext™(4, B) = Ker(&p41)/Im(éx)

. Prove that Ext®(4, B) & Hompg(A, B) and that Ext™ respects finite

direct sums.

. If pd A=k or id B = k, show that Ext"(A,B) =0 for alln >k + 1.
. Suppose 0 =+ C — P — A — 0 is exact with P projective. Prove that

Ext™(C, B) = Ext"*!(A4, B) for all n > 1. Furthermore, show that

0 — Hom(A, B) — Hom(P, B) — Hom(C, B) — Ext!(4,B) — 0
is exact.

Suppose 0 =+ B — Q@ — D — 0 is exact with @ injective. Prove that
Ext(A, D) = Ext™ (4, B) for all n > 1. Furthermore, show that

0 — Hom(A, B) — Hom(4, Q) — Hom(A4, D) — Ext'(4,B) =0

is exact.
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We now move on to those properties of injective modules that are more
uniquely injective.

DEFINITION Let W CV be R-modules. Wesay that V is an essential eztension
of W or that W is an essential submodule of V if and only if W has a
nonzero intersection with every nonzero submodule of V. In other words,
we write WessgV or WessV if and only if X N W # 0 for all nonzero
submodules X C V. For example, if Z denotes the ring of integers and Q
the field of rationals, then certainly Z essz Q.

Suppose Uess W and WessV. If X is a nonzero submodule of V,
then W ess V implies that X NW # 0. But, UessW,so (X NW)NU #0
and hence X NU # 0. Thus UessV and we have proved the transitivity
of essential extensions.

In this chapter, we explore the close relationship between this con-
cept and injectivity. To start with, we have:

LEMMA 23.1 The R-moduleV is injective if and only if it has no proper essential
extension.

PROOF IfV is injective then, by Lemma 21.8, V is a direct summand of
every module that contains it. Thus V' has no proper essential extension.

Conversely, assume that V' has no proper essential extension and,
by Baer’s Theorem, choose @ to be an injective module containing V.
It follows from Zorn’s Lemma that there exists a submodule W C @
maximal with respect to the property that V N W = 0. Now observe that

VEV/(VAW) 2 (V+W)/WCQ/W

223
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and we claim that (V + W)/W essQ/W. Indeed, if X/W is a nonzero
submodule of @/W, then X O W, so the maximality of W implies that
XNV # 0. Furthermore, X NV € W, since VNW = 0, and thus
XNV +W)DW as required. But (V + W)/W = V has no proper
essential extension, so it follows that Q/W = (V + W)/W. In other
words, V+W =Qand VNW =0, so V | Q and V is injective by
Lemma 21.7(i). O

We can now obtain a key result.

THEOREM 23.2 IfV is an R-module, then there exists an injective R-module
E containing V with V ess E. Furthermore, E is uniquely determined up
to an isomorphism which is the identity on V.

PROOF First, let @ be any injective module containing V' and consider
the collection of all submodules E of @ with V € E C @ and VessE.
We show that a maximal such F exists. Thus suppose E; C E; C -
is a chain of such submodules and set E' = (J; E;. Then E’ is certainly
an R-submodule of @ containing V. Furthermore, if X is any nonzero
submodule of E’, then XNE; # 0 for some 7 and therefore (XNE;)NV # 0.
Thus XNV # 0 and Vess E’. By Zorn’s Lemma, we can now choose F
to be a maximal essential extension of V in Q.

Next, let L be any essential extension of F, not necessarily in Q.
Since @ is injective, the embedding 1g: £ — @ extends to a map o: L —
@. Furthermore, Ker(c) N E = 0 and EessL, so Ker(c) = 0. Thus
L = o(L) & L and it follows that EessL. By transitivity of essential
extensions, we have V ess L and the maximality of E yields L = E. Thus
FE = L and the previous lemma implies that F is injective. In other words,
there exists £ D V with E injective and V ess E.

For uniqueness, let E be another injective R-module with V ess E.
Then the embedding 1y:V — E extends to a map 7: E — E; again,
since Ker(7) NV = 0 and Vess E, we conclude that Ker(r) = 0. Thus
7(E) & E is an injective submodule of E, so Lemma 21.8 implies that
E =7(E)+Y. Finally, V C 7(E) and VessE, so Y =0 and 7 is an
appropriate isomorphism from E to E, which is the identity on V. O

DEFINITION Given the R-module V, we call the uniquely determined injective
module E with V ess E the injective hull of V and write E = E(V).

Note that the projective analog of E(V) is the projective cover.

Specifically, P — V — 0 is a projective cover of V if P is projective

and if no proper submodule of P maps onto V. It is easy to see that
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the projective cover, if it exists, is unique up to isomorphism. However,
it may not exist. For example, let V be the Z-module V = Z/2Z. If
P —V — 0 is a projective cover, then P3 C P and P3 maps onto V, a
contradiction. On the other hand, as we have seen, injective hulls always
exist.

Let us consider the injective hulls of certain Z-modules. Recall that
in this context, injective is the same as divisible. First, since Z ess @ and
since @ is divisible, we have E(Z) = Q. Next, let p be any prime, let Z,
denote Z localized at the multiplicatively closed set { 1, p, p?,...}, and let
Cpo = Zp/Z. Then Cpe is an additive abelian group with all elements
having order a power of p. It follows immediately that Cpe is divisible by
every integer k prime to p. On the other hand, by construction, Cpe is
certainly divisible by p. Thus Cpe is a divisible abelian group and hence
is an injective Z-module. Finally, observe that Cpe contains the cyclic
subgroup

Cpn ={0,1/0%,2/0"%,..., (0" = 1)/p" }

of order p” and that Cpyn ess Cpeo for any n > 1. Therefore, we conclude
that Cpeo = E(Cpn) for all n > 1.

LEMMA23.3 Let R bea ring and let the variousU’s, V' ’s and W ’s be R-modules.
i. IfWessV and U CV, then (UNW)essU.
ii. Let WiessV fori=1,2,...,n. fW =] W;, then WessV.
iii. Let WiessV; for i = 1,2,...,n. If W = @Y 7W; and V =
@Y 1 Vi, then WessV.

PROOF (i) Let X be a nonzero submodule of U. Since WessV, we have
XNW#0.But XCU,s0 X =XNU and hence XN (U NW) #0.

(ii) It suffices to consider n = 2. Since WpessV, the preceding
implies that (W7 N W;)ess W;. Thus, since Wi essV, transitivity of ess
yields the result.

(iii) Again, it suffices to consider the case n = 2. Let X be a nonzero
submodule of V3 @ V3 and choose 0 # z = v; ® v2 € X. By symmetry, it
suffices to assume that v, # 0. Since W7 ess V4, it follows that v RNW; #
0. In particular, 0 # vir € W3 forsome r € R. Replacing z by zr € X, we
see that there exists = w; ® vo € X with 0 # w; € Wy. If vy = 0, then
x € XN (W, ®W;) and we are done. Otherwise, vz # 0, s0 1o RNW2 # 0
and there exists 8 € R with 0 # va8 € Ws. Then 0 # zs € X N(W, @ W)
and the lemma is proved. a

We remark that (iii) holds for arbitrary direct sums, since ess is a
“local” property (see Exercise 6). As a consequence we have:
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LEMMA 23.4 Let U,W be R-submodules of V with WessV.
i. E(W) = E(V). In particular, any essential extension of W is
contained, up to isomorphism, in E(W).
BIfW=WieW, @ ®W,, then E(V) = E(W1) @ E(W;) ®
@ E(W,).
iii. There exists a submodule X of V with (U + X)ess V. In partic-
ular, E(V) 2 E(U) ® E(X), so E(U) | E(V).

PROOF (i) This is immediate, since WessV, VessE(V), and E(V) is
injective. ,
(ii) Since W;ess E(W;), it follows from the preceding lemma that
W = @3, W; is an essential submodule of E = & Y, E(W;). Further-
more, since F is a finite direct sum of injective modules, F is injective and
we conclude that E = E(W). Finally, (i) implies that E = E(W) = E(V).
(iii) By Zorn’s Lemma, we can choose X C V maximal with the
property that U N X = 0. Then certain U + X = U + X. Furthermore, if
Y is a submodule of V disjoint from U + X, then U + X 4 Y is a direct
sum and X +Y is disjoint from U. The maximality of X now implies that
Y = 0 and hence we conclude that (U + X)essV. Part (ii) now yields
the result. a

For example, suppose R = Z is the ring of integers and let V' be
a finitely generated abelian group. Then V is a direct sum of copies of
Z and of cyclic groups Cpn = Z/p™Z for various prime powers p™ > 1.
Thus E(V) is a direct sum of an appropriate number of copies of @ and
of various Cpe.

DEFINITION Let V be an R-module. Then the socle of V, written soc(V),
is the sum of all the irreducible submodules of V. If there are no such
submodules, then soc(V) = 0. In view of Theorem 3.3, soc(V) is the
largest completely reducible submodule of V. Since a homomorphic image
of a completely reducible module is completely reducible, we see that if
oV — W is an R-homomorphism, then a(soc(V)) C soc(W).

If V = Rpg, then soc(Rpg) is certainly a right ideal of R. Furthermore,
if r € R, then left multiplication by r is an endomorphism of the right
module Rp. Thus by the preceding, 7-soc(R) C soc(R) and hence soc(R)
is a two-sided ideal of R.

PROPOSITION 23.5 Let V be an R-module. Then soc(V') is the intersection of
all essential submodules of V.

PROOF Write S = soc(V) and let T be the intersection of all essential
submodules of V.
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If UessV and Z is a simple submodule of V,then 0 U NZ C Z
implies that Z C U. Thus S =soc(V) C U and, since U is arbitrary, we
conclude that SC T.

For the reverse inclusion, it suffices to show that T is completely
reducible. To this end, let X be a submodule of T' and, by Lemma, 23.4(iii),
choose Y C V so that (X +Y)ess V. Then, by definition of T, we have
X CT C X +Y, so the Modular Law implies that T = X + (Y N T).
Thus T is completely reducible and therefore it is contained in S. O

As an immediate consequence, we have:

LEMMA 23.6 The R-module V is completely reducible if and only if it has no
proper essential submodule. Furthermore, R is a Wedderburn ring if and
only if it has no proper essential right ideal.

Next we mention two comments of interest. The first is a slight
modification of Baer’s Criterion.

LEMMA 23.7 Let @Q be an R-module. Then @ is injective if and only if given
any essential right ideal I C R and any homomorphism o:1 — @, there
exists a map o*: R — () that extends o.

PROOF If @ is injective, then certainly the preceding condition is satis-
fied. For the converse, let 0: I —. @ be given with I any right ideal of R.
By Lemma 23.4(iii), there exists a right ideal J of R with (I 4+ J)ess R.
Obviously, o extends to o”: I + J — @ by defining ¢/(J) = 0. Finally, by
hypothesis, ¢’ extends to ¢*: R — @ and hence @ is injective by Baer’s
Criterion. a

LEMMA 23.8 Let R be a commutative mtegral domain with field of fractions
F. Then E(Rg) = Fg.

PROOF Certainly, Ressp F' and thus we need only show that Fg is in-
jective. To this end, let I be a nonzero ideal of R and let 6: I — F be an
R-module homomorphism. Then, for all 0 # a, b € I, we have

o(b)a = o(ba) = o(adb) = o(a)b

so o(a)/a = ¢(b)/b in F. In particular, if f € F denotes this common
ratio, then o(a) = fa for all a € I, including @ = 0. Thus o extends to
the map ¢*: R — F with o*(r) = fr. O

For any ring R, the regular module Rp, is free and hence projective.
On the other hand, it need not be injective.
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DEFINITION A ring R is said to be self-injective if Rp is an injective R-module.
Thus, for example, the preceding lemma implies that a commutative do-
main is self-injective if and only if it is a field. Furthermore, any Wed-
derburn ring is self-injective. This follows from Lemma 8.3(i) and Theo-
rem 22.4, since injgldim R = gldim R = 0 implies that all R-modules are
injective. Artinian rings with nonzero radical can also be self-injective.
For example, the ring Z/nZ is self-injective for any integer n > 2. Other
examples can be constructed from Lemmas 23.10 and 23.11. In particular,
they imply that group algebras K[G] with G finite are self-injective.

LEMMA 23.9 Let R be a finite dimensional algebra over the field K and let
X R — K be a K-linear functional. T he following are equivalent.
i. Ker(\) contains no nonzero right ideal of R.
ii. Ker()\) contains no nonzero left ideal of R.
iii. There exist “dual bases” { z1,%2,...,Zn } and {y1,Y2,...,Yn } Of
R with MN(z;y;) = 6; 5. Here 6;; =1 ifi = j and 0 otherwise.

PROOF Since (iii) is right-left symmetric, it suffices to prove that (i) is
equivalent to (iii).

(i) =(iii) Say n = dimk R and let {¥1,¥2,...,¥n } be any basis for
R. Define the K-linear transformation A: R — K™ by

Air = Mry1) © A(ry2) @ - © A(ryn)

If r € Ker(A), then A(rR) = 0 and hence, by assumption, 7 = 0. Thus A is
one-to-one and dimension considerations imply that A is onto. It follows
that there exists {z1,%2,...,Zn } C R with A(z;y;) = 8;;. Finally, the
z;’s are K-linearly independent, since 0 = >, k;z; implies that

0=A0) = ,\(Z kiwiyj) =k,

and hence k; = 0 for all j.
(iii) =(i) If r = ¥, kiz; € R and AM(rR) = 0, then

0= A(ryj) = )\(Z kimiyj) = kj

Thus kj = 0 for all j and r = 0. O

A finite dimensional K-algebra R with a linear functional :: R — K
that satisfies the above equivalent conditions is called a Frobenius algebra.
Note that this definition is right-left symmetric.
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LEMMA 23.10 Any Frobenius algebra is both right and left self-injective.

PROOF By symmetry it suffices to show that Rpg is injective. Let A: R —
K be the linear functional given by the Frobenius definition and let
(, ):Rx R — K be the bilinear form defined by (z,3) = A(zy). Note
that

(zr,y) = Mzry) = (z,7y)

for all z,y,r € R. Now let {z1,z2,...,Zn } and {y1,¥2,...,¥n } be the
dual bases for R given by the preceding lemma. If r = Y, k;z; € R, then
clearly (r,y;) = k; and thus r = Y, (r, y;) ;.

Now suppose that A is a right ideal of R and that c: A — R is an

R-module homomorphism. Then the composite map 7: A - R - K is
a linear functional on A that extends to a K-linear functional 7*: R — K.
Define c*: R — R by

orir Z T (ry;)Ts
i

We claim that o* is an R-module homomorphism that extends o. To start
with, o is certainly a K-linear transformation. Next, suppose s € R and
write sy; = 3, yjcij and T8 = 3, di,jos with ¢;; and di,; in K. Then

cij = (zj, 8%:) = (z38,4:) = dij
and hence
o*(rs) = ZT* (rsys)zi = ZT* (ryjcij)Ti ’
i i,J
=) (ry)digms =Y T (ry;)zss = 0™ (r)s
1,3 j

Thus o* is indeed an R-module homomorphism.
Finally, let a € A. Then ay; € A, so

™ (ay;) = m(ayi) = Mo (ay;))
= Ao(a)y:) = (o (a), )

and hence

o*(a) = ZT*(ayi)-’L'z' = Z(U(a),yi)mi =o(a)
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Thus o* extends o and Baer’s Criterion implies that Rpg is injective. [
Some examples of Frobenius algebras are as follows.

LEMMA 23.11 Let K be a field and let R be a finite dimensional K -algebra. If
i. R = Ry + R, with each of R; and Ry a Frobenius algebra, or
ii. R is a Wedderburn ring, or
iii. R is a group algebra K[G],
then R is a Frobenius algebra.

PROOF (i) Let Ai: R; — K be the given linear functional for R;. Then
A R — K, defined by A(r14+72) = A1(r1)+A2(r2) withr; € R;, is certainly
a linear functional on R. Furthermore, since every right ideal I of R is
of the form I = I + I, it follows immediately that Ker(\) contains no
nonzero right ideal of R.

(ii) In view of (i), we can assume that R = M, (D), where D is a finite
dimensional K-division algebra. Let p: D — K be any nonzero linear
functional and define : R — K to be the composite of p with the trace
map tr: M (D) — D. Note that M, (D) 2 Ma(K) and that if a € M, (D)
and B € M, (K), then tr(af) = tr(Ba). Now suppose I is a right ideal
of R contained in Ker(\). Since tr(Mp (K)I) = tr(IM,(K)) C tr(l), it
follows that M, (K)I C Ker()). But Mn(K)I is easily seen to equal either
0 or R = M, (D), and thus, since A # 0, we conclude that I =0.

(iif) Let A K[G] — K be defined by A\:3° kgg +— k1 and let I be
a right ideal of K[G] contained in Ker(A). If a = }° a,g € I, then for
all z € G we have az™! = 35 ag9z™! € I, 50 a; = A(az™') = 0. Thus
a = 0 as required. O

In particular, (iii) shows that Frobenius algebras need not be Wed-
derburn rings. :

Finally, we remark that Lemma 23.8 is suggestive. It indicates that,
for any ring R, the injective hull E(Rg) is somehow related to a ring of
quotients of R. As we will see in the next chapter, this is indeed the case.

EXERCISES

1. Let

0 A—Q0=5Qr25Q—

0-4-Qp 2 Q) 2 Q-
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be two injective resolutions for the R-module A. Prove that

Im(an) ® Q; 1D Qn-—2® an_s Q.-
= Im(Bn) ® Qu-1 Q3 ® Qs ® -

for each integer n > 1. This is clearly an extension of the injective
version of Schanuel’s Lemma.
2. Let

0= A—-P—-B—-0
0-C—=-Q—-D—-0

be exact sequences of R-modules. If a: A — C is a homomorphism, @
is injective and Hompg (B, D) = 0, show that « lifts to a map a*: P —
C. Similarly, if 8: B — D is a homomorphism, P is projective and
Hompg(A, C) = 0, show that g lifts to a map §*: B — Q.

3. Let @ be an injective right R-module and let 71,72, ..., , be elements
of R. If no nonzero element of R annihilates all r; on the right, prove
that @ = Qri+Qrz2+-+-+Q@r,. To this end, first observe that the map
R — R"givenby r = rir®ror®- .- ®r,r is an R-monomorphism.
Next, let ¢ € @ and define 7: R — Q by nr = gr.

4. Suppose R is a commutative algebra over the field X and that R =
K + I, where I # 0, dimg I < oo, and I? = 0. Show that R/I &
Homg (R/I, K) as left R-modules and then use Exercise 21.3 to de-
duce that E(R/I) & Homg (R, K). Furthermore, observe that Ig is
isomorphic to a finite direct sum of copies of (R/I)g and find E(R).

5. Let K be a field and set R = (IO{ g) Again use Exercise 21.3 to
find E(el,lR), E(ez,zR), and E(R)

6. Let W;essV; for ¢ = 1,2,.... Prove that @), W; is essential in
(53] 22 V;i. On the other hand, show by example that [], W; need not
be essential in ], V;.

7. If R is a ring with no zero divisors, prove that R is self-injective if and
only if it is a division ring.

8. Show that Z/nZ is self-injective for all integers n > 2.

In the remaining two problems, let K be a field and let R be the
ring of row finite, countably infinite matrices over K. The goal is to
show that R is left but not right self-injective. Let { e;; } denote the
usual matrix units in R.
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Let B be a left ideal of R and let ¢: B — R be a left R-module
homomorphism. The restricted map ¢':e;1B — ej 1R is K-linear
and hence can be extended to a K-linear map ¢":e; R — e11R.
Show that ¢” is equal to right multiplication by a row finite matrix
® € R. Then prove that ¢ is right multiplication by ® and hence
observe that ¢ can be extended to all of R. Conclude that R is left
self-injective.

Let A =-%",e;;R, so that A is the right ideal of R consisting of all
matrices with only finitely many nonzero rows. For any a € A, let
6(a) be the matrix in R whose first row is the sum of all rows of a and
whose other rows are 0. Show first that #: A — ‘R is a right R-module
homomorphism. Then show that 6 is not left multiplication by any
matrix © € R. Conclude that 6 cannot be extended to R and hence
that R is not right self-injective.
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We now show how the injective hull E(Rg) gives rise to a ring of quotients
for R.

DEFINITION Let R be aring and set E = E(R). To avoid confusion, we assume
throughout that the copy of Rg in E is egR with eg € E. In other words,
we have R & egR via the map r — egr and egR is an essential submodule
of the injective module E. Let H = Endg(FE) with H acting on the left.
Then E is a left H-module and we set Q@ = Endg(E) acting on the right.
Note that @ 2D R, since R acts faithfully on R and hence on E and since
H commutes with the action of R. Furthermore, F is a right ()-module.
We call Q = Quax(R) the mazimal ring of quotients of R.

As we will see, Qmax(R) can be appreciably larger than R. For ex-
ample, the properties of being countable or of being a domain can be lost
when R is extended to @ = Quax(R). Furthermore, with the preceding
definition, the computation of () can frequently be quite tedious. How-
ever, under reasonable hypotheses, @ can be described in a fairly concrete
manner. The latter result is one of the aims of this chapter. We start
with some easy examples.

LEMMA 241 i If R is a commutative integral domain with field of fractions
F, then Qpax(R) = F.
ii. If R is self-injective, then Qpax(R) = R.

PROOF (i) It follows from Lemma 23.8 that E = E(R) = F. Further-
more, any map h: ' — F' that commutes with multiplication by R cer-

tainly also commutes with multiplication by F. Thus H = Endp(Fr) = F
and therefore Q = Endp(pF) = F.

233
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(ii) Here £ = Rpg, by assumption, so H = Endr(Rg) = R, acting
on the left. Thus @ = Endgr(grR) = R, acting on the right. a

Our first goal is to show that Qmax(Q) = @ or, equivalently, that
Qmax is a closure operation. For this, we need:

LEMMA 242 With the preceding notation, we have
i. E = Hey.
ii. Q = eoQ as right Q-modules via the map q — eqq.
iii. If B is any @Q-module and : B — FE is an R-homomorphism,
then 8 is a Q-homomorphism.

PROOF (i) Let e be an arbitrary element of E and let o:egR — E be
given by eor — er. Since egR C E and since E is injective, o extends to
an R-module homomorphism h: E — E. Thus h € H = Endg(F) and
e = o(eg) = heg € Hey.

(ii) The map 7: @ — eoQ given by g — eoq'is certainly a Q-module
epimorphism. Furthermore, if egg = 0, then Eq = (Heg)g = HO = 0, so
g = 0. Thus 7 is an isomorphism.

(iii) Fix b € B and let 9: 9@ — E be given by eqq — B(bg) — B(b)g.
Then )y is an R-homomorphism and, since eq@ C E and F is injective, 1
extends to a map hy: E — E. Note that hy € H and hence hy commutes
with the action of Q. Since hyeg = p(eg) = 0, it follows that

Pi(e0@) = ho(eo@) = (Aye0)Q = 0

Thus B(bg) = B(b)q for all b € B and ¢ € @, so 8 is a @Q-homomorphism
and the lemma is proved. O

Note that (iii) generalizes the obvious fact used in the proof of
Lemma 24.1(i) that any element of End(F') that commutes with R also
commutes with F. We can now prove:

THEOREM 24.3 Let R be aring and set E = E(RRg) and Q = Qmax(R). Then
Eqg 2 E(Q@) and Qmax(Q) = Q.

PROOF We use all of the preceding notation. Note that F is a ()-module
and that E D eg®@ = Q. Furthermore, we have egRess E as R-modules.
In particular, if X is a nonzero @J-submodule of E, then, since X is an
R-submodule, it follows that X NegR # 0 and hence X NegQ@ # 0. Thus
eo@ ess E as Q-modules.

Next, we show that Eq is injective. To this end, let A C B be
@-modules and let a: A — FE be a @-homomorphism. Then « is an R-
homomorphism and, since Eg is an injective R-module, it follows that
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a extends to an R-homomorphism §: B — E. But, by (iii) of the pre-
vious lemma,  must also be a )-homomorphism and thus Eq is indeed
injective. We conclude that Eg = E(eoQ) = E(Qqg).

Finally, since @ 2 R, we have Endg(Eqg) C Endgr(Eg) = H. On
the other hand, by definition of @, it follows that H commutes with the
action of Q. Thus H = Endg(Eg) and Qmax(Q) = Endg(gE)=Q. O

Our next goal is to understand Qmax(R) in a totally different way,
independent of E.

DEFINITION If I is a right ideal of R and =z € R, then we define the residual
z71 by

g I={reR|zrel}

Thus 711 is the largest subset of R with z - z=1I C I. Basic properties
are as follows.

LEMMA 24.4 Let I and J be right ideals of R and let z,y € R.
i. 71 is a right ideal of R.
ii. y~Y(z~) = (zy)~11.
i 2=} (INJ) = (&) N (z~2J).
PROOF (i) Since z- (z~YI)R C IR C I, it follows that (z~1I)R C z™11I.
(ii) Note that r € y~1(z~I) if and only if yr € z71I and hence if
and only if zyr € I.
(iii) Clearly r € z=*(I N J) if and only if zr € I and zr € J. O

DEFINITION If A is a subset of R, we recall that
lanng(A) =lann(d) ={r€R|rA=0}

is called the left annihilator of A in R. If D is any right ideal of R, then
D is said to be dense if and only if L.anng(z~'D) = 0 for all z € R. We
list some elementary properties.

LEMMA 24.5 Let D and D' be dense right ideals of R and let I be a right ideal
of R.
i. If I D D, then I is dense.
ii. If z € R, then 71D is dense.
iii. DN D' is dense.
iv. D is essential in Rpg.
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v. If I a4 R, then I is dense if and only if l.ann(I) = 0.

PROOF (i) This is clear since z~'I D z 71D for all z € R.

(ii) This follows since y~1(z~*D) = (zy)~1D.

(iii) Fix = € R and let a € lLann(z~}(D N D')). For any y € z~ 11/,
let J = (zy) D = y~}(z7'D). Then yJ C z='D and yJ C 71D/,
since =D’ is a right ideal containing y. Thus yJ C (z7!D)N(z~1D’) =

z~1(D N D') and hence ayJ = 0. But D is dense, so lL.ann(J) = 0 and
we have ay = 0. Since this holds for all y € z71D’, it follows that
a € Lann(z~!D’) = 0 and hence D N D’ is dense.

(iv) Let X be a right ideal of R disjoint from D. If z € X, then
z(z7'D) C DNX =0 Thus z € lann(z!D) = 0, so X = 0 and
DessR.

(v) This follows since I 4R implies that I Cz~'I forallz € R. O

We now consider the relationship between dense right ideals and the
injective hull E = E(R).

LEMMA 24.6 Let D be a right ideal of R. Then D is dense if and only if

0=lanng(D)={e€ E|eD=0}.

PROOF Suppose first that D is dense and let 0 # e € E. Since egRess E
and eR # 0, there exists z € R with ez € eoR \ 0. Thus, since egR & R
and lLanng(z=1D) = 0, it follows that ez-z=!D # 0. But z-z='D C D,
soeD #0.

Now suppose l.anng(D) = 0, fix £ € R and let a € Lanng(z~1D).
We consider the map 0: D + zR — egR C E given by d + zr — egar.
This map is easily seen to be well defined. Indeed, if d + zr = 0, then
zr € D,sor € 7D and ar = 0. Now E is injective and D + zR C R,
so o extends to c*: R — E. But then 0 = ¢(D) = ¢*(D) = o*(1)D, so
0*(1) € lanng(D) = 0 and therefore * = 0. In particular, o = 0, so
0 = o(z) = eoa and a = 0. It follows that lL.anng(z~1D) = 0 and hence
D is dense. a

LEMMA 24.7 Let ¢ € Q = Qmax(R) and let D' be a dense right ideal of R.

Then D = {r € R| gr € D'} is also a dense right ideal of R.

PROOF 1t is clear that D is a right ideal of R. In view of the preceding
lemma, it suffices to show that lanng(D) = 0. To this end, choose
e € Lanng(D) and define o:e9D’ + egqR — E by eod' + eoqr — er.
This map is easily seen to be well defined. Indeed, if eqd’ + egqr = 0,
then gr = —d’ € D' by Lemma 24.2(ii), so r € D and er = 0. Since ¢
is clearly an R-homomorphism, egD’ + egqR C E and E is injective, it
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follows that o extends to a map h € Endg(E) = H. Now o(eqD’) =0, so
(heo)D' = h(egD') = 0 and hence heg = 0 by the previous lemma. Thus
e = h(eoq) = (heg)g = 0 and we conclude that Lanng(D) = 0. O

With these results in hand, we can now obtain the following abstract
characterization of Qmax(R). For convenience, let D = D(R) denote the
collection of dense right ideals of R.

THEOREM 24.8 The maximal ring of quotients @ = Qmax(R) of the ring R
satisfies

i. @ 2 R with the same 1.
ii. If ¢ € Q, then there exists D € D(R) with gD C R.
iii. If ¢ € Q and D € D, then gD = 0 implies g = 0.
iv. If D € D and 0:D — R is a right R-module homomorphism,
then there exists ¢ € Q with od = gd for alld € D.
Furthermore, if Q' is any ring satisfying these four conditions, then Q' is
isomorphic to Q via an isomorphism that is the identity on R.

PROOF We first verify that @ has the preceding properties. (i) is, of
course, obvious and (ii) follows from the preceding lemma, since R is
dense by Lemma 24.5(v). For (iii), observe that gD = 0 implies EgD = 0
and hence Eq = 0 by Lemma 24.6. But @ acts faithfully on E, so we
conclude that ¢ = 0.

To prove (iv), let 0:D — R be given and define ¢’: D — E by
o':d — ego(d). Then o' is also an R-homomorphism and, since FE is
injective, o’ extends to an R-homomorphism o*: R — E. Notice that if
h € H and d € D, then

ho*(1)d = ho*(d) = ho’(d) = hego(d)

In particular, if heg = 0, then ho*(1)D = 0 and hence ho*(1) = 0
by Lemma 24.6. Now recall, by Lemma 24.2(i), that E = Hep and
observe that the preceding remark implies that the map ¢: E — E given
by (heo)g = ho*(1) is well defined. Thus g is an H endomorphism of E,
s0 g € Q and, for all d € D, we have

heogd = ho*(1)d = hego(d)

Thus E(gd — o(d)) =0 and we conclude that gd = o(d), as required.
For uniqueness, suppose @' 2 R also satisfies (i)—(iv). Let ¢ € Q

and, by (ii), choose D € D(R) with ¢gD C R. Then the map o4:D — R

given by d — ¢d is an R-homomorphism; hence, by (iv) applied to @',



238

Part lll. Injective Modules

there exists ¢’ € @' with ¢'d = 04d = ¢d for all d € D. Indeed, by (iii)
applied to @', we see that ¢’ € Q' is uniquely determined by the equation

dd=qd for alld € D (%)

Furthermore, if we had chosen a second dense right ideal D; withqD, C R
and if ¢ € Q' was the corresponding element obtained, then ¢jd = ¢d =
g'd for all d € DN D,. But DN D, is also dense, by Lemma 24.5(iii),
so ¢; = ¢ by assumption (iii). In other words, ¢’ is uniquely determined
by ¢ and equation (*), independent of the choice of D, and therefore we
have a well-defined map 6: Q — Q' given by q — ¢'. It is clear that 6
restricted to R is the identity map.

Now suppose ¢1,92 € @ with'g;.D; C R for some dense right ideal
D,. By Lemma 24.7, there exists Dy € D(R) with g2D; C D, C R. If
6(q;) = g}, then we have

(¢, +ab)d = (g1 +q)d  foralld e DyN D,y
and

(n@)d = (ng2)d  foralld € Dy

~ Thus ¢} +q5 = 8(q1+42) and ¢1g5 = 6(g142), so 0 is a ring homomorphism.

Finally, by reversing the roles of @ and @', we obtain an analogous map
0': Q' — Q. In view of the symmetry of equation (%), it is clear that 6’ is
the inverse of 6 and therefore that # is an isomorphism. O

It is now a simple matter to prove:

THEOREM 24.9 (Utumi's Theorem) Let D be a dense right ideal of the ring R.

i. End (D) is isomorphic to a subring of Quax(R).

ii. If D is a minimal member of D(R), then D is the unique minimum
dense right ideal of R, D <« R, and Quax(R) & Endgr(D). Here R embeds
in Endg(D) as left multiplication.

PROOF (i) If o € Endg(D), then conditions (iii) and (iv) of the preced-
ing theorem imply that there exists a unique ¢, € @ with od = ¢,d for
all d € D. The map Endg(D) — @ given by o — ¢, is easily seen to be
a ring monomorphism.

(i) Suppose D' is a dense right ideal of R. Then D' N D is dense
and D' N D C D, so the minimality of D yields D' O D. Thus D is the
unique minimum element of D(R). Next, for any z € R, we have z~1D
dense. Thus z~'D D D,sozD Cz-z~'D C D and D« R.
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By (i), the map 6: Endg(D) — @ is a ring embedding and we need
only show that 6 is onto. To this end, let ¢ € @ and observe that, by
Lemma 24.7, {7 € R | gr € D} is dense. Hence this right ideal must
contain D and we conclude that gD C D. Now the map o: D — D given
by od = qd is certainly an R-endomorphism and, by definition of 8, we
have 8(c) = g. Thus 6 is onto and hence it is an isomorphism. Since
the endomorphism of D associated with g is left multiplication by g, the
result follows. a

If'R is right Artinian, then D(R) necessarily contains a minimal
member and the preceding applies. Moreover, we have:

COROLLARY 24.10 Let R be a ring withl.anng (soc(R)) = 0. Then Qua«(R) =
Endpg (soc(R)).

PROOF Since soc(R) < R with left annihilator zero, Lemma 24.5(v) im-
plies that soc(R) is dense. On the other hand, if D’ is any dense right
ideal of R, then D’ ess R, by Lemma 24.5(iv), and hence D’ D soc(R), by
Proposition 23.5. Thus soc(R) is the minimum dense right ideal of R and
the preceding theorem yields the result. O

We close this chapter with an example and a comment. Let K be a
field, let X be a set of variables, and let R = K(X) be the free K-algebra
generated by the variables in X. If D is the augmentation ideal of R,
namely the two-sided ideal of R generated by X, then D is easily seen to
be a free right R-module with basis X. Note that R is a domain and D<R,
so D is dense. Thus, by Theorem 24.9(i), Endg(D) embeds as a subring
of @ = Qnax(R). If | X| = n < oo, then Endgr(D) = M,(R), so M, (R)
embeds in @ and @ is not a domain even though R is. Furthermore,
suppose K is countable and that X is countably infinite. Then R is a
countable ring, but End g(D) is uncountable and hence so is Q. Thus the
properties of being a domain or of being countable are not inherited by
Q@. On the other hand, we have:

LEMMA 24.11 The center of Quax(R) is the set of elements of this ring that
commute with R. In particular, if R is commutative, then 50 is Qmax(R).

PROOF 1If q is in the center of @ = Quax(R), then it certainly commutes
with R. Conversely, suppose ¢ commutes with R and let ¢’ € Q. Choose
a dense right ideal D’ of R with ¢’ D’ C R and let d' € D'. Then q
commutes with both d' and ¢'d’, so q(¢'d’") = (¢'d")q = ¢'(qd’). Thus
(g9’ — ¢'q)D’ = 0 and hence g¢’ — ¢'q = 0 by Theorem 24.8(iii).
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Finally, if R is commutative, then the preceding implies that R is

central in Q. But then every element of @ commutes with R, so @ is

central in @ and hence it is commutative. a
EXERCISES
1. Let R be a Frobenius algebra with linear functional R — K. If A

is a right ideal of R, prove that l.anng(4) = {r € R | ArA4) =0}.
Similarly, if B is a left ideal of R, show that r.anng(B) = {r € R |
A(Br) =0}. Conclude that

dim A 4+ diml.anng(A) = dim R = dim B + dimr.anng(B)

and that r.anng(lLanng(A4))= A.

. Suppose R is an almost commutative K-algebra whose generators are

T1,T2,...,Tm. Assume that 20! € K + 371 Kz; and that every
element 7 € R is uniquely a polynomial in the z;’s of the form r =
3 o kax?®, where the exponents are bounded above in the product
ordering by n = (ny,ng,...,nm). Use the coefficient of x™ to deduce
that R is a Frobenius algebra.

. Show that soc(R) C l.anng(Rad(R)) with equality when R is right

Artinian.

. If R = K(z,y), prove that Mp(R) embeds in @ = Qmax(R) for all

n > 1 and that @ is uncountable.

. Suppose K is a field and R is the ring of n x n upper triangular

matrices over K. Find the socle of R and also the left socle, that is
the sum of all minimal left ideals. Compute Qmax(R).

. Let R be a local ring with Jacobson radical J and assume that J is

nilpotent. Show that R is the unique minimal dense right ideal of R
and conclude that Qmax(R) = R. Suppose, in addition, that R has
nonzero right ideals A and B with AN B = 0. Show that R is not
self-injective and find a commutative example of such a ring.

In the remaining exercises we assume that R is a prime ring. In
view of Lemma 24.5(v), this implies that all nonzero two-sided ideals
of R are dense. Let

Q:(R) ={q € Qmax(R) | ¢gB C R for some 0 # B<a R }

Then Q. (R) is a subring of Qmax(R) called the (right) Martindale
ring of quotients of R. Furthermore, if
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Qs(R) = {q € Qmax(R) | Aq,qB C R for some 0 # A,B<aR}

then Qg(R) is subring of Qmax(R) called the symmetric Martindale
ring of quotients of R.

7. Verify that Q.(R) and Qg(R) are subrings of Quax(R). Obtain an ab-
stract characterization of Q.(R) analogous to that given for Qmax(R)
in Theorem 24.8.

8. If R is a domain, prove that Qg(R) is also a domain. What about
Q:(R)? If R is a simple ring, show that Q.(R) = Qs(R) = R.

9. Prove that the centers of Quax(R), Q:(R), and Qg(R) are all equal.
This common center is called the eztended centroid of R. Show that,
in this context, the extended centroid F is a field.

10. Let a,b,c,d be nonzero elements of R and suppose that arb = crd
for all r € R. Prove that there exists a nonzero element f in the
extended centroid of R with ¢ = af and d = f~!b. This result is due
to Martindale. To start with, let A = RaR and C = RcR and define
the maps 0: A — C and : C — A by

o. Z r;ay; — 2 Z;CY;
i 1

T: Z T;Ccy; — Z Tiay;
1 1

To see that these are well defined, assume that ), z;ay; = 0 and
consider the expression 0 = (Zz ziayi)rb forallr € R. If 0 and
7 determine the elements f,g € Q;(R) as in Exercise 7, prove that
g~ ! = f € F and that f has the appropriate properties.
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We now move on to the more natural and familiar classical ring of quo-
tients. Let R be a ring and let T be a multiplicatively closed subset of
R. By definition, this means that 1 € T and if a,b € T, then ab € T. In
order to form an appropriate ring of fractions RT~! with the elements of
T in the denominator, it is clear that 7' must consist of regular elements,
that is elements that are not zero divisors in R. Specifically, r € R is said
to be regular if and only if r.anng(r) = l.anng(r) =0.

DEFINITION Let R be a ring and let T' be a multiplicatively closed subset of

regular elements of R. We say that RT~! is a right ring of quotients of
R provided

1. RT-! is a ring containing R with the same 1.
2. Every element of T is invertible in RT~1.
3. Every element of RT~! is of the form 7¢~! withr € Rand t € T.

Unlike the commutative situation, we cannot always form RT-!.
Indeed, there is at least one obviousadditional requirement. Thus suppose
RT-! exists and let r € R and ¢ € T be arbitrary. Then r,t~! € RT1,
so t™!r € RT-! and (3) implies that there exist r; € R and ¢; € T with
t—lr = rltl"l. Multiplying by ¢ and ¢; on the appropriate sides then yields
rt1 = tr1, an equation in the ring R.

DEFINITION Let T be a multiplicatively closed set of regular elements of R.
We say that T is a right denominator set if for all r € R and ¢ € T there
exist 71 € R and t; € T with r{; = trq.

In view of the preceding remarks, we have:

242
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LEMMA 25.1 Let T be a multiplicatively closed set of regular elements of R. If
RT? exists, then T is a right denominator set.

As we will shortly see, the converse to the above result is also true.
To prove this, we first need:

LEMMA 25.2 Let T be a right denominator set in R and suppose that S is a
ring containing R with the property that eacht € T is invertible in S. If
RT-! C S is defined by

RT'={rt"Y|reR, teT}

then
i T"'RC RT™L
ii. RT~1 is a subring of S containing R.
iii. The arithmetic in RT ™1 is solely determined by R and T, inde-
pendent of the arithmetic in S.
iv. Any finite number of elements of RT~! can be written with a

common denominator. Specifically, if r1t7t,rot5?, ..., atyt € RT7,
then there exist s; € ;R and t € T with rit;* = sit~! for all i =
1,2,...,n.

PROOF We proceed in a series of steps. Since we are concerned with (iii)
as well as (ii), it is important to observe that the conclusions of each of
these steps can be achieved solely from a knowledge of R and T'. In other

words, these conclusions are independent of the arithmetic in the ring S.

STEP1 TR C RT-1.

PROOF Lett € T and r € R. By the right denominator condition in
R, there exist 7; € R and ¢; € T with ¢r; = rt;. Now multiply by ¢~
and t'l'l on the appropriate sides to obtain t~1r = rltl“l € RT~1. Notice
that 7, and ¢; are determined in R by r and £. They are, of course, not
uniquely determined. a

STEP 2 Common denominators exist.

PROOF Let 7‘1t1—1,7‘2t2_1, oo, Tatzt € RT™1. We show by induction on
n that there exist s; € m;R and ¢t € T with 7t 1= g1, Furthermore,
we show that such s; and ¢ are computable in R. Now, by induction,
there exist §; € ;Rand £ € T with rit; ! = &1 fori = 1,2,...,n—1.
In addition, Step 1 implies that by working in R we can find s € R and
t € T with t;1f = st~!. Thus, when i <n — 1, we have

rity = 5 = gttt = (5;t) (#) T
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and, since t,; ! = st~1#~1, we also have
rtnt = rast T = (1 8)(Ft) 1

In particular, since §;t € ;R for ¢ <m —1 and since 7,8 € 7, R, this step
is proved. O

STEP 3 RT-! is closed under addition and multiplication. Furthermore, these
operations, along with equality, are all determined in R.

PROOF Let rt7?, rztgl € RT-!. By the preceding step, we can write
rit7 = s1t™1 and rot; ' = spt~! just working in R. Thus rt7 +rpt; ! =
(s1+82)t™1, so RT~! is closed under addition and addition is determined
in R. Moreover rt7} = rot; ! if and only if s;¢71 = st~ and hence if
and only if s; = s2. Finally, Step 1 implies that by working in R we can
find s3 € R and t3 € T with t]1r; = sat3'. Thus

rit7 ! oty t = risaty gt = (r1sa)(tats) ™t € RT 1
and the lemma is proved. O

We can now obtain:

THEOREM 25.3 (Ore’s Theorem) If T is a right denominator set in the ring
R, then the right ring of quotients RT ! exists and is unique up to an
isomorphism, which is the identity on R.

PROOF In view of the preceding lemma, it suffices to find an extension
ring S O R in which all elements of T' are invertible. For this we will use
S = Qnax(R). Thus, let E = E(Rg), let H = Endgr(ER), and recall that
Qmax(R) =Endg(gE). Let t € T

If r € R, then there exist 71 € R and t; € T with rt; = tr; € tR.
Thus t; is contained in the residual 7—!(¢R) and hence, since t; is regular,
we conclude that l.anng (r‘l(tR)) = 0 for all » € R. It follows that
tR is a dense right ideal of R and we conclude from Lemma 24.6 that
lLanng(¢R) = 0. In particular, L.anng(t) = 0.

Next, let e € E be arbitrary. Since r.anng(t) = 0, the map o:tR —
E given by tr — er is a well-defined R-homomorphism. Since E is
injective, o extends to ¢*: R — E and thus

e=o0(t)=0c*(t)=0"(1)t € Et

In other words, we have shown that E = Et.
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Finally, since E = Et and l.anng(t) = 0, the map ¢: E — E given
by et — e is a well-defined left H-module endomorphism of E. Thus
g € Qmax(R) = S. But clearly, etg = e for all e € E and fqt = f for all
f € Et = E. It therefore follows that tg =gt =1,s0t™! =g € S and
the preceding lemma yields the result. a

This is, of course, not the original proof of Ore’s Theorem. That
proof began by considering the collection of all formal fractions 7t~ with
r € R, t € T and by defining the equivalence of fractions as in the equal-
ity part of Lemma 25.2. After showing that this is indeed an equivalence
relation, addition and multiplication were then defined via the formulas
given in Lemma 25.2. At this point, it was necessary to show that these
operations respect the equivalence relation and therefore define an addi-
tion and multiplication on the set of equivalence classes. Finally, all the
ring axioms were verified. This was clearly a formidable and uninspiring
task, some aspects of which are included in the exercises.

We remark that there is an obvious left analog to all the previous
definitions and results. In particular, we can speak of left denominator
sets and of the left ring of quotients T~1R. The following result is an
immediate consequence of Lemma 25.2 and Theorem 25.3.

LEMMA 25.4 IfT is a right and left denominator set in R, then RT~! = T~!R.

If T is the set of all regular elements of R, then T is certainly a
multiplicatively closed subset of R. In this case, the right denominator
condition is usually called the Ore condition. Indeed, if T satisfies the
Ore condition, then R is said to be an Ore ring and we call RT~! the
classical Tight ring of quotients of R. Thus Qci(R) is certainly a natural
ring extension of R. If, in addition, R is a domain, then R is called an
Ore domain.

COROLLARY 25.5 Let R be a ring.
i. R is an Ore ring if and only if Qu(R) exists.
ii. R is an Ore domain if and only if Qe (R) is a division ring.
iii. If Qq(R) exdists, then it is unique up to an isomorphism, which
is the identity on R.

PROOF (i) and (iii) are immediate consequences of Ore’s Theorem. For
(ii), if Qe (R) is a division ring, then R is certainly a domain and hence an
Ore domain. Conversely, if R is an Ore domain, then Qq(R) exists and
every nonzero element of R is invertible in this ring. Thus, since every
element of Qc)(R) is a quotient of elements of R, it is clear that Qc(R)
is a division ring, O
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If R = K(z,y) is the free algebra over the field K in the variables
z and y, then R is obviously a domain. On the other hand, the equation
xs = yt has no nonzero solutions s,t € R. Thus R is not an Ore domain
and Q) (R) does not exist. As we will see in Exercise 4, R can in fact be
embedded in a division ring D, but of course D # Qci(R).

Note that if all regular elements of a ring R are 1nvert1ble, then the
uniqueness of Q¢)(R) implies that R = Q¢ (R).

LEMMA 25.6 Let R be a right Artinian ring.

i Ift € R withr.anng(t) = 0, then t is invertible in R.
ii. Ifte R w1th lLanng(t) =0, then t is invertible in R.

iii. Qa(R) =

PROOF (i) Since r.annR(t) = 0, the map R — tR given by r — ir
is an R-module isomorphism. In particular, R and tR have the same
composition length and thus R/tR has length 0. In other words, tR = R
and there exists s € R with ¢ts = 1. But this implies that r.anng(s) =0,
so we conclude 31m11ar1y that there exists u € R with su = 1. It follows
that s is invertible with inverse ¢ = u.

(ii) This proof is more complicated. By the Hopkins-Levitzki The-
orem, Rp has finite composition length and we proceed by induction on
this parameter. To start with, if Rr has length 1, then R is a division
ring and ¢ is obviously invertible. Now, for the general case, observe that
if I is a nonzero two-sided ideal of R, then the length of R/I is less than
that of R. Thus, by induction, we may assume that the result holds in
all proper homomorphic images of R.

Let N = Nil(R). If N =0, then R is a Wedderburn ring and hence
also a left Artinian ring by the Artin-Wedderburn Theorem. Thus the
left analog of (i) implies that ¢ is invertible. We may therefore suppose
that N 3 0; hence, since N is nilpotent, we see that A = r.anng(N) # 0.
Furthermore, since NR = N, we have 0 = NA = N(RA) and it follows
that A is a nonzero two-sided ideal of R.

Let £ = t + A denote the image of ¢t in R/A. If s € R with 5T =0,
then st € A = r.anng(N) and thus Nst = 0. But lanng(t) = 0, so
Ns =0 and hence s € A. In other words, § = 0 and L. annR/A(Z) = 0.
By induction, £ is invertible, so there exists 7 € R with #f = 1. Thus
1 -7t € r.anng(N), so N(1 — rt) = 0 and it follows that N = Nt.

Finally, let * R — R/N denote the natural map and let ¢/ =t + N
denote the image of ¢ in this proper homomorphic image of R. If z't' = 0,
then zt € N = Nt, so zt = nt for some n € N. Since l.anng(t) = 0, this
yields z = n, so ' = 0 and lLanng/n(t') = 0. Again, induction implies
that ¢’ is invertible and hence there exists y € R with y't’ = 1. Thus
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1—yt € N = Nt and in particular 1 — yt = mt for some m € N. We
conclude that 1 = (y + m)t, so r.anng(t) = 0 and part (i) now yields the

result.
(iii) This follows from (i) and the observation immediately preceding
this lemma. a

LEMMA 25.7 Let R be a ring.
i If Ty C T9 are right denominator sets in R, then Ty is a right
denominator set in RT; " and (RT; )Ty * = RT; .
ii. If R is an Ore ring and @ = Q¢ (R), then Qq(Q) = Q. In other
words, when it exists, the classical ring of quotients is a closure operation.

PROOF (i) Notice that RT;* C RT, !, so it follows that T is a multi-
plicatively closed set of regular elements in RT;" !, Since every element of
RT; ' is of the form rt—! with ¢t € T and r € R C RT;}, it follows that
RT;' = (RT7Y)T; Y. In particular, T; must be a right denominator set
in RTT!.

(ii) Let T be the set of regular elements of R, so that @ = Qc(R) =
RT-Y. If rt~! is a regular element of @, then certainly lanng(r) = 0.
Furthermore, if 0 # s € R, then ts # 0,500 % rt~1.ts = rs and it follows
that r.anng(r) = 0. Thus r € T and r¢t~! is an invertible element of Q.
Asg we observed earlier, this implies that Q(Q) = Q. a

If R is a commutative domain, then Q¢ (R) exists and is a field.
Thus a natural noncommutative question is to classify those R for which
Qu(R) exists and is a divison ring or, more generally, a Wedderburn ring.
Indeed, this is the goal of the remainder of this chapter and of the next.
As we will see, the answer concerns certain weak forms of the Noetherian
condition. Thus it is reasonable to start by considering the relationship
between the right ideals of R and of RT~1. Note that once we know that
RT~?! exists, then Lemma 25.2(iv) with S = RT~?! implies that common
denominators exist in this ring of fractions.

LEMMA 25.8 Let T be a right denominator set in R.
i. If I is a right ideal of R, then IT"* = {rt~Y|re€l, t€T}isa
right ideal of RT 1.
ii. If I is an essential right ideal of R, then IT~?! is an essential right
ideal of RT 1.
iii. If I + Io 4 - - - + I, is a direct sum of right ideals of R, then

LT 4+ LT '4+...+ L, 7' CRT?

is also a direct sum.



248

Part ill. Injective Modules

PROOF (i) Let rit7,rot;' € IT™!. Then Lemma 25.2(iv) implies
that there ex1st si € ;R C I and t € T with rit; =1 = g;t~1. Thus
rit7t + rat;t = (81 + sg)t= € IT-! and IT! is closed under addition.
Furthermore, since TR C RT~!, we have

IT"'.RT-1C IR.T-'T-! = [T

and IT! is a right ideal of RT 1.

(ii) Now suppose that X is a right ideal of RT~? disjoint from IT~1.
Since IT-'*NR D I, it follows that X N R is a right ideal of R disjoint from
I. But TessR,s0 X N R = 0. Finally, if rt~! € X, then r = (rt7)t €
XNR=0,s0ort™!=0and X =0.

(iii) Let r;¢;* € T~! for 1 < ¢ < n and suppose that 37 r;¢;! = 0.
By Lemma 25.2 there exist s; € ;R C I; and t € T with r;it;! = ;87!
for all &. Thus 0 = (X7 s;)t7? , 500 =3"s;. Buts; € and - Z I;is
direct, so we conclude that each s; = 0 and hence that each r;t; - = 0.
With this, it follows that the sum 7 ;T is direct. O

In the other direction, we have:

LEMMA 25.9 Let T be a right denominator set in R.

i. If X is a right ideal of RT~', then X N R is a right ideal of R
and X = (X NR)T™! = (X NR)(RT™?).
ii. If X is an essential right ideal of RT~1, then X N R is an essential
right ideal of R.
iii. If X1 4+ Xg + - -+ + X, is a direct sum of right ideals of RT"!,
then

(XiNR)+(X2NR) +-- + (XaNR)CR

is also a direct sum.

PROOF (i) Certainly X D (X N R)T~1. Conversely, if rt~! € X, then
r=(rt"1 )€ XNRandrt-! € (X NR)TL.

(ii) Let I be a right ideal of R disjoint from X NR. Since (XNR)+Iis
a direct sum, it follows from the preceding lemma that (XNR)T~1+4+IT-1
is also direct. But (X N R)T~! = X and X ess RT~!, so we must have
IT~! =0 and hence I = 0.

(iii) This is obvious. O

We need the following observation.
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LEMMA 2510 i Let W C V be R-modules with WessV. Ifv € V, then
{r € R|vr € W} is an essential right ideal of R.
ii. Let I be an essential right ideal of R. If € R, then (z™1I)essR.

PROOF (i) It is clear that J = {r € R | vr € W} is a right ideal of
R. Let X be a nonzero right ideal of R. If vX = 0, then vX C W, so
X CJand XNJ #0. On the other hand, if vX # 0, then vX is a
nonzero submodule of V. Thus, since WessV, we have vX N W # 0;
clearly X NJ 3 0, by the definition of J. Thus X NJ 3 0 in all cases and
Jess R.

(ii) Note that z='I = {r € R | zr € I}. Thus (ii) follows from (1)
withV =R and W =1.

We close this chapter with a key result. It offers the sufficient con-
dition we will use in the next chapter for the existence of a Wedderburn
ring of quotients.

LEMMA 25.11 Let T be a multiplicatively closed set of regular elements of R.
Suppose that
i. t € T implies (tR) ess R, and
ii. Iess R implies INT # 0.
Then T is a right denominator set in R and RT~! is a Wedderburn ring.

PROOF We first show that T is a right denominator set. To this end,
let 7 € Randt € T. Then (tR)ess R by (i) and hence r~!(tR) ess R by
Lemma 25.10. It now follows from assumption (ii) that r~1(tR)NT # 0
and, say, t; € 7~ 1(tR) NT. Thus rt; € tR, so rt; = try as required.

We now know that RT~! exists and let X be any essential right
ideal of this ring of quotients. Then (X N R)ess R by Lemma 25.9(ii), so
assumption (ii) implies that X N T is nonempty. But every element of T
is invertible in RT~!, so we conclude that X = R. In other words, RT !
has no proper essential right ideal; therefore, Lemma 23.6 implies that
RT™! is a Wedderburn ring, a

EXERCISES

1. Let R be a prime ring. Show that the symmetric Martindale ring of
quotients @ = Qq(R) can be uniquely characterized by the following
four properties.

i. @ D R with the same 1.
ii. If ¢ € Q, then there exist 0 # A, B < R with Aq,qB C R.
iii. f0#¢€Qand 0# I<R, then Iq+#0 and gl # 0.
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iv. Let 0 2 A,B< R and let f:gA — grR and g:Bgr — Rpg be
R-module homomorphisms. If (af)b = a(gd) for all a € A, b € B,
then there exists ¢ € Q with af = aq and gb = gb for all a € A and
beB.

. Let T be a right denominator set in R. Characterize those right ideals

X of R with (XT~1)N R = X. If R is right Noetherian, prove that
the same is true of RT~!.

. Suppose R is a domain. Show that R is an Ore domain if and only

if every two nonzero right ideals of R have a nonzero intersection. If
R is right Noetherian, prove that Q(R) exists. For the latter, let
0 # 7,t € R and observe that the right ideal Y p. ,t*rR must be
finitely generated.

. Let K be a field and let F' be the rational function field over K

generated by the countably many algebraically independent elements
z; for i = 0,%1,%2,.... Then there exists a K-automorphism o of
F determined by the shift map z; — T;+; and we let R be the skew
polynomial ring R = F[y; o]. Observe that R is a Noetherian domain
and, hence, by the preceding problem Qc(R) = D exists and is a
division ring. On the other hand, prove that the K-subalgebra of R
generated by £ = 1y and y is the free algebra on these two generators.
Thus conclude that the free algebra K (z,y) embeds in a division ring.

.If R = (K K[z] ), prove that R has a classical right ring of quo-

0 Kilz]
tients but not a left one.

The remaining exercises outline a direct proof of Corollary 25.5(i).
Thus suppose that R is an Ore ring and let T' denote the set of its
regular elements. The goal is to show that Q) (R) = RT! exists.

. If ¢,d € T and r € R with ¢r = d, prove that r € T. In particular,

deduce that if a,b € T then there exist z,y € T' with az = by.

. Consider the collection of formal fractions with denominators in T' and

define ra=! ~ sb! if and only if there exist z,y € T with az = by
and rz = sy. Prove that ~ is an equivalence relation and then let
[ra~1] denote the class of ra™?!.

. Define [ra~?] + [sb~?] = [(rz + sy)(az)~!], where z,y € T are any

elements with az = by. Prove that this sum is well defined. To this
end, first show that the sum is independent of the choice of auxiliary
elements x and y. Then show that the sum is independent of the
representative of the class [ra=?].

. If RT-! denotes the set of all such equivalence classes, prove that
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10.

RT! is an abelian group under the addition given previously.

Now define [ra=!][sb~1] = [(rv)(bz)~!], where z € T and v € R are
any elements with av = sz. Verify that multiplication is well defined
and that in this way RT~! becomes a ring. Finally, show that the
map 7 — [r1~!] identifies R as a subring of RT~! and that, with this
identification, we have RT~! = Qu(R).
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The goal now is to determine those rings having a Wedderburn classical
ring of quotients. As we mentioned earlier, this classification involves
conditions that are somewhat weaker than being Noetherian. In addition,
the existence, or rather the nonexistence, of nonzero nilpotent ideals also
comes into play.

Recall that R is a prime ring if for all nonzero ideals A, B < R we
have AB # 0. Furthermore, we say that P < R is a prime ideal of R if
R/P is a prime ring. Thus P is a prime ideal if and only if for all A, B<R,
the inclusion AB C P implies A C P or B C P. Alternately, P is prime
if and only if A,B D P implies AB € P. It is clear, by induction, that
if P is prime and if AjAs:-+- A, C P, then at least one of the ideals A;
must be contained in P. Recall that R is said to be a semiprime ring if
R has no nonzero nilpotent two-sided ideal.

LEMMA 26.1 Let R be a ring. The following are equivalent.

252

i. R is a semiprime ring.
ii. The intersection of all prime ideals of R is equal to 0.
iii. If AR with A*> = 0, then A = 0.
iv. R has no nonzero nilpotent right or left ideal.
PROOF (i)=(iv) If I is a right ideal of R with I™ = 0, then A = RI is
a two-sided ideal of R containing I. Furthermore, IR = I implies that

A" = (RI)(RI)---(RI) = RI* =0

and thus, since R is semiprime, we conclude that A =0 and I = 0.
(iv)=>(iii) This is obvious.
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(iii)=(ii) Let 0 # r € R be arbitrary and construct a sequence
S = {ro,71,72,... } of nonzero elements of R inductively as follows. First,
we let 7o = 7. Next, if 7, 5 0 is given, then 0 # RrpR < R and hence,
by assumption, (Rr,R)? # 0. Thus r,Rry, # 0 and we can choose 0 #
Tn+1 € TnRr,. Now 0 ¢ S, so the zero ideal is disjoint from S and Zorn’s
Lemma implies that there exists P <« R maximal with the property that
PNS = 0. Weclaim that P is prime. Indeed, suppose A and B are ideals
of R properly containing P. By the maximality of P, we have r, € A
for some subscript » and hence for all larger subscripts by the manner
in which S is constructed. Similarly, r, € B. Thus if ¢ = max{n,m},
then r; is in both A and B and hence 7441 € r4Rr; C AB. But r444 ¢ P,
so AB Z P and therefore P is prime. Finally, r = ro ¢ P, so, since
0 # r € R was chosen arbitrarily, we conclude that the intersection of all
prime ideals of R is 0.

(ii)=-(i) Let A<« R with A™ = 0. If P is any prime ideal of R, then
A™ =0 C P and hence A C P. Thus A is contained in the intersection
of all prime ideals of R and therefore A = 0. O

In particular, R is a semiprime ring if and only if it is a subdirect
~ product of prime rings. This, of course, explains the name semiprime.
Now we move on to the relevant Noetherian-like conditions.

DEFINITION Suppose V is a right R-module. We say that V satisfies maz-c,
the maximum condition on complements, if V' contains no infinite direct
sum of nonzero submodules. Obviously, any module with the ascending
or descending chain condition satisfies max-c. If V = Rp satisfies max-c,
then we say that R has maz-rc. Here the r reminds us that we are viewing
R as a right R-module. :

Next, recall that R satisfies maz-ra if the set {r.anng(z) | z € R}
of right annihilators of elements of R satisfies the maximum condition or,
equivalently, the ascending chain condition.

Finally, we say that R is a right Goldie ring if it satisfies both max-
rc and max-ra. Obviously, any Noetherian ring is Goldie. On the other
hand, any commutative domain also satisfies these conditions. Thus max-
rc and max-ra together are weaker than the Noetherian property.

As usual, we view Artinian and Noetherian conditions on the right
unless otherwise indicated.

- LEMMA 26.2 Let T be a right denominator set in R. If RT ™! is either Artinian
or Noetherian, then R is a Goldie ring.

PROOF Since Artinian implies Noetherian, by the Hopkins-Levitzki The-
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orem, it suffices to assume that RT~! is Noetherian. Thus RT~! cannot
have an infinite direct sum of nonzero right ideals. Now suppose - ZiEI I;
is a direct sum of nonzero right ideals of R. Since a sum is direct if and
only if every finite subsum is direct, it follows from Lemma 25.8(iii) that
ez I, T-! is also direct. Thus, by the preceding, Z is finite and R
satisfies max-rc.

Now let r.anng(z;) C r.anng(zz) C -+ be an ascending chain of
right annihilators of elements in R. Set X, = {Zn,Zn+1,...}, so that
clearly r.anng(z,) = r.anng(X,). Now let S = RT~! and observe that
Xn 2 Xp4 for all n > 1. It follows that r.anng(X;) C r.anng(Xs) C ---
is an ascending chain of right ideals of S and, since S is Noetherian, this
chain must terminate. But r.anng(X,) N R =r.anng(X,) = r.anng(z,),
so r.anng(z;) C r.anng(z2) C - - - must also terminate. a

In other words, if Q¢ (R) exists and is a Wedderburn ring, then R
must be a Goldie ring. For the converse, we use the Goldie assumption in a
number of ways. To start with, Lemma 20.4(i) states that any semiprime
ring with max-ra has no nonzero nil right or left ideal. In addition, the
next result uses max-rc to prove an essential version of Fitting’s Lemma.

LEMMA 26.3 Let R satisfy max-rc and let a € R withr.anng(a) = r.anng(a?).

Then (aR +r.anng(a)) ess R.

PROOF First, if £ € aR Nr.anng(a), then z = ar for some r € R and
0 = az = a?r. Thus r € r.anng(a?) = r.anng(a) and £ = ar = 0. In
other words, aRNr.anng(a) = 0 and hence aR + r.anng(a) is direct.

Next, we claim that r.anng(a™) = r.anng(a) for all n > 1. Indeed,
let » > 1 and suppose by induction that r.anng(a®~!) = r.anng(a). If
y € r.anng(a™), then ay € r.anng(a™"!) = r.anng(a) and hence a?y = 0.
Thus y € r.anng(a?) = r.anng(a) and this fact is proved.

Finally let I be any nonzero right ideal of R and consider the infinite
sum Y .o a’]. By max-rc, this cannot be a direct sum of nonzero right
ideals of R and thus there must exist a relation

a"bo + a""'lbl 4ot an+mbm =0

with all b; € I and bp # 0. Note that n > 1, by our assumption on the
powers in the infinite sum, and
bo + aby + -+ + a™by, € r.anng(a™)

Thus by € aR + r.anng(a™) = aR + r.anng(a) and, since by € I \ 0, we
conclude that I N (aR + r.anng(a)) # 0. But I # 0 is arbitrary and
therefore aR + r.anng (a) is essential in R. O
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DEFINITION If V is an R-module, then
Sing(V) ={v € V | r.anng(v)ess R}

is called the singular submodule of V. In particular, V is said to be
nonsingular when Sing(V) = 0. If V = Rp, then Sing(R) is called the
(right) singular ideal of R and if Sing(R) = 0, then R is a nonsingular
ring. The following lemma justifies all this nomenclature.

LEMMA 26.4 Let V be an R-module.
i. Sing(V) is a submodule of V.
ii. If W C V, then Sing(W) = W N Sing(V'). Furthermore, if V =
® Y i, Vi, then Sing(V) = @ 3°7_, Sing(V;).
iii. Sing(R) is a two-sided ideal of R.

PROOF (i) Let v,w € Sing(V). Then r.anng(v) and r.anng(w) are both
essential right ideals of R and hence so is r.anng(v) N r.anng(w), by
Lemma 23.3(ii). Thus, since r.anng(v + w) D r.anng(v) N r.anng(w),
we have r.anng(v+w)essR and v + w € Sing(V). Now let s € R.
Since the residual s~!r.anng(v) is essential in R, by Lemma 25.10(ii), and
vs-s~'r.anng(v) C v-r.anng(v) = 0, we haver.anng(vs) D s~'r.anng(v)
and r.anng(vs) ess R. Thus vs € Sing(V).

(ii) The first part is clear, since membership in Sing(V') is an elemen-
twise condition. The second follows immediately from Lemma 23.3(ii),
since r.anng (®;v;) = (), r.anng(v;).

(iii) We already know that Sing(R) is a right ideal of R. Now let
z € Sing(R) and let r € R. Since r.anng(rz) D r.anng(z), it follows that
r.anng(rz) ess R and therefore rz € Sing(R). O

The singular submodule is not a radical in the sense that V/Sing(V)
need not be nonsingular. Furthermore, we remark that the left and right
singular ideals of a ring need not be equal. See the exercises for more
details.

LEMMA 26.5 Let R be a Goldie ring.
i. Sing(R) is a nil ideal. In particular, if R is semiprime, then R is
nonsingular.
ii. If d € R with r.anng(d) = 0, then dRess R. In particular, if R is
nonsingular, then d is regular in R.

PROOF (i) Suppose by way of contradiction that Sing(R) is not nil
Then, by max-ra, we can choose a € Sing(R) to be a nonnilpotent element



256

Part lll. Injective Modules

whose right annihilator r.anng(a) is maximal in the set
{r.anng(b) | b € Sing(R) and b is not nilpotent }

Note that r.anng(a?) D r.anng(a) and that a? is also a nonnilpotent
element of Sing(R). Thus r.anng(a?) = r.anng(a), by the maximality
of r.anng(a), and Lemma 26.3 implies that the sum aR + r.anng(a) is
direct. But a € Sing(R), so r.anng(a)ess R and hence aR = 0, a contra-
diction. It follows that Sing(R) is nil and, therefore, if R is semiprime,
then Lemma 20.4(i) implies that R is nonsingular.

(i) Since r.anng(d) = 0, it follows that r.anng(d?) = 0 = r.anng(d).
Thus dR = dR+r.anng(d) is essential in R, by Lemma 26.3. Furthermore,
if z € Lanng(d), then r.anng(z) O dR and therefore r.anng(z)ess R. In
other words, l.anng(d) C Sing(R) = 0 as required. a

As we mentioned at the end of the previous chapter, Lemma 25.11
will be used to prove the existence of a Wedderburn ring of quotients.
Indeed, part (ii) already yields hypothesis (i) of that lemma and the key
hypothesis (ii) is proved next.

LEMMA 26.6 Let R be a semiprime Goldie ring. If I is an essential right ideal

of R, then I contains a regular element of R.

PROOF We first note that any nonzero right ideal X of R contains a
nonzero element z with r.anng(z) = r.anng(z?). Indeed, since R is
semiprime, we know that X is not nil by Lemma 20.4(i). Thus, we can
choose z to be a nonnilpotent element of X such that r.anng(z) is maxi-
mal in the set

{r.anng(y) | y € X and y is not nilpotent }

Since z2 is not nilpotent and r.anng(z?) D r.anng(z), it follows that these
two annihilators are equal.

Suppose, by way of contradiction, that I contains no element d with
r.anng(d) = 0. We construct, by induction on n, a sequence ag, ay, ... of
nonzero elements of I satisfying

1. r.anng(a;) = r.anng(a?) for all 4,

2. a;a; =0 for all ¢ < j, and

3. a;R+asR+ -+ a,R is a direct sum.

To start with, the n = 1 case follows from the observation of the preceding
paragraph. Now suppose ai,as,...,a, are given satisfying (1)—(3) and
set

b=ai+ay+-+an €aR+ R+ - +a,R
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Since the latter sum is direct, it follows that 0 #% b € I and r.anng(b) =
N7 r-anng(a;).

Now by assumption, I contains no right regular element, so we have
r.anng(b) # 0 and hence X = r.anng(b) NI # 0, since ITessR. The
observation of the first paragraph therefore implies that there exists 0 #
an+1 € X with r.anng(an41) = r.anng(e2, ;). Moreover, since an41 €
r.anng(b) = (N r.anng(a;), we have a;an41 = 0 for all ¢ < n+ 1. Finally,
let

y € (aiR+aR+ -+ anR)Nant1R

and write y = Z?=1 ajrj with r; € R. We show in turn that each
summand a;r; is zero. Indeed, suppose a;r; = 0 for all j <4 < n. Since

Y € any1R and y = 307, a;rj, we have

n
0= a;y = E i@ T = a,?ri
j=‘i

by (2). Thus r; € r.anng(a?) = r.anng(a;) and a;r; = 0. We conclude
that all ajr; = 0 and hence y = 0. In other words, we have shown that
?:11 a;R is a direct sum and therefore the inductive statement is proved.
But (3) implies that - Y2, a;R is an infinite direct sum of nonzero
right ideals, a conclusion that contradicts max-rc. Thus I must contain
an element d # 0 with r.anng(d) = 0. Since R is semiprime, the preceding

lemma implies that l.anng(d) = 0 and therefore d € I is regular. a
We need just one more fact.

LEMMA 26.7 Suppose A < R and that B = l.anng(A).

' i. B4R.
ii. If T is a right denominator set in R, then BT~ <« RT 1.
iii. If A is nilpotent, then B ess R.

PROOF (i) It is clear that B is a left ideal of R. Furthermore, (BR)A C
BA=0,s0 BRC B.

(ii) By Lemma 25.8(i), BT ™! is at least a right ideal of R. To show
that it is closed under left multiplication, let b € B and t € T. Then,
by the right denominator condition, there exist b € R and #; € T with
tby = bt; € B. In particular, tb; A = 0 and, since ¢ is regular, it follows
that b4 = 0 and b; € B. Thus £~1b = byt] ! implies that T~*B C BT !
and therefore

(RT-YY(BT™') € R(BT™Y)T~! = BT
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(iii) Let X be a nonzero right ideal of R. Since A is nilpotent, we
can choose n > 0 maximal with X A™ # 0. Then XA™ C Lanng(A) = B,
so0 # XA™ C XN B and BessR. a

We can now obtain the main result of this chapter.

THEOREM 26.8 (Goldie’s Theorem) The ring R has a Wedderburn classical ring
of quotients Q¢ (R) if and only if R is semiprime and satisfies max-rc and
max-ra.

PROOF Let T denote the multiplicatively closed set of regular elements
of R and suppose that R is a semiprime Goldie ring. Then Lemma 26.5(ii)
implies that tRess R forallt € T and, by Lemma 26.6, any essential right
ideal of R contains an element of T'. It therefore follows from Lemma 25.11
that Qci(R) exists and is a Wedderburn ring.

Conversely suppose Q¢ (R) = RT~! is a Wedderburn ring. Then
RT!is Artinian, so R is a Goldie ring by Lemma 26.2. Futhermore, if N
is a nilpotent two-sided ideal of R, then the preceding lemma implies that
B = l.anng(N) is an essential right ideal of R and hence BT ! ess RT !
by Lemma 25.8(ii). But RT~! is a Wedderburn ring and therefore it has
no proper essential right ideal. It follows that 1 € BT, s0o BN T is
nonempty; since (B NT)N = 0, we conclude that N = 0. a

COROLLARY 26.9 Thering R has a simple Wedderburn ring of quotients Qc;(R)
if and only if R is prime and satisfies max-ra and max-rc.

PROOF If Qq(R) = RT! is a simple Wedderburn ring, then R is cer-
tainly a Goldie ring. Furthermore, let A be an ideal of R with B =
lanng(A) # 0. Then B< R and 0 # BT~! <« RT~! by Lemma 26.7.
Since RT~! is simple, this implies that 1 € BT, so BNT # 0. But
(BNT)A=0,s0 A=0and R is a prime ring.

Conversely, let R be a prime Goldie ring. Then Q)(R) exists and is a
Wedderburn ring, Let I, JaQc(R) with IJ = 0. Then (INR)(JNR) =0
and, since R is prime, one of these intersection ideals must be zero. But
INR =0 implies I = 0, so we conclude that Qc)(R) is prime. Finally,
since a prime Wedderburn ring is clearly simple, the result follows. O

As we observed in the last chapter, the free algebra R = K(z, y) is a
domain and hence is a semiprime ring with max-ra. But R does not have
a classical ring of quotients. Thus R cannot satisfy max-rc and indeed it
is easy to see that the sum 3, , y"zR is direct.
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Now it turns out that nonsingular rings also play an important role in
the study of the maximal ring of quotients and indeed they were originally
defined in that context. We close this chapter by discussing the structure
of Qmax(R) when R is assumed to be nonsingular. To start with, we need:

LEMMA 26.10 Suppose R is a nonsingular ring and write E = E(R) and H =
Endg(E).
i. E is a nonsingular R-module.
ii. Every essential right ideal of R is dense.
iii. If Vess E and hV =0 for some h € H, then h = 0.

PROOF (i) This is immediate from Lemma 26.4(ii), since egR ess E and
eoR & R is a nonsingular R-module.

(ii) If I is an essential right ideal of R, then l.anng(I) C Sing(R) = 0.
Furthermore, by Lemma 25.10(ii), the residual 7~ is also essential. Thus
lanng(r~'I) =0 for all7 € R and I is dense.

(iii) Let e € E be arbitrary. Since V ess E, Lemma 25.10(i) implies
that there exists an essential right ideal I of R with el C V. Thus hel =0
and, since I is dense by (ii), Lemma 24.6 implies that he = 0. In other
words, hE = 0 and hence h = 0. O

DEFINITION A ring R is said to be von Neumann regular if and only if every
cyclic right ideal of R is generated by an idempotent. To see what this
entails, let 7 € R and let f = rr’ be an idempotent that generates rR.
Then we have fr = r and hence rr'r = r. Conversely, suppose we know
that v’ exists with rr'r = r and set f = rr’. Then fr = rr'r = r and
f2 = frr' = ' = f, so f is an idempotent with fR = rR. In other
words, R is von Neumann regular if and only if for all r € R, there
exists 7’ € R with rr'r = r. Obviously the latter condition is right-left
symmetric.

Finally, we prove:

THEOREM 26.11 (Johnson'’s Theorem) If R is a nonsingular ring, then Quax(R)
is a von Neumann regular, self-injective ring.

PROOF As usual, let E = E(R) 2 eoR & R and write H = Endg(E)
and Q@ = Quax(R). Since egRess E, it follows from part (iii) of the
preceding lemma that no nonzero element of H can annihilate eg. Thus,
since E = Hey by Lemma 24.2(i), we see that the map H — E given by
h — heg is an H-module isomorphism. In other words, F is isomorphic
to the left regular H-module gH and, of course, Endg (g H) & H acting
on the right. Thus we conclude that @ = Endy (g E) is isomorphic to H
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and, since 1H = H and 1 corresponds to eg, we have eq@ = E. But, by
Lemma 24.2(ii) and Theorem 24.3, E is the injective hull of the @-module
eo®@ = Q. Thus E = eoQ implies that Q is self-injective.

Now let h be a fixed element of H and set A= {e€ E | he =0}.
Then A is an R-submodule of F and, by Lemma 23.4(iii), we can choose
the R-submodule B of E with (A + B) ess E. Since B is disjoint from A,
the map o: hB — FE given by hb +— b is a well defined R-homomorphism.
Thus, since hB C E and E is injective, o extends to an R-module endo-
morphism h': E — E. In other words, ' € H and h’'hb=b forall b € B
Finally, if a € A and b € B, then h(a + b) = hb, so

hh'h(a +b) = hi'hb = kb = h(a + b)
Thus hh'h — h € H annihilates the essential R-submodule A + B and
Lemma 26.10(iii) implies that hh'h — h = 0. Since h € H was arbitrary,

it follows that H is von Neumann regular. But @ = H and therefore the
same is true of Q. a

EXERCISES

1 Let Q@ = Qnax(R) or Q;(R) or Qgz(R) or Qc(R). If I is a nonzero
ideal of @, prove that I N R # 0. Conclude that if R is prime or
semiprime, then the same is true of Q).

2. Let K be a field. Show that the Artinian ring R = (IO{ g) is both
right and left nonsingular. Conclude that Quax(R) 2 Qa(R). (See
Exercise 24.5.)

3. qh . . . _(Z z/)2z) .

. Show that the right and left Noetherian ring R = 0 7 /22) is
right nonsingular but not left nonsingular. Find an element d € R
with Lanng(d) = 0 but r.anng(d) # 0.

4. Let W C V be R-modules. If W and V/W are nonsingular, prove
that V' is nonsingular. Show that (Sing(V) + W)/W C Sing(V/W)
but that equality need not occur.

5. Show that Sing(R) contains no nonzero idempotents. Deduce that a
von Neumann regudar ring must be nonsingular. In particular, if R is
a nonsingular ring, conclude that Quax(R) is also nonsingular.

6. Prove that a commutative ring is nonsingular if and only if it is
semiprime. If R is the ring of continuous functions on the closed
interval [0,1], show that Qmax(R) is a commutative von Neumann
regular ring with no minimal ideals.
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7.1f V is an R-module and V 2 W 2 Sing(V), define W* 2 W by

10.

W* W = Sing(V/W). Prove that W ess W* and then use W ess W**
and Lemma 25.10(i) to deduce that W* = W**. In particular, if we
define Sing, (V) = Sing(V)*, conclude that V/Sing,(V) is nonsingular.

. Let V = (Z/4Z, Z/4Z) be the natural right module for the ring R =

7/47 7/4Z

0 z/ 42). Compute Sing(V') and Sing, (V).

. Assume that Qci(R) exists. If every esséntial right ideal of R contains

a regular element, prove that Quax(R) = Qci(R). In particular, if R
is a semiprime Goldie ring, conclude that Qmax(R) = Qe(R).
Let R be a semiprime Goldie ring and let V' be a right R-module.
Assume that, for every v € V and regular element ¢ € R, there exists
a unique v' € V with v't = v. Prove that V is injective. In particular,
deduce that every Q¢ (R)-module is injective as an R-module.



2'(. Uniform Dimension

If R is a semiprime Goldie ring, then, by Goldie’s Theorem, Q.(R) exists
and is a Wedderburn ring. In particular, Qc(R) is a finite direct sum
of full matrix rings over division rings. Now it is obviously of interest
to determine the sizes of these matrix rings; as we will see, this can be
achieved by using uniform dimension.

DEFINITION Let V be an R-module. The uniform dimension of V, written
: u.dimV = u.dimp V,. is the largest integer n such that V contains a direct
sum X; + X5 4+ -+ + X, of nonzero submodules. If no such maximum
exists, then u.dimV = oo. By definition, u.dimV = 0 if and only if
V=0
Some elementary properties are as follows.

LEMMA 27.1 Let W be a submodule of V.
i. u.dim W < u.dimV with equality if WessV.
il. If udimW = u.dimV < oo, then WessV.
iii. If V' has composition length k, then u.dimV < k.
iv. If V is the direct sum of k simple modules, then u.dimV = k.

PROOF (i) It is clear that u.dimW < u.dim V. For the reverse inequal-
ity, assume that Wess V. If X; 4+ X5+ -4 X, is a direct sum of nonzero
submodules of V, then ¥; = X;NW # 0 and Y; + Y2+ -+ Y, is a direct
sum of nonzero submodules of W.

(i) EWNX =0, thén W+ X CV and clearly

w.dim W + u.dim X < udim(W + X) < u.dimV = u.dimW
Thus u.dimX =0 and X = 0.

262
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(iii) This follows since any direct sum X; 4+ X3 +- - - + X, of nonzero
submodules of V gives rise to a series 0 C X; C X; + X2 C +-+, which
has length n.

(iv) Here V has composition length k¥ and V contains a direct sum
of k nonzero submodules. O

DEFINITION An R-module U is said to be uniform if u.dimU = 1. Obviously,
such modules are nonzero and we have:

LEMMA 27.2 IfU is a nonzero R-module, then the following are equivalent.
i. U is uniform.
ii. Forall0 # X,Y CU, wehave X NY # 0.
iii. For all 0 # X C U, we have XessU.

As we indicated earlier, uniform dimension will be used to translate
certain numerical information from R to Qci(R). We first require a few
simple observations, which we tabulate next.

~ LEMMA 27.3 Let T be a right denominator set in R and write S = RT1,
i. udimp R = u.dimg S.
ii. If S is Artinian, then S = Q¢ (R).
iii. Let A be an ideal of S and let ": R — R/(RN A) be the natural
epimorphism. Then T is a right denominator set in R and RT~! & S/A.

PROOF (i) This is immediate from Lemmas 25.8(iii) and 25.9(iii), since
every direct sum of nonzero right ideals of R gives rise to a direct sum of
nonzero right ideals of S and vice versa.

(ii) In view of the definition of Qcj(R), it suffices to show that every
regular element of R is invertible in S. To this end, let » € R with
ranng(r) = 0. If bt~! € RT~! = S with r(bt™) = 0, then b = 0 and
hence b = 0. Thus r.anns(r) = 0 and Lemma 25.6(i) yields the result.

(iii) Let =: S — S/A denote the natural ring epimorphism. If t € T,
then ¢ is invertible in S and hence £ is invertible in 5. It follows that every
element of S is of the form 7#~! withr € Rand ¢t € T. Since T C R is
clearly a multiplicative closed set of elements invertible in 5, we conclude
that § = RT-!. In particular, by Lemma 25.1, T is a right denominator
set in R. Finally, since R = R/(RN A), the result follows. O

DEFINITION An ideal P of R is said to be a minimal prime if P is a prime
ideal that properly contains no other prime. In particular, if P, and P,
are distinct minimal primes, then P; and P, are incomparable. By this
we mean that P; 2 P, and P, 2 P;. A Zorn’s Lemma argument shows
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that every prime ideal of R contains a minimal prime. More to the point,
we have:

LEMMA 27.4 Let Py, P,,...,P, be incomparable primes of R with product
P\P,..-P,, =0. Then { P, P,,..., P, } is precisely the set of minimal
primes of R.

PROOF If P is a prime ideal of R, then P 2 0 = P,P,--- P, and
hence P D P; for some i In particular, the minimal primes of P must
be contained in the set { Py, P;,...,Pn }. Finally, if some P; were not
minimal, then P; O P for some prime P and P 2 P; by the preceding.
Thus P; D P; and this contradicts the assumed incomparability. O

It is now a simple matter to put this all together.

PROPOSITION 27.5 Let R be a semiprime Goldie ring with Wedderburn clas-
sical ring of quotients given by

Qai(R) =) Mn, (Dx)
k=1

a finite direct sum of full matrix rings over division rings. Then
i. R has precisely m minimal primes Py, P,,..., Py and [); P; = 0.
ii. R/P, is a prime Goldie ring with Qq(R/Px) = Mn,(Dy) for
k=1,2,...,m.
iii. ng = wdimg/p, R/Py and ny 4+ nz + -+ +ng = u.dimpg R.

PROOF By Goldie’s Theorem, R has a Wedderburn classical ring of quo-
tients and, by the Artin-Wedderburn Theorem, S = Qu(R) = - Y j=; Sk,
where S & M,,(Dg). For each k = 1,2,...,m, let Ay = -Z#k Si,
so that A <« S with S/Ag = Sk. In particular, if we set P, = RN Ag,
then Lemma 27.3(iii) implies that Sy is isomorphic to a right ring of quo-
tients of R/Py. Indeed, since Sj is Artinian, we have Sk & Qci(R/Py) by
Lemma 27.3(ii). Furthermore, since Sy, is a simple ring, Corollary 26.9
implies that R /Py is a prime Goldie ring. Thus each Py is a prime ideal
of R and (ii) is proved.

Next observe that (), Ax = 0 and hence (), P, = 0. Furthermore
the Ag’s are clearly incomparable and, since Ay, = PS by Lemma 25.9(i),
it follows that the Px’s are also incomparable. Thus, since

2
PPy Pp C[\Pe=0
k
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the previous lemma implies that P, Ps,..., Py are precisely the distinct
minimal prime ideals of R and (i) is proved.

Finally, Lemma 27.3(i) implies that u.dimg R = u.dimg S and, since
Sg is completely reducible, Lemma 27.1(i%) implies that u.dimg S is
equal to the composition length of Sg. Thus Theorem 4.5(i)(ii) yields
udimg R = ny + ng + - -+ + ng. Moreover, since Qc(R/Py) = M, (Dk),
we have u.dimpg/p, R/P; = ny by the case m = 1. This completes the
proof. a

It follows from the preceding proposition that if R is a semiprime
Goldie ring, then Rg has finite uniform dimension. But this can be proved
more directly by other means. Indeed, as we will show, if R is any ring
and if V is an R-module with max-c, then u.dimV < oco. To start with,
we need:

LEMMA 27.6 LetV be an R-module with max-c and suppose W is a submodule
of V.
i. IfW # 0, then W contains a uniform module.
ii. There exist finitely many uniform submodules Uy, Uy, ...,Un of
V such that W + Uy + Ug + - -+ + Uy, is essential in V.

PROOF (i) Suppose by way of contradiction that W has no uniform -
submodule and set Yo = W. We show by induction on n = 1,2,... that
W contains nonzero submodules X,, and ¥y, with Y,_; 2 X,+Y,. Indeed,
if Y;,—1 # 0 exists, then Y,,—; is not uniform and hence it contains a direct
sum of two nonzero submodules. If we label these as X, and Y,,, then the
induction step is proved. But then - >57° X; is an'infinite direct sum and
this contradicts the fact that V' has max-c.

(ii) Again suppose the result is false. We show by induction on n =
0,1,2,... that there exist uniform submodules U3, Uy, ... of V such that
the sum W 4 Uy + - - 4 U, is direct. The case n = 0 is, of course, trivial.
Now suppose that Uy,...,Up_; exist with W/ =W + Uy + -+ Up—1 a
direct sum. Since the result is assumed false, W’ is not essential in V.
Thus there exists a nonzero submodule X of V disjoint from W' and, by
(i), X contains a uniform submodule U,. In particular, W' N U, = 0, so
W4+ U+ 4+ U, =W+ U, is a direct sum and the inductive step is
proved. But then - }>7° U; is an infinite direct sum of nonzero submodules
of V and this contradicts max-c. O

Next, we prove an analog of the Replacement Theorem from linear
algebra.
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LEMMA 27.7 Supposg E is an essential submodule of V' and assume that E =
Uy + Uy + -+ + U, is a direct sum of n < oo uniform modules. Then
n=udimV.

PROOF It is clear that u.dimV 2 n. For the reverse inequality, suppose
by way of contradiction that V contains a direct sum Wy +Wa+- -+ Wh1

of n+ 1 nonzero submodules W;. We show by inductionon: =0,1,...,n
that, for a suitable relabeling of the uniform modules U;, we have the
direct sum

Vi=U1-i-"'-i-Ui-i-VVi+1-i~"'-i-Wn+1

The case @ = 0 is given.
Now suppose that V; exists for some i < n and set

Vi=Ui4 + Ui+ Wiga 4+ Wan

Then V; = V;+W;41 and, in particular, V' is not essential in V. Consider
the submodule X of E given by

X=UnV)+@nV)+ -+ U V)

If U; NV 0 for all j, then, since Uj is uniform, we have (U; NV}’) essU;
and hence X ess F by Lemma 23.3(iii). Thus since F ess V, the transitivity
of essential extensions implies that X ess V. But V/ 2 X, so this yields
V! ess V, a contradiction. In other words, there exists a subscript j with
U; NV} =0 and clearly j # 1,2,...,i. By relabeling, we can therefore
assume that j =4 + 1 and hence

Vigr1 =V + Ui
=Uy + Ui+ Uip1 + Wiz + -+ + Wata

exists. The inductive statement is therefore proved.
Finally, when i = n, we obtain V;, = E 4 Wy+1; this is a contradic-
tion, since E'essV. a

As an immediate consequence, we have:

PROPOSITION 27.8 LetV and V' be R-modules.
i.udimV < oo if and only if V satisfies max-c.
ii. u.dim(V & V') = u.dimV + u.dim V’. In particular, if V and V'
satisfy max-c, then so'does V@ V',
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PROOF (i) Obviously u.dim V' < oo implies that V satisfies max-c. Con-
versely, assume that V' has max-c. By Lemma 27.6, there exist uniform
submodules Uy, Us,. .., U, such that E = & 4+ Uy + - -+ + U, is essential
in V. By the preceding lemma, u.dimV =n < oo.

(ii) If either u.dim V" or u.dim V" is infinite, then so is u.dim(V &V").
Thus we may assume that u.dimV and u.dim V"’ are both finite and, in
particular, that V and V' satisfy max-c. As in the preceding argument, it
follows that both V' and V' contain uniform submodules U; and U} such
that E = Uy + Uy +- - -+ U, is essential i inVand E' =U]{ 4 U; 4. + Uy is
essential in V’. Furthermore, s = u.dimV and ¢ = u.dim V’. Thus, since
(E® E")ess(V @ V') by Lemma 23.3(iii) and since E @ E' is a direct sum
of s + t uniform submodules, we conclude from the previous lemma that
udim(VeV')=s+t=udimV +udim V" O

Next we discuss the behavior of uniform dimension with respect to
short exact sequences. To start with, suppose R = Z is the ring of integers
and consider- the sequence 0 - Z - Q@ — @Q/Z — 0. Then u.dimZ =
u.dimQ = 1, but u.dim @/Z = oo, since Q/Z contains a cyclic group of
prime order p for each prime p. Thus, in general, u.dim does not add over
short exact sequences. Nevertheless, we have:

LEMMA 27.9 i Let W C V be R-modules. If WessV, then Sing(V/W) =
V/W. Conversely, if Sing(V/W) = V/W and if Sing(V) = 0, then
WessV. '

ii. Let 0 - A — B — C — 0 be an exact sequence of R-modules. If
Sing(C) = 0, then u.dim B = u.dim A + u.dimC.

PROOF (i) If WessV andv € V,then I ={r€ R|vr € W} isan
essential right ideal of R by Lemma 25.10(i). But I is the annihilator in
R of the element v + W € V/W, so V/W.= Sing(V/W).

Conversely, assume that V/W = Sing(V /W) and that Sing(V) = 0.
Let X be a submodule of V disjoint from W and let £ € X. Since
V/W = Sing(V/W), there exists an essential right ideal I of R with
zI CW. ThuszI C WN X =0 and hence z € Sing(V) = 0. In other
words, X =0 and W is essential in V.

(ii) We can assume that A C B and that C = B/A. Furthermore,
by Lemma 23.4(iii), we can choose X C B with E = A+ X essential in
B. Since

udimB = udimF = u.dim A +udimX

by Lemma 27.1(i) and Proposition 27.8(ii), it clearly suffices to prove
that u.dim X = u.dimC. In fact, since X & E/A C B/A = C, we need
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only show that EessB, where E = E/A and B = B/A. To this end,
observe that EessB, so (i) implies that B/E = Sing(B/E) and hence
B/E = Sing(B/E), since B/E = B/E. But Sing(B) = Sing(C) = 0, by
assumption, so we conclude from part (i) again that E is indeed essential
in B. a

The following lovely theorem has consequences that will not be con-
sidered here. We include the result because its proof ties together many of
the concepts studied throughout this book. In particular, it uses the fact
that modules of finite projective dimension are “close to” being projective
and similarly that stably free projective modules are “close to” being free.

THEOREM 27.10 (Walker’s Theorem) Let R be a ring satisfying
i. R is semiprime and right Noetherian,
ii. gldim R < oo, and
iii. All finitely generated projective R-modules are stably free.
Then R is a domain.

PROOF Since R is right Noetherian, R is a Goldie ring and all finitely
generated R-modules satisfy the ascending chain condition and hence
max-c. Furthermore, since R is semiprime, we have Sing(R) = 0 by
Lemma 26.5(i). Set u.dim R =t.

Let A be a finitely generated R-module with Sing(A) = 0. We prove
that ¢ divides u.dim A. Suppose first that A is freee. Then A =2 R™
for some integer m > 0, so u.dimA = m(udimR) = mt by Propo-
sition 27.8(ii). Next, suppose that A is projective. Then by assump-
tion, A is stably free and there exist finitely generated free modules
F' and F" with A® F" = F'. Thus, by Proposition 27.8(ii) again,
udimA = udimF’ — udimF” and hence ¢ divides u.dim A. Since
gldim R < co, we can now proceed by induction on the projective dimen-
sion d of the module A. We have, of course, already considered the case
d = 0. On the other hand, ifd > 0, map a finitely generated free R-module
F onto A to obtain the short exact sequence0 - B — F' — A — 0. Then
pdB = (pd A) — 1 =d — 1 and, since R is Noetherian, B is also finitely
generated. Furthermore, since Sing(R) = 0, we have Sing(F') = 0 and
hence Sing(B) = 0 by Lemma“26.4(ii). Thus, by induction, ¢ divides
u.dim B. But u.dim B 4+ u.dim A = u.dim F' by the previous lemma and
we know that ¢ divides both u.dim B and u.dim F. Thus ¢ divides u.dim A
as required. .

Now let I be any nonzero right ideal of R. Since Sing(R) = 0, it
follows that I is a finitely generated nonsingular right R-module and hence
t divides u.dimI. But0# I C R, s00 < u.dim] < u.dim R = . Thus we
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conclude that u.dim I = u.dim R and therefore I ess R by Lemma 27.1(ii).
Finally, let z,y € R with zy = 0 and y # 0. Then r.anng(z) =Y isa
nonzero right ideal of R, which must be essential by the preceding. Thus
z € Sing(R) = 0 and we conclude that R is a domain. O

As a consequence, since all projective modules of a local ring are
free, we have:

COROLLARY 27.11 Let R be a local ring that is both right Noetherian and
semiprime. If gldim R < oo, them*R is a domain.

The next result follows easily from the existence of common denom-
inators in RT 1.

LEMMA 27.12 Let T be a right denominator set in R.
i. RT™! is a flat left R-module.
ii. If V is a right RT~'-module and W is an R~submodu1e with
V=W(RT™), then V& W ®r RT~1.
iii. If V is a finitely generated right RT1-module, then there exists
a finitely generated right R-module W with V & W ®gr RT 1.

PROOF Write § = RT! and observe, from Lemma 25.2(iv), that any
finite set of elements of S can be written with a common denominator.

(i) It follows from the preceding that the collection of all Rt~ with
t € T is a local system of left R-submodules of S. Since each of these
submodules is free and hence flat, we conclude from Lemma 9.9(i) that
grS is also flat.

(ii) Since the map W x § — V given by (w, 8) — ws is easily seen to
be balanced, it follows that there exists an additive group homomorphism
p:W ®gr S — V determined by w® s — ws. Furthermore, ¢ is clearly an
S-module homomorphism and indeed an epimorphism, since V = WS.
Thus it suffices to prove that ¢ is one-to-one.

To this end, let _, w; ® 8; € W ®S and write each s; as rit~1, where
t is a common denominator. Then

Zwi ® 8 = Ewi ® (’I’it_l) = (E 'wi'l‘-,;) ®t?
1 i 1

and it follows that every element of W ® S can be written as w ® ¢~ for
suitable w € W and ¢ € T. Finally, if w ® t~! € Ker(y), then 0 = wt™!,
sow =0 and w®t~! = 0 as required.

(iii) Finally, if V = 3.7 viS, set W = 37 v;R. Then V = WS and
part (ii) yields the result. O
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It is easy to see that hypotheses (ii) and (iii) of Walker’s Theorem
imply that the Grothendieck group of R is generated by the class [R].
Thus the following result extends Theorem 27.10 with a somewhat differ-
ent proof.

THEOREM 27.13 (Walker’s Theorem Revisited) Let R be a semiprime right
Noetherian ring and let H be the subgroup of elements of finite order in
G = Go(R). If G is generated by H and the element [R), then R is a
domain.

PROOF By Goldie’s Theorem, R has & Wedderburn classical right ring
of quotients @ = Qj(R) and, by the preceding lemma, rQ is flat. Thus
Lemma 12.3 implies that the induced module map A — A®gQ determines
a group homomorphism 6:Go(R) — Go(Q) given by [A] — [A® Q).
Indeed, by Lemma 27.12(iii), this map is onto and, by Lemma 12.2, Go(Q)
is the free abelian group whose generators [V1],[V2),. .., [Vk] correspond to
the isomorphism classes of the finitely many simple @Q-modules. It follows
that Go(Q) has no nonzero elements of finite order, so 8(H) = 0 and
the hypothesis implies that Go(Q) is generated by §([R]) = [R ®r Q] =
[Q). In particular, we must have k = 1. Furthermore, if V; occurs as
a composition factor of Qg with multiplicity m, then [Q] = m[V4] and,
since [V;] is a multiple of [@Q], we conclude that m = 1. In other words,
Q is an irreducible right @-module, so @ is a division ring and R C @ is
certainly a domain. a

EXERCISES

1. Use Zorn’s Lemma to prove that every prime ideal of R contains a
minimal prime. Conclude that R is semiprime if and only if the in-
tersection of all its minimal primes is zero.

2. Let F' be a field and leg R be the subring of the strong direct sum
[T, F consisting of all sequences that are eventually constant. Thus

R consists of all elements H;?:o an such that a, € F and ar = ag+1
for all sufficiently large k. First verify that R is a commutative von
Neumann regular ring. Next, let I be the ideal of R consisting of
all sequences that are eventually 0 and define the R-module homo-
morphism 0: I — R by [[oroan — [Ineo fnGn, where f, = 0 for n
even and f, = 1 for n odd. Show that o does not extend to an R-
homomorphism ¢*: R — R and conclude that R is not self-injective.

3. Let R = R; + Ry + - -- + R, be the direct sum of the n rings R;. If
D is a right ideal of R, prove that D = D; 4+ Dy + - -- + D,,, where
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D; = DN R; and that D is dense if and only if each D; is dense in
R;. Conclude from Theorem 24.8 that Qmpax(R) = *Y_; Qmax(Ri).
Furthermore, prove that Qci(R) = - >; Qa(R;) if either side of this
equality is assumed to exist.

In the next three problems assume that I C R C S, where Rand S
are rings and where I <« 5§ with lLanng(l) = 0. For example, we could
take S = Z[w)], where w = (—1 + 1/=3)/2 is a primitive cube root of
1, R=17[/-3], and I = 25.

4. Let E = E(Ss) sothat R C S C E. Prove that L.anng(I) = 0 and that
Rpess Ep. Furthermore, show that F is an injective R-module. For
the latter, first prove that if J is a right ideal of R and if 61 J — E is
an R-homomorphism, then ovextends to an S-module homomorphism
o:JS — E.

5. Prove that Qmax(R) = Qmax(S). For this, observe that Eg is the
injective hull of Rz and notethat Endg(E) = Endg(E). Furthermore,
if R is prime, deduce that Q;(R) = Q,(S) and Q4(R) = Q4(S5).

6. Now assume that I contains a regular element of S. Prove that
Qc(R) = Qi(S) if either of these two quotient rings is assumed to
exist.

Let R be a semiprime ring and let A, BaR. Since (ANB)2 C AB C
AN B, it follows that AB = 0 if and only if AN B = 0. In particular,
AB = 0 if and only if BA = 0 and hence r.anng(A) = lanng(A).
We use anng(A) to denote this common annihilator. In the next two
exercises assume that P, P,,..., P, are incomparable prime ideals of

7. Prove that N; = anngp(P;) = (;; P; and that anng(;) = P;. Fur-
thermore, show that N = -3, N; is an ideal of R with anng(NN) = 0.

8. Define S to be the ring direct sum S =®Y.; R/P; andlet TR — S
be the natural ring embedding. Prove that N C R C S with N«S and
anng(V) = 0. Conclude from Exercises 3, 5, and 6 that Quax(R) &
®Y; Qmax(R/P;) in general and that Qu(R) = ® 3; Qu(R/F;) un-
der appropriate hypotheses.

If R is a Dedekind domain, then the class group of R is defined to
be the multiplicative group of nonzero fractional ideals of R modulo
the subgroup of principal fractional ideals. For example, if R is a
principal ideal domain, then Cl(R) = {1} and if R is the ring of
integers in an algebraic number field, then it is known that CI(R) is
finite.
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Suppose R is a Dedekind domain. If A is a nonzero fractional ideal of
R, let A denote its natural image in C1(R). Use Lemma 7.6 and The-
orem 7.7(i) to prove that Ko(R) & Z® CI(R) via the map determined
by [A] — 1@ A. In particular, conclude that Ko(R) = ([R]) + H with
([R]) infinite cyclic and with H & CI1(R). What about the structure
of Go (R)?

Let R be a Noetherian domain with division ring of fractions D. If
H is the kernel of the induced module map Go(R) — Go(D), prove
that Go(R) is generated by [R] and H. Obtain an analogous result
for Ko (R) ‘
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Our goal in this chapter is to classify the injective R-modules when R is a
right Noetherian ring. We start with a key observation, which settles the
natural question of whether arbitrary direct sums of injective modules are
injective.

PROPOSITION 28.1 An arbitrary direct sum of injective R-modules is injective
if and only if R is a right Noetherian ring.

PROOF Suppose first that R is Noetherian and let { E; | ¢ € I} be a
collection of injective R-modules. Set £ = @), F; and let o:] — E
be an R-module homomorphism with I a right ideal of R. Then I is
finitely generated and, since the image of each generator has only finitely
many honzero components, it follows that o(I) has only finitely many
nonzero components. Say o(I) C E', where E' = @), E;. Since E' is
a finite direct sum of injectives, it follows that E’ is injective and hence
the map o:I — E’' extends to an R-homomorphism ¢*:R — E' C E.
Baer’s Criterion now implies that E is injective.

For the converse, let I; C I C - be an increasing sequence of right
ideals of R and set I = |J,, I, so that I is also a right ideal of R. For each
n, the injective hull E, = E(R/I,) is an injective R-module and hence,
by assumption, F = & Z;c;l E,, is also injective. Now define : I — E by
o:x — Op(z+ I,). Since I = J,, In, any such z € I is contained in some
I, and hence in all I, with n > m. Thus o(z) has only finitely many
nonzero components and it is indeed contained in E. Since E is injective,
o extends to a map o*: R — E; say 0*(1) € E' = @Zﬁ;i E,. Then
o(I) C o*(R) = o*(1)R is also contained in E'. Thus the k-component
of each o(z) is zero and we conclude that I = I;. In other words, the

273
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given ascending chain of right ideals stabilizes at & and it follows that R
is right Noetherian. O

For the remainder of this chapter, we will assume that R is right
Noetherian. A proper right ideal A of R is said to be meet irreducible if
A = BN C, for right ideals B and C, implies that A=Bor A=C. It is
clear that A is meet irreducible if and only if 0 is not an intersection of
two nonzero submodules of R/A and hence if and only if R/A is a uniform
right R-module.

LEMMA 28.2 Let I be a nonzero injective R-module. The following are equiv-

alent.

i. I is uniform.

ii. I is the injective hull of a uniform module.

iii. I is isomorphic to the injective hull of some R/A, where A is a
meet irreducible right ideal of R.

iv. I is the injective hull of all its nonzero submodules.

v. I is indecomposable; equivalently, it is not the direct sum of
nonzero submodules.

PROOF (v)=-(iv) If 0 # X C I, then, by Lemma 23.4(iii), E(X) is a
direct summand of E(I) = I. Since I is indecomposable and E(X) # 0,
we have E(X) =1.

(iv)=-(iii) Let 0 # z € I and set X = xR C I. If Y is any nonzero
submodule of X, then, by assumption, E(Y) = I so YessI. It follows
that Y ess X and hence that X is a uniform R-module. Next observe
that the map r — zr is an R-epimorphism from R to X with kernel
A =r.anng(z). Thus X = zR = R/A and, since X is uniform, A is meet
irreducible. Finally, I = E(X) & E(R/A) as required.

(iii)=>(ii) This is clear since R/A is uniform.

(ii)=-(i) If I = E(U) with U a uniform submodule, then UessI.
Thus u.dimJ = u.dimU =1 and [ is uniform.

(i)=>(v) This is .obvious. a

As we will see, these uniform injectives are the building blocks of the
theory. For the uniqueness aspect, we first need:

LEMMA 28.3 LetV =- Zﬂ J be adirect sum of uniform injectives and suppose

that V O Iy + I+ .-+ I,, a finite direct sum of uniform injectives. Then
there exist distinct By, 02, ...,0n such that I; = Jpg,.

PROOF We proceed by induction on n > 1 and let z € I; \ 0. Then
U = zR is a uniform cyclic submodule of the uniform module I; and, since
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t€V =-35Jp wecan assume that U =zRC V' = Ji+ ot + I
Let m;: V' — J; be the natural projection and write K; = Ker(m;). Since
U C V', we have ﬂ,’f-=1(U N K;) = 0; hence, since U is uniform, one
of these intersecting submodules must be zero, say U N K; = 0. Now
U ess Iy, since I is uniform, and (I3 N K;) NU =0. Thus LN K; =0
and I) + K is a direct sum. Next note that I; & m;(I;) C Ji, so, since
Jy is a uniform injective and m;(I;) is a nonzero injective submodule,
the preceding lemma implies that #y([;) = J1 and, in particular, I; =
Jy. Furthermore, since I; 4+ K contains the kernel of 7, and maps onto
71 (V) = Jy, it follows that V' = I; + K; and hence Iz -+ I, is contained
isomorphically in

VIL2K =Y Js
B#1

The result now clearly follows by induction. O

Recall that if W C V are R-modules with V injective, then the
embedding o: W — V extends to an R-homomorphism o*: E(W) — V.
Furthermore, since W ess E(W), it follows that o* is one-to-one and hence
V contains an isomorphic copy of E(W).

THEOREM 28.4 Let V be an injective R-module with R a right Noetherian ring.
Then V is uniquely a direct sum of uniform injectives.

PROOF We consider existence and uniqueness separately.

STEP 1 Existence.

PROOF Let {J, | @ € A} be the possibly empty collection of all uniform
injective submodules of V. By Zorn’s Lemma, there exists a subset B C A
maximal with the property that J = - e Jp is direct. Since R is
Noetherian, Proposition 28.1 implies that J is an injective R-module and
hence J is a direct summand of V. Say V = J + X so that X, being a
direct summand of V, is also injective.

If X #0, choose 0 # £ € X. Then zR is a Noetherian R-module, so
it satisfies max-c and, by Lemma 27.6(i), it contains a nonzero uniform
.submodule U. But X is injective, so X contains the uniform injective
module E(U) and hence J + E(U) is a larger direct sum of uniform injec-
tives, a contradiction. Thus X = 0 and J =V as required. O

STEP 2 Uniqueness.
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PROOF Write V = -} 5.5 Jp as before. Let I be a fixed uniform injec-
tive R-module and set C = {8 € B| Jg = I'}. We need to show that V
and I determine |C|, a possibly infinite cardinal. Indeed, we will prove
that

|C| =max{|D| | V2 -ZIg with Is 2 T}
6eD

Since the right-hand side depends only on V' and I, this will surely yield
the result. (

Now |C| is certainly bounded above by max{|D|}, so we need only
obtain the reverse inequality. To this end, suppose that V' 2 -3 scp Is
with all Is = I. If C is finite, then the preceding lemma implies that D
is also finite and that |D| < |C|. Thus we may suppose that C is infinite
and hence also that D is infinite. Write W = -3 5cz ¢ Jg, so that none
of these summands is isomorphic to I, and note that V=W +-3°, . J.
For each Is choose a fixed nonzero element z5 € I5 and set Us = :1:5R
Then Is = E(Us) and we construct a map 6 from D to the finite subsets
of C as follows. Let § € D. Then x5 € W +- Y, ¢ J, and 6(6) is defined
to be the unique minimal finite subset of C with zs € W + -3 veo(s) v

Now suppose that 61,89, ...,d; are distinct elements of D havmg the
same image, say 7 C C, under 9 Then, by definition, Us,,Us,,. .., Us,
are all contained in Y = W + Y yeT Jy- Obviously YV is an injective
submodule of V' and, since

Z = Uy, -i-U52 -i--'--i-Uat CY
it follows that Y contains an isomorphic copy of

E(Z) = E(U51) © E(U52) & @ E(U5t)
20l ® -0, I

Thus, by the preceding lemma, ¢t < |7| < oo and hence the map 0 is
clearly finite-to-one. In particular, since C and D are both infinite sets,
this implies that |D| < |C| and the theorem is proved. O

There are two special cases of particular interest. The first, which
we consider next, deals with Artinian rings. The second, which requires
some additional preliminaries, deals with commutative Noetherian rings
and is contained in Theorem 28.10.

COROLLARY 28.5 Let R be a right Artinian ring and let V3, V,,..., Vi be a

complete set of representatives of the irreducible right R-modules. Then
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every injective R-module is uniquely a direct sum of copies of E(V;) for
i=1,2,...,k.

PROOF By the Hopkins-Levitzki Theorem, R is Noetherian, so the pre-
ceding result applies. Thus it suffices to prove that every uniform injec-
tive I is isomorphic to a unique E(V;). For this, observe that any nonzero
finitely generated submodule of I is Artinian and hence contains a mini-
mal submodule. Thus I contains a minimal submodule V' and indeed V'
is unique, since I is uniform. Thus I = E(V) = E(V;) for some unique
i. Finally, since each V; is uniform, we conclude that each E(Vj) is a
uniform injective. a

For the remainder of this chapter, we assume that R is a commutative
Noetherian ring.

DEFINITION Let @ be a proper ideal of R. Then @ is said to be a primary ideal
if ab € @ implies that @ € @ or b™ € @ for some integer n > 1. Thus, for
example, any prime ideal of R is primary. Furthermore, if R = Z, then
Q is primary if and only if = p™Z for some prime p. Our interest in
primary ideals stems from the following,

LEMMA 28.6 Let R be a commutative Noetherian ring.
i. Every ideal of R is a finite intersection of meet irreducible ideals.
ii. Every meet irreducible ideal is primary.

PROOF (i) If this is false, then, since R is Noetherian, we can choose
A 4R to be a maximal counterexample. Clearly A is not meet irreducible,
so A = BN C with B and C ideals of R properly larger than A. But
B,C D A implies that each of B and C is a finite intersection of meet
irreducibles. Therefore, the same is true of A, contradiction. Note that,
by definition, meet irreducible ideals are proper. Thus it is necessary to
view R as an empty intersection of such ideals. .
(ii) Let @ be a meet irreducible ideal of R and let V' be the uniform
right R-module R/Q. Suppose a,b € R with ab € Q. Since V satisfies
~ a.c.c. on R-submodules, the ascending chain l.anny () C Lanny (¥?) C ---
must stabilize and hence l.anny (b") = Lanny (b%") for some integer n > 1.
If v € V™ N lanny (b°), then v = v'd™ and 0 = vb™ = v'b?". Hence
v' € lanny($®®) = lanny(b") and v = v’ = 0. In other words,
Vo™ N Lanny (b™) = 0 and, since V = R/Q is uniform, one of the lat-
ter intersecting submodules must be zero. Note that ab € @ implies that
a+ @ € lLanny(b) C lLanny (b™). Thus if Lanny (6") = 0, then a € @,
whereas if Vb™ = 0, then certainly 6™ € Q. O
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We remark that primary ideals need not be meet irreducible in gen-
eral. Now it is clear that parts (i) and (ii) combine to yield a primary
decomposition for every ideal of R. However we seek a somewhat sharper
result, along with the appropriate uniqueness. To start with, we show
that these primary ideals are close to being prime powers. _

Let I<4R. Then P is said to be a minimal covering prime of I if P is a
prime ideal containing I and if there exist no primes P’ with P D P/ D I.
It is clear that the minimal covering primes of I correspond naturally to
the minimal primes of the ring R/I.

LEMMA 28.7 Let Q be a primary ideal of R and set

P=yQ={recR|r™eQ forsomen>1}

Then P is a prime ideal of R containing () and P™ C Q for some m > 1.
Furthermore, P is the unique minimal covering prime of Q).

PROOF Since R is commutative, /@ is an ideal of R containing Q.
Indeed, v@/Q = Nil(R/Q). Now suppose a,b € R with ab € P = /Q.
Then a™b™ = (ab)® € @ for some n > 1 and, since @ is primary, we
conclude that either a® € Q or that ™ € Q for some j > 1. In either
case, ¢ or b is in P and P is prime.

Next, since R is Noetherian, /@ is finitely generated and hence
clearly nilpotent modulo Q. In other words, P™ C @ for some m > 1.
Finally, if P’ is a prime ideal containing @, then P’ 2 Q@ 2 P™,s0 P' D P
and P is the unique minimal covering prime of Q. a

It is not true that every primary ideal is a prime power, nor is every
prime power a primary ideal (see Exercises 6-10). If Q is primary and if
P = /@, then we say that Q is P-primary. Notice that Q is P-primary if
and only if ab € @ implies a € Q or b € P. In particular, if P is a prime,
then P is P-primary.

LEMMA 28.8 Let P be a prime ideal of R.

i. A finite intersection of P-primary ideals is P-primary.

ii. If Q is P-primary and if X is a nonzero submodule of the R-module
R/Q, then X contains a nonzero submodule Y such that r.anng(y) = P
forall0#y €Y.

PROOF (i) Suppose Q1,Q2,...,Q, are P-primary and let Q@ = (] Q;.
If ¢ € P, then some power of c is in each @; and hence in Q. It follows
that P = /Q. Furthermore, if ab € Q and b ¢ P, then a € Q; for all i,
soa € Q.
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(ii) Write X = J/Q. By the previous lemma, we can choose m
minimal with JP™ C @ and clearly m > 1. ThusY = (JP™ 1 +Q)/Q is
a nonzero submodule of J/Q and certainly Y P = 0, since JP™ C Q. On
the other hand, suppose 0 # y € Y so that y = a + Q for some a € R\ Q.
If yb = 0 with b € R, then ab € Q and, since a ¢ @, we must have b € P.
Thus r.anng(y) = P for all such y. O

We say that I = Q1NQ2N- - -NQx is a normal primary decomposition
of the ideal I if: (1) the intersection is irredundant, so that no @; can be
deleted, and (2) each Q; is P;-primary and the primes P; are all distinct.
We can now prove:

THEOREM 28.9 (Lasker-Noether Theorem) If R is a commutative Noetherian
ring, then every ideal I of R has a normal primary decomposition. Fur-
thermore, if I = @1 N Q2 N+ N Qn is such a decomposition with Q; a
P;-primary ideal, then the following hold:

i. The set { Py, Pa,..., Py} of corresponding prime ideals contains
all the minimal covering primes of I and is uniquely determined by I.

ii. If P; is a minimal covering prime of I, then the P;-primary com-
ponent Q; is uniquely determined by I.

PROOF 1t follows from Lemma 28.6 that I is a finite intersection of
primary ideals. Furthermore, if several of these are P-primary for the
same prime P, then they can be replaced by their intersection, which
is also P-primary by Lemma 28.8(i). In this way, we can write I =
Q:1NQ2N---NQy,, where each Q; is a P;-primary ideal with the B;’s
distinct. Finally, delete the redundant @;’s to obtain a normal primary
decomposition for I.

Now suppose I = Q1 N Q2N ---NQ, is such a decomposition with
Q; a P;-primary ideal and say P! C Q;-

(i) If P is a prime ideal of R containing I, then

pa@2]]e 217"
i=1

t=1 =1

Thus P D P; for some 7 and it follows that the minimal elements of the
set { P1,Ps,..., P, } are precisely the minimal covering primes of I.

Again let P be a prime ideal of R. We will show that P = P; for some
i if and only if the R-module V = R/I has a nonzero submodule X with
ranng(z) = P for all 0 # z € X. Since the latter property depends only
on I, this will prove that the set { P1, Pa,..., P, } is uniquely determined
by the ideal I.
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To start with, we observe that each P; has the preceding property. To
this end, note that J; = ﬂ ; @ is properly larger than I by irredundancy.
Next, since J; N Q; = I, 1t follows that

0#Ji/I=J/(F;NQs) = (J;i +Q;)/Q: C R/Q;

Thus, by Lemma 28.8(ii), J;/I C R/I contains a nonzero submodule X;
with r.anng(z) = P; for all 0 # z € X;.

Conversely, suppose P is a prime ideal of R having the property
that there exists a nonzero submodule X of V with r.anng(z) = P for all
0 # z € X. Among all such X, assume that X = J/I is chosen so that
J is contained in the largest number of primary components Q;. Now
J D I, so J is not contained in all Q; and say J € @Q;. We claim that
P = P,. First, note that XP =0, s0 JP C I C @;. Hence, since J Z @;
and since @); is P;-primary, we have P C P;. On the other hand, observe
that (JNQ;)/I C J/I = X and that JN Q); is contained in more primary
components than J. Thus, by the choice of X = J/I, it follows that
(J N @;)/I =0 and hence that J N @Q; = I. But then JP™ C JQ; C I,
so P/ C r.anng(X) = P and P; C P as required.

(ii) Finally, let P; be a minimal covering prime of I and write J =
ﬂz__z Q@;. Then it is clear that the latter intersection is actually a normal
primary decomposition for J and hence, by (i), the minimal covering
primes of J belong to the set { P, Ps,..., P, }. In particular, J Z P,
since otherwise P; would contain one of the minimal covermg primes of
J, say P,, and then P; D P, 2 I, a contradiction.

Consider the R-module V' = R/I and notice that (Q1/I)J =
because @1J C @1 NJ =1I. Thus if

={veV|vb=0forsomebe R\ P}

then @;/I C X, since J € P;. On the other hand, if v =a+ I € Xj,
then vb = 0 for some b € R\ P; and hence ab € I C @;. But @, is
Py-primary, so we conclude that a € @; and v € Q;/I. In other words,
Q./I = X; and, since X; is uniquely determined by I and Pj, the result
follows. O

Not every prime in the set { P, Ps,...,P,} is a minimal covering
prime of I. The remaining ones are called the embedded primes and their
corresponding primary components need not be unique in general.

We close with the promised characterization of injective R-modules.
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THEOREM 28.10 (Matlis’ Theorem) Let R be a commutative Noetherian ring.

i Every injective R-module is uniquely a direct sum of uniform
injective R-modules.

ii. The map P — E(R/P) yields a one-to-one correspondence be-
tween the prime ideals P of R and the isomorphism classes of uniform
injective R-modules.

iii. If P is a prime ideal of R, then every element of E(R/P) is
annihilated by some power of P.

PROOF (i) This is just a special case of Theorem 28.4.

(ii) Let P be a prime ideal of R. If A,B < R with P = AN B, then
AB C P,s0o A= P or B = P. In other words, P is meet irreducible and,
by Lemma 28.2, E(R/P) is a uniform injective R-module. It remains to
show that the map 7: P — E(R/P) is one-to-one and onto.

Let I be a uniform injective R-module and let z be any nonzero
element of I. If @ = r.anng(z), then zR = R/Q and I = E(zR) =
E(R/Q). Furthermore, zR is a uniform module, so @ is meet irreducible
and hence P-primary, for some prime P, by Lemmas 28.6(ii) and 28.7.
In addition, by Lemma 28.8(ii), R/Q has a nonzero submodule Y with
ranng(y) = Pforall0 #y €Y. Thus I D yR= R/P and I = E(yR) &
E(R/P). We have, therefore, proved that the map 7 is onto.

Finally, suppose E(R/P) & I = E(R/P’) for primes P and P'.
Then I contains an isomorphic copy of R/P and, since P is P-primary,
it follows from Lemma 28.8(ii) that I has a nonzero submodule Z with
r.anng(z) = P for all 0 # z € Z. Similarly, I has a nonzero submodule
Z' with r.anng(2’) = P' for all 0 # 2/ € Z'. But I is uniform, so
ZNZ' # 0 and by computing the annihilator of any nonzero element of
this intersection, we conclude that P = P’. Thus 7 is one-to-one.

(iii) Let I = E(R/P) and let  be any nonzero element of I. By the
preceding, if @' = r.anng(z), then Q' is P'-primary and I & E(R/P').
Uniqueness now implies that P’ = P and hence P™ C Q' for some integer
m > 1. In particular, P™ annihilates z. O

As a consequence, we have:

COROLLARY 28.11 The uniform injective Z-modules are, up to isomorphism, Q@
and Cpe for the various primes p. Furthermore, every injective Z-module
is uniquely a direct sum of these.

PROOF We know that Z is a commutative Noetherian ring and if P is
a prime ideal of Z, then either P = 0 or P = pZ for some prime p. Now
Z/0 £ Z and E(Z) & Q, as we observed in Chapter 23. Furthermore,
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Z/pZ = Cp, and E(C,) = Cpeo. Matlis’ Theorem now clearly yields the
result. O

EXERCISES

1.

Let R be a ring with the property that every projective module is
injective and vice versa. Prove that R is Noetherian and self-injective.
Furthermore, show that every finitely generated uniform R-module is
isomorphic to a submodule of Rg.

. Conversely, if R is Noetherian and self-injective, show that any pro-

jective R-module is injective. If, in addition, every cyclic uniform
R-module is isomorphic to a submodule of R, prove that every injec-
tive R-module is projective.

. Suppose R is right Noetherian and that the left regular module gR

is injective. Use Exercise 23.3 to show that every proper right ideal
of R has a nonzero left annihilator. Conclude that every irreducible
R-module is isomorphic to a submodule of Rg.

. Let V be an R-module with submodules Wi, W5, ..., W, and asume

that 0 = ﬂ;’ W; is an irredundant intersection. Prove that u.dimV >
n. In particular, if each V/W; is uniform, show that V is isomorphic
to an essential submodule of @& Y 7 V/W; and hence that E(V) =
o X" E(V/W)).

. Suppose V' is an R-module with R right Noetherian. Prove that

udimV = n < oo if and only if E(V) is a direct sum of n uniform
injectives.

. Let R be a commutative Noetherian ring, let P be a prime ideal of

R, and let Q@ < R with P 2 Q 2 P™. If @ is primary, prove that @ is
P-primary. If in addition P is a maximal ideal of R, prove that @ is
necessarily primary.

.Let F be a field and set R = F[z,y]. If P is the maximal ideal

P = (z,y), prove that Q1 = (z,y2) is P-primary but not a power
of P. Furthermore, observe that Q2 = P? = (z,y%) N (z%,y) and
conclude that @ is a primary ideal that is not meet irreducible.

. Now suppose R is the polynomial ring F|[z,y, 2] and let P be the

kernel of the homomorphism R — F[t] given by = — t3, y — ¢* and

z +— t5. Then P is a prime ideal of R containing the polynomials

fi=v?—zz, fo=yz—2% and f3 = 2> — z2y. If f € R, prove that
f =12A(2) + zyB(2) + zC(2) + yD(2) + E(z) mod (f1, f2, f3)

for suitable polynomials A(z),...,E(z). Conclude therefore that P =
(f 1, .f 2 f 3) .
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9.

10.

We continue with the preceding example and show that P? is not P-
primary and hence not primary. To this end, observe that f2— fif3 =
xg, where g = z% — 3z2yz + £y + 28, and note that f2 — f,f3 € P?
but that z ¢ P and g ¢ P%. The latter follows since P? is generated
by all f;f; and hence no element of P? can contain a monomial of
degree less than 4.

Finally, let R = Fz,y] again and consider the ideal I = (z?,zy) =
(z)(z,y). First prove that I = (z) N (y + az, z?) for any a € F. Next
observe that (z) is a prime ideal and that (z,y)? C (y+az,z?) C (z,y)
so that (y + az,z?) is (z,y)-primary. Conclude that the embedded
components in a normal primary decomposition for the ideal I are not
unique.
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In this final chapter we consider two related themes in the context of
noncommutative Noetherian rings. The first concerns the reduced rank
of a module. As we will see, this rank respects short exact sequences and is
therefore somewhat better behaved than uniform dimension. The second
theme concerns the existence of an Artinian classical ring of quotients.
As we will see, there is a beautiful characterization of the rings with this

property.

DEFINITION Suppose first that @ is an Artinian ring. Then we recall from the
Hopkins-Levitzki and Jordan-Holder Theorems that every finitely gener-
ated -module V has a well-defined composition length lenV = leng V.
Furthermore, if 0 = U — V — W — 0 is a short exact sequence, then
lenV =lenU +lenW and lenV =0 if and only if V = 0.

Now let R be a semiprime Noetherian ring. Then Goldie’s Theo-
rem implies that R has a Wedderburn classical right ring of quotients
Q = Qu(R). In particular @ is Artinian and, by Lemma 9.11(i), if V
is a finitely generated R-module, then V ®g @ is a finitely generated Q-
module. The reduced rank of V is then defined to be the nonnegative
integer

p(V) = pr(V) =leng(V ®r Q)
Basic properties are as follows.

LEMMA 29.1 Let R be a semiprime Noetherian ring and let V' be a finitely
generated R-module. .

284
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. If0 - U —V — W — 0 is exact, then pr(V) = pr(U) + pr(W).
ii. If :V — V ® Q is the natural R-module homomorphism given
by v — v® 1, then the kernel of n is equal to

Sing(V) = {w € V | ve = 0 for some regular element c € R}

In particular, pr(V') = 0 if and only if V = Sing(V').
PROOF Let Q = Qc(R) so that, by Lemma 27.12(i), rQ is a flat left

R-module.
(i) If0—- U —V — W — 0 is exact, then flatness implies that

0-U®Q—-VRQ-WQ—0

is an exact sequence of ()-modules. In particular, since V ® @ has finite
composition length and since composition length respects short exact se-
quences, we conclude that

pr(V)=1len(V® Q) =len(U @ Q) +len(W @ Q)
= pr(U) + pr(W)

(ii) Since R is a semiprime Goldie ring, Lemmas 26.5(ii) and 26.6
imply that a right ideal of R is essential if and only if it contains a regular
element. Thus

Sing(V) ={v € V | r.anng(v)essR}
= {v € V' | ve = 0 for some regular element c € R}

In particular, if v € Sing(V) and vc = 0, then v®1 = vc® ¢! = 0 and
v € Ker(n).

Conversely, suppose v € Ker(7). Since rQ is flat, the natural map
vYR®Q — V ® Q is one-to-one and, since 0 = v®1 € V® Q, we
conclude that vR ® @ = 0. Furthermore, the map R — vR given by
r + vr determines an exact sequence 0 - A — R — vR - 0, where
A = r.anng(v) and hence

0-AQRQ -R®Q—-vR®Q —0

is also exact. But vR®Q = 0 and, by Lemma 27.12(ii), we have A® Q &
AQ and R®Q = Q. Thus Q = AQ = AT}, where T is the set of regular
elements of R and hence 1 = at™! for suitable a € A and ¢t € T. In other
words, r.anng(v) NT = AN T # () and hence v € Sing(V) as required.
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Finally, note that pp(V) =0ifandonlyif 0=V ®Q = (V ®1)Q
and hence, by the preceding, if and only if V = Sing(V). O

This characterization of Sing(V'), when R is a semiprime Noetherian
ring, leads to the following more general consideration.

DEFINITION Let T be a multiplicatively closed subset of R. An R-module V
is said to be T-torsion if every v € V is annihilated by some ¢ € T.
Similarly, V is T'-torsion-free if vt = 0 for v € V, t € T implies that
v = 0. In general, a module V need not contain a “torsion submodule;”
but we do have! '

LEMMA 29.2 Let T be a right denominator set in R.
i. If V is an R-module, then

Vo={veV|uvt=0forsometeT}

is a T-torsion R-submodule of V' and V/V} is T-torsion-free.

ii. Let A< R with R/A a T-torsion-free left and right R-module.
Then AT"1<RT~! and (AT~')NR = A. Furthermore, if A is nilpotent,
then so is AT

PROOF (i) Suppose v1,v2 € Vp with v1t; = wat; = 0 and let 7 € R.
By the right denominator condition, there exist ¢3,t4 € T and s3,s4 € R
with 13 = t383 and rt4 = t184. Since (vy + v2)t1t3 = 0 and (v17)t4 = 0,
it follows that v; + vo and v1r are both contained in V5. In other words,
Vb is an R-submodule of V. Finally, if v € V has T-torsion modulo Vj,
then vt € Vj for some ¢ € T, so v(tt') = (vt)t’ =0 and v € Vj.

(ii) We already know from Lemma, 25.8(i) that AT~ is a right ideal
of RT~1. To show that it is closed under left multiplication, we proceed as
follows. Let a € A and t € T. By the right denominator condition, there
exist 7' € R and ¢ € T with &' = at’ € A. In particular, 7' corresponds
to a T-torsion element in g(R/A) and thus, by assumption, 7’ € A. Since
t~la = /(#')~1, it therefore follows that T4 C AT~! and hence

(RT~)(AT™') C R(AT 1Tt = AT
as required. ) ,

Next, if r € (AT~})NR, then 7 = at~! for somea € A and t € T, so
7t = a € A. In this case, T corresponds to a T-torsion element of (R/A)gr
so, again by assumption, r € A. Finally, if A® = 0, then T~14 C AT!
and T71T7! = T! yield (AT-!)" C A®T~! = 0 and the lemma is
proved. O
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Thus Sing(V), as described in Lemma, 29.1, is the T-torsion submod-
ule of V for T the set of regular elements of R. Furthermore, pg(V) =
pr(V/Sing(V)), so pr is, in some sense, the torsion-free rank of V.

DEFINITION Now suppose R is a right Noetherian ring that is not necessarily
semiprime. Then, by Lemma, 20.4(ii), N = Nil(R) is the unique largest
nilpotent two-sided ideal of R and, say, N¥*! = 0. Since Nil(R/N) = 0,
it follows that R/N is semiprime and therefore N is an intersection of
prime ideals of R. On the other hand, if P is any prime of R, then
P D0 = Nk g0 P D N. Thus N is the intersection of all the prime
ideals of R and, by definition, N is the prime radical of R. Again, since
R= R/N is a semiprime Noetherian ring, we note that the reduced rank
pr has already been defined.

Let V be a finitely generated R-module and set V; = VN® for i =
0,1,...,k+ 1. Then

0=Vet1 EVC---CVo=V

is a series of R-submodules of V' with each quotient Vi=V; /Vi+1 annihi-
lated by N. Thus ¥; is naturally an R-module. Furthermore, since R is
Noetherian, each V; is finitely generated and hence so is V;. We can now
define the reduced rank pr(V') to be

k
pr(V) =Y pr(¥)
=0

Notice that pr(V) is a nonnegative integer and that if R is semiprime,
then N = 0, so R = R and this new definition agrees with the earlier one.

For the remainder of this chapter we assume that R is a right Noethe-
rian ring with prime radical N satisfying N**! = 0 and we set R = R/N.

LEMMA 29.3 Let V be a finitely generated R-module and suppose that
0=Xn+1c_:ch_:"'gX0=V

is a series of R_-submod_ules with each quotient X; = X; /Xi+1 annihilated
by N. Then X; is an R-module and

pr(V) =Y pp(Xs)

=0
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PROOF Let X denote the given X-series and define

n
o(X) =) pr(Xs)
=0
We claim that o(X) = o(Y) for any two such series X and ). Indeed, since
X and Y have a common refinement by the Schreier-Zassenhaus Lemma,
it merely suffices to show that o(X) = o(X’) when X’ is obtained from
X by adding one more submodule, say X’ with X;4+1 C X’ C X;. To this
end, we note that o(X’) is obtained from o(X) by replacing the summand
Pr(Xj/Xj+1) with pg(X;/X') + pa(X'/X;t+1). Furthermore,

0— X'/Xj+1 — Xj/Xj.H — Xj/X' -0

is a short exact sequence of R-modules and we know that pg respects
such sequences by Lemma, 29.1(i). Thus

pr(Xi/ Xjv1) = pr(X;/X') + pr(X'/ X j+1)

and o(X') is indeed equal to o(X). |
1t follows that o(X) = o(Y) for all such Y. In particular, if Z; =
V N?, then o(X) = 0(Z) and, by definition, o(Z) = pr(V). O

If I is any ideal of R, we define C(I) to be the set of elements of R
that are regular modulo I. In other words, these are the elements of R
that map to the regular elements of R/I. Equivalently, ¢ € C(I) if and
only if er € I or rc € I implies 7 € I. Notice that C(I) is multiplicatively
closed and that C(0) is precisely the set of regular elements of R.

LEMMA 29.4 Let R be a Noetherian ring and let V' be a finitely generated
R-module. :
1. If0 - U —V — W — 0 is exact, then pr(V) = pr(U) + pr(W).
ii. pr(V) =0 if and only if V is a C(N)-torsion module.
PROOF (i) We can assume that U C V and that W = V/U. If U; = UN*
and X; = VN*+ U fori =0,1,...,k + 1, then

0=Uk+1§"'§U0=U=Xk+1Q"'§X0=V

is a series of submodules of V' with each quotient annihilated by N. Thus
the previous lemma implies that

k k
pr(V) = Z pa(Ui/Uis1) + Z PR(Xi/Xi41)

=0 =0
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On the other hand, the first sum here is just pr(U) and, since

Xi o (VNi+U)/U _ WN

Xis1  (VNAHLLU)JU ~ WNeHL

the second sum is pg(W). Thus pr(V) = pr(U) + pr(W) as required.

(ii) Now letVz VNi fori=0,1,...,k+ 1 and set V; = V;/Viy1.
Since pr(V) = E,_U pa(V;), we see that pR(V) = 0 if and only if pg(V;) =
0 for all 5. In other words, by Lemma 29.1(ii), p r(V) = 0 if and only if
each V; is a C(IV)-torsion module.

Suppose first that each V; is C(IV)-torsion. If v € V, then, by defini-
tion, we can choose ¢y, ¢z, ..., cx € C(IV) inductively so that veicp -+ ¢ €
Vit1. Thus, since Vi+1 = 0 and c¢icp - -+ ¢, € C(INV), we conclude that V is
C(N)-torsion. Conversely if V' is C(IV)-torsion, then so is every submodule
and factor module. In particular, each V; inherits this property. a

As a consequence, we prove a “pseudo-Ore condition” for R.

LEMMA 295 Let r € R and ¢ € C(0). Then there exist ' € R and ¢’ € C(N)
with r¢’ = ¢r'. Furthermore, C(0) C C(N).

PROOF Since c is regular in R, the map R — cR given by s +— cs is an
R-module isomorphism. In particular, pr(R) = pr(cR), so the previous
lemma implies that pr(R/cR) = 0 and hence that R/cR is a C(IN)-torsion
module. By applying this condition to the element r + cR € R/cR, we
conclude that there exists ¢’ € C(N) with r¢’ € cR and thus r¢’ = er’ for
some 7 € R.

Finally let ¢ € C(0) and apply the pseudo-Ore condition with 7 = 1.
Then there exist d € C(N) and s € R with ¢s = d. In particular, if

“tR— R/N C Qu(R/N) =

is the natural homomorphism, then &3 = d and, since d is invertible in
Q, we have ¢3d~! = 1. Thus lanng(¢) = 0 and, since Q is Artinian,
Lemma 25.6 implies that ¢ is invertible in Q. It follows that ¢ is regular
in R/N and hence that ¢ € C(N). O

As we will see, this is a key ingredient in the characterization of
Noetherian rings with an Artinian classical right ring of quotients. Indeed,
all that remains in the way of preliminaries is the following:

LEMMA 29.6 ' Let S be a Noetherian ring.
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i. If T is a right denominator set of S, then ST ! is also Noetherian.
ii. If S has a nilpotent ideal M with S/M an Artinian ring, then S
is also Artinian.

PROOF (i) This is immediate from Lemma 25.9(i).
(ii) If M™*+1 = 0, consider the series

0=M"+1C_ZM"C_Z---C_ZM1(_;M°=S

of two-sided ideals of S. Since S is Noetherian, each M? and each quotient
S; = M /M i+1 i3 g finitely- generated S-module. Furthermore, since M
annihilates S;, it follows that S; is naturally a finitely generated module
for the Artinian ring § = S/M. Thus each 5; is an Artinian §-module
and hence also an Artinian S-module. In particular, Ss has a finite series
with Artinian factors, so we conclude that Sg is also Artinian. O

We can now obtain the promised characterization.

THEOREM 29.7 (Small’s Theorem) Let R be a right Noetherian ring with prime

radical N. Then R has an Artinian classical right ring of quotients if and
only if C(N) = C(0).

PROOF Suppose first that C(N) = C(0) and call this common set T.
Then the pseudo-Ore condition of Lemma 29.5 implies that T is a right
denominator set of R. In particular, we can form @ = RT~! = Qq(R)
and the goal is to show that @ is Artinian. By the previous lemma, we
know at least that @ is Noetherian.

Since T' = C(N), it follows that R/N is T-torsion-free as a right
and left R-module. Thus Lemma 29.2(ii) implies that M = NT~! is a
nilpotent ideal of @ with M NR = N. Furthermore, by Lemma, 27.3(iii), if
~:R — R/N is the natural ring homomorphism, then Q/M = RT~!. But
T = C(N), so T is the set of regular elements of the semiprime Noetherian
ring R and hence RT~! = Q. (R/N) is a Wedderburn ring by Goldie’s
Theorem. In other words, @ is a Noetherian ring having a nilpotent ideal
M with @/M Artinian. The previous lemma now implies that Q is also
Artinian.

Conversely, suppose Q@ = Qc(R) is Artinian and set T' = C(0). By
Lemma 29.5, we know that T = C(0) C C(N) and therefore R/N is T-
torsion-free as a right and left R-module. Again Lemma 29.2(ii) implies

that M = NT-1 is a nilpotent ideal of @ with M N R = N.

Finally, let c € C(N). Ifc(nt~!) € M for somer € R andt € T, then
cr € MNR=N. Since ¢ € C(N), it follows that 7 € N and hence that
rt~! € M. In other words, we have shown that the image of c is right
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regular in the Artinian ring Q/M, so Lemma 25.6 implies that this image
is invertible. Thus there exists ¢ € @ withcg=1—m and gc=1-m'
for suitable m,m’ € M. But m and m’' are nilpotent, so it follows from
Lemma 5.1(i) that cg and gc are both invertible in @ and hence so is c.
In particular, ¢ is regular in Q and therefore ¢ € C(0). We conclude that
C(N) C C(0) and the theorem is proved. a

We close with an example of interest. Let K be a field and set

R = Klz,9]/(z? zy). Then R is a commutative K-algebra generated

by the images Z and § of z and y. Furthermore, N = Nil(R) = ZR

and R/N = K[j]. Thus § € C(N), but Zj = 0, so § ¢ C(0). In other

words, C(N) # C(0) and Small’s Theorem implies that R does not have

an Artinian classical ring of quotients. On the other hand, as we will see

- in the exercises, every commutative Noetherian ring is embeddable in an
Artinian ring.

EXERCISES

1. If S is a ring with one of the following properties, show that S is not
embeddable in an Artinian ring.

i. S has arbitrarily large finite subsets of orthogonal idempotents.

ii. S does not satisfy the maximal or minimal condition on right
annihilators of subsets.

iii. There exist infinitely many rational primes p with anng(p) # 0.

2. Suppose S is a subring of the Artinian ring Q. If V is a finitely
generated S-module, define o(V) = leng(V ®s Q)/leng(Q). Show
that

i. 0(V) is a nonnegative rational number with o(S) = 1.
ii. (V1 ® Vo) = 0(V1) + a(V2).
iii. fU — V — W — 0 is an exact sequence, then o(W) < o(V) <
o(U) + o(W).
Such a function o is called a Sylvester rank function. Amazingly,
Schofield has proved that every algebra with a Sylvester rank function
is embeddable in an Artinian ring.

3. Let X be a subset of the ring S and assume that S is contained in
a right Artinian ring or in a left Noetherian ring. Prove that there
exists a finite subset Xo C X with r.anng(X) = r.anng(Xp).

4. Let e and f be idempotents in a ring S. Suppose first that e = uv and
f = vu for some u, v € S and define oz eS — 5 by a(es) = ves. Prove
that o determines an S-isomorphism from eS to fS. Conversely,
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suppose that there exists an S-isomorphism a: eS — fS. Prove that
e = uv and f = vu for some u,v € S.

. Suppose R is a right Noethenan ring containing the Wedderburn ring

S and write S = Zz_l S;, a direct sum of simple rings. If f; is a
primitive idempotent of S;, prove that

k
udimg R= ) (u.dims S;)(udimpg fiR)
i=1

To this end, first observe that S; & My, (D;) has a family of orthogonal
primitive idempotents { f;,1, fi,2, 2 , fin: } With n; = u.dimg S; and
fi,iSs & f;Ss. Then note that { f;; } is an orthogonal decomposition
of 1 in R and hence that R = -}, ; f; jR. Finally, use the preceding
exercise to conclude that f; jRr & szR This is a special case of the
additivity principle.

. Let R be the ring R = <Z Z/ pL ) , where p is any prime. Show that

0 Z/pZ
o . . 0 Z/pZ
R is right and left Noetherian and that N = Nil(R) = 00

Prove that C(N) # C(0) and that the right and left reduced ranks of
the (R, R)-bimodule N are distinct.

. Suppose A = A;(K) is the first Weyl algebra over a field K of char-

acteristic 0 and let 0 C B C A be a proper right ideal of A. Note that
A/B = Sing(A/B), since Bess A, and that r.anng(A/B) = 0, since
this annihilator must be a proper two-sided ideal of A. Now define

R = (IO{ AﬁB) and observe that R has a natural ring structure

and as such it is a right Noetherian ring. If X = (0 A/ B), show

0 0
that every finite subset X of X is annihilated by some (8 g with

FEess A. Conclude from Exercise 3 that R cannot be embedded in a
right Artinian ring or a left Noetherian ring.

In the remaining problems, let R denote a commutative Noetherian
ring.

. Let P be a prime ideal of R. For each integer n > 1, show that there

exists a unique P-primary component for the ideal P*. We denote this
component by P(™ and call it the nth symbolic power of P. Suppose
in addition that R is an integral domain and set Rp = RT ™!, where
T = R\ P. If P' = PRp, prove that (P')*N R = P,



Chapter 29. Reduced Rank 293

9. If Ry is a uniform module, use Lemma 26.3 to show that every element
of R is either nilpotent or regular. Conclude that every element of
@ = Qq(R) is either nilpotent or invertible and hence that @ is a
semiprimary ring. Deduce that @ is also Artinian.

10. Now apply Lemma 28.6 and the previous problem to conclude that
any commutative Noetherian ring can be embedded in a commutative
Artinian ring. Find an example of a commutative ring that cannot be
embedded in an Artinian ring.
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A.c.c., See ascending chain condition.
Abelian group, divisible, 208.
structure, 160.
Additivity principle, 292.
Algebra, almost commutative, 180.
Clifford, 52, 55.
free, 21, 250.
Frobenius, 228-230.
Grassrnann, 52.
group, 41.
quaternion, 52.
Weyl, 196.
Algebraic root, 194.
Almost centralizing extension, 180.
Almost commutative algebra, 180.
Nullstellensatz, 194.
Almost normalizing extension, 188.
a-free module, 181.
Aritsur’s Theorem, 192.
A, (K), See Weyl algebra.
Artin-Rees Lemma, 123.
Artin-Wedderburn Theorem, 36.
Artinian module, 28.
Artinian quotient ring, 290.
Artinian ring, 28, 45-50, 52, 81.

classical quotient ring, 246.

Grothendieck group, 117.

injective module, 276.

projective Grothendieck group, 143.
Ascending chain condition, 58.
Associated graded ring, 177.
Associativity, tensor product, 88.
Automorphism, 6.

Backmap, 14.

Baer sum, 216.

Baer’s Criterion, 207, 227.
Baer’s Theorem, 209.
Balanced map, 84.

Basis, 16.

Basis Theorem, 106.

Bass’ Theorem, 176.
Bimodule, 87, 203.

Bimodule homomorphism, 87.

Cpn, 225-226, 281.
Cpoo, 225-226, 281.
¢[P), See Cartan map.
C[A], See cokernel map.
C(I), 288.

Cartan map, 144.
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Cartan matrix, 144, 150.
Change of variables, 161.
Checkered matrix ring, 34, 42.
Chevalley-Jacobson Theorem, 39.
Chinese Remainder Theorem, 31.
Class group, 271.
Classical quotient ring, 245.
Artinian ring, 246.
simple Wedderburn, 258.
Wedderburn, 258.
Clifford algebra, 52, 55.
Closure operation, 234, 247.
Cokernel, 12.
Cokernel map, 214.

Column operations, elementary, 153.

Commutative Noetherian ring, 277-
281.

Commuting diagram, 3.

Complete direct sum, See strong di-
rect sum.

Completely reducible module, 23-25.

Complex, 13, See zero sequence.
Composition, 3.

left notation, 4.

right notation, 3.
Composition factors, 26.
Composition length, 26, 284.
Composition series, 26, 47.

factors, 26.

length, 26.
Conjugate module, 107.
Contravariaﬁt, 204.
Countably generated module, 98.
Covariant, 204.
Cuts across the grade, 128.
Cyclic module, 10, 81.

D, 208.

D(R), See dense ideal.

D.c.c., See descending chain condi-
tion.
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Decomposable module, 49.
Dedekind domain, 66-72.
class group, 271.
Degree, total, 128.
Denominator set, left, 245.
right, 242-245.
Dense ideal, 235-238.
minimum, 238.
Dense ring of transformations, 39.
Density Theorem, 39.
Derivation, 113.
inner, 113.
Descending chain condition, 28.
Determinantal trick, 159.
Diagram, commuting, 3.
Dimension, global, 76, 81.
injective, 214.
projective, 75-81.
uniform, 262, 264, 266—-267.
Direct product, 210.
Direct sum, external, 7.
internal, 7, 24.
strong, 7, 210.
tensor product, 88.
weak, 7.
Direct summand, 15, 23.
Directed system, 94.
Distributive law, 12.
Divisible abelian group, 208.
Division algebra, finite dimensional,
185.
Division ring, 40.
Domain, 268-270.
Dedekind, 66-72, 271.
hereditary, 66-68.
Ore, 245.
Doubly transitive, 43.
Dual basis, 228.

E(4, B), See extension group.
E(4, B) = 0, 215, 217-220.



Index

E(V), See injective hull.
Eilenberg Trick, 171.
Element, homogeneous, 124.
normal, 110.
regular, 256.
Elementary column operations, 153.
Embedded prime ideal, 280.
End(V), 5.
Endomorphism, 5, 6.
Endg(V), 6, 33-36.
Epimorphism, 13.
Equivalent extension, 215.
Equivalent matrices, 159.
Equivalent series, 25.
Essential extension, 223.
transitivity, 223.
Essential ideal, 256.
Essential submodule, 223, 226.
esspg, See essential extension.
Exact, left, 204.
Exact at, 13.
Exact sequence, 13.
Extended centroid, 241.
Extendible row, 152, 163.
Extension, 215. .
almost centralizing, 180.
almost normalizing, 188.
Baer sum, 216.
equivalent, 215.
essential, 223.
finite centralizing, 190.
finite normalizing, 198.
group, 216.
External direct sum, 7.
Ext™(4, B), 217, 222.

Factors through, 8.

Faithful module, 38.

Faithfully flat module, 94.

Field extension, separably generated,
168.
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Filtered ring, 177.
Finite centralizing extension, 190.
Finite dimensional division algebra,
185.

Finite normalizing extension, 198.
Finitely generated module, 10, 59.
First Isomorphism Theorem, 8.
Fitting’s Lemma, 62-63.

essential version, 254.
Five Lemma, 21.
Fixed ring, 131.
Flat module, 89-92, 211.
Fractional ideal, 68-70, 271.
Free algebra, 21, 250.
Free basis, 16.
Free module, 16-18.

rank, 17.
Free resolution, 82.
Frobenius algebra, 228-230.
Function on 2-sphere, 167.
Functional, linear, 228.
Fundamental Theorem of Abelian

Groups, 160.

G-domain, 185.
G-graded ring, 131.
Go(R), See Grothendieck group.
Generator, 178.
Generic flatness, 181, 183, 188.
vector, 189.
Generic Flatness Theorem, 183.
gldim R, See global dimension.
Global dimension, 76, 81, 107-113,
220.
finite, 268.
injective, 215, 220.
Goldie ring, 253, 256.
prime, 258, 264.
semiprime, 258, 264.
Goldie’s Theorem, 258.
gr R, See associated graded ring.
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gr Go(R), See graded Grothendieck
group.
Graded, homomorphism, 125.
module, 124-130.
prime ring, 188.
- ring, 124-130.
semiprime ring, 188.
submodule, 125.
Graded Artinian ring, 177.

Graded Grothendieck group, 127-130.

Graded Nakayama’s Lemma, 127.
Graded Noetherian ring, 130, 177.
Graded ring, 124-130.

graded prime, 188.

graded semiprime, 188.

Jacobson radical, 191.
Graded-free module, 126.
Graded-projective module, 126.
Grassmann algebra, 52.
Grothendieck group, 115-121, 270.

Artinian ring, 117.

graded, 127-130.

integers, 118.

projective, 142-146.

skew polynomial ring, 137-139.
Grothendieck-Quillen Theorem, 138.
Group algebra, 41.
Group ring, 41, 83.

Hairy Ball Theorem, 167, 169-170.
Hereditary domain, 66—-68.
Hereditary module, 56.
Hereditary ring, 57, 65, 76.
Herstein's counterexample, 169.
Hilbert Basis Theorem, 106,
Hilbert Nullstellensatz, 195.
Hilbert Syzygy Theorem, 113, 146.
Hom(4, B), 5.
Homogeneous element, 124.
Homomorphism, 4.

automorphism, 6.
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endomorphism, 6.

factors through, 8.

graded, 125.

isomorphism, 6.

module, 6.

ring, 6.
Hompg(A, B), 6, 33-36, 203-206.
Hopkins-Levitzki Theorem, 47, 59.

I-adic topology, 169.
IBN ring, 18, 21, 42.
idg V, See injective dimension.
Ideal, dense, 235-238.
essential, 256.
fractional, 68-70, 271.
integral, 68.
invertible, 64-66.
meet irreducible, 274.
minimal prime, 263-264.
nil, 44.
P-primary, 278.
primary, 277, 282.
prime, 60, 66—69, 252, 281, 287,
292,
primitive, 50.
projective, 65.
quasi-regular, 50.
residual, 235.
Idempotent, 29.
lifted, 48.
primitive, 53.
Idempotents, orthogonal, 53.
Im(6), 7.
Image, 7.
Incomparable prime ideal, 263.
Indecomposable module, 49, 63.
Indecomposable projective module,
50.
Induced module, 92, 135-136.
Induced module map, 117, 144.
Infinitely divisible, 21.
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inj gl dim R, See injective global di-
mension.
Injective dimension, 214.
Injective global dimension, 215, 220.
Injective hull, 224-226.
Injective module, 206-210, 223.
Artinian ring, 276.
integers, 225-226, 281.
Noetherian ring, 273, 275, 281.
uniform, 274-276.
Injective resolution, 222.
Injective Schanuel’s Lemma, 213-214,
231.
Injective Z-module, 225-226, 281.
Inner, derivation, 113.
Integers, Grothendieck group, 118.
injective module, 281.
Integral element, 66.
Integral extension, 71.
Integral ideal, 68.
Integrally closed, 66.
Internal direct sum, 7, 24.
Intersection Theorem, 169.
Invariant basis number, 18.
Invertible ideal, 64—66.
Invertible matrix, 17.
Irreducible module, See simple mod-
ule.
Isomorphic modules, 6.
Isomorphism, 6.
Isomorphism invariant, 20.
Isomorphism Theorem, First, 8.
Second, 9.
Third, 9.

Jacobson radical, 50-52, 95.

graded ring, 191.

not nil, 199.

polynomial ring, 192.
Jacobson’s Conjecture, 169.
Johnson’s Theorem, 259.
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Jordan-Holder Theorem, 26.

K[A], See kernel map.

Ko(R), See projective Grothendieck
group.

Kaplansky’s Theorem, 101.

Ker(9), 7.

Kernel, 7.

Kernel map, 75.

Krull Intersection Theorem, 169.

Krull-Schmidt Theorem, 63.

Lasker-Noether Theorem, 279.

Left exact, 204.

Left module, 5:

Left notation, 4.

Left quotient ring, 245.

lenV, See composition length.

Lexicographical order, 182.

Lifted idempotent, 48.

Linear functional, 228.

Local ring, 96-101, 2609.
projective module, 97, 101.

Local system, 91, 94.

Localization, 97, 174.

Martindale quotient ring, 240.
symmetric, 241, 249.
Maschke’s Theorem, 41, 131.
Matlis’ Theorem, 281.
Matrices, equivalent, 159.
Matrix, invertible, 17.
Matrix ring, checkered, 34, 42.
Max, See maximum condition.
Max-¢, See maximum condition, com-
plement.
Max-ra, See maximum condition,
right annihilator.
Max-re, See maximum condition,
complement.
Maximal quotient ring, 233-240.
center, 239.
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Maximum condition, 58.
complemeiit, 253.
right annihilator, 193, 253.
Meet irreducible ideal, 274.
Min, See minimum condition.
Minimal covering prime ideal, 278,
279.
Minimal prime ideal, 263-264.
Minimal right ideal, 28.
Minimum condition, 28.
Modular Law, 10.
Module, 5.
a-free, 181.
Artinian, 28.
completely reducible, 23-25.
conjugate, 107.
countably generated, 98.
cyclic, 10, 81.
decomposable, 49.
faithful, 38.
faithfully flat, 94.
firiitely generated, 10, 59.
flat, 89-92, 211.
free, 16-18.
graded, 124-130.
graded-free, 126.
graded-projective, 126.
hereditary, 56.
indecomposable, 49, 63.
induced, 92,°135-136.
infinitely divisible, 21.
injective, 206-210, 223, 273, 281.
irreducible, 23, 46.
left, 5.
Noetherian, 58.
nonsingilar, 255.
principal indecomposable, 50, 143.
projective, 18-20, 47, 49, 91, 98,
120, 172, 176, 205.
regular, 7.
right, 5.

Index

simple, 23, 46, 49.
stably free, 145, 165.
submodule, 7.
torsion, 286.
torsion free, 92, 174, 286.
uniform, 263.
uniform injective, 274-276.
unital, 6.
Modules, isomorphic, 6.
Monic polynomial, 161.
Monic Polynomial Theorem, 161, 163.
Monomorphism, 13.
Morita correspondence, 122.
Multiplicatively closed, 97.
Multiplicatively closed set, 242.

n-fir, 62.
Nakayama's, Lemma, 95.
graded, 127.
Nil(R), See nil radical.
Nil ideal, 44.
Nil radical, 45, 52.
Nilpotent element, 44.
Nilpotent right ideal, 28.
Nilpotent subset, 28.
Noether Normalization Theorem, 162.
Noetherian module, 58.
Noetherian ring, 59, 106, 287-291.
commutative, 277-281.
injective module, 273, 275, 281.
semiprime, 268, 270.
Nonsingular, 255.
Nonsingular ring, 259.
Normal element, 110.
Normal primary decomposition, 279.
Normalization Theorem, 162.
Nullstellensatz, 190-199.
almost commutative algebra, 194.
Hilbert, 195.
uncountable field, 198.
Zariski, 187.



Index

Order, lexicographical, 182.
product, 183.
Ore condition, 245.
pseudo, 289.
Ore domain, 245.
Ore extension, 113.
global dimension, 114.
Ore ring, 245, 250.
Ore’s Theorem, 244, 250.
Orthogonal idempotents, 53.

P-primary ideal, 278.
Patching Theorem, 157, 163.
pdg V, See projective dimension.
Polynomial, 105.
monic, 161.
Polynomial ring, Jacobson radical,
192.
projective module, 177.
Primary decomposition, 278, 282.
normal, 279.
Primary ideal, 277, 282.
Prime ideal, 60, 66-69, 252, 281, 287,
292.
embedded, 280.
incomparable, 263.
minimal, 263-264.
minimal covering, 278, 279.
Prime radical, 287.
Prime ring, 60, 240, 252.
Primitive ideal; 50.
Primitive idempotent, 53.
Primitive ring, 38-40, 50.
Principal ideal domain, 58, 159.
Principal indecomposable module, 50,
143.
Product order, 183.
Progenerator, 178.
Projective cover, 102, 224.
Projective dimension, 75-81.
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Projective Grothendieck group, 142-

146.
Artinian ring, 143.
skew polynomial ring, 144.

Projective ideal, 65.

Projective iridecomposable module,
See principal indecomposable
module.

Projective module, 18-20, 47, 49, 91,
98, 120, 205.

integer, 22.

local ring, 97, 101.

not finitely generated, 172, 176.
polynomial ring, 177.

Projective resolution, 82, 140.

Projective Z-module, 22.

Pseudo Ore condition, 289.

Q, 225-226, 281. A
Qci(R), See classical quotient ring,
Qmax(R), See maximal quotient
ring.

Q:(R), See quotient ring, right.
Qs(R), See quotient ring, symmetric.
Quasi-regular ideal, 50.
Quaternion algebra, 52.
Quillen Patching Theorem, 157, 163.
Quillen-Suslin Theorem, 165.
Quotient ring, classical, 245.

left, 245.

Martindale, 240.

maximal, 233-240.

right, 242-249.

symmetric, 241, 249.

R, 167.

R[G], See group ring.

R|[z], See polynomial ring,

R|z; 6], See Ore extension.

R[z; 0], See skew polynomial ring.
Rx+@, See skew group ring.
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R-homomorphism, See homomor- Goldie, 253, 256.
phism. graded, 124-130.

R-module, See module. graded Artinian, 177.
R-submodule, See submodule. graded Noetherian, 130, 177.
Rad(R), See Jacobson radical. group, 41, 83.
Radical, Jacobson, 50-52, 95. hereditary, 57, 65, 76.

nil, 45, 52. IBN, 18, 21, 42.

prime, 287. local, 96-101, 269.
Rank, reduced, 284, 287-288. n-fir, 62.

torsion-free, 287. Noetherian, 59, 106, 273, 275, 287—
Rank of free module, 17. 201.
Reduced rank, 284, 287-288. nonsingular, 255, 259.
Refinement, 25. Ore, 245, 250.
Regular element, 256. prime, 60, 240, 252.
Regular module, 7. prime Goldie, 258, 264.

Relation, 115, 127, 147.
Replacement Theorem, 265.
Representation, 6.
Residual ideal, 235.
Resolution, free, 82.
injective, 222.
projective, 82, 140.

primitive, 38-40, 50.
self-injective, 228-229, 259.
semigroup, 83.
semihereditary, 72.
semilocal, 153.
semiprimary, 54, 63.

Respects direct sums, 142. Semfprfme, 193,.252,
Respects short exact sequences, 116. Sem'lprfme Goldie, ?58, 264.
graded, 128. semiprime Noetherian, 268, 270,
pr(V), See reduced rank. 28.4.. N
Right annihilator, 77. semiprimitive, 50.
maximum condition, 193. simple, 38.
Right exact, tensor product, 88. simple Artinian, 38.

Right ideal, minimal, 28. skew group, 131.

nilpotent, 28. skew polynomial, 105-109.
Right module, 5. strongly G-graded, 131.
Right notation, 3. von Neumann regular, 54, 93, 212,
Right quotient ring, 242-249. 259.

Artinian, 290. Wedderburn, 28, 30, 36, 45-50, 76,
Ring, Artinian, 28, 45-50, 52, 81, 276. 227, 249.

commutative Noetherian, 277-281.  Ring homomorphism, 6.

division ring, 40. Root, algebraic, 194.

filtered, 177. Row, extendible, 152, 163.

fixed, 131. unimodular, 152, 163.

G-graded, 131. : Row matrix, 152.
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Schanuel’s Lemma, 74-75, 82.
injective, 213-214, 231.

Schreier-Zassenhaus Lemma, 25.

Schur’s Lemma, 36.

Second Isomorphism Theorem, 9.

Self-injective ring, 228—229, 259.

Semigroup ring, 83.

Semihereditary ring, 72.

Semilocal ring, 153.

Semiprimary ring, 54, 63.

Semiprime Noetherian ring, 284.

Semiprime ring, 193, 252.

Semiprimitive ring, 50.

Separably generated, 168.

Sequence, exact, 13.
short exact, 14.
zero, 13.

Series, 25.
composition, 26, 47.
equivalent, 25.
factors, 25.
length, 25.
refinement, 25.

Serre Conjecture, 152, 165.

Serre’s Theorem, 144.

Short exact sequence, 14.
split, 14.

Simple Artinian ring, 38.

Simple module, 23, 46, 49.

Simple ring, 38.

Sing(V'), See singular submodule.

Singular ideal, 255.

Singular submodule, 255, 285.

Skew group ring, 131.

Skew polynomial ring, 105-109.
global dimension, 107, 112.
Grothendieck group, 137-139.
Noetherian, 106.

projective Grothendieck group, 144.

Small’s Theorem, 290.
soc(V'), See socle.

Socle, 226, 239.
Split, 14.
Splitting backmap, 14.
Stably free module, 145.
not free, 165.
Stably isomorphic, 145.
Strong direct sum, 7, 210.
Strongly G-graded ring, 131.
Submodule, 7.
essential, 223, 226.
graded, 125.
singular, 255, 285.
torsion, 286.
Subring, 5.
Suslin Monic Polynomial Theorem,
161, 163.
Sylvester rank function, 291.
Symbolic power, 292.
Symmetric difference, 52.
Symmetric quotient ring, 241, 249.
Syzygy, 147.
Syzygy Theorem, 113, 146.

T(V'), See trace ideal.
Tensor product, 84-93.
associativity, 88.
maps, 87.
right exact, 88.
Third Isomorphism Theorem, 9.
Tor; (A, R) = 0, 134.
Torz(A, R) = 0, 134.
Tor, (4, B), 140.
Torsion free module, 92, 174, 286.
Torsion free rank, 287.
Torsion module, 286.
Torsion submodule, 286.
Total degree, 128.
Trace ideal, 172.
Trace map, 21.
Transitive, 36, 43.
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Transitivity, essential extension, 223.
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Transitivity of induction, 93.
Triangular matrix, 82.

u.dim V', See uniform dimension.
Uniform dimension, 262, 264, 266-
267.

Uniform injective module, 274-276.

Uniform module, 263.
Unimodular row, 152, 163.
Unital module, 6.

Utumi’s Theorem, 238.

Vector generic flatness, 189.
von Neumann regular ring, 54, 93,
212, 259.

Index

Walker’s Theorem, 268.

Walker’s Theorem Revisited, 270.

Weak direct sum, 7.

Weakly ascending, 189.

Wedderburn ring, 28, 30, 36, 45-50,
76, 227, 249.

Weyl algebra, 196.

Z, See integers.

Z(f), See zero set.

Zariski Nullstellensatz, 187.
Zero, algebraic, 194.

Zero sequence, 13.

Zero set, 194.




 
 
    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 1
     same as current
      

        
     1
     1
     1
     602
     323
    
            
       CurrentAVDoc
          

     SameAsCur
     AfterCur
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.1b
     Quite Imposing Plus 2
     1
      

   1
  

 HistoryList_V1
 qi2base



