
Lecture Notes in Mathematics 
A collection of informal reports and seminars 

Edited by A. Dold, Heidelberg and B. Eckmann, ZUrich 

73 

Pierre E. Conner 
University of Virginia, Charlottesville 

1968 

Lectures on the Action 
of a Finite Group 

m �9 

Springer-Verlag Berlin-Heidelberg-New York 



All rights reserved. No part of this book may be translated or reproduced in any form without written permission from 
Springer Verlag. �9 by Springer-Verlag Berlin" Heidelberg 1968 

Library of Congress Catalog Card Number 68-57939 Printed in Germany. Title No. 3679 



CONTENTS 

Introduction .......................................... 1 

Chapter I Line Bundles with Operators ................ 19 

1. A co-ordinate system with operators ............ 19 

2. Covariant stacks ............................... 29 

3. Covariant stacks with operators ................ 32 

4. An example ..................................... 35 

5. Two spectral sequences ......................... 43 

6. Sheaves with operators ......................... 47 

7. Nerves of coverings ............................ 56 

8. The sheaves p: (C~j~ --~ (~X) .................. 6O 

9. Topological examples ........................... 66 

10. Holomorphic line bundles with operators ........ 69 

11. Maps of prime period ........................... 80 

Chapter II Orientation Preserving Involutions ........ 82 

�9 

2. 

3. 

5. 
6. 

The bordism group Ank2k)'' ....................... 

Self-intersection .............................. 

The structure of ~ ............................ 

The ring O1.(Z 2) .............................. 

82 

87 

93 

99 
A trace invariant .............................. 107 

Examples ....................................... 119 

References ............................................ 123 



INTRODUCTION 

These notes are based upon a series of lectures given, 

by the kind invitation of Professor Albrecht Dold, at the 

Mathematics Institute of the University of Heidelberg. The 

first chapter is aimed at a demonstration of the principle 

of borrowing ideas and techniques from the various branches 

of modern algebraic topology and using them to attack a pro- 

blem in transformation groups. As far as we know, this 

principle was formally stated first by Borel, who followed 

it in a most elegant fashion. 

We simply contrive a problem and then set about it. In 

defense of the question we should point out that there has 

been recently a considerable interest, with profitable results, 

in the application of vector bundles with operators to the 

study of finite transformation groups. The reader need only 

refer to l ~  // 5 We shall restrict our attention to 

complex line bundles with operators. Thus (~,X) is a left 

action of the finite group ~on a space, X. A line bundle 

with operators (H~J,~)--> (/~,X)is a line bundle over X 
J 

together with a left action of ~on ~ as a group of complex 
r 

linear bundle maps covering the action of~on X. Via the 

tensor product these form an abelian group~(/~/X). The unit 

is the action of //~on the product bundle given by 

h(x,~) = (hx,~), h ~//~ . We ask how~(~,X) is determined. 
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If we think of the case of line bundles alone, without 

operators, we immediately recall that such is determined 

uniquely by its Chern class in H2(X;Z). Our first idea then 

is to find a suitable replacement, a kind of equivariant 

cohomology group, in which we can associate to every line 

bundle with operators a Chern class which uniquely determines 

~,~) --> (~X). A direct obstruction approach does not 
C 

satisfactory, but another route is at hand. Let~* --~ X prove 

be the sheaf of continuous maps into C*, the abelian multipli- 

cative group of non-zero complex numbers. Then HI(x; ) is 

first shown to be isomorphic to the group of complex line bundles 

over X, and next it is proved that HI(x; ~*)~ H 2(x;z). 

The identification of HI(x;~ *) is possible because a line 

bundle arises from a co-ordinate bundle and the defining equation 

for a co-ordinate system in an abelian structure group is really 

a cocycle condition and equivalent co-ordinate systems are 

cohomologous. Our first task then is to define and study co- 

ordinate systems with operators and this is carried out in 
~J 

section i. We cover X by ~f an indexed collection of open 

invariant sets, then a co-ordinate system with operators is an 

assignment to each pair (i,j) of a map 

rj,i :~X (Vj~V i) --> C* 

so that for x ~ Vk~ Vj~ V i and h I, h 2 in 

rk, i(hlh 2,x) = rk, j (hl,h2x)rj,i (h2 ,x) �9 
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A ~ 

If eE'f/is the identity then it follows {r. .(e,x)} is a 
3,i 

co-ordinate system in the usual sense. On each V. ~C an 
3 

action of ~is defined by 

and the formula 

h(x,~) = (hx,rj,j (h,x~) 

rj (h,x)rj i(e,x) = r. . (h,x) = r. . (e,hx)r i (h,x) 
,j , 3,1 3,1 ,i 

on Vj~V i guarantees compatibility of these local actions. A 

co-ordinate system with operators is "trivial" if we can find 

--> C so that r. . (h,x) (x) (hx) on map i : Vx 3,1 i j 

Vj~V i. Thus we have made a simple extension of the gj,i in 

Steenrod's book. 

In what sense is the resulting group of equivalence classes 

of co-ordinate systems with operators a 1-dimensional cohomology? 

The appropriate definitions are discussed in sections 2 and 3. 
~ B 

Let K denote the nerve of ~y. Then a covariant stack with 

operators on K is defined as follows. To each simplex,~r'~ 

associate ~*(~-) the 

f : Sup (O') > C . 

Kf 

multiplicative abelian group of all maps 

This is given a right Z(~)-module struc- 

ture by (fh) (x) = f(hx). If O-'cGr" then Sup (~)~ Sup (~") 

and restriction is the Z(~)-module homomorphism 

*(O-' -->~) : (C~'') --> (~-). Consider a function 

/ 
which assigns to each triple (Vi,Vj;h) a function 

(Vi,Vj;h) S~*(Vj/~Vi). Write this function as rj,i(h,x). 
t %  

Now ~ should be evaluated on a (Vk,Vj,Vi;hl,h2) and omitting 
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the connecting homomorphisms we should put 

The last term is meaningful because ~ (Vk~ Vj/~ V i) is a right 

Z(~-module. Considering the definition of the action of h 
2 

the coboundary formula is equivalent to 

rj ,i (h2'x) r k,i (hlh2'x) -ir k, j (h l,h2x) 

thus~ is a l-cocycle if and only if 

rk,l" (hlh2'x) = rk,j (hl'h2x)rj,i(h2'x)" 

Now to give a meaning to this we next turn to homological 

algebra. The reader will recognize that we follow MacLane's 

book closely. The setting is a simplicial complex K together 

d with a covariant stack ~> K assigning to each simplex 

a right Z (~-module and to each O"CCT" a Z (~-module homo- 

morphism ~ (O'' -->~r') :~(~7-') -->~(O'). We want to define 

HP//~/;~), the cohomology of the group~with coefficients in 

a covariant stack with operators. We put together the usual 

simplicial definition of cohomology with coefficients in a stack 

and the definition by means of the (un-normalized) bar construc- 

tion, of the cohomology of a group, /~, with coefficient in a 

(right) Z(~-module. It comes out like this. A basic p-chain, 

bp, is a pair (V~ where V~ p is an ordered 

(p+l)-tuple of vertices spanning a simplex Ibpl in K and 

hl,.,.,h p is an ordered p-tuple of elements of~. A basic O-chain 
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is a pair (V~ ()) where ( ) generates ~o(~ a free right 

Z(/~-module. A p-cocycle ~ cP(~;~) is a function which 

to each basic p-chain, bp, assigns a value~(bp)~( Ibpl)- 

omitting the connecting homomorphisms 

~(bp+ I) = ~(vl,...,uP+l;h2,...,hp+l) 
P 

+~ (-1)~V ~ ...,hp+ I) 
j=l 3 j+l' 

+ (-l)P+l~(v~ I. 

This defines HP(K;~) and in fact HI(K;~ *) in the situation 

discussed previously is just the group of equivalences c l~es 

of co-ordinate systems with operators on the covering 

This precise definition is suggested by Bredon's treatment of 

equivariant cohomology 

In this form it appears difficult to compute HP(~;~). 

However, think of it this way. There is a covariant functor 

~--> C(Q-) assigning to each simplex the simplicial chain complex 

of that simplex. Each C(O--) then is a simplicial module equipped 

with face and degeneracy operators,~~J3J. Likewise, the bar 

construction~(~ has face and degeneracy operators and is 
J, 

acted on by ~as a group of "simplicial maps." Then for each 

simplex ~ we formed the simplicial product 

C(0") ~ ( ~  = {Cp(Q')(~Z~p(~')}- 

We then used the simplicial structure to define our coboundary. 

Clearly we could have formed a tensor product of chain complexes 
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C (~'9 ~J(//~)= {r+s~ Cr ~') ~Z/s (~ } �9 

This would amount to using b -chains, (V~ 
r,s s 

with I b I the simplex spanned by (V~ Then r,s 

~Cr's(~) assigns to b a value~(b r s)~(Ibr,sl ). Z r,s , 
Then C p (~;~) = C r,s (~;~) becomes a bigraded complex 

r+s ==p 

with ~=~" +~r,, defined in the obvious way. It is the 

Eilenberg-Zilber Theorem which shows that this bigraded cochain 

complex also yields HP(~;~). The equivalence in Eilenberg- 

Zilber is natural, so it carries the action of ~'~as a group of 

simplicial maps. 

Now we have two spectral sequences for H ( ). The 

"Es'r-term is Hs(/~;Hr(K;~)) the cohomology of~with co- 
2 

efficients in the right Z(~-module Hr(K;~). The 'E r's is 
' 2 

Hr(K;~ s) where~ s --> K is the stack ~--> HS(~~(~)). 

We have arrived, then, by a semi-algebraic route in well- 

known territory. For what have we but the spectral sequences 

introduced by Cartan and Borel, f~f~ J~/J. If each ~(~) is 

free, then the 'E-spectral sequ~e shows 

H p(~;~)~ H p (K; ~o) = Hp (K; ~ ) so "Es'r'----~H*t (K;~) with 

"E 2s'r~Hs(~;Hr(K;~))._. This is the analogue of the spectral 

sequence of a covering (i.e. ~acts freely on X). In fact, 

Bredon's treatment of this area in ~f,/SJis the same as ours 

except that he uses a free acyclic space for ~rather than the 

bar construction. Our approach so far is along the lines of 

Cech theory and this is suited to our interest. 
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In section 6 we come down to sheaves with operators and 

we turn aside from the ~ech approach. We take ~/to act 

trivially on the base space Y so a sheaf with operators 

(~,~ m> y is just a sheaf together with a right action of 

~as a group of stalk preserving sheaf automorphisms. There 

are two ways to define HP(~;~). We could note that the 

canonical resolution has natural operators 

o - >  . . . .  

so that the global sections 

C r(Y;~) : F(y;~ r(Y,~)) 

receive a right Z (M-module structure. Let 

Cr's (/~;~) = H~ (~/~ (~s (~' cr (Y;~))' where /{~ (/1~) } is 

the bar construction and then take H p (~;~) to be the cohomology 

of the resulting bigraded cochain complex. We immediately see 

this way that "Es,r~Hs(~/~Hr(y;~)) There is a second approach 
--2 

which is to associate with (~,//~) a certain differential sheaf 

(~) ~o (~) ~1#>... Ss#>~ s (~) > ... where 

P(u,~S(~)) ~ HOmz~ .~s(~,~U,~)) for every open U. 

When the canonical resolution of a differential sheaf is taken 

there always results a bigraded cochain complex, ~ J . 

We take HP(#/~;~) to be the cohomology of this bigraded complex. 

, r,sp~ Hr(y;~S) where This time it is clear that E 2 
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The proof of the equivalence of the two definitions, 

both of which have desirable features, proceeds as follows. 

Take any acyclic resolution by sheaves with operators 

o - - >  ~ , ~ - >  ~ o , ~  __> . . .  _> ~ j , ~  _> . . . .  

Apply the functor A to get 

o (~Z) - > . / I  o (~o~ _ > . . .  -->.zl. o ( ~  j~ 

_a_ ~)~ ->~.~c ~~ 

--> ..~ 

�9 I �9 

- - >  , �9 �9 

Each horizontal row is still an acyclic resolution and vertical 

arrows are coboundary operators dual to ~:~i(~) -->~i_l(~). 
./ . J  

We can compress this into a bigraded differential sheaf 

i+j =s 

As J! (~) is a differential sheaf, its canonical resolution 

yields a bigraded cochain complex K r's = cr(y;~(~) s), which 

is secretly trigraded of course. We first show 

Cr,s (/~--;~) = C r (y,~S (~)) C K r's induces an isomorphism of 

the second definition 

Hp r  ~ ~P c~ .  

The "E-spectral sequence for K then shows 

H p(K) ~ HP( 2 Hom z ys (~z~) ~y,~r)) 
r+s=p (~) ' " 
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Incidentally, in section 6 we also show that to each 

exact sequence of sheaves with operators 

o-> c~t',~-> I~Z,~-> c~",~,~-> o 

there is associated an exact coefficient sequence in cohomology, 

.. - >  Hp I ~;~t' I -> ~p I ~; ~ I ~ Hp IH~;~,,~ - >  . . . .  

This shows us that we shall be able to get satisfactory Chern 

classes for our line bundles with operators. 

In section 7 we make a few remarks about the Cech defini- 

tion of HP(H~;~) for a sheaf with operators, but with one 

exception we do not really go into it at all. By this time, 

v 
the reader will see a Cech definition can be done and how to 

J 
make it come out to agree with section 6. Still, the Cech 

description is the whole point in relating sheaves with operators 

to bundles with operators. 

In section 8 we treat sheaves with operators (~,//~) --> (i// ~X) 

where/~is not trivial on the base. 

associated a sheaf cohomomorphism 

~ < h# 

X > X 

To each hS~/there is 

satisfying appropriate and obvious composition rules. Now we 

could take the direct image sheaf ~--> X/~over the quotient 



- i0 - 

space. It is induced by the quotient map y: X --> X/42"~and 

is a sheaf with operators ( 4 ~  --> X/~. We could say 

HP(//~;~) = HP(~;~, turning back, thereby, to section 6, 

or we could take the canonical resolution with operators, 

note cr(x;~) is a Z(//~-module, and put 

Cr's(~7~;~) = Homz(~2_ ) ~s(~), cr(x;~)) and pass to the 

cohomology of this bigraded cochain complex. The definitions 

are equivalent. From the second we immediately see 

" s'rr~-HS(//~;Hr(X;~)) In section 8 there are some useful E 2 ~ 

technical remarks about the 'E-spectral sequence for H (~;~). 

If --> X is the sheaf of germs of maps into C * then 

composition makes (~*,~) --> (//~,X) a sheaf with operators 

and HI(//~; ~ *) is the group of equivalence classes of complex 

line bundles with operators over (I/~,X). Now let //~operate 

on the constant sheaf X X Z by (x,n)h = (h-lx,n) and denote 

this sheaf with operators by (~,/~ --> (~,X). In section 9 

we then prove 

So we have the Chern classes for line bundles with operators 

and for H (~; ) we have 

"Es'r~ HS(//~/ ;Hr(X;Z)) 
--2 

In sections 4 and i0 we discuss holomorphic line bundles 

over (~,V n) which is a group of holomorphic isometrics in a 

K~hler metric on the closed connected complex analytic manifold V n. 
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The reader will see that our approach is especially well 

adapted to this situation. Denote by~~,V n) the Picard 

group of those holomorphic line bundles with operators which 

are topologically equivalent to the trivial line bundle with 

operators h(x,~)= (hx,~). We can just follow the Kodaira- 

Spencer treatment of the standard Picard group~(vn), ~ J  

to determine ,~(~7 n) and show it is a closed connected ana- 

lytic subgroup of~(vn). 

The reader will recognize that H*(~;~) is a simple example 

of an equivariant cohomology theory as discussed by Bredon in 

F~S6~C.~. As such, it has applications other than to the 

classification of line bundles with operators. For example, if 

Zp, a cyclic group of prime order then it was the study of 

H (Zp; ) which constituted the basis of Borel's new study of 

P. A. Smith's theorems, I ~ J. We touch this point very 

lightly and recommend Borel's original paper to the reader. 

There is a classifying space for complex vector bundles 

with operators which we do not go into in these notes, I'~j //-/ 

For the case of line bundles with operators it can be described 

as follows. First there is the regular representation of ~on 

C k where k = #(~). Form the n-fold direct sum of the regular 

representation with itself to obtain a representation of ~on 

C nk. This representation sends lines into lines and so induces 

an action (~,CP(nk-l)). Since a vector in a line is also 

carried into a vector in the image line there is naturally 

induced an action (~-~) --> (~,CP(nk-l)) on the universal 
( 
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bundle. If X is reasonably nice, then complex line bundles 

with operators over (//~7~,X) are in 1 - 1 correspondence with 

the equivariant homotopy classes of equivariant maps of 

(~,X) into (~,CP(nk-l)), for n sufficiently large. We shall 

show that these equivariant homotopy classes are in 1 - 1 

correspondence with the elements of H2(~). 

In section 1 the basic object is a pair (~,G) consisting 

of a left action of~on a topological group G as a finite 

group. Line bundles with operators correspond to a trivial 

action of on G = U(1) (or G = C in the holomorphic case). 

The added generality, while making some formulas a bit awkward 

and stretching out some computations, notably in section 4, 

does provide a unified background in which line bundles with 

operators, Atiyah real line bundles, and certain other cases 

we shall suggest, can all be embedded. After the initial 

discussion of (~,G) the theory goes along until the necessity 

for explicit computations arise. We are sparing in the use of 

examples, but we encourage the reader to work out the case of 

Atiyah real line bundles for himself. It is an interesting 
. J 

case and tractable because ~= Z 
2" 

We assume some familiarity with transformation groups. We 

use X /~r'~for the quotient space and ~ : X --> X /~ for the 

quotient map. We use ~T~to denote the isotropy group at 
x 

x ~X; that is, the subgroup of elements leaving ~. fixed. In 

connection with sheaves, we show just how far behind times we 



- 13 - 

F7 A 
are by using /(U,(~) to denote continuous sections. Other- 

wise we try to follow Glen Bredon's excellent treatment. 

To sum up, we have evolved a quasi-algebraic approach 

parallel to Bredon's treatment of the original ideas in the 

study of transformation groups introduced by Borel and Cartan. 

We have done this to study the classification of complex line 

bundles with operators. The problem was set up and so analysed 

to illustrate how concepts and results from several branches of 

modern topology can be fused together within the study of trans- 

formation groups. There is nothing at all original in Chapter I. 

The theory of bundles with operators is long and this author is 

not really well acquainted with it. The first formal treatment 

was due to Palais. The theory has gone through several stages 

with the present emphasis on equivariant K-Theory. 

In Chapter II we illustrate the use of bordism techniques 

in the study of periodic maps, in this case, of orientation 

preserving involutions on closed oriented manifolds. This 

matter was by-passed entirely until quite recently. The analogy 

between orientation preserving involutions on the one hand and 

involutions without regard to orientation, or orientation preserv- 

ing maps of odd period, is quite tenuous and it was clear that 

some new thoughts would be appropriate. 

Rosenzweig, E /~ J , started the work on ~,(Z2), the 

bordism algebra of all orientation preserving involutions on 

closed oriented manifolds. The first question is the relation 

to~,(Z2),__ the bordism module of fixed point free orientation 
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preserving involutions on closed oriented manifolds. 

is the natural homomorphism 

i. :~.(Z2) --> ~.(Z 2) 

There 

which ignores the freeness. The first key step was Rosenzweig's 

proof that the kernel of i. consists of precisely all the 2- 

torsion inl l.(Z2). One of the topics discussed in Chapter II 

is the image of i.. Next there is introduced the bordism algebra 

~.. The basic object is an orientation preserving involution 

(T,B n) on a compact oriented manifold with no fixed points in 

~B n. Then (T,B n) bounds if and only if there is an orientation 

preserving (~,W n+l) for which (T,Bn) ~ (~2~,~W n+l) as a compact 

regular invariant submanifold and such that~ 

in ~wn+l% B n. Then ~ is the resulting bordism group. The 
n 

triangle 

has no fixed points 

j, 
.(z2)" 

. ~ .  (Z 2 ) 

where j , and ~. are defined in the obvious manner, is exact. 

Next Rosenzweig computes the structure of ~as an~-module. 

The answer is not analogous to that of the case of maps of odd 

period, ~-- Z] . 

We begin in section 1 of Chapter II with ~again, but in 

the following format. The basic object is a pair (~--> Bn,~ 
& 
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wherein T--> B n is an orthogonal 2k-plane bundle over a 

compact manifold together with an orientation ~on the 

Whitney sum ~~-~--> B n where ~'~--> B n is the tangent 

n-plane bundle. Let - (~--> Bn,~)be (~--> Bn,-~, a 

boundary operator 

(~--> Bn,~) 

by remaking that along 

= ~ -->~Bn, ~, (~)) 

~Bnt ~ ~= ( ~~'of~ B 
normal at each point n 

where y 

and then is the outward pointing 

orienting ~ ~ '  -->~B n compatibly with ~ and ~ ~ .  

The bordism group An(2k) of such objects (7-->Mn' ~) wherein 

M n is closed is then defined. It is not difficult to identify 

An(2k) with the Atiyah bordism group An(T,BSO(2k)) where T is 

the covering involution over BO(2k). Then we are able to use 

Rosenzweig's result to see 

An (2k)~n+l (M ( ~ ) 

where M(~) is the Thom space of the canonical real line bundle 

~-->BO(2k). 

Next we define a self-intersection homomorphism 

S : A n(2k) m~_2k(BO(k)). This has been studied by others, 

including Ha~ori, but in different contexts. Roughly speaking 

take a generic cross-section~: M n --> ~ and intersect the 

image of ~ with the o-section to obtain a closed regular sub- 

manifold vn-2k C M n. Now the normal bundle ~--> V n-2k is 

the restriction of ~ , therefo:ce ~~Ivn-2k is 
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~ (~~) = ( ~ ~/~ Now is oriented and 

~@)~ is oriented by the complex structure (v,w) --> (-w,v), 

so the tangent bundle~ > V n-2k receives a compatible 

orientation. We set 

~J l~ | vn-2kJ~ S E~_~ ->Mn' = --> n-2k (BO (2k)). 

We use a different but equivalent definition of self-intersection 

to see it is a function of bordism classes in An(BO(2k)). We set 

Z 
n+2k=m 

An(BO (2k)) 

q+4p=m 

and ~=Io~, ~ ~ o % m  " m  Via the external Whitney sum 

both ~ and ~are made into graded commutative algebras over 

and S : ~-->~is an algebra homomorphism. 

We use S to prove ~/Tor(~) is the graded polynomial ring 

over ~/Tor generated by ~2p+l -->CP(2p+l),~J, p > O, where 

~2p+l > CP(2p+l) is the Hopf bundle and -- ~2p+l~ -~ CP(2p+I) 
! 

is oriented by the complex structure. This is done by showing 

s -7~p+l -> cP c 2p+l 7, ~ 

and then by a ~tandard we prove ~:~Tor~ is the polynomial 

algebra over _~/Tor generated by { 2p }p=O " 
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Thus S :~ /Tor -->~/Tor is onto, but with Rosenzweig's 

computation we know enough about the module structure of 

~/Tor to see that S has no kernel. 

Let J C ~,(Z2) be the ideal which is the kernel of 

j, : ~, (Z 2) -->~. There is an isomorphism ~/Tor~ J 

given by ~M4P~--> ~Z2,ZJ~M4Pj~ , where ~Z2,Z J denotes Z 2 

acting on itself by translation. Then let [A,CP(2p)2~4p(Z2), 

Z2p§ /- Z2p§ p > 0 be given by A ,..., = Zl,Z2,..., then with 

the self-intersection we show ~, (Z 2)/J)/Tor is the polynomial 

ring over~/Tor generated by {[A,CP(2p)3}p= I. Thus we know J 

and we know ~,(Z2)/J modulo torsion. In theory we could 

determine the 2 rank of the torsion in ~, Z 2) if we could 

determine 

J /9 2 ~, Z2). 

It turns out that [Z2,Z ~[M4pJ lies in 2 ~4p(Z2) if and only if 

index fM4P~= 0 mod 2. This is done by using special examples 

and S plays a key role again. 

In section 5 we introduce Tr : ~,(Z 2) m> Z, that is, 

given (T,M 4p) put in H2P(M4P;R) the usual inner-product 

(v,w) = <v~w, Q-4~ R and (T* * v,T w) = (v,w) since T preserves 

orientation. Split H2P(M4P;R) in to  veVt~ V ~ the • e igenvalues  

of T . Then 

Tr [T,M4P3 = index (V eV) -index (v~ 

This is a bordism invariant and defines a ring homomorphism 
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Tr : ~, Z 2) --> Z which vanishes on J. Since we know the 

s t r u c t u r e  o f  ~ ( Z 2 ) / J  mod t o r s i o n  we can  v e r i f y  a g a i n  t h e  

formula for Tr in terms of the index of the self-intersection 

of the fixed point set with itself; a formula drawn by 

Hirzebruch from the Atiyah-Bott Fixed Point Theorem. 

Since index [M4P3 = Tr~,M4PJmod 2 we define 

4p 2 2 

(Z) --> (Z 2) .... > I (Z2)~.. Z 
2 4p 2 

We then prove 

is exact. Here I (Z) is the unoriented analog of 
4p 2 

and r is the forgetful homomorphism. 

) 
4p 2 

In section 6 we work out some examples involving the 

conjugation involutions on almost complex manifolds of dimension 

4p. 
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Chapter I 

Line Bundles With Operators 

i. A co-ordinate system with operators 

We are all familiar with the co-ordinate transformations 

gj i in Steenrod's book, and we also know how these determine 

% 
a co-ordinate bundle, ~3f" Suppose (/~,X, is a 

triple consisting of a left action of the finite group //~on a 

topological space X together with an indexed covering, ~/, of 

X by //~-invariant open sets. Fix a left action (//~,G) of 

on a topological group G as a group of automorphisms. 

A co-ordinate system with operators is an assignment to 

each ordered pair of indices (i,j) of a map 

rj, i :/~X (VjfIV i) --> G 

such that for x ~ VktgVj/~V'l and hl,h2~/~ -~ 

rk, i(hlh 2 x) = (h-lr ' 2 k,j (hl'h2x)) rj ,i (h2 'x)" 

Remember //~acts as a group of automorphisms on G. 

(I. l) Lemma: co-ordinate system with operators i_ss 

equivalently determined by assignin9 to each (i,j) ~ map 

Rj, i :/~-~)~ (VjF~V.)I --> G 

such that on Vk/9 V.~V] i 
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Rk,i(hlh2,x) = (Rk, j (hl,h2x)) (hlRj,i(h2,x))- 

Let r. . (h,x) - h-iR. . (h,x) then 
3,i 3,1 

m 

rk, i(hlh2,x) = h21(hll(Rk, i(hlh2,x)) 

= h21 (hll (Rk,j (hl'h2x) "hlRj ,i (h2'x)) 

= h21rk,j (hl'h2x)rj,i(h2'x)" 

R 0 

],i 

Conversely, given the r. . (h,x) introduce 
3,1 

(h,x) = hrj,i(h,x). 

In any case note that if e ~ i s  the identity 

rk,i(e,x) = rk, j(e,x)rj,i(e,x) 

on VkF~V'/gV3 i so that the {r.3,i(e,x)} form a co-ordinate 

system in the usual sense. 

(1.2) Lemma: For any pair (i,j) 

rj,j(h,x)rj,i(e,x) = rj,i(h,x) = (h-lrj,i(e,hx))ri,i(h,x) 

on Vjn V i- 

Apply the defining equations first to h I = h, h 2 = e and 

then to h I = e, h 2 = h. 

Following ~,% f. /~I we propose now to construct an 

associated right principal (F/~,G)-space, (~,B,G) over (/~,X). 

As usual, consider the disjoint union U (i X Vi~G) and say 

that (i,x,g) e~(j,x',g') if and only if x = x' and g' = rj,i(e,x)g. 
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Denote by ((i,x,g)) the resulting equivalence class and by B 

the space of all such equivalence classes. A right principal 

action (B,G) is given by ((i,x,g))~ = ((i,x,~)). The left 

action of //~on B is then given by 

h((i,x,g)) = ((i,hx,hri,i(h,x)-hg)). 

We must show this is well defined. Note by (1.2) that 

hrj,j (h,x) -hrj,i(e,x) = rj,i(e,hx) .hri,i(h,x) 

thus if g' = rj,i(e,x)g then 

h(rj,j (h,x) .g') = hrj,j (h,x) .hrj,i(e,x) .hg 

= rj,i(e,hx) h(ri,i(h,x).g). Hence the left action is 

well defined. For h ~//~7", b ~ B and g ~ G we have 

h(bg) = h(b)hg 

according to the above definitions. The projection map 

p : B m> X given by p((i,x,g)) = x is /~-equivariant. 

Given (//~,X) we must define the expression "right principal 

(/~,G)-space over (///,X)." We must then show that every such 

arises from a co-ordinate system with operators, and finally 

we must know when two co-ordinate systems with operators give 

rise to the same principal (///,G)-space. 

A right principal ( /Z~,G)-space (J~,B,G) is a triple consist- 

ing of a right principal G-space (B,G) together with a left action 

of //~7-'on B such that for h6/~-~, b ~ B and g ~ G 
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h(bg) = h(b)'h(g). 

A right principal (//~,G)-space, p : 

(/~,X) consists of 

l) 

2) 

(/~7~, B, G) --> 

a right principal (//~,G)-space, (//n~,B,G). 

an open onto mapping p : B --> X such that 

a) p is a //~-equivariant map 

( J~7, X) over 

b) p(b) = p(b') if and only if there is a g 6 G with 

b' = bg 

c) for each x ~ X there is an open //n~-invariant 

neighborhood V x and a map ~:V x --> B with 

p ~ . ,  = i d e n t i t y .  

p ~. (x) = p(h-l~. j (hx)) = x 

therefore there is a unique element rj ,i(h,x) ~ G for which 

~i(x) = (h-l~j(~x))-rj, i(h,x). 

Now if x ~ Vkg9 Vjf~V i then 

~i(x) = h21~j(h2x).rj, i(h2,x) 

system with operators. Cover X with ~ collection of open 

//~-~-invariant sets, each having a specificed cross-section. 
g~ J 

Over V j ~ tYdenote by ~ : V j --> B this section. For any 

x ~ Vi~ Vj and h ~ ~ z~ we see from the //~-equivariance of the 

projection map p : B ---> X that 

Let us first show how we can find a suitable co-ordinate 
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h21~j(h2x) = h21hll~k(hlh2X)'h21rk,j(hl,h2x) 

~i(X) = h21hll~k(X)'rk, i(hlh2,x) 

hence we have the required identity 

rk,i(hlh2,x) = (h21rk,j(hl,h2x)) (rj,i(h2,x)). 

Denote by (///,B',G) P > (///,X) the right principal 

(//~,,G)-space over (//~-/,X) constructed from the co-ordinate 

system with operators. Define 

I : 

= ~i (x) g. 

B' > B 

X ! ! Note that if ((j, ,g )) = ((i,x,g)) 

~is well 

by {((i,x,g)) 

then x = x' ~ V.~ V. and g' = r. . (e,x)g, thus ] l ],l 

I x' ' ~j ((j, ,g )) = (x)rj ,i(e'x)g' 

but by definition ~i(x) =~j (x)rj,i(e,x), hence 

defined. The reader may define ~-i. In addition ~ is both 

G and /~-equivariant. The G-equivariance is trivial and 

h((i,x,g)) = ((i,hx,hr. . (h,x) "hg)) so 
lrl 

, = (hx) "h (r (h x) g) but by definition 

h~i(x) = ~i(hx)'hr. . (h,x) hence 
lrl .y- 

(h((i,x,g))) = h(~i(x)g) = h~(((i,x,g))). Finally, 

i 
r ' ,~) > r 

r 
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is a commutative diagram. This means every right principal 

(/~,G)-space over (//n~,X) can be obtained from a co-ordinate 

system with operators. 
~f 

Suppose next that on (/~,XYY) we have two co-ordinate 

systems with operators. Thus we have two sets {rj,i(h,x)} 

and {r' (h,x) } We shall say that these are equivalent if 3, i 

and only if there are maps 

~i : V. --> G 
1 

such that for x 6 Vi~ Vj 

r'. . (h,x)~. (x) 
3,1 1 

and h 6/// 

= h-l~.(hx).r .(h,x). 
3 j,z 

Let p : (/~,B,G)--> (//6~,X)and p' : (/~,B',G)--> (/~,X)be 

the right principal (///,G)-spaces constructed respectively 

from {r. . (h,x)} and {r[ .(h,x)}. 
3,x 3,x 

equivalence 

We shall introduce an 

/ 
(//~,B,G) < > C/~-',B' ,G) 

( j f f - :xl  

Let /(((i,x,g))) = ((i,x,~. (x)g))/. The reader should verify 
1 

t h a t ~ i s  a well  defined ~ - G ,  equ iva r i an t  homeomorphism. Now 

observe the following 

(1.3) Lemma: If for all i 

r' (h,x) ~. (x) = (h-l~ (hx))r (h,x) 
i,i "i i i,i 
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and for all (i,j) 

then 

'. (e,x) ~ (x) = 3 r 3 ,i i j (x) rj ,i (e,x) 

r ! 
3,i 

(h,x) (x) = (h 1 .(hx))r (h x) 
3 j,i ' " 

Recall from (1.2) that 

r. . (h,x)r. . (e,x) = r. . (h,x) = (h-lr. . (e,hx))r. . (h,x) 
3,3 3,1 3,1 3,1 i#i 

and similarly for r[ . (h,x). 
3,1 

(h-i/~.~% (hx))r. . (h,x) 
3 3,1 

= (h-i (r3 ,i (e,hx) 

Thus 

h-l(/tj(hx)r.~ 3, I" (e,hx)) .r.l,l. (h,x) 

~i (hx)) ) ri,i (h,x) 

= (h-lr , .(e,hx)) (h_l~ n (hx)r 
j,l i i,i 

(h ,x) ) 

= (h-lr ' (e,hx))r! (h,x)~ (x) 
j,i l,i i 

= r' . (h,x) ~ (x). 
j,l i 

Let ~ be a covering of X by //6~-invariant open sets which 

refines ~/~. That is, if J and J' are respectively the index- 

ing sets of ~and~there is a function f& : J' > J for 

which 

U ~ V 
i' n/~i' ). 

A co-ordinate system with operators {rj,i(h,x)} on 

a co-ordinate system with operators on ~by 

~induces 
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rj, i' (h,x) = r~ (h,x) 
, j') ,~i') 

for h ~ ~ x ~ Ui./9 ' Uj.. If ~: J' --> J is a 

refining function inducing 

second 

r~ (h ,x) rj. ,i' (h,x) = (j') ,~(i') 

then {r (h,x)} is equivalent to {~ (h,x) }. Since 
j' ,i' j' ,i' 

c we let ~. (x)= r~( i ),~i )(e,x)~ G. Ui' V~i')O V~(i') 1 ' ' 

On Ui.~ Uj. we have 

= (h, x) rj.,i, (h,x) ~(j'),Hi') 

N 

r~ ~ (h,x) . rj,,i. (h,x) = j') ,~'(i') 

= (e,x) =~. Thus r i' (e,x) (x) r~(j ),~i') 3 
j', i' ' ' 

Furthermore, 

N 

(x)r 
j' ,i' 

(e ,x) . 

ri' i' (h,x)~ (x) = r 
, i' ~(i'),~i') 

"-- (e,x) (h'x) r~(i' ) ,~(i ' ) 

= (h-lr~i.),~ i le,hx))r~i ,,~,. 
' ') ,Z(l') 

= (h-l~ (hx))~ (h,x) . 
i' i' i' t 

(h, x) 

there is a unique natural transformation 

of the equivalence classes of co-ordinate systems with operators 

on ~Y into those on ~. There is a direct limit set which is 

in natural 1 - 1 correspondence with the equivalence classes of 

the right principal (~)-space~o 

A left (~,G)-space F is a space on which ~and G both 

operate from the left so that if h ~ /~- , g ~ G any y 6 F 
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then 

! 

To the right principal (/~,G)-space p : (//n~,B,G) --> (//~7~,X) 

we can associate a fibre bundle with fibre F and structure 

"system" (//;~,G). Thus let G act on B X F by g(b,y) = (bg-l,gy) 

and set E = (B X F)/G, the quotient space of this left principal 

action. Denoting a point in E by ((b,y)) the action (J/~7~,E) is 

given by 

h((b,y)) = ((hb,hy)). 

Since h((bg-l,gy)) = ((hb.h(g -I) ,h(g)hy)) the action is well 

defined and the fibre map (?/~,E) --> (//R~,X) is //~-equivariant. 

Most attention has been given to the case where the action 

of /~on G is trivial. On the other hand, Atiyah's K-Theory 

And Reality, I / J , corresponds to G = U(n), ~ Z 2 and 

acting on U(n) as conjugation. Conjugation on C n will make the 

affine space into a left (Z2,U(n))-space and the associated 

bundles with fibre C n receives a "conjugation." 

The reader might ask if in our definition of right principal 

( ,//~/;)-spaces there was a loss of generality in requiring cross- 

sections to exist over //~J-invariant open sets. The answer is 

no because at any x ~ X there are arbitrarily small open sets U 
x 

invariant under the i so t ropy  group ~ a n d  which has the proper ty  
x 

that hUx~U x ~ ~ if and only if h 6 /~x. Given a section over 
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such a U x then by the action of //~it is translated over 

h~/~r~hUx" 
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2. Covariant stacks 

Fix a simplicial complex K and associate to K the cate- 

gory ~in which an object ~" 6 ~ s  a non-empty set of vertices 

all belonging to some simplex of K and in which the morphisms 

are inclusions�9 

An elementary p-chain of K is an ordered (p+l)-tuple 

c = (V~ p) of vertices all of which belong to some simplex 
P 

of K. To the elementary p-chain Cp we associate~j ICp[6~, the 

set of vertices {V~ p } . For each O~6~denote by Cp~) 

the free abelian group generated by all elementary p-chains, Cp, 

with ICpl~Cr- . The usual face and degeneracy operators are 

~V ~ 3 ,V p) O < j < p dj : (V~ p) = (V~ 

s i : (V O, ,V p) = (V~ ,vi,v i ,V p . . . .  ,... ), 0 < i < p. m 

Thus {Cp(~--), dj, s i } = C(~) is a simplicial Z-module, 

If ~-'~o-- then there is naturally induced a simplicial map 

C(a-') --> C(~-), hence ~--> C(m-~ is a covariant functor 

from the category ~into the category of simplicial Z-modules 

and maps. 

A covariant stack, F/~ J , ~--> K is a covariant 

functor from~into the category of abelian groups and homo- 

morphisms. We wish to define HP(K;~), thus we must first 

define the cochain group�9 

(2.1) Lemma: The following definitions of the cochain 
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group are equivalent 

i) A p-cochain~6CP(K;~) is a function which to each 

elementary p-chain, Cp, assigns an element y(Cp) ~i~(ICpl)" 
The coboundary 8 : cp (K;~) --> C p+I (K;~) is given by 

p+l 

( ) (Cp+I) = j~--0 (-l)J~(IdjCp+iI--> I Cp+ 1 ~ (dj(Cp+l)). 

2) _A p-cochain ~I~P(K;~) is a function which to each 

~'-6~assignsf(~) ~ Horn (Cp (~-),~ ((7--)) s_~o that if ~-~Q__ 

the diagram 

cp (r - > ~/ (r 

Cp (o - - ' )  > ( g" '  ) 

commute s. 

by taking 

The coboundary ~:~P(K;~) -->~P+I(K;~) is ~iven 

(8 F )(~-) to be the composite homomorphism 

~(~-) 
Cp+ 1 Cp > 

The reader should verify that ~S satisfies the requisite 

commutativity conditions. Define F : cP(K;~) -->~P(K;~) as 

follows Given (~_ p) ~ ~(Ic I) for each elementary p-chain 2 

and an bject ~ let F(~)(Q'~ be the homomorphism whose 

value on a Cp with ICp~O'-is ~(ICpl-->~y(Cp). Then 

G :~P(K;~)--> cP(K;~)is given by 
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We wish to show that FG = GF = identity. Now 

the commutativity for all Cp ~ Cp(~--). 

We shall just show that ~F = F~. Now (If 

P 

) (~-) 

) by 

is 

that homomorphism which on Cp+ 1 ~ Cp+l(~-) has the value 

p+l 

~ (-l)J~(o-9 (djCp+l). However, 

j=0 

(~) (Cp+l)"~ (-l) J~(IdjCp+l I 

j=0 

--> I Cp+ 1 I~ (djCp+ I) 

so by the functorial property 

F(~) _ (Cp+l) (-l) J~ (IdjCp+ll --> (djCp+l) 

j=0 

s (-i) JF( )~_ (djCp+ I) = ( FT))a~ . 
j--0 J 

The relation S G = G ~ is left to our reader. From either 

definition of the cochain complex we arrive at HP(K;4 ). 
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3. Covariant stacks with operators 

Let us open this section by recalling the un-normalized 

bar construction for the group /~, EO//o-//O'-]. First, 

/o(/~ is a free right Z (/n~)-module on one generator, denoted 

by ( ). For p > O,/(~D(//~)Z~ is a free right Z(y/)-module 

with a generator (hl,...,h) for every ordered p-tuple of 
P 

elements in~~. The degeneracy operators Si/p(//~) Jp+l(//~/) 

are the Z (J1 ;-module homomorphisms given by 

si(hl,...,h ) = (hl,...,hi_l,e,h ,...,h ), O < i < p. p i p - - 

The face operators d j ~ ,  ~ P(//~5-~p_l (///), O < j < p , _  _ are 

the Z (/n~)-module homomorphisms given by 

d (hl,...,h) = (h2,... ,h ) o p p 

dj (h l,...,hp) = (hl,...,h3.hj+l,...,hp ), O < j < p 

dp(hl,...,hp) = (hl,...,hp_l)hp. 

In particular, do(hl) = ( )' dl(hl) = ( )hl" We can also 

define an augmentation ~:/o(/~ --> Z by ( ) --> i. Thus 

(~7 = (//~ , d., s } is a simplicial Z (M-module. 
g i p=O 

A basic o-chain, bo, in K is a pair (V~ ( )) wherein V ~ 

is a vertex of K. For p > O, basic p-chain, b , is a pair 
P 

(V~ wherein (V ~ P) is an elementary 
P ~ J 

p-chain. Set Ibpl ~equal to the set {V~ Denote 

by B (0") the free right Z(~)-module generated by all the 
P 
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basic p-chains, bp, with IbplC~. Clearly 

Bp(~-)~ ~- Cp(~-)~Z~p/~)-- and face and degeneracy operators 

can be directly defined in B (O-) so that there is a natural 
P 

simplicial Z((r-)-module isomorphism 

{Bp(~-),dj,Si}p=O~- {Cp(Q-) ~/p(~,dj~dj,si~si }p=O = C(~)f(~. 

A covariant stack with operators ~--> K is a covariant 

functor from~:o the category of right Z(~/~-modules and homo- 

morphisms. We wish to define HP(~4), the cohomology of the 

group~with coefficients in a covariant stack having operators. 

This time there are four equivalent definitions of the p-cochains. 

i) A p-cochain is a function y which to each basic p-chain, 

bp, assigns an element~(bp)~(Ibpl ). ~ j 

2) A p-cochain is a function ~which to each ~6 VC 
assigns an element /r in Homz(~(Bp(~r-),#(~r-)) so that 

if a--' C O-- 

commutes. 

3) 
assigns 

that if 

then the diagram 

I(o-) 
Bp (Or-) > (~) 

B ~--') >~ (~-') 

Ap coc ain is a function /which to each 

~-' ~ ~-- the diagram / 
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Cp (~--) 

C (or-') 
P 
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AO-' ) 

>H~ ~Gr-)) 

>Hom z (~/p (~'~ ' ~-') ) 

4) A p-cochain is a function~ which to each ele- 

mentary p-chain Cp assigns~(Cp)~ Homz(~/~ ~p(~, ,Cp,)). 

The first and second, as well as the third and fourth, are 

seen to be equivalent by an argument similar to (2.1) If we 

recall that B (~r-) ~- C (~)~ ~ (//A~) then the standard 
P P 

isomorphism 

HOmZ(~) (Cp(O'-)~)Z/p(//~),~ (~)) 

H~ Homs(~/~(/~,~(~))) 

is used to establish the equivalence of the second and third 

definitions. If we omit, as is customary, the homomorphisms, 

then the coboundary operator in the first definition is given 

by 

•y " . . . . .  ,hp+ I) p (v o , ,vP+l;hl, 

= (V 1 ...,vP+I; ... ,... ,..., ; 

j=l 

h l,- .. ,hjhj+ l,--.,hp+ I) + (-l)P+l~(v~ l,...,hp)hp+ I. 

In any case we arrive at HP(~;~). 
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4. An example 

In complex k-space, C k, let zk~c k be the additive sub- 

group of points all of whose co-ordinates are integers. 

is an exact sequence 

0 --> zk --~ ck e --> G --> 0 

There 

where G is the k-fold direct product of C , the multiplicative 

abelian group of non-zero complex numbers, with itself, and 

e(z ,...,z ) = (exp 2~i Zl,...,ex 2~ Zk). We fix a left 
1 k 

action of ~on C k as a group of complex linear automorphism~ 

and we assume Z k is invariant under this action of~. There 

is naturally induced a left action of ~r~on G as a group of 

automorphisms. 

Consider then a left action (~,V n) on a closed connected 

compact analytic manifold as a group of holomorphic transforma- 

tions. Fix a covering ~ of V n by open //~-invariant subsets. 

Let K be the nerve of this covering. Since a vertex of K is 
~f 

an element of ~Yto cache" ~ w e  can associate an open, non- 

empty H~-invariant set, Sup (q-)~V n which is simply the inter- 

section of the vertices which make up ~'. A covariant stack 
/%1 

with operators ~--> K is defined as follows. For each ~-8 ~, 

let~(Q-) be the multiplicative abelian group of all holomorphic 

maps f : Sup (Q-) --> G. This is covariant for if o-'~ then 

Sup (~-)~ Sup (o-') and ~ "  ~>a-) is the restriction. A 

right Z(m-module structure on ~[~) is given by 

((f)h) (x) = h-lf(hx) . 
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If ~ ~ CI(~;~) then to each (Vj,Vi;h) there is 

associated a holomorphic function r-', i(h'x)3 : V./~V. --> G. 
3 i 

Now 

(~) (Vk'V j'Vi;hl'h 2) =  Ivj,vi;h2   Vk,Vi;hl,h2  -I 

~y(V k,vj ;hl)h 2 , 

which corresponds to 

rj ,i (h2'x) rk,i (hlh2'x)-lh21rk, j (h l,h2x) . 

Thus ~ is a 1 - cocycle if and only if {r. . (h,x)} is a holo- 
J ],l 

morphic co-ordinate system with operators. Suppose that 

, are two 1 - cocycles with {r (h,x) } {r' (h x)} the 
3, i ' 3, i ' 

corresponding co-ordinate systems with operators. If 

~ C~ has ~ ~S~= (~. then ~ is an assignment to 

J(x) : V. --> /9~ such that each V.1 of a holomorphic ~i i 

or 

r ~ 
3,i 

r 0 
3,i 

(h,x) %~. (x) (h -I ̂ ~ (hx))-i = r'. (h,x) 
l j 3,i 

(h -I (h iX) �9 --Ai(x) = .zkj(hx))r'j,i(h,x) 

/ _  

on V./I V.. Thus 09' and~ are cohomologous if and only if the 
3 J J 

corresponding co-ordinate systems with operators are holomor- 

phically equivalent. Thus HI(~;~) is the abelian group of 

holomorphic equivalence classes of the holomorphic co-ordinate 

systems with operators over ~. Similarly, HI(K;~) is the 

group of holomorphic co-ordinate systems over eY. Let us study 

the relation of these two cohomology groups. 
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There is the natural homomorphism Hl(//n2~;~) --> HI(K;~) 

which ignores the operators. Consider a holomorphic co- 

ordinate system with operators {rj,i(h,x)} which represents 

an element of the kernel of this homomorphism. By definition, 

then, for each V i there is a holomorphic ~i(x) : V i -->~ 

such that on Vj~V i 

rj,i(e,x) ~. (x) = ~j(x) 

We assert that on Vj~V i 

h-i ~ -i ~ ~ (hx) .r i i(h x)~ i(x) j (hx) .rj,j (h,x) j (x) - h -I -i ~ 
i t F �9 

Note first that on Vj~ V i 

-i 
r~,j j(h,x) = r~,j j(h,x)r-,j i(e'x)r~,3 i(e'x) 

then 

-1  -1 
= (h rj,i(e,hx))ri,i(e,x)rj,i(e,x) , 

j (hx) . r j , j  (h,x)  �9 j (x) 

= h - l ( ~ j ( h x ) - l r j , i ( e , h x ) )  . ( r i , i ( h , x ) r j , i ( e , x )  

_ _  i ( hx )  " r i , i ( h , x )  �9 i ( x ) .  

I 
i 
[ 
i 

This defines, therefore, for each h E H~i -~ a unique holomorphic 

V n map R(h,x) : --> G. Since V n is closed and connected wel can 

simply write R : ~--> G. We want to see that 

R(hlh 2) = h21R(hl)-R(h2 ). On Vj we write 
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h-lh -I~ (hlh2x)-l'r (hlh2,x) .~ (x) 2 1 j j,j j 

= h-lh -I~ (hlh2x)-l.h-lr (hl,h2x).r (h2,x) ~)~ (x) 2 i j 2 j ,j j ,j j 

: h-l(hll(~ (hlh2X)-l).r (hl,h2x) ~ (h2x)) 2 j j,j j 

X (h21(~j (h2x)-l)~ (h2'x) ~j 2 (x)) = h-iR(h I) �9 R(h 2 ) o 

If G is given the right Z(~)-module structure gh = h-l(g) 

then R defines a cohomology class in HI(Qz~;G). By (1.3) we 

see {rj,i(h,x)} is equivalent to R. 
],i 

let ~j (x) = I/~j (x) then 

(h,x) = R(h). That is, 

R(h)fj(x) = h-l~j(hx).rj,j (h,x) 

/ "//" (x) = / 3//" (x)rj (e x) ,i ' " 

(4.1) Lemma: There is an exact sequence 

o -> n lc ;G) -> H -> n 

Now HI(K;~ is acted on from the right by ~/~as a group 

of automorphisms; that is, if {gj,i(x)} is a holomorphic co- 

ordinate system, then so is {gj,ih (x) = h-lgj,i(hx)}, for 

ghk,i(x) = h-lgk,i(hx ) = h-l(gk,j(hx)gj,i(hx)) = gk,jh (x) .gjh,i(x) 

Let HI(K;~) be the subgroup of elements fixed under the action 

of every h 8//6~ Let us prove that the image of 

Hl(~; --> H I K lies in HI(K;}6~) . For each h ~ l~-~and 

each V., let ~ (h,x) = r. . (h,x) : V. --> G - Since 
1 1 lrl 1 
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r 0 

3,j 
(h,x)r. . (e,x) = h-lr. (e,hx) "r. . (h,x) on V~ V. we have 

3,3 3,i l,l l 3 

h-lrj,i(e'h~'~ (h,x)= ~ ( h , x ) . r i  j j,i(e'x) 

hence {h-lr. . (e,hx) } and {r0 . (e,x) } ~re equivalent co-ordinate 
3,1 3,1 

systems. 
p,,=- 

This suggests a homomorphism H 1 (K;~) --> H 2 (//~;G) . Consider 

(x) } and suppose that for each h ~ ~ there are holo- a {gj ,i 
morphic ~i(h'x) : V. --> G with 

1 

~-~gj,~chx~. ~h,x~ : ~j ~h.x~gj,~x~ 

In particular, we must have 

hilgj,i Chlh2X~ " ~i Chl'h2x~ -- gj,i Ch2x~ ~ Chl'h2x~ 

h~igj,i Ch2x~ " ~iCh2'x~ = gj,i (x) ~ j (h 2,x) 

which combines to yield 

h21 (hllgj ,i (hlh2X) �9 ~i (hl,h2x) "h2~ 

-- gj,~ cx~;_ ~ ~j c~,h2x~. ~j c~,x~. 

Now h21hllgj,i(h,h2x). ~i(hlh2'x) = gj,i 

- ) gj ,i (x)h21 ~j  (hl,h2x) �9 j (h2,x) 

= h21hllgj,i (hlh2X)"h21 ~i (hl'h2x)" ~i (h 

= gj,i 

i (h2 ,x) ) 

(x)~j(hlh2,x) also, thus 

2 ,x) 

(x)~j(hlh2,x).~i(hlh2,x)-I - ~ (hl'h2x)~ (h2,x) "h21 i i " 
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We can now assert that on Vj~V i 

J (hl,h2x) . J (h2'x) . J (hlh2,x)-I 

h21 ~i (hl'h2x) " ~i Ch2'x) " i (hlh2 'x)-l" 

Since V n is closed and connected we can define a 2 -cochain 

y ~ C 2 (HC~;G) by assigning to the pair (hl,h 2) the element 

j (hl'h2x) �9 j (h2'x) �9 j (hlh2 ,x)-l, 

which is independent of x and j. We could define ~GC 1 (~ LI) 

by ~(Vj,V i;h) = ~j (h,x), then 

x, x, : 

This is the easiest way to see that~ E Z2(~G). 

tedious to verify that this defines a homomorphism 

H 1 (K;~)//~F~ > H 2 (97~;G) . 

It is rather 

(4.2) Theorem: There is an exact sequence 

0-> ~c~-> ~c~,~-> ~c~;~ ~ H 2 --> ( 97~; G) . 

://6~__> G with 

,x)~j(hlh2,x)-lh21~j(hl,h2 x) 

Suppose there is a function 

for all pairs (hl,h2). Then 

(hlh 2) j (hlh 2 x) = (h2)-I , j (h2,x) .h ( (h I) �9 j (hl,h2x)) �9 

Let us therefore introduce 
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rj,j(h x)= ~(h)-l~ , j (h,x) 

h~ 1 t h e n  r j , j ( h l h 2 , x )  = r j , j ( h l , h 2 x ) r j , j ( h 2 , x )  and 

= h - l g j , i  (hx) - r .  (h x) 
1,i ' " 

Thus r.3, i(h x)=, ~(h)-l~j (h x)gj, ,i(x)extends 

a holomorphic co-ordinate system with operators. 

in addition 

{gj,z" (x) } to 

(4.3) Corollary: If (H/,V n) has at least one stationary 

point then 

~)~ H 2 (li~;G) is trivial. We must first show that HI(K; --> 

Choose a stationary point p and suppose p ~ V k. 

that 

Let us note 

k(h2'P)  (hlh2'P) lh2 k k k ' 2"'k 

for all (hl,h2). Thus if ~(h) = k(h,p), we have 

The splitting homomorphism H 1 (llnT~;~) --> H 1 (ig/~;G) is 

described by setting R(h) = rk,k(h,p) so 

R(hlh 2) = rk,k(hlh2,P) = h21rk,k(hl,P)6 rk,k(h2,P) = h21R(hl)R2(h2). 
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In the presence of a stationary point it would seem that 

the computation of HI(~;~ is more tractable. We can use 

i 

the exact coefficient sequence of right Z(~-modules 

O B> Z k n> C k e > G B> O 

to show HI(I;nT~;G)~ H2(;;n~;zk) since HP(~;C k) = O, p > O. What 

we hope to develope later is a way of coming to terms with 

HI ~ IIm~ (K;~) . 
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5. Two spectral sequences 

We noted that (T---> C(~-) ~ ~  is a functor from 

into the category of right simplicial Z (~7~-modules and maps. 

Certainly we should introduce a second functor ~---> C (o-)~Z/(~2~ 

on~ '~i to  the category of r i g h t  Z ( ~  chain complexes and maps by 

setting 

(C(~) (~)P r+s=p r 

while ~2 " Cr(~) ~s(~ --> Cr(~) ~s_l(~ is (-l)r~ ~ , 

so that ~'= ~i + ~ is the boundary operator of the bigraded 

complex C (o-) ~/(~ . 

The Eilenberg-Zilberg Theorem EO./ZJ~asserts that for 

each ~ ~there is a natural chain equivalence 

c(o-) 
f 

go- 

such that f~ g~_ = identity and g~ fo_ is chain homotopic to 

the identity by a natural chain homotopy. The naturality 

implies fo-'go-- and the homotopies are all Z (~-module homo- 

morphisms. 

is a functio~ which to each a-~. ~ assigns /(or-) in 

HOmz(/~/-) (C (~-)~s(//~2-) (~-)) such that if a-'ccT- r ' ~  
diagram 

We may, therefore, just as well use 

to define HP(//n~;~) ~ Thus ~6 Cr,s (~;~) 

the 
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Cr(O-')(~fs (77-~) "" > ~  (0- ' )  

commutes. 

while (~"~) (~) is the composite 

Let (~"~) (O-) be the composite homomorphism 

~(~ -) >~(o-), 

~ 
-) >~(o-) . 

With ~= ~' + ~" the Eilenberg-Zilber Theorem provides the 

cochain equivalence between this definition of cP(II~7~;~) and 

the second given in section 3. Since (8')2 = (S")2 = 0 = 

~' S" + ~" ~' we obtain two spectral sequences for H (/~;~), 

A direct description of C r's(/~) is given by noting 

y ~Cr's(~) is a function which to each elementary r-chain, 

c r, assigns~(c r) ~ Homz(i~_) (~s(~,~(ICrl)). Now 

!"yCr) s162 Cr'S+l(~;~)is the composition 

s+1(97~ (-1)r~ ~ (~5 y(Cr) < 
J s -- > (ICrl) and ~'~Cr+ I) 

is the sum of the composite homomorphism8 -/ 

p+l 

S 
j=O 

(-I) J~(IdjCr+ II --> ICr+l I y(djCr+l ) . 

Now 

= Cr's(~;~) --> C r s+l(~;4 ))/8,,Cr's-l(~;~). "H r's(C(~;~)) ker (S": 
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Thus ~"Hr'S(c(~;~)) is a function which to each ele- 

mentary r-chain assigns an element t(Cr)~ HS(;~-;~ICrl)). 

Let, therefore, for s _> 0,~ s --> K be the covariant stack 

which to each ~-E ~ assigns H s(~ ~(G-)), so that 

'Hr("Hs(C(~;<)) = Hr(K;hS). 

(5.1) Theorem: If ~--~ K is a covariant stack with 

operators then there is a cohomology spectral sequence 

, r,s (97~;~) with { E t ,dt}~H* 

'E 2r's ~-Hr(K;~)-- 

Now we consider the other spectral sequence. Note that 

for a covariant stack with operators both cP(K;~) and 

HP(K;~) are right Z(~-modules. We can write 

Cr's(/~;q) = Homz(07_ ) (~s(~'),cr(K;~)). This is clear since 

~ s('/~) is a free ZI'.~)-module; that is, 

J SEH~ (~)'Cr(K;~)) is a function which to each 

generator_ }[ of 9s(t/T) assigns ~H) ~ C r(K;<), and thus , 

~(H) (c)~(Ic 1)for every elementary r-chain�9 Now (S'~) (H) r r 

is given by the coboundary operator C r (K; ~) --> C r+l (K;~ and 

(-l)r(~"~ (hl,...,hs+ I) 

�9 "" = l'''''h +l'''''hs 

+ (-i) s+i/(h I s)hs ,... ,h +i" 

It follows immediately that 
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"HS ( ' Hr (C (/~; ~) ) ) --~-HS ( ~7~Hr (K;~)) , 

thus we have 

(5.2) Theorem: If ~m> K is a covariant stack with 

operators, then there is a cohomology spectral sequence 

{"-s'r,d t} ~--~H* ~t (gF';~) with 

,,E2s,r~_.__ HS(/nT~Hr(K;~)) 

Suppose that each ~ (~-) is a free Z (/~2-)-module, then 

~s = O for s > O and ~ --> K is the covariant stack ~2-" >K 

which to ~'E. ~assigns that subgroup of ~(O--) consisting of 

all elements fixed under the action of //nT~. In this case, 

H p(~-; ~) --~- H p(K; ~ ). As a corollary, then 

(5.3) Corollary (Cartan): If ~m> K is a covariant stack 

with operators for which each ~ ((Y'9 i__ss a free Z (~-module, 

s }~H*(K; ~ for then there is a spectral sequence {Et'rd t 

wh i ch 

E2s,r~._ Hs(;~7~Hr(K ;~)) 

This is precisely the analog of the cohomology spectral 

sequence of a covering. 



- 47- 

6. Sheaves with operators 

Fix a paracompact Hausdorff space. A sheaf with operators 

P : (d,~ m> y is a pair consisting of a sheaf together with 

a stalk preserving right action of //n~as a group of sheaf auto- 

morphisms. We regard the sheaves with operators together with 

their equivariant homomorphisms as forming a category. 

For each open set U CY the continuous section f(U,~) 

have a natural right Z(~-module structure given by 

(sh) (x) = s(x).h. We denote by ~s(~) __> X the sheaf defined 

by the presheaf 

�9 ~ u ~  c ~ , , ~ )  ->_A_sc~)  ~- ,  ~o= e . c ~  - >__ o, . ~unc~o= ~=om 

sheaves with operators to sheaves. If I/6~has order k, then 

denote by (~,/~7~) --> k s ~ the functor which to (4, ~) 

assigns the kS-fold direct sum of ~with itself, 

 e=a For each s > o the functors __>its 

and (d,~--> kS ~ are naturally equivalent. 

Order once and for all the elements of /~. For s > O use 

this to lexicographically order the generators Of#s(H~). Since 
_ I  

~_ s(~) is a free Z(/~)-module on the ordered s-tuples of elements 

s 
of // there are just k generators. Thus each element in 

( ~s(it~7~)' ~(U, ~)) is uniquely determined by an ordered Horn Z (5) J 
kS-tuple of sections in F (U,~). This proves 
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HOmz(~-) (/~(/'~),F(U,I~))~' k s f(U,t~) 
J 

and hence the lemma. The following lemma is now trivial. 

(6.2) Lemma: For each s > O, 

i) (~,~ __>~s(~) preserves exactness 

2) for U C Y 

3) 

4) if ~ is acyclic, so is~S((~). 

We are particularly concerned with the functor 

:Jr ~ >... 

Homz (gT) ~s (;/&~), f (U,~))  ~F(U,~/~S (~)) 

if ~ i_~s flabby, so is ~s (~) 

s 
d s(~) >... 

to the category of differential sheaves. We take 

d s : ~s (~) __>_/~s+l (~ to be the dual homomorphism 

: Hom (~) ,f(U,~)) 
s+l z (~-) 

> Hom (/~S (/97-) F(U, ~) ) - 
z (~r) ( s+l 

/ 

Associated to every differential sheaf there is a bigraded complex 

~o~j~/~/y, which for ~ (~) we denote by 

C r,s(/~7-;d~) = C r(Y;~ s((~)). 

In this situation 

~' : Cr's(~2~;~ ) > cr+l,s(~;~) 
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is induced from the canonical resolution 

O __~s(~) __>~O(y;xS(~)) __>... __>~r(y.~S(~)) --> ... 

while ~ " : Cr's(~2T;~) --> Cr'S+l(~;~) is induced from 

_~s~) (-1)rds >~s+l(~) by application of the functorial 

property of the canonical resolution. Put 

cP(I~7-;~ ) = Z Cr's(/~;~ ), S = S ' + ~", 
r+s=p 

ing cohomology group is by definition HP(~;~). 

then the result- 

By 

we see that if~ --> Y the sheaf of cohomology groups arising 

from 

then 

. . .  _>_,its _>xs+1 ->  

(6.3) Theorem: For any sheaf with operators (4,~ --> Y 

there is a spectral sequence {'Et'Sdt}~H*(t)~;~) with 

r,s H r 'E 2 ~ (Y;h s) . 

This is simply the sheaf version of (5.1). We note that 

--> Y is defined by the presheaf U --> H s(~,~(U,~)), 

and~:y = H s(97";~y) for each y ~ Y. 

(6.4) Theorem: To each short exact sequence of sheaves 

with operators 

o - - >  ( c / . ' , ~  > ( d ' , ' ~  - - >  ( , ~ " , ~  -----> o 

there is naturally associated an exact coefficient sequence 
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... --> H pr ~,) -->H pC~r~) I>H p(~;~,) --> H p+I(97~) --> ... 

Since~S(~ preserves exactness, 

o --b~s(dc ' ) -->~t s (C~) -->jr s (~') --> o 

is exact for each s > O. 

hence 

But cr(y;-) also preserves exactness, 

0 -->cr(y;_~s(~')) --> crcyL~S(~)) -->cr(y; .~s(~)) _.~ 0 

remains exact, whence the theorem�9 

Next we must consider a differential sheaf with operators 

c,~,,~,~r~. (~o,~ _> c/~,1,~ _ >  _~ ~r~ ~ _> 
�9 o �9 �9 , �9 �9 �9 

The result of applying ~ to (~.V/~ is a bigraded differential 

sheaf_/~ (~) with~ (~)s = ~~j(~i). We take 
i+j =s 

d' :_~ j(~i) __>~ j~i+l) to be induced by ~i,97~ --> ~i+l,~ 

while d" :_/[j(~i) __>/[j+l~i) is given by 

(-1) i~+ I : 

> 

H~ Z (~-)('~j (q~), f(u,~i) ) 

H~ (~f)/j+l (~7~) ' /'7(U ,~i) ) . 

Put d = d' + d" to obtain the bigraded differential sheaf 

~> �9149176 > .... 

To compute the sheaf of cohomology groups ~(~)) --> Y 

we note that at each y ~ Y there are two spectral sequences 
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i'j(y),d }~H ~( )y~ { " ' (y), } 
{' t t t 

where 

, ~ i,j (y) = 

k~ 2 

,,~j,i(y) = 

2 

H i(H j(9~; ~y)) 

H j (~; H i (~y)). 

It is possible to think of two spectral sequences in which 

each '~it'J (or ,,~i,j) is a sheaf over Y and d t is a sheaf 

homomorphism. In other words ,~i,j is defined by the pre- ~gL 

sheaf 

i 

i U --> ' j (U) 

~i, j (U) where { t 'dt} 

With this in mind 

arises from the bigraded f(U~(~)). 

I 
We proceed to introduce the bigraded complex K with 

K r,s = C r(Y;~ (~)s) 

where ~' is induced from the canonical resolution of~(~) s 

and (-l)rS " is induced by the differential of the sheaf 

(~ with the aid of the functorial property of the canonical 

resolution. 
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(6.5) Lemma: If 

... ~i,vT~ o -> (~,~ -> ~o,~ -> ~i,~ -> -> 

is a resolution with operators then there is a natural iso- 

morphism of ~s> Y with the sheaf of cohomology groups 

~e ~ee ~ a ~ ( ~ ,  : 

sequence 

But (~,'v~-) --> 

s s ( 19;-; 

O, i > O; thus from the "~-spectral 

~s ~ ~ ~ ~s o_~ 9s ~ ~o <~ . 
~D 2 

(~,~) induces (~,~) ~ (~ o~),g}~ so that 

o~ ~%s~c~ ~ 

(6.6) Lemma: If 

0 ~ c~,~ -> ~o,~ _> _> c~ ~ _> 
e. 0 �9 oo 

is a resolution with operators then the canonical embeddin@ 

Cr,s Kr, s j : (~;~)--> 

induces an isomorphism 

H p (t~7"; ~)~ H p (K). 

The embedding is induced from 

o ->It s c~ -~/us < o~ _> -L~-s ~f~ --> 

by way of 
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0-->cr(y;~t s(~))--> cr(y;~/~s~~ . . .  

Note that the image o f j L  s(~) in ~s~o) is annihilated 

by ~s~o) d ~ >/~s~l), hence /~ s(~) __>~ ~s is 

the embedding of one differential sheaf into another, thus 

cr(y;_~ s(~)) --> K r's is a cochain complex embedding. 

Incidentally, the sign choices are compatible. If, in the 

light of (6.5), we compare the 'E2-terms of the 'E-spectral 

sequences of Cr'S(Y;~) and K r's we see these '~-terms are 

in fact isomorphic, hence the lemma. 

(6.7) Theorem: If 

0-> c d,~-> ~o,~ _> _> c~i,~> _ > .  

is a resolution with operators for which each ~i __> 

an acyclic sheaf then 

Y is 

We know from (6.6) that HP(~;~)~ HP(K). Consider the 

"E-spectral sequence of K. In general, f~ fo /Z~] , 

,,vP,q~ H p(H q(Yg./[ (~))) 
~2 

We noted in (6.2) that ~ preserves the acyclicity of sheaves, 

,, p, p,o HP(F(Y;~ (~)) and thus hence E q = O, q > O and "E 2 

(6.7) follows. According to (6.2) , part 2, 

r '  = 
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This means ~/,~ ~) is really a bigraded cochain complex 

too with ~' given by f(y,~r)__> f(y,~r+l)and ~" by 

(i) r ~* - C~ s+l : H~ s(97-0 , /~(Y,~)) 

--> H~ F (y,~r)). Tlle sheaf analog of (5.2) 

is the "E-spectral sequence of this bigraded complex, for since 

~ was an acyclic resolution of ~, 

(H r(f(Y,~)),~-~ ~- (Hr(y;~) ,i,n7 ~' ). 

(6.8) Corollary: For any sheaf with operators (~,~ -~ Y 
w 

there is a spectral sequence {"E~ 'r,d t}~H (/~-;~) with 

,,~s,r~_~2 -- Hs(97~Hr(y;~)) 

We have only to exhibit the canonical resolution of (~, t~ -~) 

with operators. Recall that 

C~ = {f I f : U--> ~, pf = identity} 

where we do not require f to be continuous. A right Z (97")- 

module structure on C~ is given by (fh)(x) = f(x) h. 

The presheaf U --> (C~ defines (~O(y;~),i;~-~). 

Since (~,V~)C (~. O(y,~),~) it follows that 
I 

~(y;~) =~O(y;~)/~ is also a sheaf with operators. 

By repeating the construction we arrive at the canonical 

resolution with operators 

0 --~ (~,~) --> (~O(y;~),~_) __>... __> ~r(y;~),~-~ _~ ... 

which is certainly an acyclic resolution. 
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Suppose that /~acts trivially on ~, then /~-~acts 

trivially on each ~r(x; ~) and 

C r(Y,~) = T ( Y , ~ ) r ( Y ; ~ ) )  

is a trivial Z(q~-module so in this case 

Cr's(~;~) = Homz(~)ys(g/9,cr(y;~)~--Homzys(72-) ~Z(7/gz,cr(y;~) 

Thus if //~-~acts trivially on ~we can compute H p (~;~) by means 

of the KEnneth formula. We elect to present the answer in the 

following form 

A 
(6.9) Corollary: If ~--> Y is a sheaf with trivial 

operators there is a (split) short exact seq_uence 

r+s=p 

- - Z  
r+s=p+l 

Hr (Y;(~)(~ HS ( 19/"; Z) --> H p(/'~';~) --> 

~), H s Tor (Hr(y; (~Z))--> O. 

This is the one case in which we can get a complete answer 

for H (~, . 
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7. Nerves of coverings 

We fix a locally finite open covering t~of Y made up 

of ~/~-invariant open sets and K denotes the nerve of~. 

To ~-E~assign the ~/~-invariant, non-empty, open set 

Sup (~-)~y, the intersection of the vertices making up o-. 

If (~,~ --> Y is a sheaf with operators, then a covariant 

stack with operators ~(~) i> K is given by assigning to each 

o-'~ ~ the right Z(/C~)-module of sections T(Sup (0-);4). 

We want to define a natural homomorphism of 

H (~;4( --> H (Hn~;~) in order to relate the definitions 

of sections 5 and 6. Let (~,/7~) be the canonical resolution 

with operators 

and introduce again the bigraded differential sheaf ~ (~) --~ Y. 

We use this to define the bigraded complex 

K r's(~ = C r(K;~(~)s), 

which can also be written as 

i+9 =s 
H~ (97--)/j (/~f~) ' Cr(K;~i)) " 

Just as in section 6, there is a canonical embedding 

Cr's(9"F'; 4(~)) C K r's(~) given by 

H~ Z(97-)/s (9~) , Cr(K;~)) m> /~ (~ Cr(K;~~ H~ (r~) ( s ' 

/ 
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or equivalently 

C r(K;~s(4)) __> C r(K;_/~s~o)). 

In any case, this induces a homomorphism 

(7. i) Lemma: For p > 0 

HP(K(~)) _~- HP(gF;~) . 

We need only consider the "E-spectral sequence for K(~). 

From general considerations, f ~ J, 

,,E s,r~_ H s (H r (K;./~ ~) ) ). 
2 

NOW each~i is flabby, thus so is ./~J (~i), so according to 

J, 
H r(K;~ ~)) = 0 

for r > O and H~ (~)) = F(Y,~ (~)). Therefore, 

np c~ cfl/~ ~ -~ Hp c PIY-j~ c~ ~ -~ HP In 4~ by C6. v~. Thus we 

have our natural homomorphism 

H (~T; ( ) --> H (~; ) 

induced by C r's(JO-'; ~(~)) --> K r's (~). 

(7.2) Theorem: If for each simplex ~-in K 

Hr(sup (a-);~) = O, r > O 
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then H (/0/'; ( ~ H (07"; ~) . 

The 'E-spectral sequence for H* (K~) begins with 

,Er,sr__~ Hr(K, ~s~ (~))) 
2 

where ~s (~ (~)) __> K is the covariant stack (T" > 

HS (F(Sup (a--),~/~ ~))), [ ~ ~ We must show that 

Since~ is the canonical resolution of ~our hypothesis 

implies that 

o->fcsu~ c~,~->f~su~ c~,,~o~->...->fcsu~ ~,,<~... 

is exact. Using the fact that/j (~7 is a free Z (~7~-module 

and that 

HOmz(i~7_~ j (t~2 -) ,f(Sup (~-),~i)) 

F csup c~ ,~ Jr 

we conclude that 

o->/~su~ ~,~ Jc~ ~fcsup c~,~Jc~o~-> .... 

>F csup c~,~ J c~ > .... 

is still exact. The required isomorphism follows immediately 

from the "E-spectral sequence for H* (f(Sup (~-) ,~/~ (~)) since 
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'Hr(sup (G-),Jts~))= O, r > O 

With this last we simply compare the 'E-spectral sequences 

for C*(~f;~ (~) and K(~) and see that the 'E -terms are 
2 

is omorphic. 

For a sheaf with operators (~,~) --> Y we can of course 

give a Cech definition of HP(OT; ). The reader is requested 

to do this using the definitions of section 3. 
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8. The sheaves p : (~,//~) --> (//n~, X) 

So far we have only considered sheaves with operators 

over a base space on which //n~acts trivially. More generally 

a sheaf with operators p : (~,~ --> (//6~,X) consists of a 

sheaf together with an assignment to each h ~//~-~ of a sheaf 

cohomorphism 

h # 

h 
X > X 

such that 

i) e # = identity 

# ~ h # 2) (h h) = h o 

In terms of a pre-sheaf U ~> there is associated a family 

of isomorphisms 

h : m> 
U hU U 

commuting with the restrictions and for which ~=identity and 

For U~X let K~//L~ be the subgroup of elements with 

hU = U. There is a right Z(K)-module structure on f(U,~) 

given by 

(sk) (x) = k#s(kx) 

(8.1) Theorem: Suppose U~ X is an open subset with the 
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property hU ~ U ~ @ if and only if hU = U. If V = h~&./~_/, hU 

then there is a natural Z(~/~-module isomorphism 

Horn (Z (~7~ /'7(U,4)) ~ ~V;4) . 
Z(K) 

Here K is the subgroup of /~-~with hU = U. An element of 

Hom (Z(HnT~), ~U,4)) is a function which to each h 6//n~ " 
Z(K) 

assigns a section s(h,x) E ~ (U,~) so that s(hk,x) = k#s(h,kx). 

A section ~-- ~ F (V,~) is defined by assigning to hx the 

~h for which h #~-(hx) = s(h,x) ~. ~ . unique element a-(hx) ~ x x 

Suppose hx = hy, x,y ~ U, then h i = k 6 K, hky = hx and ky = x. 

Then (hk) # o--(hky) = s(hk,y) = k#s(h,ky) = k#s(h,x) = k#h # (T-(hx) 

= (hk) # cr-(hx), hence ~-~y) = (7-(hx) and ~--is well defined. 

The Z(H/)-module structure in terms of the s(h,x) is 

s(h,x)h -- s h,x) = (h h) # cr'(h hx) : h ~"(hhx) (o--h(hx)) 

so we have a Z (M-module homomorphism. 

Conversely, given ~ ~ F(V,~) define s(h,x) to be h#~(hx) 

for all x ~ U, h ~ I .  Then 

s (hk,x) = (hk) #cT'(hkx) = k #(h#o-(hkx)) = k#s (h,kx) 

as required. This establishes the theorem. 

Now let ~ : X --> X//~ -~ be the quotient map. We define 

a direct image sheaf with operators (~*,/~/') --> X//~7-" to be 

induced by the pre-sheaf V --> (F(])-l(v),d), z(~) for every 

open set v c x///"7 -~. 

(8.2) Corollary: If j2(x) = y there is a Z(~)-module 
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isomorphism 

Hom (ZCr)7~ , ~ ) ~ ~* . 
Z (97~ x y 

X 

We can choose arbitrarily small open sets U x which are 
,~" 
x -invariant and for which hU x ~U x ~ ~ h ~ Let 

Vy~X//~7 ~ be the open set determined by ~-l(Vy) = ~/hU x- 
h~H~ -~ 

Then there is a Z(~Y~-module isomorphism 

Hom Z ( H~7" ) ( Z ( ~, /~U x 
X 

and if U' ~U the diagram 
X X 

, ~  ~ ~vy, ~*~ 

Hom 
zc ~,~ 

X 

Hom 
z (itnT~) 

X 

c,, c~n , r I ~  , ~  ~ ~- f c~ , ~  

x y 

commutes. The corollary will follow if 

HOmZ(~7~) (Z(~2~, dir lim /~Ux,~) ) --~dir lim Homz(/~) (Z(~,~Ux,~) 
X X 

This is true since Z(~) is a free right Z(~)-module. An appro- 
X 

p r i a t e  b a s i s  i s  g iven  by choos ing  a r e p r e s e n t a t i v e  from each co- 

set of ~ in  ~ 
X 

(8.3) Corollary: If 

0 ~ >  > > > 0 

P'~ P i/// p" 

t /  X 
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is an exact sequence of sheaves with operators then 

* * q;~ * ,rn~,, 
o - - >  (~l,9;O--> (~ ,~i) --> (~2'~')--> o 

is also an exact sequence of sheaves with operators on X/st~7 ". 

We are faced with two possibilities for defining HP(~). 

We might of course say that H p (I/~7~; ~) = H p (rI~77; ~*), so that we 

get the definition from section 6. On the other hand we can 

surely take the canonical resolution with operators 

o -> c~, ~ -> ~C~ ,~ - > - >  c6~cx,4> ,,,~ -> .... , 

just as in section 6. Now by definition 

crcx,~) = E (x,~rcx'4)) 

so that cr(x; ~) is a right Z (97-~-module. We put 

Cr's(/I~; d) = HOmz(~7_ 9 ( 2(~)q(~, cr(x,4)) 
1- 

J 
and take HP(~;~) to be the cohomology of the bigraded complex 

cP(#### ; d~) = S Cr's(#r#7-;~). 
r+s=p 

The two definitions are equivalent. In fact if 

0 --> (~,9}-9 --> (~O g~9 --> __> (~r,,/r-~ __> , I . �9 �9 �9 �9 

is a resolution by acyclic sheaves with operators, then (~*,~7~ 

is still, by (8.3), a resolution of (~,//n~). In addition, accord- 

ing to l~/f- ~[@//'/~, ~* is an acyclic resolution. Now 

(X//~7-,~)--~- F(X~) as Z(qT~-modules. Thus 

H*(HOmz(~;_) (/ ,(97~, rQx/~7-,l:~lo*>) ~H*(Homz(97_9/,(~,f(x,o~iO))). 
J 
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By (6.7), however 

H* (HOmz(gr9 / (9")') , F(X/II&7 ~, ~ * )  ) ) �9 

Roughly speaking, if we want to consider the "E-spectral 

sequence then we use the direct definition of H*(n~) for 

then it is apparent that 

,,_s,rE2 ~ Hs(H~/ ;Hr(X;(~) ) 

On the other hand, for the 'E-spectral sequence we use H (Itn~;~*). 

In this case 

were ~s __> X/~ is the sheaf defined by the pre-sheaf 

v -> H s c,,,, ; fc ~ -1 (v), ~) ). 

(8.4) Corollary: For y = ~2(x) there is a canonical iso- 

morphism 

s ~HS( iin~x, ) ~ Hs( 

We can now state the fundamental Borel-Cartan result. 

(8.5) Theorem: If (W,~/) --> (~,X) is a sheaf with 

operators such that at each x ~ X, H~( i/n~x; ~x ) = O, p > O, then 

there is a cohomology spectral sequence 

{E~'rd t} =>H*(X///~ ~o) with 

s,r ~ HS(~Hr(X;~)) E 2 m 
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Clearly the "E-spectral sequence for H (/~-;~) is what 

we need. But the 'E-spectral sequence shows 
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9. Topological examples 

Fix a pair (/nT~,G) consisting of a left action of ////LTon 

an abelian topological group G. For each U c X open let 

~U) be the abelian group of all maps f : U --> G. Define 

hu # :~hU) -->~U) by h #(f) (x) = h-lf(hx). Let 

(~,/~T) --> (j/r~,X) denote the resulting sheaf with operators 

v 
over (?/n~,X). By appealing to the Cech definition we can regard 

H (//~; as the abelian group of equivalence classes of right 

principal (/~,G) spaces over (//n~,X). 

For example, take a unimodular representation of ~7~on C k, 

then zk~c k is invariant and from 

O m> zk m> ck --> G --> O 

we induce an action of ///on G = (C* k ) as a group of automorphism~ 

We define sheaves with operators (~k,~ --> (~X) and 

(~k,lnT~) m> (~,X) by analogy with ~ m> (//nT--,X). In fact, 

~ k> X is just the k-fold direct sum of the constant sheaf 

X X Z --> X with itself. We shall assume (a local condition on X) 

that 

O --> (~k,~ m> (~k,/~) __~ (~,~ m> O 

is exact. We can then, with the aid of (6.4), show that 

H I(~~)~ H 2(/9/';~k). 

We must show, in other words, that HP(//~; ~k) = O, p > O. In 
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the "E-spectral sequence for H*(~ ~k) we have "E s,r = O, 
2 

r > O because C k is a fine sheaf and H r(X; ~k) = O, r > O. 

Furthermore, "E s'O2 ~ H s(//~;H O(x; ~k)) = O for s > O since ///~ "~ 

is finite and H~ ~k) is a coraplex vector space. The iso- 

morphism H 1 (i/n~;~) --> H 2 (//~; ~k) may be interpreted as assign- 

ing to each right principal (~'-,G)-space its Chern class. 

It is helpful to recognize that HP(x; ~) is really a 

Z(~ - Z(~ bimodule. The right action of //~7-~is induced 

naturally from the action of //~on X, while the left action of 

~is due to the unimodular representation of //~on Z k. We 

have reduced the bimodule structure to a right Z(~-3-module in 

the customary fashion. Suppose, for example, that X is connected 

and HI(x;z) = H2(X;Z) = O. Then from the "E-spectral sequence 

we see H2(~ ~k)~H2(//.r ;Ho(X; ~k)). Now H~ ~k)~.Z k 

and the action of I//~/on X induces a trivial action on Z k, thus 

the entire Z(//nT~)-module structure is due to the unimodular 

representation. Therefore we can write 

HI(~;~) ~'H2(/~Z k) ~ HI(//~7"~G) 

in this case. 

Another possibility is to study the complex line bundles 

with operators over (//~,X). In this case, G = C* and the action 

C* . HI(///; ~ H2(I/n~; of //f~'on is trivial We write . *)~ ) in 

this case. It is suitable to refer to line bundles with 

operators here for if (u~,B,C *) is a right principal (///,C*) 

space then we form the complex line bundle 
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~ = (B • C)/C* 

and since //~-~acts trivially on C* 

> X 

the action (//~7~,~) --> (/n~,X) 

is  given by h ( ( b , ~ ) )  = ( ( h b , ~ ) ) .  

Still another example is furnished by the Atiyah real line 

bundles, ~ J 3 . Take //I/7 ~= Z and G = U(1) and let Z 
2 2 

act on U(1) by the conjugation automorphism, then 

HI(z2; ~i)) is the group of Atiyah real line bundles over 

(Z2,X); that is, given a (Z2,B,U(1)) form 

~ = (B)~ C)/U (i) �9 > X 

as usual, then on 

= 

Chern classes are seen to exist as follows. 

define a conjugation involution by 

There is 

0--> Z m> R--> U(1) m> 0 

where Z 2 acts on R ( and hence Z) by r --> - r. This makes a 

sheaf with operators (~,Z2) m> (Z2,X) and 

HI(z2; ~(i)) --~"H2(Z2,~).(~ If we remember to think of H*(X;Z) 

as a Z(Z 2) - Z(Z 2) bimodule it is not hard to compute the 

"Es'r-terms2 for H*(Z2; ~ in this case. Problem: Determine 

the 'E r,s Hr(x/z 2. s 2 ~ '~" ) in this case. 

This will serve to indicate how the cohomology of a group 

with coefficients in a sheaf with operators relates to the study 

of right principal (//n~,G)-spaces for G an abelian topological 

group. 
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10. Holomorphic line bundles with operators 

Let V n be a closed connected Kahler manifold. We shall 

briefly recall the work of Kodaira and Spencer on the Picard 

group~(vn), f /~- ~. Denote by ~(vn), ~(V n) 

respectively the sheaves of germs of holomorphic functions 

and of non-vanishing holomorphic functions. There is a sheaf / 

homomorphism e : ~ V  n) --> ~(V n) --> 0 given again by 

e(f) = exp (2tsnT~if). If ~(V n) is the constant sheaf, then 

there is an exact sequence 

~~(V n) --e>~(vn ~ O 0 -->~(V n) --> 

which produces the long cohomology sequence 

... ~(V n ~(V H p+I n)) --> (vn;z)__> --> HP(Vn;Z) -->HP(vn; )) -->HP(vn; .... 

By Dolbeault's Theorem, l'~'~p, l "~ '6"J , 
HP(Vn; ~(vn)) ~s h~ n). Using the fact that V n is closed 

and connected H~ = F(vn;~(vn)) ~ C . Thus 

* H O ~(V n) ) --> (vn; e : (V; H ~ ~ V  n) ) is onto. Kodaira and 

Spencer then concern themselves with 

e HI c H2 H 1 n) ) --~ (vn;z) . O -->HI(vn;z) --> (vn; (vn; (V n)) --> 

Of course they regard HI(vn;~*(vn)) as the abelian group 

of holomorphic equivalence classes of the holomorphic line 

bundles on V n and c : HI(vn;~(vn)) -->H2(Vn;Z) assigns to 

each line bundle its Chern class. The Picard group 
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~(V n) C H l(Vn; ~(vn)) is defined to be the kernel of c. 

Thus ~V n) is the group of holomorphic line bundles which 

are topologically trivial. By exactness,~/(V n) is naturally 

isomorphic to the quotient H I(Vn].~(Vn))/H I(vn;Z). The 

Kahler assumption proves that J/~(V n) is compact. That is, 

HI(vn;c) ~ h~ hl'~ and h~ n) "--~ hl'~ n) , hence 

rank HI(vn;z) = 2 dim HI(vn; ~vn)) = 2 dim h~ 
C C 

The quotient of the vector group HI(vn; ~(vn)) by the discrete 

subgroup Hl(vn;z) is seen to be a compact, connected complex 

analytic abelian group; namely,-~/~vn). 

Suppose now that we add the action (Hn~,V n) of 9/ as a 

group of holomorphic isometrics of the Kahler metric. 

~(vn), ~(V n) and 

and the sequence 

O -- > (~(V n) , ;~-~) 

Clearly, 

~(V n) all receive operator structures 

--> (~Svn),/I~ e>~(vn,~ m> O 

is still exact, yielding now 

~(V n e* ,~(V n �9 .. -->H p(~;~v n)) -->H p(/l~; )) -->H p(~/; )) 

__> HP+I(~/;~V n)) __> 
~ g  

. /  

We can immediately determine HP(~ ~(V n) ) since 

,,_s,r H S ( ~ H r ( v n ;  ~ ( v n ) )  ) bu t  //~7 ~ i s  f i n i t e  whi le  H r ( v n ; ~ ( v n ) )  
~:2 -- ' ' 

is a complex vector space, hence 

"-~ ~HP(vn; ~(vn)) I/f~ Hp(~; n)) ~ ~:2 -- 
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Similarly, we can show that H 1 (H~; ~(~)) --~J H 1 (vn;z)I/nT-~because 

,,E21,o~ HI(;i~;HO(vn;z)) ~- Hom (;;nT~,Z) is trivial. We argue that 

* H O ~(V n ) ) H O ~ V  n) ) H~ n) ) ~C*, thus e : (g7~; --> (,/7/~; 

is still onto. 

This results in a commutative diagram 

C Hl fun I n ivn vn >2vnz 

HI(vn;z) --. Hl(v ; n) __> (~; u> vn)) 

By analogy, let~(/t~7~,vn) ~ Hl(tst~;~vn)) be the kernel of 

c : H I(H~7~;~v n)) --> H 2(//~;~.(v n)). We regard H l(~r-;~v n)) 

as the abelian group of holomorphic line bundles with operators 
2 A  

and~H~,V n) is the subgroup of those, which, as bundles with 

operators, are topologically equivalent to the trivial line 

bundle with operators. 
2 ~  

(10.1) Theorem: Th__ee Picar_____~d group~(jl/7~,V n} is a 
/o 

connected complex analytic subgroup of-~/~vn). 

closed 

The reader may show that 

rank HI (vn; Z)~r~ H I ~(V n ~ ~( ;/nT~, 2 dim (vn; )) which proves V n) 
c 

is compact. Note that if v ~ HI(vn;z) has i*(v) ~ HI(vn;~vn)) 

then i*(v-vh) = O for all h ~ ?/~, but i* is a monomorphism, so 

v ~ Hl(vn;z) ~ and hence ,vn)~ vn).as asserted. 

Of course //~acts from the right o n ~  n) as a finite group 

of automorphisms. Let n) C V n) denote the subgroup of 

elements fixed under the action of every h ~//L7 -~ . 
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(i0.2) Corollary: 

is isomorphic to H 1 (Hn~;H 1 (vn;z)). 

There is an exact sequence of Z (///~)-modules 

' 

0 -->Hl(vn;z) -->HI(vn;~(V n )) ) --> O. 

Since ~-~is finite and HI(vn; ~(V n) ) is a complex vector space 

HP(/~ ~(vn) ) ~sHP+l(I~-~HI(vn;z) ) 

The quotient group ) /F//~,V n) 

for p > O, and the sequences 

H 1 ~(V n) ) 0--> HI(vn;z) --> (vn; 

>~(v #~/- > -- n) __ H I(//~;H I(vn;Z)) --> �9 

is exact. Since ~~(#s = H 1 (vn; ~V n) )*/~H 1 (vn; Z)~, the 

J _ 

corollary follows. While HI(vn;z) has no torsion, we cannot 

conclude in general that HI(IIn~;HI(vn;z)) = 0 because HI(vn;z) 

may have a non-trivial Z(~/-~-module structure. 

Define the sheaf ~vn/9~-~ --> vn//~ -~ by the pre-sheaf 

which assigns to V~ vn/~ "~ the abelian group of holomorphic 

functions f : ~-I(v) 7> C* for which f(hx) - f(x), all h~//~'~. 

Thus (vn/~7~ -->~/~ is just the sheaf --~ ~/~'~ 

which appears in the 'E-spectral sequence for H ( V n)). 

Although vn/~z ~ is not in general a manifold, it is an analytic 
_ I 

space and ~*(vn/H~ ~) is the sheaf of germs of non-vanishing 

holomorphic functions on vn/tlm-~. It is correct to regard 

Hl(vn/~r~; ~(vn/~r~) as the holomorphic line bundles over the 
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quotient space. Suppose that we have defined sheaves ~(vn/I/~7 ~) 

and ~(vn/~7~ by analogy, then ~vn//~/O is still the constant 

sheaf v (vn/~) X Z m> vn/u~. If we expect to use the 'E-spectral 

sequences we should have an interpretation of ~ --> ~/;t ~. 

(10.3) Lemma: If ~ (x) = y, then there is a natural 

isomorphism 

~ P ~ HP(I/nT-";C) 
X 

for all p > O. 

We can choose an arbitrarily small open f l • - i n v a r i  ant set 
X 

U such that 
X 

1) U x i s  c o n n e c t e d  a n d  H I ( U x ; Z )  = 0 

2) hUx~ U x ~ ~ if and only if h ~ l/Ix" 

U Define V ~I~/~ by ~-i (Vy) = hU . 
Y h ~  x 

h y p o t h e s i s  on U i m p l i e s  
X 

~( ~(vn e F ~ V  n O --> Z m> Ux; )) m> (Ux; )) m> O 

Now the first 

is an exact sequence of right Z(r/~x)-modules. 

a commutative diagram 

But then we have 

0 ~ >  

where C, C are trivial Z ( modules. Now 

HP(~x;C) ~H p(/L~x; f(Ux,~vn)) = O, p > 0 since ll~-~s finite, 
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C and F(U x, ~(~) ) are vector spaces. Hence 

for all p > O. Incidentally Hl(t/ix;Z)~ = 0 since ~'/Ix is finite 

and Z is a trivial Z( ~-module. If we apply (8.1) it follows 

that 

HP( F/f,C* 
x 

) ~HP ( "i"f~x,/~Ux, i~l/(vn) ) 

Hp(~, ~ ~-l(Vy),~vn)), p > O. 

Since U 
x 

for p = O, we see 

is arbitrarily small the result follows. In addition, 

O "-"> # ( J )  - 1 (Vy) ; #  (vn))#/'~"~> #(.J2 - 1 

__>p(~2 -l(Vy) , ~vn) ) ;IL~-~ 

(Vy) , n) ) 

is also exact as HI(;;~7~; #(/-l(Vy),~ (vn)) = O. Thus we also 

U have a direct proof that 

--> ~ --> 0 0 -->~(vn/~ --> 

~ow the edge homomorphisms 

is again exact. 

0 -->'E 21'~ > HI(/QT~vn)) __> ,E2O,I yield an exact sequence: 

0 -->Hl(vn///~/~; ~vn/9/~) -->HI(/~ ~(vn)) 

H ~ n/gF" ; ~ i) d2 2(V n/97~7 ~V n/~7~ ) . --> > H 

If 1 ~_~ H C )~ Horn ( ) as we just saw. Y(x) = y then Y 



- 75 - 

This suggests a particular interpretation of 

H 1 (I/~-~; ~(vn) ) --> H O (vn/~; ~). To each ~ ~ HI (0~, ~(vn) ) 

and x V n we associate a characteristic homomorphism 

R : ~ > C* 
x x 

as follows. Choose any holomorphic co-ordinate system with 

operators r.3,1. (h,x) representing (~7" If x ~ Vj then 

R (h) = r. . (h,x) is a homomorphism of ~ into C*. 
x 3,3 x 

x ~ V. also then for h 6 
1 X 

If 

r. . (h,x)r. (e,x) = r. . (e,x)r. . (h,x) 
3,3 3,i 3,1 1,1 

so the definition of R does not depend on the choice of V.. 
x 3 

If r'. . (h,x) is holomorphically equivalent to r. . (h,x) then 
3,1 3,1 

for 
X 

r, (h,x)~ (x)= ~.(x)r..(h,x), 
3 ,J j 3 3,3 

hence Rx only depends on Z ' not 

Finally, suppose x is replaced by 

on how ~ is represented. 

hx, then = ~/~-i and 
X 

Rhx(hhh-l) = r. . (hhh-~,hx) = r. . (~,x)r. . (hh-l,hx) 
3,3 3,3 3,3 

Ch-i = r. . (h,x)r . (h,x)r. . ,hx). 
3,3 J,3 3,3 

But 1 = r. . (e,x) = r. . (h-lh,x) = r. . (h-l,hx)r. . (h,x) so that 
3,3 3,3 3,3 3,3 

R~x(hn lhh) = R (h) for all h ~ Clearly 6,~ lies in the 
X X 

kernel of Hl(9;--; ~(vn)) --> H~ ~l) if and only if the 

characteristic homomorphism R : / / '~"~m> C* i s  t r i v i a l  f o r  
X X 
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all x ~ V n. Thus 

(10.4) Theorem: An element of HI(~~(vn)) lies in 

the ima@e of Hl(vn/~-~vn/ir# ~) ) if and only if its char- 

acteristic homomorphism is trivial at each point of V n. 

The conclusion means that the element in question can 

be represented by {rj,i(h,x)} with rj,j(h,x) _= i, all h,x 

and j and r. . (e,hx) - r. . (e,x). We do not claim every 
3,1 3,1 

representative has this form, only that at least one does. 

Since the sequence 

0 -->~(vn/I//~-9 -->~(~vn/z27~ -->~vn/97~ --> 0 

is exact we may define~(v~n/~7~ to be the kernel of 

c : H I n * n H 2 (V //~;~(V /~7~ ) --> (vn/~ Z) . 

* n Now from the 'E-spectral sequence for H ) ) we see 

HP (vn/iz~7~; ~vn/~) ~ HP(~;~(vn))~ HP(Vn;~ n) ) HnT-~ 

since ~[~ = O, s > O in this case. Furthermore, ~ --> vn/;~ --~- 

in the 'E-spectral sequence for H (V n)) is also the 

zero sheaf, thus 

Hl(vn/t~7-; Z) ~ HI(/~;~(~) ) ~ HI(vn;z) ~ 

Therefore, we conclude that 

(i0.5) Corollary : The monomorphism 

H 1 (vn/er_; ~(vn/i~Z~ ) --> H 1 ( ~2~; ~(V n) ) induces an isomorphism 
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By way of examples recall that by (4.3) if (/~,V n) has 

at least one stationary point, then 

HI(~ ~(vn)) ~- Hom (~/~,C*) (D HI(vn;~(V n) )92--. 

~H2 If in addition HI(vn;z) = O, then HI(vn;~(vn)) C (vn;z) 

as the invariant elements in the kernel of H2(vn;z) -->h~ 

The reader should apply this to an action of~n CP(n) with 

at least one fixed point. Another example would be the action 

of the symmetric group on a product of CP(n) with itself. Note 

especially that if n = 1 the quotient space of the symmetric 

group on CP(1) k is CP(k). 

A more difficult example computationally is provided by an 

V 1 action of the cyclic group Z n on the curve ~ CP(2) defined 

n 
by {[Zl,Z2,Z~IZ 1 + z 2 + z 3 = O}. With = exp (2,;7~i/n) the 

action of Z n is generated by [Zl,Z2,Z ~ --> 51,z 2,~z 3 ~. The 

quotient space VI/Zn is CP(1) with quotient map 

[Zl,Z2,Z ~ --> [Zl,Z2J. Obviously~Zn,V I) = O in view of 

(10.5), but ~ V  I) has complex dimension equal to genus 

(V~ = (n-l) (n-2)/2, and -~vl) Zn = HI(Zn;HI(vI;z)). This is 

~ (V n) /~ H I(VI; ~(VI)) Zn. Then 

* n Z n HI(Zn;HI(vn;z))~ HI(vl;~(V )) . The quotient naturally is 

isomorphic to a subgroup of H2(vl;z) = Z. Is it the whole group 

or just the elements divisible by n? 

Finally, suppose (Zp,V n) is a cyclic group of prime order 
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acting with a connected non-empty fixed point set, then 

H I(Zp;~*(v n)) ~ Hom (Zp,C*~ H l(vn/Zp;~Vn/Zp)). 

We define 

H I(Z ;~(V n)) --> Hom (Z ,C*) 
P P 

by choosing a fixed point and assigning to each element of 

HI(z ;~(vn)) its characteristic homomorphism at this fixed 
P 

point. If this characteristic homomorphism is trivial at this 

fixed point then, since the fixed point set of (Z ,V n) is 
P 

connected, the characteristic homomorphism is trivial at every 

fixed point. At a non-fixed point, the characteristic homo- 

morphism is obviously trivial since p is prime. Thus 

O --> H I(vn/Z ; ~(vn/z )) --> H I(Zp;~(V n)) --> Hom (Zp,C)--~ 0 
w 

exact. The reader may supply the splitting homomorphism. 

this is the same splitting homomorphism that was used in 

therefore we must also have 

H 
Zp 

i n Z * n H 1 (vn;~(V n) ) . (V / p;~(V /Zp))~ 

But 

(4.3) , 

(10.6) Corollary : If (Z ,V n) has a non-empty connected 
P 

fixed point set and if HI(vn;z) = O then for every cohomo!o~y 

class of type (i,i) , c ~ HI(vn;z)ZP 

~c n, ~2n>= O mod P. 

We see that 
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O --> H I(vn;~(v n))Zp __> H 2(Vn;Z)Zp __> h2,O 

is exact. So there is an element ~ ~ HI(vn;~(vn)) Zp 

with c I(~) = c. But ~lies in the image of 

HI(vn/Zp;~(vn/Zp)) --> HI(vn;~(vn)), hence there is 

H 2 /Zp; * n c ~ (V n Z) with ~*(c~ = c, and hence J) (c ~) = c . 

Since ~2 : H2n(vn/Zp;Z) --> H2n(vn;Zp) ~Z has image pZ, 

the corollary follows. If the Kahler class is integral 

(i.e. V n is algebraic)then the corollary applies to it. 

a 
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ii. Maps of prime period 

Consider an action (Zp,X), then (~,~p)--> (6,X) is the 

sheaf of germs of maps into Z with operators (fh)(x) = f(hx). 
. 

There is the fixed point set F c X. The use of H (;;~-~ in 

this case lies in the exact sequence 

... --> Hn(X/Sp,F;Z) --> Hn~;~ -->( /r ~7" 
i+j =n 

Hn+l > (X/Zp,F;Z) --> ... 

H i(~;H j (F;Z)) 

where HJ(F;Z) is a trivial Z(Zp) module. 

In our framework this is seen as follows. There is the 

subsheaf (~F;Zp) c (~Zp) consisting of the germs which vanish 

along F. Via the quotient map 

~: X > X/Zp 

we induce a sequence 

y,zp  S O w> u> ( u> ( (F) ,Zp) m> 0 

over X/Z where ~(F) = ~/~F We show immediately that Z 
P ~ , " p 

acts trivially on ~(F). We apply (6.9) so that 

n * H (~; ~ (F)) ~ ~" Hi(~;HJ(x/Z ; ~)f(F)). However 
" ~2 i+j=n P P 

~* H j ).~o see HJ (X/Zp; (F))~ (F;Z Hn(4; ) ~ Hn(X/Zp,F; Z) just 

apply the 'E-spectral sequence and (8.4). 

If n > dim X, then Hn(Zp;?)~ ~j= Hi(Zp;HJ(F;Z)). This, 

when combined with the "E-spectral sequence for H (Zp ; ~), yields 
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relations between H*(X) and H*(F). In actual practice, 

~ J J , a considerable simplification follows if at 

the outset Z is replaced by the field Zp. 
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Chapter II 

Orientation Preserving Involutions 

I. The bordism group A (2k) 
n 

The basic object to consider is a pair (~ --~ Bn,~/) 

wherein ~ --> B n is an orthogonal 2k-plane bundle over a 

compact n-manifold and <~/is an orientation on the Whitney 

~ B n sum ~-/ --> B n where ~- --> is the tangent bundle. 

Let - ( ~-->B n.~9 = ( ~--> Bn, -~. We identify (~' -->W n.~') 

with (~ ~>Bn,~) if and only if there is an orthogonal bundle 

equivalence 

/ 

W n > B n 

for which 

i) y is a diffeomorphism 

2) the induced bundle equivalence 

W n ,> B n 

preserves the orientation. 

A boundary operator 
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can be defined as  ollows Along identify 

with ~ ~ , where --> ~B n is the tangent 

bundle to the boundary and ~--> ~ B n is the (trivial) 
( 

normal line bundle. Now ( ~ ~ )~ ~ --> "fd B n inherits 
% 

an orientation from that of ( ~~-'), while, at each point 

of ~n, 7 is given its orientation by the outward pointing 

unit normal vector. There is a unique orientation of 

~ ,  m> ~B n compatible with those of ~ and of 

(~~'~') ~T , and this ,~~/. 

The b o r d i s m  g r o u p  A (2k) can  now be  d e f i n e d .  I f  M n and V n 
n 

are closed n-manifolds then ( ~o-->Mn' f~o ) is bordant to 

(~i-->V n,~l ) if and only if there is a (~--> Bn+l,~) for 

which ~( ~--> Bn+I,~) = (~o--> M n, (~o) U - (~i -->vn'~I)" 

The symbol  U d e n o t e s  d i s j o i n t  u n i o n .  Deno t e  a b o r d i s m  c l a s s  

by l~--> M n, ~, and the collection of all such bordism classes 

by  A n ( 2 k ) .  As u s u a l ,  an a b e l i a n  g r o u p  s t r u c t u r e  i s  imposed  on 

An(2k)  by  d i s j o i n t  u n i o n .  We a g r e e  t h a t  An(O) = ~ n '  t h e  co -  

bordism group of closed oriented n-manifolds regarded as carry- 

ing "o-plane bundles." ._~ ~ _ 

Set ~m = ~ An(2k) and ~ = ~/o~ . We can m n+2k=m 

define in ~ the structure of a graded commutative algebra 

with unit over ~ , the oriented cobordism ring. We define 

the product ~7-->Mn, ~ J ~  -->vm, C91'] as follows. Form 

the external Whitney sum (~"~) X ( ~ '~'~') --> Mnx V TM. 

This is given the product orientation ~;(~'. The canonical 
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equivalence (~(~'~) X ( ~ ' ~ ' )  ~ (~x~')8 ( ~ ~ )  

then induces the desired orientation. Since An(O) = ~n' 

_ ~ ~ ,  hence ~ is also an ~ -algebra with unit. 

To compute A (2k) we must show that it is naturally iso- 
n 

morphic to the Atiyah bordism group, ~ ~  J , of the cover- 

ing involution (T,BSO(2k)) over BO(2k) and then apply Rosenzweig's 

results, ~ - ~  

An element of BSO(2k) is a 2k-plane together with an orienta- 

tion. The involution T is to reverse that orientation. Briefly 

the Atiyah group An(T,BSO(2k)) is defined as follows. The basic 

object is a pair ((t,~ n) "~ ,f) where (t,~ n) is a fixed point free 

orientation reversing diffeomorphism of period 2 on a compact 

oriented manifold together with an equivariant map 

f : (t,~ n) --> (T,BSO(2k)). There is ~((t,~ n) ,f) = ((t,~) ,f/~B ~'n) 

where ~ n  receives the induced orientation from that of B n. 

The reader may go on to complete the definition of A (T,BSO(2k)). 
n 

We are given (~ .->Bn,~). Let ~n be the set of all pairs 

(b,o), where b ~ B n and o is an orientation of the fibre of 

at b; that is, of the linear space Tb" There is an obvious 

fixed point free involution t (b,o) = (b,-o) and a projection 

: ~n . > B n given by ~ (b,o) = b. Topologize ~n so that 

: ~n -> B n is the principal Z2-covering associated with 

the Whitney class v I(~) ~. H I(Bn;Z 2). Then ~ receives a unique 

differential structure in which t is a diffeomorphism and for 

which ~ : ~n --> B n is a local diffeomorphism. 

Now the induced bundle ~ = J2-1(~) consists of all triples 
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(b,o,v), where v ~ ~b and o is an orientation of ~b" 

Clearly ~ is a canonically oriented 2k-plane bundle. 

F u r t h e r ,  t h e r e  i s  a b u n d l e  map t ( b , o , v )  = ( b , - o , v )  c o v e r i n g  

t. This is an orientation reversing bundle involution because 

T . 
the orientation on induced by t is the reverse of the 

canonical orientation. 

Next there is the bundle ~-i(~) = ~__~ B n induced by 

t h e  t a n g e n t  b u n d l e  t o  B n .  A p o i n t  i n  ~ - - ' i s  a t r i p l e  ( b , o , w )  

where~ w ~ b  and o is an orientation of ~b" If we identify 

~with the tangent bundle to~ n, then dt(b,o,w) = (b,-o,w). 

We can just as well orient ~__>~n because ~b ~ is 

o r i e n t e d  a n d  a t  ( b , o )  we c a n  c h o o s e  t h e  o r i e n t a t i o n  o f  

~,O) = ~b which is compatible with o on ~b. Of course 

~- dt 

> L 

t Bn > 

is still orientation reversing. Finally, the product orienta- 

tion on ~(~is the same as the induced orientation from 

~~-~ , and it is preserved by t*~ dt. 

The classifying map f: B n m>BO(2k) then lifts to an 

equivariant f : (t,B n) m> (T,BSO(2k)), which classifies ~. 

The process can be reversed. Suppose we are given a fixed 

point free orientation reversing involution on a compact 

oriented manifold together with an equivariant map 

f : (t,~ n) m> (T,BSO(2k)). The f induces an oriented 2k-plane 
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bundle ~-->B n with an orientation reversing involution 

(t*, ~) --~ (t,B n). There is also the orientation reversing 

(dt,~) --> (t,B n) and (t*~)dt, ~)~') is orientation pre- 

serving. We can set B n = ~n/t, and orient the quotient 

bundle ~ e ~  = (~/t*)O (~/dt). This will lead the 

reader to see immediately that A (2k)~A (T,BSO(2k)). 
n n 

Let M(~) be the Thom space of the real line bundle 

~--> BO (2k) associated with the double covering BSO (2k) --> BO (2k) . 

According to Rosenzweig, ~ /~ J , it follows now that 

"~- (M(~)) A n(2k) __ ~n+l 

where ~n+l(M(~)) is the ordinary reduced oriented bordism 

group of the space M(~). For k = o, take ~-->{pt = BO(o)}, 
r%. 

then the Thorn space is S 1 and surely ~n_~-~n+l(Sl). 
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2. Self-intersection 

We continue to denote by BO(2k) the classifying space 

for O(2k), and by MO(2k) we denote the Thom space of the 

universal 2k-plane bundle. We shall define a homomorphism 

S : An(2k ) --~n_2k(BO(2k)) 

where~,(BO(2k)) is the ordinary bordism module of orthogonal 

2k-plane bundles over closed oriented manifolds. 

Given (~-->Mn,~ there is a bundle map 
% 

F 

M n > B O ( 2 k ) .  

Now BO(2k)~ MO(2k), so by a small homotopy we can deform f 

into a map g : M n ---n>MO(2k) which is transverse regular on 

BO ( 2k ). Then 

vn-2k = g-l(Bo(2k)) 

is a closed regular submanifold of M n. The normal bundle, 

denoted by 7 -->V n-2k is just the restriction of ~ . But 

~-~ I vn-2k~L~ is identified with ~, (~'~) --> V . . . .  , 

where "~-->V n-2k is the tangent bundle. Observe 

(~)~)~9__ inherits an orientation from 

that of -->M n, while ~ , is canonically oriented by 

the complex structure (v,w) --> (-w,v). Thus ~-->V n-2k is 

oriented and ~ -->V n-2k represents an element in ~n_2k(BO(2k)). 
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A standard transverse regularity argument shows that this 

construction defines a homomorphism 

S : An(2k) m>~_2k(BO(2k)). 

To justify our calling S the self-intersection homo- 

morphism we should note that V n-2k is the set of zeroes of a 

"generic" cross-section of ~ m>M n. In other words, any 

cross-section ~ of ~ --> M n furnishes us with a map of M n 

into the Thom space M(~). The section is "generic" if this 

map is transverse regular on Mn~ M(~) as the O-section. Let 

M n g : m>BO(2k) be the composition 

n g ~ 
M > (2k > BO(2k) 

where //~f: 2k -->BO(2k) is projection. Then g is homotopic 

Mn ~ to f : m>BO(2k). Thus ~-i g ( 2k ) is equivalent to , 

but x --> (x,g(x)) is a "generic" cross-section of this induced 

n-2k 
bundle whose set of zeroes is exactly V 

Let us have an example then. For each n > O consider the 

holomorphic line bundle ~n --> CP(n) over complex projective 
! n+l 

space defined as follows. Let W = C ~ {0} and define the 

action of C on C X W by t(~;Zl,...,Zn+ I) = (t~tzl,...,tZn+l). 
U 

Then ~n = (C X W)/C --> CP (n). If we give CP (n) the orienta- 

tion arising from its analytic structure then we obtain 

n -->CP(n)~ in~ 2n(BO(2)). If ~n+l~ "~ -->CP(n+I)is 

oriented by the complex structure on this Whitney sum then we 

obtain /~+i -->CP(n+l) , ~  A2n+2(2). We assert that for 
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n > O 

S~n+l -->CP(n+I),~J = - ~n -->CP(n)) ~. 

The generic cross-section of ~n+l --> CP (n+l) is 

' - - - ' z  n§ Z ] =  I CZl'Zl' ' ' ' 'Zn§ 

and the set of zeroes of this holomorphic section is 

/I CP(n) =~~o,z 2,...,zn+ 2~~ CP(n+I) 

and /n+l -- /n ---> CP(n). Now 7n ~~--> CP(n+l)+ had the 

orientation of the c o m p l e x  s t r u c t u r e ,  so  t h a t  

~n~fn ~ ~  --> CP (n) has the "correct" orientation, but 

n ~  n is oriented by the complex struc~ture (v,w) --> (-w,v). 

A moments reflection shows that from this t~"~---> CP(n)  r e c e i v e s  

the orientation opposite its customary one, hence the minus 

sign. 

A small, well known, comment on orientations is appropriate 

here. Let (V,~) be an oriented real vector space of dimension 

n. The direct sum V~V can be given either the product 

orientation ~~/ or the orientation ~ arising from the 
c 

complex structure (v,w) --> (-w,v). In every case 

n (n-l) 
(-1) 2 ~ .  

c 

With this in mind, we might ask how the self-intersection 

is related to the fact that A (2k)~A (T,BSO(2k)). Given n n 

(~ -->Mn,~) we took a generic cross-section ~of ~ and 
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found V n-2k to be the set of zeroes. But~will induce a 

'M n whose set of zeroes, generic cross-section of ~ --> 

f~V n-2k is t-invariant and %double covers V n-2k There is an F 

ambiguity in orienting V n-2k, however. We might use 

~,." "14~) ~" ) i,~ ;A ~ ~ n - 2 k  
( ~ just as before giving an orientation 

in which V n-2k -->V n-2k has degree +2~ However, 
C 

T/~ n-2k ~~Awill also orient are both oriented and r-a = /-- 

~ - 2 k  (~ '  --  V . , say with orientation . This amounts to giving 

~, ~A ~ k ~ . 
C ~, _l" the product orientation so = (-i) c Now 

~n-2k ~ n 
,~) is the oriented submanifold of M dual to the Euler 

F~ H2 k ~ y class X (~) ~ (M2n; Z) of the oriented bundle __ __>~n. 

We can use this commentary to produce another example 

which may be illuminating. Given a closed manifold, M 2k, 

let ~ -->M2k be the tangent bundle, then ~@~ --~M2k is 

oriented by the complex structure (v,w) = (-w,v). In this 
r%p 

case ~ -->M 2k is the canonically oriented tangent bundle of 

the orientation double covering of M n, but we must pause to 

consider the orientation of ~ __~n. It arises from the 

orientation of ~ together with the complex structure on 

~@~. We can write ~= (-1)k ~ as oriented bundles 

since the i d e n t i t y  map i s  an o r t h o g o n a l  b u n d l e  e q u i v a l e n c e  

between ~ and Thus V O with the ~ orientation is 

"~ 2k X '~" dual to (-i) kx (~) -- (-i) ( ~,~ = (M~'2k) �9 

: - <xc , 
q - >  S I ~= (BO(o)) = -~0 ~k. 

Now 

Since 

Z we can write 
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because ~2k) = ~ X(~),Q-2~ is the number of points in 

G ~ counted with sign in the (9* orientation, and thus is just 
c 

twice the number of points in V ~ also counted with sign. 

Let us now investigate the multiplicative properties 

of the self-intersection homomorphism. There is 

BO(2k) ~ BO(2j) --> BO(2(k+j)) 

inducing 

MO(2k)~ MO(2j) --> MO(2(k+j)), 

and this second map is already transverse regular on BO(2(k+j)). 

Thus if g : M n -->MO(2k), g' : L TM -->MO(2j) are suitably trans- 

verse regular, then 

g X g' : Mn~ L TM --> MO(2k)A MO(2j) --> MO(2(k+j)) 

is still transverse regular on BO(2(k+j)) and 

7 vn-2kx (g X g')-l(Bo(2(k+J)) = vn-2k~ W m-2j, with X ' --> W m-2j 

as normal bundle. We must show that~)(~ ' --> vn-2k)f W m-2j 

receives the product orientation. First the bundle 

( ~ ~ ) ~  (f '8 ~ ') receives the product orientation 

and restricts into 

= ( ( ~(~ )(~') X ( ( '(~ ' )~ ' ) -"> vn-2kx wm-2j" 

so the inherited orientation of ~ agrees with the product of 
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t , e  o , , e n t , , , o n s  o n  , o w  

~ = ( ) x  ( 'o '))(B ( ~ x  ' )  

is also oriented and the natural equivalence OC ~ is  

or ientat ion preserving. Next, there is  the complex structure 
A ~ A 

on ( f X ~ - - ) ( ~ ) { F X ~  ') which induces an or ientat ion on 

X % 
' (~. X ') the v = ( ')~ ~ )~ ~ . Since obvious 

isomorphisr/~ ~ is the sum of a complex linear iso- 
4 r  

morphism with the identity, it too preserves orientation. 

Thus O(i ~ ~ by an orientation preserving equivalence. Now 

y is the restriction of (~)f f ')~ (~'~') which was 

%.# 

oriented by equivalence to (f~) 2( ( I '~ ~ ') and ~--~- 
i 

is the restriction of this equivalence. Thus the inherited 

orientation of X is the same as the product orientation 

~" #' and the complex bundle arising from 

( X ') �9 ( X ') , therefore V n-2kX W m-2j does receive 

the product orientation. 

This suggests that we put ~ = ~ ~ (BO(2q)) 
m p o. p+4q =m 

and ~ =~o ~'m Via the external Whitney sum we define 
# - &  

in ~ the structure of a graded commutative algebra with 

unit over~ . Following the agreement A (o) -~ I = ~ (SO(o)) 
n n n 

we let S : A (o) -->~ (SO(o)) be the identity. The grading on 
n n /I 

~ was chosen just so that S :~ --> will be a unit 

preserving homomorphism of graded algebras having degree O. 
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/7 
3. The structure of 

In this section we shall prove that~ /Tor is a graded 

polynomial ring over ~ /Tor. We begin with two new remarks 

about general bordism theory which are natural generalizations 

of results in ~ I  

(3.1) Lemma: If H,(X;Z) has no odd torsion then 

~,(X)~ Z(1/2) is a free graded module over ~ ~  Z(1/2). 

Under this hypothesis, the bordism spectral sequence for 

X collapses, E ~  C~/~--J , and in particular the Thorn 

homomorphism /~ :~,(X) --> H,(X;Z) is onto. If rank H (X;Z) ~ O 
n 

choose elements Yn,i~n(X) where 1 _< i _< rank Hn(X;Z) so that 

the homology classes ~(Yn,i )~. are an additive base for the 

free part of Hn(X;Z). Let ~~,(X) be the submodule over~'~ 

generated by all the Yn,i" There is a filtration 

.. ~ 0 with ~n(X) = Jn,o ~ . ~ Jo,n 

2 

Jp,n-p I Jp-l,n-p+l --~ Ep,n-p~ Ep,n-p 

Hp (X;~n_ q) . 

We show by induction on p that if OC~ J then 2J~ 
p,n-p 

for some j > O. Suppose this has been shown for p-l, then m(. 

determines~ ~ J I J ~ H (Xi~ ). But there p,n-p p-i ,n-p+l w p n-p 
J 

is an exact sequence 

0-->H (X)~_(~ -->H (X; .~  --> (Hp_ 1 , p n-p p n_p) Tor (X) ~n_p) --> O. 
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Certainly there is a 2~@~ 

that 2J~ -(7 Y J p,i x~-p)1 ~ p-l, n-p+l 

proceed. Note that J ~ H(X; ~ )~ H (X)~ . 
o,n-- n ~ o n 

reader may show the Y are linearly independent in 
n,i 

_C/. z r 

and elements xn-P~ n-p such 

so the induction can 

The 

Let us briefly recall the Pontrjagin numbers of a map 

of a closed manifold f : M n -->X, ~~i/~. For each 

finitely non-zero sequence w = (o < i I < ... < i. < ..) let 
il il -- -- -- 3 -- 

p(w) = Pl "''P" .... be the product of the Pontrjagin classes 
3 , 

of M n. For each pair (w,c) where c~ H (X;Z) define 

P(w,c)fMn,f~ = <f*(c)p(w),~-n>~Z. This is an invariant of 

the bordism class and determines [Mn,f7 mod torsion. 

Consider especially f : Mnl -->X representing Yn,i" If v4m 

is a closed manifold we can compute some of the Pontrjagin 

numbers of fM n ~ v4m,g 7 where g(x,y) = f(x). Choose 

Cn, i ~ Hn(x;z) with <Cn,i,~(Yn,j) > ~i,j" If 

c ~ Hp(X;Z), p > n, then P(w,c)fMn)C v4m,g 7 = O while 

P(W,Cn,j)fMn~ v4m,g 7 = Si,j~p(w),~--(v4m)~ Z. 

Both remarks follow upon application of the Whitney sum 

theorem to the computation of the Pontrjagin classes of 

M n X V 4m together with appropriate dimensional considerations. 
1 

This type of consideration was used in ~'-~C~. This 

means the Pontrjagin numbers of fM n)~ v4m,g7 determines 
1 

the Pontrjagin numbers of [v4m 7. 
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(3.2) Theorem: If H,(X;Z) has no odd torsion, then 

~,(X)/Tor is a free graded _~/Tor module. 

Consider a 

/ =  n  +4m ( V'iY =k " n,i ~ i 

The range on each i is 1 < i<rank H (X;Z). We must show that 
-- -- n 

if all the generalized Pontrjagin numbers of~ are divisible 
i 

by 2, then, modulo an element of order 2, each coefficient 

[v4m]~_ 2~4m. This is equivalent to showing all Pontrjagin 

numbers of [V 4m] are divisible by 2. We proceed inductively. 

Fix n o and assume the divisibility has been established for 

[n7 the coefficients V i , all n > n o . Without loss of generality 

we may then assume that in fact no term with n > n o appears. 

)~ 4m 
Fix i O and consider P(w,c nO,iO :Z (~ P(W'Cn O'i O,[ MnX V i 'g]' 
with n <_ n o . But all the contributions are 0 except 

4m o 
P(w io)[MT~ g3 r 4mo~ �9 pw (IVio ]). Cn O' Vl O , = 

Since all Pontrjagin numbers ~A __~ are divisible by 2, so are 

all Pontrjagin numbers of Lv~moj. Thus the induction may 
1 o 

proceed. It begins with n = k of course. 

Now if 2J~ + ~ : / ~  where ~is a torsion element, 

then we apply the foregoing to find a ~  '~ ~ with 
! 

hence 

-2,J-i = ~' is a torsion class and 2J-~ + ~' =~ ~ 

Inductively, therefore, we can, for any O<_~k(X), find a 
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~ for which O~-~ is a torsion class�9 Thus the 

Yn,i generate ~, (X)/Tor as an ,~/Tor-module. It is not 

difficult to verify the linear independence over ~2--/Tor. 

We want to apply (3�9 to~, (BO(2k)). This is possible 

for H, (BO(2k) ;Z) has no odd torsion and no elements of order 4. 

We have to find generators for the free part of H,(BO(2k);Z). 

For a start, the free part of H (BO(2k);Z) is the polynomial 

ring generated by the Pontrjagin classes Pl'''''Pk" Identify 

these with the elementary symmetric functions in the variables 

2 ~ il ik tl,..., . To each w = (0 _< _< ... _< ) associate the 

2 2i , t2kik symmetric function tl i,... which may be regarded as a 

polynomial in the Pontrjagin classes. Also to w associate the 

external Whitney sum of line bundles 

= X --> CP )X --)c CP( 
Y(w) il ik 

in 44 (il+" . .+ik ) (BO (2k)) . If 

f : CP(2i I)X ... X CP(2i k) ---> BO(2k) 

be the classifying map then ~f,~ 2i 2i , tl l...t k = i, 

where ~ is the fundamental class of the product of projective 

space~. Thus by (3.2) the Y(w) are a basis of ~,(BO(2k))/Tor 

as a module over ~ /Tor. Recalling the definition of ~ we 

= If2 -->CP(2P)3E% for all p > O. introduce x 4(p+l) p (p+l) -- 

(3�9 Lemma: As a 9faded al~ebra over ~ /Tor, ~/Tor 

is a polynomial algebra ~enerated by the f~ 2p --e CP(2pU for p > O. 
/ 
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We repeat that q/C. contains no elements of order 4. 

We return to An(2k)--'~n(M(~)). Since H,(M(~);Z) 

has no odd torsion and no elements of order 4, we can 

determine Z(1/2). We compute H (M( ) ;Z(1/2)) as 

follows. Let D (~) , S (~) respectively be the 1-cell and the 

O-sphere bundles of ~m>BO(2k). Then 

H (M( );Z(I/2))~ H (D( ), S( );Z(I/2)) and 

H (D( ), S( );Z(I/2))~-H (BO(2k);Z(I/2))~ Z(I/2) l,...,pk 

, . ~p 
H (S(~);Z(I/2))~ H (BSO(2k);Z(I/2))~ Z(I/2) l,...,Pk_l,X2k 

where X2k is the universal Euler class and i (pk) = (X2k)2. 
.W 

Thus 0 -->Z(I/2) l,...,pk >Z(I/2) l,...,Pk_l,X2k 

> H (M(~) ;Z(1/2)) --> 0 is exact. It follows that 

~n+I(M(~);Z(I/2)) = 0 if n-2k 90 sod 4. If n-2k = 4 9 then 

rank~n+l(M(~) ;Z(I/2)) is the number of partitions 

(0 ! i I ! -'- ! i k) 

correspond ~* (plil" 

of j. To each such partition we may 

ik_ 1 2i k N + 
"'=k-i (X2k) X2k) ~ Hn I(M(O);Z(I/2))" 

Now observe that additively 

Hn_2 k H~+I (M ( );Z(I/2))~ (BO (2k) ; Z (i/2)) 

By (3.1) we have 

and so it follows that 

.(M(~)) (~ Z(I/2)_.~A.(2k)~) Z(I/2)__~-'.~'~.(BO(2k)).~) Z(I/2). 
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Summing over 2k we conclude that a n ~ ~  Z(I/2)-modules 

Z(ll2) Z(ll2). 

(3.4) 

morphism 

Theorem: The self-intersection induces an iso- 

S : ~/Tor ~ ~/Tor 

o_~fqraded algebras. 

Recall from section 2 that we showed 

S [f2p+l-->CP(2p+I) , ~ ]  = -  f ~ p ~ ; C P ( 2 p ) J  so S is onto 
mod torsion. Since ~ Z(I/2)~ Z(I/2) as modules the 

kernel of S consists of torsion only. 

(3.5) Corollary: As a ~raded algebra over ~-~ /Tor, 

/Tor is a polynomial rin~ on f~2p+l --> CP (2p+l) ,~] , 

p > O. 

(3.6) Corollary: Every element in the kernel of S has 

order 2. 

There are no elements of order 4 in ~ . 
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4. The ring (./,(Z2) 

_ J 

We define ~m Z2 ) to be the bordism group of orientation 

preserving involutions on closed oriented m-manifolds, 

�9 Give to Z2) = Z 2) the structure of 

a graded commutative algebra with unit over ~--~, where 

~,Mm]~T ' ,VJ = ~TX T ' ,  M TM ~ vnJ. 

We embed~-~ into (./,(Z2) by assigning to each closed oriented 

manifold the trivial involution. 

Rosenzweig, ~ / ~  _/ , introduced an exact triangle 

where ~ ~,(Z 2) is the bordism module of fixed point free 

orientation preserving involutions on closed oriented mani- 

folds. We define i, :~, (Z 2) --~ ,~IZ 2) by disregarding 
~4 

the freeness. Now ~,(Z2) --> ~ is described as follows�9 

Given (T,M n) then for each O < n < m let Fn~M TM be the union 

of the n-dimensional components of the fixed point set. Let 

~ -->F n be the normal bundle�9 Since T preserves orientation 

at each fixed point m-n = 2k if F n ~ ~. Finally, the orienta- 

tion of M n defines an orientation on ~U--> F n. For each -T 
C-- 

n, F n ~ ~ we have ~-->F n, ~Jin An(2k), and 
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[,MmJ--#~--->Fn, (~..~. This defines a homomorphism 

of algebras ~,(Z 2, ---> ~ Now given (~--~ vn,~) we 

introduce the bundle involution (A,S(~)) on the (2k-l)-sphere 
( 

bundle associated with ~ . This is the fibre preserving fixed 
i 

point free involution which, on each fibre, agrees with the 

antipodal map. The orientation on ~~-->V n produces an 

orientation on S( ) which is preserved by A so we put 

/"~,FI~-->vn,I~Y= ~A,Sf)f~'~n+2k_l{Z2). 
As we said, this results in an exact triangle. Rosenzweig 

proved, ~-~ /~ J, that the kernel of i, :~,(Z 2) -->~**(Z 2) 

consists of precisely all the 2-torsion. Now 

~,(Z 2) ~ ~ ~ , ( Z  2) so that we have 

O >~/Tor >~(Z2) j ~ ~ * > *>Tor ~, (Z 2) > O. 

 f/ 2,zJs z2, is the action of 
lation then ~'~/Tor --> ~,(Z2) is 

Z 2 on itself by trans- 

The image of this homomorphism is the ideal generated by 

~2,Z27 and it will be denoted by 

kernel of j, : ~,(Z2) -->~. 

J ~ ~J, Z2). It is the 

For p > O introduce the ~A,CP(2pJin ~4 

j=Ez  j A , . . . , Z2p + , z 2, . . . , Z2p + . 

(Z 2 ) where 
P 
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(4. i) Theorem: As an algebra over ~/Tor, 

(~,(Z2)/J)/Tor is a polynomial algebra, with generators 

~,CP(2p)J, p > O. 

The fixed point set of (A,CP(2p+2)) is the disjoint 

union of a point and CP(2p+I) C CP(2p+2) as {Go,z2,...,Z2p+3 ~ 

with normal bundle r -->CP(2p+I). When we apply the 
p+l 

I self-intersection we are left with 

p 4 (p+l) 4 (p+l) 

follows from the structure of ~/Tor and the fact that 

~.. (Z2)/J is embedded in~. We shall denote by 

~, (Z) --> ~..t the composite homomorphism 

(4.2) 

,(Z 2) > 
J__ 

Corollary: If 2~T,! 

> 

~4j= 0 then 

~ e  ~ o ~ e s ~ s  ~ m ~ e s  j J ~ , ~ d ~ a ~  order ~ ~n 6,",~, 

hence there is ~Z2,ZJ~4PI= 2E, M4~for some ~4P~. 4v ' 
 nvo ut ons w e  s e e  t at 2(rX  _f-Z -- 0 

SO that EZ2'ZJ '~4p'p-~= s  Z27~M4P~" From (4.2, and ele- 
mentary dimensional considerations we derive 

(4.3) Corollary: If (T,M 4p) is an orientation preservin~ 

involution on a closed manifold for which every component of 

the fixed point set has dimension less than 2p, then 

in ~4p(Z2) . 
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We can use (4.2) to answer the crucial question of identi- 

fying the elements in 2~,(Z2) ~ J. We shall have to examine 

again some involutions which were used elsewhere, E ~ ]. 

For each pair of non-negative integers (n,k) we shall con- 

struct a holomorphic transformation group (C ,V(n,k)) on a 

closed complex analytic manifold of real dimension 2(n+k). With 

k fixed we induct on n as follows. Let V(o,k) = CP(k) and define 

(C ,V(o,k)) by t( l''''' + ) = "'''' k' + " 

Suppose  (C , V ( n , k ) )  h a s  b e e n  i n d u c t i v e l y  d e f i n e d ,  t h e n  V ( n + l , k )  
, 

is the quotient of (C ,V(n,k) X W) where W = C2~{o,o}at t(x,z,w) = 

(tx,tz,tw). Denoting by ((x,z,w)) a point in V(n+l,k), we define 

(C ,V(n+l,k)) by t((x,z,w)) = ((x,z,tw)). We may fibre V(n+l,k) 

over CP(1) with fibre V(n,k) by tlhe projection ((x,z,w)) --7 [z,wd. 

We are especially interested in 6~,V(n+l,k)2~2(n+k+l ) (Z 2) 

where T((x,z,w)) = ((x,z,-w)). The fixed point set 

F(n+l,k)CV(n+l,k) falls naturally into two parts. There is 

V(n,k)~V(n+l,k) as x n> ((x,l,o)) , and there is F(n,k)CV(n+l,k) 

as x m> ((x,o,l)). We have F(n+l,k) = F(n,k)U V(n,k) . Furthermore 

the normal bundle to V(n,k)~V(n+l,k) is an analytically trivial 

line bundle. In fact V(n,k)~C is mapped onto this normal bundle 

by (x,w) --> ((x,l,w)). To understand the normal bundle to 

F(n,k)CV(n+l,k) we should show it is the sum of the normal bundle 

of F(n,k)cV(n,k) with a trivial line bundle. But if V(n,k) is 

embedded in V(n+l,k) by x --> ((x,o,l)) then 

F(n,k) ~ V(n,k)~V(n+l,k) and V(n,k) ~V(n+l,k) has a trivial 
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normal bundle too. Hence the normal bundle to 

F(n,k) c V(n+l,k) is the Whitney sum of the normal bundle 

of F(n,k) cV(n,k) with a trivial line bundle as required. 

Inductively 

F(n+l,k) = ( ~ V(j,k)) I F(o,k). 
o<j<n+l 

Furthermore, the normal to this fixed point set admits a non- 

vanishing cross-section on every component. 

in 

(4.4) Lemma: If n > O then 

=bv<n=J - [= 2' Z2]~ (n,k)J 
(z). 

2(n+k) 2 J S  v j 
It is evident that (n,k = O if n > O, so we apply 

(4.2). As V(n,k) is fibred over CP(1) for n > O we also have 

fV n - Oo 

A set of generators for ~)/Tor = Z ~4,x8,... ,X4p,...3 

=fC J = integral can be described by x 4 P(2) and for p > i, X4p 

linear combination of EV(n,k)] with n+k = 2p, n > O, 

f ~ ] But otherwise, we can choose generators of 

_~//Tor such that for p > i, {Z2,ZJx4p~ 2 ~4p(Z2). 

For any [M4J consider IM4P] - (index [M4P~)~P(2)~. 

This difference has index O so that it lies in the ideal 

generated by {X4p} 2. Using the fact that ~'~/Tor --~ ~**(Z 2) 

is an ~-module homomorphism we have 
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[Z 2,Z2]((ind~4~)~P(2Jp )E 2 4~p(Z2 ) if index~M4P~= O rood 2. 

(4.5) Theorem: The necessary and sufficient condition 

that fZ2,ZJ~4P~E 2 ~,(Z2) is 

index~4J= O mod 2. 

The reader will note of course that we have established 

the sufficiency and the necessity seems plausible, but we must 

postpone the proof of this because we are missing an important 

invariant which will be developed in the next section. 

We note that Rosenzweig, E / ~ J  , used his exact 

triangle to show ~,(Z2) has no odd torsion and no elements 

of order 4. Now J~ Tor ~,(Z 2) = {o} so that we can regard 

Tor ~,(Z 2) as contained in Tor(~,(Z2)/J). Since 

~,(Z )/JC ~ , Tor(~(Z2)/J) contains no elements of order 

4 either. From (4.5) we conclude 

(4.6) Corollary: For any p >_ O, 

2-rank (Tor((~4p(Z2)IJ4p) ) - 2-rank (Tor((~4pr 

= rank (~4p) - i. 

This measures the excess of the torsion in ~4p(Z2)/J4p 

over the torsion in ~4p(Z2). It is proved as follows. The 

excess 2-torsion arises from J4p~9 2 ~4p(Z2). 

from the ~M4PJ in ~4p/TOr such that 

i) index[M4P~ = 0 mod 2 

21 0 sod 2 

More precisely 
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Since _~/Tor is a polynomial ring over Z 

rank-~14p = dim(A~4p /Tor)~ Z 2 . 

We subtract off 1 because ind ~CP(2~= 1 for all p ~ O. 

(4.7) Lemma: If a~ ~ then there is a b ~ ~iZ 2) 

for which 

2(a-j,(b)) = O. 

Since (4.1) and (3.5) together prove that j, induces an 

isomorphism 

( ~.(Z 2)/J)/Tor ~/Tor 

the lemma is immediate. 

(4.8) Theorem: Any torsion class in ~,(Z 2) is the 

image under ~, of an element of order 2 in ~. 

We simply use (4.7) for 2(a-j,(b)) = 0 and ~,(a-j,(b)) = ~, a. 

Remember Rosenzweig showed that im (~,) is precisely the 2- 

torsion in ~l,(Z2). With (4.6) and (4.8) it is possible in 

principal to compute the 2-rank of Tor ~, (Z 2) . For any m we 

can use the isomorphism 

6[m -~ Z ~n+l(M(~) ) 
n+2k=m 

to determine Tor(~m). Now ~m-I (Z2)--~'~m-l~~ m-i (Z2) 

and it is known that~'~m_l(Z2)~~_2. If m ~ O mod 4 then 

2-rank ~m(Z2) = 2-rank ~m - 2-rank~m-i - dim~-2 " 
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While if m = 4p 

2-rank ~4p(Z2) = 2-rank~p - 2-rank~4p_l - dim~4p. 2 

- rank~4p + i. 

While the actual numbers are not meaningful by themsevles we 

did want to point out that the 2-rank of ~.(Z 2) can be 

determined in every dimension. 
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5. A trace invariant 

Professors Atiyah and Hirzebruch pointed out to us the 

form that the Atiyah-Bott Fixed Point Theorem takes for 

orientation preserving involutions on closed oriented mani- 

folds. In fact we shall derive the appropriate formula as a 

corollary of (4.1), but the Trace invariant has additional 

application to which we shall draw the reader's attention. 

Consider a triple (T,V,(,,,)) wherein T is a real linear 

transformation of period 2 on a finite dimensional real vector 

space V equipped with a bilinear, symmetric innerproduct (v,w) 

which is non-singular in the sense that if v ~ O then there is 

a w with (v,w) ~ O. We also suppose that (Tv,Tw) ~-- (v,w) of 

course. 

Denote by ~(T,V) the algebra of all linear transformations 

of V into itself which commute with T and denote by 

GL(T,V)C~(T,V) those which are also invertible. Fix a positive 

definite symmetric bilinear inner-product ~v,w> for which 

<Tv,Tw>~ ~v,w> . Denote by ~y(T)~(T,V) the vector space 

of those linear operators commuting with T which are symmetric; 

that is, ~v,Lw> ~ <Lv,w> , and by~y+(T)c~T) those which 

in addition are positive definite; that is, ~v,Lv> > 0 if 

v ~ O. Similarly ~T)C~(T,V) is the vector space of those 

linear operators which commuted with T and satisfy 

(v,Dw) ~ (DV,W) 
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while ~+(T)~ (~f) is the subset of D for which in addition 

(v,Dv) > 0 if v ~ O. Observe that T ~ ~(T)/9~y (T) for 

(v,~) = (TTv,Tw) = (Tv,w) 

and similarly for ~, ~ . / 

We shall now exhibit a linear isomorphism of.~y(T) with 

~(T) which makes ~y+(T) onto ~(T). Using the non- 

singularity of (,,,) we argue by duality that for each w~ V 

there.is a unique DoW ~ V such that (V,DoW) = <v,w> for all 

v ~ V. It follows easily that D o is linear. Now 

~V,DoW) -- ~ v,w> = < w,v> 

ifv~O. 

--~W,~oV~-- C~oV,W b cV,~oV~ : ~v,v>> o 

It will follow that D o~+(T) if we can show DoT = TD o, but 

~V,DoTW~ = <v,~> -- <~v,w> -- ~TV,DoW~--~v,TDoW~ 

for all v and w so the commutativity follows from the non-singu- 

larity of (-,B). If L6~y(T), then DoL ~~T) for 

~V,~o~W~ <v,~w> <w,~v> cW,~o~V~ C~o~V,W~, 

and (V,DoLV) = ~v,Lv~ , hence DoL ~ ~+(T) if and only if 

L ~/~+(T). Next, if D~(T) then for any w ~V there is 

a unique Lw for which (v,Dw) = ~v,Lw> for all v. Again L 

is linear, symmetric and commutes with T, so L~ ~y(T). Note 

that 

(V,DoTW)---- 6V,TW> = (V,DW), 
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hence DoL = D and so we have 

( T ~ ' ~  . 

J 

It is trivial to see that_ . -Jv+(T), and hence ~(T), 
j / T  

convex. We can argue that~+(T) is open i~ ~y(T) is in 
, u  

the following standard manner. Suppose L~ ~y+(T) then, 

using the compactness of the unit sphere, there is ~ > 0 

such that ~v,Lv> >~ for all <v,v~ = i. If L' E~(T) 

and j~v, (L-L')v> J < E for all ~v,v~ = 1 it follows 

L'~y+~ (T) also. 

We have shown that ~+(T) is an open, non-empty, convex 

subset of the linear space ~T). Thus ~+(T) is homeo- 

morphic to (~F) itself. We are going to define a map of 

period 2 on ~+(T) and apply the Smith fixed point theorem 

to show that the fixed point set is non-empty and connected. 

We claim that if D~ ~+(T) then D -16~+(T) also because 

(v,D-Iw) = (DD-Iv,D-Iw) = (D-Iv,w) 

and 

(v,D-Iv) = (DD-Iv,D-Iv) = (D-Iv,D(D-Iv)) > O if v ~ O. 

The transformation D -->D -I is a map of period 2 on the open 

convex set ~(T) and it has a connected non-empty fixed point + 

set. Obviously D = D -I if and only if D 2 = I. 

(5.1) Lamina: The set of all linear operators on V 
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satisfying 

i) DT = TD 

2) D 2 = I 

3) (v,Dw) = (Dv,w) 

4) (v,Dv) > O if v ~ O 

form a non-empty connected subset of GL(T,V) and any two such 

operators are conjugate in GL(T,V). 

The reader will see that in what follows it is immaterial 

which D in (5.1) is used. Choose D and let V = V+~V_ be the 

~l-eigenspace decomposition of V under D. The inner-product is 

positive definite on V+ and negative definite on V_. Since 

DT = TD the eigenspaces V and V are T-invariant. We put + 

Tr(T,V, (-,-)) = trace (T,V+)-trace (T,V_). 

Recall that 

index (V, (-, -) ) = dim V+-dim V_. 

Now use T to decompose V+, V_ as 

V o V+ = V2~ + 

V = V e~v~ 

The e(ven) denotes the +i eigenspace of T and the o(dd) the -i. 

Then 

while 

Tr(T,V, (-,-)) = (dim V+-dim V+) - (dim Ve'dim V ~ 
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o 
ind (V, (.,,)) = dim v+e+ dim V+- (dim v_e+ dim V ~ 

thus 

Tr(T,V,(',-)) - ind (V, (o,p)) = 2(dim V ~ - dim V ~ = -2ind (V ~ (. ~)) 

(5.2) Lemma: For any (T�9149 (o,o)) 

Tr(T,V, (.,-))= ind (V, (.,o)) 

modulo 2. 

Given (T�9 (.,G)) and (T',V', (.,~) ') let 

(T,V, (-,~)) ~ (T' ,V' , (-,-) ') be V + V' with innerproduct 

((v+v' �9 = (v�9 + (v'�9 

and (T+T') (v+v') = Tv + T'v'. Similarly�9 (T,V, (.,.))~ (T' ,V' (-,.)') 

gives to V~ V' the innerproduct 

((v~v' , �9 �9 w~w )) = (v�9 

and T~ T'. Using the definitions the reader may show 

(5.3) Lemma: For any pair (T,V,(.,o)) and (T',V',(-,-)') 

Tr((T �9149149 (T' �9149149 = (Tr(T �9149 + (Tr(T'V' �9 

and 

Tr((T�9149 (. �9 ~ (T' �9 �9 (*,-) ')) = Tr(T,V, (-�9 Tr(T' �9 �9 (-�9 

We also observe that Tr(T,V, (o,~)) = O if there is a T- 

invariant subspace W cV with 2 dim W = dim V and on which the 

inner-product is totally degenerate. The assumption of degeneracy 
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implies W /~ V+ = W t9 V_ = {0} and by the dimensional consideration 

we see the projections induce isomorphisms (T,V+)~(T,W) ~(T,V_). 

We can use this to define a ring homomorphism 

Tr : ~(Z 2) --> Z. We agree Tr is trivial On~m(Z2) if m # 0 

mod 4. For (T,M 4p) we define the usual inner-product on 

H 2p(M4p;R) = V by (v,w) = ~v v w,CZ~4?~R, where ~4p ~ H4p(M4P;z) 

is the orientation class. Since T preserves orientation 

(T v,T w) = (v,w), thus we have (T ,V, (-,-)). We set 

Tr(T,M 4p) = Tr(T*,H2P(M4P;R) , (o,~)). 

The usual argument will show Tr only depends on the bordism 

class [T,M4P3. First, if __~4p is replaced by - ~D the result 

is - Tr(T,M4P). If there is a (T,B 4p+I) with (T,~B 4P+l) = (T,M 4p) 

then the image of 

, , (B4p+l * i : (T ,H 2p ;R)) -->(T ,H2P(M4P;R)) 

is the T -invariant subspace W<H2P(M4P;R) on which the inner- 

product is totally degenerate and for which 2 dim W = dim H 2p (M4P;R). 

With (5.3) and the usual arguments for the case of index it can 

be shown that Tr :~(Z2) --> Z is a ring homomorphism. Finally 

note that if T = I is the trivial involution then 

Tr ~T,M4P~ = index 5~4P~. 

(5.4) Lemma: If [M4P3~4p 

Note that 

then Tr(~2,Z2]~4P3) = O. 

H 2p (Z2X M4P; R) ~ H 2p (M4P; R) ~ H 2p (M4P; R) 
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and that T*(v+v') = v' + v. The inner-product on H2P(z2~ M4P;R) 

is ((v+v',w+w')) = (v,w) + (v',w'). Thus if H2P(M4P;R) = V+~V_ 

then we have 

H2P(z2x M4P;R) = (V+~V+)~ (V_~V_) 

and trace (T*,V +~V+) = 0 = trace (T*,V_~V_). 

(5.5) Corollary: f [Z2,Z2~M4P~ lies in 2 ~(Z2) then 

index [M4P~ = O 

If 2[T,x4PJ = ~z2,z2~M4PJ then 2(~4P~-[M4P.7) = O so 

ind [x4P~ = ind[M4P~. By (5.4) 2 Tr ~,x4PJ = O, so 

Tr~T,X4P3 = O, but as we noted in (5.2), this implies 

ind~X4J = ind~4J-- O 

modulo 2. This completes the proof of theorem (4.5) of course. 

In any case we see that Tr induces a ring homomorphism 

Tr :~,(Z2)/J -->Z. 

We also know that S~.(Z2)-->~induces an isomorphism 

~,(Z2)/J ~ Z(I/2)~~PZ(I/2). Thus we ought to be able to 

find a formula for Tr in terms of the self-intersection of the 

fixed point set with itself. 

by assigning 

Define 

. ~ : - ' ~ 4  (BO(2p)) --> Z q 

 n exrV J. 
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This extends uniquely to a ring homomorphism 

(5.6) 

/ :~ --> Z. 

Theorem: The homomorphism Tr : ~**(Z 2 ) -~Z is 

equal to the composite homomorphism 

Z. 

Since by (4.1), (~,(Z2)/J) @ Z(I/2) is the polynomial 

ring over~ Z(1/2) generated by { ~,CP(2p)7}p= 1 where 

[z~ z~+J : f z~ z~ ,z~+j 

it is enough to verify the result for these examples. 

(A*,H2P(cP(2p) ,R)) is the identity Tr ~,CP(2p)7 = i. 

have seen,~~A,CP(2p)y= -l~p_ 2 -->CP(2p-2)~~4p_ 4 

and ~(-~2p-2 -->CP(2p-2~) = ind ~P(2p-2)7= 1. 

(5.7) Corollary: 

Since 

As we 

(BO (2)) 

If (T,M4P) is an orientation preservin9 

involution on a closed oriented manifold for which every 

component of the fixed point set has dimension less than 2p+l, 

then 

[z, [::7 2 = Z 2] M4P 

if and only if Tr [T,M4P 7 = O. 

From elementary dimensional considerations 

~~T,M4P~= S~ -->F2P;~7~o(BO(2p)) _~ Z. The last iso- 

morphism is given by (-I)P~. We apply (4.2). 

To complete the section we discuss the relation of ~,(Z 2) 
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to I, (Z2), the unoriented algebra of bordism classes of 

involutions on closed manifolds, E~L~J. Every ele- 

ment of I,(Z2) has order 2 and there is the forgetful homo- 

morphism which neglects orientation. The analog for ~ in 

the unoriented case is 

~ m = S  % n+k=m 
(BO (k)). 

With = there is a short exact sequence, ~ J  

O -->I,(Z2) .> > (Z 2) --~ O. 

From general bordism theory, ~ d~ ~J-~, the sequence 

2 ~" r ~n 
-~ n+l (M(~)) >/~ n+l (M (~)) > +i (M(~) ) 

is exact, and there is the Thom isomorphism 

n(BO(2k))~n-- +I(M(~)) 

therefore the sequence 

is exact, where r neglects the orientation 

(5.8) Theorem: If m ~ 0 nod 4 then 

of ~ J~'~ 

r : ~m(Z2) --> Im(Z 2) 

is a monomorphism. 

then b = 2b' + -- [Z2,Z 

If b~ =~'(~7A (Z 2) lies in the kernel of r, 

~4P 3 for some b'~ ~4p (Z) and ~M4J~4 p /Tor. 
2 2 
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Finally, b ~ 2 ~4p(Z2) if and only if 

i) r (b) = 0 

2) Tr(b)_~ index (b) nod 4. 

In general we have 

~(z2 2 ~ r ) ~ >  (Z 2) --> I (Z) 
~ 2 

2 r 

If r(b) = O, b~ ~(Z2)m then rj,(b) = O~ ~m and 

a ~ ~ with 2a = j,(b). By (4.7) there 
m 

there is 

is b'~n(Z2) with 

2(a-j,(b')) = 0 = j,(b) - 2j,(b'). 

Since ~m(Z2)-->d is a monomorphism for m ~ O sod 4 we have 
m 

= b. But ~m(Z2) consists entirely of elements of order 2, 2b' 

hence b = O and the first part of (5.8) is established. 

If m = 4p then since j,(b-2b') = 0 we have 

b = 2b' + [Z2,Z2~[M4P J. Now b~ 2 ~,(Z 2) if and only if 

But 

and by (5.4) 

2 ~,(Z2) ; that is, by (4.5) if and only if 

ind [M4J = O mod 2. 

ind (b) = 2 ind (b') + 2 ind fM 4p ] 

Tr(b) = 2Tr(b') 

so that 
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or 

ind (b) - Tr(b) = 2 ind [M4P~ + 2(ind (b') - Tr(b')) 

ind ~ -~M41~= 1/2 (ind (b) - Tr(b)) - (ind (b') - Tr(b')). 

Since index H Tr mod 2 we see that index ~ 4p ] H 0 mod 2 if 

and only if ind (b) ~ Tr(b) mod 4. 

This last be summarized into a Rochlin sequence as follows. 

Define 

~ : <(Z2 ) m> Z2 

(ind EM4P~ - Tr ~T,M4PJ) then 

(5.9) Corollary: For p > 0 the sequence 

~4p(Z2) 2 >~4p,Z2)r +~ > I,(Z2)~ Z 

is exact. 

(5.10) Corollary: If 2b = 0 and r(b) = O, then b = O. 

We need only consider b6 ~4p(Z2). Since 2b = O, 

Tr(b) = ind (b) = O, so since r(b) = 0 also, b is divisible by 

2. There are no elements of order 4 in ~,(Z 2) . 

We can describe the structure of ~,(Z2)/Tor as an algebra 

over ~/Tor. Consider a graded polynomial ring 

_~/Tor ~o,K4,...,K4p, .... J. Let ~ be the ideal generated by 

(Ko(Ko-2), Ko(K 4- [CP(2~), ..... Ko(K4p P(2p ), .... ). 

(5.12) Theorem: There is a natural isomorphism of 

~,(Z2)/Tor with the quotient of the polynomial ring 
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~/Tor [Ko,...,K4p,... 3 by the ideal ~. 

Send K ~ --> [Z2,Z27 and I<4p -->~A'CP(2P)3 for p > O. 
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6. Examples 

The first example which comes to mind is (T,v2PM V 2p) 

where V 2p is a closed oriented manifold, the product mani- 

fold receives the product involution and T(x,y) = (y,x). We 

assert that Tr [T,v2P~ v2P 3 =~ (v2P). The fixed point set 

is the diagonal, and the normal bundle is the tangent bundle 

to V 2p. In section Z, P- ~O , we saw that if ~-~- > V 2p 

is given the orientation arising from the complex structure 

then S ~'~-->V 2p, ~J = ~ (v2P). However, in this case we 
c 

are to use the product orientation on/~~ --> V 2p which 

imparts to the self-intersection the sign adjustment 

(-I)P~(v 2p), but application of ~multiplies by another 

(-i) p, hence Tr ~,v2P~ v2P~ = ~ (V 2p) as asserted. Note 

explicitly that [T,v2Pxv2P~ does not depend on~2P~alone ' 

In fact, by (5.7), ~T,v2P)f v2PJ = O if and only if 

(V 2p) = 0 and 2 Lv2P~ = O~n2p. 

Another example arises from a conjugation involution on 

an almost complex manifold M 4p, ~--~ CX--~f--Y~. The tangent 

bundle has an orthogonal bundle map 

C 

\/ 
M4P 

with j2 = -I. This complex structure orients ~--~ M 4p canoni- 

cally. We suppose that we are given an involution (T,M 4p) for 
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which JdT = -dTJ. We call this a conjugation. If we regard 

(~,J) --> M 4p as a complex bundle over M 4p, then the bundle 

induced by T : M 4p -->M 4p from (/~,J) is ~,-J) --~ M4P; that 

is, the conjugate bundle. It is important to realize that 

since the complex dimension is even, J and -J induce the same 

orientation so that T is orientation preserving in this case. 

This is merely the observation that on C 2p the operation of 

conjugation is orientation preserving. 

Come down to dTx, Jx and ~x at a fixed point x~ M 4p. 

The eigenspaces of dTx split ~x into ~ ~ ,  which are 

! r e s p e c t i v e l y  t h e  • e i g e n s p a c e s .  The f i x e d  v e c t o r s  i n  r 

are the tangent vectors to the fixed point set at x, while 

the skew vectors in ~x are normal to the fixed point set. 

Since dTx Jx = -JxdTx we see J : ~' -->~ is an orthogonal 

bundle equivalence of ~' with ~ , thus the fixed point set 

is a 2p-manifold F2Pc M4P and so is called the real fold of 

the conjugation. The restriction of~to F 2p has the natural 

form J ~ ' ~ '  = ~ ~ ' .  This says that the orientation 

on ~ '8 ~ ' = ~~--' given by (v,w) --> (-w,v) co-incides 

with the orientation of ~--~F 2p given by -J, and this is the 

natural orientation inherited from that of M 4p. Now 

_>,,-p, 

but ~SE~'-->F2P, ~cJ= (-I)P~(F2P). 

(6.1) Lemma: If (T,M 4p) is a conju~ation on a closed 
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almost complex manifold, then 

Tr [T,M4PJ = (-1)P~(F2P). 

To verify this consider the conjugation (T,CP(2p)) given 

for the 

Since the 

(6.2) Theorem: 

almost complex manifold, then 

Recall Tr[T,M4P~ = (-I)P~(F 2p) and 

Tr~,~2pM ~2P3 =~ (~2p) = 2~ (F2P). We 

(x,y) = (y,x) 

If (T,M 4p) is a conjugation on a closed 

= Z2,Z - 

can apply (5.7) to 

2 E,M4P] + (-1)P+I~,~2P X ~2P3, but ~2pJ= O in•2p since 

~2p admits an orientation reversing involution without fixed 

points, hence with (5.7) 

If we can show this torsion class is O in I 

we are done. 

4p(Z2) then by (5.10) 

generator c ~ H2(CP(2p) ;Z) , hence T*(c p) = (-l)Pc p. 

innerproduct on H2P(cP(2p);R) is positive definite, 

Tr~,CP(2p)J = (-i) p. The real fold is RP(2p), so 

(-I)P~(RP(2p)) = (-l)P. 

Continuing with a conjugation, denote by ~2p __>F2P the 

canonically oriented orientation double covering of the real 

fold and by (~,~2px ~2p) the orientation preserving involution 
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On the face of it, it is enough to show F-~LT,F~px ~2~j 2-7 = O. 

Let d : ~2p w>~2p be the orientation reversing fixed point free 

double covering involution. Then d X d on ~2P x ~2p is a fixed 

point free (now orientation preserving) involution which 

commutes with T. Extend T to the mapping cylinder of the 

quotient ~2p~ ~2p __> (~2px ~2p)/( d X d) to see that 

[T'F 2p F2P~ 2 = O in I4p(Z2). 



References 

i. 

. 

. 

. 

. 

. 

. 

. 

. 

i0. 

Ii. 

12. 

13. 

14. 

15. 

M. F. Atiyah, K-theory and reality, Quart. J. Math. 
Oxford ser. (2) 17 (1966) p. 367-386. 

M. F. Atiyah and G. Segal, Equivariant K-theory, Notes 
by D. B. A. Epstein and R. Schwarzenberger, Warwick, 1965. 

A. Borel, Seminar on transformation groups, Annals of Math. 
Studies No. 46, Princeton Univ. Pree (1960). (Includes the 
contributions of several other authors as well). 

G. Bredon, Equivariant cohomology theories, Lecture Notes 
in Mathematics, No. 34, Springer-Verlag (1967). 

G. Bredon, Sheaf theory, McGraw-Hill Series in Higher 
Mathematics (1967). 

P. E. Conner and E. E. Floyd, Differentiable periodic maps, 
Ergebnisse der Mathematik und Ihrer Grenzgebiete, No. 33, 
Springer Verlag (1964). 

P. E. Conner and E. E. Floyd, Maps of odd period, Annals of 
Mathematics, vol. 84, p. 132-156 (1966). 

P. E. Conner, The bordism class of a bundle space, Michigan 
Math. Journ., vol. 14, No. 3 (1967). 

R. Godement, Topologie algebrique et theorie des faisceaux, 
Hermann, Paris (1958). 

S. MacLane, Homology, Die Grundlehren der Mathematischen 
Wissenschaften in Einzeldarstellung, vol. 114, Springer- 
Verlag (1963). 

Roy Roberts, Equivariant Integrality for Differentiable 
Manifolds, Thesis, Univ. of Liverpool (1967). 

H. Rosenzweig, Bordism groups of all orientation preserving 
involutions, Dissertation, Univ. of Virginia (1967). 

N. Steenrod, The topology of fibre bundles, Princeton Univ. 
Press (1951). 

R. G. Swan, The theory of sheaves, Univ. of Chicago Press (1964). 

K. Kodaira and D. C. Spencer, Groups of complex line bundles 
over compact Kahler varieties, Proc. Nat. Acad. Sci., U. S. A. 
39 (1953) p. 868-872. 



Offsetdruck: Julius Beltz, Weinheim/Bergstr. 


	Lectures on the Action of a Finite Group
	Contents
	Introduction
	I. Line Bundles With Operators
	II. Orientation Preserving Involutions
	References

