Course 311: Michaelmas Term 2001
Part II: Topics in Group Theory

D. R. Wilkins
Copyright (©) David R. Wilkins 1997-2001

Contents
2 Topics in Group Theory 2
21 Groups . . ... 2
2.2 Examples of Groups . . . . . ... ... 3
2.3 Elementary Properties of Groups . . . . . .. ... ... ... 4
24 Subgroups . . ... 6
2.5 Cyclic Groups . . . . . . . .. 7
2.6 Cosets and Lagrange’s Theorem . . . . . . . .. .. ... ... 8
2.7 Normal Subgroups and Quotient Groups . . . . . . .. .. .. 10
2.8 Homomorphisms . . . . ... ... ... ... .. ..., 13
2.9 The Isomorphism Theorems . . . . .. .. ... ... ..... 15
2.10 Direct products of groups . . . . . . ... 16
2.11 Cayley’s Theorem . . . . . . . . .. .. ... ... .. .... 17
2.12 Group Actions, Orbits and Stabilizers . . . . . . . . . ... .. 17
213 Conjugacy . . . . . oo 18
2.14 Permutations and the Symmetric Groups . . . . . . . . .. .. 19
2.15 The Alternating Groups . . . . . . . . . . .. .. ... .... 23
2.16 Normal Subgroups of the Symmetric Groups . . . . . . . . .. 26
2.17 Finitely Generated Abelian Groups . . . . .. . .. ... ... 27
2.18 The Class Equation of a Finite Group . . . . . . . . .. .. .. 30
2.19 Cauchy’s Theorem . . . . . .. .. .. .. .. ... .. .... 30
2.20 The Structure of p-Groups . . . . . . . .. ... ... ... 31
2.21 The Sylow Theorems . . . . . . . . .. ... ... ... .... 32
2.22 Some Applications of the Sylow Theorems . . . . . . ... .. 34
2.23 Simple Groups . . . . . ... 36
2.24 Solvable Groups . . . . . . . ... 41



2 Topics in Group Theory

2.1 Groups

A binary operation * on a set G associates to elements x and y of G a third
element x x y of G. For example, addition and multiplication are binary
operations of the set of all integers.

Definition A group G consists of a set G together with a binary operation x
for which the following properties are satisfied:

o (zxy)*xz=xx*(yxz) for all elements z, y, and z of G (the Associative
Law);

e there exists an element e of G (known as the identity element of G)
such that e x x = x = x x e, for all elements x of G;

e for each element x of G there exists an element 2’ of G (known as the
inverse of x) such that z x 2’ = e = 2’ x x (where e is the identity
element of G).

The order |G| of a finite group G is the number of elements of G.
A group G is Abelian (or commutative) if x %y = y* x for all elements x
and y of G.

One usually adopts multiplicative notation for groups, where the product
x * y of two elements x and y of a group G is denoted by zy. The inverse of
an element x of G is then denoted by z~!. The identity element is usually
denoted by e (or by eg when it is necessary to specify explicitly the group
to which it belongs). Sometimes the identity element is denoted by 1. Thus,
when multiplicative notation is adopted, the group axioms are written as
follows:-

o (vy)z = x(yz) for all elements x, y, and z of G (the Associative Law);

e there exists an element e of G (known as the identity element of G)
such that ex = x = ze, for all elements x of G;

e for each element x of G there exists an element 27! of G (known as
the inverse of x) such that xz™! = e = z7'x (where e is the identity
element of G).



The group G is said to be Abelian (or commutative) if zy = yx for all elements
x and y of G.

It is sometimes convenient or customary to use additive notation for cer-
tain groups. Here the group operation is denoted by +, the identity element
of the group is denoted by 0, the inverse of an element x of the group is
denoted by —x. By convention, additive notation is only used for Abelian
groups. When expressed in additive notation the axioms for a Abelian group
are as follows:

e r+y=1y+x for all elements x and y of G (the Commutative Law);

o (z4y)+z=2x+(y+z) for all elements z, y, and z of G (the Associative
Law);

e there exists an element 0 of G (known as the identity element or zero
element of G) such that 0+ =2 =z + 0, for all elements x of G;

e for each element x of G there exists an element —x of G (known as
the inverse of x) such that x + (—x) = 0 = (—z) + = (where 0 is the
identity element of G).

We shall usually employ multiplicative notation when discussing general
properties of groups. Additive notation will be employed for certain groups
(such as the set of integers with the operation of addition) where this notation
is the natural one to use.

2.2 Examples of Groups

The sets of integers, rational numbers, real numbers and complex numbers
are Abelian groups, where the group operation is the operation of addition.

The sets of non-zero rational numbers, non-zero real numbers and non-
zero complex numbers are also Abelian groups, where the group operation is
the operation of multiplication.

For each positive integer m the set Z,, of congruence classes of integers
modulo m is a group, where the group operation is addition of congruence
classes.

For each positive integer m the set Z;, of congruence classes modulo m of
integers coprime to m is a group, where the group operation is multiplication
of congruence classes.

In particular, for each prime number p the set Z; of congruence classes
modulo p of integers not divisible by p is a group, where the group operation
is multiplication of congruence classes.



For each positive integer n the set of all nonsingular n X n matrices is a
group, where the group operation is matrix multiplication. These groups are
not Abelian when n > 2.

Let E™ denote n-dimensional Euclidean space, so that E? denotes the
Euclidean plane, and E?® denotes three-dimensional Euclidean space. A geo-
metrical figure may be represented as a subset S of E™. A symmetry of S is a
transformation 7: E™ — E™ of E™ which sends straight lines to straight lines,
preserves all lengths and angles, and has the property that T'(S) = S. The
collection of all symmetries of a geometrical figure is a group, the symmetry
group of S, the group operation being that of composition of transformations.

For any natural number n greater than 2, the the dihedral group Do, of
order 2n is defined to be the symmetry group of a regular n-sided polygon
in the Euclidean plane. It consists of rotations though an angle of 27j/n
about the centre of the polygon for j = 0,1,2,...,n — 1, together with the
reflections in the n axes of symmetry of the polygon.

The symmetries of a rectangle that is not a square constitute a group of
order 4. This group consists of the identity transformation, reflection in the
axis of symmetry joining the midpoints of the two shorter sides, reflection
in the axis of symmetry joining the two longer sides, and rotation though
an angle of 7 radians (180°). If I denotes the identity transformation, A
and B denote the reflections in the two axes of symmetry, and C denotes
the rotation through 7 radians then A? = B? = C? = I, AB = BA = C,
AC = CA = B and BC = CB = A. This group is Abelian: it is often
referred to as the Klein 4-group (or, in German, Kleinsche Viergruppe).

The symmetries of a regular tetrahedron in 3-dimensional space constitute
a group. Any permutation of the vertices of the tetrahedron can be effected
by an appropriate symmetry of the tetrahedron. Moreover each symmetry is
completely determined by the permutation of the vertices which it induces.
Therefore the group of symmetries of a regular tetrahedron is of order 24,
since there are 24 permutations of a set with four elements. It turns out that
this group is non-Abelian.

2.3 Elementary Properties of Groups

In what follows, we describe basic properties of a group G, using multiplica-
tive notation and denoting the identity element of the group by the letter e.

Lemma 2.1 A group G has exactly one identity element e satisfying ex =
x=uze forallz € G.

Proof Suppose that f is an element of G with the property that fo = z for



all elements = of G. Then in particular f = fe = e. Similarly one can show
that e is the only element of G satisfying ze = x for all elements x of G. |}

Lemma 2.2 An element x of a group G has exactly one inverse x71.

Proof We know from the axioms that the group G contains at least one
element x~! which satisfies xzz7! = ¢ and 7'z = e. If 2 is any element of
G which satisfies 7z = e then 2z = ez = (z7'2)z = 27 H(z2) = 27 le = 271
Similarly if w is any element of G which satisfies wz = e then w = z~!. In
particular we conclude that the inverse z=! of  is uniquely determined, as
required. |

Lemma 2.3 Let z and y be elements of a group G. Then (xy)~t =y lz~t

Proof It follows from the group axioms that

(@) e = a(yy ") = a((yy DY) = x(ex™) =z~ = e.
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Similarly (y~'z7!)(xy) = e, and thus y~'z7! is the inverse of zy, as re-

quired. |}
Note in particular that (z7!)~! = z for all elements x of a group G, since
x has the properties that characterize the inverse of the inverse z=! of .

Given an element x of a group G, we define 2" for each positive integer n
by the requirement that 2! = x and 2" = 2" 'z for all n > 1. We also define
2° = e, where e is the identity element of the group, and we define 27 to be

the inverse of x" for all positive integers n.

Theorem 2.4 Let x be an element of a group G. Then 2™ = ™2™ and

™ = (™)™ for all integers m and n.

Proof The identity ™" = 2™z" clearly holds when m = 0 and when n = 0.
The identity ™1™ = 2™z™ can be proved for all positive integers m and n by
induction on n. The identity when m and n are both negative then follows
from the identity 7" = 2™"2~™ on taking inverses. The result when m
and n have opposite signs can easily be deduced from that where m and n
both have the same sign.

The identity ™" = («™)" follows immediately from the definitions when
n =0, 1 or —1. The result when n is positive can be proved by induction on
n. The result when n is negative can then be obtained on taking inverses. |}



If additive notation is employed for an Abelian group then the notation
‘2™’ is replaced by ‘nz’ for all integers n and elements x of the group. The
analogue of Theorem 2.4 then states that (m+n)z = ma +nz and (mn)x =
m(n(x)) for all integers m and n.

The associative law may be generalized to products of four or more ele-
ments of a group.

Example Given four elements x, x9, x3 and x4 of a group, the products

(T1z9)x3)Tss  (T172)(2374),  (T1(T273))74,  T1((223)24),  T1(T2(7374))

all have the same value. (Note that xjzex324 is by definition the value of the
first of these expressions.)

Two expressions, each specifying a finite product of elements of a group G,
determine the same element of G if the same elements of G' occur in both
expressions, and in the same order. This result can be proved by induction
on the number of elements of G making up such a product.

2.4 Subgroups

Definition Let G be a group, and let H be a subset of G. We say that H
is a subgroup of G if the following conditions are satisfied:

e the identity element of GG is an element of H;
e the product of any two elements of H is itself an element of H,;

e the inverse of any element of H is itself an element of H.

Lemma 2.5 Let x be an element of a group G. Then the set of all elements
of G that are of the form x™ for some integer n is a subgroup of G.

Proof Let H = {z" : n € Z}. Then the identity element belongs to H, since
it is equal to 2. The product of two elements of H is itself an element of
H, since x™z"™ = ™" for all integers m and n (see Theorem 2.4). Also the
inverse of an element of H is itself an element of H since (z")~! = z~™ for
all integers n. Thus H is a subgroup of G, as required. |}

Definition Let x be an element of a group GG. The order of x is the smallest
positive integer n for which 2" = e. The subgroup generated by x is the
subgroup consisting of all elements of G that are of the form 2™ for some
integer n.



Lemma 2.6 Let H and K be subgroups of a group G. Then H N K is also
a subgroup of G.

Proof The identity element of G belongs to H N K since it belongs to the
subgroups H and K. If x and y are elements of H N K then zy is an element
of H (since z and y are elements of H), and zy is an element of K, and
therefore zy is an element of H N K. Also the inverse 27! of an element z of
H N K belongs to H and to K and thus belongs to H N K, as required. |}

More generally, the intersection of any collection of subgroups of a given
group is itself a subgroup of that group.

2.5 Cyclic Groups

Definition A group G is said to be cyclic, with generator x, if every element
of G is of the form 2" for some integer n.

Example The group Z of integers under addition is a cyclic group, generated
by 1.

Example Let n be a positive integer. The set Z,, of congruence classes of
integers modulo n is a cyclic group of order n with respect to the operation
of addition.

Example The group of all rotations of the plane about the origin through an
integer multiple of 27 /n radians is a cyclic group of order n for all integers n.
This group is generated by an anticlockwise rotation through an angle of
27 /n radians.

Lemma 2.7 Let G be a finite cyclic group with generator x, and let j and
k be integers. Then x7 = z* if and only if j — k is divisible by the order of
the group.

Proof First we show that ™ = e for some strictly positive integer m, where
e is the identity element of G. Now 2/ = z* for some integers j and k with
j < k, since G is finite. Let m = k —j. Then m > 0 and 2™ = zF(27)~! = e,

Let n be the smallest strictly positive integer for which ™ = e. Now any
integer 7 can be expressed in the form ¢ = qn 4 r, where ¢ and r are integers
and 0 < r < n. (Thus ¢ is the greatest integer for which gn < i.) Then
xt = (z")92" = 2" (since 2" = e). Now the choice of n ensures that 2" # e
if 0 < r < n. It follows that an integer i satisfies 2 = e if and only if n
divides 1.



Let j and k be integers. Now 27 = z* if and only if 2/7% = e, since
2I7F = 27 (%), It follows that 7 = z* if and only if j — k is divisible by n.
Moreover n is the order of the group G, since each element of G is equal to
one of the elements z* with 0 < i < n and these elements are distinct. |

We now classify all subgroups of a cyclic group G. Let x be a generator
of G. Given a subgroup H of G with more than one element, let m be the
smallest strictly positive integer for which 2™ € H. Suppose that 2* € H
for some integer i. Now 4 can be expressed in the form i = ¢m + r, where ¢
and r are integers and 0 < r < m. (Thus ¢ is the greatest integer for which
gm < i.) But then 2" = 279 = z%(2™)~9, where 2' € H and 2™ € H,
and therefore " € H. The choice of m now ensures that » = 0, and hence
i = gm. Thus o' € H if and only if 7 is some integer multiple of m. This
shows that H is the cyclic group generated by x™, where m is the smallest
strictly positive integer for which 2™ € H.

Let us consider the case when the cyclic group G is finite. Let s be the
order of G. Then x* = e, and hence x* belongs to the subgroup H. It
follows that s must be some integer multiple of m, where m is the smallest
strictly positive integer for which ™ € H. Thus the subgroups of a finite
cyclic group G with generator g are the trivial subgroup {e} and the cyclic
subgroups generated by x™ for each divisor m of the order of G.

Consider now the case when the cyclic group G is infinite. For each posi-
tive integer m, the element ™ generates a subgroup of GG, and moreover m is
the smallest strictly positive integer for which ™ belongs to that subgroup.
Thus if G is an infinite cyclic group with generator x then the subgroups of
G are the trivial subgroup {e} and the cyclic subgroups generated by =™ for
each positive integer m.

We have thus classified all subgroups of a cyclic group. In particular we
see that any subgroup of a cyclic group is itself a cyclic group.

2.6 Cosets and Lagrange’s Theorem

Definition Let H be a subgroup of a group G. A left coset of H in G is a
subset of GG that is of the form xH, where x € G and

xH ={y € G:y=xzh for some h € H}.

Similarly a right coset of H in GG is a subset of G that is of the form Hx,
where z € G and

Hz ={y € G :y=ha for some h € H}.



Note that a subgroup H of a group G is itself a left coset of H in G.

Lemma 2.8 Let H be a subgroup of a group GG. Then the left cosets of H
in G have the following properties:—

(i) x € xH for all z € G;

(i) of © and y are elements of G, and if y = xa for some a € H, then
xH =yH;

(iii) if © and y are elements of G, and if tH NyH is non-empty then tH =
yH.

Proof Let x € G. Then x = xe, where e is the identity element of G. But
e € H. It follows that x € 2 H. This proves (i).

Let x and y be elements of GG, where y = xa for some a € H. Then
yh = z(ah) and xh = y(a=*h) for all h € H. Moreover ah € H and a™'h € H
for all h € H, since H is a subgroup of G. It follows that yH C xH and
xH C yH, and hence xH = yH. This proves (ii).

Finally suppose that xH N yH is non-empty for some elements x and y
of G. Let z be an element of xtH NyH. Then z = xa for some a € H, and
z = yb for some b € H. It follows from (ii) that zH = xH and zH = yH.
Therefore H = yH. This proves (iii). [

Lemma 2.9 Let H be a finite subgroup of a group G. Then each left coset
of H in G has the same number of elements as H.

Proof Let H = {hy, ho,...,hy}, where hy, ho, ..., hy, are distinct, and let x
be an element of G. Then the left coset xH consists of the elements xh; for

j=1,2,...,m. Suppose that j and k are integers between 1 and m for which
xhj = xhg. Then h; = x~Y(zh;) = 27 (zhy) = hy, and thus j = k, since
hi, ho, ..., h,, are distinct. It follows that the elements xhq, xhs, ..., xh,, are

distinct. We conclude that the subgroup H and the left coset xH both have
m elements, as required. |}

Theorem 2.10 (Lagrange’s Theorem) Let G be a finite group, and let H be
a subgroup of G. Then the order of H divides the order of G.

Proof Each element of G belongs to at least one left coset of H in GG, and
no element can belong to two distinct left cosets of H in G (see Lemma 2.8).
Therefore every element of GG belongs to exactly one left coset of H. Moreover
each left coset of H contains |H| elements (Lemma 2.9). Therefore |G| =
n|H|, where n is the number of left cosets of H in G. The result follows. ||



Definition Let H be a subgroup of a group G. If the number of left cosets
of H in G is finite then the number of such cosets is referred to as the index
of H in G, denoted by [G: H].

The proof of Lagrange’s Theorem shows that the index [G: H| of a sub-
group H of a finite group G is given by [G: H| = |G|/|H].

Corollary 2.11 Let x be an element of a finite group G. Then the order of
x divides the order of G.

Proof Let H be the set of all elements of G that are of the form 2™ for some
integer n. Then H is a subgroup of G (see Lemma 2.5), and the order of
H is the order of x. But the order of H divides G by Lagrange’s Theorem
(Theorem 2.10). The result follows. |

Corollary 2.12 Any finite group of prime order is cyclic.

Proof Let G be a group of prime order, and let x be some element of GG
that is not the identity element. Then the order of x is greater than one and
divides the order of G. But then the order of z must be equal to the order
of GG, since the latter is a prime number. Thus G is a cyclic group generated
by x, as required. |

2.7 Normal Subgroups and Quotient Groups

Let A and B be subsets of a group G. The product AB of the sets A and B
is defined by
AB ={zy:x € Aand y € B}.

We denote {z}A and A{x} by zA and Az, for all elements x of G and
subsets A of G. The Associative Law for multiplication of elements of G
ensures that (AB)C = A(BC) for all subsets A, B and C' of G. We can
therefore use the notation ABC to denote the products (AB)C and A(BC);
and we can use analogous notation to denote the product of four or more
subsets of G.

If A, B and C are subsets of a group G, and if A C B then clearly
AC C BC and CA C CB.

Note that if H is a subgroup of the group G and if x is an element of GG
then xH is the left coset of H in G that contains the element x. Similarly
Hz is the right coset of H in GG that contains the element z.

If H is a subgroup of G then HH = H. Indeed HH C H, since the
product of two elements of a subgroup H is itself an element of H. Also
H C HH since h = eh for any element h of H, where e, the identity element
of G, belongs to H.

10



Definition A subgroup N of a group G is said to be a normal subgroup of
Gif znz=' € N foralln € N and z € G.

The notation ‘N < G’ signifies ‘/V is a normal subgroup of G’.

Definition A non-trivial group G is said to be simple if the only normal
subgroups of G are the whole of G and the trivial subgroup {e} whose only
element is the identity element e of G.

Lemma 2.13 Fvery subgroup of an Abelian group is a normal subgroup.

Proof Let N be a subgroup of an Abelian group GG. Then

1

rnz~t = (zn)z !

L=n(zz™) =ne=n

= (nz)z~
for all n € N and x € G, where e is the identity element of G. The result
follows. |}

Example Let S be the group of permutations of the set {1,2,3}, and let
H be the subgroup of S3 consisting of the identity permutation and the
transposition (12). Then H is not normal in G, since (23)71(12)(23) =
(23)(12)(23) = (13) and (13) does not belong to the subgroup H.

Proposition 2.14 A subgroup N of a group G is a normal subgroup of G if
and only if tNx=* = N for all elements x of G.

Proof Suppose that N is a normal subgroup of G. Let x be an element
of G. Then xNz~! C N. (This follows directly from the definition of a
normal subgroup.) On replacing = by 27! we see also that z !Nz C N, and
thus N = z(z7'Nz)z™' C xNa~!. Thus each of the sets N and xNz~! is
contained in the other, and therefore zNz=! = N.

Conversely if N is a subgroup of G with the property that zNz=! = N
for all z € G, then it follows immediately from the definition of a normal
subgroup that N is a normal subgroup of G. |}

Corollary 2.15 A subgroup N of a group G is a normal subgroup of G if
and only if tN = Nz for all elements x of G.

Proof Let N be a subgroup of G, and let = be an element of G. If tNz~! =
N then N = (xNz~')x = Nz. Conversely if tN = Nz then aNz~! =
Nzx~! = Ne = N, where e is the identity element of G. Thus +N = Nz if
and only if tNz=! = N. It follows from Proposition 2.14 that a subgroup N
of G is normal if and only if t N = Nz for all elements x of G, as required. |}

11



Let N be a normal subgroup of GG. Corollary 2.15 shows that a subset of
G is a left coset of N in G if and only if it is a right coset of N in G. We
may therefore refer to the left and right cosets of a normal subgroup N as
cosets of N in G (since it is not in this case necessary to distinguish between
left and right cosets).

Lemma 2.16 Let N be a normal subgroup of a group G and let x and y be
elements of G. Then (zN)(yN) = (zy)N.

Proof If N is a normal subgroup of G then Ny = yN, and therefore
(xN)(yN) = z(Ny)N = z(yN)N = (xy)(NN). But NN = N, since N
is a subgroup of G. Therefore (xN)(yN) = (zy)N, as required. ||

Proposition 2.17 Let G be a group, and let N be a normal subgroup of
G. Then the set of all cosets of N in G is a group under the operation of
multiplication. The identity element of this group is N itself, and the inverse
of a coset N is the coset x ' N for any element x of G.

Proof Let x, y and z be any elements of G. Then the product of the cosets
xN and yN is the coset (xy)N. The subgroup N is itself a coset of N in G,
since N = eN. Moreover

(xkN)N = (zN)(eN) = (xe)N = =N,
N(zN) = (eN)(zN) = (ex)N = zN,
(xN)(z™'N) = (z2 " )N = N,
(z7'N)(zN) = (2 '2)N = N.

for all elements x of G. Thus the group axioms are satisfied. |}

Definition Let N be a normal subgroup of a group GG. The quotient group
G/N is defined to be the group of cosets of N in G under the operation of
multiplication.

Example Consider the dihedral group Dg of order 8, which we represent as
the group of symmetries of a square in the plane with corners at the points
whose Cartesian co-ordinates are (1,1), (—=1,1), (=1, —1) and (1, —1). Then

D8 = {Ia R7 R27 R37 T17 T27 T37 T4}7

where I denotes the identity transformation, R denotes an anticlockwise
rotation about the origin through a right angle, and T, T, T3 and T4 denote

12



the reflections in the lines y = 0, z = y, x = 0 and x = —y respectively. Let
N = {I,R?}. Then N is a subgroup of Dg. The left cosets of N in Dg are
N, A, B and C', where

A={R,R%}, B ={T,,Ts}, C ={T,,T,}.

Moreover N, A, B and C are also the right cosets of N in Dg, and thus N is
a normal subgroup of Dg. On multiplying the cosets A, B and C with one
another we find that AB = BA=C, AC =CA =B and BC =(CB = A.
The quotient group Dg/N consists of the set {N, A, B,C}, with the group
operation just described.

2.8 Homomorphisms

Definition A homomorphism 6: G — K from a group G to a group K is a
function with the property that 0(g; * go) = 0(g1) * 0(go) for all g1, g, € G,
where * denotes the group operation on G and on K.

Example Let ¢ be an integer. The function from the group Z of integers to
itself that sends each integer n to ¢n is a homomorphism.

Example Let x be an element of a group GG. The function that sends each
integer n to the element 2" is a homomorphism from the group Z of integers
to G, since ™™™ = ™" for all integers m and n (Theorem 2.4).

Lemma 2.18 Let 0:G — K be a homomorphism. Then 0(eq) = e, where
e and ex denote the identity elements of the groups G and K. Also 0(z~1) =
O(x)~! for all elements x of G.

Proof Let z = 0(eg). Then 2? = 0(eg)l(eq) = O(egeq) = O(eq) = z. The
result that 6(eq) = ex now follows from the fact that an element z of K
satisfies 22 = z if and only if z is the identity element of K.

Let = be an element of G. The element §(z~!) satisfies 6(z)0(z™") =
O(zx') = O(eq) = ek, and similarly 0(z~1)f(x) = ex. The uniqueness of
the inverse of 6(z) now ensures that 6(z~') = 0(z)~'. |

An isomorphism 6:G — K between groups G and K is a homomor-
phism that is also a bijection mapping G onto K. Two groups G and K are
1somorphic if there exists an isomorphism mapping G onto K.

Example Let Dg be the group of symmetries of an equilateral triangle in
the plane with vertices A, B and C, and let S5 be the group of permutations
of the set {A, B,C}. The function which sends a symmetry of the triangle
to the corresponding permutation of its vertices is an isomorphism between
the dihedral group Dg of order 6 and the symmetric group Ss.

13



Example Let R be the group of real numbers with the operation of addition,
and let RT be the group of strictly positive real numbers with the operation
of multiplication. The function exp: R — R™ that sends each real number x
to the positive real number e* is an isomorphism: it is both a homomorphism
of groups and a bijection. The inverse of this isomorphism is the function
log: Rt — R that sends each strictly positive real number to its natural
logarithm.

Here is some further terminology regarding homomorphisms:

e A monomorphism is an injective homomorphism.

e An epimorphism is a surjective homomorphism.

e An endomorphism is a homomorphism mapping a group into itself.

e An automorphism is an isomorphism mapping a group onto itself.

Definition The kernel ker § of the homomorphism 6: G — K is the set of
all elements of G that are mapped by 6 onto the identity element of K.

Example Let the group operation on the set {+1,—1} be multiplication,
and let :Z — {+1,—1} be the homomorphism that sends each integer n
to (=1)". Then the kernel of the homomorphism 6 is the subgroup of Z
consisting of all even numbers.

Lemma 2.19 Let G and K be groups, and let 0: G — K be a homomorphism
from G to K. Then the kernel ker 6 of 0 is a normal subgroup of G.

Proof Let z and y be elements of ker§. Then §(z) = ex and 0(y) = ex,
where ey denotes the identity element of K. But then 0(xy) = 0(z)0(y) =
exex = ex, and thus zy belongs to ker . Also 8(z~1) = 0(z)~! = e = e,
and thus 27! belongs to ker §. We conclude that ker 6 is a subgroup of K.
Moreover ker 6 is a normal subgroup of G, for if ¢ € G and x € ker 6 then

0(grg™") = 0(9)0(x)0(g) " = 0(9)0(g™ ") =ex. 1

If N is a normal subgroup of some group G then N is the kernel of the
quotient homomorphism 6: G — G /N that sends g € G to the coset gN. It
follows therefore that a subset of a group G is a normal subgroup of G if and
only if it is the kernel of some homomorphism.
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Proposition 2.20 Let G and K be groups, let : G — K be a homomor-
phism from G to K, and let N be a normal subgroup of G. Suppose that
N C kerf. Then the homomorphism 6:G — K induces a homomorphism
0:G/N — K sending gN € G/N to 0(qg). Moreover 0: G/N — K is injective
if and only if N = ker 0.

Proof Let z and y be elements of G. Now 2N = yN if and only if 27y € N.
Also §(x) = (y) if and only if z7'y € kerf. Thus if N C ker then (z) =
0(y) whenever zN = yN, and thus §: G — K induces a well-defined function
0: G/N — K sending xN € G/N to 6(x). This function is a homomorphism,
since 8((xN)(yN)) = BzyN) = B(zy) = 0()8(y) = Bz N)A(yN).

Suppose now that N = ker#. Then 6(z) = 0(y) if and only if N = yN.
Thus the homomorphism 6: G/N — K is injective. Conversely if §: G/N —
K is injective then N must be the kernel of 6, as required. |

Corollary 2.21 Let G and K be groups, and let §: G — K be a homomor-
phism. Then 6(G) = G/ ker 6.

2.9 The Isomorphism Theorems

Lemma 2.22 Let G be a group, let H be a subgroup of G, and let N be a
normal subgroup of G. Then the set HN s a subgroup of G, where HN =
{hmn:h € H andn € N}.

Proof The set HN clearly contains the identity element of G. Let x and y
be elements of HN. We must show that xy and 27! belong to HN. Now
x = hu and y = kv for some elements h and k of H and for some elements u
and v of N. Then zy = (hk)(k'ukv). But k~'uk € N, since N is normal.
It follows that k~'ukv € N, since N is a subgroup and k~'ukv is the product
of the elements k~'uk and v of N. Also hk € H. Tt follows that xy € HN.

We must also show that 7! € HN. Now x~! = u™'h~! = b= (hu™'h™1).
Also h™' € H, since H is a subgroup of G, and hu='h™' € N, since N
is a normal subgroup of G. It follows that 27! € HN, and thus HN is a
subgroup of G, as required. |}

Theorem 2.23 (First Isomorphism Theorem) Let G be a group, let H be a
subgroup of G, and let N be a normal subgroup of G. Then

HN , H

N NnNnH
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Proof Every element of HN/N is a coset of N that is of the form AN for
some h € H. Thus if ¢(h) = hN for all h € H then ¢: H — HN/N is

a surjective homomorphism, and kero = NN H. But ¢(H) = H/kerp
(Corollary 2.21). Therefore HN/N = H/(N N H) as required. |

Theorem 2.24 (Second Isomorphism Theorem) Let M and N be normal
subgroups of a group G, where M C N. Then

GG/
N~ N/M

Proof There is a well-defined homomorphism 0: G/M — G/N that sends
gM to gN for all g € G. Moreover the homomorphism € is surjective, and
ker = N/M. But 6(G/M) = (G/M)/kerf (Corollary 2.21). Therefore
G/N is isomorphic to (G/M) / (N/M), as required. |

2.10 Direct products of groups

Let G1,Ga, ..., G, be groups, and let G be the Cartesian product Gy x Gy X
-+ X Gy of G1, Gy, ..., G, (when the latter are regarded as sets). Then the
elements of G are n-tuples (x1, o, ..., x,) where x; € G; fori =1,2,... n.
We can multiply two elements of G as follows:

($17$27 cee 733n)(y17?/2a <o 7yn) = (xlylax2y27 <. 7xnyn)-

One can readily verify that G is a group with respect to this binary op-
eration: multiplication is associative; the identity element of the group is
(e1,€2,...,€,), where ¢; is the identity element of G; for each 7; and the in-
verse of an element (x1,s,...,2,) of G is (x7", 25", ... 2, 1). We say that

the group G is the direct product of the groups Gy, G, ..., G, this direct
product is (not surprisingly) denoted by G; X Gg X - -+ X G,,.

Example Let (', and C5 be cyclic groups of orders 2 and 3 respectively.
Then Cy x Cjy is a cyclic group of order 6, and Cy x Cs is isomorphic to the
Klein 4-group that consists of the symmetries of a rectangle in the Euclidean
plane that is not a square.

Let us first consider Cy x C3. Let x and y be generators of C5 and Cl
respectively, and let e and ¢’ denote the identity elements of Cy and C3. Thus
Cy = {e,z} and Cs = {¢',y,y*}, where 2% = ¢ and y> = ¢’. The elements of
Cg X Cg are

(e;¢), (), (e9”), (z.€), (zy), (z.97).
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Let z = (z,y). On computing the powers of z we find that

2= (€7y2)7 2’ = (l‘, el)7 2t = <€,y), 2’ = <x>y2)7 2° = (ev 6’).
Thus 6 is the smallest positive integer n for which 2™ is equal to the identity
element (e, e') of the group. We deduce that the group Cy x C3 (which is a
group of order 6) must be a cyclic group generated by the element z.

Next consider Cy x Cy. This has four elements I, A, B and C, where
I =(ee), A= (e,x), B= (x,e) and C = (x,z). If we calculate the Cayley
table for the group, we discover that it is that of the Klein 4-group.

2.11 Cayley’s Theorem

Theorem 2.25 (Cayley’s Theorem) Let G be a group of order n. Then G
is isomorphic to a subgroup of the group S, of permutations of a set of n
elements.

Proof For each element = of G, let 0,: G — G be the function defined such
that 0,(g) = zg for all g € G. Now

0,-1(04(9)) =27 (zg) = (z7'2)g =g

and
0o(0s-1(9)) =x(z7'g) = (zz7")g =g

for all ¢ € G. It follows that, for any x € @, the function 0,:G — G is a
bijection whose inverse is 0,-1. It follows that o, is a permutation of G for all
x € G, and thus the function sending an element x of G to the permutation
o, is a function from G to the group of permutations of G. This function
is a homomorphism. Indeed o,, = 0, o g, since 0,,(9) = (zy)g = x(yg) =
o.(oy(g)) for all ¢ € G. The homomorphism sending z € G to g, is be
injective, for if o, is the identity permutation then xg = ¢ for all g € G, and
hence x is the identity element of G. It follows that G is isomorphic to the
image of the homomorphism. This image is a subgroup {o, : € G} of the
group of permutations of G. The result follows. |}

2.12 Group Actions, Orbits and Stabilizers

Definition A left action of a group GG on a set X associates to each g € G
and x € X an element g.z of X in such a way that g.(h.z) = (gh).z and
l.x = x for all g,h € G and x € X, where 1 denotes the identity element of
G.
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Given a left action of a group GG on a set X, the orbit of an element z of
X is the subset {g.x : g € G} of X, and the stabilizer of x is the subgroup
{9 € G:gx=uzx}of G.

Lemma 2.26 Let G be a finite group which acts on a set X on the left.
Then the orbit of an element x of X contains [G: H| elements, where [G: H]
1s the index of the stabilizer H of x in G.

Proof There is a well-defined function §: G/H — X defined on the set G/H
of left cosets of H in G which sends gH to g.x for all g € G. Moreover this
function is injective, and its image is the orbit of x. The result follows. |}

2.13 Conjugacy

Definition Two elements h and k of a group G are said to be conjugate if
k = ghg™! for some g € G.

One can readily verify that the relation of conjugacy is reflexive, sym-
metric and transitive and is thus an equivalence relation on a group G. The
equivalence classes determined by this relation are referred to as the conju-
gacy classes of G. A group G is the disjoint union of its conjugacy classes.
Moreover the conjugacy class of the identity element of G contains no other
element of G.

A group G is Abelian if and only if all its conjugacy classes contain exactly
one element of the group G.

Definition Let G be a group. The centralizer C'(h) of an element h of G is
the subgroup of G defined by C'(h) = {g € G : gh = hg}.

Lemma 2.27 Let G be a finite group, and let h € G. Then the number of
elements in the conjugacy class of h is equal to the index [G:C(h)| of the
centralizer C'(h) of h in G.

Proof There is a well-defined function f:G/C(h) — G, defined on the set
G/C(h) of left cosets of C'(h) in G, which sends the coset gC'(h) to ghg™* for
all g € GG. This function is injective, and its image is the conjugacy class of
h. The result follows. |}

Let H be a subgroup of a group G. One can easily verify that gHg™ ! is
also a subgroup of G for all g € G, where gHg™' = {ghg™': h € H}.

Definition Two subgroups H and K of a group G are said to be conjugate
if K =gHg™! for some g € G.

The relation of conjugacy is an equivalence relation on the collection of
subgroups of a given group G.
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2.14 Permutations and the Symmetric Groups

A permutation of a set S is a bijective function p: S — S from S to itself.

The identity permutation of a set S is the permutation that fixes every
element of S.

Permutations of a finite set S are conveniently represented in a two row
form

X1 ) e Tn
(p(ifl) p(z2) ... P(f’fn)) 7

where x1, s, ..., x, are the elements of the set S and p(z1), p(x2),. .., p(x,)
are the images of these elements under the permutation p being represented.

Thus for example
1 2 3
2 31

represents the permutation of the set {1,2,3} that sends 1 to 2, sends 2 to
3, and sends 3 to 1.

Example There are two permutations of a set {a,b} with two elements.
These are the identity permutation (Z Z) and the transposition <Z z)

that interchanges the elements a and b.

Example There are six permutations of a set {a,b, c} with three elements.

These are
b c a b c a b
b c>’ (a c b>’ (b a
b ¢ a b c a b
c a)’ <c a b)’ (c b
Let S be aset. Then the composition of any two permutations of S is itself
a permutation of S (since the composition of two bijections is a bijection).
Also any permutation p of S has a well-defined inverse p~!. (This follows
from the fact that the inverse of a bijection is itself a bijection.) Composition
of permutations is associative: (pog)or = po(gor) for all permutations p, g
and r of S. (This can be verified by noting that ((pogq)or)(z) = p(q(r(x))) =
(po(gor))(x) for all elements = of S.) It follows from this that the set of all

permutations of a set S is a group, where the group operation is composition
of permutations.

Definition For each natural number n, the symmetric group 3, is the group
of permutations of the set {1,2,...,n}.
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Let S be a set, and let aq,ao,...,a, be distinct elements of S. We
denote by (ajas --- a,) the permutation of S that sends a; to a;4; for
1=1,2,...,n—1, sends a, to a;, and fixes all other elements of S. Such a
permutation is called a cycle of order n, or n-cycle. A cycle of length 2 is
also called a transposition.

(Note that evaluating a composition of cycles, we shall compose them
from right to left, in accordance with standard practice when composing
functions.)

Example There are 24 permutations of a set {a,b,c,d} with exactly four
elements. These are the following: the identity permutation that fixes every
element of the set; the six transpositions (ab), (ac), (ad), (bc), (bd) and
(cd); the eight 3-cycles (bed), (bdc), (acd), (adc), (abd), (adb), (abc)
and (acb); the six 4-cycles (abed), (abdc), (acbd), (acdb), (adbc) and
(adcb); and three further permutations (ab)(cd), (ac)(bd) and (ad)(bc).

Two cycles (ayas -+ ay) and (by by - -+ b,) are said to be disjoint when
the elements ay, ag, . .., ay, and by, by, . . ., by, are distinct (i.e., no pair of these
elements coincide).

It is easy to see that if (aj ay - -+ a,,) and (by by - - - b,) are disjoint cycles
then

(ayag -+ am)(bibg -+ by) = (brbg -+ by)(ayas -+ ap).

Proposition 2.28 Any permutation of a finite set S is the identity permu-
tation, a cycle, or a composition of two or more disjoint cycles.

Proof We prove the result by induction on the number of elements in the
set S. The result is trivially true if S has only one element, since in this
case the only permutation of S is the identity permutation. Suppose that
the result is known to be true for all permutations of sets with fewer than £
elements. We show that the result then holds for all permutations of sets
with £ elements.

Let S be a set with k elements and let p be a permutation of S. Choose
an element a; of S, and let elements as,as,ay,... of S be defined by the
requirement that p(a;) = a;41 for all positive integers i. Let n be the largest
positive integer for which the elements aq,as,...,a, of S are distinct. We
claim that p(a,) = a;.

Now the choice of n ensures that the elements aq, as, ..., a,,a,.1 are not
distinct. Therefore a,1 = a; for some positive integer j between 1 and n.
If j were greater than one then we would have a; = p(a;_1) and a; = p(a,),
which is impossible since if p is a permutation of S then exactly one element
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of S must be sent to a; by p. Therefore j = 1, and thus p(a,) = a;. Let
o1 = (ayay -+ ay).

Let T be the set S\ {ay,aq,...,a,} consisting of all elements of S other
than a,as,...,a,. Now a; = p(a,), and a; = p(a;_1) for i = 2,3,... ,n.
Thus if x € T then p(x) # a; for i = 1,2,...,n (since the function p: S — S
is injective), and therefore p(x) € T. We can therefore define a function
q¢:T — T, where q(z) = p(z) for all # € T. This function has a well-
defined inverse ¢ 1: T — T where ¢ '(z) = p~!(z) for all z € T. Tt follows
that ¢:T" — T is a permutation of 7. The induction hypothesis ensures
that this permutation is the identity permutation of 7', or is a cycle, or can
be expressed as a composition of two or more disjoint cyles. These cycles
extend to permutations of S that fix the elements aq,as, ..., a,, and these
permutations of S are also cycles. It follows that either p = o7 (and ¢ is the
identity permutation of T'), or else p = 0105 . ..0,,, where 09,03, ..., 0, are
disjoint cycles of S that fix a1, as, ..., a, and correspond to cycles of T'. Thus
if the result holds for permutations of sets with fewer than k elements, then
it holds for permutations of sets with k elements. It follows by induction on
k that the result holds for permutations of finite sets. |}

Recall that a transposition is a permutation (ab) of a set S that inter-
changes two elements a and b of S and fixes the remaining elements.

Lemma 2.29 FEvery permutation of a finite set with more than one element
can be expressed as a finite composition of transpositions.

Proof Each cycle can be expressed as a composition of transpositions. In-
deed if aq, as, ..., a, are distinct elements of a finite set S then

(ayas -+ ay) = (ayaz)(agas) -+ (an_1 ay)-

It follows from Proposition 2.28 that a permutation of S that is not the iden-
tity permutation can be expressed as a finite composition of transpositions.
Moreover the identity permutation of S can be expressed as the composition
of any transposition with itself, provided that S has more than one element.
The result follows. |}

Theorem 2.30 A permutation of a finite set cannot be expressed in one way
as a composition of an odd number of transpositions and in another way as
a composition of an even number of transpositions.

Proof We can identify the finite set with the set {1,2,...,n}, where n is the
number of elements in the finite set. Let F:Z"™ — Z be the function sending
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each n-tuple (mq, mo, ..., m,) of integers to the product [[ (my—m;) of
1<j<k<n
the quantities my — m,; for all pairs (j, k) of integers satisfying 1 < j < k <
n. Note that F(my,ma,...,m,) # 0 whenever the integers my, mo, ..., m,
are distinct. If we transpose two of the integers mq,mao,..., m, then this
changes the sign of the function F, since the number of factors of the product
[T (myp —m;) that change sign is odd. (Indeed if we transpose m, and
1<j<k<n
ngj, where 1 < s < t < n then the factor m; — mg changes sign, the factor
my — m; becomes —(m; — myg) and the factor m; — ms becomes —(m; — m;)
for each integer i for which s < i < t.) But any permutation o of the
set {1,2,...,n} is a composition of transpositions. It follows that to each
permutation o of {1,2,...,n} there corresponds a number ¢,, where ¢, = +1
or —1, such that F'(mya), Mo(2)s .- Mom)) = €F (M1, ma,...,my) for all
integers my, mo, ..., m,. Moreover €,, = €,¢, for all permutations ¢ and 7
of the set {1,2,...,n}. Also ¢, = —1 if the permutation 7 is a transposition.
It follows that if o is expressible as a composition of r transpositions then
€, = (—1)". If o is also expressible as a composition of s transpositions then
¢s = (—1)%, and hence (—1)" = (—1)*. But then r — s must be divisible by
2. The result follows. |}

A permutation of a finite set is said to be even if it is expressible as the
composition of an even number of transpositions. A permutation of a finite
set is said to be odd if it is expressible as the composition of an odd number
of transpositions.

Any permutation of a finite set is expressible as a composition of trans-
positions (Lemma 2.29) and must therefore be either even or odd. However
Theorem 2.30 ensures that a permutation of a finite set cannot be both even
and odd.

Lemma 2.31 An n-cycle is even if n is odd, and is odd if n is even.

Proof An n-cycle (ai,as,...,a,) is expressible as a composition of n — 1
transpositions, since

(a1 ag -+ ay) = (a1 az)(agag) - -+ (an_1 ay).
Thus an n-cycle is even if n — 1 is even, and is odd if n — 1 is odd. |}

Example Let us classify the permutations of a set {a, b, ¢, d} of 4 elements
into even and odd permutations. The identity permutation is even. The
six transpositions are all odd. The eight 3-cycles are all even. The six 4-
cycles are all odd. The three remaining permutations (ab)(cd), (ac)(bd)
and (ad)(bc) are all even. Note that there are 12 even permutations and 12
odd permutations of a set with 4 elements.
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2.15 The Alternating Groups

A permutation of a finite set X is said to be even if it is the product of an
even number of transpositions; it is said to be odd if it is the product of an
odd number of transpositions. Note that the inverse of an even permutation
and all products of even permutations are themselves even permutations.

Definition For each integer n satisfying n > 1, the alternating group A, is
the subgroup of the symmetric group ¥, consisting of all even permutations
of the set {1,2,...,n}.

Note that, for each integer n satisfying n > 1, the alternating group A,
is a normal subgroup of ¥, of index 2.

Example The alternating group Az consists of the identity permutation and
the cycles (123) and (132), and is thus isomorphic to the cyclic group Cs
of order 3.

Lemma 2.32 FEvery even permutation of a finite set with at least three ele-
ments can be expressed as a product of cycles of order 3.

Proof Let X be a finite set. Then (ab)(bc) = (abc) and (ab)(cd) =
(cad)(abc) for all distinct elements a, b, ¢ and d of X. Therefore the product
of any two transpositions can be expressed as a product of cycles of order 3.
The result thus follows from the fact that an even permutation is the product
of an even number of transpositions. ||

Lemma 2.33 All cycles of order k in the alternating group A, are conjugate
to one another, provided that k < n — 2.

Proof Let (mj;ms --- my) be a cycle of order k in A,. Then there exists
a permutation p of {1,2,...,n} with the property that p(i) = m; for ¢ =
1,2,..., k. If £k <n — 2 then any odd permutation with this property can
be composed with the transposition that interchanges n — 1 and n to obtain
an even permutation p with the required property. Then (m;mg - -+ my) =
p(12 -+ k)p~t. Thusif k¥ < n—2 then all cycles of order k in A, are conjugate
to (12 --- k) and are therefore conjugate to one another, as required. |}

Example We find all normal subgroups of the alternating group A,. Let

where ¢ is the identity permutation. If p is an even permutation sending ¢
to m; for i = 1,2,3,4 then p(12)(34)p~! = (mymy)(ms3my). Therefore the
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permutations (12)(34), (13)(24) and (14)(23) are conjugate to one another,
and hence V} is a normal subgroup of A4 of order 4. The group V} is referred
to as the Kleinsche Viergruppe. It is isomorphic to the direct product Cy x Cy
of two cyclic groups of order 2.

Let N be a normal subgroup of A, that contains a cycle (mymsms)

of order 3. Now p(mimams)p~t = (p(my) p(ms) p(m3)) for all p € Ay.
Therefore any cycle in Ay of order 3 is conjugate to either (mjmgmg) or
to (mymzmsy). But (mymzgmsy) € N, since (m;mgms) = (mgmgms)?

Therefore every cycle of order 3 in A4 belongs to the normal subgroup N.
But then N = Ay, since A, is generated by cycles of order 3 (Lemma 2.32).
We have thus shown that if a normal subgroup N of A4 contains a cycle of
order 3 then N = A,.

Now let N be a normal subgroup of A, that does not contain any cycle
of order 3. Then N C Vj, since all elements of A, \ V} are cycles of order 3.
But the only normal subgroups of A, that are contained in V, are {¢} and
Vy itself, since the three elements of V; \ {¢} are conjugate to one another.

We conclude that the normal subgroups of A4 are the trivial group {:},
the Kleinsche Viergruppe V, and Ay itself.

We recall that a non-trivial group G is simple if and only if the only
normal subgroups of G are G itself and the trivial subgroup whose only
element is the identity element of G. The alternating group Ay is not simple.
We shall prove that A,, is simple when n > 5.

Lemma 2.34 Let N be a non-trivial normal subgroup of the alternating
group A,, where n > 5. Then there exists 0 € N, where o is not the identity
permutation, and a € {1,2,...,n} such that o(a) = a.

Proof Let X = {1,2,...,n}. The proof divides into two cases, depending
on whether or not the normal subgroup N contains a permutation p of X
with the property that p? is not the identity permutation.

Suppose that the normal subgroup N contains a permutation p of X with
the property that p? is not the identity permutation. Then there exists a € X
such that p(p(a)) # a. Let b = p(a) and ¢ = p(b). Then the elements a, b
and ¢ are distinct. Choose elements d and e of X such that a, b, ¢, d and e
are distinct. (This is possible since the set X has n elements, where n > 5.)
Let p' = (cde)p(cde)™ . Then p' € N (since p € N and N is a normal
subgroup), p'(a) = b and p'(b) = d. Now p’ # p, since p/'(b) # p(b). Thus if
o =p1p then 0 € N, o(a) = a, and o is not the identity permutation.

It remains to prove the result in the case where p? is the identity permu-
tation for all p € N. In this case choose p € N, where p is not the identity
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permutation, let @ be an element of X for which p(a) # a, and let b = p(a).
The permutation p is even (since it belongs to the alternating group A,,), and
therefore p cannot be the transposition (ab). It follows that there exists an
element ¢, distinct from a and b, such that p(c) # c. Let d = p(c). Then the
elements a, b, ¢ and d of X are distinct. Choose an element e of X which is
distinct from a, b, ¢ and d. (This is possible since the set X has n elements,
where n > 5.) Let p/ = (cde)p(cde)™ . Then p'(a) = b and p/(d) = e. Now
o' # p, since p'(d) # p(d). Thus if 0 = p~1p' then 0 € N, o(a) = a, and o is
not the identity permutation. |}

Lemma 2.35 Let N be a normal subgroup of A,,, wheren > 5. If N contains
a 3-cycle then N = A,,.

Proof Suppose that N contains a 3-cycle. Then N contains every 3-cycle
of A,, since all 3-cycles in A, are conjugate (Lemma 2.33). But then N
contains every even permutation, since every even permutation is the identity

permutation, a 3-cycle or a finite product of 3-cycles (Lemma 2.32). Thus
N=A, |

Theorem 2.36 The alternating group A, is simple when n > 5.

Proof First we prove that As is simple. Let N be a non-trivial normal
subgroup of As. We shall show that N N H is non-trivial, where H = {p €
As : p(5) =5}, Then H is a subgroup of Aj that is isomorphic to Ay.

It follows from Lemma 2.34 that there exists o € N, where ¢ is not the
identity permutation, and a € {1,2,3,4,5} such that o(a) = a. Choose
p € As such that p(a) = 5, and let 0/ = pop~t. Then ¢/ € N and ¢/(5) = 5,
and therefore o/ € H N N. But ¢’ is not the identity permutation. Thus
H N N is a non-trivial normal subgroup of H. But the subgroup H of Aj is
isomorphic to A4 (since each permutation of {1,2,3,4} can be regarded as
a permutation of {1,2,3,4,5} that fixes 5). It follows from this that H N N
must contain the permutations (12)(34), (13)(24) and (14)(23) since the
two non-trivial normal subgroups of A, each contain these permutations. But
then the normal subgroup NV of A5 contains also the permutation (12)(45),
since (12)(45) = (345)(12)(34)(345)~!. Tt follows that N contains the
cycle (345), since (345) = (12)(34)(12)(45). It follows from Lemma 2.35
that N = As. Thus the group As is simple.

We now prove that A, is simple for n > 5 by induction on n. Thus
suppose that n > 5 and the group A,_; is simple. Let N be a non-trivial
normal subgroup of A4,, and let H = {p € A, : p(n) = n}. It follows from
Lemma 2.34 that there exists 0 € N, where o is not the identity permutation,
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and a € {1,2,...,n} such that o(a) = a. Choose p € A,, such that p(a) = n,
and let 0’ = pop™'. Then ¢’ € N and ¢’(n) = n, and therefore 0’ € H N N.
But ¢’ is not the identity permutation. Thus H N N is a non-trivial normal
subgroup of H. But the subgroup H of A, is simple, since it is isomorphic to
A, _1. It follows that NN H = H, and thus H C N. But then N contains a
3-cycle, and therefore N = A,, (Lemma 2.35). Thus the group A, is simple.
We conclude by induction on n that the group A, is simple whenever n > 5,
as required. |}

2.16 Normal Subgroups of the Symmetric Groups

We can now find all normal subgroups of the symmetric groups ¥,. If N is
a normal subgroup of ¥,, then N N A,, is a normal subgroup of A,,. Moreover
it follows from the First Isomorphism Theorem (Theorem 2.23) that N/(N N
A,) =2 NA,/A,. But NA,/A, is a subgroup of ¥, /A,, and |¥,/A,| = 2.
Therefore either N C A,, or else N N A, is a subgroup of N of index 2.

Example We show that if n > 5 then the only normal subgroups of ¥,
are the trivial subgroup, the alternating group A, and ¥, itself. Now these
subgroups are all normal subgroups of ¥,. Moreover the trivial subgroup
and A, are the only normal subgroups of ¥, contained in A,, since A, is
simple when n > 5 (Theorem 2.36).

Let N be a normal subgroup of ¥, that is not contained in A,,. Then
NN A, is a normal subgroup of A,,. Now if NN A, were the trivial subgroup
then N would be a subgroup of ¥, of order 2. But one can readily verify that
Y, contains no normal subgroup of order 2 unless n = 2, in which case A,
is itself the trivial group. It follows that N N A, = A,,, and hence N = ¥,,.
We have therefore shown that if n > 5 then the only normal subgroups of
Y, are the trivial subgroup, the alternating group A, and ¥, itself.

Example We now show that the only normal subgroups of the symmetric
group X, are the trivial subgroup, the Kleinsche Viergruppe Vj, the alter-
nating group A4 and Y4 itself.

The trivial group and the groups V, and A, are normal subgroups of >.4.
Moreover they are the only normal subgroups of ¥, contained in Ay, since
they are the only normal subgroups of Ay.

Let N be a normal subgroup of ¥, that is not contained in A4. Then
N N Ay is a normal subgroup of A4. One can readily verify that X4 contains
no normal subgroup of order 2. It follows that V; C N, since only normal
subgroups of A4 other than the trivial subgroup are the groups V, and Ajy.
Now the only odd permutations in Y4 are transpositions and cycles of order 4.
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Moreover if N contains a cycle of order 4 then N contains a transposition,
since V, C N and

(mq mg)(msmy)(my mgmsmy) = (mgmy)

for all cycles (mjmgmsmy) of order 4. It follows that if N is a normal
subgroup of ¥, that is not contained in A4 then N must contain at least one
transposition. But then /N contains all transpositions, and therefore N = X,.
This shows that the only normal subgroups of >4 are the trivial group, the
Kleinsche Viergruppe Vj, the alternating group A, and ¥ itself.

2.17 Finitely Generated Abelian Groups

Let H be a subgroup of the additive group Z" consisting of all n-tuples
of integers, with the operation of (vector) addition. A list by, bs,... b, of
elements of Z" is said to constitute an integral basis (or Z-basis) of H if the
following conditions are satisfied:

e the element m;b; + msbs + --- 4+ m,b, belongs to H for all integers
my, Mo, ..., My,

e given any element h of H, there exist uniquely determined integers
my, Mo, ..., m, such that h = m;b; + moby + -+ - + m,b,.

Note that elements by, by, ..., b, of Z" constitute an integral basis of Z" if
and only if every element of Z" is uniquely expressible as a linear combination
of by, by, ..., b, with integer coefficients. It follows from basic linear algebra
that the rows of an n x n matrix of integers constitute an integral basis of
Z™ if and only if the determinant of that matrix is +1.

Theorem 2.37 Let H be a non-trivial subgroup of Z™. Then there exists
an integral basis by, ba, ..., b, of Z", a positive integer s, where s < n, and
positive integers ki, ko, ..., ks for which kibq, kobo, ... kibs is an integral
basis of H.

Proof We prove the result by induction on n. The result is clearly true
when n = 1, since every non-trivial subgroup of Z is of the form kZ for some
positive integer k. Suppose therefore that n > 1 and that the result holds
for all subgroups of Z"~!. We must show that the result then holds for all
subgroups H of Z".

Let ki be the smallest strictly positive integer for which there exists some
integral basis uy, us, ..., u, of Z" and some element of H of the form myu; +
mous + - - - + myu, where my, mo, ..., m, are integers and m; = k; for some
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integer ¢ satisfying 1 < i <n. Let uy,us,...,u, be such a basis, with ¢ = 1,
and let hy be an element of H for which hy = miu; + meus + - - - + mpuu,,
where mq, mso, ..., m, are integers and m; = k.

We show that each coefficient m; is divisible by k;. Now, for each ¢,
there exist integers ¢; and r; such that m; = ¢;ky +r; and 0 < r; < k;. Let
b; =u; + 2?22 ¢;u;. Then by, uy, ..., u, is an integral basis of Z™ and

hy = k1by + Znui.

=2

The choice of k; now ensures that the coefficients r; cannot be strictly positive
(as they are less than ki), and therefore r; = 0 and m; = ¢k for i =
2,3,...,n. Moreover hy = kib;.

Now let : Z"~! — Z" be the injective homomorphism sending each ele-
ment (mg, ms, ...,my,) of Z"' to S0, muw;, and let H = o~ (H) Then,
given any element h of H, there exist an integer m and an element h of Z"!
such that h = mb, + go(h) Moreover m and h are uniquely determined by

h, since by, uy, ..., u, is an integral basis of Z". Let m = qk; + r, where ¢
and r are integers and 0 < r < ky. Then h — ghy = by + ¢(h), where ¢(h)
is expressible as a linear combination of us, ..., u, with integer coefficients.

The choice of k1 now ensures that r cannot be strictly positive, and therefore
7= 0. Then ¢(h) € H, and hence h € H. We conclude from this that, given
any element h of H, there exist an integer ¢ and an element h of H such
that h = gk;b; + cp(h) Moreover ¢ and h are uniquely determined by h.

Now the induction hypothesis ensures the existence of an integral basis
bs, bs, ..., b, of Z"! for which there exist positive integers kg, k3, . .. , ks such
that ka)Q, ksbs, ..., kb is an integral basis of H. Let b; = go(b ) for each
integer 7 between 2 and n. One can then readily verify that by, bs, ... b, is
an integral basis of Z™ and kibq, kobs, ..., ksb, is an integral basis of H, as
required. |

An Abelian group G is generated by elements g1, go, .. ., g, if and only if
every element of G is expressible in the form g{"'g5" - - - g7 for some integers

mq, Mo, ..., My.

Lemma 2.38 A non-trivial Abelian group G is finitely generated if and only
if there exists a positive integer n and some surjective homomorphism 0: 2" —

G.

Proof Let ej,es,..., e, be the integral basis of Z" with e; = (1,0, ...,0),
e;=(0,1,0,...,0),...,e,=(0,...,0,1). If there exists a surjective homo-
morphism 0: Z" — G then G is generated by ¢1, 92, - .., gn, where g; = 0(e;)
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forv=1,2,...,n. Conversely if G is generated by g1, go, .. ., g, then there is
a surjective homomorphism 6:Z" — G that sends (mq, ma,...,m,) € Z" to

myi m2

99y gt

Theorem 2.39 Let G be a non-trivial finitely generated Abelian group. Then
there exist a positive integer n and a non-negative integer s between 0 and n,
such that if s = 0 then G = Z", and if s > 0 then there exist positive integers
ki,ko, ..., ks such that

chkl XCk2 X XCkS XZnis,
where Cy, is a cyclic group of order k; foriv=1,2,...,s.

Proof There exists a positive integer n and some surjective homomorphism
0:7" — @G, since G is finitely-generated. Let H be the kernel of 6. If
H is trivial then the homomorphism 6 is an isomorphism between Z" and
G. If H is non-trivial then G is isomorphic to Z"/H, and there exists an
integral basis by, bs, ..., b, of Z", a positive integer s, where s < n, and
positive integers ki, ko, ..., ks for which k1bq, kobo, ..., kb, is an integral
basis of H (Theorem 2.37). Then the group Z"/H, and thus G, is isomorphic
to Ck, X Ck, X -+ x Ck, x Z"*, where C; is a cyclic group of order k;
for i = 1,2,...,s. Indeed there is a well-defined homomorphism ¢:Z" —
Ciy X Cf, X -+ - x C, x Z"* which sends each element

m1b1 + mgbg + -+ mnbn

of Z™ to (ay™,ay?,...,a" mgsy1,...,my), where a; is a generator of the
cyclic group C; fori =1,2,...,s. The homomorphism ¢ is surjective, and its
kernel is the subgroup H. Therefore G = Z"/H = Cj, X Cy, X - - - X C, X Z" 7,
as required. |

Corollary 2.40 Let G be a non-trivial finite Abelian group. Then there exist
positive integers ki, ko, ..., ky, such that G = Cy, X Cy, X - - - x Cy,,, where C},
is a cyclic group of order k; fori=1,2,...,n.

With some more work it is possible to show that the positive integers
ki,ko,..., ks in Theorem 2.39 may be chosen such that k&, > 1 and k;_;
divides k; for i = 2,3, ..., s, and that the Abelian group is then determined
up to isomorphism by the integer n and the sequence of positive integers
ki, ko, ... ks.
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2.18 The Class Equation of a Finite Group
Definition The centre Z(G) of a group G is the subgroup of G defined by

Z(G) =49 € G:gh=hgforall h e G}.

One can verify that the centre of a group G is a normal subgroup of G.

Let G be a finite group, and let Z(G) be the centre of G. Then G'\ Z(G)
is a disjoint union of conjugacy classes. Let r be the number of conjugacy
classes contained in G\ Z(G), and let ny, no, ..., n, be the number of elements
in these conjugacy classes. Then n; > 1 for all ¢, since the centre Z(G) of
G is the subgroup of GG consisting of those elements of G whose conjugacy
class contains just one element. Now the group G is the disjoint union of its
conjugacy classes, and therefore

|G| = |Z(G)| +n1+ng+ -+ n,.
This equation is referred to as the class equation of the group G.

Definition Let g be an element of a group G. The centralizer C(g) of g is
the subgroup of G defined by C(g) = {h € G : hg = gh}.

Proposition 2.41 Let G be a finite group, and let p be a prime number.
Suppose that p* divides the order of G for some positive integer k. Then
either p* divides the order of some proper subgroup of G, or else p divides
the order of the centre of G.

Proof Choose elements gy, go, . . ., g of G\ Z(G), where Z(G) is the centre of
G, such that each conjugacy class included in G'\ Z(G) contains exactly one
of these elements. Let n; be the number of elements in the conjugacy class
of g; and let C(g;) be the centralizer of g; for each i. Then C(g;) is a proper
subgroup of G, and |G| = n;|C(g;)|. Thus if p* divides |G| but does not divide
the order of any proper subgroup of G then p must divide n; fori =1,2,... 7.
Examination of the class equation |G| = |Z(G)| + ny + ng + -+ + n, now
shows that p divides |Z(G)|, as required. |}

2.19 Cauchy’s Theorem

Theorem 2.42 (Cauchy) Let G be an finite group, and let p be a prime
number that divides the order of G. Then G contains an element of order p.
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Proof We prove the result by induction on the order of G. Thus suppose
that every finite group whose order is divisible by p and less than |G| contains
an element of order p. If p divides the order of some proper subgroup of GG
then that subgroup contains the required element of order p. If p does not
divide the order of any proper subgroup of G then Proposition 2.41 ensures
that p divides the order of the centre Z(G) of G, and thus Z(G) cannot be
a proper subgroup of G. But then G = Z(G) and the group G is Abelian.

Thus let G be an Abelian group whose order is divisible by p, and let
H be a proper subgroup of G that is not contained in any larger proper
subgroup. If |H| is divisible by p then the induction hypothesis ensures that
H contains the required element of order p, since |H| < |G|. Suppose then
that |H| is not divisible by p. Choose g € G\ H, and let C be the cyclic
subgroup of G generated by g. Then HC' = G, since HC # H and HC
is a subgroup of GG containing H. It follows from the First Isomorphism
Theorem (Theorem 2.23) that G/H = C/H N C. Now p divides |G/H|,
since |G/H| = |G|/|H| and p divides |G| but not |H|. Therefore p divides
|C|. Thus if m = |C|/p then g™ is the required element of order p. This
completes the proof of Cauchy’s Theorem. |}

2.20 The Structure of p-Groups

Definition Let p be a prime number. A p-group is a finite group whose
order is some power p* of p.

Lemma 2.43 Let p be a prime number, and let G be a p-group. Then there
exists a normal subgroup of G of order p that is contained in the centre of G.

Proof Let |G| = p*. Then p* divides the order of G' but does not divide the
order of any proper subgroup of G. It follows from Proposition 2.41 that p
divides the order of the centre of G. It then follows from Cauchy’s Theorem
(Theorem 2.42) that the centre of G' contains some element of order p. This
element generates a cyclic subgroup of order p, and this subgroup is normal
since its elements commute with every element of G. |}

Proposition 2.44 Let G be a p-group, where p is some prime number, and
let H be a proper subgroup of G. Then there exists some subgroup K of G
such that H< K and K/H is a cyclic group of order p.

Proof We prove the result by induction on the order of G. Thus suppose
that the result holds for all p-groups whose order is less than that of G. Let
Z be the centre of G. Then ZH is a well-defined subgroup of G, since Z is

a normal subgroup of G.
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Suppose that ZH # H. Then H is a normal subgroup of ZH. The
quotient group ZH/H is a p-group, and contains a subgroup K7 of order p
(Lemma 2.43). Let K ={g € ZH : gH € K;}. Then H<K and K/H = K,
and therefore K is the required subgroup of G.

Finally suppose that ZH = H. Then Z C H. Let Hy = {hZ : h € H}.
Then H; is a subgroup of G/Z. But G/Z is a p-group, and |G/Z] < |G|,
since |Z| > p (Lemma 2.43). The induction hypothesis ensures the existence
of a subgroup K; of G/Z such that H; < K; and K;/H; is cyclic of order p.
Let K ={g€ G:9Z € Ki}. Then H< K and K/H = K;/H;. Thus K is
the required subgroup of G. |}

Repeated applications of Proposition 2.44 yield the following result.

Corollary 2.45 Let G be a finite group whose order is a power of some
prime number p. Then there exist subgroups Gy, Gy, ...,G, of G, where G
is the trivial subgroup and G, = G, such that G;_1 < G; and G;/G;_1 is a
cyclic group of order p fori=1,2,... n.

2.21 The Sylow Theorems

Definition Let GG be a finite group, and let p be a prime number dividing
the order |G| of G. A p-subgroup of G is a subgroup whose order is some
power of p. A Sylow p-subgroup of G is a subgroup whose order is p*, where
k is the largest natural number for which p* divides |G|.

Theorem 2.46 (First Sylow Theorem) Let G be a finite group, and let p be a
prime number dividing the order of G. Then G contains a Sylow p-subgroup.

Proof We prove the result by induction on the order of G. Thus suppose
that all groups whose order is less than that of G' contain the required Sylow
p-subgroups. Let k be the largest positive integer for which p* divides |G].
If p* divides the order of some proper subgroup H of G then the induction
hypothesis ensures that H contains the required Sylow p-subgroup of order
p¥. If p* does not divide the order of any proper subgroup of G then p
divides the order of the centre Z(G) of G (Proposition 2.41). It follows from
Cauchy’s Theorem (Theorem 2.42) that Z(G) contains an element of order
p, and this element generates a normal subgroup N of G of order p. The
induction hypothesis then ensures that G/N has a Sylow p-subgroup L of
order p*~!, since |G/N| = |G|/p. Let K = {g € G : gN € L}. Then
|K| = p|L| = p*, and thus K is the required Sylow p-subgroup of G. |}
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Theorem 2.47 (Second Sylow Theorem) Let G be a finite group, and let
p be a prime number dividing the order of G. Then all Sylow p-subgroups
of G are conjugate, and any p-subgroup of G is contained in some Sylow p-
subgroup of G. Moreover the number of Sylow p-subgroups in G divides the
order of |G| and is congruent to 1 modulo p.

Proof Let K be a Sylow p-subgroup of GG, and let X be the set of left cosets
of K in G. Let H be a p-subgroup of G. Then H acts on X on the left,
where h(gK) = hgK for all h € H and g € G. Moreover h(gK) = gK if and
only if g7'hg € K. Thus an element gK of X is fixed by H if and only if
g 'HgC K.

Let |G| = p*m, where k and m are positive integers and m is coprime to
p. Then |K| = p*. Now the number of left cosets of K in G is |G|/|K|. Thus
the set X has m elements. Now the number of elements in any orbit for the
action of H on X divides the order of H, since it is the index in H of the
stabilizer of some element of that orbit (Lemma 2.26). But then the number
of elements in each orbit must be some power of p, since H is a p-group.
Thus if an element of X is not fixed by H then the number of elements in its
orbit is divisible by p. But X is a disjoint union of orbits under the action
of H on X. Thus if m’ denotes the number of elements of X that are fixed
by H then m — m/ is divisible by p.

Now m is not divisible by p. It follows that m’ # 0, and m/ is not divisible
by p. Thus there exists at least one element ¢ of G such that g 'Hg C K. But
then H is contained in the Sylow p-subgroup gK ¢—!. Thus every p-subgroup
is contained in a Sylow p-subgroup of G, and this Sylow p-subgroup is a
conjugate of the given Sylow p-subgroup K. In particular any two Sylow
p-subgroups are conjugate.

It only remains to show that the number of Sylow p-subgroups in G
divides the order of |G| and is congruent to 1 modulo p. On applying the
above results with H = K, we see that ¢ ' Kg = K for some ¢g € G if and
only if gK is a fixed point for the action of K on X. But the number of
elements g of G for which gK is a fixed point is m/|K|, where m’ is the
number of fixed points in X. It follows that the number of elements g of
G for which ¢7'Kg = K is p*m’. But every Sylow p-subgroup of G is of
the form g7 'Kg for some g € G. It follows that the number n of Sylow
p-subgroups in G is given by n = |G|/p*m' = m/m’. In particular n divides
|G|. Now we have already shown that m — m/ is divisible by p. It follows
that m’ is coprime to p, since m is coprime to p. Also m — m’ is divisible
by m/, since (m —m')/m’ = n — 1. Putting these results together, we see
that m — m/ is divisible by m’p, and therefore n — 1 is divisible by p. Thus
n divides |G| and is congruent to 1 modulo p, as required. |
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2.22 Some Applications of the Sylow Theorems

Theorem 2.48 Let p and q be prime numbers, where p < q and q¢ % 1
(modp). Then any group of order pq is cyclic.

Proof Let GG be a group of order pq. It follows from the First Sylow Theorem
that G' contains Sylow subgroups NV, and N, of orders p and ¢ respectively.
Now the number n, of Sylow p-subgroups divides pq and satisfies n, = 1
(mod p), by the Second Sylow Theorem. Clearly n, cannot be divisible by p,
and therefore either n, = 1 or n, = ¢. But ¢ #1 (modp). It follows that
n, = 1. Thus the group G has just one subgroup of order p.

Now, given any element g of G, the subgroups N, and gN,g~" are of
order p. It follows that gN,g~* = N, for all elements g of G. Thus N, is a
normal subgroup of G.

A similar argument shows that NN, is also a normal subgroup of G, since
p < q, and therefore p Z 1 (modq).

Now N, NN, is a subgroup of both N, and NN,. It follows from Lagrange’s
Theorem that the order of N, N N, divides both of the prime numbers p and
¢, and therefore |N, N N,| = 1 and N, N N, = {e}, where e is the identity
element of G.

Let © € N, and y € N,. Then yz~'y~! € N, and xyz~! € N, since
N, and N, are normal subgroups of G. But then xzyz~'y™' € N, N N,,
since zyz~ly™! = z(yz~ly™!) = (zyx~Hy ™!, and therefore zyz~ly~! = e.
Thus 2y = yx for all x € N, and y € N,. It follows easily from this that
the function ¢: N, x N, — G which sends (z,y) € N, x N, to zy is a
homomorphism. This homomorphism is injective, for if xy = e for some
r € N, and y € N,, then z = y~!, and hence x € N, N N, from which it
follows that = e and y = e. But any injective homomorphism between two
finite groups of the same order is necessarily an isomorphism. Therefore the
function ¢: N, x N, — G is an isomorphism, and thus G = N, x N,,.

Now any group whose order is prime number must be cyclic. Therefore
the groups N, and N,