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Preface 

These are the somewhat expanded notes from a course in ring theory 
that I have been giving for about ten years. The nature of the course has 
evolved over time; I am now relatively happy with the choices made. 

In this book; we use the underlying theme of projective and injective 
modules to touch upon various aspects of commutative and noncommuta­
tive ring theory. In particular, we highlight and prove a number of rather 
major results. 

In Part I, "Projective Modules," we begin with basic module theory 
and a brief study of free and projective modules. We then consider Wed­
derburn rings and, more general, Artinian rings. Next, come hereditary 
rings and, in particular, Dedekind domains. With this, we are ready for 
the key concepts of the projective dimension of a module and of the global 
dimension of a ring. Finally, we introduce the tensor product of modules 
and we determine all projective modules of local rings. 

In Part II, "Polynomial Rings," we study these rings in a mildly 
noncommutative setting. We start with skew polynomial rings, determine 
their global dimension and then compute their Grothendieck and projec­
tive Grothendieck groups. In particular, we obtain the Hilbert Syzygy 
Theorem in the commutative case. Next, we offer an affirmative solution 
to the Serre' Conjecture and, in fact, we determine all the projective mod­
ules of these polynomial rings. Finally, we use generic flatness to prove 
the Hilbert Nullstellensatz for almost commutative algebras. 

In Part III, "Injective Modules," we start with injective analogs of 
projective results, but quickly move on to intrinsically injective proper­
ties. In particular, we study the maximal ring of quotients and use it to 
prove the existence of the classical ring of quotients. We then obtain the 
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Preface 

Goldie Theorems, study uniform dimension, and characterize the injective 
modules of Noetherian rings. We close with basic properties of reduced 
rank and determine when Artinian quotient rings exist. 

This book contains numerous exercises for the student and ends with 
a list of suggested additional reading. 

In closing, I would like to express my thanks to a number of people. 
First, to my friends Larry Levy, Martin Lorenz, Jim Osterburg, and Lance 
Small for their input and helpful criticism. Second, to Mike Slattery, who 
attended the first course I gave on this subject and who offered me a copy 
of his class notes. I suspect he will be rather surprised at the direction in 
which this course evolved. Third, to Irving Kaplansky, who introduced 
noncomputational homological algebra. These notes are written in the 
spirit of his book "Fields and Rings." Finally, my love and appreciation 
to my family Marj, Barbara, and Jon for their enthusiastic support of this 
project. I couldn't have done it without them. 

Madison, Wisconsin 
November, 1990 

Donald S. Passman 
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Part I 

P rojective Modu les 





1 .  Mod u les a nd Homomorph isms 

In this book we will take a module theoretic stroll through various as­
pects of commutative and noncommutative ring theory. We assume that 
the reader has some familiarity with basic ring theoretic concepts such 
as ideals and homomorphisms. But we make no such assumption regard­
ing modules. Indeed, in this chapter we begin with basic notions and 
some elementary observations. In particular, we define R-module and R­
homomorphism and prove the three fundamental isomorphism theorems. 

DEFIN ITION It will be necessary to use both right and left function notation. 
To be precise, let X, Y, and Z be sets and suppose a: X --+ Y and 
f3: Y --+ Z are maps. Then right notation means that the image of x E X 
under a is written as xa E Y or, in other words, a: x H xa. We the:p. 
denote the function composition first a then f3 by af3: X --+ Z so that, by 
definition, 

x(af3) = (xa)f3 for all x E X 

Of course, af3 is the unique function that makes the diagram 

X Y 

Z 

commute. 

3 



4 Part I .  Projective Modules 

We note that a diagram of functions and their domains is said to 
commute if all paths from one domain to another yield the same answer. 
Thus for example 

X � Y 

u o 
--+ v 

commutes if and only if aT = (J'O. 
Similarly, left notation uses a: x 1-+ ax or perhaps a: x 1-+ a(x) for 

all x E X. Here the composition first a then f3 is denoted by f3a: X � Z 
so that, by definition, 

(f3a)x = f3(ax) for all x E X 

Again f3a is the unique function that makes the diagram 

X � Y 

z 

commute. 
In either �ase, composition is an associative operation. Thus, for 

example, if "'(: Z � U and if we use right notation, then for all x E X, 

x(af3h) = (x(af3)h = (xa)f3h 

and, similarly, 

x(a(f3"'()) = (xa)(f3"'() = (xa)f3h 

Thus (af3h = a(f3"'() and both these functions can be described as first 
a then f3 then "'(. 

We will freely use both right and left function notation throughout 
this book. The particular choice will always be clear from context. 

DEFINITION Now let V and W be additive abelian groups. A map a: V � W 
is said to be a homomorphism if 
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The set of all such homomorphisms is denoted by Hom(V, W). If a, f3 E 
. Hom(V, W), we define their sum a + f3: V -+ W by 

v (a + f3) = va + v f3 for all v E V 

It follows easily that a+f3 E Hom(V, W) and that, in this way, Hom(V, W) 
becomes an additive abelian group. Indeed, the zero map is given by 
vO = 0 for all v E V and the negative of a satisfies v(-a) = -(va) . 

When W = V, we call a: V -+ V an endomorphism of V and write 
End(V) = Hom(V, V). In this case, if a, f3 E End(V), then the composite 
af3: V -+ V is easily seen to be an endomorphism. Thus af3 E End(V) 
and, in this way, End(V) becomes a ring with 1. Here v1 = v for all 
v E V. Of course, there are also analogous structures determined by left 
function notation. 

DEFINITION Let V be an additive abelian gr:oup and let R be a ring with 1 .  
Then V is said to be a right R-module if and only if there exists a map 
V x R -+ V, written multiplicatively as (v , r) H vr, such that 

i. (Vi + v2 )r = Vir + V2r, 
ii. v(ri + r2) = VTi + VT2 , 
iii. V(TiT2) = (VTi)T2 , and 
iv. v1 = v 

for all v, Vb V2 E V and T, ri, T2 E R. We will sometimes write V = VR 
to stress the right action of R. Note that if R is a field, then a right 
R-module is precisely a right R-vector space. 

Similarly, V is a left R-module if and only if there exists a multi­
plicative map R x V -+ V satisfying. 

.. / 
11 • 
... , 111 • 

i' . T(Vi + V2) = TVi + TV2 , 
(Ti + T2)V = TiV + T2V ,  
(TiT2)V = Ti(T2V) , and 

iv' . 1v = v 

for all V, Vi, V2 E V and r, ri, T2 E R. In this case we write V = RV to 
indicate the left action of R. The meaning of these sets of axioms will 
become clear in Lemma 1 .1 ,  but first a few comments are in order. 

In this book, all rings are assumed to have a 1. Indeed, if R and S 
are rings, then R � S means that R is a subring of S with the same 1. 



6 Part I .  Projective Modules 

Furthermore, if 0: R � S is a ring homomorphism, then we insist that 
0(1) = 1. R-modules satisfying (iv) or (iv') are sometimes said to be 
unital. Here we assume throughout that all modules are unital. 

LEMMA 1.1 If V is a right R-module and r E R, define OCr): V � V by 
vO(r) = vr. Then 0: R � End(V) is a ring homomorphism. Conversely, 
suppose V is an additive abelian group and that ¢: R � End(V) is a ring 
homomorphism". If we define vr = v¢( r) for all v E V and r E R, then V 
becomes an R-module. 

PROOF Assume that V is an R-module. Then (i) says that OCr) E 
End(V), whereas (ii) , (iii), and (iv) assert that 0: R � End(V) is a ring 
homomorphism. . 

Conversely, suppose V is an additive abelian group and that ¢: R � 

End(V) is a ring homomorphism,. Since ¢(r) E End(V) , (i) is satisfied 
and, since ¢ is a ring homomorphism, (ii), (iii), and (iv) follow. 0 

In other words, V is an R-module if and only if there is an appro­
priate ring homomorphism from R to End(V). This homomorphism is 
called the representation of R associated with V. 

DEFINITION Now let V and W be right R-modules. A map a: V � W is said 
to be an R-homomorphism if a is a homomorphism satisfying 

a(vr) = (av)r for all v E V, r E R 

In other words, first applying r and then a is the same as first a and then 
r. Thus the latter formula is actually a commutativity condition that 
translates to an associative law once we write a on the left. The set of 
all such a is a subset of Hom(V, W) denoted by HomR (V, W). Indeed, it 
is easy to see that HomR(V, W) is a subgroup of Hom(V, W). In case R 
is a field, HomR(V, W) is clearly the set of R-linear transformations from 
V to W. 

Next, a:  V � W is an R-isomorphism if it is an R-homomorphism 
which is one-to-one and onto. If such an isomorphism exists, we say 
that V and W are R-isomorphic and we write V � W or VR � WR. 
Obviously � is an equivalence relation and isomorphic modules are "es­
sentially the same." When V = W, an R-homomorphism is said to be 
an R-endomorphism and an R-isomorphism is an R-automorphism. The 
set of all such R-endomorphisms of V is EndR(V) and this is a subring 
of End(V). Furthermore, V is clearly a left EndR(V)-module. 

There are, of course, analogous definitions for left R-modules, in 
which case we write the R-homomorphisms on the right. However, for 
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the most part we will restrict our attention to right modules and we will 
not bother to state the obvious left analogs. We now list some additional 
notation and a few simple observations. 

First , if V is an R-module, then W � V is an R-submodule if W is 
an R-module with the same addition and multiplication. It is clear that 
W is a E!ubmodule if and only if it is a nonempty subset of V closed under 
+ and under multiplication by R. Note that R itself is a right R-module 
called the regular module and the submodules of RR are precisely the 
right ideals of R. 

Next, if V and W are R-modules, then so is their external direct sum 
V$ W once we define (v $w)r = vr$wr for all v E V, w E  W and r E R. 
In a similar manner, if { Vi  l i E  X }  is a family of R-modules, then there 
is a natural R-module structure on the external weak direct sum $ L:i Vi.  
Specifically, the elements of $ L:i Vi are all the infinite tuples $i Vi with 
Vi E Vi and with only finitely many of the Vi not zero. Furthermore, 
addition and inultiplication by r E R are defined in a componentwise 
fashion, so that ($i Vi ) + ($i vD = $dVi + vD and ($i vi)r = $dvir) . 
The modifier "weak" is used here to signify that almost all the components 
in each element $i Vi are zero. Since our direct sums .are almost always 
of this type, we will usually delete the modifier unless there is a need 
for emphasis. Strong direct sums, where the assumption on components 
being zero is dropped, will he considered in Chapter 21. 

Now if Wl and W2 are submodules of V, then so are W1 n W2 and 

Moreover if W1 n W2 = 0, then the map 0: W1 $ W2 -+ W1 + W2 given by 
Wl $ W2 1-+ Wl + W2 is an R-isomorphism. Thus W1 + W2 is an internal 
direct sum, which we denote by Wl -+- W2. 

Finally, if 0: V -+ V' is an R-homomorphism, then Im(O) = OV, 
the image of 0, is an R-submodule of V' . Similarly, the kernel of 0, 
Ker( 0) = { V E V I Ov = 0 } ,  is an R-submodule of V. Of course, 0 is onto 
if and only if Im(O) = V' and 0 is one-to-one if and only if Ker(O) = O. 
The following result shows that any submodule of V is the kernel of a 
homomorphism; 

LEMMA 1.2 Let W be an R-submodule of V. Tben VjW bas an R-module 
stucture sucb tbat tbe natural map v: V -+ V jW is an R-bomomorpbism 
onto witb Ker(v) = W. 

PROOF Since W is an additive subgroup of V, we know that V jW can 
be given the structure of an additive abelian group. Here, of course, V jW 
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consists of the distinct cosets W + v with v E V and the addition in V jW 
is defined by (W + Vi ) + (W + V2) = W + (Vi + V2) . Furthermore, the 
natural map v: V -+ V jW given by v( v) == W + v is an epimorphism with 
kernel W. 

Now observe that (W + v)r = Wr + vr � W + vr for all v E V and 
r E R. Thus (W + v)r is contained in a unique coset, namely W + vr, 
and this allows us to define (W + v)r = W + vr unambiguously in VjW. 
We then have v(v)r = (W + v)r = W + vr = v(vr) and it follows, by 
applying v to the module conditions of V, that V jW is also an R-module 
and that v is an R-homomorphism onto with kernel W. b 

Note that VjO � V. The next result shows that if (J: V -+ V' is an 
R-homomorphism and if W -+ 0, then (J factors through VjW. 

PROPOSITION 1.3 Let (J: V -+ V' be an R-bomomorphism and suppose W is a 
submodule of V contained in tbe kernel of (J. Tben tbere exists a unique 
R-bomomorpbism 'f}: VjW -+ V' sucb tbat tbe diagram 

V 8 ---+ 

VjW 

commutes. Tbus (J = 'f}v. 

V' 

PROOF Since (J(W) = 0, we have (J(W +v) = (Jv E V' for all v E V. Thus 
in VjW, we can define 'f}(W + v) = (J(W + v) = (Jv unambiguously and it 
follows easily that 'f}: VjW -+ V' is an R-homomorphism. Furthermore, 
'f}v(v) = 'f}(W + v) = (Jv, so 'f}V = (J. 0 

We can now describe all the homomorphic images of an R-module 
V and indeed all the homomorphisms emanating from that module. 

THEOREM 1.4 (First Isomorphism Theorem) Let (J: V -+ V' be an R-bomo­
morpbism onto. If W is tbe kernel of (J, tben tbere exists a unique R­
isomorphism 'f}: V jW -+ V' sucb tbat tbe diagram 

V () ---+ 

VjW 

V' 
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commutes. In particular, V' � V/W and 'f}V = O. 

PROOF Since W = Ker(O) , we have O(W) = 0 and the previous propo­
sition implies that an appropriate map 'f}: V /W -+ V' exists. We need 
only show that 'f} is one-to-one and onto and the latter follows because 
0 =  V'f] is onto. Finally, if W + v E Ker('f}) , then 0 = 'f}(W + v) = Ov, so 
v E Ker(O) = W. Thus W + v = W + 0 is the zero element of V/W, so 
Ker('f}) = 0 and 'f} is one-to-one. 0 

We note that if 0: V -+ V' is an R-homomorphism and if W � 
V, then 0: W -+ V', the restriction of 0 to W, is certainly also an R­
homomorphism. 

THEOREM 1.5 (Second Isomorphism Theorem) Let tv and X be R-submodules 
of V. Then 

(W + X)/W � X/(W n X) 

PROOF We assume for convenience that V = W + X and we let v: V -+ 
V/W be the natural map. Then V/W = v(W + X) = v(X), so the 
restriction· v' : X -+ V /W is onto. Furthermore, the kernel of the latter 
map is the set of those elements of V that both map to 0 and belong to 
X. Thus Ker(v') = W n X and the First Isomorphism Theorem implies 
that 

X/(W n X) � V/W = (W + X)/W 

as required. o 

THEOREM 1.6 (Third Isomorphism Theorem) Let X � W be R-submodules of 
V. Then 

V/X 
�V/W 

W/X 

PROOF The natural map v: V -+ V /W sends X to 0 and therefore, by 
Proposition 1.3, it can be factored through V/X. In other words, we 
have an R-epimorphism 'f}: V / X -+ V /W given by 'f}: X + v H W + v. 
Now clearly X + v E Ker('f}) if and only if v E W and hence if and only if 
X + v E W / X. Thus Ker( 'f]) = W / X and the First Isomorphism Theorem 
again yields the result. 0 
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An R-module V is said to be cyclic if it has one generator, that is 
if V = voR for some Vo E V. Similarly, V is finitely generated if it has 
finitely many generators, that is if V = viR + V2R + . . .  + vnR for finitely 
many Vi E V. It is clear that a homomorphic image of a cyclic or finitely 
generated module is again cyclic or finitely generated. Furthermore, we 
have: 

LEMMA 1.7 An R-module V is cyclic if and only if V � R/ I for some rigbt 
ideal I of R. 

PROOF Clearly R/ I is cyclic, being generated by the element I + 1. 
Conversely, if V = voR, then the map 0: R -+ V given by T H VOT is easily 
seen to be an R-homomorphism onto. If I = Ker( 0) = { T E R I VOT = 0 },  
then I is a right ideal of R and Theorem 1.4 implies that V � R/I. 0 

We close this chapter with two basic properties of the lattice of 
submodules of an R-module. 

LEMMA 1.8 Let 0: V -+ V' be an R-bomomorpbism onto and for any submodule 
W' of V' let 

0-1 (W') = { V E V I Ov E W' } 

Tben tbe maps 0: W H O(W) and 0-1 :  W' H 0-1 (W') yield .a one-to-one 
in,c1usion preserving correspondence between tbose submodules W of V 
containing Ker( 0) and all submodules W' of V'. In particular, tbese maps 
respect sums and intersections. 

PROOF It is clear that 0-1 (W') iEl an R-submodule of V containing 
Ker(O) . Moreover, since 0: V -+ V' is onto, we have O (O-l(W')) = W'. 

Conversely if W is a submodule of V containing Ker(O) , then O(W) 
is certainly a submodule of V' . Moreover, if v E V with Ov E O(W) , then 
Ov = Ow for some w E W and thus v - w E  Ker(O) . But Ker(O) � W, so 
we conclude that v E W and hence that 0-1 (O(W)) = W. 

It follows that the maps 0 and 0-1 do indeed yield a one-to-one 
correspondence between the appropriate sets of submodules. 0 

LEMMA 1.9 (Modular Law) Suppose A, B and C are submodules of V witb 
A;2 B. Tben: 

i. A n  (B + C) = B + (A n C) . 
ii. If A + C = B + C and A n  C = B n C, tben A = B. 
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PROOF (i) It is clear that A n  (B + C) ;2 B + (A n C) . Conversely, let 
x E An(B+C) ,  so that x = a = b+c for suitable a E A, b E  Band c E C. 
Then c = a-b E A, since B � A, so c E AnC and x = b+c E B+ (AnC). 

(ii) By assumption and (i) we have 

A = A n (A + C) = A n (B + C) 
= B + (A n C) = B + (B n C) = B 

so the result follows. o 

EXERCISES ____________________________________ ___ 

1. Suppose V is an additive abelian group and that there exists a mul­
tiplicative map V x R -+ V satisfying conditions (i), (ii) , and (iii) of 
the definition of an R-module. Prove that V = Vo + VI, where Vo 
and Vi are the additive subgroups given by Vo = { v  E V I vI = O} 
and Vi = { v E V I vI = v}. Deduce that VoR = 0 and that Vi is a 
(unit�l) R-module. 

2. Let () : G -+ H be a homomorphism of groups. Prove that () sends 
the identity of G to the identity of H ahd that it sends inverses to 
inverses. 

3. If V is a right R-module, prove that vO = 0 = Or for all v E V and 
r E R. Furthermore, show that (-v)r = -(vr) = v( -r) . 

4. Let W be a subset of V. Prove that W is a submodule if and only if 
it is nonempty, closed under + and closed under multiplication by R. 
If X and Y are submodules of V,  show that X n Y and X + Yare 
also sub modules. 

5. Let V and W be additive abelian groups. Verify that Hom(V, W) is 
an additive abelian group and that End(V) is a ring. If V and W are 
R-modules, verify that HomR(V, W) is a subgroup of Hom(V, W) and 
that EndR(V) is a subring of End(V). 

6. If V and W are vector spaces over the field K, observe that they 
are K-modules and describe HomK(V, W) and EndK(V). Be more 
specific in case dimK V = n < 00 and dimK W = m < 00. 

7. Show that the diagram 

A B C 

A' rT' 
--+ B' r' 

--+ C' 
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commutes if and only if each of the smaller squares commutes. What 
is the obvious generalization of this fact? 

8. Suppose 

A � B 

cd 1.8 

A' (T' 
� B' 

is a commutative diagram of R-modules and of R-homomorphisms. 
Prove that a: Ker( 0') -+ Ker( 0" ) and furthermore that (3 induces a 
map {J: B /Im( 0') -t B' /Im( 0" ) . Here B /Im( 0') is called the cokernel 
of 0'. 

9. Let V be a nonzero finitely generated R-module . Prove that V has a 
maximal submodule W . By this we mean that W ::j:.  V and that there 
are no submodules contained properly between W and V. Show by 
example that this result is false for arbitrary nonzero V. 

10. If the collection of subspaces of the K-vector space V satisfies either 
distributive law A + (B n C) = (A + B) n (A + C) or A n  (B + C) = 

(A n B) + (A n C), show that dimK V ::; 1. 



2 .  P rojective M od u les 

As we will see, there are a number of important classes of R-modules with 
names such as free, projective, flat, injective, completely reducible, and 

.. simple. Our goal in this chapter is to introduce the first two. For this, 
we begin with some notation concerning sequences of homomorphisms. 

DEFIN ITION Let R be a ring. Then the sequence 

of R-modules and R-homomorphisms is said to be a zero sequence, or 
a complex, if the composition of adjacent homomorphismS is always the 
zero map. Thus, for example, the homomorphisms a and (3 that go into 
and out of B must satisfy (3a = 0 or, equivalently, Ker((3) ;2 Im(a). 

Now suppose that the preceding is a zero sequence. If Ker((3) = 

Im( a), then the sequence is said to be. exact at B. Furthermore the 
sequence is exact if it is exact at all such interior modules B. In particular, 

is exact if and only if a is one-to-one (an R-monomorphism) �nd 

is exact if and only if (3 is onto (an R-epimorphism) . Thus 

13 



14 Part I. Projective Modules 

is a short exact sequence if and only if G = Im(,8) � B /Ker(,8) and 
Ker(,8) = Im(a) � A. In other words, if W is an R-submodule of V, then 
the natural map 1/: V ----+ V /W gives rise to the short exact sequence 

o ----+ W ----+ V � V /W ----+ 0 

Now suppose X and Yare R-modules and let XEEl Y be their external 
direct sum. Then we have maps 

1rx: X EEl Y ----+ X 

1ry: X EEl Y ----+ Y 

given by 

given by 

which are R-epimorphisms and 

'f/x: X ----+ X EEl Y 

'f/Y: Y ----+ X EEl Y 

given by 

given by 

which are R-monomorphisms. Clearly 1rx'f/x = lx, the identity map on 
X, and 

o ----+ X tlx 
I ·X EEl Y 'ffy I Y ----+ 0 

is exact. 
Furthermore, the latter sequence has back maps, namely the maps 

1r X and 'f/y in the following diagram. 

7lx 'ffy 0----+ X ( 'X EEl Y( Iy----+O 
'lrX 7ly 

Here, of course, 1rx'f/x = 1x and 1ry'f/y = 1y. This motivates the follow­
ing: 

DEFINITION The short exact sequence 

O----+A � BLG----+o 

is said to be split if either 
i. There exists ,: G ----+ B with ,8, = 10, or 

ii. There exists 0: B ----+ A with oa = 1A. 
The R-homomorphism , or 0 is called a backmap or a splitting backmap. 
As we will see in Lemma 2.2, conditions (i) and (ii) are, in fact, equivalent. 
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LEMMA 2.1 Let X and Y be R-modules. 
i. If there exist R-homomorphisms 0' and r with 

(]' 
X( ly and O'r = ly 

T 

then X = Ker(O') + !m(r) and Im(r) � Y. Thus Y I Xi that is, Y is 
isomorphic to a direct summand of X. 

ii. Conversely, if Y is isomorphic to a direct summand of X, then 0' 
and r exist as before with O'r = ly. 
PROOF (i) Let x' E Ker(O') nIm(r). Then x' = ry' for some y' E Y and 
0 =  O'x' = O'ry' = y'. It follows that x' = rO = 0, so Ker(O') n Im(r) = O. 
Now let x E X be arbitrary and observe that x = (x - rO'x) + rO'x. Of 
course, rO'x E Im( r) and we have 

O'(x - rO'x) = O'X - (O'r)O'x = O'X - O'X = 0 

so x - TUX E Ker(O'). Thus x E Ker(O') + Im(r) and X = Ker(O') + Im(r). 
Finally, since O'r = ly, we see that r is one-to-one, so Y � Im(r) as 
required. 

(li) Conversely, suppose X = V + W with V � Y. If a: V ..... Y is 
the given isomorphism, define 0': X ..... Y by 0' = ml"V and r: Y ..... X by 
r = 'T]va-1. Then O'r = a(1rv'T]v)a-1 = aa-1 = ly as required. 0 

As a consequence we have: 

LEMMA 2.2 If 

O ..... A�BLc ..... o 

is a split short exact sequence, then B � A EEl C. In particular, (3 has a 
backmap if and only if a does. 

PROOF There are two cases to consider. Suppose first that '"'I: C ..... B 
exists with (3'"'1 = Ie. By the previous lemma, B = Ker((3) + Im( '"'I ) 
and Im( '"'I) � C. Thus, since Ker((3) = !m( a) � A, we conclude that 
B � A EEl C. Furthermore, we obtain a backmap for a by first projecting 
B into Im(a) and then following with aol, where a o  is the isomorphism 
a:A ..... Im(a). 

On the other hand, suppose 8: B ..... A exists with 8a = lAo Again the 
previous lemma yields Im( a) � A and B = Im( a) + Ker( 8). Furthermore, 

Ker(8) � B/Im(a) = B/Ker((3) � C 
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and therefore B = Im( a) + Ker( 6) � A EEl G. Indeed, the restricted map 
(30 given by (3: Ker(6) --+ G is an isomorphism and therefore (301 is a 
backmap for (3. 0 

We now come to the first key: 

DEFINITION An R-module F is said to be free if it has a free basis {li l i E  I }. 
By this we mean that every element of F is uniquely writable as a finite 
sum L:i liri with ri E R. A familiar examJ?le here is, of course, a vector 
space over a field; vector spaces always have free bases. The following two 
lemmas are essentially obvious. The first is the module analog of the fact 
that a vector space of dimension n is isomorphic to the set of n-tuples 
over the field. The second asserts that homomorphisms from free modules 
exist and are determined by the images of the basis. 

LEMMA 2.3 Let F be an R-module. 
i. F is free if and only if it is isomorphic to EEl L:i RR, a weak direct 

sum of copies of the regular module RR. 
ii. If F is free and finitely generated, then every free basis for F is 

finite. 
iii. If F is free and not finitely generated, then all free bases for F 

have the same infinite size. 

PROOF (i) If F has the free basis { fi l i E  I} ,  then it -is easy to see that 
the map EEl L:iEI RR --+ F given by EEli ri f--+ L:i lin is an R-isomorphism. 
Conversely, if F' = EEl L:jE.1 RR, then F' has the free basis { fj I j E :r}, 
with fj having a 1 in the jth component and zeros elsewhere. 

(ii) Suppose {li  l i E  I }  is a free basis for F and let F be generated 
by V1 , V2 , '  • •  , Vn. Since each Vj can be written in terms of finitely many 
basis elements, we see that all Vj involve only finitely many of the k It 
follows that the latter collection of fi 'S generates F and hence must be 
the entire basis. 

(iii) First, (ii) implies that all bases for F are infinite. Now let A 
and B be two such bases. As before, each b E B can be written as an 
R-linear combination of finitely many members of A. Thus all elements 
of B can be written in terms of the members of a subset A' of A with 
IA' I  ::;; �o IB I · Since B generates F, it follows that A' also generates F 
and then uniqueness of expression implies that A' = A. We conclude that 
IAI ::;; �o IBI = IB I ,  since B is infinite. By symmetry, I BI ::;; IAI and the 
result follows. 0 

It is clear from (i) that R has free modules with basis of arbitrary 
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size and that a weak direct sum of free R-modules is again free. 

LEMMA 2.4 Let R be a ring. 

17 

i. Let F have free basis {fi l i E  I }  and let V be an R-module. If 
Vi E V are chosen arbitrarily, then there exists a unique R-homomorpbism 
e: F � V with fi H Vi . 

ii. Every module is a homomorphic image of a free module. 
iii. Every finitely generated module is a homomorphic image of a 

finitely generated free module. 

PROOF (i) By uniqueness of expression, the map e: F � V given by 
Ei fiTi H Ei ViTi is well defined and sends each fi to Vi . Note that the 
sums here are finite. It is now easy to see that e is an R-homomorphism. 

(ii) , (iii) If { Vi l i E  I }  is a generating set for V, possibly all of V, 
choose a free R-module F with basis { fi l i E  I }. The map e: F � V 
defined by fi H Vi is then an R-epimorphism. Of course, if V is finitely 
generated, then we can take the index set I to be finite. 0 

If F is a free R-module with basis { fi l i E  I }, then the rank of 
F, rank F, is defined to be the size of the index set I. It follows from 
Lemma 2.3(iii) that the rank of F is well defined if it is infinite. On the 
other hand, unlike the ordinary vector space situation, finite ranks need 
not be uniquely determined by F. We will briefly consider some aspects 
of this shortly. As we will see, the problem translates precisely to the 
question of whether there exist nonsquare invertible matrices over R. To 
be precise, we say that an n x m matrix A is invertible oveT R if there 
exists an m x n matrix B with entries in R such that AB = I n, the n x n 
identity matrix, and BA = 1m. If R is a field, then all invertible matrices 
must be square, but for general rings anomalies do exist. The following 
is a familiar property of the change of basis matrix. 

LEMMA 2.5 Let F be a free R-module with basis { h , 12; ... , fn } and l�t 
gl , g2 , " "  gm be elements of F. If ai,j E R with gj = Ei fiai,j for all 
1 ::; j ::; m, then { gl , g2 , . . . , gm } is a free basis for F. if and only if the 
n x m matrix A = ( ai,j ) is invertible over R. 
PROOF For convenience, we let F denote the 1 x n row matrix given by 
( h  12 .. . fn ) and similarly we set 9 = ( gl g2 . . . gm ) .  Then, 
by definition of A, we have 9 = FA. 

. 

Suppose first that { gl , g2 , " " gm } is also a free basis. Then we can 
write F = gB for a unique m x n matrix B with entries in R. It follows 
that F = gB = F(AB),  so uniqueness of expression yields AB = I n. 
Similarly, 9 = FA = 9(BA), so BA = 1m. 
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Conversely suppose A is invertible with inverse B. Then we have 
QB = .1'(AB) = .1', since AB = In, and it follows that { gl , g2 , . . .  , gm } is 
at least a generating set for F. Finally, let R be any m x 1 column matrix 
of elements of R with QR = O. Then 0 = QR = .1'(AR) , so freeness 
implies that AR = O. But then R = (BA)R = BO = 0 and we conclude 
that { gl , g2 , · · · , gm } is indeed a free basis. 0 

DEFINITION The ring R is said to have invariant basis number, or IBN, if 
all finitely generated free R-modules have unique rank. In view of the 
preceding lemma, this occurs if and only if invertible matrices over R are 
necessarily square. This characterization allows us to easily prove: 

LEMMA , 2.6 Let R and S be rings and suppose that S has IBN. If either 
i. There is a homomorphism from R to S, or 
ii. R is a subririg of S, or 
iii. R is commutative, 

then R has IBN. 

PROOF (i) There is an obvious extension of 0: R --+ S to a map from 
the matrices of R to those of S. Furthermore, this map clearly preserves 
addition and multiplication when defined and, since 0(1) = 1, it follows 
that o(In) = In. Now suppose that A is an n x m invertible matrix over 
R with inverse B. Then by the preceding observations, it is clear that 
o(A) is an invertible matrix over S with inverse o(B). But S has IBN, so 
we conclude that n = m and hence R has IBN. 

' 

(ii) This follows immediately from (i) , since the identity map is a 
suitable homomorphism from R to S. 

(iii) Since R is commutative, if M is a maximal ideal of R� then RIM 
is a field. But we know that any field has IBN, so the result again follows 
from (i) . 0 

Additional facts of this nature as well as some examples of interest 
are contained in the exercises. We now come to the second key: 

DEFINITION An R-module P is projective if whenever 

P 

La 

V L W --+ O 
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is given with the bottom row exact, then there exists an R-homomorphism 
"'(: P � V that makes the diagram commute. That is, given any R­
epimorphism (3: V � W and any R-homomorphism a: P � W, there 
exists "'(: P � V with (3"'( = a. As we will see, there is a close relationship 
between projective and free R-modules . To start with, we have: 

LEMMA 2.7 Let P be an R-module and suppose that either 
i. P is free, or 
ii. P is isomorphic to a direct summand of a projective module. 

Then P is projective. 

PROOF Suppose we are given 
P 

La 

V L W � 0 

(i) Let {Ii l i E  I }  be a free basis for P. Since ali E W and (3 is an 
epimorphism, there exists Vi E V with (3vi = afi, Now define "'(: P � V 
by "'(: Ii H Vi' Then ((3"'()1i = (3vi = ali and hence fh = a. 

(ii) Here we suppose that P is isomorphic to a direct summand of 
the projective module Q. Then by Lemma 2.1(ii) we have 

0-
P+==Q with TO' = Ip 

T 

Since Q is projective and aT: Q � W, it follows that there exists "'(: Q � V 
with (3"'( = aT. But then (3("'(0') = a(TO') = a, so ,0': P � V is the 
required map. 0 

We can now quickly characterize projective modules. 

THEOREM 2.8 Let P be an R-module. The following are equivalent. 
i. P is a projective R-module. 
ii. Every short exact sequence 0 � A � B � P � 0 splits. 

iii. P is isomorphic to a direct summand of a free R-module. 

PROOF (i) :::Hii) The short exact sequence gives rise to the diagram 

P 

� 0 
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where (3 is the given epimorphism. Hence, since P is projective, there 
exists a map ,: P ----+ 13 with (3, = Ip and, by definition, the sequence 
splits. 

(ii) :::}(iii) If we choose a free module F that maps onto P, then 
we obtain a short exact sequence 0 ----+ A ----+ F ----+ P ----+ O. By (ii), this 
sequence splits and hence, by Lemma 2.2, P is isomorphic to a direct 
summand of F. 

(iii) :::}(i) This follows from both parts of the preceding lemma. 0 

Notice that the module A in (ii) above is irrelevant. Thus P is 
projective if and only if for every R-epimorphism (3: B ----+ P, there exists 
a back map ,: P ----+ B with (3, = Ip. We close this chapter with a few 
simple observations. 

LEMMA 2.9 Let R be a ring. 
i. Every R - module is a homomorphic image of a projective R­

module. 
ii. Every finitely generated R-module is a homomorphic image of a 

finitely generated projective R-module. . 
iii. A weak direct sum of projective R - modules is projective. 

PROOF Parts (i) and (ii) follow from Lemma 2.4(ii)(iii) since any free 
module is projective. Part (iii) follows from the preceding theorem, since 
a weak direct sum of free R-modules is free. 0 

EXERCISES ____________________________________ ___ 

1. It is important to observe that certain properties are isomorphism 
invariants. Prove that a module isomorphic to a free module is free 
and that a modlile isomorphic to a projective module is projective. 

2. Let 

A ----+ B ----+ 0 

A' ----+ B' ----+ 0' 

be a commutative diagram of modules and homomorphisms with Cl!, (3 
and , isomorphisms . Prove that the first row is exact if and only if 
the second row is. 

3. Suppose the commutative diagram 
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A - B - C  - D - E  

A' - B' - C' - D' - E' 
has exact rows. If Cl!, (3, 8 and € are isomorphisms, prove that T is 
also. This is known as the Five Lemma. 

4. Prove that R has IBN if either (i) all finitely generated subrings of 
R have IBN or (ii) R has a subring S with IBN such that Rs. is 
a finitely generated free S-module. In particular, the latter applies 
when R = M n{S). 

5. Let R be a ring and let A be an additive abelian group. An additive 
homomorphism r: R - A is said to be a trace map if r{rs) = r{sr) 
for all r, s E R. Show that r extends naturally to a map from the 
set of square matrices of R to A and that this extended map satisfies 
r(AB) = r(BA) for all n x m matrices A and m x n matrices B. If 
r{n· 1) # 0 for all integers n> 0, prove that R has IBN. 

6. Suppose R is the ring of linear transformations on an infinite dimen­
sional K-vector space with basis { Vo, Vb V2" " } ' Show that RR � 
RR EEl RR using shift maps on the basis to construct an appropriate 
2 x 1 invertible R-matrix. 

7. Let K be a field and let X be a set of variables. Then the free K­
algebra K(X) is defined just like the polynomial ring K[X] except 
that the variables do not commute. In particular, K(X) has a K-basis 
consisting of all formally distinct words in the variables and it follows 
easily that this ring has no zero divisors. Prove that R = K (X) has 
IBN by constructing a homomorphism from R to K. Then show that 
!X!2: 2 implies that the regular module RR contains a free sub module 
of infinite rank. 

8. Give a proof, directly from the definition, that a weak direct sum of 
projective modules is projective. The result is false for strong direct 
sums, as we will see in Exercise 10. Where does the proof fail? 

In the remaining two problems, let 7L be the ring of integers and 
note that 7L-modules are precisely the same as additive abelian groups. 
If V is such a module, we say that V E V is infiniteiy divisible if the 
equation xn = v has solutions x E V for infinitely many integers n. 

9. If F is a free 7L-module, show that F has no nonzero infinitely divisible 
members. In particular, if Q is the field of rationals, show that Qz g F 
and deduce that Qz is not projective. 
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10. Now let V = n:l7Lz be the strong direct sum of count ably many 
copies of the regular 7L-module and suppose by way of contradiction 
that V is contained in a free 7L-module F with basis B. 

i. If W is the submodule of V consisting of all sequences that are 
eventually 0, observe that W � $ E:l7LZ and hence is countable. 
Deduce that there is a countable subset B' of B such that W � F', 
where F' is the free submodule of F generated by B'. 

ii. Now note that F" = FIF' is a free 7L-module that contains an 
isomorphic copy ofVI(VnF'). Furthermore, for each infinite sequence 
E = { Eb E2 , " ' }  of ± signs, let Ve E V be given by Ve = n:l EiiL 
Show that Ve + (V n F') is an infinitely divisible element of V I (V n F') 
and that some veis not contained in VnF', since the latter submodule 
is countable. 

iii. Obtain a contradiction from the preceding exercise and deduce 
that V cannot be contained in F. Conclude that a strong direct sum 
of projective 7L-modules need not be projective. 



3 .  Completely Red uc ib le Modu les 

If K is a field, then K-modules are vector spaces and hence have bases. 
Thus all K-modules are free and, in particular, projective. In this chapter 
we find other rings with this same property and, indeed, we characterize 
all such rings. To start with, we briefly consider completely reducible 
modules. 

DEFINITION Let R be a ring and let V be an R-module. Then V is said to be 
irreducible, or simple, if it is nonzero and has no proper nonzero submod­
ules. More generally, V is completely reducible if each of its submodules 
is a direct summand. This means that if W � V, then there exists 
U � V with V = W + u. Obviously, any simple R-module is completely 
reducible, but the converse is certainly not true. 

LEMMA 3.1 Submodules and homomorphic images of a completely reducible 
module are completely reducible. 

PROOF Let W be a submodule of the completely reducible module V 
and let X � W. Then X + U = V for some U � V and, since X � W, 
the Modular Law yields 

W = Wnv = Wn(X +U) = X + (WnU) 

Furthermore, the latter sum is direct since W n U � U. It follows that X 
is a direct summand of W and hence that W is completely reducible. 

Finally we note that V = W +Y, so VjW � Y. Since Y is completely 
reducible by the preceding, we conclude that V jW is also. 0 

Now suppose { Vi  l i E  X }  is a family of R-submodules of V and let 
W be the submodule of V that they generate. Then W clearly consists of 

23 
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all finite sums Ei Vi with Vi E Vi and we write W = Ei Vi. Furthermore, 
if Ei Vi' is naturally isomorphic to EEl Ei Vi, then we write W = . Ei Vi 
and we say that W is the internal direct sum of the Vi. Of course, the 
latter occurs if and only if Ei Vi = 0 with Vi E Vi implies that all Vi = O. 

LEMMA 3.2 Let V be an R-module and let { Vi  I i EX} be a family of irreducible 
submodules of V that generate it. If W is a submodule of V, then there 
exists a subset .1 � X such that 

W+ (. LVj) =V 
jE3 

PROOF Let S be the set of all subsets IC of X such that W + (. EkEK: Vk) 
is an internal direct sum. We note that S is nonempty, since 0 E S. 
Furthermore, the property of being a direct sum is finitary, so Zorn's 
Lemma implies that there exists a maximal element .1 E S. By definition, 
we know that Wi = W + (. EjE3 Vj) is a direct sum. 

Suppose by way of contradiction that W' # V. Then since V is 
generated by all Vi, it follows that there exists some Vk with Vk g; W'. 
But Vk is irreducible, so this implies that W' n Vk = 0 and hence that 
W' + Vk is a direct sum. In particular, if we set .1' = .1 U { k } ,  then W + 
(. EjE:Tt Vj) is also direct and hence .1' E S. This, of course, contradicts 
the maximality of .1 and thus W' = V as required. 0 

It is now a simple matter to characterize completely reducible mod­
ules. 

THEOREM 3.3 For an R-module V, the following are equivalent. 
i. V is a sum of irreducible submodules. 

ii. V is a direct sum of irreducible submodules. 
iii. V is completely reducible. 

PROOF The implication (i)::;.(ii) follows from the preceding lemma with 
W = 0 and (ii)::;.(iii) follows from the general case of that result. Thus we 
need only prove that (iii)::;.(i). To this end, let V be completely reducible 
and let S be the sum of all simple submodules of V. The goal is to show 
that S = V. If this is not the case, fix v E V \ s. 

By Zorn's Lemma we can choose a submodule M of V maximal 
with the properties 8 � M and v � M. Now V is completely reducible 
and clearly M # V, so V = M + U for some nonzero submodule U � 
V. Furthermore, since S � M, we know that U is not irreducible. In 
particular, we can let A # 0  be a proper submodule of U and then, since 



Chapter 3. Completely Reducible Modules 25 

U is completely reducible by Lernnia 3.1, we have U = A + B for some 
B"# o. It follows that V = M + A + B and, by the maximality of M, we 
see that v E M  +A and v E M  +B. But then v E (M +A)n (M +B) = M, 
a contradiction. Thus S = V and the theorem is proved. 0 

DEFINITION Let V be an R-module. Then a finite chain 

O= VO � Vl � "· � Vn=V 

of submodules is called a series for V. The factors of this series are the 
quotients Vi+l/Vi for i = 0, 1, . . . , n - 1  and the length of this series is n, 

the number of factors. Two such series are said to be equivalent if they 
have the same length and isomorphic factors in some order. 

The series 0 = Wo � WI � . . . � W m = V is said to be a refinement 
of the preceding if each Vi is some Wi'.' In other words, a refinement is 
obtained by adding more submodules to the series. 

LEMMA 3.4 (Schreier-Zassenhaus Lemma) Any two series for the R-module V 
have equivalent refinements. 

PROOF Suppose we are given the two series 

o = X o  � X 1 � . . . � Xn = V 
o = Y o  � Yi � . . . � Ym = V 

We can then refine the X -series by defining the submodules 

Xi, j = Xi + (Xi+l n Yj) 

for all i = 0, 1, ... , n - 1 and j = 0, 1, . . . , m - 1. Of course this formula 
also makes sense if i = n or j = m. Notice that for fixed i we have 

X· = X· 0 c X ·  1 C . . .  C X· -1 C X· = X '+1 t t,  _ t,  _ _ t,m _ t,m t 

It therefore follows that the Xi , rseries , ordered appropriately and with 
V on top, is indeed a refinement of the X �series. 

Since Xi+l,O = Xi,m, the factors of the Xi,rseries are all of the form 
Xi,j+l/ Xi,j for i = 0, 1, ... , n  - 1 and j = 0, 1, ... ,m - 1. Furthermore, 
by the Second Isomorphism Theorem and the Modular Law, we have 

Xi, j+l _ Xi + (Xi+l n Yj+l) _ Xi, j + (Xi+l n Yj+l) 
x;-:- - X· . - X· . z� .� z� 

,...., Xi+l n Yj+l = 
(Xi+l n Yj+l) n (Xi + (Xi+l n Yj)) 
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since Xi+1 n Yj+1 ;2 Xi+l n Yj and Xi n (Xi+l n Yj+1) = Xi n Yj+l' But 
note that the final expression for Xi,j+1/Xi,j is symmetric in Xi and Yj. 
Thus if we define Yi,j similarly by 

then Xi,j+1/ Xi,j � Yi+1,j /Yi,j and therefore the two refinements are 
equivalent. 0 

A composition series for V is a series 

O=Vo � Vi � · · · � Vn=V 

such that each factor Vi+1/Vi is irreducible. Needless to say, not every 
module has such a series. As an immediate consequence of the preceding 
lemma we have: 

THEOREM 3.5 (Jordan-Holder Theorem) Any two composition series for an R­
module V are equivalent, that is they have the same length and isomorphic 
factors. Furthermore, if V has a composition series, then any series for V 
with nonzero factors can be refined to a composition series. 

PROOF Let 0 = Vo � VI � '" � Vn = V be a composition series for V. 
Since Vi+1/Vi is simple, it follows from the Third Isomorphism Theorem 
that there are no R-submodules of V contained properly between Vi and 
Vi+1 ' Thus any refinement of the given composition series merely adds 
additional copies of the various Vi and therefore has the same nonzero 
factors as the original. With this observation, the Schreier-Zassenhaus 
Lemma clearly yields the result. 0 

If V has a composition series, then the common length of all such 
series is called the composition length of V and is denoted by len V. Sim­
ilarly, the factors from any such series are called the composition factors 
of V. To be precise, if 

0= Vo � VI � . . . � Vn = V 

is any composition series for V, then len V = n and the composition 
factors of V are VI/VO, V2/VI , . . .  , Vn/Vn-1 counting multiplicities. 

LEMMA 3.6 Let V be an R-module. 
i. Suppose W � V. Then V haEi a composition series if and only 

if both W and V /W have composition series. Furthermore, when this 
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occurs, then len V = len W + len V /W and the set of composition factors 
of V is the union of those of W and of V /W. 

ii. Suppose V = . :E�=I Wi is a direct sum of finitely many irre­
ducible submodules Wi. Then V has a composition series of length n 

with composition factors W I , W 2 , • • •  , Wn. 
. 

PROOF (i) We may clearly assume that W '# 0, V . Suppose first that 
V has a composition series. Then it follows from the preceding theorem 
that the series 0 � W � V can be refined to a composition series, say 
o = Vo � V I � .. . � Vn = V with V k = W. Clearly, 0 = Vo � V I � . . .  � 
V k = W is a composition series for W. Furthermore, if i � k, then 

and hence 

is a composition series for the module V /W . 
Conversely, suppose 0 = Wo � W I � . . .  � W k = W is a composition 

series for W and that 0 = V ti � V i � . . .  � V �  = V /W is one for VjW. 
If v: V -+ V jW denotes the natural map, let 

Vi = v-1 (V/) = { v E V Iv(v) E Vi' }  

be the complete inverse image of V !. Then, by Lemma 1.8, each Vi is a 
submodule of V containing W and Vi' = v(Vi) = Vi /W. Since 

we conclude that 

is a composition series for V . 
(ii) Now assume that V = . :E�=1 Wi and, for each j = 0, 1, ... , n, 

let Vj = . :E1=1 Wi. Then Vj+!/Vj � Wj+! is irreducible, so 
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is a composition series for V. Here n = len V and the composition factors 
are precisely WI, W2, • • • , Wn. 0 

DEFINITION Let V be an R-module. Then V satisfies the minimum condition, 
or min, if every nonempty collection of submodules of V has a minimal 
member. By this we mean that if F is a nonempty family of submodules, 
then there exists W E F such that W contains no other members of F. 

In addition, we say that V satisfies the descending chain condition, or 
d. c.c . , if every descending chain VI ;2 V2 ;2 . . .  of submodules eventually 
stabilizes. In view of the J ordan-Holder Theorem, any module with · a 
composition series necessarily satisfies d.c.c. 

It is easy to see that these two properties are in fact equivalent. To 
start with, suppose V satisfies min and let VI ;2 V2 ;2 . . .  be a descending 
chain of submodules. Then the collection { VI , V2, . . .  } contains a minimal 
member, say Vn, and the series stabilizes at n. 

Conversely, suppose V satisfies d.c.c. and let F be a nonempty col­
lection of submodules of V. Choose VI E F. If VI is not minimal, then 
there exists V2 E F with Vi � V2 . If V2 is not minimal, then we can find 
V3 E F with V2 � V3. Continuing in this manner, we either find a minimal 
member of F or we construct an infinite descending chain VI � V2 � . . .  
which does not stabilize. 

Modules satisfying min, or equivalently d.c.c., are called Artinian. 

DEFINITION A ring R is said to be right Artinian if the regular module RR 
satisfies d.c.c. In addition, R is a right Wedderburn ring if it is right 
Artinian and has no nonzero nilpotent right ideal. Here, of course, a 
subset X of a ring R is nilpotent if 0 = xn = X . X ... X for some 
n � 1. With either of the preceding ring theoretic properties, we usually 
delete the modifier "right" unless the side is in doubt; there are of course 
analogous definitions on the left. 

In any ring R, a nonzero right ideal I is said to be minimal if I 
contains no other nonzero right ideal. In particular, I is minimal if and 
only if IR is a simple right R-module. If R is Artinian, then the minimum 
condition guarantees that any nonzero right ideal of R contains a minimal 
one. 

LEMMA 3.7 Let V be an R-module. 
i. Suppose W � V. Then V is Artinian if and only if both W and 

V /W are Artinian. 
ii. Suppose { Wi l i E  I }  is a family of irreducible submodules of V 

and that V = . Ei Wi ' Then V is Artinian if and only if the index set I 
is finite. 
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iii. Let V be a finitely generated R-module. If R is Artinian, then 
so is V. Furthermore, if RR has a composition series, then so does V. 

PROOF (i) Suppose first that V is Artinian. Since any descending chain 
of submodules of W is also a chain of submodules of V, it follows that 
W inherits d.c.c. from V. Now let v: V -+ V /W be the natural R­
epimorphism and let Vi � V� � .. . be a descending chain of submodules 
of V /W. If Vi = V-I (Vi' ) ,  then v{Vi) = V !  and V I � V2 � ... is a de­
scending chain in V. But the latter chain must stabilize and hence, using 
v{Vi) = Vi', we conclude that the original one does also. 

Conversely, suppose W and V jW satisfy d.c.c. and let VI � V 2  � ... 
be a descending chain of submodules of V. Then 

(VI n W) � (V 2 n W) � .. . � (Vi n W) � ... 

is a descending chain of submodules of W and hence this chain must 
stabilize, say at p. Furthermore, 

VI + W  � V2 + W  � . . .  � Vi + W  � . . .  
W - W - - W -

is a descending chain of submodules of V /W and hence this chain must 
also stabilize, say at q. In particular, if t � p, q, then lit+! n W = lIt -n W 
and lit+! + W = lit + W. Thus since lit � lIt+b the Modular Law 
implies that lit = lit+! and we conclude that the original series does 
indeed stabilize. 

(ii) If I is finite, then V is Artinian by Lemma 3.6{ii). On the other 
hand, if I is infinite, then we can construct an infinite strictly descending 
chain of submodules of V by deleting one summand at 'a time from the 
direct sum V = . L: i Wi· 

(iii) Suppose first that RR is Artinian. Then, by (i) and Lemma 1. 7, 
every cyclic R-module is Artinian. We noW proceed by induction on the 
number of generators. If V = vIR+ V 2 R + · · · + vnR, then by induction we 
can assume that the submodule W = vIR+V 2 R + · · · + vn-IR is Artinian. 
But V /W is clearly generated by W + Vn and is therefore cyclic. Thus (i) 
now yields the result. Finally, if RR has a composition series, then the 
same argument, along with Lemma 3.6{i), completes the proof. 0 

We need one more simple observation. 

LEMMA 3.B Let I be a right ideal of the ring R. 
i. I = eR for some idempotent e E R if and only if I is a direct 

summand of RR. Furthermore, when this happens, we have I = eI. 
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ii. If I is a minimal right ideal, then either 12 = 0 or I = eR for 
some idempotent e. 

PROOF (i) If 1 =  eR, then R = eR+ (l -e)R = I + (l - e)R. Conversely, 
let R = 1 +  J and write 1 = e + I with e E l and I E J. If i E I, then 

i = (e + f)i = ei + Ii E 1 +  J 

and uniqueness of expression yields ei = i . It follows that e2 = e, so 
e is an idempotent, and that eI = I. But eR � I = eI and therefore 
I = eR =  eI. 

(ii) Assume that 12 "# 0 and choose a E I with aI "# O. Then aI 
is a right ideal of R and aI � I, so aI = I by the minirnality of I. In 
particular there exists e E l  with ae = a. Now let J = { i  E I I ai = O }. 
Then J is a right ideal of R, J � I, and J "# I. Thus, by the minimality 
of I again, we have J = O. But a(e2 - e) = 0 and e2 - e E l, so it follows 
that e2 - e = O. In other words, e is an idempotent contained in I and 
ae = a i o  so e "#  o. Thus 0 "#  eR � I and we conclude that I = eR. 0 

With this, we can now prove: . 

THEOREM 3.9 If R is a ring, then the following are equivalent. 
i. Every R-module is projective. 
ii. Every R-module is completely reducible. 

iii. RR is completely reducible. 
iv. R is a Wedderburn ring. 

PROOF We first show that (i), (ii), and (iii) are equivalent and then that 
(iii) is equivalent to (iv). 

(i)=}(ii) If W � V are R-modules, then V jW is projective by as­
sumption. Thus the short exact sequence 0 -+ W -+ V -+ V jW -+ 0 
splits and W is a direct summand of V j 

(ii)=}(iii) This is obvious. 
(iii)=}(i) Since RR is completely reducible, it is a sum of irreducible 

submodules. It follows that any free R-module is also a sum of irreducibles 
and hence is completely reducible. Finally, if V is any R-module, then V 
is a homomorphic image of some free module F and, since F is completely 
reducible, this epimorphism must split. Thus V is isomorphic to a direct 
summand of F and it is therefore projective. 

(iii)=}(iv) Since RR is completely reducible, we see that RR = . :Ej Ij 
where each Ij is an irreducible R-module and hence a minimal right ideal 
of R. Say 1 E 11 + 12 + . . .  + In . Then R = lR � Ir + 12 + . . . + In and 
equality must occur. Thus RR satisfies d.c.c. by Lemma 3.7(ii) and R is 
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an Artinian ring. Furthermore, if I is any right ideal of R, then R = 1+ J 
by complete reducibility and hence I = eR for some idempotent e E l 
by the preceding lemma. In particular, if I is also nilpotent , then clearly 
e = 0 and I = O. Thus R is a Wedderburn ring. 

(iv):::::?-(iii) Since R is Wedderburn, it follows from Lemma 3.8(ii) that 
every minimal right ideal of R is generated by an idempotent. Now we 
show that every right ideal of R is a sum of minimal right ideals. If this is 
not the case, then since RR satisfies the minimum condition, there exists 
a minimal counterexample L. Clearly, L ::j:: 0, so L contains a minimal 
right ideal I = eR. Since I + I' = R and I � L, the Modular Law implies 
that L = 1 +  (1' n L) . In particular, L is properly larger than l' n L, 
so the minimal nature of L implies that I' n L is a sum of minimal right 
ideals of R. But then L = 1+  (I' n L) is also such a sum, a contradiction. 
In particular, we conclude that R is a sum of minimal right ideals and 
hence a sum of irreducible submodules. It follows from Theorem 3.3 that 
RR is indeed completely reducible. 0 

As we will see in Ex�rcise 7, right Artinian rings need not be left 
Artinian. On the other hand, right Wedderburn rings are necessarily also 
left Wedderburn. 

EXERCISES ____________________________________ ___ 

1. Let { Vi  l i E  I}  be a family of submodules of V. Show that there 
exists a natural epimorphism 0: EEl Ei Vi -+ Ei Vi and describe Ker(e). 

2. Suppose VI , V2 , • • •  , Vn are finitely many R�submodules of V with 
n� Vi = O . If each VlVi is completely reducible , prove that V is 
also. To this end , first observe that V embeds in EEl E� VlVi. Now 
show by example that the result fails if n is allowed to be infinite. 
Conclude therefore that a strong direct sum of completely reducible 
modules is not necessarily completely reducible. 

3. Let 11 , 12 , • • •  , In be a finite collection of two-sided ideals of R such 
that Ii + Ij = R for all i ::j:: j . If all a2 , . . . , an are any elements of R, 
prove that there exists T E R with T == ai mod Ii for all i . Deduce that 
RI(n� Ii) � EEl E� RIft. This is the Chinese Remainder Theorem. 

4. Let p be a fixed prime number and let A be the multiplicative group 
of complex pnth roots of unity for all n � O. If we view A additively 
as a module over the integers, show that A satisfies min but that it 
does not have a composition series. 

5. Let 0 = Vo � VI � . . . � Vn = V be a series for the R�module 
V and let W � V. Show that W has a series of length n whose 
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factors are isomorphic to submodules of the factors of the V-series. 
Similarly, prove that V /W has a series of length n whose factors are 
homomorphic images of the factors of the V-series. 

6. Let R 2 S be rings and assume that Rs is a finitely generated S­
module. If S is Artinian, prove that R is also. In particular, if R = 

M n(S) deduce that S is Artinian if and only if R is Artinian. 
7. Suppose K � F are fields with dimK Ii' = 00 and let R be the subring 

of M 2(F) given by R = (� �) .  Show first that I = (� �) is a 

minimal right ideal of R and then construct a composition series for 
RR. Deduce that R is right Artinian and then prove that R is not left 
Artinian. 

8. Show that there is a one-to-one correspondence between idempotents 
e E EndR(V) and direct sum decompositions V = X + Y. 

9. Let I be a two-sided ideal of R. Prove that I = eR for some central 
idempotent e E R if and only if R = I + J for some two-sided ideal J. 
When this occurs, show that e and J are uniquely determined by I. 

10. Prove that all R-modules are free if and only if R is a division ring. 
This is quite simple and does not require Theorem 3.9. 



4 .  Weddefbu rn R i ngs 

The goal now is to obtain a more precise description of Wedderburn rings. 
We do this by computing the endomorphism ring of certain module direct 
sums. Since we are dealing with right R-modules, we will of course write 
all R-homorriorphisms on the left. The following lemma is, for the most 
part, fairly obvious. 

LEMMA 4.1 Let V and W be R-modules. 
i. HomR(V, W) is a right EndR(V)-module and a left EndR(W)­

module with multiplication given by function composition. 
ii. If V = . L�=l Vi is a finite direct sum, then HomR(V, W) is 

isomorphic to $ L�=l HomR(Vi, W) as a left EndR(W)-module. 
iii. If W = . Li=l Wj is a finite direct sum, then HomR(V, W) is 

isomorphic to $ L:;'l HomR(V, Wj) as a right EndR(V)-module. 
iv. Let W = . L...tj Wj be an arbitrary weak direct sum such that for 

each j ,  every nonzero element ofHomR(V, Wj) is a monomorphism. Then 
HomR(V, W) is EndR(V)-isomorphic to $ Lj HomR(V, Wj). 

PROOF (i) If a: V ---t W and f3: V � V are R-homomorphisms, then so 
is the composite map af3: V ---t W. Thus we have a map 

HomR(V, W) x EndR(V) ---t HomR(V, W) 

given by a x f3 H af3 that clearly makes HomR (V, W) into a right 
EndR(V)-module. The result for W is similar. 

(ii) Each element a E HomR(V, W) determines R-homomorphisms 
ai: Vi ---t W for i = 1, 2, ... , n by restriction. Furthermore, the map 
a H Ql $ a2 $ . . .  $ an is t4en easily seen to be an EndR(W)-module 
isomorphism from HomR(V, W) to $ Li HomR(Vi, W). 

33 
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(iii) Each element 13 E HomR(V, W) determines R-homomorphisms 
f3j : V ---t W ---t Wj for j = 1 , 2, . . .  , m via composition. It is then easy 
to see that the map 13 1-+ f31 $ 132 $ . . .  $ 13m is an EndR(V)-module 
isomorphism from HomR(V, W) to $ Lj HomR(V, Wj). 

(iv) Here the result follows as in (iii), provided that each such 13 has 
at most finitely many nonzero f3j . But observe that if f3j ¥= 0, then, by 
assuplption, f3j is a monomorphism. Hence if v is any nonzero element of 
V, then f3j (v) ¥= 0 and f3( v) has a nonzero Wrcomponent. But f3( v) can 
have only finitely many nonzero components, so this condition is clearly 
satisfied. D' 

The proof of the next lemma is more formal. Parts (i) and (ii) are 
actually special cases of a more general result that describes EndR(V) as 
a suitable checkered matrix ring (see Exercise 2). 

LEMMA 4.2 Let V = VI + V2 + . . .  + Vn be a finite direct sum of R-submodules. 
i. If HomR(Vi, Vj) = 0 for all i ¥= j, then EndR(V) is isomorphic to 

the ring direct sum $ L�=l EndR(Vi). 
ii. If all Vi are isomorphic to a fixed R-module W, then EndRCV) is 

isomorphic to the matrix ring M nCEndR{W» . 

PROOF For each i = 1, 2, . . .  , n, let 1I'i: V ---t Vi and 'f/i: Vi ---t V. be the 
obvious projection and injection maps. Then 1I'i'f/i = Ii , the identity on Vi, 
1I'i'f/j = 0 for i ¥= j, and L:=l 'f/k1l'k = 1, the identity on V. In particular, 
if a E EndR(V), then 

i,j i,j 
where ai,j = 1I'ia'f/j E HomR(Vj, Vi). We note that if 13 E EndRCV), then 
(a + 13) ' . = a' . + {3 . .  and �,3 �,3 �,3 

n n 
(af3kj = 1I'ia1f3'f/j = 'i)1I'ia'f/k) (1I'kf3'f/j) = L: ai,kf3k,j 

k=l k=l 
(i) By assumption, ai,j = 0 for all i ¥= j .  Thus, by the latter formula, 

the map a H ai,i is a ring homomorphism and hence so is the map 

, n 
e: EndR{V) ---t $ L: EndR{Vi) 

i=l 
given by a 1-+ al,l $ a2,2 $ . . .  $ an,n . Note that li,i = 1I'i'f/i = Ii . Since 
a = Lk 'f/kak,k1l'k , it follows that KerCe) = 0 and e is one-to-one. Finally, 
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let '"'(k E EndR(V k) for k = 1, 2, . .. , n  and set '"'( = Ek 'f/k'"'(k1l'k E EndR(V) . 
Then 

n 
'"'(i,i = 1l'i'"Y'f/i = L: 1l'i'f/k'"'(k1l'k'f/i = '"'(i 

k=l 
and () is onto. 

(ii) Choose isomorphisms O'i: Vi -t W and for each a E EndR(V), 
let ¢>(akj = O'iai,jO';l E EndR(W) . Then ¢>(a + (3kj = ¢>(a)i,j + ¢>((3)i,j 
and 

n 
¢>(a(3)i,j = O'i (L: ai,k(3k,j ) 0';1 

k=l 
n n 

= L: O'iai,kO';;l . O'k(3k,jO'jl = L: ¢>( a )i,k¢>((3)k,j 
k=l k=l 

It follows that the map ¢>: EndR(V) -t M n(EndR(W)) given explicitly 
by a H ( ¢>( a kj ) is a ring homomorphism. Furthermore, this map is 
one-to-one, since if ¢>( a) = 0, then ai,j = 0 for all i, j and hence a = 
Ei,j 'f/iai,j1l'j = O. Finally, let ( l'i,j ) E M n(EndR(W)) and set 

'"'( = L: 'f/aO';;:ll'a,bO'b1l'b E EndR(V) 
a,b 

Then '"'(i,j = 1l'i'"Y'f/j = O':;ll'i,jO'j and thus ¢>('"'()i,j = O'i'"Yi,jO';l = l'i,j ' In 
other words, ¢>('"'() = ( l'i,j ) and we conclude that ¢> is onto . 0 

In the next two lemmas we consider some concrete computations. 

LEMMA 4.3 Let e and I be idempotents in R. 
i. If V is an R-module, then HomR( eR, V) � Ve. In particular, 

HomR(eR, IR) � IRe. 
ii. If e ¥= 0, then EndR(eR) is ring isomorphic to eRe acting by left 

multiplication. 
iii. If F  is a free R-module of rank n, then EndR(F) � M n(R). 

PROOF (i) For each v E Ve, let 9( v) E HomR (eR, V) be given by r H vr. 
Then (): Ve -t HomR( eR, V) is clearly an additive group homomorphism 
and we show that () is an isomorphism. Suppose first that 9( v) = O. Then 
0 =  9(v)e = ve = v, since v E Ve, and hence () is one-to-one . On the other 
hand, if a E HomR(eR, V), set w = a(e). Then w = a(e·e) = a(e)e = we, 
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so w = we E Ve. But for any r E R, we have a(er) = a(e)r = (we)r = 

w(er) ,  so a = O(w) and 0 is onto. 
(ii) Here we need only observe that if V = eR, then 0 preserves 

multiplication. For this, let s, t E eRe and let r E eR. Then O(s)O(t)r = 

O(s)tr = str = O(st)r and this fact is proved. 
(iii) It follows from statement (ii), with e = 1 ,  that EndR(R) � R. 

Thu,s, since F is isomorphic to a direct sum of n copies of R, Lenima 4.2(ii) 
yields the result. 0 

LEMMA 4.4 (Schur's Lemma) Let V and W be irredu,cible R-modules. Tben 
any nonzero element of HomR (V, W) is an isomorphism. In particular, 
EndR(V) is a division ring and if V � W, tben HomR(V, W) = O. 

PROOF Let 0 be a nonzero element of HomR(V, W). Then 0 t= OV = 

Im(O) is a submodule of W, so Im(O) = W and 0 is onto. Similarly, 
Ker(O) t= V is a submodule of V, so Ker(O) = 0 and 0 is one-to-one. Thus 
o is an R-isomorphism and, since 0-1 : W -+ V is also an isomorphism, 
the result follows. 0 

DEFIN ITION Let V be a nonzero R-module. We say that R is transitive on V 
if for all V 1, V2 E V with V 1 t= 0, there exists r E R with V 1r = V2 ' It is 
easy to see that this occurs if and only if V is simple. Indeed, suppose V 
is irreducible. Then v 1 R is a nonzero submodule of V, so V2 E V = VIR 
and R is transitive. Conversely, suppose R is transitive and let W be 
a nonzero submodule of V. If 0 t= VI E W, then V1R � W � V. But 
transitivity implies that VIR = V and hence W = V as required. 

We now come to a fundamental result. Recall that R is defined to 
be a Wedderburn ring if it is right Artinian and has no nonzero nilpotent 
right ideal. 

THEOREM 4.5 (Artin-Wedderburn Theorem) R is a Wedderburn ring if and 
only if R = . E�=1 M nk (D k) is a finite direct sum of full matrix rings 
over division rings. Furtbermore, wben this occurs, tben 

i. R bas precisely m simple modules Vi ,  l/2, . . .  , Vm , up to isomor­
phism, and eacb is a direct summand of RR. 

ii. nk is tbe multiplicity of V k as a composition factor of RR. 
iii. D k  � EndR(V k). 

Tbus tbe parameters m, nk, and D k  are uniquely determined by R. 

PROOF Suppose first that R is a Wedderburn ring. Then by Theo­
rem 3.9, RR is completely reducible and, by Lemma 3.7(ii), RR is in fact 
a finite direct sum of irreducible modules. Let W 1 , W2, . . .  , W m be repre­
sentatives of the isomorphism classes of the simple summands of RR that 
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occur in this particular direct sum decomposition. Then by suitably per­
muting all such summands, we can assume that RR = U1 + U2 + . . .  + Urn, 
where each Uk is a direct sum Uk = Wk,l + Wk,2 + . . .  + Wk,nk with all 
Wk,j � Wk. 

Now for i ¥= j we have Wi !F Wj and hence HomR(Wi ,  Wj) = 0 by 
Schur's Lemma. It follows that HomR(Ui ,  Uj) = 0 by Lemma 4.1(ii)(iii), 
so EndR(R) is ring isomorphic to $ 2::�=1 EndR(Uk) by Lemma 4.2(i) . 
In addition, the second part of that lemma implies that En9.R(Uk) is 
isomorphic to the matrix ring Mnk (EndR(Wk)) i observe that EndR(Wk) 
is a division ring by Schur's Lemma. Thus, since EndR(R) � R, by 
Lemma 4.3(iii) , we conclude that R does indeed have the appropriate 
structure. 

Conversely, assume that R = . 2::�=1 Mn,, (Dk) is a direct sum of 
full matrix rings over the division rings Dk' We will show that R is 
a Wedderburn ring and that (i), (ii) , and (iii) are satisfied. To start 
with, let { ef,j I i, j }  denote the set of matrix units in Mnk (Dk) ' Since 
Wk,i = ef,iR = ef,iMnk (Dk) is the ith row of this kth matrix ring, it 
follows that 

R = · L: ef,iR = . L: Wk,i 
k,i k,i 

is a direct sum of right ideals. Next we claim that each such Wk,i is in fact 
minimal and hence an irreducible R-module. Indeed, let w = 2::j ef,jdj be 
a nonzero element of Wk,i with all dj E Dk. If dp ¥= 0, then w . d;le�,i = 
ef,i and hence wR = ef,iR = Wk,i. In other words, R is transitive on Wk,i 
and we conclude that RR is the direct sum of the irreducible submodules 
Wk,i . Thus RR is completely reducible and R is a Wedderburn ring by 
Theorem 3.9. 

Now observe that HomR(Wk,i ,  Wk/ ,j ) � ej:jRef,i by Lemma 4.3(i) 
and that the latter expression is clearly zero if k' ¥= k and nonzero oth­
erwise. It therefore follows from Schur's Lemma that, for any fixed k, all 
Wk,i are isomorphic to Vk = Wk,l and that Vk !F Vkl when k ¥= k'. In 
particular, by Lemma 3.6(ii), nk is precisely the multiplicity of Vk as a 
composition factor of RR. Furthermore, we have 

EndR(Vk) = EndR(etlR) � etlRetl 
= etlMnk (Dk)etl = etlDk 

and the latter ring is clearly isomorphic to Dk . Finally, if V is any ir­
reducible R-module, then, since HomR(R, V) ¥= 0 by Lemma 4.3(i), it 
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follows that HomR(Wk,i , V) ¥= 0 for some k,  i. Thus Vk � Wk,i � V, by 
Schur's Lemma, and the theorem is proved. 0 

Since the above matrix characterization of Wedderburn rings is cer­
tainly right-left symmetric, we conclude that any right Wedderburn ring 
is necessarily also left Wedderburn. 

For any ring R, we use I <l R to indicate that I is a two-sided ideal of 
R. In particular, R is said to be a simple ring if I <l R implies that I = 0 
or I = R. 

COROLLARY 4.6 R is a simple Artinian ring if and only if R = Mn(D) is a full 
matrix ring over a division ring D. 

PROOF Suppose first that R = Mn(D). Then by the above we know 
that R is a Wedderburn ring and, in particular, it is Artinian. Now let 
I be a nonzero ideal of R and let r = Li,j di,jei,j be a nonzero element 
of I. Here, of course, { ei,j I i, j }  is the set of matrix units of Mn(D) 
and each di,j E D. If dp,q ¥= 0, then for all subscripts i, j we have ei,j = 
ei,pd;,�req,j E I and hence I = R. We conclude that R is simple. . 

Conversely suppose that R is a simple Artinian ring and let J be 
a nilpotent right ideal of R with, say, Jt = O. Then I = RJ <l R and, 
using JR = J, we have It = O . Thus I ¥= R and, since R is simple, we 
conclude that I = 0 and J = O . In other words, R is a Wedderburn ring 
and hence R = . L�=l Mnk (Dk) by the preceding theorem. But each of 
these m matrix rings is an ideal of R and thus we must have m = 1. 0 

As we have seen, Lemma 4.2(ii) is a key ingredient in the proof of 
the Artin-Wedderburn Theorem and hence also of the preceding result. 
Specifically, the lemma asserts that if V = . L�=l Wi and if Wi � W 
for all i, then EndR(V) � Mn(EndR(W)) .  But there is another way 
to explain the matrix structure of R and this argument applies to more 
general rings. 

DEFIN ITION If V is an R-module, we say that V is faithful if for all r E R, 
Vr = 0 implies that r = O. Equivalently, this means that the natural 
ring homomorphism R -+ End(V) is one-to-one and therefore that R is 
essentially a subring of End(V) acting on the right. 

A ring R is said to be primitive if it has a faithful irreducible module. 
For example, suppose R is a simple ring and let M be a maximal right ideal 
of R. Then V = RIM is an irreducible R-module, by Lemma 1.8, arid 
obviously R must act faithfully on V. Thus any simple ring is necessarily 
primitive. 
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Now let R act faithfully on the irreducible module V and set D = 
EndR(V) . Then D is a division ring, by Schur's Lemma, and as we have 
observed, V is a left EndR(V)-module. Thus V is a left D-vector space. 
Furthermore, if d E D, v E V and r E R, then the associativity condition 
d(vr) = (dv)r implies that r is a D-endomorphism of V or, equivalently, 
a D-linear transformation. In other words, we see that R � EndD(V) . 
Of course, if dimD V = n < 00, then EndD(V) � Mn(D) and therefore 
R is at least embedded isomorphic ally in the matrix ring Mn(D) . More 
generally, EndD (V) can be described as the ring of row finite matrices over 
D and the goal is to show that R is a "large" subset of this endomorphism 
ring. 

DEFINITION Let D be a division ring and let V be a left D-vector space. We 
say that R � EndD (V) is a dense ring of linear transformations if for 
every finite D-linearly independent subset { VI ' V2 , " " vn } of V and every 
subset { WI , W2 , . • .  , wn } � V, there exists r E R with Vir = Wi for all 
i = 1, 2, . . . , no 

Thus, for example, if dimD V = n < 00 and if R .is dense, then 
certainly R = EndD(V) � Mn{D). On the other hand, suppose dimD V = 
00 and, for any integer n, choose Vn to be a subspace of V of dimension n. 

If Rn = { r  E R I Vnr � Vn } then, by density, Rn acts as the full ring of 
D-linear transformations on Vn . In particular, if In = { r E R I Vn r = 0 } ,  
then In <J Rn and Rn/In � Mn (D). In other words, if dimD V = 00 then, 
for all n 2:: 1 , the matrix ring Mn(D) is involved in R. 

The basic result here is: 

THEOREM 4.7 (Chevalley-J acobson Density Theorem) Let R be a primitive ring 
with faithful irreducible right module V and let D denote the division ring 
EndR(V) . Then R is a dense ring of linear transformations on the left 
D-vector space D V. Furthermore, if R is right Artinian, then dimD V = 
n < 00 and R � Mn(D) .  
PROOF If W is a D-subspace of V, then the right annihilator of W in 
R, r.annR(W) = { r  E R I Wr = O }, is a right ideal of R. We first 
show that the double annihilator condition holds for finite dimensional 
subspaces of V. Specifically, we show that if dimD W < 00 and if x E V 
with x . r.annR(W) = 0, then x E W. We proceed by induction on 
dimD W = m < 00, the case m = 0 being trivial. Thus suppose that 
m 2:: 1 and write W = W' + Dw, where W' is a subspace of dimension 
m - 1. In particular, by induction, if A' = r.annR(W'), then wA' :/= O. 
But A' is a right ideal of R, so wA' is a nonzero R-submodule of V and 
hence wA' = V. 
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Write A = r.annR(W) and let x E V with xA = O. The goal is to 
show that x E W. To this end, recall that V = wA' and let 8: V � V 
be given by o(wa') = xa' for all a' E A'. To see that 0 is well-defined, it 
suffices, as usual, to show that if wa' = 0, then xa' = O. But if wa' = 0, 
then, since a' E A' and W = W' + Dw, we have Wa' = O. Hence a' E A 
and xa' = 0 by the choice of x. Thus 0 is a well-defined map, which is now 
easily seen to be an R-endomorphism. In other words, 0 E D. Finally, 
for all a' E A', we have (x - 8w)a' = 0, so x - Ow is contained in the 
annihilator of A', namely W', and x E W' + Dw = W, as required. 

It is a simple matter to complete the proof. Let { VI , V2 , . . . , Vn } s;:; V 
be a D-linearly independent set and let { WI ,  W2 , " " wn } be any subset of 
V. Then for each i, since Vi is not contained in the finite dimensional D­
subspace spanned by the remaining Vj 'S, the double annihilator condition 
implies that there exists Si E R with VjSi = 0 for j ¥= i and ViSi ¥= O. 
Furthermore, since R acts transitively on V, there exists ti E R with 
(VSi )ti = Wi. In particular, if we set r = 2:�=1 Sktk E R, then Vir = Wi 
for all i and the first part of the theorem is proved. . 

Finally, suppose dimD V = 00 and choose VI C V2 C Va C ' "  to 
be a strictly increasing chain of finite dimensional D-subspaces of V. If 
Ii == r.annRCVi), then Ii is a right ideal of R and density implies that 
11 � 12 � Ia � . . .  is a strictly decreasing sequence in R. In other words, 
R is not Artinian. Turning this around, we see that if R is assumed to be 
Artinian, then dimD V. = n < 00 and R 9:' Mn(D) by density again. 0 

Since any simple ring is necessarily primitive, we have therefore ob­
tained an alternate proof of Corollary 4.6. Next, we have an amusing 
consequence. 

LEMMA 4.8 Let D be a division ring with a central subfield K and let F ;;2 K 
be a maximal subfield of D. If dimK F < 00, then dimK D < 00. 
PROOF Since D is a division ring, V = D is a fl;tithful irreducible right D­
module. In particular, we can think of D as being embedded in End(V), 
acting on the right. Furthermore, since F is a commutative field, there 
is an embedding p: F � End(V) given by p(f) : V H Iv for all I E F 
and V E V. Let F' = p(F) s;:; End(V) and note that F' is not equal to 
F, in general, since left and right multiplication by I E F yield distinct 
endomorphisms of V. On the other hand, since K is central, we do have 
K' = p(K) = K. 

Let R be the subring of End(V) generated by D and F'. Since 

v (p(f)d) = (fv)d = I(vd) = V (dp(f») 
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for all appropriate v, I, and d, we see that D and F' commute elemen­
twise. Thus R = F'D consists of all finite sums of elements of the form 
I'd with I' E F' and d E D. But dimK F' < 00, so it follows that R is 
a finite dimensional right D-vector space. In particular, since any right 
ideal of R is a D-subspace, we conclude that R is Artinian. 

Finally, observe that R � End(V) acts faithfully and irreducibly on 
V. Furthermore, by Lemma 4.3(ii) , EndR(V) � EndD(V) = D acting by 
left multiplication. Since d E EndR(V) must also commute with F', we 
have 

d(fv) = d(vp(f)) = (dv)p(f) = I(dv) 

for all I E F and v E V. In other words, d E  D centralizes F. But F is 
a maximal subfield of D,  so this implies that d E F and it follows that 
EndR(V) = F. We can now conclude from Theorem 4.7 that D = V is 
finite dimensional as a left F-vector space. Thus, since dimK F < 00 and 
K is central in D, we have dimK D < 00 as a K-vector space on either 
�. 0 

We close with an example of interest. Let S be a ring and let G 
be a multiplicative group. Then the group ring S[ G] is the set of all 
formal finite sums LmEG 8mX with 8m E S. Addition in S[G] is defined in . 
a componentwise fashion and multiplication is determined distributively 
by (ax) . (by) = (ab)(xy) for all a, b E  S and x, y E G. It is easy to verify 
that S[G] is indeed an associative ring. Furthermore, if S = K is a field, 
then K[G] is a K-algebra called the group algebra. 

PROPOSITION 4.9 (Maschke's Theorem) Let K be a field and let G be a finite 
group. Then K[ G] is an Artinian ring that is Wedderburn if and only if 
the characteristic of K does not divide IG I .  
PROOF Note that K[G] is a finite dimensional K-algebra and that every 
right or left ideal of K[G] is a K-subspace. Since K[G] satisfies d.c.c. on 
K-subspaces, it follows that K[G] is Artinian. 

Suppose first that the characteristic of K divides IGI so that IGI = 0 
in K. Define "'( = LgEG g E K[G] and observe that x"'( = "'( = "'(x for all 
x E G. This implies that "'( is central in K[G] and that "'(2 = IG I · "'( = o. 
Thus "'(K[G] is a nonzero ideal of K[G] of square 0 and hence K[G] is not 
a Wedderburn ring. 

Conversely, assume that IGI = n is not 0 in K and consider the 
n x n matrix ring Mn(K) , where we index the rows and columns by the 
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elements of G. Then the map 8: K[G] ---t Mn(K) given by 9(g) = ( Oy,xg ) 
is easily seen to determine a K-algebra embedding, since 

9(g)e(h) = ( Oy,xg ) ( Oy,xh ) = ( Oy,xgh ) = 9(gh) 

Here, of course, g, h, x, Y E G. Furthermore, Ox,y = 1 when x = y and 
Ox,y = 0 otherwise. 

. 

Next note that the matrix traces satisfy tr 9(1) = n and tr 9(g) = 0 
if 1 ¥= g E G. In particular, if a = LgEG agg E K[G] , then tr 9(a) = nal ' 
Now, suppose in addition that a is nilpotent. Then so is 9(a) and hence 
tr 9(a) , being the sum of all eigenvalues, must be O. Thus nal = 0 and, 
since n ¥= 0 in K, we conclude that al = O. 

Finally, let I be a nilpotent right ideal of K[G] and let LgEG bgg = 
{3 E I. Then, for all x E G, we have LgEG bggx-l = {3x-l E I and 
this element, being nilpotent, has its identity coefficient equal to O. Thus 
bx = 0 for all x, .and therefore {3 = 0, as required. 0 

An alternate proof of this result in a more general context can be 
found in Exercise 13.7. 

EXERCISES ______________________ � ____________ ___ 

1 .  Show by example that the addition formulas of Lemma 4.1(ii) (iii) fail 
for infinite direct sums. 

2. Let V = . L�=l Vk be a direct sum of R-modules. Prove that the 
endomorphism ring EndR (V) is isomorphic to the checkered matrix 
ring 

Here multiplication of entries is given by function composition. 
3. Assume that R does not hl;1ve IBN. Show that Mi(R) � Mj(R) for 

some i ¥= j .  The converse of this is not true. Indeed, let K be a field 
and define the rings 8n inductively by 80 = K and 8n+1 = M2(8n) ;2 
8n for n 2:: O. If 8 = U:'=O 8n, show that 8 � M2(8) but that 8 has 
IBN. 

4. Suppose the ring R has elements ei,j for i, j = 1, 2, . . .  , n that satisfy 
ei,jej/ ,k = 0 if j ¥= j' , ei,jej,k = ei,k and 1 = el,l + e2,2 + . . .  + en,n . If 
8 is the centralizer in R of these n2 elements, prove that R � Mn(8) 
and that 8 � el,lRel,l ' To start with, define a map 0": Mn(8) ---t R 
by ( 8i,j ) 1-+ Li,j 8i,jei,j . Then show that 0" is a ring isomorphism. 
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5. Prove that an Artinian ring with no nonzero nilpotent elements and 
no nontrivial central idempotents is a division ring. 

6. Let R = Mn{D) with D a division ring. Show that R has finitely 
many right ideals if and only if either n = 1 or D is finite. 

7. Let K be a field and let R � M2{K) be given by R = (� �) . 
If e = el ,l , show that EndR{eR) is a field even though eR is not an 
irreducible R-module. 

8. Write R = . E�=l Mnk (Dk ) as in the Artin-Wedderburn Theorem. 
If I <I R, show that I is a direct sum of certain of the Mnk (Dk ) . In 
particular, deduce that the Mnk (Dk) are the unique minimal two-sided 
ideals of R and that, if I ¥= R, then R/ I is a Wedderburn ring. 

9. If R = Mn(S) , show that all ideals of R are of the form Mn(I) for 
I <I S. Furthermore, prove that ei,iR e:! ej,jR as right R-modules. 

10. Let D be a division ring and let R be a ring of D-linear transformations 
on D V. Assume that R is doubly transitive on V so that, by definition, 
if { V I ,  V2 } is a D-linearly independent subset of V and if { W I ,  W2 } � 
V is arbitrary, then there exists r E R with VIr = WI and V2r = W2 . 

Show that EndR{V) = D and conclude that R is a dense ring of linear 
transformations on V. What happens if we merely assume that R is 
transitive on V? 
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We now move on to consider more general Artinian rings. For this, we 
must deal with nonzero nilpotent right ideals; there are a number of ways 
to proceed, which inevitably all turn out to be equivalent. The approach 
we take uses the nil radical since it can be easily and quickly defined. 
Later in this chapter we discuss the more important Jacobson radical. 

An ideal I of R is said to be nil if every element of I is nilpotent. In 
particular, any nilpotent ideal is nil. Furthermore, as we have observed 
earlier, if J is a nilpotent right ideal of R, then RJ is a nilpotent, and 
therefore a nil, two-sided ideal. 

LEMMA 5.1 Let I be a nil ideal of R. 

44 

i. If-x E R is nilpotent, for example if x E I, tben 1 -x is invertible. 
ii. If J /1 is a nil ideal of R/ I, tben J is a nil ideal of R. 
iii. An arbitrary sum of nil ideals is nil. 

PROOF (i) If xt = 0, set y == 1 + x + . . .  + xt-l . Then (1 - x)y = 

y(l - x) = 1 - xt = 1 and y = (1 - X)-l . 
(ii) If r E J, then r+I E J/I is nilpotent. In particular, (r+I)m = 0 

for some m > 0 and rm E I. But I is a nil ideal, so rm is nilpotent and 
hence so is r. 

(iii) Suppose I and J are nil ideals of R. Then (I + J) / I is a nil 
ideal of R/ I, since it is a homomorphic image of J. Thus, by (ii) ,  1 +  J is 
nil and it follows by induction that any finite sum of nil ideals is also nil. 
Finally, any element of the arbitrary sum 2:i Ii of nil ideals is contained 
in a finite sum of these ideals and is therefore nilpotent.  Thus 2:i Ii is 
� �  0 
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DEFIN ITION If R is an arbitrary ring, then its nil radical Nil(R) is the sum of 
all nil two-sided ideals of R. In view of Lemma 5.1(iii) ,  Nil(R) is, in fact, 
the unique largest nil two-sided ideal of R. Furthermore, by (ii) we see 
that Nil (R/Nil(R)) = O. 

. 

LEMMA 5.2 Let I <I R. 
i. If W is an R/ I-module, tben W is naturally an R-module witb 

multiplication given by wr = w( r + I) for all w E W, r E R. Furtbermore, 
tbe R-submodules of W are precisely tbe R/ I -submodules and any R/ I­
module bomomorpbism W -+ W' is also an R-bomomorphism. 

ii. If V is an R-module witb V I = 0, tben V is naturally an R/ I­
module witb multiplication given by v (r + I) = vr for all v E V, r E R. 
Furtbermore, tbe R/ I-submodules of V are precisely tbe R-submodules 
and any R-bomomorpbism V -f V' is also an R/I-bomomorphism. 

iii. If R is an Artinian ring, tben so is R/ I. 
PROOF We use the module characterization given by Lemma 1 .1 .  

(i) The composite homomorphism R -+ R/ I -+ End(W) defines 
W as a right R-module. Since R and R/I have the same image in 
End(W) , the submodule structure is the same in either case. Finally, 
the homomorphism result follows from the module multiplication formula 
wr = w(r + I) . . 

(ii) Since the homomorphism R -+ End(V) sends I to zerp, it factors 
through R/ I. Thus we have R -+ R/ I -+ End(V) and in this way V 
becomes an R/I-module. Again, R and R/I have the same image in 
End(V). 

(iii) By assumption RR is an Artinian module and hence so is (R/ I)R 
by Lemma 3.7(i) . But I annihilates the latter module, so (ii) implies that 
(R/I)R/I is Artinian and the+efore R/I is an Artinian ring. 0 

We now obtain a key result. 

THEOREM 5.3 Let R be an Artinian ring witb N = Nil(R) . Tben R/N is a 
Wedderburn ring and N is tbe unique largest nilpotent ideal of R. 
PROOF Since Nil(R/N) = 0, we know that R/N has no nonzero nilpo­
tent right ideal. Lemma 5 .2(iii) now implies that R/N is a Wedderburn 
ring. It remains to show that N is nilpotent, since N = Nil(R) certainly 
contains all nilpotent ideals of R. 

Since R is Artinian, the descending chain N ;2 N2 ;2 N3 ;2 . . .  must 
stabilize. Thus suppose Nk 

= Nk+1 and let I = { r E R I r Nk = o }. 
Then I is easily seen to be a right ideal of R and the goal is to show that 
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I = R. If this is not the case, then the minimum condition applied to the 
set of right ideals of R properly larger than I yields a minimal such right 
ideal J. Clearly J = I + aR for some a E J \ I  so 1 +  IN = 1 + (aR)N = 

I + aN. 
If IN g I, then the minimality of J implies that I +IN = J. Hence, 

since a E J, we have a = i + ax for some i E I and x E N. But 1 - x is 
invertible, by Lemma 5 .1(i) , so a = i(l - x).,-l E I, a contradiction. Thus 
we must have IN 5,; I and hence JNk+l = IN · Nk 5,; INk = O. But 
Nk+l = Nk, so JNk = 0 and by definition of I we have J 5,; I, again a 
contradiction. Thus I = R and, since INk = 0, we conclude that Nk =' 0 
as required. 0 

With this, we can begin to study R-modules. 

LEMMA 5.4 Let R be an arbitrary ring and let N be a nilpotent ideal of R. If 
W 5,; V are R-modules witb V = W + VN, tben V = W. In particular, 
if V = VN, tben V = O. 
PROOF We show by induction on i ;?: 1 that V = W + V Ni. Indeed, 
if V = W + VNi is given, then VN = WN + VNiH and hence V = 

W + V N = W + V NiH as required. But N is nilpotent, so Nk = 0 for 
some k ;?: 1 and we conclude that V = W + V Nk = W. 0 

PROPOSITION 5.5 Let R be an Artinian ring. Tben up to isomorphism, R bas 
m < 00 irreducible modules V!, V2 , " " Vm and Vi . Nil(R) = 0 for all i .  
Furtbermore, every completely 'reducible R-module is uniquely a direct 
sum of copies of tbese Vi 's. 

PROOF Let N = Nil(R) . If W is an irreducible R/N-module, then by 
Lemma 5.2(i) , W is naturally a simple R-module. Conversely, if V is 
an irreducible R-module, then by the preceding two results, V :f:. V N. 
Thus since V N is a submodule of V, we have V N = 0 and hence, by 
Lemma 5.2(ii) , V is naturally a simple R/N-module. In view of,the homo­
morphism aspects of Lemma 5.2(i) (ii) , it follows that there is a one-to-one 
correspondence between the isomorphism classes of irreducible R-modules 
and of irreducible R/N-modules. Thus, since R/N is a Wedderburn ring, 
there are only finitely many such classes, by Theorem 4.5(i), with repre­
sentatives V!' V2 , "  . ,  Vm, for instance. 

Now let U be a completely reducible R-module. Then U is a direct 
sum of irreducible R-modules, say U = . 2:jE.1 Uj , where Uj � Vf(j) . 
For uniqueness we need to show that, for each i, the cardinality of the 
set .Ji = { j  E .J I f(j) = i }  depends only on U and Vi.  To this end, 



Chapter 5. Artinian Rings 47 

observe that by Schur's Lemma every nonzero member of HomR('Vi , Uj) 
is an isomorphism. Thus, by Lemma 4.1 (iv) , HomR('Vi , U) is EndR(Vi)­
isomorphic to $ 2:jE.1 HomRCVi, Uj). Thus the cardinality of .Ji is pre­
cisely equal to the dimension of HomR ('Vi , U) as a vector space over the 
division ring EndR('Vi) and hence it is uniquely determined by the mod­
ules U and Vi. 0 

In particular, the preceding result applies to Wedderburn rings and 
asserts that if R is Wedderburn, then every R-module is uniquely a direct 
sum of irreducibles. 

TH EOREM 5.6 (Hopkins-Levitzki Theorem) If R is an ArUnian ring, tben any 
fimtely generated R-module bas a composition series. In particular, RR 
bas such a series. 

PROOF Set N = Nil(R) so that, by Theorem 5.3, Nk = 0 for some 
integer k ;::: 1.  Now let V be a finitely generated R-module. Then V is 
Artinian, by Lemma 3.7(iii) , and hence so are the submodules 

and the factors Wi = V Ni /V NiH.  But WiN = 0, so Lemma 5.2(ii) 
implies that each Wi is an Artinian R/N-module. Furthermore, since 
R/N is a Wedderburn ring, each Wi is completely reducible and hence a 
direct sum of irreducible modules. Thus, by Lemmas 3.7(ii) and 3.6(ii) , 
we conclude that Wi has a composition series as an R/N-module and 
hence also as an R-module. Lemma 3.6(i) now yields the result. 0 

Next, we consider the structure of projective R-modules. For this, 
we need two observations. 

LEMMA 5.7 Let R be an arbitrary ring and let N be a nilpotent ideal of R. If 
. P and Q are projective R-modules, tben we bave P � Q if and only if 
P/PN � Q/QN. 

PROOF Suppose first that 0; P -+ Q is an isomorphism. Then O(PN) = 

O(P)N = QN and, similarly, O-l (QN) = PN. Therefore, the kernel of 
the composite epimorphism P -+ Q -+ Q / Q N is P N and it follows that 
P/PN � Q/QN. 

Conversely, if P / P N � Q / QN, then there exists an R-epimorphism 
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a: P -+ Q / Q N with kernel P N. This gives rise to the diagram 

Q /.I --+ 

P 

Q/QN -+ 0 

and, since P is projective, there exists a map (3: P -+ Q that makes the 
diagram commute. 

Notice that (3(P) + QN contains the kernel of l/ aJ;ld maps onto 
Q/QN since a is an epimorphism. Thus Q = (3(P) + QN, by Lemma 1.8, 
and then Q = (3(P) , by Lemma 5 .4. In other words, (3: P -+ Q is an 
epimorphism and, since Q is projective, Theorem 2.8 implies that (3 splits 
and hence that P = Ker((3) + Q' for some submodule Q' isomorphic to 
Q. Finally, since l/(3 = a, it follows that 

Ker((3) � Ker( a) = P N � Ker((3)N + Q' N 

Thus Ker((3) = Ker((3)N and Lemma 5.4 yields Ker((3) = O. o 

The following result asserts that idempotents can be lifted modulo 
nil ideals. 

LEMMA 5.8 Let N be a nil ideal of R and let l/: R -+ R/N be tbe natural 
epimorpbism. If a E R w:itb l/( a) an idempotent, tben tbere exists b E R 
sucb tbat e = aba is an idempotent witb l/( e) == l/( a) . 
PROOF If a E R is as given, then l/(a) == l/(a)2 = l/(a2) ,  so a - a2 E N. 
Hence, since N is nil, we have (a - a2)k = 0 for some integer k 2:: 2. 
Now observe that (1 - a)k = 1 - ad for a suitable d E R with ad = da. 
Furthermore, 

1 - l/(ad) = l/((1 - a)k ) == (l - l/(a»)k = l - l/(a) 

so l/(ad) = l/(a) and 

0 = (a - a2)k = ak (l - a)k = ak(l - ad) 

so ak = ak (ad) . Hence, for any integer i 2:: 1, we have ak = ak (ad)i j in 
particular, the case i == k yields ak = ak (ad)k = a2kdk , since a and d 
commute. But then e = (ad)k is an idempotent and, by the preceding, 
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lI(e) = lI(ad)k = lI(a)k = lI(a) . Finally, since k � 2, we conclude that 
e = (ad)k = aba for some b E  R. 0 

An R-module V is decomposable if it is the direct sum V = VI -1-V2 of 
two nonzero submodules. Otherwise, V is indecomposable. The following 
is the key result on projective modules. Its statement implicitly requires 
Proposition 5.5 .  

THEOREM 5.9 Let R be an Artinian ring witb nil radical N and suppose 
VI , 112 ,  . . . , V m are representatives of tbe finitely many isomorpbism classes 
of simple R-modules. 

i. For eacb i, tbere exists a projective R-module Pi , unique up to 
isomorphism, witb Pi/PiN 9:! Vi. 

ii. Eacb Pi is an indecomposable direct summand of RR witb unique 
maximal submodule PiN. 

iii. Every projective R-module P is uniquely a direct sum of copies of 
tbese Pi 'S. Furtbermore, P is finitely generated if and only if tbe number 
of summands is finite. 

PROOF (i) By Proposition 5 .5  and Lemma 5.2(ii) , Vi is a simple R/N­
module. Hence, since RjN is a Wedderburn ring, Theorem 4.5(i) implies 
that Vi is isomorphic to a direct summand of R/ N. In other words, by 
Lemma 3.8(i) , there exists an idempotent ei E R/N with Vi 9:! ei (R/N). 
Now N is a nil ideal, so the preceding lemma asserts that ei can be lifted to 
an idempotent ei of R and we set Pi = eiR. Thus Pi is a direct summand 
of RR and, in particular, it is a projective R-module. Furthermore, if 
-: R -+ R/N is the natural epimorphism, then 

e ·N C p. n N  = e · (P· n N) C e ·N  2 _ 2 Z Z _ Z 

since ei acts like a left identity on Pi ' Thus Pi n N = eiN = PiN and 
Pi/PiN 9:! Vi as required. The uniqueness of Pi follows from Lemma 5.7, 
since N is nilpotent. 

(ii) We already know that Pi is a direct summand of RR and that 
PiN is a maximal submodule, since Pi/PiN is irreducible. In particular, 
if W is any submodule of Pi with W � PiN, then W + PiN = Pi. Thus 
W = Pi by Lemma 5.4 and we conclude that PiN is the unique maximal 
submodule of Pi. Furthermore, if P = W' + W", then we cannot have 
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both W' and W" contained in PiN. Thus one of these summands must 
equal Pi and therefore Pi is indecomposable. 

(iii) Now let P be an arbitrary projective R-module. Then P / P N 
is a module for the Wedderburn ring R/ N and hence it is completely 
reducible. Thus P / P N is also completely reducible as an R-module and 
we can write P/PN = . 'EjE.7 Uj with Uj 9:! Vf(j) . Now define Q = 

<:9 'EjE.7 Qj , where Qj 9:! Pf(j) . Then Q is certainly projective and 

Q/QN 9:! <:9 2: Qj/QjN 9:! P/PN 
jE.7 

since Pf(j) /Pf(j)N 9:! Vf(j) . Thus, by Lemma 5 .7, P 9:! Q and P is indeed 
a direct sum of copies of the Pi 'S. 

Finally, suppose P = . 'EkEIC Pk with Pk 9:! Pg(k) ' Then we have 

. 2: Pk/PkN = P/PN = . 2: Uj 
kEIC jE.7 

and hence the sets Ki = { k  E K I g(k) = i }  and .7i = { j  E .J  I f(j) = i }  
have the same cardinality,. by Proposition 5 .5 .  Thus uniqueness is proved 
and the result follows, since each Pi = eiR is a cyclic R-module. 0 

In view of the preceding, PI ! P2 , • • •  , Pm are, up to isomorphism, the 
only nonzero indecomposable projective R-modules. They are called the 
projective indecomposables or the principal indecomposables of R. 

DEFIN ITION If R is an arbitrary ring, then its Jacobson radical is given by 

Rad(R) = { r  E R I Vr = 0 for all simple R-modules V }  

Thus Rad(R) is the obstruction to studying R in terms of its irreducible 
modules. When this obstruction is not present, that is when Rad(R) = 0, 
we say that R is semiprimitive. It is clear that any primitive ring is 
necessarily semiprimitive. 

An ideal I of R is said to be primitive if R/ I is a primitive ring. 
In view of Lemma 5.2(i) (ii) , I is primitive if and only if there exists an 
irreducible R-module V with I = { r  E R I Vr = o }. In other words, I is 
the kernel of the ring homomorphism R -+ End(V) . 

Finally, the ideal I is quasi-regular if 1 - x is invertible for all x E I. 
In particular, by Lemma 5.l(i), every nil ideal is quasi-regular. Basic 
properties and relations between these concepts are as follows. 
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LEMMA 5.10 Let R be an arbitrary ring. 
i. Rad(R) is tbe intersection of all primitive ideals of R. 

ii. Rad(R) is tbe intersection of all maximal rigbt ideals of R. 
iii. R.ad(R) is tbe unique largest quasi-regular ideal of R. In partic­

ular, Nil(R) � Rad(R) . 
iv. If I <J R  witb I � Rad(R) , tben Rad(R/I) = Rad(R)/I. 

PROOF (i) This is essentially obvious. If V is an irreducible R-module, 
then r.annR(V) = { r  E R I Vr = O }  is a primitive ideal and indeed 
these are all the primitive ideals of R. Thus, by definition, Rad(R) = 

nv r.annR(V) is the intersection of all primitive ideals of R. 
(ii) If M is a maximal right ideal of R, then R/ M is an irreducible 

R-module, which must therefore be annihilated by J = Rad(R) . In par­
ticular, 0 = (1 + M)J = J + M and hence J � M. It follows that J is 
contained in J', the intersection of all maximal right ideals of R. 

Conversely, let V be an irreducible R-module and fix any 0 :f:. v E 
V. Then V = vR, so the map (): R -+ V given by r H vr is an R­
epimorphism. It follows from Lemma 1 .8 that Ker( () = { r E R I vr = 0 } 
is a maximal right ideal of R and therefore Ker( () ;2 J' . Thus vJ' = 0 
and, since v and V are arbitrary, we obtain the reverse inclusion J' � J. 

(iii) Let I <J R. Suppose first that I is quasi-regular and let M be 
any maximal right ideal of R. If .] � M, then R = 1 +  M, so 1 = i + m 

for some i E I and m E M. But then 1 - i = m E M is invertible and 
this is certainly a contradiction. Thus I � M for all such M and hence 
I � n M  = Rad(R) . 

Conversely, suppose I � Rad(R) and let x E I. If (1 - x)R :f:. R 
then, by Zorn's Lemma, we have (1 - x)R � M for some maximal right 
ideal M. But I � Rad(R) � M, so this implies that both x and 1 - x 
are in M, clearly a contradiction. We conclude that (1 - x)R = R for all 
x E I and, in particular, that each such 1 - x has a right inverse. 

Again let x E I and let 1 - y be a right inverse for 1 - x. Then 
1 = (1 - x) (1 - y), so y = xy - x E I and thus 1 - y also has a right 
inverse. But then 1 - Y has both a left and a right inverse, so it follows 
that 1 - y is invertible with inverse 1 - x. In other words, (1 - x)-1 exists 
for all x E I and we conclude that I is quasi-regular. 

(iv) Finally, let 11: R -+ R/ I be the natural epimorphism. If M' is 
a maximal right ideal of R/ I, then 1I-1(M') is a maximal right ideal of 
R by Lemma 1.8. Conversely, if M is a maximal right ideal of R, then 
M ;2  Rad(R) ;2 I and thus lI(M) is a maximal right ideal of R/I. In this 
way, we obtain a one-to-one correspondence between the maximal right 
ideals of these two rings. Since 11-1 preserves intersections, by Lemma 1.8, 
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we conclude from (ii) that v-I (Rad(R/ I)) = Rad(R). o 

In view of (iii) , the definition of Rad(R) is in fact right-left symmet­
ric. In other words, Rad(R) is also the intersection of the annihilators of 
all irreducible left R-modules and it is the intersection of all maximal left 
ideals of R. 

LEMMA 5.11 If R is Artinian, tben Rad(R) = Nil(R) . 
PROOF By Lemma 5 .1O(iii) (iv) , N = Nil(R) � Rad(R) and it suffices to 
show that R/N is semiprimitive. But R/N is a Wedderburn ring, so the 
regular module (R/N)R/N is completely reducible and hence a direct sum 
of irreducible modules. It follows that Rad(R/N) annihilates the regular 
module and, in particular, 1 ·  Rad(R/N) = O. 0 

We close this chapter by briefly sketching an interesting example. 
Let K be a field of characteristic :f:. 2 and let aI , a2 , . . .  , an be fixed el­
ements of K. Then the Clifford algebra C = C(aI, a2 , " " an) is the 
K-algebra generated by noncommuting variables Xl , X2 , " " Xn subject 
to the relations XiXj = -XjXi and x; = ai for all i :f:. j. When all the ai 
are zero, C is the more familiar Grassmann algebra, or exterior algebra. 
On the other hand, C( -1, -1) is the ordinary quaternion algebra over K 
and therefore C (aI , a2) is usually called a generalized quaternion algebra 
when aI , a2 :f:. O. 

The following notation is used in the next proposition. First, if S = 

{ iI , i2 , . . . , is }  is a subset of N = { 1, 2 , . . . , n }  with il < i2 < . . . < is , 
then we write x s for the monomial Xil Xi2 . . .  Xi. E C. In particular, 
X0 = 1 and X{ i } = Xi. Next, if S and T are subsets of N, then we 
denote their symmetric difference by 8 * T. Thus, by definition, S * T = 

(S\T)U (T\ S) = (SUT) \ (SnT) and, as is well known, * is an associative 
operation. For convenience, if i E N we write S * i for S * { i }  and note 
that S * i = S U { i }  if i tt S and S \ { i } otherwise . .  Finally, for any such 
S and i ,  let SCi) = { j  E S I j > i } . 

PROPOSITION 5.12 Tbe Clifford algebra C = C(al ' a2 , . . .  , an) is a K-algebra 
witb basis { xs I S � N }. In particular, dimK C = 2n and C is Artinian. 
Furtbermore, C is a Wedderburn ring if and only if n� ai :f:. O. 
PROOF C is obviously spanned over K by all monomials in the variables 
Xl , X2 , " " Xn and, by using the anticommuting relation XiXj = -XjXil we 
see that each such monomial is equal to ± a monomial with the Xi 'S in the 
correct order. Furthermore, we can then replace each occurrence of x; 
with ai E K. It follows that every such monomial is a scalar multiple of 
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some Xs and therefore that C is spanned by { xs I 8 � N }. In particular, 
dimK C ::;; 2n and C is Artinian. 

Now let V be a K-vector space of dimension 2n having basis elements 
that correspond to the subsets 8 of N. Specifically, let { rSl I 8 � N }  
be such a basis of V and, for each i E N, let Yi : V -+ V be the K-linear 
transformation defined by rSlYi = k(8, i) f8*i1 , where k(8, i) = (_l) IS(i) 1  
if i tt 8 and (-l) IS(i) l ai otherwise. Since 8*hj = 8*j *i and 8*i *i = 8, 
it follows easily that YiYj = -YjYi and Yt = ai for all i :j:. j. Thus, by 
definition of C, there exists a K-algebra homomorphism C -+ EndK(V) 
with Xi H Yi and, in this way, V can be viewed as a right C-module. 
But observe that r01 X S = r 81 ; thus, since { r Sl I 8 � N }  is linearly 
independent, it follows that { xs I 8 � N }  is also linearly independent. 
In other words, dimK C = 2n . 

Now suppose that some ai is zero, say ar = O .  Then the anticom­
muting relations imply that xrCxr = 0 and thus xrC is a nonzero right 
ideal of C of square O. In particular, C is not a Wedderburn ring. 

For the converse, let tr: C -+ K yield the trace of the elements of C 
viewed as linear transformations on V and note that if 8, T � N, then 
rT1xs is a scalar multiple of rT * Sl .  Thus, since T * 8 :j:. T when 8 :j:. 0, it 
follows that tr xs = 0 for such 8. Furthermore, since tr X0 = dim V = 2n , 
we conclude that tr (Es asxs) = 2na0 . In particular, if O! = Es asxs is 
a nilpotent element of C, then tr O! = 0, so 2na0 = 0 and hence a0 = 0, 
since the characteristic of K is not 2. 

Finally, suppose that all ai are different from O. It then follows 
easily that XSXT is a nonzero scalar multiple of XS*T for all 8, T � N. 
Furthermore, note that 8 * T = 0 if and only if 8 = T. Thus if j3 = 
Es bsxs is a nonzero element of C, with, for example, bT :j:. 0, then the 
x0-coefficient of j3xT is not zero and, in particular, j3xT is not nilpotent. 
This clearly implies that C has no nonzero nilpotent right ideal and we 
conclude that C is a Wedderburn ring. 0 

It can be shown that if C is a Wedderburp. ring, then C is a direct 
sum of at most two simple components. 

EXERCISES ______________________________________ __ 

An idempotent e E R is primitive if it cannot be written as e = 1 +  g, 
a sum of two nonzero orthogonal idempotents. Here orthogonal means 
that Ig = gl = O. 

1 .  If I and 9 are orthogonal idempotents, show that e = I + 9 is an 
idempotent and that eR = IR + gR. Conclude that an idempotent 
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e' of R is primitive if and only if e'R is indecomposable as a right 
R-module. 

2. Let N be a nil ideal of R and let { el '  132 , • • •  , en } be a set of orthogo­
nal idempotents of R/ N that sum to 1. If v: R -+ R/ N is the natural 
epimorphism, prove that there exists a set { el l e2 , . . . , en } of orthog­
onal idempotents of R with v(ei) = ei and el + e2 + . . .  + en = 1. 
Furthermore, if { il , 12, . . . , fn } is a second such lifting, show that 
u = elil + e2h + . . . + enfn is a unit of R with U-leiu = Ii for all i. 

A ring R is called semiprimary if N = Nil(R) is a nilpotent ideal 
with R/N a Wedderburn ring. In particular, by Theorem 5.3, any 
Artinian ring is necessarily semiprimary. Furthermore, it is easy to 
see that the results of Proposition 5.5 and Theorem 5.9 apply to these 
more general rings. 

3. Find an example of a semi primary ring that is not Artinian. A suitable 
upper triangular 2 x 2 matrix ring will work. 

4. Let I be a nonnilpotent right ideal of the semi primary ring R. Use 
Lemma 5.8 to prove that I contains a nonzero idempotent. Further­
more, show that I is minimal with the property of being nonnilpotent 
if and only if I = eR for some nonzero primitive idempotent e E R. 
Notice that such right ideals correspond precisely to the projective 
indecomposables of R. 

A ring R is said to be von Neumann regular if every cyclic right 
ideal is generated by an idempotent. 

5. Prove that R is von Neumann regular if and only if for all r E R 
there exists r' E R with rr'r = r. Conclude that the definition of von 
Neumann regular is right-left symm�tric. 

6. Show that any Wedderburn ring is von Neumann regular. Conversely, 
if R is von Neumann regular and Artinian, show that it is a Wedder­
burn ring. Give an example of a von Neumann regular ring that is 
not Wedderburn. For this, let X be an infinite set, let D be a division 
ring and consider the ring of all functions from X to D with pointwise 
addition and multiplication. 

7. Let I be a two-generator right ideal of the von Neumann regular ring 
R. Show that I = eR+ f R � eR+(l-e)f R = eR+gR, where e, f and 
9 are idempotents of R with eg = O. Then show that I = (l-g )eR+gR 
and observe that 9 and (1 - g)e are orthogonal idempotents of R. 
Conclude that h = (1 - g)e + 9 is an idempotent and that I = hR. It 
follows that every finitely generated right ideal of R is generated by 
an idempotent and hence is a direct summand of R. 
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8. If fJ: R -t S is a ring epimorphism, prove that fJ (Nil(R)) � Nil(S) and 
that fJ (Rad(R)) � Rad(S). Show by example that these inclusions 
need not be equalities. What happens if fJ is not an epimorphism? 
Finally, find a commutative integral domain R with Rad(R) :j:. O. 
Conclude that Rad(R) can be properly larger than Nil(R). 

9. Let I be a right ideal of R and let A = { r  E R I (R/I)r = O }. Prove 
that A is the largest two-sided ideal of R contained in I. 

10. Let 0 = O(al , a2 , . " ,  an) be a Clifford algebra with ai :j:. 0 precisely 
when i :::; r. Prove that Rad( 0) is generated by Xr+1 , . . .  , Xn and that 
O/Rad(O) � O(al , . . .  , ar) .  



6 .  Hered itary Ri ngs 

Having completed our study of Wedderburn rings and Artinian rings, we 
now move on to the corresponding next levels of complication. Thus, in 
this chapter we consider the very basic properties of hereditary rings and 
of Noetherian rings. Although it will not become apparent until later on, 
these are indeed the respective next steps. 

Let R be an arbitrary ring. An R-module VR is said to be hereditary 
if V and all its submodules are projective. Notice that submodules of 
hereditary modules are necessarily hereditary. 

LEMMA 6.1 Let W be an R-module, let I be a well-ordered set and suppose 
{ W (a) I a E I }  is an increasing chain of submodules of W satisfying 
UaEX W(a) = W. For each a, set W(a)- = U.B<a W(,6) and assume 
that W(a)jW(a)- = W� is projective. Then W � E9 :EaEX W� and 
therefore W is projective. 

56 

PROOF Since W� is projective, the exact sequence 

o � W(a)- � W(a) � W� � 0 

splits and thus W(a) = W(a)- + Wa with Wa � W�. We will show that 
W = · :Ea Wa' 

To start with, set T = :Ea Wa. If W 'f:. T, then we can choose , E I 
to be minimal with W("() � T. But then W(,)- � T and WI' � T, so 
W("() � T, a contradiction. Thus W = T = :Ea Wa' 

Finally, suppose wa1 + wa2 + . . .  + wan = 0 with wai E Wai and 
with a1 < a2 < . . , < an. Then 
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and it follows that the sum 2:0: Wo: is direct. Thus 

0: 0: 

and W is projective. o 

LEMMA 6.2 An arbitrary weak direct sum of hereditary R-modules is hered­
itary. Indeed, let { Vo: I a E I } be a family of hereditary modules. If 
V = EfJ 2:o:Ex Yo: and if W is a submodule of V, then W � EfJ 2:0: V� with 
V� � Yo:' 
PROOF Let W � V be as -given and let 1£'0:: V -+ Yo: be the natural 
projection. Well-order the set I and, for each v E V, define deg v = 

max{ a I 1£'0: (v) ¥- o } . Note that the above set is necessarily finite so the 
maximum always exists. By definition, deg 0 = -00 < I. 

Now, for each a E I, set W(a) = { w  E W I deg w $ a } . In this 
way we obtain an increasing chain of submodules of W whose union is all 
of W. Furthermore, by restricting 1£'0: to W (a) , we have 

0 -+  W(a)- -+ W(a) 7r,,) V� -+ 0 

where V� = 1£'0: (W(a») � Yo: and 

W (a) - = { w E W I deg w < a } = U W(,6) 
{3<0: 

But V� � Vo:, so V� is projective and the preceding lemma applies. We 
conclude that W � EfJ 2:o:Ex V�, so W is a projective module and V is 
therefore hereditary. 0 

DEFINITION R is said to be a hereditary ring if all its right ideals are projective 
modules. Obviously, this occurs if and only if the regular module RR is 
hereditary. In view of Theorem 3.9, all Wedderburn rings are necessarily 
hereditary. 

THEOREM 6.3 If R is a hereditary ring, then every free R-module is hereditary. 
Indeed, every submodule of a free R-module, and hence of a projective 
R-module, is isomorphic to a direct sum of right ideals of R. 

PROOF Let FR be a free R-module. Then F = . 2:0: Yo: with each Yo: � 
RR. It follows that F is hereditary by the previous result. Furthermore, 
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if W is a submodule of F, then W � EfJ Eo: V�, where V� � Yo: � RR. In 
particular, V� is isomorphic to a right ideal of R. 0 

COROLLARY 6.4 Let R be a commutative principal ideal domain. Then R is 
hereditary and indeed every submodule of a free R-module is free. 

PROOF If I is a nonzero ideal of R, then I = dR for some O 'f:.  d E R. 
Silice R is a domain, the map R -+ I given by r r--; dr is a module 
isomorphism. Thus I � RR is free, so R is hereditary and the previous 
theorem yields the result. 0 

In the following chapter we characterize all hereditary commutative 
domains. Furthermore, in Chapter 8 we explain why hereditary rings are 
the natural next step after Wedderburn rings. Here we change topics 
slightly and introduce the family of Noetherian R-modules. 

DEFINITION Let V be an R-module. Then V s;:ttisfies the maximum condition, 
or max, if every nonempty collection of submodules of V has a maximal 
member. By this we mean that if F is a nonempty family of submodules, 
then there exists W E F such that W is contained in no other member 
of F. 

In addition, we say that V satisfies the ascending chain condition, 
or a. c. c. ,  if every ascending chain Vi � V2 � . . .  of submodules eventually 
stabilizes. In view of the Jordan-HOlder Theorem; any module with a 
composition series necessarily satisfies a.c.c. 

It is easy to see that these two properties are in fact equivalent. To 
start with, suppose V satisfies max and let VI � V2 � • • •  be an ascending 
chain of submodules. Then the collection { VI , V2, . . .  } contains a maximal 
member, say Vn, and the series stabilizes at n. 

Conversely, suppose V satisfies a.c.c. and let F be a nonempty collec­
tion of submodules of V. Choose VI E F. If VI is not maximal, then there 
exists V2 E F with VI C V2. If V2 is not maximal, then we can find Va E F 
with V2 C Va. Continuing in this manner, we either find a maximal mem­
ber of F or we construct an infinite ascending chain Vi C V2 C . . , that 
does not stabilize. 

Modules satisfying max, or equivalently a.c.c. ,  are also called Noethe­
rian. Part (i) of the following lemma contains a key alternate characteri­
zation of such modules. 

LEMMA 6.5 Let V be an R-module. 
i. V is Noetherian if and only its submodules are all finitely gener-

ated. 
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ii. Suppose W � V. Then V is Noetherian if and only if both W 
and VjW are Noetherian. 

iii. V has a composition series if and only if it satjsfies both a.c.C. 
and d.c.c. 

PROOF (i) Suppose first that all submodules of V are finitely generated 
and let VI � V2 � • • •  be an ascending chain of submodules. If W = 

U� Vi, then W is certainly a submodule of V and hence it is finitely 
generated. But each generator of W is contained in some Vi and, by taking 
the largest of these finitely many subscripts, we see that all generators 
of W are contained in some vt. Thus W = vt and we conclude that the 
series stabilizes at t. 

Conversely suppose that V satisfies max and let W be a submodule 
of V. Since 0 is a finitely generated submodule of W, it follows from max 
that there exists a submodule W' of W maximal with the property of 
being finitely generated. But if w E W, then W' + wR is also a finitely 
generated submodule of W. Thus the maximality of W' implies that 
w E W' and therefore that W' = W. 

(ii) This follows as in Lemma 3.7(i) . 
(iii) As we have already observed, if V has a composition series, then 

it satisfies both max and min. Conversely suppose V satisfies both max 
and min and set Vo = O. If Vo :j:. V, then by min there exists a submodule 
VI of V minimal with the property of properly containing Yo. Again, 
if VI :j:. V, then there exists V2 minimal with the property of properly 
containing VI. Continuing in this manner, we obtain a strictly increasing 
sequence Vo c Vi c V2 c . . . and, since V satisfies max, we conclude that 
V = Vn for some n. Thus 0 = Vo C VI C . . .  C Vn = V is a composition 
series for V. 0 

DEFINITION R is said to be a right Noetherian ring if the regular module RR 
satisfies a.c.c. As usual, we delete the modifier "right" unless the side is 
in doubt; there is of course an analogous definition on the left. It follows 
from Lemma 6.5(i) that R is Noetherian if and only if all right ideals of 
R are finitely generated. Furthermore, by (iii) and the Hopkins-Levitzki 
Theorem, any Artinian ring is necessarily Noetherian. 

LEMMA 6.6 Let R be a Noetherian ring. If V is a finitely generated R-module, 
then V is a Noetherian R-module. In particular, all submodules of V are 
finitely generated. 

PROOF It follows as in Lemma 3.7(iii) that V is Noetherian. Part (i) of 
the preceding lemma now yields the result. 0 
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DEfiNITION A ring R is said to be prime if for all nonzero ideals A, B <3 R we 
have AB :j:. O. In particular, any simple ring is prime. 

An ideal P of R is prime when R/ P is a prime ring. Thus P is 
prime if and only if for all ideals A, B of R that contain P, the inclusion 
AB � P implies A = P or B = P. In particular, any maximal ideal of R 
is prime. Furthermore, it is easy to see that P is prime if and only if for 
all ideals A, B of R, the inclusion AB � P implies A � P or B � P. 

In case R is commutative, R being prime is the same as R being an 
integral domain. Thus P is a prime ideal of R precisely when R/ P is an 
integral domain. As usual, this occurs if and only if ab E P, with a, b E R, 
implies that a E P or b E P. 

PROPOSITION 6.7 If R is a Noetherian ring and A <3 R, then there exist not 
necessarily distinct prime ideals PI , P2, • • •  , Pn, each containing A, with 
PIP2 • • •  Pn � A. In particular, 0 is a finite product of prime ideals of R: 

PROOF If false, then the set C of counterexample ideals is nonempty 
and hence, by the maximum condition, C contains a maximal member C. 
Certainly C is not prime. Thus there exist ideals A and B of R properly 
containing C with AB � C. Since A and B are not counterexamples, 
each of these contains a finite product of prime ideals with each prime 
containing A or B and hence C. Thus AB contains an appropriate finite 
product of primes and this is a contradiction since AB � C. D 

Note that the preceding only requires that R satisfy the maximum 
condition on its two-sided ideals. We close with two additional results 
needed for the next chapter. 

LEMMA 6.8 Let A and B be right ideals of R. 
i. If A + B = R, then A EfJ B � R EfJ (A n B) as right R-modules. 

ii. In (i), if R is commutative, then A n  B = AB. 
iii. If VR � WR, then VA � WA. 

PROOF (i) Let 1£': A EfJ B -+ R be the R-homomorphism given by a EfJ b H 

a - b. Since A + B = R, we see that 1£' is onto and, since R is projective, 
the map splits. Thus A EfJ B � R EfJ J, where J = Ker(1£') . But a EfJ b E  J 
means that a = b E A n B, so the map A n B -+ J given by c H C EfJ c is 
an isomorphism and hence J � A n B. 

(ii) If R is commutative, then A n  B 2 AB. Conversely, since R = 

A + B, we have A n B  = (A n B)(A + B) � AB. 
(iii) If fJ: V -+ W is the given isomorphism, then fJ(V A) = fJ(V)A = 

W A, so V A � W A. D 
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LEMMA 6.9 Let R be a commutative integral domain with field of fractions F 
and let AI , A2 , . . .  , An and B 1 , B2 , . . .  , Bm be nonzero R-submodules of 
F. Il 

then n = m and TIi Ai = q . TIj B j for some 0 =1= q E F. 

PROOF If C is any nonze;ro R-submodule of F and 0 =1= c E O, then 
0' = c- l0 is an R-submodule of F, 1 E O' and O� � OR. Thus without 
loss of generality, we can assume that each Ai and Bj contains 1.  

�et 

be the given isomorphism. For each i, write 

with bi,j E Bj . Here Ii indicates that 1 occurs in the ith summand. Since 
R is a commutative ring, it then follows easily that for all ai E Ai , we 
have 

f)(0 EfJ • • •  EfJ a ' EfJ • • •  EfJ 0) = a ·b · 1 EfJ a ·b · 2 EfJ • • •  EfJ a ·b · � � �, � �, � �,m 

and hence Aibi,j � Bj . Similarly for each j ,  write 

f)-1 (0 EfJ • • •  EfJ Ij EfJ • • •  EfJ 0) = aj,1 EfJ aj,2 EfJ • • •  EfJ aj,n 

with aj,i E Ai. Again, this implies that 

f)-1 (0 EfJ . . .  EfJ b · EfJ . . .  EfJ 0) = b3'a ' 1 EfJ b 'a3' 2 EfJ . . .  EfJ b 'a3' n 3 3, 3 ,  3 , 

for all bj E Bj . Thus Bjaj,i � Ai. . 
Let B be the n x m matrix B = ( bi,j ) and let A be the m x n matrix 

A == ( aj,i ) .  Then by computing the composite maps f)-If) and f)f)-I, it 
follows easily that BA = In and AB = 1m . In particular, since these are 
matrices over the field F, we must have n ::::; m and A = B-1 . Finally, 
Aibi,j � Bj implies that A · det B � B, where A = TIi Ai and B = TIj Bj . 
Similarly, Bjaj,i � Ai yields B . det A � A. Thus, since det A ·  det B = 1,  
we conclude that A = B . det B and the lemma is proved. D 
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EXERCISES __________________ _ 

In the following two problems, let 71. be the ring of integers, Q the 
field of rationals, and let R be the subring of M2 (Q) given by R = ( � � ) .  Set N = ( �  �) and let V = ( �  � ) .  We show that 

R is hereditary but not left hereditary. 

1 .  First prove that N and V are minimal right ideals of R, that VR is 
projective and that NR 9::! YR' Next show that any right ideal ,of 

R properly containing N + V lias the form ( z� �) , where 0 :/: 
Z E 71., and that, as a right R-module, this ideal is isomorphic to RR. 
Conclude that R is hereditary. To this end, observe, for example, that 
if I is a right ideal of R with I � N, then I n N  = O. Thus I + N 
is a right ideal containing N and it suffices to show that I + N is 
projective . .  

2. Note that both N and A = N + V are two-sided ideals of R and that 
n::l nR = A = AR. It follows that if F is a free left R-module, then 
n�=l nF = AF. Now show that RN is not projective. Indeed, if F is 
a free left R-module with F = N + W, then 

00 00 

N = n nN � n nF = AF = AN + AW = AW 
n=l n=l 

Thus R is not left hereditary. 

Let R be a ring and let n be a positive integer. Then R is said to 
be an n-fir if all n-generator right ideals of R are free of unique rank. 

3. Prove that R is a I-fir if and only if it is a domain, that is a ring without 
zero divisors. In one direction, suppose R is a I-fir, let 0 :/: a E R and 
consider the short exact sequence 0 -+ I -+ R -+ aR -+ 0, where the 
epimorphism is left multiplication by a. Since aR is free, R 9::! I E9 aR 
and hence I is also a I-generator right ideal of R. The other direction 
follows easily from Lemma 2.5. 

4. Let V be an R-module with a composition series and let () E EndR(V) . 
Observe that the ascending chain { Ker«()i) I i = 1, 2, . . . } and the de­
scending chain { Im«()i) I i = 1, 2, . . .  } must both terminate and choose 
integer n � 1 so that Ker«()n) = Ker«()2n) and Im«()n) = Im«()2n) .  
Prove that V = Ker«()n) + Im«()n) , that () is a nilpotent endomorphism 
on the first summand and that () is an automorphism of the second. In 
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particular, if V is indecomposable, conclude that () is either nilpotent 
or an automorphism of V. This is Fitting's Lemma. 

5. Let S be a ring with the property that every element is either nilpotent 
or invertible. If a, (3, "I E S with a and (3 nilpotent, show that a'Y, "la, 
and a +(3 are nilpotent. For the latter, first observe that a+  (3 cannot 
equal 1. Conclude that Nil( S) is the set of all nilpotent elements of 
S. In view of the preceding problem, this applies to S = EndR(V) if 
V is an indecomposable R-module with a composition series. 

In the next two exercises let V be an R-module with a composition 
series and write 

. " , . , . . , 
V = VI + V2 + . . .  + Vn = VI + V2 + . . . + Vm 

with all Vi and Vi indecomposable modules. Let 7f'i : V -+ Vi, rJi : Vi -+ 
V, 7f'j : V -+ Vi and rJj : Vi -+ V be the natural projections and injec­
tions. 

6. For each i = 1, 2, . . . , n define ai == 7f'�rJi' E HomR(Vi, Vi) and (3i = 
7f'irJi E HomR(V{, Vi).  Then ai(3i E EndR(V{) and note that 1 = 

E�=I ai(3i . Since V{ is indecomposable, deduce from the preceding 
problem that some ai(3i is not nilpotent, say al(31 . Now show that 
(31al is a nonnilpotent endomorphism of Vi and conclude that both 
al(31 and (31 al are automorphisms. 

7. Continuing with the preceding notation, show that al is an isomor­
phism with inverse «(31al )-1 (31 = (31 (al(3I)-l and conclude that VI � 
Vi. Next, prove that V = VI + V� + . . .  + V�. To this end, note that al 
maps VI n (V� + . . .  + V�) to zero and that 7f'� maps VI + V� + . . .  + V� 
onto V{. Finally, show by induction on the total number of summands 
that 1'1, = m and that, by suitably relabeling the submodules, we have 
Vi � Vi for all i. This is the Krull-Schmidt Theorem. 

8 .  Show that any primitive ring is prime. Conversely, if R is a prime 
ring with a minimal right ideal, prove that R is primitive. Give an 
example of a prime ring that is' not primitive. 

9. Prove that a prime Artinian ring is simple. Give an example of a prim­
itive ring that is not simple. For this, let V be an infinite dimensional 
K-vector space and let R be a suitable subring of EndK(V) , 

10. Use the argument of the Hopkins-Levitzki Theorem to show that a 
ring is Artinian if and only if it is semiprimary and Noetherian. 



7 .  Dedeki nd Doma i ns 

The goal here is to characterize the commutative integral domains that are 
hereditary. Specifically, we show that these rings are necessarily Dedekind 
domains and we precisely describe their ideal structure and their projec­
tive modules. For convenience, we assume throughout this chapter that R 
is a commutative integral domain and we let F denote its field of fractions. 

DEFINITION If A is an ideal of R, define 

A -1 = { q E F I Aq � R } 

It is easy to see that A-1 is an R-submodule of F that contains R. Fur­
thermore, A � AA -1 � R and hence AA -1 is an ideal of R. When 
AA -1 = R, we say that A is invertible. Obviously, this occurs if and only 
if 1 E AA-1 and hence if and only if 1 = L:�=1 aiqi for suitable ai E A 
and qi E A-I .  

LEMMA 7.1 Let A be a nonzero ideal of R. 
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i. If either A is invertible or R is Noetherian, then both A and A-1 
are finitely generated R-modules. 

ii. There is an abelian group isomorphism 0: A -1 -+ HomR(A, R) 
given by O(q)a = qa for all q E A-1 and a E A. 

PROOF (i) Suppose first that A is invertible and let ai E A and qi E A-I 
be given with 1 = L:�=1 aiqi . If a E A, then 

n n 

a = I::ai(qia) E L aiR 
i=1 i=l 
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and if q E A-I ,  then 

n n 

q = :L)qai)qi E L: Rqi 
i=l i=l 

Thus A = :Ei aiR .and A-I = :Ei qiR. 
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Now let R be Noetherian so that, of course, the ideal A is finitely 
generated. Furthermore, if 0 '# a E A, then aA -1 � R, so A -1 � a-I R. 
But a-IR is a cyclic R-module and A-I is a submodule, so Lemma 6.6 
implies that A-I is also finitely generated. 

(ii) Since A-IA � R, it follows that O: A-l -+ HomR(A, R) , as 
described previously, is indeed a homomorphism of abelian groups. Fur­
thermore, 0 is one-to-one, since O(q) = 0 implies that qA = O. Finally, let 
A E HomR(A, R) and let a, b E A \ O. Then 

A(a)b = A(ab) = A(ba) = A(b)a 

so A(a)/a = A(b)/b. Thus A(a)/a is constant for all 0 '# a E A and we 
denote this common fraction by q E F. In other words, A(a) = qa for all 
a E A, including a = O. It follows that qA = A(A) � R, so q E A-I and, 
since O(q) = A, we conclude that 0 is onto. 0 

PROPOSITION 7.2 Let 0 '# A <l R. Then AR is projective if and only if A is 
invertible. In particular, R is a hereditary ring if and only if all its nonzero 
ideals are invertible. 

PROOF Suppose first that A is invertible and say 1 = :E�1 aiqi for 
suitable ai E A and qi E A-I. If V is a free R-module of rank n with basis 
{ Vb V2 , . . . , vn },  then we define 7r: V -+  A by ir: Vi H ai . Furthermore, 
we let a: A -+ V be given by a: a -+ L:�1 vi (aqi) .  Then, for all a E A, 
we have 

n n 

7ra(a) = 7r(L: vi(aqi)) = a L aiqi = a 
. i==l i=l 

and thus 7ra = lA. It follows that A is isomorphic to a direct summand 
of V and hence that AR is projective. 

Conversely, let AR be projective and let W be a free R-module with 
W = A+U. Suppose W has basis { Wj I j E .J }  and, for each a E A, let us 
write a = :Ej WjAj (a) , where Aj (a) E R. Obviously, Aj E HomR(A, R) , so 
the preceding lemma implies that there exists fj E A-I with Aj(a) = fja. 
In other words, a = :Ej wj (fja) . 
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Now fix 0 i:- b E A. Since b has only finitely many nonzero wr 
components, it follows that fib = 0 for almost all j and hence that fj = 
o for almost all j. In particular, if h, h, . . .  , f n are the finitely many 
nonzero fi 's, then b = 'L,'7=1 wj (fjb). Finally, if Wj = bj + Uj E A + U, 
then projecting to the A summand yields b = 'L,�1 bj (fjb) , an equation 
in A � F. We can therefore cancel the b i:- 0 factor here to obtain 
1 = 'L,�=1 bj fj and we conclude that A is invertible. 

Finally, since the zero ideal is always a projective R-module, the last 
statement of the proposition is clear. 0 

DEFIN ITION Let S ;2 R be commutative integral domains. An element s E S is 
integral over R if s is the root of a monic polynomial in R[x ] . Obviously, 
this occurs if and only if there exist elements TO , TI, ; . .  , Tn-l E R with 
sn = TO+TlS+ "  · +Tn_lSn-l . In particular, every element of R is integral 
over R and we say that R is integrally closed if these are the only elements 
of the field of fractions F which are integral over R. 

Again let R be a commutative integral domain. Then R is a Dedekind 
domain if and only if 

1. R is Noetherian, 
2. R is integrally closed, and 
3. All nonzero prime ideals of R are maximal. 

The following lemma yields one direction of the characterization of hered­
itary domains. 

LEMMA 7.3 If R is a hereditary domain, then R is a Dedekind domain. 

PROOF Note that all nonzero ideals of R are invertible by Proposi­
tion 7.2. It is necessary to show that R satisfies conditions (1), (2) , and 
(3) of the preceding definition. 

(1) This follows from Lemma 7. 1(i) . 

(2) Let q E F be integral over R and say qn = 'L,��1 qiTi with Ti E R. 
Set X = 'L,�� qi R so that X is an R-submodule of F containing q and 
observe that the formula for qn implies that X2 = X. Furthermore, by 
taking a common denominator for the finitely many generators of X, we 
see that there exists 0 i:- A <l R with XA � R. Note that B = XA is 
a nonzero ideal of R and that B2 = X2 A2 = X A2 = BA. Thus, since 
BB-l = R, multiplying the latter equation by B-1 yields B = A. In 
particular, A = B = XA, so multiplying by A-I yields X = R and 
therefore q E R as required. 

(3) Let P be a nonzero prime ideal of R and let I <l R with P c I. 
Then P � PI-l � II-l = R, so PI-l <l R. Furthermore, (PI-l)I � P. 
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Thus, since P is a prime ideal and P c I, it follows that PI-1 � P and 
therefore that PI-1 = P. Finally, multiplying this equation by IP-l 
yields I = R and thus P is indeed a maximal ideal. 0 

We can now complete the characterization. 

THEOREM 7.4 Let R be a commutative integral domain. Then R is a hereditary 
ring if and only if it is a Dedekind domain. Furthermore, when this occurs, 
then every nonzero ideal of R is uniquely a Bnite product of prime ideals. 

PROOF In view of the preceding lemma, it suffices to assume that R is 
a Dedekind domain. The goal is to show, by Proposition 7.2, that all 
nonzero ideals of R are invertible and that each is a unique product of 
primes. We proceed in a series of steps. 

STEP 1 If P '# 0 is a prime ideal of R, then p-1 ::) R. 

PROOF Let 0 '# a E P. Then, since R is Noetherian, Proposition 6.7 
implies that there exist finitely many nonzero prime ideals Pi with aR ;:? 
P1P2 • • •  Pn and assume that n is minimal with this property. Since P ;:? 
P1P2 • • •  Pn and P is prime, we must have P ;:? Pi for some i ,  say P ;:? 
Pn, and since Pn is a maximal ideal, it follows that P = Pn. Now the 
minimality of n implies that P1P2 · · ·  Pn-1 � aR, so there exists b in 
P1P2 • • •  Pn-1 \ aR. Notice that bP � HP2 • • • Pn '� aR and thus b/a E 
p-l . On the other hand, b / a � R, since b � aR. 0 

STEP 2 If P is a nonzero prime ideal of R, then P is invertible. 

PROOF If P is not invertible, then P � P p-l C R; hence, since P is 
maximal, we have P = pp-l . It follows that P(P-1)i = P for all i � O. 
Now let 0 '# a E P and, by Step 1 ,  choose q E p-1 \ R. Then aqi E 
P(P-1)i � R, so l.:X:=o aqi R is an ideal of R. The Noetherian property 
now implies that this ideal is finitely generated, say by aqo , aql , . . .  , aqn-l . 
Thus aqn = 2:�:Ol aqiri for suitable Ti E R and, since a '# 0, it follows 
that q is integral over R. But R is integrally closed, so this implies that 
q E R, a contradiction. 0 

STEP 3 Every nonzero ideal of R is a Bnite product of prime ideals. 

PROOF Let 0 '# A <1 R. By Proposition 6.7, we know at least that 
A ;:? P1P2 • • ·  Pn , a finite product of nonzero prime ideals. Assume n is 
chosen minimal and proceed by induction on n. If n = 0, then A = R is 
an empty product of primes. Now let n � 1 .  Since A '# R, there exists 
a prime ideal P of R with P ;:? A. Thus P ;:? P1P2 • • • Pn , so P contains 
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some Pi, say P ;2  Pn. But Pn is maximal, so P = Pn and multiplying by 
p-1 yields 

R = P p-1 ;2 AP-1 ;2 P1P2 . . .  Pn-1 

Thus AP-l <1R has parameter smaller than n, so AP-1 = QIQ2 ' " Qr for 
suitable prime ideals Qj and therefore multiplying by P yields a similar 
formula for A. 0 

STEP 4 Oompletion of the proof 

PROOF We first show that each nonzero ideal is uniquely a product of 
primes. To this end, suppose 

are appropriate products and say n ;::: 1 .  Then PI ;2 QIQ2 ' " Qm, so 
we may suppose "PI ;2 Ql ' But again, Ql is maximal, so PI = Ql and 
therefore multiplying by p11 = Q1'1 yields a shorter relation. Continuing 
in this manner, we clearly obtain the appropriate uniqueness result. 

Finally, if A = TIT2 ' " Tr is written as a product of nonzero primes, 
set B = Tr-1 . . .  T;IT1-

1 . Then AB = R, so B � A-I and AA -1 = R. In 
fact, it follows that B = A-I , since AB = R now yields B = A-l (AB) = 
A-IR = A-I . D 

DEFINITION Let R be a Dedekind domain with field of fractions F. Then any 
finitely generated R-submodule of F is called a fractional ideal of R. In 
particular, if 0 =f:. A <1 R, then Lemma 7.1{i) implies that both A and A-I 
are fractional ideals. It is clear that the set of all fractional ideals of R is 
closed under multiplication. Furthermore, if A is as before, then the usual 
exponent laws are satisfied when we define AD = R and A-n = (A-l)n 

for n ;::: 1 .  We remark that in this context, ordinary ideals of R are also 
called integral ideals. 

COROLLARY 7.5 Let R be a Dedekind domain. Then the set of nonzero frac­
tional ideals of R is a group under multiplication. Furthermore, every 
such fractional ideal I is uniquely a finite product I = Pf1 p�2 . . .  p�n , 
with PI, P2, • • •  , Pn distinct nonzero prime ideals of R. 

PROOF In view of the preceding remarks, the set :F of nonzero fractional 
ideals of R is closed under multiplication. Furthermore, if I is such a 
nonzero ideal, then by taking a common denominator for its finitely many 
generators, we see that there exists 0 =f:. A <1 R with AI = B <1 R. Thus 
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I = BA-l and I has the multiplicative inverse I-I = AB-l . It follows 
that :F is a group and Theorem 7.4 quickly yields the result. 0 

If A is a fractional ideal of R and if 0 i:- q E F, then qA is also a 
fractional ideal. Furthermore, as R-modules we have (qA)R � AR. The 
structure of the projective R-modules is based on: 

LEMMA 7.6 Let R be a Dedekind domain. 
i. If A and B are nonzero fractional ideals of R, then AEeB � REeAB 

as R-modules. 
ii. If Al l A2, " "  An and BlI B2 , " "  Bm are nonzero fractional ideals 

of R, then 

Al Ee A2 Ee . . .  Ee An � Bl Ee B2 Ee . . .  Ee Bm 

if and only if n = m and ITi Ai = q . ITj Bj for some 0 i:- q E F. 

PROOF (i) Let 0 i:- ii E A-I and 0 i:- b E B-1 . Then A = iiA <1 R and 
B = bB <1 R. Furthermore, AR � AR, BR � BR, and (AB)R � (AB)R' 
Thus, without loss of generality, we can assume that A and B are integral 
ideals. Observe that if A + B = R, then Lemma 6.8(i) (ii) implies that 
A Ee B � R Ee AB. 

We now proceed by induction on the number k of prime factors of 
A. If k = 0, then A = R and A + B = R. Next suppose k = 1 ,  so that 
A is a prime ideal of R and hence a maximal ideal. Since B-1 B = R, 
there exists q E B-1 with qB � A. Thus qB <1 R and A + qB = R, so 
A Ee qB � R Ee qAB. But qB � B and qAB � AB, so this case is proved. 

Finally, let k be arbitrary. Again, if A + B = R, we are done, so 
it suffices to assume that A + B � P for some prime ideal P. Then 
A = A' P and B = B' P, where A' = AP-l <1 R and B' = BP-l. Since 
A' has parameter k - 1, induction implies that A' Ee B' � R Ee A' B' and 
thus Lemma 6.8(iii) yields 

A Ee B = (A' Ee B')P � (R Ee A' B')P = P Ee  AB' 

But P is prime, so the k = 1 case yields 

P Ee AB' � R Ee AB' P = R Ee AB 

and the result follows. 
(ii) Set A = ITi Ai and B = ITj Bj • Then it follows from (i) , by 

induction on n, that 

Al Ee A2 Ee . . .  Ee An � R  Ee . . .  Ee R Ee A = Rn-l Ee A 
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and similarly 

Thus n = m and A = qB clearly implies that the two direct sums are 
isomorphic. The converse follows directly from Lemma 6.9. 0 

It is now a simple matter to prove: 

THEOREM 7.7 Let R be a Dedekind domain and let V be a nonzero projective 
R-module. 

i. If V is finitely generated, then 

V � R E9 • • •  E9 R E9 A = Rn-1 E9 A 

for some n � 1 and 0 i:- A <1 R. Furthermore, n is uniquely determined by 
V and A is determined up to multiplication by a nonzero constant in the 
field of fractions of R. 

ii. If V is not finitely generated, then V is a free R-module of unique 
rank. 

PROOF Since R is hereditary, it follows from Theorem 6.3 that V is 
isomorphic to a direct sum of nonzero ideals of R. Suppose first that this 
sum is finite so that V is finitely generated. Then by Lemma 7.6(i) , 

V,� R E9 • • •  E9 R E9 A = Rn-1 E9 A 

for some nonzero ideal A of R. Furthermore, Lemma 7.6(ii) implies that 
n and A are suitably determined by V. 

Now suppose the sum is infinite, so that V is clearly not finitely 
generated. By suitably grouping the summands, we see that it suffices to 
prove that any countably infinite direct sum of nonzero ideals is free. To 
this end, let 

be such a direct sum. If Cn = n�l AiBi with Co = R, then AnBn = 
C;�l On l so An E9 Bn � C;\ E9 On by Lemma 7.6(ii) . Thus 

and, since On E9 0;;1 � R E9 R, we conclude that W is indeed free. The 
uniqueness of the infinite rank of V follows from Lemma 2.3(iii) .  0 
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Finally, we remark that the definition of Dedekind domain is suffi­
ciently concrete to y�eld the following key result. Since the proof of this 
theorem requires a certain amount of field theory, we merely sketch it here. 
However, some of the necessary background information is contained in 
the exercises. 

THEOREM 7.8 Let R be a Dedekind domain with field offractions F and let K 
be a finite degree separable field extension of F. If S is the set of elements 
of K that are integral over R, then S is a Dedekind domain. 

PROOF To start with, we know at least that S is a subring of K, having 
K as its field of fractions. Indeed, if a E K, then there exists 0 7'= r E R 
with ra E S. Furthermore, S n F = R, since R is integrally closed. 
It remains to verify conditions (1) ,  (2) , and (3) of the definition of a 
Dedekind domain. 

(1) In view of the preceding remarks, we can let { aI ,  a2 , . . .  , an } 
be an F-basis for K with each ai E S. Notice that multiplication by any 
{3 E K determines an F-linear transformation of the F-vector space K. 
We can therefore let tr {3 denote the trace of this linear transformation. 
In other words, if {3ai = 2:j=l Ajaj with Aj E F, then tr {3 = 2:�=1 Ai. 
Clearly, tr: K -+ F is an F-linear functional and it is not hard to see that 
if {3 E S, then tr (3 E S n F = R. Furthermore, since F / K is separable, 
we know that the n x n matrix ( tr aiaj )  is nonsingular. 

Let 8 E S and write 8 = Clal + C2a2 + . . . + cnan with Ci E F. Then 
for all j = 1, 2, . . . , n  we have 

a system of n linear equations in the n unknowns' Cl , C2 , • • •  , Cn . Note that 
d = det ( tr aiaj ) 7'= 0, so this system can be solved by Cramer's Rule. In 
particular, since the terms tr saj and tr aiaj are all contained in R, we 
conclude that each Ci E d-1 R and thus that 

But R is a Noetherian ring and the preceding right-hand side is a finitely 
generated R-module. Thus Lemma 6.6 implies that S11. is a Noetherian 
R-modulej since any ideal of S is a submodule of SR, we conclude that S 
is a Noetherian ring. 

(2) Since integrality is transitive, it follows that any a E K that 
is integral over S must also be integral over R. Thus a E S and S is 
integrally closed. 
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(3) Finally, let P be a nonzero prime ideal of S and let s be a nonzero 
element of P. Then s is integral over R and say sj = ro + rlS + . . .  + 
rj_lsj-I with ri E R. Furthermore, since S is a domain and s -# 0, we can 
clearly assume that ro -# O. But ro E R n P and therefore Q = R n P -# O. 
Now RIQ embeds in the integral domain SIP. Thus Q is a prime ideal 
of R and, since it is nonzero, Q is maximal and RIQ is a field. Moreover, 
S is a finitely generated R-module, so SIP is a finitely generated module 
over the field RI Q. Thus since SIP is an integral domain, it follows that 
SIP is a field and hence that P is a maximal ideal of S. This completes 
the proof. D 

Recall that any principal ideal domain is a hereditary ring and hence 
a Dedekind domain. Thus, in the Theorem 7.8, we can certainly take R 
to be the ring of integers or perhaps R = Fo [tl , the polynomial ring in 
one variable over a field Fo. 

EXERCISES ________________________ �-------------

1. A ring R is said to be semihereditary if every finitely generated right 
ideal of R is projective. Show that, over such a ring, any finitely 
generated submodule of a free module is projective. 

In the following three problems, R is a Dedekind domain with field 
of fractions F. Furthermore, we assume that A = Pfl P:2 . . . p�k 
and B = Pfl p�2 . . . P:k are nonzero ideals of R with PI! P2 , • • •  , Pk 
distinct primes of R. 

2. If V is a finitely generated R-submodule of Fn = F E9 F E9 . . .  E9 F, 
prove that V is projective. Show that FR is projective if and only if 
F = R. 

3. Prove that A + B = n:=1 Pimin(at ,bi ) and A n B = n�=1 Pimax(ai tbi ) . 
4. Now suppose A ;2 B and, for each i = 1 , 2, . . .  , k, choose an element 

ai E Pti \ Pt+1 . Use the Chinese Remainder Theorem (Exercise 3.3) . 
to find a E R with a == ai mod Pti+1 for all i and then prove that 
A = B + aR. Conclude that if I is any nonzero ideal of R and if 
o -# 0" E I, then there exists 7" E I with I = 0" R + 7" R. 

In the next two exercises, 71.. denotes the ring of integers and Q the 
field of rationals. In addition, d E 71.. is a square free integer. 

5. Let R be the ring of all elements of Q[v'd] that are integral over 71... 
Show that R = 71.. [v'd] if d == 2, 3 mod4 and that R = 71..[(1 + Vd)/2] 
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if d == 1 mod 4. If d == 1 mod 4, find a nonzero, noninvertible ideal in 
the ring 71. [ v'd] . 

6. Now let R be the Dedekind domain 71.[.;=5]. Show that the norm map 
N: R -+ 71. given by N(a + bA) = a2 + 5b2 is multiplicative. Use this 
to prove that the only units in R are ±1 and that the elements 2, 3, 
1 ± A are all irreducible, that is they have no proper factorizations. 
Since 2 · 3  = (1 + A) · (1 - A), conclude that R is not a unique 
factorization domain and hence not a principal ideal domain. 

In the remaining problems, let K 2 F be a finite extension of fields. 

7. Let { a1 ,  a2 , . . .  , an }  be an F-basis for K. Prove that the nxn  matrix 
( tr aiaj ) is singular if and only if tr K = O. To this end, observe that 
if the matrix is singular, then there exist fI, h, . . .  , f n E F, not all 
zero, with Ei Ii . tr ai aj = 0 for all j .  In particular, if {3 = Ei Ii ai , 
then tr {3K = O. Find an example where tr K = O. Obviously this can 
occur only in characteristic p > O. 

8. Now suppose that KIF is separable so that, by the Primitive Ele­
ment Theorem, K = F[O] . Show that the characteristic polynomial 
for the F-linear transformation 0 is the same as the minimal poly­
nomial for 0 over F and observe that this polynomial has distinct 
roots 01 , O2 , • . •  , On in an algebraic closure K of K. Conclude that 
tr Oi = 01 + O� + . . .  + O� for all i 2: 0 and hence that tr Oj #- 0 for 
some j 2: O. Thus tr K #- o. 

9. Let R be a subring of F having F as its field of fractions and let S be 
the subring of K consisting of those elements that are integral over 
R. If a E K, show that there exists 0 #- r E R with ra E S. If {3 E S, 
show that all roots of its minimal polynomial over F are integral over 
R. Conclude that tr {3 is integral over R. 

10. In the preceding, let R be a principal ideal domain. Show that B is a 
free R-module and that any basis { 81 ,  82 " " ; sn } for S over R is also 
a basis for K over F. Prove that det ( tr Si8j ) is, up to a unit in R, 
independent of the choice of basis. 



8 .  P rojective D imens ion 

It is finally time to understand the relationship between Wedderburn rings 
and hereditary rings. For this, it is first necessary to define the projective 
dimension of a module and the global dimension of a ring. We then show 
that Wedderburn rings are precisely the rings of global dimension 0 and 
that those hereditary rings that are not Wedderburn are precisely the 
rings of global dimension 1 .  We begin with a key observation. 

LEMMA 8.1 (Schanuel's Lemma) Let R be a ring and let 
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o --I- B --I- P L A --I- 0 

o --I- B' --I- p' L A --I- 0 

be short exact sequences of R-modules with P and P' projective. Then 
B Ea P' � B' $ P. 

PROOF Let W be the R-submodule of P $ P' given by W = {p  $ p' I 
(3p = (3'p' } . Then it is easy to see that the projection map 7r: W --I- P is 
onto. Indeed, if p E P, then, since (3' is onto, there exists pi E P' with 
(3'p' = (3p. Thus p $ pi E W and p = 7r(p $ pi) .  Now P is projective, so 
the epimorphism 7r: W --I- P must split and therefore W � Ker(7r) $ P. 
But 

Ker(7r) = { O  $ p' I (3'p' = O }  � Ker((3') � B' 

and thus W � B' $ P. Similarly, W � B Ea P'. o 

This motivates the following: 
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DEFIN ITION Let A and A' be R-modules. We write A t'.I A' if and only if there 
exist projective R-modules P and pI with AEElP !:::! A' EEl pI . Obviously t'.I is 
an equivalence relation. Indeed, if A t'.I B and B t'.I C, then AEElP !:::! BEElP' 
and B EEl Q !:::! C EEl Q' for suitable projective modules P, pI, Q, Q' . Thus 

A EEl (P EEl Q) !:::! B EEl pI EEl Q 
!:::! B EEl Q EEl pI !:::! C EEl (Q' EEl pI) 

and A t'.I C. We use [A] to denote the equivalence class of A. Since any 
direct summand of a projective module is projective, it follows that [0] is 
precisely the set of all projective R-modules. 

We need a slight refinement of Schanuel's Lemma. 

LEMMA 8.2 Suppose we are given short exact sequences 

O � B � P � A � O  
o � B' � pI � A' � 0 

with P and pI projective. If A t'.I A', then B t'.I B' . 

PROOF Since A t'.I A', we have A EEl Q !:::! A' EEl Q' for suitable projective 
modules Q and Q'. Furthermore, we then have the exact sequences 

O � B EEl O � P EEl Q � A EEl Q � O  
o � B' EEl 0 � pI EEl Q' � A' EEl Q' � 0 

But A EEl Q !:::! A' EEl Q', so B EEl (PI EEl Q') !:::! B' EEl (P EEl Q) by Lemma 8.1 
and hence B t'.I B' as required. 0 

DEFINITION Let A be any R-module. By Lemma 2.9(i) , there exists a short 
exact sequence 0 � B � P � A � 0 with P projective and we define 
the kernel map lC by lC: [A] H [B] . In view of the preceding lemma, lC is 
a well-defined map on the t'.I equivalence classes of R-modules. That is, 
lC is independent of the representative of the class and of the particular 
exact sequence chosen. Since 0 � 0 � 0 � 0 � 0 is exact, we have 
lC[O] = [0] . 

The projective dimension of A, written pdR A = pd A, is defined to 
be the minimal integer n with lCn [A] = [0]. Of course, if no such integer 
exists, then pdA = 00. Modules with finite projective dimension are in 
some sense "close to" the projective modules. For example, pd A = 0 if 
and only if A is projective. 
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Suppose 0 -;. B -;. P -;. A -;. 0 is exact and that P is projective. 
Then ICn[A] = ICn-l [B] for all n � 1. Furthermore, if A is projective, then 
the sequence splits so B I p '  and B is projective. We conclude therefore 
that 

1. pd A = 00 if and only if pd B = 00, 
2. pd A = 0 implies pd B = 0, and 
3. pd A = n > 0 implies pd B = n - 1. 

Finally, the (right) global dimension of R is defined to be the supre­
mum of the projective dimensions of all right R-modules. Thus gl dimR 
is either an integer or the symbol 00. As promised, we now prove: 

LEMMA 8.3 If R is a ring, then 
i. gl dim R = 0 if and only if R is Wedderburn, and 
ii. gl dim R = 1 if and only if R is hereditary but not Wedderburn. 

PROOF (i) By definition, R has global dimension 0 if and only if pd A = 0 
for all AR. This means that all R-modules are projective and hence, by 
Theorem 3.9, that R is a Wedderburn ring. 

(ii) Now suppose that gldimR = 1.  If I is a right ideal of R, then 
the exact sequence 0 -;. I -;. R -;. R/ I -;. 0 implies that IC[R/ I] = [I] . 
But pd R/I :5 gldimR = 1, so it follows that pd I = O. In other words, 
all right ideals of R are projective and therefore R is a hereditary ring. 

Conversely, let R be hereditary. If A is an R-module, map a free 
module F onto A to obtain 0 -;. B -;. F -;. A -;. O. But Theorem 6.3 
implies that B � F is projective, so IC[A] = [B] = [0] . Thus pd A :5 1 
and, since A is arbitrary, gl dim R :5 1. Part (i) now yields the result. 0 

In the remainder of this chapter, we obtain some basic properties of 
projective dimension. To start with, we have: 

LEMMA 8.4 Let { Ai l i E  I }  be a collection of R-modules and set A = 
$ LiEI Ai . Then pd A = sup{ pd Ai l i E  I} .  

PROOF For each i E I, let A� = Ai and then define A{ and the projective 
modules pi inductively so that the sequences 

o -;. A�+1 -;. p� -;. A� -;. 0 � � � 

are exact. If Ai = $ Li A{ and pi = $ Li pi , then pi is a projective 
R-module and the sequences 

o -;. Aj+l -;. pi -;. Ai -;. 0 
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are exact. Since A = AO, it follows that ICn[Ai] = [Af] and ICn[A] = [An] .  
Finally, fix any integer n � O. If pd Ai :5 n for all i ,  then each Af is 

projective. Thus An = $ :Ei Af is projective and pd A :5 n. Conversely, 
if pd A :5 n, then An is projective. But Af I An, so each Af is projective 
and we conclude that pdAi :5 n for all i E I. 0 

As a consequence, we see that R has infinite global dimension if and 
only if pd A = 00 for some R-module A. The next lemma offers a simple 
way to construct such modules. Let V be an R-module and let v E V. 
As usual, the right annihilator of v in R is given by 

r.annR(v) = r.ann(v) = { r  E R I vr = O }  

In particular, this applies with V = RR. 

LEMMA 8.5 Suppose a, b E R satisfy r.annR(a) = bR and r.annR(b) = aR. 
Then either pd aR = pd bR = 00 or aR$bR !:::! R and pd aR = pd bR = O. 
PROOF The natural map R -+ aR given by r H ar is clearly onto and 
has kernel r.ann(a) = bR. Thus 0 -+ bR -+ R -+ aR -+ 0 is exact 
and similarly, so is 0 -+ aR -+ R -+ bR -+ O. Since R is free, this 
implies that IC[aR) = [bR) and IC[bR] = [aRl o Thus IC2n [aR] = [aR) and 
IC2n+1[aR] = [bR] for all integers n � O. In particular, if pdaR < 00, 
then clearly [aR] = [bR] = [0] , so aR and bR are both projective. In this 
case, both exact sequences split, so we conclude that R !:::! aR $ bR. 0 

For example, let K be a field and set R = K[x]/(x2) so that R = 
K +Kx with x2 = O. If a = b = x, then r.ann(a) = bR and r.ann(b) = aR. 
Furthermore, R � xR $ xR, since x annihilates the right-hand module 
but not the left. Thus pd xR = 00 and hence gl dim R = 00. Similarly, if 
7L is the ring of integers, we could take R' = 7L/(a'b') for any a' , b' > 1.  

The following lemma allows us to shift from a given short exact se­
quence to another one involving modules of smaller projective dimension. 

LEMMA 8.6 Suppose 0 -+ A -+ B -+ C -+ 0 is an exact sequence of R-modules. 
Then there exist modules D, E, and P with P projectiv� and short exact 
sequences 

O -+ D -+ P -+ B -+ O  
O -+ E -+ P -+ C -+ O  
O -+ D -+ E -+ A -+ O  
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In particular, JC[B1 = [D1 and JC[C1 = [E1 . Furthermore, if R is Noethe­
rian and B is finitely generated, then we can take D, E, and P to be 
finitely generated. 

PROOF We can assume that A S B. Map a projective module P onto 
B to obtain 0 -l- D -l- P -l- B -l- O. It follows that if E is the preimage 
of A S B, then 0 -l- D -l- E -l- A -l- 0 is also exact. But the kernel of 
the combined epimorphism P -l- B -l- C is clearly equal to E and thus 
we have 0 -l- E -l- P -l- C -l- O. 

Finally, suppose R is Noetherian and B is finitely generated. Then 
we can surely take P to be a finitely generated projective R-module. Since 
D S E s P, we conclude from Lemma 6.6 that both D and E are also 
finitely generated. 0 

The following lemma is crucial. 

LEMMA 8 .7 Given the exact sequence 0 -l- A -l- B -l- C -l- O.  If any two of 
these modules have finite projective dimension, then so does the third 
and 

pdA :S; max{ pd B, pd C }  
pd B :s; max{ 1 + pd A, pd C }  
pd C :s; max{ 1 + pd A, 1 + pd B }  

Furthermore, if pd B = 1 and pd C ;::: 2, then pd C = 1 + pd A. 

PROOF Set a = pd A, b = pd B and c = pd C. For the first part, 
we proceed by induction on the sum of the two given finite dimensions. 
Suppose first that B is projective, so that b = 0 and JC[C] = [A] . Then 
clearly a :s; c :s; a + 1 and the result follows in this case. Next, if C is 
projective, then c = 0 and the sequence splits. Thus B � A $ C, so 
B '" A and b = a. Again, the necessary inequalities are satisfied. 

Thus it suffices to assume that neither B nor C is projective. Choose 
D, E, and P as in the preceding lemma so that 

O -l- D -l- P -l- B -l- O  
O -l- E -l- P -t C -t O  
O -l- D -t E -t A -t O  

are exact. Since b, c t= 0, we have d = pd D = b - 1 and e = pd E = c - 1 . 
Thus in 0 -t D -l- E -t A -l- 0, at least two of the projective dimensions 
are finite and these have lower sum than in the original sequence. We 
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therefore conclude by induction that the third projective dimension is 
also finite. Furthermore, 

a :::; max{ 1 + d, 1 + e } ::} a :::; max{ b, c }  
e :::; max{ 1 + d, a } ::} c :::; max{ 1 + b, 1 + a }  
d :::; max{ e, a } ::} b :::; max{ 1 + a, c }  

so we obtain the required inequalities. 
For the second part of the lemma, we now suppose that b = 1 and 

c ;;:: 2. In particular, B and C are not projective, so we obtain, as before, 
an exact sequence 0 --+ D --+ E --+ A --+ 0 with d = pd D = b - 1 = 0 
and e = pd E = c - 1 ;;:: 1 .  Note that A cannot be projective here. 
Otherwise, the latter sequence splits, so E � A EB D and E is projective, 
a contradiction. Thus a ;;:: 1 and we can apply the preceding lemma 
again to obtain the short exact sequence 0 --+ F --+ G --+ D � 0 with 
f = pdF = e - 1  = c - 2 and 9 = pdG = a - 1. But D is projective, so 
this sequence splits and F "" G. Thus f = 9 and therefore c = a + 1 .  0 

As we see shortly in a more general context, the inequality for pd B 
can actually be sharpened to pd B :::; max{ pd A, pd C }. 

LEMMA 8.8 Let V be an R-module, let I be a well-ordered set, and let { V(a) I 
a E I }  be an increasing family of submodules of V with Ua V(a) = V. 
If V(a)- = U,8<a V(f3) , then 

pd V :::; sup{ pd V(a)/V(a)- I a E I }  

PROOF If the right-hand side is infinite, there is nothing to prove. Th-qs 
we can assume that sup{ pdV(a)jV(a)- I a E I }  = n < 00 and we 
proceed by induction on n. If n = 0, then each V(a)/V(a)- = V� is 
projective. It therefore follows from Lemma 6.1 that V � EB Ea V� and 
hence V is projective. Thus pd V = 0 as required. 

Now assume that n ;;:: 1.  For each a, choose a projective module 
Qa and an epimorphism Qa --+ yea). Define P = EB Ea Qa so that P is 
projective and extend the above maps to an epimorphism 

a a 
Furthermore, for each a E I, define pea) = EB E,8<:.a Q,8 so that 71' maps 
pea) onto Yea) . Thus, if -

P(a)- = U P(f3) = EB 2: Q,8 
,8<a ,8<a 
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then 7r clearly maps P(a)- onto V(a)- .  Notice that P(a)jP(a)- � QOt 
is projective. 

Set W = Ker(7r) and, for each a E X, define W(a) = W n pea). In 
this way, we obtain an increasing sequence of submodules of W with 

UW(a) = W n (UP(a)) = W n p  = W 
Ot Ot 

Moreover, if W(a)- = U,8<Ot W(,B), then we have 

W(a)- = U W n P(,B) 
,8<Ot 

= W n ( U  P(,B)) = W n P(a)-
,8<Ot 

Now 7rOt, the restriction of 7r to pea) , maps pea) onto V(a) and we 
consider the combined epimorphism 

Pea) � V(a) -+ V(a)jV(ar 

Since P(a)- -+ 0, this yields an epimorphism 

P(a)jP(a)- � V(a)jV(a)- -+ 0 
--

and we compute the kernel of this map. To start with, Ker(¢>Ot) = 
LOtj P(a)- ,  where LOt = 7r�1 (V(a)-) .  But note that W(a) + P(a)­
contains Ker(7rOt) and maps onto V(a)- .  Thus, by Lemma 1.8, L = 
W(a) + P(a)-:- ,  so 

Ker(¢> ) = W(a) + P(a)- � W(a) 
Ot P(a)- W(a) n P(a)-

_ W(a) _ W(a) 
- W n P(a)- - W(a)-

In particular, for each a, we have the short exact sequence 

O W(a) pea) f/Jrx V(a) 0 -+ -+ � -+ W(a)- P(a)- V(a)-

Notice that n � 1 ,  pd V(a)jV(a)- :5 n, and P(a)jP(a)- � QOt is 
projective. Thus pd W(a)jW(a)- :5 n - 1 for all a E X, and hence 
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induction implies that pd W ::; n - 1. But 0 -+ W -+ p -+ V -+ 0 is exact 
and P is projective, so pd V ::;  n as required. 0 

For convenience, let us record a special case of the preceding. 

LEMMA 8.9 If 0 = Vo � VI � . . .  � Vm = V is a finite series for the R-module 
V, then 

pd V ::; max{ pd Vi/Vi-I I i = 1, 2, . . .  , m  } 

We close with an interesting consequence of Lemma 8.8. 

TH EOREM 8.10 The global dimension of any ring R is equal to the supremum 
of the projective dimensions of all cyclic R-modules. Furthermore, if R is 
Artinian, then gl dim R is equal to the largest of the projective dimensions 
of the finitely many irreducible R-modules. 

PROOF Since gldim R ;::: pd W for all R-modules W, it suffices to bound 
gldimR suitably. To this end, let V be any R-module and suppose V 
is generated by { vo: I a E X }. If we well-9rder X and define V(a) = 
2:,8::;;0: v,8R, then we obtain an increasing sequence of submodules whose 
union is all of V. Furthermore, for each a we have V (a) = vaR + V (a) - , 
so V(a)/V(a)- is cyclic, generated by the image of Va. But 

pd V ::;  sup{ pd V(a)/V(a)- I a E X } 

by Lemma 8.8, and thus pd V is bounded above by the supremum of the 
projective dimensions of all cyclic R-modules. Sillce ' V is arbitrary, the 
same is true of gl dim R. 

Finally suppose R is Artinian. Then, by Theorem 5.6, any cyclic 
R-module V has a composition series. The result now follows from the 
preceding lemma since, by Proposition 5.5, R has only finitely many irre­
ducible modules. 0 

We remark that it is possible for all cyclic R-modules to have finite 
projective dimension even though gl dim R = 00. 

EXERCISES ______________________________________ __ 

1. If R is not a Wedderburn ring, prove that gl dim R = 1 + sup{ pd R I } ,  
where I runs through all right ideals of R. For this, first observe that 
every cyclic R-module is of the form R/ I. 
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2. If N is a nilpotent ideal of R, show that gldimR = sup{ pdR V I 
VN = O }. 

3. Let D be a division ring, let R be the ring of upper triangular n x n 
matrices over D and let N be the set of strictly upper triangular 
matrices. First show that R is an Artinian ring with N = Rad(R) and 
that R has precisely n irreducible modules, namely Vi � eiR/ eiN for 
i = 1 , 2, . . .  , n, where ei = ei ,i ' Furthermore, prove that eiN � ei+1R 
as right R-modules for i < n and conclude that gl dim R � 1. 

4. Let R � S be rings with Rs a projective S-module. If V is an R­
module, prove that pdR V 2: pds V. If in addition R = S + I witli 
I <J R, prove that gl dimR 2: gl dim S. For the latter, observe that any 
S-module is an R-module by way of the homomorphism R -+ R/ I � S 
and that this R-module restricts properly to S. 

Let A be an R-module. A projective resolution for A is a long exact 
sequence 

P. Q2 P Q1 D Qo A 0 . . .  -+ 2 - 1 - ro - -+ 

with each Pi a projective R-module. If all Pi are free, then this se­
quence is a free resolution for A. 

5. If 
, 

Q {32 Q {31 Q (30 A 0 
. . .  -+ 2 - 1 - 0 - -+ 

is a second projective resolution for A, prove that 

Ker(an) $ Qn $ Pn-1 $ Qn-2 $ Pn-3 $ . . . 
� Ker(,Bn) $ Pn $ Qn-1 $ Pn-2 $ Qn-3 $ . . .  

for all n 2: O. In particular, observe that Ker(an) '" Ker(,Bn).  This is, 
of course, a generalization of Schanuel's Lemma. 

6. Prove that A has a projective resolution and that if R is Noetherian 
and A is finitely generated, then A has such a resolution with all Pi 
finitely generated. Show that ICn [A] = [Ker(an_1)] for all n 2: 1 and 
then characterize pd A in terms of the projective resolutions of A. 

7. Let 

C 'Y2 C 'Y1 n 'Yo C 0 . . .  -+ 2 - 1 --+ '-'0 - -+ 
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be a complex of R-modules and R-homomorphisms. Suppose that 
there exist abelian group homomorphisms 0': C -l- Co and lii: Ci -l­
CHI such that "'(Oli = 10, li"'(O + "'(lliO = 100 and lin-l'Yn + "'(n+1lin = 
lon for all n 2: 1 .  Prove that this sequence is exact. 

8. Now assume that the preceding C-sequence is exact and that f: A -l- C 
is an R-module homomorphism. Prove that there exist homomor­
phisms Ii: Pi -l- Ci such that the diagram 

-l- C2 
commutes. 

� Po ao ) A -l- 0 

� C  -l- 0 

Let S be a ring and let r be a multiplicative semigroup. Then the 
semigroup ring R = S[r] is the set of all formal finite sums :Eroer SroX 
with Sro E S. Addition in S[r] is componentwise and multiplication 
is determined distributively by ax . by = (ab) (xy) for all a, b E S and 
x, y E r. For example, the polynomial ring R = S[X1� X2, " " xn] is a 
semigroup ring with r = (XI , X2 , . ' " xn) .  Furthermore, if r = G is a 
multiplicative group, then S[G] is, of course, the group ring. 

9. If R = S[r] , use Problem 4 to prove that gldimR 2: gldim S. 
10. Suppose R = S[G] with G a multiplicative group and, for each n 2: 0, 

let Fn be the free right S-module with basis consisting of all (n + 1)­
tuples [go , gl , . · . ,  gn] with gi E G. If x E G, define [gO , gl , . . .  , gn]x = 
[gox, glX ,  . . .  , gnx] and, for all n 2: 1 ,  let the map an : Fn -l- Fn-1 be 
determined by 

n 
[go, gI l " "  gn] S  H :�::) _)k [go, . . .  , gk , " " gn] s  

k=O 
where gk indicates that gk is omitted. If ao: Fo -l- S is given by 
[go]s H s ,  show that 

I:1 0i2 F Oil Fl ao S 0 • • • -l- .L' 2 ----"-+ 1 ----"-+ 0 ----"-+ -l-
is a free resolution for the R-module SR. For exactness, observe that 
the maps li: S -l- Fo and lin : Fn -l- Fn+1 given by li: S H [l]s and 

lin : [gO, gI l '  . .  , gn] s  H .[1 , go , gl , . . .  , gn]S  

satisfy the assumptions of Problem 7. 
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Let R be a ring and suppose that A and B are both right R-modules or 
both left R-modUles. Then HomR(A, B) is an abelian group determined 
by the pair (A, B). As we will see shortly, the tensor product is another 
abelian group determined by a pair of modules. But here the similarity 
ends. First, the tensor product A®B requires that we deal simultaneously 
with both right and left R-modules. Indeed, .AR is right and RB is left. 
Second, the tensor product is more than just an abelian group. It comes 
endowed with a canonical map A x B -+ A ® B. Finally, A ® B is defined 
in terms of its properties rather than as a union of its elements. Thus, it 
is incumbent upon us to show that the appropriate structure exists. 

DEFINITION Let AR and RB be right and left R-modules respectively. If U is 
any additive abelian group, then c.p: A x B -+ U is said to be a balanced 
map provided that 

84 

1. c.p(al + a2 , b) = c.p(al , b) + c.p(a2' b) , 
2. c.p(a, b1 + b2) = c.p(a, b1) + c.p(a, b2) ,  and 
3. c.p(ar, b) = c.p(a, rb) 

for all a, al l  a2 E A, b, b1 , b2 E B and r E R. In particular, conditions (1) 
and (2) assert that c.p is bilinear, whereas (3) is an associative law of sorts. 
Notice that if 'l}: U -+ U' is a group homomorphism, then the composite 
map 'l}c.p: A x B -+ U' is also balanced. This observation is the basis for 
the following universal definition of tensor product. 

Let AR and RB be given. Then a tensor product (X, O) of A and B 
over R is an additive abelian group X and a balanced map 0: A x B -+ X 
such that any balanced map from A x B factors uniquely through X. 
More precisely, if c.p: A x B -+ U is balanced, then there exists a unique 
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group homomorphism rJ: X -> U such that the diagram 

A x B B 
---+ X 

U 

85 

commutes. In other words, t.p = rJO . As we will see shortly, tensor products 
exist and are essentially unique. We begin with the construction. 

If AR and RB are any R-modules, then we define 8 = S(A, B) to 
be the free abelian group whose free generators are the elements of the 
Cartesian product A x B. In other words, every element of 8 is uniquely 
a finite sum of the form 

L: Za,b (a, b) 
(a,b)EAxB 

with Za,b E 71., the ring of integers. Furthermore, we let 80 = So(A, B) be 
the subgroup of 8 generated by all elements of the form 

(al + a2 , b) - (al , b) - (a2 , b) 
(a, bl + b2) - (a, bI ) - (a, b2 ) 
(ar, b) - (a, rb) 

with a, al l a2 E A, b, bl , b2 E B and r E R. Now define A ® B = A ®R B 
to be the additive abelian group 8/80 • Notice that A x B is a 71.-basis 
for 8 and thus the restriction of the natural epimorphism 8 -> 8/80 to 
A x B yields a map O: A x B -> A ® B. We denote the image of (a, b) 
under 0 by a ® b. Since any element of 80 maps to zero in 8/80, it follows 
from the definition of 80 that 

(al + a2) ® b = al ® b + a2 ® b 
a ® (bi + b2) = a ® bl + a ® b2 

ar ® b  = a ® rb 

for all appropriate elements in A, B and R. In particular, 0 is a balanced 
map. 

PROPOSITION 9.1 Let AR and RB be R-modules. Then (A ®R B, 0) as just 
given is a tensor product of A and B over R. Furthermore, if (X, Of) is 
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any other tensor product, then there exists an abelian group isomorphism 
0': A ® B -> X with (}' = O'(}. 
PROOF As we have observed, A ® B is an abelian group and (}: A x B -> 
A ® B is a balanced map. Now let t.p: A x B -> U be any balanced map. 
Since the elements (a, b) form a Z-basis for 8 = S (A, B) ,  we can clearly 
define an abelian group homomorphism r/: 8 -> U by 

r/ : L Za,b (a, b) H L Za,b t.p(a, b) 
(a,b)EAxB (a,b)EAxB 

Furthermore, since t.p is balanced, it follows easily that r/ maps the gen­
erators of 80 to O. Thus 80 is contained in the kernel of r/ and therefore 
r/ factors through 8180 = A ® B. In other words, there exists a ho­
momorphism 7]: A ® B -> U with 7](a ® b) = t.p(a, b) . Furthermore, 7] is 
uniquely determined, since the elements a ® b clearly generate A ® B. 
Thus (A ® B, (}) is indeed a tensor product for A and B over R. 

Finally, let (X, (}') be any other such tensor product. Since the map 
(}' : A x B -> X is balanced, there exists 0': A ® B -> X with (}' = O'(). 
Similarly, since (}: A x B -> A ® B is balanced, there exists T: X -> A ® B 
with (} = T(}'. Thus (}' = O'T(}' and (} = TO'(}, so uniqueness implies that O'T 
and TO' are both identity maps on the appropriate groups. In particular, 
0' is an isomorphism and the result follows. 0 

With slight abuse of notation we now call A®R B  the tensor product 
of A and B over R. We do this with the understanding that the corre­
sponding balanced map is given by (a, b) H a ® b. Notice that bilinearity 
implies 

(a ® b)z = az ® b = a ® zb 

for all a E A, b E  B and z E Z. In particular, 0 ® b = a ® 0 = O. 
We compute an example. Set R = Z,  A = Z/(m) and B = Z/(n) for 

any m, n � 1 .  Since A is the cyclic Z-module generated by ao = 1 + (m) 
and since B is generated by bo = 1 + (n) , it follows from the preceding 
that A ®z B is the cyclic group generated by ao ® boo Furthermore, 

(ao ® bo)m = aom ® bo = 0 ® bo = 0 
(ao ® bo)n = ao ® nbo = ao ® 0 = 0 

so (ao ® bo)d = 0 where d = gcd(m, n) . In particular, A ® B is a ho­
momorphic image of Z/(d) and hence has order at most d. On the other 
hand, observe that the map t.p: A x B -> Z/(d) given by 

t.p: (i + (m) , j  + (n)) H ij + (d) 
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is balanced. Thus there exists a homomorphism 0': A ® B -+ 7L/(d) with 
O'(a ® b) = <pea, b) . But O'(ao ® bo) = <p(ao, bo) = 1 + (d), so 0' is onto. By 
order considerations, 0' is an isomorphism and hence 7L/(m) ®z 7L/(n) e:! 
7L/(d) .  

The following is a key property of tensor products. 

lEM MA 9.2 Let A, A' , A" be right R-modules and let B, B' , B" be left R­
modules. If a: A -+ A' and f3: B -+ B' are R-homomorphisms, then there 
exists a natural abelian group homomorphism a ® f3: A ® B -+ A' ® B' 
with 

a ® f3: a ® b H aa ® bf3 

for all a E A, b E B. Furthermore, if a' : A' -+ A" and f3': B' -+ B" are 
also homomorphisms, then 

(a' ® f3') (a ® f3) = (a'a) ® (f3f3') 

In particular, if a and f3 are isomorphisms, then so is a ® f3. 

PROOF The map A x B  -+ A'®B' given by (a, b) H aa®bf3 is easily seen 
to be balanced and hence gives rise to the abelian group homomorphism 
a ® f3: A ® B -+ A' ® B' with a ® f3: a ® b H aa ® bf3: The remaining facts 
now follow easily by evaluating the appropriate maps on the generating 
set { a  ® b I a E A, b E B }. 0 

Since the tensor product is defined in a right-left symmetric manner, 
it is clear that its properties will also exhibit this symmetry. Thus to 
avoid unnecessary repetition, we usually just state one-sided versions of 
each result. 

DEFINITION Let V be an additive abelian group and let R and S be rings. 
Then V is said to be an (R, S) -bimodule, written V = RVS, if V is a left 
R-module and a right S-module and if the module structures are related 
by the formula 

(rv) s  = revs) for all r E R, s E S, v E V 

In particular, multiplication by s E S is an R-endomorphism of V and 
multiplication by r E R is an S-endomorphism. If V and V' are both 
(R, S)-bimodules, then the map () : V -+ V' is a bimodule homomorphism 
if it is both an R-module and an S-module homomorphism. 
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LEMMA 9.3 Let R, S, T be rings and let TAR and RBS be given. Then the 
tensor product A ®R B is a (T, S)-bimodule with tea ® b)s = (ta) ® (bs ) .  
Furthermore, if a: A -> A' and (3:  B -> B' are appropriate bimodule 
homomorphisms, then a ® (3: A ®R B -> A' ®R B' is a (T, S)-bimodule 
homomorphism. 

PROOF Let s E S and let 1A denote the identity automorphism of A. 
Then by the previous lemma, 1A ®s: A®B -> A®B given by 1A ®s: a®b H 
a ® bs is an endomorphism of the abelian group A ® R B. Furthermore, 
the map S -> End(A ® B) given by s H 1A ® s is easily seen to be. a 
ring homomorphism. Thus, by Lemma 1 .1 ,  A ® B is a right S-module. 
Similarly, it is a left T-:rp.odule and the remainder is clear. 0 

In view of the preceding, any tensor product result will usually have 
a bimodule version. For the sake of simplicity, we do not bother to offer 
these more complicated formulations. The next result is the associativity 
of tensor products. 

LEMMA 9.4 Let R and S be rings and let AR, RBs and sO be appropriate 
modules. Then A®R (B ®s O) � (A®RB) ®s O via the map a ® (b®c) H 
(a ® b) ® c. 

PROOF For each a E A, the map B x 0 -+ (A ® B) ® 0 defined by 
(b, c) H (a ® b) ® c is easily seen to be balanced and therefore yields 
Ba: B ® 0 -+ (A ® B) ® O. Furthermore, the map A x (B ® 0) -+ 
(A ® B) ® 0 given by (a, d) H Ba(d) is now also balanced and hence we 
have cp: A ®R (B ®s 0) -+ (A ®R B) ®s 0 with a ® (b ® c) H (a ® b) ® c. 
Since the reverse map also exists, cp is an isomorphism. 0 

Part (i) of the next lemma asserts that the tensor produCt "commutes 
with" direct sums. Part (ii) says that it is right exact. 

LEMMA 9.5 Let R be a ring and B a left R-module. 
i. If A = . LiEI Ai , then 

A ®R B  = . L Ai ® B  
iEI 

I II 
ii. If A' � A � A" -+ 0 is exact, then so is 

A' ® B 
(X1®lB) A ® B 

(X1I®1l) A" ® B -+ 0 
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PROOF (i) This follows from Lemma 9.2, since direct sums can be char­
acterized by homomorphisms. Specifically, let 7l"i : A -+ Ai and 7]i : Ai -+ A 
be the corresponding projection and injection maps associated with the 
direct sum A = . :EiEZ Ai .  Then 7l"i7]i = lAp 7l"i7]j = 0 for i ¥: j ,  and 
:Ei 7]i7l"i = lA with the understanding that for any a E A almost all 7l"i {a) 
are zero. By Lemma 9.2, we obtain maps 7ri = 7l"i ® lB : A ® B -+ Ai ® B 
and iii = 7]i ® lB : Ai ® B -+ A ® B which satisfy the analogous relations. 
Thus the result is proved. 

(ii) It is clear that 

A' ® B c.:'®ls) A ® B cxl/®ls) A" ® B -+ 0 

is a zero sequence and that a" ® lB is an epimorphism. Thus we must show 
that the sequence is exact at A®B. To this end, let G = Im(a' ® lB) and 
observe that the map A" x B -+ {A®B)/G given by (all, b) H (a®b) + G, 
where a" (a) = all , is well defined and balanced. Thus we obtain a map 
B: A" ® B -+ (A ® B)/G such that B ({a" ® lB)(X)) = x + G E (A ® B)/G 
for all x E A ® B. In particular, if x E Ker(a" ® lB ) ,  then x E G as 
required. 0 

DEFINITION We say that the left R-module RB is fiat if, for all short exact 
sequences 0 -+ A' -+ A -+ A" -+ 0 of right R-modules, the sequence 

o -+ A' ® B -+ A ® B -+ A" ® B -+ 0 

is also exact. In view of the preceding lemma, RB is flat if and only if, for 
all monomorphisms a/ : A' -+ A, the map a' ® lB: A' ® B -+ A ® B is also 
a monomorphism. EqUivalently, this means that if A' � A, then A' ® B 
embeds naturally in A ® B. There is, of course, an analogous definition 
for flatness of right R-modules. 

An example of the failure of flatness is as follows. Let R = 7L and let 
7L/(n) be embedded in 7L/{n2) as all multiples of n 2:: 2. Then the image 
of the map 

7L/(n) � 7L/(n) ® 7L/(n) -+ 7L/{n2) ® 7L/{n) � 7L/{n) 

is zero, since any x ® y maps to x, n ® y = x, ® ny = x, ® 0 = O. In 
particular, 7L/{n) is not a flat 7L-module. Other examples come from: 

LEMMA 9.6 Let I be a left ideal of R. If AR is a right R-module, then A®R{R/ I) 
is isomorphic to A/AI via the map a ® (r + I) H ar + AI. Furthermore, 
if 0 -+ A -+ B -+ G -+ 0 is exact with A � B, then 

0 -+  A ® (R/I) -+ B ® (R/I) -+ G ® (R/I) -+ 0 
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is exact if and only if A n  BI = AI. 

PROOF Let - : R -+ R = R/ I be the natural module epimorphism. Then 
for all a E A and if E R, we have a ® if = a ® r1 = ar ® L It therefore 
follows that every element of A ® R is of the form a ® 1 for some a E A. 

Next note that the map A x R  -+ A/AI given by (a, r+I) H ar+AI 
is well defined and balanced. Thus we obtain a map e: A ® R -+ AlAI, 
which is clearly onto. It suffices to show that e is one-to-one. To this end, 
let a ® 1 E Ker(e) . Then 0 = e(a ® 1) = a + AI, so a E AI. In other 
words, we can write a = Li airi with ri E I. But then 

a ® 1 = I: airi ® 1 = I: ai ® ri1 = I: ai ® 0 = 0 
i i i  

and we conclude that Ker( e) = O. 
Finally, if A � B then we have the commutative diagram 

A ® R  p,®1 ----+ 

A/AI � B/BI 

where p,: A -+ B is the natural embedding and il: a + AI H a + BI. Since 
the vertical maps are the isomorphisms described previously, it follows 
that p, ® 1 is a monomorphism if and only if il is. But the kernel of il is 
clearly (A n BI)/AI, so the result follows. 0 

Note that if I <l R, then R/ I is an (R, R/ I)-bimodule and the pre­
ceding maps are all R/ I-homomorphisms. 

LEMMA 9.7 If RB is a free left R-module with basis { bi l i E  I }, then every 
element of A ®R B is uniquely a finite sum of the form Li ai ® bi with 
ai E A. 

PROOF Since B = . LiEI Rbi , it follows from Lemma 9.3(i) that A®B = 
. LiEI A ® Rbi . Thus it suffices to show that each element of A ® Rbi 
is uniquely of the fo:r;m ai ® bi with ai E A. For this, first observe that 
a ® rbi = ar ® bi , so every element is indeed of this form. Furthermore, 
Rbi � R, so A ® Rbi � A ® R � A by the previous lemma with I = O. 
Since the isomorphism A ® Rbi -+ A is given by a ® bi H a, the A-term 
is unique. 0 
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We can actually better understand flatness by going back to Propo­
sition 9.1 . Thus suppose A' � A are right R-modules and that B is a left 
R-module. Then certainly S(A', B) � S(A, B) and So (A' , B) � So(A, B) . 
Furthermore, if p,: A' --t A is the inclusion map, then p, ® lE is the homo­
morphism 

S (A' , B) __ 
-::-
S..:.,.( A�,

-::
B�) So(A', B) So(A, B) 

determined by the inclusion SeA', B) � SeA, B) . Thus, by the Second 
Isomorphism Theorem, p, ® lE is one-to-one if and only if 

So(A' , B) = SeA', B) n So(A, B) 

As we will see shortly, this implies that the monomorphism condition is 
local. 

Let M be a family of submodules of B. Then M is a local system 
for B if every finitely generated submodule of B is contained in some 
M E M. 

LEMMA 9.8 Let RB and Ak � AR be given and let M be a local system for 
B. Furthermore, let C be a local system for A whose members all contain 
A'. If A' ® M --t L ® M is a monomorphism for all L E e  and M E  M,  
then A' ® B --t A ® B is also a monomorphism. 

PROOF Let x E S(A' ,  B) n So(A, B) . Then the presentation of x in 
S(A' , B) involves only finitely many elements of B and similarly the pre­
sentation of x in So(A, B) as a sum of generators involves only finitely 
many elements of A and B. Thus, since C and M are local systems, it fol­
lows that there exists L E e  and M E M with x E  S(A' , M) n So (L, M) . 
But A' ®M --t L®M is given to be a monomorphism, so x E So(A', M) � 
So(A' , B) . In other words, So(A' , B) = S(A' , B) n So(A, B) and we con­
clude that A' ® B --t A ® B is indeed a monomorphism. 0 

As a consequence we have: 

L'EMMA 9.9 Let R be a ring. 
i. If RB has a local system of Bat submodules, then RB is Bat. 

ii. An arbitrary direct sum of Bat modules is Bat. A direct summand 
of a Bat module is Bat. 

iii. Any projective R-module is Bat. 

PROOF (i) This follows from the preceding lemma by taking C = { A }  
and M the given local system of flat submodules. 
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(ii) This follows from the definition of flatness and the fact that the 
tensor product commutes with direct sums. 

(iii) In view of (ii) , it suffices to verify that RR is flat, which follows 
from Lemma 9.6 wit1;l. I = O. 0 

LEMMA 9.10 If R is a commutative principal ideal domain, then the R-module 
RB is B.at if and only if it is torsion free. 

PROOF Suppose first that B is torsion free. If M is a finitely generated 
submodule of B, then, since R is a principal ideal domain, M is free and 
hence flat. By Lemma 9.9(i) , B is also flat. 

. 

Conversely, suppose B is flat and let 0 ¥: r E R. Since R is a 
domain, multiplication by r is a monomorphism from R to R. Hence 
r ® 1B: R ® B -4 R ® B must also be a monomorphism. In particular, if 
o ¥: b E  B, then 1 ® b ¥: 0 by Lemma 9.6 with I = 0 and hence 

o ¥: (r ® 1B)(1 ® b) = r ® b = 1 ® rb 
Thus rb ¥: 0 and B is torsion free. o 

Now suppose ¢: R -4 8 is a ring homomorphism. Then 8 is a left 
R-module via r ' s = ¢(r)s and 8 is a right 8-module by way of the regular 
representation. It then follows from the associative law that 8 is in fact an 
(R, 8)-bimodule. In particular, if AR is any right R-module, then A ®R 8  
is a right 8-module, the 8-module induced by A. For example, if I <l R 
and 8 = Rjl, then A ®R 8 = A ®R (Rjl) is the module considered in 
Lemma 9.6. Basic properties are as follows. 

LEMMA 9.11 Let ¢: R -4 8 be a ring homomorphism. 
i. If AR is a projective or free or finitely generated R-module, then 

A ® 8 has the corresponding property as an 8-module. 
ii. Suppose R � 8 and that ¢ is the natural inclusion. If R8 is free 

with basis { Si l i E  I }, then every element of A ® 8 is uniquely a finite 
sum of the form l:iEZ ai ® Si = l:iEZ(ai ® 1)Si with ai E A. 

PROOF (i) By Lemma 9.6 with I = 0, it follows that (R ®R 8)s � 8s. 
Thus, since tensor product commutes with direct sums, we see that if 
AR is free or projective, then so is (A ® 8)s. Now let A = l:�=1 aiR be 
finitely generated. Then every element of A ® 8 is a finite sum of the form 

n 
2: airi,j ® Si,j = 2: ai ® (2: ¢(ri,j )si,j) 
i ,j i=l j 

n 
= 2:(ai ® 1) (2: ¢(ri,j)si,j) i=l j 
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with Ti,j E R and Si,j E S. Thus A®S is generated over S by the elements 
ai ® i for i = 1, 2 ,  . . .  , n .  

(ii) It follows from Lemma 9 .7 that every element of A®8 is uniquely 
a finite sum of the form LiEX' ai ® Si with ai E A. Since ai ® Si = (ai ® 1) Si , 
the lemma is proved. 0 

Finally we prove transitivity of induction. 

LEMMA 9.12 Let ¢: R --t S and 'ljJ: S --t T be ring homomorphisms. Then 
'ljJ¢: R --t T is a ring homomorphism and, for all right R-modules A, we 
have 

as right T-modules. 

PROOF By Lemma 9.6 with I = 0, we have S ®s T � T via the map 
S ® t H S • t = 'ljJ(s)t for all 8 E S, t E T. Thus by the associativity of 
tensor product, 

and the result follows. o 

EXERCISES ___________________ _ 

1 .  Suppose I <JR and that AR and RB are R-modules with AI = 0 = lB. 
Prove that A ®(R/I) B is naturally isomorphic to A®R B. 

2. Let I be a left ideal of R and J a right ideal. If RI is fiat, prove that 
J ® I � JI. If R(R/I) is fiat, show that J n I = J1. 

3. If all R-modules are fiat, prove that R is von Neumann regular. 
Conversely if R is von Neumann regular, show at least that all sub­
modules of free R-modules are fiat. For the first part, choose T E R 
and apply the preceding exercise with I = RT and J = T R. For the 
converse, use the fact that R is semihereditary. 

4. Let R be the polynomial ring K[x, y] and let I = Rx + Ry . Show that 
RI is not fiat. For this, first observe that if I is fiat, then 12 � I ® I 
as (R, R)-bimodules. Next note that 12/13 is the largest homomor­
phic image of 12 that is annihilated on both sides by I and that 
dimK 12/13 = 3. On the other hand, show that I ® I maps onto 
(1/12) ®R (1/12) and that this has dimension 4. 
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A flat module RB is faithfully fiat if for all nonzero modules AR we 
have A ® B =1= o. 

5. Show that the direct sum of a flat module and a faithfully flat module 
is faithfully flat. Conclude, therefore, that any nonzero free module is 
faithfully flat. Find an example of a flat Z-module that is not faithfully 
flat. 

6. Show that RB is faithfully flat if and only if, for all maps a: A -+ A', 
either a or a ® lE being a monomorphism implies that the other is 
also. This is a key alternate characterization of faithfully flat modules. 

7. A family M of submodules of B is said to be directed if its members 
generate B and if every two members are contained in a third.. If M 
is such a directed family, show that B = U M EM M and that . M is a 
local system. 

8. Let Ak � AR and RB be given. Show that there exists a submodule 
L of A containing A' that is maximal with respect to A' ® B -+ 
L ® B being a monomorphism. Similarly, show that there exists a 
submodule M of B maximal with respect to A' ® M -+ A ® M being 
a monomorphism. 

9. Let K be a field and let R and S be K-algebras. We consider the 
tensor product R ®K S. To start with, define a multiplication in 
S(R, S) distributively by (rb 8 1) . (r2 ' 82) = (r1r2, 81 82) . Then show 
that, in this way, S(R, S) is an associative ring and that So(R, S) is 
a two-sided ideal. Conclude that R ®K S is an associative K-algebra 
with multiplication given by (r1 ® 8 1) . (r2 ® 82) = (r1r2) ® (8 1 82) . 

10. If R is any K-algebra, prove that R ®K Mn(K) � Mn(R) and that 
R ®K K[x] � R[x] . 
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We close Part I by considering an important class of rings, the local rings. 
Our goal here is to show that every projective module over such a ring 
is free of unique rank. We begin with Nakayama's Lemma, a simple 
result with powerful applications. It quickly yields our goal in the finitely 
generated case. 

As usual, let Rad(R) denote the Jacobson radical of R. Then Rad(R) 
is the largest quasi-regular two-sided ideal of R and, in particular, its 
definition is right-left symmetric. Furthermore Lemma 5.10(ii) asserts 
that Rad(R) is the intersection of all maximal right ideals of R and hence 
also the intersection of all maximal left ideals. 

LEMMA 10.1 (Nakayama's Lemma) Let V be a finitely generated right R­
module and let W be a submodule of V. 

i . If W c V, then there exists a maximal submodule M of V with 
W � M c V  . 

. ii. If J = Rad(R) and V = W + V J, then V = W. In particular, 
V = V J implies V = O. 

PROOF (i) Since V is finitely generated and W C V, it follows by adding 
one generator at a time that there exists a submodule W' of V with 
W � W' c V and V jW' cyclic. But then V jW' 9:! Rj I for some proper 
right ideal I of R and, of course, I is contained in a maximal right ideal 
N of R. In particular, if M is the complete inverse image of N in V, then 
M is a maximal submodule of V containing W' and hence W. 

(ii) If W =f:. V, choose M as above. Since VjM is an irreducible R­
module, we have (VjM)J = 0 and hence W + V J � M, a contradiction. 
For the final remark, take W = o. 0 
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As a consequence, we obtain the following analog of Lemma 5.7. 

LEMMA 10.2 Let P be a finitely generated projective R-module and write J = 
Rad(R) . 

(i) Suppose V is a finitely generated R-module and /-l: V -+ P is an 
R-homomorphism. If p,: VIV J -+ PI PJ is an isomorphism, then /-l is also 
an isomorphism. 

(ii) If PIPJ is a free RIJ-module, then P is a free R-module. 

PROOF (i) Note that p, is defined by p,: v + V J H /-lev) + PJ. Thus, . 
since p, is onto, we have P = /-leV) + P J and therefore P = /-leV) by 
Nakayama's Lemma. Now /-l is an epimorphism and P is projective, so 
we know that /-l must split. In particular, V = W + pI, where W = Ker(/-l) 
and pI � P. Since /-leW) = 0, we have (W + V J)IV J � Ker(p,) = O. 
Hence W � V J = W J + pI J and therefore W = W J. But W � VI pI 
is finitely generated, so Nakayama's Lemma implies that W = 0 and /-l is 
one-to-one. 

(ii) Since PIPJ is finitely generated and free, PIPJ � (£) L:� RIJ. 
In particular, if we set F = (£) L:� R, then F IF J � PIP J and there is an 
epimorphism a with 

F 

P -+ PIPJ -+ 0 

and Ker(a) = F J. But F is free and hence projective, so there exists 
a map /-l: F -+ P that makes this diagram commute. Thus p,: F IF J -+ 
PIPJ is the isomorphism a and part (i) therefore implies that /-l is also 
an isomorphism. 0 

A ring R is said to be local if R/Rad(R) is a division ring. As we 
will see, the preceding result is particularly useful in this context. We 
start by listing some additional characterizations of such rings. 

LEMMA 10.3 The following are equivalent. 
i. R is a local ring. 

ii. Rad(R) is a maximal right (or left) ideal of R. 
iii. Every element of R not contained in Rad(R) is a unit. 

PROOF (i):::} (ii) This is clear, since R/Rad(R) is a division ring and 
hence has no nontrivial one-sided ideals. 
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(ii):::}(iii) Since Rad(R) is the intersection of all maximal right ideals, 
by Lemma 5.10(ii) , it must be the unique maximal right ideal of R. Now 
let x E R\ Rad(R) . If xR were a proper right ideal of R, then it wOQ.ld be 
contained in a maximal right ideal and hence x E Rad(R) , a contradiction. 
Thus xR = R and there exists y E R with xy = 1. Clearly y ¢ Rad(R) so 
the same argument implies that there exists z E R with yz = 1 .  In other 
words, y has a right and left inverse, so y is invertible. We conclude that 
y-I = x = z and therefore x is invertible with inverse y. 

(iii):::}(i) Since units map to units, it follows that all nonzero elements 
of R/Rad(R) are invertible. Thus R/Rad(R) is a division ring. 0 

Suppose that R is a commutative integral domain and that T is a 
multiplicatively closed subset of R. By this we mean that 1 E T, 0 ¢ T, 
and if a, b E T, then so is abo It is then a simple matter to form the 
ring of fractions RT-l . This is the set of all formal fractions rt-l with 
r E R, t E T and with equality given by rItll = r2t2"l if and only if 
rIt2 = r2h . With the usual addition and multiplication, RT-I is clearly 
a commutative ring and R embeds in this ring via the map r H r1-l . 
Notice that the elements of T are now invertible in RT-I . When T = R\ 0, 
then RT-l is the field of fractions of R and, by abuse of notation, we 
sometimes write this as RR-I . 

If Q is a prime ideal of R, then T = R \ Q is mUltiplicatively closed 
and QT-I = { qt-I I q E Q, t E T }  is a proper ideal of RT-l , since 
1 ¢ QT-I . Furthermore, every element of RT-I not contained in QT-I 
is clearly invertible. It follows that RT-I is a local ring with Jacobson 
radical QT-I . This procedure is known as localization. 

Part (ii) of the following result generalizes the implication (i):::}(iii) 
of Lemma 10.3 and can be obtained fairly directly from it (see Exercise 3) . 
Here we offer a module theoretic proof. 

THEOREM 10.4 Let R be a local ring. 
i. All finitely generated projective R-modules are free. 

ii. Let ( Ci,j ) E Mn(R). If Ci,i ¢ Rad(R) for all i and Ci,j E Rad(R) 
for all i #- j, then the matrix ( Ci,j ) is invertible. 

PROOF For convenience, write J = Rad(R) and let - : R -+ R/ J be the 
natural homomorphism. 

(i) Let P be a finitely generated projective R-module and observe 
that P / P J is an R/ J -module. But R/ J is a division ring, so all its 
modules are free. Thus P / P J is free and hence, by the preceding lemma, 
so is P. 
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(ii) Let F be a free R-module of rank n and note, by Lemma 4.3(iii) , 
that ( Ci,j ) corresponds to an endomorphism J-£ of F. Moreover, the matrix 
( Ci,j ) E Mn (R/ J) corresponds to the endomorphism Jl: F / F J -+ F / F J. 
Note that �,j = 0 for i #- j and that Ci,i #- O. Thus, since R/ J is a 
division ring, we see that ( Ci,j ) is invertible, so Jl is an isomorphism. By 
Lemma lO.2(i) , J-£ is also an isomorphism and thus ( Ci,j ) is invertible. 0 

We now move on to infinitely generated projective modules. Here 
the proof is considerably more complicated, but it is made tractable by 
the following reduction, which applies to all rings. 

. 

THEOREM 10.5 Let V be a direct sum of countably generated R-modules. If 
P I V, then P is also a direct sum of countably generated modules. In 
particular, any projective R-module is a direct sum of countably generated 
projectives. 

PROOF Write V = . L:iEI li'i with each li'i count ably generated. Further­
more, write V = P + Q and let 'Irp: V -+ P and 'IrQ: V -+ Q be the natural 
projections. A submodule W of V is said to satisfy (*) if 'Irp(W) � W, 
'IrQ(W) � W, and W = . L:iEA li'i for some A � I. Obviously, if W 
satisfies (*) , then W I V and W = 'Irp(W) + 'IrQ(W). 

CLAIM Given any Vk, there exists a countable subset 13 of I such that k E 13 
and S = . L:iE13 li'i satisfies (*) . 

PROOF Define the countable subsets Bn of I and the modules Sn = 
• L:iE13n li'i inductively as follows. First let 130 = { k }. Now if Bn is a 
countable subset of I, then Sn is a count ably generated submodule of 
V and hence so are 'Irp(8n) and 'IrQ (Sn) .  Thus there exists a countable 
subset Bn+l of I containing Bn with 'Irp(Sn) and 'IrQ(Sn) both contained 
in Sn+l ' 

Finally, let B = U:=o Bn and S = . L:iE13 lJi. Then 13 is countable 
and S satisfies (*) , since any i E 13 is contained in some Bn and then 
'Irp(lJi) and 'IrQ(lJi) are contained in Sn+1 � S. 0 

Now we say that a submodule W of V satisfies (**) if it satisfies (*) 
and if 'Irp (W) is a direct sum of count ably generated modules. Note that 
W = 0 satisfies (**) . The goal is to find a submodule of V maximal with 
this property and for this it is necessary to keep track of the precise de­
composition of 1l"p(W) , Thus we use B to denote the particular collection 
of count ably generated submodules that direct sum to 'Irp(W) .  Of course, 
B is not uniquely determined by Wi therefore we study the pair (w, B) . 
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Write (Wb B1) � (W2 ' B2) if and only if WI � W2 and Bl � B2 . 
If { (Wj , Bj) I j E .J }  is a chain of such pairs, then it follows easily 
that (Uj Wj , Uj Bj) also satisfies (**) . We can now conclude from Zorn's 
Lemma that a maximal pair (W, B) exists. 

If W #- V, then there exist Vk � W and we can let 8 be the count ably 
generated (* )-submodule of V given by the claim. Then W' = W + 8 :J 
W and certainly W' satisfies (*) . Next observe that 7rp (W) I W and 
W I V, so 7rp(W) I V. Furthermore, 7rp (W) � 7rp(W') ,  so the Modular 
Law implies that 7rp (W') = 7rp(W) + P. Similarly, we have 7rQ(W') = 
7rQ(W) + Q. Now notice that W' /W = (W + 8)/W � 8/(8 n W) is 
count ably generated. Since 

Wi = 7rp(W') + 7rQ(W') = W + P + Q 
we have W' /W � P + Q and thus P, being a homomorphic image of 
W' /W, is also countably generated. But then (W, B) < (W' , B') ,  where 
B' = BU{ P }, and this contradicts the maximality of (W, B) . We conclude 
therefore that W = V. In other words, V satisfies (**) and hence P = 
7rp(V) is a direct sum of count ably generated submodules. 

Finally, if pi is any projective R-module, then pi + Q' = F', where 
F' is free. But then F' is a direct sum of copies of the cyclic R-module RR, 
so the preceding implies that pI is a direct sum of count ably generated 
R-modules. The result now follows because any direct summand of a 
projective module is projective. 0 

With this result in hand, it now clearly suffices to consider countably 
generated projective modules. The next two lemmas contain the necessary 
work. 

LEMMA .10.6 Let V be a countably generated R-module. Assume that for every 
W I V and x E W, we have W = F+Q, where F is free and x E F. Then 
V is a. free R-module. 

PROOF Let Xl l X2 , Xa ,  . . .  generate V. We construct free submodules Fi 
inductively so that 

V = Fl + F2 + . . .  + Fn + Qn 
and Xb X2 , . . .  , Xn E Fl + F2 + . . .  + Fn . For convenience, set Fo = 0 and 
Qo = V. 

Given n � 0, write Xn+l = in+qn, where in E FI +F2 + " ·+Fn and 
qn E Qn. Since Qn I V, the hypothesis implies that Qn = Fn+l + Qn+l 
with Fn+1 free and qn E Fn+l ' Thus 

V = Fl + F2 + . . .  + Fn + Fn+l + Qn+l 
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and Xn+l E Fl + F2 + . . .  + Fn + Fn+l '  This proves the induction step 
and we conclude that V = . :E:l Fi is free. 0 

Next we show that the preceding hypothesis holds when R is local. 

LEMMA 10.7 Let R be a local ring, let P be a projective R-module and let 
x E P. Then P = Y + T with Y a free R-submodule containing x. 
PROOF Write P+Q = F, where F is free, and choose a basis { fi  l i E  X}  
of F so that x is written in terms of the minimal number, say n, of basis 
elements. By relal;>eling the subscripts, we can assume that x = :E�=1 j(ri 
with ri E R. Let F' denote the free submodule of F spanned by the 
remaining basis elements fk with k > n. 

We first note that no rj is a left R-linear combination of the other 
ri's. Indeed, if rn = :E�:1

1 biri with bi E R, then 

is another free basis for F and x = :E�:I
I (fi + fnbi)ri involves fewer terms, 

a contradict jon. 
Let 'ffp: F -I- P be the natural projection and set 'ffp (fi) == Yi for 

i == 1 , 2, . . .  , n. Since 'ffp(x) == x, we have 

n n 
I:: firi = x == 'ffp (x) = I:: Yiri 
i=1 i=1 

Furthermore, Yi E F, so we can write 

n 
Yi == I:: i;Cj,i mod F' 

j=1 

for suitable Cj,i E R. Thus 

n n n 
I:: firi == I:: Yiri == I:: fjCj,iTi mod F' 
i=1 i=1 i,j=1 

and hence rj == :E�=1 Cj,iri for all j = 1 , 2, . . . , n. 
We study the latter system of equations. To start with, if Cj,i � 

Rad(R) for some j #- i, then Cj,i is invertible and hence ri is a left R-linear 
combination of the remaining rk 's, a contradiction. Thus Cj,i E Rad(R) 
for all j #- i. Similarly, 1 - Cj,j E Rad(R) for all j ,  so Cj,j � Rad(R) . It 
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now follows from Theorem 10.5(ii) that the nxn  matrix ( Cj,i ) is invertible 
in Mn(R) . Hence Lemma 2.5 implies that { Yb Y2, . . .  , Yn } is also a free 
basis for F modulo F'. In other words, if Y = L:�=l YiR, then Y is a free 
submodule of P and Y + F' = F. Thus P = Y + (F' n P) and the result 
follows because x E Y. 0 

We can now quickly prove: 

THEOREM 10.8 (Kaplansky's Theorem) If R is a local ring, then all projective 
R-modules are free of unique rank. 

PROOF We first show that projectives are free and, in view of Theo­
rem 10.5, it suffices to consider count ably generated projective modules. 
Let P be such a module and suppose that W is a direct summand of P. 
Then W is projective and, for any x E W, the preceding lemma implies 
that W = F + Q with F free and x E F. Lemma 10.6 now implies that P 
is free. Finally, the uniqueness of rank follows from Lemmas 2.3 and 2.6, 
since R/Rad(R) is a division ring. 0 

EXERCISES ____________________________________ ___ 

1 .  Prove Lemma 10.1(ii) directly from the quasi-regular property of J = 
Rad(R). To this end, suppose { Vb V2 , • • •  , Vn } � V is a minimal 
generating set for V modulo W and write Vn E W + V J = W + Ei viJ. 
Now solve for the generator Vn• 

2. Let r be the semigroup consisting of all symbols xq, where q is a 
nonnegative rational number, and let the multiplication in r be given 
by xa . xb = xa+b. Form the semigroup algebra R = K[r] and let 
R = R/ xl R. Show that R is a local ring with J = Rad(R) a nil, 
but not nilpotent, ideal. Furthermore, show that J2 = J #- 0, so that 
Nakayama's Lemma can indeed fail for infinitely generated modules. 

3. Now let R be a local ring and suppose C = ( Ci,j ) E Mn(R) with 
Ci,i tI. Rad(R) and Ci,j E Rad(R) for all i #- j .  Show that C is both 
row and column equivalent to the identity matrix. Conclude from this 
that C is invertible. 

4. Suppose T is a multiplicatively closed subset of the commutative do­
main R. If T is the set of divisors of elements of T, prove that T is 
multiplicatively closed and that RT-l = RT-l . In particular, if R is 
a unique factorization domain, show that the rings RT-1 correspond 
in a one-to-one manner to the sets of prime elements of R. 

If V is an R-module, then Rad(V) is defined to be the intersection 
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of all maximal submodules of V. In particular, Rad{RR) is the usual 
Jacobson radical of R. 

5 .  Let W � V. If M is a maximal submodule of V, show that either 
M ;;2  W or that W n M  is a maximal submodule of W. Conclude that 
Rad(W) � W n Rad(V) with equality if W I V. Find an example of 
I-modules where equality fails. 

6. Show that Rad{V) ;;2 V . Rad(R) with equality if V is free and then if 
V is projective. Show that equality fails when R = I and V = Q7l . 

An R-module V has a projective cover P � V -I- 0 if P is projec­
tive and if no proper submodule of P maps onto V. 

7. If P � V -I- 0 and Q L V -I- 0 are projective covers for V, prove 
that P � Q. Furthermore, if R is Artinian, use the argument of 
Theorem 5.9{iii) to show that every R-module has a projective cover. 

8 .  If P � V -I- 0 is a projective cover, show that Ker{a) � Rad{P) . 
Conclude from Exercise 6 that if Rad{R) = 0, then a must be an 
isomorphism. In particular, if Rad{R) = 0, then only projective R­
modules have projective covers. 

9. If P is a cyclic projective R-module, show that P � eR for some 
idempotent e E R. Conclude that if R has no idempotents other than 
o or 1 and if V is an irreducible R-module with a projective cover, 
then R is a local ring. Conversely, if R is a local ring, show that all 
finitely generated R-modules have projective covers. 

10. Let F � V -I- 0 be a projective cover for V with F a free R-module. 
Since F #- F . Rad{R), conclude that V #- V . Rad(R). Now use 
Exercise 2 to show that not every module over a local ring has a 
projective cover. 
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1 1 .  Skew Polynom i a l  R i ngs 

Skew polynomial rings are polynomial rings in a noncommutative setting. 
Their study allows us to discuss and develop important concepts while 
working in a concrete, reasonably familiar environment. 

DEFINITION Let R be a ring and let 0' be an automorphism of R. We define 
the skew polynomial ring R[x; 0'] to consist of all polynomials L:i rixi with 
ri E R and with at most finitely many of these coefficients nonzero. The 
addition in R[x; 0'] is as usual, but multiplication is given by 

for all a, b E R and integers i ,  j ;::: O. This multiplication is, of course, 
analogous to the semidirect product construction in groups. To check 
associativity, let a, b, c E R. Then 

and 

(axi . bxj) . cxk = abu-i
xi+j · cxk 

= abu-i 
cu-i-; xi+j+k 

axi • (bxj . cxk) = axi . bcu-j xj+k 

= a(bcu-j
)U-i

xi+j+k 

= abu-i 
cu-i-; xi+j+k 

as required. 
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We now identify T E R with TXO , so R � R[xj 0'] , and we identify 
x with lxl . It is then clear that R[x; 0'] is the associative ring freely 
generated by R and x subject to the relations TX = XTIT for all T E R. 
Furthermore, it follows that R[x; 0'] is symmetrically defined so that every 
element is also uniquely a polynomial of the form L:i xi Si with Si E R. If 
0' = 1,  then R[x; 0'] = R[x] is the ordinary polynomial ring over R. 

In the course of this chapter we will be concerned with the nature of 
the finitely generated R[x; O']-modules. For this, it is appropriate to work 
in the context of Noetherian rings. We therefore start with a noncom": 
mutative version of the classical Hilbert Basis Theorem using the same 
proof. 

THEOREM 11.1 (Hilbert Basis Theorem) If R is a right Noetherian ring, then 
so is R[xj 0'] . 
PROOF We show that each right ideal of R[x; 0'] is finitely generated. 
Let I � R[x; 0'] be a right ideal and for each integer n 2:: 0 define 

In = { T  E R I TO + TlX + . . .  + TnXn E I and T = Tn } 
Since 

we see that In is a right ideal of R. In addition, 

(TO + TlX + . . .  + TnXn)X = TOX + TlX2 + . . .  + TnXn+! 
so In � In+! ' 

Since R is Noetherian, the ascending chain 10 � h � 12 � . . . 
must stabilize, say at t. Furthermore, each Ii is finitely generated, so for 
0 :5  i :5 t we can choose finite sets { Ti,j } that generate Ii. By definition, 
there exist fi,j E I with 

f· . = T ' . xi + lower degree terms Z ,J Z ,J 

We claim that I is generated as a right ideal of R[x; 0'] by the finitely 
many elements fi,j E I. 

If f E I, we show by induction on its degree that f E L:i,j fi,jR[x; 0'] . 
Since 0 is contained in the right-hand side, we can assume that n = 
deg f 2:: O. Write f = TO + TIX + . . .  + TnXn so that Tn E In. If n :5 t, then 
Tn = L:j Tn,jUj for suitable Uj E R; thus 

9 = f - L fn,jUf j 
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is a polynomial of lower degree contained in I. Hence g E l:i,j fi,jR[x; 0'] 
by induction and so f is also contained in this sum. On the other hand, 
if n > t, then Tn E In = It and there exist suitable Vj E R with 

h = f - L ft,jv'{ xn-t 
j 

a polynomial in I with deg h < n. Again, h is in the sum l:i,j fi,jR[x; 0'] 
and hence so is f. Thus I is generated by the finitely many fi,j and the 
result follow�. D 

The remainder of this chapter is concerned with global dimension. 
Our goal is to compute gldim R[x; 0'] as a function of gl dim R. To start 
with, we need 

DEFINITION Let A be an R-module and let r be an automorphism of R. Then 
the conjugate module AT is just an isomorphic copy of the abelian group 
A and we write this isomorphism as a H aT . Furthermore, the action of 
R on AT is given by 

for all a E A, T E R 

It is easy to verify that AT is an R-module. Indeed, if the R-module 
structure of A is determined by the homomorphism p: R -+ End(A) , then 
the structure of AT is given by the composite map 

-1 
R !.-t R � End(A) 

once A and AT are suitably identified. 
We now obtain the first key inequality. 

THEOREM 11.2 For any ring R, 

gldim R[x; 0'] :::; 1 + gl dimR 

PROOF We can assume that gl dim R = n < 00 and for convenience we 
write S = R[x; 0'] . There are two cases to consider. 

CASE 1 Induced S-modules have projective dimension at most n. 
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PROOF Let A be an R-module. Define the R-modules Ao, Al , . . .  , An 
and the projective R-modules Pl, P2 , . ' "  Pn inductively so that Ao = A 
and 

is exact for all i == 1, 2, . . .  , n. Since gl dim R = n, it follows that An is 
also projective. Now RS is free and hence flat by Lemma 9.9(iii), so 

o -+ Ai ® S -+ Pi ® S -+ Ai-l ® S -+ 0 

is an exact sequence of right S-modules for all i = 1, 2, . . .  , n. Further­
more, Pi ® S and An ® S are projective by Lemma 9. 11(i) , so we conclude 
that the induced S-module A ® S = Ao ® S has projective dimension at 
most n. 

We remark that A ® S = . l:j A ® xj , since { xj I j = 0, 1, 2, . . .  } 
is a basis for S as a left R-module. Thus every element of A ® S can be 
written uniquely as a "polynomial" l:j aj ® xj with "coefficients" aj E A 
almost all zero. In particular, it makes sense to speak about the "degree" 
of such an element. 0 

CASE 2 Arbitrary S-modules have projective dimension at most n + 1. 
PROOF If B is an S-module, then by restriction B becomes an R-module 
BR and we can form the induced S-module BR ® S. Since the map 
BR x S -+ B given by b x S H bs is clearly balanced, there exists a 
homomorphism e: Bll ® S ·-+ B given by b � S H bs. It is clear that e is 
an S-module epimorphism. Let L = Ker(e). 

Since 0' E Aut(R) , we can also consider the conjugate R-module Bfl 
and the induced S-module Bfl ® S. Observe that the map Bfl x S -+ 
BR ® S given by 

beT x S H b ® xs - bx ® s 

is balanced. Indeed, it is certainly bilinear and if r E R, then beT reT x s = 
(br)eT x s maps to 

br ® xs - brx ® s = b ® rxs - brx ® s 
= b ® xreT s - bxreT ® s 
= b ® xreT s - bx ® reT s 

and this is the image of beT x reT s . Thus we obtain an additive map 
fJ: Bfl ® S -+ BR ® S given by 

beT ® s H b ® xs - bx ® s 
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and this is clearly a right S-module homomorphism. Furthermore, since 

e{b ® xs - bx ® s) = bxs - bxs = 0 

we see that the image of fJ is contained in L = Ker{ e) . 
We claim that fJ: B� ® S -+ L is in fact an isomorphism. First, let 

o f=. v E B1:t ® S and write v as 

v = bIT ® xk + lower degree terms 

with 0 f=. b E B. Then 

fJ{v) = b ® xk+l + lower degree terms 

so fJ{v) f=. 0, by the final remarks of Case 1 ,  and hence fJ is one-to-one. 
Second, we show by induction on the degree of .e E L that .e E Im(fJ) . If 
.e f=. 0, then clearly deg.e = k + 1 2:: 1 and we have 

.e = b ® xk+1 + lower degree terms 

Thus if we set u = bIT ® xk E B1:t ® S, then .e - fJ( u) E L and has degree at 
most k. By induction, .e - fJ( u) E Im( fJ) and hence .e E Im( fJ) , as required. 

We have therefore obtained the short exact sequence 

of S-modules. Furthermore, by Case 1 ,  B1:t ® S and BR ® S both have 
projective dimension at most n. Thus by Lemma 8.7, pds B � n +  1 and, 
since B is arbitrary, we conclude that gl dimB ::; n + 1.  0 

We will show, in fact, that gl dim R[xj 0"] = 1 + gldim R. For this, 
we need to consider ring homomorphisms. 

Let I <l R and set R = R/ I. If W is an R-module, then via the 
composite homomorphism R -+ R -+ End{W) , we see that W is also an 
R-module. It is clear that this procedure respects submodules, unions, 
intersections, and direct sums. It certainly need not respect the properties 
of being free or projective. 

Conversely, let V be an R-module. Then V = V ®R R = V/VI 
is an R-module by Lemma 9.6. Here the procedure does not respect 
submodules, but we know from Lemma 9.1l(i) that if V is a projective 
or free R-module, then V is a projective or free R-module. 
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DEfiNITION An element , E R is said to be normal if ,R = R'. When this 
occurs, then clearly I = ,R <l R. Furthermore, if V is an R-module, then 
VI = VCR,) = V( and V = VIVI = VIV,. Obviously, 0 and the units 
of R are normal elements of R. 

THEOREM 11.3 Let , be a normal element of R that is neither a zero divisor 
nor a unit. Ifgldim RI'R < 00, then 

gl dim R 2:: 1 + gldim Rj(R 

PROOF Set R = RI,R and observe that R f=. 0, since , is not a unit of 
R. We proceed in a series of steps. 

STEP 1 If Q is a nonzero projective R-module, then pdR Q = 1 .  

PROOF First consider the short exact sequence 

o --+ ,R --+ R --+ R --+ 0 

of R-modules. Since ' is not a zero divisor, ,R � R is free and hence 
pdR R $ 1 .  Furthermore, by Lemma 8.4, the projective dimension of 
a direct sum is the supremum of the dimensions of the summands. It 
follows first that every free R-module has projective dimension at most 1 
as an R-module and then that the same is true for projective R-modules. 
Thus pdR Q $ 1. 

Finally, if pdR Q = 0, then Q is a projective R-module and hence 
embeds in a free R-module. But , annihilates no nonzero element of a 
free R-module and Q' = 0, so we conclude that Q = o. 0 

STEP 2 Let A be an R-module. If pdji A $ 1 and pdR A $ 1, then A is a 
projective R-module. 

PROOF Map a free R-module F onto A to obtain the exact sequence 

0 --+  B --+  F --+  A --+ 0 

Since pdR A $ 1 ,  we know that B is a projective R-module. Notice that 
B ::2 F" so we also get 

0 --+  BIF' --+ FIF' --+ A --+ 0 

which we can view as an exact sequence of R-modules. Since F IF, = F 
is a free R-module and pdji A $ 1 ,  we see that B I F, is a projective 
R-module. 
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Now B ::2  F( ::2 B(, so the Third Isomorphism Theorem yields 

0 -+  F(IB( -+ BIB( -+ BIF( -+ 0 

an exact sequence of R-modules and of R-modules. But B I F( is a pro­
jective R-module, so the sequence splits and we have 

BIB( � F(IB( $ BIF( 

Furthermore, B is a projective R-module, so B = B I B( is a projective 
R-module and hence so is F(I B(. 

Now note that F( ::2 B( ::2 F(2 , so the Third Isomorphism Theorem 
yields 

and this splits as R-modules, since F(IB( is projective. Thus we have 

where D is an R-module with F(2 � D � F(. In particular, if we let 
C = { f E F I f( E D }, then D = C( and C ::2  F(. Furthermore, C is 
an R-submodule of F. Indeed, if f E C and r E R, then for some r' E R 
we have fr( = f (r' E D and hence fr E C. 

Finally, ( annihilates no nonzero element of F, so F( = B( + C( 
yields F = B + C and B( n C( = F(2 yields B n C = F(. Thus 
F I F( = B I F( + C I F( and C I F( is a projective R-module. But C I F( � 
FIB � A, so we conclude that A is a projective R-module. 0 

STEP 3 If A is a nonze:r:o R-module with pdii A = k < 00, then pdR A ;::: k + 1 .  

PROOF We proceed by induction on k, the case k = 0 following from 
Step i. Now let k ;::: 1 and map a projective R-module P onto A to obtain 

As R-modules we have pdii A = k, pdii P = 0, and hence pdii B = k - l. 
As R-modules we have pdR A = a, pdR B = b, and pdR P = 1 by Step 1 -
Furthermore, by induction, b ;::: ( k  - 1) + 1 = k. 

If a ;::: 2, then Lemma 8 .7 implies that a = 1 + b ;::: 1 + k as required. 
On the other hand, if a $ 1 ,  then the same lemma yields b $ max{ 1, a }  = 
1, so k $ 1 .  In other words, pdR A = a $ 1  and pdii A = k $ 1, so Step 2 
yields k = 0, a contradiction. Thus Step 3 is proved. 
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Finally, if gl dim R = n < 00, then there exists a nonzero R-module 
A with pdii A = n. We conclude that gl dimR ;::: pdR A ;::: n +  1 and the 
result follows. 0 

The hypothesis gl dim R/(R < 00 of the preceding theorem is ac­
tually necessary. For example, let R = 71. be the ring of integers and 
let ( = 4. Then ( is a normal element of 71. and gl dim 71. = 1. On the 
other hand, by the remarks following Lemma 8.5, the global dimension of 
R/ (R = 71./471. is infinite. 

We can now quickly prove the main result of this chapter. 

COROLLARY 11.4 If R is a ring and 0' E Aut(R) , then 

gl dimR[x; 0'] = 1 + gldim R 

PROOF If S = R[x; 0'] , then we know from Theorem 11.2 that gldim S :::; 
1 + gl dim R. Thus the result follows if gl dim S = 00 and it suffices to 
assume that gl dim S = n < 00. 

Since S is a free right R-module, it follows that any free S-module 
is a free R-module and then that any projective S-module is a projective 
R-module by restriction. Now let A be an arbitrary S-module and let the 
S-modules Ao, Al , · . .  , An and the projective S-modules Pl, P2 , • • •  , Pn be 
defined inductively so that Ao = A and 

is exact for all i = 1, 2, . . .  , n. Since gldim S = n, we have An projective. 
By restriction, the preceding become exact sequences of R-modules with 
the restrictions of all Pi and of An projective. Thus, clearly, pdR A :::; n. 
In particular, if B is any R-module, then the induced S-module B ® S 
satisfies pdR B ® S :::; n. But B ® S = . L:i B ® xi is a direct sum of 
R-submodules with B � B ® 1 via the map b 1-+ b ® 1. Thus B is an 
R-direct summand of (B ® S)R and hence pdR B :::; pdR B ® S :::; n. We 
conclude at least that gl dim R :::; n < 00. 

Finally, notice that x is a normal element of S that is neither a unit 
nor a zero divisor. Moreover, S = S/xS � R. Thus, since gldimR < 00, 
the preceding theorem yields 

n = gl dim S ;::: 1 + gl dim S = 1 + gl dim R 

and the reverse inequality is proved. o 
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COROLLARY 11.5 Let K be a field and let K[Xl ' X2, . . .  , xn] be the ordinary 
polynomial ring in n variables over K. Then 

PROOF This follows by induction on n, since gl dim K = O. 0 

The preceding is one aspect of the Hilbert Syzygy Theorem, which 
we consider in complete detail in Chapter 15. 

EXERCISES ___________________ _ 

1 .  Verify that R[x ; 0'] is freely generated by R and x subject to the re­
lations rx = xrU for all r E R. Then show that R is a right R[x ; 0']­
module with R acting as right multiplication and with x acting like 
the automorphism 0'. What are the R[x ; O']-submodules of R ?  

2 .  Let A be an R-module and let T E Aut(R) . Prove that AT is an R­
module and verify that the action of R is determined by the composite 
map 

- 1  
R � R � End(A) 

A derivation 8: R -+ R is a map satisfying 8(a + b) = 8(a) + 8(b) 
and 8(ab) = a8(b) + 8(a)b for all a, b E  R. 

3. If y E R, prove that the map ady : R -+ R given by ady: r H [r, y] = 
ry - yr is a derivation of R. Such derivations are said to be inner. 

4. Let 0 be a derivation of R. Prove that 8(1) = 0 and that 0 extends 
to a derivation 0' of the ordinary polynomial ring R[t] by defining 
o'(rtn) = o(r)tn + nrtn-1 for all n ;::: O. 

If 0 is a derivation of R, then the Ore extension R[x; 0] is the ring 
freely generated by R and x subject to the relations rx - xr = oCr) 
for all r E R. In particular, 0 is now the restriction of adre to R. We 
use this notation in the remaining exercises. 

5. Show that the ordinary polynomial ring R[X] is a right R[x; oj-module 
with R acting as right multiplication and with x acting by Xir . x = 
Xi+1r + Xio(r) . Conclude that 1 ·  xi = XiI for all j ;::: O. 

6. First show that every element of R[x ; 0] can be written as a polynomial 
L:i xiri with Ti E R. Then use the preceding module to prove that 
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the coefficients Ti are uniquely determined. Conclude similarly that 
every element of R[xj 8] is uniquely a polynomial of the form :Ei Sixi . 

7. Let R be right Noetherian and let S be any ring generated by R and 
some element y such that R + Ry = R + yR. Prove that S is right 
Noetherian. In particular, observe that this applies with S = R[xj 8] . 

8. Use the arguments of Theorem 11.2 to prove that gl dimR[xj 8] S 
1 + gl dim R. Here conjugate modules are not needed, but one must 
still verify that the map BRX S  -+ BR®S given by b x s  H b®xs-bx®s 
is balanced. 

9. If R is a Wedderburn ring, show that gldim R[x; 8] = 1 .  
10 .  Let K be a field of characteristic 2 and consider the matrix ring S = 

M2(K[t]) = M2(K) [t] . Let x, y E S  be given by 

x = ( � � )  y = ( �  � ) 
If R is the subring of S generated by K and Y., show that S = R[x; 8] 
for a suitable derivation 8. Since gl dim R = 00 and gl dim S = 1,  we 
see that gl dimR is not bounded by gl dim R[x; 8] in this example. 

In general, if gl dim R < 00, then 

gldim R .S gl dim R[x; 8] S 1 + gldim R 

and either equality can occur. 



12 . G rothend i eck G roups 

The Grothendieck group of a ring R is an additive abelian group that 
is determined by all the finitely generated R-modules. It is important 
because it is simple enough to be computed, yet subtle enough to contain 
at'least some global information on the modules. As usual, when we study 
such modules, it is appropriate to work in the context of Noetherian rings. 
Thus we will assume throughout this chapter that R is right Noetherian 
and we freely use the fact that submodules of finitely generated R-modules 
are finitely generated (Lemma 6.6) . 

DEFINITION Let R be a right Noetherian ring and let F be the free additive 
abelian group whose free generators are the isomorphism classes of the 
finitely generated R-modules. Notice that every such finitely generated 
module is a homomorphic image of some free R-module Rn of finite rank 
n. Because of this, the collection of isomorphism classes of finitely gener­
ated R-modules is a set and we can choose representatives for the individ­
ual classes from among modules of the form Rn /N, with N a submodule 
of Rn . In other words, the construction of F involves no set theoretic 
difficulties. 

If A is a finitely generated R-module, let A denote the generator of 
F that is its isomorphism class. Then the subgroup R of relations of 
F is defined to be the span of all expressions of the form iJ - A - 6 
whenever there exists a short exact sequence 0 -+ A -+ B -+ 0 -+ O. 
The abelian group F /R is the Grothendieck group of R and is denoted 
by Go{R) . Furthermore, we denote the image of A in Go{R) by [A] . 
Thus Go{R) is the abelian group generated by the symbols [A] for all 
finitely generated R-modules A subject to the relations [B] = [A] + [0] 
whenever 0 -+ A -+ B -+ 0 -+ 0 is exact. Notice that [0] = 0, since 
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o -+ 0 -+ 0 -+ 0 -+ 0 is exact. 

LEMMA 12.1 Let AI , A2 , • • •  , An be finitely generated R-modules. 
i. If 

o -+ Al -+ A2 -+ . . .  -+ An -+ 0 

is exact, then :E�=l (-)i [Ai] = 0 in Go (R) . 
ii. If 

o = Ao � Al � . . .  � An = A 

then [A] = :E�=I [Ai/Ai-I] '  

PROOF (i) We proceed by induction on n, the cases n :::; 3 being clear. 
If n > 3 and 0 is the image of the map An-2 -+ An-I , then the original 
sequence separates into the two exact sequences 

o -+ Al -+ A2 -+ . . .  -+ An-2 -+ 0 -+ 0 

and 0 -+ 0 -+ An-l � An -+ O. Thus 

n-2 
:2) -)i [Ai] + (-)n-l[o] = 0 
i=l 

by induction and, since [0] - [An-I] + [An] = 0, the result follows. 
(ii) This part is clear, since [Ai/Ai-I] = [Ai] - [A-I] and since 

[Ao] = [0] = O. 0 

Now let us compute some examples. Part (i) of Lemma 12.2 is a key 
observation. We paraphrase its hypothesis by saying that 0/ respects short 
exact sequences. The statement of part (ii) implicitly uses Proposition 5.5. 

LEMMA 12.2 Let R be a ring. 
i. Let A be an additive abelian group and let 0/ be a map from 

the collection of all nnitely generated R-modules to A. Suppose O'(B) = 
O'(A) + 0/(0) whenever 0 -+ A -+ B -+ (} -+ 0 is exact. Then 0/ deter­
mines a homomorphism 0: Go(R) -+ A given by O([A]) = O'(A) . 

ii. Assume that R is right Artinian and let VI, V2 , • • • , Vk be repre­
sentatives of the finitely many isomorphism classes of simple R-modu1es. 
Then Go (R) is the free abelian group on the generators [VI] ' [V2] ,  • • • , [Vk] .  
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Furthermore, the composition length of a module determines a group ho­
momorphism p: Go(R) -+ 71... 
PROOF (i) From the exact sequence 0 -+ 0 -+ 0 -+ 0 -+ 0, we see 
that 0'(0) = 0' (0) + 0' (0) and hence that 0'(0) = 0 E A. Next from 
o -+ 0 -+ B -+ 0 -+ 0, we see that B � 0 implies that O'(B) = 0'(0) . 
Since F is free abelian, we can now define 0: F -+ A by 0(..4) = orCA) . 
Furthermore, since O(n) = 0, this map factors through Go(R) = Fin. 

(li) Now let R be Artinian. Since every finitely generated R-module 
has a composition series by the Hopkins-Levitzki Theorem, it follows from 
Lemma 12. 1(ii) that Go (R) is spanned by [VI] ,  [V2] ,  . . .  , [Vl\:]' For inde­
pendence, let A be the free abelian gro1,lp on the generators Vb V2 , • • •  , Vk 
and for each finitely generated R-module A, define O'(A) = 'Ej mjvj E A, 
where mj is the multiplicity of Vj as a composition factor of A. Then 0' (A) 
is well defined, by the Jordan-Holder Theorem, and it respects short exact 
sequences. Thus by (i) , 0' determines a homomorphism 0: Go(R) -+ A­
But O([Vi]) = 0' (Vi) = Vi and hence it follows that [VI] ,  [V2] ,  . . . , [Vk] 
are also independent. Finally for the result concerning p, we need only 
observe that the composition length of A is a well-defined integer that 
respects short exact sequences. 0 

Next we consider the behavior of Go under a change of rings. Recall 
that if </>: R -+ S is a ring homomorphism with </>(1) = 1, then S becomes 
an (R, S)-bimodule with r · s = </>(r)s for all r E R and s E S. Further­
more, if A is a right R-module, then A®R S  is the right S-module induced 
from A. 

LEMMA 12.3 Let R and S be Noetherian rings and let </>: R -+ S be a ring 
homomorphism. If RS is flat, then the induced module map A H A ® S 
determines a homomorphism 0: Go(R) -+ Go (S) given by [A] H [A ® S] . 

PROOF If A = 'E� aiR is a finitely generated R-module, then A ® S is 
a finitely generated S-module with generators ai ® 1 for i = 1, 2, . . .  , n. 
Thus 0' : A H [A ® S] is a well-defined map from the finitely generated R­
modules to Go (S) . Furthermore, since RS is fiat, if 0 -+ A -+ B -+ 0 -+ 0 
is exact, then so is 

Thus 

O -+ A ® S -+ B ® S -+ O ® S -+ O  

0' (B) = [B ® S] = [A ® S] + [0 ® S] 
= O' (A) + 0'(0) 
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and e' respects short exact sequences. By Lemma 12.2{i) , e' determines 
the appropriate map e: Go {R) -+ Go{S) .  0 

As an application, we compute the Grothendieck group of 71.. 

LEMMA 12.4 If71. is tbe ring of integers, tben Go{71.) is tbe infinite cyclic group 
generated by [71.] . 

PROOF Let n be a positive integer. Then n71. � 71. as 71.-modules, so 
[n71.] = [71.] in Go{71.) and hence [71./n71.] = [71.] - [n71.] = O. Now every finitely 
generated 71.-module is a finite direct sum of copies of 71. and of 71./n71. for 
various n. Thus we conclude from the preceding and Lemma 12.1{ii) 
that Go{71.) is generated by the single element [71.] . It remains to show 
that [71.] has infinite order. To this end, let Q be the field of rational 
numbers, let </>: 71. -+ Q be the usual embedding, and note that zQ is 
flat by Lemma 9.10. Thus the preceding result implies that the induced 
module map yields a homomorphism e: Go{71.) -+ Go{Q). Furthermore, 
by Lemma 12.2{ii) , Go(Q) is the infinite cyclic group generated by [Q] . 
Since 71. ® Q � Q, we have e([71.]) = [Q] and [71.] does indeed have infinite 
m�. 0 

There are, in fact, more exotic maps between the Grothendieck 
groups of rings. For example, let S == R[x; 0-] and note that x is a nor­
mal element of S. Thus if A is an S-module, then A/Ax is an S-module 
and hence an R-module, since R � S. Next, xS = Sx implies that 
l.annA (x) = { a  E A I ax = O }  is an S-submodule of A and hence also an 
R-submodule. Since 0- E Aut(R), it therefore makes sense to consider the 
conjugate R-module l.annA(x)O".  

LEMMA 12.5 Let S = R[x; 0-] and let 0 -+ A -+ B -+ 0 -+ 0 be an exact 
sequence of rigbt S-modules. Tben tbere exists a long exact sequence 

0 -+  l.annA(x)O" -+ l.annB (x)O" -+ l.annc(x)O" 
-+ A/Ax -+ B/Bx -+ O/Ox -+ 0 

of R-modules. 

PROOF We may suppose that A � B and let - :  B -+ 0 denote the given 
epimorphism. Since A + Bx is the complete inverse image of Ox in B, it 
follows that 

0 -+  (A + Bx)/Bx -+ B/Bx -+ C/Ox -+ 0 
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is exact. Furthermore, (A + Bx)jBx � Aj(A n Bx) and 

0 -+  (A n Bx)jAx -+ A/Ax -+ Aj(A n Bx) -+ 0 

119 

is exact by the Third Isomorphism Theorem. The maps here are, of 
course, all S-homomorphisms and hence R-homomorpliisms. It therefore 
suffices to construct an exact sequence 

0 -+  l.annA (xyr -+ l.annB (xyr -+ l.anna(xY'" -+ (A n Bx)jAx -+ 0 

To this end, let c E l.anna(x) and say c = b with b E B. Then 
o = ex = bx, so bx E A n  Bx. Furthermore, b is unique up to a summand 
in A, so bx is uniquely determined by c up to a summand in Ax. Thus 
we have a well-defined map 

8: 1. anna (x)U -+ (A n Bx)jAx 

given by eU H bx + Ax if e = b. Observe that if r E R and if b and c are 
as before, then er = br, so 

8(cUrU) = 8 ((er)U) = brx + Ax 
= bxru + Ax = 8(eU)rU 

and 8 is indeed an R-homomorphlsm. Moreover, 8 is onto, since bx E 
A n  Bx implies that 0 = bx = bx,  so b E l.anna(x) and 8(bU)  = bx + Ax. 

Finally, suppose 8(bU) = O. Then bx E Ax, so bx = ax for some 
a E A and (b - a)x = ' 0 . Also b - a = b. Thus we see that Ker(S) is 
the image of l.annB (x)U under the R-homomorphism given by ber H (b)er .  
But the kernel of - : l.annB (x) -+ l.anna(x) is A nlannB(x) = 1.annA(x) ,  
so the lemma is proved. 0 

As a consequence we have: 

PROPOSITION 12.6 Let R be a right Noetherian ring and let S = R[x; u] . Then 
there is a group homomorphism 0: Go(S) -+ Go(R) given by 

for all finitely generated S-modules A. 

PROOF Since R is Noetherian, so is S. If A is a finitely generated S­
module, then both A/Ax and l.annA(x) are finitely generated S-modules. 
But S = R + xS and xB acts trivially on each of these modules, so we 
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conclude that both A/Ax and 1. annA (x) are finitely generated R-modules. 
Hence so is l.annA (x}D" and it makes sense to define 

Now suppose 0 � A � B � C � 0 is an exact sequence of S­
modules. Then by the preceding lemma we have 

o � LannA,(x)O' � l.annB (x)O' � l.annc(x}D" 
� A/Ax � B/Bx � C/Ox � 0 

an exact sequence of finitely generated R-modules. By Lemma 12.1(i) , 
this yields 

[1.annA (x)O'] - [l.annB(x)O'] + [l.annc(x)O'] 
- [A/Ax] + [B/Bx] - [C/Ox] = 0 

in Go(R) and hence f)' (B) -f)'(A)-f)' (C) = O. Lemma 12.2(i) now implies 
that f)' determines a group homomorphism f): Go (S) � Go(R) . 0 

In case R has finite global dimension, the finitely generated projec­
tive R-modules determine Go(R) .  We will make this statement more 
precise in Chapter 15. For now we prove: 

LEMMA 12.7 Assume that all finitely generated R-"modules have finite projec­
tive dimension and let P denote the collection of finitely generated pro­
jective R-modules. 

i. Go(R) is spanned by the elements [P] for all P E P. 
ii. Let A be an additive abelian group and assume that for each 

P E P, we have f)'(P) E A. Furthermore, suppose f)'(P3) = f)'(P1)+f)'(P2) 
whenever P3 � PI EB P2• Then f)' determines a group homomorphism 
f): Go(R)" � A satisfying f)([P]) = f)' (P) for all P E P. 

PROOF As usual, we freely use the fact that submodules of finitely gen­
erated R-modules are finitely generated. 

(i) Let A be a finitely generated R-module. We show by induction 
on k = pd A that [A] is in the span of [P] for all P E P. This is clear, 
by definition, when k = O. If k > 0, choose P' E P with 0 � B � P' � 

A � 0 exact. Then [A] = [P'] - [B] and pdB = k - 1. By induction [B] 
is in the appropriate span and hence so is [A] . 

(li) Now we show by induction on k = pdA that f)' (A) E A can be 
defined so that 
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a. If 0 -+ B -+ P -+ A -+ 0 is exact-and P E P, then O' (A) +O' (B) = 
O' (P). 

b. If 0 � A EB PI with PI E P, then 0' (0) = O'(A) + 0'(P1) .  
First we verify the case k = O.  Here A is projective, so the sequence 

in (a) splits and P � AEBB. Then B is also projective and O' (A)+O' (B) = 
O'(P) follows by hypothesis. Similarly, in (b) the module 0 must be 
projective, so this again follows by hypothesis. 

Now suppose k > 0 and that the result holds for k - 1 .  If the 
sequences 0 -+ B -+ P -+ A -+ 0 and 0 -+ Bl -+ PI -+ A -+ 0 are both 
exact and P, PI E P, then by Schanuel's Lemma (Lemma 8.1) we have 
B EB PI � Bl EB P. Furthermore, pdB = pd BI = k - 1 . Thus statement 
(b) for k - 1 yields 

O' (B) + 0' (P1) = O'(B EB PI) 
= 0' (B1 EB P) = 0' (B1) + O' (P) 

and hence O'(P) - �' (B) = 0'(P1 ) - 0' (B1) .  We can now define O'(A) 
unambiguously by O' (A) = O' (P) - O'(B) and, with this, (a) follows. For 
(b) , observe that if 0 -+ B -+ P -+ A -+ 0 is exact and 0 � A EB PI , then 
0 -+  B -+ P EB PI -+ 0 -+ 0 is also exact. Furthermore, pd O = pdA = k ,  
so this yields 

0' (0) = O'(P EB PI) - O'(B) 
= O' (P) + 0' (P1) - O'(B) = O' (A) + 0' (P1) 

as required. Thus, by induction, (a) and (b) are true in general. 
It remains to show that 0' respects short exact sequences. To this 

end, suppose 0 -+ A -+ B -+ 0 -+ 0 is exact. The goal is to show that 
O'(B) = O' (A) + 0' (0) and we proceed by induction on the sum of the 
three projective dimensions. If pd 0 = 0, then 0 E P and the sequence 
splits. Thus B � A EB 0 and O'(B) = O'(A) + 0'(0) by (b) � On the other 
hand, if pd B = 0, then B E P, so O'(B) = O' (A) + 0'(0) by (a) . 

Finally, suppose that pd B, pd O > O. Then by Lemma 8.6, there 
exist finitely generated modules D, E, and P E P  with 

O -+ D -+ P -+ B -+ O  
O -+ E -+ P -+ O -+ O  
O -+ D -+ E -+ A -+ O  

all exact. In particular, pdD = pd B - 1 and pdE = pd O - 1,  so (a) 
and induction yield O' (B) = O'(P) - O' (D) , 0' (0) = O' (P) - O'(E) and 
O'(E) = O'(A) + O'(D) .' Thus 

O' (B) - 0'(0) = O' (E) - O'(D) = O' (A) 
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and 0' does indeed respect short exact sequences. By Lemma 12.2(i), 0' 
determines a homomorphism 0: Go(R) -+ A satisfying O([P]) = O'(P) for 
all P E P. 0 

EXERCISES ______________________________________ __ 

Let R be a ring and let e be a nonzero idempotent of Rj assume that 
R = ReR so that 1 = 2:� rier� for suitable ri, r� E R. If A is a right 
module for the ring eRe, then, since eR is an (eRe, R)-bimodule, we 
can define the right R-module a(A) by a(A) = A®eReeR. Conversely; 
if B is an R-module, define the right eRe-module (3(B) by (3(B) = 
Be .  The following six problems are aspects of the classical Morita 
correspondence. We use all the preceding notation. 

1 .  Show that a and (3 are inverse maps and thus yield a one-to-one 
correspondence between the isomorphism classes of right eRe-modules 
and of right R-modules. To prove that a(3(B) � B, first observe that 
there is an R-module homomorphism 'TJ: Be ®eRe eR -+ B given by 
be ® er H ber. Then note that 'TJ is onto and that Ker('TJ) e = O. 

2. Use the maps cr: (eRe)n -+ Re and r: Re -+ (eRe)n defined by 

n 

cr: (S1 , 82 , · · · ,  Sn) H L risi 
1 

r: re H (erire, er�re, . . .  , er�re) 

to prove that Re is a finitely generated projective right eRe-module. 
In the same way, eR is a finitely generated projective left eRe-module. 

3. Show that A is finitely generated or projective if and only if a(A) is 
finitely generated or projective. 

4. Prove that a and (3 are exact functors. In other words, show that if 

is an exact sequence of eRe-modules, then 

is an exact sequence of R-modules. Furthermore, show that if 
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is an exact sequence of R-modules, then 

is an exact sequence of eRe-modules using the same homomorphisms 
restricted to the subsets (3(B) = Be � B. 

5. Prove that pdeRe A = pdR a(A) . Furthermore, if R is right Noethe­
rian, show that eRe is also right Noetherian and deduce that Go(R) 
and Go(eRe) are isomorphic via maps determined by a and (3. 

6. What does all this say about the matrix ring R = Mm(S) ? 
The remaining exercises use the following notation. Let R be a ring 

and let R[x] be the ordinary polynomial ring over R. If I is an ideal 
of R, define R(I) to be the subring of R[x] given by 

If V is an R-module, then 

V ® R[x] = V ® 1 + V ® x + V ® x2 + . . .  

is an R[x]-module and we define V(I) � V ® R[x] by 

7. If R is right Noetherian and if I is generated by finitely many central 
elements of R, prove that R(I) is right Noetherian. This, of course, 
always holds when R is commutative. 

8. If V is a finitely generated R-module, show that V(l) is a finitely 
generated R(I)-module. 

9 .  Let W be a submodule of V. Show that 

W = W ® 1 + (W n V I) ® x + (W n V 12) ® x2 + . . .  

is an R(I)-submodule of V(I) . If W is finitely generated as an R(I)­
module, prove that W n V 1'"' � WI for some integer n ;::: O. 

10. Suppose R is right Noetherian and that I is generated by finitely many 
central elements. If V is a finitely generated R-module and W � V, 
prove that W n V1'"' � WI for some integer n ;::: O. This is the (weak) 
Artin-Rees Lemma. 



13 . G raded Ri ngs a nd Mod u les 

The ultimate goal of these few chapters is to prove that Go{R) is iso­
morphic to Go{R[x; 0-] ) via the induced module map. To do this, it is 
necessary to take a brief detour through graded rings and modules. 

DEFINITION A ring S is said to be graded if it is the direct sum 

S = So + Sl + . . .  + Sn + . . .  

124 

of the additive abelian subgroups Sn and if multiplication satisfies 

for all i, j 2:: 0 

The nonzero elements of the component Sn are called homogeneous of 
degree n. Of course, S = R[x; 0-] is graded with Sn = Rxn. 

Now let S+ = Sl + S2 + " ' , so that S+ is clearly a two-sided ideal of 
S. Note that if 1 = So + s' with So E So and s' E S+, then for all s E Sn 
we have s = Is = 808 + s's and matching terms of degree n yields 8 = SoS. 
Similarly 8 = S80 , so So acts like the identity ori all homogeneous elements 
of S and thus clearly on all elements of S. In other words, 1 = 80 E So . 
Since {So)2 � So , it now follows that So is a subring of S with the same 
1 .  Moreover, the projection map 1l': S -+ So , which sends an element to 
its zeroth component, is a ring epimorphism with kernel S+ . 

An S-module V is said to be graded if 

V = VO + V1 + · · · + Vn + · · · . 

is a direct sum of the additive abelian subgroups Vn and if 

for all i, j 2:: 0 
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In particular, each Vn is an So-submodule of V and, as above, the nonzero 
elements of Vn are called homogeneous of degree n. Obviously, S is graded 
as a right S-module. 

Now let W and V be graded S-modules. Then a: W --+ V is a graded 
homomorphism if it is an S-module homomorphism with a(Wn) � Vn 
for all n. In particular, W is a graded submodule of V if W � V and 
Wn = W n Vn � Vn for all n. 

Some basic properties are as follows. 

LEMMA 13.1 Le·t U, V and W be graded S-modules with W � V. 
i. W is a graded submodule of V if and only if it is generated by 

homogeneous elements of V. 
ii. If a: V --+ U is a graded homomorphism, then Ker( a) is a graded 

submodule of V. 
iii. If W is a graded submodule of V, then V/W = . 2:i Vi/Wi is a 

graded S-module and the natural map V --+ V/W is a graded homomor­
phism. 

IV. Let W be a graded submodule of V and suppose that V = W +X 
for some submodule X of V .  Then there exists a graded submodule Y of 
V with V = W + Y. 

PROOF (i) If W is a graded submodule of V, then W = . 2:i Wi = 
. 2:i(W n Vi) is generated by the homogeneous elements W n Vn of V for 
all n. Conversely, suppose W is generated by homogeneous elements of 
V. Then 2:i(W n Vi)  is a direct sum that is easily seen to be a graded 
sub module of V contained in W. But, by hypothesis, this sum contains 
all the generators of W. Thus W = . 2:i(W n Vi) as required. 

(ii) , (iii) These are obvious. 
(iv) For each n, define W� = . 2:i#n Wi and set Yn = (W� + X) n Vn. 

Since V = Wn + W� + X and Wn � Vn, the Modular Law yields 

Vn = V n Vn = (Wn + W� + X) n Vn 
= Wn +  ((W� + X) n Vn) = Wn + Yn 

In particular, if Y = . 2:i Yi,  then V = W + Y. Finally, note t:p.at W�Sk � 
W�+k' so YnSk � Yn+k and we conclude that Y is an appropriate graded 
complement for W in V. 0 

DEFINITION We say that F is a graded-free S-module if it is a free S-module 
with a homogeneous basis. Suppose, for example, that { Ii } is such a 
basis and that deg Ii = di ' Let U be any grade� S-module and let { Ui }  
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be any set of homogeneous elements of U with deg Ui = di . Then there 
exists an 8-homomorphism F � U determined by Ji � Ui for all i and 
this map is clearly a graded homomorphism. 

Now let P be a graded 8-module. We say that P is graded-projective 
if and only if whenever we are given 

P 

v � W � 0 

with V and W graded modules and with a and {3 graded maps, then there 
exists a graded homomorphism "{: P � V satisfying a"{ = {3. 

As with ordinary modules, we c�n easily show: 

LEMMA 13.2 Let 8 be a graded ring. 
i. Every graded 8-module U is a homomorphic image of a graded­

free module F. Furthermore, if U is finitely generated, then we may take 
F to be finitely generated. 

ii. P is graded-projective if and only if P + Q = F, where P and Q 
are graded submodules of the graded-free module F. 

PROOF (i) If U is a graded S-module, then U has homogeneous gener­
ators. Furthermore, if U is finitely generated, then, by taking the com­
ponents of each generator, we see that U is generated by finitely many 
homogeneous elements. Now apply the comments contained in the pre­
ceding definition. 

(ii) This follows as in Lemma 2.7 and Theorem 2.8. 0 

Graded modules that happen . to be free are not necessarily graded­
free. For example, suppose 8 = So is commutative and let e =f: 0, 1 be an 
idempotent of the ring. Then V = Vo+ VI with Vo = e8 and VI = (l-e)S 
is clearly free but not graded-free. On the other hand, we have: 

LEMMA 13.3 Let P be a graded S-module. Then P is graded-projective if and 
only if it is projective. 

PROOF If P is graded-projective, then, by the previous lemma, P + Q = 
F for some graded-free module F. But F is free and therefore P is 
projective. Conversely, let P be graded and projective and let a: F � P 
be a graded epimorphism with F graded-free. Since P is projective, the 
sequence splits, but the back map need not be graded. In any case, if 
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W = Ker(a), then W is a graded submodule of F, F/W � P, and 
F = W + X for some submodule X. Lemma 13.1 (iv) now implies that 
there exists a graded submodule Y of F with F = W + Y. But Y 
is graded isomorphic to F/W � P and thus P is graded-projective by 
Lemma 13.2(ii). 0 

We now state the graded version of Nakayama's Lemma. It is a 
trivial observation but surprisingly powerful. Indeed, it is the main reason 
for this graded excursion. 

LEMMA 13.4 (Graded Nakayama's Lemma) Let 8 be a graded ring and let V 
be a graded 8-module. 

i. If V8+ = V, then V = O.  
ii. IfW is a graded submodule of V and V = W + V8+, then V = W. 

PROOF (i) For all n � 0, we have V = V(8+)n , so V contains no 
homogeneous elements of degree less than n. Since V is generated by 
homogeneous elements, we conclude that V = O. 

(ii) If - :  V -+ V/W is the natural graded homomorphism, then V = 
W + V8+ yields if = if8+ . Thus if = 0 and V = W. 0 

As is to be expected, there is a graded analog of the Grothendieck 
group Go. The definition of this group is slightly complicated because 
we must consider both graded homomorphisms and abstract (that is, not 
necessarily graded) isomorphisms. Again, it is appropriate to work in the 
context of Noetherian rings. 

DEFINITION Let 8 = 80 + 81 + . . .  be a right Noetherian graded ring and 
let :F be the free additive abelian group whose free generators are the 
isomorphism classes of finitely generated graded 8-modules. If A is such 
a graded 8-module, then we let A denote the generator of :F that is its 
isomorphism class. In other words, if A and B are graded 8-modules that 
are abstractly isomorphic, then A = B even though A and B need not 
be graded isomorphic. Thus, for example, if A is graded in two different 
ways, then these two modules are abstractly isomorphic and hence yield 
the same generator A. 

Now we define the subgroup n of relations of :F to be generated 
by all expressions of the form B - A - C whenever there exists a short 
exact sequence 0 -+ A -+ B -+ C -+ 0 with graded homomorphisms. The 
abelian group :F /n is called the graded Grothendieck group of 8 and is 
denoted by gr Go(8) .  Furthermore, we denote the image of A in gr Go(8) 
by [AJ . Thus gr Go(8) is the abelian group generated by the symbols [AJ 
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for all finitely generated graded 8-modules A subject to the relations 
[A] = [B] if A � B and [B] = [A] + [a] whenever 0 -+ A -+ B -+ a -+ 0 
is graded exact. Notice that [0] = O. 

The following lemma indicates how these two types of relations can 
be combined into one. Again, we paraphrase its hypothesis by saying 
that 0' respects graded shori exact sequences. Note, however, that f3 is 
not assumed to be a graded map. 

LEMMA 13.5 Let 8 be a graded ring, let A be an additive abelian group and let 
0' be a map from the collection of finitely generated graded 8-modilles to 
A� IfO'(B) = O'(A) + 0' (0) whenever 

is exact with a a graded homomorphism, then 0' determines a group 
homomorphism 0: gr Go(8) -+ A given by O([A]) = O'(A) . 
PROOF From the exact sequence 0 -+ 0 -+ 0 -+ 0 -+ 0 we see that 
0' (0) = 0' (0) + 0'(0) and hence that 0' (0) = 0 E A. Next from 0 -+ 0 -+ 
B -+ a -+ 0 we see that B � C implies that 0' (B) = 0' ( C) . Of course, 
the inclusion map 0 -+ B is a graded homomorphism here. Since :F is 
free abelian, we can now define O: :F -+ A by O(A) = O'(A). Furthermore, 
since O(n) = 0, this map factors through gr Go (8) = :F In. 0 

Again, let 8 = . 2::'0 8i be graded and form the ordinary polynomial 
ring Sly] . Then 8[y] is graded by total degree if we define 

for all i, j 

In particular, 8[y]0 = 80• The following is a key result . Notice that the 
ring homomorphism that occurs here "cuts across the grade." 

P ROPOSITION 13.6 Let 8 = . 2::'0 8i be a right Noetherian graded ring and 
let the polynomial ring 8[y] be graded by total degree. Then the ring 
homomorphism 8[y] -+ 8 given by y H 1 determines a group epimorphism 
gr Go (8[y]) -+ Go(8) . 
PROOF Note that 8[y] is right Noetherian and that the kernel of the 
homomorphism </>: 8[y] -+ 8 is the principal ideal I = (y-1)8[y] generated 
by the central element y - 1. Since y - 1 is a normal element of 8[y] , 
Lemmas 9.6 and 9.11(i) imply that </> determines a map from the finitely 
generated 8[y]-modules to the finitely generated 8-modules given by 

A H A ®S[y] 8 � A/AI = A/A(y - 1) 
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In particular, we get a map 0' from the finitely generated graded S[y]­
modules to Go(S) by defining O' (A) = [A/A(y - 1)] E Go(S). This, in 
turn, yields a group homomorphism from gr Go (S[y]) to Go (S) , provided 
we show that 0' respects graded short exact sequences. 

To this end, let 

O --+ A � B L c --+ o 

be a short exact sequence of graded modules with a a graded homomor­
phism. We may, of course, suppose that A is a submodule of Bj then, 
since a is graded, A is in fact a graded submodule of B. The goal is to . 
show that there exists an exact sequence 

0 --+ A/A(y - 1) --+ B/B(y - 1) --+ C/C(y - 1) --+ 0 

of S-modules and, in view of Lemma 9.6, it merely suffices to show that 
A n  BI = AI or, equivalently, that A n  B(y - 1) = A(y - 1) .  Certainly 
we have A n  B(y - 1) � A(y - 1) .  

For the converse, suppose :Ei ai E A and :Ei bi E B are elements 
written in terms of their homogeneous components with 

I: ai = (I: bi) (y - 1) E A n  B(y - 1) 
i i 

Then by comparing homogenous components we have ao = -bo and an = 
bn-1y - bn for all integers n 2:: 1. Thus bo = -an E A and, by induction, 
bn = bn-1y - an E A for all n. In other words, (:Ei bi) (Y - 1) E A(y - 1) 
and we conclude that A n  B(y - 1) = A(y - 1) as required. It follows that 

0 --+ A/A(y - 1) --+ B/B(y - 1) --+ a/c(y - 1) --+ 0 

is exact and thus O'(B) = O' (A)+O' (C) in Go(S). By the previous lemma, 
0' determines a group homomorphism 0: gr Go (S[y]) --+ Go(S). 

It remains to show that 0 is an epimorphism. To this end, let V' be 
a finitely generated S-module. Then, for some integer n, we can map the 
free S-module F' = . :E� fIB onto V' with kernel U' . Let F = . :E� fiSty] 
be a free S[y]-module on the generators h,  12,  . . .  , fn ' graded so that each 
fi is homogeneous of degree O. Now each u' E U' can be written uniquely 
as u' = :Ei fI Si = :Ei,j fI Si,j , where Si = :Ej Si,j is the decomposition of 
Si into its homogeneous components with Si,j E Sj . If m is the largest 
such j that occurs with Si,j =f: 0, we define n( u') E F by 

n( u') = I: fisi,jym-j 
i,j 
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Then 'TJ( u') is a homogeneous element of F of degree m and we let U be the 
S[yJ-submodule of F generated by all 'TJ(u') for u' E U'. By Lemma 13.1(i) , 
U is a graded submodule of F and it is finitely generated, since S[y1 is 
right Noetherian. Furthermore, if V = FjU, then V is a finitely generated 
graded S[y1-module with 0 -+ U -+ F -+ V -+ 0 graded exact. By the 
results of the preceding paragraph, we know that un  F(y - 1) = U(y - 1) 
and that 

0 -+  UjU(y - 1) -+ FjF(y - 1) -+ VjV(y - 1) -+ 0 

is an exact sequence of S-modules. 
Consider the additive group epimorphism F -+ F' given by Jisyj H 

fIs for all i , j  and all s E S. The kernel of this map is clearly F(y - 1) and 
hence we obtain an S-isomorphism F/F(y - 1) -+ F'. Under this map, 
the image of 'TJ(u') + F(y - 1) is precisely u' and therefore UjU(y - 1) = 
Uj (U n F(y - 1») maps onto U' . Thus V' � F' jU' � VjV(y - 1) ,  so 
[V'1 = e([V]) and () is indeed an epimorphism. 0 

It is apparent that the second half of the preceding proof is an analog 
of the classical trick of adding a new variable to introduce homogeneous 
coordinates. 

EXERCISES ______________________________________ __ 

1 .  The graded ring S = 80+S1 + . . .  is said to be graded Noetherian if the 
set of graded right ideals of S satisfies the ascending chain condition. 
Prove that S is Noetherian if and only if it is graded Noetherian. Note 
that �f I is any right ideal of S and if In denotes the set of degree n 
�omponents of elements of I n (So + 81 + . . .  + Sn) ,  then 10 + 11 + ,  . .  is 
a graded right ideal of S. With this, one can proceed as in the proof 
of the Hilbert Basis Theorem. 

2. Show that So Noetherian does not imply 8 Noetherian in general. 
3 .  Let S = 80+81 + . . . be a graded ring and assume that every projective 

So-module is free. Prove that every graded-projective S-module P = 
Po + PI + . .  , is graded-free. To this end, observe that P S+ = N 
is a graded submodule of P and that PjPS+ = PjN = · :Ei PijNi 
is a projective So-module by Lemma 9. 11(i) . Thus each Pi/Ni is 
a projective and hence free So-module. Now use the argument of 
Lemma 10.2 along with the Graded Nakayama's Lemma. 

4. Find all finitely generated graded K[x]-modules up to abstract iso­
morphism. Remember, K[xJ is a principal ideal domain. 
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Let R be a ring and let G be a multiplicative group. Assume that 
G acts as automorphisms on R, so we have a group homomorphism 
G --+ Aut(R) . As usual, the fixed ring RG of R is defined by 

RG = { r E R I rg = r for all 9 E G } 

where the map r H rg is the automorphism corresponding to 9 E G. 
Furthermore, we define the skew group ring R*G to be the set of 
all formal finite sums EgEG rgg with coefficients rg E R. Addition in 
R*G is componentwise and multiplication is determined distributively 
by the formula 

-1 ag . bh = abg (gh) 

for all a, b. E R and g, h E G. As with ordinary group rings, we 
identify r with r1 and 9 with 19 so R, G � R*G. In ProbleJ1lS 6 and 7 
we assume that IG I  = n < 00. 

5 .  Verify that RG is a subring of R and that R*G is an associative ring 
with 1 .  

6 .  If lin E R, show that e = (lin) EgeG 9 is an idempotent of R*G 
with e(R*G)e = eRG s::! RG . 

7. Let W � V be R*G-modules and assume that VR = WR+XR for some 
R-submodule X of V. If lin E R, show that V = W + Y for some 
R*G-submodule Y of V. To this end, let 71": V --+ W be the R-module 
projection map determined by V = W + X and define 71"': V --+ W 
by 7I"' (v) = (lin) EgeG 7I"(vg-1)g. Prove that 71"' is an R*G-module 
projection map from V to W. Explain why this generalizes Maschke's 
Theorem (Proposition 4.9) . 

Again let G be a multiplicative group. A ring 8 is said to be G­
graded if 8 = . EgeG 8g is a direct sum of the additive subgroups 
8g and if 8g8h � 8gh for all g ,  h E G. Furthermore, 8 is strongly 
G-graded if 8g8h = 8gh for all g, h E G. Observe that 8 = R*G is 
strongly G-graded with 8g = Rg . 

8. Let 8 be a G-graded ring with 1. Show that 1 E 81 and that 8 is 
strongly G-graded if and only if 1 E 8g8g-1 for all 9 E G. Further­
more, if U E 8g is a unit of 8, prove that u-1 E 8g-1 -

9. Let 8 = M3(K) and let G = { 1, g }  be a group of order 2. Define 

8, = (� � i) and Bg = G i �) 
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Show that this makes S a strongly G-graded ring but that 8 is not a 
skew group ring. 

10. If IGI = n, let MG(R) be the ring of n x n matrices over R with rows 
and columns indexed by the elements of G. Show that S = MG(R) 
becomes G-graded by assigning a grade of g-lh to the entries in the 
(g, h)-position. Thus Mn(R) is a G-graded ring for any group G of 
order n. 



14 . I nd uced Mod u les 

We are finally ready to compute the Grothendieck group of a skew poly­
nomial ring. We start by fixing certain notation, which will remain in 
force until Theorem 14.7 is proved. 

Let R be a right Noetherian ring and let 8 = R[x ; 0") be a skew 
polynomial ring over R. Then 8 becomes a graded ring by defining Sn = 
Rxn for all n. Next, we let T = 8[y] be the ordinary polynomial ring over 
8 in the variable y and we grade T by total degree. Thus, by definition, 

Tn = . L 8iyj = . L Rxiyj 
i+j=n i+j=n 

It is convenient to think of T as a skew polynomial ring over R in the two 
variables x and y with the additional proviso that xy ::d yx. Of course, y 
is actually a central element of T. 

Let I denote the ideal T + of T. Then, since x and y are normal 
elements of T, we have 

1 =  T+ = xT + yT = Tx + Ty 

In particular, if A is a right T-module, then AI = A(Tx +Ty) = 4x+Ay. 
Furthermore, T j I = T jT+ � To = R and, in this way, R becomes a left 
and a right T-module. 

Let AT and TB be T-modules. In homological algebra there is an 
interesting and important sequence of abelian groups constructed from 
A and B. These are denoted by Torn (A, B) for n = 0, 1 , 2 ,  . . .  and they 
start with Toro(A, B) = A ® B. They are used to compensate for the 
fact that the tensor product is not an exact functor. Although we will 
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not need much of this Tor machinery in the following arguments, we will 
nevertheless be using certain elementary aspects that, in our case, can be 
proved directly. We also properly label the following assumptions as Tor 
conditions, even though we do not formally define Tor. 

DEFINITION Let A be a right T-module. We say that TorI (A, R) = 0 if and 
only if, for all aI, a2 E A, alX = a2Y implies that al = ay and a2 = ax 
for some a E A. Furthermore, we say Tor2(A, R) = 0 if and only if, for 
all a E A, ax = 0 = ay implies a = O .  In particular, Tor 2 (A, R) = 0 is 
equivalent to l.annA (X) n l.annA (Y) = O. 

The following two lemmas contain all the Tor machinery we require. 

LEMMA 14.1 Let 0 � A � B � ° � 0 be an exact sequence of T-modules 
with A � B. 

i .  If TorI (0, R) = 0, then A n  BI = AI. 
ii. If A n  BI = AI and Torl(B, R) = 0, then Torl(C, R) = O. 

PROOF Let -: B � ° be the given map and recall that BI = Bx + By. 
(i) Suppose that blx - b2y E A n BI. Then b1x = b2y and, since 

Torl (O, R) = 0, we have b1 = by and b2 = bx for some b E B. Thus there 
exist aI, a2 E A with bl = by + al and b2 = bx + a2. Since xy = yx, this 
yields 

b1x - b2Y = (by + al)x - (bx + a2)y 
= alX - a2Y E AI 

and hence A n  BI � AI as required. 
(ii) Let Cl = bl and C2 = b2 be elements of C with ClX = C2Y. Then 

blx = b2y, so blX - b2y E A n  BI = AI, by assumption. Thus there exist 
al l a2 E A with blx - b2Y = alX - a2Y, so (bl - al)x = (b2 - a2)Y' Since 
Torl(B, R) = 0, there exists b E B with b1 - al = by and b2 - a2 = bx. 
But bl - al = bl = ci and b2 - a2 = b2 = C2 , so we conclude that 
Cl = by, C2 = bx and Torl (C, R) = O. 0 

LEMMA 14.2 Let 0 � A � B � ° � 0 be exact and suppose A � B. 
i .  IfTorl(B, R) = 0 and Tor2(0, R) = 0, then Torl (A, R) = O. 
ii. If Tor2 (B, R) = 0, then Tor2(A, R) = O .  

PROOF (i) Again let - :  B � C denote the given map and suppose 
al , a2 E A satisfy alX = a2Y. Since A � B and Torl (B, R) = 0, there 
exists b E B with al = by and a2 = bx. But then by = bx = 0, so 
Tor2( 0, R) = 0 implies that b = O. In other words, b E A and we con­
clude that Torl (A, R) = O. 
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(ii) This is clear since A � B.  o 

If D is a finitely generated R-module, then, by Lemma 9.1l(ii) , the 
induced module 

A = D ® T = . L D ® xiyi 
i,j'20 

is a graded T-module once we define 

An = .  L D ® xiyj 
i+j=n 

Furthermore, A is finitely generated by the elements d ® 1 as d runs 
through the generators of D. Notice that TT � R ® T; therefore, since ® 
commutes with direct sums, every free T-module is abstractly isomorphic 
to an induced module. 

LEMMA 14.3 The induced module map determines a group homomorphism 
Go(R) -+ gr Go(T) . Furthermore if A is an induced T-module, then 
we have Torl (A, R) = 0 and Tor2 (A, R) = O. 

PROOF The map fJ' : D H [D ® T] sends finitely generated R-modules to 
elements of the abelian group gr Go(T). Furthermore, if 

is exact, then 

is an exact sequence of graded T -modules, since RT is free and hence flat. 
Since a ® 1 and f3 ® 1 are clearly graded homomorphisms, it follows that 

o = [D2 ® T] - [Dl ® T] - [D3 ® T] 

in gr Go(T) and hence that f)' (D2) = fJ' (D1)+f)' (D3) .  Lemma 12.2(i) now 
implies that fJf determines a group homomorphism fJ: Go(R) -+ gr Go(T) .  

Finally let A = D ® T, so that every element of A is uniquely of 
the form a = Ei,j di,j ® xiyj with di,j E D. In particular, we have 
l.annA(x) = l.annA(y) = 0; hence Tor2(A, R) = O. Furthermore, suppose 
al and a2 are elements of A with alX = a2Y. Then it is clear that al has 
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no nonzero summands of the form d ® xiyO and that a2 has no summands 
of the form d ® xOyi . Thus al = aiy and a2 = a�x for some ai, a� E A. 
But then (ai - a�)xy = alX - a2Y = 0 and it follows that ai = a�, as 
required. 0 

We say that a graded T-module is induced if it is abstractly isomor­
phic to some D ® T. In particular, our previous observation implies that 
every graded-free T-module is induced. 

LEMMA 14.4 Let 0 = . E:'o Oi be a graded T -�odule and assume that 0 == 
OkT for some k. If Tori (0, R) = 0, then 0 � Ok ® T and hence 0 is 
an induced module. Furthermore, if 0 is a finitely generated T -module, 
then Ok is a finitely generated R-module. 

PROOF Note that Ok is a module for To = R and thus Ok ® T is a 
T-module. We now define a shifted grading on Ok ® T so that Ck ® xiyi 
has degree i + j + k. Since the map Ok x T � 0 given by (Ck' t) 1-+ Ckt 
is balanced, there is a T-module homomorphism e: Ok ® T -+ 0 given by 
Ck .® t 1-+ Ckt. By definition of the grading, it is clear that e is a graded 
homomorphism and, since 0 = OkT, we see that e is onto. The goal is 
to show that e is one-to-one. 

To start with, let a E Ker( e) and write a = Ei,j di,j ® xiyi with 
di,j E Ok. Then 

0 =  e(a) = L di,jxiyi 
i,j 

and, since di,jxiyi has degree i + j + k, we conclude that do,o = O. Thus 
a E (Ok ® T)I and hence Ker(e) � (Ok ® T)I. 

Next consider the short exact sequence 

o � Ker( e) � Ok ® T -L 0 -+ 0 

Since Torl (O, R) = 0, Lemma 14. 1(i) implies that Ker(e) n (Ok ® T)I = 
Ker(e)I. But Ker(e) � (Ok ®T)I, by the preceding, so Ker(e) = Ker(e)I. 
The Graded Nakayama's Lemma now yields Ker(e) = 0 and thus 0 is 
graded isomorphic to Ok ® T with the shifted grading. In particular, 0 
is abstractly isomorphic to Ok ® T, with the usual grading, and hence 0 
is an induced module. 

Finally, since 0 = OkT, we have 0 = Ok + Ok+1 + . .  ' .  Thus if 
0' = Ok+1 + Ok+2 + " "  then 0' is a T-submodule of 0 with 0/0' � Ok 
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as modules for the ring T / I � R. In particular, if a is a finitely generated 
T-module, then Ok � 0/0' is a finitely generated R-module. 0 

We will also need the following simple observation. 

LEMMA 14.5 Let B = . E:'o Bi be a graded T-modu1e and let k � 0 be an 
integer. If A = Ei<k BiT, then A is a graded submodule of B with 
A = Ei<k AiT and A n BI = AI. 
PROOF . Note that A is generated by homogenous elements of B, so A 
is a graded submodule of B. Also, if i < k ,  then Ai = Bi and hence 
A = Ei<k AiT. 

Now clearly A n  BI ;2 AI. For the converse, first observe that 

A = L:Ai(R + I) = a + AI 
i<k 

where we set 0 =  . Ei<k Ai . Thus since AI � BI, we have 

A n BI = (0 + AI) n BI = (O n BI) + AI 
and it suffices to show that 

(L:Ai) n BI = O n BI � AI 
i<k 

To this end, let b belong to the latter intersection. Since b E BI, we can 
write b = Ej bjtj with bj E B, tj E I and all these elements homogeneous. 
Furthermore, since b E 0, we have deg b < k,  so we can assume that each 
summand satisfies deg bj + deg tj < k.  But then bj E A, so bjtj E AI and 
hence b E AI as required. 0 

We can now prove: 

THEOREM 14.6 Let R be a right Noetherian ring, let S = R[x; 0'] be a skew 
polynomial ring over R and set T = S[y] . 1f T is graded by total degree, 
then the induced module map determines an epimorphism () : Go(R) -+ 
gr Go(T) . 
PIJOOF Lemma 14.3 asserts that the induced module map (): Go(R) -+ 

gr Go (T) exists. If B = . E:'o Bi is a finitely generated graded T­
module, we show that [B) E Im(()) by considering several cases. 

CASE 1 Torl (B, R) = O. 



138 Part I I .  Polynomial Rings 

PROOF Since B is finitely generated, we have B = 2::=0 BiT for some 
k and we proceed by induction on k. Set 

A = l: BiT = L AiT 
i<le i<le 

so that, by the previous lemma, A is a graded submodule of B with 
AI == A n BI. Let a = BfA. Then Lemma 14.1(ii) and the graded exact 
sequence 0 -+ A -+ B -+ C -+ 0 imply that Tori (C, R) = O. Furthermore, 
by definition of A, it is clear that a = OleT. Thus, by Lemma 14.4, 
a � Ole ® T  is an induced module with Cle a finitely generated R-module. 
It follows that [0] E Im(8) and then, by Lemma 14.3, that Tor 2 (0, R) = O. 
But then Lemma 14.2(i) yields Torl (A, R) = 0, so, by induction, we have 
[A] E Im(8) and therefore [B] = [A] + [0] is also contained in Im(8) . 0 

CASE 2 Tor2(B, R) = O. 

PROOF Let F be a finitely generated graded-free T -module with 0 -+ 

A -+ F -+ B -+ 0 graded exact. Since F is induced, we have [F] E 
Im(8) ;  also, Torl (F, R) = 0 by Lemma 14.3. Since Tor2 (B, R) = 0, 
Lemma 14.2(i) implies that Torl (A, R) = O. Thus [A] E Im(8), by Case 1, 
and therefore [B] = [F] - [A] E Im(8) .  

. 
0 

CASE 3 B arbitrary. 

PROOF As before, let 0 -+ A -+ F -+ B -+ 0 be graded exact with F 
a finitely generated graded-free T-module. Then F is induced, so [F] E 
Im(8) and Tor2 (F, R) = O. Hence Tor2 (A, R) = 0, by Lemma 14.2(ii) , and 
we conclude from Case 2 that [A] E Im(8). Thus [B] = [F] - [A] E Im(8) 
and the theorem is proved. 0 

It is now a simple matter to put all the ingredients together. Notice 
that the following conclusion asserts that 8 is an isomorphism. 

THEOREM 14.7 (Grothendieck-Quillen Theorem) Let R be a right Noetherian 
ring and let S = R[x; <7] be a skew polynomial ring over R. Then the 
induced module map determines an isomorphism 8: Go(R) -+ Go(S). 
Speciflcally, 8: [A] H {A ® S] and 8-1 : [B] H [Bf Bx] - [l.annB (x)O"] . 
PROOF Form the ordinary polynomial ring T = Sly] and observe that 
both S and T are right Noetherian by the Hilbert Basis Theorem. If we 
grade S so that Sn = Rxn and if we grade T by total degree, then Theo­
rem 14.6 asserts that there exists an epimorphism 8� : Go(R) -+ gr Go(T) 
given by 81 : [A] H [A ®R T] . Next, Proposition 13.6 implies that the 
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ring epimorphism ¢ from T = S[y] to S given by y 1-+ 1 determines a 
group epimorphism fJ2: gr Go {T) --.; Go{S). Here fh : [0] 1-+ [0 ®T S] = 
[OjO{y - 1)] . 

It follows that the composite map 

fJ: Go {R) � gr Go{T) � Go{S) 

is also an epimorphism. Furthermore, by transitivity of induction, we have 
fJ: [A] 1-+ [A®R S] , where S is viewed as a left R�module via"the combined 
map R -+ T ...t.;. s. But the latter map is just the usual embedding of R 
into S, so fJ is precisely the homomorphism corresponding to the induced 
module map. 

We now know that fJ is onto. It remains to show that it is one�to-one. 
To this end, note that, by Proposition 12.6, there is a group homomor­
phism fJ3: GO {S) -+ Go{R) given by [B] 1-+ [BjBx] - [l.annB {x)O"] .  We 
consider the composite map 

Go{R) � Go{S) � Go{R) 

If A is a finitely generated R-module, then, by Lemma 9.11 {ii), 
00 

B = A ®R S = A ®R R[x; 0"] = . 2: A ® xi 
i=O 

It follows that BjBx � A as R-modules and that l.annB {x) = O. Thus 
fJ3fJ{[A] ) = fJ3{ [B] ) = [A] and fJ3fJ is the identity on Go{R) .  We conclude 
first that fJ is one-to-one and then that fJ-1 = fJ3. 0 

We remark that Grothendieck proved the above result for ordinary 
polynomial rings over commutative rings. On the other hand, Quillen's 
result is far more general than what we quote here. It applies to a fairly 
large class of graded rings S with So = R and its proof requires the full 
Tor machinery. 

COROLLARY 14.8 Let S = R[Xb X2 ,  . . .  , xn] be an ordinary polynomial ring in 
n variables over the right Noetherian ring R. Then the induced module 
map determines an isomorphism Go{R) -+ Go{S) . 
PROOF This follows easily by induction on n and the transitivity of the 
induced module map (Lemma 9.12). 0 
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EXERCISES ________________ �----------------------

Let R be an arbitrary ring, let AR and RB be R-modules and let 

be projective resolutions. If we tensor these sequences with A and B, 
respectively, and then delete the A®B term, we obtain the complexes 

• • • -----+ A ® P2 � A ® Pl l®/\ A ® Po l®f3o) 0 
. . .  -----+ P� ® B � Pi ® B O!l®\ P� ® B o!o®\ 0 

where, for convenience, we let 1 ® 130 and ao ® 1 denote the appropriate 
zero maps. The abelian groups Tor�(A, B) are now defined by 

Tor�(A, B) = Torn (A, B) = Ker(l ® 13n)/Im(l ® 1371,+1) 

for n = 0, 1, 2, . . . . It can be shown that Torn (A, B) depends only on 
A and B and not on the particular projective resolution chosen for B. 
Furthermore, the definition is symmetric in that 

Tor�(A, B) = Torn (A, B) = Ker(an ® l)/Im(an+1 ® 1) 

1 .  Prove that Toro(A, B) � A ® B and that 

Torn(A, B E9 C) � Torn(A, B) E9 Torn (A, C) 

2. Suppose ,: B -----+ C is a left R-module homomorphism. Show that , de­
termines a group homomorphism Torn (f) : Torn (A, B) -----+ Torn (A, C), 
which enjoys properties similar to those of 1 ® ,. In particular, if B 
is an (R, S)-bimodule, conclude that Torn (A, B) is a right S-module. 

3. If A or B is flat, prove that Torn (A, B) = 0 for all n 2:: 1. 
4. If pd A = k or pd B = k, show that Torn (A, B) = 0 for all n 2:: k + 1.  
5 .  Suppose 0 -----+ C -----+ P -----+ B -----+ 0 is an exact sequence of left R-modules 

with P projective. Prove that Torn(A, C) � Torn+1(A, B) for all 
n 2:: 1. Furthermore, show that 
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o -+ Torl (A, B) -+ A ® C -+ A ® P -+ A ® B -+ 0 

IS exact. 
6. Let R � S be rings with RS flat. Let A be a right R-module and let 

B be a left S-module. Note that B is a left R-module by restriction. 
Prove that 

Tor� (A ®R S, B) 9:! Tor�(A, RB) 

To this end, start with a projective resolution for A and tensor it with 
the flat module RS to obtain a projective resolution for A®R S, Then 
use these sequences to compute the appropriate Tor groups. 

Now let R be a right Noetherian ring and use all the notation of 
this chapter. In particular, let S = R[x; 0"] be graded with Sn = ilxn 
and let T = S[y] be graded by total degree. Furthermore, view R as 
the left S-module R 9:! S/Sx and as the left T-module R 9:! T/l = 

T/(Tx + Ty) .  
7 .  If A is a right S-module, compute Tor� (A, R) from the short exact 

sequence 0 -+ Sx -+ S -+ R -+ O. . 
8. Prove that the induced module map determines a group isomorphism 

f): Go(R) -+ gr Go(S) .  To this end, define Torl (A, R) = 0 to mean 
that l.annA(x) = 0 and follow the proof of Theorem 14.6. The neces­
sary Tor machinery is all contained in Lemma 12.5. 

9. Show that the map f) of Theorem 14.6 is an isomorphism. 
10. Prove that the sequence of left T-modules 

O -+ T -L T EfJ T � T -+ R -+ O  

with e: t I-t (ty, tx) and TJ: (h, t2) I-t hx - t2y is exact. If A is a right 
T-module, use this sequence to compute Tor�(A, R) .  In particular, 
justify the definitions given at the beginning of this chapter. 
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We now return to the study of finitely generated projective R-modules 
and again we assume throughout that R is right Noetherian. The goal is 
to obtain a projective analog of the isomorphism Go(R) 9:! Go(R[x; u]) 
and for this we need a projective version of the Grothendieck group. 

DEFINITION Let R be a right Noetherian ring and let :F be the free abelian 
group whose free generators are the isomorphism classes of the finitely 
generated projective R-modules. As usual, if P is such a module, then 
we let P denote the generator of :F that is its isomorphism class. Fur­
thermore, we let n be the subgroup of :F generated by all expressions 
of the form B - A - C whenever there exists a short exact sequence 
o -+ A -+ B -+ C -+ O. Notice that, since C is projective, the latter se­
quence splits and is equivalent to B 9:! A E9 O. We now let Ko(R) = :FIn 
be the projective Grothendieck group of R. In particular, if [P] is the 
image of P in Ko (R), then Ko (R) is the abelian group generated by the 
symbols [P] for all finitely generated projective R-modules P subject to 
the relations [B] = [A] + [0] whenever B 9:! A E9 O. Obviously, [0] = O. 

We start with the projective analog of Lemma 12.2 and we para­
phrase the hypothesis of part (i) by saying that 0' respects direct sums. 
The statement of part (ii) implicitly requires Theorem 5.9. 

LEMMA 15.1 Let R be a ring. 

142 

i. Let A be an additive abelian group and let 0' be a map from the 
collection of finitely generated projective R-modules to A. Suppose that 
0' (B) = 0' (A) + 0' (0) whenever B � A E9 C. Then 0' determines a group 
homomorphism 0: Ko(R) -+ A given by O( [P] )  = O'(P) . 
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ii. Suppose R is right Artinian and let Pl, P2 , . . .  , Pk be representa­
tives of the isomorphism classes of the B.nite1y many principal indecompos­
able R-modu1es. Then Ko(R) is the free abelian group on the generators 
[Pl] , [P2] , . . . , [Pk] ' 
PROOF (i) From 0 9:! 0 $ 0 it follows that 0' (0) = 0 E A. Next, if B 9:! 0, 
then B 9:! 0 E9 0, so O' (B) = 0' (0) . Thus, since :F is free abelian, we can 
define O::F -+ A by O(p) = O' (P) . But O(R) = 0 ,  so this map factors 
through Ko (R) = :FIR. 

(li) Now let R be Artinian. Since every finitely generated projective 
R-module is a direct sum of principal indecomposables, it follows that 
Ko(R) is spanned by [Pl] '  [P2) , " " [Pk] '  For independence, let A be the 
free abelian group on the generators Pl ,P2, . . .  , Pk and for each finitely 
generated projective R-module P, define O'(P) = "'£j mjpj E A, where 
mj is the multiplicity of Pj' as a direct summand of P. Then 0' is well 
defined, by Theorem 5.9, and it respects direct sums. Thus by (i) , 0' 
determines a homomorphism 0: Ko(R) -+ A. But O([Pi)) = O' (Pi) = Pi, 
so it is clear that [Pl] '  [P2] , . . .  , [Pk] are also independent. 0 

We will return to Artinian rings shortly, but first it is appropriate 
to consider the relationship between Ko and Go for arbitrary rings. 

THEOREM 15.2 Let R be a right Noetherian ring. Then there is a natural 
homomorphism c: Ko(R) -+ Go(R) given by c: [P] H [Pl . In addition, if 
every finitely generated R-module has finite projective dimension, then c 
is an isomorphism. 

PROOF The map c' that sends finitely generated projective R-modules 
P to [P) E Go(R) clearly respects direct sums. Thus c' determines a 
group homomorphism c: Ko(R) -+ Go(R) given by c: [P] H [Pl . 

Now suppose that all finitely generated R-modules have finite pro­
jective dimension. Then, by Lemma 12.7(i) , we know that c is onto. 
Furthermore, let A = Ko (R) and define O'(P) = [P] E A for aU finitely 
generated projective R-modules P. Then clearly O'(P3) = O'(Pl )  + O' (P2) 
whenever P3 9:! Pl E9 P2 ,  so Lemma 12.7(ii) implies that 0' determines 
a group homomorphism 0: Go(R) -t A with 0: [P] H O'(P) = [Pl . But 
then the combined map 

Ko(R) � Go(R) � Ko(R) 

is the identity on Ko(R) and therefore c is one-to-one. o 
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As we mentioned in the paragraph preceding Lemma 12.7, if R has 
finite global dimension, th�n the finitely generated projective R-modules 
determine Go(R) . Indeed the fact that c is an isomorphism in this sit­
uation gives a precise meaning to that statement. The homomorphism 
c: Ko(R) -+ Go(R) is called the Canan map. 

Now let us suppose that R is right Artinian. Then, by Theorem 5.9, 
there is a one-to-one �orrespondence between the isomorphism classes of 
principal indecomposable R-modules Pi, P2 , . . .  , Pic and of the irreducible 
R-modules VI , V2 , . . .  , Vic given by Pi/PiN 9:! Vi, wh,ere N = Nil(R) = 

Rad(R) . In particular, it follows from Lemmas 12.2(ii) and 15.1(ii) that' 
Go(R) and Ko(R) are isomorphic. On the other hand, this isomorphism 
need not be achieved by the Cartan map. Indeed, c is neither surjective 
nor injective in general. Finally, note that if Yj occurs as a composition 
factor of Pi with multiplicity Ci,j , then 

c: [Pi] H L Ci,j [Yj] 
j 

and the Canan matrix ( Ci,j ) is precisely the matrix of the Cartan map 
with respect to the bases { [Pi] ,  [P2], " . ,  [Pic] } and { [Vi] ,  [V2], . . .  , [Vic] } .  

Next we see that the induced module map for Ko requires no flatness 
assumption. 

LEMMA 15.3 Let R and S be right Noetherian and let ¢: R -+ S be a ring 
homomorphism. Then the induced module map P H P ® S determines 
a homomorphism (J: Ko(R) -+ Ko(S) .  
PROOF If P is a finitely generated projective R-module, then P ® S is a 
finitely generated projective S-module by Lemma 9.11(i) . Thus it makes 
sense to define (J' (P) = [P ® S] E l<o(S) . Furthermore, since tensor 
product commutes with , direct sums, it follows that (J' respects direct 
sums and Lemma 15.1(i) yields the result. 0 

We can now obtain the projective analog of Theorem, 14.7. 

THEOREM 15.4 (Serre's Theorem) Let R be a right Noetherian ring and set 
S = R[x; a']. If gl dim R < oc!, then the induced module map determines 
an isomorphism (J: Ko(R) -+ Ko(S) . 
PROOF By Theorems 11.1 and 11.2, we know that S is right Noetherian 
with gldim S < 00. In particular, Theorem 15.2 applies to both R and S 
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and we have the commutative diagram 

Ko(S) 

i (} 

Ko(R) -=4 Go(R) 

where 0 and 01 denote the induced module maps and c and C1 are the 
Cartan maps. But C1 , c-1 and 01 are isomorphisms, by Theorems 14.7 
and 15.2, and therefore so is O. 0 

We will obtain some rather powerful corollaries of this result once 
we take a closer look at Ko (R) . 

DEFINITION Let A and B be finitely generated R-modules. Then A and B are 
said to be stably isomorphic if A $ Rn � B $ Rn for some free R-module 
Rn of finite rank n. Furthermore, A is stably free. if A $ Rn � Rm for 
some integers m, n ;::: O. 

LEMMA 15.5 Let P and Q be finitely generated projective R-modules. 
i. [P] = [Q] in Ko(R) if and only if P and Q are stably isomorphic. 

ii. [P] is in the cyclic subgroup of Ko(R) generated by [R] if and 
only if P is stably free. 

iii. Ko(R) is the cyclic group generated by [R] if and only if all 
finitely generated projective R-modules are stably free. 

PROOF (i) If P and Q are stably isomorphic, then certainly [P] = [Q] in 
Ko(R). For the converse, we work in the free abelian group F and we use 
all the notation given in the definition of Ko(R) = FIR. In particular, 
if [P] = [Q] , then P - Q E R, so this element can be written as a finite 
sum and difference of relations. Say 

P - Q = 'E(Bi - Ai - Ci) + 'ECDj + Fj - Ej) 
i j 

P + 'EAi + 'ECi + 'EEj = Q + 'EBi + 'EDj + 'EFj i i j i j j 
and this means that the summands on the left must match, term for 
term, with the summands on the right. In particular, the direct sum of 
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all modules represented on the left must be isomorphic to the direct sum 
of all modules represented on the right. Hence we have P $ V � Q $ V, 
where V is the direct sum 

V � $ LAi $ Lei $ LEj i i j 
� $ LBi $ LDj $ LFj i j j 

But V is a finitely generated projective module, so V $ U � Rn for some 
n. Thus, since 

we conclude that P is stably isomorphic to Q. 
(ii) If P is stably free with P $ Rn � Rm, for example, then [P] = 

(m - n) [R] in Ko (R). Conversely, suppose [P] is contained in the cyclic 
subgroup of Ko (R) generated by [R] and say [P] = n[R] . If n ;::: 0, then 
P is stably isomorphic to Rn, by (i) , and hence P is stably free. On the 
other hand, if n < 0, then P $ R(-n) is stably isomorphic to ° and again 
P is stably free. Thus (ii) is proved and (iii) is immediate. 0 

We can now obtain the key application of Theorem 15.4. 

COROLLARY 15.6 Let R be a ring satisfying the three conditions: 
i. It is right Noetherian. 

ii. It has finite global dimension. 
iii. All finitely generated projective modules are stably free. 

If S = R[x; cr] , then S also satisfies (i), (ii), and (iii). 

PROOF We already know from Theorems 11.1 and 11.2 that conditions 
(i) and (ii) are individually inherited by S. Now assume that R satisfies 
(i)-(iii) . Then by Lemma 15.5(iii) , Ko (R) is the cyclic group generated 
by [R] . Furthermore, by Theorem 15.4, Ko (S) is isomorphic to Ko(R) 
via the induced module map. But R ® S � S, so Ko(S) is the cyclic 
group generated by [S] and Lemma 15.5(iii) yields the result. 0 

In particular, we have: 

THEOREM 15.7 (Hilbert Syzygy Theorem) Let R = K[xl , X2 , . . .  , xnl be the 
ordinary polynomial ring in n variables over the field K. Then gl dim R = 
n and all finitely generated projective R-modules are stably free. 
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PROOF Note that the field K satisfies conditions (i)-(iii) of the previous 
result; thus, by induction on n, so does R = K[Xb X2 , . . .  , Xn] . Since 
gldim R = n by Corollary 11 .5 ,  the result follows. 0 

This is neither the original formulation nor the original proof of 
the Syzygy Theorem. In this context, syzygy means Telation and the 
preceding result affords at least a partial description of all the finitely 
generated modules for the polynomial ring R. For example, suppose V is 
such a module with generating set { Vb V2 , . . . , Vk } .  Then every element 
of V is of the form L:i ViTi with Ti E R but not necessarily uniquely so. 
Indeed, to understand V we must know when two such expressions are 
equal or, equivalently, when L:i ViTi = O. To this end, map the free R-
module F = . L:�=l fiR onto V with a: fi H Vi . Then L:i fiTi E Ker(a) 
if and only if L:i ViTi = O. In other words, Ker(a) consists of all the 
relations satisfied by the set { Vl ' V2 , . . .  , Vk } and it is called a fiTst syzygy 
for V. Next, we know that Ker( a) is finitely generated, but to better 
understand its module structure, we should also compute the syzygy of 
its generators. In this way we obtain, by definition, a second syzygy for 
V. If we continue in this manner then, since gl dim R = n, it follows that 
the nth syzygy for V will be projective. But finitely generated projective 
R-modules are stably free, so an appropriate (n+ 1)st syzygy for V is free. 
The original Hilbert Theorem asserts that there exists an nth syzygy for 
V that is already free. We will obtain this sharper bound as a consequence 
of the affirmative solution of the Serre Conjecture. 

We close this chapter by showing that the isomorphism 0: Ko(R) -+ 
Ko (R[x ; 0']) can fail if gl dim R = 00. Indeed, we will construct a commu­
tative counterexample in Lemma 15.10 once we accumulate a few prelim­
inary observations. 

LEMMA 15.8 Let R be a commutative domain with quotient field K and let P 
and Q be R-submodules of K. 

. . 

i. If PQ = R, then P and Q are both finitely generated projective 
R-modules. 

ii. If P is stably free, then P = wR for some w E  P. 

PROOF (i) We use the fact that PQ � R and that 1 = L:� Piqi for 
suitable Pi E P and qi E Q. Define the R-module maps 0': Rn -+ P and 
r: P -+ Rn by 

n 
0': (Tb T2, " "  Tn) H L:PiTi 

i=l 
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r: p H (qlP, q2P, · · · , qnP) 
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Then (T'T(p) = P for all p E P, so (j is an epimorphism and r splits the 
exact sequence Rn � P � O. Thus P I Rn and P is a finitely generated 
projective R-module. 

(li) Suppose P ':f. 0 is stably free so that P + Rn = V = Rm. We first 
show that m = n+ 1. To this end, consider the K-vector space P®RK. If 
o ':f. Pl, P2 E P � K, then there exist nonzero Tl , T2 E R with PI Tl = P2T2 . . 
Thus 

Pl ® K = Pl ® TlK = PlTl ® K 
= P2T2 ® K = P2 ® T2K = P2 ® K 

and hence dimK P ® K :::; 1. On the other hand, the balanced map 
P x K � K given by (p, k) H pk certainly yields an epimorphism P®K � 

K. Thus P®K � K and, of course, R®K � K. Since P+Rn = V = Rm, 
we conclude that V®K is K-isomorphic to both Kn+1 and Km and hence 
that m = n + 1, as claimed. 

Now let { vo ,  Vb . .  " vn } be an R-basis for V = Rm = Rn+1 and let 
{ WI , . . .  , Wn } be a basis for W = Rn, the complement for P in V. Then, 
for each 1 :::; j :::; n, we have wi = L::�=o ViTi,i with Ti,i E R and we study 
the (n + 1) x n matrix M = ( Ti,i ) '  Notice that if I is any maximal ideal 
of R, then 

(P/PI) + (R/I)n = V/VI = (R/I)n+1 

so the elements WI , . . .  , Wn are (R/ I)-linearly independent modulo V I. 
It follows that if fi,i = Ti,i + I E R/ I, then M = ( i\i ) must have rank 
n as a matrix over the field R/ I. Hence at least one of the maximal 
n x n minors of M is not zero. Since I is an arbitrary maximal ideal, 
this implies that the set { mo, mI , . . .  , mn } of maXimal minors of M is 
unimodular, that is L::�=o miR = R. Indeed, if this were not the case, then 
the latter sum would be contained in some maximal ideal of R. Thus we 
can find elements T i,O E R so that the augmented (n + 1) x (n + 1) matrix 
M* = ( Ti,i ) has determinant 1 and hence is invertible. Finally, if we 
define Wo = L::�=o ViTi,O, then { wo , Wb . " , wn } must also be an R-basis 
for V by Lemma 2.5. Thus p+ W = V = woR+ W and P � V/W � woR 
is free of rank 1. 0 

With this we can prove: 

PROPOSITION 15.9 Let R be a commutative domain with quotient field K and 
suppose there exists a E K \ R with a2, a3 E R. IT S is the polynomial 
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ring S = R[x], then S has a finitely generated projective module that is 
not stably free. 

PROOF Let f = ax E K[xJ and let P = (1 + f, l + f + j2) be the 
R[x]-submodule of K[x] generated by 1 + f and 1 + f + j2 . Similarly, let 
Q = (1 - f, 1 - f + j2) and observe that 

since a2, a3, a4 E R. Furthermore, we have 2 = (1 + f3) + (1 - f3) E PQ 
and 3 = (1 - j2) (2 + f2 ) + (1 + j2 + f4) E PQ. Thus 1 E PQ and P is a 
finitely generated projective R[x]-module by Lemma 15.8(i) . 

Now suppose, by way of contradiction, that P is stably free. Then 
Lemma 15.8(ii) implies that P = wR[x] for some w E K[x] . Moreover, 
we have P . K[x] = K[x]� since (1 + f + j2) - (1 + f)f = 1, and thus 
P = wR[x] implies that K[x] = wK[xJ . In other words, w is a unit of 
K[x] and hence w E K. Now note that wQ = PQ = R[x] , so w(l - ax) = 

w(l - f) E wQ = R[xJ . Since w E K, it therefore follows that w E R. 
But then 1 + ax = 1 + f E P = wR[x] � R[x] , so a E R, a contradiction, 
and we conclude that P is not stably free. 0 

Now we consider the example. 

LEMMA 15.10 Let F be a field and let R be the subring of the power series 
ring FUt]] consisting of all elements with t-coefficient O. Then R is a 
Noetherian local domain and if S is the polynomial ring S = R[x] , then 
the induced module map 0: Ko(R) � Ko(S) is not surjective. 

PROOF We first briefly study the commutative domain T = F[[t]] . Sup­
pose a = L:�o aiti and (3 = L:�o biti are two elements of this ring and 
set 1 = a(3 = L:�o citi . Then by definition 

for all n 2:: o. In particular, if a is given with ao ':f. 0, then we can 
inductively solve for bo , bl , b2 , • • •  in F so that a(3 = 1 = 1. In other 
words, every element a with ao =f. 0 is a unit of T and we conclude that 
T is a local ring with Jacobson radical Rad(T) = tT. Furthermore, any 
nonzero element of T can then be written as a unit times tm for some 
m and this implies that T = FUt]] is a ring whose only nonzero ideals 
are of the form tnT for n = 0, 1 , 2, . . . . Hence T is a commutative local 
Noetherian domain. 
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Let R be the set of all elements of T with t-coefficient 0, so that 
R is easily seen to be a subring of T. Since R = 1 . F[[t2]] + t3 • F[[t2] ]  
and F[[t2]] � T is Noetherian, it follows from Lemma 6.6 that R is also 
Noetherian. Furthermore, if a E R with ao ':f. 0, then the equation 
o = Cl = aOb1 + albo implies that a-I E R. Thus R is a commutative 
local Noetherian domain with Rad(R) = R n tT and it follows from The­
orem 10.8 that all projective R-modules are free. In particular, Ko(R) is 
the 'cyclic group generated by [R] . 

Finally note that t2 , t3 E R but that t ffi R. Thus, by the previous 
proposition, S = R[x] has a finitely generated projective module that is 
not stably free. Lemma 15.5(iii) now implies that Ko(S) is not the cyclic 
group generated by [S] = [R 0 S] and hence the induced module. map 
() : Ko(R) --+ Ko(S) cannot be surjective. 0 

As a consequence of the preceding, the ring R must have infinite 
global dimension. We can see this directly as follows. Let I be the set of 
elements of R with constant term O. Then I <l R and we have the short 
exact sequence 

0 --+ I � R $ R � I --+ 0  

given by O': i H (i , it) and r: (Tl l T2) H TIt3 - T2t2 . We conclude, as in 
Lemma 8.5, that either pdR 1 =  00 or I is projective and R $ R � I $ I. 
But (R$R)/(R$R)1 is two dimensional over F whereas (1$1)/(1$1)1 
has F-dimension equal to 4. Thus R $ R � I $ I and pdR 1 =  00. 

EXERCISES ___________________ _ 

Let K be a field. In the following three problems, compute the Cartan 
matrix for the given Artinian rings. 

1. Let R be the ring of upper triangular n x n matrices over K. Show 
that det ( Ci,j ) = 1. Why is this not a surprise? 

2. Describe the Cartan matrix in case R is a Wedderburn ring or R = 
K[x I xm = 0] . In particular, note that c need not be surjective. 

3. Write A(a, b) and B(a, b) for the sets of 4x4  upper triangular matrices 

(a * 0 0 ) 
A(a, b) = b � : b * * 

(a * * * ) 
B(a, b) = b : 
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with the * entries arbitrary. Now let R and S be the four and eight 
dimensional subalgebras of M4(K) given by 

R = { A(a, b) I a, b E  K }  S = { B(a, b) I a, b E K }  

Observe that RjRad(R) � K $ K � SjRad(S) and describe the 
Cartan matrices of R and S. Conclude that c need not be injective in 
general. 

4. Let R and S be right Noetherian rings and let M be an (R, S)­
bimodule. Find conditions on M that guarantee that the map A H 
A ® R M determines a group homomorphism Go (R) -+ Go (S) or 
Ko(R) -+ Ko(S) .  

5 .  Let R � S be Noetherian rings. Find conditions on the R-module SR 
to guarantee that the restriction map A H AR determines a group 
homomorphism Go(S) -+ Go(R) or Ko(S) -+ Ko(R). 

6. Modify the proof of Lemma 15.5(i) to show that [X] = [Y] in Go(R) 
if and only if there exist exact sequences 0 -+ A -+ B $ X -+ C -+ 0 
and 0 -+ A -+ B $ Y -+ C -+ 0 with A, B, and C finitely generated 
R-modules. 

7. Let R be an arbitrary ring and let P be a projective R-mQdule. If 
p$Q � F is free, prove that P$Foo � Foo, where Foo is a count ably 
infinite direct sum of copies of F. This, of course, does not imply that 
P is stably free. 

8. Let e be an idempotent of the Noetherian ring R and assume that 
R = ReR. Use the method of Exercise 12.5 to prove that Ko(R) e:! 
Ko(eRe). 

9. Let S = So + Sl + . . .  be a graded ring and assume that every finitely 
generated projective So-module is stably free. Apply the result of 
Exercise 13.3 to deduce that every finitely generated graded-projective 
S-module is also stably free. 

10. Obtain a power series analog of the Hilbert Basis Theorem. In other 
words, show that if R is right Noetherian, then so is R[[t]] .  What 
about a version for the obvious skew power series ring R[[t; a]]? 
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If R is a commutative polynomial ring over a field, then all finitely gen­
erated projective R-modules are free. This is the statement of the Serre 
Conjecture, which we prove in the next chapter. Of course, we already 
know that all finitely generated projective R-modules P are stably free, 
that is P $ F' � F for suitable finitely generated free modules F' and 
F. Thus the goal is to show that F' can somehow be canceled from the 
preceding formula. 

As we will see, cancellation is equivalent to the affirmative solution 
of a certain matrix problem. We begin here by describing that problem 
and we obtain some partial but rather key results. For the remainder of 
this and the next chapter, R always denotes a commutative ring. 

DEFIN ITION Let a = ( al a2 . . .  an ) be a row matrix, that is a 1 x n  matrix 
over R for some n � 1 .  We say that, a is a unimodular row if L::i aiR = R 
or equivalently if there exist Ci E R with L::i aiCi = 1 .  We say that a 

is an extendible row if it is the first row of an invertible n x n matrix 
a E Mn(R). 
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Note that a E Mn(R) is invertible if and only if det a is a unit of 
R. Thus for example if R is a field; then we need only have det a ':f. O. 
On the other hand, if R = 7L is the ring of integers, then we must have 
det a = ±1. 

Suppose now that a is invertible and that a = ( al a2 . . . an ) 
is its first row. Then, by computing the determinant of a by cofactors 
with respect to the first row, we have L::i aiCi = det a = d, where Ci is, 
of course, the cofactor of ai . Thus L::i ai(cid-1 ) = 1 and it follows that a 

is unimodular .. In other words, every extendible row is unimodular. We 
are concerned with the reverse question, namely is every unimodular row 
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extendible? 
We start with two simple observations. Recall that the elementary 

column operations on R-matrices consists of (1) multiplying a column by 
a unit of R, (2) interchanging two columns, and (3) adding a multiple 
of one column to another. These operations can be applied to any size 
matrix, even a row, and they can all be achieved via right multiplication 
by appropriate invertible square matrices. 

LEMMA 16.1 i. Suppose row a' can be obtained from a by a sequence of ele­
mentary column operations. Then a' is extendible (or unimodular) if and 
only if a is extendible (or unimodular). 

ii. If a = ( al a2 . . .  an ) and aIR + a2R = R, then a is ex­
tendible. 

PROOF (i) By assumption we have a' 
= a'Y for some invertible matrix 'Y. 

Thus if a is the first row' of the square matrix a, then a is the first row 
of a'Y. In particular, if a is extendible, then we can take a invertible and 
thus a

' is also extendible. Furthermore, if a = ( al a2 . . . an ) and 
a

' 
= ( ai a� ' " a� ) ,  then a

' 
= a'Y implies that L:i a�R � L:i aiR. 

Thus, if a' is unimodular, then so is a. The converses follow because 
a = a

'
'Y

-I
. 

(ii) Now assume that aIR + a2R = R, so that albl - a2b2 = 1 for 
some bl , b2 E R. Then we see that a is the first row of the invertible 
matrix 

al a2 a3 an 
b2 bl 0 0 
0 0 1 0 

0 0 0 1 
of determinant 1. o 

We will freely use (i) without further comment. We remark that 
the matrix problem for n = 1 is trivially true and for n = 2 it is solved 
affirmatively in (ii) . Thus it first becomes interesting when n = 3. In any 
case, in all our future �omputations we can assume that n ;::: 2. 

A commutative ring R is said to be semilocal if it has only finitely 
many maximal ideals. In particular, any local ring is semilocal. 

LEMMA 16.2 i. Let R be a semilocal ring and let a = ( al a2 ' "  an ) be a 
unimodular row. Then there exist b2 , . . · ,  bn E R such that al + L:�=2 aibi 
is a unit of R. 
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ii. If S is a commutative local ring and if 1 -:f. p(x) is a monic poly­
nomial in S[x] , tben S[x]/p(x)S[x] is a semilocal ring. 

PROOF (i) Let M1 , M2, . . .  , Mk be the finitely many maximal ideals of R,. 
We first show that, for each i, there exists ei E R such that ei == 1 mod Mi 
and ei == 0 mod Mj for all j -:f. i. To this end, note that for j -:f. i 
we have Mi + Mj = R, so there exist mj E Mj and mj E Mi with 
mj � mj == 1.  In other words, mj == 1 mod Mi and mj == 0 mod Mj .  Now 
take ei = TIj;6i mj . 

Since a = ( al a2 . .  , an ) is unimodular, L::i aiR = R and it 
follows that no maximal ideal of R contains all the ai . In particular, for 
each maximal ideal Mj , if al E Mj, then there exists aj' with j' -:f. 1 and 
aj' ffi Mj . Set 

b = al + L ejaj' 
al EMj 

Consider the maximal ideal Mi . If al ffi Mi , then all ej in the 
preceding sum for b are contained in Mi and hence b ffi Mi ' On the other 
hand, if al E Mi, then eiai' ffi Mi occurs in the sum for b. Thus, since the 
remaining summands for b are all contained in Mi , we again have b ffi Mi ' 
We conclude, therefore, that b is not contained in any maximal ideal of 
R and hence that b is a unit of R. 

(ii) Suppose that 1 -:f. p(x) is a monic polynomial of degree k + 1.  
Our goal is to show that there are only finitely many maximal ideals M of 
R = S[x] that contain p(x). To this end, let M be such a maximal ideal 
and consider the irreducible R-module V = R/M. Since p(x) E M and 
p(x) is monic, it follows that V is finitely generated as an S-module by 
the images of 1, x, . . .  , xk . Thus since V -:f. 0, Nakayama's Lemma implies 
that V J -:f. V, where J = Rad(S) . But V J is certainly an R-submodule 
of V and V is irreducible, so V J = 0 and hence J � M. 

In other words, all maximal ideals of R that contain p( x) also contain 
the Jacobson radical J of S. Thus they correspond to those maximal 
ideals of R/JR = (S/J) [x] that contain the nonzero image p(x) of p(x) . 
But S is a local ring, so S/J = F is a field. Thus (S/J) [x] = F[x] is a 
principal ideal domain and hence a Dedekind domain. It follows that there 
are only finitely many maximal ideals of F[x] that contain the nonzero 
ideal p(x)F[x] . 0 

As a consequence we have: 

PROPOSITION 16.3 Let R be commutative and let a = ( al a2 . . . an ) be 
a unimodular row. 
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i. If R/anR is a semilocal ring, then a is extendible. 
ii. Suppose R = S[xJ, with S a local ring. If an is a monic polynomial, 

then a is an extendible row, 

PROOF (i) Let - : R -t R/anR be the natural epimorphism. Since 
L:i aiR = R, it follows that L:i aJl = iJ:. Thus, by par� (i) of the 
preceding lemma, there exist bi E R with b = al + L:�=2 aibi a unit of - ) '  ""n R. Define a' = ( ai a2 ' " an , where a1 = al + L."i=2 aibi .  Then a' 
is obtained from a by a sequence of elementary column operations, so it 
suffices to show that a' is extendible. But observe that ai = b is a unit 
of R = R/anR and hence aiR + anR = R. Lemma 16.1(ii) now implies 
that a' is extendible. 

(ii) If an = 1, then aIR + anR = R and the proposition is proved. 
Otherwise, by part (ii) of the preceding lemma, R/anR = S[x]/anS[x] is 
a semilocal ring and (i) yields the result. 0 

We now begin work on a key observation, the Patching Theorem. Re­
call that if T is a multiplicatively closed subset of a commutative integral 
domain S, then we can localize to form the ring of fractions ST-I• We 
need to consider two such situations here. In one case, T = { 1, j, j2, . . . } 
for some nonzero element j E S and we denote ST-I by Sf. Alterna­
tively, if M is a maximal ideal of S, then T = S \ M is multiplicatively 
closed and we write SM for ST-I. These are, of course, all contained in 
the ·field of fractions SS-l . 

. We are concerned with n x n matrices over the polynomial ring S[x] 
and we note that these can all be viewed as polynomials in x over Mn (S) .  
Thus we use polynomial notation for such matrices. 

LEMMA 16.4 Let S be a commutative integral domain, let j be a nonzero 
element of S and let ()(x) be an invertible matrix in Mn(Sf [X] ) .  Then there 
exists an integer k 2:: 1 such that whenever hI , h2 E S satisfy hI - h2 E 
jkS, then 

is an invertible matrix in Mn(S[x]) .  
PROOF Write {}(x) = L:b Cl!iXi and ()(x)-I = L:Z {3jxj , where Cl!i, {3j E 
Mn(Sf) .  Now choose an integer k 2:: 1 so that fkCl!i{3j E Mn(S) for all 
i , j .  If s ,  t E S, define 

¢(x; s, t) = {} ((s + jkt)x) {}(sx)-I 
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Then 

¢(x; s , t) = 1 + [O ((s + fkt)x) - O (SX) ]O (SX)-l 

= 1 + L aiXi [(8 + fkt)i - Si] O(SX)-1 
i 
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Thus, since fk divides (s + fkt)i - si , we see that ¢(x; s , t) is a matrix in 
Mn(S[x]) .  

Finally, let hI - h2 E fk S ,  set s = h2 ' and choose the element t so 
that hI - h2 = fkt. Then ¢(x; s, t) = 0(hlx)0(h2x)-1 == ¢(x) is a matrix 
in Mn(S[x] ) .  Similarly, 0(h2X)0(hIX)-1 E Mn(S[xD ,  so ¢(x) is invertible 
in Mn(S[x]) . 0 

LEMMA 16.5 Let S be as before and suppose f, 9 are nonzero elements of S with 
Sf + Sg = S. Let a(x) = ( al(x) a2 (x) . . .  an(x) ) be a unimodular 
row over S[x] and assume that a(x) is extendible over the larger rings 
Sf[x] and Sg[x] . "  If a(O) == ( al (O) a2 (0) . . .  an (O) ) is extendible over 
S, then a(x) is extendible over S[x] . 
PROOF We start with some observations on matrix multiplication. If A 
and B are square matrices, then the first row of AB depends on all of B 
but only the first row of A. Thus if A and A' have the same first row, then 
so do AB and A' B. For example, if A has first row i = ( 1  0 ' " 0 ) , 
then A has the same first row as the identity matrix I and thus AB has 
the same first row as I B = B. Conversely, suppose A and B have the 
same first row and assume that B is invertible. Then AB-I has the same 
first row as BB-I == I, so AB-1 has first row i. In particular, if B has 
first row i, then so does B-1 = I B-1 . 

Now for the ·proof. Let a f (x) denote the given extension of the row 
a(x) to an invertible matrix in Mn(Sf [X]) and let ag(x) be the extension 
of a(x) to an invertible matrix in Mn(Sg [xJ ) .  In addition, let /3 be an 
extension of the row a(O) to an invertible matrix in Mn(S), Then al(x) = 

/3af(O)-laf(x) is also an invertible matrix in Mn(Sf[xD and it has first 
row a(x) . Indeed, since /3 and af(O) have the same first row, /3af(O)-l has 
first row i and thus ai(x) has the same first row as af(x). Furthermore, 
since ai{O) == /3, we can now replace af(x) by a,{x) to assume that 
a,(O) = /3. Similarly, we can assume that ag(O) = /3 and, in particular, 
that a,(O) = ag(O) .  

Define 9(x) = a,(x)ag(x)-l , so that O(x) is clearly an invertible 
matrix in Mn(Sfg[X]) .  Also O(x) has first row i and 0(0) = I. Since 

Sfg [X] = (Sf)g [X) == (Sg)f[X] 
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we can apply the previous lemma in two different ways to the matrix 
O(x) and we let k to be the larger of the two integers given by those 
applications. 

Note that S = (Sf + Sg)2k = Sfk + Sgk , so we can choose h E  S 
with h E  Sfk and 1 - h E Sgk . Since 0(0) = I, we can write 

and we consider, in turn, each of the two factors in square brackets. 
First, we note that O(x) is invertible in the ring Mn ((Sf)g[x]) and 

that 1 - h E Sgk � (Sf)gk . Thus, by the previous lemma, <Pf(x) = 

O(x)O(hX)-l is invertible in Mn(Sf[x] ) ,  Similarly, O(x) is invertible in 
Mn ( Sg)f [X]) and 0 - h E Sfk � (Sg)fk , so the previous lemma also 
implies that <pg(x) = O(Ox)e(hX)-l is invertible in Mn(Sg [x]) .  Thus 

af(x)ag(x)-l 
= O(x) = <Pf(x)<pg(x)-l 

In other words, <Pf(x)-laf(x) = <pg(x)-lag(x) and we denote this com­
mon J;Ilatrix by I(X). , 

Since O(x) has first row i, it follows that <Pf(x) and <Pf(X)-l also 
have first row i. Thus I(X) has the same first row as a,ex), namely 
a(x) . Furthermore, I(X) is an invertible matrix in both Mn(Sf [X]) and 
Mn (Sg [x]) .  Thus I(X) will be the appropriate extension for the row a(x) 
provided we show that SfrX]nSg[x] = S[x] or, equivalently, that sfnsg = 

S. For the latter, let w = 8/ fj 
= t/gj E Sf n Sg w�th s ,  t E S. Since 

Sfj + Sgi = S, there exist u, v E S with ufj + vgj = 1. But then 

w = w(ufj + vgj ) = U8 + vt E S 

and the lemma is proved. o 

We can now quickly obtain the main result of this chapter. 

THEOREM 16.6 (Quillen Patching Theorem) Let S be a commutative inte-, 
gral domain and let a(x) = ( al (x) a2 (x) '. . .  an (x) ) be a unimodular 
row with entries in the polynomial ring R = S[x] . Suppose that a(O) 
is extendible in Mn(S) and that a(x) is extendible in Mn(SM[X]) for all 
maximal ideals M of S. Then a(x) is extendible in Mn(R) = Mn(S[x]) .  
PROOF Let 

A = { O }  U { O  ::j:. f E S I a(x) is extendible in Mn(Sf[X] ) } 
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We claim that A is an ideal of 8. To start with, suppose 0 ::j:. I E A 
and 0 ::j:. 9 E 8. Since 8f[x] � 8fg[x] , it follows that a(x) is extendible in 
Mn (8fg [x] ) .  Thus Ig E A and we see that A is closed under multiplication 
by 8. To check closure of addition, it clearly suffices to consider I, 9 E A 
with I, 9 and I + 9 all nonzero. The goal is to show that I + 9 E A. 
If 8' = 81+g, then 8f � 8f and 8g � 8� , so a(x) is extendible in both 
Mn(8, [x]) and Mn(8� [x]) . Furthermore, a(O) is extendible in Mn(8) � 
Mn(8 ) .  Thus, since 8'1 + 8'g = 8', Lemma 16.5 implies that a(x) is 
extendible in Mn(8'[x] ) .  But 8' = 8f+g and therefore 1 +  9 E ·  A, as 
required. . 

We now know that A is an ideal of 8. If A ::j:. 8, then A � M for 
some maximal ideal M of 8 and, by assumption, a( x) is the first row of 
an invertible matrix a(x) E Mn(8M[X] ) .  In other words, both a(x) and 
a(x)-l are contained in Mn(8M) [X] . Now let I be the product of all the 
denominators of all the finitely many entries of the Mn ( 8M )-coefficients 
of these two matrices. Then a(x) , a(x)-l E Mn(8f ) [x] = Mn(8f[x]) and 
hence I E A � M. On the other hand, I is a product of elements of the 
multiplicatively closed set 8 \ M and therefore I E 8 \ M, a contradiction. 

Thus A = 8 and, in particular, 1 E A. But 81 = 8, so a(x) is 
extendible in Mn (8[x]) = Mn(R) and the theorem is proved. 0 

EXERCISES ______________________________________ __ 

1 .  Let PI, P2 , . . .  , Pk' be incomparable prime ideals in the commutative 
ring R. For each i ::j:. j,  choose ai,j E Pj \ Pi and define ei = TIj#i ai,j ' 
Show that ei E Pj for all j ::j:. i but that ei fj. Pi. Now let 1 <1  R and 
suppose that I is not contained in any Pi . If bi E I \ .Pi , show that 
b = L:i biei E 1 \  Ui Pi . 

2. Assume that R is a commutative domain and that PI, P2, . . .  Pk are as 
before. Show that T = R \ Ui Pi is a multiplicatively closed subset of 
R and that RT-l is a semilocal ring whose maximal ideals are PiT-l 
for i = 1 , 2, . . .  , k. 

3. Let 8 = Z[a] be a polynomial ring in one variable over the integers Z. 
Since M = (2, a) is a maximal ideal of 8, it follows that 8M is a local 
ring. Prove that R = 8M[X]/ (1 - ax)8M[x] is not semilocal. For this, 
observe that for each integer n ::j:. 0, R has a homomorphism onto the 
rationals given by a H 2n and x H 1/(2n) . 

4. Let R be a commutative ring and let V be a finitely generated right 
R-module with generators Vb V2, . . .  , Vn. Suppose that Ti,j E R with 
L::=l ViTi,j = 0 for j = 1 , 2, . . .  , n. Multiply the matrix equation 



Chapter 16. Patching Theorem 159 

on the right by the adjoint of ( ri,j ) to deduce that V . det ( ri,j ) = O .  
This is known as the determinantal trick. 

In the remaining exercises, we assume that R is a principal ideal 
domain. We say that two m x n matrices A and B over R are equivalent 
and write A ,...., B if A = PBQ, where P is an invertible matr� in 
Mm(R) and Q is invertible in Mn(R) . Obviously this is an equivalence 
relation and the goal is to show that each equivalence class contains a 
matrix having a particularly nice form. Recall that a principal ideal 
domain is also a unique factorization domain. 

5 .  Suppose a, b E R have greatest common divisor (a, b) = d. Show 
that the matrix A = (� � ) is equivalent to a matrix of the form 

(� : ) . To this end, note that ax + by = d for suitable relatively 
prime elements x, y E R. 

6. Let A be an m x n matrix over R and assume, among all the matrices 
equivalent to A, that A has a nonzero entry q with the smallest num­
ber of prime factors. Prove that A is equivalent to the block matrix 

(6 1, ) , where q divides all entries of A' . To start with, use elemen­
tary row and column operations to shift q to the (1, 1) position. Then 
use the argument of Exercise 5 to deduce that q divides all entries in 
the first row and first column. Now apply row and column operations 
again. 

7. For each m x n matrix A, define Dk(A) to be the greatest common 
divisor of the determinants of all k x k submatrices of A. If A ,...., B, 
show that Dk(A) and Dk(B) are associates for all k,  that is they are 
unit multiples of each other. 

8. Let A be an m x n matrix over R. Prove that A is equivalent to the 
m x n  diagonal matrix B = diag{ ql , q2 , . . .  , qt } ,  where t = min{ m, n } 
and where qi I qi+l for all i. Furthermore, show that the qi 's are 
uniquely determined up to multiplication by a unit of R. 

9. Suppose that W is an R-submodule of the free R-module V = Rn. 
Show that there exists a basis { Vl , V2 , ' "  , vn } of V and nonzero ele­
ments ql l q2 , . . .  , qk E R with qi I qi+l such that { Vlql , V2q2 , " "  vkqk } 
is a basis for W. Furthermore, show that the qi 's are essentially 
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unique. For this, let { VI ,  V2 , . . . , vn } be any basis for V. Since R is 
hereditary and Noetherian, W is also a free module with basis, say 
{ Wi , W2, · • .  , wm }. Write Wi = L:j Vjai,j and observe that a change 
of basis in V and in W corresponds to multiplying the m x n matrix 
( ai,j ) on the right and on the left by invertible square matrices. 

10. Finally, let M be a finitely generated module over .the principal ideal 
domain R. Prove that M is isomorphic to a direct sum EEl L:� R/ qiR, 
where qi I qi+l for all i and no qi is a unit. Furthermore, show that 
the qi are appropriately unique. In case R = 71. is the ring of integers, 
this result is the Fundamental Theorem of Abelian Groups. It follows 
from the previous exercise by observing that M � V /W for some 
finitely generated free R-module V. 



17 . Serre Conjectu re 

In this chapter we complete the proof of the Serre Conjecture. Let K 
be a field and let K[Xl ' X2, . . .  , xm] be a commutative polynomial ring 
over K. By a change of variables we mean a collection of polynomials 
tl , t2 , " " tm that are algebraicl;111y independent over K and that generate 
the polynomial ring. In other words, iI , t2 , . "  , tm is a change of variables 
if and only if K[Xl ' X2 , . . .  , xm] = K[tl , t2 , . . .  , tm] '  The following is a 
special case of a much more general result. 

THEOREM 17.1 (Suslin Monic Polynomial Theorem) Let A be a nonzero ideal 
of the polynomial ring K[Xl , X2 , . . .  , xm] .  Then there exists a change of 
variables t1 , t2 , . . .  , tm such that A contains a polynomial, written in terms 
of these new variables, that is monic in tm . 
PROOF We proceed by induction on m, the case m = 1 being trivial. 
Now assume that m 2:: 2, let R = K[Xl , " " Xm-l] and observe that 

K[xl , X2 , . . . , xm] = K[Xl , . . .  , Xm-l] [Xm] = R[xml 
Let B be the set of 'leading coefficients of elements of A, so that 

k 
B = { T E R I L: TiX� E A with Ti E R and Tk = T }  

i=O 
Then B is easily seen to be a nonzero ideal in the polynomial ring R = 
K[Xl , . . .  , Xm-l] and induction applies in this smaller ring. Thus we can 
assume, by making a change of variables in R, that B contains a polyno­
mial f{xl , . . .  , Xm-l) that is monic in Xl ' Furthermore, by definition of 
B, there is a polynomial g E A with 

g = TO + TIXm + . . .  + TkX� E R[xml 

161 



162 Part I I .  Polynomial Rings 

such that Tk = f. 
Finally choose an integer d larger than the total degree of each Ti 

and define a new change of variables by 

{ d 'f ' 1 Xm - xI I '/,  = 

ti = Xi if i '=1= 1 or m 

Xl if i = m 

It is clear that h, t2 , . . .  , tm generate the polynomial ring and that they 
are algebraically independent over K. Indeed, we have 

if i = 1 
if i '=1= l or m 

if i = m 

Now in terms of these new variables, the ith summand of 9 becomes 

and for i < k, this polynomial has tm degree strictly less than d + di � dk 
by the choice of d. On the other hand, when i = k we have Tk = f, so 
this summand is equal to 

and has tm degree at least dk. Furthermore, since f is monic in its first 
variable, the latter summand looks like 

(ttn + lower degree terms in tm) (h + t�)k 

and hence is monic in tm of degree ;::: dk. It follows from all of this that 
9 E A is monic in the variable tm . 0 

As a consequence, we have the following classical result. 

THEOREM 17.2 (Noether Normalization Theorem) Let K be a field and let E 
be a finitely generated commutative K -algebra. Then E has a subalgebra 
Eo, isomorphic to a polynomial ring over K, with E a finite integral 
extension of Eo . 

PROOF Say E is generated over K by (1 , (2 , " " (m. We proceed by 
induction on m, the case m = 0 being trivial. Assume now that m ;::: 1 
and map the polynomial ring R = K[Xl ' X2 , • • •  , xm] onto E via (): Xi 1-+ (i . 
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If Ker( 0) = 0, then E is a polynomial ring and we are finished. Thus we 
may suppose that A = Ker(O) ::f: O. 

By the preceding theorem, there is a change of variables h,  t2 , • • •  , tm 
in R such that A contains a polynomial monic in the variable tm. Write 
rli = O(ti) and let E' be the K-subalgebra of E generated by the elements 
711 , 712 , . , . , '11m-I · Since A contains a monic polynomial in tm and since 
that polynomial maps to 0 in E, it follows that '11m is integral over E'. 
But E is generated by '11m and E' , and hence we see that E is a finite 
integral extension of E' . 

Finally, E' has m - 1 generators, so, by induction, E' is a finite 
integral extension of a polynomial ring Eo. But an integral extension of 
an integral extension is integral, so it follows that E is a finite integral 
extension of Eo. 0 

We can now use the Monic Polynomial and Patching Theorems to 
solve the matrix problem. 

THEOREM 17.3 Let R = K[XI l X2 , " " xm] be a polynomial ring over the field 
K and let a = ( al a2 . . . an ) be a unimodular row. Then a is the 
first row of an invertible matrix in Mn(R) . 
PROOF We can assume that n ;::: 2 and that al ::f: O. We proceed by 
induction on m, the number of variables that generate R. If m = 0, then 
R = K is a field, so aIR + a2R = R and a is extendible. Now assume 
that m ;::: 1 and that the result holds for m - 1. 

Let A = aIR so that A is a nonzero ideal of R. By the Monic 
Polynomial Theorem, there exists a change of variables ti l t2 , '  . .  , tm such 
that A contains a polynomial h = air that is monic in tm. Furthermore, 
by an elementary column operation, . we can replace an in a by a� = 

an + al rtf;!" = an + htf;!" for any integer N. In particular, if we choose N 
sufficiently large, then a� is monic in tm because h is. 

In other words, by renaming the variables and entries, we can now 
assume that the variables are Xl l X2 , . . .  , Xm and that an is monic in Xm. 
Set S = K[XI l . . .  , Xm-l] so that R = S[x] with Xm = x. Then we can 
write the'row a as a(x) = ( al (x) a2 (x) . . . an(x» , where the entries 
are all polynomials in S[x] . 

Let M be any maximal ideal of S. Since L:i ai(x)R = R, it follows 
that L:i ai(x)SM[X] = SM[X] and hence that a(x) is a unimodular row 
over SM[X] , Thus, since an(x) is a monic polynomial and SM is a local 
ring, Proposition 16.3(ii) implies that a(x) is extendible over SM[X] , Next, 
by evaluating at x = 0, we see that L:i ai (O)S = S and hence that a(O) is 
a unimodular row over S. But S is a polynomial ring in m - 1  variables, 
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so induction implies that a(O) is extendible over S. We can now conclude 
from the Patching Theorem that a(x) is extendible over R = S[xl = 
K[Xl ' X2, . . . , xml and the result follows. 0 

It is now time to explain the relevance of this matrix problem to the 
Serre Conjecture. 

LEMMA 17.4 Let R be a commutative integral domain and let F = Rn be a 
free R-module with basis { h, 12, . . . , In } .  Let a = ( al a2 an ) 
be a nonzero row and write I = hal + ha2 + . . . + Inan E F. 

i. I R I F if and only if a is a unimodular row. 
iL I R has a free complement in F if and only jf a is the first row of 

an invertible matrix in Mn (R) . 

PROOF (i) Since F is a torsion free R-module, we have I R � R. Suppose 
first that I R I Rn and let 7r: Rn -+ I R be the projection homomorphism. 
If 7r(fi) = ITi with Ti E R, then 

1 =  7r(f) = 7r (I: liai) = I I: Tiai 
i i 

Thus 1 = L:i Tiai and a is a unimodular row. 
Conversely, suppose a is a unimodular row and say 1 = L:i aiSi . 

Define 0: Rn -+ I R by 0: Ii I--t lSi ' Then 

e(f) = O(I: /iai) = II: Siai = r 
i i 

and thus () is the identity on I R. In particular, I R n Ker(O) = O. Fur­
thermore, if v E F is arbitrary, then v = O( v) + (v - O( v») E I R + Ker( e) 
and thus we conclude that F = IR + Ker(e) . 

(ii) Now suppose that a is the first row of the invertible matrix 
( Ci,j ) E Mn(R) and define the elements 9i E F by 9i = :Ej IjCi,j .  
Since ( Ci,j ) is invertible, so is its transpose matrix and it follows from 
Lemma 2.5 that { 91 , 92 , " " 9n } is also a free basis for F. Furthermore, 

j j 
and thus I R = 91R has the free complement . L:�=2 9iR. 

Conversely, suppose I R has the free complement W � Rt . Since 
I R � R, we have Rn = F � Rt+l and thus Lemma 2.6{iii) implies 
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that n = t + 1. Let W have basis { h2 ' h3 , • • •  , hn } and set hI = f. If 
hi = L:j fjdi,j , then, since { hI , h2 , . . .  , hn } is also a free basis for F, 
Lemma 2.5 implies that the matrix ( dj,i ) is invertible in Mn(R) and 
hence so is its transpose ( di,j ) '  But a is the first row of ( di,j ) ,  so the 
lemma is proved. 0 

We can now quickly settle the Serre Conjecture. Its affirmative so­
lution was obtained independently and at the same time by both Quillen 
and Suslin. Indeed, there are now at least three different proofs of the re­
sult , all of which use its equivalence to the matrix problem. The proof we 
chose, based on the Patching Theorem, seems to be of particular interest. 

THEOREM 17.5 (Quillen-Suslin Theorem) Let R = K[Xb X2 , . . .  , Xm] be a poly­
nomial ring over the field K in m < 00 variables. Then all flnitely gener­
ated projective R-:modules are free. 

PROOF By the Sygygy Theorem, all finitely generated projective R­
modules are stably free. Thus we need only show that any stably free 
module is necessarily free. 

Suppose first that .P  is a finitely generated R-module with P El1 R 
free. To be precise, say P + A = F = Rn, where A � R and where Rn 
has free basis { h , 12, . . .  , fn } .  Since A � R, we have A = fR, with f = 

L:� fiai i- O. By part (i) of the preceding lemma, a = ( al a2 . . . an ) 
is a unimodular row; then, by the affirmative solution of the matrix prob­
lem, it follows that a is extendible. Thus Lemma 17.4(ii) implies that 
A = f R has a free complement, say F', in F. But then P + A = F = 

F' + A, so P � F / A � F' and P is free. 
Finally, if P is stably free, then P El1 Rt is free for some t ;::: O. If 

t ;::: 1 ,  then (P El1 Rt-I) El1 R is free, so the preceding implies that P El1 Rt-I 
is also free. Continuing in this manner, canceling one R summand at a 
time, we conclude that P is free. 0 

It is reasonably easy to construct noncommutative counterexamples 
to the preceding theorem. Indeed, we have: 

PROPOSITION 17.6 Let D be a noncommutative division ring. Then the poly­
nomial ring S = D[x, y] has a stably free projective module that is not 
free. 

PROOF Since D is noncommutative, we can choose elements a, b E D  
with ab - ba = d i- O. Then d is a unit of D and hence of S. Define the 
right ideals A = (x+a)S and B = (y+ b)S and note that As � Ss � Bs. 
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Furthermore, since x and y are central in S we have 

(x + a) (y + b) - (y + b) (x + a) = d 

Thus d E A + B and hence A + B = S. It now follows from Lemma 6.8(i) 
that As 61 Bs � Ss 61 Gs, where G = A n B. In particular, since A 61 B  � 
S 61 S, we see that Gs is projective and, in fact, stably free. Suppose by 
way of contradiction that Gs is free. 

Note that the homomorphism D[x, y] � D given by x, y 1-+ 0 maps 
S to the IBN ring D. Thus, by Lemma 2.6(i), S is also an IBN ring. In 
particular, if Gs is free of rank n, then S 61 S � S 61 G � S 61 sn, so n = i 
and G = f(x, y)S for some nonzero polynomial f(x, y) E S. Of course, 
f(x, y) is not uniquely determined, since we can certainly multiply it on 
the right by a nonzero element of D to obtain another generator of G. 

We use dega: and degy to denote the x- and y-degrees of a polynomial 
in S. Set u = d-1bd and multiply equation (*) on the right by y + u. 

Since d(y + u) = (y + b)d, we obtain 

(x + a) (y + b) (y + u) = (y + b) [(x -1- a) (y + u) + d) 

so this expression is a nonzero element of (x + a)S n (y + b)S = f(x, y)S. 
In other words, f(x, y) is a left divisor of (x + a) (y + b) (y + u) and it 
follows that dega: f(x, y) ::; 1. Similarly degy f(x, y) ::; 1 ,  so we must have 

f(x, y) = a + j3x + 'YY + 6xy 

for suitable a, j3, 'Y, 6 E D. 
Now f(x, y) E (x + a)S, so f(x, y) = (x+ a)g(x, y) for some g(x, y) E 

S and, by degree considerations, g( x, y) == 9 (y) must be a polynomial in y 
with degy g(y) ::; 1. Indeed, degy g(y) = 1, since otherwise degy f(x, y) = 

o contradicting the fact that f (x, y) E (y + b) S. It follows from all this 
that 6 i- OJ thus, by replacing f(x, y) by f(x, y)6-1 , we can assume that 
6 = 1. In particular, f(x, y) = (x + a)g(y) now implies that f(x, y) = 

(x+a)(y+b') for some b' E D  and similarly we have f(x, y) = (y+b) (x+a') 
for some a' . Thus 

(x + a) (y + b')  = f(x, y) = (y + b) (x + a') 

and comparing coefficients yields a = a' , b = b' , and then ab = ba, a 
contradiction. Therefore, G is stably free but not free. 0 

Note that D[x] is a principal ideal ring and hence, as in Corollary 6.4, 
all projective D[x]-modules are free. This shows that at least two vari­
ables are needed in the preceding. Examples also exist of commutative 
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Noetherian domains with stably free projective modules that are not free. 
At present, their construction seems to require the Hairy Ball Theorem, 
which asserts that an even dimensional real sphere does not possess a con­
tinuously differentiable field of unit tangent vectors. See Exercises 7-10 
for an advanced calculus proof of this result . 

P ROPOSITION 17.7 Let IR be the field of real numbers and let 

R = lR[x, y, z]j{x2 + y2 + Z2 - 1) 

Then R is a commutative integral domain, finitely generated over IR, and 
R has a stably free projective module that is not free. 

PROOF Let T = lR[a, b] be the polynomial ring in two variables over IR 
and notice that 1 - a 2 - b2 does not have a square root in the rational 
function field K = lR(a, b). Thus the polynomial (2 - (1 - a2 - b2) is 
irreducible in K[(] and, if e is a root of this polynomial, then K[c] is 
an algebraic field extension of K. Since the IR-homomorphism given by 
x f-+ a, y f-+ b, z f-+ c embeds R = lR[x, y, z]j{x2 +y2 + Z2 - 1) into K[e] ,  we 
see that R is an integral domain. Furthermore, by way of this embedding, 
we can write R = lR[a, b, c) subject to the relation a2 + b2 + c2 = 1 .  

Now observe that evaluation yields a homomorphism from lR[x, y ,  z] 
to COO(§2) ,  the ring of infinitely differentiable real valued functions de­
fined on the 2-sphere 

§2 = { (x, y, z) E 1R3 I x2 -+ y2 + z2 = I } 

Indeed, since the polynomial x2 + y2 + z2 - 1  maps to 0, this determines a 
homomorphism from R to Coo (§2) .  In particular, if r E R, we let r (s) E IR 
denote the function r evaluated at s E §2 .  

Let F be  the free R-module of rank 3 with basis { h , 12,  fa }  and set 
f = ha+hb+iac E F. Since a2 +b2 +c2 = 1, we see that a = ( a  b e )  
is a unimodular row; thus, by Lemma 17.4(i) , f R I F. In particular, if 
F = f R + P, then P is stably free, since f R � R. Moreover, to prove 
that P is not free, it suffices by Lemma 17.4(ii) to show that a is not the 
first row of an invertible matrix in M3(R) . 

Suppose by way of contradiction that 

(; ;, :,) 
is an invertible matrix in M3 (R) with determinant d, a unit of R. Thus 
d maps to a unit of COO (§2) and, in particular, d(s) '# 0 for all s E §2 . 
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Now let A, U: §2 -t 1R3 be the continuous vector valued funtions 
given by 

A(s) = a(s)i+ b(s)J+ c(s)k 

U(s) = u(s)i+ v(s)J + w(s)k 

Notice that A(s) is the radial vector at s and that U(s) is never in the same 
direction as A(s) because des) i- O. Thus the cross product A(s) x U(s) 
is never zero and we can define 

A(s) x U(s) Xes) = I IA(s) x U(s) 1 1 

Then x: §2 
-t 1R3 is also an infinitely differentiable vector valued function. 

Furthermore, Xes) is always a unit vector perpendicular to the radial 
vector A(s). But the Hairy Ball Theorem asserts that no such function 
exists. Thus PR is a stably free R-module that is not free. 0 

EXERCISES ___________________ _ 

1 .  Let K be a perfect field of ch�racteristic p > 0 and let F be a 
finitely generated field extension of K. Prove that F / K is separa­
bly generated, that is there exists an intermediate field L with L / K 
purely transcendental and F / L separably algebraic. For this, suppose 
F = K(al ' a2, " " an) and proceed by induction on n. Choose m max­
imal so that all subsets of { al l a2 , " " an } of size m are algebraically 
independent and suppose that f(al l a2 , . . .  , am+!)  = 0 is an algebraic 
dependence of minimal degree. Show that some exponent in f is not 
divisible by p and if that exponent corresponds to the variable al l 
then F is a separable algebraic extension of K(a2,· . . .  , an) .  

2. Let R � S be commutative rings. I f  a E S, prove that the following 
are equivalent. (i) a is integral over R. (ii) R[a] is a finitely gener­
ated R-module. (iii) a E T, where T is an intermediate ring (R � 
T � S) that is finitely generated as an R-module. For (iii)=>(i), let 
tl l t2 , . · · , tn gen�rate the module TR and observe that tja = 2::i tiTi,j 
for suitable Ti,j E R. If Oi,j = 1 when i = j and 0 otherwise; conclude 
from the determinantal trick that det ( aOi,j - T i,j ) annihilates T. As 
a consequence, show that the set of elements of S integral over R is a 
subring of S. 

3. Prove that an integral extension of an integral extension is integral. 
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4. Assume that R is Noetherian and let I <l R. If i = n::1 In , use the 
Artin-Rees Lemma to show that i ·  I = i. Then use the determinantal 
trick to conclude that 

i = { r  E R I r(l - i) = 0 for some i E I }  

This is the Krull Intersection Theorem. It follows that if R is a do­
main, then i must be O. 

5. Suppose I <l S with n::1 In = O. Then the I -adie topology on S is 
defined so that the cosets 8 + In for n = 1 , 2, . . .  are a basic neigh­
borhood system for 8 E S. Show that addition and multiplication 
are continuous maps from S x S to S and that the I-adic topology 
on S is Hausdorff. Furthermore, show that a sequence 81 , 82 , • • •  of 
elements of S is Cauchy if and only if liIlli-+oo 8i = O. Note that 
Lemma 16.4 asserts that if hI is close to h2 in the f S-adic topol­
ogy, then O(hIX)O(h2X)-1 is sufficiently close to the identity matrix to 
guarantee that it is invertible in Mn(S[x] ) .  

6. If  R is a commutative Noetherian ring, prove that n::1 Rad(R)n = O. 

Now let S = ( 71.ij) � ) ,  where Q is the field of rationals and 7l.(p) is 

the ring of integers localized at the maximal ideal (P). Show that S 
is right, but not left, Noetherian and that el,2 E n�=1 Rad(s)n . This 
is Herstein's counterexample to Jacobson's Conjecture. 

In the remaining exercises, let §2 denote the real 2-sphere and let 
v: §2 -+ §2 be a continuously differentiable function with v(x)l.x for 
all x E §2 . Extend v to a function on the punctured space 1R3 \ 0 by 
defining v(x) = I lxl l . v(x/ l lxl l ) .  Furthermore, let A be the compact 
region given by A =  { x  E 1R3 1 1/2 ::; I lx ll ::; 3/2 } .  

7.  Prove that v, as extended, is a continuously differentiable function 
and that it satisfies the Lipschitz condition I lv(x) - v(y) I I  ::; e I lx - y ll 
for some real constant e > 0 and for all x, y E A. 

Now let t be a real parameter with 0 < t < min{ 1/3, l/e } and 
define ft on 1R3 \ 0 by ft(x) = x + tv(x) . Note that ft(rx) = rft (x) 
for all positive real numbers r and that ft maps the sphere §2 (r) of 
radius r into §2(rv'1 + t2) .  

8. For any Uo E §2 and t as before, define g(x) = Uo - tv(x). Show that 
g: A -+ A and that 9 satisfies the Lipschitz condition I Ig(x) - g(y) 1 1 ::; 
et I Ix -yl l .  Since 0 < et < 1 and A is compact, prove that n::1 gn(A) 
contains precisely one point z, which is necessarily a fixed point for 
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g. From z = g(z) = Uo - tv(z), deduce that I Iz l l  = 1/"';1 + t2 and 
conclude that it maps §2(1/"';1 + t2 ) onto §2(1). Indeed, deduce that 
it maps §2(r) onto §2(r"';1 + t2 ) for any positive real number r. 

9. Show that it maps A in a one-to-one manner onto 

Bt = { x E R3 1 (1/2)Ji"+t2 ::; I Ix l l  ::; (3/2)Ji"+t2} 

Since the Jacobian JUt ) is a polynomial in the parameter t, use the 
formula 

Vol(Bt) = lilt dV = Iii J(ft) dV 

to prove that the volume of Bt is also a polynomial function of t. 
10. Finally, observe that Vol(Bt ) = (1 + t2)3/2 Vol(A) and conclude that 

the function v does not exist. This is Milnor's proof of the Hairy Ball 
Theorem. It works equally well in all appropriate higher dimensions. 



1 8 .  Big P rojectives 

In the previous chapters we were concerned with finitely generated pro­
jective modules over polynomial rings. Now we move on to the infinitely 
generated ones. As we will see, if R is any commutative Noetherian do­
main, then big projective R-modules are necessarily free. 

DEFINITION Let R be an arbitrary ring and let V be an R-module. If X 
is any cardinal number, we let V x denote the direct sum of X copies 
of V. In particular, RX is the free R-module on X generators. If 00 
denotes the count ably infinite cardinal and if X is infinite, then clearly 
(VX)DO � VX � VX El1 VX. 

PROPOSITION 18.1 (Ellenberg 'frick) Let X be an infinite cardinal and let P 
be a projective R-module with X generators. Then RX � RX El1 P. in 
particular, if RX I P, then P � RX is free. 

PROOF- Since p' has X generators, we can map RX onto P and then, 
since P is projective, the map splits. Thus RX � P El1 Q and, since X is 
infinite, we have 

RX � (RX)DO � (P El1 Q) El1 (P El1 Q) El1 (P El1 Q) El1 . . .  

� P El1 (Q El1 P) El1 (Q El1 P) El1 (Q El1 P) El1 . . .  

� P El1 RX 

Finally, suppose RX I P and say P � RX El1 M. Then 

RX � RX El1 P � RX El1 (Rx El1 M) 

� (Rx El1 RX) El1 M � RX El1 M � P 

171 
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as required. o 

In other words, a projective module P is free if it has enough direct 
summands isomorphic to R. To obtaj.n even one such summand, we study 
the R-module homomorphisms A: P � R. Indeed, if A is an epimorphism, 
then the map splits and R I P. This leads to: 

DEFINITION If V is an R-module, then the trace ideal of V, written T(V), 
is the linear span of all images A(V) for all R-module homomorphisms 
A: V � R. Since each A(V) is a right ideal of R, it is clear that T(V.) 
is also a right ideal. Furthermore, if r E R, then the composite map 
V � R � R given by v H rA(v) is an R-homomorphism with image 
rA(V) . Thus T(V) is indeed a two-sided ideal of R. 

Unfortunately, T(V) is not precise enough to determine whether V 
has a summand isomorphic to R. However, we do have: 

LEMMA 18.2 Let V be an R-module. Then T(V) = R if and only if vn has a 
summand isomorphic to R for some integer n 2: 1 .  
PROOF If R I vn , then there is an epimorphism e:  vn � R and clearly 
e is of the form 

where each Ai: V � R is an R-homomorphism. Since e is an epimorphism, 
we then have 1 E Al (V) + A2(V) + . . .  + An(V) and hence T(V) = R. 

Conversely, if T(V) = R, then 1 E T(V), so there exist Ab A2, " " An 
and Vb V2, . . .  , Vn such that 1 = :Ei Ai(Vi ) .  In particular, if we define 
e: vn � R as before, then e is clearly an epimorphism. Since RR is 
projective, it follows that e splits and hence that R I vn . 0 

By Theorem 10.5, any projective R-module is a direct sum of count­
ably generated projectives. Thus the following result has more general 
applicability. 

THEOREM 18.3 Let R be a right Noetherian ring and let P be a countably 
generated projective R-module. Suppose that the module P / PM is not 
finitely generated for every maximal two-sided ideal M of R. Then P is 
a free R-module. 

PROOF Since P is count ably generated, it is a homomorphic image of 
ROO = F. Furthermore, since the epimorphism splits, we have F = P -i- Q. 
Let { h, h, . . . } be a free basis for F and, for each a; E F, let Ai(X) E R be 
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the coefficient of fi when x is written in terms of this basis. In other words, 
x is the finite sum L,i fi Ai (x) and it follows easily that each Ai: F -+ R 
is an R-module epimorphism. 

STEP 1 For any integer k � 0, we have L,i;::k+l RAi (P) = R. 

PROOF Observe that L,i>k+1 RAi (P) is a two-sided ideal of R. Thus if 
this sum is not equal to R, then it is contained in some maximal two-sided 
ideal iv.r. In particular, Ai (P) � 1vJ for all i � k + 1 and hence 

k 
P � L fiR + FM 

i=l 

Now F = P+Q, so F M = PM +QM and applying the natural projection 
7rp: F -+ P yields 

k 
P = L 7rp(fi)R + PM 

i=l 

But this implies that P / P M is a finitely generated R-module and thus 
we have the required contradiction. 0 

STEP 2 For any integer k � 0, there exist £ � k + 1 and an R-homomorphism 
p, = l:�=k+l riAi such that p,(P) = R. 

PROOF For each such p, as before, p,(P) is a right ideal of R. Thus 
since R is right Noetherian, we can assume that p, has been chosen with 
p,(P) maximal. We show that p,(P) = R. First note that p,(P) is finitely 
generated, say by S1 , S2 ,  . . .  , St, and let Xi E P with p,(Xi) = Si. Since 
each Xi has only finitely many nonzero Ii-components, there exists £' � £ 
with Xi E P n (l:��l fjR) for all i .  

Let j > i' and set p/ = p, + rAJ for any r E R. Since Aj (Xi) = 0, 
we have p,'(Xi) = p,(Xi) = Si and thus p,' (P) ;2 L,i siR = p,(P). The 
maximality of p,(P) now implies that p,'(P) = p,(P) . · In particular, if y 
is any element of P, then p,(y) and p,'(y) are both contained in p,(P) , 
so rAj (Y) E p,(P) . But Y E P, r E R, and j > £' are arbitrary, so 
L,j>ll RAj(P) � p,(P) and Step 1 implies that p,(P) = R. 0 

STEP 3 P is free. 

PROOF We define a sequence of epimorphisms P,n: P -+ R as follows. 
First, take k = ° ill Step 2 to obtain P,l = l:i1 riAi and suppose P,l (Xl) = 

1 ,  where Xl E P n l:�l fiR with ml � £1 . Next, take k = ml in 
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Step 2 to obtain f-t2 = E�l +1 riAi and suppose f-t2(X2) = 1 ,  where X2 E 
P n E�2 fiR with m2 2:: £2 ' We continue in this manner, obtaining 
Pn = E:n-1 riAi and a corresponding Xn E P  n L:�n fiR. By the choice 
of parameters, it follows that Pn (xn) = 1 and Pic (xn) = 0 for all k > n. 

Note that any y E P  has only finitely many nonzero components and 
hence f-tn (y) can be nonzero for at most finitely many n. In particular, if 
F' is a free R-module with countable basis { fi ,  f� ,  . . . }, then we can define 
B: P -t F' by B(y) = L:�=I f�Pn(Y) ' Since f-tn(xn) = 1 and Pk(Xn) = 0 
for all k > n, we then have 

B(Xn) = f� + :L fjsn,j 
j<n 

for suitable Sn,j E R and it follows by induction on n that each f� is in 
the image of (). Thus () is an epimorphism, so it splits and hence F' � ROO 
is a direct summand of P. Proposition 18.1 now implies that P � ROO is 
a free module. 0 

The main goal of this chapter is to sharpen the preceding result 
when R is a commutative integral domain. Thus we will assume, until 
Theorem 18.7 is proved, that R is such a ring. 

DEFINITION Recall that an R-module V is torsion free if, for all 0 i- v E V 
and 0 i- r E R, we have vr i- O. Thus RR is torsion free and this 
property is inherited by submodules and direct sums. In particular, each 
free R-module and each projective R-module is torsion free. 

Now let V be a torsion free R-module and let T be a multiplicatively 
closed subset of R. Then, just as we formed the ring of fractions RT-I ,  
we can also form the module VT-I . Here VT-I is the set of all formal 
fractions (or ordered pairs) vt-I with v E V, t E T and with equality given 
by vitii = V2t2I if and only if Vlt2 = V2tl . This equality of fractions is 
easily seen to be an equivalence relation, since V is torsion free. 

Finally, VT-I is an RT-I-module with addition and multiplication 
defined by 

Vitil + V2t2I 
= (VIt2 + V2tl) (tlt2)-1 

(vrl) (rs-l ) = (vr) (ts)-l 

for all appropriate parameters. It is obvious that the map v H v1-1 is 
an R-module embedding of V into VT-I . Furthermore, we have: 
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LEMMA 18.4 If V is a torsion free R-module and ifT is a multiplicatively closed 
subset of R, then VT-1 � V ®R RT-1 .  

PROOF This is routine. First we must verify that the map a :  VT-1 -+ 
V ® RT-1 given by vrl 14 v ® rl respects equality and addition. Then 
we verify that the map ,8: V X RT-l -+ VT-l given by (v, rrl )  14 
(vr)rl is balanced and therefore gives rise to an additive homomorphism 
{3: V ® RT-l -+ VT-l.  Since a and {3 are clearly inverses of each other, 
they are both bijections. Finally, it is easy to check that a and {3 are both 
RT-l-module homomorphisms. 0 

In view of the preceding, we can apply basic properties of induced 
modules to this situation. In particular, if X is any cardinal number, then 
(VX)T-1 � (VT-l)X and if P is a projective R-module, then PT-l is a 
projective RT-1-module. We now require two lemmas. The first concerns 
localization at a maximal ideal. 

LEMMA 18.5 Let V be a torsion free R-module, let M be a maximal ideal of 
R, and set T = R \ M. Then (VT-l)(MT-1) = (VM)T-l and 

VT-1/(VM)T-1 � V/VM 

as R.:.modules. 

PROOF Since M is maximal, R/M is a field. In particular, if t E T, then 
there exists s E T  with 1 - ts E M. Notice that VM is an R-submodule 
of V, MT-1 is the maximal ideal of RT-l ,  and (VT-l ) (MT-1) = 

(VM)T-l .  
We first show that V + (VM)T-l = VT-1: To this end, let vrl E 

VT-l and choose s as before with 1 - ts E M. Then rl - 8 E MT-1, 
so vrl - vs E (VM)T-l and therefore vrl E V + (VM)T-1. 

Next, we observe that V n (VM)T-1 = VM and one inclusion is 
obvious. For the converse, let v E V n (VM)T-l and say v = wrl with 
w E  VM. Since v(1 - ts) E VM and vts = ws E VM, we conclude that 
v E VM. 

As a consequence, we have 

VT-1/(VM)T-1 = (V + (VM)T-1) /(VM)T-1 

� V/ (V n (VM)T-1) = V/VM 

the required R-module isomorphism. o 
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This result is decidedly false if we localize at a nonmaximal prime. 
Note that if V is a finitely generated R-module, then VT-1 is a finitely 
generated RT-1-module. We prove a partial converse. 

LEMMA 18.6 Let P be a projective R-module and let T be a multiplicatively 
closed subset of R. If PT-l is a finitely generated RT-l-module, then P 
is a finitely generated R-module. 

PROOF Suppose Plt11 , P2t2"1 , . . . ,Pnt;;l are the finitely many generators 
for PT-1.  Ifp is an arbitrary element of P, then p1-1 E Ei(Pitil)RT-� 
and, by clearing denominators, it follows easily that pr E Ei PiR for some 
o =J r E R. 

Since P is projective, P I F, where F is a free R-module with 
basis { fi  } . Furthermore, by relabeling this basis, we can assume that 
PbP2, · · ·  , Pn E F' = E� fiR. Now, by the preceding, if p E P, then 
there exists 0 =J r E R with pr E Ei PiR � F'. But F = F' + F" and 
F" is a torsion �ee R-module. Thus we .conclude that P E F' and hence 
that P � F'. Finally, since P I F, the Modular Law implies that P I F' . 
Thus P is a homomorphic image of the finitely generated R-module F' 
and the lemma is proved. 0 

We can now obtain our main result on big projectives. 

THEOREM 18.7 (Bass' Theorem) Let R be a Noetherian commutative integral 
domain and let P be a projective R-module that is not finitely generated. 
Then P is free. 

PROOF Suppose first that P is count ably generated but, of course, not 
finitely generated. Let M be a maximal ideal of R and set T = fl \ M. 
Then PT-l � P®RT-1 is a projective module for the local ring RT-1 = 

RM and hence, by Kaplansky's Theorem, PT-l is free. Furthermore, 
since P is not finitely generated, the previous lemma implies that PT-1 
is not a finitely generated RT-1-module. Thus PT-1 � (RT-l)X for an 
infinite cardinal X. Two applications of Lemma 18.5 !low yield 

PjPM � PT-1j(PT-1) (MT-1) 
� (RT-1)x j(RT-l)X (MT-l)  

� [RT-1 j(RT-1) (MT-1)] x � (RjM)x 

where these are all R-isomorphisms. Thus, since X is an infinite cardinal, 
PjPM � (RjM)X is not finitely generated and Theorem 18.3 implies 
that P is indeed free. 
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Now suppose that P is not even count ably generated. By Theo­
rem 10.5, we know that P is a direct sum of nonzero count ably generated 
projective R-modules .and certainly this sum must be infinite. Thus we 
can suitably group these terms and write P = . :El E�l Pi,j) '  But, for 
each i, Pi = . E3=l Pi,j is a countably generated projective R-module, 
which is clearly not finitely generated. Thus each Pi is free, by the work 
of the preceding paragraph, and hence P = . Ei Pi is free. 0 

In particular, in view of the preceding and the affirmative solution 
of the Serre Conjecture, we have: 

COROLLARY 18.8 If K is a field, then all projective modules for the polynomial 
ring K[Xl , X2 , . . . , xm] are free. . .;. 

We close with a preliminary result needed for the next chapter. 

DEFINITION Let R be an arbitrary noncommutative ring. Then R is said to be 
filtered if R = U�=o Rn is the ascending union of the additive subgroups 
Rn and if RiRj � Ri+j for all .i , j .  In addition, we insist that 1 E Ro, so 
that Ro is a subring of R. 

Notice, for example, that the polynomial ring R = K(Xb X2, . . .  , xmJ 
is filtered by defining Rn to be the set of all polynomials of total degree at 
most n. Furthermore, if R = . :E:o � is a graded ring, then R is filtered 
by defining Rn = . E:=o�' As we see in the next paragraph, there is a 
partial converse to this. 

Suppose R = U�=o Rn is an arbitrary filtered ring; for each i � 0, 
define Ri = Ri/Ri-1 7 where we set R-l = O. Then the multiplication 
map Ri x Rj ---+- Ri+j gives rise to a map � x Rj ---+- �+j ,  which we 
again think of as multiplication. Specifically, 1£ x = x + Ri-1 E � 
and y = y + Rj-l E Rj , then xy E �+j is defined unambiguously by 
xy = xy + Ri+j-l ' Furthermore, it is easy to verify that this family of 
multiplication maps is associative. By this we mean that if x and y are 
as before and ·if Z E Rk, then x(yz) = (xy)z E �+j+k. We now define 
R = EEl E�=o Rn and, with the oEvious addition and multiplication, R 
becomes a graded ring. We call R = gr R the associated graded ring of 
R. It is determined by both R and the filtration on R. 

Recall that a graded ring is said to be graded right Noetherian (or 
graded right Artinian) if every ascending (or descending) chain of graded 
right ideals eventually stabilizes. Obviously the ordinary Noetherian (or 
Artinian) condition implies its graded counterpart. 

LEMMA 18.9 Let R = U�=o Rn be a filtered ring. If gr R is graded right 
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Noetherian, then R is right Noetherian. Similarly, if gr R is graded right 
Artinian, then R is right Artinian. 

PROOF Let I be a right ideal of R and, for each n 2:: 0, let In be the 
image of In = I n 'Rn in !In. Then it follows easily that IJlj � Ii+j and 
hence that gr I = $ E�=o In is a graded right ideal of gr R. 

Now let J be a second right ideal of R and suppose that I � J. 
Then In � In for all n and hence gr I � gr J. Furthermore, gr I = gr J 
implies that 1 =  J. Indeed, suppose we already know that In-1 = In-l . 
Then we have .I 

In n 'Rn-l = In-1 = In-1 = In n-'R.n-l 
and also In + 'Rn-l = In + 'Rn--b since In = in. But In � In, so the 
Modular Law implies that In =' In and it follows, by induction on n, that 
I = J. 

In particular, any strictly increasing or decreasing chain of right 
ideals of R gives rise to a strictly increasing or decreasing chain of graded 
right ideals of gr R. With this, the result follows. 0 

EXERCISES ______________________________________ __ 

Let R be an arbitrary noncommutative ring. An R-module V is said 
to be a generator if, for each R-module W, there exists a cardinal 
number X and an epimorphism V x -+ W. A progenerator for R is 
a finitely generated projective R-module which is a generator. Recall 
that T(V) is the trace ideal of V. 

1 . Prove that V is a generator if and only if T(V) = R. 
2. Suppose P � $ E�l Pi is an infinite direct sum of count ably gener­

ated projective R-modules Pi with T(Pi) = R. If R is right Noethe­
rian, show that there exists an epimorphism /1-: P -+ R. Conclude 
from the Ellenberg 'Irick that P is free. 

3. Suppose R is a right Noetherian ring and P is a finitely generated 
projective R-module. Prove that P is a pro generator if and only if 
poo � ROO. 

4. If I is a right ideal of R, show that T(IR) :2 RI. Furthermore, if 
I = eR for some idempotent e, prove that T( eR) = ReR. 

5. Find an example of a nonzero finitely generated projective R-module 
that is not a progenerator. If R is a simple ring and I is a nonzero 
right ideal of R, prove that IR is a generator. 

6. Show that all nonzero R-modules are generators if and only if R is a 
simple Artinian ring. If R is assumed to be right Artinian, show that 
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all nonzero finitely generated projective R-modules are progenerators 
if and only if R/Rad(R) is simple. 

7. Let P be a projective R-module and say P+Q = F = . "2:2i fiR,where, 
of course, F is free. If x E P, write x = "2:2i fiAi (X) and apply the 
projection map 7rp to conclude that P = PT(P) . In particular, if 
T(P) '# R, there exists a maximal ideal M of R with P/PM = O. 

8. If R is a Dedekind domain and 0 ,#  A<lR, show that T(AR) = A-1 A = 
R. Conclude that all nonzero finitely generated projective R-modules 
are' progenerators. 

9. Now assume that R is a commutative domain and let V be a torsion 
free R-module. If T is a multiplicatively closed subset of R, verify 
all the steps in the construction of the module VT-1 . Furthermore, 
if 8 :2 T is also a multiplicatively closed subset of R, prove that 
(VT-1 )8-1 � V 8-1 as R8-1-modules. 

10. Let P be a prime ideal of the commutative integral domain R. If 
R + PRp = Rp, prove that P is a maximal ideal of R. In particular, 
conclude that Lemma 18.5 fails for nonmaximal ideals. 



1 9 . Generic F latness 

In view of Corollary 18.8, we now completely understand the projective 
modules for the polynomial ring R = K[Xb X2, • •  " xm] . Thus it is time to 
move on to other aspects of the module theory of this ring. Specifically, 
we now consider the simple R-modules and the nature of the Jacobson 
radical of certain homomorphic images of R. Both of these topics actually 
fall under the province of the Hilbert Nullstellensatz and our goal is to 
prove this result in a mildly noncommutative setting. 

DEFINITION If R ;2 S are rings, then R is said to be an almost centraliz­
ing extension of S provided that R is generated as a ring by S and the 
finitely many elements Xb X2 , • • •  , Xm• Furthermore, we insist that each 
Xi commutes with S and that 

180 

m 
XiXj - XjXi E S + L:: SXk 

k=l 

for all i, j .  Notice that if S is commutative, then S must be central in R. 
Furthermore, if S = K is a field, then R is called an almost commutative 
K -algebra. It is clear that if R is such a K-algebra, then so are all its 
homomorphic images. 

Our goal in this and the next chapter is to prove an appropriate 
Nullstellensatz (Zero Set Theorem) for these almost commutative alge­
bras. Since any polynomial ring is certainly of this form, we will thereby 
obtain. the Hilbert Nullstellensatz as a corollary. Furthermore, there are 
certainly interesting noncommutative, almost commutative algebras. For 
example, we consider the Weyl algebras at the end of the next chapter. 
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Again, let R be an almost centralizing extension of S with generators 
Xl , X2, ' " , Xm· Set Ro = S and Rn = (S + :E;:=1 SXkt for n � 1 .  Then 
it is clear that R = U�=o Rn is a filtration of R and we consider the 
associated grade ring gr R = EB :E::Q!ln. Clearly Ro = S and, .since each 
Xi E R1, we can set Xi = Xi + Ro E R1• Furthermore, since XiXj .-:- XjXi E 
Rl , it follows that the Xi all commute in gr R and hence we see th�t gr R is 
a homomorphic image of the ordinary polynomial ring S[Xl , X2, : . . , xm] .  
In particular, we conclude easily that every element r E R can be written 
as a finite sum r = :Ea saxa, where a = (aI , a2, . . .  , am) is an m-tuple 
of nonnegative integers, xa = X�l X�2 • • • x�m and Sa E S. Of course, this 
expression is not unique in general. Furthermore, if b = (h, b2 , . . .  , bm) ,  
then xaxb == xa+b mod Ra+b-l where a = deg a = al + . . . + am, b = 

deg b = h + . . .  + bm, and a + b = (al + bl , a2 + b2 , . . .  , am + bm) . 
Notice that if S is Noetherian, then, by the Hilbert Basis Theorem, 

so is the polynomial ring S[Xl ' X2 , . . . , xm] .  Thus, since any homomorphic 
image of a Noetherian ring is Noetherian, Lemma 18.9 yields: 

LEMMA 19.1 Let R be an almost centralizing extension of S. If S is right 
Noetherian, then so is R. 

Our approach to the Nullstellensatz is based on the idea of generic 
flatness. 

DEFINITION Let S be a commutative integral domain and let V be an S­
module. We say that V is a-free for some 0 '# 0'. E S if V has a free 
S-submodule V such that every element of V/V is annihilated by some 
power of 0'.. We say that V satisfies generic flatness if V is a-free for 
some such 0'.. Recall that if 0'. is a nonzero element of S, then SO'. is the 
localization of S at the multiplicatively closed set { 1, 0'., 0'.2 , . . . } .  Part 
(i) of the following lemma partially explains the term generic flatness. 
Namely, it asserts that the induced module V ® SO'. is free and hence flat. 
Furthermore, SO'. is a flat extension of S. 

�EMMA 19.2 Let S be a commutative integral domain and let V be an S­
module. 

i. If V is a-free, then V ®s SO'. is a free SO'.-module. 
ii. Let S be a principal ideal domain. If V is a-free, then so are all 

its submodules. 
iii. If V is a-free, then it is a{3-free for any nonzero {3 E S. In 

particular, if VI, V2, . . .  , Vn are given and if Vi is ai-free, then all Vi are 
a-free, where 0'. = I1i ai ·  
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iv. Suppose I is a well-ordered set and that { Vi  l i E  I}  is an 
increasing family of submodules of V whose union is all of V. For each 
i E I, write Vi- = Uj<i Vj and suppose that Vi/Vi- is a-free. Then V is 
a-free. 

PROOF (i) First observe that SCI. = U�=o Sa-n and that each Sa-n is a 
free left S-module. Thus, by Lemma 9.9(i) (iii) , SCI. is a flat left S-module. 
NoW let iT be the free submodule of V given by the a-free definition and 
consider the exact sequence 0 � V � V � V/V � O. Then, since SCI. is 
fiat, we know that 

o � V ® SCI. � V ® SCI. � (V IV) ® SCI. � 0 

is exact. But V ® SCI. is free, by Lemma 9.11(i) , and (V/V) ® SCI. = 0, 
since each element of the latter module is annihilated by some power of 
the unit a E SCI. ' Thus V ® SCI. � iT ® SCI. is free. 

(ii) If W is a submodule of V, then W = V n W is free, by Corol­
lary 6.4, since 8 is a principal ideal domain. But W/W is isomorphic to a 
submodule of V /V, so this fact is proved. Part (iii) is, of course, obvious. 

(iv) Since vi/Vi- is a-free, let Bi = { Vi,j } be a set of elements of Vi 
which, modulo Vi-, form a free basis for the appropriate free submodule 
of V /Vi- . Let B = Ui Bi and observe that the elements of B are S­
independent. Indeed, if Ei,j Vi,jSi,j = 0 is a finite dependence, let io 
be the largest first subscript that occurs. Then, reading this equation 
modulo Vi;;, it follows that all Sio ,j terms are zero. We can now let V be 
the free S-submodule of V generated by B. 

It remains to show that each element of V/V is annihilated by a 
power of a and for this we proceed by induction on i E I. If v E Vi, then, 
by definition of Bi , we see that van == Ej Vi,jSi,j mod Vi- for suitable 
Si,j E S. Hence w = van - Ej Vi,jSi,j E Vi- and thus w E Vk for some 
k < i. By induction, wam E V and hence van+m E V, as required. 0 

If R is an almost centralizing extension of the ring S with gener­
ators Xb X2 , • • •  , Xm, then the elements of R look like polynomials in 
these variables. Thus it is appropriate to study the exponents a = 
(ab a2 , . . .  , am) E Nm, where N denotes the set of nonnegative integers. 
Now there are at least three different orderings we can put on these ex­
ponents. First, Nm can be ordered lexicographically by defining 

(ab a2 , . .  · , am) <£ (b1 , b2 , . . .  , bm) 

if and only if al = bl l a2 = b2 , . . .  , ai-l = bi-1 and ai < bi for some 
subscript 1 � i � m. Next, we write a � b if either deg a < deg b or 
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deg a = deg b and a �e b. Either of these is a total order and, indeed, a 
well order. Finally, we have the product ordering, where 

if and only if ai � bi for all i. Note that the latter is only a partial order, 
but it has the following striking property. 

LEMMA 19.3 Any sequence { Xl , X2, . . •  } of elements in Nm contains a sub­
sequence { Yl , Y2 , . " } with Yi �11' Yi+l for all i. In particular, if M is a 
nonempty subset ofNm , then M has only finitely many minimal elements 
under �11' and each element of M contains at least one of these. 

PROOF The natural ordering on N has the property that every sequence 
has a nondecreasing subsequence. Therefore, the same holds for Nm, 
by projecting the given sequence into each of the m coordinates in turn 
and, at each step, taking an appropriate subsequence. It follows that 
Nm cannot contain (i) infinitely many incomparable elements under �11' 
or (ii) a strictly decreasing sequence. Thus the facts on M S;;; Nm follow 
immediately. 0 

We can now prove: 

THEOREM 19.4 (Generic Flatness Theorem) Let R be an almost centralizing 
extension of the Noetherian commutative integral domain 8. If V is a 
finitely generated R-module, then Vs satisfies generic flatness. 

PROOF Since V is finitely generated, it has R-submodules 

such that each Vi/Vi-l is cyclic. Furthermore, by Lemma 19.2(iii) (iv) , it 
suffices to show that each Vi/Vi-l satisfies generic flatness. Thus we may 
assume that V is cyclic and hence that V = R/ I for some right ideal I of 
the ring R. 

Let R be generated over S by Xl , X2, ' "  , Xm and, for each exponent 
a = (al , a2, . • •  , am) ,  let S(a) be the set of all finite sums Eb<a Sbxb 
with Sb E S. In this way we obtain an increasing collection 'Of right 
S-submodules of R whose union is all of R. Furthermore, let 

L(a) = { S E S I L:: SbXb E I and S = Sa } 
b$a 
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In other words, L(a) is the set of all "leading coefficients" of elements of 
1 n Sea) . It is clear that L(a) is an ideal of the central subring S. 

STEP 1 There are at most finitely many distinct L(a) . 

PROOF If deg b < deg a, then b < a, and if b ::; a, then b + c ::; a + c. 
It therefore follows that 

CL: Sbxb )xc 
= L s�xd 

b�a d�a+c 

for suitable s� E S and that the leading coefficients satisfy s�+c = Sa. 
Thus, since 1 is a right ideal of R, we conclude that L(a) S;;; L(a+c) for all 
a and c. In particular, 'by definition of the product ordering, L(a) S;;; L(a') 
for all a ::;'11" a'. 

Suppose, by way of contradiction, that L(al) ,  L(a2) ,  . . . are infinitely 
many distinct ideals. By the previous lemma, the sequence { aI ,  a2 , " ' }  
contains a nondecreasing subsequence { bl '  b2 , . • •  } under the product 
ordering. But then L(bl) C L(b2) C . . •  is a strictly increasing chain of 
ideals of S and this contradicts the fact that S is Noetherian. 0 

For each a E Nm , define Yea) = (1 + S(a)) jl. In this way we 
obtain an increasing family of S-submodules of V whose union is all of 
V. Furthermore, we have 

V(a)- = U V(b) = (1 + S(a)-)jl 
b<a 

where S(a)- = Ub<a S(b). 

STEP 2 V(a)jV(a)- � Sj L(a) as S-modules. 

PROOF To start with, the map Aa: S -+ (1 +S(a))j  (1 +S(a)-) given by 
S H sxa + (I + S(a)-)  is an S-module epimorphism, since S(a)- + Sxa 

= 

Sea). Furthermore, S E Ker(Aa) if and only if S� E 1 + S(a)- and hence 
if and only if there exists Eb<a Sbxb E S(a)- with sxa+ Eb<a SbXb E 1. 
In other words, Ker(Aa) = L(a) and therefore 

S f'J 1 + Sea) rv (1 + S(a) )jl rv Yea) 
L(a) = 1 + S(a)-

= 
(1 + S(a)- ) j 1 

= V(a)-

as required. 

STEP 3 V has generic Batness. 

o 
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PROOF By Step 1, there are only finitely many distinct ideals L(a) . 
Thus, since S is an integral domain, there exists a nonzero element a 
contained in all the nonzero ideals of this form. 

Now if L(a) = 0, then Sj L(a) 5::! S is a free S-module and hence 
certainly a-free. On the other hand, if L(a) =1= 0, then a E L(a) .  Thus 
a annihilates the module Sj L(a) and Sj L(a) is again a-free. It there­
fore follows from Step 2 that V(a)jV(a)- is a-free for all such a and 
Lemma 19.2(iv) yields the result. 0 

Suppose R is an almost centralizing extension of S and that S is 
a commutative domain. If V is an irreducible R-module, then we are 
interested in the structure of the restricted J;Ilodule Vs. Suppose, for 
example, that Vs is isomorphic to a finite direct sum of copies of F = 

S8-1 ,  say V = . 2:� viF. If R is generated over S by Xl , X2, • • •  , Xm, then 
the action of each Xi on V can be described by an n x n matrix over F. 
It follows that if a is a common denominator for the finitely many matrix 
entries for all these generators, then . 2:� ViSex is a nonzero R-submodule 
of V. But V is irreducible, so . 2:� ViSex = . 2:� viF and hence Sex = F. 

We say that a commutative domain S is a G-domain if there exists 
° =1= a E S with Sex = SS-l . Notice, for example, that if S is a unique 
factorization domain with infinitely many distinct primes, then S is not 
a G-domain. This follows because the elements of Sex have denominators 
that involve only the finitely many prime factors of a. Thus the ring 
of integers 71.. is not a G-domain and neither is the polynomial ring K[x] 
over the field K. Indeed, K[x] is a unique factorization domain and the 
algebraic closure of K is infinite. Thus there are infinitely many distinct 
monic minimal polynomials and each of these is irreducible. 

Now suppose that R is a K-algebra, by which we mean that R con­
tains K as a central subfield. If V is any right R-module and if k E K, 
then the map p( k): v 1-+ v k is obviously an R-endomorphism of V. Fur­
thermore, since K is a field, we see that p: K -+ EndR(V) is a ring embed­
ding and, in this way, we can think of K as being contained in EndR(V). 
But EndR(V) commutes with right multiplication by any r E R and, in 
particular, it centralizes p(K) . Thus EndR(V) becomes a K-algebra in a 
natural way. It is with this understancUng that we state: 

THEOREM 19.5 Let R be an almost commutative K-algebra. If V is an ir­
reducible R-module, then D = EndR(V) is a division ring that is finite 
dimensional over its central subfield K. 

PROOF By Schur's Lemma, EndR(V) = D is a division ring and, by our 
previous comments, K is a central sub field of D. The proof proceeds in 
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two steps. 

STEP 1 D is algebraic over K. 

PROOF Suppose, by way of contradiction, that some d E D is not alge­
braic over K. Then K[d] � D is isomorphic to a polynomial ring over K 
and its field of fractions F = K (d) is contained in the division ring D.  

Form the polynomial ring R' = R[x] and observe that R' is an almost 
, centralizing extension of S' = K[x] using the same set of generators. Since 

d E  EndR(V) commutes with the action of R, we can view V as an R'­
module by letting x act like d. Then V is a cyclic R'-module and, since 
S' is a commutative Noetherian ,domain, the Generic Flatness Theorem 
implies that VSI is a-free for some 0 =F a E S'. _ 

, Choose any 0 =1= v E V and observe that Fv is an S'-submodule of V. 
Thus, since S' is a principal ideal domain, Lemma 19.2(ii) implies that 
Fv is also a-free. But F = K(d) and x acts on Fv 5::! F like multiplication 
by d. Thus, by Ghanging to the variable x, it is clear that K(x) is in fact 
an a-free K[x]-module. 

Finally, suppose W is the free K[x]-submodule of K(x) correspond­
ing to the definition of a-free. Then W must have rank 1 and hence 
W = ,6K[x] for some 0 =1= ,6 E K(x) . Furthermore, since every ele­
ment of K(x)jW is annihilated by a power of a, it follows that K(x) = 

WK[x]a = ,6K[x]a .  But, multiplying by ,6-1 yields K(x) = K[x]a and 
this is a contradiction because K[x] is not a G-domain. 0 

STEP 2 Every maximal subfield of D is finite dimensional over K and bence 
dimK D < 00. 

PROOF Let F be a maximal subfield of D, so that F ;2 K. By the 
preceding, we know that F is an algebraic extension of K. Since K � 
EndR(V), it follows that V is a (K, R)-bimodule, and certainly F is an 
(F, K)-bimodule. Thus, by Lemma 9.3, W = F ®K V is an (F, R)­
bimodule. In particular, there is a homomorphism ': R -+ End(W), with 
End(W) acting on the right. Notice that R' � End(W), being a homo­
morphic image of R, is also an almost commutative K-algebra. Next, 
since F is commutative and W is a left F-module, there is a homomor­
phism ' :  F -+ End(W) defined by wf' = fw for all w E W and f E F. 
Clearly F 5::! F' � End(W) and, since' W is an (F, R)-bimodule, it follows 
that F' and R' commute elementwise. Furthermore, since W is a tensor 
product over K, it follows from the nature of the embedding of K into D 
that both restriction maps I : K -+ K' � End(W) are identical. 

We conclude from all this that F'R', the subring of End(W) gener­
ated by F' and R' , is an almost commutative F'-algebra whose generators 
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over F' are precisely the generators of R' over K' . Therefore, Lemma 19.1 
implies that F'R' is i:i. Noetherian ring. Now fix 0 t= v E V and note that 
W = (1 ® v )F' R' is a cyclic F'R'-module. Thus W is a Noetherian 
F'R'-module and, in particular, its submodules are finitely generated. 

Finally, suppose by way of contradiction that dimK F = 00. Since 
F / K is algebraic, we can find a strictly increasing chain of intermediate 
fields 

K = Fo C FI C F2 C . . . c F 

Then, for each i ;::: 0, choose Ii E Fi+1 \ Fi and set 

Since the submodule L::'o WiF'R' is finitely generated, it follows that 
Wn E L:i<n WiF'R' for some n ;::: O. 

Set L = Fn and observe that F ®L V makes sense and that the map 
F x V -+ F ®L V given by (f, v) H I  ®L V is balanced (over K). Thus 
there exists an additive group homomorphism fJ: F ® K V -+ F ® L V given 
by I ® v H I ®L v. Furthermore, for any I E F, r E R and i < n, we 
have 

fJ (Wi (f'r')) = fJ(fli ® vr - I ® livr) 
= I Ii ®L vr - I ®L livr = 0 

since Ii E L can move across ®L. Thus Wn E L:i<n WiF' R' � Ker(fJ) . 
On the other hand, fJ(wn) = In ®L V - 1  ®L Inv E F ®L V and In ¢ L. 
Thus { 1 ,  In } is part of an L-basis for F and the left analog of Lemma 9.7 
implies that fJ( wn) t= 0, a contradiction. We conclude, therefore, that 
dimK F < 00 and Lemma 4.8 yields the result. 0 

COROLLARY 19.6 If D is a division ring that is an almost commutative K­
algebra, then dimK D < 00. " 

PROOF V = D is an irreducible right D-module and, by Lemma 4.3(ii), 
we have EndD(V) � D.  Now apply the preceding theorem. 0 

COROLLARY 19.7 (Zariski Nullstellensatz) Suppose F is a field that is 'a finitely 
generated ring extension of its subfield K. Then F is a finite algebraic 
extension of K. 

The approach to the Nullstellensatz via generic flatness was discov­
ered by P. Hall in his work on group rings of nilpotent groups. Duflo and 
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Quillen then went on to study almost commutative rings and proved the 
algebraic aspects of Theorem 19.5. The finite dimensional aspects of that 
theorem are due to Gabriel and Small. Results of McConnell on almost 
normalizing extensions are discussed in Exercises 5-10. 

EXERCISES ____________________________________ ___ 

1 .  If R = U:=o nn is a filtered ring, define deg r for 0 =I r E R to 
be the minimal n with r E nn and set deg 0 = -00. Prove tha� 
deg rs = deg r + deg s for all r, s E R if and only if gr R is a domain. 
Now find an example of a domain R with gr R not a domain. For this, 
try a polynomial ring with a shifted degree. 

2. Again let R be a filtered ring. If I, J <3 R with I J = 0, prove that 
(gr I)(gr J) = O. Conclude that if gr R is graded prime, then R 
must be prime, and, similarly, if gr R is graded semiprime, then R is 
semiprime. Here, a graded ring is graded prime if a product of nonzero 
graded ideals is nec�ssarily nonzero. Similarly, graded semiprime 
means that there are no nonzero graded nilpotent ideals. 

3 .  Let R be an almost centralizing extension of the integers 71.. If V is an 
irreducible R-module, use the argument of Theorem 19.5 (Step 1) to 
show that 71. does not act faithfully on V. Conclude that EndR(V) = D 
is a finite division ring and hence, a finite field. 

4. If S is a commutative integral domain, prove that the following are 
equivalent. (i) S is a G-domain. (ii) SS-l is an a-free S-module for 
some 0 =I a E S. (iii) The intersection of all nonzero prime ideals of 
S is not zero. 

We say that R is an almost normalizing extension of S if R is gen­
erated as a ring by S and the elements Xl ! X2, " " Xm. Furthermore, 
we insist that S + SXi = S + XiS for all i and that 

m 
XiXj - XjXi E S + L SXk 

k=l 

for all i ,j .  

5. If R is an almost normalizing extension of the Noetherian ring S, 
prove t,hat R is Noetherian. For this, use Exercise 11.7 along with the 
proof of Lemma 19.1. 

Suppose C is a commutative integral domain central in R., We say 
that R satisfies generic flatness with respect to C if every finitely 
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generated R-module V is a-free as a a-module for some 0 f:. a E a. 
In the remaining problems let R :2  S :2  a. 

6. Suppose that either Rs is finitely generated or R is an almost nor­
malizing extension of S and S is Noetherian. If S satisfies generic 
flatness with respect to a, show that R does also. For this, generalize 
the proof of Theorem 19.4 

A family { l(a) } of right ideals of R, indexed by a E Nk , is called 
weakly ascending if a �7l' b implies that lea) � l(b) . We say that R 
satisfies vector generic flatness with respect to a if, for every k ;:::: 1 
and every weakly ascending family { l(a) I a E Nk } of right ideals of 
R, there exists 0 f:. a E a such that all R/ lea) are a-free a-modules. 
Notice that Exercises 8 and 9 have no Noetherian assumption. 

7. Show that vector generic flatness with respect to a implies generic 
flatness with respect to a. 

8 .  If S satisfies vector generic flatness with respect to a and if Rs is 
finitely generated, prove that R satisfies vector generic flatness with 
respect to a. 

9 .  Suppose R is an almost normalizing extension of S. If S satisfies 
vector generic flatness with respect to a, prove that R does also. For 
this, merely observe that if { l  (a) I a E I\jk, }  is weakly ascending 
and if l(a, b) denotes the set of b-Ieading coefficients of lea) , then 
{ I (a, b) I a E Nk , b E I\jm } is a weakly ascending family with 
(a, b) E I\jk+m. Now modify the proof of Exercise 6. 

10. Suppose that a is Noetherian and that every nonzero right ideal of S 
meets a nontrivially. If So is a free a-module, prove that S satisfies 
vector generic flatness with respect to a. 
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The main results of the preceding chapter, namely Theorem 19.5 and 
its corollaries, constitute the first half of the Nullstellensatz. We now 
move on to the second half and again we are concerned with an almost 
commutative K-algebra R. This time, the goal is to understand Rad(R) . 
As in the classical commutative situation, the result will be proved by 
adjoining an additional variable to R. It is for this reason that we begin 
by studying the Jacobson radical of an arbitrary polynomial ring. 

DEFINITION If R S;;;; S are rings, then S is said to be a finite centralizing ex­
tension of R if SR is a finitely generated R-module with generators that 
centralize R. 

LEMMA 20.1 Let R S;;;; S be an extension of rings. 
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i. If S is a finite centralizing extension of R and if V is an irreducible 
S-module, then VR is a finite direct sum of irreducible R-modules. In 
particular, Rad(R) S;;;; R n Rad(S) . 

ii. Suppose S = R + U, where U is a left R-submodule of S. Then 
every irreducible R-module is an R-submodule of an irreducible S -module. 
In particular, R n Rad(S) S;;;; Rad(R) . 

PROOF (i) Write S = E:'l YiR, where each Yi E S centralizes R. Since 
V is an i�reducible S-module, it is a cyclic S-module and hence a finitely 
generated R-module. Thus, by Nakayama's Lemma, V i= 0 has a maximal 
R-submodule M. 

For each i ,  observe that the map Yi: V --+ V given by v H VYi is an 
R-endomorphism; we let Mi be the complete inverse image of M. Thus 
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Mi = { V E V I VYi E M } is an R-submodule of V and 

V f"V VYi VYi � V Yi + M e .:!:::. 
Mi = MiYi = VYi n M M - M 

191 

In particular, if VI Mi is not zero, then it is isomorphic to the irreducible 
R-�odule VIM. 

Next, if v E n::1 Mi , then VYi E M for all i and hence vYiR � M. 
Thus vS � M and, since V is an irreducible S-module, we conclude 
that v = O. In other words, n::l Mi = 0 and hence the natural R­
homomorphism V -t EEl 2:::1 VIMi is an embedding. But EEl 2:::1 VIMi, 
being a finite direct sum of irreducible R-modules, is completely reducible 
and has finite composition length. Thus, by Lemmas 3.1 and 3.6, the same 
is true of VR. 

It follows, therefore, from Lemma 3.6(ii) that VR is a finite direct 
sum of irreducible R-modules. In particular, v: . Rad(R) = 0 and, since 
this is true for all such V, we .conclude that Rad(R) � R n Rad(S). 

(ii) Now suppose that S = R + U with RU � U. If W is an irre­
ducible R-module, then W � RIM for some maximal right ideal M of R. 
Furthermore, M S = M (R + U) � M + U and hence M S is a proper right 
ideal of S. We can therefore choose N to be a maximal right ideal of S 
containing MS. Since R :::> R n N ;?  M, we have R n N = M and hence 

� :::> R + N  � � = !i 
N - N R n N  M 

In other words, the irreducible S-module V = SIN has RI M � W as an 
R-submodule. Finally, V ·  Rad(S) = 0 implies that W . Rad(S) = OJ since 
this is true for all such W, we have R n Rad(S) � Rad(R) . 0 

We can now prove: 

PROPOSITION 20.2 If S = . 2::'0 Si is a graded ring, then the Jacobson radical 
of S is a graded ideal. In other words, Rad(S) = . 2::'o (Si n Rad(S») . 
Furthermore, Sm n Rad(S) is nil for all m > O. 

PROOF We first prove that Rad(S) is graded. Specifically, the goal is to 
show that if S = 2:i Si is in Rad(S) , then so is each Si. We proceed by 
induction on the number n of nonzero components of s, over all choices 
of s and S. If n = 0 or 1 ,  the result is clear, so assume that n � 2. Say 
Sa i= 0 and fix any Sb i= 0 with b i= a. 

Choose any rational prime p > Ib - a l and form the ring extension 
[; = S[(]I ( 1  + ( + . . . + (p-1 ) of B. If € denotes the image of ( in 8, then 
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e commutes with 8 and 1 + e + . . .  + eP-1 = 0, so eP = 1. Furthermore, 
8 = 8 + 8e + ' " + 8eP-2 , so both parts of the preceding lemma imply 
that Rad(8) = Rad(8) n 8. Note also that 8 is graded with components 
8i = 8i + 8ie + . , . + 8ieP-2 . Thus s = Ei Si E Rad(8) and Si is the 
8i-component of s. 

Now observe that the map e#: 8 --+ 8 that multiplies each element 
of 8i by ei is an automorphism of 8. Thus since Rad(8) is a characteristic 
ideal of 8, we have Ei eisi = e#(s) E Rad(8). It follows that 

t = L ei Si - eb L Si E Rad( 8) 
i i 

and this element has less than n nonzero components. We can therefore 
conclude by induction that ta = (ea - eb)Sa E Rad(8) , so (eC - l)sa E 
Rad(8), where c = I b  - a l .  Furthermore, by the choice of p we have 
p > c > 0, so c is prime to p. Thus 

(eC - l) (eC + 2e2c + . . .  + (p _ l)e(p-l)C) = p 

and it follows that PSa E Rad(8) n 8 = Rad(8). Since this is true for at 
least two distinct primes p, we conclude that Sa E Rad(8), as required. 

For the second part, let Um E 8m n Rad(8) and assume that m > O. 
Then 1 - Um is invertible in 8 with inverse v = Ei=O Vi . The equation 
1 = (1  - Um)V now implies that Vo = 1 and that UmVi = Vi+m for aU i. 
In particular, we have Vim = (um)i by induction on j � O. But Vim is 
eventually zero, so the result follows. 0 

In case S = R[x] is an ordinary polynomial ring, there is the following 
sharper formulation. 

THEOREM 20.3 (Amitsur's Theorem) If R is any ring, then Rad(R[x]) = N[x], 
where N is some nil ideal . of R. 

PROOF Let 8 = R[x] and observe that 8 is graded with 8i = Rxi. If 
N = R n Rad(8) , then N is an ideal of R and Rad(8) ;:2 N$ = N[x]. 
Conversely, if S = Ei rixi E Rad(8) , then, by the previous proposition, 
rixi E Rad(8) for all i. Therefore, it suffices to show that rxi E Rad(8) 
implies that r E N. For this, observe that the map fixing R and send­
ing x to 1 + x is a ring automorphism of 8. Hence, since Rad(8) is a 
characteristic ideal, 

r + irx + . . .  + rxi 
= r(l + x)i E Rad(8) 
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and we can apply Proposition 20.2 to conclude that r E Rn Rad(8) = N. 
Thus Rad($) = N[x] . 

Finally, if r E N, then rx E 81 n Rad(8) , so rx is nilpotent. Thus r 
is also nilpotent and N is indeed a nil ideal of R. 0 

At present, there is no known intrinsic characterization of the ideal 
N for arbitrary rings. However, if R is assumed to be Noetherian, then 
the answer is easy. 

DEFINITION If a E R, then we recall that r.annR(a) = { r  E R I ar = O }  is 
a right ideal of R known as the right annihilator of a. We say that the 
ring R satisfies max-ra, the maximum condition on right annihilators, if 
every nonempty collection of right annihilator ideals contains a maximal 
member. Obviously, every right Noetherian ring satisfies max-ra. In 
addition, we say that R is semiprime if it has no nonzero nilpotent two­
sided ideal. 

LEMMA 20.4 i. Let R be a semiprime ring witb max-ra. Tben R bas no nonzero 
nil rigbt or left ideal. 

ii. If R is rigbt Noetberian, tben Nil(R) is tbe unique maximal nilpo­
tent two-sided ideal of R. 

PROOF (i) Suppose by way of contradiction that I is a nonzero nil right 
or left ideal of R. If I is a right ideal, choose 0 f:. a E I so that aR S;;; I is 
also a nil right ideal. Furthermore, since (ra)n+1 = r(ar)na for all r E R 
and n, it follows that Ra f:. 0 is a nil left ideal of R. Thus we can now 
clearly assume that I is a left ideal. By max-ra, choose 0 f:. b E I with 
r .annR (b) a maximal member of the set { r  .annR ( c) I 0 f:. c E I }. 

Suppose that x is an arbitrary element of R. Since I is a nil left ideal 
and b E I, there exists n 2: 0 with (xb)n f:. 0 but (xb)n+1 = O. If n = 0, 
then xb = 0, so bxb = O. If n > 0, then, since r.annR ((xb)�) :2 r.annR(b) , 
the maximality of r.annR(b) implies that these two right ideals are equal. 
But xb E r.annR ((xb)n) = r.annR(b) , so again we have bX,b = O. In other 
words, bRb = 0 so (RbR)2 = 0 and R is not se]Jli.prime, a contradiction. 

(ii) By the Noetherian condition, R has a two-sided ideal N maximal 
with respect to the property of being nilpotent. Notice that if N S;;; I <l R 
and if 12 S;;; N, then I is also nilpotent and hence 1 =  N. It follows that 
R/N is a semiprime ring. Furthermore, R/N is Noetherian and hence 
satisfies max-ra. Thus we conclude from (i) that Nil(R/N) = O. But nil 
ideals map to nil ideals under an epimorphism, so it is clear that Nil(R) 
is contained in N. On the other hand, the reverse inclusion is obvious, so 
the result follows. 0 
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COROLLARY 20.5 If R is a right Noetherian ring, then Rad(R[xJ) = Nil(R) [x] 
is nilpotent. In particular, if R is semiprime, then R[x] is semi primitive. 

PROOF According to Theorem 20.3 we have Rad(R[xD � Nil(R) [x] and, 
by Lemma 20.4(ii) , Nil(R) is the largest nilpotent ideal of R. It then 
follows easily that Nil(R) [x] is a nilpotent ideal of R[x] and thus we obtain 
the reverse inclusion Nil(R)[x] � Rad(R[x]) .  0 

It is now a simple matter to prove the second half of the Nullstellen� 
satz in this noncommutative setting. 

THEOREM 20.6 Let R be an almost commutative K-algebra. Then every 
semiprime homomorphic image of R is semiprimitive. 

PROOF Note that any homomorphic image of an almost commutative 
K-algebra is also a K-algebra of this form. Thus it suffices to show that 
if R is semi prime, then it is necessarily semiprimitive. 

Suppose that R is semiprime. Since R is Noetherian, by Lemma 19.1, 
the preceding corollary implies that S = R[x] is semiprimitive. In partic­
ular, if 0 f:. r E R, we can find an irreducible S-module V with Vr f:. O. 
Notice that S = R[x] is an almost commutative K-algebra whose gen� 
erators are those of R along with the additional variable x .  Thus, by 
Theorem 19.5, Ends(V) is finite dimensional over K and hence algebraic 
over K. But x is central in S, so the map x: V --+ V given by v 1-+ VX is 
an S-endomorphism of V. Thus we conclude that x, in its action on V, 
is algebraic Over K. 

To make this precise, let ' :  S --+ End(V) be the representation of S 
associated with the module V. Then S' = R'[x'] and x' is algebraic over 
K' � R'. Thus S' is a finite centralizing extension of R' . Furthermore, V 
is an irreducible S'-module, so Lemma 20. 1  implies that VR' is a finite di­
rect surn of irreducible R'-modules. Equivalently, VR is a finite direct surn 
of irreducible R-modules. Since V r f:. 0, it follows that r acts nontrivially 
on one of these irreducible direct summands and therefore r ¢ Rad(R) . 
Indeed, since this holds for all 0 f:. r E R, we have Rad(R) = O. 0 

Now let us see what all this has to do with zero sets. 

DEFINITION Let K be a field, let f< denote its algebraic closure and let R = 

K[ Xl , X2 , . . .  , xml be an ordinary polynomial ring over K in m variables. If 
!(XI ,  X2 , " "  xm) E R, then an m-tuple (al , a2 , . . .  , am) E f<m is called an 
algebraic root, or zero, of ! if !(al , a2 , '  . .  , am) = O. We then let Z(f), the 
zero set of !, be the set of all the algebraic roots of !. Furthermore, if T is 
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any nonempty subset of R, then we use Z (T) to denote the set of common 
algebraic roots for all members of T. In other words, Z(T) = nfET Z(f). 

Notice that TI � T2 implies Z(TI) ;;2 Z(T2) and that any common 
zero of T is also a zero of any R-linear combination of elements of T. It 
therefore follows that Z(T) = Z(I), where I is the ideal of R generated 
by T. Because of this, we need only be concerned with the zero sets of 
ideals. Next observe that if I is an ideal of R and if J"" E I for some 
n 2=: 1 ,  then Z(f) ;? Z(I). It follows that Z(I) = Z(.Ji),  where 

JI = { f E R  I fn E I for some n 2=: 1 }  

Since R is commutative, it is trivial to see that .Ji is an ideal of R 
containing 1. Indeed, .JijI = Nil(RjI) and Rj.Ji is semiprime. 

THEOREM 20.7 (Hilbert Nullstellensatz) Let R = K[xl , X2, . . .  , xm] be a poly­
nomial ring over the field K and let I be a proper ideal of R. 

i. The elements of I have a common algebraic root. Thus Z(I) ::f:. 0 .  
ii. Let f E R. Then f E .Ji if and only if Z(f) ;? Z(I). 

PROOF We first translate these concepts into more ring theoretic lan­
guage. Let (al , a2 , . . .  , am) E km and observe that the evaluation map 
¢: R -+ k given by f(XI , X2 , . . .  , xm) H f(al , a2 , . . .  , am) is a rin.g ho­
momorphism. Furthermore, since each ai is algebraic over K, ¢(R) = 
K[al , a2, . . .  , am] is a finite algebraic field extension of K. In particular, 
Ker(¢) is a maximal ideal of R. Note that f E Ker(¢) if and only if 
(aI , a2 , . . .  , am) is an algebraic root of f. 

Conversely, suppose M is a maximal ideal of R and observe that 
RjM = K[xl , X2 , . . .  , xm] , where Xi = Xi + M. Thus RjM is a field that 
is finitely generated as a ring extension of K and the Zariski Nullstellen­
satz implies that Rj M is an algebraic field extension of K. Iri other words, 
(Xl , X2 , . . .  , xm) is contained in km and the homomorphism R -+ Rj M 
is the corresponding evaluation map as described in the preceding para­
graph. 

(i) Since I is a proper ideal of R, it is contained in a maximal ideal M. 
Furthermore, by the preceding, M is the kernel of the evaluation homo­
morphism ¢: R -+ k given by ¢(f) = f(al , a2 , . . .  , am) for some m-tuple 
(al , a2 , . . .  , am) E km. Since I � M, we conclude that (al , a2 , ' ' ' '  am) is 
a common algebraic root of all f E I. 

(ii) If f E .Ji, then we know that Z(f) ;? Z(I) . Conversely, suppose 
that Z(f) ;;2 Z(I) and let M be any maximal ideal of R containing .Ji. 
Since M is the kernel of the evaluation map at some (al , a2 , . . .  , am) E 
km, it follows that (aI , a2 , . . .  , am) E Z (I) � Z (f). In other words, 
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!(al, a2 , . . .  , am) = 0 and ! E M. Thus ! is contained in all maximal 
ideals of R that contain ..Ji. 

Finally, observe that R is an almost commutative K-algebra and that 
it = R/..Ji is a semiprime homomorphic image. Thus, by the preceding 
theorem, it is semiprimitive and, in particular, the intersection of all its 
maximal ideals is O. But this says that the intersection of all maximal 
ideals of R that contain ..Ji is precisely equal to ..Ji and therefore it follows 
that ! E ..Ji. 0 

We close this chapter with an extremely interesting example of Ii 
noncommutative, almost commutative K-algebra. 

DEFINITION Let V = K[Sb S2 , . . .  , sm] be the polynomial ring in m variables, 
but think of V as just a K-vector space. Since multiplication by any 
element of K[Sb S2 ,  . . .  , sm] is a K-linear transformation of V, we have an 
embedding - of this ring into EndK(V) , acting on the right. Specifically, 
let K[Sb S2 , " " 8m] denote the image of - in EndK(V), so that Si denotes 
multiplication by Si . In addition, for each i, the operator a/asi is also a 
K-linear transformation on V, which we denote by ti E EndK(V) . It is 
clear that SiSj = SjSi and titj = l;ti for all i, j and that sitj = tjSi for 
all i f:. j. Furthermore, for any v E V and i, we have 

so Sdi - tisi = 1.  Of course, K is central in EndK(V) . 
This motivates us to define the Weyl algebra Am(K) to be the K­

algebra generated by the 2m noncommuting variables 

subject to the relations 

for all i, j . Here, Oi,j = 1 if i = j and 0 otherwise. It is clear that Am (K) is 
a noncommutative, almost commutative K-algebra. Furthermore, there 
is a ring homomorphism Am(K) -+ EndK(V) given by Xi H Si, Yi H ti 
and k H k for all k E K. In this way, V becomes a right Am(K)-module. 

We sketch some basic properties. 
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THEOREM 20.8 If K is a field of characteristic 0, then Am(K) is a simple 
Noetherian K-algebra. Furthermore, Am(K) is a domain and gr Am(K) 
is isomorphic to a polynomial ring over K in 2m variables. 

PROOF Let x, y be elements of any K-algebra R with xy - yx = 1 .  Since 

xn+1y _ yxn+1 = x(xny - yxn) + (xy - yx)xn 

it follows immediately by induction on n ;:::: 1 that xny - yxn = nxn-l . 
In particular, if f(x) is a polynomial in x with coefficients in K, then we 
have f(x)y - yf(x) = af lax. Similarly, xg(y) - g(y)x = ag/ay. 

Now Am(K) is an almost commutative K-algebra, so we know that 
every element a of this ring can be written as a suitable finite sum a = 

l:a,b ka,bxayb. Here a = (ab a2, . . .  , am) and b = (bb b2, . . .  bm) are m­
tuples in Nm. Furthermore, xa = X�l X�2 . . .  x�m ,  yb = y�l y�2 . . . y� , and 
ka,b E K. In particular, a = l:a xa fa(y) , where each fa is a polynomial 
in m variables. In the next paragraph we show that if some fa is not 
identically zero as a polynomial and if a E f <I Am(K), then f = Am(K) . 

Thus suppose some fa is not zero and choose C = (Cb C2, . . .  , cm) 
maximal under the lexicographical ordering with fe ::f:. O. Since f is closed 
under right and left multiplication, we have aYi - Yia E f for each i and, 
by the observation of the first paragraph, this implies that aa/aXi E f. 
In particular, by the choice of c, we have 

aCl aC2 aem CI 'C2 " " C , /!  (y) = -- -- . . .  -- '"  E f " m· Je a Cl a C2 a Cm <-< Xl X2 Xm 

and thus, since char K = 0, it follows that fe(Y) E f. But fe is not 
identically zero as a polynomial, so we can repeat this process, this time 
differentiating with respect to the yj 's, to conclude that 1 E f. 

By Lemma 19.1, Am(K) is Noetherian and, by the preceding, this 
ring is simple. Furthermore, the representation of any element a as a 
polynomial in the Xi and Yj is unique, since otherwise we could describe 
o as a nontrivial polynomial and yet conclude that the ideal it generates 
is the whole ring. It now follows from a leading degree argument that 
Am (K) is a domain. Finally, write A = Am (K) and recall that A is 
filtered by Ao = K and 

An = (K + KXI + . . .  + KXm + KYI + . . .  + KYm)n 

for n ;:::: 1 .  Thus gr A is a commutative K-algebra generated by the 
elements Xi = Xi + Ao and fj; = Yj + Ao for i, j = 1 , 2, . . .  , m. Moreover, 
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the uniqueness of expression guarantees that all monomials in the Xi and 
fj; of total degree n are K-linearly independent. With this, it is clear 
that Xl , " " xm and fh , . . . , Ym are algebraically independent over K and 
hence generate a polynomial ring over K in the 2m variables. 0 

EXERCISES __________________ _ 

1. What difference would it make in the definition of an almost central­
izing extension R � S, if we assumed that the centralizing generators 
Xl i X2, " " Xn satisfied the stronger condition XiXj -XjXi E E�=l RXk 
for all i ,j? This has a simple one-line answer. 

2. Let 7L denote the ring of integers and let T be the multiplicatively 
closed subset of 7L generated by the primes Pl lP2 ,  . . . . Then R = 7LT-l 
can be filtered by defining Rn to be the set of all fractions of the 
form Z/p�lp�2 . . .  p%k with z E 7L and all ai � n. Prove that gr R � 
7L EB x�[x] , where S is the ring (without 1) given by S = EB Ei GF(Pi) .  

3. Use the preceding exercise to construct a filtered domain R such that 
Rad(R) ::f:. 0 but Rad(gr R) = O. Conversely, construct a semiprimitive 
filtered commutative domain R' with Nil(gr R') ::f:. O. 

- '  
R � S is a finite normalizing extension of rings if S = E�=l YiR 

for suitable Yi E S with YiR = RYi for all i .  

4. Let R � S be a finite normalizing extension and let V be an irreducible 
S-module. Prove that VR is a finite direct sum of irreducible R­
modules. If the extension is centralizing, show that all the irreducible 
R-summands of V are isomorphic. 

5. Let V be the Am(K)-module described immediately preceding The­
orem 20.8. Prove that V is irreducible if char K = 0 but reducible 
otherwise. 

The next three problems discuss Amitsur's simple proof of the Null­
stellensatz over uncountable fields. 

6. Let R be an algebra over the field K and let r E R. If 1-kr is invertible 
for all k E K and if { (1 - kr)-l I k E  K }  is K-linearly dependent, 
prove that r is algebraic over K. Furthermore, show that any s E 
Rad(R) which is algebraic over K must necessarily be nilpotent. 

7. Let R be a K-algebra and assume that dimK R < IKI ,  where this is 
an inequality of possibly infinite cardinals. Prove that Rad(R) is a nil 
ideal. Furthermore, if R is a division ring, prove that R is algebraic 
over K. 
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8. Suppose now that K is an uncountable field and that R is a finitely 
generated K-algebra. Prove that Rad(R) is nil. Furthermore, if V is 
an irreducible R-module, prove that the division ring D = EndR(V) 
is algebraic over K. 

If K is a countable field and R is a finitely generated K-algebra, 
then Rad(R) need not be nil. Although counterexamples exist in all 
characteristics, we will only offer a characteristic 0 example here. Its 
construction is analogous to the construction of the Weyl algebras. 

Let C be a commutative algebra over the field K and let C[[(]] be 
the power series ring over C in the variable (. View V = C[[(]] as a 
C-module and consider Endc(V), acting on the right. Since multipli­
cation by any element of this ring is a C-endomorphism, we have an 
embedding of C[[(]] into Endc(V), say C[[x]] � Endc(V) . In addi­
tion, let y E Endc(V) denote the operator % (  and let e E Endc(V) 
be the map v(() 1-+ v (O) that reads off the constant coefficient. 

9. If a E Endc(V) , prove that eae = ec, where c = (la) {O) E C. 
Conclude that e is an idempotent and that e Endc{V) e = eC � C, 
where the latter is a ring isomorphism. Next, if (3 E C[[x] ] ,  prove that 
(3y - y(3 = o(3/ox. 

10. Now let K be a countable field of characteristic O. Find a countable 
cOnimutative K-algebra C such that C is a domain and Rad{C) i= O. 
For example, take 0 to be a suitable localization of a polynomial 
ring over K. Next, let C = { co , Cl l C2 , " ' } and define 'Y E Endc{V) 
by 'Y = E�=o cnxn /n! . If R = K[e, 'Y, y] is the finitely generated K­
subalgebra of Endc(V) , prove that eRe = eC. Deduce that Rad{R) ;;2 
Rad{ eRe) � Rad{ C) is not nil. 
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2 1 . I njective Modu les 

We start this chapter by taking another look at HomR. This time, we 
study it in much the same way we studied the tensor product. As we 
will see, HomR is left exact and there are two natural families of modules 
associated with it that are analogs of the fiat modules. The first of these 
families consists of the projective modules; the second consists of the 
injective ones. 

DEFINITION Let AR and BR be right R-modules and, as usual, let HomR(A, B) 
denote the additive abelian group of all R-homomorphisms from A to B, 
written on the left. We show next that when A or B is a bimodule, then 
HomR(A, B) inherits additional structure. 

Thus suppose that A is an (8, R)-bimodule. If () E HomR(A, B) and 
s E 8, then ()s: A -+ B defined by 

(fJs)a = fJ(sa) for all a E A 

is easily seen to be an R-homomorphism. Indeed, in this way, HomR(A, B) 
becomes a right 8-module. Similarly, suppose B is a (T, R)-bimodule. If 
fJ E HomR(A, B) and t E T, then we define t(): A -+ B by 

(tfJ)a = t( fJa) for all a E A 

It follows that t() is an R-homomorphism and that HomR(A, B) is a left 
T-module. Furthermore, if A is an (8, R)-bimodule and B is a (T, R)­
bimodule, then HomR(A, B) is a (T, 8)-bimodule. 

Again, suppose AR and BR are right R-modules. If 0": B -+ B' 
is an R-module homomorphism, then 0" determines an additive group 

203 
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homomorphism 0-: HomR(A, B) --+ HomR(A, B') given by 0-(0) = uO . In 
other words, if 0: A --+ B, then 0-(0) is the composite R-homomorphism 

0-(0) : A � B � B' 

As with the tensor product situation, 0- preserves the direction of the 
arrows and hence is covariant. 

Furthermore, if B and B' are (T, R)-bimodules and if u is a bimod­
ule homomorphism, then 0- is easily seen to be a left T-module hpmomo}-,­
phism. On the other hand, if A is an (8, R)-bimodule, then 0- is a right 
8-module homomorphism. 

Next, if f.L: A --+ A' is an R-module homomorphism, then f.L deter­
mines an additive group homomorphism ft: HomR(A', B) --+ HomR(A, B) 
given by ft( 0) = 0 f.L. In other words, if 0: A' --+ B, then ft( 0) is the 
composite R-homomorphism 

ft(O) : A L A' � B 

In this case, we see that the arrows reverse and hence ft is said to be 
contravariant. 

Again, if A and A' are (8, R)-bimodules and if f.L is a bimodule ho­
momorphism, then ft is a right 8-module map. Similarly, if B is a (T, R)­
bimodule, then ft is a left T-module homomorphism . .  

There are, of course, analogous definitions and properties in case A 
and B are left R-modules. The following lemma asserts that HomR is left 
exact. It applies equally well in the context of bimodules. 

LEMMA 21.1 Assume that the appropriate A 's and B 's that follow !'tre all R­
modules and that the given maps are all R-homomorphisms. 

i. If 

o --+ B � B' � B" 

is exact, then so is 

ii. If 

A L A' � A" --+ 0 
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is exact, then so is 

PROOF (i) Since 0": B -t B' is one-to-one, it is trivial to see that fr is 
also one-to-one with image 

Im{fr) = { a  E HomR(A, B' )  I Im{a) � Im{O") } 

On the other hand, (3 E HomR(A, B') is in the kernel of f if and only 
if Im((3) � Ker(r) .  But Ker{r) = Im{O") , so we conclude that Ker{f) = 
Im{fr). 

(ii) Since 7]: A' -t A" is onto, it is easy to see that fJ is one-to-one 
with image 

Im(fJ) = { a  E HomR{A', B) I Ker(7]) � Ket(a) } 

On the other hand, (3 E HomR (A' , B) is in the kernel of p, if and only if 
Im(f-L) � Ker((3) . Thus Im(f-L) = Ker(7]) implies that Ker(p,) = Im(fJ). 0 

Let us see what is needed for exactness. In the first case, we would 
want 

O -t B � B' � B" -t O  

exact to imply that 

o -t HomR(A, B) � HomR{A, B') � HOI.I1R(A, B") -t 0 

is also exact. Equivalently, if r: B' -t B" is an epimorphism, th�n we 
need f to be an epimorphism and this says that every R-homomorphism 
a: A -t B" lifts to a map from A -t B'. Thus we have the familiar 
diagram 

A 

B' � B" -t O  

which defines the property of being a projective module. In other words, 
A is a projective R-module if and only if HomR(A, -) preserves short 
exact sequences. 
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In the second case, we would want 

o -+ A � A' � A" -+ 0 

exact to imply that 

is also exact. Equivalently, if f.L: A -+ A' is a monomorphism, then w.e 
need p, to be an epimorphism and this says that every R-homomorphism 
0:: A -+ B extends to a map from A' -+ B. 

DEFIN ITION An R-module Q is said to be injective if whenever 

Q 

a j  

o -+ w L v  

is given with the bottom row exact, then there exists an R-homomorphism 
'Y: V -+ Q that makes the diagram commute. That is, given any R­
monomorphism (3: W -+ V and any R-homomorphism 0:: W -+ Q, then 
there exists 'Y: V -+ Q with 'Y(3 = 0:. In view of the preceding remarks, B 
is an injective R-module if and only if HomR( -,  B) preserves short exact 
sequences. 

Since (3 is one-to-one, we can clearly view W as a submodule of V .. 
Thus, Q is injective if and only if every homomorphism from a submodule 
W � V to Q extends to a homomorphism from the entire module V. For 
example, if R = K is a field, then Q = KK is injective, since any linear 
functional defined on W extends to one of V. 

Let us formally restate the preceding observations. 

LEMMA 21.2 i. The R-module P is projective if and only if HomR(P, -) pre­
serves short exact sequences. 

ii. The R-module Q is injective if and only if HomR( -,  Q) preserves 
short exact sequences. 

Notice that the difference between the definitions of projective and 
injective modules is that the arrows are reversed. Thus, this "duality" be­
tween the two families should imply that they share a variety of analogous 
properties. However, for the most part, we ignore these analogs in favor 



Chapter 21. Injective Modules 207 

of those results that are uniquely injective. Indeed, to start with, there 
is the question of the existence of "enough" injectives. Unlike the case of 
projective modules, where existence was simple because of the presence 
of free modules, here we have to work. 

LEMMA 21.3 (Baer's Criterion) The R-module Q is injective if and only if given 
any right ideal I � R and any R-homomorphism u: I -+ Q, there exists 
an R-homomorphism u* : R -+ Q that extends u. 
PROOF Suppose first that Q is injective. Since I is a submodule of R, 
any map u: I -+ Q extends to a map u* : R -+ Q. 

Conversely, assume that Q has this extension property and let 

Q 

0 -+  W -+ V  

be given with W a submodule of V. Consider the set of all pairs (0, ep) 
where W � 0 � V and ep: 0 -+ Q extends a to the submodule O. We 
say that (01 , ep'l ) � (02 ,  ep2) if and only if 01 � O2 and epl = (ep2)Ol ' the 
restriction of ep2 to 01 . Note that any increasing chain { (Oi, epi) l i E  X }  
of such pairs is bounded above. Indeed, an appropriate upper bound is 
(0', ep') , where 0' = Ui Oi and epb = epi· Thus, since the set of pairs is 
nonempty, Zorn's Lemma implies that there exists (0, ep) maximal in this 
ordering. The goal is to show that 0 = V. 

Let a E V and set I = { r E R I ar E O } . Then I is a right ideal of 
R and we have an R-homomorphism u: 1 -+  Q given by u(r) = ep(ar) . By 
hypothesis, u extends to u* : R -+ Q and we define ep* : 0 + aR -+ Q by 
c+ar H ep(c)+u* (r) . Then ep* is clearly an R-homomorphism extending ep 
provided we show that it is well defined. Thus suppose Cl + arl = C2 + ar2 
with Cl , C2 E O  and rb r2 E R. Then a(rl-r2) = C2-Cl E 0, so rl-r2 E I 
and hence 

u* (rl) - u* (r2) = u* (rl - r2) = u(rl - r2) 
= ep (a(rl - r2)) = ep(C2 - Cl) 
= ep(C2) - ep(Cl ) 

Thus ep(Cl) + u* (rl ) = ep(C2) + u* (r2) as required. 
Since (0, ep) � (0 + aR, ep* ) ,  the maximality of (0, ep) implies that 

a E O. In particular, since a E V is arbitrary, we conclude that 0 = V 
and the lemma is proved. 0 
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Let us see what this says when R = 71. is the ring of integers. 

DEFINITION Let D be an additive abelian group. Then D is said to be divisible 
if, for each d E D and 0 =1= n E 71., there exists d' E D  with d'n = d. Note 
that we do not require d' to be unique. As an example of a divisible 
group we could take D to be the field of rationals Q or perhaps FO , the 
multiplicative group of nonzero elements of the algebraically closed field 
F. Of particular importance is [} = Q/71.. Note that every 71.-module is 
an abelian group and that conversely every abelian group is a 71.-module. 

LEMMA 21.4 A 71.-module D is injective if and only if it is divisible. 

PROOF The ideals of 71. are all of the form n71.. If 0': n71. -+ D is given 
with 0'( n) = d, then 0' can be extended to 0'* : 71. -+ D if and only if there 
exists d' = 0'*(1) with d'n = d. 0 

As we observed before, any abelian group V can be viewed as a left 
or right 71.-module. Indeed, if V is a left R-module, then it is an (R, 71.)­
bimodule, and if W is a right R-module, then it is a (71., R)-bimodule. It 
follows that, for any abelian group D, Homz (R V, D) is a right R-module 
and Homz(WR, D) is a left R-module. 

LEMMA 21.5 Let R be a ring, D be a divisible abelian group, and F be a free 
left R-module. Then Homz(F, D) is an injective right R-module. 

PROOF Let { I;  I j E .:J }  be a left R-basis for F, let A = AR be 
a right ideal of R, and let cp: A -+ Homz(F, D) be a right R-module 
homomorphism, which we denote by a 1-+ cPo,. The goal is to show that cp 
extends to a map cp* : R -+ Homz(F, D) and for this we need to determine 
the image of 1.  

To this end, we consider the additive subgroup AF of F. Since 
F = . L:j RI;, it follows that AF = . L:j AI; and hence we can define 
O': AF -+ D by 

0': 2: aj fj 1-+ 2: CPaj (fj )  
j j 

where, of course, each aj E A. This is a well-defined map, easily seen to be 
additive, and thus 0' is a 71.-module homomorphism. Since D is divisible 
and therefore injective as a 71.-module, 0' extends to the 71.-homomorphism 
0'* : F -+ D. 

Now define cp* : R  -+ Homz(F, D) by r 1-+ cp; = O'*r .  We claim that 
cp* extends cpo Indeed, if a E A, then, for any j and r E R, we have 

cp!(rl;) = (O''''a)(rl;) = O'*(arfj) 



Chapter 21. Injective Modules 209 

But ar E A, so ar fj E AF; since uAF = u, we have 

Furthermore, cP: A --10 Hom71(F, D) is an R-homomorphism, so CPar = CPar 
and hence 

Thus cP* extends cP and Baer's Criterion yields the result. o 

An alternate proof of the preceding is sketched in Exercise 7. The 
following if'? clearly the injective dual of Lemma 2.9(i) . 

THEOREM 21.6 (Baer's Theorem) Every R-module is contained in an injective 
R-module. 

PROOF Let W be the given right R-module, let D == Q/71.., and recall 
that D is a divisible abelian group. If V = Hom71(W, D) , then V is a left 
R-module and there exists an R-epimorphism ,: F --10 V with F a free 
left R-module. Thus, by Lemma 21.l(ii) , 1': Hom71(V, D) --10 Hom71(F, D) 
is a right R-module monomorphism. In other words, we have embed­
ded Hom71(V, D) into Hom71(F, D) and we know, by the previous lemma, 
that Hom71(F, D) is injective. Thus it suffices to show that W embeds in 
Hom71(V, D) and this is the usual double dual argument. 

Define 0: W --10 Hom71(V, D) by Ow(v) = (w)v for all v E V = 

Hom71(W, D) , acting on the right. Then 0 is clearly additive and for 
any r 'E  R we have 

(Owr)(v) = Ow(rv) = (w)(rv) 
= (wr)v = Owr(v) 

Thus 0 is, an R-module homomorphism and we need only show that 0 is 
one-to-one. To this end, let 0 =f: w E W and consider 71..w � W. If 71..w � 71.. , 
map w to any nonzero element of D. If 71..w � 71../71..n with n =f: 0, map w 
to l/n E D. In either case, we obtain an abelian group homomorphism 
r: 71..w --10 II) with (w)r =f: O. Furthermore, D is divisible, so r 'extends to 
v = r* E Hom71(W, D) = V. But then Ow (v) = (w)v = (w)r =f: 0 and 
hence Ow =f: O. Thus W embeds isomorphically into Hom71(V, D) and the 
result follows. 0 

Now that we know that injective modules are plentiful, it is worth­
while to list some of their basic properties. Suppose that { Vi  l i E I }  
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is a family of R-modules. Then we let V = I1iEI Vi denote their strong, 
or complete, direct sum. Thus the elements of V are I-tuples TIi Vi with 
Vi E Vi and with no assumption on the number of nonzero components. Of 
course, addition and scalar multiplication in V are defined component wise 
and, if I is finite, then I1i Vi = EB L:i Vi· Note that I1i Vi is also called 
the direct product of the Vi. 

LEMMA 21.7 i .  If Q is an injective R-module and if A is a direct summand of 
Q, then A is injective. 

ii. If { Qi l i E  I }  is a family of inje(:tive R-modules, then TIiEI Qi 
is injective. 

PROOF (i) We can assume A � Q and that there is an R-homomorphism 
11": Q -+ A that is the identity on A. Let W � V be R-modules and let 
(J: W -+ A be given. Then (J: W -+ Q and, since Q is injective, (J extends 
to (J* : V -+ Q. Finally, 1I"(J* : V -+ A extends the map (J: W -+ A. 

(ii) Let W � V and supp()se that (J: W -+ Q = I1i Qi is given. Then, 
for all w E W, we have (J(w) = I1i (Ji (W), where (Ji : W -+ Qi is an R­
homomorphism. Since Qi is injective, (Ji extends to (Ji : V -+ Qi and we 
can let (J* : V -+ Q be given by (J* (v) = I1i (Ji(v) for all V E V. 0 

The proof of (ii) fails for direct sums, since it is quite possible for 
(J; (v) to be nonzero for infinitely many i . We discuss this question in 
more detail later on. Finally, we have: 

LEMMA 21.8 An R-module Q is injective if and only if it is a direct summand 
of every module which contains it. 

PROOF Let Q be injective and suppose that Q � V. Then the identity 
map u: Q -+ Q extends to a map u* : V -+ Q and thus V = Q + Ker(u* ) .  
Conversely, assume that Q is a direct summand of all larger modules and 
embed Q in an injective module Q'. Then Q I Q', so Q is injective by the 
previous lemma. 0 

EXERCISES ___________________ _ 

1 .  Verify all the basic bimodule properties of HomR(A, B) as described 
in the beginning of this chapter. 

2. Prove that a homomorphic image of a divisible group is divisible. 
Conclude that a nonzero divisible group has no proper subgroup of 
finite index. In particular, it is not true that every Z-module is a 
homomorphic image of an injective Z-module. 
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3. Let K be a field and suppose that R is a K-algebra. Then any R­
module V is a K-vector space on either side and thus VR is a (K, R)­
bimodule. Show that the proofs of Lemma 21.5 and Theorem 21.6 
carry over in this context using HomK( -,  K) rather than Hom71( - , D). 
Conclude that if dimK V < 00, then V embeds in an injective R­
module that is also finite dimensional over K. 

4 .. Let R and S be rings and let AR, RBS and Ds be appropriate mod­
ules. Prove that there exists an isomorphism 

To define - ,  let (j E HomR (A, Homs (B, D)) and denote the image of 
a E A under (j by (j a .  Show that the map A x B -+ D given by (a, b) H 

(ja(b) is balanced and hence gives rise to e E Homs(A ® B, D) .  For 
the reverse map, let ifJ E Homs(A ® B, D) and, for each a E A, define 
ifJa: B -+ D by ifJa(b) = ifJ(a ® b). Deduce that ifJa E Homs(B, D) and 
that the map a H ifJa belongs to HomR (A, Homs(B, D)) . 

5 .  Prove that - as just defined is functorial. Specifically, suppose that 
a: A -+ A' is an R-homomorphism and note that a®l: A®B -+ A' ®B 
is an S-homomorphism. Show that the diagram 

HomR (A', Homs(B, D)) --+ Homs(A' ® B, D) 

HomR (A, Homs(B, D)) --+ Homs(A ® B, D) 

commutes. 

The remaining exercises describe the surprising relationship, dis­
covered by Lambek, between the injective R-modules and the fiat 
R-modules. If A is an abelian group, write A* = Hom71(A, D) , where 
0 =  Q/7L 

6. If 0": A -+ B is a homomorphism of abelian groups, show that 0" is 
one-to-one or onto if and only if u: B* -+ A* is onto or one-to-one, 
respectively. 

7. Let F be a left R-module. Prove that F is fiat if and only if F* is an 
injective right R-module. To this end, suppose that a: AR -+ A� is a 
monomorphism and apply Exercises 4 and 5 with B = F, S = 71.,  and 
D = 0 to obtain the commutative diagram 
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1 (C\!®l) " 

(A ®.n F)* 

where each - is an isomorphism. Now observe, by the previous ex­
ercise, that a: ® 1 is a monomorphism if and only if (a: ® 1) A is onto 
and hence if and only if 0: is onto. The definition of flatness and 
Lemma 21.2(ii) yield the result. 

Now let R be a von Neumann regular ring. Thus, by Exercises 5.5 
and 5.7, every finitely generated right or left ideal of R is generated 
by an idempotent. 

8. Suppose R V is a left R-module and that D is an abelian group. Let 
AR be a right ideal of R and let u: AR -+ Homz(R V, D) be an R­
homomorphism, which we denote by a H Uo.. Show that the abelian 
group homomorphism r: AV -+ D determined by av H Uo.(v) is well 
defined. To this end, suppose L:i aivi = L:j bjwj with ai , bj E A and 
Vi , Wj E V. Then L:i aiR + L:j bjR = eR for some idempotent e and 
hence 

9. If u: AR -+ Homz(R V, D) is as just described and if D is a divisible 
abelian group, show that there exists T E Homz(V, D) with Uo. = Ta 
for all a E A. Conclude from Baer's Criterion that Homz(V, D) is an 
injective right R-module. 

10. Prove that all right and left R-modules are flat. This is the full con­
verse to Exercise 9.3. 
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In this chapter we explore the injective analogs of certain projective con­
cepts. In particular, we define the injective dimension of a module and the 
injective global dimension of a ring. However, for reasons that will soon 
become apparent, these dimensions do not lead to a spate of additional 
computations. We start with: 

LEMMA 22.1 (Injective Schanuel's Lemma) Let R be a ring and let 

O -+ A -+ Q -+ B -+ O  
o -+ A -+ Q' -+ B' -+ 0 

be short exact sequences of R-modules with Q and Q' injective. Then we 
have B EB Q' � B' EB Q .  
PROOF It suffices to assume that A � Q and A � Q'. Then Q EB Q' 
contains the submodule A = { aEBa I a E A }  and we set W = (Q EB Q')/A. 

Since the map A EB Q' -+ Q' given by a EB q' H -a + q' is an epimor­
phism with kernel A, it follows that Q' e::! (A EB Q') / A = V'. Furthermore, 

W/V' � (Q EB Q')/(A EB Q') � Q/A � B 

Finally, since V' � Q' is injective, Lemma 21.8 implies that V' I W and, 
for instance, W = V' + G. Then G � W /V' � B and we conclude that 
W = V' + G � Q' EB B. Similarly, W � Q EB B'. 0 

As with projective modules, this leads to the following 

DEFINITION Let A and A' be R-modules. We write A "" A' if and only if there 
exist injective R-modules Q and Q' with A EB Q � A' EB Q'. Obviously "" 

213 
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is an equivalence relation. Indeed, if A ",  B and B '" 0, then A EB Ql 9:! 
BEBQi and BEBQ2 9:! OEBQ� for suitable injective modules Qb Qi , Q2, Q�. 
Thus 

A EB (Ql EB Q2) 9:! B EB Q� EB Q2 
9:! B EB Q2 EB Qi 9:! C EB (Q� EB Qi) 

and A '" 0, by Lemma 21.7(ii) . We use [A] to denote the equivalence 
class of A. Since any direct summand of an injective module is injective, 
by Lemma 21 .7(i) , it follows that [0] is precisely the set of all injective 
R-modules. 

We need a slight refinement of the preceding lemma. 

LEMMA 22.2 Suppose we are given the short exact sequences 

O -+ A -+ Q -+ B -+ O  
o -+ A' -+ Q' -+ B' -+ 0 

with Q and Q' injective. If A '" A', then B '" B'. 

PROOF Since A '" A' , we have A EB Ql 9:! A' EB Qi for suitable injective 
modules Ql and Qi. Thus we obtain the exact sequences 

o -+ A EB Ql -+ Q EB Ql -+ B EB 0 -+ 0 
o -+ A' EB Q� -+ Q' EB Qi -+ B' EB 0 -+ 0 

and, since A EB Ql 9:! A' EB Qi , Lemma 22. 1 yields 

Hence B ,...., B' as required. o 

DEFINITION Let A be any R-module. By Baer's Theorem, there exists a short 
exact sequence 0 -+ A -+ Q -+ B -+ 0 with Q injective and we define the 
cokernel map C by C: [A] H [B] . In view of the preceding lemma, C is a 
well defined map on the '" equivalence classes of R-modules. That is, C is 
independent of the representative of the class and of the particular exact 
sequence chosen. Since 0 -+ 0 -+ 0 -+ 0 -+ 0 is exact, we have C [O] = [0] . 

The injective dimension of A, written idRA = id A, is defined to be 
the minimal integer n with cn [A] = [0] . Of course, if no such integer 
exists, then idA = 00. Modules with finite injective dimension are in 
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some sense "close to" the injective ones. For example, id A = 0 if and 
only if A is injective. 

Finally, the (right) injective global dimension of R is defined to be 
the supremum of the injective dimensions of all right R-modules. Thus 
inj gl dim R is either an integer or the symbol 00. 

Since there are injective modules that are not projective and pro­
jective modules that are not injective, it is obvious that the injective 
and projective dimensions of a module are not necessarily the same. On 
the other hand, as we will soon see, the injective and projective global 
dimensions of a ring are identical. 

DEFINITION Let AR and BR be R-modules. We say that E(A, B) = 0 if and 
only if every short exact sequence of the form 

splits. Thus, by Theorem 2.8, the R-module P is projective if and only 
if E(P, B) = 0 for all B. Similarly, by Lemma 21.8, the R-module Q is 
injective if and only if E(A, Q) = 0 for all A. 

Although we only require the definition E(A, B) = 0 to prove equal­
ity of global dimensions, it is certainly worthwhile to describe E(A, B) is 
general. We sketch its construction next, relegating most of the tedious 
verifications to the exercises. 

DEFINITION If A and B are R-modules, then an extension of B by A is a short 
exact sequence of the form 

If 

r' 17' 
o -+ B --+ X' --+ A -+ 0 

is a second extension, then (**) is said to be equivalent to (*) if and only . . 
if there exists an isomorphism 'Ij;: X -+ X, such that the diagram 

0 B r X 17 A 0 -+ --+ --+ -+ 

t 1B t � t 1A 

0 B r' 
X' 17' 

A 0 -+ --+ --+ -+ 
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commutes. Of course, IB and IA denote the identity maps on B and A, 
respectively. It is easy to see that this is an equivalence relation and that 
the split extensions form a single equivalence class. 

Again, if (*) and (**) are given, then we can define the Baer sum 
of these extensions as follows. First , let M and B be the submodules of 
X$X' given by M = { X$X' l ux = u'x' } and B = { rb$( -r'b) I b E  B }. 
Then B � r B $ r' B � M and we obtain the short exact sequence 

0 -+  (rB $ r'B)/B -+ M/B � A -+ 0 

where 'T/: (x $ x' )  + B � ux = u'x' . Since (rB $ r' B)/ B e:! B, we then 
obtain the extension 

where 

e: b � (rb $ 0) + B E (rB $ r' B)/B � M/B = Z 

By definition, this extension is the Baer sum of (*) and (**), and it is 
easily seen that equivalent extensions have equivalent Baer sums. 

We can now let E(A, B) denote the set of all equivalence classes of 
extensions of B by A endowed with the Baer sum binary operation. Then 
E(A, B) turns out to be an additive abelian group called the group of 
extensions of B by A. Indeed, one easily verifies the commutative and 
associative laws and the fact that the equivalence class of split extensions 
is the zero element. Finally, the negative of the class of the extension (*) 
is the class of 

. 

where (-u)x = -(ux) for all x E X. To see this, note that the cor­
responding submodules M and B of X $ X for the Baer sum can be 
characterized by 

and B = { rb $ (-rb) I b E B }. In particular, if G = { x  $ (-x) I 
x E X } , then G is a submodule of M with G + (rB $ rB) = M and 
G n (rB $ rB) = B. Thus 

M/B = (rB $ rB)/B + G/B 
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and the Baer sum of (*) and (-* ) is split , as required. 
Notice that E(A, B) = 0 does indeed mean that all extensions of B 

by A are split. 
Let AR and BR be R-modules. In homological algebra there is an 

interesting and important sequence of abelian groups constructed from A 
and B. These are denoted by Extn(A, B) for n = 0, 1 , 2 ,  . . .  and they start 
with Ext°(A, B) = HomR(A, B). They are used to cOl;npensate for the 
fact that Hom is not an exact functor and their construction is analogous 
to that of Tor. Specifically, as we will see in the exercises, they can be 
constructed from either a projective resolution of A or an injective resolu­
tion of B and the answer is the same in either case. Furthermore, it turns 
out that E(A, B) e:! Ext1 (A, B). The proof of the following proposition 
contains within it aspects of proof of this isomorphism. 

PROPOSITION 22.3 Let 

O -+ G -+ P � A -+ O  

o -+ B -+ Q L D -+ O  

be short exact sequences of R-modules with P projective and Q injective. 
Then E(A, D) = 0 if and only ifE(G, B) = O. 
PROOF We can assume that G � P and that B � Q. The proofs of the 
two implications are obviously parallel. We consider each in turn. 

CASE 1 E(G, B) = 0 implies E(A, D) = O. 

PROOF Let 0 -+ D -+ X � A -+ 0 be an extension of D by A and 
assume for convenience that D � X. Since P is projective, it follows that 
there exists a homomorphism (): P -+ X such that the diagram 

O -+ G  -+ P  � A 

� A 

-+ 0 

-+ 0 

commutes. Indeed, since 0': X -+ A is surjective, (): P -+ X exists. Fur­
thermore, O'(}(G) = a(G) = 0, so (): G -+ Ker(O') = D as required. 

Next, let M be the submodule of Q EEl G given by M = { q  EEl c I 
j3q = (}c }.  If 'T/: B -+ M and 7l': M -+ G are given by 13: b 1-+ b EEl 0 and 
7l': q EEl c 1-+ c, then it is easy to see that 

O -+ B � M � G -+ O  



218 Part I I I .  Injective Modules 

is exact. Indeed, since f3 is onto, it follows that for every c E C, there 
exists q E Q with f3q = ()c and hence IT is onto. Furthermore, 

Ker( IT) = { q EEl 0 I f3q = 0 } = { b EEl 0 I b E B } = Im( 'T/) 

and therefore we have constructed an extension of B by C. But E( C, B) = 
o by assumption, so the sequence splits and an appropriate back map 
C --I- M exists. In view of the nature of IT, this map has the form c 1-+ 
,C EEl c E M, where ,: C --I- Q. Thus, by definition of M, we must have 
f3, = (). 

. 

Now ,: C --I- Q, Q is injective, and C � P. Thus , extends to a map 
,* : P --I- Q and we let cp: P --I- D be the composite map cp: P � Q L D. 
By definition of " this means that cp restricted to C is f3, = (). Equiva­
lently, we see that the diagram 

o --I- C --I- P 

D 

commutes. We now use cp to construct a back map 7: X --I- D as follows. 
Let x E X. Since a is onto, there exists p E P  with ax = ap and we 

set 7X = x - ()p + cpp E X. Note that p is uniquely determined by x up to 
a summand c E C. Thus, since ()c = cpc, it follows that 7 is a well defined 
R-endomorphism of X. Next observe that 

a7x = ax - a()p + acpp = ap - a()p = 0 

since acp = 0 and ax = ap. Thus 7X E Ker(a) = D and 7 E HomR(X, D).  
Finally, if x E D � X, then ax = 0, so, using p = 0 in the definition of 
7, we obtain 7X = x. In other words, 7: X --I- D is the identity on D and 
therefore yields a splitting of the exact sequence 0 --I- D --I- X --I- A --I­
O. Since the latter sequence was an arbitrary extension of D by A, we 
conclude that E(A, D) = O. 0 

CASE 2 E(A, D) = 0 implies E( C, B) = O.  

PROOF This time, let 0 --I- B --I- Y � C --I- 0 be an extension of B by 
C and assume for convenience that B � Y. Since Q is injective, it follows 
that there exist homomorphisms (): Y --I- Q and 0: C --I- D such that the 
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diagram 

0 B Y (J' C 0 -T -T ---+ -T 

1 1B 1 9 1 9 

0 -T B -T Q L D -T 0 

commutes. Indeed, the map B � B � Q extends to B: Y -T Q. Fur­
thermore, (3B(B) = (3(B) = 0, so {3B: Y -T D factors through C � Y/ B 
and 0 exists. 

Next, we form the R-module P E9 D and let G be its submodule 
G = { ( -c) E9 Oc I C E  C }. Since the epimorphism P E9 D -T A given by 
p E9 d 1-+ ap has G in its kernel, we therefore obtain an R-epimorphism 
11': (P E9 D)/G -T A given by 11': (p E9 d) + G 1-+ ap. Furthermore, if 'T/: D --+ 
(P E9 D)/G is defined by 'T/: d 1-+ (0 E9 d) + G, then we obtain the short 
exact sequence 

o -T D � (? E9 D)/G � A -T 0 

Indeed, 'T/ is cl�arly one-to-one and Ker(1I') = (C E9 D)/G = Im('T/) .  Thus 
the above short exact sequence is an exteD.!'ion of D by A and, since 
E(A, D) = 0, the sequence splits and there is a back map (PE9D)/G -T D. 
In view of the nature of 'T/, this map must be given by (PE9d) +G 1-+ op+d, 
where 0: P -T D. But this homomorphism vanishes on G and hence we 
have Dc = Oc for all c E C. 

Now {3: Q -T D is an epimorphism and 0: P -T D. Thus since P 
is projective, there exists a homomorphism 0* : P -T Q with {30* = O. 
Furthermore, if we let ¢ denote 0° ' the restriction of 0* to C, then {3¢ = 

80 = O. Equivalently, we see that the diagram 

C 

Q L D -T 0 

commutes. We now use ¢ to construct a back map r: Y -T B as follows. 
Let y E Y and set ry = By - ¢O'y E Q. Since {3¢ = 0 and {3B = 00', 

we have 

{3ry = {3By - {3¢O'y = {3By - OO'Y = 0 
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and hence ry E Ker(,B) = B. It is now clear that r E HomR(Y, B). 
Furthermore, if y E B � Y, then O'y = 0 so ry = ()y = y, since ()B = lB . 
Thus r is the identity on B and therefore yields a splitting of 0 -+ B -+ 

Y -+ G -+ O. Since the latter sequence was an arbitrary extension of B 
by G, we conclude that E(G, B) = O. 0 

With this, we can now quickly prove: 

THEOREM 22.4 If R is any ring, then inj gldim R = gl dim R. 

PROOF For any integer n � 0, we will show below that inj gl dimR � ri 
if and only gldimR � n. This will clearly yield the result . To avoid 
confusion, we use [-h to denote equivalence classes under the injective 
equivalence of this chapter and [-]p to denote equivalence classes under 
the projective equivalence of Chapter 8. 

Fix n and let A and B be any right R-modules. We can then define 
the R-modules Ai, Pi, Bi , Qi inductively so that Ao = A, Bo = B, Pi is 
projective, Qi is injective, and the sequences 

o -+ Ai+l -+ Pi -+ Ai -+ 0 
o -+ Bj -+ Qj -+ Bj+1 -+ 0 

are exact for i, j = 0, 1, . . . , n - 1. In particular, [An]p = x;n[A]p , [Bnh = 
Cn[Bh and, by the preceding proposition, E(Ai ' Bj+1 ) = 0 if and only if 
E(Ai+l , Bj) = O. It follows by restricting our attention to i + j + 1 = n 

that E(A, Bn) = 0 if and only if E(An ' B) = O. 
Finally, suppose gldimR � On. Then An E x;n[A]p is projective, so 

E(An ' B) = O. Hence E(A, Bn) = 0 by the preceding and, since this holds 
for all A, we conclude that Bn is injective. Thus id B � n and, since this 
holds for all such B, we have inj gl dim R � n. 

Conversely, suppose inj gl dim R � n. This time, Bn E Cn [Bh is 
injective, so E(A, Bn) = O. Hence E(An, B) = 0 by the preceding and, 
since this holds for all B, we conclude that An is projective. Thus pd A � 
n and, since this holds for all such A, we have gl dim R � n. As we 
mentioned earlier, this suffices to prove the result. 0 

EXERCISES __________________ _ 

1 .  Let { Ai l i E  X }  be a collection of R-modules and set A = IIi Ai . 
Prove that id A = sup { id Ai l i E  X }. 

2. Suppose 0 -+ A -+ B -+ G -+ 0 is an exact sequence of R-modules. 
Show that there exist modules D, E and Q with Q injective and 
sequences 
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O -+ B -+ Q -+ D -+ O  
O -+ A -+ Q -+ E -+ O  
O -+ G -+ E -+ D -+ O  

that are exact. This is the injective analog of Lemma 8.6. 
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3. Suppose 0 -+ A -+ B -+ G -+ 0 is exact . If any two of these mod­
ules have finite injective dimension, show that the third does also. 
Furthermore, prove that 

id A ::;  max{ 1 + id B, 1 + id G } 
id B ::; max{ id A, 1 + id G }  
id G ::; max{ id A, id B } 

This is the injective analog of Lemma 8.7. 
4. Verify the basic properties of E(A, B). In particular, show that the 

Baer sum respects the equivalence relation and that addition is asso­
ciative and commutative. Furthermore, show that the split extensions 
form a single class, which corresponds to the zero element of E(A, B). 

5. Let R be a ring. Prove directly, without using Theorem 22.4, that the 
following are equivalent. 

. 

i. All right R-modules are injective. 
ii. All right ideals of R are injective. 
iii. R is a Wedderburn ring. 

6. Let R be any ring. Show directly, without using Theorem 22.4, that 
the following are equivalent. 

i. Submodules of projective R-modules are projective. 
ii. Homomorphic images of injective R-modules are injective. 

For (i)=>(ii), let Q be an injective module and U a submodule. Sup­
pose W � V and 0': W -+ Q /U are given. Map a projective module P 
onto V and let pI be the complete inverse image ofW. By assumption, 
pI is also projective. Now 0' extends to a map 7: pI -+ W -+ Q/U 
and, since pI is projective and Q -+ Q /U is onto, 7 lifts to a map 
7*: pl -+ Q. 

Let AR and BR be R-modules, let 

be a projective resolution of A and let 
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be an injective resolution of B. Of course, the latter is a long exact 
sequence with each Qi injective. If we apply HomR( -,  B) to the 
first sequence and HomR(A, -) to the second and then delete the 
HomR(A, B) term, we obtain the complexes 

o � Hom(Po ,  B) &1 ) Hom(Pb B) &2) Hom(P2,  B) -+ . . .  

o � Hom(A, Qo) (31 ) Hom(A, Ql) (32) Hom(A, Q2) -+ ' " 

where, for convenience, we let ao and (30 denote the appropriate zero 
maps. The abelian groups Ext7i(A, B) are now defined by 

for n = 0 , 1 , 2, . . . . It can be shown that Extn(A, B) depends only on 
A and B and not on the particular injective resolution chosen for B. 
Furthermore, 

7. Prove that ExtO(A, B) � HomR(A, B) and that Extn respects finite 
direct sums. 

8. If pd A = k or id B = k, show that Extn(A, B) = 0 for all n 2 k + 1 .  
9. Suppose 0 -+ G -+ P -+ A -+ 0 is exact with P projective. Prove that 

Extn(G, B) � Extn+1 (A, B) for all n 2 1. Furthermore, show that 

0 -+  Hom(A, B) -+ Hom(P, B) -+ Hom(G, B) -+ Ext 1 (A, B) -+ 0 

is exact. 
10. Suppose 0 -+ B -+ Q -+ D -+ 0 is exact with Q injective. Prove that 

Ext7i(A, D) � Extn+1(A, B) for all n � 1 .  Furthermore, show that 

0 -+  Hom(A, B) -+ Hom(A, Q) -+ Hom(A, D) -+ Ext 1 (A, B) -+ 0 

is exact. 
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We now move on to those properties of injective modules that are more 
uniquely injective. 

DEFIN ITION Let W S; V be R-modules. We say that V is an essential extension 
of W or that W is an essential submodule of V if and only if W has a 
nonzero intersection with every nonzero submodule of V. In other words, 
we write W eSSR V or W ess V if and only if X n W f:. 0 for all nonzero 
submodules X S; V. For example, if 7L denotes the ring of integers and Q 
the field of rationals, then certainly 7L eSS71 Q. 

Suppose U ess W and W ess V. If X is a nonzero submodule of V, 
then W ess V implies that X n W f:. O. But, U ess W, so (X n W) n U f:. O  
and hence X n U f:. O. Thus U ess V and we have proved the transitivity 
of essential extensions. 

In this chapter, we explore the close relationship between this con­
cept and injectivity. To start with, we have: 

LEMMA 23.1 The R-module V is injective if and only if it has no proper essential 
extension. 

PROOF If V is injective then, by Lemma 21.8, V is a direct summand of 
every module that contains it. Thus V has no proper essential extension. 

Conversely, assume that V has no proper essential extension and, 
by Baer's Theorem, choose Q to be an injective module containing V. 
It follows from Zorn's Lemma that there exists a submodule W S; Q 
maximal with respect to the property that V n W = O. Now observe that 

V � V / (V n W) � (V + W) /W S; Q /W 
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and we claim that (V + W)/W ess Q/W. Indeed, if X/W is a nonzero 
submodule of Q /W, then X ::> W, so the maximality of W implies that 
X n V f= O. Furthermore, X n V g; W, since V n W = 0, and thus 
X n (V + W) ::> W as required. But (V + W) /W � V has no proper 
essential extension, so it follows that Q/W = (V + W)/W. In other 
words, V + W = Q and V n W = 0, so V I Q and V is injective by 
Lemma 21.7(i) . 0 

We can now obtain a key result. 

THEOREM 23.2 If V is an R-module, then there exists an injective R-module 
E containing V with V ess E. Furthermore, E is uniquely determined up 
to an isomorphism which is the identity on V. 

PROOF First, let Q be any injective module containing V and consider 
the collection of all submodules E of Q with V � E � Q and V ess E. 
We show that a maximal such E exists. Thus suppose El � E2 � ' "  
is a chain of such submodules and set E' = Ui Ei. Then E' is certainly 
an R-submodule of Q containing V. Furthermore, if X is any nonzero 
submodule of E' , then XnEi f= 0 for some i and therefore (XnEdnV f= O.  
Thus X n V f= 0 and V ess E' . By Zorn's Lemma, we can now choose E 
to be a maximal essential extension of V in Q. 

Next, let L be any essential extension of E, not necessarily in Q.  
Since Q is injective, the embedding lE: E -T Q extends to a map 0':  L -T 

Q. Furthermore, Ker(O') n E = 0 and E ess L, so Ker(O') = O. Thus 
L = O'(L) � L and it follows that E ess L. By transitivity of essential 
extensions, we have V ess L and the maximality of E yields L = E. Thus 
E = L and the previous lemma implies that E is injective. In other words, 
there exists E ;2 V with E injective and V ess E. 

For uniqueness, let E be another injective R-module with V ess E. 
Then the embedding 1 v: V -T E extends to a map 1': E -T E; again, 
since Ker(T) n V = 0 and V ess E, we conclude that Ker(T) = O. Thus 
T(E) � E is an injective submodule of E, so Lemma 21.8 implies that 
E == T(E) + Y. Finally, V � T(E) and V ess E, so Y = 0 and l' is an 
appropriate isomorphism from E to E, which is the identity on V. 0 

DEFIN ITION Given the R-module V, W!3 call the uniquely .determined injective 
module E with V ess E the injective hull of V and write E = E(V) . 

Note that the projective analog of E(V) is the projective cover. 
Specifically, P -T V -T 0 is a projective cover of V if P is projective 
and if no proper submodule of P maps onto V. It is easy to see that 
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the projective cover, if it exists, is unique up to isomorphism. However, 
it may not exist. For example, let V be the Z-module V = Z/2Z. If 
P -l- V -l- 0 is a projective cover, then P3 c P and P3 maps onto V, a 
contradiction. On the other hand, as we have seen, injective hulls always 
exist. 

Let us consider the injective hulls of certain Z-modules. Recall that 
in this context, injective is the same as divisible. First, since Z ess Q and 
since Q is divisible, we have E(Z) = Q. Next, let p be any prime, let Zp 
denote Z localized at the multiplicatively closed set { 1 ,  p, p2 , . . .  } ,  and let 
Cpoo = Zp/Z. Then Cpoo is an additive abelian group with all elements 
having order a power of p. It follows immediately that Cpoo is divisible by 
every integer k prime to p. On the other hand, by construction, Cpoo is 
certainly divisible by p. Thus Cpoo is a divisible abelian group and hence 
is an injective Z-module. Finally, observe that Cpoo coritains the cyclic 
subgroup 

Cpn = { O, l/pn , 2/pn , . . .  , (pn _ 1)/pn } 

of order pn and that Cpn ess Cpoo for any n 2:: 1 .  Therefore, we conclude 
that Cpoo = E(Cpn ) for all n 2:: 1 .  

LEMMA 23 .3  Let R be a ring and let the various U 's, V 's and W 's be R-modules. 
i. If W ess V and U � V, then (U n W) ess U. 
ii. Let Wi ess V for i = 1 , 2 , . . . , n. If W = n� Wi, then W ess V. 
iii. Let Wi ess Vi for i = 1 , 2 , . . .  , n. If W = El3 2:� Wi and V = 

El3 2:� Vi,  then W ess V. 

PROOF (i) Let X be a nonzero submodule of U. Since W ess V, we have 
X n W '# o. But X � U, so X = X n U and hence X n (U n W) '# O. 

(ii) It suffices to consider n = 2 .  Since W2 ess V, the preceding 
implies that (WI n W2) ess WI . Thus, since Wl ess V, transitivity of ess 
yields the result . 

(iii) Again, it suffices to consider the case n = 2. Let X be a nonzero 
submodule of VI El3 % and choose 0 '# x = Vl El3 V2 E X. By symmetry, it 
suffices to assume that VI '# O. Since Wl ess Vb it follows that vlRn WI -::/: 
O. In particular, 0 '# VI r E WI for some r E R. Replacing x by xr E X, we 
see that there exists x = WI El3 V2 E X with 0 '# WI E WI. If V2 = 0, then 
x E X n (WI El3 W2) and we are done. Otherwise, V2 '# 0, so V2R n W2 '# 0 
and there exists S E R with 0 '# V2S E W2. Then 0 ,#  xs E X  n (Wl El3 W2) 
and the lemma is proved. 0 

We remark that (iii) holds for arbitrary direct sums, since ess is a 
"local" property (see Exercise 6). As a consequence we have: 
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LEMMA 23.4 Let U, W be R-submodules of V with W ess V. 
i. E(W) = E(V) . In particular, any essential extension of W is 

contained, up to isomorphism, in E(W). 
ii. If W = WI El3 W2 El3 ' " El3 Wn, then E(V) = E(WI) El3 E(W2) El3 

' "  El3 E(Wn) .  
iii. There exists a submodule X of V with (U + X) ess V. In partic­

ular, E(V) � E(U) El3 E(X), so E(U) I E(V) . 

PROOF (i) This is immediate, since W ess V, V ess E(V) , and E(V) is 
��w. . (li) Since Wi ess E(Wi) ,  it follows from the preceding lemma that 
W = El3 L:i Wi is an essential submodule of E = El3 L:i E(Wi) . Further­
more, since E is a finite direct sum of injective modules, E is injective and 
we conclude that E = E(W). Finally, (i) implies that E = E(W) = E(V). 

(iii) By Zorn's Lemma, we can choose X � V maximal with the 
property that U n X = O. Then certain U + X = U + X. Furthermore, if 
Y is a submodule of V disjoint from U + X, then U + X + Y is a direct 
sum and X + Y is disjoint from U. The maximality of X now implies that 
Y = 0 and hence we conclude that (U + 'X) ess V. Part (ii) now yields 
the result. 0 

For example, suppose R = lL is the ring of integers and let V be 
a finitely generated abelian group. Then V is a direct sum of copies of 
lL and of cyclic groups Cpn = lLjpnlL for various prime powers pn > 1 .  
Thus E(V) is a direct sum of an appropriate number of copies of Q and 
of various Cpoo . 

DEFINITION Let V be an R-module. Then the Bocle of V, written soc(V) , 
is the sum of all the irreducible submodules of V. If there are no such 
submodules, then soc(V) = O. In view of Theorem 3.3, soc(V) is the 
largest completely reducible submodule of V. Since a homomorphic image 
of a completely reducible module is completely reducible, we see that if 
a: V -? W is an R-homomorphism, then a (soc(V)) � soc(W) . 

If V = RR, then SOC(RR) is certainly a right ideal of R. Furthermore, 
if r E R, then left multiplication by r is an endomorphism of the right 
module RR' Thus by the preceding, r '  soc(R) � soc(R) and hence soc(R) 
is a two-sided ideal of R. 

PROPOSITION 23.5 Let V be an R-module. Then soc(V) is the intersection of 
all essential submodules of V. 

PROOF Write S = soc (V) and let T be the intersection of all essential 
submodules of V. 
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If U ess V and Z is a simple submodule of V, then 0 '# U n Z � Z 
implies that Z � U. Thus S = soc(V) � U and, since U is arbitrary, we 
conclude that S � T. 

For the reverse inclusion, it suffices to show that T is completely 
reducible. To this end, let X be a submodule ofT and, by Lemma 23.4(iii) , 
choose Y � V so that (X + Y) ess V. Then, by definition of T, we have 
X � T � X + Y, so the Modular Law implies that T = X + (Y n T) . 
Thus T is completely reducible and therefore it is contained in S. 0 

As an immediate consequence, we have: 

LEMMA 23.6 The R-module V is completely reducible if and only if it has no 
proper essential submodule. Furthermore, R is a Wedderburn ring if and 
only if it has no proper essential right ideal. 

Next we mention two comments of interest. The first is a slight 
modification of Baer's Criterion. 

LEMMA 23.7 Let Q be an R-module. Then Q is injective if and only if given 
any essential right ideal I � R and any homomorphism u: I -+ Q, there 
exists a map u* : R -+ Q that extends u. 

PROOF If Q is injective, then certainly the preceding condition is satis­
fied. For the converse, let u: I -+. Q be given with I any right ideal of R. 
By Lemma 23.4(iii) , there exists a right ideal J of R with (I + J) ess R. 
Obviously, u extends to u': I + J -+ Q by defining u' (J) = O .  Finally, by 
hypothesis, u' extends to u* : R -+ Q and hence Q is injective by Baer's 
Criterion. 0 

LEMMA 23.8 Let R be a commutative integral domain with field of fractions 
F. Then E(RR) = FR' 
PROOF Certainly, R essR F and thus we need only show that FR is in­
jective. To this end, let I be a nonzero ideal of R and let u: I -+ F be an 
R-module homomorphism. Then, for all 0 '# a, b E  I, we have 

u(b)a = u(ba) = u(ab) = u(a)b 

so u(a)/a = u(b)/b in F. In particular, if f E F denotes this common 
ratio, then u(a) = fa for all a E I, including a = O. Thus u extends to 
the map u* : R  -+ F with u* (r) = fro 0 

For any ring R, the regular module RR is free and hence projective. 
On the other hand, it need not be injective. 
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DEFINITION A ring R is said to be self-injective if RR is an injective R-module. 
Thus, for example, the preceding lemma implies that a commutative do­
main is self-injective if and only if it is a field. Furthermore, any Wed­
derburn ring is self-injective. This follows from Lemma 8.3{i) · and Theo­
rem 22.4, since inj gl dimR = gl dimR = 0 implies that all R-modules are 
injective. Artinian rings with nonzero radical can also be self-injective. 
For example, the ring 7l/n71 is self-injective for any integer n 2:: 2. Other 
examples can be constructed from Lemmas 23.10 and 23.11 .  In particular, 
they imply that group algebras K[G] with G finite are self-injective. 

LEMMA 23.9 Let R be a finite dimensional algebra over the field K and let 
.\: R -+ K be a K-linear functional. The following are equivalent. 

i. Ker{.\) contains no nonzero right ideal of R. 
ii. Ker{.\) contains no nonzero left ideal of R. 

iii. There exist "dual bases" { Xl , X2, . . .  , Xn } and { Yl , Y2 , . . .  , Yn } of 
R with .\(XiYj )  = Di,j .  Here Di,j = 1 if i = j and 0 otherwise. 

PROOF Since (iii) is right-left symmetric, it suffices to prove that (i) is 
equivalent to (iii) .  

(i) ::}{iii) Say n = dimK R and let { Yl l Y2 , . . .  , Yn } be any basis for 
R. Define the K-linear transformation A: R -+ Kn by 

If r E Ker{A) , then .\(rR) = 0 and hence, by assumption, r = O. Thus A is 
one-to-one and dimension considerations imply that A is onto. It follows 
that there exists { XI , X2 , ' " , xn } � R with '\(XiYj) = Di,j '  Finally, the 
Xi 'S are K-linearly independent, since 0 = :Ei kiXi implies that 

0 =  .\(0) = .\ (I: kiXiYj) = kj 
i 

and hence kj = 0 for all j. 
(iii) ::}{i) If r = :Ei kiXi E R and .\(r R) = 0, then 

0 =  .\(rYj )  = .\ (I: kiXiYj) = kj 
i 

Thus kj = 0 for all j and r = O. o 

A finite dimensional K-algebra R with a linear functional .\: R -+ K 
that satisfies the above equivalent conditions is called a Frobenius algebra. 
Note that this definition is right-left symmetric. 
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LEMMA 23.10 Any Frobenius algebra is both right and left self-injective. 
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PROOF By symmetry it suffices to show that RR is injective. Let A: R -+ 

K be the linear functional given by the Frobenius definition and let 
( , ) : R x R -+ K be the bilinear form defined by (x , y) = A(XY) . Note 
that 

(xr, y) = A(xry) = (x, ry) 

for all x, y, r E R. Now let { XI , X2 , " " Xn } and { YI , Y2 , . . .  , Yn } be the 
dual bases for R given by the preceding lemma. If r = L:i kiXi E R, then 
clearly (r, Yj ) = kj and thus r = L:i (r, Yi)Xi . 

Now suppose that A is a right ideal of R and that 0': A -+ R is an 
R-module homomorphism. Then the composite map 7: A � R � K is 
a linear functional on A that extends to a K-linear functional 7* :  R -+ K. 
Define 0'* : R -+ R by 

0'* : r 1-+ L: 7* (rYi)Xi 
i 

We claim that 0'* is an R-module homomorphism that extends 0'. To start 
with, 0'* is certainly a K-linear transformation. Next, suppose s E R and 
write SYi = L:j YjCi,j and XjS = L:i di,jxi with Ci,j and di,j in K. Then 

Ci,j = (Xj , SYi) = (XjS, Yi) = di,j 

and hence 

O'* (rs) = L: 7* (rSYi)Xi = L: 7* (rYjCi,j )Xi 
i i,j 

i,j j 

Thus 0'* is indeed an R-module homomorphism. 
Finally, let a E A. Then aYi E A, so 

7* (aYi) = 7(aYi) = A (O'(aYi)) 
= A (O'(a)Yi) = (O'(a) , Yi) 

and hence 

O'* (a) = L:7*(aYi)xi = L:(O'(a) , Yi)xi = O'(a) 
i i 
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Thus 0'* extends 0' and Baer's Criterion implies that RR is injective. 0 

Some examples of Frobenius algebras are as follows. 

LEMMA 23.11 Let K be a field and let R be a finite dimensional K-algebra. If 
i. R = R1 + R2 with each of R1 and R2 a Frobenius algebra, or 
ii. R is a Wedderburn ring, or 
iii. R is a group algebra K[ G] , 

then R is a Frobenius algebra. 

PROOF (i) Let Ai :  14 -? K be the given line'ar functional for 14.  Then 
A: R -? K, defined by A(rl +r2) = A1 (r1 )+A2(r2) with ri E 14, is certainly 
a linear functional on R. Furthermore, since every right ideal I of R is 
of the form I = 11 + 12 , it follows immediately that Ker(A) contains no 
nonzero right ideal of R. 

(ii) In view of (i) , we can assume that R = Mn(D) , where D is a finite 
dimensional K -division algebra. Let JL: D -? K be any nonzero linear 
functional and define A: R -? K to be the composite of JL with the trace 
map tr: Mn(D) -? D. Note that Mn(D) ;2 Mn(K) and that if 0: E Mn(D) 
and f3 E Mn(K) , then tr(o:f3) = tr(f3o:) .  Now suppose I is a right ideal 
of R contained in Ker(A). Since tr(Mn (K)I) = tr(IMn(K» � tr(I) , it 
follows that Mn (K)I � Ker(A) . But Mn(K)I is easily seen to equal either 
o or R = Mn(D) , and thus, since A ,#  0, we conclude that 1 = 0. 

(iii) Let A: K[G] -? K be defined by A: "2:,g kgg H k1 and let I be 
a right ideal of K[G] contained in Ker(A) . If 0: = "2:,9 agg E I, then for 
all x E G we have ax- 1 = "2:,g aggx- 1 E I, so ax = A(O:X-1) = O. Thus 
0: = 0 as required. 0 

In particular, (iii) shows that Frobenius algebras need not be Wed­
derburn rings. 

Finally, we remark that Lemma 23.8 is suggestive. It indicates that, 
for any ring R, the injective hull E(RR) is somehow related to a ring of 
quotients of R. As we will see in the next chapter, this is indeed the case. 

EXERCISES __________________ _ 

1 .  Let 

o -? A -? Qo � Ql � Q2 -? • • •  

O A Q' /31 Q' /32 Q' -? -? o --? 1 --?  2 -? ' "  
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be two injective resolutions for the R-module A. Prove that 

Im(an) El3 Q�-l El3 Qn-2 El3 Q�-3 El3 . , . 
� Im(,8n ) ED Qn-l ED Q�-2 El3 Qn-3 ED . . .  

for each integer n ?: 1. This is clearly an extension of the injective 
version of Schanuel's Lemma. 

2. Let 

O -? A -? P -? B -? O  
O -? C -? Q -? D -? O  

be exact sequences of R-modules. If a: A -? C is a homomorphism, Q 
is injective and HomR(B, D) = 0, show that a lifts to a map a"' : P -?  
C. Similarly, if ,8: B -? D is a homomorphism, P is projective and 
HomR(A, C) = 0, show that ,8 lifts to a map ,8"': B -? Q. 

3. Let Q be an injective right R-module and let rl , r2, . . .  , rn be elements 
of R. If no nonzero element of R annihilates all r i on the right, prove 
that Q = Qrl +Qr2+ "  ·+Qrn '  To this end, first observe that the map 
7: R -? Rn given by r H rlr El3 r2r El3 . . .  El3 rnr is an R-monomorphism. 
Next, let q E Q and define 'f/: R -? Q by 'f/r = qr . 

4. Suppose R is a commutative algebra over the field K and that R = 
K + I, where I -::/: 0, dimK I < 00, and 12 = O. Show that R/ I � 
HomK(R/ I, K) as left R-modules and then use Exercise 21.3 to de­
duce that E(R/ I) � HomK(R, K). Furthermore, observe that 1R is 
isomorphic to a finite direct sum of copies of (R/1)R and find E(R). 

5. Let K be a field and set R = (� � ) . Again use Exercise 21.3 to 

find E(el ,lR), E(e2,2R) , and E(R) . 
6. Let Wi ess Vi for i = 1, 2, . . . . Prove that El3 2:i Wi is essential in 

El3 L:i Vi.  On the other hand, show by example that TIi Wi need not 
be essential in TIi Vi· 

7. If R is a ring with no zero divisors, prove that R is self-injective if and 
only if it is a division ring. 

8. Show that 7ljn71 is self-injective for all integers n ?: 2. 

In the remaining two problems, let K be a field and let R be the 
ring of row finite, count ably infinite matrices over K. The goal is to 
show that R is left but not right self-injective. Let { ei,j } denote the 
usual matrix units in R. 



232 Part I I I .  Injective Modules 

9. Let B be a left ideal of R and let ¢: B -t R be a left R-module 
homomorphism. The restricted map ¢' : el,lB -t el,lR is K-linear 
and hence can be extended to a K-linear map ¢": el,lR -t el,lR. 
Show that ¢" is equal to right multiplication by a row finite matrix 
q> E R. Then prove that ¢ is right multiplication by q> and hence 
observe that ¢ can be extended to all of R. Conclude that R �s left 
self-injective. 

10. Let A = . Ei ei,iR, so that A is the right ideal of R consisting of all 
matrices with only finitely many nonzero rows. For any a E A, let 
e(a) be the matrix in R whose first row is the sum of all rows of a arid 
whose other rows are O. Show first that e: A -t R is a right R-module 
homomorphism. Then show that e is not left multiplication by any 
matrix e E R. Conclude that e cannot be extended to R and hence 
that R is not right self-injective. 



24 . Maxima l  R i ng of Quot ients 

We now show how the injective hull E(RR) gives rise to a ring of  quotients 
for R. 

DEFIN ITION Let R be a ring and set E = E(R) .  To avoid confusion, we assume 
throughout that the copy of RR in E is eoR with eo E E. In other words, 
we have R � eoR via the map r 1-+ eor and eoR is an essential submodule 
of the injective module E. Let H = EndR(E) with H acting on the left. 
Then E is a left H-module and we set Q = EndH (E) acting on the right. 
Note that Q 2 R, since R acts faithfully on RR and hence on E and since 
H commutes with the action of R. Furthermore, E is a right Q-module. 
We call Q = Qmax(R) the maximal ring of quotients of R. 

As we will see, Qmax(R) can be appreciably larger than R. For ex­
ample, the properties of being countable or of being a domain can be lost 
when R is extended to Q = Qmax(R) . Furthermore, with the preceding 
definition, the computation of Q can frequently be quite tedious. How­
ever, under reasonable hypotheses, Q can be described in a fairly concrete 
manner. The latter result is one of the aims of this chapter. We start 
with some easy examples. 

LEMMA 24.1 i. If R is a commutative integral domain with field of fractions 
F, then Qmax(R) = F. 

ii. If R is self-injective, then Qmax(R) = R. 

PROOF (i) It follows from Lemma 23.8 that E = E(R) = F. Further­
more, any map h: F -? F that commutes with multiplication by R cer­
tainly also commutes with multiplication by F. Thus H = Endp(Fp) = F 
and therefore Q = Endp(pF) = F. 

233 
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(ii) Here E = RR, by assumption, so H = EndR(RR) = R, acting 
on the left. Thus Q = EndR(RR) = R, acting on the right. 0 

Our first goal is to show that Qmax(Q) = Q or, equivalently, that 
Qmax is a closure operation. For this, we need: 

LEMMA 24.2 With the preceding notation, we have 
i. E = Heo · 
ii. Q � eoQ as right Q-modules via the map q H eoq. 

iii. If B is any Q-module and (3: B � E is an R-homomorphism; 
then (3 is a Q-homomorphism. 

PROOF (i) Let e be an arbitrary element of E and let 0': eoR � E be 
given by eor H er. Since eoR � E and since E is injective, 0' extends to 
an R-module homomorphism h: E  � E. Thus h E H = EndR(E) and 
e = O'(eo) = heo E Heo. 

(ii) The map 7: Q � eoQ given by q H eoq' is certainly a Q-module 
epimorphism. Furthermore, if eoq = 0, then Eq = (H eo)q = HO = 0, so 
q = O. Thus 7 is an isomorphism. 

(iii) Fix b E  B and let 'ljJb: eoQ � E be given by eoq H (3(bq) -(3(b)q. 
Then 'ljJb is an R-homomorphism and, since eoQ � E and E is injective, 'ljJb 
extends to a map hb: E � E. Note that hb E H and hence hb commutes 
with the action of Q. Since hbeO = 'ljJb(eO) = 0, it follows that 

'ljJb(eoQ) = hb(eoQ) = (hbeO)Q = 0 

Thus (3(bq) = (3(b)q for all b E B and q E Q, so (3 is a Q-homomorphism 
and the lemma is proved. 0 

Note that (iii) generalizes the obvious fact used in the proof of 
Lemma 24.1 (i) that any element of End(F) that commutes with R also 
commutes with F. We can now prove: 

THEOREM 24.3 Let R be a ring and set E = E(RR) and Q = Qmax(R) . Then 
EQ � E(QQ) and Qmax(Q) = Q. 
PROOF We use all of the preceding notation. Note that E is a Q-module 
and that E ;2 eoQ � Q. Furthermore, we have eoR ess E as R-modules. 
In particular, if X is a nonzero Q-submodule of E, then, since X is an 
R-submodule, it follows that X n eoR -::/: 0 and hence X n eoQ -::/: O. Thus 
eoQ ess E as Q-modules. 

Next, we show that EQ is injective. To this end, let A � B be 
Q-modules and let a: A � E be a Q-homomorphism. Then a is an R­
homomorphism and, since ER is an injective R-module, it follows that 
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a extends to an R-homomorphism /3: B -+ E. But, by (iii) of the pre­
vious lemma, /3 must also be a Q-homomorphism and thus EQ is indeed 
injective. We conclude that EQ = E(eoQ) � E(QQ) .  

Finally, since Q 2 R, we have EndQ(EQ) � EndR(ER) = H. On 
the other hand, by definition of Q, it follows that H commutes with the 
action of Q. Thus H == EndQ(EQ) ·and Qmax(Q) = EndH(HE) = Q. D 

Our next goal is to understand Qmax(R) in a totally different way, 
independent of E. 

DEFIN ITION If I is a right ideal of R and x E R, then we define the residual 
x-II by 

X-I I = { r E R I xr E I } 

Thus x-I I is the largest subset of R with x . x-I I � I. Basic properties 
are as follows. 

LEMMA 24.4 Let I and J be right ideals of R and let x, y E R. 
i. x-I I is a right ideal of R. 

ii. y-I (x-II) = (xy)-II. 
iii. x-I (I n J) = (x-I I) n (x-IJ) . 

PROOF (i) Since X · (x-I I)R � IR � I, it follows that (x-I I)R � X-I I. 
(ii) Note that r E y-I (x-I I) if and only if yr E x-I I and hence if 

and only if xyr E I. 
(iii) Clearly r E x-I (I n J) if and only if xr E I and xr E J. D 

DEFINITION If A is a subset of R, we recall that 

l.annR(A) = l.ann(A) = { r E R I rA = O }  

is called the left annihilator of A in R. If D is any right ideal of R, then 
D is said to be dense if and only if l.annR(x-1 D) = 0 for all x E R. We 
list some elementary properties. 

LEMMA 24.5 Let D and D' be dense right ideals of R and let I be a right ideal 
ofR. 

i. If I 2 D, then I is dense. 
ii. If x E R, then x-I D is dense. 
iii. D n D' is dense. 
iv. D is essential in RR' 
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v. If I <I R, then I is dense if and only if l.ann(I) = O .  

PROOF (i) This is clear since x-I I 2 x-I D for all x E R. 
(ii) Thia.follows since y-I (x-I D) == (xy)-I D. 
(iii) Fix x E R and let a E l.ann(x-I (D n D')) . For any y E x-I D' , 

let J == (xy)-I D == y-I (x-I D). Then yJ � X-I D and yJ � x-I D', 
since X-I D' is a right ideal containing y. Thus yJ � (x-I D) n (x-I D') == 
x-I (D n D') and hence ayJ = O. But D is dense, so l.ann(J) = 0 and 
we have ay = O. Since this holds for all 'y E x-ID', it follows that 
a E l.ann(x-I D') == 0 and hence D n D' is dense. 

(iv) Let X be a right ideal of R disjoint from D. If x E X, then 
x(x-I D) S; D n X == O. Thus x E l .ann(x-I D) == 0, so X == 0 and 
D ess R. 

(v) This follows since I <I R implies that I S; X-I I for all x E R. D 

We now consider the relationship between dense right ideals and the 
injective hull E = E(R) . 

LEMMA 24.6 Let D be a right ideal of R. Then D is dense if and only if 
0 ==  l.annE(D) == { e  E E l  eD == O }. 

PROOF Suppose first that D is dense and let 0 '# e E E. Since eoRess E 
and eR '# 0, there exists x E R with ex E eoR \ O. Thus, since eoR SE R 
and l.annR(x-1 D) == 0, it follows that ex ' x-I D '# o. But X · X-I D S; D, 
so eD '# O . .  

Now suppose l.annE(D) == 0, fix x E R and let a E l.annR(x-1D). 
We consider the map 0': D + xR -+ eoR S; E given by d + xr H eoar. 
This map is easily seen to be well defined. Indeed, if d + xr == 0, then 
xr E D, so r E X-I D and ar == O. Now E is injective and D + xR S; R, 
so 0' extends to 0'* : R -+ E. But then 0 == O'(D) == O'* (D) == 0'* (1)D, so 
0'* (1) E l.annE(D) == 0 and therefore 0'* == O. In particular, 0' == 0, so 
0 ==  O'(x) == eoa and a == O. It follows that l.annR(x-1 D) == 0 and hence 
D is dense. D 

LEMMA 24.7 Let q E Q == Qmax(R) and let D' be a dense right ideal of R. 
Then D == { r  E R I qr E D' } is also a dense right ideal of R. 

PROOF It is clear that D is a right ideal of R. In view of the preceding 
lemma, it suffices to show that l.annE(D) == O. To this end, choose 
e E l.annE(D) and define 0': eoD' + eoqR -+ E by eod' + eoqr H er. 
This map is easily seen to be well defined. Indeed, if eod' + eoqr == 0, 
then qr == -d' E D' by Lemma 24.2(ii), so r E D  and er == O. Since 0' 
is clearly an R-homomorphism, eoD' + eoqR S; E and E is injective, it 
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follows that 0' extends to a map h E EndR(E) = H. Now O'(eoD') = 0, so 
(heo)D' = h(eoD') = 0 and hence heo = 0 by the previous lemma. Thus 
e = h(eoq) = (heo)q = 0 and we conclude that l.annE(D) = O. D 

With these results in hand, we can now obtain the following abstract 
characterization of Qma:x;(R). For convenience, let V = V(R) denote the 
collection of dense right ideals of R. 

THEOREM 24.8 The maximal ring of quotients Q = Qmax(R) of the ring R 
satisfies 

i. Q � R with the same 1.  
ii. If q E Q, then there exists D E V(R) with qD � R. 
iii. If q E Q and D E V, then qD = 0 implies q = O. 
iv. If D E V and 0': D -+ R is a right R-module homomorphism, 

then there exists q E Q with O'd = qd for all d E D. 
Furthermore, if Q' is any ring satisfying these four conditions, then Q' is 
isomorphic to Q via an isomorphism that is the identity on R. 

PROOF We first verify that Q has the preceding properties. (i) is, of 
course, obvious and (ii) follows from the preceding lemma, since R is 
dense by Lemma 24.5(v) . For (iii) ,  observe that qD = 0 implies EqD = 0 
and hence Eq = 0 by Lemma 24.6. But Q acts faithfully on E, so we 
conclude that q = O. 

To prove (iv), let 0': D -+ R be given and define 0" :  D -+ E by 
0" :  d H eoO'(d) . Then 0" is also an R-homomorphism and, since E is 
injective, 0" extends to an R-homomorphism 0'* : R -+ E. Notice that if 
h E H and d E D, then 

hO'* (l)d = hO'* (d) = hO" (d) = heoO'(d) · 

In particular, if heo = 0, then hO'* (l)D = 0 and hence hO'* (l) = 0 
by Lemma 24.6. Now recall, by Lemma 24.2(i), that E = Heo and 
observe that the preceding remark implies that the map q: E -+ E given 
by (heo)q = hO'* (l) is well defined. Thus q is an H-endomorphism of E, 
so q E Q and, for all d E D, we have 

heoqd = hO'* (l)d = heoO'(d) 

Thus E(qd - O'(d)) = 0 and we conclude that qd = O'(d), as required. 
For uniqueness, suppose Q' � R also satisfies (i)-(iv). Let q E Q 

and, by (ii), choose D E V(R) with qD � R. Then the map O'q: D -+ R 
given by d H qd is an R-homomorphismj hence, by (iv) applied to Q', 
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there exists q' E Q' with q'd = uqd = qd for all d E D. Indeed, by (iii) 
applied to Q', we see that q' E Q' is uniquely determined by the equatJon 

q'd = qd for all d E D  

Furthermore, if we had chosen a second dense right ideal DI with qDI S; R 
and if qi E Q' was the corresponding element obtained, then qi d = qd = 

q'd for all d E D n DI . But D n DI is also dense, by Lemma 24.5(iii) , 
so qi = q' by assumption (iii) . In other words, q' is uniquely determined 
by q and equation (*), independent of the choice of D, and therefore we 
have a well-defined map 9: Q -+ Qf given by q I--!o q' . It is clear that 9 
restricted to R is the identity map. 

N ow suppose qI , q2 E Q with · qID1 S; R for some dense right ideal 
DI . By Lemma 24.7, there exists D2 E VCR) with q2D2 S; DI S; R. If 
9(qi) = qL then we have 

and 

for all d E D2 

Thus qi +q� = 9(ql +q2) and qiq� = 9(qIq2) ,  so 9 is a ring homomorphism. 
Finally, by reversing the roles of Q and Q', we obtain an analogous map 
9' : Q' -+ Q. In view of the symmetry of equation (*) , it is clear that 9' is 
the inverse of 9 and therefore that 9 is an isomorphism. 0 

It is now a simple matter to prove: 

THEOREM 24.9 (Utumi's Theorem) Let D be a dense right ideal of the ring R. 
i. Endn(D) is isomorphic to a subring of Qmax(R) .  
ii. If D is a minimal member ofV(R), then D is the unique minimum 

dense right ideal of R, D <I R, and Qmax(R) 9:! Endn(D) . Here R embeds 
in Endn(D) as left multiplication. 

PROOF (i) If U E Endn(D) , then conditions (iii) and (iv) of the preced­
ing theorem imply that there exists a unique qu E Q with ud = qud for 
all d E D. The map Endn(D) -+ Q given by u I--!o qu is easily seen to be 
a ring monomorphism. 

(ii) Suppose D' is a dense right ideal of R Then D' n D is dense 
and D' n D S; D, so the minimality of D yields D' 2 D. Thus D is the 
unique minimum element of VCR) . Next, for any x E R, we have x-1D 
dense. Thus X-I D 2 D, so xD S; X ·  X-I D S; D and D <I R. 
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By (i) , the map 0: EndR(D) -+ Q is a ring embedding and we need 
only show that 0 is onto. To this end, let q E Q and observe that, by 
Lemma 24.7, { r  E R I qr E D } is dense. Hence this right ideal must 
contain D and we conclude that qD � D. Now the map 0': D -+ D given 
by O'd = qd is certainly an R-endomorphism and, by definition of 0, we 
have 0(0') = q. Thus 0 is onto and hence it is an isomorphism. Since 
the endomorphism of D associated with q is left multiplication by q, the 
result follows. 0 

If 'R is right Artinian, then VCR) necessarily contains a minimal 
member and the preceding applies. Moreover, we have: 

COROLLARY 24.10 Let R be a ring with l.annR (soc(R)) = O .  Then Qrnax:(R) � 
EndR (soc(R)) . 

PROOF Since soc(R) <I R with left annihilator zero, Lemma 24.5(v) im­
plies that soc(R) is dense. On the other hand, if D' is any dense right 
ideal of R, then D' ess R, by Lemma 24.5(iv), and hence D' � soc(R), by 
Proposition 23.5. Thus soc(R) is the minimum dense right ideal of R and 
the preceding theorem yields the result. 0 

We close this chapter with an example and a comment. Let K be a 
field, let X be a set of variables, and let R = K (X) be the free K -algebra 
generated by the variables in X. If D is the augmentation ideal of R, 
namely the two-sided ideal of R generated by X, then D is easily seen to 
be a free right R-module with basis X. Note that R is a domain and D<lR, 
so D is dense. Thus, by Theorem 24.9(i), EndR(D) embeds as a subriJig 
of Q = Qrnax(R) . If IXI = n < 00, then EndR(D) � Mn(R), so Mn (R) 
embeds in Q and Q is not a domain even though R is. Furthermore, 
suppose K is countable and that X is count ably infinite. Then R is a 
countable ring, but EndR(D) is uncountable and hence so is Q. Thus the 
properties of being a domain or of being countable are not inherited by 
Q. On the other hand, we have: 

LEMMA 24.11 The center of QrnaxCR) is the set of elements of this ring that 
commute with R. In particular, if R is commutative, theI). so is Qrnax(R). 

PROOF If q is in the center of Q = Qrnax(R), then it certainly commutes 
with R. Conversely, suppose q commutes with R and let q' E Q. Choose 
a dense right ideal D' of R with q' D' � R and let d' E D'. Then q 
commutes with both d' and q'd' , so q(q'd') = (q'd()q = q'(qd') .  Thus 
(qq' - q'q)D' = 0 and hence qq' - q'q = 0 by Theorem 24.8(iii) . 
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Finally, if R is commutative, then the preceding implies that R is 
central in Q. But then every element of Q commutes with R, so Q is 
central in Q and hence it is commutative. D 

EXERCISES __ � __________________________________ __ 

1 .  Let R be a F'robenius algebra with linear functional >.: R -+ K. If A 
is a right ideal of R, prove that l.annR(A) = { r  E R 1 >'(r A) = o } . 
Similarly, if B is a left ideal of R, show that r.annR(B) = { r  E R .I 
>.(Br) = o }. Conclude that 

dim A + dim LannR(A) = dim R = dim B + dimr.annR(B) 

and that r.annR (LannR(A))= A. 
2 .  Suppose R is an almost commutative K-algebra whose generators are 

Xb X2 , " " Xm. Assume that Xfi+1 E K + 2:�=1 KXj and that every 
element r E R is uniquely a polynomial in the Xi 'S of the form r = 
2:a kaxa, where the exponents are bounded above in the product 
ordering by n = (nb n2 , " " nm) .  Use the coefficient of xn to deduce 
that R is a F'robenius algebra. 

3. Show that soc(R) S; l.annR (Rad(R)) with equality when R is right 
Artinian. 

4. If R = K(x, y) , prove that Mn(R) embeds in Q = Qmax(R) for all 
n 2: 1 and that Q is uncountable. 

5. Suppose K is a field and R is the ring of n x n upper triangular 
matrices over K. Find the socle of R and also the left sode, that is 
the sum of all minimal left ideals. Compute Qmax(R) . 

6. Let R be a local ring with Jacobson radical J and assume that J is 
nilpotent. Show that R is the unique minimal dense right ideal of R 
and conclude that Qmax(R) = R. Suppose, in addition, that R has 
nonzero right ideals A and B with A n B = O. Show that R is not 
self-injective and find a commutative example of such a ring. 

In the remaining exercises we assume that R is a prime ring. In 
view of Lemma 24.5(v) , this implies that all nonzero two-sided ideals 
of R are dense. Let 

Qr(R) = { q E Qmax(R) 1 qB S; R for some 0 :/= B <I R } 

Then Qr(R) is a subring of Qmax(R) called the (right) Martindale 
ring of quotients of R. Furthermore, if 
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Qs(R) = { q E Qmax(R) I Aq, qB � R for some 0 :/= A, B <I R}  

then Qs(R) is subring of Qmax(R) called the symmetric Martindale 
ring of quotients of R. 

7. Verify that Qr(R) and Qs(R) are subrings of Qmax(R) . Obtain an ab­
stract characterization of Qr(R) analogous to that given for Qmax(R) 
in Theorem 24.8. 

8. If R is a domain, prove that Qs (R) is also a domain. What about 
Qr(R)? If R is a simple ring, show that Qr(R) = Qs(R) = R. 

9. Prove that the centers of Qmax(R) , Qr(R) ,  and Qs(R) are all equal. 
This common center is called the extended centroid of R. Show that, 
in this context, the extended centroid F is a field. 

10. Let a, b, c, d be nonzero elements of R and suppose that arb = crd 
for all r E R. Prove that there exists a nonzero element f in the 
extended centroid of R with c = af and d = f-Ib. This result is due 
to Martindale. To start with, let A = RaR and G = RcR and define 
the maps 0': A --+ G and r: G --+ A by 

0': L:: XiaYi � L:: XiCYi 
i i 

r: L:: XiCYi � L:: XiaYi 
i i 

To see that these are well defined, assume that Ei XiaYi = 0 and 
consider the expression 0 = (Ei xiaYi)rb for all r E R. If 0' and 
r determine the elements f, g E Qr(R) as in Exercise 7, prove that 
g-l = f E F and that f has the appropriate properties. 
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We now move on to the more natural and familiar classical ring of quo­
tients. Let R be a ring and let T be a multiplicatively closed subset of 
R. By definition, this means that 1 E T and if a, b E T, then ab E T. In 
order to form an appropriate ring of fractions RT-1 with the elements of 
T in the denominator, it is clear that T must consist of regular elements, 
that is elements that are not zero divisors in R. Specifically, r E R is said 
to be regular if and only if r.annR(r) = l.annR(r) = O. 

DEFIN ITION Let R be a ring and let T be a multiplicatively closed subset of 
regular elements of R. We say that RT-l is a right ring of quotients of 
R provided 

1 .  RT-l is a ring containing R with the same 1. 
2 .  Every element of T is invertible in RT-l . 
3. Every element of RT-l is of the form rt-l with r E R and t E T. 
Unlike the commutative situation, w.e cannot always form RT-l . 

Indeed, there is at least one obvious additional requirement. Thus suppose 
RT-l exists and let r E R and t E T be arbitrary. Then r, t-l E RT-l , 
so rlr E RT-l and (3) implies that there exist rl E R and tl E T with 
t-lr = rlt!l . Multiplying by t and tl on the appropriate sides then yields 
rtl = trl , an equation in the ring R. 

DEFINITION Let T be a multiplicatively closed set of regular elements of R. 
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We say that T is a right denominator set if for all r E R and t E T there 
exist rl E R and tl E T with rtl = trl . 

In view of the preceding remarks, we have: 
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LEMMA 25.1 Let T be a multiplicatively closed set of regular elements of R. If 
RT-I exists, then T is a right denominator set. 

As we will shortly see, the converse to the above result is also true� 
To prove this, we first need: 

LEMMA 25.2 Let T be a right denominator set in R and suppose that S is a 
ring containing R with the property that each t E T is invertible in S. If 
RT-I � S is defined by 

RT-I = { reI I r E  R, t E T } 

then 
i. T-IR � RT-I . 

ii. RT-I is a subring of S containing R. 
iii. The arithmetic in RT-I is solely determined by R and T, inde­

pendent of the arithmetic in S. 
iv. Any finite number of elements of RT-I can be written with a 

common denominator. Specifically, if rltll , r2til , . . .  , rnt;;l E RT-I , 
then there exist Si E riR and t E T with rif;l = Sit-l for all i = 
1 , 2, . . .  , no 
PROOF We proceed in a series of steps. Since we are concerned with (iii) 
as well as (ii) , it is important to observe that the conclusions of each of 
these steps can be achieved solely from a knowledge of R and T. In other 
words, these conclusions are independent of the arithmetic in the ring S. 

STEP 1 T-I R � RT-I . 

PROOF Let t E T and r E R. By the right denominator condition in 
R, there exist rl E R and tl E T with trl = rtl . Now multiply by t-1 
and tIl on the appropriate sides to obtain t-Ir = ritii E RT-I . Notice 
that ri and ti are determined in R by r and t. They are, of course, not 
uniquely determined. 0 

STEP 2 Common denominators exist. 

PROOF Let rltl\ r2ti\ . . .  , rnt;;l E RT-I . We show by induction on 
n that there exi!;!t Si E riR and t E T with rit';:l = Siri . Furthermore, 
we show that such Si and t are computable in R. Now, by induction, 
there exist Si E riR and l E T with rit;:1 = sd-l for i = 1 , 2, . . . , n  - 1 .  
In addition, Step 1 implies that by working in R we can find S E R and 
t E T with t;;ll = st-I . Thus, when i ::;  n - 1, we have 

rit;:l = sd-l = Sitt-Il-I = (Sit) (tt)-l 
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and, since t:;;l = 8t-1i-1 ,  we also have 

In particular, since sit E TiR for i ::; n - 1 and since Tn8 E TnR, this step 
is proved. 0 

STEP 3 Rr-1 is closed under addition and multiplication. Furthermore, these 
operations, along with equality, are all determined in R. 
PROOF Let Tlt11 ,  T2til E RT-l . By the preceding step, We can write 
Tlt!l = 8lt-l and T2t; = 82t-l just working in R. Thus Tltll +T2t;1 = 
(81 + 82)rl , so RT-l is closed under addition and addition is determined 
in R. Moreover Tlt!l = T2t;1 if and only if 8lt-l = 82rl and hence if 
and only if 81 = 82 . Finally, Step 1 implies that by working in R we can 
find 83 E R and t3 E T with t!lT2 = 83t;1 . Thus 

Tlt!l . T2t;1 = T183t;lt;1 = (T183) (t2t3)-1 E RT-l 

and the lemma is proved. o 

We can now obtain: 

THEOREM 25.3 (Ore's Theorem) If T is a right denominator set in the ring 
R, then the right ring of quotients RT-l exists and is unique up to an 
isomorphism, which is the identity on R. 
PROOF In view of the preceding lemma, it suffices to find an extension 
ring S ;;2 R in which all elements of T are invertible. For this we will use 
S = Qma.x(R). Thus, let E = E(RR), let H = EndR(ER), and recall that 
Qma.x(R) = EndH (HE) . Let t E T. 

If T E R, then there exist Tl E R and tl E T with Ttl = tTl E tR. 
Thus tl is contained in the residual T-l (tR) and hence, since tl is regular, 
we conclude that l.annR (T-l (tR)) = 0 for all T E R. It follows that 
tR is a dense right ideal of R and we conclude from Lemma 24.6 that 
l.annE(tR) = O. In particular, l.annE(t) = O. 

Next, let e E E be arbitrary. Since r.annR(t) = 0, the map 0": tR -+ 
E given by tT 1-+ eT is a well -defined R-homomorphism. Since E is 
injective, 0" extends to 0"* : R -+ E and thus 

e = O"(t) = O"* (t) = O"* (l)t E Et 

In other words, we have shown that E = Et. 
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Finally, since E = Et and l.annE (t) = 0, the map q: E -t E given 
by et H e is a well-defined left H-module endomorphism of E. Thus 
q E Qmax(R) = S. But clearly, etq = e for all e E E and fqt = f for all 
f E Et = E. It therefore follows that tq = qt = 1 ,  so rl = q E S and 
the preceding lemma yields the result. D 

This is, of course, not the original proof of Ore's Theorem. That 
proof began by .considering the collection of all formal fractions rrl with 
r E R, t E T and by defining the equivalence of fractions as in the equal­
ity part of Lemma 25.2. After showing that this is indeed an equivalence 
relation, addition and multiplication were then defined via the formulas 
given in Lemma 25.2. At this point, it was necessary to show that these 
operations respect the equivalence relation and therefore define an addi­
tion and multiplication on the set of equivalence classes. Finally, all the 
ring axioms were verified. This was clearly a formidable and uninspiring 
task, some aspects of which are included in the exercises. 

We remark that there is an obvious left analog to all the previous 
definitions and results. In particular, we can speak of left denominator 
sets and of the left ring of quotients T-1 R. The following result is an 
immediate cOIl$equence of Lemma 25.2 and Theorem 25.3. 

LEMMA 25.4 1fT is a right and left denominator set in R, then RT-1 = T-1 R. 

If T is the set of all regular elements of R, then T is certainly a 
mUltiplicatively closed subset of R. In this case, the right denominator 
condition is usually called the Ore condition. Indeed, if T satisfies the 
Ore condition, then R is said to be an Ore ring and we call RT-1 the 
classical right ring of quotients of R. Thus QcI(R) is certainly a natural 
ring extension of R. If, in addition, R is a domain, then R is called an 
Ore domain. 

COROLLARY 25.5 Let R be a ring. 
i. R is an Ore ring if and only if QcI (R) exists. 
ii. R is an Ore domain if and only if QcI(R) is a division ring. 

iii. If Qcl (R) exists, .then it is unique up to an isomorphism, which 
is the identity on R. 

PROOF (i) and (iii) are immediate consequences of Ore's Theorem. For 
(ii) , if QcI (R) is a division ring, then R is certainly a domain and hence an 
Ore domain. Conversely, if R is an Ore domain, then QcI(.R) exists and 
every nonzero element of R is invertible in this ring. Thus, since every 
element of Qcl(R) is a quotient of elements of R, it is clear that Qcl(R) 
is a division ring. D 
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If R = K(x, y) is the free algebra over the field K in the variables 
x and y, then R is obviously a domain. On the other hand, the equation 
xs = yt has no nonzero solutions s ,  t E R. Thus R is not an Ore domain 
and Qcl(R) does not exist . As we will see in Exercise 4, R can in fact be 
embedded in a division ring D, but of course D :f: Qcl(R) . 

Note that if all regular elements of a ring R are invertible, then the 
uniqueness of Qcl(R) implies that R = Qcl (R). 

LEMMA 25.6 Let R be a right Artinian ring. 
i. Ift E R with r.annR(t) = 0, then t is invertible in R. 

ii. 1f t E R with l.annR(t) = 0, then t is invertible in R. 
iii. Qcl(R) = R. 

PROOF (i) Since r.annR(t) = 0, the map R � tR given by r � tr 
is an R-module isomorphism. In particular, R and tR have the same 
composition length and thus R/tR has length O. In other words, tR = R 
and there exists s E R with ts = 1 .  But this implies that r.annR(s) = 0, 
so we conclude similarly that there exists u E R with su = 1 .  It follows 
that s is invertible with inverse t = u. 

(ii) This proof is more complicated. By the Hopkins-Levitzki The­
orem, RR has finite composition length and we proceed by induction on 
this parameter. To start with, if RR has length 1 ,  then R is a diviSion 
ring and t is obviously invertible. Now, for the general case, observe that 
if I is a nonzero two-sided ideal of R, then the length of R/ I is less than 
that of R. Thus, by induction, we may assume that the result holds in 
all proper homomorphic images of R. 

Let N = Nil(R) . If N = 0, then R is a Wedderburn ring and hence 
also a left Artinian ring by the Artin-Wedderburn Theorem. Thus the 
left analog of (i) implies that t is invertible. We may therefore suppose 
that N :f: OJ hence, since N is nilpotent, we see that A = r.annR(N) :f: O. 
Furthermore, since NR = N, we have 0 = NA = N(RA) and it follows 
that A is a nonzero two-sided ideal of R. 

Let f = t + A denote the image of t in R/ A. If s E R with sf = 0, 
then st E A = r.annR(N) and thus Nst = O. But l.annR(t) = 0, so 
Ns = 0 and hence s E A. In other words, s == 0 and l.annR/A(f) = O. 
By induction, t is invertible, so there exists r E R with ft = 1 .  Thus 
1 - rt E r.annR(N) , so N(l - rt) = 0 and it follows that N = Nt. 

Finally, let ': R � R/ N denote the natural map and let t' = t + N 
denote the image of t in this proper homomorphic image of R. If x't' = 0, 
then xt E N = Nt, so xt = nt for some n E N. Since l.annR(t) = 0,  this 
yields x = n, so x' = 0 and l.annR/N(t') = O. Again, induction implies 
that t' is invertible and hence there exists y E R with y't' = 1 .  Thus 
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1 - yt E N = Nt and in particular 1 - yt = mt for some m E N. We 
conclude that 1 = (y + m)t, so r.annR(t) = 0 and part (i) now yields the 
result . 

(iii) This follows from (i) and the observation immediately preceding 
this lemma. 0 

LEMMA 25.7 Let R be a ring. 
i. If Tl � Tz are right denominator sets in R, then Tz is a right 

denominator set in RT:;l and (RT:;l)T;l = RT;l . 
ii. If R is an Ore ring and Q = Qcl (R), then Qcl (Q) = Q. In other 

words, when it exists, the classical ring of quotients is a closure operation. 

PROOF (i) Notice that RT:;l � RT;1 , so it follows that Tz is a multi­
plicatively closed set of regular elements in RT:;l . Since every element of 
RTz-1 is of the form rt-1 with t E T2 and r E R � RT1-I, it follows that 
RT;l = (RT:;l)T;l . In particular, Tz must be a right denominator set 
in RT:;l . 

(li) Let T be the set of regular elements of R, so that Q = Qc1(R) = 
RT-1 . If rt-:J. is a regular element of Q, then certainly l.annR(r) = O. 
Furthermore, if 0 :f. s E R, then ts :f. 0 ,  so 0 :f: rt-1 · ts = rs and it follows 
that r.annR(r) = O. Thus r E T  and rt-1 is an invertible elemen.t of Q. 
As we observed earlier, this implies that Qcl(Q) = Q. 0 

If R is a commutative domain, then Qcl(R) exists and is a field. 
Thus a natural noncommutative question is to classify those R for which 
Qcl (R) exists and is a divison ring or, more generally, a Wedderburn ring. 
Indeed, this is the goal of the remainder of this chapter and of the next. 
As we will see, the answer concerns certain weak forms of the Noetherian 
condition. Thus it is reasonable to start by considering the relationship 
between the right ideals of R and of RT-1 . Note that once we know that 
RT-1 exists, then Lemma 25.2(iv) with S = RT-1 implies that common 
denominators exist in this ring of fractions. 

LEMMA 25.8 Let T be a right denominator set in R. 
i. If I is a right ideal of R, then IT-l = { rt-1 I r E  I, t E T }  is a 

right ideal of RT-1 • 
ii. If I is an essential right ideal of R, then IT-1 is an essential right 

ideal of RT-1 • 
iii. If h + I2 + . . .  + In is a direct sum of right ideals of R, then 

hT-1 + IzT-1 + . . .  + InT-1 � RT-1 

is also a direct sum. 
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PROOF (i) Let rlt11 , r2t;1 E IT-I . Then Lemma 25.2(iv) implies 
that there exist Si E riR � I and t E T with ritil = Sirl . Thus 
rlt11 + r2t;1 = (Sl + S2)t-1 E IT-I and IT-I is closed under addition. 
Furthermore, since T-l R � RT-l, we have 

IT-I . RT-I � IR . T-IT-I = IT-I 

and IT-l is a right ideal of RT-I. 
(ii) Now suppose that X is a right ideal of RT-I disjoint from IT�l . 

Since IT-l nR ;2 I, it follows that X nR is a right ideal of R disjoint from 
I. But I ess R, so X n R = O. Finally, if rrl E X, then r = (rrl)t E 
X n R = 0 so rrl = 0 and X = O. . , 

(iii) Let ritil E IiT-I for 1 :5 i :5 n and suppose that 2:� ntil = O .  
By Lemma 25.2 there exist Si E riR � Ii and t E T with ritil = Sirl 
for all i. Thus 0 = (E� Si)rl , so 0 = E� Si· But Si E Ii and · Ei Ii is 
direct, so we conclude that each Si = 0 and hence that each ntil = o. 
With this, it follows that the sum E� IiT-I is direct. 0 

In the other direction, we have: 

LEMMA 25.9 Let T be a right denominator set in R. 
i. If X is a right ideal of RT-I , then X n R is a right ideal of R 

and X = (X n R)T-I = (X n R) (RT-I) .  
ii. If X is an essential right ideal of RT-1 , then X n R is an essential 

right ideal of R. 
iii. If Xl + X2 + . . .  + Xn is a direct sum of right ideals of RT-l , 

then 

(Xl n R) + (X2 n R) + . . .  + (Xn n R) � R 

is also a direct sum. 

PROOF (i) Certainly X ;2 (X n R)T-I . Conversely, if rt-l E X, then 
r = (rt-l )t E X n R and rt-1 E (X n R)T-l . 

(ii) Let I be a right ideal of R disjoint from XnR. Since (XnR)+I is 
a direct sum, it follows from the preceding lemma that (XnR)T-l +IT-I 
is also direct. But (X n R)T-I = X and X ess RT-l , so we must have 
IT-l = 0 and hence I = O. 

(iii) This is obvious. 0 

We need the following observation. 
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LEMMA 25.10 i. Let W � V be R-modules with W ess V. If v E V, then 
{ r E R I vr E W }  is an essential right ideal of R. 

ii. Let I be an essential right ideal of R. If x E R, then (x-I I) ess R. 

PROOF (i) It is clear that J = { r  E R I vr E W }  is a right ideal of 
R. Let X be a nonzero right ideal of R. If vX = 0, then vX � W, so 
X � J and X n J "1= o. On the other hand, if vX "1= 0, then vX is a 
nonzero submodule of V. Thus, since W ess V, we have vX n W "1= 0; 
clearly X n J :f: 0, by the definition of J. Thus X n J :f: 0 in all cases and 
J ess R. 

(ii) Note that x-I I = { r E R I xr E I }. Thus (ii) follows from (i) 
with V = R and W = I. D 

We close this chapter with a key result. It offers the sufficient con­
dition we will use in the next chapter for the existence of a Wedderburn 
ring of quotients. 

LEMMA 25.11 Let T be a multiplicatively closed set of regular elements of R. 
Suppose that 

i. t E T implies (tR) ess R, and 
ii. l ess R implies I n T :f: 0 .  

Then T is a right denominator set in R and RT-I is a Wedderburn ring. 

PROOF We first show that T is a right denominator set. To this end, 
let r E R and t E T. Then (tR) ess R by (i) and hence r-1 (tR) ess R by 
Lemma 25. 10. It now follows from assumption (ii) that r-l (tR) n T "1= 0 
and, say, tl E r-l (tR) n T. Thus rtl E tR, so rtl = tri as required. 

We now know that RT-l exists and let X be any essential right 
ideal of this ring of quotients . Then (X n R) ess R by Lemma 25.9(ii) , so 
assumption (ii) implies that X n T is nonempty. But every element of T 
is invertible in RT-l , so we conclude that X = R. In other words, RT-l 
has no proper essential right ideal; therefore, Lemma 23.6 implies that 
RT-I is a Wedderburn ring. D 

EXERCISES ______________________________________ __ 

1 .  Let R be a prime ring. Show that the symmetric Martindale ring of 
quotients Q = Qs (R) can be uniquely characterized by the following 
four properties. 

i. Q ;2 R with the same 1 .  
ii. If q E Q, then there exist 0 :f. A,  B <I R with Aq, qB � R. 
iii. If 0 :f: q E Q and 0 "1= I <J R, then Iq "1= 0 and qI :f: O. 
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iv. Let 0 :f: A, B <J R and let f: RA -+ RR and g: BR -+ RR be 
R-module homomorphisms. If (af)b = a(gb) for all a E A, b E B, 
then there exists q E Q with af = aq and gb = qb for all a E A and 
b E  B. 

2. Let T be a right denominator set in R. Characterize those right ideals 
X of R with (XT-I) n R = X. If R is right Noetherian, prove that 
the same is true of RT-I . 

3. Suppose R is a domain. Show that R is an Ore domain if and only 
if every two nonzero right ideals of R have a nonzero intersection. If 
R is right Noetherian, prove that Qcl (R) exists. For the latter, let 
o :f: r, t E R and observe that the right ideal 2:%"=0 tkr R must be 
finitely generated. 

4. Let K be a field and let F be the rational function field over K 
generated by the count ably many algebraically independent elements 
Xi for i = 0, ±1, ±2, . . . . Then there exists a K-automorphism (j of 
F determined by the shift map Xi 1-+ Xi+1 and we let R be the skew 
polynomial ring R = F[y; 0'].  Observe that R is a Noetherian domain 
and, hence, by the preceding problem Qcl(R) = D exists and is a 
division ring. On the other hand, prove that the K-subalgebra of R 
generated by X = Xo and y is the free algebra on these two generators. 
Thus conclude that the free algebra K (x, y) embeds in a division ring. 

5. If R = (� �t:� ) ,  prove that R has a classical right ring of quo­

tients but not a left one. 

The remaining exercises outline a direct proof of Corollary 25.5(i) . 
Thus suppose that R is an Ore ring and let T denote the set of its 
regular elements. The goal is to show that Qcl(R) = RT-I exists. 

6. If c, d E T and r E R with cr = d, prove that r E T. In particular, 
deduce that if a, b E T  then there exist x, y E T  with ax = by. 

7. Consider the collection of formal fractions with denominators in T and 
define ra-I ,..., sb-I if and only if there exist x, y E T  with ax = by 
and rx = sy. Prove that ,..., is an equivalence relation and then let 
[ra-I] denote the class of ra-l . 

8. Define [ra-I] + [sb-I] = [(rx + sy) (ax)-I] ,  where x, y E T  are any 
elements with ax = by. Prove that this sum is well defined. To this 
end, first show that the sum is independent of the choice of auxiliary 
elements x and y. Then show that the sum is independent of the 
representative of the class [ra-I] .  

9. If RT-I denotes the set of all such equivalence classes, prove that 
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RT-l is an abelian group under the addition given previously. 
10. Now define [ra-1] [sb-1] = [(rv) (bx)-l] ,  where x E T and v E R are 

any elements with av = sx. Verify that multiplication is well defined 
and that in this way RT-l becomes a ring. Finally, show that the 
map r H [r1-1] identifies R as a subring of RT-l and that,  with this 
identification, we have RT-1 = QCl(R) . 
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The goal now is to determine those rings having a Wedderburn classical 
ring of quotients. As we mentioned earlier, this classification involves 
conditions that are somewhat weaker than being Noetherian. In addition, 
the existence, or rather the nonexistence, of nonzero nilpotent ideals also 
corp.es into play. 

Recall that R is a prime ring if for all nonzero ideals A, B <l R we 
have AB :f: O. Furthermore, we say that P <l R is a prime ideal of R if 
R/ P is a prime ring. Thus P is a prime ideal if and only if for all A, B <lR, 
the inclusion AB � P implies A � P or B � P. Alternately, P is prime 
if and only if A, B :) P implies AB � P. It is clear, by induction, that 
if P is prime and if A1A2 · · · An � P, then at lea!3t one of the ideals Ai 
must be contained in P. Recall that R is said to be a semiprime ring if 
R has no nonzero nilpotent two-sided ideal. 

LEMMA 26.1 Let R be a ring. The following are equivalent. 
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i. R is a semiprime ring. 
ii. The intersection of all prime ideals of R is equal to O. 
iii. If A <l R with A2 

= 0, then A = O. 
iv. R has no nonzero nilpotent right or left ideal. 

PROOF (i)=>-(iv) If I is a right ideal of R with In = 0, then A = RI is 
a two-sided ideal of R containing I. Furthermore, I R = I implies that 

An 
= (RI) (RI) · . · (RI) = Rr = 0 

and thus, since R is semiprime, we conclude that A = 0 and I = O. 
(iv)=>-(iii) This is obvious. 
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(iii)=>-(ii) Let 0 :f: T E R be arbitrary and construct a sequence 
S = { TO ,  Tl , T2 , " ' }  of nonzero elements of R inductively as follows. First , 
we let TO = T. Next, if Tn :f: 0 is given, then 0 :f: RTnR <l R and hence, 
by assumption, (RTnR? ¥= O. Thus TnRTn :f: 0 and we can choose 0 :f: 
Tn+l E TnRTn . Now 0 ¢. s, so the zero ideal is disjoint from S and Zorn's 
Lemma implies that there exists P <l R maximal with the property that 
p n S  = 0 . We claim that P is prime. Indeed, suppose A and B are ideals 
of R properly containing P. By the maximality of P,  we have Tn E A 
for some subscript n and hence for all larger subscripts by the manner 
in which S is constructed. Similarly, Tm E B. Thus if t = max{ n, m }, 
then Tt is in both A and B and hence Tt+1 E TtRTt � AB. But Tt+1 ¢. P, 
so AB � P and therefore P is prime. Finally, T = TO ¢. P, so, since 
o :f: T E R was chosen arbitrarily, we conclude that the intersection of all 
prime ideals of R is O. 

(ii)=>-(i) Let A <l R with An = O .  If P is any prime ideal of R, then 
An = 0 � P and hence A � P. Thus A is contained in the intersection 
of all prime ideals of R and therefore A = O. 0 

In particular, R is a semiprime ring if and only if it is a subdirect 
product of prime rings. This, of course, explains the name semiprime. 
Now we move on to the relevant Noetherian-like conditions. 

DEFINITION Suppose V is a right R-module. We say that V satisfies max-c, 
the maximum condition on complements, if V contains no infinite direct 
sum of nonzero submodules. Obviously, any module with the ascending 
or descending chain condition satisfies max-c. If V = RR satisfies max-c, 
then we say that R has maX-Te. Here the r reminds us that we are viewing 
R as a Tight R-module. 

Next, recall that R satisfies max-ra if the set { r .annR (x) I x E R }  
of right annihilators of elements of R satisfies the maximum condition or, 
equivalently, the ascending chain condition. 

Finally, we say that R is a right Goldie Ting if it satisfies both max­
rc and max-ra. Obviously, any Noetherian ring is Goldie. On the other 
hand, any commutative domain also satisfies these conditions. Thus max­
rc and max-ra together are weaker than the Noetherian property. 

As usual, we view Artinian and Noetherian conditions on the right 
unless otherwise indicated. 

LEMMA 26.2 Let T be a right denominator set in R. If RT-l is either Artinian 
or Noetheria:n, then R is a Goldie ring. 

PROOF Since Artinian implies Noetherian, by the Hopkins-Levitzki The-
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orem, it suffices to assume that RT-1 is Noetherian. Thus RT-1 cannot 
have an infinite direct sum of nonzero right ideals. Now suppose · EieI Ii 
is a direct sum of nonzero right ideals of R. Since a sum is direct if and 
only if every finite subsum is direct, it follows from Lemma 25.8(iii) that 
. EieI IiT-1 is also direct . Thus, by the preceding, I is finite and R 
satisfies max-rc. 

Now let r.annR(x1) � r.annR(x2) � . . .  be an ascending chain of 
right' annihilators of elements in R. Set Xn = { xn' Xn+1 , " ' } ' so that 
clearly r.annR(xn) = r.annR(Xn) .  Now let S = RT-1 and observe that 
Xn ;;2 Xn+1 for all n � 1.  It follows that r.anns(X1) � r.anns(X2) � . ' . .  
is an ascending chain of right ideals of S and, since S is Noetherian, this 
chain must terminate. But r.anns (Xn) n R = r.annR(Xn) = r.annR(xn) ,  
so r.annR(xd � r.annR(x2) � . . .  must also terminate. D 

In other words, if Qcl(R) exists and is a Wedderburn ring, then R 
must be a Goldie ring. For the converse, we use the Goldie assumption in a 
number of ways. To start with, Lemma 20.4(i) states that any semiprime 
ring with max-ra has no nonzero nil right or left ideal. In addition, the 
next result uses max-rc to prove an essential version of Fitting's Lemma. 

LEMMA 26.3 Let R satisfy max-rc and let a E R with r.annR(a) = r.annR(a2) .  
Then (aR + r.annR(a») ess R. 

PROOF First , if x E aR n r.annR(a) , then x = ar for some r E R and 
o = ax = a2r. Thus r E r.annR(a2) = r.annR(a) and x = ar = O. In 
other words, aR n r.annR(a) = 0 and hence aR + r.annR(a) is direct. 

Next, we claim that r.annR(an) = r.annR(a) for all n � 1. Indeed, 
let n > 1 and suppose by induction that r.annR(an-1) = r.annR(a) . If 
y E r.annR(an) ,  then ay E r.annR(an-1) = r.annR(a) and hence a2y = O. 
Thus y E r.annR(a2) = r.annR(a) and this fact is proved. 

Finally let I be any nonzero right ideal of R and consider the infinite 
sum E:1 a

il. By max-rc, this cannot be a direct sum of nonzero right 
ideals of R and thus there must exist a relation 

anbo + an+1b1 + . . .  + an+mbm = 0 

with all bi E I and bo =1= O .  Note that n � 1, by our assumption on the 
powers in the infinite sum, arid 

bo + ab1 + . . .  + ambm E r.annR(an) 

Thus bo E aR + r.annR(an) = aR + r.annR(a) and, since bo E 1 \  0, we 
conclude that I n  (aR + r.annR(a») :f: O. But I :f: 0 is arbitrary and 
therefore aR + r .annR (a) is essential in R. D 
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DEFINITION If V is an R-module, then 

Sing(V) = { v  E V I r .auuR(v) ess R }  
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is called the singular submodule of V. In particular, V is said to be 
nonsingular when Sing(V) = O. If V = RR, then SingeR) is called the 
(right) singular ideal of R and if SingeR) = 0, then R is a nonsingular 
ring. The following lemma justifies all this nomenclature. 

LEMMA 26.4 Let V be an R-module. 
i. Sing (V) is a submodule of V. 
ii. lE W � V, then Sing(W) = W n Sing(V) .  Furthermore, iE V = 

EB L:�=l Vi, then Sing (V) = EB L:�=l Sing(Vi) .  
iii. SingeR) is a two-sided ideal of R. 

PROOF (i) Let v, w E  Sing(V) . Then r.annR(v) and r.auuR(w) are both 
essential right ideals of R and hence so is r.annR(v) n r.auuR(w) , by 
Lemma 23.3(ii) . Thus, since r.annR(v + w) ;2 r.auuR(v) n r.auuR(w), 
we have r.annR(v + w) ess R and v + w E Sing(V). Now let s E R. 
Since the residual s-lr.auuR(v) is essential in R, by Lemma 25.10(ii), and 
vs · s-lr.auuR(v) � v · r.auuR(v) = 0, we have r.annR(vs) ;2 s-lr.auuR(v) 
and r.auuR(vs) ess R. Thus vs E Sing(V) . 

(ii) The first part is clear, since mem,bership in Sing(V) is an elemen­
twise condition. The second follows immediately from Lemma 23.3(ii) , 
since r.annR(  EBiVi) = ni r.annR( Vi) .  

(iii) We already know that SingeR) is a right ideal of  R. Now let 
x E SingeR) and let r E R. Since r.auuR(rx) ;2 r.annR(x), it follows that 
r.auuR(rx) ess R and therefore rx E SingeR) . 0 

The singular submodule is not a radical in the sense that V jSing(V) 
need not be nonsingular. Furthermore, we remark that the left and right 
singular ideals of a ring need not be equal. See the exercises for more 
details. 

LEMMA 26.5 Let R be a Goldie ring. 
i. SingeR) is a nil ideal. In particular, if R is serpipriine, then R is 

nonsingular. 
ii. Ifd  E R with r.auuR(d) = 0, then dRess R. In particular, if R is 

nonsingular, then d is regular in R. . 

PROOF (i) Suppose by way of contradiction that SingeR) is not nil. 
Then, by max-ra, we can choose a E SingeR) to be a nonnilpotent element 
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whose right annihilator r.annR(a) is maximal in the set 

{ r.annR(b) I b E  SingeR) and b is not nilpotent } 

Note that r.annR(a2) ;2 r.annR(a) and that a2 is also a nonnilpotent 
element of SingeR) . Thus r.annR(a2) = r.annR(a) ,  by the maximality 
of r.annR(a) , and Lemma 26.3 implies that the sum aR + r.annR(a) is 
direct. But a E SingeR) , so r.annR(a) ess R and hence aR = 0, a contra­
diction. It follows that SingeR) is nil and, therefore, if R is semiprime, 
then Lemma 20.4(i) implies that R is nonsingular. 

(li) Since r.annR(d) = 0, it follows that r.annR(d2) =, 0 = r.annR(d) : 
Thus dR = dR+r.annR(d) is essential in R, by Lemma 26.3. Furthermore, 
if x E l.annR(d) ,  then r.annR(x) ;2 dR and therefore r.annR(x) ess R. In 
other words, l.annR(d) � SingeR) = 0 as required. 0 

As we mentioned at the end of the previous chapter, Lemma 25.11 
will be used to prove the existence of a Wedderburn ring of quotients. 
Indeed, part (ii) already yields hypothesis (i) of that lemma and the key 
hypothesis (ii) is proved next. 

LEMMA 26.6 Let R be a semiprime Goldie ring. If I is an essential right ideal 
of R, then I contains a regular element of R. 

PROOF We first note that any nonzero right ideal X of R contains a 
nonzero element x with r.annR(x) = r.annR(x2) .  Indeed, since R is 
semiprime, we know that X is not nil by Lemma 20.4(i) . Thus, we can 
choose x to be a nonnilpotent element of X such that r.annR(x) is maxi­
mal in the set 

{ r.annR(Y) l y E  X and y is not nilpotent } 

Since x2 is not nilpotent and r.annR(x2) ;2 r.annR(x) , it follows that these 
two annihilators are equal. 

Suppose, by way of contradiction, that I contains no element d with 
r.annR(d) = O. We construct, by induction on n, a sequence ao, al l ' "  of 
nonzero elements of I satisfying 

1 .  r.annR(ai) = r.annR(a;) for all i, 
2. aiaj = 0 for all i < j ,  and 
3. aIR + a2R + . . .  + anR is a direct sum. 

To start with, the n = 1 case follows from the observation of the preceding 
paragraph. Now suppose al l a2 , . . .  , an are given satisfying (1)-(3) and 
set 
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Since the latter sum is direct, it follows that 0 '# b E l  and r.annR(b) == 

n� r.annR(ad· 
Now by assumption, I contains no right regular element, so we have 

r.annR(b) '# 0 and hence X = r.annR(b) n I '# 0, since I ess R. The 
observation of the first paragraph therefore implies that there exists 0 '# 
an+1 E X with r.annR(an+1)  = r.annR(a;+1) '  Moreover, since an+1 E 
r.annR(b) = n� r.annR(ai) ,  we have aian+1 = 0 for all i < n + 1 .  Finally, 
let 

Y E (a1R + a2R + . . .  + anR) n an+1R 

and write y = '2:/;=1 ajTj with Tj E R. We show in turn that each 
summand ajTj if;! zero. Indeed, suppose ajTj = 0 for all j < i :::; n. Since 
y E an+1R and y = '2:/;=i ajTj , we have 

n 
0 =  aiY = L aiajTj = a�Ti 

j=i 

by (2) . Thus Ti E r.annR(a�) = r.annR(ai) and aiTi = O. We conclude 
that all ajTj = 0 and hence Y = O. In other words, we have shown that 
2:�!; aiR is a direct sum and therefore the inductive statement is proved. 

But (3) implies that · 2::1 aiR is an infinite direct sum of nonzero 
right ideals, a conclusion that contradicts max-rc. Thus I must contain 
an element d '# 0 with r.annR(d) = O. Since R is semiprime, the preceding 
lemma implies that l.annR(d) = 0 and therefore d E l  is regular. 0 

We need just one more fact. 

LEMMA 26.7 Suppose A <I R and that B = l.annR(A) . 
i. B <I R. 
ii. IfT is a right denominator set in R, then BT-1 <I RT-1 . 

iii. If A is nilpotent, then B ess R. 

PROOF (i) It is clear that B is a left ideal of R. Furthermore, (BR)A � 
BA = 0, so BR � B. 

(ii) By Lemma 25.8(i), BT-1 is  at least a right ideal of R.  To show 
that it is closed under left multiplication, let b E B a:p.d t "E T. Then, 
by the right denominator condition, there exist b1 E R and t1 E T with 
tb1 = bh E B .  In particular, tb1A = 0 and, since t is regular, it follows 
that b1A = 0 and b1 E B. Thus r1b = b1ti1 implies that T-1 B � BT-1 

and therefore 
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(iii) Let X be a nonzero right ideal of R. Since A is nilpotent, we 
can choose n ;::: 0 maximal with XAn =1= O. Then XAn � l.annR(A) = B, 
so 0 =1= XAn � X n B and B ess R. 0 

We can now obtain the main result of this chapter. 

THEOREM .26.8 (Goldie's Theorem) The ring R has a Wedderburn classical ring 
of quotients Qc1 (R) if and only if R is semiprime and satisfies max-rc and 
max-ra. 

PROOF Let T denote the multiplicatively closed set of regular elements 
of R and suppose that R is a semiprime Goldie ring. Then Lemma 26.5(ii) 
implies that tRess R for all t E T and, by Lemma 26.6, any essential right 
ideal of R contains an element of T. It therefore follows from Lemma 25.11  
that Qc1 (R) exists and is a Wedderburn ring. 

Conversely suppose Qc1 (R) = RT-l is a Wedderburn ring. Then 
RT-1 is Artinian, so R is a Goldie ring by Lemma 26.2. Futhermore, if N 
is a nilpotent two-sided ideal of R, then the preceding lemma implies that 
B = l.annR(N) is an essential right ideal of R and hence BT-l ess RT-l 
by Lemma 25.8(ii) . But RT-1 is a Wedderburn ring and therefore it has 
no proper essential right ideal. It follows that 1 E BT-l , so B n T is 
nonempty; since (B n T)N = 0, we conclude that N = O. 0 

COROLLARY 26.9 The ring R has a simple Wedderburn ring of quotients Qc1 (R) 
if and only if R is prime and satisfies max-ra and max-rc. 

PROOF If Qc1(R) = RT-1 is a simple Wedderburn ring, then R is cer­
tainly a Goldie ring. Furthermore, let A be an ideal of R with B = 
l.annR(A) =1= O. Then B <I R and 0 =1= BT-l <I RT-l by Lemma 26.7. 
Since RT-l is simple, this implies that 1 E BT-l , so B n T =1= 0. But 
(B n T)A = 0, so A = 0 and R is a prime ring. 

Conversely, let R be a prime Goldie ring. Then Qcl(R) exists and is a 
Wedderburn ring. Let I, J <I Qcl(R) with I J = O. Then (InR)(JnR) = 0 
and, since R is prime, one of these intersection ideals must be zero. But 
I n  R = 0 implies I = 0, so we conclude that Qcl(R) is prime. Finally, 
since a prime Wedderburn ring is clearly simple, the result follows. 0 

As we observed in the last chapter, the free algebra R = K (x, y) is a 
domain and hence is a semiprime ring with max-ra. But R does not have 
a classical ring of quotients. Thus R cannot satisfy max-rc and indeed it 
is easy to see that the sum E�=o ynxR is direct. 
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Now it turns out that nonsingular rings also play an important role in 
the study of the maximal ring of quotients and indeed they were originally 
defined iIi that context. We close this chapter by discussing the structure 
of Qrnax(R) when R is assumed to be nonsingular. To start with, we need: 

LEMMA 26.10 Suppose R is a nonsingular ring and write E = E(R) and H = 
EndR(E) . 

i. E is a nonsingular R-module. 
ii. Every essential right ideal of R is dense. 

iii. If V ess E and hV = 0 for some h E H, then h = O. 

PROOF (i) This is immediate from Lemma 26.4(ii), since eoRess E and 
eoR e:! R is a nonsingular R-module. 

(ii) If I is an essential right ideal of R, then l.annR(I) � SingeR) = O. 
Furthermore, by Lemma 25.10(ii) , the residual r-1 I is also essential. Thus 
l.annR(r-1I) = 0 for all r E R and I is dense. 

(iii) Let e E E be arbitrary. Since V ess E, Lemma 25. 10(i) implies 
that there exists an essential right ideal I of R with eI � V. Thus heI = 0 
and, since I is dense by (ii), Lemma 24.6 implies that he = O. In other 
words, hE = 0 and hence h = O. 0 

DEFINITION A ring R is said to be von Neumann regular if and only if every 
cyclic right ideal of R is generated by an idempotent. To see what this 
entails, let r E R and let f = rr' be an idempotent that generates r R. 
Then we have f r = r and hence rr'r = r. Conversely, suppose we know 
that r' exists with rr'r = r and set f == rr'. Then fr = rr'r = r and 
f2 = frr' = rr' = f, so f is an idempotent with fR = rR. In other 
words, R is von Neumann regular if and only jf for all r E R, there 
exists r' E R with rr'r = r. Obviously the latter condition is right-left 
symmetric. 

Finally, we prove: 

THEOREM 26.11 (Johnson's Theorem) If R is a nonsingular ring, then Qrnax(R) 
is a von Neumann regular, self-injective ring. 

PROOF As usual, let E = E(R) � eoR e:! R and write H = EndR(E) 
and Q = Qrnax(R) . Since eoRess E, it follows from part (iii) of the 
preceding lemma that no nonzero element of H can annihilate eo . Thus, 
since E = H eo by Lemma 24.2(i), we see that the map H -+ E given by 
h H heo is an H-module isomorphism. In other words, E is isomorphic 
to the left regular H-module HH and, of course, EndH(HH) e:! H acting 
on the right. Thus we conclude that Q = EndH(HE) is isomorphic to H 
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and, since IH = H and 1 corresponds to eo , we have eoQ = E. B:ut, by 
Lemma 24.2(ii) and Theorem 24.3, E is the injective hull of the Q-module 
eoQ � Q. Thus E = eoQ implies that Q is self-injective. 

Now let h be a fixed element of H and set A = { e  E E l  he = a } . 
Then A is an R-submodule of E and, by Lemma 23.4(iii) , we can choose 
the R-submodule B of E with (A + B) ess E. Since B is disjoint from A, 
the map 0": hB -+ E given by hb 1--+ b is a well defined R-homomorphism. 
Thus, since hB � E and E is injective, 0" extends to an R-module endo­
morphism h' : E -+ E. In other words, h' E H and h'hb = b for all b E B. 
Finally, if a E A and b E B, then h(a + b) = hb, so 

hh'h(a + b) = hh'hb = hb = h(a + b) 

Thus hh' h - h E H annihilates the essential R-submodule A + B and 
Lemma 26.1O(iii) implies that hh'h - h = O. Since h E  H was arbitrary, 
it follows that H is von N eumanri regular. But Q � H and therefore the 
same is true of Q. 0 

EXERCISES ____________________________________ ___ 

1. Let Q == Qrnax(R) or Qr(R) or Qs(R) or Qc1(R) . If I is a nonzero 
ideal of Q, prove that I n  R =f O .  Conclude that if R is prime or 
semiprime, then the same is true of Q. 

2. Let K be a field. Show that the Artinian ring R = (� �) is both 

right and left nonsingular. Conclude that Qrnax(R) � Qc1 (R) . (See 
Exercise 24.5.) 

3. Show that the right and left Noetherian ring R = ( � ��;� ) is 

right nonsingular but not left nonsingular. Find an element d E R 
with l.annR(d) = 0 but r.annR(d) =f O. 

4. Let W � V be R-modules. If W and V jW are nonsingular, prove 
that V is nonsingular. Show that (Sing(V) + W)jW � Sing(VjW) 
but that equality need not occur. 

5. Show that SingeR) contains no nonzero idempotents. Deduce that a 
von Neumann reguiar ring must be nonsingular. In particular, if R is 
a nonsingular ring, conclude that Qrnax(R) is also nonsingular. 

6. Prove that a commutative ring is nonsingular if and only if it is 
semiprime. If R is the ring of continuous functions on the closed 
interval [0, 1] ,  show that Qrnax(R) is a commutative von Neumann 
regular ring with no minimal ideals. 
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7. If V is an R-module and V ;? W ;? Sing(V), define W* ;? W by 
W>I< jW = Sing(V/W) . Prove that W ess W>I< and then use W ess W>I<>I< 
and Lemma 25.10(i) to deduce that W>I< = W>I<* . In particular, if we 
define Sing2(V) = Sing(V)>I< , conclude that VjSing2(V) is nonsingular. 

8. Let V = (71./471., 71./471.) be the natural right module for the ring R = ( 71./471. 71./471. ) . • o 71./471. ' Compute Smg(V) and Smg2(V) , 

9. Assume that Qc1(R) exists. If every ess�tial right ideal of R contains 
a regular element, prove that Qrnax(R) = Qc1(R) . In particular, if R 
is a semiprime Goldie ring, conclude that Qrnax(R) = QcJ(R) . 

10. Let R be a semiprime Goldie rip.g and let V be a right R-module. 
Assume that, for every v E V and regular element t E R, there exists 
a unique v' E V with v't = v. Prove that V is injective. In particular, 
deduce that every Qcl(R)-module is injective as an R-module. 
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If R is a semiprime Goldie ring, then, by Goldie's Theorem, Qcl(R) exists 
and is a Wedderburn ring. In particular, Qcl (R) is a finite direct sum 
of full matrix rings over division rings. Now it is obviously of interest 
to determine the sizes of these matrix rings; as we will see, this can be 
achieved by using uniform dimension. 

DEFINITION Let V be an R-module. The uniform dimension of V, written 
u.dim V = u.dimR V, is the largest integer n such that V contains a direct 
sum Xl + X2 + . . .  + Xn of nonzero submodules. If no such maximum 
exists, then u.dim V = 00. By definition, u.dim V = 0 if and only if 
V = O. 

Some elementary properties are as follows. 

LEMMA 27.1 Let W be a submodule of V. 
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i. u.dim W :::; u.dim V with equality if W ess V. 
ii. If u.dim W = u.dim V < 00, then W ess V. 

iii. If V has composition length k, then u.dim V :::; k .  
iv. If V is the direct sum of k simple modules, then u.dim V = k. 

PROOF (i) It is clear that u.dim W :::; u.dim V. For the reverse inequal­
ity, assume that W ess V. If Xl + X 2 + . . .  + X n is a direct sum of nonzero 
submodules of V, then 1'i = Xi n W =1= 0 and YI + Y2 + . . .  + Yn is a direct 
sum of nonzero submodules of W. 

(ii) If W n X = 0, th� W + X � V and clearly 

u.dim W + u.dimX :::; u.dim(W + X) :::; u.dim V = u.dim W 

Thus u.dim X = 0 and X = o. 
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(iii) This follows since any direct sum Xl + X2 + . . .  + Xn of nonzero 
submodules of V gives rise to a series 0 C Xl C Xl + X2 C " ' , which 
has length n. 

(iv) Here V has composition length k and V contains a direct sum 
of k nonzero submodules. 0 

DEFINITION An R-module U is said to be uniform if u.dim U = 1 . Obviously, 
such modules are nonzero and we have: 

LEMMA 27.2 If U is a nonzero R-module, then the following are equivalent. 
i. U is uniform. 
ii. For all 0 :/= X, Y � U, we have X n Y :/= O. 
iii. For all 0 :/=  X � U, we have X ess U. 

As we indicated earlier, uniform dimension will be used to translate 
certain numerical information from R to Qcl(R) . We first require a few 
simple observations, which we tabulate next. 

LEMMA 27.3 Let T be a right denominator set in R and write S = RT-l . 
i. u.dimR R = u.dims S. 
ii. If S is Artinian, then S = Qcl (R). 
iii. Let A be an ideal of S and let - :  R -+ R/(R n A) be the natural 

epimorphism. Then T is a right denominator set in R and RT-l 9:! S / A. 

PROOF (i) This is immediate from Lemmas 25.8(iii) and 25.9(iii) , since 
every direct sum of nonzero right ideals of R gives rise to a direct sum of 
nonzero right ideals of S and vice versa. 

(ii) In view of the definition of Qcl(R), it suffices to show that every 
regular element of R is invertible in S. To this end, let r E R with 
r.annR(r) = O. If br l E RT-l = S with r(brl ) = 0, then rb = 0 and 
hence b = O. Thus r.anns(r) = 0 and Lemma 25.6(i) yields the result. 

(iii) Let - : S -+ S/A denote the natural ring epimorphism. If t E T, 
then t is invertible in S and hence '£ is invertible in S.  It  follows that every 
element of S is of the form f,£-l with r E R and t E T. Since T � R is 
clearly a multiplicative closed set of elements invertible in S, we conclude 
that S = RT-l . In particular, by Lemma 25.1 ,  T is a right denominator 
set in R. Finally, since R 9:! R/(R n A), the result follows. . 0 

DEFINITION An ideal P of R is said to be a minimal prime if P is a prime 
ideal that properly contains no other prime. In particular, if PI and P2 
are distinct minimal primes, then PI and P2 are incomparable. By this 
we mean that PI � P2 and P2 � Pl. A Zorn's Lemma argument shows 
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that every prime ideal of R contains a minimal prime. More to the point, 
we have: 

LEMMA 27.4 Let PI , P2, . . .  , Pm be incomparable primes of R with product 
P1P2 · · · Pm = O. Then { PI , P2 , . . .  , Pm } is precisely the set of minimal 
primes of R. 

PRO,OF If P is a prime ideal of R, then P ;2 0 = P1P2 · · ·  Pm and 
hence P ;2 Pi for some i. In particular, the minimal primes of P must 
be contained in the set { PI , P2 , . . .  , Pm } .  Finally, if some Pj were not 
minimal, then Pj :J P for some prime P and. P ;2 Pi by the preceding. 
Thus Pj :J Pi and this contradicts the assumed incomparability. 0 

It is now a simple matter to put this all together. 

PROPOSITION 27.5 Let R be a semiprime Goldie ring with Wedderburn clas­
sical ring of quotients given by 

m 
Qcl (R) = . L: Mn,, (Dk) 

k=l 

a finite direct sum of full matrix rings over division rings. Then 
i. R has precisely m minimal primes PI, P2, . . .  , Pm and ni Pi = O.  

ii. R/Pk is a prime Goldie ring with Qcl(RjPk) � Mn,, (Dk) for 
k = 1, 2, . . . , m. 

iii. nk = u.dimR/ P" R/ Pk and nl + n2 + . . . + nk = u.dimR R. 

PROOF By Goldie's Theorem, R has a Wedderburn classical ring of quo­
tients and, by the Artin-Wedderburn Theorem, S = Qcl(R) = . E�l Sk, 
where Sk � Mn" (Dk)' For each k = 1 , 2, . . . , m, let Ak = . Ei:;i:k Si , 
so that Ak <I S with S/Ak � Sk . In particular, if we set Pk = R n Ak, 
then Lemma 27.3(iii) implies that Sk is isomorphic to a right ring of quo­
tients of RjPk.  Indeed, since Sk is Artinian, we have Sk � Qcl(RjPk) by 
Lemma 27.3(ii) . Furthermore, since Sk is a simple ring, Corollary 26.9 
implies that Rj Pk is a prime Goldie ring. Thus each Pk is a prime ideal 
of R and (ii) is proved. 

Next observe that nk Ak = 0 and hence nk Pk = O. Furthermore 
the Ak'S are clearly incomparable and, since Ak = PkS by Lemma 25.9(i) , 
it follows that the Pk 'S are also incomparable. Thus, since 

; 
P1P2 · · · Pm � n Pk = 0 

k 
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the previous lemma implies that PI , P2, • • •  , Pm are precisely the distinct 
minimal prime ideals of R and (i) is proved. 

Finally, Lemma 27.3(i) implies that u.dimR, R = u.dims S and, since 
Ss is completely reducible, Lemma 27.1 (tv) implies that u.dims S is 
equal to the composition length of Ss . Thus Theorem 4.5(i) (ii) yields 
u.dimR, R = nl + n2 + . . .  + nk · Moreover, since Qc1(Rj Pk) £:! Mnk (Dk) ,  
we have u.dimR,/Pk RjPk = nk by the case m = 1 .  This completes the 
proof. 0 

It follows from the preceding proposition that if R is a semiprime 
Goldie ring, then RR, has finite uniform dimension. But this can be proved 
more directly by other means. Indeed, as we will show, if R is any ring 
and if V is an R-module with max-c, then u.dim V < 00. To start with, 
we need: 

LEMMA 27.6 Let V be an R-module with max-c and suppose W is a submodule 
of V. 

i .  If W ¥= 0, then W contains a uniform module. 
ii. There exist finitely many uniform submodules UI , U2 , " " Un of 

V such that W + U1 + U2 + . . . + Un is essential in V. 

PROOF (i) Suppose by way of contradiction that W has no uniform · 
submodule and set Yo = W. We show by induction on n = 1 , 2, . . .  that 
W contains nonzero submodules Xn and Yn with Yn-1 ;2 Xn + Yn. Indeed, 
if Yn-l ¥= ° exists, then Yn-1 is not uniform and hence it contains a direct 
sum of two nonzero submodules. If we label these as Xn and Yn, then the 
induction step is proved. But then . l:� Xi is an' infinite direct sum and 
this contradicts the fact that V has max-c. 

(ii) Again suppose the result is false. We show by induction on n = 

0, 1 , 2, . . .  that there exist uniform submodules UI, U2 , . . .  of V such that 
the sum W + Ul + . . . + Un is direct. The case n = ° is, of course, trivial. 
Now suppose that Ul, . . .  , Un-1 exist with W' = W + U1 + . . .  + Un-1 a 
direct sum. Since the result is assumed false, W' is not essential in V. 
Thus there exists a nonzero submodule X of V disjoint from W' and, by 
(i) , X contains a uniform submodule Un. In particular, W' n Un = 0, so 
W + U1 + . . .  + Un = W' + Un is a direct sum and the inductive step is 
proved. But then ' l:� Ui is an infinite direct sum of nonzero submodules 
of V and this contradicts max-c. 0 

Next, we prove an analog of the Replacement Theorem from linear 
algebra. 



266 Part I I I .  Injective Modules 

LEMMA 27.7 Suppose E is an essential submodule of V and assume that E = 
UI + U2 + . . .  + Un is a direct sum of n < 00 uniform modules. Then 
n = u.dimV. 

PROOF It is clear that u.dim V ;::: n. For the reverse inequality, suppose 
by way of contradiction that V contains a direct sum WI + W2 + . . .  + Wn+l 
of n +  1 nonzero submodules Wi, We show by induction on i = 0, 1 ,  . . .  , n 
that, for a suitable relabeling of the uniform modules Uj , we have the 
direct sum 

Vi = UI + . . .  + Ui + Wi+l + . . .  + Wn+l 

The case i = 0 is given. 
Now suppose that Vi exists for some i < n and set 

, . . .  . . Vi = UI + . . .  + Ui + WH2 + . . .  + Wn+l 

Then Vi = Vi' + WHI and, in particular, Vi' is not essential in V. Consider 
the submodule X of E given by 

X = (UI n Vi) + (U2 n Vi') + . . .  + (Un n Vi') 

If Uj n Vi' ¥= 0 for all j, then; since Uj is uniform, we have (Uj n Vi') ess Uj 
and hence X ess E by Lemma 23.3(iii) . Thus since E ess V, the transitivity 
of essential extensions implies that X ess V. But Vi' ;2 X, so this yields 
Vi' ess V, a contradiction. In other words, there exists a subscript j with 
Uj n VI = 0 and clearly j ¥= 1 , 2 ,  . . .  , i . By relabeling, we can therefore 
assume that j = i + 1 and hence 

, . 
Vi+l = Vi + UHl 

= UI + . . .  + Ui + UHI + WH2 + . . .  + Wn+l 

exists. The inductive statement is therefore proved, 
Finally, when i = n, we obtain Vn = E + Wn+l ; this is a contradic-

tion, since E ess V. 0 

As an immediate consequence, we have: 

PROPOSITION 27.8 Let V and V' be R-modules. 
i. u.dim V < 00 if and only if V satisfies max-c. 

ii. u.dim(V $ V') = u.dim V + u.dim V'. In particular, if V and Vi 
satisfy max-c, then so �oes V $ V' . 
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PROOF (i) Obviously u.dim V < 00 implies that V satisfies max-c.  Con­
versely, assume that V has max-c .  By Lemma 27.6, there exist uniform 
submodules Ull U2 , • • •  , Un such that E = "(,[1 + U2 + . . .  + Un is essential 
in V. By the preceding lemma, u.dim V == n < 00. 

(ii) If either u.dim V or u.dim V' is infinite, then so is u.dim(V $ V') .  
Thus we may assume that u.dim V and u.dim V' are both finite and, in 
particular, that V and V' satisfy max-c.  As in the preceding argument, it 
follows that both V and V' contain uniform submodules Ui and Uj such 
that E = U1 + U2 + " , + Us is essential in V and E' = U{ +U2 + · · · + U£ is 
essential in V' . Furthermore, 8 = u.dim V and t = u.dim V'. Thus, since 
(E $ E') ess(V $ V') by Lemma 23.3(iii) and since E $ E' is a direct sum 
of 8 + t uniform submodules, we conclude from the previous lemma that 
u.dim(V $ V') = 8 + t := u.dim V + u.dim V'. 0 

Next we discuss the behavior of uniform dimension with respect to 
short exact sequences. To start with, suppose R = 7l is the ring of integers 
and consider the sequence 0 -+ 7l -+ Q -+ Qj7l -+ O. Then u.dim7l = 
u.dim Q = 1, but u.dim Qj7l = 00, since Qj7l contains a cyclic group of 
prime order p for each prime p. Thus, in general, u.dim does not add over 
short exact sequences. Nevertheless, we have: 

LEMMA 27.9 i. Let W S V be R-modules. If W ess V, then Sing(VjW) = 
VjW. Conversely, if Sing(VjW) = VjW and if Sing(V) = 0, then 
W ess V. 

ii. Let 0 -+ A -+ B -+ C -+ 0 be an exact sequence of R-modules. If 
Sing(C) = 0, then u.dim B = u.dimA + u.dimC. 

PROOF (i) If W ess V and v E V, then I = { r  E R I vr E W }  is an 
essential right ideal of R by Lemma 25. 1O(i) . But I is the annihilator in 
R of the element v + W E  VjW, so VjW = Sing(VjW) . 

Conversely, assume that VjW = Sing(VjW) and that Sing(V) = O .  
Let X be a submodule of  V disjoint from W and let x E X. Since 
VjW = Sing(VjW), there exists an essential right ideal I of R with 
xl s W. Thus xl s W n X = 0 and hence x E Sing(V) = O. In other 
words, X = 0 and W is essential in V. 

(ii) We can assume that A S B and that C = BjA. Furthermore, 
by Lemma 23.4(iii) , we can choose X S B with E = A + X essential in 
B. Since 

u.dimB = u.dimE = u.dim A + u.dimX 

by Lemma 27. 1(i) and Proposition 27.8(ii) , it clearly suffices to prove 
that u.dimX = u.dim C. In fact, since X £:! EjA s BjA = C, we need 



268 Part I I I .  Injective Modules 

only show that B ess B, where B = E/A and B = B/A. To this end, 
observe that E ess B, so (i) implies that B/E = Sing(B/E) and hence 
B/B = Sing(B/E), since B/E � B/E. But Sing(B) = Sing(C) = 0, by 
assumption, so we conclude from part (i) again that B is indeed essential 
in B. 0 

The following lovely theorem has consequences that will not be con­
sidered here. We include the result because its proof ties together many of 
the concepts studied throughout this book.· In particular, it uses the fact 
that modules of finite projective dimension are "close to" being projective 
and similarly that stably free projective' modules are "close to" being free. 

THEOREM 27.10 (Walker's Theorem) Let R be a ring satisfying 
i. R is semiprime and right Noetherian, 

ii. gl dim R < 00, and 
iii. All finitely generated projective R-modules are stably free. 

Then R is a domain. 

PROOF Since R is right Noetherian, R is a Goldie ring and all finitely 
generated R-modules satisfy the ascending chain condition and hence 
max-c. FurthermoJ:'e, since · R is semiprime, we have SingeR) = 0 by 
Lemma 26.5(i) . Set u.dimR = t. 

Let A be a finitely generated R-module with Sing(A) = O. We prove 
that t divides u.dim A. Suppose first that A is free. Then A � Rm 
for some integer m 2:: 0, so u.dimA = m(u.dimR) = mt by Propo­
sition 27.8(ii). Next, suppose that A is projective. Then by assump­
tion, A is stably free and there exist finitely generated free modules 
F' and F" with A $ F" � F'. Thus, by Proposition 27.8(ii) again, 
u.dimA = u.dimF' - u.dimF" and hence t divides u.dimA. Since 
gl dimR < 00, we can now proceed by induction on the projective dimen­
sion d of the module A. We have, of course, already considered the case 
d = O. On the other hand, if d > 0, map a finitely generated free R-module 
F onto A to obtain the short exact sequence 0 -+ B -+ F -+ A -+ O. Then 
pd B = (pd A) - 1 = d - 1 and, since R is Noetherian, B is also finitely 
generated. Furthermore, since SingeR) = 0, we have Sing(F) = 0 and 
h�nce Sing(B) = 0 by Lemma "26.4(ii). Thus, by induction, t divides 
u.4im B. But u.dim B + u.dimA = u.dimF by the previous lemma and 
we know that t divides both u.dim B and u.dimF. Thus t divides u.dim A 
as required. 

Now let I be any nonzero right ideal of R. Since SingeR) = 0, it 
follows that I is a finitely generated nonsingular right R-module and hence 
t divides u.dimI. But 0 ¥= I � R, so 0 < u.dimI :::; u.dim R = t. Thus we 
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conclude that u.dimI = u.dim R and therefore I ess R by Lemma 27.1(li) .  
Finally, let x, y E R with xy = 0 and y ¥= O. Then r.annR(x) = Y is a 
nonzero right ideal of R, which must be essential by the preceding. Thus 
x E SingeR) = 0 and we conclude that R is a domain. 0 

As a consequence, since all projective modules of a local ring are 
free, we have: 

COROLLARY 27.11 Let R be a local ring that is both right Noetherian and 
semiprime. If gl dimR < 00, theIl"'-R is a domain. 

The next result follows easily from the existence of common denom­
inators in RT-I . 

LEMMA 27.12 Let T be a right denominator set in R. 
i. RT-I is a flat left R-module. 
ii. If V is a right RT-I-moclule and W is an R-submodule with 

V = W(RT-I) ,  then V £:! W ®R RT-l .  
iii. If V is a finitely generated right RT-1-module, then there exists 

a finitely generated right R-module W with V £:! W ®R RT-1 . 

PROOF Write S = RT-1 and observe, from Lemma 25.2(iv) , that any 
finite set of elements of S can be written with a common denominator. 

(i) It follows from the preceding that the collection of all Rt-I with 
t E T is a local system of left R-submodules of S. Since each qf these 
submodules is free and hence fiat, we conclude from Lemma 9.9(i) that 
RS is also fiat. 

(li) Since the map W x S -+ V given by (w, s) H ws is easily seen to 
be balanced, it follows that there exists an additive group homomorphism 
cp: W ®R S -+ V determined by W ® 8 H W8. Furthermore, cp is clearly an 
S-module homomorphism and indeed an epimorphism, since V = W S. 
Thus it suffices to prove that cp is one-to-one. 

To this end, let l:i Wi ® 8i E W ® S and write each Si as Tit-1 , where 
t is a common denominator. Then 

2: Wi ® 8i = 2: Wi ® (Tit-I ) = (2: WiTi) ® t-1 
i i i 

and it follows that every element of W ® S can be written as W ® t-1 for 
suitable W E W and t E T. Finally, if W ® t-1 E Ker(cp) , then 0 = wt-l , 
so W = 0 and W ® t-1 = 0 as required. 

(iii) Finally, if V = l:� ViS, set W = l:� ViR . . Then V = WS and 
part (li) yields the result. 0 



270 Part I I I .  Injective Modules 

It is easy to see that hypotheses (ii) and (iii) of Walker's Theorem 
imply that the Grothendieck group of R is generated by the class [RJ . 
Thus the following result extends Theorem 27.10 with a somewhat differ­
ent proof. 

THEOREM 27.13 (Walker's Theorem Revisited) Let R be a semi prime right 
Noetherian ring and let H be the subgroup of elements of finite order in 
G = Go(R) . If G is generated by H and the element [RJ , then R is a 
domain. 

PROOF By Goldie's Theorem, R has a Wedderburn classical right ring 
of quotients Q = Qcl(R) and, by the preceding lemma, RQ is flat. Thus 
Lemma 12.3 implies that the induced module map A H A®RQ determines 
a group homomorphism 0: Go(R) -+ Go(Q) given by [AJ H [A ® QJ . 
Indeed, by Lemma 27.12(iii) ,  this map is onto and, by Lemma 12.2, Go(Q) 
is the free abelian group whose generators [VI], [V2] , " " [Vk] correspond to 
the isomorphism 'classes of the finitely many simple Q-modules. It follows 
that Go(Q) has no nonzero elements of finite order, so O(H) = 0 and 
the hypothesis implies that Go(Q) is generated by O([R]) = [R ®R Q] = 
[Q] . In particular, we must have k = l. Furthermore, if VI occurs as 
a composition factor of QQ with multiplicity m, then [Q) = m[VI] and, 
since [VI] is a multiple of [Q) , we conclude that m = 1 .  In other words, 
Q is an irreducible right Q-module, so Q is a division ring and R � Q is 
certainly a domain. 0 

EXERCISES ____________________________________ ___ 

1 .  Use Zorn's Lemma to prove that every prime ideal of R contains a 
minimal prime. Conclude that R is semi prime if and only if the in­
tersection of all its minimal primes is zero. 

2. Let F be a field and let. R be the subring of the strong direct sum 
n�=o F consisting of all sequences that are eventually constant. Thus 
R consists of all elements n::o an such that an E F and ak = ak+I 
for all sufficiently large k .  First verify that R is a commutative von 
Neumann regular ring. Next, let I be the ideal of R consisting of 
all sequences that are eventually 0 and define the R-module homo­
morphism u: 1 -+  R by n�=o an H n�=o fnan, where fn = 0 for n 
even and f n = 1 for n odd. Show that u does not extend to an R­
homomorphism u* : R -+ R and conclude that R is not self-injective. 

3. Let R = RI + R2 + . . .  + Rn be the direct sum of the n rings ll?,. If 
D is a right ideal of R, prove that D = DI + D2 + . . . + Dn , where 
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Di = D n R;, and that D is dense if and only if each Di is dense in 
R;,. Conclude from Theorem 24.8 that Qma.x(R) = · l:i Qmax(R;,) . 
Furthermore, prove that Qcl(R) = · l:i Qcl(R;,) if either side of this 
equality is assumed to exist . 

In the next three problems assume that I � R � 8, where R and 8 
are rings and where I <1 8  with l.anns (J) = O. For example, we could 
take 8 = Z[w], where w = (-1 + -1=3)/2 is a primitive cube root of 
1, R = Z[R], and 1 = 28. 

4. Let E = E( 8 s) so that R � 8 � E. Prove that 1. annE (I) = 0 and that 
RR ess ER. Furthermore, show that E is an injective R-module. For 
the latter, first prove that if J is a right ideal of R and if u: J -+ E is 
an R-homomorphism, then u.I8xtends to an 8-module homomorphism 
u' : J8 -+ E. 

5 .  Prove that Qmax(R) = Qma.x(S). For this, observe that ER is the 
injective hull of RR and note that EildR(E) = Ends (E). Furthermore, 
if R is prime, deduce that Qr(R) = Qr(8) and Qs(R) = Qs(8). 

6. Now assume that I contains a regular element of S. Prove that 
Qcl(R) = Qcl(8) if either of these two quotient rings is assumed to 
exist. 

Let R be a semiprime ring and let A, B <l R. Since (An.B? � AB � 
A n  B, it follows that AB = 0 if and only if A n  B = O. In particular, 
AB = 0 if and only if BA = 0 and hence r.annR(A) = l.annR(A). 
We use annR(A) to denote this common annihilator. In the next two 
exercises assume that P1, P2 , " " Pn are incomparable prime ideals of 
R with n� Pi = O. 

7. Prove that Ni = annR(li) = nj;i:i Pj and that annR(Ni) = Pi. Fur­
thermore, show that N = · l:i Ni is an ideal of R with annR(N) = O. 

8. Define 8 to be the ring direct sum 8 = $ l:� R/ Pi and let -: R -+ S 
be the natural ring embedding. Prove that N � R � 8 with N <1 8  and 
anns (N) = O. Conclude from Exercises 3, 5, and 6 that Qma.x(R) 9E 
$ l:i Qma.x(R/Pi) in general and that Qcl(R) 9:! $ l:i Qcl (R/Pi) un­
der appropriate hypotheses. 

If R is a Dedekind domain, then the class group of R is defined to 
be the multiplicative group of nonzero fractional ideals of R modulo 
the subgroup of principal .fractional ideals. For example, if R is a 
principal ideal domain, then Cl(R) = { I }  and if R is the ring of 
integers in an algebraic number field, then it is known that Cl(R) is 
finite. 
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9. Suppose R is a Dedekind domain. If A is a nonzero fractional ideal of 
R, let A denote its natural image in Cl{R) . Use Lemma 7.6 and The­
orem 7.7{i) to prove that Ko{R) 8:! Z$ Cl{R) via the map determined 
by [A] H l $ A. In particular, conclude that Ko(R) = ([R]) + H  with 
([RJ) infinite cyclic and with H 8:! Cl{R). What about the structure 
of Go {R) ? 

10. Let R be a Noetherian domain with division ring of fractions D. If 
H is the kernel of the induced module map Go {R) -+ Go{D), prove 
that Go {R) is generated by [R] and H. Obtain an analogous result 
� ��. 

. 
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Our goal in this chapter is to classify the injective R-modules when R is a 
right Noetherian ring. We start with a key observation, which settles the 
natural question of whether arbitrary direct sums of injective modules are 
injective. 

PROPOSITION 28.1 An arbitrary direct sum of injective R-modules is injective 
if and only if R is a right Noetherian ring. 

PROOF Suppose first that R is Noetherian and let { Ei l i E  I }  be a 
collection of injective R-modules. Set E = $ L:i Ei and let 0"; I -+ E 
be an R-module homomorphism with I a right ideal of R. Then IR is 
finitely generated and, since the image of each generator has only finitely 
many nonzero components, it follows that 0"(1) has only finitely many 
nonzero components. Say 0"(1) � E', where E' = $ L:�=1 Ei . Since E' is 
a finite direct sum of injectives, it follows that E' is injective and hence 
the map 0"; I -+ E' extends to an R-homomorphism 0"* ; R -+ E' � E. 
Baer's Criterion now implies that E is injective. 

For the converse, let 11 � 12 � . . . be an increasing sequence of right 
ideals of R and set I = Un In so that I is also a right ideal of R. For each 
n, the injective hull En = E(R/ In) is an injective R-module and hence, 
by assumption, E = $ L:�=1 En is also injective. Now define 0"; 1 -+  E by 
0"; x H $n (x + In) . Since I = Un In , any such x E I is contained in some 
1m and hence in all In with n 2:: m. Thus O"(x) has only finitely many 
nonzero components and it is indeed contained in E. Since E is injective, 
0" extends to a map 0"* : R -+ Ej say 0"* (1) E E' = $ L:::i En . Then 
0"(1) � O"* (R) = O"*(l)R is also contained in E' . Thus the k-component 
of each O"(x) is zero and we conclude that I = Ik . In other words, the 

273 
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given ascending chain of right ideals stabilizes at k and it follows that R 
is right Noetherian. 0 

For the remainder of this chapter, we will assume that R is right 
Noetherian. A proper right ideal A of R is said to be meet irreducible if 
A == B n 0, for right ideals B and 0, implies that A == B or A == 0. It is 
clear that A is meet irreducible if and only if 0 is not an intersection of 
two nonzero submodules of RIA and hence if and only if RIA is a uniform 
right R-module. 

LEMMA 28.2 Let I be a nonzero injective R-module. The following are equiv­
alent. 

i. I is uniform. 
ii. I is the injective hull of a uniform module. 
iii. I is isomorphic to the injective hull of some RIA, where A is a 

meet irreducible right ideal of R. 
iv. I is the injective hull of all its nonzero submodules. 
v. I is indecomposable; equivalently, it is not the direct sum of 

nonzero submodules. 

PROOF (v)* (iv) If 0 ¥= X � I, then, by Lemma 23.4(iii) , E(X) is a 
direct summand of E(l) == I. Since I is indecomposable and E(X) ¥= 0, 
we have E(X) == I. 

(iv)*(iii) Let 0 ¥= x E I and set X == xR � I. If Y is any nonzero 
submodule of X, then, by assumption, E(Y) == I so Y essI. It follows 
that Y ess X and hence that X is a uniform R-module. Next observe 
that the map r H xr is an R-epimorphism from R to X with kernel 
A == r .annR(x) . Thus X == xR � RIA and, since X is uniform, A is meet 
irreducible. Finally, 1 ==  E(X) � E(RIA) as required. 

(iii)*(ii) This is clear since RIA is uniform. 
(ii)*(i) If I == E(U) with U a uniform submodule, then U ess I. 

Thus u,dimI == u.dim U == 1 and I is uniform. 
(i)*(v) This is obvious. 0 

As we will see, these uniform injectives are the building blocks of the 
theory. For the uniqueness aspect, we first need: 

LEMMA 28.3 Let V == ' :E.a J.a be a direct sum of uniform injectives and suppose 
that V 2 h + 12 + . . .  + In , a finite direct sum of uniform injectives. Then 
there exist distinct (31 1 (32 , . . .  , (3n such that Ii � J.at · 
PROOF We proceed by induction on n 2:: 1 and let x E II \ O. Then 
U == xR is a uniform cyclic submodule of the uniform module II and, since 
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x E V = . 2:,8 J,8, we can assume that U = xR � V' = J1 + h + . . .  + Jk. 
Let 7I"i : V -+ Ji be the natural projection and write Ki = Ker(7I"i ) .  Since 
U � V', we have n:i=l (U n Ki) = OJ hen�e, since U is uniform, one 
of these intersecting submodules must be zero, say u n  K1 = O. Now 
U ess h, since h is uniform, and (h n K1) n U = O. Thus h n K1 = 0 
and h + K1 is a direct sum. Next note that h � 7I"l (h) � h,  so, since 
J1 is a uniform injective and 7I"l (h) is a nonzero injective submodule, 
the preceding lemma implies that 7I"l(h) = J1 and, in particular, h � 
J1 • Furthermore, since h + Kl contains the kernel of 71"1 and maps onto 
7I"l(V) = J1 , it follows that V = h +K1 and hence 12+" ·+In is contained 
isomorphically in 

VI h � K1 = ' '2:  J,8 
,8#1 

The result now clearly follows by induction. o 

Recall that if W � V are R-modules with V injective, then the 
embedding 0': W -+ V extends to an R-homomorphism 0'* : E(W) -+ V. 
Furthermore, since W ess E(W) , it follows that 0'* is one-to-one and hence 
V contains an isomorphic copy of E(W) . 

THEOREM 28.4 Let V be an injective R-module with R a right Noetherian ring. 
Then V is uniquely a direct sum of uniform injectives. 

PROOF We consider existence and uniqueness separately. 

STEP 1 Existence. 

PROOF Let { J ex I a E A }  be the possibly empty collection of all uniform 
injective submodules of V. By Zorn's Lemma, there exists a subset B � A 
maximal with the property that J = . 2:,8EB J,8 is direct. Since R is 
Noetherian, Proposition 28. 1  implies that J is an injective R-module and 
hence J is a direct summand of V. Say V = J + X so that X, being a 
direct summand of V, is also injective. 

If X =F 0, choose 0 =F x E X. Then xR is a Noetherian R-module, so 
it satisfies max-c and, by Lemma 27.6(i) , it contains a nonzero uniform 
submodule U. But X is injective, so X contains the uniform injective 
module E(U) and hence J + E(U) is a larger direct sum of uniform injec­
tives, a contradiction. Thus X = 0 and J = V as required. 0 

STEP 2 Uniqueness. 
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PROOF Write V = . L:,sEB J,s as before. Let I be a fixed uniform injec­
tive R-module and set C = { ,8  E B I J,s � I }. We need to show that V 
and I determine IC I ,  a possibly infinite cardinal. Indeed, we will prove 
that 

IC I  = max{ IVI I V ;2 · L 10 with 10 � I }  
OE'D 

Since the right-hand side depends only on V and I, this will surely yield 
the result . 

Now ICI is certainly bounded above by max{ IVI }, so we need only 
obtain the reverse inequality. To this end, suppose that V ;2 . L:oE'D 10 
with all 10 � I. If C is finite, then the preceding lemma implies that V 
is also finite and that IVI :::; IC I .  Thus we may suppose that C is infinite 
and hence also that V is infinite. Write W = . L:,sEB\C J,s, so that none 
of these summands is isomorphic to I, and note that V = W + . L:')'EC J')'. 
For each 10 choose a fixed nonzero element Xo E 10 and set Uo = xoR. 
Then 10 = E(Uo) and we construct a map fJ from V to the finite subsets 
of C as follows. Let 8 E V. Then Xo E W + . L:')'EC J')' and fJ(8) is defined 
to be the unique minimC!>1 finite subset of C with Xo E W + . L:')'E9(O) J')'. 

Now suppose that 81 , 82 , . . . , 8t are distinct elements of V having the 
same image, say 1" s:;; C, under fJ. Then, by definition, Uo� , U02 , • • •  , UOt 
are all contained in Y = W + . L:')'ET J')'. Obviously Y is an injective 
submodule of V and, since 

Z = U01 + U02 + . . . + UOt s:;; Y 

it follows that Y contains an isomorphic copy of 

E(Z) � E(UoJ $ E(U02 ) $ . . .  $ E(Uot )  

� 101 $ 102 $ . . .  $ lOt � It 

Thus, by the preceding lemma, t :::; 11"1 < 00 and hence the map fJ is 
clearly finite-to-one. In particular, since C and V are both infinite sets, 
this implies that IVI :::; IC I and the theorem is proved. 0 

There are two special cases of particular interest. The first, which 
we consider next, deals with Artinian rings. The second, which requires 
some additional preliminaries, deals with commutative Noetherian rings 
and is contained in Theorem 28.10. 

COROLLARY 28.5 Let R be a right Artinian ring and let Vb l/2, . . .  , Vk be a 
complete set of representatives of the irreducible right R-modules. Then 
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every injective R-module is uniquely a direct sum of copies of E(Vi) for 
i = 1 , 2 ,  . . .  , k. 

PROOF By the Hopkins-Levitzki Theorem, R is Noetherian, so the pre­
ceding result applies. Thus it suffices to prove that every uniform injec­
tive I is isomorphic to a unique E(Vi) .  For this, observe that any nonzero 
finitely generated submodule of I is Artinian and hence contains a mini­
mal submodule. Thus I contains a minimal submodule V and indeed V 
is unique, since I is uniform. Thus I = E(V) � E(Vi) for some unique 
i. Finally, since each Vj is uniform, we conclude that each E(Vj) is a 
uniform injective. 0 

For the remainder of this chapter, we assume that R is a commutative 
Noetherian ring. 

DEFIN ITION Let Q be a proper ideal of R. Then Q is said to be a primary ideal 
if ab E Q implies that a E Q or bn E Q for some integer n � 1 .  Thus, for 
example, any prime ideal of R is primary. Furthermore, if R = 7L, then 
Q is primary if and only if Q = pm7L for some prime p. Our interest in 
primary ideals stems from the following. 

LEMMA 28.6 Let R be a commutative Noetherian ring. 
i. Every ideal of R is a finite intersection of meet irreducible ideals. 
ii. Every meet irreducible ideal is primary. 

PROOF (i) If this is false, then, since R is Noetherian, we can choose 
A<lR to be a maximal counterexample. Clearly A is not meet irreducible, 
so A = B n C· with B and C ideals of R properly larger than A. But 
B, C :::> A implies that each of B and C is a finite intersection of meet 
irreducibles. Therefore, the same is true of A, contradiction. Note that, 
by definition, meet irreducible ideals are proper. Thus it is necessary to 
view R as an empty intersection of such ideals. . 

(ii) Let Q be a meet irreducible ideal of R and let V be the uniform 
right R-module R/Q. Suppose a, b E R with ab E Q. Since V satisfies 
a.c.c. on R�submodules, the ascending chain l.annv(b) � l.annv (b2 ) � . . . 
must stabilize and hence l.annv (bn) = l.annv (b2n) for some integer n � 1 .  

If v E Vbn n l.annv(bn) ,  then v = v'bn and 0 = vbn = v'b2n. Hence 
v' E l.annv (b2n) = l.annv (bn) and v = v'bn = O. In other words, 
Vbn n l.annv(bn) = 0 and, since V = R/Q is uniform, one of the lat­
ter intersec�ing submodules must be zero. Note that ab E Q implies that 
a + Q E l.annv (b) � l.annv (bn) .  Thus if l.annv (bn) = 0, then a E Q, 
whereas if Vbn = 0, then certainly bn E Q. 0 
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We remark that primary ideals need not be meet irreducible in gen­
eral. Now it is clear that parts (i) and (li) combine to yield a primary 
decomposition for every ideal of R. However we seek a somewhat sharper 
result, along with the appropriate uniqueness. To start with, we show 
that these primary ideals are close to being prime powers. 

Let I <JR. Then P is said to be a minimal covering prime of I if P is a 
prime ideal containing I and if there exist no primes P' with P :::> P' ;;2 I. 
It is clear that the minimal covering primes of I correspond naturally to 
the minimal primes of the ring R/ I. 

LEMMA 28.7 Let Q be a primary ideal of R and set 

P = ..jQ = { r E R I rn E Q for some n � 1 }  

Then P is a prime ideal of R containing Q and pm � Q for some m � 1 .  
Furthermore, P is the unique minimal covering prime of Q. 

PROOF Since R is commutative, -IQ is an ideal of R containing Q. 
Indeed, -IQ/Q = Nil(R/Q). Now suppose a, b E  R with ab E P = -IQ. 
Then anbn = (ab)n E Q for some n � 1 and, since Q is primary, we 
conclude that either an E Q or that bnj E Q for some j � 1 . In either 
case, a or b is in P and P is prime. 

Next, since R is Noetherian, -IQ is finitely generated and hence 
clearly nilpotent modulo Q. In other words, pm � Q for some m � 1. 
Finally, if P' is a prime ideal containing Q, then P' ;;2 Q ;;2 pm, so P' ;;2 P 
and P is the unique minimal covering prime of Q. 0 

It is not true that every primary ideal is a prime power, nor is every 
prime power a primary ideal (see Exercises 6-10). If Q is primary and if 
P = -IQ, then we say that Q is P-primary. Notice that Q is P-primary if 
and only if ab E Q implies a E Q or b E P. In particular, if P is a prime, 
then P is P-primary. 

LEMMA 28.8 Let P be a prime ideal of R. 
i. A finite intersection of P-primary ideals is P-primary. 
ii. IfQ is P-primary and if X is a nonzero submodule of the R-module 

R/Q, then X contains a nonzero submodule Y such that r.annR(y) = P 
for all 0 =? y E Y. 

PROOF (i) Suppose Ql , Q2, . . . , Qn are P-primary and let Q = n� Qi. 
If c E P, then some power of c is in each Qi and hence in Q. It follows 
that P = -IQ. Furthermore, if ab E Q and b ¢ P, then a E Qi for all i ,  
so a E Q. 
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(ii) Write X = J/Q. By the previous lemma, we can choo�e m 
minimal with Jpm � Q and clearly m � 1. Thus Y = (Jpm-I + Q)/Q is 
a nonzero submodule of J/Q and certainly YP = 0, since Jpm � Q. On 
the other hand, suppose 0 =F y E Y so that y = a + Q for some a E R \ Q. 
If yb = 0 with b E R, then ab E Q and, since a ¢ Q, we must have b E P. 
Thus r.annR(y) = P for all such y. 0 

We say that I = Ql nQ2n · · · nQn is a normal primary decomposition 
of the ideal I if: (1) the intersection is irredundant, so that no Qi can be 
deleted, and (2) each Qi is Pi-primary and the primes Pi are all distinct. 
We can now prove: 

THEOREM 28.9 (Lasker-Noether Theorem) If R is a commutative Noetherian 
ring, then every ideal I of R has a normal primary decomposition. FUr­
thermore, if I = Ql n Q2 n . . . n Qn is such a decomposition with Qi a 
Pi-primary ideal, then the following hold: 

i. The set . { PI , P2 , . . .  , P n } of corresponding prime ideals contains 
all the minimal covering primes of I and is uniquely determined by I. 

ii. If Pi is a minimal covering prime of I, then the Pi-primary com­
ponent Qi is uniquely determined by I. 

PROOF It follows from Lemma 28.6 that I is a finite intersection of 
primary ideals. Furthermore, if several of these are P-primary for the 
same prime P, then they can be replaced by their intersection, which 
is also P-primary by Lemma 28.8(i). In this way, we can write I = 

Ql n Q2 n ' " n Qn , where each Qi is a Pi-primary ideal with the Pi'S 
distinct. Finally, delete the redundant Qi'S to obtain a normal primary 
decomposition for I. 

Now suppose I = Ql n Q2 n . . .  n Qn is such a decomposition with 
Qi a Pi-primary ideal and say prt � Qi. 

(i) If P is a prime ideal of R containing I, then 

n n n 
P d. n Qi d. IT Qi d. IT pri 

i=l i=l i=l 

Thus P d. Pi for some i and it follows that the minimal elerp.ents of the 
set { Pl l P2 , . . .  , P n } are precisely the minimal covering primes of I. 

Again let P be a prime ideal of R. We will show that P = Pi for some 
i if and only if the R-module V = R/ I has a nonzero submodule X with 
r.annR(x) = P for all 0 =F x E X. Since the latter property depends only 
on I, this will prove that the set { Pl l  P2, . . .  , Pn } is uniquely determined 
by the ideal I. 
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To start with, we observe that each Pi has the preceding property. To 
this end, note that Ji = nj:;!:i Qj is properly iarger than I by irredundancy. 
Next, since Ji n Qi = I, it follows that 

Thus, by Lemma 28.8(ii), Ji/ I � R/ I contains a nonzero submodule Xi 
with r.arinR(x) = Pi for all 0 =? x E Xi. 

Conversely, suppose P is a prime ideal of R having the property 
that there exists a nonzero submodule X of V with r.annR(x) = P for all 
o =? x E X. Among all such X, assume that X = J /1 is chosen so that 
J is contained in the largest number of primary components Qj . Now 
J � I, so J is not contained in all Qj and say J � Qi . We claim that 
P = Pi. First , note that XP = 0, so JP � I � Qi . Hence, since J � Qi 
and since Qi is Pi-primary, we have P � Pi ' On the other hand, observe 
that (J n Qi) / I � J /1 = X and that J n Qi is contained in more primary 
components than J. Thus, by the choice of X = J /1, it follows that 
(J n Qi)/  1 =  0 and hence that J n Qi = I. But then JPri � JQi � I, 
so prj � r.annR(X) = P and Pi � P as required. 

(ii) Finally, let PI be a minimal covering prime of I and write J = 
n�=2 Qi . Then it is clear that the latter intersection is actually a normal 
primary decomposition for J and hence, by (i) , the minimal covering 
primes of J belong to the set { P2 , P3 , • . •  , P n } .  In particular, J � PI, 
since otherwise PI wcmld contain one of the minimal covering primes of 
J, say P2, and then PI � P2 ;;2 I, a contradiction. 

Consider the R-module V = R/I and notice that (QI/I)J = 0 
because QIJ � QI n J = I. Thus if 

Xl = { v E V I vb = 0 for some b E R \ PI } 

then QI/I � XI, since J � Pl ' On the other hand, if v = a + I E XI , 
then vb = 0 for some b E R \ PI and hence ab E I � QI ' But Ql is 
PI-primary, so we conclude that a E QI and v E QI/I. In other words, 
QdI = Xl and, since Xl is uniquely determined by I and PI , the result 
follows. 0 

Not every prime in the set { PI ,  P2 , • • •  , P n } is a minimal covering 
prime of I. The remaining ones are called the embedded primes and their 
corresponding primary components need not be unique in general. 

We close with the promised characterization of injective R-modules. 
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THEOREM 28.10 (Matlis' Theorem) Let R be a commutative Noetherian ring. 
i. Every injective R-module is uniquely a direct sum of uniform 

injective R-modules. 
ii. The map P H E{R/ P) yields a one-to-one correspondence be­

tween the prime ideals P of R and the isomorphism classes of uniform 
injective R-modules. 

iii. If P is a prime ideal of R, then every element of E{ R/ P) is 
annihilated by some power of P. 

PROOF (i) This is just a special case of Theorem 28.4. 
(ii) Let P be a prime ideal of R. If A, B <l R  with P = A n B, then 

AB � P, so A = P or B = P. In other words, P is meet irreducible and, 
by Lemma 28.2, E{R/ P) is a uniform injective R-module. It remains to 
show that the map 1]: P H E(R/ P) is one-to-one and onto. 

Let I be a uniform injective R-module and let x be any nonzero 
element of I. If Q = r.annR{x), then xR !:::! R/Q and I = E(xR) !:::! 
E{R/Q) . Furthermore, xR is a uniform module, so Q is meet irreducible 
and hence P-primary, for some prime P, by Lemmas 28.6(ii) and 28.7. 
In addition, by Lemma 28.8(ii) , R/Q has a nonzero submodule Y with 
r.annR(Y) = P for all 0 =j::. Y E Y. Thus I ;:2 yR !:::! R/ P and I = E(yR) !:::! 
E{R/ P) . We have, therefore, proved that the map 1] is onto. 

Finally, suppose E(R/P) !:::! I !:::! E(R/P') for primes P and P'. 
Then I contains an isomorphic copy of R/ P and, since P is P-primary, 
it follows from Lemma 28.8(ii) that I has a nonzero submodule Z with 
r.annR(z) = P for all 0 =j::. Z E Z. Similarly, I has a nonzero submodule 
Z' with r.annR(z') = P' for all 0 =j::. z' E Z'. But I is uniform, so 
Z n z' =j::. 0 and by computing the annihilator of any nonzero element of 
this intersection, we conclude that P = P'. Thus 1] is one-to-one. 

(iii) Let 1 =  E(R/ P) and let x be any nonzero element of I. By the 
preceding, if Q' = r.annR(x) ,  theJ;l Q' is P'-primary and I !:::! E(R/P') .  
Uniqueness now implies that pI = P and hence pm � Q' for some integer 
m ;::: 1 .  In particular, pm annihilates x. 0 

As a consequence, we have: 

COROLLARY 28.11 The uniform injective Z-modules are, up to isomorphism, Q 
and Cpoo for the various primes p. Furthermore, every injective Z-module 
is uniquely a direct sum of these. 

PROOF We know that Z is a commutative Noetherian ring and if P is 
a prime ideal of Z, then either P = 0 or P = pZ for some prime p. Now 
Z/O !:::! Z and E(Z) !:::! Q, as we observed in Chapter 23. Furthermore, 
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7l./p71. f::! Cp and E(Cp) f::! Cpoo . Matlis' Theorem now clearly yields the 
re�. 0 

EXERCISES ____________________ _ 

1 .  Let R be a ring with the property that every projective module is 
injective and vice versa. Prove that R is Noetherian and self-injective. 
Furthermore, show that every finitely generated uniform R-module is 
isomorphic to a submodule of RR. 

2. Conversely, if R is Noetherian and self-injective, show that any pro':' 
jective R-module is injective. If, in addition, every cyclic uniform 
R-module is isomorphic to a submodule of R, prove that every injec­
tive R-module is projective. 

3. Suppose R is right Noetherian and that the left regular module RR 
is injective. Use Exercise 23.3 to show that every proper right ideal 
of R has a nonzero left annihilator. Conclude that every irreducible 
R-module is i"somorphic to a submodule of RR. 

4. Let V be an R-module with submodules WI, W2, " " Wn and asume 
that 0 = n� Wi is an irredundant intersection. Prove that u.dim V ;::: 
n. In particular, if each V /Wi is uniform, show that V is isomorphic 
to an essential submodule of $ L:� V /Wi and hence that E(V) f::! 
$ L:� E(V/Wi) .  

5. Suppose V is  an R-module with R right Noetherian. Prove that 
u.dim V = n < 00 if and only if E(V) is a direct sum of n unJform 
injectives. 

6. Let R be a commutative Noetherian ring, let P be a prime ideal of 
R, and let Q � R with P 2 Q 2 pm. If Q is primary, prove that Q is 
P-primary. If in addition P is a maximal ideal of R, prove that Q is 
necessarily primary. 

7. Let F be a field and set R = F[xj y] . If P is the maximal ideal 
P = (x, y), prove that Ql = (x, y2) is P-primary but not a power 
of P. Furthermore, observe that Q2 = p2 = (x, y2) n (x2 , y) and 
conclude that Q2 is a primary ideal that is not meet irreducible. 

8. Now suppose R is the polynomial ring F[x, y, z] and let P be the 
kernel of the homomorphism R -+ F[t] given by x H t3 , Y H t4 and 
z H t5 • Then P is a prime ideal of R containing the polynomials 
!I = y2 - xz, 12 = yz - x3 , and fa = z2 - x2y. If 1 E R, prove that 

1 == x2 A(z) + xyB(z) + xC(z) + yD(z) + E(z) mod (!I ,  12, fa) 

for suitable polynomials A(z) , . . .  , E(z) . Conclude therefore that P = 
(!I, /2, /3) ' 
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9. We continue with the preceding example and show that p2 is not p­
primary and hence not primary. To this end, observe that n - fd3 = 
xg, where 9 = x5 - 3x2yz + xy3 + z3 , and note that n - fd3 E p2 
but that x ¢ P and 9 ¢ p2 . The latter follows since p2 is generated 
by all fiJi and hence no element of p2 can contain a monomial of 
degree less than 4. 

10. Finally, let R = F[x, y] again and consider the ideal I = (x2, xy) = 
(x) (x, y). First prove that I = (x) n (y + ax, x2) for any a E F. Next 
observe that (x) is a prime ideal and that (x, y)2 � (y+ax,  x2) � (x, y) 
so that (y + ax, x2) is (x, y)-primary. Conclude that the embedded 
components in a normal primary decomposition for the ideal I are not 
unique. 
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In this final chapter we consider two related themes in the context of 
noncommutative Noetherian rings. The first concerns the reduced rank 
of a module. As we will see, this rank respects short exact sequences and is 
therefore somewhat better behaved than uniform dimension. The second 
theme concerns the existence of an Artinian classical ring of quotients. 
As we will see, there is a beautiful characterization of the rings with this 
property. 

DEfiN ITION Suppose first that Q is an Artinian ring. Then we recall from the 
Hopkins-Levitzki and Jordan-Holder Theorems that every finitely gener­
ated Q-module V has a well-defined composition length len V = lenQ V. 
Furthermore, if 0 -+ U -+ V -+ W -+ 0 is a short exact sequence, then 
len V = len U + len W and len V = 0 if and only if V = O. 

Now let R be a semiprime Noetherian ring. Then Goldie's Theo­
rem implies that R has a Wedderburn classical right ring of quotients 
Q = Qc1(R) . In particular Q is Artinian and, by Lemma 9.11(i), if V 
is a finitely generated R-module, then V ®R Q is a finitely generated Q­
module. The reduced rank of V is then defined to be the nonnegative 
integer 

p(V) = PRey) = lenQ(V ®R Q) 

Basic properties are as follows. 

LEMMA 29.1 Let R be a semiprime Noetherian ring and let V be a finitely 
generated R-module. 

284 
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i. If 0 � U � V � W � 0 is exact, then PR(V) = PR(U) + PR(W). 
ii. If 'r/: V � V ® Q is the natural R-module homomorphism given 

by v I-? V -® 1, then the kernel of 'r/ is equal to 

Sing(V) = { v E V I vc = 0 for some regular element C E R } 

In particular, PR(V) = 0 if and only if V = Sing(V) . 
PROOF Let Q = Qcl(R) so that, by Lemma 27.12(i) , RQ is a flat left 
R-module. 

(i) If 0 � U � V � W � 0 is exact, then flatness implies that 

O � U ® Q � V ® Q � W ® Q � O  

is an exact sequence of Q-modules. In particular, since V ® Q has finite 
composition length and since composition length respects short exact se­
quences, we conclude that 

PR(V) = len(V ® Q) = len(U ® Q) + len(W ® Q) 
= PR(U) + PR(W) 

(ii) Since R is a semiprime Goldie ring, Lemmas 26.5(ii) and 26.6 
imply that a right ideal of R is essential if and only if it contains a regular 
element. Thus 

Sing(V) = { v  E V I r.annR(v) ess R }  
= { v E V I vc = 0 for some regular element C E R } 

In particular, if v E Sing(V) and vc = 0, then v ® 1 = vc ® c1 
= 0 and 

v E Ker('r/) . 
Conversely, suppose v E Ker('r/). Since RQ is flat, the natural map 

vR ® Q � V ® Q is one-to-one and, since 0 = v ® 1 E V ® Q, we 
conclude that vR ® Q = O. Furthermore, the map R � vR given by 
r I-? vr determines an exact sequence 0 � A � R � vR � 0, where 
A = r.annR(v) and hence 

o � A ® Q � R ® Q � vR ® Q � 0 

is also exact. But vR ® Q  = 0 and, by Lemma 27.12(ii) , we have A ® Q  9:! 
AQ and R®Q 9:! Q. Thus Q = AQ = AT-l , where T is the set of regular 
elements of R and hence 1 = arl for suitable a E A and t E T. In other 
words, r.annR(v) n T = A n T ::j:. 0 and hence v E Sing(V) as required. 
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Finally, note that PRey) = 0 if and only if 0 = V ® Q = (V ® l)Q 
and hence, by the preceding, if and only if V = Sing(V). 0 

This characterization of Sing(V) , when R is a semiprime Noetherian 
ring, leads to the following more general consideration. 

DEFIN ITION Let T be a multiplicatively closed subset of R. An R-module V 
is said to be T-torsion if every v E V is annihilated by some t E T. 
Similarly, V is T-torsion-free if vt = 0 for v E V, t E T implies that 
v = O. In general, a module V need not contain a "torsion submodule·," 
but we do haye: 

. 

LEMMA 29.2 Let T be a right denominator set in R. 
i. If V is an R-module, then 

Vo = { v E V I vt = 0 for some t E T }  

is a T-torsion R-submodule of V and VIVo is T-torsion-free. 
ii. Let A <l R with RIA a T-torsion-free left and right R-module. 

Then AT-l <l RT-I and (AT-I) n R  = A. Furthermore, if A is nilpotent, 
then so is AT-I . 

PROOF (i) Suppose Vl , V2 E Vo with vltl = v2t2 = 0 and let r E R. 
By the right denominator condition, there exist t3 , t4 E T and 83, 84 E R 
with tIt3 = t283 and rt4 = t1S4' Since (VI + V2)tlt3 = 0 and (vIr)t4 = 0, 
it follows that VI + V2 and Vlr are both contained in Yo. In other words, 
Vo is an R-submodule of V. Finally, if v E V has T-torsion modulo Yo, 
then vt E Vo for some t E T, so v(tt') = (vt)t' = 0 and v E Yo. 

(ii) We already know from Lemma 25.8(i) that AT-l is a right ideal 
of RT-I . To show that it is closed under left multiplication, we proceed as 
follows. Let a E A and t E T. By the right denominator condition, there 
exist r' E R and t' E T with tr' = at' E A. In particular, r' corresponds 
to a T-torsion element in R(RIA) and thus, by assumption, r' E A. Since 
rla = r'(t')-l , it therefore follows that T-1 A � AT-l and hence 

as required. 
Next, if r E (AT-l) n R, then r = at-I for some a E A and t E T, so 

rt = a E A. In this case, r corresponds to a T-torsion' element of (RIA)R 
so, again by assumption, r E A. Finally, if An = 0, then T-l A � AT-l 
and T-lT-l = T-I yield (AT-I)n � AnT-l = 0 and the lemma is 
�� 0 
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Thus Sing(V) , as described in Lemma 29.1 , is the 'T-torsion submod­
ule of V for T the set of regular elements of R. Furthermore, PR(V) = 

PR (V/Sing(V)) , so PR is, in some sense, the torsion-free rank of V. 

DEFINITION Now suppose R is a right Noetherian ring that is not necessarily 
semiprime. Then, by Lemma 20.4(ii), N = Ni1(R) is the unique largest 
nilpotent two-sided ideal of R and, say, Nk+l = O. Since Nil(R/N) :::;: 0, 
it follows that R/ N is semiprime and therefore N is an intersection of 
prime ideals of R. . On the other han<;l, if P is any prime of R, then 
P 2 0 = Nk+l , so P 2  N. Thus N is :the intersection of all the prime 
ideals of R and, by definition, N is the prime radical of R. Again, since 
R = R/ N is a semiprime Noetherian ring, we note that the reduced rank 
pft has already been defined. 

Let V be a finitely generated R-module and set Vi = V Ni for i = 

0, 1 , . . .  , k + 1 .  Then 

is a series of R-submodules of V with each quotient Vi = Vi/Vi+1 annihi­
lated by N. Thus Vi is naturally an R-module. Furthermore, since R is 
Noetherian, each Vi is finitely generated and hence so is Vi, We can now 
define the reduced rank PR(V) to be 

k 
PR(V) = L: Pft(Vi) 

i=O 

Notice that PR(V) is a nonnegative integer and that if R is semiprime, 
then N = 0, so R = R and this new definition agrees with the earlier one. 

For the remainder of this chapter we assume that R is a right Noethe­
rian ring with prime radical N satisfying Nk+1 = 0 and we set R = R/N. 

LEMMA 29.3 Let V be a finitely generated R-module and suppose that 

° = Xn+1 S Xn S . . .  s Xo = V 

is a series of R-submodules with each quotien.t Xi = Xd Xi+l annihilated 
by N. Then Xi is an R-module and 

n 
PR(V) = L: Pft(Xi) 

i=O 
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PROOF Let X denote the given X-series and define 
n 

O"(X) = L Pft(:)[i) 
i=O 

We claim that 0"( X) = O"(Y) for any two such series X and y. Indeed, since 
X and Y have a cOliiriiOn refinement by the Schreier-Zassenhaus Lemma, 
it merely suffices to show that O"(X) = O"(X') when X, is obtained from 
X by adding one more submodule, say X' with Xj+1 � X, � Xj. To this 
end, we note that O"(X') is obtained from O"(X) by replacing the summand 
Pft(Xj / Xj+1) with Pft(Xj / X') + Pft(X' / Xj+1) ' Furthermore, 

0 -+  X' /Xj+! -+ Xj/Xj+1 -+ Xj/X' -+ 0 

is a' short exact sequence of R-modules and we know that Pft respects 
such sequences by Lemma 29.1 (i) . Thus 

Pft(Xj/Xj+1) = pft(Xj/X') + Pft(X' /Xj+!) 

and O"(X') is indeed equal to O"(X). 
It follows that O"(X) = O"(Y) for all such y. In particular, if Zi = 

VNi, then O"(X) = O"(Z) and, by definition, O"(Z) = PReY) . 0 

If I is any ideal of R, we define C (1) to be the set of elements of R 
that ate regular modulo I. In other words, these are the elements of R 
that map to the regular elements of R/ I. Equivalently, c E C(l) if and 
only if cr E I or rc E I implies r E I. Notice that C(l) is multiplicatively 
closed and that C(O) is precisely the set of regular elements of R. 

LEMMA 29.4 Let R be a Noetherian ring and let V be a finitely generated 
R-module. 

i. If 0 -+ U -+ V -+ W -+ 0 is exact, then PReY) = PR(U) + PR(W). 
ii. PRey) = 0 if and only if V is a C(N)-torsion module. 

PROOF (i) We can assume that U � V and that W = V/U. If Ui = UNi 
and Xi = V Ni + U for i = 0, 1, . . . , k + 1, then 

o = Uk+! � . . .  � Uo = U = Xk+1 � . . .  � Xo = V 

is a series of submodules of V with each quotient annihilated by N. Thus 
the previous lemma implies that 

k k 
PRey) = L Pft(UdUHd + L pft(Xd Xi+!) 

i=O i=O 
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On the other hand, the first sum here is just PR(U) and, since 

Xi tv (VNi + U)/U tv WNi 
Xi+1 = (VNi+1 + U)/U = WNi+1 
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the second sum is PR(W). Thus PRey) = PR(U) + PR(W) as required. 
(ii) Now let Vi = VNi for i = 0, 1 ,  . . .  , k + 1 and set Vi = Vi/Vi+! . 

Since PRey) = 2:�=o PR(Vi), we see that PReY) = 0 if and only if PR(Vi) = 
o for all i. In other words, by Le:p:lma 29.1 (li), PRey) = 0 if and only if 
each Vi is a C(N)-torsion module. 

Suppose first that each Vi is C (N)-torsion. If v E V, then, by defini­
tion, we can choose C1 , C2 , • • •  , Ck E C (N) inductively so that VC1C2 • • •  Ci E 
Vi+1 ' Thus, since Vk+1 = 0 and CIC2 ' "  Ck E C(N) , we conclude that V is 
C (N)-torsion. Conversely if V is C (N)-torsion, then so is every submodule 
and factor module. In particular, each Vi inherits this property. 0 

As a consequence, we prove a "pseudo-Ore condition" for R. 

LEMMA 29.5 Let r E R and C E C(O) . Then there exist r' E R and c' E C (N) 
with rc' = cr' .  Furthermore, C(O) � C(N) . 
PROOF Since c is regular in R, the map R --+ cR given by S 1-+ CS is an 
R-module isomorphism. In particular, PR(R) = PR(cR) , so the previous 
lemma implies that PR(R/cR) = 0 and hence that R/cR is a C (N)-torsion 
module. By applying this condition to the element r + cR E R/ cR, we 
conclude that there exists c' E C(N) with rc' E cR and thus rc' = cr' for 
some r' E R. 

Finally let c E C(O) and apply the pseudo-Ore condition with r = 1 .  
Then there exist d E C(lV) and s .E R with cs = d .  In particular, if 

is the natural homomorphism, then cs = (1 and, since (1 is invertible in 
Q, we have cs(1-1 = 1. Thus l.annQ (c) = 0 and, since Q is Artinian, 
Lemma 25.6 implies that c is invertible in Q. It follows that c is regular 
in R/N and hence that c E C(N) . 0 

As we will see, this is a key ingredient in the characterization of 
Noetherian rings with an Artinian classical right ring of quotients. Indeed, 
all that remains in the way of preliminaries is the following: 

LEMMA 29.6 . Let S be a Noetherian ring. 
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i. IfT is a right denominator set of S, then ST-l is also Noetherian. 
ii. If S has a nilpotent ideal M with S I M an Artinian ring, then S 

is also Artinian. 

PROOF (i) This is immediate from Lemma 25.9(i) . 
(ii) If Mn+1 = 0, consider the series 

o = Mn+1 � Mn � . . .  � Ml � MO = S 

of two-sided ideals of S. Since S is Noetherian, each Mi and each quotient 
Hi = Mil Mi+l is a finitelY-generated S-module. Furthermore, since M 
annihilates Hi, it follows that Hi is naturally a finitely generated module 
for the Artinian ring H = SIM. Thus each Hi is an Artinian H-module 
and hence also an Artinian S-module. In particular, Ss has a finite series 
with Artinian factors, so we conclude that Ss is also Artinian. 0 

We can now obtain the promised characterization. 

THEOREM 29.7 (Small's Theorem) Let R be a right Noetherian ring with prime 
radical N.  Then R has an Artinian classical right ring of quotients if and 
only if C(N) = C(O) . 
PROOF Suppose first that C(N) = C(O) and call this common set T. 
Then the pseudo-Ore condition of Lemma 29.5 implies that T is a right 
denominator set of R. In particular, we can form Q = RT-1 = Qc1(R) 
and the goal is to show that Q is Artinian. By the previous lemma, we 
know at least that Q is Noetherian. 

Since T = C(N) , it follows that RIN is T-torsion-free as a right 
and left R-module. Thus Lemma 29.2(ii) implies that M = NT-l is a 
nilpotent ideal of Q with MnR = N. Furthermore, by Lemma 27.3(iii), if 
- :  R -+ RI N is the natural ring homomorphism, then Q I M = RT-l. But 
T = C(N), so T is the set of regular elements of the semiprime Noetherian 
ring R and hence RT-l = Qc1(RIN) is a Wedderburn ring by Goldie's 
Theorem. In other words, Q is a Noetherian ring having a nilpotent ideal 
M with Q 1M Artinian. The previous lemma now implies that Q is also 
Artinian. 

Conversely, suppose Q = Qc1(R) is Artinian and set T = C(O). By 
Lemma 29.5, we know that T =

" C(O) � C(N) and therefore RIN is T­
torsion-free as a right and left R-module. Again Lemma 29.2(ii) implies 
"that M = NT-l is a nilpotent ideal of Q with M n R = N. 

Finally, let c E C(N) . If c(r,r1 ) E M  for some r E R and t E T, then 
cr E M n R = N. Since c E C(N), it follows that r E N  and hence that 
rrl E M. In other words, we have shown that the image of c is right 
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regular in the Artinian ring Q/M, so Lemma 25.6 implies that this image 
is invertible. Thus there exists q E Q with cq = 1 - m and qc = 1 - m' 

for suitable m, m' E M. But m and m' are nilpotent, so it follows from 
Lemma 5.1(i) that cq and qc are both invertible in Q and hence so is c. 
In particular, c is regular in Q and therefore c E C(O) . We conclude that 
C (N) � C (0) and the theorem is proved. 0 

We close with an example of interest. Let K be a field and set 
R = K[x, y]/(x2 , xy) . Then R is a commutative K-algebra generated 
by the images tt and y of x and y. Furthermore, N = Nil(R) = ttR 
and R/N � K[Y] . Thus y E C(N) , but tty = 0, so y 1:. C(O) .  In other 
words, C(N) i: C(O) and Small's Theorem implies that R does not have 
an Artinian classical ring of quotients. On the other hand, as we will see 

. in the exercises, every commutative Noetherian ring is embeddable in an 
Artinian ring. 

EXERCISES __________________ _ 

1. If S is a ring with one of the following properties, show that S is not 
embeddable in an Artinian ring. 

i. S has arbitrarily large finite subsets of orthogonal idempotents. 
ii. S does not satisfy the maximal or minimal condition on right 

annihilators of subsets. 
iii. There exist infinitely many rational primes p with anns(p) i: O. 

2. Suppose S is a subring of the Artinian ring Q. If V is a finitely 
generated S",module, define O"(V) = lenQ(V ®s Q)/ lenQ (Q) . Show 
that 

i. O"(V) is a nonnegative rational number with O"(S) = 1. 
ii. O"(Vl Efl V2) = O"(Vl) + 0"(V2) ' 
iii. If U -+ V -+ W -+ 0 is an exact sequence, then O"(W) :5 O"(V) :5 

O"(U) + O"(W) . 
Such a function 0" is called a Sylvester rank function. Amazingly, 
Schofield has proved that every algebra with a Sylvester rank function 
is embeddable in an Artinian ring. 

3. Let X be a subset of the ring S and assume that S is contained in 
a right Artinian ring or in a left Noetherian ring. Prove that there 
exists a finite subset Xo � X with r.anns(X) = r.anns(Xo) .  

4.  Let e and f be idempotents in a ring S. Suppose first that e = uv and 
f = vu for some u, v E S and define a: eS -+ 8 by a( es) = ves. Prove 
that a determines an S-isomorphism from eS to f S. Conversely, 
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suppose that there exists an S-isomorphism a: eS -+ fS. Prove that 
e = uv and f = vu for some u, v E S. 

5. Suppose R is a right Noetherian ring containing the Wedderburn ring 
S and write S = . :E;=1 Bi, a direct sum of simple rings. If fi is a 
primitive idempotent of Si , prove that 

k 
u.dimR R = L:(u.dims Si) (u.dimR fiR) 

i=l 
To this end, first observe that Si � Mni (Di) has a family of orthogonal 
primitive idempotents { fi,l, fi,2 , · . · ,  fi,ni } with ni = u.dims Si and 
fi,jSS � fiBs . Then note that t fi,j } is an orthogonal decomposition 
of 1 in R and hence that R = . :Ei,j fi,jR. Finally, use the preceding 
exercise to conclude that fi,jRR � fiRR. This is a special case of the 
additivity principle. . . 

6. Let R be the ring R = (� ��:� ) , where p is any prime. Show that 

R is right and left Noetherian and that N = Nil(R) = (� ll{l) .  
Prove that C(N) =f. C(O) and that the right and left reduced ranks of 
the (R, R)-bimodule N are distinct. 

7. Suppose A = Al (K) is the mst Weyl algebra over a field K of char­
acteristic 0 and let 0 C B C A be a proper right ideal of A. Note that 
AlB = Sing(AIB), since B ess A, and that r.annA(AIB) = 0, since 
this annihilator must be a proper two-sided ideal of A. Now define 
R = (� AIf ) and observe that R has a natural ring structure 

and as such it is a right Noetherian ring. If X = (� A�B ) , show 

that every finite subset Xo of X is annihilated by some ( �  � ) with 
E ess A. Conclude from Exercise 3 that R cannot be embedded in a 
right Artinian ring or a left Noetherian ring. 

In the remaining problems, let R denote a commutative. Noetherian 
ring. 

8. Let P be a prime ideal of R. For each integer n � 1, show that there 
exists a unique P-primary component for the ideal pn . We denote this 
component by p(n) and call it the nth symbolic power of P. Suppose 
in addition that R is an integral domain and set Rp = RT-1 , where 
T = R \ P. If pI = PRp, prove that (pl)n n R = p(n) . 
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9. If RR is a uniform module, use Lemma 26.3 to show that every element 
of R is either nilpotent or regular. Conclude that every element of 
Q = Qc1(R) is either nilpotent or invertible and hence that Q is a 
semiprimary ring. Deduce that Q is also Artinian. 

10. Now apply Lemma 28.6 and the previous problem to conclude that 
any commutative Noetherian ring can be embedded in a commutative 
Artinian ring. Find an example of a commutative ring that cannot be 
embedded in an Artinian ring. 
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I ndex 

A.c.c. , See ascending chain condition. 
Abelian group, divisible, 208. 

structure, 160. 
Additivity principle, 292. 
Algebra, almost commutative, 180. 

Clifford, 52, 55. 
free, 21, 250. 
Frobenius, 228-230. 
Grassmann, 52. 
group, 41. 
quaternion, 52. 
Weyl, 196. 

Algebraic root, 194. 
Almost centralizing extension, 180. 
Almost commutative algebra, 180. 

Nullstellensatz, 194. 
Almost normalizing extension, 188. 
a-free module, 181. 
Arri.itsur's Theorem, 192. 
Am(K), See Weyl algebra. 
Artin-Rees Lemma, 123. 
Artin-Wedderburn Theorem, 36. 
Artinian module, 28. 
Artinian quotient ring, 290. 
Artinian ring, 28, 45-50, 52, 81. 

classical quotient ring, 246. 
Grothendieck group, 117. 
injective module, 276. 
projective Grothendieck group, 143. 

Ascending chain condition, 58. 
Associated graded ring, 177. 
Associativity, tensor product, 88. 
Automorphism, 6. 

Backmap, 14. 
Baer sum, 216. 
Baer's Criterion, 207, 227. 
Baer's Theorem, 209. 
Balanced map, 84. 
Basis, 16. 
Basis Theorem, 106. 
Bass' Theorem, 176. 
Bimodule, 87, 203. 
Bimodule homomorphism, 87. 

Cpn ,  225-226, 281. 
Cpoo ,  225-226, 281. 
e[P], See Cartan map. 
erA] , See cokernel map. 
e(I), 288. 
Cartan map, 144. 
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Cartan matrix, 144, 150. 
Change of variables, 161. 
Checkered matrix ring, 34, 42. 
Chevalley-Jacobson Theorem, 39. 
Chinese Remainder Theorem, 31. 
Class group, 271 . 
Classical quotient ring, 245. 

Artinian ring, 246. 
simple Wedderburn, 258. 
Wedderburn, 258. 

Clifford algebra, 52, 55. 
Closure operation, 234, 247. 
Cokernel, 12. 
Cokernel map, 214. 
Column operations, elementary, 153. 
Commutative Noetherian ring, 277-

281. 
Commuting diagram, 3 .  
Complete direct sum, See strong di-

rect sum. 
Completely reducible module, 23-25. 
Complex, 13, See zero sequence. 
Composition, 3. 

left notation, 4. 
right notation, 3. 

Composition factors, 26. 
Composition length, 26, 284. 
Composition series, 26, 47. 

factors, 26. 
length, 26. 

Conjugate module, 107. 
Contravariant, 204. 
Countably generated modul�, 98. 
Covariant, 204. 
Cuts across the grade, 128. 
Cyclic module, 10, 81. 

0, 208. 
VCR) , See dense ideal. 
D.c.c., See descending chain condi­

tion. 

Decomposable module, 49. 
Dedekind domain, 66-72. 

class group, 271. 
Degree, total, 128. 
Denominator set, left, 245. 

right, 242-245. 

Index 

Dense ideal, 235-238. 
minimum, 238. 

Dense ring of transformations, 39, 
Density Theorem, 39. 
Derivation, 113. 

inner, 113. 
Descending chain condition, 28. 
Determinantal trick, 159. 
Diagram, commuting, 3. 
Dimension, global, 76, 81. 

injective, 214. 
projective, 75-81. 
uniform, 262, 264, 266-267. 

Direct product, 210. 
Direct sum, external, 7. 

internal, 7, 24. 
strong, 7, 210. 
tensor product, 88. 
weak, 7. 

Direct summand, 15, 23. 
Directed system, 94. 
Distributive law, 12. 
Divisible abelian group, 208. 
Division algebra, finite dimensional, 

185. 
Division ring, 40. 
Domain, 268-270. 

Dedekind, 66-72, 271. 
hereditary, 66-68. 
Ore, 245. 

Doubly transitive, 43. 
Dual basis, 228. 

E(A, B), See extension group. 
E(A, B) = 0, 215, 217-220. 



Index 

E(V) , See injective hull. 
Eilenberg Trick, 171. 
Element, homogeneous, 124. 

normal, 110. 
regular, 256. 

Elementary column operations, 153. 
Embedded prime ideal, 280. 
End(V) , 5. 
Endomorphism, 5, 6. 
EndR(V), 6, 33-36. 
Epimorphism, 13. 
EquiValent extension, 215. 
Equivalent matrices, 159. 
Equivalent series, 25. 
Essential extension, 223. 

transitivity, 223. 
Essential ideal, 256. 
Essential submodule, 223, 226. 
essR, See essential extension. 
Exact, left, 204. 
Exact at, 13. 
Exact sequence, 13. 
Extended centroid, 241. 
Extendible row, 152, 163. 
Extension, 215. . 

almost centralizing, 180. 
almost normalizing, 188. 
Baer sum, 216. 
equivalent, 215. 
essential, 223. 
finite centralizing, 190. 
finite normalizing, 198. 
group, 216. 

External direct sum, 7. 
Extn (A, B), 217, 222. 

Factors through, 8. 
Faithful module, 38. 
Faithfully flat module, 94. 
Field extension, separably generated, 

168. 

299 

Filtered ring, 177. 
Finite centralizing extension, 190. 
Finite dimensional division algebra, 

185. 
Finite normalizing extension, 198. 
Finitely generated module, 10, 59. 
First Isomorphism Theorem, 8. 
Fitting's Lemma, 62-63. 

essential version, 254. 
Five Lemma, 21. 
Fixed ring, 131. 
Flat module, 89-92, 211. 
Fractional ideal, 68-70, 271. 
Free algebra, 21, 250. 
Free basis, 16. 
Free module, 16-18. 

rank, 17. 
Free resolution, 82. 
Frobenius algebra, 228-230. 
Function on 2-sphere, 167. 
Functional, linear, 228. 
Fundamental Theorem of Abelian 

Groups, 160. 

G-domain, 185. 
G-graded riI).g, 131. 
Go(R), See Grothendieck group. 
Generator, 178. 
Generic flatness, 181, 183, 188. 

vector, 189. 
Generic Flatness Theorem, 183. 
gl dim R, See global dimension. 
Global dimension, 76, 81, 107-113, 

220. 
finite, 268. 
injective, 215, 220. 

Goldie ring, 253, 256. 
prime, 258, 264. 
semiprime, 258, 264. 

Goldie's Theorem, 258. 
gr R, See associated graded ring. 
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gr Go(R), See graded Grothendieck 
group. 

Graded, homomorphism, 125. 
module, 124-130. 
prime ring, 188. 
ring, 124-130. 
semiprime ring, 188. 
submodule, 125. 

Graded Artinian ring, 177. 
Graded Grothendieck group, 127-130. 
Graded Nakayama's Lemma, 127. 
Graded Noetherian ring, 130, 177. 
Graded ring, 124-130. 

graded prime, 188. 
graded semiprime, 188. 
Jacobson radical, 191. 

Graded-free module, 126. 
Graded-projective module, 126. 
Grassmann algebra, 52. 
Grothendieck group, 115-121, 270. 

Artinian ring, 11 7. 
graded, 127-130. 
integers, 118. 
projective, 142-146. 
skew polynomial ring, 137-139. 

Grothendieck-Quillen Theorem, 138. 
Group algebra, 41. 
Group ring, 41, 83. 

Hairy Ball Theorem, 167, 169-170. 
Hereditary domain, 66-68. 
Hereditary module, 56. 
Hereditary ring, 57, 65, 76. 
Herstein's counterexample, 169. 
Hilbert Basis Theorem, 106, 
Hilbert Nullstellensatz, 195. 
Hilbert Syzygy Theorem, 113, 146. 
Hom( A, B), 5. 
Homogeneous element, 124. 
Homomorphism, 4. 

automorphism, 6. 

endomorphism, 6. 
factors through, 8. 
graded, 125. 
isomorphism, 6. 
module, 6. 
ring, 6. 

Index 

HomR(A, B), 6, 33-36, 203-206. 
Hopkins-Levitzki Theorem, 47, 59. 

J-adic topology, 169. 
IBN ring, 18, 21, 42. 
idR V, See injective dimension. 
Ideal, dense, 235-238. 

essential, 256. 
fractional, 68-70, 271. 
integral, 68. 
invertible, 6�-66. 
meet irreducIble, 274. 
minimal prime, 263-264. 
nil, 44. 
P-primary, 278. 
primary, 277, 282. 
prime, 60, 66-69, 252, 281, 287, 

292. 
primitive, 50. 
projective, 65. 
quasi-regular, 50. 
residual, 235. 

Idempotent, 29. 
lifted, 48. 
primitive, 53. 

Idempotents, orthogonal, 53. 
Im(O) , 7. 
Image, 7. 
Incomparable prime ideal, 263. 
Indecomposable module, 49, 63. 
Indecomposable projective module, 

50. 
Induced module, 92, 135-136. 
Induced module map, 117, 144. 
Infinitely divisible, 21. 
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inj gl dim R, See injective global di-
mension. 

Injective dimension, 214. 
Injective global dimension, 215, 220. 
Injective hull, 224-226. 
Injective module, 206-210, 223. 

Artinian ring, 276. 
integers, 225-226, 281. 
Noetherian ring, 273, 275, 281. 
uniform, 274-276. 

Injective resolution, 222. 
Injective Schanuel's Lemma, 213-214, 

231. 
Injective Z-module, 225-226, 281. 
Inner, derivation, 113. 
Integers, Grothendieck group, 118. 

injective module, 281. 
Integral element, 66. 
Integral extension, 71. 
Integral ideal, 68. 
Integrally closed, 66. 
Internal direct sum, 7, 24. 
Intersection Theorem, 169. 
invariant basis number, 18. 
Invertible ideal, 64-66. 
Invertible matrix, 17. 
Irreducible module, See simple mod-

ule. 
Isomorphic modules, 6. 
Isomorphism, 6. 
Isomorphism invariant, 20. 
Isomorphism Theorem, First, 8. 

Second, 9. 
Third, 9. 

.Jacobson radical, 50-52, 95. 
graded ring, 191. 
not nil, 199. 
polynomial ring, 192. 

Jacobson's Conjecture, 169. 
Johnson's Theorem, 259. 

Jordan-HOlder Theorem, 26. 

JC[A], See kernel map. 
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Ko(R), See projective Grothendieck 
group. 

Kaplansky's Theorem, 101. 
Ker(e), 7. 
Kernel, 7. 
Kernel map, 75. 
Krull Intersection Theorem, 169. 
Krull-Schmidt Theorem, 63. 

Lasker-Noether Theorem, 279. 
Left exact, 204. 
Left module, 5, 
Left notation, 4. 
Left quotient ring, 245. 
len V, See composition length. 
Lexicographical order, 182. 
Lifted idempotent, 48. 
Linear functional, 228. 
Local ring, 96� 101, 269. 

projective module, 97, 101. 
Local system, 91, 94. 
Localization, 97, 174. 

Martindale quotient ring, 240. 
symmetric, 241, 249. 

Maschke's Theorem, 41, 131. 
Matlis' Theorem, 281. 
Matrices, equivalent, 159. 
Matrix, invertible, 17. 
Matrix ring, checkered, 34, 42. 
Max, See maximum condition. 
Max-c, See maximum condition, com­

plement. 
Max-ra, See maximum condition, 

right annihilator. 
Max-rc, See maximum condition, 

complement. 
Maximal quotient ring, 233-240. 

center, 239. 
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Maximum cOIl-dition, 58. 
complement, 253. 
right annihilator, 193, 253. 

Meet irreducible ideal, 274. 
Min, See minimum condition. 
Minimal covering prime ideal, 278, 

279. 
Minimal prime ideal, 263-264. 
Minimal right ideal, 28. 
Minimum condition, 28. 
Modular Law, 10. 
Module, 5 .  

a-free, 181-
Artinian, 28. 
completely reducible, 23-25. 
conjugate, 107. 
count ably generated, 98. 
cyclic, 10, 81. 
decomposable, 49. 
faithful, 38. 
faithfully fiat, 94. 
fuiitely generated, 10, 59. 
fiat, 89-92, 211. 
free, 16-18. 
graded, 124-130. 
graded-free, 126. 
graded-projective, 126. 
hereditary, 56. 
indecomposable, 49, 63. 
induced, 92, · 135-136. 
infinitely divisible, 21. 
injective, 206-210, 223, 273, 281. 
irreducible, 23, 46. 
left, 5. 
Noetherian, 58. 
nonsingtilar, 255. 
principal indecomposable, 50, 143. 
projective, 18-20, 47, 49, 91, 98, 

120, 172, 176, 205. 
regular, 7. 
right, 5. 

simple; 23, 46, 49. 
stably free, 145,' 165. 
submodule, 7. 
torsion, 286. 
torsion free, 92, 174, 286. 
uniform, 263. 
uniform injective, 274-276. 
unital, 6. 

Modules, isomorphic, 6. 
Monic polynomial, 161. 

Index 

Monic Polynomial Theorem, 161, 163. 
Monomorphism, 13. 
Morita correspondence, 122. 
Multiplicatively closed, 97. 
Multiplicatively closed set, 242. 

n-fir, 62 . .  
Nakayama's. Lemma, 95. 

graded, 127. 
Nil(R) , See nil radical. 
Nil ideal, 44. 
Nil radical, 45, 52. 
Nilpotent elefl1ent, 44. 
Nilpotent right ideal, 28. 
Nilpotent subset, 28. 
Noether Normalization Theorem, 162. 
Noetherian module, 58. 
Noetherian ring, 59, 106, 287-291. 

commutative, 277-281. 
injective module, 273, 275, 281. 
semiprime, 268, 270. 

Nonsingular, 255. 
Nonsingular dng, 259. 
Normal element, 110. 
Normal primary decomposition, 279. 
Normalization Theorem, 162. 
Nullstellensatz, 190-199. 

almost commutative algebra, 194. 
Hilbert, 195. 
uncountable field, 198. 
Zariski, 187. 



Index 

Order, lexicographical, 182. 
product, 183. 

Ore condition, 245. 
pseudo, 289. 

Ore domain, 245. 
Ore extension, 113. 

global dimension, 114. 
Ore ring, 245, 250. 
Ore's Theorem, 244, 250. 
Orthogonal idempotents, 53. 

P-primary ideal, 278. 
Patching Theorem, 157, 163. 
pdR V, See projective dimension. 
Polynomial, 105� 

monic, 161. 
Polynomial ring, Jacobson radical, 

192. 
projective module, 177. 

Primary decomposition, 278, 282. 
normal, 279. 

Primary ideal, 277, 282. 
Prime ideal, 60, 66-69, 252, 281, 287, 

292. 
embedded, 280. 
incomparable, 263. 
minimal, 263-264. 
minfinal covering, 278, 279. 

Prime radical, 287. 
Prime ring, 60, 240, 252. 
Primitive ideal; 50. 
Primitive idempotent, 53. 
Primitive ring, 38-40, 50. 
Principal ideal domain, 58, 159. 
Principal indecomposable module, 50, 

143. 
Product order, 183. 
Progenerator, 178. 
Projective cover, 102, 224. 
Projective dimension, 75-81. 
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Projective Grothendieck group, 142-
146. 

Artinian ring, 143. 
skew polynomial ring, 144. 

Projective ideal, 65. 
Projective indecomposable module, 

See principal indecomposable 
module. 

Projective module, 18-20, 47, 49, 91, 
98, 120, 205. 

integer, 22. 
local ring, 97, 101. 
not finitely generated, 172, 176. 
polynomial ring, 177. 

Projective resolution, 82, 140. 
Projective Z-module, 22. 
Pseudo Ore condition, 289. 

Q, 225-226, 281. 
Qcl(R), See classical quotient ring. 
Qmax (R},_S��_maximal quotient 

ring. 
Qr(R), See quotient ring, right. 
Qs(R), See quotient ring, symmetric. 
Quasi-regular ideal, 50. 
Quaternion algebra, 52. 
Quillen Patching Theorem, 157, 163. 
Quillen-Suslin Theorem, 165. 
Quotient ring, classical, 245. 

left, 245. 
Martindale, 240. 
maximal, 233-240. 
right, 242-249. 
symmetric, 241, 249. 

JR, 167. 
R[G], See group ring. 
R[x] , See polynomial ring. 
R[xj 8] , See Ore extension. 
R[x; 0'] , See skew polynomial ring. 
R*G, See skew group ring. 
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R-homomorphism, See homomor-
phism. 

R-module, See module. 
R-submodule, See submodule. 
Rad(R) , See Jacobson radical. 
Radical, Jacobson, 50-52, 95. 

nil, 45, 52. 
prime, 287. 

Rank, reduced, 284, 287-288. 
torsion-free, 287. 

Rank of free module, 17. 
Reduced rank, 284, 287-288. 
Refinement, 25. 
Regular element, 256. 
Regular module, 7. 
Relation, 115, 127, 147. 
Replacement Theorem, 265. 
Representation, 6. 
Residual ideal, 235. 
Resolution, free, 82. 

injective, 222. 
projective, 82, 140. 

Respects direct sums, 142. 
Respects short exact sequences, 116. 

graded, 128. 
PR(V), See reduced rank. 
Right annihilator, 77. 

maximum condition, 193. 
Right exact, tensor product, 88. 
Ri�ht ideal, minimal, 28. 

nilpotent, 28. 
Right module, 5. 
Right notation, 3. 
fUght quotient ring, 242-249. 

Artinian, 290. 
Ring, Artinian, 28, 45-50, 52, 81, 276. 

commutative Noetherian, 277-281. 
division ring, 40. 
filtered, 177. 
fixed, 131. 
G-graded, 131. 

Goldie, 253, 256. 
graded, 124-130. 
graded Artinian, 177. 
graded Noetherian, 130, 177. 
group, 41, 83. 
hereditary, 57, 65, 76. 
IBN, 18, 21, 42. 
local, 96-101, 269. 
n-fir, 62. 

Index 

Noetherian, 59, 106, 273, 275, 287-
291. 

nonsingular, 255, 259. 
Ore, 245, 250. 
prime, 60, 240, 252. 
prime Goldie, 258, 264. 
primitive, 38-40, 50. 
self-injective, 228-229, 259. 
semigroup, 83. 
semihereditary, 72. 
semilocal, 153. 
semiprimary, 54, 63. 
semiprime, 193, 252. 
semiprime Goldie, 258, 264. 
semiprime Noetherian, 268, 270, 

284. 
semiprimitive, 50. 
simple, 38. 
simple Artinian, 38. 
skew group, 131. 
skew polynomial, 105-109. 
strongly G-graded, 131. 
von Neumann regular, 54, 93, 212, 

259. 
Wedderburn, 28, 30, 36, 45-50, 76, 

227, 249. 
Ring homomorphism, 6. 
Root, algebraic, 194. 
Row, extendible, 152, 163. 

unimodular, 152, 163. 
Row matrix, 152. 



Index 

Schanuel's Lemma, 74-75, 82. 
injective, 213-214, 231. 

Schreier-Zassenhaus Lemma, 25. 
Schur's Lemma, 36. 
Second Isomorphism Theorem, 9.  
Self-injective ring, 228-229, 259. 
Semigroup ring, 83. 
Semihereditary ring, 72. 
Semilocal ring, 153. 
Semi primary ring, 54, 63. 
Semiprime Noetherian ring, 284. 
Semiprime ring, 193, 252. 
Semiprimitive ring, 50. 
Separably generated, 168. 
Sequence, exact, 13. 

short exact, 14. 
zero, 13. 

Series, 25. 
composition, 26, 47. 
equivalent, 25. 
factors, 25. 
length, 25. 
refinement, 25. 

Serre Conjecture, 152, 165. 
Serre's Theorem, 144. 
Short exact sequence, 14. 

split, 14. 
Simple Artinian ring, 38. 
Simple module, 23, 46, 49. 
Simple ring, 38. 
Sing(V), See singular submodule. 
Singular ideal, 255. 
Singular submodule, 255, 285.  
Skew group ring, 131. 
Skew polynomial ring, 105-109. 

global dimension, 107, 112. 
Grothendieck group, 137-139. 
Noetherian, 106. 
projective Grothendieck group, 144. 

Small's Theorem, 290. 
soc(V), See socle. 

Socle, 226, 239. 
Split, 14. 
Splitting backmap, 14. 
Stably free module, 145. 

not free, 165. 
Stably isomorphic, 145. 
Strong direct sum, 7, 210. 
Strongly G-graded ring, i31. 
Submodule, 7. 

essential, 223, 226. 
graded, 125. 
singular, 255, 285� 
torsion, 286. 

Subring, 5. 
Suslin Monic Polynomial Theorem, 

161, 163. 
Sylvester rank function, 291-
Symbolic power, 292. 
Symmetric difference, 52. 
Symmetric quotient ring, 241,  249. 
Syzygy, 147. 
Syzygy Theorem, 113, 146. 

T(V), See trace ideal. 
Tensor product, 84-93. 

associativity, 88. 
maps, 87. 
right exact, 88. 

Third Isomorphism Theorem, 9. 
Torl (A, R) = 0, 134. 
Tor2(A, R) = 0, 134. 
Torn (A, B), 140. 
Torsion free module, 92, 174, 286. 
Torsion free rank, 287. 
Torsion module, 286. 
Torsion submodule, 286. 
Total degree, 128. 
Trace ideal, 172. 
Trace map, 21. 
Transitive, 36, 43. 
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Transitivity, essential extension, 223. 
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Transitivity of induction, 93. 
Triangular matrix, 82. 

u.dim V, See uniform dimension. 
Uniform dimension, 262, 264, 266-

267. 
Uniform injective module, 274-276. 
Uniform module, 263. 
Unimodular row, 152, 163. 
Unital module, 6. 
Utumi's Theorem, 238. 

Vector generic flatness, 189. 
von Neumann regular ring, 54, 93, 

212, 259. 

Walker's Theorem, 268. 
Walker's Theorem Revisited, 270. 
Weak direct sum, 7. 

Index 

Weakly ascending, 189. 
Wedderburn ring, 28, 30, 36, 45-50, 

76, 227, 249. 
Weyl algebra, 196. 

7/., See integers. 
Z(f), See zero set. 
Zarisl9- Nullstellensatz, 187. 
Zero, algebraic, 194. 
Zero sequence, 13. 
Zero set, 194. 
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