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Preface to the revised edition

The main change in the revised edition is the new Chapter 10 on tight
closure. This theory was created by Mel Hochster and Craig Huneke
about ten years ago and is still strongly expanding. We treat the basic
ideas, F-regular rings, and F-rational rings, including Smith’s theorem by
which F-rationality implies pseudo-rationality. Among the numerous ap-
plications of tight closure we have selected the Brian¢on-Skoda theorem
and the theorem of Hochster and Huneke saying that equicharacteristic
direct summands of regular rings are Cohen—-Macaulay. To cover these
applications, Section 8.4, which develops the technique of reduction to
characteristic p, had to be rewritten. The title of Part III, no longer
appropriate, has been changed.

Another noteworthy addition are the theorems of Gotzmann in the
new Section 4.3. We believe that Chapter 4 now treats all the basic
theorems on Hilbert functions. Moreover, this chapter has been slightly
reorganized.

The new Section 5.5 contains a proof of Hochster’s formula for the
Betti numbers of a Stanley—Reisner ring since the free resolutions of
such rings have recently received much attention. In the first edition the
formula was used without proof.

We are grateful to all the readers of the first edition who have
suggested corrections and improvements. Our special thanks go to
L. Avramov, A. Conca, S. Iyengar, R. Y. Sharp, B. Ulrich, and K.-i.
Watanabe.

Osnabriick and Essen, WINFRIED BRUNS
October 1997 JirGEN HERZOG
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Preface to the first edition

The notion of a Cohen-Macaulay ring marks the cross-roads of two
powerful lines of research in present-day commutative algebra. While
its main development belongs to the homological theory of commutative
rings, it finds surprising and fruitful applications in the realm of alge-
braic combinatorics. Consequently this book is an introduction to the
homological and combinatorial aspects of commutative algebra.

We have tried to keep the text self-contained. However, it has not
proved possible, and would perhaps not have been appropriate, to develop
commutative ring theory from scratch. Instead we assume the reader has
acquired some fluency in the language of rings, ideals, and modules by
working through an introductory text like Atiyah and Macdonald [15]
or Sharp [344]. Nevertheless, to ease the access for the non-expert, the
essentials of dimension theory have been collected in an appendix.

As exemplified by Matsumura’s standard textbook [270], it is natural
to have the notions of grade and depth follow dimension theory, and so
Chapter 1 opens with the introduction of regular sequences on which their
definition is based. From the very beginning we stress their connection
with homological and linear algebra, and in particular with the Koszul
complex.

Chapter 2 introduces Cohen—Macaulay rings and modules, our main
subjects. Next we study regular local rings. They form the most special
class of Cohen—Macaulay rings; their theory culminates in the Auslander—
Buchsbaum—Serre and Auslander—-Buchsbaum-Nagata theorems. Unlike
the Cohen—Macaulay property in general, regularity has a very clear
geometric interpretation: it is the algebraic counterpart of the notion
of a non-singular point. Similarly the third class of rings introduced in
Chapter 2, that of complete intersections, is of geometric significance.

In Chapter 3 a new homological aspect determines the development
of the theory, namely the existence of injective resolutions. It leads us to
the study of Gorenstein rings which in several respects are distinguished
by their duality properties. When a Cohen—-Macaulay local ring is not
Gorenstein, then (almost always) it has at least a canonical module
which, so to speak, acts as its natural partner in duality theorems, a
decisive fact for many combinatorial applications. We then introduce
local cohomology and prove Grothendieck’s vanishing and local duality
theorems.

xii
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Chapter 4 contains the combinatorial theory of commutative rings
which mainly consists in the study of the Hilbert function of a graded
module and the numerical invariants derived from it. A central point is
Macaulay’s theorem describing all possible Hilbert functions of homoge-
neous rings by a numerical condition. The intimate connection between
homological and combinatorial data is displayed by several theorems,
among them Stanley’s characterization of Gorenstein domains. In the
second part of this chapter the method of associated rings and modules
1s developed and used for assigning numerical invariants to modules over
local rings.

Chapters 1-4 form the first part of the book. We consider this
material as basic. The second part consists of Chapters 5-7 each of
which is devoted to a special class of rings.

Chapter 5 contains the theory of Stanley—Reisner rings of simplicial
complexes. Its main goal is the proof of Stanley’s upper bound theorem
for simplicial spheres. The transformation of this topological notion
into an algebraic condition is through Hochster’s theorem which relates
simplicial homology and local cohomology. Furthermore we study the
Gorenstein property for simplicial complexes and their canonical modules.

In Chapter 6 we investigate normal semigroup rings. The combina-
torial object represented by a normal semigroup ring is the set of lattice
points within a convex cone. According to a theorem of Hochster, nor-
mal semigroup rings are Cohen—Macaulay. Again the crucial point is
the interplay between cellular homology on the geometric side and local
cohomology on the algebraic. The fact that the ring of invariants of a
linear torus action on a polynomial ring is a normal semigroup ring leads
us naturally to the study of invariant rings, in particular those of finite
groups. The chapter closes with the Hochster—Roberts theorem by which
a ring of invariants of a linearly reductive group is Cohen—Macaulay.

Chapter 7 is devoted to determinantal rings. They are discussed in
the framework of Hodge algebras and algebras with straightening laws.
We establish the straightening laws of Hodge and of Doubilet, Rota,
and Stein, prove that determinantal rings are Cohen—Macaulay, compute
their canonical module, and determine the Gorenstein rings among them.
In view of the extensive treatment available in [61], we have restricted
this chapter to the absolutely essential.

The third part of the book is constituted by Chapters 8 and 9.
They owe their existence to the fact that a Noetherian local ring is in
general not Cohen—-Macaulay. But Hochster has shown that such a ring
possesses a (not necessarily finite) Cohen-Macaulay module, at least
when it contains a field. The construction of these ‘big’ Cohen—Macaulay
modules in Chapter 8 is a paradigm of characteristic p methods in
commutative algebra, and we hope that it will prepare the reader for
the more recent developments in this area which are centered around the
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notion of tight closure introduced by Hochster and Huneke [190].

In Chapter 9 we deduce the consequences of the existence of big
Cohen—Macaulay modules, for example the intersection theorems of
Peskine and Szpiro and Roberts, the Evans—Griffith syzygy theorem, and
bounds for the Bass numbers of a module.

Chapters 8 and 9 are completely independent of Chapters 4-7, and
the reader who is only interested in the homological theory may proceed
from the end of Section 3.5 directly to Chapter 8.

It is only to be expected that the basic notions of homological algebra
are ubiquitous in our book. But most of the time we will only use the long
exact sequences for Ext and Tor, and the behaviour of these functors
under flat extensions. Where we go beyond that, we have inserted a
reference to Rotman [318]. One may regard it as paradoxical that we
freely use the Ext functors while Chapter 3 contains a complete treatment
of injective modules. However, their theory has several peculiar aspects so
that we thought such a treatment would be welcomed by many readers.

The book contains numerous exercises. Some of them will be used
in the main text. For these we have provided hints or even references
to the literature, unless their solutions are completely straightforward. A
reference of type A.n points to a result in the appendix.

Parts of this book were planned while we were guests of the Mathema-
tisches Forschungsinstitut Oberwolfach. We thank the Forschungsinstitut
for its generous hospitality.

We are grateful to all our friends, colleagues, and students, among
them L. Avramov, C. Baetica, M. Barile, A. Conca, H.-B. Foxby,
C. Huneke, D. Popescu, P. Schenzel, and W. Vasconcelos who helped
us by providing valuable information and by pointing out mistakes in
preliminary versions. Our sincere thanks go to H. Matsumura and R.
Sharp for their support in the early stages of this project.

We are deeply indebted to our friend Udo Vetter for reading a large
part of the manuscript and for his unfailing criticism.

Vechta and Essen, WINFRIED BRUNS
February 1993 JURGEN HERZOG



Part 1

Basic concepts






1 Regular sequences and depth

After dimension, depth is the most fundamental numerical invariant of a
Noetherian local ring R or a finite R-module M. While depth is defined in
terms of regular sequences, it can be measured by the (non-)vanishing of
certain Ext modules. This connection opens commutative algebra to the
application of homological methods. Depth is connected with projective
dimension and several notions of linear algebra over Noetherian rings.

Equally important is the description of depth (and its global relative
grade) in terms of the Koszul complex which, in a sense, holds an
intermediate position between arithmetic and homological algebra.

This introductory chapter also contains a section on graded rings and
modules. These allow a decomposition of their elements into homoge-
neous components and therefore have a more accessible structure than
rings and modules in general.

1.1 Regular sequences

Let M be a module over a ring R. We say that z € R is an M-regular
element if @z = 0 for z € M implies z = 0, in other words, if = is not
a zero-divisor on M. Regular sequences are composed of successively
regular elements:

Definition 1.1.1. A sequence ® = xy,...,x, of elements of R is called an
M-regular sequence or simply an M-sequence if the following conditions
are satisfied: (i) @;is an M/(zy, ..., z1)M-regular element for i = 1,...,n,
and (ii) M/xM # 0.

In this situation we shall sometimes say that M is an @-regular module.
A regular sequence is an R-sequence.

A weak M-sequence is only required to satisfy condition (i).

Very often R will be a local ring with maximal ideal m, and M # 0
a finite R-module. If @ C m, then condition (ii) is satisfied automatically
because of Nakayama’s lemma.

The classical example of a regular sequence is the sequence Xj,..., X,
of indeterminates in a polynomial ring R = S[Xj,...,X,]. Conversely
we shall see below that an M-sequence behaves to some extent like a
sequence of indeterminates; this will be made precise in 1.1.8.

The next proposition contains a condition under which a regular
sequence stays regular when the module or the ring is extended.
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Proposition 1.1.2. Let R be a ring, M an R-module, and ® C R a weak
M-sequence. Suppose w: R — S is a ring homomorphism, and N an R-flat
S-module. Then # C R and p(x) C S are weak (M ®g N)-sequences. If
(M ®gr N) # M ®p N, then @ and o(x) are (M ®g N)-sequences.

Proor. Multiplication by x; is the same operation on M ® N as multipli-
cation by ¢(@;); so it suffices to consider #. The homothety ;: M — M
is injective, and x; ® N is injective too, because N is flat. Now «; @ N
is just multiplication by x; on M ® N. So x; is an (M ® N)-regular ele-
ment. Next we have (M ® N)/xy(M ® N) = (M/x;M) ® N; an inductive
argument will therefore complete the proof. O

The most important special cases of 1.1.2 are given in the following
corollary. In its part (b) we use M to denote the m-adic completion of a
module M over a local ring (R,m, k) (by this notation we indicate that
R has maximal ideal m and residue class field k = R/m).

Corollary 1.1.3. Let R be a Noetherian ring, M a finite R-module, and x
an M-sequence.

(a) Suppose that a prime ideal p € Supp M contains . Then = (as a
sequence in Ry) is an M,-sequence.

(b) Suppose that R is local with maximal ideal m. Then = (as a sequence
in j%) is an M-sequence.

ProoF. Both the extensions R — R, and R — R are flat. (a) By hypothesis
M, # 0, and Nakayama’s lemma implies M, # pM,. A fortiori we have

@M, # M,. (b) It suffices to note that i/ = M ® R is a finite R-module.
O

The interplay between regular sequences and homological invariants
1s a major theme of this book, and numerous arguments will be based
on the next proposition.

Proposition 1.1.4. Let R be a ring, M an R-module, and ® a weak M-
sequence. Then an exact sequence

Ny 2 Ny = N — M — 0
of R-modules induces an exact sequence
NQ/CCNQ — Nl/CCNl — No/CCNO — M/CCM—> 0.
Proor. By induction it is enough to consider the case in which @ consists
of a single M-regular element . We obtain the induced sequence if we
tensor the original one by R/(z). Since tensor product is a right exact

functor, we only need to verify exactness at N1 /@N;. Let ~ denote residue
classes modulo =. If #1(7) = 0, then 1(y) = @z for some z € Ny and
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xpo(z) = 0. By hypothesis we have y(z) = 0; hence there is ¢ € Ny
with z = ¢1(¢/). It follows that ¢1(y — zy/) = 0. So y — @y’ € 2(N2), and
Y € Pa(NV2) as desired. O

If we want to preserve the exactness of a longer sequence, then we
need a stronger hypothesis.

Proposition 1.1.5. Let R be a ring and

N.: "'—>Nmﬂ>Nm—1 — e N ﬂN_l -0
an exact complex of R-modules. If ® is weakly N;-regular for all 1, then
N. ® R/(=) is exact again.

ProoF. Once more one uses induction on the length of the sequence = So
it is enough to treat the case @ = =. Since x is regular on N, it is regular
on Im ;1 too. Therefore we can apply 1.1.4 to each exact sequence
Niys — Nipa — Nipp — Im g — 0. O

Easy examples show that a permutation of a regular sequence need
not be a regular sequence; see 1.1.13. Nevertheless there are natural
conditions under which regular sequences can be permuted.

Let @, @ be an M-sequence, and denote the kernel of the multiplica-
tion by @ on M by K. Suppose that z € K. Then we must have z € & M,
z= a7, and x1(222') = 0, whence @7 = 0 and 2’ € K, too. This shows
K = 1 K so that K = 0 if Nakayama’s lemma is applicable. Somewhat
surprisingly, @; is always regular on M/x; M; the reader may check this
easily.

Proposition 1.1.6. Let R be a Noetherian local ring, M a finite R-module,
and ® = x1,...,x, an M-sequence. Then every permutation of ® is an
M-sequence.

Proor. Every permutation is a product of transpositions of adjacent
elements. Therefore it is enough to show that @=,...,xy, @, ..., 2, 18
an M-sequence. The hypothesis of the proposition is satisfied for M =
M/(z,...,2i_1)M and the M-sequence x;...,x,. So it suffices to treat
the case 1 = 1 and to show that @, x; is an M-sequence. In view of the
discussion above we only need to appeal to Nakayama’s lemma. O

Quasi-regular sequences. Let R be a ring, M an R-module, and X =
Xi,...,X, be indeterminates over R. Then we write M[X] for M ®
R[X] and call its elements polynomials with coefficients in M. If @ =
&1,...,T, 18 a sequence of elements of R, then the substitution X; — «;
induces an R-algebra homomorphism R[X] — R and also an R-module
homomorphism M[X] — M. We write F(x) for the image of F € M[X]
under this map. (Since the monomials form a basis of the free R-module
R[X], we may speak of the coefficients and the degree of an element of

M[X].)
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Theorem 1.1.7 (Rees). Let R be a ring, M an R-module, ® = x1,..., @,
an M-sequence, and I = (x1,...,@,). Let X = Xy,..., X, be indeterminates
over R. If F € M[X] is homogeneous of (total) degree d and F(x) € I**1 M,
then the coefficients of F are in IM.

Proor. We use induction on n. The case n = 1 is easy. Let n > 1 and
suppose that the theorem holds for regular sequences of length at most
n— 1. We must first prove an auxiliary result which is an interesting fact
in itself: let J = (x1,..., @0 1); then x, is regular on M/J M for all 5 > 1.

In fact, suppose that a,y € J M for some j > 1. Arguing by induction
we have y € J771M; so y = G(z,...,x,1) where G € M[Xy,..., X, 1] is
homogeneous of degree 7 — 1. Set G' = =z, G. Then the theorem applied to
G € M[X;,...,X,—1] yields that the coeflicients of G are in JM. Since
x, 1s regular modulo JM, it follows that the coeflicients of G are in JM
too, and therefore y € J7 M.

The proof of the theorem for sequences of length n requires induction
on d. The case d = 0 is trivial. Assume that d > 0. First we reduce to the
case in which F(x) = 0. Since F(x) € I**!M, one has F(x) = G(x) with G
homogeneous of degree d+ 1. Then G = Y. | X;G; with G; homogeneous
of degree d. Set G, = z;G; and G = Y., G. So F — @ is homogeneous
of degree d, and (F — G')(z) = 0. Furthermore, F — G has coefficients in
IM if and only if this holds for F.

Thus assume that F(z) = 0. Then we write F = G+ X,H with
G € M[Xy,...,X,-1]. The auxiliary claim above implies that H(x) €
JeM C I°M. By induction on d the coefficients of H are in IM.
On the other hand H(z) = H'(a,...,zn—1) with H € M[X;,..., X,1]
homogeneous of degree d. As

(G+ zH )21y .., T01) = F(x) = 0,

it follows by induction on n that G+ x,H' has coefficients in JM. Since
x,H' has its coefficients in IM, the coefficients of G must be in IM
too. O

Let I be an ideal in R. One defines the associated graded ring of R
with respect to I by

gr(R) = @ /T,

The multiplication in gr;(R) is induced by the multiplication I'x I/ — "7,
and gry(R) is a graded ring with (gr;(R))o = R/I. If M is an R-module,
one similarly constructs the associated graded module

gri(M) = é I'M/TM.

=0
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It is straightforward to verify that gr (M) is a graded gr;(R)-module.
(Graded rings and modules will be discussed in Section 1.5. The
reader not familiar with the basic terminology may wish to consult
1.5.) Let I be generated by ai,...,®,. Then one has a natural surjection
R[X] = R[Xy,...,X,] — gry(R) which is induced by the natural homo-
morphism R — R/I and the substitution X; ~— #; € I/I?. Similarly
there is an epimorphism +: M[X] — gry{M). One first defines ¥ on
the homogeneous components by assigning to a homogeneous polyno-
mial F € M[X] of degree d the residue class of F(x) in I*M/I*!M;
then 1) is extended additively. As the reader may check, ¢ is an epi-
morphism of graded R[X]-modules. Obviously IM[X] C Ker %; via the
identification M[X]/IM[X] = (M/IM)[X], we therefore get an induced
epimorphism ¢: (M/IM)[X] — gr;(M). The kernel of 1) is generated by
the homogeneous polynomials F € M[X] of degree d, d € N, such that
F(x) € I**1M. So we obtain as a reformulation of 1.1.7

Theorem 1.1.8. Let R be a ring, M an R-module, ® = x,...,x, an
M-sequence, and I = (x). Then the map (M/IM)[Xy,...,X,] — gr; (M)
induced by the substitution X; > 2; € I/I% is an isomorphism.

This theorem says very precisely to what extent a regular sequence
resembles a sequence of indeterminates: the residue classes &; € I/I?
operate on gry{M) exactly like indeterminates. Since a regular sequence
may lose regularity under a permutation, whereas 1.1.8 is independent
of the order in which @ is given, it is not possible to reverse 1.1.8; see
however 1.1.15. Later on it will be useful to have a name for sequences
@ satisfying the conclusion of 1.1.8; we call them M-quasi-regular if, in

addition, M # M.

Exercises

1.19. Let 0 - U - M — N — 0 be an exact sequence of R-modules, and @
a sequence which is weakly U-regular and (weakly) N-regular. Prove that @ is
(weakly) M-regular too.

1.1.10. (a) Let =;,...,x;,...,x, and ..., @,..., z, be (weakly) M-regular. Show
that x,...,za, ..., x, is (weakly) M-regular. (Hint: In the essential case 1 =1

one finds an exact sequence as in 1.1.9 with M/x x| M as the middle term.)

(b) Prove that ,...,x% is (weakly) M-regular for all ¢; > 1.

1.1.11. Prove that the converse of 1.1.2 holds if, in the situation of 1.1.2, N is
faithfully flat over R.

1.1.12. (a) Prove that if @ is a weak M-sequence, then Torf(M, R/(x)) = 0.

(b) Prove that if, in addition, @ is a weak R-sequence, then Tor?(M, R/(x)) = 0
for all 2> 1.

1.1.13. Let R = K[X,Y,Z], k a field. Show that X, ¥Y(1 — X), Z(1 — X) is an
R-sequence, but Y(1 — X), Z(1 — X), X is not.
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1.1.14. Prove that =, ..., x, is M-quasi-tegular if and only if #,...,2, € I/?is a
gr(M)-regular sequence where I = (1, ..., z,).

1.1.15. Suppose that @ is M-quasi-regular, and let I = (wx;,...,x,). Prove

(a) if &2 € I'M for 2 € M, then z € I'' M,

(b) @, ..., 2, is (M/ oz M)-quasi-regular,

(c) if R is Noetherian local and M is finite, then @ is an M-sequence.

1.2 Grade and depth

Let R be a Noetherian ring and M an R-module. If & = o,..., 2, 1s an
M-sequence, then the sequence (@) C (z1,@2) C -+ C (@,...,2,) ascends
strictly for obvious reasons. Therefore an M-sequence can be extended
to a maximal such sequence: an M-sequence x (contained in an ideal I)
is mazimal (in I), if @i,..., @41 1s not an M-sequence for any x,41 € R
(241 € I). We will prove that all maximal M-sequences in an ideal I with
IM # M have the same length if M is finite. This allows us to introduce
the fundamental notions of grade and depth.

In connection with regular sequences, finite modules over Noetherian
rings are distinguished for two reasons: first, every zero-divisor of M
is contained in an associated prime ideal, and, second, the number of
these prime ideals is finite. Both facts together imply the following
proposition that is ‘among the most useful in the theory of commutative
rings’ (Kaplansky [231], p. 56).

Proposition 1.2.1. Let R be a Noetherian ring, and M a finite R-module.

If an tdeal I C R consists of zero-divisors of M, then I C p for some
p € Ass M.

Proor. If I ¢ p for all p € Ass M, then there exists a € I with a ¢ p for
all p € Ass M. This follows immediately from 1.2.2. O

The following lemma, which we have just used in its simplest form, is
the standard argument of ‘prime avoidance’.

Lemma 1.2.2. Let R be a ring, py,...,P,, prime ideals, M an R-module, and
T1,..., T, € M. Set N =37 Rax; If Ny, @ p; My, forj = 1,...,m, then
there exist ay, ..., a, € R such that @ + Y ¢ , aix; ¢ p; My, forg=1,...,m

ProoF. We use induction on m, and so suppose that there are a,...,a, € R
for which @] = @ + Y./ ,dai ¢ p; My, for j = 1,...,m — 1. Moreover,
it is no restriction to assume that the p, are pairwise distinct and that
p,, is a minimal member of p,,...,p,,. So there exists r € (ﬂ;"z_ll P;)\ P
Put @ = rx; for i = 2,...,n and N' = .7 | Ral. Since r ¢ p,, we have
N;m = Np,. On the other hand, as r € p; for j = 1,...,m— 1, it follows
that @) + @ & p; My, for 1= 2,...,nand g = 1,....m— L. If &} ¢ p,, M, ,
then ) is the element desired; otherwise o} + o ¢ p, M, for some
1€ {2,...,n}, and we choose & + . O
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Note that if M = R and N = I C R, then the condition Ny ¢ p;Mp,
simplifies to I ¢ p,.

Suppose that an ideal I is contained in p € Ass M. By definition,
there exists z € M with p = Ann z. Hence the assignment 1 — z induces
a monomorphism ¢': R/p — M, and thus a non-zero homomorphism
@: R/I — M. This simple observation allows us to describe in homolog-
ical terms that a certain ideal consists of zero-divisors:

Proposition 1.2.3. Let R be a ring, and M, N R-modules. Set I = Ann N.
(a) If I contains an M-regular element, then Hompg(N, M) = 0.

(b) Conversely, if R is Noetherian, and M, N are finite, Homg(N, M) = 0
implies that I contains an M-regular element.

Proor. (a) is evident. (b) Assume that I consists of zero-divisors of M,
and apply 1.2.1 to find a p € Ass M such that I C p. By hypothesis,
p € Supp N; so N, ® k(p) # 0 by Nakayama’s lemma, and since N, ® k(p)
is just a direct sum of copies of k(p), one has an epimorphism N, — k(p).
(By k(p) we denote the residue class field R,/pR, of R,.) Note that
pR, € Ass M,. Hence the observation above yields a non-zero ¢ €
Hompg, (Np, My). Since Hompg,(Ny, My) = Homp(N, M)y, it follows that
Hompg(N, M) # 0. (See [318], Theorem 3.84 for the isomorphism just
applied.) O

Lemma 1.2.4. Let R be a ring, M, N be R-modules, and ® = x1,...,xz, a
weak M-sequence in Ann N. Then

Hompg(N, M/xM) = Ext}(N, M).

Proor. We use induction on n, starting from the vacuous case n = 0.
Let n > 1, and set @ = z,...,2,_1. Then the induction hypothesis
implies that Exth (N, M) = Hompg(N,M/adM). As z, is (M/x M)-
regular, Ext};—l(N, M) = 0 by 1.2.3. Therefore the exact sequence

0— M- M— M/zM — 0

yields an exact sequence
0 — Ext} (N, M/zM) -5 Ext}(N, M) - Ext}(N, M).

The map ¢ is multiplication by @x; inherited from M, but multiplication
by z; on N also induces ¢; see [318], Theorem 7.16. Since x; € Ann N,
one has ¢ = 0. Hence % is an isomorphism, and a second application of
the induction hypothesis yields the assertion. O

Let R be Noetherian, I an ideal, M a finite R-module with M # IM,
and ® = «x,...,%, a maximal M-sequence in I. From 1.2.3 and 1.2.4
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we have, since I contains an (M/(x,...,x;—1)M)-regular element for
1=1,...,n,

ExtZ }(R/I, M) = Homg (R/I, M/(z1,...,zi-1)M) = 0.

On the other hand, since IM # M and @« is a maximal M-sequence in I,
then I must consist of zero-divisors of M/xM, whence

Ext3(R/I,M) = Homg(R/I, M/xM) # 0.
We have therefore proved

Theorem 1.2.5 (Rees). Let R be a Noetherian ring, M a finite R-module,
and I an ideal such that IM # M. Then all mazimal M-sequences in I
have the same length n given by

n=min{i: Exth(R/I, M) # 0}.

Definition 1.2.6. Let R be a Noetherian ring, M a finite R-module, and
I an ideal such that IM # M. Then the common length of the maximal
M-sequences in [ is called the grade of I on M, denoted by

grade(I, M).
We complement this definition by setting grade(I, M) = oo if IM = M.
This is consistent with 1.2.5:
grade(I, M) =0 <= Exth(R/I,M) =0 for all 4.

For, if IM = M, then Supp M N SuppR/I = 0 by Nakayama’s lemma,
hence

(1) Supp Ext%(R/I, M) C Supp M N Supp R/I = 0;

conversely, if Exth(R/I, M) = 0 for all 4, then 1.2.5 gives IM = M.
The inclusion in (1) results from the natural isomorphism

Exty, (Np, Mp) 2 Exty(N, M),

which holds if R is Noetherian, N a finite R-module, M an arbitrary
R-module, and p € Spec R; see [318], Theorem 9.50.
A special situation will occur so often that it merits a special notation:

Definition 1.2.7. Let (R, m, k) be a Noetherian local ring, and M a finite
R-module. Then the grade of m on M is called the depth of M, denoted

depth M.

Because of its importance we repeat the most often used special case
of 1.2.5:
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Theorem 1.2.8. Let (R,m,k) be a Noetherian local ring, and M a finite
non-zero R-module. Then depth M = min{i: Exty(k, M) # 0}.

Some formulas for grade. We now study the behaviour of grade(I, M)
along exact sequences.

Proposition 1.2.9. Let R be a Noetherian ring, I C R an ideal, and
0—U—>M— N— 0 an exact sequence of finite R-modules. Then

grade(I, M) > min{grade(I, U), grade(I, N)},
grade(I, U) > min{grade(I, M), grade(I, N) + 1},
grade(I, N) > min{grade(l, U) — 1,grade(I, M)}.

Proor. The given exact sequence induces a long exact sequence

-+ — Exty(R/I, N) — ExtS(R/I, U) — ExtL,(R/I, M)
— Exty(R/I,N) — Exti (R/I, U) — ---

One observes that Exth(R/I, M) = 0 if ExtR(R/I, U) and Exth(R/I, N)
both vanish. Therefore the first inequality follows from 1.2.5 and our
discussion of the case grade(l,_) = co. Completely analogous arguments
show the second and the third inequality. O

The next proposition collects some formulas which are useful in the
computation of grades. (In the sequel V(I) denotes the set of prime ideals
containing I.)

Proposition 1.2.10. Let R be a Noetherian ring, I,J ideals of R, and M a
finite R-module. Then

(a) grade(I, M) = inf{depth M, : p € V(I)},

(b) grade(I, M) = grade(Rad I, M),

(c) grade(I N J, M) = min{grade(I, M), grade(J, M)},

(d) if @ = @,..., 2, is an M-sequence in I, then grade(I/(x), M/xM) =
grade(I, M/xM) = grade(I, M) — n,

(€) if N is a finite R-module with Supp N = V(I), then

grade(I, M) = inf{i: Exty(N, M) # 0}.

ProoF. (a) It is evident from the definition that grade(I, M) < grade(p, M)
for p € V(I), and it follows from 1.1.3 that grade(p, M) < depth M.
Furthermore, if grade(I, M) = oo, then SuppM N V(I) = 0 so that
depth My = o for all p € V(I). Thus suppose IM # M and choose
a maximal M-sequence @z in I. By 1.2.1 there exists p € Ass(M/xM) with
I C p. Since pR, € Ass(M/xM), and (M/xM), = M,/xM,, the ideal
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pR, consists of zero-divisors of M,/xM,, and x (as a sequence in R,) is
a maximal My-sequence.

(b) and (c) follow easily from (a).

(d) Set R = R/(x), I = I/(x), and M = M/xM. Elementary argu-
ments show that ITM = M <= IM = M <= IM = M. Furthermore
Yiy-.., Yo € I form an M-sequence if and only if 71,..., 7. € I form such
a sequence. This proves the first equation. The second equation results
from 1.2.5.

(€) The hypothesis entails that Rad Ann N = Rad I. By (b) we may
therefore assume that I = Ann N. Now one repeats the proof of 1.2.5
(and the discussion of the case IM = M) with R/I replaced by N. O

The name ‘grade’ was originally used by Rees [303] for a different,
though related invariant:

Definition 1.2.11. Let R be a Noetherian ring and M # 0 a finite R-
module. Then the grade of M is given by

grade M = min{i: Ext%(M,R) # 0}.
For systematic reasons the grade of the zero-module is infinity.

It follows directly from 1.2.10(e) that grade M = grade(Ann M, R). It
is customary to set

grade I = grade R/I = grade(I, R),

for an ideal I C R, and we follow this convention. (Of course, grade I
has two different meanings now, but we will never use it to denote the
grade of the module I.)

Depth and dimension. Let (R, m) be Noetherian local and M a finite R-
module. All the minimal elements of Supp M belong to Ass M. Therefore,
if £ € m is an M-regular element, then = ¢ p for all minimal elements of
Supp M, and induction yields dim M/eM = dim M — n if @ = xy,..., =,
is an M-sequence. (Note that dim M/xM > dim M — n is automatic; see
A.4.) We have proved:

Proposition 1.2.12. Let (R,m) be a Noetherian local ring and M # 0 a
finite R-module. Then every M-sequence is part of a system of parameters
of M. In particular depth M < dim M.

The inequality in 1.2.12 can be somewhat refined:

Proposition 1.2.13.  With the notation of 1.2.12 one has depth M <
dim R/p for all p € Ass M.

Proor. We use induction on depth M. There is nothing to prove for
depth M = 0. If depth M > 0, then there exists an M-regular @ € m. For
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p € Ass M we choose z € M such that Rz is maximal among the cyclic
submodules of M annihilated by p. If 2 € M, then z = @y with y € M,
and py = 0 since x is M-regular; moreover, Rz is a proper submodule of
Ry, contrary to the choice of z. Therefore p consists of zero-divisors of
M/xM, and is contained in some q € Ass(M/xM). As = ¢ p, we have
p ¢ Supp(M/xzM), and thus p # q. Now depth(M/zM) = depth M — 1
by 1.2.10, whence, by induction,

dim R/p > dim R/q > depth(M/zM) = depth M — 1. O
A global variant of 1.2.12 says that height bounds grade.

Proposition 1.2.14. Let R be a Noetherian ring and I C R an ideal. Then
grade I < height I.

Proor. Since grade I = inf{depth R,: p € V(I)} by 1.2.10, and height I =
inf{dim Ry : p € V(I)}, the assertion follows from 1.2.12. O

Depth, type, and flat extensions. Finally we investigate how depth behaves
under flat local extensions. As a by-product we obtain a result on the
behaviour of the type of a module under such extensions. This is an
invariant which refines the information given by the depth:

Definition 1.2.15. Let (R,m, k) be a Noetherian local ring, and M a finite
non-zero R-module of depth t. The number #(M) = dimy Exth(k, M) is
called the type of M.

Proposition 1.2.16.  Let ¢: (R,m,k) — (S,n,l) be a homomorphism of
Noetherian local rings. Suppose M is a finite R-module, and N is a finite
S-module which is flat over R. Then
(a) depthg M @ N = depthy M + depthg N/mN,
(b) rs(M ®@p N) = rg(M) - r¢(N/mN).

The proof of the proposition is by reduction to the case of depth 0.
We collect the essential arguments in a lemma.
Lemma 1.2.17. Under the hypotheses of 1.2.16 the following hold:
(a) dim; Homg(l, M ® N) = dimy Homp(k, M) - dim; Homg(l, N/mN),
(b) if y is an (N/mN)-sequence in S, then y is an (M ®p N)-sequence, and
N/yN is flat over R.

Proor. (a) Set T' = S/mS. There is a natural isomorphism
(2) Homg (l, Homg(T, M ® N)) =~ Homg(l, M @ N),

since the modules on both sides can be identified with the submodule
U={2e M®N:nz=0} of M® N. As N is flat over R, we have a
natural isomorphism

Homg(T,M ® N) = Homg(k® S, M ® N) = Hompg(k, M) ® N.
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(see [318], 3.82 and 3.83). Now Hompg(k, M) = k° for some s > 0, and
so Homp(k, M) ® N = (N/mN)’. In conjunction with (2), this yields the
equation asserted.

(b) One has a natural isomorphism (M@ N)/J(M®N) = M®(N/JN)
for an arbitrary ideal J C S. Therefore we may use induction on the
length n of y, and only the case n = 1, y = y needs justification.

By Krull’s intersection theorem one has (2, m‘(M® N) = 0. Suppose
that yz = 0 for some z € M ® N. If z # 0, then there exists 7 such
that z € m(M ® N)\ m*}(M ® N), and y would be a zero-divisor on
m(M @ N)/m™*Y(M ® N). However, consider the embedding m‘M — M.
Since N is flat, the induced map m'M® N — M@ N is also injective, and
its image is m(M ® N). The same reasoning for m™*! and flatness again
then yield an isomorphism

m{(M @ N)/m*H M@ N) = (m'M/m™M)® N = k'® N = (N/mN)’

for some ¢ > 0. Since y is regular on N/mN, it must be regular on
m(M® N)/m*(M® N).

In order to test flatness of N/yN it suffices to consider exact sequences
00— M — M, — M; — 0
of finite R-modules ([318], Theorem 3.53). By hypothesis
00— M QN — M QN —M3QQN—0

1s also exact. As has been shown previously, ¥y is regular on M3 ® N, and
(M;® N)/y(Ms ® N) = M; ® N/yN. Therefore 1.1.4 yields the exactness
of

0—>M1®N/yN—>M2®N/yN—>M3®N/yN—>O. O

Proor or 1.2.16. Let ® = x,...,x, be a maximal M-sequence, and
Y= Y,-.., Y a maximal (N/mN)-sequence. First, p(x) = ¢(z1),..., Y(zn)
is an (M ® N)-sequence; see 1.1.2. Second, by 1.2.17, y is an (M ® N)-
sequence where M = M/xM. Since M@ N = (M ® N)/¢(x)(M ® N), it
follows that ¢(@), y is an M ® N-sequence.

Set N' = N/yN. Then N'/mN = (N/mN)/y(N/mN), and

(M®N)/(o(@)y)(Me N) =M N
An application of 1.2.4 therefore gives the isomorphisms
Hompg(k, M) = Ext}(k, M), Homg(l, N'/mN') = Ext¥(l, N/mN),
Homgs(l, M @ N') = Extzt"([, M ® N).

Part (a) of 1.2.17 implies that dim;Ext7*"({, M ® N) has the dimension
required for (b), and in particular is non-zero. Together with the fact that
p(x),yis an (M @ N)-sequence this proves depth(M ® N) = m+ n. O
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The type of a module of depth 0 is the dimension of its socle:
Definition 1.2.18. Let M be a module over a local ring (R, m, k). Then
Soc M = (0 : m)y = Homp(k, M)
is called the socle of M.

For ease of reference we formulate the following lemma which was
already verified in the proof of 1.2.16.

Lemma 1.2.19. Let (R,m k) be a Noetherian local ring, M a finite R-
module and ® a mazimal M-sequence. Then r(M) = dimy, Soc(M/xM).

Exercises

1.2.20. Let k be a field and R = k[X][Y]. Deduce that X, Y and 1 — XY are
maximal R-sequences. (This example shows that the condition IM # M in 1.2.5
is relevant.)

1.2.21. Let R be a Noetherian ring, I C R an ideal, I = (=zy,...,,), and M a
finite R-module with IM # M. Set g = grade(I, M). Prove

(a) I can be generated by elements y,...,y, such that y,,...,y, form an M-
sequence for all ¢,...,5 with 1 <¢ <---< 4 <n h<g,

(b) if yi,...,y, satisfies (a), then, in fact, every permutation of y;,...,¥; is an
M-sequence.

Hint: It is possible to choose y; = «; + E#iajmj. Use the discussion above 1.1.6
for (b).

1.2.22. Let R be a Noetherian ring, I C R an ideal, and M a finite R-module with
IM+ M.Set R= R/ Ann M.

(a) Prove that grade(I, M) < height IR.

(b) Give an example where grade(I, M) > height I.

(c) Show that if I = (my,..., =), then grade(I, M) < n.

1.2.23. Let R be a Noetherian local ring, and I C R an ideal. Show gradel >
depth R — dim R/I. (Hint: Use 1.2.13))

1.2.24. Let R be a Noetherian ring, M a finite R-module, and I an ideal of R. Show
that grade(I, M) > 2 if and only if the natural homomorphism M — Homg(I, M)
is an isomorphism.

1.2.25. Let ¢: (R,m) — (S,n) be a homomorphism of local rings, and N an
R-flat S-module such that N/mN has finite length over §. Show that for every
finite length R-module M, £5(M ® N) = £p(M) - £5(N/mN). (The symbol £
denotes length). Hint: use induction on &(M).

1.2.26. Let ¢: (R,m) — (S,n) be a homomorphism of Noetherian local rings,
and M an S-module which is finite as an R-module.

(a) Suppose p € Assg M, and let = € M with Anng x = p. Prove that ¢ induces an
embedding B/(p N R) — §/p = Sz which makes S/p a finite R/(p N R)-module.
Conclude that pN R #m, if p £ n.

(b) Show that depthy M = depthg M.

(c) Suppose in addition that ¢ is surjective. Prove rz(M) = rg(M).
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1.2.27. Let R be a Noetherian ring, M a finite R-module, and N an arbitrary
R-module. Deduce that Ass Homp(M, N) = Supp M N Ass N.

1.3 Depth and projective dimension

Let R be a ring, and M an R-module; M has an augmented projective
resolution
Pn 1 o
pP:...—-P,—P, 11—+ —P—P—M—N0.

(By definition a projective resolution is non-augmented, i.e. M is replaced
by 0; for the most part it is clear from the context whether one uses a non-
augmented resolution or an augmented one, so that one need not mention
the attribute ‘augmented’ explicitly.) Set My = M and M; = Ker ¢;_; for
1> 1. The modules M; depend obviously on P,. However, M determines
M; up to projective equivalence ([318], Theorem 9.4), and therefore it is
justified to call M; the th syzygy of M. The projective dimension of M,
abbreviated proj dim M, is infinity if none of the modules M; is projective.
Otherwise projdim M is the least integer n for which M, is projective;
replacing P, by M, one gets a projective resolution of M of length n:

0O—M,— P, q—: +—Php— M-—0.

For a finite module M over a Noetherian local ring (R,m, k) there is
a very natural condition which, if satisfied by P,, determines P, uniquely.
It is a consequence of Nakayama's lemma that x,...,z, € M form a
minimal system of generators of M if and only if the residue classes
Tiyee oy T € M/mM = M Q k are a k-basis of M @ k. Therefore m =
dim; M ® k, and
M) =dim; Mk

is the minimal number of generators of M. Set Sy = p(M). We choose a
minimal system @, ..., 2, of generators of M and specify an epimorphism
wo: R — M by ¢o(e;) = x; where ey,...,e5 is the canonical basis of
RP. Next we set B; = pKer ) and define similarly an epimorphism
RP — Ker ¢y. Proceeding in this manner we construct a minimal free

resolution
F:...—5RA LRﬁn—l ——ee._, R& LR/—% N M — 0.

It is left as an exercise for the reader to prove that F, is determined by
M up to an isomorphism of complexes. The number §;(M) = 5 is called
the #-th Betti number of M.

Proposition 1.3.1. Let (R,m, k) be a Noetherian local ring, M a finite
R-module, and

Fiooi P — i — F, 2 Fy— 0
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a free resolution of M. Then the following are equivalent:
(a) F. is minimal;
(b) i Fy) C mF;_4 forallz>1
(c) rank F; = dimy, Tor?(M, k) for all i > 0,
(d) rank F; = dimy, ExtR(M, k) for all > 0.

Proor. The equivalence of (a) and (b) follows easily from Nakayama's
lemma. Since Torf(M, k) = H,(F. ® k), (c) holds if and only if ¢;® k= 0
for all > 0. The latter condition is evidently equivalent to (b). To relate
(b) to (d) one uses that Exth(M, k) = H(Homg(F., k). O

Corollary 1.3.2. Let (R,m, k) be a Noetherian local ring, and M a finite
R-module. Then B M) = dimy, Tor?(M, k) for all i and

proj dim M = sup{i: Tor?(M, k) # 0}.

The following theorem, the ‘Auslander—-Buchsbaum formula’, is not
only of theoretical importance, but also an effective instrument for the
computation of the depth of a module.

Theorem 1.3.3 (Auslander-Buchsbaum). Let (R, m) be a Noetherian local
ring, and M # 0 ¢ finite R-module. If projdim M < oo, then

projdim M + depth M = depth R.

The proof is by induction on depth R. We isolate the main arguments
in two lemmas, the first of which, in view of a later application, is more
general than needed presently.

Lemma 1.3.4. Let (R, m, k) be a local ring, and : F — G a homomorphism
of finite R-modules. Suppose that F is free, and let M be an R-module with
m € Ass M. Suppose that o @ M is injective. Then

(a) ©® k is injective;

(b) if G is a free R-module, then  is injective, and o(F) is a free direct
summand of G.

ProOF. Since m € Ass M, there exists an embedding ¢: &k — M. As F'is
a free R-module, the map F ® ¢ is also injective. Furthermore we have a
commutative diagram

Fo.o
Fk —— FQM

wo@kl lw@M

Gk —— GO M

If ¢ ® M is injective, then ¢ ® k is injective too. This proves (a).
For (b) one notes that its conclusion is equivalent to the injectivity of
@ ® k. This is an easy consequence of Nakayama’s lemma. O
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Lemma 1.3.5. Let (R,m) be a Noetherian local ring, and M a finite R-
module. If © € m is R-regular and M-regular, then

proj dimp M = proj dimpg,(y M/xM.

Proor. Choose an augmented minimal free resolution F, of M. Then
F.® R/(x) is exact by 1.1.5, and therefore it is a minimal free resolution
of M/xzM over R/(x). Now apply 1.3.2. O

Proor orF 1.3.3. Let depth R = 0 first. By hypothesis M has a (minimal)
free resolution

F.:0—>Fni>Fn_1—>---—>F1—>F0—>M—>O

with n = projdim M. Since depth R = 0, the maximal ideal m is in
AssR. If n > 1, 1e. if ¢, is really present, then, as shown in 1.3.4,
@, maps F, isomorphically onto a free direct summand of F, ;, in
contradiction to projdim M = n. Therefore n = 0, and furthermore
depth M = depth R = 0 since M is a free R-module.

Let now depthR > 0. Suppose first that depth M = 0. Then 1.2.9
yields depth My = 1 for a first syzygy M; of M. Since projdim M; =
projdim M — 1, it is enough to prove the desired formula for M;. Thus
we may assume depth M > 0. Then m ¢ AssR and m ¢ Ass M. So
m contains an element = which is both R-regular and M-regular. The
formulas for the passage from M to M/zM in 1.2.10 and 1.3.5 yield

depthp/m R/(z) = depth R — 1,  depthp/z M/zM = depthy M — 1,
proj dimp/( M/zM = projdim M.

Therefore induction completes the proof. O

Exercises

1.3.6. Let R be a Noetherian local ring, M a finite B-module, and # an M-sequence
of length n. Show proj dim(M/xM) = projdim M + n.

1.3.7. Let R be a Noetherian local ring, and N an n-th syzygy of a finite R-module
in a finite free resolution. Prove that depth N > min(n, depth R).

1.4 Some linear algebra

In this section we collect several notions and results which may be
classified as ‘linear algebra’: torsion-free and reflexive modules, the rank
of a module, the acyclicity criterion of Buchsbaum and Eisenbud, and
perfect modules.
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Torsion-free and reflexive modules. Let R be a ring, and M an R-module.
If the natural map M — M ® @, where @ is the total ring of fractions of
R, is injective, then M is torsion-free; it is a torsion module if M ® Q = 0.
The dual of M is the module Homp(M, R), which we usually denote
by M*; the bidual then is M**  and analogous conventions apply to
homomorphisms. The bilinear map M x M* — R, (x, ¢) — ¢(x), induces
a natural homomorphism h: M — M**. We say that M is torsionless
if h is injective, and that M is reflexive if h is bijective. Some relations
between the notions just introduced are given in the exercises. Here we
note a useful criterion:

Proposition 1.4.1. Let R be a Noetherian ring, and M a finite R-module.
Then:
(a) M is torsionless if and only if
(1) My is torsionless for all p € Ass R, and
(ii) depth My, > 1 for p € Spec R with depth Ry > 1;
(b) M is reflexive if and only if
(1) My is reflexive for all p with depth R, < 1, and
(ii) depth My, > 2 for p € Spec R with depth R, > 2.

Proor. Consider the natural map h: M — M*™ and set U = Kerh,
C = Coker h. Note that the construction of A commutes with localization
in the situation considered. Therefore the necessity of conditions (i) in
(a) and (b) is obvious. Next Exercise 1.4.19 implies

depth Mz* > min(2,depth R,)

for all p € Spec R. That (b)(ii) is necessary for reflexivity follows directly
from this inequality. If M is torsionless, then M, is isomorphic to
a submodule of My*, and we get depth M; > min(1,depth R,) for all
p € Spec R. So (a)(ii) is necessary for M to be torsionless.

As to the sufficiency of (a)(i) and (ii), note that U, = 0 for all
p € AssR by (i), and, by (ii), depth U, > 1 if depth R, > 1. It follows
that Ass U = 0, hence U = 0.

For the sufficiency of (b)(i) and (ii) we may now use that (a) gives us
an exact sequence 0 - M — M** — C — 0. If depth R, < 1,then C; =0
by (i). If depth R, > 2, then depth M, > 2 by (ii), and depth My* > 2
by the inequality above. Therefore depth C, > 1, and it follows that
AssC=0. O

Rank. The dimension of a finite dimensional vector space over a field
i1s given either by the minimal number of generators or by the max-
imal number of linearly independent elements. The second aspect of
‘dimension’ is generalized in the notion of ‘rank’:
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Definition 1.4.2. Let R be a ring, M an R-module, and @ be the total
ring of fractions of R. Then M has rank r if M ® @ is a free @-module
of rank r. If ¢: M — N is a homomorphism of R-modules, then ¢ has
rank r if Im ¢ has rank r.

Proposition 1.4.3. Let R be a Noetherian ring, and M an R-module with

a finite free presentation Fy N Fy — M — 0. Then the following are
equivalent:

(a) M has rank r;

(b) M has a free submodule N of rank r such that M/ N is a torsion module;
(c) for all prime ideals p € Ass R the Ry,-module M, is free of rank r;

(d) rank ¢ = rank Fy — .

Proor. (a) = (b): A free basis @1,...,z of M ® @ can be formed from
elements x; € M (multiply by a suitable common denominator). Now
take N =3 Ra;

(b) = (a): This is trivial.

(a) = (c): M, is a localization of M ® Q.

(¢) = (a): Q@ is a semi-local ring. Its localizations with respect to its
maximal ideals are just the localizations of R with respect to the maximal
elements of Ass R. By hypothesis M is therefore a projective module over
@, and moreover the localizations with respect to the maximal ideals of
@ have the same rank r. Such a module is free; see Lemma 1.4.4 below.

(¢) <= (d): In view of the equivalence of (a) and (c) we can replace
(d) by the condition that (Im ¢), is free and rank(Im ¢), = rank Fy — r
for all p € Ass R. Now consider the exact sequence

0 — (Im @)y — (Fo)p — My — 0.

If M, is free, then (Im ¢), must be free. Since p € Ass R, the converse is
also true; see 1.3.4. O

Lemma 1.4.4. Let R be a semi-local ring, and M a finite projective R-
module. Then M 1is free if the localizations My, have the same rank r for
all maxzimal ideals m of R.

Proor. We use induction on 7. The case r = 0 is trivial. Suppose that
7 > 0. Then 1.2.2 (with N = M and p,,...,p,, denoting the maximal
ideals of R) yields an element @ € M such that @ ¢ mMy, for all maximal
ideals of M. Thus « is a member of a minimal system of generators
of My,. Since every such system is a basis of the free module My, one
concludes that (M/Rx)m is free of rank r— 1. By the induction hypothesis
M/Rzis free of rank r— 1. Therefore M = Rx® M/Rx. In particular Rz
is a projective R-module. But Rx is also free: the natural epimorphism
¢: R — Rz yields an isomorphism ¢m: Rm — (Rz)m for every maximal
ideal m. Since (Ker ¢)m = Ker ¢om it follows that Ker ¢ = 0. O
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Rank is additive along exact sequences.

Proposition 1.4.5. Let R be a Noetherian ring, and0 — U — M — N — 0
an exact sequence of finite R-modules. If two of U, M, N have a rank, then
so does the third, and rank M = rank U + rank N.

Proor. In view of 1.4.3 we may assume that R is local and of depth 0.
Then two of U, M, N are free. If U and N are free, then so is M. Thus
M is always free (after the reduction to depth 0), and the result follows
from the equivalence of 1.4.3(a) and (d). O

Corollary 1.4.6. Let R be a Noetherian ring, and M an R-module with
a finite free resolution F,: 0 — F; — F,_ 4 — --- — F; — Fy. Then
rank M = E;':o(_l)j rank F;.

Proor. Observe 1.4.5 and use induction on s. O

Corollary 1.4.7. Let R be a Noetherian ring, and I # 0 an ideal with a
finite free resolution. Then I contains an R-regular element.

ProoF. By 1.4.6 I has a rank, and that rank I + rank R/I = rank R = 1
follows immediately from 1.4.5. Since I is torsion-free and non-zero,
the only possibility is rank I = 1, whence rank R/I = 0. Thus R/I is
annihilated by an R-regular element. O

Ideals of minors and Fitting invariants. Let U be an m x n matrix over R
where m,n > 0. For t = 1,...,min(m, n) we then denote by I U) the ideal
generated by the t+minors of U (the determinants of ¢ x ¢ submatrices).
For systematic reasons one sets I(U) = R for ¢t < 0 and I{U) = 0 for
t > min(m, n). If ¢: F — G is a homomorphism of finite free R-modules,
then ¢ i1s given by a matrix U with respect to bases of F and G It
is an elementary exercise to verify that the ideals I,(U) only depend on
. Therefore we may put L) = L{U). It is just as easy to show that
I{¢y) is already determined by the submodule Im ¢ of G. As proved by
Fitting in 1936, these ideals are even invariants of Coker ¢ (when counted
properly), and therefore called the Fitting invariants of Coker ¢: let

”
F, s Fp—s M—0 and G —— Gy— M —0

be finite free presentations of the R-module M, and n = rank Fy, p =
rank Gp; then I,_,(¢) = L_.(1) for all > 0. (The proof is left as an
exercise for the reader.) This justifies the term w-th Fitting invariant of M
for I, ().

It is an important property of the ideals I(¢) that their formation
commutes with ring extensions: if S is an R-algebra, then L(¢p® S) =
I{¢)S. (Simply consider « as given by a matrix.)
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The ideals I() determine the minimal number @ M,) of generators
of a localization in the same way that they control the vector space
dimension of M if R is a field.

Lemma 1.4.8. Let R be a ring, M an R-module with a finite free presenta-

tion Fy N Fy— M — 0, and p a prime ideal. Then the following are
equivalent:

(a) I{¥)  p;

(b) (Im ), contains a (free) direct summand of (Fy), of rank t;

(c) w(My) < rank Fy — ¢

Proor. It is no restriction to assume that R = R,. Nakayama’s lemma
entails that (M) = w(M/pM). Similarly it implies that Im ¢ contains a
(free) direct summand of Fy of rank ¢ if and only if there are elements
@1, ..., 2 € Im ¢ which are linearly independent modulo pFy. (Note that
every direct summand of a finite free module over a local ring is free itself
— again an application of Nakayama’s lemma.) After these observations
we may replace R by the field R/p. For vector spaces over fields the
equivalence of (a), (b) and (c) is an elementary fact. O

Lemma 1.4.9. With the notation of 1.4.8, the following are equivalent:
(a) I{p) € p and Li1i(p)p = 0;

(b) (Im ), is a free direct summand of (Fy), of rank t;

(c) M, is free and rank M, = rank Fy — ¢

Proor. We may assume that R = R,. Then each of (b) and (c) is equivalent
to the split exactness of the sequence 0 — Im ¢ — Fy — M — 0.
If (a) holds, then, with respect to suitable bases of F; and Fy, the

matrix of ¢ has the form
id;, 0
0 0

where id; is the ¢ x ¢ identity matrix. This implies (b). The converse is
seen similarly. O

Let M be a finite module over a Noetherian ring R. Then M is a
projective module (of rank r) if and only if M, is a free Ry-module (of
rank 7) for all p € Spec R. Combining this fact with 1.4.9 we obtain the
global version of 1.4.9:

Proposition 1.4.10. Let R be a Noetherian ring, and M a finite R-module

with a finite free presentation Fy N Fy — M — 0. Then the following
are equivalent:

(a) () = R and L1a() = 0;

(b) M is projective and rank M = rank Fy — 7.

The rank of a homomorphism : F — G is determined by the ideal
I{¢o), just as in elementary linear algebra:
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Proposition 1.4.11. Let R be a Noetherian ring, and let p: F — G be a
homomorphism of finite free R-modules. Then rank ¢ = r if and only if
grade I(¢) > 1 and L11(¢) = 0.

The easy proof is left as an exercise for the reader.

The Buchsbaum—Eisenbud acyclicity criterion. Let R be aring. A complex
Y

G: - — G,— Gm_1—>---—>G1—1> Gy — 0
of R-modules is called acyclic if Hy(G.) = 0 for all > 0, and split acyclic
if it is acyclic and 1;11(Git1) is a direct summand of G; for 7> 0.
Let R be a Noetherian ring, and
Ps 1
F..0—F, —F, 11— -+ —F —F—20

a complex of finite free R-modules. We want to develop a criterion for
F, to be acyclic. This criterion will involve ideals generated by certain
minors of the homomorphisms ;. A first relation between the ideals
I{¢) and the acyclicity of complexes is given in the next proposition.

Proposition 1.4.12. Let R be a ring, M an R-module,

Fi0—F, 25 Fy— oo — By 2 Fy— 0

be a complex of finite free R-modules, and p C R be a prime ideal. Set
= E;:i(—l)j_irank F; fori=1,...,s Then the following are equivalent:
(a) F. ® R, is split acyclic;
(6) L) ¢ p fori=1,...5
Furthermore, I(@))y = 0 for all i = 1,...,s and t > 7, if one of these
conditions holds.

If p € Ass M, then (a) and (b) are equivalent to
(c) F. ® M, is acyclic.

ProoF. We may suppose that R = R,,.

(a) = (b): If F. is split acyclic, then F, ® R/p is a (split) acyclic
complex of vector spaces over R/p; so we can refer to elementary linear
algebra.

(b) = (a): We again use induction, and may assume that Coker ¢
is a free R-module of rank 7. According to 1.4.8, Im ¢; contains a free
direct summand U of Fj of rank 7. So we get an induced epimorphism
Coker 3 — U of free R-modules, both of which have rank r;. Such a
map must be an isomorphism. One easily concludes that Im ¢, = U.
Hence F, is split acyclic.

That I{¢;) = 0 for ¢ > r;, follows most easily from (a) in conjunction
with 1.4.9.
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(c) = (a): Let F! be the truncation 0 — F; — --- — F; — 0. Then
F' ® M is acyclic; arguing inductively, we may therefore suppose that
F! is split acyclic. Then F] = Coker¢; is free, and the induced map
Fl® M — Fy ® M is injective by hypothesis. By virtue of 1.3.4, F} is
mapped isomorphically onto a free direct summand of Fj.

(a) = (c): This is evident. O

We have completed our preparations for the following important and
extremely useful acyclicity criterion.

Theorem 1.4.13 (Buchsbaum—Eisenbud). Let R be a Noetherian ring, and

Foi0——F, 2 F i B 25 By — 0
a complex of finite free R-modules. Set r; = E;:i(—l)j_irank F;. Then the
following are equivalent:
(a) F. is acyclic;
(b) grade I,(¢;) > i fori=1,...,s.

Before we prove the theorem the reader should note that r; =
rank ¢; > 0 when F, is acyclic; this is just a restatement of 1.4.6. Con-
versely, it is not necessary to require that =, > 0 for the implication
(b) = (a); if » < 0, then 741 > rank F;, and I.,(¢i41) = 0 in contradic-
tion with (b). In the situation of 1.4.13 we call r; the expected rank of
P
Proor. (a) = (b): By what has just been said and 1.4.11, we see that
grade I, (¢;) > 1 for ¢ = 1,...,s. In particular there is an R-regular
element x contained in the product of the ideals I.(¢;). If « is a unit, then
I.(¢;) = R for all 4, and we are done. Otherwise we use induction. Let ~
denote residue classes modulo «. It follows immediately from 1.1.5 that
the induced complex 0 — F, — F,_; — ... — F;, —» F; — 0 is acyclic.
Furthermore I.,(¢;)~ = L,(%;), and grade I,(;) > 1—1 by induction. Then
grade I, (¢;) > ifor 1= 2,...,s.

The reader may have noticed that this implication follows imme-
diately from the Auslander—Buchsbaum formula 1.3.3. In view of the
generalization 9.1.6 an independent proof is useful, however.

(b) = (a): Using induction again we may assume that F/: 0 —
F,— F,_1— -+ — F, —» F; — 0 is acyclic. We set M; = Coker ;41
for i = 1,...,s and show by descending induction that depth(M;), >
min{s, depth Ry} for all p € SpecRand i =1,...,s.

As M, = F,, this is trivial for 1 = s. Let 1 < s and consider the exact
sequence

0 — My — F,— M;,— 0.

If depth R, > ¢+ 1, then depth(M;i1)p > i+ 1, and we get depth(M;), > ¢
from 1.2.9. If depthR, < 4, then I (¢i1) € p by hypothesis; on the
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other hand rank M;;; = rank 4,11 = 741, and therefore I¢iy1) = 0 for
t > r;11. So 1.4.9 yields that (M;), is free, hence depth(M;), = depth R,.
We still have to show that the induced map ¢ : My — Fjp is injective.
Let N = Ker . In order to get N = 0, we derive that Ass N = 0.
If depth R, > 1, then depth(Mi), > 1 as seen above; therefore p ¢
Ass My D AssN. If depth R, = 0, then L(¢) ¢ p for i =1,...,s and
F. ® R, is even split acyclic by 1.4.12. It follows that N, = 0 since
N, = H(F,® Ry). O

Often one only needs the following consequence of 1.4.13.

Corollary 1.4.14. Let R be a Noetherian ring, and F, be a complex as in
1.4.13. If F, ® R, is acyclic for all prime ideals p with depth R, < s, then
F, is acyclic.

ProoF. Let p be a prime ideal with depth R, < ¢ < s. The implication
(a) = (b) of the theorem applied to F. ® R, yields grade I.(v;), > 3,
which is only possible if I,.(¢;) ¢ p. This shows grade I,.(v;) > 1, and the
acyclicity of F, follows from the implication (b) = (a) of the theorem.

Theorem 1.4.13 is the most important case of the acyclicity criterion
of Buchsbaum and Eisenbud. Its general form will be discussed in
Chapter 9.

Perfect modules. Let R be a Noetherian ring, and M a finite R-module.
Since one can compute Ext}'z(M, R) from a projective resolution of M,
one obviously has grade M < projdim M. Modules for which equality is
attained have especially good properties.

Definition 1.4.15. Let R be a Noetherian ring. A non-zero finite R-module
M is perfect if projdim M = grade M. An ideal I is called perfect if R/I
is a perfect module.

Perfect modules are ‘grade unmixed’:

Proposition 1.4.16. Let R be a Noetherian ring, and M a perfect R-module.
For a prime ideal p € Supp M the following are equivalent:
(a) p € Ass M;
(b) depth R, = grade M.
Furthermore gradep = grade M for all prime ideals p € Ass M.
Proor. For all finite R-modules M and p € Supp M one has the inequal-
ities
grade M < grade M, < projdim M, < projdim M,

and moreover projdim M, + depth M, = depth R, by the Auslander—
Buchsbaum formula 1.3.3. If M is perfect, then the inequalities become
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equations, and depth M, = 0 if and only if depth R, = grade M. This
shows the equivalence of (a) and (b).

If p € Ass M, then p D Ann M, and so gradep > grade M. For perfect
M the converse results from (b) and the inequality gradep < depth R,.

It follows easily from 1.3.6 that an ideal generated by a regular
sequence in a Noetherian ring R is perfect. Some more examples are
described in the following celebrated theorem:

Theorem 1.4.17 (Hilbert-Burch). Let R be a Noetherian ring, and I an
ideal with a free resolution

F:0— R R™'_, 1,0,

Then there exists an R-regular element a such that I = al(y). If I is
projective, then I = (a), and if projdimI = 1, then L) is perfect of
grade 2.

Conversely, if ¢: R® — R™ is an R-linear map with grade I,(¢) > 2,
then I = I,() has the free resolution F..

Proor. First we prove the converse part. Let ¢o: R* — R™! be a map
with grade I,(¢) > 2. Then ¢ is given by an (r+ 1) X n matrix U.
Let é; denote the +minor of U with the +th row deleted, and consider
the homomorphism 7: R™! — R which sends ¢; to (—1)%6;. Laplace
expansion shows that we have a complex

0— Rt L1 o

which in fact is exact by 1.4.13.

Suppose now that an ideal I with free resolution F, is given. Then
1.4.13 yields grade I,(¢) > 2, and we can apply the first part of the proof
to obtain I = Coker ¢ = I,(¢); equivalently, there exists an injective
linear map a: Ii(¢) — R with I = Ima. According to 1.2.24, a is just
multiplication by some a € R. Because of 1.4.7 (or 1.4.13) a cannot be a
zero-divisor.

If T is projective, then I(¢) = R by 1.4.10, and thus I = (a). If
projdim I = 1, then projdim(R/I,()) = projdim R/I = 2, and R/L(v)
is perfect of grade 2. O

Exercises

1.4.18. Let R be a ring, and M a finite torsion-free module. Prove that if M has
a rank, then M is isomorphic to a submodule of a finite free R-module of the
same rank.

1.4.19. Let R be a Noetherian ring, I an ideal, and M, N finite modules. Prove
grade(I, Homp(M, N)) > min(2, grade(1, N)).
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1.4.20. Let R be a Noetherian ring, and M a finite R-module. Prove
(a) if M is torsionless, then it is torsion-free,
(b) M is torsionless if and only if it is a submodule of a finite free module,

(c) if M is reflexive, then it is a second syzygy, i.e. there is an exact sequence
0 - M — F, — F, with F; finite and free.

1.4.21. Let R be a Noetherian ring, and M a finite B-module. Suppose ¢: G — F
is a homomorphism of finite free R-modules with M = Coker ¢. Then D(M) =
Coker ¢" is the transpose of M. (It is unique up to projective equivalence.) Show
that Ker h = Exty(D(M), R) and Coker h = Exty(D(M), R) where h: M — M* is

the natural homomorphism.

1.4.22. Let R be a Noetherian ring, and M a finite R-module such that M* has
finite projective dimension. Prove

(a) if depth M, > min(1, depth R,) for all p € Spec R, then M is torsionless,

(b) if depth M, > min(2, depth R,) for all p € Spec R, then M is reflexive.

Hint: proj dim M* < oo = proj dim D(M) < .

1.4.23. Let R be a Noetherian ring, and M a finite R-module. Show that M has

a rank if and only if M* has a rank (and both ranks coincide). Hint: It is enough
to consider the case R = R;, depth B, = 0. Apply 1.4.22.

1.4.24. Let R be a Noetherian local ring, and 0 - L, - L,y — --- —» L} —
Ly — 0 a complex of finite R-modules. Suppose that the following hold for : > 0:
(1) depth L; > 4, and (ii) depth H{L,) = 0 or H{L,) = 0. Show that L, is acyclic.
(This is Peskine and Szpiro’s ‘lemme d’acyclicite’ [297].)

Hint: Set C; = Coker(Ly; — L;), and show by descending induction that
depth C; > 1and H(L,) =0 for i > 0.

1.4.25. Let R be a Noetherian ring, I an ideal of finite projective dimension, and
M a finite R/I-module. Prove the following inequality of Avramov and Foxby
[29]:

gradeg,; M + gradep R/I < gradey M < gradep ; M + projdim, R/I;

if Iis perfect, then equality is attained. (Use the Auslander-Buchsbaum formula.)

1.4.26. Let R be a Noetherian ring, and M a perfect R-module of grade n. Suppose
P, is a projective resolution of M of length n and set M’ = Exi}(M, R). Prove
(a) P} is acyclic and resolves M,

(b) M' is perfect of grade n, and M" = M,
(c) Ass M' = Ass M.

1.4.27. Let R be a Noetherian ring, @ an R-sequence of length n, and I = ().
Show that R/I™ is perfect of grade n for all m > 1. (Theorem 1.1.8 is useful.)

1.5 Graded rings and modules

In this section we investigate rings and modules which, like a polyno-
mial ring, admit a decomposition of their elements into homogeneous
components.
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Definition 1.5.1. A graded ring is a ring R together with a decomposition
R = @,z R: (as a Z-module) such that R;R; C Ryy; for all 4,5 € Z.

A graded R-module is an R-module M together with a decomposition
M = @,z M; (as a Z-module) such that R;M; C My ; for all i,j € Z.
One calls M; the #-th homogeneous (or graded) component of M.

The elements € M; are called homogeneous (of degree i); those of
R; are also called «forms. According to this definition the zero element is
homogeneous of arbitrary degree. The degree of « is denoted by deg .
An arbitrary element = € M has a unique presentation = = ) «; as a
sum of homogeneous elements x; € M;. The elements x; are called the
homogeneous components of .

Note that Ry is a ring with 1 € Ry, that all summands M; are Rp-
modules, and that M = ,.z M; is a direct sum decomposition of M as
an Rg-module.

Definition 1.5.2. Let R be a graded ring. The category of graded R-modules,
denoted AMp(R), has as objects the graded R-modules. A morphism
@: M — N in My(R) is an R-module homomorphism satisfying (M;) C
N; for all 1 € Z. An R-module homomorphism which is a morphism in

My(R) will be called homogeneous.

Let M be a graded R-module and N a submodule of M. N is called
a graded submodule if 1t is a graded module such that the inclusion map
is a morphism in My(R). This is equivalent to the condition N; = NN M;
for all i € Z. In other words, N is a graded submodule of M if and only
if N is generated by the homogeneous elements of M which belong to N.
In particular, if & € N, then all homogeneous components of « belong to
N. Furthermore, M/ N is graded in a natural way. If ¢ is a morphism in
My(R), then Ker ¢ and Im ¢ are graded.

A (not necessarily commutative) R-algebra A is graded if, in addition
to the definition, 4;4; C Ay .

The graded submodules of R are called graded ideals. Let I be an
arbitrary ideal of R. Then the graded ideal I* is defined to be the ideal
generated by all homogeneous elements a € I. 1t is clear that I* is the
largest graded ideal contained in I, and that R/I* inherits a natural
structure as a graded ring.

Examples 1.5.3. (a) Let S be a ring, and R = §[X,...,X,] a polynomial
ring over S. Then for every choice of integers dj,...,d, there exists a
unique grading on R such that deg X; = d; and dega =0 for all a € S:
the m-th graded component is the S-module generated by all monomials
Xle1 -+ X% such that >’ e¢;d; = m. If one chooses d; = 1 for all 4, then one
obtains the grading of the polynomial ring corresponding to the total
degree of a monomial. Unless indicated otherwise we will always consider
R to be graded in this way.
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(b) Every ring R has the trivial grading given by Ry = R and R; = 0
for 7 £ 0. A typical example of a graded module over R is a complex

3 3
Coi oo — Cp— Cpg — + o+

of R-modules. Such a complex may be equivalently described as a graded
module C, = @;i—oo C; together with an R-endomorphism 4 such that

8 = 0 and 8(C;) C Ci_; for all i (In the terminology to be introduced
below, d is a homogeneous endomorphism of degree —1.)

The most important graded rings arise in algebraic geometry as
the coordinate rings of projective varieties. They have the form R =
k[Xi,...,X,]/I where k is a field and I is an ideal generated by homo-
geneous polynomials (in the usual sense). Then R is generated as a
k-algebra by elements of degree 1, namely the residue classes of the
indeterminates. Graded rings R which as Rp-algebras are generated by
1-forms will be called homogeneous Ry-algebras. More generally, if R is a
graded Rp-algebra generated by elements of positive degree, then we say
that R is a positively graded Ry-algebra.

We want to clarify which graded rings are Noetherian. Let us first
consider positively graded rings.

Proposition 1.5.4. Let R be a positively graded Ry-algebra, and x,...,x,
homogeneous elements of positive degree. Then the following are equivalent:
(a) @, ..., x, generate the ideal m = P, Ri;

(b) @1,...,z, generate R as an Ro-algebra.

In particular R is Noetherian if and only if Ry is Noetherian and R is a
finitely generated Ry-algebra.

ProoF. For the implication (a) = (b) it is enough to write every homoge-
neous element y € R as a polynomial in xy,...,x, with coefficients in Ry,
and this is very easy by induction on deg y. The rest is evident. O

The last assertion of 1.5.4 holds for graded rings in general.

Theorem 1.5.5. Let R be a graded ring. Then the following are equivalent:
(a) every graded ideal of R is finitely generated;

(b) R is a Noetherian ring;

(c) Ry is Noetherian, and R is a finitely generated Ry-algebra;

(d) Rg is Noetherian, and both S; = P2y R; and 5> = Py R_; are finitely
generated Ro-algebras.

ProoF. The implications (d) = (¢) = (b) = (a) are obvious. For (a) = (d)
we first note that Ry is a direct summand of R as an Ry-module. It follows
that TR N Ry = I for every ideal I of Ry, and thus (a) implies that Ry
is Noetherian. (Extend an ascending chain of ideals of Ry to R, and
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contract the extension back to Ry.) A similar argument shows that R; is
a finite Rp-module for every 7 € Z.

Let m = @;, R. We claim that m is a finitely generated ideal of
S1. By hypothesis mR has a finite system of generators @,...,z,, which
may certainly be chosen to be homogeneous of positive degrees d;. Let
d be the maximum of dj,...,d,. Then a homogeneous element y € m
with degy > d can be written as a linear combination of a,..., oy,
with coeflicients from S;. Thus @,..., o, together with a finite set of
homogeneous elements spanning Ry,...,R;_1 over Ry generate m as an
ideal of S;. According to 1.5.4, S; is a finitely generated Rp-algebra, and
the claim for S5 follows by symmetry. O

Very often we shall derive properties of a graded ring or module from
its localizations with respect to graded prime ideals. The following lemma
1s basic for such arguments.

Lemma 1.5.6. Let R be a graded ring.

(a) For every prime ideal p the ideal p* is a prime ideal.

(b) Let M be a graded R-module.
(i) If p € Supp M, then p* € Supp M.
(ii) If p € Ass M, then p is graded; furthermore p is the annihilator of
a homogeneous element.

ProoF. (a) Let q,b € R such that ab € p*. We write a = ), a; a; € R;,
and b = Ej b;, b; € R;. Assume that a € p* and b € p*. Then there
exist integers p, ¢ such that a, ¢ p*, but a; € p* for ¢ < p, and b, € p*,
but b; € p* for j < g. The (p+ g)-th homogeneous component of ab is
Yirjeptqibi. Thus Yoo .. a;b; € p*, since p* is graded. All summands
of this sum, except possibly a,by, belong to p*, and so it follows that
apb, € p* as well. Since p* C p, and since p is a prime ideal we conclude
that a, € p or b, € p. But ¢, and b, are homogeneous, and so a, € p* or
by € p*, a contradiction.

(b) For (i) assume p* ¢ Supp M; then My, = 0. Let 2 € M be a
homogeneous element. Then there exists an element a € R \ p* such that
axz = 0. It follows that a;&z = 0 for all homogeneous components a; of a.
Since a € R\ p*, there exists an integer ¢ such that a; & p*. Since g; is
homogeneous, we even have a; ¢ p. Hence @/1 = 0 in M,. This holds
true for all homogeneous elements of M. Thus we conclude that M, = 0,
a contradiction.

For (ii) we choose an element @ € M with p = Annz. Let @ =
Tm+ -+ - + @, be its decomposition as a sum of homogeneous elements z;
of degree i Similarly we decompose an element a = a, + --- + a4 of p.
Since ax = 0, we have equations E¢+j=raifcj =0forr=m+p,...,n+q. It
follows that a,z,, = 0, and, by induction, a;%+7j_1 = 0 for all > 1. Thus
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a;”_m"'l annihilates . As p is a prime ideal, we have a, € p. Iterating this

procedure we see that each homogeneous component of a belongs to p.
In order to prove the second assertion in (ii) one can now use the fact
that p is generated by homogeneous elements. It follows easily that p
annihilates all the homogeneous components of @. Set a; = Ann x; then,
as just seen, p C a;. On the other hand ()., a; C p. Since p is a prime
ideal, there exists 5 with a; C p, and therefore a; = p. O

Let p be a prime ideal of R, and let S be the set of homogeneous
elements of R not belonging to p. The set S is multiplicatively closed,
and we put My = My for any graded R-module M. For x/a € My,
@ homogeneous, we set dega/a = degz — dega. We further define a
grading on My by setting

(M))i = {z/a € Mp): = homogeneous, degxz/a = i}.

It is easy to see that R(y) is a graded ring and that M) is a graded Rp)-
module; My, is called the homogeneous localization of M. The extension
ideal p* R(y) is a graded prime ideal in R(y), and the factor ring Ry)/p* Rp)
has the property that every non-zero homogeneous element is invertible.

Lemma 1.5.7. Let R be a graded ring. The following conditions are equiv-
alent:

(a) every non-zero homogeneous element is invertible;

(b) Ry = k is a field, and either R = k or R = k[t,t"!] for some homoge-
neous element t € R of positive degree which is transcendental over k.

ProoF. (a) = (b): Ry = kis a field. If R = Ry, then R is a field. Otherwise
R # Ry, and there exist non-zero homogeneous elements of positive
degree. Let ¢ be an element of least positive degree, say degt = d. As ¢
is invertible there exists a homomorphism ¢: k[T, T~!] — R of graded
rings where ¢ maps k identically to Ry and where ¢(T') = t. (The grading
on k[T, T~!] is of course defined by setting deg T' = d.)

We claim that ¢ is an isomorphism. Let f € Ker¢, f =3 .2 ;T
a € k; then 0 = o(f) = Y.z a;t’, and so aff = 0 for all &. As tis
invertible, we get a; = (a;#") - t7* = 0 for all 4, which implies that f = 0.
Hence ¢ is injective. In order to show that ¢ is surjective, we pick a
non-zero homogeneous element a € R of degree @ If : = 0, then a € Im ¢.
Thus we may assume that 2 0. Write « = jd 4+ r with 0 < r < d. The
element at™7 has degree r. As d was the least positive degree, we conclude
that » = 0. Thus a = b# for some b € Ry, and hence a = p(bT7) € Im .

(b) = (a) is trivial. O

The following theorem contains the dimension theory of graded rings
and modules:
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Theorem 1.5.8. Let R be a Noetherian graded ring, M a finite graded
R-module and p € Supp M.

(a) If p is graded, then there exists a chainp, C --- C py = p, d = dim M,,
of graded prime ideals p; € Supp M.

(b) If p is not graded, then dim M, = dim M, + 1.

ProOF. A very special case of (b) is the following: if p is not graded,
then heightp/p* = 1. In order to prove this equation we may replace
R by R/p* and assume that p* = 0. Then p does not contain a non-
zero homogeneous element. Therefore it is harmless to invert all these
elements. This yields the homogeneous localization R). Since pR(g)
is a non-zero prime ideal, R(p) has the form k[t t71] by 1.5.7, whence
height p = height pRg) = 1.

Now let p € Supp M be an arbitrary prime ideal, and d = dim M,
Both claims will be proved once we show that there exists a chain
py C -+ C py; = p of prime ideals in Supp M such that pg,...,p,;_; are
graded. Note that in the case of (b) it follows that p; ; C p*, and
therefore p;_; = p* since there is no prime ideal properly between p and
Pg_1-

Let p, C -+ C pgy = p be a chain of prime ideals in Supp M. Then p,
1s minimal in Supp M, and therefore graded by 1.5.6. In the case d =1
we are already done. Arguing inductively we may therefore suppose that
Pgy---1P4_q are graded.

If p is not graded, we replace p;_; by p*, which is properly contained
in p, and properly contains p;_, because heightp/p* = 1, as was proved
above.

If p is graded, then it contains a homogeneous element a ¢ p,_,,
and we replace p;_; by a minimal prime q of p;_, + (@) contained in p.
Since heightp/q = 1, it is impossible for q to equal p; furthermore qis a
minimal element of Supp R/(p4_; + (@), and thus graded by 1.5.6. O

Our next goal is an equation similar to 1.5.8 for the depth of a
graded module. We shall need the result that the ordinary Ext-groups
Ext}'z(M, N) of graded R-modules admit a natural grading, provided R is
Noetherian and M is finite.

If M is a graded R-module and ¢ is an integer, then M(%) denotes the
graded R-module with grading given by M(i), = My,

The category My(R) has enough projectives. In fact, each module
M € My(R) is a homomorphic image (in My(R)) of a module of the form
P R(7). So every graded module has a graded free resolution. When we
speak of a natural grading of modules appearing as the values of derived
functors, then it is of course important that the standard argument of
homological algebra ([318], Theorem 6.11), which guarantees that derived
functors are well defined, can be made ‘graded’. That My(R) has enough
injectives will be shown in 3.6.2.
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It is not hard to see that the tensor product M ® N of graded R-
modules is a graded R-module; its homogeneous component (M ® N),
is generated (as a Z-module) by the products z® y with € M, y € N
homogeneous such that deg = + deg y = n; see 1.5.19. Together with the
fact that each graded module has a graded free resolution this implies
that the modules Tor?(M, N) admit a natural grading.

Let M, N be graded R-modules. In general, the set of morphisms
w: M — N in My(R) is not a submodule of Homp(M, N). Thus for
the construction of a reasonable graded Ext functor one must consider
a larger class of maps. An R-module homomorphism ¢: M — N is
called homogeneous of degree i if ¢(M,) C Ny for all i. (A homogeneous
homomorphism whose degree is not explicitly specified has degree 0.)
Note that ¢ may be considered as a morphism ¢: M(—3) — N in My(R).
Denote by Hom,(M, N) the group of homogeneous homomorphisms of
degree 1. The Z-submodules Hom,(M, N) of Hompg(M, N) form a direct
sum, and it is obvious that *Hompg (M, N) = ,.z Hom(M, N) is a graded
R-submodule of Hompg(M, N). In general *Hompg(M, N) # Hompg(M, N),
but equality holds if M is finite: see Exercise 1.5.19.

For any N € My(R) we define *Ext}'z(M, N) as the #th right derived
functor of *Hompg(-, N) in My(R). Thus, if P, is a projective resolution
of M in My(R), then

*Exty(M, N) = H(*Homg(P., N))

for all ¢ > 0. It is immediate from this definition and the above remarks
that *Extyp(M, N) = Exth(M, N) for Noetherian R and finite M. Nev-

ertheless we shall use the notation *Ext%(M, N) to emphasize that these
modules are graded.

Theorem 1.5.9. Let R be a Noetherian graded ring, M a finite graded
R-module, and p € Supp M a non-graded prime ideal. Then

depth M, = depth My» +1  and (M) = r( My ).
Proor. In order to compute the depths and types of M, and M, we may
consider both modules as modules over the homogeneous localization Ry
of R with respect to p. Thus we may assume that R/p* = k[t,¢7] where
k1s a field and ¢ is an element of positive degree which is transcendental

over k. It follows that p = aR + p* for some a € R\ p*. Hence we have
an exact sequence

0 — R/p* — R/p* — R/p — 0,
which yields the long exact sequence

- — *Exty(R/p*, M) — *Bxty(R/p", M) — Extif(R/p, M) —> -
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The *Exth(R/p*, M) are graded R/p*(= k[t, ¢t !])-modules. Since every
graded k[t,t7']-module is free (Exercise 1.5.20) and a & p*, the map

“Exty(R/p', M) — *Extz(R/p", M)
is injective. Therefore
Exti{(R/p, M) = *Exty(R/p*, M)/ a- *Exty(R/p*, M).

The equation p = aR + p* implies that Ext{(R/p, M) is a free (R/p)-
module of the same rank as the free (R/p*)-module *Extyp(R/p*, M).
Hence

dimyp) Extg;l(k(p), M,) = rankp/, Exti(R/p, M))
= rankpy. “Bxty(R/p’, M) = dimyp) “Exty , (k(p*), My ).
This equation in particular entails the assertion of the theorem:. O

What makes the proof of 1.5.9 more difficult than one might expect
at first sight is illustrated by the following example. Let k& be a field
and S = k[X, Y] be graded such that deg X = 0 and deg ¥ = 1. The
residue class ring R = S/(XY) is graded, and (x,y) is a graded maximal
ideal of grade 1. Nevertheless every homogeneous element of (x,y) is a
zero-divisor, in fact contained in a minimal prime ideal. However, as we
shall see in 1.5.11, under suitable hypotheses there exist homogeneous
regular sequences. First we prove a graded version of prime avoidance:

Lemma 1.5.10. Let R be a graded ring and I an ideal generated by elements
of positive degree. Let py,...,p, be prime ideals such that I ¢ p, for i=
1,...,n. Then there exists a homogeneous element x € I, z¢ p, U---Up,.

Proor. Let S = @;ozo R;. Since I is generated by elements of positive
degree, one has INS ¢ p,N S for i = 1,...,n Therefore we may assume
that R is positively graded. Furthermore it is harmless to replace p, by
p; for all @

Using induction on n, we may suppose that p, is a minimal element of
{ps,---,P,} and that there is a homogeneous ' € I with &' ¢ p,U---Up,_;.
If ¢ p,, then we are done. Otherwise there exists a homogeneous
re (ﬂ::ll p,) \ p,- We choose a homogeneous y € I\ p,. Then deg/ > 0
and deg ry > 0 so that (')*+ (ry)” is homogeneous for suitable exponents
u, v. Furthermore, (&)*+ (ry)* ¢ p, U---Up,. O

Proposition 1.5.11. Let R be a Noetherian graded ring, and let I be
an ideal in R generated by homogeneous elements of positive degree. Set
h = height I and g = grade(I, M) where M is a finite R-module. Then there
exist sequences ® = Iy,..., %, and Y = Y1,...,Yy of homogeneous elements
of I such that height(ay,..., o) =t fori=1,...,h and y is an M-sequence.
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Proor. It is enough to find =; and y; because we may use induction on
n after having replaced all objects by their reductions modulo @; or ;.
But the choice of @; or y; only requires the avoidance of finitely many
prime ideals none of which contains 1. O

Often one needs a stronger version of 1.5.11.

Proposition 1.5.12. In addition to the hypotheses of 1.5.11 assume that Ry
is a local ring with an infinite residue class field and that I is generated by
elements of degree 1. Then the sequences @ = ,...,x, and Yy = Y1,..., Yy
can be composed of elements of degree 1.

Proor. We choose a system z,..., 2z, of degree 1 elements generating I. If
height I > 0 and p is a minimal prime ideal of R, then I; ¢ p. Therefore
L Np is a proper Rp-submodule of L. As kg is infinite, it is impossible
for I to be the union of the finitely many proper submodules obtained
in this manner. (Modulo the maximal ideal mg of Ry this turns into an
elementary fact of linear algebra.) So I; has an element @; which is not
in any minimal prime ideal of R. In order to construct a»,...,x; one
proceeds by induction. The construction of y is similar. O

*Local rings. In the following definition we introduce the graded coun-
terparts of local rings.

Definition 1.5.13. Let R be a graded ring. A graded ideal m of R is called
*mazimal, if every graded ideal that properly contains m equals R. The
ring R is called *local if it has a unique *maximal ideal m. A *local ring
with *maximal ideal m will be denoted by (R, m).

Let (R,m) be a *local ring. All non-zero homogeneous elements of
the graded ring R/m are invertible, and so R/m is either a field, or else
R/m = k[t,471], where k is a field and ¢ is a homogeneous element of
positive degree which is transcendental over k; see 1.5.7. In the first case m
is a maximal ideal, and in the second m is a prime ideal with dim R /m = 1.
Note that Ry is a local ring with maximal ideal myg = m N Ry, and that all
homogeneous elements a € R \ m are units. We define the *dimension of
R as the height of m and denote it by *dim R. According to 1.5.8, *dim R
equals the supremum of all numbers h for which there exists a chain of
graded prime ideals py C p; C -+- C ppin R. If @4,..., @, n = *dim R, are
homogeneous elements such that (zy,...,,) is m-primary, then a,...,z,
is called a homogeneous system of parameters.

Examples 1.5.14. (a) Let p be a graded prime ideal. Then R, is a *local
ring.

(b) Let R be a positively graded ring for which Ry is a local ring
with maximal ideal mg. Then R is a *local ring with *maximal ideal



36 1. Regular sequences and depth

m=mgy & P, ., R In particular a positively graded algebra over a field
is *local.

(c) Let (S,n) be a local ring and ¢ an indeterminate over S. Then
R = S[t,t!] is in a natural way a *local ring with *maximal ideal
nS[t,t7!], and one has dim S = *dim R = dim R — 1.

With respect to its finite graded modules M, a *local ring (R, m)
behaves like a local ring, as we shall now see.

Let g1,...,9, be a homogeneous minimal system of generators of
M. Let Fy = @}, R(— deg g;), the +-th summand being generated by an
element e; satisfying deg e; = deg g;. The R-module Fj is free of rank =,
and the assignment e; — g; induces a surjective morphism ¢ of graded
modules. Of course Ker ¢ is a graded submodule of Fy. Suppose that
Ker wp ¢ mF;. Then there exists a homogeneous element u € Ker ¢y,
u ¢ mFy, and one of the coefficients a; in v = Y g;e; is not in m; call it
a;. But all the a; are homogeneous, and so a; is a unit by hypothesis on
(R, m). It follows that the given system of generators is not minimal, which
is a contradiction. Localizing with respect to m we see that n = w(Mm).
In particular all homogeneous minimal systems of generators have the
same number of elements. Furthermore, iterating the construction of Fj
and ¢y, one obtains an (augmented) free resolution of M which for the
reasons given is called a minimal graded free resolution of M. It is easy
to show that such a resolution is unique up to an isomorphism in M.

Proposition 1.5.15. Let (R, m) be ¢ Noetherian *local ring, M a finite graded
R-module, and I a graded ideal. Then

(a) every minimal homogeneous system of generators of M has exactly
W M) elements,

(b) if F. is @ minimal graded free resolution of M, then F,Q® Rm is a minimal
free resolution of M,

(c) the functor - ® Rm is faithfully exact on the category My,

(d) M is projective if and only if it is free,

(€) one has

projdim M = proj dim My, grade(m, M) = depth Mm,
grade M = grade My, grade(I, M) = grade(lm, Mm).

Proor. (a) and (b) were shown above, and (a) implies that - ® Rm is
faithful, which proves (c) because localization is always exact. Part (d)
follows from (b) since the first Betti number 81(Mm) = 0 if M is projective,
and therefore F; = 0 in a minimal graded free resolution of M. The first
equation in (e) is also a consequence of (b), whereas the remaining
ones result from (c) and the fact that the modules ExtL(R/I, M) and
Exto(M, R) are graded. (One must of course use the description of grade
by 1.2.5). O
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It is customary to collect the terms with the same ‘shift’ in each free
module of a graded free resolution and to write it in the form

— @R(_j)ﬁu' e @R(_j)ﬁoj — s M —50.
J J

Though a minimal graded free resolution is uniquely determined, this is
not true for the numbers 8j; if one only requires that (R, m) is *local. We
need a slightly stronger hypothesis which is satisfied for example by all
positively graded algebras over local rings:

Proposition 1.5.16. Let (R,m) be a Noetherian *local ring such that m is
a maximal ideal of R (in the ordinary sense). Then for every finite graded
R-module M the numbers By in a minimal graded free resolution of M are
uniquely determined by M.

ProoF. Let F' = €P; R(—5)%. Then B; = dimp/m(F ® R/m); since one has
R(—3)® R/m = R/m(—) O

In the situation of 1.5.16 not only is the cardinality of a minimal
homogeneous system of generators unique, but also their degrees are
fixed (up to a permutation).

Graded Noether normalization. The existence of Noether normalizations
of affine algebras is stated in A.14. Here we want to prove its graded
variant.

Theorem 1.5.17. Let k be a field and R a positively graded affine k-algebra.
Set n = dim R.

(a) The following are equivalent for homogeneous elements xi,...,zy:
(i) @,..., @, 18 @ homogeneous system of parameters;
(ii) R 1s an integral extension of k[x1,...,@,];
(iii) R is @ finite k[, ..., @,]-module.
(b) There exist homogeneous elements 1,..., T, satisfying one, and there-

fore all, of the conditions in (a). Moreover, such elements are algebraically
independent over k.

(c) If R is a homogeneous k-algebra and k is infinite, then such xi,..., o,
can be chosen to be of degree 1.

Proor. We set S = k[x1,...,z,] and I = (@,..., ).

The existence of @i,...,x, as claimed in (b) or (¢) follows immediately
from 1.5.11 and 1.5.12 if one observes that the *maximal ideal m of R
has height n. The algebraic independence of x;,...,x, results from (a)(ii)
in conjunction with A.8 because dim S = n if and only if «,...,x, are
algebraically independent.

The equivalence of (a)(ii) and (iii) is a general fact: R is a finitely
generated S-algebra. That (a)(ii) = (i) follows from A.8 which entails
that dim R/I = dim(S/In S) = 0. Thus I is m-primary.
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There remains the proof of (a)(i) = (iii). We choose a system 1, ..., Yn
of homogeneous elements of positive degree generating R over k. If (i)
holds, then I is m-primary, and there exists an e such that z = y* - - yor €
I whenever deg z > e (deg is the degree in R). Let M be the S-submodule
of R generated by those monomials z with degz < e. We claim that
R = M. In fact, every r € R is a k-linear combination of monomials
Yy -+ yor, and thus it is enough that s = y* --- yor € M for all ¢; € N.
If deg s < ¢, then s € M for trivial reasons. So assume degs > e. Then
s€ I, and s = Y,» , fiz; with elements f; € R. Since s and the z; are
homogeneous of positive degree, the f; can be chosen homogeneous of
degree < degs. Now write f; as a k-linear combination of monomials in
Y1,-- - Ym, and apply an inductive argument. O

Dehomogenization. In concluding we want to study the relation between
a graded ring R and a residue class ring A = R/(x — 1) where @ is
a non-nilpotent homogeneous element of degree 1. One calls A the
dehomogenization of R with respect to @ The relationship between R
and A is much closer than between a ring and a residue class ring in
general. A typical example for R and A arises in algebraic geometry:
R is the homogeneous coordinate ring of a projective variety, and A4 is
the coordinate ring of the affine open subvariety complementary to the
hyperplane given by the vanishing of =

Let m: R — A be the natural homomorphism, and S = R;. Then =
factors in a natural way through a homomorphism ¢: § — A. Since « is
homogeneous, the grading of R induces a grading on S.

Proposition 1.5.18. (a) The homomorphism So[X,X~!] — S which is the
identity on Sy and sends X to x is an isomorphism.
(b) The restriction of 1 to Sy is an isomorphism Sy = A.

Proor. (a) This is a general fact: if T is a graded ring which has a unit
x of degree 1, then T = Ty[X, X~ 1.

(b) The kernel of % is the ideal (z — 1)5, and therefore %) induces an
isomorphism 4 = §/(z — 1)§ = S,. O

It follows easily that several properties transfer from R to A. For
example, it is immediate that if R is reduced or an integral domain, then
so is A. Also see Exercises 1.5.26, 2.2.34, and 2.2.35.

Exercises

1.5.19. Let R be a graded ring. All the modules in this problem are supposed to
be graded.

(a) Prove that @ M; has a unique grading for which the natural embeddings
M; - @ M; are morphisms in M,, that is, @ M; is the direct sum in M.
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(b) The direct product [] M; lacks this property of the direct sum; nevertheless,
prove there exists a direct product in AM;: let *J] M; be the submodule of [] M;
generated by the elements (x;) such that all the x; are homogeneous of degree n,
n € Z.

(c) What can be said about direct and inverse limits in M;?

(d) Prove that the tensor product M ® N is a graded R-module with (M ® N),
generated over Z by the tensor products = ® y of homogeneous elements with
degx + degy = uw. (Choose a presentation G - F — M — 0 in M; with
F= @ R(a) and G= B E(3))

(e) Show the funcior *Homp(_, N) is left exact, and one has *Homp(dD M;, N) =
*H *HomR(Mi, N)

(f) Verify that *Hompg(M, N) = Homp(M, N) if M is finite. In general, however,
*Hompg(M, N) is a proper submodule of Homp(M, N).

(g) Prove *Homp(M(—1), N(—7)) = *Homg(M, N)(z — 7).

1.5.20. Let R = k[t,t"'] be a graded ring where By = k is a field, and ¢t € R is
a homogeneous element of positive degree which is transcendental over k. Show
that every graded R-module is free.

1.5.21. Let k be a field, § = k[X;, X;, Y3, ¥;] the polynomial ring with the grading
determined by deg X; =0 and deg ¥; =1, and R = §/(X,Y; — X, ;). Prove that
the grade of the ideal I = (w;, 2, %1,%2) in R is 3, but I does not even contain a
homogeneous R-sequence of length 2.

1.5.22. Let k be a field. We consider the polynomial ring R = k[X,...,X,] as a
graded k-algebra with deg X; = a; for : = 1,...,n. Show that R is *local if and
only if all a; are positive or all a; are negative.

1.5.23. Let (R, m) be a Noetherian *local ring, and M a finite graded R-module.
Show that every permutation of a homogeneous M-sequence is an M-sequence.

1.5.24. Prove the following variants of Nakayama's lemma.

(a) Let (R,m) be a *local ring, M a finite graded R-module, and N a graded
submodule. If M = N + mM, then M = N.

(b) Let R be a graded ring for which (R, my) is local. Suppose that M is a graded
R-module such that M; is finite over R, for all 7. If one has M = N+ myM for a
graded submodule N of M, then M = N.

1.5.25. Let R be a Noetherian positively graded ring, and M a finite graded
R-module. Prove dim M = sup{dim M, : p € Supp M graded}. Hint: consider an
ideal m which is maximal among the graded members of Supp M and use 1.5.7.

1.5.26. Let R be a graded ring, = a non-nilpotent element of degree 1, A =
BR/(x—1),and 7: R — A the natural homomorphism. Asin 1.5.18 we set S = R,,
and identify A and S;.

(a) One has n(I) = IS N A for every homogeneousideal I C R and J = n(JSN R)
for every ideal J of A. (One calls #(I) the dehomogenization of I, and JS N R the
homogenization of J.)

(b) The homomorphism 7 induces a bijective correspondence between the set of
homogeneous ideals of R modulo which = is regular and the set of all ideals of
A

(c) This correspondence preserves inclusions and intersections, and the properties
of being a prime, primary, or radical ideal.
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1.6 The Koszul complex

We introduce the Koszul complex K,(z) of a sequence & = x,..., @,
of elements of a ring R. Under suitable hypotheses one can determine
grade(I, M) from the homology of K.(#)®M where I is the ideal generated
by @. This fact and its ‘universal’ properties make the Koszul complex an
indispensable tool.

Moreover, the Koszul complex is the paradigm of a complex with
an algebra structure. In order to emphasize this fact we introduce more
generally the Koszul complex of a linear form. A review of exterior
algebra has been included for the reader’s convenience.

Review of exterior algebra. The following is an excerpt from Bourbaki
[48], Ch. III, which we recommend as a source for exterior algebra.
We hope that the details included will enable the reader to carry out
the calculations on which the theory is based. When one has to check
whether a map is well defined, it is usually the best strategy to exploit
the universal properties of the objects under consideration.

Let R be a ring, and M an R-module. We consider R as a graded ring
by giving it the trivial grading. Let M®® denote the +th tensor power of
M, i.e. the tensor product M ® --- ® M of ¢ factors M for 7 > 0, and R
for 7 = 0. The tensor powers form a graded R-module

QM= éM@.
=0

The assignment

((wla"'awm)a(yla"'ayn))'—>wl®"'®wm®yl®"'®yn

induces an R-bilinear map M®™ x M®" — M®(™") and its additive
extension to & M x Q) M gives (K) M the structure of a graded associative
R-algebra. Henceforth ‘R-algebra’ always means ‘associative R-algebra’.
(Obviously K M is not commutative in general.) The tensor algebra is
characterized by a universal property: given an R-linear map ¢: M — A
where A is an R-algebra, there exists a unique R-algebra homomorphism
P: Q@ M — A extending ; here we identify M and M®.
The exterior algebra /A M is the residue class algebra

AM=(@M)/3
where J is the two-sided ideal generated by the elements z® =, @ € M.
Since J is generated by homogeneous elements, /A M inherits the structure

of a graded R-algebra. The product in A M is denoted = A y. In general
A\ M is not commutative; it is however alternating: one has

TAY = (—1)(degm)(degy)y ANz for homogeneous z,y € /\ M, and

zAxz=0 for homogeneous x, deg = odd.
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Let @,...,, be elements of M, and 7 a permutation of {1,...,n}. Then
Ty Ao AN Ty(m) = O(T)TL A+ A Ty

here o(7) is the sign of . Furthermore oy A--- A, = 0 if @ = x; for
some indices i # j. For a subset I of {1,...,n} we set

or=a N Awy, when I={s,...,%,} with i <--- < 4y,

For subsets J, K C {1,...,n} with JN K = 0 let o(J, K) = (—1)* where
i is the number of elements (,k) € J x K with j > k; if JN K # 0, let
o(J, K) = 0. Then

Ty NI = O'(J, K)wjuK.

Useful identities satisfied by o are given in Exercise 1.6.23. It is clear
that the notation @y can be extended to the more general case in which
(4)gec is a family of elements of M indexed by a linearly ordered set @
and I is a finite subset of G. '

The #th graded component of A\ M is denoted by A' M and is called
the &-th exterior power of M. From the definition of A M it follows easily
that one has natural isomorphisms /\0 M=R, /\1 M = M; so we may
identify R and /\0 M, M and /\1 M.

Let (z4)4e¢ be a system of generators of M. Then /\j M is generated
by the exterior products @y with I C G and |I| = j. In particular, if M is
generated by a,...,x,, then /\iM =0 for all i > n

The exterior algebra is characterized by a universal property which it
inherits from that of the tensor algebra: given an R-linear map ¢: M — E
from M to an R-algebra E such that o(x)? = 0 for all = € M, there exists
a unique R-algebra homomorphism ¢: A M — E extending . It follows
immediately that for every R-linear map ¢: M — N there exists a unique
R-algebra homomorphism A ¢ for which the diagram

M —2 . N

natl lnat

AM N AN

commutes; /\ ¢ is homogeneous of degree 0, and one has

N p(@ A Aa) = @lan) A A )

for all @y,..., @, € M. If ¢ is surjective, then A ¢ is also surjective, and
Ker A ¢ is the ideal generated by Ker ¢. (This is neither obvious nor
indeed true in general; for example, if ¢ is injective, A ¢ need not be
injective.) The map /\iM — /\iN induced by A ¢ is denoted by /\i ©.

Suppose that ¢ is surjective; then /\icp is also surjective, and from the
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description of Ker A ¢ just mentioned (and the alternating property of
A\ M) it follows easily that the sequence
-1 i N
ANMeKeo— AM— AN—0
is exact where the map on the left hand side is induced by the exterior
multiplication /\1_1 M x Ker p — \' M.
The exterior powers /\' M are also characterized by a universal prop-

erty: for every alternating ilinear map a: M* — N, N an R-module,
there exists a unique R-linear map A: A"M — N such that

ol ..., ) =A@ A - A )

for all @,...,x; € M.

An important property of the exterior algebra is that it commutes
with base extensions: if R — § is a homomorphism of commutative
rings, then one has a natural isomorphism

(AM)erS= \(MrS)

of graded S-algebras.
Let Mj, M, be R-modules. On (A M) ® (A M) one defines a

multiplication by setting
(:c® y)(wl ® yl) — (_1)(degy)(deg:c’)(sc/\ Ccl) ® (y/\ yl)

for all homogeneous elements x, © € My, y, ¥ € Ma. It is straightforward
to verify that (A Mi) ® (/A Mz) is an alternating graded R-algebra under
this multiplication. Its degree 1 component is (M; ® R)® (R ® M) =
M;® M. By the universal property of the exterior algebra the natural map
My & M; — (A M) ® (A M) extends to an R-algebra homomorphism
@: \(My & M) — (\ M) @ (A M)

One gets an inverse ¥: (A M;) @ (A M) — A(M1 & M) to @ by
setting

(e® y) = Vi(z) A T(y)

where ¥;: A\ M; — A\(M1® M) is the extension of the natural embedding
M; — M; & M;. The compositions o ¥ and ¥ o & are the identities on
(A M) ® (A Mz) and A(M; @ Ms). Therefore we have an isomorphism

(/\ M) ® (/\ M) = /\(M1 & M)

of alternating graded R-algebras.
In what follows, the most important case for M is that of a finite free
R-module F. Suppose ey, ..., ¢, is a basis of F. The elements

€r, IC{].,...,TL}, |I|:Za
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form a basis of /\iF; this non-trivial fact amounts to the existence of
determinants. In particular A\"F is free of rank (7:) A multiplication

table of A F with respect to this basis in given by
egrN\Ney—= O'(I, J)CIUJ.

Suppose R is a graded ring, and M = P,z M; is a graded R-module.
Then one can endow A M with a unique grading such that M C A M
has the given grading, and A M is a graded algebra over R. We restrict
ourselves to the case M = F = @} ; R(—a;). Let ey,..., e, be the basis of
F corresponding to this decomposition. Then one assigns to ey the degree
Y icr @y and verifies easily that the induced grading on /\ F makes A\ F a
graded (in fact, a bigraded) R-algebra.

Basic properties of the Koszul complex. Let R be a ring, L an R-module,
and f: L — R an R-linear map. The assignment

n

(@1 @) > Y (D) @) A ABA - Ay
=1

defines an alternating n-linear map L" — /\n_1 L. (By @; we indicate that
x; is to be omitted from the exterior product.) By the universal property of
the n-th exterior power there exists an R-linear map dj(c") : A"L— /\"_1 L
with

n

APz Ao Az) = Y (1) Az A ABA A
=1

for all @,...,x, € L. The collection of the maps dj(c") defines a graded

de: NL— AL

of degree —1. By a straightforward calculation one verifies the following
identities:

R-homomorphism

drodp=0 and dezAy)=ddz)Ay+ (—1)%8=x A de(y)
for all homogeneous @ € A L. To say that dyo df = 0 is to say that
n dr n—1 2 dr f

is a complex. The second equation expresses that dy is an antiderivation
(of degree —1).
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Definition 1.6.1. The complex above is the Koszul complex of f, denoted
by K.(f). More generally, if M is an R-module, then K.(f, M) is the
complex K.(f) ®r M, called the Koszul complex of f with coefficients in
M; its differential is denoted by dg .

Proposition 1.6.2. Let R be a ring, L an R-module, and f: L — R an
R-linear map.

(a) The Koszul complex K.(f) carries the structure of an associative graded
alternating algebra, namely that of A L.

(b) Its differential dy is an entiderivation of degree —1.

(c) For every R-module M the complex K.(f, M) is a K.(f)-module in a
natural way.

(d) One has dep(z.y) = de(x). y+ (—1)48%z. dsp(y) for all homogeneous
elements © of K.(f) and all elements y € K.(f, M).

Proor. (a) and (b) are part of the discussion preceding the proposition.
(c) is obvious: if 4 is an R-algebra, then A ®p M is an A-module for
every R-module M.
(d) Tt is enough to verify the equation for elements y = w ® z with
w € K,(f), z€ M. Then dey(z. w® 2) = dem((zA w) @ 2) = de(z A w) ® 2,
and the rest follows from the fact that dy is an antiderivation. O

For a subset S of K.(f) and a subset U of K,(f, M) let S. U denote the
R-submodule of K.(f, M) generated by the products s.u, s€ S, ue U.
Set

Z.(f) = Ker dy, Z,(_f, M) = Ker ds .,

Definition 1.6.3. The homology H.(f) = Z.(f)/B.(f) is the Koszul homo-
logy of f. For every R-module M the homology Z.(f, M)/B.(f,M) is
denoted by H.(f, M) and called the Koszul homology of f with coefficients
in M.

From 1.6.2(d) one easily derives the following relations:

Z(f)-Z(fiM) C Z(f;M), Z(f).B.(f,M)C B.(f, M),
B.(f). Z.(f, M) C B.(f,M).
We have a natural isomorphism K.(f) = K.(f,R). So the first relation

entails that Z,(f) is a graded R-subalgebra of K.(f), and the second and
third show that B.(f) is a two-sided ideal in Z.(f).

Proposition 1.6.4. Let R be a ring, L an R-module, and f: L — R an
R-linear map.

(a) The Koszul homology H.(f) carries the structure of an associative
graded alternating R-algebra.

(b) For every R-module M the homology H.(f, M) is an H.(f)-module in a
natural way.
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Proor. (a) That H.(f) is an R-algebra follows from the discussion pre-
ceding the proposition. The asserted properties are inherited by quotients
of graded R-subalgebras of K.(f) modulo graded ideals.

(b) The first of the relations above shows that Z.(f, M) is a Z.(f)-
module; the second says that B.(f, M) is a Z.(f)-submodule, and the
third implies that Z.(f, M)/ B.(f, M) is annihilated by B.(f). O

It results immediately from 1.6.4 that H.(f,M) is an R/I-module
where I = Im f. This will be stated in 1.6.5 where it follows from a
somewhat stronger statement.

It is useful also to introduce the Koszul cohomology (with coefficients
in M): we set

K'(f) = Homp(K.(f),R),  K'(f, M) = Homg(K.(f), M),
H(f) = H'(K (1)), H(f, M) = H'(K*(f, M)).

Let I = Im f C R; then, by construction, Hy(f) = R/I and Ho(f, M) =
M/IM.

Proposition 1.6.5. Let R be a ring, L an R-module, and f: L — R an
R-linear map. Set I = Im f.

(a) For every a € I multiplication by a on K.(f), K.(f, M), K*(f), K*(f, M)
is null-homotopic.

(b) In particular I annihilates H.(f), H.(f, M), H'(f), H (f, M).

(c) If I = R, then the complexes K.(f), K.(f, M), K'(f), K'(f, M) are

null-homotopic. In particular their (co)homology vanishes.

Proor. We choose € L with a = f(@). Let ¥, denote the multiplication
by a on K.(f), and A, the left multiplication by @ on K.(f). Then
P, = dro Az + Az o dy as is easily verified.

Thus multiplication by ais null-homotopic on K.(f). Of course 4, M
and Homp(¥,, M) are the multiplications by a on K.(f, M) and K*(f, M),
and the rest of (a) follows immediately. Part (b) is a general fact: if pis a
null-homotopic complex homomorphism, then the map induced by ¢ on
homology is zero. For (c¢) we choose a = 1, and apply (a) and (b). O

Let Ly and L be R-modules, and fi: Ly — R, f2: Ls — R be R-
linear maps. Then fi and f2 induce a linear form f: L; & L — R by

A1 @ ) = fil@) + falz).

Proposition 1.6.6. With the notation just introduced, one has an isomorphism

of complexes K.(f1) ®r K.(f2) = K.(f).

Proor. The graded R-algebras underlying K.(f1) ® K.(f2) and K.(f),
namely (A L1) ® (A L2) and A L, are isomorphic, as noted above. We
may identify them. The differential df is an antiderivation on A L which
on the degree 1 graded component L = L; & Ly coincides with dg, ® dy,.
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An antiderivation on the exterior algebra A L is uniquely determined
by its values on L. Therefore it is enough to check that dy @ dy, is
an antiderivation too. The straightforward verification of this fact is
left as an exercise for the reader. One has of course to remember the
definition of tensor product of complexes: the n-th graded component of

K.(f)® K.(f2) is By N L1 ® A" Ly, and
df, ® ds,(@® y) = dp(2) @ y + (—1)'z® dg ()

forz®@yc /\iLl ® /\"_iLz. O

The Koszul complex ‘commutes’ with ring extensions, and so does
Koszul homology if the extension is flat:

Proposition 1.6.7. Let R be a ring, L an R-module, and f: L — R an
R-linear map. Suppose ¢: R — S is a ring homomorphism.

(a) Then one has a natural isomorphism K.(f) ®r S = K.(f® 5).

(b) Moreover, if ¢ is flat, then H.(fyM)® S Z H.(f® S,M ® S) for every
R-module M.

ProoF. There is a natural isomorphism (A L)® § = A(L® S), and df® S
and dpgs are antiderivations which coincide in degree 1. So we can use
the same argument as in the previous demonstration. This proves (a), and
(b) follows immediately since H,(C. ® S) = H.(C.) ® S for an arbitrary
complex C, over R if S is R-flat. O

Suppose L and L' are R-modules with linear forms f: L — R and
f': L' — R. Every R-homomorphism ¢: L — L' extends to a homomor-
phism A ¢: AL — A L of R-algebras, as discussed above. If f= f o ¢,

then A ¢ is a homomorphism of Koszul complexes:

Proposition 1.6.8. With the notation just introduced, if f = f o ¢, then
N K.(f) — K.(f) is a complex homomorphism.

The Koszul complex of a sequence. Let L be a finite free R-module with
basis ey,..., €,. Then a linear form f on L is uniquely determined by the
values ; = fle), = 1,...,n. Conversely, given a sequence = @y,..., Ty,
there exists a linear form f on L with fle) = @;. We set

K.(z) = K.(f),

and the rest of the notation is to be modified accordingly. Henceforth
we shall only consider Koszul complexes K.(x). Since f is just the ‘direct
sum’ of the linear forms fi: R — R, fi{l) = @, 1.6.6 specializes to the
isomorphism

K.(x) = K.(2) @ K.(z) = K.(21) ® - -- @ K.()
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where @ = @1,...,@,_1. Furthermore one should note that, by 1.6.8, K.(«)
is essentially invariant under a permutation of .

We set I = (x). Let F. be a free resolution of R/I. As Hy(x) = R/I,
there exists a complex homomorphism ¢: K,(x) — F. lifting the identity
on R/I; note that ¢ is unique up to homotopy.

Proposition 1.6.9. Let R be a ring, ® = x1,..., T, a sequence in R, and
I=(z). For all i there exist natural homomorphisms

Hfx, M) — Tor®(R/I,M) and Exth(R/I, M) — H'(x, M).

Proor. The map ¢ introduced above yields complex homomorphisms
p@M: K.(f,M) — F.@ M and Hompg(y, M): Hompg(F.,M) — K*(f,M).
O

Let L be a finite free R-module with basis eg,..., €, Then e; A---Ae,is
a basis of A" L, and there exists a unique R-isomorphism w,: A"L — R
with wy(eg A--+ Ae,) = 1. (An isomorphism A" L = R is usually called
an orientation on L.) We define wi: A*L — (A" L)* by setting

(@)W = wlwny) for e AL ye AL

(This causes no ambiguity for ¢ = n if we identify R and R* under the
natural isomorphism.) It follows immediately that

' _fo for INJ # 0,
(Wl(ef))(e‘]) - { O-(I, J) for INJ=0.

In this formula I and J are multi-indices as introduced above. It shows
that w; is an isomorphism. If we denote the dual basis of (er) by (e}), the
formula says that

wier) = o(I,I)e;

where I = {1,...,n} \ I. Thus wj; is an isomorphism. We consider the
diagram

n n—1
d d d
K.(cc):O—>/\L—>/\L—>---—> L — R — 0
& & & &y
K(¢):0 — R — L* —>---—>(/\L)*—>(/\L)*—>0

with d = d and d* = (dy)*.
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Proposition 1.6.10. Let ® = xy,...,x, be a sequence in a ring R.

(a) With the notation just introduced, one has w;_10d; = (—1)i_1d7*b_i+1o wy
for all =

(b) The complexes K.(z) and K*(x) = (K.(x))" are isomorphic (we say that
K.(x) is self-dual).

(c) More generally, for every R-module M the complewes K.(x, M) and
K*(x, M) are isomorphic, and

(d) Hyw, M) = H (x, M) fori=0,...,n

ProoF. The verification of (a) is left as an exercise for the reader (1.6.23
is helpful). We observed above that wj; is an isomorphism so that the
maps 7; = (—1)41/20; define an isomorphism K. (z) = K*(x) = (K.(x))*.

For (c) we note that there is a natural homomorphism N* @ M —
Hompg(N, M) for all R-modules N, M. If N is finite and free, this
homomorphism is an isomorphism, and it induces an isomorphism
K'(x) ® M = Hompg(K.(x), M). Now one uses (b). Part (d) is a triv-
ial consequence of (c).

The reader may have noticed that for a formally correct formulation
of 1.6.10(b) one would first have to convert the cochain complex K*(x)
into a chain complex C, (by setting C; = K~%(x)) and then state that
K.(x) = C.(—n). A similar manipulation would be necessary for (c).

The Koszul complex is an exact functor:

Proposition 1.6.11. Let R be a ring, ® = x,...,x, a sequence in R, and
0—U—M-— N — 0 an exact sequence of R-modules. Then the induced
sequence

0 — K. (o, U) — K.(2, M) — K.(&, N) — 0

is an exact sequence of complexes. In particular one has a long exact
sequence

- — Hij(e, U) — Hjx, M) — Hj(x,N) — H;_1(2,U) — ---
of homology modules.
ProoF. The components of K,(x) are free, hence flat R-modules. O

In place of an R-module M one can more generally consider a complex
C., and then define the Koszul homology of C. to be the homology of
K.(x) ® C. etc. We consider this construction only for the special case in
which & =

Proposition 1.6.12. Let R be a ring, and « € R.
(a) For every complex C. of R-modules one has an exact sequence

0— C.— C.®K.(z) — C(-1) — 0.
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(b) The induced long exact sequence of homology is

+z
-+ — Hy(C,) — H{C. ® K.(z)) — Hi_1(C.) — H;1(C.) — -+
(c) Moreover, if x is C.-regular, then there is an isomorphism

H.(C. ® K.(z)) = H.(C./zC,).

(According to our convention for graded modules C.(—1) is just the
complex C, with all degrees increased by 1.)

ProoF. The complex K,(z)is simply 0 — R %, R — 0. The ith graded
component of K,(x) ® C, is therefore (R® C;)® (R® Ci_1) = C;® Ciy.
So we have in each degree an exact sequence

0— C;— C;® Ciy — Ciy — 0,

where ¢ and 7 are the natural embedding and projection. If & is the
differential of C., then the differential d: C;® C;_; — Ci—1 ® Ci;_3 is given

by the matrix
 (—1) 1z
0 3

according to the definition of tensor products of complexes. Now (a) is
obvious.

For (b) one looks up the definition of connecting homomorphism. It
1s defined by the following chain of assignments starting from z € C;_;

with §(z) = 0:

27 (0,2) 2 (1) 1z, 0) o (—1) Lz

So the connecting homomorphism H;(C.(—1)) = H;_1(C.) — Hi_1(C.) is
multiplication by (—1)"a.

(c) The natural maps C;® Ci—; — C; — C;/xC; constitute a complex
homomorphism C, ® K.(x) — C./xC.. We claim that the associated map
of homology is an isomorphism. In fact, let z € C; such that 9(z) €
xCi_1. Then there exists 2 € C;_; with §(z) = =2/, and d(z,(—1)"?) =
(0,(—1)%8(2')). Next one has zd(') = 8(8(z)) = 0; so 8(2') = 0 since
multiplication by z is injective on C,: (z,(—1)%2') is a cycle mapped to the
cycle z € C;/zC;. That the map of homology is injective can be verified
similarly. O

Corollary 1.6.13. Let R be a ring, ® = x1,...,x, a sequence in R, and M

an R-module.
a) Set @ = xy,...,z,_1. Then one has an exact sequence
( ) ’ ’ q

tx,

+
- 25 Had, M) — Hy(x, M) — H_1(2, M) —= Hy_y(al, M) — - -

(b) Let p < m, @ = @1,...,2p, and @' = @py1,..., 2. If @ is weakly
M-regular, then one has an isomorphism H,(x, M) = H.(«',M/d M).
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ProoF. Part (a) is a special case of 1.6.12(b) when we take C, = K.(«, M)
and use the isomorphisms

K.(2, M) ® K.(z,) = K.(2) ©® M ® K.(z,) = K.(x, M).

For part (b) it is enough to do the case p = 1 from which the general
case follows by induction. Next we may permute @ to the sequence
@2, ..., &y, @1, and then the assertion follows from 1.6.12(c). O

It is an immediate consequence of 1.6.13 that Hj=, M) = 0 for i =
n—p+1,...,nif (the first) p elements of @y, ..., z, form an M-sequence.
As we shall see in 1.6.16, there is a somewhat stronger vanishing theorem.

Corollary 1.6.14. Let R be a ring, @ a sequence in R, and M an R-module.
(a) If @ is an M-sequence, then K.(x, M) is acyclic.
(b) If @ is an R-sequence, then K.(@) is a free resolution of R/(x).

Remark 1.6.15. Let R be a graded ring and & = y,...,®, a sequence
of homogeneous elements. Then @« induces a linear form of degree 0 on
F = @}, R(—degxz;). The Koszul complex K,(x) is a graded complex
with a differential of degree 0 if we give A F the grading discussed above.
In particular one has A" F = R(— .7, deg x).

The Koszul complex and grade. The main importance of the Koszul
complex stems from the fact that H.(x, M) measures grade(I, M) if M is
a finite module over a Noetherian ring R and I = («). This will be made
precise in 1.6.17. The finiteness assumption just stated will be necessary
to establish the existence of an M-sequence in I from the vanishing of
certain homology modules H(x, M). The converse holds without such an
assumption:

Theorem 1.6.16. Let R be a ring, € = xy,..., @, a sequence in R, and M
an R-module. If I = (@) contains a weak M-sequence y = 1,...,Ym, then

Hy1-{e,M)=0 for i=1,....m, and
H, p(x, M) = Hompg(R/I, M/yM) = Ext3(R/I, M).

Proor. The last isomorphism is given by Lemma 1.2.4. The remaining
claims are proved by induction on m. For m = 0 we must show that

H,(x, M) = Hompg(R/I, M).

In fact, by 1.6.10 one has H,(x, M) = H°(x, M), and the latter is naturally
isomorphic with Hompg(R/I, M), as follows from the exactness of R" —
R — R/I — 0 and the left exactness of Hompg(-, M). Explicitly, if we
identify A"R*"® M and R ® M = M via an orientation w, of R", then
H, (@, M) is just the submodule {y € M: Iy = 0} = Homg(R/I, M) of M.
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Let m > 1. Then we set M = M/vy; M. The exact sequence

0—>Mi>M—>]\_/I—>0

induces an exact sequence
. — Hx, M) — Hya, M) — Hx, M) — Hy_1(, M) — -+

see 1.6.11. Since, by 1.6.5, y; annihilates Hj{a, M) for all 4, this exact
sequence breaks up into exact sequences

0 — Hy(x, M) — Hj(x, M) — H;_1(x, M) — 0.
It only remains to apply the induction hypothesis. O

Theorem 1.6.17. Let R be a Noetherian ring, and M a finite R-module.
Suppose I is an ideal in R generated by ® = x,...,x,.

(a) All the modules Hy(x, M), i=0,...,n, vanish if and only if M = IM.
(b) Suppose that Hyw, M) # 0 for some 3, and let

h = max{i: Hfx, M) # 0}.

Then every maximal M-sequence in I has length g = n— h; in other words,
grade(I, M) =n—h.

Proor. (a) The implication ‘=’ is trivial: M = IM <= Hy(x, M) =
M/IM = 0. For the converse choose a prime ideal p. By 1.6.7 and
the flatness of localization one has (Hj(x, M)), = Hy(x, M,) where o is
considered a sequence in R, on the right hand side. If I ¢ p, then
Hjx,M,) = 0 by 1.65. If I C p, then M, = 0 by Nakayama’s lemma,
and again we have H{z, M,) = 0.

(b) We give two proofs. (A third proof for the case M = R is indicated
in Exercise 1.6.30.)

(1) By part (a) we have M # IM. Let y be a maximal M-sequence in
I; then y has length g = grade(I, M). Tt follows immediately from 1.6.16
and 1.2.5 that Hx,M) = 0 for i = n— g+ 1,...,n and H, 4= M) =
Extd(R/I, M) # 0.

(ii) Let y be a maximal M-sequence in I, and suppose that y has
length g. Then Hyfx,M) = 0 for i = n— g+ 1,...,n by 1.6.16, and
furthermore H, g (x, M) = Hompg(R/I, M/yM). Since I consists of zero-
divisors of M/yM, this module is non-zero; see 1.2.3. O

The second proof just given is independent of the ‘homological’
Lemma 1.2.4, and shows again that all maximal M-sequences in [ have
the same length. Therefore one could build the theory of grade upon
1.6.17.

Corollary 1.6.14 can be reversed for local rings. We need the following
lemma:



52 1. Regular sequences and depth

Lemma 1.6.18. Let (R, m) be a Noetherian local ring, M a finite R-module,
and € = @1,...,&, @ sequence in m. Set & = w1,...,@xy_1. If Hi(x, M) = 0,
then Hya/, M) = 0.

Proor. By 1.6.6 we have K.,(x) = K.(«) ® K.(z,). So 1.6.13 gives us an
exact sequence

+
H(#, M) == Hya, M) — Hyz, M).

These modules are finite. If Hj(x, M) = 0, then multiplication by w,
on Hja/, M) is surjective, whence Hj{a/, M) = 0 by Nakayama'’s lemma.
O

Corollary 1.6.19. Let (R, m) be ¢ Noetherian local ring, M # 0 a finite R-
module, and I C m an ideal generated by @ = x,...,x,. Then the following
are equivalent:

(a) grade(I, M) = n;

(b) Hix, M) =0 fori>0;

(c) Hy(ze, M) =0;

(d) = is an M-sequence.

Proo¥. The equivalence of (a) and (b) follows from 1.6.17, and (b) = (c)
and (d) = (a) are trivial. The proof of (c) = (d) is an easy induction
based on 1.6.18 and 1.6.13. O

We saw in 1.1.6 that under the hypotheses of 1.6.19 every permutation
of an M-sequence is again an M-sequence. Since, by 1.6.8, the Koszul
complexes of ® and every permutation of @ are isomorphic, 1.6.19 yields
another proof of 1.1.6.

Remark 1.6.20. For an arbitrary ring R and an arbitrary module M it
follows from H;(x, M) = 0 that « is M-quasi-regular, provided M # M,
see [48], Ch. X, §9, Théoreme 1.

The Koszul complex as an invariant. Let R be a Noetherian local ring,
I an ideal, and ® = xy,...,2, and ¥y = w1,...,Y, minimal systems of
generators of I. Then any n x n matrix 4 = (ay,) such that

n
mizzajiyja i:]-a"'ana
=1

is invertible since the residue classes of @ and y are bases of I/ml
over R/m. If f and f are the linear forms on R™ defined by « and y
respectively, then there exists an R-automorphism ¢ of R” (defined by 4)
such that f= f o ¢, and it follows from 1.6.8 that the Koszul complexes
K.(z) and K.(y) are isomorphic. This obviously fails if  and y have



1.6. The Koszul complex 53

different lengths. Nevertheless the Koszul complexes K,(#) and K.(y) are
closely related. The following proposition shows how to compare each of
them to K.(z, y).

Proposition 1.6.21. Let R be a ring, ® = xy,..., o, ¢ sequence in R, and
=@, Ty Tt 1y, T WA Ty, - .., T € (@), Then

K.(d)= K.(2)® /\Rm—"

as graded R-algebras; here \ R™ " is considered a complex with zero dif-
ferential. In particular, for every R-module M one has

H(«,M) = H(z,M)® [\ R™™

ProOF. Since A\ R¥1 = A R*® A R it suffices to treat the case m = n+ 1.
Write @11 = E;L:l a;z;. Let f be the linear form on R™! defined by o
and f' the linear form defined by #’ = @,0. The assignment e; — ¢; for
1=1,...,nand e,1 — E;L:l aje; + eyq1 induces an automorphism ¢ of
R™1 such that f= f o . As above one concludes that K,(#) = K.(2");
in other words, there is no restriction in assuming that @,,; = 0.

In the special situation we have reached, the first claim is a trivial
consequence of 1.6.6. The second claim is easily verified. O

Corollary 1.6.22. Let R be a ring, I a finitely generated ideal, and M an R-
module. Suppose @ = x1,..., Ty and Y = Y1,..., Yy are systems of generators
of I, and let g € N. Then Hix, M) =0 fori=m—g+1,...,mif and only
ifHy(y M)=0forj=n—g+1,...,n

The corollary follows easily from 1.6.21. Note that for a finite module
M over a Noetherian ring R it just restates part of 1.6.17. However,
when we define the grade of a finitely generated ideal with respect to an
arbitrary module in Chapter 9, 1.6.22 will be an essential result.

Exercises

1.6.23. Let I, J, I, L, I, be finite subsets of N. Suppose I = {i,...,3},
J = {41,914}, the elements given in ascending order.

(a) Suppose INJ = @, and let m be the permutation of U J given by 7(J:) = %
where T U J = {ji,...,Jp+4} is given in ascending order. Prove o(I,J) = o(x) =
(—1y0(J, ).

(b) Deduce that O'(Ilng)O'(Il (] Ig,Is) = 0'(]1,]2 (] Is)O'(IgyIs).

1.6.24. Let R be a local ring, and M a finite R-module.

(a) Show w(A\* M) = (#(IIVI)) for all ¢ € N.

(b) Let 1 < 1< y(M). Prove that M is free if and only if /\iM is free.
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1.6.25. (a) Let R be a ring, and M an R-module of rank r. Prove rank A’ M = ()
for all : € N.

(b) Show the analogue for a homomorphism ¢: F — G of finite free modules
over a Noetherian ring.

Hint for (b): One may assume that R is local and of depth 0. Then Im ¢ is a free
direct summand of G.

1.6.26. Let R be a Noetherian local ring, F a finite free R-module, U C F a
submodule of rank r and ¢ the natural embedding. Show that /\j ¢ 1s injective if
and only if A’ U is torsion-free. In particular A\’ U is non-zero, but A’ ¢ is not
injective for rank U < 7 < g U).

1.6.27. Let R be a ring, and M an R-module. For fi,...,f, € M* let o(fi,...,f7)
be the restriction of dg o...0dy, to AP M. Show that ¢ induces an R-linear map
&: N'(M*) - (A M)*. Prove that & is an isomorphism, if M is finite and free.
1.6.28. Let L' be an R-module, =z € L', and p the right multiplication by x on
A L. Prove

2
E@:0—RrS0 AN S

is a complex.

Suppose that L' = (R*)* and f € L'. Then the complexes I?'(f) and K*(f)

are isomorphic. (Since K*(f) = K.(f) by 1.6.10, one can introduce the Koszul

complex via I?'(f) if one is satisfied with having it only for linear forms on finite

free modules.)

1.6.29. Let R be a Noetherian ring, © = (w, .. .,x,) an element of R*, M = R"/Rx,

and [ the ideal generated by xy,...,x,. Prove that grade I > kif and only if

2 k
0—>RL>R"L>/\R"—P>...L>/\R"—>O

is a free resolution of /\k M. (The map p is right multiplication by x as in 1.6.28;
one always has \* M = (A* R")/p(A\*"* R™))

1.6.30. Let @ = w,...,x, be a sequence in R, and denote by ¢; the differential
/\iR" — /\F1 R" in the Koszul complex of @. Let r; = ('::11) be the expected rank
of ;.

(a) Show that Rad I,(¢;) = Rad().

(b) Derive 1.6.17 for M = R from the Buchsbaum-Eisenbud acyclicity criterion.
1.6.31. Let R be a Noetherian ring, and M # 0 a finite R-module. Let I be an
ideal, ® = @,...,x, a system of generators of I, and g = grade(I, M). Show
H{x,M)=0fori=n—g+1,...,n and He, M) #0for :=0,...,n— g. (This
property is called the rigidity of the Koszul complex.) Hint: Reduce to the local
case and use 1.6.18 for an inductive argument.

1.6.32. Let (R,m) be a Noetherian local ring, I C m an ideal, « € m, and M a
finite R-module. Prove grade(I + (x), M) < grade(I, M) + 1.

1.6.33. Let (R, m) be a *local ring, and p # m be a prime ideal such that p* = m.
Choose a € p with p = m + (a) (see the proof of 1.5.9). Then a is R-regular
(why?). If F, is a graded minimal free resolution of R/m, show that (F, ® K,(a)),
is a minimal free resolution of R, /pR,.
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Notes

After the foundations of homological algebra had been laid by Cartan and
Eilenberg [67], it invaded commutative ring theory through the epochal
work of Auslander and Buchsbaum [17], [18], [19], Rees [303], and Serre
[332]. These works cover the contents of Sections 1.1-1.3, and much more,
to be developed in Chapters 2—4. Previously commutative algebra had
been ideal theory (under which title Krull (in German) and Northcott
published influential monographs); now modules were considered the
objects that give structure to a ring. An intermediate position was taken
by Grobner’s rather ‘modern’ treatise [141], but it introduced modules
only as ‘Vektormoduln’, i.e. submodules of free modules over polynomial
rings.

Proposition 1.2.16 and several theorems in Chapters 2 and 3 resemble a
very successful method in topology, namely to relate the properties of the
total space of a fibration to those of the base and the fibre. The algebraic
analogue of this principle was studied systematically by Grothendieck
[142] (which, by the way, contains various results on regular sequences
not reproduced by us).

Torsion-freeness, reflexivity, and their ‘higher’ analogues are treated
in the monograph [16] of Auslander and Bridger; see Bruns and Vetter
[61] for a compact presentation. The definition of rank is taken from
Scheja and Storch [323].

The very useful acyclicity criterion of Buchsbaum and Eisenbud ap-
peared in [63]. It is closely related to Peskine and Szpiro’s equally
important ‘lemme d’acyclicite’ [297] which we reproduced in Exercise
1.4.24.

The notion of perfect ideal or module appeared in Rees [303]. It is an
abstract version of Grobner’s [141] which in turn goes back to Macaulay
[262]. A special form of the Hilbert—-Burch theorem was proved by
Hilbert [171] (and had been previously conjectured by Meyer [274])
whereas Burch [66] provided the first ‘modern’ version. The theorem has
been re-proved several times; we have essentially reproduced the version
of Buchsbaum and Eisenbud [64] who generalized the theorem to a
factorization theorem for the ideals I.(¢;) appearing in their acyclicity
criterion.

Because of their importance for algebraic geometry, graded rings have
been a standard topic in commutative algebra. Their enumerative theory
will be developed in Chapter 4. Rees [305] ascribes Theorem 1.5.5 to
Samuel. Theorem 1.5.8 is due to Matijevic [267], and 1.5.9 was given
by Matijevic and Roberts [268]. (The proof of 1.5.9 has been drawn
from Fossum and Foxby [109] and Goto and Watanabe [134].) These
theorems are part of a programme aiming at characterizations of graded
rings which only use localizations with respect to graded prime ideals.
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We shall reproduce the pertinent results in the exercises of Chapters 2
and 3.

The Koszul complex [240] appeared for the first time in Hilbert [171]:
after having proved his syzygy theorem (see 2.2.14) Hilbert determined the
free resolution of the k[Xj,..., X,]-module k. That the Koszul complex
is an utterly useful construction even when it is not acyclic seems to
have been recognized by Auslander and Buchsbaum [19] and Serre
[334]. Auslander and Buchsbaum established the main results of Section
1.6 whereas Serre found the connection with multiplicity theory; see
Chapter 4.



2 Cohen—Macaulay rings

In this chapter we introduce the class of Cohen—Macaulay rings and two
subclasses, the regular rings and the complete intersections. The definition
of Cohen—Macaulay ring is sufficiently general to allow a wealth of
examples in algebraic geometry, invariant theory, and combinatorics. On
the other hand it is sufficiently strict to admit a rich theory: in the
words of Hochster, ‘life is really worth living’ in a Cohen—Macaulay ring
([183], p. 887). The notion of Cohen—Macaulay ring is a workhorse of
commutative algebra.

Regular local rings are abstract versions of polynomial or power series
rings over a field. The fascination of their theory stems from a unique
interplay of homological algebra and arithmetic. Complete intersections
arise as residue class rings of regular rings modulo regular sequences, and,
in a sense, are the best singular rings. Their exploration is dominated by
methods related to the Koszul complex.

2.1 Cohen—-Macaulay rings and modules

Let R be a Noetherian local ring, and M a finite module. If the ‘algebraic’
invariant depth M equals the ‘geometric’ invariant dim M, then M is
called a Cohen—Macaulay module:

Definition 2.1.1. Let R be a Noetherian local ring. A finite R-module
M # 0 is a Cohen—-Macaulay module if depth M = dim M. If R itself
is a Cohen—Macaulay module, then it is called a Cohen—Macaulay ring.
A maximal Cohen—Macaulay module is a Cohen—Macaulay module M
such that dim M = dim R.

In general, if R is an arbitrary Noetherian ring, then M is a Cohen-
Macaulay module if My, i1s a Cohen—Macaulay module for all maximal
ideals m € Supp M. (So we consider the zero module to be Cohen—
Macaulay.) However, for M to be a mawimal Cohen—Macaulay module
we require that My, is such an Ryp-module for each maximal ideal m of
R. As in the local case, R is a Cohen—Macaulay ring if it is a Cohen—
Macaulay module.

If I is an ideal contained in Ann M, then it is irrelevant for the
Cohen—Macaulay property whether we consider M as an R-module or

57
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an R/I-module. In particular, if R is local and M a Cohen—Macaulay
module, then M is a maximal Cohen—-Macaulay module over R/ Ann M.

The next theorem exhibits the fact that for a Cohen—Macaulay module
the grade of an arbitrary ideal is given by its ‘codimension’.

Theorem 2.1.2. Let (R,m) be a Noetherian local ring, and M # 0 a
Cohen—-Macaulay R-module. Then

(a) dim R/p = depth M for all p € Ass M,

(b) grade(I, M) = dim M — dim M/IM for all ideals I C m,

(¢) = a,...,z is an M-sequence if and only if dim M/xM = dim M —r,
d)

(d) @ is an M-sequence if and only if it is part of a system of parameters

of M.

Proor. (a) We saw depth M < dim R/p in 1.2.13, and dim R/p < dim M
holds since Ass M C Supp M.

(b) If grade(I, M) = 0, then there exists p € Ass M with I C p;
therefore dim M/IM = dim M follows from (a). If grade(l, M) > 0,
then we choose @ € I regular on M. One has grade(l, M/zM) =
grade(I, M)—1, depth M/xM = depth M—1, and dim M/zM = dim M—1
so that induction completes the argument.

(c) It suffices now to quote 1.6.19.

(d) This is just a reformulation of (c). O

The Cohen—Macaulay property is stable under specialization and
localization:

Theorem 2.1.3. Let R be a Noetherian ring, and M a finite R-module.

(a) Suppose @ is an M-sequence. If M is a Cohen—Macaulay module, then
M/xM is Cohen—Macaulay (over R or R/(z)). The converse holds if R is
local.

(b) Suppose that M is Cohen—-Macaulay. Then for every multiplicatively
closed set S in R the localized module Ms is also Cohen—-Macaulay. In
particular, M, is Cohen—Macaulay for every p € SpecR. If M, # 0,
then depth M, = grade(p, M); if in addition R is local, then dim M =
dim M, + dim M/pM.

ProoF. (a) By the definition of Cohen—Macaulay module one may ev-
idently assume that R is local. Let n be the length of @ Then
dimM/xeM = dim M — n by 1.2.12 and depth M/xM = depth M — n
by 1.2.10.

(b) Let q be a maximal ideal of Rg. The ideal q is the extension of
a prime ideal p in R, and so (Rs)q = R,. Let m be a maximal ideal of
R containing p. Then R, is a localization of the Cohen-Macaulay local
ring Rym. So we may again assume that R is local.

There is nothing to prove if M, = 0. When M, # 0, we use induction
on depth M,. If depth M, = 0, then p € Ass M, and p is a minimal
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prime of Supp M by 2.1.2; therefore dim M, = 0. The same argument
shows that p cannot be contained in any q € Ass M if depth M, > 0.
So p contains an M-regular element a, and the induction hypothesis
applies to M/xM. It follows easily that M, is Cohen—Macaulay and
that depth M, = grade(p, M). The second equation results from that and
2.1.2. O

Corollary 2.1.4. Let R be a Cohen—-Macaulay ring, and I # R an ideal.
Then grade I = height I, and if R is local, height I + dim R/I = dim R.

ProoF. One has height] = min{dimR,: p € V(I)} and furthermore
grade ] = min{depthR,: p € V(I)}. Theorem 2.1.3 yields dimR, =
depth R, for all p € SpecR. This proves the first equation, and the
second follows from that and 2.1.2. O

Let k be a field. We shall see in the next section that every finite
module over a polynomial ring k[Xi,...,X,] or a power series ring
k[[X1,...,Xn]] has finite projective dimension. Furthermore these rings
are Cohen—Macaulay as will be shown below. This explains why the
following theorem is a very effective Cohen—Macaulay criterion.

Theorem 2.1.5. Let R be a Cohen—Macaulay ring, and M a finite R-module
of finite projective dimension.

(a) If M is perfect, then it is a Cohen—-Macaulay module.

(b) The converse holds when R is local.

Proor. Let M be perfect and p € Supp M. Then M, is a perfect module
as shown in the proof of 1.4.16. So we may assume that R is local. The
Auslander—-Buchsbaum formula gives proj dim M = dim R —depth M, and
2.1.4 yields grade M = dim R — dim M. Thus depth M = dim M if and
only if proj dim M = grade M. O

One says that an ideal I is unmized if I has no embedded prime
divisors or, in modern language, if the associated prime ideals of R/I are
the minimal prime ideals of I. Macaulay showed in 1916 that an ideal
I =(a,...,x,) of height n in a polynomial ring over a field is unmixed,
and for regular local rings this was proved by Cohen in 1946. (An n-
generated ideal of height n is said to be of the principal class.) These facts
and the following theorem explain the nomenclature ‘Cohen—Macaulay’.

Theorem 2.1.6. A Noetherian ring R is Cohen—Macaulay if and only if
every ideal I generated by height I elements is unmized.

ProoF. ‘=’: Suppose I = (@), € = @1,..., 2y, and let p,g € AssR/I, p C q.
Then there is a maximal ideal m with ¢ C m, and pRm, Rm € Ass(Bm/Im).
If height I = n, then dim(Rm/Im) = dim Rm — n, and @ is an Rm-sequence
by 2.1.2. Therefore Rm/ILn is Cohen—-Macaulay, whence pRym = qRm
(again by 2.1.2), and so p = q.
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‘" Let J C R be an arbitrary ideal, say heightJ = n. Then
there exist @y,..., @, € J with height(a,...,o) = i for all i = 0,...,n
(see A.2). Tt is impossible for z;;1 to be contained in a minimal prime
ideal of (@i,...,2;). By hypothesis it therefore is an (R/(x1,...,x))-

regular element. So @,...,x, 1s an R-sequence. We have shown that
grade J = height J for every proper ideal J of R. Then R is certainly
Cohen—Macaulay. O

Flat extensions of Cohen—Macaulay rings and modules. The behaviour of
depth under flat local extensions was studied in Section 1.2. That makes
it easy to prove an analogous theorem for the Cohen—Macaulay property.

Theorem 2.1.7. Let ¢: (R,m) — (S,n) be a homomorphism of Noetherian
local rings. Suppose M is a finite R-module and N is an R-flat finite S-
module. Then M ®g N is a Cohen—Macaulay S-module if and only if M is
Cohen—Macaulay over R and N/mN is Cohen—Macaulay over S.

In fact, according to 1.2.16 we have depthg M @ N = depthy M +
depthg N/mN. Since depth is bounded above by dimension, the theorem
follows from the analogous equation for dimension; see A.11.

Corollary 2.1.8.  Let (R,m) be a Noetherian local ring, M a finite R-
module, and M its m-adic completion.

(a) Then dimp M = dimg M and depthp M = depthy M.

(b) M is Cohen—Macaulay if and only if M is Cohen—Macaulay.

ProoF. The extension R — R is local and flat, and M= M®g R since M
is finite. O

One can of course use more direct arguments in order to prove the
previous corollary. Similarly there is a more ‘elementary’ approach to the
following theorem; see for example [231].

Theorem 2.1.9. Let R be a Noetherian ring, M a finite R-module, and S =
R[Xi,...,X,] or S = R[Xy,...,X,]]. Then M ® S is a Cohen—Macaulay
S-module if and only if M is a Cohen—Macaulay module.

Proor. Since the indeterminates can be adjoined successively, we may
assume n = 1, X = X3. The ‘only if’ part is easy: in both cases X is
(M @ S)-regular, and R = S/(X), M 2 (M ® 5)/X(M® S). (That X
is (M @ S)-regular is evident for S = R[X]; the reader should find a
justification for S = R[[X]].)

Conversely, let m be a maximal ideal of 5, and set p = m N R. As
outlined below A.12 the fibre Sp/pSm is a discrete valuation ring, and
thus Cohen—Macaulay. Now we invoke 2.1.7 and complete the proof.

O
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For polynomial extensions the proof of 2.1.9 shows that a stronger
local version of 2.1.9 is valid: for q € Spec R[Xj, ..., X,] the localization
R[Xj,...,Xn]q is Cohen—-Macaulay if and only if R, is Cohen-Macaulay
for p = qN R. Similarly, there is a local version of the following theorem:

Theorem 2.1.10. Let k be a field, R a Noetherian k-algebra, and K an
extension field of k. Suppose that R is a finitely generated k-algebra, or
that K is finitely generated as an extension field of k. Then R is a Cohen—
Macaulay ring if and only if R Qi K is.

Proor. If R is a finitely generated k-algebra, then R ®j K is a finitely
generated K-algebra, and therefore Noetherian. Suppose that K is a
finitely generated extension field. Then K is a finite algebraic extension
of a finite purely transcendental extension K’ of k. Since K' is the field of
fractions of a polynomial ring k[T4,..., T,], we find again that R ®; K’
is Noetherian, whence R ®; K = (R @1 K') ®x K is also Noetherian.
Evidently R® K is a faithfully flat R-algebra. Therefore, given a prime
ideal p of R, there exists q € Spec R® K such that p = RN ¢q. The fibre of
the extension R, — (R ® K), is a localization of k(p) ® K. In conjunction
with 2.1.7 this argument reduces the theorem to the assertion that L®z K
is Cohen—Macaulay for extension fields L and K of k, provided one of
them is finitely generated. This follows from the next proposition. O

Proposition 2.1.11. Let k be a field, R a k-algebra, and K a finitely gener-
ated extension field of k. Then R ® K is isomorphic to a ring

R[X1,. s Xuls/(Fiy- -y SFm)

where S is a multiplicatively closed subset of R[Xa,...,X,], and fi,..., fm
is a R[Xy,...,X,]s-sequence.

ProoF. The extension k C K decomposes into a series of cyclic extensions
k=Ky C---C Ky = K. We use induction on ¢ Suppose that T =
Rer K; = R[Xl,...,Xn]g/(ﬁ,...,fm).

If Kiy1 = K;[Y]/(g) with a monic irreducible polynomial g, then

R K1 = T ®x, Kir = T[Y]/(9)-
Since T is a flat K;-algebra, g is not a zero-divisor of
TY]=R[X1,-, Xm Y1s/(F1y-- -, Sm)-
If Kiy1 = Ki(Y), then R ®p Kiy1 = R[Xy,..., X, Y]s/(f1,---,fm) where
S’ is generated by the image of S and the image of K;[Y] \ {0}. O

Chain conditions in Cohen—Macaulay rings. Cohen—Macaulay rings were
introduced as those rings for which depth equals dimension. Corollary
2.1.4 and the next theorem show that dimension theory itself is simpler
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for Cohen—Macaulay rings than for general Noetherian rings. One says
a Noetherian ring R is catenary if every saturated chain joining prime
ideals p and g, p C q, has (maximal) length height q/p; R is universally
catenary if all the polynomial rings R[Xj,...,X,] are catenary. It is easy
to see that R is universally catenary if and only if every finitely generated
R-algebra is (universally) catenary.

Theorem 2.1.12. A Cohen—Macaulay ring R is universally catenary.

Proor. ‘Universally’ may be dropped because of 2.1.9. So let p C q be
prime ideals of R. The localization R, is Cohen-Macaulay, and 2.1.4
applied to Ry yields

height g = dim Rq = height pRq + dim(Ry/pR,) = height p + height q/p.

It is an easy exercise to show that R is catenary if this equation holds for
all prime ideals p C q. O

Corollary 2.1.13. A Noetherian complete local ring R is universally cate-
nary.

ProoF. Cohen’s structure theorem (see A.21) tells us that R is a residue
class ring of a formal power series ring A = k[[Xy,...,X,]| where kis a
field or a discrete valuation ring. By 2.1.9, 4 is Cohen—Macaulay and

therefore universally catenary; R inherits this property as a residue class
ring of A. O

Remark 2.1.14. For the sake of clarity 2.1.4 and 2.1.12 were kept more
special than necessary. If R has a Cohen—Macaulay module M with
Supp M = Spec R, then we need only replace grade I by grade(I, M) in
2.1.4 to obtain an equally valid result. It follows that a local Noetherian
domain which has a maximal Cohen—-Macaulay module is universally
catenary. One of Nagata’s famous counter-examples is a non-catenary
such domain ([284], Example 2, p. 203).

However, to be universally catenary is not the only necessary condition
for R to have a Cohen—Macaulay module M with Supp M = SpecR;
it must also satisfy Grothendieck’s condition (CMU). This condition
requires that for every prime ideal p of R the spectrum of R/p contains
a non-empty open subset U such that (R/p)q is Cohen-Macaulay for all
q € U; see [142], IV, 6.11. A local ring violating (CMU) was constructed
by Ferrand and Raynaud [106].

A Noetherian complete local ring is universally catenary since it is a
residue class ring of a Cohen—Macaulay ring, and for the same reason
it satisfies (CMU). It is an open question whether every Noetherian
complete local ring has a maximal Cohen—-Macaulay module.

We shall see in Chapter 9 that the existence of maximal Cohen—
Macaulay modules implies a wealth of homological theorems. Fortu-
nately, it will not be essential that these Cohen—Macaulay modules M
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are really finite; we ‘only’ need every system of parameters of the ring to
be an M-sequence. In Chapter 8 such modules will be shown to exist for
local rings containing a field.

For a prime ideal p in a Cohen-Macaulay local ring R the residue
class ring R/p is not Cohen—-Macaulay in general; it is however unmixed
in the sense of Nagata [284]:

Theorem 2.1.15. Let R be a Cohen-Macaulay local ring, and p a prime
ideal. Then dim R/q = dim R/p for all q € Ass(R/pR). In particular pR
15 an unmizved ideal.

PROOF. If g N R # p, then q would contain an (R/pR)-regular element.

Therefore g N R = p, and we have a flat local ring extension R, — R,.

Applying 1.2.16 and since Eq and R, are Cohen-Macaulay we get
dim R, = depth R, = depth R, + depth(R,/pR,) = dim R,

In view of 2.1.4 this equation is equivalent to the theorem. O

Serre’s condition (S,). Sometimes one only needs a ring or a module
to be Cohen—Macaulay in low ‘codimension’. A finite module over a
Noetherian ring R satisfies Serre’s condition (S,) if

depth M, > min(n,dim M;)

for all p € Spec R. The theorems of this section need some modification
when Cohen—Macaulay is replaced by (S,). As an example we treat the
(S,) analogue of 2.1.7.

Proposition 2.1.16. Let w: R — S be a flat homomorphism of Noetherian
rings.

(a) Let q € Spec S and p = qN R. If S; satisfies (S,), then so does R,.
(b) Suppose R and all the fibres k(p)® S with p € Spec R satisfy (S,). Then
S satisfies (Sy).

ProorF. (a) Replacing R by R, and S by S; we may assume that ¢ is a flat
homomorphism of local rings. For p € Spec R we now choose a minimal
prime q of pS. Then dim(S,/pSq) = 0, and according to 1.2.16 we have

depth R, = depth S; > min(n,dim S;) = min(n, dim Ry).
(b) For q € Spec S and p = RN q one similarly deduces
depth S; = depth R, + depth(S,/pS;)
> min(n, dim R,) 4+ min(n, dim(S,/pSy))
> min(n, dim R, + dim(S,/pS;))
= min(n, dim ). O
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Exercises

2.1.17. Let k be a field, and R = k[X),...,X,]. If p is a prime ideal in R with
heightp € {0,1,n — 1,n}, show that R/p is Cohen—Macaulay.

2.1.18. Let & be a field. Show
(a) the subalgebra S = k[U*, PV, UV?, V*] of k[ U, V] is not Cohen—Macaulay,

(b) for each m with 2 < m < n — 2 there exists a prime ideal of height m in
R = k[X],...,X,] for which R/p is not Cohen—Macaulay.

2.1.19. Let & be a field, and S the subalgebra of k[Xj,...,X,] generated by the
monomials of degrees 2 and 3. Show $ 1s an n-dimensional domain; the maximal

ideal (Xi,...,X,) N S has height n and grade 1.

2.1.20. Prove (a) a one dimensional reduced Noetherian ring is Cohen-Macaulay,
(b) a one dimensional Noetherian local ring has a maximal Cohen—Macaulay
module.

2.1.21. Characterize (S,) by an unmixedness property.

2.1.22. Prove that a module M satisfies (S,) if and only if M, is Cohen-Macaulay
for all prime ideals p with depth M, < n.

2.1.23. Let R — S be a faithfully flat homomorphism of Noetherian rings. Show
the following are equivalent:

(a) S is Cohen—Macaulay;

(b) R and all the fibres S,/pS, are Cohen—Macaulay where q € SpecS and
p=qnNRkR

Hint: use A.10.

2.1.24. Prove the analogues of 2.1.8(b), 2.1.9, and 2.1.10 for (S,). For the passages
from R to R and to R[[X},...,X,] assume that R is a residue class ring of a
Cohen-Macaulay ring.

2.1.25. Prove the converse of 2.1.5(a) under the hypothesis that Supp M is con-
nected. (The crucial point is to show that the function p — projdim M, is locally
constant on Supp M if M is locally perfect.)

2.1.26. Let R be a Cohen—-Macaulay local ring of dimension d and M a finite
R-module. Deduce that the d-th syzygy of M in an arbitrary finite free resolution
is either 0 or a maximal Cohen—Macaulay module.

2.1.27. Let R be a Noetherian graded ring, and M a finite graded R-module.
Show:
(a) For p € Spec R the localization M, is Cohen—Macaulay if and only if M- is.
(This follows easily from the results of Section 1.5.)
(b) The following are equivalent:

(1) M is Cohen—Macaulay;

(i) M, is Cohen—Macaulay for all graded prime ideals p;

(iii) My is Cohen—Macaulay for all graded prime ideals p.
(c) Suppose in addition that (R, m) is *local. Then M is Cohen-Macaulay if and
only if My, is.

2.1.28. Let (R,m) be a Noetherian *local ring, and = € m a homogeneous
R-regular element. Then R is Cohen—Macaulay if and only if so is R/(x).
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2.1.29. Let the Noetherian ring R be a free Z-module such that R ® K is
Cohen—Macaulay for some field K of characteristic p > 0. Show that R ® L is
Cohen—Macaulay for every field L of characteristic 0.

Hint: reduce the problem to the case in which K = Z/(p), L = @ and use RQ Z,,
p = (p), as a ‘bridge’.

This is the first and easiest example of reduction to characteristic p.

2.2 Regular rings and normal rings

The most distinguished of all Noetherian local rings are those whose
maximal ideal can be generated by a system of parameters:

Definition 2.2.1. A Noetherian local ring (R,m) is regular if it has a
system of parameters generating m; such a system of parameters is called
a regular system of parameters.

Evidently, when dim R = 0, then R is regular if and only if it is a field,
and when dim R = 1, R is regular if and only if it is a discrete valuation
ring. Other examples of regular local rings are k[[Xy,...,X,]] where k is
a field, and k[X,..., Xylm, m = (Xy,..., X,).

We may rephrase the definition above as follows: R is regular if and
only if y(m) = dim R. In fact, w(m) > dim R by Krull’s principal ideal
theorem, and a system of generators of m has dim R elements exactly
when it is a system of parameters.

Proposition 2.2.2. A Noetherian local ring (R, m) is regular if and only if
its m-adic completion R is regular.

PRroOF. The maximal ideal of R is mﬁ, and we have natural isomor-

phisms R/m = R/mR, m/m? = (mR)/(mR)?. Therefore y(m) = p(mR).

Furthermore dim R = dim j%, and by definition R is regular if and only if

dim R = y(m). O
It is easily proved that regular local rings are integral domains.

Proposition 2.2.3. Let (R, m) be a regular local ring. Then R is an integral
domain.

Proor. We use induction on dim R. When dimR = 0, R is a field. So
suppose dim R > 0, and let py,...,p,, be the minimal prime ideals of R.
There exists an element @ € m which is not contained in any of the ideals
m?%,py,...,P,,. (This follows easily from 1.2.2 with M = N = m.) Since z is
part of a minimal system of generators of m, it is part of a regular system
of parameters, and thus R/(z) is regular (use that dim R/(z) = dim R—1).
As dim R/(z) < dim R we may assume that R/(z) is a domain. Thus ()
is a prime ideal, and therefore contains a minimal prime ideal of R, say
p,. Every y € p; has the form y = =z, and since = ¢ p,, z is an element
of p;. It follows that p; = @p,, which, by Nakayama’s lemma, implies
p; = 0, as required. O
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Using the previous proposition, one can say precisely which residue
class rings of a regular local ring are also regular:

Proposition 2.2.4. Let R be a regular local ring, and I C R an ideal. Then
R/I is regular if and only if I is generated by a subset of a regular system
of parameters.

ProoF. The ‘if’ part is trivial. So suppose that R/I is regular. Then
wm/I) = dimR/I; set m = dim R — dim R/I. By Nakayama’s lemma

I contains elements ai,...,x, which are part of a minimal system of
generators of m. Then R/(@i,...,oy) is regular of dimension dim R —
m = dim R/I. Since I and (@,...,®,) are prime ideals, one must have
I=(x,...,2m)- O

The next proposition gives useful characterizations of regularity.

Proposition 2.2.5. Let (R, m, k) be a Noetherian local ring, and x1,..., @, a
minimal system of generators of m. Then the following are equivalent:

(a) R is regular;

(b) @1,...,z, is an R-sequence;

(c) the substitution X; — Z; € m/m? yields an isomorphism k[ Xy,...,X,] =
8Tm(R).

Proor. (a) = (b): Since @,...,o, is a minimal system of generators of
m, it is a regular system of parameters, and R/(xy,...,a;) is also regular
for each i Therefore R/(xy,...,x;) is a domain, and @y is regular on
R/(xy, ..., )
(b) = (a): An R-sequence is part of a system of parameters by 1.2.12.
(b) <= (c): This follows from 1.1.8 and its converse 1.1.15. O

Corollary 2.2.6. A regular local ring is Cohen—Macaulay.

The Auslander—Buchsbaum—Serre theorem. Whereas the characterizations
of regular local rings in 2.2.5 are rather close to the definition, this can
hardly be said of the following theorem. Together with 2.2.19 below,
it is considered to be the most important achievement of the use of
homological algebra in the theory of commutative rings.

Theorem 2.2.7 (Auslander-Buchsbaum—Serre). Let (R,m, k) be a Noe-
therian local ring. Then the following are equivalent:

(a) R is regular;

(b) projdim M < oo for every finite R-module M;

(c) projdim k < oo.

Proor. (a) = (b): Let d = dim R, and N a d-th syzygy module of M.
Since R is Cohen—Macaulay, N is a maximal Cohen—-Macaulay module
or 0 by Exercise 2.1.26. If N = 0, we are done; otherwise every regular
system of parameters x is a (maximal) N-sequence. Lemma 1.3.5 gives
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projdimg N = proj dimpg()(N/®N) = projdim,(N/mN) = 0. So N is
free, and projdim M < d.

(b) = (c): This is trivial.

(c) = (a): This is a special case of the following theorem. O

Theorem 2.2.8 (Ferrand, Vasconcelos). Let (R,m) be a Noetherian local
ring, and I # 0 a proper ideal with projdimI < oco. If I/I% is a free
R/I-module, then I is generated by a regular sequence.

Proor. Since I has a finite free resolution, it contains an R-regular element
@ by 1.4.7. It is no restriction to assume = ¢ mlI: if @ € ml, then we
choose some y € I\ mI; Ry + Rz is not contained in any p € AssR,
and by 1.2.2 there is @ € R for which y + ax has the same property. This
proves the theorem when w(I) = 1, and when w(I) > 1, we use induction,
passing from R to R/(x) and from I to I/(x).

Of course, we must first verify that projdimp, I/(z) < co. Since

x ¢ ml, the residue class of = in I/I? is part of a basis Z, 2,..., %y of
this free module. Set J = (@y,...,@n); we claim: JN () C «l. In fact, if
zZ= ax = apxs + - - + ATy, then a € I because T, &y, ..., T, are linearly
independent modulo I. Therefore we get a composition of maps

If(z) = (J+ (@)/(x) = J/T N (2) — I/l — I/(a),

in which the residue class of x; is sent to itself, and which therefore is the
identity on I/(x). So I/(x)is a direct summand of I/zI; as @ is I-regular,
the latter has finite projective dimension over R/(x) by 1.3.5.

Finally we need that I/I? is a free R/I-module where T = I/(z). But
this is a very easy consequence of the linear independence of x, xs,...,z,

modulo I. O

The proof of 2.2.7 can be varied: the Koszul complex of a regular
system of parameters resolves k by 2.2.5 and 1.6.14, whence (a) = (c).
Moreover, the implication (¢) = (b) follows from 1.3.2: projdimk < oo =
Torf(M, k) = 0 for > 0, and this in turn gives projdim M < co. While
this reasoning uses a truly homological argument, namely the fact that
Tor can be computed from a free resolution of either module, the proof
above merely exploits the existence of minimal free resolutions. Serre'’s
original argument for (c) = (a) will be indicated in Exercise 2.3.22.

Corollary 2.2.9. Let R be a regular local ring, and p a prime ideal in R.
Then Ry is regular.

Proor. By 2.2.7(a) = (b) we have projdimR/p < . It follows that
projdimpg (R/p), = projdimg (Ry/pRp) < oo, whence R, is regular by
2.2.7(c) = (a). O

Over a regular local ring the Cohen—Macaulay property is equivalent
to perfection (see Section 1.4 for this notion):
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Corollary 2.2.10. A finite module M over a regular local ring is Cohen—
Macaulay if and only if it is perfect.

The corollary is an immediate consequence of 2.1.5 and 2.2.7.

Let (R, m) be a Noetherian local ring. By 2.1.8, R is Cohen-Macaulay
if and only if its m-adic completion Ris Cohen—-Macaulay. Furthermore,
if R contains a field or is a domain, then it is a finite module over a
regular local subring (see A.22). Thus the following proposition may
almost be considered a new description of the Cohen—-Macaulay property
for rings.

Proposition 2.2.11. Let R be a Noetherian local ring and S a regular local
subring such that R is a finite S-module. Then R is Cohen—Macaulay if
and only if it is a free S-module.

Proor. By 2.2.7 one has projdimg R < oo; therefore R is S-free if and
only if depthy R = dim S. Choose a (regular) system of parameters «
in S. Then @ is also a system of parameters of R, and therefore R is
Cohen—-Macaulay <= « is an R-sequence < depthg R = dim 5. (One
could also use Exercise 1.2.26.) O

Flat extensions of regular rings. The behaviour of regularity under flat
local extensions is described by the following theorem.

Theorem 2.2.12. Let ¢: (R,m, k) — (S,n,1) be a flat homomorphism of
Noetherian local rings.

(a) If S is regular, then so is R.

(b) If R and S/mS are regular, then so is S.

ProoF. (a) Let F. be a minimal free resolution of the R-module k. Then
F,® S is a free resolution of k® S = §/mS because of flatness, and even
a minimal one since ¢(m) C n. Thus projdimg k = projdimg S/mS < oo,
and R is regular by 2.2.7.

(b) Let m = dim R, n = dim S/mS, and choose minimal systems of
generators @y,. .., &, of m and w,...,y, of n/mS. Then ¢(x1),..., Y(zn),
Y1,---, Yn generate n, and S must be regular because dim S = dim R +
dim §/mS; see A.11. O

An easy example shows that §/mS need not be regular in the situation
of 2.2.12(a): Let k be a field, and choose S = k[ X, Y]]/(¥ — X?) and
R = k[[y]] C S. Then R and S are regular, and S is a free R-module
generated by 1 and =, but §/yS = k[[X]]/(X?) is not regular. (The reader
should imagine the geometry of this example.)

In order to formulate a theorem relating the regularity of R and
that of R[X;,...,X,] we must first agree on calling a Noetherian ring
R regular if its localizations Ry with respect to maximal ideals m are
regular.
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Theorem 2.2.13. A Noetherian ring R is regular if and only if R[Xy,..., X,
is regular. The same holds for R and R[[Xy,..., X,

ProOF. We may assume that n = 1 and set X = Xj. Suppose that R[X] is
regular, and, given a maximal ideal m of R, choose n = (m, X) C R[X].
Then X ¢ n?, equivalently X ¢ (nR[X]n)?, and it follows immediately
from the definition of regularity that Ry is regular. The same argument
shows that regularity descends from R[[X]] to R. Of course, what has just
been shown can also be derived from 2.2.12(a), and the reader is invited
to use 2.2.12(b) in proving that regularity ascends from R to R[X] and
R[[X]]. (Compare the proof of 2.1.9.) O

In particular, a polynomial ring k[ X}, ..., X,] over a field k is regular.

Corollary 2.2.14. Let k be a field, and R = k[X;,..., X,).

(a) (Hilbert’s syzygy theorem) Every finite graded R-module M has a finite
graded free resolution of length < n.

(b) Moreover, projdim M < n for every finite R-module M.

(¢) In fact, every finite R-module has a finite free resolution of length < n.

Proor. (a) Set m = (Xi,...,X,) and consider a minimal graded free
resolution F, of M. Such a resolution exists, and furthermore F, ® Ry is
a minimal free resolution of My; see 1.5.15. Now Ry, is a regular local
ring. Therefore F, ® Ry has length at most n, and the same holds true
for F..

(b) Consider an arbitrary maximal ideal n of R. Then dim R, <
dim R = =, and Ry is a regular local ring. Hence projdimp My < n
Taking the supremum over all maximal ideals, we get projdim M < n.
(In fact, let N be the n-th syzygy of M in a resolution by finite projective
R-modules. Then N, is a finite free Ry-module for all n, and therefore N
is projective.)

(c) By the theorem of Quillen and Suslin ([318], Theorem 4.59) every
finite projective R-module is free. O

In 2.2.14(a) and 2.2.15 below it is not essential that deg X; = 1 for
all 2 One may replace the standard grading of R by any grading which
makes R a *local ring, for example by a grading such that deg X; > 0 for
all @

Corollary 2.2.15. Let k be a field, R = k[Xy,..., X,], m = (Xy,..., X,),
and M a finite graded R-module. Then the following are equivalent:

(a) M is Cohen—-Macaulay;

(a') M is perfect;

(b) Mm is Cohen-Macaulay;

(b") M is perfect.

ProoF. The implications (a') = (a) = (b) = (b') follow from 2.1.5 and
2.2.10. The remaining implication (b') = (a') is an immediate consequence
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of the equations projdim M = projdim My, and grade M = grade My,
proved in 1.5.15. O

Remark 2.2.16. Let R be a Noetherian k-algebra where % is a field, and
K an extension field of k. If R is finitely generated as a k-algebra or K is
a finitely generated extension field, then R ®; K is a Noetherian ring as
shown in the proof of 2.1.10. Since R ®y K is a flat R-algebra, it follows
readily from 2.2.12 that R is regular if R ®; K is regular. We saw in the
proof of 2.1.10 that the fibres of the extension R — R ®j; K are of the
form (L ® K), where L is an extension field of k and p € Spec(L ®; K).
If L®; K is regular for every extension field L of k (provided one of K, L
is finitely generated), then one obtains from 2.2.12 that R ®p K is regular
if R is regular.

The fields K satisfying the condition just formulated are the separable
extensions of k. We refer the reader to [270], §26 for a discussion of
separability, and to [142], IV, 6.7.4.1 for the theorem concerning the
regularity of L ®; K.

Factoriality of regular local rings. Our next goal is to show that a regular
local ring is a factorial domain (a UFD in other terminology). We need
two elementary lemmas whose proofs are left as an exercise for the reader.

Lemma 2.2.17. A Noetherian domain R is factorial if and only if every
prime ideal p of height 1 is principal.

Lemma 2.2.18. Let R be a Noetherian domain and 7 a prime element in R.
Then R s factorial if and only if R, is factorial.

Theorem 2.2.19 (Auslander-Buchsbaum—Nagata). 4 regular local ring R
is factorial.

Proor. We use induction on dim R. If dim R = 0, then R is a field, and
there is nothing to prove. So suppose dim R > 0, and choose 7 € m\ m?.
Since R/(x) is again a regular local ring, 7 is a prime element. According
to the previous lemma, it is enough to show that S = R, is factorial.

Let p be a prime ideal of S with heightp = 1. Every localization S,
1s a localization of R with respect to a prime ideal # m, and therefore
a regular local ring by 2.2.9. By induction S, is factorial. If p ¢ q, then
pSy =2 8, for trivial reasons, and if p C g, then also pS; = §; as follows
from 2.2.17 in conjunction with the factoriality of S;. This implies that p
is a projective S-module of rank 1.

Of course p i1s of the form PS5 with a prime ideal P of R. The
R-module B has a finite free resolution F,, whence p = 9B, has an
augmented resolution

G.:0—>G5i>G5_1—>---—>G1i>G0—>p—>O
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by finite free S-modules. However, p is a projective S-module, and its
syzygy modules with respect to G, are likewise projective. In particular
Imp, 1P G; = Gs_1. If s > 1, we can modify the tail of G, to obtain the
free resolution

G: 00— Im g, 1BGs — Goa® Gy — - — G1 — Gy — p — 0.

Therefore, by induction on the length of G., p in fact has a free resolution

0—>S"i>5"+1—>p—>0.

The Hilbert-Burch theorem 1.4.17 yields that p = al,(¢) with some a € S,
and furthermore that p = aS since p is projective. So p is a principal

ideal. O

A ring is normal if all its localizations are integrally closed domains; a
Noetherian ring is normal if and only if it is the direct product of finitely
many integrally closed domains (see [270] for a detailed discussion of
normality).

Corollary 2.2.20. A regular local ring is a normal domain. A regular ring
is the direct product of regular domains.

In fact, every factorial ring R is a normal domain. (One proves this
just as for the special case R = Z.) The ‘classical’ proof of the corollary
uses 2.2.5 and the fact that a Noetherian local ring is a normal domain
if gr,(R) is a normal domain; see 4.5.9. There is even a third proof, as
we shall see now.

Serre’s normality criterion. A Noetherian ring R satisfies Serre’s condition
(R,) if R, is a regular local ring for all prime ideals p in R with dim R, < n.
(Note the similarity with (S,); contrary to (S,) however, (R,) says nothing
about localizations R, with dim Ry > n.)

We leave it as an exercise for the reader to prove that the behaviour
of (R,) under flat local extensions is the same as that of (S,):

Proposition 2.2.21. Let w: R — S be a flat homomorphism of Noetherian
rings.

(a) Let q € Spec S and p = qN R. If S; satisfies (R,), then so does R,.
(b) If R and all fibres k(p) ® S, p € Spec R, satisfy (R,), then so does S.

It is easy to see that a Noetherian ring R is reduced if and only if it
satisfies (Rg) and (S1). Serre characterized normality in a similar way:

Theorem 2.2.22 (Serre). A Noetherian ring R is normal if and only if it
satisfies (R1) and (S2).

We refer the reader to Serre [334], IV.4, or [270], §23, for a proof of
2.2.22. The following corollary is an evident consequence of 2.1.16, 2.2.21,
and 2.2.22:
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Corollary 2.2.23. Let w: R — S be a flat homomorphism of Noetherian
rings.

(a) Let q € Spec S and p = qN R. If Sq is normal, then so is R,.

(b) If R and all the fibres k(p) ® S, p € Spec R, are normal, then so is S.

Suppose that (R,m) and (S, n) are local, and that ¢ is flat and local.
Then, for S to be normal, it is not sufficient to have R and S/mS normal:
there are normal local domains whose completions are not even domains;
see [284], p. 209, Example 7.

Exercises

2.2.24. Let R be a Noetherian graded ring. Show:
(a) For p € Spec R the localization R, is regular if and only if R, is.
(b) The following are equivalent:
(1) R is regular;
(ii) R, is regular for all graded prime ideals p;
(iii) R is regular for all graded prime ideals p.
(c) Suppose moreover that (R, m) is *local. Then R is regular if and only if Ry is.
Hint: Use 1.6.33.

2.2.25. Let R be a positively graded k-algebra over a field k. Prove the following
are equivalent:

(a) R is regular;

(b) Ru is regular where m is the *maximal ideal;

(c) there exist homogeneous elements w;,...,x, of positive degree for which the
assignment X; — =z; induces an isomorphism k[Xj,...,X,] = R.

Hint: For the non-trivial implication (b) = (c) choose a minimal homogeneous
system of generators x,...,x, of m; then apply 1.5.15 and 1.5.4. The rest is a
simple dimension argument.

2.2.26. In the situation of 2.2.11 characterize the Cohen—Macaulay R-modules by
a property they have as S-modules.

2.2.27. Let R be a Noetherian ring over which every finite module has a finite
free resolution. Show R is a factorial domain.

2.2.28. Let R be a regular local ring, and I an ideal of height 1. Prove that the
following are equivalent:

(a) R/Iis Cohen-Macaulay;

(b) height p = 1 for all prime ideals p € Ass R/,

(c) I is a principal ideal.

Hint: For (b) = (c) one uses primary decomposition and the factoriality of R.
2.2.29. Prove that a Noetherian ring R satisfies (R;) and (S;;) if and only if R, is
regular for every prime ideal p such that depth B, <.

2.2.30. (a) Show a Noetherian normal ring of dimension 2 is Cohen-Macaulay.
(b) A Cohen-Macaulay ring is normal if and only if it satisfies (R;).

2.2.31. (a) Let R be a Noetherian complete local domain. Then R is a finite module
over a regular local ring S contained in R; see A.22. Set M = Homg(R, S); then
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M is an R-module in a natural way. Show that depthy M = depth, M >
min(dim R, 2).

(b) Prove that every Noetherian complete local ring of dimension 2 has a maximal
Cohen—Macaulay module.

2.2.32. Let R be a Noetherian complete local domain. It is known that the integral
closure of R in its field of fractions is a finite R-module ([284], (32.1) or [47], Ch.
IX, §4). Use this to give a fresh proof of the fact that a Noetherian complete
local ring of dimension 2 has a maximal Cohen—Macaulay module.

2.2.33. Let R be a Noetherian ring, and « € R an R-regular element.

(a) Assume that R, fulfills (R,) and (S,:;), and that (R, ;) and (S,) hold for
R/(x). Show that R satisfies (R,) and (S,.1).

(b) Assume R, is a normal domain, and R/(x) is reduced. Show that R is a
normal domain.

2.2.34. Let R be a Noetherian graded ring, and A its dehomogenization with
respect to an element of degree 1 (see 1.5.18). Show that if R is a normal domain,
then so 1s 4.

2.2.35. We keep the notation of 2.2.34. Let p be a graded prime ideal of R with
x ¢ p, and q € Spec 4 its dehomogenization (see 1.5.26). Show that R, is a flat
local extension of A,, and determine its fibre. Compare R, and §; with respect to
the following quantities and properties: dimension, depth, type; being reduced,
an integral domain, Cohen—Macaulay, normal, regular.

2.3 Complete intersections

We observed that the homological relationship between a local ring S
and a residue class ring R = S/I is particularly strong if I is generated
by an S-sequence. In this section we investigate such residue class rings
of regular local rings. Slightly more generally we define:

Definition 2.3.1. A Noetherian local ring R is a complete intersection (ring)
if its completion R is a residue class ring of a regular local ring S with
respect to an ideal generated by an S-sequence.

Note that R is always a residue class ring of a regular local ring (see
A 21). Tt follows immediately from 2.1.3, 2.1.8, and 2.2.6 that a complete
intersection is Cohen—Macaulay.

The nomenclature ‘complete intersection’ comes from algebraic ge-
ometry. Suppose R is the coordinate ring of an affine variety over
an algebraically closed field k. Then R has the form R = S/I where
S 1s a polynomial ring over k, and R is called a complete intersec-
tion if I is generated by the least possible number of elements, namely
codim V = height I. Then V is the intersection of codim ¥V hypersurfaces,
and I is generated by an S-sequence.

Let (S,n) be a regular local ring, and (R,m) a residue class ring,
R = S/I. Suppose that I ¢ n?. Then there exists = € I, = ¢ n?, and we
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obtain a representation R = §'/I' with §' = S/(z), I' = I/(z). The ring
S’ is regular again, and I is generated by a regular sequence if and only
if I is: the element « is part of a minimal system of generators of I, and
I can be generated by an S-sequence if and only if every minimal system
of generators is an S-sequence; see 1.6.19. Iterating this procedure we
eventually obtain a minimal presentation R = S"/I" in which S is regular
and I" C (n")%. It follows that w(m) = p(n") = dim §”. For an arbitrary
local ring (R, m) the number y(m) is called the embedding dimension of
R,
embdim R = y(m).

(This terminology is again to be illustrated by the geometric analogue.)
The discussion above shows that we may freely assume that I C n? when
it 1s only to be verified whether I is generated by an S-sequence or
otherwise.

Nevertheless our definition has two flaws: first, it does not use intrinsic
characteristics of R; second, it is not clear whether for an arbitrary
presentation R= S/I with S regular local, the ideal I is generated by an
S-sequence if R is a complete intersection. The intrinsic characteristics
we are seeking are hidden in a Koszul complex. Let us fix some standard
notation which we shall use frequently throughout this section: (R, m, k)
1s a Noetherian local ring, and @ = a,...,, is a minimal system of
generators of m. If present, (S,m, k) is a regular local ring such that
R = S/I with T C n?; the ideal I is minimally generated by a = ay, ..., @y,
and y = ¥y1...,Yn 1s a regular system of parameters such that a; is the
residue class of y. Furthermore we write a; = Y, ajiy; with aj; € n
(necessarily).

Let ¢: 8™ — S be given by the matrix (a;), and g: 5" — S and
h: 8™ — S be the linear forms defined by y and a respectively. Then
h= go ¢, and

N\ #: K.(a) = K.(y)
is a complex homomorphism; see 1.6.8. By 1.6.7, K,(y) ® R is just K.(x),

and K.(a) ® R has zero differential; forgetting it, we write A R™ for
K.(a) ® R. So we have a complex homomorphism

Ne®R: \R™— K.(x).

Since /A R™ has zero differential, this yields a map A R™ — H.(z), and
finally, as mH.(x) = 0, a map

A: /\ K" — H.(x).
As )X is induced by A ¢, it is @ homomorphism of graded k-algebras.
Sometimes it will be necessary to use the canonical bases fi,..., f, of
5" en,...,em of S™ and the elements u; = ¢(e;) € S™ By the choice of ¢,
da(&) = a; = dy(w). Finally, = denotes residue classes mod I.



2.3. Complete intersections 75

Theorem 2.3.2. With the notation just introduced,
(a) A1: K™ — Hy(x) is an isomorphism of k-vector spaces,
(b) wT) = dim, (),
(¢) Ba(k) = (*™°$™F) + dimy Hy(a).
(Here fz(k) is the second Betti number of k as an R-module; see
Section 1.3.)

Proor. We constructed A such that it maps the canonical basis of k™ to
the homology classes of u,..., %,y A minimal free resolution of k starts
as

RS R,
and therefore fa(k) = w(Zi(x)). So it is enough for (a), (b), and (¢) to
prove that

dm(j:p/\j:q)a 1§p< qgna and u;, i:]-a"'ama

form a minimal system of generators of Z;().
Suppose that b € Zy(x), b € S* Then d,(b) € I,

dy(b) = cran + -+ - + cpam = crdy(uw) + -+ + cndy(tm).

Since K.(y) is acyclic, b — ) ¢;u; is a linear combination of the elements
dy(fp A fg)- That is, the elements considered generate Z;(x).
Now assume that Y, Equdm(j:p /\fq) + Y Biw; = 0. We have to show that

all the coefficients ay,g, B; are in m. Lifting the equation to S” gives

Z apgdy(fp N Sfq) + Z,Biui e 18",

and applying dy yields ) Bia; € nl. So §; € n by the choice of a. As
I C n? one obtains Y apedy(f A fy) € n2S™ Looking at the components
of the elements dy(f, A fy) € S and since y is a minimal system of
generators of n, one sees that oy, € 1t for all p, q. O

The Koszul complexes with respect to different minimal systems of
generators of m are isomorphic R-algebras; see the discussion before
1.6.21. In particular H.(«) is essentially independent of @; this justifies
the notation

H.(R) = H.(x),
and we call H,(R) the Koszul algebra of R. The number
5‘1(R) = dlmk Hl(R)

is the first deviation of R. It follows immediately from 2.2.5 and 1.6.19
that R is regular if and only if & (R) = 0. So ¢(R) may be considered a
measure of how far R deviates from regularity.

The following theorem contains the desired intrinsic characterization
of complete intersections.
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Theorem 2.3.3. Let (R, m, k) be a Noetherian local ring.
(a) One has &(R) = 51(1?).
(b) The following are equivalent:
(1) R is a complete intersection;
(ii) &(R) = embdim R — dim R;
(iif) Ba(k) = (M) + Bu(k) — dim R.
(c) Suppose that R = S/I with S regular and local. Then R is a complete
intersection if and only if I is generated by an S-sequence.

Proor. (a) Choose a minimal system @ of generators of m. We write &
for « considered as a sequence in R. Then H(f%) ~ H (%)= H(2)® R~
H(R)® R by 1.6.7. Since H.(R) has finite length, one has H,(R)® R
H.(R).

(b) Because of (a) and the definition of complete intersection we may
assume that R is complete and has a minimal presentation R = §/I. If R is
a complete intersection, then there is such a presentation with I generated
by an S-sequence, hence &(R) = u(I) = dim S — dim R. Conversely, if
e1(R) = embdim R — dim R, then w(I) = dim § — dim R in an arbitrary
minimal presentation, and so I is generated by an S-sequence; see 1.6.19.

The equivalence of (ii) and (iii) follows immediately from 2.3.2.

(c) is proved along the same lines as (b). O

Permanence properties of complete intersections. As we did for the Cohen—
Macaulay property and regularity we want to discuss how complete
intersections behave under certain standard ring extensions.

Theorem 2.3.4. Let (R, m, k) be a Noetherian local ring.
(a) Suppose @ is an R-sequence. Then

e(R/(2)) — (embdim R/(x) — dim R/(x)) = & (R) — (embdim R — dim R);

in particular R is a complete intersection if and only if R/(x) is a complete
intersection.

(b) Suppose R is a residue class ring of a regular local ring. Then if R is
a complete intersection, so is Ry for every p € SpecR.

Proor. Using induction we only need to prove (a) in the case in which # =
x € R. Suppose first that ¢ m?. Then embdim R/(z) = embdim R — 1
and dim R/(z) = dim R — 1; furthermore H;(R) = Hi(R/(x)) as k-vector
spaces by 1.6.13(b). So &(R) = &(R/(z)). Now suppose that =z € m?.
Then embdim R/(«) = embdim R and dim R/(x) = dim R — 1; moreover
we have an exact sequence

as in the proof of 1.6.16. Thus & (R/(z)) = & (R) + 1.

The proof of (b) is very easy; it uses 2.3.3 and basic properties of
regular sequences. O
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Remark 2.3.5. Having studied an ‘abstract’ characterization of complete
intersections, the reader may expect an ‘abstract’ version of 2.3.4(b) with-
out any restrictions. In fact, such an assertion holds for arbitrary complete
intersections as was proved by Avramov [22]. Actually Avramov proved
a stronger result, namely the analogue of 2.1.7: suppose (R,m) — (S,n)
1s a flat homomorphism of Noetherian local rings; then S is a complete
intersection if and only if R and S/mS are complete intersections. It is
not difficult to deduce the localization property from the theorem on flat
extensions: there is (by faithful flatness) a prime ideal q C R such that
p = qN R; the extension R, — Eq is local and flat, and Eq is a complete
intersection by 2.3.4(b).

In [23], Avramov gave quantitatively precise results concerning flat
extensions (and localizations): let 6§(R) = & (R) — (embdim R — dim R)
be the complete intersection defect of R; then, in the situation of a flat
extension, 6(S) = é(R) + 6(S/mS). (Limitation of space prevents us
including a proof.) Using Avramov’s theorem one can also remove the
undesirable restrictions in 2.3.6 and 2.3.7 below.

In the following we say that a Noetherian ring is a locally complete
intersection if all its localizations are complete intersections.

Theorem 2.3.6. Let R be a Noetherian ring which is a residue class ring
of a regular ring S. Then R is a locally complete intersection if and only if
R[Xy,...,X,] is a locally complete intersection. The same holds for R and
R[Xy,...,X.]]-

The proof follows the pattern of that of 2.1.9; one notes that
S[Xi,...,X,) and S[[Xj,...,X,]] are regular rings by 2.2.13, and replaces
2.1.7 by Exercise 2.3.20.

As with the Cohen—Macaulay property, the argument outlined really
proves the stronger local version of 2.3.6: R, is a complete intersection
if and only if R[Xy,...,X,]q is @ complete intersection for p € Spec R,
q € Spec R[X;,...,X,] with RN q = p. A similar remark applies to the
following theorem and its proof.

Theorem 2.3.7. Let k be a field, R a Noetherian k-algebra, and K an
extension field of k. Suppose that R is a (ring of fractions of a) finitely
generated k-algebra or K is finitely generated as an extension field. More-
over, suppose that R is a residue class ring of a regular ring. Then R is
a locally complete intersection if and only if R Qi K is a locally complete
intersection.

Proor. We saw in 2.1.10 that R ® K is a Noetherian ring. Given a prime
ideal g in R ®; K, we set p = R N q; conversely, by faithful flatness,
for every p € Spec R there exists q € Spec R ® K such that p = RN gq.
Furthermore the extension R — (R ® K), factors through R, ® K; so
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we may replace R by R,. By hypothesis, R = §/I with a regular local
k-algebra S.

Let R be a complete intersection. Then I is generated by a regular
sequence gi,..., g, Because of faithful flatness gi,..., g, 1s also a regular
sequence in S ® K. So it suffices that § ® K is a locally complete
intersection, and this is immediate from 2.1.11 (in conjunction with
2.2.13).

As to the converse, we only do the more difficult case in which K is
a finitely generated field extension. By 2.1.11 again, one has

K 2= (k[ X1y, Xo)) 7/ (Pay ey Bom)

where h,...,hy, is a regular sequence in (k[X3,...,X,])r and T is a
multiplicatively closed set. Therefore hy,...,h, is a regular sequence
in the faithfully flat extension R ® (k[X1,...,Xu])r = (R[X3,..., X)) 1]
here T is the image of the natural map k[X,...,X,] — R[Xy,..., X,
Moreover, (R ® K)q has the form R[Xy,..., X,)a/(M,. .., hn)a with Q €
Spec R[Xj,...,X,] such that QN R = p and TN Q = 0. By 2.34,
R[X3,...,X,]o is a complete intersection. So we can apply the local
version of 2.3.6. O

The Koszul algebra of a complete intersection. Above we constructed an
algebra homomorphism A: A k™ — H.(R), m = &(R), starting from a
minimal presentation R = S/I, and we saw that A;: ¥ — Hy(R) is an
isomorphism. Such a homomorphism is always present. In fact, H.(R)
1s an alternating graded k-algebra; therefore, by the universal property
of the exterior algebra, there exists a unique algebra homomorphism
M: A\ Hi(R) — H.(R) extending the identity on H;(R). Moreover, alge-
bra homomorphisms A, \': A Hi(R) — H.(R) such that )\; and A| are
isomorphisms, only differ by the automorphism A(MAT!) of A Hi(R).
So we may replace the ‘abstract’ homomorphism X by the ‘concrete’ A
whenever we have a minimal presentation.

The situation under consideration can be generalized as follows: §
i1s a ring, I and n are ideals generated by sequences a = a,...,a, and
Y = Y1,.--,Yn, and we have I C n. Then, as above 2.3.2; there is a
homomorphism

A\: Hi(a,S/m)= \(S/m)" — H.(y,5/I).

Choose S-free resolutions F, of §/I and G. of S/n. Then there exist
complex homomorphisms K,(a) — F. and K.(y) — G.. These in turn
induce maps

p: H(a S/n) — H.(F. ® §/n) = Tor’(S/I,5/n),
o: H(y,S/I) — H.(S/I® G.) = Tor’(S/I,5/n).
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Hence there exist two maps from H.(a, S/n) = A(S/n)™ to Tor?(S/1,5/n),
namely p and oo A. It is crucial that these maps are essentially equal
— of course, we must use the proper identification of H,(F. ® S/n) and
H.(S/I® G.). To this end one forms the double complex F, ® G. and
considers S/I and §/n as complexes concentrated in degree 0. Then one
has complex homomorphisms K,(a) —» F. — S/Iand K.(y) —» G. — §/n.
Taking tensor products yields a commutative diagram

E(a)®S/n — ' K(a)®K(y) —— S/I® Ki(y)

l l l

FFeSmn —— F,.® G, — S/I® G,

By a fundamental theorem of homological algebra ([318], Theorem 11.21)
the bottom row induces an isomorphism

H.(F.® S/n) — H(F.® G) — H(S/18 G.).
It is this identification we need:
Lemma 2.3.8. With the notation introduced, p; = (—1)c; 0 Aq.

Proor. Let ey,..., e, be a basis of ™ and choose elements u; € S™ with
dy(w) = dq(e;). One has A(e; A---A&,) = U, A---A%,. Thus it is enough
to show that ps(e; A---A&) = (=1 os(w, A+ A T,).

Let z € K.(a) ® K.(y) be a cycle. Then the commutativity of the
diagram above implies that z, o(z), and B(z) are all mapped to the same
homology class. So it suffices to exhibit a cycle z with o(z) = &, A--- A",
and B(z) = (—=1)%(wy A -+ A T,).

Simply take z2=(e; ® 1 =1 ® u;)--- (€, ® 1 — 1 ® u;,). In order to see
that it is a cycle, one uses the definition of the differential of K.(a)® K.(y)
and the fact that a product of cycles is again a cycle. O

Theorem 2.3.9. Let S be a ring, and a = ay,...,ay and Yy = 41,...,Yn be S-
sequences such that I = (a) C n = (y). Then H.(y,S/I) = Tor’®(S/I,S/n)
is (isomorphic with) the exterior algebra A\(S/n)™.

ProOF. The isomorphism H.(y,S/I) = Tor’(§/I,S/n) results from the
fact that K.(y) is a free resolution of S/mn; see 1.6.14. So, with the
notation above, ¢ is an isomorphism. Similarly p is an isomorphism;
hence A, being an algebra homomorphism, is an isomorphism of graded
algebras. (In order to remove the sign in 2.3.8 one would have to replace
A by A(—A1)) O
Corollary 2.3.10. (a) With the hypotheses of 2.3.9 suppose that m = n.
Write a; = Y. sy, 1= 1,...,n. Then I: n =1+ SA, A= det(ay).

(b) In particular, suppose that y is a regular system of parameters in a
regular local ring S. Then Soc(S/I) = A(S/I).
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Proor. (a) That (I: n)/I = Homg(S/n, S/I) and H,(y,S/I) can be iden-
tified was shown in the proof of 1.6.16. Now let fi,...,f,» be a basis
of 5" with dy(f;) = v; and set w = E;»Lzl a;if;. Then if e,...,e, is a
basis of 5" with du(e;) = a;, one has dy(u;) = a; = dy(e;). The theorem
implies that H,(y, S/I) is generated by @ A+ A%y = Afy A+ A fp. So
U A -+ AT, is mapped to the residue class of A in §/I by the homo-
morphism which sends fi A--- A f to 1 (and thus gives the identification
(I:m)/I= H,(y,S/I)).

(b) By definition, Soc(S/I) = (I: n)/I. O

We have completed our preparations for the following beautiful char-
acterization of complete intersections:

Theorem 2.3.11 (Tate, Assmus). Let (R,m, k) be a Noetherian local ring.
Then the following are equivalent:
(a) R is a complete intersection;

(b) H.(R) is (isomorphic to) the exterior algebra of Hi(R);
(c) H.(R) is generated by Hi(R);
(d) H(R) = Hi(R)*.

Here Hi(R)? is the k-vector space generated by the products wA z
with w, z € Hi(R).

ProoF. It was observed in the proof of 2.3.3 that H.(R) is invariant under
completion. So we may assume that R is complete and has a minimal
presentation R = S/

The implication (a) = (b) is a special case of 2.3.9, and (b) = (¢) = (d)
is trivial.

For (d) = (a) we note first that the map o above is an isomorphism.
Next, (d) says that \y: Ky(a) ® S/n — Hy(y,S/I) = Torj(R,S/n) is
surjective. So po is surjective. Choose F, as a minimal free resolution of
S/I. Then we have a commutative diagram

N 5™ sm s 0
Pk
Fy P s 0

The map p; is just Y ® &, and 7 ® k being surjective, 7 is surjective itself.
It follows immediately that Hj(a) = 0, whence a is an S-sequence by
1.6.19. O

Theorem 2.3.3 contains a characterization of complete intersections
in terms of the numerical invariants dim R, emb dim R = B1(k), and Ba(k).
It is possible to remove the ‘non-homological’ Krull dimension, and to
give a description of complete intersections using 51(k), B2(k), and Fa(k).
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In order to construct the first steps in a free resolution of k, we start with
the Koszul complex

2
/\R"—>R"—>R—>0;

unless R is regular, Hi(R) is non-zero. So we add a free direct summand
R™ with m = dimy Hi(R) = «1(R), and send its generators ey, ..., ey to
cycles g, ..., un whose homology classes generate Hy(R):

2
dy d
Rm®/\R"—>R"—>R—>O.

The kernel of d; contains the Koszul cycles du(fi A f; A fi) as well as the
elements x;e, — f; A up; again, fi,...,f, denotes a basis of R™. In order to
‘kill’ at least these cycles we form the complex

1

3 2
T.: (R"®R’")®/\R"i>R’"EB/\R"i>R"LR—>0
with
d(fi N5 N Si) = el fi N F5 A i)
d3(fi ® ep) = wiey — fi A\ up = da(fi)ep — fi A do(ep).

Part (a) of the following theorem shows that y(Hy(7.)) is an invariant
of R. One writes &(R) = (H(T.)) and calls this number the second
deviation of R.

Theorem 2.3.12. Let (R,m, k) be a Noetherian local ring. Then
(a) Hy(T.) = Hy(R)/Hi(R)?,
(b) R is a complete intersection if and only if &2(R) = 0,
(€) ea(R) = B(k) — (%) = Bu(k) (k) — (*1)).
Proor. (a) Let K. be the complex
3 2

E: N\R*— A\R"—R"—R—0,
obtained by truncating the Koszul complex; K, is a subcomplex of T..
The quotient T./K, is isomorphic to

dy ®id
L:R"QR" —— R™— 0

with R” ® R™ in degree 3. Consider the exact sequence of homology

Hg(L,) — HQ(K.) — HQ(T.) — HQ(L,) — Hl(K.) — Hl(T.) = 0.
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The map Hp(L.) — Hi(K.) is an isomorphism since both vector spaces
have dimension m. Hence we have an exact sequence H3(L.) — Hy(K.) —
H(T.) — 0. The kernel of R*®@ R™ — R™ is obviously generated by the
elements dy(f; A f;) ® €4 and u, ® e;. An analysis of the connecting
homomorphism shows that the class of du(fi A f;) @ e, goes to that of
do{ fi A f5) A ug which is a boundary in the Koszul complex (see the
formulas above 1.6.4); the class of u, ® e, goes to that of u, A u; whence
the image of H3(L.) — Hx(K.) is Hi(K.)%

(b) follows immediately from (a) and 2.3.11.

(c) The verification is similar to that of 2.3.2(c), and therefore left to
the reader. O

Remark 2.3.13. The equation ds(f; ® ep) = du(fi)ep — fi A da(ep) suggests
that ds is a component of an antiderivation of an alternating algebra. In
fact, the choice of d; is part of Tate’s construction of resolutions with
algebra structures [369].

Suppose that 4. is an alternating graded R-algebra equipped with an
antiderivation 8 of degree —1 such that 8*> = 0, and consider the homology
H,(A.)) = Ker 3/ Im . Let z € Hy(A,) be a non-zero homology element.
Then one may adjoin a variable to ‘kill’ the cycle z representing z:

(1) If p is even, let B, be the exterior algebra in a variable of degree p+1,
ie. B, = R ® Re with R in degree 0 and Re = R in degree p + 1, the
multiplication being defined by € = 0.

(ii) For p odd let B, be the ‘divided power algebra’ over R in a variable
of degree p+ 1, i.e. B, = @;ozo Re; with Re; = R in degree j(p+ 1), the
multiplication being defined by e;je; = (7 + 1)!/7! i!)ejys
In both cases A.® B. is again an alternating algebra, and there is a unique
antiderivation d on 4, ® B. such that d|s,¢1 = 9, d(e) = z in case (i), and
d(e;) = zej_; for all j in case (ii); moreover, one has d? = 0. It follows
easily that Hy(A4. ® B.) = Hy(A,) for g < p and Hy(A.® B.) = H,(A.)/Rz.

In order to resolve the residue class field k of a local ring (R, m, k)
one starts with the R-algebra T(®) = R. Let &(R) = embdim R = u(m),
and successively adjoin g(R) variables of degree 1 ‘to kill the zero-cycles’.
The resulting algebra T is the Koszul complex of a minimal system
of generators of m. Next one adjoins ¢ (R) variables of degree 2 to kill
e1(R) cycles generating Hy(T("). The algebra T(® thus constructed has
Hy(T®) = 0. Tt is a theorem of Tate [369] that in the case of a complete
intersection the complex T®) is a minimal free resolution of k. However,
if R is not a complete intersection, then one has to adjoin &(R) variables
of degree 3 etc. A famous theorem of Gulliksen [146] and Schoeller [330]
says that the resolution of k obtained in this way is always minimal.

For a comprehensive study of resolutions with an algebra structure
we refer the reader to Gulliksen and Levin [147].
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As above, let (R,m, k) be a Noetherian local ring. We saw in 2.3.11
that surjectivity of the natural homomorphism A: A Hi(R) — H.(R) is
already sufficient for R to be a complete intersection. This is also true
for injectivity, at least when R contains a field.

Theorem 2.3.14. Let (R,m k) be a Noetherian local ring containing a field.
Then

(a) Hi(RY = 0 for j > embdim R — dim R;

(b) in particular, R is a complete intersection if (and only if) the natural
map A: N\ Hi(R) — H.(R) is injective.

Proor. It is harmless to complete R so that we may assume that R has
a minimal presentation R = S/I as above. In order to prove (a) we
must anticipate Corollary 9.5.3: it says that, with the notation of 2.3.8,
p; = 0 for 7 > embdim R — dim R. Since, in the present circumstances,
o; is an isomorphism, one has A; = 0 for 5 > embdim R — dim R. As
Hy(RY = j(/\j Hi(R)), one has H;(R)Y = 0. This proves (a), and (b) is

O

an obvious consequence of (a).

The restriction to local rings containing a field is forced upon us since
there does not yet exist a proof of 9.5.3 without this restriction. However,
one always has Hi(RY = 0 for 5 > embdim R — dim R + 1 so that the
gap in 2.3.14 is as small as it could be; see 9.5.7.

The reader may have noticed that 2.3.14 is trivial for Cohen—Macaulay
rings R: if 7 > embdim R — depth R, then even H;(R) = 0 by 1.6.17. On
the other hand, for Cohen—-Macaulay R the non-vanishing of Hi(R)? for
p = embdim R — dim R conveys the strongest possible information: R is
a complete intersection. More generally, we have the following theorem.

Theorem 2.3.15. Let (R,m k) be a Noetherian local ring. Then R is a
complete intersection if (and only if) Hi(R)? # 0 for p = embdim R —
depth R.

Proor. By virtue of 2.3.14 the hypothesis H;(R)? # 0 for p = embdim R —
depth R forces R to be Cohen—Macaulay if it contains a field. Because of
this restriction we give a proof not using 2.3.14.

First we reduce to the case depth R = 0. So suppose that depth R > 0.
Then there exists an € m \ m? which is not a zero-divisor, and 1.6.13
furnishes us with an isomorphism a: H,(R) = H.(R'), R' = R/(x). It is not
difficult to verify that ais a k-algebra isomorphism; after all, a is induced
by A\ 7, 7 being the composition R® — R™! — (R')*! (see the proof of
1.6.12). Furthermore emb dim R’ — depth R' = embdim R — depth R, and
R is a complete intersection if and only if this holds for R'.

It remains to show that R is a zero dimensional complete intersection
if Hi(R)” # 0 for n = embdim R. The complex K,(R) has length n; so
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B,11(R) = 0, and therefore
Hy(R)" = (Z1(R)" + Bu1(R))/ Bara(R) = Zu(R)™

Consider an exact sequence R™ @ /\2 R" L R — m — 0 as above.
Choose elements v,...,v, € Imdy = Z1(R), v = ), v;if; where fi,..., fnls
a basis of R™ Then v A--- A v, = det(v;)fi A--- A f,, whence Hi(R)"# 0
is equivalent to I,(d) # 0. It remains to apply the next theorem. O

Theorem 2.3.16 (Wiebe). Let (R,m, k) be a Noetherian local ring, and

LR m—oo0a presentation of its maximal ideal If I(v) # 0,

then R is a complete intersection of dimension zero (and conversely).

Proor. The ideal I,(v) is the zeroth Fitting ideal of m, which is an
invariant of m. Therefore it is enough to consider a special presentation.
Moreover, we may assume that R is complete. Then R = §/I where (5,n)
is a regular local ring and I C n?. Let y = ,..., ¥, be a regular system
of parameters of S, and a@ = a,..., a, a minimal system of generators of
I. Write a; = Y a;iy;.

The converse of the theorem is part of Corollary 2.3.10; it implies
the following claim which is crucial in what follows. Let b= by,..., b, be
a maximal S-sequence, and J' an ideal properly containing J = (b); then
det(bj) € J where the by are chosen such that b; = . bjy;. In fact,
det(b;)S/J is the socle of S/J. Since it has dimension 1 over k, it is
contained in every non-zero ideal of S/J.

Let fi,...,fn» be a basis of S* and ey,...,e, a basis of S™. Define
P ST P /\2 S — 5" by the Koszul map /\2 S™ — S™ with respect to y
and Y(e) = Y, a;jif;. We saw in 2.3.2 that Cokery @ §/I = m. So the
theorem claims that I,(1) C I unless S/I is a zero dimensional complete
intersection.

Choose an n x n submatrix U of (a matrix of) 1. If U involves a
column corresponding to one of the elements f; A fj, then det U € I,
since, on the level of R, we are taking the exterior product of n cycles
at least one of which is a boundary: (det U)fi A--- A f;, € Byra(R) = 0.
Therefore it is enough to consider submatrices U of (aj). For simplicity
of notation one may assume U consists of the first n columns.

If aj,...,a, is a regular sequence, then I contains J = (ai,...,a,)
properly since S/I is not a complete intersection. So det U C I by the
claim above.

If a,...,a, is not a regular sequence, then dim S/J > 0, and it is
certainly enough to show that det U € J, that is, we may assume that
I=(a,..., ).

We will show that det U € I+n? for all p € N. Then det U € I follows
from Krull’s intersection theorem. Fix p € N. According to Exercise
2.3.17 one finds elements o] € n?™! such that o, = a;+ d/, i=1,...,n,is a



Notes 85

regular sequence. Write a; = - aj;y;; then aj; — a; € n? follows from the
quasi-regularity of the regular sequence y, in other words, from the fact
that the associated graded ring gr,(S) is a polynomial ring (see 1.1.8).
Therefore

det U — det(a;»i) € nP.

The ideal I + n? properly contains (d,...,d,) C I+ nP™.. Once more the
auxiliary claim above is applied, and it yields det(a};) € I+ nP. O
Exercises

2.3.17. Let (R, m) be a Noetherian local ring of depth ¢, and a4,...,a; € m. Then,
given p € N, show there exist a,...,d, € m? such that a; + a,...,a; + ¢} is an
R-sequence.

2.3.18. Let S be a regular local ring of dimension 4, and y, ...,y a regular system
of parameters. Let I = (y1v2, ¥3%, %193 + ¥2%) and R = S/1.

(a) Construct a minimal free resolution of R.

(b) Prove depth R = 0 and dim R = 2.

(c) Show that the vector space H;(R)? has dimension 3, the maximal value for an
ideal generated by 3 elements, but R is not a complete intersection.

2.3.19. Prove all the claims in the second paragraph of 2.3.13.

2.3.20. Let ¢: (S;,n;) — (S5, m3) be a flat local homomorphism of regular rings,
and I C 5 an ideal. Verify S;/I is a complete intersection if and only if S,/IS,
is a complete intersection.

2.3.21. Let R be a Noetherian graded ring. Show:
(a) For p € Spec R the localization R, is a complete intersection if and only if
Rp* is.
(b) The following are equivalent:
(1) R is locally a complete intersection;
(ii) R, is a complete intersection for all graded prime ideals p;
(iii) R is locally a complete intersection for all graded prime ideals p.
(c) Suppose in addition that (R,m) is *local. Then R is locally a complete
intersection if and only if R, is a complete intersection.
Hint: 1.6.33.

2.3.22. Extend 2.3.2 and 2.3.12 to the following theorem which Serre [332] used
to prove 2.2.7(c) = (a): let (R, m, k) be a Noetherian local ring, and ® a minimal
system of generators of m; then the natural map K, (a, k) — Tor?(k, k) (see 1.6.9)
is injective.

Notes

The origins of the theory of Cohen—Macaulay rings are the unmixed-
ness theorems of Macaulay [263] and Cohen [71] and the notion of
perfect ideals, which also goes back to Macaulay and was clarified by
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Grobner [141]. The present shape of the theory was formed by Auslan-
der and Buchsbaum [18], Nagata [283], and Rees [303]. It seems that
Cohen—Macaulay modules made their first appearance in Auslander and
Buchsbaum [19].

The characterization 2.1.27 of graded Cohen—Macaulay rings is es-
sentially due to Hochster and Ratliff [200] and Matijevic and Roberts
[268).

By analogy to the desingularization, one can try to ‘Macaulayfy’ a
Noetherian scheme. Special results in this direction were obtained by
Brodmann [51] and Faltings [100]. Recently Kawasaki [234] has proved
a general theorem on the existence of ‘Macaulayfications’.

Of all the notions generalizing Cohen—Macaulay rings and modules,
the concept of Buchsbaum ring or module is the most important; see
Stiickrad and Vogel [365] and Schenzel [329].

The ‘classical’ theory of regular local rings, to be found in Zariski
and Samuel [397], Vol. I, was developed by Krull [242], Chevalley
[68], Cohen [71], and Zariski [396]. It depends in an essential way on
power series methods, and is therefore mainly restricted to local rings
containing a field. The problems it could not solve were (i) the regularity
of a localization of a regular local ring R (even if R contains a field), and
(ii) the factoriality of such rings (because of the Cohen structure theorem
this is easy if R contains a field).

The breakthrough was the theorem 2.2.7 of Auslander and Buchsbaum
[17], [18] and Serre [332] which not only solved the localization problem:
‘this resounding triumph of the new homological method marked a
turning point of the subject of commutative Noetherian rings’ (Kaplansky
[230], p. 159). Theorem 2.2.8 was independently given by Ferrand [105]
and Vasconcelos [379]; it generalizes Kaplansky’s proof of 2.2.14(c) = (a)
(see [270], §19).

The problem of factoriality was solved by Auslander and Buchsbaum
[20], using results of Zariski and Nagata who reduced the theorem to
the case of Krull dimension 3. See Nagata [284], p. 217 for a minute
history. The proof we have reproduced is due to Kaplansky (except for
the application of the Hilbert—-Burch theorem). That regular local rings
are factorial can be expressed by saying that every ideal I has a greatest
common divisor: there is a regular element ¢ and an ideal J of grade
> 2 such that I = aJ. MacRae [265] proved this fact for every ideal
with a finite free resolution. Another (related) generalization is that every
module with a finite free resolution over a normal domain has divisor
class zero; see [47], Ch. VII, §4. The most concrete and computationally
effective result is the factorization theorem of Buchsbaum and Eisenbud
[64].

The notion of complete intersection is classical in algebraic geometry.
An abstract definition in terms of local algebra was given by Scheja
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[322], together with 2.3.3. Our definition is that of Grothendieck [142].
Avramov’s contributions [22], [23] have been described in 2.3.5; they
ultimately justified the abstract notion of complete intersection.

The program of Tate’s seminal paper [369] has been outlined in Re-
mark 2.3.13. Assmus [14] used Tate’s method to give the description 2.3.11
of complete intersections in terms of their Koszul algebras. There are
several papers devoted to the characterization of complete intersections
by the vanishing of a deviation ¢; (which we defined only for i = 1,2); the
question was finally settled by Halperin [148] who showed that ¢ > 0 for
all 7if R is not a complete intersection. Wiebe’s theorem 2.3.16 appeared
in [395]; see Kunz [244], Hilfssatz 1, for a related result.

A driving force in this area of research was the problem (posed by
Serre [334]) of whether the Poincaré series Y. Bi(k)t' of a Noetherian local
ring (R,m, k) is a rational function of ¢ After several special cases had
been solved positively, the general question was answered negatively by
Anick [9].

In several theorems we studied the behaviour of ring-theoretic prop-
erties under flat extensions R — S. Avramov, Foxby, and Halperin [31]
investigated the more general situation in which S is supposed of finite
flat dimension over R. As we have seen, another ‘homologically nice’
type of extension is that of passing to a residue class modulo a regular
sequence. Avramov and Foxby have essentially completed a program
which aims at the unification of these types of extensions by introducing
a suitable notion of fibre; see [27], [28], [29], [30].
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The concept of a canonical module is of fundamental importance in the
study of Cohen—Macaulay local rings. The purpose of this chapter is
to introduce the canonical module and derive its basic properties. By
definition it is a maximal Cohen—-Macaulay module of type 1 and of
finite injective dimension.

In the first two sections we investigate the injective dimension of
a module, and prove Matlis duality which plays a central role in
Grothendieck’s local duality theorem. Actually the canonical module
has its origin in this theory. Here the canonical module is introduced
independently of local cohomology which is an important notion in itself
and will be treated later in this chapter.

A ring which is its own canonical module is called a Gorenstein ring.
Next to regular rings and complete intersections, Gorenstein rings are
in many ways the ‘nicest’ rings. Distinguished by the fact that they are
of finite injective dimension, they have various symmetry properties, as
reflected in their free resolution, their Koszul homology, and their Hilbert
function. The last aspect will be discussed in the next chapter.

Gorenstein rings of embedding dimension at most two are complete
intersections. The first non-trivial Gorenstein rings occur in embedding
dimension three, and they are classified by the Buchsbaum-Eisenbud
structure theorem.

In the final section the canonical module of a graded ring is intro-

duced.

3.1 Finite modules of finite injective dimension

In this section we study injective resolutions of finite modules. We shall
see that the injective dimension of a finite module M over a Noetherian
local ring R either is infinite or equals the depth of R, and is bounded
below by the dimension of M. Thus, quite contrary to the behaviour
of projective dimension, the injective dimension, if it is finite, does not
depend on the module. We introduce Gorenstein rings and show that
Gorenstein rings are Cohen—Macaulay rings.

Definition 3.1.1. Let R be a ring. An R-module [ is injective if the functor
Hompg(-,I) is exact.

88
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Notice that Hompg(_,I) is always left exact. Thus the R-module I is
injective if and only if Hompg(_, I) is right exact as well.
We now list some useful characterizations of injective modules.

Proposition 3.1.2. Let R be a ring and I an R-module. The following
conditions are equivalent:

(a) I is injective;

(b) given a monomorphism ¢: N — M of R-modules, and a homomorphism
a: N — I, there exists a homomorphism B: M — I such that a= Bo ;
(c) given R-modules N C M, and a homomorphism a: N — I, there exists
a homomorphism 3: M — I such that B|y = a; in other words, a: N — I
can be extended to a homomorphism 3: M — I;

(d) for all ideals J C R, every homomorphism J — I can be extended to R,
that is, Exth(R/J,I) = 0;

(€) let M be an R-module with I C M; then I is a direct summand of M;
(f) Exth(M,I) = 0 for all R-modules M;

(g) Exth(M, I) = 0 for all R-modules M and all i > 0.

ProoF. The Exth(_, I) are the right derived functors of Hompg(_, I). The
equivalence of (a), (f) and (g) follows therefore from the general properties
of right derived functors. For details we refer to [318], Section 6.
(a) = (b): The monomorphism ¢: N — M induces the homomor-
phism
Hom(, I): Hompg(M,I) — Hompg(N,I),

where Hom(¢p, I)(8) = B o ¢ for all 8 € Hompg(M,I). By assumption,
Hom(, I) is an epimorphism, and so a € Hompg(N, I) is of the form fo ¢
for some 8 € Hompg(M, I). Similarly one proves (b) = (a).

The implications (b) <= (c) and (c¢) = (d) are clear.

(d) = (c): We consider the set of all pairs (U, ¢), where U is a
submodule of M with N C U, and where ¢ extends a. We order this set
partially: (Uy, 1) < (U, ¢2) if and only if U7 C Uz and ¢1 = ¢3|r,. By
Zorn's lemma there exists a maximal element (U7, ') in this set. Suppose
U # M; then we may choose © € M\ U'. Set W = U + Rax; then
W/U = R/J for some ideal J in R. Applying the functor Hompg(_, I) to
the exact sequence

0— U —W-—R/]—0,
we obtain the exact sequence
Hompg(W,I) — Homp(U',I) — Extx(R/J, ).

Since by assumption Exty(R/J, I) = 0, it follows from the exact sequence
that any homomorphism from U’ to I can be extended to a homomor-
phism W — I, contradicting the maximality of (U7, ¢'). Thus we have
shown that U = M.
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(c) = (e): There exists a homomorphism 8: M — I with §|; = id.
Therefore, M = I ® Ker £5.

(€) = (b): Given a monomorphism ¢: N — M and a homomorphism
a: N — I, we want to find §: M — I such that a = S0 . In order to do
this, we construct a commutative diagram

N2 M

allp |7

I — W

where ) is injective. In fact, we may choose W = (M & I)/C with
C = {(p(z),—oz)): © € N}; 7y and 1 are the natural homomorphisms
arising from this situation. (This diagram is called the pushout of a and
©.)

Since 1 is injective by construction, it is split injective by our assump-
tion (e). This means that there exists a homomorphism o: W — I with
oo 1 = id;. The homomorphism B: M — I, 8 = ¢ o v, is the desired
extension of a. O

Corollary 3.1.3. Let R be a Noetherian ring.

(a) If I is an injective R-module and S is a multiplicatively closed set of R,
then Is is an injective Rs-module.

(b) If (I)aca is a family of injective R-modules, then the direct sum

I:QBIA

is an injective R-module.
Proor. (a) Let J be an ideal of R. Since R is Noetherian one has
Exty, (Rs/JRs, Is) = Extp(R/J,I)s = 0.

Since every ideal of Rg is extended from R, 3.1.2 yields that Is is an
injective Rg-module.

(b) By 3.1.2 it is enough to show that for an ideal J of R, any homo-
morphism ¢: J — @, I extends to R. Since J is finitely generated
there exists a finite subset {)1,...,A,} of A such that Im¢ C @, L.
We denote by ¢; the j-th component of ¢. Since I, is injective we can
extend ¢y,: J — I, to a homomorphism ¥,: R — I. It is clear that
¥: R — @4 I with 9(a) = 3.7, ¥i(a), a € R, extends ¢ to all of R.

O

Remark 3.1.4. It is a simple exercise to see that for an arbitrary ring
R any direct product of injective modules is injective. It is however
essential to require that R is Noetherian (as we have done in 3.1.3) to
obtain a similar result for direct sums. In fact, this property characterizes
Noetherian rings; see [318], Theorem 4.10.
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An R-module M is divisible if for every regular element r» € R, and
every element m € M, there exists an element m' € M such that m = rm.
Condition 3.1.2(d) has the following consequence.

Corollary 3.1.5. Let R be a ring and I an R-module.
(a) If I is injective, then I is divisible.
(b) If R is a principal domain and I is divisible, then I is injective.

Proor. The property that I is divisible is equivalent to the property
that every homomorphism a: (r) — I, r regular, can be extended to R.

Therefore (a) and (b) follow from 3.1.2(d). O

For later applications we note the following result about change of
rings.

Lemma 3.1.6. Let @o: R — S be a ring homomorphism, and let I be an
injective R-module. Then Homp(S, I) (equipped with the natural S-module
structure) is an injective S-module.

Proor. Let M be an S-module. There is a natural isomorphism
Homg(M, Hompg(S, I)) = Hompg(M, I)

of S-modules. Indeed, to ¥ € Homg(M, Hompg(S,I)) one assigns ¢/ €
Hompg(M, I) where ¥/(z) = 9(x)(1) for all @ € M. Thus the exactness of
the functor Hompg(_, I) on the category of S-modules (considered as R-
modules via ¢) implies the exactness of the functor Homg(-, Homp(S, I)).
This means that Hompg($,I) is an injective S-module.

Definition 3.1.7. Let R be a ring and M an R-module. A complex
r-o—mr—-pr—-pr—..

with injective modules I' is an injective resolution of M if H(I') = M
and H(I*) = 0 for i > 0.

While it is obvious that every module has a projective resolution, it
is less obvious that it has an injective resolution. It is however clear that
an injective resolution can be constructed by resorting to the following
result.

Theorem 3.1.8. Let R be a ring. Every R-module can be embedded into an
injective R-module.

ProoF. The Z-module @ is divisible, and hence injective. Therefore any
free Z-module F can be embedded into an injective Z-module I. We just
take sufficiently many copies of Q. If G is an arbitrary Z-module, then
G = F/U, and we can embed G into I/U. It is immediate that I/U
1s again divisible, and hence injective. Thus the theorem is proved for
Z-modules.
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Now let R be an arbitrary ring, and let M be an R-module. The map
a: M — Homz(R, M) with oz)(a) = axfor allz € M and all a € R is an
R-module monomorphism. By our considerations above, the R-module
M can be embedded as a Z-module into an injective Z-module I. This
inclusion induces a monomorphism

fB: Homz(R, M) — Homgz(R,I).

By 3.1.6, the R-module J = Homz(R, I) is injective, and thus foa: M — J
is the desired embedding. O

Injective dimension. Let R be a ring and M an R-module. The injective
dimension of M (denoted inj dim M or injdimy M) is the smallest integer
n for which there exists an injective resolution I of M with I™ = 0 for
m > n. If there is no such n, the injective dimension of M is infinite.

The following observation is an immediate consequence of 3.1.3 and
the exactness of localization.

Proposition 3.1.9. Let R be a Noetherian ring, M an R-module and S a
multiplicatively closed set. Then injdimp, Ms < injdimp M.

In the next proposition we characterize the injective dimension of a
module homologically.

Proposition 3.1.10. Let R be a ring and M an R-module. The following
conditions are equivalent:
(a) injdim M < n;
(b) Ext}t} (N, M) = 0 for all R-modules N;
(c) Ext3(R/J, M) = 0 for all ideals J of R.
PRrOOF. (a) = (b) follows from the fact that Ext;"( N, M) can be computed
from an injective resolution of M.
(b) = (c) is trivial.
(c) = (a): Let

0—M—I"—I'—.. 11 SCc—0

be an exact sequence, where the modules I7 are injective. From the fact
that Extp(R/J,I) = 0 for ¢ > 0 if I is an injective R-module, the above
exact sequence yields the isomorphism

Extp(R/J, C) = Ext3t(R/J, M),

and so Exth(R/J,C) = 0 for all ideals J of R. This is condition (d) of
3.1.2, and so C is injective. O

Proposition 3.1.10 can be sharpened if R is Noetherian. We first
observe:
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Lemma 3.1.11. Let R be a Noetherian ring, M an R-module, N a finite
R-module and n > 0 an integer. Suppose that Extz(R/p, M) = 0 for all
p € Supp N. Then Extx(N, M) = 0.

PROOF. N has a finite filiration whose factors are isomorphic to R/p for
certain p € Supp N. Hence the lemma follows from the ‘additivity’ of the
vanishing of Extp(-, M). O

Corollary 3.1.12. Let R be Noetherian and M an R-module. The following
conditions are equivalent:

(a) injdim M < n;

(b) Ext}t}(R/p, M) = 0 for all p € Spec R.

Lemma 3.1.11 has another remarkable consequence.

Proposition 3.1.13. Let (R, m, k) be a Noetherian local ring, p a prime ideal
different from m, and M a finite R-module. If Ext}™(R/q, M) = 0 for all
prime ideals q € V(p), q £ p, then Extz(R/p, M) = 0.

PrRoOF. We choose an element « € m\ p. The element is R/p-regular, and
therefore we get the exact sequence
0 — R/p— R/p— R/(z,p) — 0
which induces the exact sequence
Extz(R/p, M) = Exth(R/p, M) — Ext¥"Y(R/(x,p), M).

Since V(z,p) C {q € V(p): q # p}, Lemma 3.1.11 and our assumption
imply
Ext3™(R/(z,p), M) = 0,

so that multiplication by = on the finite R-module Ext3(R/p, M) is a
surjective homomorphism. The desired result follows from Nakayama's
lemma. O

It is now easy to derive the following useful formula for the injective
dimension of a finite module.

Proposition 3.1.14. Let (R,m, k) be a Noetherian local ring, and M a finite
R-module. Then

inj dim M = sup{i: Exth(k, M) # 0}.

ProoF. We set ¢t = sup{i: Exth(k, M) # 0}. It is clear that injdim M > .
To prove the converse inequality, note that the repeated application of
3.1.13 yields Ext%,(R/p, M) = 0 for all p € Spec R and all i > . According
to 3.1.12 this implies injdim M < t. O
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Corollary 3.1.15. Let (R,m k) be a Noetherian local ring and M a finite
R-module. If € m is an element which is R- and M-regular, then

inj dimp(zy M/zM = injdimp M — 1.

The proof is an immediate consequence of 3.1.14 and the following
result of Rees [302], Theorem 2.1.

Lemma 3.1.16. Let R be a ring, and let M and N be R-modules. If x is
an R- and M-regular element with - N = 0, then

Exty (N, M) = Exty)(N, M/xM)
for allt> 0.

ProoF. We set R = R/(x) and M = M/zM, and show that the functors
Extg'l(_,M), i > 0, from the category of R-modules into itself are the

right derived functors of Hompg/(-, M). To see this, we have to verify
(1) the functors Extg'l(_, M), i > 0, are strongly connected,

(2) the functors Exty,(_, M) and Homp(_, M) are equivalent,

(3) Extg'l(F, M) = 0 for all i > 0 and every free R-module F.

(An axiomatic description of the Ext groups as functors in the second
variable is given in [318], Theorem 7.22. Similarly the Ext groups can
be described axiomatically as functors in the first variable; see [318],
Exercise 7.27.)

(1) is obvious. The exact sequence 0 — M oM — M —0
yields the exact sequence

Homg(N, M) — Hompg(N, M) — Exth(N, M) — -

Since Homp(N, M) = 0, and since z annihilates Ext}(N, M), we obtain
the natural isomorphism

Homp(N, M) = Exth(N, M).

This proves (2). Finally, (3) is clear since projdimy F < 1 for every free
R-module F. O

We now present the main result of this section.

Theorem 3.1.17. Let (R, m, k) be a Noetherian local ring, and let M be a
finite R-module of finite injective dimension. Then

dim M < injdim M = depth R.
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Proor. Let p; C p; C -+ C p; = m be a maximal chain of prime ideals
in Supp M. We show by induction on 7 that Ext}'zp (k(p;), Mp) # 0. In

particular, it will follow that Extd(k, M) # 0 for d = dim M, so that
dim M < injdim M by 3.1.14.

If i =0, then pyRp, € Ass My, and therefore Homp, (k(py), My,) # 0.
Now suppose i > 0. We set B = R, ; then

Exty!(B/pi_1B, M)y, , = EXtEil(k(Pi—ﬂaMPH) # 0,

by the induction hypothesis, and so Ext?l(B/pi_lB, M,,) # 0. It follows
from 3.1.13 that

Exth(k(py), Mp,) # 0.

To prove the equality injdim M = depth R, we set » = injdim M and
t = depth R. Let ® = x,...,x; be a maximal R-sequence. Then the
Koszul complex K.(#) is a minimal free resolution of R/(x) by 1.6.19 so
that projdim R/(x) = ¢ and furthermore Ext%(R/(x), M) is isomorphic
to the #th Koszul cohomology H(x, M). It follows from 1.6.10 that
HY(x, M) = Hy(x, M) = M/&M + 0. This implies 7 > t.

On the other hand, since depth R/(x) = 0, there is an embedding
k — R/(x) which induces an epimorphism

Ext’y(R/(x), M) — Ext}y(k, M)

since Ext} (N, M) = 0 for all R-modules N. But Ext}(k, M) # 0 by 3.1.14,
and so Extp(R/(x), M) # 0. It follows that ¢t = projdimg R/(x) > . O

Gorenstein rings. We are now going to introduce an important class of
local rings. As for regular rings, this class can be characterized in terms
of homological algebra.

Definition 3.1.18. A Noetherian local ring R is a Gorenstein ring if
injdimyp B < co. A Noetherian ring is a Gorenstein ring if its localization
at every maximal ideal is a Gorenstein local ring.

The Gorenstein property is stable under standard ring operations. To
begin with we show

Proposition 3.1.19. Let R be a Noetherian ring.

(a) Suppose R is Gorenstein. Then for every multiplicatively closed set S in
R the localized ring Rg is also Gorenstein. In particular, R, is Gorenstein
for every p € Spec R.

(b) Suppose x is an R-regular sequence. If R is Gorenstein, then so is
R/(x). The converse holds when R is local.

(c) Suppose R is local. Then R is Gorenstein if and only if its completion

~

R is Gorenstein.
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Proor. (a) Let q be a maximal ideal of Rs. The ideal q is the extension
of a prime ideal p in R, and so (Rg)q = Rp. Let m be a maximal ideal
of R containing p. Then R, is a localization of the Gorenstein local ring
Rm. From 3.1.9 the conclusion follows.
(b) Without restriction we may assume that R is local. Thus (b) is an
immediate consequence of 3.1.15.
(c) Let k be the residue field of R. Use that Exth(k, R) = Ext%(k, j%)
O

In concluding this section we clarify the position of the Gorenstein
rings in the hierarchy of Noetherian local rings.

Proposition 3.1.20. Let (R, m, k) be a Noetherian local ring. Then we have
the following implications:

R is regular = R is a complete intersection = R is Gorenstein

= R is Cohen-Macaulay.

Proor. The first implication is trivial. If R is regular, then its global
homological dimension is finite (see 2.2.7), and hence Exth(k,R) = 0 for
1> 0. It follows from 3.1.14 that R is Gorenstein. In view of 3.1.19(c)
we may as well assume that R is complete. Now 3.1.19(b) implies that
a complete intersection is Gorenstein. The last implication follows from
3.1.17. O

All the implications of 3.1.20 are strict. This is clear for the first, and
will be shown for the other implications in the next section (see 3.2.11),
where we derive a different, more easily verifiable, characterization of
Gorenstein rings.

Exercises

3.1.21. Let R be a principal ideal domain with field of fractions K. Prove that
0 — K — K/R — 01is an injective resolution of R.

3.1.22. Let k be a field, and let R be a local k-algebra of finite k-dimension. Show
that the R-module Homy(R, k) is an indecomposable (see the definition before
3.2.6) injective R-module.

3.1.23. Let R be a Noetherian local ring. If there exists a non-zero finite injective
R-module, then deduce R is Artinian.

3.1.24. Let (R, m, k) be a Noetherian local ring, M # 0 and N # O finite R-modules.
If injdim N < oo, then deduce the following result of Ischebeck [226]:

depth R — depth M = sup{i: Exty(M, N) # 0}.

In particular, if R admits a finite module of finite injective dimension, then show
that the depth of any finite R-module does not exceed the depth of R. (Bass'
conjecture claims more: in the above situation R is Cohen—Macaulay. In 9.6.2 a
proof of this conjecture will be given, provided R contains a field.)
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3.1.25. Let R be a Gorenstein local ring, and M a finite R-module. Show
projdim M < oo if and only if injdim M < co. (Foxby [114] proved the following
remarkable characterization of Gorenstein rings: if a Noetherian local ring
possesses a finite module M for which injdim M < o and projdim M < oo, then
it is Gorenstein.)

3.1.26. Let (R,m, k) be a Noetherian local ring. If injdimk < oo, show R is
regular.

3.2 Injective hulls. Matlis duality

We saw in Section 3.1 that any module M can be embedded into an
injective module. Here we will show that such an embedding can be
chosen minimal. In this case the corresponding injective module is
unique up to isomorphism, and is called the injective hull of M.

We will see that for a Noetherian ring R an injective module can be
uniquely written as a direct sum of indecomposable injective modules,
and the indecomposable injective R-modules are just the injective hulls
of the cyclic R-modules R/p, where p € Spec R. If (R, m, k) is a complete
Noetherian local ring, and E is the injective hull of %k, then the func-
tor Hompg(-, E) establishes an anti-equivalence between the category of
Artinian R-modules and the category of finite R-modules. This result is
known as the main theorem of Matlis duality.

Definition 3.2.1. Let R be a ring and let N C M be R-modules. M is an
essential extension of N if for any non-zero R-submodule U of M one
has UN N # 0. An essential extension M of N is called proper if N £ M.

The following proposition gives a new characterization of injective
modules.

Proposition 3.2.2. Let R be a ring. An R-module N is injective if and only
if it has no proper essential extension.

Proor. Let N C M be an extension. If N is injective, then N is a direct
summand of M. Let W be a complement of N in M. Then NN W = 0,
and so, if the extension is essential, W = 0. It follows that N = M.
Conversely, suppose that N has no proper essential extension. Given
a monomorphism ¢: U — V and a homomorphism a: U — N, we want
to construct 8: ¥V — N such that a = S o .
As in the proof of 3.1.2 we consider the pushout diagram



98 3. The canonical module. Gorenstein rings

Here 1) is a monomorphism, since ¢ is a monomorphism. Thus we may
consider N as a submodule of W. Employing Zorn’s lemma one shows
that there exists a maximal submodule D C W such that NN D = 0, and
so N may even be considered as a submodule of W/D; obviously, W/D
is an essential extension of N. It follows that N = W/D, since N has
no proper essential extension, and so W = N@ D. Let m: W — N be
the natural projection of W onto the first summand. The composition
mov: V— N is an extension of a. O

Definition 3.2.3. Let R be aring and M an R-module. An injective module
E such that M C E is an essential extension is called an injective hull of
M. Our notation will be E(M) or Eg(M).

The next proposition justifies this name.

Proposition 3.2.4. Let R be a ring and M an R-module.

(a) M admits an injective hull. Moreover, if M C I and I is injective, then
a maximal essential extension of M in I is an injective hull of M.

(b) Let E be an injective hull of M, let I be an injective R-module, and
a: M — I be a monomorphism. Then there exists a monomorphism @: E —
I such that the diagram

M— > E
al%
I

is commutative, where M — FE is the inclusion map. In other words, the
injective hulls of M are the ‘minimal’ injective modules in which M can be
embedded.

(c) If E and E' are injective hulls of M, then there exists an isomorphism
@: E— FE' such that the diagram

M
E—5 F
commutes. Here M — E and M — E' are the inclusion maps.

Proor. (a) We embed M into an injective R-module I. Consider the set
S of all essential extensions M C N with N C I. Zorn’s lemma applied
to S yields the existence of a maximal essential extension M C E with
E C I. We claim that E has no proper essential extension, and this
together with 3.2.2 implies then that F is an injective hull of M. Indeed,
assume that E has a proper essential extension E'. Since I is injective
there exists 1: B’ — I extending the inclusion F C I. Suppose Ker 1) = 0;
then Im ¢ C I is an essential extension of M (in I) properly containing
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E, a contradiction. On the other hand, since 1/ extends the inclusion
E C I we have EN Ker 1 = 0. But this contradicts the essentiality of the
extension E C F'.

(b) Since I is injective, a can be extended to a homomorphism
@: E— I. We have |y = o, and so M N Ker o = Ker a = 0. Thus, since
the extension M C E is essential, we even have Ker ¢ = 0.

(c) By (b) there is a monomorphism ¢: F — E' such that |y equals
the inclusion M C E'. Im ¢ is injective and hence a direct summand of
E'. However, since the extension M C F' is essential, ¢ is surjective, and
therefore an isomorphism. O

We may apply 3.2.4 to construct an injective resolution E*(M) of
a module M which for obvious reasons is called the minimal injective
resolution of M: we let E°(M) = E(M), and denote by ! the embed-
ding M — E°(M). Suppose the injective resolution has already been
constructed up to the «th step:

& : &t
0— E'O(M) — El(M) — e — E”_l(M) — E(M).
We then define E**}(M) = E(Coker 1), and &' is defined in the obvious
way.

It is clear that any two minimal injective resolutions of M are iso-
morphic. Moreover, if I' is an arbitrary injective resolution of M, then,
as is readily seen, E*(M) is isomorphic to a direct summand of I".

We note a technical result about injective hulls which will be needed
later in this section.

Lemma 3.2.5. Let R be a Noetherian ring, S C R a multiplicatively closed
set and M an R-module. Then Ep(M)s = Eg,(Ms).

Proor. We show that Ep(M)s is an injective hull of the Rg-module M.
We know from 3.1.3 that Ep(M)s is an injective Rg-module. It remains
to be shown that Ep(M)s is an essential extension of Ms. To simplify
notation we set N = Ep(M), and pick = € Ng, « # 0. We want to prove
that Rsz N Mg 75 0.

There exists y € N such that Rsy = Rga. Thus we may as well assume
that @ € N. We consider the set of ideals S = {Ann(&r): t € S}. Since
R is Noetherian this set has a maximal element, say Ann(sz), and since
Rsx = Rs(sx), we may replace @ by sz, and thus may assume that Ann(x)
1s maximal in the set S.

Since N is an essential extension of M, we have RenN M = Iz # 0,
where I is an ideal in R. Let I = (ay,..., ay), and assume that ¢z = 0 in
Ng for 1= 1,...,n. Then there exists ¢t € S such that {ax) = 0 in N for
i=1,...,n. But Ann(&) = Ann(x), by the choice of @, and so Iz = 0.
This is a contradiction. Hence a;& # 0 in Ng for some i, and it follows
that Rz N My 75 0. O



100 3. The canonical module. Gorenstein rings

In the next theorem we determine the indecomposable injective R-
modules of a Noetherian ring R. Recall that an R-module M is de-
composable if there exist non-zero submodules Mj, M> of M such that
M = M; ® M,; otherwise it is indecomposable.

Theorem 3.2.6. Let R be a Noetherian ring.

(a) For all p € Spec R the module E(R/p) is indecomposable.

(b) Let I # 0 be an injective R-module and let p € AssI. Then E(R/p) is
a direct summand of I. In particular, if I is indecomposable, then

I = E(R/yp).
(c) Let p,q € Spec R. Then E(R/p) = E(R/q) < p = q.

Proor. (a) Suppose E(R/p) is decomposable. Then there exist non-zero
submodules Ny, Ny of E(R/p) such that Ny N N; = 0. It follows that
(NiNR/p)N(N2NR/p) = (N1 N Nz)NR/p = 0. On the other hand, since
R/p C E(R/p)is an essential extension, we have NyNR/p # 0 # N,NR/p.
This contradicts the fact that R/p is a domain.

(b) R/p may be considered as a submodule of I since p € AssI. It
follows from 3.2.4 that there exists an injective hull E(R/p) of R/p such
that E(R/p) C I. As E(R/p) is injective, it is a direct summand of I.
Statement (c) follows from the next lemma. O

Lemma 3.2.7. Let R be a Noetherian ring, p € Spec R, and M a finite
R-module. Then

(a) Ass M = Ass E(M); in particular one has {p} = Ass E(R/p);

(b) k(p) = Homz, (K(p), E(R/p)s):

Proor. (a) It is clear that AssM C Ass E(M). Conversely, suppose
q € Ass E(M). Then there exists a submodule U C E(M) which is
isomorphic to R/q. We have U N M # 0 since the extension M C E(M)
is essential, and so q € Ass(U N M) C Ass M.

(b) Since E(R/p), = Eg,(k(p)), we assume that (R,m, k) is local and
p = m is the maximal ideal. The k-vector space Hompg(k, E(k)) may be
identified with V = {@ € E(k): mxz = 0}; it contains k. If V # k, then
there exists a non-zero vector subspace W of V with kN W = 0. This,
however, contradicts the essentiality of the extension k C E(k). O

The importance of the indecomposable injective R-modules results
from the following:

Theorem 3.2.8. FEvery injective module I over a Noetherian ring R is a
direct sum of indecomposable injective R-modules, and this decomposition
15 unique in the following sense: for any p € Spec R the number of inde-
composable summands in the decomposition of I which are isomorphic to
E(R/p) depends only on I and p (and not on the particular decomposition).
In fact, this number equals dimyp) Homp, (k(p), I,).
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Proor. Consider the set S of all subsets of the set of indecomposable
injective submodules of I with the property: if F € S, then the sum of
all modules belonging to F is direct. The set S is partially ordered by
inclusion. By Zorn’s lemma it has a maximal element JF'. Let F be the
sum of all the modules in F'. The module F is a direct sum of injective
modules, and hence by 3.1.3 is itself injective. Therefore E is a direct
summand of I, and we can write I = E@® H, where H is injective since it
1s a direct summand of I. Suppose H # 0; then there exists p € Ass H,
and so E(R/p) is a direct summand of H; see 3.2.6(b). Thus we may
enlarge 7 by E(R/p), contradicting the maximality of &'. We conclude
that H =0 and I = E.
Suppose that I = ), 4 I is the given decomposition. Then

Homg, (k(p), ) = Homg, (k(p), P (1)s) = €D Homg, (k(p), (I1)s).

By 3.2.7 we have

D Homg, (Kp), (1)s) = € Hompg, (k(p), (11)s)

AeA pYSPiTS

where Ag = {A € A: I, = E(R/p)}. If we again use 3.2.7, we finally get

Hompg, (k(p), Ip) = @ Hompg, (k(p), (I1)p) = k(p)(/lo)‘ O

Bass numbers. Let R be a Noetherian ring, M a finite R-module and
p € SpecR. The (finite) number w;(p, M) = dimyy Ext%p(k(p),Mp) is
called the #th Bass number of M with respect to p.

These numbers have an interpretation in terms of the minimal injective
resolution of M.

Proposition 3.2.9. Let R be a Noetherian ring, M a finite R-module, and
E*(M) the minimal injective resolution of M. Then

BE(M)= @ BR/p)*M.

pESpec R

13

& 3
Proor. Let 0 — M — E°(M) — E'(M) — --- be the minimal
injective resolution of M, and let p € Spec R. Since localization is exact,
it follows from 3.2.5 that

1

& d
0—>MP—>ED(M)P—>E1(M)P—>“'

is the minimal injective resolution of M,; here d* is the localization of &.
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The complex Hompg, (k(p), E*(M),) is isomorphic to the subcomplex
C* of E*(M),, where

C'={x € E(M),: pR, -z = 0}.

Let x be a non-zero element of C* Since the extension Im d*"! C E'(M),
is essential, there exists a € R, with az € Imd*! and ax # 0. Since
pR, annihilates @, we see that a ¢ pR,. Hence a is a unit in Ry, and
xz € Imd~1 It follows that di(z) = 0, and hence di|s = 0 for all .
Consequently we get Ext}'zp(k(p),Mp) =~ Hompg, (k(p), E{(M),), which by
3.2.8 implies the isomorphism asserted. O

Among the Bass numbers the type of a module or a local ring is of
particular importance. Let (R, m, k) be a Noetherian local ring and M a
finite module of depth ¢. In Chapter 1 we have already considered the
Bass number (M) = w(m, M), and called it the type of M.

In the next theorem we give a new, extremely useful characterization
of Gorenstein rings.

Theorem 3.2.10. Let (R,m, k) be a Noetherian local ring. The following
conditions are equivalent:

(a) R is a Gorenstein ring;

(b) R is a Cohen—-Macaulay ring of type 1.

Proor. Let @ be a maximal R-sequence. By 3.1.19, R is Gorenstein if
and only if R/(«) is. Similarly the properties in (b) are stable under
specialization modulo @«; see 1.2.19 and 2.1.3. Thus we may assume
dimR = 0.

(a) = (b): By 3.1.17, R is an injective R-module. Since R is local, it
is indecomposable as an R-module, and so, since Ass R = {m}, we have
that R = Ep(k); see 3.2.6. It follows from 3.2.7 that R is of type 1.

(b) = (a) follows from statement (e) in 3.2.12 below. O

We use this new characterization of Gorenstein rings to give examples
of Cohen—-Macaulay rings which are not Gorenstein, and of Gorenstein
rings which are not complete intersections.

Examples 3.2.11. (a) Let (R, m, k) be an Artinian local ring for which
m? = 0. For instance, R = k[Xi,...,X,]/(X1,...,Xs)? is such a ring. It
is easily seen that m = SocR. Hence we have 7(R) = embdim R, and
conclude that R is Gorenstein if and only if embdim R = 1. When R is
Gorenstein, it is even a complete intersection.

(b) In the following we present a method to produce a large class of
Artinian Gorenstein rings: let k be a field, S = k[Xj, ..., X,] the polyno-
mial ring in n variables over k, m an integer, S, the m-th homogeneous
part of S, and ¢: S,, — k a non-trivial k-linear map.
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For every j € N, we define I; = {a € S;: ¢(a- Sn_;) = 0}. It is readily
seen that I = @jzo L; is a graded ideal with I; = 5; for 5 > m. Thus we
conclude that R = S/I is an Artinian (graded) local ring.

We claim that R is a Gorenstein ring. To see this, we determine the
socle of R. For any element a € S, we denote by @ its residue class
modulo I. Let 5 € N with 0 < 5 < m, and let @ € Rj,a # 0. Then by
the definition of I, there exists b € S,,_; such that ¢(a-b) £ 0, and so
@- b # 0. But since b belongs to the maximal ideal of R, it follows that
@ ¢ Soc R. Therefore, Soc R = R,,. As dimg R,, = 1, it follows that R is
Gorenstein.

We give an explicit example for this construction: let ¢: S; — k be
the k-linear map with

P(XX;)=0, 1<i<j<n, WX =1 i=1,..,n
For this linear form ¢ we get
I=(X—-X32,..., X — X2 X1 X2, X1 X3, ..., X 1Xs)

Therefore, R = 5/I is Gorenstein, and is a complete intersection if and
only if n < 2.

Matlis duality. Let (R,m, k) be a Noetherian local ring. We are going
to study the functor which takes the dual M’ of an R-module M with
respect to the injective hull F of k. If M is a finite module, the dual M’
need not be finite. Indeed, we know from Exercise 3.1.23 that R' = F' is
finite only if R is Artinian. However, the E-dual of a module of finite
length also has finite length, as we shall see now.

Proposition 3.2.12. Let (R, m, k) be a Noetherian local ring, E the injective
hull of k, and N an R-module of finite length. For any R-module M we set
M' = Hompg(M, E). Then:

(a) one has

i ~ |k fori=0,
EXtR(k’E):{O fori>0;

(b) £(N) = £(N');
(c) the canonical homomorphism N — N is an isomorphism;
(&) WN) = 1(V') and 1(N) = u(N');
(€) if R is Artinian, then E is a finite faithful R-module satisfying
(i) & E) = 4R),
(ii) the canonical homomorphism R — Endg(E), a— p,, where @ou(x) =
ax for all @ € E, is an isomorphism,
(iii) r(E) = 1 and i E) = r(R);
conversely, any finite faithful R-module of type 1 is isomorphic to E.
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Proor. (a) Exth(k,E) = 0 for 4 > 0, as E is injective; furthermore
Hompg(k, F) = k; see 3.2.7.

(b) We prove the equality asserted by induction on the length of N.
If §N) = 1, then N = k, and the equality follows from (a). Now suppose
that £(N) > 1. Then there exists a proper submodule U C N, and we
obtain an exact sequence

0—U—N—-W-—0
with £(U) < €(N) and ¢ W) < €N).

Since F is injective this sequence yields the dual exact sequence
0— W — N —U —0o.

The induction hypothesis applies to U and W, and the additivity of
length gives the result.

(c) Again we use induction on £(N). If ¢N) = 1, then N = k,
and N" = k by (a). Therefore it suffices to show that the canonical
homomorphism a: k — Homp(Hompg(k, E), E) is not the zero map. Let
x € E, 2 # 0, be a socle element of E. There exists ¢ € Hompg(k, E) with
(1) = @ Then a(1)(v) = =z # 0, and so a # 0. If & N) > 1, we choose as
before an exact sequence

0—U—N—-W-—0
with £(U) < €(N) and ¢ W) < €N).

The natural homomorphisms into the bidual modules induce a com-
mutative diagram

0 U N w —— 0
! ! !
0 U’ N W' — 0

where the outer vertical arrows are isomorphisms by our induction hy-
pothesis. The snake lemma ([318], Theorem 6.5) applied to this diagram
implies N — N" is an isomorphism.

(d) The module (N/mN)' is the kernel of the linear map N' — (mN)'
which assigns to every ¢ € N' its restriction to mN. Hence ¢ € (N/mN)
if and only if m@(N) = ¢(mN) = 0. In other words,

(N/mN) ={pe N:m-¢p=0} =SocN.

Thus we get w(N) = dimy N/mN = dimp(N/mN) = dimy Soc N' = r(N').
The second equality follows from the first by (c).

(€) By (b) we have ¢(E) = ¢(R') = 4(R) < oo. In particular, F is a
finite R-module. Next it follows from (c) that the canonical homomor-
phism a: R — Homp(Homg(R, E), E) is an isomorphism. If we identify
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Hompg(R, E) with E, then a identifies with the canonical homomorphism
R — Endg(E). A module whose endomorphism ring is R is necessarily
faithful. Statement (e)(iii) follows from (d).

Finally, let N be a faithful R-module of type 1. Then N' is cyclic, and
so N = Hompg(R/I, E) for some ideal I. Here we have used (¢) and (d).
But since N is faithful, I = 0 and so N = E. O

Proposition 3.2.12 may be viewed as the Matlis duality theorem for
finite Artinian modules. Now we prove its general form. It will be of
crucial importance for the local duality theorem of Grothendieck, which
we will discuss in Section 3.5.

Let (R,m,k) be a complete local ring. We denote by M(R) the
category of R-modules, by .A(R) the full subcategory of Artinian R-
modules and by F{R) the full subcategory of finite R-modules. Let F
be an injective hull of k. We set T'(_) = Homg(-, E). The contravariant

functor T': M(R) — M(R) is exact. Its restriction to A(R) or F(R) will
again be denoted by T.

Theorem 3.2.13 (Matlis). Let (R,m, k) be a Noetherian complete local ring,
N € A(R) and M € F(R). Then

(a) T(R)= E and T(B) = R,

(b) T(M) € A(R) ond T(N) € FR),

(c) there are natural isomorphisms T(T(N)) =2 N and T(T(M))= M,

(d) the functor T establishes an anti-equivalence between the categories

A(R) and F(R).
ProoF. We proceed in several stages. (1) For all n € N we set E, =
{zr€ E: m"z = 0}. Let @ € E, @ # 0; then Ass(Rz) C Ass E = {m}, see
3.2.7. Hence there exists an integer n such that m”z = 0. This proves that
E = Unzo E, = h_r)nE'n

(2) The natural homomorphism R — Endg(E) = T(E) is an isomor-
phism: by 3.2.12(e)(ii), the natural homomorphisms a,: R/m" — T(E,)
are isomorphisms, and we obtain commutative diagrams such as

R — T(E)

l l

R/m" —= s T(E,)

in which the only homomorphisms are the natural ones. As R is complete,

the map R — lim R/m"” is an isomorphism. Likewise T(E) — lim T(E.,)
i i

is an isomorphism since by [318], Theorem 2.27, and (1) we have

@T(En) = T(h_n)l E,) = T(E). It follows that the natural homomor-

phism R — T(FE) is an isomorphism as well. This proves (a).
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(3) E is Artinian: let E= Uy D U3 D Uy D -+ be a descending chain
of submodules of E. This chain induces a sequence of epimorphisms

R=TE)— T(h) — T(0) — -

Thus we can write T(U;) = R/L;, where (0)= I, C L C L C ---is an
ascending chain of ideals. Since R is Noetherian this chain stabilizes,
and so there exists an integer 4 such that T(U;) = T(Uyq) for i > 4.
We will show that U; = Ujyq for ¢ > 4. Suppose that U; # Ui, but
T(U;) = T(Uit1). Let V = U;/ Uyyq; then V #£ 0, but T(V) = 0. However,
V is a subquotient of E, and so AssV = {m}; see 3.2.7. In other
words, there exists a monomorphism k& — V. Applying T', we obtain an
epimorphism 0 = T(V) — T(k) = k, a contradiction.

(4) If N is Artinian, then there exists an embedding N — E" for some
integer n: Soc N is a finite dimensional k-vector space since N is Artinian.
Moreover, the extension Soc N C N is essential. In fact, if @ € N, then
Rz is a finite Artinian module, and therefore RzN Soc N = Soc Rz # 0.
Let N C I be an embedding of N into an injective R-module. By 3.2.4,
an injective hull E(N) can be chosen as a maximal essential extension
of N in I. Since the extension Soc N C N is essential, E(N) is likewise
an injective hull of Soc N. Suppose Soc N = k"; then it follows that
N C E(SocN) = E™

The remaining assertions of the theorem now follow easily.

(b) Let N € A(R); then by (4) there exists an embedding N C E*
which by (2) induces an epimorphism R" — T(N); therefore T(N) €
JF{(R). Conversely, suppose M € F{R). We choose an epimorphism
R" — M. This epimorphism yields an embedding T(M) — E". The
module E is Artinian by (3), and so any submodule of E” is Artinian. It
follows that T(M) € A(R).

(c) By (4) there exists an integer n and an exact sequence 0 — N —
E" —» W — 0 which we may complete to a commutative diagram

| i dl
0 —— T(T(N)) —— T(T(BY) —— T(T(W)) —— 0

whose vertical maps are just the canonical homomorphisms.

It follows from (2) that 3 is an isomorphism. Therefore, by the snake
lemma, a is an isomorphism if and only if y is a monomorphism. Let
@ € Kerv; then ¢(x) = 0 for all ¢ € Hompg(W, E). Suppose  # 0, and
let 1p: R — FE be the homomorphism which maps « to a non-zero socle
element of E. Then ¢(z) # 0, and since E is injective, 1 can be extended
to a homomorphism ¢: W — E. We then have ¢(z) # 0, a contradiction.
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Similarly one proves that the natural linear map M — T(T(M)) is an
isomorphism, starting with the exact sequence 0 - U — R - M — 0
and using the fact that the natural homomorphism R — T(T(R)) is an
isomorphism (which is an immediate consequence of (2)). O

Exercises

3.2.14. Let (R, m, k) be a Noetherian local ring, E an injective hull of k. Prove:
(a) The natural homomorphism E — E ®p Risan isomorphism. In particular, £
is an R-module.

(b) As an R-module, E = E;(k).

(c) For all finite R-modules N there exists a natural isomorphism
Homg(N, E) = Homy(N, E).

(If this problem seems to be too difficult, the reader may consult [270], Theorem
18.6.)

3.2.15. Let (R,m) be an Artinian local ring. Show the following conditions are
equivalent:

(a) R is a Gorenstein 1ing;

(b) all finite R-modules are reflexive;

(c) I = AnnAnn[ for all ideals I of R;

(d) for all non-zero ideals I and J one has 1N J # 0.

3.3 The canonical module

So far we have studied finite modules of finite injective dimension over
Noetherian local rings, but we have ignored the question as to under what
circumstances such modules actually exist. A Gorenstein ring R admits
plenty of finite modules of finite injective dimension: any module of
finite projective dimension has finite injective dimension as well, simply
because R itself has finite injective dimension by definition. Also any
Artinian local ring (R,m, k), Gorenstein or not, admits a finite injective
module — the injective hull of & The question becomes more delicate
for non-Gorenstein local rings of positive dimension. One of the main
results of this section will be that any Cohen—Macaulay ring which
1s a homomorphic image of a Gorenstein ring has a finite module of
finite injective dimension. Moreover, this module can be chosen to be a
maximal Cohen—Macaulay module of type 1. It will be shown that such
a module is unique up to isomorphism. It is called the canonical module
of R. For a Gorenstein ring the canonical module is just the ring itself.

We shall study the behaviour of the canonical module under flat
extensions, localizations, and specializations.

Definition 3.3.1. Let (R, m, k) be a Cohen—-Macaulay local ring. A maximal
Cohen—Macaulay module C of type 1 and of finite injective dimension is
called a canonical module of R.
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It is immediate (see 1.2.8 and 3.1.14) that C is a canonical module of
R if and only if

dimy, Exty(k, C) = 65,  d =dimR.

Two questions arise: when does a canonical module exist, and is it
uniquely determined up to isomorphism? This question has a simple
answer in the case dim R = 0: by 3.2.8, Eg(k) is the uniquely determined
canonical module. To prove uniqueness in general, we will need the
following two results.

Lemma 3.3.2. Let (R,m,k) be a Noetherian local ring, o: M — N a
homomorphism of finite R-modules, and @ an N-sequence. If ¢ ® R/(x) is
an isomorphism, then @ is an isomorphism.

Proor. The surjectivity of ¢ follows from Nakayama’s lemma. In order
to prove that ¢ is injective, we may assume without loss of generality
that the sequence @ consists of one element, say x. Let K = Ker ¢; since
x 1s N-regular, the exact sequence

0—K—M-—N—0
induces the exact sequence
0— K/eK — M/zM — N/aN — 0.

By assumption, K/zK = 0, and hence K = 0, by Nakayama’s lemma.
O

Proposition 3.3.3. Let (R,m, k) be a Cohen—Macaulay local ring of dimen-
sion d, and C a maximal Cohen—-Macaulay R-module.

(a) Suppose M is a maxzimal Cohen—-Macaulay R-module with Extgz(M, )
= 0 for all 5 > 0. Then Hompg(M, C) is a mazimal Cohen-Macaulay
module, and for any R-sequence ® we have

Hompg(M, C) ® R/xR = Homp,.z(M/xM, C/xC).

(b) Assume in addition that C has finite injective dimension, and M is a
Cohen—Macaulay R-module of dimension t. Then

(1) Exth(M,C) =0 for j# d — 1,

(ii) Ext}iz_t(M, C) is a Cohen—Macaulay module of dimension t.
Proor. (a) Let @ € m be an R-regular element. Since C is a maximal

Cohen—-Macaulay module, the element x is C-regular as well, and one
has the exact sequence

0— C— C— C/zC— 0
which by our assumtion induces the exact sequence

0 — Homg(M, C) — Homg(M, C) — Homg(M, C/=C) — 0.
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Therefore,

Hompg/zp(M/xM, C/xC) = Homp(M, C/xC)
= Hompg(M, C)/x Homg(M, C)

For an arbitrary R-sequence x one proceeds by induction on the
length of the sequence.

(b)(i) It follows from 1.2.10(e) that Ext%(M, C)=0forj < d—t Next
we show by induction on t that Ext%(M, C) = 0 for any t-dimensional
Cohen—-Macaulay module M and all 5 > d — . If ¢ = 0, then the claim
follows from 3.1.17. Now suppose that ¢ > 0, and let @ € m be an
M-regular element. The exact sequence

0— M- M—s M/zM —0

induces the exact sequence
Ext)y(M, C) — Ext},(M, C) — Ext}{(M/zM, C).

M/xzM is a (t— 1)-dimensional Cohen—Macaulay module. Hence by the
induction hypothesis we have Extg;'l(M/:cM, C)=0for j > d—t and
so Nakayama's lemma implies that Ext%(M, C)=0forj>d—t

(ii) We proceed by induction on t. The assertion is trivial if ¢ = 0.
Assume now dim M = ¢ > 0, and let = € m be an M-regular element. By
(1), the exact sequence

0— M- M—s M/zM —0

yields the exact sequence
0 — Ext3™{(M, ) — Exti (M, ¢) — Ext® Y (M/z=M, C) — 0.

Thus « is regular on Ext}iz_t(M, C), and so it follows from our induction
hypothesis that Ext& (M, C) is Cohen-Macaulay. O

We are now ready to prove the uniqueness of the canonical module.

Theorem 3.3.4. Let (R,m, k) be a Cohen—-Macaulay local ring, and let C
and C' be canonical modules of R. Then

(a) C/xC = Epjy)(k) for any mazimal R-sequence x,

(b) the canonical modules C and C' are isomorphic,

(c) Hompg(C, C') = R, and any generator v of Hom(C, C') is an isomor-
phism,

(d) the canonical homomorphism R — Endg(C) is an isomorphism.
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Proor. (a) By 3.1.15, C/«C is an injective R/(x)-module of type 1. Since
Spec(R/(x)) = {m/(x)}, 3.2.8 yields the assertion.
(b) and (c): It follows from (a) that

ClaeC = ER/(,:)(I{:) = C’/CCC’.
Now 3.3.3 and 3.2.12 imply that
Hompg(C, C') ®r R/(2) = Homps)(C/2C, C'/xC’") = R/(x),

and so Hompg(C, C') is cyclic by Nakayama’s lemma. Let ¢ be a generator
of this module. Then the natural inclusion R — Hompg(C, €') induces
the above isomorphism modulo . By 3.3.3, Homg(C, C') is a maximal
Cohen—-Macaulay module. Thus 3.3.2 implies that Ry — Hompg(C, C') is
an isomorphism. In particular it follows that R¢ is a maximal Cohen—
Macaulay module. We may therefore apply 3.3.2 once again to conclude
that R — R is an isomorphism, too.

Next we show that ¢: C — C' is an isomorphism. Indeed, ¢ ® R/(x)
can be identified with a generator of End(Ep(g)(k)). It follows therefore
from 3.2.12(e)(ii) that ¢ ® R/(x)is an isomorphism. Since €' is a maximal
Cohen—Macaulay module, 3.3.2 implies that ¢ is an isomorphism. It is
clear that any other isomorphism C — (' is a generator of Hompg(C, C'),
too.

(d) is proved similarly. O

In view of this result we may talk of the canonical module of R
provided it exists. From now on we will denote the canonical module of
R by wp.

The next theorem lists some useful and often applied change of ring
formulas for the canonical module.

Theorem 3.3.5. Let (R, m, k) be a Cohen—Macaulay local ring with canon-
ical module wg. Then

(a) wr/@wr = wp/ar for all R-sequences x, that is, the canonical module
specializes,

(b) (wr)p = wr, for all p € Spec R, that is, the canonical module localizes,
(c) (wr) "= wp-

Proor. (a) First notice that @ is an wg-sequence, too. The (R/xR)-module
wp/xwp has finite injective dimension; see 3.1.15. Since r{wg/@wg) =
r(wg) = 1, the module wg/@wg is the canonical module of R/xR, by
definition.

(b) The Ry-module (wg), has finite injective dimension (see 3.1.9), and
1s again a maximal Cohen—Macaulay module. It remains to be shown
that 7((wr)p) = 1. Let @ be a sequence of elements of R whose image in
R, is a maximal Ry-sequence. Then by 3.1.15,

M = (wg)p/x(wr)p
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is an injective module over the Artinian local ring A = R,/®R,. It follows
from 3.2.7 and 3.2.8 that

M = E4(k(p)), r=r(M).
From 3.2.12 we get
(1) Homy(M, M) = A",
On the other hand, from 3.3.5(a) we obtain
(2) Hom (M, M) = Hompg/up(wr/®wr, wr/®Twr)p

= Homp/ar(Wr/ar) WR/xR )p
> (R/xR), = A.

For the last isomorphism we used the fact that the endomorphism ring
of the canonical module of S = R/xR is isomorphic to S; see 3.3.4. A
comparison of (1) and (2) yields r = 1, as desired.

(c) The fibre of R — R is k, so that by flatness, Exth(k, wg) =
Ext%(k, (wg)) for all 4. This implies the assertion.

O

Existence of the canonical module. Our next goal is to clarify for which
Cohen—-Macaulay local rings the canonical module exists.

Theorem 3.3.6. Let (R,m, k) be a Cohen—Macaulay local ring. The fol-
lowing conditions are equivalent:

(a) R admits a canonical module;

(b) R is the homomorphic image of a Gorenstein local ring.

One direction of the proof resorts to the principle of idealization due
to Nagata: let R be a ring and M an R-module. We construct a ring
extension R C R x M of R, called the trivial extension of R by M. As an
R-module, R * M is just the direct sum of R and M. The multiplication
is defined by

(a,z)(b,y) = (ab, ay + bx)

for all ¢,6 € R and x,y € M.

Some basic facts on trivial extensions are the subject of Exercise
3.3.22. Here we will only use that R * M is a ring, and if M is finite and
R is a Noetherian (or Artinian) local ring with maximal ideal m, then so
is R« M with maximal ideal m* M = {(a,2) € R+ M: a € m}.

ProoF oF 3.3.6. (a) = (b): The ring R is a homomorphic image of the
trivial extension R * wg. We will show that R # wg is a Gorenstein ring.
Let @ be an R-regular sequence of maximal length. It is easy to see that
x is a maximal (R * wg)-sequence as well, and that

(R * wg)/®(R * wg) = (R/xR) * (wp/xwp).
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By 3.3.4, wr/®wr = Ep/.p(k). Bearing in mind the characterization 3.2.10
of Gorenstein rings, we may assume that R is Artinian, and it remains to
be shown that the type of the Artinian local ring R' = R * Ep(k) is 1.
Let (a,z) € SocR'; then (,0)(a,z) = (ba, bx) = (0,0) for all b € m.
This implies that a € Soc R and = € Soc Eg(k).
Assume that a # 0. The exact sequence

R-R—R/(a)— 0

induces the exact sequence 0 — Epjq)(k) — Eg(k) 2, Eg(k) (see
3.1.6).

As

U BryiafH)) = R/ (a)) < £(R) = &(Fa(k)

(see 3.2.12), multiplication by @ on Eg(k) cannot be the zero map. There-
fore there exists y € Eg(k) with ay # 0, and so (0, y)(q, ) = (0, ay) # (0,0),
a contradiction.

Our conclusion is that Soc(R * Eg(k)) = Soc Eg(k), and therefore by
3.2.12, (R  E(k)) = 1.

For the proof of 3.3.6(b) = (a) we note the following more general
result.

Theorem 3.3.7. Let (R, m) be a Cohen-Macaulay local ring.
(a) The following conditions are equivalent:

(i) R is Gorenstein;

(ii) wp ewxists and is isomorphic to R.
(b) Let ©: (R,m) — (S,n) be a local homomorphism of Cohen—Macaulay
local rings such that S is a finite R-module. If wg exists, then ws exists
and

ws = Exth(S, wg), t=dimR — dim S.

Proor. (a)(i) < (ii) follows from 3.1.18 and 3.2.10.

(b) By virtue of 2.1.2(b), and since dim S = dim(R/ Ker ¢), there
exists an R-sequence ® = xy,...,x; with «; € Ker ¢, ¢ = dim R — dim S.
Set R = R/(x)R; as wg/(x)wp = wp (see 3.3.5), we have Exth(S, wp) =
Hompg(S, wg), by 3.1.16. Thus we may assume from the beginning that
dim R = dim S.

Let d = dimR, and ¥y = w1,...,ys an R-sequence. Then y is wpg-
regular and Homp($, wg)-regular as well, since both modules are Cohen—
Macaulay modules of dimension d; see 3.3.3. It follows from 3.3.3(a)
that

Homg(S, wg) ®r R' = Homp (S, wa'),
where R = R/(y)R, and §' = S/(y)S. In view of Exercise 3.3.23 it
suffices to show that Hompg/(S', wg) is the canonical module of §'. Since
wp =2 Eg(k), 3.1.6 implies that Homp (S', Eg(k)) is an injective §'-module,
and so Hompg/(5', Ep/(k)) = Es (k)" for some r > 0. By 3.2.12(b) and (e)(i)
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we get Y Eg(k)) = £(5") = ¢(Homp (S, Ep(k))) = r€(Es(k)); therefore
r=1. O
A noteworthy case of 3.3.7 is the following: let k be a field, and R an
Artinian local k-algebra. Then Homy(R, k) is the canonical module of R.
A Noetherian complete local ring is a homomorphic image of a

regular local ring; see A.21. Regular local rings are Gorenstein (see
3.1.20), and so 3.3.6 implies

Corollary 3.3.8. A complete Cohen—-Macaulay local ring admits a canonical
module.

Corollary 3.3.9. Let (R,m, k) be a regular local ring and I C m an ideal
of height g such that S = R/I is Cohen-Macaulay. Let

F:0—F, —F,_1—:--—F—0

be the minimal free R-resolution of S, and let G. = Homp(F.,R) be the
dual complex

G:0— Gy — Gg_g — -+ — Gy — 0,

where G; = Fy_; for 1=0,...,g. Then G, is a minimal free R-resolution of
ws.

Proor. Note that g is indeed the length of the minimal free resolution of
S; see 2.2.10. One has Exty(S,R) = HY(F?) for all i > 0. The corollary
follows therefore from 3.3.3(b) and 3.3.7. O

Further properties of the canonical module. In the next theorem some
useful characterizations of the canonical module will be given.

Theorem 3.3.10. Let (R,m, k) be a Cohen—-Macaulay local ring of dimen-
sion d, and let C be a finite R-module. Then the following conditions are
equivalent:
(a) C is the canonical module of R;
(b) wi(p, C) = b4, for all i > 0 and all p € Spec R, where h = heightp;
(c) for all integers t = 0,1,...,d, and all Cohen-Macaulay R-modules M
of dimension t one has
(i) Exti {(M, C) is a Cohen-Macaulay R-module of dimension 1,
(ii) Exthy(M, C) =0 for all i # d — ¢,
(iii) there exists an isomorphism M — Ext& {(Exts (M, C), C) which
in the case d = t is just the natural homomorphism from M into the
bidual of M with respect to C;
(d) for all maximal Cohen—-Macaulay R-modules M one has
(1) Homp(M, C) is a mazximal Cohen-Macaulay R-module,
(ii) Exth(M, C) = 0 for i > 0,
(iii) the natural homomorphism M — Hompg(Hompg(M, C),C) is an
isomorphism.
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ProoF. (a) <= (b): The canonical module localizes; see 3.3.5; therefore
(a) implies (b). Choosing p = m, we obtain (a) from (b).

(a) = (¢): (i) and (ii) have already been shown in 3.3.3. From the
Rees lemma 3.1.16 and (i) one deduces that

Ext} {(Ext3 (M, C), C) = Homp/ur(Homp/mr(M, C/xC), C/xC)

for an R-sequence x of length d — ¢ which is contained in Anngp M.
Replacing R by R/xR, we may as well assume that ¢ = d. Since by 3.3.3,
Hompg(M, C) ® R/yR = Hompyr(M/yM, C/yC) for any R-sequence ¥,
we may finally assume that dim R = 0. In this case however C = Eg(k),
and the assertion follows from 3.2.12.

(d) is a special case of (c).

(d) = (a): If we choose M = R, then it follows from (i) that C is a
maximal Cohen—Macaulay module.

According to Exercise 2.1.26, for all 7 > d the ith syzygy module of
the residue class field k£ of R is 0 or a maximal Cohen—Macaulay module.
Therefore (ii) implies that Ext4(k, C) = 0 for i > d, and hence we have
injdim C < co; see 3.1.14.

It remains to be shown that #(C) = 1. By 3.3.3(a), the conditions in
(d) are stable under reduction modulo R-sequences. Thus, since the type
of C is also stable under reduction modulo R-sequences, we may restrict
ourselves to the case where R is Artinian. Then the module C is necessarily
injective, and so it must be isomorphic to Eg(k)", r = #(C). Now it follows
from 3.2.12 that R” = Hompg(Homp(R, C), C). Consequently condition
(iii) implies 7(C) = 1. O

We complement the previous theorem with some extra information
about the Exti(_, wg). Observe the analogy of the statements with 3.2.12.
The canonical module takes the position of the injective hull when one
deals with arbitrary Cohen—Macaulay local rings rather than Artinian
local rings.

Proposition 3.3.11. Let R be a Cohen—Macaulay local ring of dimension
d with canonical module wg, and M a Cohen-Macaulay R-module of di-
mension t. Then
(a) W(M) = r(Extg (M, wg)),
(b) (M) = p(Exty (M, wr)),
(¢) wg is a faithful R-module, and

(i) (wr) = 1, w{wr) = 7(R),

(ii) End(wg) = R.

Proor. There exists an wg-sequence @« of length d — ¢ in Ann M, and we
get
EXt%_t(M, (.U_R) =~ HOIIlR/m_R(M, WR/:I:.R)
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So we may assume that dim R = dim M. By 3.3.3, we may further assume
that dim R = 0. Since the canonical module of an Artinian local ring
is the injective hull of the residue class field, all assertions follow from
3.2.12. O

The previous proposition has an interesting application.

Corollary 3.3.12. Let R be a Cohen—Macaulay local ring, M a Cohen—
Macaulay R-module and p € Supp M. Then (M) < r(M).

PROOF. Pick q € Ass(R/pR); then dim R/q = dim R/p; see 2.1.15. There-
fore we obtain a flat local homomorphism R, — j%q whose fibre is of
dimension zero. From 1.2.16 it follows that (M) < T(Mq). Since R — R

~

is flat with fibre k, 1.2.16 once again applied gives r(M) = r(M). We
may therefore assume that R is complete. By A.11, R is the epimorphic
image of complete regular local S, and by Exercise 1.2.26(c) we have
rg(M) = rg(M). Thus we may assume that R is regular. In particular R is
Gorenstein. Hence, by 3.3.7, R has a canonical module and is isomorphic
to R, and so 3.3.11 yields

(Mp) = IU’(EXt%;t(MP?RP)) = /L(Ethlz_t(Ma R)y)
< WExtE (M, R)) = (M),
where d = dim R and ¢t = dim M. Here we have used that, by 2.1.3,

d—t=dimR —dim M =dim R — dim R/p — (dim M — dim M/pM)
=dim R, — dim M. O

The canonical module and flat extensions. We will show that the canonical
module behaves well under flat ring extensions. For the proof we need

Proposition 3.3.13. Let (R,m) be a Cohen—-Macaulay local ring, and C a
finite R-module. The following conditions are equivalent:

(a) C is the canonical module of R;

(b) C is a faithful maximal Cohen—-Macaulay R-module of type 1.

ProoF. (a) = (b): The canonical module is a maximal Cohen-Macaulay
module of type 1, by definition, and faithful by 3.3.11.

(b) = (a): Note first that C has one of the properties in (a) or
(b) if and only if the completion C has this property. For instance,
the property of being faithful means that the canonical homomorphism
¢: R — Homp(C, C) is injective. Since R — R is faithfully flat, ¢ is
injective if and only if its completion is injective. The reader should
check the other properties.

We may now assume that R is complete. Then, by 3.3.8, R has a
canonical module wg. By 3.3.11(b), Hompg(C, wg) is a cyclic module, say
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R/I, so that by 3.3.10(d)(iii) we have C = Hompg(R/I, wg). It follows that
I annihilates C. Since we assume that C is faithful, we get I = 0, and
hence C = Hompg(R, wr) = wp. O

Theorem 3.3.14. Let (R, m) be a Cohen—Macaulay local ring, and (R, m) —
(S,n) a flat homomorphism of local rings.

(a) If wp exists and S/mS is Gorenstein, then ws = wp ® S.

(b) If C is a finite R-module, and S a Cohen—Macaulay ring with canonical
module ws = C® S, then S/mS is Gorenstein and C = wp.

Proor. A flat local homomorphism is faithfully flat. Thus we see as in
the proof of the previous proposition that a finite R-module M is faithful
if and only if M ®z S is a faithful S-module. By 1.2.16, we have

r(wr ® 5) = (S/mS)r{wn) = 1;

hence (a) follows from 3.3.13.

Part (b) is proved similarly: by 1.2.16, 1 = #(S/mS)#(C) and C is
a maximal Cohen—Macaulay module. It follows that »(S/mS) = 1 and
7(C) = 1. Therefore S/mS is Gorenstein (see 3.2.10), and in view of
3.3.13, C is the canonical module of R. O

Corollary 3.3.15. Let ¢: (R,m) — (S,n) be a flat homomorphism of
Noetherian local rings. Then S is Gorenstein if and only if R and S/mS
are Gorenstein.

The canonical module for non-local rings. We saw in 3.3.5 that the canon-
ical module localizes. This suggests the following

Definition 3.3.16. Let R be a Cohen—Macaulay ring. A finite R-module
wp is a canonical module of R if (wg)m is a canonical module of Ry for
all maximal ideals m of R.

Remark 3.3.17. In contrast to the local case, a canonical module is in
general not unique (up to isomorphism). Indeed, let R be a Cohen—
Macaulay ring (not necessarily local), and let wp and wj be canonical
modules of R. We set I = Homp(wp, wk). Localizing at a prime ideal
and using 3.3.4 and 3.3.5 we see that I, = R, for all p € Spec R.

We define an R-module homomorphism a: IQwg — wh by o p®x) =
() for all ¢ € I and all € wg. Then «a is an isomorphism since it is
locally an isomorphism.

Conversely, suppose wg is a canonical module of R and I is a locally
free R-module of rank 1. Then I ® wg is locally isomorphic to wg, and
so 1s a canonical module of R. Thus a canonical module of a Cohen—
Macaulay ring is only unique up to a tensor product with a locally free
module of rank 1.
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Proposition 3.3.18. Let R be a Cohen—Macaulay ring and wp a canonical
module of R.
(a) The following conditions are equivalent:
(1) wg has a rank;
(ii) rank wgy = 1;
(iii) R is generically Gorenstein, i.e. R, 1s Gorenstein for all minimal
prime ideals p of R.
(b) If the equivalent conditions of (a) hold, then wg can be identified with
an ideal in R. For any such identification, wg is an ideal of height 1 or
equals R. In the first case, the ring R/wg is Gorenstein.

~

ProOF. (a)(i) = (ii): Let p € Spec R be a minimal prime ideal. Then wg, =
(wp)p is a free Ry-module, and R, is Artinian. The canonical module of
an Artinian local ring is the injective hull E of the residue class field, and
so the free Ry-module (wg), has rank 1 since E is indecomposable; see
3.2.6. The implications (ii) = (iii) and (iii) = (i) are clear in view of 3.3.7.

(b) The canonical module wy is torsion-free since all R-regular el-
ements are wg-regular as well. According to Exercise 1.4.18, wpg 1is
isomorphic to a submodule of R. Therefore it may be identified with an
ideal in R which we again denote by wg.

If dim R = 0, then necessarily wp = R. We may therefore assume
that dim R > 0, and that wg is a proper ideal of R. Then wpg must
contain an R-regular element since rank wp = 1. Let p be a prime ideal
containing wg. Using the fact that wgRp is a maximal Cohen-Macaulay
Ry-module we then get dim R,—1 > dim(R,/wgrR,) > depth(R,/wrRp) >
depth R, —1 = dim R, — 1. This shows that height wp = 1, and that R/wp
is Cohen—Macaulay.

Finally we prove that R/wg is Gorenstein. To show this, we may
assume that R is local. Applying the functor Hompg(_, wg) to the exact
sequence

0 —wp—R— R/wg —0,

and using 3.3.4(d) we obtain the exact sequence
0 — wp — R — Exth(R/wg, wr) — Exth(R, wr) = 0.

This implies R/wg = Exth(R/wg, wg). Thus the conclusion follows from
3.3.7. O

Corollary 3.3.19. Let R be a Cohen—Macaulay normal domain with canon-
ical module wg. Then wg is isomorphic to a divisorial ideal. In particular,
if R is factorial, then R is Gorenstein.

Proor. By 3.3.18, wg is an ideal. It satisfies the Serre condition (S2),
and moreover, (wg)p = wg, = R, for all prime ideals of height 1. This
follows from 3.3.7 since, by normality, R, is regular for all prime ideals
of height 1. Thus we have shown that wpg is a reflexive ideal; see 1.4.1.
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A reflexive ideal is divisorial. (We refer to Fossum [108] for the theory
of divisorial ideals.) In a factorial ring all divisorial ideals are principal,
and so wp is principal and R is Gorenstein; see 3.3.7. O

In concluding these considerations we show that formula 3.3.14(a) for
the canonical module under flat extensions has a non-local counterpart.

Proposition 3.3.20. Let ¢: R — S be a flat homomorphism of Noetherian
rings whose fibres S @g k(p) are Gorenstein for all p € Spec R for which
there exists a maximal ideal q in S with p = qN R. If wg is a canonical
module of R, then wg ®g S is a canonical module of S.

Proor. Let q be a maximal ideal of S, p = qN R: then R, — §; is
a flat local homomorphism whose fibre is a localization of S ®@g k(p),
and thus is Gorenstein. It follows from 3.3.14(a) that wg, Qg, Sq is a
canonical module of S;. Since (wp @ §)q = wWr, ®r, Sq, the proposition
is proved. O

Corollary 3.3.21. Let R be ¢ Cohen—-Macaulay ring with canonical module
wg, and let S be either the polynomial ring R[X;,...,X,] or the formal
power series ring R[[X1,...,X,]]. Then wg ®p S is a canonical module of
S. In particular, if R is Gorenstein, then so is S.

Proor. We may assume that » = 1. The result then follows from 3.3.20

since in both cases the fibres considered there are regular rings; see the
proof of A.12. O

Exercises

3.3.22. Let R be a ring, M an R-module, and R % M the trivial extension of R by
M. (The definition of R * M is given after Theorem 3.3.6.) Prove:

(a) R* M is a 1ing.

(b) R can be identified with the subring R+ 0 = {(a,z) € R+ M: = = 0}.
(c)0x M ={(a,2) € RxM: a=0}is an ideal in R+ M with (0% M)? = 0. As
R-modules, M and 0 * M are isomorphic.

(d) If (R,m) is local, then R % M is local with maximal ideal m* M = {(q,x) €
R« M: aem}

(e) The natural inclusion R — R * M composed with the natural epimorphism
B+« M — (R* M)/(0« M) is an isomorphism.

(e) If R is Noetherian and M is a finite R-module, then R % M is Noetherian and
dimR = dim R+ M.

3.3.23. Let R be a Cohen—Macaulay local ring, ¢ a maximal Cohen—Macaulay
R-module, and ® an R-sequence. If C/®C is the canonical module of R/(x), show
that C is the canonical module of R.

3.3.24. Let (R, m) be a Gorenstein local ring and I C R an ideal of grade g
such that S = R/Iis a Cohen—Macaulay 1ing. Let @ = x,...,z, be a system of
generators of I. Show that ws = H, ().
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3.3.25. Let (R, m) be a Gorenstein local ring, I C R a perfect ideal of grade g,
and let

8

0—>Fg—g>~~~—1>F0—>0
be a minimal free R-resolution of S = R/I. Prove:
o 8

(a) The dual complex 0 — Fy RN F; — 0 is acyclic, and Coker &, =
Wg.
(b) Homs(ws, §) 22 Kex(F, @ § — F, 1 @ §) = Tor($, ).
(c) S is Gorenstein if and only if TOI:;(S, S) = S. (If you find this problem too
difficult, consult 1.4.22 or [159], Section 7.5.)
(d) Suppose g = 2; then (I) = 7(S) 4+ 1. In particular, if R is regular and S is
Gorenstein, then S is a complete intersection
3.3.26. Let (R,m, k) be a Gorenstein local ring of dimension d, and M a finite
module of finite projective dimension. Show that

Torf(k, M) = Exty(k, M)  for all 4.

3.3.27. Let (R, m) be a Cohen—Macaulay local ring with canonical module wg.
Suppose for all finite B-modules M there exist an integer n and an epimorphism
wi — M. Prove R is a Gorenstein ring.

3.3.28. Let (R, m) be a Cohen—Macaulay local ring with canonical module wp.
(a) Suppose M is a maximal Cohen—Macaulay R-module of finite injective
dimension. Show M is isomorphic to a direct sum of finitely many copies
of wg.

(b) Let M be a finite R-module. Show injdim M < o if and only if M has a

finite wg-resolution, that is, there exists an exact sequence

r, PP P1 o
00— wg — - — wg — M—0.

Hint: For all finite R-modules M there exists an exact sequence 0 — ¥ —
X - M — 0 where X is a maximal Cohen—-Macaulay R-module, and Y a
module of finite injective dimension; see [21]. Such an exact sequence is called a
Cohen—Macaulay approzimation.

(c) The wg-resolution is minimal if Im ¢; C mwg™ for 1= 1,...,p. Show that a
module M of finite injective dimension even has a minimal wg-resolution, and
that r; = g (m, M) for all { when the resolution is minimal.

3.3.29. Let (R,m) be a Cohen—Macaulay local ring of dimension 1. A subset
I of the total ring @ of fractions of R is called a fractionary ideal if there exist
R-regular elements x, y such that y € I C R. The inverse of a fractionary ideal
Iisthe set I'! = {a€ Q: al C R}. We denote by F the set of fractionary ideals
of R. Show:
(@)IfIe F,then It € Fand I C(I)™
(b) If I C R is a fractionary ideal, then ¢(R/I) < 0o, R C I"' and ¢I'/R) < o0.
(c) The following conditions are equivalent:

(1) R is a Gorenstein ring;

(@ I=(I"')"forall I € F

(i) AR/I) =4I '/R)forall I F, ICR.
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3.3.30. Let R — S be a faithfully flat homomorphism of Noetherian rings, and
C a finite R-module. Show the following are equivalent:

(a) C® S is a canonical module of S;

(b) Cis a canonical module of R, and for every prime ideal q € Spec S the fibre
Sqe/PSq, P = qN R, is Gorenstein.

3.3.31. Let k be a field, and R a k-algebra which is Cohen—Macaulay and admits
a canonical module. Let K be a field, and suppose that either R is a finitely
generated k-algebra or K is a finitely generated extension field of k. Show that
wg @ K 1s a canonical module of R ®; K.

Hint: apply 2.1.11.

3.4 Gorensiein ideals of grade 3. Poincare duality

The Hilbert—Burch theorem 1.4.17 identifies perfect ideals of grade 2 as
the ideals of maximal minors of certain matrices. For Gorenstein ideals
of grade 3 there exists a similar ‘structure theorem’ due to Buchsbaum
and Eisenbud [65].

Let R be a Noetherian local ring. An ideal I C R is a Gorenstein
ideal (of grade g) if I is perfect and Ext}(R/I,R) = R/I. Note that if R
is Gorenstein and I is perfect, then I is Gorenstein if and only if R/I is
Gorenstein. This follows from 3.3.7(b).

To describe the structure theorem we recall a few facts from linear
algebra: let R be a commutative ring, and F' a finite free R-module. An
R-module homomorphism ¢: F — F* is said to be alternating if with
respect to some (and therefore with respect to any) basis of F and the
corresponding dual basis F*, the matrix of ¢ is skew-symmetric and all
its diagonal elements are 0.

Suppose now that ¢ is alternating, choose a basis of F' and the basis
dual to this, and identify ¢ with the corresponding matrix (a;). If rank F
is odd, then det ¢ = 0, and if rank F' is even, there exists an element
pi(¢) € R, called the Pfaffian of ¢, which is a polynomial function of the
entries of ¢, such that det(¢) = pf(v)%. For more details about Pfaffians
we refer the reader to [48], Ch. IX, §5, no. 2. We set pf(y) = 0 if rank F'
1s odd. Just like determinants, Pfaffians can be developed along a row.
Denote by ¢j; the matrix obtained from ¢ by deleting the +th and j-th
rows and columns of ¢; then for all 4,

pf(¢) = Y (—1)™"0(4,7)ay pf(py)

=1

(o(%,7) is the sign of j — 4). From now on we assume that the rank of F is
odd, and consider the matrix 7 derived from ¢ by repeating the #th row
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and column as indicated in the following picture

0 lax - ay
— i

[#2]
— Qi

Expansion with respect to the first row of 1 yields the equations

n

0= —pf(¥) = Y _(~1Yay pf(;)

=1

for ¢ = 1,...,n, where ¢; is the matrix obtained from ¢ by deleting
the j-th row and column. In other words, if we let y: R — F be the
linear map defined by (p1,...,ps) (Wwith respect to the given basis) where
p; = (=1¥Y pf(e;), 5 = 1,...,n, are the submaximal Pfaffians of ¢, then
we obtain the complex

F(p):0—R-LF L LR 0

Theorem 3.4.1 (Buchsbaum-Eisenbud). Let (R, m) be a Noetherian local
ring.

(a) Suppose n > 3 is an integer, F a free R-module of rank n, and p: F —
F* an alternating map of rank n—1 whose image is contained in mF*. Then
n is odd. Moreover, if Pf() denotes the ideal generated by the submaximal
Pfaffians of o, then gradePf(¢p) < 3. If gradePf(p) = 3, then F.(¢) is
acyclic and Pi() is a Gorenstein ideal.

(b) Conversely, let I be a Gorenstein ideal of grade 3. Then there exist a
free module F of odd rank and an alternating homomorphism @: F — F*
such that F.(p) is a minimal free R-resolution of R/I. In particular, any
Gorenstein ideal of grade 3 is minimally generated by an odd number of

Pfaffians.

Part (a) of the theorem is a consequence of the Buchsbaum-Eisenbud
acyclicity criterion 1.4.13 and the following simple observation relating
the ideal of (n — 1)-minors of ¢ to the ideal of submaximal Pfaffians.

Lemma 3.4.2. Let (R,m) be a Noetherian ring, F a free R-module of rank
n, and @: F — F* an alternating map of rank n — 1. Then Rad Pf(¢p) =
Rad I,_1(¢), and n is odd.

Proor. For all 4,5 = 1,...,n, we denote by «; the matrix which is
obtained from ¢ by deleting the #th row and j-th column. Then
I,_1(¢) is generated by the elements det(e;;), and since pf(¢;)?* = det(ay)
it follows right away that a power of Pf(¢) is contained in I, 1(¢).
Conversely, we consider the matrix of /\"_190 with entries det(ay),
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3,7 = 1,...,n. It follows from Exercise 1.6.25 that rank /\"_190 =1
since, by assumption, rank ¢ = n — 1. Now 1.4.11 implies that all 2-
minors of /\"_190 are zero. Therefore, since ¢ is skew-symmetric, we
have — det(e;;)? = det(ay;) det(ay;) = det(as) det(ey;) = pf(¢i)? pf(ep;)? for
all 47 = 1,...,n. This implies that a power of I, 1(¢) is contained in
Pf(p).

Finally, since I,_1(¢) # 0, we conclude that Pf(¢) # 0. This is only
possible if n is odd. O

For the proof of part (b) of 3.4.1 a little excursion to resolutions with
algebra structures is needed. Let R be a commutative ring, and let

d d
pP....—-P —P—FP=R—0

be an acyclic complex of projective modules. We may consider P, as a
graded module equipped with an endomorphism d: P, — P, of degree
—1 satisfying d o d = 0. The question is whether there can be defined an
associative multiplication on P, satisfying the following rules:

) PyPy C Ppy 4 for all p,g > 0;
b) 1 € Py acts as the unit element, ie. la=al = aforall a € P,;

(a
(
(c) ab = (—1)deea)d8¥)pq for all homogeneous elements a, b € P.;
(d) aa = 0 for all homogeneous elements a € P, of odd degree;

(

e) d(ab) = (da)b+ (—1)%8%(db) for all homogeneous elements a, b € P..

An example of a complex admitting such a multiplication is the
Koszul complex. Unfortunately not all finite projective resolutions can
be given an algebra structure with these properties. Avramov [25] found
obstructions for this, and gave explicit examples of finite projective res-
olutions which fail to have such a structure. Nevertheless, if we do not
insist on the associativity of the multiplication, we surprisingly have

Theorem 3.4.3 (Buchsbaum-Eisenbud). Any projective resolution P, with
Py = R admits a (possibly non-associative) multiplication satisfying the
conditions (a)—(e).

Proor. We form the tensor product P, ® P, of complexes, and define the
second symmetric power Sy(P.) of P, to be

Sy(P)=(P.® P.)JU

where U is the graded submodule of P, ® P, which is generated by the
elements a® b — (—1)48946%)p @ ¢ with homogeneous a, b € P., and the
elements a®a with homogeneous a € P, of odd degree. Let d again denote
the differential of P, ® P.; then d(U) C U. This implies that d induces
a differential on S3(P.), so that S3(P.) inherits a complex structure. We
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claim (and this is crucial for the proof) that the homogeneous components
Sa(P.)i of this complex are all projective modules. Indeed, we have

S(Pe=(EP PoP)e T
=k
<7
where
0 if k is odd,
T, = /\2 Pyy  if k is of the form 4n+ 2,
S5(Pyyz) if k is of the form 4n.

Thus S3(P.) is a complex of projective R-modules which coincides with
P, in degrees 0 and 1. Therefore there exists a complex homomorphism
$: S(P.) — P. extending the identity in degrees 0 and 1, and we may
assume that & is chosen such that its restriction to R ® Pj is just the
natural homomorphism to Pj.

For all homogeneous elements a,b € P, we denote by ab the image

F
of a® b under the composition of the maps P, ® P. — S(P.) — P.,
and extend this multiplication by linearity to all other elements of P,. It
is clear that it has all the desired properties. O

Suppose now we are given a Noetherian local ring R and a Gorenstein
ideal I C R of grade g. Let

F:0—F; — - — F — F—0

be the minimal free resolution of R/I. The dual complex F¥ is a minimal
free resolution of Ext}(R/I,R) = R/I, and hence must be isomorphic
to F,. Such an isomorphism is unique up to homotopy, and we are
now choosing one which is derived from the multiplicative structure
on F, as given by 3.4.3. Observe that the multiplication defines maps
F;® F;_; — F; = R which in turn induce R-module homomorphisms
-7 Fi — F;—i'

For:=0,...,9 we let

b= S if 1= 0,1 mod 4,
T | —s ifi=2,3mod4.

Proposition 3.4.4. ¢,: F, — F* is an isomorphism of complexes. In particu-
lar, s;: Fy — Fj_; 1s an isomorphism for 1=0,...,g.

Proor. We denote by d the differential of F.. Let a € F; and b € Fyy1_;
Then ab = 0, and therefore 0 = d(ab) = d(a)b + (—1)'ad(b), or d(a)b =
(=1)"*ad(b). It follows that
si-1(d(@))(b) = d(a)b = (—1)*ad(b) = (~1)* s a)(d(b)
= (=1)"*1d*(s(@))(b)-



124 3. The canonical module. Gorenstein rings

Thus s;1 o d = (—1)"*1d* o 5; which implies that #, is a homomorphism
of complexes. The induced homomorphism Hy(t.): R/I — R/I must be
an isomorphism since # = s is an isomorphism. Since %, extends Hy(%.)
it must be an isomorphism as well. O

We are now ready to prove 3.4.1(b): let
¥
F:0—F——F->F-5R—0

be the minimal free resolution of R/I equipped with a multiplication
as in 3.4.3. Let ey,...,e, be a basis of F5. Then, as we have just seen,
sa(er),...,5(ey) is a basis of Ff, and we may choose basis elements
fi,.., Ju of Fy such that ff = s(e;) for ¢ = 1,...,n. Then ef; = b59
for all 45 = 1,...,n where g is a basis element of F3 and &; denotes
the Kronecker symbol. Let (e) = E;»Lzl a; f;; we claim that (ay) is
skew-symmetric, and all its diagonal elements are 0. To see this, notice
that e;¢(e;) = a;;g. Therefore,

azY(g) = Hejple)) = ple)ple)-

The claim follows since 1) is injective, and since ¢(e;)¢(e;) = —e;) ¢l e;)
and ¢(e;)¢(e;) = 0 according to the multiplication rules.

Now let ¥(g) = Yo, ae; since F, = F¥ 1) is isomorphic to the
transpose of p, and we conclude that I = (a,...,a,). On the other
hand, rank¢ = n— 1 and gradePf(¢) = grade I,_1(¢p), by 3.4.2. Now
grade I,_1(¢) > 3 since F. becomes split exact after localizations at prime
ideals of height < 2. Thus part (a) of Theorem 3.4.1 implies that F.(¢)
is acyclic. In particular it follows that Ker ¢ is generated by Y o pie;
where, up to signs, the p; are the submaximal Pfaffians of ¢. Thus we
have Pf(¢) = I, as desired.

Poincaré duality. Buchsbaum and Eisenbud [65] remark that the mul-
tiplication defined on F. induces a multiplication on Tor.(k, R/I) giving
it the structure of an associative graded alternating algebra. They fur-
ther point out that in view of 3.4.4, Tor.(k,R/I) is a Poincaré algebra
if I is a Gorenstein ideal. Recall that an associative graded alternating
algebra A = @Y , A; is a Poincaré algebra if for all 1 = 0,..., g the Ag-
homomorphisms 4; — Homy, (4,4 4,), @ — @, with ,(b) = ab, are
isomorphisms.

Notice that if R isregular, then there is a natural isomorphism between
Tor.(k, R/I) and the Koszul homology H.(R/I) = H.(x, R/I) where z is a
minimal set of generators of the maximal ideal of R; see 1.6.9. It can be
shown that this is an isomorphism of algebras. In particular, the Koszul
homology H.(R) of a Gorenstein ring is a Poincaré algebra. This is one
direction of the theorem of Avramov and Golod [32] which asserts that a
Gorenstein ring is characterized by its Koszul homology. Their theorem
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complements the result 2.3.11 of Tate and Assmus according to which
the Koszul algebra of a complete intersection is an exterior algebra. We
will present their proof which is independent of the above considerations.

Theorem 3.4.5 (Avramov—Golod). Let (R, m, k) be ¢ Noetherian local ring,
and let n = embdim R — depth R. The following conditions are equivalent:
(a) R is a Gorenstein ring;

(b) H.(R) is a Poincaré algebra;

(c) the k-linear map H, 1(R) — Homy(Hi(R), Hy(R)) induced by the mult-
iplication on H.(R) is a monomorphism.

We begin with a few preliminary remarks. Suppose ¢ = depth R > 0.
By 1.2.2 (choose M = R and N = m), there exists an R-regular element
11 € m\m?. Hence by induction on ¢ we may construct an R-sequence y =
Y1,-- -, Yt such that y is part of a minimal system of generators of m. By
1.6.13, one has H,(R) = H.(R/yR) as graded k-vector spaces. Inspecting
this isomorphism we see that it is actually a k-algebra isomorphism. On
the other hand, R is Gorenstein if and only if R/yR is too. Thus we may
assume that depth R = 0.

Let ® = @,...,x, be a minimal system of generators of m, and
K. = K.(x) the Koszul complex of this sequence; then, by definition,
H.(R) = H.(K.). Note that K, is a Poincaré algebra: let ey,..., e, be an R-
basis of Kj; then, in the terminology of Section 1.6, the er, I C {1,...,n},
|I| = 4, form an R-basis of K;, and we have e;Aey = o(I, J)er A-+- A e, for
JCA{1,...,n},|J| = n—1i. Here o(I,J) = £1if INJ = 0, and 0 otherwise.
This clearly proves that the maps w;: K; — Hompg(K,—;, K,), wi(a) = ¢,
with @4(b) = a A b, are isomorphisms as asserted.

We denote by d, the differential of K,. Then d, and its dual anticom-
mute with w,. In other words, we have

wiig 0 dy = (—1)"  Hom(d,_11, K) 0 wi

for all ¢ = 0,...,n This equation is stated in 1.6.10, the only difference
being that there K, is identified with R. It follows that the isomorphisms
w; induce isomorphisms &;: H(R) — H" '(R) where we identify H" %(R)
with H"%((K.)*), and where (K.)* = Homp(K., K,).

Consider the diagram

H(R) —2 . Homy(H,_{R), H:(R))

m,l l%

Hn—i(R) L) HomR(Hn—i(R)a Kn)

Here the upper map 4; is induced by the multiplication on H.(R). We
have just seen that w; is an isomorphism. The lower map (3; is the natural
homomorphism which assigns to a homology class 9, 1 an (n— t)-cycle in
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(K.)*, the (well defined) homomorphism G;(%) € Homg(H, (R), K,) with
B ¥)(@) = ¥(a), a € K,; a cycle. Next note that H,(R) = Soc K, C K,.
We define ¥; to be Hom(H,_{R), ) where ¢: Soc K, — K, is the natural
inclusion. It is clear that 7; is an isomorphism. In fact, since H, {R) is
annihilated by m, any homomorphism H, (R) — K, necessarily maps
H,_{R) into Soc K,,.

We leave it to the reader to check the commutativity of the diagram.
In conclusion we have that A; is a mono-, epi-, or isomorphism if and
only if §; is too. We will determine the kernel and cokernel of S,

Lemma 3.4.6. Let B, denote the boundaries of K,. Then for any 1 we have
a long exact sequence

0 — Exth(K;_1/Bi_1, K,) — H(R) i Homp(H(R), K,)
— Exty(Bi1, Ky) — -

ProoF. The short exact sequence 0 — H(R) — K;/B; — B;_1 — 0 gives
rise to the long exact sequence

0 —> Homp(Bi_1, K,) — Homp(Ki/B;, K,) —> Hompg(H{R), K,,)
— Exty(Bii1, Kp) — -+ -

It is immediate to see that Im 5, ; = Im oy, so that the sequence

H'(R) il Homp(H(R), K,) — Exth(B;_1, K,) — - -
1s exact.

The module U of i-cycles of (K.)* whose homology classes belong to
Ker f3,; is the module of homomorphisms ¢ € (K;)* for which |z = 0
(Z; cycles in K;). Therefore U is isomorphic to Hompg(B;_1, K,). Under
this identification Ker ,_; equals U/V where V is the module of homo-
morphisms ¢: B;_; — K, which can be extended to K; ;. This means
that Ker 8,_; = Exty(K;_1/Bi_1, K,). O

In order to complete the proof of 3.4.5 we need the following

Lemma 3.4.7. Let (R,m k) be a Noetherian local ring of depth 0. If
Exth(k, R) = 0, then R is Gorenstein.

ProoF. The hypothesis implies that the functor Hompg(_, R) is exact on
the category of R-modules of finite length. This yields £(Hompg(M, R))
= ¢(M) €(Homp(k, R)) for any R-module of finite length M.

Now assume dim R > 0. Then 4(R/m"), and so &(Hompg(R/m" R)),
tends to infinity with n. On the other hand, Hompg(R/m™ R) = 0 : m™.
Since 0 : m C 0 : m? C --- is an ascending chain of ideals, and since R
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is Noetherian, this chain stabilizes. Consequently, £ Hompg(R/m" R)) is
bounded, a contradiction.

Thus R is a zero dimensional ring for which Hompg(_, R) is an exact
functor. Hence R is an injective R-module, and so R is Gorenstein by

definition. O

End of the proof of 3.4.5: We have already accomplished the reduction
to the case depth R = 0.

(a) = (b): Since R is Gorenstein and K, = R, all Ext groups in the
exact sequence 3.4.6 vanish, and so ; is an isomorphism for all =

(b) = (c) is trivial.

(c) = (a): By assumption A,_; is injective, and this implies that 8,1
is injective. Thus it follows from 3.4.6 that Exth(Ko/By, R) = 0. Now
3.4.7 completes the proof since Ky/By = k.

Corollary 3.4.8. Let R be a Gorenstein local ring which is not a complete
intersection. Then Hi(R)"! = 0 for n = embdim R — dim R.

PROOF. Suppose the vector subspace Hy(R)"! of H,_1(R) is not zero. Then
Hi(R)" # 0 since Ay: Hy(R) — Homy(H, 1(R), H,(R)) is an isomorphism.
This contradicts 2.3.15. O

Exercises

3.4.9. Let kbe a field and I C k[[X;, X;, X;] the ideal generated by the polynomials
X-X2, X2 - X2, X, X5, X X, X, X;. By 3.2.11 it is a Gorenstein ideal of grade 3.
Compute its free resolution (as a k[[X;, X,, X;]-module).

3.4.10. Let (R,m,k) be a Cohen—Macaulay local ring with canonical module
wg, and @ a minimal set of generators of m. We denote by H,(M) the Koszul
homology of an R-module M with respect to @. Recall that H,(M) is an H,(R)-
module. Let n = embdim R — dim R. Show that for all 2, 0 < ¢z < n, the
k-linear map H(R) — Homy(H, (wg), Hy(wg)) which is induced by the scalar

multiplication of H,(R) on H,(wg) is an isomorphism.

3.5 Local cohomology. The local duality theorem

The canonical module was introduced by Grothendieck in connection
with the local duality theorem which relates local cohomology with certain
Ext functors. We will describe this approach to the canonical module
in this section. First local cohomology functors will be introduced, and
it will be shown that the depth and the dimension of a module can be
expressed in terms of their vanishing and non-vanishing. We end with
the local duality theorem.

Let (R, m, k) be a Noetherian local ring and M an R-module. Denote
by I'm(M) the submodule of M consisting of all elements of M with
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support in {m}. That is,
T(M) = {z € M: m*z = 0 for some k > 0}.

Let F = (It)i>0 be a family of ideals of R such that I; C I for all j > k.
Then F defines a topology on R; see [270], Section 8. F gives the
m-adic topology on R if and only if for each I there is a 5 € N such
that m? C I, and for each m® there is an I € N such that I; C m"

It is clear that for any such family one has

I'm(M) = {z € M: Itz = 0 for some k > 0}.

Let @ = @y, ..., x, be a sequence of elements in R generating an m-primary
ideal. We set
cck::c]f,...,:cﬁ for all k> 0.

The family (=) gives the m-adic topology on R, and so
Tm(M) = {y € M: (a")y = 0 for some k > 0}.

Noting that Homg(R/I,M) = {x € M: Iz = 0} for any ideal I of R, we
obtain natural isomorphisms

In(M) = lim Homg(R/m"*, M) = lim Homg(R/("), M).

Proposition 3.5.1. I'm(_) is a left exact additive functor.

ProoF. The additivity of I'm(-) is trivial. We show that I'm(_) is left exact.
If
a B
0 — M1 — M2 — M3
d 1
is exact, then we have a sequence 0 — I'm(M;) — I'm(Ma) L (M),
where o = I'm(a) = o|r,a0) and ' = I'm(B) = Blrus)-

It is obvious that o is injective. Let @ € Ker f'; then 8(x) = 0, and
so there exists y € Mj such that © = o(y). Since © € I'm(My), there exists
an integer k > 0 such that m*z = 0. It follows that m*e(y) = e(mfy) = 0.
But a is injective, and so y € I'm(Mi) and o(y) = «.

Definition 3.5.2. The local cohomology functors, denoted by H:(.), are
the right derived functors of I'm(_). In other words, if I* is an injective
resolution of the R-module M, then H} (M) = H(I'm(I*)) for all i > 0.

Remarks 3.5.3. (a) Let M be an R-module; then HY(M) = I'n(M) and
H. (M) =0 for i< 0.

(b) If I is an injective R-module, then H} (I) = 0 for all i > 0.

(c) For any R-module M and all i > 0 one has

Hi, (M) = lim Exty(R/m", M) = lim Ext(R/(2), M),
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where @ is a sequence in R generating an m-primary ideal.
(d) A short exact sequence of R-modules

00— M — M, — M; — 0
gives rise to a long exact sequence
0 — Iin(Mi) — Iin(Mz) — In(Ms) — Hy(Mi) — -+
- H?'n_l(Ms) - H?n(Ml) - H?n(M2) o

Only (c) needs some explanation: lim is an exact functor; see [318],

Theorem 2.18. Therefore if I* is an injective resolution of M, then
Hp (M) = HY(lim Homg(R/m", I')) = lim H'(Homg(R/m", I'))
~ 1 i k
>~ h_n)lExtR(R/m , M).

Note that
I'm(E(R/p)) = { 0 . otEerwise;

see 3.2.7 and part (1) of the proof of 3.2.13. Using the structure of the
minimal injective resolution E*(M) of M given in 3.2.9, we conclude that
I'm(E*(M)) is a complex of the form
0 — E(kymM) _, ppytmM) .. Bk
This entails
Proposition 3.5.4. Let (R,m,k) be a Noetherian local ring and M a finite
R-module.
(a) The modules H. (M) are Artinian.
(b) One has Hj(M) = 0 if and only if i < depth M.
(c) If R is Gorenstein, then
; ~ [ E(k) fori=dimR
Hi(R) = { ,
m(£) 0 otherwise.
(d) Let N denote the m-adic completion of an R-module N. Then
Hi(M)= H.(M)®g R= H,(M)  forall i>0.

Proor. (a), (b) and (c) follow from the structure of I'm(E*(M)) and the
fact that depth M = inf{i: py(m, M) # 0}.

(d) As Hi(M) is Artinian, it is the direct limit of submodules U; of
finite length. For each U; one has U; Qp E= U;, and so

Hy (M) = lim(U; ©z R) = (lim Uj) @ R = Hy (M) o k.
Using the R-flatness of R, we get
H;, (M) ®p R = lim Extp(R/m?, M) @r R = lim Exty(R/w, M)

~ H. (M) O
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Local cohomology and the Koszul complex. Our next goal is to construct
a more explicit complex whose cohomology gives us H;,(M). Let @ =
o1,...,&, be a system of parameters of R. For all [ > 0 we get a
commutative diagram

%

Kl(ccl"'l) E— Kl(ccl)

l l

Kg(wl+1) _ Kg(wl)
with cp(ll)(ei) = @e; for i = 1,...,n (In both Koszul complexes we denote
the natural basis of K3 = R" by ei,..., €,).
Let cpgl) =N cp(ll); then 9: K.(®*!) — K.(a!) is a complex homo-
morphism; see 1.6.8. We denote by
o Ko(#) — K (@)

the dual complex homomorphism. This can be done for each [, and so
we obtain a direct system of complexes. Thus we may form the complex

. ool
On the other hand, one defines a complex

c:0—C—C— ... — C"—0,

Ct = @ Rmﬂ%...mﬂ,

1< < <<h<n
where the differentiation d*: C* — C™! is given on the component

R

—s R

Ty Ty Ty Ty

to be the homomorphism (—1)*~!-nat: Ry, oz, = (B o), i {10y 13}

= {j],...,_};,...,j-H_l} and 0 otherwise.

The complex C* is called the modified Cech complex. In the usual
Cech complex, €? is replaced by 0 and the homological degree is shifted
by 1.

Proposition 3.5.5. lim K*(2') = C°.
—
Proor. For all [ > 0 we define a complex homomorphism
1

(wjl Ly =t wjt)l

Y K@) — ¢ by (e A ne)) =

’

here (ej, A--- A e;,)* is an element of the basis of (A’ R")* which is dual
to the standard basis of /\tR". A straightforward calculation shows
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(i) 9 is indeed a complex homomorphism,

(ii) ¥ = i, 0 ¢ for all I > 0, and therefore the family (v;) induces a

complex homomorphism " : h_II)lK(CCl) — ",

(iii) 4" is an isomorphism.

Note that for (iii) one essentially has to verify that R, ..z, is the limit of

the direct system (Fj)i»o in which F; = R for all 7 and the map F; — Fiq

is just multiplication by xy, - - - @, O
The importance of these complexes results from

Theorem 3.5.6. Let M be an R-module. Then

, o~ i "ot o .
H?n(M)_H'L(M(X)RC)_h_n}H"L(cc,M) forall 1> 0.

ProoF. The second isomorphism follows from the fact that h_II)l is an exact

functor, and hence commutes with cohomology. In order to prove the

first isomorphism, we show that the functors H(_ ® C*) are the right

derived functors of I'm(-).

Identifying M ® R, with M, we have

H(M @y C°) = Ker(M — P Ms).
j=1

The kernel consists of all m € M for which there exist integers [,
j=1,...,n,such that :cjl’m = 0, and this set is obviously equal to I'm(M).

Since C* is a complex of flat R-modules, the exact sequence of R-
modules

00— M — M, — M; — 0
yields the exact sequence
0 — Mi®rC — M2®gr C" — M3 ®g C" — 0,

from which we obtain the long exact sequence

0— HO(Ml ®r C') — HO(M2 ®rC') — HO(M3 Qr C*)
— H'(My; @ C") — H'(My®p C") —> -

It remains to show that H'(I @ C*) = 0 for i > 0 and any injective
R-module I. Of course we may assume that I is indecomposable.

Let I = E(k) and a € E(k). Then for 7 = 1,...,n there exist integers
L > 0 such that :cjl’fa: 0, and so E(k) ® C* = 0 for i > 0.

Next assume I = E(R/p), p # m; then there exists 5 € {1,...,n}
such that =; ¢ p. We claim that multiplication by «; on E(R/p) is an

isomorphism. It is certainly a monomorphism since Ass E(R/p) = {p} (see
3.2.7) and since x; ¢ p. The submodule =; E(R/p) of E(R/p) is an injective
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module since x;E(R/p) = E(R/p), and hence is a direct summand of
E(R/p). But E(R/p) is indecomposable, and so «=; E(R/p) = E(R/p). We
can then define a homotopy ¢* of the complex E(R/p) @ C*:

o': E(R/p) ®r C' — E(R/p) @ C*
is defined on the component E(R/p)s, ..c;; — E(R/P)s,..c,  to be
(=1)*7! - nat, if {J1,...,50-1} = {il,...,;’;,...,il} and 7, = 7, and 0 oth-
erwise. It is easily verified that ¢° is a contracting homotopy, that is, the

identity and the zero-map of the complex are homotopic via ¢*. This
implies that E(R/p) @ C* is exact. O

Grothendieck’s theorems. We are now in the position to prove the follow-
ing important vanishing theorem.

Theorem 3.5.7 (Grothendieck). Let (R,m, k) be a Noetherian local ring
and M a finite R-module of depth t and dimension d. Then

(a) Hi(M) =0 for i< tandi> d,

(b) Hi(M) # 0 and HE(M) # 0.

Proor. We first note the following rule which will be used several times
in the proof of (a) and (b):

Let w: (R,m k) — (R ,m',K) be a local ring homomorphism such
that mR' is an m'-primary ideal. Then for any R'-module M one has

(3) H: (M) = H..(M) forall 7> 0.

Of course, on the left hand side of this formula M is considered as an
R-module.

In fact, if m = (@) with @ = @1,..., @, and if @ = ¢(z1),..., Y(zn),
then C° @ M = C" ®@p M, where C* and C" are the complexes of 3.5.6
defined with respect to @ and @. The isomorphism (3) follows from 3.5.6.

(a) We only need to prove that H: (M) = 0 for i > d. The other part
of statement (a) has already been shown in 3.5.4.

Let R — R' = R/ Ann M be the canonical epimorphism. Then M is
an R'-module with dim M = dim R'. Using (3) we may therefore assume
that dim R = dim M = d. Let ® = x,..., x4 be a system of parameters of
R, and let C* be the complex 3.5.6 defined with respect to @ Then C* = 0
for i > d, and so Hi (M) = H(M ®z C*) = 0 for i > d; see 3.5.6.

(b) We proceed by induction on ¢ in order to show that Hf,(M) # 0.
If t= 0, then 0 # Soc M C HY(M). Now suppose t > 0; then there exists
an M-regular element = € m. The exact sequence

0— M- M—s M/zM —0

yields the exact sequence 0 = HL (M) — HI'(M/xzM) — H}(M).
By our induction hypothesis we have Hi'(M/xzM) # 0; this implies
HL(M) £ 0.
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Finally we show that HZ(M) # 0. Using 3.5.4 and the fact that
dim M = dim M for the m-adic completion M of M, we may assume that
R is complete.

Let p € Supp M with dim M = dim R/p. Then dim M/pM = dim M
= d, and we get an exact sequence of R-modules

0—U—M-— M/pM — 0,

inducing the exact sequence HZ(M) — HE(M/pM) — HEY(U). Ac-
cording to (a) we have HZt}(U) = 0, and so, if HZ(M/pM) # 0, then
HZ(M) # 0. As M/pM is an R/p-module we may as well assume, by (3),
that R is a domain and dim R = dim M.

Any complete Noetherian domain has a Noether normalization: there
exists a regular local subring (S5,n) such that R is a finite S-module; see
A.22. In particular, the extension ideal nR is m-primary. Again using (3)
we may replace R by S, and so may assume that R itself is regular. Let
K be the fraction field of R, and let a: M — K ®p M be the canonical
homomorphism. We set U = Kera and N = Im a. Then we obtain the
exact sequence

(4) 0—U—M-—N—0,
and, as a consequence of Exercise 1.4.18, an exact sequence
(5) 0—N—R — W—0,

where s = rank M = rank N and consequently dim W < dim R = d.
As dim W < d, (5) yields the exact sequence

HZ(N) — HE(R®) — HZ(W) = 0.

We have HE(R®) = HE(R)® = E(k)* (see 3.5.4) and so H(N) # 0. Finally,
from the exact sequence (4) it follows that HZ(M) # 0. O

The next theorem is known as the local duality theorem.

Theorem 3.5.8 (Grothendieck). Let (R,m, k) be a Cohen—Macaulay com-
plete local ring of dimension d. Then for all finite R-modules M and all
integers i there exist natural isomorphisms

an(M) ~ HomR(Ext}iz_i(M, wr), E(k)), and
Exth(M, wg) = Homp(HE (M), E(k)).

ProoF. The first isomorphisms result from the second by Matlis duality
3.2.13. For the proof of the second isomorphisms note that both sides
vanish for i < 0; see 3.5.7. For i > 0 we set T%(_) = Homp(HZ'(_), E(k)).
It is clear that 7°(_) is a contravariant left exact functor which maps



134 3. The canonical module. Gorenstein rings

direct sums to direct products. Hence there exists an R-module C such
that
T°() = Homg(_, C);

see [318], Theorem 3.36. It follows that C = T°(R). As HZ(R) is an
Artinian module, Matlis duality 3.2.13 implies that C is a finite R-module.

In order to conclude the proof we will show that the functors T¢)
are the right derived functors of T°_), and that C = wp.

Remark 3.5.3 implies immediately that the functors T%(_) are strongly
connected (see [318], p. 212). Thus the T_) are the right derived functors
of T°(), once we have shown that TF) = 0 for every free R-module F
and all ¢ > 1.

The functors T%(_) map direct sums to direct products, and so it
suffices to show that T(R) = 0 for i > 1, or equivalently that H},(R) =0
for 7 < d. This however follows from 3.5.7 since R is Cohen—Macaulay.

Summing up we have

(6) Homp(Hi (M), E(k)) = Ext& (M, C)
for all 7 and all R-modules M. Now 3.5.7 yields

; |k fori=0, i ~ )k fori=d,
H (k) = { 0 fori>o0, and therefore Exty(k, C) = { 0 forid,
by (6). Thus it follows from the remark after 3.3.1 that C = wp. O

Grothendieck’s duality theorem has the following often applied vari-
ant:

Corollary 3.5.9. Let (R, m, k) be a Cohen—-Macaulay local ring of dimension
d which is the homomorphic image of a Gorenstein local ring. Then R has
a canonical module, and for all finite R-modules M and all integers 1 there
exist natural isomorphisms

H: (M) = Homp(Ext (M, wg), E(k)).

Proor. For the proof we apply 3.5.4, 3.3.5, and Exercise 3.2.14. Then
Hi (M) 2 H (M) = Homy(Ext™(M, wy), (k)
>~ Homp(Ext (M, w), E(k)). O

Remark 3.5.10. Let (R,m,k) be a complete local ring. The proof of
3.5.8 shows that the functor Hompg(HZ(.), E(k)) is representable, even if
R is not a Cohen—Macaulay ring. In other words, there exist a unique
R-module Kp (in the proof of 3.5.8 this module was denoted by C) and
a canonical isomorphism

Homp(HZ (M), E(k)) = Homp(M, Kz)
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for all R-modules M.

Of course, Kp = wpg if R is Cohen—Macaulay. Even in the more
general situation when the ring is not Cohen—Macaulay, the module
Kp is often called the canonical module of R. Its properties have been
investigated by Aoyama [10]. Schenzel [329] has introduced the canonical

module K of an R-module M.

The local duality theorem combined with 3.5.7 allows us to generalize
3.3.10(d).

Corollary 3.5.11. Let (R,m k) be a Cohen—-Macaulay local ring of dimen-
ston n with canonical module wg, and M a finite R-module of depth t and
dimension d. Then
(a) Exth(M,wg) =0 fori<n—d and i > n—1t,
(b) Ext}'z(M,wR) #0 fori=n—dandi=n—1,
(c) dim Ext%(M, wg) < n— i for all i > 0.
PRrOOF. We have Exth(M, wp) = Ext%(][/[, wy) for all > 0, since (wg) =
wy, (see 3.3.5). Under completion depth and dimension of a module are
preserved. We may therefore assume that R is complete, and so (a) and
(b) follow from 3.5.7 and 3.5.8.

To prove (c), we choose p € Supp Exth(M, wg) such that

dim Exth(M, wg) = dim R/p = dim R — dim R,,.
(The last equality holds since R is Cohen-Macaulay; see 2.1.3.) By the
choice of p we have

0 # Extyp(M, wr)p = Exty, (Mp, wg,),

and so (a) yields i < dim R, = n — dim Exty(M, wg). O

Exercises

3.5.12. Let (R, m) be a Noetherian local ring, and M a finite R-module. Prove:
(a) If p; ¢ (m, M) = 0 and py(m, M) # 0, then Hi(M) # 0.

(b) Suppose inj dim M = oo; then pm, M) # 0 for all ¢ > dim M.

3.5.13. Find a Noetherian local ring (R,m) of dimension d and depth ¢ with

(a) Hi(R)#0fori=1¢,...,d,

(b) Hi(R) =0 for i # tand i # d.

3.5.14. Let (S, n, k) be a complete Cohen—-Macaulay local ring, (R, m, k) a residue
class ring of S, and M a finite R-module. Show that

Homg(H;, (M), Er(k)) = Homg(Hy( M), Es(k)),

and derive the following version of the local duality theorem: for all integers ¢
there exist natural isomorphisms

Homg(H (M), Ex(k)) = Exti {(M,ws),  d=dimS5.
Hint: See the first step in the proof of 3.5.7, and use 3.1.6.
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3.5.15. Let (R,m, k) be a regular local ring of dimension d > 2. Let E be a finite
R-module which is locally free on the punctured spectrum of R. That is, E, is
free for all p € Spec R, p # m. Show

(a) Y HL(E)) < oo for all i < d,

(b) the R-dual E* of F is again locally free on the punctured spectrum of R, and
Hi(E*)=0{for:=0,1,

(¢) HiY(E*) = Homg(HE Y(E), B(k)) for i=1,...,d — 2.

3.6 The canonical module of a graded ring

For a graded ring R we define the canonical module in the category of
graded R-modules and establish the graded version of the local duality
theorem. Under certain restrictive assumptions on R the degrees of the
generators in a minimal set of generators of the canonical module are
uniquely determined, and one defines the a-invariant of R to be the
smallest of these degrees, multiplied by —1.

We adopt the assumptions and notation of Section 1.5. Thus R will be
a Noetherian graded ring, and My(R) the category of graded R-modules.
My(R) is an Abelian category which has direct sums and direct products;
see 1.5.19. Likewise limits and colimits exist in Mp(R). As we have
already mentioned in Section 1.5, My(R) has enough projectives. Our
next concern will be to show that AMy(R) has enough injectives as well.

*Injective modules. A graded R-module M is called *injective if it is an
injective object in My(R). One sees easily that this is the case if and only
if the functor

*Hompg(_, M): My(R) — My(R)

1s exact.

A *injective module M need not be injective (in the category M(R);
see 3.6.5). Just as in the category of all R-modules, one calls an extension
N C M of graded R-modules *essential if for any graded submodule
0# U C M one has UN N # 0. If, in addition, N # M, the extension
1s called a proper *essential extension. Similarly as in the non-graded case
(see 3.2.2) one shows

Proposition 3.6.1. A graded module is *injective if and only if it has no
proper *essential extension.

We now prove that any graded R-module has a *injective hull. In
analogy to the definition in the non-graded case, E is called a *injective
hull of M if it is *injective and a *essential extension of M.

Theorem 3.6.2. Any graded R-module M admits a *injective hull, and any
two *injective hulls of M are isomorphic.
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Proor. We embed M into a (not necessarily graded) injective R-module
I. According to 3.1.8 this is possible. Similarly as in the proof of 3.2.4 we
consider the set S={N: M C NC I, M C N is *essential}. We define
a partial order < on & by setting Ny < N if Nj is a graded submodule
of N;. Zorn’s lemma applied to this set yields a maximal *essential
extension M C E with E C I. Suppose E is not *injective; then F has a
proper *essential extension E C E' by 3.6.1. As I is injective, there exists
an R-module homomorphism «: E' — I (not necessarily homogeneous),
extending the inclusion £ C I. We claim that ¢ is injective. In fact,
assume that there is a non-zero element « € Ker ¢, say ¢ = @, + - - - + @,
with z; homogeneous of degree 7, r < s, and @, # 0. We show by induction
on s— r that there exists a homogeneous element a € R such that axz € F
and ax # 0. Since ¢|g is injective, this gives a contradiction.

If s—r =0, = i1s homogeneous, and the assertion follows since the
extension F C E' is *essential. Now suppose that s — 7 > 0. We choose a
homogeneous element a € R such that ax, € E\ {0}. Let

d=z-—z=xzpn+t -+

If ad = 0, then ax = az, € E\ {0} and we are done. Otherwise ax’ # 0,
and by our induction hypothesis we may choose a homogeneous element
b € R such that bax’ € F and bax’ # 0. Then bax = baz + bax, € E, and
baz # 0.

Next let E = Im . As ¢ is injective we may give E a natural graded
structure (E’l = @(E;) for all i € Z). Then E C E is a proper *essential
extension with E C I, contradicting the maximality of E.

The uniqueness of the *injective hull is proved as in the non-graded
case. O

We denote the *injective hull of a graded R-module M by *E(M) or
*Er(M) .

The preceding theorem impliesin particular that any graded R-module
N has a *injective resolution. That is, there exists a complex

r-o—mr—-pr—-pr—..

with *injective modules I' such that H°(I*) = N and H'(I') = 0 for i > 0.
Given such a *injective resolution I of N we have

*Exty(M, N) = H(*Hompg(M, I'))

for all > 0 and all graded R-modules M.

We omit the proofs of the following two results which have their
analogues in 3.2.6, 3.2.7, 3.2.8, and 3.2.9, and which can be proved along
the same lines as in the corresponding local case.
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Theorem 3.6.3. Let R be a Noetherian graded ring. Then
(a) Ass*E(M) = Ass M for all M € My(R),
(b) E € My(R) is a *indecomposable *injective module if and only if

B = “E(R/p)(n)

for some graded prime ideal p € R and some integer n € Z,

(c) every *injective module can be decomposed into a direct sum of *inde-
composable *injective modules, and this decomposition is unique up to homo-
geneous isomorphism.

Proposition 3.6.4. Let R be a Noetherian graded ring, and M a graded
R-module. Consider the minimal *injective resolution

4 4!

0—M— *E'O(M) — *E'l(M) — e

of M (which is obtained recursively by setting *E{( M) = *E(Im d*1)). Then,
for every graded prime ideal p of R and for every integer i > 0, the
Bass number p(p, M) equals the number of graded R-modules of the form
*E(R/p)(n), n € Z, that appear in *EY(M) as direct summands.

For any M € My(R) we denote by *inj dim M the *injective dimension.

Theorem 3.6.5. Let R be a Noetherian graded ring and M € My(R). Then
(a) injdim M < *injdim M + 1,

(b) if M is *injective, then injdim M = 1 if and only if p*€ Ass M for
some non-graded prime ideal p of R.

For the proof of 3.6.5 we will use

Proposition 3.6.6. Let M € My(R) and p a non-graded prime ideal in R.
Then wo(p, M) = 0, and pi1(p, M) = wi(p*, M) for every integer i > 0.

The proof of this proposition is already given in 1.5.9, where we
actually prove more than is stated in that theorem itself.

Proor or 3.6.5. (a) We may assume that *injdimM = ¢ < co. Let
p € Spec R; we want to prove that w(p, M) = 0 for 7 > ¢+ 2. This is
certainly true when p is a graded prime ideal; see 3.6.4. Now suppose
that p is not a graded prime ideal. Then w;1(p, M) = w(p*, M) by 3.6.6
and w(p*, M) = 0 for 7 > t+ 1, hence the assertion follows.

(b) injdim M = 1 happens if and only if 14(p, M) # 0 for some non-
graded prime ideal p of R. But w(p, M) = uo(p* M), and so w(p, M) # 0
if and only if p*€ Ass M. O

Corollary 3.6.7. Let R be a Noetherian graded ring and m a graded mazimal
ideal of R. Then
*E(R/m) = E(R/m).

Proor. By 3.6.3 we have Ass*E(R/m) = {m}, and so 3.6.5 implies that
*E(R/m) is injective as an object in M(R). Since uo(m,*E(R/m)) = 1 (see
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3.6.4), we conclude that *E(R/m) is indecomposable in M(R), and hence
by 3.2.6 it must be isomorphic to E(R/m). O

The *canonical module of a graded ring. Recall from 1.5 that a graded
ring is a *local ring if it has a unique *maximal ideal, that is, a graded
ideal m which is not properly contained in any graded ideal # R.

Definition 3.6.8. Let (R, m) be a Cohen—-Macaulay *local ring of *dimen-
sion d. A finite graded R-module C is a *canonical module of R if there
exist homogeneous isomorphisms

“Bxty(R/m, C) = {; P

For a finite graded R-module M it may happen that there exists
a homogeneous isomorphism M = M(:) with ¢ # 0. To avoid this
phenomenon, one has to require that R has no homogeneous units of
positive degree. For a *local ring (R, m) this is the case if and only if m
is maximal (in the usual sense); see 1.5.16.

Proposition 3.6.9. Let (R, m) be a Cohen—-Macaulay *local ring, and C be
a *canonical module of R. Then

(a) C is a canonical module of R,

(b) C is uniquely determined up to homogeneous isomorphism, provided m
s mazimal.

Proor. (a) We need to show that C, is a canonical module of R, for all
p € Spec R. First, let p € Spec R be a graded prime ideal; then p C m.
The definition of the *canonical module implies that Gy is a canonical
module of Ry, and so G is a canonical module of R,; see 3.3.5. Now let
p € Spec R be a non-graded prime ideal. Then piy1(p, C) = wi(p*, C), by
3.6.6, and the assertion follows again.

(b) Let C' be another *canonical module. Remark 3.3.17 implies that
*Hompg(C, (") is a projective module of rank 1, and hence, as a graded
module, is free (see 1.5.15). Therefore, *Hompg(C, C') = R(3) for some
i € Z. This implies *Hompg(C, C'(—i)) = R. Let ¢ € *Hompg(C, C'(—1))
be an element corresponding to 1 under this identification. Then, since
*Hompg(C, C'(—7)) = Hompg(C, C') by Exercise 1.5.19(f), it follows from
(a) and 3.3.4(c) that ¢ is locally an isomorphism. But then ¢ is a
homogeneous isomorphism, and we have

R/m = *Exty(R/m, C) = *Extp(R/m, C'(—1))
> *Extp(R/m, C')(—1) = (R/m)(—1).
Therefore i = 0, and C =2 C'. O

Example 3.6.10. Let R = k[X;3,...,X,] be a polynomial ring over a field,
and assign to the indeterminates the degree deg X; = a; > 0 forz=1,...,n.
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The *maximal ideal of R is m = (Xjy,...,X,), and the Koszul complex of
Xi,...,X, yields a homogeneous free resolution of R/m whose last term
is R(— Y7 ; &). From this one concludes that *Exti(R/m, R)=0fori# n,
and *Ext"(R/m,R) = (R/m)(}..,a). In other words, the *canonical
module of R is R(— Y7, a;).

Proposition 3.6.11. Let (R,m) be a Cohen-Macaulay *local ring with
*canonical module wg. The following conditions are equivalent:

(a) R is a Gorenstein ring;

(b) wr = R(a) for some integer a € Z.

ProoF. R is Gorenstein if and only if wyg is locally free. By 1.5.15(d) this
is the case if and only if wg = R(a) for some a € Z. O

The number a occurring in 3.6.11 is a numerical invariant of the
Gorenstein *local ring (R, m), provided m is maximal. In the case of a
positively graded algebra over a field it will be given a special name; see
3.6.13.

Let (R, m) be a Cohen-Macaulay *local ring with *canonical module
wpg. The *canonical module is a graded module, and by 1.5.15, every
minimal system of homogeneous generators of wg has exactly {(wr)m)
elements. In analogy to the local case we define this number to be the
type of R, and denote it by 7(R).

In view of 3.6.11 it is clear that R is Gorenstein if and only if »(R) = 1.

For the sake of completeness we list a few change of rings properties
of the *canonical module. While part (a) of the next proposition follows
easily from the results proved so far, it is best to use the change of rings
spectral sequence

*Exth(k, *Exti(S, wp)) :p> *Exty(k, wg)

for (b) (see [318], 11.66); the reduction we used for the corresponding
local result 3.3.7 is only possible if homogeneous systems of parameters
are available.

Proposition 3.6.12. Let (R,m) be a Cohen-Macaulay *local ring with
*canonical module wpg.
(a) If p is a graded prime ideal of R, then wpy, = (wg)(y) up to a shift.
(b) Let w: (R,m) — (S,n) be a ring homomorphism of Cohen—Macaulay
*local rings satisfying

(1) (R) C S; for all 1€ Z,

(i) p(m) Cm,

(iii) S is a finite graded R-module.
Then wg = *ExtE(S, wg), where t =*dim R — *dim §.

Example 3.6.10 and 3.6.12 imply that any Cohen—Macaulay positively

graded algebra over a field admits a *canonical module. Following Goto
and Watanabe [134] we define:



3.6. The canonical module of a graded ring 141

Definition 3.6.13. Let k be a field, and R a Cohen—Macaulay positively
graded k-algebra. Then

a(R) = —min{i: (wg); # 0}
1s called the a-invariant of R.
As a consequence of 3.6.12 we have

Corollary 3.6.14. Let R be a Cohen—Macaulay *local ring with *canon-
ical module wg, and let ® = x1,...,x, be an R-sequence of homogeneous
elements with degx; = a; for i=1,...,n. Then

WR/er = (wR/ccwR)(Z ;).

=1

In particular, if k be a field, and R a Cohen—Macaulay positively graded
k-algebra, then a(R/xR) = o(R)+ Y7 ; a.

Proor. The Koszul complex K.(x; R) is a graded free R-resolution of
R/xR, and K,(x; R) = R(— Y., &). From 3.6.12 we obtain
wr/ap = *Extp(R/TR, wg) = H'(x, wp) = (wr/@wr)() @) O
i=1
Examples 3.6.15. (a) A graded polynomial ring R = k[Xj,...,X,] over a
field k with deg X; = a; > 0 has the a-invariant ao(R) = — Y7 ; deg a..

(b) Let k be a field, and R — § a homomorphism of Cohen-Macaulay
positively graded rings with *maximal ideals m and n, respectively. Sup-
pose the homomorphism satisfies the conditions of 3.6.12(b), and suppose
further that S has a finite free homogeneous R-resolution

0O —F—F 41—+ —Fp— 5 —0,

where ¢t = dim R — dim S. Write Fy = @,z R(—a); then o(S) = o(R) +
max{q;: 7 € Z}. This is proved exactly as in the special case 3.6.14.

Local Duality. Our final objective is to derive the graded version of the
local duality theorem. We begin with Matlis duality.

Let (R, m) be a Noetherian *local ring; then Ry is local with maximal
ideal mg. We consider Ry as a graded ring by defining (Rp); = 0 for
1 £ 0. Similarly any Rg-module may be considered a graded Rp-module
concentrated in degree 0. Moreover, if M is a graded R-module, it may
be viewed as a graded Rp-module as well. Thus we can define

M"Y = *Homg, (M, Eg,(Ro/my)).
A priori, MY is a graded Ryp-module whose grading is given by
(M"); = Homp, (M_, Eg, (Ro/my))
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for all + € Z. But it is obvious that MY has a natural structure as a
graded R-module.

The Noetherian *local ring (R, m) is said to be *complete if (Ry, my) is
complete. If (R, m) is *complete and M is a finite graded R-module, then
all homogeneous components M; of M are complete Ry-modules (since
they are finite Ry-modules).

Proposition 3.6.16. Let (R, m) be a Noetherian *complete *local ring. Then
(a) the additive contravariant functor (1) : My(R) — My(R) is exact;
(b) MY = *Hompg(M, R") for all graded R-modules M;

(c) one has RY = *Eg(R/m).

Proor. (a) is obvious.

(b) We define ¢: *Hompg(M,*Hompg, (R, E)) — *Homp, (M, E) by set-
ting (a)(x) = o(x)(1) for all @ € *Hom(M, *Homp, (R, F)) and all z € M.
It is readily seen that ¢ is an isomorphism.

(c) It follows from (a) and (b) that *Hompg(-,R") is an exact functor,
and so RY is *injective. RY is *indecomposable since RYY = R. Note
further that (R/m)¥ = R/m. This is clear in the case where R/m = k
is a field, and it is easy to see in the case R/m = k[t,t ], since then
all homogeneous components of k[t, 7] are isomorphic to k. Therefore
the canonical epimorphism R — R/m yields a monomorphism R/m =
(R/m)¥ — RY, and the assertion follows from 3.6.3. O

M € My(R) is called *Artinian if every descending chain of graded
submodules terminates. The homogeneous socle of a graded R-module M
is defined to be *Soc M = *Hompg(R/m, M). It is an R/m-module and
can be viewed as a graded submodule of M. As an R/m-module it is free
(see Exercise 1.5.20), and so *Soc M = @, ;(R/m)(a;). If M is Artinian,
then *Soc M can have only finitely many summands (R/m)(a;). Hence we
may write

*Soc M = @(R/m)(%)

i=1
As in the proof of 3.2.13 we conclude that M is *Artinian if and only if
there exist an integer n > 0 and integers qy, ..., a, such that

(7) Mc @ RY ().

Let Ag(R) denote the full subcategory of My(R) consisting of all
*Artinian R-modules and Fp(R) the full subcategory of all finite graded
R-modules.

Theorem 3.6.17 (Matlis duality for graded modules). Let (R,m) be a
Noetherian *complete *local ring, and let M € Fy(R) and N € Ay(R).
Then
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(a) MY € Ay(R) and N¥ € Fo(R),

(b) MYY = M and N¥V = N,

(c) the functor (1)Y: Fo(R) — Ag(R) establishes an anti-equivalence of
categories.

Proor. Using (7) one proves the theorem in the same way as 3.2.13. For
example, in order to show (b) we set E = Ep, (Ro/my). Then we have

(MVV)i = HomRo(HomRO(Mi, E), E) = M;
by Matlis duality; see 3.2.13. O
Now let (R, m) be a Noetherian *local ring. For M € My(R) we define

“Hi,(M) = “lim "Bxt}(R/m", M);

it is called the i-th *local cohomology functor. *HZ(_) is left exact and the
functors *HE,(_), i > 0, are the right derived functors of *HS(_).

Remark 3.6.18. Assume in addition that the *maximal ideal m of R
is maximal. Since for all ¢ and j, and all M € AMy(R), we have
*Exty(R/m?, M) = Exth(R/md, M) = Extl (Rum/M R, Mim), we see that
in this case *an(M) = H}izm(Mm)-

Theorem 3.6.19 (The local duality theorem for graded modules). Let
(R,m) be a Cohen—Macaulay *complete *local ring of *dimension d. Then
(2) R has a *canonical module wg, and wp = (*HE(R))Y,

(b) for all finite graded R-modules M and all integers i there exist natural
homogeneous isomorphisms

("Hi (M) = *Exty (M, wg).

The proof follows as in the non-graded case; see 3.5.8.
Let R be a positively graded k-algebra. Then it follows from 3.6.19(a)
that
o(R) = max{i: *HZ(R); # 0}.

If in addition dim R = 0, then a(R) = max{:: R; # 0}.

Exercises

3.6.20. Let R be a Noetherian graded ring.
(a) For p € Spec R show that R, is Gorenstein if and only if R,» is Gorenstein.
(b) Show the following conditions are equivalent:

(1) R is a Gorenstein ring;

(ii) R, is a Gorenstein ring for all graded prime ideals p € Spec R;

(iii) R is a Gorenstein ring for all graded prime ideals p € Spec R.
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(c) Let (R,m) be *local ring. Deduce that R is Gorenstein if and only if Ry, is
Gorenstein.
3.6.21. The purpose of this exercise is to re-prove a few results of Goto and
Watanabe.

Let R be a graded ring, d a positive integer. The ring R(¥ = D,z Rz is
called the d-th Veronese subring of R. It is a graded subring of R with grading
(R); = Ry foralli € Z. Forj =0,...,d—1 we consider the graded R(¥-modules
M; = @,.z Riy; with grading (M;); = R,y for all i € Z. We assume that R is
Noetherian, and for (d) and (e) that it is a positively graded algebra over a field.
Show:

() R= @;tol M; (as R9-module). In particular, R is a direct summand of R;
R is Noetherian, and the M; are finite R9-modules. (Hint: Compare the proof
of 1.5.5.)

(b) R is Cohen—Macaulay if and only if all M; are maximal Cohen-Macaulay
R(@-modules.

(¢) If Ris Cohen—Macaulay, then wg@) = @, z(wr)ia-

(d) If R is Gorenstein and a(R) = bd+ 7, 0 < 7 < d — 1, then wgya = M;(b).

(¢) If R is Gorenstein and ofR) = 0 mod d, then R is Gorenstein. Is oR) =
0 mod d if R and R¥ are Gorenstein?

3.6.22. Let k be a field. We consider R = k[X},...,X,] as a graded k-algebra with
deg X; = @; > 0 for ¢ = 1,...,n. Determine all Veronese subrings of R which are
Gorenstein.

3.6.23. Let R be a homogeneous k-algebra, k a field. Express a(R9) in terms of
a(R) and d.

Notes

Grothendieck introduced the canonical module (often called dualizing
module) and proved the local duality theorem. A comprehensive presen-
tation of this theory including local cohomology is given in [143]. Equally
fundamental is the famous paper of Bass [37]. The interested reader can
find some more historical background there.

We were guided by the books of Kaplansky [231] and Matsumura
[270] in Sections 3.1 and 3.2. In Sections 3.3 and 3.5 we follow partly
the lecture notes of Herzog and Kunz [159]. Part of Section 3.5 has been
influenced by the notes of P. Roberts [311]. In particular the description
of the modified Cech complex has been taken from this source. In Section
3.6 we follow to a large extent the papers [134] by Goto and Watanabe
and [109] by Fossum and Foxby.

The main result 3.1.17 of Section 3.1 is due to Bass [37]. The charac-
terization 3.2.10 of Gorenstein rings in terms of the type was first proved
by Bass [36]. Bass [37] gives a list of other equivalent conditions for the
Gorenstein property. In [115] Foxby proves the following conjecture of
Vasconcelos, which is a remarkable characterization of Gorenstein rings.
Suppose (R,m, k) is a Noetherian local ring of dimension d containing a
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field; then R is a Gorenstein ring if pg(m, R) = 1. (We will give a proof of
this result in 9.6.3.) The main theorem of Matlis duality and the structure
theorem for injective modules are proved by Matlis in [269], and can also
be found in the more general framework of Abelian categories in Gabriel
[122].

Theorem 3.3.10 which characterizes the canonical module is taken
from [159]. However in the proof given here we do not use local
cohomology. Theorem 3.3.6 on the existence of the canonical module
is independently due to Foxby [113] and Reiten [307], and 3.3.19 is a
theorem of Murthy [281]. It says that every factorial Cohen—Macaulay
ring with a canonical module is Gorenstein. In [372] Ulrich proves a
certain converse of Murthy’s theorem: any Gorenstein ring which is
a factor ring of a regular local ring and which is locally a complete
intersection in codimension one can be realized as a specialization of a
Cohen—Macaulay factorial domain.

For a while it had been open whether or not there exist non—-Cohen—
Macaulay factorial local rings. Such examples were found by Bertin [41]
(see 6.4.7) and also by Fossum and Griffith [111]) in characteristic p and
by Freitag and Kiehl [118] in characteristic 0.

There are two remarkable extensions of the theory of the canonical
module in its basic form as presented here: Sharp introduced Gorenstein
modules in [337] as those finite modules G whose Cousin complex pro-
vides a (minimal) injective resolution for G. A Gorenstein module shares
many properties with the canonical module. It is a Cohen—Macaulay
module of finite injective dimension whose type and rank, however, may
be bigger than one. We refer the reader to the papers on Cousin com-
plexes and Gorenstein modules [336], [337], [338], and [341] by Sharp,
and the article [113] by Foxby. It is shown in [339] that for a Noetherian
local ring admitting a canonical module wg, any Gorenstein module is a
direct sum of copies of wgp. However there exist Cohen—Macaulay local
rings not admitting a canonical module. A first example of a one dimen-
sional ring with this property was given by Ferrand and Raynaud [106],
and an example of a factorial Cohen—Macaulay ring without a canonical
module is due to Ogoma [294]. In [392] Weston gives an example of a
ring with a Gorenstein module of rank 2, admitting no canonical module.

The second extension of the basic concept gives a duality theory even
for non—-Cohen—Macaulay rings. In this theory the canonical module has
to be replaced by the so-called dualizing complex, and duality is obtained
in the derived category. We refer the reader to the book of Hartshorne
[151]. A more elementary account of the theory can be found in Sharp
[340].

As a consequence of the structure theorem 3.4.1 for Gorenstein ideals
of grade three, these ideals have an odd number of generators. This had
been observed before by J. Watanabe [386]. He uses linkage arguments
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in his proof. Linkage had already been considered in 1945 by Apéry
[11] and by Gaeta [123] in 1952. It has become popular as a result of
the paper of Peskine and Szpiro [298]. Linkage provides a technique to
construct large and interesting classes of perfect ideals or of Gorenstein
ideals whose structure is well understood. Of particular interest are the
ideals in the linkage class of a complete intersection, called lce: ideals.
The simplest examples are the so-called Northcott ideals [288] and the
Gorenstein ideals defined in [156]. More important is the fact that perfect
ideals of grade two [298] and Gorenstein ideals of grade three [386] are
in the linkage class of a complete intersection. They are in a sense the
archetypes of licci ideals as shown by Huneke and Ulrich [220]. For
further study of linkage theory we refer the reader to the papers of
Huneke [210], [213], Huneke and Ulrich [219], [221], [222], Kustin and
Miller [251], [252], [254], and Ulrich [374], [373].

The height 3 monomial Gorenstein ideals have been completely clas-
sified by Bruns and Herzog [58].

There have been attempts to obtain structure theorems for non-
Gorenstein ideals of grade 3 or even for ideals of grade higher than
3. The next case of interest is Gorenstein ideals of grade 4. As a first
approach to the problem one may try to classify the Tor-algebras of these
ideals I, i.e. Torg(k,R/I) when I is an ideal in the local ring R with
residue class field k. For ideals I such that projdim R/I = 3 this has been
done by Weyman [393] in characteristic 0 and by Avramov, Kustin, and
Miller [33] in all characteristics. The next case of interest is Gorenstein
ideals of grade 4. At the moment a general structure theorem for these
ideals seems to be out of range. Kustin and Miller [253] succeeded in
classifying their Tor-algebras.

A remarkable result, valid for ideals of arbitrary grade, is due to Kunz
[246]: if I is a Gorenstein ideal, then w(I) # grade I+ 1.

Duality theory is a classical and fundamental topic in algebraic ge-
ometry, and has also several algebraic aspects we have not even touched
upon. We must content ourselves with a list of keywords and references:
Riemann—-Roch theorem, Serre duality, modules of regular differentials,
residue symbols, trace maps; see Hartshorne [151], [152], Kunz [247],
Kunz and Waldi [250], Lipman [259], Scheja and Storch [324], [325], and
Serre [333].



4 Hilbert functions and multiplicities

The Hilbert function H(M, n) measures the dimension of the n-th homo-
geneous piece of a graded module M. In the first section of this chapter
we study the Hilbert function of modules over homogeneous rings, prove
that it i1s a polynomial for large values of n, and introduce the Hilbert
series and multiplicity of a graded module. The next section is devoted
to the proof of Macaulay’s theorem which describes the possible Hilbert
functions. The third section complements these results by Gotzmann’s
regularity and persistence theorem.

The Hilbert function behaves quite regular, even for graded, non-
homogeneous rings. Such rings will be considered in the fourth section,
where we will also investigate the Hilbert function of the canonical
module.

The passage to the associated graded ring with respect to a filtration
allows us to extend some concepts for graded rings like ‘Hilbert function’
or ‘multiplicity’ to non-graded rings, and leads to the Hilbert—Samuel
function and the multiplicity of a finite module with respect to an ideal
of definition. We shall study basic properties of filtrations and their
associated Rees rings and modules, and sketch the theory of reduction
ideals. Finally we prove Serre’s theorem which interprets multiplicity as
the Euler characteristic of a certain Koszul homology.

4.1 Hilbert functions over homogeneous rings

We begin by studying numerical properties of finite graded modules over
a graded ring R. Our standard assumption in this section will be that Ry
1s an Artinian local ring, and that R is finitely generated over Ry. Notice
that for each finite graded R-module M, the homogeneous components
M, of M are finite Ry-modules, and hence have finite length.

Definition 4.1.1. Let M be a graded R-module whose graded components
M, have finite length for all n. The numerical function H(M, .): Z — Z
with H(M,n) = &(M,) for all n € Z is the Hilbert function, and Hp(t) =
Y onez H(M,n)t" is the Hilbert series of M.

For the rest of this section we will assume that R is generated over Ry
by elements of degree 1, that is, R = Ro[Ry]. Recall that such a ring is
sald to be homogeneous.

147
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We say that a numerical function F': Z — Z is of polynomial type (of
degree d) if there exists a polynomial P(X) € Q[X] (of degree d) such
that F(n) = P(n) for all n > 0. By convention the zero polynomial has
degree —1.

We define the difference operator A on the set of numerical functions
by setting (AF)(n) = F(n+ 1) — F(n) for all n € Z. Notice that A maps
polynomial functions to polynomial functions, lowering the degree of
non-zero polynomials by 1. The d times iterated A-operator will be
denoted by A¢. We further set A’F = F.

Lemma 4.1.2. Let F: Z — Z be o numerical function, and d > 0 an
integer. The following conditions are equivalent:

(a) A%F(n) = ¢, ¢ # 0, for all n>> 0;

(b) F is of polynomial type of degree d.

Proor. (b) = (a) is easy. We prove the other implication by induction
on d. The assertion is trivial for d = 0. Now assume that d > 0, and
A%F(n) = A Y F(n+1)— F(n)) = ¢, ¢ £ 0, for all n>> 0. By the induction
hypothesis it then follows that there exist an integer nyp and a polynomial
P(X) € Q[X] of degree d — 1 such that F(n+ 1) — F(n) = P(n) for all
n > ng. Then F(n+ 1) = F(ng) + EZ:M P(k), and this last sum is a
polynomial function in n of degree d. O

After these preparations we can state the main result of this section
as follows:

Theorem 4.1.3 (Hilbert). Let M be a finite graded R-module of dimension
d. Then H(M,n) is of polynomial type of degree d — 1.

Proor. We prove the theorem by induction on the dimension d of M.
First note that there is a chain 0 = Ny C N; C --- C N, = M of graded
submodules of M such that for each i we have Ny1/N; = (R/p,)(a)
where p, is a graded prime ideal. Indeed, we may assume that M # 0.
Choose p; € Ass(M). The prime ideal p, is graded; see 1.5.6. There
exists a graded submodule Ny C M with N; = (R/p,)(a1). If Ny # M we
choose p, € Ass(M/Ny). Then there exists a graded submodule N C M
with N/ Ny = (R/py)(az). If N2 # M, we may proceed in the same way.
But M is Noetherian, and so this process terminates eventually.

Now, since the Hilbert function is additive on short exact sequences, it
follows that H(M,n) = . H((R/p,)(@), n). Notice that d is the supremum
of the numbers dim R/p,. Hence the theorem will follow once we have
shown it for M = R/p, p a graded prime ideal. (Here, of course, one has
to observe that the polynomials describing Hilbert functions are zero or
have positive leading coeflicients since their values are non-negative for
n > 0. As a consequence, the degree of the sum of such polynomials is
the maximum of their degrees.)
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If dimR/p = 0, then p is the unique graded maximal ideal my &
@n>0 R, of R, where my is the maximal ideal of Ry. It follows that
H(R/p,n) = 0 for n > 0.

If dimR/p > 0, we may choose a homogeneous element = € R/p,
x # 0, of degree 1. Here we use the fact that R is homogeneous. The
exact sequence

0 — (R/p)(—1) — R/p — R/(z,p) — 0
gives the equation
AH(R/p,n) = H(R/p,n+1) — H(R/p,n) = HE/(zp),n+ 1)

Asdim R/(z,p) = d—1, our induction hypothesis implies that AH(R/p, n)
1s of polynomial type of degree d — 2. Hence if d > 1, then 4.1.2 implies
that A*1H(R/p,n) = A*"%(AH(R/p,n)) is a non-zero constant function
for large n, and if d = 1, then A *H(R/p,n) = H(R/p,n) = H(R/p,0) +
¢ H(R/(p,x),7) is constant for large n since H(R/(p,z),7) = 0 for
1> 0. Again this constant is not zero since H(R/p,0) # 0. Now 4.1.2,
(a) = (b) yields the assertion. O

Hilbert’s original proof (see [171]) makes use of his syzygy theorem
2.2.14. This approach will be described in 4.1.13.

The next lemma clarifies which polynomials in @Q[X] have integer
values.

Lemma 4.1.4. Let P(X) € Q[X] be a polynomial of degree d — 1. Then
the following conditions are equivalent:

(a) P(n) € Z for alln e Z;

(b) there exist integers ay,...,aq4—1 such that

P(X):§@<ij>.

=0

Proor. (b) = (a) is trivial. For the converse observe that the polynomials
(X:'Z), i € N, form a Q-basis of Q[X]. Therefore P(X) = V& ai(X;H)

with a; € Q. The identity (X"'Z"'l) — (XTH = (‘?_"’11) immediately implies

(2

that ¢; = AP(—i— 1) € Zfor i=0,...,d — 1. O

Definition 4.1.5. Let M be a finite graded R-module of dimension d.
The unique polynomial Py{(X) € Q[X] for which H(M,n) = Pyn) for
all n>> 0 is called the Hilbert polynomial of M. We write

d—1

Pu(X) = Z(—l)d_l_ied_1_¢<X :r Z> .

=0



150 4. Hilbert functions and multiplicities

Then the multiplicity of M is defined to be

_J e if d > 0,
(M) = {e(M) ifd— 0.

Remark 4.1.6. The higher iterated Hilbert functions Hy(M,n), 1€ N, of a
finite graded R-module M are defined recursively as follows:

Ho(M,n) = H(M,n), and H(M,n)=Y H1(M,j)
j<n
for 7 > 0. Occasionally the functions H;( M, ) are called the sum transforms
of H(M, ).

It follows from 4.1.2 and 4.1.3 that H;(M, n) is of polynomial type of
degree d + 1 — 1, where d = dim M. In particular, for all n > 0 there is
a representation Hy(M,n) = Efzoai("jl) with a; € Z, and it is easy to
see that ag = ¢(M). Another formula for the multiplicity will be given in
4.1.9.

Theorem 4.1.3 together with the next lemma yields a structural result
about Hilbert series.

Lemma 4.1.7. Let H(t) = ) a,t" be a formal Laurent series with integer
coefficients, and a; = 0 for 1 € 0. Further, let d > 0 be an integer. Then
the following conditions are equivalent:

(a) there exists a polynomial P(X) € Q[X] of degree d — 1 such that
P(n) = a, for large n;

(b) H(t) = Q¥)/(1 — t)* where Q(t) € Z[t,t1] and Q(1) £ 0.

ProoF. Assume (a), and set F(n) = a, for all n € Z. Then
(1-9*H(t) =Y A*F(n— d)t",

and it follows from 4.1.2 that (1 — ¥)%H(%) € Z[t,t7!] . We set Q(t) =
M, A%F(n — d)t*. Suppose Q(1) = 0; then
0=Y A%F(n—d)=) (A*'F(n+1-d)— A F(n— d)) = A*'F(m)

n n
for large m. This contradicts 4.1.2, and thus proves the implication
(a) = (b). The converse is proved similarly. O

Corollary 4.1.8. Let M # 0 be a finite graded R-module of dimension d.
Then there exists a unique Qu(t) € Z[t,t1] with Qu(1) # 0 such that
Qu(?)

(1-9¢

Moreover, if Qu(t) = Y, hit', then min{i: h; # 0} is the least number such

that Mi 75 0.

HM(‘t) =



4.1. Hilbert functions over homogeneous rings 151

Proor. The first part of the assertion is clear for d = 0, and for d > 0 it
follows from 4.1.3 and 4.1.7. In order to prove the second part multiply
both sides of Hu(t) = Qu(t)/(1— )¢ by (1 —1)¢ and compare coefficients.

O

In the next proposition we show how one can recover the coefficients
e; of the Hilbert polynomial of a module M from Q. We will denote by
PO the ith formal derivative of an element P € Z[t,¢!].

Proposition 4.1.9. Under the assumptions of 4.1.8 the following formulas
hold: )

)

T

fori=0,...,d — 1. Moreover, e M) = Qu(1).

Proor. We write

(1) D
(1—td  (1—12)¢

MH

=0

where D(t) = Qu(9)->, d 1 (_—1): Q(M (1—1)!is the remainder of the Taylor
expansion of Qu(t) up to degree d—1. The element D(t) € Z[t,t71] is

divisible by (1—1%)? since DV)(1) = 0 for j = 0,...,d— 1. It follows that the
coefficients of Hp(t) and Ed ! (_—1)—Q(M (1 — %)%~ coincide for large

n. Hence
d— 1

i (1) 1
Z 2! ]__-E)d)z ZP

= n>0

since the coeflicients of both series are polynomial functions in n which
are equal for large n (and hence must be equal for all n). Expanding
the left hand side of the equation as a power series, and comparing
coeflicients we get ¢; = Q(;}(l)/z'

Finally, by what we have just proved, we have (M) = ¢ = Qu(1) if
d>0,and, if d=0, (M) = €M) =>, HMmn) = Hy(l) = Qu(1), since
in this case Hpr(t) = Qui(%). O

Corollary 4.1.10. Assume that in addition to the assumptions of 4.1.8 the
module M is Cohen—Macaulay. Let Qu(t) = 3. hit'. Then h; > 0 for all i.
Moreover, e, > 0 for all i if M; =0 for all 5 < 0.

Proor. Without loss of generality we may assume that the residue class
field of Ry is infinite. Otherwise we resort to a standard trick: we replace
Rby R = RQ®pg, R(Y) and M by M' = M Qp, Ro(Y) where Y is
an indeterminate over Ry, and where Ry(Y) is the local ring Ro[Y]s,
S being the multiplicatively closed set of polynomials P(Y) € Ry[Y]
which have at least one unit among their coefficients. The natural ring
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homomorphism Ry — Ro(Y) is local and flat, and its fibre is the residue
class field of Ry(Y), namely the field %(Y) of rational functions over
k = Ry/mg. If we assign the degree 0 to the elements of Ry(Y), then
both R’ and M' are naturally graded, and because of flatness, M’ is a
Cohen—Macaulay R-module of dimension d with Hpp(t) = Hp(2); see
2.1.7 and 1.2.25. Moreover, R = Ry(Y), and hence has an infinite residue
class field.

In view of 4.1.9 it suffices to show that h; > 0 for all i. We prove the
assertion by induction on d. If d = 0, then Qu(t) = Hp(?) (see 4.1.8), and
so all coefficients of Q) are non-negative.

Suppose now that d > 0. The unique homogeneous maximal ideal
M =my P @n>0 R, of R does not belong to Ass M, and the ideal
I = @D, Rn, generated by the elements of Ry, is M-primary. Thus, since
R/M is infinite there exists an element a € Ry which is M-regular; see
1.5.12. Let N = M/aM; then N is a Cohen—Macaulay graded R-module
of dimension d — 1, and the exact sequence

0 — M(~1) — M — N —0

gives the equation (1 — ¢)Hpy(t) = Hpy(%). It follows that Qu(¢) = Qn(%),
which by our induction hypothesis yields the conclusion. O

Remark 4.1.11. The arguments in the previous proof show the following
notable result: suppose M is a finite graded R-module, and « is an
M-sequence of elements of degree 1; then Qu(t) = Qur/(@)m(?)-

Hilbert’s theorem tells us that the Hilbert function of a finite graded
module is a polynomial function for large n. We will determine from
which integer n onwards this happens.

Proposition 4.1.12. Let M # 0 be a finite graded R-module of dimension
d, and Qu(?) = Ef:ahiti with hy £ 0. Then H(M,b — d) # Py(b— d) and
H(M,4) = Py(1) foralli> b—d+ 1.

ProOF. For i = q,..., b we set Hy(t) = hit'/(1 —t)% and Pyn) = hi("_;toll_l).
Then Hy(t) = Y., P{n)t", but since P(n)=0for n=1i—(d—1),...,i—1
we even have Hi(t) = Ef:i_(d_l)Pi(n)t". Furthermore Py(n) = Ef:aPi(n)
for alln € Z. For n > b— d+ 1 one has H(M,n) = Ef:aPi(n), whereas
H(M,b—d) = Y71 P(b— d) and Py(b— d) # 0. Thus H(M,b — d) +
Puy(b— d). O

In Section 4.4 we will give a homological interpretation of the differ-
ence between the Hilbert function and the Hilbert polynomial.

Hilbert series and free resolutions. The Hilbert series of a graded module
can be expressed in terms of its graded resolution.
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Lemma 4.1.13. Let M be a finite graded R-module of finite projective
dimension, and let

0 — @R(_j)ﬁpj e @R(_j)ﬁoj s M—0
J J
be a graded free resolution of M. Then
Hu(?) = Su(t)Hr(1)

where Spy(t) = Eia»(—l)i,&jtj. In particular, if R = k[X3,...,X,] is the
polynomial ring over the field k, then

Proor. For the proof we simply note that the Hilbert function is additive
on short exact sequences, so that Hp(?) = Ei(—l)iﬁleR(_j)(t). Taking
into account that Hp_j;(t) = ¥ Hp(t), we obtain the required formula.

If R = k[Xy,...,X,) is the polynomial ring, then H(R,37) equals the
number of monomials in degree i. One easily proves by induction on

n that this number is (":_Z;l), whence Hp(t) = ), ("::1) t=1/(1- "~
O

Corollary 4.1.14. Let R = k[Xy,...,X,] be a polynomial ring over a field
k, and let M be a finite graded R-module of dimension d. Then

(a) Su(t) = (1 — " *Qu(2),

(b) n— d = inf{s: S{(1) # 0},

(c) S5 A1) = (-1 (" e

Proor. (a) and (b) are immediate while (c) follows from (a) and 4.1.9.
O

We conclude this section with an application to a special class of
graded rings. Let R = k[Xj,...,X,] be a polynomial ring over a field k,
I C R a graded ideal. We say that R/I has a pure resolution of type
(di...,dp) if its minimal resolution has the form

0 — R(—d))» — -+ — R(—d))* — R— R/T—0.

Note that dy < dy < -+ < d,.

Theorem 4.1.15. Suppose R/I is Cohen—Macaulay and has a pure resolution
of type (du,...,dp). Then

@ A= [ % o) arim=L][a
(dj — i)’ p!

J#i =1



154 4. Hilbert functions and multiplicities

Proor. As R/I is Cohen-Macaulay, the Auslander-Buchsbaum formula
1.3.3 (in conjunction with 1.5.15) implies that p = dim R — dim R/I;
therefore, with Gy = 1, dp = 0, we have

P

Spyr(t) = Y (~1)it*  and slg)I() 0

i=0
for 5 = 0,...,p— 1; see 4.1.14. We obtain the following system of linear

equations:

P

Z(_l)iﬁi =-1,

=1
Z(—l)iﬁidi(di—1)"'(d¢—j—|—1)20 for 7=1,...,p— 1.
=1

Upon applying elementary row operations, which do not affect the solu-
tion of this system of linear equations with coefficient matrix

(dht/(ds = 3)") j=0,upm1,

=1,..,p

we are led to the Vandermonde matrix whose determinant is H¢>j(di_ d;).

Now Cramer’s rule gives the stated solutions for the g3,
(b) According to 4.1.14 we have

5(17)(1) P /4,
VPRI N (_qpig,
eR/I)=(-1) ol —;( 1) ﬁl<p>.

Thus (a) implies that

J)
e(R/I) = .Hdzzl'[#ldz )

It remains to show that the sum in this expression equals 1. We introduce
the rational complex function

)
= = ay

J=1
This function has simple poles at worst in the points dj,..., d,, and the
residues in these points are

PH(di—5)

_ Ik
Resg, fl2) = m
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The sum of all residues of a rational function at all points including oo
is zero, and Res,, f(z) = — Resg f{1/2)/2. Therefore

Z(l:[(di_j)n(dz d;)” ) ZResd,ﬂz

j=1 g

p—1 P
:Resoﬂ;/zz (%Hl—jznl—djz ): . g
j=1 j=1

Exercises

4.1.16. Let k be a field, and M a finite graded module over the polynomial ring
R = k[X],...,X,] with minimal graded resolution

0—»@]{ ﬁPJ—>~~~—>®R ﬁ°J—>M—>0

J

We say that two modules have numerically the same resolution if their graded
Betti numbers 3;; are the same. Show:

(a) The homogeneous rings k[X, Y]/(X?,Y?) and k[X, Y]/(X?,XY,Y?) have
the same Hilbert series, but their minimal graded free k[X, ¥]-resolutions are
numerically different.

(b) The homogeneous rings k[X, Y]/(X?,¥?) and k[X, Y]/(XY,X? — Y?) have
numerically the same graded k[X, Y]-resolution, but are not isomorphic when

k=R
4.1.17. Let k be a field, and let R = k[X;,...,X,]/I be a homogeneous Cohen-—

Macaulay ring. The ring R has an m-linear resolution if it has a pure resolution

of type (mm+1,.... m+p—1), p=n—dimR.

(a) Suppose R has an m-linear resolution. What are the ranks of the free modules

in the free resolution of R, and what is the multiplicity of R?

(b) Suppose dimR = 0; prove R has an m-linear resolution if and only if

I=(Xx,...,X)™

Hint: relate the last shifts in the resolution of R with the degrees of the socle

elements of R.

(c) Prove the homogeneous Cohen—Macaulay ring R = k[Xj,...,X,]/I has an

m-linear resolution if and only if I; = 0 for j < m, and dim, I,, = (mti*l), where

g = height I

Hint: reduce to dimension zero.

4.1.18. Let k be a field, and let R = k[X],..., X,]/I be a homogeneous Gorenstein

ring of dimension 0. Assume that all generators of I have the same degree c.

(a) Show «(R) > 2¢— 2.

(b) Show a(R) = 2¢ — 2 if and only if R has a pure resolution of type (¢, ¢+ 1,
.ye+n—2,2¢+ n— 2). In this case R is called an extremal Gorenstein ring. This

class of Gorenstein rings was first considered by Schenzel [327].

(c) Compute the Betti numbers B{R) of an extremal Gorenstein ring R in a

minimal graded free k[ X}, ..., X,]-1esolution of R.
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4.2 Macaulay’s theorem on Hilbert functions

This section is devoted to a theorem of Macaulay describing exactly
those numerical functions which occur as the Hilbert function H(R, n) of
a homogeneous k-algebra R, k a field. Macaulay’s theorem says that for
each n there is an upper bound for H(R,n+ 1) in terms of H(R,n), and
this bound is sharp in the sense that any numerical function satisfying it
can indeed be realized as the Hilbert function of a suitable homogeneous
k-algebra. One part of the proof of Macaulay’s theorem will be based on
a theorem of Green which relates the Hilbert function of a homogeneous
ring R with the Hilbert function of the factor ring R/hR by a general
linear form A.

Let R = €P,.q R» be a homogeneous k-algebra, where Ry = k is a
field. We will show that R has a k-basis consisting of monomials in a
basis @y, ..., o, of Ry. We are going to define this basis of monomials on
the level of the polynomial ring. So let

7w k[Xy,..., Xm] — R
be the surjective k-algebra homomorphism with #(X;) = @

Definition 4.2.1. A non-empty set IR of monomials in the indetermi-
nates Xj,..., Xy, is called an order ideal of monomials if the following
holds: whenever m € MM and a monomial m' divides m, then m € M.
Equivalently, if X;"--- X% € M and 0 < b; < @; for i = 1,...,m, then
XX e M.

Remarks 4.2.2. (a) In Chapter 9 we introduce the order ideal of an
element in a module. This notion has nothing to do with the order ideal
of monomials, and they should not be confused.

(b) Of course an order ideal of monomials M is not a k-basis of
an ideal, let alone an ideal. Quite the contrary, if we let CIR be the
complement of M in the set of all monomials, then CIR is a k-basis of
the ideal generated by the monomials m € CIt.

Theorem 4.2.3 (Macaulay). Let R be a homogeneous k-algebra, k a field.
Further let @,..., @, be a k-basis of Ry, and 7: k[Xy,...,Xs] — R the
k-algebra homomorphism with m(X;) = @; fori=1,...,m. Then there exists
an order ideal M of monomials such that n(M) is a k-basis of R.

Proor. Let S denote the set of all monomials in the indeterminates
Xi1,..., Xy We define a total order, the so-called reverse degree-lexico-
graphical order,on S: if u= X*--- X% and v = lel coo XPn then u < v
if the last non-zero component of (by — a1,..., bm — @y, Y. b, — >, @) is
positive. (The usage of the term ‘reverse degree-lexicographical’ is not
coherent in the literature.)
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It is clear that (S, <) is an ordered semigroup, i.e. v < v = mu < mv
for all w,v,m € S. Moreover, any descending chain » > v > --- of
elements of S must stop after a finite number of steps. Equivalently,
every non-empty set of elements in &S has a minimal element — a fact
that will be used later.

Now we define recursively a sequence of monomials uy, ug,... accord-
ing to the following rule. We set w3 = 1; assume wu,...,u; have been
defined; then we let u;; be the least element in the reverse degree-
lexicographical order such that n(w),...,7(w), (1) are linearly inde-
pendent over k. If such w;; does not exist, the sequence terminates
with ;.

We claim that M = {w1, up,...} is the required order ideal of monomi-
als. By construction #(M) is a k-basis of R. Assume M is not an order
ideal of monomials. Then there exist w, € M and v € S\ MM such that
u, = u- X; for some X;. As u ¢ M, we can write 7(w) = > Aim(w;) with
u € M, w; < u, and A; € k. Then 7(w;, ) = Y, Am(wX;), and wX; < w,, for
all 7in the sum, a contradiction. O

We saw in the proof that our k-basis 7(w), n(uz),... of R has a
remarkable property: let u € S, and write 7(w) = EA#O Ai(w;). Then
w < u for all 4, and if u & M, these inequalities are strict.

The previous theorem and 4.2.2(b) immediately imply

Corollary 4.2.4. Let J be the ideal which is generated by the monomials
in CIN. Then the homogeneous k-algebra R and k[Xy,...,X,,]/J have the
same Hilbert function. In particular, all Hilbert functions of homogeneous
rings arise as Hilbert functions of homogeneous rings whose defining ideal
is generated by monomials.

The set of monomials CIN associated with R can be described differ-
ently. Let T = Ker 7, and set

L) ={L(f): f€I}, and I*=L(IR

where L(f) denotes the leading monomial of f, that is, the monomial
occurring in f which is maximal in the reverse degree-lexicographical
order. Then L(I) = CIMM. Indeed, let v € L(I), and choose f € I,
F = Y., )v with monomials v such that v = L(f) = v, Assume
v, ¢ CI; then v, € M, and so

n—1
0 #£ m(v,) = — Z )\;1)\¢7r(v¢).
=1

Each 7(v;) is a linear combination Y, a;n(u;), a5 € k, u; € M, u; < v < v,
Replacing the #(v;) in the above equation by their linear combinations

gives a representation as a non-trivial linear combination of elements in
(). This contradicts 4.2.3.
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Conversely, suppose v € CI. Then 7(v) = > Ain(w) with w € I,
u; < v. Hence, if we set f=v— 3 A, then «(f) = 0 and L(f) = ».

The ideal I* is finitely generated. Therefore there exist polynomials
J1y-- -, Jn € I such that I* = (L(f1),..., L(fn)). Any such subset of I is
called a Grobner or standard basis of I.

Note that any Grobner basis of I generates I: let f € I; then
L(f) = Y ¢L(f;) for some g; € k[X1,...,X,n], and it follows that either
F=xY gifi, or L(f = XY gifi) < L{f) for a suitable A € k. In the first
case, f'is an element of (f1,...,fn). In the second case we apply the same
procedure to ff = f— A g,f; to obtain an element f” which is either
zero, in which case f € (fi,...,fx), or which has L(f") < L{f'). Since any
descending sequence of elements in S terminates, we eventually arrive at
the required conclusion.

We should warn the reader that the converse is not true. Consider
for example the ideal I = (fi, f2) with fi = X1 X + X2, fo = X2X;. Then
X1X2 = Xofi — Xsf> is an element of I*, but not of (L(fi), L(f2)) =
(X2, X2X3).

Even though a Grobner basis of an ideal I is not simply given by the
leading forms of a system of generators of I, there does exist an algorithm
to compute a Grobner basis — the so-called Buchberger algorithm. This,
and the fact that most explicit calculations in commutative algebra are
performed using Grobner bases, explain their importance. Buchberger’s
algorithm has been implemented in various computer algebra programs.

Macaulay representations and lexsegment ideals. Let S = k[Xq,..., Xy
denote the polynomial ring over a field k. The problem of determining
the Hilbert function of a homogeneous factor ring R of S boils down to
the following question: given a subspace V C Sy, what can be said about
the k-dimension of the subspace SV in 55417

We will give the answer in a special but important case. Let u € Sy
be a monomial. We define the sets

Ly={veSi:v<u} and R,={veES;i:v>u}

of the monomials of degree d which are ‘left’ and ‘right’ of w. Note
that Rx, = {Xi,...,X,}. Monomial sets of the form R, C S4 are called
lexsegments (of degree d). The next lemma says that a lexsegment of
degree d spans a lexsegment of degree d + 1.

Lemma 4.2.5. Rx, R, = Rx,..

ProoOF. Let v € R,; then X;v > Xjv > Xju. Conversely, let v € Ry, .. We
may assume that X; does not divide v; then v > Xju. Let u = X" --- X2,
v = Xzb’ -+ X% and i be the largest integer such that b; > a;. If there
exists 7 < ¢ with b; > 0, then Xj_lv € R.; otherwise, X7 'v € R,. In both

cases it follows that v € Rx, Ry. O
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The sets £2,, admit a natural decomposition: let  be the largest integer
such that X; divides u. Then we can write

L, = LU LK
where X, does not divide any element in £}, It is clear that this union is
disjoint, that £! consists of all monomials of degree d in the variables
Xl, ceey Xi—la and that LZ = LX’1u‘
An example illustrates this decomposition. Let S = k[Xj, ..., X4] and
U= X22X3. Then
Lo={X], X{Xp, X1 X5, X3, X{ X5, X1 XpXs},
£, =1{X, XX, Xi X3, X3},
£ ={X], X1Xo} = Ly
It is convenient to denote the set of all monomials of degree d in the
variables Xj,..., X; by [Xy,...,Xj]q. We may again decompose L etc.
Thus if we write
u= X Xie) - Xia)
with 1 < j(1) < j(2) < -+ < j(d), then
L, = [Xla [EEX) Xj(d)—l]d U LXi})qu(d)

= [Xl, ceey :cj(d)_l]d U [Xl, ceey Xj(d—l)—l] d—1Xj(d)
ULX;X}—l)X

-1
EO)]

wX5(d-1)Xj(d)

and we end up with the disjoint union
d
Lo = UK XX - Xia),
i=1

called the natural decomposition of L,

It follows that
d \
k(3)
i=1
with k(%) = j(4) + ¢ — 2. Note that k(d) > k(d — 1) > --- > k(1) > 0. Here
and in the sequel we use that (llc) =0for0<k<l
The above considerations show that any non-negative integer has
such a binomial sum expansion. We prove this directly.

Lemma 4.2.6. Let d be a positive integer. Any a € N can be written
uniquely in the form

() (5) ()

where k(d) > k(d—1) > --- > k(1) > 0.
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ProoF. In order to prove the existence, we choose k(d) maximal such
that (k(dd)) <a Ifa= (k(dd)), then a = E?zl (k(;)) with k(¢) = :— 1 for
1=1,...,d — 1. Now assume that ¢ = a — (k(dd)) > 0. By the induction
hypothesis we may assume that o' = 2?2_11 (k(;)) with k(d—1) > k(d—2) >
-++ > k(1) > 0. It remains to show that k(d) > k(d — 1): since (k(dg"'l) > a,
it follows that

k(d) kd)+1 k(d) , kd—-1)
()= () - () = (52))
Hence k(d) > k(d — 1).

The uniqueness follows by induction on a, once we have shown the
following: if a = Y&, (%)) with k(d) > k(d — 1) > --- > k(1) > 0, then
k(d) is the largest integer with (k(dd)) < a. Again we prove this statement
by induction on a. For @ = 1 the assertion is trivial. Now assume that

a> 1, and (k(dg"'l) < a. Then
Hd—1)+1
d—1 ’

&2 (k) o (M) +1 Kd)\ _ ( kd)
: 1)~ d d ) \d-1
and this contradicts the induction hypothesis. O

v

=1

Following Green [138] we refer to the sum 4.2.6 as the d-th Macaulay
representation of q, and call k(d),..., k(1) the d-th Macaulay coefficients
of a.

Note that for all < d the coefficient k(%) is determined by the property
of being the maximal integer j such that

() se- () (427)

The d-th Macaulay coeflicients have the following nice property.

Lemma 4.2.7. Let k(d),..., k1), respectively ¥(d),...,K (1), be the d-th
Macaulay coefficients of a, respectively . Then a > d if and only if

(k(d),..., k(1)) > (K(d),..., K (1))
in the lexicographical order.

Proor. We prove both implications by induction on d. For d = 1
the assertion is trivial. We now assume that d > 1. If k(d) = ¥(d),
then k(d — 1),...,k(1) (respectively ¥'(d — 1),...,%(1)) are the (d — 1)-th
Macaulay coefficients of a — (k(dd)) (respectively o' — (klgd))), and we may
apply the induction hypothesis. If k(d) # K(d), then k(d) > ¥(d) if
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and only if @ > . This follows from the characterization of the d-th
Macaulay coeflicients preceding this lemma. O

Skipping the summands which are zero in the d-th Macaulay repre-
sentation of a we get the following unique sum expansion:

(D) (4 o9

where k(d) > k(d — 1) > -+ > k(j) > j > 1. We define
ad) = <k(j)++1 1> N <k(d _d1)+ 1> T <k(1)2—|— 1>
(Y () e (1),

and set 0{% — 0.

Proposition 4.2.8. Let u be a monomial of degree d in the polynomial ring
S. Then | Lx,q) = | L9,

Proor. Let £, = U?:1[X1a---an(i)—l]in(i+1)"‘Xj(d) be the canonical
decomposition of L, We claim that

d
U[Xla ceoy X1l i1 Xgira) - - - Xj(ay

i=1

is the canonical decomposition of Ly ,. Indeed, the canonical decom-
position of £, is completely determined by the sequence j(1),...,7(d)
attached to u. Let {(1),...,{(d+1) be the corresponding sequence for X;u.
Then [(1) = 1, and [(4) = j(i—1) for i = 2,...,d + 1. This proves the claim
and the proposition. O

Let S = k[X3,...,Xn] be a polynomial ring over a field, and v € §
a monomial. An ideal which in each degree is spanned by a lexsegment
will be called a lexsegment ideal. In view of 4.2.5 and 4.2.8 we obtain

Corollary 4.2.9. Let I C S be a lexsegment ideal, and set R = S/I. Then
H(R,n+ 1) < H(R, n)<") for all .

Equality holds for a given n if and only if I.y1 = (Xa,..., Xm) I

Macaulay’s theorem. We now come to the main result of this section. It

will follow that the growth of the Hilbert function of a homogeneous
ring defined by a lexsegment ideal is, in a sense, the maximum possible.
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Theorem 4.2.10 (Macaulay). Let k be a field, and let h: N — N be a
numerical function. The following conditions are equivalent:

(a) there exists a homogeneous k-algebra R with Hilbert function H(R,n)
= h(n) for all n>0;

(b) there exists a homogeneous k-algebra R with monomial relations and
with Hilbert function H(R,n) = h(n) for all n> 0;

(c) one has h(0) = 1, and h(n+ 1) < h(n){® for all n> 1;

(d) let m = K(1), and for each n> 0 let M, be the first h(n) monomials in
the variables Xi,...,X,, of degree n in the reverse degree-lexicographical

order; set M=|,.q Mh,; then Mis an order ideal of monomials.

The following example demonstrates the effectiveness of Macaulay’s
theorem: let us check that 1 4+ 3¢+ 52 + 8# is not the Hilbert series of a

homogeneous ring. In fact, condition (c) is violated since 5 = (S) + (?),

and 513 = (g) + (S) = 7 < 8. Instead we also could apply (d), and

get My = {X1, Xo, X3}, My = {X], X1Xo, X3, X1 X3, XoXa}, Ms =
{Xf, X12X2, X1X22, XS, X12X3, X1X2X3, X22X3, Xng} Thus we see that
X1X2 € M, but X;7Y(X3X?) ¢ M. Therefore M is not an order ideal of
monomials.

Most parts of the theorem have already been shown: the equivalence
of (a) and (b) is the content of 4.2.4, and the implication (d) = (b)
is trivial. For the proof of (¢) = (d) we assume that 2(1) = m. Then
condition (c) implies that h(n) < ("+Zl_1). Suppose that A(n+ 1) = (?:I'_T),
then h(n) = ("""Z_l), and so M; = [Xy,...,Xp]ifor i=nand i=n+ 1.
Therefore, if u € M,y1, and X; divides v, then trivially X;lu € M,.
Now we suppose that h(n+ 1) < (T_I'_T), then there exist a monomial
Unt1 such that My = £, . If, as before, M, = [X,..., Xp]s, there
1s nothing to show. Otherwise, there exists a monomial u, such that
M, = £, . Condition (c) and 4.2.8 imply that Rx, R,, C R,,,,. Therefore,
if u € My, and X; divides u, then X[lu € M,. In other words,
M= 50 Mh is an order ideal of monomials.

For the most difficult implication (a) = (c) we present the elegant
proof of Green [138]. This needs some preparations.

If a positive integer a has d-th Macaulay coefficients k(d),...,&(1),

then let
Qg = <k(d)d_ 1> + <k(dd__1)1_ 1> N <k(1)1— 1>
Kd) - 1
d

() ()

where j = min{i: k(3) > }.
Note that ai4) has d-th Macaulay coefficients k(d) —1,..., k() — 1,5 —
2,5—3,...,0.
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Lemma 4.2.11. (a) If a < d, then ayqy < azd).

(b) If K(j) # J for 5 = min{i: k(2) > i}, then (a— 1)g) < aa).

Proor. (a) follows from the observation preceding this lemma and 4.2.7.
For (b) let k(d), k(d — 1),...,k(1) be the d-th Macaulay coefficients of q,
and ¥ (d),¥(d —1),...,K (1) the d-th Macaulay coefficients of a — 1; then
K(d) < k(d) by 4.2.7. If ¥(d) = kd), we set d = a— (k(dd)). Convince
yourself that ¢’ — 1 > 0. Then it follows that ¢ (respectively ¢’ — 1) has
(d — 1)-th Macaulay coefficients k(d — 1), k(d — 2),..., k(1) (respectively
K(d—1),kK(d —2),...,K(1)). Moreover, d satisfies the hypothesis of
(b). Therefore, if we argue by induction on d, we may assume that

(@ — 1)g-1y < azd_l). Hence the required inequality in the case in

which ¥(d) = k(d) follows from the equalities a(4) = azd_l) + (k(d)_l) and

d
(a= 1g = (@ = Dyay + (157,

Now suppose that ¥(d) < kd). Our assumption implies that the
d-th Macaulay coefficient of a4 is k(d) — 1, and that the d-th Macaulay
coefficient of (a — 1)(4) is less than or equal to ¥(d) — 1. Therefore the
conclusion follows from 4.2.7. O

Theorem 4.2.12, interesting in its own right, is the key to the still
unproved implication (a) = (c) of 4.2.10.

Let R be a homogeneous k-algebra, k£ an infinite field. The affine
k-space R is irreducible, and so any non-empty (Zariski-) open subset is
dense in R;. This suggests the following terminology: a property 7 holds
for a general linear form of Ry if there exists a non-empty open subset U

of Ry such that 7 holds for all he U.

Theorem 4.2.12 (Green). Let R be a homogeneous k-algebra, k an infinite
field, and let n> 1 be an integer. Then

H(R/hR,n) < H(R, n)<n)
for a general linear form h.

ProoF. Let s = sup{dimyhR,—1: h € R;1}; then dimyhR, 1 = s for a
general linear form. Indeed, let U C R; be the subset of elements h € Ry
such that dimy hR, 1 = s. It is obvious that U # 0. In order to see that
U is open, we choose a basis ay,...,a, of Ry and bases of R, 1 and
R,. Then the multiplication map h: R, 1 — R,, h = 2211 x;q; can be
described by a matrix of linear forms in @,...,z,. Replacing the x=; by
indeterminates yields a matrix A of linear polynomials with coefficients
in k, and it is clear that U is the complement of V(I (4)) in R;.

Let h € U, and set § = R/hR. We claim that H(S,n) < H(R,n)y), and
prove it by induction on min{n,dimy R;}. If either n = 1 or dim; By = 1,
then the assertion is trivial. Now assume that n > 1 and dimz Ry > 1. Let
V C 81 be the subset of linear forms g for which dimy g5, _1 is maximal,
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and denote by ¢ the canonical epimorphism R — S. We consider the
open subset

W= (U\kh)yne (V)

of R;. The set W is non-empty since R; is irreducible and both ¢~1(V)
and U\ kh are non-empty. In fact, assume that U C kh. Then, since
U is a dense and kh is a closed subset in Ry it follows that Ry = kh,
contradicting the assumption dimy R; > 1. Now we choose h* € W, and
get

H(S,n) = dimp( S/ Sp—1) + dimp R* 1.

By our choice of A*, the induction hypothesis yields the inequality
dimg(Sn/h*Sn1) < H(S, n)(n)-
To obtain an upper bound for the second summand note first that
dimy, h* Sp—1 < dimp(h*Ry—1/RH(h*R,_3)) = dimp(hR,—1/R* (hR,—2)).

The last equality holds true since the difference of both sides equals
dimy(Ry/hRy—1) — dimg(R,/h* Rn—1), and this difference is zero since both
h and h* belong to U.

Let W* C R; be the (non-empty) open set of linear forms ! for
which l(hR,—2) has maximal dimension. Then, if we actually choose
h* € W N W* noting that hR, ;1 may be viewed as the (n — 1)-th
homogeneous component of P = R/(Ann h), we may apply our induction
hypothesis to conclude that dimy 2*S,_; < (H(R,n) — H(S,n))-1). The
rest of the proof is a purely numerical argument. What we need 1is this:
given integers 0 < b < a such that

b < by + (a— b)n-1),
then b < agy).
Assume this fails, and write b = (k(")) + o+ (k(jj)) with k(n) >
-+« > Kkj) > 7> 0. Then a < (k(")H) + -+ (k(jj)."'l), and so a — b <
(k(")) N (k(j))‘

n—1 J-1

We distinguish two cases. If j = 1, then a— b < (f(_"i) +eet (k(lz) , and
hence (a—b)(p_1) < (077 4+ (HA™) and by = (A071) 4. 4 (HOY)
Thus our hypothesis implies b < (k(:)) NI (k(22)) + (k(11)_1) < b a

contradiction. '
If 5 > 1, then (@ — b)(n1) < (k(:lzl) +et (k(j:l), and this together
with our assumption again yields a contradiction. O

In order to complete the proof of Macaulay’s theorem another nu-
merical result is needed.
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Lemma 4.2.13. Let a, d, and d be positive integers.

(a) If a < d, then df¥) < at9),

(b) Let Kd),..., k(1) be the d-th Macaulay coefficients of a, and j =
min{i: k(3) > i}. Then

A k1) +1 ifj=1
1) = J e+ =1
(a+1) {a<d)—|—1 ifj> 1.

Proor. Claim (a) follows from 4.2.7, and (b) is immediate for 7 > 1.
Now assume that j = 1, and let ¢ be the maximal integer such that

k(i) = k(1) + i— 1. Then
o= (D) s () +Z (K1)
- <’€(j>> - <k( ++11)> N <k(1)i +z> L
at1= <’“(j>> T <k(2:+11)> . <k(1)i+i>

is the d-th Macaulay expansion of a+ 1 since k(74 1) > k(1) + <.
Now we get

o — <’“(jl+1 1> R <k(zj+1)2+ 1> +; <k(r1lt r>

- <’“(jl+11> i <k(z:r+1)2+ 1> +§ <k(1)—|;r—1>
)

and hence

r=2

_ <k(j +11> - <k(i—|—1)—|—1> N <k(1)+i+1> K1) -1,

142 141

(1) = (97 1) oot (k(i?f); 1) + <k(1)z:§+ 1)

as asserted. O

ProoF oF 4.2.10, (a) = (c). We may assume that k is infinite: if necessary
replace R by [ ®j R where [ is an infinite extension field of k.
Let g be a linear form, and set § = R/gR. The exact sequence

0— gR,— Ryy1— Sp01— 0
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yields the inequality H(R,n+ 1) < H(R,n) + H(S,n+ 1). Set a = H(R,n)
and b = H(R,n+ 1). For a general linear form g the inequality and
4.2.12 give b < a+ b(py1). Let k(n+1),..., k(1) be the (n4 1)-th Macaulay
coefficients of b. Then

bint1) = <k(n:+1)1_ 1) +oeet <k(1)1_ 1>,

az <k(" +n1)_ 1) g <k(2)1— 1> N <k(1)0— 1>‘

Let, as before, 7 = min{s: k(z) > ¢}. If 5 > 1, then k(1) = 0, and

- n+1 2
If 7 = 1, then

™ > <k(:j11)> +o <k(33)> + <k(22)> + k(2),

by 4.2.13. But k(2) > k(1), and hence a{" > . O

Corollary 4.2.14. Let R be a homogeneous k-algebra, k a field. Then
H(R,n+1) = H(R,n)™ for n>> 0.

Proor. Write R = S/I, § = k[X1,...,Xm]. According to 4.2.10(d) there
exists an order ideal of monomials M= | J,,o M, in § such that H(R, n) =
H(S/J,n) for all n, where J is the ideal generated by all the monomials
not in M Moreover, the choice of M was such that M consists of all
monomials of degree n if I, = 0 and M, = £, for a suitable monomial
u, otherwise. Since J is finitely generated, there exists an integer r such

that R,,,, = Rx, R, for all n > r. Thus the assertion follows from
4.2.8. O

and so

If we combine 1.5.12 with Macaulay’s theorem, we obtain the fol-
lowing characterization of the Hilbert series of Cohen—-Macaulay homo-
geneous algebras.

Proposition 4.2.15. Let k be a field, and hg,...,h; a finite sequence of
positive integers. The following conditions are equivalent:
(a) there exist an integer d, and a Cohen—-Macaulay (reduced) homogeneous
k-algebra R of dimension d (whose defining ideal is generated by squarefree
monomials) such that
_ Yol
HR(t) - (1 — 't)d 3

(b) ho =1, and 0 < hypy < A for all i=1,...,s— 1.
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Proor. (a) = (b): By 1.5.11 there exists an R-sequence = = @,...,zq of
degree 1 elements. According to 4.1.8 we have

Hg(t) = T Qr(t) = Zhﬁl

Let R = R/xR; then Hp(t) = (1 — #)%Hg(t) = Qr(?). It follows that
H(R,n) = hy, for all n > 0. Therefore 4.2.10 yields the assertion.

(b) = (a): By 4.2.10 there exists a homogeneous k-algebra R =
k[X1,...,Xm]/I, where I is generated by monomials, such that Hp(¢) =
Yo hit. The k-algebra R is Cohen-Macaulay, simply because R is of
dimension zero. In order to get a reduced such k-algebra with the required
Hilbert series we consider a certain ‘deformation’ of R as described in
the next lemma. O

Lemma 4.2.16. Let R = k[Xy,...,X,,]/I be a homogeneous k-algebra,
where k is a field and I is generated by monomials. Then there exist
a reduced homogeneous k-algebra S whose defining ideal is generated by

squarefree monomials, and an S-sequence y of elements of degree 1 such
that R = S/yS.

ProoF. Assume I = (u1,...,%,), % = X" --- X% for ¢ = 1,...,n If all
exponents ay; are at most 1, then I is a radical ideal; see Exercise 4.4.17.
Suppose now that at least one a; > 1, say a; > 1 for some 7. We
introduce a new indeterminate Y, and set

o Yam—leX;kz .. X;:flkm

if agg > 1, and vy = u;, otherwise. The v; satisfy the following conditions:
(i) if ¥ divides v, then X3 divides v;
(ii) the indeterminate X; occurs in each v; with multiplicity at most 1.

We claim that ¥ — Xj is regular modulo the ideal J = (v1,..., ).
Indeed, assume the contrary is true. Then there exists an associated prime
ideal p of k[X31,..., X, Y]/J with ¥ — X3 € p. By Exercise 4.4.15, p is
generated by a set of variables, and so X3,Y € p. It follows that there
exists w € k[Xy,..., X Y], w ¢ J, with Xjw € Jand Ywe J. As J is
generated by monomials, we may assume that w is a monomial. Then
there exist integers 7, 7 and monomials v, u; such that Xjw = vu; and
Yw = vu. As Y divides v;, it follows from (i) that X; does also, and
so X; divides w. But then the multiplicity of X; in v; is at least 2, a
contradiction.

If all variables in the v; occur with multiplicity one, then J is a radical
ideal. Otherwise we repeat this construction, and eventually reach the
goal, since at each step we lower the multiplicities of the variables in the
generators. O
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Exercises

4.2.17. Let R be a homogeneous k-algebra, k a field.
(a) Establish from 4.2.14 that there exist integers a; > a, > --- > a; > 0 such

that PR(n):<n_:1a1>+<n+:_1>+m+<n+aj;(j—1)>.

(b) Determine the dimension and the multiplicity of R in terms of the integers
Qpy...y G
4.2.18. Let k be a field, S = k[X},...,X,], and

u= X1 Xy X = Xy Xy - Xy 9(1) <5(2) <+ < 5(d),

a monomial of degree d. Set R = S/I, where I is the lexsegment ideal generated
by R,. Then deduce

(a) dim R = j(d) — 1, and

(b) ¢ R) = a; where 1= max{j: a; # 0}, provided dim R > 0.

4.3 Gotzmann’s regularity and persistence theorem

Gotzmann’s [136] regularity and persistence theorems give some deeper
insight into the nature of the Hilbert polynomial and the Hilbert function.
As before let S = k[Xy,...,X,] be the polynomial ring in m variables
defined over a field k, I C S a graded ideal, and R = §/I. The regularity
theorem is a statement about the regularity of the ideal sheaf 7 associated
with I in projective space. Note that different ideals may yield the same
ideal sheaf. The ideal T = Ker(S — R/*HZ(R)) is called the saturation of
I; the sheafs associated with ideals I and J coincide if and only if T = J.
We will formulate Gotzmann’s theorems in the language of commu-
tative algebra. So we define the (Castelnuovo—Mumford) regularity of a
finite graded S-module M, rather than that of a sheaf. It is the number

reg M = max{i + j: *Hj,(M); # 0}.

Let g be an integer. Then M is called g-regularif ¢ > reg(M), equivalently,
if *H (M);—; = 0 for all 4 and all j > q.

Before we set out for Gotzmann’s theorems, we include an interesting
description of regularity in terms of graded Betti numbers. It shows
that reg(M) measures the ‘complexity’ of the minimal graded free reso-
lution of M. Therefore regularity plays an important role in algorithmic
commutative algebra. Denoting by M, the truncated graded R-module
@qu]\/fj, one has

Theorem 4.3.1 (Eisenbud-Goto). The following conditions are equivalent:
(a) M is g-regular;
(b) *Torf(M, k)j4i =0 for all i and all j > g;
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(¢) Msy admits a linear S-resolution, i.e., a graded resolution of the form

0 — S(—¢g—0%— -+ — §(—qg—1)" — §(—q)* — M5, — 0.

ProOF. (b) <> (¢): By definition, the module M, has a linear resolution
if and only if

*Torf(MZq,k)T = Hj(w; M>4), =0 forall 47, r# 1+ g

Here H,(2; M) is the Koszul homology of M with respect to the sequence
r = Xl,...,Xm.

Since (Ms,4); = 0 for j < g, we always have Hj(w; M>,), = 0 for
r < 1+ q, while for r > i+ ¢

Hi(x; M>,), = Hi(x; M), = *Torf(M, k).

Thus the desired result follows.

(a) = (c): We may assume g = 0 and M = Msg. Then it is
immediate that *H (M) is concentrated in degree 0. This implies M =
*HC (M) @ M/*H2(M). The first summand is a direct summand of copies
of k. Hence M is O-regular if and only if M/*H3(M) is O-regular. In
other words, we may assume that depth M > 0. We may further assume
that & is infinite. Then there exists an element y € S of degree 1 which is
M-regular. From the cohomology exact sequence associated with

0 — M(—1) — M — M/yM — 0

it follows that M/yM is O-regular. By induction on the dimension on
M, we may suppose that M/yM has a linear §/yS-resolution. But if F,
is a minimal graded free S-resolution, then F,/yF. is a minimal graded
S/yS-resolution of M/yM. This implies that F, is a linear S-resolution
of M.

(c) = (a): Again one may assume g = 0 and M = M. Then M has
a linear resolution

-— 5(-2) — §5(-1)* — §* — M — 0.

Computing *Extfq(M, S) from this resolution we see that *Extfq(M, 5);=0
for 7 < —i. By duality (see 3.6.19) there exists an isomorphism of graded
R-modules

*Hi (M) = Homy,(*Exty (M, S(—m)), k).
Therefore *Hi,(M);_; = 0 for all j > 0, as desired. O

The regularity theorem says that the regularity of the saturation of
an ideal I can be read off the Hilbert polynomial of S/1.
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Theorem 4.3.2 (Gotzmann). Write the Hilbert polynomial Pp(n) of R = S/I
in the unique form

Pp(n) = <n—;al> + <n—|—222— 1> 4t <n+a5 ;(5_ 1))

with a; > ap > -+ > a, > 0, as described in 4.2.17. Then the saturation I
of I is s-regular.

Proor. We prove the theorem by induction on the dimension of S. For
m = 1 the assertion is trivial. Now let m > 1, and choose be a general
linear form h. Since Pg(n) = PS/T(”) we may assume that I = I. We may

further assume that I # S. Then depth R > 0, and h is R-regular. Hence
we get an exact sequence
R
0— R(-1)— R— R/RR — 0
yielding the equation
(1) Pgnr(n) = Pr(n) — Pp(n—1).

Set R = R/hR, S = §/hS; then R = §/J for some ideal J C S. Further-
more Pg(n) = Pg/J(n). Suppose that

(2) Py y{n) = <nzlbl> + <n+ Zz - 1) do <n+ b ;T(r_ 1)>;

then J is r-regular by the induction hypothesis.
(1) and (2) imply

Paln) = <n—|—a1> . <n+zz—1> I <n—|—a,;(r—1)> e

ay

where ¢ is a constant and a; = b; + 1 for all 4.

We claim that ¢ > 0, and that I is sregular for s = r 4 c. These two
claims complete the proof. Indeed, we may set @,y =+ = @y = 0.

In order to derive the first claim, assume that ¢ < 0. For n > 0 we
then have

@ mm < () (T e (TR ),

ay [e23

The right hand side b of this inequality satisfies the equation

= () () e ()
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so that
n4+ by n+by—1 n+b—(r—1)
by =
o < n >+< n-1 >+ +< n—(r—1)

_[n+b n+by—1 n+b—(r—1)
_<bl>+< by >+ +< b, '

Observing that n+ a, — (r — 1) > n— (r — 1), one deduces from (3) (see
4.2.11) that H(R,n)(ny < b(y). Therefore by Green’s theorem,

R L N (s PR |

This contradicts (2).

For the proof of the second claim note first that *Hi (J) = *H.(J)
for 4 > 1. Therefore and since J is r-regular we deduce from the local
cohomology sequence associated with

h
0—>I(—1)—>I—>J—>0

that HE (I);—; = 0 for all i > 2 and 5 > r (and thus for 5 > s).

It remains to be shown that *HZ(I);_> = 0 for j > s. Suppose this is
not the case, and let j be the largest number with *HZ(I);—2 # 0. Then
by 4.4.3(b) below,

H(R,j—2)— Pp(j — 2) = —*Hp(R);—2< 0

since *HY(R) = 0 and *Hj;Y(R);j—2 = *Hi(I)j—2 = 0 for i > 2, as we have
already seen. By our choice of j we have *Hy(R);—1 = 0, so that

H(R,j—2)< Pg(j—2), but H(R,j—1)= Pp(j—1).
Ifj=s+1,thenj—2=5—1, and

s—14+aq 14 a4
Pp(s—1) = 1
r(s—1) <5_1 >+ +< ) >+,
whence

1 14 a,
H(R,j—2)= HR,s—1) < <5 S_J;“1>+...+< ta 1>.

Thus Macaulay’s theorem implies

. 2 5—
H(Rj-1)<HRj-2)"? < <5+ al) +oe < +2“ 1)
S

= Pp(s)— (a; + 1) < Pgp(s) = Pr(57 — 1),

which is a contradiction.
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If 5 > s+ 1, then Pp(j — 2)V=2) = Pp(j — 1) (see 4.2.14). We apply
Macaulay’s theorem again, and get

H(R,j—1) < H(R,j — 2)2 < Pp(j — 1),
leading to the same contradiction. O
By 4.2.14 we have H(R,n+ 1) = H(R,n)!" for all large n. But could
it happen that H(R,n+ 1) = H(R,n)", and H(R,r + 1) < H(R,7)" for
some 7 and n with 7 > n? The following persistence theorem answers this

question.

Theorem 4.3.3 (Gotzmann). Suppose that H(R,n+1) = H(R,n){" for some
n and that I is generated by elements of degree < n. Then H(R,r+ 1) =
H(R, 7)) for all r> n.

Proor. We prove the theorem by induction on m = dim S. f m=1, I is
principal, and the assertion is trivial. Now let us assume that m > 1. Let

H(R,n) = <k(:)> R <k(11)>

be the n-th Macaulay expansion of H(R,n). Macaulay’s theorem implies

() H(B,7) < <"—n+k<n>> . <r—n+k<1>>

r r—n+1

for all r > n, and it remains to be shown that equality holds.
Let h be a general linear form. Then

(5)  (H(R,n)m)™ > H(R/hR,n)™ > H(R/hR,n+ 1)
> H(R,n+ 1) — H(R,n) = (H(R, n))"™.

The first inequality is Green’s theorem, the second is Macaulay’s, the
third follows from the exact sequence

h
R(-1)— R — R/hR — 0,

and the last equality results from the hypothesis that H(R,n+ 1) =
H(R,n)™.

Since the first and last term in this chain of inequalities coincide,
we must have equality everywhere. In particular, H(R/hRR,n+ 1) =
H(R/hR,n){". Since the defining ideal of R/hR is again generated by
elements of degree < n, the induction hypothesis applies and yields
H(R/hR,r+ 1) = H(R/hR,7)") for all > n.

One also deduces from (5) that

H(R/hR,n+ 1) = (H(R,n)(m)™ = <:(:)1> 4+t <k(1)>.
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Therefore

7+ (k(n)—n—1) r+ (k(1)—2)— (n—1)
P, = .
w/na(7) < Mm)—n—1 )77 K1) =2
for all .
Hence the saturation J of the defining ideal of R/hR is n-regular by

the regularity theorem. Let I again denote the saturation of I and set
R = S/I. 1t follows just as in the proof of the regularity theorem that

7+ (k(n)—n) r+ (k(1)—1)—(n—1)
0 = (T ) e (TG ) e
with ¢ > 0.
Suppose ¢ > 0; since Pg(n) = Px(n), the inequality (4) then implies

Pa(r) = <r—n—|— k(n)> by <r—n—|—k(1)> be

r r—n+1
> H(R,r) + c> H(R,7)

for all 7 > n. This is a contradiction.

Now (6) and Gotzmann’s regularity theorem entail that I is n-regular,
whence H(R,r) = Pg(r) for all » > n.

Thus for all » > n we obtain the following string of inequalities:

H(R,7) < H(R,r) < Pg(r) = Pg(r) = H(R, 7).

Hence equality holds everywhere, and this proves the theorem. O

Exercise

4.3.4. Let S = k[X),...,X,;] be a polynomial ring over a field k, and let n > 1 be
an integer. A subspace V of the k-vector space S, is called a Gotzmann space if
the ideal T generated by V satisfies H(S/I,n+ 1) = H(S/I,n)™.

(a) According to 4.2.9, lexsegments span Gotzmann spaces. Give an example of
a set of monomials which is not a lexsegment (even after a permutation of the
variables), but spans a Gotzmann space.

(b) Let I be the ideal generated by a Gotzmann space ¥V C §,. It can be shown
that the ideal I has a linear resolution. Compute the Betti numbers of I.

(c) Suppose that dim B/I = 0. Show I is generated by a Gotzmann space if and
only if I = m” for some n > 0 where m = (X,..., X,,).

4.4 Hilbert functions over graded rings

In this section we consider positively graded k-algebras, that is, graded k-
algebras of the form R = ., R where Ry = k and R is finitely generated
over k. For simplicity we will assume that % is a field. In contrast to a
homogeneous k-algebra the generators of a positively graded k-algebra
may be of arbitrarily high degree.

In analogy with 4.1.8 we have
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Proposition 4.4.1. Let R be a positively graded k-algebra, k a field, and
M # 0 a finite graded R-module of dimension d. Then there exist positive
integers ay, ..., aq, and Q(t) € Z[t,t71] such that

Q1)

Hu(t) = —g————
RS TER T

with Q1) > 0.

Proor. We prove the assertion by induction on the dimension d of M. If
d = 0, then dimy M < o0, and so M, = 0 for n > 0. Therefore Hp(t) €
Z[t,171], and we set Q(f) = Hu(?). It is clear that Q(1) = dim; M > 0.

Now assume that d > 0, and let U = *Hp,(M), where m = @, o R
1s the unique graded maximal ideal of R. Note that U is a graded
submodule of M with dimy U < co, and that m ¢ Ass(M/U). We may
assume that k is infinite (see the proof of 4.1.10). Then, according to
1.5.11, there exists a homogeneous (M/ U)-regular element @ € m, say of
degree a;. The exact sequence

0 — (0: @)y(—a1) — M(—ay) — M — M/aM — 0,
where (0 : @)y = {u € M: xu = 0}, gives rise to the equation
Hy(4)(1 - t*) = Huyjzma(t) — P(2),

where P(2) is the Hilbert series of (0 : @)p(—a1). The series P(?) actually
belongs to Z[t,t7!] since (0 : @)y C U, and U is of finite length. By
the induction hypothesis there exist (%) € Z[t,¢t], and positive integers
ag, ..., aq such that

e
14,1 — t=) Q(1) > o.

Set Q) = Q) — P(¥) H?zz(l — 1%); then, as required, we have Hy(t) =
Q1) TIL,(1 — %) with Q(1) > 0. O

Remarks 4.4.2. (a) Proposition 4.4.1 is analogously valid in the case where
Ry is an Artinian local ring.

(b) It can easily be verified that the integers ay,..., az found in the proof
of 4.4.1 are the degrees of elements generating a Noether normalization
of R/ Ann M. (Also see Exercise 4.4.12.)

Hy/em(t) =

A function P: Z — Cis called a quasi-polynomial (of period g) if there
exist a positive integer g and polynomials P;, i = 0,...,g — 1, such that
for all n € Z one has P(n) = Pn) where n=mg+ twith 0 <i< g—1.

In the following theorem we consider the graded components of the
modules *H: (M). Note that they are finite dimensional k-vector spaces

(why?).
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Theorem 4.4.3 (Serre). Let R be a positively graded k-algebra, k o field, and
M # 0 a finite graded R-module of dimension d, and denote the *maxzimal
tdeal of R by m. Then

(a) there exists a uniquely determined quasi-polynomial Pyy with H(M,n) =
Py(n) for all n>> 0,

(b) H(M,n) — Py(n) = Y2 (—1) dimy, *Hi, (M), for all n € Z,

(c) one has

deg Hy(t) = max{n: H(M,n) # Py(n)}
d
= max{n: Z(—l)idimk *H: (M), # 0}.

=0
(Here deg Hy(t) denotes the degree of the rational function Hp(t).)

Proor. (a) follows from Exercise 4.4.10 or Exercise 4.4.11.

(b) holds when d = 0, since then Pps = 0 and M = *HZ (M) whereas
*Hi(M) = 0 for i > 0. Next one notes that both sides of the equation
change by the same amount, namely dimy, *HZ, (M),, if one replaces M by
M/*HS (M). As in the proof of 4.4.1 we may thus assume that *H% (M) = 0
and that m contains a homogeneous M-regular element = of degree e.
Then we have an exact sequence

0 — M(—e) — M — M/aM — 0.

Set Hy(t) = ) ,cz(H(M,n) — Py(n))?* and

d

Hy(t) = Y (3~ 1) dim. By (M), )1

neZ =0

As Hy/om(t) = (1—1°) Hu(2), it follows that Pagyzp(n) = Par(n)— Pu(n—e)
for all n>> 0, and, hence, Pay/on(n) = Pu(n) — Py(n — e) for all n € Z.
Therefore H}me(t) = (1 — t)Hj,(t). The long exact sequence of graded
local cohomology derived from the exact sequence above easily yields that
likewise H}.’/I/mM(t) = (1 — ¢)Hy,(?). By induction, H}me(t) = H}.’/I/mM(t),
so Hy,(t) = Hy,(t) as well.

(c) follows immediately from (b) and Exercise 4.4.10. O

The previous theorem generalizes Hilbert’s theorem 4.1.3, and conse-
quently Pps is termed the Hilbert quasi-polynomial of M.

Suppose that M = R in 4.4.3 and that R is Cohen—Macaulay. Then
deg Hp(?) equals max{n: *HZ(R), # 0}, and thus is the a-invariant of
R introduced in Section 3.6; see the remark following 3.6.19. This fact
motivates the following extension of the notion of a-invariant:
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Definition 4.4.4. Let R be a positively graded k-algebra where k is a
field. Then the degree of the Hilbert function of R is denoted by a(R)
and called the a-invariant of R.

Observe that a(R) < 0 if and only if H(R,n) = Pg(n) for all n > 0.
That this condition has structural implications, is exhibited by a theorem
of Flenner [107] and Watanabe [389]: if k is an algebraically closed field
of characteristic 0, and R is a normal Cohen—Macaulay positively graded
k-algebra with negative a-invariant, then R has rational singularities,
provided R, has rational singularities for all prime ideals p different from
the *maximal ideal of R. In Chapter 10 we will again encounter the
condition a(R) < 0.

The Hilbert function of the canonical module. Stanley’s theorem 4.4.6 an-
alyzes how the Gorenstein property of a positively graded k-algebra is
reflected by its Hilbert series. It will be deduced from the next result
which asserts that the *canonical module of a Cohen—Macaulay posi-
tively graded k-algebra is determined by its Hilbert series, provided R is
a domain. Occasionally one can use this fact to identify the *canonical
module; see for example 6.4.9.

The automorphism ¢: Z[t,t71] — Z[t,t!], p(f) = t71, can be ex-
tended to all rational functions F(%), and we set F(¢71) = o(F(2)).

Theorem 4.4.5. Let k be a field, R a d-dimensional Cohen—Macaulay
positively graded k-algebra, M ¢ Cohen—Macaulay graded R-module of di-
mension n, and M' = *Ext}iz_"(M, wg). Then

() Hur(t) = (—1)°Hu(t),

(b) if R is a domain, dim M = d, and Hpy(t) = t9H,,(t) for some g, then
M(q) = Wg.

Proor. (a) We set

Va(t) = Y dimi(*Hy (M) )¢,

By the graded local duality theorem 3.6.19 one has Vi{t) = Hpp(?).
Furthermore Hp(t) = Var(t71) if dim M = 0.

Let a € R be an M-regular homogeneous element of degree g. Then
the exact sequence

0 — M(—g) — M — M/aM — 0
induces an exact sequence
0 — H (M aM) — *Ha(M(—g)) — "H(M) — 0.

Since *Hy,(M(—g)) = *Hp,(M)(—g), one obtains Vag/am(t) = (79— 1) Var(2).
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By 1.5.11 there exists a maximal M-sequence & of homogeneous
elements. Set b, = degx. An iterated application of the previous
argument then yields

Hyjan(t) _ Viggem(t™)
[Tyt =) [T, — )

(b) We may assume g = 0. Then Hpp(t) = H,. () = Hg(t). 1t follows
that there exists an element @ € M’ of degree 0, = # 0. Let o: R — M’ be
the homogeneous R-module homomorphism mapping 1 to @. Since R is
a domain and M’ a Cohen—Macaulay R-module of maximal dimension,
the homomorphism ¢ is injective. But since R and M’ have the same
Hilbert series, ¢ must actually be an isomorphism, and it follows that

M= M'=R = wp. O

Hy() = = (~1) () = (1) Hae(£7Y).

Corollary 4.4.6 (Stanley). With the notation and hypothesis of 4.4.5 suppose
that R has the Hilbert series Hp(?) = Yo, hit'/ H;lzl(l —1%).
(a) Then H,,(?) = (—1)2Hg(t 1), equivalently,

Gy Rt
S AT
j=1

(b) If R is Gorenstein, then Hp(?) = (—1)%%®) Hp(¢1).

(c) Suppose R is a domain, and Hg(t) = (—1)%t?Hp(t"t) for some integer
q. Then R is Gorenstein.

Proor. (a) follows immediately from 4.4.5, and according to 3.6.11 we
have wp = R(a(R)). This implies (b). With R = M, (c) results from
4.4.5(b). O

Remarks 4.4.7. (a) Assume the positively graded k-algebra R is Goren-
stein, and write Hg(t) = Qr(t)/ H?zl(l —t%). Then the functional equation
4.4.6(b) for Hp(?) is equivalent to the equation Qg(t) = 18 % Qp(¢71), that
is, to the symmetry of the polynomial Qg(?).

(b) Consider the homogeneous k-algebra R = k[X, Y]/(X3 XY, Y?).
Then Hg(t) = 1+ 2t+ £, but R is not Gorenstein. Applying 4.2.16,
we derive from R a reduced non-Gorenstein Cohen—Macaulay ring S
satisfying Hs(t) = (—1)%?Hs(¢!). Thus for 4.4.6(c) it is essential to
require that R be a domain.

On the other hand, suppose the Hilbert series of the positively graded
k-algebra R satisfies 4.4.6(b), but R is not necessarily a domain. Instead
suppose there exist a positively graded algebra S which is a Cohen—
Macaulay domain, and a homogeneous S-sequence @ such that S/xS = R.
Since Qs(?) is symmetric if and only if Qg(?) is, we conclude that R is
Gorenstein.
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In particular it follows that the above Artinian algebra cannot be
the residue class ring of a homogeneous domain S by a homogeneous
S-sequence.

Stanley observed that the following result on numerical semigroup
rings, due to Herzog and Kunz [160], can be derived easily from the
previous corollary. A numerical semigroup is a subsemigroup S of the
additive semigroup N such that 0 € S and N \ S is finite. The last
condition is equivalent to the requirement that the greatest common
divisor of all the elements of S is 1. If S is a numerical semigroup, then
there exist integers 0 < a; < --- < @, such that § is the set of linear
combinations

210 + a2 + -0 + 2y, with z € N.

Any such set of integers is called a set of generators of S, and we write
S = {a1,...,an). It is clear that a minimal set of generators of § is
uniquely determined.

The conductor ¢ = ¢(S) of § is defined by ¢ = max{a € N: a—1 ¢ S}.
For example, S = (4,7) has the conductor ¢(§) = 18.

If kis a field, k[S] denotes the k-subalgebra of the polynomial
ring k[X] generated by all monomials X% a € S. Note that k[S] =
kX%, ..., X% if S = {a,...,ay). Thus, if we set deg X = 1, then k[5] is
a positively graded k-algebra with k-basis X9 a € S. Moreover, k[S] is
Cohen—Macaulay since it is a one dimensional domain.

Theorem 4.4.8. Let S be a numerical semigroup with conductor c. The
following conditions are equivalent:

(a) k[S] is Gorenstein;

(b) the semigroup S is symmetric, that is, for all 1 with 0 < 1< c¢— 1 one
hasic Sifand onlyif c—1—1¢ S.

ProoF. Write R = k[S]. Then
=Y #=1/1-%- Y ¢
JES 1€IN\S

and so

—Hp(tY) =t/(1—+ Y,

€IN\S
Suppose Hp(t) = —#" Hg(t™1); then necessarily r = ¢ — 1, and
A== Y E=t/1-+ Y 7
€IN\S €IN\S

Hence Hg(?) = —t"'Hg(t!) if and only if S is symmetric, and the
assertion follows from 4.4.6. O
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A homogeneous Cohen—-Macaulay k-algebra R is called a level ring if
all elements in a minimal set of generators of wg have the same degree.
When R is Artinian, then w(wg) = dim*Soc R, and therefore R is a
level ring if and only if the homogeneous socle of R equals R, where
s = max{i: R; # 0}.

Recall that a Cohen—Macaulay ring R is generically Gorenstein if Ry
1s Gorenstein for all minimal prime ideals p of R.

Theorem 4.4.9 (Stanley). Let R be ¢ homogeneous Cohen—-Macaulay k-
algebra. Suppose that R is a domain, or generically Gorenstein and a level
ring. Let Hp(t) = Yoo hit'/(1 — 1)%; then

J J
ngZhs_i forall 7=0,...,s
i=0 i=0

Proor. Note that the least degree of a homogeneous non-zero element of
wp is b = —a(R). Our assumptions guarantee the existence of a homo-
geneous element @ € wp of degree b such that Rz = R(—b). This is
clear if R is a domain. Next assume that R is generically Gorenstein and
a level ring. Then the natural homomorphism ¢: wp — (wg)** (which
is homogeneous) is a monomorphism; see 1.4.1. Let G — (wg)* be a
homogeneous epimorphism, where G is free. Then the dual homomor-
phism (wg)* — F = G* is a monomorphism which, composed with ¢,
yields a homogeneous monomorphism 1: wgp — F. We identify wgp with
its image in F. Suppose that the k-vector space (wg)s is contained in
Upeass g PF- Then, since (wg), NpF is a subspace of (wg)s, and as we may
assume that k is infinite (the reader should check this), it follows that
(wg)s C pF for some p € Ass R. However the elements of (wg)s generate
the canonical module, and so wg C pF. This is impossible, because it
would imply that pF, contains a free Ry-module of rank 1. Now we
choose @ € (wg)p \ UPGASSR pF; then Rz = R(-b).

Thus, in any case, there exists an exact sequence of graded R-modules

0—>Ri>wﬂ(b)—>N—>0,

where (1) = @ is a non-zero homogeneous element of degree b in wp.
Let Hp(t) = Yo hit'/(1 — 4%, d = dim R, be the Hilbert series of R.
By 4.4.6, the exact sequence implies that

Hy(t) = (1= 1)) (hei — )T
i=0
The module N has rank 0 since rank wp = 1, and so dimN < d. On

the other hand, the exact sequence shows that depth N > d — 1, and thus
we conclude that N is a graded Cohen—Macaulay module of dimension
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d — 1. Therefore Hy(t) = Yo, ait’/(1 — )% with a; > 0 for i = 1,..., 7,
see 4.1.10. It follows that

E

Y (hai— B}t = (1—1) Z ait'.

=0
Thus we obtain the following set of equations:
hs_hﬂzaﬂa hs—l_hlzal_aﬂa [EEX) ho — hs = a; — a,_1.

Here we have set a; = 0 for 7 > r. Adding up the first 7 + 1 equations
gives

J J
D heim Y hi=a >0,
=0 =0

as asserted. O

Consider the sequence (1,2,1,1). Proposition 4.2.15 implies that this
1s the h-sequence of a Cohen—Macaulay reduced homogeneous k-algebra
R. But 4.4.9 implies that such an R is not a domain.

Exercises

4.4.10. Let F(t) = Q(¢)/ [11,(1 — %) = ©.7, fit with Q(#) € Z[¢, ¢t '] and positive
integers ay,...,aq. Let Y f,t" be the Laurent expansion of F at 0. Show

(a) there exists a unique quasi-polynomial P with P(n) = f, for n>> 0,

(b) max{n: f, # P(n)} = deg F.

Hint: For (b) one argues similarly as in the proof of 4.1.12.

4.4.11. Let R be a Noetherian positively graded k-algebra over a field k, generated
by homogeneous elements x,...,x, of degrees e,...,e,. Let e be the least
common multiple of e,..., e, and define S to be the k-subalgebra generated by
the degree e homogeneous elements of B. A finite graded R-module obviously
decomposes into the direct sum of its S-submodules M; = . g Mjers, ¢ =
0,...,e—1.

(a) Show that the M; are finite S-modules.

(b) By considering S as a homogeneous k-algebra in the appropriate way, deduce
that the Hilbert function H(M, n)is a quasi-polynomial of period e for n>> 0.

4.4.12. Let R be a Noetherian positively graded k-algebra over a field & and
M # 0 a finite R-module. Furthermore let § be a graded Noether normalization
of R/ Ann M generated by elements of degrees ay,..., a4, d = dim M.

ez

(a) Derive 4.4.1 from Hilbert’s syzygy theorem 2.2.14 by computing the polyno-
mial Q(t) € Z[t, '] with Hy(t) = Q#)/ [I¢,(1 — t*); moreover, show Q1) =
ranks M > 0.

(b) Prove that the coeflicients of ((t) are non-negative if M is a Cohen—Macaulay
module.
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4.4.13. (a) Let R be a Noetherian positively graded k-algebra of dimension 1,
where kis an algebraically closed field. If H(R, n) > 1 for some n, show R is not
a domain.

(b) Find an example of a 1-dimensional homogeneous R-algebra R which is a
domain, and for which H(R,n) = 2 for all n > 0.

4.4.14. Let k be a field, and P(t) a formal power series with integer coeflicients.
Demonstrate the following conditions are equivalent:

(a) there exists a d-dimensional homogeneous k-algebra which is a complete
intersection, and which has the Hilbert series P(t);

(b) there exist an integer n, n < d, and integers a; > 0, i = 1,...,n, such that
P(t) = (1= ) 4TI, (L + 4 & + -+ t5),

4.4.15. Let k be a field. In this exercise we want to specify the associated prime
ideals of an ideal I C R = k[X),...,X;] which is generated by monomials in the
variables X, ..., X,. We order the monomialsin the reverse degree-lexicographical
order, and denote by I(a) the leading monomial of a; see the proof of 4.2.3 and
the discussion following 4.2.4.

(a) Let a € R, and write a= Y,; \j; with A; € k and v; monomials for all 4 Then
L(a) € I'if a € I. Conclude from this that a € I if and only if v; € I for all ¢ with
A # 0.

(b) Let a € R be a monomial. Show the ideal J = {b € R: ba € I} is generated
by monomials.

(c) Prove that an ideal generated by monomials is a prime ideal if and only if it
is generated by a subset of {Xj,..., X, }.

(d) Prove that the associated prime ideals of R/I are all generated by subsets of
{X,...,. X}

(e) Show an ideal I generated by monomials is a primary ideal if and only if it
satisfies the following condition: for every variable X; which divides a monomial
m € I such that m/X; ¢ I, some power of X; belongs to I.

4.4.16. (a) Let k be a field, and I, L, I; C k[X),...,X,] ideals generated by
monomials. Show I N (L, + L) = (I, N L) + (L N L).

(b) Let v,...,v, C k[X;,...,X,] monomials in Xj,...,X,. Suppose v, = ab is
the product of monomials @ and b with greatest common divisor 1, then show
(ab,vy,..., ) = (@, 05, ..., V) N (b,vs,..., V).

(c) Describe an algorithm to determine the primary components of an ideal
generated by monomials.

4.4.17. Let k be a field, and I C k[X;,...,X,] an ideal generated by squarefree
monomials. Demonstrate that k[Xj,..., X,]/I is reduced.

4.4.18. Let k be a field and I C R = k[X),...,X,] the ideal generated by the
monomials X;X;, 1 < ¢ < 7 < n. Determine Ass R/I.

4.4.19. Let k be a field, I C k[X],..., X;] an ideal generated by monomials, and
R =k[X,,...,X,]/1. Show

(a) Show that a 0-dimensional Gorenstein ring is a complete intersection. (This
is also true in dimension 1; see Bruns and Herzog [58].)

(b) Give a 2-dimensional Gorenstein example that is not a complete intersection.
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4.4.20. Prove the graded version of 3.1.16: let R be a graded ring, and M and N
graded R-modules; if = € R is a homogeneous element of degree a which is R-

and M-regular and annihilates N, then *Ext} (N, M)(—a) = *Ext;/(m)(N, M/xM).

4.4.21. Let k be a field, and let R be a homogeneous Gorenstein k-algebra of
dimension d. Prove 2¢; = («(R) + d)e;.

4.5 Filtered rings

In this section we introduce the extended Rees ring and associated graded
ring of a filtered ring. We will compute their dimensions, and show that
a filtered ring inherits many good properties from its associated graded
ring. The results will be used in the next section where we consider
the Hilbert—Samuel function, and in Chapter 7 for the study of graded
Hodge algebras.

Definition 4.5.1. Let R be a ring. A filtration F on R is a descending
chain R=15 D 1 DL D --- of ideals such that L,I; C I;y; for all < and j.
A filtered ring is a pair (R, F) where R is ring and F is a filtration on R.

The most common filtration is the one given by the powers of an
ideal I, called the I-adic filtration.

Let R be a filtered ring with filiration F = (I)i»0. We define the
extended Rees ring of R with respect to F' by

R(F) = P Lt

€Z

Here I; = R for i < 0, and R(F) is viewed as a graded subring of R[¢,t71].
Moreover, we define the associated graded ring of R with respect to F by

grr(R) = @ L/ L1
=0

It is a graded ring with multiplication induced by the multiplication map
L x I; — I,

Given an R-module M, R(F,M) = P,z LM+ (respectively grp(M) =
P, M/I;;1M) is in a natural way a graded module over R(F) (re-
spectively grz(R)). In the case where F is the I-adic filtration we denote
by R(I) the extended Rees ring, and in accordance with Section 1.1 by
gr(R) the associated graded ring. Further we write R(I, M) for R(F, M)
and gry(M) for grp(M).

We will also encounter the Rees ring Ry (F) = @i, Lt and the
graded R (F)-modules R (F,M) = P, M#. The notations in the
case of I-adic filtrations are to be modified accordingly.

The following observation, whose proof is left to the reader, is of
crucial importance in the study of the extended Rees ring.
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Lemma 4.5.2. Let R be a filtered ring with filiration F. Then

(a) the element t71 € R[t,t7] belongs to R(F) and is R(F)-regular,
(b) R(F)/ T R(F) = gre(R),

(¢) R(F)e= = Rt 1],

We call F Noetherian if R(F) is Noetherian. For example, I-adic
filtrations on a Noetherian ring are Noetherian. It is clear that if R is
Noetherian and R(F) is finitely generated over R, then F is Noetherian.
But the converse is true as well:

Proposition 4.5.3. Let R be a filtered ring with filtration F = (L;)i»0. The
following conditions are equivalent:

(a) F is Noetherian;

(b) R is Noetherian, and R(F) is finitely generated over R;

(c) R is Noetherian, and Ry(F) is finitely generated over R;

(d) R is Noetherian, and there exist positive integers j(1),...,7(n) end x; €
Ly, i=1,...,n, such that I, = Y 7 ; z;Ix_j for all k> 0.

ProoF. The equivalence of the statements (a), (b) and (c) follows from
1.5.5.

(¢) = (d): Let Ry(F) = R[eu,...,a,). We may assume that ay,..., a,
are homogeneous elements of positive degree. Then a; = z;#(") for some
J(9) > 0 and x; € Iy, i = 1,...,n. These x; satisfy the conditions in (d).

(d) = (a) is proved similarly.

Note that if R/I; is Noetherian and grp(R) is finitely generated over
R/ I, it does not follow in general that F' is Noetherian. For example, let
(R,m) be a local ring and let F = (I})i»0 with I; = m for all ¢ > 0. Then
grp(R) = R/m, but R(F) is not Noetherian. Thus we have to pose an
extra condition on F: the filtration F = ()0 is separated if ()59 L = 0,
and F is strongly separated if (\so(I + L) = I for all ideals I C R. By
Krull’s intersection theorem, I-adic filtrations on local rings are strongly
separated, provided I # R.

Recall that the filtration F = (L)i»o defines a topology on R whose
base is given by the sets a+ I, a € R and ¢ > 0; see [289]. With this
topology R is a Hausdorff space if and only if F is separated. The closure
of an ideal I is given by [),5o(I + L); hence F is strongly separated if and
only if all ideals of R are closed subsets.

Let us denote by M the completion of an R-module M with respect
to F (see [289], 9.5). Then R is complete with respect to the filtration
F= (L’)izo, and I, is the closure of LR in R. If the filtration is separated,
then the canonical homomorphism R — Ris injective, and INnR = I;
see [289], Theorem 3, p. 390. Further, if grp(R) is Noetherian, then Ris
Noetherian and for all ideals I C R, IR is the closure of I in R ([289],
Theorem 15 and Corollary 1, p. 413).
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Proposition 4.5.4. If F is Noetherian, then R is Noetherian and grp(R) is
finitely generated over R/I;. Conversely, if F is strongly separated, R/I; is
Noetherian, and grp(R) is finitely generated over R/ Ih, then F is Noetherian.

Proor. The first part of the assertion is obvious in view of 4.5.3. For
the converse we show that R is Noetherian, and that R(F) is finitely
generated over R. Then, by 4.5.3, F' is Noetherian.

Let I C R be an ideal of R, and a € IR N R. Since IR is the
closure of I in j%, there exist, for all ¢ > 0, elements a; € I such that
a;—a€ I,NR = LRNR = I, Therefore a € NisolI+ L) = I. Thus we have
IRNR = I, and this proves that R is Noetherian since R is Noetherian.

In order to prove that R(F) is finitely generated we may assume
that grp(R) = R/L[Z,..., B, where the &; are homogeneous of pos-
itive degree, say & = = + Ly, @ € Ijy for i = 1,...,n. Let 4 =
Rt 2 #W),... 2,#M]; then 4 is a graded subalgebra of R(F), and we
claim that indeed 4 = R(F): let k > 0 and = € I;t*; then = = ay + bt
with ag € A and by € Iy, by the definition of A. For the same reason
we have byt**! = @y + byt*+! with a; € Apy1 and by € Ipa. It follows that
x= ay+ ait™! + bit*, and hence = € A, + Ik+2tk. By induction on j one
shows that = € A, + Ik+jtk forall > 1. Thus @ € ﬂj>1(Ak + Ik+jtk) = A,
since F' is strongly separated. - O

In the next theorem we compare the dimension of a module M with
the dimension of R(F, M) and grp(M) where F is a filtration on R. For
the proof we will have to identify the minimal prime ideals of R(F).

Let p € Spec R; then p' = pR[t,t"!] N R(F) is a prime ideal of R(F)
and p' N R = p. It is clear that p’ belongs to the set *D(¢7!) of graded
prime ideals of R(F) which do not contain ¢71.

Lemma 4.5.5. Let F' be a Noetherian filtration.

(a) The map a: SpecR — *D(t71), p — p', is an inclusion preserving
bijection;

(b) height p = height p’ for all p € Spec R;

(c) a induces a bijection between the minimal prime ideals of R and R(F).

Proor. (a) It is clear that a is injective and inclusion preserving. Let
B € *D(t71); then PR(F),» = PR[{,t}] is a graded prime ideal of
R[t,t71], and hence of the form pR[t,171] for some p € Spec R. It follows
that B = PR(F)e: N R(F) = pR[t,t1] N R(F) = p'.

(b) Obviously we have height p’ > heightp. Suppose heightp’ = h.
By 1.5.8, there exists a strictly descending chain of graded prime ideals
p =P, DB, D+ D B,. Since all P, € *D(¢7?), there exist p;, € Spec R
with p, = B,. Then p = py D p; D -+ D Py is a strictly descending chain
of prime ideals in R; thus heightp > h.
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(c) Let B be a minimal prime ideal of R(F). Then ¢! ¢ 9P since ¢! is
R(F)-regular. According to 1.5.6, P is graded, and so belongs to *D(¢71).
The rest follows from (a) and (b). O

Theorem 4.5.6. Let R be a filtered ring with Noetherian filiration F =
(L)i>o, and M a finite R-module. Then R(F,M) is a finite R(F)-module,
and

(a) dim R(F, M) = dim M + 1,

(b) dim grz(M) = sup{dim Mm: m € Supp(M/L M), m maximal}. In par-
ticular, dim grp(M) < dim M, and dim grz(M) = dim M if I; is contained
in all mazximal ideals of R.

Proor. (a) It is clear that R(F, M) is a finite R(F)-module. Let J =
Ann M, and set R' = R/J and F' = (LR')»0. Then M is an R'-module
and R(F,M) = R(F',M). Thus we may as well assume that M is a
faithful R-module. But then R(F, M) is a faithful R(F)-module, too, so
that dim R(F, M) = dim R(F). Therefore it suffices to prove the assertion
for M = R.

Let B € Spec R(F), and set p = P N R. We choose a minimal prime
ideal Q C P such that height(PB/Q) = height PB. By 4.5.5, there exists q €
Spec R such that Q = ¢'. Thus we obtain the finitely generated extensions
R/qC R(F)/q C R[t,t7!]/qR[t,t7!] of integral domains, and it follows
that the transcendence degree of the fraction field Q(R(F)/q') over Q(R/q)
is one. Thus A.19 yields height ¢ = height(B/q') < height(p/q) + 1 <
heightp + 1. In particular we conclude that dim R(F) < dim R + 1.

Conversely, dim R(F) > dim R(F)y+ = dim R[¢,t!] = dim R + 1. The
reader may check the last equality.

(b) As for (a) we may reduce the assertion to the case in which
M is faithful. Then R(F, M) is a faithful R(F)-module, and therefore
grp(M) =2 R(F, M)/t 1 R(F, M) is a faithful grp(R)-module. Thus we may
assume M = R.

According to Exercise 1.5.25, the dimension of grz(R) is the supremum
of all numbers dim gry(R)m where the supremum is taken over all graded
maximal ideals 3 € Specgrp(R). Let 9 be such an ideal and M its
preimage in R(F). Then M is a graded maximal ideal, and (hence)
contains ¢! Let m = M N R. As R(F)/M is a graded ring and a field, it
is isomorphic with its degree zero homogeneous component R/m. Thus

im:@Rtieam@@Iiti.

<0 >0

In particular m is a maximal ideal, and I; = (I;#)¢™* C m for i > 0. Now
the decomposition of M shows that M = (m',¢71). Since m = M N R, we
have, as in (a), that height m = heightm' < height M < heightm + 1, so
that height 9%t = height M — 1 = heightm.
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Conversely, let m O I; be a maximal ideal of R. Then R(F)/(m’,t7!) =
R/m, whence M = (m',t!) is a maximal ideal of R(F) with m = MN R.
As above, it follows that height 9t = heightm for the graded maximal
ideal 9t = M/(t71) of grp(R). O

The next series of results demonstrate that ‘good’ properties of grz(R)
descend to R.

Theorem 4.5.7. Let R be a filtered ring with Noetherian filtration F =
(Li)izo-

(a) If grp(R) is Cohen—-Macaulay, then so is R, for all p € V(L).

(b) If grp(R) is Gorenstein, then so is Ry for allp € V(L).

Proor. (a) Let p € V(I;). The filtration F = (I})i»o on R induces the
filtration F' = (I;Rp)i>0 on Ry, and we have Ry, ®@pgry(R) = grpm(Rp). Thus
we may as well assume that (R, m) is local, 1 C m, and p = m. Then
R(F) is *local, and t~* belongs to the unique graded maximal ideal of
R(F). Therefore R(F) is Cohen-Macaulay by 4.5.2(a), (b) and Exercise
2.1.28. Applying 4.5.2(c) we see that R[t,t!] is Cohen—Macaulay. Since
the extension R — R[t,t7!] is faithfully flat, R is Cohen—Macaulay; see
2.1.23.

(b) is proved in a similar manner. O

Theorem 4.5.8. Let R be a filtered ring with separated filiration F. If
gry(R) is reduced or a domain, then so is R.

The proof, whose details we leave to the reader, follows easily from
4.5.10.

We close this section by showing that, under mild hypotheses, nor-
mality of the associated graded ring implies normality of the ring itself.
Let R be a Noetherian domain with fraction field K. Recall that . € K
1s completely integral over R if there exists an element a # 0 in R such
that az® € R for all n > 0. Note that R is normal (integrally closed
in K) if and only if R is completely integrally closed, i.e. every element
x € K which is completely integral over R is an element of R. Indeed,
suppose ¢ € K, @ = ¢/d, is integral over R. Then there exists an equation
2"+ " 4+ 4 ap_1z+ an = 0 with ¢; € R, and it is clear that
d™x" € R for all n > 0. Conversely, if € K such that ax” € R for some
a€ R, a# 0, and all n > 0, then R[z] C a 'R. Since a 'R is a finite
R-module this implies that « is integral over R; see [270], Theorem 9.1.

We introduce a notation which is useful in the proof of the following
theorem. Let R be a filtered ring with separated filtration F = (I;)0.
For each non-zero g € R there exists a unique integer 7 > 0 such that
g € L\ Iiz1. We set g = g+ I;;1 and call it the initial form of g in grp(R);
of course, 0* = 0.
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Theorem 4.5.9. Let R be a filtered ring with Noetherian filiration F =
(L)iso satisfying (\solaR + L) = aR for all a € R. If grp(R) is a normal
domain, then so is R.

Proor. The assumptions imply that F' is separated. Hence by 4.5.8, R is a
domain. Let K be the field of fractions of R, and @ = ¢/d an element in
K which is completely integral over R. We want to show that ¢ € Rd. It
suffices to prove that ¢ € Rd+ I; for all i > 0, since Rd = ()5o(Rd+ I;) by
assumption. We prove this by induction on i, the case s = 0 being trivial.
Suppose ¢ € Rd + I; then ¢ = ud + w, u € R, w € I, As x is completely
integral over R there exists a € R, a # 0, such that o(z — )" € R for all
n > 0, and this implies a{w/d)" € R for all n > 0. In other words, there
exist elements w, € R such that aw” = w,d" for all n > 0.

We have (gh)* = g*h* for all g,h € R since grp(R) is a domain;
see Exercise 4.5.10. Applied to the above equation we obtain &*(w*)" =
wi(d*)". This means that w*/d* is completely integral over grz(R). By
assumption, grp(R) is an integrally closed domain. Therefore, w*/d* €
grp(R), or equivalently, w* = v*d* for some v € R. Since w € I, the
last equation yields w — vd € I;;1. But then ¢ = (u+ v)d 4+ (w— vd), as
desired.

Exercises

4.5.10. Let R be a filtered ring with separated filtiration. Show:
(a) &*b* = (ab)* or a*b* = 0;
(b) a*b* = (ab)* if grp(R) is a domain.

4.5.11. Let R be a filtered ring with Noetherian filiration F = (I;);5,. Prove
(a) dimR < dim R, (F) < dim R + 1,
(b)dimR(F)=dimR+1<=1 ¢ (\{p € AssR: dimR/p =dim R}.

4.5.12. Let R be a filtered ring with filtration F = (I;);0. The s-th Veronese
subring R(f)(F) of R.(F) is again a Rees 1ing which is defined by the filtration
FO) = (Zs)is0- Show the following conditions are equivalent if R is Noetherian:
(a) R.(F)is a finitely generated R-algebra;

b) R s)( ) is a finitely generated R-algebra for all s > 1;
c) there exists an integer s > 1 such that 71 (F) is a finitely generated R-algebra;
d) there exists an integer s > 1 such that I, = LI, for all i > s;

) there exists an integer s > 1 such that I; = (I;)°.

Hints: for the proof of (¢) = (a) consider the ideals M; = @po L5 of 71 ( ),
j=0,...,5—1, and for (a) = (d) use that R, (F) = R[L ., Lt for some r > 1;
then choose s = (r — 1)r!. (The implication (a) = (d) is due to Rees [304].)

4.5.13. Let k be a field, B = k[X°, X", X**] and m the ideal in R generated by
X°, X" and X'. Show R is Gorenstein, but gr,,(R) is not even Cohen—Macaulay.

(
(
(
(e
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4.6 The Hilbert—Samuel function and reduction ideals

Let (R,m) be a Noetherian local ring, and M # 0 a finite R-module. In
order to define the multiplicity of M one passes to the associated graded
module gr, (M), and defines

(M) = e(grm(M)).

To be more flexible we may as well consider an ideal I C m such that
m*M C IM for some n. Any such ideal is called an ideal of definition
of M.

The associated graded ring gr;(R) is a homogeneous algebra, and
gr;(M) is a graded gr;(R)-module.

Definition 4.6.1. The first iterated Hilbert function

Xh(n) = Hilgrr(M),m) = Y Hlgri(M), )

=Y YI'M/T M) = 4 M/T" M)
i=0
is called the Hilbert—Samuel function of M, and e(I, M) = e(gr;(M)) the
multiplicity of M with respect to I.

As an immediate consequence of 4.1.6 we obtain

Proposition 4.6.2. Let (R,m) be a Noetherian local ring, M # 0 a finite
R-module of dimension d, and I an ideal of definition of M. Then

(a) the Hilbert-Samuel function x}(n) is of polynomial type of degree d,
(b) e(I, M) = lim,,_,(d!/n%) & M/ "1 M).

Proor. By 4.5.6, we have dim M = dimgr;(M). Thus (a) follows from
4.1.6.

(b) For large n we have yi,(n) = (e(I, M)/d!)n+terms in lower powers
of n. This yields the desired result. O

The polynomial X (X) € Q[X] with X (n) = xi(n) for n > 0 is
called the Hilbert—Samuel polynomial of M with respect to I. When
I = m, we simply write X37(X) instead of X1 (X). (Note that Sy (X) is
not the Hilbert polynomial of gr,,(M).)

Examples 4.6.3. (a) Let (R,m, k) be a regular local ring of dimension d.
Then the homogeneous k-algebra gr,,,(R) is isomorphic to the polynomial
ring k[X1,..., X4]; see 2.2.5. Thus Xp(X) = (X;'d) and e(R) = 1.

(b) Let (R,m, k) be a regular local ring, I C R a proper ideal, and
S = R/I. We denote by n the maximal ideal of §. The canonical
epimorphism ¢: B — S induces a surjective homomorphism of graded

k-algebras gr(e): grm(R) — gra(S). Indeed, let @ € R, a # 0, and
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a‘k

= a+m/*1 in gr,(R) its initial form; see the definition above 4.5.9. It
is clear that the homogeneous elements of gr,,(R) are just the initial forms
of elements of R. For a € m? \ m’*! we define grp,(¢)(a*) = &(a) + ni+L.

Let I* be the ideal generated by the elements af, a € I. Then
I* = Ker(gry,(¢)) because if a* = a+m?*! € I*, then (a) € n?*1. Hence
there exists b € m?*! such that &(b) = ¢(a). It follows that ¢ = a— b € 1,
and ¢& = d*. The converse inclusion is obvious.

We conclude that gr,(S) = k[Xa,...,X4]/I*. Thus Xs¢(X) and €(S5)
may be computed once I* and its graded resolution are known; see
4.1.13.

Assume I = (aq,..., anm); then (df,...,ds) C I* with equality if m = 1.
In general, however, we have (df,...,d) # I (Exercise 4.6.12).

Computing eI, M) may be a painful and often impossible task. We
will show that an arbitrary ideal of definition of M may be replaced by
an ideal J which is generated by a system of parameters of M such that
e(J, M) = e(I, M), provided the residue class field k of R is infinite.

Definition 4.6.4. Let R be a Noetherian ring, I a proper ideal, and M
a finite R-module. An ideal J C I is called a reduction ideal of I with
respect to M if JI"M = I"*' M for some (or equivalently all) n>> 0.

The definition of a reduction ideal almost immediately yields

Lemma 4.6.5. Let (R, m) be a Noetherian local ring, M o finite R-module,
I an ideal of definition of M, and J a reduction ideal of I with respect to
M. Then J is an ideal of definition of M, and e(J, M) = (I, M).

ProOF. For large n we have "M = JI"M C JM, and this shows that J
1s an ideal of definition of M. Moreover, we get the inequalities

L(M/T™IM) > oM/ M) > 2(M/T™M)
for all m > 1. Thus 4.6.2 implies the assertion. O

In the framework of Rees rings and Rees modules, reduction ideals
can be characterized as follows.

Proposition 4.6.6. Let R be a Noetherian ring, J C I proper ideals of R,
and M a finite R-module. The following conditions are equivalent:

(a) J is a reduction ideal of I with respect to M;

(b) Ri(I, M) is a finite Ri(J)-module.

ProOF. (a) = (b): Suppose I""'M = JI"M; then R, (I, M) is generated
over R.(J) by the elements of degree < n, and hence is finitely generated.

(b) = (a): We may choose a homogeneous set of generators o, ..., o
of Ri(I,M). Let n be the maximal degree of the elements z;, and let
@ € I"1M. There exist elements a; € J% by =n+ 1 — deg x;, such that
T = E:'=1 a;z;. Since q; € JHI"HI=%M C JI"M, it follows that @ € JI*M.
Thus we have I"''M C JI*M. The converse inclusion is trivial. O
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In terms of Rees rings we now introduce an invariant which gives a
lower bound for the number of generators of a reduction.

Definition 4.6.7. Let (R,m) be a Noetherian local ring, I a proper ideal
of R, and M a finite R-module. The number

NI, M) = dim (R (I, M)/mRy (I, M)) = dim (gr,(M)/mgr,(M))

is the analytic spread of I with respect to M. We set \(I) = A(I,R) and
call it the analytic spread of I.

Proposition 4.6.8. Under the hypothesis of 4.6.7 we have (J) > AI, M)
for any reduction ideal J of I with respect to M. Suppose in addition that
R/m is infinite. Then there exists a reduction ideal J of I with respect to
M such that @(J) = A(I, M).

ProoF. The module Ry (I, M)/mR(I, M) is finite over R(J)/mR.(J) =
Do J'/mJ* which in turn is a factor ring of k[Xi,..., Xy], where m =
dimy J/mJ = (J). Therefore dim('R+(I, M)/mR (I, M)) < m. This
proves the first part of the proposition.

Now let A = R.(I)/a, where a is the annihilator of the R (I)-module
Ri(I, M)/mR,(I, M). The ideal a is graded and contains mR;(I). Con-
sequently 4 is a homogeneous R/m-algebra, and dim 4 = A\(I, M). Since
R/m is infinite, the Noether normalization theorem says that there exist
elements v1,...,y4 € A of degree 1, d = AMI, M), such that 4 is a
finite B-module, where B = k[y,...,v4]; see 1.5.17. It follows that
Ri(I, M)/mR,(I, M) is a finite graded B-module.

For each y; we choose z € I such that z is mapped to y; under the
canonical map I — Ri(I)/a. Let J = (z1,...,24); then w(J) = AI, M),
and Ry (I, M)/mR(I, M) is a finite (R (J)/mR;(J))-module. Now the
graded version 1.5.24 of Nakayama'’s lemma implies that R, (I, M) is a
finite (R4 (J))-module, and this completes the proof; see 4.6.6. O

Remark 4.6.9. Let (R,m, k) be a Noetherian local ring, and I a proper
ideal of R. Northcott and Rees [291] call an ideal J a minimal reduction
of I if J is a reduction ideal of I, and J itself does not have any proper
reductions, and they prove that minimal reductions exist — a fact which
we will not use explicitly here. In the case where % is infinite one has
the following result: let J be a reduction of I, and suppose that J is

minimally generated by xi,..., @, Then J is a minimal reduction of I if
and only if the elements xy,...,x, are analytically independent in I and
n= A(I).

Recall that wi,...,x, are analytically independent in I if whenever

fAXy,...,X,) is a homogeneous polynomial of degree m in R[Xy,...,X,]
(m arbitrary) such that flwy,...,@,) € I™m, then all the coefficients of f
are in m.



4.6. The Hilbert—-Samuel function and reduction ideals 191

It is clear from this description and the proof of 4.6.8 that the ideal J
constructed there is a minimal reduction of I when M = R.

Corollary 4.6.10. Let (R, m) be a Noetherian local ring with infinite residue
class field, M a finite R-module, and I an ideal of definition of M. Then
there exists a system of parameters @ of M such that (x) is a reduction
ideal of I with respect to M. In particular e(I, M) = e((x), M).

Proor. We show that dim(Ri(I, M)/mR.(I,M)) = dim M. This, in
view of 4.6.5 and 4.6.8, implies the assertion. Note that £(I"M/mI"M)
= I"M), and £(I"M/I""*M) < @(I"M) £(M/IM). Indeed, let v, ..., Ym,
m = p(I*"M), be a system of generators of I"M. We may write y; = ajx;
with a; € I", ©; € M. Thus there exists an epimorphism P Rx; — I"M
which yields an epimorphism @ Rz; — I"M/I""'M where Z; denotes
the residue class of x; modulo IM. Since R%; C M/IM, the desired
inequality follows. We therefore obtain the inequalities

H(R+(Iv M)/mR.(I, M), n) < H(gr/(M),n)
< @(M/IM) H(R(I, M)/mRy(I, M),n).

By 4.1.3 and 4.5.6, the Hilbert function H(gr;(M),n) is a polynomial of
degree dim M — 1 for large n, and so is H('R+(I, M)/mR (I, M),n) by
the above inequalities. Hence, if we again apply 4.1.3, the conclusion

follows. O

Exercises

4.6.11. Let R be a Noetherian ring, I a proper ideal of R, M a finite R-module,
M' a submodule, and M" a factor module of M. If J is a reduction ideal of T
with respect to M, show it is a reduction ideal of I with respect to M’ and M",
too. (Hint: Use 4.6.6).

4.6.12. (a) Let (R,m, k) be a regular local ring, and f an element in m whose
initial form f* has degree a; see 4.6.3. Set S = R/(f) and prove that gr,,(S) =
E[Xi,..., X3]/(f), and €S) = a

(b) Let I = (X?, XY + Z*) C k[X, Y, Z]. Show the ideal I* of initial forms of I
is not generated by the initial forms X? and XY of the generators of I.

4.6.13. Let (R,m) be a Noetherian local 1ing and I a proper ideal of R. Show
that the analytic spread of an ideal has the following properties:

(a) A(IR,) < A(J) for all p € Spec R;

(b) if I is m-primary, then A(I) = dim R;

(c) height I < A(I) < dim R.

4.6.14. Let (R, m, k) be a d-dimensional Cohen—Macaulay local 1ing. Prove:

(a) If k is infinite, then there exists an R-sequence @ = wi,...,x; such that
o R) = YR/()).

Hint: Proceed by induction on d; choose x; such that its initial form in gr,(R)
is an element of degree 1 whose annihilator has finite length.
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(b) (R) > embdim R —dim R+ 1; if equality holds, then R is said to have minimal
multiplicity.

(c) If kis infinite, then R has minimal multiplicity if and only if there exisis an
R-sequence @ such that m? = (z)m.

4.6.15. Let (R, m, k) be a one dimensional local ring. Prove:

(a) If k is infinite, there exists an element x such that m™ = zm” for all n > 0;
any such element is called superficial

(b) If = is a superficial element, then = ¢ m?.

(c) e R) = y(m") for large n.

4.6.16. Let (R,m, k) be a one dimensional Cohen-Macaulay local ring, and z a
superficial element of R.

(a) Suppose I is an ideal of height 1 in R. Show that £(I/xI) = & R).

(b) Prove that y(I) < ¢(R) for all ideals of height 1 of R.

4.6.17. Let (R, m, k) be a Noetherian local ring. Suppose there exists an integer n
such that (1) < n for all ideals I of R. Show that dim R = 1.

4.6.18. Let R = k[[{], k a field. Let fi(¢),...,fx(t) € R. We denote by
E[[fi(2),- .., fa(t)] the subring

A={F(fi(t),..., f(¥): F € k[ Xy,..., X,]}

of R. Suppose the integral closure of A is R; prove e(4) is the minimum of the
initial degrees of the fj(t). Hint: use the fact that R is a finite A-module; see
[270], §33.

4.7 The multiplicity symbol

In the previous section we saw that the computation of the multiplicity
e(I, M) of a finite module M with respect to an ideal of definition I can
be reduced to the case when I is generated by a system of parameters of
M. The advantage of this reduction will become apparent when we show
that the multiplicity of a module M with respect to an ideal generated
by a system of parameters @ can be expressed in terms of the Koszul
homology H.(x, M). We approach this goal by introducing the multiplicity
symbol e(x, M), due to Northcott.

Let (R,m) be a Noetherian local ring, and M a finite R-module. A
sequence of elements @ = xy,...,z, in m is a multiplicity system of M if
Y(M/(x)M) is finite, equivalently, if (@) is an ideal of definition of M.

Lemma 4.7.1. Let (R,m) be a Noetherian local ring, @ a sequence of el-
ements in R, and 0 — M' — M — M" — 0 an exact sequence of finite
R-modules. The sequence x is a multiplicity system of M if and only if it
is a multiplicity system of M' and M".

ProoF. The exactness of M'/(e)M' — M/(e)M — M"/(2)M" — 0 im-
plies that

M [(2)M") < U M/(x)M) < &(M"/(z)M") + &M /(z)M').
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It therefore remains to show that &M /()M') < oo if 4 M/(x)M) is.
According to the Artin—Rees lemma ([270], Theorem 8.5) there exists
an integer m such that (@)”M N M' C (&)M', and this implies that
UM [(2) M) < &M [(z)"M M) < &M/ ()" M). O

Corollary 4.7.2. Let (R, m) be a Noetherian local ring, M a finite R-module,
and ® = x1,..., T, a multiplicity system of M. Then & = x,...,2, is @
multiplicity system of M/x M and (0 : @)

Proor. Note that @(M/x; M) = o/ (M/x1 M), and (0 : z1)pr = @(0 : @)
O

This corollary allows an inductive definition of the multiplicity symbol.

Definition 4.7.3. Let (R,m) be a Noetherian local ring, M a finite R-
module, and ® = x,...,x, a multiplicity system of M. If n = 0, then
M) < o, and we set ez, M) = &M); if n > 0, we set e(x, M) =
e, M/x1 M) — e(«,(0 : @)u), € = ...,z We call e(x, M) the
multiplicity symbol.

At first glance it seems as if the multiplicity symbol depends on the
order of the elements of @ That this is not the case will follow from the
next theorem.

Note that the homology H.(x, M) of the Koszul complex of a multi-
plicity system @ of M has finite length as follows from 1.6.5. Hence we
may consider the Euler characteristic

x(@ M) =) (~1) &(Hiw, M))
of the Koszul homology.

Theorem 4.7.4 (Auslander-Buchsbaum). Let (R, m) be a Noetherian local
ring, M a finite R-module, and ® a multiplicity system of M. Then

ez, M) = x(x, M).

The proof of the theorem is based on

Lemma 4.7.5. Let (R,m) be a Noetherian local ring, and ® = x1,..., 2, a
sequence of elements in m. Whenever the Euler characteristic is defined it
has the following properties:
(a) x(@,-) is additive on short exact sequences, that is, for any short exact
sequence 0 — M' — M — M" — 0 for which @ is a multiplicity system of
M, one has

x(x, M) = x(x, M') + x(x, M");

(b) if ;1M = 0, then x(=, M) =0;
(¢) if @1 1s M-regular, then x(x, M) = x(xz, ..., @, M/ M).
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ProorF. (a) By the additivity of length, the alternating sum of the lengths
of the homology modules in the long exact sequence

. —>H¢(CC,M)—>H¢(€C,M)—>H¢(QB,M’)—>

is zero. This yields the desired result.
(b) Let @ = x,..., @ If &M = 0, then

Hi(x, M) = H(0,«, M) = H{«, M) ® H,_1(z, M),
for all 4; see 1.6.21. Thus

x(m M) = 3 (1)} (€ Elal, M) + £ Hia (o, D)) = 0.
(c) If @; is an M-regular element, then Hy(x, M) = Hy(«/, M/x1 M) by
1.6.13. This implies the assertion. O

ProoF oF 4.7.4. Let ® = «,...,x, and @ = x,...,z,. We show that
(7) x(z, M) = x(&, M/z; M) — x(2,(0 : z1)nm)-

The ascending chain 0 C (0 : @)ar C (0 : &)y C --- of submodules
of M stabilizes since M is Noetherian. Let a be an integer such that
(0: af)r = (0: :cf"'l)M. We leave it to the reader to verify that x; is
regular on N = M/(0 : «f)y, and that @ is a multiplicity system of
(0 : 2§

Consider the following commutative diagram with exact rows and
columns:

0 0
| |
(0:a)y —— (0: 21)m 0
| | |
0 —— (0: )y —— M - N —0
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From 4.7.5(a) it follows that y(a/, N/xy N) = x(of, M/ ey M) — x(«, C), and
x(@, C) = x(«,(0 : @1)u), and thus

(8) x(@,N/z1 N) = x(&, M/z1 M) — x(2,(0 : z1)m)
Now we apply 4.7.5(a) and (c) to see that
(9) x(@, N/xN) = x(@, N) = x(x, M) — x(2, (0 : o) ).

Finally, by induction on 4, it follows from 4.7.5(a) and (b), and the exact
sequences

00— (0 : :cli_l)M — (0 : Cc11)M — (0 : C‘311)M/(0 : Ccli_l)M —0

that x(a, (0 : #})sr) = 0 for all i. This, together with (8) and (9), completes
the proof.

If the sequence = generates the ideal () minimally, then the Koszul
homology H.(x, M) depends only on the ideal (z). By 4.7.4, the same
holds for the multiplicity symbol. Much more is true:

Theorem 4.7.6 (Serre). Let (R, m) be a Noetherian local ring, M a finite R-
module, ® = xy,...,x, a multiplicity system of M, and I the ideal generated
by ®. Then

x(z, M) = {G(L M) if @ is a system of parameters of M,
’ 0 otherwise.

Taking into account 4.7.4 we see that for any system of parameters «
of M the numbers e(a, M), ¢((z), M) and x(x, M) are all the same.

Proor or 4.7.6. Let K, = K.(x, M) be the Koszul complex, and for each
integer m let K™ be the subcomplex

0— I"K, — I"'K, 1 — -+ — ™Ky — 0

of K,. We first claim that K™ is exact for all m > 0: for a fixed integer
i its t-cycles are Z{K™) = Z(K.) N I"t"K,. By the Artin-Rees lemma
([270], Theorem 8.5) we have

Z(K)N T K; = I (Z(K.)n ™" 1K)

for all m > 0. We may pick my large enough for this equality to hold
simultaneously for all 7 and all m > my.

Now let m > mg, and z € Zi(K.(m)); then z = Yo @z with z €
Z{K,) N ™" 1K, Let e,...,e, be a basis of Ki(x, R) with du(e;) = x;
for 1 = 1,...,n, where d, denotes the differential of K.(«,R). Then
w=Y o €.%€E Im=i-lg o and dpas(w) = 2. Thus K™ is indeed exact.

It follows from this, the exact sequence of complexes

0— K" K — K./K.(m) — 0,
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and the exactness of K{™, that H.(K.) = H.(K./K™); hence x(x, M) =
2 o(—1)8(H{K./K™)). However, since Ki/Kl(m) is of finite length for
all i — its length is actually (?) &(M/I™"*M) — we have

(1) UH(K/ M) = 3 (—1) K/ K,

i=0 i=0
and thus for m > 0,

n

(e 30) = Y1 ()t m = 1) = A6i(m = 1)

=0
_JdL,M) ifdimM=n,
10 if dim M < n;

see 4.6.2, and use that the application of A decreases the degree of a
polynomial function by 1. O

Let (R,m) be a Noetherian local ring, and I an ideal of definition of
R. We fix an integer g, and denote by K 4(R) the full subcategory of the
category M(R) of finite R-modules whose dimension is at most g. We
define
_ JeI,M) ifdimM = q,
e, M) = {0 if dim M < q.

Corollary 4.7.7. The (modified) multiplicity e (I, M) is an additive function
on the category KC4(R), that is, eg(I, M) = e,(I, M) + e,(I, M") for all
exact sequences 0 — M — M — M" — 0 in KC4(R).

Proor. Without loss of generality we may assume that R/m is infinite.
For otherwise we may extend the residue class field of R; see the proof
of 4.1.10.

We may further assume that the module M in the above exact se-
quence has dimension q. By 4.6.10 there exists a system of parameters
® = @,...,2, of M such that (@) is a reduction ideal of I with respect
to M. Now 4.6.10 and 4.7.6 imply that e,(I, M) = x(a, M). According
to Exercise 4.6.11 the ideal (@) is a reduction ideal of I with respect
to M' and M" as well. Hence we also have e, (I, M) = x(x, M') and
eg(I, M") = x(@, M"). Thus the result follows from 4.7.5. O

Corollary 4.7.8. Let (R, m) be a Noetherian local ring, I an ideal of defini-
tion of R, and M a finite R-module of dimension < q. Then

eq(I, M) = Z £(Mp)eo(I,R/p),

where the sum is taken over all prime ideals p with dimR/p = q.
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Proor. The module M has a filtration 0 = My C M; C --- C M,_1 C
M, = M such that M;/M; ; = R/p, for i = 1,...,r. Of course,
dimR/p, < q for all i Thus by the previous corollary we have
eI, M) = Y7 ,e,(I,R/p;). Only those summands contribute to the
sum for which dim R/p, = ¢. Fix a prime ideal p with dimR/p = ¢q.
Then the number of integers ¢ for which p = p, equals the length of
M, as can be easily seen by localization at p. This proves the formula
asserted. O

As an important special case of the previous result we have

Corollary 4.7.9. Let (R,m) be a Noetherian local ring, M a finite module
of positive rank, and I an m-primary ideal of R. Then

e(I, M) = e(I,R)rank M.
In particular, (M) = ¢(R)rank M.

Proor. Let r = rank M. By virtue of 1.4.3 we have M, = R; for all prime

ideals p of R with dim R/p = d. In particular M has maximal dimension,
and so e(I M) = e4(I, M), d = dim R. Therefore 4.7.8 yields

ZE(M (IR/p) = ) r4Ry)e(I,R/p) = e(I, R)rank M.

p

Here the sums are taken over the prime ideals p with dim R/p = d. O

Partial Euler characteristics. One remarkable consequence of 4.7.4 is the

following: let (R, m) be a Noetherian local ring, M a finite R-module, and

@ a multiplicity system of M. Then y(x, M) = Y (—1)*4(Hx, M)) > 0
One defines for all 7 > 0 the partial Euler characteristics

xi(@ M) =Y (—1)77 & H=, M)
27
of M with respect to @ Surprisingly, all the partial Euler characteristics
are non-negative, as shown by Serre ([334], Appendice II). We only prove
the result for x; (see however Remark 4.7.12).

Theorem 4.7.10 (Serre). Let (R, m) be a Noetherian local ring, M a finite
R-module, and ® a multiplicity system of M.
(a) xa(@, M) > 0, or equivalently, &(M/xM) > x(=, M).
(b) Assume in addition that @ is a system of parameters of M. Then the
following conditions are equivalent:

() (e M) = 0;

(i) Ha(a, M) = 0;

(iii) Hy(e, M) =0 for 1> 1;

(iv) @ is an M-sequence;

(v) M is Cohen—Macaulay.
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Proor. Let @ = @y, ..., x,. We prove (a) by induction on n: if n = 1, then
x1(z1, M) = €(Hi(a1; M)), and the assertion is trivial. Now let » > 1, and
set @ = @p,...,@,. Notice that x(w, M) = & M/xM) — x1(x, M), whence

(10) xi(e, M) = xa(e, M/z M) + x(2, (0 : z1)a1)-

in view of equation (7) above. By induction yi(#/, M/z1 M) > 0, and since
x(#,(0 : @1)m) > 0, the assertion follows.

(b) The equivalence of the statements (ii)—(v) was shown in 1.6.19 and
2.1.2, and (iii) = (i) is obvious. We now prove the implication (i) = (v).
Suppose that xi(2, M) = 0; then (10) implies

xi(@,M/zyM) =0 and x(«,(0:a)u)=0.

By induction we may assume that M/x; M is a Cohen-Macaulay module
of dimension n — 1. It remains to show that (0 : @)y = 0. Set My =
M/(0 : @1); then the snake lemma applied to the commutative diagram

0 —— (0 : :131)M M M1 0
-| -l el
0 —— (0 : :131)M M M1 0

yields the exact sequence

@
00— (0: @)y — (0: @)y — (0: @)
7
— (0 : :131)M — M/:clM—> M1/331M1 — 0.

It is clear that ¢ is an isomorphism. We claim that ¢y = 0. In-
deed, it follows from 4.7.4 and 4.7.6 that dim(0 : @)y < n— 2 since
x(#,(0 : @)y) = 0. On the other hand, dimR/p = n— 1 for all
p € Ass(M/x; M) since M/x; M is Cohen-Macaulay; see 2.1.2. Therefore
Hom((0 : @), M/ M) = 0 by 1.2.3.

We obtain the isomorphisms

M/oyM = My/o My and (0 : @)y =2 (0 2 1),
It follows from (7) that
xi(e, M) = &(M/xM) — x(, M/z1 M) + x(2, (0 : z1)u),

and hence the analogous equation for M; and the isomorphisms give us
xi(z, My) = xa(= M) = 0.

Repeating these arguments we obtain a sequence of modules M,,
defined recursively by M, = M,_1/(0 : @), , with

M,jor M, = My_1/e1M,—1 and (0: @1)p, =(0: @), ,-
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Consider the composition M — M; — --- — M, — M, of the canon-
ical epimorphisms. A simple inductive argument shows its kernel is
(0 : @)y Since M is Noetherian there exists an integer m such that
(0:aP)p=(0: :c'1"+1)M, and so the canonical epimorphism M,, — M1
must be an isomorphism; therefore (0 : @;)az, = 0. But then, as required,

(O:wl)ME(O::cl)Ml’E---E(O::cl)Mm:O. D

Combining 4.7.9 and 4.7.10 we obtain the following Cohen-Macaulay
criterion for modules:

Corollary 4.7.11. Let (R,m) be a Noetherian local ring, M a finite R-
module of positive rank, and I an ideal generated by a system of parameters
of R.

(a) 4(M/IM) > (I, R)rank M.

(b) M is Cohen—Macaulay if and only if §(M/IM) = e(I, R)rank M.

(c) Suppose R is Cohen—-Macaulay; then M is Cohen-Macaulay if and only
if M/IM) = ¢(R/I)rank M.

Remark 4.7.12. The positivity of the partial Euler characteristics can be
easily proved in an important special case. Let (R, m, k) be a Noetherian
local ring containing a field, M a finite R-module, and @ a multiplicity
system of M. Then y;(x, M) > 0 for all 7 > 0, and if x;(x, M) = 0 for
some j, then Hi(a, M) = 0 for all i > j.

For the proof we may assume that R is complete since homology
commutes with completion, so that H.(, M) >~ H.(x,M) = H.(x M).
The last isomorphism is valid since H,(x, M) has finite length.

Now, as we assume that R is complete and contains a field, the ring R
even contains its residue class field; see A.20. Let A = k[[Xq,..., X,]], and
define a ring homomorphism ¢: 4 — R by ¢(X;) = x; for i = 1,...,n.
We may view M as an A-module via ¢. It is then clear that M is a finite
A-module, and that H.(X3,...,X,; M) = H,(x, M). In other words, we
may assume that @ is an R-sequence (replace R by 4).

We prove the assertions by induction on j. For = 0 and 7 = 1 we
know the result from 4.7.6 and 4.7.10. Now we let 7 > 1, and consider an
exact sequence

0—U—F—M-—0

where F' is a finite free R-module. Then, owing to 1.6.11 and the
assumption that @ is R-regular, it follows that Hy(x, M) = H;_1(=x, U) for
all ¢ > 1. Therefore y;(w, M) = x;_1(@, U), and the proof is complete by
our induction hypothesis.

Exercises

4.7.13. () Let (R, m) be a Noetherian reduced local ring. Verify ¢(R) = 3 ¢(R/p)

where the sum is taken over all prime ideals p with dim R/p = dim R.
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(b) Let k be a field. Compute the multiplicity of
X, L]/(X5 XXX, ..., X1 X, X, X0).

Hint: apply 4.4.17.

4.7.14. Let (R,m) be a Noetherian local ring of dimension d, M a maximal
Cohen-Macaulay R-module, # a system of parameters of R, and n an integer
such that m" C (). Show that 4 M/2M) < n*e(M).

4.7.15. (a) Let k be a field, and assume that R = k[ X,..., X,]/I is a domain of
dimension d with quotient field L. Let y = y;,...,yq4 be a system of parameters
of R. The subring A = ¥[[y1,...,v4]] of R is regular and R is a finite A-module;
see A.22. We denote by K the quotient field of A.

(a) Show that [L : K] < 4 R/(y)). Equality holds if and only if R is Cohen-
Macaulay.

(b) Formulate and prove a similar statement for graded k-algebras.

4.7.16. In this exercise we want to use the criterion 4.7.15 in a concrete situation.
(a) Let &k be a field, and k& X;,...,X,) the rational function field in n variables
over k. For a vector v = (ay,...,a,) in Z” we set X' = X* - X If v,..., v, are
vectors in Z", show that

(M Xy, ..., X)) s B(X™, ., X)) = |det(vy, ..., v,)|

Hint: use the theory of elementary divisors.

(b) Let my,...,m, be monomials in Xj,..., X,, and consider the subring R =
k[my,...,m,] of the polynomial ring k[Xj,...,X,]. (Such a ring is called an affine
semigroup ring and will be studied more systematically in Chapter 6.) Assume
that

(1) AR) = K(Xi,...,X),

(ii) there are monomials wy,...,w, € R such that & R/(w,...,w,)R) < .
Let w; = X% for ¢=1,...,n; prove that R is a Cohen—Macaulay ring if and only
if | det(vy,...,v,)| equals the number of all monomials in R not belonging to the
ideal of monomials (wy, ..., w,).

(c) Apply this criterion to show that the ring k[X°Y, X?Y, XY, XY? XY?] is
Cohen—Macaulay, but that k[ X*, X*¥, XY, XY? Y?] is not.

4.7.17. Let (A, m) be a regular local ring, I C m an ideal and R = A/I. The
R-module I/I? is called the cotangent module of R.

(a) Suppose R is Cohen-Macaulay and generically a complete intersection, that
is, R, is a complete intersection for all minimal prime ideals p € Spec R. Prove
that rank I/I> = height I.

(b) Let B be a local ring, and J C B a proper ideal. The pair (J, B) is called an
embedded deformation of (I, A) if there exists a B-sequence @ such that A = B/xB,
I=JA, and @ is a B/J-sequence too.

Suppose dimA4/I = 0 and embdimA4/I = n. If (I, 4) has an embedded

deformation (J, B) such that B/J is generically a complete intersection, show
AI/P) > ne(4]1)
(c) Let k be a field, and I C k[X;,...,X,] an ideal generated by monomials
containing a power of each indeterminate. Show the number of monomials not
contained in I? is greater than or equal to n+ 1 times the number of monomials
not contained in I. Equality holds if I is generated by powers of the X;.
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Notes

In his famous paper ‘Uber die Theorie der algebraischen Formen’ [171]
published a century ago, Hilbert proved that a graded module over a
polynomial ring has a finite graded free resolution, and concluded from
this fact that the function (which we now call the Hilbert function) is of
polynomial type. The influence of this paper on commutative algebra has
been tremendous. Till today both free resolutions and Hilbert functions
have fascinated mathematicians, and many problems still remain open.

For many applications it is more convenient to consider the so-called
Hilbert series of a graded module. This point of view is stressed in
Section 4.1. Stanley calls the (finite) coefficient vector of the numerator
of this rational function the h-vector of the module. Its significance
became apparent in Stanley’s work on combinatorics. An introduction
to this aspect of commutative algebra is given in Stanley’s monograph
[363] which is well-known as the ‘green book’. Certainly Stanley’s work
initiated a new interest in Hilbert functions; other important motivations
come from algebraic geometry.

Graded free resolutions determine the Hilbert function, but the con-
verse is not true, except when the module has a pure resolution. This is
the content of 4.1.15 which is taken from Herzog and Kiihl [158] and
Huneke and Miller [217].

Section 4.2 is based on the paper [357] in which Stanley states
Macaulay’s theorem on Hilbert functions in the form presented in this
book. We also took 4.2.15 and 4.4.6 from this article. The latter result
1s Stanley’s beautiful theorem characterizing graded Gorenstein domains
by their Hilbert function. (A generalization of 4.4.5 has recently been
proved by Avramov, Buchweitz, and Sally [26]. Theorem 4.4.9 appears in
an article of Stanley [362] with the hypothesis that R be a domain. Our
slightly more general version was given by Hibi [170].

Macaulay’s article ‘Some properties of enumeration in the theory of
modular systems’ [263] appeared in 1927, and has become a source of
inspiration in commutative algebra and combinatorics; see for instance
Sperner [354], Whipple [394], Clements and Lindstrom [70], Elias and
TIarrobino [96], Stanley [357], Hibi [167], and Green [138].

In the first part of his paper Macaulay shows that the Hilbert function
of a homogeneous ring arises as the Hilbert function of a polynomial
ring modulo an ideal which is defined by monomials. For his proof
Macaulay ordered the monomials, and thereby introduced implicitly
(and possibly for the first time) what nowadays is called a Grobner basis.
Buchberger [62] was the first to describe an algorithm computing the
Grobner basis of an ideal. Robbiano [308] is an ‘early’ survey of this
topic. Meanwhile effective computation has become an important area
of research in commutative algebra, and we recommend especially the
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books of Eisenbud [91] and Vasconcelos [384] for a detailed account.
The importance of the Castelnuovo-Mumford regularity has been briefly
indicated by Theorem 4.3.1, which is due to Eisenbud and Goto [93].
More information is provided by the survey of Bayer and Mumford [38]
and by Eisenbud’s book [91].

Macaulay’s main result in [263] however is the inequality H(R, n+1) <
H(R, n)<") which characterizes the Hilbert functions of homogeneous
k-algebras. As a note preceding it Macaulay writes: ‘This proof of the
theorem which has been assumed earlier is given only to place it on
record. It is too long and complicated to provide any but the most
tedious reading.’ We present Green’s proof [138] of Macaulay’s theorem
which is less computational than the original. The proofs of Gotzmann’s
theorems [136] have also been drawn from Green [138].

Theorems of Gotzmann type for exterior algebras have recently been
proved by Aramova, Herzog, and Hibi [12].

The lexsegment ideals that appear in the proof of Macaulay’s theorem
have a remarkable ‘extremal’ property: if J is the lexsegment ideal with
the same Hilbert function as a given ideal I, then each graded Betti
number B;(I) is bounded above by £;(J). This was shown independently
by Bigatti [42] and Hulett [207] in characteristic 0 and by Pardue in
positive characteristic [296]. (Macaulay’s theorem states this inequality
for ¢ = 0!) See Valla [377] for a related result.

In his article [320], Samuel laid the foundation of modern multiplicity
theory. He was the first to apply Hilbert’s theory to the associated graded
ring of an m-primary ideal I in a Noetherian local ring (R, m). This led to
the so-called Hilbert—Samuel function, and provided the definition of the
multiplicity of R with respect to I. In this context the notion of reduction
ideals, invented and investigated by Northcott and Rees in [291], plays
an important role. Our Proposition 4.6.8, though formulated for modules,
is taken from this paper. In a special case 4.6.8 says that the multiplicity
of a module with respect to an ideal equals the multiplicity of the module
with respect to a suitable system of parameters. This had already been
observed by Samuel in [320]. More information on reduction ideals and
related questions can be found in Sally’s book [319].

As a measure of the complexity of an ideal I may serve the analytic
deviation A(I) — height I. Ideals of analytic deviation zero are called equi-
multiple. The interested reader may consult the monograph by Herrmann,
Ikeda, and Orbanz [155]. Ideals with small analytic deviation have been
studied by Huckaba and Huneke [205], [206], and Vasconcelos [383].

The question of when the Rees ring or the associated graded ring of
an ideal is Cohen—Macaulay has been of central interest in commutative
algebra. The problem is well understood for ideals generated by d-
sequences. This notion, introduced by Huneke, generalizes the notion of
a regular sequence considerably, but still guarantees that the Rees ring
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of an ideal I generated by a d-sequence is isomorphic to the symmetric
algebra of I; see Huneke [209] and Valla [376]. The reader who wants
more information on d-sequences is referred to the articles by Huneke
[212], and Herzog, Simis, and Vasconcelos [161], [162].

Other approaches to the Rees ring and associated graded ring of
an ideal can be found in the papers by Bruns, Simis, and Trung [60],
Eisenbud and Huneke [94], Goto and Shimoda [132], Huneke [211],
Tkeda [223], [224], Trung and Ikeda [225], Valla [375] and Vasconcelos
[381]. A comprehensive account of the recent developments in this area
is given in Vasconcelos’ monograph [382].

Most important is Serre’s theorem 4.7.6 which relates the multiplicity
to the Euler characteristic of the Koszul complex. Serre proved this result
in the mid-fifties. The notes [334] by Gabriel of Serre’s course at the
College de France were published 1965. Auslander and Buchsbaum, in
their classic paper [19], proved a version of Serre’s theorem for arbitrary
Noetherian rings, and gave an axiomatic description of the multiplicity.
In Section 4.7 we follow this axiomatic approach, and introduce the
multiplicity symbol. This terminology stems from Northcott who, in his
book [289], systematically developed multiplicity theory from the formal
properties of this symbol.

Corollary 4.7.11 is taken from [19]. In our presentation it is a
consequence of the fact that the first truncated Euler characteristic y; of
the Koszul complex is non-negative. Serre [334] proves this not just for
the first but also for the higher truncated Euler characteristics. We only
show the non-negativity of x; (see 4.7.10), following Lichtenbaum [258].
In writing this part of the section we consulted the article [346] of Simis
and Vasconcelos.

The Koszul homology can be interpreted as a Tor of modules, and
this leads to a far reaching generalization: the intersection multiplicity of
modules introduced by Serre [334]; see Remark 9.4.8.
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5 Stanley—Reisner rings

This chapter is an introduction to ‘combinatorial commutative algebra’, a
fascinating new branch of commutative algebra created by Hochster and
Stanley in the mid-seventies. The combinatorial objects considered are
simplicial complexes to which one assigns algebraic objects, the Stanley—
Reisner rings. We study how the face numbers of a simplicial complex are
related to the Hilbert series of the corresponding Stanley—Reisner ring.
This is the basis of all further investigations which culminate in Stanley’s
proof of the upper bound theorem for simplicial spheres. It turns out that
most of the important algebraic notions introduced in the earlier chapters,
such as ‘Cohen—Macaulay’, ‘Gorenstein’, ‘local cohomology’, and ‘Hilbert
series’, are the proper concepts in solving purely combinatorial problems.
Other applications of commutative algebra to combinatorics will be given
in the next chapter.

5.1 Simplicial complexes

The present section is devoted to introducing the Stanley—Reisner ring
associated with a simplicial complex, and studying its Hilbert series. The
most important invariant of a simplicial complex, its f-vector, can be
easily transformed into the hA-vector, an invariant encoded by the Hilbert
function of the associated Stanley—Reisner ring. It is of interest to know
when a Stanley—Reisner ring is Cohen—Macaulay, because then the results
about Hilbert functions of Chapter 4 may be employed to get information
about the f-vector. In concluding this section we show that the Stanley—
Reisner ring of a shellable simplicial complex is Cohen—Macaulay, and
study systems of parameters of such a ring.

Definition 5.1.1. Let V = {v,...,v,} be a finite set. A (finite) simplicial
complex A on V is a collection of subsets of V such that 7' € A whenever
F C Gfor some G € A, and such that {;} € Afori=1,...,n.

The elements of A are called faces, and the dimension, dim F, of a face

F is the number |F| — 1. The dimension of the simplicial complex A is
dim A = max{dim F': F € A}.

Note that the empty set 0 is a face (of dimension —1) of any non-
empty simplicial complex. Faces of dimension 0 and 1 are called vertices

207
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and edges, respectively. The maximal faces under inclusion are called the
facets of the simplicial complex.

Given an arbitrary collection {Fy,...,F,} of subsets of V there is
a (unique) smallest simplicial complex, denoted by (Fy,..., F,), which
contains all F;. This simplicial complex is said to be generated by
Fy,...,F,. Tt consists of all subsets G C V which are contained in some
F;. A simplicial complex generated by one face is called a simplex.

Each simplicial complex has a geometric realization as a certain subset
(composed of simplices) of a finite dimensional affine space. This explains
the geometric terminology introduced above. Geometric realizations will
be discussed in the next section. As an example consider the octahedron

with vertex set {v1,...,v} (Figure 5.1). Its facets are the sets {v, vs, v4},
2
U
Us
\ v,
U3
n
Figure 5.1

{Ula V4, 115}7 {Ula Vs, 116}7 {Ula V3, 116}7 {1)2, U3y 114}7 {1)2, U4, 115}7 {1)2, U5,y 116}7 and
{1)2, V3, 1)6}‘

An important class of simplicial complexes arises from finite sets with
partial order <, called posets for short. The order complex A(II) of a
poset IT is the set of chains of II. Recall that a subset C of IT is a chain
if any two elements of C are comparable. Obviously, A(II) is a simplicial
complex.

For example, if we order the elements of the set {vy,..., 15} according
to Figure 5.2, then the order complex of the corresponding poset has the

facets {v1, v2, v3, 55} and {v1, ve, v4, v5}.

Stanley—Reisner rings and f-vectors. Now let A be an arbitrary simplicial
complex of dimension d — 1 > 0 on a vertex set V. We denote by f; the
number of ~dimensional faces of A. We have fy = |V|, and f_1 = 1 since
0 € A. The d-tuple

ﬂA) = (.foa.fla"'afd—l)
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U

3 Vg

n

Figure 5.2

is called the f-vector of A. For example, the octahedron has the f-vector
(6,12,8), while the above order complex has the f-vector (5,9,7,2).

The possible f-vectors of simplicial complexes have been determined
by Kruskal [243] and Katona [232]. Given two integers a,d > 0, let

o () () (4).

kd) > Kd—1) > --- > k(4) > j > 1, be the unique d-th Macaulay
representation of g; see 4.2.6 and the definition following 4.2.7. We set

() () (),

Then (fo, fi,---,fa1) € Z% is the fivector of some (d — 1)-dimensional
simplicial complex if and only if

0< fin<Af*,  o0<i<d-2

However, if we consider more restricted classes of simplicial complexes,
for instance those simplicial complexes whose geometric realization is a
sphere, new constraints appear; this will be the topic of the next sections.
It turns out that the Stanley—Reisner rings are the appropriate tool to
attack these problems.

Definition 5.1.2. Let A be a simplicial complex on the vertex set V =
{v1,...,m}, and k a ring. The Stanley—Reisner ring (or face ring) of the
complex A (with respect to k) is the homogeneous k-algebra

k[A] = k[ Xa,...,X,]/Ia,
where I, is the ideal generated by all monomials X; X, - -+ X;, such that
{1)1'1,1)7'4,...,111"} Qé A.

The choice of the letter k in the definition indicates that, with a few
exceptions, we usually have in mind a field for the coefficient ring of a
Stanley—Reisner ring.
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Note that I is generated by squarefree monomials. On the other
hand, if I C (Xi,...,X,)? is any ideal which is generated by squarefree
monomials, then k[Xj,..., X,]/I =2 k[A] for some simplicial complex A.

The correspondence between simplicial complexes and squarefree
ideals is inclusion reversing: if A and A’ are simplicial complexes on
the same vertex set, then A C A" <= Iy C I

Throughout this chapter we will assume, unless otherwise stated, that
V = {v1,...,,} is the vertex set of the simplicial complex A.

Example 5.1.3. Let P = {v,...,v,} be a poset, and A the order complex
of P. Then I is generated by all monomials X;X; for which » and v;
are incomparable. In the above example, Iy = (X3X).

The dimension of a Stanley—Reisner ring can be easily determined.

Theorem 5.1.4. Let A be a simplicial complex, and k a field. Then
In={ )%
F

where the intersection is taken over all facets F' of A, and Py denotes the
(prime) ideal generated by all X; such that v; & F. In particular,

dim k[A] = dim A + 1.

Proor. By Exercise 4.4.17, k[A] is reduced, and hence Iy is the intersection
of its minimal prime ideals; by Exercise 4.4.15, all these ideals are
generated by subsets of {Xi,...,X,}. Let B = (X;,...,X;,); notice that
Ip C B if and only if {v1,..., 0.} \ {vs,..., 9.} is a face of A, and that B
is a minimal prime ideal of I if and only if {v1,...,v,} \ {vs,..., 0.} s a
facet.

A simplicial complex A is pure if all its facets are of the same
dimension, namely dim A, and A is called a Cohen-Macaulay complex
over k if k[A] is a Cohen—Macaulay ring. We say that A is a Cohen-
Macaulay complex if A is Cohen—Macaulay over some field. According
to Exercise 5.1.25, A4 is a Cohen—Macaulay complex over every Cohen—
Macaulay ring k if and only if Z[A] is Cohen—Macaulay.

As a consequence of 2.1.2 and the previous theorem we obtain

Corollary 5.1.5. A Cohen—Macaulay complex is pure.

We are going to relate the f-vector of a simplicial complex to the
Hilbert series of k[A]. To this end we introduce a Z"-grading or fine
grading on k[A].

More generally, let (G,+) be an Abelian group. A G-graded ring is
a ring R together with a decomposition R = @,. Ra (as a Z-module)
such that R,Ry, C Rgyp for all a,b € G.
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Similarly one defines a G-graded R-module, the category of G-graded
R-modules, G-graded ideals etc. simply by mimicking the corresponding
definitions for graded rings and modules with G = Z; see Section 1.5. If
M is a G-graded R-module, then @ € M is homogeneous (of degree a € G)
if € M,, and we set degz = a.

Example 5.1.6. The polynomial ring R = k[Xj,...,X,] has a natural
Z™grading: for a = (ay,...,a,) € Z* a; > 0 for i = 1,...,n, we let
R, = {cX*: ¢ € k} be the a-th homogeneous component of R, and set
R, = 0if a; < 0 for some i« Here, X* = X]"--- X for a = (ay,...,an).
Note that the Z™graded ideals in R are just the ideals generated by
monomials, and the Z"-graded prime ideals are just the finitely many
ideals which are generated by subsets of {Xj,..., X,}.

Let I C R be an ideal generated by monomials. Since I is Z"-
graded, the factor ring R/I inherits the natural Z"-grading given by
(R/I)s = R/, for all a € Z". In particular, Stanley—Reisner rings are
Z"-graded in this way.

Now let R be an arbitrary Z"-graded ring, and M a Z"-graded R-
module. Each homogeneous component M, of M is an Rp-module. Just
as for Z-graded modules we define the Hilbert function H(M, ): Z" — Z
by H(M,a) = €(M,), provided all homogeneous components of M have
finite length, and call Hy(t) = Y .z. H(M, a)t® the Hilbert series of M.
Here ¢t = (%,...,t,) where the ¢; are indeterminates, and ¢* = ¢ - - - t» for
a=(ay,..., a)

For example, the Z"-graded polynomial ring R = k[Xj,...,X,] has
the Hilbert series

Hp(t)= Y t*=[J(1 -

a€eIN® =1

Let us return to Stanley—Reisner rings. Given a simplicial complex A,
we denote by z; the residue classes of the indeterminates X; in k[A]; then
k[A] = k[wla"'awn]‘

We define the support of an element a € Z™ to be the set suppa =
{v: a; > 0}. If 2® and ® are non-zero monomials (with non-negative ex-
ponents) in xy, ..., x, then z* = z® if and only if a = b. Therefore, without
ambiguity, we may set supp * = supp a for any non-zero monomial.

Note that @ # 0 if and only if suppa € A, and that the non-zero
monomials * form a k-basis of k[A]. Therefore,

Hk[A](t): Z tazz Z 1%

aceN® FeA aeN*
supp a4 supp a=F

IfF =0 then ., ..pt* =1 and if F # 0, then }  _pt* =
[I..crt/(1 — t). Thus, if we understand that the product over an empty
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index set is 1, we get
i
(1) :AOED | | —
FeA weF

We are actually interested in the Hilbert series of k[A] as a homoge-
neous Z-graded algebra. Note that for all i € Z we have

Kali= € KAl

acZr, |a|=i

where |a| = a1 + -+ + a, for a = (ay,..., ay). (This relation explains the
alternative terminology ‘fine grading’ for ‘Z"-grading’.)

It follows that the Hilbert series of k[A] with respect to the Z-grading
is obtained from (1) by replacing all ¢; by ¢. Thus we have shown

Theorem 5.1.7. Let A be a simplicial complex with f-vector (fo,...,fa-1)-
Then

d—1 ;
ﬁ.tl-l-l
Hya(t) = ), 7

i=—1

From the Hilbert series of k[A] we can read off its Hilbert function:

1 ifn=0,
H(k[A],n) = { Eflz_ol ﬁ(nzl) ifn> 0.

We note the following interesting fact: H(k[A], n) is a polynomial function
for n > 0, and hence coincides with the Hilbert polynomial for all n > 0

except possibly for n = 0. Evaluating E?z_olﬁ("zl) at n =0 gives

d-1
x(4) =Y (-1)F
i=0
the so-called Euler characteristic of A. Thus the Hilbert function and
the Hilbert polynomial of A agree for all n > 0 if and only if x(4) = 1.
The geometric significance of the Euler characteristic will become clear
in 5.2.17.

Two other conclusions can be drawn from 5.1.7. First, we recover that
dim k[A] = d since the degree of the Hilbert polynomial Py)(?) is d — 1;
secondly, we see that the multiplicity of k[A] equals f4_1, the number of
(d — 1)-dimensional facets of A.

The h-vector. Recall from 4.1.8 that a homogeneous k-algebra R of
dimension d has a Hilbert series of the form Hp(?) = Qr(%)/(1—1)? where
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Qgr(?) is a polynomial with integer coefficients. Let A be a simplicial
complex, and write

+ Byt
Hya)(t) = ho(l%t)d

The finite sequence of integers A(A) = (hg, hy,...) is called the h-vector of
A.
A comparison with 5.1.7 yields

Lemma 5.1.8. The f-vector and h-vector of a (d—1)-dimensional simplicial
complex A are related by

d
Y oht =) fat(1 -1
% =0

In particular, the h-vector has length at most d, and for j = 0,...,d,
J » 3 :
_ifd—1 d—1
hj = Z(—l)ﬂ—l<‘j _ i>ﬁ_1 and .fj—l = Z <j B Z> h,L
s =0

Proor. Comparing the coeflicients in the polynomial identity gives the
formula for the h; in terms of the f. In order to prove the inverse relation
replace tby s/(1+s). Then the above polynomial identity transforms into

d d
Z hisi(l 4 S)d—i — Zﬁ—lsi
=0 =0
from which one obtains the last set of equations. O

The octahedron has f-vector (6,12,8). Applying 5.1.8 we see that its
h-vector is (1, 3,3,1).
We single out some special cases of the above equations:

Corollary 5.1.9. With the assumptions of 5.1.8 one has

d
ho=1, h=Sfi—d ha=(-1)""((4)-1) and Y hi=fo1

=0

Since the f-vector and h-vector of a simplicial complex determine
each other, bounds for the A-vector implicitly contain certain constraints
for the f-vector. We treat an important case:

Theorem 5.1.10. Let A be a (d—1)-dimensional Cohen—-Macaulay complex
with n vertices and h-vector (hy,...,hq). Then

n—d+i—1
7

0§h¢§< >, 0<i<d.
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ProoF. Let R = k[A], where kis a field for which k[4] is Cohen—-Macaulay.
We may assume that k is infinite. Then, since R is Cohen—Macaulay, there
exists an R-sequence = of elements of degree 1 such that R = dim R/xR
is of dimension 0; see 1.5.12. Now it follows from 4.1.11 that h; = H(R, 1)
for all 4. This implies already that h; > 0 for all %

Notice that R is generated over k by n— d elements of degree 1.
Therefore, the Hilbert function of R is bounded by the Hilbert function
of a polynomial ring in just as many variables. This yields the second
inequality. O

To illustrate the theorem consider the simplicial complex A in Figure
5.3 with facets Fy = {v1,v2, v} and Fy = {v1, v, »}. We have fl4) =

3 U

.1)4

Figure 5.3

(5,6,2), and so AWA4) = (1,2,—1). It follows that A is not a Cohen—
Macaulay complex.

Shellable simplicial complexes. The previous theorem will be of real use
only when we are able to exhibit interesting classes of Cohen—Macaulay
complexes. Such a class is given in the following definition.

Definition 5.1.11. A pure simplicial complex A is called shellable if one
of the following equivalent conditions is satisfied: the facets of A can be
given a linear order Fy,..., Fp, in such a way that
(a) (F)N{F1,...,Fi_1) is generated by a non-empty set of maximal proper
faces of (F;) for all 4,2 < i< m, or
(b) the set {F: F € (Fy,...,F)),F ¢ (Fy,...,F;_1)} has a unique minimal
element for all 7, 2 < i< m, or
(c) for all 4,7, 1 < j < i < m, there exist some v € F;\ F; and some
ke {1,2,...,i— 1} with F; \ F}, = {v}.

A linear order of the facets satisfying the equivalent conditions (a),

(b), and (c) is called a shelling of A.

Let us check that these conditions are indeed equivalent:
(a) = (b): We may assume that F; = {w,...,v,}, and that (F}) N
(F1,...,Fi_1) is generated by the faces {v1,...,%_1,%41,...,%m}, 1 <
J < r < m. The unique minimal element in the set S; = {F: F €
<F1,...,F¢>,F€<F1,...,Fi_1>} is {vl,...,vr}.
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(b) = (c): Let G be the unique minimal element in ;. Since G ¢ Fj,
there exists v € G\ Fj. Then v € F;\ F}, and it follows from the definition
of G that there exists a k, 1 < k < i— 1, such that F;\ Fy, = {v}.

(c) = (a): Let F € (F;) N (Fy,...,Fi_1). Then F C F; for some j < i.
Let v € F;\ F; as in (c). Then F;\ {v} is a maximal proper face of {F;)
belonging to (F;) N (Fy,..., F;_1) and containing F. This proves (a).

In Figure 5.4 the first simplicial complex is shellable, the second is not.
Shellable simplicial complexes arise naturally in geometry; see Section

Figure 5.4

5.2. Other interesting classes arise from order complexes of certain posets.
Here we discuss one important case. For this we need to introduce some
more terminology: a (finite) poset is said to be bounded if it has a least
and a greatest element, denoted 0 and 1. The poset is pure if all maximal
chains have the same length, and graded if it is bounded and pure. In
this case all unrefinable chains between two comparable elements have
the same length (Exercise 5.1.18).

Let IT be a poset, and v € II. The rank of v, rank v, is defined to be
the maximal length of all chains descending from v. The length of II is
the maximal rank of an element of II. Let uw,v € II; we say that v covers
u, written u < v, if ¥ < v, and if there is no w € II such that v < w < ».

The poset IT is locally upper semimodular if whenever v and v cover
u, and vy, % < v for some v € II, then there is ¢ € I, ¢ < v, which covers
each of v and w; see Figure 5.5.

Figure 5.5

Theorem 5.1.12 (Bjorner). The order complex of a bounded, locally upper
semimodular poset is shellable.
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ProoF. In a first step we shall prove that for every graded poset (II,<)
the set M of maximal chains can be given a linear order {2 such that
for any two chains mym' € MM, m : 0=a <@ < -+ <@, =1 and
m 0= Yo < Y1 < o < Yy = 1 with o = y; for + = 0,1,...,¢, and
Ter1 7 Yet1 the following conditions are satisfied:

(i) If {Yo, Y1, - - -, Yes1} is contained in a maximal chain m” and if m' < m,
then m" <? m;

(ii) If m' \ {=.} is contained in some maximal chain m" with m" <% m
but m\ {z.} is contained in no maximal chain m" with m" <? m, then
m <% m.

In a second step we shall see that such a linear order is a shelling
of the order complex A(IT), provided II satisfies the hypothesis of the
theorem.

First we prove by induction on the length n of II the existence of a
linear order on I satisfying (i) and (ii). The assertion being trivial for
n = 2, we may assume that n > 3. We denote by II' the subposet of IT
consisting of the elements € I with rankx # n— 1. (The order <’ of
IT' is induced by the order < of II, that is, for all ¢,y € II', z <' y if and
only @ < y.) Since II' is graded of length n— 1, the induction hypothesis
implies that there exists a linear order §2' of the set of maximal chains 9
of IT' satisfying (i) and (ii). Let m,m),...,m] be the elements of M’ in
their linear order. For m}: 0= Tg < Ty < -+ < Ty < 1 we define the set
Adi={z€ll:x, 2< 2= i}, and the set B; of all z € 4; for which there
is an element y € IT such that , 3 < y < z and (m}\ {z,_2}) U{y} < m.
Finally we let G, = 4;\ B, Now we order the elements of 4; linearly
in such a way that all elements of B; are less than all elements of C.
We label the elements of 4;, z1, zi2,. .., 2ia,, & = |44, according to their
order, and set my; = m; U {z;} for i = 1,2,...,s and j = 1,2,...,a; The
lexicographic order of the indices determines a linear order 2 of the set
M= {my:1<i<s 1<j<q} of maximal chains of II.

We claim that 2 satisfies (i) and (ii). Indeed, let m,m' € M, m : 0=
:c0<:cl<---<:cn:iandm’:6:y0<y1<---<yn:iwithw¢:y¢
for :=0,1,...,¢ and @.y1 # Yer1- We distinguish two cases.

In the first case suppose e+ 1 = n— 1; then m' = my; and m = my
for some 4,7,k with 1 <7< sand 1 <3,k < a;. Condition (i) is trivially
satisfied since necessarily m" = m/. The hypothesis of condition (ii) implies
Yn1 € B; and z,_1 € C,. Therefore, j < k, and hence m' <% m.

In the second case we assume that e+ 1 < n— 1. If {yo, ¥1,.--, Yer1} C
m' € M, then {yo, v1,--., Yer1} C (M \ {z}) € W' where z € m’, rank z =
n— 1. Suppose now that m' <® m; then (m' \ {y,_1}) <7 (m\ {z,_1}), and
thus, by the induction hypothesis, (m" \ {z}) <7 (m\ {@,_1}). But then
m" <% m, and this proves condition (i). In a similar manner one checks
condition (ii).
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Now suppose that IT is a bounded, locally upper semimodular poset.
By 5.1.18, II is pure and hence graded. Therefore, as we have just seen,
the set 9 of maximal chains of II admits a linear order {2 satisfying
the conditions (i) and (ii). In order to prove that this is a shelling of
A(Il), we consider m,m' € M, m: 0=ap <o < -+ < x =1 and
m:0 = Yo < Y1 < 0 < Yo = 1 with m' <? m. Let d be the greatest
integer such that @; = y; for ¢ < d, and let g be the least integer for which
Yd+1 < Lg.

Since II is locally upper semimodular there exists an element z; o
which covers both y4.1 and z411 and such that zg10 < x;. If g > d 4 2,
we find again an element z;,3 which covers z;,2 and 4,5 and such that
2442 < x4 This process ends with z; = x,. Setting 2441 = Y441 we obtain
Figure 5.6. By the choice of g we have y, # =, and 2z, # =, for all e,

Lg

Zd+2 Ld42

Zd+1 = Yd+1 Ld+1

\
)

Ld = Yd

Figure 5.6

d+1 < e< g—1. It remains to show that for some e in this range there
is a maximal chain m” with m" < m such that m\ {z.} C m".
Fori=d+1,d+2,...,9— 1 we let m; be the maximal chain 0= <
By < e <@g < 2 < Zgl < < Zgi1 < @y < @gyq < e < @y = 1.
As we assume that m' < m, property (i) of £ implies that mgy; <? m.
Now, either m\ {z441} C m" for some maximal chain m’ <% m as we
want, or, otherwise, property (i) of £ implies that mgys <? m. Again,
if m\ {x412} C m" for some maximal chain m’ <? m the proof is
completed; otherwise mgy3 <? m. Continuing this argument we conclude
that either m\ {z.} is contained in some earlier maximal chain for some
e, or my_1 < m. In the latter case however, m\ {zy_1} C my_1 with
mg_1 < m. O

After this purely combinatorial result we return to algebra.

Theorem 5.1.13. A shellable simplicial complex is Cohen—Macaulay over
every field.
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Proor. The proof is based on the following simple observation: let Ij
and I, be two ideals of a ring R. Then there exists an exact sequence of
R-modules

(2) 00— R/LNL) -5 R/L®R/L > R/(L+ 1) — 0

with e(a+ L NE) = (a+ L,—a+ L), and Bla+ I, b+ L) = (a+ b)+ L+ L.
Suppose moreover that R is a polynomial ring over a field, that I; and
L are graded ideals such that R/I; and R/L are d-dimensional Cohen—
Macaulay rings, and that R/(I; + L) is a (d — 1)-dimensional Cohen—
Macaulay ring; then R/(I;N L) is a d-dimensional Cohen-Macaulay ring.
The proof of these statements is left to the reader.

Let A be a shellable complex of dimension d — 1 (on the vertex set
{v1,...,m}), and Fi,..., Fy a shelling of A. By 5.1.4, we have Iy = (.2, B,
where P is the ideal generated by all X; such that v ¢ F. Set
Aj = (Fy,...,F;), 1 < j < m; then k[4;] = k[Xi,...,X,)/ (Vo1 Br. In
fact, we may suppose that {v1,..., v}, r < n, is the vertex set of (Fy,..., F;}.
For all i < j, let pp be the ideal in k[Xj,...,X,] generated by all X,
s < r, such that X; € Bp. Then By = pp + (Xr41,...,X,) for all 4 < 5,
and it follows from 4.4.16 that

J J
Bz = ((\pr) + (Xrts,.-, Xa).

=1 i=1

Therefore, k[A;] = k[X1,..., X,/ Yoy pp = k[ X1,..., X0l / (Voy B

We show by induction on j that A; is Cohen-Macaulay. If j = 1, then
k[4;] is a polynomial ring, and there is nothing to prove. Now suppose
that j > 1. The sequence (2) with I; = 32—11 Pp, and I, = Py yields the
exact sequence

(3) 0 — k[Aj] — ]{:[Aj_l] @ I{:[FJ] — ]{:[(FJ> N Aj—l] — 0.

It follows easily from Definition 5.1.11(a) and 5.1.19 that k[(F}) N A;_4]
1s isomorphic to a residue class ring of a polynomial ring in d variables
modulo a single equation, and therefore is a Cohen—Macaulay ring of
dimension d — 1. By our induction hypothesis k[4;_1] is a d-dimensional
Cohen-Macaulay ring. Finally, since k[F}] is a d-dimensional polynomial
ring (A is pure), it follows from the general properties of the sequence (2)
that k[4;] is Cohen—Macaulay.

From the exact sequence (3) we easily derive a combinatorial interpre-
tation of the h-vector of a shellable simplicial complex, due to McMullen
and Walkup [273].

Corollary 5.1.14. Let A be a (d — 1)-dimensional shellable simplicial com-
plex with shelling Fv,...,Fr. Forj=2,...,m, let r; be the number of facets
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of (F;) N (Fy,...,F;_1), and set 11 = 0. Then
hi=|{g:m =4 for 1=0,...,d.

In particular, up to their order, the numbers r; do not depend on the par-
ticular shelling.

PROOF. Set A; = (Fy,...,F;), and write Hya1(?) = Q;(¢)/(1 — )4, Then it
follows from the sequence (3) that

Q;i(t) _ QY Lt P;(2)
(1—1¢¢  (1—1¢)¢

(1-t¢ (1—1¢9-V
where P;(%)/(1 — 9! is the Hilbert series of (F;) N Aj_1. According
to Exercise 5.1.19 one has P;(t) = 1+ t+ --- + t7; therefore, Q;(t) =
Q;-1(?) + 7. As @i(?) = 1, it follows that @u(t) = )., 7. This implies
the assertion since the coefficient vector of Q,(t) is just the h-vector of A.

O

Analyzing the proof of 5.1.13 we see that we did not use all the
properties of shellability. It suffices to require that A is constructible which
means that A can be obtained by the following recursive procedure: (i)
any simplex is constructible, (ii) if A" and A" are constructible of the
same dimension d, and if A'N A" is constructible of dimension d — 1, then
AU A" is constructible.

It is clear that the following implications hold for simplicial complexes:

shellable = constructible = Cohen—Macaulay.

Nevertheless the h-vectors of all these types of complexes are charac-
terized by the same condition. For the next theorem recall the definition
of al” given before 4.2.8.

Theorem 5.1.15 (Stanley). Let s = (hg,...,hq) be a sequence of integers.
The following conditions are equivalent:

(a) ho=1and 0 < hyy <A foralli 1 <i<d-—1;

(b) s is the h-vector of a shellable complex;

(c) s is the h-vector of a constructible complex;

(d) s is the h-vector of a Cohen—Macaulay complez.

Proor. The implications (b) = (¢) = (d) are obvious, while (d) «<—
(a) follows from 4.2.15. Following [39] we indicate the proof of the
implication (a) = (b), which is a purely combinatorial result. A full proof
can be found in [46]. Given a vector s satisfying (a), let n = h; + d and
V ={1,2,...,n}. Let F be the collection of all subsets of V with d
elements, and F; the set of those members F of F such that d +1 —+
1s the smallest element of ¥ not in F. The elements of F are ordered in
such a way that F' < Gif the largest element in their symmetric difference
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lies in G. For each 4, 0 < 7 < d, choose the first h; members of F.
The resulting collection C consists of the facets of the required shellable
complex, and the given order on F induces the shelling order. O

Systems of parameters. Let A be a simplicial complex. Given two faces
G C F, the set of faces [G,F]| = {H: G C H C F} is called the interval
between G and F. Now assume A is shellable with shelling Fy,..., F,,. By
definition, there is a unique minimal element G; € (F;)\ (F4,..., Fi1), and
it is clear that A is the digjoint union of the intervals [G;, Fi], i=1,...,m.
In the following we use that k[F] is a residue class ring of k[4] in a
natural way.

Theorem 5.1.16. Let k be a field, A a (d—1)-dimensional simplicial complex,
and y = y1,...,Yq a sequence of elements of degree 1 in k[A].
(a) The following conditions are equivalent:
(i) y is @ homogeneous system of parameters of k[A];
(ii) for all facets F of A, the k[A]-module k[F]/(y)k[F] is isomorphic
to k.
(b) Suppose the equivalent conditions in (a) hold. Then the images of the
monomials «f = [l,crxiin S = k[A]/(y), F € A, form a system of gener-
ators of the (finite) k-vector space S.
(¢) (Kind-Kleinschmidt) Assume in addition that A is shellable with de-
composttion A = |JI2,[G;, Fi], as described above. If y is a homogeneous
system of parameters of k[A] and S = k[A]/(y), then the images of the
monomials % in S form a k-basis of S. In particular, k[A] is a free

k[v1,...,ya]-module with basis %, x%, ... x%.

Proor. (a)(i) = (ii): Since k[F] is a homomorphic image of k[4] it follows
that k[F]/yk[F] has finite length. Note k[F] is a polynomial ring and
y a sequence of elements of degree 1. Therefore k[F]/yk[F] is also a
polynomial ring. If it has finite length, it must be isomorphic to k.

(ii) = (i): Let @: k[X3,...,X,] — Pplk[Xs,..., X.]/Br) = Pgk[F]
be the homomorphism which on each component is the canonical epi-
morphism. The direct sum is taken over all facets of A. Since Ker ¢ =
r Br = 14, we obtain an induced homomorphism k[A] — Pz k[F] of
finite k[A]-modules which actually is a monomorphism. As we did for
local rings (see 4.7.1) one shows that k[A]/(y) has finite length if the
module (P g k[F])/y(Pg k[F]) has finite length. But this follows from
assumption (ii).

(b) Let F be a facet of A. Since Pk[4] is the annihilator of =f in
k[A] it follows that «F'S is a (k[F]/yk[F])-module. Therefore, by (a)(ii),
zwF = 01in § for all i = 1,...,n which clearly implies that the elements
' F' € A, form a system of generators of the k-vector space S.

(c) First note that S is generated as an algebra over k by the monomials
x% i=0,...,m. This follows from (b) simply because any other monomial
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«f is a multiple of some z®.

Set A; = (Fy,...,Fj); then k[A;] is a residue class ring of k[A] of the
same dimension. Therefore y is a homogeneous system of parameters
of k[4;], too. We set S; = k[4;]/(y), and show by induction on j that
§; = 3';1 kx%. For j = m this is the desired assertion.

Since A; = (F) it follows from (a)(ii) that $; = k. Since G; = 0, we
have 1 = 2% which is a basis of S;. Now suppose j > 1; then we have
S;_1 = @32—11 kx% by the induction hypothesis. Further we know that
S;/(x%) = S;_1 since S; is generated as a k-algebra by the monomials =%,
i < j. Note that k[4;] is Cohen-Macaulay. Thus y is a k[A;]-sequence,
and so Remark 4.1.11 implies that dimj S; = ), h(4;). By 5.1.9, this sum
equals the number of facets of A;, which is 5. But this is only possible if
Sj = oy ke

It remains to show that k[4] is a free k[yi,..., ys-module with basis

z%,...,2%: from Nakayama'’s lemma for graded modules (see 1.5.24) it
follows that %, ..., 2% is a minimal set of generators of the k[yi, ..., va]-
module k[A]. Let n be the graded maximal ideal of k[yi,...,y4]. Then
k[A]n is a maximal Cohen—Macaulay module over k[y, ..., y4]n. Hence by
2.2.11, k[ A]n is free over k[y1,. .., Yi|n. But then k[A] is a free k[y1, ..., vd]-
module; see 1.5.15. In particular, =%,..., 2% is a basis of k[4] over
k[y1,---,vdl- O
Exercises

5.1.17. Let k be a field, and I C k[Xi,...,X,] an ideal generated by squarefree
monomials of degree 2. Does there exist a poset II such that k[X;,...,X,]/] =
E[A] with A = A(II)?

5.1.18. (a) Show that in a graded poset all unrefinable chains between two
comparable elements have the same length.

(b) Show that a bounded, locally upper semimodular poset is pure.

5.1.19. Let A be a simplicial complex which is generated by m maximal proper
faces F; of the simplex with vertex set {v,,..., v}, say F; = {v,...,v,} \ {#;}. Show
(a) K[A] = k[X;,..., X]/(Xy - - Xp),

(b) A(4) is the vector (1,1,...,1) with m components.

5.1.20. Let I’ and A be simplicial complexes on disjoint vertex sets V and W,
respectively. The join I’ * A is the simplicial complex on the vertex set VU W
with faces FU G where F € I and G € A. Compute A(I" x A) in terms of (I")
and h{A).

Hint: first show that k[I" * A] = k[I'] @4 k[4] (as graded k-algebras).

5.1.21. Let I’ and A be simplicial complexes. Prove that I" and A are Cohen—
Macaulay if and only if their join I’ x 4 is Cohen—Macaulay.

5.1.22. Let A be a (d — 1)-dimensional simplicial complex. For r, 0 <r < d -1,
one defines the r-skeleton of A to be A, = {F € A: dim F < r}. Compute h{(A,;_,)
in terms of A(A).
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5.1.23. Let A be a simplicial complex with r-skeleton 4,. Show:
(a) depth k[A] = max{r: A, is Cohen-Macaulay over k} + 1. Hint: Use induction
on the number of faces.

(b) If Ais Cohen—Macaulay, then A, is Cohen-Macaulay.
5.1.24. Prove all skeletons of a shellable complex are shellable.

5.1.25. Let A be a simplicial complex. Show:
(a) The following conditions are equivalent:
(1) Z[4] is Cohen—Macaulay;
(ii) #[4] is Cohen—Macaulay for all fields k;
(iii) R[A] is Cohen—Macaulay for all Cohen—Macaulay rings R.

(The Cohen—Macaulay property of k[A] may well depend upon k; see Reisner's
example at the end of Section 5.3.)
Hint: It is crucial that R[4] is a free R-module for an arbitrary ring R. For
(1) = (i) one uses 2.1.10; for (i) = (iii) note that (ii) applies to k(p) @ R[A],
p € Spec R, so that 2.1.23 becomes applicable.
(b) The following conditions are equivalent:
(1) @[4] is Cohen—Macaulay;
(ii) there exist prime numbers pi,..., p, such that k[A] is Cohen—Macaulay
for any field k£ whose characteristic is different from p;, ¢ =1,...,n.
(ii1) there exists a prime number p such that k[A] is Cohen—Macaulay for any
field & whose characteristic is p.
Hint: 2.1.29.

5.1.26. Let A be a simplicial complex. A is called disconnected if the vertex set V
of A is a disjoint union ¥V = V; U V¥, such that no face of A has vertices in both
V. and V,. Otherwise A is connected. Show:

(a) If dim A = 0, then A is Cohen—Macaulay.

(b) depthk[A] = 1 if A is disconnected. In particular, all Cohen-Macaulay
complexes of positive dimension are connected.

Hint: let 4;, ¢ = 1,2, be the subcomplex of A consisting of all faces of A
whose vertices belong to V;, and represent k[4] as the kernel of a suitable map
E[A] @ k[4;] — k.

(c) Suppose dim A4 = 1. The following conditions are equivalent: (i) Ais connected;

(ii) A is shellable; (iii) A is Cohen-Macaulay.

5.1.27. Let A be a (d — 1)-dimensional simplicial complex with A-vector hy, ..., hy.
We define the a-invariant a(A4) of A to be a(k[A]) where k is an arbitrary field.
Show:

(o) af4) < 0.

(b) The following conditions are equivalent: (i) a(A) = 0; (ii) x(4) = 1.

If moreover A is shellable with shelling Fi,..., F,, then (i) and (ii) are equivalent
to (iii) There exists an integer 7 < m such that (F,..., F,;) N (F;) consisis of all
maximal proper faces of (F;).

5.1.28. Let k be a finite field. Find a simplicial complex 4 for which k[4] does
not have a homogeneous system of parameters consisting of linear forms.
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5.2 Polytopes

We briefly discuss combinatorial properties of polytopes, and give an
outline of McMullen’s proof of the upper bound theorem for polytopes.
Stanley’s far-reaching generalization to simplicial spheres will be proved
in the next sections. The topic as well as the methods employed in this
section are non-algebraic. Therefore most of the statements will be given
without proof. Though many of them seem obvious from our geometric
intuition, they need a rigorous proof. We refer the interested reader to
the standard work on polytopes by Griinbaum [144], and to the excellent
monograph [272] by McMullen and Shephard of which large parts of
this section are an abstract. Another very good reference is the recent
book by Ziegler [399].

We consider IR? as a d-dimensional Euclidean space whose points are
d-tuples = = (&y,...,&4) of real numbers, and whose scalar product is
given by

d
<33,y> = Z&% = (517"'7£d)7 Y= (nla"'and)-
i=1
A subset K of R? is conver if for any two points xg,z; € K the
line segment with end points xp and @, that is, the set of points & =
(1—Xag+ Az, A € R, 0 < X <1, belongs to K. The intersection of any
non-empty family of convex sets is again convex. This allows us to define
the convex hull, conv X, of a subset X C IR? to be the intersection of all
convex sets K C R? which contain X. The convex hull of X can also be
described as the set of all convex combinations of finite subsets of X, that
is, as the set of linear combinations
,
M@+t Aa, with meX, A>0, Y A=1
i=1
Definition 5.2.1. A polytope is the convex hull of a finite set of points in
R<,

There is an alternative description of a polytope as the intersection
of a finite number of (closed) half-spaces: let a € R?, a # 0, and 8 € IR;
the set

H={zeR*: (qx) =G}
1s a hyperplane with normal vector a. The set of points lying on one side
of a hyperplane (including the hyperplane) is a closed half-space. Thus
H determines two half-spaces

HYf ={zeR%: (a,z) >} and H ={zcR?: (qz) <G}

Definition 5.2.2. A polyhedral set or polyhedron is the intersection of a
finite number of closed half-spaces.
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Obviously polyhedra are convex sets, but of course need not be

bounded.

Theorem 5.2.3. A subset of R® is a polytope if and only if it is a bounded
polyhedron.

Let P be a polyhedron, and H a hyperplane. Then H is called a
supporting hyperplane if HN P # 0 and P is contained in one of the
closed half-spaces determined by H. If H is a supporting hyperplane of
P,then HN P is called a face of P.

It is convenient to consider the empty set and P as faces, the improper
faces. All the other faces of P are called proper faces. The faces of a
polyhedron (polytope) are again polyhedra (polytopes).

The dimension, dim P, of a polyhedron P is the dimension of its affine
hull; a d-polyhedron is a polyhedron of dimension d. Recall that for an
arbitrary set X C IR? there is a smallest (under inclusion) affine space 4
containing X, namely just the intersection of all affine subspaces of IR¢
containing X. This affine space A is called the affine hull, denoted by
aff X. A j-face is a face whose dimension as a polyhedron is j, and we
set dim@ = —1. If dim P = {, faces of dimension 0,1,7— 2,%— 1 are called
vertices, edges, subfacets and facets, respectively.

In the following theorem we collect a few facts about the facial
structure of a polyhedron.

Theorem 5.2.4. Let P be a polyhedron.

(a) P has only a finite number of faces.

(b) Let F be a face of P and F' a face of F. Then F' is a face of P.
(c) Any proper face of P is a face of some facet of P.

(d) The set of faces of P, ordered by inclusion, is a lattice.

The lattice in 5.2.4(d), denoted by F{P), is called the face lattice
or boundary complex of P. Two polyhedra are called combinatorially
equivalent if their face lattices are isomorphic. An invariant under com-
binatorial equivalence is the f-vector (fo, fi,-..,f4-1) of a d-polyhedron
P. Here f; = f;(P) is the number of j-faces of P.

Simplicial polytopes. Let A C IR? be a k-dimensional affine subspace of
R4 We pick = € 4; then there exists a linear subspace U of R? (not
depending on z) such that 4 = &+ U. The vector space U is called the
associated linear space of A. Let uy,...,u; be a basis of U. Then each
element y € 4 has a (unique) presentation

y=x+Mhu + -+

with }; E R, Set @y = o, o = (1 — X, \), @ = =+ w and p; = A; for
1= 1,...,k Then

(4) Y= oo+ ey + -+ and  po oo+ =1
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This suggests defining y to be affinely dependent on xy,...,z; if there
exists an equation as in (4). It is clear that the set of elements which
are affinely dependent on ay,...,x is just the affine hull of {xy,...,xx}.

The elements ay,...,x; are called affinely independent if each element
y € aff{ay, ..., z} has a unique presentation as in (4), or equivalently, if
the elements @ — g, @2 — @p,..., T — xp Torm a basis of the associated

linear space of aff{ay,..., =%}

Definition 5.2.5. A d-simplex is the convex hull of d + 1 affinely inde-
pendent points. A polytope is called simplicial if all its proper faces are
simplices.

Let P be a simplex defined by d+ 1 affinely independent points ay, @3,
...,z4, and let X be a subset of {zg,x,..., 24} consisting of d points.
For the following argument we may assume that P C IR%, Then aff X is
a hyperplane which supports P, and thus conv X = P Naff X is a facet
of P. Since any subset of a set of affinely independent points is again
affinely independent it follows that conv X is a (d — 1)-simplex. Thus
induction on the dimension yields

Proposition 5.2.6. Every j-face of a d-simplex P is a j-simplex, and every
7+ 1 vertices of P are the vertices of a j-face of P.

Corollary 5.2.7. Let P be a simplicial polytope with vertex set V, and let
A(P) be the collection of subsets of V consisting of the empty set and the
vertices of the proper faces of P. Then A(P) is a simplicial complex.

We call A(P) the vertex scheme of P. It is clear that not every
simplicial complex is the vertex scheme of some simplicial polytope P.
Nevertheless, to any simplicial complex A we may associate a geometric
object whose construction is in a sense inverse to the one given in 5.2.7.
Let X be an arbitrary subset in R?. We define the relative interior of
X, denoted relint X, as the interior of X relative to aff X. For example,
it is not difficult to see that the relative interior of the convex hull of
{z1,...,2}, z; € R is the set of points

M@t Az, A>0, Y A=1
=1

Definition 5.2.8. Let A be a simplicial complex on the vertex set V.
Suppose the map p: V — R satisfies the following conditions:

(a) p is injective,

(b) the elements of p(F) are affinely independent for all F € 4,

(¢) relint(conv p(F)) Nrelint(conv p(G)) = 0 for all F,G € A, F # G.
Then | Jpc 4 relint(conv p(F)) is called a geometric realization of A.
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Giving a geometric realization of A its natural topology as a subspace
of R%, we note that any two geometric realizations of A are homeomor-
phic, and we denote the underlying topological space by |4|.

A geometric realization always exists. Indeed, if V = {v,...,v,} is
the vertex set of A, and x,...,x, are affinely independent elements in
R4, then p: V — R? with p(v;) = a; for i = 1,...,n defines a geometric
realization of A.

Cyclic polytopes. Consider the algebraic curve M C R, defined para-
metrically by
o(7) = (1,7,...,7%), 7€ R;

M is called the moment curve. It is a curve of degree d which implies that
a hyperplane not containing M intersects it in at most d points.

Definition 5.2.9. Let n> d + 1 be an integer. A cyclic polytope, denoted
C(n, d), is the convex hull of any n distinct points on M.

The notation C(n, d) is justified since, as we shall see in a moment, its
face lattice depends only on n and d. We first observe

Proposition 5.2.10. Any d+ 1 distinct points on M are affinely independent.
In particular, C(n,d) is a simplicial d-polytope.

Proor. Let 7g,...,74 be the distinct parameters of these points. We
need to show that the vectors o(71) — @(70),..., 2(74) — @(79) are linearly
independent, or, equivalently, that the corresponding matrix with these
row vectors is non-singular. Clearly, this is the case if and only if the
Vandermonde matrix

1 79 720 Tg
1 4
4 1 1
1 74 7% e Tﬁ

is non-singular. The determinant of 4 is known to be [[oc;;cq(7i — 75),
and this expression is non-zero since the 7; are pairwise distinct. O

Next we determine the vertex scheme A(C(n,d)) which encodes the
combinatorial properties of C(n,d). Let C(n,d) be the convex hull of
the points @; = o(n), 1 < 72 < - < Ty, n > d+ 1. A subset X of
V = {&,...,z,} will be called an end set if there exists an integer 7,
1 < i < n, such that either X = {&,...,o} or X = {a;,...,z,}. The set
X will be called contiguous if there exist integers 1 < ¢ < j < n such that
X = {@j...,z;}, and an odd (even) contiguous set if it is contiguous and
| X| is odd (even). It is clear that any proper subset W C V has a unique
decomposition

W=huXiuX,U---UX;UT,,
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where the X; are contiguous, and ¥; and Y¥; are end sets or empty. The
set W is of type (r,s) if | W| = r, and if there are exactly s odd contiguous
subsets X; of W.

Theorem 5.2.11. Let 5 be an integer with 0 < 53 < d— 1. A subset W C V
is a j-face of C(n,d) if and only if W is of type (j + 1,s) for some s with
0<s<d—75-1.

Proor. We first show the assertion for j = d—1. Since C(n, d) is simplicial,
any (d — 1)-face has d vertices. Thus we have to show that if W C V
is of type (d, s), then conv W is a facet if and only if s = 0. By 5.2.10,
the points of W are affinely independent, and hence define a hyperplane
H C R%. Tt is clear that W C H N M. But actually, W = H N M since M
1s a curve of degree d, and it follows that the points of W divide M into
d + 1 arcs lying alternately on each side of H. Now conv W is a facet of
C(n, d) if and only if H supports C(n, d), or in other words, if and only if
all points of ¥\ W lie on one side of H. Obviously this happens exactly
when every two points of V \ W are separated by an even number of
points of W, that is, when s = 0.

Let us now treat the general case, and assume that |W| = 5+ 1.
Suppose that W has at most d — j — 1 odd contiguous subsets. Then it is
possible to find a subset T of d — 7 — 1 points of M such that VN T = 0,
and WU T has only even contiguous subsets. Since |W U T| = d it
follows from the first part of the proof that conv(W U T') is a facet of
C(n+ d — 7 — 1,d) supported by the hyperplane H = aff(W U T). As
W = HnN V we conclude that conv W = HN C(n,d) is a face of C(n,d).

Conversely, if conv W is a j-face of C(n,d), then there exists some
facet conv W' of C(n,d) with W C W'. Since W' has no odd contiguous
subsets, W can have at most d — 5 — 1 odd contiguous subsets. O

Corollary 5.2.12. The combinatorial type of a cyclic polytope C(n,d) de-
pends only upon n and d, and not on the particular vertex set V.C M.

A polytope P has the highest possible number of j-faces when every
subset of j + 1 elements of the vertex set of P is the set of vertices of a
proper face of P. In this case we say that P is (j + 1)-neighbourly.

Corollary 5.2.13. C(n,d) is [d/2]-neighbourly.

The upper bound theorem. In 1957 Motzkin [278] made the following
conjecture. Let P be a d-polytope with n vertices; then f;(P) < f5(C(n, d))
for all 7, 1 < 5 < d. This conjecture was proved in 1970 by McMullen
[271]. We indicate the ideas of his proof: given a d-polytope P with
n vertices, one applies in a first step a process, known as ‘pulling the
vertices’, with the effect of transforming P into a simplicial polytope
with the same number of vertices as P, and at least as many faces of
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higher dimension. Thus one may assume from the beginning that P is a
simplicial polytope.

Just as for simplicial complexes one defines the h-vector (hy,..., hq) of
P by the equation E?:o hitt = E?zoﬁ_lti(l — t)47% f_1 = 1. Then owing
to the fact that C(n, d) is [d/2]-neighbourly we have
(a) (C(n,d)) = (%) for all 4, 0 < i < [d/2].
Moreover, the existence of a line shelling of P (see below) yields
(b) 0 < h(P) < (""", and
(¢) hi(P) = hg—i(P)for all 4,0 <1< d.
The identities in (¢) are the famous Dehn—-Sommerville equations.

Now (a), (b) and (c) imply h(P) < hy(C(n,d)) for all 4, 0 < 7 < d.
Finally, since the f;(P) are non-negative linear combinations of the h;(P)
(see 5.1.8), the proof of the upper bound theorem is completed.

Shellings. A shelling of the boundary complex of a d-polytope P (or
simply a shelling of P) is an order of its facets Fi,...,F, such that
F;n Uz:_ol F; is homeomorphic to a (d — 2)-dimensional ball or sphere for
all 7,2 <3< m

Theorem 5.2.14 (Bruggesser—Mani). Every polytope is shellable.

We give a sketch of the proof. Present P as an intersection of
closed half-spaces. One may assume without loss of generality that
P ={zcR?: (a,z) <1}, 0 < i < m, where q; is a normal vector for the
face F;. Choose a vector ¢ such that {a; ¢} # 0, and order the faces in such
a way that (a1, ¢) > {az,¢) > -+ > (am,¢). Then F ..., F,, is a shelling of
P. Such a shelling is called a line shelling of P. It can be imagined as
follows: moving along the line L in direction ¢ starting from the origin,
one lists the facets of P as they become ‘visible’. (This happens exactly
when one meets the corresponding supporting hyperplane.) Coming back
from the opposite side one lists the remaining facets in the order they
‘disappear’.

Corollary 5.2.15. Let Fy,..., Fy,, be a line shelling of the polytope P. Then
F,,F, 1,...,F is a line shelling of P, too.

Proor. Let Fy,..., Fy, be the line shelling induced by c. Then F,,..., F} is
the line shelling induced by —e. O

Suppose now that P is a simplicial polytope. Then the h-vector of
P and the h-vector of the vertex scheme A(P) coincide. Furthermore, it
is clear that a shelling of P induces a shelling of A(P) (in the sense of
Section 5.1). Thus we may apply 5.1.14 to compute the h-vector from a
line shelling of P. In particular, it follows from 5.1.14 that A; > 0 for all <.
Moreover, in view of 5.2.15, we obtain the Dehn—Sommerville equations,
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Theorem 5.2.16 (Sommerville). Let (hg,...,hq) be the h-vector of a sim-
plicial polytope. Then h; = hy_; for 0 <1< d.

These formulas imply in particular that A = 1. Thus 5.1.9 yields

Corollary 5.2.17. Let P be a simplicial d-polytope with f-vector (fy,...,
fa-1). Then

d-1 '

Y= 1-(-1)*

=0

This formula is valid not only for simplicial polytopes, but more
generally for all polytopes, and is known as the Euler relation.

For the proof of the inequalities h; < ("_d;"i_l) one again uses line
shellings. We refer the reader to McMullen’s original paper [271] or [272].

Exercise

5.2.18. Let A(n, d) denote the boundary complex of the cyclic polytope C(n, d).
(a) Show that the cyclic permutation @; — i1 meqs induces an automorphism of
A(n, d) for d even.

(b) Show that the substitution X; — X; X,\1, X; — X; for ¢ = 2,...,n, maps the
monomial generators of Iy, q), d even, to those of Iypni14.1).

5.3 Local cohomology of Stanley—Reisner rings

We will compute the local cohomology of a Stanley—Reisner ring k[4]
in terms of the modified Cech complex C* introduced in Section 3.5. It
is not surprising that C*, just like k[4], is equipped with a fine grading.
This allows us to decompose the local cohomology groups of k[A4]. As
it turns out, their homogeneous pieces can be interpreted as the reduced
simplicial homology of certain subcomplexes of A. This basic result of
Hochster is the main content of this section. As a corollary one obtains
Reisner’s Cohen—Macaulay criterion for simplicial complexes.

For the reader’s convenience we recall the notion of reduced simplicial
homology. Let A be a simplicial complex with vertex set V. An orientation
on A is a linear order on V. A simplicial complex together with an
orientation is an oriented simplicial complex.

Suppose A is an oriented simplicial complex of dimension d — 1,
and F € A an +face. We write F = [w,...,v] if F = {w,...,v} and
<o < <w,and F=[]if F=0. Having introduced this notation,
we define the augmented oriented chain compler of A,

~ I}
C(A):0—C41—Cqga— -+ —C—C4—0
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by setting

Ci= P Zr and 9F =) (-1)F
FeA 7=0
dim F=i
for all F € A; here F; = [w,...,,...,%] for F = [w,...,v]. A straight-
forward computation shows that 8o @ = 0. Let G be an Abelian group.
We set _ _
H{A; G)= H{(C(4) ® G), 1= —1,...,d—1,

and call I?i(A; G) the i-th reduced simplicial homology of A with values in
G. Tt follows from the next lemma that a reference to the orientation is

superfluous.

Lemma 5.3.1. Define a’(A) in the same way as a(A), but with respect to a
different orientation of A. Then there exists an isomorphism of compleres

C(4) = C'(A).

ProorF. Let < and < be the different linear orders on the vertex set of
V. Given F = {w,..., v}, o < v < --- < v, there exists a permutation
m = 7r of the vertices of F such that vs(0) < vr1) < -++ < vg(9. We leave

it to the reader to verify that a: a(A) — a(A) with o F) = o(7F)F is the
desired isomorphism. O

The i-th reduced simplicial cohomology of A with values in G is defined
to be

H'(A; G) = H(Homz(C(4), @), i=—1,...,d—1.

We set I?i(A) = I?i(A; Z) and I?i(A) = I?i(A; Z) for all i. The simplicial
complex A is called acyclic if ﬁ(A) = 0. In this case, a(A) is split exact,
and so ﬁ.(A; G) = 0and ﬁ'(A; G) = 0 for all Abelian groups G. Examples
of acyclic simplicial complexes are the cones: the cone cn(4) of A is the
join (see 5.1.20) of a point II = {v} with A. The reader is referred to
Exercise 5.3.10 for further details.

The cone construction can be iterated. We set cn?(4) = cn(cn?~1(4))
for all 5 > 1. It is immediate that cn?(A) is the join of A with a j-simplex,
and it follows that

(5) H.(j-simplex * A) = 0.

If G = ks a field, then the reduced simplicial homology and cohomology
groups are k-vector spaces, and there are canonical isomorphisms

HY(A; k) = Homy(Hi(A; k), k), Hi{A; k) = Homy(H'(A; k), k)

for all 7; see Exercise 5.3.11. In particular it follows that dim I?i(A; k) =
dim H'(A; k) for all 4.
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Since C; ® k is a vector space of dimension f; elementary linear
algebra yields

z—:(_nidim HA k) = 'i(—l)iﬁ.

This sum, denoted by X(A4) is called the reduced Fuler characteristic of A.
A comparison with the Euler characteristic x(4) introduced in Section 5.1
shows that X(4) = x(4) — 1, and we can rewrite the Euler relation 5.2.17
as x(4) = (—1)47L

A geometric realization of A in IR inherits the structure of a topo-
logical space (with the subspace topology). In Section 5.2 we denoted this
space by |4| and remarked that it is unique up to homeomorphism. Let
X be a topological space, and ¢: |4] — X a homeomorphism. The pair
(4, ) is called a triangulation of X. Less precisely, we often say in this
situation that A is a triangulation of X.

It is a fundamental theorem in topology (see [280], Theorem 34.3)
that the reduced singular homology I:L'(X; k) of a topological space X
with triangulation A can be computed by means of the reduced simplicial
homology of A.

Theorem 5.3.2. Let X be a topological space with triangulation A. Then
I?i(X; k) = I?i(A; k) for all 1.

Examples 5.3.3. (a) Let A be the d-simplex with vertices V = {u,...,
v3}. Then |A| is homeomorphic to the d-dimensional closed ball B¢,
whose reduced singular homology is trivial since B¢ is contractible to a
point. Thus 5.3.2 implies that ﬁ.(A; k) = 0. That the reduced simplicial
homology of A is trivial can be seen directly: one immediately identifies
C. ® k with the Koszul complex K.(f) associated with f: k%*1 — k where
f maps the canonical basis elements of k%*! to 1. It follows from 1.6.5(b)
that this Koszul complex is exact.

(b) Consider the subcomplex I' C A obtained from A by deleting the
face F = {w,...,v4}; then |I'| is homeomorphic to the (d—1)-dimensional
sphere §%1, It is clear that the quotient U, = a(A)/a(I’) has U; = 0 for
t1#dand Uy = Z - [vw,...,v4). Therefore

(sl g~ T p = b fi=d—1,
H{(S ,k)—Ht(Fv"’)—{o ifi# d— 1.

(c) Let A be the vertex scheme of a simplicial (d — 1)-polytope P.
Then |A] is homeomorphic to the (d — 1)-sphere. Therefore, by (b),

X(A) = i (—1)'dim Hy(S* % k) = (—1)*L

i=—1
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Thus we have recovered the Euler relation.

The following notions will be crucial in the analysis of the local
cohomology of a Stanley—Reisner ring.

Definition 5.3.4. Let A be a simplicial complex, and F a subset of the
vertex set of A. The star of F is the set sty F = {G€ A: FU G € A}, and
the link of F is the set lky = {G: FUGe A, Fn G=0}.

To simplify notation we occasionally omit the index A in sty or lkgy.
It is clear that st F' is a subcomplex of A, 1k F' a subcomplex of st F, and
that st F =1k F=0if F ¢ A

In Figure 5.7 let v be the vertex in the centre of the hexagon. Then st v
1s the full simplicial complex, while lk v is the subcomplex constituting
the boundary of the hexagon.

Figure 5.7

Lemma 5.3.5. Let F' be a face of the simplicial complex A, and G € 1k F.
Then

(a) FeclkGandlkygF = <G> * lklng;

(b) lkg g F is acyclic, if G# 0.

Proor. Statement (a) is trivial, and (b) follows from equation (5). O

Local cohomology. Let A be a simplicial complex, k a field, and R =
k[X1,...,X,)/Is the Stanley—Reisner ring of A. Let m be the maximal
ideal generated by the residue classes @; of the indeterminates X;. Note
that (R,m) is a *local ring, and hence by 2.1.27, R is Cohen-Macaulay
if and only if Ry, is Cohen—Macaulay. Thus, in order to determine when
A is Cohen—Macaulay, we are led to compute the local cohomology
H;p (Rm) of Ry. To simplify notation we will write Hy,(R) for Hy,p (Rm).
Let ® = @,...,x,; as in Section 3.4 we consider the complex h_II)lK(CCk)

which is isomorphic to
c:0—C—C— ... — C"—0,
t_
= Y S

1< << <H<n



5.3. Local cohomology of Stanley—Reisner rings 233

and whose differential is composed of the maps

(=1)*'nat: Ry oy — Roy oy |
if {#4,...,4} = {jl,...,;s,...,jtﬂ}, and 0 otherwise. It follows from 3.5.6
that H: (R) = H(C:,) = HY(C")m. We claim that Supp HY(C*) C {m} for
all 4. This finally implies

H,(R)= H(C)

for all « Indeed, G, 1s exact for j = 1,...,n because the identity and
the zero-map of C;, are homotopic via ¢°, where of: C* — C* ! is
defined on the component (R, ..a, )o; — (Ray,-a;,  )a; b0 be (=1)°71id if
{#,---yi} = {J1,--+,Jk-1,7} and %, = 7, and 0 otherwise.

Next note that C* is a Z™graded complex: recall from Section 5.1
that R itself is Z"-graded. Let a € Z", a = (a,...,a,); then R, = k if
a € N” and {v;: a; > 0} € 4, and R, = 0 otherwise. The components of
C' are of the form R, for some element = € R which is homogeneous in
the fine grading of R. One defines a Z"-grading on R by setting

(Ry)o = {Lm : r homogeneous, degr — mdeg = a}.
@

Of course the terms ‘homogeneous’ and ‘deg’ refer to the fine grading
of R.

We extend this grading on the components to C%. Then it is clear
that C* becomes a Z™graded complex, and we may equip the homology
of C* with the induced Z"-graded structure. In other words, the local
cohomology modules H: (R) are in a natural way Z"-graded modules.

As R is a homogeneous k-algebra (in the sense of Section 1.5), we
may as well consider the graded local cohomology modules *H},(R) of R
introduced in Section 3.6. Then

Hy(R); = P Hu(R)a

acZr, |a,| =J

for all 7 and j; see Exercise 5.3.12.

Given ¢ = oy -+ @y, 01 < --+ < &, we set F = {v;,..., v }. In order
to analyze when (Ry), # 0 for a € Z" we introduce some more notation,
and put

G,={v:a;<0} and H,={v: a > 0}

Lemma 5.3.6. (a) dimp(R;), < 1 for all a € Z™
(b) (Rz)a =k if and only if F O Gy and F U H, € A.

Proor. (a) Let r/a™, 1 = 1,2, be non-zero elements in (R;), Then z™nr
and ™7, are homogeneous of the same degree, and hence are linearly



234 5. Stanley—Reisner rings

dependent over k. We may assume that «(z™r) = &™r; for some & € k;
then x(r /™) = rp/x™.

(b) We have (R;), # 0 if and only if there exist a monomial v in R
and an integer [ such that

(i) 2™ £ 0for allme N, and (i) degv/a' = a.

Condition (i) is equivalent to (i') v/z' # 0.

Now (i) implies F Usuppv € 4, and (ii) implies F D G, and H, C
supp v. In particular, F U H, € A.

Conversely, suppose F' O G, and FU H, € A. Set v = [[,.,,
w= ][40 x; ®. Since F O G, there exists an integer [ such that ' = wu

where u is a monomial (with non-negative exponents) in the ;. Since
FUH, € A, we have vu/z! # 0, and it follows that deg vu/z' = a. O

Let a € Z"; as a consequence of the lemma we see that (C’), has a
basis
{br: FO G, FUH,€ A, |F|=1}.

Restricting the differentiation of C* to the a-th graded piece we obtain
a complex (C"), of finite dimensional vector spaces with differentiation
9: (CY)y — (C*Y), given by d(bp) = E(—l)"(F’F')bF: where the sum is
taken over all F' such that F¥ D F, FFUH, € A and |F'| = ¢+ 1, and
where o(F, F') = s for F' = [vw,...,v] and F = [v,..., ¥, ..., 0]

Lemma 5.3.7. For all a € Z" there exists an isomorphism of complexes

o (C)y — Homg(Cllky g, Go)[—7 — 1],k),  j= |G

ProoOF. The assignment F +— F' = F'\ G, establishes a bijection between
the set
B={FcA: FO G, FUH,€ A, |F| =4

and the set B = {F' € A: F' € lkyg, G,, |F'| = i — j}. Therefore it is
clear that

i (€Y, — Homz(Cllkg i, Go)i_j1, k), br — wre,
is an isomorphism of vector spaces. Here @ is defined by

1 i F = ",

(F") =
r(F) 0 otherwise.

By 5.3.1, we have the possibility of adjusting the orientation of A suitably.
We choose it in such a way that the elements in G, are latest in the linear
order of the vertex set of A. Furthermore we give the subcomplex lky g, G,
the induced orientation. With this standardization, o becomes a complex
homomorphism. O
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We are ready to prove the main result of this section.

Theorem 5.3.8 (Hochster). Let A be a simplicial complex, and k o field.
Then the Hilbert series of the local cohomology modules of k[A] with re-
spect to the fine grading is given by

—1

.= t
HH,*“(k[A])(t) = Z dimg H¢_|F|_1(1k F; k) H 1 _‘7 g
FeA uEF J

Proor. By the previous lemma we have
H; (R[A])a = BT (1ky g, Go; B),

and therefore dimy, HE,(k[A]), = dimg ﬁi—|Gm|—1(1ksth G,; k); see Exercise
5.3.11.

If H, # 0, then, by 5.3.5, lky g, G, is acyclic, and if H, = 0, then
st H, = A, and so lkg g, G, = 1k G,

Let Z" = {a € Z": 0; < 0fori=1,...,n}; then H, = 0 if and only if
a € Z™, and it follows that

HH;“(k[A])(t) = Z Z dimy H¢_|F|_1(1k F; k)t*
FeA ac@*, G,=F
~ tt
= Z dimg Hy p-1(lk F; k) H 2 O

_ 1
Fea uEFR 1 tj

Hochster’s theorem yields an important Cohen—Macaulay criterion
for simplicial complexes:

Corollary 5.3.9 (Reisner). Let A be a simplicial complex, and k a field.
The following conditions are equivalent:

(a) A is Cohen—Macaulay over k;

(b) I:.'Ti(lk F;k)=0 forall F € A and all i < dimlk F.

Proor. Let dim A = d — 1. Then A is Cohen-Macaulay over k if and only
if H(C*) = 0 for ¢ < d. The latter is equivalent to

(6) Hi jpa(lkF;k)=0 forall FeA andall i< d.

(a) = (b): If A is Cohen—Macaulay over k, then A is pure (see 5.1.5),
and so dimlk F = d — |F| — 1. Therefore (6) implies Hy(lk F; k) = 0 for
1< dimlk F.

(b) = (a): Let F € A and G € lkF. Then lkyr G = lk(GU F).
Therefore, by induction on the dimension of the simplicial complex we
may assume that all proper links of A are Cohen—Macaulay over k.
In particular, the links of the vertices are pure. Now since EO(A; k) =
ﬁo(lk 0;k) = 0 if dimA > 1, we conclude that A itself is pure. Then
obviously (b) implies (6). O
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As a first application we consider an example of Reisner: let A be a
triangulation of the real projective plane P2, Figure 5.8 indicates such a
triangulation. For reasons of readability the triangles in the figure have

v2 n

N"%
24\

Figure 5.8

not been shadowed. Also note that edges with the same vertices have to
be identified according to their orientations.

Let k be a field. If A is Cohen—Macaulay over k, then 5.3.9 implies
I?i(A; k) = 0 for 5 < 2. Since IP? is connected, we have ﬁo(Pz; k) = 0. But

k if chark = 2,

T 2. —_
Hy (% k) = { 0 otherwise;

see [280], Theorem 40.6 and Theorem 55.1. In particular, A is not Cohen—
Macaulay over a field k of characteristic 2. On the other hand, it follows

from Exercise 5.3.14 that A is Cohen—Macaulay over k if chark # 2.

Exercises

5.3.10. (a) Let I" * A be the join of the simplicial complexes I" and A. Show that
QT x A) = (I') @ C(A)

(b) Let II = {v} be the simplicial complex consisting of one point, and form the
cone cn(A4) = IT * A. Show there exists an exact sequence

0 — C(4) — C(en(4)) — C(4)(-1) — 0

where 6(4) — C(en(4)) = 6(17) ® 6(4) is the natural complex homomorphism
a—1® a.

(c) Prove that the connecting homomorphismsin the associated long exact homo-
logy sequence are isomorphisms, and conclude that I?.(cn(A)) = 0. (This conclu-
sion can also be drawn directly from 1.6.12 with == 1.)

5.3.11. Let A be a simplicial complex, and %k a field. Show there exist natural
isomorphisms

Hi(A; k) = Homy(H{(4; k), k),  H{4; k) = Homy(H(4; k), k).
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5.3.12. Let A be a simplicial complex, and k a field.

(a) Consider k[A] as a homogeneous k-algebra, and give the modules G the
structure of Z-graded k[A]-modules by setting (C%); = D,z ‘a‘:j(C’i)a. Show C*
is a complex of Z-graded modules.

(b) Give HY(C*) the induced Z-graded structure, and deduce *H},(k[4]) = H(C*)
as graded k[A]-modules.

(c) Conclude from (a) that *Hi (k[4]); = Doczr a—; HY(C"), for all i and j.

5.3.13. Use Reisner’s criterion to give an alternative proof of the equivalence
(1) < (iii) of Exercise 5.1.26(c).

5.3.14. Let A be a simplicial complex of dimension 2. Show that 4 is Cohen—
Macaulay over k if and only if the following conditions are satisfied:

(a) A is connected;

(b) I~{1(A§ k) =0;

(c) each point of |A| has arbitrarily small connected punctured neighborhoods.

Hint: (c) is equivalent to the condition that the links of the vertices of A be
connected.

5.3.15. Let A be a simplicial complex of dimension d — 1, k a field, and m the
graded maximal ideal of k[4].
(a) Show the following conditions are equivalent:
(1) 4 is pure and k[4], is Cohen—Macaulay for all prime ideals p # m;
(i) H ( [4]) has finite length for all 7 < d;
(iil) Hy(k[4]), =0 for all a# 0 and 1 < d;
(iv) H, (lkF kEy=0forall Fe A, F# 0, and all { < dimlk F;
(v) Hi(k[A]) = H,_1(4; k) for all s < d.
(b) (Reisner) Show the following conditions are equivalent:
(1) A is Cohen—-Macaulay;
(i) H{A4;k) = 0 for all 1 < d — 1, and the links of all vertices of A are
Cohen— Macaulay.
Hint: (a)(i) is equivalent to the condition that k[4],, be Cohen—Macaulay for all
i=1,...,n Further, observe that k[A],, & k[x;, =; !][lk{x;}].

5.4 The upper bound theorem

This section is devoted to the proof of the upper bound theorem for sim-
plicial spheres, that is, simplicial complexes whose geometric realization
is topologically a sphere. It follows from a result of Kalai [229] that there
are many more simplicial spheres than polytopes. Therefore, the upper
bound theorem for simplicial spheres properly generalizes McMullen’s
theorem for polytopes whose proof we sketched in Section 5.2.

The upper bound theorem for simplicial spheres was conjectured by
Klee in 1964 and proved by Stanley [356] in 1975.

The proof is carried out in three steps: first we show that Euler com-
plexes satisfy the Dehn—Sommerville equations; secondly we prove the



238 5. Stanley—Reisner rings

upper bound theorem for Cohen—Macaulay Euler complexes; and finally
we show that simplicial spheres are Cohen—Macaulay Euler complexes.

Definition 5.4.1. The simplicial complex A is an Euler complex if A is
pure, and X(lk F) = (—1)4mEF for all F € A.

Theorem 5.4.2 (Dehn, Sommerville, Klee). Let A be an Euler complex of
dimension d — 1 with h-vector (hy,...,hq). Then hy = hy_; for i=0,...,d.

The proof will easily follow from
Lemma 5.4.3. Let A be a simplicial complex on V = {v,...,v,}. Then
t;

Hyn(-. ) = Y (1) "™ FX(k F) s
FeA wueFR

Proor. We have Hy(t) = Y pea H%eF /(1 — t); see Section 5.1. The

substitution ¢; — #! transforms #/(1 —¢,) into —(1+%;/(1 —%)). It follows
that J[,cp t:/(1 — %) is transformed into

d1mF+1 H 1 _|_ Y= d1mF+1 Z H

wueFR GCF 1/,€G’

so that

Hya (Y., 1) = Y (~1)fmFs 3 H

Fea GCF?/,EG
-y ( y (_1)dimF+1) b
1—t
GeA FeA %EG
GeF

Since EFGA, GcF(_l)dimF+1 = Y rex G(_l)dimF_dimG = (_1)dimG%(1k G),

the assertion follows. O

Proor or 54.2. If A is an Euler complex of dimension d — 1, then
Xk F) = (—1)dimlkF — (_1)d-dmF The Jatter equality holds since A is
pure. Now 5.4.3 yields

Hyja (- t) = (= 1)de[ ](tl yeeesty )

Replacing the #; by t we obtain the identity Hyz(%) = (—1)de[A](t_1) for
the Hilbert function of k[A]. It is clear that this yields the desired result;
see also 4.4.7(a). O

Let A be an Euler complex, and k a field. It follows from Reisner’s
criterion 5.3.9 that A is Cohen—Macaulay over k if and only if for all
FecA
k ifi=dimlk F,

0 otherwise.

(7) HlkF; k) =
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In view of the results in the previous sections it is now an easy matter
to show that the upper bound theorem holds for any simplicial complex
whose faces satisfy condition (7). In other words we have

Theorem 5.4.4. Let A be an Euler complex of dimension d — 1 with n
vertices which is Cohen—Macaulay over a field k. Then fi(4) < fi(C(n, d))
fori=1,...,d—1.

Proor. Just as in the proof of the upper bound theorem for polytopes it
suffices to show (a) h(4) < ("_d;"i_l) for i=0,...,d, and (b) A satisfies
the Dehn—Sommerville equations. But (a) follows from 5.1.10, and (b)
from 5.4.2.

The final step in the proof of the upper bound theorem for simplicial
spheres is to show that the faces of a simplicial complex satisfy (7) if the
geometric realization is homeomorphic to a sphere.

In the next lemma which is a reformulation of [280], Lemma 63.1 we
refer to the notation used in 5.2.8, and denote, as usual, by H.(X, Y; k)
the relative singular homology of the pair (X, Y) where X is a topological
space and Y a subspace of X.

Lemma 5.4.5. Let A be a simplicial complex on the vertex set V, and k be a
field. Suppose that X is a geometric realization of A given by p: V — IR?,
that F € A is a face of dimension j, and that p € relint(conv(p(F))). If
Ik F # 0, then

H(X, X\ {p}; k) = ﬁi_j_l(lkF; k) for all 4,
and if (k F = 0, then

H(X, X\ {ph k)= { & Jori=3J

0 otherwise.

As a consequence of this lemma and Reisner’s criterion we see that
the Cohen—-Macaulay property of A only depends on the topology of |4|.

Corollary 5.4.6 (Munkres, Stanley). Let A be a (d — 1)-dimensional sim-
plicial complex, X = |A|, and k a field. The following conditions are equiv-
alent:

(a) A is Cohen—Macaulay over k;

(b) for all p € X and all i < dim X one has

H{(X; k) = H{(X, X\ {p}; k) = 0.

Moreover, if the equivalent conditions are satisfied, then A is an Euler
complex if and only if

Hyo(X;k) = Hy (X, X\ {p}; )=k  forall peX.
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Proor. We only prove the implication (b) = (a); the converse implication
is proved similarly. We have 1k F = 0 if and only if F is a facet. Thus
assumption (b) and 5.4.5 imply that all facets have dimension d — 1, that
is, A is pure.

Now suppose that 1k F # 0. Since A is pure we have dimlk F =
d—2—dimF = d — 2 — j. Therefore, by 5.4.5 and assumption (b), if
F+# 0 and 7 < dimlk F, then IA-L'(lk Fi k) =2 Hip 04X, X\ {p}; k) = 0 since
i+J+1 < d— 1. Finally, if F = 0, then lkF = A, and (b) implies
that IA-L'(lk Fi k)= I?i(X; k) = 0 for 7 < dimlk F. By Reisner’s criterion it
follows that A is Cohen—Macaulay over k.

The supplement concerning the Euler property is obvious. O

Corollary 5.4.7 (The upper bound theorem for simplicial spheres). Let
A be a simplicial complex with n vertices and |A| = S, Then fi(4) <
Ffi(C(n,d)) fori=1,...,d— 1.

Proor. The assertion is clear in view of 5.4.4 and 5.4.6. O

Exercises

5.4.8. (a) Give an example of a simplicial complex which does not satisfy the
Dehn—Sommerville equations.

(b) Give an example of a simplicial complex A which for some ¢ fails the condition
R < ("N, d—1=dim 4, n= £(4).

5.4.9. Let k be a field, and 4 a Cohen—Macaulay complex over k. A is called
level over k if k[4] is a level 1ing, that is, if all generators in a minimal set of
generators of the *canonical module wy4) have the same degree. The type of 4
over k, denoted by ri(A), is the type of k[A]. Let s = max{i: h{A4) # 0}. Show
that h, < ri(4), and that equality holds if and only if A is level over k.

5.5 Betti numbers of Stanley-Reisner rings

Let k be a field, and A a simplicial complex on a vertex set V with
|V| = n. We write k[A] = R/I4 with R = k[X;,...,X,]. Since k[4] is a
Z"-graded R-module, it has a minimal Z"-graded resolution

.
Foi0—Fy s Fyy —r oo — By — By — 0,

where F; = @5’:1 R(—ay) for i =0,...,p with certain a; € N* and where
the maps ¢; are homogeneous of degree 0; see 1.5.16 where a similar
result has been established for Z-graded resolutions. Minimality of the
resolution means that ¢(F;) C (Xy,...,X,)Fi1 for all & The numbers
Bia = {7t ay = a}|, a € Z*, are called the fine Betti numbers of k[A]. Tt is
easily seen that the minimal Z"-graded resolution is uniquely determined
up to isomorphism.
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In order to compute the shifts a;; in the resolution F., we consider the
k-vector spaces T; = Torf(k, k[A]) and notice that T; = F;/(Xy,..., Xa)F;
as a Z"-graded vector space. Obviously, 8;, = dimg(T})s -

Let W C V; we set Ay = {F € A: F C W}, and call Ay the
restriction of A to W. It is clear that Ay is again a simplicial complex.

The following theorem gives a combinatorial interpretation of the fine
Betti numbers of k[A].

Theorem 5.5.1 (Hochster). Let Hry(t) = ) 7. Biat® be the fine Hilbert
series of the module T; = TorE(k,k[A]). Then

HT,(t) = Z (dimk I?|W|—i—1(AW; k)) H i;.

wcv uEW

We say that a € Z" is squarefree if each of its entries is either 0 or 1.
One remarkable consequence of Hochster’s theorem is

Corollary 5.5.2. The shifts in the minimal Z"-graded R-resolution of k[A]
are squarefree.

For the proof of 5.5.1 we shall need Alexander duality. It involves the
dual complex of A which is given by

A={Gex:G¢A}

Here G denotes the complement of G in V, and ¥ the simplex on the
vertex set V. It is easy to see that A is again a simplicial complex, and
that 4 = A. _

Let I' C A be asimplicial subcomplex of A; then C(I') is a subcomplex
a(A), and we may form the quotient complex a(A)/a(I’) For an Abelian
group G we set

H{A,T'; G) = Hy(C(4)/C(I") ® G)

and

HY(A,T'; G) = H;(Homz(C(4)/C(T), G)).

These groups are called the reduced relative simplicial homology and
cohomology of the pair (A, I') (with values in G). The following lemma is
the relative version of Alexander duality.

Lemma 5.5.3. Let k be a field, and let I' C A C X be simplicial complexes,
where X is the simplex on the vertex set V, |V| = n. Then

H{AT; k)= H (I, A k) = H,__{I', 4; k).

for all 1. In particular, one has I?i(A; k) = I?"_3_i(ﬁ; k)= H, 3_{4; k).
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PRroOF. Let ey,..., €, be a basis of the free Z-module L = Z". The exterior
products ep = /\jeF ej, F C V, |F| = j, are a basis of A\’L, and AL
together with the differential

J j-1 J
3j: /\L—> /\L, €; /\.../\eij — Z(—l)k+1€¢1 Noooey  Negy,, /\...e,;j
k=1

is an exact complex; in fact, it is just the Koszul complex K.,(¢) of the
linear form ¢: L — Z with ¢(¢;) = 1 for all 4. Evidently a(A)(—l) may be
identified with the subcomplex of A L spanned by the basis elements ep,
Fec A

In 1.6.10 we have exhibited an isomorphism 7: K.(¢) — K*(¢), which is
induced by the multiplication on A L and the orientation w,: A" L — Z,
wh(€e1A- - -Ae,) = 1. The restriction of 7 to a(A)(—l) yields an isomorphism
C(A)/C(I') = Homgz(C(A)/C(I"),Z). Upon tensoring with k one gets the
first of our isomorphisms whereas the second holds because we are taking
coefficients in a field.

In the special case in which I' is the empty set one has I?i(A; k)
I?"_z_i(ﬂ,ﬁ; k). On the other hand, I?"_z_i(ﬂ,ﬁ; k) = I?"_3_i(ﬁ; k), as
follows from the long exact cohomology sequence

R

ﬁj_l(ﬂ; k) — I?j_l(ﬁ; k) — I?j(Z,A; k) — Ej(E; k)
and the fact that ﬁ'(E; k) =o0. O

Proor oF 5.5.1. The Koszul complex K.(x; R) of the sequence x =
Xi,...,X, is a minimal graded free resolution of the R-module k = R/(x)
(see 1.6.14). Thus for each 7> 0, and each a € Z"

Hyx; k[4])4 = Tor(k, k[A])..

We will compute the graded components of Torf(k,k[A]) by means of
these isomorphisms.

With a subset F' C {1,...,n} we associate the vector &(F) = ), ne;,
where ¢; is the i-th canonical unit vector in Z". Now it is straightforward
to verify that Kj(@; I4), is a k-vector space with basis

zler, b+ eF)=aqa |F|=14 and supp(b)¢ A

(As above, e = /\jeF e;.) Thus, if A, is the simplicial complex consisting
of those faces F € X, F C supp q, for which supp(a\ &F)) ¢ 4, then the
map

o 6’-_1(Aa) — K@, Ip)e, Fr— :ca_g(F)eF,

is an isomorphism of vector spaces.
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One easily checks that ¢, is a chain map, so that we actually have an
isomorphism of complexes a.: C.(4,)(—1) — K.(@, I4),. Therefore the
exact sequence of complexes

00— K.(cc, IA) — K.(cc, R) — K(cc,k[A]) — 0
yields the isomorphisms
Tor?(k, k[A])e = Hi(z, k[A])a = Hiy(z,In)e = Hiz(Ag; k)

for 7 > 0. The case i = 0 is trivial: dimg ﬁ|W|_1(AW; k) # 0 if and only if
W = 0 and, equivalently, Ay = 0; furthermore dimy, ﬁ_l(A@; k)= 1.
Suppose first that a = (ay, ..., a,) is not squarefree. We pick j such that
a; > 2, and consider the element a(7) = (a1,...,a;+ 7,...,a,). Then A, =
Agy for all 7 > 0. Hence it follows that Tor?(k, k[A])a = Torf(k, k[A])ur)
for all # > 0. This is only possible if Torf(k, k[4]), = 0, because otherwise
there would exist infinitely many shifts in the finite resolution F. of k[A].
Now we assume that a is squarefree. Let W = supp a; then F € A, if
and only if W\ F ¢ Aw. Therefore, A, = Ay with respect to the vertex
set W, and the assertion follows from Alexander duality. O

Exercises

5.5.4. Let k be field, and A a simplicial complex with n vertices.

(a) Show that the Betti numbers 3;, of k[A] are independent of kfor 1= 0,1,2,n—1,
and n.

Hint: Use Alexander duality and the fact that fL»(F; k) does not depend on k for
i=0,—1.

(b) Prove that all Betti numbers of k[A] are independent of kif n < 5.

(c) Give an example of a simplicial complex A with 6 vertices for which the Betti

numbers of k[4] depend on k.

5.5.5. Let k be field, and A a simplicial complex on a vertex set V with n elements.
(a) Let F be a face of the dual simplicial complex 4, and set W = V \ F. Show
that

H‘Liz(lka F, k) =~ H\W\—ifl(AW; k)

(b) Use (a) and 5.5.1 to prove the following theorem of Eagon and Reiner [88]:
the Stanley-Reisner ring k[A] has an m-linear resolution (see 4.1.17) if and only
if A is Cohen-Macaulay over k. Determine m.

5.6 Gorenstein complexes

Let A be a simplicial complex on the vertex set V, and k a field. The
complex A is called Gorenstein over k if k[A] is Gorenstein. Our main
concern in this section is to characterize the Gorenstein complexes.
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We define core A to be Acorey where core V.= {v € V: stv # A}.
Notice that A = (core A) * Ap\core v. Therefore,

k[A] = k[core A] @ k[Ap\core v] = k[core A][X;: v € V \ core V].
It follows that A is Gorenstein if and only if core A is Gorenstein.

Theorem 5.6.1. Let A be a simplicial complex, I' = core A, and k a field.
The following conditions are equivalent:
(a) A is Gorenstein over k;

(b) for all F € I' one has

Tlkn B gy = B fi=dimlkp F,
Hl(lkl"ka)_{O if i < dimlkp F;

(c) for X =|I'| and p € X one has

v 1~ I iy~ |k oifi=dimX,
H(X; k)= H(X, X\ {p}; k) = {0 if i < dim X.
ProoF. The equivalence of (b) and (c) follows from 5.4.5, and that of (a)
and (b) from the next theorem. O

Theorem 5.6.2. Let A be a simplicial complex with A = core A. Then A
is Gorenstein over k if and only if A is an Euler complex which is Cohen—
Macaulay over k.

For the proof of 5.6.2 we need the following two lemmas.

Lemma 5.6.3. Let A be a simplicial complex, and k a field. Let M be
a Z"-graded k[A]-module whose fine Hilbert series coincides with that of
k[A]. Suppose M is indecomposable. Then k[A] and M are isomorphic as
Z"-graded modules.

ProOF. We set R = k[A]. There exists a non-zero Z"-graded homomor-
phism ¢: R — M of degree 0. We want to show that ¢ is an isomorphism.
Consider the exact sequence

0— K—R— M- N—0,

where K = Ker pand N = Coker ¢. Since R and M have the same Hilbert
series (with respect to the fine grading), this is true for K and N as well.
We choose homogeneous generators ay,...,@, of M with (1) = a,
and such that &(a),..., &@,) form a minimal system of generators of N.
Consider the sets A = {a € Z": (Rxy), # 0}, B= {a € Z": K, # 0} and
C={a€Z": N,# 0}. Then AnNB =10, B= C, and AU B = D where
D={acZ": R, # 0} = {a € N": suppa € A}; see Section 5.1 for the
last equality and the definition of supp.
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We want to show that M = Ray®(Rx;+- - -+ Rx,). As, by assumption,
M is indecomposable, the assertion of the lemma will follow.

Suppose RxyN(Rxy+- - -+ Rx,) # 0. Then there exists a homogeneous
element y € Rz N (Rxy + - - - + Rwy), y # 0. It follows that a = deg y € 4.
On the other hand, there exist a homogeneous element » € R and some
x;, © > 1, such that y = ray. Therefore, a = degr + deg z;. Note that
deg z; € C = B. Hence there exists a homogeneous element z € K, z # 0,
with deg z = deg @;. Consider w = 7z; since supp(degr) U supp(deg z) =
supp(deg r) U supp(deg =) = supp a € 4, it follows that w # 0. Therefore,
a= degw € B, a contradiction. O

Lemma 5.6.4. Let A be a (d — 1)-dimensional Gorenstein complex over a

field k with A = core A. Then hy(A) = 1.
Proor. It is enough to show that hg(A4) # 0. We write k[A] = R/Iy,

R = k[X;,...,X,], and consider the minimal Z"-graded resolution

.
Foi0—Fy— Fyy— o — By — Fy — 0,

where F; = @5’:1 R(—ay) for i=0,...,p with certain a; € N,

It is obvious that (F.)m is a minimal Rm-resolution of the Gorenstein
ring k[A]m where m = (Xy,..., X,,). It follows from 1.3.3 that p = n— d,
and 3.3.9 implies that F,,_4 = R(—a) for some squarefree a € N™

Notice that F, is also a minimal Z-graded resolution: simply replace
the shifts a; by |a;|, where |b| denotes the sum of the components of a
vector b. Thus we may apply 4.1.14(a), and conclude that |a| — (n— d)
is the largest integer s for which hy(A) # 0. The assertion of the lemma
follows once we have shown that |a| > n.

We claim that a = (1,...,1) (which implies |a| = n). Indeed, Hochster’s
theorem 5.5.1 shows that 0 or 1 are the only possible entries of a. By
3.3.9, the R-dual (F.)* of F. (suitably shifted) is a minimal free resolution
of k[A]. Thus, if an entry of a was zero, then the corresponding variable
would not divide any of the generators of I, a contradiction to our
hypothesis that A = core A. O

Proor or 5.6.2. According to Exercise 5.6.6 the *canonical module wya
has a natural Z"-grading.

Suppose that A is an Euler complex which is Cohen—Macaulay over k.
Then the formula given in Exercise 5.6.6 implies that k[A] and wy4) have
the same Hilbert series with respect to the fine grading. By 5.6.3, this
implies that wya) = k[A] which in turn implies that k[A] is Gorenstein;
see 3.6.11.

Conversely, suppose that A is Gorenstein over k. Then, just as in
3.6.11, one sees that wya = k[4](c), ¢ = (c1y...,¢,) € Z", where || is the
a-invariant of k[A]. As we assume that A = core 4, it follows from 5.6.4



246 5. Stanley—Reisner rings

that |¢] = 0. Since by Exercise 5.6.6, ¢; < 0 for ¢ = 0,...,n, this implies
¢ = 0. Therefore, again by Exercise 5.6.6,

Z dimy, Haim i p(1k F; k) % - Z H %

FeA wEFR FeAveF

Comparing coeflicients we see that dimy, Hiim r(lk F; k) = 1forall F € A,
This together with the fact that A is Cohen—Macaulay over k implies that
A is an Euler complex. O

Corollary 5.6.5. Simplicial spheres are Gorenstein over every field.

Exercises

5.6.6. Let k be a field, and A a (d — 1)-dimensional Cohen—Macaulay complex
over k. According to 3.6.19, the *canonical module wy4 of k[4] is isomorphic
to *Homy,("HZ(k[A]); k). Conclude that wyy has a natural Z"grading, and show
that

t

Hy,y(8) =) dimy, Hgmper(Ik F; k) T

Fea X, cF

= (—1)de[A](t;1, ey t;l)

Hint: 5.3.8 and 5.4.3.

5.6.7. Let k be a field, and A be a (d — 1)-dimensional Cohen—Macaulay complex
over k. Prove the following conditions are equivalent:

(a) Ais an Euler complex;

(b) Hya(t,-.. ) = (— ) By (6., 1),

(¢) wira) = k[A] as a Z™graded k[A]-module.

5.6.8. With the assumptions of 5.6.7 show the following conditions are equivalent:
(a) 4 is Gorenstein over k;

(b) taHk[A](tl, ceey t,,) = (—l)de[A](tfl, cey t;l )

Suppose the equivalent conditions hold. Show #* is a squarefree monomial in
t,..., 1, of degree |V'\ core V|. Conclude that a(k[A]) = —|V \ core V.

5.6.9. Determine all 1-dimensional Gorenstein complexes.

5.6.10. Let &k be a field and A a Gorenstein complex over k of even dimension d
such that A = core A. Show A is d/2-neighbouily if and only if k[4] is an extreme
Gorenstein ring.

5.7 The canonical module of a Stanley—Reisner ring

Let k be a field, and A a Cohen—Macaulay complex over k. In the
previous section we have already considered the *canonical module wyp4
of k[A]. By Exercise 5.6.6, it has a natural fine grading with Hilbert series
. t;
(8) Hwkm(‘t) = Z dlmk HdimlkF(lk F; I{i) m

Fea wEF
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In 3.3.16 we defined the canonical module of a non-local ring R to be
a finite module which is locally isomorphic to the canonical modules of
the corresponding local rings, and observed in 3.3.17 that a canonical
module, if it exists, is only unique up to tensor products with locally
free R-modules of rank 1. Hochster ([182], Theorem 6.1) showed that all
locally free k[A]-modules of rank 1 are actually free. Hence for k[A] we
do not have to distinguish between the canonical and *canonical module.
The reader may recover the proof of Hochster’s theorem in Exercise 5.7.8
where we indicate the steps.

As k[A] is reduced, it follows from 3.3.18 that wy[4) can be identified
with an ideal I of k[4]. Unfortunately we cannot expect that I be Z"-
graded (n the number of vertices of A), simply because it may happen that
dimk(wk[A])a > 1 for some a € Z". Indeed, consider the 1-dimensional
simplex in Figure 5.9. By (8), the fine Hilbert series of its canonical

Vg

U
Figure 5.9

module is
4

f ht;
2 + -_ .
1—% ;(1—tl)(1—t¢)

Thus for a = (1,0,0,0) we have dimpy(wa))s = 2.

Theorem 5.7.1. Let A be a (d — 1)-dimensional Cohen—Macaulay complex
over a field k. Then the following conditions are equivalent:

(a) A is not an Euler complex, and there exists an embedding wya) — k[A]
of Z"-graded k[A]-modules;

(b) there exists a (d — 2)-dimensional subcomplex X of A which is Euler
and Cohen-Macaulay over k such that for all F € A

. 0 ifFes,
Hgimur(lk F; k) = {k ZF ¢ 5

If the equivalent conditions hold, then as a Z"-graded k[A]-module, wifa)
is isomorphic to the ideal J in k[A] which is generated by the monomials

wF:Hw,er’i’FEA\E'

ProoF. (a) = (b): Let I be the Z"-graded ideal in k[A] which is isomorphic
to the image of wyg) — k[4]. As we assume that A is not an Euler
complex, Exercise 5.6.7 implies that I # k[A]. Further note that if z® € I,
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then Ha‘>0 x; € I. This can be deduced from the Hilbert series of wyjaj;
see (11). Thus if we set X' = {supp u: v ¢ I}, then

HA)fwnga) = KA]/T = &[],

It follows that X' is a (d — 2)-dimensional Cohen-Macaulay complex over
k. Since Hys(t) = Hya(t) — Huyy, () we conclude from Exercise 5.6.6
that

Hk[ﬂ](tl_lv EEX) 75;1) = (_1)dHWk[A](t) - (_1)de[A](t)
= (—1)*(Hya)(t) = Huy (1) = (=1)" Hys (D).

By 5.6.7, this implies that % is an Euler complex.
Once again applying (11) we obtain

Z dlmk ﬁdimlk F(lk F; I{i) tlb

17 = Hona(t) = Hua () — Hiz ()
FeA wuEF

N |
FeM\Z ueF 1-%
A comparison of the coefficients on both sides yields the assertion con-
cerning the links of the faces of A. Moreover it follows that I equals the
ideal J described in the theorem since both ideals have the same Hilbert
series.

(b) = (a): First observe that A is not an Euler complex, since the
links of the faces which belong to X' are acyclic.

In order to obtain the desired embedding of the canonical module we
add a vertex w, form the cone cn(X) = {w}* X, and let I' = cn(X)UA. Then
dimI' =dimA=d-1, ¥[I'] = k[X1,...,Xn, Y]/Ir (Y corresponding to
the vertex w), and k[I']/(y) = k[A] where y denotes the residue of ¥
modulo Ir.

We will show that I" is an Euler complex which is Cohen—Macaulay
over k. In particular I will be Gorenstein. Then 3.6.12 implies

wia] = Homyr(k[A], k[I']) = Ann(y) = Jk[I'] = J.

Since these isomorphisms are obviously Z™-graded, the desired conclusion
follows.

It remains to be shown that the links of the faces F' € I" are homology
spheres, that is, satisfy condition (7) of Section 5.4. We distinguish several
cases:

(i) F € A\ X, then lkp F = lks F, and (7) is satisfied by assumption.

(ii) F € X, then lkp F = cn(lky F) U lky F. Since cn(lkg F)Nlky F =
lky F, the Mayer—Vietoris sequence ([280], Theorem 25.1) applied to this
situation yields the long exact sequence

. — Hy(lkg F; k) — Hicn(lkg F); k) & H{(lks F; k)
N ﬁi(lk[‘ F, k) — ﬁi_l(lng; k) —> e,
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provided lky F' # 0. Note that I?.(lkA F;k) = 0 by assumption, and
H.(cu(lky F); k) = 0 by Exercise 5.3.10, so that

Hi (kg F; k) = Hlkp F; k) for all .

As Y is an Euler complex which is Cohen—Macaulay over k, it follows
that lkp F' is a homology sphere.

If lky F = 0, then lkp F = {w} Ulky F. Note that F is a facet of X, so
that dimlks F = 0. Hence assumption (b) implies that lks F' consists of
one vertex. Therefore lkp F = {w, v} where v is a vertex of A, and thus it
is a sphere.

(iii) w € F; then F = {w} U G where G € X, and lky F = lky G. Again
we derive the desired conclusion. O

Let A be a simplicial complex whose geometric realization X = |4] is
a manifold with boundary 8X. Then dX = | Y| where ¥ is the subcomplex
of A which is characterized by the property that its facets are faces of
precisely one facet of A ([280], §35 and Exercise 4).

As an application of 5.7.1 we obtain

Theorem 5.7.2 (Hochster). Let k be @ field, and A a (d — 1)-dimensional
Cohen—Macaulay complex over k whose geometric realization X = |A| is a
manifold with a non-empty boundary 0X. Further let 2 be the subcomplex
of A with 80X = |X|, and J the ideal in k[A] generated by the monomials
af, F € A\ 5. Then the following conditions are equivalent:

(a) wija] = J as a Z*-graded k[A]-module;

(b) X is a Gorenstein complex over k;

(c) X is an Euler complex which is Cohen—-Macaulay over k.

Proor. (a) = (b): Suppose J is the canonical module of k[A]. Then
3.3.18(b) in conjunction with 3.6.20(c) shows that k[ X] = k[A4]/J is Goren-
stein.

(b) = (¢): By 5.6.2, it suffices to show that X = core . Suppose this
is not the case. Then there exists a vertex v € X such that st v = X, and
so X = {v} x I' for some subcomplex I' of X. But then 33X) = 9|%| D
|I"| # 0, a contradiction since the boundary of a manifold is a manifold
without boundary.

(c) = (a): We have to check the conditions 5.7.1(b) for the links of the
faces of A. Let p: A — IR® be the map defining the geometric realization
of A.

Suppose F € A, F # 0, and p € relint(conv p(F)). If Ik F # 0, then
5.4.5 yields

0 ifpe dX,

Hamur(lk F; ) = Hy 1(X, X\ {p}; k) = { k ifpd oX
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The first case happens when F € X, the second when F ¢ X. If Ik F = 0,
then F ¢ 5 and again ﬁdimlkp(lk Fi k)= ﬁ_l(ﬁ; k) =k

Now suppose F = 0. Then lk F = A, and we need to show that
ﬁd_l(X; k) =2 0, or equivalently, that any (d — 1)-cycle z = Y apF of the

chain complex a(A) is trivial. As z is a cycle we have

Z :I:aF =0
dimF_F?f:i—l

for all F' € A with dimF' = d — 2. Now since X is a manifold with
boundary, each (d — 2)-face F' € A is a face of precisely one facet of A
when F' € X, and of precisely two facets of A when F' ¢ ¥. Hence (i)
ap = 0 if F contains a facet F' € X, and (ii) ap, T ap, = 0 if F' ¢ ¥
and Fy; and F; are the facets of A containing F'. Since by assumption
Y # 0, we conclude from (i) that ap = 0 for at least one facet of A.
Now let G € A be any other facet. Notice that A is connected since it
is Cohen—Macaulay of positive dimension; see Exercise 5.1.26. Therefore
we can find a chain of faces

F=FDFRCFD - DFn1CF,=G

with alternating inclusions where dimFy; = d — 1 and dim Fy; 3 = d — 2
for 4 = 0,...,m. Thus it follows from (ii) and by induction on ¢ that
ap, = 0 for 1=0,...,m; in particular, ag = 0. O

A Z"-graded embedding of wy[s). Though the canonical module of a
Stanley—Reisner ring k[A] cannot always be identified with a Z"graded
ideal, it may be realized as a kernel of a certain Z"-graded homomor-
phism. In order to derive such a presentation we first observe that the
homology of the complex C* is concentrated in ‘negative degrees’; see
Theorem 5.3.8. To be precise, we have H*(C;) = 0 if some component a;
of a is positive. Thus if we set

Y
acl*
where Z" = {a € Z": a; < 0 for 1= 1,...,n}, then
H (D) = H(C") = Hy(K[4]),

and these are isomorphisms of Z-graded modules. Write k[A] = k[X]/I4
with k[X] = k[Xi,...,X,]. Then by virtue of the local duality theorem
for graded modules we obtain the isomorphisms

H(D')Y = *Extyg(k[4], kX)), >0,

where HY(D*)V = *Homy(HY(D"), k) = H;(*Hom(D", k)).
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Let us more closely inspect the complex G, = *Homy(D", k). Re-
call that C* is a direct sum of modules Ry .., where R = k[A].
Let F = {vw,...,v}, X = X;,---X;, and ¢ = x;, ---x,; then R, =
k[X;, X7 1: v € F][X;: v & F]/(I4)x where (I4)x is an ideal generated by
certain squarefree monomials in the variables X; for which v; ¢ F. It is
clear that 1 € (I4)x if and only if F ¢ A. Thus we see that

@(R o = 0 ifF ¢ A
T kXY e F] i FeA,
ac®
so that *Homy(P ez (Rz)a k) = k[ Xi: v € F] = k[Xy,...,X,]/Bp if

F € A. By definition, G; is a direct sum of such modules. Thus we have

Theorem 5.7.3. Let A be a (d — 1)-dimensional simplicial complex, and k
a field. For each i=0,...,d let G; be the direct sum of the k[A]-modules
k[ X1,...,X,)/Br where F € A and |F| = i. Consider the complex

G,:0—>Gd—>Gd_1—>..._>G1_>G0:k_>O
of k[A]-modules whose differentiation is composed of the maps
(—1)7'_1 nat : k[X1,..., X /Bp — k[X1,..., X0]/ B

if F = {vg,...,0} and F' = {v;,...,%,...,v}, and zero otherwise. Then
fori=0,...,d, '
H(G.) = Extix(k[4], k[ X]).

In particular, if A is Cohen—Macaulay, then one obtains the exact sequence

of Z"-graded k[A]-modules

0 — wiyg) — Gy — Gg_1 — -+ — Gy — Gy — 0.

As a consequence of 5.7.3 we derive a result of Grabe [137].

Corollary 5.7.4. Let k be a field, and A a (d — 1)-dimensional simplicial
complex which is Cohen—Macaulay over k. Then there is a Z-graded em-
bedding

wk[A](—d) — I{:[A]

Proor. Let e: k[Xi,..., Xo] — Gi = Dypalk[X1,..., Xu]/Bp) be the
homomorphism which on each component is just the canonical epi-
morphism. Then Ker ¢ = ﬂlFl:d‘BF, and so ¢ induces an isomorphism
z: k[A] — Ime.

Let z = ElFl:d:cF; then @ is homogeneous of degree d. Moreover, x is
Gy-regular and 2G4 C Ime. To see this, note that if a = (ar) € Gy, then
xa = (zf ap). From this it follows immediately that « is indeed Gy-regular,
and it also follows that E(:CF) = xer for all facets F. Here er denotes the
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element of G4 whose projection to k[X3,...,X,]/Bp is 1 if F = F',and 0
otherwise. Since these elements generate Gy, the element = multiplies Gy
into the submodule Im ¢, as asserted.

In conclusion we have

wia)(—d) = @y C Gy C Im e = k[A]. O

We illustrate 5.7.4 by means of the simplicial complex A illustrated in
Figure 5.9. Theorem 5.7.3 yields the exact sequence

4 4
0 — wy[a) — @ k[ X1, X)) — @ kX)) — k— 0,
=2 =1
and it is readily seen that wypa) is generated by the elements (X3, —Xj3,0)
and (X3,0,—X;) in @?:2 k[ X1, X;]. Then (EIFI=2 :cF)wk[A] has the genera-
tors (X7 Xz, —X?X3,0) and (X7X5,0,—X?X,). Thus we see that the ideal
in k[A] corresponding to TWi4] Via 7! is generated by 33%332 — 33%333 and

Ty — T 7.

Doubly Cohen—Macaulay complexes. Let k be a field. In Exercise 5.4.9
we noticed that the type 7(A4) of a Cohen-Macaulay complex A over
k is at least h;, the last non-vanishing component of the h-vector of A.
Unfortunately, we may have 7, (A4) > hy; see Exercise 5.7.10. By 5.4.9
equality holds exactly when A is level over k. The situation is particularly
simple when A is level and s = d = dim A + 1. Then 5.1.9 implies that
m(A) = (=1)471%(4), and this number is reasonably accessible.

Definition 5.7.5. Let k& be a field. A simplicial complex A on the vertex
set V is doubly Cohen—Macaulay over k if A is Cohen—Macaulay over k,
and for all » € V the subcomplex Ay, is Cohen—Macaulay over k of
the same dimension as A.

Concluding this chapter we present two results of Baclawski [35] on
doubly Cohen—Macaulay complexes.

Theorem 5.7.6 (Baclawski). Let k be a field, and A a (d — 1)-dimensional
doubly Cohen—Macaulay complex over k. Then A is level and

m(4) = (-1)"'X(4).

Proor. We make use of Hochster’s formula 5.5.1 which gives the Hilbert
series of Torf(k,k[A]) where R = k[Xi,...,X,]. Note A is Cohen—
Macaulay over k if and only if Tor?(k, k[4]) = 0 for i > n— d. Thus we
have the following result:

A is Cohen—Macaulay over k& <=

HijAw;k)=0forall WC Vand j<|W|—(n—d)—1
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We claim that Tor? ,(k k[A]), = 0 for a # (1,...,1). Suppose this is
not the case. Then from 5.5.1 we deduce that there exists a proper
subset W of V such that ﬁj(AW;k) £Z0for j=|Wl—-(n—-4d)-1
Choose ¢ such that W C V' = V \ {}; then (Ay)w = Aw. Since by
assumption Ay is Cohen—Macaulay it follows from (8) (applied to Ay)
that |W|—(n—d)—1=7>|W|—(n—1—d)—1, a contradiction.

We leave it to the reader to complete the proof. Simply observe that
the degrees of the non-zero components of Tor?_,(k, k[A]) determine the
degrees of the generators of wys), and that ~y = dimy Torff_d(k, k[A]), for
a=(1,...,1). O

We may view a(A) ® k as a graded k-vector subspace of k[4] simply

by identifying the elements F ® 1 with o for all F € A. Then Hy 1(4; k)
is identified with a k-vector subspace of k[A].

Corollary 5.7.7 (Baclawski). If A is doubly Cohen—-Macaulay over k, then
as a Z-graded module, wya(—d) is isomorphic to the ideal generated by

E’d—l(A§ k).

Proor. We view wys) as a submodule of G;. By Exercise 5.7.9, wya] is
generated by elements of degree 0, that is, by elements of Ker((G4)o —
(Gi-1)o)- Let @ = ElFl:d:cF be as in the proof of 5.7.4. Then wwyy is
the ideal in k[A] which is generated by Ker((xG4)a — (2G4-1)4), and this
yields the desired conclusion since (2Gy)q — (@G4-1)q can be identified
with Cd_l(A) Qk — Cd_g(A) R k. O

Exercises

5.7.8. Let k be a field, A a simplicial complex, and P a finite k[4]-module of
rank 1 which is locally free. Show P is free. The proof can be accomplished in
the following steps.

(a) Let R be a Noetherian ring, P a finite module, and I}, I, two ideals in R
such that P/LP is a free (R/I;}-module of rank 1 for j = 1,2. Assume that the
group of units of R/(I; N L) is mapped surjectively onto that of R/(I; + ). Show
P/(I, N L)P is a free R/(I; N I,)-module of rank 1.

(b) Use (a) and induction on the number of facets of A. To start the induction
observe that a finite, locally free k[Xj,...,X,]-module of rank 1 is actually free.
Indeed such a module is isomorphic to a projective ideal, and since k[Xj,..., X,]
is factorial, projective ideals are principal; see [270], Theorem 20.7.

5.7.9. Let k be a field, and A a (d — 1)-dimensional doubly Cohen-Macaulay
complex over k. Show Ker(G; — G4_;) is generated by elements of degree 0 in

G,

5.7.10. Show a 1-dimensional simplicial complex A on V satisfies r(4) = ¥(4) if
and only if for all v € V the subcomplex Ay, is connected. (Reference to a field
k is not needed in dimension 1. Why?)
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5.7.11. Give an example of a Cohen—Macaulay complex whose type depends on

the field k.

5.7.12. Prove the converse of 5.7.6: if A is a Cohen—Macaulay complex and k a
field such that ry(A) = (—=1)?"'%(4), then A is doubly Cohen—Macaulay.

5.7.13. Characterize the 1-dimensional simplicial complexes A4 for which there
exists a Z™graded embedding wypa) — k[A].

Notes

Simplicial complexes have been considered in topology since Poincare
[300] who computed homology groups of topological spaces via triangu-
lations.

Another motivation comes from polytope theory where simplicial
complexes appear as boundary complexes of simplicial polytopes. The
question of how the number of the faces in various dimensions are related
to each other has attracted combinatorialists and geometers since Euler
who discovered the familiar equation fy — fi + f2 = 2 for 3-polytopes in
1752.

A new technique in studying simplicial complexes was introduced
by Stanley [356]. His proof of the upper bound theorem for simplicial
spheres depends heavily on methods from commutative algebra whose
foundations were laid by Hochster [182] and Reisner [306]. Naturally
our exposition concentrates on the algebraic aspects of the theory. It is
very much influenced by Stanley’s monograph [363] and the lectures by
McMullen and Stanley held at the DMV-Seminar in Blaubeuren, July
1991. The reader interested in a general, up-to-date survey on convex
polytopes is referred to the excellent article [39] by Bayer and Lee. Hibi’s
book [169] offers an attractive introduction to algebraic combinatorics.

The results of Kruskal-Katona mentioned in Section 5.1 can be
understood as a theorem on Hilbert functions of residue class rings of an
exterior algebra; see Aramova, Herzog, and Hibi [12] for this approach.

Hochster’s formula 5.5.1 appeared in [182]. Our treatment is taken
from Bruns and Herzog [59] where a more general result for monomial
ideals of semigroup rings has been given.

There are other notable results in the direction of Baclawski’s theorem.
For example, Miyazaki [275] proved that the barycentric subdivision of
a level complex is again level, and Hibi [166] showed that the proper
skeletons of a Cohen—Macaulay complex are all level.

There are several aspects in the algebraic theory of simplicial com-
plexes not considered in this book or only discussed in passing: for
instance, a careful account of order complexes of posets, or Schenzel’s
characterization of Buchsbaum complexes; see [276], [329], and [365].
It should be mentioned that the statements (i)—(v) in Exercise 5.3.15(a)
are all equivalent to the Buchsbaum property. Froberg and Hoa [120]
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investigated Segre products of Stanley-Reisner rings. For an excellent
and up-to-date overview see Stanley [363].

A thorough study of order complexes of posets can be found in
Bjorner’s paper [45]. Theorem 5.1.12 on the shellability of bounded,
semimodular posets is taken from [45]. Garsia’s paper [124] is another
source of information on this topic. In [165] Hibi classifies those order
complexes of distributive lattices which are Gorenstein.

In the notes of Chapter 2 we have mentioned the problem as to
whether the Poincaré series of a local ring is a rational function. For
a positively graded ring R over a field k one defines its Poincare series
with respect to a minimal free graded resolution of k. Froberg [119]
showed that if R is defined by monomial relations of degree 2, then &
has a linear resolution over R; in particular the Poincare series of R is
rational. Backelin [34] proved the rationality of the Poincareé series for
graded algebras defined by monomial relations of arbitrary degree.

Another important result left out is the g-theorem whose existing
proof goes beyond the scope of this book. A vector h = (hg,...,hq) €
N4+ satisfies the g-condition if hg = 1, hy = hg_; for all 4, and if
(hoyha — ho,...,hfgj2) — haj21-1) is the h-vector of a homogeneous k-
algebra. According to 4.2.10, the latter condition is satisfied if and only
if hg < hy < -++ < hayap, and hipq — hi < (i — hig) for all i < d/2 — 1.
The name g-condition stems from the fact that one commonly denotes
by g; the differences h; — h;_3.

It was conjectured by McMullen in 1971 that (ho,...,hs) € N1 is
the h-vector of a simplicial polytope if and only if it satisfies the g-
condition. The ‘sufficiency’ was proved by Billera and Lee [43], while
the ‘necessity’ was shown by Stanley [359] who exhibited a homogeneous
system of parameters ©y,..., @4 of k[A] such that deg ®; = 1 and 4 =
k[A]/(6n,..., O4) has a Lefschetz element, that is, an element w € 4, for
which multiplication by w induces linear maps A4; ;1 — A; of maximal
rank.



6 Semigroup rings and invariant theory

This chapter opens with the study of affine semigroup rings, i.e. sub-
algebras of Laurent polynomial rings generated by a finite number of
monomials. We relate the structure of such a ring R to that of the semi-
group C formed by the exponent vectors of the monomials in R, and to
the cone D spanned by C. From the face lattice of D we then construct
a complex for the local cohomology of R.

The connection between R and D is strongest if R is normal: this is
the case if and only if R contains all monomials which correspond to
the integral points in D. By a theorem of Hochster normal semigroup
rings are Cohen—Macaulay. Moreover, we shall determine their canonical
modules and, as a combinatorial application, derive the reciprocity laws
of Ehrhart and Stanley.

We are led to the second topic of this chapter by the fact that rings
of invariants of torus actions are normal semigroup rings. We also treat
finite groups, covering Watanabe’s characterization of Gorenstein invari-
ants and the famous Shephard—Todd theorem on invariants of reflection
groups. The discussion of invariant theory culminates in the Hochster—
Roberts theorem which warrants the Cohen—Macaulay property for rings
of invariants of all linearly reductive groups.

6.1 Affine semigroup rings

An affine semigroup C is a finitely generated semigroup which for some
n 1s 1somorphic to a subsemigroup of Z" containing 0. Let k£ be a field.
We write k[C] for the vector space k), and denote the basis element
of k[C] which corresponds to ¢ € C by X°. This ‘monomial’ notation
is suggested by the fact that k[C] carries a natural multiplication whose
table is given by X°¢X¢ = Xct¢ (we use + to denote the semigroup
operation). For example, k[Z"] is isomorphic to the Laurent polynomial
ring k[ X1, X7 ..., Xa, X, 1] if we let X; correspond to the #-th element of
the canonical basis of Z"; similarly k[IN"] is isomorphic to k[ Xj,...,X,].
The rings k[C] where k is a field and C is an affine semigroup are called
affine semigroup rings.

There is a ‘smallest’ group G containing C, characterized by the fact

that every homomorphism from C to a group factors in a unique way
through G. We write ZC for G, for if C C Z", then G is just the

256
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Z-submodule of Z" generated by C. Since an affine semigroup can be
embedded into Z" for some n, we see that ZC = Z? for some d € N
which we call the rank of C. We set QC = Q®zZC and RC = R®zZC.
In the following we will consider ZC' as a subgroup of QC and QC as
a Q-vector subspace of RC where the inclusions are the map z— 1 ® 2
and the one induced by the embedding @ — R.

An embedding C — Z" of semigroups induces an embedding k[C] —
k[Z"] of k-algebras. Therefore k[C] is a domain; it is Noetherian since
C is finitely generated. Obviously k[ C] and k[ZC] have the same field of
fractions if we regard k[C] as a subalgebra of ¥[ZC] in a natural way. It
follows that ZC = Z? where d = dim k[C]; so dim k[C] = rank C.

The ring k[C] is a k-subalgebra of k[ZC]; it is in fact a graded subring
of the ZC-graded ring k[ZC] (see Section 5.1 for this notion), and without
further specification the attributes ‘graded’ and ‘homogeneous’ always
refer to the ZC-graduation of k[C]. The graded ideals of k[C] are those
generated by homogeneous elements. Each homogeneous component of
k[C] is a one dimensional k-vector space, and therefore the graded ideals
correspond to certain subsets of C' which will be identified below. In
order to switch from the ring k[C] to the semigroup C we introduce the
operator

logI ={c: X°€I} for a subset I C k[C].

It is clear that log establishes a bijection between the set of graded vector
subspaces of k[C] and the set of subsets of C.

In a semigroup C we may define ideals, and even radical, prime, or
primary ideals: S C Cis an ideal if c+s€ Sforallce C,s€ S (so 0
is an ideal). The radical of an ideal S is Rad § = {s: ms € S for some
m € N}; Rad S is itself an ideal, and § is a radical ideal if S = Rad S.
An ideal S # C is prime if c+ ¢ € S implies c € S or ¢ € §, and it is
primary if c+d € 5, ¢ ¢ S implies ¢ € Rad S. It is easy to check that
the radical of a primary ideal is prime. The following proposition whose
proof is left for the reader (Exercise 6.1.9) establishes the correspondence
of the ideal theory of C and that of the graded ideals of k[C].

Proposition 6.1.1. Let C be an affine semigroup, and I, I' C k[C] graded
k-vector subspaces. Then

() ICTI <= logl Clogl,log(l; n L) =logljNnlogh, logl; + I, =
log I Ulog L,

(b) I is a (radical, prime, primary) ideal if and only if logI is a (radical,
prime, primary) ideal; furthermore log Rad I = Radlog 1,

(c) the minimal prime overideals of I are graded.

Normal semigroup rings. An affine semigroup C is called normal if it
satisfies the following condition: if mz € C for some z € ZC and m € N,
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m > 0, then z € C. One sees immediately that C' must be normal if
k[C] is a normal domain: X* is an element of the field of fractions of
k[ C], and if (X?)™ € k[C] and k[C] is normal, then X? € k[C]. That the
converse is also true will be shown below. First we explore the geometric
significance of normal semigroups.

A non-empty subset D of an R-vector space V is called a cone if it
1s closed under linear combinations with non-negative coeflicients in IR.
For S C V the set

n
R,S = {Zam: g R, v €S, ne N}

i=1
1s obviously the smallest cone containing S; it is the cone generated by S.
Finitely generated cones can be characterized in complete analogy with
convex polytopes: a subset D of a finite dimensional R-vector space V
1s a finitely generated cone if and only if there exist finitely many vector
half-spaces

HY ={ve V: (ayv) >0}, eV, a#0, i=1,...,m

such that D= Hf n---n Hf.

In the following it will be necessary to consider rational polytopes
and cones. Let V be an R-vector space of finite dimension, and U a
@-vector subspace of V such that dimg U = dimg V. A polytope P C V
is rational (with respect to U) if its vertices lie in U, and a cone is rational
if it 1s generated by a subset of U. We choose a scalar product which has
an orthonormal basis in U, and define a rational half-space to be a set

Ht'={ve V: (a) > B}

with @ € U, a # 0 and 8 € Q. Of course, the notion of rationality makes
sense only with respect to a fixed @-subspace U (and, for a half-space,
is independent of the choice of the scalar product, provided it has an
orthonormal basis in U). If ¥V = R" then it is tacitly understood that
U = @Q" and when ¥V = IRC for an affine semigroup C, U = QC.

We need some results about rational polytopes and cones:
(1) A subset P C V is a rational polytope if and only if it is bounded and
the intersection of finitely many rational half-spaces.
(ii) A subset D C V is a finitely generated rational cone if and only if it
is the intersection of finitely many rational vector half-spaces.
(iii) Let v,...,vm € U. Then u € UNconv{w,..., vy} if and only if there
exist r1,...,7, € Q4 with },7° 7 = 1 such that v = }.*, mv; in other
words

Unconv{w,..., o} = convg{v,..., Un}
(iv) Let v1,..., v, € U. Then u € UNR {w,..., v} if and only if there
exist ry,..., 7, € Q4 such that v = 2211 7;0;; 1n other words

un R+{v17"'70m} = Q+{U17"'7Um}'
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It is a good exercise for the reader to prove (i)-(iv). An essential argument
is that a linear system of equations with rational coefficients is soluble
over Q if and only if it has a solution over R,

Proposition 6.1.2 (Gordan’s lemma). (a) If C is @ normal semigroup, then
C=ZCNR,C (within RC).

(b) Let G be a finitely generated subgroup of Q" and D a finitely generated
rational cone in R™. Then C = GN D is a normal semigroup.

Proor. (a) It follows from (iv) above that ZCNIR, C = ZC N Q,C, and
that C = ZC N Q. C is (almost) the definition of a normal semigroup.

(b) The essential point to prove is that GN D is a finitely generated
rational semigroup; the rest is again elementary.

We claim that D NIRC is a finitely generated rational cone in RRC.
In fact, let D = () H; be given as the intersection of finitely many
rational half-spaces of R™ Then DNRC = (\(H;" NIRC), and because of
QC = RCN@Q", each HY NRC is a rational half-space of RC or equal
to RC.

Replacing G by ZC and R” by RC we may now assume that G = Z”.
By hypothesis there exist gi,...,q, € Q" with D = {37 aiqi: a; € R,
a; > 0}. Multiplying by a suitable common denominator we may assume
that g1,...,q, € Z™

Choose ¢ € C. Then ¢ = E;’zl a;q; with a; € Q,, and therefore

v v
! "
c= Z%%’"FZ%’%
=1 =1

with ¢l € N and o] € Q, 0 < d < 1. Since C = Z"N D, we have ' =
Si 1dlg € C.But ¢ lies in the bounded set B = {}.7_; a/q;: 0 < o < 1}
so that Z" N B is finite. The finite set (BN Z") U {q,..., ¢} generates
C. O

The invertible elements in a semigroup C form a group Cj, the largest
group contained in C. If Cy = 0, we say that C is positive. If C is normal,
then C splits into a direct sum of Cj and a positive normal semigroup:

Proposition 6.1.3. Let C be a normal semigroup, and Cy the group of its
invertible elements.

(a) Then C = Cy & C' with a positive normal semigroup C'. Furthermore
Co = Z* for some u > 0.

(b) One has k[C] = k[Cy] ® k[C'] = k[Z"] @ k[C'] for every field k.

Proor. It follows immediately from the normality of C that the group
ZC/Cy is torsion-free. Therefore Cp is a direct summand of ZC, and
hence of C itself. The rest of (a) is quite obvious. Part (b) is a special
case of the general fact that k[C; & C3] = k[C1] ®1 k[ C2]. O
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With the notation of the previous proposition, all essential ring-
theoretic properties are shared by k[C] and k[C']: the ring k[C] arises
from k[C'] by a polynomial extension followed by the inversion of the
indeterminates, and is a free, thus faithfully flat, k[ C']-module.

Theorem 6.1.4. Let C be an affine semigroup, and k a field. Then the
following are equivalent:
(a) C is a normal semigroup;

(b) k[C] is normal.

Proor. The implication (b) = (a) has already been observed.

For (a) = (b) we note that C is the intersection of finitely many
rational half-spaces H = {q € RC: (a;q) > 0} of RC with ZC, a; €
QC; see 6.1.2. Set C; = ZC N H. One has (Cj)o = {z € C;i: (a;,2) = 0}.
It follows that (C;)g = Z4~! where d = rank C. Thus the semigroup Clin
the splitting C; = (C;)o @ C! has rank 1.

Since C;is normal, C! is also normal. Being a normal subsemigroup of
Z, and not a group, C! is isomorphic to N. Therefore k[C;] = k[Z¢~1 ®N]
is even regular. As k[C] is the intersection of the normal rings k[C;], it is
normal itself.

In order to use the results on Z-graded rings and modules for affine
semigroup rings we say that a decomposition

HC = @D K,

€N

of the k-vector space k[C] is an admissible grading if k[C] is a positively
graded k-algebra with respect to this decomposition, and furthermore
each component k[C]; is a direct sum of finitely many ZC-graded com-
ponents. It follows that X° is homogeneous for each ¢ € C, and that the
*maximal ideal m of k[C] is generated by the monomials X¢, ¢ # 0. Thus
k[C] has an admissible grading only if C is positive. That the converse is
also true, will be very important in the following.

Proposition 6.1.5. Let C be a positive affine semigroup. Then C is isomor-
phic with a subsemigroup of N™ for some m. In particular k[C] is isomor-
phic with a graded k-subalgebra of k[Xq,...,X,,], and has an admissible
grading.

Proor. We choose a scalar product that has a Z-basis of ZC as an
orthonormal basis. The cone IR, C is the intersection of half-spaces

HY ={veRC: (a,0) >0}, &c€QC, a#0, i=1..,m

Multiplying by a suitable common denominator we may assume that
a; € ZC. Then (a;,c) € Z for all ¢ € ZC, and ¢: ZC — Z™, ¢(c) =
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({a1,¢),..., {am, ¢)) is a group homomorphism with ¢(C) C IN™ The ker-
nel of ¢ is the intersection of the hyperplanes H; = {v € RC: {a;,v) = 0};
therefore the group Ker ¢ N ZC is contained in C. Since C is positive,
| ¢ is injective. The rest is obvious. O

The graded prime ideals of an affine semigroup ring. The results of Sections
6.2 and 6.3 depend crucially on the fact that one can determine the graded
prime ideals of k[C] from the geometry of the cone IR, C. Let us first
show that the set of non-zero graded radical ideals in k[C] has a unique
minimal element. For an affine semigroup C we set

relint C = CNrelint R, C.

Lemma 6.1.6. Let C be an affine semigroup. Then the ideal generated by
the elements X°, ¢ € relint C is @ radical ideal, and is contained in every
non-zero graded radical ideal of k[C].

Proor. In view of 6.1.1 we may equivalently prove that relint C' is the
smallest non-empty radical ideal of C.

Set I = relint C. It is obvious that I is a radical ideal of C. Let
J C C be an arbitrary non-empty radical ideal, ¢ € I, and s € J. We
must show that ¢ € J, for which there is only something to prove if ¢ # s.
As c € relint R, C| the intersection of relint IR, C with the line L through
s and ¢ is a neighbourhood of ¢ in L. Since L is rational, there exist
rational points on both sides of ¢ in L arbitrarily close to ¢. So there
exists t € LN (relint Ry ¢) N QC such that ¢ lies in the line segment [s, 7.
Therefore we have an equation

c=As+ (1 -t with 2e@®, 0<A<Ll
Multiplication with a suitable common denominator yields an equation
me=ns+ 1 with m,n € N\ {0}

and ¢ € C. It follows that ¢ € J because J is a radical ideal and s € J.
O

We shall see in Theorem 6.3.5 that the ideal considered in 6.1.6 is the
canonical module of k[C] if C is a normal semigroup.

Let C be an affine semigroup, and suppose that F' is a face of R, C.
The set C\ F is immediately seen to be a prime ideal of C. By 6.1.1
it follows that the ideal B(F) of k[C] generated by the elements X<,
c € C\ F,is a graded prime ideal of k[C]. In fact, all homogeneous prime
ideals can be represented in this way:

Theorem 6.1.7. Let C be an affine semigroup, and k a field. Then the
assignment F — PB(F) is a bijection between the set of non-empty faces of
R, C and the set of graded prime ideals of k[C].
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Proor. In view of 6.1.1 we may equivalently show that the assignment
F— II(F) = C\ F is a bijection between the set of non-empty faces of
IR, C and the set of prime ideals of C.

It is easy to see that IT is injective; in fact, F = R (CN F) =
R, (C\ II(F)) for every face F of R, C.

Surjectivity of II is proved by induction on rank C, the case rank C = 0
being trivial. Let rank C' > 0 and P C C be a prime ideal. If P = (), then
P = II(R,C). So suppose P # 0. By 6.1.6 we have P D relint C. As
relint C = II(Fy) N --- N II(F,,) where F,..., F,, are the maximal proper
faces of R, C, it follows that P D II(F;) for at least one 4, say P D II(F).

The intersection C'N Fy is an affine semigroup with rank C N F} <
rank C. As P N Fy is a prime ideal in C N Fy, there exists a face G of
R, F with PN F; = (CN F1)\ G Being a face of a face of R Fy, Gis a
face of R, C, and elementary set theory shows that P = II(G). O

In the next section the homogeneous localizations k[C](p) will play
a crucial role. Since we shall argue rather geometrically, it is more
suggestive to denote them by

k[ ClF

where F is the face of R} C with p = P(F). This notation is also justified
by the fact that k[ C]F is the ring of fractions of k[C] with respect to the
multiplicatively closed set {X°¢: ¢ € CN F}.

Finally we want to relate the faces of the cone R, C to those of a
suitably chosen polytope. For simplicity we restrict ourselves to the case
in which C is positive. More generally, let

D={xecR": (g,a) > 0fori=1,...,m}

be a cone in R” given as the intersection of vector half-spaces defined by
a; € R", 1=1,...,m. Let us say that D is positive if 0 is the only element
v € D with —v € D.
Thisis the case if and onlyif ay,..., a, generate R™ Set b = a;+- - -+ay,
and define
T={xe D: (bz) =1}

It follows easily that 7" is bounded. Being the intersection of finitely many
affine half-spaces, it is a convex polytope. We say that the hyperplane
{z: (b,x) = 1} is transversal to D, and call T a cross-section of D. Cross-
sections are introduced because their combinatorial structure will lead
us to a complex by which one can compute the local cohomology of an
affine semigroup ring.

A non-empty face of D is given by D itself or by H N D where H
1s a supporting hyperplane of D. Since D is a cone, H must contain 0.
Therefore there is a unique minimal non-empty face of D, namely {0},
and we choose F(D) to be the set of non-empty faces of D.
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Proposition 6.1.8. Let D be a positive cone, and T a cross-section of D.
Then the assignment F +— F N T induces an isomorphism F(D) = F(T)
of partially ordered sets. Its inverse is given by G— IR, G.

The proof is easy and left as an exercise for the reader.

At several places below we will have to use the correspondence
between the faces of R, C and those of a cross-section T' of R, C, as
given by 6.1.8. In order to avoid cumbersome notation we agree on

denoting corresponding faces by corresponding capital and small letters.
So, if F is a face of R, C, then f= (R, C)N T.

Exercises

6.1.9. Prove Proposition 6.1.1.

Hint: For the implication ‘<’ in (b) and for (c) one uses that ZC =~ Z¢,
d = rank C, can be given a linear order under which it becomes an ordered
group. (For example one may choose the reverse degree-lexicographical order
introduced in Section 4.2.) Then the homogeneous components of an element are
linearly ordered, and one argues similarly as in the proof of Lemma 1.5.6.

6.1.10. Let S, T be affine semigroups, S C 7. One says that S is a full
subsemigroup of T if § = T NZS. Show

(a) a full subsemigroup of a normal semigroup is again normal,

(b) a positive afline semigroup is normal if and only if it is isomorphic to a full

subsemigroup of IN" for some n > 0,

(c)if Sis full in T, then k[S] is a direct k[S]-summand of k[T].

6.1.11. Let C be an affine semigroup. Then k[C] is regular if and only if C is of
the form Z* @ IN*.

Hint: The implication ‘<=’ is easy. For the implication ‘=’ one uses 6.1.5 and

2.2.25, noting that a minimal set of generators of the *maximal ideal of k[C] can

be chosen of the form X<,..., X%,

6.1.12. Let C be an affine semigroup, and F a face of R, C. Show

(a) the composition k[C N F] — k[C] — k[C]/P(F) of natural maps is an
isomorphism of affine semigroup rings,

(b) if Cis normal, then k[C N F] is also normal,

(c) k[C)p is an affine semigroup ring.

6.1.13. Let D C R" be a positive cone, and z € R*. Show that z ¢ —D if and
only if there exists a hyperplane H which is transversal to I} and contains z.

6.2 Local cohomology of affine semigroup rings

In this section we shall define a complex by which we can compute
the local cohomology of an affine semigroup ring; it is based on a
construction of algebraic topology, namely the oriented augmented chain
complex associated with a finite regular cell complex.
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Cell complexzes. Regular cell complexes generalize the simplicial com-
plexes of Chapter 5. Massey [266] gives an introduction to the theory of
cell complexes which is very well suited for our purpose. We introduce the
chain complex associated with a cell complex axiomatically, borrowing
the existence and uniqueness theorems from algebraic topology.

A finite regular cell complex i1s a non-empty topological space X
together with a finite set I' of subsets of X such that the following
conditions are satisfied:

() X =Ueer &
(ii) the subsets e € I' are pairwise disjoint;

(iii) for each e € I', e # 0 there exists a homeomorphism from a closed
i-dimensional ball B' = {z € R®: ||z|| < 1} onto the closure & of e which
maps the open ball U' = {z € R®: [|z|| < 1} onto e;

(iviperI.

By the invariance of dimension the number ¢ in (iii) is uniquely
determined by e, and e is called an open i-cell; 0 is a (—1)-cell. By I't
we denote the set of the icells in I'. The dimension of I' is given by
dim I = max{i: I'"* # 0}. It is finite since I" is finite. One sets |I'| = X.

Finite regular cell complexes are special cases of a more general
topological structure, namely that of a CW-complex. Since all our CW-
complexes are finite and regular, we shall simply call them cell complexes.

A cell € is a face of the cell e # € if € C & and a subset > of I is a
subcomplex if for each e € X all the faces of e are contained in .

The classical examples of cell complexes are convex polytopes P
together with their decomposition P = Ufej_—(P) relint f. For them the
following property, which follows from (i)—(iv), is an elementary theorem:
(v)ife€ I''and € € I'"2 is a face of e, then there exist exactly two cells
e1, e € I such that e; is a face of e and € is a face of e;.

Each simplicial complex A may be identified with a cell complex,
namely the cell complex it defines in a natural way on a geometric
realization and whose open cells correspond to the faces of A. It is
convenient to denote this cell complex simply by 4, and an open cell
by the corresponding face of A. Let {v,...,v,} be the vertex set of
A. For e € A* and € € A™! we set ¢(e,€) = 0 if € is not a face

of e and ¢e€) = (1)1 if e corresponds to {v;,...,,} and € to
{Viy- o Ty ooy}, @1 < o+ < by Then the augmented oriented chain

complex of A, which has been introduced in Chapter 5, is a complex of
free Z-modules C{A) = @, 4 Ze whose differential is given by &e) =
Y wen €6 €)€. The crucial point in constructing a similar complex for
an arbitrary cell complex is to find a suitable function .

Let us say that ¢ is an incidence function on I' if the following
conditions are satisfied:
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() to each pair (e, €) such that e € I'* and € € I'""! for some i > 0, ¢
assigns a number (e, €) € {0,+1};
(b) e(e,€) # 0 <= ¢ is a face of ¢;
(c) e(e,0) = 1 for all 0-cells ¢;
(d)if e€ I'' and € € I''"% is aface of e, then
(e e1)e(er, €) + e(e ex)e(ex, €) = 0
where e; and e; are those (7 — 1)-cells such that e; is a face of e and ¢ is
a face of ¢; (see (v) above).

Lemma 6.2.1. Let I' be a cell complex. Then there exists an incidence
function on I'.

For a proof see Lemma IV.7.1 in [266] where the incidence numbers
¢(e, €) appear as topological data determined by orientations of the cells.
Figure 6.1 indicates two incidence functions on the solid rectangle and
how they are induced by orientations.

+ - + -
G I I S T
+ + - + + +
Figure 6.1

Let 6: I' — {£1} be a function with §(0) = 1 and é(e) = 1 for all
0-cells e. Then the function

d(e, €)= 6()e(e €)6(e)

is also an incidence function. On the other hand, all pairs ¢, ¢ of incidence
functions differ only by a ‘sign’ é:

Theorem 6.2.2. Let I' be a cell compler with incidence functions ¢ and
¢. Then there exists 6: I' — {£1} such that 6(0) = 1 and (e €) =
5(€)e(e, €)6(e) forallec I', € € '™ i=0,...,dim T

This is Theorem IV.7.2 of [266] (in a different formulation). Its proof
shows that incidence functions can be constructed in a completely naive
manner. (i) One starts with I'® on which there is no choice according
to property (c) of incidence functions. (ii) If one has constructed an
incidence function & on I'® U ... U I, then there exists an incidence
function ¢t on I'° U -+ U I'*! whose restriction to I'° U -+ U I is just
¢'. The reader is advised to construct incidence functions for some three
dimensional polytopes.
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Let I' be a cell complex of dimension d — 1, and ¢ an incidence
function on I' (as in Chapter 5 it is convenient to denote dimension
by d — 1). We define the augmented oriented chain complez of I' by the
complex

~ 8 a
Ar:0—C4g—Cgg—r+—C—C_1—0

where we set

C, = @Ze and 3(6) = Z 8(6, e')e' for e € Fi,

ecI™ deri-1

i=0,...,d — 1. That 8* = 0 follows from the definition of an incidence
function and property (v) of cell complexes. The notation a(l") is
justified since the dependence of é(r) on ¢ is inessential; Theorem 6.2.2
guarantees that we obtain an isomorphic complex upon replacing ¢ by
another incidence function ¢. (The isomorphism is given by e — 6(e)e.)
For simplicity of notation we set IA-L'(I’) = Hl(a(l"))

The fundamental importance of a(l") in algebraic topology relies on
the fact that it computes reduced singular homology :

Theorem 6.2.3. Let I' be a cell complex. Then H{(I') = Hy(|T'|) for all
1> 0 (and H_1(I") = 0).

Theorem IV.4.2 of [266] states that Hy(C(I")) = Hy(|I'|) for the non-
augmented complex C(I') which arises from é(r) if we replace C~! by
0. It follows easily that Ho(I") = Hy(|I'|) as well.

We use 6.2.3 via the following corollary:

Corollary 6.2.4. Let I' be a cell complex such that |I'| is homeomorphic to
a closed ball B*. Then IA-L'(I’) =0 forall1> —1.

Local cohomology. Let C be a positive affine semigroup, and & a field.
The ideal m in R = k[C] generated by the elements X¢, ¢ € C\ {0}, is
maximal. For an R-module M we denote by H},(M) the i-th right derived
functor of

T(M)={ze€ M: m‘z=0 fori> 0}.

As in 3.5.3 one has a natural isomorphism

Hp (M) = lim Extp(R/m/, M)  forall i>0.

The natural map Exty(R/mY, M) — Exth (Rm/(mRm), M) is an isomor-

phism. Therefore H. (M) = H;

R (Mm), and we are justified in calling

H (M) alocal cohomology module. We now want to construct a complex
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‘computing’ H},(M) which resembles the combinatorial structure of C as
closely as possible.
Suppose for the moment that ¢ = IN" so that R = k[C] = k[ X,...,X,)]

and m = (Xi,..., X,). As we saw in 3.5.6, the modified Cech complex

c:0—C—C— ... —C"—0

Ci=EP R, .a,

computes Hj,(M) in the sense that (M) = H(M® C*) for all i > 0. The
components of C* are of the form Ry where F is a face of R} = R,N",
and the differential is composed of maps

with

¢-nat: Rfﬂn"'% — Rmﬂ...mﬂmj

whose signs ¢ are just the values of an incidence function on the pair

(convi{e,..., e, e}, convie,..., e,}) of faces of the simplex spanned by
the canonical basis ej,..., e, of R”. This simplex is a cross-section of the
cone IR%.

It is easy to generalize this construction. Let C be a positive affine
semigroup of rank d, R = k[C], T a cross-section of the cone R, C, and
JF = FT) its face lattice. (We remind the reader of our convention of
denoting corresponding faces of IR, C and T by F and f respectively.)
Let

L'= @ Rp, t=0,...,d,
ferFr

and define 8: L*"! — L by specifying its component

0 if F' ¢ F,

Ops: Rp — Ry tobe {iﬁfma if F' C F;

here ¢is an incidence function on . It is clear that
3 3
ro—mp - —... S L4 o
is a complex.

Theorem 6.2.5. Let C be a positive affine semigroup, and k a field. Let m
be the maximal ideal generated by the elements X¢, ¢ € C\ {0}. Then for
every k[C]-module M, and all i> 0,

Hi(M) = H'(L' ® M).

Proor. We follow the pattern of the proof of 3.5.6. Let I be the ideal gen-
erated by the elements X¢ ¢ # 0 for which there exists a one dimensional
face F of R, C with ¢ € F. In order to show H°(L’ ® M) = HZ(M) for
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all k[C]-modules M, we must verify that Rad I = m. Let ¢,...,¢ep, € C
be a minimal set of generators of @, C. Then each one dimensional face
F of R, C contains exactly one of the ¢;, and it is enough to show that
RadJ = m where J is the ideal generated by X*,..., X" Let ¢ € C,
¢ # 0. There exist qi,..., gm € Qy with ¢ = q1¢1 + -+ + gney. Multipli-
cation by a common denominator yields r¢ = sj¢; + - -+ + spe, with 7,
s; € IN. Since s; # 0 for at least one 4, it follows that (X¢)" € J.

Now let 0 — My — M> — M; — 0 be an exact sequence of k[C]-
modules. Since all the summands of L* are flat k[C]-modules, this yields
an exact sequence

0—-L" QM - L' M, — L ® Ms — 0.
As desired we have a long exact sequence
= H(L'QM;) —» H(L'® M) — H(L'® M3) — H L' @ M) — ---

Finally we must show that H{(L*® M) = 0 for all 5 if M is an injective
k[C]-module. It suffices to consider the indecomposable modules E(R/p)
where p is a prime ideal of R = k[C]. Then, as shown in the proof of
3.5.6, there are only two possibilities for an element @ of R: either every
element of E(R/p) is annihilated by some power of @, namely if = € p,
or multiplication by x is bijective on E(R/p). So

(o if Fnp # 0,
E(R/p)® Rp = {E’(R/p) if Frip = 0.

Set P = logp. Then P is a prime ideal in the semigroup C, and by 6.1.7
there is a face G of R, C with P = C\ G. Thus

E(R/p)® Rp = {E(R/p) ifFCG

Let G = F{g) denote the face lattice of the face g = GN T of a
cross-section T' of R, C. It follows that

L'® E(R/p)= P E(R/p)
fegt
for all t > 0. Of course G is a subcomplex of F = F(T), and the
restriction of an incidence function on JF to G is an incidence function
on G. Therefore we have

L' ® B(R/p) = Homz(Z(S)(~1), E(R/p)).

(This statement is the heart of the proof; the reader should verify it
carefully.) Since g is a convex polytope, it is homeomorphic to a closed

ball. So C(Q) is an exact complex; see 6.2.4. Since 8(9) is a complex

of free Z-modules, exactness is preserved in Homz(C(G)(—1), E(R/p))-
O
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Corollary 6.2.6. Let C be a positive affine semigroup of rank d, and k
be a field. Then k[C] is Cohen-Macaulay if and only if H'(L') = 0 for
1=0,...,d— 1.

ProoF. Set R = k[C], and note that d = dim Ry (why?). If R is Cohen—
Macaulay, then Ry, is Cohen—Macaulay. Thus it follows from 3.5.7 that
HY(L') = 0 for i = 0,...,d — 1. Conversely, 3.5.7 also implies that Ry, is
Cohen—Macaulay if H{(L') = 0 for 4 = 0,...,d — 1. By virtue of 6.1.5
R is a *local ring with *maximal ideal m. Now 2.1.27 yields that R is
Cohen—Macaulay. O

Exercises

6.2.7. We will see in the next section that a normal semigroup ring is Cohen—
Macaulay. This exercise presents an example (due to Hochster [174]) of an affine
semigroup ring showing that Serre's condition (S;) alone is not sufficient for the
Cohen—Macaulay property. Let &k be a field, and Y, Y, Z;, Z; be indeterminates
over k. Prove:

(a) The semigroup C generated by the monomials x; = ¥;Z;, 4,7 = 1,2, is normal;
S = k[C] is a normal domain of dimension 3.

(b) The substitution X; — x; induces an isomorphism

k[XquwyX211X22]/(X11X22 - X21X12) =5,

S 1s a Cohen—Macaulay ring.

(c) The subsemigroup C' of (' generated by all monomials f with degy f > 1
and degy f > 1is finitely generated.

(d) The elements =2, =2,, =¥, + =%, form a homogeneous system of parameters of
R = k[C"], but not an R-sequence.

(€) The ideals generated by x?, and zZ, in R are unmixed. (Hint: Use that the
associated primes of a Z('-graded module are Z('-graded; this follows as in
15.56)

(f) Rl 2] = Slaif, @]

(g) R satisfies Serre's condition (S,), but is not Cohen-Macaulay.

6.2.8. One says that an n-dimensional positive cone D is simplicial if it is generated
by n elements, and a positive affine semigroup C is simplicial if the cone R, C is
simplicial. Let &k be a field.

(a) Let C be an arbiirary positive affine semigroup. Prove that X«,..., X* with
¢ ...,¢ € C form an k[C]-sequence if and only if X% X% is an k[C]-sequence
for all ¢ # 3, equivalently, ¢; 4 s = ¢; + t for 5,2 € C implies s € ¢; + C.

(b) Show that C is simplicial if and only if k[C] has a homogeneous system of
parameters X%,..., X with ¢, ...,¢, € C.

(c) Let C be simplicial. Deduce from (a) and (b) that £[C] is Cohen—Macaulay if
and only if it satisfies Serre’s condition (S, ), and that this property is independent
of k (Goto, Watanabe, and Suzuki [133]).

(d) Formulate a Gorenstein criterion for k[C] with C simplicial, using the socle
of k[C]/(X™,..., X*), and show that this property is also independent of k.
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6.3 Normal semigroup rings

In this section we want to show that a normal semigroup ring is a
Cohen—-Macaulay ring and to determine its canonical module.

The complex L* constructed in the previous section is ZC-graded in
a natural way, and in order to compute its cohomology we analyze its
graded components just as in the proof of 5.3.8. Given z € ZC, the main
point is to determine those faces F of C for which (Rp), # 0. As we shall
see, this is the case if and only if the face F is not ‘visible’ from z.

Let P be a polyhedron in a R-vector space V. Let o, y € V. We
say that y is visible from x if y # = and the line segment [z, y] does not
contain a point ¢ € P, ¢ # y. A subset S C V is visible if each v € S is
visible.

Proposition 6.3.1. Let P be a polytope in R™ with face lattice F, and
x € R" q point outside P. Set S = {F € F: F visible from x}. Then S is
a subcomplex of F; its underlying space S = |Jpes F is the set of points
y € P which are visible from x, and is homeomorphic to a closed ball.

ProoF. Let y € P be visible from . There exists a (unique) face F with
y € relint F, and one concludes easily (for example by 6.3.2 below) that
the whole of F is visible from @. Therefore S = {y € P: y visible from z},
and it follows easily that S is homeomorphic to a closed ball. That S is
a subcomplex is obvious. O

Let P be a polyhedron in an RR-vector space V, dim V < co0. Suppose
that P is given as the intersection of finitely many half-spaces

Hf ={zeV: (ayx) > B}, i=1,...,m
We set
o = {i: (ay @) = B}, =" = {i: (a;,2) > B}, = = {i: (a, ) < Bi}

Lemma 6.3.2. With the notation introduced, a point y € P is visible from
x€ V\P ifand only if " Nxz™ # 0.

The elementary proof is left for the reader. Figure 6.2 illustrates the
following lemma. Let C = IN? C R?, and F be the positive X-axis, G
the positive Y-axis. Then k[C]r = k[X,Y,X"!], and (k[C]r), # 0 for
z & C exactly when z is in the second quadrant (including the negative
X-axis). Thus (k[C]F), # 0 if and only if F is not visible from z. Similar
arguments work for the faces {0}, G, and C.

Lemma 6.3.3. Let C be a normal semigroup, k a field, and R = k[C]. Let F
be a face of R, C and z € ZC. Then (RF), # 0 (and therefore (Rr), = k)
if and only if F' is not visible from z.
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Figure 6.2

ProoOF. Suppose first that F' is not visible from z. Then there exists
¢ € CN F which is not visible from z. We have ¢ D 2z~ (note that

= 0), and it follows that (me+ z)~ = 0 for m > 0, whence mc+ z € C.
(Of course z*, ¢™ etc. are defined with respect to a representation of R, C
as an intersection of vector half-spaces.) That mc 4+ z € C is equivalent
with (X°)"X* € R so that X* € Rp.

Conversely suppose that (Rr), # 0. Then there exists ¢ € C N F with
X°X* € R. Consequently ¢+ z € C, and (¢ + z)~ = 0, which is only
possible if ¢ is not visible from z. O

Now we can compute the local cohomology of normal semigroup
rings. In the sequel —C is the affine semigroup {—¢: c € C}.

Theorem 6.3.4. Let C be a positive normal semigroup of rank d, k a field,
and z € ZC.

(a) If z € relint(—C), then (L), is isomorphic to 0 — k — 0 with k in
degree d. Consequently H{(L*), = 0 for i # d, and HH(L*), = k= (L*),.
(b) Suppose that z ¢ relint(—C). Let T be a cross-section of Ry C with
face lattice F, and S={F N T: F € FR,C) visible from z}. Then

(i) (£7). = Homz ((C(F)/C(S))(-1), k),

(ii) H(F) = H{(S) = 0 for all i,

(iii) (HY(L*)), = 0 for all 4.

ProorF. (a) For z € relint(—C) one has z € Rp if and only if F = R, C.
(b)(i) The complex C(.F) consists of direct summands Zf, f € F
As Sis a cell subcomplex of F; C( S) is a chain subcomplex of C(_F)

and we obtain C(.F)/C( S) if we replace all the direct summands Zf
with f € S by 0. The complex Homz((a(f)/a(S))(—l), k) is therefore

isomorphic to the complex

I} I}
D:0—D"—...— D0
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with
D'= P kf and H(F))=) L)
feFIN\S
According to 6.3.3, (L"), is given by D".

(ii) Note that the combinatorial structures of Fand S do not depend
on the chosen cross-section T'. (This follows from 6.1.8.) Therefore we
may vary T. Furthermore it was observed above that I:L(JC) = 0 for all =

If z¢€ C, then S=0, and 8(8) is the zero complex. So suppose that
z ¢ C in the following.

If z ¢ —C, then, by virtue of 6.1.13, there exists a hyperplane F
through z which is transversal to IR, C. Choose T'= ENR,C. Then S
is the set of faces of T which are visible from z, and we invoke 6.3.1 in
conjunction with 6.2.4 to conclude that IA-L(S) =0 for all =

If z € —C, then there exists a point 2 € RC\ (—C) with (/)" = z.
(By hypothesis z ¢ relint(—C); consider a sufficiently small neighbour-
hood of z.) Because of 6.3.2 we may replace z by 2’ in defining &S and
argue as in the case z ¢ —C.

(iii) We have a long exact sequence

- — H(S) — H(F) — H{C(F)/AS)) — Hun(S) — -+

Thus it follows from (ii) that 8(]—7/8(8) is exact. As it is a complex of
free Z-modules, the dual (of a shifted copy) with respect to an arbitrary
Z-module is also exact. O

The previous theorem allows us not only to show that normal semi-
group rings are Cohen—Macaulay, but also to determine their canonical
modules.

Theorem 6.3.5. Let C be a normal semigroup, and k a field. Then

(a) (Hochster) k[C] is a Cohen—Macaulay ring,

(b) (Danilov, Stanley) the ideal I generated by the monomials X°¢ with
¢ € relint C is the canonical module of k[ C].

Proor. (a) We write k[C] in the form k[C] = k[Cy] ® k[C'] as in 6.1.3;
then k[C] = k[C'][X,, X[},..., X, X; "] for some u > 0. In view of 2.1.9
it is therefore enough to show that k[C'] is Cohen—Macaulay. But this
follows immediately from 6.2.6 and 6.3.4, the latter of which in particular
says that HY(L*) = 0 for 4= 0,...,d — 1.

(b) Suppose first that C is positive. As L? = k[ZC], we have an exact
sequence
(1) 0 — U— k[ZC] — HYL') — 0
of ZC-graded k[ C]-modules. The functor *Homy(_, k) in the category of
ZC-graded k[ C]-modules assigns each module the k-vector space

@ Homy(M_,, k),

2€ZC
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which is a ZC-graded k[C]-module in a natural way. Applying this
functor to the exact sequence above we obtain an exact sequence

0 — *Homy(H*(L*), k) — k[ZC] — U — 0.

It follows from 6.3.4 that *Homy(H%(L'),k) consists exactly of those
graded components k[ZC], with z € relint C. Therefore

I = *Homy(H*(L"),k) as ZC-graded modules.

As in the proof of 6.2.6 we use that k¥[C] has an admissible grading.
Thus it is a *local Z-graded ring whose *maximal ideal m is generated
by the monomials X¢ ¢ € C, ¢ # 0. Furthermore each Z-homogeneous
component of k[C] is the direct sum of finitely many ZC-graded compo-
nents. The same holds for Hd(L'). As Homj; commutes with finite direct
sums, we conclude that

I=*Homy(H*L"),k) as Z-graded modules.

In Section 3.5 we defined the *local cohomology functors *Hj,(_) in the
category of Z-graded k[C]-modules. If M is a Z-graded k[C]-module,
then L* ® M is a complex of Z-graded modules, and virtually the same
arguments as in the proof of 6.2.5 show that *H: (M) = H'(L'® M) for all
1. Finally we deduce from 3.6.19 and 3.6.9 that I is the canonical module
of k[C].

The general case of (b) in which C is not necessarily positive follows
as in (a) if we use 3.3.21 to compute a canonical module of a polynomial
extension. O

Corollary 6.3.6. Suppose, in addition to the hypothesis of 6.3.5, that C is
positive. Then I is the (unique) *canonical module of k[C] with respect to
an arbitrary admissible grading.

Remark 6.3.7. The formulation ‘the canonical module’ of 6.3.5 needs
justification beyond 6.3.6. First, if we had developed the theory of Z™-
graded rings to the same extent as that of Z-graded rings, it would be
immediate that I is the unique ZC-graded canonical module of k[C] (up
to an isomorphism of ZC-graded modules). Second, and even more, a
canonical module of k[C] is unique in the category of all k[C]-modules.
We briefly indicate the argument; it exploits the theory of class groups
(Fossum [108]), and will be explained in detail in Section 7.3 where it
is more essential. With our usual notation, the extension k[C'] — k[C)]
induces an isomorphism of class groups Cl(k[C']) = Cl(k[C]). Because of
this isomorphism a canonical module w of k[C] is of the form «' ® k[C)]
for some k[C']-module «'. The extension k[C'] — k[C] is faithfully flat.
Applying 3.3.30 one concludes that «' is a canonical module of k[C'].
Thus it is enough to consider positive semigroups C. For those one has
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an isomorphism Cl(k[C]) = Cl(k[C]m) ([108], 10.3). Finally one uses that
the canonical module of a local ring is unique.
The preceding argument amounts to the fact that a projective rank 1

module over k[C] is free. This was shown for arbitrary projective k[C]-
modules by Gubeladze [145].

Corollary 6.3.8. Let C be a normal semigroup, and k a field. Then k[C] is
Gorenstein if and only if there exists ¢ € relint C with relint C = ¢+ C.

Proor. If relint C = ¢+ C, then the ideal I of 6.3.5 is principal, and k[C]
is Gorenstein by 3.3.7. For the converse implication we decompose C' in
the form C = Gy & C' where (g is a group and ' is positive. If k[C]
is Gorenstein, then k[C'] is Gorenstein: the extension k[C'] — k[C] is
faithfully flat, and the Gorenstein property descends from k[C'] to k[C]
by 3.3.30. For k[C'] we can apply 3.6.11 (with respect to an admissible
grading), and thus I == k[C"]. It follows that I is generated by an element
X¢. Therefore relint ¢’ = ¢+ (', and it is easy to verify that relint C = ¢+ C
as well. O

Combinatorial applications. Let S be a system of homogeneous linear
Diophantine equations in 7 variables. It follows directly from 6.1.2 that
the set C of solutions ¢ € N” of S is a positive normal semigroup. This
fact enables us to apply results on Hilbert functions to the combinatorial
object C.

The set C can be represented by the power series

i)=Yt
ceC
in n variables t = #,...,%, Obviously C(#) is the Z™graded Hilbert
series of k[C] if we consider the Z"-grading on k[C] it inherits from
k[N"] = k[X3,...,X,]. As we have not developed the theory of Z"-graded
modules to the necessary extent, we restrict ourselves to considering the

specialization
o)=Y 4.
ceC

It is the Hilbert series of k[C] for the Z-grading induced by the total
degree of a monomial. Under this grading k[C] is a positively graded
k-algebra.

Let C* be the set of strictly positive integral solutions of S, i.e.
solutions ¢ € N® with ¢; > 0 for i = 1,...,n. It may of course happen that
C* = 0, but otherwise we have C* = relint C (Exercise 6.3.14). Therefore,
and by 6.3.6, the power series

(i)=Y #

ceCt
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is the Hilbert series of the *canonical module w of k[C]. Hence 4.4.6

immediately yields the following reciprocity law .

Theorem 6.3.9 (Stanley). With the notation introduced, suppose that C* is
non-empty. Then

(1) = (—1)dc(t_1), d = rank C.

Of all the results of Section 4.4 only 4.4.6 has been applied to k[C].
We could extend 6.3.9 by furthermore considering the Hilbert function
H(k[C],m) = |{c € C: |¢] = m}|. Below, such an extension is carried out
for the Ehrhart function of a rational polytope.

Remark 6.3.10. In [361], Theorem 4.6.14, Stanley proves the ‘fine’ version
cHt) = (-1)*cE ™)

of the previous theorem by combinatorial methods. In order to obtain
it by ring-theoretic arguments one needs the Z"-graded variant of 4.4.6
which was also given by Stanley; see [357], Theorem 6.1. (Exercise 5.6.6
is the Z"-graded variant of 4.4.6 for Stanley—Reisner rings.)

Conversely, the computation of the canonical module of a normal
semigroup ring in [357] uses the fine reciprocity law: similarly as in 5.6.3
one shows that the ideal generated by the monomials X¢, ¢ € C*, is the
canonical module of k[C] once the equation C*(¢) = (—1)4C(¢7!) has
been established.

Let P C R” be a polytope of dimension d. Since P is bounded, we
may define its Ehrhart function by

E(P,m)=[{zcZ" 2 cP}, meN, m>0, and E(P,0)=1.
m
and its Fhrhart series by
Ep(t)= ) E(P,m)t™.
meN
It is clear that E(P,m) = |{z € Z": z € mP}| where mP = {mp: p € P}.
Similarly as above we set

Ef(P,m)=|{z€Z": Z ¢ relint P}| for m >0, E*(P,0)=0,
m

and
Ef () =) EN(P,m)t"
meN
Note that E*(P,m) = |{z € Z": z € relint mP}| for m > 0.
We define the cone D C R™! by D = R {(p,1): p € P}. Then
C = DNZ™1is a subsemigroup of Z"*. Therefore one may consider the
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k-algebra k[C]. Suppose P is a rational polytope; then D is a rational
cone, and C is a positive normal semigroup. Let us fix a grading on k[C)]
by assigning to ¢ = (e1,...,c441) the degree cqy1. For this grading the
Hilbert functions of k[C] and of the ideal I generated by the monomials
X¢ ¢ € relint C, are given by

H(k[C],m) = E(P,m) and H(I,m)= E*(P,m).

The grading under consideration is admissible for k[ C], and therefore
we may apply the theory of Chapter 4 to k[C]. Part (b) of the following
theorem is Ehrhart’s remarkable reciprocity law for rational polytopes.

Theorem 6.3.11 (Ehrhart). Let P C R” be a d-dimensional rational poly-
tope, d > 0. Then

(a) Ep(?) is a rational function, and there exists a quasi-polynomial q with
E(P,m) = g(m) for alm>0;
(b) Ef(1) = (1)1 Ep(tY), equivalently

EtY(P,m) = (—1)*E(P,—m) forall m>1
where E(P,—m) = g(—m) is the natural extension of E(P,_).

Proor. (a) Since Ep(?) is the Hilbert series of a positively graded Noe-
therian k-algebra, it is a rational function. According to 4.4.3 we must
show for the second statement in (a) that Ep(t) has negative degree, or,
equivalently, that the a-invariant of k[C] is negative. By 6.3.5 the ring
k[ C] is Cohen—-Macaulay, and by 6.3.6 its *canonical module is generated
by the elements X°, ¢ € relint C. These have positive degrees under the
grading of k[C], and hence a(k[C]) < 0.

(b) By what has just been said, E}(¢) is the Hilbert series of the
*canonical module of k[C]. Furthermore, dimk¥[C] = d + 1. Thus the
first equation is a special case of 4.4.6. The second equation results from
o1 B(P,—m)t" = —Ep(t™!). The reader may prove this identity as an
exercise, or look up [361], 4.2.3. O

The quasi-polynomial q in 6.3.11 is called the Fhrhart quasi-polynomial
of P.

Suppose that P is even an integral polytope, that is, a polytope whose
vertex set V is contained in Z". Then, in addition to k[C], we may also
consider its subalgebra

E[V] = K[X"): v e V).

Obviously k[ V] is a homogeneous k-algebra. Let ¢ € C; then there exist
¢, € Q4 such that ¢ = ) . q,v. If we multiply this equation by a suitable
common denominator e and interpret the result in terms of monomials,
then we see that (X¢)° € k[V]. Thus k[C] is integral over k[ V]. Since it is
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also a finitely generated k[ V]-algebra, it is even a finite k[ V]-module. In
particular, by Hilbert’s theorem 4.1.3, the Ehrhart quasi-polynomial of P
is a polynomial and therefore called the Ehrhart polynomial. Furthermore
k[C] has a well defined multiplicity. In concluding this section we want
to illuminate the beautiful relation between the volume vol P of an n-
dimensional integral polytope P C IR™ and the multiplicity of k[C].

Theorem 6.3.12. Let P C R™ be an n-dimensional integral polytope, and
let k[C] the normal semigroup ring constructed above. Then

e(k[C]) = n! vol P.

Proor. Elementary arguments of measure theory show that the volume

of P is .
volP = lim M
m—oo mn
Being the Hilbert polynomial of a (n+ 1)-dimensional k[V]-module,
E(P,m) has degree n. Thus its leading coefficient is given by vol P. On

the other hand, it is also given by e(k[C])/n!. O

The restriction to n-dimensional polytopes P C IR” is only for sim-
plicity; see [361], Section 4.6, for the general case. Using the fact that
the volume of P is the leading coeflicient of its Ehrhart polynomial one
can derive classical formulas for vol P. Exercise 6.3.17 presents the cases
n=2and n=3.

Exercises

6.3.13. Let C be a positive normal semigroup. For each : = 0,...,d let G be the
direct sum of the residue class rings k[C]/B(F) where F is an i-dimensional face
of R, C. Define the map k[C]/PB(F) — k[C]/P(F') to be ¢ f,f)nat if F' C F,
dim FY = dim F — 1, or 0 otherwise. Show that the induced sequence

0_>In—at>k[0]:Gd—>Gd,1—>~~~—>G1—>G0=k—>0

is exact (of course I is defined as in 6.3.5). Hint: The proof is similar to that of
5.7.3.

6.3.14. Let C be the semigroup of solutions ¢ € IN” of a system of homogeneous
linear Diophantine equations, and C* = {¢ € C: ¢; > 0 for all 5}. Show that if
Ct # 0, then C* = relint C.

6.3.15. Let P be an integral polytope of dimension n, and define the semigroup
C and the grading of k[C] as above. It is customary to call (hy,...,h,) the
h-vector of P where h; is the i-th coeflicient of the (Laurent) polynomial Q(t) in
the numerator of the Ehrhart series of k[C]; it follows from 6.3.11 that &; = 0 for
i > n. Prove the following inequalities due to Stanley [362] and Hibi [168]:

(a) h; > 0 for all 4

(b) LU h; < ELU hy ;forall j =0,...,s where s = max{i: h; # 0};
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(€ YL, ;<Y hiforallj=0,...,n
Hint: For (b) and (c) study (again) the proof of 4.4.9. For R = k[C] we also have
an exact sequence 0 > w — B — R/w — 0.

6.3.16. With P, C, and k[C] as in 6.3.15,set L = {(p,1): p € P NZ"} and let k[P]
be the k-algebra generated by the elements X¥, w € L.
(a) Show the following are equivalent:

() K] = P,

(ii) #[C] is homogeneous;

(iii) k[P] is normal and ZL = Z"".
(b) Discuss the conditions of (a)(iii) for the polytopes P;, P, C IR?® spanned by (1)
v =0, v =(1,0,0), v, = (0,1,0), and v = (1,1,3), and (2) v = 0, v, = (2,0,0),
v, = (0,3,0), and v, = (0,0,5).

6.3.17. Prove that the volume of an n-dimensional integral polytope P in R" is

volP = %(E(P, 1)+ Ef(P,1) - 2) for n= 2, and
vol P = %(E(P,z) _3E(P,1)— E'(P,1)+3) forn=3.

Hint: The coefficients of a polynomial can be determined by interpolation.

6.4 Invariants of tori and finite groups

In the following we use some elementary notions and results from the the-
ory of linear algebraic groups for which we refer the reader to Humphreys
[208], Kraft [241], or Mumford and Fogarty [279].

Let k& be an algebraically closed field, and V a k-vector space of
finite dimension. Each ¢ € GL(V) yields a k-algebra automorphism a,
of the symmetric algebra R = S(V). In concrete terms, if e,..., e, is a
basis of V, then S(V) = k[Xj, ..., X,], the isomorphism being induced by
the linear map which sends ¢; to X;, ¢ = 1,...,n If we identify V and
kX1 +---+ kX, via this map, then a, is just the k-algebra automorphism
of R = k[Xi,...,X,] given by the substitution X; — ¢(X;). (From a
categorical point of view it would be better to consider the action of
GL(V) on S(V*), the ring of polynomial functions on V.)

Suppose that G is a linear algebraic group over k; such a group is
always isomorphic to a Zariski closed subgroup of GL(W) where W is a
suitable finite dimensional k-vector space. A morphism &: G — GL(V)
(in the category of algebraic groups) is called a representation of G. It
assigns the automorphism ag(y) of R to each g € G, so that we say that
G acts linearly on R. It is the classical problem of (algebraic) invariant
theory to determine the structure of the ring of invariants

R={feR: g(f)=7 forall g€ G},
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where we have set g(f) = agg)(f) for simplicity of notation. If f is
homogeneous of total degree d, then so is g(f). Therefore R is a
positively graded k-algebra inheriting its grading from R.

A character of G'is a representation x: G — GL(k). To each character
X we associate the set

R ={feR: g(f) = x(g)f forall ge G}

of semi-invariants of weight y. It is easily verified that RX is a graded
RC%submodule of R. Especially important in the following is the inverse
determinant character g — det™(g) = det (g)~* associated with &.

The ring R® of invariants only depends on &(G) C GL(V); thus
we shall often simplify the situation by directly considering a subgroup
of GL(V). Furthermore, for concrete groups the requirement that k be
algebraically closed can sometimes be relaxed.

More generally, one may always form the ring R® when R is a ring
and G is a subgroup of Aut R. Clearly R inherits all properties of R
which descend to subrings, and is a normal domain along with R:

Proposition 6.4.1. Let R be a normal domain, and G a subgroup of Aut R.
Then RS is a normal domain.

ProoF. It is easy to see that R is the intersection of its field of fractions
Q(R®) with R (within Q(R)). O

Invariants of diagonalizable groups. Let k be an algebraically closed
field. For each m € N the group GL(k)™ is called a torus; it is isomorphic
to the group of m x m diagonal matrices of rank m over k. Slightly more
generally we want to consider diagonalizable groups over k, i.e. direct
products

D=TxH

where T is a torus and H is a finite Abelian group whose order is not
divisible by char k. Since k contains a primitive g-th root of unity for
each g not divisible by char k, H may be written in the form

H = (¢) x -+ % ((w)
where ({;} is the cyclic subgroup of GL(k) generated by a root of unity ¢;.

Thus we may write each element in D in the form (dy,...,dn, ',..., )
with s; € N.

Suppose now that we are given a representation of D, that is, a
homomorphism é: D — GL(V). Then & can be diagonalized: there
exists a basis ey,..., e, of ¥ such that each ¢; is an eigenvector of $(d)
for every d € D. Thus the vector subspace ke; = k is stable under the
action of D, and therefore @ induces a character y; of D; y; associates

to each element d € D its eigenvalue with respect to e;. It is sufficient to
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determine the characters of the direct factors GL(%) and ((;) of D. One
sees easily that in both cases the characters are the powers a — &’, s € Z.
Thus there exist t14...,% € Z and uy,...,uy € N, 1= 1,...,n, such that

B(dy ey oy (e, Co)e) = df - I (L (S
for:=1,...,n

Theorem 6.4.2. Let k be an algebraically closed field, and D a diagonaliz-
able group over k acting linearly on a polynomial ring R = k[Xy,..., X,
Then

(a) (Hochster) the ring R? of invariants is a graded Cohen—Macaulay ring,
(b) (Danilov, Stanley) Rderl(—n) is the *canonical module of RP, provided

Rdet’1 # 0.

Proor. We may assume right away that D acts diagonally as just de-
scribed. It follows that each monomial Xj"---X% is mapped to a
multiple of itself by every d € D. Therefore f € R is invariant if and only
if all its monomials are invariant, so that R? = k[C] for some semigroup
C C N™ Extending the formula for the action of D to monomials, we
see that X;"--- X% is an invariant if and only if (a,...,a,) satisfies the
system
tj1a1+"'+tjnan:07 J=1....m

of homogeneous linear equations with integral coefficients, and simulta-
neously the system

si(upnan + -+ + %na,) = 0 mod (ord {;), j=1,...,w,

of homogeneous congruences (of course ord (; denotes the order of the
root of unity (;).

It follows easily that C is the intersection of R} with a finitely
generated group G C Q" Therefore C is normal, and part (a) is an
immediate consequence of 6.3.5(a).

Similarly, part (b) can be derived rather quickly from 6.3.5(b). Set
S =RP, M=R*" and P = X;--- X, Then d(P) = det(d)P for all
d € D. Hence, for every f € R, f € M if and only if Pf € S. Obviously
M is an S-module generated by monomials (even as a k-vector space),
and therefore a graded S-module.

Let I be the ideal generated by the monomials X[*--- X% with
(c1,...,¢n) € relint C. We know from 6.3.5 in conjunction with 6.3.7
that I is the graded canonical module of S (up to an isomorphism of
graded modules). Evidently it is enough to show that PM C I and
P~ C M, provided M # 0.

The representation € = IR} N G readily yields that

{(e1y-..,¢n) € C: ¢; > 0 for all ¢} C relint C.
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Therefore PM C I. Conversely, suppose M # 0, and let lel X e M.

Then Plel---Xf:* € S, and so C contains an element (cy,...,¢,) with
¢; > 0 for all 2. Hence C is not contained in a coordinate hyperplane, and

consequently no relative interior point of C lies in such a hyperplane. It
follows that P~ C k[Xy,..., X,], and thus P~ C M.

The preceding proof shows that the degenerate case R = 0 oc-
curs precisely when, after diagonalization, R® is contained in one of the
subrings k[ Xj,.. L X .y X,]. Furthermore, the condition that k be alge-
braically closed is dispensable once the action of D is a priori diagonal.
If k is infinite, then the proof of 6.4.2 remains valid without modification;
if k is finite, then one must set T' = {id} and m = 0. This generalization
can also be extended to the following corollary.

Corollary 6.4.3. Under the hypothesis of 6.4.2 suppose additionally that
detd =1 for all d € D. Then R is a Gorenstein ring.

The proof of 6.4.2 suggests that 6.4.2 is just a special case of 6.3.5;
however, Exercise 6.4.16 shows that these theorems are actually equiva-
lent.

Finite groups. Theorem 6.4.2 in particular covers the case in which a
finite Abelian group G acts linearly on a polynomial ring k[Xy,...,X,],
provided the order |G| of G is invertible in k. With the same proviso, we
now want to treat the case of an arbitrary finite group. It is convenient
to restrict oneself to subgroups G of GL(V).

More generally let us first consider a ring R and a finite group G of
automorphisms of R such that |G| is invertible in R. Let S be the ring
R€ of invariants, and set

p(r) =167 o(r)

geG

for every r € R. It is straightforward to verify that p is an S-linear map
from R to S with p|s = ids. A map satisfying these conditions is called
a Reynolds operator (for the pair (R,S).) The existence of a Reynolds
operator is obviously equivalent to the fact that S is a direct summand
of R as an S-module.

Proposition 6.4.4. Let R be a ring, S a subring of R, and suppose that there
exists a Reynolds operator for (R, S). Then the following hold:

(a) for every ideal I of S one has IRNS = I;

(b) if R is Noetherian, then so is S;

(c) if = is an R-sequence in S, then it is also an S-sequence.

Proor. (a) For s1,...,8, € S, 71,...,7 € R with » = ) gy, € S one has

r=p(r) =Y. sip(my).



282 6. Semigroup rings and invariant theory

(b)If I, C I; C --- is an ascending sequence of ideals in S, then the
sequence [yR C 1R C --- is stationary in R. Therefore, and by (a), the
sequence Iy C I; C --- is also stationary.

(c) This follows easily from (a). O

In the case of a group action considered above, each » € R is a
solution of the equation

[[(x-g(m =0

geG

The left hand side is a monic polynomial in X whose coeflicients are
elementary symmetric functions in the elements g(r), g € G. Therefore all
the coeflicients belong to the ring S of invariants, and we see that R is
integral over S.

Theorem 6.4.5 (Hochster-Eagon). Suppose R is a Cohen—Macaulay ring
and S is a subring such that there exists a Reynolds operator p, and R is
integral over S. Then, if R is Cohen—Macaulay, so is S.

Proor. We must show that the localizations S; of S with respect to its
maximal ideals n are Cohen-Macaulay. Given a maximal ideal n of 5,
we replace S by Sy and R by R ® Sp. Therefore we may assume that S
is a local ring with maximal ideal n. Since R is integral over §, it is a
semi-local ring. (This follows easily from A.6.)

We argue by induction on the length of a maximal R-sequence in n.
Suppose first that n consists entirely of zero-divisors of R. Then each
s € n is contained in one of the associated prime ideals p,...,p,, of
R. Son = Jp,NS, and there exists a j with n = p;NS. As Ris
Cohen—Macaulay, all the p, are minimal prime ideals of R. On the other
hand, since R is integral over §, p, is also a maximal ideal of R.

If p; is the only maximal ideal of R, then it follows immediately that
dim S = dim R = 0 so that S is Cohen—Macaulay as desired. Otherwise
the zero ideal of R can be written q Nt where q is p;-primary and r ¢ p,.
As g+t = R, the Chinese remainder theorem implies that R splits into
the direct product of subrings R;, R;. If we can replace R by one of
them, then we can finish the case under consideration by induction on
the number of maximal ideals of R.

Let m and ms be the projections of R onto R; and Rs, and ¢ the
embedding of S into R. Then both pomorand pomgor are endomorphisms
of the S-module S. Hence there exist s; and s; such that po w0 ¢ is
multiplication by s;. It follows that

l=poyl)=po(m+m)odl)=s+ s

so that at least one of s; and s; is a unit in S, say s;. Then 7y 0 ¢ is an
embedding of S into R;, and one easily checks that all the hypotheses
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pass on to the pair (Ry,S). This finishes the case in which n consists
entirely of zero-divisors of R.

Now suppose that s € n is R-regular. Then 6.4.4 implies that 5/sS is
in a natural way a subring of R/sR, and it is again easily verified that
the remaining hypotheses hold for the subring 5/sS of R/sR. As R/sR
is Cohen—Macaulay, we conclude that S/sS and, hence, S are Cohen-
Macaulay. O

Corollary 6.4.6. Let R be a Cohen—-Macaulay ring, and G a finite group
of automorphisms of R whose order is invertible in R. Then the ring R® of
invariants is Cohen—Macaulay.

Remark 6.4.7. In our derivation of 6.4.6 we have used that | G| is invertible
in R in order to show that R® is Noetherian. However, for this property
of RY the hypothesis on |G| is quite inessential: if R is a finitely generated
algebra over a Noetherian ring %k such that G acts trivially on %, then,
by a famous theorem of E. Noether, R% is a finitely generated k-algebra.
We saw above that R is integral over RC. Therefore R is already integral
over the k-subalgebra A4 generated by the coeflicients of the equations
fi(z) = 0, f; € k[T, which establish that the finitely many generators x;
of R are integral over R®. It follows that R and, hence, R® are finite
A-modules.

On the other hand, that |G| is invertible in R is essential for the
Cohen-Macaulay property of R®. In fact, if k is a field of characteristic 2,
then k[Xi,...,X4]% is a non-Cohen—-Macaulay factorial domain for the
group G of cyclic permutations of Xj,..., X4; see Bertin [41].

Similarly to 6.4.2 one can determine the canonical module of R from
invariant theoretic data if G acts linearly on a polynomial ring R. Let V
be again a vector space of finite dimension over a field & which we now
assume to be of characteristic 0 (see Remark 6.4.11 for the more general
case in which |G| is not divisible by char k). As above we extend the action
of G to the symmetric algebra R = §(V) which we may identify with the
polynomial ring k[Xj,..., X,], n = dim V, whenever it is appropriate.

Let S = R®. Since the action of G can be restricted to the graded
components R; of R, S is a positively graded k-algebra. Being a finitely
generated integral extension of S, R is a finite graded S-module, and in
fact a maximal Cohen—Macaulay S-module: according to 1.5.17 there
exists a homogeneous system of parameters  in §; it follows that
height R = n, and thus @ is an R-sequence. (In conjunction with 6.4.4
this observation yields a quick proof of the previous corollary in the
special case under consideration.)

It is customary to call the Hilbert series of S the Molien series of G-

Mq(t) = Hs(t) = Y dim St
=0
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We also need the Molien series and the Reynolds operator for the semi-
invariants of G. For a character y of G we set

M(t) = Hy,(t)= Y dim R and p¥r)= |G ) x(g) "g(r).

=0 geG

It is easy to check that pX(R) = R* and p*(r) = r for » € RX. The operator
p¥ is a k-endomorphism of the graded k-vector space R. Let pf denote
its restriction to R;; then p¥ = (pf)?, and therefore
dim R = dimIm p} = Tr p} = |G|™* Z x(g) ' Trg
geq

R;-

Here Tr denotes the trace, and we use its linearity. Combining the
formulas yields

[o e}

Mt =67 x(g)™*) (Trg

geG =0

R

Theorem 6.4.8 (Molien’s formula). Let k be a field of characteristic 0,
V a finite dimensional k-vector space, and G a finite subgroup of GL(V).
Then the Molien series of a character y of G is given by

M= 1675 ol

Proor. We need to show that

[o e}

1 .
=Y (Trglp)t
det(id —tg) ;( r9lr)

for each g € G. In fact, this equation holds for an arbitrary element
g € GL(V). In order to prove it we may extend k to an algebraically
closed field. Then, for a suitable basis Xj,...,X, of V, g is given by
an upper triangular matrix whose diagonal entries are the eigenvalues
M,-.., Ay Of g (as an element of GL(V)).

The monomials of total degree i in Xj,..., X, form a basis of the
vector space R;. If these monomials are ordered lexicographically, then
glr, 1s again represented by an upper triangular matrix whose diagonal
entry corresponding to the monomial X% = X" --- X2 is A* = AJ* - - - A%,

Therefore
R, — Z )\a,

|a]=1

Trg
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and the expansion of the product of the geometric series 1/(1 — A;t),
Jj=1,...,n, gives us
0 n

=y Yoe=1l; e

i_O 1=0 |a|=1% J=1

Using that A7%,..., ;! are the eigenvalues of g7, we finally get

n

H r ﬁ )\;1 _ det g1 _ 1
1At B i A=t det(g7t — tid)  det(id —gt)’

We can now easily prove the analogues of 6.4.2 and 6.4.3 for linear
actions of finite groups:

Theorem 6.4.9 (Watanabe). Let k be a field of characteristic 0, V a k-
vector space of dimension n, R = S(V), and G «a finite subgroup of GL(V).
(a) Then Rderl(—n) is the * canonical module of RC,

(b) In particular R® is Gorenstein if G C SL(V).

PROOF. Set S = RS and y = det™!. Since p* is an S-linear map from R
onto N = RX, we see that N is a direct S-summand of R. It was observed
above that R is a maximal Cohen—Macaulay module over S; therefore N
is also a maximal Cohen—Macaulay S-module. Furthermore

det g 1
=le” Z det(id — tg &1 Z det(g~! — tid)
n.t—
G 1
=lar Z det(g &1 Z det id—t1g
Caprepe)

As the Molien series are Hilbert series, we may apply 4.4.5 to conclude
that N(—n) is the *canonical module of S. This proves (a).

If G C SL(V), then, by (a), S is isomorphic to the *canonical module
of 5. As a *canonical module is canonical, S is Gorenstein. O

Very easy examples show that 6.4.9(b) cannot be reversed. The
obstruction is the presence of pseudo-reflexions in G: g € GL(V) is
called a pseudo-reflexion if it has finite order and its eigenspace for the
eigenvalue 1 has dimension dim ¥ — 1. (Thus the remaining eigenvalue is
the determinant.)

Theorem 6.4.10. With the notation of 6.4.9 the following hold.
(2) (Stanley) R is Gorenstein if and only if

Z _ —m Z det g
det( 1d —tg) det(id —tg)

where m is the number of pseudo-reﬂe:czons in G.
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(b) (Watanabe) Suppose G contains no pseudo-reflexions. Then RC is
Gorenstein if and only if G C SL(V).

PRrOOF. (a) If we apply 4.4.6 to the Molien series of R, then it follows
easily that R® is Gorenstein if and only if the equation in (a) holds for
some m € Z. It remains to determine m. To this end we expand both
sides in a Laurent series at ¢ = 1. Let n = dim V, and X' denote the set of
pseudo-reflexions in G.

The pole order of 1/det(id —tg) at ¢t = 1 is the multiplicity of 1 as
an eigenvalue of g. Thus the only summand with a pole of order = is
1/ det(id —tid) = 1/(1 — ¢)*, and those with a pole of order n— 1 are
exactly the summands

1 1 1

det(id—to) (1—t*11—deto o 7€

where - - - denotes terms of higher order in (1 —¢). Thus the left hand side

18
1

1 1
(1_¢)n+(1_¢)n—1Z [—deto
cex

whereas the right hand side is

1 1 det o
(”m(l_104“"')((1_@714r = ;21_deta+"')
so that a comparison of coefficients yields m = | 2| as required.

(b) Evaluating the formula in (a) for ¢t = 0 gives |G| = } ;detg.
Since the eigenvalues of the elements of G are roots of unity, we must
have detg = 1 for all g € G. (Note that the elements of k& which are
algebraic over k may be considered complex numbers.) O

Remark 6.4.11. Theorems 6.4.9 and 6.4.10 were proved by Watanabe [387],
[388] under the weaker assumption that |G is not divisible by char k. His
proofs use divisorial methods. Hini¢ [172] extended Watanabe’s results
to invariant subrings of Gorenstein rings.

Finite groups generated by pseudo-reflexions. That the pseudo-reflexions
in a finite group G C GL(V) play a special role has already been
demonstrated by 6.4.10. However, the most ostensive indication of this
fact is the celebrated theorem which characterizes the regular ones among
the rings of invariants of finite groups:

Theorem 6.4.12 (Shephard-Todd, Chevalley, Serre). Let k be a field of
characteristic 0, V a k-vector space of dimension n, R = S(V), and G a
finite subgroup of GL(V). Then the following are equivalent:

(a) G is generated by pseudo-reflexions;
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(b) R is a free R%-module;
(c) the k-algebra RC is generated by (necessarily n) algebraically indepen-
dent elements.

That (c) is equivalent with the regularity of R follows from Exercise
2.2.25, which also shows that the algebraically independent elements
can be chosen homogeneous; their number is 7, as dim R = dimR =
dim V = n

The remainder of this section is devoted to a proof of 6.4.12. The
next lemma covers the equivalence (b) <= (c).

Lemma 6.4.13. Let R be a positively graded, finitely generated algebra
over an arbitrary field k, and S a graded k-subalgebra such that R is a
finite S-module.

(a) Then S is a finitely generated k-algebra.

(b) If R is Cohen—Macaulay and S is generated by algebraically indepen-
dent elements over k, then R is a free S-module. Moreover, it has a basis
of homogeneous elements.

(c) If R is generated by algebraically independent elements over k and a
free S-module, then S is generated by algebraically independent elements.

ProorF. (a) This is a special case of E. Noether’s theorem proved in 6.4.7.

(b) By hypothesis S is a regular ring; a minimal homogeneous system
xy,...,x, of generators of its *maximal ideal is algebraically independent,
and furthermore generates S as a k-algebra (see Exercise 2.2.25). Since R
is a finite S-module, x4, ..., z, is also a homogeneous system of parameters
of R, and thus an R-sequence by hypothesis on R. Consequently R is a
maximal Cohen—Macaulay S-module. It follows from 2.2.11 that R is a
projective S-module, and then 1.5.15 implies that R is a free S-module,
and that every minimal homogeneous system of generators of R over S
is a basis.

(c) Let m and n be the *maximal ideals of R and S. The hypothesis
implies that Ry is a regular local ring and a flat local extension of Sy.
Thus Sy is regular according to 2.2.12. Again we apply 2.2.25 to conclude
that S is generated by algebraically independent elements. O

We now show that (a) = (b) in 6.4.12. For R to be a free S-module,
S = RC, it is sufficient that M = Tor{(R,S/n) = 0. In fact this implies
that Ry is a free Sp-module, whence R is free over S by 1.5.15. The module
M 1is the kernel of the homomorphism ¢: R ®sn — R ®g S induced by

the embedding n C S. Given a minimal homogeneous system a,..., @y,
of generators of n, M consists of all the elements Y v, ® @, ¥ € R with
Y v = 0.

Evidently M is a graded submodule of the graded S-module R ® n
with deg a® b = deg a+deg b for homogeneous elements a € R, b € n. We
assume that M # 0. In order to derive a contradiction choose a non-zero
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homogeneous element > y; ® @; of minimal degree in M. Replacing y;
by a suitable homogeneous component, we may suppose that each y; is
itself homogeneous.

We claim that >} v, @ o = Y, g(y) ® @ for all g € G. Since G is
generated by pseudo-reflexions, it is enough to show this for a pseudo-
reflexion o. We choose a basis Xj,..., X, of V such that ¢(X;) = X; for
i=2,...,nand o(X3) = (X; where { is a root of unity. For each monomial
fin Xi,..., X, it follows easily that Xj divides o(f) — f- Therefore X;
divides o(f) — f for every element f of R. Let o(y) — i = Xy, for
i=1,...,n Then ) ylo; = 0 so that }, ¥} ® &; € M. From the assumption
on Y, y;®x; we conclude Y} yi®z; = 0 and, hence, Y yi®@x; = Y, (%) ®x;.

The Reynolds operator p, viewed as an S-endomorphism of R, induces
an S-linear map p' = p®id: R®n — R ® n. By what has just been
proved, o'(> ¥ ® @) = Y, ¥ ® ;. On the other hand Im p = § so that o/
factors as

"

R®np—>5®n—L>R®n

where ¢ is induced by the embedding S — R. It is immediate that
©"(M) is mapped to the kernel Torj(S,S/n) = 0 of the natural map
S@n—S5®S5 =S5 Thus ¢'(3 ;@ @) = 0, and therefore Y, y; ® x; = 0,
which is the required contradiction.

It remains to prove the implication (¢) = (a) for which we use a
combinatorial argument based on the following lemma.

Lemma 6.4.14. Let k be a field of characteristic 0, V a k-vector space
of finite dimension, R = S(V), and G a finite subgroup of GL(V). Let

T1,..., 2y, n=dim V, be a homogeneous system of parameters of RC.
(a) Then zy,...,x, are algebraically independent over k, and R® is a free
k[x1,...,x,]-module; it has a basis of homogeneous elements hy, ..., hpy,.

(b) Let d; = degwy, i=1,...,n, and ¢ = degh;, j = 1,...,m, and let ¥
denote the set of pseudo-reflexions in G. Then

mG =di---dy, and mI|+2(e1+ -+ em)=md+---+d,—n).

PROOF. (a) According to 1.5.17 RY is a finite k[z;, ..., z,]-module. Thus we
have dim k[zy,...,2,] = n so that @y,..., =z, are algebraically independent
over k. One now applies 6.4.13.

(b) The Hilbert series of k[1,...,x,] is 1/[[,(1 — t%). Thus the
Hilbert series of the k[z,...,z,)-module R® = & hk[axy, ..., x,] is

18 e o 1
M= - ~ -V
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where f{¢) = (¢ + -+ + t)/[[ 1, Ej‘z_ol ¥ does not have a pole at t = 1.
Expansion in a Laurent series at ¢ = 1 yields
1

Melt) = 7 (f)-FO)A -t +--)

with f{1) = m/(d;--- d,) and
e1+---+e,—(m/2 ?: d—1
f’(].): 1 ( /)E 1( )
di - d,

As we saw in the proof of 6.4.10, we also have

1 1 1
(1_¢)n+(1_¢)n—1Z )
cex

Me(9) = |67 (

Observe that

1 1 1 1 1 1
E _— = — E _— E _— :—E 1=—X|.
1—deto 2( 1—det0'+ 1—det0'—1) 2 2| |
= = oex oeX

Comparing coeflicients in the Laurent expansions gives the required
formulas. O

We now complete the proof of 6.4.12 with the implication (c) = (a).
Let H be the subgroup of G generated by the pseudo-reflexions in
G. Using the implication (a) = (c), we see that R¥ is generated by
algebraically independent homogeneous elements vy, ..., ¥, Since R is,
by hypothesis, also generated by algebraically independent homogeneous
elements @y,...,x,, we have an inclusion k[zy,..., 2z, C k[y1,...,yn). We
want to show that there exists a permutation 7 of {1,...,n} such that
deg z; > deg yn(;) for all 4.

To this end we define P; to be the smallest subset of {1,...,n} such
that @; € k[y;: j € P;]. For each subset I of {1,...,n} the set | J,.; P; must
have at least |I| elements since the x;, 7 € I, are algebraically independent.
Thus the marriage theorem of elementary combinatorics guarantees an
injective map 7 with n(é) € P; for all 7. By definition of P; we have
deg z; > deg yn(i)-

Arranging vi,...,Y, in the order prescribed by 7 we may assume
that d; = dega; > 2z = degy; for all 2 Lemma 6.4.14 applied to R =
k[, ...,z yields

Sl = dit ot dy
since we have m = 1, by = 1, and d; = 0. But 6.4.14 also applies to
RE = K[yi,..., %), and since H contains all the pseudo-reflexions of G,
we similarly obtain

Xl=z+ 42— n
Summing up, we must have d; = z for all 4. Therefore |G| = |H| by the
first equation in 6.4.14, and G = H.
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Remarks 6.4.15. (a) The equivalence of (b) and (c) in 6.4.12 is independent
of any assumption on the characteristic of k or the order of G, as is clearly
exhibited by 6.4.13. Furthermore, the proof of the implication (a) = (a)
only uses that |Gl is not divisible by chark. It is due to Serre [335], as
well as a proof of (¢) = (a) (based on ramification theory) which does
not require any assumption on k or Gj see also Bourbaki [49], Ch. 5. For
(c) = (a) we have reproduced the original argument of Shephard and
Todd [345] which exploits the fact that chark = 0 in an essential way.

(b) Within the hierarchy ‘regular, complete intersection, Gorenstein,
Cohen—-Macaulay’, the property of being a complete intersection is the
most difficult for rings of invariants of linear actions of finite groups.
A necessary condition for R to be a complete intersection was given
by Kac and Watanabe [228]: if RY is a complete intersection, then G is
generated by elements g with rank(g — id) < 2. The proof uses geometric
methods. Exercise 6.4.21 presents an example showing that this condition
is not sufficient for R¢ to be a complete intersection. See Gordeev [129]
and Nakajima and Watanabe [287] for a classification of the groups G
for which R is a complete intersection. Nakajima [286] has classified
the hypersurface rings RC.

Exercises

6.4.16. Let S, T be affine semigroups, S C 7. One says that S is an expanded
subsemigroup of T if § = T NQS (in QT). Prove:
(a) An expanded subsemigroup is a full subsemigroup.
(b) The following are equivalent for a subsemigroup S of IN™:

(1) S is expanded;

(i) there exists a vector subspace U of Q" with § = Un Q"

(iil) there exists a homogeneous system of linear equations with integral

coeflicients such that S is the set of its non-negative solutions;

(iv) k[S] is the ring of invariants of a linear torus action on k[X,..., X,].
(c) Every positive normal semigroup C' is isomorphic to an expanded subsemi-
group of N” for some n > 0.
Hint for (c¢) (communicated by Hochster): By 6.1.10 we may assume that Cis a
full subsemigroup of IN™ for some m > 0, thus C = N”"NZC. Set C=N"nQC.
Then ZC’/ZC’ is a torsion group, so that there exist a basis e,...,e, of ZC and
positive integers g; for which gey,..., g€, is a basis of ZC. Extend ey,...,e, to
a basis of Q™, and let ¢, 7 = 1,...,r, be the linear form on @™ which assigns
each vector its +th coordinate with respect to this basis. Note that ¢f{a) € Z for
all @ € ZC. Then C is the set of elements of ¢ € N™ satisfying (i) a system of
homogeneous linear equations with rational coeflicients whose set of solutions is
QC, and secondly the congruence conditions ¢{c) = 0mod g;. Adding positive
integral multiples of g; to the coeflicients of ; (with respect to the dual canonical
basis of @™), we may replace the ¢; by linear forms which are non-negative
on N™ Then ¢ c) = Omodg; if and only if the linear equation ¢c) = y;q;
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has a non-negative integral solution y;(c). Consider the map ¢ — IN™ x IN",
c— (¢, (e, ..., ulc)

6.4.17. Let k be an infinite field, and R = [}, Y», Z;, Z,]. Suppose that GL(1, k) =
k\ {0} acts on R by the substitutions ¥; — a¥;, Z; — a™' Z,.

(a) Show that § = R is generated by the elements x; = ¥,.Z;, 7,5 = 1,2.

In Exercise 6.2.7 we have seen that § = k[X);, X5, Xo1, Xo2]/(X11 X2 — X1 Xi2),
the isomorphism being induced by the substitution X; — x;;.

(b) Let p = (w11, z12) and q = (@yy, 2 ). Show (1) p and q are prime ideals in S and
maximal Cohen—-Macaulay S-modules, (ii) p’ and ¢’ are not Cohen—-Macaulay
for j > 2. (4.7.11 is helpful for (ii); use a system of parameters consisting of
1-forms. Or use the Hilberi-Burch theorem.)

(c) The characters of GL(1,k) are given by the maps a — o/, 7 € Z. Compute
the semi-invariants for each of the characters, and find out which of them are
Cohen—Macaulay S-modules.

6.4.18. Let V be a finite dimensional vector space over a field k, R = $(V), and
G a finite subgroup of GL(V) such that |G| is invertible in k. Show that for each
character x of G the R%module M is a direct R®-summand of R and a rank 1
maximal Cohen—Macaulay R®module.

6.4.19. Let G be the cyclic subgroup of GL(2, C) generated by the matrix

0 -1
1 0
and R = S(€?) = €[X;,X,;]. Compute the Molien series of G, and show that

R¢ is a complete intersection. (In order to determine the generators of R¢ one
should draw as much information as possible from the Molien series.)

6.4.20. Show that the subgroup of GL(2, €) generated by the matrices

0 -1 0 1
(3 3) = (30)
is isomorphic to 53, the permutation group of three letters. Prove that R¢ (with

R = §(€*) = C[X;, X;]) is generated by algebraically independent elements x;, x,,
and determine their degrees.

6.4.21. (a) Let k be a field and S a graded k-algebra generated by elements
@,...,%, of positive degrees dj,...,d,. If § is a complete intersection, then
there exist positive integers e,...,e, with r = n— dim S such that Hg(t) =
[Ty (1 — %)/ T (1 — £5).

(b) Embed the group G of the previous problem into GL(4,C) by sending each

matrix 4 € G to the matrix (g g), and let R = S(C*) = €[X,,...,X,]. Show

that R% is not a complete intersection. Is R Gorenstein?

6.4.22. Let k be a field, R = k[X,,...,X,], and &y,...,0, be the elementary
symmetric polynomials in Xi,..., X,.

(a) Show that height(oy,...,0,)R = n.

(b) Let G be the subgroup of GL(n, k) formed by the permutation matrices.
Noting that G is generated by pseudo-reflexions, give a fast proof of the main
theorem on symmetric functions in the case in which char k= 0.
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6.5 Invariants of linearly reductive groups

Let k& be an algebraically closed field. A linear algebraic group G over
k is called linearly reductive if for every finite dimensional representation
G — GL(V) the k-vector space V splits into the direct sum of irreducible
G-subspaces U. Here U is a G-subspace if g(u) € U for all g € G and
u € U; it is irreducible if it has no G-subspaces other than {0} and U.

The main objective of this section is the proof of the following
fundamental result.

Theorem 6.5.1 (Hochster—Roberts). Let k be an algebraically closed field
and G be a linearly reductive group over k acting linearly on a polynomial
ring R = k[X3,...,X,]. Then the ring R® is Cohen-Macaulay.

The most classical examples of linearly reductive groups are finite
groups G whose order is not divisible by char &; this is Maschke’s theorem.
The tori GL(1,k)™ are linearly reductive independently of chark, as
follows easily from the fact that a torus action can be diagonalized. Thus
the results of the previous section about the Cohen—-Macaulay property
of rings of invariants of tori or finite groups are special cases of 6.5.1.

In characteristic 0 the groups GL(n, k) and SL(n, k) are linearly re-
ductive, and so are the orthogonal and symplectic groups. However, in
characteristic p > 0 there exist only a few linearly reductive groups so
that 6.5.1 has its main applications in characteristic 0.

Let G — GL(V) be a finite dimensional representation of a linearly
reductive group G. Then the set V¢ of invariants is the maximal trivial
G-subspace of V where trivial means for a G-subspace U that g(u) = u
for all g € G and u € U. Let W be the sum of all non-trivial irreducible
G-subspaces of V. Then W isin fact a direct sum Wi @ --- @ W, of non-
trivial irreducible subspaces W;, and it follows easily that VENW = WlGGB
@ WE=0.Thus V= V%@ W, and W is the unique complementary
G-subspace of V¢, as every irreducible subspace U with U N V¢ = 0 is
contained in W. The projection p: V — V& with kernel W satisfies the
condition p(g(v)) = p(v) for all g € G and v € V. It is called the Reynolds
operator.

As in the previous section let now R = k[Xj,...,X,] be a polynomial
ring over k whose space of 1-forms is identified with V. Then G acts
linearly on the graded components R; of R for each of which we have
a Reynolds operator p;. The direct sum of the p; is a surjective map
p: R — RY which is easily seen to be R%linear. In fact, the R%linearity
of p is equivalent to 7 Ker p C Ker p for all r € R. It is enough to show
that »U C Ker p for a homogeneous element r € R% of degree 7 and
a non-trivial G-subspace U C R;. As multiplication by an invariant is
G-linear, rU is either 0 or G-isomorphic to U. Therefore +U C Ker p; ;.
In the general context of linearly reductive groups we have thus recovered
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the existence of a Reynolds operator R — R which was first encountered
above 6.4.4 and which is the crucial fact in the proof of 6.5.1.

By 6.4.4 the existence of a Reynolds operator R — R® implies that
IRN R% = I for every ideal I of R® and furthermore that R® is a
Noetherian k-algebra. Being positively graded, it is even finitely generated
over k. So 6.5.1 follows from the more general, purely ring-theoretic

Theorem 6.5.2. Let k be a field, and R = k[X;,...,X,]. Suppose S is a
finitely generated graded k-subalgebra of R such that IRNS = I for all
ideals I of S. Then S is Cohen—Macaulay.

Remarks 6.5.3. (a) The original Hochster—Roberts theorem [201] is more
general than stated in 6.5.1. It says: let G be o linearly reductive group
over a field k acting rationally on a regular Noetherian k-algebra R; then
R€ is Cohen—-Macaulay.

(b) Let S C R be rings; S is called a pure subring (or R a pure
extension of §) if for every S-module M the natural homomorphism
M=M®sS — M®s R is injective. The reader may prove that S is a
pure subring of R if one of the following conditions holds: (i) there exists
a Reynolds operator R — §; (ii) R is faithfully flat over S; (iii) R/S is
flat over S. Thus, under the conditions of 6.5.1, R® is a pure subring of
R. The choice M = §/1I yields that IR NS = I for every ideal I of § if
S is a pure subring of R. See [270], §7 or Hochster and Roberts [202],
Section 5 for a discussion of purity.

Using the notion just introduced we can formulate the following
even more general theorem of Hochster and Huneke [197]: let R be
a regular ring, and S a pure subring of R containing a field; then S is
Cohen—Macaulay. We will prove this theorem under the slightly weaker
hypothesis that S is a direct S-summand of R; see 10.4.1. The case in
which R contains a field of characteristic p > 0 was already given by
Hochster and Roberts [201], and the case in which R and S are finitely
generated algebras over a field was established by Kempf [235].

(c) An important variant of the theorem of Hochster and Roberts is
due to Boutot [50]: Let R be a finitely generated algebra over an alge-
braically closed field of characteristic 0, and S a pure subring of R; if R
has rational singularities, then so has S. It is remarkable that Boutot’s
theorem (for which there is also an analytic version) weakens the hypoth-
esis of the Hochster—Roberts theorem while strengthening its conclusion.
For the notion of rational singularity we refer the reader to [236] and
[44].

(d) The hypotheses of the theorems presented in (b) and (c) cannot
be weakened essentially. In particular it is not true that R¢ is Cohen—
Macaulay whenever a linearly reductive group G acts linearly on a
Cohen—-Macaulay ring R. See 6.5.7 for a simple counterexample.



294 6. Semigroup rings and invariant theory

(e) By 6.1.10 a positive normal semigroup ring S = k[C] can be
embedded as a graded subring into a polynomial ring R over k such
that there exists a Reynolds operator R — S. In conjunction with
6.5.2 this argument is the fastest and most elementary proof of the
Cohen—-Macaulay property of normal semigroup rings, especially if one
uses the simple reduction to characteristic p indicated in Exercise 2.1.29.
Nevertheless the proof given in 6.3 retains is value since it gave us insight
into the combinatorial structure of S, and, above all, allowed us to
compute the canonical module.

The following proof of 6.5.2 has been drawn from Knop [239]. Its
characteristic p part is an argument from tight closure theory, which we
will study systematically in Chapter 10.

The first step is the reduction of 6.5.2 to Theorem 6.5.4 below. The
k-algebra S is positively graded. By 1.5.17 it has a homogeneous system
of parameters fi,..., fi. Suppose that g.y1fr+1 = g1.f1+- - -+ g.fr for some
7, 0 < r < s—1. If we can show that g.41 € (fi,...,fr), then fi,...,f;
is an S-sequence, and the theorem is proved. Suppose on the contrary
that g1 ¢ (f1,-..,f7) As (fi,...,») RN S = (f1,...,Sf») by hypothesis,
one even has gr41 € (f1,. .., +)R. The elements fi,..., f; are algebraically
independent over k. Moreover, S is a finite k[f1,.. ., f;]-module. Therefore
it is enough to prove the following theorem.

Theorem 6.5.4. Let k be a field, and f1,...,f; algebraically independent
homogeneous elements of positive degree in R = k[Xq,...,X,]. Suppose
that S is a module-finite graded k[fi,...,f;]-algebra such that there ex-
ists a homogeneous homomorphism v¥: S — R of k[f1,...,f;]-algebras. If

Griifor1 = Gufi b+ G With Gyy..e Gris € S for somer, 0< 7 < 51,
then ¥(gri1) € (f1,-..,f+)R.

Proor. Without restriction we may assume that the g; are homogene-
ous elements of S. Let r,...,7, be a system of generators of S as a
k[f1,...,f:]-module. Suppose A4 is a finitely generated Z-subalgebra of R
containing all the elements of k£ which appear as coeflicients in

(i) () as a polynomial in Xy,...,Xp 1=1,...,7+ 1,

(i) the polynomials pyy € k[ Y1,..., ¥5] with mr; = S0 piia(f1y- -+, F5) T
and

(ii1) the analogous representations g; = Y v ; qiu(f1,-- -, f5)Tu-

Let B = A[fi,...,f3], C = A[Xy,...,X,], and T = B[r,...,7m] C S. Then

Alfi,....flCcC, HT)CC, g€T, T=DBr+-Br,

Thus, if we replace k by the finitely generated Z-subalgebra 4, then all the
assumptions of the theorem (except that on k) remain valid. It is enough

to show ¥(g,41) € (f1,---,S>)C for one such 4. As ¥(gr1),f1,.-.,Sr are
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homogeneous this is equivalent to the solubility of a system &S of linear
equations with coeflicients in A. (The system S arises from comparing
coeficients in C = A[Xq,...,X,).)

If S has a solution over the field of fractions of 4, then we enlarge
A by adjoining the reciprocals of the finitely many denominators of a
solution, and obtain a solution in the new A.

So suppose that & is insoluble over the field of fractions of A. Then
there is a non-zero element d € A such that the reduction of S modulo a
maximal ideal m of A does not have a solution whenever d ¢ m. (Simply
take d as a suitable subdeterminant of the matrix of Sincluding the right
hand side.) Adjoining d=! € k to A4, we may assume that the reduction
of S modulo any maximal ideal m of A is insoluble.

We want to pass to such a reduction. It may happen however that
the induced map B/mB — C/mC is not injective. Therefore an extra
condition must first be satisfied. In fact, by the theorem on generic
flatness, which we will prove below, there exists ¢ € B such that C; is a
free Bj-algebra. As A and B are finitely generated Z-algebras, they are
Hilbert rings. This implies that (1) there exists a maximal ideal n of B
with ¢ ¢ n, (2) m = nN 4 is a maximal ideal of 4, and furthermore (3)
A/m is a finite field; see A.17, A.18. One has a commutative diagram

B/mB ——— C/mC

g l

A
Bt/th E— Ct/mCt

Since mB is a prime ideal with ¢t ¢ mB, « is injective. Next A is injective
because the extension B; — C; is faithfully flat, and so ¢ is injective as
desired.

One now replaces all objects by their residue classes modulo m. Since
the field A/m is finite, the theorem has been reduced to the case in which
k is a finite field! Let p be its characteristic.

The finite k[f1,..., f;]-module S has a rank (just because k[f1,...,f:]
is a domain). Let F' be a free submodule of S such that rank F = rank S.
There exists a non-zero element ¢ € k[fi,..., f;] such that ¢§ C F. We set
q = p°, and take the g-th power of the equation gry1fi11 = g1.f1+- -+ 9-.fr
and multiply by ¢ to obtain

»

(ng+1)fg+1 = Z(CQ;Z)ﬁ

i=1

The elements cg?, ¢ = 1,...,7 + 1 are in the free k[fi,...,f;]-module
F. Then an elementary argument yields hy, € F with cg! = hiqu+1 for
1= 1,...,7. By substituting these expressions into the previous equation
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and applying ¥: S — k[Xj,...,X,] one has

Frablgr) = D FiFdlha), hence ei{gnn)® =) Fulh).

Let M be the set of monomials p = X}"--- X}* with p < g for
1= 1,...,n. Taking ¢-th powers in & is bijective since k is finite. Therefore
every element h € k[Xj,...,X,] has a necessarily unique representation

h= EueM(hu)q,u; in particular

Y hig) = Z (higu)?

HEM

Thus

Zﬁqb(hiq) - Z (Z hiq%’fi) n= Z (hqu) 1

pweM =1 neM
with hg, € (fi,..., fr)R.

The crucial point is that ¢ does not depend on ¢q. We choose ¢ so
large that ¢ = ) s cuu with ¢, € k. Let ¢, = (cu)? Then

Yo (o) =) (has)

neM neM

Since ¢ # 0 there exists p with ¢, # 0, and so

¢(gr+1) = cih‘w € (.fla o 7.1:7')R D
i

A remarkable feature of the preceding proof is that a theorem which
has its main applications in characteristic 0 has been reduced to its
characteristic p case. Such a reduction will also be fundamental for the
results of Chapters 8, 9, and 10.

Remark 6.5.5. In view of 6.4.2 and 6.4.9 it is tempting to conjecture that
Rderl, if non-zero, is the canonical module of R under the hypothesis
of 6.5.1. Then, in particular, R® would be a Gorenstein ring if det g = 1
for all g € G. This was however disproved by Knop [238]: in fact, every
ring of invariants RS can be written in the form (R')¢ where det ¢ = 1
for all ¢ € @'; see Exercise 6.5.8. On the other hand, Knop showed that
over an algebraically closed field of characteristic zero R¥ is indeed
the canonical module of R if the action of G on the vector space V (of
1-forms of R) satisfies a mild non-degeneracy condition; the proof uses
methods of geometric invariant theory beyond the scope of this book.
Knop also proved estimates for the a-invariant a(R®); in particular one
always has a(R%) < — dim R% (compare this with 6.4.2 and 6.4.9).
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However, for one class of groups the ring of invariants is always
Gorenstein in characteristic 0: if G is semisimple and connected (for
example G = SL(n, k)), then R is factorial, and therefore Gorenstein by
6.5.1 and 3.3.19. In fact, let f= 7y - -- m, be the prime decomposition of
an invariant f. Then the action of an element g € G permutes the prime
ideals Rm;. Since {g € G: g(Rm) = Rm} is a non-empty Zariski closed
subset of the connected variety G, this set equals G. So g(m) = xi(g)m
with xi(g) € k\ {0}; x; is a character of G. But a semisimple group has
no non-trivial characters. Thus g(m;) = =; for all g € G, and therefore f
has a prime decomposition in R¢.

Generic flatness. In the proof of 6.5.4 we used the following theorem on
‘generic flatness’

Theorem 6.5.6. Let R be a Noetherian domain, S a finitely generated R-
algebra, and M a finite S-module. Then there exists f € R such that MQ Ry
is a free (in particular flat) Ry-module.

Proor. There is nothing to prove for M = 0. So suppose that M # 0. Then
there exists in M a chain 0 = My C M; C --- C M,, = M of submodules
such that M, 1/M; =2 §/p, for some prime ideal p, of S. (One only needs
that Ass N # 0 for an S-module N # 0.) It is enough to prove that the
theorem holds for each quotient M1/ M; since N= U@ N/Uif Uis a
submodule of N for which N/U is free. That is to say, we may suppose
that M = S, and, furthermore, that S is a domain.

If the natural homomorphism R — S is not injective, we simply take
f from its kernel. Thus R may be considered as a subring of S. Let Q
be the field of fractions of R. Then §® @ = Sg\{0} is @ domain contained
in the field of fractions of 5. It is a finitely generated @-algebra, and
therefore has finite Krull dimension, say d. We go by induction on d.

By the Noether normalization theorem A.14 the Q-algebra S ® Q
contains yi,.. ., yg such that S® @ is integral over Q[yy, ..., y4]; moreover,
Y1,-- -, Yq are algebraically independent over Q. Multiplying by a suitable
common denominator, we may assume that y; € S for all 7. Let z be
an element of S. As z is integral over Q[vi,...,yq], it is easy to find
g € R such that z is already integral over Ry[w1,...,y4]. Since R is a
finitely generated R-algebra, one therefore has that S, is integral over
Ry[w1,...,vq] for some element g € R. In view of what is to be proved
we may replace R by R, and § by S ® R,.

Thus we have reached a situation in which S is a finite module
over the ring T = R[fi,...,fs] C S which in turn is isomorphic to a
polynomial ring over R, and therefore a free R-module. Let F be a free
T-submodule of S such that S/ T is a torsion module. Then F is a free
R-module. It remains to show that the theorem holds for S/ T as a finite
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T-module. As above, S/ T has a finite filtration with successive quotients
of type T'/p where p € Spec T. Since S/T is a torsion module, p # 0.
Therefore T'/p ® Q, if non-zero, is a proper residue class ring of T ® @,
and so has dimension < dim T'® @ = d. Thus we may repeatedly apply
the induction hypothesis in order to complete the proof. O

Exercises

6.5.7. Let k be an infinite field, and let R = k[Y}, s, Z1, Z,] /(Y2 — Y}2). Obviously
R is a Cohen—Macaulay ring, and reduced if chark # 2. Let G = GL(1,k) act on
k[ Y, Y3, Zy, Z,] by the substitutions ¥; — a¥;, Z;— a'Z;, a € k, a # 0. Prove:
(a) The action of G induces an action of G on R, and R is the k-subalgebra
generated by the products y;z;, 4,7 = 1,2. (Small letters denote residue classes in
R)

(b) The substitution X;; — Y,Z; induces a surjective k-algebra homomorphism
k[ X1, Xia, Xot, X22] — RE. Tts kernel is generated by the elements X;; X5, — X;5 X5y,
X — Xy, XuXoy — Xip Xop, Xy — X3,

(¢) R is not Cohen—Macaulay.

By increasing the number of variables ¥; (and the degree of the equation defining
R) one can even produce examples of factorial hypersurface rings R such that R¢
is not Cohen—Macaulay. (A hypersurface ring is a residue class ring of a regular
ring with respect to a principal ideal.)

6.5.8. Suppose G be a subgroup of GL(V) where V is a finite dimensional vector
space over an infinite field k. Set V! = *@k*@® V and let G = SL(2, k) x SL(3, k) x G
act on V' by

(f: by ) wy0) = ((det g)flu), (det g)Hw), o(v)).

Then obviously detg' = 1 for all ¢ € G'. Let R = S(V) and R' = S(V'). Show
R¢ >~ (R)Y.

Notes

Hochster [174] proved the Cohen—Macaulay property of normal semi-
group rings using the shellability of convex polytopes (see Section 5.2 for
the notion of shellability.) A purely algebraic proof was provided by Goto
and Watanabe [135]; they computed local cohomology from a complex
similar to L*. Such complexes, or their graded k-duals (which are dual-
izing complexes) have been constructed by several authors. See Trung
and Hoa [371] or Schafer and Schenzel [321]; these articles give Cohen—
Macaulay criteria for general affine semigroup rings. For a general affine
semigroup C the Cohen-Macaulay and the Gorenstein property of k[C)]
may depend on the field k; see [371] and Hoa [173]. Gilmer [126] treats
semigroup rings from a more general point of view.

Our approach is close to that of Ishida [227]; from Danilov [76] we
borrowed the idea of proving the vanishing of certain cohomology groups
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by a topological argument. See also Stanley [360] and [363] where the
method is also applied to certain modules over normal semigroup rings,
namely those which in the invariant-theoretic situation arise as semi-
invariants. (See 6.4.17 for a non—-Cohen—Macaulay such module.) More
recently the Cohen—Macaulay property of modules of semi-invariants
was investigated by Van den Bergh [378]. The complete intersection
normal semigroup rings were classified by Nakajima [285].

Stanley computed the canonical module of a normal semigroup ring
by a combinatorial argument outlined in 6.3.10, whereas Danilov [76]
applied differentials. Local cohomology as in 6.3.5 was used by Goto and
Watanabe.

For the theory of Ehrhart polynomials and related combinatorial
functions we refer the reader to Ehrhart [89], Stanley [361], and to Hibi’s
survey [168] where numerous references are given. See also Danilov [76].

Normal semigroup rings, or rather their spectra, are the most special
cases of toric varieties which connect combinatorics and algebraic geom-
etry. We must confine ourselves to a list of references: Kempf, Knudsen,
Mumford, and Saint-Donat [236], Danilov [76], Oda [293], and Ewald
[99]. The recent book by Sturmfels [366] treats the combinatorial aspects
of Grobner bases for the defining ideals of semigroup rings.

The invariant theory of finite groups is a classical subject whose
literature we cannot cover adequately; instead we refer the reader to
Springer [355], Stanley [358], Benson [40], and Smith [353]. While 6.4.5
is due to Hochster and Eagon [189], the Cohen—-Macaulay property of
rings of invariants of finite groups seems to have been realized by several
authors. The characterization of Gorenstein invariants is the work of
Watanabe as pointed out in 6.4.11; Stanley gave the combinatorial proof
reproduced by us. The determination of the canonical module is only
implicit in Watanabe’s papers; according to Stanley [358] it was made
explicit by Eisenbud.

References for the Hochster—Roberts theorem, its variants and exten-
sions have been indicated in 6.5.3. Hochster [187] contains an extensive
discussion of the problem of determining the canonical module of a ring
of invariants. As pointed out in 6.5.5, this problem was satisfactorily
solved by Knop [238].

The example in 6.5.7 is a simplification of that of Hochster and Eagon
[189], p. 1056. It is a very special instance of the Segre product of graded
rings. The Cohen—Macaulay property of Segre products was explored by
Chow [69] and Goto and Watanabe [134].

Hochster [185] is a survey of the invariant theory of commutative
rings.

The theorem of generic flatness is due to Grothendieck [142], IV.6.9.
A more refined version was given by Hochster and Roberts [201]; see
also [270], §24.



7 Determinantal rings

Determinantal rings occur in algebraic geometry as coordinate rings of
classical algebraic varieties. From the algebraic point of view they are
graded algebras with straightening law which themselves form a subclass
of the class of graded Hodge algebras. The special feature of such an
algebra is that it is free over the ground ring with a monomial basis
whose multiplication table is compatible with a partial order on the
algebra generators.

The results on filtered rings in Section 4.5 will be applied to ‘trivialize’
a graded Hodge algebra: by repeatedly passing to a suitable associated
graded ring one eventually gets a discrete Hodge algebra, which is noth-
ing but the residue class ring of a polynomial ring modulo an ideal
generated by monomials. A discrete algebra with straightening law may
be considered the Stanley—Reisner ring of the order complex of a certain
poset, and as an application we will thus obtain a Cohen—Macaulay
criterion.

The remaining sections of the chapter are devoted to the most impor-
tant examples of algebras with straightening law, the determinantal rings.
It will be shown that these rings are normal Cohen—Macaulay domains.
The class group and the canonical module will be identified, and we will
characterize the Gorenstein determinantal rings.

7.1 Graded Hodge algebras

In this section we introduce graded Hodge algebras and study their basic
properties.

Let A be a ring, H a finite subset of 4, and ¢ € N, ¢ = (¢). An
element u = ngH £% 1s called a monomial on H with exponent c. Its
support is the set suppu = {€ € H: ¢; # 0}. Let v and « be monomials
on H with exponents c and ¢, respectively. We say u divides v’ or u is a
factor of ' if ¢ — ¢ € NE, Finally, if ¥ C N¥ is a semigroup ideal, we
call c € ¥ a generator of Jif c—c ¢ NE foralld € %, ¢ # c
Definition 7.1.1. Let A be a B-algebra, H C A a finite subset with partial
order <, and ¥ C IN¥ a semigroup ideal. A is a graded Hodge algebra on
H over B governed by X if the following conditions hold.

(Ho) A = P Aiis a graded B algebra with 4 = B, and H consists of
elements of positive degree and generates 4 over B.

300
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(H;) The monomials on H with exponent in N# \ ¥ are linearly inde-
pendent over B. They are called standard monomials.

(Hz) (Straightening law) If v is a monomial on H whose exponent is a
generator of X, then v has a presentation

v = Z byu, bye€ B, b,#0, wuastandard monomial,

such that for each £ € H which divides v there exists for every u a factor

(o with {, < €.

The right hand side of a straightening relation may of course be
the empty sum, ie. equal to zero. If this happens for all straightening
relations, the graded Hodge algebra is called discrete. In this case
A= B[X;: £ € H|/I where I is generated by the monomials [[ . g X,
¢ = (¢¢), ¢ € X. In particular, Stanley-Reisner rings are discrete Hodge
algebras.

The graded Hodge algebra A is called a graded algebra with straight-
ening law (on H over B), abbreviated graded ASL, if X is generated by
the exponents of monomials £v where £ and v are incomparable elements
in H. Tt follows that a monomial u is standard if and only if all factors
of u are comparable with each other, and for all incomparable &,v € H
we have a straightening relation

Ev= Z by, bye€ B, b,#0, uastandard monomial,

satisfying the condition: every u contains a factor { € H such that { < ¢,
¢ < v. In fact, by (Hz) there exist factors {, and (, of v such that {, < ¢
and ¢, < v. Since all factors of u are comparable with each other we may
choose for ( the minimum of ¢, and (.

ASLs are the most important graded Hodge algebras. Significant
examples will be treated in the next sections.

Proposition 7.1.2. Let A be a graded Hodge algebra on H over B governed
by 2. Then the standard monomials form a B-basis of A.

Proor. Let £ € H; we define dim £ to be the maximal length of chains
£ = &g < & < ---1in H, and define the weight of a monomial u = ngH £a
tobe Y ccpce(d+ 1)4m¢ where d is the maximum of the numbers dem e
of generators ¢ = (¢¢) of X\

It suffices to show that all non-standard monomials are linear com-
binations of standard monomials. Let v be a monomial with exponent
¢ € ¥, and let ¢ be a generator of X such that ¢ — ¢ € N¥. Then
v = ngH &% divides v/, and so v = vw where w is a monomial on H.
Applying the straightening law for v, we obtain the equation v' = ) byuw,
b, € B, by, # 0, u standard. We claim that all monomials on the right
hand side of this equation are of strictly greater weight than v'. In
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fact, if & = max{dim¢: ¢; # 0}, then for any u in the straighten-
ing equation for v there exists a factor &, with a < dim¢,, so that
weightv < Y ccpee(d+1)* < (d+ 1ot < (d + 1)4m& < weight u. Since
the weight of a product of monomials is the sum of the weights of the
factors, the claim follows.

On the other hand, the monomials on the right hand side of the
equation for v/ have the same degree as v'. Therefore descending induction
concludes the proof. O

The previous proposition guarantees that every element of 4 has a
unique presentation as a B-linear combination of standard monomials,
which we call its standard representation.

Proposition 7.1.3. Let A be a graded Hodge algebra on H over B governed
by X, and T¢, £ € H, a set of indeterminates over B. For each monomial
u=§&-- & on H we set T, = T¢, --- T¢,. Then the kernel of the B-
algebra epimorphism

@: B[T¢: £ € Hl — A4, Te— &,

is generated by the elements T,—Y b, T, corresponding to the straightening
relations.

ProoF. Let I be the ideal in B[T; : £ € H| generated by the elements
T, - Y, b,T, corresponding to the straightening relations. It is clear that
I C Ker . Conversely, let f € Ker ¢; then the proof of 7.1.2 shows
that there exists g € I such that f— g = b, T, v standard. It follows
that 0 = o(f— g) = Y, byu. According to (Hj) all b, = 0, and hence
fel O

Among the graded Hodge algebras on H over B governed by X,
the discrete Hodge algebra is in a sense the simplest. Its ring-theoretic
properties are determined only by the ground ring B and the combi-
natorial properties of H and Y. Surprisingly this is true in part for a
general graded Hodge algebra as well. The set Ind 4 of elements ¢ € H
which appear as factors in the monomials on the right-hand side of the
straightening relations is called the indiscrete part of A. It serves as a
measure of how much 4 differs from a discrete Hodge algebra.

The following theorem allows the stepwise approach from a general
graded Hodge algebra to a discrete one by forming suitable associated
graded rings. The results of 4.4 permit us to control ring-theoretic
properties of the algebras involved in this operation.

Suppose Ind A # 0, choose a minimal element £, € Ind 4, and set
I = (&). We will first prove a refinement of 7.1.2.

Lemma 7.1.4. The ideal I’ has a B-basis consisting of all standard mon-
omials u = [[¢cpg £ such that cg, > j.
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Proor. Certainly the elements §3u, u a standard monomial, generate 7

as a B-module. We claim that §3u either is a standard monomial or is
zero. This, in view of 7.1.2, will prove the lemma.

Suppose §3u is not standard; then it is a multiple of a monomial v
whose exponent is a generator of Y. Since v is standard, the element &
1s a factor of v, and thus for each monomial on the right hand side of
the straightening relation for v there exists a factor less than &y. Since &
1s a minimal element among such factors, the straightening relation must
be trivial. It follows that §3u =0. O

For an element ¢ € A we define ord a as the supremum of integers j
for which a € F, and call a* = a+ I°®%*! the initial form of a in gr;(4).
We have ord éy = 1, and ord ¢ = 0 for all £ € H, £ # &.

Let a,b € A; then ord ab > ord a+ ord b, and (ab)* = a*b~ if ord ab =
ord a 4 ord b. By induction one proves a similar formula for more than
just two factors. Thus, if v = ngH £° is a standard monomial in 4, it
follows from the previous lemma that v~ = ngH(g*)CE. In conclusion we
see that gr;(A) is generated over B by the elements £*, £ € H, and that
gr;(A4)is a free B-module with basis {¢*: u is a standard monomial of 4}.
Moreover, gr;(A4) may be viewed as a positively graded B-algebra, if, for
all 7 > 0, the set of homogeneous elements of degree 5 of gr;(A4) is defined
to be {a*: a € A is homogeneous of degree j}.

Now it is easy to give gry{A) the structure of a graded Hodge algebra:
we let H* = {¢*: £ € H}. The map H — H*, £ — £*, induces a bijection
w: N# — N and we set Z* = ¢(X). The partial order defined on H*
will of course be given by £* < n* <= £ < n.

Theorem 7.1.5. gr;(4) is a graded Hodge algebra on H* over B governed
by Z*, and Indgr;(A4) C {£*: £ € Ind A} \ {&5}.

ProoF. It remains to check (Hj): let d = (d¢-) be a generator of X*, and
w= Hg‘eHﬂ(ﬁ*)dé‘. Then ¢ = (¢¢), ¢ = dg- for all £ € H, is a generator
of ¥, and for v = ngH &% we have the straightening relation v = ) byu.
We want to define the straightening relation for w. There are two
cases to consider. In the first case, & is a factor of ». Then v = &3¢’ where
v’ is a standard monomial, and it follows that v = 0 as we saw in the proof
of 7.1.4. Therefore w = 0 is the desired straightening relation in this case.
In the second case, & is not a factor of v. Then w =Y 4,0 but” is the
straightening relation for w. In particular it follows that ¢ ¢ Ind gr (A4).
O

Let A (respectively A') be a graded Hodge algebra on H (respectively
H') over B governed by X (respectively X'). We say that A and A’ are
Hodge algebras with the same data, if there is an isomorphism H — H' of
posets for which the corresponding map N¥ — IN#' induces a bijection



304 7. Determinantal rings

Y — X'. We have just seen that 4 and gr;(4) are graded Hodge algebras
with the same data, the only difference being that the indiscrete part
has become smaller. Thus after finitely many such steps we arrive at a
discrete Hodge algebra with the same data as A.

Corollary 7.1.6. Let A be a graded Hodge algebra on H over the Noetherian
ring B governed by X, and let Ag be the discrete Hodge algebra over B
with the same data. Then:

(a) dim A = dim Ag;

(b) 4 is reduced, Cohen—Macaulay, or Gorenstein if Ay is too.

ProoF. A basic observation for (a) and (b) is that both 4 and 4, are free
and, hence, faithfully flat B-algebras. In conjunction with A.11 it implies

dim A = max(dim B, + dim 4 ® k(p))

where p ranges over Spec B. It is clear that A ® k(p) is a Hodge algebra
over k(p) with the same data as A; therefore 4o ® k(p) = (4 ® k(p))o-
Thus it is enough to consider the case in which B = k is a field. Next we
may replace Ay by gr;{4). Both these rings are positively graded so that
dim 4 = dim Ay and dim 4¢ = dim Am, where m and my are the *maximal
ideals. Furthermore I is generated by homogeneous elements of positive
degrees. Therefore 4.5.6 yields the desired equality of dimensions.

We show (b) for the Cohen—-Macaulay property. The Cohen—Macaulay
property of Ag implies that of B and that of 4 ® k(p) for all prime ideals
p of B (see 2.1.7). Let B be a prime ideal of 4 and set p = BN P. Then

depth Ag = depth B, + depth Ag ® k(p)
= dim B, + depth(4 ® k(p))q

where q is the image of P in A ® k(p) (see 1.2.16). It follows that
Ay is Cohen-Macaulay if depth(A ® k(p))q = dim(4 ® k(p))q. Thus the
isomorphism 4o @ k(p) = (4 @ k(p))o reduces the contention once more
to the case in which B = k is a field.

It is enough to derive the Cohen—Macaulay property of 4 from that
of gr;(A4). Let m be the *maximal ideal of A. Since I C m, 4.5.7 implies
that Ay is Cohen—Macaulay, and then A is, too, by Exercise 2.1.27.

For the Gorenstein property one argues similarly, using 3.3.15, 4.5.7,
and Exercise 3.6.20. The assertion about 4 being reduced follows imme-
diately from 4.5.8. O

In case A is an ASL on H over B, the discrete ASL with these data
is the Stanley—Reisner ring of the order complex A(H) (see Section 5.1)
over B. Thus we may use the results of Chapter 5 in order to conclude
that certain ASLs are Cohen—-Macaulay. In the following corollary we
extend the poset H by adding absolutely minimal and maximal elements
0 and 1.
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Corollary 7.1.7. Let A be an ASL on H over B. If B is Cohen-Macaulay
and H U {0,1} is a locally upper semimodular poset, then A is Cohen-
Macaulay .

PROOF. By virtue of 5.1.12 and 5.1.14 the discrete ASL A} on HU {0,1}
is Cohen-Macaulay, provided B is a field. Since Aj is obviously a
polynomial ring over the discrete ASL Ay on H, it follows that Ag is
Cohen—-Macaulay. According to Exercise 5.1.25, 4y is Cohen—-Macaulay
for every Cohen—Macaulay ring B. Now one applies 7.1.6. O

There is a simple proof of 7.1.7 which avoids the combinatorially
difficult theorem 5.1.12; see [90] or [61], (5.14).

Exercises

7.1.8. Let A be a graded Hodge algebra on H over a ring B governed by X.

(a) Let H' be a subset of H such that the ideal H'A is generated as a B-module
by the standard monomials it contains. Show that A/H'A is in a natural way a
Hodge algebra on H\ H' governed by X' where H\ H' is considered as a subposet
of H and X' consists of all elements of X which are exponents of monomials on
H\ H.

(b) Show that (a) in particular applies if H' is an ideal in H. (An ideal in H' is a
subset satisfying the following condition: ¥ < h€ H' = k' € H')

(c) Let H' and H" be ideals in H. Then H'A N H"A is the ideal of A generated
by H' n H".

(d) Specialize (a), (b), and (c) to the case of an ASL A.

7.1.9. With the notation of 7.1.8 assume that Y i1s generated by squarefree
monomials. Show that 4 is reduced if (and only if) B is reduced. In particular a
graded ASL over a reduced ring B is reduced.

7.1.10. Let A be a graded ASL on the poset H over a Noetherian ring B. Show
that dim A = dim B 4+ rank H + 1.

Hint: First prove the formula for a field B. Next deduce dim A = max{dim B, +
dimk(p) ® A: p € Spec B} from A.11 and the fact that A is a free B-module, and
note that k(p) ® A is an ASL on H over the field k(p).

7.1.11. (Hibi) Let k be a field, C a positive affine semigroup generated by
Cly-- 6y and A = k[C]. We order {¢,...,c,} by seiting ¢, < --- < ¢, and
let X be the set of exponents (a,...,a,) such that there exists (by,...,b,)
which is lexicographically greater than (ai,...,a,) and satisfies the condition
(X)n (X))o = (X ). o (X )P,

(a) Show k[C] is a graded Hodge algebra over k with these data.

(b) Let C be the subsemigroup of IN? generated by (2,0), (2,1), (1,2), and (0, 2).
Determine the sets X for the orders (i) (2,0) < (2,1) < (1,2) < (0,2) and (ii)
(2,1) < (1,2) < (2,0) < (0,2), and show that the discrete Hodge algebra 4, is
Gorenstein in case (i), and not even Cohen—Macaulay in case (ii).
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7.2 Straightening laws on posets of minors

The most important examples of ASLs are rings related to matrices and
determinants, and the prototype of such a ring is

Ry = Rr+1(X) = B[X]/ITH(X)

where B[X] is the polynomial ring in the entries of an m x n matrix of
indeterminates X,; over some ring B of coefficients, and I,41(X) denotes
the ideal generated by the (r+ 1)-minors of X. We always suppose that
0 < » < min(m, n), the trivial cases r = 0 and r = min(m, n) being included
for reasons of systematics.

What makes the analysis of R,, difficult is the fact that the generators
of I,;1(X) are very complicated expressions in terms of the Xj;. Therefore
one enlarges the set of generators of the B-algebra B[X] by considering
each minor as a generator. Of course, apart from trivial cases, we lose
the algebraic independence of the generating set, but only to the extent
that B[X] is an ASL on the set of minors of X.

The minor corresponding to the submatrix of X with rows ay,...,q,
and columns by,..., b, is denoted by

[alau|blbu]

The set A consists of those minors [a;...ay,| b1 ... b,] which satisfy the
condition a; < -+ < @y, by < --- < by. It is partially ordered by the rule

[al...au|bl...bu]§[c1...c,,|d1...d,,]
<— w>vand ;< ¢, b;<d;, i=1,...,0.

It is easy to see that A is a distributive lattice under this partial order.

Rather than proving directly that B[X] is a graded ASL on A we take
a detour which leads to a substantial simplification of the combinatorial
details, and introduces another interesting and important class of rings.
We suppose that m < n. Then the maximal minors of X are the m-minors.
An m-minor of X is simply denoted by

[a1...an)

where ay,...a, are the column indices of the submatrix whose determi-
nant is taken. The subset of A consisting of all m-minors in A is called
I'. Obviously I' is a sublattice of A. We write

G(X),

or, if appropriate, Gp(X) for the B-subalgebra of B[X] generated by I.
The letter G has been chosen since (over a field B) G(X) is the coordinate
ring of the Grassmannian of m-dimensional vector subspaces of B™
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Theorem 7.2.1 (Hodge). Let B be a ring, and X an m X n matric of
indeterminates over B with m < n. Then G(X) is a graded ASL on I'.

Condition (Hy) is evidently satisfied, and the validity of (H;) is stated
in the following lemma:

Lemma 7.2.2. The standard monomials in I" are linearly independent.

ProoF. For v = [a1...ay] let U, be the following m x n matrix whose
entries Uy are indeterminates over B:

0 -+ 0 Uy -+ Upgyy Uty -+ Ungy—y -+ Utg, -+ Uy

0 --- 0 Usa, *++ Usap1
0 --- 0
0---0 0 --- 0 0« 0 o Upg ++ Up

The substitution which maps X;; to the corresponding entry of U, induces
a B-algebra homomorphism ¢,: G(X) — G(U,) where G(U,) denotes the
B-subalgebra of B[Uy;: j > a generated by the maximal minors of U,.
Observe that for 6 > 7 the matrix U, has indeterminate entries where
Us has non-zero entries. Therefore the analogous substitution yields a
B-algebra homomorphism 1s,: G(U,) — G(Us) with @5 = sy 0 .

The matrix U, is chosen in such a way that the submatrix of its
columns 1,...,a; — 1 has rank ¢ — 1 for s = 1,...,m+ 1 (where we let
amt1 = n+ 1). The reader may carefully check that this implies ¢,(5) = 0
for all 8 # 7. So the application of ¢, to alinear combination of standard
monomials strips off all terms which contain a factor 5 % 7.

The lemma follows immediately from the following claim (with y =
[1...m]): let Z(7) be the set of standard monomials all of whose factors
are > 7;. then ¢,(2(7)) is a linearly independent subset of G(U,).

We prove this claim by descending induction over the poset I'. Let
Y wer buwy(w) = 0 be a linear combination with U C X(v), U # 0, and
by, # 0 for all u € U. The element ¢,(7) is a product of indeterminates,
and therefore G(U,)-regular. Thus, cancelling ¢,(7) if necessary, we
may suppose that 7y does not occur as a factor of at least one of the
standard monomials in the sum, say uy. Let v be the smallest factor
of ug. Then v > 4, and 0 = ) . butbyy(0)(4)) = Y yern Dutpp(d') where
U = Un X(¥). Since ug € U, we obtain a contradiction to the induction
hypothesis. O

Next we want to show that every product 76 of (incomparable)
minors 7,6 € I' can be written as a linear combination of standard
monomials. This ‘straightening’ will be performed by iterated applications
of the Plicker relations given in the following lemma. (We use o(4 ...1%)
to denote the sign of the permutation of {1,...,s} represented by the
sequence 1, ..., %.)
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Lemma 7.2.3. For every m X n-matric, m < n, with elements in a ring A
and all indices ai,...,ap, bgy..., by, c1,...,¢; € {1,...,0} such that s =
m—p+qg—1>mandt=m—p>0 one has

Z ot ... d)[ar... apci ... €] [y oo e € g ] = 0.
<<y
Gy <<l

{it ooy = { Lo

Proor. It suffices to prove the lemma for a matrix X of indeterminates
over Z. Next we may replace Z by @, and finally the ring Q[X] by its
field of fractions Q(X). We consider the Q(X)-vector space V generated
by the columns of X. Let S be the group of permutations of {1,..., s},
and let X; denote the j-th column of X. We define a: V* — Q(X) by

a(yla"'ays) =

Z o(m)det(Xa,y ..oy Xayy Yn(1)s- -+ Ya(9) A (Yn(ea1)s - - -5 Yn(s)s Xbgy - -+ Xby)-
TES

It is straightforward to check that a is a multilinear form on V°. When
two of the vectors y; coincide, every term in the expansion of a which
does not vanish anyway is cancelled by a term of the opposite sign. Thus
a is alternating. Since s > dim ¥V = m, one has a = 0.

Let us fix a subset {#,...,%}, & < -+ < 4, of {1,...,s}. Then, for all
m such that #({1,...,%}) = {4,..., %}, the summand corresponding to = in
the expansion of a equals

ot ... 45) det(Xay, ooy Xy, Uiy oy Yi) deb(Yigy ooy Uiy Xogy -+, Xb,)

where %;1,...,%; are chosen as above. Therefore each of these terms
appears with multiplicity ¢! (s — ?)! in the expansion of a, and cancelling
this factor we obtain the desired formula. O

Let us ‘straighten’ the product [1 4 6][2 3 5]. For the data p = 1,
a=1,¢g=3,b3=25,(c,...,ca) = (4,6,2,3) one has the following Pliicker
relation:

[146][235]+[124][356] —[134][25 6]
+[126][345]—[136][245]+[123][456]=o0.
When solved for [1 4 6][2 3 5], it is not yet a linear combination of
standard monomials. However, [1 4 6][2 3 5] is the ‘worst’ term: for
it incomparability occurs already in the second position, whereas in the

remaining terms at least positions 1 and 2 are ordered. Using the Pliicker
relations

[126][345] —[123][456]+[124][356]—[125][346]=0,
[136][245]+[123][456]+[134][256]—[135][246]=0,
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one finally gets
[146][235]=—-3[123][456]—[125][346]+][135][246].
We now describe how to apply the Pliicker relations in general.

Lemma 7.2.4. Let [ay ... an), [b1-..bn] be elements of I' such that a; < b;
fori=1,...,p and apy1 > bpy1. Weput q=p+2, s=m+1, (a,...,¢) =
(apt1ye++y Gmy b1y. ooy bpr1). Then, in the Plicker relation 7.2.3 with these
data, all the non-zero terms [dy...dp][e1...em] # [a1... am][b1... by have
the following properties (after their column indices have been arranged in
ascending order):

(a) [dldm]g[alam], (b) dlgel,...,dp+1§ep+1.

PRrOOF. Since by < -+ < bpy1 < app1 < -++ < Qm, [di...dn] arises
from [a;...a,] by a replacement of some of the g; by smaller in-
dices. This implies (a) and d; < ¢ for ¢ = 1,...,p. Furthermore d,1; €
{ala ceey Qpy bla [ERX} bp+1}7 50 dp+1 S bp+17 and €p+1 € {ap+17 ceey Oy bp+17 teey
b}, 80 bpy1 < €ppa.

By induction on p it follows immediately from 7.2.4 that a product
76, 7,6 € I', is a B-linear combination of standard monomials of, a < 3,
such that e < 7. This however does not yet imply (Hz). (In general
the straightening procedure based on 7.2.4 produces intermediate results
violating (Hz).) In order to see that (Hj;) is indeed satisfied we must
also straighten the product in the order 6y. The standard monomials
af3 obtained now satisfy @ < §. By linear independence of the standard
monomials, both representations of y§ = 67 coincide, and (Hj) follows.
This completes the proof of 7.2.1.

Before we turn to the discussion of the polynomial ring B[X], we
state a useful corollary of 7.2.1.

Corollary 7.2.5. (a) Let T,, v € I', be a set of indeterminates over B.
Then the kernel of the surjective homomorphism B[Ty: y € I'] — G(X) is
generated by the elements representing the Plicker relations.

(b) One has Gp(X) = Gz(X)® B.

(c) Suppose B is a Noetherian ring. Then dim G(X) = dim B+m{n—m)+1.

ProorF. By 7.1.3, Gg(X) is the residue class ring of B[T,: 7y € I'| modulo
the ideal generated by the elements representing the straightening rela-
tions. As seen above, the straightening relations are linear combinations
of the Pliicker relations. This proves (a), and (b) is a simple consequence
of (a) if one notes that the Pliicker relations are defined over Z.

By virtue of 7.1.10 one has dim G(X) = dim B+rank I'+1. Each cover
of [a1...an] € I' is obtained by replacing one of the indices a; by ¢;+1 (of
course, this is only feasible if a;4+ 1 < g;y1). Furthermore rank[1...m] = 0.
Therefore rank[a;...an = Yrja—1 = Yo e — m(m+ 1)/2. This
immediately yields rank I = rank[n — m+ 1...n] = m(n — m). O



310 7. Determinantal rings

As before let X be a matrix of indeterminates, and A the poset of its
minors; the condition m < n is no longer required. We extend X by m
columns of further indeterminates, obtaining

X 0 X Xiprr o Xipgm
X = : : : :
Xml ot an Xm,n+1 ot Xm,n+m

Then B[X'] is mapped onto B[X] by substituting for each entry of X’
the corresponding entry of the matrix

X o Xip 0 oo oo 0 1
: 0
o .- . :
X v Xpm 1 0 oo .o 0
Let ¢ : G(X') — B[X] be the induced homomorphism. Then
(1) @([br... b)) = t[ar...a:| b1... by
where ¢ = max{:: b; < n} and a,..., a; have been chosen such that

{ag,...ap,n+m+1—by,...,n+m+1— b1} ={1,...,m}.

Equation (1) shows that ¢ is surjective, and furthermore sets up a bijective
correspondence between the set I'' of m-minors of X’ and AU{+1}. Note
that the maximal element & = [n+ 1...n+ m] of IV is mapped to +1,
and that the restriction of ¢ to I'"\ {{i} is an isomorphism of posets. (We
leave the verification of this fact to the reader; the details can also be
found in [61], (4.9).)

Lemma 7.2.6. The kernel of ¢: G(X') — B[X] is generated by i+ 1.

Proor. Note that G(X'), B[X], and « are obtained from the corresponding
objects over Z by taking tensor products of the latter with B. (This is
non-trivial only for G(X') for which it has been stated in 7.2.5.) Therefore
it is sufficient to consider the case B = Z. Then G(X') is an integral
domain, and it follows from the properties of dehomogenization (see
1.5.18) that fi+ 1 generates a prime ideal p of height 1. By virtue of 7.2.5
one has
dim G(X')=dimZ + mn+ 1 = dimZ[X] + 1.

As p C Ker ¢, we in fact have p = Ker ¢. O

Theorem 7.2.7 (Doubilet—-Rota—Stein). Let B be a ring, and X an m X n
matriz of indeterminates. Then B[X] is a graded ASL on the poset A of
minors of X.
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Proor. From our previous arguments it is obvious that ¢ maps the
standard monomials in I'" \ {i} to standard monomials in A. Since ¢ is
surjective and G(X') is a graded ASL on I", the standard monomials in
A generate B[X] as a B-module.

The smallest factor of a standard monomial on the right hand side of
a straightening relation in an arbitrary ASL is never a maximal element of
the underlying poset. Therefore the validity of (Hz) cannot be destroyed
by a substitution which takes such an element to an element of B.

It only remains to observe the linear independence of the standard
monomials in 4, or, equivalently, that there is no non-trivial relation

Zauu:(ﬁ:t 1)26,,11

where u and v represent pairwise distinct standard monomials in G(X'),
and none of the u contains & as a factor. O

Exercises

7.2.8. Let u= 6, --- 6, be a product of minors of X. The content of uis the vector
of length m + n which for each row and each column lists the multiplicity with
which the row or column appears in u. Let v be a standard monomial in the
standard representation of u. Show that v has the same content as u, and has at
most r factors.

7.29. Let m < n, and X be an m X n matrix of indeterminates over a ring B.
Let 1 <m < --- < r, < m be integers, and consider the subposet I'(r,...,7,) of
A formed by all minors which are of the form [1...7|a, ... a,] for some 7. Show
that B[I'(r,...,rs)] is a graded ASL on I'(r,...,r,). (Note that this class of 1ings
generalizes G(X).)

(For a field B = k, k[I'(ry,...,r;)] is the multihomogeneous coordinate ring of the
variety of flags 0 C Uy C -+ C U, C k" of linear subspaces such that dim U; = r;.)
7.2.10. Let H be a finite poset with partial order < , and H~ the poset with
the reverse partial order <: A < B < h' < h. A graded ASL R on H is
called symmetric if it is also an ASL on H~ (with respect to the same embedding
H — R).

(a) Show that G(X) is a symmetric ASL.

(b) Show that the graded ASLs B[I(r,...,r;)] of the previous exercise are

symmetric.

7.3 Properties of determinantal rings

In this section we shall assume that the ground ring B is a field, and
therefore replace the letter B by &k throughout. The transfer of the results
to more general ground rings is indicated in Exercise 7.3.8.

As in the previous section let X be an m x n matrix of indeterminates
over k. The determinantal ring R, is the residue class ring of k¥[X] with
respect to the ideal generated by the (r+ 1)-minors of X. In view of the
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ASL structure of k[X] it is useful to extend this system of generators by
including all +minors with ¢ > r+ 1. The enlarged system of generators is
an ideal in the poset A of all minors of X. By Exercise 7.1.8, R, inherits
the ASL property of k[X]; its underlying poset is the coideal 4,41 of A
which consists of the wminors of X with v < r+ 1. (A coideal is the
complement of an ideal.) Evidently A,;; has a single minimal element,
namely [1...7|1...7].

More generally, for 6 € A we want to investigate the residue class
rings Rs of k[X] modulo the ideal Is generated by all minors ¢ 2 8. As
in the special case § = [1...7|1...7] above, Rs is an ASL on the coideal
As = {{ € A: ( > 6}. In a distributive lattice a coideal with a single
minimal element is again a distributive lattice, and it follows directly from
7.1.7 and 7.1.9 that Rs is a reduced Cohen—Macaulay ring. Moreover we
can easily compute its dimension.

Similarly we may consider the residue class rings G, of G(X). These
are the residue class rings of G(X) with respect to the ideal J, generated
by all 8 € I', B8 2 7. The corresponding coideal in I" is denoted I7,.

Theorem 7.3.1. Let k be a field, and X an m X n matriz of indeterminates
over k.

(a) (Hochster, Laksov, Musili) Suppose m < n, and let y = [a1...an] € I
Then G, is a normal Cohen-Macaulay domain of dimension

m

m(n—m)—i—@—Zai—l—l.

(b) Let 6 = [ag...ax | by... b,] € A. Then Rs is a normal Cohen—-Macaulay
domain of dimension

»

(m+n+1)r— Z(aﬁ— b;).

i=1

(c) (Hochster-Eagon) In particular, R.i1 is @ normal Cohen—Macaulay
domain of dimension (m+ n— 7)r.

Proor. The Cohen—Macaulay property of R; and G, follows from the
fact that the posets As and I are distributive lattices, as explained above.
In order to compute their dimensions one must determine the ranks of
the posets As and I'); see 7.1.10.
Since all maximal chains in a distributive lattice have the same length,
one has
rank Iy = rank I' — (rank y + 1).

Both rank I and rank 7y were computed in the proof of 7.2.5.
For the computation of dim Rs and for the proof of normality it is
convenient to relate Rs to a ring of type Gy in the same way as B[X]
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was related to G(X') for the proof of 7.2.7. We choose
Y =[by...b, (n+m+1)—qa ... (n+m+1)—ad,_,]

with {a},...,a,_,} being the complement of {ay,...,a} in {1,...,m}.
Then ¢: G{X') — B[X] as defined before 7.2.6 maps 7 to +é and the
generators of J, to a generating set of I;. It follows from 7.2.6 that the
induced homomorphism ¢s: Gy — R is surjective, and that its kernel is
generated by z4+ 1 where the maximal element & of I'' is considered as
an element of Gy. Now an easy computation yields the dimension of Rs.

As we just saw, R; is a dehomogenization of a ring of type I,
and therefore it is sufficient to prove that G, is a normal domain (see
Exercise 2.2.34). Note first that G, is indeed a domain: the surjective
homomorphism ¢,: G(X) — G(U,) constructed in the proof of 7.2.2
induces a homomorphism &,: G, — G(U,), and @, maps the standard
basis of G, onto a linearly independent subset of G(U,) as was shown
there. So G, is isomorphic to the integral domain G(U,).

To prove normality we apply the criterion in Exercise 2.2.33 with
x = 7: being the single minimal element of I",, 7 is evidently I',-regular;
moreover, G,/(7) is an ASL on I, \ {7}, and therefore reduced. Finally
7.3.2 shows that G,[y7!] is a normal domain. O

Theorem 7.3.1(c) entails the classical formula
height I,11(X) = (m — r)(n— 7).

Thus I;1(X) has maximal height: by a theorem of Eagon and Northcott
one has height I, 1(z) < (m— r)(n— 7) for an arbitrary m x n matrix =
over a Noetherian ring S, provided I..1(x) # S; see [61], (2.1) or [270],
§13.

Lemma 7.3.2. With the notation of 7.3.1 let
U ={[d...dn] € Iy: a; ¢ [d1...dy] for at most one index 1 }.
Then
G7[7_1] = k[wa 7_1]7

and the elements of ¥ are algebraically independent over k. In particular
G,[77'] is a regular domain.

Proor. We show that [e;...e,) € k[W,77!] for all [e...en] € I}, by
induction on the number w of indices 7 such that e ¢ [a1...a,]. For
w=0and w=1, [e...e,] € ¥ by definition. Let w > 1 and choose an
index j such that e; € [a1...an]. We use the Pliicker relation 7.2.3, the
data of 7.2.3 corresponding to the present ones in the following manner:
p=20g=2 s=m+1, (by....,bn) = (e1,...,€_1,€+1,..., €n), and
(¢1,...,¢) = (a1,..., am, ). In this relation all the terms different from

[ar...am][eje1... 651 €41... 5] = (—1)j_1[a1...am][el...em]
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and non-zero in G, have the form 6¢such that 6 € ¥ and ¢ has only w—1
indices not occurring in . Solving for [a; ... an][€1 ... en] and dividing by
v, one gets [e;...en] € k[¥,771].

For the proof of the algebraic independence of ¥ we first note that
dim G,[77!] = dim G,. This follows easily from A.16 if one uses that G, is
an affine domain over k as was demonstrated in the proof of 7.3.1. Now
it is enough to verify that |¥| = dim G,, a combinatorial exercise which
we leave for the reader. O

Lemma 7.3.2 enables one to compute the singular locus of the rings
G,, and, again by dehomogenization, that of Rs; see [61], 6.B. We confine
ourselves to the rings R,,1, for which there is a simpler approach.

Suppose that @ = (@) is an m x n matrix over a ring R such that
11 18 a unit. Then we may transform « by elementary row and column
operations into the matrix

11 0 .. 0

0 Yu o 0 Yip1 .
. . ) Yi = Lit154+1 — L1541Ti+1,1L17

0 Yn11 " Yn-1m-1

and clearly I;1(z) = L(y). The equation y5 = @iy1j41 — T1j41%i411%71,
read as a substitution of indeterminates, suggests the following elementary
lemma.

Lemma 7.3.3. Let X = (Xj;) and ¥ = (Y;) be matrices of indeterminates
over a ring B of sizes m x n and (m— 1) X (n— 1). Then the substitution
Yy — X401 — X1j+1X¢+111X1_11 yields an isomorphism

B[YaXlla'"7Xm17X127"'7X1m Xﬂl] = B[X7 X:Ell]

which for every t > 0 maps the extension of I._1(Y) to the extension of
I{X). In particular it induces an isomorphism

(2) R 1(Y)[Xu1y- -+, Xty Xa2y -+, Xiny Xi7'] = R X)[27]
where x11 denotes the residue class of X11 in Ry X).

Proposition 7.3.4. For a prime ideal p € Spec R, 1 the localization is reqular
if and only if p  L(X)/L11(X).

Proor. We use induction on r, starting from the trivial case r = 0 (note
that Iy(X) = k[X]). Suppose now that r > 0. If p is the maximal ideal
of R = R,,; generated by the x, then R, is evidently non-regular and p
contains I,(X)/IL;1(X). Otherwise p does not contain one of the residue
classes wj;, and by symmetry we may assume that @y ¢ p. Then R,
is a localization of R[z;}!], and contracting the extension of p via the
isomorphism (2) to § = R,(Y) we obtain a prime ideal q € Spec S. As the
extension from § to R[zf] is an adjunction of indeterminates followed
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by the inversion of one of them, R, is regular if and only if S, is regular.

Furthermore p O L(X)/IL;1(X) if and only if q D L_1(Y)/L(Y). O
The rings R,;1 satisfy Serre’s condition (Rz) since

height(I,(X)/L+1(X)) = height I(X) — height I, 1(X)
=m+n—2r+1>3.

By Serre’s normality criterion this argument, together with the Cohen—
Macaulay property, proves independently of 7.3.2 that R,,; is a normal
domain. (In fact, all the rings Rs and G, satisfy (Ry); see [61], (6.12).)
The example m = n = 2, r = 1 shows that (Rj) fails in general.

Finally we want to determine which of the rings R,,; are Gorenstein.
The easiest way to solve this problem is to determine the canonical
module, or rather the divisor class it represents (see 3.3.19; the canonical
module of R.;; is unique by (vi) below). In the following we use
elementary facts from the theory of class groups of Noetherian normal
domains R; see [47], Ch. 7, or [108].

(1) The elements of CI(R) are the isomorphism classes [I] of fractionary
divisorial ideals of R; a fractionary ideal is divisorial if and only if it is a
reflexive R-module, and p € Spec R is divisorial if and only if height p = 1.
One has [I] = 0 if and only if I is principal. In particular, R is factorial
if and only if CI(R) = 0.

(ii) The addition in CI(R) is given by [I| + [J] = [(IJ)**] where *
denotes the R-dual Hompg(_, R).

(iii) (‘Gauss’ lemma’) The extension [I]| — [IR[T]] yields an isomor-
phism of class groups CI(R) = CI(R[T']) (here T denotes an indeterminate
over R).

(iv) (Nagata’s theorem) If S C R is multiplicatively closed, then the
assignment [I] — [IRs] maps Cl(R) surjectively onto Cl(Rs); the kernel
of this map is generated by the classes [p] of the divisorial prime ideals
pwithpnS £0.

(v) An ideal I C R is divisorial if and only if T = (Y, p{* with
divisorial prime ideals p,; one then has [I] = 3.7, e[p,] (p?) is the e-th
symbolic power R N p°R,.)

(vi) If R is a positively graded k-algebra with *maximal ideal m,
then one has a natural isomorphism Cl(R) = Cl(Rm). It follows that the
canonical module of R is unique (up to isomorphism) since this holds for
R

Theorem 7.3.5. Suppose that 0 < r < min(m,n), and let p be the ideal of
R, .1 generated by the r-minors of the first r rows of the residue class x of
X, and q the corresponding ideal for the first r columns. Then

(a) p and q are prime ideals of height 1,

(b) Cl(R,11) 1s isomorphic to Z, and is generated by [p] = —[q].
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Proor. (a) follows from the isomorphism R,11/p = R, e = [1...7—17+1]
1...7], together with 7.3.1 and the analogous isomorphism for R,.1/q.

(b) Let 6 = [1...7]1...7], and ¥ = {xy: i < rorj < r};. We
claim that ¥ is algebraically independent over k and that R,,;[671] =
k[w,67'. In fact, one sees that x, € k[W¥,67!] by expanding the
minor [1...ru|l...7v] along row u (or column v); in R,;; one has
[1...ru|1l...79] = 0. The algebraic independence of ¥ follows as in the
proof of 7.3.2. By (iii) and (iv) above, Cl(k[ ¥, 671]) = 0 so that, again by
(iv), Cl{R,41) is generated by the classes of those divisorial prime ideals
which contain 6.

The systems of generators of p and q specified in the theorem are
idealsin the poset A,;1 and their intersection is exactly {6}. In conjunction
with Exercise 7.1.8 this shows (6) = p N q. We conclude that [p] = —[q]
and that [p] generates Cl(R,41).

It remains to be shown that u[p] # 0 for all v > 0. Suppose that
ulp] = 0, or, equivalently, that p(*) is a principal ideal (a), a € R. Since
p™® contains 6% the extension p(k[¥, 671 equals k[ ¥, 6~']. Hence a is
a unit in k[ ¥, 671]. In k[ ¥] the element § is the determinant of a matrix
of indeterminates, and therefore a prime element according to 7.3.1. Thus
a = eb” with e € k and v > 0. In the case where v > 0 we would have
v > 0, and p and q would be minimal prime ideals of p(*. O

It is now easy to reduce the computation of the canonical class of
R, .1 to the case r = 1; fortunately R; is a normal semigroup ring, and
we can draw on the results of Chapter 6. The hypothesis 0 < » < n < m
in the following theorem has been inserted in order to exclude the trivial
cases » = 0 or r = min(m, n). The condition n < m is no restriction since
we may replace X by its transpose if necessary.

Theorem 7.3.6. With the notation of 7.3.5 suppose that 0 < r < n < m.
Then

(a) p"™" is the canonical module of R,y

(b) (Svanes) R,.1 is Gorenstein if and only if m = n.

Proor. The canonical module of R,;; is uniquely determined as was
observed above. In particular (a) implies (b).

In proving (a) we first suppose that » > 2. The isomorphism (2) in
7.3.3, and (iii) and (iv) above induce a homomorphism

Cl(R11) — CYRyp1[z1f]) = CURAT) [ X1y - -+ Xomty Xa2, - -y X1y X17'])
=~ ClR.(Y))
which maps the generator [p] of Cl(R,1) to the analogous generator [p']
of Cl(R,(Y)); in particular it is an isomorphism.

We set S = R,11[z7], and identify R,;; and R.(Y) with subrings of
S. Let w be the canonical module of R,;;. Since the formation of the
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canonical module commutes with localization, w ®pg,,, S is a canonical
module of S. Let «' be a divisorial ideal of R,(Y) which under the above
isomorphism has the same class as w. Then w ®g,,, § = ' Qr,(y) S.
As the extension R.(Y) — S is faithfully flat, 3.3.30 implies that «' is a
canonical module of R.(Y).

Summing up, we conclude that u[p] is the class of the canonical
module of R,y; if and only if u[p'] is the class of the canonical module
of R,(Y). An iteration of the argument reduces (a) to the case r = 1.

Suppose that r = 1. Let Uy,..., U, and V,..., V, be indeterminates
over k. The 2-minors of the matrix = = (U;V;) vanish so that the
substitution Xy +— x5 = U;V; induces a surjective homomorphism from
R; onto the normal semigroup ring k[C] generated by the monomials ;.
An easy calculation of dim k[C] yields that we may in fact identify R
and k[C]. Let I be the ideal generated by relint C in k[C]. By virtue of
6.3.5 I is the canonical module of k[C].

Let p, be the prime ideal generated by the entries in the «th row of
x = (), and q; the corresponding ideal for the j-th column. Then the
ideals p; and q; are exactly the height 1 ZC-graded prime ideals. In fact,
the ZC-graded prime ideals are those prime ideals which are generated
by some of the elements x;;, and thus are the prime ideals generated by all
the x;; in the union of a set of columns and a set of rows. It follows from
6.1.1 and 6.1.6 (or direct arguments) that I =p, N---Np,Ng, N---Ngq,.
Therefore

=1

1] =Y [pd + ) [a;) = mlp] + nla] = (m— n)[p). O

Remarks 7.3.7. (a) One can show that the symbolic and ordinary powers
of the prime ideals p and q in 7.3.5 coincide so that p™ " is the canonical
module of R,;;. (The case r = 1 is indicated in Exercise 7.3.9.) Fur-
thermore 7.3.5 and 7.3.6 can be extended to all the rings R; and G,; see
[61].

(b) With the notation of 7.3.6 and its proof, I is the *canonical module
of R;. But it is impossible to preserve the grading under the divisorial
arguments by which we computed the canonical module of R, from that
of Ry. In Bruns and Herzog [57] it has been shown that the a-invariant
of R,111s —rm. As p™ ™ is generated by elements of degree (m — n)r, it
follows that p™ "(—rn) is the *canonical module of R,,1.

(c) Let X be a symmetric n x n matrix of indeterminates; more
precisely, the entries Xj; of X with ¢ < 5 are algebraically independent,
and Xj; = Xj; for ¢ > j. The residue class rings S,41 = k[X|/L+1(X) are
as well understood as the rings R,;; constructed from ‘generic’ m x n
matrices. In particular S.y; is a normal Cohen—-Macaulay domain of
dimension r(r + 1)/2 + (n — r)r (Kutz [255]), its divisor class group is
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Z/(2), and it is Gorenstein if and only if r+ 1 = n mod 2 (Goto [130],
[131]); see Exercise 7.3.10. There is also a ‘standard monomial’ approach
to the structure of S.;1, in which ‘doset algebras’ replace ASLs (see
De Concini, Eisenbud, and Procesi [73]).

(d) Let X be a alternating nx n matrix of indeterminates; this of course
means that the entries Xy; of X with ¢ < 5 are algebraically independent,
Xi = 0, and X = —Xj; for i > j. The residue class ring P,.5 of k[X]
with respect to the ideal Pf,;3(X), r even, is a normal Cohen-Macaulay
domain of dimension 7(r — 1)/2 + (n— r)r (Kleppe and Laksov [237]); it
is factorial (Avramov [24]), and therefore Gorenstein by 3.3.19. The rings
P,,» carry a ‘natural’ ASL structure [73].

Exercises

7.3.8. Let R be a finitely generated faithfully flat Z-algebra, and let P be one
of the properties ‘Cohen—Macaulay’, ‘Gorenstein’, ‘reduced’, ‘normal’, ‘integral
domain’, (S,), (R.).

(a) Show that the following are equivalent: (i) R ® k has P for every field k; (ii)
R ® B has P for every Noetherian ring B which satisfies P.

(b) Suppose that K@, L has P whenever K and L are extension fields of k one of
which is finitely generated (for which of the listed properties is this true?). Show
that (a)(ii) already follows from the fact that R has P.

Hint: Exercise 5.1.25 is a similar problem.

7.3.9. With the notation of 7.3.5 assume r = 1. Show p = p‘ for all . Hint: 6.1.1.
7.3.10. With the notation of 7.3.7(c) let p be the ideal generated by the r-minors
of the first r rows of X, and § = [1... r|1... r]. We use the fact that S,,; is a
normal Cohen—Macaulay domain, and that p is a prime ideal in S,,;. Show

(2) 9 C (6), 9 = (), and CU(S,,.) = Z/(2),

(b) the canonical module of S, is S,;; if r+ 1 = n mod?2, and p otherwise,

(c) S.+1 is Gorenstein if and only if r+ 1 = n mod2.

Hint: S, can be considered as the second Veronese subring of a polynomial ring
k[Y,..., Y], or as a normal semigroup ring.

7.3.11. Let X be an m X n matrix of indeterminates over a field k& with m < n.
Show that [1,...,m] is a prime element in G(X), and deduce G(X) is factorial.

Notes

The notion of an algebra with straightening law is due to Eisenbud [90].
It was generalized to that of a (not necessarily graded) Hodge algebra
in De Concini, Eisenbud, and Procesi [73]. This monograph contains
all the theory developed in Section 7.1 as well as numerous examples
of Hodge algebras. A significant class of non-ASL Hodge algebras
are the coordinate rings of the varieties of complexes (De Concini and
Strickland [75]). That the notion of a graded Hodge algebra is very
general is illustrated by a theorem of Hibi [164]: every positively graded
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affine algebra over a field is a Hodge algebra. A non-graded Hodge
algebra may behave pathologically as was shown by Trung [370].

The term ‘Hodge algebra’ reflects the fact that the first standard
monomial theory was created by Hodge [203] as a method for estab-
lishing the ‘postulation formula’ for the Grassmannian and its Schubert
subvarieties. In algebraic language this amounts to the computation of
the Hilbert function of the rings G(X) and G,, and therefore is ‘only’ a
matter of counting the standard monomials of a fixed degree. See also
Hodge and Pedoe [204]. More recent accounts are due to Laksov [256]
and Musili [282], whom we follow in proving the linear independence of
the standard monomials. The straightening law on the polynomial ring is
due to Doubilet, Rota, and Stein [77]. We follow De Concini, Eisenbud,
and Procesi [72] in deriving it from that of G(X).

For a detailed account of the history of determinantal ideals we refer
the reader to Bruns and Vetter [61], 2.E. It begins with Macaulay [262]
who proved (in a special case) that the ideals I,1(X) are unmixed for
74+ 1 = min(m, n). In the influential paper [86] Eagon and Northcott con-
structed a finite free resolution of these ideals and proved their perfection
(which (over a field of coefficients) is equivalent to the Cohen-Macaulay
property of the rings R.i1; see 2.2.15). This resolution, the so-called
Eagon—Northcott complex, has served as a model for several related con-
structions. In this connection one should mention the theory of generic
perfection which was also developed by Eagon and Northcott [87]; also
see [61], Section 3. Its main result is that a ‘generic’ acyclic complex
remains acyclic under extensions of the ring of coeflicients.

The Cohen—Macaulay property of the rings R,,; and their normality
for general r are due to Hochster and Eagon [189]. They used an inductive
scheme based on a ‘principal radical system’. That the rings G, are Cohen—
Macaulay seems to have been realized independently by Hochster [177],
Laksov [256], and Musili [282]. The Gorenstein determinantal rings
were determined by Svanes [367] whereas the divisor class group and the
canonical module were computed by Bruns [52], [55].

A driving force in the investigation of determinantal ideals was their
relation to invariant theory: the rings R.;1 and G(X) appear as ring of
invariants of ‘natural’ linear group actions. In order to prove this fact
(in arbitrary characteristic) De Concini and Procesi [74] established the
straightening laws on which the ASL structures are built; also see [61].

The Rees and associated graded rings of k[X] with respect to the
ideals I,;1(X) are ASLs in a natural way and Cohen-Macaulay when
7+ 1 = min(m, n); see Bruns, Simis, and Trung [60]. For 7+ 1 < min(m, n)
the Cohen—Macaulay property holds at least in characteristic zero, but
fails in general [56].

The Hilbert function of R,;; and the numerical invariants derived
from it are the subject of a monograph by Abhyankar [7]. See Herzog
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and Trung [163] for an approach using Grobner bases.

The homological properties of R,;; discussed in this chapter were
proved by inductive methods. It would be much more satisfactory to
derive them from a minimal free resolution of R,.; over k[X]|. As pointed
out above, in the case »+ 1 = min(m,n) the Eagon—Northcott complex
is such a resolution, and for 7+ 1 = min(m,n) — 1 a suitable complex
was constructed by Akin, Buchsbaum, and Weyman [8]. Both these
complexes are characteristic-free; they are defined over Z and specialize
to a minimal free resolution under base change from Z to an arbitrary
field. Recently Hashimoto [154] showed that such a resolution also exists
for 74+ 1 = min(m, n) — 2. In characteristic zero Lascoux [257] described a
minimal resolution of R,.; for arbitrary ». However, the construction of
such resolutions seems to be exceedingly difficult in positive characteristics
as is indicated by a result of Hashimoto [153]: for 1 < r+1 < min(m, n)—2
the Betti numbers of R,; depend on the characteristic of k.

The theory of determinantal rings has many aspects not considered
in this chapter. For these, as well as for an extensive bibliography, we
refer the reader to [61].
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8 Big Cohen—Macaulay modules

In this chapter we prove Hochster’s theorem on the existence of big
Cohen—-Macaulay modules M for Noetherian local rings R containing a
field. An R-module is called a big Cohen—-Macaulay module if there is a
system of parameters @ for which M is @-regular. Note that one does
not require M to be finite, thus the attribute ‘big’. The importance of big
Cohen—Macaulay modules stems from the fact that one can deduce many
fundamental homological theorems from their existence (as we shall see
in Chapter 9).

Their construction is a paradigm for the application of characteristic
p methods: one first shows that big Cohen-Macaulay modules exist in
characteristic p; then the result is transferred to characteristic zero via
a rather abstract principle. It asserts that certain ‘generic’ systems of
equations are soluble over some local ring of characteristic p if there is a
solution in characteristic zero.

Rings of characteristic p are endowed with a canonical endomor-
phism, the Frobenius homomorphism a — f. Its homological power
seems to have first been realized by Peskine and Szpiro. They also intro-
duced M. Artin’s approximation theorem to commutative algebra. The
approximation theorem guarantees the descent from complete, ‘analytic’
local rings to ‘algebraic’ ones.

8.1 The annihilators of local cohomology

Let (R, m) be a Noetherian local ring and let
a; = Annp H?n(R)

be the annihilator of the «th local cohomology. This notation is kept
throughout the section. As we shall see, the products ag---a; anni-
hilate the homology of certain complexes, and furthermore ag---a,—1
annihilates the ideals (z1,...,%;): 241 modulo (z4,...,;) for all systems
xi,...,o, of parameters and 7 = 0,...,n— 1. This will be important in
the construction of big Cohen—Macaulay modules in characteristic p.

Theorem 8.1.1. Let R be a Noetherian local ring of dimension n which is
a residue class ring of a Gorenstein local ring S, dimS = d. Then the
following hold for :=0,...,n:

323
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(a) a; = Annpg Extgl_i(R, S);

(b) dim R/a; < 1;

(c) ag - - a,_1 contains a non-nilpotent element;

(d) forp € Spec R, dim R/p = 1, one has p € AssR/a; <= p € AssR.
Proor. (a) We want to show first that both R and S can be replaced
by their completions R and S for the proof of (a). Of course one has
R~ R s 3’, and the formation of local cohomology commutes with
completion: by 3.5.4,

H(R) = Hy(R)®r R = Hy(R).

The same holds for Ext since S is a flat S-module and R has a resolu-
tion by finite free S-modules. Finally, for every R-module N, one has
Anng N = RN (Anng(N Qg j%)) because R is faithfully flat. So we may
assume that S and R are complete.

We saw in the proof of 3.5.7 that Hi(R) = Hi(R) for all i (as an S-
or R-module), n denoting the maximal ideal of S. Let E be the injective
hull of /1t over S, and ' the functor Homg(_, E). Since H.(R) = Hi(R)"
we have

Annp Hi(R) C Annp Hi(R) C Annp Hi(R)" = Anng Hi(R),
and so the local duality theorem 3.5.8, applied to the S-module R, yields
Anng Hi(R) = Anng Hi(R) = Anng Ext{ (R, S).

(b) This inequality is 3.5.11(c).

(c) By (b) one has dim(R/(ag---an—1)) < n— 1. Therefore ag--- a1
is not contained in any minimal prime ideal p with dim R/p = n.

(d) Consider the preimage q of p in S. Since dim S; = d — 4, one has
depth R, = depth Ry = 0 if and only if Extgl_i(R, S = Extgl_i(R, S)qa £ 0.
Consequently p € Ass R if and only if p € Supp Extgl_i(R, S). Because of

(a) and (b) the latter is equivalent to p € Ass R/a; for prime ideals p such
that dim R/p — . O

A very important property of the ideals qa; is expressed by the following
theorem.

Theorem 8.1.2. Let R be a Noetherian local ring, and
F.: 0—>Fm—>Fm_1—>---_>F0_>0

a complex of finitely generated free R-modules such that all the homology
modules Hi(F.) have finite length. Then ag---am_; annihilates Hy(F.) for
1=0,...,m.
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Proor. First we construct an object which connects the local cohomology
of R and the homology of F.. Let o,...,x, be a system of parameters,
and let K, denote the complex

0—K,— -+ — K — Ky — 0,

K= D Rops,

1<4 <oy <

Then H:(R) = H, {K.) (see 3.5.5 where we write C' for K, ;). Now we
form the tensor product K, ®p F,, a first quadrant bicomplex. The crucial
point is that the homology of the associated total complex T, can be
computed from two spectral sequences.

First we consider the spectral sequence whose E'Zl,q—term is given by
Hy (K, Qg F.), the homology of the columns of K, ®p F., (see [318],
Theorem 11.18 where the E*-terms are described). This spectral sequence
converges to the homology of the total complex. The modules K, are flat

R-modules, thus
Hy(Kp, ®r F.) = Kp @p Hy(F.).
Being an R-module of finite length, H,(F.) is annihilated by a power of

each of the elements x;. Hence

0 for p < n,
Hq(Kp ® F.) - { Hq(F.) for p=n

Since the E'-terms are concentrated in a single column, it follows imme-
diately that

0 forp<n
_ gl _ y
E;?q - Ep,q - { Hq(F.) for p=n,

and therefore H;,(T.) = Hy(F.) for all 7.
Secondly, one determines the homology of the total complex by first
computing the homology of its rows:

B}, = Hy(K. ® Fy,) = Hy*(F,) = (Hy (R),  r=rankF,

By the definition of the ideals a; one has an_qE'Zl,yq = 0. Since all the terms

E; , are subquotients of E;,qv they are equally annihilated by a,,:
By, = 0.

This spectral sequence also converges to the total homology of T, ([318],
Theorem 11.19). For every t one therefore has a filtration

0CcU'CcU'C--CU*=HY(T)

where UP/UP~' = E, . Observe that B,

Thus the filtration is already given by
0=U""1CcU™C---CU"= H(T.),

p=0forp>mort—p>n
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and Hy(T.) is annihilated by ap_(+—(t—n))* " @n—(t—m) = @0 * * * Ap_s1m Taking
into account that Hy(F.) = H;_,(T.) we get the desired result. O

As a consequence we derive another ‘annihilation theorem’ whose
second part is crucial in the construction of big Cohen—Macaulay modules
in characteristic p.

Corollary 8.1.3. Let R be a Noetherian local ring of dimension n. Then,
given a sequence = Ti,..., Ty € R such that codim(wy,..., @) = m, the
following hold:

(a) ag - - - a,—; annihilates the Koszul homology Hjx), i=0,...,m;

(b) ag - - ay_1 annihilates ((z1,...,@m-1) : Tm)/(@1,- -, Tme1)-

ProoF. (a) The sequence = can be extended to a system of parameters
@1, ..., &, (recall that codim I = dim R — dim R/I). We start a descending
induction at m = n for which the assertion is obviously a special case of
8.1.2.

Suppose now that m < n and put & = :cl,...,:cm,:cfn_l_l, t> 1. By
1.6.13 we have an exact sequence

fal g
Hx) — 5 Hyx) — H{).

By induction the submodule Im ¢ = Hi(cc)/:cfn_l_lHi(cc) of Hy(«) is annihi-
lated by ag - - - a,_;. Since () Ccfn+1Hi(€C) = 0, we are done.

(b) We use another segment of the long exact sequence of Koszul
homology, now relating ® and @' = xy,...,zn_1:

Hy(w) - Ho(a") 22 Hy(a).
Since ag---ay_1Hi(2) = 0, we also have ap---a,_1(Im) = 0. Im
consists of exactly those elements in Hy(«") = R/(x,...,@n—1) annihilated
by @, that is Im ¥ = ((z1,.. ., Tm-1) : Tm)/ (@1, -+, Tme1)- O

The preceding corollary is completely vacuous if R happens to be a
Cohen—-Macaulay ring, but in connection with 8.1.2 it shows that certain
local rings, among them the complete ones, preserve a faint trace of the
Cohen—Macaulay property: the modules

(21, j-1) 2 @)/ (@1, -0, 1),
which are zero for R Cohen—Macaulay, cannot be arbitrarily ‘big’.

Corollary 8.1.4. Let R be a Noetherian local ring which is a residue class
ring of a Gorenstein local ring S. Then there exists a non-nilpotent element
¢ € R such that ¢- ((z1,..., ;) : @jp1)/(@,...,25) = 0 for all systems of
parameters xy,...,x, and all 7 = 0,...,n— 1.

Proor. According to 8.1.1 there exists a non-nilpotent ¢ € ap--- a,—1. By
8.1.3 such a c satisfies our needs. O
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Remark 8.1.5. Parts (b) of 8.1.1 and 8.1.4 are not true for arbitrary Noethe-
rian local rings. One of the most used counterexamples of commutative
algebra (constructed by Nagata [284], Example 2, p. 203) works here,
too: let R be a 2-dimensional local domain such that its completion R
has an associated prime ideal p with dim R/p = 1. Put a; = Anng HL(R)
and by = Anny Hrlh(j%) Since HL(R) = Hrlﬁ(j%) as R-modules, a; = b; N R.
Of course 8.1.1 applies to j%, and by its third part, p € Ass j%/bl. So
ag CpNR =0 and dimR/a; = 2. (Note that a regular element of R
stays regular in R.)

Let @ = x,y be a system of parameters of R and put @’ = =, 4. Then
HL(R) is the direct limit of the Koszul cohomology modules H'(x'). By
1.6.10 one has H'(x") = H;(«"). Consider the long exact sequence (which
appeared already in the proof of 8.1.3):

3

Hy(y") — Hi(a) — Hy(y") — Ho(v).

R is a domain, so Hy(y") = 0, and Hy(2') = (¢* : 2)/(¥%). An element ¢
annihilating all the modules (¥ : =)/(y’) must annihilate H}(R), hence
¢ = 0 as seen above.

Exercises

8.1.6. Let M be an arbitrary module over a Noetherian local ring (R, m), and
a(M) = Ann H\,(M). Let F, be a complex of finite free R-modules with homology
of finite length as in 8.1.2. Prove that a(M)--- a, (M) annihilates H(F, @ M)
forz=0,...,m.

8.1.7. With R and M as in 8.1.6 assume that H:(M) = 0 for : = 0,...,n— 1
where n = dim R, and M/mM # 0. Let @ be a system of parameters of R. Show
H{ax,M)=0for i=1,...,n, and that @ is M-quasi-regular. (See 1.6.20.)

8.2 The Frobenius functor

Let R be a ring of characteristic p, i.e. a ring with a monomorphism
Z/pZ — R where p is a prime number. The Frobenius homomorphism
is the map F: R — R, F(a) = of. Via F one may consider R as an R-
algebra in a non-trivial way. The crucial point in the construction of the
Frobenius functor is to work simultaneously with two essentially different
module structures of R itself. This is an unusual idea in commutative
algebra and has to be kept firmly in mind. Let R¥ denote the (R—R)-
bimodule with additive group R and left and right scalar multiplication
given by

a-ro b= arF(b) = art?, abe R, reRF.

(The standard associative laws are obviously satisfied.)
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Let M be a left R-module. Then we take the tensor product RF @ M
with RF as a right R-module, i.e.

aRbr=aob® z=ab’ @z, acRF, beR, zeM.

The left R-module structure of R¥ endows R¥ @ M with a like structure
such that ¢(a ® @) = ca® . (This tensor product is merely biadditive;
bilinearity is lost because in general a-r # ro afor a € R, r € RF.) The
Frobenius functor J acts on a left R-module M by assigning to it the left
R-module RF ®z M. For an R-linear map w: M — N one consequently
considers F{¢) to be the R-linear map idzr ®g . The following properties
of F are just the fundamental ones of tensor products.

Proposition 8.2.1. Let R be a ring of characteristic p. Then JF is a covariant,
additive, and right exact functor from the category of left R-modules to
itself.

We want to compute some specific values of F. First we see that
F(R)= Rf ®p R = RY as a left R-module, so F{R) = R; then additivity
implies F{R") = R™ For a cyclic R-module R/I one gets F(R/I) =
RF®p R/I = RF/(RF o I). Now roa = ra for r € Rf, a € I, and
RF o T turns out to be the ideal I"! generated by the p-th powers of the
elements of 1. Hence RF/(R¥ o I) = R/I"! with its ordinary left scalar
multiplication.

Proposition 8.2.2. Let R be a ring of characteristic p. Then

(a) F(R™ = R" for all n (as left R-modules), and if e1,..., e, is a basis of
R" 1®e,...,1Q e, is a basis of F[R"),

(b) F(R/I) = R/I? for all ideals I of R.

More generally, we denote by I, g = p°, the ideal generated by the
g-th power of the elements of I; Il9 is called the g-th Frobenius power of
L

The Frobenius functor owes its power to its non-linearity, again
something remarkable. It is straightforward to verify the following.

Proposition 8.2.3. Let R be a ring of characteristic p, M and N be R-
modules, and @p: M — N an R-linear map. Then

(a) Flaw) = * Fp) for all a € R,
(b) if (@) = Y. ays for ¢ € M, a; € R, y; € N, then Fp)(1® z) =
E af(l ® yi)}
(c) the map M — F(M), z — 1 ® z, is not R-linear in general: instead
one has (ax) — (1 ® ).

We can now give a concrete description of F in terms of ‘generators
and relations’:
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Proposition 8.2.4. Let R be a ring of characteristic p and M an R-module

with a presentation R™ o rr— M—o.
(a) Then F(M) has the presentation R™ ﬂﬁ R — FIM)—0;
(b) furthermore, if @ is given by a matriz (a;), then F() is given by the

matric (ag»).

Part (a) follows from the right exactness of & and the fact that &
leaves R™ untouched. Part (b) follows from 8.2.3.

We conclude the list of basic properties of the Frobenius functor with
its behaviour under localization:

Proposition 8.2.5. Let R be a ring of characteristic p. The Frobenius functor
commutes with rings of fractions: Rs @g F(M) = F(Rs ®r M) for all R-
modules M, and analogously for R-linear maps.

Proor. We have Rs ®p F(M) = Rs @ R ®p M and
F(Rs ®p M) = R ®p, Rs ®p M = RE @5 M.

As left Rg-modules, Rs @ R = Rs Qg R = Rs and Rf; are naturally
1somorphic; this isomorphism is also an isomorphism of right R-modules.

O

We cannot resist trying the strength of the Frobenius functor by prov-
ing the ‘new intersection theorem’ in characteristic p. (This nomenclature
will be explained in Chapter 9.) The elegant argument, including 8.1.2, is
due to Roberts.

Theorem 8.2.6. Let (R,m) be a Noetherian local ring of characteristic p,
and

F:0—F 25 F  — o — F 5 Fy— 0
a complex of finite free R-modules such that each homology Hi(F.) has
finite length. If s < dim R, the complex F. is exact.

Proor. Note that it is enough to cover the case of a complete ring R: if
R is not complete, we simply tensor all our objects by j%, a faithfully flat
extension of the same dimension.

Assume that F, is not exact. If Hy(F.) = 0, the map ¢y is a split
epimorphism, and F, decomposes into the direct sum of two shorter
complexes of the same type. So we may suppose Hy(F.) # 0. Furthermore,
if 1(F1) ¢ mFy, F. splits off an isomorphism ¢): F; — F| of direct
summands of Fy and Fy. This leaves the essential case ¢y (Fy) C mFj.

Apply the Frobenius functor F to F.. The modules appearing in
F(F.) are the same as in F.. Furthermore {F.) has finite length
homology: by hypothesis F, ® R, is split exact for all prime ideals p €
Spec R, p # m. Since the Frobenius functor commutes with localization,
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this also holds for F{F.). Something has changed however, namely we
have F{)(F1) C mPF, by 8.2.4(b).

Now one iterates this procedure: all the complexes F*(F.),e > 0,
have finite length homology, and (¢ )(F1) C m? Fy. On the other hand
Hy(F3(F.)) is annihilated by the ideal ag - --a; where a; = Ann H; (R);
see 8.1.2. This forces ag - - - a; to be contained in ﬂmp' = 0, contradicting
8.1.1 for s < dim R since R, a complete local ring, is a residue class ring
of a Gorenstein ring. O

A crucial point in the preceding proof is that for a finite free complex
F, the Frobenius functor JF preserves the property of having finite length
homology. It also preserves acyclicity:

Theorem 8.2.7 (Peskine-Szpiro). Let R be a Noetherian ring of character-

isticp, and F,: 0 — F; AT Fy a complex of finite free R-modules.

Then F. is acyclic if and only if F(F.) is acyclic.
PROOF. Set r; = Ef:j(—l)i_j rank F;. By the acyclicity criterion 1.4.13 it
depends only on the grades of the ideals I,,(¢;) whether F. is acyclic or
not: it is acyclic if and only if grade I,(¢;) > tfor i = 1,...,s.

By virtue of 8.2.2 and 8.2.4, first F(F;) = F;, and next L,(Fly)) =
Iri(cpi)[p]. The two ideals have the same radical, hence the same grade.

O

The following corollary will play an important role in Chapter 10.

Corollary 8.2.8 (Kunz). Let R be a regular ring of characteristic p. Then
RF is a flat R-algebra; equivalently, F is an exact functor.

Proor. Since flatness is a local property and F commutes with localiza-
tion, we may assume that R is a regular local ring. By a standard flatness
criterion (for example, see [270], 7.8) it is enough that Tor®(RF,R/I) = 0
for every ideal I of R. This follows from 8.2.7: the finite free resolution
of R/I stays acyclic when tensored with RY. O

The assertion of 8.2.8 is usually called the flatness of the Frobenius.
Kunz [245] also showed the converse of 8.2.8; see Exercise 8.2.11 for the
case in which R is Cohen—Macaulay.

Exercises

8.2.9. Let R be a Noetherian ring, M a finite R-module of finite projective
dimension with finite free resolution F,, and e > 1 an integer. Prove that F(F.)
is acyclic, and proj dim (M) = proj dim M.

8.2.10. Let R be a regular local ring of characteristic p. Show & F°(M)) =
p*¥mE g M) for every finite length module M. (Use induction on £(M).)
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8.2.11. Herzog [157] proved that 8.2.9 characterizes modules of finite projective
dimension; then it follows immediately from 2.2.7 that the exactness of JF
characterizes the regular ones among the Noetherian local rings. For simplicity
we restrict ourselves to Cohen—Macaulay rings. So suppose R is a Cohen—
Macaulay local ring of characteristic p.

(a) Let F, be a minimal free resolution of a finite B-module M and « a maximal
R-sequence. If F*(F.) is acyclic for all e > 1, show Tor¥(R/(x), F3(M)) =
(R/(ic))b*(M) for 1> 0 and e > 0.

(b) Conclude that proj dim M < oo.

8.3 Modifications and non-degeneracy

In this section we show that for a system of parameters @ = «,...,z,
of a Noetherian local ring of characteristic p there exists an @-regular
R-module. The conditions to satisfy are: (i) @41 is a regular element of
M/(z1,...,2)M, s = 0,...,n— 1, (ii) M # =M. Since the trivial choice
M = 0 satisfies (i), we see that (i) is completely useless without (ii), and
we need results from the preceding sections in order to show that the
construction below does not degenerate by violating condition (ii).

Suppose M is an R-module such that @1 is not (M/(xy,..., ) M)-
regular. Then there exists a y € M,y & (@1,..., z;) M, for which z,1y €
(z1,...,2;)M. Equivalent to y & (@1,...,2;)M is the non-existence of
a solution z,...,2, € M of the equation y = @12y + --- + @;2,. The
deus ex machina by which algebraists force equations to be soluble is to
extend the given object by some ‘free’ variables and to introduce the as
yet insoluble equation as a relation on them. In our case we pass to
M = (M®R*)/Rw, where w = y— (w161 + - - - + @s€;), and ey,.. ., € a basis
of R®. The element ¢/, the image of y under the natural map M — M,
no longer keeps @1 from being regular on M'/(@y,...,2z)M'. It is quite
obvious that a well organized iteration of this construction in the limit
yields a module M satisfying condition (i) of @-regularity.

It is however equally obvious that we may lose condition (ii) for M.
One attempt to control (ii), successful in characteristic p, is to keep track
of a fixed element f € M on its way to the limit and to make sure that
f & xM; for all approximations M;.

For a pair (M, f),f € M, let M be constructed as above, and ' be
the image of f under the natural map M — M'. Then (M, f) is called an
x-modification of (M, f) (of type s). More generally, if there is a sequence

(M, f) = (Mo, fo) — (M1, fi) — --- — (M,, f7) = (N, ),

with (Mi;1, fir1) an @-modification of (M, ;) (of type si1), then (N, g)
is an x-modification of (M, f) (of type (s1,-+-,5)). As soon as x is fixed,
we may simply speak of a modification. If g ¢ ®N, then (N, g) is non-
degenerate.
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Proposition 8.3.1. Let R be a Noetherian ring, and ® = xy,...,z, € R.
Then the following are equivalent:

(a) there exists an z-regular R-module M;

(b) every @-modification (N, g) of (R, 1) is non-degenerate.

Proor. We start with the more important implication (b) = (a). Our
goal is to construct a direct system of modules (M, @), ¢ € N, starting
from My = R such that M = li_n}Mi is wregular. Each (M, ¢ni1))

will be a modification of (R,1). Therefore our hypothesis (b) forces
li_n}cpol'(l) & xM.

Suppose that My, ..., M; (together with the natural maps in a sequence
of modifications) have been determined. Now choose first 7, then s,
minimal such that there exists a y € M; with z11945(y) € (m,..., z)M;
while ¢5(y) & (@,...,2)M;. Then put My, = (M; & R*)/Rw, w =
y— (x1e1 + - -+ + xse;) as above, the maps ¢;;41 being the natural ones.
Let us say that step 7+ 1 has index (3, s).

We claim that for each pair (7, s) there are only finitely many steps of
index (1, s). For, if the sequence j + 1,... of steps of index (4, s) does not
stop, one finds a non-stationary ascending chain of submodules of M; by
taking the preimages of (w,..., %) Mjt1, (21,. .., %) Mjts,... in M;. But R
is Noetherian, and all the modules M; are finite.

If there is an equation @1y = @121+ - - + &, 2; for elements y, 21, ..., 2
of the limit M, it has to hold in an approximation M; as well. According
to the claim, i;(y) € (z1,...,2)M; for j > 4, hence y € (@4,...,z;) M.

The validity of the implication (a) = (b) is forced by our choice of
a free direct summand in the construction of a modification. Let f € M
be any element ¢ ®M. Trivially there is a homomorphism R — M,
1 — f. So it is enough to show that if (N, ¢') is a type s modification
of (N, g) and there is a map ¢: N — M, ¢(g) = f, then this map can be
extended to ¢': N — M, ¢/(d) = f. Suppose that N' = (N & R*)/Ruw,
w=vy— (z1e1 + -+ + @s€). Since x119(y) € (@,...,2)M and M is =

regular, there are elements €|, ..., €, € M such that ¢(y) = z €|+ - -+ x;€,.
Thus take ¢’ to be the map induced by ¢ and the assignment ¢; — €.
O

Of course, the implication (a) = (b) of the preceding proposition does
not help in the construction of a big Cohen—Macaulay module. However,
the idea in its proof, namely to compare a sequence of modifications to
some ‘universal’ object, is very useful:

Lemma 8.3.2. Let R be a Noetherian local ring which is a residue class
ring of a Gorenstein ring. Then there exists a non-nilpotent element ¢ € R
such that for every system of parameters @ and every sequence (R,1) =
(Mo, fo) — -+ — (M,, f7) of ®-modifications one has a commutative dia-
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gram

(M07.f0) — (Mla.fl) A —— (Mr—laﬁ'—l) —— (Mraﬁ')

l‘/’o ll/h llﬂrﬂ ll/?r
(4 (4 (4 (4
(R,1) — (R — -+ — (R, — (R,C)
the commutativity including oi(f;) = ¢, i=0,...,r.
Proor. Take c as in 8.1.4, i.e. non-nilpotent and

¢ (@, @) s @op1)/ (215, 25) =0

for every system of parameters  and s =0,...,dim R — 1.
Naturally ¢p = id. Suppose ¢; has been chosen. If

My, = (M; ® R°)/Ru,
w=y—- (33161 + "'+wses)a
T 1Y = @12 + 0+ X2 z € M,

then (y) € (@1,...,@;s) : Tep1, and there are elements €),..., €, € R for
which coi(y) = z1€] + -+ - + x;€,. The homomorphism ¢': M;d R’ — R,
©(9) = cig) for g € My, (&) = €, factors through My, yielding the
desired map iy 1. O

Suppose R has characteristic p, and let & denote the Frobenius
functor. Given an R-module M and f € M, we write F(f) for 1 @ f €
F(M) = RFf @ M. We want to investigate how modifications behave
under F. With the standard meanings of y, z;, w, M’ we have

T FY) = 4 Fa) + - + o Fz),
Flw) = Fly) — (2 Fe) + - + 2 Fe)),
FIM) = (FIM) & FR)/RAw)
and Fe),..., Fle;) form a basis of F{R’) = R®; see 8.2.1 — 8.2.3. This
shows that if (M, f') is an @-modification of (M, f), then (F(M'), F(f))
is an @f-modification of (F{ M), F(f)).

All the arguments necessary to prove the existence of big Cohen-—
Macaulay modules in characteristic p have now been collected. Let R
be a Noetherian local ring of characteristic p. Note that a system of
parameters @ of R is a system of parameters of R and every a-regular k-
module is also an @-regular R-module. Therefore we may assume that R is
complete. According to 8.3.1 the existence of a degenerate -modification
(N, g) of (R,1) must be excluded. Suppose (N, g) is degenerate and of
type (s1,...,5). Let us now iterate the application of the Frobenius
functor to the given data. After the e-th iteration we have reached an a¥'-
modification (N9, g{9) of (R, 1). Since (N, g) is degenerate, i.e. g € ®N,
(N(e),g(e)) is degenerate, too, i.e. gl® € 2#" N9, Since R is complete, 8.3.2
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can be invoked: there exists a homomorphism ¢,: N® — R such that
& = @d?). However, ¢g® € o' N, so ¢ € (o) for all e. Since
(z"') = 0, ¢ must be nilpotent — a contradiction.

Theorem 8.3.3. Let R be a Noetherian local ring of characteristic p > 0,
and x a system of parameters. Then there exists an x-regular module M.
In particular R has a big Cohen—Macaulay module.

An equational criterion for degeneracy of modifications. In the coming
section we want to derive the existence of big Cohen—Macaulay modules
in characteristic zero from their existence in characteristic p. The key
argument will be Hochster’s finiteness theorem which guarantees the
solubility of certain systems of polynomial equations over some local
ring of characteristic p provided there is a solution in characteristic zero.
The following proposition gives a sufficiently detailed description of the
equations to be used. Combined with 8.3.1 it is a criterion for the existence
of @regular modules, in particular the existence of big Cohen—Macaulay
modules.

Proposition 8.34. Let n € Z, n > 1, and let s1,...,8, € Z with 0 <
S1y..-,8 < m— 1. Then there exists a set S(sy,...,s) of polynomials
pEZX,...,Xn Y1,..., Y], m determined by sy, ..., s, such that for every
ring R and every sequence @ = x,...,x, € R the following are equivalent:
(a) there is a degenerate x-modification (N, g) of (R,1) of type (s1,...,8);

(b) there exist y1,...,Ym € R such that p(@1,..., %0, Y1y---, Ym) = 0 for all
pE Ss1,...,5)

Proor. Consider a sequence

(B, 1) = (Mo, fo) — --- — (M, f) = (N, 9),

(M, f;) being a modification of (M;_1, fi-1) of type s;. M; is constructed
by adding generators e,..., €, and a relation w; = y; — (z1€} +- - - +x5€, )
to M;_1, so

N=M,= (@ F;)/ Y Ruw,

The module My = R is simply generated by e} = 1, and F; has the basis
ei,...,eﬁi. Writing y; as a linear combination of the basis elements one
obtains afj € R such that

i—1 5

%= ZZaZlei}
(1) - i=1..m
w; = Z Z dhe] — (zyei + -+ z,¢€.),

4=0 I=1
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The condition @41y € (1,-.., %5, ) Mi—1 can be formulated in @;_:10 F;:

8 -1
— U v
Ts41Y; = Z .9 + Z biw,
u=1 y=1

with ¢ € @;;%Fj, b} € R. Expressing the g in the given basis of

@;_:10 F;_1 and substituting the right sides of (1) for y; and w; yields

-1 8
(2) ZZ%H@M
4=0 I=1
s =1 8 -1 v—1 & Sy
_ uj j v J _J v U -
ST Y+ (Y e - Y tnel), i1
u=17=0 I=1 v=1 ;=0 =1 =1

Each of these equations relating elements of the free module @;_:10 F;
splits into its components with respect to the elements of the given
basis. Replacing the coefficients a:zl, b, c?lj, x, by algebraically independent
elements Agl, B, Cﬁj, X, over the ring Z and collecting all the terms in
the components of (2) on one side, one obtains a set Sy(sg,...,s,) of
polynomials over Z which depends only on (s,...,s,).

We have seen that an @-modification of type (si,...,s,) leads to a
solution of the system Sp(sy,...,s,) in which the variables Agl, B, Cﬁj
take values in R whereas «,...,x, are substituted for Xj,..., X,. Con-
versely, given such a solution, one defines the elements y; and w; by their
representations in (1). The validity of (2) then guarantees that one has
constructed a chain of modifications.

Next we write down what it means for (M,, f;) to be degenerate. The
element f, is just the residue class of e = 1 in M,. Therefore (M,, f;) is

degenerate if and only if

e € w(@ F)+ Z Ruw,.
7=0 =1

This adds an (7 + 1)-th relation to the system (2):

noor % r ov=1 & Sy
1 _ uj 1 " . v Y
EDIPIPILTTED VPP BLACLEDPLARLL)
u=17=0 I=1 v=1 5=0 l=1 =1

Accordingly we enlarge our sets of indeterminates and of equations.
In view of what must be proved, there is no need to distinguish the
variables 47, B!, C. We order them in some sequence and rename them

1i,..., Y O
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Exercise

8.3.5. Let (R, m, k) be a Noetherian local ring of dimension n, M a big Cohen—
Macaulay module, and y a system of parameters. Prove

(a) Hi(M)=0for :=0,...,n— 1 and H%(M) # 0,

(b) H{y, M) =0for i=1,...,n and Hy(y, M) # 0,

(c) yis M—qua51-regular

(d) Exth(k, M)=0for i=0,...,n— 1 and Ext}(k, M) # 0

(Use 8.1.7))

8.4 Hochster’s finiteness theorem

The following theorem is fundamental for the application of characteris-
tic p methods to (local) rings containing a field of characteristic zero. Let
X=X,...,X,, Y ="1,..., Y, be families of independent indeterminates
over Z. Then we call a subset £ of Z[X, Y] simply a system of equations
(over Z). It has a solution of height n in a Noetherian ring R if there are
families ® = xy,..., 2y, ¥ = Y1,..., Ym in R such that

(i) p(z,y)=0forall p€ &, (ii) heightzR = n.
Note that condition (ii) implies R # R (by definition, height R = ).

Theorem 8.4.1 (Hochster). (a) Suppose that the system E of equations has
a solution of height n in a Noetherian ring R containing a field. Then £
has a solution @,y in a local ring R’ of characteristic p > 0 such that @
is a system of parameters for R'.

Moreover, R' can be chosen as a localization of an affine domain over
a finite field with respect to a maximal ideal.
(b) If, in addition, R is a regular local ring such that @ is a regular system
of parameters, then the ring R' in (a) can be chosen as a regular local ring
with regular system of parameters .

The theorem suggests the following strategy for proving a statement
S about Noetherian rings containing a field:
(1) prove &S for local rings of characteristic p > 0,
(ii) show that there exists a family (&;)icr of systems of equations with
the property that < holds for R if and only if none of the systems £; has
a solution of the appropriate height in R.

Both steps (i) and (ii) have been carried out for the statement ‘If
R is local and « a system of parameters, then there exists an @-regular
R-module’; see 8.3.1, 8.3.4, and 8.3.3. Thus one obtains

Theorem 8.4.2 (Hochster). Let R be a Noetherian local ring containing a
field, and ® a system of parameters for R. Then there exists an x-regular
R-module M. In particular, R has a big Cohen—-Macaulay module.
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The proof of 8.4.1 falls into three parts: (i) the reduction to its part
(b), (ii) the reduction to the case in which R is the localization of an
affine algebra, and (iii) the final step.

Before we set out for the proof of 8.4.1, we show that certain conditions
of linear algebra over a regular local ring can be formulated by stating
that the ring elements involved and some auxiliary elements satisfy a
suitable system of equations.

The equational presentation of acyclicity. Some conditions for elements in
a ring R and vectors and matrices formed by them are evidently of an
equational nature: for example, the membership of a vector in a finite
submodule of a free module of finite rank (especially that of an element
in a finite ideal) and the assertion that a sequence of matrices forms a
complex. The crucial fact for regular local rings is that the acyclicity of
a complex can also be cast into equational conditions:

Lemma 8.4.3. Suppose R is a regular local ring with regular system of
parameters xy,...,o,, and let the matrices ¢y, ..., 1 represent the linear
maps in a finite free resolution over R. Denote the family of the entries of
all the o; by z = (z§2)

Then there is a set A of polynomials over Z in the indeterminates
X = Xy,..., X, the family of indeterminates Z —= (ZJ(;C)) representing the

entries of all the matrices ;, and auziliary indeterminates W = Wy,..., W,
such that the following holds:
(a) there are w = wy,...,wy € R for which @, z, w is a solution of A;

(b) whenever @,2',w are specializations of X, Z, W in a regular local ring
R’ satisfying the systems of equations A and such that ® is a regqular system
of parameters, then the complex formed by the matrices ¢, with entries zj(gl
is acyclic.

Proor. We use the Buchsbaum—Eisenbud acyclicity criterion 1.4.13. Let
7; be the (expected) rank of ;. Then gradel.(y;) > i For 1 < dimR
this is equivalent to the existence of elements a; € (®), j = 1,...,n — 4,
for which I, (¢;) + (@a,..., aiz—s) contains a power of each of the x;. For
i > dim R, the condition grade I,(¢;) > i just says 1 € L.(¢;). Thus the
grade condition of the acyclicity criterion can be interpreted equationally.
In R’ we use the converse direction of the acyclicity criterion. O

This lemma describes very precisely which indeterminates and equa-
tions between them must be introduced in order to transfer objects of
linear algebra represented by matrices and some of their properties P
from the regular local ring R to another regular local ring R’ of the same
dimension via a generic presentation as in 8.4.3. Let us simply say that P
has a regular equational presentation. The following corollary lists some
properties with regular equational presentations.
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Corollary 8.4.4. Let (R, m) be a regular local ring, U C V submodules of
R’,v€ R’, W a submodule of R?, and ) R" — R a linear map. Then the
following properties have regular equational presentations:

(a) U= Ker;

(b) V/UZR/W;

() v U;

(d) Exto(R"/U,R) = R*/ W for some fized i

(e) dim R"/U = d for some integer d.

ProoF. (a) We choose a system u,...,u, of generators of U and define
the linear map p: R? — R’ by sending the «th basis vector to w;. Then

the sequence R? 2, B" X, R? can be extended to a finite free resolution
F, of Coker 1. By virtue of the previous lemma the acyclicity of F, has a
regular equational presentation, and the acyclicity includes the condition
U = Ker .

(b) The given isomorphism V/U = R*/ W and the choice of a system
of generators of U as above induce a commutative diagram

0 RY Rats " R — 0
| dl |
0 U 1 V/U —— 0

with exact rows and epimorphisms p,o,7. Conversely, given such a
diagram, one has Ker 7 = n(Ker o). In other words, a system of generators
of W is obtained by projecting a system of generators of Ker ¢ onto the
last s coordinates. Let T' = Ker 0. After the specification of matrices for
p, o, T 1t 1s sufficient that the condition T' = Ker ¢ has a regular equational
presentation, and this is warranted by (a) since ¢ can also be considered
as a linear map with target R".

(c) Set V.= U+ Rwv; then V/U # 0,and so V/U = R°/W with s > 0
and W C mR’. The condition V/U = R’/W has a regular equational
presentation by (b), and the same evidently holds for W C mR®.

(d) Again we choose an epimorphism p: R? — U and extend it to
a free resolution F, of R"/U. Let ¢; j = 1,...,p be the maps in F..
Then Ext4,(R"/ U, R) = Im ¢}/ Ker ¢}, (here * denotes the R-dual). Set
M = Im ¢} and N = Kerj, ;. Since the acyclicity of the resolution
and the condition N = Ker ¢}, ; have a regular equational presentation
(for M = Im ¢! this is trivial), Ext5(R"/U,R) = N/M also has such a
presentation, and an application of (b) concludes the argument.

(€) One has dimR — dim R"/U = grade R"/U since R is a regular
local ring. However, grade R"/U = min{i: Exth(R"/U,R) # 0}, and
the vanishing and non-vanishing of Ext can be captured by equations
according to (d). O
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The reduction to the affine case. The reader should note that we are free
to extend the set of indeterminates appearing in £ and the system & itself.
Moreover, we can also change the family X of distinguished variables
that guarantees the height of the solution. We only have to make sure
that the elements to which the variables X will finally specialize generate
an ideal of height n.

The very first step is a routine matter: we choose a prime ideal
p minimal over («) such that heightp = n, then we complete R, with
respect to the pR,-adic topology, and finally replace R by ﬁp. Because of
Cohen’s structure theorem A.21 we can write R as a residue class ring of
a regular local ring (containing a field), say R = S/I where I is generated
by elements b = by,...,b; and S has a regular system of parameters
a = a,...,a,. Extend the set of indeterminates by 4 = A4y,...,4, and
B = B;...,B;, and modify the system £ to a system € as follows: each
equation p(X, ¥) = 0 is replaced by the equation

p(Xa Y) = CplBl +---+ CpsBs

where the Cp; are new indeterminates.

Next we enlarge > by further equations expressing (i) the condition
that dim 5/(b1,...,b;) = n and (ii) the fact that a power of each a; lies in
the ideal generated by b and preimages of the x;. While the equations
for (ii) simply exist because @ is a system of parameters of R, we must
invoke 8.4.4(e) for (i).

Next suppose part (b) of the theorem has been proved. Then we
can find a solution Z,7y to the system €in a regular local ring S in
which 4 specializes to a regular system of parameters a. We simply set
R' = §'/(b). The original system & is solved by the residue classes «'
and 7 in R’ of the families @ and . Moreover, dim R’ = n because of
the extra equations for (i) above, and @ is a system of parameters by the
additional equations for (ii).

The reduction to the affine case. For the next reduction step Artin’s ap-
proximation theorem will be crucial. In order to explain it we need the
theory of Henselian local rings. We must content ourselves with a very
brief sketch, referring the reader to Grothendieck [142], IV, §18, Nagata
[284], or Raynaud [301] for a full treatment. A local ring (R,m) is
Henselian if it has the following property: suppose f € R[X] is a monic
polynomial such that its residue class f modulo mR[X] has a factor-
ization f = ¢g’h with monic polynomials ¢',h' € (R/m)[X] for which
(¢, k) = (R/m)[X]; then there exist monic polynomials f, g € R[X] such
that f = ghand §g = ¢’,h = K. A more abstract characterization is that R
1s Henselian if and only if every R-algebra S which is a finite R-module
1s a product of local rings.
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Hensel’s lemma says that a complete local ring is Henselian. Moreover,
for each local ring (R, m) there exists a Henselization (R" m") which, in
a sense, is the smallest Henselian local ring containing R. One has local
embeddings (R,m) C (R",m") C (ﬁ,ﬁ), and mR" = m". The ring R" is a
direct limit of subrings S each of which is the localization of a module-
finite extension of R with respect to a maximal ideal lying over m. More
precisely, S has the form (R[X]/f)mx) where f = X"+ ¢, 1 X" 14+ ¢
is a monic polynomial with ¢y € m, ¢; ¢ m. (It follows that R” is a flat
extension of R.)

We can now formulate (a special case of) Artin’s approximation
theorem [13]:

Theorem 8.4.5. Let R be a local ring which is a localization of an affine
algebra over a field k. Let £ be a system of polynomial equations over R
in n variables. If € has a solution € R, then it has a solution ¥ € (RM™.
Furthermore, given t, the solution ® can be chosen such that it approzimates
x to order t, that is, = @ mod m*R".

We will not need the statement about approximation to order %; it
has only been included for completeness.

Proposition 8.4.6. Let £ C Z[X,Y] be a system of equations with X =
X, Xy and Y = Yq,...,Y,. Suppose that € has a solution ¢,y in a
regular local ring R that contains a field K and such that x is a regular
system of parameters. Then there exist an algebraically closed field L of
like characteristic, an affine domain A over L, and a maximal ideal m of A
with Ay regular such that £ has a solution @,y in Ay for which @ is a
regular system of parameters of Ap.

Proor. We may assume R is complete. By Cohen’s structure theorem
A.21, R is just a formal power series ring K[[«]] in which the elements
of @ are the indeterminates. It is obviously harmless to replace K by an
algebraic closure L.

Next the indeterminates X in the system & are replaced by the
elements of x so that we obtain a system of polynomial equations &
in the unknowns ¥ over L[x]. By hypothesis it has a solution in
the completion L[[«]] of A' = L[#](y) with respect to its maximal ideal
m' = xA'. Thus the approximation theorem yields a solution in the
Henselization of A’, and therefore in an extension A" = (A'[X]/(f))w x)
where f = X"+ ¢,_1 X" 14+ .- + ¢y is a monic polynomial with ¢y € m’,
o1 ¢ m'. It is easily verified that dim A” = n and that the image of @
generates the maximal ideal of A". It follows that A" is a regular local
ring for which @« is a regular system of parameters. In order to arrive at
an integral domain A we replace A'[X]/(f) by the residue class ring with
respect to its unique minimal prime ideal contained in (m', X)A'[X]/(f).
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The final step. Let L, A, m, @, and y be as in 8.4.6. We rename « and
v by setting ® = @, y = ¢/. Since L is algebraically closed, the injection
L — A induces an isomorphism L = 4/m by Hilbert’s Nullstellensatz in
its algebraic version; see A.15. In other words, A = L @& m as an L-vector
space. This implies that A = L[z,..., 2| where z,...,2 generates the
ideal m. We write A = L[Z]/I, Z = Z,,..., Z, being indeterminates over
L. The ideal I is finitely generated by polynomials f3,...,f;. Let C C L
be the finite set of coeflicients appearing in

(1) the polynomials fi,...,f;

(2) n+ m polynomials expressing @i,...,@, and #%,...,yn i terms of
Zlyeeey Zry

(3) a polynomial g ¢ m and polynomials h; such that gz = > hyx; for
all 4. (The polynomials k;; can be found since @ generates mAm.)

Let Ly be the subfield generated by C over the prime field of L and
set R' = Lo[z1,..., 2]

The first point to be observed is that I N Ly[Z] is generated by
fi,--+, S5 since the extension Lo[Z] — L[Z] is faithfully flat. This
implies R' = Lo[Z]/(f1,---, f3)Lo[Z]; therefore A = L ®@r, R'. Obviously
21,...,2 generate a maximal ideal m’ of R, and R'/m’' = Lg; hence
R = Ly®(#,...,2)R'. The extension R, — Am is flat, and so dim R}, =
dim Ay = n by A.11. The solution @,y is contained in R', and m'R],, is
generated by « because of (3) above.

Let us first treat the case of characteristic 0; after all, the descent
from characteristic 0 to positive characteristic is the main point of 8.4.1.
(In positive characteristic it only remains to replace Ly by a finite field
of the same characteristic.) With the notation just introduced, Lg is the
field of fractions of the finitely generated Z-algebra B = Z[C], and apart
from the fact that the coefficients no longer form a field, almost nothing
is lost if we replace Ly by B.

(i) R" = B|z,..., %] is a domain containing #, y. This is obvious.

(ii) p = (z1,-..,%)R' N R" is a prime ideal of height n: evidently p is a
prime ideal, and it has the same height as its extension in R/, a ring of
fractions.

(iii) p = (z,...,%)R" and R" = B® p. This is an immediate consequence
of R = Ly ® (#,...,z)R.

(iv) pR, is generated by @ because C contains all the coefficients appearing
in (3) above and g ¢ p.

For the very last step we choose a maximal ideal q of B not containing
the constant coefficient of the polynomial g appearing in (3) above. This
1s possible since Z and, hence, B are Hilbert rings, and for the same
reason B/q is a finite field (see A.18). We claim that replacing all the
data by their residue classes mod q gives us the desired solution of £ in
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a local ring of characteristic p.
First note that @ generates p since p is generated by the residue classes
z; of the z, and these in turn can be written as linear combinations of
the @; because the polynomial g of (3) above is non-zero modulo .
Second, heightp = n as will now be shown. Let B = q@ p. Then
height B < height g+dim(Rg/qRg) by A.5, applied to the homomorphism
By — Ry, and therefore

height p = dim(Rg/qRg) > height B — height g.

The ring R", a residue class ring of a polynomial ring over Z, and thus
of a Cohen—Macaulay ring, is catenary; see 2.1.12. Since R" is also a
domain,

height B = height p + height B/p = height p + height g,

or height p > heightp = n, as desired.
In positive characteristic the argument is essentially the same: one
only has to replace Z by the prime field of Ly.

Exercise

8.4.7. Let R be a regular local ring and U, M, N finite R-modules, given as
quotients of finite free R-modules by submodules. Show that both the acyclicity
and the non-acyclicity of a complex U — M — N have regular equational
presentations. (Describe the maps by matrices.)

8.5 Balanced big Cohen—-Macaulay modules

Big Cohen—-Macaulay modules M lack many of the properties of finite
Cohen-Macaulay modules. For example, let R = K[[X, Y] and M =
R & Q, where @ is the field of fractions of R/(Y). Then X is obviously
regular on M, and M/XM = R/(X). Thus M is (X, Y )-regular, but not
(Y, X)-regular. However, it is important for the applications in Chapter 9
and an interesting fact in itself that every local ring R possessing a
big Cohen—Macaulay module even has a balanced big Cohen—Macaulay
module, i.e. a module M such that every system of parameters is an M-
sequence. More precisely, we want to prove that the m-adic completion
of any big Cohen—-Macaulay module is balanced. Our main argument
will be that 1.1.8 has a converse for complete modules:

Theorem 8.5.1. Let R be a ring, ® = x1,...,@, ¢ sequence of elements of
R, and M an R-module. Let I = ®R, and denote the I-adic completion of
M by M. Then the following are equivalent:

(a) @ is M-quasi-regular;

(b) @ is M-quasi-regular;

(c) @ is M-regular.
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Proor. By definition quasi-regularity includes the requirement IM # M.
Since PM/IPP+'M is naturally isomorphic with I"M/F*M, one has a
commutative diagram

M (R/I)[Xy,...,X,] —— g, M

~

M@ (R/I)[Xy,...,X,) —— gr; M

Together with the description of quasi-regularity by the conclusion of

1.1.8 this diagram immediately yields the equivalence of (a) and (b).
Theorem 1.1.8 says that (c) implies (b). We want to prove the crucial

implication (b) = (c) by induction on n, and recall the results of Exercise

1.1.15, namely

(i) if z12 € I'M for z € M, then z € I"'1 M,

(ii) the sequence ay, ..., @, is (M/x; M)-quasi-regular.

Let z € M such that @z = 0. Then, by (i), z € I M = 0, and hence z; is

M-regular. Because of (ii) it remains to prove that M/m M = (M/z, M) .

There is a natural exact sequence

0 — (M) — M — (M/xy M) — 0,

in which (:clM)’ is the completion of ;M with respect to its subspace
topology (see [270], Theorem 8.1; note that the quotient topology on
M/:clM is just the I-adic topology). The subspace topology is given
by the filtration (:clMﬂ IjM). Of course = M = M is complete in its
own I-adic topology, and we are left to verify the following claim of
Artin—Rees type: if @ is M-quasi-regular for some R-module M, then
xM N FPM C P~z M. But this follows immediately from (i). O

Since quasi-regularity of a sequence is invariant under permutations
of its elements, one can permute M-regular sequences:

Corollary 8.5.2. With the notation of 8.5.1 assume that @ = x1,...,x, is
M-regular. Then for every permutation o of {1,...,n} the sequence @, =
Ty(1)s+ - -y Lo(n) 18 M-regular.

Another consequence is the existence of balanced big Cohen—Macau-
lay modules:

Corollary 8.5.3. Let (R,m) be a Noetherian local ring, and M « big
Cohen—Macaulay R-module. Then the m-adic completion M is a balanced
big Cohen—Macaulay module. In particular, if R contains a field, it has a
balanced big Cohen—Macaulay module.

ProoF. Note that for any system of parameters = the m-adic and («)-adic
topologies on M coincide. Therefore we can apply 8.5.1 to the m-adic
completion.
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Suppose that the system of parameters @ = x,...,x, is an M-
sequence, and let y = y1,..., ¥y, be an arbitrary system of parameters. By
the standard prime avoidance argument there exists an element w € m
not contained in any minimal prime ideal of (@, ..., @n-1) o (¥1,- -+, Yn-1)-
Hence ay,..., 2,1, w and yy,..., Yo_1, W are systems of parameters.

Note that @,...,2,—1,w 1s an M-sequence: a power of xz, being a
multiple of w modulo (@,...,@,-1), the element w must be regular on
M/(z1,...,@p—1)M. Then w,@,..., 2,1 is M-quasi-regular and therefore
M—regular. Furthermore M/wM is an (@,...,@,1)-regular module for
the local ring R = R/Rw. By induction on n one may assume that
(U1,---s Un—1) 18 (M/wM)—regular, too. Then w,y1,..., Y1 is M-regular,
and applying the preceding arguments in reverse order we get that y is
an M-sequence.

Now the second part of the corollary follows immediately from the

existence of big Cohen—-Macaulay modules for local rings containing a
field; see 8.4.2. O

Remark 8.5.4. A different construction of balanced big Cohen—Macaulay
modules was given by Griffith in [139] and [140]. Let R be a Noetherian
complete local domain containing a field K. As in the proof of 8.4.6, R
is a module-finite extension of a formal power series ring K[[«] where @
is an arbitrary system of parameters. By [139], Theorem 3.1, there exists
an R-module which is a free A-module (with countable basis). Such a
module is a balanced big Cohen-Macaulay module ([140], Proposition
1.4).

Balanced big Cohen—Macaulay modules are much closer to finite
modules than is apparent from their definition. Sharp [342] developed
the theory of grade for balanced big Cohen—-Macaulay modules, similar to
that for finite modules, using Theorem 8.5.6 below as a prime avoidance
argument. Unfortunately, however, the property of being a balanced big
Cohen—Macaulay module is not stable under localization. In Chapter 9
we shall introduce a general notion of grade that overcomes this obstacle.

Proposition 8.5.5. Let R be a Noetherian local ring, and M a balanced big
Cohen—-Macaulay module.

(a) One has dim R/p = dim R for all p € Ass M;

(b) in particular Ass M is finite;

(c) Ass M consists of the minimal prime ideals of Ann M, and so Supp M =
V(Ann M).

ProorF. (a) Let q € Spec R with dim R/q < dim R. Then q is not contained
in a prime ideal p such that dim R/p = dim R, hence not contained in the
union of these prime ideals. So there exists z € q with dim R/(z) < dim R.
The element « can be extended to a system of parameters. Thus it is
regular on M, and q ¢ Ass M.
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Part (b) follows immediately from (a).

(c) Let Ass M = {p4,...,p,}. Since Ann M C p, for all 4 it remains to
be shown for the first assertion in (c) that 7 € Ann M for all £€ N, p;
and 7 > 0. Given such an element f, there exists j with /1 = 0 in Ry,
for all = It follows that ijp, = 0, and so p; ¢ Ass fM. On the other
hand, Ass M C Ass M. Therefore Ass /M = 0, which is only possible
if FM=0.

The second assertion in (c) follows from the first since, over a Noe-
therian ring, every prime ideal q € Supp M contains a p € Ass M. O

Theorem 8.5.6. Let R be a Noetherian local ring, and M @ balanced big
Cohen—Macaulay module. Suppose that ® = x,...,x, s an M-sequence.
Then Ass M/xM is finite, and dim R/p = dim R—r for allp € Ass M/xM.

ProoF. Let q be prime ideal such that dimR/q = dim R. Then Rx; +
AnnM ¢ q: if q € Ass M, then o ¢ q; if q ¢ Ass M, then Ann M ¢ g
by 8.5.5. As the number of such prime ideals is finite, Rz; + Ann M is
not contained in their union. By 1.2.2 one therefore finds an element
y € Ann M with o + y ¢ q for all q such that dim R/q = dim R. The
following facts are now obvious:

(i) dim(R/(x1 + y)) = dimR — 1, and M/(x; + y)M is a balanced big
Cohen—Macaulay module over R/(z1 + y);

(ii) @1 + y, @2, ..., @ is an M-sequence;

(i) M/eM = M/(z1 + y, 22, .., &) M.

Set R = R/(x1 + y) and M = M/(z; + y)M. Because of (i) and (ii) we
can apply an inductive argument to the M-sequence 2y, ..., Z,. By (iii) the
associated primes of M/xM are exactly the preimages of the associated
primes of M/(2s,...,2,)M over R. O

Exercises

8.5.7. Prove that each of the conditions (a), (b), and (c) of 8.3.5 is equivalent to
M being a (balanced) big Cohen-Macaulay module.

8.5.8. Let R be a Noetherian local ring, and M a balanced big Cohen—Macaulay
module over R. One sets supp M = {p € Spec R: M, /pM, # 0}. Show

(a) M, is a big Cohen—Macaulay module for R, if and only if p € supp M,

(b) one has height p 4+ dim R, = dim R for every p € supp M.

(For general M one uses 8.5.9(c) to define supp M; see Foxby [116].)

8.5.9. Let R and M be as in 8.5.8. Then verify that the following are equivalent
for p € SpecR:

(a) p € supp M;

(b) there exists an M-sequence ay,...,a, with p € Ass(M/(a,...,qa,) M),

(c) there exists ¢ with pp, M) # 0,

(d) there exists 7 with H 5 (M;) # 0;

(e) H;RF(M,,) =0for:=0,...,heightp — 1 and H:RF(M,,) # 0 for h = height p.
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Hint: (b) = (c): localize and consider = r; (c) = (d): use 3.5.12; (d) = (e): by
hypothesis on M there exists an M-sequence a,..., a, in p; (e) = (a): this holds
for arbitrary M by 3.5.6.

Notes

The results in this chapter on the existence of big Cohen—Macaulay
modules are entirely due to Hochster, as well as the method of their
construction. With one exception we have followed closely Hochster’s
original treatment in [178] and his influential lecture notes [181]. The
exception is the existence of ‘amiable’ systems of parameters, for which
Hochster avoids local cohomology. The results 8.1.3, 8.1.4, and 8.1.5 are
due to Schenzel [326], [329]. The proof of Roberts’ theorem 8.1.2 is a
slight variation of his original argument [309] introduced by Schenzel
[328] in order to obtain a somewhat more general result.

There have been suggestions for modifying Hochster’s methods. Bar-
tijn and Strooker [364] constructed a ‘pre~Cohen—Macaulay’ module by
‘monomial modifications’, and showed that the m-adic completion of such
a module is a balanced big Cohen—-Macaulay module. Our proof of the
existence of such modules is a variant of their arguments, whereas the
first construction was given by Hochster in [180] (based on an extension
of the ‘modification method’). Griffith’s work was mentioned in 8.5.4.
There are several articles which deal with the properties of balanced big
Cohen-Macaulay modules: see Duncan [78], Sharp [342], [343], Zarzuela
[398] and the literature quoted in these papers. Theorem 8.5.6 and Exer-
cises 8.5.8 and 8.5.9 have been taken from Sharp [342], who coined the
notion ‘balanced’ in that article.

A very interesting revision of Hochster’s arguments is due to van
den Dries who introduced methods of model theory to our subject; see
Chapter 12 of Strooker [364]. A completely different construction in
characteristic zero was given by Roberts [310] who derived the existence
of a ‘Cohen—-Macaulay complex’ from resolution of singularities and the
Grauert—Riemenschneider vanishing theorem. We refer the reader to
Hochster and Huneke [197] for a more extensive list of properties that
have a regular equational presentation.

It is still open whether there exist big Cohen—-Macaulay modules for
local rings of mixed characteristic. The most intensive attempts towards
their construction can be found in Hochster’s article [180].

We saw in 2.1.14 that one cannot expect a finite maximal Cohen—
Macaulay module for every local ring. Of course a local ring of dimen-
sion 1 has such a module, and also a complete local ring of dimension 2
(2.1.20 and 2.2.31). It is an open question whether there exist finite
maximal Cohen—Macaulay modules for all complete local rings. A very
special positive result in dimensions > 2 is due to Hartshorne, Peskine,
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and Szpiro; see [180], (5.12).

Hochster’s article [180] also contains a discussion of the question
whether there exist big Cohen—Macaulay algebras. For positive charac-
teristics Hochster and Huneke [193] have answered this question: if R is
excellent, then the integral closure of R/p where p is a prime ideal with
dim R/p = dim R in an algebraic closure of its field of fractions is a big
Cohen—Macaulay module for R (see also Remark 10.1.6).

The material on the Frobenius functor has been taken from Peskine
and Szpiro’s ingenious thesis [297]. Theorem 8.2.7 is just the first in
their long series of surprising results, many of which will be dealt with
in Chapter 9. Kunz’s characterization [245] of regular local rings of
characteristic p and Herzog’s converse [157] of 8.2.7 were mentioned in
8.2.11. More recently, the Frobenius functor was investigated by Dutta
[79], [83] and Seibert [331].
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This chapter is devoted to the consequences of the existence of big
Cohen—-Macaulay modules for local rings containing a field. Among the
theorems covered, the reader will find Hochster’s direct summand theorem
for regular local rings, his canonical element theorem, the Peskine—Szpiro
intersection theorem and its extensions, the theorem of Evans and Griffith
on ranks of syzygy modules, and, finally, bounds for the Bass numbers
of modules. These bounds entail surprising characterizations of Cohen—
Macaulay and Gorenstein local rings.

There exist derivations of all the theorems in this chapter avoiding big
Cohen—Macaulay modules; most of them will only be outlined briefly.
They were found in attempts to prove the theorems in mixed characteris-
tic. With the main exception of Roberts’ new intersection theorem (whose
proof in mixed characteristic requires methods beyond the scope of this
book) these efforts have not yet succeeded.

9.1 Grade and acyclicity

The fundamental argument in Sections 9.4-9.6 is that certain finite free
complexes become exact when tensored with a balanced big Cohen-—
Macaulay module. This section contains the acyclicity criterion on which
our treatment is based.

Let R be a Noetherian ring,

Fi0—F, 25 Fqy— e — Fy 2 Fy— 0

a complex of finite free R-modules, and M an R-module. We saw in
1.4.13 that F., is acyclic if and only if grade I, (¢;) > i for i = 1,...,s.
Here r; = E;:i(—l)j_irank F; is the expected rank of ;. Now we want
to develop a more general criterion by which one can decide whether
F,® M is acyclic for a given R-module M. As we shall see, the condition
grade I,(¢;) > 1 is just to be replaced by grade(I,(¢;), M) > i. It will be
crucial that we can use the general criterion for a balanced big Cohen—
Macaulay module M. Therefore we must first introduce a concept of
grade which does not exclude non-finite modules.

Definition 9.1.1. Let R be a ring, I an ideal generated by & = x,...,xy,
and M an R-module. If all the Koszul homology modules H(x, M)

348
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vanish, then we set grade(l, M) = oo; otherwise grade(l, M) = n— h
where h = sup{s: Hy(x, M) # 0}.

Note that by 1.6.22 grade(I, M) is well defined: it does not depend
on the choice of «. Furthermore, 1.6.17 shows that for a finite module
M over a Noetherian ring R the definition of grade is consistent with
that in Chapter 1. There is not much point in considering non-finite
ideals I; for completeness let us define grade(I, M) to be the supremum
of grade(I', M) where I' ranges over the finitely generated subideals of I.
(This makes sense because grade is monotone with respect to inclusion of
(finite) ideals; see 9.1.2.) On the other hand, there is no reason to restrict
ourselves to Noetherian rings, as we shall see below.

Proposition 9.1.2. Let R be a ring, I a finite ideal, and M an R-module.
Then

(a) grade(I, M) = 0 < Hompg(R/I,M)# 0 <= {z € M: Iz=0} # 0;
(b) if y = v1,---,Ym 15 @ weak M-sequence in I, then grade(I, M) > m, and
grade(I, M/yM) = grade(I/(y), M/yM) = grade(I, M) — m;

(c) if R — S is a flat ring homomorphism, then grade(IS,M @ S) >
grade(I, M); in particular grade(ly, My) > grade(I, M) for p € Spec R;
(d) if R — S is faithfully flat, then grade(IS, M ® S) = grade(I, M);

() if 0 > U— M — N — 0 is an exact sequence of R-modules, then

grade(I, M) > min{grade(I, U), grade(I, N)},
grade(I, U) > min{grade(I, M), grade(I, N) + 1},
grade(I, N) > min{grade(I, U) — 1, grade(I, M)};

(f) if J D I is finite, then grade(J, M) > grade(I, M);
(g) if S is a subring of R containing a system of generators @ of I, then
grade(@S, M) = grade(I, M).

Proor. (a) By virtue of 1.6.16 one has H,(x, M) = Hompg(R/I, M) for
every system of generators @ = x,..., @, of L.

(b) The inequality grade(I, M) > m follows immediately from 1.6.16.

Let - denote residue classes modulo (y). We have an isomorphism
K(x)®r M = K,(¥) ®p R ®p M = K,(%) ®p M; see 1.6.7. This shows
grade(I, M) = grade(I, M). Now we extend y by a sequence z to a system
of generators of I. Then grade((z), M) = grade(I, M) — m by 1.6.13, and
grade((z), M) = grade((z), M) = grade(I, M) follows as above.

(c) and (d) are immediate consequences of 1.6.7.

(€) One argues as in the proof of 1.2.9, but uses the exact sequence
1.6.11 of Koszul homology rather than that of Ext. (To carry the analogy
one step further, one could work with Koszul cohomology; see 1.6.10.)

(f) It is enough to consider the case in which J = I'+ (y). Let I = («)
and compare H,(z, M) and H.((x, y), M) via 1.6.13.
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(g) Let @g denote x as a sequence in S. By 1.6.7 one has K, (xs)®s M =
K.(CCS) Rs RQp M = K.(CC) Qr M. O

Part (g) of 9.1.2 explains why the computation of grade can always
be reduced to a situation in which R is Noetherian: one simply replaces
R by the Z-subalgebra generated by a system of generators of I.

For inductive proofs one must be able to decrease grade by passing
to residue classes modulo a regular element. In general, one cannot find
such an element in an ideal of positive grade, but one need not go very
far. For simplicity we write I[X] for IR[X] and M[X] for M @ R[X].

Proposition 9.1.3. Let R be a ring, I and J finite ideals, and M an R-module.
(a) Suppose grade(I, M) > 1. Then I[X] contains an M[X]-regular element.
(b) One has grade(IJ, M) = min(grade(I, M), grade(J, M)).

Proor. (a) We may replace R by a Noetherian subring. Let @i,..., o,
generate I, and set y = @ + 2 X + --- + 2, X" L. If y is a zero-divisor,
then it is contained in an associated prime of M[X], whether M is finite
or not. But M[X] is a graded module over the graded ring R[X], so
by 1.5.6 y annihilates a non-zero homogeneous element of M[X] which
necessarily has the form X?z z € M, z # 0. It follows that Iz = 0 which
contradicts our hypothesis.

(b) We go by induction on grade(1J, M). If grade(IJ, M) = oo, then the
assertion follows from 9.1.2(f). If grade(IJ, M) = 0, then grade(I, M) =0
or grade(J, M) = 0 by 9.1.2(a). In the other case we may first adjoin an
indeterminate because of 9.1.2(d). Then IJ contains an M-regular element
y by (a); now one replaces all data by their residue classes modulo y,
and applies the induction hypothesis in conjunction with 9.1.2(b). O

It remains to add a proposition which describes the special properties
of grade over Noetherian rings R; for these it makes sense to introduce
the notation

depth M, = grade(pR,, Mj).

Proposition 9.1.4. Let R be a Noetherian ring, I an ideal in R, and M an
R-module. Then

(a) grade(I, M) = 0 if and only if there exists p € Ass M with I C p,

(b) p € Ass M <= depth M, = 0,

(c) grade(I, M) = inf{depth R,: p € V(I)}.

ProoF. (a) One has grade(I, M) = 0 exactly when there exists a non-zero
x € M such that Iz = 0. Over a Noetherian ring, I must be contained in
an associated prime ideal of M.

(b) Because of (a), depth R, = 0 is equivalent with pR, € Ass M, and
this holds if and only if p € Ass M. (One only needs that p is finite.)

(c) One has grade(I, M) < depth M, for all p € V(I). So (c) is trivial
when grade(I, M) = oo. Suppose that in the case of finite grade we have
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found P € V(I[X]) such that depth M[X]g = grade(I[X], M[X]), and set
p = RN P. Then

depth M, = grade(pR,, M) = grade(pR[X]|p, M[X]gp) < depth M[X]s.

Together with grade(I[X], M[X]) = grade(I, M) this yields grade(I, M) =
depth R, and thus the assertion.

In order to find P one proceeds by induction, using the fact that I[X]
contains an M-regular element if grade(I, M) > 0; the case of grade zero

is covered by (a) and (b). O

Let ¢: F — G be a homomorphism of finite free R-modules, and
M # 0 an R-module. We say the ¢ has rank r with respect to M, if
grade(I,(¢), M) > 1, whereas Ii(v)M = 0. We write rank(¢, M) = 7.
Note that rank(¢, M) may not be defined. Furthermore, rank(¢, R) =
rank ¢ by 1.4.11. For systematic reasons one sets rank(¢, M) = 0 when
M is the zero module.

Proposition 9.1.5. Let R be a ring, M # 0 an R-module, and F,: 0 — F;, —
F, 1 — --- = F) — Fy — 0 a complex of finite free R-modules such that
F.@ M is acyclic. Let ; denote the map F; — F;_1. Thenrank(p;, M) is the
expected rank 7; of ¢; for i=1,...,s: rank(y;, M) = E;:Z(—l)j_irank F;.

Proor. We choose bases of the free modules, and matrices A; representing
the homomorphisms ;. Let S be the Z-subalgebra generated by the
entries of all these matrices. They define a complex F' of finite free
S-modules such that F! ®s R = F.. Therefore F! s M = F, p M 1is
acyclic. The ring § is Noetherian. For p € Assg M the complex F! ® S
is split exact by 1.4.12 which furthermore implies that I,,(4:), = S and
Ir,+1(Ai)P =0.

Since S is Noetherian, one has grade(I,(4;), M) > 1 by 9.1.4. Let
I=1I..1(4;). Assume IM # 0, and choose z € M such that Iz # 0. Then
AssIz # 0. For p € Ass Iz one has (Iz), # 0, and hence IM, # 0, which
is a contradiction: since AssIz C Ass M, one even has I, = 0 as seen
above. It follows that rank(4;, M) = »;.

By the definition of rank and 9.1.2 it is irrelevant for rank(4; M)
whether one considers A; as a matrix over S or R. O

Theorem 9.1.6 (Buchsbaum—-Eisenbud; Northcott). Let R be a ring, M
an R-module, and
Ps 1

F..0—F, —F,_{— -+ —F —F—20
a complex of finite free R-modules. Let r; be the expected rank of ;. Then
the following are equivalent:
(a) F. ® M is acyclic;
(b) grade(L, (), M) > i fori=1,...,s.
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The remark about 7; that follows 1.4.13 applies here, too: each of (a)
and (b) implies that 7, > 0 for i =1,...,s.

ProoF. As in the proof of 9.1.5 one reduces the theorem to the case in
which R is Noetherian. Then the proof is mutatis mutandis the same as
that of 1.4.13. We indicate some of the modifications. There is nothing
to prove if M = 0, so assume that M is non-zero.

For (a) = (b) one uses 9.1.5 to get grade(l, (), M) > 1. Then
one adjoins an indeterminate, which affects neither the acyclicity of
the complex nor the grades under consideration. By virtue of 9.1.3
one finds an M-regular element in the intersection of the ideals I,.(¢y),
and completes the proof of (a) = (b) as in the case of 1.4.13. It is
not necessary to pass from R to R/(x); instead one substitutes M/xzM
for M in order to apply the induction hypothesis. If @M = M, then
grade((z), M) = grade(I,(¢;), M) = oo for all .

For (b) = (a) one sets M; = Coker ¢;41 ® M, and replaces depth R,
by depth M, and F; by F; ® M. That (M,), is free for depth R, < 4, must
be modified to ‘(M;), is a direct sum of finitely many copies of M, if
depth M, < 7.

We introduce a new invariant of a complex and provide a lemma
which is fundamental for the results in Sections 9.4-9.6. (Recall that
codimI = dim R — dim R/I for an ideal I in a local ring R.)

Definition 9.1.7. Let (R, m) be a Noetherian local ring,

Fi0—F, 25 Fqy— e — Fy 2 Fy— 0

a complex of finite free R-modules, and r; the expected rank of ¢, We
define the codimension of F, by

codim F, = inf{codim I,(¢;) — i: i=1,...,s}

If F, is acyclic, then codimF, > 0 by the Buchsbaum-Eisenbud
acyclicity criterion 1.4.13 (or 9.1.6) since grade I < codim I for all ideals.
Conversely, if codim F, > 0, then F, need not be acyclic, but F, ® M is
acyclic for a balanced big Cohen—Macaulay module M:

Lemma 9.1.8. Let (R,m) be a Noetherian local ring, and F. a complex of
finite free R-modules as above. Suppose that codim F, > 0. Then F, @ M
is acyclic for every balanced big Cohen—Macaulay module M.

Proor. In view of 9.1.6 it is enough that grade(I.(v;), M) > ¢ for i =
1,...,s In fact, if I is an ideal with codimI > 4, then it contains a
sequence i,...,x; which is part of a system of parameters, as is easily
shown by induction on i Such a sequence is M-regular. O
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In Section 9.5 we shall investigate lower bounds for the numbers 7.
A first result in this direction can be recorded already. Let (R, m) be a
local ring. We say that a complex of finite free R-modules F, as in 9.1.7
is minimal of length s if F; # 0 and y(F;) C mF;_; for all <. Considering
minimal complexes only is not a severe restriction since every complex
of finite free modules over a local ring decomposes into a direct sum of
a minimal such complex and a split exact one.

Proposition 9.1.9. Let (R,m, k) be a local ring, and F. a length s minimal
complex of finite free R-modules as above. Suppose there exists an R-
module M such that M # mM and F, @ M is acyclic. Let r; denote the
expected rank of ;. Thenr; > 1 fori=1,...,s

ProoF. One has r; = rank F; > 1 by hypothesis, and it follows from
Proposition 9.1.5 that »; = rank(¢;, M) > 0 for all 4. Arguing inductively,
we must only show r, = 0 implies » = 0.

If » = rank(y, M) = 0, then L(¢1)M = 0, and so 1 @ M = 0.
Therefore we have an exact sequence

QM
BoM —FLoM—0.

Consequently o, @ M@k — F1 @ M® k — 0 is also exact. By hypothesis
M # mM, equivalently, M ® k is a non-zero k-vector space. Thus the
sequence Fok — F1®k — 0 must be exact. On the other hand, 2@k = 0
since ¢y(F2) C mF;. Hence we get Fy = 0, and r, = rank F; — r; = 0.

O

Exercises

9.1.10. Let R be a ring, I a finitely generated ideal, and M an R-module.
Furthermore let R, be a polynomial ring over R in an infinite number of
indeterminates, I, = IR, and M, = M ® R,. Prove the following:

(a) If grade(I, M) < oo, then every maximal weak M,-sequence in I, has length
equal to grade(I, M).

(b) One has grade(I, M) = oo if and only if I,, contains an infinite weak M-
sequence.

(c) One has grade(I, M) = inf{s: Ext;w(Rw/Iw,Mw) # 0}.

(d) For Noetherian R one has grade(I, M) = inf{i: Ext}(R/I, M) # 0}.

(e) Suppose that the number of associated prime ideals of M/(#)M is finite for
every weak M-sequence . (For example, this holds when M is a balanced big
Cohen-Macaulay module over a Noetherian local ring; see 8.5.6). Then one can
drop the subscript o in (a), (b), and (c).

9.1.11. For a finite module M over a Noetherian ring R we have grade(I, M) =
if IM = M. For non-finite M this may be false. Find an example.

9.1.12. Let (R, m) be a Noetherian local ring, and M an R-module. Prove
(a) if M # mM, then depth M is finite,
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(b) if depth M is finite, then depth M < dim R,

(c) depth M = inf{s: H: (M) # 0},

(d) depth M = dim R — Misa (balanced) big Cohen-Macaulay module.
9.1.13. Sometimes it may be more natural to work with homology modules
rather than the ideals I,(¢;). Therefore it is worth while reformulating the
crucial condition for acyclicity. One must however use the homology of F; =
Homg(F.,, R). With the notation of 9.1.6, show the following are equivalent:

(a) grade(L (¢;), M) > ifor i=1,...,s;

(b) grade(Ann H{(F?), M) > ifori=1,...,s

9.1.14. Generalize the lemme d'acyclicité’ 1.4.24 to the case of arbitrary R-modules
Li~

9.1.15. Let R be a Noetherian local ring and M a balanced big Cohen—Macaulay
module. Prove Tor (N, M) = 0 for all finite R-modules NV and ¢ > 0. In particular,
M is faithfully flat if R is regular.

9.2 Regular rings as direct summands

Let R and S be Noetherian local rings such that R C S and S is a
finite R-module. Suppose that R is regular and, for the moment, S is a
Cohen—Macaulay ring. Since every system of parameters of R is a system
of parameters of S, the R-module S, having finite projective dimension,
must be free. Furthermore the element 1 € R is part of an R-basis of S,
and it follows that R is a direct summand of S as an R-module. Quite
surprisingly this holds true regardless of the Cohen—Macaulay property
of S, at least when S contains a field.

The argument above uses the fact that a system of parameters of R
is an S-sequence. As we shall see, a much weaker property suffices. It is
given by the following ‘monomial theorem’:

Theorem 9.2.1. Let S be a Noetherian local ring containing o field. Then for
every system & = x,...,, of parameters and all t > 0 one has ! -- -z}, ¢

().
Proor. By 8.4.2 there exists an @-regular module M. Suppose that
-t € (2!). Then zt---afM C «*'M. The associated graded
module gry M is an (R/(2)[X,. .., X4])-module in a natural way, and, a
fortiori, X} -+ Xigr ) M C (X XY gr(w) M.

On the other hand, since @ is an M-sequence, the associated graded
module gr,y M is isomorphic to M ® R/(x)[Xy,...,X,] (see 1.1.8). There-
fore

() M)/ (X7, X gry M = D) X7 - - X(M/ M)
as an R-module where the direct sum is taken over all monomials
X7 X g (XL X0,
This is a contradiction since X7?- -+ X7 ¢ (XI1..., Xt1). O
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The proof of 9.2.1 shows much more than stated in the theorem:
let In, Jo be ideals in Z[Xj,...,X,] generated by monomials, and I, J;
the ideals generated by the corresponding monomials in @y, ...,x,; then
LHCh <= I,CJ.

Suppose that S = R@® C as an R-module. Then for every ideal
I C R one has IS = I @ IC, hence ISNR = I. Let ® = ay,...,a,
be a system of parameters of R. If R is regular, then, as the proof
of 9.2.1 shows, t---af ¢ (2*1); so af---af ¢ xS, for otherwise
zi - ab € (21)S N R = («?). This simple observation proves the easy
part of the following lemma.

Lemma 9.2.2. Let (R,m) be a regular local ring and © = x,...,@, a
regular system of parameters. Suppose that S O R is an R-algebra which
is finite as an R-module. Then R is a direct R-summand of S if and only if
xt---xl & LS for every t> 0.

Proor. Since the m-adic completion Risa faithfully flat extension of R,
the same holds true for the extension § ® R of S. Thus xt-xb ¢ S
implies that « - - af ¢ 1S @ R.

Suppose that the implication still open holds under the additional
assumption that the regular local ring is complete. Then R is a direct R-
summand of § ® R and the natural homomorphism (given by restriction
of maps)

p: Homp(S ® R, j%) — Homﬁ(j%, j%)
is surjective. Since S is a finitely presented R-module, one has a natural
commutative diagram

~ PR R ~
Homp(S,R)@ R —— Hompg(R,R)® R

Homj(S ® R, j%) LN Homﬁ(j%, j%)
where p: Hompg(S, R) — Homp(R, R) is again given by restriction. Since
o ® R is surjective, p itself must be surjective: the identity map on R can
be extended to an R-homomorphism S — R, so R is a direct R-summand
of S.

After these preparations we may assume that R is complete. Let R; =
R/(2'), and S; = S/«'S; R:is a Gorenstein ring of dimension zero. Since

it ot ¢ 2 but madit- - 2b C 2, the residue class of @it !
generates Soc R;. Therefore each of the induced maps ¢;: Ry — §; is
injective; otherwise its kernel would contain Soc R;, whence i1 -+ - 2t~ €

x'S, contradicting the hypothesis of the lemma. Furthermore R; is an
injective Ri-module. Thus each of the maps ¢; splits: there is an R
homomorphism ;: S; — R; such that ¥ o ¢ = idp,.
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The ideals («') form a system cofinal with that of the powers of m.
Since R is m-adically complete, one has

Hompg(S,R) = HomR(S,li_mRt) = li_mHomR(S, R) = @Homﬂt(&, R.).

In the latter inverse system the map 7;: Hompg/(S;, R;) — Hompg,(S;, R;)
associates to each homomorphism S; — R; the induced map S; — R;.

We have to find homomorphisms 1);: Sy — Ry such that (i) my(;) =
1p;, and (ii) 10 ¢y = idp,. Because of (i) we then obtain a homomorphism
1i_m¢t = : S — R, which by (ii) satisfies ¥|R = idg: if ¢(y) # vy for
some y € R, then ;0 ¢; # idg, for every ¢ such that ¢(y) — y ¢ (=%).

Let D, be the set of homomorphisms p: S; — R:for which poy; = idp,.
Obviously the sets D; C Homp,(S;, R:) are non-empty and form an inverse
system. However, since the maps n;|p,: D; — D; may not be surjective,
we cannot immediately conclude that @Dt + 0, as desired. Instead we

define subsets

Et = m Wit(Di)-

>t

Then E; = my E;) for all { with ¢ > ¢, and it is enough to show that E: # 0
for some, equivalently all, %.

Every D; is an affine subspace of Homp,(S;, R;); that is, it is of the
form y; + U; with a submodule U;. Therefore

T D) D Mg, Dig1) D - D (D) D -+

is a decreasing chain of non-empty affine subspaces 4; of Homp, (S, Ry).
Consequently the submodules M; = {p — o: p,0 € A;} are non-zero and
form a decreasing chain, too. This chain stabilizes in the Artinian module
Hompg, (S Ry), and so does the chain of affine subspaces 4. O

A consequence of 9.2.1 and 9.2.2 is the ‘direct summand theorem’ for
regular local rings:

Theorem 9.2.3 (Hochster). Let R be a regular local ring containing a field,
and S O R an R-algebra which is a finite R-module. Then R is a direct
summand of the R-module S.

ProOF. As in the proof of the lemma, we may assume that R is complete.
Let p be a prime ideal of S lying over the zero-ideal of R. If R is a direct
R-summand of S/p, then it is a direct R-summand of S: compose a
section of the natural embedding R — S/p with the natural epimorphism
S — S/p. Being an integral domain which is module-finite over a
complete local ring, S/p is local itself ([284], (30.5)), and we can invoke
9.2.1 and 9.2.2. O
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Remarks 9.2.4. (a) In characteristic zero a much weaker property than
regularity is sufficient for the direct summand property of R as described
by 9.2.3. Let R be a Noetherian normal domain containing a field of
characteristic zero, and S a module-finite extension ring. In showing that
R is a direct R-summand of S, it is harmless to replace S by any S-algebra
T (see the proof of 9.2.3). So we first factor out a prime ideal p of §
lying over the zero-ideal of R, and may assume that S is a domain. Then
we extend the field of fractions of S to a finite normal extension L of the
field K of fractions of R, and replace S by the integral closure T of R in
L. Let d = dimg L and Tr: L — K denote the trace map. Then for every
@ € K one has (1/d)Trez = @, and Try € R for every y € T, since the
trace of an integral element is integral and R is integrally closed in K.
(We refer the reader to [397], Chapter II for the field theory involved.)

As a consequence one obtains a proof of 9.2.1 avoiding big Cohen—
Macaulay modules: if @,...,x, is a system of parameters of S, then
there is a regular subring R of S in which @, ...,z generate the maximal
ideal and over which § is finite (see A.22). Since the conclusion of 9.2.1
is invariant under completion, one obtains 9.2.1 in the same way as the
implication ‘=’ of 9.2.2.

(b) In characteristic p the situation is just inverted: there is a direct
proof of 9.2.1. Let n be the maximal ideal of S. By 3.5.6,

H(S) = lim H'(a) # 0.

One has H"(x!) = §/(), and the map S/(=') — S/(='") is induced by
the multiplication by ! --- zf. Since H(S) # 0, this map must be non-

zero for t sufficiently large. Equivalently, ot --- o, ¢ (:ci"'i,...,:cfb"'i) for ¢
sufficiently large and 5 > ¢. On the other hand, if ¢ - - o, € (2ft,... %),

then one applies the Frobenius homomorphism repeatedly to obtain
0t e ey tpe e 3
B a e (2,

which is a contradiction for e large.

Via 9.2.2 this argument yields an ‘elementary’ proof of 9.2.3. For
still another proof of 9.2.1 in characteristic p see [176], as well as for a
counterexample showing that normality is not sufficient in characteristic
p for R to have the direct summand property.

9.3 Canonical elements in local cohomology modules

Independently of characteristic, the discussion in 9.2.4(b) shows that
9.2.1 and, hence, 9.2.3 are equivalent to the non-vanishing of certain
elements in the local cohomology module HZ(S) (notation as in 9.2.1):
one has of...af ¢ (") for all k if and only if the image of 1 under
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the map S — S/(x) — h_II)lS/(CCk) = H}(S) is non-zero. As the example
S = K[[X]] and = X or & = X? shows, the element thus obtained
depends heavily on the choice of the system of parameters; for example,
its annihilator varies with @. In the following we shall discuss a theorem
which involves a ‘canonical element’ in a local cohomology module
although local cohomology does not appear explicitly:

Theorem 9.3.1. Let (R,m, k) be a Noetherian local ring of dimension n
containing ¢ field. Let F, be a free resolution of the residue class field k, and
x a system of parameters. If v: K.(x) — F. is a complex homomorphism
extending the natural epimorphism R/(x) — k, then the homomorphism
Tt Ku(®) — F, is non-zero.

Proor. In order to derive a contradiction we assume that there exists a
complex homomorphism 7 with vy, = 0.

There exists an a-regular module M by 8.4.2. Since (x) D m' for i large
and M/xM # 0, we can pick an element y € M such that y ¢ @M, but
my € M. The assignment 1 — y then defines a homomorphism R/m —
M/xM. This homomorphism can be lifted to a complex homomorphism
B: F. — K(=, M) since the Koszul complex K(x, M) is acyclic; see 1.6.12.
Composition with y gives a homomorphism a = o y: K(z) — K(=, M)
with a, = 0.

The complex homomorphism a extends the homomorphism ag: R —
M with a(1) = y. As K.(x, M) = K.(x¢) ® M, one obtains a second
such extension by ¢ = id, (s ®a. The complex K,(x) is projective and
K.(x, M) is acyclic; therefore a and o differ only by a homotopy ¢. In
particular o, = o], — @, = 041 0 Oy

On
0 —— Kyz) —— K, (2)

0 —— K,(z,M).
We may identify K,(z) with R, K,(x, M) = K,(2)® M with M and K,_1(«)
with R™ Then 9,(R) C @R", and so y = d,(1) = gn_1 0 34(1) € 2M, which
is a contradiction. O

Let us fix the data @ and F, of the theorem. Complex homomorphisms
vand 7 both extending the epimorphism R/(x) — k differ by a homotopy
o

0 — Kyfa) —— Kypq(x) —— -~

o e ]

i Py —— B, —— g ——
Put1 Pu



9.3. Canonical elements in local cohomology modules 359

As above we identify K,(@) with R; furthermore we consider N =
Ker ¢,_1 = Im ¢, as the target of ¢,. (The module N is the n-th syzygy
of k with respect to the resolution F..) Then

$n © 7n(]-) — $n© 7;;(1) = $nO 0p-10° 3n(1)

This element belongs to &N, since 8,(1) C @K,_1(z). So different choices
of the complex homomorphism yield the same residue class (¢,07,(1))” €
N/&N. On the other hand, given a complex homomorphism 7, we
may freely choose o to define ¥ by ¥ = y+ 008+ o 0. For the
possible choices of ¢,,_1, the elements o,,_1 0 8,(1) exhaust «F,; note that
Oy(1) = *aeg £ - - - &+ wye, With respect to a suitable basis of R™ In sum,
7o £ 0 for every choice of 7 if and only if ¢, 0 1,(1) ¢ ®N for a specific
choice.

Now consider the systems of parameters a¢, t > 0. There is a natural
map K,(z') — K.(z); it sends e; A--- Ae to af - af ey Ao Ae,.
Composition with 7: K,(®) — F. gives a complex homomorphism 7* with
yi(1) = &t .- 2i-1,(1). If all the homomorphisms 6: K,(2') — F., which
lift the epimorphism R/(x") — k have 6, # 0, then the arguments above
imply
(1) et gl o (1) ¢ N forall > 0.

Observe that HJ(N) = lim N/a'N. So condition (1) is equivalent to the
iy

following: the image of ¢, o 7,(1) under the map N — N/aN — Hy(N)
is non-zero.
The module H}(N) can also be represented as li_n}Ext}”z(R/mt, N) (see

3.5.3). Hence there is a natural homomorphism Exty(k, N) — Hx(N).
Moreover, the exact sequence 0 — N — F, 1 — --- — Fp - k — 0
represents an element &F.) € Extyp(k, N) and thus an element n(F.) €
H(N). The connection between ‘extensions’ like the previous exact
sequence and Ext” is discussed in [264], pp. 82-87, or [48], Ch. X, §7; if
one writes

Extp(k, N) = Hompg(N, N)/ . (Homp(Fy-1, N))

where t: N — F,_; is the natural embedding, then ¢(F.) is the residue
class of +idy. The elements ¢(F.) and n(F.) may be called ‘canonical’
since they depend functorially on F.. In particular the vanishing of #(F.)
is independent of F.,. Hochster [184] contains a detailed discussion of
these facts and a proof of the following crucial statement: the element
of H(N) constructed from a complex homomorphism y: K.(z) — F. as
above can be identified with n(F.). The conclusion of 9.3.1 is therefore
equivalent to n(F.) # 0, which justifies the name ‘canonical element
theorem’ for 9.3.1.

As an application of 9.3.1 we prove a generalization of Krull’s prin-
cipal ideal theorem. (Another one will be given in 9.4.4.) Let M be a
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module over a commutative ring R, and @ € M. Then
O(z) = {o{z): a € Homp(M, R)}

1s called the order ideal of =

Every finitely generated ideal is an order ideal: given ay,...,x, € R,
one sets M = R™ and @ = (@1,...,@,). Obviously Xz) = 3 Rz By Krull’s
principal ideal theorem (z) has height < n if R is Noetherian, provided
O(z) is a proper ideal. For @ € M = R" this condition is equivalent to the
existence of a maximal ideal m such that « € mM. The following theorem
generalizes Krull’s bound on height (z) to arbitrary finite modules. In
the general version the number n = rank R must be replaced by

bigrank M = max{iM,): p € Spec R minimal}.
If M has a rank, then bigrank M = rank M.

Theorem 9.3.2 (Eisenbud—Evans). Let (R,m, k) be a Noetherian local ring
containing a field, and M a finite R-module. Then height () < bigrank M
for all elements © € mM.

Proor. There is a prime ideal p with height Oz) = height((O(z) + p)/p).
Let ~ denote taking residue classes modulo p. Every linear form M — R
induces an R-linear form M — R; therefore O(z)~ C O(Z). Suppose the
theorem has been proved for R and 4. Then

height O(x) = height O(z)” < height O(z) < bigrank M < bigrank M.

Furthermore note that # € mM if and only if = € mM.

As these arguments show, it suffices to treat the case of an integral
domain R. Then bigrank M = rank M. Let h = height Xz) and n =
dim R. There exists a system of parameters a,...,x, with «,..., 2, €
O(z). Replacing M by M @ R* " and = by = & (zh41,-..,Ts), We may
assume that () is m-primary.

As usual, * denotes Homp(_, R). Choose oy € M* such that a; = a4(),
.oy Gy = o) is a system of parameters. The collection ag,..., o, defines
a map a: M — R" through of2) = (a1(2),...,(2)). Let ¥y = y1,..., Ym
generate m. Since @ € mM, there is a homomorphism 7: R™ — M
with 7(y1,...,ym) = @ Let us put F = (R"* and G = (R™)*, and define
f: F— Gby f= 7 o d". Then f ‘writes’ @ = ay,...,a, in terms of y; i.e.
f makes the diagram

F#R

Lo

G —— R
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commute. By 1.6.8 the exterior powers of f yield a complex homomor-
phism

0 — A'F N F F R 0
o e |
A G — A" G e G R 0

of Koszul complexes. By definition f factors through M*. So rank f <
rank M* = rank M. On the other hand, A" f # 0 because there exists a
complex homomorphism § from K.(y) to a free resolution F. of k which
extends the identity on k; 9.3.1 guarantees that 8, o A" f # 0. Therefore
rank f > n and, hence, rank M > n. O

Remarks 9.3.3. (a) Bruns [54] gave a more elementary proof of 9.3.2
which works for arbitrary local rings.

(b) Formula (1) above shows that the canonical element theorem 9.3.1
implies 9.2.1 and thus the direct summand theorem 9.2.3. Surprisingly
one can conversely derive 9.3.1 from 9.2.3 if the residue class field of
the local ring under consideration has characteristic p > 0; see Hochster
[184]. (There seems to be no such derivation in characteristic zero.)
Furthermore the main homological theorems like 9.4.3 and 9.5.6 can be
derived from 9.3.1. (See 9.4.8 and 9.5.7.)

(c) It is not difficult to reduce 9.3.1 to characteristic p via 8.4.1; see
[184]. (Such a reduction will be carried out in detail for 9.4.3.) In
connection with (b) and 9.2.4 that yields a proof of 9.3.1 which does not
use big Cohen—Macaulay modules.

9.4 Intersection theorems

We have already met an intersection theorem in Section 8.2, the ‘new
intersection theorem’ (for local rings of characteristic p). We now want to
prove a very powerful generalization and to derive several consequences,
one of which will eventually explain why the results in this section
are called ‘intersection theorems’ it generalizes a variant of Serre’s
intersection theorem for the spectrum of a regular local ring.

Theorem 9.4.1. Let (R,m, k) be a Noetherian local ring containing a field,
and

Fi0—F, 25 Fy— oo — By 2 Fy— 0

a complex of finite free R-modules such that codimF, > 0. Let C =
Coker ¢y and e € C, e ¢ mC. Then codim(Anne) < s.

Proor. We use induction on dim(R/(Ann e)). Suppose dim(R/(Anne)) =
0 first. By 8.5.3 there exists a balanced big Cohen—Macaulay R-module M.
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Lemma 9.1.8 implies that F,® M is acyclic. One has depth M = dim R, and
9.1.2 yields depth(C® M) > dim R — s; note that C® M = Coker(¢p @ M).

On the other hand, the natural surjection C® M — C/mC® M/mM
maps e® M onto a module isomorphic to M/mM. In particular, e M # 0.
Since dim(R/(Anne)) = 0, one has m?(e® M) = 0 for some p, whence
{m} = Ass(e ® M) C Ass C @ M. Therefore depth C ® M = 0, and so
s> dim R.

Now suppose that dim(R/(Anne)) > 0. There is nothing to prove if
s = dim R. So we may assume that s < dim R. Let P be the finite set of
prime ideals p such that (i) Anne C p and codimp = codim(Ann e), or
(ii) there exists ¢ with I.,(¢;) C p and codimp = 4. Then m ¢ P; so we can
choose = € m such that = ¢ p for any p € P. Let ~ denote residue classes
modulo «. It is a routine matter to verify that codim F, > 0. Furthermore
e ¢ mC, and dim(R/(Anne)) < dim(R/(Anne)). The inductive hypothesis
yields codim(Anne) < s. Since dim R < dim R + 1, we have, as desired,

codim(Ann e) = dim R — dim(R/(Ann €))
<dimR+ 1 — (dim(R/(Anneg))+ 1) < s. O

The following corollary is usually called the ‘improved new intersection
theorem’:

Corollary 9.4.2 (Evans-Griffith). With the notation of 9.4.1 suppose that
F.®R, is acyclic for allp € Spec R, p # m. If §(Re) < co, then s > dim R.

Proor. Assume that s < dim R. In order to apply the theorem one must
show that codim I,(¢;) > ifor i=1,...,s.

We even claim that height I,.(¢;) > 4 If this is false, then there exist
j and a prime ideal p D I,.(¢;) with heightp = height I,.(¢;) < j. Since
J < s < dimR, one has p # m. On the other hand, the acyclicity of
F. ® R, implies that grade(Z,,(«;))p = grade I,.(¢; ® Ry) > j by virtue of
1.4.13, which is a contradiction.

Now that we can apply 9.4.1, we get a contradiction to our initial
assumption s < dim R: #(Re) < oo is equivalent with codim(Anne) >
dim R.

The next level of specialization is the ‘new intersection theorem’ which
for local rings of characteristic p was already proved in 8.2.6:

Corollary 9.4.3 (Peskine-Szpiro, Roberts).  With the notation of 9.4.1
suppose that F, ® R, is exact for all p € SpecR, p # m. If s < dim R,
then the complex F, is exact.

ProoF. The complex F, satisfies the hypothesis of 9.4.2, and furthermore
#(Re) < x for all e € Coker ¢;. So Coker ¢; = 0 by Nakayama'’s lemma.
The map ¢; is a split epimorphism, and we obtain a shorter complex
which also satisfies the hypothesis of the corollary. Induction on s yields
the assertion. O
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At least once in this chapter we want to give a complete proof of a
theorem by direct reduction to characteristic p via Hochster’s finiteness
theorem 8.4.1. Since we have a proof of 9.4.3 in characteristic p which is
independent of big Cohen—Macaulay modules, 9.4.3 is the best candidate
for such a demonstration.

SECOND PROOF OF 9.4.3. Suppose that 9.4.3 is violated for a local ring
containing a field of characteristic zero. Arguing as in the proof of 8.2.6,
we may assume that Fy # 0 and Im ¢y C mFy. Choose a basis for F;,
1= 0,...,5. Then each homomorphism ¢; is represented by a matrix
A= (aj?). Since F, is a complex, one has

(2) Ai—lAi = 0, 1= 1,...,5.

Let @ be a system of parameters for R. That Im; C mFy, can be
expressed by the relation

(3) (d) € =R

for some ¢ > 0 and all 47,1 That F, ® R, is exact for all p # m, is
described by the following two conditions:

(i) F. ® R, is split acyclic for each p € Spec R, p # m;

(ii) Yoi_o(—=1)'rank F; = 0.

Let 7; be the expected rank of ¢;. Via 1.4.12 condition (i) can be translated
into the non-vanishing of I,(4;) modulo p for all prime ideals p # m,

equivalently

(4) (zR)* C L,(4))

for some u> 0 and all e =1,...,s.

It is mechanical to express (2) — (4) in terms of polynomial equations
over Z satisfied by the entries of the matrices, the elements of @, and
the coeflicients in the linear combinations involved. These equations only
depend on the numerical parameters s, rank F;, ¢, and u. Conversely,
given a solution to one of the systems of equations thus obtained, one
immediately constructs a counterexample to 9.4.3, interpreting the matri-
ces as homomorphisms. O

The reader is invited to try similar reductions for 9.4.1, 9.5.2, and
9.5.5.

The next member of the chain of corollaries is the ‘homological height
theorem’. It belongs to the class of ‘superheight theorems’. For a proper
ideal I of a Noetherian ring R let us define its superheight as the supre-
mum of height IS where S is any Noetherian ring to which there exists a
ring homomorphism R — S, with IS # 5. The fundamental superheight
theorem is Krull’s principal ideal theorem; it says that superheight I is
bounded above by the minimal number of generators of I.
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Theorem 9.4.4 (Hochster). Let R be a Noetherian ring containing a field,
and M # 0 a finite R-module. Then superheight Ann M < projdim M.

Before proving this theorem one should note that it is a far-reaching
generalization of Krull’s principal ideal theorem for Noetherian rings
containing a field k: take R = k[X3,..., X,] and M =k = R/(Xy,...,X,).
Then projdim M = n, and therefore height(azy,...,x,) < n for elements
@1,...,&, of a K-algebra S with (@,...,2,) # S. (Simply consider the
extension R — S induced by the substitution X; — x.)

Proor oF 9.4.4. The theorem is trivial if projdim M = o0, so assume
it is finite, and let R — S be a Noetherian extension of R such that
(Ann M)S # S. Replacing S by a localization S; for a minimal prime
ideal of (Ann M)S and R by Rqng, one may assume that R — S is a
local extension, and (Ann M)S is not contained in any prime ideal p of
S different from the maximal ideal q of S.

Let F. be a minimal free resolution of M over R. Then pNR 2 Ann M
for every p € Spec S with p # q. Hence M @ Ryng = 0, and F, ® Rpnp
1s split exact. Split exactness is preserved under ring extensions, and so
F.® S, is split exact: F, ® S satisfies the hypotheses of 9.4.3, whence
projdim M > dim S. O

Let & be an algebraically closed field, and Y, Z subvarieties of the
affine space A™(k) (or the projective space IP"(k)). Then a classical theorem
of algebraic geometry asserts that

dmW >dimY +dimZ — n

for every irreducible component of ¥ N Z ([152], Prop. 7.1). If p,q,r are
the prime ideals defining the varieties Y, Z, and W respectively, then this
inequality can be written

(5) heightv < height p + heightq.

Note that r is a minimal prime ideal of p 4+ q. Serre showed in [334],
Théoréme 3, p. V-18 that the inequality (5) holds for prime ideals p, q,x of
a regular local ring such that r is a minimal prime ideal of p+ q. Suppose
that ¥ = m is the maximal ideal of R. Then r contains all the minimal
prime ideals of any ideal I C R, and we can replace p and q by arbitrary
ideals I and J to obtain the following version of Serre’s theorem: let I, J
be ideals of a regular local ring (R, m) such that I+ J is m-primary; then
height I + height J > dim R, or, returning to dimensions,

(6) dimR/I < dim R —dimR/J.

The example R = k[[Xl,Xg, Yl, Yg]]/(Xl Y2 — X2 Yl), I = (331,332), J =
(v1, ¥2), shows that the last inequality is false in non-regular local rings.
However, one can hope that in the presence of their characteristic property
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namely finite projective dimension of finite modules, one can generalize
the inequality above, reading I and J as the annihilators of modules M
and N. The best possible result to be expected is the direct generalization
of (6):

(7) dim N < dim R — dim M

for all modules M, N over a local ring (R,m) such that M has finite
projective dimension and Supp M N Supp N = {m}. It seems to be
unknown whether (7) holds, but (7) turns into a valid inequality if we
replace its right side by depth R — depth M = projdim M (the Auslander—
Buchsbaum formula; see 1.3.3). It should now be clear why the following
corollary is named the ‘intersection theorem’. (It is customary in this
context to express the condition Supp M N Supp N = {m} by {(M® N) <
o0, which is an equivalent requirement if M, N # 0.)

Theorem 9.4.5 (Peskine—Szpiro). Let R be a Noetherian local ring con-
taining a field, and M, N # 0 finite R-modules such that 4(M @ N) < oo.
Then dim N < projdim M.

Proor. There is nothing to prove if projdim M = . So assume it is
finite. Neither the condition 4 M @ N) < oo, nor the number dim N, can
change if we replace N by another finite module with the same support.
In particular we may replace N by S = R/ Ann N. Then (Ann M)S is
primary to the maximal ideal of S, and the desired inequality proves to
be a special case of 9.4.4. O

It is easy to generalize 9.4.5 to situations in which (M ® N) is not
necessarily finite. Suppose that dim(M ® N) > 0. Then dim N > 0, and
none of the finitely many minimal prime ideals of M ® N or N equals
m. Therefore there exists @ € m such that dim N/azN = dim N — 1 and
dim(M® (N/xzN)) = dim(M ® N)— 1. Applied inductively, this argument
proves the following corollary:

Corollary 9.4.6. Let R be a Noetherian local ring containing a field, and
M, N # 0 finite R-modules. Then dim N < projdim M + dim(M ® N).

One of the reasons for which we have stated the corollary, is that it
explains why 9.4.5 is easier to prove than inequality (7) above: 9.4.6 is
equivalent to dim R — dim M < depth R — depth M for N = R.

The following theorem, often called ‘Auslander’s conjecture’, does not
strictly fall under the title of this section, but its proof is short and an
elegant application of the intersection theorem 9.4.5.

Theorem 9.4.7 (Peskine—Szpiro). Let (R,m) be a Noetherian local ring
containing a field, and M # 0 a finite module of finite projective dimension.
Then every M-sequence is an R-sequence; in particular every M-regular
element is R-regular.
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Proor. If = € R is regular on M and on R, then projdimg, M/zM =
proj dim M by 1.3.5. Thus it is enough to prove the second statement; the
first follows by induction.

One has to show that every p € Ass R is contained in some q € Ass M.
We proceed by induction on dim M. If dim M = 0, then m € Ass M, and
certainly p C m. Assume that dim M > 0.

If there is a prime ideal q € Supp M such that m # q D p, one can
apply the inductive hypothesis to M,: there exists q € Spec R, with
q € Ass M, and q D pRg; hence g’ N R satisfies our needs.

Otherwise V(p) N SuppM = {m}. So dimR/p < projdim M by
9.4.5. On the other hand depth R < dim R/p according to 1.2.13, and
furthermore the Auslander—-Buchsbaum formula says that projdim M +
depth M = depth R. Therefore depth M = 0, whence m € Ass M. O

Remarks 9.4.8. (a) The new intersection theorem 9.4.3 was proved for
all local rings by Roberts [314]. Consequently 9.4.4-9.4.7 and 9.4.9-
9.4.10 hold without the hypothesis that R contains a field. In particular
9.4.4 is a true generalization of Krull’s principal ideal theorem (take
R=Z[Xy,...,X,]).

(b) It is possible to avoid the use of big Cohen-Macaulay modules in
the proof of the improved new intersection theorem 9.4.2. In fact, 9.4.2
is on a par with the canonical element theorem 9.3.1. Hochster [184]
derived 9.4.2 from 9.3.1, and Dutta [82] found the converse. As pointed
out in 9.3.3, the canonical element theorem can be proved independently
of the existence of big Cohen—-Macaulay modules.

(c) The intersection theorem 9.4.5 can be improved to the best con-
ceivable result if M is perfect; see [297], p. 94, Théoreme 4.2:

(i) grade M + dim M = dim R;
(ii) if N is a finite R-module such that (M ® N) < oo, then dim M +
dim N < dim R.

Furthermore both (i) and (ii) hold if R = @, R; is a graded ring
with Ry an Artinian local ring, M is a finite graded R-module of finite
projective dimension, and N is a finite graded R-module; see Peskine and
Szpiro [299]. Equation (i), sometimes called the ‘codimension conjecture’,
was proved by Foxby [116] for modules M of finite projective dimension
over a large class of equicharacteristic local rings.

(d) Let R be a Noetherian ring, and M, N finite R-modules such that
projdim M < oo and 4 M ® N) < co. Then the modules Tor?(M, N) have
finite length, and only finitely many are non-zero. Thus one can define
the intersection multiplicity of M and N by

[o e}

oM, N) = Y "(~1)'¢Torf(M, N)).

=0

This notion was introduced by Serre [334]. He proved that the following
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hold if (R,m) is an unramified regular local ring (see [270] for this
notion):

(i) if dim M 4 dim N < dim R, then ¢(M, N) = 0;

(ii) if dim M + dim N = dim R, then (M, N) > 0.

(Note that dim M+dim N < dim R, as discussed above.) Recently Gabber
[121] showed that over an arbitrary regular local ring one has x(M, N) >
0. However, both (i) and (ii) fail if R is allowed to be an arbitrary local
ring: Dutta, Hochster, and McLaughlin [85] constructed counterexamples
over the hypersurface ring k[ X3, X3, Y1, ¥2]/(X1 Y2 — X2 ¥1). However, (i)
was shown to hold if both M and N have finite projective dimension and
R is a complete intersection (Roberts [313], [315], Gillet and Soulé [125])
or dimSing R < 1 ([315]).

Exercises

9.4.9. A Noetherian local ring (R, m) containing a field is Cohen—Macaulay if (and
only if) there exists an R-module of finite length and finite projective dimension.
Prove this.

9.4.10. Let ¢: R — S be a surjective homomorphism of Noetherian local rings
containing a field such that projdimg S < 0. Show the following are equivalent:
(1) R is Cohen—Macaulay and S is a perfect R-module (of type 1);
(ii) S is Cohen—-Macaulay (Gorenstein).
Hint: 9.4.9 is essential for the difficult implication (ii) = (i).

9.4.11. Prove the assertions on perfect R-modules in 9.4.8(c) for Noetherian local

rings R containing a field.
Hint: It suffices to prove that grade M 4+ dim M < dim R which is quite evident.

9.4.12. Let R be a Cohen—Macaulay local ring, and # a system of parameters for

R. Show that (@, N) = ¢(R/(x), N) for all finite R-modules N.

9.5 Ranks of syzygies

Let R be a local ring, and M a finite R-module of finite projective
dimension. Then projdim M < depth R: the length of a minimal free
resolution is bounded by depth R. Moreover, each of the values s =
0,...,depth R occurs if we choose M = R/(x) with an R-sequence x =
&1,...,%. In this section we shall discuss the possible values for the
Betti numbers of M and the ranks of its syzygy modules. For systematic
reasons and in view of an application to Bass numbers below, it is useful
to consider a larger class of complexes than just minimal free resolutions,
namely minimal complexes of codimension > 0.

Let M be a module over a commutative ring R, and = € M. The
notion of order ideal, which was introduced in connection with 9.3.2,
plays an important role in the following. The next lemma describes a
property of @ which is controlled by (z).
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Lemma 9.5.1. Let R be a Noetherian ring, M a finite R-module, ©x € M,
and p a prime ideal. Then = generates a non-zero free direct summand of

M, if and only if p p ).

Proor. Since Homp, (My, Rp) is naturally isomorphic to Hom(M, R),, the
formation of order ideals commutes with localization. We may therefore
assume that (R,p) is a local ring. If M = Rz ® N and Rz = R, then
there obviously exists « € Homp(M, R) such that ofx) = 1. Conversely, if
a(x) =1, then M = Rz ® Ker . O

Suppose now that ¢: F — G is a map of finite free modules. Let
e € F. Given a basis g1,...,9, of G, there are uniquely determined
elements aj,...,a, € R such that ¢(e) = ayg1 + - - - + @ngn. The elements
gis--- gy of the dual basis of Hompg(G, R) yield the values gi(¢(e)) = ay.
Therefore Og(¥(e)) = (a1, ..., ).

Theorem 9.5.2. Let (R, m) be a local ring containing a field, and

Fi0—F 5 F  — o — F 5 Fy— 0
a complex of finite free R-modules. Then, for j = 1,...,s and every e € F;
with e ¢ mF; + Im @;41, one has codim O¢;(e)) > codim F, + .

ProoF. Let ¢ = codim F,. For given 5 we truncate the complex at F;_,,
and adjust the indices by setting ¥} = Fy;;_1 and ¢ = ¢4 j — 1. Replacing
the given data by those just defined, we may assume that 5 = 1. Let
J = O¢1(e)). There is something to prove only if J C m and codim F, > 0.
We put R = R/J and F = F,® R. From the description of .J preceding
the theorem one sees that @1(e€) = 0. In order to derive a contradiction,
we assume that codim J < t. Note that I.(%;) = (I,(¢:) + J)/J. Hence

dim(R/L,(%)) < dim(R/ L () < dim R —i— t < dim R — 3.

This inequality shows that codimF, > 0. Let M be a balanced big
Cohen—-Macaulay module for R. By virtue of 9.1.8, F. ® M is acyclic.
Since @1(€) = 0, we have (1 @ M)(e® M) = 0. Let C = Coker ¢, and
m: Fy — C be the natural epimorphism. Since F. ® M is acyclic, 1 @ M
induces an isomorphism C ® M — Im(p; ® M). So 7(g) @ M = 0.

On the other hand, the hypothesis ¢ ¢ mF; + Im ¢ implies that
7(e) ¢ mC. Thus the image of #(2) ® M under the natural epimorphism
C® M — (C/mC) ® (M/mM) is isomorphic to M/mM # 0. This is a
contradiction. O

An application of the following corollary was anticipated in the proof
of 2.3.14.

Corollary 9.5.3. Let (R,m, k) be a regular local ring containing a field, and
I C m an ideal generated by a sequence @. Then the natural homomorphism
from Hfa,k) = K.(®) ® k to Tor®(R/I,k) is zero for i > grade I.
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ProoF. The natural homomorphism Hj(w k) — Torf(R/I,k) is induced
by a complex homomorphism 7 from K.(z) to a free resolution F. of
R/I; see 1.6.9. It only depends on I and x, so that we may assume
that F, is a minimal free resolution. Since R is regular, F, has finite
length by 2.2.7. That H.(x, k) = K.() ® k and Torfz(R/I, k)= F.®k,
follows from the minimality of the complexes K.(z) and F.. Thus the
map H,(x,k) — Torf(R/I,k) is just @ k.

The assertion amounts to y(Kj(x)) C mF; for ¢ > gradel. Let z €
Ki(=), and 9 and ¢ denote differentiation in K.(x) and F.. If y(z) ¢ mF;,
then

grade ¥(9(2))) = codim Np(y(2))) > 1

by 9.5.2: an acyclic complex has non-negative codimension as observed
above. On the other hand, N ¢(y(z))) = OA+d(z))) C I since Imd C
IK,(x). O

As indicated above, we aim at a bound for the expected ranks r; of
the maps in a free complex F,. Reasoning inductively, we will have to
pass to a complex 0 — F; — F,_y — --- — F, — F] — F — 0 in which
rank F] = rank F; — 1. Theorem 9.5.2 enables us to find F], whereas the
following lemma contains the construction of Fj.

Lemma 9.5.4. Let R be a Noetherian ring and M a finite R-module. Then
there is a finite free R-module F' and a homomorphism w: M — F with
the following property: If p is a prime ideal, and N C M, is a free direct
Ry-summand of rank r, then (¢ ® Ry)(N) is a free direct R,-summand of
Fy with rank(v ® Rp)(N) = r.

ProoF. Let * denote the functor Hompg(-,R). There is a finite free R-
module G with an epimorphism n: G — M*. Let h: M — M be
the canonical homomorphism, and choose ¢ = 7* o h, F = G*. Then
@w: M — F has the property that every linear form a € M* can be
extended to F along ¢. Since R is Noetherian and the modules involved
are finite, the preceding construction commutes with every localization
of R. Thus assume R = R,,.

Now the hypothesis on N is equivalent to the existence of g1,...,9, €
N and oq,...,00 € M* such that N = Rgi + --- + Rg, and o(g;) = 64
Since the o; can be extended to F, the elements ¢(g1),...,%(gr) generate
a free direct summand of rank r. O

As pointed out before 9.1.9 every complex of finite free modules over
a local ring decomposes into a split exact direct summand and a direct
summand which is minimal. For the ranks of the maps in a split exact
complex one can only say that they are non-negative, but for those
of a minimal complex there exists a non-trivial lower bound. (It was
essentially given by Evans and Griffith in the form of Corollary 9.5.6.)
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Theorem 9.5.5. Let (R, m) be a local ring containing a field, and

Fi0—F 5 F  — o — F 5 Fy— 0
a length s minimal complex of finite free R-modules. Let r; denote the
expected rank of w; If codimF, > 0, then r; > codim F, + i for i =
1,...,s— 1.

Proor. The same manipulation as in the proof of 9.5.2 reduces the
theorem to a statement about r;. Since the theorem makes an assertion
only on 7q,...,7_1, the complex which remains after the truncation has
length > 2; there is nothing to prove if s = 1. We introduce an auxiliary
variable ¢, and use induction on t to show that codim F, > t¢ implies
™ Z i+ 1.

Since codim F, > 0, Lemma 9.1.8 yields acyclicity of F, ® M for a
balanced big Cohen—Macaulay module M of R; such a module exists
by 8.5.3. Therefore 9.1.9 implies ; > 1 for ¢ = 1,...,s. This inequality
covers the case ¢t = 0, and shows furthermore that F; # 0: one has
rank Fy = 71 + 72 > 2. So there exists e € Fy with e ¢ mFy. Since F, is
minimal, e ¢ mF; + Im .

Let t > 1. Put F] = Fi/Re, and choose ¢, as the induced map
F, — F]. Applying 9.5.4 to Coker¢), one obtains a homomorphism
Coker¢ly, — F = F;. Its composition with the natural epimorphism
F{ — Coker ¢}, then yields ¢ : F| — Fj. For the complex

Fli0—F —Fq— s Fy P 2R 0
one has 7, = m, ¥ = 1 — 1. In order to show that codim F} > t— 1 we
must verify the following inequalities: (i) codim () > ¢+ 1, and (ii)
codim Iy (¢y) > t.

For (i) we choose a prime ideal p with codimp < ¢ Certainly
L(w) ¢ p for i=1,...,s Therefore F, ® R, is split acyclic by 1.4.12. In
particular we have a decomposition

(F1)p = (Im ¢2), @ (Coker ¢3),

with rank(Im (), = 72 and rank(Coker ¢3), = r1. Moreover — and this is
the crucial argument — codim O¢(e)) > t+ 1 by 9.5.2. Therefore ¢(e)
generates a free direct summand of (Fy), by 9.5.1. A fortiori the residue
class & of e generates a non-zero free direct summand of (Coker ¢3),. So
(Coker )p =2 (Coker ¢,)p/ Rpe is free of rank 7} = 7 — 1, and the exact
sequence

0 — (Im ¢h)p — (Fy)p — (Coker )y — 0

splits. Also this shows that (Im ), is a free direct summand of rank
2 = 75 of (F)p. By 1.4.8 we get I;(¢h) ¢ p. Since p is an arbitrary prime
ideal with codim p < ¢, the inequality (i) has been proved.
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Slightly more than required for (ii) we show that codim(R/I;(¢})) >
t+ 1. Pick p as before. We saw that (Coker ), is free of rank ).
Since ¢} was constructed as prescribed by 9.5.4, (Coker ¢}), is mapped
isomorphically onto a free direct summand of Fj. As desired, I (¢))  p.

If it should happen that F' is not minimal, then one splits off a
direct summand id: R* — R* from F] — Fj. This does not affect the
codimension, and even improves the desired inequality 7} > ¢ which holds
by induction. (Because of s > 2 the construction of F! does not touch Fj,
so that F! also has length s.) O

Corollary 9.5.6 (Evans—Griffith). Let R be a Noetherian local ring con-
taining a field, and M # 0 a module of projective dimension s < co. Then
(a) fori=1,...,s— 1 the i-th syzygy M; of M has rank > i,
(b) , ,

21+1, 1=0,...,5— 2,
,Bi(M)Z{s, 1=s—1,

1, 1= 8.

PrOOF. A minimal free resolution F, of M is acyclic, and thus has
codimension > 0, as was observed above. Theorem 9.5.5 says that for
1= 1,...,5 — 1 the +th map ¢; has expected rank 7, > 7 Since F, is
acyclic, r; = rank ¢; = rank M;; see 1.4.6. This proves (a) from which
(b) follows with 8(M) = 7 + riy1. (Note that G,(M) > 0 because of
projdim M = s.) O

It is of course not difficult to give a non-local version of the corollary,
which we leave to the reader.

Remarks 9.5.7. (a) Corollary 9.5.6 is the best possible result. In fact,
if R is a Noetherian local ring, and M the m-th syzygy module of a
module of finite projective dimension, then M contains a free submodule
L such that M/L inherits this property and rank M/L < m; see Bruns
[563]. Similarly one can find modules M for all preassigned values of
projdim M = s < depth R and §(M), i = 0,...,s, which are consistent
with 9.5.6.

(b) It is not necessary to use big Cohen-Macaulay modules in the
proof of 9.5.6. Ogoma [295] derived it from the improved new intersection
theorem 9.4.2.

(c) Theorem 9.5.2 and its consequences admit conclusions even for
local rings not containing a field. Let p = char R/m. Then one passes
from a given complex F. over R to F. ® R/(p), and R/(p) contains a
field. The reader may verify that codim {j;(e)) > codimF, + 5 — 1 in
9.5.2, regardless of whether dim R/(p) = dim R, or dim R/(p) = dim R— 1.
Similarly the bounds in 9.5.3, 9.5.5, and 9.5.6(a) become worse by at
most 1.
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9.6 Bass numbers

Let R be a Noetherian ring, and M a finite R-module. The Bass numbers
pi(p, M) = dimyp) Exty (k(p), My),  p € SpecR,
determine the modules in a minimal injective resolution

of M; by 3.2.9 one has Ei(M) = @peSpecR E(R/p)*®M) for all 5 > 0.
In this section we want to derive inequalities satisfied by the numbers
wi(m, M) when (R,m) is a local ring; since the Bass numbers are local
data by definition, such inequalities can be translated into assertions
about the p(p, M) in general.

Suppose that (R, m, k) is a local ring with m-adic completion (j%, 1, k).
Since Ext}'z(k, M) = Ext}'z(k, M) ® R Ext%(k, M) for all ¢ > 0, one
has p(m, M) = {1, M) Therefore it is no restriction to assume R is
complete. For simplicity of notation we set w; = p{m, M).

By their very definition the local cohomology modules of M are given
as an(M) = Hi(l"m(P)), see Section 3.4. It is easy to determine I'm(I")
since a non-zero element of E(R/p) cannot be annihilated by a power of
m if p # m; see 3.2.7. Thus I'm(I*) is the subcomplex

0 — Bk 2 I B

By Grothendieck’s theorem 3.5.7 we have Hi (M) # 0 for i = depth M
and ¢ = dim M, in particular y; # 0 for these values of z. On the other
hand, @; = 0 for ¢« < depth M.

By assumption R is complete. So Theorem 3.2.13 yields

Hompg(E(k), E(k)) = R,

and one obtains a complex of finite free modules from an application of
the functor Hompg(E(k),-) to J*:
) Pi1 A

G = Hompg(E(k),J'): 0 — R*® — RM™ — ... — R¥ —s ...
Moreover there is some information on the maps ¢; and ;. The endo-
morphisms of E(k) are just given by multiplication by elements of R;
therefore the maps ¢; can naturally be considered as matrices over R,
and 1; is given by the same matrix as ¢;. Since I* is a minimal injective
resolution, the entries of these matrices are in m.

Also, one obtains a complex of finite free R-modules if one applies
Homg(-, E(k)) to J*:

L. = Homg(J", E(k): -+ — R% 22 ... 2, g X, g g,
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the matrix representing y; is the transpose of ¢;. Let * denote the functor
Hompg(-, R). As just seen,

(@)=L, (L)=¢.

The advantage of L. over G is that we know its homology. By the
exactness of Homp(_, E(k)),

H{(L.)= Hompg(HYJ"), E(k)) = Hompg(Hy,(M), E(k)).
We claim that dim H;(L.) < 4 for this to hold it is surely sufficient that
dim(R/(Ann an(M))) < 14, and the latter inequality has already been
proved in 8.1.1.
In order to adapt the present notation to that in the previous section
we set
d =dimR, Vi = fd—i 0 = P

and define the complex F, by
F:0— R+ g o pn Bipe g,
We want to show that codim F, > 0. We consider the truncation
(Ld—i+1): oo X g oo g 2 g g,

Since dim H,(L.) < v, the complex (L.|d — i+ 1) ® R, is exact, and thus
split exact for prime ideals p satisfying codimp < i— 1. We dualize to get
that

P
0_>RV.1_>RV.1—1_>,”_>RV;—1_>O

is split acyclic. Thus 1.4.12 gives L. (@) ¢ p, and codim I.(¢;) > ¢ as
desired.

Let ¢t = depth M. As noticed above, R¥**i = 0 for 5 > 1, R*** £ 0,
and F, is a minimal complex of length d — ¢. Now we have reached our
goal; 9.5.5 yields

1, i=d—1
Vi:Ti+1—|—T¢Z{d—t, ZId—t—l,
2i+1, i=0,....,d—t—2.

Returning to the previous notation we get part (a) of

Theorem 9.6.1. Let R be a Noetherian local ring containing a field, dim R =
d, and M a finite R-module of depth t.

(a) Then
1, 1= 1,
m(m,M)Z{d—t, i=t41,
2d—9+1, i=t+2,...,d.

(b) If t < dim M = d, then py(m, M) > 2.
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ProoF. (a) was proved above. In its proof we exploited results on the
vanishing of local cohomology and its non-vanishing at the depth of a
module. Part (b) relies on its non-vanishing at the dimension, as will be
seen now.

Consider the interval R4 5, R X2 puas of L,. Its homology
at R* is Hy(L.) = Hompg(HZE(M), E(k)), and the transpose of x4_; is the

map ¢ in
F.:0—>R""—>---—>R"1i>R"°—>O.

Suppose that vy = pg = 1. Since depth M < d, the arguments that proved
(a) yield that »; > 1 (with respect to F.), hence m = 1; note that 7 < .
Furthermore dim(R/ I, (¢1)) < d—1, as stated above. This implies ¢ @ R,
is surjective for prime ideals p with dim R/p = dim R. Therefore x4 1® R,
is injective, and dim Hy(L.) < d.

We choose a Gorenstein ring S with an epimorphism § — R. By the
variant 3.5.14 of the local duality theorem

Hy(L.) = Hompg(HE(M), E(k)) = Ext¥4(M,S), n=dimS§.

Let q € Suppg M with dimS/q = d. Then Extgq_d(Mq,Sq) = 0, since
dim Hy4(L.) < d; that however contradicts 3.5.11 (note that dim My = 0,
dim S, = n— d). O

Two corollaries are immediate. The first of them is usually called
‘Bass’ conjecture’; the second was conjectured by Vasconcelos.

Corollary 9.6.2 (Peskine—Szpiro). Let R be a Noetherian local ring con-
taining o field. If R has a finite module M # 0 of finite injective dimension,
then R is a Cohen—-Macaulay ring.

In fact, if injdim M is finite, then it equals depth R by 3.1.17. The
theorem yields inj dim M > dim R. The converse could already have been
proved in Chapter 3. Let (R, m, k) be a local Cohen-Macaulay ring, @
a system of parameters, and F the injective hull of & over R. Then
Hompg(R/(z), E) has finite length by 3.2.12. The Koszul complex K.(z) is
a projective resolution of R /(). Therefore the acyclic complex K*(x, E) =
Homg(K.(x), E) is an injective resolution of K%, E) = Hompg(R/(=), E).

Corollary 9.6.3 (Foxby). Let R be a Noetherian local ring containing a
field, and d = dim R. If ug(m, R) = 1, then R is a Cohen—Macaulay ring,
hence Gorenstein.

Remarks 9.6.4. (a) Both the corollaries hold for all local rings:

(1) Roberts [312] gave a characteristic-free proof of 9.6.3. It exploits
the properties of dualizing complexes. Kawasaki [233] generalized 9.6.3
using the methods of this section: a complete local ring of type n
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satisfying Serre’s condition (S,_1) is Cohen-Macaulay (for n = 2 one has
additionally to assume that R is unmixed).

(ii) For a large class of local rings, 9.6.2 was first proved by Peskine
and Szpiro. Their argument rests mainly on the intersection theorem
9.4.5 and the following fact which is interesting in itself: let (R, m)
be a Noetherian complete local ring, and M # 0 a finite R-module of
finite injective dimension; then there exists a finite R-module N such that
projdim N = depth R — depth M and Supp N = Supp M. Since Roberts
[314] proved the intersection theorem for all local rings, 9.6.2 holds
without any restriction.

The theorem of Peskine—Szpiro just mentioned can be proved by the
method we used for 9.6.1, independently of the hypothesis that R contains
a field. (One constructs the complex F, as in the proof of 9.6.1 and
chooses N = Coker ¢4_y11 where d = dim R, v = depth R = injdim M.)
On the other hand, it can also be obtained as a consequence of 9.6.2 in
conjunction with Exercise 9.6.5. In fact, if R contains a field and has a
finite module of finite injective dimension, then it is Cohen—Macaulay by
9.6.2. Furthermore it has a canonical module since it is complete, and
thus it satisfies the hypothesis of 9.6.5.

(b) Using 9.5.7(c) one can derive slightly weaker bounds for Bass
numbers over an arbitrary Noetherian local ring.

(c) If R is a Cohen—-Macaulay ring, then the complex F. above is
acyclic, and already 9.1.9 gives

1, 7= depth M and i = dim R,
i, M) = { 2, depth M < i < dim R.

This inequality and 9.6.1(b) were first obtained by Foxby [115] for Cohen—
Macaulay rings and local rings containing a field.

(d) Whenever pg(m, M) > 0, d = dim R, and injdim M = oo, then
wi(m, M) > 0 for all 7 > dim R; see 3.5.12.

Exercise

9.6.5. Let R be a Cohen—Macaulay local ring with canonical module w. Recall
from Exercise 3.3.28 that a finite R-module of finite injective dimension has
a minimal augmented w-resolution 2,: 0 - W? — -+ - W - M — 0
with p = dim R — depth M. The following assertions (due to Sharp [339])
set up a bijective correspondence between finite modules M of finite injective
dimension and those of finite projective dimension that is given by the assignment
M — Homgp(w, M) and its inverse N— N @ w.

(a) Let N be a finite R-module of finite projective dimension with minimal free
resolution F,. Show that F, ® w is a minimal w-resolution of M = N ® w; in
particular dim R — depth M = proj dim N and Supp M = Supp N.
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(b) Conversely, let M be a finite R-module of finite injective dimension with
minimal w-resolution f2,. Show that HomR(w, {Z.) is a minimal free resolution of
N = Homp(w, M).

(c) Using 9.5.7(a) show that 9.6.1 gives the best possible lower bounds for the
Bass numbers of an R-module.

Hint: use 9.1.6 for (a) and (b), noting that w is a Cohen—Macaulay module with
Supp w = Spec R and that End(w) = R.

Notes

The acyclicity criterion 9.1.6 is essentially due to Buchsbaum and Eisen-
bud [63]. The general version without any finiteness condition on the
ring R or the module M was given by Northcott [290]. The concept of
grade on which it is based goes back to Hochster [179]. To us it seemed
most convenient to use Koszul homology in the definition of grade.

Section 9.2 is based on Hochster’s article [176]. We outlined the fact
that essentially all the homological theorems can be derived from the
direct summand theorem 9.2.3 or its equivalent, the monomial theorem
9.2.1. One of the rare results in mixed characteristic is due to Hochster
and McLaughlin [199]; it says that a regular local ring is a direct
summand of a finite extension domain if the extension of the fields of
fractions has degree two. As a surprising spin-off of an investigation of
the monomial theorem in mixed characteristic, Roberts [317] obtained
a counterexample for Hilbert’s fourteenth problem, and furthermore a
prime ideal in a formal power series ring whose symbolic Rees algebra is
not finitely generated.

The material on the canonical element theorem in Section 9.3 is taken
from Hochster’s comprehensive treatise [184]. It seems however that the
idea to compare a Koszul complex for a system of parameters with a free
resolution of the residue class field, was first used by Eisenbud and Evans
[92] in the demonstration of their generalized principal ideal theorem
9.3.2. Hochster [184] contains many more results than indicated in 9.3.3
and 9.4.8. In particular we would like to mention a connection between
canonical elements and canonical modules. The canonical element the-
orem has also been studied by Dutta [82], [84], and Huneke and Koh
[216].

A ‘tremendous breakthrough’ (Hochster [186], p. 496) was made
by Peskine and Szpiro in [297]. As mentioned already in Chapter 8,
they were the first to apply the Frobenius morphism in the context of
homological questions and to reduce such questions from characteristic
zero to characteristic p through Artin approximation. They proved the
intersection theorem 9.4.5 in characteristic p and for local rings which can
be obtained as inductive limits of local etale extensions of localizations
of affine algebras over a field of characteristic zero. Furthermore, for the
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same class of local rings they were able to deduce Auslander’s conjecture
9.4.7 and Bass’ conjecture 9.6.2 from the intersection theorem.

An equally fundamental achievement is Hochster’s construction of
big Cohen—Macaulay modules. It enabled him to extend Peskine and
Szpiro’s results to all local rings containing a field, and had the side-effect
of a considerable technical simplification. See [175], [178], [181].

The new intersection theorem is due independently to Peskine and
Szpiro [299] and Roberts [309]. It seems that Foxby [115] published the
first complete proof valid for all equicharacteristic local rings; using big
Cohen—-Macaulay modules he gave an even more general theorem than
9.4.3. As pointed out above, Roberts [314], [316] proved the new intersec-
tion theorem in full generality; it has been noted which of the theorems
therefore become valid without a restriction on the characteristic. The
improved new intersection theorem 9.4.2 is implicitly contained in Evans
and Griffith [97]; it was explicitly formulated (and given its name) by
Hochster [184]. Still another extension of the intersection theorem must
be mentioned, namely Foxby’s version for complexes in [116].

In 9.4.8 we commented on generalizations of Serre’s theorem for
intersection multiplicities. It should be added here that some positive
results were obtained by Foxby [117] and Dutta [80], [81].

The original argument of Evans and Griffith’s remarkable syzygy
theorem 9.5.6 is found in [97]. It requires a weak condition on the
underlying ring. Such conditions were removed by Ogoma [295], as
pointed out in 9.5.7. Our proof of the more general result 9.5.5 is a direct
generalization of the argument in [98]. This monograph of Evans and
Griffith contains an extensive discussion of questions related to the syzygy
theorem; its bibliography gives an overview of the pertinent literature.

Successively better inequalities for Bass numbers were obtained by
Foxby [112], Fossum, Foxby, Griffith, and Reiten [110], and again Foxby
[115]; the last two articles make use of big Cohen—-Macaulay modules.
The relationship of injective resolutions to finite free complexes was
realized by Peskine and Szpiro in their proof of Bass’ conjecture 9.6.2.
Their arguments were extended by Foxby [115]. In particular 9.6.1(b)
and 9.6.3 (even a more general version for modules) are due to him. As
pointed out already, Roberts gave a characteristic free version of 9.6.3.
The investigation of 9.6.3 originated from Vasconcelos [380] who proved
it for certain one dimensional local rings.



10 Tight closure

The final chapter extends the characteristic p methods by introducing the
tight closure of an ideal, a concept that, via the comparison to a regular
subring or overring, conveys the flatness of the Frobenius to non-regular
rings. It was invented by Hochster and Huneke about ten years ago and
is still in rapid development.

The principal classes of rings whose definition is suggested by tight
closure theory consist of the F-regular and F-rational rings; they are char-
acterized by the condition that all ideals or, in the case of F-rationality,
the ideals of the principal class are tightly closed. Under a mild extra
hypothesis F-rationality implies the Cohen—Macaulay property. More
1s true: F-rational rings are the characteristic p counterparts of rings
with rational singularities; we will at least indicate this connection — a
full treatment would require methods of algebraic geometry beyond our
scope.

Tight closure theory has many powerful applications. Among them
we have selected the Briangon—Skoda theorem, whose proof is based on
the relationship of tight closure and integral closure, and the theorem of
Hochster and Huneke that equicharacteristic direct summands of regular
rings are Cohen—Macaulay.

10.1 The tight closure of an ideal

Throughout this section we suppose that all rings are Noetherian and of
prime characteristic p, unless stated otherwise. Recall from Section 8.2
that Il9, ¢ = p°, denotes the g-th Frobenius power of an ideal I, that
is, 119 is the ideal generated by the g-th powers of the elements of I;
equivalently, 119 is the ideal generated by the image of I under the e-fold
iteration F*¢ of the Frobenius homomorphism F: R — R, F(a) = of. We
reserve the letter ¢ for powers of p; for example, we will say ‘for ¢ > 0’
when we mean ‘for ¢ = p° with e > 0’

In the following the set R° of elements of R that are not contained in
a minimal prime ideal of R will play an important role. Note that R° is
multiplicatively closed.

Definition 10.1.1. Let I C R be an ideal. The tight closure I* of I is the
set of all elements = € R for which there exists ¢ € R® with x? € Il9 for
g > 0. One says I is tightly closed if I = I*.

378
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In previous chapters I* has denoted the ideal generated by the homo-
geneous elements in I where I is an ideal in a graded ring. Since there
1s no danger of confusion, we keep the ‘traditional’ notation for tight
closure.

The next proposition lists some basic properties of tight closure; in
particular it behaves as expected for a closure operation.

Proposition 10.1.2. Let I and J be ideals in R. Then the following hold:
(a) I* is an ideal and I C J = I* C J*;

(b) there exists ¢ € R° with o(I*)ld C 114 for ¢ > 0;

(c)ICI* = I';

(d) if I is tightly closed, then so is I : J;

(€) @ € I* if and only if the residue class of = lies in (I + p)/p)* for all
minimal prime ideals p of R;

(f) if R is reduced or heightI > 0, then = € I* implies that there exists
¢ € R° with cx? € 14 for all q.

Proor. (a) is obvious.

(b) We choose a system 1,..., Ym of generators of I*. For each i there
exist ¢; € R° such that ¢;y! € 19 for ¢ > 0, and therefore ¢(I*)4 C 114
forc=e¢--- ¢y and ¢ > 0.

(c) Suppose dz? € (I)l4 for ¢ > 0 with d € R°. With ¢ as in (b) one
then has (cd)z? € Il9 for ¢ > 0. Since cd € R®, it follows that = € I*.

(d) Note that (7: J)ld ¢ 119 : Jld. Thus cx? € (I: )4 for ¢ > 0
implies ¢(xy)? € Il for all y € J and q > 0. Hence axy € I* = I for all
y € J, and therefore z € I: J.

(€) If @ € I*, then the residue class Z belongs to ((I + p)/p)* since
Rnp=20.

Conversely, let p,,...,p, be the minimal prime ideals of R, and
suppose & € ((I + p,)/p,)* for all . Then there exist ¢; € R\ p; with
cxd € 114 + p; for ¢ > 0. We may assume that ¢; € R°: replace ¢
by ¢ + ¢, where ¢ € p; if and only if ¢; € p;. (Such ¢ exist since the
intersection of some minimal prime ideals is not contained in the union
of the remaining ones.) In the next step we take d = ", ¢;d; where d; ¢ p,,
but d; € H#ipj.

Now pick r = p’ so large that (p, ---p,,)1 = 0. Then we have

(dicy) @™ € (I ral 4 PET]) H PE»T] c 1t for all <
J#i

This implies d"z? € Il9 for g > 0. Since d € R°, we conclude = € I*.
(f) If height T > 0, then R° N I # 0, so that ¢ € R® with cx? € 119 for
q > 0 can be replaced by ca” with a € I and r sufficiently large.
Suppose now that R is reduced. Applying the previous argument for
the case of positive height to the residue class rings R/p,, where py,...,p,,
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are again the minimal prime ideals of R, we find ¢; € R° such that
czd € 14 + p; for all ¢ > 0. Now we choose d as in the proof of (e) and
find that da? € 114 4+ p, ---p, = 14, O

Usually the computation of I* is very difficult. We give two examples.

Examples 10.1.3. (a) Let Ry = k[X, Y, Z]/(X% — Y3 — Z7) where k is a
field of arbitrary characteristic p > 0. Evidently R; is an integral domain,
a complete intersection, and therefore Cohen—Macaulay. Furthermore,
the ideal generated by the residue classes of the partial derivatives of
X?— Y%~ Z7 is primary to the maximal ideal m = (z, y, z) (small letters
denote residue classes). The Jacobian criterion (for example, see [270],
(30.4)) shows that (R1), is a regular local ring for p # m. Especially, R; is
a normal ring by Serre’s criterion 2.2.22. Setting deg X = 21, deg Y = 14,
and deg Z = 6 makes R; a positively graded k-algebra with *maximal
ideal m. (All these assertions hold over an arbitrary field k.)

We claim that @ € (y,2)*. If p = 2, then obviously z? € (y,2)!9 for
all ¢ = p°. For p > 2 one has cx? € (y,2)[4 for ¢ = = In fact, set
u=(q+ 1)/2. Then 29! is a k-linear combination of monomials 3*'2™
with v+ w = w. It is an elementary exercise that 3v > ¢ or 7w > q.

(b) Let Ry = k[X,Y,Z]/(X? — Y3 — Z5). Then, as in (a), Ry is a
normal complete intersection domain. The graduation is now given by
deg X = 15, deg ¥ = 10, and deg Z = 6. We claim that @ ¢ (y, 2)* if and
only if chark > 7. In this case (y, 2) is tightly closed because the only
proper ideal of R/(y, z) is generated by the residue class of .

Evidently S = k[y,z] is isomorphic to the polynomial ring in two
indeterminates over k and R; is a free S-module with basis 1, z. Therefore
every element f € R; has a unique presentation of the form fj 4+ «f; with
Jo,f1 € kly, 2.

The case p = 2 is trivial. So suppose p is an odd prime. As above, set
u=(g+1)/2, choose ¢ € RS, and let s and ¢ denote the highest exponents
with which y and z respectively appear in ¢y and ¢; where ¢ = ¢y + @y
with ¢y, &1 € k[y, z]. One has

U
il —¢ Z < >y37'z5w.
v

vtw=u

Therefore cx? € (y4, 29) only if all the binomial coefficients (:) for which
3v+ s < g and bw+ ¢ < g vanish modulo p.
First let p > 7. Then at least one (for p > 30 each) of the following
inequalities has an integral solution:
. 3 P 1 1
—p< < = =p < < =—p.
O pp<e<3 (1) gp<f<gp
If (i) has a solution a,, then v = p*la, and w = u — v satisfy the
inequalities 3v+ s < g and 5w+t < g for e > 0, ¢ = p°. Since none of the
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factors in the ‘numerator’ of (¥) = w(u—1)---(uv— v+ 1)/o! is divisible
by p¢, one sees easily that (:) is non-zero modulo p. If (ii) has an integral
solution, the argument is analogous. This shows cz? € (y¢, 29) for ¢ > 0
is impossible.

Second, for p = 7 neither (i) nor (ii) has an integral solution. Never-
theless, there appears exactly one multiple of 757! in the ‘numerator’ as
well as in the ‘denominator’ of (:j) = (:) Therefore it is enough if we
can choose w as an integral multiple of 7572 in the critical range, and this
is possible since 49/6 < 9 < 49/5.

The argument showing that @ € (y, z)* for p = 3 and p = 5 is left to
the reader.

Though R; and R; have a very similar structure, there is an invariant
distinguishing them: the a-invariant of R; is non-negative, namely a(R;) =
1, whereas a(R;) = —1 (see 3.6.14 and 3.6.15 for the computation of o
invariants). Therefore, if k is a field of characteristic 0, R; has a rational
singularity by the criterion of Flenner [107] and Watanabe [389] whereas
the singularity of R; is non-rational. The connection between rational
singularities and tight closure will be discussed in Section 10.3, and we
will see that the different behaviour of R; and R, with respect to tight
closure is by no means accidental.

Remark 10.1.4. While it is usually not difficult to show that homologically
defined invariants commute with localization or, in the case of a local
ring (R, m), with m-adic completion, tight closure so far has resisted all
efforts to establish these properties for it. It is obvious that (I*), C (I)*
and I'R C (Iﬁ)*, but the converse inclusions are only known in special
cases, some of which will be discussed below. The best result available
for localization is due to Aberbach, Hochster, and Huneke [2]: under
some mild conditions on R one has (I*), = (L,)* for ideals I of finite
phantom projective dimension; this includes all ideals of finite projective
dimension. The definition of finite phantom projective dimension requires
the introduction of tight closure for submodules U C M (see Hochster
and Huneke [192] and Aberbach [1]).

The following proposition indicates how elements in the tight closure
of an ideal may arise in a non-trivial way.

Proposition 10.1.5. Let S O R be a module-finite R-algebra. Then one has
(ISY*N R C I* for all ideals I of R.

Proor. Assume first that R and S are integral domains. Then there are a
free R-submodule F of § and an element e € R, e # 0, with eS C F, and
for each element v € F, u # 0, there exists an R-linear map f: F — R
with flu) # 0. Therefore, given ¢ € S°, one can find an R-linear map
g: S — R with g(¢) # 0.
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Now pick @ € (I8)* N R. Then there is a ¢ € §° with cz? € (I8)4 =
I4S for all ¢ > 0, and applying an R-linear map g one gets gle)z? € I,
Choosing g as above, one concludes = € I*.

In the general case let py,...,p,, be the minimal prime ideals of R,
and pick minimal prime ideals qy,...,q,, with p, = q;N R. (This is possible
by A.6.) Let m;: R — R/p, be the natural map and ¢; the composition
R — R/p, — S/q; Then

(IS NRC ﬂ e ((I8) /a;) C (' (I8/a)" C ni (IR /p))"

(2

where the last inclusion is given by the first part of the proof. By virtue
of 10.1.2(e) it follows that (IS)* N R C I*. O

In the next remark and in Section 10.3 we will need the notion of
excellence for rings. A Noetherian ring R is called excellent if it satisfies
the following conditions:

(1) R is universally catenary;

(ii) for all prime ideals p of R, all prime ideals q of R, and all finite field
extensions L O k(q) the ring (R,) ® L is regular ((R,) is the pRp-adic
completion of Ry);

(iii) for every finitely generated R-algebra S the singular locus Sing S =
{q € Spec §: S; non-regular} is closed in Spec S.

Property (ii) is called the geometric regularity of the formal fibres of
all localizations of R. Complete local rings, and in particular fields are
excellent. Furthermore the localizations of an excellent ring R and the
finitely generated R-algebras are excellent as well. We refer the reader to
[270], §32 or [142], IV.7.8 for a systematic development of this concept.

Remarks 10.1.6. (a) Suppose R is a domain and S a module-finite exten-
sion domain. Then the field of fractions of S is an algebraic extension
of R and can therefore be embedded into a fixed algebraic closure L of
the field of fractions of R. Through this embedding, S is contained in the
integral closure Rt of R in L; one calls RT the absolute integral closure
of R. Conversely, RT is the union of module-finite extension domains of
R. Thus 10.1.5 implies IR* N R C I*. It is not known whether equality
holds in general, but Smith [348] has proved that TR* N R = I* for ideals
I of the principal class in domains R such that R is excellent for all
p € Spec R.

(b) By a remarkable theorem of Hochster and Huneke [193], the ring
R* is a big Cohen—Macaulay algebra for R if R is an excellent local
domain of characteristic p. This allows one to construct big Cohen—
Macaulay algebras for all Noetherian local rings containing a field;
moreover, the construction is ‘functorial’ in the best possible way. See
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Hochster and Huneke [197] for the numerous applications of the existence
and functoriality of big Cohen—Macaulay algebras.

The next theorem gives a crucial property of tight closure. It also
shows that the attribute ‘tight’ is well chosen.

Theorem 10.1.7. Let R be a regular ring. Then
(a) 19 : Jld = (1 : J)9 for all ideals T and J of R, and
(b) every ideal of R is tightly closed.

PRrOOF. (a) By induction it is enough to show Il : JIFl = (I : J)Fl. One
has Il = IRF where R¥ is R viewed as an R-algebra via the Frobenius
endomorphism F. For a regular ring R, the R-algebra R is flat by Kunz’s
theorem 8.2.8, and we show more generally that 15 : JS = (I: J)Sif §
is a flat algebra over R.

The ideal I : J is the annihilator of the R-module (J + I)/I. Since S
is flat, one has natural isomorphisms (I : J)® § = (I : J)S and

(T+D)/DeS=(J+D)eS5)/(IeS)=(J+I)S/IS.

Therefore it is enough to show (Anngp M)S = Anng(M ® §) for a finite R-
module M. This follows by tensoring the exact sequence 0 — Anng M —
R — Endg(M) with S and using the natural isomorphism Endp(M)® S =
Ends(M ® S).

(b) Let I be an ideal of R and suppose that cz? € I4 for = € R,
¢ I, c€ R° and ¢>> 0. Then I : = # R, and all the conditions remain
true after localization at a prime ideal containing I : z. In order to derive
a contradiction we may therefore assume that R is local with maximal
ideal m.

By (a) one has (I : @)ld = 114 : x7 for all ¢ > 0. Therefore, if
ce I : z9 for ¢ > 0, then c € (I: @)ld C mld C m? for ¢ > 0. This
implies ¢ = 0, the desired contradiction. O

For several theorems below it will be essential that R is equidimen-
sional: this means dim R/p = dim R < oo for all minimal prime ideals p

of R.

Corollary 10.1.8. Suppose R is equidimensional and a finite module over a
regular domain A. Then IR :p JR C (I :4 J)R)* and IRNJR C ((INJ)R)*
for all ideals I and J of A.

Proor. There exist ¢ € 4, ¢ # 0, and a free A-submodule F' of R such
that cR C F. Choose @ € IR :5 JR. Then x¢J4 C I9R for all q.
Multiplication with ¢ yields Jl9(cx?) C I9F. Since F is a free A-module,
this implies cx? € (JI4 : M4)F. By 10.1.7(a) one has (JI4 : Md)F =
(I: DEF, and so ex? € (I : J)AF c (I : J)IR. The argument for
IRN JR is similar.
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It remains to show ¢ € R° for which we need the hypothesis that
R is equidimensional. Let p be a minimal prime ideal of R. Then
dim R/p = dim A/(p N A) by the corollary A.8 of the going-up theorem,
and there exists such a prime ideal p, with p, M 4 = 0. Especially,
dim A = dim R = dim 4/(pn4) and, hence, pn4 = 0 for all minimal prime
ideals p of R. (Conversely, this fact implies that R is equidimensional.)

O
If, in the situation of 10.1.8, R (and therefore 4) is a local ring, then
every system of parameters @;...,z4 of 4 is also a system of parameters

of R and an A-sequence. The last condition is equivalent to
(01,00, 25) 14 g1 = (21,00, 25).

Since A is regular, (@,..., ;)" = (@1,...,2;) for 7 =0,...,d — 1 by 10.1.7,
and so

(21,0, 25) 1 g1 C (@1y.0,2)% 7=0,...,d— 1.

If R is an equidimensional complete local ring, then we can always find a
suitable regular ‘Noether normalization’ 4 (see A.22). Roughly speaking
one may therefore say that R is ‘Cohen—Macaulay up to tight closure’.
This holds for a larger class of local rings.

Theorem 10.1.9 (Hochster—Huneke). Let R be an equidimensional residue
class ring of a Cohen—Macaulay local ring A, and @1 ...,x5 a system of
parameters of R. Then
(@1,...,25) 1 @jy1 C (21y.0y25)% 7=0,...,d— 1.

ProOF. We write R = A/I. Lemma 10.1.10 below shows that there exists a
system of parameters z,..., 25, ¥1,..., ¥4 in A with g = codim I such that
2,...,24 € I and x;is the residue class of y;. Since 4 is Cohen—Macaulay,
Zyeeey 29 Y-, Yd 1S an A-sequence.

Set J = (21,...,24). Since R is equidimensional, all the minimal prime
ideals pq,...,p,, of I have height g, and are therefore minimal prime
ideals of J. Let p,,,4,...,P, be the remaining minimal prime ideals of J.
If we now choose ¢ € (p,.; N---Np,)°\ (pyU---Up,,) for s sufficiently
large, then ¢I” C J for some 7 > 0. Furthermore the residue class d of ¢
in R belongs to R°.

Suppose that bxji1 € (@,...,x;) for some b € R. Then we pick a
preimage a of b in A, obtaining a relation ay;y1 — (@ + -+ + a;y;) € L
For g = p° > r this entails

q,4 9,9y — ;
calyjyr — (afyi + -+ ajyj) =bgz + -+ bygzg with b, € A.
However z,..., 24, ¥1,..., Y4 is an A-sequence, and sois z,..., 25, 47, .., Y3

(see 1.1.10). Therefore ca? € (yl,...,yj)[q] + I for all ¢ > 7, and taking
residue classes we get the desired result. O
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Lemma 10.1.10. Let (4, m) be a Noetherian local ring (not necessarily of

characteristic p), I a proper ideal of A, and @x1,..., 24 a system of parame-
ters of A/I. Then one can find representatives yi,...,Yq of T1,...,xq in A
and z1,...,2; € I, g = codim I, such that z1,...,24,%,..., Y4 15 a system of

parameters for A.

Proor. Note that g+ d = dim A. Suppose we have constructed represen-
tatives v1,..., 4 of @i,..., 24 such that codimJ = d for J = (w,...,v4)-
Since dim 4/J = g and since (I + J)/J is m/J-primary, we can then find
2,...,24 € I that complement 1,...,ys to a system of parameters.

The elements w,...,y4 are constructed inductively. Assume that
Y,...,Yj—1 have been found such that codim(yi,..., y;—1) = j— 1. Choose
a representative y;» of x;. Then

dim A/(y1,- -, g1, Lyy) =d—j< g+d—j+1=dim4/(y,..., %-1).

Thus I + (y}) is not contained in any of the finitely many prime ideals
PP O (Y1,-.0, y—1) with dimA/p, = g+ d— j+ 1. Now Lemma
1.2.2 (with M = 4 and N = I +(y})) yields a representative y; of x; such
that y; ¢ p;for i=1,...,m. O

In the case in which R is a residue class ring of a Gorenstein local
ring, one can give a shorter proof of 10.1.9, using 8.1.3. This technique
will be applied in the proof of 10.4.4.

F-regularity. Theorem 10.1.9 shows that rings in which every ideal is
tightly closed have special properties. They deserve a special name.

Definition 10.1.11. One says R is weakly F-regular if every ideal of R is
tightly closed. If all rings Ry of fractions of R are weakly F-regular, then
R is F-regular.

The distinction between weak F-regularity and F-regularity is unde-
sirable but hard to avoid as long as the localization of tight closure has
not been proved. However, it is enough to require F-regularity for the
localizations Ry, p € Spec R:

Proposition 10.1.12. (a) Let I be an ideal primary to a mazimal ideal m.
Then (IRm)* = I* Rm.

(b) If every ideal primary to a mazimal ideal is tightly closed, then R is
weakly F-regular.

(c) R is weakly F-regular if and only if Rm is weakly F-regular for all
mazimal ideals m.

(d) A weakly F-regular ring is normal.

(d) If R is a weakly F-regular residue class ring of a Cohen—Macaulay
ring, then R is Cohen—Macaulay.
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Proor. (a) We only need to show the inclusion (IRm)* C I*Rm, and it
holds if (IRm)* N R C I*. By virtue of 10.1.2 it is enough that

(IBm)* O R +p)/p C (1 +9)/p)
for all minimal prime ideals p of R. If m ¢ p, equivalently I ¢ p,
then both sides equal R/p. So suppose p C m. Then the image of
@ € (IRm)* N R under the natural map R — BRm/pRm certainly belongs to
the tight closure of (I + p)Rm/pRm. This observation reduces (a) to the
case of an integral domain R in which we have Ry N R = R°. (So far we
have only used that Rm is a localization of R.)

Suppose that cx? € I,[,?] for « € R, ¢ € R}, and g > 0. Then we
can obviously assume ¢ € R. It follows that ¢ € R°. Furthermore
cxl € I,[,?] N R = Il9 where for the last equation we have used that 4 is
m-primary because Rad I'¥ = m and m is a maximal ideal.

(b) By Krull’s intersection theorem, every ideal I of R is the intersec-
tion of the ideals I + m™ where m is a maximal ideal containing I and
n € N. Furthermore the intersection of tightly closed ideals is tightly
closed.

(c) is an immediate consequence of (a) and (b).

(d) will be proved after 10.2.7.

(e) We must show that Ry is Cohen—-Macaulay for all maximal ideals
m. Part (¢) implies that Ry is weakly F-regular. Thus Rm is a normal do-
main by (d) and, therefore, equidimensional. Now the Cohen-Macaulay
property results from 10.1.9. O

The following proposition yields the most important examples of
F-regular rings.

Proposition 10.1.13. Let S O R be a (weakly) F-regular R-algebra such
that ISN R = I for all ideals I of R. If R° C S°, then R is (weakly)
F-regular.

ProoF. The hypothesis ¢(R°) C S° implies that (I*)S C (IS)*, whence the
assertion about weak F-regularity is obvious. Furthermore it is inherited
by every localization, as is the condition IS N R = I. if the induced
homomorphism R/I — S/IS is injective, then so is Ry /IRy — Sr /ISt
for all multiplicatively closed subsets T of R, and every ideal of Ry has
the form IRy for an ideal I of R. O

The hypothesis IS N R = I is satisfied if R is a direct summand of
S as an R-module or, more generally, if S is pure over R (see 6.5.3(b)
for the notion of purity). An immediate corollary is the characteristic p
version of the Hochster—Roberts theorem.

Corollary 10.1.14. Let the ring R be a direct summand of the regular ring
S. If R is a residue class ring of a Cohen—Macaulay ring, then R is Cohen—
Macaulay.
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Exercises

10.1.15. (a) Let I and J be ideals of R. Show (INJ)* C I'nJ*, (I+J)* = (I"+J*),
and (IJ)* = (I*J*)*; furthermore (0)* = Rad(0).
(b) Let R = R/Rad(0). Prove I* is the preimage of (IR)* under the natural

homomorphism R — R.

10.1.16. (a) Let @, ..., , 3, z be elements of R such that the ideals (ay,..., z,, )
and (z,...,x, 2) are tightly closed and grade(a,...,x,y) = n+ 1. Show
(w1, - .., 2, y2) is tightly closed. (Use 1.6.17.)

(b) Suppose that grade(zi,...,z,) = n and (@,...,,) is tightly closed. Show
(x,..., ™) is tightly closed for all integers ay,...,a, > 1.

10.1.17. Find a tight closure proof of the ‘monomial theorem’ 9.2.1 in character-
istic p.

10.1.18. (a) Show that a primary component q of a tightly closed ideal I that
belongs to a minimal prime ideal of I is tightly closed. (Hint: q =1 : = for a
suitable x.)

(b) Let I be a tightly closed ideal such that the maximal ideal mt is a minimal
prime ideal of I. Show I is tightly closed.

(c) Let I be an ideal all of whose minimal prime ideals are maximal ideals. Show
I 1s tightly closed if and only if all the localizations I, with respect to maximal
ideals m are tightly closed.

10.1.19. (Smith) Prove the following assertions:

(a) If tight closure commutes with localization in R/p for each minimal prime of
p of R, then tight closure commutes with localization in R.

(b) Let R be a domain that has an F-regular module-finite extension. Then tight
closure commutes with localization in R.

(c) Tight closure commutes with localization in rings R = k[Xj,...,X,]/I where
I is generated by monomials and binomials. (Hint: the minimal prime ideals of
I are again generated by such elements, and if I is prime, then R is an affine
semigroup ring. See Eisenbud and Sturmfels [95] for the theory of binomial

ideals.)

10.2 The Briangon—Skoda theorem

This section is devoted to the relationship between the tight closure and
the integral closure of an ideal. Our major objective is a proof of the
Briancon-Skoda theorem for regular rings containing a field. It will be
derived from its tight closure variant by reduction to characteristic p.

Integral dependence on an ideal. We first discuss the basic notion of
integral dependence on an ideal I and introduce the integral closure of I.

Definition 10.2.1. Let R be a ring and I C R an ideal. Then = € R is
integrally dependent on I or integral over I if and only if there exists an
equation

g™+t a,=0 witha, € I, i=1,...,m.
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The elements = € R that are integral over I form the integral closure

Tofl

It is evident that T C T C Radl, that [ C L = &1 C L, and
that integral dependence is preserved under ring homomorphisms. The
following proposition lists less obvious properties of integral dependence.

Proposition 10.2.2. (a) The following are equivalent:
(i) zeI;
(ii) there exists m > 1 with ™ € I(I + Rx)™;
(iii) there exists m > 1 with (I + Rx)™* = I**YI + Rx)™ ! for all
ke N;
(iv) there exists a finite ideal J C R such that ©J C IJ and AnnJ
annihilates ¢ power of x.
(b) I is an integrally closed ideal.
(c) Suppose that R is Noetherian. Then = € I if and only if the residue
class of x is integral over (I + p)/p for all minimal prime ideals p of R.

ProoF. (a) The equivalence of (i) and (ii) is evident, and (ii) results from
(iii) with & = 0. Conversely, 2™ € I(I + Rz)™ ! implies (I + Rz)™ =
I(I+ Rz)™ ! from which (iii) follows by induction on k.

For (i) = (iv) pick = € I. Then there exists a finite subideal I' of I
over which x is integral. Therefore we may assume I to be finite and
choose J= Ra™ 1 4 I&™ 2 4 ... 4 1,

For (iv) = (i) let J be generated by #1,...,y,. Then there exists an
n X n matrix 4 = (a;) with a;; € I such that (zE, — A)y = 0 where y is
the column vector with components y; and E, is the n X n unit matrix.
It follows that det(zE, — A)J = 0, and so det(zE, — A) € AnnJ. Upon
multiplication by a power of  we obtain an equation showing x € 1.

(b) It is obvious that az € I forall z € I and @ € R. Suppose z;,x; € 1.
Again we may assume that [ is finitely generated and we choose J; for o
and J; for @ as we have chosen J for « above; especially, both J; and J;
contain a power of I. It follows immediately that (z; + @) J1Ja C IJ1J2;
furthermore Ann J;J> annihilates a power of I and therefore annihilates
(z1 + a2)" for n>> 0. .

The argument showing that I is integrally closed is similar and can
be left to the reader.

(c) The ‘only if’ part is obvious. For the ‘if’ part let py,...,p, be the
minimal prime ideals of R. We lift an integral dependence equation of
the residue class of @ with respect to (I + p,)/p; to a relation Fi(z) € p,
such that the coefficients of the powers of « satisfy the requirements of
Definition 10.2.1. Then F(z) = Fi(x)--- F.(z) € p;---p,, and a suitable
power of F(x) vanishes. O

For ideals J C I of a Noetherian ring R one has I = J if and only if
J is a reduction ideal of I (see Exercise 10.2.10).
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We note a useful criterion for normality.

Proposition 10.2.3. A Noetherian ring R is normal if and only if it satisfies
the following conditions:

(1) Ry is a field for each prime ideal p that is both minimal and maximal;
(ii) the principal ideals (@), © € R°, are integrally closed.

ProoF. The essential observation relating normality and condition (ii) is
the following: let @ be a regular element of R and suppose we have an
integral dependence relation

V'+tazy™ '+t am1 @yt e =0, a€ER.

Then the element y/x of the total ring of fractions @ of R is integral over
R. Now, if R is integrally closed in @, it follows that y/= € R and, hence,
y € (x). Conversely, if f/g (f, g € R, g a regular element) is integral over
R, one sees immediately that f is integral over the ideal (g).

Suppose now that R is normal. Then it is the direct product of finitely
many integrally closed domains. Therefore it obviously satisfies condition
(1). Furthermore every element @ € R° is a regular element of R so that
the previous observation immediately yields that (z) is integrally closed.

For the converse we first split R into a direct product Ry X --- X R,
such that Spec R; is irreducible for each of the rings R;. It suffices to show
that each R; is a normal domain. Note that condition (ii) is inherited by
R;. Furthermore condition (i) implies that R; is a field if R; has a prime
ideal that is both minimal and maximal. So we can assume that Spec R
is irreducible and R has no such prime ideal.

The first (and crucial) step is to show that R is reduced. For each
minimal prime ideal p,, ¢ = 1,...,s, there is a non-minimal prime ideal
q; O p,;- Choose a € ((;9,)\ (U;p,). The nilradical N of R is contained in
every integrally closed ideal, and therefore it is contained in ﬂj(aj) since
a € R°. There exists an element ¢ € R such that 5 = 1 — ca annihilates
ﬂj(aj) (this is the usual argument from which Krull’s intersection theorem
is derived). A4 fortioriy bN = 0. The choice of a ensures that b € R° as
well, and, by the same token, we have (1 — db)N = 0 for some d € R.
This shows N = 0.

Since R is reduced, the total ring of fractions @ of R is the direct
product of fields @;. The idempotents e; representing the unit elements
of Q; satisfy the equation € — e; = 0. Write ¢; = f;/g; with f; € R and
a regular element g; € R. The initial observation yields e¢; € R. By the
assumption on R this is only possible if @ is a field and, hence, R is a
domain. Now we apply the initial observation once more to conclude
that R is integrally closed. O

For the connection with tight closure it is important that in a Noethe-
rian ring integral dependence can be characterized by homomorphisms
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to valuation rings. Let K be a field. Recall that a proper subring V of K
is a valuation ring of Kif x € V or ! € V for all = € K. It follows that
the set of ideals of V is linearly ordered by inclusion; in particular V is
local and every finite ideal of V is principal. If V is Noetherian, then
the maximal ideal my of V is principal, and conversely; a Noetherian
valuation ring V is a regular local ring of dimension 1 and is termed a
discrete valuation ring.

The following theorem will be crucial: let K be a field, 4 a subring of
K, and p C A a prime ideal of 4; then there exists a valuation ring V of
K such that A C V and my N A = p. Furthermore it is easily proved that
a valuation ring is normal. (See [270], §10, [47], Ch. VI, or [397], Vol. II,
Ch. VI for proofs and more information on valuation rings.)

Proposition 10.2.4. (a) Let R be an integral domain with field of fractions
K and I an ideal of R. Then T is the intersection of all ideals IV where V
ranges over the valuation rings of K containing R.

(b) Suppose R is a Noetherian ring. Then there exist a finite number of
homomorphisms @; from R to discrete valuation rings V; such that Ker ¢;
is a minimal prime ideal of R and I is the intersection of the preimages

o H(IV7).

ProOF. (a) Let J be the intersection of the ideals IV. For I C J it is
enough that all the ideals IV are integrally closed. As observed above,
IV is a principal ideal of V. Since V is a normal domain, principal ideals
of V are integrally closed (see 10.2.3 — for this implication the Noetherian
property is irrelevant).

For the converse inclusion choose « € J. Let L be the set of all
quotients a/z with a € I and consider the ideal LR[L] in the subring
R[L] of K. If LR[L] were a proper ideal of R[L], then there would
exist a valuation ring V of K with LR[L] C my. In particular we would
have a/x € my for all @ € I; this implies z/a ¢ V, and so = ¢ IV,
a contradiction. Thus LR[L] = R[L], and there exists a representation
1= fla1/=,...,an/x) where fis a polynomial with coefficients in R and
a,...,an € I. Multiplication by a sufficiently high power of « yields an
integral dependence relation for @ on I.

(b) In view of 10.2.2 we can restrict ourselves to the case of a domain
R. Choose a system of generators @, ..., =z, of I and let R; be the integral
closure of R[z;/z;i: j = 1,...,n] in K. We claim that I = [, Riz;. The
inclusion ‘C’ holds because the principal ideal R;xz; is integrally closed
in the normal domain R;. For the converse we use part (a). Let V be
a valuation ring of K containing R, and pick an index 7 such that =;
generates IV. Then w;/@; € V for all j and therefore Rix; C IV. It
follows that the intersection [, Rz is contained in every ideal IV where
V ranges over the valuation rings of K.

Though the ring R; need not be Noetherian, it is a Krull ring (see
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[270], §12). A divisorial ideal a of a Krull ring, and especially a principal
ideal, has the primary decomposition a = ﬂj(aRpj N R) where the p,; are
the finitely many divisorial prime ideals containing a, and furthermore
Ry, is a discrete valuation ring. O

Tight closure and integral closure. After these preparations we can easily
show that tight closure is tighter than integral closure. In the sequel we
shall again assume that R is a Noetherian ring of characteristic p.

Proposition 10.2.5. One has I* C I for all ideals I of R.

Proor. Let ¢ be a homomorphism from R to a discrete valuation ring V
such that Ker ¢ is a minimal prime ideal of R. Then ¢(I*)V C (IV)* since
©(R°) C V°. Moreover, V is a regular local ring and, thus, (IV)* = IV.
S0 10.2.4 implies I* C 1. O

It is easy to give examples of tightly closed ideals that are not
integrally closed. For example, every ideal in a polynomial ring R over
a field is tightly closed, but not every ideal of R is integrally closed if
dim R > 1 (see Exercise 10.2.12).

The tight closure version of the Briangon-Skoda theorem is an
‘asymptotic’ converse of the previous proposition.

Theorem 10.2.6 (Hochster—Huneke). Let I be an ideal of R generated by

elements fi,..., fn

(a) Then It C (I¥1)* for all w € N.

(b) If R is regular or just weakly F-regular, then It ¢ Yt and in
particular I" C 1.

Proor. We must relate Frobenius powers and ordinary powers of I. This
1s possible through the equation

Ik(n+w) — (ﬁ, . ,f:)w+11k(n—1),

whose elementary verification is left to the reader.

In view of 10.1.2 and 10.2.2 we may assume that R is an integral
domain. Set J = I"% and pick = € J. By 10.2.2 there exists m > 1 with
(J + Rx)™* = J¥1(J 4+ Rz)™ ! for all k € N; in particular

wmwk c Jk — Ik(n+w) C (ﬁ? . ,f:)w+11k(n—1)
for all k£ € N. Setting ¢ = @™ and k = ¢ = p° we obtain
cxt € (... e (i,

as desired.
Part (b) results immediately from (a). O

The following corollary is crucial for issues of normality.
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Corollary 10.2.7. Let I = () be a principal ideal. Then I = I*.

Proor. The inclusion I* C T is Proposition 10.2.5, and the converse
inclusion is contained in the theorem. O

As a consequence of 10.2.3 and 10.2.5 we derive the normality of a
weakly F-regular ring R, which has already been stated in 10.1.12. Since
Rad(0) = (0)*, an F-regular ring is reduced, whence it satisfies condition
(1) of 10.2.3. By definition it also fulfills condition (ii) so that normality
follows immediately.

The original Briangon—Skoda theorem [347] is essentially the assertion
of 10.2.6 for R = €(Xy,..., Xy4), the ring of convergent power series in
d indeterminates. It was motivated by the following problem: given
f € (X1,...,X4), what is the smallest number m such that ™ € I =
(X101f,..., X404f)? (Here 9; is the partial derivative with respect to
X:.) Answering this question obviously generalizes the well-known rule
uf = X101+ -+ + X404f for a homogeneous polynomial f of degree w.
The connection with integral closure is given by the fact that f € I; this
results easily from the criterion 10.2.4.

We derive a generalization of the original Brian¢on-Skoda theorem
from 10.2.6 by reduction to characteristic p.

Theorem 10.2.8 (Lipman—Sathaye). Let R be a regular ring containing a
field of arbitrary characteristic and I be an ideal of R generated by elements
Fiyons Lo Then IMFe C TP for all w € N, and in particular I C I.

Proor. The theorem has already been proved in characteristic p. So
suppose that there exists a counterexample (R, fi,...,fn) in characteristic
0. Suppose that y € I"t* but, y ¢ I“*1. Then there is a maximal ideal
m of R such that = ¢ I¥*!, and since integral closure commutes with
localization (see Exercise 10.2.10), we may assume R is local.

For the application of the ‘regular’ variant (b) of Theorem 8.4.1 we
must show that our data have a regular equational presentation. That
y € I™¥ can easily be expressed in terms of a single equation: we
simply choose indeterminates representing v, the generators of I, and the
coefficients in an integral dependence relation for y on I"™¥. The difficult
part of the problem, namely to express the condition y ¢ I“*! has
fortunately been solved in Corollary 8.4.4. (Observe that the generators
of I“*! are polynomials in fi,..., f,.)

It follows that there exists a counterexample to the theorem in which
R is a regular local ring of characteristic p > 0, a contradiction to 10.2.6.

O

Remarks 10.2.9. (a) If (R, m) is a local ring with an infinite residue class
field, then every ideal I C m has a reduction ideal J C I generated by
at most d = dim R elements; see 4.6.8. Since J¥ is a reduction of I¥ for
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all w € N, one can replace n by the minimum of n and d in 10.2.6 and
10.2.8 if the hypothesis on R is satisfied.

(b) Theorem 10.2.8 was proved by Lipman and Sathaye [260] for
arbitrary regular rings. A variant, valid for an ideal I generated by a
regular sequence in a pseudo-rational ring (see 10.3.23 below), was given
by Lipman and Teissier [261].

(c) Since it seems impossible to derive the mixed characteristic cases
of these theorems from characteristic p results, the tight closure approach
does not supersede the proofs given by Lipman-Sathaye and Lipman-—
Teissier. However it offers a refinement we have neglected so far, namely
the extra factor I9"1) that appears in the proof of 10.2.6. Taking care
of it leads one to the Briangon—Skoda theorems with coefficients of
Aberbach and Huneke [4].

Exercises

10.2.10. (a) Let I and J be ideals in a 1ing R and = € R integral over I, y € R
integral over J. Deduce xy is integral over IJ.

(b) Show that x is integral over the ideal I if and only if «t € R[f] is integral
over the Rees algebra R(I) = R[It]. (Thus integral dependence on ideals can be
considered a special case of integral dependence on rings.)

(c) Let J C I be ideals and suppose I is finitely generated. Prove that I = J if
and only if there exists r € N with JI" = I'*%,

(d) Let T C R be a multiplicatively closed set and S = T~'R. Show IS = IS.

10.2.11. The definition of integral dependence can be extended as follows: let
R C S be rings and I C R an ideal; then « € S is integral over I if it satisfies an
equation as in 10.2.1. Extend 10.2.2 and 10.2.10 to this situation.

10.2.12. Let K be an arbiirary field and I C K[X,...,X,] an ideal generated
by monomials. Show that the integral closure of I is the ideal generated by all
monomials whose exponent vector belongs to the convex hull (in R” or @") of
the set of exponent vectors of the monomials in 1.

10.2.13. Given a regular local ring of dimension n, find an n-generated ideal I of

Rwith "1 ¢ I.

10.3 F-rational rings

Throughout this section we suppose that all rings are Noetherian and of
characteristic p, unless stated otherwise. Recall that in a weakly F-regular
ring every ideal is tightly closed by definition. Now we discuss a weaker
condition for a ring R:

Definition 10.3.1. One says R is F-rational if the ideals of the principal
class, that is, ideals I generated by height I elements, are tightly closed.
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Note that for an equidimensional, universally catenary local ring
(R,m) an ideal I = (a,...,a;) is of the principal class if and only if
xi,...,x; are part of a system of parameters of R.

The name ‘F-rational’ indicates that such rings are the characteristic
p analogues of rings with rational singularities. The results of Smith
[349] and Hara [149] discussed at the end of this section justify this
comparison.

In the following we present some basic properties of F-rational rings.
Just as for weakly F-regular rings it results from 10.2.3 and 10.2.7 that

Proposition 10.3.2. F-rational rings are normal.
The following lemma is essential in the study of F-rational local rings.

Proposition 10.3.3. Let (R,m) be an equidimensional local ring that is a
homomorphic image of a Cohen—-Macaulay ring, and (z1,...,24) a system
of parameters of R. Then

(a) (z1y...,@im1)* t @i = (21y-- ., @im1)* foralli=1,...,d;

(b) If (x1,..., zq) is tightly closed, then so is (x1,..., o) foralli=1,...,d.

Proor. Set J; = (a,..., ;) and pick r € J*; : @ Then ra; € Jf ,, and
hence there exists ¢ € R°® such that ¢(rz;)? € Ji[f]l for g large; see 10.1.2(b).

Thus from 10.1.9 we conclude that ¢r? € Ji[f]l : @l C J',, which yields
r € Jr;. This proves (a).

We derive (b) by descending induction on i Suppose it is already
known that J; is tightly closed. Let r € J! ;; then r € J}, and hence
r € J; by the induction hypothesis. So r = a+ ;b with o € J;_; and
b€ R. Then r— a € J',, whence b € J'; : @ = J; by (a). This
shows J! | = Ji_1 + xJ} 4, and the conclusion follows from Nakayama’s
lemma. O

Corollary 10.3.4. An F-rational ring R is Cohen—Macaulay if it is a homo-
morphic image of a Cohen—Macaulay ring.

Proor. Let m be a maximal ideal of R. We choose elements xy,...,z; € m,
d = dim Ry, that generate an ideal I of the principal class. Especially,
@1,..., 24 form a system of parameters in Ry. By hypothesis I is tightly
closed. As m is a minimal prime ideal of I, we conclude from 10.1.18
that Iy is tightly closed.

Notice that Ry is a domain since it is normal by 10.3.2. Hence
10.3.3(b) entails that the ideals (@, ..., z;)Rm are tightly closed for all 7.
Now 10.3.3(a) and 10.1.9 imply that i,...,24 is an Rm-sequence. Thus
R, is Cohen—Macaulay. O

For local rings, F-rationality is easier to control. In fact one has
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Proposition 10.3.5. Let (R,m) be a local ring that is a homomorphic im-
age of a Cohen—-Macaulay ring. Then R is F-rational if and only if it s
equidimensional and one ideal generated by a system of parameters is tightly
closed.

Proor. Let a,...,24 be a system of parameters of R generating a tightly
closed ideal. By 10.3.3(b), R is F-rational if any other system of pa-
rameters yi,...,ys of R generates a tightly closed ideal as well. Choose

t € N such that yi,...,yq € (2,...,2}), and write y; = E;'l=1 %Jw; Then
(Y1y---yYn) = (,...,2%) : a with a = det(a;). This follows from 2.3.10,
since, by 10.3.4, R is Cohen—Macaulay, so that every system of parameters
is R-regular. Now Exercise 10.1.16(b) tells us that («f,..., ) is tightly
closed. Finally 10.1.2 implies that (w1,...,¥4) is tightly closed, too. O

Proposition 10.3.6. Let R be a homomorphic image of a Cohen-Macaulay
ring. Then R is F-rational if and only if Ry is F-rational for every maximal
tdeal m of R.

Proor. ‘<=’ Let I C R be an ideal of the principal class. Suppose that I
1s strictly contained in I*. Then for some maximal ideal m of R we have
again a strict inclusion I C (I*)m. It follows that Iy is not tightly closed
as (I*)m C (Im)*. This is a contradiction since Iy is of the principal class,
and Ry, 1s F-rational.

‘=’: Let m be a maximal ideal of R. As in the proof of 10.3.4 we
conclude that some ideal in Ry generated by a system of parameters is
tightly closed. Hence the assertion results from 10.3.5. O

Now we can easily show that for a Gorenstein ring ‘F-rational’ is a
condition as strong as ‘F-regular’.

Proposition 10.3.7. A Gorenstein ring is F-regular if and only if it is F-
rational.

Proor. In view of 10.3.6 and 10.1.12(c) we only need to show that an
F-rational Gorenstein local ring is F-regular. In order to apply 10.1.12(b),
we choose an ideal I which is primary to the maximal ideal m of R and
show it is tightly closed. There exists an ideal J C I generated by a
system of parameters. Since R is Gorenstein, we have I = J : (J : I).
(This follows immediately from Exercise 3.2.15 applied to the Artinian
ring R/J). The ideal J is tightly closed since R is F-rational, and by
10.1.2(d), I is tightly closed as well. O

The previous proposition cannot be generalized essentially; there exist
F-rational, but not weakly F-regular rings of dimension 2; see Watanabe
[390] or Hochster and Huneke [196], (7.15), (7.16).

F-rationality has good permanence properties; for example, it localizes
as will easily follow from
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Proposition 10.3.8. Suppose I is an ideal generated by an R-sequence. Then
(IRs)* = I*Rs for every multiplicatively closed set S C R.

The proof of the proposition uses

Lemma 10.3.9. Let R be an arbitrary Noetherian ring, I C R an ideal, and
S C R a multiplicatively closed set.

(a) Then there exists an element s € S such that | .o I™: w=I": ™ for

weS
all me N.
(b) Suppose in addition that char R = p > 0, and that I is generated by an
R-sequence @y, ..., @, Then, with s € S as in part (a), we have
U Il = Jld; rt1)e for all q.
weS

ProoF. (a) It is enough to show the inclusion ‘C’. Let T be the associated
graded ring gr;(R). Since T is Noetherian, there exists s € § such that
Annr(s) = Anng(ws) for all w € S. (One chooses an element s for which
Ann(s) is maximal.)

Now suppose u € I™ : w, u € I' \ I'*1. We may assume that » < m,
since otherwise the assertion is trivial. We claim that us™™" € I™. Indeed,
ww € I™ C I'*!, and so wws € I'*!. By the choice of s this implies
us € I'*1. Induction on r concludes the proof of (a).

(b) Again only the inclusion ‘C’ needs proof. Given w € § and gq,
fix v € I19 : w. We shall prove by induction on h € N that the element
dp, = s9t™y belongs to Il + 9% Once we know this, it follows for
h = gn that sy ¢ Jld 4 1a+1) = [ld, (The last equality holds, since
1) c qldl)

We start the induction with » = 0. Then I'9 + I? = I9, and the
assertion follows from (a).

Now suppose that dy € Il9 + I9t" for some h > 0. Say,

dh:Zrizcg—l—Zra:ca, a=(a,...,a,) € N
% a
with >, a; = g+ h and a; < g for every @. As wu € Il we get an equation

"9 !9 a
E &L = E wr;z; + E WTeT
[ a

(2

with certain 7!/ € R. This implies

Z(wri’ — )i + Z wrgz® = 0.

(2 a

Since x,...,x, 1s R-regular, all the wr, are in I. Therefore sr, € I for
all a, and we conclude that dpy1 = sdy = dp = Y, srix! + 3, sr® lies
in I19 4 19+(++1) Indeed, the first sum belongs to Il9, the second to
Ja+(ht1) O
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Proor or 10.3.8. Let u/1 € (IRs)*; then there exists an element ¢ € R®
such that for all ¢ > 0 one finds s(q) € S with s(g)cud € I, Tt
follows that cud € I9 : s(q). With s € S as in 10.3.9(b) we have
st ecyd = (s*t1u)? € T4, This implies 5" € I*, and so u/1 € I*Rs.
The other inclusion is trivial. O

Now we can show

Proposition 10.3.10. Let R be an F-rational ring that is a homomorphic
image of a Cohen—-Macaulay ring, and S a multiplicatively closed set in R.
Then Rs is F-rational

Proor. By 10.3.6 it suffices to show that R, is F-rational for every prime
ideal p of R. Since R is Cohen—Macaulay, we have height p = grade(p, R)
(see 2.1.4). Therefore there exists an R-sequence i,...,2q € p of length
d = height p. In R, this sequence forms a system of parameters. By 10.3.5
we only need that (@,...,24)Rp is tightly closed. But this results from
10.3.8. O

Another easily proved permanence property is given by the following

Proposition 10.3.11. Let (R,m) be a local ring, and let @ € m be an R-
regular element. Then R is F-rational, if R/xR is F-rational.

ProoF. R/zR is Cohen—-Macaulay by 10.3.4, and so is R. In particular R is
equidimensional. We may extend x to a system of parameters x, x,..., 24
of R. According to 10.3.5 it suffices to show that I = (x,a,...,24)
is tightly closed. Choose u € I* and ¢ € R° such that cud € Il9 for
g > 0. We may write ¢ = dx' where d ¢ 'R for some £ Then
du? € (2% @,...,z]) for ¢ > 0. Since d # 0 and since the F-rational
ring R/xzR is a domain, the image of u in R/xR is in the tight closure of
(2,...,@4)R/xR. Since this ideal is tightly closed, v € I as desired. O

At this point it is useful to resume the discussion of the examples
10.1.3.

Examples 10.3.12. (a) We have seen that = € (y,2)* for Ry = k[X, Y, Z]/
(X2 — Y% — Z") where k is a field of positive characteristic. Therefore Ry
1s not F-rational, independently of k. Moreover, no ideal I generated by
a system of homogeneous parameters of R; is tightly closed. Otherwise
In would be tightly closed in the localization (Rj)m with respect to
m = (a,y, 2), and it would follow that (R;)m is F-rational. Since (Ry) is
regular for prime ideals p # m, the ring R; would have to be F-rational,
too. That R; is not F-rational follows also from the fact that a(R;) > 0;
see Exercise 10.3.28.

(b) We have also seen that (y, 2) is tightly closed in R, = k[X, Y, Z]/
(X? — Y® — Z5) where k is a field of characteristic at least 7. Therefore
(R2)m is F-rational, and so is Ry, by the same localization argument as in
(a). Since Ry is Gorenstein, it is even F-regular.
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Remarks 10.3.13. (a) Let R be a positively graded ring with *maximal
ideal m. In analogy to the assertions relating the homological properties
of R and Rm (for example, see 2.1.27), one may ask whether the (weak)
F-regularity or F-rationality of R and that of Ry are equivalent. At least
for F-rationality there is a satisfactory theorem: a homogeneous k-algebra
R over a perfect field is F-rational if and only if Ry is F-rational. For
weak F-regularity there is only a weaker result. See Hochster and Huneke
[196], (4.7) and (4.6).

(b) Again in analogy to the homologically defined ring-theoretic prop-
erties, one may ask how (weak) F-regularity and F-rationality behave
under flat ring extensions with ‘good’ fibres. We refer the reader to
Hochster and Huneke [195] and Velez [385] for theorems of this type;
unfortunately they are much harder to prove than their homological
counterparts.

Test elements. The proofs of the next results require test elements. We
briefly discuss this notion.

Definition 10.3.14. An element ¢ € R° is called a test element if for all
ideals I and all = € I* one has cz? € Il9 for all q.

The following is the most general existence theorem for test elements.

Theorem 10.3.15 (Hochster—Huneke). Let R be a reduced algebra of finite
type over an excellent local ring (S,n). Let ¢ € R° be an element such that
R. is F-regular and Gorenstein. Then some power of ¢ is a test element.

The theorem implies in particular that test elements exist in reduced
excellent local rings: choose an element ¢ € I N R° where I is an ideal
with Sing R = V(I).

For the proof of 10.3.15 the reader is referred to [195], (6.2). We will
show the existence of test elements only in the important special case of
reduced F-finite rings: one calls R F-finite if R, viewed as an R-module
via F| is finite. For example, every ring which is a localization of an affine
algebra over a perfect field and every complete local ring with perfect
residue class field is F-finite. By a theorem of Kunz [248], F-finite rings
are excellent.

Theorem 10.3.16. Let R be an F-finite reduced ring, and ¢ # 0 an element
of R such that R, is regular. Then some power of c is a test element.

Let R be a domain of characteristic p with quotient field K; for each
integer e one may then identify R, viewed as an R-module via F* with
the ring RY9, q = p°, of the g-th roots of the elements of R in some
algebraic closure of K. The R-algebra structure of R/ is of course given
by the inclusion map R C R4 The notation RY? is convenient in the
next lemma that will be needed for the proof of 10.3.16.
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Lemma 10.3.17. Let R be an F-finite regular domain, and d € R. Then
there exist a power q of p and an R-linear map ©: RY? — R such that
(p(dl/q) =1.

Proor. Krull’s intersection theorem implies that for each maximal ideal
m there is a power gm of p with d ¢ mlénl. By Kunz's theorem 8.2.8,
R,ln/q'" 1s a free Ry-module. Since dl/q'“/l is part of a basis of R,ln/q'", there
exists an Ry-homomorphism oy : R,ln/q'“ — Ry with am(dl/q'"/l) = 1. The
map oy is of the form Bm/am where Bpn: RY/e _, R is R-linear and
am € R\ m; in particular ,Bm(dl/q'“) = am.

Since the ideal generated by the elements an is not contained in a
maximal ideal, it is the unit ideal, and hence 1 is a linear combination
of some elements a1 = am,,..., % = am, say 1 = Y, bia. Set f; = Pm,,
¢ = Gm, and ¢ = max{q,...,¢}. Since d ¢ mEq’], a fortiori d ¢ mEq].
Running through the argument above once more, we may in fact assume
that ¢; = q for all 4 and B(d"/9) = a;. Now ¢ = ¥ b;3; has the desired
property. O
Proor or 10.3.16. As R, is regular, the previous lemma implies that there
exist a power q of p and an R.-linear map : Ri/q — R with (1) = 1.
One can write 1 = ¥/c" where ¥: R4 — R is R-linear. It follows that
¥(1) = ¢" for some n, and replacing ¢ by ¢" we may as well assume that
¥(1) = c. Restricting ¥ to RY? (which is contained in R'/9) yields an
R-linear map ¢: R/? — R with (1) = c.

We claim that ¢? is a test element if char R # 2, and that ¢® is a test
element if char R = 2. In fact, let I C R be an ideal of R, and pick
@ € I*. Then there exists an element d € R° with dz? € Il9 for all q.
As before, we find a power ¢ of p and an R-linear map a: RY/? — R
such that ofd'/?) = ¢ for some N. Taking the ¢-th root of the relation
dx?? € 11991 one obtains d/¢z? € 119 for all q. Now we apply o and get
Nzt e 114 for all q.

Let N be the smallest integer with this property and write N = mp+r
with 0 < 7 < p. Then (")YPc™x? € IURY?, and multiplication by
(cP=")M/P yields ¢™tlx? € IIURYVP for all q. Applying the linear map ¢
constructed in the first paragraph of the proof we obtain ¢™2x? € 19
for all q. Since N was chosen minimal, m + 2 > N. This implies that
N<2ifp>2,and N<3,if p= 2. O

Using test elements we can now prove a result about the behaviour
of tight closure under completion.

Proposition 10.3.18. Let (R, m) be an excellent local ring with m-adic com-
pletion R, and let I be an m-primary ideal of R. Then I*R = (IR)*.

Proor. We denote by Ryeq the residue class ring of R modulo its nilradical
N = Rad(0). Choose an element ¢ € R such that (Rpeq). is regular (this
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is possible since Sing Req is Zariski-closed). It follows from 10.3.15 that
some power of ¢ is a test element. Replacing ¢ by this power we may
assume that c itself is a test element. Let ¢ be such that N¢ = 0. Then for
all ideals J in R, ¢ has the property that « € J* if and only if cx? € JU4
for all ¢ > ¢'. One therefore says that c is a ¢'-weak test element for R.

Since R is excellent, the ring (ﬁred)c is also regular (this uses the
regularity of the formal fibres of R;eq), and hence we may assume cis a
¢'-weak test element for R as well.

The inclusion I*R C (Ij%)* is obvious since R° C (E)° For the proof
of the other inclusion we first notice that (Iﬁ)* C (I*f%)*, so that it suffices
to show that (I*E)* C I'R. We may therefore assume that I is tightly
closed. Since (Iﬁ)* is m-primary, there is an ideal J C R containing [
with JR = (Iﬁ)*. Suppose IR is not tightly closed. Then the inclusion
I C Jis proper. Hence there exists an element = € ((Iﬁ)* \ Iﬁ) N R. For
all ¢ > ¢ we then have cx? € IIdR N R = 9. This impliesze I* =1, a
contradiction. O

Corollary 10.3.19. Let (R,m) be an excellent local ring. Then R is F-
rational if and only if its m-adic completion R is F-rational.

ProoF. Suppose R is F-rational, and let I be an ideal of R generated by
a system of parameters. Then there exists an ideal J of R with I = JR
such that J is also generated by a system of parameters. By 10.3.18 and
our assumption, I* = (Jﬁ)* —JFR=JR=1

Conversely, assume that R is F-rational and I is an ideal of R
generated by a system of parameters. Since Ris a faithfully flat R-
module, I* = (IFR)NR C (IR NR=(IR)NR=I. m|

The Frobenius and local cohomology. We shall see that the Frobenius
homomorphism F: R — R induces a natural action on local cohomology.
This leads to an important characterization of F-rationality in terms of
local cohomology discovered by Smith.

Let @,..., x4 be a system of parameters of R. We know from Section
3.5 that local cohomology may be computed as the homology of the
modified Cech complex

c:0—C—C— ... — C"—0,

= P Rusos

1< <ip<--<H<n

The Frobenius acts naturally on each €7 and it is easy to see that it is
compatible with the differentiation of C*. This shows that F induces an
action

F: H.(R) — H.(R) for all 4.
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(This map obviously coincides with that induced by the ring homo-
morphism F: R — R.) We will describe the action of F explicitly
on the highest non-vanishing local cohomology module HZ(R). Notice
that an element ¢ € HZ(R) is the homology class [%] of an element

a/xt € C% = Ry, where z = x; - - - 4.

Lemma 10.3.20. (a) [&] = [2£] for all integers n > 0;

ot
(b) [5] = 0 if and only if there exists an integer n > 0 such that ax® €
(75
ey ;

(c) if R is Cohen—Macaulay, then [ %] = 0 if and only if a € («f,...,a});
() F([3]) = [&]-
PROOF. (a) and (d) are obvious, while (c) follows from (b). Finally, [5] =0

if and only if a/2’ is a boundary in C°. This is the case exactly when
there exist elements ¢; € R such that

4 x a

o+l 2
z;(_l)l leci’ Tt
=

for some integers s; > 0. We may assume that s; = s for all <. Then such
an equation holds if and only if there exists an integer m > 0 such that

d
Z(—l)“’lc;:cf(s-"m) = ax’™"™ ¢ =ca™ H k.
=1 Gi
Thus the assertion follows with n = s+ m. O

As a first application of these concepts we prove a criterion for F-
rationality, due to Fedder and Watanabe [104], which can often be used
in concrete situations.

A local ring (R,m) is called F-injective, if F: Hi(R) — Hi(R) is
injective for all 1 = 0,...,d, d = dim R. If R is Cohen—Macaulay, this
is only a requirement on HZ(R) that, by 10.3.20(c), is equivalent to the
following condition: o € I¥l implies @ € I for each ideal I in R generated
by a system of parameters .

Proposition 10.3.21. Let (R, m) be an excellent Cohen-Macaulay local ring,
and let f € m be an R-regular element such that (i) R/(f) is F-injective
and (ii) Ry is an F-regular Gorenstein ring. Then R is F-rational.

ProoF. Since F-regular rings are normal (see 10.1.12(d)) and hence re-
duced, assumption (ii) and 10.3.15 imply that some power of f, say
f' is a test element for R. Since f is R-regular we can extend f
to a system of parameters f,ap,...,z3. In order to prove that R is
F-rational we apply 10.3.5 and show that I = (f,@,...,z4) is tightly
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closed. Indeed, let @ € I*; then for all g there exist a;; € R such
that f@? = a1of? + apqx§ + -+ + agexl. Thus, for ¢ > ¢ we get
FU(x? — a1of7") € (af,...,2}). Since R is Cohen-Macaulay, the sequence
fizz,..., @ is R-regular. Hence xf € (f2%af,...,x}). Since R/(f) is
F-injective, this implies Z € (&, ..., @;) where denotes reduction modulo
f. Thus z € (f,a2,...,2q). In other words, I is tightly closed. O

A submodule N C HZ(R) is called F-stable if F(N) C N. We have the
following characterization of F-rationality.

Theorem 10.3.22 (Smith). Let (R, m) be an excellent local ring. Then the
following conditions are equivalent:

(a) R is F-rational;

(b) R is Cohen—Macaulay and HZ(R) has no proper non-zero F-stable sub-
module.

Proor. (b) = (a): Assume R is not F-rational. Choose a system of
parameters @i,...,zq of R and set I = (@,..., z4). Then, by 10.3.5, there
exists an element a € I* \ I. The element n = [£] € HZ(R) is non-zero
since R is Cohen—Macaulay; see 10.3.4 and 10.3.20(c). Consider the
smallest F-stable submodule N C HZ(R) containing 7. The non-zero
module N is obviously spanned by the elements F¢(n) = [;—Z], q = pf,
e > 0. Since a € I*, there exists an element ¢ € R° such that ca? € I19
for all g (see 10.1.2). This implies ¢N = 0.

Suppose N = HZ(R); then ¢ annihilates H%(R) and consequently its
Matlis dual, which is the canonical module wj of the completion of R.
This is a contradiction, since wy, is faithful according to 3.3.11.

(a) = (b): As R is excellent, the m-adic completion of R is again
F-rational. Since furthermore R and its completion have the same local
cohomology, we may assume that R is complete.

Suppose there is a proper non-zero F-stable submodule N C HZ(R).
Taking Matlis duals yields an epimorphism wp — N with non-zero
kernel U. Since R is a domain and wg is a module of rank 1 (see 3.3.18),
NY is a torsion module. Hence there exists an element ¢ € R°® such that
c¢NY = 0. Therefore ¢cN = 0.

As N # 0, one finds a non-zero n = [2] in N, where = x; - - - 24 for a
system of parameters xy,...,zq of R. Since N is F-stable, ¢ annihilates all
elements F¢(n), that is, [%‘f] = 0 for all gq. Because R is Cohen—Macaulay,
this implies ca? € (ay,...,2%) for all g; see 10.3.20(c). In other words,
a € (x1,...,24)". Since R is F-rational, a € (@1,...,24), and so n =0, a
contradiction. O

Pseudo-rational and rational singularities. A point « on a normal variety
X 1s said to be a rational singularity, if there exists a desingularization
f: W — X such that (R*fiOw), = 0 for all ¢ > 1. (Since this condition
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1s local, it suffices to compute the higher direct image sheaves when X
is affine, in which case R'f,Ow is the sheaf associated to the module
Hl( Wa OW))

The disadvantage of this definition is that X may have no desingu-
larization. Therefore Lipman and Teissier [261] introduced the notion of
pseudo-rationality. It coincides with rationality for rings that are local-
izations of affine domains over fields of characteristic zero; furthermore
they showed that regular rings are pseudo-rational.

Definition 10.3.23. Let (R, m) be a d-dimensional normal Cohen-Macaulay
local ring whose completion is reduced. Then R is pseudo-rational if for
any proper birational map 7: W — X = SpecR with W normal and
closed fibre E = 7~!(m), the canonical map

6r: HAL(R) — HE(W,Ow)
is injective.

In the definition, H,( W, Ow) denotes cohomology with supports in
E; see Hartshorne [152], Exercise I11.2.3. Cohomology with supports is
related to ordinary cohomology via the long exact sequence

(1) 0 — HYW,On) — H(W,0n) — H(W\ E,Op) — -+
— Hy(W,0n) — H(W,On) — H(W\ E,Og) — ---

If X = Spec R and @ = {m}, then cohomology with supports is just local
cohomology: Hi(X,Ox) = H: (R) for all i. Furthermore, for affine X the
above long exact sequence implies that H.(X, Ox) = H"Y(X \ z, Ox) for
i > 2 since H{(X, Ox) = 0 for i > 0; see [152], Theorem II1.3.7.

The homomorphism 6, is the composition of the maps

HE(R) = H*(X \ @ Ox) — H*Y(W \ E,On) — HY(W,0),

where o is the edge homomorphism E';l

sequence (see Godement [128], I11.4.17)

~10 _, Eo1 of the Leray spectral

Eg’q = H‘P(X\ w,Rqﬂ'*OX) = Ep’q == H-p+q(W\E7 OW)7

and £ is a connecting homomorphism in the long exact sequence (1).
Since é, is defined naturally, it has good functorial properties.

Suppose R is of characteristic p; then we have a morphism of schemes
F: W — W, the absolute Frobenius morphism. This map is the identity
on the underlying topological space and the p-th power map locally on
sections of Oy — F,Ow = Ow. This morphism of schemes induces a
natural map on cohomology with supports, compatible with é,. In other
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words, one has a commutative diagram

Hi(R) ——  HI(R)

‘| Js

HE(W,0w) —— HEW,Ow),

where the top horizontal map is just the Frobenius action on HZ(R)
defined above. Consequently, the kernel of 6, is an F-stable submodule
of HZ(R). This observation is part of the proof of

Corollary 10.3.24 (Smith). Let (R, m) be an excellent local ring of charac-
teristic p. If R is F-rational, then it is pseudo-rational.

Proor. By 10.3.22 it suffices to show that the kernel of 6, is not all of
HZ(R).

We may assume that d > 2, and prove that codim Ker 6, > 2 (which
of course implies Ker 8, # H2(R)). From the exact sequence (1) we obtain
that Ker 3 is the image of a: H¥"Y(W,Ow) — H* (W \ E, Oy). Since R
1s normal and 7 is birational, 7 is an isomorphism at primes of height 1;
hence HY(W,Ow), = 0 for ¢ > 0 and all p € X with heightp < 1. This
implies codim Ker § > 2.

It remains to show that codim Ker a > 2. Pick p € X with heightp = s;
then

(R, Ow)y = HY(W,O)p, = HY(n (Spec Ry), Ow) = 0

for ¢ > 0, ¢ > s. In fact, by Chow’s Lemma ([152], Exercise 111.4.10) we
can assume that 7: 771(Spec R,) — Spec R, is projective, and is therefore
obtained by blowing up an ideal of R,. So the maximal dimension of
the closed fibre of 7 is bounded by s — 1, whence the assertion on
the vanishing of (RIm.Ow), follows from the comparison theorem for
projective morphisms ([152], Corollary I11.11.2).

The vanishing of (R¢m,Ow), for ¢ > s implies dim Supp(R 7. Ow) <
d— q— 1. Hence

dim Supp(R¥m.Op )N (X\z) < d — ¢g—2,
and so HP(X \ o, Rim,Ow) = 0 for p+ g > d— 2, ¢ > 0. The Leray
spectral sequence now yields H¥}(W \ E, Oy) = EZ~Y0 In particular,
may be identified with the map E'g_l’o — ES Y which is the composition
of the surjective maps

E.;l—1,0 E.;l—1,0 E.Zl—1,0

where, for each r > 2, the kernel of d,: E¢0 — E’:l_lfll’o 1s the image of

Ed-1-m=1 , Ed-10 Since each E¢~17""~1 is a subquotient of

B = gEN(X\ o R Op),
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and since codim Supp(R"'7.Ow) > 2, as observed above, we conclude
codim(Ker d,) > 2 for all r > 2. Therefore codim Ker a > 2. O

The following corollary is the characteristic p analogue of Boutot’s
theorem [50] that a direct summand of a rational singularity is a rational
singularity.

Corollary 10.3.25. Let (R, m) be an excellent local ring of characteristic p
which is @ direct summand of an F-regular overring. Then R is pseudo-
rational.

Proor. We know from 10.1.13 that a direct summand of an F-regular ring
1s again F-regular, and hence F-rational. Now we apply 10.3.24. O

For the sake of completeness we quote without proofs the extension
of the theory to characteristic 0.

Definition 10.3.26. Let k is a field of characteristic 0, and R an affine k-
algebra. The ring R is of F-rational type if there exists a finitely generated
Z-subalgebra A of k and a finitely generated A-algebra R, with flat
structure map 4 — Ry such that

(a) (A — Ry4) ®4 k is isomorphic to k — R;

(b) the ring R4 ®4 A/m is F-rational for all maximal ideals m in a dense
open subset of Spec A.

A typical situation described in the definition is the following: R
is an affine k-algebra k[X3,...,X,]/(f1,---,fm) where the polynomials f;
are defined over Z, Z[X;,...,X,)/(f1,..-,Jm) is a free Z-module, and
(Z/p)[X1,...,X4]/(f1,-- -, Fm) is F-rational for all but finitely many prime
elements p.

Let X be a scheme of finite type over a field of characteristic zero.
One says that a point « € X has F-rational type if = has an open affine
neighbourhood defined by a ring R of F-rational type. The scheme X
has F-rational type if every point « € X has F-rational type.

The following fundamental theorem relates rational singularities and
F-rational rings:

Theorem 10.3.27 (Smith and Hara). Let X be a scheme of finite type over
a field of characteristic 0. Then X has F-rational type if and only if X has
rational singularities.

Exercises

10.3.28. Let R be a positively graded k-algebra where kis a field of positive charac-
teristic. Prove that a(R) < 0if R is F-rational. (Hint: a(R) = max{s: *Hn(R) # 0}.
See [196], (7.12) and (7.13) for converse resulis.)

10.3.29. Show that F-rationality implies F-injectivity for Cohen—Macaulay local
rings.
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10.3.30. One says that R is F-pure if R is a pure extension of R via the Frobenius
map F (see 6.5.3(b) for this notion). Show that k[X,...,X,]/I is F-pure for
every field k of positive characteristic and each ideal I generated by squarefree
monomials; indeed, R is a direct summand of R under F.

10.3.31. (a) Let R be an arbitrary ring and S a pure extension of R. Show that for
every complex C, of R-modules the natural map IL( C’,) — IL( C.® S) is injective
for all <.

(b) Prove that F-purity implies F-injectivity. (One can show that weak F-regularity
implies F-purity; see Fedder and Watanabe [104], 1.6.)

10.4 Direct summands of regular rings

In this section we return to a subject that has been treated several times
before, namely the Cohen—Macaulay property of direct summands of
regular rings, which we will now prove for rings containing a field — the
general case seems to be unknown. The next theorem generalizes 6.5.2, in
which we have considered graded direct summands of polynomial rings
k[Xi,...,X,), and 10.1.14, which covers rings of characteristic p.

Theorem 10.4.1 (Hochster-Huneke). Let R be a Noetherian ring containing
a field and suppose R is a direct summand of a reqular ring S. Then R is
Cohen—-Macaulay.

Proor. Already the proof of 6.5.2 depended on reduction to characteristic
p and eventually used a tight closure argument. However, not even in the
relatively ‘harmless’ setting of 6.5.2 could the direct summand property
be pushed through the reduction. Therefore we will have to prove a
general local analogue of 6.5.4 from which we now derive the theorem.

Being Cohen—-Macaulay is a local property. Thus, let p be a prime
ideal of R. Then the hypotheses are inherited by the submodule R, of S,
so that we may assume R is local with maximal ideal m . Next we pass to
the m-adic completion R and the mS-adic completion 5 of S. It is clear
that R is a direct summand of 5. Also regularity has survived. Indeed,
one has S'/mS' =~ §/mS, and mS is contained in the Jacobson radical of §
(see [270], §8). It results from this fact and Nakayama’s lemma that every
maximal ideal of § is of the form 1S where 1t is a maximal ideal of S.
Now one uses the natural isomorphism between the n-adic completion 5;
of § and the nS-adic completion S, of § to conclude that S'ng is a regular
local ring. The isomorphism of §; and S; is not hard to prove: choose
systems of generators a,...,a, and by,...,b; of mS and n respectively;
with X = Xj,..., X, and ¥ = ¥3,..., ¥, one then has

51 ES[[X, Y]]/(Xl—al,...,XT—aT, Yl - bl,...,Ys— bl),
Sy = (S[X] /(X1 — a1,..., X, — a,)) [ Y] /(Y1 — by,..., Vi — b))



10.4. Direct summands of regular rings 407

by [270], 8.12 (for the first isomorphism we use that ai,...,ab1,...,bs
also generates n).

From now on we may assume that R is a residue class ring of a
Cohen—-Macaulay ring. Notice that S is the direct product S; x --- x S;
of regular integral domains. Let e; € S be the idempotent representing
1 € S;. For the R-homomorphism o: § — R splitting the inclusion R — S
we have 1 = o(e1) + - - - + o(e;). Since R is local, one of the o(e;) is a unit
in R. It follows easily that the induced map R — S; is split. Hence we
can replace S by the domain S;; especially, R is a domain.

Now choose a system of parameters «,...,24 of R. Then

(1, ) Tme1) 'R @m)S = (@1, .-+, Tm-1)5, m=1,...,d,

by 10.4.3 below. Moreover, IS " R = I for all ideals I of R, and we
conclude immediately that @y,...,zs is an R-sequence, as desired. O

Remark 10.4.2. The theorem holds under the slightly weaker hypothesis
that R is a pure subring of S (see 6.5.3(b) for this notion). In fact, purity
implies that IS N R = I for all ideals I of R; furthermore it is stable
under the reduction in the proof of 10.4.1 (see Hochster and Roberts
[201], Section 6). If one assumes directly that R and S are domains and

R is a residue class ring of a Cohen—Macaulay ring, then it is sufficient
that ISNR = I for all ideals I of R (as was the case for 6.5.2 and 10.1.14).

We refer the reader to 6.5.3 for a discussion of the predecessors and
variants of 10.4.1.

Theorem 10.4.3. Let (R, m) be Noetherian local domain of dimension d that
contains a field and is @ homomorphic image of a Cohen—Macaulay local
ring. Furthermore let S be a regular domain extending R. Then one has
(1, Tme1) B Tm)S = (@1,...,@m-1)S for every system of parameters
T1,...,2q of R and m=1,...,d.

Proor. If the claim should fail, then there exists a maximal ideal n of §
such that ((@1,...,@m-1) 18 @)% # (@1,...,@m-1)5. Evidently p= RnNn
must contain @,...,@,. In order to replace R by R, we must only
show that xy,..., =, can be extended to a system of parameters of R,.
This holds if height(ay,...,zn) = m. Indeed, by assumption we have
codim(y, ..., zy) = m, and R is a (universally) catenary local domain (see
2.1.12). In such a ring one has height I = codim I for all ideals I.

After this first step we can assume S is a regular local domain
extending R. The completion of S (with respect to its maximal ideal) is a
regular local ring extending S, and since it is faithfully flat over S, there
1s no harm in supposing that S is even a complete regular local ring.
The homomorphism R — S induces a map R 5= S, which however
need not be injective. At least, its kernel q is a prime ideal of R with
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qN R = 0. Since R is flat over R, q 1s a minimal prime ideal of R and
dim R/q = dim R by virtue of Theorem 2.1.15.

As in Section 8.1 we use the ideals a; = Ann Hi(R). Set a(R) =
ap - - - ag—1 and recall from 8.1.3 that

afR)- ((z1y---, @m1) 'R @Tm) C (21,--+, Tm—1)R;

furthermore, by 8.1.1, a(R) ¢ q. Since the image of a(R) under the map
R — S is non-zero, we can invoke the following lemma and conclude the
proof. O

It is necessary to relax the condition that the homomorphism R — §
be injective. Actually we will have to reduce the next lemma to the case
where this map is surjective in order to prove it in characteristic 0. (The
hypothesis ‘complete’ is only included to save us another reduction.)

Lemma 10.4.4. Let (R,m) be a complete Noetherian local ring containing
a field, (S,n) a complete regular local ring, and @w: R — S a ring homo-
morphism such that w(a(R)) # 0. Then

(@15 Tme1) R Tm)S = (21,+ 0+, Tm1)S
for every system of parameters xy,...,xg of R and m=1,...,d.

ProoF. Let us first prove the lemma in characteristic p. Pick d € a(R)
such that ¢ = ¢(d) # 0. For y € (@1,...,Tm-1) :p @y and all ¢ = p°
q

one has y? € (zf,...,z._,) :r . Since j,...,z} is also a system of
g

parameters, dy? € (zf,...,z. ;). Applying ¢, we immediately see that
©(y) € (w1, ..,xm-1)5)*, whence ¢(y) € (z1,-..,Tm1)S by 10.1.7.

The next step is the reduction to the case in which ¢ is surjec-
tive. By Cohen’s structure theorem A.21 there are representations
R = K[W,...,Y]]/T and § = L[Z,...,Z]] where K = R/m and
L = S/n are coefficient fields of R and S, respectively. The map ¢
induces an inclusion K — L so that we may view K as a subfield of L.
We set 4 = K[[11,..., Y]] and A' = L[[Y4,..., V..

Evidently, ¢ can only be surjective if KX = L, and therefore we must
extend R such that the extension R’ has residue class field L. Consider
the homomorphism 4 — § induced by ¢. It clearly factors through A'.
Therefore ¢ factors through R' = A’/IA’. Note that R' is flat over R: first,
it is easily proved that A’ is a flat A-algebra (see Exercise 9.1.15), and,
second, if C, is an exact sequence of R-modules, then C,@zR' = C,®,44'.
Moreover, mR’ is the maximal m’ ideal of R'. Especially dim R’ = dim R,
and so every system of parameters of R is also a system of parameters
of R'.

We can replace R by R' if we have shown that a(R)R' = a(R'). We
set b; = Anny H\,(R), and define b} similarly. Then b; is the preimage
of Annp Hi(R), and the corresponding statement holds for b}. Therefore
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it is enough that b;A’ — bl. By 8.1.1 we have b; — Anny M where M —
Ext? (R, 4). The flatness of A’ over A implies M ® A’ = Ext4 (R', 4')
and Anny(M)A" = Anng(M ® A') (see the proof of 10.1.7). Using 8.1.1
once more, we arrive at the desired equality.

From now on we may assume that K = L, R = R, and A = A’. Next
we extend ¢ to a surjection ¥: B — S by choosing R= R[Z,...,ZJ
and setting (Z;) = Z; € 5. The extension R — R is faithfully flat,
and every system of parameters of R can be extended by Z,...,Z; to a
system of parameters of R. Before we can replace R by ﬁ, we need only
to prove that a(R)ﬁ = a(ﬁ). This however results again from 8.1.1; the
reader can easily check that aiﬁ =aysforalli=0,...,d and a; = R for
i=0,...,s— 1: set A= A[[Zy,..., Z,]] and use that R = R @4 4.

We may now replace R by R and 4 by A. After this change of
notation the failure of the lemma can be described as follows: there exist

(i) a regular local ring A with a regular system of parameters aj,..., ay, a
residue class ring R = A/(by,...,b,) of dimension d, and a residue class
ring § = A/(a,...,a), v < n, such that (by,...,by) C (a,..., ) (in fact,
the kernel of the homomorphism A — S is generated by a subset of a
regular system of parameters);

(ii) elements ¢o,...,cq—1 with ¢; € Anny Extj_i(R, A)and c=¢p---c4-1 ¢
(ala LRRN] a?l)?
(iii) elements @y,...,24 € A whose residue classes form a system of

parameters, a number m, 1 < m < d, and an element w € A such that
wwme (wla"'awm—l)‘i'(bla"'abu)a bUt L, ¢ (wla"'awm—l)‘i'(ala"'aaw)-

We want to show that, given such data in characteristic 0, we can
also find them in characteristic p. To this end we must show that the
data above have a regular equational presentation. Theorem 8.4.1 then
yields a characteristic p counterexample to our contention, the desired
contradiction.

All the relations ‘€’ and ‘C’ can of course be expressed by polynomial
equations. This holds also for the fact that by,...,b, and w1,...,%4
generate an ideal whose radical contains (ay,...,a,). Furthermore we
have already seen in 8.4.4 that the dimension condition in (i) and the
non-membership relations in (ii) and (iii) can be captured by equations.

For given i we write Ext4™/(R, A) as a residue class module A°/W.
Then the isomorphism Extj_i(R, A) = A°/W admits a regular equational
presentation by 8.4.4, as does the relation ¢;4° C W for trivial reasons.
This finally shows that all the data given in (i)—(iii) can be encoded in a
system of polynomial equations over Z. O
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Notes

The fundamental paper for tight closure is Hochster and Huneke [192].
Essentially all of the material of Sections 10.1 and 10.2 has been taken
from this source. A detailed discussion of the not yet solved localization
and completion problems can be found in Huneke’s lecture notes [215]
which we have consulted extensively in writing Chapter 10. Much of the
work that preceded tight closure theory and motivated its creation has
been discussed Chapters 8 and 9.

The theorem of Briancon and Skoda was originally proved by analytic
methods, and the lack of an algebraic proof had been ‘for algebraists
something of a scandal — perhaps even an insult — and certainly a
challenge’ (Lipman and Teissier [261]). As pointed out in Section 10.2
algebraic proofs of slightly different theorems were given by Lipman and
Teissier and Lipman and Sathaye [260]; the latter work uses differential
methods. The proof of the tight closure version by Hochster and Huneke
is contained in their article [190], which is still very useful as a first
overview of our subject. For variants and generalizations of the Briangon—
Skoda theorem see Aberbach and Huneke [3], [4], and Swanson [368]. For
the connection with reduction numbers and Rees algebras see Aberbach,
Huneke, and Trung [6].

F-rational (local) rings appeared first in Fedder and Watanabe [104].
Our treatment of their basic properties essentially follows Huneke [215].
The connection with local cohomology and the Frobenius action on it
goes back to the work [202] of Hochster and Roberts that introduced
F-purity. Special cases of Smith’s theorem [349] that F-rational type
implies rational singularity and its converse by Hara [149], which we
have quoted in 10.3.27, had been proved in special cases by Fedder [101],
[102], [103] and Hochster and Huneke [190]. The proof of 10.3.24 was
suggested to us by Watanabe.

We could only prove the easiest result on the existence of test elements
that in its general version presents the perhaps most intricate aspect of
tight closure; see Hochster and Huneke [192], [195]. The existence of
test elements is closely related with the so-called persistence theorem that
under suitable conditions guarantees the relation @(I*) C (¢(I)S)* for a
ring homomorphism ¢: R — §; see [195], (6.24).

Some results about the hierarchy of ‘F-properties’ have been indicated
in Section 10.3. For more information, especially for examples delimiting
these properties from each other and for the relation to singularity theory,
the reader is referred to Fedder and Watanabe [104], Watanabe [390],
[391], and Hara and Watanabe [150].

Theorem 10.4.1 was stated by Hochster and Huneke [190], 3.5 without
proof. A complete proof appeared in their paper [197]. It uses the
functoriality of big Cohen—Macaulay algebras. Our derivation of the
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theorem is certainly a variant of the idea behind [190], 3.5.

The definition of tight closure can be extended from the situation
I C R to that in which U is a submodule of the R-module M. In
particular, this leads one to the notion of phantom homology and phan-
tom acyclicity; see Hochster and Huneke [192], [194]. For phantom
acyclic complexes one has a vanishing theorem similar to 10.4.3 where
the ideal quotient is replaced by the homology of a phantom acyclic
complex. It seems however that the strongest such vanishing theorem
[197], (4.1) needs big Cohen—-Macaulay algebras. One can also derive
a ‘phantom’ version of the “improved new intersection theorem’ 9.4.2;
thus tight closure offers another approach to the homological theorems
of Chapter 9. Aberbach has developed ‘phantom’ homological alge-
bra that includes phantom projective dimension, phantom depth and an
Auslander—Buchsbaum formula.

Tight closure can be also defined in characteristic 0; see [198] and the
Appendix of [215] by Hochster. So far there seems to be no definition of
tight closure in mixed characteristic. Hochster has developed a theory of
solid closure that does not depend on characteristic [188]. For ‘good’ rings
of characteristic p > 0 solid closure coincides with tight closure; however,
there exist examples showing that ideals in a regular ring containing a
field of characteristic 0 need not be solidly closed.

There are many more aspects and applications of tight closure. We
content ourselves with a list of cues and references: tight closure in graded
rings (Smith [350]), Hilbert-Kunz functions and multiplicities (Kunz
[248], Monsky [277]), uniform Artin—Rees theorems (O’Carroll [292],
Huneke [214]), arithmetic Macaulayfication (Huneke and Smith [5]),
strongly F-regular rings (Hochster and Huneke [191], Glassbrenner [127]),
differentially simple rings (Smith and Van den Bergh [352]), Kodaira
vanishing and other vanishing theorems of algebraic geometry (Huneke
and Smith [218], Smith [351]).



Appendix: A summary of dimension theory

Dimension theory is a cornerstone of commutative ring theory, and is
covered by every serious introduction to the subject. For ease of reference
we have collected its main theorems in this appendix, together with the
structure theorems for complete local rings.

Most of the theorems below have the names of their creators associ-
ated with them and should be easily located in the literature. For some
of the results we outline a proof.

Height and dimension. There exist two principal lines of development for
general dimension theory. The first and ‘classical’ approach, to which
we shall adhere, starts from the Krull principal ideal theorem ([47],
[231], [284], [344], [397]) whereas the second brings the Hilbert—Samuel
function into play at a very early stage ([15], [270]).

Let R be a commutative ring, and p € Spec R. The height of p is the
supremum of the lengths ¢ of strictly descending chains

P=PeOP1 D - DPy
of prime ideals. For an arbitrary ideal I one sets
height I = inf{heightp: p € SpecR, p D I}
The fundamental theorem on height is Krull’s principal ideal theorem:

Theorem A.1. Let R be a Noetherian ring, and I = (x1,...,z,) a proper
tdeal. Then heightp < n for every prime ideal p which is minimal among
the prime ideals containing I.

In particular, every proper ideal in a Noetherian ring has finite height.
In a sense, the following theorem is a converse of the principal ideal
theorem.

Theorem A.2. Let R be a Noetherian ring, and I a proper ideal of height
n. Then there exist @,...,z, € I such that height(z,...,z) = ¢ for 1 =
1,...,n

The elements «; are chosen successively such that x; is not contained
in any minimal prime overideal of (ai,...,z1); that such a choice is
possible follows from 1.2.2.

412
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The (Krull) dimension of a ring R is the supremum of the heights of
its prime ideals,

dim R = sup{height p: p € Spec R}.

Because of the correspondence between Spec Ry, p € Spec R, and the set
of prime ideals contained in p, one has

dim R, = height p.
A fundamental and very easily proved inequality is
height I + dim R/I < dim R

for all proper ideals I of R.
The dimension of a Noetherian local ring can be characterized in
several ways:

Theorem A.3. Let (R, m) be a Noetherian local ring, and n € N. Then the
following are equivalent:

(a) dim R = n;

(b) height m = n;

(c) n is the infimum of all m for which there exvist w1,...,xn € M with
Rad(zy,..., o) = m.

(d) n is the infimum of all m for which there exist zy,..., @, € m such that
R/(z1,...,xp) is Artinian.

The equivalence of (a) and (b) is trivial. That of (b) and (c) results
from A.1 and A.2, and for (c) <= (d) one uses the fact that a Noetherian
ring is Artinian if and only if all its prime ideals are maximal, in other
words, if it has dimension 0. If dim(R/(x1,...,z,)) = 0 with n = dim R,
then @,...,x, is a system of parameters of R.

Sometimes it is appropriate to use the codimension of an ideal in a
ring R which is given by

codimI = dim R — dim R/I.

Dimension of modules. The notion of dimension can be transferred to
modules. Let M be an R-module; then dim M is the supremum over the
lengths ¢ of strictly descending chains

P=POp;D--Dp, with p; € SuppM.

In the case of main interest in which M is a finite module one has
Supp M = {p € SpecR: p D Ann M} so that dim M = dim(R/ Ann M).
If (R,m) is local, then a system of parameters for a non-zero finite
R-module M is a sequence a,...,z, € m, n = dim M, such that
M/(z1,...,2,)M is Artinian. The following inequality is often useful:
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Proposition A.4. Let (R, m) be a Noetherian local ring, M a finite R-module,
and xy,...,x € m. Then

dim(M/(z1,...,2) M) > dim M — 7,

equality holding if and only if x1,...,x. is part of a system of parameters
of M.

This is easy. One first replaces M by R/ Ann M so that it is harmless

to assume M = R. Then one chooses yi,...,yn € m such that their
residue classes in R/(zy,...,o,) form a system of parameters. Finally one
applies A.3.

An important datum of a homomorphism of local rings (R,m) —
(S,n) is its fibre §/mS. For example it relates the dimensions of R and S:

Theorem A.5. Let (R,m) — (S,n) be a homomorphism of Noetherian local
rings.

(a) Then dim S < dim R 4 dim §/mS;

(b) more generally, if M is a finite R-module and N is a finite S-module,
then dimg(M ®g N) < dimp M + dimg N/mN.

For the proof of (b) set I = Ann M and R = R/I. Then U®g N =
U ®p N/IN for every R-module U. Thus we may replace R by R, S
by S/IS, and N by N/IN. That is, we may assume Supp M = Spec R.
Next, replacing S by S/(AnnN), we may suppose Supp N = SpecS.
Under these conditions the desired inequality is equivalent with (a). For

(a) one chooses a system @,...,&, of parameters of R, and uses that
Rad(zy,...,®,)S = RadmsS.

Integral extensions. Recall that an extension R C S of commutative rings
is integral if every element @ € S satisfies an equation @ + a,_12* ! +
-+« + ap = 0 with coefficients a; € R. Very often one uses that S is a finite
R-module if and only if it is an integral extension and finitely generated
as an R-algebra.

Theorem A.6. Let R C S be an integral extension, and p € Spec R.

(a) There exists a prime ideal q € Spec S with p = qN R (one says q lies
over p);

(b) there are no inclusions between prime ideals lying over p;

(¢) in particular, when q lies over p, then p is mawximal if and only if q is.

The following theorem comprises the Cohen—Seidenberg going-up and
going-down theorems.

Theorem A.7. Let R C S be an integral extension.
(a) If p' D p are prime ideals of R and q € Spec S lies over p, then there
exists a prime ideal ' O q in S lying over p';
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(b) if, in addition, S is an integral domain and R is integrally closed, then,
given prime ideals p' C p of R and q of S, q lying over p, there exists
q € Spec S, ' C q, which lies over p'.

Corollary A.8. Let R C S be an integral extension of Noetherian rings, and
I a proper ideal of S. Then dim S/I = dim R/(IN R).

The first step in proving the corollary is to replace S by S/I and R by
R/(INR) so that one may assume I = 0. Then given a strictly descending
chain gy D q; D -+ D g, of prime ideals, the chain of prime ideals R N g;
1s also strictly descending by A.6, and conversely, given a chain in Spec R,
one constructs a chain of the same length in Spec S using A.7(a).

In general, one says that going-up or going-down holds for a ring
homomorphism R — § if it satisfies mutatis mutandis the conclusions of
A.7(a) or (b) respectively.

Flat extensions. It is an important fact that flatness implies going-down:

Lemma A.9. Let R — S be a homomorphism of Noetherian rings, and
suppose there exists an R-flat finite S-module N with Supp N = Spec S.
Then going-down holds.

Going-down can be reformulated as follows: for all prime ideals p €
Spec R and q € Spec S lying over p the natural map Spec S; — Spec R, is
surjective. Now, given such prime ideals p and q, N; is even a faithfully
flat Ry-module, and the surjectivity of Spec §; — Spec R, follows from
the next lemma.

Lemma A.10. Let R — S be a ring homomorphism. If an S-module N
is faithfully flat over R, then the associated map Supp N — SpecR is
surjective.

In fact, let p € Spec R; we set k(p) = R,/pRy. Then k(p) ®r N # 0,
and the support of the k(p) ®g S-module k(p) ® N contains a prime
ideal Q. If we choose g = S N Q, then q € Supp N, and furthermore
qMN R = p: one hasgNR = QN R, and QN R = p since the map
Spec(k(p) ®r S) — Spec R factors through Spec k(p).

For flat extensions the inequalities in A.5 become equations:

Theorem A.11. Let (R,m) — (S,n) be a homomorphism of Noetherian
local rings.

(a) If S is a flat R-algebra, then dim S = dim R + dim §/mS;

(b) more generally, if M is a finite R-module and N is an R-flat finite
S-module, then dimg(M ®p N) = dimg M + dimg N/mN.

As we did for A.5, the theorem is easily reduced to the case in which
Supp N = Spec S. By virtue of the previous lemma the homomorphism
R — S5 then satisfies going-down. We choose a prime ideal q of S
which contains mS and has the same height as mS. Then going-down
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immediately implies height q > height m. Hence
dim S > height mS + dim §/mS > height m + dim S/msS,

as desired. The converse inequality is part of A.5.

Polynomial and power series extensions. The dimension of a polynomial
or power series extension is easily computed:

Theorem A.12. Let R be a Noetherian ring. Then

dim R[X] = dim R[X]) = dim R + 1.

Let S = R[X]or S = R[[X]]. Then R = S/(X), and since height(X) = 1
one has dim$S > dimR + 1. For the converse we first consider the
polynomial case. Let n be a maximal ideal of R[X], and set p = RNn.
As S = R[X] is R-flat, one may apply A.11l, and only needs to show
that dim(Sx/pSx) = 1. It is a routine matter to check that Sy/pSy is
a localization of the polynomial ring (R,/pR,)[X] with respect to a
maximal ideal. Since R,/pR, is a field, Sx/pSn is a discrete valuation
ring and therefore of dimension 1. In the power series case p is always a
maximal(!) ideal of R, and Sn/pSs is therefore the discrete valuation ring

(R/p)[X]]-
Corollary A.13. Let k be a field. Then

dim k[ X3,..., X,] = dim k[ X;,..., X,]] = n

Affine algebras. Let k be a field. A finitely generated k-algebra R is called
an affine k-algebra. Excellent sources for the theory of affine algebras are
Kunz [249] and Sharp [344]. The key result is Noether’s normalization
theorem :

Theorem A.14. Let R be an affine algebra over a field k, and let I be a
proper ideal of R. Then there exist y1,...,Yn € R such that

(a) Yy1,--., Yn are algebraically independent over k;

(b) R is an integral extension of k[, ..., ys] (and thus a finite k[vy1,..., Ya)-
module);

(c)

n

IOy, v = Y, bkUsse 0] = (Yarn- - V)
i=d+1

for some d, 0 < d < n.
Moreover, if 41,...,yn satisfy (a) and (b), then n = dim R.



A summary of dimension theory 417

If y1,...,yn satisfy (a) and (b), then k[yi,...,ys] is called a Noether
normalization of R. That necessarily n = dim R follows from A.8 and A.13.
That condition (c) can be satisfied in addition to (a) and (b) is crucial for
dimension theory. The graded variant of Noether normalization (due to
Hilbert) is given in 1.5.17.

An important consequence of Noether normalization is (the abstract
version of) Hilbert’s Nullstellensatz :

Theorem A.15. Let k be a field, and K an extension field of k which is a
finitely generated k-algebra. Then K is a finite algebraic extension of k.

In fact, if k[y1,...,Yn] is a Noether normalization of K, then n =
dim K = 0 and K is an integral extension of k, from which one easily
concludes that it is a finite algebraic extension.

The following theorem contains the main results of the dimension
theory of affine algebras.

Theorem A.16. Let R be an affine algebra over a field k. Suppose that R
is an integral domain. Then

(a) dim R = trdeg; Q(R) where tr degy, Q(R) is the transcendence degree of
the field of fractions of R over k,

(b) heightp = dim R — dim R/p for all prime ideals p of R.

For part (a) we choose a Noether normalization k[yi,...,¥s). Then
Q(R) is algebraic over Q(k[v1,...,¥n]), and the latter has transcendence
degree n over k. For part (b) we require in addition that k[yi,..., ¥
satisfies A.14 for I = p. Then the image of k[Xi,...,X4] in R/p is a
Noether normalization for that ring, whence dim R/p = d. On the other
hand, note that going-down holds according to A.7: being a factorial ring
(a UFD in other terminology) k[, ..., Ys] is integrally closed. It follows
that heightp > heightp N k[y1,...,¥:] = n— d. Summing up, we have
heightp+dim R/p > n = dim R, and the converse inequality is automatic
as noticed above.

Hilbert rings. It is a consequence of Hilbert’s Nullstellensatz that a prime
ideal in an affine algebra over a field is the intersection of the maximal
ideals in which it is contained. Rings with this property are therefore
called Hilbert rings (Bourbaki prefers the term Jacobson rings). The
following is the main theorem on Hilbert rings:

Theorem A.17. Let R be a Hilbert ring, and S a finitely generated R-
algebra. Then

(a) S is a Hilbert ring,

(b) mN R is a mawimal ideal of R for every maximal ideal m of S.

Corollary A.18. Let R be a finitely generated Z-algebra, and m a maximal
ideal of R. Then mNZ = (p) for some prime number p € Z, and R/m is a
finite field.
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In fact, Z is a Hilbert ring, and R/m is a finite algebraic extension of

Z/(p) by A.15.

A dimension inequality. For the study of the dimension of Rees rings
and associated graded rings the following theorem (due to Cohen) is
important.

Theorem A.19. Let R C S be an extension of integral domains, and suppose
R 1s Noetherian. Let B € Spec S and p = PN R. Then

dim Sp + tr deggr/p) Q(S/B) < dim Ry, + trdeggr) QS)-

We reproduce the proof given in [270], §15. The first step is a reduction
to the case in which S is a finitely generated R-algebra. There is nothing
to prove if the right hand side is infinite. So suppose it is finite, and let
m and t be integers with 0 < m < dim Sg, 0 < ¢ < trdegyr/p) AS/B).
Then there exists a strictly descending chain B = B, O -+ O B, of
prime ideals in 5. We choose a;11 € B, \ B,;4, and furthermore elements
1y---, ¢t € S whose residue classes in S/ are algebraically independent
over Q(R/p). Let §' = R[a,...,am,c1,-..,¢i], and PB' = PN 5'; then
dim Sﬁ’B’ > m and trdeggyp/y) Q(S/®') = . Thus it is enough to prove the
claim for §’ and C'.

In the case in which S is finitely generated, we use induction on the
number of generators so that only the case § = R[x] remains. Write
S =R[X]|/Q

If Q@ =0, then S = R[X], and dim Sy = dim R, + dim(Sg/pSyp) by
A.11. As Sy/pSy is a localization of Q(R/p)[X], we have dim(Syp/pSp) =
1 — trdeggp/p) QA(S/B) = tr degyg) Q(S) — trdeggyryy) AS/B).

In the case Q # 0 we have tr deggg) Q(S) = 0. Since R is a subring of
S, QN R = 0 so that R[X]g is a localization of Q(R)[X], and therefore
has dimension 1, equivalently height @ = 1. Let 9’ the inverse image of
B in R[X], and note that Q(R[X]/B') = Q(S/PB) in a natural way. Then

dim Sp < dim R[X]qy — heightQ
=dim By + 1 — trdegga/yp) QR[X]/P) -1
= dim Ry — tr deggp/p) Q(S/B).

Complete local rings. The theory of Noetherian complete local rings, for
which we recommend Matsumura [270] or Bourbaki [47] as a source,
leads to similar results as that of affine algebras.

For the relation between the characteristic char R of a local ring (R, m)
and that of its residue field R/m one of the following cases holds true:
(i) char R/m = 0; then R contains the field @ of rational numbers, in
particular char R = 0; (ii) char R/m = p > 0 and char R = p too; then
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R contains the field Z/pZ; (iii) char R/m = p > 0 and char R = 0 (the
typical case in number theory); (iv) char R/m = p > 0 and charR = p™
for some m > 1. In cases (i) and (ii) one says that R is equicharacteristic.
(Note that R does not contain a field in cases (iii) and (iv), and that (iv)
is excluded for a reduced ring.)

Theorem A.20. Let (R, m) be a Noetherian complete local ring.
(a) If R is equicharacteristic, then it contains a coefficient field, i.e. a field
k which is mapped isomorphically onto R/m by the natural homomorphism
R—R/m
(b) Otherwise let p = char R/m. Then there exists a discrete valuation
ring (S, pS) and a homomorphism ¢: S — R which induces an isomorphism
S/pS — R/m and furthermore

(1) is injective, if char R = 0,

(ii) has kernel p™S, if char R = p™.

It is a standard technique to pass from a Noetherian local ring (R, m)
to its completion R (with respect to the m-adic topology). Then one is in
a position to apply Cohen’s structure theorem :

Theorem A.21. Let (R,m) be a Noetherian complete local ring. Then there
exists a ring Ry which is a field or a discrete valuation ring such that R is
a residue class ring of a formal power series ring Ro[[X,..., X,]].

In fact, let @,...,2, be a system of generators of m. Then there
exists a uniquely determined homomorphism ¢: Ro[[Xy,...,X,]] — R
with ¢(X;) = x; where Ry is either a coefficient field of R or, in the case
of unequal characteristic, a discrete valuation ring S according to A.20.
In Section 2.2 it is shown that Ro[[Xj,...,X,]| is a regular local ring, and
often one uses A.21 ‘only’ to the extent that a complete local ring is a
residue class ring of a regular local ring.

The analogue of Noether normalization is

Theorem A.22. Let (R, m) be a Noetherian complete local ring, and suppose
that R is equicharacteristic or a domain.

(1) In the equicharacteristic case let Ry C R be a coefficient field of R, and
Yy.-+y Yn @ sSystem of parameters;

(ii) otherwise, let p = char R/m and Ry C R be a discrete valuation ring
according to A.20, and yi,...,y, be elements such that p,y1,...,Yn 15 @
system of parameters.

Then R is a finite Ro[[y1,..., ys]]-module, and Ro[[y1,...,yn]] is isomorphic
to the formal power series ring Ro[[ Y1,..., V]

One first shows that R is a finite Rg[[y1,..., ys)]-module, so that
dim R = dim Ro[[y1,...,¥s]]- The substitution ¥; — y; induces a surjec-
tive homomorphism ¢: Rg[[H,..., Y]] — Ro[[v1,-..,¥s]] which is also
injective since dim Ro[[ ¥1,..., ¥,]] = dim Ro[[v1,-- ., vu]]-
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0,1

[a) ... an)
[a...a,|b;...by]
e

a(a)

aff X

a( R)
Aq(R)
A(R)
B{M)

C

c

q4), ()

chark
x(4)
H4)
Xj(wv M)
Xae(n)
(@, M)
Cl(R)
C(n,d)
cn (4)
codim F,
codim ]
conv X
core A
deg

A, A¢

A

A(P)
A(IT)
Ar
depth M
det™!

dy

df’M
dim M
*dim R

least, greatest element of a poset, 215
maximal minor of a matrix, 306
minor of a matrix, 306

161

162

affine hull of the set X, 224

a-invariant of the graded ring R, 140, 176

category of Artinian graded R-modules, 142

category of Artinian R-modules, 105

+th Betti number of the module M, 16

field of complex numbers

130

augmented oriented chain complex of the simplicial complex
4, the cell complex I', 229, 266

characteristic of the field (ring) &

Euler characteristic of the simplicial complex 4, 212

reduced Euler characteristic of 4, 231

j-th partial Euler characteristic of H,(x, M), 197

Hilbert—Samuel function of M with respect to I, 188

Euler characteristic of H,(@, M), 193

divisor class group of the ring R

cyclic polytope, 226

cone over the simplicial complex 4, 230

codimension of the complex F,, 352

codimension of the ideal I, 413

convex hull of the set X, 223

core of the simplicial complex A4, 244

degree of the element «, 28

(d times iterated) difference operator, 148

312

vertex scheme of the polytope P, 225

order complex of the poset II, 208

r-skeleton of the simplicial complex 4, 221

depth of the module M, 10

inverse determinant character, 279

differential of the Koszul complex of f, 43

differential of K,(f, M), 44

Krull dimension of the module M, 413

*dimension of the graded ring R, 35
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dim R
*E(M)
embdim R
eI, M)

e M)

e(x, M)

e (R)

&(R)

*Ext; (M, N)
F

FAD)
AP)
A4)
Fi(R)
AR)

G,

GL (n, k)
GL(V)
grade I
grade(I, M)
grade M
gIF(R)

glr (M )
gII(M )
gII(R)

Notation

Krull dimension of the ring R, 413

injective hull of the R-module M, 98

*injective hull of the graded module M, 137
embedding dimension of the local ring R, 74
multiplicity of M with respect to the ideal I, 188
multiplicity of the (graded) module M, 150, 188
multiplicity symbol, 193

first deviation of the local ring R, 75

second deviation of the local ring R, 81

+th graded extension module of M by N, 33
Frobenius functor, 328

face lattice of the cone D, 262

face lattice of the polyhedron P, 224

S-vector of the simplicial complex 4, 208

category of finite graded R-modules, 142

category of finite R-modules, 105

join of the simplicial complexes I" and A4, 221

312

submodule of elements of M with support in {m}, 127
residue class ring of G(X), 312

group of invertible n x n matrices over k

group of automorphisms of the vector space V

grade of the ideal I, 12

grade of the ideal I with respect to the module M, 10
grade of the module M, 12

assoclated graded ring with respect to filtiration F, 182
182

assoclated graded module of M with respect to ideal I, 6
assoclated graded ring of R with respect to ideal I, 6
initial form of g, 186

B-algebra generated by the maximal minors of X, 306
closed half-spaces defined by the hyperplane H, 223
height of the ideal I, 412

cohomology of the Koszul complex of f, 45
homology of the Koszul complex of f, 44
cohomology of K*(f, M), 45

homology of K.(f, M), 44

+th reduced simplicial cohomology of A with values in G, 230
+th reduced simplicial homology of A with values in G, 230
+-th iterated Hilbert function of the module M, 150
Hilbert function of the graded module M, 147

Hilbert series of the graded module M, 147

+th *local cohomology module of the module M, 143
+th local cohomology module of the module M, 128
cohomology of the complex F*

homology of the complex F,

+th cohomology of the complex F*
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H{F.) +th homology of the complex F,

*Hompg (M,N) group of homogeneous homomorphisms ¢: M — N, 33
H,(R) Koszul algebra of the local ring R, 75

H{RY 80

] divisor class of the ideal T

1 integral closure of the ideal I, 388

I 312

idpr identity map on the set M

*inj dim M *injective dimension of the graded module M, 138

inj dim M injective dimension of the module M, 92

14 g-th Frobenius power of I, 328

I ideal generated by the homogeneous elements in I, 28
I tight closure of the ideal I, 378

I ideal generated by leading monomials of the elements of I, 157
I(y) ideal generated by the t-minors of (a matrix of) ¢, 21
L(0) ideal generated by the tminors of the matrix U, 21
E[C] affine semigroup ring over C, 256

k[Clr 262

k[A Stanley—Reisner ring of the simplicial complex 4, 209

N

K dual of the Koszul complex with respect to f, 45

K. Koszul complex of f, 44

K*(f, M) dual of K,(f) with respect to M, 45

K.(f M) Koszul complex of f with coefficients in M, 44

K, (=) Koszul complex with respect to sequence @, 46

K(p) residue class field of localization with respect to p, 9

MI) analytic spread of the ideal I, 190

MI, M) analytic spread of the ideal I with respect to M, 190

o M) length of the module M

L(f) leading monomial of f, 157

L(I) set of the leading monomials of the elements of I, 157

li_n}Mi direct limit of the modules M;

@Mi inverse limit of the modules M;

lky F link of the face F with respect to A4, 232

log 257

L, 158

My(R) category of graded R-modules, 28

M, M (bi)dual of the module M, 19

M module of fractions with respect to the powers of f

M completion of the module M over a local ring

M(4) module with shifted grading, 32

M,(t) Molien series of the character yx, 284

M(?) Molien series of the group G, 283

My, homogeneous localization of M with respect to p, 31

Mg module of fractions of M with respect to the multiplicatively
closed set §

wi{p, M) +th Bass number of M with respect to p, 101

w( M) minimal number of generators of M, 16
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N set of non-negative integers

nat natural map

we canonical module of the ring R, 110

A x) order ideal of the element = of a module, 360

Pf(¢p) ideal generated by the submaximal Pfaffians of ¢, 121

pf(¢) Pfaffian of the matrix ¢, 120

Pyy(n) Hilbert polynomial of the graded module M, 149

projdim M projective dimension of the module M, 16

Q field of rational numbers

Q. set of non-negative rational numbers

QC @-vector space generated by the affine semigroup C, 257

rank M rank of the module M, 20

rank ¢ rank of the homomorphism ¢, 20

rank (¢, M) rank of ¢ with respect to the module M, 351

rank v rank of the poset element v, 215

Rx module of semi-invariants of the ring R with respect to the
character y, 279

R; determinantal ring, 312

R field of real numbers

R, set of non-negative real numbers

RS cone generated by the set 5, 258

RC IR-vector space generated by the affine semigroup C, 257

RL(F) Rees ring with respect to the filiration F, 182

R(F, M) 182

R(F) extended Rees ring with respect to the filtration F, 182

R(F, M) 182

R(I, M) 182

reg( M) regularity of the graded module M, 168

relint C relative interior of the affine semigroup C, 261

relint X relative interior of the set X, 225

Ry ring of fractions with respect to the set of powers of f

R¢ ring of invariants of R under the action of G, 278

R completion of the local ring R

ri(4) type of the simplicial complex A over the field k, 240

R+ M trivial extension of the ring R by the module M, 111

(R,m) *local ring R with *maximal ideal m, 35

(R,m) local ring R with maximal ideal m

(R,m, k) local ring R with maximal ideal m and residue class field
k=R/m

(M) type of the module M, 13

(R,) Serre's condition (R,), 71

Ry homogeneous localization of R with respect to p, 31

RYe ring of g-th roots of the elements of R, 398

RB,.1, R.1(X) determinantal ring, 306

R ring of fractions of R with respect to the multiplicatively closed
set S

R, 158
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R[X),..., X
RO

Sing R
SL (n, k)
SL(V)
Si(n)
(S,)
Soc M
*Soc M
StA F
supp a
supp u
supp =*
S(V)
trdeg, K
Trp
u<v
1403
vol P
N M
ANM
Ae

xf

A Y
(z,y)
Z

Zc

formal power series ring over R
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set of elements of R not contained in a minimal prime ideal,

378

singular locus of R, 382

group of n X n matrices over k with determinant 1
group of automorphisms of ¥V with determinant 1
Hilbert—Samuel polynomial of M with respect to I, 188
Serre's condition (S,), 63

socle of the module M, 15

homogeneous socle of the graded module M, 142
star of the face F with respect to 4, 232

support of the element o € Z*, 211

support of the monomial u, 300

support of the monomial %, 211

symmetric algebra of V, 278

transcendence degree of K over k

trace of the linear map p, 284

v covers u, 215

set of prime ideals containing I

volume of the polytope P, 277

+th exterior power of the module M, 41
exterior algebra of the module M, 40
extension of ¢ to exterior algebra, 41
monomial corresponding to the face F, 220
product of @ and y in exterior algebra, 40
scalar product of « and y, 223

ring of integers

group generated by the affine semigroup C, 256
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absolute integral closure, 382
acyclic complex, 23
acyclicity criterion, 24, 25, 27, 351
admissible grading, 260
affine algebra, 416-417
affine hull, 224
affine semigroup, 256
simplicial, 269
affine semigroup ring, 256-263, 305
and regularity, 263
Cohen—Macaulay property of, 269
graded prime ideals of, 261
local cohomology of, 266-269
affinely (in)dependent, 225
g-invariant
free resolution and, 141
of a Veronese subring, 144
of a Cohen—Macaulay ring, 141
of a Gorenstein ring, 140
of a positively graded algebra, 176
of a simplicial complex, 222
g-invariant
and F-rationality, 405
Alexander duality, 241
algebra structure on a resolution, 121
algebra with straightening law, see
graded ASL
alternating graded algebra, 40
alternating homomorphism, 120
analytic deviation, 202
analytic spread, 190
inequalities for, 191
analytically independent, 190
antiderivation, 43
Artin'’s approximation theorem, 340
*Artinian, 142
ASL, see graded ASL
assoclated graded module, 6, 7, 182
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associated graded ring, 6, 182, 303
dimension of an, 185

augmented oriented chain complex,
229, 266

Auslander’s conjecture, 365

Auslander-Buchsbaum formula, 17

Auslander-Buchsbaum-Nagata
theorem, 70

Auslander-Buchsbaum-—Serre
theorem, 66

Bass number, 101-103, 135, 138,
372-375
Bass’ conjecture, 96, 374
Betti number, 16, 17, 367-371
and characteristic, 243
fine, 240
graded, 37
bidual, 19
big Cohen—Macaulay algebra, 347,
382
big Cohen—Macaulay module, 323,
334, 336
balanced, 342-346, 352
completion of, 343
big rank, 360
boundary complex, 224
Boutot's theorem, 293
Briangon—Skoda theorem, 391-393
Bruggesser—-Mani theorem, 228
Buchberger algorithm, 158
Buchsbaum ring, module, 86
Buchsbaum-Eisenbud
acyclicity criterion, 23-25, 351
structure theorem, 121

canonical element theorem, 359, 361,
366
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canonical module, 107-120
and finite extension, 112
and flat extension, 115-116, 118
and ground field extension, 120
and polynomial extension, 118
and power series extension, 118
class of, 315
completion of, 110
existence of, 111, 113
free resolution of, 113
is divisorial ideal, 117
localization of, 110
modulo regular sequence, 110, 118
of a graded ring, 136-144
of a non-Cohen—Macaulay ring,
134
of an Artinian algebra, 113
rank of, 117
uniqueness of, 109
*canonical module, 139-144
existence of, 140, 143
localization of, 140
modulo regular sequence, 141
uniqueness of, 139
catenary, 62
Cech complex
modified, 130
cell complex, 264-266
chain, 208
character, 279
inverse determinant, 279
class group, 315
of a localization, 315
of a polynomial extension, 315
of a positively graded algebra, 315
closed half-space, 223
codimension
conjecture, 366
of a complex, 352, 361, 368, 370
of an ideal, 413
coeflicient field, 419
Cohen's structure theorem, 419
Cohen—Macaulay approximation, 119
Cohen—Macaulay complex, 210, 219,
346
and base ring, 222
and links, 237

445

doubly, 252-254
level, 240, 252
topological characterization of, 239
type of, 240
upper bound for A-vector, 213
Cohen—Macaulay module, 57-65, 68,
69
and completion, 60
and flat extension, 60
and polynomial extension, 60
and power series extension, 60
big, see big Cohen—Macaulay
module
graded, 64
localization of, 58
maximal, 57, 73, 108
modulo regular sequence, 58
multiplicity of, 197
Cohen-Macaulay ring, 57-65, 68, 96,
367, 374
see also Cohen—Macaulay module
and F-rationality, 394
and associated graded ring, 186
and base field extension, 61
and faithfully flat extension, 64
and Reynolds operator, 282
graded, 64
is universally catenary, 62
one dimensional, 192
unmixedness of ideals in, 59
Cohen-Seidenberg theorems, 414
coideal in a poset, 312
*complete, 142
complete intersection, 73-85, 96, 119,
367
and flat extension, 77
and ground field extension, 77
and polynomial extension, 77
and power series extension, 77
graded, 85
localization of, 76, 77
locally, 77-78, 85
modulo regular sequence, 76
complete intersection defect, 77
complete local ring, 62, 113, 133,
418-419
completely integral, 186
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completely integrally closed, 186
complex with finite length homology,
324, 327, 329, 362
cone, 230, 258
convex
combination, 223
hull, 223
set, 223
cotangent module, 200
cover, 215
cross-section, 262
cyclic polytope, 226-227

decomposable module, 100
Dehn—Sommerville equations
for Euler complexes, 238
for polytopes, 228, 229
dehomogenization, 38—39, 73
depth, 8-16, 96, 353
and dimension, 12
and Ext, 11
and finite extension, 15
and flat extension, 13
and projective dimension, 16-18
of a non-finite module, 350
of completion, 60
determinantal ring, 306, 311-318
a-invariant of, 317
canonical module of, 316
Cohen—Macaulay property of, 312
dimension of, 312
Gorenstein property of, 316
normality of, 312
of alternating matrix, 318
of symmetric matrix, 317, 318
Serre condition (R,) for, 315
diagonalizable group, 279
difference operator, 148
dimension, 304, 305, 365, 412-418
and flat extension, 415-416
and polynomial extension, 416
and power series extension, 416
inequality, 418
of completion, 60
*dimension, 35
direct summand theorem, 356, 361
divisible module, 91
divisor class group, see class group

Index

divisorial ideal, 315
doset algebra, 318

d-sequence, 202
dual, 19

edge, 208
Ehrhart
function, series, 275
quasi-polynomial, 276
embedded deformation, 200
embedding dimension, 74
equicharacteristic local ring, 419
equidimensional, 383
equimultiple ideal, 202
essential extension, 97
maximal, 98
proper, 97
*essential extension, 136
proper, 136
Euler characteristic
and multiplicity, 195
and multiplicity symbol, 193
of a simplicial complex, 212, 231
reduced, 231
of the Koszul homology, 193
partial, 197
Euler complex, 238
Sf-vector of, 239
Euler relation, 229
Evans—Griffith syzygy theorem, 371
excellent ring, 382
expanded subsemigroup, 290
expected rank, 24, 351, 353, 370
exterior algebra, 40-43, 79, 80
of free module, 42
of graded module, 43
exterior power, 41, 53-54

face lattice, 224, 262

face of a cell, 264

face of a simplicial complex, 207
dimension of, 207

face ring, 209

facet of a simplicial complex, 208

factorial ring, 70-72, 117, 315

F-finite ring, 398

fibre, 414

filtered ring, 182
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filiration, 182
Noetherian, 183, 184
separated, 183
strongly separated, 183
fine grading, 210
finite flat dimension, 87
finite regular cell complex, see cell
complex
F-injective ring, 401
first deviation, 75, 76
Fitting invariant, 21-23
of maximal ideal, 84
flag variety, ASL property of
coordinate ring of, 311
form, 28
initial, 186
F-pure ring, 406
fractionary ideal, 119
F-rational ring, 393
and Cohen—Macaulay property, 394
and completion, 400
and flat extensions, 398
and localization, 395, 397
and pseudo-rationality, 404
Gorenstein, 395
graded, 398
is normal, 394
modulo regular element, 397, 401
F-rational type, 405
F-regular ring, 385-386
see also F-rational ring
Frobenius functor, 327-331
flatness of, 330
Frobenius homomorphism, 327
action on local cohomology,
400-402
Frobenius power, 328
F-stable, 402
full subsemigroup, 263
function of polynomial type, 148
Sf-vector, 209
and h-vector, 213

Gauss' lemma, 315

general linear form, 163

generic flatness, 297

generically complete intersection, 200
generically Gorenstein, 117, 179
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geometric realization, 225
G-graded ring, 210
going-down, 414, 415
going-up, 414, 415
Gordan’s lemma, 259
Gorenstein complex, 243-246
and Euler complex, 244
simplicial sphere is, 246
topological characterization of, 244
Gorenstein ideal, 120
of grade three, 121
Gorenstein ring, 95-97, 102, 112, 118,
119
and flat extension, 116
and associated graded ring, 186
and faithfully flat extension, 120
defined by monomials, 181
extremal, 155
graded, 143
is Cohen—Macaulay, 102
localization of, 95
modulo regular sequence, 95
of dimension one, 119
of dimension zero, 107
ring of type 1 is, 374
type of a local, 102
Gotzmann space, 173
Gotzmann's theorem
persistence, 172
regularity, 169
Grobner basis, 158
grade, 8-16, 27, 36
and acyclicity, 23, 351
and dimension, 58
and exact sequence, 11
and Ext, 10
and height, 13, 59
and Koszul complex, 50-52
formulas for, 11
of a module, 12, 25, 366
of a non-finite module, 348—354
graded algebra, 28
graded ASL, 301
Cohen—Macaulay property of, 305
discrete, 304
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graded Hodge algebra, 300
Cohen—Macaulay property of, 304
discrete, 301
Gorenstein property of, 304

graded ideal, 28

graded module, 27-39
category of, 28, 38
depth of, 33, 36
dimension of, 32, 39
grade of, 36
projective, 36
projective dimension of, 36
support of, 30
type of, 33

graded ring, 27-39
Noetherian, 29
polynomial ring as, 28
trivial, 29

graded submodule, 28

Grassmannian, 306
ASL property of coordinate ring

of, 307

Grothendieck’s condition (CMU), 62

G-subspace, 292

g-theorem, 255

height, 412, 413
Henselian local ring, 339
Henselization, 340
Hilbert function, 147
of a positively graded algebra, 174
and f-vector, 212
and graded free resolution, 153
higher iterated, 150
of wk[A], 246
of a Z"-graded module, 211
of a Gorenstein complex, 246
of a graded Gorenstein ring, 177
of a homogeneous complete
intersection, 181
of a homogeneous ring, 157
of a one dimensional homogeneous
domain, 181
of an Euler complex, 246
of the *canonical module, 176, 177
Hilbert polynomial, 149
coefficients of, 151
Hilbert quasi-polynomial, 175

Index

Hilbert ring, 417
Hilbert series, 147

see also Hilbert function
Hilbert's Nullstellensatz, 417
Hilbert's syzygy theorem, 69
Hilbert—-Burch theorem, 26
Hilbert—Samuel function, 188
Hilbert—Samuel polynomial, 188
Hochster’s finiteness theorem, 336-342
Hochster—Roberts theorem, 292, 386
Hodge algebra, see graded Hodge

algebra

homogeneous

algebra, ring, 29, 147

component, 28

element, 28

homomorphism, 28

of degree 7, 33

localization, 31

system of parameters, 35, 37
homogeneous socle, 142
homogenization, 39
homological height theorem, 363
h-vector, 212-214

of a homogeneous

Cohen-Macaulay algebra, 166

of a level ring, 179

of an integral polytope, 277
hyperplane, 223
hypersurface ring, 298

I-adic filtration, 182
ideal generated by monomials, 181
ideal in a semigroup, 257
primary, 257
prime, 257
radical, 257
radical of, 257
ideal of definition, 188
ideal of minors, 21-23
ideal of the principal class, 59
incidence function, 264
indecomposable module, 100
indiscrete part, 302
injective dimension, 92-95
and localization, 92
finite, 94, 119, 374, 375
modulo regular sequence, 94



Index

*injective dimension, 138
injective hull, 97-101, 103, 107
localization of, 99
*injective hull, 136
injective module, 88-92
decomposition of, 100
direct sum of, 90
localization of, 90
*injective module, 136-139
injective resolution, 91, 96
minimal, 99, 101
*injective resolution, 138
integral closure of an ideal, 388
of monomials, 393
integral dependence on an ideal,
387-391
and on a ring, 393
valuative criterion for, 390
integral extension, 414-415
integral over an ideal, see integral
dependence on an ideal
integral polytope, 276
intersection multiplicity, 366
intersection theorem, 361-367
improved new, 362, 366, 371
new, 329, 362, 366
Peskine—Szpiro, 365
Serre's, 364, 367
invariant of a group, 278

join, 221

Koszul algebra, 83

and the canonical module, 127

of a complete intersection, 78—85

of a Gorenstein ring, 125, 127
Koszul cohomology, 45, 131
Koszul complex, 43-54, 74, 75, 85

algebra structure on, 44

and flat extension, 46

and grade, 50-52

as an invariant, 52

functorial properties, 48

of a sequence, 46

of regular sequence, 50

rigidity of, 54
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Koszul homology, 44-54, 348, 368

algebra structure on, 44

and cohomology, 48

and flat extension, 46

annihilator of, 326

exact sequence of, 49

functorial properties of, 47
Krull dimension, see dimension
Krull’s principal ideal theorem, see

principal ideal theorem

leading monomial, 157
lemma of Rees, 94
lemme d'acyclicite, 27
length of a module
and flat extension, 15
length of a poset, 215
level ring, 179, 240
lexsegment, 158
ideal, 161
line segment, 223
line shelling, 228
linear algebraic group, 278
linear resolution, 169
link, 232
local cohomology, 127-136, 372
and depth, 132
and dimension, 132
annihilator of, 323-327
canonical element in, 357-361
functors, 128
of a Gorenstein ring, 129
vanishing of, 132
local duality, 133, 134
for graded rings, 141-144
*local ring, 35-37, 64, 72, 85
locally free module, 136
locally upper semimodular, 215
lying over, 414

Macaulay

coeflicient, 160

representation, 160
Macaulay’s theorem

on Hilbert functions, 162

on order ideals of monomials, 156
Matlis duality, 103-107

for graded modules, 142



450

*maximal, 35
minimal
complex of length s, 353
free resolution, 16
graded, 36
multiplicity, 191
number of generators, 16
presentation of a local ring, 74
reduction, 190
system of generators, 16
homogeneous, 36
m-linear resolution, 155
modification, 331-336
non-degenerate, 331
of type s, (s1,...,5,), 331
module of semi-invariants, 279
Molien series, 283
Molien’s formula, 284
monomial theorem, 354
monomial with exponent, 300
support of, 300
multiplicity, 150, 277
and Cohen—Macaulay module, 197,
199
and rank of a module, 197
of a (non-graded) module, 188
symbol, 193
system, 192

Nagata's theorem, 315
Nakayama's lemma, graded variant,
39
neighbourly, 227
Noether normalization, 416
graded, 37
in complete local ring, 419
normal domain, see normal ring
normal ring, 71-72, 117
as direct summand, 357
ring of invariants is, 279
normal semigroup, 290
normal semigroup ring, 257-261,
270-278
canonical module of, 272, 273
Cohen—Macaulay property of, 272
Gorenstein property of, 274
local cohomology of, 271
normal vector, 223

Index

normality criterion, 71, 73, 187

numerical semigroup, 178
conductor of, 178
symmetric, 178

octahedron, 208

order complex, 208

order ideal of a module element, 360,
368

order ideal of monomials, 156

orientation of a module, 47

oriented simplicial complex, 229

perfect ideal, see perfect module
perfect module, 25-27, 366
Cohen—Macaulay property of, 59,
68, 69
Pfaffian, 120
ideal, 318
Plucker relation, 307
Poincaré
algebra, 125
duality, 124-127
series, 87
polyhedral set, 223
polyhedron, 223
Sf-vector of, 224
combinatorial equivalent, 224
dimension of, 224
edge of, 224
face of, 224
facet of, 224
subfacet of, 224
vertex of, 224
polynomial ring
ASL property of, 310
polynomial ring over a field, 69, 72
polynomials with coefficients in a
module, 5
polytope, 223, 224
Sf-vector of, 229
see also polyhedron
simplicial, 225
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poset, 208
bounded, 215
graded, 215
locally upper semimodular, 305
of minors, 306
pure, 215
shellable, 215
positive cone, 262
positive semigroup, 259
positively graded algebra, ring, 29, 37,
287
Noetherian, 29
prime avoidance, 8, 34
principal ideal domain, 96
principal ideal theorem, 359, 364, 412
projective dimension, 16-18, 25
finite, 66, 69, 119, 365, 367, 375
projective module, 20
projective resolution, 16
pseudo-rational ring, 393, 403
and rational singularities, 402—-405
pseudo-reflexion, 285
pure
extension, 293
subring, 293
pure resolution, 153
pure subring, 406

quasi-polynomial, 174
quasi-regular sequence, 5-8, 52, 342

rank
of a homomorphism, see rank of a
module
of a module, 19-21, 27, 54
of a poset element, 215
of a semigroup, 257
with respect to a module, 351
rational
cone, 258
half-space, 258
polytope, 258
real projective plane, 236
reduced simplicial (co)homology, 230
relative, 241
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reduced singular homology
and simplicial homology, 231
and cell complex, 266
of a sphere, 231
reduction ideal, 189, 388
reduction to characteristic p, 65, 296,
336, 363
Rees ring, 182
and reduction ideal, 189
dimension of, 185
extended, 182
minimal prime ideals of, 184
reflexive module, 19, 27, 107
regular element, 3, 9, 21
regular equational presentation, 337
regular local ring, 65-73, 97
as a direct summand, 354-357
assoclated graded ring, 66
Cohen—Macaulay property of, 66
completion of, 65
factoriality of, 70
localization of, 67
normality of, 71
of characteristic p, 330-331
regular ring, 68-73, 96, 97
and ground field extension, 70
and polynomial extension, 69
and power series extension, 69
graded, 72
positively graded, 72
regular sequence, 3-8, 15, 67, 79, 342
and completion, 4
and finite projective dimension, 365
and flat extension, 4
and localization, 4
and system of parameters, 12
homogeneous, 34
of 1-forms, 35
regular system of parameters, 65, 79
regularity (Castelnuovo—Mumford),
168
Reisner’s criterion, 235
relative interior, 225, 261
representation of a group, 278
resolution with algebra structure, 82
reverse degree-lexicographic order,
156
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Reynolds operator, 281, 282, 292
ring of characteristic p, 327
ring of invariants, 278-298
a-invariant of, 296
and regularity, 287
canonical module of, 280, 285, 296
Cohen—Macaulay property of, 280,
283, 292
complete intersection property of,
290
Gorenstein property of, 281, 285,
296
of a diagonalizable group, 279-281
of a finite group, 281-291
of a group of pseudo-reflexions,
286-291
of a linearly reductive group,
292-297
ring of type one, 374

saturation, 168
second deviation, 81
self-dual complex, 48
semi-invariant of a group, 279
separable, 70
sequence, see regular sequence
Serre's condition (R,), 71, 73
Serre’s condition (S,), 63-64, 71, 73
Serre's normality criterion, 71
shellable complex, 214-221
h-vector of, 218
is Cohen—Macaulay, 217
shelling, 214
of a polytope, 228
simplex, 208, 225
simplicial complex, 207
acyclic, 230
connected, 222
constructible, 219
core of, 244
dual, 241
of a simplicial polytope, 225
pure, 210
restriction of, 241
shellable, see shellable complex
simplicial sphere, 237
singular locus, 382
skeleton, 221

Index

small support of a module, 345
socle, 15, 79
solution of height n, 336
split acyclic complex, 23
standard basis, 158
standard monomial, 301
standard representation, 302
Stanley’s reciprocity law, 275
Stanley—Reisner ring, 209, 301
and punctured spectrum, 237
canonical module of, 246-254
Cohen—Macaulay property of, see
Cohen—Macaulay complex
dimension of, 210
Gorenstein property of, see
Gorenstein complex
homogeneous system of parameters
of, 220
local cohomology of, 232-236
minimal prime ideals of, 210
of order complex, 304
Stanley—Reisner rings
Betti numbers of, 240-243
star, 232
straightening law, relation, 301
on poset of minors, 306-311
superficial element, 192
superheight, 363
support
of a monomial, 211, 300
of an element a € Z*, 211
supporting hyperplane, 224
symmetric ASL, 311
system of homogeneous linear
diophantine equations, 274
system of parameters, 334, 336, 354,
413
and multiplicity, 195
syzygy, 16, 64
rank of, 367-371

test element, 398—399

tight closure, 378
and completion, 381, 399
and integral closure, 391-393
and localization, 381, 396
and module-finite extension, 381
and regular rings, 383
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and system of parameters, 384
of m-primary ideal, 385
of a principal ideal, 392
tightly closed ideal, 378
primary component of, 387
torsion module, 19
torsion-free module, 19, 26, 27
torsionless module, 19, 27
torus, 279
transpose of a module, 27
transversal, 262
triangulation, 231
trivial extension, 118
type of a module, 13-15, 102, 103, 114
and flat extension, 13
and localization, 115

UFD, see factorial ring
universally catenary, 62
unmixed ideal, 59, 63
unmixed ring, 63

453

upper bound theorem
for polytopes, 227
for simplicial complexes, 237-240

valuation ring, 390
vanishing of Ext, (M, wg), 135
Veronese subring, 144
vertex, 207
scheme, 225
visible, 270
volume of a polytope, 277

weak sequence, see weakly regular
sequence

weakly F-regular, see F-regular ring

weakly regular sequence, 3-9, 50, 353

a-regular module, 3

Z’-grading, 210
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