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INTRODUCTION

These notes are based upon a series of lectures given,
by the kind invitation of Professor Albrecht Dold, at the
Mathematics Institute of the University of Heidelberg. The
first chapter is aimed at a demonstration of the principle
of borrowing ideas and techniques from the various branches
of modern algebraic topology and using them to attack a pro-
blem in transformation groups. As far as we know, this
principle was formally stated first by Borel, who followed
it in a most elegant fashion.

We simply contrive a problem and then set about it. 1In
defense of the question we should point out that there has
been recently a considerable interest, with profitable results,
in the application of vector bundles with operators to the
study of finite transformation groups. The reader need only
refer to A{:zz 74 _Z We shall restrict our attention to
complex line bundles with operators. Thus GZ71X) is a left
action of the finite group qp’gn a space, X. A line bundle
with operators (ﬁ?i ) —> (4;7%) is a line bundle over X
together with a left action of %/ on jr as a group of complex
linear bundle maps covering the action of // on X. Via the
tensor product these form an abelian groupaZ?(¢71k). The unit
is the action of ﬁVJon the product bundle given by

h(x,zr) = {hx,ﬁ) ' hs’/f . We ask howx(%x) is determined.



If we think of the case of line bundles alone, without
operators, we immediately recall that such is determined
uniquely by its Chern class in HZ(X;Z). Our first idea then
is to find a suitable replacement, a kind of equivariant
cohomology group, in which we can associate to every line
bundle with operators a Chern class which uniquely determines
(/./‘,7) ——> (’/-//,X) . A direct obstruction approach does not
prove satisfactory, but another route is at hand. Letcg* —_ X
be the sheaf of continuous maps into C*, the abelian multipli-
cative group of non-zero complex numbers. Then ul(x; g*) is
first shown to be isomorphic to the group of complex line bundles
over X, and next it is proved that Hl(X;e*)’;’ H2(X;2) .

The identification of Hl(X;c?*) is possible because a line
bundle arises from a co-ordinate bundle and the defining equation
for a co-ordinate system in an abelian structure group is really
a cocycle condition and equivalent co-ordinate systems are
cohomologous. Our first task then is to define and study co-
ordinate systems with operators and this is carried out in
section 1. We cover X by an indexed collection of open QV:
invariant sets, then a co-ordinate system with operators is an

assignment to each pair (i,j) of a map

i"IT

r 3
’

*
X v,pv) — C
that £ \ ’ i
so that for x & N an Vi and hl h2 in Y/

r h h ,x) = h ,h x)r h ,x).
ki Pyhpe¥) = x By oz, (hyex)



If e€7/ is the identity then it follows {r, i(e,x)} is a
¥

co~ordinate system in the usual sense. On each V, X C an
J

action of ﬁ?’is defined by

h(x,ar) = (hx,rj,j(h,x)g)

and the formula

r. j(h,x)rj’i(e,x) = rj

3, i(h,x) = r, .(e,hx)ri’i(h,x)

r J.1

on Vj/)Vi guarantees compatibility of these local actions. A
co-ordinate system with operators is "trivial" if we can find
y A
map ;‘i : Vi —> C so that rj,i(h'X) = i(x)/_:)\j(hx) on
V.f)V;.- Thus we have made a simple extension of the g, . in
J 1 J.1
Steenrod's book.

In what sense is the resulting group of equivalence classes
of co-ordinate systems with operators a l-dimensional cohomology?
The appropriate definitions are discussed in sections 2 and 3.
Let K denote the nerve of s}/i Then a covariant stack with
operators on K is defined as follows. To each simplex,o"¢ K,

*
associate d? (97) the multiplicative abelian group of all maps
*
f : Sup (@*) —> C . This is given a right Z(ﬁ’)-module struc-
ture by (fh)(x) = f(hx). If g-'¢g~ then Sup (g~) € Sup (0o7')
and restriction is the Z (4") -module homomorphism
* * * . .
@ (o' —> g ) :f (o) _>G) (). Consider a functlonf
which assigns to each triple (Vi,Vj;h) a function
%
‘)0 (V;,V5ih) SQ (Vs Vy). Write this function as ry ., (h,x).

,h2) and omitting

Now JZf should be evaluated on a (Vk,VS,Vi;hl



the connecting homomorphisms we should put

Sf( A shy,h,) f(v )V, ih tja(v (Vi ihiho) f(v ,v ih.)h,

The last term is meaningful because g(vkn VJ/) Vi) is a right
Z@Z”}—module. Considering the definition of the action of h2

the coboundary formula is equivalent to

-1
rj,i(hz’x)rk,i(h]_hz'x) rk,j (hl,hzx)

thusf is a l-cocycle if and only if

(hlhz,x) = rk,j (hl'h2x)rj ,i(hz'X)'

Now to give a meaning to this we next turn to homological
algebra. The reader will recognize that we follow MacLane's
book closely. The setting is a simplicial complex K together
with a covariant stack d—-> K assigning to each simplex O
a right Z(fY-module and to each go'Cco~ a Z(f)-module homo-
morphism d (o' —o) :d,(g-') —>d(a'). We want to define
HP (’/f;Q) , the cohomology of the group ’/'/—’with coefficients in
a covariant stack with operatérs. We put together the usual
simplicial definition of cohomology with coefficients in a stack
and the definition by means of the (un-normalized) bar construc-
tion, of the cohomology of a group, 77/, with coefficient in a
(right) % (% )-module. It comes out like this. A basic p-chain,
is a pair (Vo,...,Vp;h

b h2) where Vo,...,Vp is an ordered

pl 1, " e
(p+1)-tuple of vertices spanning a simplex Ibp] in K and

h]_,..'.,hp is an ordered p-tuple of elements of‘”. A basic O-chain



is a pair (V° ( )) where ( ) generates o(ﬂr) a free right
z (7 )-module. A p-cocycle ‘}08 cPW;d,) is a function which
to each basic p-chain, b , assigns a valuef(b )£d( b |).

P p p
Omitting the connecting homomorphisms

ggjo(bpﬂ) = _f(vl, .. ,Vp+l;h2, .. 'hp+l)

-. A. l
+2: (-1 Mv©, ..., v3,...,vP* L ,...onh. ,...h )
j:1 y 4 r l’ 14 J ]+l, I p+l

+ (-1PHOwo,...,vP;n h )h

AR A
This defines HP(K;Cz) and in fact Hl(K;C;*) in the situation
discussed previously is just the group of equivalences clasges
of co-ordinate systems with operators on the covering €>”f
This precise definition is suggested by Bredon's treatment of
equivariant cohomology

In this form it appears difficult to compute Hp(ﬁTGCZJ.
However, think of it this way. There is a covariant functor
0 —> C(gr) assigning to each simplex the simplicial chain complex
of that simplex. Each C(@=) then is a simplicial module equipped
with face and degeneracy operators,[;gffz-gjj. Likewise, the bar
constructioana( ) has face and degeneracy operators and is
acted on by as a group of "simplicial maps." Then for each

simplex @~ we formed the simplicial product

o) )f/ﬁ('?ﬁ = {cp(g—)@yﬁp(ﬂf)}.

We then used the simplicial structure to define our coboundary.

Clearly we could have formed a tensor product of chain complexes



c(om) @7&% ={r+§:l/‘o c (a—)®/3 w3
Vr

This would amount to using b -chains, ©, ..,
r,s

with |b | the simplex spanned by (V© ..,Vr). Then

ffyscr s(/f,d) assigns to b s a valuef(b )é‘d(]b .

Then cP U7 d) = atp ctr S(W’d/) becomes a bigraded complex

,...,h )

with C§‘=£" +5’" defined in the obvious way. It is the
Eilenberg-Zilber Theorem which shows that this bigraded cochain
complex also yields HPMW;CZJ. The equivalence in Eilenberg-
Zilber is natural, so it carries the action ofW4? as a group of
simplicial maps.
*wrid

Now we have two spectral sequences for H (#/:&L). The

"ESrToterm is HS (/// ;Hr(K7d.)), the cohomology of 77 with co-

2
efficients in the right Z(hf?-module, Hr(K;CZJ, The 'EY¥’S jig

2
Hr(K;{S) where‘ﬁS —> K is the stack o—> HS(//7J;d(V')).

We have arrived, then, by a semi-algebraic route in well-
known territory. For what have we but the spectral sequences
introduced by Cartan and Borel, [5/0 /5/]. If each d,(o‘) is
free, then the 'E-spectral sequ;ﬁ;e shows
1 s d) HP(K;ﬁO) = P (x; ) so "Ei'r:%.H*(K;d,W)’with
"Eg'r¢=/Hs(ﬁT?Hr(K;CL)). This is the analogue of the spectral
sequence of a covering (i.e. 77/acts freely on X). In fact,
Bredon's treatment of this area in [g;ﬂ'“l]is the same as ours
except that he uses a free acyclic space for ar/;ather than the

bar construction. Our approach so far is along the lines of

v
Cech theory and this is suited to our interest.



In section 6 we come down to sheaves with operators and
we turn aside from the géch approach. We take 67’%0 act
trivially on the base space Y so a sheaf with operators
(617¢77 —> Y is just a sheaf together with a right action of
67’55 a group of stalk preserving sheaf automorphisms. There
are two ways to define Hp(ﬁ77ézs. We could note that the

canonical resolution has natural operators
o —> (dﬁ/’)—> (QO(Y;d,),;/V) — ... = (G’r(Y;d),//ﬁ —> ...,
so that the global sections

cr o =/-'<Y;G’r(y;d,))

receive a right Z(er-module structure. Let

I ST - Homz(m(Jas(m, cT(v;d)), where {A ) } is

the bar construction and then take Hp(971CZJ to be the cohomology
of the resulting bigraded cochain complex. We immediately see
this way that "Eg'rcszs(OT?Hr(Y;61A). There is a second approach

which is to associate with (C14¢73 a certain differential sheaf

A(d) LA_o(d«) —5:1 i”_>/1_s(d) —> ... where

F(U,-AS(d.)) = Homzm (st(m ,/7(U,d)) for every open U.
When the canonical resolution of a differential sheaf is taken
there always results a bigraded cochain complex, zf—~5';7 .

We take HP(677 ) to be the cohomology of this bigraded complex.

This time it is clear that 'Er's¢:'Hr(Y;4€?) where

2
Lo g =i [o.dyy.



The proof of the equivalence of the two definitions,
both of which have desirable features, proceeds as follows.
Take any acyclic resolution by sheaves with operators

o — (4.47)’ — (OEO,W/) —_ ... = (,Zj,W’) —_ ...

Apply the functor_A~ to get

Ac@) —A°fo —>... —->_A,°_(afj) — ...

AT M.
;,) __>j\l( ) —>.. —7jl,j’ ) = ...

At — 5 — . oA

Each horizontal row is still an acyclic resolution and vertical

) .

I 1 K'Y

J
)

_

arrows are coboundary operators dual to 2;: i(ﬂT’ —_— i-1

We can compress this into a bigraded differential sheaf

A bs - Z’ AL
i+j=s
AsJ4 () 1s a differential sheaf, its canonical resolution
yields a bigraded cochain complex kLS = Cr(YL/l(Jfbs), which
is secretly trigraded of course. We first show
cr'sd?‘}él) = Cr(YujLS(CL))CZ K'’® induces an isomorphism of

the second definition
w7 ) = vP (x).

The "E-spectral sequence for K then shows

BP (x) & 1P ( 2 Hom, () (/49S Var /-I(Y.oﬁr) ) -

r+s=p



Incidentally, in section 6 we also show that to each

exact sequence of sheaves with operators
o — A7 — AT — @) — o

there is associated an exact coefficient sequence in cohomology,
.. —Pd) P Wd) - P d — ... .

This shows us that we shall be able to get satisfactory Chern
classes for our line bundles with operators.

In section 7 we make a few remarks about the Cech defini-
tion of HP(¢77Z24 for a sheaf with operators, but with one
exception we do not really go into it at all. By this time,
the reader will see a Eéch definition can be done and how to
make it come out to agree with section 6. Still, the E;ch
description is the whole point in relating sheaves with operators
to bundles with operators.

In section 8 we treat sheaves with operators (CZ,QTT ——>(677k)
where Tis not trivial on the base. To each h§g W/there is

associated a sheaf cohomomorphism
#
 a
A —
X

'

X —mm >

satisfying appropriate and obvious composition rules. Now we

X
could take the direct image sheaf 61——> X/M]  over the quotient
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space. It is induced by the quotient map )I: X — X/47” and
is a sheaf with operators (d,ll) —> X/~. We coulid say

H»H
Hp(57361) = Hp(ﬁrﬁczs, turning back, thereby, to section 6,
or we could take the canonical resolution with operators,
note Cr(X;d) is a Z(m—module, and put
r,s 47 -
C ( ,d) HomZ @)

cohomology of this bigraded cochain complex. The definitions

(/Gs ) . Cr(X;d)) and pass to the

are equivalent. From the second we immediately see
"Eg’rc_f uS (7 ;Hr(x;d,)). In section 8 there are some useful
*
technical remarks about the 'E-spectral sequence for H (W’;d).
* . . *

If@ —> X is the sheaf of germs of maps into C then
composition makes (6*,7) —> (% ,X) a sheaf with operators
and Hl(’/'/'/; C*) is the group of equivalence classes of complex
line bundles with operators over (’/7/,X). Now let J// operate

1

on the constant sheaf X X Z by (x,n)h = (h” "x,n) and denote

this sheaf with operators by (?’,‘//) — (ﬁ,x). In section 9

we then prove
w7 L) enzmaa.

So we have the Chern classes for line bundles with operators

and for H*(W/;;) we have
"B o HS 47 T (X3 2)) .

In sections 4 and 10 we discuss holomorphic line bundles
over 077fbn) which is a group of holomorphic isometries in a

Kahler metric on the closed connected complex analytic manifold vh.
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The reader will see that our approach is especially well
adapted to this situation. Denote by (¢7ﬁﬂﬂ the Picard
group of those holomorphic line bundles with operators which
are topologically equivalent to the trivial line bundle with
operators h(x,z%) = (hx,é?). We can just follow the Kodaira-
Spencer treatment of the standard Picard group‘7¢%zn), [75i7
to determine (677§n) and show it is a closed connected ana-
lytic subgroup of vy,

The reader will recognize that H*(Zfizy) is a simple example
of an equivariant cohomology theory as discussed by Bredon in
[4_6 S’ecdj As such, it has applications other than to the
classification of line bundles with operators. For example, if

qar< Zyr

*
H (Zp; ) which constituted the basis of Borel's new study of

a cyclic group of prime order then it was the study of

P. A. Smith's theorems,z{~ E? _7{ We touch this point very
lightly and recommend Borel's original paper to the reader.
There is a classifying space for complex vector bundles
with operators which we do not go into in these notes, ZE%/[L7
For the case of line bundles with operators it can be described
as follows. First there is the regular representation of Zrlén

k where k = #(7/ ). Form the n-fold direct sum of the regular

C
representation with itself to obtain a representation of on
an. This representation sends lines into lines and so induces

an action (47,CP(nk—l)). Since a vector in a line is also
carried into a vector in the image line there is naturally

induced an action (% ,/) —_ (b ,CP(nk-1)) on the universal
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bundle. If X is reasonably nice, then complex line bundles
with operators over (ﬁfjk) are in 1 - 1 correspondence with
the equivariant homotopy classes of equivariant maps of

(7772) into (%7Tép(nk—l)), for n sufficiently large. We shall
show that these equivariant homotopy classes are in 1 - 1
correspondence with the elements of Hz(ﬂrﬁé?ﬁ.

In section 1 the basic object is a pair (2776) consisting
of a left action of on a topological group G as a finite
group. Line bundles with operators correspond to a trivial
action of‘¢7/on G = U(l) (or G = C* in the holomorphic case).
The added generality, while making some formulas a bit awkward
and stretching out some computations, notably in section 4,
does provide a unified background in which line bundles with
operators, Atiyah real line bundles, and certain other cases
we shall suggest, can all be embedded. After the initial
discussion of (477&) the theory goes along until the necessity
for explicit computations arise. We are sparing in the use of
examples, but we encourage the reader to work out the case of
Atiyah real line bundles for himself. It is an interesting
case and tractable because = Zz.

We assume some familiarity with transformation groups. We
use X Aﬂ"ﬂfor the quotient space and ‘y : X — X /hf’ for the
quotient map. We use 40:/'to denote the isotropy group at
x £X; that is, the subgroup of elements leaving 4. fixed. In

connection with sheaves, we show just how far behind times we
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are by using /H(U,CZ) to denote continuous sections. Other-
wise we try to follow Glen Bredon's excellent treatment.

To sum up, we have evolved a quasi-algebraic approach
parallel to Bredon's treatment of the original ideas in the
study of transformation groups introduced by Borel and Cartan.
We have done this to study the classification of complex line
bundles with operators. The problem was set up and so analysed
to illustrate how concepts and results from several branches of
modern topology can be fused together within the study of trans-
formation groups. There is nothing at all original in Chapter I.
The theory of bundles with operators is long and this author is
not really well acquainted with it. The first formal treatment
was due to Palais. The theory has gone through several stages
with the present emphasis on equivariant K-Theory.

In Chapter II we illustrate the use of bordism techniques
in the study of periodic maps, in this case, of orientation
preserving involutions on closed oriented manifolds. This
matter was by-passed entirely until quite recently. The analogy
between orientation preserving involutions on the one hand and
involutions without regard to orientation, or orientation preserv-
ing maps of odd period, is quite tenuous and it was clear that
some new thoughts would be appropriate.

Rosenzweig, [ /Z _] , started the work on @*/(Zz) , the
bordism algebra of all orientation preserving involutions on
closed oriented manifolds. The first question is the relation

to! ! *(Zz), the bordism module of fixed point free orientation
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preserving involutions on closed oriented manifolds. There

is the natural homomorphism
i, 2*(22) —>§*/(Z2)

which ignores the freeness. The first key step was Rosenzweig's
proof that the kernel of i, consists of precisely all the 2-
torsion.ixu(al*(zz). One of the topics discussed in Chapter II
is the image of i*. Next there is introduced the bordism algebra
cz;. The basic object is an orientation preserving involution
(T,B™) on a compact oriented manifold with no fixed points in
QBn. Then (T,B®) bounds if and only if there is an orientation
preserving (’Z/,Wn'*'l) for which (T,B?) & ()Z/,aWn-u) as a compact
regular invariant submanifold and such that.qrxhas no fixed points
in 6 whtl\ BM.  Then dn is the resulting bordism group. The
triangle

Jx

i) A;

where j « and G?* are defined in the obvious manner, is exact.
Next Rosenzweig computes the structure of d as a‘nﬂ -module.
The answer is not analogous to that of the case of maps of odd
period,[— 7_7

We begin in section 1 of Chapter II with Ci!again, but in

the following format. The basic object is a pair (§—> Bn,ar)
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wherein Z —> B" is an orthogonal 2k-plane bundle over a
compact manifold together with an orientation d/on the

Whitney sum ‘Z@rc’—> B where 'T"—> BD is the tangent
n-plane bundle». Let - (‘{ —_ Bn, } be (E—> Bn,- Yy, a

boundary operator

), (i—>Bn,<9’> = (z—>93n,3*(69§)

by remaking that along aBn, ‘Z@T‘: ( Zor'c" where 7

is the outward pointing normal at each point of © B® and then
orienting ‘i@’t" -—>@Bn compatibly with7 and Z@’Z/

The bordism group An(2k) of such objects (z — M2, &) wherein

M? is closed is then defined. It is not difficult to identify
An(2k) with the Atiyah bordism group An(T,BSO(Zk)) where T is

the covering involution over BO(2k). Then we are able to use

Rosenzweig's result to see
N
RSP O NS )

where M,(b’) is the Thom space of the canonical real line bundle

X—>BO(2k) .

Next we define a self-intersection homomorphism

S : An(2k) —>-(%_2k(BO (k)). This has been studied by others,

including Hafori, but in different contexts. Roughly speaking
take a generic cross—section%: Mt — i and intersect the
image of K with the o-section toc obtain a c,l/ssed regular sub-

manifold Vn—ZkC M". Now the normal bundle { o vn—-2k is

the restriction of z , therefore z@r’ GO 2k
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A A A A L

ze (Z@’C’) = (%Qz 'L . Now Z@T’ is oriented and
A . .

?QZ is oriented by the complex structure (v,w) —> (-w,V),

so the tangent bundle é — vN72K receives a compatible

orientation. We set
e
S [?—>Mn,<9_’_7= [5—>vn'2k ;Eﬂ (BO(2k)).
) n-2k
We use a different but equivalent definition of self-intersection
to see it is a function of bordism classes in An(BO(Zk)). We set

dm= 2 A (0(2x))

n+2k=m

;b?m = Zﬂq(soup))

g+4p=m

Oo % (1)
and d:Zo dm' 2’0%. Via the external Whitney sum

both CZD amiShLare made into graded commutative algebras over
L) and s : d/——>%is an algebra homomorphism.

We use S to prove CZ/Rm:KZ) is the graded polynomial ring
over -(l/Tor generated by [?2p+l —> CP (2p+1) ,ﬂ: p > O, where
72p+1 ——> CP(2p+l1l) is the Hopf bundle and 72p+l@‘2 —> CP(2p+1)

is oriented by the complex structure. This is done by showing
s 72p+l — CP(2p+l),6:7
-7, — wen]

and then by a standard we prove %/Tor (%) is the polynomial
oo

algebra over .fl/Tor generated by {[72p — CP(2p)7 }p=0 .
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Thus S :d /Tor ——>%/Tor is onto, but with Rosenzweig's
computation we know enough about the module structure of
C:[/Tor to see that S has no kernel.

Let J C ,*(Zz) be the ideal which is the kernel of
Je ¢ &*(22) — . There is an isomorphism _()_/Torc—J
given by [M4P_7 —_ [; ,227[[\-»149_7, where 52,Z2_7 denotes Z2
acting on itself by translation. Then let‘lk CP(2pXJh9(5V (Z ),
p > O be given by A[l""’22p+l—7 [ l,22,...,22 +]] then with
the self-intersection we show 6(2%(Z2)/J)/?2g is the polynomial
ring over_(:Z/Tor generated by {[}.CP(Zpi]}p=l. Thus we know J
and we knOW'-fl-(Z )/J modulo torsion. In theory we could

determine the 2 rank of the torsion in 0/2 ) if we could

J N2 a:(z ).

It turns out that [ZZ,Z;L—M4PJ lies in 2 d/(z ) if and only if

determine

index [M4pj O mod 2. This is done by using special examples
and S plays a key role again.

In section 5 we introduce Tr : d{zz) —> 7, that is,
given (T,M4p) put in H2p (M4P;R) the usual inner-product
(v,w) = <vuw,0"4p>8 R and (T*v,T*w) = (v,w) since T preserves

d

orientation. Split H2p(M4P;R) into VeV$ v° , the %1 eigenvalues

*
of T . fThen

Tr [T,M4PJ = index (V&) -index (v°9).

This is a bordism invariant and defines a ring homomorphism
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Tr : CfZTZz) —> 7 which vanishes on J. Since we know the
structure of *(22}/J mod torsion we can verify again the
formula for Tr in terms of the index of the self-intersection
of the fixed point set with itself; a formula drawn by
Hirzebruch from the Atiyah-Bott Fixed Point Theorem.

Since index [M4PJ= TrEI‘,M4Pj mod 2 we define
Ck :(12:1;2) — 22
by %[T,M‘IP] = 1/2(ind [M4Pj -TrEI‘,M4PJ) . We then prove

<E9‘/ 2 I“FC\
1p ‘%2 >&4;{Zz) " 109 %

is exact. Here I (Z ) is the unoriented analog of (:??; )
4p 2 Ap 2

and r is the forgetful homomorphism.
In section 6 we work out some examples involving the
conjugation involutions on almost complex manifolds of dimension

4p.
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Chapter I

Line Bundles With Operators

1. A co-ordinate system with operators

We are all familiar with the co-ordinate transformations
gj i in Steenrod's book, and we also know how these determine

14

a co-ordinate bundle, [—/jjf‘ /4] Suppose (’/TTX, ) is a
triple consisting of a left action of the finite group Q7,on a
topological space X together with an indexed covering, , of
X by carjinvariant open sets. Fix a left action (977&) of

on a topological group G as a group of automorphisms.

A co-ordinate system with operators is an assignment to

each ordered pair of indices (i,j) of a map

,V
TS3 ¥/ (anvi) — G

/—-/
71
such that for x € vk/vvjfvvi and hl,h2£ /4

_ -1
rk,i(h1h2’x) = (h.,°r

5 k,j(hl'hZX))rj,i(hZ’x)'

Remember // acts as a group of automorphisms on G.

(1.1) Lemma: A co-ordinate system with operators is

equivalently determined by assigning to each (i,j) a map

R, . ://k(vjnvi) — G

such that on V

k/’ijDVi
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Rk,i(hth’x) = (Rk,j(hl’hZX))(th (h2,x)).

i,

- -1
Let rj i(h,x) = h Rj i(h,x) then

’ 14

-1, -1
Ty ,iByByex) = b (h, 2(R . (hohy,x))

[4

-1.,4-1 .
h2 (h1 (R '(hl'hZX) h

X, 9 R, i(h /X))

13, 2

~-1
= h h .
5 rk,j(hl'hzx)rj,i( 2,X)

Conversely, given the r, i(h,x) introduce

r
R, .(h,x) = hr,
J,1 : ]

r

i(h,x).

’

In any case note that if egﬂ is the identity

Y, . =r ..
k'l(e.x) rk,J(e,x)rJ,l(e,X)

on Vkﬂvj/'ivi so that the {r, i(e,x)} form a co-ordinate

14
system in the usual sense.

(1.2) Lemma: For any pair (i,j)

shx) = (7l (e hx))ry ; (h,x)

r.’j(h,X)rj’i(e,X) = Xr. J

J J
on an V-
Apply the defining equations first to hl = h, h2 = e and
then to h, = e, h, = h.
; 1 2 '
Following [13/. /0‘ /4_7 we propose now to construct an
associated right principal (7776)—space, (%97 ,B,G) over (7%7,X).

As usual, consider the disjoint union l_j (i x Vi)(G) and say

that (i,x,9) ~~(j,x',g') if and only if x = x' and g' = rj,i(erx)g°
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Denote by ((i,x,g)) the resulting equivalence class and by B

the space of all such equivalence classes. A right principal

action (B,G) is given by ((i,x,9))4 = ((i,x,g8)). The left
',-._/

action of 7/ on B is then given by
h((i,x,9)) = ((i,hx,hri’i(h,x)-hg)).
We must show this is well defined. Note by (1.2) that

hrj’j(h,x)‘hrj’i(e,x) = r,

J,i(e,hx)-hri'i(h,x)

thus if g' = rj i(e,x)q then

h(rj'j(h,x)-g') = hrj'j(h,x)-hrj'i(e,x)-hg

r. .{(e,hx) h(r., .(h,x)+*g). Hence the left action is
J/1 1,1

well defined. For h€% , b € B and g & G we have
h(bg) = h(b)hg

according to the above definitions. The projection map

P : B — X given by p((i,x,qg)) = x is // -equivariant.
Given (97,X) we must define the expression "right principal

(27,G)—space over (7/,X)." We must then show that every such

arises from a co-ordinate system with operators, and finally
we must know when two co-ordinate systems with operators give
rise to the same principal (f?fb)—space.
A right principal ( /7,G)-space (ﬁ?fé,G) is a triple consist-
ing of a right principal G-space (B,G) together with a left action

of // on B such that for heﬁ_’, b £ Band g £ G
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h(bg) = h(b)*h(g).

,,__/

A right principal (7/,G)-space, p : (‘777 B,G) —> (Ff3X) over
(’/TTX) consists of
1) a right principal ('777G)-space, (77,/B,G).
2) an open onto mapping p : B —> X such that
a) p is a //7/-equivariant map
b) p(b) = p(b') if and only if there is a g & G with
b' = bg
-

c) for each x & X there is an open -invariant

neighborhood Vx and a map ’)(:VX —> B with
p% = identity.
Let us first show how we can find a suitable co-ordinate
system with operators. Cover X with a collection of open
/f/ —invariant sets, each having a specificed cross-section.
Over V. E(J/denote by 9(.3 : V. —> B this section. For any
] J
. and h& %7  we see from the ///-equivariance of the

J
projection map p : B — X that

p Xy = p TV ) = x

therefore there is a unique element r; ; (h,x) € G for which
14

/Xi(x) = (h—lyjdb{)) °rj'i(h,x) .

Now if x & Vi anvi then

i) = 3 sty vy g (hy)

X £ VinV
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-1 _ p=lp-1 -1
h h x) = h~lh h h _x)°h h_,h
2 %j( 2¥) 2 %k( PX) hyTEy Sty shox)

M. 0 =077 o) r (hohx)

I

hence we have the required identity

r. ,(h.h_,x) = (h7lr (h_,h x))(r  (h_,x)) .

k,1 1 2 2 k,j 1 2 j.i
Denote by (#/ ,B',G) P > (%77 ,X) the right principal

(’/7,/G)-space over (7/ ,X) constructed from the co-ordinate

system with operators. Define

I: B' —> B

by [((i.x,g)) =4C. (x)g. Note that if ((j,x',g')) = ((i,x,q9))

then x = x' € V nV and g' = rJ . (e,x)g, thus

J((J x',9") =Ky s exq,

but by definition d(i(X) =O<j (x)rj,i(e,x) . hence gis well
defined. The reader may define f -l. In addition ] is both
G and T:equivariant. The G-equivariance is trivial and
h((i,x,q)) = ((i,hx, hr (h X) *hg)) so

E(h((i,x,g))) OC (hx) h(r (h,x)g) , but by definition
h%i(x) = %i(hx) hri,i(h’X) hence

B %9 = hk, (g = h@F(((i,x,9)). Finally,

(% B',G) ————> (% +B,G)

p'\ p
N

(7%
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is a commutative diagram. This means every right principal
(Z77¢)—space over (777%) can be obtained from a co-ordinate
system with operators.

Suppose next that on (ZT:xfapjzwe have two co-ordinate
systems with operators. Thus we have two sets {rj,i(h,x)}
and {rﬁ,i(h'X)}' We shall say that these are equivalent if

and only if there are maps

such that for x & Vin Vj and h &%

' - n=1 .
rj'i(h,x);xi(x) =h ﬁkj(hx) rj'i(h,x).

Let p : (ﬁ77B,G) -~ (%/,x) and p' : (%/,B',G) — (47.X) be
the right principal (7/,G)-spaces constructed respectively
from {rj i(h,x)} and {ré i(h,x)}. We shall introduce an

14 14 X

equivalence

(mB,G) > (WTB'IG)

(%)

Let Jgf(((i,x,g})) = ((i,x,ixi(x)g))/. The reader should verify
thatwfzfis a well defined “77 -G, equivariant homeomorphism. Now

observe the following

{(1.3) Lemma: If for all i

r! . (h,x) X(x) = (h‘lA. (hx))r, . (h,x)
1,1 1 1,1
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and for all (i,3])

r%,i(e'X) Qi(x) = )j(x)rj,i(e,X)

then

ré,i(h,x)cxi(X) (h_lfkj(hX))rj’i(h,x)-

Recall from (1.2) that

rj,j(h,x)rj'i(e,x) = r_’i(h,x) = (h-lrj,i(e'hX))ri,i(h'X)

and similarly for r% i(h,x). Thus

-1 _ w1 .
(h :Xj(hx))rj'i(h,x) = h (;Xj(hx)rj'i(e,hx)) ri i(h,x)

[4

— -1 ]
= (h (rj’i(e,hx)ai(hx)))ri'i(h,X)

_ -1 -1
= (b7l i (e/hx) (b ii(hx)ri’i(h,x))

_l' '
(h rj’i(e,hx))ri'i(h,x)ﬁLi(x)

rj,i(h,X) }i(X)-

Let.?/'be a covering of X by 7/ -invariant open sets which

refines C)/'. That is, if J and J' are respectively the index-—
ing sets of iy/;ndia/’there is a function Z: J' —> J for

which
U, < V

i! (i) ()/
A co-ordinate system with operators {rj i(h,x)} on induces
r’

a co-ordinate system with operators on qa{by
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h, = . . h,
rj',i'( x) r’ﬂ]'),ﬁl')( *)

,\.J
for h &%/ , x € U, nU, . If ¢ :J'" — J is a second
i

J
refining function inducing

e
r, . (h,x)=r_ . _ ~. .  (h,x)
jteir (') edt)
then {r_' ., (h,x)} is equivalent to {?i' _'(h,x)}. Since
1 3'.1

Y Vo t = Xx) & G.
0, Vg Vg ve et A, T i

On Ui"’Uj' we have

r _'(h,x) (h,x)

51,4 T G iy
s X).

P~
r,, i'(h,x)

= (h
& Ty

J .
Th /X) = ~ . (e,x) = (T (e,x).
us rj',i'(e X :1i'(x) Ef?j'),?ﬁi') :l]. P

14
Furthermore,

r, ,,(h,X)ﬂ.,(X) =r x)
1,1 1

h, 7~ {e,
' iy, T P ey B ©

= (h—1 — >, h o —~ (h,x)
B sy Za e Nt =0 T
= @1 )T, L mn.
1 1 ,1

Thus if Q( < g/there is a unique natural transformation
of the equivalence classes of co-ordinate systems with operators
on c)/,into those on ia/. There is a direct limit set which is
in natural 1 - 1 correspondence with the equivalence classes of
the right principal (Q?Té)-space&l

A left (#/G)-space F is a space on which 77,;nd G both

operate from the left so that if h&€% , g € Ganyy £ F
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then
h(gj%) = h(g)Jvﬁ

To the right principal (777G)—space p : (77733,G)-—-> (77Tk)

we can associate a fibre bundle with fibre F and structure
"system" (477G). Thus let G act on B X F by g(b,y) = (bg~1,gy)
and set E = (B X F)/G, the quotient space of this left principal
action. Denoting a point in E by ((b,y)) the action (777 E) is

given by
h((b,y)) = ((hb,hy)).

Since h((bg™1l,gy)) = ((hb-h(g~1),h(g)hy)) the action is well
defined and the fibre map (777ﬁ) > (277%) is 67:;quivariant.

Most attention has been given to the case where the action
of 77’5n G is trivial. On the other hand, Atiyah's K-Theory
And Reality,[{~ / ;7 , corresponds to G = U(n),’zr; Z, and
acting on U(n) as conjugation. Conjugation on C" will make the
affine space into a left (ZZ,U(n))—space and the associated
bundles with fibre C" receives a "conjugation."

The reader might ask if in our definition of right principal
(277&)—spaces there was a loss of generality in requiring cross-
sections to exist over '/ -invariant open sets. The answer is
no because at any x & X there are arbitrarily small open sets UX

invariant under the isotropy group /VX and which has the property

that hUx"Ux # # if and only ifllé‘ﬁgf Given a section over
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such a U, then by the action of ’// it is translated over

Y

hu_
h &7
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2. Covariant stacks

Fix a simplicial complex K and associate to K the cate-
gory stfln which an object o & is a non-empty set of vertices
all belonging to some simplex of K and in which the morphisms
are inclusions.

An elementary p-chain of K is an ordered (p+l)-tuple
cp = (V°,...,VP) of vertices all of which belong to some simplex
of K. To the elementary p-chain p we associate |c IGTEE:/ the
set of vertices {v°,...,vP }. For each 0°¢ denote by Cy o)

the free abelian group generated by all elementary p-chains, c

pl
with |cp|<:0“ . The usual face and degeneracy operators are
o P o A P .
dj M4 (V ,.c-,V) = (V ,...,V ,...,V),Oij ip
o) o i_i .
s, = (Vo,...,vP) = O, v, v, . vP), 0 <i < op.

Thus {Cp(v-), d s; }=C(e~) is a simplicial Z-module,

jl
If oo'co— then there is naturally induced a simplicial map
C(g') — C(o—), hence o —> C(o—) is a covariant functor

from the category :i:rinto the category of simplicial Z-modules

and maps.
A covariant stack, [T)C§Z_47 ’ Czc-—é K is a covariant
functor from into the category of abelian groups and homo-

morphisms. We wish to define HP(K;CZ), thus we must first

define the cochain group.

(2.1) Lemma: The following definitions of the cochain
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group are edquivalent

1) A p-cochain fé' CP(K;d) is a function which to each

elementary p-chain, cp, assigns an element jO(cp) Gd(\cp\) .

The coboundary f: cP(x;@) —> cPHl(x;a@) is given by
p+l

(%03 (Cp+l) =Z ('l)jd( ldjcp+]_l — | Cp+1|‘)jo (dj (cp+1) ) -

3=0

2) A p-cochain IGGP(K;J/) is a function which to each

c"é‘%assignsj(r)é‘ Hom (Cp(cr') ,d (@)) so that if o= o

the diagram

Cp(g-) _::;;‘(.q_h-)___>d (o)

T £

C, (") 29 o

commutes. The coboundary (;): éoP(K;d) —>/@P+1(K;ﬂ) is given
by taking (Jf ) (07) to be the composite homomorphism

Cpyp () 2, c, (@) L, .

The reader should verify that f’{ satisfies the requisite

commutativity conditions. Define F : Cp(K;d) —>QP(K;4) as
follows., Given j(cp) fd([cp“ for each elementary p-chain‘,
and an object TEQ/' let F(¢) (@) be the homomorphism whose
value on a ¢_ with |c o is c —_— (c_ ). Then

o ey = d eyl — o) e,

G :/@p(K;ﬂ‘) —> Cp(K;Q) is given by
(B () = _J(\cpl)(cp)g 4(1%1).



We wish to show that FG = GF

!

identity. Now
GF (¢p) (cp) = F(f)ucp!)(cp) = @ (cy) and
FG(_'[)G_(cp) = eyl — o) (€16 (cp))
=4(lcp| —>qg) (ﬁ(lcpl))(cp} =_gr(o-)(cp) by

the commutativity for all c. & C,{g—) -
p p
We shall just show that (?F = FJ’. Now (J[) (o—) is

that homomorphism which on Cp+1 & Cot+1 (o=) has the value

p+l
2 (-1) j;’(ﬂ"‘) (djcp+l) . However,
3=0
+1
( J} ) (Cp+l) = (—l) 34( |djcp+ll —> le+l | ) (djcp+1)
j=0

so by the functorial property
+1

3
F(C%P)q_ (Cpe1) = -1 °d (djep41| — Ty”‘djcpﬂ’

J=0

pt+

_E: 3 S

= (-1) "F( )O"' (djcp+l) ( F(f))ﬂ_ .
]:

0
The relation 8 G =G 57 is left to our reader. From either

definition of the cochain complex we arrive at Hp(K;d).
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3. Covariant stacks with operators

Let us open this section by recalling the un-normalized
bar construction for the group 67*j/¢{723,o./7u:/{ First,

J%?o(%’) is a free right Z (% )-module on one generator, denoted

by ( ). For p > O,djtag(ﬁrf is a free right Z(ﬁ77—module

with a generator (hl,...,hp) for every ordered p-tuple of

elements in ﬁarf The degeneracy operators sia;/ﬁpesz :;}6;+1«277’
are the Z(irj;module homomorphisms given by

N = .o peeedl ), i .
si(hl, ,hp) (hl, RN p) =<1 2P
(

The face operators dj ;/9 p(ﬁrj —:;f%_l
1~

the Z(7/ )-module homomorphisms given by

d (h.,...,h ) (h h )
o 1 P

2,..-, p

!

h . o o L BN 4 - ¢ @ o 3
dj( 1’ ,hp) (hl' 'hjhj+ ’ ,hp), <3 <P

1

i

(h,,...,h Yh .

d (h_,...,h
S LAY 1 p-1"'p

In particular, d (h.) = ( ), d.(h.) = ( )h_.. We can also
o 1 1 1 1l

define an augmentation € : () — Z by ( ) — 1. Thus
o
"~
(ﬁ:) = { &y, 4., s} * is a simplicial 7 (47 -module.
P J 1 p:o
A basic o-chain, by, in K is a pair (v°; ( )) wherein V°

is a vertex of K. For p > 0, basic p-chain, bp, is a pair
(V°,...,Vp;hl,...,hp) wherein (v©,...,VP) is an elementary
p-chain. Set |bp| gg(equal to the set {v°,...,VP}. Denote

by Bp(O’) the free right ZGﬁ’)—module generated by all the
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basic p-chains, bp, with IbPIC-r. Clearly
Bp(r),c_-— Cp (r)@zjﬁp (/7) and face and degeneracy operators
can be directly defined in Bp(q-) so that there is a natural

simplicial Z(o—)-module isomorphism
co co
{B_(g=),d.,s.} o~ {c ()@ LB (FTS,4.84.,5.®s.} = Cla)XBui).
P - r P 2/ p J J 1 1
p=0 p=0
A covariant stack with operators 4—> K is a covariant
functor from a:to the category of right z 7% -modules and homo-
morphisms. We wish to define Hp(’f/’;d) , the cohomology of the
group ‘/7 with coefficients in a covariant stack having operators.
This time there are four equivalent definitions of the p-cochains.
1) A p-cochain is a function jﬂ which to each basic p-chain,
by, assigns an element‘ﬁo (bp)€ a_,( |bp|) . %

2) A p-cochain is a function fwhich to each g &

assigns an element ﬁo") in HomZ (m(Bp(q") ,4(7“')) so that

if og='e g— then the diagram
(o)
B, (o) —JZ——> d (o)

B, (") d/ (")
commutes.

3) A p-cochain is a function thich to each q“g%

. Vvt
assigns é(ﬁ") & Hom,, (CP(T) » Hom, (7/"’)(/513(// ), d(d"))) so
that if o'« g— the diagram ,



cp(o—) >Homz(,~..)ﬁ(//);40‘))
Zr')
(m/ﬂ(f‘i )
4) A p-cochain is a function‘?ﬂ which to each ele-

mentary p-chain cp assignsf(cp) E HomZ @ %p(%'4( |cp|)).

The first and second, as well as the third and fourth, are

commutes.

seen to be equivalent by an argument similar to (2.1) If we

recall that Bp(a’) ase Cp(f)@ﬁp (’7/{ then the standard

isomorphism

Hom, s (€, (a—-)tX/ﬁ 577 A a)

/—.-/
27 4(0')))

is used to establish the equivalence of the second and third

HomZ(Cp(q’), Hom

definitions. If we omit, as is customary, the homomorphisms,
then the coboundary operator in the first definition is given

by

gy(v ye.., VP, ihyseensh )

= ?(v ,...,Vp+l;h2, E (- 1)37(v U/~ IR oot

-1yP+l o p.
hl,...,hjhj+l,...,hp+l) + (-1) y(v yeee sV ,hl,...,hp)hp+l.

In any case we arrive at Hp(¢7icz).



4., BAn example

In complex k-space, CK, let ZXc X be the additive sub-
group of points all of whose co-ordinates are integers. There

is an exact sequence
e
0— z¥ - ¢k > 6 — o
*
where G is the k-fold direct product of C , the multiplicative
abelian group of non-zero complex numbers, with itself, and

e(zl,...,zk) = (exp 201 zl,...,ex 2071 2 We fix a left

K -
action of 77/on ck as a group of complex linear automorphisms,
and we assume ZK is invariant under this action of'zrf There
is naturally induced a left action of 57‘on G as a group of
automorphisms.

Consider then a left action (47{Vn) on a closed connected
compact analytic manifold as a group of holomorphic transforma-
tions. Fix a covering €>/of v by open 67finvariant subsets.

Let K be the nerve of this covering. Since a vertex of K is

an element of C}/to each o € %we can associate an open, non-
empty / -invariant set, Sup () V! which is simply the inter-
section of the vertices which make up ¢ . A covariant stack

with operators,x£?;—> K is defined as follows. For each o €& ’
1et/<&§o~) be the multiplicative abelian group of all holomorphic
maps £ : Sup (o) — G. This is covariant for if e'eo' then
Sup (o) <« Sup (o') and ,j(cr" —>0o~) is the restriction. A

right Z (% J-module structure on‘Ag%?a') is given by

((£)h) (x) = h™1lf (hx).
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If jﬂ & ¢l (7 ;)j) then to each (V.,V.;h) there is
J 1
associated a holomorphic function rj i(h,x) : VJ./?Vi —> G.
4 .

N

ow
f - — - L4 -1
( jﬂ)(vk,vj,vi,hl,hz) = j’(vj,vi,hz) 5o<vk,vi,hl,h2)
which corresponds to

lr

_l_
r',i(h2'x)rk,i(hlh2'x) h2 k

.{h_,h x) .
j ,J L2
Thus ﬁﬂ is a 1 - cocycle if and only if {rj i(h,x)} is a holo-
14
morphic co-ordinate system with operators. Suppose that

’?9,/99' are two 1 - cocycles with {rj 3 (ex) 1, {ré
’

corresponding co-ordinate systems with operators. If

&UE CO(?;J has ﬁﬂé}/’ =y' then %is an assignment to

each v, cf a holomerphic Q\i(x) : Vi —> é) such that

i(h,x)} the

r

£, A G 7 A )7t =

J’i(hlx)

or

ry s (hx) .’)i(x) = (! Aj (hx))rl | (h,x)

on an Vi. Thusf‘ andﬁ are cohomologous if and only if the
corresponding co-ordinate systems with operators are holomor-
phically eqguivalent. Thus Hl(%f;&% is the abelian group of
holomorphic equivalence classes of the holomorphic co-ordinate
systems with operators over . Similarly, Hl(KaxéS is the
group of holomorphic co-ordinate systems over'€y< Let us study

the relation of these two cohomology groups.
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There is the natural homomorphism Hl(fi’;/J) —> Hl(K;;f)
which ignores the operators. Consider a holomorphic co-
ordinate system with operators {rj’i(h,x)} which represents
an element of the kernel of this homomorphism. By definition,
then, for each Vi there is a holomorphic Ai(x) : Vi —_ @

such that on Vj/7Vi
rj,i(e.X) qi(X) = Aj(X)

We assert that on Vj”Vi

h-l Aj (hx) -1 T

i 'l(h,X)}l(X).

,j(h,x)ﬁ\j(x) = h—lQ\i(hx)_l.r.

1

Note first that on V-/!Vi

]
£y,5 ) = xy ghx)ry 4 le,x)ry ;(e,x)
- o h yrs s (e x) T
= rj’i(e’ X))ri,i(e,x rj’i e’x ,
then

h'lﬁj (h_x)—l-r 5 (h,x) . ﬁj (x)

J

n L l)\j (hx) tr.

- |
j,ifemx))(ry ;h,x)ry ;(e,x) 1Aj(ijx))

N W L Ai(xn

This defines, therefore, for each h & ¥ a unique holomorphic
map R(h,x) : v? —> G. since V" is closed and connected we | can
simply write R : // —> G. We want to see that

; -1 )
R(hlhz) = h2 R(hl)-R(hz). On Vj we write
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‘1h‘1}\ (h_h x)'l-rj j(hlhz,x)-ﬁj (x)

!

-1 —13\ -1,4-1 %
h™+h (h.h x «h™+r h ,h x).r, . (h_,x (%)
o 1y 3(12) 2 j,j(l'z) 3,3(2' ) g

h-ln-1 -1y, , h
Aty (Aj(hlhzx) ) or j(hl hzx))j( )

J.

—l _l = —l . .
)((h2 (Aj (h2X) )erj’j(h‘?,X)Q\j(X)) h2 R(hl) R(h2)

If G is given the right z (% )-module structure gh = h—l(g)
then R defines a cohomology class in Hl('}7';G). By (1.3) we
see {rj J._(h,x)} is equivalent to Rj J._(h,x) = R(h). That is,

r ’

let W (x) = 1/)3. (x) then
R(h)//j (x) = h'lluj (hx) +x; _ (h,x)

. (x) = AX)r. . (e,x) .
//l /J J,1

(4.1) Lemma: There is an exact sequence

0o — wl(T6) —> Hl(’lf';;!) — w1l .

Now Hl(K;/j is acted on from the right by ‘7/ as a group

of automorphisms; that is, if {gj .(x)} is a holomorphic co-

’
ordinate system, then so is {g (x) = h_lgj . (hx)}, for

r

-1

gi’i(x) = h gk,i(hx) = h_l(gk’j(hx)gj’i(hx)) = (x) g _(x)

k 3,1

Ly -
Let H™ (K;xF) be the subgroup of elements fixed under the action
of every h&Y Let us prove that the image of

r—/
gl (‘n ,JJ) —> Hl(K;Al) lies in Hl(K;J)” . For each h 31/71

each V,, let A th,x) =r, .(,x) : V, ——>G . Since
1 1 1,1 1

r
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r., .(h,x)r. .(e,x) = h'lr, .(e,hx)*r, .(h,x) on V.An V, we have
J:J J.3] J/1 h R 1 J

i,
h_lr. .(elhx)'ﬁ. (h,x) = A(hlx) *r, .(elx)
i, i i j j,i

[4

hence {h—lr, .(e,hx)} and {r,
j,i

e,x)} Tre equivalent co-ordinate
’ vl

systems. !
,——‘
V4 P——
This suggests a homomorphism Hl(Kbéé; —> H2(%7 ;G). Consider
a {g. .(x)} and suppose that for each h 8%  there are holo-

Js1
morphic ﬁ‘i (h,x}y : Vi —> G with

_l _
h gj’i(hx).:xi(h,x) = ij(h,x)gj’i(x).

In particular, we must have

hl gj,i(hlhzx)' i(hl’hzx) gj,i(hZX) j( 1’ 2X)

-1 ﬁ _ :x
h2 gj'i(h2X)~ i(hz'X) gj’i(x) j(hz.x)
which combines to yield
hlhTlg. | (h h_x) ﬁ (h, ,h_x) .h /A (h,,x))
2 1 °3,iv12 itv1'2 2771772
=g .(x)h'lﬁ\ (h,,h x).A (h_,x).
j,i 2 N3102 j 2
-1,-1 q _ a
Now h2 hl gj’i(h,hzx). i(hlhz,x) gj'i(x) j(hlhz,x) also, thus

-1 A A
95,3 IBT A (b hox) C A (%)

-1, -1 —1& ﬁ
hl'h] gj’i(hlhzx) RN A (hhox) e AL (B )

- 1
gj'l(x) Q\j (hlhz,X) .Al(hlhz’X) h2 Al(hllhzx) 1(h21x)-
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We can now assert that on erwvi

-1 //1 -1
h2 Aj (hl rhzx) * AJ (hzrx) ¢ J (hthIX)
N

- -1
thAi(h]_'hzx) . )\l (h2 rX) '}i(hlhzrx) .

. n . . .
Since V' is closed and connected we can define a 2 -cochain

h&ﬁ é CZ(GT?G) by assigning to the pair (hl'hz) the element
h_ljt (h,,h j h /) hoho,x) T
2 ] 1’ 2}()‘ :]( 2!‘X)' ]( 1 21X ’

which is independent of x and j. We could define ﬁbxcl(ﬁf;iﬁs
by %(Vj,vi;h) = Aj(h,x), then ) lj
This is the easiest way to see thatJP &€ ZZ(QV?G). It is»rather

tedious to verify that this defines a homomorphism

—
Hl(K;J) T g2 (773G) .

(4.2) Theorem: There is an exact seguence
0 —> Hl(777G) —> Hl(’/r;)[) e Hl(K:)l)W/-—> HZ(W;G)-
Suppose there is a function 99:67}—ﬁ> G with
%(hz)f(hlhz)_lh;ly(hl) = /}\j (h2,x),>\j (hlhz,x)'lh;lj\j(hl,hzx)
for all pairs (hl’hz)' Then
%(h h )‘13.(11 h.,x) =%(h )—19\.(h ) -h-l(47b(h ).Q\.(h hox)) .
172 jrlr2 2 j2 2 1 jrlr2

Let us therefore introduce
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_ -1}
£y 4(h,x) = 70 (h) 5 (n,%)

_ .-1
then rj,j(hlhz’x) = h2 r. (h 'h x)rJ J(hz,x) and in addition

ry sy () %(h) :\(h x)g; ;%)

—l:l -1
7//(h) ;B Tg (%)

hlg, . (hx)r. . (h,x).
J.1 1,1

14 4

Thus rj’i(h,x) = 7&(h)_l:1j(h,x)gj’i(x) extends {gj,i(X)} to

a holomorphic co-ordinate system with operators.

(4.3) Corollary: If (% , V) has at least one stationary

point then

;./
ul (748 ~ul (iric) @ Hl(K;)j) ’

; l)ﬁ'ﬂ/ 2 6775 .
We must first show that H™ (K65 —> H* (7 ;G) is trivial.

Choose a stationary point p and suppose p & Vk. Let us note

that

-1 —1} =1 A -1 }
A (b .p) ak(h]_hz'p) R YA, hop) = A, (A (b o) ISt )
for all (h,,h ) Thus if «?J/(h) =& (h,p), we have

1’
l -1
; (h,,pWh, (b ho,p)he B o nop)

(tg% ) (h h)
: -l _lg
}j(hZ'x)Aj(hl’hZ'X) » h, j(hl,h2X) .

The splitting homomorphism Hl(ﬁfpéﬁz —_> Hl(ZTEG) is

described by setting R(h) = r k(h,p) SO

k,

- - w1
R(hlhz) = r k(hlhz'p) h rk,k(hl'p)‘ r

-1
X, 2  ByrP) = h"R(h IR, (hy).

k,
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In the presence of a stationary point it would seem that
the computation of Hlewf}éfi is more tractable. We can use

the exact coefficient sequence of right 2 (%) -modules

0 — z2¥ — kim0 g — 0

to show Hl(¢~?G)£r'H2(77;Zk) since HP(zr;ck) =0, p> O. Wwhat

we hope to develope later is a way of coming to terms with
1 -
H™(K; ) .
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5. Two spectral sequences

We noted that o——> C(o~) X 77; is a functor from S}:f
into the category of right simplicial Z (%7 )-modules and maps.
Certainly we should introduce a second functor 0‘——>C(O’)Gz (7
on to the category of right Z (477 chain complexes and maps by

setting

(clo~)y ®BIM) Z c (o @® B .
P r+s=p r S

As usual,@l : Cr(O'}@ S(W) —> Cr_l(o') @Ps{m 1s a@l
. . L S : -1)
while @2 : Cr(c-) & S(//) > Cr(o—)® s—l(” is (-1)T@ 9 ’
so that 29 =‘?Dl + 5 is the boundary operator of the bigraded
complex C(o')éz/3(ﬁr7.
The Eilenberg-Zilberg Theorem Z/Cl/o‘ZC?Zy7$sserts that for

each o'éig)(f’there is a natural chain equivalence

f
Clor) X BN ———c(o) @B
<= go—

such that %r Ioo = identity and %T‘%r- is chain homotopic to
the identity by a natural chain homotopy. The naturality
implies fa_,go_ and the homotopies are all Z (% )-module homo-
morphisms. We may, therefore, just as well use

o —> C(o~)éa (777 to define Hp(77?cz). Thus 5ﬁi§ Cr’s(77;67)
is a function which to each o & f;tf assigns _?i}cr) in

Homz (’/I_') (Cr(a-)®fs (,/-/\’) ’ 4 ((T-)) such that if a—lc o the

diagram
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(G-JQJG Vs Lﬁd«r)
J(‘r ! d_(cr )

Cr{cr )@ (// T

commutes. Let (8"_? ) {o~) be the composite homomorphism

0,
c (o @ B, (7 ——c_ (o—)®j@ ! —(9:1>d(a-),

~
while (6'_%) (7)) is the comp051te

(o)
r+1(‘7’®ﬁ (7)) ——> Cr(""@)gs(/”\') j———>d(cr-) :

With (5’ (j' + " the Eilenberg-Zilber Theorem provides the

cochain equivalence between this definition of Cp(’/'T'; 4) and
the second given in section 3. Since ((5‘?')2 = (8")2 =0 =
*
8 ! S" + 5" (‘S" we obtain two spectral sequences for H (W‘;d) '
[g‘/.zrfnf/qz
. . . Xr,S , p— . . .

A direct description of C (//;d) is given by noting

y gcr,s(% Q) is a function which to each elementary r-chain,

C s assignsjﬂrc Y & Hom,, D, )Jﬁ 7, d(|c . Now

(S Q)p(c ) cc Cr S-'-]‘(w:»' : ) is the composition

fsu QJB r fﬁidﬂc ) and g-jmcm)

is the sum of the composite homomorphisms$

p+l

?

j=0

—1)3 —
(=1) d(|djcr+1l > ey | )jo(djcrﬂ)'

Now

WS @G Q) = ker (ST i@ Q) — Iy /gneT ST Q.
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Thus £"Hr's(C(7f;d)) is a function which to each ele-
mentary r-chain assigns an element %(cr) & HS(T;d,(Icr[)).
Let, therefore, for s > O,-g’s —> K be the covariant stack

which to each o= & st assigns H® (%77 Q(G”)), so that
'HE (B3 (C (775 QD) = BT (R:0®).

(5.1} Theorem: If CZ——» K is a covariant stack with

operators then there is a cohomology spectral seqguence

{'Ei's,dt}%H*(’/f;CC) with

'Eo 'S = HE (KD .

Now we consider the other spectral sequence. Note that
for a covariant stack with operators both Cp(K;Cl) and
Hp(K;Cl) are right Z(%/)-modules. We can write

r,s 77{ V= H
C ( ,4) omy oy

(JBS(’/T) Y ;@)). This is clear since
/355'?7) is a free Z (% )-module; that is,

v"- ¥ r . N . '
iDé'Homz () (ﬁs 7y, C (K,Q)) is a function which to each

generator I of S(”'/}?‘) assigns _%(H) E Cr(K;qa) » and thus

—
—

p (H) (c ) & (L( |cr]) for every elementary r-chain. Now (S'_?) (H)

is given by the coboundary operator Cr(K;d) S Cr+l(K7d) and

_ X "
-1%(8 ?T)(hl,...,hsﬂ)
s
- z: _13y 7
= gﬂhz,...,hsﬂ) + - (-1) pf(hl,...,hjhjﬂ,...,hsﬂ)

+ (-1)8*1 (Byseeesh B ..

It follows immediately that
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"B (ET (T ) =S (et Q) ,
thus we have

(5.2) Theorem: If Cil—-> K is a covariant stack with

operators, then there is a cohomology spectral sequence

{"Eirr’dt} -_—_> H*(W’;d) with

"Eg"rg B (et (x: QD)) .

Suppose that each CZ(a—) is a free Z(%)-module, then
V7 e
43 =0 fors>o and #° —> K is the covariant stack ({. —K
which to o ¢ sz:fassigns that subgroup of CZUT') consisting of
all elements fixed under the action of 47 . In this case,

@
HP (77: &) 2~ BP(X; ¢ ). As a corollary, then

(5.3) Corollary (Cartan): If CZ;—> K is a covariant stack

with operators for which each sz(crj is a free z(%#}-module,

W-,
. S,r *(Rs
then there is a spectral seguence {EY dt}%H (k; ) for

which

This is precisely the analog of the cohomology spectral

sequence of a covering.



6. Sheaves with operators

Fix a paracompact Hausdorff space. A sheaf with operators
p : (41(773 —> Y is a pair consisting of a sheaf together with
a stalk preserving right action of 27/és a group of sheaf auto-
morphisms. We regard the sheaves with operators together with
their equivariant homomorphisms as forming a category.

For each open set U €Y the continuous section /PQU,CZ)

have a natural right 2 (%)

-module structure given by
(sh) (x) = s(x)+*h. We denote by —/ZS(CZ) —> X the sheaf defined

by the presheaf

—_— Vvt
U —> Homz(m(jé’sw y,w. ).

Thus (CZ,st —-i/is(CZ) is, for each s > O, a functor from
sheaves with operators to sheaves. If f// has order k, then
denote by (C7,773 —> kstl,the functor which to (CZ:qrj

assigns the k®-fold direct sum of Cz,with itself,

(6.1) Lemma: For each s > O the functors (Cz,WJ) _ 4 S(Cz)

and (C7,473 —> k° Cz_are naturally eguivalent.

Order once and for all the elements of 7/ . For s > O use
this to lexicographically order the generators of Jﬂg(073. Since
5(573 is a free Z (% )-module on the ordered s-tuples of elements
of /7 there are just k° generators. Thus each element in
Hom (ﬁrﬁijéé(ﬁa}' /4EU,CZ)) is uniguely determined by an ordered

4
ks—tuple of sections in /ﬂ(U,Cz). This proves
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Ry (97 (/65(77),ﬂw,4))= ks /7w,
and hence the lemma. The following lemma is now trivial.

(6.2) Lemma: For each s > O,

1 (A, 7 ——{Jié(CZD preserves exactness

2) for Uec Y

HomZ(W) f/@s(qf rﬁ(Urd))-’:F(Ur_/Ls(d))

3) if ({ is flabby, so is 45 ()
4) if (] is acyelic, so is 45D .

We are particularly concerned with the functor

.7 —A A N dO>/I_l(d) — .. — Q)

to the category of differential sheaves. We take
ds . ‘IS(CZ) '*i/Ls+l
*
. s
/c?sﬂ : H°mzw,—)‘/es“’ y,/ w, )
> H°mz(¢r)79s+1‘7""ﬁw'd”'

() to be the dual homomorphism

Associated to every differential sheaf there is a bigraded complex

(50 /28[ + vnich for 4 () we denote by
TSz ) = <t S .
In this situation

C;' : Cr's(vaCZ) —_— Cr+l's(ﬁr;CZ)

(O
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is induced from the canonical resolution

o — 1) —G A Q) — ... —Gra @) — -

while CS "o Cr's(qr;CZ) —> Cr’s+1(ﬁr;CZ) is induced from
_1yX3s

13(61) l_ll_g_._> 4 S+l(CZ) by application of the functorial

property of the canonical resolution.

Cp(’iT;Q) = J/ , ct ST d), g S g‘ then the result-

r+s=p
ing cohomology group is by definition Hp(ﬂr?CZ). By
we see that if-{f —> Y the sheaf of cohomology groups arising

from

cee > S_]‘(Q) —i/Ls(CZ) ——>_/Ls+l(Q) —_ ...

then

(6.3) Theorem: For any sheaf with operators (cz,ari —> Y

*
there is a spectral sequence {'Ei’sdt}=§-H (77}62) with

‘Eg'se./ 5 (¥;nS).

This is simply the sheaf version of (5.1). We note that

¥Zj —> Y is defined by the presheaf U —> Hs(mrl/qu:CZ)),
and f’; = §° (’W";dy) for each y & Y.

(6.4) Theorem: To each short exact sequence of sheaves

with operators

o —> ("7 —> () — (") — 0

there is naturally associated an exact coefficient sequence




- 50 -

— T Q) —eP T d) — P —PthTma) — ...
Since { °(-) preserves exactness,
0 —4%a2") —ASQ) — A — o

is exact for each s > 0. But cT(Y;s) also preserves exactness,

hence
0 —cH (A% (")) — T (AN Q)) — T ASQ@QM)) — 0O

remains exact, whence the theorem.

Next we must consider a differential sheaf with operators

((Zor')f") : (080,'77—) —_— (081,’/7') —_—.. = LTy —s ...

The result of applying_/l. to ((’8?7‘) is a bigraded differential

sheaf _1 (98) With_/L(Oéﬂ),s = 45 Aj(cfi). We take

i+j=s
a’ :_/Lj(ozai) —Mj(a%i'*'l) to be induced by (ggi,'ﬂ") —_— (,Z’i"lﬁ/")
while a" :_A7 (¥ —->_/l_j+1(°8i) is given by

o L , i
1154y + Homy iyt By, [T,
7 i

Put d = d' + d" to obtain the bigraded differential sheaf
A(K) :A(%o '—'>_A {)1—>000 —EA%S_>.-.

*
To compute the sheaf of cohomology groups % L/[(Z )) — Y

we note that at each y € Y there are two spectral sequences
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] i'j h * 1] ilj
'd b H — ’d
{é’t (v),d }=> A g 1 ét (¥), d )
where

'é’i'j(y) - wl @l (7 )
2

"gj’i(y)
2

It is possible to think of two spectral sequences in which
each 'gi'j (or "gi’j) is a sheaf over Y and dt is a sheaf
homomorphism. 1In o&her words 'éfi’j is defined by the pre-

I -4
}U >gt (V)

13 st () .

sheaf

where {g i’j(U) ,dt} arises from the bigraded /7(U../[_(ag)) .

With this in mind
i, i
B~ Y o)
Jri f%(j(’//“;/%i(o&).
| o=
|
We proceed to introduce the bigraded complex K with
kTS = cFv;_/ @) %)

where J" is induced from the canonical resolution of_A_(ag)s
and (-l)rcg " is induced by the differential of the sheaf

/2 () with the aid of the functorial property of the canonical

resolution.
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(6.5) Lemma: If

0 — (d’% — (080’,/77 - szlﬂl/) > hee > b&ir‘ﬂ

is a resolution with operators then there is a natural iso-

morphism 9£_4f-—> Y with the sheaf of cohomology groups

YEUL)) — v

We see that,%l(og) = 0, 1 > 0; thus from the "g—spectral

sequence

S s,0 S O
~—— " ! O % ))‘
%{ (A () )= éﬁaz 2,; or P
But ((,7) — (&€°,A) induces (d 77) ~= (2506?),‘/7 ) so that

A «_—213(7—;%%{’)) <Y A

(6.6) lLemma: If

0o — (@ — WK —.. — (LT — ...

is a resolution with operators then the canonical embedding

j o Cr's(’T/‘;a) —> g8

induces an isomorphism

o (77 () e WP (%)
The embedding is induced from

o = A = AED —... —M_S(o‘ai) — ...

by way of



...53_

o =t A () — < ASER) — ...

Note that the image oﬁJ/Z_S(CZ) in /ZSQ%E?) is annihilated
o

by.‘dsgfo) _L> Zsb?fl)’ hence Z 5(4) —_— Z %S is

the embedding of one differential sheaf into another, thus

cr(y; AL 3(A)) —> K¥’S is a cochain complex embedding.

Incidentally, the sign choices are compatible. If, in the

light of (6.5), we compare the 'E_~terms of the 'E-spectral

2
sequences of Cr's(Y;C() and K¥'S we see these 'Erterms are

in fact isomorphic, hence the lemma.

(6.7) Theorem: If

o —> (4/’7‘5 —_ (080,7‘) B — (Ofi,f/‘[’) —_— ...

is a resolution with operators for which eachléfl —> Y is

an acyclic sheaf then

i (7 Q) = 12 (v, )

We know from (6.6) that Hp(ﬁw;Q?)ﬁ: gP (k). Consider the

14

"E-spectral sequence of K. In general, [5_; P /’Z7
"e5' % e 1P (1% (v; A W) .

We noted in (6.2) that./fi preserves the acyclicity of sheaves,
hence "Eg’q =0, g >0 and "Eg’oﬁr Hp(/rQY;J4L(&?)) and thus

(6.7) follows. According to (6.2), part 2,

v, A SLY)) = Hom (B, [T, PH)y.
Z(r) S
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This means /1)144.@{3) is really a bigraded cochain complex
too with Cg" given by /'(Y,a&r) —> /(Y’£r+l) and 5'" by

*
-1 S Ly Koy o) (s 777 /7y, )
_ Homzfﬁﬂ)( S+l{ar1,,f7(Yﬂéfr)). The sheaf analog of (5.2)

is the "E-spectral sequence of this bigraded complex, for since

a&? was an acyclic resolution of (Z,,

(B (/7 (X,68)) 57 = (W5 (Y;) 7).

(6.8) Corollary: For any sheaf with operators (d,'/'/") — Y

* .
there is a spectral segquence {"Ei'r,dt}:$>H (7:¢) with

"By’ T HS(FIET (L)) -

We have only to exhibit the canonical resolution of (C{ﬁﬁﬂ

with operators. Recall that
CO(U,CL) = {f lf : U — 61, pf = identity}

where we do not require f to be continuous. A right zZ(7)-
module structure on CO(U;Cz) is given by (fh) (x) = f£(x) h.
The presheaf U —> (CO(U,CX),GT7 defines ( ng(Y;CZ),973-
Since (CZ;TT§CT (gg)O(Y,CZJ,GT3 it follows that

j{(Y;Q) =G O(Y;Q)/db is also a sheaf with operators.
By repeating the construction we arrive at the canonical

resolution with operators

o — (.7 — (£°(Y;4)ﬂr) — ... = %rw;d)ﬁf‘)’ - ...

which is certainly an acyclic resolution.
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Suppose that // acts trivially on Cj(, then %/ acts

trivially on each gr(Y;d) and
Fo ) =/ o @R
isatrivial Z (47 )-module so in this case
) = Homz(,r)&@s(fm,cr(Y;Q)sHomz( (7)) By 1y 20T (D)

Thus if ’// acts trivially on dwe can compute P (77”;4) by means
of the Kunneth formula. We elect to present the answer in the

following form

(6.9) Corollary: If 4——> Y is a sheaf with trivial

operators there is a (split) short exact sequence

o —> Z B ()@ B (Griz) — BT ) —

r+s=p

— Z Tor (Hr(Y;d), HS (975 2)) — oO.

r+s=p+1

This is the one case in which we can get a complete answer

for H*(WFTCZ).
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7. Nerves of coverings

We fix a locally finite open covering 62/:;’Y made up
of 77 -invariant open sets and K denotes the nerve of C)/
To o & assign the cvﬂiinvariant, non-empty, open set
Sup (O‘)Gf)Vc the intersection of the vertices making up o~.
If (Cj‘ﬁrj —> Y is a sheaf with operators, then a covariant
stack with operators C?{Q}fr——> K is given by assigning to each
o g fﬁ:j the right Z(%/)-module of sections /7(Sup (0“);61).
We want to define a natural homomorphism of
H*OZ’;CZ(spf; — H*(QT?CZ) in order to relate the definitions
of sections 5 and 6. Let (083273 be the canonical resolution

with operators

0 ——>(4,77’) — (fo,?//) — ... —> (0817/“’) — ...

and introduce again the bigraded differential sheaf ‘/l &zf) — Y.

We use this to define the bigraded complex

Kr's(‘)/) = (kiAW) S,

which can also be written as

i+j=s

r,s _ E = rg. ¥i
K (% HomZ(T)f](” , C (Kfz_ }).

Just as in section 6, there is a canonical embedding

Cr's(W’;d((}/))c K*'(/) given by

r . . 7 r . (o}
HomZ('ﬁ_‘)(JBS(?r), cE (ki g)) —> Homz(ﬂr))gs(//), cT (K:e€°))
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or equivalently
cF(k; A5(g)) — F®iATE).
In any case, this induces a homomorphism

a4V — 5w,

(7.1) Lemma: For p > O

i (x(¥)) ~ 8P ;).

We need only consider the "E-spectral sequence for K(c)/).

From general considerations, [9 ],

"ESIT 1S (5T (x; L &) .

Now eachagi is flabby, thus so is /] j(‘,8i), so according to

L9 7.
B (K L &) =0

for r > 0 and HO(X;_ (cf)) = /‘7(Y,_/L (f)). Therefore,
P (x (V)) = B2 (/T E)) =~ P (7<) by (6.7). Thus we

have our natural homomorphism

* .

H (f?r;dﬁ/)) — w* s d)
induced by c¥’S (7 d(c)/)) —> Kr's(()/)-

(7.2) Theorem: If for each simplex ¢g— in K

Hr(Sup (0—)74) =0, r >0
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then H*(’Ii’;d(%:&'H*("/T;Q)-

The 'E-spectral sequence for H*(K(c)/)) begins with
'EY /S, HY(K; %s(l (08))
2

where %S (A (a%)) —> K is the covariant stack g— —

H® (/—'(Sup (o) A (a&))),[? -7 We must show that
0 (o5 /T(Sup (), Q) &= 85 (/7 (sup (@), A ().

Sinceog is the canonical resolution of 4our hypothesis

implies that

o -—>/7(Sup (0‘),CZ) —>/'(Sup (q_)'o(o) —>...—>/7(Sup (o) ,&Ci)—»...

is exact. Using the fact thatfj(’/T)' is a free Z(%7)-module

and that

— i
HomZ(GT‘))Bj(” ),/7(Sup (cr—),a& ))
[7 (sup (o=),_47 (21

we conclude that

o —>/sup (o), A I@)) — /isup () g I —>....

>/ (sup () A3 — ...

is still exact. The required isomorphism follows immediately

from the "E-spectral sequence for H*(/7(Sup (o~) ,/l (oéé)) since



- 59 -

'BY (Sup (=), A 5GE)) =0, > 0
'HO(Sup (o), A SeO))e [Tisup o), D
so 18 (/M(sup (o), A (D)) = v @ [sup (=): L))

With this last we simply compare the 'E-spectral sequences
for C*(77?C?(€y§) and K(/7 ) and see that the 'Ez-terms are
isomorphic. |

For a sheaf with operators (4,’17') —> Y we can of course
give a Eéch definition. of HP(GT;Cz). The reader is requested

to do this using the definitions of section 3.
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8. The sheaves p : (CZ,@73 —_ (071 X)

So far we have only considered sheaves with operators

over a base space on which %77 acts trivially. More generally

a sheaf with operators p : (4,77_’) —> (%% ,X) consists of a
sheaf together with an assignment to each h &7/ of a sheaf
cohomorphism
#
h
A" g
P p
h
X > X
such that

1) et = identity

#

A N ¥ "
2) (h h)" =h o h

In terms of a pre-sheaf U ——>(:ZU there is associated a family

of isomorphisms

# d
By th — Ay

commuting with the restrictions and for which e3=identity and
AN DA #
(h h)U = h[]o hU.
For U= X let K c:?]/ be the subgroup of elements with
hU = U. There is a right 2 (K)-module structure on /7(U,CZ)

given by

( sk) (x) = k's (kx)

(8.1) Theorem: Suppose U< X is an open subset with the
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property hUN U # ¢ if and only if hU = U. If V = (/f-/ hU
/

then there is a natural Z (% )-module isomorphism

Hom K)(Z(m,F(U,d)) gﬁV;4).

A

Here K is the subgroup of 7/ with hU = U. An element of

/__/

Ho (Z (77, /.I(U,d)) is a function which to each h &7/

m
Z(K)
assigns a section s(h,x) & /7 (U,d) so that s(hk,x) = ks (h,kx).
A section o &£ [7 (V,d) is defined by assigning to hx the
unique element o (hx) £ dhx for which h#a—(hx) = s(h,x) 54}{ .
A —1A
Suppose hx = hy, x,y & U, then h lh = k € K, hky = hx and ky = x.
Then (hk) ¥ o (hky) = s(hk,y) = x#s (h,ky) = k#s(h,x) = k*nt# o (hx)
= (hk)# o~ (hx), hence r(/fly) = g—(hx) and g~ is well defined.
The Z(’//J) -module structure in terms of the s(h,x) is
1 ARRY I A R $ 12

s(h,x)h = s@lh,x) = (h h)"™ g~(h hx) = h™h" &~ (hhx) = h" (g~h (hx))
so we have a % (% )-module homomorphism.

Conversely, given o~ & [7(V,4) define s (h,x) to be h#a'(hx)

for all x £ U, h8'77/. Then

s (hk,x) = (hk)#a‘(hkx) = k#(h#a—(hkx)) = k#s(h,kx)

as required. This establishes the theorem.

Now let )M : X —> X/77 be the quotient map. We define
a direct image sheaf with operators (q*,‘ﬁ') —> X/7%7~ to be
induced by the pre-sheaf V —> ( /—1()) _l(V) ,d) , Z(7?/)‘) for every

open set Ve X/ 7 .

(8.2) Corollary: If ) (x) =y there is a Z (97) -module
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isomorphism

*
H ’ [ .
omZ (77;{) (2 (77) dx) dy

We can choose arbitrarily small open sets Uy which are
'7/: -invariant and for which hU,nU, # #<>h & // Let

VYcX/ﬁ’ be the open set determined by V_l(V ) = UhU .
¥ hewm

Then there is a Z (%47 J-module isomorphism

Hom,, = (2 (%7, /7U D) = /—7v A

and if U}'{c’UX the diagram

omz(w;) (7 (777, /"(Ux,d)) :F(vy,d)

Hom (Z(mr /-:U;(,d))ﬁ F(V;Zrd)

Z(r77}
X
commutes. The corollary will follow if

Hom Z(,.7.,)(2(’77") dir lim /1U 4)) o~ dir lim HomZ(,._,) (Z (), /—;J d)ﬁ
This is true since Z(’ﬂ’) is a free right 7 ( '17/) —module. An appro-

priate basis is given by choosing a representative from each co-

set of r”;in 7

(8.3) Corollary: If

0 —> (d 5y — (7,"77 — (42,7/") — 0
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is an exact sequence of sheaves with operators then

0 —> (d‘;lm —> (d*,'ﬁ') —_> (4;:”7’) -—> 0

is also an exact sequence of sheaves with operators on X/%7 .

We are faced with two possibilities for defining Hp(777d().
We might of course say that Hp(ﬁf}C() = Hp(qv;Ci*), so that we
get the definition from section 6. On the other hand we can

surely take the canonical resolution with operators

o —(d,7 ——>(<§°(X;CZ),GT3 — ... ——>((;k(x;61),ﬁ77 —> ceees

just as in section 6. Now by definition

;) = 7 G dy)

so that Cr(X;CZ) is a right zZ (/) -module. We put

Y,s —. - iy,
cTrs (4 ) H°“‘z(4,-)‘/65(m'c‘x'd”

and take HP(QTECz) to be the cohomology of the bigraded complex
Cp(’//_';d) = Z ctes g d).
r+s=p

The two definitions are equivalent. In fact if

o =7 — (L — ... — L5F7 — ...

is a resolution by acyclic sheaves with operators, then.(cz?*,ﬁTT

is still, by (8.3), a resolution of (Cz*,777. In addition, accord-
ing to [5;f° 51‘/ //’-/‘Zot* is an acyclic resolution. Now
F(X/W’,f) = F(X,{Z) as Z(% y-modules. Thus

* *
H (Homzw,)(/é*<m,/’<xmr,£*>)c_-n ‘Homz(mf*(m'/?‘x'f’”-
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By (6.7), however

% . O *
o dy = B (oM, (g O [/ 5.

Roughly speaking, if we want to consider the "E-spectral
sequence then we use the direct definition of H*(fT?CZ) for

then it is apparent that

"Ez'rr:: 1 @ iut G d)) .

*f"’ *
On the other hand, for the 'E-spectral sequence we use H-(h;di.).~

In this case

'Eg’s ar Hr(x/ﬁ’;«{s)

were 755 —> X/#%#7 is the sheaf defined by the pre-sheaf
v— 85w /Ty, ).

(8.4) Corollary: For y = Z(x) there is a canonical iso-

morphism

,,65 f_vHSWFx,dx) o= Hs(fi’;d;).

y

We can now state the fundamental Borel-Cartan result.

(8.5) Theorem: If ({{,%) —> (4X) is a sheaf with

operators such that at each x & X, HP(ﬁf;;Cz#) =0, p > 0, then

there is a cohomology spectral sequence

%
{E“;"rdt}—_.—:>H (X7 {O) with

£S'F o 8 (int ).
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Clearly the "E-spectral sequence for H*(ZT;CZ) is what

we need. But the 'E-spectral sequence shows

B (/7 A2 e=B (3] -
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9. Topological examples

P_/

Fix a pair (% ,G) consisting of a left action of '/ on
an abelian topological group G. For each U « X open let
,égzU) be the abelian group of all maps £ : U — G. Define

hf] :JhU) —>JU) by hi(£) (x) = h 'E(hx). Let

( 7)) —> (%7X) denote the resulting sheaf with operators

— v

over (% ,X). By appealing to the Cech definition we can regard
1

H (7 ; as the abelian group of equivalence classes of right

principal (//5,G) spaces over (%7 ,X).
For example, take a unimodular representation of /47 on Ck,

then ch:Ck is invariant and from

0o— zf — & — ¢— o

*
we induce an action of 77/bn G = (C )k as a group of automorphismd,

We define sheaves with operators (Z}k,777 —> (% ,X) and

(éfk,ﬁ7' —> (#,X) by analogy with ( 77 —> (%7 ,X). 1In fact,
’?}k-—> X is just the k-fold direct sum of the constant sheaf

X Xx Z — X with itself. We shall assume (a local condition on X)

that

o —> (Z}F,GF7 —> ((fk,477 — (1452;77 —> 0

is exact. We can then, with the aid of (6.4), show that
ot (7 ;A%fz 1 <77';2,k).

We must show, in other words, that HP(Z c;7k) =0, p>0. In
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the "E-spectral sequence for H (7 : Cgkﬁ we have "Ez'r = 0,

r > O because 5 k is a fine sheaf and Hr(x;gk) =0, r > 0.
Furthermore, "E;’oc, uS (75 H° (X; é?k)) =0 for s > O since 7
is finite and H°(¥; Cgk) is a complex vector space. The iso-
morphism Hl(’?ﬁ,é) ~> B2 (T é.k) may be interpreted as assign-
ing to each right principal (7 G)-space its Chern class.

k

It is helpful to recognize that HP(X;‘j§,) is really a

2(%7) - Z(477 bimodule. The right action of % is induced
naturally from the action of 67’:n X, while the left action of
‘1l is due to the unimodular representation of %/ on 72X, We

have reduced the bimodule structure to a right 2 (%) -module in

the customary fashion. Suppose, for example, that X is connected

and Hl(X;Z) = H2(X;Z) = 0. Then from the "E-spectral sequence
we see HZ (77} 2']‘) = 12 (73 HO (X; g/k)). Now HO(X; %k) ~ 7K

/_/

and the action of 7/ on X induces a trivial action on Zk, thus
the entire Z (7 )-module structure is due to the unimodular

representation. Therefore we can write
Hl(&/";,J e u? (2% = ut (e

in this case.

Another possibility is to study the complex line bundles
with operators over (QTTX). In this case, G = C* and the action
of % on C* is trivial. We write Hl(ﬁf? éf*)c: Hz(ﬁf}i%/) in
this case. It is suitable to refer to line bundles with
operators here for if (677B,C*) is a right principal (GT:C*)

space then we form the complex line bundle
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?= (Bx C)/ct —> x

and since ‘/ acts trivially on c® the action 7, 2) — (7 ,X)

is given by h((b,é%)) = ((hb,Z}))-

Still another example igs furnished by the Atiyah real line
bundles, [j .7 . Taice = Z2 and G = U(l) and let Z2
act on U(l) by the conjugation automorphism, then

Hl(zz; i&ﬂl)) is the group of Atiyah real line bundles over

(ZZ,X); that is, given a (Z2,B,U(l)) form

EE = (B X C)/U(l) —> X

as usual, then on 2? define a conjugation involution by

t((b,éJ) = ((T(b),i;))-
Chern classes are seen to exist as follows. There is
O —>%2 —> R —~—>7U(l) —> O

where 22 acts on R ( and hence Z) by r —> - r. This makes a
sheaf with operators ({ ,22) —_ (ZZ'X) and
Hl(Zz;ia(UJ} Cerizz, }. If we remember to think of H* (X;2)
ag a Z(Z2) - Z(Z2) bimodule it is not hard to compute the
"Eg'r-terms for H*(Zz;iéa in this case. Problem: Determine
the 'Eg'scg Hr(X/ZZ;7gS) in this case.

This will serve to indicate how the cohomology of a group
with coefficients in a sheaf with operators relates to the study
of right principal (?77G)-spaces for G an abelian topological

group.
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10. Holomorphic line bundles with operators

Let V! be a closed connected Kahler manifold. We shall
briefly recall the work of Kodaira and Spencer on the Picard
group~77z%%n), Zr_ Al _17. Denote by (:57;;). Cj}ikVn)
respectively the sheaves of germs of holomorphic functions

and of non-vanishing holomorphic functions. There is a sheaf

homomorphism e : Cj??bn) — (V') — 0O given again by
e(f) = exp (2%7if). 1If (V1) is the constant sheaf, then

there is an exact sequence
e
0 —> jjvn) —> C?(,vi) —>§’<vn) —> 0

which produces the long cohomology sequence

... —aP (v 2) -—>Hp(Vn;§(<n)) —>Hp(Vn;d/(Vn)) — P ) — ..

By Dolbeault's Theorem, [ﬁi;p,/izé:]7,

uP (v"; v™h) & n°P M. Using the fact that v" is closed
and connected HO (V™ (¥ (v™) = /T(vFw™M) = ¢”. Thus

e BO(V; @/(vn)) —> 5O(v™; (V™)) is onto. Kodaira and

Spencer then concern themselves with
e* c
*
o —sulev™z —sute®; ) St @™ Sutetn.

*
Of course they regard Hl(Vn;67 (V")) as the abelian group
of holomorphic equivalence classes of the holomorphic line
bundles on V® and ¢ : Hl(Vn;Cjé(Vn)) —e»Hz(Vn;z) assigns to

each line bundle its Chern class. The Picard group
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; (viy < Hl(v“;c9wﬁv“)) is defined to be the kernel of c.

Thus ;%f2vn) is the group of holomorphic line bundles which
are topologically trivial. By exactness, (V') is naturally
isomorphic to the quotient Hl(vn" Cs%;n))/Hl(Vn;Z). The
Kahler assumption proves that (V') is compact. That is,

gl (v?;c) & n°r (v @ nlO ), and n°'1 (V") &~ 17O (v?), hence
rank HY(V?;2) = 2 dim_ gl (v?, @({/“)) = 2 dim_ nor vy,

The quotient of the vector group Hl(Vn; 6196;1)) by the discrete
subgroup Hl(Vn;Z) is seen to be a compact, connected complex

analytic abelian group; namely, (v

Suppose now that we add the action 77 vty of 97 as a
group of holomorphic isometries of the Kahler metric. Clearly,
i%/ﬁﬂ”, Cjkén) and (V?) all receive operator structures

and the sequence
e e
0 —> (5(Vn),’f/") —>(§<v/n),’/7’) -—>§/(vn,m —> 0

is still exact, yielding now
e*
—>HP('7/’;§/(VT‘)) —> 2P (7 %)) —> 1P (57 Fv™))
— P Ny — ... .

We can immediately determine HP (%77 (f%;;;) since

"ES To 1% (73T (v (FM))), but 77 is finite, while Hr(an%n’)

is a complex vector space, hence

T
BP (775 ™) & "5 P o mP (v d(/vn)) .



f.;’/
Similarly, we can show that Hl(GT?Cfggg))ﬁr'Hl(Vn;Z)l because
"E%’oar (h»,H (V i2)) ~ Hom (%7 ,Z2) is trivial. We argue that
HO (a7 O™ ) arc®, thus e : 8O (57 ™) — B (7 Fv™))

is still onto.

This results in a commutative diagram

BT (v 7) —>H1(vn-§(/v“)) —ulown, Py S a2 vtz

/. e
gt (vh;z) —sul (v“e/ 0y s vl Py S w2 0 XY )

F

By analogy, let‘7z€? TR A = Hl(GT'CSPZQn)) be the kernel of

c : Hl(?T’CSB/Qn)) — 12 73 (4(v™)). We regard H (%”}C?bfvn))

as the abelian group of holomorphic line bundles with operators
and:727/I,Vn) is the subgroup of those, which, as bundles with

operators, are topologically equivalent to the trivial line

bundle with operators.

(10.1) Theorem: The Picard group 7 (G v™ is a closed

connected complex analytic subgroup gﬁf/‘(vn).

The reader may show that
o7 2
rank HL(VP;2) = 2 dimc ul(vh; Ca(/vn)) which proves (Tt )

u
is compact. Note that if v € Hl(vn;zj has i (v) €H (Vn C9J% )

then i*(v-vh) = O for all h &/ , but i¥ is a monomorphism, so
r__/
v & Hl(Vn;Z)” and hence %(W’,Vn)c 7{ (v®) as asserted.

Of course // acts from the right on vy as a finite group
T
of automorphisms. Let (Vn) c (Vn) denote the subgroup of

elements fixed under the action of every h &% .
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77
(10.2) Corollary: The quotient group (Vn) / (’//,Vn)

is isomorphic to al (7 ul (v z)).

There is an exact sequence of Z(’/TS-modules
o — ul(vR;z2) —>H1(vn;%n)) —/ (v?) — o.
Since ’/7Jis finite and ul (Vn;%)) is a complex vector space
HP (77 %“) ) armPt gt (v 2))
for p > 0, and the sequences
o — womn” - wlwm T

% za 1 1
—> /v — vhETvRz)) — o

6} -
is exact. Since (’/7/,\)711) = Hl(Vn;%n))” /alwn;z)y? , the

corollary follows. While Hl(Vn;Z) has no torsion, we cannot
conclude in general that Hl(f/T/;Hl(Vn;Z)) = O because Hl(Vn;Z)
may have a non-trivial Z(’/T'Y-module structure.

Define the sheaf (9’/(Vn/97‘7 —> V®/%~ by the pre-sheaf
which assigns to V< V247~ the abelian group of holomorphic
functions £ : Y "1(v) —> c” for which f£(hx) = £(x), alﬂ]‘. hET .
Thus %(Vnﬂfi‘) —>T747/ is just the sheaf‘gf —>_‘r/47"'
which appears in the 'E-spectral sequence for H*(7/'/;(9*/(Vn)).
Although V?/g~ is not in general a manifold, it is an analytic
space and 0/*(Vn/’/7.’)’ is the sheaf of germs of non-vanishing
holomorphic functions on V%% It is correct to regard

Hl(Vn/W"; %n/ﬁ’ﬁ) as the holomorphic line bundles over the
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quotient space. Suppose that we have defined sheaves (j;kén/ﬁrj
and (Vnﬂw'i by analogy, then.’i%%ﬁn/qrj is still the constant
sheaf (VR X 7z — Vn/ﬁff If we expect to use the 'E-spectral

”
sequences we should have an interpretation of.7€? -€>7r]ﬁ’7

(10.3) Lemma: If ))(x) =y, then there is a natural

Ay =
Y

We can choose an arbitrarily small open sz‘nvarlant set

isomorphism

for all p > O.

Ux such that
1) Ux is connected and Hl(U iZ2) =0
2) hUnU #Qflfandonlylfh E’;;-_’
Define Vyc“f/r,;" by )) (Vy) = u hUx. Now the first

: _ , h &g
hypothesis on Ux implies

o0 — z—>nux;0(/V)) —->/ﬂ(U ;(9/V)) —> 0

is an exact sequence of right Z(QZjlmmﬂules. But then we have

a commutative diagram

. Zﬂﬂux;%) e—>f’(U @/? D— .
C

* r—-‘
where C, C are trivial Z( ”x)—modules. Now
Hp(‘/7X;C)_’:'Hp(r/7;; [’(Ux,ﬁ(/vn)) = 0, p > O since W is finite,
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C and /q(Ux,Cf%;;)) are vector spaces. Hence

WP (T, ﬂUX,(ﬁ?v“n = WP e (T 0)

for all p > 0. Incidentally Hl(Qfx;Z) = O since l”x is finite
and Z is a trivial Z(ﬁﬁ?-mm@ule. If we apply (8.1) it follows
that

PG R P n
B (WT_,c*) mew? (T, [Tu (P ™)
Hp(’ii'f/—f)"l(vy), v™), p > o.

Since Ux is arbitrarily small the result follows. In addition,

for p = 0, we see

" 77
0 —>/—'(V’l(vy);j-(vn)) —>/7u/'l(vy), w™h)
I_—I
—>/7w'1(vy),C9}/(vn))”

is also exact as H (1/ : [,()/ (Vy) ,é (Vn)) = Q0. Thus we also

have a direct proof that

e v
0 —>§,(Vn/97') —_> v —>mvn/'7/“f —> 0 1is again exact.
o

w the edge homomorphisms
l,0 1 */ N o,1 . .
0 ——>'E2’ —> H (Zf?C9VfV )y —> 'Ez' vield an exact sequences:
%,
o —HLlvYr: (Pvs) —ulm (F™)
2 &
—~>H°(Vn/f7r;/l) —5 52 (F v ) .

If )Y(x) =y then jéz; 4 H (’ < C ) 2= Hom (/#/,,C ) as we just saw.



- 75 -

This suggests a particular interpretation of

ol (P ) — H°(vn/¢;~;~£_l). To each 3 g (s (Pvm)

and x VD! we associate a characteristic homomorphism

R 7y —> c*
X X

as follows. Choose any holomorphic co-ordinate system with
operators r. . (h,x) representing é{. If x £ V. then
J.1 J

Rx(h) = rj j(h,x) is a homomorphism of M/X into C*. If

14

X £V, also then for h €& 7/
i x

r., .(h,x)r.
J J

(e, x) = r, ,(e,x)r, .(h,x)
J. 1 Jrl i,1i

14 14 ’

so the definition of Rx does not depend on the choice of Vj'

If r% i(h,x) is holomorphically equivalent to rj i(h,x) then
r ’

for h & N

r! .(h,X)A.(x) =j.(x)r, L(h,x),
J.] J ] Je]

hence RX only depends on éE r hot on how 2? is represented.

Tia =4 77}?1'1

and
ax

A
Finally, suppose x is replaced by hx, then

A A _ < I s A - A
R (nh71) = r, C(hnh 1,5 = r. NCRSES _(mh™1,hx)

J.] Js J.3]
A /‘_l/‘
r, .(h,x)r, .(h,x)r, .(h —,h
i, 3, 3.

X).

A _ a4 A_l A N
But 1 = r, ,(e,x) =r, .,(h "h,x) =r. .(h~,hx)r. .(h,x) so that
J:J JrJ Jir]
) =

f\— 14
Rx(h) for all h & //x' Clearly Z lies in the

kernel of HI(7; (FV)) — HO (VR/—; {1) if and only if the

characteristic homomorphism R : /7 —> c* is trivial for
X

X
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all x &€ V®. Thus

(10.4) Theorem: An element of Hl(’)7’;(9*/(vn)) lies in

acteristic homomorphism is trivial at each point QE_Vn.

The conclusion means that the element in question can
be represented by {rj i(h,x)} with rj j(h,x) =1, all h,x
r t4
and j and r ;(e/hx) = r ;(€/x). We do not claim every

1

representative has this form, only that at least one does.

Since the segquence

9] —>§'(Vn/f/7") —>C}(§n/f/7") —>(9y(vn/'i;‘7 —> 0
7

is exact we may define (Vn/zfj to be the kernel of
L
¢+ BL /(P ey — w2 /aiz) .
* p—/d/n
Now from the 'E-spectral sequence for H ¢/ ;(/(V')) we see

r_/
HP (VP /% %W«;ﬁ) ae HP (07‘;%% ) or HP (vn;ﬁ(/vn) )"

since 76% = 0, s > 0 in this case. Furthermore,‘4Z} - Vnévdw
. * n .
in the 'E-spectral sequence for H (7 ;3(V )) is also the

zero sheaf, thus
1, n 1 ” 1 n 7
H (V& :2) & H (T;Z(V))&H (Vv :2)
Therefore, we conclude that

(10.5) Corollary: The monomorphism

. —
Hl(VnAF“;(S’?Vn/QTﬁ) —> Hl(ﬁr}c:??Vn)) induces an isomorphism
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%n/?ﬂ O G i

By way of examples recall that by (4.3) if (7V™) has

at least cne stationary point, then

N—
il 7 (W) & Hom (rchy @ L (v M7 .

v/

If in addition HY(VP;z) = 0, then HI(VP;(F* (VD) )7/: 12 (v?;2)
as the invariant elements in the kernel of HZ(VR;z) —>h®r2(vD),
The reader should apply this to an action of4zr)6n CP(n) with

at least one fixed point. Another example would be the action
of the symmetric group on a product of CP(n) with itself. DNote
especially that if n = 1 the quotient space of the symmetric
group on CP(l)k is CP(k).

A more difficult example computationally is provided by an

action of the cyclic group Z,  on the curve Vl<:.CP(2) defined

by {[zl,zz,zgnz? + zg + zg = 0}. With ‘/\= exp (Zﬁ“i/n) the
action of Z, is generated by [21,22,233 ——>{}1,22,,kz3_]. The
quotient space Vl/zn is CP(l) with quotient map

[zl,zz,z; —_— Izl,zzj. Obviously %zn,vl) = 0 in view of
{10.5), but i7£%bl) has complex dimension equal to genus

wd = (n-1) (n-2)/2, ana —’/ﬁ(vlazn = H'(z_;H (V';Z)). This is
ﬂ{vn) A atwh & wh ). Then

Hl(Zn;Hl(Vn;Z))c: Hl(VlRSP;YVn))Zn. The quotient naturally is
isomorphic to a subgroup of HZ(Vl;Z) = Z. Is it the whole group

or just the elements divisible by n?

Finally, suppose (Zp,Vn) is a cyclic group of prime order
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acting with a connected non-empty fixed point set, then
iU (21 @ () & wom (z,cMi wh vz PV ).
We define
Hl(zp;O”(vn)) —> Hom (zp,c*)

by choosing a fixed point and assigning to each element of
Hl(Zp;(9}(Vn)) its characteristic homomorphism at this fixed
point. If this characteristic homomorphism is trivial at this
fixed point then, since the fixed point set of (Zp,Vn) is
connected, the characteristic homomorphism is trivial at every
fixed point. At a non-fixed point, the characteristic homo-

morphism is obviously trivial since p is prime. Thus
%*
o —> w vz, Oz ) — ') — Hom (z,,C)—0

exact. The reader may supply the splitting homomorphism. But
this is the same splitting homomorphism that was used in (4.3),

therefore we must also have
% 2
Hl(vn/zp;ﬁ/(vn/zp) ) 2= 1E (V9P ™) P

(10.6) Corollary: ;;_(Zp,vn) has a non-empty connected

fixed point set and if Hl(vn;Z) = O then for every cohomology

A
class of type (1,1), c é’Hl(Vn;Z) P

n o N\= .
(c, 2n> O mod p

We see that
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o — v ¢P )P — w2(v?;2)%p —> h2/0

Z
is exact. So there is an element Z & (v P
with cl( ) = c. But.i?lies in the image of
mt (Vn/Zp;O}(Vn/ZP)) —> ul (Vn;y(vn)), hence there is a

TeE H2(Vn/Zp;Z) with ,v*(é‘f = ¢, and hence ))*("611) = c".

2n ,.n,

Since ) : H2n(vn/zp;z) —> H(V ,Zp) &=~ 7 has image pZ,
the cbrollary follows. If the Kahler class is integral

(i.e. V? is algebraic) then the corollary applies to it.
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11. Maps of prime period

Consider an action (Zp,X), then (é%ﬁz%) —_ (2;,X) is the
sheaf of germs of maps into Z with operators (fh) (x) = f(hx).
%*
There is the fixed point set F < X. The use of H (ﬁv;éiﬁ in

this case lies in the exact sequence

v, —> Hn(X/Zp,F;Z) —_ Hn@;g/f ——>(Z Hi(aZ,,;Hj(F;Z))

i+j=n

—_> Hn+l(X/ZP,F;Z) _ ...

where HJ(F;Z) is a trivial Z(Zp) module.
In our framework this is seen as follows. There is the
subsheaf (Z?E;Zp) c:(é?fzp) consisting of the germs which vanish

along F. Via the quotient map
: X —> X/Z

we induce a sequence

> * > * >(2F > 0
o (§«F,zp) — (2. 2y) — (5( (F) ,2,)
over x/zp where zgf(F) = é%f]éé?%. We show immediately that Zp
*
acts trivially on (F). Wwe apply (6.9) so that
HY (2 3*(F)) o Hi(Z;Hj (X/2_; 47(F)). However
F i+j=n F P
3 * 3 'T' n n . .
H (x/zp;5/ (F)) & HI(F;2), lo see H (Zf;é/F)&H (X/Z,,Fi2) just

apply the 'E-spectral sequence and (8.4).

If n > dim X, then H(Z_; 2.) 4 2, B (2_;H(F;2)). This,

when combined with the "E-spectral sequence for H (ZF;E%‘), yields



relations between H*(X) and H*(F). In actual practice,
L 3 _}7 » @ considerable simplification follows if at

the outset Z is replaced by the field Zp.
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Chapter II

Orientation Preserving Involutions

1. The bordism group An(2k)

The basic object to consider is a pair (éf — Bn,CVS
wherein ;%' —> B" is an orthogonal 2k-plane bundle over a
compact n-manifold and & is an orientation on the Whitney
sum 2@’5_/ —> BR yhere "2 —> BY is the tangent bundle.
Let - (g-—>3n,c97 = (3 — B%,- . We identify (Z' —>wn,0()

with (EE'—*>BD,<9{ if and only if there is an orthogonal bundle

z'iw’
I, ]

Wi > BR

equivalence

for which
1) ~}27 is a diffeomorphism

2) the induced bundle equivalence

2 T QT@G&»Z@’Z"
Lo

Wl > B

preserves the orientation.

A boundary operator 9(2 —> B, 6)/ = (Z — QBn, 9*(9)/)
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can be defined as follows. Along @Bn identify Z@PL_/
with E@ ’t"@7 , where Z - aBn is the tangent
bundle to the boundary and — 8 BR is the (trivial)
normal line bundle. Now ( Z @’T:‘)@f? — 9 B! inherits
an orientation from that of ( Z@'r') , while, at each point
of @Bn, 7 is given its orientation by the outward pointing
unit normal vector. There is a unique orientation of
z @r‘:" —> GBn compatible with those of and of
(Z@T")@? , and this :J‘?G/

The bordism group An(2k) can now be defined. If M" and V%
are closed n-manifolds then ( 'ZO — M", 9(;) is bordant to
( ?1 —->vn,9;) if and only if there is a (Z — 5™, @) for
which ‘O ( , "l @& - ¢ -, @ L - (32 — V", 9.
The symbol U denotes disjoint union. Denote a bordism class
by [7 -—> Mn, a), and thé collection of all such bordism classes
by An(2k). As usual, an abelian group structure is imposed on
An(2k) by disjoint union. We agree that An(o) =ﬂn’ the co-

bordism group of closed oriented n-manifolds regarded as carry-

ing "o-plane bundles."

-
Set 4m= Z’ A (2k) and d= Zodm' We can

n+2k=m
define in dthe structure of a graded commutative algebra
with unit over ﬂ , the oriented cobordism ring. We define
the product [7 -_ Mn, 6’]5 —>Vm,0/'] as follows. Form
the external Whitney sum (;@f’) x 7 '@T 'y — Mix vh.

This is given the product orientation G’Xﬁﬂ. The canonical
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equivalence (?@’z’)x (; '@ T ) A~ 7)(;')@ (TxT)
then induces the desired orientation. Since A, (o) =.1:2n,
QCQ, hence 4 is also an L2 -algebra with unit.

To compute An(Zk) we must show that it is naturally iso-
morphic to the Atiyah bordism group, z{j}ZZ _7’ , of the cover-
ing involution (T,BSO(2k)) over BO(2k) and then apply Rosenzweig's
results, 1:71557 .

An element of BSO(2k) is a 2k-plane together with an orienta-
tion. The involution T is to reverse that orientation. Briefly
the Atiyah group An(T,BSO(Zk)) is defined as follows. The basic
object is a pair ((t,gn),g; where (t,gh) is a fixed point free
orientation reversing diffeomorphism of period 2 on a compact
oriented manifold together with an equivariant map
?: (t,B") —> (T,BSO(2k)). There is @((t,?a'n).g = ((t,a’ﬁ‘“) "f"/Q’g'n)
where 'Eagh receives the induced orientation from that of ;;R
The reader may go on to complete the definition of An(T,BSO(2k)).

We are given (i—-—-> Bn,al). Let %‘n be the set of all pair$
(b,0), where b € B™ and o is an orientation of the fibre of ?f
at b; that is, of the linear space ’7'b. There is an obvious
fixed point free involution t(b,0) = (b,-0) and a projection
Y :"én ~—> B" given by M (b,0) = b. Topologizeﬂ];n so that

~n n ., : . . . .
YV : B® —> B is the principal Z,-covering associated with

2

the Whitney class vl(Z) & Hl(Bn;ZZ) . Then %’n receives a unique
differential structure in which t is a diffeomorphism and for
Mo
n

which VY : B® —> B"™ is a local diffeomorphism.

~ -
Now the induced bundle ‘7’= b4 l(é{) consists of all triples



- 85 -

(b,0,v), where v £ ;b and o is an orientation of {b‘
Ve
Clearly '7' is a canonically oriented 2k-plane bundle.
*
Further, there is a bundle map t (b,o,v) = (b,-0,v) covering

t. This is an orientation reversing bundle involution because
e S

*
the orientation on ~?r induced by t is the reverse of the

canonical orientation.
P
P Y
Next there is the bundle )i'l(QTS ="{ — B"™ induced by
the tangent bundle to B". a point in ¢ is a triple (b,o,w)

where w E Lb and o is an orientation of ? If we identify

b*
Vot ] ~n
l with the tangent bundle to B, then dt(b,o,w) = (b,-0o,w).
— Vil
We can just as well orient ( — B" because 7]0@ (’b is
oEiented and at (b,0) we can choose the orientation of
T =T
v - . . . . . £ se
(b,0) Ck>wh1ch is compatible with o on jgs Of cour
p— r~—
e dt —
L > (
~ t —
Bl > Bl

is still orientation reversing. Finally, the product orienta-
P"

tion on ?E&PQTJ'is the same as the induced orientation from
7@7:’ , and it is preserved by t @ dt.

The classifying map f: B® —> BO(2k) then lifts to an
equivariant ?_: (t,gh) —> (T,BSO(2k)), which classifies i?i
The process can be reversed. Suppose we are given a fixed
point free orientation reversing involution on a compact
oriented manifold together with an equivariant map

P (e 24

~
f : (t,B®) —> (T,BSO(2k)). The f induces an oriented 2k-plane
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e’ ~
bundle z —>B" with an orientation reversing involution

E) — (t,B"). There is also the orientation reversing
(dt,T) —> (t, Bn) and (t @dt, ’f@ ) is orientation pre-
serving. We can set B! = B N/t, and orient the quotient

bundle ?@’7; = (?/t*) ® (T/at). This will lead the

reader to see immediately that An(2k) ’_‘:'An(T,BSO(Zk)).
Let M( X) be the Thom space of the real line bundle

X—> BO(2k) associated with the double covering BSO(2k) —> BO(2k).

According to Rosenzweig, / /Z ; , it follows now that
Mr
A (2) (2 o))
™.

where ‘Qn+l(M( b’)) is the ordinary reduced oriented bordism
group of the space M( X) For k = o, take )/——> {pt = BO(0)},

then the Thom space is sl ang surely Qn—-Qn+l(S ).
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2. Self-intersection

We continue to denote by BO(2k) the classifying space
for 0(2k), and by MO(2k) we denote the Thom space of the

universal 2k-plane bundle. We shall define a homomorphism

s+ a_(2k) —K )__,, (BO(2K))

where_i’).*(BO(Zk)) is the ordinary bordism module of orthogonal
2k-plane bundles over closed oriented manifolds.
Given (z; ——>Mn,673 there is a bundle map

F

?i( ——>f2k

M? ———— BO(2K).

Now BO(2k)e MO(2k), so by a small homotopy we can deform £

into a map g : M2 JL>MO(2k) which is transverse regular on

BO(2k). Then
v2~2k = g7 (Bo(2K))

is a closed regular submanifold of M®. The normal bundle,

A
2k

denoted by ?' —> vy is just the restriction of . But

— - A A 2 -
?’@L [ v772% is identified with 7@ (?’QT ) — yim2k,
where % ——>Vn—2k is the tangent bundle. Observe
A P A
?@ (7@’?,") = {?’6? )@Jfl inherits an orientation from

~A
that of '?QQQT'——>MH, while ?ffaé? is canonically oriented by
{ A,
the complex structure (v,w) —> (-w,v). Thus ¢ —v" 2k is

A
oriented and ?f ——>Vn—2k represents an element in.‘:%:Zk(BO(Zk)).
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A standard transverse regqularity argument shows that this
construction defines a homomorphism

S : An(2k) — -2k (BO(2k)) .

To justify our calling S the self-intersection homo-

n-2k

morphism we should note that V is the set of zeroes of a

"generic" cross-section of ;; —> M". In other words, any
cross-section 9(_ of 7 —> M™ furnishes us with a map of M"
into the Thom space M(;’). The section is "generic" if this
map is transverse regular on Ml M(?) as the O-section. Let

Er: M® —>BO(2k) be the composition

Mn g > 72k : > BO(2k)

r~~ r~ .
where 7 // :7:2k —>B0O(2k) is projection. Then g is homotopic

to f : Mn —>BO(2k) . Thus’E_l(?er } is equivalent tozf ’
but x — (x,g9(x)) is a "generic" cross-section of this induced

-2k
bundle whose set of zeroes is exactly Vn .

Let us have an example then. For each n > O consider the

holomorphic line bundle —> CP(n) over complex projective

n
space defined as follows. Let W = Cn+& {0} and define the
action of C* on CX Wby t(%4;z7,...,247) = (tZ?Gtzl,...,tzn+l).
Then n = (c X W)/C* —>CP(n). If we give CP(n) the orienta-
tion arising from its analytic structure then we obtain

[/n —>CP(;1)‘7 ind 4, (Bo(2)). 1f 7n+1$’l’ —> CP(n+1) is

oriented by the complex structure on this Whitney sum then we

obtain l?a;+l ——>CP(n+1),¢Z?Q? A2n+2(2). We assert that for
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S[/‘n+l —> CP (n+1) ,0’] = - [-71_1 — cp(n))_]_

The generic cross-section of i+l —> CP(n+l) is

X[;l'°"'zn+27= ((zl,zl,...,zn+2))

and the set of zeroes of this holomorphic section is

CP(n) = [c:zz,...,zm_z] < CP(n+l)

A
and/ = / —> CP(n). Now / ﬁz-/*-b CP{nt+l) had the

orientation of the complex structure, so that

f & @’2” —> CP({n) has the "correct" orientation, but

7 @ is oriented by the complex struc/t'ure (v,w) — (-w,Vv).
A moments reflection shows that from this Q/—> CP(n) receives

the orientation opposite its customary one, hence the minus

sign.

A small, well known, comment on orientations is appropriate
here. Let (V,&) be an oriented real vector space of dimension
n. The direct sum V@ V can be given either the product
orientation G’S(@/ or the orientation @c/ arising from the
complex structure (v,w) — (-w,v). In every case

n(n-1)
IS = ) @

C

With this in mind, we might ask how the self-intersection
is related to the fact that An(2k) é—’An(T,BSO (2k)). Given

(7 —>M", ) we took a generic cross-section %of Z and
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found Vn-2k

to be the set of zeroes. But% will induce a
. A4 Nn
generic cross-section of -——>M" whose set of zeroes,

~Mn- ) . ) - .
T Zk, is t-invariant and double covers V% Zk. There 1s an

o : : . n-2k :
ambiguity in orienting V , however. We might use
’\;A Nﬁ

%" : . ron-2k .
('2’ 8% )P just as before giving V an orientation
A p
< ~~/n-2k n~-2k /2"
o in which Vv —->V has degree +2 However, F’ ’

/\./ r~ A .
are both oriented and /Vn 2k = @ é will also corient
o~

V 2k, say with orientation @" ThlS amounts to giving

~ A e g .

7@; the product orientation so &' (-1) & Now

f\tn—

W 67) is the oriented submanifold of M dual to the Euler
2 > n.on

class X(f) € %X (M?™;2) of the oriented bundle ZF =N

We can use this commentary to produce another example

which may be illuminating. Given a closed manifold, MZk,
let —_— M2k be the tangent bundle, then ?@Z — M2k is
oriented by the complex structure (v,w) = (-w,v). In this

case 7 —>M2k is the canonically oriented tangent bundle of

the orientation double covering of Mn, but we must pause to
o

consider the orif’ntation of /Z' __;‘ﬁn. It arises from the
orie%ation of together with th;eiucomplex structure on
-i@ L . We can write ¢ = (-—l)k 7 as oriented bundles
since thavidentiiy map is an orthogonal bundle equivalence
between ,ZI and 7 . Thus ?O with the 6; orientation is

dual to (-lex(?) - - P gT = KGR, Now

. ]
/X,(MZR) =1/2%% g"fzk) = 1/2 {X(’Z’,GA;Zk>. Since
SZ?—>M2/kd= [;70]6_(20 (BO(0)) = _(20 A 7 we can write
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5[7 —>M2]i7= %(Mzk) ’

because fyLGMZk) = 4<'X(§?),G;éé7 is the number of points in
§° counted with sign in the ch orientation, and thus is just
twice the number of points in V° also counted with sign.

Let us now investigate the multiplicative properties

of the self-intersection homomorphism. There is
BO(2k) X BO(2j) —> BO(2(k+3))
inducing
MO (2k) A MO(23) —> MO(2(k+3)),

and this second map is already transverse regular on BO(2(k+j)).
Thus if g : M® —>MO(2k), g' : L™ —>MO(2j) are suitably trans-

verse regular, then
gxg' : M*x 1™ — MO(2k) A MO(2j) —> MO(2(k+3j))

is still transverse regular on BO(2(k+j)) and

- - oy A4 _ N
(6 x 907 B0 20+ = VTN W, wenFa T 2% =23

k 2)

as normal bundle. We must show that x P Vn_2 ) 4 Wm—

receives the product orientation. First the bundle

(Z@/z’ ) X (7 '® /C‘ ') receives the product orientation

and restricts into

2kX Wm—2].

o = ((?ngé)x ((;A '@? ')@’f") — v

so the inherited orientation of eg agrees with the product of
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A AN A A A Pa
the orientations on (7@7 y, e, (7 '@7 "“£,Z '. Now

/5= ((?@?‘)X (? '9?'))@ (‘%‘X'ZA")

is also oriented and the natural equivalence o€ e:ﬁ is
orientation preserving. Next, there is the complex structure
A A A Pa)
on (f'x;’ " P {7 X; '} which induces an orientation on
A A A
X = (?x " (;xf @ (%“xT '). since the obvious
isomorphism/@_n_._..- X is the sum of a complex linear iso-
morphism with the identity, it too preserves orientation.
Thus of o~ 5 by an orientation preserving equivalence. Now
X is the restriction of (7)( 7 @ (’2 X 2 ') which was
oriented by equivalence to (;&2" ) X (7 ‘D ‘Z 'y and cx‘.’.\.'x
is the restriction of this equivalence. Thus the inherited
orientation of X is the same as the product orientation
A v
arising from/Z' ' /f’ ' and the complex bundle
A A A A _ s
(7)( f YD (;X/? '), therefore V" 2kX w2) goes receive

the product orientation.

This suggests that we put %m = 2 ; ( 2P(BO(2<I))

Qo pt4g=m
and % =Z'70 %m Via the external Whitney sum we define

in % the structure of a graded commutative algebra with

unit overﬂ . Following the agreement An(o) Jln = ﬂn(BO(O))
we let S : An(o) —>ﬂn(BO(o)) be the identity. The grading on
%7 was chosen just so that S :d —> will be a unit

preserving homomorphism of graded algebras having degree O.
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3. The structure of d/

In this section we shall prove that 4 /Tor is a graded
polynomial ring over {) /Tor. We begin with two new remarks

about general bordism theory which are natural generalizations

of results in [{.7.

(3.1) Lemma: If H_(X;Z) has no odd torsion then

ﬂ* (X)® Z(1/2) is a free graded module over ﬂ@ Z(1/2).

Under this hypothesis, the bordism spectral sequence for
X collapses, [6 ff'-z/—.] , and in particular the Thom
homomorphism ﬂ :-(2* xXx) — H*(X;Z) is onto. If rank Hn(X;Z) # 0
choose elements Yn,ié’ﬂn(x) where 1 < i < rank H,(X;Z) so that
the homology classes /U(Yn,i) are an additive base for the
free part of Hy (X;2). Let yq);(x) be the submodule over L

generated by all the Y. ij- There is a filtration
14

1

2 0 with

n,o

,().n(x) =0y 02 -+ DTy 0

2
A E

co
Jp,n-p | Jp—l,n—p+l-"-—’ Ep,n—p— p,n-p
fave Hp (x;ﬂn_q) .

We show by induction on p that if e¢& Jp n-p then 2o,
1

for some j > O. Suppose this has been shown for p-1l, then eC

determines& £ J Hp(XT‘Qn—p)' But there

J Nno
p,n-p| p-l,n-p+l =
is an exact sequence

o —H (@ —u Q) —rorm, Ll ) — o
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Certainly there is a 2%  and elements x?_pé'iz n-p such

2 “ 5 Y . .
d . N [ 7 [ g ! ! . T

V4

reader may show the Yn ; are linearly independent in
14
0, @ z(1/2).

Let us briefly recall the Pontrjagin numbers of a map

of a closed manifold f : MR ——>X,.115;¢34;ZJZ For each

finitely non-zero sequence w = (o < il < ees < i, < ..) let
ip i1 oy
p(w) = pl «esP. .... be the product of the Pontrjagin classes
J

*
of M?. TFor each pair (w,c) where c‘g H (X;Z) define
*
P(w,c)[Mn,f_.] = (f (c)p(w),cr"n>8 7. This is an invariant of
the bordism class and determines [ﬁn,f;7 mod torsion.
4m

n

Consider especially f : M, —>X representing Y If Vv

bi°

is a closed manifold we can compute some of the Pontrjagin

numbers of [Mll1 X V4m,gj where g(x,y) = f£(x). Choose
. _ S

c, ; & H' (X;2) with (cn,i’//(Yn,j)> g5 If

4 .
c &£ Hp(X;Z), p > n, then P(w,c)[M?)( A4 m,g] = 0 while

P(W,Cn,j)[M?X v4m,gj = Si'j(P(W)lT(V‘lm))e Z.

Both remarks follow upon application of the Whitney sum
theorem to the computation of the Pontrjagin classes of

M? X V4m together with appropriate dimensional considerations.

This type of consideration was used in é15;634£Z/< This
means the Pontrjagin numbers of 54;1)( V4m,g] determines

the Pontrjagin numbers of I:v4ﬁ].
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(3.2) Theorem: If H_(X;Z) has no odd torsion, then

ﬂ (X) /Tor is a free graded _()_/Tor module.

Consider a
2 23 4
/ n+4m—k( i ¥ ,i[vim]) 6()-)(()()

The range on each i is 1 < iirank Hn(X;Z). We must show that
if all the generalized Pontrjagin numbers of are divisible
by 2, then, modulo an element of order 2, eéch coefficient

[ngje 2ﬁ.4m. This is equivalent to showing all Pontrjagin
numbers of [Vim] are divisible by 2. We proceed inductively.

Fix n, and assume the divisibility has been established for

the coefficients [V?], alln >n Without loss of generality

o°

we may then assume that in fact no term with n > n, appears.

. i ) g E? n 4m
Fix 14 and consider P(w,cno,io)/ﬂ = P(w,cno,io)[Mix 2 ,g])

with n < n,. But all the contributions are O except

B(WiCh vy ) [M o x v4m°, J = pw([V?_I;lo]).

Since all Pontrjagin numbers off are divisible by 2, so are

4dm,

all Pontrjagin numbers of [V Thus the induction may
i

o
proceed. It begins with n = k of course.

Now if 23°¢ + X 736;? where Xis a torsion element,

then we apply the foregoing to find a "&£ with
' ] L - 1
-28 ") = 0. Thus 2y5 -239;)—X=2/9 :/H hence
/6'—2o(j_l= b" is a torsion class and 2j_£<_, +b’1 =/6 'éy

Inductively, therefore, we can, for any o<_€ﬂk(X) , find a
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/66% for which O(ﬁ is a torsion class. Thus the

Y,,6i generate L), (X)/Tor as an LA /Tor-module. It is not

difficult to verify the linear independence over L2 /Tor.

We want to apply (3.2) to_(l_*(BO(zk)). This is possible
for H, (BO(2k);Z) has no odd torsion and no elements of order 4.
We have to find generators for the free part of H, (BO(2k);Z).
For a start, the free part of H*(Bo(zk);z) is the polynomial
ring generated by the Pontrjagin classes PyreeerPy- Identify
these with the elementary symmetric functions in the variables

2 2 _ , , .
tl,...,tk. To each w = (0 < i, < eee < lk) associate the

2i
k
polynomial in the Pontrjagin classes. Also to w associate the

2i .
symmetric function Z; tl 1,...,t. k which may be regarded as a

external Whitney sum of line bundles

Y = X...X — ; .. P (2]
(w) [/211 fzi_ >CP(2i,)x «.x C (21k)]
k
in ﬂ4(il+"'+ik) (BO(2k)). If

£ CP(2il)X N X’CP(Zik) —> BO(2k)

2i 2i
be the classifying map, then <’f*&25 tlll...tk k);r‘ﬁ) =1,
where g~ 1is the fundamental class of the product of projective
space§, Thus by (3.2) the Y(w) are a basis of (2, (BO(2k))/Tor

as a module overuS:L./Tor. Recalling the definition of ng» we

introduce X4(p+l)= [729 —_ cP(2p)_7§‘ 4 (p+1) for all p > O.

(3.3) Lemma: As a graded algebra over (2 /Tor, ;}2‘/Tor

is a polynomial algebra generated by the [7 2p — CP(2p)_7 for p > O.
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We repeat that sa%icwntains no elements of order 4.

We return to Antzk):.«ﬁn(M(b/)). Since Hyx M(Y);2)
has no odd torsion and no elements of order 4, we can
determine CZQD Z(1/2). We computelﬁ*(M(I{)'Z(l/z)) as
follows. Let D(Z{), S(z() respectively be the 1l-cell and the
O-sphere bundles of Z{——>BO(2k) Then
H () z(1/2))e 1 o(Y), s(¥):2(1/2)) and
#* (oY), s(¥)iz/20 e v (Bo(20):2(1/20) & 21/ [py e nipy ]
H' (S());2(1/2)) £ H (BSO(2k) ;2 (1/2)) & z(1/z)[pl,...,pk_l,x2k]
where sz is the universal Euler class and 1 (pk) = (X2k)2
Thus O ——>Z(l/2)[él,...,pk:l >Z(1/2)[bl, "’pk—l'XZk]

~x
> H (M(K’);Z(l/Z)) —> 0 is exact. It follows that

~~
H“*l(mqf)-z(l/z)) = 0 if n-2k # O mod 4. If n-2k = 4j then

~n+l

rank H (M(]{);Z(l/Z)) is the number of partitions

(O_<_il

correspond g * (pi

A

. < ik) of j. To each such partition we may

-1 2iy ~n+l .
Pkl xy, 0 PRy, ) € R ) sz(1/2)) .

Now observe that additively
By :z(1/2) o B (B0 (2K) 5 2(1/2))
By (3.1) we have
P
Q. YN® za/np s, %) 0@ (LL@z/2))

and so it follows that

n~s
O YN ® z(1/2)e A, (2k)® 2(1/2) 2 () (B0 (2K))E) 7(1/2).
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Summing over 2k we conclude that an.ifl_Qp Z(1/2)-modules

A® zu/2 o % Z(1/2).

(3.4) Theorem: The self-intersection induces an iso-

morphism

S : @/Torc.’ %/Tor

of graded algebras.

Recall from section 2 that we showed

s [Zpﬂ —>cp(2p+1), @S = - [%p —>cP(2p)_/ so S is onto
mod torsion. Since CZSQD 2(1/2) o~ 5%%92(1/2) as modules the

kernel of S consists of torsion only.

(3.5) Corollary: As a graded algebra over ( ) /Tor,
C]L/Tor is a polynomial ring Bﬁ.lr'zp+1 ——>CP(2p+l),(9:7 ,

p > O.

(3.6) Corollary: Every element in the kernel of S has
order 2.

There are no elements of order 4 in C?( .
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4. The ring ﬁ*/(zz)

We define (:2:ZZ2) to be the bordism group of orientation

preserving involutions on closed oriented m-manifolds,

[/Z] . Give to Q/(Zz) =Zd;jz2) the structure of

a graded commutative algebra with unit over IT)—, where
[T v A,VHJ =['ITXT', MT xvn].

We embeduffl.into (fa:(zz) by assigning to each closed oriented
manifold the trivial involution.

Rosenzweig, Zf”/éz _j7 , introduced an exact triangle
A2, (2,)

Ja / 1k

where ! 2*(Z2) is the bordism module of fixed point free

orientation preserving involutions on closed oriented mani-
folds. We define i EITI* (Z2) —€>c:;tizz) by disregarding
the freeness. Now (:9:(22) -_ is described as follows.
Given (T,M") then for each O <n <m let F2 < M™ be the union
of the n-dimensional components of the fixed point set. Let
é% —> F? be the normal bundle. Since T preserves orientation
at each fixed point m-n = 2k if FP # @g. Finally, the orienta-
7-

tion of M defines an orientation on — F®, For each

n, F! # @ we have [_7 —>rD, @.’;7in An(2k), and
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E,W]—-:*j[j—é Fn, d_zgdm This defines a homomorphism

of algebras (2’(22) —> d Now given ( —->Vn, ) we
introduce the bundle involution (aA,S(2)) on the (2k-1)-sphere
bundle associated with 7 . This is the fibre preserving fixed
point free involution which, on each fib;_e_,, agrees with the

antipodal map. The orientation on 7@ & — V" produces an

orientation on S( ) which is preserved by A so we put

As we said, this results in an exact triangle. Rosenzweig
proved, [/Z J , that the kernel of i, : ( 2*(Z2) —->§*/(Z2)

consists of precisely all the 2-torsion. Now

v . e
-Q*(Zz) ’_\./.Q@_.Q*(zz) so that we have
3 o
o —>.L /Tor —>6:(zz) ul >d W

If ﬁz,z}jfa;?zz) is the action of Z, on itself by trans-
lation then .Q/Tor —_> 6:(22) is

L]~ [oyn fhee].

The image of this homomorphism is the ideal generated by

>Tor _O.*(zz) — 0.

ﬁz,zzj and it will be denoted by J & d/(zz). It is the

kernel of j, : G:(ZZ) —>d.

For p > O introduce the ACP(ZP) ; in Q;(ZZ) where
Aé;-,...,zzp_'_]]: Ezl,zz,...,zzp_'_] ;-
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(4.1) Theorem: As an algebra over ﬂ/Tor,

(ﬂ(zz)/J)/Tor is a polynomial algebra, with generators
l};lcp(sz r P> O.

The fixed point set of (A,CP(2p+2)) is the disjoint

union of a point and CP(2p+l) « CP(2p+2) as {Co,zz,...,z }}

2p+3
with normal bundle 72p+1 —>CP (2p+1). When we apply the
self-intersection we are left with
- —>CP (2 _7=- . Th 4.1
[72p CP(2p) x4(p+l)£ 4 (p+1) us (4.1)
follows from the structure of /Tor and the fact that
C9’ (z,) /3 is embedded ind . We shall denote by
,‘%:C?’*(Zz) —>% the composite homomorphism
Py 2o -5 %
*(Z2) > > .
(4.2) Corollary: If ZJI‘TM‘IJ: O then
2 T,M4§7=ﬁer;E4E7i_q o AURE
The hypothesis implies jﬁ,M4E7 has order 2 in dtlp ’

hence there is [Z.Z,Zzy&‘lp]= 2 T,M41_3_7 for some [;4127
Ignoring the involutions we see that 2([X4E]?—Zrh4p_73 =0

so that [ZZ,ZJ&‘IE’]: [’z‘z,zzjg‘lp . From (4.2) and ele-

mentary dimensional considerations we derive

(4.3) Corollary: EE_(T,M4P) ig_gg_orientation preserving

involution on a closed manifold for which every component of

the fixed point set has dimension less than 2p, then

e - [ BT
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We can use {(4.2) to answer the crucial question of identi-
fving the elements in 2 8*'(22)/} J. We shall have to examine
again some involutions which were used elsewhere, [ y .7 .

For each pair of non-negative integers (n,k) we shall con-
struct a holomorphic transformation group (C*,V(n,k)) on a
closed complex analytic manifold of real dimension 2(n+k). With
k fixed we induct on n as follows. Let V(o,k) = CP(k) and define
(C*,V(o,k)) by t([)l,. .. ,}(_‘_l]) = [A go oo ﬂk’t)»c+1]'

Suppose (C*,V(n,k)) has been inductively defined, then V(n+l,k)

*
is the quotient of (C ,V{(n,k)X W) where W = Cz\{o,o} at t(x,z,w) =

(tx,tz,tw). Denoting by ((x,z,w)) a point in vV(n+l,k), we define
(C*,V(n+l,k)) by t((x,2,w)) = ((x,z,tw)). We may fibre V(n+l,k)
over CP(1l) with fibre V(n,k) by the projection {{x,z,w)) —> ]:z,w].

We are especially interested in Ef,v(n+l,k)36@/(n+k+l) (25}

where T((x,z,w)) = ((x,z,-w)). The fixed point set

F(n+l,k)¢C V(n+l,k) falls naturally into two parts. There is
Vin,k)ecV(n+l,k) as x —> ((x,1,0)), and there is F(n,k) V(n+l,6k)
as x —> ((x,0,1)). We have F(n+l,k) = F(n,k)L’V(n,k). Furthermore
the normal bundle to V(n,k)es V(n+l,k) is an analytically trivial
line bundle. In fact V(n,k)XC is mapped onto this normal bundle
by (x,w) — ((x,1,w)). To understand the normal bundle to
F(n,k)c V(n+l,k) we should show it is the sum of the normal bundle
of F(n,k)ecV(n,k) with a trivial line bundle. But if V(n,k) is
embedded in V{n+l,k} by x —> {((x,0,1)) then

F(n,k) c Vin,k) < V(n+l,k) and V(n,k) € V(n+l,k) has a trivial
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normal bundle too. Hence the normal bundle to
F(n,k) ¢ V(n+l,k) is the Whitney sum of the normal bundle
of F(n,k) € V{(n,k) with a trivial line bundle as required.
Inductively
Pl = (L v Uremn.
o<j<n+1
Furthermore, the normal to this fixed point set admits a non-

vanishing cross-section on every component.

(4.4) Lemma: If n > O then

2[T,V(n,k)] = [Zz,zz—]E(n,k)j

In ) (k) (Z2)- y
It is evident that /T, V(n,k)f = 0 if n > O, so we apply

(4.2). As V(n,k) is fibred over CP(l) for n > O we also have
index Z:I(n,k)j = 0.

A set of generators far_‘?/Tor = 7 l;;,XB,...,X4p,...;?
can be described by x4 =[-CP(2)_] and for p » 1, x4p = integral

linear combination of [V(n,k)] with n+k = 2p, n > O,

z{d- gp _J7’ . But otherwise, we can choose generators of
_Q/Tor such tl.zat for p » 1, [22'22-7x4p£ 2 qp(zz).

For any ﬁ‘d4p] consider [M4p_7 - {(index [M4P_7JZEP(2179.
This difference has index O so that it lies in the ideal

generated by {x4 }.. Using the fact that  /Tor —9-C:Z?Zz)

p 2
is an .Q- -module homomorphism we have

[zz,zz:!([m‘lP]- (ina [W42]) [cr ()] 1P g2 (94;(z2). Furthermore
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[;2,Z2]((indﬁa4p])£:P(2Jp)e 20;;@2) if index&4£’_7= 0 mod 2.

(4.5) Theorem: The necessary and sufficient condition

that [22,22]544278 2 0:(22) is
indexl{§4gj7= o) ng 2.

The reader will note of course that we have established

the sufficiency and the necessity seems plausible, but we must
postpone the proof of this because we are missing an important
invariant which will be developed in the next section.

We note that Rosenzweig, ZT— 1225217 , used his exact
triangle to show (f?/(z ) has no odd torsion and no elements
of order 4. Now Jg) Tor (fy(z ) = {0} so that we can regard
Tor (Sr(z ) as contained in Tor((f;/(z Y/J). Since
C9/*(Z )/3< a ’ Tor(&:(zz)/J) contains no elements of order

4 either. From (4.5) we conclude

(4.6) Corollary: For any p > O,
2-rank (Tor ( (SZ;(ZZ)/J4P)) - 2-rank (Tor ( CEZ;(Zz))

= rank (_Q.4p)

This measures the excess of the torsion in Cjz;(zz)/J4
over the torsion in cg;l (Z ). It is proved as follows. The

excess 2-torsion arises from J4ﬁﬂ 2 CS?/(Z ). More precisely
from the [4P] in _Q /Tor such that

1) index [M%®F = 0 moa 2

2) [u*®T # 0 mod 2.
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Since _€) /Tor is a polynomial ring over Z
rank_(l4p = dim(.ﬂ-4p /Tor)@ Z,.

We subtract off 1 because ind Ep(zﬂp= 1 for all p > O.

(4.7) Lemma: If agd, then there is gbga:(zz)

for which

2(a-j, (b)) = O.

Since (4.1) and (3.5) together prove that j, induces an

isomorphism
( @(zz)/J)/Tor ..fyd/Tor
the lemma is immediate.

(4.8) Theorem: Any torsion class in '@ *(Zz) is the

image under %), of an element of order 2 in & -

0 and Q*(a-—j*(b)) = 9* a.

Remember Rosenzweig showed that im ( 'Q*) is precisely the 2-

We simply use (4.7) for 2(a-j,(b))

torsion in 1, (z,). With (4.6) and (4.8) it is possible in
principal to compute the 2-rank of Tor (9*(z2) . For any m we
can use the isomorphism

2

am& ' ﬂn+l(M(K))
n+2k=m
74 a
to determine Tor( m) . Now m_l(Zz)ﬁf_Qm_l@ m__l(Z2)
-~

and it is known that £2 . (Z,)nv %_2. If m # O mod 4 then

2-rank (9;(22) = 2-rank dm - 2—rank_(2m_l - dim%m__2 .
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While if m = 4p

2-rank Q;(zz) = 2=-rank dp - 2.—rank_f24p_1 - dim ;}49__2
- rank_a4p + 1.

While the actual numbers are not meaningful by themsevles we
did want to point out that the 2-rank of d:(zz) can be

determined in every dimension.
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5. A trace invariant

Professors Atiyah and Hirzebruch pointed out to us the
form that the Atiyah-Bott Fixed Point Theorem takes for
orientation preserving involutions on closed oriented mani-
folds. 1In fact we shall derive the appropriate formula as a
corollary of (4.1), but the Trace invariant has additional
application to which we shall draw the reader's attention.

Consider a triple (T,V,(*¢,#)) wherein T is a real linear
transformation of period 2 on a finite dimensional re;1 vector
space V equipped with a bilinear, symmetric innerproduct (v,w)
which is non-singular in the sense that if v # O then there is
a w with (v,w) # 0. We also suppose that (Tv,Tw)= (v,w) of
course.

Denote by céEiT,V) the algebra of all linear transformations
of V into itself which commute with T and denote by
GL(T,V)<:C£2(T,V) those which are also invertible. Fix a positive
definite symmetric bilinear inner-product <fv,w;> for which
<TV,TW>§ (v,w> . Dernote by y(T)e= (T,V) the vector space
of those linear operators commuting with T which are symmetric;
that is, <V,LW> = <Lv,w> , and by)A_F(T)c%T) those which
in addition are positive definite; that is, (fv,LW> > 0 if
v # 0. Similarly &T)c f(T,V) is the vector space of those

linear operators which commuted with T and satisfy

(v,Dw) = (Dv,w)
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while ﬁ:(T)C ﬁ(/T) is the subset of D for which_in addition

(v,Dv) > O if v # 0. Observe that T £Jl(T)ﬂ Y(T) for

(v,Tw) = (TTv,Tw) = (Tv,w)

and similarly for =,<> . ‘/
We shall now exhibit a linear isomorphism of. v (T) with

ﬂ(/’l‘) which makes y+(T) onto ﬁ:(T). Using the non-
singularity of (¢,¢) we argue by duality that for each wg& V
there.is a unique DOWE V such that (v,Dgw) = (v,w) for all

v & V. It follows easily that D, is linear. Now

(v,Dow) = (V,W) = (w,v) = (w,Dov) = (Dov,w)J (v,Dov) = (v,v)> 0

if v # O.
It will follow that Doga’_!_(T) if we can show D,T = TD,, but
(v,DOTw) = <V,TW> = <Tv,w> = (Tv,Dgw) = (V,TDOW)

for all v and w so the commutativity follows from the non-singu-

larity of (e-,e). If LfJJy(T) , then DJL E&T) for
(v,DOLw) = (v,Lw} = <w,Lv>’ = (w,D,Lv) = (DgLv,w),

and (v,D Lv) = (v,Lv} ,» hence DL 6&;(T) if and only if
L&,y (T). Next, if Dgﬁ?T) then for any w £ V there is
a unique Lw for which (v,Dw) = '(V,LW> for all v. Again L

is linear, symmetric and commutes with T, so L§ y(T) . Note

that

(v,D Iw) = (v,Lw) = (v,Dw),
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hence DoL = D and so we have

D _: (T}{_*_-'lgl

o]

It is trivial to see that;g§z§+(T), and hence +(T),
is convex. We can argue that)6¢;+(T) is open -y (T) in
the following standard manner. Suppose LE y+(T) then,
using the compactness of the unit sphere, there is € > O
such that <v,Lv) > € for all (v,v? =1l. IfL'g ()
and l<v,(L-L')v>| <€ for all £v,v” =1 it follows
L‘ejy+(T) also.

We have shown that,géstjg) is an open, non-empty, convex
subset of the linear space &T). Thus 48:_(T) is homeo-
morphic to Aé’?f) itself. We are going to define a map of
period 2 on ‘éa;(T) and apply the Smith fixed point theorem
to show that the fixed point set is non-empty and connected.

We claim that if D& ﬁ:(T) then D_léﬂ:(T) also because

(v,0"%) = (op v, 07 tw) = (0" tv,w)

and

-1

(v, 0" %) = oo~ Yv,p"Yv) = o Yv,pd"tv)) > 0 if v # O.

The transformation D —> D_l is a map of period 2 on the open
convex set B:(T) and it has a connected non-empty fixed point

set. Obviously D = D™T if and only if p? = I.

(5.1) Lemma: The set of all linear operators on V
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satisfying

l) DT = TD

2) p?=1

3) (v,Dw) = (Dv,w)

4) (v,Dv) > 0 if v # O
form a non-empty connected subset of GL(T,V) and any two such
operators are conjugate in GL(T,V).

The reader will see that in what follows it is immaterial
which D in (5.1) is used. Choose D and let V = V_@ V_ be the
tl-eigenspace decomposition of V under D. The inner-product is

positive definite on V+ and negative definite on V_. Since

DT = TD the eigenspaces V+ and V_ are T-invariant. We put
Tr (T,V,(*»,»)) = trace (T,V+)-trace (T,v_).
Recall that
index (V,(e*,*)) = dim V+-dim v_.
Now use T to decompose V+, V_ as

A%
+

eq O
V+‘$ Vi

v

v e@ve.

The e(ven) denotes the +1 eigenspace of T and the o(dd) the -1.

Then

Tr (T,V, (*,*)) = (dim V$-dim V3) - (dim vEdim vO)

while
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ind (V,(e,®)) = dim v,%+ dim v3- (dim v_%+ aim v°)
thus

Tr(T,V,(*,®)) - ind (V, (e,e)) = 2(dim VO - @im VQ) = -2ind (Vv°, (s, ).

(5.2) Lemma: For any (T,V,(e,e))

Tr(TrVr (.l’) ):: ind (VI (' r’))
modulo 2.
Given (T,V,(s,#)) and (T',V',(e,e)') let

(T,V,(*,*)) & (T',V',(=,»)') be V + V' with innerproduct
((v+v' ,ww')) = (v,w) + (v',w')'

and (T+T') (v+v') = Tv + T'v'. Similarly, (T,V,(e,«))® (T',V'(*,¢)")

gives to V@ V' the innerproduct
(v@Vv' ,w@® w")) = (v,w) (v',w')"
and TQD T'. Using the definitions the reader may show

(5.3) Lemma: For any pair (T,V,(®,e)) and (T',V',(e,®)"')

Tr ((T,V,(*,e)) @ (T',V',(e,0)') = (Tr(T,V,(®,¢))) + (Tr(T,\V'(e,)"))

and

Tr((TIVI('r‘)m (T',V',(O,')')) = Tr(T,V,(®,®)) Tr(T',V',(e,e)").

We also observe that Tr(T,V,(®#,e)) = O if there is a T-
invariant subspace W&V with 2 dim W = dim V and on which the

inner-product is totally degenerate. The assumption of degeneracy
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implies WN v, = WN V_ = {0} and by the dimensional consideration

we see the projections induce isomorphisms (T,V+)£!(T,W)£:(T,V_).
We can use this to define a ring homomorphism

Tr :(9:(22) —> 7. We agree Tr is trivial on&;n(zz) ifm#O

mod 4. For (T,M%P) we define the usual inner-product on

H2p(M4P;R) =V by (v,w) = (va,U"4p>£R, where OZPE H4p(M4p;Z)

is the orientation class. Since T preserves orientation

* * *
(T v,T w) = (v,w), thus we have (T ,V,(*,®)). We set
*
or (T, M%P) = or (0", 5P WPiR), (0,v)).

The usual argument will show Tr only depends on the bordism

class [i,M4é]. First, if O, is replaced by - @, the result

4p 4p
is - Tr(T,M4p). If there is a (T,B4p+l) with (T,E;B4p+l) = (T,M4p)
then the image of
i*: (r7,m%P %P R)) —s (¥, %P m%P;R))

%*
is the T -invariant subspace W<:H2p(M4p;R) on which the inner-
product is totally degenerate and for which 2 dim W = dim H2p(M4pﬁ0.
With (5.3) and the usual arguments for the case of index it can

be shown that Tr :(i};(zz) —>7Z is a ring homomorphism. Finally

note that if T = I is the trivial involution then

Tr [T,M4g = index EM‘IPJ.

(5.4) Lemma: EEMZLPJE%p then Tr([Zz,ZZJE/I491) = 0.

Note that

H2P (z,% M4P; R) Ao HZP (M4P; R) @ u2P (M4P; R)
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and that T~ (v+v') = v' + v. The inner-product on HZP(ZZF M4P;R)
is ((v+v',w+w')) = (v,w) + (v',w'). Thus if HZP(M%P;R) = V,@V_

then we have
2p X 4p, =
BP (2, x M°PiR) = VOV (VPV))
and trace (T*,V+@V+) = 0 = trace (T*,V_@ V).
Cor X 4 ies i d/
(5.5) Corollary: If [Zz,zzj[M EJ lies in 2 4p(ZZ) then
index fM4E] =0
1f 2[’1‘ x4P] [ g0 ][4Pj then 2(E<4Fj] [M4PJ) = 0 so

ind X41;] = 1nd£M4ﬂ By (5.4) 2 Tr EI‘ X4pj = 0, so

TrET X4PJ = 0, but as we noted in (5.2), this implies
ind x42_1 = ind [M413]5 0

modulo 2. This completes the proof of theorem (4.5) of course.

In any case we see that Tr induces a ring homomorphism

e T e pra -
We alsc know that ,j&(z y —> %? induces an isomorphism

ﬁ/(z /9@ Z(1/2)Q197@zu/2) Thus we ought to be able to

find a formula for Tr in terms of the self-intersection of the

fixed point set with itself. Define

//:__()_4q(B0(2p)) —z

by assigning to [?—>V4q] the integer (-1)P index [V4%7.
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This extends uniquely to a ring homomorphism

-

(5.6) Theorem: The homomorphism Tr : CSKQZZ) — Z is

equal to the composite homomorphism

ey LG A,

Since by (4.1), (Oif(zz)/J)(Z Z(1/2) is the polynomial

[ %]
ring over.filQﬁZ(l/Z) generated by { [E\.,CP(2p)]}p=1 where

A [Zl,.-. ,22p+1] = [_erzzr---lzzp_l_l]

it is enough to verify the result for these examples. Since

(A*,HZP(CP(Zp),R)) is the identity Tr ZR,CP(ZpL7==]ﬂ As we

have seen,,\éé,CP(Zp)_7= —Z%p_z —>CP(2p—22]€,(%p_4(BO(2))
ana _P- [/zp-z —>cp(2p-2)7) ‘= ind [cp(2p-2)] = 1.

(5.7) Corollary: If (T,M4P) is an orientation preserving

involution on a closed oriented manifold for which every

component of the fixed point set has dimension less than 2p+l,

: Coe]- [o,,]je]

if and only if Tr [T,M4R] = O.

then

From elementary dimensional considerations

J?,Mﬁ: s[;’ —> F2P;(3f£ () (BO(2p)) As Z. The last iso-
O W
morphism is given by (-1)3,&[ We apply (4.2).

To complete the section we discuss the relation of (jt(zz)
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to I*(Zz), the unoriented algebra of bordism classes of

involutions on closed manifolds, [6(’!.2?] Every ele-

ment of I*(Zz) has order 2 and there is the forgetful homo-
morphism which neglects orientation. The analog for d_ in

the unoriented case is

7/? m=Z7 %n(m(k)).

n+k=m

Q©
With % = 2;0 %m there is a short exact sequence, [{_7 p

] 3
0 —>I.(2 Wy 5/ z) — o.
* 2) ¥ 2

From general bordism theory, [6 G/AZI,“, the sequence

~s

o 28 gy =9,
L2 wm —(2 iy — 77 my))

is exact, and there is the Thom isomorphism
-

9/- ' n(BO(2k))_{g%+l(M(2{))

therefore the sequence

a——da =9

is exact, where r neglects the orientation of ;@T

(5.8) Theorem: E m # O mod 4 then
£ Ojﬁ/(zz) — 1,(2))

is a monomorphism. If b g (94;(Z2) lies E‘_ the kernel 9£ r,
= ] ' 4p £, ; 1 457 T .
then b = 2b' + [ZZ,ZZJEI J for some b 8@;(22) and EM 6'(42;) /Tor
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Finally, b & 26;(z2) if and only if

4
1) r() =0

2) Tr(b) = index (b) mod 4.

In general we have
> T (2
(2)

C9/m(22) : >OI;(22) -~
L s, \ER b,
d—d—= %

If r(b) = 0, bf q(zz) then rj,(b) = 0 %/m and there is

a € dm with 2a = j_(b). By (4.7) there is b'g@'m(zz) with
2(a=j,(0")) = 0 = j, (b) - 23,(b").

Since O;:(zz) —>dm is a monomorphism for m # O mod 4 we have
2b' = b. But.c9;(22) consists entirely of elements of order 2,
hence b = O and the first part of (5.8) is established.
If m = 4p then since jx(b=-2b') = O we have
- 4p] " . .
b = 2b' + [22,22][M . Now b £ 2 @:(Zz) if and only if

[z,.2,][M*"] ¢ 2/(2,); that is, by (4.5) if and only if

ind 544137= O mod 2.

But

ind (b) = 2 ind (b') + 2 ind [M"P]
and by (5.4)

Tr(b) = 2Tr(b')

so that
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ind (b) - Tr(b) = 2 ind [M4E7 + 2(ind (b') - Tr(b'))
or

ind M4137= 1/2 (ind (b) - Tr(b)) - (ind (b') - Tr(b")).

Since index = Tr mod 2 we see that index /ﬁ427 £ Omod 2 if
and only if ind (b) = Tr(b) mod 4.

This last be summarized into a Rochlin sequence as follows.

A Ty -
by A[I‘,M‘IE] = 1/2 (ind 5’1487 - Tr [T,M4p]) then

(5.9} Corollary: For p > O the sequence

(9,;,(22) 2. ul> 1,2,)8 2,

, 4p(Z2)

Define

is exact.

(5.10) Corollary: If 2b =0 and r(b) = O, then b = O.

We need only consider bE'C:Z;(Zz). Since 2b = 0,
Tr(b) = ind (b) = O, so since r(b) = 0 also, b is divisible by
2. There are no elements of order 4 in <§Z}Z2).

We can describe the structure of (ftkzz)/Tor as an algebra
over _f2./Tor. Consider a graded polynomial ring
() /Tor E<o'K4’ ce ,K4p, e J . Let 8’ be the ideal generated by

(K (R _-2), K_(K,~ [cP(2]]),.... .KO(K4p—[c1>(2p)]) A

(5.12) Theorem: There is a natural isomorphism of

Cﬁ:(zz)/Tor with the quotient of the polynomial ring
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__Q./Tor [Ko"" 'K4p""J by the ideal 8/

d K —~—> i/ d K —> 1 A,CP(2p) for > 0.
Sen o [Z2 2] an I4p [ (2p P
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6. Examples

The first example which comes to mind is (T,Vzgx V2p)
where V2p is a closed oriented manifold, the product mani-
fold receives the product involution and T(x,y) = (v,x). We
assert that Tr [T,Vpr VZE] =fk:(v29). The fixed point set
is the diagonal, and the normal bundle is the tangent bundle
to V2P, 1In section Z, p. 90 , we saw that if %,Z/—> v2P
is given the orientation arising from the complex structure
then S 'Z’—>v2P, 6(;]= % (V2p) . However, in this case we
are to use the product orientation onw’Z’ — v2P which
imparts to the self-intersection the sign adjustment
(-l)Pat(VZP), but application of,,/ymultiplies by another
(-1)P, hence Tr [I‘,Vsz Vz_P] = % (V2P) as asserted. Note
explicitly that [T,Vsz szj does not depend on [;fzgalone!
In fact, by (5.7), [T,Vsz V2pJ= O if and only if

K v?P) = 0 ana 2 [v2?P] = og_()zp.

Another example arises from a conjugation involution on
an almost complex manifold M4P, ZT?E; C22543217. The tangent
bundle has an orthogonal bundle map

T
N/
m4p

with J2 = -I. This complex structure orients ‘¢ — M%P  canoni-

cally. We suppose that we are given an involution (T,M4p) for
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which J4T = -dTJ. We call this a conjugation. If we regard
., — M4P 55 a complex bundle over M4p, then the bundle
induced by T : M® - M*P from 7,3) is (2-3) — M*P; that
is, the conjugate bundle. It is important to realize that
since the complex dimension is even, J and -J induce the same
orientation so that T is orientation preserving in this case.
This is merely the observation that on C2p the operation of
conjugation is orientation preserving.

Come down to dT_, J_ and GZ; at a fixed point x & M?P,
The eigenspaces of de split ,l; into ’Z’X' & X which are
respectively the *1 eigenspaces. The fixed vectors in Qf;
are the tangent vectors to the fixed point set at x, while
the skew vectors in ;x are normal to the fixed point set.
Since deJ.x = —JXdTX we see J : (' —>; s an orthogonal
bundle equivalence of ftr' with 5? , thus the fixed point set
is a 2p-manifold F29c3M4p and so is called the real fold of
T

the conjugation. The restriction of to F2p has the natural

form J’Z"@’Z’ 'o= ;@ Z—'. This says that the orientation
on frr'g T ' = }"@‘Z ' given by (v,w) —> (-w,v) co-incides

with the orientation of GZ’—€>F2p given by -J, and this is the

natural orientation inherited from that of M4p. Now

s [T — ¥, 690_7= k(sz)
but js[’t' —>F2P, 0;]: (—1)Pk(F2P) X

(6.1) Lemma: Eﬁ_(T,M4p) is a conjugation on a closed
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almost complex manifold, then

Tr [T,M4P_] = (—1)Pj((F2P).

To verify this consider the conjugation (T,CP(2p)) given

- - *
by Ti{z ,...,2 =1Z ,e00,2 . Now T (c) = -c for the
Y [1' ! 2p+l] [1' ’ 2p+l]
generator c £ H2(CP(2p);Z), hence T (cP) = (-1)PcP. Since the
innerproduct on HZP(CP(anR) is positive definite,
Tr[T,cP(2p)] = (-1)P. The real fold is RP(2p), so
-1)PA(re (2p)) = (-1)P.
. . . . . ~2p . w2p h

Continuing with a conjugation, denote by F >F the

canonically oriented orientation double covering of the real

~ - .
folda and by (T,$2PX‘%ZP) the orientation preserving involution

(x,v) = (y,x)

(6.2) Theorem: If (T,M4P) is a conjugation on a closed

almost complex manifold, then

2 [2.m%®] + (1% 52 3] _ [22,z2‘]l_'1»14€[.

Recall Tr [r,u%F] = -1)P X #?P) ang
Trf’f,?sz ’EZPJ =k ('E‘"ZP) = 2% (F2p). We can apply (5.7) to
2 EI‘,M4p] + (-l)p+lF,?ZPx ?E"ZPJ, but EEZP ]= 0 in__(]_?_p since
’EZP admits an orientation reversing involution without fixed

points, hence with (5.7)
2(2 EI',M4p] + (-1 PHEFRy ?ZPJ —[erZ;[M4p]) = 0.

If we can show this torsion class is O in I4P(Z2) then by (5.10)

we are done.
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On the face of it, it is enough to show ["E",‘f"sz ?2517'2 = 0.
Let 4 : %"29 ___>’}‘_;2p be the orientation reversing fixed point free
double covering involution. Then d x d on ?pr "F‘.‘Zp is a fixed
point free (now orientation preserving) involution which
commutes with "E" Extend T to the mapping cylinder of the
quotient ’EZPx ‘FZP _— (’i;sz ’F\"ZP)/(d X d) to see that
[z,7%P inﬂz =0in 1

(z,).

4p " 2
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