


Already published Cohen-Macaulay Rings 
1 W.M.L. Holcombe Algebraic automata theory 

2 K. Petersen Ergodic theory 

3 P.T. Johnstone Stone spaces 

4 W.H. Schikhof Ultmmetric calculus 

5 I.-P Kahane Some random series ofJinetions. 2nd edition 

6 H. Cohn Introduction to the construction of classfields 

7 J. Lambek & PI.  Scott Introduction to higher-order categorical logic 

8 H. Matsumura Commutatiue ring theory 

9 C.B. Thomas Characteristic clas.~es and the cohomulogy uf 
finite groups 

10 M. Aschbacher Finite group theory 

11 J.L. Alperin Local represencation theory 

12 P Koosis The logarithmic integral I 

13 A. Pietsch Eigenualues and s-numbers 

14 S.J. Patterson An introduction to the theory of the 

Rirmann zeta-function 

15 H.J. Baucs Algebraic homotopy 

16 V.S. Varadarajan Introduction to harmonic analysis on 

semisimple Lie groups 

17 W. Dicks & M. Dunwoody Groups acting on graphs 

18 L.J. Corwin & F.P Greenleaf Representations of nilpotent 

Lie groups and their applications 

19 R. Fritsch & R. Piccinini Cellular structures in topology 

20 H Klingen Introductory lectures on Siege1 modular forms 

22 M.J. Collins Representations and characters offinite groups 

24 H. Kunita Stochasticflows and stochastic differential equations 

25 P. Wojtasrcryk Banach spaces for analysts 

26 J.E. Gilbert & M.A.M. Murray Cliffurd algehros and Dirac 

operators in harmonic analysis 

27 A. Frohlich & M.J. Taylor Algebraic number theory 

28 K. Goebel & WA. Kirk Topics in metric fixed point theory 

29 J.F. Humphreys Refiction groups and Coxeter groups 

30 D l .  Benson Representations and cohomulogy I 

31 D.J. Bensan Representotions and cohomulogy I1 

32 C. Allday & V Puppe Cohomological methods in trayformation 

groups 

33 C. Soul& et al Lectures on Arakeloti geometry 

34 A. Ambrasetti & G. Prodi A primer ofnonlinear analysis 

35 J. Palis & F. Takens Hyperholicity, stability and chaos at homoclinic 

bfircatiuns 

37 Y Meyer Wooelets and operators I 

Winfried Bruns 

Professor of Mathematics, University of Osnabriick 

Jiirgen Herzog 

Professor of Mathematics, University of Essen 

1nv.- Nr. 9~ h 251 

CAMBRIDGE UNIVERSITY PRESS 
Cambridge 

New York Port Chester 
Melbourne Sydney 



Published by the Press Syndicate of the University of Cambridge 
The Pitt Building, Trumpington Street, Cambridge CB2 IRP 
40 West 20th Street, New York, NY 10011-4211, USA 
10 Stamford Road, Melbourne, Victoria 3166, Australia 

@ Cambridge University Press 1993 

First published 1993 

Printed in Great Britain at the University Press, Camhridge 

Library o f  Congress cataloguing in publication data available 
A catalogue record for this book is available from the British Library 

ISBN 0 521 41068 1 hardhack 
For our wives, 

Ulrike and Maja 



Preface ix 

I Basic concepts 1 
1 Regular sequences and depth 3 

1.1 Regular sequences . . . . . . . . . . . . . . . . . . . . . . . .  3 
1.2 Grade and depth . . . . . . . . . . . . . . . . . . . . . . . . .  8 
1.3 Depth and projective dimension . . . . . . . . . . . . . . . .  16 
1.4 Some linear algebra . . . . . . . . . . . . . . . . . . . . . . .  18 
1.5 Graded rings and modules . . . . . . . . . . . . . . . . . . .  27 
1.6 The Koszul complex . . . . . . . . . . . . . . . . . . . . . . .  39 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  54 

2 Cohen-Macaulay rings 56 
2.1 Cohen-Macaulay rings and modules . . . . . . . . . . . . .  56 
2.2 Regular rings and normal rings . . . . . . . . . . . . . . . .  64 
2.3 Complete intersections . . . . . . . . . . . . . . . . . . . . . .  72 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  84 

3 The canonical module . Gorenstein rings 87 
3.1 Finite modules of finite injective dimension . . . . . . . . .  87 
3.2 Injective hulls . Matlis duality . . . . . . . . . . . . . . . . . .  96 

. . . . . . . . . . . . . . . . . . . . . .  3.3 The canonical module 106 
3.4 Gorenstein ideals of grade 3 . Poincark duality . . . . . . . .  119 
3.5 Local cohomology . The local duality theorem . . . . . . . .  126 
3.6 The canonical module of a graded ring . . . . . . . . . . . .  135 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Notes 143 

4 Hilbert functions and multiplicities 146 
4.1 Hilbert functions of graded modules . . . . . . . . . . . . .  146 
4.2 Macaulay's theorem on Hilbert functions . . . . . . . . . .  154 
4.3 Further constraints on Hilbert functions . . . . . . . . . . .  165 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  4.4 Filtered rings 174 
4.5 The Hilbert-Samuel function and reduction ideals . . . . .  180 
4.6 The multiplicity symbol . . . . . . . . . . . . . . . . . . . . .  185 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  Notes 194 

I1 Classes of Cohen-Macaulay rings 197 
5 Stanley-Reisner rings 199 

5.1 Simplicia1 complexes . . . . . . . . . . . . . . . . . . . . . . .  199 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5.2 Polytopes 215 



5.3 Local cohomology of Stanley-Reisner rings . . . . . . . . .  221 
5.4 The upper hound theorem . . . . . . . . . . . . . . . . . . .  229 
5.5 Gorenstein complexes . . . . . . . . . . . . . . . . . . . . . .  232 
5.6 The canonical module of a Stanley-Reisner ring . . . . . .  236 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  243 

6 Semigroup rings and invariant theory 245 
6.1 Affine semigroup rings . . . . . . . . . . . . . . . . . . . . . .  245 
6.2 Local cohomology of affine semigroup rings . . . . . . . . .  252 
6.3 Normal semigroup rings . . . . . . . . . . . . . . . . . . . . .  258 
6.4 Invariants of tori and finite groups . . . . . . . . . . . . . .  267 
6.5 Invariants of linearly reductive groups . . . . . . . . . . . .  280 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  287 

7 Determinantal rings 289 
7.1 Graded Hodge algebras . . . . . . . . . . . . . . . . . . . . .  289 
7.2 Straightening laws on posets of minors . . . . . . . . . . . .  294 
7.3 Properties of determinantal rings . . . . . . . . . . . . . . .  300 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  307 

I11 Homological theory 309 
8 Big Cohen-Macaulay modules 311 

8.1 The annihilators of local cohomology . . . . . . . . . . . . .  311 
8.2 The Frobenius functor. . . . . . . . . . . . . . . . . . . . . .  315 
8.3 Modifications and non-degeneracy . . . . . . . . . . . . . .  318 
8.4 Hochster's finiteness theorem . . . . . . . . . . . . . . . . . .  323 
8.5 Balanced big Cohen-Macaulay modules . . . . . . . . . . .  330 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  334 

9 Homological theorems 336 
9.1 Grade and acyclicity . . . . . . . . . . . . . . . . . . . . . . .  336 
9.2 Regular rings as direct summands . . . . . . . . . . . . . . .  342 
9.3 Canonical elements in local cohomology modules . . . . .  345 
9.4 Intersection theorems . . . . . . . . . . . . . . . . . . . . . .  349 
9.5 Ranks of syzygies . . . . . . . . . . . . . . . . . . . . . . . .  355 
9.6 Bass numbers . . . . . . . . . . . . . . . . . . . . . . . . . . .  359 
Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  363 

Appendix: A summary of dimension theory 366 

References 374 

Notation 390 

Index 395 

Preface 

The notion of a Cohen-Macaulay ring marks the cross-roads of two 
powerful lines of research in present-day commutative algebra. While 
its main development belongs to the homological theory of commutative 
rings, it finds surprising and fruitful applications in the realm of alge- 
braic combinatorics. Consequently this book is an introduction to the 
homological and comhinatorial aspects of commutative algebra. 

We have tried to keep the text self-contained. However, it has not 
proved possible, and would perhaps not have been appropriate, to develop 
commutative ring theory from scratch. Instead we assume the reader has 
acquired some fluency in the language of rings, ideals, and modules by 
working through an introductory text like Atiyah and Macdonald [8] 
or Sharp [291]. Nevertheless, to ease the access for the non-expert, the 
essentials of dimension theory have been collected in an appendix. 

As exemplified by Matsumura's standard textbook [230], it is natural 
to have the notions of grade and depth follow dimension theory, and so 
Chapter 1 opens with the introduction of regular sequences on which their 
definition is based. From the very beginning we stress their connection 
with homological and linear algebra, and in particular with the Koszul 
complex. 

Chapter 2 introduces Cohen-Macaulay rings and modules, our main 
subjects. Next we study regular local rings. They form the most special 
class of Cohen-Macaulay rings; their theory culminates in the Auslander- 
Bnchsbaum-Serre and Auslander-Buchsbaum-Nagata theorems. Unlike 
the Cohen-Macaulay property in general, regularity has a very clear 
geometric interpretation: it is the algebraic counterpart of the notion 
of a non-singular point. Similarly the third class of rings introduced in 
Chapter 2, that of complete intersections, is of geometric significance. 

In Chapter 3 a new homological aspect determines the development 
of the theory, namely the existence of injective resolutions. It leads us to 
the study of Gorenstein rings which in several respects are distinguished 
by their duality properties. When a Cohen-Macaulay local ring is not 
Gorenstein, then (almost always) it has at least a canonical module 
which, so to speak, acts as its natural partner in duality theorems, a 
decisive fact for many combinatorial applications. We then introduce 
local cohomology and prove Grothendieck's vanishing and local duality 
theorems. 



Chapter 4 contains the combinatorial theory of commutative rings 
which mainly consists in the study of the Hilhert function of a graded 
module and the numerical invariants derived from it. A central point is 
Macaulay's theorem describing all possible Hilbert functions of homoge- 
neous rings by a numerical condition. The intimate connection between 
homological and combinatorial data is displayed by several theorems, 
among them Stanley's characterization of Gorenstein domains. In the 
second part of this chapter the method of associated rings and modules 
is developed and used for assigning numerical invariants to modules over 
local rings. 

Chapters 1 4  form the first part of the book. We consider this 
material as basic. The second part consists of Chapters 5-7 each of 
which is devoted to a special class of rings. 

Chapter 5 contains the theory of Stanley-Reisner rings of simplicial 
complexes. Its main goal is the proof of Stanley's upper hound theorem 
for simplicial spheres. The transformation of this topological notion 
into an algebraic condition is through Hochster's theorem which relates 
simplicial homology and local cohomology. Furthermore we study the 
Gorenstein property for simplicial complexes and their canonical modules. 

In Chapter 6 we investigate normal semigroup rings. The comhina- 
torial object represented by a normal semigroup ring is the set of lattice 
points within a convex cone. According to a theorem of Hochster, nor- 
mal semigroup rings are Cohen-Macaulay. Again the crucial point is 
the interplay between cellular homology on the geometric side and local 
cohomology on the algebraic. The fact that the ring of invariants of a 
linear torus action on a polynomial ring is a normal semigroup ring leads 
us naturally to the study of invariant rings, in particular those of finite 
groups. The chapter closes with the Hochster-Roberts theorem by which 
a ring of invariants of a linearly reductive group is Cohen-Macaulay. 

Chapter 7 is devoted to determinantal rings. They are discussed in 
the framework of Hodge algebras and algebras with straightening laws. 
We establish the straightening laws of Hodge and of Doubilet, Rota, 
and Stein, prove that determinantal rings are Cohen-Macaulay, compute 
their canonical module, and determine the Gorenstein rings among them. 
In view of the extensive treatment available in [47], we have restricted 
this chapter to the absolutely essential. 

The third part of the book is constituted by Chapters 8 and 9. 
They owe their existence to the fact that a Noetherian local ring is in 
general not Cohen-Macaulay. But Hochster has shown that such a ring 
possesses a (not necessarily finite) Cohen-Macaulay module, at least 
when it contains a field. The construction of these 'big' Cohen-Macaulay 
modules in Chapter 8 is a paradigm of characteristic p methods in 
commutative algebra, and we hope that it will prepare the reader for 
the more recent developments in this area which are centered around the 

notion of tight closure introduced by Hochster and Huneke [163]. 
In Chapter 9 we deduce the consequences of the existence of big 

Cohen-Macaulay modules, for example the intersection theorems of 
Peskine and Szpiro and Roberts, the Evans-Griffith syzygy theorem, and 
bounds for the Bass numbers of a module. 

Chapters 8 and 9 are completely independent of Chapters 4-7, and 
the reader who is only interested in the homological theory may proceed 
from the end of Section 3.5 'directly to Chapter 8. 

It is only to be expected that the basic notions of homological algebra 
are ubiquitous in our book. But most of the time we will only use the long 
exact sequences for Ext and Tor, and the behaviour of these functors 
under flat extensions. Where we go beyond that, we have inserted a 
reference to Rotman [274]. One may regard it as paradoxical that we 
freely use the Ext functors while Chapter 3 contains a complete treatment 
of injective modules. However, their theory has several peculiar aspects so 
that we thought such a treatment would be welcomed by many readers. 

The book contains numerous exercises. Some of them will be used 
in the main text. For these we have provided hints or even references 
to the literature, unless their solutions are completely straightforward. A 
reference of type A.n points to a result in the appendix. 

Parts of this book were planned while we were guests of the Mathema- 
tisches Forschungsinstitut Oherwolfach. We thank the Forschungsinstitut 
for its generous hospitality. 

We are grateful to all our friends, colleagues, and students, among 
them L. Avramov, C. Baetica, M. Barile, A. Conca, H.-B. Foxby, 
C. Huneke, D. Popescu, P. Schenzel, and W. Vasconcelos who helped 
us by providing valuable information and by pointing out mistakes in 
preliminary versions. Our sincere thanks go to H. Matsumura and R. 
Sharp for their support in the early stages of this project. 

We are deeply indebted to our friend Udo Vetter for reading a large 
part of the manuscript and for his unfailing criticism. 

Vechta and Essen, 
February 1993 



Part I 

Basic concepts 



1 Regular sequences and depth 

After dimension, depth is the most fundamental numerical invariant of a 
Noetherian local ring R or a finite R-module M. While depth is defined in 
terms of regular sequences, it can be measured by the (non-)vanishing of 
certain Ext modules. This connection opens commutative algebra to the 
application of homological methods. Depth is connected with projective 
dimension and several notions of linear algebra over Noetherian rings. 

Equally important is the description of depth (and its global rela- 
tive grade) in terms of the Koszul complex which, in a sense, holds a 
intermediate position between arithmetic and homological algebra. 

This introductory chapter also contains a section on graded rings and 
modules. These allow a decomposition of their elements into homoge- 
neous components and therefore have a more accessible structure than 
rings and modules in general. 

1.1 Regular sequences 

Let M be a module over a ring R. We say that x t R is an M-regular 
element if xz = 0 for z E M implies z = 0, in other words, if x is not 
a zero-divisor on M. Regular sequences are composed of successively 
regular elements: 

Definition 1.1.1. A sequence x = xl,.  ..,x, of elements of R is called an 
M-regular sequence or simply an M-sequence if the following conditions 
are satisfied: (i) xi is an M/(xl,. . . , ~~ -~ )M-regu la r  element for i = I,. . . , n, 
and (ii) M/xM # 0. 

In this situation we shall sometimes say that M is an x-regular module. 
A regular sequence is an R-sequence. 

A weak M-sequence is only required to satisfy condition (i). 

Very often R will be a local ring with maximal ideal m, and M # 0 
a finite R-module. If x r nr, then condition (ii) is satisfied automatically 
because of Nakayama's lemma. 

The classical example of a regular sequence is the sequence XI, .  . . , X,, 
of indeterminates in a polynomial ring R = S [ X l , .  . .,X,,]. Conversely 
we shall see below that an M-sequence behaves to some extent like a 
sequence of indeterminates; this will be made precise in 1.1.8. 

The next proposition contains a condition under which a regular 
sequence stays regular when the module or the ring is extended. 
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Proposition 1.1.2. Let R be a ring, M an R-module, and x c R a weak 
M-sequence. Suppose q : R -t S is a ring homomorphism, and N an R-flat 
S-module. Then x c R and q(x) c S are weak (M @R N)-sequences. I/ 
x(M @R N) # M @R N ,  then x and q(x) are (M @R N)-sequences. 

PROOF. Multiplication by xi is the same operation on M @I N as multipli- 
cation by q(xi); so it suffices to consider x. The homothety X I  : M -* M 
is injective, and xl @ N is injective too, because N is flat. Now xl @ N 
is just multiplication by XI on M 63 N. So xl is an (M @ N)-regular ele- 
ment. Next we have (M @ N)/xl(M @I N) (M/xlM) @ N; an inductive 
argument will therefore complete the proof. 

The most important special cases of 1.1.2 are given in the following 
corollary. In its part (h) we use M to denote the rrr-adic completion of a 
module M over a local ring (R,m, k) (by this notation we indicate that 
R has maximal ideal m and residue class field k = R/m). 

Corollary 1.1.3. Let R be a Noetherian ring, M afinite R-module, and x 
an M-sequence. 
(a) Suppose that a prime ideal p t Supp M contains x. Then x (as a 
sequence in R,) is an M,-sequence. 
(b) Suppose that R is local with maximal ideal m. Then x (as a sequence 
in i?~ is an M - S ~ ~ U ~ I Z C ~ .  

PROOF. Both the extensions R + R, and R + 2 are flat. (a) By hypothesis 
M, # 0, and Nakayama's lemma implies M, # pM,. A fortiori we have 
xM, # M,. (b) It suffices to note that M = M @ jr' is a finite R-module. 

The interplay between regular sequences and homological invariants 
is a major theme of this book, and numerous arguments will be based 
on the next proposition. 

Proposition 1.1.4. Let R be a ring, M an R-module, and x a weak M- 
sequence. Then an exact sequence 

0 2  'PI 00 
N2 - NI -+ No hi' --+ 0 

of R-modules induces an exact sequence 

PROOF. By induction it is enough to consider the case in which x consists 
of a single M-regular element x. We obtain the induced sequence if we 
tensor the original one by R/(x). Since tensor product is a right exact 
functor, we only need to verify exactness at Nl/xNI. Let - denote residue 
classes ~nodulo x. If @I(?) = 0, then qi(y) = xz for some z E No and 
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xqo(z) = 0. By hypothesis we have qojz) = 0 ;  hence there is )I' E NI 
with z = ql(yf). It follows that ql(y -xyf) = 0. So y -xy' t qz(Nz), and 
4. E q2(D2) as desired. 

If we want to preserve the exactness of a longer sequence, then we 
need a stronger hypothesis. 

Proposition 1.1.5. Let R be a ring and 

an exact complex of R-modules. I f  x is weakly Ni-regular ,for all i, then 
N. €3 R/(x) is exact again. 

PROOF. Once more one uses induction on the length of the sequence x. So 
it is enough to treat the case x = x. Since x is regular on Ni, it is regular 
on Irnqi+, too. Therefore we can apply 1.1.4 to each exact sequence 
Ni+3 + N i + ~  -t Ni+l -t Im %+I + 0. 

Easy examples show that a permutation of a regular sequence need 
not be a regular sequence; see 1.1.13. Nevertheless there are natural 
conditions under which regular sequences can be permuted. 

Let xl,xz be an M-sequence, and suppose that xzz = 0 for z t M. 
Then we must have z E xIM, z = xlzl, and xl(x2.z') = 0, whence 
xzz' = 0. Repeating the argument one gets z' E xlM, so z E x:M etc.: 
if n?, xjM = 0, then x2 is regular on M. Somewhat surprisingly, xl is 
always regular on M/x2M; the reader may check this easily. 

Proposition 1.1.6. Let R he a Noetheriun local ring. M ofinite R-module, 
and x = XI, .  . .,x, an M-sequence. Then every permutation of x is an 
M-sequence. 

PROOF. Every permutation is a product of transpositions of adjacent 
elements. Therefore it is enough to show that xl,.. ., xi+l,xi ,... ,x. is 
an M-sequence. The hypothesis of the proposition is satisfied for M = 
M/(xi ,..., xi+l)M and the M-sequence xi,. ..,x,,. So it suffices to treat 
the case i = 1 and to show that x2, xl is an M-sequence. In view of the 
discussion above we only need to appeal to Krull's intersection theorem 
which guarantees that nz, xl M = 0. 

Quasi-regular sequences. Let R be a ring, M an R-module, and X = 

XI,. . . , X ,  be indeterminates over R. Then we write M[X] for M 8 
R[X] and call its elements polynomials with coeficients in M. If x = 
xl,. . .,x, is a sequence of elements of R, then the substitution Xi ct xi 
induces an R-algebra homomorphism R[X] -+ R and also an R-module 
homomorphism M[X] M. We write F(x) for the image of F E M[X] 
under this map. (Since the monomials form a basis of the free R-module 
R[X], we may speak of the coefficients and the degree of an element of 
MV1.1 
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Theorem 1.1.7 (Rees). Let R be a ring, M an R-module, x = XI, . .  .,x, an 
M-sequence, and I = (x,,.. .,x,,). Let X = XI,. . .,X. be indeterminates 
over R. I f  F E M[X] is homogeneous of (total) degree d and F(x) E I G I M ,  
then the coeficients of F are in IM. 

PROOF. We use induction on n. The case n = 1 is easy. Let n > 1 and 
suppose that the theorem holds for regular sequences of length at most 
n - 1. We must first prove an auxiliary result which is an interesting fact 
in itself: let J = (xl, .  ..,x.-1); then x. is regular on M I J J M  for all j 2 1. 

In fact, suppose that x.y E J J M  for some j > 1. Arguing by induction 
we have y E JJ- 'M; so y = G(x1,. ..,x,-I) where G E M[XI,. ..,X,-I] is 
homogeneous of degree j -  1. Set G' = x.G. Then the theorem applied to 
G' E MIXI,.  . . ,X,-,] yields that the coefficients of G' are in JM.  Since 
x, is regular modulo JM,  it follows that the coefficients of G are in J M  
too, and therefore y E JJM. 

The proof of the theorem for sequences of length n requires induction 
on d. The case d = 0 is trivial. Assume that d > 0. First we reduce to the 
case in which F(x) = 0. Since F(x) E Id+'M, one has F(x) = G(x) with G 
homogeneous of degree d + 1. Then G = C:=, XiGi with Gi homogeneous 
of degree d. Set G: = xiGi and G' = C:=l GI. So F - G' is homogeneous 
of degree d, and (F - Gr)(x) = 0. Furthermore, F - G' has coefficients in 
I M  if and only if this holds for F. 

Thus assume that F(x) = 0. Then we write F = G + X,H with 
G E MIXI,.  . . ,Xn-I]. The auxiliary claim above implies that H(x) t 
J d M  c I ~ M .  By induction on d the coefficients of H are in IM. 
On the other hand H(x) = H'(x1, ..., x.-I) with H' E M[XI ,..., X,-I] 
homogeneous of degree d. As 

(G+x,H1)(xl ,..., x,-1) = F(x) = 0, 

it follows by induction on n that G + x,H' has coefficients in JM. Since 
x,H' has its coeficients in IM, the coefficients of G must be in I M  
too. 

Let I be an ideal in R. One defines the associated graded ring ofR 
with respect to I by 

m 

gr,(R) = @ 1~11~'~. 
i=o 

The multiplication in gr,(R) is induced by the multiplication I ' x l J  + IiiJ, 
and grl(R) is a graded ring with (gr,(R))o = R/I. If M is an R-module, 
one similarly constructs the associated graded module 
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It is straightforward to verify that gr,(M) is a graded gr,(R)-module. 
(Graded rings and modules will be discussed in Section 1.5. The 
reader not familiar with the basic terminology may wish to consult 
1.5.) Let I be generated by XI,.  . . ,x,. Then one has a natural surjec- 
tion R[X] = RIXl,. . . ,X,] + gr,(R) which is induced by the natural 
homomorphism R 4 R/I and the substitution Xi - %i E I/12. Similarly 
there is an epimorphism t+: M[X] + gr,(M). One first defines y, on 
the homogeneous components by assigning to a homogeneous polyno- 
mial F E M[X] of degree d the residue class of F(x) in I k / l d + ' M ;  
then v is extended additively. As the reader may check, li, is an epi- 
morphism of graded R[w-modules. Obviously I M [ w  c Kerli,; via the 
identification M [ w / I M  [XI " (MIIM) [XI, we therefore get an induced 
epimorphism q : (M/IM)[X] + grI(M). The kernel of yl is generated by 
the homogeneous polynomials F E M[X] of degree d, d E W, such that 
F(x) E Id+'M. So we obtain as a reformulation of 1.1.7 

Theorem 1.1.8. Let R be a ring, M an R-module, x = XI, . .  .,x, an 
M-sequence, and I = (x). Then the map (M/IM)[Xl,. . . ,X,] + gr,(M) 
induced by the substitution Xi H xi E 1/12 is an isomorphism. 

This theorem says very precisely to what extent a regular sequence 
resembles a sequence of indeterminates: the residue classes Yi t 1/12 
operate on gr,(M) exactly like indeterminates. Since a regular sequence 
may lose regularity under a permutation, whereas 1.1.8 is independent 
of the order in which x is given, it is not possible to reverse 1.1.8; see 
however 1.1.15. Later on it will be useful to have a name for sequences 
x satisfying the conclusion of 1.1.8; we call them M-quasi-regular if, in 
addition, xM f M. 

Exercises 

1.1.9. Let 0 -t U + M -t N + 0 be an exact sequence of R-modules, and x 
a sequence which is weakly U-regular and (weakly) N-regular. Prove that x is 
(weakly) M-regular too. 

1.1.10. (a) Let x,,. . . ,x  ,,.. .,x, and xi,. . .,xj,.. .,x, be (weakly) M-regular. Show 
that x,,. ..,x,xj,. ..,x,, is (weakly) M-regular. (Hint: In the essential case i = 1 
one finds an exact sequence as in 1.1.9 with M/x,x;M as the middle term.) 
(h) Prove that xy , . . . , xz is (weakly) M-regular [or all e, 2 1. 

1.1.11. Prove that the converse of 1.1.2 holds if, in the situation of 1.1.2, N is even 
faithfully flat over R. 

1.1.12. (a) Prove that if x is a weak M-sequence, then TO~?(M, R/(x)) = 0. 
(b) Prove that if, in addition, x is a weak R-sequence, then Torr(M, R/(x)) = 0 
for all i 2 1. 

1.1.13. Let R = K [ X ,  Y,Z], k a field. Show that X, Y ( l  - X), Z(l - X) is an 
R-sequence, but Y ( l  - X), Z(l - X), X is not. 
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1.1.14. Prove that XI,.. .,x, is M-quasi-regular if and only if XI,. . .,Zn E 1/12 is a 
gr,(M)-regular sequence where I = (XI,.. .,x,). 
1.1.15. Suppose that x is M-quasi-regular, and let I = (xl,. .. ,x,). Prove 
(a) if xlz E I'M for z E M, then z E I'-'M, 
(h) XZ,. ..,x" is (M/xiM)-quasi-regular, 
(c) if R is Noetherian local and M is finite, then x is an M-sequence. 

1.2 Grade and depth 

Let R be a Noetherian ring and M an R-module. If x = XI,.  . . , x, is an 
M-sequence, then the sequence ( X I )  c (XI, xz) c . . . c (XI,. . . , x,) ascends 
strictly for obvious reasons. Therefore an M-sequence can be extended 
to a maximal such sequence: an M-sequence x (contained in an ideal I) 
is maximal (in I), if X I , .  . . , x.+1 is not an M-sequence for any x,+l t R 
@.+I E I). We will prove that all maximal M-sequences in an ideal I with 
I M  # M have the same length if M is finite. This allows us to introduce 
the fundamental notions of grade and depth. 

In connection with regular sequences, finite modules over Noetherian 
rings are distinguished for two reasons: first, every zero-divisor of M 
is contained in an associated prime ideal, and, second, the number of 
these prime ideals is finite. Both facts together imply the following 
proposition that is 'among the most useful in the theory of commutative 
rings' (Kaplansky [195], p. 56). 

Proposition 1.2.1. Let R be a Noetherian ring, and M a finite R-module. 
If an ideal I c R consists of zero-diuisors of M,  then I c p for some 
p E AssM. 

PROOF. If I # p for all p t Ass M, then there exists a E I with a @ p for 
all p E Ass M. This follows immediately from 1.2.2. 

The following lemma, which we have just used in its simplest form, is 
the standard argument of 'prime avoidance'. 

Lemma 1.2.2. Let R be a ring, pl , . .  .,p, prime ideals, M an R-module, and 
XI,.. .,x. t M. Set N = C/=, Rxi. If N,, # pjMp, for j = I , . .  . ,m, then 
there exist a*,.. . ,a ,  t R such that x l  +I:=, aixi 4 pjMp, .for j = I , .  .. ,m. 

PROOF. We use induction on m, and so suppose that there are a;, . . .,a:, t R 
for which x; = xl + a:xi @ p,M,,, for j = 1,. . . ,m - I .  Moreover, 
it is no restriction to assume that the pi are pairwise distinct and that 
p, is a minimal member of p,,. ..,p,. So there exists r E (nli;' pj) \ pm. 
Put xi = rxi for i = 2,.. . , n  and N' = C:=, Rxl Since r $2 p, we have 
Nbm = NPm. On the other hand, as r E pj for j = 1,. . . ,m - 1, it follows 
tha tx ;+x:@pjMp,  f o r i = 2  ,..., nand  j = l ,  ..., m - l . I f ~ ; @ p , M , ~ ,  
then x; is the element desired; otherwise x; + xj 4 pmMPm for some 
i E {2,. . . , n), and we choose xi +xi. 

Note that if M = R and N = I c R, then the condition N,, $ p,M,, 
simplifies to I $ p,. 

Suppose that an ideal I is contained in p E AssM. By definition, 
there exists z E M with p = Annz. Hence the assignment 1 H z induces 
a monomorphism q' : R/p + M, and thus a non-zero homomorphism 
q : R/ I  + M. This simple observation allows us to describe in homolog- 
ical terms that a certain ideal consists of zero-divisors: 

Proposition 1.2.3. Let R be a ring, and M , N  R-modules. Set I = Ann N. 
(a) I f  I contains an M-regular element, then HomR(N, M) = 0. 
(b) Conversely, $R is Noetherian, and M,  N arefinite, HomR(N,M) = 0 
implies that I contains an M-regular element. 

k m ~ .  (a) is evident. (b) Assume that I consists of zero-divisors of M ,  
and apply 1.2.1 to find a p E AssM such that I i p. By hypothesis, 
p E Supp N; so N, @ k(p) # 0 by Nakayama's lemma, and since N, 8 k(p) 
is just a direct sum of copies of k(p), one has an epimorphism N, + k(p). 
(By k(p) we denote the residue class field R,/pR, of R,.) Note that 
pR, E AssM,. Hence the observation above y~elds a non-zero q' E 

HomRv(N,, M,). Since HomR,(N,, M,) " HomR(M,N),, it follows that 
H o ~ R ( M ,  N) # 0. (See [274], Theorem 3.84 for the isomorphism just 
applied.) 

Lemma 1.2.4. Let R be a ring, M,  N be R-modules, and x = XI, . .  . ,x,  a 
weak M-sequence in Ann N. Then 

HomR(N, MIxM) % Ext",N, M). 

PROOF. We use induction on n, starting from the vacuous case n = 0. 
Let n 2 1, and set x' = xl , .  . . ,x ,_~.  Then the induction hypothesis 
implies that EX~;-;-'(N,M) Z HomR(N,M/x1M). As x, is (M/xrM)- 
regular, Extk-l(N,M) = 0 by 1.2.3. Therefore the exact sequence 

yields an exact sequence 

The map q is multiplication by xl  inherited from M, but multiplication 
by nl on N also induces q; see [274), Theorem 7.16. Since XI E AnnN, 
one has q = 0. Hence v is an isomorphism, and a second application of 
the induction hypothesis yields the assertion. 

Let R be Noetherian, I an ideal, M a finite R-module with M # IM,  
and x = xl ,..., x, a maximal M-sequence in I .  From 1.2.3 and 1.2.4 
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we have, since I contains an ( M / ( x i , .  . . , xi-i)M)-regular element for 
i =  l , , , . , n ,  

E x t k i ( R / l , M )  " H O ~ R  ( R / I , M / ( x l , . .  . ,X,-l)M) = 0. 

O n  the other hand, since I M  f M and x is a maximal M-sequence in I ,  
then I must consist o f  zero-divisors o f  M / x M ,  whence 

W e  have therefore proved 

Theorem 1.2.5 (Rees). Let R be a Noetherian ring, M a finite R-module, 
and I an ideal such that I M  # M .  Then all maximal M-sequences in I 
haue the same length n given by 

Definition 1.2.6. Let R be a Noetherian ring, M a finite R-module, and 
I an ideal such that I M  # M. Then the common length o f  the maximal 
M-sequences in I is called the grade of 1 on M ,  denoted by  

grade(1, M ) .  

W e  complement this definition by setting grade(1, M )  = m i f  I M  = M .  
This is consistent with 1.2.5: 

grade(1, M )  = m o ~ x t n ( R I 1 ,  M )  = 0 for all i. 

For, i f  I M  = M ,  then SuppM fl SuppRl I  = 0 by Nakayama's lemma, 
hence 

conversely, i f  E x t k ( ~ I 1 , M )  = 0 for all i, then 1.2.5 gives I M  = M 
The inclusion in ( 1 )  results from the natural isomorphism 

Extnp(Np, M,) " ExtX(N, M ) ,  

which holds i f  R is Noetherian, N a finite R-module, M an arbitrary 
R-module, and p E Spec R ;  see [274], Theorem 9.50. 

A special situation will occur so often that it merits a special notation: 

Definition 1.2.7. Let (R,m, k)  be a Noetherian local ring, and M a finite 
R-module. Then the grade o f  m on M is called the depth of M ,  denoted 

depth M .  

Because o f  its importance we repeat the most often used special case 
o f  1.2.5: 

Theorem 1.2.8. Let ( R , m ,  k) be a Noetherian local ring, and M a finite 
non-zero R-module. Then depth M = min{i : Extn(k, M )  f 0 ) .  

Some formulas for grade. W e  now study the behaviour o f  grade(1, M )  
along exact sequences. 

Proposition 1.2.9. Let R he a Noetherian ring, I c R an ideal, and 
0 + U + M + N + 0 an exact sequence of,finite R-modules. Then 

grade(1, M )  2 min(grade(1, U),grade(l, N ) } ,  

grade(1, U )  2 min(grade(1, M),grade(l ,N) + I } ,  

grade([, N )  2 min(grade(1, U )  - l ,grade( l ,M)) .  

PROOF. The given exact sequence induces a long exact sequence 

One observes that E x t n ( ~ I 1 ,  M )  = 0 i f  Extk(RI1, U )  and Ext,(R/l, N )  
both vanish. Therefore the first inequality follows from 1.2.5 and our 
discussion o f  the case grade(1, )  = m. Completely analogous arguments 
show the second and the third inequality. 

The next proposition collects some formulas which are useful in the 
computation o f  grades. ( In  the sequel V ( l )  denotes the set o f  prime ideals 
containing I.) 

Proposition 1.2.10. Let R he a Noetherian ring. I ,  J ideals of  R ,  and M a 
,finite R-module. Then 

(a) grade@, M )  = infjdepth M ,  : p E V ( I ) ) ,  

(h )  grade(/, M )  = grade(Rad1, M ) ,  

(c) grade(1 n J ,  M )  = min(grade(1, M ) ,  grade(J, M ) ) ,  

(d )  f x = xi ,  ... , x ,  is an M-sequence in I ,  then grade(l/(x),  M / x M )  = 
grade(1, M / x M )  = grade(1, M )  - n, 

(e) $ N  is afinite R-module with Supp N = V ( I ) ,  then 

PROOF. (a) It is evident from the definition that grade([, M )  I grade(p, M )  
for p E V ( I ) ,  and it follows from 1.1.3 that grade(p, M )  < depth M,. 
Furthermore, i f  grade(1, M )  = m, then SuppM n V ( 1 )  = 0 so that 
depthM, = m for all p E V(1) .  Thus suppose I M  # 121 and choose a 
maximal M-sequence x in I .  By 1.2.1 there exists p E A s s ( M / x M )  with 
I c p. Since pR, E A s s ( M / x M ) ,  and ( M / x M ) ,  " M,,/xM,,, the ideal 
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pR, consists of zero-divisors of M,/xM,, and x (as a sequence in R,) is 
a maximal M,-sequence. 

(b) and (c) follow easily from (a). 
(d) Set R = R/(x), = l/(x), and M = M/xM. Elementary argu- 

ments show that 1M = M o 1M = M u fM = M. Furthermore 
yl,. . . , y, E 1 form an M-sequence if and only if ? I , .  . . ,?, E I form such 
a sequence. This proves the first equation. The second equation results 
from 1.2.5. 

(e) The hypothesis entails that RadAnn N = Radl .  By (b) we may 
therefore assume that 1 = AnnN. Now one repeats the proof of 1.2.5 
(and the discussion of the case 1M = M) with R/1 replaced by N. 

The name 'grade' was originally used by Rees [259] for a different, 
though related invariant: 

Definition 1.2.11. Let R be a Noetherian ring and M f 0 a finite R- 
module. Then the grade of M is given by 

grade M = min{i : E X ~ ~ ( M ,  R) + 0). 

For systematic reasons the grade of the zero-module is infinity. 

It follows directly from 1.2.10(e) that grade M = grade(Ann M, R). It 
is customary to set 

grade1 = grade R/1 = grade(1, R), 

for an ideal 1 c R, and we follow this convention. (Of course, grade1 
has two different meanings now, but we will never use it to denote the 
grade of the module 1.) 

Depth and dimension. Let (R,m) be Noetherian local and M a finite R- 
module. All the minimal elements of Supp M belong to Ass M. Therefore, 
if x E nr is an M-regular element, then x -$ p for all minimal elements of 
Supp M, and induction yields dim M/xM = dim M - n if x = x,, . . . , x, 
is an M-sequence. (Note that dim M/xM 2 dim M - n is automatic; see 
A.4.) We have proved: 

Proposition 1.2.12. Let (R,m) be a Noetherian local ring and M # 0 a 
finite R-module. Then every M-sequence is part of a system of parameters 
of M. In particular depth M 5 dim M. 

The inequality in 1.2.12 can be somewhat refined: 

Proposition 1.2.13. With the notation of 1.2.12 one has depthM 5 
dim R/p for all p E Ass M. 

PROOF. We use induction on depth M. There is nothing to prove for 
depth M = 0. If depth M > 0, then there exists an M-regular x E m. For 

p E Ass M we choose z E M such that Rz is maximal among the cyclic 
submodules of M annihilated by p. If z E xM, then z = xy with y E M, 
and py = 0 since x is M-regular; moreover, Rz is a proper submodule 
of Ry, contrary to the choice of z. Therefore p consists of zero-divisors 
of M/xM, and is contained in some q E Ass(M/xM). As x 6 p, we have 
p 6 Supp(M/xM), and thus p f q. Now depth(M/xM) = depthM - 1 
by 1.2.10, whence, by induction, 

dimR/p > dim Rlq 2 depth(M/xM) = depth M - 1. 

A global variant of 1.2.12 says that height bounds grade. 

Proposition 1.2.14. Let R be a Noetherian ring and 1 c R an ideal. Then 
grade 1 5 height 1. 

PROOF. Since grade1 = inf{depth R, : p E V(1)) by 1.2.10, and height1 = 

inf{dim R, : p E V(l)}, the assertion follows from 1.2.12. 

Depth, type, andja t  extensions. Finally we investigate how depth behaves 
under flat local extensions. As a by-product we obtain a result on the 
behaviour of the type of a module under such extensions. This is an 
invariant which refines the information given by the depth: 

Definition 1.2.15. Let (R,m, k) be a Noetherian local ring, and M a finite 
non-zero R-module of depth t. The number r(M) = dimk Extk(k, M) is 
called the type of M. 

Proposition 1.2.16. Let rp : (R, m, k) + (S, n, I) he a homomorphism of 
Noetherian local rings. Suppose M is a finite R-module, and N is a finite 
S-module which i s j a t  over R. Then 
(a) depth, M BR N =depthR M + depth, N/mN, 
(b) rs(M BR N) = rR(M). rs(N/mN). 

The proof of the proposition is by reduction to the case of depth 0. 
We collect the essential arguments in a lemma. 

Lemma 1.2.17. Under the hypotheses of 1.2.16 the following hold: 

(a) dim, Homs(1, M @ N) = dim,, Hom~(k ,  M) . dim, Horns(/, NImN), 

(b) ify is an (N/mN)-sequence in S, then y is an (M @R N)-sequence, and 
N/yN isflat over R. 

P R ~ E .  (a) Set T = S/mS. There is a natural isomorphism 

(2) Horns (1, Homs(T, M 8 N)) " Horns(/, M @ N), 

since the modules on both sides can be identified with the submodule 
U = { z  E M @ N : n z = O )  o f M @ N .  A s N i s f l a t  overR, w e h a v e a  
natural isomorphism 
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(see [274], 3.82 and 3.83). Now HomR(k,M) " k' for some s 2 0, and 
so Homn(k,M) Q N " (NImN)? In conjunction with (2), this yields the 
equation asserted. 

(h) One has a natural isomorphism (M @N)/J (M @N) " M Q(N/JN) 
for an arbitrary ideal J c S. Therefore we may use induction on the 
length n of y, and only the case n = 1, y = y needs justification. 

By Krull's intersection theorem one has nz, mi(M @ N) = 0. Suppose 
that yz = 0 for some z E M Q N. If z + 0, then there exists i such 
that z t mi(M @ N) \ mi+'(M @ N), and y would be a zero-divisor on 
mi(M @ N)/mi+'(M 8 N). However, consider the embedding miM + M. 
Since N is flat, the induced map r n ' ~  Q N --r M 8 N is also injective, and 
its image is mi(M 63 N). The same reasoning for mi+' and flatness again 
then yield an isomorphism 

mi(M Q N ) / ~ ' + ' ( M  @ N) 2 (miM/mi+'M) @ N " kt Q N " (N/mN)' 

for some t 2 0. Since y is regular on NImN, it must he regular on 
mi(M @ N)/mi+'(M 6 N). 

In order to test flatness of N/yN it suffices to consider exact sequences 

O-M1+M2+M3-0  

of finite R-modules ([274], Theorem 3.53). By hypothesis 

O + M I @ N - - + M 2 Q N - M , @ N + O  

is also exact. As has been shown previously, y is regular on M3 8 N, and 
(M, @ N)/y(M3 Q N) " M3 @ N/yN. Therefore 1.1.4 yields the exactness 
of 

0 4 MI 8 N/yN + M2 Q N/yN + M3 Q N/yN + 0. 

PROOF OF 1.2.16. Let x = XI, .  ..,x, be a maximal M-sequence, and 
y = yl,. . . , y, a maximal (N/mN)-sequence. First, q(x) =  XI), . . . , q(x,) 
is an (M Q N)-sequence; see 1.1.2. Second, by 1.2.17, y is an (M @ N)- 
sequence where M = M/xM. Since M 8 N " (M @ N)/q(x)(M 8 N), it 
follows that q(x),y is an M 8 N-sequence. 

Set N' = NIyN. Then N1/mN' " (N/mN)/y(N/mN), and 

(M Q N)/(q(x), y)(M @ N) " M 8 N'. 

An application of 1.2.4 therefore gives the isomorphisms 

HomR(k,M) " Exti(k, M), Homs(1, N1/mN') " Extt(l,N/mN), 

Horns(/, M Q N') " Ext;+"(l, M @ N). 

Part (a) of 1.2.17 implies that dim, Ext;+"(l, M Q N) has the dimension 
required for (b), and in particular is non-zero. Together with the fact that 
q(x), y is an (M 8 N)-sequence this proves depth(M 8 N) = m + n. 

The type of a module of depth 0 is the dimension of its socle: 

Definition 1.2.18. Let M he a module over a local ring (R,m, k). Then 

SocM = (0 : m ) ~  " Hom~(k ,M)  

is called the socle of M 

For ease of reference we formulate the following lemma which was 
already verified in the proof of 1.2.16. 

Lemma 1.2.19. Let (R, m, k) be a Noetherian local ring, M a finite R- 
module and x a maximal M-sequence. Then r(M) = dimk Soc(M/xM). 

Exercises 

1.2.20. Let k be a field and R = k[[Xn[Y]. Deduce that X, Y and 1 - XY are 
maximal R-sequences. (This example shows that the condition IM f M in 1.2.5 
is relevant.) 

1.2.21. Let R be a Noetherian ring, I c R an ideal, I = (x,,.. .,x,), and M a 
finite R-module with IM f M. Set g = grade(1,M). Prove 
(a) I can be generated by elements y,,.. ., y, such that y ,,,.. ., y, form an M- 
sequence for all i,, . . . , ih with 1 c i, < . . . < ih < n, h c g, 
(b) if y,,.. ., y, satisfies (a), then, in fact, every permutation of yj,,. . ., y, is an 
M-sequence. 
Hint: It is possible to choose yj  = xi + Cjii ajxj. Use the discussion above 1.1.6 
for (b). 

1.2.22. Let R be a Noetherian ring, I c R an ideal, and M a finite R-module with 
I M f  M.SetR=R/AnnM. 
(a) Prove that grade(1,M) 2 height IR. 
(b) Give an example where grade(1,M) > height I. 
(c) Show that if I = (XI ,..., x,), then grade(1,M) c n. 

1.2.23. Let R be a Noetherian local ring, and I c R an ideal. Show grade1 2 
depthR -dimR/I. (Hint: Use 1.2.13.) 

1.2.24. Let R be a Noetherian ring, M a finite R-module, and I an ideal of R. Show 
that grade(1,M) 2 2 if and only if the natural homomorphism M + Hom,(l,M) 
is an isomorphism. 

1.2.25. Let q :  (R,m) - (S,n) be a homomorphism of local rings, and N an 
R-flat S-module such that N/mN has finite length over S. Show that for every 
finite length R-module M, Is(M 63 N) = CR(M) . Is(N/mN). (The symbol ! 
denotes length). Hint: use induction on I(M). 

1.2.26. Let q :  (R,m) - (S,n) he a homomorphism of Noetherian local rings, 
and M an S-module which is finite as an R-module. 
(a) Suppose p t Asss M, and let x E M with Anns x = p. Prove that q induces an 
embedding R/(p n R) - S/p " Sx which makes S/p a finite R/(p n R)-module. 
Conclude that p n R f m, if p f n. 
(h) Show that depth, M = depth, M. 
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1.2.27. Let R be a semi-local ring, and M a finite projective R-module. Show 
that M is free if the localizations M, have the same rank for all maximal ideals 
m of R. (Use Lemma 1.2.2 for the construction of x E M such that induction can 
be applied to MIRx. Or see [35], Ch. 11, 515, no. 3, Prop. 5.) 

1.2.28. Let R be a Noetherian ring, M a finite R-module, and N an arbitrary 
R-module. Deduce that Ass Hom(M, N) = Supp M n Ass N. 

1.3 Depth and projective dimension 

Let R he a ring, and M an R-module; M has an augmented projective 
resolution 

Vn V l  vo 
P.: ...+P.-P,-l + . . . - P I  - P o - - t M + 0 .  

(By definition a projective resolution is non-augmented, i.e. M is replaced 
by 0; for the most part it is clear from the context whether one uses 
a non-augmented resolution or an augmented one, so that one need 
not mention the attribute 'augmented' explicitely.) Set Ma = M and 
Mi = Kerrpi-I for i 2 1. The modules Mi depend obviously on P.. 
However, M determines Mi up to projective equivalence ([274], Theorem 
9.4), and therefore it is justified to call Mi the i-th syzygy of M. The 
projective dimension of M, abbreviated proj dim M, is infinity if none of 
the modules Mi is projective. Otherwise projdimM is the least integer 
n for which M, is projective; replacing P. by M, one gets a projective 
resolution of M of length n: 

0+Mn+P,-1 -. . .-Po- M-0. 

For a finite module M over a Noetherian local ring (R, m, k) there is 
a very natural condition which, if satisfied by P., determines P. uniquely. 
It is a consequence of Nakayama's lemma that XI,.  ..,x, 6 M form a 
minimal system of generators of M if and only if the residue classes 
21,. . .,x, E MImM " M @ k are a k-basis of M @ k. Therefore m = 
dim,, M @ k, and 

p(M) = dimn M @ k 

is the minimal number of generators of M. Set bo = p(M). We choose a 
minimal system XI, .  . . ,xh of generators of M and specify an epimorphism 
rpo : Rho -+ M by rpo(ei) = xi where el,. . .,eb, is the canonical basis of 
R ~ Q .  Next we set b1 = p(Kerqa) and define similarly an epimorphism 
Rh' + Kerqo. Proceeding in this manner we construct a minimal free 
resolution 

V I  WU F . . . . + ~ b "  5 ~ b . - l  , . . . , Rbr , ~ b o  , M , 0, . . 
It is left as an exercise for the reader to prove that F. is determined by 
M up to an isomorphism of complexes. The number bi(M) = bi is called 
the i-th Betti number of M. 
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Proposition 1.3.1. Let (R, m, k) he a Noetherian local ring, M a finite 
R-module, and 

a free resolution of M. Then the following are equivalent: 
(a) F. is minimal; 
(b) rpi(Fi) c mFi-I for all i 2 1; 
(c) rank Fi = dimk T o r f ( ~ ,  k)'for all i 2 0, 
(d) rank Fi = dimk EX~;(M, k) for all i 2 0. 

PROOF. The equivalence of (a) and (b) follows easily from Nakayama's 
lemma. Since ~ o r p ( M ,  k) = Hi(F. @ k), (c) holds if and only if rpi @ k = 0 
for all i 2 0. The latter condition is evidently equivalent to (b). To relate 
(b) to (d) one uses that Exta(M,k) = Hi(Homn(F., k). 

Corollary 1.3.2. Let (R,n~,k) be a Noetherian local ring, and M a finite 
R-module. Then bi(M) = dimk ~or"M, k) for all i and 

proj dim M = sup{i : TO~;(M, k) f 0). 

The following theorem, the 'Auslander-Buchsbaum formula: is not 
only of theoretical inlportance, but also an effective instrument for the 
computation of the depth of a module. 

Theorem 1.3.3 (Auslander-Buchsbaum). Let (R,m) be a Noetherian local 
ring, and M f 0 afinite R-module. If projdim M < m, then 

proj dim M + depth M = depth R. 

The proof is by induction on depth R. We isolate the main arguments 
in two lemmas, the first of which, in view of a later application, is more 
general than needed presently. 

Lemma 1.3.4. Let (R, m, k) be a local ring, and rp : F + G a homomorphism 
offinite R-modules. Suppose that F is free, and let M be an R-module with 
m E Ass M. Suppose that p @ M is injective. Then 
(a) q @ k is injective; 
(b) ij' G is a free R-module, then cp is injective, and rp(F) is a free direct 
summand of G. 

PROOF. Since m E Ass M, there exists an embedding I : k + M. As F is 
a free R-module, the map F @ I is also injective. Furthermore we have a 
commutative diagram 
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If q 8 M is injective, then q 8 k is injective too. This proves (a). 
For (b) one notes that its conclusion is equivalent to the injectivity of 

q 8 k. This is an easy consequence of Nakayama's lemma. 

Lemma 1.3.5. Let (R,m) be a Noetherian local ring, and M a jinite R- 
module. If x E m is R-regular and M-regular, then 

proj dim, M = proj dim,/(,, M/xM 

PROOF. Choose an augmented minimal free resolution F. of M. Then 
F. c3 R/(x) is exact by 1.1.5, and therefore it is a minimal free resolution 
of MIxM over R/(x). Now apply 1.3.2. 

PROOF OF 1.3.3. Let depth R = 0 first. By hypothesis M has a (minimal) 
free resolution 

with n = projdim M. Since depth R = 0, the maximal ideal m is in 
Ass R. If n 2 1, i.e. if q, is really present, then, as shown in 1.3.4, 
q, maps F, isomorphically onto a free direct summand of F.-I, in 
contradiction to projdim M = n. Therefore n = 0, and furthermore 
depth M = depth R = 0 since M is a free R-module. 

Let now depthR > 0. Suppose first that depthM = 0. Then 1.2.9 
yields depth MI = 1 for a first syzygy M1 of M. Since proj dim MI = 
proj dim M - 1, it is enough to prove the desired formula for MI.  Thus 
we may assume depthM > 0. Then m 4 Ass R and m 4 Ass M. So 
m contains an element x which is both R-regular and M-regular. The 
formulas for the passage from M to M/xM in 1.2.10 and 1.3.5 yield 

depth,,(,, R/(x) = depth R - 1, depthRli,, M/xM = depth, M - 1, 

proj M/xM = proj dim M. 

Therefore induction completes the proof. 

Exercises 

1.3.6. Let R be a Noetherian local ring, M a finite R-module, and x an M-sequence 
of length n. Show proj dim(M/xM) = proj dim M + n. 

1.3.7. Let R be a Noetherian local ring, and N an n-th syzygy of a finite R-module 
in a finite free resolution. Prove that depthN > min(n,depthR). 

1.4 Some linear algebra 

In this section we collect several notions and results which may be 
classified as 'linear algebra': torsion-free and reflexive modules, the rank 
of a module, the acyclicity criterion of Buchsbaum and Eisenbud, and 
perfect modules. 

Torsion-free and reflexive modules. Let R be a ring, and M an R-module. 
If the natural map M + M 8 Q, where Q is the total ring of fractions of 
R, is injective, then M is torsion-free; it is a torsion module if M 8 Q = 0. 
The dual of M is the module Hom,(M,R), which we usually denote 
by M'; the bidual then is M", and analogous conventions apply to 
homomorphisms. The bilinear map M x M' + R, (x, q) w q(x), induces 
a natural homomorphism h :  M + M". We say that M is torsionless 
if h is injective, and that M is reflexive if h is bijective. Some relations 
between the notions just introduced are given in the exercises. Here we 
note a useful criterion: 

Proposition 1.4.1. Let R be a Noetherian ring, and M afinite R-module. 
Then: 
(a) M is torsionless if and only if 

(i) M, is torsionless for all p E AssR, and 
(ii) depth M, 2 1 for p E Spec R with depth R, 2 1;  

(b) M is reflexive if and only if 
(i) M, is reflexivefor all p with depthR, 5 1, and 
(ii) depth M, 2 2 for p E SpecR with depth R, 2 2. 

PROOF. Consider the natural map h :  M + M" and set U = Kerh, 
C = Coker h. Note that the construction of h commutes with localization 
in the situation considered. Therefore the necessity of conditions (i) in 
(a) and (b) is obvious. Next Exercise 1.4.18 implies 

depth M r  2 min(2, depth R,) 

for all p E Spec R. That (b)(ii) is necessary for reflexivity follows directly 
from this inequality. If M is torsionless, then M, is isomorphic to 
a submodule of Mi', and we get depth M, 2 min(1,depth R,) for all 
p E Spec R. So (a)(ii) is necessary for M to be torsionless. 

As to the sufficiency of (a)(i) and (ii), note that Up = 0 for all 
p E Ass R by (i), and, by (ii), depth U, 2 1 if depth Rp 2 1. It follows 
that Ass U = 0, hence U = 0. 

For the sufficiency of (b)(i) and (ii) we may now use that (a) gives us 
an exact sequence 0 + M + M" + C + 0. If depth R, 5 1, then C, = 0 
by (i). If depth R, 2 2, then depth M, 2 2 by (ii), and depth Mi' 2 2 
by the inequality above. Therefore depth C, 2 1, and it follows that 
Ass C = 0. 

Rank. The dimension of a finite dimensional vector space over a field 
is given either by the minimal number of generators or by the max- 
imal number of linearly independent elements. The second aspect of 
'dimension' is generalized in the notion of 'rank': 
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Definition 1.4.2. Let R be a ring, M an R-module, and Q be the total 
ring of fractions of R. Then M has rank r if M 8 Q is a free Q-module 
of rank r. If q : M + N is a homomorphism of R-modules, then q has 
rank r if Im q has rank r. 

Proposition 1.4.3. Let R be a Noetherian ring, and M an R-module with 

a Jinite free presentation FI - Fo - M - 0. Then the following are 
equivalent: 
(a) M has rank r; 
(b) M has afree submodule N ofrank r such that M I N  is a torsion module; 
(c) for all prime ideals p E Ass R the R,-module M, is free of rank r ;  
(d) rank q = rank Fo - r. 

F'ROOF. (a) * (b): A free basis XI,. . . , x, of M 8 Q can be formed from 
elements xi E M (multiply by a suitable common denominator). Now 
take N = C Rxi. 

(b) II- (a): This is trivial. 
(a) (c): M, is a localization of M 8 Q. 
(c) * (a): Q is a semi-local ring. Its localizations with respect to its 

maximal ideals are just the localizations of R with respect to the maximal 
elements of Ass R. By hypothesis M is therefore a projective module over 
Q, and moreover the localizations with respect to the maximal ideals of 
Q have the same rank r. Such a module is free; see Exercise 1.2.27. 

(c) o (d) : In view of the equivalence of (a) and (c) we can replace 
(d) by the condition that (Imq), is free and rank(Imq), = rankFo - r 
for all p E Ass R. Now consider the exact sequence 

0 - (Im q), - (Fo), - M, - 0. 

If M, is free, then (Im q), must be free. Since p E Ass R, the converse is 
also true; see 1.3.4. 

Rank is additive along exact sequences. 

Proposition 1.4.4. Let R be a Noetherian ring, and 0 + U + M + N + 0 
an exact sequence offinite R-modules. If two of U, M, N have a rank, then 
so does the third, and rank M = rank U +rank N. 

F'ROOF. In view of 1.4.3 we may assume that R is local and of depth 0. 
Then two of U, M, N are free. If U and N are free, then so is M. Thus 
M is always free (after the reduction to depth O), and the result follows 
from the equivalence of 1.4.3(a) and (d). 

Corollary 1.4.5. Let R be a Noetherian ring, and M an R-module with 
a finite free resolution F. : 0 + F, + F,-I + . . . + F1 + Fo. Then 
rank M = C~=,(-l)J rank F,. 

PROOF. Observe 1.4.4 and use induction on s. 

Corollary 1.4.6. Let R be a Noetherian ring, and I # 0 an ideal with a 
Jinite free resolution. Then I contains an R-regular element. 

PRWF. By 1.4.5 1 has a rank, and that rank I +rank RI I  = rank R = 1 
follows immediately from 1.4.4. Since I is torsion-free and non-zero, 
the only possibility is rank I = 1, whence rankR/l = 0. Thus RI1 is 
annihilated by an R-regular element. 

Ideals of minors and Fitting invariants. Let U be an m x n matrix over R 
where m,n 2 0. For t = 1,. . . , min(m, n) we then denote by I,(U) the ideal 
generated by the t-minors of U (the determinants o f t  x t submatrices). 
For systematic reasons one sets I,(U) = R for t 5 0 and I,(U) = 0 for 
t > min(m, n). If q : F + G is a homomorphism of finite free R-modules, 
then q is given by a matrix U with respect to bases of F and G. It 
is an elementary exercise to verify that the ideals I,(U) only depend on 
q. Therefore we may put I,(q) = I,(U). It is just as easy to show that 
I,(q) is already determined by the submodule Im q of G. As proved by 
Fitting in 1936, these ideals are even invariants of Coker q (when counted 
properly), and therefore called the Fitting invariants of Coker q :  let 

01 V' 
F1-Fa-M-0 and GI-Go-M-0 

be finite free presentations of the R-module M, and n = rank Fo, p = 
rank Go; then 1.-.(q) = I,,-,(v) for all u 2 0. (The proof is left as an 
exercise for the reader.) This justifies the term u-th Fitting invariant of M 
for In-u(v). 

It is an important property of the ideals I,(q) that their formation 
commutes with ring extensions: if S is an R-algebra, then I,(q @IS) = 

l,(q)S. (Simply consider q as given by a matrix.) 
The ideals I,(q) determine the minimal number p(M,) of generators 

of a localization in the same way that they control the vector space 
dimension of M if R is a field. 

Lemma 1.4.7. Let R be a ring, M an R-module with a$nite free presenta- 
01 

tion F1 - FO - M - 0, and p a prime ideal. Then the following are 
equivalent: 
(a) I t ( d  $ P; 
(b) (Imq), contains a (free) direct summand of (Fo), of rank t; 
(c) p(M,) 5 rank Fo - t. 

PRMIF. It is no restriction to assume that R = R,. Nakayama's lemma 
entails that p(M) = p(M/pM). Similarly it implies that I m q  contains a 
(free) direct summand of Fo of rank t if and only if there are elements 
XI,.  . . , x, t Im q which are linearly independent modulo pFo. (Note that 
every direct summand of a finite free module over a local ring is free itself 
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- again an application of Nakayama's lemma.) After these observations 
we may replace R by the field R/p. For vector spaces over fields the 
equivalence of (a), (b) and (c) is an elementary fact. 

Lemma 1.4.8. With the notation of  1.4.7. the following are equivalent: 
(a) It(rp) $ p and It+l(rp), = 0 ;  
(b) (Im rp), is a free direct summand of (Fo), of rank t ;  
(c) M,, is free and rank M,, = rank Fo - t. 

PROOF. We may assume that R = R,,. Then each of (b) and (c) is equivalent 
to the split exactness of the sequence 0 + Im q + Fa -. M + 0. 

If (a) holds, then, with respect to suitable bases of Fl and Fo, the 
matrix of rp has the form 

(i: :) 
where id, is the t x t identity matrix. This implies (b). The converse is 
seen similarly. 

Let M be a finite module over a Noetherian ring R. Then M is a 
projective module (of rankr) if and only if M ,  is a free R,-module (of 
rankr) for all p t SpecR. Combining this fact with 1.4.8 we obtain the 
global version of 1.4.8: 

Proposition 1.4.9. Let R be a Noetherian ring, and M a finite R-module 
v 

with afini te free presentation FI  + Fo - M + 0. Then the following 
are equivalent: 
(a) I,(rp) = R and I,+~(rp) = 0 ;  
(b) M is projective and rank M = rank Fo - r. 

The rank of a homomorphism rp : F + G is determined by the ideal 
I,(rp), just as in elementary linear algebra: 

Proposition 1.4.10. Let R be a Noetherian ring, and let rp : F + G be a 
homomorphism of finite free R-modules. Then rank q = r if and only if 
gradeI,(rp) 2 l and I,+I (q) = 0. 

The easy proof is left as an exercise for the reader. 

The Buchsbaum-Eisenbud acyclicity criterion. Let R he a ring. A complex 

of R-modules is called acyclic if Hi(&) = 0 for all i > 0,  and split acyclic 
if it is acyclic and tpi+l (Gi+l) is a direct summand of Gi for i 2 0. 

Let R be a Noetherian ring, and 
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a complex of finite free R-modules. We want to develop a criterion for 
F. to be acyclic. This criterion will involve ideals generated by certain 
minors of the homomorphisms qi. A first relation between the ideals 
I,(rp) and the acyclicity of complexes is given in the next proposition. 

Proposition 1.4.11. Let R be a ring, M an R-module, 

V# Y71 
F.:O-F, -Fs- l+ . . .+F1+Fo-O 

be a complex off ini tefree R-modules, and p E Ass M be a prime ideal. Set 
ri = C;=i(-l)J-i rank F j  for i = I,. . . , s. Then the following are equivalent: 
(a) F. @ M, is acyclic; 
(b) F. c3 R, is split acyclic; 
(c) Ir,(rpi) $ p for i = 1,. . . , s. 
Furthermore, It(rpi),, = 0 for all i = I, ..., s and t > ri, if one of  these 
conditions holds. 

PROOF. We may suppose that R = R,,. 
(a) * (b): Let F: be the truncation 0 + F, + . . .  + F, + 0. Then 

F: c3 M is acyclic; arguing inductively, we may therefore suppose that 
F: is split acyclic. Then F; = Cokerq2 is free, and the induced map 
F; c3 M + Fa 18 M is injective by hypothesis. By virtue of 1.3.4, F; is 
mapped isomorphically onto a free direct summand of Fo. 

(b) - (a): This is evident. 
(b) * (c): If F. is split acyclic, then F. @ R/p is a (split) acyclic 

complex of vector spaces over R / p ;  so we can refer to elementary linear 
algebra. 

(c) (b): We again use induction, and may assume that Cokerrp2 
is a free R-module of rank rl .  According to 1.4.7, Im rp, contains a free 
direct summand U of Fo of rank rl. So we get an induced epimorphism 
Cokerrpz + U of free R-modules, both of which have rank r l .  Such a 
map must be an isomorphism. One easily concludes that Imrp, = U .  
Hence F. is split acyclic. 

That I,(qi) = 0 for t > ri ,  follows most easily from (h) in conjunction 
with 1.4.8. 

We have completed our preparations for the following important and 
extremely useful acyclicity criterion. 

Theorem 1.4.12 (Buchsbaum-Eisenbud). Let R be a Noetherian ring, and 

Cnv 01 
F . : O - F s - F , ~ l + . . . - - - * F 1 - F o + O  

a complex offinite free R-modules. Set ri = C;=i(-l)J-i rankF,. Then the 
following are equivalent: 
(a) F. is acyclic; 
(h) gradeI,(rpi) 2 i for i = I, .  . . , s. 
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Before we prove the theorem the reader should note that ri = 
rankqi 2 0 when F. is acyclic; this is just a restatement of 1.4.5. Con- 
versely, it is not necessary to require that r; > 0 for the implication 
(b) =. (a); if ri < 0, then ri+l > rank Fi, and I,,, (qi+l) = 0 in contradic- 
tion with (h). In the situation of 1.4.12 we call ri the expected rank of 
'Pi. 

PRoor. (a) =. (b): By what has just been said and 1.4.10, we see that 
gradel,,(qi) 2 1 for i = I,. . . , s. In particular there is an R-regular 
element x contained in the product of the ideals I,,(qi). If x is a unit, then 
I,!(vi) = R for all i, and we are done. Otherwise we use induction. Let - 
denote residue classes modulo x. It follows immediately from 1.1.5 that 
the induced complex 0 -t Fs -* FS-1 -t .. .  -* F2 El + 0 is acyclic. 
Furthermore I,, (q;)- = I,,(@i), and grade I,, (Qi) 2 i - 1 by induction. 
Then gradel,(qi) > i for i = 2,. . . , s. 

(h) - (a): Using induction again we may assume that F:: 0 -t 
F, - F,-I - . . .  -t Fz + FI -* 0 is acyclic. We set Mi = Coker q i + ~  
for i = 1,. . . ,s, and show by descending induction that depth(Mi), 
minji, depth R,} for all p E Spec R and i = I , .  . . , s. 

As M, = F,, this is trivial for i = s. Let i i s and consider the exact 
sequence 

0 4 Mi+! - Fj - Mi - 0. 
If depth R, 2 i +  1, then depth(Mi+l), 2 i f  1, and we get depth(Mi), 2 i 
from 1.2.9. If depth% I i, then Z,+,(vi+~) # p by hypothesis; on the 
other hand rank M ~ + I  = rank q i + ~  = ri+l, and therefore I,(qi+l) = 0 for 
t > r;+l. So 1.4.8 yields that (Mi), is free, hence depth(Mi), = depth R,. 

We still have to show that the induced map 9; : MI -t Fo is injective. 
Let N = Kerq:. In order to get N = 0, we derive that Ass N = 0. 
If depth% 2 1, then depth(M~), > 1 as seen above; therefore p @ 
Ass MI 3 Ass N. If depth R,, = 0, then Ir,(qi) # p for i = 1,. . . ,s, and 
F. @ R, is even split acyclic by 1.4.11. It follows that N, = 0 since 
Np Hi(F. @ R,). 

Often one only needs the following consequence of 1.4.12. 

Corollary 1.4.13. Let R be a Noetherian ring, and F. be a complex as in 
1.4.12. If F. @ R, is acyclic for all prime ideals p with depth R,, < s, then 
F. is acyclic. 

PROOF. Let p be a prime ideal with depthR, i i I s. The implication 
(a) =. (b) of the theorem applied to F. @ R, yields gradel, ,(~i),  > i, 
which is only possible if I,,(qi) # p. This shows gradeI,((qi) 2 i, and the 
acyclicity of F. follows from the implication (b) (a) of the theorem. 
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Theorem 1.4.12 is the most important case of the acyclicity criterion 
of Buchsbaum and Eisenbud. Its general form will be discussed in 
Chapter 9. 

Perfect modules. Let R be a Noetherian ring, and M a finite R-module. 
Since one can compute E X ~ ~ ( M ,  R) from a projective resolution of M, 
one obviously has grade M I proj dim M. Modules for which equality is 
attained have especially good properties. 

Definition 1.4.14. Let R be a Noetherian ring. A non-zero finite R-module 
M is perfect if proj dim M = grade M. An ideal I is called perfect if R / I  
is a perfect module. 

Perfect modules are 'grade unmixed': 

Proposition 1.4.15. Let R be a Noetherian ring, and M a perfect R-module. 
For a prime ideal p e Supp M the following are equivalent: 
(a) p EAssM;  
(h) depth R, = grade M. 
Furthermore gradep = grade M for all prime ideals p E Ass M. 

PROOF. For all finite R-modules M and p t Supp M one has the inequal- 
ities 

grade M 5 grade M, I proj dim M, I proj dim M, 

and moreover proj dim M, + depth M,  = depth R, by the Auslander- 
Buchsbaum formula 1.3.3. If M is perfect, then the inequalities become 
equations, and depth M,, = 0 if and only if depth R, = grade M. This 
shows the equivalence of (a) and (b). 

If p E Ass M, then p 3 Ann M, and so grade p > grade M. For perfect 
M the converse results from (b) and the inequality gradep 5 depth R,. 

It follows easily from 1.3.6 that an ideal generated by a regular 
sequence in a Noetherian ring R is perfect. Some more examples are 
described in the following celebrated theorem: 

Theorem 1.4.16 (Hilbert-Burch). Let R be a Noetherian ring, and 1 an 
ideal with a free resolution 

Then there exists an R-regular element a such that I = al,(q). If I is 
projective, then I = (a), and if proj dim1 = 1, then I,(rp) is perfect of 
grade 2. 

Converselv. if m :  Rn + R"+' is an R-linear map with gradeI,(p) > 2, - ~ 2. " , 
then I = I.(q) has the free resolution F. 
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Let M be a graded R-module and N a submodule of M. N is called 
a graded submodule if it is a graded module such that the inclusion map 
is a morphism in A o ( R ) .  This is equivalent to the condition Ni = N n Mi 
for all i E Z In other words, N is a graded submodule of M if and only 
if N is generated by the homogeneous elements of M which belong to N. 
In particular, if x E N, then all homogeneous components of x belong to 
N. Furthermore, M/N is graded in a natural way. If q is a morphism in 
Aa(R), then Ker q~ and Im q~ are graded. 

A (not necessarily commutative) R-algebra A is graded if, in addition 
to the definition, AiAj c 

The graded submodules of R are called graded ideals. Let I be an 
arbitrary ideal of R. Then the graded ideal I' is defined to be the ideal 
generated by all homogeneous elements a E I .  It is clear that I' is the 
largest graded ideal contained in I ,  and that R/I* inherits a natural 
structure as a graded ring. 

Examples 1.5.3. (a) Let S be a ring, and R = SIXI,. . . , X,] a polynomial 
ring over S. Then for every choice of integers dl , .  . . , d ,  there exists a 
unique grading on R such that degXi = di and dega = 0 for all a E S :  
the m-th graded component is the S-module generated by all monomials 
X;' . . . X? such that 1 e;di = m. If one chooses di = 1 for all i, then one 
obtains the grading of the polynomial ring corresponding to the total 
degree of a monomial. Unless indicated otherwise we will always consider 
R to be graded in this way. 

(b) Every ring R has the trivial grading given by & = R and Ri = 0 
for i f  0. A typical example of a graded module over R is a complex 

3 3 J c.: . . . -  C,-C" - ,+. . .  

of R-modules. Such a complex may be equivalently described as a graded 
module C.  = @LO=__ C; together with an R-endomorphism a such that 
a2 = 0 and a(Ci) c Ci-1 for all i .  (In the terminology to be introduced 
below, a is a homogeneous endomorphism of degree -1.) 

The most important graded rings arise in algebraic geometry as 
the coordinate rings of projective varieties. They have the form R = 
k[X,,. . ., X. ] / I  where k is a field and I is an ideal generated by homo- 
geneous polynomials (in the usual sense). Then R is generated as a 
k-algebra by elements of degree 1, namely the residue classes of the 
indeterminates. Graded rings R which as &-algebras are generated by 
1-forms will be called homogeneous &-algebras. More generally, if R is a 
graded &-algebra generated by elements of positive degree, then we say 
that R is a positively graded Ro-algebra. 

We want to clarify which graded rings are Noetherian. Let us first 
consider positively graded rings. 
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Proposition 1.5.4. Let R he a positively graded &-algebra, and XI,. . . , x. 
homogeneous elements of positive degree. m Then the following are equivalent: 
(a) xl ,..., x, generate the ideal m = Ri; 
(b) XI,. . . ,x, generate R as an &-algebra. 
In particular R is Noetherian $and only if Ro is Noetherian and R is a 
finitely generated &-algebra. 

PROOF. For the implication (a) 3 (b) it is enough to write every homoge- 
neous element y E R as a polynomial in XI,. . . ,x, with coefficients in &, 
and this is very easy by induction on deg y. The rest is evident. a 

The last assertion of 1.5.4 holds for graded rings in general. 

Theorem 1.5.5. Let R be a graded ring. Then the,following are equivalent: 
(a) every graded ideal of R is finitely generated; 
(b) R is a Noetherian ring; 
(c) Ro is Noetherian, and R is afinitely generated &-algebra; 
(d) & is Noetherian, and both Sl = @zo Ri and S2 = @z0 R i  arefinitely 
generated Ro-algebras. 

PRMIF. The implications (d) (c) + (b) =. (a) are obvious. For (a) =. (d) 
we first note that Ro is a direct summand of R as an &-module. It follows 
that I R  n & = I for every ideal I of &, and thus (a) implies that & 
is Noetherian. (Extend an ascending chain of ideals of & to R, and 
contract the extension back to &.) A similar argument shows that Ri is 
a finite &-module for every i E Z. 

Let m = @zI Ri. We claim that m is a finitely generated ideal of 
SI. By hypothesis mR has a finite system of generators XI,. . .,x,, which 
may certainly be chosen to be homogeneous of positive degrees di. Let 
d be the maximum of d l , .  . . ,d,. Then a homogeneous element y E m 
with deg y 2 d can be written as a linear combination of xl,. . . , x, 
with coefficients from S,. Thus XI,. . . , x, together with a finite set of 
homogeneous elements spanning R,, . . .,%-I over & generate m as an 
ideal of S,. According to 1.5.4, SI is a finitely generated &-algebra, and 
the claim for S2 follows by symmetry. 

Very often we shall derive properties of a graded ring or module from 
its localizations with respect to graded prime ideals. The following lemma 
is basic for such arguments. 

Lemma 1.5.6. Let R be a graded ring. 
(a) For every prime ideal p the ideal p' is a prime ideal. 
(b) Let M he a graded R-module. 

(i) If p E Supp M,  then p' E Supp M. 
(ii) If p t AssM, then p is graded; furthermore q is the annihilator of 
a homogeneous element. 
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PROOF. (a) Let a, b t R such that ab t p*. W e  write a = C i a ! ,  ai E Ri, 
and b = C j b j ,  b, E R,. Assume that a $ p* and b $ p'. Then there 
exist integers p,q such that a, 6# p', but ai E p* for i <, p, and b, @ p', 
but b, E p' for j < q. The (p  + q)-th homogeneous component o f  ab is 

sib,. Thus Ci+,=,+, aibj t p', since p' is graded. All summands 
o f  this sum, except possibly a,b,, belong to  p*, and so it follows that 
a,bq t p' as well. Since p' c p, and since p is a prime ideal we conclude 
that a, E p or b, E p. But a, and b, are homogeneous, and so a, E p' or 
b, E p', a contradiction. 

(b )  For (i)  assume p' $ S u p p M ;  then M,. = 0. Let x E M be a 
homogeneous element. Then there exists an element a E R \ p' such that 
ax  = 0. It follows that a;x = 0 for all homogeneous components a; o f  a. 
Since a E R \ p', there exists an integer i such that a; @ p'. Since a; is 
homogeneous, we even have ai @ p. Hence x / l  = 0 in M,. This holds 
true for all homogeneous elements o f  M .  Thus we conclude that M,  = 0, 
a contradiction. 

For (ii) we choose an element x E M with p = A n n x .  Let x = 
x,  + . . . + x ,  be its decomposition as a sum o f  homogeneous elements xi 
o f  degree i. Similarly we decompose an element a = a, + . . . + a, o f  p. 
Since ax = 0, we have equations xi+,=, aixj = 0 for r = m + p,. . . , n + q. 
It rollows that a,x, = 0, and, by induction, aax,+i-l = 0 for all i 2 1. 
Thus a;-,+' annihilates x. As p is a prime ideal, we have a, t p. Iterating 
this procedure we see that each homogeneous component o f  a belongs 
to  p. 

In order to  prove the second assertion in (ii) one can now use the fact 
that p is generated by homogeneous elements. It follows easily that p 
annihilates all the homogeneous components o f  x. Set ai = A n n x i ;  then, 
as just seen, p c a;. O n  the other hand fly=, ai c p. Since p is a prime 
ideal, there exists j with a, c p ,  and therefore aj = p. 

Let p be a prime ideal o f  R ,  and let S be the set o f  homogeneous 
elements o f  R not belonging to p. The set S is multiplicatively closed, 
and we put M(,,) = Ms for any graded R-module M .  For x / u  E M(,,, 
x homogeneous, we set degx /a  = degx  - dega. W e  further define a 
grading on M(,) by  setting 

(M(,))i = { x / u  E Mbj  : x homogeneous, deg x / a  = i}. 

It is easy to  see that R!,,) is a graded ring and that M(,) is a graded R(,)- 
module; M(,) is called the homogeneous localization o f  M. The extension 
ideal p*R(,) is a graded prime ideal in R$), and the factor ring Rb)/p*R(,) 
has the property that every non-zero homogeneous element is invertible. 

Lemma 1.5.7. Let R be a graded ring. Thefollowing conditions are equiv- 
alent: 

(a) every non-zero homogeneous element is invertible; 
(b )  & = k is afield, and either R = k or R = k[t ,  t-'1 for some homoge- 
neous element t E R of positive degree which is transcendental over k. 

PROOF. (a) = ( b ) :  & = k is a field. I f  R = &, then R is a field. Otherwise 
R # &, and there exist non-zero homogeneous elements o f  positive 
degree. Let t be an element o f  least positive degree, say deg t = d. As t 
is invertible there exists a homomorphism q : k [ T ,  T-'1 + R o f  graded 
rings where q maps k identically to  Ro and where q ( T )  = t. (The grading 
on k [ T ,  T-'1 is o f  course defined by setting deg T = d.) 

W e  claim that q is an isomorphism. Let f E Kerq ,  f = Ci,,aiTi, 
a, t k ;  then 0 = qCf) = x i E z a i t i ,  and so aiti = 0 for all i. As t is 
invertible, we get ai = (a$) . t-' = 0 for all i, which implies that f = 0. 
Hence q is injective. In order to  show that q is surjective, we pick a 
non-zero homogeneous element a E R o f  degree i. I f  i = 0, then a E Im ip. 
Thus we may assume that i # 0. Write i = jd + r with 0 < r < d .  The 
element at-' has degree r. As d was the least positive degree, we conclude 
that r = 0. Thus a = btj for some b t &, and hence a = q ( b T j )  E Im q .  

(b )  (a) is trivial. 

The following theorem contains the dimension theory o f  graded rings 
and modules: 

Theorem 1.5.8. Let R be a Noetherian graded ring, M a finite graded 
R-module and p E Supp M .  
(a) I f  p is graded, then there exists a chain pa c . . . c p, = p ,  d = dim M,, 
of graded prime ideals pi t Supp M .  
(b )  I f  p is not graded, then dim M ,  = dim M,. + 1 .  

PROOF. A very special case o f  (b )  is the following: i f  p is not graded, 
then height p/p' = 1. In order to  prove this equation we may replace 
R by Rip' and assume that p' = 0. Then p does not contain a non- 
zero homogeneous element. Therefore it is harmless to  invert all these 
elements. This yields the homogeneous localization R(o). Since pRlal 
is a non-zero prime ideal, R!ol has the form k[t ,  t-'1 by 1.5.7, whence 
height p = height pR(0) = 1 .  

Now let p t Supp M be an arbitrary prime ideal, and d = dim M,. 
Both claims will be proved once we show that there exists a chain 
po c . . .  c p, = p o f  prime ideals in SuppM such that pa ,..., p,-, 
are graded. Note that in the case o f  ( b )  it follows that p,-, c p', and 
therefore pd-, = p* since there is no prime ideal properly between p and 
Pd-1. 

Let pa c . . . c pd = p be a chain o f  prime ideals in Supp M.  Then p,  
is minimal in Supp M ,  and therefore graded by 1.5.6. In the case d = 1 
we are already done. Arguing inductively we may therefore suppose that 
pa,. . . ,P,-~ are graded. 
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If p is not graded, we replace pdrl by p', which is properly contained 
in p, and properly contains pdr2 because height p/p' = 1, as was proved 
above. 

If p is graded, then it contains a homogeneous element a $ pd-2, 
and we replace p,_, by a minimal prime q of pdr2 + (a) contained in p. 
Since height p/q = 1, it is impossible for q to equal p; furthermore q is a 
minimal element of SuppR/(pdr2 +(a)), and thus graded by 1.5.6. 

Our next goal is an equation similar to 1.5.8 for the depth of a 
graded module. We shall need the result that the ordinary Ext-groups 
Extk(M,N) of graded R-modules admit a natural grading, provided R is 
Noetherian and M is finite. 

If M is a graded R-module and i is an integer, then M(i) denotes the 
graded R-module with grading given by M(i), = Mi+,,. 

The category Ao(R) has enough projectives. In fact, each module 
M e .ko(R) is a homomorphic image (in Ao(R)) of a module of the form 
@R(i). So every graded module has a graded free resolution. When we 
speak of a natural grading of modules appearing as the values of derived 
functors, then it is of course important that the standard argument of 
homological algebra ([274], Theorem 6.1 I ) ,  which guarantees that derived 
functors are well defined, can he made 'graded'. That .ko(R) has enough 
injectives will be shown in 3.6.2. 

It is not hard to see that the tensor product M 8 N of graded R- 
modules is a graded R-module; its homogeneous component (M @ N), 
is generated (as a 22-module) by the products x 8 y with x E M, y E N 
homogeneous such that degx + deg y = n; see 1.5.19. Together with the 
fact that each graded module has a graded free resolution this implies 
that the modules T o r f i ~ , N )  admit a natural grading. 

Let M, N be graded R-modules. In general, the set of morphisms 
$o : M -t N in Mo(R) is not a submodule of HomR(M, N). Thus for 
the construction of a reasonable graded Ext functor one must consider 
a larger class of maps. An R-module homomorphism 9:  M + N is 
called homogeneous of degree i if q(M.) c N,,+j for all i. (A homogeneous 
homomorphism whose degree is not explicitly specified has degree 0.) 
Note that 9 may be considered as a morphism y, : M(-i) + N in Ao(R). 
Denote by Homi(M, N) the group of homogeneous homomorphisms of 
degree i. The Z-submodules Homi(M,N) of HomR(M, N) form a direct 
sum, and it is obvious that 'HomR(M. N) = @,, Homj(M, N) is a graded 
R-submodule of HomR(M,N). In general 'HomR(M, N) # HomR(M,N), 
but equality holds if M is finite: see Exercise 1.5.19. 

For any N E ko(R) we define 'Extk(M, N) as the i-th right derived 
functor of 'Hom~(- ,  N )  in A'o(R). Thus, if P. is a projective resolution 
of M in Mo(R), then 

' E x t k ( ~ ,  N) " H'( 'Ho~~~(P. ,N))  
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for all i 2 0. It is immediate from this definition and the above remarks 
that 'EX~;(M,N) = EX~;(M,N) for Noetherian R and finite M. Nev- 
ertheless we shall use the notation 'Ext ; (~ ,  N) to emphasize that these 
modules are graded. 

Theorem 1.5.9. Let R be a Noetherian graded ring. M a finite graded 
R-module, and p E Supp M a non-graded prime ideal. Then 

depth M, = depfh M,,. + 1 and r(M,) = r(M,.). 

Pnoo~.  In order to compute the depths and types of Mp and M,. we may 
consider both tnodules as modules over the homogeneous localization Rip) 
of R with respect to p. Thus we may assume that Rlp' Z k[t, trl] where 
k is a field and t is an element of positive degree which is transcendental 
over k. It follows that p = aR + p' for some a E R \ p'. Hence we have 
an exact sequence 

0 - RIP' A RIP* --t Rlp  - 0, 

which yields the long exact sequence 

...- 'Ext;(~/p', M) 5 '~xt,(R/p', M) - ~ x t f ' ( R / p ,  M )  - . . . 
The 'EX~;(R/~',  M) are graded RIP'(= k[t, t-'1)-modules. Since every 
graded k[t, trl]-module is free (Exercise 1.5.20) and a $ p', the map 

'Ext~(Rlp ' -  M) 5 'Ex tR(~lp ' ,  M) 

is injective. Therefore 

E x t ~ ' ( ~ / p ,  M) 2 'ExtL(R/p', M)/a.  * ~ x t ~ ( R / p ' ,  M). 

The equation p = aR t p' implies that Ext$'(R/p,M) is a free (RIP)- 
module of the same rank as the free (RIP')-module 'EX~:(R/~',M). 
Hence 

'+I k dimki,) ExtRP ( (p), M,) = rank,,, ~ x t $ ' ( ~ l p , M ) )  

= rankRi,. 'Ext,(~/p' ,  M) = dimki,.) 'Extap. (k(p*), M,.). 

This equation in particular entails the assertion of the theorem. 

What makes the proof of 1.5.9 more difficult than one might expect 
at first sight is illustrated by the following example. Let k be a field 
and S = k[X, Y] he graded such that deg X = 0 and deg Y = 1. The 
residue class ring R = S/(XY) is graded, and (x, y) is a graded maximal 
ideal of grade 1. Nevertheless every homogeneous element of (x, y) is a 
zero-divisor, in fact contained in a minimal prime ideal. However, as we 
shall see in 1.5.11, under suitable hypotheses there exist homogeneous 
regular sequences. First we prove a graded version of prime avoidance: 
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Lemma 1.5.10. Let R be a graded ring and I an ideal generated by elements 
of positive degree. Let p,,. . . , p, be prime ideals such that I r# pi for i = 

1,. . . , n. Then there exists a homogeneous element x t I, x f$ pl U . . . U p,. 

PROOF. Let S = @;O=o R,. Since I is generated by elements of positive 
degree, one has I n S pi n S for i = I, .  . . , n. Therefore we may assume 
that R is positively graded. Furthermore it is harmless to replace pi by 
pf for all i. 

Using induction on n, we may suppose that p, is a minimal element of 
{p,, . . . ,pn} and that there is a homogeneous x' E I with x' @ plU. ..Up ,-,. 
If x' $ p,, then we are done. Otherwise there exists a homogeneous 
r t (ny=;' p,) \ p,,. We choose a homogeneous y t I \ p,. Then degx' > 0 
and deg ry > 0 so that (x')" + (ry)Vs homogeneous for suitable exponents 
u,v. Furthermore, (x')' + (ry)" $ p, U . . . u p,. 

Proposition 1.5.11. Let R be a Noetherian graded ring, and let I be 
an ideul in R generated by homogeneous elements of positive degree. Set 
h = height 1 and g = grade(1, M) where M is a ,finite R-module. Then 
there exist sequences x = xl, ..., xh and y = yl, ..., y, of homogeneous 
elements of I such that height(xl ,..., xi) = i for i = 1 ,..., h and y is an 
M-sequence. 

PROOF. It is enough to find xl  and yl because we may use induction on 
n after having replaced all objects by their reductions modulo xl or y,.  
But the choice of xt or yl only requires the avoidance of finitely many 
prime ideals none of which contains I. 

Often one needs a stronger version of 1.5.11. 

Proposition 1.5.12. Irr additiorr to the hypotheses of 1.5.1 I assunze that 14, 
is a local ring with an infinite residue classfield and that I is generated by 
elements of degree 1. Then the seyuences x = XI, .  . . ,xh and y = yl,. . . , y, 
can be composed of elements of degree 1. 

PROOF. We choose a system 21,. . . ,z, of degree 1 elements generating I .  If 
height I > 0 and p is a minimal prime ideal of R, then 11 + p. Therefore 
11 n p is a proper &-submodule of 11. As !q is infinite, it is impossible 
for 11 to he the union of the finitely many proper submodules obtained 
in this manner. (Modulo the maximal ideal mu of Ro this turns into an 
elementary fact of linear algebra.) So 11 has an element xl which is not 
in any minimal prime ideal of R. In order to construct xz, . . . , xh one 
proceeds by induction. The construction of y is similar. 

'Local rings. In the following definition we introduce the graded conn- 
terparts of local rings. 
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Definition 1.5.13. Let R be a graded ring. A graded ideal m of R is called 
'maximal, if every graded ideal that properly contains m equals R. The 
ring R is called 'local, if it has a unique 'maximal ideal m. A 'local ring 
with 'maximal ideal m will he denoted by (R,m). 

Let (R,m) he a 'local ring. All non-zero homogeneous elements of 
the graded ring R/m are invertible, and so Rlm is either a field, or 
else R/m " k[t, t-'1, where k is a field and t is a homogeneous element 
of positive degree which is transcendental over k; see 1.5.7. In the 
first case m is a maximal ideal, and in the second m is a prime ideal 
with dimRlm = 1. Note that Ro is a local ring with maximal ideal 
mo = m n &, and that all homogeneous elements a E R \ m are units. We 
define the 'dimension of R as the height of nr and denote it by 'dimR. 
According to 1.5.8, 'dimR equals the supremum of all numbers h for 
which there exists a chain of graded prime ideals po c p, c . . . c ph in R. 
If XI , .  . .,x,, n = 'dim R, are homogeneous elements such that (XI,. . . ,x.) 
is m-primary, then x,, . . . ,x, is called a homogeneous system of parameters. 

Examples 1.5.14. (a) Let p he a graded prime ideal. Then R,,) is a 'local 
ring. 

(b) Let R he a positively graded ring for which Ro is a local ring 
with maximal ideal mo. Then R is a 'local ring with 'maximal ideal 
m = mu @ R,,. In particular a positively graded algebra over a field 
IS '10cdl. 

(c) Let (S,n) be a local ring and t an indeterminate over S. Then 
R = s[t , trl]  is in a natural way a 'local ring with 'maximal ideal 
nS[t, tr'], and one has dim S = 'dim R = dim R - 1. 

With respect to its finite graded modules M, a 'local ring (R,m) 
behaves like a local ring, as we shall now see. 

Let gl, .  . . , g, be a homogeneous minimal system of generators of 
M. Let Fo = @:=, R(-deggi), the i-th summand being generated by an 
element ei satisfying deg e; = deggi. The R-module Fo is free of rank n, 
and the assignment ei c gi induces a surjective morphism of graded 
modules. Of course Ker rpo is a graded submodule of Fo. Suppose that 
Kerrpo r# mFo. Then there exists a homogeneous element u E Kerylo, 
u @ mFo, and one of the coefficients ai in u = x a i e i  is not in m; call it 
a,. But all the ui are homogeneous, and so a j  is a unit by hypothesis on 
(R, m). It follows that the given system of generators is not minimal, which 
is a contradiction. Localizing with respect to m we see that n = p(M,,,). 
In particular all homogeneous minimal systems of generators have the 
same number of elements. Furthermore, iterating the construction of Fo 
and rp~, one obtains an (augmented) free resolution of M which for the 
reasons given is called a minimal gradedfree resolution of M. It is easy 
to show that such a resolution is unique up to an isomorphism in ./lo. 
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Proposition 1.5.15. Let (R,m) be a Noetherian 'local ring, M afinite graded 
R-module, .and I a graded ideal. Then 
(a) every minimal homogeneous system of generators of M has exactly 
p(M,,) elements, 
(b) if F. is a minimal graded free resolution of M ,  then F.@R,,, is a minimal 
free resolution of M,,, 
(c) the functor . 8 R, is faithfully exact on the category A o ,  
(d) M is projective if and only f i t  is free, 
(e) one has 

proj dim M = proj dim M,,, grade(m, M) = depth M,,, 

grade M = grade M,, grade(1, M) = grade(l,,,, M,,,) 

PROOF. (a) and (b) were shown above, and (a) implies that . @ Rm, is 
faithful, which proves (c) because localization is always exact. Part (d) 
follows from (h) since the first Betti number bl(M,,,) = 0 if M is projective, 
and therefore Fl = 0 in a minimal graded free resolution of M. The first 
equation in (e) is also a consequence of (h), whereas the remaining 
ones result from (c) and the fact that the modules EX~;(R/I,M) and 
Extk(M, R) are graded. (One must of course use the description of grade 
by 1.2.5). 

It is customary to collect the terms with the same 'shift' in each free 
module of a graded free resolution and to write it in the form 

...--,@R(-j) Pu - . . . -  @~(-j)fl" - M M 0. 

i i 

Though a minimal graded free resolution is uniquely determined, this is 
not true for the numbers p;, if one only requires that (R,nt) is 'local. We 
need a slightly stronger hypothesis which is satisfied for example by all 
positively graded algebras over local rings: 

Proposition 1.5.16. Let (R,ni) be a Noetherian 'local ring such that m is 
a maximal ideal of R (in the ordinary sense). Then for every finite graded 
R-module M the numbers Bii in a minimal gradedfree resolution o f M  are 
uniquely determined by M. 

PROOF. Let F = @, ~ ( - j ) f l ~ .  Then /?, = dim~,,,,(F @ Rim), since one has 
R(-j) @ Rlm E R/ni(-j). 

In the situation of 1.5.16 not only is the cardinality of a minimal 
homogeneous system of generators unique, but also their degrees are 
fixed (up to a permutation). 

Graded Noether normalization. The existence of Noether normalizations 
of affine algebras is stated in A.14. Here we want to prove its graded 
variant. 
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Theorem 1.5.17. Let k be afield and R a positively graded afine k-algebra. 
Set n = dim R. 
(a) The following are equivalent for homogeneous elements X I , .  . . , x.: 

(i) X I , .  . . , x ,  is a homogeneous system of parameters: 
(ii) R is an integral extension of ~ [ X I , .  . . ,x.]; 
(iii) R is a/inite k [ x ~ , .  . .,x,]-module. 

(h) There exist homogeneous elements X I , .  . . , x, satisfying one, and there- 
fore all, of the conditions in (a). Moreover, such elements are algebraically 
independent over k. 
(c) I f  R is a homogeneous k-algebra and k is infinite, then such XI,. . . , x ,  
can be chosen to be of degree 1 .  

PROOF. We set S = k[x l , .  ..,x,] and I = ( X I , . .  .,x,). 
The existence of X I , .  . . , x ,  as claimed in (b) or (c) follows immediately 

from 1.5.11 and 1.5.12 if one observes that the 'maximal ideal ~n of R 
has height n. The algebraic independence of X I , .  . . , x ,  results from (a)($ 
in conjunction with A.8 because dim S = n if and only if X I , .  . . ,x ,  are 
algebraically independent. 

The equivalence of (a)(ii) and (iii) is a general fact: R is a finitely 
generated S-algebra. That (a)(ii) * (i) follows from A.8 which entails 
that dim R/ I  = dim(S/I n S) = 0. Thus I is m-primary. 

There remains the proof of (a)(i) 3 (iii). We choose a system yl,. . . , y, 
of homogeneous elements of positive degree generating R over k. If (i) 
holds, then I is m-primary, and there exists an e such that z = y;' . . . y z  E 

I whenever degz 2 e (deg is the degree in R). Let M be the S-submodule 
of R generated by those monomials z with degz < e. We claim that 
R = M. In fact, every r E R is a k-linear combination of monomials 
ye' I . . . y p ,  and thus it is enough that s = y;' . . . y z  t M for all e; E W. 
If degs < e, then s E M for trivial reasons. So assume degs 2 e. Then 
s t I ,  and s = Z:=, f ix; with elements ji E R. Since s and the x; are 
homogeneous of positive degree, the f ;  can be chosen homogeneous of 
degree < deg s. Now write f;  as a k-linear combination of monomials in 
y l , . .  ., y,, and apply an inductive argument. 

Dehomogenization. In concluding we want to study the relation between 
a graded ring R and a residue class ring A = R/(x - 1) where x is 
a non-nilpotent homogeneous element of degree 1. One calls A the 
dehomogenization of R with respect to x. The relationship between R 
and A is much closer than between a ring and a residue class ring in 
general. A typical example for R and A arises in algebraic geometry: 
R is the homogeneous coordinate ring of a projective variety, and A is 
the coordinate ring of the affine open subvariety complementary to the 
hyperplane given by the vanishing of x. 

Let x : R + A be the natural homomorphism, and S = R,. Then x 
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factors in a natural way through a homomorphism w : S 4 A. Since x is 
homogeneous, the grading of R induces a grading o n  S. 

Proposition 1.5.18. (a) The homomorphism SO[X,X-'] 4 S which is the 
identity on So and sends X to x is an isomorphism. 
(b) The restriction of tp to So is an isomorphism So " A. 

PROOF. (a) This is a general fact: if T is a graded ring which has a unit 
x of degree 1, then T " TO[X,X-'I. 

(b) The kernel of w is the ideal (x - 1)S, and therefore w induces an  
isomorphism A " S/(x  - 1)s " So. 

I t  follows easily that several properties transfer from R to A. For 
example, it is immediate that if R is reduced or  an  integral domain, then 
so  is A. Also see Exercises 1.5.26, 2.2.34, and 2.2.35. 

Exercises 

1.5.19. Let R he a graded ring. All the modules in this problem are supposed to 
be graded. 
(a) Prove that $Mi has a unique grading for which the natural embeddings 
M, + $Mi are morphisms in Jfo, that is, @ M, is the direct sum in .Llo. 
(b) The direct product n M, lacks this property of the direct sum; nevertheless, 
prove there exists a direct product in A o :  let 'n M, he the submodule of n M, 
generated by the elements (xi) such that all the x, are homogeneous of degree n, 
n E Z 
(c) What can be said about direct and inverse limits in ./Lo? 
(d) Prove that the tensor product M c3 N is a graded R-module with (M 8 N), 
generated over Z by the tensor products x @ y of homogeneous elements with 
degx + degy = u. (Choose a presentation G + F + M + 0 in .Mo with 
F = @ R(I,) and G = @ R(flj).) 
(e) Show the functor 'Hom,(.,N) is left exact, and one has 'Homn(@M,,N) " 
'n 'Homn(M,, N). 
If) Verifv that 'Hom,lM.N) = Homa(M,N) if M is finite. In general, however, \ ~ .  .. , , , ... - 
'Hom,(M,N) is a proper submodule of HomR(M,N). 
(g) Prove 'HomR(M(-i), N(-j)) " 'Hom,(M, N)(i - j). 
1.5.20. Let R = k [ t ,  tr ']  be a graded ring where & = k is a field, and t  t R is 
a homogeneous element of positive degree which is transcendental over k .  Show 
that every graded R-module is free. 

1.5.21. Let k he a field, S = k[XI,X2. Y,, Y2] the polynomial ring with the grading 
determined by degX, = 0 and deg Y,  = 1, and R = S/(X, Y,  X 2 Y 2 ) .  Prove that 
the grade of the ideal I = (xl,x2,y,,yz) in R is 3, but I does not even contain a 
homogeneous R-sequence of length 2. 

1.5.22. Let k  be a field. We consider the polynomial ring R = k[X,,. . . ,X,] as a 
graded k-algebra with deg X, = a, for i = I , .  . . , n. Show that R is 'local if and 
only if all a! are positive or all a, are negative. 

1.5.23. Let (R,nt) be a Noetherian 'local ring, and M a finite graded R-module. 
Show that every permutation of a homogeneous M-sequence is an M-sequence. 

1.5.24. Prove the following variants of Nakayama's lemma. 
(a) Let (R,m) he a 'local ring, M a finite graded R-module, and N a graded 
submodule. If M = N + mM, then M = N. 
(b) Let R be a graded ring for which (&,mo) is local. Suppose that M is a graded 
R-module such that Mi is finite over & for all i. If one has M = N + moM for a 
graded submodule N of M, then hf = N. 

1.5.25. Let R be a Noetherian positively graded ring, and M a finite graded 
R-module. Prove dimM = sup{dim M, : p t SuppM graded). Hint: consider an 
ideal m which is maximal among the graded members of SuppM and use 1.5.7. 

1.5.26. Let R be a graded ring, x a non-nilpotent element of degree 1, A = 
R/( ,x - I ) ,  and n:  R + A  the natural homomorphism. As in 1.5.18 we set S = R,, 
and identify A and So. 
(a) One has n(1) = IS n A  for every homogeneous ideal I c R and J = n(JS nR)  
for every ideal J of A. (One calls n(1) the dehomogenizotiun of I ,  and J S  n R the 
homogenization of J . )  
(b) The homomorphism n induces a bijective correspondence between the set of 
homogeneous ideals of R modulo which x is regular and the set of all ideals of 
A. 
(c) This correspondence preserves inclusions and intersections, and the properties 
of being a prime, primary, or radical ideal. 

1.6 The Koszul complex 

We introduce the Koszul complex K.(x) of a sequence x = x,,. . . ,x,  
of elements of a ring R. Under suitable hypotheses one can determine 
grade(1, M )  from the homology of K.(x)@M where I is the ideal generated 
by x. This fact and its 'universal' properties make the Koszul complex an  
indispensable tool. 

Moreover, the Koszul complex is the paradigm of a complex with 
an  algebra structure. In  order to emphasize this fact we introduce more 
generally the Koszul complex of a linear form. A review of exterior 
algebra has been included for the reader's convenience. 

Review of exterior algebra. The following is a n  excerpt from Bourhaki 
1361, Ch. 111, which we recommend as a source for exterior algebra. 
We hope that the details included will enable the reader to carry out 
the calculations on which the theory is based. When one has to check 
whether a map is well defined, it is usually the best strategy to exploit 
the universal properties of the objects under consideration. 

Let R he a ring, and M an  R-module. We consider R as  a graded ring 
by giving it the trivial grading. Let M"' denote the i-th tensor power of 
M ,  i.e. the tensor product M 8 . .  . @ M of i factors M for i > 0, and R 
for i = 0. The tensor powers form a graded R-module 

02 

@ M =  B M " ' .  
i=O 
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The assignment 

( (XI , .  ..,x,), (Yl, ... ,yn)) - X I  6 . . .  '8 x,  6 Y l  6 . . .  6 Yn 

induces an R-bilinear map Mem x Me" + Me("'+"), and its additive 
extension to @ M x @ M gives @ M the structure of a graded associative 
R-algebra. Henceforth 'R-algebra' always means 'associative R-algebra'. 
(Obviously @ M is not commutative in general.) The tensor algebra is 
characterized by a universal property: given an R-linear map q : M + A 
where A is an R-algebra, there exists a unique R-algebra homomorphism 
w : @ M + A extending q;  here we identify M and Me'.  

The exterior algebra A M  is the residue class algebra 

A M  = ( @ ~ ) / 3  

where 3 is the two-sided ideal generated by the elements x 6 x ,  x t M. 
Since 3 is generated by homogeneous elements, A M  inherits the structure 
of a graded R-algebra. The product in A M  is denoted x A y. In general 
/\ M is not commutative; it is however alternating: one has 

A = (_l)(dewx)(de@.y) y A X  for homogeneous x, y E M ,  and 

x A x = O  for homogeneous x, deg x odd. 

Let X I , .  . . , x, be elements of M ,  and n a permutation of {l , .  . . , n}. Then 

X n ( ~ j  A , .  . AX,(") = u ( n ) x ,  A , .  . Ax.; 

here a(n) is the sign of n. Furthermore xl A . . .  A x ,  = 0 if xi = xj for 
some indices i # j. For a subset I of {l, . . . , n} we set 

xr = xi, A , .  . A xim when I = {il,. . . , i,} with il < . . . < i,. 

For subsets J ,  K c {I,. . . , n} with J n K = 0 let u ( J ,  K) = (-1)'  where 
i is the number of elements (j, k) E J x K with j > k; if J n K # 0, let 
u ( J ,  K) = 0. Then 

x j  A X K  = a(J,  K ) x ~ I ~ K .  

Useful identities satisfied by u are given in Exercise 1.6.23. It is clear 
that the notation X I  can be extended to the more general case in which 

is a family of elements of M indexed by a linearly ordered set G 
and I IS a finite subset of G. 

The i-th graded component of /\ M is denoted by A' M and is called 
the 6th exterior power of M. From the definition of /\ M it follows easily 
that one has natural isomorphisms M " R, A' M " M ;  so we may 
identify R and M, M and A' M. 

Let (x , ) , ,~  be a system of generators oTM. Then A'M is generated 
by the exterior products x, with I c G and IIl = j .  In particular, if M is 
generated by X I , .  . . ,x,, then /\' M = 0 for all i > n. 

The exterior algebra is characterized by a universal property which it 
inherits from that of the tensor algebra: given an R-linear map q : M + E 
from M to an R-algebra E such that q(x)' = 0 for all x t M ,  there exists 
a unique R-algebra homomorphism y, : A M  + E extending q .  It follows 
immediately that for every R-linear map q : M + N there exists a unique 
R-algebra homomorphism A q for which the diagram 

commutes; A q is homogeneous of degree 0, and one has 

A q(x1 A .  . . Ax.) = q(x1) A , .  . A q(x,)  

for all XI , .  . . , x. E M. If cp is surjective, then A q is also surjective, and 
Ker A q is the ideal generated by Ker q .  (This is neither obvious nor 
indeed true in general; for example, if q is injective, j\ q need not be 
injective.) The map A' M + A i N  induced by A q is denoted by A' q. 
Suppose that q is surjective; then Aiq is also surjective, and from the 
description of Ker Aq  just mentioned (and the alternating property of 
/\ M )  it follows easily that the sequence 

is exact where the map on the left hand side is induced by the exterior 
multiplication A'-' M x Kerq  + A' M.  

The exterior powers j\ 'M are also characterized by a universal prop- 
erty: for every alternating i-linear map a : M i  + N ,  N an R-module, 
there exists a unique R-linear map 2 : A i M  -t N such that 

a(x1, ..., xi) = A ( x l A . . . A x i )  

for all X I , .  . . ,x i  E M. 
An important property of the exterior algebra is that it commutes 

with base extensions: if R + S is a homomorphism of commutative 
rings, then one has a natural isomorphism 

of graded S-algebras. 
Let M I ,  M2 be R-modules. On ( A  MI) 6 ( A  Mz) one defines a 

multiplication by setting 
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for all homogeneous elements x,  x' E M I ,  y, y' E Mz. It is straightforward 
to  verify that ( A  M I )  @ ( A  M z )  is an alternating graded R-algebra under 
this multiplication. Its degree 1 component is ( M I  @ R )  0 ( R  @ Mz) 2 
M I  B M z .  By the universal property o f  the exterior algebra the natural map 
M I  8 M2 -* ( A  M I )  @ ( A  M2) extends to  an R-algebra homomorphism 
@ : A(M1 0 Mz) -* ( A  M i )  @ ( A M > ) .  

One gets an inverse Y : ( A  M I )  @ ( A  M2) + A(Ml  e M2) to  @ by 
setting 

y ( x  @ y) = Y l ( x )  A Y2(y )  

where Y i  : A Mi -t A ( M 1  8 M 2 )  is the extension o f  the natural embedding 
Mi 4 M I  @ M2. The compositions @ o Y and Y o @ are the identities on 
( A  M I )  @ ( A  M2)  and A ( M I  8 Mz) .  Therefore we have an isomorphism 

o f  alternating graded R-algebras. 
In what follows, the most important case for M is that o f  a finite free 

R-module F. Suppose e l , .  . . ,en is a basis o f  F.  The elements 

form a basis o f  A' F ;  this non-trivial fact amounts to  the existence o f  
determinants. In particular A ' F  is free o f  rank ( y ) .  A multiplication 
table o f  A F with respect to  this basis in given by 

Suppose R is a graded ring, and M = Bi,, Mi is a graded R-module. 
Then one can endow A M  with a unique grading such that M c M 
has the given grading, and A M  is a graded algebra over R. W e  restrict 
ourselves to  the case M = F = R(-ai). Let el , .  . . , en be the basis o f  
F corresponding to this decomposition. Then one assigns to  el the degree x,, a;, and verifies easily that the induced grading on A F makes A F a 
graded (in fact, a bigraded) R-algebra. 

Basic properties o f  the Koszul complex. Let R be a ring, L  an R-module, 
and f : L  + R an R-linear map. The assignment 

( X I ,  ..., x,) ++ x ( - l ) i + l f ( ~ i ) ~ I  A , . .  A %  A . . . A X n  
i=L 

defines an alternating n-linear map L" + A"-' L. (By 2; we indicate that 
xi is to  he omitted from the exterior product.) By the universal property o f  
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the n-th exterior power there exists an R-linear map d?' : An L  + A"-' L 
with 

d?'(xI A , .  . Ax,,) = x ( - l ) i + l  f ( x i )x l  A . . . A Zi A , .  . A x .  
i=l 

for all x l ,  ..., x,  E L. The collection o f  the maps d y )  defines a graded 
R-homomorphism 

d,: A L + A L  
o f  degree -1. By a straightforward calculation one verifies the following 
identities: 

= O  and d f ( x ~ y )  = d , ( x ) ~ y + ( - l ) ~ ~ g ~ ~ ~ d , ( y )  

for all homogeneous x E L. T o  say that 111 o dl = 0 is to  say that 

n-1 2 
d! d! f . . . , / \ L 4 A ~ d . . . - - , r \ L d L + R d 0  

is a complex. The second equation expresses that d f  is an antiderivation 
( o f  degree -1). 

Definition 1.6.1. The  complex above is the Koszul complex o f f ,  denoted 
by K.U). More generally, i f  M is an R-module, then K.U, M )  is the 
complex K.( f )  mn M ,  called the Koszul complex o f f  with coeflcients in 
M ;  its differential is denoted by  d f , ~ .  

Proposition 1.6.2. Let R be a ring, L  an R-module, and f : L + R an 
R-linear map. 
(a) The Koszul complex K.(f)  carries the structure of an associative graded 
alternating algebra, namely that of A L. 
( b )  I t s  differential d f  is an ontiderivation o f  degree -1. 
(c) For every R-module M the complex K. l f ,M) is a K.U)-module in a 
natural way. 
( d )  One has d , , ~ ( x .  y) = dl ( x )  . y + ( - l ) d c g x ~ .  d , , ~ ( y )  for all homogeneous 
elements x of K.(f) and all elements y E K.Cf, M) .  

PROOF. (a) and (b )  are part o f  the discussion preceding the proposition. 
(c) is obvious: i f  A is an R-algebra, then A @ R  M is an A-module for 

every R-module M .  
(d )  It is enough to  verify the equation for elements y = w @ z with 

w E K.Cf),z E M . T h e n d f , , m ( x . w @ z )  = & , ~ ( ( x ~ w ) @ z )  = d j ( x A w ) @ z ,  
and the rest follows from the fact that dl is an antiderivation. 

For a subset S o f  K.Cf) and a subset U o f  K.Cf, M )  let S .  U denote the 
R-submodule o f  K.Cf, M )  generated by the products s .  a, s E S ,  u € U .  
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Definition 1.6.3. The homology H.Cf) = Z.lf)/B.Cf) is the Koszul homo- 
logy o f  f .  For every R-module M the homology Z.Cf, M) /B . l f ,M)  is 
denoted by  H.Cf, M )  and called the Koszul homology o f f  with coeficients 
in M .  

From 1.6.2(d) one easily derives the following relations: 

W e  have a natural isomorphism K.Cf) " K.(f,R). So the first relation 
entails that Z.Cf) is a graded R-subalgebra o f  K.(f), and the second and 
third show that B.Cf) is a two-sided ideal in  Z.(f) .  

Proposition 1.6.4. Let R be a ring, L an R-module, and f : L + R an 
R-linear map. 
(a) The Koszul homology H.Cf) carries the structure of an associative 
graded alternating R-algebra. 
(b )  For every R-module M the homology H.lf,M) is an H.(f)-module in a 
natural way. 

PROOF. (a) That H.U) is an R-algebra follows from the discussion pre- 
ceding the proposition. The asserted properties are inherited by quotients 
o f  graded R-subalgebras o f  K.Cf) modulo graded ideals. 

(b )  The first o f  the relations above shows that Z.Cf, M )  is a Z.(f)-  
module; the second says that B.lf,M) is a Z.lf)-submodule, and the 
third implies that Z.Cf, M)/B.Cf, M )  is annihilated by B.Cf). 

It results immediately from 1.6.4 that H.(f ,  M )  is an RII-module 
where I = Im f .  This will be stated in  1.6.5 where it follows from a 
somewhat stronger statement. 

It is useful also to introduce the Koszul cohomology (with coeficients 
in M ) :  we set 

K'Cf) = H o m ~ ( K . l f ) .  R) ,  K ' v ,  M )  = H o ~ R ( K . C ~ ) ,  MI3 

WCf) = H'(K'Cf)), H ' l f ,  M )  = H'(K ' l f ,  M ) ) .  

Let I = Im f c R ;  then, by construction, Ho(f )  = R I I  and How, M )  = 

M / I M .  

Proposition 1.6.5. Let R be a ring, L an R-module, and f : L + R an 

I R-linear map. Set I = Im f .  
(a) For every a E I multiplication by a on K.Cf), K.Cf M ) ,  K'Cf), K'Cf, M )  
is null-homotopic. 
( b )  In particular I annihilates H.Cf), H.Cf, M ) ,  H'Cf), H'Cf, M) .  
(c) If I = R,  then the complexes K.Cf), K.Cf, M ) ,  K ' l f ) ,  K'Cf, M )  are 
null-homotopic. In particular their (co)homology vanishes. 

I PROOF. W e  choose x t L with a = f (x). Let 9, denote the multiplication 
by a on K.Cf), and A, the left multiplication by x on K.lf). Then 

I 
I 9, = df  o Ax + A. o df  as is easily verified. 
I Thus multiplication by  a is null-homotopic o n  K.(f). O f  course 9,@M 

and HomR(S., M )  are the multiplications by a on K.U, M )  and K'Cf, M ) ,  
and the rest o f  (a) follows immediately. Part (h )  is a general fact: i f  q is a 
null-homotopic complex homomorphism, then the map induced by q on 
homology is zero. For (c) we choose a = 1, and apply (a) and (b) .  

Let L1  and L2 be R-modules, and f ,  : L ,  + R, f i  : L2 + R be R- 
linear maps. Then fl and f2 induce a linear form f :  L1 @ Lz + R by  
f (x1 e ~ 2 )  = f l ( ~ 1 )  + f 2 ( ~ 2 ) .  

Proposition 1.6.6. With the notation just introduced, one has an isomorphism 
of complexes K .Cf  @R K.lfz) " K.V). 

PROOF. The graded R-algebras underlying K.Cfl) @ K.Cfi) and K.lf), 
namely ( A  L1) @ ( A  Lz) and A L ,  are isomorphic, as noted above. W e  
may identify them. The differential d, is an antiderivation on /\ L which 
on the degree 1 graded component L = L1 fB L2 coincides with d f ,  @ df2 .  
A n  antiderivatioo o n  the exterior algebra l\ L is uniquely determined 
by its values on L. Therefore it is enough to check that d f ,  @ dl, is 
an antiderivation too. The straightforward verification o f  this fact is 
left as an exercise for the reader. One has o f  course to  remember the 
definition o f  tensor product o f  complexes: the n-th graded component o f  
K.Cf1) @ K.Cf2) is @:,A' L I  @ A"-'L2, and 

df, @ d , 2 ( ~ @ ~ )  = d f , ( ~ )  B Y  + ( - l ) ' x @ d j 2 ( y )  

for x @ y t A i L 1  @ /\"-'Lz. 

I The Koszul complex 'commutes' with ring extensions, and so does 
Koszul homology i f  the extension is flat: 

I 
Proposition 1.6.7. Let R he a ring, L an R-module, and f : L + R an 
R-linear map. Suppose q : R + S is a ring homomorphism. 
(a) Then one has a natural isomorphism K.W) B R  S " K.Cf B S ) .  
( b )  Moreover, if q is flat, then H.Cf, M )  8 S " H.lf @ S ,  M @ S )  for every 
R-module M.  
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PROOF. There is a natural isomorphism (A L) 8 S " /\(L €3 S), and dl €3 S 
and dlas are antiderivations which coincide in degree 1. So we can use 
the same argument as in the previous demonstration. This proves (a), and 
(b) follows immediately since H.(C. 8 S) = H.(C.) 8 S for an arbitrary 
complex C. over R if S is R-flat. 

Suppose L and L' are R-modules with linear forms f : L 4 R and 
f '  : L' + R. Every R-homomorphism rp : L 4 L' extends to a homomor- 
phism A y, : /\ L -r A L' of R-algebras, as discussed above. I f f  = f '  o rp, 
then A rp is a homomorphism of Koszul complexes: 

Proposition 1.6.8. With the notation just introduced, i f f  = f' o rp, then 
A rp : K.lf) 4 K.Cf') is a complex homomorphism. 

The Koszul complex of a sequence. Let L be a finite free R-module with 
basis el,. ..,en. Then a linear form f on L is uniquely determined by the 
values xi = f (ei), i = I,. . . , n. Conversely, given a sequence x = XI,. . . , x,, 
there exists a linear form f on L with f (ei) = xi. We set 

and the rest of the notation is to he modified accordingly. Henceforth 
we shall only consider Koszul complexes K.(x). Since f is just the 'direct 
sum' of the linear forms f i :  R + R, fi(l)  = xi, 1.6.6 specializes to the 
isomorphism 

K . ( x ) " K . ( x ' ) € 3 K . ( x n ) " K . ( x ~ ) 8 . . . @ K . ( x , )  

where x' = xl,.  . .,x.-,. Furthermore one should note that, by 1.6.8, K.(x) 
is essentially invariant under a permutation of x. 

We set I = (x). Let F. be a free resolution of R/I. As Ho(x) = R/I, 
there exists a complex homomorphism q :  K.(x) + F. lifting the identity 
on R/I ;  note that rp is unique up to homotopy. 

Proposition 1.6.9. Let R be a ring, x = xl ,..., x, a sequence in R, and 
I = (x). For all i there exist natural homomorphisms 

Hi(x,M) + T ~ ~ ~ ( R / I , M )  and E X ~ ~ ( R / I ,  M) + Hi(x, M). 

PROOF. The map q introduced above yields complex homomorphisms 
q @ M :  K.If,M) + E.@M and H o m ~ ( q , M ) :  HomR(F.,M) -* K'Cf,M). 

r- 

Let L be a finite free R-module with basis e,, . . . , e,. Then e, A. . .Ae, is 
a basis of L, and there exists a unique R-isomorphism w. : An L + R 
with run(el A . . . A en) = 1. (An isomorphism /\" L " R is usually called 
an orientation on L.) We define wi : A' L -t (An-' L)' by setting 

n-i 

(wi(x))(y) = o,(x A y) for x E A L, y t A L 

(This causes no ambiguity for i = n if we identify R and R' under the 
natural isomorphism.) It follows immediately that 

0 for I n J f 0, 
w i e e ~  = { ( I ,  J for 1 n J = @ 

In this formula 1 and J are multi-indices as introduced above. It shows 
that wi is an isomorphism. If we denote the dual basis of (el) by (e;), the 
formula says that 

wi(e,) = a(I,i)e; 

where f = {I,.  . . ,n) \ I. Thus mi is an isomorphism. We consider the 
diagram 

d .  d' n. "-1 d .  
K'(x) : 0 + R + L' + . . . + ( A  L)' 4 (A L)' + 0 

with d = d, and d' = (d,)'. 

Proposition 1.6.10. Let x = xi,. . . ,x, be a sequence in a ring R. 
(a) With the notation just introduced, one has mi-1 odi = (-l)i-ld,i+l omi 
for all i. 
(b) The complexes K.(x) and K'(x) = (K.(x))' are isomorphic (we say that 
K.(x) is self-dual). 
(c) More generally, for every R-module M the complexes K.(x, M) and 
K'(x, M) are isomorphic, and 
(d) Hi(x, M) " Hn-'(x, M) for i = 0,. . . , n. 

PROOF. The verification of (a) is left as an exercise for the reader (1.6.23 
is helpful). We observed above that wi is an isomorphism so that the 
maps .ri = (-l)'(")/*coi define an isomorphism K.(x) " Ka(x) = (K.(x))'. 

For (c) we note that there is a natural homomorphism N' 8 M + 

HomR(N,M) for all R-modules N, M. If N is finite and free, this 
homomorphism is an isomorphism, and it induces an isomorphism 
K'(x) 8 M " Horn~(K.(x),M). Now one uses (b). Part (d) is a triv- 
ial consequence of (c). 

The reader may have noticed that for a formally correct formulation 
of 1.6.10(h) one would first have to convert the cochain complex K'(x) 
into a chain complex C. (by setting Ci = K-'(x)) and then state that 
K.(x) " C.(-n). A similar manipulation would he necessary for (c). 

The Koszul complex is an exact functor: 



48 I. Regular sequences and depth 1.6. The Koszul complex 49 

Proposition 1.6.11. Let R be a ring, x = xl,.. .,x, a sequence in R, and 
0 -t U + M 4 N -+ 0 an exact sequence of R-modules. Then the induced 
sequence 

is an exact sequence of complexes. In particular one has a long exact 
sequence 

. . . + Hi(x, U) Hi(x, M) + Hi(x, N) --t Hi-I (x, U )  - 
of homology modules 

PROOF. The components of K.(x) are free, hence flat R-modules. 

In place of an R-module M one can more generally consider a complex 
C., and then define the Koszul homology of C. to be the homology of 
K.(x) @ C. etc. We consider this construction only for the special case in 
which x = x: 

Proposition 1.6.12. Let R be a ring, and x R. 
(a) For every complex C. of R-modules one has an exact sequence 

(b) The induced long exact sequence of homology is 

+r 
. . + Hi(C.) - Hi(C. @ K.(x)) Hi-l(C.) A Hi-1 (C.) - . . . 

(c) Moreover, f x  is C.-regular, then there is an isomorphism 

H.(C. @K.(x)) " H.(C./xC.). 

(According to our convention for graded modules C.(-I) is just the 
complex C. with all degrees increased by 1.) 

PROOF. The complex K.(x) is simply 0 - R R - 0. The i-th graded 
component of K.(x) @ C. is therefore (R @ Ci) 8 ( R  @ Ci-1) = Ci 8 Ci-1. 
So we have in each degree an exact sequence 

where I and n are the natural embedding and projection. If a is the 
differential of C., then the differential d : Cj 8 Ci-I + Ci-1 8 Ci-2 is given 
by the matrix 

according to the definition of tensor products of complexes. Now (a) is 
obvious. 

For (b) one looks up the definition of connecting homomorphism. It 
is defined by the following chain of assignments starting from z t Ci -~  
with d(z) = 0: 

So the connecting homomorphism Hi(C.(-1)) = Hi-,(C.) -t Hi-l(C.) is 
multiplication by (-1)"~. . 

(c) The natural maps Ci 8 C i - ~  + Ci 4 Ci/xCi constitute a complex 
homomorphism C. @ K.(x) + C./xC.. We claim that the associated map 
of homology is an isomorphism. In fact, let z E Ci such that a(z) E 

X C ~ - ~ .  Then there exists z' E Ci-~ with a(z) = xz', and d(z, (-1)'~') = 

0 ( -1 (z t ) ) .  Next one has xa(zl) = a(d(z)) = 0; so d(zf) = 0 since 
multiplication by x is injective on C. : (z, (-1)'~') is a cycle mapped to the 
cycle Z E Ci/xCj. That the map of homology is injective can be verified 
similarly. 

Corollary 1.6.13. Let R be a ring, x = xl  ,..., x, a sequence in R, and M 
an R-module. 
(a) Set x' = XI,.. .,x.-~. Then one has an exact sequence 

(b) Let p < n, x' = XI, .  . . ,xp, and x" = X,+I, ..., x,. If x' is weakly 
M-regular, then one has an isomorphism H.(x,M) " H.(xl',M/x'M). 

PROOF. Part (a) is a special case of 1.6.12(b) when we take C. = K.(xl,M) 
and use the isomorphisms 

For part (b) it is enough to do the case p = 1 from which the general 
case follows by induction. Next we may permute x to the sequence 
x2,. . . , x,, xl ,  and then the assertion follows from 1.6.12(c). 

It is an immediate consequence of 1.6.13 that H,(x, M) = 0 for i = 
n - p + 1,. . . , n if (the first) p elements of XI , .  . .,x, form an M-sequence. 
As we shall see in 1.6.16, there is a somewhat stronger vanishing theorem. 

Corollary 1.6.14. Let R be a ring, x a sequence in R, and M an R-module. 
(a) I fx  is an M-sequence, then K.(x,M) is acyclic. 
(b) If x is an R-sequence, then K.(x) is a free resolution of R/(x). 

Remark 1.6.15. Let R be a graded ring and x = xl ,..., x, a sequence 
of homogeneous elements. Then x induces a linear form of degree 0 on 
F = R(-degxi). The Koszul complex K.(x) is a graded complex 
with a differential of degree 0 if we give A F the grading discussed above. 
In particular one has An F R(- I:=, degxi). 
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The Koszul complex and grade. The main importance o f  the Koszul 
complex stems from the fact that H.(x, M )  measures grade(1, M )  i f  M is 
a finite module over a Noetherian ring R and I = (x ) .  This will be made 
precise in 1.6.17. The finiteness assumption just stated will be necessary 
to  establish the existence o f  an M-sequence in I from the vanishing o f  
certain homology modules Hi(x, M ) .  The converse holds without such an 
assumption: 

Theorem 1.6.16. Let R be a ring, x = X I , .  . . , x ,  a sequence in R, and M 
an R-module. I f  I = ( x )  contains a weak M-sequence y = y1, . . . , y,, then 

H,+l-i(x,M) = 0 for i = 1 ,..., m, and 
H,-,(x, M )  " H o ~ R ( R / I ,  M I y M )  " Ext;(R/I,  M ) .  

PROOF. The  last isomorphism is given by  Lemma 1.2.4. The remaining 
claims are proved by  induction on m. For m = 0 we must show that 

H,(x, M )  " H o ~ R ( R / I ,  M ) .  
I 

In fact, by 1.6.10 one has H,(x, M )  " HO(x ,  M ) ,  and the latter is naturally I 

isomorphic with HomR(RI1, M ) ,  as follows from the exactness o f  Rn + 

R + R / I  + 0 and the left exactness o f  H o m ~ ( - , M ) .  Explicitly, i f  we 
identify An Rn @ M and R @ M " M via an orientation w, o f  R", then 
H,(x, M )  is just the submodule { y  E M : l y  = 0 )  " H o m R ( R / I , M )  o f  M .  I 

Let m 2 1 .  Then we set M = M I y l M .  The exact sequence I 

induces an exact sequence I 
I 

YI YI 
. . - H,(x, M )  + Hi@, M )  4 Hi(x, M )  + Hi-1 (x ,  M )  - . . . ; 

see 1.6.11. Since, by 1.6.5, yl annihilates H i ( x , M )  for all i, this exact ! 
sequence breaks up into exact sequences I 

It only remains to  apply the induction hypothesis. 1 
Theorem 1.6.17. Let R be a Noetherian ring, and M a finite R-module. 
Suppose I is an ideal in R generated by x = X I , .  . .,x,,. 
(a) All the modules Hi(x, M ) ,  i = 0,.  . . ,n, vanish if and only if M = I M .  I 

( b )  Suppose that Hi(x ,M) # Ofor some i, and let 

h = max {i : Hi(x, M )  f 0). 

Then every maximal M-sequence in I has length g = n - h ;  in other words, I 

grade(1, M )  = n - h. 

PROOF. (a) The implication 'a' is trivial: M = I M  o Ho(x,M) " 
M/ZM = 0. For the converse choose a prime ideal p. By 1.6.7 and 
the flatness o f  localization one has (Hi(x,  M ) ) ,  " Hi@, M,) where x is 
considered a sequence in R, on the right hand side. I f  I $ p, then 
Hi(x,M,) = 0 by 1.6.5. I f  I r p, then M,  = 0 by Nakayama's lemma, 
and again we have Hi(x,  M,) = 0. 

(b) W e  give two proofs. ( A  third proof for the case M = R is indicated 
in Exercise 1.6.30.) 

(i) By part (a) we have M # I M .  Let y be a maximal M-sequence in 
I ;  then y has length g = grade(1,M). It follows immediately from 1.6.16 
and 1.2.5 that Hi(x ,M) = 0 for i = n - g +  1 ,..., n and H,-,(x,M) 2 

E x t i ( R / I ,  M )  f 0. 
(ii) Let y be a maximal M-sequence in I ,  and suppose that y has 

length g. Then Hi(x,  M )  = 0 for i = n - g + l , . .  . , n  by 1.6.16, and 
furthermore H.-,(x, M )  " H o m R ( R / I , M / y M ) .  Since I consists o f  zero- 
divisors o f  M I y M ,  this module is non-zero; see 1.2.3. 

The second proof just given is independent o f  the 'homological' 
Lemma 1.2.4, and shows again that all maximal M-sequences in  I have 
the same length. Therefore one could build the theory o f  grade upon 
1.6.17. 

Corollary 1.6.14 can be reversed for local rings. W e  need the following 
lemma: 

Lemma 1.6.18. Let ( R , m )  be a Noetherian local ring, M afinite R-module, 
and x = X I , .  . .,x. a sequence in m.  Set x' = X I , .  . . ,x,-I. I f  Hi@, M )  = 0 ,  
then Hi(xl ,  M )  = 0. 

PROOF. By 1.6.6 we have K.(x) " K.(xl) C3 K.(x.). So 1.6.13 gives us an 
exact sequence 

These modules are finite. I f  H i ( x , M )  = 0, then multiplication by  x ,  
on Hi(xl, M )  is surjective, whence Hi(xl ,M) = 0 by Nakayama's lemma. 

Corollary 1.6.19. Let (R ,m)  be a Noetherian local ring, M f 0 afinite R- 
module, and I c m an ideal generated by x = x l , .  . . ,x.. Then the following 
are equivalent: 
(a) grade(1, M )  = n;  
( b )  Hi@, M )  = 0 for i > 0 ;  
(c) HI (x ,  M )  = 0; 
(d )  x is an M-sequence. 

PROOF. The equivalence o f  (a) and (b )  follows from 1.6.17, and (b )  (c) 
and (d )  (a) are trivial. The proof o f  (c) * (d )  is an easy induction 
based o n  1.6.18 and 1.6.13. 
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We saw in 1.1.6 that under the hypotheses of 1.6.19 every permutation 
of an M-sequence is again an M-sequence. Since, by 1.6.8, the Koszul 
complexes of x and every permutation of x are isomorphic, 1.6.19 yields 
another proof of 1.1.6. 

Remark 1.6.20. For an arbitrary ring R and an arbitrary module M it 
follows from HI(x, M) = 0 that x is M-quasi-regular, provided x M  # M; 
see [36], Ch. X, $9, Thiorime I .  

The Koszul complex as an invariant. Let R be a Noetherian local ring, 
I an ideal, and x = XI, .  ..,x, and y = yl, ..., y, minimal systems of 
generators of I .  Then any n x n matrix A = (ap,) such that 

is invertible since the residue classes of x and y are bases of I / m l  
over Rlm. I f f  and f' are the linear forms on R" defined by x and y 
respectively, then there exists an R-automorphism q of R" (defined by A) 
such that f = f' o q, and it follows from 1.6.8 that the Koszul complexes 
K.(x) and K.@) are isomorphic. This obviously fails if x and y have 
different lengths. Nevertheless the Koszul complexes K.(x) and K.(y) are 
closely related. The following proposition shows how to compare each of 
them to K.(x,y). 

Proposition 1.6.21. Let R be a ring, x = XI, .  . . ,x,  a sequence in R, and 
x' =XI, . . . ,~ , ,X,+I ,  ..., xm with x.+~,. ..,x, E (x). Then 

as graded R-algebras; here ARm-" is considered a complex with zero d$- 
ferential. In particular, for every R-module M one has 

H.(x', M)  " H.(x, M)  @ A Rm-". 

PROOF. Since A Rk+' Rk @ A  R it suffices to treat thecase m = n t 1. 
Write x.+~ = x:=, ajx,. Let f be the linear form on R"+' defined by x' 
and f' the linear form defined by x" = x, 0. The assignment ei H ej for 
i = l  ,..., n and e,+~ ++ C;=L aje, +en+,  induces an automorphism q of 
R"+' such that f = j"' o q. As above one concludes that K.(xl) " K.(xr'); 

in other words, there is no restriction in assuming that x,+l = 0. 
In the special situation we have reached, the first claim is a trivial 

consequence of 1.6.6. The second claim is easily verified. 
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Corollary 1.6.22. Let R he a ring, I ajnitely generated ideal, and M an R- 
module. Suppose x = X I , .  . . , x, and y = yl, .  . . , y, are systems of generators 
of I, and let g E N. Then Hi(& M) = 0 for i = m - g + I,. . . , m  if and 
onlyifH,(y,M)=Ofor j = n - g + l ,  ..., n. 

The corollary follows easily from 1.6.21. Note that for a finite module 
M over a Noetherian ring R it just restates part of 1.6.17. However, 
when we define the grade of a.finitely generated ideal with respect to an 
arbitrary module in Chapter 9. 1.6.22 will be an essential result. 

Exercises 

1.6.23. Let I, J ,  I,, 12, Ii be finite subsets of N Suppose I = {i,,.. ..ip), 

J = {i,+l,. .. , i,,,), the elements given in ascending order. 
(a) Suppose I n  J = 9, and let n be the permutation of I U J given by nijk) = i k  

where I u J = {A,. . . , jp+q) is given in ascending order. Prove u(1, J) = a(n) = 
(-l)Pqo(J,I). 
(b) Deduce that u(ll ,12)~(1, U I2,1)) = a(Il,12 U I1)ai12,I3). 

1.6.24. Let R be a local ring, and M a finite R-module. 
(a) Show p(A' M) = y'r') for all i E W. 

(b) Let 1 5 i 5 p(M). Prove that M is free if and only if / \ 'M is free. 

1.6.25. (a) Let R be a ring, and M an R-module of rank r .  Prove rank /\' M = (:) 

I for all i E W. 
(b) Show the analogue for a homomorphism rp: F -r G of finite free modules 
over a Noetherian ring. 
Hint for (b): One may assume that R is local and of depth 0. Then Im rp is a free 
direct summand of G. 

1.6.26. Let R be a Noetherian local ring, F a finite free R-module, U c F a 
submodule of rank r and L the natural embedding. Show that Air is injective if 
and only if A' U is torsion-free. In particular A' U is non-zero, but A' r is not 
injective for rank U < j 5 p(U). 

1.6.27. Let R be a ring, and M an R-module. For f,,.. ., f, E M' let & " I , .  . .,fp) 
be the restriction of d,, o . . . o d,, to A' M. Show that rp induces an R-linear map 
0: AYM') + (ApM)'. Prove that @ is an isomorphism, if M is finite and free. 

1 1.6.28. Let L' be an R-module, x E L', and p the right multiplication by x on 
A L'. Prove 

is a complex. 
Suppose that L' = (R")' and f t L'. Then the complexes 2.u) and K0U) 
are isomorphic. (Since K'Cf) " K.lf) by 1.6.10, one can introduce the Koszul 
complex via E'lf) if one is satisfied with having it only for linear forms on finite 
free modules.) 
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1.6.29. Let R he a Noetherian ring, x = (XI,. . . ,x,) an element of R", M = RvRx, 
and I the ideal generated by XI, ..., x,. Prove that grade1 2 k if and only if 

is a free resolution of AX M. (The map p is right multiplication by x as in 1.6.28; 
one always has A' M 2 (A' R") /~(A~- '  R").) 

1.6.30. Let x = xl ,..., x, be a sequence in R, and denote by p, the differential 
A'R" + A'-' R q n  the Koszul complex of x. Let r, = (r:) he the expected rank 
of v,. 
(a) Show that RadI,,(qj) = Rad(x). 
(h) Derive 1.6.17 for M = R from the Buchsbaum-Eisenbud acyclicity criterion. 

1.6.31. Let R he a Noetherian ring, and A4 f 0 a finite R-module. Let I be an 
ideal, x = XI,. . .,x, a system of generators of I, and g = grade(1,M). Show 
Hi(x ,M)=Ofor i=n-g+l  . . . . , n, and Ht(x, M )  f 0 for i = 0,. . . ,n - g. (This 
property is called the rigidity of the Koszul complex.) Hint: Reduce to the local 
case and use 1.6.18 for an inductive argument. 

1.6.32. Let (R, m) he a Noetherian local ring, I c m an ideal, x E m, and M a 
finite R-module. Prove grade(1 + (x), M) 5 grade(1,M) + I. 
1.6.33. Let (R,m) be a 'local ring, and p + m be a prime ideal such that p' = m. 
Choose a € P with P = m + (a) (see the proof of 1.5.9). Then a is R-regular 
(why?). If F. is a graded minimal free resolution of R/m, show that (F. @ K.(a)), 
is a minimal free resolution of R,/pR,. 

Notes 

After the foundations of homological algebra had been laid by Cartan and 
Eilenberg [53], it invaded commutative ring theory through the epochal 
work of Auslander and Buchsbaum [lo], [Ill ,  [12], Rees [259], and Serre 
12871. These works cover the contents of Sections 1.1-1.3, and much more, 
to he developed in Chapters 2 4 .  Previously commutative algebra had 
been ideal theory (under which title Krull (in German) and Northcott 
published influential monographs); now modules were considered the 
objects that give structure to a ring. An intermediate position was taken 
by Grobner's rather 'modern' treatise [117], but it introduced modules 
only as 'Vektonnoduln', i.e. suhmodules of free modules over polynomial 
rings. 

Proposition 1.2.16 and several theorems in Chapters 2 and 3 resemble a 
very successful method in topology, namely to relate the yoperties of the 
total space of a fibration to those of the base and the fibre. The algebraic 
analogue of this principle was studied systematically by Grothendieck 
[I181 (which, by the way, contains various results on regular sequences 
not reproduced by us). 
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Torsion-freeness, reflexivity, and their 'higher' analogues are treated 
in the monograph [9] of Auslander and Bridger; see Bruns and Vetter 
[47] for a compact presentation. The definition of rank is taken from 
Scheja and Starch [279]. 

The very useful acyclicity criterion of Buchsbaum and Eisenbud ap- 
peared in [49]. It is closely related to Peskine and Szpiro's equally 
important 'lemme d'acyclicit? [253] which we reproduced in Exercise 
1.4.23. 

The notion of perfect ideal or module appeared in Rees [259]. It is an 
abstract version of Grobner's [ I17  which in turn goes back to Macaulay 
[221]. A special form of the Hilbert-Burch theorem was proved by 
Hilbert [I451 (and had been previously conjectured by Meyer [234]) 
whereas Burch [52] provided the first 'modern' version. The theorem has 
been re-proved several times; we have essentially reproduced the version 
of Buchsbaum and Eisenbud [50] who generalized the theorem to a 
factorization theorem for the ideals I,(rp,) appearing in their acyclicity 
criterion. 

Because of their importance for algebraic geometry, graded rings have 
been a standard topic in commutative algebra. Their enumerative theory 
will be developed in Chapter 4. Rees [261] ascribes Theorem 1.5.5 to 
Samuel. Theorem 1.5.8 is due to Matijevic [226], and 1.5.9 was given by 
Matijevic and Roberts [227l. (The proof of 1.5.9 has been drawn from 
Fossum and Foxby [88] and Goto and Watanabe [I 101.) These theorems 
are part of a programme aiming at characterizations of graded rings 
which only use localizations with respect to graded prime ideals. We shall 
reproduce the pertinent results in the exercises of Chapters 2 and 3. 

The Koszul complex [202] appeared for the first time in Hilbert [145]: 
after having proved his syzygy theorem (see 2.2.14) Hilbert determined the 
free resolution of the  XI,. . . , X,]-module k. That the Koszul complex 
is an utterly useful construction even when it is not acyclic seems to 
have been recognized by Auslander and Buchsbaum [I21 and Serre 
[289]. Auslander and Buchsbaum established the main results of Section 
1.6 whereas Serre found the connection with multiplicity theory; see 
Chapter 4. 
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2 Cohen-Macaulay rings 

In this chapter we introduce the class of Cohen-Macaulay rings and two 
subclasses, the regular rings and the complete intersections. The definition 
of Cohen-Macaulay ring is sufficiently general to allow a wealth of 
examples in algebraic geometry, invariant theory, and combinatorics. On 
the other hand it is sufficiently strict to admit a rich theory: in the 
words of Hochster, 'life is really worth living' in a Cohen-Macaulay ring 
([157], p. 887). The notion of Cohen-Macaulay ring is a workhorse of 
commutative algebra. 

Regular local rings are abstract versions of polynomial or power series 
rings over a field. The fascination of their theory stems from a unique 
interplay of homological algebra and arithmetic. Complete intersections 
arise as residue class rings of regular rings modulo regular sequences, and, 
in a sense, are the best singular rings. Their exploration is dominated by 
methods related to the Koszul complex. 

2.1 Cohen-Macaulay rings and modules 

Let R be a Noetherian local ring, and M a finite module. If the 'algebraic' 
invariant depthM equals the 'geometric' invariant dimM, then M is 
called a Cohen-Macaulay module: 

Definition 2.1.1. Let R be a Noetherian local ring. A finite R-module 
M f 0 is a Cohen-Mucaulay module if depth M = dim M. If R itself 
is a Cohen-Macaulay module, then it is called a Cohen-Macaulay ring. 
A maximal Cohen-Macaulay module is a Cohen-Macaulay module M 
such that dim M = dim R. 

In general, if R is an arbitrary Noetherian ring, then M is a Cohen- 
Macaulay module if M,,, is a Cohen-Macaulay module for all maximal 
ideals nt E Supp M. (So we consider the zero module to be Cohen- 
Macaulay.) However, for M to be a maximal Cohen-Macaulay module 
we require that M,, is such an R,-module for each maximal ideal m of 
R. As in the local case, R is a Cohen-Macaulay ring if .: is a Cohen- 
Macaulay module. 

If I is an ideal contained in Ann M, then it is irrelevant for the 
Cohen-Macaulay property whether we consider M as an R-module or 

an R/I-module. In particular, if R is local and M a Cohen-Macaulay 
module, then M is a maximal Cohen-Macaulay module over R/ Ann M. 

The next theorem exhibits the fact that for a Cohen-Macaulay module 
the grade of an arbitrary ideal is given by its 'codimension'. 

Theorem 2.1.2. Let (R,m) be a Noetherian local ring, and M # 0 a 
Cohen-Macaulay R-module. Then 

(a) dim R/p = depth M for all p E Ass M, 

(b) grade(1, M) = dim M - dimM/IM for all ideals I c m, 

(c) x = xl,.  . . ,x, is an M-sequence ifand only ifdim MIxM = dim M -r, 

(d) x is an M-sequence if and only if it is part of a system of parameters 
of M. 

PROOF. (a) We saw depth M I dim Rip  in 1.2.13, and dim Rlp  5 dim M 
holds since Ass M c Supp M. 

(b) If grade(1,M) = 0, then there exists p E Ass M with I c p; 
therefore dim M I I M  = dim M follows from (a). If grade(1, M) > 0, 
then we choose x E I regular on M. One has grade(I, MlxM) = 

grade(1, M)-I, depth M/xM = depth M-I, and dim M/xM = dim M-1 
so that induction completes the argument. 

(c) It suffices now to quote 1.6.19. 
(d) This is just a reformulation of (c). 17 

The Cohen-Macaulay property is stable under specialization and 
localization: 

Theorem 2.1.3. Let R be a Noetherian ring, and M a,finite R-module. 
(a) Suppose x is an M-sequence. If M is a Cohen-Macaulay module, then 
M/xM is Cohen-Macaulay (over R or R/(x)). The converse holds if R is 
local. 
(b) Suppose that M is Cohen-Macaulay. Then for every multiplicatively 
closed set S in R the localized module Ms is also Cohen-Macaulay. In  
particular, M, is Cohen-Macaulay for every p E SpecR. If M, # 0, then 

depth M, = grade(p, M) and dim M = dim M, + dim M/pM. 

PROOF. (a) By the definition of Cohen-Macaulay module one may ev- 
idently assume that R is local. Let n be the length of x. Then 

dim M/xM = dimM - n by 1.2.12 and depthM/xM = depthM - n 
by 1.2.10. 

(b) Let q be a maximal ideal of Rs. The ideal q is the extension of 
a prime ideal p in R, and so (RS)9, Y Rp. Let m be a maximal ideal of 
R containing p. Then R, is a local~zation of the Cohen-Macaulay local 
ring R,. So we may again assume that R is local. 
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There is nothing to prove if M, = 0. When M, # 0, we use induction 
on depthM,. If depth MP = 0, then p E Ass M, and p is a minimal 
prime of SuppM by 2.1.2; therefore dim M, = 0. The same argument 
shows that p cannot be contained in any q E Ass M if depth M, > 0. 
So p contains an M-regular element x, and the induction hypothesis 
applies to M/xM. It follows easily that M, is Cohen-Macaulay and 
that depth M, = grade(*, M). The second equation results from that and 
2.1.2. 

Corollary 2.1.4. Let R be a Cohen-Macaulay ring, and I f R an ideal. 
Then grade I = height I, and if R is local, height I +dim R/I  = dim R. 

PROOF. One has height1 = min{dimR,: p E V(1)) and furthermore 
grade1 = min{depthR, : p E V(I)}. Theorem 2.1.3 yields dim R, = 
depth% for all p E SpecR. This proves the first equation, and the 
second follows from that and 2.1.2. 

Let k be a field. We shall see in the next section that every finite 
module over a polynomial ring  XI,. . . ,X.] or a power series ring 
 XI,. . . , X,] has finite projective dimension. Furthermore these rings 
are Cohen-Macaulay as will be shown below. This explains why the 
following theorem is a very effective Cohen-Macaulay criterion. 

Theorem 2.1.5. Let R be a Cohen-Macaulay ring, and M afinite R-module 
offinite projective dimension. 
(a) If M is perfect, then it is a Cohen-Macaulay module. 
(b) The converse holds when R is local. 

PROOF. Let M be perfect and p E Supp M. Then M, is a perfect module 
as shown in the proof of 1.4.15. So we may assume that R is local. The 
Auslander-Buchsbaum formula gives proj dim M = dim R-depth M, and 
2.1.4 yields grade M = dim R - dim M. Thus depth M = dim M if and 
only if proj dim M = grade M. 

One says that an ideal I is unmixed if I has no embedded prime 
divisors or, in modern language, if the associated prime ideals of R/I  are 
the minimal prime ideals of I .  Macaulay showed in 1916 that an ideal 
I = (XI,. . . ,x,) of height n in a polynomial ring over a field is unmixed, 
and for regular local rings this was proved by Cohen in 1946. These facts 
and the following theorem explain the nomenclature 'Cohen-Macaulay'. 

Theorem 2.1.6. A Noetherian ring R is Cohen-Macaulay if and only if 
every ideal I generated by height I elements is unmixed. 

PROOF. '*': Suppose I = (x), x = XI,. . . ,x., and let p, q E AssRII, p c q. 
Then there is a maximal ideal m with q c m, and pR,, qR, E Ass(R,/Im). 
If height I = n, then dim(R,/I,) = dim Rm - n, and x is an Rm-sequence 
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by 2.1.2. Therefore Rm,/Im is Cohen-Macaulay, whence pRm = qRm 
(again by 2.1.2), and so p = q. 
'e': Let J c R be an arbitrary ideal, say height J = n. Then 

there exist xl ,..., x. E J with height(xl,.. .,xi) = i for all i = 0,. ..,n 
(see A.2). It is impossible for xi+l to he contained in a minimal prime 
ideal of (XI ,..., xi). By hypothesis it therefore is an (R/(xl,.. .,xi))- 
regular element. So XI , .  . .,x, is an R-sequence. We have shown that 
grade J = height J for every proper ideal J of R. Then R is certainly 
Cohen-Macaulay. 

Flat extensions of Cohen-Macaulay rings and modules. The behaviour of 
depth under flat local extensions was studied in Section 1.2. That makes 
it easy to prove an analogous theorem for the Cohen-Macaulay property. 

Theorem 2.1.7. Let q : (R, m) + (S,n) be a homomorphism of Noetherian 
local rings. Suppose M is a finite R-module and N is an R-fit finite S- 
module. Then M 8, N is a Cohen-Macaulay S-module if and only if M is 
Cohen-Macaulay over R and N/mN is Cohen-Macaulay over S. 

In fact, according to 1.2.16 we have depth, M 8 N = depth, M + 
depth, NImN. Since depth is bounded above by dimension, the theorem 
follows from the analogous equation for dimension; see A.l l .  

Corollary 2.1.8. Let (R,m) be a Noetherian local ring, M a finite R- 
module, and M its m-adic completion. 
(a) Then dim, M = dimk M and depth, M = depthi M. 
(b) M is Cohen-Macaulay if and only if M is Cohen-Mocaulay. 

PROOF. The extension R + k is local and flat, and M = M 8, k since M 
is finite. 

One can of course use more direct arguments in order to prove the 
previous corollary. Similarly there is a more 'elementary' approach to the 
following theorem; see for example [195]. 

Theorem 2.1.9. Let R be a Noetherian ring, M a,finite R-module, and S = 

R[Xl,. . . , X,,] or S = REX,, . . . , X.]. Then M 8 S is a Cohen-Macaulay 
S-module ifand only i f M  is a Cohen-Macaulay module. 

PROOF. Since the indeterminates can be adjoined successively, we may 
assume n = 1, X = XI. The 'only i f  part is easy: in both cases X is 
(M 8 S)-regular, and R " S/(X), M " (M 8 S)/X(M 8 S). (That X 
is (M c3 S)-regular is evident for S = R[X]; the reader should find a 
justification for S = REX].) 

Conversely, let m be a maximal ideal of S, and set p = m n R. As 
outlined below A.12 the fibre S,/pS, is a discrete valuation ring, and 
thus Cohen-Macaulay. Now we invoke 2.1.7 and complete the proof. 
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For polynomial extensions the proof of 2.1.9 shows that a stronger 
local version of 2.1.9 is valid: for q E Spec R[Xl,. . . , X,,] the localization 
R[Xl,. . . , X.1, is Cohen-Macaulay if and only if R, is Cohen-Macaulay 
for p = q n R .  Similarly, there is a local version of the following theorem: 

Theorem 2.1.10. Let k be a field, R a Noetherian k-algebra, and K an 
extension field of k. Suppose that R is a finitely generated k-algebra, or 
that K isjnirely generated as an extension,field of k. Then R is a Cohen- 
Macaulay ring if and only if R @ k  K is. 

P~oor. If R is a finitely generated k-algebra, then R @k K is a finitely 
generated K-algebra, and therefore Noetherian. Suppose that K is a 
finitely generated extension field. Then K is a finite algebraic extension 
of a finite purely transcendental extension K' of k. Since K' is the field of 
fractions of a polynomial ring  TI,. . . , T,,], we find again that R @ k  K' 
is Noetherian, whence R @k K = (R @ n  K') @ K .  K is also Noetherian. 

Evidently R@K is a faithfully tlat R-algebra. Therefore, given a prime 
ideal p of R, there exists q € Spec R @ K such that p = R n q. The fibre of 
the extension R, + (R @ K), is a localization of k(p) @ K. In conjunction 
with 2.1.7 this argument reduces the theorem to the assertion that L@a K 
is Cohen-Macaulay for extension fields L and K of k, provided one of 
them is finitely generated. This follows from the next proposition. 

Proposition 2.1.11. Let k be afield, R a k-algebra, and K afinitely gener- 
ated extensionjeld of k. Then R @k K is isonlorphic to a ring 

R[XI, ..., Xnlslcf~, ..., fm) 
where S is a multiplicatiuely closed subset of RIX1,. . . ,X,], and f,, . . . , f, 
is a R [XI,. . . , XJs-sequence. 

PROOF. The extension k c K decomposes into a series of cyclic extensions 
k = KO c . . .  c K ,  = K. We use induction on I. Suppose that 
T = R @a Ki = R[Xl, ..., xnlsl(f~ ,..., f,). 

If Kj+l = Ki[Y]/(g) with a monic irreducible polynomial g, then 

R @n Ki+l T @K, Ki+l N T[Y]/(g). 

Since T is a flat Kj-algebra, g is not a zero-divisor of 

T[Yl = RWI, ..., Xm, YlslCf~,  ..., fm). 

If Ki+l = K,(Y), then R @k Ki+1 = R[XI,. . . , X , ,  Y]s,/(fl ,..., f,) where 
S' is generated by the image of S and the image of Kj[Y] ' (0). 

Chain conditions in Cohen-Macanlay rings. Cohen-Macaulay rings were 
introduced as those rings for which depth equals dimension. Corollary 
2.1.4 and the next theorem show that dimension theory itself is simpler 
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for Cohen-Macaulay rings than for general Noetherian rings. One says 
a Noetherian ring R is catenary if every saturated chain joining prime 
ideals p and q, p c q, has (maximal) length heightqlp; R is universally 
catenary if all the polynomial rings RIXl,.. .,X,,] are catenary. It is easy 
to see that R is universally catenary if and only if every finitely generated 
R-algebra is (universally) catenary. 

Theorem 2.1.12. A Cohen-Macaulay ring R is uniuersally catenary. 

PROOF. 'Universally' may be dropped because of 2.1.9. So let p c q he 
prime ideals of R. The localization R, is Cohen-Macaulay, and 2.1.4 
applied to 4 yields 

height q = dim R, = height yR, + dim(R,/p&) = height p +height q/p. 

It is an easy exercise to show that R is catenary if this equation holds for 
all prime ideals p c q. 

Corollary 2.1.13. A Noetherian complete local ring R is uniuersally cate- 
nary. 

PROOF. Cohen's structure theorem (see A.21) tells us that R is a residue 
class ring of a formal power series ring A = k[[Xl,. . . , X,]  where k is a 
field or a discrete valuation ring. By 2.1.9, A is Cohen-Macaulay and 
therefore universally catenary; R inherits this property as a residue class 
ring of A. 

Remark 2.1.14. For the sake of clarity 2.1.4 and 2.1.12 were kept more 
special than necessary. If R has a Cohen-Macaulay module M with 
Supp M = SpecR, then we need only replace grade1 by grade(1,M) in 
2.1.4 to obtain an equally valid result. It follows that a local Noetherian 
domain which has a maximal Cohen-Macaulay module is universally 
catenary. One of Nagata's famous counter-examples is a non-catenary 
such domain ([243], Example 2, p. 203). 

However, to be universally catenary is not the only necessary condition 
for R to have a Cohen-Macaulay module M with SuppM = SpecR; 
it must also satisfy Grothendieck's condition (CMU). This condition 
requires that for every prime ideal p of R the spectrum of R/p contains 
a non-empty open subset U such that (Rlp), is Cohen-Macaulay for all 
q E U; see [I 181, IV, 6.11. A local ring violating (CMU) was constructed 
by Ferrand and Raynaud [85]. 

A Noetherian complete local ring is universally catenary since it is a 
residue class ring of a Cohen-Macaulay ring, and for the same reason 
it satisfies (CMU). It is an open question whether every Noetherian 
complete local ring has a maximal Cohen-Macaulay module. 

We shall see in Chapter 9 that the existence of maximal Cohen- 
Macaulay modules implies a wealth of homological theorems. Fortu- 
nately, it will not be essential that these Cohen-Macaulay modules M 
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are really finite; we 'only' need every system of parameters of the ring to 
he  an  M-sequence. In Chapter 8 such modules will he shown to exist for 
local rings containing a field. 

For a prime ideal p in a Cohen-Macaulay local ring R the residue 
class ring R/p  is not  Cohen-Macaulay in general; it is however unmixed 
in the sense of Nagata [243] : 

Theorem 2.1.15. Let R be a Cohen-Macaulay local ring, and p a prime 
ideal. Then = dim R/p for all q E ~ s s ( k / p k ) .  In  particular p k  
is an unmixed ideal. 

PROOF. If q n R # p, then q would contain a n  (k/pk)-regular element. 
Therefore q n R = p, and we have a flat local ring extension R, + &,. 
Applying 1.2.16 and since &, and R, are Cohen-Macaulay we get 

d imk,  = depth &, = depth R, + depth(~, /pk, )  = dim R, 

In  view of 2.1.4 this equation is equivalent to the theorem. 

Serre's condition (S,,). Sometimes one only needs a ring or  a module 
to he Cohen-Macaulay in low 'codimension'. A finite module over a 
Noetherian ring R satisfies Serre's condition (S,,) if 

depth M, 2 min(n, dim M,) 

for all p E Spec R. The theorems of this section need some modification 
when Cohen-Macaulay is replaced by (S,). As an  example we treat the 
(S.) analogue of 2.1.7. 

Proposition 2.1.16. Let *p : R + S be a flat homomorphism of Noetherian 
rings. 
(a) Let q t SpecS and p = q n R. If S, satisfies (S,), then so does R,. 
(h) Suppose R and all the,fihres k(p) @ S  with p E Spec R satisfy (S,,). Then 
S satisfies (S , ) .  

PROOF. (a) Replacing R by R, and S by S, we may assume that *p is a flat 
homomorphism of local rings. For p E Spec R we now choose a minimal 
prime q of pS. Then dim(S,/pS,) = 0, and according to 1.2.16 we have 

depth R, = depth S, 2 min(n, dim S,) = min(n, dim R,) 

(b) For q E Spec S and p = R n q one similarly deduces 

depth S,, = depth R,, + depth(S,/pS,) 

2 min(n, dim R,) + min(u, dim(S,/pS,)) 

2 min(n,dim R, + dim(S,/pS,)) 

= min(n, dim S,,). 

Exercises 

2.1.17. Let k he a field, and R = k[X, ,..., X , ] .  If p is a prime ideal in R with 
height p E {0, 1,n - l,n}, show that R/p is Cohen-Macaulay. 

2.1.18. Let k be a field. Show 
(a) the subalgebra S = k[U4, U3V, U V 3 ,  V4] of k[U, V] is not Cohen-Macaulay, 
(h) for each rn with 2 2 m 2 n - 2 there exists a prime ideal of height m in 
R = k[X,,.. . , X , ]  for which R(p is not Cohen-Macaulay. 

2.1.19. Let k he a field, and S the subalgebra of  XI, .. .,X,] generated by the 
monomials of degrees 2 and 3. Show S is an n-dimensional domain; the maximal 
ideal (XI,. . . ,X,) n S has height n and grade 1. 

2.1.20. Prove (a) a one dimensional reduced Noetherian ring is Cohen-Macaulay, 
(b) a one dimensional Noetherian local ring has a maximal Cohen-Macaulay 
module. 

2.1.21. Characterize (S,) by an unmixedness property. 

2.1.22. Prove that a module M satisfies (S,) if and only if M, is Cohen-Macaulay 
for all prime ideals p with depthM, < n. 

2.1.23. Let R + S be a faithfully flat homomorphism of Noetherian rings. Show 
the following are equivalent: 
(a) S is Cohen-Macaulay; 
(b) R and all the fibres S,/pS, are Cohen-Macaulay where q E SpecS and 
P = q n ~ .  
Hint: use A.lO. 

2.1.24. Prove the analogues of 2.1.8(h), 2.1.9, and 2.1.10 for (S,). For the passages 
from R to k and to REX,, . . . , X.1 assume that R is a residue class ring of a 
Cohen-Macaulay ring. 

2.1.25. Prove the converse of 2.1.5(a) under the hypothesis that SuppM is con- 
nected. (The crucial point is to show that the function p r proj dim M, is locally 
constant on Supp M if M is locally perfect.) 

2.1.26. Let R be a Cohen-Macaulay local ring of dimension d and M a finite 
R-module. Deduce that the d-th syzygy of M in an arbitrary finite free resolution 
is either 0 or a maximal Cohen-Macaulay module. 

2.1.27. Let R be a Noetherian graded ring, and M a finite graded R-module. 
Show: 
(a) For p t SpecR the localization M, is Cohen-Macaulay if and only if M,. is. 
(This follows easily from the results of Section 1.5.) 
(b) The following are equivalent: 

(i) M is Cohen-Macaulay; 
(ii) M, is Cohen-Macaulay for all graded prime ideals p; 
(iii) M(,, is Cohen-Macaulay for all graded prime ideals p. 

(c) Suppose in addition that (R,m) is 'local. Then M is Cohen-Macaulay if and 
only if M, is. 

2.1.28. Let (R,m) be a Noetherian 'local ring, and x t m a homogeneous 
R-regular element. Then R is Cohen-Macauldy if and only if so is R/(x). 
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2.2 Regular rings and normal rings 

The most distinguished of all Noetherian local rings are those whose 
maximal ideal can be generated by a system of parameters: 

Definition 2.2.1. A Noetherian local ring (R,m) is regular if it has a 
system of parameters generating m; such a system of parameters is called 
a regular system of parameters. 

Evidently, when dimR = 0, then R is regular if and only if it is a field, 
and when dim R = 1, R is regular if and only if it is a discrete valuation 
ring. Other examples of regular local rings are  XI,. . . , X,] where k is 
a field, and  XI,. . . , X,],,, m = (XI,. . . , X,). 

We may rephrase the definition above as follows: R is regular if and 
only if p(m) = dim R. In fact, p(m) 2 dim R by Krull's principal ideal 
theorem, and a system of generators of m has dimR elements exactly 
when it is a system of parameters. 

Proposition 2.2.2. A Noetherian local ring (R, m) is regular if and only if 
its m-adic completion k is regular. 

PROOF. The maximal ideal of R is mk, and we have natural isomor- 
phisms R/m " k l m k ,  m/m2 " ( m ~ ) / ( m k ) ~ .  Therefore g(m) = p(mk). 
Furthermore dimR = dimk, and by definition R is regular if and only 
dim R = p(m). 

It is easily proved that regular local rings are integral domains. 

Proposition 2.2.3. Let (R, m) be a regular local ring. Then R is an integral 
domain. 

PROOF. We use induction on dimR. When dimR = 0, R is a field. So 
suppose dimR > 0, and let p , , . .  .,p,, be the minimal prime ideals of R. 
There exists an element x E m which is not contained in any of the ideals 
m2, p,, . . . , p,. (This follows easily from 1.2.2 with M = N = m.) Since x is 
part of a minimal system of generators of m, it is part of a regular system 
of parameters, and thus R/(x) is regular (use that dim R/(x) = dimR-1). 
As dim R/(x) c dim R we may assume that R/(x) is a domain. Thus (x) 
is a prime ideal, and therefore contains a minimal prime ideal of R, say 
p,. Every y E p, has the form y = xz, and since x 4 p,, z is an element 
of p,. It follows that p, = xp,, which, by Nakayama's lemma, implies 
p, = 0, as required. 

Using the previous proposition, one can say precisely which residue 
class rings of a regular local ring are also regular: 

Proposition 2.2.4. Let R be a regular local ring, and I c R an ideal. Then 
R/I is regular if and only if1 is generated by a subset of a regular system 
of parameters. 

2.2. Regular rings and normal rings 65 

PROOF. The 'if' part is trivial. So suppose that R / I  is regular. Then 
p(m/l) = dim R/I ;  set m = dim R - dim R/I. By Nakayama's lemma 
I contains elements x l ,  ..., x, which are part of a minimal system of 
generators of m. Then R/(xl,. . . , x,) is regular of dimension dim R - 
m = dim R/I. Since I and (XI , .  . . , x,) are prime ideals, one must have 
I = (XI,. . .,x,). 

The next proposition gives useful characterizations of regularity. 

Proposition 2.2.5. Let (R,m, k) be a Noetherian local ring, and XI, .  . . ,x, a 
minimal system of generators o f m .  Then the,following are equivalent: 
(a) R is regular; 
(b) X I , .  . . , x. is an R-sequence: 
(c) the substitution Xi H Xi m/n12 yields an isomorphism  XI,. . . ,X,] 2 

gr,"(R). 

PROOF. (a) =. (b): Since xl, ..., x, is a minimal system of generators of 
m, it is a regular system of parameters, and R/(xl,.. .,xi) is also regular 
for each i. Therefore R/(xl, .  . . , xi) is a domain, and xi+, is regular on 
R/(xI,. . . ,xi). 

(b) =. (a): An R-sequence is part of a system of parameters by 1.2.12. 
(b) o (c): This follows from 1.1.8 and its converse 1.1.15. 

Corollary 2.2.6. A regular local ring is Cohen-Macaulay. 

The Auslander-Buchsbaum-Serre theorem. Whereas the characterizations 
of regular local rings in 2.2.5 are rather close to the definition, this can 
hardly be said of the following theorem. Together with 2.2.19 below, 
it is considered to be the most important achievement of the use of 
homological algebra in the theory of commutative rings. 

Theorem 2.2.7 (Auslander-Buchsbaum-Serre). Let (R, m, k) be a Noe- 
therian local ring. Then the following are equivalent: 
(a) R is regular; 
(b) projdim M < m f o r  every finite R-module M ;  
(c) proj dim k < m. 

PROOF. (a) =. (h): Let d = dimR, and N a d-th syzygy module of M .  
Since R is Cohen-Macaulay, N is a maximal Cohen-Macaulay module 
or 0 by Exercise 2.1.26. If N = 0, we are done; otherwise every regular 
system of parameters x is a (maximal) N-sequence. Lemma 1.3.5 gives 
projdim, N = projdimRl,,)(N/xN) = projdimk(N/mN) = 0. So N is 
free, and proj dim M < d .  

(b) => (c): This is trivial. 
(c) + (a): This is a special case of the following theorem. 
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Theorem 2.2.8 (Ferrand, Vasconcelos). Let (R,m) be a Noetherian local 
ring, and I f 0 a proper ideal with projdiml < m. If 1/12 is a free 
R/I-module, then I is generated by a regular sequence. 

PROOF. Since I has a finite free resolution, it contains an R-regular element 
x by 1.4.6. It is no restriction to assume x @ ml :  if x E ml, then we 
choose some y E I \ ml;  Ry + Rx is not contained in any p E AssR, 
and by 1.2.2 there is a t R for which y + ax has the same property. This 
proves the theorem when p(1) = 1, and when p(1) > 1, we use induction, 
passing from R to R/(x) and from I to I/(x). 

Of course, we must first verify that projdim,,(,,I/(x) < m. Since 
x 6 ml,  the residue class of x in 1/12 is part of a basis Z,12,. . .,Xm of 
this free module. Set J = (x2,. . . , x,); we claim: J n (x) c XI. In fact, if 
z = a x = a 2 x 2 + . . . + a  , x ,,,, then a E I because X,XL,. . . ,Xm are linearly 
independent modulo I .  Therefore we get a composition of maps 

I/@) = (J  + (x))/(x) " JIJ n (x) + 11x1 + I/(x), 

in which the residue class of xi is sent to itself, and which therefore is the 
identity on I/(x). So I/(x) is a direct summand of I / x l ;  as x is I-regular, 
the latter has finite projective dimension over R/(x) by 1.3.5. 

Finally we need that f / f2  is a free R/I-module where f = I/(x). But 
this is a very easy consequence of the linear independence of x, x2,. . . , x, 
modulo I .  

The proof of 2.2.7 can be varied: the Koszul complex of a regular 
system of parameters resolves k by 2.2.5 and 1.6.14, whence (a) * (c). 
Moreover, the implication (c) * (b) follows from 1.3.2: proj dim k < m * 
~ o r f i M ,  k) = 0 for i >> 0, and this in turn gives proj dim M < m. While 
this reasoning uses a truly homological argument, namely the fact that 
Tor can be computed from a free resolution of either module, the proof 
above merely exploits the existence of minimal free resolutions. Serre's 
original argument for (c) * (a) will be indicated in Exercise 2.3.22. 

Corollary 2.2.9. Let R he a regular local ring, and p a prime ideal in R. 
Then R, is regular. 

PROOF. By 2.2.7(a) => (b) we have projdimR/p < m. It follows that 
projdimRP(R/p), = projdimRp(R,/pRp) < m, whence R, is regular by 
2.2.7(c) (a). 

Over a regular local ring the Cohen-Macaulay proparty is equivalent 
to perfection (see Section 1.4 for this notion): 

Corollary 2.2.10. A finite module M over a regular local ring is Cohen- 
Macaulay f and only f i t  is perfect. 
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The corollary is an immediate consequence of 2.1.5 and 2.2.7. 
Let (R,m) be a Noetherian local ring. By 2.1.8, R is Cohen-Macaulay 

if and only if its m-adic completion is Cohen-Macaulay. Furthermore, 
if R contains a field or is a domain, then it is a finite module over a 
regular local subring (see A.22). Thus the following proposition may 
almost be considered a new description of the Cohen-Macaulay property 
for rings. 

Proposition 2.2.11. Let R he a Noetherian local ring and S a regular local 
subring such that R is a Jinite S-module. Then R is Cohen-Macaulay f 
and only if it is a free S-module. 

PROOF. By 2.2.7 one has projdims R < m; therefore R is S-free if and 
only if depths R = dim S. Choose a (regular) system of parameters x 
in S. Then x is also a system of parameters of R, and therefore R is 
Cohen-Macaulay o x is an R-sequence o depth, R = dim S. (One 
could also use Exercise 1.2.26.) 

Flat extensions of regular rings. The behaviour of regularity under flat 
local extensions is described by the following theorem. 

Theorem 2.2.12. Let p : (R, m, k) + (S,n, 1) he a f lat  homomorphism of 
Noetherian local rings. 
(a) If S is regular, then so is R. 
(b) If R and S/mS are regular, then so is S. 

PROOF. (a) Let F. be a minimal free resolution of the R-module k. Then 
F. 6 S is a free resolution of k @ S " S/mS because of flatness, and even 
a minimal one since p(m) c n. Thus proj dim, k = proj dims S/mS < m, 
and R is regular by 2.2.7. 

(b) Let m = dim R, n = dimS/inS, and choose minimal systems of 
generators X I , .  ..,x, of m and yl,. . ., y, of n/mS. Then rp(xl), .. ., p(x,), 
y,, . . . , y. generate n, and S must be regular because dim S = dim R + 
dim S/nS; see A.ll .  

An easy example shows that S/mS need not be regular in the situation 
of 2.2.12(a): Let k be a field, and choose S = k[[X, Yl/(Y - X2) and 
R = k[Lv] i S. Then R and S are regular, and S is a free R-module 
generated by 1 and x, but S/yS " k[[xJ/(x2) is not regular. (The reader 
should imagine the geometry of this example.) 

In order to formulate a theorem relating the regularity of R and 
that of RIXl,.. .,X,] we must first agree on calling a Noetherian ring 
R regular if its localizations Rm, with respect to maximal ideals m are 
regular. 

Theorem 2.2.13. A Noetherian ring R is regular fund only fR[X,,  . . . ,X,] 
is regular. The same holdsfor R and REXI,. . . ,X,l.  
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PROOF. We may assume that n = 1 and set X = XI. Suppose that R [ X ]  is 
regular, and, given a maximal ideal m of R, choose n = (m,X) c R[X]. 
Then X @ n2, equivalently X @ (nR[X],J2, and it follows immediately 
from the definition of regularity that R, is regular. The same argument 
shows that regularity descends from REXI] to R. Of course, what has just 
been shown can also be derived from 2.2.12(a), and the reader is invited 
to use 2.2.12(b) in proving that regularity ascends from R to R[X] and 
R D J .  (Compare the proof of 2.1.9.) 

In particular, a polynomial ring  XI,. . . , X,] over a field k is regular. 

Corollary 2.2.14. Let k be afield,  and R =  XI, ..., X,]. 
(a) (Hilbert's syzygy theorem) Every jnite graded R-module M has a,finite 
graded free resolution of length I n. 
(b) Moreover, proj dim hl I n for every finite R-module M. 
(c) In jact, everyfinite R-module has a jn i t e f ree  resolution of length s n. 

PROOF. (a) Set m = (XI,. . . , X,,) and consider a minimal graded free 
resolution F. of M. Such a resolution exists, and furthermore F. @ R,,, is 
a minimal free resolution of M,; see 1.5.15. Now R,,, is a regular local 
ring. Therefore F. @ R, has length at most n, and the same holds true 
for F.. 

(b) Consider an arbitrary maximal ideal n of R. Then dimR, < 
dimR = n, and R, is a regular local ring. Hence p r ~ j d i m , ~  M ,  I n. 

Taking the supremum over all maximal ideals, we get projdim M n. 
(In fact, let N be the n-th syzygy of M in a resolution by finite projective 
R-modules. Then N,, is a finite free R,-module for all n, and therefore N 
is projective.) 

(C) By the theorem of Quillen and Suslin ([274], Theorem 4.59) every 
finite projective R-module is free. 

In 2.2.14(a) and 2.2.15 below it is not essential that degX, = I for 
all i. One may replace the standard grading of R by any grading which 
makes R a 'local ring, for example by a grading such that deg Xi > 0 for 
all i. 

Corollary 2.2.15. Let k be a,field. R =  XI, .. ., X,], m = (XI,. .  .,x,,), 
and M afinite graded R-module. Then the,following are equivalent: 
(a) M is Cohen-Macaulay; 
(a') M is perfect: 
(b) M,, is Cohen-Macaulay; 
(b') M,, is perfect. 

PROOF. The implications (a') - (a) * (b) * (b') follow from 2.1.5 and 
2.2.10. The remaining implication (b') * (a') is an immediate consequence 
of the equations proj dim M = proj dim M,,, and grade M = grade M ,  
proved in 1.5.15. 
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Remark 2.2.16. Let R be a Noetherian k-algebra where k is a field, and 
K an extension field of k. If R is finitely generated as a k-algebra or K is 
a finitely generated extension field, then R @k K is a Noetherian ring as 
shown in the proof of 2.1.10. Since R Bk K is a flat R-algebra, it follows 
readily from 2.2.12 that R is regular if R Bk K is regular. We saw in the 
proof of 2.1.10 that the fibres of the extension R + R @ k  K are of the 
form (L @k K)y where L is an extension field of k and p E Spec(L @k K). 
If L @k K is regular for every extension field L of k (provided one of K, L 
is finitely generated), then one obtains from 2.2.12 that R @k K is regular 
if R is regular. 

The fields K satisfying the condition just formulated are the separable 
extensions of k. We refer the reader to [230], $26 for a discussion of 
separability, and to [118], IV, 6.7.4.1 for the theorem concerning the 
regularity of L @k K. 

Factoriulity of regular local rings. Our next goal is to show that a regular 
local ring is a factorial domain (a UFD in other terminology). We need 
two elementary lemmas whose proofs are left as an exercise for the reader. 

Lemma 2.2.17. A Noetherian domain R is factorial if and only if every 
prime ideal p of'height 1 is principal. 

Lemma 2.2.18. Let R be a Noetherian domain and n a prime element in R. 
Then R is factorial if and only if R, is factorial. 

Theorem 2.2.19 (Auslander-Buchsbaum-Nagata). A regular local ring R 
is factorial. 

PROOF. We use induction on dim R. If dim R = 0, then R is a field, and 
there is nothing to prove. So suppose dimR > 0, and choose n E m \ m2. 
Since R/(rr) is again a regular local ring, rr is a prime element. According 
to the previous lemma, it is enough to show that S = R, is factorial. 

Let p be a prime ideal of S with heightp = 1. Every localization S, 
is a localization of R with respect to a prime ideal # m, and therefore 
a regular local ring by 2.2.9. By induction S, is factorial. If p $ q, then 
pS, " S,, for trivial reasons, and if p c q, then also pS, " S, as follows 
from 2.2.17 in conjunction with the factoriality of S,. This implies that p 
is a projective S-module of rank 1. 

Of course p is of the form pS with a prime ideal !!3 of R. The 
R-module p has a finite free resolution F., whence p = p, has an 
augmented resolution 

' P a  Cnl 
G.:O-G,-G, -I- . . . -G,+Go-p--*O 

by finite free S-modules. However, p is a projective S-module, and its 
syzygy modules with respect to G. are likewise projective. In particular 
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I m  rp,-l e G, " G,-I. If s > 1, we can modify the tail of G. to obtain the 
free resolution 

m, G . : O - I ~ ~ , - I ~ G , - G , - ~ @ G , - ~ ~ ~ - G ~  - - t G o + p - - r O .  

Therefore, by induction on the length of G., p in fact has a free resolution 

The Hilbert-Burch theorem 1.4.16 yields that p = al.(*p) with some a E S, 
and furthermore that p = aS since p is projective. So p is a principal 
ideal. 

A ring is normal if all its localizations are integrally closed domains; a 
Noetherian ring is normal if and only if it is the direct product of finitely 
many integrally closed domains (see [230] for a detailed discussion of 
normality). 

Corollary 2.2.20. A regular local ring is a normal domain. 

In fact, every factorial ring R is a normal domain. (One proves this 
just as for the special case R = Z) The 'classical' proof of the corollary 
uses 2.2.5 and the fact that a Noetherian local ring is a normal domain 
if gr,,,(R) is a normal domain; see 4.4.10. There is even a third proof, as  
we shall see now. 

Serre's normality criterion. A Noetherian ring R satisfies Serre's condition 
(Rn) if R, is a regular local ring for all prime ideals p in R with dim R, I n. 
(Note the similarity with (S.); contrary to (S,) however, (R,) says nothing 
about localizations R, with dim R, > n.) 

We leave it as an  exercise for the reader to prove that the behaviour 
of (R,) under flat local extensions is the same as  that of (S,,): 

Proposition 2.2.21. Let rp : R + S be a,flut homomorphism of Noetherian 
rings. 
(a) Let q t S p e c s  and p = q n R. If S, sati$es (R,), then so does Rp. 
(b) If R and a l l jb res  k(p) 8 S ,  p E SpecR, satisfy (R.), then so does S. 

It  is easy to see that a Noetherian ring R is reduced if and only if it 
satisfies (Ro) and (SI). Serre characterized normality in a similar way: 

Theorem 2.2.22 (Serre). A Noetherian ring R is normal jf and only if it 
satisj5es (RI) and (S*). 

We refer the reader to Serre [289], IV.4, or  [230], $23, for a proof of 
2.2.22. The following corollary is an  evident consequence of 2.1.16, 2.2.21, 
and 2.2.22: 
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Corollary 2.2.23. Let rp : R + S he a $at homomorphism of Noetherian 
rings. 
(a) Let p E Spec S and q = p n R. If S, is normal, then so is 4. 
(b) I f R  and all t he jb res  k(q) 8 S, q E SpecR, are normal, then so is S. 

Suppose that (R,m) and (S,n) are local, and that q is flat and local. 
Then, for S to be normal, it is not sufficient to have R and S / m S  normal: 
there are normal local domains whose completions are not even domains; 
see 12431, p. 209, Example 7. 

Exercises 

2.2.24. Let R he a Noetherian graded ring. Show: 
(a) For p t Spec R the localization R, is regular if and only if R,. is. 
(b) The following are equivalent: 

(i) R is regular; 
(ii) R, is regular for all graded prime ideals p; 
(iii) R(,, is regular for all graded prime ideals p. 

(c) Suppose moreover that (R,m) is 'local. Then R is regular if and only if R,, is. 
Hint: Use 1.6.33. 

2.2.25. Let R be a positively graded k-algebra over a field k.  Prove the following 
are equivalent: 
(a) R is regular; 
(b) R,,, is regular where m is the 'maximal ideal; 
(c) there exist homogeneous elements x,, . . . , x, of positive degree for which the 
assignment X ,  u xi induces an isomorphism k [ X , ,  . . . ,X,] " R. 
Hint: For the non-trivial implication (b) =. (c) choose a minimal homogeneous 
system of generators x,,. . .,x, of m; then apply 1.5.15 and 1.5.4. The rest is a 
simple dimension argument. 

2.2.26. In the situation of 2.2.11 characterize the Cohen-Macaulay R-modules by 
a property they have as S-modules. 

2.2.27. Let R be a Noetherian ring over which every finite module has a finite 
free resolution. Show R is a factorial domain. 

2.2.28. Let R he a regular local ring, and I an ideal of height 1. Prove that the 
following are equivalent: 
(a) R/I is Cohen-Macaulay; 
(b) height p = 1 for all prime ideals p E Ass R / I ;  
(c) I is a principal ideal. 
Hint: For (b) + (c) one uses primary decomposition and the factoriality of R. 

2.2.29. Prove that a Noetherian ring R satisfies (R,) and (S,,) if and only if R, is 
regular for every prime ideal p such that depth R, 5 i. 

2.2.30. (a) Show a Noetherian normal ring of dimension 2 is Cohen-Macaulay. 
(h) A Cohen-Macaulay ring is normal if and only if it satisfies (RI). 

2.2.31. (a) Let R be a Noetherian complete local domain. Then R is a finite module 
over a regular local ring S contained in R; see A.22. Set M = Homs(R,S); then 
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M is an R-module in a natural way. Show that depth, M = depth, M 2 
min(dim R, 2). 
(b) Prove that every Noetherian complete local ring of dimension 2 has a maximal 
Cohen-Macanlay module. 

2.2.32. Let R he a Noetherian complete local domain. It is known that the integral 
closure of R in its field of fractions is a finite R-module ([229], p. 237 or [35], 
Ch. IX, $4). Use this to give a fresh proof of the fact that a Noetherian complete 
local ring of dimension 2 has a maximal Cohen-Macaulay module. 

2.2.33. Let R he a Noetherian ring, and x t R an R-regular element. 
(a) Assume that R, fulfills (R,,) and (S,,,,), and that (R,_,) and (S.) hold for 
Rl(x). Show that R satisfies (R,) and (S.,,). 
(h) Assume R, is a normal domain, and R/(x) is reduced. Show that R is a 
normal domain. 

2.2.34. Let R he a Noetherian graded ring, and A its dehomogenization with 
respect to an element of degree 1 (see 1.5.18). Show that if R is a normal domain, 
then so is A. 

2.2.35. We keep the notation of 22.34, Let p be a graded prime ideal of R with 
x -$ p, and q E SpecA its dehomogenization (see 1.5.26). Show that R, is a flat 
local extension of A,, and determine its fibre. Compare R, and S, with respect to 
the following quantities and properties: dimension, depth, type; being reduced, 
an integral domain, Cohen-Macaulay, normal, regular. 

2.3 Complete intersections 

We observed that the homological relationship between a local ring S 
and a residue class ring R = S / I  is particularly strong if I is generated 
by an S-sequence. In this section we investigate such residue class rings 
of regular local rings. Slightly more generally we define: 

Definition 2.3.1. A Noetherian local ring R is a complete intersection (ring) 
if its completion k is a residue class ring of a regular local ring S with 
respect to an ideal generated by an S-sequence. 

Note that k is always a residue class ring of a regular local ring (see 
A.21). It follows immediately from 2.1.3, 2.1.8, and 2.2.6 that a complete 
intersection is Cohen-Macaulay. 

The nomenclature 'complete intersection' comes from algebraic ge- 
ometry. Suppose R is the coordinate ring of an affine variety over 
an algebraically closed field k. Then R has the form R = S / I  where 
S is a polynomial ring over k, and R is called a complete intersec- 
tion if I is generated by the least possible number of elements, namely 
codim V = height I. Then V is the intersection of codim 4' hypersurfaces, 
and I is generated by an S-sequence. 

Let (S,n) be a regular local ring, and ( R , ~ I )  a residue class ring, 
R = S/I .  Suppose that I $ nZ. Then there exists x E I ,  x @ n2, and we 
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obtain a representation R = S'lI' with S' = S/(x), I' = I/(x). The ring 
S' is regular again, and I is generated by a regular sequence if and only 
if I' is: the element x is part of a minimal system of generators of I ,  and 
I can be generated by an S-sequence if and only if every minimal system 
of generators is an S-sequence; see 1.6.19. Iterating this procedure we 
eventually obtain a minimal presentation R = S"/I1' in which S" is regular 
and I" c (n")'. It follows that p(m) = p(n") = dims". For an arbitrary 
local ring (R,m) the number @(m) is called the embedding dimension of 
R, 

emb dim R = p(m). 

(This terminology is again to be illustrated by the geometric analogue.) 
The discussion above shows that we may freely assume that I c n2 when 
it is only to he verified whether I is generated by an S-sequence or 
otherwise. 

Nevertheless our definition has two flaws: first, it does not use intrinsic 
characteristics of R;  second, it is not clear whether for an arbitrary 
presentation k = S / I  with S regular local, the ideal I is generated by an 
S-sequence if R is a complete intersection. The intrinsic characteristics 
we are seeking are hidden in a Koszul complex. Let us fix some standard 
notation which we shall use frequently throughout this section: (R,m, k) 

I is a Noetherian local ring, and x = XI , .  ..,x, is a minimal system of 
generators of m. If present, (S,n, k) is a regular local ring such that 
R = S / I  with I c n2; the ideal I is minimally generated by a = a,, . . . , a,, 
and y = y, ...,y, is a regular system of parameters such that xi is the 
residue class of yi. Furthermore we write ai = C a j i y j  with aji E n 
(necessarily). 

Let q :  Sm + S" he given by the matrix (aji), and g :  Sn -+ S and 
h : Sm + S he the linear forms defined by y and a respectively. Then 
k = g o q,  and 

/\ rn : K.(a) -+ 

is a complex homomorphism; see 1.6.8. By 1.6.7, K.@) 8 R is just K.(x), 
and Q(a) 8 R has zero differential; forgetting it, we write A Rm for 
K.(a) 63 R. So we have a complex homomorphism 

/\ q 63 R : /\ Rm + K.(x). 

Since A Rm has zero differential, this yields a map A Rm + H.(x), and 
finally, as mH.(x) = 0, a map 

A :  / \ km + H.(x). 

As A is induced by A q ,  it is a homomorphism of graded k-algebras. 
Sometimes it will be necessary to use the canonical bases f 1,. . . , f, of 

Sn, el ,..., em of Sm, and the elements ui = q(ei) E Sn. By the choice of q ,  
d.(ei) = ai = d,(ui). Finally, - denotes residue classes mod I. 
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Theorem 2.3.2. With the notation just introduced, 
(a) 21 : km + HI(x) is an isomorphism of k-vector spaces, 
(b) ~ (1 )  = dimk HI(x), 
(c) b2(k) = (embyR) + dimk H I  (x). 

(Here b2(k) is the second Betti number of k as an R-module; see 
Section 1.3.) 

PROOF. We constructed 2 such that it maps the canonical basis of km to 
the homology classes of ul, . . . , u,. A minimal free resolution of k starts 
as 

r 
R" - R - 0, 

and therefore b2(k) = p(Zl(x)). So it is enough for (a), (h), and (c) to 
prove that 

A ,  I n ,  and iii, i = l ,  ..., m, 

form a minimal system of generators of Zl(x). 
Suppose that h E Zl(x), b E S". Then dy(b) E I, 

Since K.ly) is acyclic, b - x c i u i  is a linear combination of the elements 
dyVp A fq) .  That is, the elements considered generate Zl(x). 

Now assume that CE,,~~,U,AT,)+CD~U~ = 0. We have to show that 
all the coefficients a,,, pi are in m. Lifting the equation to Sn  gives 

C apqdy(f, A fq) + C piuj E IS" 

and applying dy yields CBiai t nI. So Bi E n by the choice of a. AS 
I c n2 one obtains 1 apqdYVp A f,) E n2Sn. Looking at the components 
of the elements dYCfp A f,) E Sn and since y is a minimal system of 
generators of n, one sees that a,, E n for all p, q. 

The Koszul complexes with respect to different minimal systems of 
generators of m are isomorphic R-algebras; see the discussion before 
1.6.21. In particular H.(x) is essentially independent of x ;  this justifies 
the notation 

H.(R) = H.(x), 
and we call H.(R) the Koszul algebra of R. The number 

E l  (R) = dimk Hl(R) 

is the Jirst deviation of R. It follows immediately from 2.2.5 and 1.6.19 
that R is regular if and only if EI(R) = 0. SO c1(R) may bi; considered a 
measure of how far R deviates from rerularitv. - 

The following theorem contains the desired intrinsic characterization 
of complete intersections. 

2.3. Complete intersections 

Theorem 2.3.3. Let (R,m,k) be a Noetherian local ring. 
(a) One has (R) = .%(a). 
(h) The following are equivalent: 

(i) R is a complete intersection; 
(ii) E I  (R) = emb dim R - dim R; 
(iii) bz(k) = (b ' f ' )  + bl(k) - dimR. 

(c) Suppose that R = S/I  with S regular and local. Then R is a complete 
intersection f and  only f l  is generated by an S-sequence. 

PROOF. (a) Choose a minimal system x of generators of m. We write .? 
for x considered as a sequence in k .  Then ~ . ( k )  Z H.(.?) " H.(x) 63 k " 
H.(R) 63 k by 1.6.7. Since H.(R) has finite length, one has H.(R) 63 k " 
H.(R). 

(b) Because of (a) and the definition of complete intersection we may 
assume that R is complete and has a minimal presentation R = S/I.  If R is 
a complete intersection, then there is such a presentation with I generated 
by an S-sequence, hence cl(R) = p(1) = d ims  - dimR. Conversely, if 
EI (R) = emb dim R - dim R, then p(1) = dim S - dim R in an arbitrary 
minimal presentation, and so I is generated by an S-sequence; see 1.6.19. 

The equivalence of (ii) and (iii) follows immediately from 2.3.2. 
(c) is proved along the same lines as (b). 

Permanence properties of complete intersections. As we did for the Cohen- 
Macaulay property and regularity we want to discuss how complete 
intersections behave under certain standard ring extensions. 

Theorem 2.3.4. Let (R,m, k) be a Noetherian local ring. 
(a) Suppose x is an R-sequence. Then 

EI(R/(x)) - (emb dim R/(x) -dim R/(x)) = Q(R) - (emhdim R -dim R); 

in particular R is a complete intersection fund only fR/ (x)  is a complete 
intersection. 
(h) Suppose R is a residue class ring of a regular local ring. Then if R is 
a complete intersection, so is R, for every p E SpecR. 

PROOF. Using induction we only need to prove (a) in the case in which x = 
x t R. Suppose first that x $L m2. Then emhdimR/(x) = e m b d i m R  1 
and dimR/(x) = dimR - 1; furthermore Hl(R) " H1(R/(x)) as k-vector 
spaces by 1.6.13(b). So EI(R) = EI(R/(x)). NOW suppose that x E m2. 
Then emb dim R/(x) = emh dim R and dim R/(x) = dim R - 1 ; moreover 
we have an exact sequence 

0- H,(R) -Hl(R/(x)) -Ho(R)" k-0 

as in the proof of 1.6.16. Thus E~(R/(X)) = cl(R) + 1. 
The proof of (h) is very easy; it uses 2.3.3 and basic properties of 

regular sequences. 
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Remark 2.3.5. Having studied an 'abstract' characterization of complete 
intersections, the reader may expect an 'abstract' version of 2.3.4(b) with- 
out any restrictions. In fact, such an assertion holds for arbitrary complete 
intersections as was proved by Avramov [15]. Actually Avramov proved 
a stronger result, namely the analogue of 2.1.7: suppose (R,m) + (S,n) 
is a flat homomorphism of Noetherian local rings; then S is a complete 
intersection if and only if R and SjmS are complete intersections. It is 
not difficult to deduce the localization property from the theorem on flat 
extensions: there is (by faithful flatness) a prime ideal q c k such that 
p = q n R; the extension R, + % is local and flat, and % is a complete 
intersection by 2.3.4(h). 

In [16], Avramov gave quantitatively precise results concerning flat 
extensions (and localizations): let 6(R) = q(R) - (embdim R - dim R) 
he the complete intersection defect of R; then, in the situation of a flat 
extension, 6(S) = S(R) + S(SjmS). (Limitation of space prevents us 
including a proof.) Using Avramov's theorem one can also remove the 
undesirable restrictions in 2.3.6 and 2.3.7 below. 

In the following we say that a Noetherian ring is a locally complete 
intersection if all its localizations are complete intersections. 

Theorem 2.3.6. Let R be a Noetherian ring which is a residue class ring 
of a regular ring S. Then R is a locally complete intersection if and only if 
R[Xl,. . . , X,] is a locally complete intersection. The same holds for R and 
RITXI, ..., XJ. 

The proof follows the pattern of that of 2.1.9; one notes that 
S[Xi ,..., X,,] and SFXI,.. . ,XJ are regular rings by 2.2.13, and replaces 
2.1.7 by Exercise 2.3.20. 

As with the Cohen-Macaulay property, the argument outlined really 
proves the stronger local version of 2.3.6: R, is a complete intersection 
if and only if R[XI,. . . , X,], is a complete intersection for p t Spec R, 
q E Spec R[Xl,. . . , X,] with R n q = p. A similar remark applies to the 
following theorem and its proof. 

Theorem 2.3.7. Let k be a field, R a Noetherian k-algebra, and K an 
extension field of k. Suppose that R is a (ring of fractions of a) ,finitely 
generated k-algebra or K isfinitely generated as an extensionfield. More- 
over, suppose that R is a residue class ring of a regular ring. Then R is 
a locally complete intersection if and only lf R @k K is a locally complete 
intersection. 

PROOF. We saw in 2.1.10 that R@k K is a Noetherian ring. Given a prime 
ideal q in R @ k  K, we set p = R n q; conversely, by faithful flatness, 
for every p E SpecR there exists q E SpecR @ K such that p = R n q. 
Furthermore the extension R + (R @ K), factors through R,, @ K ;  so 

we may replace R by R,. By hypothesis, R = S / I  with a regular local 
k-algebra S. 

Let R be a complete intersection. Then I is generated by a regular 
sequence gl , .  . . ,g,. Because of faithful flatness gl, .  . . ,g, is also a regular 
sequence in S @ K. So it suffices that S @ K is a locally complete 
intersection, and this is immediate from 2.1.11 (in conjunction with 
2.2.13). 

As to the converse, we only do the more difficult case in which K is 
a finitely generated field extension. By 2.1.11 again, one has 

K "  XI, . . . ,Xnl )~ / (h l , . . . ,hm)  

where hl, ..., h, is a regular sequence in   XI, ..., X.])T and T is a 
multiplicatively closed set. Therefore hi,. . . , hm is a regular sequence 
in the faithfully flat extension R @ (k[Xl,. . . ,X,,])T " (R[Xl,. . . ,X,])T,; 
here T' is the image of the natural map  XI,. ..,X.] + R[Xl,. ..,X,]. 
Moreover, (R @ K), has the form RIXl,. . . ,X,]a/(h,,. . . , hm)o with Q E 
SpecR[X1,. ..,X,,] such that Q n R = p and T' n Q = 8. By 2.3.4, 
R[Xl,.. . ,X , , ]c  is a complete intersection. So we can apply the local 
version of 2.3.6. 

I 
The Koszul algebra of a complete intersection. Above we constructed an 
algebra homomorphism 1.: A km + H.(R), m = q(R),  starting from a 
minimal presentation R = S/I,  and we saw that A1 : km + Hi(R) is an 
isomorphism. Such a homomorphism is always present. In fact, H.(R) 
is an alternating graded k-algebra; therefore, by the universal property 
of the exterior algebra, there exists a unique algebra homomorphism 
A': AHl(R) + H.(R) extending the identity on Hl(R). Moreover, alge- 
bra homomorphisms A, 2 :  AHl(R) + H.(R) such that AI and 1; are 
isomorphisms, only differ by the automorphism A(A;A;') of AH,(R). 
So we may replace the 'abstract' homomorphism Y by the 'concrete' L 
whenever we have a minimal presentation. 

The situation under consideration can be generalized as follows: S 
is a ring, I and n are ideals generated by sequences a = al,. . . , a, and 

I y = yl,. .., y., and we have I c n. Then, as above 2.3.2, there is a 
homomorphism 

I. : ~ . ( a ,  S/n) = A(s/n lm + H.c~, s 11). 

Choose S-free resolutions F. of S / I  and G. of S/n. Then there exist 
complex homomorphisms K.(a) + F. and K.b) -t G.. These in turn 
induce maps 

1 p :  H.(a,S/n) - H.(F. @S/n)  " To?(S/l,S/n), 

c : H.b,S/I) - H.(S/I @ G.) " TO<(S/I,S/~). 
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Hence there exist two maps from H.(a, S/n) " to T O ~ ~ ( S / I ,  S/n), 
namely p and a o A. It is crucial that these maps are essentially equal 
- of course, we must use the proper identification of H.(F. @ S/n) and 
H.(S/I @ G.). To this end one forms the double complex F. @ G. and 
considers S / I  and S/n as complexes concentrated in degree 0. Then one 
has complex homomorphisms K.(a) + F. + S / I  and K.ly) + G. + S/n. 
Taking tensor products yields a commutative diagram 

F. @ S/n c-- F. @ G. - S / I  @ G. 

By a fundamental theorem of homological algebra ([274], Theorem 11.21) 
the bottom row induces an isomorphism 

H.(F.Bs/~)EH.(F.~G.)~H.(s / I€~G.) .  
It is this identification we need: 

Lemma 2.3.8. With the notation introduced, p, = (-l)Sa, o 2,. 

PROOF. Let el,. . .,em be a basis of Sm and choose elements u; E S" with 
d,(u;) = d,(ei). One has A,(Z;, A .  . . A 2,) = u;, A .  . . A u,. Thus it is enough 
to show that p,(Zi, A .  - . A Z,) = (-I)sa,(ui, A , .  . A u,). 

Let z E K.(a) @ K.b) be a cycle. Then the commutativity of the 
diagram above implies that z, a(z), and P(z) are all mapped to the same 
homology class. So it suffices to exhibit a cycle z with a(z) = Zi, A .  . . A Z;* 
and B(z) = (-l)S(iii, A , .  . A Ek). 

Simply take z = (ei, €3 1 - 1 8 u;,) . . . (e,  €3 1 - 1 €3 uis). In order to see 
that it is a cycle, one uses the definition of the differential of K.(a) @K.(y) 
and the fact that a product of cycles is again a cycle. 

Theorem 2.3.9. Let S be a ring, and a = a1,. . . ,a, and y = yl,. . . , y. be S- 
sequences such that I = (a) c n = l y )  Then H.(y,S/I) " ~ o r f ( ~ / l , S / n )  
is (isomorphic with) the exterior algebra A(S/n)m. 

PROOF. The isomorphism H.(y,S/I) " T O ~ ~ ( S / I , S / ~ )  results from the 
fact that K.(y) is a free resolution of S/n; see 1.6.14. So, with the 
notation above, a is an isomorphism. Similarly p is an isomorphism; 
hence A, being an algebra homomorphism, is an isomorphism of graded 
algebras. (In order to remove the sign in 2.3.8 one would have to replace 
A by A(-~I ) . )  

Corollary 2.3.10. (a) With the hypotheses of 2.3.9 suppose that m = n. 
Write ai = 1 aj;y,, i = 1,. . . ,n. Then 

I : n = I + SA, A = det(a,;). 

(b) In particular, suppose that y is a regular system of parameters in a 
regular local ring S. Then Soc(S/I) = A(S/I). 

PROOF. (a) That (I : n)/ l  " Homs(S/n,S/I) and H,,ly,S/I) can be iden- 
tified was shown in the proof of 1.6.16. Now let f ~ , .  . . ,f, be a basis 
of Sn with d,lfi) = yi, and set ui = ajifj. Then if el,.. . ,en is a 
basis of Sn with d.(ei) = a;, one has d,(ui) = ai = d.(e;). The theorem 
implies that H.b, S / I )  is generated by iil A . . . A U. = Af 1 A . . . A J',. So 
u l  A . . .  A En is mapped to the residue class of A in S / I  by the homo- 
morphism which sends f ,  A .  . . A f, to 1 (and thus gives the identification 
(I : n)/l  = H,(y,S/I)). 

(b) By definition, Soc(S/I) = (I : n)/ l .  

We have completed our preparations for the following beautiful char- 
acterization of complete intersections: 

Theorem 2.3.11 (Tale, Assmus). Let (R,m,k) be a Noetherian local ring. 
Then the following are equivalent: 
(a) R is a complete intersection; 
(b) H.(R) is (isomorphic to) the exterior algebra of Hl(R); 
(c) H.(R) is generated by &(R); 
(dl H2(R) = HI (RI2. 

Here H1(R)2 is the k-vector space generated by the products w A z 
with w, z E H,(R). 

PROOF. It was observed in the proof of 2.3.3 that H.(R) is invariant under 
completion. So we may assume that R is complete and has a minimal 
presentation R = S/I .  

The implication (a) * (b) is a special case of 2.3.9, and (b) => (c) * (d) 
is trivial. 

For (d) * (a) we note first that the map a above is an isomorphism. 
Next, (d) says that A2 : Kz(a) €3 S/n  + H2ly, S/I) " ~ o r g  (R, ~ / n )  is 
surjective. So p2 is surjective. Choose F. as a minimal free resolution of 
S I I .  Then we have a commutative diagram 

A'S" ---* Sm A S  0 

ly I= I I  
FZ - FI ---A S - 0 

The map p~ is just y @ k, and y €3 k being surjective, y is surjective itself. 
It follows immediately that Hl(a) = 0, whence a is an S-sequence by 
1.6.19. 

Theorem 2.3.3 contains a characterization of complete intersections 
in terms of the numerical invariants dimR, embdim R = bl(k), and bz(k). 
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It is possible to remove the 'non-homological' Krull dimension, and to 
give a description of complete intersections using bl(k), b2(k), and bl(k). 
In order to construct the first steps in a free resolution of k, we start with 
the Koszul complex 

unless R is regular, HI(R) is non-zero. So we add a free direct summand 
Rm with m = dimx HI(R) = EI(R), and send its generators el,. . . , em to 
cycles ul,. . .,urn whose homology classes generate HI  (R) : 

The kernel of d2 contains the Koszul cycles d,vi A f, A f,) as well as the 
elements xie, - f i  A up; again, f I , .  . . , f, denotes a basis of Rn. In order to 
'kill' at least these cycles we form the complex 

with 

Part (a) of the following theorem shows that p(H2(T.)) is an invariant 
of R. One writes Q(R) = p(Hz(T.)) and calls this number the second 
deviation of R. 

Theorem 2.3.12. Let (R, m, k) be a Noetherian local ring. Then 
(a) H2V.I = H2(R)/H1(R)', 
(h) R is a complete intersection if and only ifg2(R) = 0, 

(c) EZ(R) = b3(k) - (blf)) - bl(k) (b2(k) - (bL:k))). 
PROOF. (a) Let K. be the complex 

3 2 

K.: / \ R ~ - A R " - R " + R - O ,  

obtained by truncating the Koszul complex; K. is a subcomplex of T.. 
The quotient T./K. is isomorphic to 

dlmid 
L.:R"@Rm-Rm+G 

with Rn 8 Rm in degree 3. Consider the exact sequence of homology 

H3W.I + Hz(K.1 + Hz(T.1 + H2(L.) + HI(K.) + HI(T.) = 0. 
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1 The map H2(L.) + Hl(K.) is an isomorphism since both vector spaces 
1 

have dimension m. Hence we have an exact sequence H3(L.) + H2(K.) -+ 

H2(T.) + 0. The kernel of R" 8 Rm + Rm is obviously generated by the 
elements dxlfi A f,) 8 en and up 8 e,. An analysis of the connecting 
homomorphism shows that the class of d,lfi A f,) @ e, goes to that of 
d,Cfi A f,) A uq which is a boundary in the Koszul complex (see the 
formulas above 1.6.4); the class of up @ e, goes to that of up A u, whence 
the image of H3(L.) + H2(K.) is HI(K.)~. 

(b) follows immediately from (a) and 2.3.11. 
(c) The verification is similar to that of 2.3.2(c), and therefore left to 

the reader. 

Remark 2.3.13. The equation d31fi @ e,) = dx(fi)ep - f i  A d2(ep) suggests 
that d3 is a component of an antiderivation of an alternating algehra. In 
fact, the choice of d3 is part of Tate's construction of resolutions with 
algebra structures [315]. 

Suppose that A. is an alternating graded R-algebra equipped with an 
antiderivation a of degree -1 such that d2 = 0, and consider the homo- 
logy H.(A.) = Kera / Ima.  Let 2 E Hp(A.) be a non-zero homology 
element. Then one may adjoin a variable to 'kill' the cycle z representing 
z: 
(i) If p is even, let B. be the exterior algehra in a variable of degree p + 1, 
i.e. B. = R 8 Re with R in degree 0 and Re " R in degree p + 1, the 
multiplication being defined by e2 = 0. 

(ii) For p odd let B. he the 'divided power algehra' over R in a variable 
of degree p + 1, i.e. B. = @==,Re, with Re, " R in degree j(p + I), the 
multiplication being defined by e,ei = ((j + 1 ) ! / j !  l!)e,+~. 

In both cases A.@B. is again an alternating algehra, and there is a unique 
antiderivation d on A. @ B. such that = a, d(e) = z in case (i), and 
d(e,) = zej-1 for all j in case (ii); moreover, one has d2 = 0. It follows 
easily that H,(A. 8 B.) % H,(A.) for q < p and Hp(A. @ B.) " H,(A.)/Rz. 

In order to resolve the residue class field k of a local ring (R,m,k) 
one starts with the R-algebra TJ0) = R. Let EO(R) = embdimR = p(m), 
and successively adjoin E=,(R) variables of degree 1 'to kill the zero-cycles'. 
The resulting algehra Tjl) is the Koszul complex of a minimal system 
of generators of m. Next one adjoins EI(R) variables of degree 2 to kill 
EI(R) cycles generating H1(TJ1)). The algebra T!2) thus constructed has 
H1(TJ2)) = 0. It is a theorem of Tate [315] that in the case of a complete 
intersection the complex TJ2) is a minimal free resolution of k. However, 
if R is not a complete intersection, then one has to adjoin E ~ ( R )  variables 
of degree 3 etc. A famous theorem of Gulliksen [I221 and Schoeller [285] 
says that the resolution of k obtained in this way is always minimal. 

For a comprehensive study of resolutions with an algebra structure 
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we refer the reader to Gulliksen and Levin 11231. 

As above, let (R,m, k) be a Noetherian local ring. We saw in 2.3.11 
that surjectivity of the natural homomorphism A^: A Hl(R) -* H.(R) is 
already sufficient for R to he a complete intersection. This is also true 
for injectivity, at least when R contains a field. 

Theorem 2.3.14. Let (R, m, k) be a Noetherian local ring containing afield. 
Then 
(a) Hl(R)j=O for j > e m b d i m R d i m R ;  
(h) in particular, R is a complete intersection f (and only ifi the natural 
map A : A HI (R) + H.(R) is injective. 

F'ROOF. It is harmless to complete R so that we may assume that R has 
a minimal presentation R = S / I  as above. In order to prove (a) we 
must anticipate Corollary 9.5.3: it says that, with the notation of 2.3.8, 
p j  = 0 for j > embdimR - dimR. Since, in the present circumstances, 
u, is an isomorphism, one has 2, = 0 for j > emhdim R - dimR. As 
H1(R)J = ?.,(AJH1(R)), one has Hl(R)j = 0. This proves (a), and (h) is 
an obvious consequence of (a). 

The restriction to local rings containing a field is forced upon us since 
there does not yet exist a proof of 9.5.3 without this restriction. However, 
one always has HI (R)J = 0 for j > emh dim R - dim R + 1 so that the 
gap in 2.3.14 is as small as it could be; see 9.5.7. 

The reader may have noticed that 2.3.14 is trivial for Cohen-Macaulay 
rings R:  if j > embdim R - depth R, then even H,(R) = 0 by 1.6.17. On 
the other hand, for Cohen-Macaulay R the non-vanishing of Hl(R)p for 
p = embdim R -dim R conveys the strongest possible information: R is 
a complete intersection. More generally, we have the following theorem. 

Theorem 2.3.15. Let (R,m, k) be a Noetherian local ring. Then R is a 
complete intersection if (and only 1%) HI (R)" f 0 for p = embdim R - 
depth R. 

PROOF. By virtue of 2.3.14 the hypothesis Hl(R)P # 0 for p = emhdimR- 
depth R forces R to he Cohen-Macanlay if it contains a field. Because of 
this restriction we give a proof not using 2.3.14. 

First we reduce to the case depth R = 0. So suppose that depth R > 0. 
Then there exists an x E m \ m2 which is not a zero-divisor, and 1.6.13 
furnishes us with an isomorphism a : H.(R) " H.(R1), R' = R/(x). It is not 
difficult to verify that a is a k-algebra isomorphism; after all, a is induced 
by /\ n, x being the composition Rn + Rn-I + (R')"-I (see the proof of 
1.6.12). Furthermore emhdim R' - depth R' = embdim R -depth R, and 
R is a complete intersection if and only if this holds for R'. 

It remains to show that R is a zero dimensional complete intersection 
if H1(R)" # 0 for n = emhdimR. The complex K.(R) has length n; so 
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B,+I (R) = 0, and therefore 

d2 
Consider an exact sequence Rm 8 R" - Rn - m - 0 as ahove. 
Choose elements vl, ..., v, t Imdz = ZI(R), vi = Cvjifj where fl ,  ..., f. 
is a basis of Rn. Then vlA...Av. = det(vji)flA...Af,, whence Hl(R)" # 0 
is equivalent to I,,(d2) # 0. It remains to apply the next theorem. 

Theorem 2.3.16 (Wiehe). Let (R,m, k) be a Noetherian local ring, and 
Y 

Rr - Rn + m + 0 a presentation of its maximal ideal. If I.(q) # 0, 
then R is a complete intersection of dimension zero (and conversely). 

PROOF. The ideal I,(q) is the zeroth Fitting ideal of m, which is an 
invariant of m. Therefore it is enough to consider a special presentation. 
Moreover, we may assume that R is complete. Then R = S / I  where (S,n) 
is a regular local ring and I c n2. Let y = yl,. . . , y. be a regular system 
of parameters of S, and a = al ,  . . . ,am a minimal system of generators of 
I .  Write ai = Cajiyj. 

The converse of the theorem is part of Corollary 2.3.10; it implies 
the following claim which is crucial in what follows. Let b = bl,. . . , b, be 
a maximal S-sequence, and J' an ideal properly containing J = (b); then 
det(bji) E J' where the bji are chosen such that bi = Cbjiy,. In fact, 
det(bji)S/J is the socle of S/J .  Since it has dimension 1 over k, it is 
contained in every non-zero ideal of S/J .  

Let f l , .  .., f, be a basis of Sn, and el ,..., em a basis of Sm. Define 
y : Sm e A'S" --t Sn by the Koszul map A2 Sn + Sn with respect to y 
and y(ei) = Cajifj .  We saw in 2.3.2 that Cokery 8 S/I  " m. So the 
theorem claims that I,(w) c I unless S / I  is a zero dimensional complete 
intersection. 

Choose an n x n suhmatrix U of (a matrix of) W. If U involves a 
column corresponding to one of the elements f i  A f,, then det U t I ,  
since, on the level of R, we are taking the exterior product of n cycles 
at least one of which is a boundary: (det U)fl A ... A f, E B,+l(R) = 0. 
Therefore it is enough to consider suhmatrices U of (aji). For simplicity 
of notation one may assume U consists of the first n columns. 

If a l , . .  .,a, is a regular sequence, then I contains J = (al,.. .,a,) 
properly since S / I  is not a complete intersection. So det U c I by the 
claim above. 

If al, .  . . , a, is not a regular sequence, then dim S / J  > 0, and it is 
certainly enough to show that det U E J ,  that is, we may assume that 
I = (a], . . . ,a,,). 

We will show that det U E I +np for all p E W. Then det U E I follows 
from Krull's intersection theorem. Fix p E IN. According to Exercise 
2.3.17 one finds elements a: E nP+' such that a; = ai + a:, i = I,. . . , n, is a 
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regular sequence. Write a: = Cai iy j ;  then aji - a)i t nVollows from the 
quasi-regularity of the regular sequence y, in other words, from the fact 
that the associated graded ring gr,,(S) is a polynomial ring (see 1.1.8). 
Therefore 

det U - det(a;,) E np. 

The ideal I + np properly contains (a;, . ..,a',) c I + nP+'. Once more the 
auxiliary claim above is applied, and it yields det(aii) E I + nP. 

Exercises 

2.3.17. Let (R,m) be a Noetherian local ring of depth f, and a,, . . . , a, E m. Then, 
given p E W, show there exist a',,.. .,a: E mP such that a, +a',, . . .,u, +a: is an 
R-sequence. 

2.3.18. Let S be a regular local ring of dimension 4, and y,,. .. , yd a regular system 
of parameters. Let I = (y1y2, y3y4, y1y3 + y ~ y d )  and R = S/I. 
(a) Construct a minimal free resolution of R. 
(b) Prove depth R = 0 and dim R = 2. 
(c) Show that the vector space HI(R)~  has dimension 3, the maximal value for an 
ideal generated by 3 elements, hut R is not a complete intersection. 

2.3.19. Prove all the claims in the second paragraph of 2.3.13. 

2.3.20. Let q : (Sl,nl) + (S2,n2) be a flat local homomorphism of regular rings, 
and I i 4 an ideal. Verify S,/I is a complete intersection if and only if S2/ISz 
is a complete intersection. 

2.3.21. Let R be a Noetherian graded ring. Show: 
(a) For p E SpecR the localization R, is a complete intersection if and only if 
R, is. 
(b) The following are equivalent: 

(i) R is locally a complete intersection; 
(ii) R, is a complete intersection for all graded prime ideals p;  
(iii) Rip) is locally a complete intersection for all graded prime ideals p. 

(c) Suppose in addition that (R,m) is 'local. Then R is locally a complete 
intersection if and only if R,, is a complete intersection. 
Hint: 1.6.33. 

2.3.22. Extend 2.3.2 and 2.3.12 to the following theorem which Serre [287] used 
to prove 2.2.7(c) (a): let (R, m, k) be a Noetherian local ring, and x a minimal 
system of generators of m; then the natural map K.(x, k) -r ~or r (k ,  k) (see 1.6.9) 
is injective. 

Notes 

The origins of the theory of Cohen-Macaulay rings are the unmixed- 
ness theorems of Macaulay [222] and Cohen [57] and the notion of 
perfect ideals, which also goes back to Macaulay and was clarified by 

Grobner [117]. The present shape of the theory was formed by Auslan- 
der and Buchsbaum [ll] ,  Nagata [242], and Rees [259]. It seems that 
Cohen-Macaulay modules made their first appearance in Auslander and 
Buchsbaum [I 21. 

The characterization 2.1.27 of graded Cohen-Macaulay rings is es- 
sentially due to Hochster and Ratliff [I691 and Matijevic and Roberts 
[227]. 

In analogy to the desingularization, one can try to 'macaulayfy' a 
Noetherian scheme. Special results in this direction were obtained by 
Brodmann [39] and Faltings [83]. Recently Cuong [63] announced a 
rather general theorem on the existence of 'macaulayfications'. 

Of all the notions generalizing Cohen-Macaulay rings and modules, 
the concept of Buchshaum ring or module is the most important; see 
Stiickrad and Vogel [313] and Schenzel [284]. 

The 'classical' theory of regular local rings, to be found in Zariski 
and Samuel [336], Vol. 11, was developed by Krull [204], Chevalley 
[54], Cohen [57], and Zariski [335]. It depends in an essential way on 
power series methods, and is therefore mainly restricted to local rings 
containing a field. The problems it could not solve were (i) the regularity 
of a localization of a regular local ring R (even if R contains a field), and 
(ii) the factoriality of such rings (because of the Cohen structure theorem 
this is easy if R contains a field). 

The breakthrough was the theorem 2.2.7 of Auslander and Buchsbaum 
[lo], [ l l ]  and Serre [287] which not only solved the localization problem: 
'this resounding triumph of the new homological method marked a 
turning point of the subject of commutative Noetherian rings' (Kaplansky 
[194], p. 159). Theorem 2.2.8 was independently given by Ferrand [84] 
and Vasconcelos [323]; it generalizes Kaplansky's proof of 2.2.14(c) = (a) 
(see [230], $19). 

The problem of factoriality was solved by Auslander and Buchsbaum 
[13], using results of Zariski and Nagata who reduced the theorem to 
the case of Krull dimension 3. See Nagata [243], p. 217 for a minute 
history. The proof we have reproduced is due to Kaplansky (except for 
the application of the Hilbert-Burch theorem). That regular local rings 
are factorial can be expressed by saying that every ideal I has a greatest 
common divisor: there is a regular element a and an ideal J of grade 
2 2 such that I = aJ. MacRae [224] proved this fact for every ideal 
with a finite free resolution. Another (related) generalization is that every 
module with a finite free resolution over a normal domain has divisor 
class zero; see [35], Ch. VII, 54. The most concrete and computationally 
effective result is the factorization theorem of Buchsbaum and Eisenhud 
[Sol. 

The notion of complete intersection is classical in algebraic geometry. 
An abstract definition in terms of local algebra was given by Scheja 
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[278], together with 2.3.3. Our definition is that of Grothendieck [118]. 
Avramov's contributions [15], [16] have been described in 2.3.5; they 
ultimately justified the abstract notion of complete intersection. 

The program of Tate's seminal paper [315] has been outlined in Re- 
mark 2.3.13. Assmus [7] used Tate's method to give the description 2.3.11 
of complete intersections in terms of their Koszul algebras. There are 
several papers devoted to the characterization of complete intersections 
by the vanishing of a deviation E~ (which we defined only for i = 1,2); the 
question was finally settled by Halperin [I241 who showed that ~i > 0 for 
all i if R is not a complete intersection. Wiebe's theorem 2.3.16 appeared 
in [334]; see Kunz [206], Hilfssatz 1, for a related result. 

A driving force in this area of research was the problem (posed by 
Serre [289]) of whether the Poincari: series 1 bi(k)ti of a Noetherian local 
ring (R,m, k) is a rational function of t. After several special cases had 
been solved positively, the general question was answered negatively by 
Anick [3]. 

In several theorems we studied the behaviour of ring-theoretic prop- 
erties under flat extensions R + S. Avramov, Foxby, and Halperin [22] 
investigated the more general situation in which S is supposed of finite 
flat dimension over R. As we have seen, another 'homologically nice' 
type of extension is that of passing to a residue class modulo a regular 
sequence. Avramov and Foxby have started a program which aims at the 
unification of these types of extensions by introducing a suitable notion 
of fibre; see [19], [20], [21]. 

3 The canonical module. Gorenstein rings 

The concept of a canonical module is of fundamental importance in the 
study of Cohen-Macaulay local rings. The purpose of this chapter is 
to introduce the canonical module and derive its basic properties. By 
definition it is a maximal Cohen-Macaulay module of type 1 and of 
finite injective dimension. 

In the first two sections we investigate the injective dimension of 
a module, and prove Matlis duality which plays a central role in 
Grothendieck's local duality theorem. Actually the canonical module 
has its origin in this theory. Here the canonical module is introduced 
independently of local cohomology which is an important notion in itself 
and will be treated later in this chapter. 

A ring which is its own canonical module is called a Gorenstein ring. 
Next to regular rings and complete intersections, Gorenstein rings are 
in many ways the 'nicest' rings. Distinguished by the fact that they are 
of finite injective dimension, they have various symmetry properties, as 
reflected in their free resolution, their Koszul homology, and their Hilbert 
function. The last aspect will be discussed in the next chapter. 

Gorenstein rings of embedding dimension at most two are complete 
intersections. The first non-trivial Gorenstein rings occur in embedding 
dimension three, and they are classified by the Buchsbaum-Eisenbud 
structure theorem. 

In the final section the canonical module of a graded ring is intro- 
duced. 

3.1 Finite modules of finite injective dimension 

In this section we study injective resolutions of finite modules. We shall 
see that the injective dimension of a finite module M over a Noetherian 
local ring R either is infinite or equals the depth of R, and is bounded 
below by the dimension of M. Thus, quite contrary to the behaviour 
of projective dimension, the injective dimension, if it is finite, does not 
depend on the module. We introduce Gorenstein rings and show that 
Gorenstein rings are Cohen-Macaulay rings. 

Definition 3.1.1. Let R he a ring. An R-module I is injective if the functor 
I H o ~ R ( - , I )  is exact. 
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Notice that HomR(.,I) is always left exact. Thus the R-module I is 
injective i f  and only i f  HornR(-,I) is right exact as well. 

W e  now list some useful characterizations o f  injective modules. 

Proposition 3.1.2. Let R be a ring and I an R-module. The following 
conditions are equivalent: 
(a) I is injective; 
(b )  given a monomorphism q : N + M of R-modules, and a homomorphism 
a :  N 4 I ,  there exists a homomorphism : M 4 I such that a = o q ;  
(c) given R-modules N c M ,  and a homomorphism a :  N + I ,  there exists 
a homomorphism P : M + I  such that PIN = a ;  in other words, a :  N + I 
can be extended to a homomorphism B : M + I ;  
(d )  for all ideals J c R, every homomorphism J -t I can be extended to R. 
that is, E X ~ ~ ( R / J , I )  = 0 ;  
(e) let M be an R-module with I c M ;  then I is a direct summand of M ;  
( f )  E x t i ( M ,  I )  = 0 ,for all R-modules M :  
(g) Ex tk (M, I )  = 0 for all R-modules M and all i > 0. 

PROOF. The  ~ x t k ( . , I )  are the right derived functors o f  HomR(.,I). The  
equivalence o f  (a), (0 and (g) follows therefore from the general properties 
o f  right derived functors. For details we refer to [274], Section 6. 

(a) => ( b ) :  The monomorphism q :  N 4 M induces the homomor- 
phism 

Hom(q , I )  : HomR(M,  I )  -+ H o ~ R ( N ,  I ) ,  

where Hom(q, l ) ( f l )  = p o q for all f l  E HomR(M, I) .  By assumption, 
Hom(q ,  I )  is an epimorphism, and so a E H o ~ R ( N ,  I )  is o f  the form o o q  
for some p E Homn(M,I) .  Similarly one proves (b )  =. (a). 

The implications (b )  o (c) and (c) =. (d )  are clear. 
(d )  =. (c ) :  W e  consider the set o f  all pairs ( U , q ) ,  where U is a 

submodule o f  M with N c U ,  and where q extends a. W e  order this set 
partially: ( U , , q l )  5 ( U 2 , q ~ )  i f  and only i f  U I  c U2 and q~ = ( ~ 2 1 ~ ~ .  BY 
Zorn's lemma there exists a maximal element (U',  q ' )  in  this set. Suppose 
U' # M ;  then we may choose x E M \ U'. Set W = U' + R x ;  then 
W / U r  " R / J  for some ideal J in R. Applying the functor HomR(-,I)  to  
the exact sequence 

0 - U ' + W - R / J - 0 ,  

we obtain the exact sequence 

H o m ~ ( w , I )  - HornR(Ur,I) - Extk (R/J , I ) .  

Since by assumption ExtA(R/J , I )  = 0, it follows from :he exact sequence 
that any homomorphism from U' to  I can be extended to  a homomor- 
phism W + I ,  contradicting the maximality o f  (U',  q'). Thus  we have 
shown that U' = M .  
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(c) =. (e):  There exists a homomorphism p :  M 4 I with P I  = idr. 
Therefore, M = 1 8 Kerp. 

(e) ( h ) :  Given a monomorphism q : N + M and a homomorphism 
a :  N 4 I ,  we want to  find p : M + I such that a = B o q .  In order to 
do this, we construct a commutative diagram 

'P 
N - M  

V' 
I - W  

where v is injective. In fact, we may choose W = ( M  8 I ) / C  with 
C = { ( ~ ( x ) ,  -a(x)) : x E N } ;  y and y are the natural homomorphisms 
arising from this situation. (This diagram is called the pushout o f  a and 
q.)  

Since y is injective by construction, it is split injective by our assump- 
tion (e). This means that there exists a homomorphism u : W + I with 
a o y = idr. The homomorphism P :  M + I ,  fl = a o y ,  is the desired 
extension o f  a. 

Corollary 3.1.3. Let R be a Noetherian ring. 
(a) I f  1 is an injective R-module and S is a multiplicatively closed set of R ,  
then 1s is an injective Rs-module. 
(h )  I f  (lj .)~,, ,  is a family of injective R-modules, then the direct sum 

LEA 

is an injective R-module. 

PROOF. (a) Let J be an ideal o f  R. Since R is Noetheridn one has 

E X ~ ~ , ( R S / J R S ,  I s )  " Ext;(R/J ,  1)s = 0. 

Since every ideal o f  Rs is extended from R, 3.1.2 yields that Is is an 
injective Rs-module. 

(h )  By 3.1.2 it is enough to show that for an ideal J o f  R ,  any homo- 
morphism q : J + BntA In extends to R. Since J is finitely generated 
there exists a finite subset {AI,. . .,,I.} o f  A such that I m q  c @:=, 12,. 
W e  denote by qj  the j-th component o f  q .  Since 11, is injective we can 
extend qii : J 4 Ini to  a homomorphism y i  : R 4 In,. It is clear that 
v : R + 17. with y ( a )  = C:=, yi(a), a E R, extends q to  all o f  R. 

n 
U 

Remark 3.1.4. It is a simple exercise to  see that for an arbitrary ring 
R any direct product o f  injective modules is injective. It is however 
essential to  require that R is Noetherian (as we have done in 3.1.3) to  
obtain a similar result for direct sums. In fact, this property characterizes 
Noetherian rings; see [274], Theorem 4.10. 
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An R-module M is divisible if for every regular element r E R, and 
every element m E M, there exists an element m' E M such that m = rm'. 

Condition 3.1.2(d) has the following consequence. 

Corollary 3.1.5. Let R be a ring and I an R-module. 
(a) If 1 is injective, then I is divisible. 
(b) I f  R is a principal domain and I is divisible, then I is injective. 

P R ~ F .  The property that I is divisible is equivalent to the property 
that every homomorphism a : (r) + I,  r regular, can be extended to R. 
Therefore (a) and (b) follow from 3.1.2(d). 

For later applications we note the following result about change of 
rings. 

Lemma 3.1.6. Let y, : R + S be a ring homomorphism, and let I be an 
injective R-module. Then Hom,(S, I) (equipped with the natural S-module 
structure) is an injective S-module. 

PROOF. Let M be an S-module. There is a natural isomorphism 

Homs(M, Hom,(S, I)) 2 Hom,(M, I) 

of S-modules. Indeed, to € Homs(M,Hom~(S,l))  one assigns v' E 
HomR(M,I) where ~ ' ( x )  = y(x)(l) for all x E M. Thus the exactness of 
the functor Horn~(- , I )  on the category of S-modules (considered as R- 
modules via y,) implies the exactness of the functor Horns(., Hom~(s , I ) ) .  
This means that Hom,(S,I) is an injective S-module. 

Definition 3.1.7. Let R be a ring and M an R-module. A complex 

1 ~ : 0 ~ 1 ~ ~ 1 ~ + 1 ~ d . . .  

with injective modules I' is an injective resolution of M if HO(I') S M 
and ~ ' ( 1 ' )  = 0 for i > 0. 

While it is obvious that every module has a projective resolution, it 
is less obvious that it has an injective resolution. It is however clear that 
an injective resolution can be constructed by resorting to the following 
result. 

Theorem 3.1.8. Let R be a ring. Every R-module can be embedded into an 
injective R-module. 

PROOF. The Z-module Q is divisible, and hence injective. Therefore any 
free Z-module F can be embedded into an injective Z-module I. We just 
take sufficiently many copies of Q. If G is an arbit~.:ry Z-module, then 
G S F/U, and we can embed G into I /U.  It is immediate that I / U  
is again divisible, and hence injective. Thus the theorem is proved for 
Z-modules. 

Now let R be an arbitrary ring, and let M be an R-module. The map 
a : M + Homz(R, M) with a(x)(a) = ax for all x E M and all a R is an 
R-module monomorphism. By our considerations above, the R-module 
M can be embedded as a Z-module into an injective Z-module I .  This 
inclusion induces a monomorphism 

By 3.1.6, the R-module J = H o m z ( ~ , I )  is injective, and thus a o a :  M + J 
is the desired embedding. 

Injective dimension. Let R be a ring and M an R-module. The injective 
dimension of M (denoted inj dim M or inj dim, M) is the smallest integer 
n for which there exists an injective resolution I' of M with Im = 0 for 
m > n. If there is no such n, the injective dimension of M is infinite. 

The following observation is an immediate consequence of 3.1.3 and 
the exactness of localization. 

Proposition 3.1.9. Let R be a Noetherian ring, M an R-module and S a 
multiplicatively closed set. Then inj dimfi Ms 5 inj dim, M. 

In the next proposition we characterize the injective dimension of a 
module homologically. 

Proposition 3.1.10. Let R be a ring and M an R-module. The following 
conditions are equivalent: 
(a) inj dim M < n; 
(b) Extk+'(~,M) = 0 for all R-modules N: 
(c) Extk+'(R/J,M) = 0 for all ideals J of R. 

PROOF. (a) = (b) follows from the fact that Ext;+'(N, M) can be computed 
from an injective resolution of M. 

(b) = (c) is trivial. 
(c) G. (a): Let 

0 4 M + 1 ° ~ ~ ' - - - * . . . + ~ n - L ~ C + 0  

be an exact sequence, where the modules 11 are injective. From the fact 
that Ext ; (~ /J , l )  = 0 for i > 0 if I is an injective R-module, the above 
exact sequence yields the isomorphism 

Extk(R/J, C) " EX~~+' (R/J ,  M), 

and so E X ~ ~ ( R / J , C )  = 0 for all ideals J of R. This is condition (d) of 
3.1.2, and so C is injective. 

Proposition 3.1.10 can be sharpened if R is Noetherian. We first 
observe: 
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Lemma 3.1.11. Let R be a Noetherian ring, M an R-module, N a finite 
R-module and n > 0 an integer. Suppose that Ext;(R/p,M) = 0 for all 
p E Supp N. Then Exl;(N, M) = 0. 

PROOF. N has a finite filtration whose factors are isomorphic to R/p for 
certain p t SuppN. Hence the lemma follows from the 'additivity' of the 
vanishing of Ext;(, M). 

Corollary 3.1.12. Let R be Noetherian and M an R-module. The following 
conditions are equivalent: 
(a) inj dim M I n ;  
(b) ~xt;' '(~/p, M) = 0 for all p E Spec R. 

Lemma 3.1.1 1 has another remarkable consequence. 

Proposition 3.1.13. Let (R ,  m, k) be a Noetherian local ring, p a prime ideal 
different ,from m, and M a,finite R-module. I f  Ext ;+ ' (~ /~ ,  M) = 0 for all 
prime ideals q t V (p), q + p, then Ext;(R/p, M) = 0. 

PROOF. We choose an element x t in \p .  The element is R/p-regular, and 
therefore we get the exact sequence 

which induces the exact sequence 

Since V(x,p) c {q t V(p): q + p}, Lemma 3.1.11 and our assumption 
imply 

EX~;+~(R/(X, P), M) = 0, 

so that multiplication by x on the finite R-module Ext;(R/p,M) is a 
surjective homomorphism. The desired result follows from Nakayama's 
lemma. 

It is now easy to derive the following useful formula for the injective 
dimension of a finite module. 

Proposition 3.1.14. Let (R, m, k)  be a Noetherian local ring, and M afinite 
R-module. Then 

inj dim M = sup{i : Exti(k, M) + 0). 

PROOF. We set t = sup{i: Exti(k, M) + 0). It is deal that injdim M 2 t. 
To prove the converse inequality, note that the repeated application of 
3.1.13 yields ExtL(~/p ,  M) = 0 for all p E SpecR and all i > t. According 
to 3.1.12 this implies injdim M 5 t. 
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Corollary 3.1.15. Let (R,m, k) be a Noetherian local ring and M afinite 
R-module. Ij 'x E m is an element which is R- and M-regular, then 

inj dim,,,,, MIxM = inj dim, M - 1. 

The proof is an immediate consequence of 3.1.14 and the following 
result of Rees [258], Theorem 2.1. 

Lemma 3.1.16. Let R be a ring, and let M and N be R-modules. If  x is 
an R- and M-regular element with x . N = 0, then 

for all i 2 0 

PROOF. We set R = R/(x) and M = MIxM, and show that the functors 
Ext:'(., M), i 2 0, from the category of R-modules into itself are the 
right derived functors of HornR(., M). To see this, we have to verify 

(1) the functors Ext? (., M), i 1 0, are strongly connected, 

(2) the functors Ex&(., M )  and HamR(., M )  are equivalent, 

(3) ~xt:'(F, M) = 0 for all i > 0 and every free R-module F. 

(An axiomatic description of the Ext groups as functors in the second 
variable is given in [274], Theorem 7.22. Similarly the Ext groups can 
be described axiomatically as functors in the first variable; see 12741, 
Exercise 7.27.) 

(1)  is obvious. The exact sequence 0 A M M - M - 0 
yields the exact sequence 

Since Horn~(N, M) = 0, and since x annihilates E x t k ( ~ ,  M), we obtain 
the natural isomorphism 

This proves (2). Finally, (3) is clear since projdim,F I 1 for every free 
R-module F. 

We now present the main result of this section. 

Theorem 3.1.17. Let (R,m,  k) be a Noetherian local ring, and let M be a 
finite R-module offinite injective dimension. Then 

dim M I inj dim M = depth R. 
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PROOF. Let po c pl c ... c pd = m be a maximal chain of prime ideals 
in Supp M. We show by induction on i that Extk,(k(pi),Mp,) # 0. In 

particular, it will follow that ~ x t g ( k , M )  # 0 for d = dim M, so that 
d imM <in jd imM by 3.1.14. 

If i = 0, then p,R,, E AssM,,, and therefore Hom~,(k(p~).  Mpo) # 0. 
Now suppose i > 0. We set B = R,,; then 

ExtF1(Blpi-lB,Mp,)pr-, " ~xtk:, (k(pi-lbMp,-,) + 0, 

by the induction hypothesis, and so EX~&' (B /~~_ ,B ,M,~)  # 0. It follows 
from 3.1.13 that 

~ x t k ( k ( p , ) , ~ , , )  # 0. 

To prove the equality inj dim M = depth R, we set r = inj dim M and 
t = depth R. Let x = xl, . . . , x, be a maximal R-sequence. Then the 
Koszul complex K.(x) is a minimal free resolution of R/(x) by 1.6.19 so 
that projdimR/(x) = t and furthermore Extk(R/(x),M) is isomorphic 
to the t-th Koszul cohomology Ht(x,M). It follows from 1.6.10 that 
Ht(x, M) r Ho(x,M) = M/xM # 0. This implies r 2 t .  

On the other hand, since depth R/(x) = 0, there is an embedding 
k + R/(x) which induces an epimorphism 

Ext;(R/(x), M) - ExtX(k, M) 

since Ext;" ( N ,  M) = 0 for all R-modules N .  But Ext',(k, M) # 0 by 
3.1.14, and so ExtX(R/(x), M) # 0. It follows that t = proj dim, R/(x) 2 r. 

Gorenstein rings. We are now going to introduce an important class of 
local rings. As for regular rings, this class can be characterized in terms 
of homological algebra. 

Definition 3.1.18. A Noetherian local ring R is a Gorenstein ring if 
inj dim, R < m. A Noetherian ring is a Gorenstein ring if its localization 
at every maximal ideal is a Gorenstein local ring. 

The Gorenstein property is stable under standard ring operations. To 
begin with we show 

Proposition 3.1.19. Let R be a Noetherian ring. 
(a) Suppose R is Gorenstein. Then for every multiplicatively closed set S in 
R the localized ring Rs is also Gorenstein. In particular, Rp is Gorenstein 
for euery p E Spec R. 
(h) Suppose x is an R-regular sequence. If R is C.srenstein, then so is 
R/(x). The converse holds when R is local. 
(c) Suppose R is local. Then R is Gorenstein if and only if its completion 
R is Gorenstein. 

PROOF. (a) Let q be a maximal ideal of Rs. The ideal q is the extension 
of a prime ideal p in R, and so (Rs ) ,  " Rp. Let m be a maximal ideal 
of R containing p. Then R, is a localization of the Gorenstein local ring 
R,,. From 3.1.9 the conclusion follows. 

(b) Without restriction we may assume that R is local. Thus (b) is an 
immediate consequence of 3.1.15. 

(c) Let k he the residue field of R. Use that Exti(k, R)-" Extk(k ,~) .  

In concluding this section we clarify the position of the Gorenstein 
rings in the hierarchy of Noetherian local rings. 

Proposition 3.1.20. Let (R, m, k) be a Noetherian local ring. Then we have 
the following implications: 

R is regular * R is a complete intersection R is Gorenstein 

* R is Cohen-Macaulay. 

PROOF. The first implication is trivial. If R is regular, then its global 
homological dimension is finite (see 2.2.7), and hence Extk(k, R) = 0 for 
i >> 0. It follows from 3.1.14 that R is Gorenstein. In view of 3.1.19(c) 
we may as well assume that R is complete. Now 3.1.19(b) implies that 
a complete intersection is Gorenstein. The last implication follows from 
3.1.17. 

All the implications of 3.1.20 are strict. This is clear for the first, and 
will he shown for the other implications in the next section (see 3.2.11), 
where we derive a different, more easily verifiable, characterization of 
Gorenstein rings. 

Exercises 

3.1.21. Let R he a principal ideal domain with field of fractions K. Prove that 
0 + K + K I R  + 0 is an injective resolution of R. 
3.1.22. Let k be a field, and let R be a local k-algebra of finite k-dimension. Show 
that the R-module Homp(R,k) is an indecomposable (see the definition before 
3.2.6) injective R-module. 
3.1.23. Let R he a Noetherian local ring. If there exists a non-zero finite injective 
R-module, then deduce R is Artinian. 
3.1.24. Let (R,m, k) he a Noetherian local ring, M + 0 and N # 0 finite R- 
modules. If injdimN < m, then deduce the following result of Ischebeck [190]: 

In particular, if R admits a finite module of finite injective dimension, then show 
that the depth of any finite R-module does not exceed the depth of R. (Bass' 
conjecture claims more: in the above situation R is Cohen-Macaulay. In 9.6.2 a 
proof of this conjecture will be given, provided R contains a field.) 
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3.1.25. Let R be a Gorenstein local ring, and M a finite R-module. Show 
projdimM < m if and only if inj dim M < m. (Foxby [93] proved the following 
remarkable characterization of Gorenstein rings: if a Noetherian local ring 
possesses a finite module M for which inj dim M < m and proj dim M < w, then 
it is Gorenstein.) 

3.1.26. Let (R,m, k) be a Noetherian local ring. If injdim k i co, show R is 
regular. 

3.2 Injective hulls. Matlis duality 

We saw in Section 3.1 that any module M can be embedded into an 
injective module. Here we will show that such an embedding can be 
chosen minimal. In this case the corresponding injective module is 
unique up to isomorphism, and is called the injective hull of M. 

We will see that for a Noetherian ring R an injective module can be 
uniquely written as a direct sum of indecomposable injective modules, 
and the indecomposable injective R-modules are just the injective hulls 
of the cyclic R-modules Rlp, where p E SpecR. If (R,nt, k) is a complete 
Noetherian local ring, and E is the injective hull of k, then the func- 
tor H o m ~ ( - , E )  establishes an anti-equivalence between the category of 
Artinian R-modules and the category of finite R-modules. This result is 
known as the main theorem of Matlis duality. 

Definition 3.2.1. Let R be a ring and let N c M be R-modules. M is an 
essential extension of N if for any non-zero R-submodule U of M one 
has U n N  # 0. An essential extension M of N is called proper if N # M. 

The following proposition gives a new characterization of injective 
modules. 

Proposition 3.2.2. Let R be a ring. An R-module N is injective if and only 
if it has no proper essential extension. 

PROOF. Let N c M be an extension. If N is injective, then N is a direct 
summand of M. Let W be a complement of N in M .  Then N n W = 0, 
and so, if the extension is essential, W = 0. It follows that N = M. 

Conversely, suppose that N has no proper essential extension. Given 
a monomorphism rp : U + I/ and a homomorphism a : U -* N, we want 
to construct b : V + N such that cr =/I' o 9. 

As in the proof of 3.1.2 we consider the pushout diagram 
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I 
1 Here y, is a monomorphisn~, since rp is a monomorphism. Thus we may 

consider N as a submodule of W. Employing Zorn's lemma one shows 
that there exists a maximal submodule D c W such that N n D = 0, and 
so N may even be considered as a submodule of WID;  obviously, WID 
is an essential extension of N. It follows that N = WID, since N has 
no proper essential extension, and so W = N @ D. Let x : W + N be 
the natural projection of W onto the first summand. The composition 
n o y : V + N is an extension of u. a 
Definition 3.2.3. Let R be a ring and M an R-module. An injective module 
E such that M i E is an essential extension is called an injective hull of 

I M. Our notation will be E(M) or ER(M). 

The next proposition justifies this name. 

Proposition 3.2.4. Let R he a ring and M an R-module. 

I (a) M admits an injective hull. Moreover, f M c I and I is injective, then 
a maximal essential extension rf M in I is an injective hull of M .  ~ (b) Let E be an injective hull o f  M ,  let I he an injective R-module, and 
a : A4 -. I he a monomorphism. Then there exists a monomorphism rp : E + 

I such that the diagram 
I M - E  

I 

is commutative, where M 4 E is the inclusion map. In other words, the 
injective hulls of M are the 'minimal' injective modules in which M can be 
embedded. 
(c) I f  E and E' are injective hulls of M ,  then there exists an isomorphism 
rp : E + E' such that the diagram 

commutes. Here M + E and M + E' are the inclusion maps 

PROOF. (a) We embed M into a n  injective R-module I .  Consider the set Y 
of all essential extensions M c N with N c I .  Zorn's lemma applied to Y 
yields the existence of a maximal essential extension M c E with E c I .  
We claim that E has no proper essential extension, and this together with 
3.2.2 implies then that E is an injective hull of M .  Indeed, assume that 
E has a proper essential extension E'. Since I is injective there exists 
y : E' + I extending the inclusion E c I .  Suppose Kcry, = 0; then 
Im y, c I is an essential extension of M (in I )  properly containing E, a 
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contradiction. O n  the other hand, since yl extends the inclusion E c I we 
have E n K e r ~ p  = 0. But this contradicts the essentiality o f  the extension 
E c E'. 

(b )  Since I is injective, a can be extended to  a h o m o m o r ~ h i s m  
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In the next theorem we determine the indecomposable injective R- 
modules o f  a Noetherian ring R. Recall that an R-module M is de- 
composable i f  there exist non-zero submodules M I ,  M2 o f  M such that 
M = M I  @ Mq: otherwise it is indecomoosable. 

W e  may apply 3.2.4 to construct an injective resolution E' (M) o f  
a module M which for obvious reasons is called the minimal injective 
resolution of  M :  we let E O ( M )  = E ( M ) ,  and denote by a-' the embed- 
ding M + EO(M). Suppose the injective resolution has already been 
constructed up to the i-th step: 

rp : E + I. W e  have r p ) ~  = a, and so M n Ker rp = Ker a = 0. Thus, since 
the extension M c E is essential, we even have K e r v  = 0. 

(c) By (b )  there is a monomorphism q : E -* E' such that rplM equals 
the inclusion M c E'. Im q is injective and hence a direct summand o f  
E'. However, since the extension M c E' is essential, rp is surjective, and 
therefore an isomorphism. 

an Ft.3 
0 + E O ( M )  - E ' ( M )  - . . . - E'+' ( M )  + Ei(M) .  

W e  then define E1+'(M) = E(Cokeral-I), and a' is defined in the obvious 
wav. 

, - -. 
Theorem 3.2.6. Let R be a Noetherian ring. 
(a) For all p t SpecR the module E ( R / p )  is indecomposable. 
(b )  Let I # 0 be an injective. R-module and let p E Ass I .  Then E(RIp)  is 
a direct summand of I .  In particular, i f 1  is indecomposable, then 

I " E(R/p) .  

It is clear that any two minimal injective resolutions o f  M are iso- 
morphic. Moreover, i f  I' is an arbitrary injective resolution o f  M ,  then, 
as is readily seen, E ' (M) is isomorphic to  a direct summand o f  I.. 

W e  note a technical result about injective hulls which will he needed 
later in this section. 

Lemma 3.2.5. Let R be a Noetherian ring, S c R a multiplicatively closed 
set and M an R-module. Then ER(M)s " ER$(Ms).  

PROOF. W e  show that E R ( M ) s  is an injective hull o f  the Rs-module M s .  
W e  know from 3.1.3 that ER(M)s is an injective Rs-module. It remains 
to  he shown that E,(M)s is an essential extension o f  Ms. T o  simplify 
notation we set N = ER(M) ,  and pick x E Ns,  x # 0. W e  want to prove 
that Rsx n M s  # 0. 

There exists y E N such that Rsy = Rsx. Thus we may as well assume 
that x E N .  W e  consider the set o f  ideals .4V = {Ann( tx )  : t E S } .  Since 
R is Noetherian this set has a maximal element, say Ann(sx),  and since 
Rsx = Rs(sx), we may replace x by sx, and thus may assume that Ann(x )  
is maximal in the set .Y. 

(c) Let p, q t Spec R. Then E ( R I P )  " E ( R l q )  o p = q. 

PROOF. (a) Suppose E ( R / p )  is decomposable. Then there exist non-zero 
submodules N1,N2 o f  E ( R / p )  such that N1 n N2 = 0. It follows that 
( N I  n Rip) n (N2 n Rip) = (Nl  n N2) n R / p  = 0. O n  the other hand, since 
R l n  c EIRIn)  is an essential extension. we have N l n R / p  # 0 # N,nR/p.  , , ~ , , ,  
This contradicts the fact that R / p  is a domain. 

(b )  R / p  may be considered as a submodule o f  I since p E A s s l .  It 
follows from 3.2.4 that there exists an injective hull E ( R / p )  o f  R / p  such 
that E ( R / p )  c I .  As E ( R / p )  is injective, it is a direct summand o f  I. 
Statement (c) follows from the next lemma. 

Lemma 3.2.7. Let R be a Noetherian ring, p E SpecR, and M a 5nite 
R-module. Then 
(a) Ass M = Ass E ( M ) ;  in particular one has { p )  = A s s E ( R / p ) ;  
(h)  k(p)  " Hom~, (k (p ) ,E(R/p) , ) .  

PROOF. (a) It is clear that Ass M c Ass E ( M ) .  Conversely, suppose 
q t AssE(M) .  Then there exists a submodule U c E ( M )  which is 
isomorphic to  Rlq.  W e  have U n M # 0 since the extension M c E ( M )  
is essential, and so q t Ass(U n M )  c Ass M .  

(b )  Since E ( R / p ) ,  " ERp(k(p)) ,  we assume that (R ,m,  k )  is local and 
p = m is the maximal ideal. The  k-vector space HomR(k,E(k)) may be 
identified with V = { x  t E ( k )  : m x  = 0); it contains k. If V # k, then 
there exists a non-zero vector subspace W o f  V with k n W = 0. This, 
however, contradicts the essentiality o f  the extension k c E(k) .  

The importance o f  the indecomposable injective R-modules results 
from the following: 

Since N is an essential extension o f  M ,  we have Rx n M = lx # 0, Theorem 3.2.8. Every injective module I over a Noetherian ring R is a 
where I is an ideal in R. Let I = (a , , .  ..,a,), and assume that a,x = 0 in direct sum of indecomposable injective R-modules, and this decomposition 
Ns for i = 1,. . . , n. Then there exists t E S such that t:aix) = 0 in N for is unique in the following sense: for any p E SpecR the number of inde- 
1 = 1  , . . . ,n. But Ann(tx) = Ann(x) ,  by the choice o f  x,  and so i x  = 0. composable summands in the decomposition of I which are isomorphic to 
This is a contradiction. Hence uix f 0 in  N~ for some i, and it follows E ( R / p )  depends only on I and p (and not on the particular decomposition). 
that Rsx n M s  # 0. In fact, this number equals dimk(,) H o m ~ ~ ( k ( p ) , I , ) .  
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PROOF. Consider the set 9 of all subsets of the set of indecomposable 
injective submodules of I with the property: if F E 9, then the sum of 
all modules belonging to F is direct. The set .Y is partially ordered by 
inclusion. By Zorn's lemma it has a maximal element 9'. Let E be the 
sum of all the modules in F'. The module E is a direct sum of injective 
modules, and hence by 3.1.3 is itself injective. Therefore E is a direct 
summand of I ,  and we can write I = E @ H, where H is injective since 
it is a direct summand of I .  Suppose H f 0; then there exists p E Ass H, 
and so E(R/p) is a direct summand of H;  see 3.2.6(b). Thus we may 
enlarge F' by E(R/p), contradicting the maximality of F'. We conclude 
that H = 0 and I = E. 

Suppose that I = @A,AI,i is the given decomposition. Then 

By 3.2.7 we have 

where Ao = {A E A : I ,  Z E(R/p)). If we again use 3.2.7, we finally get 

Bass numbers. Let R be a Noetherian ring, M a finite R-module and 
p E SpecR. The (finite) number pi(p, M) = dimk(,) Extkp(k(p), M,) is 
called the i-th Bass number of M with respect to p. 

These numbers have an interpretation in terms of the minimal injective 
resolution of M. 

Proposition 3.2.9. Let R be a Noetherian ring, M a ,finite R-module, and 
E'(M) the minimal injective resolution of M. Then 

do a l  
PROOF. Let 0 - M - EO(M) - EL(M) - ...  be the minimal 
injective resolution of M, and let p E Spec R. Since localization is exact, 
it follows from 3.2.5 that 

is the minimal injective resolution of M,; here di is the localization of a'. 
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I 
The complex HomRp(k(p), E'(M),) is isomorphic to the subcomplex 

C' of Ee(M),, where 

c = {X E E'(M), : VR, . x = 0). 

Let x be a non-zero element of Ci. Since the extension Imdi-' c Ei(M), 
is essential, there exists a E R, with an E Imdi-' and ax # 0. Since 
pR, annihilates x, we see that a @ pR,. Hence a is a unit in R,, and 
x E Imdi-I. It follows that di(x) = 0, and hence dilc2 = 0 for all i. 
Consequently we get ~xtk~(k(p) ,  M,) " HomRP(k(p),Ei(M),), which by 
3.2.8 implies the isomorphism asserted. 

i Among the Bass numbers the type of a module or a local ring is of 
particular importance. Let (R,m, k) be a Noetherian local ring and M a 
finite module of depth t. In Chapter 1 we have already considered the 

I 
Bass number r(M) = p,(m, M), and called it the type of M. 

In the next theorem we give a new, extremely useful characterization 
of Gorenstein rings. 

Theorem 3.2.10. Let (R,m,k) be a Noetherian local ring. The following 
conditions are equivalent: 
(a) R is a Gorenstein ring; 
(b) R is a Cohen-Macaulay ring of type 1. 

F'ROOF. Let x be a maximal R-sequence. By 3.1.19, R is Gorenstein if 
and only if R/(x) is. Similarly the properties in (b) are stable under 
specialization modulo x ;  see 1.2.19 and 2.1.3. Thus we may assume 
dimR = 0. 

(a) a (b): By 3.1.17, R is an injective R-module. Since R is local, it 

I is indecomposable as an R-module, and so, since Ass R = {m), we have 
that R " ER(k); see 3.2.6. It follows from 3.2.7 that R is of type 1. 

(b) a (a) follows from statement (e) in 3.2.12 below. 

We use this new characterization of Gorenstein rings to give examples 
of Cohen-Macaulay rings which are not Gorenstein, and of Gorenstein 
rings which are not complete intersections. 

Examples 3.2.11. (a) Let (R,m, k) be an Artinian local ring for which 

I m2 = 0. For instance, R = k[X, ,..., X,]/(X1 ,..., XX)2 is such a ring. It 
is easily seen that m = SocR. Hence we have r(R) = emhdimR, and 
conclude that R is Gorenstein if and only if embdimR = 1. When R is 
Gorenstein, it is even a complete intersection. 

(b) In the following we present a method to produce a large class of 
Artinian Gorenstein rings: let k be a field, S =  XI,. ..,X.] the polyno- 
mial ring in n variables over k, m an integer, S, the m-th homogeneous 
part of S, and q : S, -t k a non-trivial k-linear map. 
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For every j E W, we define I, = {a t S, : q(a .  S,-,) = 0). It is readily 
seen that I = @,,, Ij is a graded ideal with I, = Sj for j > m. Thus we 
conclude that R = S/ I  is an Artinian (graded) local ring. 

We claim that R is a Gorenstein ring. To see this, we determine the 
socle of R. For any element a E S, we denote by n its residue class 
modulo I .  Let j E W with 0 < j < m, and let ?I E Rj,n # 0. Then by 
the definition of I,  there exists b E S,-, such that q ( a .  b) f 0, and so 
Sr . 6  f 0. But since 6 belongs to the maximal ideal of R, it follows that 

@ SocR. Therefore, SocR = R,. As dimk Rm = 1, it follows that R is 
Gorenstein. 

We give an explicit example for this construction: let q : S2 + k be 
the k-linear map with 

For this linear form q we get 

Therefore, R = S / I  is Gorenstein, and is a complete intersection if and 
only if n I 2. 

Matlis duality. Let (R, m, k) be a Noetherian local ring. We are going 
to study the functor which takes the dual M' of an R-module M with 
respect to the injective hull E of k. If M is a finite module, the dual M' 
need not be finite. Indeed, we know from Exercise 3.1.23 that R' 2 E is 
finite only if R is Artinian. However, the E-dual of a module of finite 
length also has finite length, as we shall see now. 

Proposition 3.2.12. Let (R,nt, k) he a Noetherian local ring, E the injective 
hull of k, and N an R-module offinite length. For any R-module M we set 
M' = HomR(M,E). Then: 
(a) one has 

(b) Y(N) = Y(N1); 
(c) the canonical homomorphism N + N" is an isomorphism; 
(d) p(N) = r(N1) and r(N) = p(N'): 
(e) ifR is Artinian, then E is ufinrte faithful R-module satisfying 

(i) Y(E) = YiR). . . .  , ,. 

(ii) the canonical homomorphism R + EndR(E), a H +-, where q,(x) = 
ax for all x E E, is an isomorphism, 
(iii) r(E) = 1 and p(E) = r(R); 

conversely, any Jinite faithful R-module of type 1 is isomorphic to E. 

I 
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PROOF. (a) Extk(k,E) = 0 for i > 0, as E is injective; furthermore 
HomR(k, E) " k; see 3.2.7. 

(b) We prove the equality asserted by induction on the length of N. 
If Y(N) = 1, then N " k, and the equality follows from (a). Now suppose 
that Y(N) > 1. Then there exists a proper submodule U c N, and we 
obtain an exact sequence 

0 - U - N - W - 0  

with Y(U) < Y(N) and L(W) < [(N). 
Since E is injective this sequence yields the dual exact sequence 

0 - W' 4 N' - U' - 0. 

The induction hypothesis applies to U and W, and the additivity of 
length gives the result. 

(c) Again we use induction on Y(N). If Y(N) = 1, then N " k, 
and N" " k by (a). Therefore it suffices to show that the canonical 
homomorphism a : k + HomR(HomR(k, E), E) is not the zero map. Let 
x t E, x # 0, be a socle element of E. There exists q E HomR(k, E)  with 
q(1) = x. Then a(l)(q) = x f 0, and so a f 0. If Y(N) > 1 ,  we choose as 
before an exact sequence 

0 -U-N-W-0  

with [(U) < Y(N) and L(W) < Y(N). 
The natural homomorphisms into the bidual modules induce a com- 

mutative diagram 

0 - U - N - W - 0  

where the outer vertical arrows are isomorphisms by our induction hy- 
pothesis. The snake lemma ([274], Theorem 6.5) applied to this diagram 
implies N + N" is an isomorphism. 

(d) The module (NlntN)' is the kernel of the linear map N' + (mN)' 
which assigns to every q E N' its restriction to ntN. Hence q t (NImN)' 
if and only if mq(N) = q(ntN) = 0. In other words, 

(NImN)' = {q E N' : m . q = 0) = Soc N', 

Thus we get p(N) = dimk N/mN = dimk(N/mN)' = dimk SocN' = r(Nr). 
The second equality follows from the first by (c). 

(e) By (b) we have Y(E) = Y(R1) = Y(R) < m. In particular, E is a 
finite R-module. Next it follows from (c) that the canonical homomor- 
phism a :  R + HomR(HomR(R, E), E) is an isomorphism. If we identify 
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H o ~ R ( R ,  E) with E, then a identifies with the canonical homomorphism 
R + End&). A module whose endomorphism ring is R is necessarily 
faithful. Statement (e)(iii) follows from (d). 

Finally, let N be a faithful R-module of type 1. Then N' is cyclic, and 
so N 2 H o ~ R ( R / I , E )  for some ideal I .  Here we have used (c) and (d). 
But since N is faithful, I = 0 and so N " E. 

Proposition 3.2.12 may he viewed as the Matlis duality theorem for 
finite Artinian modules. Now we prove its general form. It will be of 
crucial importance for the local duality theorem of Grothendieck, which 
we will discuss in Section 3.5. 

Let (R,nt,k) he a complete local ring. We denote by A(R)  the 
category of R-modules, by .d(R) the full suhcategoly of Artinian R- 
modules and by F ( R )  the full subcategory of finite R-modules. Let E 
be an injective hull of k. We set T(-) = HomR(.,E). The contravariant 
functor T : A ( R )  -* A ( R )  is exact. Its restriction to .d(R) or F ( R )  will 
again be denoted by T. 

Theorem 3.2.13 (Matlis). Let (R, m, k) be a Nuetherian complete local ring, 
N E .d(R) and M E F(R). Then 
(a) T(R) " E and T(E) " R, 
(b) T(M) E d ( R )  and T(N) E F(R) ,  
(c) there are natural isomorphisms T (T(N)) " N and T (T (M)) " M, 
(d) the functor T establishes an anti-equivalence between the categories 
.d(R) and F(R). 

PROOF. We proceed in several stages. (1) For all n E N we set En = 
{x E E : ntnx = 0). Let x t E, x # 0; then Ass(Rx) c AssE = {m}, see 
3.2.7. Hence there exists an integer n such that m"x = 0. This proves that 
E = E, = 1% En. 

(2) The natural homomorphism R + E ~ ~ R ( E )  = T(E) is an isomor- 
phism: by 3.2.12(e)(ii), the natural homomorphisms a,, : R/mn + T(E,) 
are isomorphisms, and we obtain commutative diagrams such as 

in which the only homomorphisms are the natural ones. As R is complete, 
the map R -* I@ R/mn is an isomorphism. Likewise 7 ,Z) -* I@ T(E,,) 
is an isomorphism since by [274], Theorem 2.27, and (I)  we have 
I@ T(E,) = T( lkE , )  = T(E). It follows that the natural homomor- 
phism R - T(E) is an isomorphism as well. This proves (a). 

(3) E is Artinian: let E = Ua 2 UI 2 U2 2 . .. be a descending chain 
of submodules of E. This chain induces a sequence of epimorphisms 

Thus we can write T(Ui) = R/li, where (0) = l o  c 11 c 1 2  c . . .  is an 
ascending chain of ideals. Since R is Noetherian this chain stabilizes, 
and so there exists an integer ia such that T(Ui) = T(Ui+,) for i 2 io. 
We will show that Uj = Ui;, for i 2 io. Suppose that Ui # Uj+l, 
but T(Ui) = T(Ui+l). Let V = Ui/Ui+l; then V # 0, hut T(V) = 0. 
However, V is a subquotient of E, and so Ass V = {m}; see 3.2.7. In 
other words, there exists a monomorphism k + V. Applying T, we 
obtain an epimorphism 0 = T(V) - T(k) = k, a contradiction. 

(4) If N is Artinian, then there exists an emhedding N + En for some 
integer n: Soc N is a finite dimensional k-vector space since N is Artinian. 
Moreover, the extension Soc N c N is essential. In fact, if x t N, then 
Rx is a finite Artinian module, and therefore Rx n Soc N = Soc Rx # 0. 
Let N c I he an embedding of N into an injective R-module. By 3.2.4, 
an injective hull E(N) can be chosen as a maximal essential extension 
of N in I. Since the extension SocN c N is essential, E(N) is likewise 
an injective hull of SocN. Suppose Soc N 2 k"; then it follows that 
N c E(SocN) "En.  

The remaining assertions of the theorem now follow easily. 
(b) Let N E d ( R ) ;  then by (4) there exists an emhedding N c En 

which by (2) induces an epimorphism R" 4 T(N);  therefore T(N) € 

( R )  Conversely, suppose M E F(R). We choose an epimorphism 
Rn + M. This epimorphism yields an emhedding T(M) -t En. The 
module E is Artinian by (3), and so any submodule of En is Artinian. It 
follows that T(M) t d(R) .  

(c) By (4) there exists an integer n and an exact sequence 0 -* N + 

En + W - 0 which we may complete to a commutative diagram 

0. N - En W L O  

*l /J 1 7 1  

0 --- T(T(N)) d T(T(En))  -+ T(T(W)) 0 

whose vertical maps are just the canonical homomorphisms. 
It follows from (2) that /3 is an isomorphism. Therefore, by the snake 

lemma, a is an isomorphism if and only if y is a monomorphism. Let 
x E Ker y ;  then ~ ( x )  = 0 for all v E HomR(W, E). Suppose x # 0, and 
let y, : Rx + E be the homomorphism which maps x to a non-zero socle 
element of E. Then y,(x) # 0, and since E is injective, y, can be extended 
to a homomorphism v : W + E. We then have ~ ( x )  # 0, a contradiction. 

Similarly one proves that the natural linear map M -* T(T(M)) is an 
isomorphism, starting with the exact sequence 0 + U + Rn -* M + 0 
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and using the fact that the natural homomorphism R + T(T(R)) is an 
isomorphism (which is an immediate consequence of (2)). 

Exercises 

3.2.14. Let (R,m, k )  be a Noetherian local ring, E an injective hull of k. Prove: 
(a) The natural homomorphism E + E BR R is an isomorphism. In particular, E 
is an k-module. 
(b) As an R-module, E " EA(k). 
(c) For all finite R-modules N there exists a natural isomorphism 

Horn~(N, E) 2 ~ornA(fi, E). 

(If this problem seems to be too difficult, the reader may consult [230], Theorem 
18.6.) 

3.2.15. Let (R,m) be an Artinian local ring. Show the following conditions are 
equivalent: 
(a) R is a Gorenstein ring; 
(b) all finite R-modules are reflexive; 
(c) I = Ann Ann I for all ideals I of R; 
(d) for all non-zero ideals I and J one has I n J # 0. 

3.3 The canonical module 

So far we have studied finite modules of finite injective dimension over 
Noetherian local rings, but we have ignored the question as to under what 
circumstances such modules actually exist. A Gorenstein ring R admits 
plenty of finite modules of finite injective dimension: any module of 
finite projective dimension has finite injective dimension as well, simply 
because R itself has finite injective dimension by definition. Also any 
Artinian local ring (R,m, k), Gorenstein or not, admits a finite injective 
module - the injectiv- hull of k. The question becomes more delicate 
for non-Gorenstein local rings of positive dimension. One of the main 
results of this section will he that any Cohen-Macaulay ring which 
is a homomorphic image of a Gorenstein ring has a finite module of 
finite injective dimension. Moreover, this module can be chosen to be a 
maximal Cohen-Macaulay module of type 1. It will be shown that such 
a module is unique up to isomorphism. It is called the canonical module 
of R. For a Gorenstein ring the canonical module is just the ring itself. 

We shall study the behaviour of the canonical module under flat 
extensions, localizations, and specializations. 

Definition 3.3.1. Let (R,nt, k) be a Cohen-Macaulay local ring. A maximal 
Cohen-Macaulay module C of type 1 and of finite injective dimension is 
called a canonical module of R. 

I 

It is immediate (see 1.2.8 and 3.1.14) that C is a canonical module of 
R if and only if 

dimk Ext,(k, C) = did d = dim R. 

Two questions arise: when does a canonical module exist, and is it 
uniquely determined up to isomorphism? This question has a simple 
answer in the case dimR = 0: by 3.2.8, ER(k) is the uniquely determined 
canonical module. To prove uniqueness in general, we will need the 
following two results. 

Lemma 3.3.2. Let (R,m, k) be a Noetherian local ring, rp : M + N a 
homomorphism offinite R-modules, and x an N-sequence. If rp @ R/(x) is 
an isomorphism, then rp is an isomorphism. 

PROOF. The surjectivity of rp follows from Nakayama's lemma. In order 
to prove that rp is injective, we may assume without loss of generality 
that the sequence x consists of one element, say x. We set Tp = p @R/(x). 
Let z E Ker rp; then @(z) = 0, and so z E xM. Therefore we can write 
z = xy, y E M, and it follows that ~ ( z )  = xrp(y) = 0. But x is regular 
on N, and this implies that p(y) = 0. As before it follows that y E xM, 
and hence z E X ~ M .  Inductively one concludes that z E n,,, xiM. But 
this intersection is the zero-module by Krull's intersection theorem, and 
so z = 0 as desired. 

Proposition 3.3.3. Let (R,m, k) be a Cohen-Macaulay local ring of dimen- 
sion d,  and C a maximal Cohen-Macaulay R-module. 
(a) Suppose M is a maximal Cohen-Macaulay R-module with E X ~ ~ ( M ,  C) 
= 0 for all j > 0. Then HomR(M,C) is a maximal Cohen-Macaulay 
module, and for any R-sequence x we have 

1 H o ~ R ( M ,  C) 8 RIxR 2 HomRlXn(M/xM,C/xC). 

(b) Assume in addition that C has finite injective dimension, and M is a 
Cohen-Macanlay R-module of dimension t. Then 

I (i) Extk(M,C)=O for j f  d - t ,  
(ii) Exti-'(M,C) is a Cohen-Macaulay module of dimension t .  

PROOF. (a) Let x E m be an R-regular element. Since C is a maximal 
Cohen-Macaulay module one has HomR(M/xM,C) = 0, and so our 
assumption yields the exact sequence 

0 + HomR(M, C) 5 HomR(M, C) + E X ~ ~ ( M / X M ,  C) - 0, 

and E x t i ( ~ / x ~ , C )  = 0 for j > I .  Since C is a maximal Cohen- 
Macaulay module, the associated prime ideals of C are minimal prime 
ideals of R, so that Ass(C) c Ass(R). It follows that the R-regular element 
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x is C-regular as well, and so 3.1.16 implies ExtklxR(M/xM, C/xC) = 0 
for j > 0. The exact sequence shows that x is regular on H o ~ R ( M ,  C), 
and again applying 3.1.16 we obtain 

For an arbitrary R-sequence x one proceeds by induction on the length 
of the sequence. 

(b)(i) It follows from 1.2.10(e) that EX~{(M, C) = 0 for j < d -t. Next 
we show by induction on t that Ext',(M,C) = 0 for any t-dimensional 
Cohen-Macaulay module M and all j > d - t. If t = 0, then the claim 
follows from 3.1.17. Now suppose that t > 0, and let x E m be an 
M-regular element. The exact sequence 

induces the exact sequence 

M/xM is a (t - 1)-dimensional Cohen-Macaulay module. Hence by the 
induction hypothesis we have EX~~+' (M/XM, C) = 0 for j > d - t, and 
so Nakayama's lemma implies that Ext',(M, C) = 0 for j > d - t. 

(ii) We proceed by induction on t. The assertion is trivial if t = 0. 
Assume now dim M = t > 0, and let x E m be an M-regular element. By 
(i), the exact sequence 

yields the exact sequence 

Thus x is regular on Extd,-'(M,C), and so it follows from our induction 
hypothesis that Extd,-'(M, C) is Cohen-Macaulay. 

We are now ready to prove the uniqueness of the canonical module. 

Theorem 3.3.4. Let (R,m, k )  be a Cohen-Macaulay local ring, and let C 
and C' be canonical modules of R. Then 
(a) C/xC " E R ~ ( ~ ) ( ~ )  for any maximal R-sequence x, 
(b) the canonical modules C and C' are isomorphic, 
(c) Homn(C,C') " R, and any generator rp of Hom(C,C1) is an isomor- 
phism, 
(d) the canonical homomorphism R + EndR(C) is an isomorphism. 
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PROOF. (a) By 3.1.15, C/xC is an injective R/(x)-module of type 1. Since 
Spec(R/(x)) = {m/(x)), 3.2.8 yields the assertion. 

(b) and (c): It follows from (a) that 

C/xC " ER,(,,(~) " C1/xC'. 

Now 3.3.3 and 3.2.12 imply that 

Homn(C, C') C9n R/(x) " H O ~ ~ ~ ( ~ , ( C / X C ,  Cr/xC') 2 R/(x), 

and so HomR(C, C') is cyclic by Nakayama's lemma. Let rp be a generator 
of this module. Then the natural inclusion Rq + Homn(C, C') induces 
the above isomorphism modulo x. By 3.3.3, Homn(C,C1) is a maximal 
Cohen-Macaulay module. Thus 3.3.2 implies that Rrp + Homn(C, C') is 
an isomorphism. In particular it follows that Rrp is a maximal Cohen- 
Macaulay module. We may therefore apply 3.3.2 once again to conclude 
that R + Rrp is an isomorphism, too. 

Next we show that rp : C + C' is an isomorphism. Indeed, q 8 R/(x) 
can be identified with a generator of End(ERl(,,(k)). It follows therefore 
from 3.2.12(e)(ii) that q @  R/(x) is an isomorphism. Since C' is a maximal 
Cohen-Macaulay module, 3.3.2 implies that q is an isomorphism. It is 
clear that any other isomorphism C + C' is a generator of Homn(C, C'), 
too. 

(d) is proved similarly. 

In view of this result we may talk of the canonical module of R 
provided it exists. From now on we will denote the canonical module of 

I R by w ~ .  
The next theorem lists some useful and often applied change of ring - - 

formulas for the canonical module. 

I Theorem 3.3.5. Let (R, m, k) be a Cohen-Macoulay local ring with canon- 
ical module wn. Then 
(a) O ~ / X W ~  Y W R I ~ R  for all R-sequences x, that is, the canonical module 
specializes, 

1 (b) ( w R ) ~  w ~ .  for all p t Spec R, that is, the canonical module localizes, 
1 (c) (wR)-" WA. 

PROOF. (a) First notice that x is an on-sequence, too. The (R/xR)-module 
wR/xwR has finite injective dimension; see 3.1.15. Since r(wn/xwn) = 

1 r(aR) = 1, the module OR/XWR IS the canonical module of R/xR, by 
definition. 

(b) The R.-module (on), has finite injective dimension (see 3.1.9), and 
is again a maximal ~ o h e n ~ ~ a c a u l a ~  module. It remains to be shown 
that ~ ( ( w R ) ~ )  = 1. Let x be a sequence of elements of R whose image in 
R, is a maximal R,-sequence. Then by 3.1.15, 



110 3. The canonical module. Gorenstein rings 3.3. The canonical module 111 

is an injective module over the Artinian local ring A = Rp/xRp. It follows 
from 3.2.7 and 3.2.8 that 

M " E~(k(p))', r = r(M). 

From 3.2.12 we get 

(1) Homa(M, M) " A". 

On the other hand, from 3.331) we obtain 

For the last isomorphism we used the fact that the endomorphism ring 
of the canonical module of S = R/xR is isomorphic to S ;  see 3.3.4. A 
comparison of (1) and (2) yields r = 1, as desired. - 

(c) The fibre of R + k is k, so that by flatness, Extk(k,w~) E 
Exta(k, (uR)? for all i. This implies the assertion. 

Existence of the canonical module. Our next goal is to clarify for which 
Cohen-Macaulay local rings the canonical module exists. 

Theorem 3.3.6. Let (R,m, k) be a Cohen-Macaulay local ring. The fol- 
lowing conditions are equivalent: 
(a) R admits a canonical module: 
(b) R is the homomorphic image of a Gorenstein local ring. 

One direction of the proof resorts to the principle of idealization due 
to Nagata: let R be a ring and M an R-module. We construct a ring 
extension R c R * M of R, called the trivial extension of R by M. As an 
R-module, R * M is just the direct sum of R and M. The multiplication 
is defined by 

(a, x)(h, Y )  = (ab, ay + bx) 

for all a, b E R and x, y E M. 
Some basic facts on trivial extensions are the subject of Exercise 

3.3.22. Here we will only use that R * M is a ring, and if M is finite and 
R is a Noetherian (or Artinian) local ring with maximal ideal m, then so 
is R * M with maximal ideal m * M = {(a, x) E R * M : a E m]. 

PROOF OF 3.3.6. (a) * (b): The ring R is a homomorphic image of the 
trivial extension R * WR. We will show that R * w~ is a Gorenstein ring. 
Let x be an R-regular sequence of maximal length. It is easy to see that 
x is a maximal (R * con)-sequence as well, and that 

By 3.3.4, wR/xwR g ERlxR(k). Bearing in mind the characterization 3.2.10 
of Gorenstein rings, we may assume that R is Artinian, and it remains to 
be shown that the type of the Artinian local ring R' = R * E R ( ~ )  is 1. 

Let (a, x) E Soc R'; then (h,O)(a,x) = (ba, bx) = (0,O) for all b E m. 
This implies that a t Soc R and x E Soc ER(k). 

Assume that a # 0. The exact sequence 

induces the exact sequence 0 - E R ~ ( ~ ) ( ~ )  + E R ( ~ )  5 En(k) (see 
3.1.6). 

As 
[(ER,,.,(~)) = t(Rl(a)) < e(R) = [(En@)) 

(see 3.2.12), multiplication by a on ER(k) cannot be the zero map. There- 
fore there exists y t E R ( ~ )  with ay # 0, and so (0, y)(a,x) = (0,ay) # (0, O), 
a contradiction. 

Our conclusion is that Soc(R * En(k)) " SocE~(k),  and therefore by 
3.2.12, r(R * E(k)) = 1. 

For the proof of 3.3.6(b) * (a) we note the following more general 
result. 

Theorem 3.3.7. Let (R,m) be a Cohen-Macaulay local ring. 
(a) The following conditions are equivalent: 

(i) R is Gorenstein; 
(ii) WR exists and is isomorphic to R. 

(b) Let rp : (R, m) + (S, n) be a local homomorphism of Cohen-Macaulay 
local rings such that S is afinite R-module. I f  w~ exists, then ws exists 
and 

ws ' Ext',(S, WR), t = dim R - dim S. 

PROOF. (a)(i) o (ii) follows from 3.1.18 and 3.2.10. 
(b) By virtue of 2.1.2(b), and since d ims  = dim(R/Kerrp), there 

exists an R-sequence x = XI, .  . . , x, with xi E Ker rp, t = dim R - dim S. 
Set R = R/(x)R; as WR/(X)WR Y wR (see 3.3.5), we have Extk(S ,o~)  " 
HomR(S,coR), by 3.1.16. Thus we may assume from the beginning that 
dim R = dim S. 

Let d = dimR, and y = y1, ..., yd an R-sequence. Then y is w ~ -  
regular and HomR(S, wR)-regular as well, since both modules are Cohen- 
Macaulay modules of dimension d ;  see 3.3.3. It follows from 3.3.3(a) 
that 

H o ~ R ( S ,  OR) @R R' HOmn,(S1, OR'), 

where R' = R/ly)R, and S' = S/(y)S. In view of Exercise 3.3.23 it 
suffices to show that HomRr(S1, WR.) is the canonical module of Sf. Since 



112 3. The canonical module. Gorenstein rings 3.3. The canonical module 113 

W R ,  ER,(k), 3.1.6 implies that HomR,(S1, ERz(k ) )  is an injective S'-module, 
and so HomR,(S8,ER,(k)) E Es,(k)' for some r > 0. By 3.2.12(b) and (e)(i)  
we get /(Es.(k)) = e(S0 = ~ ( H o ~ R , ( S ' , E R , ( ~ ) ) )  = r e ( E ~ , ( k ) ) ;  therefore 
r = 1. 

A noteworthy case o f  3.3.7 is the following: let k be a field, and R an 
Artinian local k-algebra. Then Homk(R, k)  is the canonical module o f  R. 

A Noetherian complete local ring is a homomorphic imagc o f  a 
regular local ring; see A.21. Regular local rings are Gorenstein (see 
3.1.20), and so 3.3.6 implies 

Corollary 3.3.8. A complete Cohen-Macaulay local ring admits a canonical 
module. 

Corollary 3.3.9. Let (R,m,  k)  he a regular local ring and I c n~ an ideal 
of height g such that S = R / I  is Cohen-Macaulay. Let 

be the minimal free R-resolution of S ,  and let G.  = HomR(F.,R) be the 
dual complex 

where Gi = Fi-i for i = 0,. . . , g. Then G. is a minimal free R-resolution of 
US. 

PRGOF. Note that g is indeed the length o f  the minimal free resolution o f  
S ;  see 2.2.10. One has Exta(S,R) " Hi(F:) for all i 2 0. The corollary 
follows therefore from 3.3.3(b) and 3.3.7. 17 

Further properties of the canonical module. In the next theorem some 
useful characterizations o f  the canonical module will be given. 

Theorem 3.3.10. Let (R ,n~ ,k )  he a Cohen-Macaulay local ring ofdimen- 
sion d ,  and let C be a,finite R-module. Then the ,following conditions are 
equivalent: 
(a) C is the canonical module of R ;  
(b)  p,(p, C )  = Jib for all i 2 0 and all p E Spec R,  where h = height p;  
(c) for all integers t = 0,1,. . . , d ,  and all Cohen-Macaulay R-modules M 
of dimension t one has 

(i)  EX~$- ' (M,  C )  is a Cohen-Macuulay R-module of dimension t ,  
(ii) E x t , ( ~ ,  C )  = 0 for all i f d - t ,  
(iii) there exists an isomorphism M + E x t g - ' ( ~ x t $ - , - ' ( ~ ,  C ) ,  C )  which 
in the case d = t is just the natural homomorphism from M into the 
bidual of M with respect to C ;  

(d )  ,for all maximal Cohen-Macaulay R-modules M one has 
(i) Homn(M, C )  is a maximal Cohen-Macaulay R-module, 

(ii) Extk(M, C )  = 0 for i > 0 ,  
(iii) the natural homomorphism M + H o m R ( H o m ~ ( M , C ) , C )  is an 

I isomorphism. 

PROOF. (a) o ( h ) :  The canonical module localizes; see 3.3.5; therefore 
(a) implies (b) .  Choosing p = m, we obtain (a) from (b). 

(a) * (c):  (i) and (ii) have already been shown in 3.3.3. From the 
Rees lemma 3.1.16 and (i) one.deduces that 

E x t $ - ' ( ~ x t $ - : - ' ( ~ ,  C) ,  C )  " HomRlxR(HomRl,R(M, C / x C ) ,  C / x C )  

for an R-sequence x o f  length d - t which is contained in AnnR M .  
Replacing R by R I x R ,  we may as well assume that t = d. Since by 3.3.3, 
HomR(M,C)  @ R / y R  " HomRlYR(M/yM,C/yC)  for any R-sequence y, 
we may finally assume that d i m R  = 0. In this case however C 2 ER(k),  
and the assertion follows from 3.2.12. 

(d)  is a special case o f  (c). 
! 
! (d)  * (a): I f  we choose M = R, then it follows from (i)  that C is a 

maximal Cohen-Macaulay module. 
According to  Exercise 2.1.26, for all i 2 d the i-th syzygy module o f  

the residue class field k o f  R is 0 or a maximal Cohen-Macaulay module. 
Therefore (ii) implies that Extk(k, C )  = 0 for i > d ,  and hence we have 
injdimC < m; see 3.1.14. 

I It remains to  he shown that r(C)  = 1. By 3.3.3(a), the conditions in 

I 
(d)  are stable under reduction modulo R-sequences. Thus, since the type 
o f  C is also stable under reduction modulo R-sequences, we may restrict 
ourselves to  the case where R is Artinian. Then the module C is necessarily 
injective, and so it must be isomorphic to  ER(k)', r = r(C).  NOW it follows 
from 3.2.12 that R" 2 HomR(HomR(R,C),  C) .  Consequently condition 

1 (iii) implies r (C)  = 1. 

W e  complement the previous theorem with some extra information 
about the Ex t i ( . ,u~) .  Observe the analogy o f  the statements with 3.2.12. ~ The canonical module takes the position o f  the injective hull when one 
deals with arbitrary Cohen-Macaulay local rings rather than Artinian 
local rings. 

Proposition 3.3.11. Let R be a Cohen-Macaulay local ring of dimension ! d with canonical module wR, and M a Cohen-Mncaulay R-module of di- 
mension t. Then 
(a) p(M) = r ( ~ x t i - ' ( ~ , W R ) ) ,  
(b)  r ( M )  = P ( E x ~ $ - ' ( M , ~ R ) ) ,  
(c) W R  is a faithful R-module, and 

(i)  OR) = 1 ,  ~ ( w R )  = r(R) ,  
(ii) E n d ( w ~ )  = R. 
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PROOF. There exists an on-sequence x of length d - t in Ann M, and we 
get 

EX~$-'(M, OR) " H O ~ R / X R ( M ,  WR/XR). 

So we may assume that dim R = dim M. By 3.3.3, we may further assume 
that dim R = 0. Since the canonical module of an Artinian local ring 
is the injective hull of the residue class field, all assertions follow from 
3.2.12. 

The previous proposition has an interesting application. 

Corollary 3.3.12. Let R be a Cohen-Mocaulay local ring, M a Cohen- 
Macaulay R-module and p E Supp M. Then r(M,) 5 r(M). 

PROOF. Pick q E ~ s s ( k / p k ) ;  then dirnklq = dim Rlp;  see 2.1.15. There- 
fore we obtain a flat local homomorphism R, + & whose fibre is of 
dimension zero. From 1.2.16 it follows that r(M,) I r(Mq). Since R + k 
is flat with fibre k, 1.2.16 once again applied gives r(M) = r ( ~ ) .  We may 
therefore assume that R is complete. But then, by 3.3.8, R has a canonical 
module, and from 3.3.11 we obtain 

where d = dimR and t =dim M. Here we have used that, by 2.1.3, 

d - t  =d imR-d imM = d i m R - d i m R l p - ( d i m M d i m M I p M )  

= dim R, - dim M,. 

The canonical module and,flot extensions. We will show that the canonical 
module behaves well under flat ring extensions. For the proof we need 

Proposition 3.3.13. Let (R,m) be a Cohen-Macaulay local ring, and C a 
finite R-module. The following conditions are equivalent: 
(a) C is the canonical module of R; 
(b) C is a faithful maximal Cohen-Macaulay R-module of type 1. 

PROOF. (a) - (b): The canonical module is a maximal Cohen-Macaulay 
module of type 1, by definition, and faithful by 3.3.11. 

(b) - (a): Note first that C has one of the properties in (a) or 
(b) if and only if the completion has this property. For instance, 
the property of being faithful means that the canonical homomorphism 
rp : R + Homn(C, C) is injective. Since R + k is faithfully flat, q is 
injective if and only if its completion is injective. The reader should 
check the other properties. 

We may now assume that R is complete. Then, by 3.3.8, R has a 
canonical module w ~ .  By 3.3.11(b), Homn(C,wR) is a cyclic module, say 
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RII,  so that by 3.3.10(d)(iii) we have C " HomR(R/l,on). It follows that 
I annihilates C. Since we assume that C is faithful, we get I = 0, and 
hence C " Homn(R, UR) " up.. 

I 
Theorem 3.3.14. Let (R, m) be a Cohen-Macaulay local ring, and (R, m) + 

(S, n) a flat homomorphism of local rings. 

I 
(a) If o n  exists and S/mS is Gorenstein, then ws = OR @ S. 
(b) If C is afinite R-module, and S a Cohen-Macaulay ring with canonical 
module ws = C @ S, then S/mS is Gorenstein and C " up.. 

PROOF. A flat local homomorphism is faithfully flat. Thus we see as 
in the proof of the previous proposition that a finite R-module M is 
faithful if and only if M @R S is a faithful S-module. By 1.2.16, we have 
r(wn @ S) = r(S/mS)r(w~) = 1; hence (a) follows from 3.3.13. 

Part (b) is proved similarly: by 1.2.16, 1 = r(S/mS)r(C) and C is 
a maximal Cohen-Macaulay module. It follows that r(S/mS) = 1 and 
r(C) = 1. Therefore S/mS is Gorenstein (see 3.2.10), and in view of 
3.3.13, C is the canonical module of R. 

Corollary 3.3.15. Let rp: (R,m) + (S,n) be a ,flat homomorphism of 
Noetherian local rings. Then S is Gorenstein if and only if R and S/mS 
are Gorenstein. 

The canonical module for non-local rings. We saw in 3.3.5 that the canon- 
ical module localizes. This suggests the following 

Definition 3.3.16. Let R he a Cohen-Macaulay ring. A finite R-module 
WR is a canonical module of R if (wR),, is a canonical module of R", for 
all maximal ideals m of R. 

Remark 3.3.17. In contrast to the local case, a canonical module is in 
general not unique (up to isomorphism). Indeed, let R be a Cohen- 
Macaulay ring (not necessarily local), and let on and wk be canonical 
modules of R. We set I = Homn(wR,wk). Localizing at a prime ideal 
and using 3.3.4 and 3.3.5 we see that I, " R, for all p E Spec R. 

We define an R-module homomorphism a : I@WR -* ok by a(qc3x) = 

rp(x) for all rp E I and all x t WR. Then a is an isomorphism since it is 
locally an isomorphism. 

Conversely, suppose wp. is a canonical module of R and I is a locally 
free R-module of rank 1. Then I @ on is locally isomorphic to w ~ ,  and 

I so is a canonical module of R. Thus a canonical module of a Cohen- 
Macaulay ring is only unique up to a tensor product with a locally free 
module of rank 1. 

Proposition 3.3.18. Let R be a Cohen-Macaulay ring and wp. a canonical 
module of R. 
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(a) Thefollowing conditions are equivalent: 
(i) WR has a rank; 
(ii) rank WR = 1 ; 
(iii) R is generically Gorenstein, i.e. R, is Gorenstein for all minimal 
prime ideals p of R. 

(b) If the equivalent conditions of (a) hold, then w~ can be identieed with 
an ideal in R. For any such identiJication, w~ is an ideal of height 1 or 
equals R. In the j r s t  case, the ring R/WR is Gorenstein. 

PROOF. (a)(i) * (ii): Let p E Spec R be a minimal prime ideal. Then w ~ , ,  " 
( w ~ ) ,  is a free R,-module, and R, is Artinian. The canonical module of 
an Artinian local ring is the injective hull E of the residue class field, and 
so the free R,-module (wR), has rank 1 since E is indecomposable; see 
3.2.6. The implications (ii) * (iii) and (iii) => (i) are clear in view of 3.3.7. 

(b) The canonical module WR is torsion-free since all R-regular el- 
ements are wn-regular as well. According to Exercise 1.4.17, WR is 
isomorphic to a submodule of R. Therefore it may be identified with an 
ideal in R which we again denote by WR. 

If dimR = 0, then necessarily WR = R. We may therefore assume 
that dim R > 0, and that OR is a proper ideal of R. Then WR must 
contain an R-regular element since rank w~ = 1. Let p be a prime ideal 
containing w ~ .  Using the fact that WRR, is a maximal Cohen-Macaulay 
R,-module we then get dimR,-1 2 dim(R,/w~R,) 2 depth(R,/w~R,) 2 
depth R, - 1 = dim R, - 1. This shows that height WR = 1, and that R/WR 
is Cohen-Macaulay. 

Finally we prove that R/WR is Gorenstein. To show this, we may 
assume that R is local. Applying the functor HomR(.,wR) to the exact 
sequence 

0 A wR - R - R/wR - 0, 

and using 3.3.4(d) we obtain the exact sequence 

0 - w~ 4 R - E X ~ ; ( R / ~ R , U R )  E X ~ ~ ( R , U R )  = 0. 

This implies R/WR Z E X ~ ~ ( R / W R , O R ) .  Thus the conclusion follows from 
3.3.7. 

Corollary 3.3.19. Let R he a Cohen-Macaulay normal domain with canon- 
ical module w ~ .  Then WR is isomorphic to a divisorial ideal. In particular, 
if R isfactorial, then R is Gorenstein. 

PROOF. By 3.3.18, wR is an ideal. It satisfies the Serre condition (SZ), 
and moreover, (uR), Y uRP Y R, for all prime ideals of height 1. This 
follows from 3.3.7 since, by normality, R, is regular for all prime ideals 
of height 1. Thus we have shown that wR is a reflexive ideal; see 1.4.1. 
A reflexive ideal is divisorial. (We refer to Fossum [87] for the theory of 
divisorial ideals.) In a factorial ring all divisorial ideals are principal, and 
so oR is principal and R is Gorenstein; see 3.3.7. 

In concluding these considerations we show that formula 3.3.14(a) for 
the canonical module under flat extensions has a non-local counterpart. 

Proposition 3.3.20. Let q : R + S be aflat homomorphism of Noetherian 
rings whose ,fibres S BR k(p) are Gorenstein ,for all p E Spec R ,for which 
there exists a maximal ideal q in S with p = q n R. If WR is a canonical 
module of R, then WR @R S is a canonical module of  S. 

PROOF. Let q be a maximal -ideal of S, p = q n R:  then R, + S, is 
a flat local homomorphism whose fibre is a localization of S BR k(p), 
and thus is Gorenstein. It follows from 3.3.14(a) that WR" @R" S, is a 
canonical module of S,. Since ( w ~  BR S ) ,  r wRp @ R ~  S,, the proposition 
is proved. 

Corollary 3.3.21. Let R be a Cohen-Macaulay ring with canonical module 
WR, and let S be either the polynomial ring RIXI,. . . ,X,] or the formal 
power series ring R[[Xl,. . . , X,J. Then w~ BR S is a canonical module of 
S. In particular, i f R  is Gorenstein, then so is S. 

PROOF. We may assume that n = 1. The result then follows from 3.3.20 
since in both cases the fibres considered there are regular rings; see the 
proof of A.12. 

Exercises 

3.3.22. Let R he a ring, M an R-module, and R * M the trivial extension of R by 
M. (The definition of R * M is given after Theorem 3.3.6.) Prove: 
(a) R * M is a ring. 

I (b) R can be identified with the subring R * 0 = {(a,x) E R * M : x = 0). 
(c) 0 * M = {(a, x) E R * M : a = 0) is an ideal in R * M with (0 * M)' = 0. AS 
R-modules, M and 0 * M are isomorphic. 
(d) If (R,m) is local, then R * M is local with maximal ideal rn * M = {(u,x) E 
R * M : a ~ n t ) .  
(e) The natural inclusion R -t R * M composed with the natural epimorphism 
R * M + (R * M)/(O * M) is an isomorphism. 
(e) If R is Noetherian and M is a finite R-module, then R * M is Noetherian and 
dimR =dimR*M. 

I 3.3.23. Let R be a Cohen-Macaulay local ring, C a maximal Cohen-Macaulay 
R-module, and x an R-sequence. If C/xC is the canonical module of R/(x), show 
that C is the canonical module of R. 

3.3.24. Let (R,m) be a Gorenstein local ring and I c R an ideal of grade g 
such that S = R/I is a Cohen-Macaulay ring. Let x = xi, .  . . ,x, be a system of 
generators of I. Show that cfls " H,-,(x). 

3.3.25. Let (R,m) be a Gorenstein local ring, I c R a perfect ideal of grade g, 
and let 

a. d l  
O + F , 4 . . . + F O + O  

be a minimal free R-resolution o f  S = R/I. Prove: 
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a; ,a; 
(a) The dual complex 0 + F; - . . - + F,' - 0 is acyclic, and Coker 8; " 
ws . 
(b) Homs(ws,S) ̂  Ker(Fg t3 S + Fg-l @ S) TOI;(S.S). 
(c) S is Gorenstein if and only if TO~;(S,S) " S. (If you find this problem too 
difficult, consult 1.4.21 or [133], Section 7.5.) 
(d) Suppose g = 2 ;  then p(I) = r(S) + 1. In particular, if R is regular and S is 
Gorenstein, then S is a complete intersection 

3.3.26. Let (R,m, k )  he a Gorenstein local ring of dimension d, and M a finite 
module of finite projective dimension. Show that 

~orF(k ,  M) E ~xtd,-'(k, M) for all i. 

3.3.27. Let (R,m) be a Cohen-Macaulay local ring with canonical module o ~ .  
Suppose for all finite R-modules M there exist an integer n and an epimorphism 
w;l + M. Prove R is a Gorenstein ring. 
3.3.28. Let (R, m) be a Cohen-Macaulay local ring with canonical module a n .  
(a) Suppose M is a maximal Cohen-Macaulay R-module of finite injective 
dimension. Show M is isomorphic to a direct sum of finitely many copies 
of WR. 
(b) Let M be a finite R-module. Show injdim M < n, if and only if M has a 
finite wn-resolution, that is, there exists an exact sequence 

4"" W I  O - - - t W ; + . . . + < U ; - - * M - O .  

Hint: For all finite R-modules M there exists an exact sequence O + Y + 

X -t M + 0 where X is a maximal Cohen-Macaulay R-module, and Y a 
module of finite injective dimension; see [14]. Such an exact sequence is called a 
Cohen-Macaulay approximation, 
(c) The wn-resolution is minimal if Im qi c mw2-' for i = 1 , .  . . , p .  Show that a 
module M of finite injective dimension even has a minimal wn-resolution, and 
that ri = pd-,(m, M) for all i when the resolution is minimal. 
3.3.29. Let (R,m) be a Cohen-Macaulay local ring of dimension 1. A subset 
I of the total ring Q of fractions of R is called a froctionary ideal if there exist 
R-regular elements x, y such that y t XI c R. The inverse of a fractionary ideal 
I is the set I-' = { a  t Q : a1 c R). We denote by F the set of fractionary ideals 
of R. Show: 
(a) If I t F , then I-' E .F and I c ( I - ' ) - ' .  
(b) If I c R is a fractionary ideal, then C(R/I) < m, R c I-' and /(I-l/R) < m. 
(c) The following conditions are equivalent: 

(i) R is a Gorenstein ring; 
(ii) I = (I-I)-l for all I t 9, 
(iii) L(R/I) = / ( I - ' /R)  for all I 6 F, I c R. 

3.3.30. Let R + S be a faithfully flat homomorphism of Noetherian rings, and 
C a finite R-module. Show the following are equivalent: 
(a) C t3 S is a canonical module of S ;  
(b) C is a canonical module of R, and for every prime ideal q t Specs the fibre 
S,/pS,, p = q n R, is Gorenstein. 
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3.3.31. Let k be a field, and R a k-algebra which is Cohen-Macaulay and admits 
a canonical module. Let K be a field, and suppose that either R is a finitely 
generated k-algebra or K is a finitely generatcd extension field of k. Show that 
r u ~  Bk K is a canonical module of R @i K. 
Hint: apply 2.1.11. 

3.4 Gorenstein ideals of grade 3. Paincare duality 

The Hilbert-Burch theorem 1.4.16 identifies perfect ideals of grade 2 as  
the ideals of maximal minors of certain matrices. For Gorenstein ideals 
of grade 3 there exists a similar 'structure theorem' due to Buchsbaum 
and Eisenbud [51]. 

Let R be a Noetherian local ring. An  ideal 1 c R is a Gorenstein 
ideal (of grade g) if I is perfect and Exti(RI1,R) " RII .  Note that if R 
is Gorenstein and I is perfect, then 1 is Gorenstein if and only if R I I  is 
Gorenstein. This follows from 3.3.7(b). 

To describe the structure theorem we recall a few facts from linear 
algebra: let R be a commutative ring, and F a finite free R-module. An 
R-module homomorphism q :  F + F' is said to be alternating if with 
respect to some (and therefore with respect to any) basis of F and the 
corresponding dual basis F', the matrix of q is skew-symmetric and all 
its diagonal elements are 0. 

Suppose now that q is alternating, choose a basis of F and the basis 
dual to this, and identify q with the corresponding matrix (a i j )  If r a n k F  
is odd, then det q = 0, and if r a n k F  is even, there exists an  element 
pf(q) E R, called the Pfafian of q ,  which is a polynomial function of the 
entries of q ,  such that det(q) = pf(qj2. For more details about Pfaffians 
we refer the reader to [36], Ch. IX, $5, no. 2. We set pf (q)  = 0 if rank F 
is odd. Just like determinants, Pfaffians can be  developed along a row. 
Denote by q, the matrix obtained from q by deleting the i-th and j-th 
rows and columns of q ;  then for all i ,  

(a(i, j )  is the sign of j - i). From now o n  we assume that the rank of F is 
odd, and consider the matrix y derived from q by repeating the i-th row 
and column as indicated in the following picture 
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Expansion with respect to the first row of li, yields the equations 

for i = I , .  . . , n, where q, is the matrix obtained from rp by deleting 
the j-th row and column. In other words, if we let y : R + F be the 
linear map defined by (PI,. . . ,p,) (with respect to the given basis) where 
pj = (-1)) pf(y,,), j = I, ..., n, are the submaximal Pfaffians of q ,  then 
we obtain the complex 

Theorem 3.4.1 (Buchsbaum-Eisenbud). Let (R, m) be a Noetherian local 
ring. 
(a) Suppose n 2 3 is an odd integer, F a f?ee R-module of rank n, and 
q : F + F' an alternating map of rank n - 1 whose image is contained in 
ntF'. Let Pf(y,) be the ideal generated by the submaximal Pfafians of q .  
Then gradePf(y,) s 3, and ifgradePf(q) = 3, then F.(q) is acyclic and 
Pf(q) is a Gorenstein ideal. 
(b) Conversely, let I be a Gorenstein ideal of grade 3. Then there exist a 

free module F of odd rank and an alternating homomorphism q : F + F' 
such that F.(q) is a minimal free R-resolution of RII.  In particular, any 
Gorenstein ideal of grade 3 is minimally generated by an odd number of 
Pfuffians. 

Part (a) of the theorem is a consequence of the Bnchsbaum-Eisenbud 
acyclicity criterion 1.4.12 and the following simple observation relating 
the ideal of (n - 1)-minors of q to the ideal of submaximal Pfaffians. 

Lemma 3.4.2. With the notation and assumptions of 3.4.l(a), RadPf(q) = 

Rad 1,-I (q). 

PROOF. For all i, j = I,. . . , n, we denote by a, the matrix which is 
obtained from q by deleting the i-th row and ;-th column. Then 
I,-I(q) is generated by the elements det(aij), and since ~ f ( y , ~ ) ~  = detiaii) 
it follows right away that a power of Pf(y,) is contained in 1,-[(fp). 
Conversely, we consider the matrix of f-' a, with entries det(aij), 

i, j = I,. . . , n. It follows from Exercise 1.6.25 that rank l\"-' q = 1 
since, by assumption, rank q = n - I. Now 1.4.10 implies that all 2- 
minors of A"-' y, are zero. Therefore, since q is skew-symmetric, we 
have - d e t ( ~ ~ , ) ~  = det(aij) det(aji) = det(zii) det(aj,) = pf(qi)2pf(y,j)2 for 
a i = 1,. . . , n. This implies that a power of 1,-1(q) is contained in 
Pf(9). 

For the proof of part (h) of 3.4.1 a little excursion to resolutions with 
algebra structures is needed. Let R be a commutative ring, and let 

d d 
P. : . . . ---r P2 PI - Po = R --+ 0 

be an acyclic complex of projective modules. We may consider P. as a 
graded module equipped with an endomorphism d : P. + P. of degree 
-1 satisfying d o d = 0. The question is whether there can be defined an 
associative multiplication on'P. satisfying the following rules: 
(a) P,P, c P,,, for all p, q 2 0; 
(b) 1 E Po acts as the unit element, i.e. l a  = a1 = a for all a E P.; 
(c) ab = (-l)'d'g")(d'gb)ba for a11 homogeneous elements a,b E P.; 
(d) aa = 0 for all homogeneous elements a E P. of odd degree; 
(e) d(ab) = (da)b+ (-l)degUa(db) for all homogeneous elements a, h E P.. 

An example of a complex admitting such a multiplication is the 
Koszul complex. Unfortunately not all finite projective resolutions can 
he given an algebra structure with these properties. Avramov [I81 found 
obstructions for this, and gave explicit examples of finite projective res- 
olutions which fail to have such a structure. Nevertheless, if we do not 
insist on the associativity of the multiplication, we surprisingly have 

Theorem 3.4.3 (Buchsbaum-Eisenbud). Any projective resolution P. with 
Po = R admits a (possibly non-associative) multiplication satishing the 
conditions (a)-(e). 

PROOF. We form the tensor product P. @ P. of complexes, and define the 
second symmetric power S2(P.) of P. to be 

S2(P.) = (P. 8 P.)IU 

where U is the graded submodule of P. @ P. which is generated by the 
elements a @ b (-!)(degd(degh)b @ a with homogeneous a, b E P., and the 
elements a@a with homogeneous a E P. of odd degree. Let d again denote 
the differential of P. 6 P.; then d(U) c U. This implies that d induces 
a differential on S2(P.), so that S2(P.) inherits a complex structure. We 
claim (and this is crucial for the proof) that the homogeneous components 
S2(P.)k of this complex are all projective modules. Indeed, we have 

S2(P.)k ( @ Pi @ Pj) @ Tk 
i+j=k 

i < j  

where 
I ( 0  if k is odd. 

Ti 2 { n2 Pin if k is of the form 4n + 2, 
S2(Pk12) if k is of the form 4n. 

Thus Sz(P.) is a complex of projective R-modules which coincides with 

I P. in degrees 0 and 1. Therefore there exists a complex homomorphism 
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@ :  S2(P.) + P. extending the identity in degrees 0 and 1, and we may 
assume that 0 is chosen such that its restriction to R I8 Pk  is just the 
natural homomorphism to Pk. 

For all homogeneous elements a, h E P. we denote by ab the image 
m 

of a 8 b under the composition of the maps P. 18 P. + S>(P.) - P., 
and extend this multiplication by linearity to all other elements of P.. It 
is clear that it has all the desired properties. 

Suppose now we are given a Noetherian local ring R and a Gorenstein 
ideal I c R of grade g. Let 

be the minimal free resolution of R/I. The dual complex F.' is a minimal 
free resolution of Exti(RI1, R) " R/I, and hence must he isomorphic 
to F.. Such an isomorphism is unique up to homotopy, and we are 
now choosing one which is derived from the multiplicative structure 
on F. as given by 3.4.3. Observe that the multiplication defines maps 
F; I8 F,-i + F, " R which in turn induce R-module homomorphisms 
si : Fi + Fi-i. 

For i = 0,. . . , g we let 

y if i = 0 , l  mod 4, 
ti = 

s i  if i = 2,3 mod 4. 

Proposition 3.4.4. t. : F. + F: is an isomorphism of complexes. In particu- 
lar, y : Fi + Fi-; is an isomorphism for i = 0,. . . ,g. 

PROOF. We denote by d the differential of F.. Let a t Fi and b t F,+I-,. 
Then ab = 0, and therefore 0 = d(ab) = d(a)h + (-l)'ad(b), or d(a)h = 

(-l)'+'ad(b). It follows that 

Thus si-1 o d = (-l)'+'d' o s; which implies that t. is a homomorphism 
of complexes. The induced homomorphism Ho(t.) : R I I  + R/I  must be 
an isomorphism since to = so is an isomorphism. Since t. extends Ho(t.) 
it must he an isomorphism as well. 

We are now ready to prove 3.4.1 (b): let 

be the minimal free resolution of R/ I  equipped with a multiplication 
as in 3.4.3. Let el,. ..,en he a basis of F2. Then, as we have just seen, 
s2(el),.. .,s>(e,) is a basis of F;, and we may choose basis elements 
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f l  ,..., f, of FI such that f,. = s2(ei) for i = 1 ,..., n. Then eif, = 6,g 
for all i, j = 1,. . . , n where g is a basis element of Fj and 6, denotes 
the Kronecker symbol. Let q(ei) = a,f,; we claim that (a,) is 
skew-symmetric, and all its diagonal elements are 0. To see this, notice 
that ejq(ei) = a,g. Therefore, 

The claim follows since y, is injective, and since q(e;)q(ej) = -q(e,)q(ei) 
and rp(ei)q(ei) = 0 according to the multiplication rules. 

Now let y,(g) = C:=, a;ei; since F. " F:, y, is isomorphic to the 
transpose of p, and we conclude that I = (a[, ..., a,). On the other 
hand, rank q = n - 1 and grade Pf(q) = gradel,-[ (q), by 3.4.2. Now 
gradel,-? (q) 2 3 since F. becomes split exact after localizations at prime 
ideals of height 5 2. Thus part (a) of Theorem 3.4.1 implies that F.(q) 
is acyclic. In particular it follows that Kerq  is generated by C:=, pie! 
where, up to signs, the pi are the submaximal Pfafians of q .  Thus we 
have Pf(rp) = I ,  as desired. 

Poincare duality. Buchsbaum and Eisenbud [51] remark that the mul- 
tiplication defined on F. induces a multiplication on Tor.(k, RI I )  giving 
it the structure of an associative graded alternating algebra. They fur- 
ther point out that in view of 3.4.4, Tor.(k,R/I) is a Poincark algebra 
if I is a Gorenstein ideal. Recall that an associative graded alternating 
algebra A = @f=o A; is a Poincarb algebra if for all i = 0,. . . , g  the 
Ao-homomorphisms Ai + Homn,(A,-;, A,), a c q, with q,(b) = ah, are 
isomorphisms. 

Notice that if R is regular, then there is a natural isomorphism between 
Tor.(k,R/I) and the Koszul homology H.(R/I) = H.(x,R/I) where x is a 
minimal set of generators of the maximal ideal of R;  See 1.6.9. It can be 
shown that this is an isomorphism of algebras. In particular, the Koszul 
homology H.(R) of a Gorenstein ring is a PoincarC: algebra. This is one 
direction of the theorem of Avramov and Golod [23] which asserts that a 
Gorenstein ring is characterized by its Koszul homology. Their theorem 
complements the result 2.3.1 1 of Tate and Assmus according to which 
the Kosznl algebra of a complete intersection is an exterior algebra. We 

I will present their proof which is independent of the above considerations. 

Theorem 3.4.5 (Avramov-Golod). Let (R, m, k) be a Noetherian local ring, 
l 

and let n = emb dim R -depth R. The following conditions are equivalent: 
I (a) R is a Corenstein ring: 

(h) H.(R) is a Poincarb algebra: 

I 
(c) the k-linear map H,-I(R) + Homk(Hl(R),Hn(R)) induced by the mult- 
iplication on H.(R) is a monomorphism. 



124 3. The canonical module. Gorenstein rings 

We begin with a few preliminary remarks. Suppose r = depthR > 0. 
By 1.2.2 (choose M = R and N = m), there exists an R-regular element 
yl E m\m2. Hence by induction on t we may construct an R-sequence y = 
yl, .  . . ,y, such that y is part of a minimal system of generators of m. By 
1.6.13, one has H.(R) " H.(R/yR) as graded k-vector spaces. Inspecting 
this isomorphism we see that it is actually a k-algebra isomorphism. On 
the other hand, R is Gorenstein if and only if R/yR is too. Thus we may 
assume that depth R = 0. 

Let x = XI,.  . . , x ,  be a minimal system of generators of m, and 
K. = K.(x) the Koszul complex of this sequence; then, by definition, 
H.(R) = H.(K.). Note that K. is a Poincare algebra: let e l , .  . . . en  be an R- 
basis of KI ;  then, in the terminology of Section 1.6, the e,, I c {I. .  .. ,n}, 
IIl = i, form an R-basis of Ki, and we have el A e~ = ~ ( 1 ,  J)ei A . . . A en 
for J c (1,. . . ,n ) ,  IJl = n - i. Here c(I,  J) = + I  if I n J = 0, and 0 
otherwise. This clearly proves that the maps wi : Ki + HO~R(K, -~ ,  K,), 
oi(a) = q, with q,(b) = a A  b, are isomorphisms as asserted. 

We denote by d. the differential of K.. Then d. and its dual anticom- 
mute with w.. In other words, we have 

for all i = 0,. . . , n. This equation is stated in 1.6.10, the only difference 
being that there K, is identified with R. It follows that the isomorphisms 
wi induce isomorphisms Eli : Hi(R) + H"-'(R) where we identify Hn-'(R) 
with Hn-'((K.)'), and where (K.)' = HomR(K., K,). 

Consider the diagram 

A ,  
Hi(R) - Homk(Hn-i(R).Hn(R)) 

61 

be 
1 

Hn-'(R) - H O ~ R  (H.-i(R), K,) 

Here the upper map Ai is induced by the multiplication on H.(R). We 
have just seen that 65; is an isomorphism. The lower map pi is the natural 
homomorphism which assigns to a homology class @, t+ an (n-i)-cycle in 
(K.)', the (well defined) homomorphism pi(@) E HO~R(H._~(R) ,  K,,) with 
bi(@)(a) = w(a), a E K.-i a cycle. Next note that H.(R) = SocK, c K,. 
We define yi to he Hom(H,-i(R), I )  where I : SocK, -+ K, is the natural 
inclusion. It is clear that yi is an isomorphism. In fact, since H.-i(R) is 
annihilated by m, any homomorphism H,-i(R) -* K, necessarily maps 
H,-,(R) into Soc K,. 

We leave it to the reader to check the commutativity of the diagram. 
In conclusion we have that Ai  is a mono-, epi-, or isomorphism if and 
only if pi is too. We will determine the kernel and cokernel of Gi. 
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Lemma 3.4.6. Let B. denote the boundaries of K.. Then for any i we have 
a long exact sequence 

PROOF. The short exact sequence 0 + Hi(R) + Ki/Bi + Bi-1 + 0 gives 
rise to the long exact sequence 

g. 

0 - HomR(Bi_l, K,,) --t HomR(Ki/B;, K,) A Horn~(Hi(R),Kn) - EX~;(B~-,,K,) - ...  
~t is immediate to see that Irn p.-i = Im ci, SO that the sequence 

is exact. 
The module U of i-cycles of (K.)' whose homology classes belong to 

KerPn-i is the module of homomorphisms y, t (Ki)' for which wlzi = 0 
(Zi cycles in Ki). Therefore U is isomorphic to Hom~(Bi-1,K.). Under 
this identification Ker equals U/I' where V is the module of homo- 
morphisms ly : Bi-l + K. which can he extended to Ki+i. This means 
that Ker P,-i g Extk(Ki-i/~i-l. Kn). 

In order to complete the proof of 3.4.5 we need the following 

Lemma 3.4.7. Let (R,m, k) be a Noetherian local ring of depth 0. I f  
E x t i ( k , ~ )  = 0, then R is Gorenstein. 

PROOF. The hypothesis implies that the functor Hom~(.,  R) is exact on 
the category of R-modules of finite length. This yields t(HomR(M,R)) 
= t(M)t(HomR(k,R)) for any R-module of finite length M. 

Now assume dimR > 0. Then t(R/m"), and so t(Hom~(R/m",R)),  
tends to infinity with n. On the other hand, Horn~(R/m",R) 2 0 : m". 
Since 0 : m c 0 : rn2 c .. . is an ascending chain of ideals, and since R 
is Noetherian, this chain stabilizes. Consequently, l (Hom~(R/rn",R))  is 
hounded, a contradiction. 

Thus R is a zero dimensional ring for which HomR(_,R) is an exact 
functor. Hence R is an injective R-module, and so R is Gorenstein by rn 

definition. U 

End of the proof of 3.4.5: We have already accomplished the reduction 
to the case depth R = 0. 

(a) (b): Since R is Gorenstein and K ,  " R, all Ext groups in the 
exact sequence 3.4.6 vanish, and so pi is an isomorphism for all i. 

(b) =. (c) is trivial 
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(c) - (a): By assumption A,-i is injective, and this implies that pn_, 
is injective. Thus it follows from 3.4.6 that E X ~ ~ ( K ~ / B ~ , R )  = 0. Now 
3.4.7 completes the proof since Ko/Bo = k.  

Corollary 3.4.8. Let R be a Gorenstein local ring which is not a complete 
intersection. Then Hi(R)"-' = 0 for n = emh dim R - dim R. 

PROOF. Suppose the vector subspace Ht(R)"-I of Hn-~(R) is not zero. Then 
Hl(R)" # 0 since A t  : HI (R) + Homn(H,-l(R), H,(R)) is an isomorphism. 
This contradicts 2.3.15. 

Exercises 

3.4.9. Let k be a field and 1 c kUX,,Xz, X11 the ideal generated by the polynomials 
x:-x:, x:-x:, XjX2, X I X ~ ,  XzX3. By 3.2.11 it is a Gorenstein ideal of grade 3. 
Compute its free resolution (as a kaX,,X2,X3J1-module). 

3.4.10. Let (R.m,k) he a Cohen-Macaulay local ring with canonical module 
on, and x a minimal set of generators of m. We denote by H.(M) the Koszul 
homology of an R-module M with respect to x. Recall that H.(M) is an H.(R)- 
module. Let n = embdimR - dimR. Show that for all i, 0 < i s n, the 
k-linear map H;(R) -r Homx(H,-,(wn),Hn(fo~)) which is induced by the scalar 
multiplication of H.(R) on H.(cuR) is an isomorphism. 

3.5 Local cohomology. The local duality theorem 

The canonical module was introduced by Grothendieck in connection 
with the local duality theorem which relates local cohomology with certain 
Ext functors. We will describe this approach to the canonical module 
in this section. First local cohomology functors will be introduced, and 
it will be shown that the depth and the dimension of a module can be 
expressed in terms of their vanishing and non-vanishing. We end with 
the local duality theorem. 

Let (R, nt, k) he a Noetherian local ring and M an R-module. Denote 
by r,,(M) the submodule of M consisting of all elements of M with 
support in {m). That is, 

rm(M) = {x E M : mPx = 0 for some k 2 0). 

Let .F = (Ik)k>~ be a family of ideals of R such that I, c 1~ for all j > k.  
Then F defines a topology on R; see [230], Section 8. F gives the 
m-adic topology on R if and only if for each I k  there is a j E W such 
that mJ c Ik, and for each mi therc is an 1 E W such that Ii c mi. 

It is clear that for any such family one has 

r,n(M) = {I t M : l i x  = 0 for some k 2 0). 
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Let x = xl,.  . . , x, he a sequence of elements in R generating an rn-primary 
ideal. We set 

xk = x:, . . . , X: for all k 2 0. 

The family (xk) gives the m-adic topology on R, and so 

r,,,(M) = {y E M : ( x ~ ) ~  = 0 for some k 2 0). 

iqoting that H O ~ ~ ( R / I ,  M) .= {X E M : l a  = 0) for any ideal I of R, we 
obtain natural isomorphisms 

r,,,(M) " lim + H O ~ ~ ( R / ~ ' ,  M) 2 1% H O ~ R ( R / ( ~ ~ ) ,  M). 

Proposition 3.5.1. T,,,(.) is a left exact additive functor. 

PROOF. The additivity of r,,(J is trivial. We show that T,,,(-) is left exact. 

1' P' 
is exact. then we have a sequence 0 4  MI) rnl(M2) r~1(M3)+ 
.. . ~ ~ . ~  , 

where a' = r,,(a) = ~ I . , , ( M , )  and P' = r,,,(B) = fllr,.(M2). 
~t is that a' is injective. Let x E Kerp'; then P(x) = 0. and 

so there exists y t MI such that x = a(y).  Since x E T,,,(Md, there exists 
an integer k 2 0 such that rnkx x 0. It follows that ntka(y) = r(mky) =: 
But z is iniective, and so y E T,,(Mt) and R'(Y) = x. 

- 
U 

Definition 3.5.2. The local cohomology functors, denoted by N:,,(.), are 

the right derived functors of T,,(-). 

Remarks 3.5.3. (a) Let M be an R-module; then H;,(M) T*,,(M) and 

H;,,(M) = 0 for i < 0. 
(b) If I is an injective R-module, then H:,,(I) = 0 for all i > 0. 
lc) If I' is an injective resolution of the R-module M, then H:,,(M) ~, 

Hi(r,,,(l.)) for all i 2 0. 
(d) For any R-module M and all i 2 0 one has 

where x is a sequence in R generating an m-primary ideal 
(e) A short exact sequence of R-modules 

gives rise to a long exact sequence 

o T,,,(MI) - T,,,(Mz) 4 rn1(M3) H:(MI) ". - H;;I(M~) - H;,,(M~) 4 ~ k ( M 2 )  
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Only (d )  needs some explanation: 1% is an exact functor; see [274], 
Theorem 2.18. Therefore i f  I' is an injective resolution o f  M ,  then 

Note that 

( ( R ) )  = { ( )  i f  = m3 
otherwise; 

see 3.2.7 and part (1) o f  the proof o f  3.2.13. Using the structure o f  the 
minimal injective resolution E.(M) o f  M given in 3.2.9, we conclude that 
T,,,(E'(M)) is a complex o f  the form 

0 - ~ ( k ) " ( ' " , ~ )  ~ ( k ) ~ ~ ( w l . M t  - . . . - E(k)#i(m,M) - 
This entails 

Lemma 3.5.4. Let ( R ,  rn, k )  be a Noetherian local ring and M a finite 
R-module. 
(a) The modules H:,,(M) are Artinian. 
(b )  For i < depth M one has H;,,(M) = 0. 
(c) I f  R is Corenstein, then 

, { for i = dim R ,  
otherwise. 

(d )  Let fi denote the m-adic completion o f a n  R-module N .  Then 

H;(M) " H,,(M) B~ k - HA,(& for all i 2 0 

PROOF. (4, (b)  and (c) follow from the structure o f  T,,(E.(M)) and the 
fact that depth M = in f { i  : pi(m, M )  # 0). 

(d)  As H;,(M) is Artinian, it is the direct limit o f  submodules U; o f  
finite length. For each U,  one has U,  BR k U,, and so 

Using the R-flatness o f  k ,  we get 

Local cohomology and the Koszul complex. Our next goal is to  construct 
a more explicit complex whose cohomology gives us H;,(M). Let x = 
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x i  ,..., x,  be a system o f  parameters o f  R. For all 1 r 0 we get a 

commutative diagram 

( 1 )  with q1 (ei) = xiei for i = I , .  . . , n. ( In  both Koszul complexes we denote 
the natural basis o f  K I  " R V y  el,. . . , en). 

('1 - ('1 ; then q!') : K.(~ '+ ' )  - K . ( ~ ' )  is a complex homo- Let qi - A V I  
morphism; see 1.6.8. W e  denote by 

(pi  : K.(x') 4 ~ ( x " ' )  

the dual complex homomorphism. This can be done for each 1 ,  and so 
we obtain a direct system o f  complexes. Thus we may form the complex 

1% K'(.rl). 

O n  the other hand, one defines a complex 

where the differentiation dt : C' -t c'+' is given o n  the component 

Rx ,;.. x,, Rx ,;.. x,r+l 

to  be the homomorphism (-l)'-I .nat : R, >,....,, + (R,,, ...x,, ).xi, i f  { i ~ ,  . . . , i , }  

= { j i ,  . . .,;,. . ., j ,+ , )  and 0 otherwise. 

proposition 3.5.5. 1% ~ ' ( x ' )  " C'. 

PROOF. For all 1 2 0 we define a complex homomorphism 

here (ej, A , .  . A e,,)' is an element o f  the basis o f  (Ar R")' which is dual 
to  the standard basis o f  A' Rn. A straightforward calculation shows 
(i)  v; is indeed a complex homomorphism, 
(ii) tp i  = y,;+, o qi for all I 2 0, and therefore the family ( ~ i )  induces a 
complex homomorphism tp' : 1% K'(xi )  4 C', 
(iii) tp' is an isomorphism. 
Note that for (iii) one essentially has to verify that R,,, ..., is the limit o f  
the direct system (Fi)i,o in  which Fi = R for all i and the map Fi 4 F;+I - 
is just multiplication by xi, . . . xi,. U 
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The importancc o f  these complexes results from 

Theorem 3.5.6. Let M be an R-module. Then 

H;,(M) " H'(M QR C') " 1% ~ ' ( x ' ,  M )  for all i 1 0. 

PRMF. The second isomorphism follows from the fact that 1% is an exact 
functor, and hence commutes with cohomology. In order to  prove the 
first isomorphism, we show that the functors Hz( .  Q C.) are the right 
derived functors o f  r,,(.). 

Identifying M 8 R,, with M ,  we have 

HO(M QR C') = Ker(M - @ Mxj) .  
j=l 

The kernel consists o f  all m t M for which there exist integers l j ,  
j = I,. . . ,n,  such that x j m  = 0, and this set is obviously equal to T,,,(M). 

Since C' is a complex o f  flat R-modules, the exact sequence o f  R- 
modules 

O + M I - M ~ + M , - O  
yields the exact sequence 

0 --t M I  @ R  C' + M2 QR C' + M3 QR C' + 0, 

from which we obtain the long exact sequence 

0 * H' (MI  @R C') -+ HU(M2 8~ C') - H ' ( M ~  QR C') - H ' ( M I  QR C')  - H1(M2 Q R  C') - . . . 
It remains to  show that Hi(1 QR C') = 0 for i > 0 and any injective 

R-module I .  O f  course we may assume that I is indecomposable. 
Let I = E ( k )  and a t E(k).  Then for j = I , .  . . , n there exist integers 

1, > 0 such that x j a  = 0, and so E(k)  6 C' = 0 for i > 0. 
Next assume I = E ( R / p ) ,  p # m ;  then there exists j E {I ,  ..., n }  

such that wj 6 p. W e  claim that multiplication by xi on E ( R / p )  is an 
isomorphism. It is certainly a monomorphism since Ass E ( R / p )  = { p }  (see 
3.2.7) and since x i  @ p. The submodule x j E ( R / p )  o f  E ( R / p )  is an injective 
module since x , E ( R / p )  " E ( R / p ) ,  and hence is a direct summand o f  
E ( R / p ) .  But E ( R / p )  is indecomposable, and so x j E ( R / p )  = E ( R / p ) .  W e  
can then define a homotopy ri' o f  the complex E ( R / p )  wR  C': 

ri' : E ( R / p )  QR C' - E ( R / p )  Q R  c'-I 

is defined on the component E ( R / p )  ,,,...,,, - E ( R / p )  x, , . . .x ,~ ,  to  be 

(-1)\-1 "at, i f  { j ~ , .  . ., ji-I) = { i ~ , .  ..,i A ,,... ,ill and is = j, and 0 oth- 
erwise. It is easily verified that a' is a contracting homotopy, that is, the 
identity and the zero-map o f  the complex are homotopic via u.. This 
implies that E ( R / p )  8, C' is exact. 
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Grothendieck's theorems. W e  are now in the position to  prove the follow- 
ing important vanishing theorem. 

Theorem 3.5.7 (Grothendieck). Let (R ,m,  k) he a Noetherian local ring 
and M afinite R-module of depth t and dimension d .  Then 
(a) H&(M)  = 0 for i < t and i > d ,  
(b )  H:,(M) + 0 and H i ( M )  # 0. 

PROOF. W e  first note the following rule which will be used several times 
in the proof o f  (a) and (b ) :  

Let q :  (R ,m,  k )  --. (R1,ni ,  k') be a local ring homomorphism such 
that mR' is an m'-primary ideal. Then for any R'-module M one has 

(3) H ~ ( M )  " H,,,,(M) for all i t 0. 

O f  course, on the left hand side o f  this formula M is considered as an 
R-module. 

In fact, i f  m = ( x )  with x = xi ,..., x ,  and i f  x' = q(x1) ,..., q(x,) ,  
then C' Q~ M " C'. Q~ M ,  where C' and C" are the complexes o f  3.5.6 
defined with respect to  x and x'. The  isomorphism (3) follows from 3.5.6. 

(a) W e  only need to prove that H ~ ( M )  = 0 for i > d .  The other part 
o f  statement (a) has already been shown in 3.5.4. 

Let R + R' = R/ Ann  M be the canonical epimorphism. Then M is 
an R'-module with dim M = dim R'. Using (3) we may therefore assume 
that dim R = dim M = d .  Let x = x l ,  . . . , xd be a system o f  parameters 
o f  R, and let C. be the complex 3.5.6 defined with respect to  x. Then 
C' = 0 for i > d ,  and so H&(M) 2 Hi(M gR C') = 0 for i > d ;  see 3.5.6. 

(b )  W e  proceed by  induction on t in  order to show that HL,(M) # 0. 
I f  t = 0, then 0 + Soc M c H:,(M). Now suppose t > 0 ;  then there exists 
an M-regular element x t m. The exact sequence 

yields the exact sequence 0 = H:;'(M) - H&-'(M/xM) - H:,,(M). 
By our induction hypothesis we have H;; '(M/xM) # 0 ;  this implies 
H:"(M) # 0. 

Finally we show that Hf , (M)  + 0. Using 3.5.4 and the fact that 
dim M = dim M for the m-adic completion M o f  M ,  we may assume that 
R is complete. 

Let 1, E Supp M with dim M = dim Rip. Then dim M / p M  = dim M - - 

= d ,  and we get an exact sequence o f  R-modules 

inducing the exact sequence H ~ , ( M )  - H : , ( M / ~ M )  ---t H:?'(U). Ac- 
cording to (a) we have H$'(u) = 0, and so, i f  H f , ( M / p M )  # 0, then 
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H:',(M) f 0. As M/pM is an R/p-module we may as well assume, by (3), 
that R is a domain and dimR = dimM. 

Any complete Noetherian domain has a Noether normalization: there 
exists a regular local suhring (S,n) such that R is a finite S-module; see 
A.22. In particular, the extension ideal nR is m-primary. Again using (3) 
we may replace R by S ,  and so may assume that R itself is regular. Let 
K he the fraction field of R, and let a : M -t K QR M be the canonical 
homomorphism. We set U = Ker a and N = Im a. Then we obtain the 
exact sequence 

and, as a consequence of Exercise 1.4.17, an exact sequence 

where s = rank M = rank N and consequently dim W < dimR = d 
As dim W < d, (5) yields the exact sequence 

We have Hf,(R") " H~,(R) '  " E(k)' (see 3.5.4) and so H:,(N) f 0. Finally, 
from the exact sequence (4) it follows that Ht,(M) f 0. 

The next theorem is known as the local duality theorem. 

Theorem 3.5.8 (Grothendieck). Let (R, m, k) he a Cohen-Macaulay com- 
plete local ring of dimension d. Then for all finite R-modules M and all 
integers i there exist natural isomorphisms 

H:,,(M) " Hom~(~xtd,- ' (M, WR), E(k)), and 

Extk (M, WR) C HornR(~:i:-~(M), E(k)). 

PROOF. The first isomorphisms result from the second by Matlis duality 
3.2.13. For the proof of the second isomorphisms note that both sides 
vanish for i < 0; see 3.5.7. For i 2 0 we set Ti(.) = HO~~(H:;~(-) ,E(~)) .  
It is clear that To(-) is a contravariant left exact functor which maps 
direct sums to direct products. Hence there exists an R-module C such 
that 

TO(_)  Hom,(.,C); 

see [274], Theorem 3.36. It follows that C " Tn(R). As H:',(R) is an 
Artinian module, Matlis duality 3.2.13 implies that C i s  a finite R-module. 

In order to conclude the proof we will show that the functors Ti(_) 
are the right derived functors of To(.), and that C " wR. 

Remark 3.5.3 implies immediately that the functors Ti(_) are strongly 
connected (see [2741, p. 212). Thus the Ti(.) are the right derived functors 
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of T O ( - ) ,  once we have shown that Ti(F) = 0 for every free R-module F 
and all i 2 1. 

The functors Ti(.) map direct sums to direct products, and so it 
suffices to show that T'(R)  = 0 for i t 1, or equivalently that Hb,(R) = 0 
for i < d. This however follows from 3.5.7 since R is Cohen-Macdulay. 

Summing up we have 

for all i and all R-modules M. Now 3.5.7 yields 

k for i = 0, k Tor i=d ,  
HL(k) " 0 for i > 0, 

and therefore Extk(k, C) 0 f o r i f d ,  

by (6). Thus it follows from the remark after 3.3.1 that C 2 WR. 

Grothendieck's duality theorem has the following often applied vari- 
ant: 

Corollary 3.5.9. Let (R, m, k) be a Cohen-Macaulay local ring ofdimension 
d which is the homomorphic image of a Gorenstein local ring. Then R has 
u canonical module, and for all finite R-modules M and all integers i there 
exist natural isomorphisms 

PROOF. For the proof we apply 3.5.4, 3.3.5, and Exercise 3.2.14. Then 

Remark 3.5.10. Let (R,m, k) he a complete local ring. The proof of 
3.5.8 shows that the functor HomR(Hf,(.),E(k)) is representable, even if 
R is not a Cohen-Macaulay ring. In other words, there exist a unique 
R-module KR (in the proof of 3.5.8 this module was denoted by C) and 
a canonical isomorphism 

for all R-modules M. 
Of course, KR = wR if R is Cohen-Macaulay. Even in the more 

general situation when the ring is not Cohen-Macaulay, the module KR 
is often called the canonical module of R. Its properties have been 
investigated by Aoyama [4]. Schenzel [284] has introduced the canonical 
module K M  of an R-module M. 

The local duality theorem combined with 3.5.7 allows us to generalize 
3.3.10(d). 
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Corollary 3.5.11. Let (R,m, k )  be a Cohen-Macaulay local ring of dimen- 
sion n with canonical module OR, and M afinite R-module of depth t and 
dimension d. Then 
(a) E x t k ( ~ ,  OR) = 0,for i < n - d and i > n - t, 
(b) E x t k ( ~ , w ~ ) f  0for i = n - d  a n d i = n - t ,  
(c) dim Extk(M,w~)  5 n - i for all i 2 0. 

PROOF. We have E x t , ( ~ ,  w~)-" E X ~ ~ ( M ,  o ~ )  for all i 2 0, since (wR)-" 
o, (see 3.3.5). Under completion depth and dimension of a module are 
preserved. We may therefore assume that R is complete, and so (a) and 
(h) follow from 3.5.7 and 3.5.8. 

To prove (c), we choose p E Supp Exti(M, wR) such that 

dim Extk(M, WR) = dim R l p  = dim R - dim R,. 

(The last equality holds since R is Cohen-Macaulay; see 2.1.3.) By the 
choice of p we have 

and so (a) yields i I dim R, = n - dim E x t k ( ~ ,  a n ) .  

Exercises 

3.5.12. Let (R,m) be a Noetherian local ring, and M a finite R-module. Prove: 
(a) If pi-,(m, M) = 0 and pi(m, M) + 0, then H:,(M) + 0. 
(b) Suppose inj dimM = m; then pi(ni, M) f 0 for all i 2 dimM. 
3.5.13. Find a Noetherian local ring (R,m) of dimension d and depth t with 
(a) HL (R) # 0 for i = t, . . . , d, 
(b) H;(R) = 0 for i # t and i f d. 

3.5.14. Let (S,n, k) be a complete Cohen-Macaulay local ring, (R, m, k) a residue 
class ring of S, and M a finite R-module. Show that 

Hom,(HL(M), E R ( ~ ) )  " Homs(H;(M), Es(k)), 

and derive the following version of the local duality theorem: for all integers i 
there exist natural isomorphisms 

HomR(H~,(M),ER(k)) -5 E~t:-~(M,os), d =dims. 

Hint: See the first step in the proof of 3.5.7, and use 3.1.6. 

3.5.15. Let (R,m, k) be a regular local ring of dimension d 2 2. Let E be a finite 
R-module which is locally free on the punctured spectrum of R. That is, E, is 
free for all p t Spec R, p f m. Show 
(a) r'(Hk(E)) < m for all i < d, 
(b) the R-dual E' of E is again locally free on the punctured spectrum of R, and 
H;"(E') = 0 for i = 0, I, 
(c) H;zl(E') H O ~ ~ ( H ; - ~ ( E ) , E ( ~ ) )  for i =  1, ..., d -2 .  

3.6 The canonical module of a graded ring 

For a graded ring R we define the canonical module in the category of 
graded R-modules and establish the graded version of the local duality 
theorem. Under certain restrictive assumptions on R the degrees of the 
generators in a minimal set of generators of the canonical module are 
uniquely determined, and one defines the a-invariant of R to be the 
smallest of these degrees, multiplied by -1. 

We adopt the assumptions and notatlon of Section 1.5. Thus R will be 
a Noetherian graded ring, and Ao(R) the category of graded R-modules. 
,Ho(R) is an Abelian category which has direct sums and direct products; 
see 1.5.19. Likewise limits and colimits exist in Ao(R). As we have 
already mentioned in Section 1.5, J ln (R)  has enough projectives. Our 

I next concern will he to show that JZARo(R) has enough injectives as well. 

'Injective modules. A graded R-module M is called 'injective if it is an 

I injective object in Mo(R). One sees easily that this is the caw if and only 
if the functor 

'HornR( ,  M) : Ao(R) - .ko(R) 

1 is exact. 
A 'injective module M need not be injective ( ~ n  the category A ( R ) ;  

! see 3.6.5). Just as in the category of all R-modules, one calls an extension 
N c M of graded R-modules 'essential if for any graded submodule 
0 f U c M one has U n N  f 0. If, in addition, N f M, the extension 
is called a proper 'essential extension. Similarly as in the non-graded casc 
(see 3.2.2) one shows 

Proposition 3.6.1. A graded module is 'injective $ and only $it  has no 
proper 'essential extension. 

We now prove that any graded R-module has a 'injective hull. In 
analogy to the definition in the non-graded case, E is called a 'injective 
hull of M if it is 'injective and a 'essential extension of M. 

Theorem 3.6.2. Any graded R-module M admits a 'injective hull, and any 
two 'injective hulls of M are isomorphic. 

PROOF. We embed M into a (not necessarily graded) injective R-module 
I. According to 3.1.8 this is possible. Similarly as in the proof of 3.2.4 we 
consider the set .Y = { N  : M c N  c I ,  M i N is 'essential}. We define 
a partial order i on .iP by setting N l  i N z  if N ,  is a graded submodule 
of NL. Zorn's lemma applied to this set yields a maximal 'essential 
extension M c E with E c I. Suppose E is not 'injective; then E has a 
proper 'essential extension E c E' by 3.6.1. As I is injective, there exists 
an R-module homomorphism q : E' -t I (not necessarily homogeneous), 
extending the inclusion E c I. We claim that cp is injective. In fact, 
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assume that there is a non-zero element x E Ker q ,  say x = x, + . . . + x,, 
with xi homogeneous of degree i, r s s, and x, # 0. We show by 
induction on s - r that there exists a homogeneous element a E R such 
that ax E E and ax # 0. Since qlfi is injective, this gives a contradiction. 

If s - r = 0, x is homogeneous, and the assertion follows since 
the extension E c E' is 'essential. Now suppose that s - r > 0. We 
choose a homogeneous element a E R such that ax, t E \ (0). Let 
X I = x X  , - - x,+l + . . . + x,. If ax' = 0, then ax = ax, E E \ {O) and we 
are done. Otherwise ax' # 0, and by our induction hypothesis we may 
choose a homogeneous element b E R such that bax' E E and bax' # 0. 
Then bax = bax' + bax, E E, and bax # 0. 

Next let E = Im q. As q is injective we may give E a natural graded 
structure (Ei = q(Ei) for all i E Z). Then E c E is a proper 'essential 
extension with c I, contradicting the maximality of E. 

The uniqueness of the 'injective hull is proved as in the non-graded 
case. 

We denote the 'injective hull of a graded R-module M by 'E(M) or 
'ER(M) . 

We omit the proofs of the following two results which have their 
analogues in 3.2.6, 3.2.7, 3.2.8, and 3.2.9, and which can be proved along 
the same lines as in the corresponding local case. 

Theorem 3.6.3. Let R be a Noetherian graded ring. Then 
(a) AsshE(M) = Ass M for all M E Ao(R), 
(b) E E Ao(R) is a 'indecomposable 'injective module i f  and only i f  

E " 'E(R/p)(n) 

for some graded prime ideal p t R and some integer n E Z, 
(c) every 'injective module can be decomposed into a direct sum of 'inde- 
composable 'injective modules, and this decomposition is unique up to homo- 
geneous isomorphism. 

Proposition 3.6.4. Let R be a Noetherian graded ring, and M a graded 
R-module. Consider the minimal 'injective resolution 

ofM (which is obtained recursively by setting 'E'(M) = 'E(Im d")). Then, 
,for every graded prime ideal p of R and .for every integer i 2 0, the 
Buss number pi(p, M) equals the number o f  graded R-modules of the form 
*E(R/p)(n), n E Z that appear in 'Ei(M) as direct summands. 

For any M E Ao(R) we denote by 'inj dim M the 'injective dimension. 
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Theorem 3.6.5. Let R be a Noetherian graded ring and M t dt'o(R). Then 
(a) inj dim M 'inj dim M + 1, 
(b) i f  M is 'injective, then inj dim M = 1 i f  and only if p *t Ass M for 
some non-graded prime ideal p of R. 

For the proof of 3.6.5 we will use 

Proposition 3.6.6. Let M E Ao(R)  and p a non-graded prime ideal in R. 
Then po(p, M) = 0, and pi+l (pi M) = p;(pa, M) for every integer i 2 0. 

The proof of this proposition is already given in 1.5.9, where we 
actually prove more than is stated in that theorem itself. 

PROOF OF 3.6.5. (a) We may assume that 'injdim M = t < co. Let 
p E SpecR; we want to prove that pi(p, M) = 0 for i 2 t + 2. This is 
certainly true when p is a graded prime ideal; see 3.6.4. Now suppose 
that p is not a graded prime ideal. Then pi+l(p, M) = pi(p: M) by 3.6.6 
and p;(p: M) = 0 for i 2 t + I, hence the assertion follows. 

(b) inj dim M = 1 happens if and only if pi(p, M) # 0 for some non- 
graded prime ideal p of R. But pi(p, M) = po(p: M), and so pl(p, M) # 0 
if and only if p 'E Ass M. 

Corollary 3.6.7. Let R be a Noetherian graded ring and m a graded maximal 
ideal of R. Then 

'E(RIn1) " E(R/nr). 

PROOF. By 3.6.3 we have Ass'E(R/m) = {m), and so 3.6.5 implies that 
'E(R/m) is injective as an object in .AR(R). Since po(m,'E(R/m)) = I (see 
3.6.4), we conclude that 'E(R/m) is indecomposable in .AR(R), and hence 
by 3.2.6 it must he isomorphic to E(R/m). 

The 'canonical module of a graded ring. Recall from 1.5 that a graded 
ring is a 'local ring if it has a unique 'maximal ideal, that is, a graded 
ideal n~ which is not properly contained in any graded ideal # R. 

Definition 3.6.8. Let (R,m) be a Cohen-Macaulay 'local ring of 'dimen- 
sion d .  A finite graded R-module C is a 'canonical module of R if there 
exist homogeneous isomorphisms 

0 for i # d ,  
'~xtb(R/m, C )  - br = d ,  

1 For a finite graded R-module M it may happen that there exists 
a homogeneous isomorphism M Z M(i) with i # 0. To avoid this 
phenomenon, one has to require that R has no homogeneous units of 
positive degree. For a 'local ring (R, m) this is the case if and only if m 

I is maximal (in the usual sense); see the remarks after 1.5.13. 
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Proposition 3.6.9. Let (R,m) be a Cohen-Macaulay 'local ring, and C be 
a 'canonical module of R. Then 
(a) C is a canonical module of R, 
(h) C is uniquely determined up to homogeneous isomorphism, provided nr 
is maximal. 

PROOF. (a) We need to show that C, is a canonical module of R, for all 
p E SpecR. First, let p E SpecR be a graded prime ideal; then p c m. 
The definition of the 'canonical module implies that C,,, is a canonical 
module of R,, and so C, is a canonical module of R,; see 3.3.5. Now let 
p E Spec R be a non-graded prime ideal. Then pi+] (p, C) = pi(p', C), by 
3.6.6, and the assertion follows again. 

(b) Let C' be another 'canonical module. Remark 3.3.17 implies that 
'HomR(C, C') is a projective module of rank I, and hence, as a graded 
module, is free (see 1.5.15). Therefore, 'HomR(C, C') 2 R(i) for some 
i E k. This implies 'kiom~(C,C'(-i)) "= R. Let a, E *Ho~R(C,C'(-i)) 
be an element corresponding to 1 under this identification. Then, since 
'Hom~(C,c'(-i)) = HomR(C,C1) by Exercise 1.5.19(f), it follows from 
(a) and 3.3.4(c) that y, is locally an isomorphism. But then y, is a 
homogeneous isomorphism, and we have 

d R/nr " 'ExtR(R/m, C) g ' ~ x t g ( ~ / m ,  C'(-i)) 
d 

g 'ExtR(R/m, C1)(-i) 2 (R/nt)(-i). 

Therefore i = 0, and C " C'. 

Example 3.6.10. Let R =  XI,. . .,X,] he a polynomial ring over a 
field, and assign to the indeterrninates the degree deg Xi = ai > 0 for 
i = I,. .. ,n. The 'maximal ideal of R is m = (XI, .  .. ,X,), and the 
Koszul complex of XI,. . . , X,  yields a homogeneous free resolution of 
R/m whose last term is R(-C:=, a;). From this one concludes that 
'Extl(R/m,R) = 0 for i # n, and 'Extn(R/m, R) = (R/nr)(Ck, ai). In 
other words, the 'canonical module of R is R(- C:=, ai). 

Proposition 3.6.11. Let (R,m) be a Cohen-Macaulay 'local ring with 
'canonical module OR. Thefollowing conditions are equivalent: 
(a) R is a Gorenstein ring; 
(h) OR g R(a) for some integer a E Z 

PROOF. R is Gorenstein if and only if CUR is locally free. By 1.5.15(d) this 
is the case if and only if CUR " R(o) for some a E Z 

The number a occurring in 3.6.1 1 is a numerical invariant of the 
Gorenstein 'local ring (R,m), provided m is maximal. In the case of a 
positively graded algehra over a field it will be given a special name; see 
3.6.13. 
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Let (R,m) he a Cohen-Macaulay 'local ring with 'canonical module 
wR. The 'canonical module is a graded module, and by 1.5.15, every 
minimal system of homogeneous generators of CUR has exactly p((w~),) 
elements. In analogy to the local case we define this number to he the 
type ofR, and denote it by r(R). 

In view of 3.6.11 it is clear that R is Gorenstein if and only if r(R) = 1. 
For the sake of completeness we list a few change of rings proper- 

ties of the 'canonical module whose proofs are similar to those of the 
corresponding results in the non-graded case; see 3.3.7 and 3.3.5. 

Proposition 3.6.12. Let (R,mj he a Cohen-Macaulay 'loco1 ring with 
'canonical module OR. 

(a) If p is a graded prime ideal of R, then CUR,, " (o~)( , ) .  
(h) Let y , :  (R,m) + (S,n) be a ring homomorphism of Cohen-Macaulay 
'local rings satisfying 

(i) cp(Ri) c Si for all i t  Z, 
(ii) d m )  n. 
(iii) S is a$nite graded R-module. 

Then ws " 'Extk(S, wR), where t = dimR -dim S. 

Example 3.6.10 and 3.6.12 imply that any Cohen-Macaulay positively 
graded algebra over a field admits a 'canonical module. Following Goto 
and Watanabe [110] we define: 

Definition 3.6.13. Let k be a field, and R a Cohen-Macaulay positively 
graded k-algebra. Then 

a(R) = - minji : ( c u ~ ) ~  # 0) 

is called the a-invariant of R. 

As a consequence of 3.6.12 we have 

Corollary 3.6.14. Let R be a Cohen-Macaulay 'local ring with 'canon- 
ical module wR, and let x = XI, .  . . , x, be un R-sequence of homogeneous 
elements with deg xi = ai for i = 1,. . . , n. Then 

In particular, if k be a ,field, and R a Cohen-Macuuluy positively graded 
k-algebra, then a(R/xR) = a(R) + C:=l a,. 

PROOF. The Koszul complex K.(x;R) is a graded free R-resolution of 
R/xR, and K.(x;R) " R(-C:=, ai). From 3.6.12 we obtain 
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Examples 3.6.15. (a) A graded polynomial ring R = k[X1,. . . , X,,] over a 
field k with deg Xi = ai > 0 has the a-invariant a(R) = - C:=, deg a[. 

(h) Let k be a field, and R + S a homomorphism of Cohen-Macaulay 
positively graded rings with 'maximal ideals m and n, respectively. Sup- 
pose the homomorphism satisfies the conditions of 3.6.12(b), and suppose 
further that S has a finite free homogeneous R-resolution 

where t = dim R - dim S. Write F, = @,, R(-ai); then a(S) = a(R) + 
max{ai : i E Z). This is proved exactly as in the special case 3.6.14. 

Local Duality. Our final objective is to derive the graded version of the 
local duality theorem. We begin with Matlis duality. 

Let (R,m) he a Noetherian 'local ring; then & is local with maximal 
ideal ma. We consider & as a graded ring by defining (&,)i = 0 for 
i # 0. Similarly any &-module may he considered a graded &-module 
concentrated in degree 0. Moreover, if M is a graded R-module, it may 
be viewed as a graded &-module as well. Thus we can define 

MV = ' H o m ~ ,  (M, E&, (&/ma)). 

A priori, M V  is a graded &-module whose grading is given by 

(MV)i = Homfi(M-i,E&((Rnlmo)) 

for all i E Z. But it is obvious that MV has a natural structure as a 
graded R-module. 

The Noetherian 'local ring (R, m) is said to he 'complete if (&, nto) is 
complete. If (R,m) is 'complete and M is a finite graded R-module, then 
all homogeneous components Mi of M are complete &-modules (since 
they are finite &-modules). 

Proposition 3.6.16. Let (R, m) he a Noetherian 'complete 'local ring. Then 
(a) the additive contravariant functor (.)" : .Ao(R) -+ Ao(R) is exact; 
(b) MVV "= M for all finite graded R-modules M;  
(c) M V  2 'HomR(M, RV) for all graded R-modules M; 
(d) one has RV " 'E8(R/rn). 

PROOF. (a) is obvious. 
(b) We set E = E&(&/rno). Then we have 

(MVV)i = HomR,(HomR,(Mi, E), E) 2 Mi 

by Matlis duality; see 3.2.13. 
(c) We define v :  'Homn(M,*Homh(R: E ) )  -t 'Hom&(M,E) by set- 

ting (o(a)(x) = a(x)(l) for all a € *Hom(M,"HomR,(R,E)) and all x t M. 
It is readily seen that q is an isomorphism. 
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(d) It follows from (a) and (c) that 'HomR(.,RV) is an exact functor, 
and so RV is 'injective. RV is 'indecomposable since RVV " R. Note 
further that (Rim)" " Rlm. This is clear in the case where R/m " k 
is a field, and it is easy to see in the case R/m " k[t,t-'I, since then 
all homogeneous components of k[t, t-I] are isomorphic to k. Therefore 
the canonical epimorphism R + R/m yields a monomorph'ism R/m "= 

(R/rn)" 4 RV, and the assertion follows from 3.6.3. 

M E Aa(R) is called 'Artinian if every descending chain of graded 
submodules terminates. The homogeneous socle of a graded R-module M 
is defined to be 'SocM = 'HomR(R/m, M). It is an R/m-module and 
can be viewed as a graded submodule of M. As an R/m-module it is free 
(see Exercise 1.5.20), and so 'SocM " Bi,,(R/m)(ai). If M is Artinian, 
then 'Sac M can have only finitely many summands (R/m)(ai). Hence we 
may write 

'Soc M " @(~/m)(ai).  i= I 

As in the proof of 3.2.13 we conclude that M is 'Artinian if and only if 
there exist an integer n 2 0 and integers a, , .  ..,a, such that 

Let .do(R) denote the full subcategory of Ao(R) consisting of all 
'Artinian R-modules and F a @ )  the full subcategory of all finite graded 
R-modules. 

Using (7) one proves in the same way as 3.2.13 

Theorem 3.6.17 (Matlis duality for graded modules). Let (R,m) he a 

Noetherian "complete 'local ring, and let M E .Fo(R) and N E do(R).  
Then 
(a) MV E do(R) and NV 6 Fo(R), 
(h) MVV " M and NVV " N, 
(C) the functor (-IV : Fo(R) + do(R)  establishes an anri-equivalence of 
categories. 

Now let (R,m) be a Noetherian 'local ring. For M E .&o(R) we define 

'HA,(M) = ' 1 3  * ~ x t ~ ( R / m ~ ,  M); 

it is called the i-th 'local cohomology functor. 'H:(-) is left exact and the 
functors 'Hk(_) ,  i t 0, are the right derived functors of %i:,(.). 

Remark 3.6.18. Assume in addition that the 'maximal ideal m of R 
is maximal. Since for all i and j ,  and all M E -t/o(R), we have 
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' ~ ~ t , ( R / n t j ,  M) " Exta(R/mj,M) " E X ~ ~ ~ , ( R , / ~ ~ R , , , , M ~ , ) ,  we see that 

in this case *HL(M) " Hkm,(Mm). 

Theorem 3.6.19 (The local duality theorem for graded modules). Let 
(R,m) be a Cohen-Macaulay 'complete 'local ring of'dimension d. Then 
(a) R has a 'canonical module CUR, and w~ 2 ('Hf(R))", 
(b) for all integers i there exist natural homogeneous isomorphisms 

The proof follows as in the non-graded case; see 3.5.8. 
Let R be a positively graded k-algebra. Then it follows from 3.6.19(a) 

that 
a(R) = max{i : *H:,(R); f 0). 

If in addition dim R = 0, then a(R) = max{i : Ri f 0). 

Exercises 

3.6.20. Let R he a Noetherian graded ring. 
(a) For p E SpecR show that R, is Gorenstein if and only if R,. is Gorenstein. 
(b) Show the following conditions are equivalent: 

(i) R is a Gorenstein ring; 
(ii) R,, is a Gorenstein ring for all graded prime ideals p E SpecR; 
(c) R,,) is a Gorenstein ring for all graded prime ideals p E SpecR. 

(c) Let (R,m) be 'local ring. Deduce that R is Gorenstein if and only if R,, is 
Gorenstein. 

3.6.21. The purpose of this exercise is to re-prove a few results of Goto and 
Wdtanahe. 

Let R be a graded ring, d a positive integer. The ring R'" = @,,* R,d is 
called the d-th Veronese subring of R. It is a graded subring of R with grading 
(R'd))i = Rid for all i E 2. For j = 0,. . . , d 1 we consider the graded R'"-modules 
M i  = @ ,,, Rid+, with grading (M,)i = R,,,+j for all i E Z We assume that R is 
Noetherian, and for (d) and (e) that it is a positively graded algebra over a field. 
Show: 
(a) R = Mj (as R")-module). In particular, R") is a direct summand of R; 
Rid) is Noetherian, and the M, are finite R'd)-modules. (Hint: Compare the proof 
ol' 1.5.5.) 
(b) R is Cohen-Macaulay if and only if all M, are maximal Cohen-Macaulay 
R("-modules. 
(c) If R is Cohen-Macaulay, then wRidl 2 @ , t E ( ~ ~ ) i d .  
(d) If R is Gorenstein and a(R) = bd + j ,  0 < j 5 d - I ,  then w,idi 2 M,(b). 
(e) If R is Gorenstein and a(R) = 0 mod d, then R(d' is Gorenstein. Is a(R) - 
0 mod d if R and R'" are Gorenstein? 

3.6.22. Let k he a field. We consider R = k[X,, . . . , X.] as a graded k-algebra with 
degX, = a; > 0 for i = 1,. . . ,n. Determine all Veronese subrings of R which are 
Gorenstein. 

3.6.23. Let R he a homogeneous k-algebra, k a field. Express a(R")) in terms of 
a(R) and d. 

Notes 

Grothendieck introduced the canonical module (often called dualizing 
module) and proved the local duality theorem. A comprehensive presen- 
tation of this theory including local cohomology is given in [119]. Equally 
fundamental is the famous paper of Bass [28]. The interested reader can 
find some more historical background there. 

We were guided by the books of Kaplansky [I951 and Matsumura 
[230] in Sections 3.1 and 3.2. In Sections 3.3 and 3.5 we follow partly 
the lecture notes of Herzog and Kunz [133]. Part of Section 3.5 has been 
influenced by the notes of P. Roberts [267]. In particular the description 
of the complex C' whose homology gives the local cohomology has been 
taken from this source. In Section 3.6 we follow to a large extent the 
papers [I 101 by Goto and Watanabe and [88] by Fossum and Foxby. 

The main result 3.1.17 of Section 3.1 is due to Bass [28]. The charac- 
terization 3.2.10 of Gorenstein rings in terms of the type was first proved 
by Bass [27]. Bass [28] gives a list of other equivalent conditions for the 
Gorenstein property. In [94] Foxby proves the following conjecture of 
Vasconcelos, which is a remarkable characterization of Gorenstein rings. 
Suppose (R,m, k) is a Noetherian local ring of dimension d containing a 
field; then R is a Gorenstein ring if pd(m, R) = 1. (We will give a proof of 
this result in 9.6.3.) The main theorem of Matlis duality and the structure 
theorem for injective modules are proved by Matlis in [228], and can also 
be found in the more general framework of Abelian categories in Gabriel 
[loo]. 

Theorem 3.3.10 which characterizes the canonical module is taken 
from [133]. However in the proof given here we do not use local 
cohomology. Theorem 3.3.6 on the existence of the canonical module 
is independently due to Foxby [92] and Reiten [263], and 3.3.19 is a 
theorem of Murthy [240]. It says that every factorial Cohen-Macaulay 
ring with a canonical module is Gorenstein. In [318] Ulrich proves a 
certain converse of Murthy's theorem: any Gorenstein ring which is 
a factor ring of a regular local ring and which is locally a complete 
intersection in codimension one can be realized as a specialization of a 
Cohen-Macaulay factorial domain. 

For a while it had been open whether or not there exist non-Cohen- 
Macaulay factorial local rings. Such examples were found by Bertin [30] 
(see 6.4.7) and also by Fossum and Griffith [90]) in characteristic p and 
by Freitag and Kiehl [97] in characteristic 0. 

There are two remarkable extensions of the theory of the canonical 
module in its basic form as presented here: Sharp introduced Gorenstein 
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modules in [293] as those finite modules G whose Cousin complex pro- 
vides a (minimal) injective resolution for G.  A Gorenstein module shares 
many properties with the canonical module. It is a Cohen-Macaulay 
module of finite injective dimension whose type and rank, however, may 
be bigger than one. We refer the reader to the papers on Cousin com- 
plexes and Gorenstein modules [292], [293], [294], and [297] by Sharp, 
and the article [92] by Foxby. It is shown in [295] that for a Noetherian 
local ring admitting a canonical module CUR, any Gorenstein module is a 
direct sum of copies of OR. However there exist Cohen-Macaulay local 
rings not admitting a canonical module. A first example of a one dimen- 
sional ring with this property was given by Ferrand and Raynaud [85], 
and an example of a factorial Cohen-Macaulay ring without a canonical 
module is due to Ogoma [251]. In [331] Weston gives an example of a 
ring with a Gorenstein module of rank2, admitting no canonical module. 

The second extension of the basic concept gives a duality theory even 
for non-Cohen-Macaulay rings. In this theory the canonical module has 
to be replaced by the so-called dualizing complex, and duality is obtained 
in the derived category. We refer the reader to the book of Hartshorne 
[125]. A more elementary account of the theory can be found in Sharp 
[296]. 

As a consequence of the structure theorem 3.4.1 for Gorenstein ideals 
of grade three, these ideals have an odd number of generators. This had 
been observed before by J. Watanabe [328]. He uses linkage arguments 
in his proof. Linkage had already been considered in 1945 by Apky 
[5] and by Gaeta [loll in 1952. It has become popular as a result of 
the paper of Peskine and Szpiro [254]. Linkage provides a technique to 
construct large and interesting classes of perfect ideals or of Gorenstein 
ideals whose structure is well understood. Of particular interest are the 
ideals in the linkage class of a complete intersection, called licci ideals. 
The simplest examples are the so-called Northcott ideals [246] and the 
Gorenstein ideals defined in [130]. More important is the fact that perfect 
ideals of grade two [254] and Gorenstein ideals of grade three [328] are 
in the linkage class of a complete intersection. They are in a sense the 
archetypes of licci ideals as shown by Huueke and Ulrich [184]. For 
further study of linkage theory we refer the reader to the papers of 
Huneke [177], [180], Huneke and Ulrich [183], [185], [186], Kustin and 
Miller [212], [213], [215], and Ulrich [320], [319]. 

There have been attempts to obtain structure theorems for non- 
Gorenstein ideals of grade 3 or even for ideals of grade higher than 
3. The next case of interest is Gorenstein ideals of grade 4. As a first 
approach to the problem one may try to classify the Tor-algebras of these 
ideals I ,  i.e. TorR(k, R/I) when I is an ideal in the local ring R with 
residue class field k. For ideals I such that proj dim R/I = 3 this has been 
done by Weyman [332] in characteristic 0 and by Avramov, Kustin, and 
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Miller [24] in all characteristics. The next case of interest is Gorenstein 
ideals of grade 4. At the moment a general structure theorem for these 
ideals seems to be out of range. Kustin and Miller [214] succeeded in 
classifying their Tor-algebras. 

A remarkable result, valid for ideals of arbitrary grade, is due to Kunz 
[208] : if I is a Gorenstein ideal, then p ( I )  f grade 1 + 1. 

Duality theory is a classical and fundamental topic in algebraic ge- 
ometry, and has also several algebraic aspects we have not even touched 
upon. We must content ourselves with a list of keywords and references: 
Riemann-Roch theorem, Serre duality, modules of regular differentials, 
residue symbols, trace maps; see Hartshorne [125], [126], Kunz [209], 
Kunz and Waldi [211], Lipman [220], Scheja and Storch [280], [281], and 
Serre [288]. 



4 Hilbert functions and multiplicities 

The Hilbert function H ( M , n )  measures the dimension of the n-th homo- 
geneous piece of a graded module M. In the first section of this chapter 
we prove that the Hilbert function is a polynomial for large values of 
n, and introduce the Hilbert series and multiplicity of a graded module. 
The next two sections are devoted to the study of numerical constraints 
for Hilbert functions; the most remarkable one is given by Macaulay's 
theorem. 

The passage to the associated graded ring with respect to a filtration 
allows us to extend some concepts for graded rings like 'Hilbert function' 
or 'multiplicity' to non-graded rings, and leads to the Hilhert-Samuel 
function and the multiplicity of a finite module with respect to an ideal 
of definition. We shall study basic properties of filtrations and their 
associated Rees rings and modules, and sketch the theory of reduction 
ideals. Finally we prove Serre's theorem which interprets multiplicity as 
the Euler characteristic of a certain Koszul homology. 

4.1 Hilbert functions of graded modules 

We begin by studying numerical properties of finite graded modules over 
a graded ring R. Our standard assumption in this chapter will be that & 
is an Artinian local ring, and that R is finitely generated over &. Notice 
that for each finite graded R-module M ,  the homogeneous components 
M ,  of M are finite &-modules, and hence have finite length. 

Definition 4.1.1. Let M he a finite graded R-module. The numerical 
function H ( M , _ )  : Z + Z with H ( M , n )  = d(M,) for all n E Z is the 
Hilbert function, and H M ( ~ )  = xntZ H ( M , n ) t n  is the Hilbert series of M .  

For the rest of this section we will assume that R is generated over 
& by elements of degree 1, that is, R = &[Rl] .  Recall that such a ring 
is said to be homogeneous. 

We say that a numerical function F : Z + 72 is of polynomial type (of 
degree d )  if there exists a polynomial P ( X )  E Q[X] (of degree d )  such 
that F(n) = P(n)  for all n >> 0. By convention the zero polynomial has 
degree -1. 

We define the difference operator A on the set of numerical functions 
by setting (AF)(n)  = F(n + 1 )  - F(n)  for all n E Z Notice that A maps 
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polynomial functions to polynomial functions, lowering the degree of 
non-zero polynomials by 1. The d times iterated A-operator will be 
denoted by A*. We further set A°F = F. 

Lemma 4.1.2. Let F : Z + Z be a numerical function, and d 2 0 an 
integer. The following conditions are equivalent: 
(a) AdF(n)  = c, c # 0, for all n >> 0: 
(b) F is of  polynomial type ofdegree d .  

PROOF. (b) (a) is easy. We prove the other implication by induction on 
d .  The assertion is trivial for d = 0. Now assume that d > 0, and d d ~ ( n )  
= dd-I (F(n  + 1 )  - F(n))  = c, c # 0, for all n >> 0. By the induction 
hypothesis it then follows that there exist an integer no and a polynomial 
P ( X )  E Q[X] of degree d - 1 such that F(n + 1 )  - F(n) = P(n)  for all 
n 2 no. Then F(n + 1) = F(no) + C;=,,,P(k), and this last sum is a 
polynomial function in n of degree d .  

After these preparations we can state the main result of this section 
as follows: 

Theorem 4.1.3 (Hilbert). Let M be a ,finite graded R-module of dimension 
d.  Then H ( M , n )  is of polynomial type o f  degree d - 1. 

PROOF. We prove the theorem by induction on the dimension d of M .  
First note that there is a chain 0 = No c N ,  c . . . c N ,  = M of graded 
submodules of M such that for each i we have Ni+,/Ni " (R/pi ) (a i )  
where pi is a graded prime ideal. Indeed, we may assume that M + 0. 
Choose p, t Ass(M). The prime ideal p, is graded; see 1.5.6. There 
exists a graded submodule N1 c M with N I  2 ( R / p l ) ( a l ) .  If N I  # M we 
choose p2 t A s s ( M / N I ) .  Then there exists a graded submodule Nz c M 
with N 2 / N 1  C (R/p2)(a2) .  If N2 # M ,  we may proceed in the same way. 
But M is Noetherian, and so this process terminates eventually. 

Now, since the Hilbert function is additive on short exact sequences, it 
follows that H ( M ,  n) = xi H((R/pi ) (a i ) ,n) .  Notice that d is the supremum 
of the numbers dim R/p i .  Hence the theorem will follow once we have 
shown it for M = R / p ,  p a graded prime ideal. (Here, of course, one has 
to observe that the polynomials describing Hilbert functions are zero or 
have positive leading coefficients since their values are non-negative for 
n >> 0. As a consequence, the degree of the sun1 of such polynomials is 
the maximum of their degrees.) 

If dim R l p  = 0, then p is the unique graded maximal ideal mo B 
@,,, R ,  of R,  where mo is the maximal ideal of Ro. It follows that 
H ( R / p ,  n) = 0 for n > 0. 

If dimR/p > 0, we may choose a homogeneous element x € R / p ,  
x # 0, of degree 1. Here we use the fact that R is homogeneous. The 
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exact sequence 

gives the equation 

As dim R / ( x , p )  = d-  1 ,  our induction hypothesis implies that AH(R/p ,n )  
is of polynomial type of degree d - 2. Hence if d > I, then 4.1.2 implies 
that A ~ - ' H ( R / ~ , ~ )  = Ad-2(AH(R/p,n))  is a non-zero constant function 
for large n, and if d = 1, then Ad- 'H(R/p ,n)  = H ( R / p , n )  = H(R/p,O)  + 
I:=1 H ( R / ( p , x ) ,  i) is constant for large n since H ( R / ( p ,  x ) ,  i) = 0 for 
n >> 0. Again this constant is not zero since H(R/p,O)  # 0. Now 4.1.2, 
(a) a (b) yields the assertion. 

Hilbert's original proof (see [145]) makes use of his syzygy theorem 
2.2.14. This approach will be described in 4.1.13. 

The next lemma clarifies which polynomials in Q [ X ]  have integer 
values. 

Lemma 4.1.4. Let P ( X )  E Q [ X ]  be a polynomial of degree d - 1 .  Then 
the following conditions are equivalent: 
(a) P(n)  t Z f o r  all n E Z ;  
(h) there exist integers a",. . . , ad-, such that 

PROOF. (b) a (a) is trivial. For the converse observe that the polynomials 
(X+') ,  i E N, form a Q-basis of Q [ X ] .  Therefore P ( X )  = ~t:' 
with oi t Q. The identity (X:'+L) - (X+') = (z) immediately implies 
that ui = A i P ( - i  1 )  t Z for i = 0,  ..., d - 1. 

Definition 4.1.5. Let M be a finite graded R-module of dimension d .  
The unique polynomial P M ( X )  t Q [ X ]  for which H ( M , n )  = PM(n)  for 
all n >> 0 is called the Hilbert polynomial of M .  We write 

Then the multiplicity of M is defined to be 

e ( M )  = 
if d > 0,  

{ 4 M )  i f d  = 0. 
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Remark 4.1.6. The higher iterated Hilbert functions Hi(M,u),  i E N, of a 
finite graded R-module M are defined recursively as follows: 

Ho(M,n) = H ( M , n ) ,  and H,(M,n)  = C H , - ~ ( M ,  j )  
,<" 

for i > 0. It follows from 4.1.2 and 4.1.3 that Hi(M,n)  is of polynomial 
type of degree d + i I ,  where d = dim M .  In particular, for all n >> 0 
there is a representation Hl(M,n)  = zf=,ai("f ' )  with ui E Z ,  and it is 
easy to see that ad = e ( M ) .  Another formula for the multiplicity will be 
given in 4.1.9. 

Theorem 4.1.3 together with the next lemma yields a structural result 
about Hilbert series. 

Lemma 4.1.7. Let H ( t )  = C a n t n  he a formal Laurent series with integer 
coeficients, and ui = 0 for i << 0. Further, let d > 0 be an integer. Then 
the following conditions are equivalent: 
(a) there exists a polynomial P ( X )  E Q [ X ]  of degree d - 1 such that 
P(n )  = a, for large n; 
(b) H ( t )  = Q ( t ) / ( l  - t )d where Q(t )  t Z [ t ,  t-'1 and Q(1) f 0. 

PROOF. Assume (a), and set F(n)  = a, for all n E Z .  Then 

and it follows from 4.1.2 that (1 - t ) d H ( t )  E Z [ t ,  t-'1 . We set Q(t)  = 
C, AdF(n - d)tn.  Suppose Q(1) = 0 ;  then 

0 = x AdF(n - d )  = x ( d d - ' ~ ( n  + 1 - d )  - A d - ' ~ ( n  - d ) )  = A d - ' ~ ( m )  

for large m. This contradicts 4.1.2, and thus proves the implication 
(a) a (h). The converse is proved similarly. 

Corollary 4.1.8. Let M # 0 be a ,finite graded R-module of dimension d.  
Then there exists a unique Q M ( t )  E Z [ t ,  t-'1 with Q M ( l )  # 0 such that 

Moreover, ij QM(t )  = xi hiti, then minji: hi # 0 )  is the least number such 
that M i  # 0. 

PROOF. The first part of the assertion is clear for d = 0,  and for d > 0 it 
follows from 4.1.3 and 4.1.7. In order to prove the second part multiply 
both sides of H M ( t )  = Q M ( t ) / ( l -  t)d by ( 1  -t)d and compare coefficients. 
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In the next proposition we show how one can recover the coefficients 
ei of the Hilbert polynomial of a module M from QM. We will denote by 
P(') the i-th formal derivative of an element P E Z [ t ,  t-'1. 

Proposition 4.1.9. Under the assumptions of 4.1.8 the following formulas 
hold: 

for i = 0, .  . . ,d - 1. Moreover, e ( M )  = Q M ( ~ )  

PROOF. We write 

d-1 (-1)i QIi) 1 
HMC~)  - 1 7 D(t) =- 

i=o I !  (1 - t)d-' ( 1  - t)" 

where D(t )  = QM(t)-~f : ;  '=;:Q$(I)(I-t)'is the remainder of the Taylor 
expansion of QM(t )  up to degree d - 1. The element D(t)  E Z [ t ,  t-'1 is 
divisible by ( I  -t)d since Dm(1) = 0 for j = 0, .  . . , d -  I .  It follows that the 
coefficients of Hnn(t) and ~ f ~ l ( ~ ~ $ ( l ) / ( l  - tld-') coincide for large 
n. Hence 

since the coefficients of both series are polynomial functions in n which 
are equal for large n (and hence must be equal for all n). Expanding 
the left hand side of the equation as a power series, and comparing 
coefficients we get ei = Q!(l ) / i ! .  

Finally, by what we have just proved, we have e ( M )  = eo = Q M ( ~ )  
if d > 0, and, if d = 0,  e ( M )  = d ( M )  = En H ( M , n )  = H M ( I )  = Q,w(I), 
since in this case H M ( ~ )  = QM(t) .  

Corollary 4.1.10. Assume that in addition to the assumptions of 4.1.8 the 
module M is Cohen-Macaulay. Let Q M ( ~ )  = hiti. Then hi 2 Ofor  all i. 
Moreover, ei 2 Ofor all i if M ,  = 0 for all j < 0. 

PROOF. Without loss of generality we may assume that the residue class 
field of & is infinite. Otherwise we resort to a standard trick: we replace 
R by R' = R C3& Ro(Y)  and M by M' = M C3& & ( Y )  where Y is 
an indeterminate over &, and where R o ( Y )  is the local ring &[Y]: ,  
S being the multiplicatively closed set of polynomials P ( Y )  t & [ Y ]  
which have at least one unit among their coefficients. The natural ring 
homomorphism & + & ( Y )  is local and flat, and its fibre is the residue 
class field of & ( Y ) ,  namely the field k ( Y )  of rational functions over 
k = &/mo. If we assign the degree 0 to the elements of & ( Y ) ,  then 
both R' and M' are naturally graded, and because of flatness, M' is a 
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Cohen-Macaulay R'-module of dimension d with H w ( t )  = H M ( ~ ) ;  see 
2.1.7 and 1.2.25. Moreover, R;, = & ( Y ) ,  and hence has an infinite residue 
class field. 

In view of 4.1.9 it suffices to show that hi 2 0 for all i. We prove the 
assertion by induction on d .  If d = 0,  then Q M ( ~ )  = H M ( ~ )  (see 4.1.8), 
and so all coefficients of Qnn(t) are non-negative. 

Suppose now that d > 0. The unique homogeneous maximal ideal 
W = mo 0 @,,, R ,  of R does not belong to Ass M ,  and the ideal 
I = R,,, generated by the elements of R1,  is W-primary. Thus, since 
R/W is infinite there exists an element a E R, which is M-regular; see 
1.5.12. Let N = M / a M ;  then N is a Cohen-Macaulay graded R-module 
of dimension d - 1, and the exact sequence 

0 - M ( - l ) - + M - N A O  

gives the equation (1 - t ) H ~ ( t )  = H N ( ~ ) .  It follows that Q M ( ~ )  = Q N ( ~ ) ,  
which by our induction hypothesis yields the conclusion. 

Remark 4.1.11. The arguments in the previous proof show the following 
notable result: suppose M is a finite graded R-module, and x is an 
M-sequence of elements of degree 1; then Q M ( ~ )  = Q M / ~ , ) M ( ~ ) .  

Hilhert's theorem tells us that the Hilbert function of a finite graded 
module is a polynomial function for large n. We will determine from 
which integer n onwards this happens. 

Proposition 4.1.12. Let M # 0 be a finite graded R-module of dimension 
d ,  and Q M ( t )  = x:=, hiti with hb # 0. Then H ( M ,  b - d )  # P ~ ( b d )  and 
H ( M , i )  = PM(i) for all i 2 b - d  + 1. 

PROOF. For i = a,. . . , h we set Hi(t)  = h i t i / ( l  - t)d and Pi(??) = hi("-:",-'). 
Then Hi(t)  = C:=i Pi(n)tn, but since Pi(n) = 0 for n = i - (d - 1), . . . , i - I 

h 
we even have Hi(t)  = C:=i-ld-,, Pi(n)tn. Furthermore PM(n) = Ci=,Pi(n) 

for all n E Z .  For i 2 b - d + 1 one has H ( M ,  n) = I;=, Pi(n), whereas 
H ( M , b  - d )  = 1::; Pi(b - d )  and Pb(b - d )  # 0. Thus H ( M ,  h - d )  # 
P M ( ~  - d) .  

In Section 4.3 we will give a homological interpretation of the differ- 
ence between the Hilbert function and the Hilbert polynomial. 

Hilbert series and free resolutions. The Hilbert series of a graded module 
can be expressed in terms of its graded resolution. 

Lemma 4.1.13. Let M be a 5nite graded R-module of finite projective 
dimension, and let 

0 - $ R ( - ; ) ~ J  - . . . d @ R(-;)~Q + M M 0 
i j 
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be a gradedfree resolution of M. Then 

H M ( ~ )  = SM ( t )H~( t )  

where SM(t) = xi,,(-l)'pi,tj. In particular, if R =  XI,. . .,X,,] is the 
polynomial ring over thejield k, then 

sM(t) HM (t) = - 
(1 - t)" 

PROOF. For the proof we simply note that the Hilbert function is additive 
on short exact sequences, so that H M ( ~ )  = Ci(-l)ip,H~(-,)(t). Taking 
into account that HR(-,)(t) = t 'H~(t), we obtain the required formula. 

If R = k[Xl,. . . ,X.] is the polynomial ring, then H(R, i) equals the 
number of monomials in degree i. One easily proves by induction on 

n+i-1 r n that this number is ("::;I), whence HR(t) = Xi ( ) t  = 1/(1 - t)". 

Corollary 4.1.14. Let R =  XI, . . . , X,] be a polynomial ring over a field 
k, and let M be afinite graded R-module of dimension d. Then 
(a) S d t )  = (1 - t )n -dQ~( t ) ,  
(b) n - d = inf{i: S:(I) # 0}, 
(C) - (-~)~-d~(n-d+O 

I - (l)/(n - d + i)!. 
~ ( O O F .  (a) and (b) are immediate while (c) follows from (a) and 4.1.9. 

We conclude this section with an application to a special class of 
graded rings. Let R =  XI,. . . , X,] be a polynomial ring over a field 
k, I c R a graded ideal. We say that R / I  has a pure resolution of type 
(dl,. . . , d,) if its minimal resolution has the form 

0 + R(-d,)fl, 4 . . . - R(-dl)fll + R 4 R/I - 0. 

Note that dl < dz < . . . < d,. 

Theorem 4.1.15. Suppose R/ I  is Cohen-Macaulay and has a pure resolution 
of type (dl,. . . , d,). Then 
(a) Pi = (-I)'+' n,,,dj/(d, -do, 

(b) e(RI1) = (lip!) nLl di. 

PROOF. As R/ I  is Cohen-Macaulay, the Auslander-Buchsbaum formula 
1.3.3 (in conjunction with 1.5.15) implies that p = dimR - dimR/I;  
therefore, with = 1, do = 0, we have 

P 

S,,,(t) = I ( - l ) 'p i td '  and S:),(I) = 0 
i=o 

for j = 0,. . . , p - 1 ; see 4.1.14. We obtain the following system of linear 
equations: 

C ( - i ) ' p i d i ( d i  1) . . . (di  - j +  I) = O  for j = I, . . . , p -  I ,  
i=l 

Upon applying elementary row operations, which do not affect the solu- 
tion of this system of linear equations with coefficient matrix 

(di ! / ( d  - j )  ! ) ,=O~,~- I ,  
i=1,..,p 

we are led to the Vandermonde matrix whose determinant is fl,,,(d,-d,). 
Now Cramer's rule gives the stated solutions for the pi. 

(b) According to 4.1.14 we have 

I Thus (a) implies that 

It remains to show that the sum in this expression equals 1. We introduce 
the rational complex function 

I This function has simple poles at worst in the points dl, .  . . , d,, and the 

1 residues in these points are 

1 The sum of all residues of a rational function at all points including m 
is zero, and Res, f (2) = - Reso f (l/z)/z2. Therefore 

P 

- jz) n ( l  - d,z)-' 
,=I ,=I 
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Exercises 

4.1.16. Let k he a field, and A4 a finite graded module over the polynomial ring 
R = k[X,, . . . , X,1 with minimal graded resolution 

We say that two modules have numerically the same resolution if their graded 
Betti numbers flu are the same. Show: 
(a) The homogeneous rings k[X, Y1/(X2, Y2) and k[X, Y]/(X2,XY, y3) have 
the same Hilbert series, but their minimal graded free k[X, Y]-resolutions are 
numerically different. 
(b) The homogeneous rings k[X, Y1/(X2, YZ) and k[X, Y]/(XY,X2 - Y 2 )  have 
numerically the same graded k[X, Yl-resolution, hut are not isomorphic when 
k = IR. 

4.1.17. Let k be a field, and let R =  XI,. . .,X,]/I be a homogeneous Cohen- 
Macaulay ring. The ring R has an m-linear resolution if it has a pure resolution 
oftype(m,m+l, ..., m+p- l ) ,p=n-d imR.  
(a) Suppose R has an m-linear resolution. What are the ranks of the free modules 
in the free resolution of R, and what is the multiplicity of R? 
(b) Suppose dimR = 0; prove R has an m-linear resolution if and only if 
1 = (X ,,..., XJm. 
Hint: relate the last shifts in the resolution of R with the degrees of the socle 
elements of R. 
(c) Prove the homogeneous Cohen-Macaulay ring R = klX,,.  . .,X.lII has an 

~ ~ .. 
m-linear resolution if and only if Ij = 0 for j < m, and dimx I, = ("+:-I), where 
g = height I. 
Hint: reduce to dimension zero. 

4.1.18. Let k be a field, and let R =  XI,. . .,X,]/I be a homogeneous Gorenstein 
ring of dimension 0. Assume that all generators of I have the same degree c. 
(a) Show a(R) 2 2c - 2. 
(b) Show u(R) = 2c - 2 if and only if R has a pure resolution of type (c.c + 1, 
. . . , c + n - 2,2c + n - 2). In this case R is called an extremal Gorenstein ring. 
(c) Compute the Betti numbers fl,(R) of an extremal Gorenstein ring R in a 
minimal graded free k[Xl,. . . , X,]-resolution of R. 

4.2 Macanlay's theorem on Hilbert functions 

This section is devoted to a theorem of Macaulay describing exactly 
those numerical functions which occur as the Hilbert function H(R, n) of 
a homogeneous k-algebra R, k a field. Macaulay's theorem says that for 
each n there is an upper bound for H(R, n + 1) in terms of H(R, n), and 
this bound is sharp in the sense that any numerical function satisfying it 
can indeed be realized as the Hilbert function of a suitable homogeneous 
k-algebra. One part of the proof of Macaulay's theorem will be based on 
a theorem of Green which relates the Hilbert function of a homogeneous 

4.2. Macaulay's theorem on Hilbert functions 155 

ring R with the Hilbert function of the factor ring R/hR by a general 
linear form h. 

Let R = @,,,R,, he a homogeneous k-algebra, where Ro = k is a 

i field. We will show that R has a k-basis consisting of monomials in a 
basis x l ,  . . . , x, of RI. We are going to define this basis of monomials on 
the level of the polynomial ring. So let 

n :k[Xl, ..., X,] 4 R  

be the surjective k-algebra homomorphism with n(Xi) =xi.  

Definition 4.2.1. A non-empty set W of monomials in the indetemi- 
nates XI, .  . . , X, is called an order ideal of monomials if the following 
holds: whenever m E W and a monomial m' divides m, then m' E W. 
Equivalently, if Xfl . . . X:? E W and 0 I bi I ai  for i = 1,. . . , m, then 
x,bl...x? E W .  

1 Remarks 4.2.2. (a) In Chapter 9 we introduce the order ideal of an 
element in a module. This notion has nothing to do with the order ideal 
of monomials, and they should not be confused. 

(b) Of course an order ideal of monomials YJ is not a k-basis of 
an ideal, let alone an ideal. Quite the contrary, if we let CW be the 

I complement of YJ in the set of all monomials, then CW is a k-basis of 
! the ideal generated by the monomials m E CW. 

Theorem 42.3 (Macaulay). Let R be a homogeneous k-algebra, k ajield. 
Further let xl  ,..., x, be a k-basis of RI, and x :  XI ,..., X,] + R the 
k-algebra homomorphism with n(Xi) = xi for i = 1 , .  . . , m. Then there exists 
an order ideal W of monomials such that n(m) is a k-basis of R. 

PROOF. Let 9 denote the set of all monomials in the indeterminates 
XI , .  . . , X,. We define a total order, the so-called reverse degree-lexico- 
graphical order, on Y :  if u = Xy . . . X$ and v = x:' . . - X?, then u < u 
if the last non-zero component of (bl - a,, . . . , b, - a,, 1 bi - 1 ai) is 
positive. (The usage of the term 'reverse degree-lexicographical' is not 
coherent in the literature.) 

It is clear that (9, <) is an ordered semigroup, i.e. u < v * mu < mu 
for all u, v ,  m E 9'. Moreover, any descending chain vi > vz > . . . of 
elements of Y must stop after a finite number of steps. Equivalently, 
every non-empty set of elements in .40 has a minimal element - a fact 
that will be used later. 

Now we define recursively a sequence of monomials ul, ul, . . . accord- 
ing to the following rule. We set ul = 1; assume ul , .  . . , ui have been 
defined; then we let ui+, be the least element in the reverse degree- 
lexicographical order such that n(ul), . . . , n(u,), n(ui+l) are linearly inde- 
pendent over k. If such u i + ~  does not exist, the sequence terminates 
with ui. 
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We claim that W = {u l ,  142,. . .} is the required order ideal of mono- 
mials. By construction n ( W )  is a k-basis of R. Assume W is not an order 
ideal of monomials. Then there exist u, E W and u t Y \ \ such that 
u, = u . X, for some X,. As u $ W ,  we can write n(u)  = C Ain(ui) with 
ui E \, ui < u, and 4 E k. Then n(ui,) = C &n(uiX,), and uiX, < uio, for 
all i in the sum, a contradiction. 

We saw in the proof that our k-basis n(ul),n(uz),  ... of R has a 
remarkable property: let u E Y, and write n(u)  = ~ l , + , l i n ( u , ) .  Then 
ui < u for all i, and if u @ W ,  these inequalities are strict. 

The previous theorem and 4.2.2(b) immediately imply 

Corollary 4.2.4. Let J be the ideal which is generated by the monomials 
in Cqt .  Then the homogeneous k-algebra R and  XI, ..., X,]/J have the 
same Hilbert function. In particular, all Hilbert functions of homogeneous 
rings arise as Hilbert functions of homogeneous rings whose defining ideal 
is generated by monomials. 

The set of monomials C W  associated with R can be described differ- 
ently. Let I = Kern, and set 

L(1) = { L l f )  : f t I } ,  and I' = L ( I ) R  

where L l f )  denotes the leading monomial of f ,  that is, the monomial 
occurring in f which is maximal in the reverse degree-lexicographical 
order. Then L(1) = C W .  Indeed, let u E L ( I ) ,  and choose f E I ,  
f = x:=, Aiui with monomials q such that u = LCf) = u,. Assume 
v, $ C W ;  then u, t W ,  and so 

Each n(ui) is a linear combination 1 aVn(uj) ,  ail E k, uj  E W ,  u j  5, ui < v.. 
Replacing the n(vi) in the above equation by their linear combinations 
gives a representation as a non-trivial linear combination of elements in 
n ( W ) .  This contradicts 4.2.3. 

Conversely, suppose u E C W .  Then n(u) = x A i n ( u i )  with ui E W ,  
ui < v. Hence, if we set f = v - C &ui, then n l f )  = 0 and LCf) = u. 

The ideal I* is finitely generated. Therefore there exist polynomials 
f l , . .  ., f ,  E I such that I' = ( L l f l ) , .  . . ,Llf , ,)) .  Any such subset of I is 
called a Griibner or standard basis of I .  

Note that any Grobner basis of I generates I :  let f E I ;  then 
L l f )  = 1 giLlfi)  for some gi t k[X,, .  . . , X,], and it follows that either 
f = L C g i f i ,  or LCf - A x g i f i )  < L l f )  for a suitable A E k. In the first 
case, f is an element of l f ~ , .  . . , f.). In the second case we apply the same 
procedure to f' = f - L x g i f i  to obtain an element f" which is either 
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zero, in which case f E I f l , .  . . , f"), or which has LCf") < Llf ' ) .  Since any 
descending sequence of elements in Y terminates, we eventually arrive at 
the required conclusion. 

We should warn the reader that the converse is not true. Consider 
for example the ideal I = l f , ,  f2)  with f l  = XlXz + X i ,  f 2  = X ~ X I .  Then 
X I X 2  = X2fl - Xlf2 is an element of I*, but not of (LCfl),Llf2)) = 

(x:, x2x3) .  
Even though a Grobner basis of an ideal I is not simply given by the 

leading forms of a system of generators of I ,  there does exist an algorithm 
to compute a Grobner basis - the so-called Buchberger algorithm. This, 
and the fact that most explicit calculations in commutative algebra are 
performed using Grobner bases, explain their importance. Buchberger's 
algorithm has been implemented in various computer algebra programs. 

Hilbert functions of segment ideals. Let S =  XI,. . . , X,] denote the 
polynomial ring over a field k. The problem of determining the Hilbert 
function of a homogeneous factor ring R of S boils down to the following 
question: given a subspace V c Sd,  what can be said about the k- 
dimension of the subspace S, V in Sd+l ? 

We will give the answer in a special but important case. Let u E Sd 
be a monomial. We define the sets 

I 9, = {u E Sd : u < U }  and B, = {v  E Sd : u 2 u)  

of the monomials of degree d which are 'left' and 'right' of u. Note that 
Bx, = { X I , .  . ., Xn}. 

Lemma 4.2.5. Bx,.%, = Bx,,. 

PROOF. Let u E .%,; then Xiv 2 Xlu 2 Xlu. Conversely, let v E gx,,. We 
may assume that X I  does not divide v;  then v > Xlu. Let u = X f '  . . . X z ,  
u = ~ , b ' .  . . X k ,  and i be the largest integer such that bi > ai. If there 
exists j < i with b, > 0, then x,:'u E B,; otherwise, X;'U E a,,. In both 

i cases it follows that u t gx,g,. 
The sets 9, admit a natural decomposition: let i be the largest integer 

such that Xi divides u. Then we can write 

1 where Xi does not divide any element in 9;. It is clear that this union is 
disjoint, that 9; consists of all monomials of degree d in the variables 

I 
X I , .  . . ,X,-I ,  and that 9:' = 9,:~~. 

An example illustrates this decomposition. Let S =  XI,. . . , X41 and 
u = x:X3.  Then 
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It is convenient to denote the set of all monomials of degree d in the 
variables XI,.  . . ,Xi  by [XI,. . . , Xild. We may again decompose PC, etc. 
Thus if we write 

= Xj(~)Xj(2) . . ' Xi(d) 

with 1 < j(1) 5 j(2) 5 . . . 5 j(d), then 

2u = . . ,Xj(d)-lld U 2~;j ,~X,(d)  
- 
- Ixl,. . . ,~j(d)-lld U [XI, .  . . ,Xj(d-l)-l]d-lXj(d) 

U2~ij~,,~;j,uxj(d-l)xj(d) 
- 

and we end up with the disjoint union 

called the natural decomposition of 2 , .  

It follows that 

with k(i) = j(i) + i - 2. Note that k(d) > k(d - 1) > . . . > k(1) 2 0. Here 
and in the sequel we use that (:) = 0 for 0 5 k < I. 

The above considerations show that any non-negative integer has 
such a binomial sum expansion. We prove this directly. 

Lemma 4.2.6. Let d be a positive integer. Any a t W can he written 
uniquely in the form 

a = (")) + (k'" d - l  ") + + ("1) 

where k(d) > k(d - 1) > . . . > k ( ~ )  2 0. 

PROOF. In order to prove the existence, we choose k(d) maximal such 
that (k',d') 2 a. If a = ('f)), then a = I:=, ('f)) with k(i) = i - 1 for 
i = I , .  . . , d - I. Now assume that a' = a - (kr)) > 0. By the induction 

hypothesis we may assume that a' = c:;'=;' ('j") with k(d-1) > k(d-2) > 
' .. > k(1) 2 0. It remains to show that k(d) > k(d - 1): since (k(dp') > a, 
it follows that 
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Hence k(d) > k(d - 1). 
The uniqueness follows by induction on a, once we have shown the 

following: if a = x:=l ('y)) with k(d) > k(d - 1) > . . . > k(1) 2 0, then 

k(d) is the largest integer with ('f)) 5 a. Again we prove this statement 
by induction on a. For a = 1 the assertion is trivial. Now assume that 
a > 1, and (k"p) 2 a. Then 

and this contradicts the induction hypothesis. 

Following Green [I141 we refer to the sum 4.2.6 as the d-th Macaulay 
representation of a, and call k(d), . . . , k(1) the d-th Macaulay coefficients 
of a. 

Note that for all i 5 d the coefficient k(i) is determined by the property 
of being the maximal integer j such that 

The d-th Macaulay coefficients have the following nice property, 

Lemma 4.2.7. Let k(d),.. ., k(l), respectively kr(d) ,..., kl(l), be the d-th 
Macaulay coeflcients of a, ,,espectively a'. Then a > a' if and only l'f 

in the lexicographical order 

PROOF. We prove both implications by induction on d. For d = 1 
the assertion is trivial. We now assume that d > 1. If k(d) = kr(d), 
then k(d - I), . . . , k(1) (respectively k'(d - I), . . . , k'(1)) are the (d - 1)-th 
Macaulay coefficients of a - (kf))  (respectively a' - (''f))), and we may 
apply the induction hypothesis. If k(d) # kl(d), then k(d) > kl(d) if 
and only if a > a'. This follows from the characterization of the d-th 
Macaulay coefficients preceding this lemma. 

Skipping the summands which are zero in the d-th Macaulay repre- 
sentation of a we get the following unique sum expansion: 

where k(d) > k(d - 1) > . . . > k(j) 2 j 2 I .  We define 
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and set O(d) = 0, 

Proposition 4.2.8. Let u he a monomial of degree d in the polynomial ring 
S. Then 2 x , .  = 2.1(d). 

PROOF. Let 2~ = [XI,. . . , Xj(fi-iliXjli+l) . . . Xj(dl be the canonical 
decomposition of 9". We claim that 

is the canonical decomposition of 9x,.. Indeed, the canonical decom- 
position of 9, is completely determined by the sequence j(l), . . . , j(d) 
attached to u. Let l(l), . . . , l(d + 1) be the corresponding sequence for 
Xlu. Then l(1) = 1, and l(i) = j(i-1) for i =  2, ..., d + 1 .  This proves the 
claim and the proposition. 

Let S = k[X1,. . . ,X,] be a polynomial ring over a field, and u E S a 
monomial. An ideal generated by B. will be called a segment ideal. In 
view of 4.2.5 and 4.2.8 we obtain 

Corollary 4.2.9. Let I c S be a segment ideal generated by monomials in 
degree rl, and set R = S / I .  Then, for all n 2 d, 

Macaulay's theorem. We now come to the main result of this section. It 
will follow that the growth of the Hilbert function of a homogeneous 
ring defined by a segment ideal is, in a sense, the maximum possible. 

Theorem 4.2.10 (Macaulay). Let k he a field, and let h : W + N be a 
numerical function. The following conditions are equivalent: 
(a) there exists a homogeneous k-algebra R with Hilhert function H(R,n) 
= h(n) for all n 2 0; 
(b) there exists u homogeneous k-algebra R with monomial relations and 
with Hilbert function H(R, n) = h(n) for all n 2 0; 
(c) one has h(0) = 1, and h(n + 1) 5 h(n)(") ,for all n 2 I ; 
(d) let m = h(l), and for each n 2 0 let A, be thefirst h(n) monomials in 
the variables XI, .  . . , X, of degree n in the reverse degree-lexicographical 
order; set A' = UUnrOA',,; then A' is an order ideal of monomials. 

The following example demonstrates the effectiveness of Macaulay's 
theorem: let us check that 1 + 3t + 5t2 + St3 is not the Hilbert series of a 
homogeneous ring. In fact, condition (c) is violated since 5 = (:) + (:), 
and 5(2) = (i) + (:) = 7 < 8. Instead we also could apply (d), and 

get &I = {XI, XZ, X3), AL = {x:, X I X ~ .  x:, X I X ~ ,  X2X3). = 
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{x:, x:x2, X,X;, x:, x~x, ,  X1X2x3, x~x,,  x,x:}. Thus we see that 
X~X: E dl3, but X;'(X~X:) @ A 2 .  Therefore &" is not an order ideal of 
monomials. 

Most parts of the theorem have already been shown: the equivalence 
of (a) and (b) is the content of 4.2.4, and the implication (d) * (b) 
is trivial. Concerning (c) * (d) notice that for each n there exists a 
monomial u, such that Jfn  = 9,,. Condition (c) and 4.2.8 imply that 
%x,B, c Therefore, if'u E A',+l, and X, divides u, then X;'U € 

A',,, In other words, .A! = Un,, A, is an order ideal of monomials. 
For the most difficult implication (a) (c) we present the elegant 

proof of Green [114]. This needs some preparations. 
If a positive integer a has d-th Macaulay coefficients k(d), . . . , k(l), 

then let 

where j = min{i: k(i) 2 i}. 
Note that a(d) has d-th Macaulay coefficients k(d) - 1,. . . , k(j) - I, j - 

2 , j - 3  ,..., 0. 

Lemma 4.2.11. (a) I f a  5 a', then a(d) 5 aid). 

(b) If k(j) + j for j = min{i: k(i) 2 i), then (a - < a(d). 

PROOF. (a) follows from the observation preceding this lemma and 4.2.7. 
For (b) let k(d), k(d - I), . . . , k(1) be the d-th Macaulay coefficients of a, 
and kl(d), k'(d - I), . . . , k'(1) the d-th Macaulay coefficients of a - 1; then 
kf(d) 5 k(d) by 4.2.7. If kl(d) = k(d), we set a' = a - ('7)). Convince 
yourself that a' - 1 > 0. Then it follows that a' (respectively a' - 1) has 
(d - 1)-th Macaulay coefficients k(d - I), k(d - 2), . . . , k(1) (respectively 
kr(d - I), k'(d - 2 ) .  k ( 1 )  Moreover, a' satisfies the hypothesis of 
(b). Therefore, if we argue by induction on d, we may assume that 
(a' - l)(d-l) < Hence the required inequality in the case in which 

kl(d) = k(d) follows from the equalities a(d) = + (k(d:-l) and 

(a - = (a' - + (k'dj-L). 
Now suppose that kl(d) < k(d). Our assumption implies that the 

d-th Macaulay coefficient of a(d) is k(d) - 1, and that the d-th Macaulay 
coefficient of (a - is less than or equal to kl(d) - 1. Therefore the 
conclusion follows from 4.2.7. 

Theorem 4.2.12, interesting in its own right, is the key to the still 
unproved implication (a) * (c) of 4.2.10. 
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Let R be a homogeneous k-algebra, k an infinite field. The afine 
k-space RI is irreducible, and so any non-empty (Zariski-) open subset is 
dense in RI. This suggests the following terminology: a property 9 holds 
for a general linear form of RI if there exists a non-empty open subset U 
of RI such that 9 holds for all h t U. 

Theorem 4.2.12 (Green). Let R be a homogeneous k-algebra, k an infinite 
field, and let n 2 1 be an integer. Then 

H(RIhR, n) 5 H(R, n)(,) 

for a general linear form h. 

PROOF. Let s = sup{dimk hR,-I : h E RI); then dima hR,-l = s for a 
general linear form. Indeed, let U c RI be the subset of elements h E Rl 
such that dimk hR,-l = s. It is obvious that U f 0. In order to see 
that U is open, we choose a basis a l , .  . . ,a, of Rl and bases of R,-l and 
R,. Then the multiplication map h :  R,-I + R,, h = Czl xiai, can be 
described by a matrix of linear forms in XI,. . . , x,. Replacing the xi by 
indeterminates yields a matrix A of linear polynomials with coefficients 
in k, and it is clear that U is the complement of V(I,(A)) in Rl .  

Let h t U, and set S = R/hR. We claim that H(S, n) I H(R, n)(,), and 
prove it by induction on min{n,dimk RI).  If either n = 1 or dimk R1 = 1, 
then the assertion is trivial. Now assume that n > 1 and dimk R, > 1. Let 
V c SI be the subset of linear forms g for which dimkgS.-l is maximal, 
and denote by q the canonical epimorphism R + S. We consider the 
open subset 

W = ( u  \ kh) n q - l ( ~ )  

of RI .  The set W is non-empty since RI is irreducible and both q-'(V) 
and U \ kh are non-empty. In fact, assume that U c kh. Then, since 
U is a dense and kh is a closed subset in R1 it follows that Rl = kh, 
contradicting the assumption dimkRi > 1. Now we choose h' E W, and 
get 

H(S, n) = dimk(S,/h'S,-I) + dimk h'Sn-l. 

By our choice of h', the induction hypothesis yields the inequality 

dimk(S,/h'S,-~) 5 H(S,n)(,). 

To obtain an upper bound for the second summand note first that 

dimk ~'S,-I i dimk(h'R,-1/h(h'R,-2)) = dimk(hR,-~/h'(hR,-z)). 

The last equality holds true since the difference of both sides equals 
dimk(R,/hR,-I) - dimk(R,/h'R,-I), and this difference is zero since both 
h and h' belong to U. 

Let W' c RI be the (non-empty) open set of linear forms 1 for 
which l(hR,-2) has maximal dimension. Then, if we actually choose 

h' E W n W',  noting that hRn-> may be viewed as the (n - 1)-th 
homogeneous component of P = R/(Ann h), we may apply our induction 

I hypothesis to conclude that dimk h'S,-I I (H(R,n) - H(S,n))(.-1). The 
rest of the proof is a purely numerical argument. What we need is this: 
given integers 0 < b < a such that 

then b I a(,). 
Assume this fails, and write b = (k!') + . . ,  + (ky)) with k(n) > 
> k(j) 2 j > 0. Then a < (k(nrl) + ... + (kUi+l), and so a - b < . ~ 

(;!I) + . . . + (V)) ,-I ' 

We distinguish two cases. If j = 1, then a-b I (:!I) +.. .+ (ky)), and 

hence (a-b)(,-~) s (k',"171)+. . .+(k(Zifl), and bin) = 
. .+(k(l)-l 

1 ). 
Thus our hypothesis implies b I + . . . + (ky)) + (k(li-l) < b, a 
contradiction. 

If j > 1, then (a - b)(,-l) < (ktI;l) + ... + (k(l)-'), 1-1 and this together 

I with our assumption again yields a contradiction. 

In order to complete the proof of Macaulay's theorem another nu- 
merical result is needed. 

Lemma 4.2.13. Let a, a', and d be positive integers. 
(a) If a I a', then a(d) 5 a'(d). 
(b) Let k(d), . . . , k(l) be the d-th Macaulay coeficients of a, and j = 
min{i : k(i) 2 i). Then 

PROOF. Claim (a) follows from 4.2.7, and (b) is immediate for j > 1. 
Now assume that j = 1, and let i be the maximal integer such that 
k(i) = k(l) + i - 1. Then 

1 and hence 

I is the d-th Macaulay expansion of a + 1 since k(i + 1) > k(l) + i 
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Now we get 

and so 

as asserted. 

PROOF OF 4.2.10, (a) * (c). We may assume that k is infinite: if necessary 
replace R by 1 @k R where 1 is an infinite extension field of k. 

Let g be a linear form, and set S = R/gR. The exact sequence 

0 --* gRn -+ &+I --r S,+I ---t 0 

yields the inequality H(R,n + 1) 5 H(R,n) + H(S,n + 1). Set a = H(R,n) 
and b = H(R,n + 1). For a general linear form g the inequality and 
4.2.12 give b I a+b(, ,+~).  Let k(n+ I), ..., k(1) he the (n+ 1)-th Macaulay 
coefficients of b. Then 

and so 

Let, as before, j = minji: k(i) > i}. If j > 1, then k(1) = 0, and 

If j = 1, then 

by 4.2.13. But k(2) > k(l), and hence a(") > b. 
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Corollary 4.2.14. Let R be a homogeneous k-algebra, k a field. Then 
H(R,n + 1) = H(R,~)(" )  for n >> 0. 

PROOF. Write R = S / I ,  S = k [ X , , .  ..,X,]. According to 4.2.10(d) there 
exists an order ideal of monomials A = Unto A. in S such that H(R, n) = 
H(S/J,n) for all n, where J is the ideal generated by all the monomials 
not in dl. Moreover, the choice of A' was such that A', = Tun for 
suitable monomials u,. Since J is finitely generated, there exists an 
integer r such that W,.,, = Bx,gUn for all n 2 r. Thus the assertion 
follows from 4.2.8. 

Exercises 

42.15. Let R be a homogeneous k-algebra, k a field. 
(a) Establish from 4.2.14 that there exist integers a l  2 a2 2 . . .  2 aj z 0 such 
that 

n + a ,  - ( j  - 1) 

(b) Determine the dimension and the multiplicity of R In terms of the integers 
a,, . . . , a,. 

4.2.16. Let k  be a field, S = k [ X ,  ,..., X , ] ,  and 

a monomial of degree d. Set R = S I I ,  where I is the segment ideal defined by u. 
Then deduce 
(a) dim R = j ( d )  - 1, and 
(b) e (R)  = a;, where i = maxfj : aj f 0) 

4.3 Further constraints on Hilbert functions 

Macaulay's theorem is valid for any homogeneous k-algebra. It is not 
surprising that additional properties of R yield further constraints on the 
Hilbert function. We will discuss this feature for the Cohen-Macaulay, 
Gorenstein, and domain properties. 

If we combine 1.5.12 with Macaulay's theorem, we obtain the fol- 
lowing characterization of the Hilbert series of Cohen-Macaulay homo- 
geneous algebras. 

Proposition 4.3.1. Let k he a field, and ho,.. ., h, a finite sequence of 
positive integers. The following conditions aru equivalent: 
(a) there exist an integer d,  and a Cohen-Macaulay (reduced) homogeneous 
k-algebra R ofdimension d (whose defining ideal is generated by squarefree 
monomials) such that 

(b! ho = 1, and 0 I hi+, 5 h j') for all i = 1,. . . , s - 1. 
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PROOF. (a) * (b): We may assume that k is an infinite field. Then by 
1.5.12 there exists an R-sequence x = XI,. . . , xd of degree 1 elements. 
According to 4.1.8 we have 

Let R = RIxR; then HR(t) = (1 - t)dHR(t) = QR(~).  It follows that 
H ( R , ~ )  = h, for all n 2 0. Therefore 4.2.10 yields the assertion. 

(h) =. (a): By 4.2.10 there exists a homogeneous k-algebra R = 

 XI,. . .,X,]/I, where I is generated by monomials, such that HR(t) = 

C:=, hiti. The k-algebra R is Coheu-Macaulay, simply because R is of 
dimension zero. In order to get a reduced such k-algebra with the required 
Hilbert series we consider a certain 'deformation' of R as described in 
the next lemma. 

Lemma 4.3.2. Let R =  XI,. . . , X,]/I be a homogeneous k-algebra, where 
k is a ,field and I is generated by monomials. Then there exist a reduced 
homogeneous k-algebra S whose defining ideal is generated by squarefree 
monomials, and an S-sequence y of elements of degree 1 such that R " 
SIYS. 

PROOF. Assume I = (ul,. . . , u,), ui = X y  . . . X> for i = 1,. . . , n. If all 
exponents ai, are at most 1, then I is a radical ideal; see Exercise 4.3.17. 
Suppose now that at least one ai, > 1, say ail > 1 for some i. We 
introduce a new indeterminate Y,  and set vk = Y ~ ~ ~ - ~ x ~ x ~ ~ ~  . .  .X,p if 

2 
akl > 1, and vk = uk otherwise. The vi satisfy the following conditions: 
(i) if Y divides vi, then XI divides v,; 
(ii) the indeterminate XI occurs in each a with multiplicity at most 1. 

We claim that Y - XI is regular modulo the ideal J = (01,. . . , v,). 
Indeed, assume the contrary is true. Then there exists an associated prime 
ideal p of  XI ,..., X,, YIIJ  with Y - X I  E p. By Exercise 4.3.15, p is 
generated by a set of variables, and so XI, Y E p. It follows that there 
exists w E  XI,.. .,X,, Y ] ,  w 6 J ,  with Xlw E J and Yw E J .  As J is 
generated by monomials, we may assume that w is a monomial. Then 
there exist integers i, j and monomials ul, uz such that Xlw = viul and 
Yw = vju2. AS Y divides v,, it follows from (i) that XI does also, and 
so XI divides w. But then the multiplicity of XI  in vi is at least 2, a 
contradiction. 

If all variables in the vi occur with multiplicity one, then J is a radical 
ideal. Otherwise we repeat this construction, and eventually reach the 
goal, since at each step we lower the multiplicities of the variables in the 
generators. 

Hilbert functions of positively graded algebras. Next we consider positively 
graded k-algebras, that is, graded k-algebras of the form R = eizo Ri 
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where Rg = k and R is finitely generated over k. For simplicity we will 
assume that k is a field. In contrast to a homogeneous k-algebra the 
generators of a positively graded k-algebra may be of arbitrarily high 
degree. 

In analogy with 4.1.8 we have 

Proposition 4.3.3. Let R he a positively graded k-algebra, k afield, and 
M # 0 afinite graded R-module of dimension d. Then there exist positive 
integers al, .  . . ,ad, and QM(~)  E Z[t, t r l ]  such that 

H M ( ~ )  = 
Qu(t) with Q M ( ~ )  # 0. 

n:'=,(i - tub) 

PROOF. We prove the assertion by induction on the dimension d of M. If 
d = 0, then dimk M < m, and so M. = 0 for n >> 0. Therefore H M ( ~ )  E 
Z[t, t-'1, and we set Q,M(t) = HM(t). It is clear that QM(l) = dimkM # 0. 

Now assume that d > 0, and let U = 'H~(M),  where m = @i,o Ri 
is the unique graded maximal ideal of R. Note that U is a graded 
submodule of M with dimk U < m, and that m @ Ass(M/U). We may 
assume that k is infinite (see the proof of 4.1.10). Then, according to 
1.5.11, there exists a homogeneous (M/U)-regular element x E ns say of 
degree al. The exact sequence 

0 - (0 : x)M(-al) - M(-al) M - M/xM - 0, 

where (0 : X)M = {U E M : XU = 0), gives rise to the equation 

H ~ ( t ) ( l  - to') = HM,,M(~) - P(t), 

where P(t) is the Hilbert series of (0 : ~ ) ~ ( - a ~ ) .  The series P(t) actually 
belongs to Z[t, t-'1 since (0 : x ) ~  c U ,  and U is of finite length. By 
the induction hypothesis there exist QMIxM(t) E Z[t,t-'I, and positive 
integers a2,. . . ,ad such that 

d 
Set QM(t) = QMIxM(t) - P(t) &,(I - ta,); then, as required, we have 

HM(t) = QM(~) /  n:'=,(t -to') with Q M ( ~ )  # 0. 

Remarks 4.3.4. (a) Proposition 4.3.3 is analogously valid in the case where 
Rg is an Artinian local ring. 
(b) It can easily be seen that the integers a l , .  . . ,ad in 4.3.3 can be chosen 
independent of M. 

A function P : Z -t C i s  called a quasi-polynomial (of period g) if there 
exist a positive integer g and polynomials Pi, i = 0,. . . ,g - 1, such that 
for all n E Z one has P(n) = Pi(n) where n = mg + i with 0 5 i 5 g - 1. 
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In the following theorem we consider the graded components of the 
modules 'H:,,(M). Note that they are finite dimensional k-vector spaces 
(why?). 

Theorem 4.3.5. Let R be a a positively graded k-algebra, k a ,field, and 
M + 0 afinite graded R-module of dimension d,  and denote the 'maximal 
ideal of R by m. Then 
(a) there exists a uniquely determined quasi-polynomial PM with H(M, n) = 

P M ( ~ )  for all n >> 0, 
(b) H(M, n) - p ~ ( n )  = c ~ = ~ ( - I ) ~  dimk *H:,,(M), for all n E Z, 
(c) one has 

deg HM(t) = max{n : H(M, n) f PM(n)} 

= maxjn : C(-l) 'd irnk '~: , , (~) , ,  f 0). 
i=o 

(Here degH,w(t) denotes the degree of the rational function H.w(t).) 

PROOF. (a) follows from Exercise 4.3.12. 
(b) holds when d = 0, since then PM = 0 and M = 'H;(M) whereas 

*HA,(M) = 0 for i z 0. Next one notes that both sides of the equation 
change by the same amount, namely dimk 'Hi(M),, if one replaces M by 
M/'HR,(M). As in the proof of 4.3.3 we may thus assume that 'HR,(M) = 0 
and that m contains a homogeneous M-regular element x of degree e. 
Then we have an exact sequence 

0 - M ( - ~ ) ~ M - M / X M + O  

Set H,&(t) = x,,=(H(M, n) - P.w(n))tn and 

As H M ( ~ )  = (1 - t e )H~( t ) ,  it follows that PMlXM(n) = PM(n) - P,w(n - e) 
for all n >> 0, and, hence, P ~ ~ . w ( n )  = P M ( ~ )  - P.w(n - e) for all n E Z 
Therefore HhlxM(t) = (1 - te)HL(t). The long exact sequence of graded 
local cohomology derived from the exact sequence above easily yields that 
likewise HhlxM(t) = (1 - tyH,;(t). By induction, HhlxM(t) = H,; lx,w (t), 
so Hh(t) = H&(t) as well. 

(c) follows immediately from (b) and Exercise 4.3.12. 

The previous theorem generalizes Hilbert's theorem 4.1.3, and conse- 
quently PM is termed the Hilbert quasi-polynomial of M. 

Suppose that M = R in 4.3.5 and that R is Cohen-Macaulay. Then 
d e g H ~ ( t )  equals max{n: * H ~ ( R ) ,  # 01, and thus is the a-invariant of 
R introduced in Section 3.6; see the remark following 3.6.19. This fact 
motivates the following extension of the notion of a-invariant: 
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Definition 4.3.6. Let R be a positively graded k-algebra where k is a 
field. Then the degree of the Hilbert function of R is denoted by a(R) 
and called the a-invariant of R. 

Observe that a(R) < 0 if and only if H(R,n) = PR(n) for all n 2 0. 
That this condition has structural implications, is exhibited by a theorem 
of Flenner [86]. He shows that if k is an algebraically closed field of 
characteristic 0, and R is a normal Cohen-Macaulay positively graded 
k-algebra with negative a-inkriant, then R has rational singularities, 
provided R, has rational singularities for all prime ideals p different from 
the 'maximal ideal of R. 

The Hilbert function of the canonical module. Stanley's theorem 4.3.8 anal- 
yses how the Gorenstein property of a positively graded k-algebra is 
reflected by its Hilbert series. It will be deduced from the next result 
which asserts that the 'canonical module of a Cohen-Macaulay posi- 
tively graded k-algebra is determined by its Hilbert series, provided R is 
a domain. Occasionally one can use this fact to identify the 'canonical 
module; see for example 6.4.9. 

The automorphism q :  Z[t, t-'1 + Z[t,t-'1, q(t) = t-', can be ex- 
tended to all rational functions F(t), and we set F(t-') = q(F(t)). 

Theorem 4.3.7. Let k be a ,field, R a d-dimensional Cohen-Macaulay 
positively graded k-algebra, M a Cohen-Mucaulay graded R-module of di- 
mension s, and M' = 'EX~;-'(M, WR). Then 
(a) Hw(t) = (-l)$HM(trL), 
(b) if R is a domain, dim M = d,  and HM(t) = tqH,,(t) for some q, then 
M(q) " U R .  

PROOF. Without loss of generality we may assume that k is infinite. By 
1.5.1 1 there exists a maximal M-sequence x of homogeneous elements 
which we may complete to a maximal WR-sequence y = x,x' of homoge- 
neous elements with x' c AnnM. Taking into account 3.6.14 and 4.3.20 
we have 

d-s 

*EX~~- ' (M,  OR) z * H O ~ ~ , ( ~ ~ , ( M ,  u R / x 1 ~ R ) ( C  ai) 
i=l 

" ' H ~ ~ R , ( ~ ) ( M , O R / ( ~ , ) )  

where ai = degxj. By virtue of 3.6.14, the graded version of 3.3.3 (whose 
proof we leave to the reader), and 3.6.16 one gets 

'EX~~,-'(M, wR) @ R/xR " *HomRiYR(M/xM, WR/~R)(- C bi) 
,=I - 'Homk(M/xM,k)(- bi) = (M/XM)"(-C bi), 

i=l i=l 
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where b; = degxi; see the notation in Section 3.6. This yields 

n ( 1  - thf)H,,,!(t) = *'Hi ,,,,, "(t) = tZ := 'b '~ , , , , ~~ ( t - l )  
r=1 

and the conclusion follows. 
(b) We may assume q = 0. Then H.~a(t) = H,k(t) = HR(~).  It follows 

that there exists an element x t M' of degree 0, x f 0. Let y, : R + M' be 
the homogeneous R-module homomorphism mapping 1 to x. Since R is 
a domain and M' a Cohen-Macaulay R-module of maximal dimension, 
the homomorphism q~ is injective. But since R and M' have the same 
Hilbert series, y, must actually be an isomorphism, and it follows that 
M " M" " R' " WR.  

Corollary 4.3.8 (Stanley). With the notation and hypothesis of 4.3.7 suppose 
that R has the Hilbert series HR(t) = h,ti/ n;=l( l  - tU,). 
(a) Then H,o,(t) = (-l)dH~(t-l), equivalently, 

(b) If R is Gorenstein, then HR(t) = (- l )dta(R)~R(t- l ) .  
(c) Suppose R is a domain, and H R ( ~ )  = (-l)dtqHR(t-l) for some integer 
q .  Then R is Gorenstein. 

PROOF. (a) follows immediately from 4.3.7, and according to 3.6.11 we 
have WR = R(a(R)). This implies (b). With R = M, (c) results from 
4.3.7(b). 

Remarks 4.3.9. (a) Assume the positively graded k-algebra R is Goren- 
stein, and write H R ( ~ )  = Q R ( ~ ) /  n:=, (1 -to,). Then the functional equation 
4.3.8(b) for H R ( ~ )  is equivalent to the equation QR(t) = tdegQnQR(t-I), that 
is, to the symmetry of the polynomial QR(t). 

(b) Consider the homogeneous k-algebra R = k[X, Y]/(X3,XY, Y2). 
Then H R ( ~ )  = 1 + 2t + t2, but R is not Gorenstein. Applying 4.3.2, 
we derive from R a reduced non-Gorenstein ring S satisfying Hs(t) = 
(-l)dtqHs(t-l). Thus for 4.3.8(c) it is essential to require that R be a 
domain. 

On the other hand, suppose the Hilbert series of the positively graded 
k-algebra R satisfies 4.3.8(b), but R is not necessarily a domain. Instead 
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suppose there exist a positively graded algebra S which is a Cohen- 
Macaulay domain, and a homogeneous S-sequence x such that S/xS " R. 
Since Qs(t) is symmetric if and only if QR(t) is, we conclude that R is 
Gorenstein. 

In particular it follows that the above Artinian algebra cannot be the 
residue class ring of a homogeneous domain S by an S-sequence. 

Stanley observed that the following result on numerical semigroup 
rings, due to Herzog and Kunz [134], can be derived easily from the 
previous corollary. A numerical semigroup is a subsemigroup S of the 
additive semigroup W such that 0 t S and W \ S is finite. The last 
condition is equivalent to the requirement that the greatest common 
divisor of all the elements of S is 1. If S is a numerical semigroup, then 
there exist integers 0 < a1 < . . . < a, such that S is the set of linear 
combinations 

zlaz + zzaz + . . . + z,a, with zi t W. 

Any such set of integers is called a set of generators of S, and we write 
S = ( a l . , a ) .  It is clear that a minimal set of generators of S is 
uniquely determined. 

The conductor c = c(S) of S is defined by c = max{a E N : a -  1 @ S). 
For example, S = (4,7) has the conductor c(S) = 18. 

If k is a field, k[S] denotes the k-subalgebra of the polynomial 
ring k[X] generated by all monomials Xa, a E S. Note that k[S] = 

k[XaL,. ..,XU"] if S = (a,,. . . ,an).  Thus, if we set degX = 1, then k[S] is 
a positively graded k-algebra with k-basis Xu, a E S. Moreover, k[S] is 
Cohen-Macaulay since it is a one dimensional domain. 

Theorem 4.3.10. Let S be a numerical semigroup with conductor c. The 
following conditions are equiualent: 
(a) k[S] is Gorenstein; 
(b) the semigroup S is symmetric, that is, for all i with 0 5 i < c - 1 one 
h a s i E S  fandonly f c - i - 1  @ S .  

PROOF. Write R = k[S]. Then 

and so 
-HR(trl) = t/(l - t) + C tri. 

Suppose HR(t) = -trHR(t-I); then necessarily r = c - 1, and 
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Hence H R ( ~ )  = tC - 'Hn( t r l )  if and only if S is symmetric, and the 
assertion follows from 4.3.8. 

A homogeneous Cohen-Macaulay k-algebra R is called a level ring if 
all elements in a minimal set of generators of w~ have the same degree. 
When R is Artinian, then f i ( w ~ )  = dimk'SocR, and therefore R is a 
level ring if and only if the homogeneous socle of R equals R, where 
s = max{i: Ri f 0). 

Recall that a Cohen-Macaulay ring R is generically Gorenstein if R, 
is Gorenstein for all minimal prime ideals p of R. 

Theorem 4.3.11 (Stanley). Let R be a homogeneous Cohen-Macaulay k- 
algebra. Suppose that R is a domain, or generically Gorenstein and a leuel 
ring. Let Hn(t) = z=O hiti/(l - t)d; then 

PROOF. Note that the least degree of a homogeneous non-zero element 
of WR is b = a ( R ) .  Our assumptions guarantee the existence of a 
homogeneous element x E wR of degree b such that Rx " R(-b). This is 
clear if R is a domain. Next assume that R is generically Gorenstein and 
a level ring. Then the natural homomorphism q : wR + (on)" (which 
is homogeneous) is a monomorphism; see 1.4.1. Let G + (OR)' be a 
homogeneous epimorphism, where G is free. Then the dual homomor- 
phism (on)" + F = G' is a monomorphism which, composed with q ,  
yields a homogeneous monomorphism w : w~ + F.  We identify wR with 
its image in F .  Suppose that the k-vector space  OR)^ is contained in 
(,IptAssR pF. Then, since ( w ~ ) b n p F  is a subspace of ( w R ) ~ ,  and as we may 
assume that k is infinite (the reader should check this), it follows that 
( w R ) ~  c p F  for some p E Ass R. However the elements of ( w R ) ~  generate 
the canonical module, and so w~ c pF. This is impossible, because it 
would imply that pF, contains a free R,-module of rank 1. Now we 
choose x E ( w R ) ~  \ UptAssR pF;  then Rx " R(-b). 

Thus, in any case, there exists an exact sequence of graded R-modules 

where q(1) = x is a non-zero homogeneous element of degree b in wR. 
Let Hn(t) = ELo h2ti/(l - t)d, d = dimR, be the Hilbert series of R. 

By 4.3.8, the exact sequence implies that 
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The module N has rank 0 since rank w~ = 1, and so d imN < d. On 
the other hand, the exact sequence shows that depth N 2 d - 1, and thus 
we conclude that N is a graded Cohen-Macaulay module of dimension 
d - 1. Therefore HN(t) = C:-o aiti /(l  - t)d-l with ai z 0 for i = 1 , .  . . , r ,  
see 4.1.10. It follows that 

Thus we obtain the following set of equations: 

Here we have set ai = 0 for i > r. Adding up the first j + 1 equations 
gives 

as asserted. 

Consider the sequence (1,2,1,1). Proposition 4.3.1 implies that this 
is the h-sequence of a Cohen-Macaulay reduced homogeneous k-algebra 
R. But 4.3.1 1 implies that such an R is not a domain. 

Let R be the subring k [ X 5 , X 6 , ~ ' 9 ]  of k[X]. Then R/X5R " 
k [ ~  ,z ] / (Y4,  YZ ,z2 )  is homogeneous with Hilbert series 1 +2t  + t2 + t3. 
This example shows that a homogeneous Cohen-Macaulay ring with a 
Hilbert series violating the inequalities 4.3.11 may nevertheless be the 
epimorphic image of a domain S by an S-sequence x. 

Exercises 

4.3.12. Let F(t) = Q(t)/ n:=,(l - t",) = I:, f , f 2  with Q(t) E Z[t, tr'] and positive 
integers a , ,  ..., ad. Let xr=, f,t" be the Laurent expansion of F at 0. Show 
(a) there exists a unique quasi-polynomial P with P(n) = f ,  for n >> 0, 
(b) max{n: f ,  # P(n)} = degF. 
Hint: For (b) one argues similarly as in the proof of 4.1.12. 
4.3.13. (a) Let R be a Noetherian positively graded k-algebra of dimension 1, 
where k is an algebraically closed field. If H(R,n) > 1 for some n, show R is not 
a domain. 
(h) Find an example of a 1-dimensional homogeneous R-algebra R which is a 
domain, and for which H(R, n) = 2 for all n > 0. 

4.3.14. Let k be a field, and P(t) a formal power series with integer coefficients. 
Demonstrate the following conditions are equivalent: 
(a) there exists a d-dimensional homogeneous k-algebra which is a complete 
intersection, and which has the Hilbert series P(t); 
(b) there exist an integer n, n < d,  and integers at > 0, i = l,.. .,n, such that 
P(t) = (1 - 1)" n:=,ci + t +  t2 +... + tY'). 
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4.3.15. Let k be a field. In this exercise we want to specify the associated prime 
ideals of an ideal I c R =  XI,. . . , X,] which is generated by monomials in the 
variables XI,. . . , I , .  We order the monomials in the reverse degree-lexicographical 
order, and denote by L(a) the leading monomial of a ;  see the proof of 4.2.3 and 
the discussion following 4.2.4. 
(a) Let a E R, and write a = C, i i u ,  with E., E k and vj monomials for all i. Then 
L(a) t I if a E I. Conclude from this that a t I if and only if u, E I for all i with 
i i  # 0. 
(b) Let a E R. Show the ideal J = {b 6 R : ha t I} is generated by monomials. 
(c) Prove that an ideal generated by monomials is a prime ideal if and only if it 
is generated by a subset of {XI,. .. ,X,}. 
(d) Prove that the associated prime ideals of R/I are all generated by subsets of 
(XI, ..., Xn] 
(e) Show an ideal I generated by monomials is a primary ideal if and only if it 
satisfies the following condition: for every variable X, which divides a monomial 
m E I such that m/Xi $ I, some power of Xi belongs to I. 

4.3.16. (a) Let k be a field, and 4,12,13 c k[Xl,. . .,X,] ideals generated by 
monomials. Show I, n (I2 + Ij) = (I, n 1 2 )  + (I1 n 13). 
(b) Let 01,. . . , v, c  XI,. . . , X,] monomials in X,, . . . ,X,. Suppose u, = ah is 
the product of monomials a and h with greatest common divisor 1, then show 
(ab,u2 , . . ,  urn) = (a,q ,..., v,)n(h,v, ,..., 0,). 
(c) Describe an algorithm to determine the primary components of an ideal 
generated by monomials. 
4.3.17. Let k be a field, and I c k[X,, ..., X,] an ideal generated by squarefree 
monomials. Demonstrate that  XI,. . . , X,]/I is reduced. 
4.3.18. Let k be a field and I c R = k[X,, . . . , X,] the ideal generated by the 
monomials X,X,, 1 < i < j < n. Determine AssRII. 
43.19. Let k he a field, I c k[X,, . . . , X,] an ideal generated by monomials, and 
R =  XI,. .. ,X,]/I. Show 
(a) if R is a 0-dimensional Gorenstein ring, then R is a complete intersection, 
(b) in higher dimensions, R may be Gorenstein without being a complete inter- 
section. 
4.3.20. Prove the graded version of 3.1.16: let R be a graded ring, and M and N 
graded R-modules; if x t R is a homogeneous element of degree a which is R- 
and M-regular and annihilates N, then '~xtk+ ' (~ ,M)(-a)  E .Extk,(,,(N,M/xM). 

4.3.21. Let k be a field, and let R be a homogeneous Gorenstein k-algebra of 
dimension d. Prove 2el = (a(R) + d)ea. 

4.4 Filtered rings 

In this section we introduce the extended Rees ring and associated graded 
ring of a filtered ring. We will compute their dimensions, and show that 
a filtered ring inherits many good properties from its associated graded 
ring. The results will he used in the next section where we consider 
the Hilbert-Samuel function, and in Chapter 7 for the study of graded 
Hodge algebras. 
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Definition 4.4.1. Let R be a ring. A filtration F on R is a descending 
chain R = lo 3 Il 2 I2 3 . . . of ideals such that Iil, c Ii+, for all i and j .  
Afiltered ring is a pair (R, F)  where R is ring and F is a filtration on R. 

The most common filtration is the one given by the powers of a n  
ideal I, called the I-adicfiltration. 

Let R be a filtered ring with filtration F = (li)i,o. We define the 
extended Rees ring of R with respect to F by 

Here li = R for i SO, and W(F) is viewed as a graded subring of R[t, t-'1. 
Moreover, we define the associated graded ring of R with respect to F by 

-. 
g r ~ ( R )  = @ l i / ~ i + ~ .  

i=o 

It is a graded ring with multiplication induced by the multiplication map 
Ii x I, 4 I[+,. 

Given an R-module M ,  W(F, M )  = ei,, liMti  (respectively grF(M) = 

@EoliM/l i+,M) is in a natural way a graded module over .%(F) (re- 
spectively gr,(R)). In the case where F is the I-adic filtration we denote 
by W(1) the extended Rees ring, and in accordance with Section 1.1 by 
gr,(R) the associated graded ring. Further we write W(1, M )  for W(F, M) 
and gr,(M) for grF(M). 

We will also encounter the Rees ring 9 + ( F )  = @ z o l i t i  and the 
graded .&!+(F)-modules &?+(F,M) = @ ~ o l i M t i .  The notations in the 
case of I-adic filtrations are to be modified accordingly. 

The following observation, whose proof is left to the reader, is of 
crucial importance in the study of the extended Rees ring. 

Lemma 4.4.2. Let R be afiltered ring withfiltration F. Then 
(a) the element t-I E R[t, t-'1 belongs to W(F) and is W(F)-regular, 
(b) W(F)/ t r19(F)  " gr,(R), 
(c) R[t, t-'1. 

We call F Noetherian if 9 ( F )  is Noetherian. For example, I-adic 
filtrations on a Noetherian ring are Noetherian. It is clear that if R is 
Noetherian and 8 ( F )  is finitely generated over R, then F is Noetherian. 
But the converse is true as well: 

Proposition 4.4.3. Let R be afiltered ring with filtration F = (li)i>o. The 
following conditions are equivalent: 
(a) F is Noetherian; 
(b) R is Noetherian, and B ( F )  is finitely generated ouer R ;  
(c) R is Noetherian, and .B+(F) isfinitely generated ouer R; 
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(d) R is Noetherian, and there exist positive integers j(l) ,  . . . , j(n) and xi E 
Ij(n. i = 1,. . . , n, such that I,, = I:=, xilkrj,i) for all k > 0. 

PROOF. The equivalence of the statements (a), (b) and (c) follows from 
1.5.5. 

(c) =. (d): Let %+(F) = R[al, ..., a,]. We may assume that a1 ,..., a, 
are homogeneous elements of positive degree. Then ai = xitj(i) for some 
j(i) > 0 and xi E I,,?, i = I, .  . . ,n. These xi satisfy the conditions in (d). 

(d) * (a) is proved similarly. 17 

Note that if R/I1 is Noetherian and grF(R) is finitely generated over 
R/II,  it does not follow in general that F is Noetherian. For example, let 
(R, m) be a local ring and let F = (lJi>o with Ii = m for all i > 0. Then 
gr,(R) = R/m, but .B(F) is not Noetherian. Thus we have to pose an 
extra condition on F :  the filtration F = (lJao is separated if niZo 11 = 0, 
and F is strongly separated if ni,o(l + li) = I for all ideals I c R. By 
Krull's intersection theorem, I-adic filtrations on local rings are strongly 
separated, provided 1 # R. 

Recall that the filtration F = (lJi>o defines a topology on R whose 
base is given by the sets a + li, a t R and i 2 0; see [247]. With this 
topology R is a Hausdorff space if and only if F is separated. The closure 
of an ideal I is given by ni,o(l +If);  hence F is strongly separated if and 
only if all ideals of R are closed subsets. 

Let us denote by M the completion of an R-module M with respect 
to F (see 12471, 9.5). Then k is complete with respect to the filtration 
A A 

F = (li)iZo, and ji is the closure of 1,k in R. If the filtration is separated, 
then the canonical homomorphism R + k is injective, and Tin R = I,; 
see [247], Theorem 3, p. 390. Further, if grF(R) is Noetherian, then R is 
Noetherian and for all ideals I c R, 1k is the closure of I in k ([247], 
Theorem 15 and Corollary 1, p. 413). 

Proposition 4.4.4. I f  F is Noetherian, then R is Noetherian and gr,(R) is 
finitely generated over R/II .  Conversely, if F is strongly separated, R/I1 is 
Noetherian, and gr,(R) isfinitely generated over R/II,  then F is Noetherian. 

PROOF. The first part of the assertion is obvious in view of 4.4.3. For 
the converse we show that R is Noetherian, and that %(F) is finitely 
generated over R. Then, by 4.4.3, F is Noetherian. 

Let I c R be an ideal of R, and a E 1k n R. Since IR is the 
closure of I in R, there exist, for all i t 0, elements ai E I such that 

A 

ai - a E Ii n R = liR n R = 1,. Therefore a E ni,o(l + li) = I .  Thus 

we have IR n R = I,  and this proves that R is Noetherian since k is 
Noetherian. 

In order to prove that g ( F )  is finitely generated we may assume 
that gr,(R) = Rl11 [XI,. . . ,I.] where the xi are homogeneous of pos- 
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itive degree, say xi = xi + Ijii)+l, xi E Ijii) for i = I, .  . .,n. Let 
A = R [ ~ - ~ , X ~ ~ J ( ~ ) , . .  . , ~ ~ t j ( ~ ) ] ;  then A is a graded subalgebra of %(F), 
and we claim that indeed A = W(F): let k > 0 and x t lk tk ;  then 
x = ao +both with a. t Ah and bo E Ik+', by the definition of A. For the 
same reason we have both+' = a1 + hltk+l with al E and bl E Ii+2. 
It follows that x = a" + a l t r l  + b1tk, and hence x E Ak + Ik+2tk. By 
induction on j one shows that x E Ak + lt+jtk for all j t 1. Thus 
x E njrl(Ak + 1h+,tk)  = Ak since F is strongly separated. 

In the next theorem we compare the dimension of a module M with 
the dimension of 9 ( F ,  M) and gr,(M) where F is a filtration on R. For 
the proof we will have to identify the minimal prime ideals of B(F). 

Let p E SpecR; then p' = pR[t, trl] n a ( F )  is a prime ideal of W(F) 
and p' n R = p. It is clear that p' belongs to the set 'D(t-I) of graded 
prime ideals of g (F )  which do not contain tr'. 

Lemma 4.4.5. Let R he a Noetherian ring. 
(a) The map a :  Spec R 4 '~(t-I),  p c p', is an inclusion preserving 
bijection; 
(b) height p = height p' for all p t Spec R; 
(c) a induces a bijection between the minimal prime ideals of R and .B(F). 

PROOF. (a) It is clear that r is injective and inclusion preserving. Let 
$3 E *D(trl); then $3,B(F),-, = $3R[t,tr1] is a graded prime ideal of 
R[t, tr'], and hence of the form pR[t, t-'1 for some p E Spec R. It follows 
that $3 = %9.(F),-, n W(F) = pR[t, tr'] n B(F) = p'. 

(b) Obviously we have height p' 2 height p. Suppose height p' = h. 
By 1.5.8, there exists a strictly descending chain of graded prime ideals 
p' = $3, 3 $3, 2 . . . 2 p h .  Since all Qi E 'D(trl), there exist p, E SpecR 
with pj = p i .  Then p = po 2 p, 2 . . . 3 ph is a strictly descending chain 
of prime ideals in R; thus height p h. 

(c) Let $3 be a minimal prime ideal of 9(F) .  Then tr l  6 Q since tr' is 
9(F)-regular. According to 1.5.6, $3 is graded, and so belongs to 'D(trl). 
The rest follows from (a) and (b). 

Theorem 4.4.6. Let R be a filtered ring with Noetherian filtration F = 

(li)i,o, and M a finite R-module. Then g (F ,  M) is a finite W(F)-module, 
and 
(a) dim B(F, M) = dim M + 1, 
(b) dimgr,(M) = sup{dimM, : m t Supp(M/IlM), m maximal). In 
particular, dimgrF(M) 2 dim M,  and dim gr,(M) = dim M f 11 is con- 
tained in all maximal ideals of R. 

PROOF. (a) It is clear that 9 ( F ,  M) is a finite W(F)-module. Let J = 

AnnM, and set R' = R / J  and F' = (IiR')i,o. Then M is an R'-module 
and 9 ( F , M )  " W(Ff,M). Thus we may as well assume that M is a 
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faithful R-module. But then B(F, M) is a faithful .%(F)-module, too, so 
that dimB(F, M) = dim B(F). Therefore it suffices to prove the assertion 
for M = R. 

Let 'Q E Spec W(F), and set p = !@ n R. We choose a minimal prime 
ideal c p such that height(rp/U) = height rp. By 4.4.5, there exists q E 
Spec R such that U = q'. Thus we obtain the finitely generated extensions 
R/q c .%(F)/ql c R[t, t - ' ] /q~[t ,  t-'1 of integral domains, and it follows 
that the transcendence degree of the fraction field Q(B(F)/ql) over Q(R/q) 
is one. Thus A.19 yields height p = height(p/ql) height(p/q) + 1 < 
height p + 1. In particular we conclude that dim W(F) I dim R + 1. 

Conversely, dim W(F) 2 dimB(F),-I = dim R[t, t-'1 = dim R + 1. The 
reader may check the last equality. 

(b) As for (a) we may reduce the assertion to the case in which 
M is faithful. Then B(F, M) is a faithful W(F)-module, and therefore 
grF(M) " 9 ( ~ ,  M)/~-'B(F,M) is a faithful grF(R)-module. Thus we may 
assume M = R. 

According to Exercise 1.5.25, the dimension of gr,(R) is the supremum 
of all numbers dim gr,(R)m where the supremum is taken over all graded 
maximal ideals % t SpecgrF(R). Let % be such an ideal and W its 
preimage in .%(F). Then W is a graded maximal ideal, and (hence) 
contains t-'. Let m = W n R. As 9(F)/ t l t  is a graded ring and a field, it 
is isomorphic with its degree zero homogeneous component R/m. Thus 

In particular m is a maximal ideal, and li = (ljti)t-' c nt for i > 0. Now 
the decomposition of W shows that %It = (m', t-I). Since m = 'TI3 n R, we 
have, as in (a), that height m = height m' < height !lW < height m + 1, so 
that height 9) = height IU1- 1 = height m. 

Conversely, let m 3 11 be a maximal ideal of R. Then W(F)/(ml, t r l )  " 
Rim, whence !lW = (m', t r l )  is a maximal ideal of W(F) with m = !lW n R. 
As above, it follows that height 8 = height m for the graded maximal 
ideal % = W/(tr l )  of grF(R). 

The next series of results demonstrate that 'good' properties of grF(R) 
descend to R. 

Theorem 4.4.7. Let R be a filtered ring with Noetherian filtration F = 

(1i)izo. 
(a) If grF(R) is Cohen-Macaulay, then so is R, for all p E V(Il). 
(b) If grF(R) is Gorenstein, then so is R, for all p E V(II). 

PROOF. (a) Let p E V(I1). The filtration F = (I,)i,o on R induces the 
filtration F' = (l;R,)izo on R,, and we have R, @ R  grF(R) " grF,(R,). 
Thus we may as well assume that (R,ln) is local, I, c m, and p = m. 
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Then .9(F) is 'local, and t-I belongs to the unique graded maximal ideal 
of .%(F). Therefore B(F) is Cohen-Macaulay by 4.4.2(a), (b) and Exercise 
2.1.28. Applying 4.4.2(c) we see that R[t, t-'1 is Cohen-Macaulay. Since 
the extension R + R[t, t-'1 is faithfully flat, R is Cohen-Macaulay; see 
2.1.23. 

(b) is proved in a similar manner. 

Theorem 4.4.8. Let R be a filtered ring with separated filtration F. If 
grr(R) is reduced or a domain, then so is R. 

The proof, whose details we leave to the reader, follows easily from 

Lemma 4.4.9. Let R be a ring, and x an element of R which is not contained 
in any minimal prime ideal of R. Suppose that n n , o ( ~ ) n  = 0 ;  then R is 
reduced or a domain, if R/xR is too. 

PROOF. We set R = R/xR and denote by a the image of a E R in R 
under the canonical epimorphism. Suppose R is reduced, and an = 0 for 
some a E R and some integer n. Then a = 0, and so a = bx for some 
b E R. But then bnx" 0, and since x is not contained in any minimal 
prime ideal of R, the element bn, and so b, is contained in all minimal 
prime ideals of R. Thus b is nilpotent, and hence b = 0. It follows that 
b E (x) and a t (x )~ .  By induction by have a (x)" for all n > 0. Since 
n,,,,(x). = 0 we conclude that a = 0. 

Similarly one shows that the domain property can be lifted from R 
to R. 

We close this section by showing that, under mild hypotheses, nor- 
mality of the associated graded ring implies normality of the ring itself. 
Let R be a Noetherian domain with fraction field K. Recall that x t K 
is completely integral over R if there exists an element a # 0 in R such 
that axn E R for all n 2 0. Note that R is normal (integrally closed 
in K) if and only if R is completely integrally closed, i.e. every element 
x E K which is completely integral over R is an element of R. Indeed, 
suppose x E K, x = cld, is integral over R. Then there exists an equation 
xm + alxm-' + . . .  + a,-lx + a, = 0 with a; E R, and it is clear that 
dmxn E R for all n 2 0. Conversely, if x t K such that axn E R for some 
a t R, a # 0, and all n 2 0, then R[x] c a - ' ~ .  Since a-'R is a finite 
R-module this implies that x is integral over R; see [230], Theorem 9.1. 

We introduce a notation which is useful in the proof of the following 
theorem. Let R be a filtered ring with separated filtration F = (lj);,~. 
For each non-zero g t R there exists a unique integer i 2 0 such that 
g E l i  \ It+'. We set g* = g + l i + l  and call it the initial form of g in 
grF(R); of course, 0' = 0. 

Theorem 4.4.10. Let R be afiltered ring with Noetherian filtration F = 

(li)i,o satisfying niZo(aR + li) = aR for all a E R. If grF(R) is a normal 
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domain, then so is R. 

PROOF. The assumptions imply that F is separated. Hence by 4.4.8, R is a 
domain. Let K be the field of fractions of R, and x = c/d an element in 
K which is completely integral over R. We want to show that c t Rd. It 
suffices to prove that c E Rd + l i  for all i 2 0, since Rd = n,,,(Rd +Ii) by 
assumption. We prove this by induction on i, the case i = 0 being trivial. 
Suppose c t Rd + l i ;  then c = ud + w, u E R, w E li. As x is completely 
integral over R there exists a E R, a # 0, such that a(x - u)" E R for all 
n 2 0, and this implies a(w/d)" E R for all n 2 0. In other words, there 
exist elements w. E R such that awn = w,dn for all n 2 0. 

We have (gh)* = g*h* for all g,h t R since grF(R) is a domain; 
see Exercise 4.4.11. Applied to the above equation we obtain a'(w*)" = 
w,'(d*)". This means that w'ld* is completely integral over gr,(R). By 
assumption, gr,(R) is an integrally closed domain. Therefore, w*/d* t 
grF(R), or equivalently, w* = u*d* for some v t R. Since w E li, the 
last equation yields w - vd E Ii+i. But then c = (u + v)d + (w - ud), as 
desired. 

Exercises 

4.4.11. Let R be a filtered ring with separated filtration. Show: 
(a) a'b' = (ab)' or a'b' = 0; 
(h) a'b' = (ab)' if gr,(R) is a domain. (This gives a quick proof of the part of 
4.4.8 concerning the domain property). 
4.4.12. Let R be a filtered ring with Noetherian filtration F = (I,)izo. Prove 
(a) dim R 5 dim a+ (F) 5 dim R + I, 
(b)dimoR+(F)=dimR+l-I~ +n{p€AssR:  dimR/p=d). 

4.4.13. Let R be a filtered ring with filtration F = (I,)i2o. The s-th Veronese 
suhring B(;'(F) of 9+(F)  is again a Rees ring which is defined by the filtration 
~ ( d  = (I,i)i,o. Show the following conditions are equivalent if R is Noetherian: 
(a) W+(F) is a finitely generated R-algebra; 
(b) w~ ' (F)  is a finitely generated R-algebra for all s 2 1; 
(c) there exists an integers t 1 such that oRy1(F) is a finitely generated R-algebra; 
(d) there exists an integer s 2 1 such that I,,, =I$, for all i 2 s; 
(e) there exists an integer s 2 1 such that IiT = (1,)I. 
Hints: for the proof of (c) a (a) consider the ideals M j  = @,, I,+,t" of w~)(F) ,  
j = 0 ,..., s-I, and for (a) 3 (d) use that B+(F) = RIIlt ,..., I,t'] for some r t 1; 
then choose s = (r - l ) r ! .  (The implication (a) a (d) is due to Rees [260].) 

4.4.14. Let k be a field, R = k[X6,X7,X151 and I the ideal in R generated by 
X6,X' and XIi. Show R is Gorenstein, but gr,(R) is not even Cohen-Macaulay. 

4.5 The HilbertSamuel function and reduction ideals 

Let (R,m) be a Noetherian local ring, and M f 0 a finite R-module. In 
order to define the multiplicity of M one passes to the associated graded 

module gr,,(M), and defines 

To be more flexible we may as well consider an ideal I c m such that 
m"M c I M  for some n. Any such ideal is called an ideal of definition 
of M. 

The associated graded ring grI(R) is a homogeneous algebra, and 
gr,(M) is a graded gr,(R)-module. 

Definition 4.5.1. The first iterated Hilbert function 

xh(n) = Hl(grl(M),n) = 1 H(grl(M), i) 
i=O , n 

= 1 e ( l i ~ / l i + ' M )  = /(M/ln+'M) 
i=O 

is called the Hilbert-Samuel function of M, and e(1,M) = e(grI(M)) the 

I 
multiplicity of M with respect to I. 

As an immediate consequence of 4.1.6 we obtain 
! 

Proposition 4.5.2. Let (R,m) be a Noetherian local ring, M f 0 a finite 
R-module of dimension d,  and I an ideal of definition of M. Then 
(a) the Hilbert-Samuel function xa(n) is of polynomial type of degree d, 
(b) e(1, M) = lim,,,(d!/nd) /(M/In+'M). 

PROOF. By 4.4.6, we have dim M = dimgr,(M). Thus (a) follows from 
4.1.6. 

(b) For large n we have &(n) = (e(1, M)/d!)nd+terms in lower powers 

! of n. This yields the desired result. 

The polynomial ZL(X) E Q [ X ]  with Z$(n) = xL(n) for n >> 0 is 
called the Hilbert-Samuel polynomial of M with respect to I. When 
I = m, we simply write ZM(X) instead of ZL(X). (Note that ZM(X) is 

1 
not the Hilbert polynomial of gr,,(M).) 

Examples 4.5.3. (a) Let (R,m, k) be a regular local ring of dimension d. 
Then the homogeneous k-algebra gr,,(R) is isomorphic to the polynomial 
ring  XI ,..., ~ d ] ;  see 2.2.5. ~ h u s  ZR(X) = (x:d) and e(R) = I. 

(b) Let (R,m, k) be a regular local ring, I c R a proper ideal, and 
S = R/I. We denote by n the maximal ideal of S. The canonical 
epimorphism & :  R + S induces a surjective homomorphism of graded 
k-algebras gr(&) : gr,(R) + gr,,(S). Indeed, let a E R, a f 0, and 
a* = a+mj+l in gr,(R) its initial form; see the definition above 4.4.10. It 
is clear that the homogeneous elements of gr,,(R) are just the initial forms 
of elements of R. For a t mj \ mj+' we define gr,(e)(a*) = ~ ( a )  + nj+'. 
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Let I* be the ideal generated by the elements a*, a t I .  Then 
I* = Ker(gr,(~)) because i f  a* = a + mi+' E I*, then &(a) € nJ+'. Hence 
there exists b E mj+' such that ~ ( b )  = &(a). It follows that c = a - b t I ,  
and c* = a*. The converse inclusion is obvious. 

W e  conclude that gr,(S) =  XI, ..., Xd]/I*.  Thus Z s ( X )  and e(S)  
may be computed once I* and its graded resolution are known;  see 
4.1.13. 

Assume I = (a l , .  . . ,am); then (a;,. . . , a:) c I* with equality i f  m = 1. 
In general, however, we have (a;,. . .,a:) # I* (Exercise 4.5.12). 

Computing e(1, M )  may be a painful and often impossible task. W e  
will show that an arbitrary ideal o f  definition o f  M may be replaced by  
an ideal J which is generated by a system o f  parameters o f  M such that 
e(J,  M )  = e(I ,  M ) ,  provided the residue class field k o f  R is infinite. 

Definition 4.5.4. Let R be a Noetherian ring, I a proper ideal, and M 
a finite R-module. A n  ideal J c I is called a reduction ideal of I with 
respect to M i f  J I n M  = In+'M for some (or equivalently all) n >> 0. 

The definition o f  a reduction ideal almost immediately yields 

Lemma 4.5.5. Let (R ,m)  he a Noetherian local ring, M afinite R-module, 
I an ideal of definition of M ,  and J a reduction ideal of I with respect to 
M .  Then J is an ideal of definition of M ,  and e(J ,  M )  = e(1, M ) .  

PROOF. For large n we have In+'M = J I n M  i J M ,  and this shows that 
J is an ideal o f  definition o f  M .  Moreover, we get the inequalities 

f (M/ lmc"+"M)  t G ( M / J m M )  2 l ( M / l m M )  

for all m 2 1. Thus 4.5.2 implies the assertion. 

In the framework o f  Rees rings and Rees modules, reduction ideals 
can be characterized as follows. 

Proposition 4.5.6. Let R be a Noetherian ring, J c I proper ideals of R ,  
and M a,finite R-module. The following conditions are equivalent: 
(a) J is a reduction ideal of I with respect to M ;  
(b )  .%+(I, M )  is afinite .%+(J)-module. 

PROOF. (a) * ( b ) :  Suppose In+'M = J I n M ;  then .%+(I, M )  is generated 
over 9 + ( J )  by  the elements o f  degree I n, and hence is finitely generated. 

(b )  = (a):  W e  may choose a homogeneous set o f  generators x , ,  . . . , x ,  
o f  .%+(I, M) .  Let n he the maximal degree o f  the elements xi ,  and let 
x E In"M. There exist elements ai E Jb2, bi = n + 1 - degxi,  such 
that x = I:=, aixi. Since aixi E J ~ , I " + ' - ~ ~ M  c J I n M ,  it follows that 
x E J I n M .  Thus we have In+'M c J I n M .  The  converse inclusion is 
trivial. 
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In terms o f  Rees rings we now introduce an invariant which gives a 
lower bound for the number o f  generators o f  a reduction. 

Definition 4.5.7. Let ( R , m )  he a Noetherian local ring, I a proper ideal 
o f  R, and M a finite R-module. The number 

L(I, M )  = d i m ( a + ( l ,  M ) / m B + ( l ,  M ) )  = dim(gr , (M)/m g , ( M ) )  

I is the analytic spread of I with respect to M .  W e  set A(1) = A(1,R) and 
call it the analytic spread of I .  

Proposition 4.5.8. Under the hypothesis of 4.5.7 we have p(J)  2 A(1,M) 
,for any reduction ideal J of 1 with respect to M .  Suppose in addition that 
R / m  is infinite. Then there exists a reduction ideal J of I with respect to 
M such that p(J) = &I, M) .  

PROOF. The module g + ( I ,  M)/in.%+(I, M )  is finite over .%+(J)/m.%+(J) = 

ei,, ~ ' / r n J '  which in turn is a factor ring o f   XI,.. .,X,], where m = 

dimk J / m J  = p(J). Therefore dim(.%+(l, M ) / m g + ( I ,  M ) )  S m. This 
proves the first part o f  the proposition. 

Now let A = .%+(l)/a, where a is the annihilator o f  the .%+(I)-module 
.%+(I ,M)/mB+(I ,M).  The ideal a is graded and contains m.%+(l). Con- 
sequently A is a homogeneous Rim-algebra, and dim A = A(1, M) .  Since 
R / m  is infinite, the Noether normalization theorem says that there exist 
elements y I , .  .., yd E A o f  degree 1 ,  d = A(I, M ) ,  such that A is a 
finite B-module, where B = k [ y ~ , . .  ., y d ] ;  see 1.5.17. It follows that 
%+(I,  M)/m.%+(I, M )  is a finite graded B-module. 

For each yi we choose zi t I such that zi is mapped to yi under the 
canonical map I + W+(l ) /a .  Let J = (21, .  . . , zd); then p(J) = A(I, M ) ,  
and g + ( I ,  M)/m.%+(l, M )  is a finite (B+(J)/m.%+(J))-module. Now the 
graded version 1.5.24 o f  Nakayama's lemma implies that B + ( I ,  M )  is a 
finite (g+(J))-module,  and this completes the proof; see 4.5.6. 

Remark 4.5.9. Let (R ,m,  k)  be a Noetherian local ring, and I a proper 
ideal o f  R. Northcott and Rees [249] call an ideal J a minimal reduction 
of I i f  J is a reduction ideal o f  I ,  and J itself does not have any proper 
reductions, and they prove that minimal reductions exist - a fact which 
we will not use explicitly here. In the case where k is infinite one has 
the following result: let J be a reduction o f  I ,  and suppose that J is 
minimally generated by x i , .  . . , x,. Then J is a minimal reduction o f  I i f  
and only i f  the elements x i , .  . . , x,  are analytically independent in  I and 
n = A(1). 

Recall that x i , .  . . , x, are analytically independent in I i f  whenever 
f ( X I , .  . . , X,) is a homogeneous polynomial o f  degree m in R [ X I , .  . . , X,] 
(m arbitrary) such that f ( X I , .  . . , x,) t Imm,  then all the coefficients o f f  
are in m.  
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It  is clear from this description and the proof of 4.5.8 that the ideal J 
constructed there is a minimal reduction of I when M = R. 

Corollary 4.5.10. Let (R,m) be a Noetherian local ring with infinite residue 
class field, M a jn i t e  R-module, and I an ideal (fl definition of M.  Then 
there exists a system of parameters x of M such that (x) is a reduction 
ideal of I with respect to M. In  particular e(1,M) = e((x),M). 

PROOF. We show that d i m ( g + ( l ,  M ) / m g + ( l ,  M)) = dim M. This, in 
view of 4.5.5 and 4.5.8, implies the assertion. Note that L( lnM/ml"M) 
= p(InM), and L(lnM/In+'M) < p( lnM)L(M/IM).  Indeed, let y,,. .  ., y,, 
m = p(InM), be a system of generators of I n M .  We may write yi = a,xi 
with a, t I", xi t M .  Thus there exists an  epimorphism @hi + 1"M 
which yields an  epimorphism @RX, + InM/I"+ 'M where Z, denotes 
the residue class of x, modulo I M .  Since RZ, c M / I M ,  the desired 
inequality follows. We therefore obtain the inequalities 

By 4.1.3 and 4.4.6, the Hilbert function H(gr,(M),n) is a polynomial of 
degree dim M - 1 for large n, and so  is H (&?+(I, M)/m%+(I,  M), n) by 
the above inequalities. Hence, if we again apply 4.1.3, the conclusion 
follows. 

Exercises 

4.5.11. Let R he a Noetherian ring, I a proper ideal of R, M a finite R-module, 
M' a suhmodule, and M" a factor module of M. If J is a reduction ideal of I 
with respect to M, show it is a reduction ideal of I with respect to M' and M", 
too. (Hint: Use 4.5.6). 

4.5.12. (a) Let (R,m, k) he a regular local ring, and f an element in m whose 
initial form f' has degree a; see 4.5.3. Set S = R / v )  and prove that gr,,,(S) % 

k[X,, . . . ,X,]/(f'), and e(S) = a. 
(b) Let I = (X2,XY + Z 3 )  c kUX, Y,ZJ. Show the ideal I' of initial forms of I 
is not generated by the initial forms X2 and XY of the generators of I .  

4.5.13. Let (R,m) be a Noetherian local ring and I a proper ideal of R. Show 
that the analytic spread of an ideal has the following properties: 
(a) i(IR,) s ).(I) for all p t SpecR; 
(b) if I is m-primary, then A(1) = dim R; 
(c) height I 5 A(1) s dim R. 

4.5.14. Let (R,m, k) he a d-dimensional Cohen-Macaulay local ring. Prove: 
(a) If k is infinite, then there exists an R-sequence x = x,,. . . ,a such that 
e(R) = @/(XI). 
Hint: Proceed by induction on d ;  choose xl such that its initial form in gr,(R) 
is an element of degree I whose annihilator has finite length. 

(b) elR) 2 emb dim R-dim R +  1 ; it equality holds, then R is said to have minimal 
~ ~ 

multiplicity. 
(c) If k is infinite, then R has minimal multiplicity if and only if there exists an 
R-sequence x such that m2 = (x)m. 

4.5.15. Let (R,m, k) be a one dimensional local ring. Prove: 
(a) If k is infinite, there exists an element x such that m"+l = xm" for all n >> 0; 
any such element is called superficial. 
(b) If x is a superficial element, then x $ m2. 
(c) e(R) = p(m") for large n. 
4.5.16. Let (R,m, k) be a one dimensional Cohen-Macaulay local ring, and x a 
superficial element of R. 
(a) Suppose I is an ideal of height 1 in R. Show that /( l /xl)  = e(R). 
(b) Prove that ~ ( 1 )  5 e(R) for all ideals of height 1 of R. 
4.5.17. Let (R,m,k) be a Noetherian local ring. Suppose there exists an integer n 
such that ~ ( 1 )  5 n for all ideals I of R. Show that dimR = 1. 

4.5.18. Let R = kUtJ, k a field. Let f,(t) ,..., f,(t) E R. We denote by 
k(Lfl(t), . . . , f.(t)J the subring 

A = {F(fi(t) ,..., fn( t ) ) :  F E ~ U X I . . . . , X ~ J )  

of R. Suppose the integral closure of A is R; prove e(A) is the minimum of the 
initial degrees of the fa([). Hint: use the fact that R is a finite A-module; see 
[230], 533. 

4.6 The multiplicity symbol 

In  the previous section we saw that the computation of the multiplicity 
e(1, M )  of a finite module M with respect to an  ideal of definition I can 
be reduced to the case when I is generated by a system of parameters of 
M. The advantage of this reduction will become apparent when we show 
that the multiplicity of a module M with respect to an  ideal generated 
by a system of parameters x can be expressed in terms of the Koszul 
homology H.(x, M). We approach this goal by introducing the multiplicity 
symbol e(x, M),  due to Northcott. 

Let (R,m) be a Noetherian local ring, and M a finite R-module. A 
sequence of elements x = XI , .  . . , x, in rn is a multiplicity system of M if 
C(M/(x)M) is finite, equivalently, if (x) is an  ideal of definition of M. 

Lemma 4.6.1. Let (R,m) be a Noetherian local ring, x a sequence of el- 
ements in R, and 0 + M' + M -t M" + 0 an exact sequence of finite 
R-modules. The sequence x is a multiplicity system of M f and only if it 
is a multiplicity system of M' and M". 

PROOF. The exactness of M1/(x)M' + M/(x)M + M"/(x)M" + 0 im- 
plies that 
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It therefore remains to  show that t ( M 1 / ( x ) M ' )  < co i f  t ( M / ( x ) M )  is. 
According to the Artin-Rees lemma (12301, Theorem 8.5) there exists 
an integer m such that (x)"M n M' c (x )Mr ,  and this implies that 
t ( M 1 / ( x ) M ' )  5 / (M1/ (x )"M n M') 2 ~ ( M / ( X ) ~ M ) .  

Corollary 4.6.2. Let ( R , m )  be a Noetherian local ring, M afinite R-module, 
and x = x ,  ,..., x, a multiplicity system of M.  Then x' = x2 ,..., x ,  is a 
multiplicity system of M / x l M  and (0 : x l ) ~ .  

PROOF. Note that x ( M / x l M )  = x l ( M / x l M ) ,  and x(0 : x l ) ~  = x'(0 : x l ) ~ .  

This corollary allows an inductive definition o f  the multiplicity symbol. 

Definition 4.6.3. Let (R ,m)  be a Noetherian local ring, M a finite R- 
module, and x = X I  ,..., x ,  a multiplicity system o f  M.  I f  n = 0, then 
t ( M )  i m, and we set e ( x , M )  = L(M);  i f  u > 0, we set e(x,  M )  = 

e ( x l , M / x l M )  - e(x f ,  (0 : x l ) ~ ) ,  x' = x2,. . .,x,. W e  call e ( x , M )  the 
multiplicity symbol. 

At first glance it seems as i f  the multiplicity symbol depends on the 
order o f  the elements o f  x. That this is not the case will follow from the 
next theorem. 

Note that the homology H.(x,M) o f  the Koszul complex o f  a multi- 
plicity system x o f  M has finite length as follows from 1.6.5. Hence we 
may consider the Euler characteristic 

o f  the Koszul homology. 

Theorem 4.6.4 (Auslander-Buchsbaum). Let (R ,  m) be a Noetherian local 
ring, M afinite R-module, and x a multiplicity system of M .  Then 

The proof o f  the theorem is based o n  

Lemma 4.6.5. Let ( R , m )  be a Noetherian local ring, and x = x l  ,..., x, a 
sequence of elements in m. Whenever the Euler characteristic is defined it 
has the following properties: 
(a) ~ ( x ,  .) is additive on short exact sequences, that is, for any short exact 
sequence 0 + M' + M + M" + 0 for which x is a multiplicity system o f  
M ,  one has 

x(x, M )  = x(x,  M') + ~ ( 1 ,  M u ) ;  

(b)  f x l M  = 0, then z ( x , M )  = 0 ;  
(c) f x l  is M-regular, then ~ ( x ,  M )  = ~ ( x 2 , .  . .,xn, M / x l M ) .  
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Pxoor. (a) By the additivity o f  length, the alternating sum o f  the lengths 
o f  the homology modules in the long exact sequence 

. . . -  Hi(x, M' )  - Hi(x, M )  + Hi(x, MI') - . . . 
is zero. This yields the desired result. 

(b)  Let x' = ~ 2 , .  . . ,x.. I f  x I M  = 0, then 

Hi(x ,M) = Hi(O,xl,M) " Hi(xl ,M) @Hi-l(xl ,M), 

for all i ;  see 1.6.21. Thus 

x ( x , M )  = I ( - l ) ' ( / ( ~ i ( x ' , ~ ) )  + Y(Hi_l(xl ,M)) = 0. 

(c) I f  x l  is an M-regular element, then Hj(x ,M) " Hi(xl, M I x l M )  by 
1.6.13. This implies the assertion. 

PROOF OF 4.6.4. Let x = X I , . .  . , x ,  and x' = x2, .  ..,xn. W e  show that 

The ascending chain 0 c (0 : X I ) M  c (0 : x : ) ~  c . . . o f  submodules 
o f  M stabilizes since M is Noetherian. Let a be an integer such that 
(0 : X ? ) M  = (0 : x ; I + ' ) ~ .  W e  leave it to  the reader to  verify that x l  is 
regular o n  N = M/(O : x ' ; ) ~ ,  and that x' is a multiplicity system o f  
(0 : x?)M. 

Consider the following commutative diagram with exact rows and 
columns: 

0 0 
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From 4.6.5(a) it follows that x ( x l , N / x l N )  = ~ ( x ' ,  M / x l M )  - ~ ( x ' ,  C ) ,  and 
x(xr, C)  = ~ ( x ' ,  (0 : X I ) M ) ,  and thus 

Now we apply 4.6.5(a) and (c) to see that 

Finally, by induction on i, it follows from 4.6.5(a) and (b), and the exact 
sequences 

that ~ ( x ,  (0 : xi),,,) = 0 for all i. This, together with (2) and (3), completes 
the proof. 

If the sequence x generates the ideal ( x )  minimally, then the Koszul 
homology H.(x,M) depends only on the ideal (x ) .  By 4.6.4, the same 
holds for the multiplicity symbol. Much more is true: 

Theorem 4.6.6 (Serre). Let (R, m )  be a Noetherian local ring, M afinite R- 
module, x = X I , .  . . , x, a multiplicity system of M ,  and 1 the ideal generated 
by x. Then 

e(1, M )  f x  is a system of parameters of M ,  
x(x' = { 0 otherwise. 

Taking into account 4.6.4 we see that for any system of parameters x 
of M the numbers e(x, M ) ,  e ( (x ) ,  M )  and ~ ( x ,  M )  are all the same. 

PROOF OF 4.6.6. Let K. = K.(x, M )  be the Koszul complex, and for each 
integer m let Kjm) he the subcomplex 

of K.. We first claim that K ! ~ )  is exact for all m >> 0: for a fixed integer 
i its i-cycles are Z;(Kjm)) = Zi(K.) n lm+"-jK,. By the Artin-Rees lemma 
([230], Theorem 8.5) we have 

for all m >> 0. We may pick mo large enough for this equality to hold 
simultaneously for all i and all m 2 mo. 

Now let m 2 mo, and z E Z ~ ( K ! ~ ) ) ;  then z = I:=, xizi with zi E 
Zi(K.) n lm+"-" K . L et el,. ..,en he a basis of Kl(x ,R)  with d,(ei) = xi 
for i = I , .  ..,n, where d, denotes the differential of K.(x,R). Then 

= I 1  e..z. E Im+n-f-lK. 
,=I I r ,+I and d x , ~ ( w )  = z. Thus K!m) is indeed exact. 

It follows from this, the exact sequence of complexes 
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and the exactness of K?), that H.(K.) " H.(K./K.@)); hence x ( x , M )  = 

C:=O(-l)if(~i(~./~!m))). However, since K ~ / K , ( ~ )  is of finite length for 
all i - its length is actually ( 7 )  t (M/lm+"- 'M) - we have 

and thus for m >> 0: 

= { ; ( I ,  M )  if dim M = n, 
if dim M < n; 

see 4.5.2, and use that the application of A decreases the degree of a 
polynomial function by 1. 

Let (R ,m)  be a Noetherian local ring, and 1 an ideal of definition of 
R. We fix an integer q, and denote by X , ( R )  the full subcategory of the 
category A ( R )  of finite R-modules whose dimension is at most q. We 

Corollary 4.6.7. The (modified) multiplicity eq( l ,  M )  is an additive function 
on the category X q ( R ) ,  that is, e,(l, M )  = eq( l ,M1)  + e,(l ,Mn) for all 
exact sequences 0 + M' + M - M" + 0 in X , (R) .  

h m ~ .  Without loss of generality we may assume that R l m  is infinite. 
For otherwise we may extend the residue class field of R ;  see the proof 
of 4.1.10. 

We may further assume that the module M in the above exact se- 
quence has dimension q. By 4.5.10 there exists a system of parameters 
x = X I , .  . . , x, of M such that ( x )  is a reduction ideal of 1 with respect 
to M. Now 4.5.10 and 4.6.6 imply that e,( l ,M) = ~ ( x ,  M ) .  According 
to Exercise 4.5.11 the ideal ( x )  is a reduction ideal of 1 with respect 
to M' and M" as well. Hence we also have e,(l, M')  = ~ ( x ,  M') and 
e,(l, M") = ~ ( x ,  M"). Thus the result follows from 4.6.5. 

Corollary 4.6.8. Let (R ,m)  be a Noetherian local ring, 1 an ideal of defini- 
tion of R, and M afinite R-module of dimension 5 q. Then 

where the sum is taken over all prime ideals p with dim R l p  = q. 
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PROOF. The module M has a filtration 0 = Mo c MI c ... c M,-I c 

M, = M such that Mi/Mi-I 2 R/pi for i = l , . .  . ,r .  Of course, 
dimRlp, 2 q for all i. Thus by the previous corollary we have 
e,(l,M) = C:=l e,(l,R/p,). Only those summands contribute to the 
sum for which dim Rip, = q. Fix a prime ideal p with dim R/p = q. 
Then the number of integers i for which p = pi equals the length of 
M,, as can be easily seen by localization at p. This proves the formula 
asserted. 

As an important special case of the previous result we have 

Corollary 4.6.9. Let (R,m) be a Noetherian local ring, M afinite module 
of positive rank, and I an m-primary ideal of R. Then 

e(1, M) = e(1, R) rank M 

In particular, e(M) = e(R) rank M 

P ~ m r .  Let r = rank M. By virtue of 1.4.3 we have M, " R;, for all prime 
ideals p of R with dim R/p = d. In particular M has maximal dimension, 
and so e(1, M) = ed(1, M), d = dim R. Therefore 4.6.8 yields 

e(1,M) = x f(M,)e(I, Rip) = 1 r f(R,)e(l, Rip) = e(1, R) rank M. 
P P 

Here the sums are taken over the prime ideals p with dim Rlp  = d. 

Partial Euler characteristics. One remarkable consequence of 4.6.4 is the 
following: let (R, nt) be a Noetherian local ring, M a finite R-module, and 
x a multiplicity system of M. Then x(x,M) = xi(-l) 'f(Hi(x, M)) t 0. 

One defines for all j 2 0 the partial Euler characteristics 

xj(x, M) = x(-l) ' - '  !(Hi@, M)) 
irj 

of M with respect to x. Surprisingly, all the partial Euler characteristics 
are non-negative, as shown by Serre ([289], Appendice 11). We only prove 
the result for XI  (see however Remark 4.6.12). 

Theorem 4.6.10 (Serre). Let (R,m) be a Noetherian local ring, M ajinite 
R-module, and x a multiplicity system of M. 
(a) XI(X, M) t 0, or equivalently, f(M/xM) 2 z(x,M). 
(b) Assume in addition that x is a system of parameters of M. Then the 
following conditions are equivalent: 

(i) XI(X,M) = 0; 
(ii) HI (x, M) = 0; 
(iii) Hi(x, M) = 0 for i t 1 ; 
(iv) x is an M-sequence; 
(v) M is Cohen-Macaulay. 
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PROOF. Let x = XI,..  .,x,. We prove (a) by induction on n: if n = 1, then 
XI(XI, M) = !(Hl(xl; M)), and the assertion is trivial. Now let n > 1, and 
set x' = XL,. . . ,x.. Notice that ~ ( x ,  M) = !(M/xM) - xl (x, M), whence 

in view of equation (1) above. By induction xl(xl, MlxlM) 2 0, and since 
~ ( x ' ,  (0 : x l ) ~ )  t 0, the assertion follows. 

(b) The equivalence of tlie statements (ii)-(v) was shown in 1.6.19 and 
2.1.2, and (iii) * (i) is obvious. We now prove the implication (i) =. (v). 
Suppose that M) = 0; then (4) implies 

XI(X', MlxlM) = 0 and x(x', (0 : x l ) ~ )  = 0. 

By induction we may assume that M/xlM is a Cohen-Macaulay module 
of dimension u -  1. It  remains to show that (0 : x l ) ~  = 0. Set MI = 

M/(O : x l ) ~ ;  then the snake lemma applied to the commutative diagram 

yields the exact sequence 

'P 
0 + (0 : XI)M 4 (0 : X I ) M  4 (0 : XI)M,  

'I' 
+ (0 : X I ) M  + MIxlM 4 M I ~ X I M I  + 0 

It is clear that a, is an isomorphism. We claim that y, = 0. In- 
deed, it follows from 4.6.4 and 4.6.6 that dim(0 : x l ) ~  < n - 2 since 
~ ( x ' ,  (0 : XI)M)  = 0. On the other hand, dimR/p = n - 1 for all 
p E Ass(M/x,M) since MIx lM is Cohen-Macaulay; see 2.1.2. Therefore 
Hom((0 : x 1 ) ~ , M / x l M )  = 0 by 1.2.3. 

We obtain the isomorphisms 

M/xlM 2 MlIxlMl and (0 : xl)M 2 (0 : x l ) ~ ,  

It follows from (1) that 

and hence the analogous equation for MI and the isomorphisms give us 
XI  (x, MI)  = X I  (x, M) = 0. 

Repeating these arguments we obtain a sequence of modules M,, 
defined recursively by M, = M.-l/(O : with 

M,,/xlM," M,-I/xIM,-I and (0 : XI)M" " (0 : XI)M"-, 



192 4. Hilbert functions and multiplicities 

Consider the composition M + MI + ... + M,_I + M. of the canon- 
ical epimorphisms. A simple inductive argument shows its kernel is 
(0 : x;)M. Since M is Noetherian there exists a n  integer m such that 
(0 : X ~ ) M  = (0 : x ; l + l ) ~ ,  and so  the canonical epimorphism M, + M,+] 
must be an  isomorphism; therefore (0 : ~ I ) M ~  = 0. But then, as required, 

Combining 4.6.9 and 4.6.10 we obtain the following Cohen-Macaulay 
criterion for modules: 

Corollary 4.6.11. Let (R,m) be a Noetherian local ring, M a j n i t e  R- 
module of positiue rank, and I an ideal generated by a system of parameters 
of R. 
(a) I ( M / I M )  2 e(1,R) rank M.  
(b) M is Cohen-Macaulay if and only i f I ( M / I M )  = e(1,R)rank M .  
(c) Suppose R is Cohen-Macaulay; then M is Cohen-Macaulay ifand only 
i f I ( M / I M )  = I (R/I )  rank M. 

Remark 4.6.12. The positivity of the partial Euler characteristics can be 
easily proved in an  important special case. Let (R,m, k) be a Noetherian 
local ring containing a field, M a finite R-module, and x a multiplicity 
system of M.  Then ~ , ( x ,  M)  2 0 for all j 2 0, and if xj(x,M) = 0 for 
some j ,  then Hi(x, M )  = 0 for all i 2 j .  

For the proof we may assume that R is complete since homology 
commutes with completion, so that H.(x, M) " H.(x, M)-2  H.(x,M). 
The last isomorphism is valid since H.(x, M )  has finite length. 

Now, as we assume that R is complete and contains a field, the ring R 
even contains its residue class field; see A.20. Let A = k[[X1,. . . , X J ,  and 
define a ring homomorphism y, : A + R by y,(Xi) = xi for i = I, .  . . , n. 
We may view M as  an  A-module via q. It is then clear that M is a finite 
A-module, and that H.(X,,. . . , X,,; M )  * H.(x, M). In  other words, we 
may assume that x is an  R-sequence (replace R by A). 

We prove the assertions by induction on j .  For j = 0 and j = 1 we 
know the result from 4.6.6 and 4.6.10. Now we let j > 1, and consider an  
exact sequence 

0 - U - F - M - 0  

where F is a finite free R-module. Then, owing to 1.6.1 1 and the 
assumption that x is R-regular, it follows that H,(x,M) " H,-~(x,  U) for 
all i > 1. Therefore z,(x,M) = ~j - l (x ,  U), and the proof is complete by 
our induction hypothesis. 

Exercises 

4.6.13. (a) Let (R,m) be a Noetherian reduced local ring. Verify e(R) = C, e(R/p) 
where the sum is taken over all prime ideals p with dimR/p = dimR. 
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(h) Let k be a field. Compute the multiplicity of 

~UXI , .  .. ,XnIII(X~X2.X2X3,. . . , X , - I X ~ , X J I ) .  

Hint: apply 4.3.17. 
4.6.14. Let (R,rn) be a Noetherian local ring of dimension d, M a maximal 
Cohen-Macaulay R-module, x a system of parameters of R, and n an integer 
such that nP c (x). Show that f(M/xM) < n$(M). 
4.6.15. (a) Let k be a field, and assume that R = k[[XI,. . . ,X,n/l is a domain of 
dimension d with quotient field L. Let y = y , ,  . . . , yd be a system of parameters 
of R. The subring A = k b , ,  . . . , ydn of R is regular and R is a finite A-module; 
see A.22. We denote by K the quotient field of A. 
(a) Show that [L : K] s /(R/(y)). Equality holds if and only if  R is Cohen- 
Macaulay. 
(b) Formulate and prove a similar statement for graded k-algebras. 
4.6.16. In this exercise we want to use the criterion 4.6.15 in a concrete situation. 
(a) Let k be a field, and k(Xl,. . .,X,) the rational function field in n variables 
over k. For a vector v = (al, .. .,a,) in Z" we set XU = Xp' . - - XF. If 01,. . . ,v, are 
vectors in F, show that 

Hint: use the theory of elementary divisors. 
(b) Let m,,. . . ,m, he monomials in XI, . .  .,X,, and consider the snbring R = 

k[rn,,. .. ,m,] of the polynomial ring k[X,,.. . ,X,] .  (Such a ring is called an affine 
semigroup ring and will be studied more systematically in Chapter 6.) Assume 
that 

(i) Q(R) =  XI,. . . , X J ,  
(ii) there are monomials w,,. . . ,w, t R such that /(R/(wl,. . ., w,)R) < m. 

Let w, = X" for i = 1,. .. , n; prove that R is a Cohen-Macaulay ring if and only 
if 1 det(v,,.. .,v,)l equals the number of all monomials in R not belonging to the 
ideal of monomials (w,,. .. , w,). 
(c) Apply this criterion to show that the ring ~ [ x ' Y , x ~ Y , X Y , X Y ~ , X Y ~ ]  is 
Cohen-Macaulay, but that k[X3,XZY,XY,XY2, Y3] is not. 
4.6.17. Let (A,m) be a regular local ring, I c m an ideal and R = All. The 
R-module I/I"s called the cotangent module of R. 
(a) Suppose R is Cohen-Macaulay and generically a complete intersection, that 
is, R, is a complete intersection for all minimal prime ideals p 6 SpecR. Prove 
that rankI/12 = heightl. 
(b) Let B be a local ring, and J c B a proper ideal. The pair (J,B) is called an 
embedded deformation of(1,A) if there exists a B-sequence x such that A 2 BlxB, 
I = JA, and x is a BIJ-sequence too. 

Suppose dim A11 = 0 and emhdim A11 = n. If (I, A) has an embedded 
deformation (J,B) such that B I J  is generically a complete intersection, show 
/(Il l2) 2 n/(A/I). 
(c) Let k be a field, and I c  XI,. . . ,X,] an ideal generated by monomials 
containing a power of each indeterminate. Show the number of monomials not 
contained in I2 is greater than or equal to n + 1 times the number of monomials 
not contained in I .  Equality holds if I is generated by powers of the X,. 
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Notes 

In his famous paper ' ~ b e r  die Theorie der algebraischen Formen' 11451 
published a century ago, Hilbert proved that a graded module over a 
polynomial ring has a finite graded free resolution, and concluded from 
this fact that the function (which we now call the Hilbert function) is of 
polynomial type. The influence of this paper on commutative algebra has 
been tremendous. Till today both free resolutions and Hilbert functions 
have fascinated mathematicians, and many problems still remain open. 

For many applications it is more convenient to consider the so-called 
Hilbert series of a graded module. This point of view is stressed in 
Section 4.1. Stanley calls the (finite) coefficient vector of the numerator 
of this rational function the h-vector of the module. Its significance 
became apparent in Stanley's work on combinatorics. An introduction 
to this aspect of commutative algebra is given in Stanley's monograph 
[309] which is well-known as the 'green book'. Certainly Stanley's work 
initiated a new interest in Hilbert functions; other important motivations 
come from algebraic geometry. 

Graded free resolutions determine the Hilbert function, but the con- 
verse is not true, except when the module has a pure resolution. This is 
the content of 4.1.15 which is taken from Herzog and Kiihl 11321 and 
Huneke and Miller [182]. 

The next two sections are based on the paper [305] in which Stanley 
states Macaulay's theorem on Hilbert functions in the form presented in 
this book. We also took 4.3.1 and 4.3.8 from this article. The latter result 
is Stanley's beautiful theorem characterizing graded Gorenstein domains 
by their Hilbert function. Theorem 4.3.1 1 appears in an article of Stanley 
[311] with the hypothesis that R be a domain. Our slightly more general 
version was given by Hibi [144]. 

Macaulay's article 'Some properties of enumeration in the theory of 
modular systems' [222] appeared in 1927, and has become a source of 
inspiration in commutative algebra and comhinatorics; see for instance 
Sperner [302], Whipple [333], Clements and Lindstrom [56], Elias and 
Iarrobino [80], Stanley [305], Hibi [141], Green [114], and Gotzmann 
[112]. 

In the first part of his paper Macaulay shows that the Hilbert function 
of a homogeneous ring arises as the Hilbert function of a polynomial ring 
modulo an ideal which is defined by monomials. For his proof Macaulay 
ordered the monomials, and thereby introduced implicitly (and possibly 
for the first time) what nowadays is called a Grobner basis. The reader 
should consult the article of Buchberger [48] in which he describes an 
algorithm to determine the Grobner basis of an ideal. Robbiano [264] is 
a survey of this topic. 

Macaulay's main result in [222] however is the inequality H(R, n+l) < 
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H(R,n)(") which characterizes the Hilbert functions of homogeneous k- 
algebras. As a note preceding it Macaulay writes: 'This proof of the 
theorem which has been assumed earlier is given only to place it on 
record. It is too long and complicated to provide any but the most 
tedious reading.' We present Green's proof [I141 of Macaulay's theorem 
which is less computational than the original. With similar techniques 
Green proved Gotzmann's regularity and persistence theorem; see [114] 
and Gotzmann [I 121. 

In his article 12761, Samuel laid the foundation of modern multiplicity 
theory. He was the first to apply Hilbert's theory to the associated graded 
ring of an m-primary ideal I in a Noetherian local ring (R,m). This led to 
the so-called Hilbert-Samuel function, and provided the definition of the 
multiplicity of R with respect to I. In this context the notion of reduction 
ideals, invented and investigated by Northcott and Rees in [249], plays 
an important role. Our Proposition 4.5.8, though formulated for modules, 
is taken from this paper. In a special case 4.5.8 says that the multiplicity 
of a module with respect to an ideal equals the multiplicity of the module 
with respect to a suitable system of parameters. This had already been 
observed by Samuel in [276]. More information on reduction ideals and 
related questions can be found in Sally's book [275]. 

As a measure of the complexity of an ideal I may serve the analytic 
deviation A ( I )  -height I. Ideals of analytic deviation zero are called equi- 
multiple. The interested reader may consult the monograph by Herrmann, 
Ikeda, and Orbanz [129]. Ideals with small analytic deviation have been 
studied by Huckaba and Huneke [173], [174], and Vasconcelos [327]. 

The question of when the Rees ring or the associated graded ring of 
an ideal is Cohen-Macaulay has been of central interest in commutative 
algebra. The problem is well understood for ideals generated by d- 
sequences. This notion, introduced by Huneke, generalizes the notion of 
a regular sequence considerably, but still guarantees that the Rees ring 
of an ideal I generated by a d-sequence is isomorphic to the symmetric 
algebra of I; see Huneke [I761 and Valla [322]. The reader who wants 
more information on d-sequences is referred to the articles by Huneke 
[179], and Herzog, Simis, and Vasconcelos 11351, [136]. 

Other approaches to the Rees ring and associated graded ring of 
an ideal can be found in the papers by Bruns, Simis, and Trung [46], 
Eisenbud and Huneke 1791, Goto and Shimoda [108], Huneke 11781, 
lkeda 11871, [188], Trung and Ikeda [189], Valla [321] and Vasconcelos 
13251. A comprehensive account of the recent developments in this area 
is given in Vasconcelos' monograph [326]. 

Most important is Serre's theorem 4.6.6 which relates the multiplicity 
to the Euler characteristic of the Koszul complex. Serre proved this result 
in the mid-fifties. The notes [289] by Gabriel of Serre's course at the 
Coll6ge de France were published 1965. Auslander and Buchsbaum, in 
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their classic paper [12], proved a version of Serre's theorem for arbitrary 
Noetherian rings, and gave an axiomatic description of the multiplicity. 
In Section 4.6 we follow this axiomatic approach, and introduce the 
multiplicity symbol. This terminology stems from Northcott who, in his 
book [247], systematically developed multiplicity theory from the formal 
properties of this symbol. 

Corollary 4.6.11 is taken from [12]. In our presentation it is a 
consequence of the fact that the first truncated Euler characteristic XI  of 
the Koszul complex is non-negative. Serre [289] proves this not just for 
the first but also for the higher truncated Euler characteristics. We only 
show the non-negativity of (see 4.6.10), following Lichtenhaum [219]. 
In writing this part of the section we consulted the article [301] of Simis 
and Vasconcelos. 

The Koszul homology can be interpreted as a Tor of modules, and 
this leads to a far reaching generalization: the intersection multiplicity of 
modules introduced by Serre [289]; see Remark 9.4.8. 

Part I1 

Classes of Cohen-Macaulay rings 



5 Stanley-Reisner rings 

This chapter is an introduction to 'combinatorial commutative algebra', a 
fascinating new branch of commutative algebra created by Hochster and 
Stanley in the mid-seventies. The combinatorial objects considered are 
simplicial complexes to which one assigns algebraic objects, the StanIey- 
Reisner rings. We study how the face numbers of a simplicial complex are 
related to the Hilbert series of the corresponding Stanley-Reisner ring. 
This is the basis of all further investigations which culminate in Stanley's 
proof of the upper bound theorem for simplicial spheres. It turns out that 
most of the important algebraic notions introduced in the earlier chapters. 
such as 'Cohen-Macaulay', 'Gorenstein', 'local cohomology', and 'Hilbert 
series', are the proper concepts in solving purely combinatorial problems. 
Other applications of commutative algebra to combinatorics will be given 
in the next chapter. 

5.1 Simplicia1 complexes 

The present section is devoted to introducing the Stanley-Reisner ring 
associated with a simplicial complex, and studying its Hilbert series. The 
most important invariant of a simplicial complex, its f-vector, can be 
easily transformed into the h-vector, an invariant encoded by the Hilbert 
function of the associated Stanley-Reisner ring. It is of interest to know 
when a Stanley-Reisner ring is Cohen-Macaulay, because then the results 
about Hilbert functions of Chapter 4 may be employed to get information 
about the f-vector. In concluding this section we show that the Stanley- 
Reisner ring of a shellable simplicial complex is Cohen-Macaulay, and 
study systems of parameters of such a ring. 

Definition 5.1.1. Let V = {u, ,  . . . , v,) be a finite set. A (jinite) simplicial 
complex 4 on V is a collection of subsets of V such that F t A whenever 
F c G f o r s o m e  G E  A ,  and such that {ui} E A f o r i =  1, ..., n. 

The elements of A are called faces, and the dimension, dim F, of a face 
F is the number IF( - 1. The dimension of the simplicial complex 4 is 
dimA =max{dimF: F E A ) .  

Note that the empty set 0 is a face (of dimension -1) of any non- 
empty simplicial complex. Faces of dimension 0 and 1 are called vertices 
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and edges, respectively. The maximal faces under inclusion are called the 
facets of the simplicial complex. 

Given an arbitrary collection {Fl,. . . , F,} of subsets of V there is 
a (unique) smallest simplicial complex, denoted by (F1,. . . , F,) ,  which 
contains all Fi. This simplicial complex is said to be generated by 
FI, . . . , F,. It consists of all subsets G c V which are contained in some 
Fi. A simplicial complex generated by one face is called a simplex. 

Each simplicial complex has a geometric realization as a certain subset 
(composed of simplices) of a finite dimensional affine space. This explains 
the geometric terminology introduced above. Geometric realizations will 
be discussed in the next section. As an example consider the octahedron 
with vertex set {vr,. . ., 06) (Figure 5.1). Its facets are the sets {vl, v3, u4}, 

Figure 5.1 

{VI. ~ 4 ,  US}. {VI, VS,U~},  {VI. 03. ~6}, {v2,03, v4}, (~2.04, US}, {UZ, US. 06}, and 
{u2,~3,~6}. 

An important class of simplicial complexes arises from finite sets with 
partial order 5, called posets for short. The order complex A(n) of a 
poset II is the set of chains of n .  Recall that a subset C of Ii' is a chain 
if any two elements of C are comparable. Obviously, A(n) is a simplicial 
complex. 

For example, if we order the elements of the set {q , .  . . , us} according 
to Figure 5.2, then the order complex of the corresponding poset has the 
facets {UI, u2,v3, us} and {VI,UZ, u4, US}. 

Stanley-Reisner rings and f-vectors. Now let A be an arbitrary simplicial 
complex of dimension d - 1 2 0 on a vertex set V. We denote by f i  the 
number of i-dimensional faces of A. We have f o  = / V J ,  and f - ~  = 1 since 
0 E A.  The d-tuple 

f(A) = lfn,fl , . . . , f d -~ )  

5.1. Simplicia1 complexes 

Figure 5.2 

is called the f-vector of A .  For example, the octahedron has the f-vector 
(6,12,8), while the above order complex has the f-vector (5,9,7,2). 

The possible f-vectors of simplicial complexes have been determined 
by Kruskal [205] and Katona [196]. Given two integers a,d > 0, let 

k(d) > k(d - 1) . . . > k(j) 2 j 2 1, be the unique d-th Macaulay 
representation of a ;  see 4.2.6 and the definition following 4.2.7. We set 

Then Ifn, f l ,  . . . , fd-1) E Zd is the f-vector of some (d - 1)-dimensional 
simplicial complex if and only if 

o < J J ,  o 5 i < d - 2. 

However, if we consider more restricted classes of simplicial complexes, 
for instance those simplicial complexes whose geometric realization is a 
sphere, new constraints appear; this will be the topic of the next sections. 
It turns out that the Stanley-Reisner rings are the appropriate tool to 
attack these problems. 

Definition 5.1.2. Let A be a simplicial complex on the vertex set V = 

{vl, . . . , v,}, and k a ring. The Stanley-Reisner ring (or face ring) of the 
complex A (with respect to k) is the homogeneous k-algebra 

where Id is the ideal generated by all monomials Xi, Xi, . . . Xib such that 
{uil,vii3...,vi,} 6 A. 

The choice of the letter k in the definition indicates that, with a few 
exceptions, we usually have in mind a field for the coefficient ring of a 
Stanley-Reisner ring. 
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Note that Id is generated by squarefree monomials. On the other 
hand, if I c (XI,. . . , X,)2 is any ideal which is generated by squarefree 
monomials, then  XI, . . . , X,]/I " k[A] for some simplicial complex A .  

The correspondence between simplicial complexes and squarefree 
ideals is inclusion reversing: if A and A' are simplicial complexes on 
the same vertex set, then A c A' o In, c Id. 

Throughout this chapter we will assume, unless otherwise stated, that 
V = {vl,. . . , v,} is the vertex set of the simplicial complex A. 

Example 5.1.3. Let P = {uI,.. .,on} be a poset, and A the order complex 
of P. Then I d  is generated by all monomials XiX, for which vi and v, 
are incomparable. In the above example, Id = (X3X4). 

The dimension of a Stanley-Reisner ring can he easily determined. 

Theorem 5.1.4. Let A be a simplicial complex, and k afield. Then 

where the intersection is taken over all facets F of A, and (pF denotes the 
(prime) ideal generated by all Xi such that vi $ F. In particular, 

dim k[A] = dim A + 1. 

PROOF. By Exercise 4.3.17, k[A] is reduced, and hence Id is the intersection 
of its minimal prime ideals; by Exercise 4.3.15, all these ideals are 
generated by subsets of {XI,. ..,X,,}. Let $3 = (Xi,,. ..,Xis); notice that 
I d  c (p if and only if {UI ,..., v,} \ {vi ,,... ,vis} is a face of A ,  and that 13 
is a minimal prime ideal of IA if and only if {uI,. . . , v,}  \ {ui,,. . . , vi,) is a 
facet. 

A simplicial complex A is pure if all its facets are of the same 
dimension, namely dim A, and A is called a Cohen-Macaulay complex 
over k if k[A] is a Cohen-Macaulay ring. We say that A is a Cohen- 
Macaulay complex if A is Cohen-Macaulay over some field. According 
to Exercise 5.1.25, A is a Cohen-Macaulay complex over every Cohen- 
Macaulay ring k if and only if Z[A] is Cohen-Macaulay. 

As a consequence of 2.1.2 and the previous theorem we obtain 

Corollary 5.1.5. A Cohen-Macaulay complex is pure. 

We are going to relate the f-vector of a simplicial complex to the 
Hilbert series of k[A]. To this end we introduce a Zn-grading or fine 
grading on k[A]. 

More generally, let (G,+) be an abelian group. A G-graded ring is 
a ring R together with a decomposition R = R. (as a Z-module) 
such that R,Rb c Ru+b for all a, b t G. 
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Similarly one defines a G-graded R-module, the category of G-graded 
R-modules, G-graded ideals etc. simply by mimicking the corresponding 
definitions for graded rings and modules with G = Z ;  see Section 1.5. If 
M is a G-graded R-module, then x E M is homogeneous (of degree a t G) 
if x E M,, and we set deg x = a. 

Example 5.1.6. The polynomial ring R =  XI,.. .,X.] has a natural 
Zn-grading: for a = (al,. ..,a,,) E Z", ai z 0 for i = I, .  ..,n, we let 
R, = {cXa : c t k} be the a-th homogeneous component of R, and set 
& = 0 if ai < 0 for some i. Here, Xa = Xf'  . . .X? for a = (al,. . . ,an).  
Note that the Z"-graded ideals in R are just the ideals generated by 
monomials, and the Zn-graded prime ideals are just the finitely many 
ideals which are generated by subsets of {XI,. . . , X.}. 

Let I c R be an ideal generated by monomials. Since I is Zn- 
graded, the factor ring R/I inherits the natural Zn-grading given by 
(RII), = &/I, for all a E Z". In particular, Stanley-Reisner rings are 
Zn-graded in this way. 

Now let R be an arbitrary Zn-graded ring, and M a Zn-graded R- 
module. Each homogeneous component M, of M is an Ro-module. Just 
as for Z-graded modules we define the Hilbert function H(M, 3 : Zn 4 Z 
by H(M,a) = ((Ma), provided all homogeneous components of M have 
finite length, and call H M ( ~ )  = H(M,a)ta the Hilbert series of M. 
Here t = (t,,. . . , t.) where the ti are indeterminates, and tn = t;' . . . t: for 
a = (al,. . . ,an). 

For example, the Zn-graded polynomial ring R =  XI,. . . ,X,] has 
the Hilbert series 

1 
H R ( ~ )  = c = n(t -ti)- . 

~ E W "  i=l 

Let us return to Stanley-Reisner rings. Given a simplicial complex A, 
we denote by xi the residue classes of the indeterminates Xi in k[A]; then 
k[A] = k[xl,. . . ,x,]. 

We define the support of an element a E Zn to be the set suppa = 

{v, : ai > 0). If xY and xh are non-zero monomials (with non-negative 
exponents) in xl, .  . .,x,,, then xa = xb if and only if a = b. There- 
fore, without ambiguity, we may set suppxY = suppa for any non-zero 
monomial. 

Note that x" # 0 if and only if suppa E A, and that the non-zero 
monomials xn form a k-basis of k[A]. Therefore, 

Hk[nl(t) = x to = x C fa.  

atN" FtA utN" 
suppaEd suppo=F 
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If F = 0, then 1 ,,,,,=,ta = 1, and if F # 0, then 1 ,,,,,=F ta = 

n,,,F ti/(l -ti). Thus, if we understand that the product over an empty 
index set is 1, we get 

We are actually interested in the Hilbert series of k[A] as a homoge- 
neous Z-graded algebra. Note that for all i E Z we have 

where a = a! + . . . + a, for a = ( a ~ , .  . . ,an). (This relation explains the 
alternative terminology 'fine grading' for '22"-grading:) 

It follows that the Hilbert function of k[A] with respect to the Z- 
grading is obtained from (1) by replacing all ti by t. Thus we have 
shown 

Theorem 5.1.7. Let A be a simplicial complex with f -vector ifo,. . . , fd-1). 
Then 

From the Hilbert series of k[A] we can read off its Hilbert function: 

We note the following interesting fact: H(k[A], n) is a polynomial function 
for n > 0, and hence coincides with the Hilbert polynomial for all n 2 0 
except possibly for n = 0. Evaluating xfiL fi("yL) at n = 0 gives 

the so-called Euler characteristic of A. Thus the Hilbert function and 
the Hilbert polynomial of A agree for all n 2 0 if and only if z(A) = 1. 
The geometric significance of the Euler characteristic will become clear 
in 5.2.17. 

Two other conclusions can be drawn from 5.1.7. First, we recover that 
dim k[Al = d since the degree of the Hilbert polynomial Pk[d](t) is d - 1; 
secondly, we see that the multiplicity of k[A] equals fd-1, the number of 
facets of A. 
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The h-vector. Recall from 4.1.8 that a homogeneous k-algebra R of 
dimension d has a Hilbert series of the form H R ( ~ )  = Q ~ ( t ) / ( l  - t)d where 
QR(t) is a polynomial with integer coefficients. Let A be a simplicial 
com~lex. and write 

The finite sequence of integers &(A) = (ho, hi,. . .) is called the h-vector of 
A. 

A comparison with 5.1.7 yields 

Lemma 5.1.8. The f-vector and h-vector of a (d-I)-dimensional simplicial 
complex A are related by 

I n  particular, the h-vector has length at most d, and for j = 0,. . . ,d ,  

J d - i  J d - i  , = - I (  j - i  ).-I and fj-1 = 5 ( .)hi, 
i=O 

J - 1 

PROOF. Comparing the coefficients in the polynomial identity gives the 
formula for the h, in terms of the fi. In order to prove the inverse relation 
replace t by s/(l +s). Then the above polynomial identity transforms into 

from which one obtains the last set of equations. 

The octahedron has f-vector (6,12,8). Applying 5.1.8 we see that its 
h-vector is (1,3,3, I). 

We single out some special cases of the above equations: 

Corollary 5.1.9. With the assumptions of 5.1.8 one has 

d 

ho = 1, hl = f o  - d, kd = (-l)d-l(X(~) - 1) and C h i  = fd-1. 

i=o 

Since the f-vector and h-vector of a simplicial complex determine 
each other, bounds for the h-vector implicitly contain certain constraints 
for the f-vector. We treat an important case: 
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Theorem 5.1.10. Let A be a (d - 1)-dimensional Cohen-Macaulay complex 
with n vertices and h-vector (ho,. . . , hd) .  Then 

PROOF. Let R = k[A], where k is a field for which k[A] is Cohen-Macaulay. 
We may assume that k is infinite. Then, since R is Cohen-Macanlay, there 
exists an R-sequence x of elements of degree 1 such that R = dim R/xR 
is of dimension 0; see 1.5.12. Now it follows from 4.1.11 that hi = H(R,~)  
for all i. This implies already that hi 2 0 for all i. 

Notice that R is generated over k by n - d elements of degree 1. 
Therefore, the Hilbert function of R is bounded by the Hilbert function 
of a polynomial ring in just as many variables. This yields the second 
inequality. 

To illustrate the theorem consider the simplicial complex A in Figure 
5.3 with facets FI = {UI,VZ, 03) and F2 = { u I , u ~ ,  v5}. We have f (A)  = 

Figure 5.3 

(5,6,2), and so h(A) = (1,2,-1,l). It follows that A is not a Cohen- 
Macaulay complex. 

Shellable simplicial complexes. The previous theorem will be of real use 
only when we are able to exhibit interesting classes of Cohen-Macaulay 
complexes. Such a class is given in the following definition. 

Definition 5.1.11. A pure simplicial complex A is called shellable if one 
of the following equivalent conditions is satisfied: the facets of A can be 
given a linear order Fl,  . . . , F, in such a way that 
(a) (Fi) n (F , ,  . . . , Fi-I) is generated by a non-empty set of maximal proper 
faces of (F,) for all i, 2 I i I m, or 
(h) the set {F : F E (F1, ..., F,), F # (FI,. ..,F,-I)} has a unique minimal 
element for all i, 2 I i 5 m, or 
(c) for all i, j, 1 I j < i 5 m, there exist some v E F, \ F, and some 
k E {1,2,. . . , i - l}  with Fi \ F k  = {v). 

A linear order of the facets satisfying the equivalent conditions (a), 
(h), and (c) is called a shelling of A .  
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Let us check that these conditions are indeed equivalent: 
(a) - (b): We may assume that Fi = {ul,. . . ,urn}, and that (F,) n 
(FI,. .  ., Fi-l) is generated by the faces {v, ,..., v,-~,v,+l, ..., v,}, 1 I 
j I r I m. The unique minimal element in the set Si = { F :  F E 

(FI,. . . ,Fi),F # (FI,. . . , Fi-I)} is {v~ , .  . . ,vr}. 
(b) * (c): Let G be the unique minimal element in S,. Since G $ F,, 
there exists v t G\ F,. Then v E Fi \ F,, and it follows from the definition 
of G that there exists a k, 1 I k I i - 1, such that Fi \ F k  = {v}. 
(c) * (a): Let F E (F,) n (F,,. . . , Fi-I). Then F c Fi for some j < i. 
Let v E Fi \ F, as in (c). Then Fi \ {v} is a maximal proper face of (F,) 
belonging to (Fi) n (F1,. . . , Fi-~) and containing F. This proves (a). 

In Figure 5.4 the first simplicial complex is shellable, the second is not. 
Shellable simplicial complexes arise naturally in geometry; see Section 

Figure 5.4 

5.2. Other interesting classes arise from order complexes of certain posets. 
Here we discuss one important case. For this we need to introduce some 
more terminology: a (finite) poset is said to be bounded if it has a least 
and a greatest element, denoted 6 and 7 .  The poset is pure if all maximal 
chains have the same length, and graded if it is bounded and pure. In 
this case all unrefinahle chains between two comparable elements have 
the same length (Exercise 5.1.18). 

Let I7 be a poset, and v t I7. The rank of v, rank v, is defined to be 
the maximal length of all chains descending from v. The length of Ii' is 
the maximal rank of an element of IT. Let u, v t I7 ; we say that v covers 
u, written u < v, if u < v, and if there is no w E Ii' such that u < w < v. 

The poset Ii' is locally upper semimodular if whenever vl  and v2 cover 
u, and vl,v2 < v for some v E 17, then there is t E ll, t I v, which covers 
each of vl  and v2; see Figure 5.5. 
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Figure 5.5 

Theorem 5.1.12 (Bjomer). The order complex of a bounded, locally upper 
semimodular poset is shellable. 

PROOF. In a first step we shall prove that for every graded poset (II, 5 )  
the set W of maximal chains can he given a linear order R such that 

A 

for any two chains m , m ' ~ W ,  m : O = x o  < x l  < ... < x. = f and 
m ' : 6 = y o < y l  < . . . < y . = f w i t h x i = y i f o r i = O , l ,  ..., e , a n d  
x,+, f y,+l the following conditions are satisfied: 
(i) If {yo, yl,. . . , ye+]} is contained in a maximal chain m" and if m' <* m, 
then m" <" m; 
(ii) If m' \ {x,} is contained in some maximal chain m" with m" <* m 
but m \ {x,} is contained in no maximal chain m'" with m" <" m, then 
m' <* m. 

In a second step we shall see that such a linear order is a shelling 
of the order complex A(II), provided II satisfies the hypothesis of the 
theorem. 

First we prove by induction on the length n of II the existence of a 
linear order on W satisfying (i) and (ii). The assertion being trivial for 
n = 2, we may assume that n 2 3. We denote by II' the subposet of II 
consisting of the elements x E IT with rank x # n - 1. (The order <' of 
II' is induced by the order < of II, that is, for all x, y E II', x <' y if and 
only x < y.) Since II' is graded of length n - I, the induction hypothesis 
implies that there exists a linear order R' of the set of maximal chains YX' 
of II' satisfying (i) and (ii). Let mi, m;, . . .,mi be the elements of W' in 
their linear order. For m/ : 6 = xo < xi < . . . < x,-2 < 1 we define the set 
Ai = {z t II : x,-? < z < I), and the set Bi of all z E Ai for which there 
is an element y E 17 such that x,-3 < y < z and (mj \ {x.-2)) u {y} <" mj. 
Finally we let Ci = Ai \ Bi. Now we order the elements of Ai linearly 
in such a way that all elements of Bi are less than all elements of Ci. 
We label the elements of Ai, zil,ziz,. . . ,z i , ,  ai = /Ail, according to their 
order, and set m, = mj u { z v }  for i = 1,2,. . . , s  and j = 1,2,. . . ,ai. The 
lexicographic order of the indices determines a linear order R of the set 
W = {mu : 1 5 i I s, 1 I j I ai} of maximal chains of II. 
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We claim that R satisfies (i) and (ii). Indeed, let m,m1 E W, m : 6 = 

x o < x l < ~ . ~ < x . = i a n d m ' : 6 = y o < y l < . . . < y , = f w i t h x i = y i  
for i = 0,1,. . . ,e, and x,+l # ye+]. We distinguish two cases. 

In the first case suppose e + 1 = n - 1; then m' = mi, and m = mik 
for some i, j , k  with 1 I i I s and 1 I j, k I ai. Condition (i) is trivially 
satisfied since necessarily m" = m'. The hypothesis of condition (ii) implies 
y,-1 E Bi and x.-I E Ci. Therefore, j < k, and hence m' cR m. 

In the second case we assume that e +  1 < n 1. If {yo, yl,. . . , y,+l} c 
m" E W, then {yo, yl,. . . , y,+l} c (m" \ {z}) E W' where z E m", rank z = 

n- 1. Suppose now that m' <" m; then (m'\ {y,-l}) <"' (m\ {x.-I}), and 
thus, by the induction hypothesis, (mu \ {z}) <'' (m \ {x,-I}). But then 
m" <* m, and this proves condition (i). In a similar manner one checks 
condition (ii). 

Now suppose that II is a bounded, locally upper semimodular poset. 
By 5.1.18, II is pure and hence graded. Therefore, as we have just seen, 
the set W of maximal chains of II admits a linear order R satisfying 
the conditions (i) and (ii). In order to prove that this is a shelling of 
A ( I 7 ) ,  we consider m,m' E W, m: 6 = xo < xl < . . .  < x, = 7 and 
m' : 6 = yo < yl < . . .  < y, = f with m' <* m. Let d be the greatest 
integer such that xi = yi for i I d, and let g be the least integer for which 
Yd+l < Xg. 

Since II is locally upper semimodular there exists an element Zd+2 

which covers both yd+l and xd+l and such that Zd+2 < xg. If g > d + 2, 
we find again an element 2613 which covers zd+2 and xd+z and such that 
Z ~ + Z  < xa This process ends with z ,  = x,. Setting zd+] = yd+l we obtain 
Figure 5.6. By the choice of g we have ye # x, and z, # x, for all e, 

Figure 5.6 

d + 1 I e I g - 1. It remains to show that for some e in this range there 
is a maximal chain m" with mu m such that m \ {x,} c m". 

A 

F o r i = d + l , d + 2 ,  . . . ,g  -1 weletmi bethemaximalchainO=xo < 
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xl < . . . < < Z, < z , + ~  < . . . < z,-] < X, < X*+I < . . . < xn = i. 
As we assume that m' <' m, property (i) of S2 implies that md+1 <* m. 
Now, either m \ {xd+l} c m" for some maximal chain m" <* m as we 
want, or, otherwise, property (ii) of S2 implies that md+2 <' m. Again, 
if m \ {xd+z} c m" for some maximal chain m" <" m the proof is 
completed; otherwise md+3 <' m. Continuing this argument we conclude 
that either m \ {x,} is contained in some earlier maximal chain for some 
e, or m,-I cn m. In the latter case however, m \ {x,-~} c m,-] with 
mg-1 <' m, 

After this purely comhinatorial result we return to algebra 

Theorem 5.1.13. A shellable simplicial complex is Coken-Macaulay over 
every field. 

PROOF. The proof is based on the following simple observation: let I1 
and I2 he two ideals of a ring R. Then there exists an exact sequence of 
R-modules 

with a(a+lin12) = (a+ll,-a+l2), and P(a+ll,b+l2) = (a+b)+ll+12. 
Suppose moreover that R is a polynomial ring over a field, that Il and 
1 2  are graded ideals such that R/I1 and R/lr are d-dimensional Cohen- 
Macaulay rings, and that R/(ll + 12) is a (d - 1)-dimensional Cohen- 
Macaulay ring; then R / ( l ~ n l r )  is a d-dimensional Cohen-Macaulay ring. 
The proof of these statements is left to the reader. 

Let A be a shellable complex of dimension d - 1 (on the vertex set 
{vI, .  . . ,v,}), and F I , .  . . , F, a shelling of A.  By 5.1.4, we have Id  = nkl p,, 
where pFt is the ideal generated by all v, such that X, 4 F,. Set 

A, = ( 1 , .  . . , F,), 1 j m; then k[Aj] "  XI, . . . , x,]/ n!=l p,,. In 
fact, we may suppose that {vl,. . . , v,}, r I n, is the vertex set of (FI , .  . . , F,). 
For all i 5 j ,  let p,, he the ideal in  XI,. . .,X,] generated by all X,, 
s S r, such that X, @ p,,. Then 1),, = p,, + (X,+l, ..., X.) for all i 5 j ,  
and it follows from 4.3.16 that 

Therefore, k[A,] "  XI,. . . , X,1/ n{=l p,( " ~ [ X L , .  . . , Xnl/ n!=, P,,. 
We show by induction on j that A, is Cohen-Macaulay. If j = 1, then 

k[Al] is a polynomial ring, and there is nothing to prove. Now suppose 
that j > 1. The sequence (2) with 11 = p,, and 1 2  = (PF, yields the 
exact sequence 

5.1. Simplicia1 complexes 211 

It follows easily from Definition 5.1.11(a) and 5.1.19 that k[(F,) n A,-1] 
is isomorphic to a residue class ring of a polynomial ring in d variables 
modulo a single equation, and therefore is a Cohen-Macaulay ring of 
dimension d - 1. By our induction hypothesis k[Ai-~] is a d-dimensional 
Cohen-Macaulay ring. Finally, since k[Fj] is a d-dimensional polynomial 
ring (A is pure), it follows from the general properties of the sequence (2) 
that k[Aj] is Coheu-Macaulay. 

From the exact sequence (3) we easily derive a combinatorial interpre- 
tation of the h-vector of a shellahle simplicial complex, due to McMullen 
and Walkup [233]. 

Corollary 5.1.14. Let A be a (d - I)-dimensional shellable simplicial com- 
plex with shelling F,,. . . , F,. For j = 2,. . . , m, let r, be the number of facets 
of (F,) n (FI,. . . ,F,-I), and set rl = 0. Then 

In particular, up to their order, the numbers r, do not depend on the par- 
ticular shelling. 

PROOF. Set A, = (F1,.. ., F,), and write HkIdJl(t) = Qj(t)/(l - t)d. Then it 
follows from the sequence (3) that 

where Pj(t)/(l - t)d-l is the Hilbert series of (F,) f? A,-1. According 
to Exercise 5.1.19 one has P,(t) = 1 + t + . . .  + t'l-1; therefore, Q,(t) = 

Qj-~(t) + t'~. As Ql(t) = 1, it follows that Q,(t) = C,"=, t'~. This implies 
the assertion since the coefficient vector of Q,(t) is just the h-vector of A. 

Analysing the proof of 5.1.13 we see that we did not use all the 
properties of shellahility. It suffices to require that A is constructible which 
means that A can he obtained by the following recursive procedure: (i) 
any simplex is constructible, (ii) if A' and A" are constructible of the 
same dimension d, and if A'n A" is constructible of dimension d - 1, then 
A' u A" is constructible. 

It is clear that the following implications hold for simplicial complexes: 

shellahle =. constructible =. Cohen-Macaulay. 

Nevertheless the h-vectors of all these types of complexes are charac- 
terized by the same condition. For the next theorem recall the definition 
of a(") given before 4.2.8. 
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Theorem 5.1.15 (Stanley). Let s = (ho,. . . , hd) be a sequence of integers. 
The following conditions are equivalent: 

(a) ho = 1 and 0 5 hi+l 5 h!) for all i, 1 5 i 5 d - 1; 
(b) s is the h-vector of a shellable complex: 
(c) s is the h-vector of a constructible complex; 
(d) s is the h-vector of a Cohen-Macaulay complex. 

PROOF. The implications (h) - (c) * (d) are obvious, while (d) o (a) 
follows from 4.3.1. Following [29] we indicate the proof of the implication 
(a) =. (h), which is a purely combinatorial result. A full proof can be 
found in [34]. Given a vector s satisfying (a), let n = hi + d and 
V = { 1 2 , . n } .  Let 9 be the collection of all subsets of V with d 
elements, and Pi the set of those members F of P such that d + 1 - i 
is the smallest element of V not in F. The elements of 9 are ordered in 
such a way that F < G if the largest element in their symmetric difference 
lies in G. For each i, 0 5 i 5 d, choose the first hi members of 9,. 
The resulting collection % consists of the facets of the required shellable 
complex, and the given order on 9 induces the shelling order. 

Systems of parameters. Let A he a simplicial complex. Given two faces 
G c F, the set of faces [G, F] = {H : G c H c F} is called the interval 
between G and F.  Now assume A is shellable with shelling FI ,  . . . , F,,,. By 
definition, there is a unique minimal element Gi E (F,) \ (F1,. . . , F,-I), and 
it is clear that A is the disjoint union of the intervals [Gi, F,], i = I,. . . ,m. 
In the following we use that k[F] is a residue class ring of k[A] in a 
natural way. 

Theorem 5.1.16. Let k be a.field, A a (d-1)-dimensional simplicial complex, 
and y = y ~ ,  . . . , yd a sequence of elements of degree 1 in k[A]. 
(a) The following conditions are equivalent: 

(i) y is a homogeneous system of parameters of k[A]; 
(ii) for all facets F of A,  the k[A]-module k[F]/(y)k[F] is isomorphic 
to k. 

(b) Suppose the equivalent conditions in (a) hold. Then the images of the 
monomials xF = xi in S = k[A]/(y), F E A ,  form a system of gener- 
ators of the finite) k-vector space S. 
(c) (Kind-Kleinschmidt) Assume in addition that A is shellable with de- 
composition A = U z l  [Gi, Fj], as described above. If y is a homogeneous 
system of parameters of k[A] and S = k[A]/ly), then the images of the 
monomials xC' in S form a k-basis of S. In particular, k[A] is a free 
klyl,. . ., yd]-module with basis x"l,xCz,. . . ,xcm. 

PROOF. (a)(i) * (ii): Since k[F] is a homomorphic image of k[A] it follows 
that k[F]/yk[F] has finite length. Note k[F] is a polynomial ring and 
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y a sequence of elements of degree 1. Therefore k[F]/yk[F] is also a 
polynomial ring. If it has finite length, it must be isomorphic to k. 

(ii) =. (i): Let y, : k[X1 ,... , X,,] + @,(k[Xi ,... , X,,]/pF) = @, k[F] 
be the homomorphism which on each component is the canonical epi- 
morphism. The direct sum is taken over all facets of A.  Since Ker y, = 
0, p, = I,, we obtain an induced homomorphism k[A] + @, k[F] of 
finite k[A]-modules which actually is a monomorphism. As we did for 
local rings (see 4.6.1) one shows that k[A]/(y) has finite length if the 
module (eF k[F])/y(@, k[F]) has finite length. But this follows from 
assumption (ii). 

(b) Let F be a facet of A. Since p,k[A] is the annihilator of xF in 
k[A] it follows that xFS is a (k[F]/yk[F])-module. Therefore, by (a)($, 
xixF = 0 in S for all i = 1,. . . , n which clearly implies that the elements 
xF', F' E A, form a system of generators of the k-vector space S. 

(c) First note that S is generated as an algebra over k by the monomials 
xc,, i = 0,. . . ,m. This follows from (h) simply because any other monomial 
xF is a multiple of some xC'. 

Set A, = (F1,. . . , F,) ; then k[A,] is a residue class ring of k[A] of the 
same dimension. Therefore y is a homogeneous system of parameters 
of k[A,], too. We set S, = k[A,]/(y), and show by induction on j that 
S, = @!=, kxcf. For j = m this is the desired assertion. 

Since A1  = (Fl) it follows from (a)(ii) that S1 " k. Since GI = 0, 
we have 1 = xcl which is a basis of SI. Now suppose j > 1; then we 
have S,-1 = @!:; kxC, by the induction hypothesis. Further we know that 
Sj/[xC~] = S,_l since S, is generated as a k-algebra by the monomials xC', 
i 5 j. Note that k[A,] is Cohen-Macaulay. Thus y is a k[A,]-sequence, 
and so Remark 4.1.11 implies that dimkS, = xi hi(Aj). By 5.1.9, this sum 
equals the number of facets of A,, which is j. But this is only possible if 
S, = @!=, kxC,. 

It remains to show that k[A] is a free kb l , .  . . , yd]-module with basis 
xG1,. . . ,xGm : from Nakayama's lemma for graded modules (see 1.5.24) it 
follows that xC1,. . . , xCm is a minimal set of generators of the kb l , .  . . , yd]- 
module k[A]. Let n be the graded maximal ideal of k[yl,. ..,yd]. Then 
k[A], is a maximal Cohen-Macaulay module over kbl , .  . . ,yd],,. Hence by 
2.2.11, k[A], is free over k[yl,.. ., yd],. But then k[A] is a free klyl ,..., yd]- 
module; see 1.5.15. In particular, xCl, ..., xCn' is a basis of k[A] over 
k b ~ ,  ..., ydl. 

Exercises 

5.1.17. Let k be a field, and I  c k [ X , , .  .. , X , ]  an ideal generated by squarefree 
monomials of degree 2. Does there exist a poset Jl such that k [ X , ,  .. . , X . ] / I  E 
k [ A ]  with A  = A ( n ) ?  
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5.1.18. (a) Show that in a graded poset all nnrefinable chains between two 
comparable elements have the same length. 
(b) Show that a bounded, locally upper semimodular poset is pure. 

5.1.19. Let A be a simplicial complex which is generated by m maximal proper 
faces F, of the simplex with vertex set { v , , . .  .,v.}, say F, = {q , .  .. ,om) \ {v!). Show 
(a) k[Al = k[X,, ..., X.I/(XI . . .Xm), 
(h) h(A) is the vector (1,1,. . . ,1) with m components. 

5.1.20. Let r and A be simplicial complexes on disjoint vertex sets V and W, 
respectively. The join r * A is the simplicial complex on the vertex set V U W 
with faces F u G where F E r and G t A. Compute h(T *A) in terms of h(T) 
and h(A). 
Hint: first show that k[T *A] " k[T] ax k[A] (as graded k-algebras). 

5.1.21. Let r and A he simplicial complexes. Prove that T and A are Cohen- 
Macaulay if and only if their join T * A is Cohen-Macaulay. 

5.1.22. Let A he a (d - 1)-dimensional simplicial complex. For r, 0 < r < d - 1, 
one defines the r-skeleton of A to be A, = {F E A : dim F 5 r ] .  Compute h(Ad& 
in terms of h(A). 

5.1.23. Let A he a simplicial complex with r-skeleton A,. Show: 
(a) depth k[A] = max{r : A,  is Cohen-Macanlay over k) + 1. Hint: Use induction 
on the number of faces. 
(h) If A is Cohen-Macaulay, then A, is Cohen-Macaulay. 

5.1.24. Prove all skeletons of a shellable complex are shellable. 

5.1.25. Let A be a simplicial complex. Show: 
(a) The following conditions are equivalent: 

(i) Z[A] is Cohen-Macaulay; 
(ii) k[A] is Cohen-Macaulay for all fields k; 
(iii) R[A] is Cohen-Macaulay for all Cohen-Macaulay rings R. 

(The Cohen-Macaulay property of k[A] may well depend upon k; see Reisner's 
example at the end of Section 5.3.) 
Hint: It is crucial that R[A] is a free R-module for an arbitrary ring R. For 
(i) a (ii) one uses 2.1.10; for (ii) a (iii) note that (ii) applies to k(p) a R[A], 
p E SpecR, so that 2.1.23 becomes applicable. 
(b) The following conditions are equivalent: 

(i) Q[A] is Cohen-Macaulay; 
(ii) there exist prime numbers pl, ..., p, such that k[A] is Cohen-Macaulay 
for any field k whose characteristic is different from p,, i = 1,. . . , n. 

5.1.26. Let A be a simplicial complex. A is called disconnected if the vertex set V 
of A is a disjoint union V = Vl u V2 such that no face of A has vertices in both 
V,  and V2.  Otherwise A is connected. Show: 
(a) If dim A = 0, then A is Cohen-Macaulay. 
(b) depthk[A] = 1 if A is disconnected. In particular, all Cohen-Macaulay 
complexes of positive dimension are connected. 
Hint: let Ai, i = 1.2, be the suhcomplex of A consisting of all faces of A 
whose vertices belong to V,, and represent k[A] as the kernel of a suitable map 
k[Ar] @ k[A2] + k. 
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(c) Suppose dimA = 1. The following conditions are equivalent: (i) A is con- 
nected; (ii) A is shellable; (iii) A is Cohen-Macaulay. 
5.1.27. Let A be a (d - 1)-dimensional simplicial complex with h-vector h,,, . . . , hd. 
We define the a-inuariant a(A) of A to be a(k[A]) where k is an arbitrary field. 
Show: 
(a) a(A) 5 0. 
(h) The following conditions are equivalent: (i) a(A) = 0; (ii) x(A) = 1. 
If moreover A is shellable with shelling F I , .  . .,F,,,, then (i) and (ii) are equivalent 
to (iii) There exists an integer i < rn such that (F,, .  . . ,F ,_ , )  n (F,) consists of all 
maximal proper faces of (F,). 
5.1.28. Let k be a finite field. Find a simplicial complex A for which k[A] does 
not have a homogeneous system of parameters consisting of linear forms. 

5.2 Polytopes 

We briefly discuss combinatorial properties of polytopes, and give an  
outline of McMullen's proof of the upper bound theorem for polytopes. 
Stanley's far-reaching generalization to simplicial spheres will be proved 
in the next sections. The topic as  well as the methods employed in this 
section are non-algebraic. Therefore most of the statements will be given 
without proof. Though many of them seem obvious from our geometric 
intuition, they need a rigorous proof. We refer the interested reader to 
the standard work o n  polytopes by Griinbaum [120], and to the excellent 
monograph [232] by McMullen and Shephard of which large parts of 
this section are an  abstract. 

We consider lRd as  a d-dimensional Euclidean space whose points are 
d-tuples x = ( t l , .  . . , td) of real numbers, and whose scalar product is 
given by 

d 

(x .Y)  = C ~ i ) l i ,  X =  (51~. . . ,5d) ,  Y = (VI, .... Vd). 
i=l 

A subset K of Rd is convex if for any two points xo,xl  E K the 
line segment with end points xo and xl ,  that is, the set of points x = 
(1 - i.)xo + Axl, 2 t R, 0 < A < 1, belongs to K. The intersection of any 
non-empty family of convex sets is again convex. This allows us to define 
the convex hull, conv X, of a subset X c Rd to be the intersection of all 
convex sets K c Rd which contain X. The convex hull of X can also be 
described as the set of all convex combinations of finite subsets of X, that 
is, as the set of linear combinations 

21x1 f . .. + l,x, with xi  t X ,  4 2 0, 2 i=l li = 1 

Definition 5.2.1. A polytope is the convex hull of a finite set of points in 
R d .  
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There is an alternative description of a polytope as the intersection 
of a finite number of (closed) half-spaces: let a t Rd, a f 0, and /3 t R; 
the set 

H = { x t R d :  (a ,x)  = p }  
is a hyperplane with normal vector a. The set of points lying on one side 
of a hyperplane (including the hyperplane) is a closed halfspace. Thus 
H determines two half-spaces 

H+ = { X  E Rd : (a,x) 2 p )  and H = {X t !Rd : ( a , ~ )  < B}. 

Definition 5.2.2. A polyhedral set or polyhedron is the intersection of a 
finite number of closed half-spaces. 

Obviously polyhedra are convex sets, but of course need not he 
bounded. 

Theorem 5.2.3. A subset o f R d  is a polytope $and only $it  is a bounded 
polyhedron. 

Let P be a polyhedron, and H a hyperplane. Then H is called a 
supporting hyperplane if H n P # 0 and P is contained in one of the 
closed half-spaces determined by H. If H is a supporting hyperplane of 
P ,  then H n P is called a,face of P .  

It is convenient to consider the empty set and P as faces, the improper 
faces. All the other faces of P are called proper faces. The faces of a 
polyhedron (polytope) are again polyhedra (polytopes). 

The dimension, dim P ,  of a polyhedron P is the dimension of its affine 
hull; a d-polyhedron is a polyhedron of dimension d .  Recall that for an 
arbitrary set X c Rd there is a smallest (under inclusion) affine space A 
containing X, namely just the intersection of all affine subspaces of !Rd 
containing X. This affine space A is called the a@ne hull, denoted by 
a f f  X. A j-face is a face whose dimension as a polyhedron is j, and we 
set dim0 = -1. If dim P = t, faces of dimension O,1, t - 2, t - I are called 
vertices, edges, subfacets and facets, respectively. 

In the following theorem we collect a few facts about the facial 
structure of a polyhedron. 

Theorem 5.2.4. Let P be a polyhedron. 
(a) P has only afinite number of faces. 
(b) Let F he a face of P and F' aface of F.  Then F' is a face of P .  
(c) Any proper face of P is a face of some.facet of P .  
(d) The set offaces of P ,  ordered by inclusion, is a lattice. 

The lattice in 5.2.4(d), denoted by F ( P ) ,  is called the face lattice 
or boundary complex of P .  Two polyhedra are called combinatorially 
equivalent if their face lattices are isomorphic. An invariant under com- 
binatorial equivalence is the f-vector (fa,  f I , .  . . , fd-l)  of a d-polyhedron 
P .  Here f, = f,(P) is the number of j-faces of P .  
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Simplicia1 polytopes. Let A c RQe a k-dimensional affine subspace of 
IRd. We pick x E A ;  then there exists a linear subspace U of Rd (not 
depending on x)  such that A = x + U.  The vector space U is called the 
associated linear space of A. Let ul,. . . ,ui, be a basis of U .  Then each 
element y E A has a (unique) presentation 

with 4 t IR. Set xo = x, po = (1 - Cidi), xi = x + ui and pi = di for 
i = 1,. . . , k. Then 

(4) y = p o x o + p ~ x ~ + . . . + p k x k  and p o + . . . + p t = l  . 
This suggests defining y to be a@nely dependenl on xo,. . . , xk if there 
exists an equation as in (4). It is clear that the set of elements which 
are affinely dependent on xo,. ..,xk is just the affine hull of {xo,. . . ,xk} .  
The elements xo,. . .,xk are called afinely independent if each element 
y t af f jxo,  . . . , xk} has a unique presentation as in (4). or eauivalentlv. if 

~ ,, , , 
the elements X I  - xo, xz - xo, . . . , xk - xo form a basis of the associated 
linear space of af f jxo,  . . . , xk). 

Definition 5.2.5. A d-simplex is the convex hull of d + 1 affinely inde- 
pendent points. A polytope is called simplicial if all its proper faces are 
simplices. 

Let P be a simplex defined by d + 1 affinely independent points xo, x l ,  
.. . ,xd,  and let X be a subset of {xo,xl , . .  . ,xd}  consisting of d points. 
For the following argument we may assume that P c Rd. Then aff X is 
a hyperplane which supports P ,  and thus conv X = P n a f f  X is a facet 
of P .  Since any subset of a set of affinely independent points is again 
affinely independent it follows that convX is a (d - 1)-simplex. Thus 
induction on the dimension yields 

Proposition 5.2.6. Every j-face o f  a d-simplex P is a j-simplex, and every 
j + 1 vertices of P are the vertices of a j-face of P .  

Corollary 5.2.7. Let P be a simplicial polytope with vertex set V ,  and let 
A(P) be the collection of subsets of V consisting of the empty set and the 
vertices of the proper faces of P.  Then A(P) is a simplicial complex. 

We call A(P) the vertex scheme of P.  It is clear that not every 
simplicial complex is the vertex scheme of some simplicial polytope P. 
Nevertheless, to any simplicial complex A we may associate a geometric 
object whose construction is in a sense inverse to the one given in 5.2.7. 
Let X be an arbitrary subset in Rd. We define the relative interior of 
X, denoted relint X, as the interior of X relative to aff X. For example, 
it is not difficult to see that the relative interior of the convex hull of 
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{xl, .  . . , x,}, xi E Rd, is the set of points 

A ~ x ~ + . . . + & x , ,  & > O ,  C 4 = 1 .  
i=L 

Definition 5.2.8. Let A be a simplicial complex on the vertex set V. Given 
a map p : V + IRd such that 
(a) p is injective, 
(b) the elements of p(F) are affinely independent for all F E A, 
(c) relint(conv p(F)) n relint(conv p(G)) = 0 for all F, G E A, F f G. 
Then U,,, relint(conv p(F)) is called a geometric realization of A. 

Giving a geometric realization of A its natural topology as a subspace 
of IRd, we note that any two geometric realizations of A are homeomor- 
phic, and we denote the underlying topological space by /dl. 

A geometric realization always exists. Indeed, if V = {DL,. . . , v.} is 
the vertex set of A, and X I ,  ..., x. are affinely independent elements in 
IRd, then p : V -t IRd with p(vi) = xi for i = 1,. . . , n defines a geometric 
realization of A. 

Cyclic polytopes. Consider the algebraic curve M c IRd, defined para- 
metrically by 

2 d x ( ~ ) = ( 7 , 7 , . . .  7 TEIR; 

M is called the moment curve. It is a curve of degree d which implies that 
a hyperplane not containing M intersects it in at most d points. 

Definition 5.2.9. Let n 2 d + 1 be an integer. A cyclic polytope, denoted 
C(n, d), is the convex bull of any n distinct points on M. 

The notation C(n,d) is justified since, as we shall see in a moment, its 
face lattice depends only on n and d. We first observe 

Proposition 5.2.10. Any d + l distinct points on M are afinely independent. 
In particular, C(n,d) is a simplicial d-polytope. 

PROOF. Let 70,. . . , 7d he the distinct parameters of these points. We 
need to show that the vectors x(r1) -  TO), . . . , ~ ( 7 d )  - ~(70)  are linearly 
independent, or, equivalently, that the corresponding matrix with these 
row vectors is non-singular. Clearly, this is the case if and only if the 
Vandermonde matrix 

is non-singular. The determinant of A is known to be n,,i<jrd(~i - 7j), 
and this expression is non-zero since the ri are pairwise distinct. 
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Next we determine the vertex scheme A(C(n,d)) which encodes the 
combinatorial properties of C(n,d). Let C(n,d) be the convex hull of 
the points xi = x(ri), 71 < 72 < ... < T., n 2 d + 1. A subset X of 
V = {XI,. . . , x.) will be called an end set if there exists an integer i, 
1 5 i 5 n, such that either X = {XI,. .  . ,x i)  or X = {xi ,..., x,}. The set 
X will be called contiguous if there exist integers 1 < i 5 j < n such that 
X = {xi,. . . , x,), and an odd (even) contiguous set if it is contiguous and 
/XI is odd (even). It is clear that any proper subset W c V has a unique 
decomposition 

W = Y , U X ~ U X ~ U ~ ~ ~ U X , U Y ~ ,  

where the X, are contiguous, and Y1 and Y2 are end sets or empty. The 
set W is of type (r, s) if I WI = r, and if there are exactly s odd contiguous 
subsets Xi of W. 

Theorem 5.2.11. Let j be an integer with 0 2 j 2 d - 1. A subset W c V 
is a j-face of C(n,d) if and only if W is of type ( j  + 1,s) for some s with 
O < s < d - j - 1 .  

PROOF. We first show the assertion for j = d-I. Since C(n, d) is simplicial, 
any (d - 1)-face has d vertices. Thus we have to show that if W c V 
is of type (d,s), then conv W is a facet if and only if s = 0. By 5.2.10, 
the points of W are affinely independent, and hence define a hyperplane 
H c IRd. It is clear that W c H n M. But actually, W = H n M since M 
is a curve of degree d, and it follows that the points of W divide M into 
d + 1 arcs lying alternately on each side of H. Now conv W is a facet of 
C(n, d) if and only if H supports C(n,d), or in other words, if and only if 
all points of V \ W lie on one side of H. Obviously this happens exactly 
when every two points of V \ W are separated by an even number of 
points of W, that is, when s = 0. 

Let us now treat the general case, and assume that IWI = j + 1. 
Suppose that W has at most d - j - 1 odd contiguous subsets. Then it is 
possible to find a subset T of d - j - 1 points of M such that V n T = 0, 
and W u T has only even contiguous subsets. Since W U Tl = d it 
follows from the first part of the proof that conv(W U T) is a facet of 
C(n + d - j - 1,d) supported by the hyperplane H = aff(W U T). As 
W = H n V we conclude that conv W = H n C(n,d) is a face of C(n,d). 

Conversely, if conv W is a j-face of C(n,d), then there exists some 
facet conv W' of C(n,d) with W c W'. Since W' has no odd contiguous 
subsets, W can have at most d - j - 1 odd contiguous subsets. 

Corollary 5.2.12. The combinatorial type of a cyclic polytope C(n,d) de- 
pends only upon n and d, and not on the particular vertex set V c M. 

A polytope P has the highest possible number of j-faces when every 
subset of j + 1 elements of the vertex set of P is the set of vertices of a 
proper face of P .  In this case we say that P is (j + 1)-neighbourly. 
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Corollary 5.2.13. C(n,d) is [d/2]-neighbourly. 

The upper bound theorem. In 1957 Motzkin [237] made the following 
conjecture. Let P be a d-polytope with n vertices; then f,(P) 5 fj(C(n, d)) 
for all j, 1 5 j 5 d. This conjecture was proved 1970 by McMullen [231]. 
We indicate the ideas of his proof: given a d-polytope P with n vertices, 
one applies in a first step a process, known as 'pulling the vertices', with 
the effect of transforming P into a simplicial polytope with the same 
number of vertices as P ,  and at least as many faces of higher dimension. 
Thus one may assume from the beginning that P is a simplicial polytope. 

Just as for simplicial complexes one defines the h-vector (ha,. . . , hd) of 
P by the equation ~ f = ~  hiti = ~ f = ~  fi-lt'(l - t)d-i, f_]  = 1. Then owing 
to the fact that C(n,d) is [d/2]-neighbourly we have 
(a) hi(C(n, d)) = ("-dt") for all i, 0 5 i 5 [d/2]. 
Moreover, the existence of a line shelling of P (see below) yields 
(b) 0 s h,(P) I ("-dt'-l), and 
(c) hi(P) = hd-i(P) for all i, 0 5 i I d. 
The identities in (c) are the famous Dehn-Sommerville equations. 

Now (a), (b) and (c) imply hi(P) 5 hi(C(n, d)) for all i, 0 5 i 5 d. 
Finally, since the f,(P) are non-negative linear combinations of the hi(P) 
(see 5.1.8), the proof of the upper bound theorem is completed. 

Shellings. A shelling of the boundary complex of a polytope P (or 
simply a shelling of P) is an order of its facets F,, ..., F, such that 
Fi n U;L\ F, is homeomorphic to a (d - 1)-dimensional ball or sphere for 
all j, 2 5 j 5 m. 

Theorem 5.2.14 (Bruggesser-Mani). Every polytope is shellable. 

We give a sketch of the proof. Present P as an intersection of 
closed half-spaces. One may assume without loss of generality that 
P = {x E Rd : (ai, x) 5 I), 0 I i I m, where ai is a normal vector for the 
face Fi. Choose a vector c such that (ai, c) + 0, and order the faces in such 
a way that (al, c) > (a2, c) > . . . > (a,, c). Then F, . . . , F, is a shelling of 
P. Such a shelling is called a line shelling of P .  It can be imagined as 
follows: moving along the line L in direction c starting from the origin, 
one lists the facets of P as they become 'visible'. (This happens exactly 
when one meets the corresponding supporting hyperplane.) Coming back 
from the opposite side one lists the remaining facets in the order they 
'disappear'. 

Corollary 5.2.15. Let F,, . . . , F, be a line shelling of the polytope P .  Then 
F,,,, F,-I,. . . , FI is a line shelling of P, too. 

PROOF. Let FI , .  . . , F, be the line shelling induced by c. Then F,, . . . , F1 is 
the line shelling induced by -c. 
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Suppose now that P is a simplicial polytope. Then the h-vector of 
P and the h-vector of the vertex scheme A(P) coincide. Furthermore, it 
is clear that a shelling of P induces a shelling of A(P) (in the sense of 
Section 5.1). Thus we may apply 5.1.14 to compute the h-vector from a 
line shelling of P. In particular, it follows from 5.1.14 that hi 2 0 for all i. 
Moreover, in view of 5.2.15, we obtain the Dehn-Sommerville equations, 

Theorem 5.2.16 (Sommerville). Let (hl,. . . , hd) be the h-vector of a sim- 
plicial polytope. Then hi = hd-i for 0 5 i I d. 

These formulas imply in particular that hd = 1. Thus 5.1.9 yields 

Corollary 5.2.17. Let P he a simplicial d-polytope with f -vector Cfo,. . . , 
f d - I )  Then 

d-l 

C ( - l ) ' f i  = 1 - (-qd. 
i=o 

This formula is valid not only for simplicial polytopes, but more 
generally for all polytopes, and is known as the Euler relation. 

For the proof of the inequalities hi I ("-d:'-l) one again uses line 
shellings. We refer the reader to McMullen's original paper [231] or [232]. 

5.3 Local cohomology of Stanley-Reisner rings 

We will compute the local cohomology of a Stanley-Reisner ring k[A] in 
terms of the complex C' introduced in Section 3.5. It is not surprising 
that C', just like k[A], is equipped with a fine grading. This allows us 
to decompose the local cohomology groups of k[A]. As it turns out, 
their homogeneous pieces can be interpreted as the reduced simplicial 
homology of certain subcomplexes of A. This basic result of Hochster 
is the main content of this section. As a corollary one obtains Reisner's 
Cohen-Macaulay criterion for simplicial complexes. 

For the reader's convenience we recall the notion of reduced simplicial 
homology. Let A be a simplicial complex with vertex set V. An orientation 
on A is a linear order on V. A simplicial complex together with an 
orientation is an oriented simplicial complex. 

Suppose A is an oriented simplicial complex of dimension d - 1, 
and F E A an i-face. We write F = [vo,. ..,vi] if F = {vo ,..., vi) and 
vo < vl < . . . < vi, and F = [ I  if F = 0. Having introduced this notation, 
we define the augmented oriented chain complex of A, 
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by setting 

i 

Wi = @ ZF and a F  = C ( - I ) ~ F ,  
FtA j=o 

dimF=i 

for all F  E A; here Fj = [vo,. . . ,$,. . . , vi] for F = [vo,. . . , vi]. A straight- 
forward computation shows that a o a = 0. Let G he an ahelian group. 
We set 

~ & ( A ; G )  = H~(@(A) 6 G), i = -1 ,..., d - I ,  

and call &(A; G) the i-th reduced simplicial homology of A with values in 
G. It follows from the next lemma that a reference to the orientation is 
superfluous. 

Lemma 5.3.1. Define @(A) in the same way as @(A), but with respect to a 
different orientation of A .  Then there exists an isomorphism of' complexes 
@(A) Y @(A).  

PROOF. Let < and < be the different linear orders on the vertex set of 
V. Given F = {vo,. . . , vi), vo i vt < . . . < vi, there exists a permutation 
n = nF of the vertices of F  such that v,,o~ < V,{IJ < . . . < v,(o. We leave 
it to the reader to verify that a :  @(A) + @(A)  with a(F) = o(nr)F is the 
desired isomorphism. 

The i-th reduced simplicial cohomology ofA with values in G is defined 
to be 

G'(A; G) = H'(Ho~z(@(A), G)), i = -1 ,..., d -  1 

We set f i i ( A )  = H ~ ( A  ; Z) and fil(A) = Ei(d  ; Z) for all i. The simplicial 
complex A is called acyclic if H.(A) = 0. In this case, @(A)  is split exact, 
and so f i . ( ~ ;  G) = 0 and &(A; G) = 0 for all abelian groups G. Examples 
of acyclic simplicial complexes are the cones: the cone cn(A) of A is the 
join (see 5.1.20) of a point II = {vo) with A. The reader is referred to 
Exercise 5.3.10 for further details. 

The cone construction can be iterated. We set cnJ(A) = cn(cnJ-'(A)) 
for all j > 1. It is immediate that cnJ(A) is the join of A with a j-simplex, 
and it follows that 

If G = k is a field, then the reduced simplicial homology and cohomology 
groups are k-vector spaces, and there are canonical isomorphisms 

(6) f i l (d ;  k) " Homi,(fii(A; k), k), fii(A; k) " Homk(ii'(A; k), k) 

for all i; see Exercise 5.3.1 1. In particular it follows that dimfii(d;k) = 

dim Ri(d ; k) for all i. 
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Since Wi 6 k is a vector space of dimension fi ,  elementary linear 
algebra yields 

This sum, denoted by ?(A) is called the reduced Euler characteristic of A. 
A comparison with the Euler characteristic x(A) introduced in Section 
5.1 shows that ?(A) = x(A) - 1, and we can rewrite the Euler relation 
5.2.17 as x(A) = (-l)d-l .  

A geometric realization of A in Rn inherits the structure of a topolog- 
ical space (with the subspace topology). In Section 5.2 we denoted this 
space by lAl and remarked that it is unique up to homeomorphism. Let 
X be a topological space, and q : A /  + X a homeomorphism. The pair 
(A, q)  is called a triangulation of X. Less precisely, we often say in this 
situation that A is a triangulation of X. 

It is a fundamental theorem in topology (see [239], Theorem 34.3) 
that the reduced singular homology f i i (x ;k)  of a topological space X 
with triangulation A can be computed by means of the reduced simplicial 
homology of A. 

Theorem 5.3.2. Let X be a topological space with triangulation A .  Then 

f i x ;  k) Y ( A  k) for all i 

Examples 5.3.3. (a) Let A be the d-simplex with vertices V = {vo,. . ., 
vd). Then A 1  is homeomorphic to the d-dimensional closed ball Bd, 
whose reduced singular homology is trivial since Bd is contractible to a 
point. Thus 5.3.2 implies that E.(A; k) = 0. That the reduced simplicial 
homology of A is trivial can be seen directly: one immediately identifies 
@. 6 k with the Kosrul complex K.Cf) associated with f : kd+' + k where 
f maps the canonical basis elements of kd+' to 1. It follows from 1.6.5(b) 
that this Koszul complex is exact. 

(b) Consider the subcomplex r c A obtained from A by deleting the 
face F = {vo,. . . , vd); then I is homeomorphic to the (dl)-dimensional 
sphere Sd-'. It is clear that @(T) -5 @(A)/u. where U. is the subcomplex 
of @(A) with U ,  = 0 for i # d and Ud = 22. [uo,. . . , vd]. Therefore 

(c) Let A be the vertex scheme of a simplicial (d - 1)-polytope P. 
Then / A /  is homeomorphic to the (d - 1)-sphere. Therefore, by (b), 

d-1 

x(A) = dim fii(sd-I;  k) = (-lid-' 
i=-l 
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Thus we have recovered the Euler relation. 

The following notions will he crucial in the analysis o f  the local 
cohomology o f  a Stanley-Reisner ring. 

Definition 5.3.4. Let A be a simplicial complex, and F E A. The star 
of F is the set std F = {G t A : F U G E A), and the link o f  F is the set 
l k ~ F = { G : F u G t d ,  F n G = @ } .  

To simplify notation we occasionally omit the index A in stA or ikA. 
It is clear that st F is a subcomplex o f  A, and Ik F a subcomplex o f  st F. 

In Figure 5.7 let u be the vertex in the center o f  the hexagon. Then st v 
is the full simplicial complex, while l k u  is the subcomplex constituting 
the boundary o f  the hexagon. 

Figure 5.7 

Lemma 5.3.5. Let F he a fbce afthe simplicial complex A, and G E Ik F. 
Then 
(a) F E I ~ G ~ ~ ~ I ~ , ~ G F = ( G ) * I ~ ~ ~ ~ F ;  
(h) l k , , ~  F is acyclic, i f  G f 0. 
PROOF. Statement (a) i s  trivial, and (h)  follows from equation (5). 

Local cohomology. Let A be a simplicial complex, k a field, and R = 
 XI,. . . . Xn]/IA the Stanley-Reisner ring o f  A. Let m he the maximal 
ideal generated he the residue classes xi o f  the indeterminates Xi. Note 
that (R,m) is a 'local ring, and hence by 2.1.27, R i s  Cohen-Macaulay 
i f  and only i f  Rn, is Cohen-Macaulay. Thus, in order to determine when 
A is Cohen-Macaulay, we are led to compute the local cohomology 
H;,",(R,,,) o f  R,. To simplify notation we will write H;(R) for H; ,,,, (R,,). 
Let x = xi,. . . , x,; as in Section 3.4 we consider the complex 1% K . ( x ~ )  
which is isomorphic to 
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and whose differential i s  composed o f  the maps 

(-I)'-' nat : R,, ...x,, + R x,,...x,c +, 
A 

i f  { i l  ,..., i t )  = { j , , .  . ., j ,,..., j t+~) ,  and 0 otherwise. It follows from 3.5.6 
that H i ( R )  " H'(C;,) " Hi(C'),. W e  claim that SuppHi(C') c { m )  for 
all i. This finally implies 

for all i. Indeed, C;, is exact for j = I , .  . . , n because the identity and 
the zero-map o f  C;, are homotopic via o., where ok : Ck + Ck-' 1s ' 

defined on the component ( R  ,,,...,,k )+ + ( R  r,,... ,,-, ) ,  to he (-I)"- '  id i f  
{ i l  ,..., i k }  = { j ~ , .  .., jk-I, j)  and i, = j, and 0 otherwise. 

Next note that C' is a Zn-graded complex: recall from Section 5.1 
that R itself is Zn-graded. Let a t Zn, a = (ar ,..., a,,); then R, " k i f  
a E Wn and {ui : ai > 0 )  t A, and R ,  = 0 otherwise. The components o f  
Ci are o f  the form R, for some element x E R which is homogeneous in 
the fine grading o f  R. One defines a Z"-grading on R, by setting 

r 
(R,), = { : r homogeneous, degr - mdeg x = a). 

xm 

O f  course the terms 'homogeneous' and 'deg' refer to the fine grading 
o f  R. 

W e  extend this grading on the components to C'. Then it is clear 
that C' becomes a Zn-graded complex, and we may equip the homology 
o f  C' with the induced Zn-graded structure. In other words, the local 
cohomology modules H:,,(R) are in a natural way Zn-graded modules. 

As R is a homogeneous k-algebra (in the sense o f  Section 1.5), we 
may as well consider the graded local cohomology modules *H:,,(R) o f  R 
introduced in Section 3.6. Then 

for all i and j;  see Exercise 5.3.12. 
Given x = xi, . . .xi,, ir  < . . . < i,, we set F = {u;, ,  . . . , q,). In order 

to analyse when (R,), # 0 for a t Zn we introduce some more notation, 
and put 

G, = {vi : ai < 0 )  and H, = {ui : a; > 0). 

Lemma 5.3.6. (a) dimk(R,), < 1 for all a t Zn. 
(b) (R, ) ,Eki fandonly   FIG, andFUH,EA.  

PROOF. (a) Let r , /xnf ,  i = 1,2, be non-zero elements in (R,),. Then x"'r1 
and xn'r2 are homogeneous o f  the same degree, and hence are linearly 
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dependent over k. We may assume that K(xn'rl) = xn'r2 for some K E k; 
then K(~I /x" ' )  = r~Ix"2. 

(h) We have (R,), f 0 if and only if there exist a monomial v in R 
and an integer I such that 
(i) xmv f 0 for all m t W, and 
(ii) deg vlx' = a. 
Condition (i) is equivalent to (i') v/x' f 0. 

Now (i) implies F u suppv E A,  and (ii) implies F 2 Go and Ha c 
supp v. In particular, F U H, E A. 

Conversely, suppose F 2 G, and F u Ha E A. Set v = n ,<, ox?, 
w = n,,,, xrni.  Since F 2 G, there exists an integer I such that xi = wu 
where u is a monomial (with non-negative exponents) in the xi. Since 
F u H, E A, we have vn/xi f 0, and it follows that deg vu/xi = a. 

Let a t Zn;  as a consequence of the lemma we see that (Ci), has a 
basis 

{hp : F 1 G,, F U Ha t A,  FI = i). 

Restricting the differentiation of C' to the a-th graded piece we obtain 
a complex (C'), of finite dimensional vector spaces with differentiation 
a : (C'), + (Ci+'). given by 3 ( h ~ )  = ~(-l)"('."'hr, where the sum is 
taken over all F' such that F' 1 F, F' u H, t A  and (F'I = i + 1, and 
where a(F, F') = s for F' = [vo,. . . , vi] and F = [vo,. . . , I?~, . . . , q]. 

Lemma 5.3.7. For all a t Zn there exists an isomorphism of complexes 

a. : (C'), + Homz(@(lk,, H" Go)[-j - 11, k), j = IG,l. 

Here we set lks t~ ,  Go = 0 if G, @ St H,, and let %(0) he the zero complex. 

PROOF. The assignment F ++ F' = F \ G, establishes a bijection between 
the set 

? . # = { F e d :  F x C , ,  F U H , E A ,  F = i )  

and the set 8' = {F' E A  : F' E lk , ,~, ,  G,, lF'I = i j ) .  Therefore it is 
clear that 

ai : (Ci), + ~omz(@(lkstH,, G,)i-j-l, k), h~ H ~ F \ G ~  

is an isomorphism of vector spaces. Here (PF, is defined by 

1 if F' = F", 
0 otherwise. 

By 5.3.1, we have the possibility of adjusting the orientation of A  suitably. 
We choose it in such a way that the elements in G, are latest in the linear 
order of the vertex set of A. Furthermore we give the subcomplex iks,H,a G, 
the induced orientation. With this standardization, a. becomes a complex 
homomorphism. 
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We are ready to prove the main result of this section. 

Theorem 5.3.8 (Hochster). Let A  be a simplicial complex, and k a Jield. 
Then the Hilbert series of the local cohomology modules of k [ A ]  with re- 
spect to thefine grading is given by 

t;' 
HH:,(~[A~)(~)  = dimi f i , - F - ~ ~ k ~ ; k )  n 

FtA ",SF 

PROOF. By the previous lemma we have 

- 
and therefore dimi HL,(k[A]), = dimk H i l G o l - l ( l k s t ~ a  Gu;k); see Exercise 
5.3.11. 

If Ha f 0, then, by 5.3.5, l k , , ~ ~  Go is acyclic, and if Ha = 0, then 
st H, = A,  and so i k , , ~ ~  G, = Ik Go. 

Let Z L = { a ~ Z " : a ~ ~ O f o r i =  I, . . . ,n);  then H ,  = @ i f  and only if 
a E ZL, and it follows that 

Hochster's theorem yields an important Cohen-Macaulay criterion 
for simplicial complexes: 

Corollary 5.3.9 (Reisner). Let A  be a simplicial complex, and k a field. 
The following conditions are equivalent: 
(a) A  Is Cohen-Macaulay over k; 
(b) fii(lk F ;  k) = 0 for all F t A  and all i < dim lk F. 

PROOF. Let dim A  = d - 1. Then A is Cohen-Macaulay over k if and only 
if Hi(C') = 0 for i < d. The latter is equivalent to 

(8) fii-IFl-l(lk F ;  k) = 0 for all F  E A  and all i < d. 

(a) => (h): If A  is Cohen-Macaulay over k, then A  is pure (see 5.1.5), 
and so dimlkF = d - IF1 - 1. Therefore (8) implies fi;(lk F ;  k) = 0 for 
i < dim lk F. 

(h) = (a): The hypothesis fii(lk F ;  k) = 0 for i < dim lk F implies (8) 
since dimlkF I d - IF1 - 1. 
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Figure 5.8 

As a first application we consider an  example of Reisner: let A he a 
triangulation of the real projective plane IP2. Figure 5.8 indicates such a 
triangulation. For reasons of readability the triangles in the figure have 
not been shadowed. Also note that edges with the same vertices have to 
he identified according to their orientations. 

Let k be a field. If A is Cohen-Macaulay over k, then 5.3.9 implies 
Ri(A; k) = 0 for i < 2. Since IP2 is connected, we have Eo(lP2; k) = 0. But 

- 
H , ( I P ~ ; ~ )  = 

k if char k = 2, 
0 otherwise; 

see [239], Theorem 40.6 and Theorem 55.1. In particular, A is not Cohen- 
Macaulay over a field k of characteristic 2. O n  the other hand, it follows 
from Exercise 5.3.15 that A is Cohen-Macaulay over k if chark  f 2. 

Exercises 

5.3.10. (a) Let r * A be the join of the simplicial complexes r and A. Show that 
@(r * A) = @(r) B @(A) 
(h) Let l7 = { v o )  he the simplicial complex consisting of one point, and form the 
cone cn(A) = l7 * A. Show there exists an exact sequence 

where @(A) + @(cn(A)) =@(IT)  B @(A) is the natural complex homomorphism 
a- l @ a .  
(c) Prove that the connecting homomorphisms in the associated long exact homo- 
logy sequence are isomorphisms, and conclude that fi.(cn(A)) = 0. (This conclu- 
sion can also he drawn directly from 1.6.12 with x = 1.) 

5.3.11. Let A be a simplicial complex, and k a field. Show there exist natural 
isomorphisms 
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5.3.12. Let A be a simplicial complex, and k a field. 
(a) Consider k[A] as a homogeneous k-algebra, and give the modules C' the 
structure of Z-graded k[A]-modules by setting (C')j = @,,Z., ,,l=j(C1),. Show C' 
is a complex of Z-graded modules. 
(h) Give H'(C') the induced Z-graded structure, and deduce 'H;,,(k[A]) " Ht(C') 
as graded k[A]-modules. 
(c) Conclude from (a) that 'Hk(k[A]), 2 @aEzm,,al=iH'(C'), for all i and j .  

5.3.13. Use Reisner's criterion togive an alternative proof of the equivalence 
(i) o (iii) of Exercise 5.1.26(c). 

5.3.14. Deduce from Reisner's criterion that a Cohen-Macaulay complex is pure. 

5.3.15. Let A be a simplicial complex of dimension 2. Show that A is Cohen- 
Macaulay over k if and only if the following conditions are satisfied: 
(a) A is connected; 
(b) ?i3(d;k) = 0; 
(c) each point of \ A /  has arbitrarily small connected punctured neighbourhoods. 
Hint: (c) is equivalent to the condition that the links of the vertices of A be 
connected. 

5.3.16. Let A be a simplicial complex of dimension d - 1, k a field, and rn the 
graded maximal ideal of k[A]. 
(a) Show the following conditions are equivalent: 

(i) A is pure and k[A], is Cohen-Macaulay for all prime ideals p f m; 
(ii) H;(k[A]) has finite length for all i < d;  
(iii) H:,,(k[A]), = 0 for all a # 0 and i < d ;  
(iv) fi,(lkF; k) = 0 for all F E A, F fa,  and all i < dim lk F; 

(v) H;"(k[A]) fii-,(d; k) for all i < d. 
(b) (Reisner) Show the following conditions are equivalent: 

(i) A is Cohen-Macaulay; 
(ii) Hi(A;k) = 0 for all i < d - 1, and the links of all vertices of A are 
Cohen-Macaulay. 

Hint: (a)(i) is equivalent to the condition that k[A],, be Cohen-Macaulay for all 
i = 1, ..., n. Further, observe that k[A],, " k[xi,x;'][lk{xi}] 

5.4 The upper hound theorem 

This section is devoted to the proof of the upper hound theorem for sim- 
plicial spheres, that is, simplicial complexes whose geometric realization 
is topologically a sphere. It follows from a result of Kalai [I931 that there 
are many more simplicial spheres than polytopes. Therefore, the upper 
bound theorem for simplicial spheres properly generalizes McMullen's 
theorem for polytopes whose proof we sketched in Section 5.2. 

The upper hound theorem for simplicial spheres was conjectured by 
Klee in 1964 and proved by Stanley [304] in 1975. 

The proof is carried out in three steps: first we show that Euler com- 
plexes satisfy the Dehn-Sommerville equations; secondly we prove the 
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upper bound theorem for Cohen-Macaulay Euler complexes; and finally 
we show that simplicial spheres are Cohen-Macaulay Euler complexes. 

Definition 5.4.1. The simplicial complex A is an Euler complex if A is 
pure, and z(lkF) = ( - I ) ~ " " ' ~ ~  for all F E: A .  

Theorem 5.4.2 (Dehn, Sommerville, Klee). Let A be an Euler complex of 
dimension d - 1 with h-vector (ho,. . . , hd). Then hi = hd-i for i = 0,. . . ,d.  

The proof will easily follow from 

Lemma 5.4.3. Let A be a simplicial complex on V = {vl,.. .,v,}. Then 

ti 
HkrAl(ti',. . . , t,') = C ( - I ) ~ ~ ~ ~ Z ( I ~ F )  , - 1 - t i  

FEA U,EF 

PRMIF. We have Hk[d1(t) = xFtd nu,EF ti/( l  - ti); see Section 5.1. The 
substitution ti H t;l transforms ti/(l- ti) into -(I + ti/(l- ti)). It follows 
that no,,, ti/(l  -ti) is transformed into 

so that 

ti 
~ ~ , ~ , ( t j l , . . . ,  t;l) = C(-l)dimF+l x , 

FEA G c F  uiEG 

ti 
= c ( 1 (-l)dtmF+l) n , 

GEA FtA o,€G 
G c F  

Since C ~ t d ,  ccr(- 
l)dimF+l = xF,lkC(-l)dim F-d'm = ( - ~ ) ~ ~ ~ ~ ~ ( l k  G) ,  

the assertion follows. 

PROOF OF 5.4.2. If A is an Euler complex of dimension d - I, then - 
~ ( l k  F) = (-l)dim'kF = (-l)d-dimF, The latter equality holds since A is 
pure. Now 5.4.3 yields 

Replacing the ti by t we obtain the identity Hk["](t) = (-l)d~k[dl(t-l) for 
the Hilhert function of k[A]. It is clear that this yields the desired result; 
see also 4.3.9(a). 

Let A be an Euler complex, and k a field. It follows from Reisner's 
criterion 5.3.9 that A is Cohen-Macaulay over k if and only if for all 
F E A  

k i f i = d i m l k F ,  
~ , ( l k ~ ; k )  " { O  otherwise. 
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In view of the results in the previous sections it is now an easy matter 
to show that the upper bound theorem holds for any simplicial complex 
whose faces satisfy condition (9). In other words we have 

Theorem 5.4.4. Let A be an Euler complex oj"dimension d - 1 with n 
vertices which is Cohen-Mucaulay over afield k. Then fi(A) I f,(C(n,d)) 
for i =  1, ..., d-1 .  

PROOF. Just as in the proof of.the upper hound theorem for polytopes it 
suffices to show (a) hi(A) 5 ("-y:") for i = 0,. . . , d ,  and (b) A satisfies 
the Dehn-Sommerville equations. But (a) follows from 5.1.10, and (h) 
from 5.4.2. 

The final step in the proof of the upper bound theorem for simplicial 
spheres is to show that the faces of a simplicial complex satisfy (9) if the 
geometric realization is homeomorphic to a sphere. 

In the next lemma which is a reformulation of [239], Lemma 63.1 we 
refer to the notation used in 5.2.8, and denote, as usual, by H.(X, Y; k) 
the relative singular homology of the pair (X, Y) where X is a topological 
space and Y a subspace of X. 

Lemma 5.4.5. Let A be a simplicial complex on the vertex set V ,  and k be a 
field. Suppose that X is a geometric realization of A given by p : V + IRd, 
that F E A is aface of dimension j ,  and that p E relint(conv(p(F))). If 
Ik F # 0, then 

H,(x, x \ {p}; k) " fii_j-~(lk F; k) for all i, 

and f lk F = 0, then 

H,(X,X\{p};k) " { k for i = j ,  
0 otherwise. 

As a consequence of this lemma and Reisner's criterion we see that 
the Cohen-Macaulay property of A only depends on the topology of lAl. 

Corollary 5.4.6 (Munkres, Stanley). Let A he a (d - 1)-dimensional sim- 
plicial complex, X = / A / ,  and k afield. The following conditions are equiv- 
alent: 
(a) A is Cohen-Macaulay over k; 
(b) for all p E X and all i < dimX one has 

Moreover, if the equivalent conditions are satisfied, then A is an Euler 
complex if and only f 
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PROOF. We only prove the implication (b) =, (a); the converse implication 
is proved similarly. We have lk F = 0 if and only if F is a facet. Thus 
assumption (b) and 5.4.5 imply that all facets have dimension d - 1, that 
is, A is pure. 

Now suppose that IkF  # 0. Since A is pure we have dimlkF = 
d - 2 - dimF = d - 2 - J. Therefore, by 5.4.5 and assumption (b), if 
F # 0 and i < dim lk F, then Hi(lk F; k) " Hi+j+l (X, X \ {p) ; k) = 0 since 
i + J + 1 < d - I .  Finally, if F = 0, then lk F = A, and (b) implies 
that Ei(lk F ;  k) " f i i ( x ;  k) = 0 for i < dimlk F. By Reisner's criterion it 
follows that A is Cohen-Macaulay over k. 

The supplement concerning the Euler property is obvious. 

Corollary 5.4.7 (The upper bound theorem for simplicial spheres). Let 
A be a simplicial complex with n vertices and / A [  " sd-'. Then fi(A) 5 
fi(C(n,d)) ,for i = 1,. . . , d  - 1.  

PROOF. The assertion is clear in view of 5.4.4 and 5.4.6. 

Exercises 

5.4.8. (a) Give an example of a simplicial complex which does not satisfy the 
Dehn-Sommerville equations. 
(h) Give an example of a simplicial complex A which for some i fails the condition 
h, < ("-"-I), d - 1 = dim A, n = fo(A). 

5.4.9. Let k he a field, and A a Cohen-Macaulay complex over k. A is called 
leuel over k if k[A] is a level ring, that is, if all generators in a minimal set of 
generators of the 'canonical module wk,,l have the same degree. The type of A 
ouer k, denoted by rx(A), is the type of k[Al.  Let s = max{i: h i ( A )  + 0). Show 
that h, < r i ( A ) ,  and that equality holds if and only if A is level over k.  

5.5 Gorenstein complexes 

Let A be a simplicial complex on the vertex set V, and k a field. The 
complex A is called Gorenstein over k if k[A] is Gorenstein. Our main 
concern in this section is to characterize the Gorenstein complexes. 

Let W c V; we set A w  = {F E A: F c W), and define cored 
to be A,,,,V where core V = {v t V : stv # A). Notice that A = 
(core A )  * A V,,,,, V. Therefore, 

k[Al 2 k[coreAl @ k[Av\,,,vl " k[coreA][Xi: s E V \ core V]. 

It follows that A is Gorenstein if and only if core A is Gorenstein. 

Theorem 5.5.1. Let A be a simplicial complex, r = cored, and k afield. 
The following conditions are equivalent: 
(a) A is Gorenstein over k; 

5.5. Gorenstein complexes 

(b) for all F E r one has 

(c) for X = Irl and p t X one has 

PROOF. The equivalence of (b) and (c) follows from 5.4.5, and that of (a) 
and (b) from the next theorem. 

Theorem 5.5.2. Let A be a simplicial complex with A = cored. Then A 
is Gorenstein over k if and only if A is an Euler complex which is Cohen- 
Macaulay ouer k. 

For the proof of 5.5.2 we need the following two lemmas. 

Lemma 5.5.3. Let A be a simplicial complex, and k a field. Let M be 
a 72"-graded k[A]-module whosefine Hilbert series coincides with that of 
k[A]. Suppose M is indecomposable. Then k[A] and M are isomorphic as 
Zn-graded modules. 

PROOF. We set R = k[A]. There exists a non-zero Zn-graded homomor- 
phism q : R + M of degree 0. We want to show that ip is an isomorphism. 
Consider the exact sequence 

where K = Kerq and N = Cokerq. Since R and M have the same 
Hilbert series (with respect to the fine grading), this is true for K and N as 
well. We choose homogeneous generators xo,. . . , x, of M with q(1) = xo, 
and such that &(XI), . . . , ~(x")  form a minimal system of generators of N. 
Consider the sets A = {a t Zn : (Rxo), # 0}, B = {a E Zn : K, # 0) and 
C = { a t Z n : N . # O ) . T h e n A n B = 0 , B = C , a n d A U B = D w h e r e  
D = {a t Z n :  & # 0) = {a t Wn: suppa E A); see Section 5.1 for the 
last equality and the definition of supp. 

We want to show that M = Rxo@(Rxl +...+ Rx.). As, by assumption, 
M is indecomposable, the assertion of the lemma will follow. 

Suppose Rxo n(Rx, +. . .+ Rx,) # 0. Then there exists a homogeneous 
element y t Rxo n (Rx, +. . . + Rx.), y # 0. It follows that a = deg y E A. 
On the other hand, there exist a homogeneous element r E R and some 
x,, i 2 1, such that y = rxi. Therefore, a = degr + degxi. Note that 
degxi t C = B. Hence there exists a homogeneous element z E K ,  z # 0, 
with deg z = deg xi. Consider w = rz; since supp(deg r) u supp(deg z )  = 
supp(deg r) U supp(deg xi) = supp a E A, it follows that w # 0. Therefore, 
a = deg w t B, a contradiction. 
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Lemma 5.5.4. Let A be a (d - 1)-dimensional Gorenstein complex over a 
,field k with A = core A. Then hd(A) f 0. 

PRMIF. We write k[A] "  XI, ..., X,]/ld. Then k[A] is a Zn-graded 
R-module, R =  XI,. . . , X.]. Therefore k[A] has a minimal 22"-graded 
resolution 

where Fi = @:, R(-aij) for i = 0,. . . ,p  with certain a, E Nn, and where 
the maps q j  are homogeneous of degree 0; see 1.5.16 where a similar 
result has been established for Z-graded resolutions. Minimality of the 
resolution means that qi(Fi) c (XI,. . . ,X,,)F:-I for all i. It is obvious 
that (F.), is a minimal R,-resolution of the Gorenstein ring k[A], where 
nt = (XI,. . . ,X,,). It follows from 1.3.3 that p = n - d ,  and 3.3.9 implies 
that F,-d = R(-a) for some a t Nn. 

Notice that F. is also a minimal Z-graded resolution: simply replace 
the shifts a, by la,l, where Jbl denotes the sum of the components of a 
vector b. Thus we may apply 4.1.14(a), and conclude that a - (n - d) 
is the largest integer s for which h,(A) # 0. The assertion of the lemma 
follows once we have shown that la1 2 n. In fact, this will imply that 
s 2 d. (The other inequality s 5 d is valid for any simplicial complex; 
see 5.1.8.) 

We claim that 
Oh., 0, 
U supp ai-I, c U supp a, 
,=I ,=I 

for all i = I,. . . ,n - d. Indeed, let eil,. . . , eip, be a homogeneous basis of 
Fi with dege, = a,. Then q(e,) = xi cr:;)ei-li for all i, j, and therefore 

ail = degcr; + ai-I,. Hence if cr:;' $. 0, then suppai-lr c suppail, and 
thus the claim follows once we know that for all i and 1 in question 
there exists j with f 0. Suppose this is not the case. Localize with 
respect to m = (XI,. . .,X.), and set A =  XI,. . . ,X,],,, B = k[A] ,,,. Then 
we may assume that F. is defined over A, and the matrix of qi has a 
zero row. Thus in the A-dual of F. there appears a matrix with a zero 
column. However, by 3.3.9, (F.)' is a minimal free resolution of us = B, 
a contradiction. 

Now since A = core A we have u?l1 suppal, = {XI,. ..,X.}, so that 

suppa = {XI,.. .,X,). This, of course, implies la1 2 n. 17 
Remark 5.5.5. We refer to the notation of the previous proof. As we 
have observed, a actually equals n. Thus supp a = {XI,. . . , X,} implies 
a = (I,.. ., 1); hence the a, are vectors with entries equal to 0 or 1. 
Hochster [I561 computed them explicitly by determining the fine Hilbert 
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series of the modules Ti = ~ o r p ( k ,  k[A]) for all simplicial complexes A :  

(10) HT,(O = wcv ( d i m k f i l ~ l - i - ~ ( A ~ ; k ) )  U , E W  n ti 

PRMIF OF 5.5.2. According to Exercise 5.5.7 the 'canonical module Wk[A] 

has a natural Z"-grading. 
Suppose that A is an Euler complex which is Cohen-Macaulay over k. 

Then the formula given in Exercise 5.5.7 implies that k[A] and W ~ [ A )  have 
the same Hilbert series with respect to the fine grading. By 5.5.3, this 
implies that wkrd] G k[A] which in turn implies that k[A] is Gorenstein; 
see 3.6.11. 

Conversely, suppose that A is Gorenstein over k. Then, just as in 
3.6.1 1, one sees that Ok[d] Y k[A](c), c = (el,. . . , cn) E Z", where lcl is the 
a-invariant of k[A]. As we assume that A = cored it follows from 5.5.4 
that /cl = 0. Since by Exercise 5.5.7, ci 5 0 for i = 0 ,..., n, this implies 
c = 0. Therefore, again by Exercise 5.5.7, 

Comparing coefficients we see that dimk iidimlkF(lk F ;  k) = 1 for all F E A. 
This together with the fact that A is Cohen-Macaulay over k implies that 
A is an Euler complex. 

Corollary 5.5.6. Simplicia1 spheres are Gorenstein over every field 

Exercises 

5.5.7. Let k be a field, and A a (d - 1)-dimensional Cohen-Macaulay complex 
over k.  According to 3.6.19, the 'canonical module of k [ A ]  is isomorphic 
to 'Homk('Hh(k[A]),k). Conclude that has a natural Z"-grading, and show 
that 

ti 
H,,,,, (1) = dimn Edim P ~ ( l k  F ;  k )  n - 

F t A  X,tF 
1 - t ,  

Hint: 5.3.8 and 5.4.3. 

5.5.8. Let k be a field, and A be a (d - 1)-dimensional Cohen-Macaulay complex 
over k. Prove the following conditions are equivalent: 
(a) A is an Euler complex; 
(h) Hk[d](tl,.. .,&) = (-l)dH~[~l(t;'3.. .,t:); 
(c) ' k[A] as a Z"-graded k[A]-module. 
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5.5.9. With the assumptions of 5.5.8 show the following conditions are equivalent: 
(a) A is Gorenstein over k; 
(b) taHk[,](t,,. .., 2,) = (-l)dHk[~l(t;',. .. , t;') for some a E Z?. 
Suppose the equivalent conditions hold. Show t" is a squarefree monomial in 
t ~ , .  . ., t, of degree 1V \ core V/. Conclude that a(k[A]) = -1V \ core VI. 

55.10. Determine all 1-dimensional Gorenstein complexes. 

5.6 The canonical module of a Stanley-Reisner ring 

Let k be a field, and A a Cohen-Macaulay complex over k. In the 
previous section we have already considered the 'canonical module o k [ A ]  

of k[A]. By Exercise 5.5.7, it has a natural fine grading with Hilbert series 

(11) ti 
Hmku1 (f) = 1 dimk gdirnILF(1k F ;  k) n 

FtA 
1 - ti 

U,EF 

In 3.3.16 we defined the canonical module of a non-local ring R to be 
a finite module which is locally isomorphic to the canonical modules of 
the corresponding local rings, and observed in 3.3.17 that a canonical 
module, if it exists, is only unique up to tensor products with locally 
free R-modules of rank 1. Hochster ([156], Theorem 6.1) showed that all 
locally free k[A]-modules of rank I are actually free. Hence for k[A] we 
do not have to distinguish between the canonical and 'canonical module. 
The reader may recover the proof of Hochster's theorem in Exercise 5.6.8 
where we indicate the steps. 

As k[A] is reduced, it follows from 3.3.18 that Q[A] can he identified 
with an ideal I of k[A]. Unfortunately we cannot expect that I be %Z"- 
graded (n the number of vertices of A), simply because it may happen that 
dimk(wk[~]). > 1 for some a E 22". Indeed, consider the 1-dimensional 
simplex in Figure 5.9. By (ll), the fine Hilbert series of its canonical 

Figure 5.9 

module is 

Thus for a = (1,0,0,0) we have dimk((i)k[~~)~ = 2 
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Theorem 5.6.1. Let A be a (d - 1)-dimensional Cohen-Macaulay complex 
over afield k. Then the following conditions are equivalent: 
(a) A is not an Euler complex, and there exists an embedding wk[d] -t k[A] 
of 22"-graded k[A]-modules; 
(b) there exists a (d - 2)-dimensional subcomplex Z of A which is Euler 
and Cohen-Macaulay over k such that for all F E A 

If the equivalent conditions hold, then as a 22"-graded k[A]-module, W ~ [ A ]  

is isomorphic to the ideal J in k[A] which is generated by the monomials 
xF = xi, F E A \ Z. 

PROOF. (a) * (b): Let I be the Z"-graded ideal in k[A] which is isomorphic 
to the image of Wk[A] -t k[A]. As we assume that A is not an Euler 
complex, Exercise 5.5.8 implies that I # k[A]. Further note that if xa E I,  
then na,,o~i E I. This can be deduced from the Hilbert series of W~[A]; 
see (11). Thus if we set Z = {suppu : a $ I),  then 

It follows that Z is a (d -2)-dimensional Cohen-Macaulay complex over 
k. Since Hk[z1(t) = Hk[d1(t) - HmklAl(t) we conclude from Exercise 5.5.7 
that 

By 5.5.8, this implies that Z is an Euler complex. 
Once again applying (11) we obtain 

ti 1 dimk i i d i r n ~ k  F(lk F; k) n -_ - 
1- t i  - Hm,,, (t) = Hk[d] (t) - Hk[~](f) 

FtA u , € F  

A comparison of the coefficients on both sides yields the assertion con- 
cerning the links of the faces of A. Moreover it follows that I equals the 
ideal J described in the theorem since both ideals have the same Hilbert 
series. 

(b) =. (a): First observe that A is not an Euler complex, since the 
links of the faces which belong to Z are acyclic. 

In order to obtain the desired embedding of the canonical module we 
add a vertex w, form the cone cn(Z) = {w}*Z, and let r = cn(Z)uA. Then 
d i m r  = dim A = d - 1, k[T] =  XI,.. .,X,,, Y]/Zr ( Y  corresponding 
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to the vertex w), and k[T]/(y) " k[A] where y denotes the residue of Y 
modulo Ir . 

We will show that r is an Euler complex which is Cohen-Macaulay 
over k. In particular r will be Gorenstein. Then 3.6.12 implies 

Since these isomorphisms are obviously Zn-graded, the desired conclusion 
follows. 

It remains to he shown that the links of the faces F E r are homology 
spheres, that is, satisfy condition (9) of Section 5.4. We distinguish several 
cases: 

(i) F E A \ Z ;  then ikr F = Ikd F, and (9) is satisfied by assumption. 
(ii) F E Z ;  then lkr F = cn( lk~  F) U I ~ A  F. Since cn(lk2 F) n Ikd F = 

Ikz F,  the Mayer-Vietoris sequence ([239], Theorem 25.1) applied to this 
situation yields the long exact sequence 

provided i k ~  F # 0. Note that fi.(lkn F;k) = 0 by assumption, and 
fi.(cn(lkZ F);k) = 0 by Exercise 5.3.10, so that 

~ ~ + ~ ( l k ~  F; k) " fii(lkr F ;  k) for all i 

As Z is an Euler complex which is Cohen-Macaulay over k, it follows 
that lkr F is a homology sphere. 

If Ikz F = 0, then lkr F = {w} U Ikd F. Note that F is a facet of Z, so 
that d i m l k ~  F = 0. Hence assumption (h) implies that ikA F consists of 
one vertex. Therefore Ikl- F = {w,v} where v is a vertex of A, and thus it 
is a sphere. 

(iii) w E F ;  then F = {w} U G where G E Z, and lkr F = Ikz G. Again 
we derive the desired conclusion. 

Let A he a simplicia1 complex whose geometric realization X = A /  is 
a manifold with boundary JX. Then J X  = Z /  where Z is the subcomplex 
of A which is characterized by the property that its facets are faces of 
precisely one facet of A ([239], 535 and Exercise 4). 

As an  application of 5.6.1 we obtain 

Theorem 5.6.2 (Hochster). Let k be afield, and A a (d - 1)-dimensional 
Cohen-Macaulay complex over k whose geometric realization X = l A  is a 
manifold with a non-empty boundary JX. Further let Z be the subcomplex 
of A with ax = 1x1, and J the ideal in k[A] generated by the monomials 
xF, F t A \ Z. Then the following conditions are equivalent: 
(a) Wk[d] Z J as a Zn-graded k[A]-module; 
(b) Z is a Gorenstein complex over k; 
(c) Z is an Euler complex which is Cohen-Macaulay over k. 
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PROOF. (a) - (h): Suppose J is the canonical module of k[A]. Then 
3.3.18(h) in conjunction with 3.6.20(c) shows that k[Z] " k[A]/J is Goren- 
stein. 

(b) - (c): By 5.5.2, it suffices to show that Z = coreZ. Suppose this 
is not the case. Then there exists a vertex v t Z such that st v = Z, and 
so Z = {v} * r for some subcomplex r of Z. But then J(dX) = J Z /  3 
Ir 1 f 0, a contradiction since the boundary of a manifold is a manifold 
without houndary. 

(c) (a): We have to check the conditions 5.6.l(b) for the links of the 
faces of A. Let p : A + IRn be thc map defining the geometric realization 
of A. 

Suppose F E A, F f 0, and p E relint(convp(F)). If Ik F f 0, then 
5.4.5 yields 

The first case happens when F E 2 ,  the second when F @ Z. If Ik F = 0, - 
then F 4 Z and again fidimikF(lk F;k) = H-l(O;k) Y k. 

- Now suppose F = 0. Then ik F = A, and we need to show that 
Hd-,(X; k) N 0, or equivalently, that any (d - 1)-cycle z = C a r F  of the 
chain complex @ ( A )  is trivial. As z is a cycle we have 

for all F' E A with dimF' = d - 2. Now since X is a manifold with 
boundary, each (d - 2)-face F' E A is a face of precisely one facet of A 
when F' E Z, and of precisely two facets of A when F' @ Z. Hence (i) 
a~ = 0 if F contains a facet F' E Z, and (ii) ar,  ah = 0 if F' @ Z 
and FI and Fz are the facets of A containing F'. Since by assumption 
Z # 0, we conclude from (i) that ar = 0 for at least one facet of A. 
Now let G t A he any other facet. Notice that A is connected since it 
is Cohen-Macaulay of positive dimension; see Exercise 5.1.26. Therefore 
we can find a chain of faces 

with alternating inclusions where dim Fzi = d - 1 and dim F2,-1 = d - 2 
for i = O,.. .,m. Thus it follows from (ii) and by induction on i that 
ah, = 0 for i = 0,. . . , m; in particular, ac = 0. 

A Zn-graded embedding of W ~ [ ~ I .  Though the canonical module of a 
Stanley-Reisner ring k[A] cannot always he identified with a Zn-graded 
ideal, it may he realized as a kernel of a certain Zn-graded homomor- 
phism. In order to derive such a presentation we first observe that the 
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homology o f  the complex G' is concentrated in  'negative degrees'; see 
Theorem 5.3.8. T o  he precise, we have H'(C;) = 0 i f  some component ai 
o f  a is positive. Thus i f  we set 

where 22" {a E Zn : a; 5 0 for i = I, .  . . , n) ,  then 

and these are isomorphisms o f  Z-graded modules. Write k[A] = k [ X ] / l d  
with k [ X ]  =  XI, ..., X.]. Then by virtue o f  the local duality theorem 
for graded modules we obtain the isomorphisms 

where Hi(D')" " 'Homk(Hi(D') ,  k)  " Hi('Homk(Da, k)) .  
Let us more closely inspect the complex G. = 'Homk(D',k).  Re- 

call that C' is a direct sum o f  modules R ,,,...,, where R = k[A].  
Let F = {ui,, . . . , v , } ,  X = Xi, . . .X i ,  and x = x 11 . . . x I , ,  . then R, Z 

k[Xi,  X;' : ui E F] [Xi : ui 6 F ] / ( l d ) x  where ( I A ) ~  is an ideal generated by 
certain squarefree monomials in the variables Xi  for which vi @ F. It is 
clear that 1 E ( IA)x  i f  and only i f  F 6 A. Thus we see that 

so that 'Homk(@ ,,,! (R,),,k) " k [ X i :  ui E F] " k [ X ,  ,..., X,]/?pF i f  
F E A. By definition, G, is a direct sum o f  such modules. Thus we have 

Theorem 5.6.3. Let A be a (d - 1)-dimensional simplicial complex, and k 
ajield. For each i = 0, ..., d let Gi be the direct sum of the k[A]-modules 
 XI, . . . , X,]/?pF where F E A and IF = i. Consider the complex 

of  k[A]-modules whose differentiation is composed of the maps 

A i f  F = {ui,, . . . , ui,} and F' = {v;,, . . . , u,, . . . , ui,), and zero otherwise. Then 
for i = 0 ,  ..., d ,  

H;(G.) " E x t i $ l ( k [ ~ ] , k [ X ] ) .  

In particular, i f A  is Cohen-Macaulay, then one obtains the exact sequence 
of Zn-graded k[A]-modules 

As  a consequence o f  5.6.3 we derive a result o f  Grabe [ I  131. 

5.6. The canonical module o f  a Stanley-Reisner ring 24 1 

Corollary 5.6.4. Let k be a field, and A a (d - 1)-dimensional simplicial 
complex which is Cohen-Macaulay ouer k. Then there is a Z-graded em- 
bedding 

uk[d](-d) + k[Al. 

PROOF. Let 6 :   XI,.. .,x.] + Gd =  XI,. . . ,x,ll/?pF) be the 
homomorphism which on each component is just the canonical epi- 
morphism. Then Kers = nIFlGd ? p F ,  and so c induces an isomorphism 
2 :  k[A]  + I m & .  

Let x = C I F , = ,  x F ;  then x is homogeneous o f  degree d .  Moreover, x 
is Gd-regular and xGd c I ~ E .  T o  see this, note that i f  a = (aF) E Gd, 
then xu = (xFaF) .  From this it follows immediately that x is indeed 
Gd-regular, and it also follows that e (xF)  = xep for all facets F. Here e.F 
denotes the element o f  Gd whose projection to   XI, . . . , Xn]/ lpF,  is 1 i f  
F = F', and 0 otherwise. Since these elements generate Gd,  the element x 
multiplies Gd into the submodule Im s, as asserted. 

In conclusion we have 

W e  illustrate 5.6.4 by means o f  the simplicial complex A illustrated in  
Figure 5.9. Theorem 5.6.3 yields the exact sequence 

and it is readily seen that wkrdl is generated by the elements (XI , -XI ,O)  
and (Xl,O, - X I )  in  @:=, k[Xl ,X i ] .  Then (ClF1=, xF)uk[nI  has the genera- 
tors (x :x~ , -x :x~ ,o )  and ( X : X 2 , 0 , - ~ : ~ 4 ) .  Thus we see that the ideal 
in k[A] corresponding to xwydl via 2-' is generated by x:x2 - x:x3 and 
x:x2 - x:x4. 

Doubly Cohen-Macaulay complexes. Let k be a field. In Exercise 5.4.9 
we noticed that the type rk(A) o f  a Cohen-Macaulay complex A over 
k is at least h,, the last non-vanishing component o f  the h-vector o f  A. 
Unfortunately, we may have rk(A)  > h,; see Exercise 5.6.10. By 5.4.9 
equality holds exactly when A is level over k. The situation is particularly 
simple when A is level and s = d = d i m A  + 1. Then 5.1.9 implies that 
rk(A) = ( - I ) ~ - ' ? ( A ) ,  and this number is reasonably accessible. 

Definition 5.6.5. Let k he a field. A simplicial complex 4 on the vertex 
set V is doubly Cohen-Macaulay ouer k i f  A is Cohen-Macaulay over k,  
and for all u E V the subcomplex Av,(,) is Cohen-Macaulay over k o f  
the same dimension as A. 
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Concluding this chapter we present two results of Baclawski [26] on 
doubly Cohen-Macaulay complexes. 

Theorem 5.6.6 (Baclawski). Let k be a j e l d ,  and A a (d - 1)-dimensional 
doubly Cohen-Macaulay complex over k. Then A is level and 

PROOF. We make use of Hochster's formula (10) in Section 5.5 which 
gives the Hilbert series of Torf(k, k[A]) where R =  XI,. . . ,X,]. Note A 
is Cohen-Macaulay over k if and only if Torfik, k[A]) = 0 for i > n - d. 
Thus in view of (10) we have the following result: 

(12) A is Cohen-Macaulay over k o 

E;T,(dw;k) =Ofor  all W c V and j <  I W I - ( n - d ) 1 .  

We claim that ~ o r f - ~ ( k , k [ ~ ] ) ,  = 0 for a # (1,. . . ,I) .  Suppose this is 
not the case. Then from (10) we deduce that there exists a proper 
subset W of V such that fij(Aw;k) f 0 for j = I W  - (n -d )  - 1. 
Choose i such that W c V' = V \ { v i } ;  then (Avow = Aw. Since by 
assumption A V  is Cohen-Macaulay it follows from (11) (applied to A",) 
that W l - ( n - d ) 1  = j t  IWI-(n-1-d)-1,acontradiction. 

We leave it to the reader to complete the proof. Simply observe that 
the degrees of the non-zero components of Torf-'_,(k, k[A]) determine the 
degrees of the generators of wk[d], and that hd = dimk ~ o r f - ~ ( k ,  k [ ~ ] ) ~  for 
a = ( l ,  ..., 1). 

We may view @ ( A )  8 k as a graded k-vector subspace of k[A] simply 
by identifying the elements F @ 1 with xF for all F t A. Then f i d - ~ ( d ;  k) 
is identified with a k-vector subspace of k[A]. 

Corollary 5.6.7 (Baclawski). I f  A is doubly Cohen-Macaulay over k, then 
as a Z-graded module, wk[~](-d) is isomorphic to the ideal generated by 
E;Td-,(A; k). 

PROOF. We view Wk[d] as a submodule of Gd. By Exercise 5.6.9, wk[n] is 
generated by elements of degree 0, that is, by elements of Ker((Gd)o + 

(Gd-l)~). Let x = C,,,=d xF be as in the proof of 5.6.4. Then XOk[dl is 
the ideal in k[A] which is generated by Ker((xGd)d + (xGd-~)d), and this 
yields the desired conclusion since (xGd)d + ( x C d - ~ ) ~  can be identified 
with Wd-l(d) @ k 4 Wd-2(d) 8 k. 

Exercises 

5.68. Let k be a field, A a simplicial complex, and P a finite k[A]-module of 
rank 1 which is locally free. Show P is free. The proof can be accomplished in 
the following steps. 

(a) Let R be a Noetherian ring, P a finite module, and I,, 12 two ideals in R 
such that P/I,P is a free (R/I,)-module of rank 1 for j = 1,2. Assume that the 
group of units of R/(I, nh) is mapped surjectively onto that of R/(II flz). Show 
P/(Il n 1,)P is a free R/(I, n 12)-module of rank 1. 
(b) Use (a) and induction on the number of facets of A. To start the induction 
observe that a finite, locally free k[Xi, ..., X,]-module of rank 1 is actually free. 
Indeed such a module is isomorphic to a projective ideal, and since k[Xl, .. .,X,] 
is factorial, projective ideals are principal; see [230], Theorem 20.7. 

5.6.9. Let k be a field, and A a (d - 1)-dimensional doubly Cohen-Macaulay 
complex over k. Show Ker(Gd + Gd-I) is generated by elements of degree 0 in 
Gd. 
5.6.10. Show a 1-dimensional simplicial complex A on V satisfies r(A) = x ( A )  if 
and only if for all v t V the subcomplex AV,(,) is connected. (Reference to a field 
k is not needed in dimension 1. Why?) 

5.6.11. Give an example of a Cohen-Macaulay complex whose type depends on 
the field k. 

5.6.12. Prove the converse of 5.6.6: if A is a Cohen-Macaulay complex and k a 
field such that r k ( A )  = (-l)d-ly(A), then A is doubly Cohen-Macaulay. 

5.6.13. Characterize the 1-dimensional simplicial complexes A for which there 
exists a Z"-graded embedding w x ~ ~ l  + k[A]. 

Notes 

Simplicia1 complexes have been considered in topology since Poincare 
[256] who computed homology groups of topological spaces via triangu- 
lations. 

Another motivation comes from polytope theory where simplicial 
complexes appear as boundary complexes of simplicial polytopes. The 
question of how the number of the faces in various dimensions are related 
to each other has attracted combinatorialists and geometers since Euler 
who discovered the familiar equation f o  - f ,  + f z  = 2 for 3-polytopes in 
1752. 

A new technique in studying simplicial complexes was introduced 
by Stanley [304]. His proof of the upper bound theorem for simplicial 
spheres depends heavily on methods from commutative algebra whose 
foundations were laid by Hochster [I561 and Reisner [262]. Naturally 
our exposition concentrates on the algebraic aspects of the theory. It is 
very much influenced by Stanley's monograph [309] and the lectures by 
McMullen and Stanley held at the DMV-Seminar in Blaubeuren, July 
1991. The reader interested in a general, up-to-date survey on convex 
polytopes is referred to the excellent article [29] by Bayer and Lee. Hibi's 
book [I431 offers an attractive introduction to algebraic combinatorics. 

In our proof of Theorem 5.5.1 we have avoided using Hochster's 
formula for the fine Hilbert series of the modules ~ o r ; [ ~ ' ( k ,  k [ ~ ] ) .  Its 
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proof is somewhat elaborate and can be found in all details in [156]. 
(However, we use these formulas in the proof of Baclawski's theorem 
on level complexes.) There are other notable results in this direction. 
For example, Miyazaki [235] proved that the barycentric subdivision of 
a level complex is again level, and Hihi [I401 showed that the proper 
skeletons of a Cohen-Macaulay complex are all level. 

There are several aspects in the algebraic theory of simplicia1 com- 
plexes not considered in this book or only discussed in passing: for 
instance, a careful account of order complexes of posets, or Schenzel's 
characterization of Buchsbaum complexes; see [236], [284], and [313]. 
It should be mentioned that the statements (i)-(v) in Exercise 5.3.16(a) 
are all equivalent to the Buchshaum property. Froberg and Hoa [99] 
investigated Segre products of Stanley-Reisner rings 

A thorough study of order complexes of posets can he found in 
Bjorner's paper [33]. Theorem 5.1.12 on the shellability of bounded, 
semimodular posets is taken from [33]. Garsia's paper [I021 is another 
source of information on this topic. In [I391 Hibi classifies those order 
complexes of distributive lattices which are Gorenstein. 

In the notes of Chapter 2 we have mentioned the problem as to 
whether the Poincari series of a local ring is a rational function. For a 
positively graded ring R over a field k one defines its Poincark series with 
respect to a minimal free graded resolution of k. Froherg [98] showed 
that if R is defined by monomial relations of degree 2, then k has a 
linear resolution over R; in particular the Poincari series of R is rational. 
Backelin [25] proved the rationality of the Poincar; series for graded 
algebras defined by monomial relations of arbitrary degree. 

Another important result left out is the g-theorem whose existing 
proof goes beyond the scope of this hook. A vector h = (ho,. . . , hd) E 
Nd+l satisfies the g-condition if ho = 1, hi = hd-i for all i, and if 
(ho, h, - ho,. . ., hLdI2, - hld12]-,) is the h-vector of a homogeneous k- 
algebra. According to 4.2.10, the latter condition is satisfied if and only 
if ho I hl 5 . . . 5 hIdI2]. and hi+l - hi I (hi - hi-l)(') for all i 2 d/2 - 1. 
The name g-condition stems from the fact that one commonly denotes 
by gi the differences hi - hi-I. 

It was conjectured by McMullen in 1971 that (ho,.. . , hd) E Nd+' is 
the h-vector of a simplicial polytope if and only if it satisfies the g- 
condition. The 'sufficiency' was proved by Billera and Lee [31], while 
the 'necessity' was shown by Stanley [307] who exhibited a homogeneous 
system of parameters 01 , .  . . , Od of k[A] such that deg Oi = 1 and A = 

k[A]/(Ol,. . . , Od) has a Lefschetz element, that is, an element w E A1 for 
which multiplication by w induces linear maps Ai_l -* Ai of maximal 
rank. 

6 Semigroup rings and invariant theory 

This chapter opens with the study of affine semigroup rings, i.e. suh- 
algebras of Laurent polynomial rings generated by a finite number of 
monomials. We relate the structure of such a ring R to that of the semi- 
group C formed by the exponent vectors of the monomials in R, and to 
the cone D spanned by C. From the face lattice of D we then construct 
a complex for the local cohomology of R. 

The connection between R and D is strongest if R is normal: this is 
the case if and only if R contains all monomials which correspond to 
the integral points in D. By a theorem of Hochster normal semigroup 
rings are Cohen-Macaulay. Moreover, we shall determine their canonical 
modules and, as a combinatorial application, derive the reciprocity laws 
of Ehrhart and Stanley. 

We are led to the second topic of this chapter by the fact that rings 
of invariants of torus actions are normal semigroup rings. We also treat 
finite groups, covering Watanabe's characterization of Gorenstein invari- 
ants and the famous Shephard-Todd theorem on invariants of reflection 
groups. The discussion of invariant theory culminates in the Hochster- 
Roberts theorem which warrants the Cohen-Macaulay property for rings 
of invariants of all linearly reductive groups. 

6.1 Affine semigroup rings 

An u@ne semigroup C is a finitely generated semigroup which for some 
n is isomorphic to a subsemigroup of Zn containing 0. Let k he a field. 
We write k[C] for the vector space klC), and denote the basis element 
of k[C] which corresponds to c t C by XC. This 'monomial' notation 
is suggested by the fact that k[C] carries a natural multiplication whose 
table is given by X'X" = x"'" (we use + to denote the semigroup 
operation). For example, k[Zn] is isomorphic to the Laurent polynomial 
ring k[X1, X;',. . . ,X,,,X;'] if we let Xi correspond to the i-th element of 
the canonical basis of Z"; similarly k[Wn] is isomorphic to  XI,. . . , X,,]. 
The rings k[C] where k is a field and C is an affine semigroup are called 
afine semigroup rings. 

There is a 'smallest' group G containing C, characterized by the fact 
that every homomorphism from C to a group factors in a unique way 
through G.  We write ZC for G,  for if C c Zn, then G is just the 
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72-submodule of Zn generated by C. Since an affine semigroup can be 
embedded into Zn for some n, we see that Z C  " @ f o r  some d E IN 
which we call the rank of C. We set QC = Q @ z Z C  and R C  = IRBzZC. 
In the following we will consider Z C  as a subgroup of Q C  and QC as 
a Q-vector subspace of R C  where the inclusions are the map z - 1 @ z 
and the one induced by the embedding Q + R. 

An embedding C L* Z" of semigroups induces an embedding k[C] -+ 

k[Zn] of k-algebras. Therefore k[C] is a domain; it is Noetherian since 
C is finitely generated. Obviously k[C] and k[ZC] have the same field of 
fractions if we regard k[C] as a subalgebra of k[ZC] in a natural way. It 
follows that Z C  " Zd where d = dim k[C]; so dim k[C] = rank C. 

The ring k[C] is a k-subalgebra of k[ZC]; it is in fact a graded subring 
of the ZC-graded ring k[ZC] (see Section 5.1 for this notion), and without 
further specification the attributes 'graded' and 'homogeneous' always 
refer to the 2%-graduation of k[C]. The graded ideals of k[C] are those 
generated by homogeneous elements. Each homogeneous component of 
k[C] is a one dimensional k-vector space, and therefore the graded ideals 
correspond to certain subsets of C which will be identified below. In 
order to switch from the ring k[C] to the semigroup C we introduce the 
operator 

log l  = {c : XC t I )  for a subset I c k[C]. 

It is clear that log establishes a bijection between the set of graded vector 
subspaces of k[C] and the set of subsets of C. 

In a semigroup C we may define ideals, and even radical, prime, or 
primary ideals: S c C is an ideal if c + s E S for all c E C, s t S (so 0 
is an ideal). The radical of an ideal S is RadS = {s: ms E S for some 
m t W); RadS is itself an ideal, and S is a radical ideal if S = RadS. 
An ideal S # C is prime if c + c' E S implies c t S or c' E S, and it is 
primary if c + c' t S, c $ S implies c' E RadS. It is easy to check that 
the radical of a primary ideal is prime. The following proposition whose 
proof is left for the reader (Exercise 6.1.9) establishes the correspondence 
of the ideal theory of C and that of the graded ideals of k[C]. 

Proposition 6.1.1. Let C be an uj'ine semigroup, and I ,  I' c k[C] graded 
k-vector subspaces. Then 
(a) I c I' o log1 c log/', log(ll nl,) = logl ,  nlogl , ,  log11 +I2 = 

log I, U logl2, 
(b) I is a (radical, prime, primary) ideal if and only f l o g 1  is a (radical. 
prime, primary) ideal; furthermore log Rad I = Rad log I ,  
(c) the minimal prime overideals of 1 are graded. 

Normul semigroup rings. An affine semigroup C is called normal if it 
satisfies the following condition: if mz E C for some z t Z C  and m E W, 

6.1. Affine semigroup rings 247 

m > 0, then z E C. One sees immediately that C must be normal if 
k[C] is a normal domain: X q s  an element of the field of fractions of 
k[C], and if (X')" E k[C] and k[C] is normal, then Xz t k[C]. That the 
converse is also true will be shown below. First we explore the geometric 
significance of normal semigroups. 

A non-empty subset D of an R-vector space V is called a cone if it 
is closed under linear combinations with non-negative coefficients in R .  
For S c V the set 

R + S  = {z aiui : ai t R+,  vi E S, n E N )  
i=/  

is obviously the smallest cone containing S ;  it is the cone generated by S. 
Finitely generated cones can be characterized in complete analogy with 
convex polytopes: a subset D of a finite dimensional R-vector space V 
is a finitely generated cone if and only if there exist finitely many vector 
half-spaces 

H + = { u ~ V : ( a ~ , v ) > 0 ) ,  a i e V ,  a i#O,  i = l ,  ..., m, 

such that D = H: n . - .  n H:. 
In the following it will he necessary to consider rational polytopes 

and cones. Let V he an R-vector space of finite dimension, and U a 
Q-vector subspace of V such that dimQ U = dima V. A polytope P c V 
is rational (with respect to U) if its vertices lie in U ,  and a cone is rational 
if it is generated by a subset of U .  We choose a scalar product which has 
an orthonormal basis in U, and define a rational half-space to he a set 

H : = { ~ E  V: ( a ,v )>p}  

with a t U ,  a # 0 and p E Q. Of course, the notion of rationality makes 
sense only with respect to a fixed Q-suhspace U (and, for a half-space, 
is independent of the choice of the scalar product, provided it has an 
orthonormal basis in U). If V = R", then it is tacitly understood that 
U =(I)", and when V = R C  for an affine semigroup C, U = QC. 

We need some results about rational polytopes and cones: 
(i) A subset P c V is a rational polytope if and only if it is bounded and 
the intersection of finitely many rational half-spaces. 
(ii) A subset D c V is a finitely generated rational cone if and only if it 
is the intersection of finitely many rational vector half-spaces. 
(iii) Let 01,. . . , v,,, E U. Then u E U n conv{vl,. . ., v,) if and only if there 
exist rl ,..., r, E Q+ with CE1 ri = 1 such that u = CE, rivi; in other 
words 

U n convjv,,. . . , o m )  = convQ{vl,. . . , v,). 

(iv) Let vl,. ..,urn E U. Then u t U nR+{v,  ,..., 0,) if and only if there 
exist rl , . .  .,r, E Q+ such that u = I:, rivi; in other words 

U n R+{u,, . . . , 0,) = Q+{v1,. . . , 0,). 
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It is a good exercise for the reader to prove (i)-(iv). An essential argument 
is that a linear system of equations with rational coefficients is soluble 
over Q if and only if it has a solution over IR. 

Proposition 6.1.2 (Gordan's lemma). (a) If C is a normal semigroup, then 
C = Z C  n R + C  (within RC) .  
(b) Let G be ajnitely generated subgroup of Q" and D ajnitely generated 
rational cone in IRn. Then C = C n D is a normal semigroup. 

PROOF. (a) It follows from (iv) above that Z C  n R + C  = Z C  n Q+C, and 
that C = Z C  n Q+C is (almost) the definition of a normal semigroup. 

(b) The essential point to prove is that G n D is a finitely generated 
rational semigroup; the rest is again elementary. 

We claim that D n R C  is a finitely generated rational cone in IRC. 
In fact, let D = n H+ be given as the intersection of finitely many 
rational half-spaces of Rn .  Then D n R C  = n(H: n R C ) ,  and because of 
QC = R C  n Q", each H: n R C  is a rational half-space of R C  or equal 
to R C .  

Replacing G by Z C  and Rn by R C  we may now assume that G = Z". 
By hypothesis there exist ql, ..., q, E Q" with D = {C:=, aiqi: ai E IR, 
ai 2 0). Multiplying by a suitable common denominator we may assume 
that q, ,..., q, t 72". 

Choose c E C. Then c = Z:=, aiqi with a, t Q+, and therefore 

c = C ajqi + C a:qi 
i= 1 i=l  

with a: E W and a/' t Q, 0 O aaj' < 1. Since C = Zn n D, we have c" = 
Cy=, a/'qi E C. But c" lies in the bounded set B = {I:, a:qi : 0 s a; < 1) 
so that Z" n B is finite. The finite set (B n Zn) u {ql,. . . , q,) generates 
C. 

The invertible elements in a semigroup C form a group Cn, the largest 
group contained in C. If Co = 0, we say that C is positive. If C is normal, 
then C splits into a direct sum of Co and a positive normal semigroup: 

Proposition 6.1.3. Let C be a normal semigroup, and Cn the group of its 
invertible elements. 
(a) Then C " Ca 9 C' with a positive normal semigroup C'. Furthermore 
Cn Z Z U  for some u 2 0. 
(b) One has k[Cl " k[Co] k[Cf] 2 k[ZU] @k k[C1] for every field k. 

PROOF. It follows immediately from the normality of C that the group 
ZC/Co is torsion-free. Therefore Co is a direct summand of ZC, and 
hence of C itself. The rest of (a) is quite obvious. Part (b) is a special 
case of the general fact that ~ [ C I  9 Czl ' k[C11 Bk k[C2]. 
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With the notation of the previous proposition, all essential ring- 
theoretic properties are shared by k[C] and k[C1]: the ring k[C] arises 
from k[C1] by a polynomial extension followed by the inversion of the 
indeterminates, and is a free, thus faithfully flat, k[C1]-module. 

Theorem 6.1.4. Let C be an afine semigroup, and k a field. Then the 
following are equivalent: 
(a) C is a normal semigroup; 
(b) k[C] is normal. 

PROOF. The implication (b) * (a) has already been observed. 
For (a) * (b) we note that C is the intersection of finitely many 

rational half-spaces H+ = {q E R C  : (ai,q) 2 0) of IRC with ZC, ai E 
QC;  see 6.1.2. Set Ci = Z C  n H:. One has (Ci)o = { z  t Ci : (ai,z) = 0). 
It follows that (CJo " Zd-I where d = rank C. Thus the semigroup C/ in 
the splitting Ci = (CJo 9 Ci has rank 1. 

Since Ci is normal, CI is also normal. Being a normal subsemigroup of 
Z, and not a group, CI is isomorphic to W. Therefore k[Ci] " k[Zd-' 9W] 
is even regular. As k[C] is the intersection of the normal rings k[Ci], it is 
normal itself. 

In order to use the results on Z-graded rings and modules for affine 
semigroup rings we say that a decomposition 

k[Cl = @ k [ ~ l i  
i t N  

of the k-vector space k[C] is an admissible grading if k[C] is a positively 
graded k-algebra with respect to this decomposition, and Curthermore 
each component k[CIi is a direct sum of,finitely many ZC-graded com- 
ponents. It follows that X' is homogeneous for each c E C, and that the 
'maximal ideal n~ of k[C] is generated by the monomials X", c f 0. Thus 
k[C] has an admissible grading only if C is positive. That the converse is 
also true, will be very important in the following. 

Proposition 6.1.5. Let C be a positive afine semigroup. Then C is isomor- 
phic with a subsemigroup of Wm for some m. I n  particular k[C] is isomor- 
phic with a graded k-subalgebra of  XI,. . . , X,], and has an admissible 
grading. 

PROOF. We choose a scalar product that has a Z-basis of Z C  as an 
orthonormal basis. The cone R + C  is the intersection of half-spaces 

H + = { v E R C : ( a i , v ) 2 0 ) ,  a i e Q C ,  a , f O ,  i = l ,  ..., m. 

I Multiplying by a suitable common denominator we may assume that 
ai E ZC. Then (ai,c) E Z for all c t ZC, and rp: ZC + Zm, ~ ( c )  = 
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( (a , ,  c ) ,  . . . , (a,, c ) )  is a group homomorphism with q(C) c Wm. The ker- 
nel of q is the intersection of the hyperplanes Hi = { v  E R C  : (ai ,  v )  = 0 ) ;  
therefore the group Ker rp n Z C  is contained in C. Since C is positive, 

is injective. The rest is obvious. 

The graded prime ideals of an af ine semigroup ring. The results of Sections 
6.2 and 6.3 depend crucially on the fact that one can determine the graded 
prime ideals of k[C] from the geometry of the cone R+C. Let us first 
show that the set of non-zero graded radical ideals in k[C] has a unique 
minimal element. For an affine semigroup C we set 

Lemma 6.1.6. Let C be a positive a@ne semigroup. Then the ideal generated 
by the elements X C ,  c E relint C is a radical ideal, and is contained in every 
non-zero graded radical ideal of k[C]. 

PRWE. In view of 6.1.1 we may equivalently prove that relint C is the 
smallest non-empty radical ideal of C. 

Set I = relint C. It is obvious that I is a radical ideal of C. Let 
J c C be an arbitrary non-empty radical ideal, c t I, and s E J .  We 
must show that c t J, for which there is only something to prove if c # s. 
As c t relintR+C, the intersection of relintIR+C with the line L through 
s and c is a neighbourhood of c in L. Since L is rational, there exist 
rational points on both sides of c in L arbitrarily close to c. So there 
exists t t L n (relint R+C)  n QC such that c lies in the line segment [s, t ] .  
Therefore we have an equation 

c = 1s + ( 1  - l ) t  with 1 E Q, 0 < 1 < 1 

Multiplication with a suitable common denominator yields an equation 

m c = n s + t l  with m , n E N \ { O ]  

and t' E C. It follows that c E J because J is a radical ideal and s E J .  

We shall see in Theorem 6.3.5 that the ideal considered in 6.1.6 is the 
canonical module of k[C] if C is a normal semigroup. 

Let C be an affine semigroup, and suppose that F is a face of R+C.  
The set C \ F is immediately seen to be a prime ideal of C. By 6.1.1 
it follows that the ideal p(F)  of k[C] generated by the elements XL, 
c E C \ F ,  is a graded prime ideal of k[C]. In fact, all homogeneous prime 
ideals can be represented in this way: 

Theorem 6.1.7. Let C he an a@ne semigroup, and k a field. Then the 
assignment F -  p(F)  is a bijection between the set o f  non-empty faces o f  
R + C  and the set of graded prime ideals o f  k[C]. 
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PROOF. In view of 6.1.1 we may equivalently show that the assignment 
F c n ( F )  = C \ F is a bijection between the set of non-empty faces of 
R + C  and the set of prime ideals of C. 

It is easy to see that II is injective; in fact, F = R+(C n F) = 
R+(C \ n ( F ) )  for every face F of !R+C. 

Surjectivity of I7 is proved by induction on rank C, the case rank C = 
0 being trivial. Let rank C > 0 and P c C be a prime ideal. If P = 0, 
then P = II(R+C). So suppose P # 0. By 6.1.6 we have P 3 relint C. As 
relint C = II(F1) n . . . n I7  (F,) where F,, . . . , Fm are the maximal proper 
faces of R+C, it follows that P 3 L'(Fi) for at least one i, say P 2 ~ ( F I ) .  

The intersection C n FI is an affine semigroup with rank C n FI < 
rank C. As P n F1 is a prime ideal in C n Fl, there exists a face G of 
R+FI with P n F1 = (C n FI) \ G. Being a face of a face of IR+Fl, G is a 
face of R+C,  and elementary set theory shows that P = I7(G). 

In the next section the homogeneous localizations k[C](,! will play 
a crucial role. Since we shall argue rather geometrically, it is more 
suggestive to denote them by 

where F is the face of R + C  with p = p(F) .  This notation is also justified 
by the fact that k[CIF is the ring of fractions of k[C] with respect to the 
multiplicatively closed set {X?  c E C C F}. 

Finally we want to relate the faces of the cone IR+C to those of a 
suitably chosen polytope. For simplicity we restrict ourselves to the case 
in which C is positive. More generally, let 

D = {x E IRn : (ai, x )  > 0 for i = 1,. . . , m )  

be a cone in Rn given as the intersection of vector half-spaces defined by 
ai E IR; i = 1,. . . , m. Let us say that D is positive if 0 is the only element 
v E D with -v t D. 

This is the case if and only if al , .  . . ,am generate Rn. Set h = 

a1 + . . . + a, and define 

T = { x t D :  ( b , x ) = l } .  

It follows easily that T is bounded. Being the intersection of finitely many 
affine half-spaces, it is a convex polytope. We say that the hyperplane 
{ x  : ( b , x )  = 1 )  is transversal to D, and call T a cross-section of D. Cross- 
sections are introduced because their combinatorial structure will lead 
us to a complex by which one can compute the local cohomology of an 
affine semigroup ring. 

A non-empty face of D is given by D itself or by H n D where H 
is a supporting hyperplane of D. Since D is a cone, H must contain 0. 
Therefore there is a unique minimal non-empty face of D, namely {O}, 
and we choose F (D)  to be the set of non-empty faces of D. 
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Proposition 6.1.8. Let D be a positive cone, and T a cross-section of D. 
Then the assignment F I+ F fl T induces an isomorphism F ( D )  " F ( T )  
of partially ordered sets. Its inverse is given by G H  IR+G. 

The proof is easy and left as an exercise for the reader. 
At several places below we will have to use the correspondence 

between the faces of R + C  and those of a cross-section T of IR+C, as 
given by 6.1.8. In order to avoid cumbersome notation we agree on 
denoting corresponding faces by corresponding capital and small letters. 
So, if F is a face of IR+C, then f = (IR+C) n T. 

Exercises 

6.1.9. Prove Proposition 6.1.1. 
Hint: For the implication 'c' in (b) and for (c) one uses that ZC Z Zci, 
d = rankc, can be given a linear order under which it becomes an ordered 
group. (For enample one may choose the reverse degree-lexicographical order 
introduced in Section 4.2.) Then the homogeneous components of an element are 
linearly ordered, and one argues similarly as in the proof of Lemma 1.5.6. 

6.1.10. Let S, T be affine semigroups, S c T. One says that S is a full 
subsemigroup of T if S = T nzs. Show 
(a) a full subsemigroup of a normal semigroup is again normal, 
(h) a positive affine semigroup is normal if and only if it is isomorphic to a full 
subsemigroup of W" ror some n 2 0, 
(c) if S is full in T, then k[S] is a direct k[S]-summand of k[T]. 

6.1.11. Let C be an affine semigroup. Then k[C] is regular if and only if C is of 
the form Z" 0 NU. 
Hint: The implication 'c' is easy. For the implication 'a' one uses 6.1.5 and 
2.2.25, noting that a minimal set of generators of the 'maximal ideal of k[C] can 
be chosen of the form X' l , .  . . , X'.. 
6.1.12. Let C be an affine semigroup, and F a face of IR+C. Show 
(a) the composition k[C n F] + k[C] + k[C]/V(F) of natural maps is an 
isomorphism of affine semigroup rings, 
(b) if C is normal, then k[C n F] is also normal, 
(c) k[CIF is an affine semigroup ring. 

6.1.13. Let D c R" be a positive cone, and z E IR". Show that z 6 -D if and 
only if there exists a hyperplane H which is transversal to D and contains I. 

6.2 Local cohomology of affine semigroup rings 

In this section we shall define a complex by which we can compute 
the local cohomology of an affine semigroup ring; it is based on a 
construction of algebraic topology, namely the oriented augmented chain 
complex associated with a finite regular cell complex. 

Cell complexes. Regular cell complexes generalize the simplicia1 com- 
plexes of Chapter 5. Massey [225] gives an introduction to the theory of 
cell complexes which is very well suited for our purpose. We introduce the 
chain complex associated with a cell complex axiomatically, borrowing 
the existence and uniqueness theorems from algebraic topology. 

A finite regular cell complex is a non-empty topological space X 
together with a finite set r of subsets of X such that the following 
conditions are satisfied: 

(i) X = U,,, e; 
(ii) the subsets e E r are pairwise disjoint; 
(iii) for each e t r ,  e + 0 there exists a homeomorphism from a closed 
i-dimensional ball Bi = {x t IRi: / x l  5 1) onto the closure 2 of e which 
maps the open ball Ui = {x E Ri : 1x1 < 1) onto e; 

(iv) 0 E r .  
By the invariance of dimension the number i in (iii) is uniquely 

determined by e, and e is called an open i-cell; 0 is a (-I)-cell. By T i  
we denote the set of the i-cells in T. The dimension of r is given by 
dim r = max{i : r i  # 0). It is finite since r is finite. One sets lr 1 = X. 

Finite regular cell complexes are special cases of a more general 
topological structure, namely that of a CW-complex. Since all our CW- 
complexes are finite and regular, we shall simply call them cell complexes. 

A cell e' is a face of the cell e + e' if e' c 2, and a subset Z of r is a 
subcomplex if for each e t Z all the faces of e are contained in Z. 

The classical examples of cell complexes are convex polytopes P 
together with their decomposition P = U,,g(,, relint f .  For them the 
following property, which follows from (i)-(iv), is an elementary theorem: 
(v) if e t ri  and e' t Ti-' is a face of e, then there exist exactly two cells 
el, er t r" such that ej is a face of e and e' is a face of e,. 

Each simplicia1 complex A may be identified with a cell complex, 
namely the cell complex it defines in a natural way on a geometric 
realization and whose open cells correspond to the faces of A. It is 
convenient to denote this cell complex simply by A,  and an open cell 
by the corresponding face of A. Let {ul,. . . , v,,) be the vertex set of 
A. For e E A' and e' E A'-' we set &(e,el) = 0 if e' is not a face 
of e, and c(e,el) = (-l)k+l if e corresponds to {vi,,. ..,v,) and e' to 
{vi,, . . . , vi,, . . .,us}, il < . .. < i,. Then the augmented oriented chain 

! complex of A,  which has been introduced in Chapter 5, is a complex of 
I 
! free Z-modules '??'(A) = @,,,i Ze whose differential is given by a(e) = x,.,,,., ~ ( e ,  e')el. The crucial point in constructing a similar complex for 

an arbitrary cell complex is to find a suitable function 8. 

Let us say that E is an incidence function on r if the following 
conditions are satisfied: 
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(a) to each pair (e,el) such that e t T i  and e' E r" for some i 2 0, E 

assigns a number ~ ( e ,  e') E {O, f I} ; 
(b) ~ ( e ,  e') f 0 o d is a face of e; 
(c) ~(e ,0)  = 1 for all 0-cells e; 
(d) if e E r i  and e' t Ti-2 is a face of e, then 

~ ( e ,  e l)~(el ,  e') + ~ ( e ,  ez)~(e2, e') = 0 

where el and ez are those (i - 1)-cells such that ej is a face of e and e' is 
a face of e, (see (v) above). 

Lemma 6.2.1. Let T be a cell complex. Then there exists an incidence 
function on T .  

For a proof see Lemma IV.7.1 in [225] where the incidence numbers 
~ ( e ,  e') appear as topological data determined by orientations of the cells. 
Figure 6.1 indicates two incidence functions on the solid rectangle and 
how they are induced by orientations. 

Figure 6.1 

Let 6 : T + {f l )  be a function with S(0) = 1 and S(e) = 1 for all 
0-cells e. Then the function 

~'(e, e') = 6(e1)c(e, e1)6 (e) 

is also an incidence function. On the other hand, all pairs c, e' of incidence 
functions differ only by a 'sign' 6 :  

Theorem 6.2.2. Let r be a cell complex with incidence functions and 
&'. Then there exists 6 : T + {+l) such that A(@) = 1 and &'(e,el) = 

S(e')~(e, e1)6(e) for all e E ri, e' E ri-', i = 0,. ..,dim r .  
This is Theorem IV.7.2 of [225] (in a different formulation). Its proof 

shows that incidence functions can be constructed in a completely naive 
manner. (i) One starts with r0 on which there is no choice according 
to property (c) of incidence functions. (ii) If one has constructed an 
incidence function 6' on T o  U ... u Ti ,  then there exists an incidence 
function ci+' on T o  U . . . U Ti+' whose restriction to T o  u.. . u T i  is just 
8'. The reader is advised to construct incidence functions for some three 
dimensional polytopes. 
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Let r be a cell complex of dimension d - 1, and E an incidence 
function on r (as in Chapter 5 it is convenient to denote dimension by 
d - 1). We define the augmented oriented chain complex of T by complex 

by setting 

'd = @ e and a(e) = ~ ( e ,  e')el for e t Ti,  
@tr' e>E,. ,-I 

i = 0,. . . , d - I .  That a2 = 0 follows from the definition of an incidence 
function and property (v) of cell complexes. The notation %( r )  is 
justified since the dependcnce of @(T) on B is inessential; Theorem 6.2.2 
guarantees that we obtain an isomorphic complex upon replacing E by 
another incidence function &'. (The isomorphism is given by e - S(e)e.) 
For simplicity of notation we set Ei (T)  = Hi(@(r)). 

The fundamental importance of @(T) in algebraic topology relies on 
the fact that it computes reduced singular homology : 

Theorem 6.2.3. Let r be a cell complex. 7'hen H,(T) = fii(1rl) for all 
i r 0 (and f i -I(T) = 0). 

Theorem IV.4.2 of [225] states that Hi(W(T)) " Hi(1TI) for the non- 
augmented complex V(T) which arises from %(T) if we replace by 
0. It follows easily that f i o ( ~ )  " f iO( l~  I )  as well. 

We use 6.2.3 via the following corollary: 

Corollary 6.2.4. Let r be a cell complex such that T I  is homeomorphic to 
a closed ball Bn. Then f i i ( r )  = 0 for all i 2 -1. 

Local cohomology. Let C be a positive affine semigroup, and k a field. 
The ideal m in R = k[C] generated by the elements XC, c E C \ {0), is 
maximal. For an R-module M we denote by HA,(M) the i-th right derived 
functor of 

T,,(M) = {x E M : mix = 0 for i >> 0). 

As in 3.5.3 one has a natural isomorphism 

H;,(M) " 1% ExtR(R/mi, M) for all i 2 0. 

The natural map Extk(R/mj, M) + Ext,,,,(R,,,/(ntR,,,)j, M,,,) is an isomor- 
phism. Therefore H;,(M) 2 HA,,,,,(M,,), and we are justified in calling 
H:,,(M) a local cohomology module. We now want to construct a complex 
'computing' H:,,(M) which resembles the combinatorial structure of C as 
closely as possible. 
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Suppose for the moment that C = Wn so that R = k[C] " k[Xl,. . . , X,,] 
and m = (XI,. .  .,X,). As we saw in 3.5.6, the complex 

c ' : o + ~ ~ - - - t ~ ~ + . . . - - t C " + O  

with 
C, = @ RXi, . . .x , ,  

computes H;,(M) in the sense that H:,,(M) " Hi(M@C.) for all i 2 0. The 
components of CL are of the form RF where F is a face of R'; = R+W", 
and the differential is composed of maps 

E . nat : Rx ,,... x,t + Rx .x,,x, 

whose signs E are just the values of an incidence function on the pair 
(conv{ei,, . . . , el,, ej),conv{ei,,. . . ,ei,)) of faces of the simplex spanned by 
the canonical basis el,. . . , en of R n .  This simplex is a cross-section of the 
cone R;. 

It is easy to generalize this construction. Let C be a positive affine 
semigroup of rank d, R = k[C], T a cross-section of the cone IR+C, and 
F = F ( T )  its face lattice. (We remind the reader of our convention of 
denoting corresponding faces of R + C  and T by F and f respectively.) 
Let 

L' = @ RF, t=O, ..., a, 
It"" 

and define a : Lt-I + LL by specifying its component 

+,I: R ,  + RF to he { O  if F' q! F, 
EU, f') nat if F' c F; 

here c is an incidence function on F. It is clear that 

is a complex. 

Theorem 6.2.5. Let C be a positive affine semigroup, and k afield. Let m 
be the maximal ideal generuted by the elements XC, c t C \ (0). Then for 
every k[C]-module M,  and all i 2 0, 

H;(M) = H'(C @ M). 

PROOF. We follow the pattern of the proof of 3.5.6. Let I he the ideal gen- 
erated by the elements XC, c + 0 for which there exists a one dimensional 
face F of R + C  with c E F. In order to show Hn(LO @ M) = H:(M) for 
all k[C]-modules M, we must verify that RadI  = m. Let el,. . . , c, t C 
be a minimal set of generators of Q+C. Then each one dimensional face 
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F of R + C  contains exactly one of the c,, and it is enough to show that 
Rad J = m where J is the ideal generated by XCl,. . . ,XLm. Let c E C, 
c f 0. There exist ql, . . . , q,, E Q+ with c = qlcl + . . . + q,c,. Multipli- 
cation by a common denominator yields rc = S I C ,  + . . .  + s,c, with r, 
s, E N. Since s, # 0 for at least one i, it follows that (X')' E J .  

Now let O + MI + M2 + M3 + O be an exact sequence of k[C]- 
modules. Since all the summands of L' are flat k[C]-modules, this yields 
an exact sequence 

As desired we have a long exact sequence 

Finally we must show that Hi(L'@M) = 0 for all i if M is an injective 
k[C]-module. It suffices to consider the indecomposable modules E(R/p) 
where p is a prime ideal of R = k[C]. Then, as shown in the proof of 
3.5.6, there are only two possibilities for an element x of R: either every 
element of E(R/p) is annihilated by some power of x, namely if x E p, 
or multiplication by x is bijective on E(R/p). So 

Set P = logp. Then P is a prime ideal in the semigroup C, and by 6.1.7 
there is a face G of R + C  with P = C \ G. Thus 

Let $3 = F(g )  denote the face lattice of the face g = G n T of a 
cross-section T of R+C. It follows that 

for all t 2 0. Of course Y is a subcomplex of .F = F ( T ) ,  and the 
restriction of an incidence function on .F to $3 is an incidence function 
on $3. Therefore we have 

(This statement is the heart of the proof; the reader should verify it 
carefully.) Since g is a convex polytope, it is homeomorphic to a closed 
hall. So @(Y) is an exact complex; see 6.2.4. Since @(Y) is a complex 
of free Z-modules, exactness is preserved in ~omz('R(g)(-I),  E(R/p)). 
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Corollary 6.2.6. Let C be a positive afine semigroup of rank d, and k 
be a field. Then k[C] is Cohen-Macaulay if and only if H 1 ( L ' )  = 0 for 
i=O,  ..., d 1. 

PROOF. Set R = k[C], and note that d = dim R,,, (why?). If R is Cohen- 
Macaulay, then R,,, is Cohen-Macaulay. Thus it follows from 3.5.7 that 
Hi(L') = 0 for i = O,.. . , d  - 1. Conversely, 3.5.7 also implies that R,,, is 
Cohen-Macaulay if Hr(L') = 0 for i = O,. .  . , d  - 1. By virtue of 6.1.5 
R is a 'local ring with 'maximal ideal ni. Now 2.1.27 yields that R is 
Cohen-Macaulay. 

Exercise 

6.2.7. We will see in the next section that a normal semigroup ring is Cohen- 
Macaulay. This exercise presents an example (due to Hochster [148]) of an affine 
semigroup ring showing that Serre's condition (S?)  alone is not sufficient for the 
Cohen-Macaulay property. Let k be a field, and YI, Y,, ZI, ZZ be indeterminates 
over k. Prove: 
(a) The semigroup C generated by the monomials x,j = KZ,, i, j = 1,2, is normal; 
S = k[C] is a normal domain of dimension 3. 
(b) The substitution X,, H x, induces an isomorphism 

S is a Cohen-Macaulay ring. 
(c) The subsemigroup C' of C generated by all monomials f with deg,, f > 1 
and degY2 f > 1 is finitely generated. 
(d) The elements x:,, x:,, x:, +xi, form a homogeneous system of parameters of 
R = k[C'], but not an R-sequence. 
(e) The ideals generated by x:, and xi, in R are unmixed. (Hint: Use that the 
associated primes of a ZC'-graded module are 2C'-graded; this follows as in 
1.56.) 
(f) R [ X ; ~ , ~ ~ ]  = S[X~~,X;;~] .  
(g) R satisfies Serre's condition is2), but is not Cohen-Macaulay. 

6.3 Normal semigroup rings 

In this section we want to show that a normal semigroup ring is a 
Cohen-Macaulay ring and to determine its canonical module. 

The complex L' constructed in the previous section is ZC-graded in 
a natural way, and in order to compute its cohomology we analyse its 
graded components just as in the proof of 5.3.8. Given z E ZC,  the main 
point is to determine those faces F  of C for which (RF), # 0. As we shall 
see, this is the case if and only if the face F is not 'visible' from z .  

Let P be a polyhedron in a R-vector space V. Let x, y E V .  We 
say that y is visible from x if y # x and the line segment [x, y] does not 
contain a point y' E P ,  y' # y. A subset S c V  is visible if each u E S is 
visible. 
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Proposition 6.3.1. Let P be a polytope in Rn with face lattice F, and 
x E Rn a point outside P. Set 9 = { F  E S : F  visihle from x). Then Y is 
a suhcomplex 0f.F; its underlying space S = U,,, F  is the set of points 
y E P which are visible from x, and is homeomorphic to a closed ball. 

PROOF. Let y E P be visible from x. There exists a (unique) face F  with 
y E relint F ,  and one concludes easily (for example by 6.3.2 below) that 
the whole of F  is visible from x. Therefore S = {y t P  : y visible from x}, 
and it follows easily that S is homeomorphic to a closed ball. That Y is 
a subcomplex is obvious. 

Let P be a polyhedon in an R-vector space V ,  dim V  < m. Suppose 
that P  is given as the intersection of finitely many half-spaces 

We set 

Lemma 6.3.2. With the notation introduced, a point y E P is visiblefrom 
X E  V \ P  ifandonly i f y O n x - #  0. 

The elementary proof is left for the reader. Figure 6.2 illustrates the 
following lemma. Let C = W2 c R2, and F  be the positive X-axis, G 
the positive Y-axis. Then k[CIF = k[X, Y,X-'1, and (~[C]F) ,  f 0 for 
z $ C exactly when z is in the second quadrant (including the negative 
X-axis). Thus (k[CIF), # 0 if and only if F is not visible from z .  Similar 
arguments work for the faces {0), G, and C. 

I 
Figure 6.2 

Lemma 6.3.3. Let C be a normal semigroup, k afield, and R = k[C]. Let F  
be aface o fR+C and z E ZC. Then ( R F ) ~  f 0 (and therefore (RF), " k) 
if and only if F  is not visihle from z. 

PROOF. Suppose first that F  is not visible from z. Then there exists 
c t C n F which is not visible from z. We have c+ 2 z -  (note that 
c = 0), and it follows that (mc + z )  = 0 for m >> 0, whence mc + z  E C. 
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(Of course z+, c etc. are defined with respect to a representation of R + C  
as an intersection of vector half-spaces.) That mc + z t C is equivalent 
with (X")"X2 E R so that Xz t RF. 

Conversely suppose that (RF)~ # 0. Then there exists c E C n F with 
XCX' t R. Consequently c + z E C, and (c + 2)- = 0, which is only 
possible if c is not visible from z. 

Now we can compute the local cohomology of normal semigroup 
rings. In the sequel -C is the affine semigroup {-c : c E C). 

Theorem 6.3.4. Let C be a positive normal semigroup o f  rank d ,  k a,field, 
and z E ZC. 
(a) I f  z E relint(-C), then (L'), is isomorphic to 0 + k -t 0 with k in 
degree d .  Consequently Hi(L'), = 0,for i # d ,  and Hd(L'), " k s (L'),. 
(b) Suppose that z $ relint(-C). Let T be a cross-section of R + C  with 

face lattice F, and Y = { F  n T : F E F ( R + C )  visiblefrom z) .  Then 

(i) (C), " Hom~((@(.F)/@(y))(-I), k), 

(ii) f i i ( 9 )  = fii(9') = Ofor all i, 

(iii) (Hi(L')), = 0 far all i. 

PROOF. (a) For z E relint(-C) one has z t RF if and only if F = IR+C. 
(b)(i) The complex @(F)  consists of direct summands Zf,  f t F .  

As Y is a cell subcomplex of .F, @(Y) is a chain subcomplex of @(.F), 
and we obtain @(F)/@(.Y) if we replace all the direct summands Zf 
with f E 9' by 0. The complex Homz((@(F)/@(~))(-I),  k) is therefore 
isomorphic to the complex 

with 
D' = @ kf' and a(Cfl)') = Z E C ~ ,  fl)f'. 

ft.FC-l\sr 

According to 6.3.3, (L'), is given by D'. 
(ii) Note that the combinatorial structures of F and 9 do not depend 

on the chosen cross-section T .  (This follows from 6.1.8.) Therefore we 
may vary T. Furthermore it was observed above that f i i ( 9 )  = 0 for all 
1. 

If z E C, then .4V = 0, and %(Y) is the zero complex. So suppose that 
z $ C in the following. 

If z $ -C, then, by virtue of 6.1.13, there exists a hyperplane E 
through z which is transversal to R+C. Choose T = E n R + C .  Then Y 
is the set of faces of T which are visible from z, and we invoke 6.3.1 in 
conjunction with 6.2.4 to conclude that ~ ~ ( 9 )  = 0 for all i. 
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If z E C ,  then there exists a point z' E R C  \ (-C) with (z')- = z-. 
(By hypothesis z $ relint(-C); consider a sufficiently small neighbour- 
hood of z.) Because of 6.3.2 we may replace z by z' in defining .4V and 
argue as in the case z $ -C. 

(iii) We have a long exact sequence 

Thus it follows from (ii) that @(F)/@(.Y) is exact. As it is a complex of 
free Z-modules, the dual (of a shifted copy) with respect to an arbitrary 
Z-module is also exact. 

The previous theorem allows us not only to show that normal semi- 
group rings are Cohen-Macaulay, but also to determine their canonical 
modules. 

Theorem 6.3.5. Let C be a normal semigroup, and k afield. Then 
(a) (Hochster) k[C] is a Cohen-Macaulay ring, 
(b) (Danilov, Stanley) the ideal I generated by the monomials XC with 
c E relint C is the canonical module of k[C]. 

PROOF. (a) We write k[C] in the form k[C] " k[Ca] @ k[C'] as in 6.1.3; 
then k[C] 2 k[C'] [X,,X;',. . . , Xu, x;'] for some u t 0. In view of 2.1.9 
it is therefore enough to show that k[Cr] is Cohen-Macaulay. But this 
follows immediately from 6.2.6 and 6.3.4, the latter of which in particular 
says that Hi(L') = 0 for i = 0, ..., d - I .  

(b) Suppose first that C is positive. As L~ = k[ZC], we have an exact 
sequence 

(1) 0 -  U - ~ [ Z C ]  -Hd(L') - 0  

of ZC-graded k[C]-modules. The functor 'Hornk(., k) in the category of 
ZC-graded k[C]-modules assigns each module the k-vector space 

which is a ZC-graded k[C]-module in a natural way. Applying this 
functor to the exact sequence above we obtain an exact sequence 

0 -t 'Homk(Hd (L'), k) - k[ZC] 4 U' -+ 0. 

It follows from 6.3.4 that 'Homk(Hd(L'),k) consists exactly of those 
graded components k[ZC], with z E relint C. Therefore 

I " 'Homk(Hd(L'), k) as ZC-graded modules 

As in the proof of 6.2.6 we use that k[C] has an admissible grading. 
Thus it is a 'local Z-graded ring whose 'maximal ideal m is generated 
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by the monomials XC, c E C, c + 0. Furthermore each Z-homogeneous 
component of k[C] is the direct sum offinitely many ZC-graded compo- 
nents. The same holds for Hd(L.). As Homk commutes with finite direct 
sums, we conclude that 

I Z ' H O ~ ~ ( H ~ ( L . ) ,  k) as Z-graded modules, 

In Section 3.5 we defined the 'local cohomology functors *H;(_) in the 
category of Z-graded k[C]-modules. If M is a Z-graded k[C]-module, 
then L' 6 M is a complex of Z-graded modules, and virtually the same 
arguments as in the proof of 6.2.5 show that 'H:,(M) 2 Hg(L.6M) for all 
i. Finally we deduce from 3.6.19 and 3.6.9 that I is the canonical module 
of k[C]. 

The general case of (b) in which C is not necessarily positive follows 
as in (a) if we use 3.3.21 to compute a canonical module of a polynomial 
extension. 

Corollary 6.3.6. Suppose, in addition to the hypothesis of 6.3.5, that C is 
positive. Then I is the (unique) 'canonical module of k[C] with respect to 
an arbitrary admissible grading. 

Remark 6.3.7. The formulation 'the canonical module' of 6.3.5 needs 
justification beyond 6.3.6. First, if we had developed the theory of Zn- 
graded rings to the same extent as that of Z-graded rings, it would be 
immediate that I is the unique ZC-graded canonical module of k[C] (up 
to an isomorphism of ZC-graded modules). Second, and even more, a 
canonical module of k[C] is unique in the category of all k[C]-modules. 
We briefly indicate the argument; it exploits the theory of class groups 
(Fossum [87]), and will be explained in detail in Section 7.3 where it 
is more essential. With our usual notation, the extension k[C'] + k[C] 
induces an isomorphism of class groups Cl(k[C1]) " Cl(k[C]). Because of 
this isomorphism a canonical module w of k[C] is of the form w' 8 k[C] 
for some k[C1]-module o'. The extension k[Cr] + k[C] is faithfully flat. 
Applying 3.3.30 one concludes that w' is a canonical module of k[Cf]. 
Thus it is enough to consider positive semigroups C. For those one has 
an isomorphism Cl(k[C]) " Cl(k[C],,,) ([87], 10.3). Finally one uses that 
the canonical module of a local ring is unique. 

The preceding argument amounts to the fact that a projective rank I 
module over k[C] is free. This was shown for arbitrary projective k[C]- 
modules by Gubeladze [121]. 

Corollary 6.3.8. Let C be a normal semigroup, and k afield. Then k[C] is 
Gorenstein i f  and only if there exists c E relint C with relint C = c + C.  

PROOF. If relint C = c + C, then the ideal I of 6.3.5 is principal, and k[C] 
is Gorenstein by 3.3.7. For the converse implication we decompose C in 
the form C = CO 8 C' where Co is a group and C' is positive. If k[C] 
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is Gorenstein, then k[C1] is Gorenstein: the extension k[C1] -t k[C] is 
faithfully flat, and the Gorenstein property descends from k[C1] to k[C] 
by 3.3.30. For k[Cr] we can apply 3.6.11 (with respect to an admissible 
grading), and thus I " k[C1]. It follows that I is generated by an 
clement X'. Therefore relint C' = c + C', and it is easy to verify that 
relint C = c + C as well. 

Combinatorial applications. Let. .Y be a system of homogeneous linear 
Diophantine equations in n variables. It follows directly from 6.1.2 that 
the set C of solutions c t NQf 9 is a positive normal semigroup. This 
fact enables us to apply results on Hilbert functions to the combinatorial 
object C. 

The set C can be represented by the power series 

in n variables t = t l , .  . . , t,. Obviously C(t) is the Z"-graded Hilbert 
series of k[C] if we consider the 72"-grading on k[C] it inherits from 
k[Nfl] = k[X1,. . . , X,]. As we have not developed the theory of Zn-graded 
modules to the necessary extent, we restrict ourselves to considering the 
swecialization 

cEC 

It is the Hilbert series of k[C] for the 72-grading induced by the total 
degree of a monomial. Under this grading k[C] is a positively graded 
k-algebra. 

Let Cf be the set of strictly positive integral solutions of 9, i.e. 
solutions c E N n  with ci > 0 for i = 1,. . . , n. It may of course happen 
that C+ = 8, but otherwise we have Cf = relint C (Exercise 6.3.14). 
Therefore, and by 6.3.6, the power series 

c tC*  

is the Hilbert series of the 'canonical module w of k[C]. Hence 4.3.8 
immediately yields the following reciprocity law . 

Theorem 6.3.9 (Stanley). With the notation introduced, suppose that C' is 
non-empty. Then 

c+(t) = (-l)dc(t-l), d = rank C. 

Of all the results of Section 4.3 only 4.3.8 has been applied to k[C]. 
We could extend 6.3.9 by furthermore considering the Hilbert function 
H(k[C],m) = I{c E C : Ic/ = m}I. Below, such an extension is carried out 
for the Ehrhart function of a rational polytope. 
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Remark 6.3.10. In [310], Theorem 4.6.14, Stanley proves the 'fine' version 

of the previous theorem by combinatorial methods. In order to obtain 
it by ring-theoretic arguments one needs the Zn-graded variant of 4.3.8 
which was also given by Stanley; see [305], Theorem 6.1. (Exercise 5.5.7 
is the Zn-graded variant of 4.3.8 for Stanley-Reisner rings.) 

Conversely, the computation of the canonical module of a normal 
semigroup ring in [305] uses the fine reciprocity law: similarly as in 5.5.3 
one shows that the ideal generated by the monomials XC, c E C+, is the 
canonical module of k[C] once the equation C+(f) = (-l)"(frl) has 
been established. 

Let P c IRn be a polytope of dimension d. Since P is bounded, we 
may define its Ehrhart junction by 

z 
E(P,m) = l{z E Z n :  - E P)I, m t N, m > 0, and E(P,O) = I 

m 

and its Ehrhart series by 

It is clear that E(P,m) = l{z E Z" : z t mP}I where mP = {mp: p E P}. 
Similarly as above we set 

z 
E+(P,m) = /{z E Zn : - E relintP} for m > 0, E+(P,O) = 0, 

m 

and 
E:(t) = 1 E+(p,m)tm 

mtN 

Note that E+(P,m) = l{z E Z" : z E relintmP}l for m > 0. 
We define the cone D c Rn+' by D = R+{(p,l):  p E P) .  Then 

C = D nZ"+' is a subsemigroup of Zn+'. Therefore one may consider the 
k-algebra k[C]. Suppose P is a rational polytope; then D is a rational 
cone, and C is a positive normal semigroup. Let us fix a grading on k[C] 
by assigning to c = (cl,. . . , cd+l) the degree cd+l. For this grading the 
Hilbert functions of k[C] and of the ideal I generated by the monomials 
XC, x E relint C, are given by 

H(k[C],m) = E(P,m) and H(1,m) = E+(P,m) 

The grading under consideration is admissible for k[C], and therefore 
we may apply the theory of Chapter 4 to k[C]. Part (h) of the following 
theorem is Ehrhart's remarkable reciprocity law for rational polytopes. 
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Theorem 6.3.11 (Ehrhart). Let P c !Rn be a d-dimensional rational poly- 
tope, d > 0. Then 
(a) Ep(t) is a rational function, and there exists a quasi-polynomial q with 
E(P,m) = q(m) for all m 2 0: 
(b) E:(t) = (-l)d+' EP (t-I), equivalently 

E+(P,m) = ( - l ) d ~ ( ~ , - m )  for all m 2 1 

where E ( P , m )  = q(-m) is the natural extension of E(P,.). 

PROOF. (a) Since Ep(t) is the Hilbert series of a positively graded Noe- 
therian k-algebra, it is a rational function. According to 4.3.5 we must 
show for the second statement in (a) that Ep(t) has negative degree, or, 
equivalently, that the a-invariant of k[C] is negative. By 6.3.5 the ring 
k[C] is Cohen-Macaulay, and by 6.3.6 its 'canonical module is generated 
by the elements XC, c E relint C. These have positive degrees under the 
grading of k[C], and hence a(k[C]) < 0. 

(b) By what has just been said, E;(t) is the Hilbert series of the 
'canonical module of k[C]. Furthermore, dim k[C] = d + 1. Thus the 
first equation is a special case of 4.3.8. The second equation results from 
Cmzl E(P,-m)tm = -Ep(t-I). The reader may prove this identity as an 
exercise, or look up [310], 4.2.3. 

The quasi-polynomial q in 6.3.11 is called the Ehrhart quasi-polynomial 
of P .  

Suppose that P is even an integral polytope, that is, a polytope whose 
vertex set V is contained in Z". Then, in addition to k[C], we may also 
consider its subalgebra 

k[V] = k[x("," : v E V]. 

Obviously k[V] is a homogeneous k-algebra. Let c E C;  then there exist 
q, E Q+ such that c = xu,, q,v. If we multiply this equation by a suitable 
common denominator e and interpret the result in terms of monomials, 
then we see that (Xc)' E k[V]. Thus k[C] is integral over k[V]. Since it is 
also a finitely generated k[V]-algebra, it is even a finite k[V]-module. In 
particular, by Hilbert's theorem 4.1.3, the Ehrhart quasi-polynomial of P 
is a polynomial and therefore called the Ehrhart polynomial. Furthermore 
k[C] has a well defined multiplicity. In concluding this section we want 
to illuminate the beautiful relation between the volume volP of an n- 
dimensional integral polytope P c Rn and the multiplicity of k[C]. 

Theorem 6.3.12. Let P c IR" be an n-dimensional integral polytope, and 
let k[C] the normal semigroup ring constructed above. Then 

e(k[C]) = n! vol P 
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PROOF. Elementary arguments of measure theory show that the volume 
of P is 

E(P, m) vol P = lim 
m-m *" 

Being the Hilbert polynomial of a (n + 1)-dimensional k[V]-module, 
E(P,m) has degree n. Thus its leading coefficient is given by volP. On 
the other hand, it is also given by e(k[C])/n!. 

The restriction to n-dimensional polytopes P c IR" is only for sim- 
plicity; see [310], Section 4.6, for the general case. Using the fact that 
the volume of P is the leading coefficient of its Ehrhart polynomial one 
can derive classical formulas for volP. Exercise 6.3.16 presents the cases 
n = 2 and n = 3. 

Exercises 

6.3.13. Let C be a positive normal semigroup. For each i = 0,. . . ,d let G, be the 
direct sum ol  the residue class rings k[C]/q(F) where F is an i-dimensional face 
of IR+C. Define the map k[C]/%(F) + k[CI/q(F') to be ~ ( f ,  j"')nat if F' c F, 
dimF' = dimF - 1, or 0 otherwise. Show that the induced sequence 

is exact (of course I is defined as in 6.3.5). Hint: The proof is similar to that of 
5.6.3. 

6.3.14. Let C be the semigroup of solutions c E N" of a system of homogeneous 
linear Diophantine equations, and C+ = { r  E C : c, > 0 for all i). Show that if 
C+ + 0, then C+ = relint C. 

6.3.15. Let P be an integral polytope of dimension d ,  and define the semigroup 
C and the grading of k[C] as above. It is customary to call (ho,. . . , hd)  the 
h-vector of P where h, is the i-th coefficient of the (Laurent) polynomial Q(t)  in 
the numerator of the Ehrhart series of k[C]; it follows from 6.3.1 1 that hi = 0 for 
i > d. Prove the following inequalities due to Stanley [311] and Hibi [142]: 
(a) h, 2 0 for all i; 
(b) x{=,, hi < I!=, h,-! for all j = O,.. .,s where s = max{i: h, + 0); 
(c) zf=d-j hi 5 x!:; hl for all j = O,.. . ,d .  
Hint: For (b) and (c) study (again) the proof of 4.3.11. For R = k[C] we also 
have an exact sequence 0 + w -r R + R / w  + 0. 

6.3.16. Prove that the volume of a n-dimensional integral polytope P in R" is 

I 
volp = -(E(P, 2 1) + Ef(P, 1) -2) for n = 2, and 

Hint: The coefficients of a polynomial can be determined by interpolation 
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6.4 Invariants of tori and finite groups 

In the following we use some elementary notions and results from the the- 
ory of linear algebraic groups for which we refer the reader to Humphreys 
[175], Kraft [203], or Mumford and Fogarty [238]. 

Let k be an algebraically closed field, and V a k-vector space of 
finite dimension. Each rp E GL(V) yields a k-algebra automorphism a, 
of the symmetric algebra R = S(V). In concrete terms, if e l , .  . . , en is a 
basis of V, then S ( V )  " k[X,,.. .,X.], the isomorphism being induced by 
the linear map which sends ei to Xi, i = 1,. . . ,n. If we identify V and 
kX1+ . . . + kX. via this map, then a, is just the k-algebra automorphism 
of R = k[X,, . . . ,Xn] given by the substitution Xi - rp(Xi). (From a 
categorical point of view it would be better to consider the action of 
GL(V) on S(V'), the ring of polynomial functions on V.) 

Suppose that G is a linear algebraic group over k; such a group is 
always isomorphic to a Zariski closed subgroup of GL(W) where W is a 
suitable finite dimensional k-vector space. A morphism @ : G + GL(V) 
(in the category of algebraic groups) is called a representation of G. It 
assigns the automorphism am(,) of R to each g € G, so that we say that 
G acts linearly on R. It is the classical problem of (algebraic) invariant 
theory to determine the structure of the ring of invariants 

R~ = {f t R : glf) = f for all g G): 

where we have set glf) = amcgjCf) for simplicity of notation. If f is 
homogeneous of total degree d, then so is g(f). Therefore RC is a 
positively graded k-algebra inheriting its grading from R. 

A character of G is a representation ): : G + GL(k). To each character 
x we associate the set 

R' = {f E R : glf) = ~ ( g ) f  for all g t G} 

of semi-invariants of weight ,y. It is easily verified that RQs a graded 
RG-submodule of R. Especially important in the following is the inverse 
determinant character g cr det-'(g) = det @(g)-' associated with @. 

The ring R" of invariants only depends on @(G) c GL(V); thus 
we shall often simplify the situation by directly considering a subgroup 
of GL(V). Furthermore, for concrete groups the requirement that k be 
algebraically closed can sometimes be relaxed. 

More generally, one may always form the ring R~ when R is a ring 
and G is a subgroup of AutR. Clearly ~"nherits all properties of R 
which descend to subrings, and is a normal domain along with R:  

Proposition 6.4.1. Let R he a normal domain, and G a subgroup of Aut R. 
Then R" is a normal domain. 

PROOF. It is easy to see that R~ is the intersection of its field of fractions 
Q(RG) with R (within Q(R)). 
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Invariants of diagonalizahle groups. Let k he an algebraically closed 
field. For each m E IN the group GL(k)m is called a torus; it is isomorphic 
to the group of m x m diagonal matrices of rank m over k. Slightly more 
generally we want to consider diagonalizable groups over k, i.e. direct 
products 

D = T x H  

where T  is a torus and H is a finite abeliau group whose order is not 
divisible by chark. Since k contains a primitive q-th root of unity for 
each q not divisible by chark, H may be written in the form 

where (i,) is the cyclic subgroup of GL(k) generated by a root of unity ii. 
Thus we may write each element in D  in the Form (dl,.. .,dm,[: ,..., f )  
with s, E W. 

Suppose now that we are given a representation of D, that is, a 
homomorphism @ :  D + GL(V). Then @ can he diagonalized: there 
exists a basis el, ..., en of V such that each ei is an eigenvector of @(d) 
for every d E D. Thus the vector suhspace kei " k is stable under the 
action of D, and therefore @ induces a character xi of D;  xi associates 
to each element d E D its eigenvalue with respect to ei. It is sufficient to 
determine the characters of the direct factors GL(k) and (i,) of D. One 
sees easily that in both cases the characters are the powers a H as, s E Z. 
Thus there exist tti,. . ., tmi E Z and uli,. .. ,uWi E W, i = 1 ,..., n, such that 

for i = I,. . . , n. 

Theorem 6.4.2. Let k be an algebraically closedfield, and D a diagonaliz- 
able group over k acting linearly on a polynomial ring R =  XI,. ..,X,,]. 
Then 
(a) (Hochster) the ring R' of invariants is a graded Cohen-Macaulay ring, 

(h) (Danilov, Stanley) Rde"(-n) is the 'canonical module of RO, provided 
~ d e 1 - l  # 0. 

PROOF. We may assume right away that D acts diagonally as just de- 
scribed. It follows that each monomial XP1 . . . X? is mapped to a 
multiple of itself by every d E D. Therefore f E R is invariant if and only 
if all its monomials are invariant, so that R0 = k[C] for some semigroup 
C c INn. Extending the formula for the action of D to monomials, we 
see that Xfl . . . X? is an invariant if and only if (a],. . . , a,) satisfies the 
system 
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of homogeneous linear equations with integral coefficients, and simulta- 
neously the system 

s,(ujla, + . . . + u,,,a.) = 0 mod (O1dij), j = 1.. . ..w, 

of homogeneous congruences (of course ord 5, denotes the order of the 
root of unity i,). 

It follows easily that C is the intersection of IR; with a finitely 
generated group G c Q".   here fore C is normal, and part (a) is an 
immediate consequence of 6.3.5(a). 

Similarly, part (b) can be derived rather quickly from 6.3.5(b). Set 
S = RO, M = Rdc'-I, and P = XI . . . X,. Then d(P) = det(d)P for all 
d E D. Hence, for every f E R, f E M if and only if Pf  E S. Obviously 
M is an S-module generated by monomials (even as a k-vector space), 
and therefore a graded S-module. 

Let I be the ideal generated by the monomials Xfl . . . X :  with 
(el,. . . ,en) E relint C. We know from 6.3.5 in conjunction with 6.3.7 
that I is the graded canonical module of S (up to an isomorphism of 
graded modules). Evidently it is enough to show that P M  c I and 
P-'I c M, provided M # 0. 

The representation C = lR; 2;n G readily yields that 

{(el,. . . ,c,,) E C : ci > 0 for all i) c relint C .  

Therefore P M  c I. Conversely, suppose M # 0, and lct x:' . . . X$ E M. 
Then PX:' . . .X$ E S, and so C contains an element ("1,. ..,en) with 
c, > 0 for all i. Hence C is not contained in a coordinate hyperplane, and 
consequently no relative interior point of C lies in such a hyperplane. I t  
follows that P - ' I  c  XI ,... ,X,,], and thus P- ' I  c M. 

The preceding proof shows that the degenerate case Rdel-' = 0 o c- 
curs precisely when, after diagonalization, RG is contained in one of the 
subrings k[X,,.. .,kc,. . .,X,,]. Furthermore, the condition that k he alge- 
braically closed is dispensable once the action of D  is a priori diagonal. 
If k is infinite, then the proof of 6.4.2 remains valid without modification: 
if k is finite, then one must set T  = {id} and m = 0. This generalization 
can also be extended to the following corollary. 

Corollary 6.4.3. Under the hypothesis of 6.4.2 suppose additionally that 
det d = 1 ,for all d E D. Then RD is a Gorenstein ring. 

The proof of 6.4.2 suggests that 6.4.2 is just a special case of 6.3.5; 
however, Exercise 6.4.16 shows that these theorems are actually equiva- 
lent. 

Finite groups. Theorem 6.4.2 in particular covers the case in which a 
finite ahelian group G acts linearly on a polynomial ring k[Xl,. . . , X.], 
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provided the order G of G is invertible in k. With the same proviso, we 
now want to treat the case of an arbitrary finite group. It is convenient 
to restrict oneself to subgroups G of GL(V). 

More generally let us first consider a ring R and a finite group G of 
automorphisms of R such that IGl is invertible in R. Let S be the ring 
RC of invariants, and set 

for every r E R. It is straightforward to verify that p is an S-linear map 
from R to S with pis =ids.  A map satisfying these conditions is called 
a Reynolds operator (for the pair (R,S).) The existence of a Reynolds 
operator is obviously equivalent to the fact that S is a direct summand 
of R as an S-module. 

Proposition 6.4.4. Let R be a ring, S a subring of R, and suppose that there 
exists a Reynolds operator for (R,S). Then the following hold: 
(a) ,for every ideul I of S one has IR n S = I; 
(b) i f R  is Noetherian, then so is S; 
(c) r'fx is an R-sequence in S, then it is also an S-sequence. 

PROOF. (a) For sl, ..., s,, E S, r l , . .  .,r, E R with r = C s i r i  E S one has 
r = p(r) = Csip(ri). 

(h) If l o  c 11 c ... is an ascending sequence of ideals in S, then the 
sequence loR c I1R c . . . is stationary in R. Therefore, and by (a), the 
sequence l o  c 11 c . . . is also stationary, 

(c) This follows easily from (a). 

In the case of a group action considered above, each r E R is a 
solution of the equation 

The left hand side is a monic polynomial in X whose coefficients are 
elementary symmetric functions in the elements g(r), g E G. Therefore all 
the coefficients belong to the ring S of invariants, and we see that R is 
integral over S. 

Theorem 6.4.5 (Hochster-Eagon). Suppose R is a Cohen-Macaulay ring 
and S is a subring such that there exists a Reynolds operator p, and R is 
integral over S. Then, if R is Cohen-Macaulay, so is S. 

PROOF. We must show that the localizations S,, of S with respect to its 
maximal ideals n are Cohen-Macaulay. Given a maximal ideal n of S, 
we replace S by S,, and R by R @ S,,. Therefore we may assume that S 
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is a local ring with maximal ideal n. Since R is integral over S, it is a 
semi-local ring. (This follows easily from A.6.) 

We argue by induction on the length of a maximal R-sequence in n. 
Suppose first that n consists entirely of zero-divisors of R. Then each 
s E n is contained in one of the associated prime ideals p,, . . . , p, of 
R. So n = Upi  n S, and there exists a j with n = pj n S. As R is 
Cohen-Macaulay, all the p, are minimal prime ideals of R. On the other 
hand, since R is integral over S, pi is also a maximal ideal of R. 

If pj is the only maximal ideal of R, then it follows immediately that 
d ims  = dimR = 0 so that S is Cohen-Macaulay as desired. Otherwise 
the zero ideal of R can be written q n r where q is pi-primary and r $ pi. 
As q + r = R, the Chinese remainder theorem implies that R splits into 
the direct product of snbrings R,, R2. If we can replace R by one of 
them, then we can finish the case under consideration by induction on 
the number of maximal ideals of R. 

Let n1 and n2 he the projections of R onto RI and R2, and I the 
embedding of S into R. Then both ponlol and p0~201 are endomorphisms 
of the S-module S. Hence there exist sl and s2 such that p o ni o I is 
multiplication by si. It follows that 

so that at least one of sl and s2 is a unit in S, say sl. Then xl o r is an 
embedding of S into R1, and one easily checks that all the hypotheses 
carry over to the pair (R1,S). This finishes the case in which n consists 
entirely of zero-divisors of R. 

Now suppose that s E n is R-regular. Then 6.4.4 implies that S/sS is 
in a natural way a subring of RIsR, and it is again easily verified that 
the remaining hypotheses hold for the suhring S/sS of RIsR. As R/sR 
is Cohen-Macanlay, we conclude that SIsS and, hence, S are Cohen- 
Macaulay. 

Corollary 6.4.6. Let R be a Cohen-Macauluy ring, and G a.finite group 
of'automorphisms ofR whose order is invertible in R. Then the ring RG of 
invariants is Cohen-Macuuluy. 

Remark 6.4.7. In our derivation of 6.4.6 we have used that G is invertible 
in R in order to show that RC is Noetherian. However, for this property 
of RC the hypothesis on /GI is quite inessential: if R is a finitely generated 
algebra over a Noetherian ring k such that G acts trivially on k, then, 
by a famous theorem of E. Noether, RC is a finitely generated k-algebra. 
We saw ahove that R is integral over RG. Therefore R is already integral 
over the k-subalgebra A generated by the coefficients of the equations 
fi(x) = 0, f i  E k[T], which establish that the finitely many generators xi 
of R are integral over RC. It follows that R and, hence, RC are finite 
A-modules. 
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On the other hand, that [GI is invertible in R is essential for the 
Cohen-Macaulay property of RG. In fact, if k is a field of characteristic 2, 
then k[Xl,. . ., X4Ic is a non-Cohen-Macaulay factorial domain for the 
group G of cyclic permutations of XI, .  . . , Xq; see Bertin [30]. 

Similarly to 6.4.2 one can determine the canonical module of R~ from 
invariant theoretic data if G acts linearly on a polynomial ring R. Let V 
he again a vector space of finite dimension over a field k which we now 
assume to be of characteristic 0 (see Remark 6.4.1 1 for the more general 
case in which IGI is not divisible by char k). As above we extend the action 
of G to the symmetric algebra R = S(V) which we may identify with the 
polynomial ring  XI,. . .,X,,], n = dim V, whenever it is appropriate. 

Let S = RC. Since the action of G can be restricted to the graded 
components Ri of R, S is a positively graded k-algebra. Being a finitely 
generated integral extension of S, R is a finite graded S-module, and in 
fact a maximal Cohen-Macaulay S-module: according to 1.5.17 there 
exists a homogeneous system of parameters x in S;  it follows that 
heightxR = n, and thus x is an R-sequence. (In conjunction with 6.4.4 
this observation yields a quick proof of the previous corollary in the 
special case under consideration.) 

It is customary to call the Hilhert series of S the Molien series of G: 

m 

M G ( ~ )  = HS (t) = 1 dim S, ti. 
i=o 

We also need the Molien series and the Reynolds operator for the semi- 
invariants of G. For a character x of G we set 

= H.w,(t) = x d i m q ' t '  and pX(r) = IGI-' x X(g)-lg(r) 
i=O 8 € G  

It is easy to check that pr(R) = RX and p'(r) = r for r E R< The operator 
pX is a k-endomorphism of the graded k-vector space R. Let p: denote 
its restriction to Ri; then p: = (P:)~, and therefore 

dim R;' = dimImp! = Trpf = GI-I 1 ~(g1-I T r g / ~ ,  

8EG 

Here Tr denotes the trace, and we use its linearity. Combining the 
formulas yields 

Theorem 6.4.8 (Molien's formula). Let k be ajield of characteristic 0, V a 
finite dimensional k-vector space, and G a.fiite subgroup of GL(V) whose 
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order is not divisible by char k. Then the Molien series of a character x of 
G is given by 

PROOF. We need to show that 

for each g E G. In fact, this equation holds for an arbitrary element 
g E GL(V). In order to prove it we may extend k to an algebraically 
closed field. Then, for a suitable basis XI , .  . . ,X, of V, g is given by 
an upper triangular matrix whose diagonal entries are the eigenvalues 
AI,. ..,A, of g (as an element of GL(V)). 

The monomials of total degree i in XI, ..., X, form a basis of the 
vector space R,. If these monomials are ordered lexicographically, then 
glR, is again represented by an upper diagonal matrix whose diagonal 
entry corresponding to the monomial X" = XP' . . . X: is A" = 2;' . . .i?. 
Therefore 

T r g l ~ !  = An, 
I Y = ,  

and the expansion of the product of the geometric series 1/(1 - Lit), 
j = I, .  . . , n, gives us 

Using that A;', . . . ,A;' are the eigenvalues of g-', we finally get 

" 1 " det g-' 
- - 1 n = n & = det(g-l - t id) det(id g t )  ' 

j=1 j=l 1 

We can now easily prove the analogues of 6.4.2 and 6.4.3 for linear 
actions of finite groups: 

Theorem 6.4.9 (Watanahe). Let k be a field of characteristic 0,  V a k- 
vector space of dimension n, R = S(V), and G a,finite subgroup ofGL(V). 
(a) Then R~c ' - ' ( -~ )  is the 'canonical module of RC. 
(h) In particular R%s Gorenstein if G c SL(V). 

PROOF. Set S = Rc and x = det-I. Since px is an S-linear map from R 
onto N = RX, we see that N is a direct S-summand of R. It was observed 
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above that R is a maximal Cohen-Macaulay module over S ;  therefore N 
is also a maximal Cohen-Macaulay S-module. Furthermore 

det g 1 
~ d t )  = GI- '  C det(id -tg) 

&?EG 

1 (-1)"-" 
= lcl-' C = C 

det(g - t id) dct(id t - l g )  
EEC gEG 

As the Molieu series are Hilhert series, we may apply 4.3.7 to conclude 
that N(-n) is the 'canonical module of S. This proves (a). 

If G c SL(V), then, by (a), S is isomorphic to the 'canonical module 
of S. As a 'canonical module is canonical, S is Gorenstein. 

Very easy examples show that 6.4.9(b) cannot be reversed. The 
obstruction is the presence of pseudo-reflexions in G: g t GL(V) is 
called a pseudo-reflexion if it has finite order and its eigenspace for the 
eigenvalue 1 has dimension dim V - 1. (Thus the remaining eigenvalue is 
the determinant.) 

Theorem 6.4.10. With the notation of 6.4.9 the following hold 
(a) (Stanley) RG is Gorenstein ifand only l'f 

1 
= t-" C det g 

det(id-tg) 
g t t i  g t t i  

det(id -tg) 

where m is the number of pseudo-reflexions in G. 
(b) (Watanabe) Suppose G contains no pseudo-reflexions. Then RG is 
Gorenstein if and only if G c SL(V). 

PROOF. (a) If we apply 4.3.8 to the Molien series of RC, then it follows 
easily that RC is Gorenstein if and only if the equation in (a) holds for 
some m E Z It remains to determine m. To this end we expand both 
sides in a Laurent series at t = 1. Let n = dim V, and Z denote the set of 
pseudo-reflexions in G. 

The pole order of l/det(id-tg) at t = 1 is the multiplicity of 1 as 
an eigenvalue of g. Thus the only summand with a pole of order n is 
l/det(id-tid) = 1/(1 - t)", and those with a pole of order n - 1 are 
exactly the summands 

1 
- - 

I 1 +. . .  
det(id -ta) (1 - t)"-' 1 - det a > U E Z ,  

where . . . denotes terms of higher order in (1 - t). Thus the left hand side 
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whereas the right hand side is 

1 C det a 
(I + m ( ~ t ) + . . . ) ( ~ +  t)" 

(1 - t)"-' 1 - det a +-) 
o E Z  

so that a comparison of coefficients yields m = JZI as required. 
(b) Evaluating the formula in (a) for t = 0 gives G = Cg,, detg. 

Since the eigenvalues of the elements of G are roots of unity, we must 
have detg = 1 for all g E G. (Note that the elements of k which are 
algebraic over k may he considered complex numbers.) 

Remark 6.4.11. Theorems 6.4.9 and 6.4.10 were proved by Watanabe [329], 
[330] under the weaker assumption that [GI is not divisible by char k. His 
proofs use divisorial methods. HiniE 11461 extended Watanabe's results 
to invariant suhrings of Gorenstein rings. 

Finite groups generated by pseudo-refexions. That the pseudo-reflexions 
in a finite group G c GL(V) play a special role has already been 
demonstrated by 6.4.10. However, the most ostensive indication of this 
fact is the celebrated theorem which characterizes the regular ones among 
the rings of invariants of finite groups: 

Theorem 6.4.12 (Shephard-Todd, Chevalley, Serre). Let k be a field of 
characteristic 0, V a k-vector space of dimension n, R = S(V), and G a 
finite subgroup of GL(V). Then the following are equivalent: 
(a) G is generated by pseudo-reflexions: 
(b) R is a free Rc-module; 
(c) the k-algebra RG is generated by (necessarily n) algebraically indepen- 
dent elements. 

That (c) is equivalent with the regularity of RG follows from Exercise 
2.2.25, which also shows that the algebraically independent elements 
can be chosen homogeneous; their number is n, as dimRG = dimR = 
dim V = n. 

The remainder of this section is devoted to a proof of 6.4.12. The 
next lemma covers the equivalence (b) o (c). 

Lemma 6.4.13. Let R he a positively graded, finitely generated algebra 
over an arbitrary field k, and S a graded k-suhalgehra such that R is a 
,finite S-module. 
(a) Then S is afinitely generated k-algebra. 
(b) If R is Cohen-Macaulay and S is generated by algebraically indepen- 
dent elements over k, then R is a ,free S-module. Moreover, it has a basis 
of homogeneous elements. 
(c) If R is generated by algebraically independent elements over k and a 
free S-module, then S is generated by algebraically independent elements. 
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PROOF. (a) This is a special case of E. Noether's theorem proved in 6.4.7. 
(b) By hypothesis S is a regular ring; a minimal homogeneous system 

XI , .  . . ,x. of generators of its 'maximal ideal is algebraically independent, 
and furthermore generates S as a k-algebra (see Exercise 2.2.25). Since R 
is a finite S-module, X I , .  . . , x, is also a homogeneous system of parameters 
of R, and thus an R-sequence by hypothesis on R. Consequently R is a 
maximal Cohen-Macaulay S-module. It follows from 2.2.11 that R is a 
projective S-module, and then 1.5.15 implies that R is a free S-module, 
and that every minimal homogeneous system of generators of R over S 
is a basis. 

(c) Let m and n be the 'maximal ideals of R and S. The hypothesis 
implies that R,,, is a regular local ring and a flat local extension of S,. 
Thus S, is regular according to 2.2.12. Again we apply 2.2.25 to conclude 
that S is generated by algebraically independent elements. 

We now show that (a) * (h) in 6.4.12. For R to he a free S-module, 
S = Re, it is sufficient that M = T O ~ ? ( R , S / ~ )  = 0. In fact this implies 
that R,, is a free S,-module, whence R is free over S by 1.5.15. The module 
M is the kernel of the homomorphism q : R Qs n + R 6s S induced by 
the embedding n c S. Given a minimal homogeneous system xl , .  . .,x,, 
of generators of n, M consists of all the elements 1 y, 6 xi, y; E R with 
C yix; = 0. 

Evidently M is a graded submodule of the graded S-module R 6 n 
with deg a 6 b  = deg a+deg b for homogeneous elements a t R, b E n. We 
assume that M # 0. In order to derive a contradiction choose a non-zero 
homogeneous element x yi 6 xi of minimal degree in M. Replacing y; 
by a suitable homogeneous component, we may suppose that each y; is 
itself homogeneous. 

We claim that C y i  6 xi = Cg(y;) 6 xi for all g E G. Since G is 
generated by pseudo-reflexions, it is enough to show this for a pseudo- 
reflexion a .  We choose a basis XI,. . . ,X, of V such that a(X;) = X; for i = 
2,. . . , n and a(Xl) = (XI where ( is a root of unity. For each monomial 
f in XI, .  . . ,X, it follows easily that XI divides ulf) - f .  Therefore X, 
divides aCf) - f for every element f of R. Let a(y;) - y; = Xlyj for 
i = I , .  . . , n. Then 1 yjx; = 0 so that 1 yj 8 xi t M. From the assumption 
on 1 y;@xi we conclude 1 yj6xi  = 0 and, hence, C y i 6 x i  = xa(y i )@xi .  

The Reynolds operator p, viewed as an S-endomorphism of R, induces 
an S-linear map p' = p 6 id : R 6 n + R 6 n. By what has just been 
proved, p ' ( 1  yi 6 xi) = 1 yi 6 x ; .  On the other hand Imp  = S so that p' 
factors as 

P" 
R 6 n - S 8 n - R Q n  

where 1 is induced by the embedding S + R. It is immediate that 
pl'(M) is mapped to the kernel TO~:(S,S/~) = 0 of the natural map 

S 6 n + S 6 S = S .  Thus p'(C y; 6 x;) = 0, and therefore C y; @ xi = 0, 
which is the required contradiction. 

It remains to prove the implication (c) * (a) for which we use a 
combinatorial argument based on the following lemma. 

Lemma 6.4.14. Let k be a field of characteristic 0, V a k-vector space 
offinite dimension, R = S(V), and G a ,finite subgroup of GL(V). Let 
XI,.  . . ,x,, n = dim V, be a homogeneous system of parameters  of'^^. 
(a) Then XI,.  . . ,x, are algebraically independent over k, and RG is a free 
k[xl,. ..,x.]-module; it has a basis of homogeneous elements h l , .  .., h,. 
(h) Let di = degxi, i = I, .  ..,n, and e, = deghj, j = 1 ,..., m, and let Z 
denote the set of pseudo-reflexions in G. Then ~ mlGl = d ~ . . . d , ,  and mlZ +2(el =m(dl  +. . .  + d n P n ) ,  
PROOF. (a) According to 1.5.17 RC is a finite k[xl,. . . , x,]-module. Thus we 
have dim k[xl,. . .,x,] = n so that XI, .  . . ,x, are algebraically independent 
over k. One now applies 6.4.13. 

(b) The Hilbert series of k[xl,.. . , x.] is l /n:=,(l  - tds). Thus the 
Hilbert series of the k[xi,. . . , x,]-module RC = @ hik[xl, . . . ,x,l is 

tet + . . . + t~ 1 
MG(~)  = -- 

n:=,(l - t") (1 - t)" f (t) 

I 
I where f(t) = (tel + . .. + t e m ) / n g l  1;~' tJ does not have a pole at t = 1. 

Expansion in a Laurent series at t = 1 yields 

1 
M G ( ~ )  = - 

(1 - t)" ( 1  - f  t )  +.. .  ) 

with f(1) = m/(dl ... d.) and 

I 
I As we saw in the proof of 6.4.10, we also have 

I Observe that 

Comparing coefficients in the Laurent expansions gives the required 
formulas. 
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We now complete the proof of 6.4.12 with the implication (c) =. (a). 
Let H be the subgroup of G generated by the pseudo-reflexions in 
G. Using the implication (a) =. (c), we see that RH is generated by 
algebraically independent homogeneous elements yl, . . . , y,. Since RG is, 
by hypothesis, also generated by algebraically independent homogeneous 
elements X I , .  . . ,x., we have an  inclusion k[xl,. . . ,x.] c k k , ,  . . . , y,]. We 
want to show that there exists a permutation n of {I,. . . , n} such that 
deg xi 2 deg y,(n for all i. 

To this end we define Pi to be the smallest subset of { l , .  . . , n} such 
that xi E k[y, : j t Pi]. For each subset I of { I , .  . . , n) the set Ui,, Pi must 
have a t  least 11 elements since the xi, i E I ,  are algebraically independent. 
Thus the marriage theorem of elementary combinatorics guarantees an  
injective map rr with n(i) E Pi for all i. By definition of Pi we have 
degxi  2 deg Y,(~). 

Arranging y l , .  . . , y, in the order prescribed by n we may assume 
that di = deg xi 2 zi = deg yi for all i. Lemma 6.4.14 applied to 
RG = k[xl,. . . , x.] yields 

IZI = d l  + . - . + d m - n ,  

since we have m = 1, h, = 1, and dl = 0. But 6.4.14 also applies to 
RH = k [ y ~ ,  . . . , y"], and since H contains all the pseudo-reflexions of G, 
we similarly obtain 

I Z I = z l + . . . + z , - n  . 

Summing up, we must have di = zi for all i. Therefore IGI = /HI by the 
first equation in 6.4.14, and G = H. 

Remarks 6.4.15. (a) The equivalence of (b) and (c) in 6.4.12 is independent 
of any assumption on the characteristic of k or  the order of G, as is clearly 
exhibited by 6.4.13. Furthermore, the proof of the implication (a) s (b) 
only uses that IGI is not divisible by chark. I t  is due to Serre [290], as 
well as a proof of (a) (c) (based on ramification theory) which does 
not require any assumption on k or  G ;  see also Bourbaki 1371, Ch. 5. For 
(a) (c) we have reproduced the original argument of Shephard and 
Todd I3001 which exploits the fact that char k = 0 in an  essential way. 

(b) Within the hierarchy 'regular, complete intersection, Gorenstein, 
Cohen-Macaulay', the property of being a complete intersection is the 
most difficult for rings of invariants of linear actions of finite groups. 
A necessary condition for RG to be a complete intersection was given 
by Kac and Watanabe 11921: if RG is a complete intersection, then G is 
generated by elements g with rank(g - id) I 2. The proof uses geometric 
methods. Exercise 6.4.21 presents an  example showing that this condition 
is not sufficient for RG to be a complete intersection. See Gordeev [I051 
and Nakajima and Watanabe 12451 for a classification of the groups G 
for which RG is a n  complete intersection. 
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Exercises 

6.4.16. Let S, T he affine semigroups, S c T. One says that S is an expanded 
subsemigroup of T if S = T n Q S  (in QT). Prove: 
(a) An expanded subsemigroup is a full subsemigroup. 
(b) The following are equivalent for a subsemigroup S of N": 

(i) S is expanded; 
(ii) there exists a vector subspace U of with S = U n q ;  
(iii) there exists a homogeneous system of linear equations with integral 
coefficients such that S is the set of its non-negative solutions; 
(iv) k[S] is the ring of invariants of a linear torus action on k[Xl,. . .,X,]. 

(c) Every positive normal semigroup C is isomorphic to an expanded suhsemi- 
group of N" for some n 2 0. 
Hint for (c) (communicated by Hochster): By 6.1.10 we may assume that C is a 
full subsemigroup of Wm for some m 2 0, thus C = N m  nZC.  Set i' = W m  nQC.  
Then iZC?/iZc is a torsion group, so that there exist a basis e l , .  . . , e, of Zi' and 
positive integers y, for which yle,, . . . , q,e, is a basis of ZC. Extend el , .  . . , e, to 
a basis of Uy", and let q,, i = I , .  . . , r ,  be the linear form on Qm which assigns 
each vector its i-th coordinate with respect to this basis. Note that qi(a) E iZ for 
all n t Z?. Then C is the set of elements of c t Nm satisfying (i) a system of 
homogeneous linear equations with rational coefficients whose set of solutions is 
QC, and secondly the congruence conditions q j ( c )  = Omodq,. Adding positive 
integral multiples of qi to the coefficients of y?, (with respect to the dual canonical 
basis of Uy"), we may replace the q ,  by linear forms which are non-negative 
on Nm. Then y?,(c) - Omodq, if and only if the linear equation y?,(c) = yiqi 
has a non-negative integral solution y,(c). Consider the map C + IN" x W', 
c .- (c.Yi(c),.- . ,Y,(C)).  

6.4.17. Let k he an infinite field, and R = [Y,, Y2,Z1,Z2]. Suppose that GL(1, k) = 

k \ (0) acts on R by the substitutions Y, H afi, Z, u a- '2, .  
(a) Show that S = RC is generated by the elements x,, = fiZj, i, j = 1,2. 
In Exercise 6.2.7 we have seen that S " k[X,,,X12,X21rX~21/(X~~X~~ - X2~X12), 
the isomorphism being induced by the substitution Xii H xri. 
(h) Let p = (x,,,x12) and q = (xl,,x2,). Show (i) p and q are prime ideals in S and 
maximal Cohen-Macaulay S-modules, (ii) and q' are not Cohen-Macaulay 
for j 2 2. (4.6.11 is helpful for (ii); use a system of parameters consisting of 
1-forms. Or use the Hilbert-Burch theorem.) 
(c) The characters of GL(1, k) are given by the maps a H a', j E Z Compute 
the semi-invariants for each of the characters, and find out which or them are 
Cohen-Macaulay S-modules. 

6.4.18. Let V he a finite dimensional vector space over a field k, R = S(V), and 
G a finite subgroup of GL(V) such that 1G is invertible in k. Show that for each 
character x or G the RG-module MI is a direct RG-summand of R and a rank 1 
maximal Cohen-Macaulay Rc-module. 

6.4.19. Let G be the cyclic subgroup of GL(2,C) generated by the matrix 
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and R = S(C2) = C[Xl,X2]. Compute the Molien series of G, and show that 
RG is a complete intersection. (In order to determine the generators of RG one 
should draw as much information as possible from the Molien series.) 

6.4.20. Show that the subgroup of GL(2,C) generated by the matrices 

is isomorphic to S,, the permutation group of three letters. Prove that R" (with 
R = S(C2) = C[XI,X2]) is generated by algebraically independent elements xl,x2, 
and determine their degrees. 

6.4.21. (a) Let k be a field and S a graded k-algebra generated by elements 
x, ,..., x, of positive degrees dl ,..., d,,. If S is a complete intersection, then 
there exist positive integers el, ..., e, with r = n -dims such that Hs(t) = 

n:=,ci - t ~ / n ; = , c i  - tdl). 
(b) Embed the group G of the previous problem into GL(4,C) by sending each 
matrix A t G to the matrix (;f i), and let R = S(C9 = C[X ,,..., X41. Show 

that RG is not a complete intersection. Is Ri Gorenstein? 

6.4.22. Let k be a field, R = k[X,, . . .,X,,], and ol,  .. .,on be the elementary 
symmetric polynomials in X,,. . .,X,. 
(a) Show that height(u,,. . . ,u.)R = n. 
(b) Let G be the subgroup of GL(n,k) formed by the permutation matrices. 
Noting that G is generated by pseudo-reflexions, give a fast proof of the main 
theorem on symmetric functions in the case in which char k = 0. 

6.5 Invariants of linearly reductive groups 

Let k be an algebraically closed field. A linear algebraic group G over 
k is called linearly reductive if for every finite dimensional representation 
G + GL(V) the k-vector space V splits into the direct sum of irreducible 
G-subspaces U. Here U is a G-subspace if g(u) E U for all g E G and 
u E U; it is irreducible if it has no G-subspaces other than (0) and U. 

The main objective of this section is the proof of the following 
fundamental result. 

Theorem 6.5.1 (Hochster-Roberts). Let k be an algebraically closed,field 
and G be a linearly reductive group over k acting linearly on a polynomial 
ring  XI,. . . ,X,,]. Then the ring RG is Cohen-Macaulay. 

The most classical examples of linearly reductive groups are finite 
groups G whose order is not divisible by char k; this is Maschke's theorem. 
The tori GL(l,k)m are linearly reductive independently of chark, as 
follows easily from the fact that a torus action can be diagonalized. Thus 
the results of the previous section about the Cohen-Macaulay property 
of rings of invariants of tori or finite groups are special cases of 6.5.1. 
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In characteristic 0 the groups GL(n, k) and SL(n, k) are linearly re- 
ductive, and so are the orthogonal and symplectic groups. However, in 
characteristic p > 0 there exist only a few linearly reductive groups so 
that 6.5.1 has its main applications in characteristic 0. ! Let G + GL(V) be a finite dimensional representation of a linearly 
reductive group G. Then the set VC of invariants is the maximal trivial 
G-subspace of V where trivial means for a G-subspace U that g(u) = u 
for all g E G and u E U. Let' W be the sum of all non-trivial irreducible 

I G-subspaces of V. Then W is in fact a direct sum WI 8 . . . 8 W,  of 
non-trivial irreducible suhspaces Wi, and it follows easily that VC n 

I 
W = Wf 8 . . .  8 W: = 0. Thus V = VG 8 W, and W is the unique 
complementary G-subspace of v C ,  as every irreducible subspace U with 
U n VG = 0 is contained in W.  The projection p : V + VC with kernel 
W satisfies the condition p(g(v)) = p(v) for all g E G and v E V. It is 
called the Reynolds operator. 

As in the previous section let now R = k[Xl,. . . , X,,] be a polynomial 
ring over k whose space of 1-forms is identified with V. Then G acts 
linearly on the graded components Ri of R for each of which we have 
a Reynolds operator pi. The direct sum of the pi is a surjective map 
p : R + RC which is easily seen to be R"-linear. In fact, the RG-linearity 
of p is equivalent to r Ker p c Ker p for all r E R'. It is enough to show 
that rU c Kerp for a homogeneous element r E R' of degree i and 
a non-trivial G-subspace U c R,. As multiplication by an invariant is 
G-linear, rU is either 0 or G-isomorphic to U. Therefore rU c K e r ~ ~ + ~ .  
In the general context of linearly reductive groups we have thus recovered 
the existence of a Reynolds operator R + RC which was first encountered 
above 6.4.4 and which is the crucial fact in the proof of 6.5.1. 

By 6.4.4 the existence of a Reynolds operator R + RG implies that 
IR n RC = I for every ideal I of RC, and furthermore that RG is a 
Noetherian k-algebra. Being positively graded, it is even finitely generated 
over k. So 6.5.1 follows from the more general, purely ring-theoretic 

Theorem 6.5.2. Let k be a ,field, and R = k[X,,. ..,X.]. Suppose S is a 
finitely generated graded k-subalgebra of R such that IR  n S = I for all 
ideals I of S. Then S is Cohen-Macaulay. 

Remarks 6.5.3. (a) The original Hochster-Roberts theorem [I701 is more 
general than stated in 6.5.1. It says: let G be a linearly reductive group 
over afield k acting rationally on a regular Noetherian k-algebra R;  then 
RC is Cohen-Macaulay. 

(b) Let S c R be rings; S is called a pure subring if for every S-module 
M the natural homomorphism M = M Qs S + M Qs R is injective. The 
reader may prove that S is a pure subring of R if one of the following 
conditions holds: (i) there exists a Reynolds operator R + S;  (ii) R is 
faithfully flat over S ;  (iii) R/S is flat over S. Thus, under the conditions 
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of 6.5.1, RG is a pure subring of R. The choice M = S/ I  yields that 
IR n S = I for every ideal I of S if S is a pure subring of R. See [230], 
$7 for a discussion of purity. 

Using the notion just introduced we can formulate the following even 
more general theorem of Hochster and Huneke: let R be a regular ring, 
and S a pure suhring of R containing afield; then S is Cohen-Macaulay. 
See [163], Theorem 3.5; proofs will appear in [I671 and [166]. The case 
in which R contains a field of characteristic p > 0 was already given by 
Hochster and Roberts [170], and the case in which R and S are finitely 
generated algebras over a field was established by Kempf [197]. 

(c) An important variant of the theorem of Hochster and Roberts is 
due to Boutot [38] : Let R be a finitely generated algebra over an alge- 
braically closed Jield of characteristic 0, and S a pure suhring of R ;  f R 
has rational singularities, then so has S. It is remarkable that Boutot the- 
orem (for which there is also an analytic version) weakens the hypothesis 
of the Hochster-Roberts theorem while strengthening its conclusion. For 
the notion of rational singularity we refer the reader to [I981 and [32]. 

(d) The hypotheses of the theorems presented in (b) and (c) cannot 
be weakened essentially. In particular it is not true that RC is Cohen- 
Macaulay whenever a linearly reductive group G acts linearly on a 
Cohen-Macaulay ring R. See 6.5.7 for a simple counterexample. 

(e) By 6.1.10 a positive normal semigroup ring S  = k[C] can be 
embedded as a graded suhring into a polynomial ring R over k such 
that there exists a Reynolds operator R -t S. In conjunction with 6.5.2 
this argument is the fastest and most elementary proof of the Cohen- 
Macaulay property of normal semigroup rings. Nevertheless the proof 
given in 6.3 retains is value since it gave us insight into the combinatorial 
structure of S, and, above all, allowed us to compute the canonical 
module. 

The strikingly elementary and elegant proof of 6.5.2 which follows is 
due to Knop [201]. It uses ideas of Hochster and Huneke [164]. 

The first step is a reduction of 6.5.2 to Theorem 6.5.4 below. The k- 
algebra S  is positively graded. By 1.5.17 it has a homogeneous system of 
papameters f l , .  . . , f,. Suppose that g,+l f,+l = gl f 1 + . . . + g,f, for some 
r, 0 r 5 s - 1. If we can show that g,+l E Cf, ,..., f,), then f l  ,..., f, 
is an S-sequence, and the theorem is proved. Suppose on the contrary 
that g,+l @ (fl,. .., f,). As Cf1, ..., f,)R n S = If1 ,... ,f,) by hypothesis, 
one even has g,+~ @ (fl,. . . , f,)R. The elements f l , .  . . , f, are algebraically 
independent over k. Moreover, S is a finite kLf~ ,  . . . ,fs]-module. Therefore 
it is enough to prove the following theorem. 

Theorem 6.5.4. Let k be a field, and f 1,. . . , f, algebraically independent 
homogeneous elements of positive degree in R =  XI, . . . , X,]. Suppose 
that S is a module-finite graded k l f ~ ,  . . . , f,]-algebra such that there ex- 
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ists a homogeneous homomorphism y, : S -t R of kLf1,. . . , f,]-algebras. If 
g,+lf,+~ = g ~ f ~ + . . . + g , f ,  withgl, ..., g,+l E S  f o r s o m e r , O i r < s - I ,  
then y,(g,+l) E UI, . . . , f r )R.  

PROOF. Without restriction we may assume that the gi are homogene- 
ous elements of S. Let rl, ..., r ,  be a system of generators of S  as a 
kLfl,. . . , f,]-module. Suppose A is a finitely generated Z-subalgebra of R 
containing all the elements of k which appear as coefficients in 
(i) w(gi) as a polynomial in XI,.  . . ,X., i = I, .  . . , r  + 1, 
(ii) the polynomials pi,, E ~ [ Y I ,  ..., Y,] with rirj = I:=:=, pi,,lf~,. . ., f,)r,, 
and 
(iii) the analogous representations gi = qi,lf~, . . . ,f,)r,. 
Let B = A L f  . . . , f,], C = AIXl,. . . , X,,], and T = B[rl,. . . ,r,] c S. Then 

Awl. ..., f S ] c C ,  y , ( T ) c C ,  g i € T ,  T = B r l + . . . B r ,  . 

Thus, if we replace k by the finitely generated Z-subalgebra A, then all the 
assumptions of the theorem (except that on k) remain valid. It is enough 
to show w(gr+l) E  Cfl ,..., f,)C for one such A. As q~(g,+l), f l ,  ..., f, are 
homogeneous this is equivalent to the solubility of a system Y of linear 
equations with coefficients in A. (The system Y arises from comparing 
coefficients in C = AIXl,. . . ,X,,].) 

If 9 has a solution over the field of fractions of A, then we enlarge 
A by adjoining the reciprocals of the finitely many denominators of a 
solution, and obtain a solution in the new A. 

So suppose that .Y is insoluble over the field of fractions of A. Then 
there is a non-zero element d t A such that the reduction of .Y modulo a 
maximal ideal n~ of A does not have a solution whenever d $2 m. (Simply 
take d as a suitable subdeterminant of the matrix of 9 including the right 
hand side.) Adjoining d-I E k to A, we may assume that the reduction 
of 9 modulo any maximal ideal m of A is insoluble. 

We want to pass to such a reduction. It may happen however that 
the induced map BlmB + C/mC is not injective. Therefore an extra 
condition must first be satisfied. In fact, by the theorem on generic 
flatness, which we will prove below, there exists t E B such that C, is a 
free B,-algebra. As A and B are finitely generated Z-algebras, they are 
Hilbert rings. This implies that (1) there exists a maximal ideal n of B 
with t @ n, (2) m = n n A is a maximal ideal of A, and furthermore (3) 
A / ~ I  is a finite field; see A.17, A.18. One has a commutative diagram 
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Since mB is a prime ideal with t @ mB, K is injective. Next 2 is injective 
because the extension B, -* C,  is faithfully flat, and so I is injective as 
desired. 

One now replaces all objects by their residue classes modulo rn. Since 
the field A/m is finite, the theorem has been reduced to the case in which 
k is a finite field! Let p be its characteristic. 

The finite klfl, ..., fs]-module S has a rank (just because kLf1, ..., f,] 
is a domain). Let F be a free submodule of S such that rank F = rank S. 
There exists a non-zero element c E klfl, . . . ,f,] such that cS c F. We set 
q = pY, and take the q-th power of the equation g,+~f,+l = g~ fl+...+g,f, 
and multiply by c to obtain 

The elements cgf, i = I ,..., r + 1 are in the free klfl,. .. , f,]-module 
F. Then an elementary argument yields h,  E F with cg: = h,f;+, for 
i = I , .  . . , r. By substituting these expressions into the previous equation 
and applying w : S +  XI, ..., X,] one has 

cf:+~ W ( ~ , + I ) ~  = Cf:f :+,~(hi~) .  hence CV(Y,+I)~ = Cf%p(hiq), 
i=l i=l 

Let M he the set of monomials p = Xpl . . . X p  with pi < q for 
i = I,. . . , n. Taking q-th powers in k is bijective since k is finite. Therefore 
every element h t  XI,. . . , X.1 has a necessarily unique representation 
h = Cp,,(h,,)4p; in particular 

Thus 

C f:~(hig) = C (C hiqpfi)q~ = 1 (hqp)'~ 
i=l @EM ;=I &EM 

with kg, E UI,.. ., fr)R. 
The crucial point is that c does not depend on q. We choose q so 

large that c = I,,, c;p with c: E k. Let c; = (c,)q. Then 

Since c # 0 there exists p with c, + 0, and so 

A remarkable feature of the preceding proof is that a theorem which 
has its main applications in characteristic 0 has been reduced to its 
characteristic p case. Such a reduction will also be fundamental for the 
results of Chapters 8 and 9. 

Remark 6.5.5. In view of 6.4.2 and 6.4.9 it is tempting to conjecture that 
R*~'-', if non-zero, is the canonical module of RG under the hypothesis 
of 6.5.1. Then, in particular, RG would be a Gorenstein ring if detg = 1 
for all g E G. This was however disproved by Knop [200] : in fact, every 
ring of invariants R~ can be written in the form (R')" where detg' = 1 
for all g' E G'; see Exercise 6.5.8. On the other hand, Knop showed that 
over an algebraically closed field of characteristic zero R*~'-' is indeed 
the canonical module of RG if the action of G on the vector space V (of 
I-forms of R) satisfies a mild non-degeneracy condition; the proof uses 
methods of geometric invariant theory beyond the scope of this book. 
Knop also proved estimates for the a-invariant a ( ~ ~ ) ;  in particular one 
always has a ( ~ " )  I -dim R~ (compare this with 6.4.2 and 6.4.9). 

However, for one class of groups the ring of invariants is always 
Gorenstein in characteristic 0: if G is semisimple and connected (for 
example G = SL(n, k)), then R~ is factorial, and therefore Gorenstein by 
6.5.1 and 3.3.19. In fact, let f = ng .. . n, he the prime decomposition of 
an invariant f .  Then the action of an element g E G permutes the prime 
ideals Rn,. Since {g t G :  g(Rni) = Rni) is a non-empty Zariski closed 
subset of the connected variety G, this set equals G. So g(n;) = ~i(g)ni  
with zi(g) E k \ (0); xi is a character of G. But a semisimple group has 
no non-trivial characters. Thus g(ni) = ni for all g E G, and therefore f 
has a prime decomposition in RG. 

Genericflatness. In the proof of 6.5.4 we used the following theorem on 
'generic flatness': 

Theorem 6.5.6. Let R be a Noetherian domain, S afinitely generated R- 
algebra, and M afinite B-module. Then there exists f E: R such that M@Rf 
is a free (in particularflat) Rf-module. 

PROOF. There is nothing to prove for M = 0. So suppose that M # 0. Then 
there exists in M a chain 0 = Mo c MI c .. . i M ,  = M of submodules 
such that Mi+~ /Mi  " S/p, for some prime ideal pi of S. (One only needs 
that Ass N # 0 for an S-module N # 0.) It is enough to prove that the 
theorem holds for each quotient Miil/Mi, since N = U @ N/U if U is a 
submodule of N for which N/U is free. That is to say, we may suppose 
that M = S, and, furthermore, that S is a domain. 

If the natural homomorphism R + S is not injective, we simply take 
f from its kernel. Thus R may be considered as a subring of S. Let Q be 
the field of fractions of R. Then S @ Q = SR,(,q is a domain contained 



286 6. Semigroup rings and inuariant theory 

in the field of fractions of S. It is a finitely generated Q-algebra, and 
therefore has finite Krull dimension, say d. We go by induction on d. 

By the Noether normalization theorem A.14 the Q-algebra S @ Q 
contains yl,. . . , yd such that S @ Q  is integral over Q[yl,. . ., yd]; moreover, 
YI ,  . . . , yd are algebraically independent over Q. Multiplying by a suitable 
common denominator, we may assume that yj E S for all i. Let z be 
an element of S. As z is integral over Q[yl,. . .,yd], it is easy to find 
g t R such that z is already integral over R,[YI, . . . , y  d l .  Since R is a 
finitely generated R-algebra, one therefore has that S, is integral over 
R,[y,,. . .,yd] for Some element g E R. In view of what is to be proved 
we may replace R by R, and S by S 8 R,. 

Thus we have reached a situation in which S is a finite module over the 
ring T = RLfl,. . . , fd] c S which in turn is isomorphic to a polynomial 
ring over R, and therefore a free R-module. Let F be a free T-submodule 
of S such that S I T  is a torsion module. Then F is a free R-module. It 
remains to show that the theorem holds for S I T  as a finite T-module. 
As above, S I T  has a finite filtration with successive quotients of type 
T/p  where p E Spec T. Since S I T  is a torsion module, p # 0. Therefore 
T i p  @ Q, if non-zero, is a proper residue class ring of T @ Q, and thus 
has dimension < dim T @ Q = d. Thus we may repeatedly apply the 
induction hypothesis in order to complete the proof. 

Exercises 

6.5.7. Let k be an infinite field, and let R = k[Y,, Y2,Z,,Z2]/(Y: - Y;). Obviously 
R is a Cohen-Macaulay ring, and reduced if chark # 2. Let G = GL(1, k) act on 
k[Y,, Y~,ZI,ZZ] by the substitutions Y,  ++ a%, Zj ++ a-'Zj, a t  k, a # 0. Prove: 
(a) The action of G induces an action of G on R, and RG is the k-subalgebra 
generated by the products yizj, i, j = 1,2. (Small letters denote residue classes in 
R.I 
(b) The substitution X, H Y,Zj induces a surjective k-algebra homomorphism 
~ [ X I I , X I ~ , X ~ I , X ~ ~ I  - RC. Its kernel is generated by the elements XI IX~Z-X,~X~I ,  
x:, - x:,, X,lX21 - x,,x22, x:, -xi2. 
(c) RC is not Cohen-Macaulay. 
By increasing the number of variables Y, (and the degree of the equation defining 
R) one can even produce examples of factorial hypersurface rings R such that RG 
is not Cohen-Macaulay. (A hypersurface ring is a residue class ring of a regular 
ring with respect to a principal ideal.) 
6.5.8. Suppose G be a subgroup of GL(V) where V is a finite dimensional vector 
space over an infinite field k. Set V' = k 2 e k 3 @ V  and let G' = SL(2, k)xSL(3, k)xG 
act on V' by 

Then obviously detg' = 1 for all g' t G'. Let R = S(V) and R' = S(V'). Show 
RG 2 (R')C'. 
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Notes 

Hochster [I481 proved the Cohen-Macaulay property of normal semi- 
group rings using the shellability of convex polytopes (see Section 5.2 for 
the notion of shellability.) A purely algebraic proof was provided by Goto 
and Watanabe [ I l l ]  ; they computed local cohomology from a complex 
similar to L'. Such complexes, or their graded k-duals (which are dual- 
izing complexes) have been .constructed by several authors. See Trung 
and Hoa [317] or Schafer and Schenzel [277]; these articles give Cohen- 
Macaulay criteria for general affine semigroup rings. (For a general affine 
semigroup C the Cohen-Macaulay and the Gorenstein property of k[C] 
may depend on the field k; see [317] and Hoa [147].) Satisfactory results 
were obtained by Goto, Sumki, and Watanabe [I091 for simplicia1 affine 
semigroups. Gilmer [I041 treats semigroup rings from a more general 
point of view. 

Our approach is close to that of Ishida [191]; from Danilov [64] 
we borrowed the idea of proving the vanishing of certain cohomology 
groups by a topological argument. See also Stanley [308] and [309] where 
the method is also applied to certain modules over normal semigroup 
rings, namely those which in the invariant-theoretic situation arise as 
semi-invariants. (See 6.4.17 for a non-Cohen-Macaulay such module.) 
The complete intersection normal semigroup rings were classified by 
Nakajima [244]. 

Stanley computed the canonical module of a normal semigroup ring 
by a combinatorial argument outlined in 6.3.10, whereas Danilov [64] 
applied differentials. Local cohomology as in 6.3.5 was used by Goto and 
Watanabe. 

For the theory of Ehrhart polynomials and related combinatorial 
functions we refer the reader to Ehrhart [76], Stanley [310], and to Hibi's 
survey [I421 where numerous references are given. See also Danilov [64]. 

Normal semigroup rings, or rather their spectra, are the most special 
cases of toric varieties which connect combinatorics and algebraic geom- 
etry. We must confine ourselves to a list of references: Kempf, Knudsen, 
Mumford, and Saint-Donat [198], Danilov [64], and Oda [250]. 

The invariant theory of finite groups is a classical subject whose liter- 
ature we cannot cover adequately; instead we refer the reader to Springer 
[303] and Stanley [306]. While 6.4.5 is due to Hochster and Eagon [162], 
the Cohen-Macaulay property of rings of invariants of finite groups 
seems to have been realized by several authors. The characterization of 
Gorenstein invariants is the work of Watanabe as pointed out in 6.4.1 1; 
Stanley gave the combinatorial proof reproduced by us. The determi- 
nation of the canonical module is only implicit in Watanabe's papers; 
according to Stanley [306] it was made explicit by Eisenbud. 

References for the Hochster-Roberts theorem, its variants and exten- 
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sions have been indicated in 6.5.3. Hochster [I611 contains an extensive 
discussion of the problem of determining the canonical module of a ring 
of invariants. As pointed out in 6.5.5, this problem was satisfactorily 
solved by Knop [200]. 

The example in 6.5.7 is a simplification of that of Hochster and Eagon 
[162], p. 1056. It is a very special instance of the Segre product of graded 
rings. The Cohen-Macaulay property of Segre products was explored by 
Chow [55] and Goto and Watanabe [IlO]. 

Hochster [I591 is a survey of the invariant theory of commutative 
rings. 

The theorem of generic flatness is due to Grothendieck [118], IV.6.9. 
A more refined version was given by Hochster and Roberts [170]; see 
also [230], $24. 

7 Determinantal rings 

Determinantal rings occur in algebraic geometry as coordinate rings of 
classical algebraic varieties. From the algebraic point of view they are 
graded algebras with straightening law which themselves form a subclass 
of the class of graded Hodge algebras. The special feature of such an 
algebra is that it is free over the ground ring with a monomial basis 
whose multiplication table is compatible with a partial order on the 
algebra generators. 

The results on filtered rings in Section 4.4 will be applied to 'trivialize' 
a graded Hodge algebra: by repeatedly passing to a suitable associated 
graded ring one eventually gets a discrete Hodge algebra, which is noth- 
ing but the residue class ring of a polynomial ring modulo an ideal 
generated by monomials. A discrete algebra with straightening law may 
be considered the Stanley-Reisner ring of the order complex of a certain 
poset, and as an application we will thus obtain a Cohen-Macaulay 
criterion. 

The remaining sections of the chapter are devoted to the most impor- 
tant examples of algebras with straightening law, the determinantal rings. 
It will be shown that these rings are normal Cohen-Macaulay domains. 
The class group and the canonical module will be identified, and we will 
characterize the Gorenstein determinantal rings. 

7.1 Graded Hodge algebras 

In this section we introduce graded Hodge algebras and study their basic 
properties. 

Let A be a ring, H a finite subset of A, and c E WH, c = (ct) .  An 
element u = nrtH tC' is called a monomial on H with exponent c. Its 
support is the set supp u = (5 E H : ct # 0). Let u and u' be monomials 
on H with exponents c and c', respectively. We say u divides u' or u is a 
factor of u' if c' - c E WH. Finally, if Z c WH is a semigroup ideal, we 
call c E Z a generator of Z if c - c' $ INH for all d E Z, C' f C. 

Definition 7.1.1. Let A be a B-algebra, H c A a finite subset with partial 
order 5, and 2 c WH a semigroup ideal. A is a graded Hodge algebra on 
H over B governed by Z if the following conditions hold. 
(Ho) A = a,, Ai is a graded B algebra with A. = B, and H consists of 
elements of positive degree and generates A over B. 
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PROOF. Certainly the elements 5iu, u a standard monomial, generate lJ z + z'. We have just seen that A and gr,(A) are graded Hedge algebras 
as a B-module. We claim that t i u  either is a standard monomial or is with the same data, the only difference being that the indiscrete Part 
zero. This, in view of 7.1.2, will prove the lemma. has become smaller. Thus after finitely many such steps we arrive at a 

Suppose 5du is not standard; then it is a multiple of a monomial v discrete Hodge algebra with the same data as A. 
whose exponent is a generator of Z. Since u is standard, the element to 

corollary 7.1.6. Let A be a graded Hodge algebra on H over the Noetherian is a factor of v, and thus for each monomial on the right hand side of 
ring B governed by Z, and let Aa be the discrete H o d s  algebra aver B the straightening relation for u there exists a factor less than Cn. Since 
with the same data. Then: is a minimal element among such factors, the straightening relation must 
(a) dim A = dim Ao; 

be trivial. It follows that 5iu = 0. 
(b) A is reduced, Cohen-Macaulay, or Gorenstein if Ao is too. 

For an element a E A we define ord a as the supremum of integers j PROOF. It  suffices to prove the assertions when Ao is replaced by gr,(A). for which a E 11, and call a' = a +Iordo+'  the initial form of a in g r , ( ~ ) .   hen (a) follows from 4.4.6 and Exercise 1.5.25, and (b) from 4.4.8, 4.4.7, 
We have ord 50 = 1, and ord 5 = 0 for all 5 t H ,  5 # to .  Exercise 2.1.27 and Exercise 3.6.20. 

Let a, h t A ;  then ord ab 2 ord a + ord b, and (ah)' = a*b* if ord ab = 

orda + ord b. By induction one proves a similar formula for more than case A is an ASL on H over B, the discrete ASL with these data 
just two factors. Thus, if u = ntEH 5°C is a standard monomial in A, it is the Stanley-Reisner ring of the order complex A(H)  (see Section 5.1) 
follows from the previous lemma that u* = &,H(5')C:. In conclusion we over B. Thus we may use the results of Chapter 5 in order to conclude 

see that gr,(A) is generated over B by the elements t', 5 E H ,  and that that certain ASLs are Cohen-Macaulay. In the following corollary we 

gr,(A) is a free B-module with basis {u* : u is a standard monomial of A). extend the poset H by adding absolutely minimal and maximal elements 

Moreover, gr,(A) may be viewed as a positively graded B-algebra, if, for 6 and 7.  
all j 2 0, the set of homogeneous elements of degree j of gr,(A) is defined Corollary 7.1.7. Let A be an ASL on H over B. If  B is  ohe en-Macaulay 
to be {a' : a E A is homogeneous of degree j}. and H u (6,Q is a locally upper semimodular poset, then A is Cohen- 

Now it is easy to give gr,(A) the structure of a graded Hodge algebra: Macaulay . we let H* = 15' : 5 t H } .  The map H + H', 5 ++ t', induces a bijection 

rp : N H  -* NH*, and we Set Z* = v(Z). The partial order defined on H* PROOF. By virtue of 5.1.12 and 5.1.14 the discrete ASL A; on H U {6,i} 
will of course be given by 5' < v* o 5 < v .  is Cohen-Macaulay, provided B is a field. Since A; is obviously a 

polynomial ring over the discrete ASL An on H ,  it follows that An is 
Theorem 7.1.5. grl(A) is a graded Hodge algebra on H* over B governed Cohen-Macaulay. According to Exercise 5.1.25, An is Cohen-Macaulay 
by Z*, and Indgr,(A) c 15' : 5 E Ind A} \ {c,'). for every Cohen-Macaulay ring B. Now one applies 7.1.6. 

PROOF. It remains to check (Hz): let d = (di.) be a generator of z*, and There is a simple proof of 7.1.7 which avoids the combinatorially 
w = n5'tH(t*)d". Then c = (ct), ct = dr for all 5 E H ,  is a generator of 
Z, and for v = nitH 5" we have the straightening relation v = C b,u. 

We want to define the straightening relation for w.  There are two cases 
to consider. In the first case, to is a factor of 0 .  Then = 5nv' where vJ 
is a standard monomial, and it follows that v = 0 as we saw in the proof 
of 7.1.4. Therefore w = 0 is the desired straightening relation in this case. 
In the second case, 50 is not a factor of v .  Then w = CoIdu=o h.~' is the 
straightening relation for w.  In particular it follows that 5,' @ l ndg r1 (~ ) ,  

Let A (respectively A') be a graded Hodge algebra on H (respectively 

H') over B governed by Z (respectively Z'). We say that A and A' are 
Hodge algebras with the same data, if there is an isomorphism H + H' of 
posets for which the corresponding map INH + WH' induces a bijection 

difficult theorem 5.1.12; see [771 or [471, (5.14). 

Exercises 

7.1.8. Let A be a graded Hodge algebra on H over a ring B governed by 2. 
(a) Let H' be a subset of H such that the ideal H'A is generated as a 6-module 
by the monomials it contains. Show that A I H ' A  is in a natural way a 
Hodge algebra on H \H' governed by Z' where H \ H' is considered as a subposet 
o1.H and Zr consists of all elements of Z which are exponents of monomials on 
H \ H'.  
(b) show that (a) in particular applies if H' is an ideal in H .  (An ideal in H' is a 
subset satisfying the following condition: h' S h t H' 3 h' 6 H'.)  

~~t H' and H" be ideals in H .  Then H'A n H " A  is the ideal of A generated 
by H' rl H". 
(d) Specialize (a), (h), and (c) to the case of an ASL A. 
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7.1.9. With the notation of 7.1.8 assume that L is generated by squarefree 
monomials. Show that A is reduced if (and only if) B is reduced. In particular a 
graded ASL over a reduced ring B is reduced. 
7.1.10. Let A be a graded ASL on the poset H over a Noetherian ring B.  Show 
that dim A = dim B +rank H + 1. 
Hint: First prove the formula for a field B. Next deduce dimA = max{dimB, + 
dim k(p) IB A : p E SpecB} from A.11 and the fact that A is a free B-module, and 
note that k(p) @ A  is an ASL on H over the field k(p). 
7.1.11. (Hibi) Let k be a field, C a positive affine semigroup generated by 
ci,. .  . ,en, and A = k[Cl. We order {cI,. . .,c,) by setting ci < .. - < c,, and 
let L be the set of exponents (al, .. .,an) such that there exists ( b , , . .  ., b,) 
which is lexicographically greater than (a],.. .,a,) and satisfies the condition 
( X ~ I ) U I  . . . ( x n ) o .  = (x")bl . . . (xin)bn, 

(a) Show k[C] is a graded Hodge algebra over k with these data. 
(b) Let C be the subsemigroup of IN2 generated by (2,0), (2, I), (1,2), and (0,2). 
Determine the sets Z for the orders (i) (2,O) < (2,l) < (1.2) < (0,2) and (ii) 
(2,l) < (1,2) < (2,0) < (0,2), and show that the discrete Hodge algebra A. is 
Gorenstein in case (i), and not even Cohen-Macaulay in case (ii). 

7.2 Straightening laws on posets of minors 

The most important examples of ASLs are rings related to matrices and 
determinants, and the prototype of such a ring is 

where B[X] is the polynomial ring in the entries of an m x n matrix of 
indeterminates Xij over some ring B of coefficients, and I,+l(X) denotes 
the ideal generated by the (r + 1)-minors of X. We always suppose that 
0 5 r I min(m, n), the trivial cases r = 0 and r = min(m,n) being included 
for reasons of systematics. 

What makes the analysis of R,+i difficult is the fact that the generators 
of 1,+1(X) are very complicated expressions in terms of the Xi,. Therefore 
one enlarges the set of generators of the B-algebra B[X] by considering 
each minor as a generator. Of course, apart from trivial cases, we lose 
the algebraic independence of the generating set, but only to the extent 
that B[X] is an ASL on the set of minors of X. 

The minor corresponding to the suhmatrix of X with rows a ] ,  . . . ,a, 
and columns bl,. . . , b, is denoted by 

The set A consists of those minors [a1 . . . a, 1 bl . . . b,] which satisfy the 
condition a ,  < ... < a,, bl < ... < b,. It is partially ordered by the rule 

[a1 . . .a, I bl . . . h,] 5 [cl . . . c ,  I dl . . . d,] 

o u > v a n d a i 5 c i ,  b i<d i ,  i = l ,  ..., u. 

It is easy to see that A is a distributive lattice under this partial order. 
Rather than proving directly that B[X] is a graded ASL on A we take 

a detour which leads to a substantial simplification of the combinatorial 
details, and introduces another interesting and important class of rings. 
We suppose that m 5 n. Then the maximal minors of X are the m-minors. 
An m-minor of X is simply denoted by 

where al , .  . . a, are the column indices of the suhmatrix whose determi- 
nant is taken. The subset of A consisting of all m-minors in A is called 
T. Obviously T is a sublattice of A .  We write 

or, if appropriate, GB(X) for the B-subalgebra of B[X] generated by T .  
The letter G has been chosen since (over a field B) G(X) is the coordinate 
ring of the Grassmannian of m-dimensional vector subspaces of Bn. 

Theorem 7.2.1 (Hodge). Let B be a ring, and X an m x n matrix of 
indeterminates over B with m i n. Then G(X) is a graded ASL on T .  

Condition (Ho) is evidently satisfied, and the validity of (HI) is stated 
in the following lemma: 

Lemma 7.2.2. The standard monomials in r are linearly independent 

PROOF. For 'j = [a1 . . .a,] let U, be the following m x n matrix whose 
entries Uq are indeterminates over B:  

i 0 ... 0 Ul", 0 ... . . .  Ulu2-l Ula2 . . .  Ulv3-1 . . .  U,',, ... Uln 
0 U2tr2 . . - U2'13-1 \ 

0 . . .  0 . . .  . 1; ; ;  
0 ... 0 0 ... 0 0 . . .  0 . . .  U,,", : . . .  U,,, I .  

The substitution which maps Xi; to the corresponding entry of U,  induces 
a B-algebra homomorphism q, : G(X) -* G(U,) where G(Uy) denotes the 
B-subalgebra of B[Ui; : j 2 ail generated by the maximal minors of U,. 
Observe that for 6 2 y the matrix U, has indeterminate entries where 
Ua has non-zero entries. Therefore the analogous substitution yields a 
B-algebra homomorphism ys7 : G(U,) + G(Ua) with q a  = Way o q7. 

The matrix U, is chosen in such a way that the submatrix of its 
columns 1,. . . , a i  - 1 has rank i - 1 for i = 1 , .  . . ,m + 1 (where we let 
a,+~ = n+ 1). The reader may carefully check that this implies q,(P) = 0 
for all /3 2 y .  So the application of q, to a linear combination of standard 
monomials strips off all terms which contain a factor fl 2 y. 
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The lemma follows immediately from the following claim (with y = 

[ I . .  . m]): let Z(y) be the set of standard monomials all of whose factors 
are 2 y;. then q,(Z(y)) is a linearly independent subset of G(Uy). 

We prove this claim by descending induction over the poset r.  Let 
I,,, b,q,(u) = O be a linear combination with U c Z(y), U # 0, and 
h, # 0 for all u t U.  The element q,(y) is a product of indeterminates, 
and therefore G(U,)-regular. Thus, cancelling p j ( y )  if necessary, we 
may suppose that y does not occur as a factor of at least one of the 
standard monomials in the sum, say uo. Let y' be the smallest factor of 
uo. Then 7' > Y. and 0 = I,,, b,vj,,,(qj,(u)) = I,,,,, b,,q:.,(u') where 
U' = U nZ(yl). Since uo t U', we obtain a contradiction to the induction 
hypothesis. 

Next we want to show that every product yS of (incomparable) 
minors y ,S  E r can be written as a linear combination of standard 
monomials. This 'straightening' will be performed by iterated applications 
of the Plucker relations given in the following lemma. (We use u(il . . . i,) 
to denote the sign of the permutation of {l , .  . . ,s} represented by the 
sequence il,. . . , is.) 

Lemma 7.2.3. For every m x n-matrix, m I n, with elements in a ring A 
and all indices a], . .  .,a,, h ,,.. ., b,, cl,. .. ,c, E {I, .  ..,n} such that s = 
m - p + q - 1  > m a n d t = m - p > O o n e  has 

u(i1 . . . &)[a1 . . . aDci, . . . ci,] [cir+, . . . ciqh, . . . b,] = 0. 
i,<...<i, 

ilil < . < i s  
{i,7,i>)=(l ,.,., S) 

PROOF. It suffices to prove the lemma for a matrix X of indeterminates 
over Z. Next we may replace Z by a), and finally the ring Q[X] by its 
field of fractions Q(X). We consider the Q(X)-vector space V generated 
by the columns of X. Let 5" be the group of permutations of {I , .  . . ,s}, 
and let X, denote the j-th column of X. We define a : V s  -t Q(X) by 

~ ( Y I ,  ..., y,) = 

1 ~ ( 4  det(Xo,,...3~op9~n(~~3.. . , ~ ~ < ~ ~ ) d e t ( ~ ~ ( ~ + l ~ , .  . . , Y ~ , ~ I , X ~ ~ , .  .. ,Xh,,,). 
n t Y  

It is straightforward to check that a is a multilinear form on V: When 
two of the vectors yj coincide, every term in the expansion of a which 
does not vanish anyway is cancelled by a term of the opposite sign. Thus 
a is alternating. Since s > dim V = m, one has a = 0. 

Let us fix a subset {il,. ..,it}, il < . . . < it, of {1, . . . , s}. Then, for all 
rr such that x({l ,..., t}) = {il ,..., it), the summand corresponding to x in 
the expansion of a equals 

4 i 1  . . .  i,)det(X,,, ..., Xop,yi, ...., yi,)det(yi,+, ,..., yi,,Xh ",..., Xh,) 
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where &+I,. . ., is are chosen as above. Therefore each of these terms 
appears with multiplicity t! (s - t)! in the expansion of a, and cancelling 
this factor we obtain the desired formula. 

Let us 'straighten' the product [I 4 6][2 3 51. For the data p = I, 
a1 = 1, q = 3, b3 = 5, (el,. ..,c4) = (4,6,2,3) one has the following 
Pliicker relation : 

[ 1 4 6 ] [ 2 3  5]+[1  24][356] ' - [ I  34 ] [256 ]  

+ [I 2 6][3 4 51 - [I 3 61 [2 4 51 + [l 2 31 [4 5 61 = 0. 

When solved for [I 4 6][2 3 51, it is not yet a linear combination of 
standard monomials. However, [ l  4 6][2 3 51 is the 'worst' term: for 
it incomparability occurs already in the second position, whereas in the 
remaining terms at least positions 1 and 2 are ordered. Using the Pliicker 
relations 

[I 2 61 [3 4 51 - [I 2 3][4 5 61 + [I 2 4][3 5 61 - [I 2 51 [3 4 61 = 0, 

[I 3 6 ] [ 2 4 5 ] + [ 1  2 3 ] [ 4 5 6 ] + [ 1  3 4 ] [ 2 5 6 ] - [ l  35 ] [246 ]  =0 ,  

one finally gets 

[ 1 4 6 ] [ 2 3 5 ] = 3 [ 1 2 3 ] [ 4 5 6 ] - [ 1 2 5 ] [ 3 4 6 ] + [ 1 3 5 ] [ 2 4 6 ] .  

We now describe how to apply the Pliicker relations in general. 

Lemma 7.2.4. Let [al ... a,], [bl . .. b,] be elements o f r  such that ai I bi 
,fo r i = 1 ,  ..., p a n d a p + l > b p + l .  W e p u t q = p + 2 , s = m + I , ( c l ,  ..., c,)= 
( a p +  a ,  b . ,  b P + )  Then, in the Plucker relation 7.2.3 with these 
data, all the non-zero terms [dl . . .dm] [el . . .em] # [a] . ..a,,] [bl . . . h,] have 
the following properties (after their column indices have been arranged in 
ascending order) : 
(a) [dl . . . dm] I [a, . . . a,] ; 
(b) dl I el,...,dp+l 5 ep+l. 

PROOF. Since bl < . . .  < b P + ~  < a,+] < . . .  < a,, [dl ... dm] arises 
from [al ... a,] by a replacement of some of the ai by smaller in- 
dices. This implies (a) and d, s ei for i = I,. . . ,p. Furthermore dP+1 t 
(01,. . .,a,,bl,.. . , bp+l}, SO dp+l I hp+l. and ep+l t {a,+~,. .. ,a,, b,+~,. . . , 
b,}, so bp+~ I ep+l. 

By induction on p it follows immediately from 7.2.4 that a product 
yh, y, 6 t T ,  is a B-linear combination of standard monomials ap, a 5 b, 
such that a 5 y. This however does not yet imply (Hz). (In general 
the straightening procedure based on 7.2.4 produces intermediate results 
violating (Hz).) In order to see that (Hz) is indeed satisfied we must 
also straighten the product in the order Sy. The standard monomials 
c r f l  obtained now satisfy a I 6. By linear independence of the standard 
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monomials, both representations of yS = Sy coincide, and (H2) follows. 
This completes the proof of 7.2.1. 

Before we turn to the discussion of the polynomial ring B[X], we 
state a useful corollary of 7.2.1. 

Corollary 7.2.5. (a) Let T,, ? E T ,  be a set of indeterminates over B. 
Then the kernel of the surjective homomorphism B[T, : y E r ]  4 G(X) is 
generated by the elements representing the Plucker relations. 
(h) One has GR(X) = Gn(X) 8 B. 
(c) Suppose B is a Noetherian ring. Then dimG(X) = dim B+m(n-m)+1. 

PROOF. By 7.1.3, GB(X) is the residue class ring of B[T,  : y t TI modulo 
the ideal generated by the elements representing the straightening rela- 
tions. As seen above, the straightening relations are linear combinations 
of the Pliicker relations. This proves (a), and (b) is a simple consequence 
of (a) if one notes that the Pliicker relations are defined over Z 

By virtue of 7.1.10 one has dim G(X) = dim B+rank r + 1. Each cover 
of [a1 ... a,] E r is obtained by replacing one of the indices a; by a i+ l  (of 
course, this is only feasible if a ;+l  < a;+l). Furthermore rank[l . . . m] = 0. 

rn Therefore rank[al . . .  a,] = a; - i = C:ll a; - m(m + 1)/2. This 
immediately yields rank T = rank[n - m + 1. .  . n] = m(n - m). 

As before let X be a matrix of indeterminates, and A the poset of its 
minors; the condition m I n is no longer required. We extend X by m 
columns of further indetenninates, obtaining 

X11 . . .  XI" I +  ... 
; 

Xml .. . X," X,,,+l . . . X,,"+, 

the corresponding entry of the matrix 

1 . 
Then B[X'] is mapped onto B[X] by substituting for each entry of X' 

[ :  ; :  ::: 

x11 . . .  XI, 0 . . .  . . .  0 1 

. . . . . . 
0 :' :' 

x,, ... X," 1 0 . . .  . . .  0 

(1) 

::: 01. 
Let O, : G(X1) + B[X] be the induced homomorphism. Then 

*p([bl. . . b,]) = +[a,. . . a, 1 bl . . . b,] 

where t = max{i : bi i n} and al, . . . ,a, have been chosen such that 

{a1 ,... a , , n + m + l - b  ,,..., n + m + l - b , + l ) = { l ,  ..., m}. 
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Equation (I) shows that rp is surjective, and furthermore sets up a bijective 
correspondence between the set T' of m-minors of X' and A U {kl}.  Note 
that the maximal element F = [n + 1 ... n + m] of T '  is mapped to k1, 
and that the restriction of O, to T1\{jZ} is an isomorphism of posets. (We 
leave the verification of this fact to the reader; the details can also be 
found in [47], (4.9).) 

Lemma 7.2.6. The kernel of rp; G(X1) + B[X] is generated by F k 1. 

PROOF. Note that G(X1), B[X], and O, are obtained from the corresponding 
objects over 2Z by taking tensor products of the latter with B. (This is 
non-trivial only for G(Xr) for which it has been stated in 7.2.5.) Therefore 
it is sufficient to consider the case B = Z Then G(X1) is an integral 
domain, and it follows from the properties of dehomogenization (see 
1.5.18) that F +  1 generates a prime ideal p of height 1. By virtue of 7.2.5 
one has 

dimG(X1) = dimZ+mn + 1 = dimZ[X] + 1. 

As p c Ker o,, we in fact have p = Ker rp. 

Theorem 7.2.7 (Donbilet-Rota-Stein). Let B be a ring, and X an m x n 
matrix of indeterminates. Then B[X] is a graded ASL on the poset A of 
minors of X. 

PROOF. From our previous arguments it is obvious that O, maps the 
standard monomials in T' \ {F} to standard monomials in A .  Since rp is 
surjective and G(X1) is a graded ASL on T', the standard monomials in 
A generate B[X] as a B-module. 

The smallest factor of a standard monomial on the right hand side of 
a straightening relation in an arbitrary ASL is never a maximal element of 
the underlying poset. Therefore the validity of (HZ) cannot be destroyed 
by a substitution which takes such an element to an element of B. 

It only remains to observe the linear independence of the standard 
monomials in A ,  or, equivalently, that there is no non-trivial relation 

x a . u =  ( F k  1 ) x b v v  

where u and u represent pairwise distinct standard monomials in G(X1), 
and none of the u contains ii as a factor. 

Exercises 

7.2.8. Let u = 6, . . .6, be a product of minors of X. The content of u is the vector 
of length rn + n which for each row and each column lists the multiplicity with 
which the row or column appears in u. Let v he a standard monomial in the 
standard representation of u. Show that u has the same content as u, and has at 
most r factors. 
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7.2.9. Let m s n, and X he an m x n matrix of indeterminates over a ring B. 
Let 1 s rl < . . . < r, s m he integers, and consider the suhposet T (r,, . . . , r,) of 
A formed by all minors which are of the form [I . . . r; 1 a, .  . . a,,] for some i. Show 
that B[T(r,,. . . ,r,)] is a graded ASL on r(r , , . .  . , r , ) .  (Note that this class of rings 
generalizes G(X).) 
(For a field B = k, k[r(rl , .  . . ,r,)] is the homogeneous coordinate ring of the 
variety of flags 0 c UI c - - - c LI, c k" of linear subspaces such that dim U, = ri.) 

7.2.10. Let H be a finite poset with partial order s , and H the poset with 
the reverse partial order 5 :  h 5 h' o h' 5 h. A graded ASL R on H is 
called symmetric if it is also an ASL on H (with respect to the same embedding 
H -t R). 
(a) Show that C(X) is a symmetric ASL. 
(h) Show that the graded ASLs BIT(rl,. .. , r , ) ]  of the previous exercise are 
symmetric. 

7.3 Properties of determinantal rings 

In this section we shall assume that the ground ring B is a field, and 
therefore replace the letter B by k throughout. The transfer of the results 
to more general ground rings is indicated in Exercise 7.3.8. 

As in the previous section let X be an m x n matrix of indeterminates 
over k. The determinantal ring R,+I is the residue class ring of k[X] with 
respect to the ideal generated by the (r + 1)-minors of X. In view of the 
ASL structure of k[X] it is useful to extend this system of generators by 
including all t-minors with t 2 r + 1. The enlarged system of generators is 
an ideal in the poset A of all minors of X. By Exercise 7.1.8, R,,, inherits 
the ASL property of k[X]; its underlying poset is the coideal A,+, of A 
which consists of the u-minors of X with u < r + 1. (A coideal is the 
complement of an ideal.) Evidently A,+l has a single minimal element, 
namely [ l  . . . r 1 1 . . . r]. 

More generally, for 6 E A we want to investigate the residue class 
rings Ra of k[X] modulo the ideal l a  generated by all minors c 2 6. As 
in the special case S = [I . . . r 1 I . . . r] above, Ra is an ASL on the coideal 
Aa = (5 E A : 5 2 8). In a distributive lattice a coideal with a single 
minimal element is again a distributive lattice, and it follows directly from 
7.1.7 and 7.1.9 that Ra is a reduced Cohen-Macaulay ring. Moreover we 
can easily compute its dimension. 

Similarly we may consider the residue class rings G, of G(X). These 
are the residue class rings of G(X) with respect to the ideal J, generated 
by all B E I', 0 2 y.  The corresponding coideal in r is denoted T?. 

Theorem 7.3.1. Let k be a j e ld ,  and X an m x n matrix of indeterminates 
over k. 
(a) (Hochster, Laksov, Mnsili) Suppose m i n, and let y = [a,. . . a,] E T .  

7.3. Properties of determinantal rings 

Then G, is a normal Cohen-Macaulay domain of dimension 

(b) Let 6 = [ a l .  .. a, I bl . .. b,] E A.  Then & is a normal Cohen-Macuulay 
domain of dimension 

(c) (Hochster-Eagon) In particular, Rr+, is a normal Cohen-Macaulay 
domain of dimension (m + n - r )r .  

PROOF. The Cohen-Macaulay property of Ra and G, follows from the 
fact that the posets Aa and T, are distributive lattices, as explained above. 
In order to compute their dimensions one must determine the ranks of 
the posets A8 and r , ;  see 7.1.10. 

Since all maximal chains in a distributive lattice have the same length, 
one has 

rank T, = rank T - (rank y + 1). 

Both r a n k r  and rank y were computed in the proof of 7.2.5. 
For the computation of dim Ra and for the proof of normality it is 

convenient to relate Ra to a ring of type G,. in the same way as B[X] 
was related to G(X1) for the proof of 7.2.7. We choose 

y' = [bl . . . b, (n + m + I )  a ' ,  . . . (n + m + 1) - a;-,] 

with {a;,. . .,a;-,) being the complement of {a,,.. .,a,) in {l , . .  .,m). 
Then rp : G(X1) + B[X] as defined before 7.2.6 maps y' to f S  and the 
generators of J,, to a generating set of la. It follows from 7.2.6 that the 
induced homomorphism va : G,. + & is surjective, and that its kernel is 
generated by p 1 where the maximal element p of T '  is considered as 
an element of G,.. Now an easy computation yields the dimension of Ra. 

As we just saw, Rg is a dehomogenization of a ring of type TI,, 
and therefore it is sufficient to prove that G, is a normal domain (see 
Exercise 2.2.34). Note first that GI, is indeed a domain: the surjective 
homomorphism rp, : G(X) -* G(U,) constructed in the proof of 7.2.2 
induces a homomorphism rp, : G, -* G(U,), and rp, maps the standard 
basis of G, onto a linearly independent subset of G(U,) as was shown 
there. So G,  is isomorphic to the integral domain G(U,). 

To prove normality we apply the criterion in Exercise 2.2.33 with 
x = y : being the single minimal element of T,, y is evidently r,-regular; 
moreover, G,/(y) is an ASL on T, \ {y), and therefore reduced. Finally 
7.3.2 shows that G,[y-'1 is a normal domain. 
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Theorem 7.3.l(c) entails the classical formula 

height I,+] (X) = (m - r)(n - r). 

Thus 1,+1(X) has maximal height: by a theorem of Eagon and Northcott 
one has height l ,+~(x)  I (m - r)(n - r) for an arbitrary m x n matrix x 
over a Noetherian ring S, provided I,+l(x) # S; see 1471, (2.1) or [230], 
$13. 

Lemma 7.3.2. With the notation of 7.3.1 let 

Y = { [dl ... dm] E r, : ai $ [dl ... d,,] for at most one index i }. 
Then 

G,[Y-'I = k[y,y-'I, 

and the elements of Y are algebraically independent over k. In particular 
G,  ['?-'I is a regular domain. 

PROOF. We show that [el ... em] E k[Y,y-'1 for all [el . . .  em] E r, by 
induction on the number w of indices i such that ei @ [al ... a,]. For 
w = 0 and w = 1, [el ... em] E Y by definition. Let w > I and choose an 
index j such that e, @ [a, ... a,]. We use the Pliicker relation 7.2.3, the 
data of 7.2.3 corresponding to the present ones in the following manner: 
p = 0, q = 2, s = m + 1, (b2,.. ., bm) = (el,. ..,e,-l,e,+l ,..., e,), and 
(cl,. . . ,c,) = (al,. . . , a,,e,). In this relation all the terms different from 

[a1 . . .a,][e,el ... ej-I ej+l ... em] = (-l)'-l[al .. .a,][el. . .em] 

and non-zero in G, have the form S E  such that S t Y and E has only w 1 
indices not occurring in y .  Solving for [a1 . . . a,] [el. .  . em] and dividing by 
y, one gets [el.. . em] E k[Y, y-'1. 

For the proof of the algebraic independence of Y we first note that 
dim G, [y-'1 = dim G,. This follows easily from A.16 if one uses that G, is 
an affine domain over k as was demonstrated in the proof of 7.3.1. Now 
it is enough to verify that 1 Y 1 = dim G,, a combinatorial exercise which 
we leave for the reader. 

Lemma 7.3.2 enables one to compute the singular locus of the rings 
G,, and, again by dehomogenization, that of Ra ; see [47], 6.B. We confine 
ourselves to the rings R,+I, for which there is a simpler approach. 

Suppose that x = (xi,) is an m x n matrix over a ring R such that 
X I I  is a unit. Then we may transform x by elementary row and column 
operations into the matrix 

X l l  0 . . .  
0 Y l i  . . .  

-1 
> Y i j  = Xi+l,,+l - X l , j + l X i + l , l X ~  , 

0 Ym-l,l . . .  Ym-1.n-1 
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and clearly I,+l(x) = I,(y). The equation yi, = xi+l,+l - X I ~ + I X ~ + I , I X ~ ~ ~ ,  
read as a substitution of indeterminates, suggests the following elementary 
lemma. 

Lemma 7.3.3. Let X = (Xi,) and Y = (Y,,) be matrices of indeterminates 
over a ring B of sizes m x n and (m - 1) x (n - 1). Then the substitution 
Yv - XI+I,+I - Xl,+lXi+l,lX~I yields an isomorphism 

B[Y, X I I , . .  .,Xm1.X12,.. . , x I ~ , x ~ ~ I  h B[x,xiiL1 

which for every t > 0 maps the extension of I,+l(Y) to the extension of 
I,(X). In particular it induces an isomorphism 

(2) R~-I(Y)[XII ,...,Xm~,X~2,...,~~nr~n11 ~~r (x ) [x? I  

where xll denotes the residue class of XI I in R,(X). 

Proposition 7.3.4. For a prime ideal p E Spec R,+I the localization is regular 
fund only tf p + I,(X)/I,+I(X). 

PROOF. We use induction on r, starting from the trivial case r = 0 (note 
that la(X) = k[X]). Suppose now that r > 0. If p is the maximal ideal 
of R = R,+I generated by the xj,, then R, is evidently non-regular and p 
contains I,(X)/I,+I(X). Otherw~se p does not contain one of the residue 
classes xu, and by symmetry we may assume that X I I  $ p. Then R, 
is a localization of R[xil], and contracting the extension of p via the 
isomorphism (2) to S = R,(Y) we obtain a prime ideal q E Specs. As the 
extension from S to ~ [ x g ]  is an adjunction of indeterminates followed 
by the inversion of one of them, R, is regular if and only if S,  is regular. 
Furthermore p 3 I,(X)/I,+i(X) if and only if q 2 I,-I(Y)/I,(Y). 

The rings R,+I satisfy Serre's condition (Rz) since 

height(l,(X)/l,+l(X)) = heightI,(X) - height I,+I(X) 

= m + n - 2 r f 1 2 3 .  

By Serre's normality criterion this argument, together with the Cohen- 
Macaulay property, proves independently of 7.3.2 that R,+I is a normal 
domain. (In fact, all the rings % and G, satisfy (R*); see [47], (6.12).) 
The example m = n = 2, r = 1 shows that (R3) fails in general. 

Finally we want to determine which of the rings R,+I are Gorenstein. 
The easiest way to solve this problem is to determine the canonical 
module, or rather the divisor class it represents (see 3.3.19; the canonical 
module of R,+1 is unique by (vi) below). In the following we use 
elementary facts from the theory of class groups of Noetherian normal 
domains R; see [35], Ch. 7, or 1871. 
(i) The elements of CI(R) are the isomorphism classes [I] of fractionary 
divisorial ideals of R; a fractionary ideal is divisorial if and only if 
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it is a reflexive R-module, and p t Spec R is divisorial if and only if 
height p = 1. One has [I] = 0 if and only if I is principal. In particular, 
R is factorial if and only if Cl(R) = 0. 
(ii) The addition in Cl(R) is given by [I] + [J] = [(IJ)"] where * denotes 
the R-dual Hom~(., R). 
(iii) ('Gauss' lemma') The extension [I] e* [IR[T]] yields an isomorphism 
of class groups CI(R) 2 CI(R[T]) (here T denotes an indeterminate over 
R). 
(iv) (Nagata's theorem) If S c R is multiplicatively closed, then the 
assignment [I] e* [IRs] maps CI(R) surjectively onto CI(Rs); the kernel 
of this map is generated by the classes [p] of the divisorial prime ideals 
p with p n S f 0. 
(v) An ideal I c R is divisorial if and only if I = n:=l p jY') with divisorial 
prime ideals pi;  one then has [I] = I:=, ei[pi] (p(e) is the e-th symbolic 
power R n peR,.) 
(vi) If R is a positively graded k-algebra with 'maximal ideal m, then one 
has a natural isomorphism CI(R) " CI(R,,,). It follows that the canonical 
module of R is unique (up to isomorphism) since this holds for R,,. 

Theorem 7.3.5. Suppose that 0 < r < min(m,n), and let p be the ideal of 
R,+I generated by the r-minors of thefirst r rows of the residue class x of 
X, and q the corresponding ideal for thefirst r columns. Then 
(a) p and q are prime ideals of height 1, 
(b) CI(R,+l) is isomorphic to Z and is generated by [p] = -[q]. 

PROOF. (a) follows from the isomorphism R,+l/p " R,, E = [ I . .  . r-1 r + l  1 
1 . . . r], together with 7.3.1 and the analogous isomorphism for Rr+~/q.  

(b) Let 6 = [I .. . r  1 1 .. .r], and Y = {xi, : i 5 r or j 5 r}. We 
claim that Y is algebraically independent over k and that R,+] = 

k[Y,6-I]. In fact, one sees that x,, t k[Y,S-$1 by expanding the 
minor [I  . . . r u 1 1..  . r u] along row u (or column u ) ;  in R,+1 one has 
[I . . . r u 1 1 . . . r v] = 0. The algebraic independence of Y follows as in the 
proof of 7.3.2. By (iii) and (iv) above, Cl(k[Y, G-I]) = 0 so that, again by 
(iv), CI(R,+I) is generated by the classes of those divisorial prime ideals 
which contain 6. 

The systems of generators of p and q specified in the theorem are ideals 
in the poset A,+] and their intersection is exactly {S). In conjunction 
with Exercise 7.1.8 this shows (6) = p n q. We conclude that [p] = -[q] 
and that [p] generates Cl(R,+l). 

It remains to be shown that u[p] + 0 for all u > 0. Suppose that 
u[p] = 0, or, equivalently, that p(") is a principal ideal (a), a E R. Since 
P(U) contains SU, the extension p(")k[Y,S-'1 equals k[Y,G-']. Hence a is 
a unit in k[Y,6-'1. In k[Y] the element 6 is the determinant of a matrix 
of indeterminates, and therefore a prime element according to 7.3.1. Thus 
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a = eS%ith e E k and u 2 0. In the case where u > 0 we would have 
v > 0, and p and q would be minimal prime ideals of p("). 

It is now easy to reduce the computation of the canonical class of 
R,+I to the case r = 1; fortunately R2 is a normal semigroup ring, and 
we can draw on the results of Chapter 6. The hypothesis 0 < r < n < m 
in the following theorem has been inserted in order to exclude the trivial 
cases r = 0 or r.= min(m,n). The condition n 5 m is no restriction since 
we may replace X by its transpose if necessary. 

Theorem 7.3.6. With the notation of 7.3.5 suppose that 0 < r < n 5 m. 
Then 
(a) p("-") is the canonical module of R,+I, 
(b) (Svanes) R,+I is Gorenstein if and only if m = n. 

PROOF. The canonical module of R r + ~  is uniquely determined as was 
observed above. In particular (a) implies (b). 

In proving (a) we first suppose that r 2 2. The isomorphism (2) in 
7.3.3, and (iii) and (iv) above induce a homomorphism 

which maps the generator [p] of CI(R,+l) to the analogous generator [p'] 
of Cl(R,(Y)); in particular it is an isomorphism. 

We set S = R,+l[xfi'], and identify R,+I and R,(Y) with subrings of 
S. Let w be the canonical module of R,+I. Since the formation of the 
canonical module commutes with localization, w @%+, S is a canonical 
module of S. Let w' be a divisorial ideal of R,(Y) which under the above 
isomorphism has the same class as w .  Then w @R,+, S " w' @ R , ( ~ )  S. 
As the extension R,(Y) + S is faithfully flat, 3.3.30 implies that w' is a 
canonical module of Rr(Y). 

Summing up, we conclude that u[p] is the class of the canonical 
module of R,+I if and only if u[pr] is the class of the canonical module 
of R,(Y). An iteration oT the argument reduces (a) to the case r = 1. 

Suppose that r = 1. Let UI,. . ., U, and V I , .  .., Ifn be indeterminates 
over k. The 2-minors of the matrix x = (UiV,) vanish so that the 
substitution Xi, H xl, = UiVj induces a surjective homomorphism from 
R2 onto the normal semigroup ring k[C] generated by the monomials xi,. 
An easy calculation of dimk[C] yields that we may in fact identify R2 
and k[C]. Let I he the ideal generated by relint C in k[C]. By virtue of 
6.3.5 I is the canonical module of k[C]. 

Let pi he the prime ideal generated by the entries in the i-th row of 
x = (xi,), and q, the corresponding ideal for the j-th column. Then the 
ideals pi and q, are exactly the height 1 ZC-graded prime ideals. In fact, 
the ZC-graded prime ideals are those prime ideals which are generated 
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by some of the elements xu, and thus are the prime ideals generated by all 
the xi, in the union of a set of columns and a set of rows. It follows from 
6.1.1 and 6.1.6 (or direct arguments) that I = p, n . . . n p, n q, n . . . n q,. 
Therefore 

, 
[I] = E [ p ; l  + 1 [qjl = m[pl + n[ql = (m - n) [p]. 

Remarks 7.3.7. (a) One can show that the symbolic and ordinary powers 
of the prime ideals p and q in 7.3.5 coincide so that pm-" is the canonical 
module of R,+I. (The case r = 1 is indicated in Exercise 7.3.9.) Fur- 
thermore 7.3.5 and 7.3.6 can be extended to all the rings Rs and G,; see 
[471. 

(b) With the notation of 7.3.6 and its proof, I is the 'canonical module 
of Rz. But it is impossible to preserve the grading under the divisorial 
arguments by which we computed the canonical module of R,+I from that 
of Rz. In Bruns and Herzog [45] it has been shown that the a-invariant 
of R,+I is r m .  As pn'-Vs generated by elements of degree (m - n)r, it 
follows that pm-"(-rn) is the 'canonical module of R,,]. 

(c) Let X be a symmetric n x n matrix of indeterminates; more 
precisely, the entries Xi, of X with i < j are algebraically independent, 
and Xi, = X,i for i > j .  The residue class rings S,+I = k[X]/Ir+~(X) 
are as well understood as the rings R,+r constructed from 'generic' m x n 
matrices. In particular S,+I is a normal Cohen-Macaulay domain of 
dimension r(r + 1)/2 + (n - r)r (Kutz [216]), its divisor class group is 
Z/(2), and it is Gorenstein if and only if r + 1 = n mod2 (Goto [106], 
[107]); see Exercise 7.3.10. There is also a 'standard monomial' approach 
to the structure of S,+1, in which 'doset algebras' replace ASLs (see 
De Concini, Eisenbud, and Procesi [59]). 

(d) Let X be a alternating nxn  matrix of indeterminates; this of course 
means that the entries Xi, of X with i < j are algebraically independent, 
Xji = 0, and Xi, = -Xji for i > j .  The residue class ring P2r+2 of k[X] 
with respect to the ideal Pf2,+z(X) is a normal Cohen-Macaulay domain 
of dimension r(r -1)/2+(nPr)r (Kleppe and Laksov [199]); it is factorial 
(Avramov [17]), and therefore Gorenstein by 3.3.19. The rings P2r+2 carry 
a 'natural' ASL structure [59]. 

Exercises 

7.3.8. Let R he a finitely generated faithfully flat Z-algebra, and let 9 be one 
of the properties 'Cohen-Macaulay', 'Gorenstein', 'reduced', 'normal', 'integral 
domain', (S,) ,  (R,). 
(a) Show that the following are equivalent: (i) R @ k has 9 for every field k ;  (ii) 
R @ B has 9 for every Noetherian ring B which satisfies 9. 
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(b) Suppose that K mk L has 9 whenever K and L are extension fields of k one of 
which is finitely generated (for which of the listed properties is this true?). Show 
that (a)(ii) already follows from the fact that R has 9. 
Hint: Exercise 5.1.25 is a similar problem. 

7.3.9. With the notation of 7.3.5 assume r = 1. Show pl') = p' for all i. Hint: 6.1.1. 

7.3.10. With the notation of 7.3.7(c) let p be the ideal generated by the r-minors 
of the first r rows of X, and 6 = [I . . .  r 1 ... r]. We use the fact that S,,, is a 
normal Cohen-Macanlay domain, and that p is a prime ideal in Show 
(a) p2 = (81, p12' = (81, and CI(S,+I) = Z/(2), 
(b) the canonical module of S,,, is S,+[ if r + 1 = n mod 2, and p otherwise, 
(c) S,,, is Gorenstein if and only if r + 1 = n mod2. 
Hint: S* can be considered as the second Veronese suhring of a polynomial ring 
k[Y,, . . ., Y,,], or as a normal semigroup ring. 

7.3.11. Let X be an m x n matrix of indeterminates over a field k with m c n. 
Show that [1, .. .,m] is a prime element in G(X), and deduce G(X) is factorial. 

Notes 

The notion of an algebra with straightening law is due to Eisenhud [77]. 
It was generalized to that of a (not necessarily graded) Hodge algebra 
in De Concini, Eisenhud, and Procesi 1591. This monograph contains 
all the theory developed in Section 7.1 as well as numerous examples 
of Hodge algebras. A significant class of non-ASL Hodge algebras 
are the coordinate rings of the varieties of complexes (De Concini and 
Strickland [61]). That the notion of a graded Hodge algebra is very 
general is illustrated by a theorem of Hibi [138]: every positively graded 
affine algebra over a field is a Hodge algebra. A non-graded Hodge 
algebra may behave pathologically as was shown by Trung [316]. 

The term 'Hodge algebra' reflects the fact that the first standard 
monomial theory was created by Hodge [I711 as a method for estah- 
lishing the 'postulation formula' for the Grassmannian and its Schubert 
subvarieties. In algebraic language this amounts to the computation of 
the Hilhert function of the rings G(X) and Gi,  and therefore is 'only' a 
matter of counting the standard monomials of a fixed degree. See also 
Hodge and Pedoe [172]. More recent accounts are due to Laksov [217] 
and Musili [241], whom we follow in proving the linear independence of 
the standard monomials. The straightening law on the polynomial ring is 
due to Douhilet, Rota, and Stein [65]. We follow De Concini, Eisenhud, 
and Procesi [58] in deriving it from that of G ( X ) .  

For a detailed account of the history of determinantal ideals we refer 
the reader to Bruns and Vetter 1471, 2.E. It begins with Macaulay [221] 
who proved (in a special case) that the ideals 1,+1(X) are unmixed for 
r + l = min(m, n). In the influential paper [74] Eagon and Northcott con- 
structed a finite free resolution of these ideals and proved their perfection 
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(which (over a field of coefficients) is equivalent to the Cohen-Macaulay 
property of the rings R,+I; see 2.2.15). This resolution, the so-called 
Eagon-Northcott complex, has served as a model for several related con- 
structions. In this connection one should mention the theory of generic 
perfection which was also developed by Eagon and Northcott [75]; also 
see [47], Section 3. Its main result is that a 'generic' acyclic complex 
remains acyclic under extensions of the ring of coefficients. 

The Cohen-Macaulay property of the rings R,+I and their normality 
for general r are due to Hochster and Eagon [162]. They used an inductive 
scheme based on a 'principal radical system'. That the rings G, are Cohen- 
Macaulay seems to have been realized independently by Hochster [151], 
Laksov [217], and Musili [241]. The Gorenstein determinantal rings 
were determined by Svanes [314] whereas the divisor class group and the 
canonical module were computed by Bruns [40], 1431. 

A driving force in the investigation of determinantal ideals was thelr 
relation to invariant theory: the rings R,+I and G(X) appear as ring of 
invariants of 'natural' linear group actions. In order to prove this fact 
(in arbitrary characteristic) De Concini and Procesi [60] established the 
straightening laws on which the ASL structures are built; also see 1471. 

The Rees and associated graded rings of k[X] with respect to the 
ideals I,+,(X) are ASLs in a natural way and Cohen-Macaulay when 
r + l = min(m, n); see Bruns, Simis, and Trung [46]. For r + 1 < min(m, n) 
the Cohen-Macaulay property holds at least in characteristic zero, hut 
fails in general 1441. 

The Hilbert function of R,+I and the numerical invariants derived 
from it are the subject of a monograph by Abhyankar [I]. See Herzog 
and Trung 11371 for an approach using Grobner bases. 

The homological properties of R,+I discussed in this chapter were 
proved by inductive methods. It would be much more satisfactory to 
derive them from a minimal free resolution of R,+, over k[X]. As pointed 
out above, in the case r + 1 = min(m,n) the Eagon-Northcott complex 
is such a resolution, and for r + 1 = min(m,n) - 1 a suitable complex 
was constructed by Akin, Buchsbaum, and Weyman [2]. Both these 
complexes are characteristic-free; they are defined over Z and specialize 
to a minimal free resolution under base change from Z to an arbitrary 
field. Recently Hashimoto 11271 showed that such a resolution also exists 
for r + l = min(m, n) - 2. In characteristic zero Lascoux [218] described a 
minimal resolution of R,+I for arbitrary r. However, the construction of 
such resolutions seems to be exceedingly difficult in positive characteristics 
as is indicated by a result of Hashimoto [I281 : for 1 < r + l  < min(m, n)-2 
the Betti numbers of R,+, depend on the characteristic of k. 

The theory of determinantal rings has many aspects not considered 
in this chapter. For these, as well as for an extensive bibliography, we 
refer the reader to [47]. 

Part I11 

Homological theory 



8 Big Cohen-Macaulay modules 

In this chapter we prove Hochster's theorem on the existence of big 
Cohen-Macaulay modules M for Noetherian local rings R containing a 
field. An R-module is called a big Cohen-Macaulay module if there is a 
system of parameters x for which M is x-regular. Note that one does 
not require M to be finite. thus the attribute 'big'. The importance of big 
Cohen-Macaulay modules stems from the fact that one can deduce many 
fundamental homological theorems from their existence (as we shall see 
in Chapter 9). 

Their construction is a paradigm for the application of characteristic 
p methods: one first shows that big Cohen-Macaulay modules exist in 
characteristic p ;  then the result is transferred to characteristic zero via 
a rather abstract principle. It asserts that certain 'generic' systems of 
equations are soluble over some local ring of characteristic p if there is a 
solution in characteristic zero. 

Rings of characteristic p are endowed with a canonical endomor- 
phism, the Frobenius endomorphism a H a'". Its homological power 
seems to have first been realized by Peskine and Szpiro. They also intro- 
duced M. Artin's approximation theorem to commutative algebra. The 
approximation theorem guarantees the descent from complete, 'analytic' 
local rings to 'algebraic' ones. 

8.1 The annihilators of local cohomology 

Let (R, m) be a Noetherian local ring and let 

be the annihilator of the i-th local cohomology. This notation is kept 
throughout the section. As we shall see, the products ao. .  . ai anni- 
hilate the homology of certain complexes, and furthermore a o .  . . an-1 
annihilates the ideals (XI, .  . . , xj) :  xi+^ modulo (x,, . . . ,xi) for all systems 
XI,. . . ,x, of parameters and j = 0,. . . ,n - 1. This will he important in 
the construction of big Cohen-Macaulay modules in characteristic p. 

Theorem 8.1.1. Let R be a Noetherian local ring of  dimension n which is 
a residue class ring of  a Gorenstein local ring S ,  dims = d .  Then the 
following holdfor i = 0,. . . , n: 
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(a) ai = AnnR EX~;-'(R, S); 
(h) dim Rlai I i; 
(c) no.. .a,-] contains a non-nilpotent element; 
(d) for p E Spec R, dim R/p = i, one has p E Ass R/ai o p E Ass R. 

PROOF. (a) We want to show first that both R and S can he replaced 
by their completions k and ,? for the proof of (a). Of course one has 
k - R @s 5, and the formation of local cohomology commutes with 
completion: by 3.5.4, 

The same holds for Ext since 5 is a flat S-module and R has a resolu- 
tion by finite free S-modules. Finally, for every R-module N, one has 
A n n ~  N = R n (Annk(N @R k)) because k is faithfully flat. So we may 
assume that S and R are complete. 

We saw in the proof of 3.5.7 that H;,(R) " H;(R) for all i (as an S- 
or R-module), n denoting the maximal ideal of S. Let E he the injective 
hull of S/n over S, and ' the functor Horns(-,E). Since H;(R) = H:,(R)" 
we have 

and so the local duality theorem 3.5.8, applied to the S-module R, yields 

AnnR H:,(R) = AnnR H:,(R)' = AnnR EX~:-'(R, S). 

(b) This inequality is 3.5.11(c). 
(c) By (b) one has dim(R/(ao.. .a,-,)) 5 n - 1. Therefore no.. .a,,-] 

is not contained in any minimal prime ideal p with dim Rlp  = n. 
(d) Consider the preimage q of p in S. Since dim S,, = d - i, one has 

depth R, = depth R, = 0 if and only if EX~$-'(R, s), = Extds-'(R,s), f 0. 
Consequently p E Ass R if and only if p E Supp Ext$-'(R, S ) .  Because of 
(a) and (b) the latter is equivalent to p t Ass Rlai for prime ideals p such 
that dim R/p = i. 

A very important property of the ideals ai is expressed by the following 
theorem. 

Theorem 8.1.2. Let R be a Noetherian local ring, and 

a complex ofJinitely generatedfree R-modules such that all the homology 
modules Hi(F.) have Jinite length. Then a". . . a,-i annihilates Hj(F.) for 
i=O, ..., m. 
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PROOF. First we construct an object which connects the local cohomology 
of R and the homology of F.. Let xl, ..., x ,  be a system of parameters, 
and let K. denote the complex 

Then H;,,(R) = H,-i(K.) (see 3.5.5 where we write C' for K.-i). Now we 
form the tensor product K. @ R  F., a first quadrant bicomplex. The crucial 
point is that the homology of the associated total complex T. can be 
computed from two spectral sequences. 

First we consider the spectral sequence whose Ej4-term is given by 
Hq(Kp @R F.), the homology of the columns of K. @R F. (see [274], 
Theorem 11.18 where the E2-terms are described). This spectral sequence 
converges to the homology of the total complex. The modules Kp are flat 
R-modules, thus 

Hq(Kp @R F.) = Kp @R H,(F.). 

Being an R-module of finite length, H,(F.) is annihilated by a power of 
each of the elements xi. Hence 

for p < n, 
for p = n. 

Since the El-terms are concentrated in a single column, it follows imme- 
diatelv that 

for p < n, 
(F.) for p = n, 

and therefore Hi+,(T.) = Hi(F.) for all i. 
Secondly, one determines the homology of the total complex by first 

computing the homology of its rows: 

E j ,  = H,(K. €3 Fp) = H:Fq(Fp) = (H:;q(R))r, r = rank F,. 

By the definition of the ideals ai one has an-,EL,, = 0. Since all the terms 
EL, are subquotients of Ej,q, they are equally annihilated by a,-, : 

This spectral sequence also converges to the total homology of T. ([274], 
Theorem 11.19). For every t one therefore has a filtration 

where Up/Up-' = E;-p. Observe that E;-, = 0 for p > m or t - p > n. 
Thus the filtration is already given by 
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and H,(T.) is annihilated by a,-(,-(,-.)) . . . an-(,-,) = an . . . a,-,+,. Taking 
into account that H;(F.) = H,-.(T.) we get the desired result. 

As a consequence we derive another 'annihilation theorem' whose 
second part is crucial in the construction of big Cohen-Macaulay modules 
in characteristic p. 

Corollary 8.1.3. Let R be a Noetherian local ring of dimension n. Then, 
given a sequence x = XI,..  .,x, t R such that height(xl,.. .,x,) = m, the 
following hold: 
(a) aa . . . a,-; annihilates the Koszul homology H,(x), i = 0,. . . , m: 
(b) ao...a,-t annihilates ((XI,.. .,x,-1) : x,)/(xl,.. .,x,-1). 

PROOF. (a) The sequence x can be extended to a system of parameters 
x x .  We start a descending induction at m = n for which the 
assertion is obviously a special case of 8.1.2. 

Suppose now that m < n and put x' = XI,  ..., x,,xL+,, t 2 1. By 
1.6.13 we have an exact sequence 

By induction the submodule I m p  - H,(x)/xL+,H,(x) of H;(xf) is annihi- 
lated by an..  .a,-!. Since n xi+,Hi(x) = 0, we are done. 

(b) We use another segment of the long exact sequence of Koszul 
homology, now relating x and x" = XI,. . . ,x,-1 : 

HI (x) 5 H~ (xu) 2 Ho (xu) 

Since an..  . a,-lHl(x) = 0, we also have aa . .  . a,-l(lmw) = 0. Im y, 
consists of exactly those elements in Ho(xl') = R/(x,, . . . ,x,-I) annihilated 
by x,, that is Imli, = ((XI,. ..,x,-I) : x,)/(x~,. ..,x,-I). 

The preceding corollary is completely vacuous if R happens to be a 
Cohen-Macaulay ring, but in connection with 8.1.2 it shows that certain 
local rings, among them the complete ones, preserve a faint trace of the 
Cohen-Macaulay property: the modules 

which are zero for R Cohen-Macaulay, cannot be arbitrarily 'big'. 

Corollary 8.1.4. Let R be a Noetherian local ring which is a residue class 
ring ofa Gorenstein local ring S. Then there exists a non-nilpotent element 
c E R such that c . ((XI ,..., xi) : xj+l)/(xl,.. .,xi) = 0 for all systems of 
parameters xl, .  . . ,x, and all j = 0,. . . , n - 1. 

PROOF. According to 8.1.1 there exists a non-nilpotent c t ao. . . a,-!. By 
8.1.3 such a c satisfies our needs. 
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Remark 8.1.5. Parts (b) of 8.1.1 and 8.1.4 are not true for arbitrary Noethe- 
rian local rings. One of the most used counterexamples of commutative 
algebra (constructed by Nagata [243], Example 2, p. 203) works here, 
too: let R be a 2-dimensional local domain such that its completion k 
has an associated prime ideal p with d i m a l p  = 1 .  Put a1 = A n n ~  H,!,(R) 
and bl = Annfi HA@). Since HA(R) " HA,@) as R-modules, al = bl n R. 
Of course 8.1.1 applies to k, and by its third part, p E ~ s s k l b l .  So 
at c p n R = 0 and dim R/al = 2. (Note that a regular element of R 
stays regular in k.) 

Let x = x,y be a system of parameters of R and put x' = x', y'. Then 
H,!,(R) is the direct limit of the Koszul cohomology modules H1(x'). By 
1.6.10 one has H1(x') " HI(x'). Consider the long exact sequence (which 
appeared already in the proof of 8.1.3): 

R is a domain, so Hl(yt) = 0, and H1(xt) = (y' : xi)/(y'). An element c 
annihilating all the modules (y' : xt)/(y') must annihilate H,!,(R), hence 
c = 0 as seen above. 

Exercises 

8.1.6. Let M be an arbitrary module over a Noetherian local ring (R,rn), and 
ai(M) = Ann H;"(M). Let F. he a complex of finite free R-modules with homology 
or finite length as in 81.2. Prove that ao(M)...a, -,(M) annihilates Hi(F. B M) 
fori=O, . . . ,  m. 

8.1.7. With R and M as in 8.1.6 assume that H;(M) = 0 for i = 0,. . .,n - 1 
where n = dimR, and MImM + 0. Let x be a system of parameters of R. Show 
Hi(& M) = 0 for i = 1,. . . , n, and that x is M-quasi-regular. (See 1.6.20.) 

8.2 The Frobenius functor 

Let R be a ring of characteristic p, i.e. a ring with a monomorphism 
Z/pZ - R where p is a prime number. The Frobenius endomorphism 
is the map F : R - R, F(a) = UP. Via F one may consider R as an R- 
algebra in a non-trivial way. The crucial point in the construction of the 
Frobenius functor is to work simultaneously with two essentially different 
module structures of R itself. This is an unusual idea in commutative 
algebra and has to be kept firmly in mind. Let RF denote the (R-R)- 
bimodule with additive group R and left and right scalar multiplication 
given by 

(The standard associative laws are obviously satisfied.) 
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Let M be a left R-module. Then we take the tensor product RF 6~ M 
with R~ as a right R-module, i.e. 

The left R-module structure of RF endows RF QR M with a like structure 
such that c(a 6 x) = ca Q x. (This tensor product is merely biadditive: 
bilinearity is lost because in general a .  r f r o a for a E R, r E RF.) The 
Frobenius functor .F acts on a left R-module M by assigning to it the left 
R-module R~ BR M. For an R-linear map q : M + N one consequently 
considers F ( q )  to be the R-linear map idR g R q .  The following properties 
of F are just the fundamental ones of tensor products. 

Proposition 8.2.1. Let R be a ring of characteristic p. Then F is a covariant, 
additiue, and right exact functor from the category of left R-modules to 
itself: 

We want to compute some specific values of F .  First we see that 
F ( R )  = RF aR R = R~ as a left R-module, so .F(R) = R; then additivity 
implies F ( R n )  = R". For a cyclic R-module R / I  one gets F ( R / I )  = 
RF QR R/ I  = R ~ / ( R ~  o I). NOW r o a = rap for r E RF, a E I ,  and 
RF o 1 turns out to be the ideal lb '  generated by the p-th powers of the 
elements of I .  Hence RF/(RF a I )  = R/I[PI with its ordinary left scalar 
multiplication. 

Proposition 8.2.2. Let R be a ring of characteristic p. Then 
(a) F ( R n )  = Rn for all n (as left R-modules), and if el,. . . , en is a basis of 
Rn, 1 @ el,. . . , l 6 en is a basis of F(Rn) ,  
(b) F ( R / I )  = R / I ~ ]  for all ideals I of R. 

The Frobenius functor owes its power to its non-linearity, again 
something remarkable. It is straightforward to verify the following. 

Proposition 8.2.3. Let R be a ring of characteristic p, M and N be R- 
modules, and q : M + N an R-linear map. Then 
(a) F ( a q )  = a"F(q) for all a E A, 
(b) if q(x) = C a i y i  for x G M,  a i  E R, y, E N, then F ( q ) ( l  8 x) = 

Ca4(1 6 yi). 
(c) the map M + F ( M ) ,  x c 1 6 x, is not R-linear in general: instead 
one has (ax) H aP(1 8 x). 

We can now give a concrete description of F in terms of 'generators 
and relations': 

Proposition 8.2.4. Let R be a ring of characteristic p and M an R-module 
'P 

with a uresentation Rm + Rn + M A 0. 
F(v)  

(a) Then F ( M )  has the presentation Rm - Rn + F ( M )  - 0; 
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(b) furthermore, i f q  is given by a matrix (a,,), then F ( q )  is given by the 
matrix (a$). 

Part (a) follows from the right exactness of F and the fact that .F 
leaves Rn untouched. Part (b) follows from 8.2.3. 

We conclude the list of basic properties of the Frobenius functor with 
its behaviour under localization: 

Proposition 8.2.5. Let R be o ring of characteristic p. The Frobenius functor 
commutes with rings offractions: Rs 6~ F ( M )  = .F(Rs QR M) for all R- 
modules M, and analogously for R-linear maps. 

PROOF. We have RS QR F ( M )  = Rs @R R' QR M and 

As left Rs-modules, Rr QR RF " Rs BR R 2 Rs and R: are naturally 
isomorphic; this isomorphism is also an isomorphism of right R-modules. 

We cannot resist trying the strength of the Frobenius functor by prov- 
ing the 'new intersection theorem' in characteristic p. (This nomenclature 
will be explained in Chapter 9.) The elegant argument, including 8.1.2, is 
due to Roberts. 

Theorem 8.2.6. Let (R, m) he a Noetherian local ring of characteristic p, 
and 

q 7  'PI 
F.:O-F,-F, - , - . . .+  FI-Fo+O 

a complex of finite free R-modules such that each homology H,(F.) has 
finite length. If s < dim R, the complex F. is exact. 

PROOF. Note that it is enough to cover the case of a complete ring R: if 
R is not complete, we simply tensor all our objects by k, a faithfully flat 
extension of the same dimension. 

Assume that F. is not exact. If Ho(F.) = 0, the map ql is a split 
epimorphism, and F. decomposes into the direct sum of two shorter 
complexes of the same type. So we may suppose Ho(F.) f 0. Furthermore, 
if ql(Fl) $ mFo, F. splits off an isomorphism q; : F; + FA of direct 
summands of FI and Fo. This leaves the essential case ql(Fl) c mFo. 

Apply the Frobenius functor F to F.. The modules appearing in 
F(F.) are the same as in F.. Furthermore F(F.) has finite length 
homology: by hypothesis F. 8 R,, is split exact for all prime ideals p 
Spec R, p f m. Since the Frobenius functor commutes with localization, 
this also holds for F(F.). Something has changed however, namely we 
have F(fpl)(F1) c mPFo by 8.2.4(b). 

Now one iterates this procedure: all the complexes Fe(F.),e 2 0, 
have finite length homology, and F"fp,)(F,) c m p ' ~ ~ .  On the other hand 
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Ho(F"F.)) is annihilated by the ideal no.. .a, where ai = Ann HA,(R); 
see 8.1.2. This forces ao . . . a, to he contained in n mP' = 0, contradicting 
8.1.1 for s < dimR since R, a complete local ring, is a residue class ring 
of a Gorenstein ring. 

A crucial point in the preceding proof is that for a finite free complex 
F. the Frohenius functor 9 preserves the property of having finite length 
homology. It also preserves acyclicity: 

Theorem 8.2.7 (Peskine-Szpiro). Let R be a Noetherian ring ofcharacter- 
% U?I 

istic p, and F. : 0 + F, + . . . + Fo a complex offinite free R-modules. 
Then F. is acyclic fund only f.F(F.) is acyclic. 

PROOF. Set rj  = IT=,(-1)'-JrankFi. By the acyclicity criterion 1.4.12 it 
depends only on the grades of the ideals I,,(qi) whether F. is acyclic or 
not: it is acyclic if and only if gradeI , (qi)  2 i for i = 1,. . . , s. 

By virtue of 8.2.2 and 8.2.4, first S ( F , )  = F,, and next Ir,(.F(qi)) = 

I,,(qi)@l. The two ideals have the same radical, hence the same grade. - 
Exercises 

8.2.8. Let R be a Noetherian ring, M a finite R-module of finite projective 
dimension, and e > 1 an integer. Prove that Tor r (Fe(~) ,M)  = 0 for i 2 1, and 
proj dim Fe(M)  = proj dim M. 

8.2.9. Let R be a regular local ring of characteristic p. Then F is an exact 
functor. 

8.2.10. Let R be a regular local ring of characteristic p. Show L(Fe(M)) = 

pedimR i(M) for every finite length module M. (Use induction on i(M).) 

8.2.11. Herzog [I311 proved that 8.2.8 characterizes modules of finite projective 
dimension; then it follows immediately from 2.2.7 that the exactness of F 
characterizes the regular ones among the Noetherian local rings, which is a 
theorem of Kunz 12071. For simplicity we restrict ourselves to Cohen-Macaulay 
rings. So suppose R is a Cohen-Macaulay local ring of characteristic p. 
(a) Let F. be a minimal free resolution of a finite R-module M and x a maximal 
R-sequence. If Fc(F.) is acyclic for all e 2 I ,  show TO$(R/(X),F'(M)) E 

(R/(x))b1"' for i > 0 and e >> 0. 
(b) Conclude that proj dim M i a. 

8.3 Modifications and non-degeneracy 

In this section we show that for a system of parameters x = XI, .  . . ,x,  
of a Noetherian local ring of characteristic p there exists an x-regular 
R-module. The conditions to satisfy are: (i) X,+I is a regular element of 
M/(xl ,..., x,)M, s = 0 ,..., n - 1, (ii) M f xM. Since the trivial choice 
M = 0 satisfies (i), we see that (i) is completely useless without (ii), and 
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we need results from the preceding sections in order to show that the 
construction below does not degenerate by violating condition (ii). 

Suppose M is an R-module such that x S + ~  is not (M/(x,,. . . ,x,)M)- 
regular. Then there exists a y E M, y @ (XI,. . . ,x,)M, for which x ,+~y E 

( x l . . ,  x )  Equivalent to y @ (xl ,..., x,)M is the non-existence of 
a solution z , , . .  . ,z,  E M of the equation y = xlzl + ...  + x,z,. The 
deus ex muchinu by which algebraists force equations to be soluble is 
to extend the given object by some 'free' variables and to introduce the 
as yet insoluble equation as a relation on them. In our case we pass to 
MI = (M@R")/Rw, where w = y-(xlel +...+ x,e,), and el ,..., e, a basis 
of R< The element y', the image of y under the natural map M + M', 
no longer keeps x,+l from being regular on M1/(x1,. . . ,x,)M1. It is quite 
obvious that a well organized iteration of this construction in the limit 
yields a module satisfying condition (i) of x-regularity. 

It is however equally obvious that we may lose condition (ii) for M. 
One attempt to control (ii), successful in characteristic p, is to keep track 
of a fixed element f t M on its way to the limit and to make sure that 
f @ xMi for all approximations Mi. 

For a pair (M, f ) ,  f E M, let M' be constructed as above, and f' be 
the image of f  under the natural map M + M'. Then (M', f') is called an 
x-modification of (M, f )  (of type s). More generally, if there is a sequence 

(M, f )  = (Mo,fo) + ( M I , ~ I )  + ...  (Mr,fr) = (N,g), 

with (Mi+l, f i + l )  an x-modification of (Mi,fi) (of type si+l), then (N,g) 
is an x-mod$cation of (M, f )  (of type (sl;..,~,)). As soon as x is fixed, 
we may simply speak of a modification. If g @ xN, then (N,g) is non- 
degenerate. 

Proposition 8.3.1. Let R be a Noetherian ring, and x = x,,.. . ,x,  t R. 
Then the following are equivalent: 
(a) there exists an x-regular R-module M: 
(b) euery x-modijcation (N,g) of (R, 1) is non-degenerate. 

PROOF. We start with the more important implication (b) = (a). Our 
goal is to construct a direct system of modules (Mi,q,), i E W, starting 
from Mo = R such that M = 1 5  Mi is x-regular. Each (Mi,qoi(l)) 
will he a modification of (R,l). Therefore our hypothesis (h) forces 
1% qoi(l) $ xM. 

Suppose that MI , .  . . , M, (together with the natural maps in a sequence 
of modifications) have been determined. Now choose first i, then s, 
minimal such that there exists a y E M, with x,+lqij(y) t (XI,. . . , xs)Mj 
while q,(y) @ (xl ,..., x,)M,. Then put M,+I = (M, 0 Rs)/Rw, w = 
y - (xlel + . . . + x,e,) as above, the maps q,+~ being the natural ones. 
Let us say that step j + 1 has index (i,s). 
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We claim that for each pair (i,s) there are only finitely many steps of 
index (i, s). For, if the sequence j + I , .  . . of steps of index (i, s) does not 
stop, one finds a non-stationary ascending chain of submodules of Mi by 
taking the preimages of ( X I , .  . . ,x,)Mj+l, ( X I , .  . . ,X,)M,+~, . . . in Mi. But R 
is Noetherian, and all the modules Mi are finite. 

If there is an equation x,+ly = xlzl+...+x,z , for elements y,:],. .. ,z ,  
of the limit M ,  it has to hold in an approximation Mi as well. According 
to the claim, qi j (y)  E ( X I , . .  . , x , )Mj  for j >> i, hence y t ( X I  ,..., x,)M. 

The validity of the implication (a) =. (b) is forced by our choice of 
a free direct summand in the construction of a modification. Let f t M 
he any element @ x M .  Trivially there is a homomorphism R + M ,  
I c f .  So it is enough to show that if (N',  g') is a type s modification of 
( N , g )  and there is a map q :  N + M ,  q ( g )  = f ,  then this map can be 
extended to q' : N' + M ,  qf(g ' )  = f .  Suppose that N' = ( N  8 RY/Rw,  
w = y - (xlel + - . . + x,e,). Since x,+lq(y) E ( X I , .  . . ,x,)M and M is x- 
regular, there are elements e',, . . . , el E M such that q ( y )  = xle; +. . .+x,e:. 
Thus take q' to be the map induced by rp and the assignment ei H ej. 

m 

Of course, the implication (a) * (b) of the preceding proposition does 
not help in the construction of a big Cohen--Macaulay module. However, 
the idea in its proof, namely to compare a sequence of modifications to 
some 'universal' object, is very useful: 

Lemma 8.3.2. Let R be a Noetherian local ring which is a residue class 
ring of a Gorenstein ring. Then there exists a non-nilpotent element c E R 
such that for every system of parameters x and every sequence (R ,  1) = 

(Mo,fn) . . .  + (M,, f,) of x-modifications one has a commutative dia- 
gram 

(Mo,fo) - ( M I , ~ I )  * ... * (Mr-1,fr-l) - ( M r , f r )  

1 vo 
l v l  1 'P,-i 1 .. 

( R ,  1 )  (R,c) - . . . ( R ,  cr-') -1-* (R,c') 

the commutativity including qil f i)  = c', i = 0,. . . , r, 

PROOF. Take c as in 8.1.4, i.e. non-nilpotent and 

for every system of parameters x and s = 0 , .  . . ,dim R - 1 
Naturally q , ~  =id.  Suppose qi has been chosen. If 

Mi+l = (Mi 8 R Y / R w ,  

w = y - ( x ~ e ~  + . . .  +x,e,), 

x,+~y = ~ I Z I  +. . .+  x,z,, zj E Mi, 
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then q i ( y )  E ( X I , .  . .,x,) : x,+], and there are elements e; ,... ,e: E R for 
which cqi(y)  = xle; + . . . + x,e:. The homomorphism q' : Mi 8 R" + R,  
qi (g)  = cqi(g) for g t Mi, ql (e i )  = ej, factors through Mi+,, yielding the 
desired map qi+l. 

Suppose R has characteristic p, and let F denote the Frobenius 
functor. Given an R-module M and f E M ,  we write F ( f )  for 1 6  f E 
F ( M )  = R' 6 M .  We want to investigate how modifications behave 
under F. With the standard meanings of y,zi, w, M' we have 

x:+~F(Y) = xyF(z1)  + . . . + x:F(zS) ,  

.F(w) = F ( y )  - ( x y F ( e l )  +. . . + xg.F(e,)), 

F(MM') = ( F ( M )  0 F ( R R S ) ) / R . F ( w ) ,  

and F ( e l )  ,..., F ( e , )  form a basis of F ( R S )  2 R s ;  see 8.2.1 - 8.2.3. This 
shows that if (M',  f') is an x-modification of ( M ,  f ) ,  then ( . F ( M 1 ) , F l f ' ) )  
is an xP-modification of ( .F(M) , .F l f ) ) .  

All the arguments necessary to prove the existence of big Cohen- 
Macaulay modules in characteristic p have now been collected. Let R 
he a Noetherian local ring of characteristic p. Note that a system of 
parameters x of R is a system of parameters of a, and every x-regular R- 
module is also an x-regular R-module. Therefore we may assume that R is 
complete. According to 8.3.1 the existence of a degenerate x-modification 
( N , g )  of ( R ,  1 )  must be excluded. Suppose ( N , g )  is degenerate and of 
type (sl , .  . . , s,). Let us now iterate the application of the Frohenius 
functor to the given data. After the e-th iteration we have reached an x"- 
modification (N('),g(") of (R ,  1). Since ( N , g )  is degenerate, i.e. g E xN, 
( ~ ( ' ) , g ( ~ ) )  is degenerate, too, i.e. g(') E XP'N('). Since R is complete, 8.3.2 
can be invoked: there exists a homomorphism q, : N ( d  + R such that 
c' = q,(g(Y)). However, g(") E XP'NC), so cr t (xf) for all e. Since 
n(xp ' )  = 0, c must be nilpotent - a contradiction. 

Theorem 8.3.3. Let R be a Noetherian local ring of characceristic p > 0, 
and x a system of parameters. Then there exists an x-regular module M .  
In particular R has a big Cohen-Macaulay module. 

An equational criterion for degeneracy of modifications. In the coming 
section we want to derive the existence of big Cohen-Macaulay modules 
in characteristic zero from their existence in characteristic p. The key 
argument will he Hochster's finiteness theorem which guarantees the 
solubility of certain systems of polynomial equations over some local 
ring of characteristic p provided there is a solution in characteristic zero. 
The following proposition gives a sufficiently detailed description of the 
equations to he used. Combined with 8.3.1 it is a criterion for the existence 
of x-regular modules, in particular the existence of big Cohen-Macaulay 
modules. 
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Proposition 8.3.4. Let n E Z ,  n 2 1, and let sl,. . . ,s ,  t Z with 0 < 
s . .  s < n - 1 Then there exists a set ~ ( s I ,  ..., s,) of polynomials 
p t Z [ X I  ,... , X,,, Yi,.. ., Y,], m determined by sl,. . .,s,, such thatfor every 
ring R and every sequence x = X I , .  . . , x,, E R the following are equivalent: 
(a) there is a degenerate x-mod$cation ( N , g )  of ( R ,  1 )  of type ( s l , .  . . ,s,); 
(b )  there exist y ~ ,  . . . , y, t R such that p(x1,. . . ,x,, yl , .  . . , y,) = 0 ,for all 
P € W l ,  ..., s"). 

PROOF. Consider a sequence 

(Mi ,  f i )  being a modification o f  (Mi-1, fi-i) o f  type st. Mi  is constructed 
by adding generators e;,. ..,ei, and a relation wi = yi-(xlei +...+ x,,e:,) 
to  Mi-i ,  so 

= Mr = ( @ ~ j ) /  x Rw, 
j=o o=l 

The module Mo = R is simply generated by eh = 1, and Fi has the basis 
e;, . . . , ei,. Writing yi as a linear combination o f  the basis elements one 
obtains a$ t R such that 

The cond~tion x ~ , + ~ y ,  E ( X I , .  . . , x , ) M , - I  can be formulated in F, : 

with gjl E @;I;F~,  by E R. Expressing the g; in the given basis o f  

@;~i Fi-1 and substituting the right sides o f  ( I )  for yi and wi yields 

Each o f  these equations relating elements o f  the rree module @;;b Fi 
splits into its components with respect to  the elements o f  the given 
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basis. Replacing the coefficients a;{, by, ciJ, xu by algebraically independent 
elements A~,,B,!,c~',x, over the ring Z and collecting all the terms in 
the components o f  (2) o n  one side, one obtains a set Yo(s , , .  . .,s,) o f  
polynomials over Z which depends only on (sl , .  . . ,s,). 

W e  have seen that an x-modification o f  type (sl, ..., s,) leads to  a 
solution o f  the system Yo(s1,.  . . , s,) in which the variables A:,, By, CZy1 
take values in R whereas x l ,  :. . , x ,  are substituted for X I , .  . . ,X,. Con- 
versely, given such a solution, one defines the elements yi and wi by their 
representations in (1). The validity o f  (2) then guarantees that one has 
constructed a chain o f  modifications. 

Next we write down what it means for (M,, f,) to  be degenerate. The 
element f ,  is just the residue class o f  eh = 1 in M,. Therefore (M,,f,) is 
degenerate i f  and only i f  

eh E I (@ j=o Fj) + C "=I Rw,. 

This adds an (r + 1)-th relation to  the system ( 2 ) :  

Accordingly we enlarge our sets o f  indeterminates and o f  equations. 
In view o f  what must be proved, there is n o  need to distinguish the 
variables A{~,B/ ,  c;'. W e  order them in some sequence and rename them 
Yl, .  . ., Y,. 

Exercise 

8.3.5. Let (R, m, k )  be a Noetherian local ring ol dimension n, M a big Cohen- 
Macaulay module, and y a system o f  parameters. Prove 
(a )H:n(M)=Ofor i=O ,..., n - l a n d H : , ( M ) # O ,  
(b) Hi(y,M) = 0 for i = l , . .  .,n and Ho(y,M) f 0, 
(c) y is M-quasi-regular, 
(d) Extl(k, M )  = 0 for i = O,.. . , n  - I and Ext;(k,M) # 0. 
(Use 8.1.7.) 

8.4 Hochster's finiteness theorem 

The following theorem is fundamental for the application o f  characteris- 
tic p methods to  (local) rings containing a field o f  characteristic zero. Let 
X = X I , .  . . , X,,, Y = Yl, .  . . , Y, be families o f  independent indeterminates 
over Z .  Then we call a subset 8 o f  Z [ X ,  Y ]  simply a system of equations 
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(over Z). It has a solution of height n in a Noetherian ring R if there are 
families x = xi , .  . . ,x,, y = yl,. . . , y ,  in R such that 
(I) p(x, y) = 0 for all p t 8, 
(ii) height xR = n. 
Note that condition (ii) implies xR # R (by definition, height R = m). 

Theorem 8.4.1 (Hochster). Suppose that the system 8 o f  equations has a 
solution of height n in a Noetherian ring R containing a,field. 
(a) Then 8 has a solution x',y' of height n in an afine domain R' over a 

finite field. 
(b) In particular 8 has a solution x', y' in a local ring R' of characteristic 
p > 0 such that x' is a system of parameters for R'. 

Of course, claim (b) of the theorem is a trivial consequence of (a): 
simply localize with respect to a minimal prime ideal of x'R'. 

Note that 8.4.1 is by no means vacuous for rings R of characteristic p. 
For them it shows that a system of equations which has a solution of 
height n in a Noetherian ring of characteristic p already has such a 
solution in an affine algebra over a finite field. 

The theorem suggests the following strategy for proving a statement 
Y about Noetherian rings containing a field: 
(i) prove 9 for local rings of characteristic p > 0, 
(ii) show that there exists a family (Wi),,, of systems of equations with 
the property that 9 holds for R if and only if none of the systems Wi has 
a solution of the appropriate height in R. 

Both steps (i) and (ii) have been carried out for the statement 'If 
R is local and x a system of parameters, then there exists an x-regular 
R-module'; see 8.3.1, 8.3.4, and 8.3.3. Thus one obtains 

~/ Theorem 8.4.2 (Hochster). Let R be a Noetherian local ring containing a 
field, and x a system of parameters for R. Then there exists an x-regular 
R-module M .  In particular R has a big Cohen-Macaulay module. 

The proof of 8.4.1 falls into two parts: (i) the case in which R is 
essentially an affine algebra over a field; and (ii) the reduction of the 
general case to (1). 

The afine case. In the following we start from the following standard 
hypothesis. 

(EA) The system 8 of equations over Z has a solution of height n in a 
ring R = S- 'A where A is an affine algebra over a field K ,  and S c A is 
a multiplicatively closed set. 

The abbreviation (EA) stands for 'essentially affine'. The first reduction 
leads from an essentially affine to an affine solution with useful additional 
properties. 
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Proposition 8.4.3. Suppose that the hypothesis (EA) is satisfied. Then there 
exist afield L 2 K and an afine L-algebra R ' for  which 8 has a solution 
x, y of height n in R' such that (i) R' is a domain, (ii) RadxR' is a maximal 
ideal. 

PROOF. First we can replace R by a localization A, where p is a prime ideal 
of height n in A containing xR n A. Let A' he the smallest K-subalgebra 
of A, containing A and x,y. Ohviously A, = A:,, p' = pA, n A'. Next 
there exists an s E A' \ p' with s(p1)J c xA'. The K-algebra A" = Ar[s-'1 
is finitely generated, and RadxA" = p'A" is a prime ideal of height n. 
Passing from A" to A"/q where q c p'A" is a prime ideal of A" such that 
height(p'A"/q) = n, we reach the situation where 8 has a solution x,y 
in a domain R which is affine over K ,  and furthermore p = RadxR is a 
prime ideal of height n. 

The rest is a matter of extending K .  By Noether normalization (see 
A.14) there exist elements Z,,.. .,z,, r = dim Rip, which are algebraically 
independent over K and for which R/p is an integral extension of 
K [ z l , .  . . ,?,I. In particular K [ z l , .  . . ,z,] n p  = 0 for any preimages 21, .  . . , z ,  
of TI , .  . . ,Z, in R, and furthermore q n K [ z l , .  . . , z , ]  # 0 for every prime 
ideal q 3 p, q # p (the latter fact is a consequence of A.6 applied to the 
extension K [ z i  ,... Z,] c Rip). Let S = K [ z l ,  ..., z,]\{O}. Then R' = S"R 
is finitely generated over the field L of fractions of K [ z l , . .  . , z , ] ,  it is a 
domain, and RadxR' is a maximal ideal of height n. 

The next reduction steps require ground field extensions and restric- 
tions. 

Lemma 8.4.4. Let K be a field, R an afine K-algebra, and nt c R a 
maximal ideal. Then ,for every field L 2 K and R' = L @ K  R 
(a) there is a maximal ideal n of R' lying over m ;  
(b) every prime ideal of R' lying over m is maximal; 
(c) ,for euery maximal ideal n of R' one has height n = height m .  

PROOF. Every field extension can be performed by (i) a purely transcen- 
dental extension followed by (ii) an algebraic extension. 

(i) L is purely transcendental over K .  Let p E Spec R. We claim 
that pR' is a prime ideal, and dim(R1/pR') = dimR/p. For, if pR' is 
not prime, it must already lose the prime property over a finite purely 
transcendental extension, and the latter is just a polynomial extension 
followed by taking fractions (disjoint from the extension of p). Now the 
equality of dimensions results from its special case in which p = 0: a 
Noether normalization of R extends to a Noether normalization of R'. 

To see (a) one sets n = mR'. Part (h) follows since mR', being a 
maximal ideal, is the only prime ideal lying over m. For (c) one uses 
dim R = dim R' and that, in a domain finitely generated over a field, all 
maximal ideals have the same height. See A.16. 
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(ii) L is an algebraic extension. Then part (a) follows from the 'lying 
over' property of the integral extension R c R'; see A.6, which also 
implies that a prime ideal n c R' is maximal if and only if n n R is 
maximal. It remains to show (c). The extension K c L is not only 
integral, but also flat; therefore the extension R + R' is flat. By A.l l  
height n = height(n n R) + dim(&',/(n n R)Rk). The second summand is 
zero by (b). Furthermore all maximal ideals in R have the same height 
as was pointed out above. 

According to the preceding lemma, tensoring the L-algebra R' of 8.4.3 
with an algebraic closure L of L yields a solution x, y of 8 in an affine 
L-algebra R such that every prime ideal m c R containing xR is maximal 
and has height n. As in the proof of 8.4.3 one inverts an element and 
factors out a suitable minimal prime ideal in order to arrive at a solution 
x, y of B in an affine domain over L such that x generates a maximal 
ideal of height n. This proves the first half of 

Proposition 8.4.5. Suppose that hypothesis (EA) is satisfied. Then there 
exist afield L :, K and an afine L-algebra R'for which A has a solution 
x, y of height n, and moreover 
(i) R' is a domain, 
(ii) m = Rad xR' is a maximal ideal, 
(iii) R' = L Q m as an L-vector space. 
The field L can be chosen to be (a) algebraically closed or (b) ,finitely 
generated over its prime field. 

PROOF. As seen above, the properties (i) and (ii) can be achieved with 
L algebraically closed. Then however (iii) is satisfied automatically: the 
injection L + R'lm is an isomorphism by Hilbert's Nullstellensatz in its 
algebraic version; see A.15. 

I So it remains to restrict L to a finitely generated field. Let zl,.. .,z, 
generate the L-algebra R'. Because of (iii) we may assume that zl, .  . . ,z, t 
m. According to this choice we write R' E L[A/ I ,  Z = ZI,  ..., Z ,  being 
indeterminates over L. The ideal I is finitely generated by polynomials 
f I , .  . . , f,. Let C c L he the finite set of coefficients appearing in 
(1) the polynomials fl , . .  ., f,, 
(2) n + m polynomials expressing X I , .  . . , x, and yl, . . ., y, in terms of 
ZI,.. .,z,, 
(3) r polynomials each of which expresses a power of zi, i = I , .  . . , r, in 
terms of XI , .  . . , x, (by (ii)). 
Let Lo be the suhfield generated by C over the prime field of L and 
R" = Lo[zl,. . . ,z,]. 

The first point to be observed is that I n Lo[Z] is generated by 
f t , .  . . , f,, since the extension L o [ q  + L[Z] is faithfully flat. This implies 
R" " Lo[q/Cfl,  ..., f,)Lo[Z], in particular R' = L mL, R". By 8.4.4 one 
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has dim R" = dim R' = n. Obviously zl, . . . , z, generate a maximal ideal 
of R", and RU/(zl, . . . ,z,) " Lo. The solution x, y is contained in R", and 
(zl,. . . ,z,) = Rad(xl,. . . , x,) because of (3) above. 

With the notation of the preceding proof, Lo is the field of fractions 
of the finitely generated Z-algebra B = Z[C], and apart from the fact 
that the coefficients no longer form a field, almost nothing is lost. We 
may re-use the notation R' : 
(i) R' = B [zl,. . . , z,] is a domain containing x, y. This is obvious. 
(ii) p = (21,. . . , z,)Rf' n R' is a prime ideal of height n: evidently p is a 
prime ideal, and it has the same height as its extension in R", a ring of 
fractions. 
(iii) p = (21,. . . , z,)R1 and R' = B Q p. This is an immediate consequence 
of R" = Lo 8 (21,. ..,z,)Rf'. 
(iv) p = RadxR', because C contains all the coefficients appearing in (3) 
ahove. 

For the final step we choose a maximal ideal q of B. Since Z is a 
Hilhert ring, B/q is a finite field (see A.18). Replacing all the data by 
their residue classes mod q gives us the desired solution of W over a finite 
field -provided the helght of p = pR'/qR1 does not collapse; furthermore 
p is the radical of xR. 

Let 'p = q 8 p. Then height !p s height q + dim(R$/qRb) by A.5, 
applied to the homomorphism B,  -t Rb, and 

height p = d i~n(Rh /~Rb)  2 height 'p - height q 

The ring R', a residue class ring of a polynomial ring over Z, and thus 
of a Cohen-Macaulay ring, is catenary; see 2.1.12. Hence 

height p = height p + height 'p/p = height p + height q, 

or height p 2 height p = n. 
We summarize what has been proved so far: 

Proposition 8.4.6. Suppose that the system 8 has an 'essentially afine' so- 
lution of height n in the sense of (EA). Then there exist a finite field L 
and un uffine domain R' over L in which 8 hus a solution x,y such that 
m = RadxR' is a maximal ideal of height n. 

The general case. We now complete the proof of Hochster's finiteness 
theorem by reducing the general case to the essentially affine situation 
considered above. The crucial point will be an application of Artin's 
approximation theorem, not to the given system A, but to an auxiliary 
system of equations. 

In order to explain the approximation theorem we need the theory of 
Henselian local rings. We must content ourselves with a very brief sketch, 
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referring the reader to Grothendieck [118], IV, $18, Nagata [243], or 
Raynaud [257] for a complete treatment. A local ring (R,m) is Henselian 
if it has the following property: suppose f t R[X] is a monic polynomial 
such that its residue class f modulo mR[X] has a factorization f = g'h' 
with monic polynomials g',hl E (R/m)[X] for which (g', h') = (R/m)[X]; 
then there exist monic polynomials f , g  E R[X] such that f = gh and - 
g = g', h = h'. A more abstract characterization is that R is Henselian if 
and only if every R-algebra S which is a finite R-module is a product of 
local rings. 

Hensel's lemma says that a complete local ring is Henselian. Moreover, 
for each local ring (R,m) there exists a Henselization (Rh,mh) which, in 
a sense, is the smallest Henselian local ring containing R. One has local 
embeddings (R, in) c (Rh, nth) c (a, &), and ntRh = m". The ring R" is a 
direct limit of subrings S each of which is the localization of a module- 
finite extension with respect to a maximal ideal lying over nr. More 
precisely, S has the form (R[X]/f)(,,,,x) where f = Xn+c,,-lXn-I +. . .+co 
is a monic polynomial with co t m, cl q! m. (It follows that R" is a flat 
extension of R.) 

We can now formulate (a special case ot) Artin's approximation 
theorem [6] : 

Theorem 8.4.7. Let R be a local ring which is a localization of an uftine 
algebra over a,field k. Let .!% be a system of polynomial equations over R 
in n variables. If 9 has a solution x E a", then it has a solution x' E (Rh)". 
Furthermore, given t, the solution x' can be chosen such that it approximates 
x to order t ,  that is, x = x'modm'k". 

Let R be a ring, and 9' a subset of R[Y, Z] where Y = Yi, . . . , Y, and 
Z = 21,. . . , Z ,  denote families of independent indeterminates. We extend 
the usual notation for substitutions from polynomials p t R[Y,Z] to .Y: 
if A is an R-algebra, then 

for a given z E A". 
Suppose L = R is an algebraically closed field, and for some sys- 

tem 9 c L[Y,Z] regard the indeterminates Y as 'unknowns' and the 
indeterminates Z as 'parameters'. In order to find out for which values 
z E L"' of the parameters the system Y(Y,z) has a solution, one studies 
the image W of the algebraic set 

under the natural projection n :  L"' x L" + L". In general W is a 
constructible set; see [126], p. 94, for this (special case of a) theorem of 
Chevalley. However, if nlv is finite, then W is a Zariski-closed subset of 
LW (11261, p. 91). We need a relative version of this fact. 
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Proposition 8.4.8. Let K he afield, and Y c K[Y, Z] a system of equations, 
Y = Yl,. . . , Y,, Z = 21, .  . . ,Z ,,,. Suppose that for each i = 1,. . . ,m the 
system Y contains a polynomial 

Then there exist polynomials hl, .  . . , h, E K[Z] with the following property: 
for an algebraically closed extensionfield L and z t L", the system .Y(Y,z) 
has a solution y E Lm if and only i f  h,(z) = 0, n = I , .  . . , v. 

PROOF. Let I c K[Y,Z] be the ideal generated by .Y, and J = I n K[Z] 
the 'elimination ideal'. The polynomials h l ,  . . . , h, desired are just a system 
of generators of J .  Obviously, for every K-algebra A and any y E Am, 
z E Aw, if pb ,z )  = 0 for all p E 9, then h,(z) = 0 for n = I , .  . . , v. 

For the converse fix an algebraically closed extension L. Since ground 
field extension commutes with intersections of vector subspaces, we have 
I' n LIZ] = J', where I' = IL[Y, Z], J' = JL[Z]. In particular hl, .  . . , h, 
generate I' n L [ a .  The assumption on .Y makes R = LIY,ZI/I1 an 
integral extension of S = L[ZI/J1. 

Let z t LW such that h,(z) = 0, n = I ,..., v. Then n = {f E 

L [ a  : f(z) = 0) is a maximal ideal of L[Z]  containing J'. There must be 
a maximal ideal 61 of R lying over the maximal ideal n/J' of S. It has 
the form fi = m/l' where nt 2 I' is a maximal ideal of R. By Hilbert's 
Nullstellensatz, m has a zero in Lm x LW,  whose L"-component necessarily 
is z, and whose Lm-component then is a solution of Y(Y,z). 

The missing step in the proof of 8.4.1 is the following proposition. 

Proposition 8.4.9. Let 8 c Z [ X ,  Y] be a system of equations with X = 
XI, . .  .,X, and Y = Yl,.. ., Y,. Suppose that 8 has a solution x, y of 
height n in a Noetherian ring R containing afield K. Then there exist a 
field L of like characteristic, an afline L-algebra A, and a multiplicatively 
closed set S r A such that 8 has a solution of height n in S-lA. 

PROOF. First we localize R at a prime ideal of height n containing xR, 
then we complete the local ring, and finally we pass to the residue class 
ring with respect to a suitable minimal prime: we may suppose R to 
he a complete local domain of dimension n, in which x is a system of 
parameters. Henceforth x will change no more. 

By Cohen's structure theorem A.21, R contains a coefficient field L,  
i.e. a field isomorphic with R/m under the natural injection L + R/m 
where m is the maximal ideal of R. By the analytic independence of a 
system of parameters, the homomorphism L[[X, ,  . . . , X,,] + R induced 
by the substitution Xi - xi is injective; furthermore R is a module-finite 
extension of L[Ix l ;  see A.22. If one had y, E Luxn, Artin's approximation 
theorem could be applied directly to the system 8. Owing to the fact that 



330 8. Big Cohen-Macaulay modules 

the elements y, are at least integral over Lux], the situation is not much 
worse, however. There are equations 

Let Z = (Z,,), j = I,. ..,m, s = 1 ,..., d,, be a corresponding family of 
indeterminates, Q the field of fractions of L[x], and 

The system Y = &(x, Y) U {q, : j = 1 ,..., m) c Q[Y,Z] satisfies the 
hypothesis of 8.4.8. The polynomials h,(Z), u = 1 ,..., v, obtained from 
8.4.8 can he chosen with coefficients from L[x]: just multiply by a 
common denominator. Since .CY(z) has the solution y (in the algebraic 
closure of the fraction field of R), 

Let X = {h, : u = 1,. . . , v} c (L[x])[Z]. The system X is defined over 
L[x], which is a polynomial ring over L, and it has the solution z in LI[x]]. 
Note that Lux] is the completion of the localization L[x](,) with respect 
to the n-adic topology where n = XL[X]~,~. By Artin's approximation 
theorem 2 has a solution z' in the Henselization A of L[x](,,. 

Let Q denote the algebraic closure of the field of fractions of A. As 
a consequence of 8.4.8, the system .Y(zl) has a solution y' in Q. This 
means: (i) x, y' is a solution of 8, and (ii) y;, . . . , y; are integral over A. 
As indicated above, A is the direct limit of local subrings, each of which 
is a localization of a module-finite extension of L[xIi,,. Therefore we may 
find such a suhring A' containing z'. Then xA'Ly'] has height n: note that 
both 'going up' and 'going down' hold for the extension L[x](,) + A ' V ]  
(see A.7). Observing that A ' V ]  can be written as a ring of fractions of an 
affine L-algebra, we complete the proofs of 8.4.9 and, thus, of 8.4.1. 

8.5 Balanced big Cohen-Macaulay modules 

Big Cohen-Macaulay modules M lack many of the properties of finite 
Cohen-Macaulay modules. For example, let R = K[[X, Y ]  and M = 
R @ Q, where Q is the field of fractions of R/(Y). Then X is obviously 
regular on M, and M/XM " R/(X). Thus M is (X, Y)-regular, but not 
(Y ,X)-regular. However, it is important for the applications in Chapter 9 
and an interesting fact in itself that every local ring R possessing a 
big Cohen-Macaulay module even has a balanced big Cohen-Macaulay 
module, i.e. a module M such that every system of parameters is an M- 
sequence. More precisely, we want to prove that the m-adic completion 
of any big Cohen-Macaulay module is balanced. Our main argument 
will he that 1.1.8 has a converse for complete modules: 
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Theorem 8.5.1. Let R be a ring, x = xl,.  . . ,x, a sequence of elements of 
R, and M an R-module. Let I = xR, and denote the I-adic completion of 
M by M. Then the following are equivalent: 
(a) x is M-quasi-regular; 
(h) x is M-quasi-regular; 
(c) x is M-regular. 

PROOF. By definition quasi-regularity includes the requirement I M  # M. 
Since IJM/IJ+'M is naturally isomorphic with ljM/lJi1M, one has a 
commutative diagram 

Together with the description of quasi-regularity by the conclusion of 
1.1.8 this diagram immediately yields the equivalence of (a) and (b). 

Theorem 1.1.8 says that (c) implies (h). We want to prove the crucial 
implication (b) * (c) by induction on n, and recall the results of Exercise 
1.1.15, namely 
(i) if xlz E I 'M for z E M, then z E I"M, 
(ii) the sequence xz,. . . , x, is (M/xl M)-quasi-regular. 
Let z E M such that xlz = 0. Then, by (i), z E n l j ~  = 0, and hence xl is 
M-regular. Because of (ii) it remains to prove that M/xl M " ( ~ 1 x 1  M): 
There is a natural exact sequence 

in which (xlM)' is the completion of x lM with respect to its suhspace 
topology (see [230], Theorem 8.1; note that the quotient topology on 
M / ~ ~ M  is just the I-adic topology). The suhspace topology is given 
by the filtration (xlM n IJM). Of course x l M  " M is complete in its 
own I-adic topology, and we are left to verify the following claim of 
Artin-Rees type: if x is M-quasi-regular for some R-module M, then 
x l M  n l J M  c 1 j - ' x l ~ .  But this follows immediately from (i). 

Since quasi-regularity of a sequence is invariant under permutations 
of its elements, one can permute M-regular sequences: 

Corollary 8.5.2. With the notation of 8.5.1 assume that x = xl, ..., x, is 
M-regular. Then for every permutation a of (1,. . . , n )  the sequence x, = 

xgiI), . . . ,x,,(.) is M-regular. 

Another consequence is the existence of balanced big Cohen-Macau- 
lay modules: 
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Corollary 8.5.3. Let (R,m) be a Noetherian local ring, and M a big 
Cohen-Macaulay R-module. Then the m-adic completion M is a balanced 
big Cohen-Macaulay module. In particular, if R contains afield, it has a 
balanced big Cohen-Macaulay module. 

PROOF. Note that for any system of parameters x the m-adic and (x)-adic 
topologies on M coincide. Therefore we can apply 8.5.1 to the m-adic 
completion. 

Suppose that the system of parameters x = X I , .  . . ,x, is an M- 
sequence, and let y = y,, . . . , y, be an arbitrary system of parameters. By 
the standard prime avoidance argument there exists an element w E m 
not contained in any minimal prime ideal of (XI,.  . . , x,-~) or (y,,. . . , y,_]). 
Hence XI , .  . .,x.-I, w and yl,. . . , y,-l, w are systems of parameters. 

Note that xl  ,..., x._~, w is an M-sequence: a power of x, being a 
multiple of w modulo (x,, . . . ,x,-~),  the element w must be regular on 
M/(xl,. . . , x,-1)M. Then w,xl,. . . , x,-I is M-quasi-regular and therefore 
M-regular. Furthermore M/WM is an (xi,. . . , x,-,)-regular module for 
the local ring R = R/Rw. By induction on n one may assume that 

A A 

(?I,. . . ,j.-l) is (M/wM)-regular, too. Then w, yl,. . . , y,-1 is k-regular, 
and applying the preceding arguments in reverse order we get that y is 
an M-sequence. 

Now the second part of the corollary follows immediately from the 
existence of big Cohen-Macaulay modules for local rings containing a 
field; see 8.4.2. 

Remark 8.5.4. A different construction of balanced big Cohen-Macaulay 
modules was given by Griffith in [I151 and [116]. Let R be a Noetherian 
complete local domain containing a field K. As in the proof of 8.4.9, R 
is a module-finite extension of a formal power series ring KUxIJ where x 
is an arbitrary system of parameters. By [ I  151, Theorem 3.1, there exists 
an R-module which is a free A-module (with countable basis). Such a 
module is a balanced blg Cohen-Macaulay module ([116], Proposition 
1.4). 

Balanced big Cohen-Macaulay modules are much closer to finite 
modules than is apparent from their definition. Sharp [298] developed 
the theory of grade for balanced blg Cohen-Macaulay modules, similar to 
that for finite modules, using Theorem 8.5.6 below as a prime avoidance 
argument. Unfortunately, however, the property of being a balanced big 
Cohen-Macaulay module is not stable under localization. In Chapter 9 
we shall introduce a general notion of grade that overcomes this obstacle. 

Proposition 8.5.5. Let R be a Noetherian local ring, and M a balanced big 
Cohen-Macaulay module. 
(a) One has dim R/p = dim R for all p E Ass M ;  
(b) in particular Ass M is finite: 
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(c) Ass M consists of the minimal prime ideals of AnnM, and so SuppM = 
V(Ann M). 

PROOF. (a) Let q E Spec R with dim R/q < dim R. Then q is not contained 
in a prime ideal p such that dim R/p = dim R, hence not contained in the 
union of these prime ideals. So there exists x E q with dim R/(x) < dim R. 
The element x can be extended to a system of parameters. Thus it is 
regular on M, and q @ Ass M. 

Part (b) follows immediately from (a). 
(c) Let Ass M = {p,, . . . ,p,). Since Ann M c pi for all i, it remains to 

be shown for the first assertion in (c) that f j  E Ann M for all f E n:=, pi 
and j >> 0. Given such an element f ,  there exists j with f'/l = 0 in R,, 
for all i. It follows that fjMpi = 0, and so pi @ Ass f M .  On the other 
hand, Ass f j M  c AssM. Therefore Ass f j M  = 0, which is only possible 
if f j ~  = 0. 

The second assertion in (c) follows from the first since, over a Noe- 
therian ring, every prime ideal q E Supp M contains a p E Ass M. 

Theorem 8.5.6. Let R be a Noetherian local ring, and M a balanced big 
Cohen-Macaulay module. Suppose that x = XI,.  . . ,x, is an M-sequence. 
Then Ass M/xM is,finite, and dim R/p = dim R-r for all p E Ass M/xM. 

PRMF. Let q be prime ideal such that dim R/q = dimR. Then Rxl + 
Ann M gi q: if q E Ass M, then xl  @ q ;  if q @ Ass M, then AnnM $2 q 
by 8.5.5. As the number of such prime ideals is finite, Rxl +Ann M is 
not contained in their union. By 1.2.2 one therefore finds an element 
y E Ann M with XI + y $ q for all q such that dim R/q = dim R. The 
following facts are now obvious: 
(i) dim(R/(xl + y)) = dim R - 1, and M/(xl + y)M is a balanced big 
Cohen-Macaulay module over R/(xl + y); 
(ii) XI  + y,xz,. . . ,x, is an M-sequence; 
(iii) MIxM M/(xl + y,xz,. . . ,x,)M. 

Set R = R/(xl +y)  and M = M/(xl +y)M. Because of (i) and (ii) we 
can apply an inductive argument to the M-sequence Z2,. . . , Zr. By (iii) the 
associated primes of M/xM are exactly the preimages of the associated 
primes of M / ( x ~ , . .  .,x,)M over R. 

Exercises 

8.5.7. Prove that each of the conditions (a), (b), and (c) of 8.3.5 is equivalent to 
M being a (balanced) big Cohen-Macaulay module. 
8.5.8. Let R be a Noetherian local ring, and M a balanced big Cohen-Macaulay 
module over R. One sets supp M = {p E SpecR : M,/pM, # 0). Show 
(a) M, is a big Cohen-Macanlay module for R, if and only if p t supp M, 
(b) one has height p + dim R, = dim R for evely p t supp M. 
(For general M one uses 8.5.9(c) to define suppM; see Foxby [951.) 
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9 Homological theorems 

Our final chapter is devoted to  the consequences o f  the existence o f  big 
Cohen-Macaulay modules for local rings containing a field. Among the 
theorems covered, the reader will find Hochster's direct summand theorem 
for regular local rings, his canonical element theorem, the Peskine-Szpiro 
intersection theorem and its extensions, the theorem o f  Evans and Griffith 
on ranks o f  syzygy modules, and, finally, bounds for the Bass numbers 
o f  modules. These bounds entail surprising characterizations o f  Cohen- 
Macaulay and Gorenstein local rings. 

There exist derivations o f  all the theorems in this chapter avoiding big 
Cohen-Macaulay modules; most o f  them will only be outlined briefly. 
They were found in attempts to  prove the theorems in mixed characteris- 
tic. W i t h  the main exception o f  Roberts' new intersection theorem (whose 
proof in  mixed characteristic rcquires methods beyond the scope o f  this 
book) these efforts have not yet succeeded. 

9.1 Grade and acyclicity 

The fundamental argument in Sections 9.4-9.6 is that certain finite free 
complexes become exact when tensored with a balanced big Cohen- 
Macaulay module. This section contains the acyclicity criterion on which 
our treatment is based. 

Let R he a Noetherian ring, 

a complex o f  finite free R-modules, and M an R-module. W e  saw in 
1.4.12 that F. is acyclic i f  and only i f  gradel,,(qi) 2 i for i = I , .  ..,s. 
Here ri = xE=i(-l)j-'rankFj is the expected rank o f  q i .  Now we want 
to  develop a more general criterion by which one can decide whether 
F. 13 M is acyclic for a given R-module M .  As we shall see, the condition 
gradeIr,(qi) 2 i is just to  he replaced by grade(l,,(gi), M )  2 i. It will he 
crucial that we can use the general criterion for a balanced big Cohen- 
Macaulay module M .  Therefore we must first introduce a concept o f  
grade which does not exclude non-finite modules. 

Definition 9.1.1. Let R he a ring, I an ideal generated by x = XI ,..., x,, 
and M an R-module. I f  all the Koszul homology modules Hi(x,  M )  

vanish, then we set grade(1,M) = m; otherwise grade(1,M) = n - h 
where h = supji : Hi(x, M )  # 0) .  

Note that by 1.6.22 grade(1,M) is well defined: it does not depend 
on the choice o f  x. Furthermore, 1.6.17 shows that for a finite module 
M over a Noetherian ring R the definition o f  grade is consistent with 
that in Chapter 1. There is not much point in  considering non-finite 
ideals I ;  for completeness let us define grade(1, M )  to  he the supremum 
o f  grade(ll, M )  where I' ranges over the finitely generated subideals o f  I .  
(This makes sense because grade is monotone with respect to  inclusion o f  
(finite) ideals; see 9.1.2.) O n  the other hand, there is no reason to  restrict 
ourselves to  Noetherian rings, as we shall see below. 

Proposition 9.1.2. Let R he a ring, I a finite ideal, and M un R-module. 
Then 
(a) grade(1, M )  = 0 o H o m R ( R / I ,  M )  # 0 o {z E M : Iz = 0 )  f 0 ;  
(b )  $ y  = y,,. .., y,,, is a weak M-sequence in I ,  then grade(1, M )  2 in, and 
grade(1, M / y M )  = grade(l/(y),  M / y M )  = grade(1, M )  - m; 
(c) $ R + S is u pat ring homomorphism, then grade(IS,M ~3 S )  2 
grade(1, M ) ;  in particular grade(l,, M,) 2 grade(1, M )  for p E Spec R ;  
(d) f R  + S is faithfully,flat, then grade(lS, M 8 S )  = grade(1, M ) ;  
(e) $ 0  + U  + M + N + 0 is an exact sequence o f  R-modules, then 

grade(1, M )  2 min(grade(1, U),grade(l, N ) } ,  

grade(1, U )  2 min(grade(1, M),grade(l, N )  + I ) ,  

grade(1, N )  2 min(grade(1, U )  - l,grade(I, M ) ) ;  

(1) if J 3 I is$nite, then grade(J, M )  2 grade(1, M ) ;  
(g) if S is a suhring o f  R containing a system of generators x of I ,  then 
grade(xS, M )  = grade(1, M ) .  

PROOF. (a) By virtue o f  1.6.16 one has H,,(x, M )  = HomR(R/ I ,M)  for ' every system o f  generators x = XI,. . . ,x, o f  I. 
(h )  The inequality grade(1, M )  2 m follows immediately from 1.6.16. 
Let - denote residue classes modulo Cy). W e  have an isomorphism 

K.(x) BR &f 2 K.(x) @R R BE M Z K.(.Z) 8~ M ;  see 1.6.7. This shows 
I grade(1, M )  = grade(i, M ) .  Now we extend y by a sequence z to  a system 

o f  generators o f  I .  Then grade((z),M) = grade(1,M) - m by 1.6.13, and 
grade(@), M )  = grade(@), M )  = grade(1, M )  follows as above. 

(c) and (d )  are immediate consequences o f  1.6.7. 
(e) One argues as in the proof o f  1.2.9, hut uses the exact sequence 

1.6.1 1 o f  Koszul homology rather than that o f  Ext. (To carry the analogy 
one step further, one could work with Koszul cohomology; see 1.6.10.) 

(0 It is enough to consider the case in  which J = I + (y ) .  Let I = ( x )  
and compare H.(x, M )  and H.((x, y),  M )  via 1.6.13. 
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(g) Let xs denote x as a sequence in S. By 1.6.7 one has K.(xs)@M " 
K.(xs) C3s R C3.q M K.(x) QR M. 

Part (g) of 9.1.2 explains why the computation of grade can always 
he reduced to a situation in which R is Noetherian: one simply replaces 
R by the Z-subalgebra generated by a system of generators of I .  

For inductive proofs one must be able to decrease grade by passing 
to residue classes modulo a regular element. In general, one cannot find 
such an element in an ideal of positive grade, but one need not go very 
far. For simplicity we write I[X] for IR[X] and M[X] for M Q R[X]. 

Proposition 9.1.3. Let R be a ring, I and Jfinite ideals, and M an R-module. 
(a) Suppose grade(1, M) 2 1. Then I [XI contains an M[X]-regular element. 
(b) One has grade(lJ, M) = min(grade(1, M), grade(J, M)). 

PROOF. (a) We may replace R by a Noetherian subring. Let xl, .  . . , x,, 
generate I ,  and set y = xl + x2X + .. . + x,Xn-I. If y is a zero-divisor, 
then it is contained in an associated prime of M[X], whether M is finite 
or not. But M[X] is a graded module over the graded ring R[X], so 
by 1.5.6 y annihilates a non-zero homogeneous element of M[X] which 
necessarily has the form zXP, z E R, z # 0. It follows that Iz  = 0 which 
contradicts our hypothesis. 

(b) We go by induction on grade(lJ, M). If grade(IJ, M) = GO, then the 
assertion follows from 9.1.2(f). If grade(IJ, M) = 0, then grade(1, M) = 0 
or grade(J,M) = 0 by 9.1.2(a). In the other case we may first adjoin an 
indeterminate because of 9.1.2(d). Then IJ contains an M-regular element 
y by (a); now one replaces all data by their residue classes modulo y, 
and applies the induction hypothesis in conjunction with 9.1.2(b). 

It remains to add a proposition which describes the special properties 
of grade over Noetherian rings R; for these it makes sense to introduce 
the notation 

depth M, = grade(pR,, M,). 

Proposition 9.1.4. Let R be a Noetherian ring, I an ideal in R, and M an 
R-module. Then 
(a) grade(1, M) = 0 $and only (f there exists p E AssM with I c p, 
(b) p E ASS M o depth M, = 0, 
(c) grade(1, M) = infjdepth R, : p t V(1)). 

PROOF. (a) One has grade(1, M) = 0 exactly when there exists a non-zero 
x E M such that Ix  = 0. Over a Noetherian ring, I must be contained in 
an associated prime ideal of M. 

(b) Because of (a), depth R, = 0 is equivalent with pR, E Ass M,, and 
this holds if and only if p E Ass M. (One only needs that p is finite.) 

(c) One has grade(1, M) 5 depth M, for all p E V(1). So (c) is trivial 
when grade(1,M) = m. Suppose that in the case of finite grade we have 

I 9.1. Grade and acyclicity 339 

found 13 E V(I[X]) such that depthM[X]v = grade(l[X],M[X]), and 
set p = R n p. Then 

depth M, = grade(pR?, M,) = grade(pR[X]v, M[X]v) I depth M[XIv. 

Together with grade(1 [XI, M[X]) = grade(1, M) this yields grade(1, M) = 

depth R,, and thus the assertion. 
In order to find 13 one proceeds by induction, using the fact that I [XI 

contains an M-regular element if grade(1, M) > 0; the case of grade zero 
is covered by (a) and (b). 

Let rp: F + G be a homomorphism of finite free R-modules, and 
M # 0 an R-module. We say the q has rank r with respect to M, if 
grade(l,(rp),M) 2 1, whereas I,+](q)M = 0. We write rank(rp,M) = r. 
Note that rank(rp,M) may not be defined. Furthermore, rank(rp,R) = 

rankq by 1.4.10. For systematic reasons one sets rank(q,M) = 0 when 
M is the zero module. 

Proposition 9.1.5. Let R be a ring, M # 0 an R-module, and F. : 0 4 F, + 

Fs-I + . . . 4 FI + Fo + 0 a complex of$nite free R-modules such that 
F.@M is acyclic. Let rpi denote the map Fj + Fj-1. Then rank(rpi, M) is the 
expected rank of rpi for i = I, .  . . ,s: rank(rpi, M) = C;=j(-l)j-i rank F,. 

PROOF. We choose bases of the free modules, and matrices Ai representing 
the homomorphisms rpi. Let S be the Z-subalgebra generated by the 
entries of all these matrices. They define a complex F: of finite free 
S-modules such that F: QS R = F.. Therefore F: QS M = F. 8~ M is 
acyclic. The ring S is Noetherian. For p E Asss M the complex F: @ S, 

I is split exact by 1.4.11 which furthermore implies that I,*(Ai), = S, and 
I I , + I  (Ail, = 0. 

Since S is Noetherian, one has grade(l,,(Aj),M) 2 1 by 9.1.4. Let 
I = I,,+,(Ai). Assume I M  # 0, and choose z E M such that Iz  # 0. Then 
Ass l z  # 0. For p E Ass Iz  one has (Iz), f 0, and hence IM, # 0, which 
is a contradiction: since Asslz c AssM, one even has I, = 0 as seen 
above. It follows that rank(Aj,M) = ri. 

By the definition of rank and 9.1.2 it is irrelevant for rank(Ai, M) 
whether one considers Aj as a matrix over S or R. 

Theorem 9.1.6 (Buchshaum-Eisenbud; Northcott). Let R be a ring, M 
an R-module, and 

a complex ofjinitefree R-modules. Let ri be the expected rank ofrp,. Then 
the following are equivalent: 
(a) F. @ M is acyclic; 
(b) grade(l,,(rpi), M) 2 i for i = 1,. . . , s. 
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The remark about ri that follows 1.4.12 applies here, too: each of (a) 
and (b) implies that ri 2 0 for i = 1,. . . , s. 

PROOF. As in the proof of 9.1.5 one reduces the theorem to the case in 
which R is Noetherian. Then the proof is mutatis mutandis the same as 
that of 1.4.12. We indicate some of the modifications. There is nothing 
to prove if M = 0, so assume that M is non-zero. 

For (a) * (b) one uses 9.1.5 to get grade(l,,(qi), M) i, 1. Then 
one adjoins an indeterminate, which affects neither the acyclicity of 
the complex nor the grades under consideration. By virtue of 9.1.3 
one finds an M-regular element in the intersection of the ideals Ir,(qi), 
and completes the proof of (a) = (h) as in the case of 1.4.12. It is 
not necessary to pass from R to R/(x); instead one substitutes M I x M  
for M in order to apply the induction hypothesis. If x M  = M, then 
grade((x), M)  = grade(l,,(qi), M) = cc for all i. 

For (b) =. (a) one sets Mi = Coker qi+l 8 M, and replaces depth R, 
by depth M,, and Fi by Fi 8 M. That (Mi), is free for depth R, I i, must 
be modified to '(Mi), is a direct sum of finitely many copies of M, if 
depth M, 5 i'. 

We introduce a new invariant of a complex and provide a lemma 
which is fundamental for the results in Sections 9.49.6. (Recall that 
codim I = dim R -dim R / I  for an ideal I in a local ring R.) 

Definition 9.1.7. Let (R,m) he a Noetherian local ring, 

'Pi 'Pi 
F.: 0 -  F, -F,-I - . . . -  F, - Fa-0 

a complex of finite free R-modules, and ri the expected rank of qi. We 
define the codimension of F. by 

codim F. = infjcodim l,,(qi) - i : i = I , .  . . , s}. 

If F. is acyclic, then codim F. 2 0 by the Buchshaum-Eisenbud 
acyclicity criterion 1.4.12 (or 9.1.6) since grade1 5 codiml for all ideals. 
Conversely, if codimF. 2 0, then F. need not be acyclic, but F. 8 M is 
acyclic for a balanced big Cohen-Macaulay module M :  

Lemma 9.1.8. Let (R, m) be a Noetherian local ring, and F. a complex of 
finite free R-modules as above. Suppose that codim F. 2 0. Then F. 8 M 
is acyclic for every balanced big Cohen-Macaulay module M. 

PROOF. In view of 9.1.6 it is enough that grade(l,,(qi), M)  2 i for i = 
1 , .  . , s. In fact, if I is an ideal with codim I i, i, then it contains a 
sequence XI, . .  . ,xi  which is part of a system of parameters, as is easily 
shown by induction on i. Such a sequence is M-regular. 

In Section 9.5 we shall investigate lower hounds for the numbers ri. 
A first result in this direction can be recorded already. Let (R,m) he a 
local ring. We say that a complex of finite free R-modules F. as in 9.1.7 
is minimal of length s if F, f 0 and qi(Fi) c rnFj-~ for all i. Considering 
minimal complexes only is not a severe restriction since every complex 
of finite free modules over a local ring decomposes into a direct sum of 
a minimal such complex and a split exact one. 

Proposition 9.1.9. Let (R,m, k) be a local ring, and F. a length s minimal 
complex offinite free R-modules as above. Suppose there exists an R- 
module M such that M f mM and F. 8 M is acyclic. Let ri denote the 
expected rank of qi. Then ri 2 1 for i = l , . .  .,s. 

PROOF. One has r, = rank Fs i, 1 by hypothesis, and it follows from 
Proposition 9.1.5 that ri = rank(qi,M) i, 0 for all i. Arguing inductively, 
we must only show rl = 0 implies r2 = 0. 

If rl = rank(q1,M) = 0, then 11(ql)M = 0, and so q i  8 M = 0. 
Therefore we have an exact sequence 

v2eM 
Fz8M-F ,63M-0 .  

Consequently F2 8 M 63 k + FI 63 M 8 k + 0 is also exact. By hypothesis 
M # mM, equivalently, M 63 k is a non-zero k-vector space. Thus the 
sequence F28k + FI 63k -t 0 must he exact. On the other hand, q2@k = 0 
since q~ (F2 )  c ntF1. Hence we get FI = 0, and r2 = rankFl - rl = 0. 

Exercises 

9.1.10. Let R be a ring, I a finitely generated ideal, and M an R-module. 
Furthermore let R, be a polynomial ring over R in an infinite number of 
indeterminates, I, = I&,, and M, = M @ &. Prove the following: 
(a) If grade(1,M) c m, then every maximal weak Me-sequence in I, has length 
equal to grade(1, M). 
(b) One has grade(1,M) = m if and only if I, containp an infinite weak M,- 
sequence. 
(c) One has grade(1, M) = inf{i : Extkz (&/I , ,  M,) + 0). 
(d) For Noetherian R one has grade(1,M) = inf{i: E n t ~ ( ~ / l , M )  f 0). 
(e) Suppose that the number of associated prime ideals oT M/(x)M is finite for 
every weak M-sequence x. (For example, this holds when M is a balanced big 
Cohen-Macaulay module over a Noetherian local ring; see 8.5.6). Then one can 
drop the subscript m in (a), (h), and (c). 
9.1.11. For a finite module M over a Noetherian ring R we have grade(1, M) = m 
if IM = M. For non-finite M this may be false. Find an example. 
9.1.12. Let (R,m) be a Noetherian local ring, and M an R-module. Prove 
(a) if M f mM, then depth M is finite, 
(b) if depthM is finite, then depthM 5 dim R, 
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(c) depthM = infji: H;"(M) + O), 
(d) depthM = dimR o M is a (balanced) big Cohen-Macaulay module. 

9.1.13. Sometimes it may be more natural to work with homology modules 
rather than the ideals I,,(q:). Therefore it is worth while reformulating the 
crucial condition for acyclicity. One must however use the homology of +' = 

Hom,(F., R). With the notation of 9.1.6, show the following are equivalent: 
(a) grade(l,>(qJ, M )  2 i for i = 1 , .  . . , s; 
(b) grade(Ann H'(F:), M )  t i for i = 1,. . . ,s. 
9.1.14. Generalize the 'lemme d'acyclicit2 1.4.23 to the case of arbitrary R-modules 
LC. 

9.2 Regular rings as direct summands 

Let R and S be Noetherian local rings such that R c S and S is a 
finite R-module. Suppose that R is regular and, for the moment, S is a 
Cohen-Macaulay ring. Since every system of parameters of R is a system 
of parameters of S, the R-module S, having finite projective dimension, 
must be free. Furthermore the element 1 E R is part of an R-basis of S, 
and it follows that R is a direct summand of S as an R-module. Quite 
surprisingly this holds true regardless of the Cohen-Macaulay property 
of S, at least when S contains a field. 

The argument above uses the fact that a system of parameters of R 
is an S-sequence. As we shall see, a much weaker property suffices. It is 
given by the following 'monomial theorem': 

Theorem 9.2.1. Let S be a Noetherian local ring containing afield. Then for 
every system x = XI,. . . , x, of parameters and all t 2 0 one has xi . . . x: @ 
(XI+]). 

PROOF. By 8.4.2 there exists an x-regular module M. Suppose that 
xi . . . x: E (xt+'). Then xi . . . xkM c xt+'M. The associated graded 
module gr(,) M is an (R/(x) [XI,. . . , X,])-module in a natural way, and, a 
fortiori, Xi . . . XA gr(,) M c (xi+', . . . , X;+') gr(x) M. 

On the other hand, since x is an M-sequence, the associated graded 
module gr(,) M is isomorphic to M 8 R/(x)[Xl,. . . , X.] (see 1.1.8). There- 
fore 

as an R-module where the direct sum is taken over all monomials 

This is a contradiction since Xi . . .Xi  @ (XI", . . . , X;+'), 
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The proof of 9.2.1 shows much more than stated in the theorem: ! let lo, Jo be ideals in  XI,. . . ,X.] generated by monomials, and 11, JI 
the ideals generated by the corresponding monomials in XI , .  . . , x,; then 
II c JI o In c Jo. 

i Suppose that S = R @ C as an R-module. Then for every ideal 
I c R o n e  h a s I S  = I e I C ,  hence I S n R = I .  Let x = x l ,  ..., x, 
be a system of parameters of R. If R is regular, then, as the proof 
of 9.2.1 shows, xi . . . x: @ 1 ~ ' ~ ' ) ;  so xj . . . x: $ xt+'S, for otherwise 
xt . . .  x: t (xt+')S n R = (xr+'). This simple observation proves the easy 

part of the following lemma. 

Lemma 9.2.2. Let (R,m) be a regular local ring and x = XI, .  .. ,x, a 

I 
regular system of parameters. Suppose that S 2 R is an R-algebra which 
isfinite as an R-module. Then R is a direct R-summand of S ifand only $ 
xr . . .  

I xl, fL xt+'S for every t 1 0. 

PROOF. Since the m-adic completion k is a faithfully flat extension of R, 
the same holds true for the extension S Q k of S. Thus x i . .  .xL fL xr+'S 
implies that xi . . . x: @ xC+' S Q k. 

Suppose that the implication still open holds under the additional 
assumption that the regular local ring is complete. Then k is a direct k-  
summand of S 8 k and the natural homo&orphism (given by restriction 
of maps) 

2, : HomR(S 6 k ,  k) + ~ o m i , ( k ,  k)  

is surjective. Since S is a finitely presented R-module, one has a natural 
commutative diagram 

where p :  HomR(S,R) -. HomR(R, R) is again given by restriction. Since 
p 8 k is surjective, p itself must be surjective: the identity map on R can 
be extended to an R-homomorphism S + R, so R is a direct R-summand 
of S. 

After these preparations we may assume that R is complete. Let R, = 
R/(xt), and St = S/xtS; R, is a Gorenstein ring of dimension zero. Since 

. . . t-1 x, $ x', but inxj-' . . . xt-I c x', the residue class of x:-l . . . xi-' 
generates Soc R,. Therefore each of the induced maps rp, : R, -. St is 
injective; otherwise its kernel would contain Soc R,, whence xi-' . . .xt-' 

0 E 
X'S, contradicting the hypothesis of the lemma. Furthermore R, is an 
injective R,-module. Thus each of the maps q ,  splits: there is an R,- 
homomorphism v, : St -. R, such that ly, o rp, = idR,. 
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The ideals (x') form a system cofinal with that of the powers of m. 
Since R is m-adically complete, one has 

HomR(S,R) = HomR(S,l@ R,) = I@ HomR(S, R,) = I@ Hom~,(s,,R,). 

In the latter inverse system the map ni, : HomR,(Si, Ri) + HOmR,(S,,Rj) 
associates to each homomorphism Si + Ri the induced map S, + R,. 

We have to find homomorphisms y r  : St + Rt such that (i) nij(vi) = 
v,, and (ii) tp,ocp, = idR,. Because of (i) we then obtain a homomorphism 
l@yi = y : S + R, which by (ii) satisfies y,R = idR: if ~ ( y )  # y for 

some y t R, then V, o q, +idR, for every t such that ~ ( y )  - y 6 (x'). 
Let D, be the set of homomorphisms p : St + R, for which poq,  =  id^,. 

Obviously the sets D, c Horn~,(S,, R,) are non-empty and form an inverse 
system. However, since the maps ni,/o, : Di + Dj may not be surjective, 
we cannot immediately conclude that l@D, # 0, as desired. Instead we 
define subsets 

Et = n .it(~i). 
iTI 

Then E, = n,,(E,) for all i wrth i 2 t ,  and it is enough to show that E, # 0 
for some, equivalently all, t .  

Every D, is an affine subspace of HomR,(S,,R,); that is, it is of the 
form y ,  + U ,  with a submodule U,.  Therefore 

is a decreasing chain of non-empty affine subspaces A, of Ho~R,(S,,R,).  
Consequently the submodules M, = { p  - u : p, a E A,} are non-zero and 
form a decreasing chain, too. This chain stabilizes in the Artinian module 
HomR,(S,, R,), and so does the chain of affine subspaces A,. 

A consequence of 9.2.1 and 9.2.2 is the 'direct summand theorem' for 
regular local rings: 

Theorem 9.2.3 (Hochster). Let R he a regular local ring containing afield, 
and S 2 R an R-algebra which is a finite R-module. Then R is a direct 
summand of the R-module S. 

PROOF. As in the proof of the lemma, we may assume that R is complete. 
Let p be a prime ideal of S lying over the zero-ideal of R. If R is a direct 
R-summand of S/p, then it is a direct R-summand of S :  compose a 
section of the natural embedding R + S/p with the natural epimorphism 
S + S/p. Being an integral domain which is module-finite over a 
complete local ring, S/p is local itself ([243], (30.5)), and we can invoke 
9.2.1 and 9.2.2. 
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Remarks 9.2.4. (a) In characteristic zero a much weaker property than 
regularity is sufficient for the direct summand property of R as described 
by 9.2.3. Let R be a Noetherian normal domain containing a field of 
characteristic zero, and S a module-finite extension ring. In showing that 
R is a direct R-summand of S, it is harmless to replace S by any S-algebra 
T (see the proof of 9.2.3). So we first factor out a prime ideal p of S 
lying over the zero-ideal of R, and may assume that S is a domain. Then 
we extend the field of fraction's of S to a finite normal extension L of the 
field K of fractions of R, and replace S by the integral closure T of R in 
L. Let d =  dim^ L and Tr : L + K denote the trace map. Then for every 
x t K one has (1ld)Trx = x, and Try E R for every y E T, since the 
trace of an integral element is integral and R is integrally closed in K. 

I (We refer the reader to [336], Chapter I1 for the field theory involved.) 
As a consequence one obtains a proof of 9.2.1 avoiding big Cohen- 

Macaulay modules: if XI, .  . .,x, is a system of parameters of S, then 
I there is a regular subring R of 2 in which XI, .  . . ,x, generate the maximal 

ideal and over which 2 is finite (see A.22). Since the conclusion of 9.2.1 
is invariant under completion, one obtains 9.2.1 in the same way as the 

I implication 'a' of 9.2.2. 
(b) In characteristic p the situation is just inverted: there is a direct 

proof of 9.2.1. Let 11 be the maximal ideal of S. By 3.5.6, 

One has Hn(x') " S/(xt), and the map S/(xt) + S/(xt+') is induced 
I by the multiplication by xi . . .  x;. Since H;;(S) # 0, this map must be 

i+i non-zero for t sufficiently large. Equivalently, xi . . . x; @ (xi", . . . , x, ) 
I for t sufficiently large and i 2 t .  On the other hand, if xi ...xL E 

(xi", . . . ,$I), then one applies the Frobenius homomorphism repeatedly 
to obtain 

.tP' , . . X t ~ e  (XP'+lP' xP'+t~e), 
1 , , . . . , "  

which is a contradiction for e large. 
Via 9.2.2 this argument yields an 'elementary' proof of 9.2.3. For 

still another proof of 9.2.1 in characteristic p see [150], as well as for a 
counterexample showing that normality is not sufficient in characteristic 
p for R to have the direct summand property. 

9.3 Canonical elements in local cohomology modules 

Independently of characteristic, the discussion in 9.2.4(b) shows that 9.2.1 
and, hence, 9.2.3 are equivalent to the non-vanishing of certain elements 
in the local cohomology module H,"(S) (notation as in 9.2.1): one has 
x!...xi 6 (xk+') for all k if and only if the image of 1 under the 
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map S + S/(x) + 15S/(xk)  = H;(S) is non-zero. As the example 

S = K[X] and x = X or x = X2 shows, the element thus obtained 
depends heavily on the choice of the system of parameters; for example, 
its annihilator varies with x. In the following we shall discuss a theorem 
which involves a 'canonical element' in a local cohomology module 
although local cohomology does not appear explicitly: 

Theorem 9.3.1. Let (R,m,k) be a Noetherian local ring of dimension n 
containing afield. Let F. be a free resolution of the residue classfield k, and 
x a system of parameters. I f  y : K.(x) + F. is a complex homomorphism 
extending the natural epimorphism R/(x) + k, then the homomorphism 
y. : K,(x) + F, is non-zero. 

PROOF. In order to derive a contradiction we assume that there exists a 
complex homomorphism y with y, = 0. 

There exists an x-regular module M by 8.4.2. Since (x) 2 mi for i large 
and M/xM # 0, we can pick an element y E M such that y 6 xM, but 
my E xM. The assignment 1 H y then defines a homomorphism R/m + 

M/xM. This homomorphism can be lifted to a complex homomorphism 
f l  : F. -. K(x, M) since the Koszul complex K(x, M) is acyclic; see 1.6.12. 
Composition with y gives a homomorphism a = P o y : K(x) + K(x, M) 
with a, = 0. 

The complex homomorphism a extends the homomorphism a. : R + 

M with ao(1) = y. As K.(x, M) = K.(x) 8 M, one obtains a second 
such extension by a' =  id^.(,) @ao. The complex K.(x) is projective and 
K.(x,M) is acyclic; therefore a and a' differ only by a homotopy a. In 
particular a: = a', - a. = an-1 o a,: 

a. 
0 - K n ( 4  - K,-I(x) 

,A" 1.. An-, 
0 - K,,(x,M). 

We may identify K,,(x) with R, K,(x, M) = K,(x)QM with M and K,-~(x) 
with R". Then a.(R) c xRn, and so y = a',(l) = an-] o a,(l) E xM, which 
is a contradiction. 

Let us fix the data x and F. of the theorem. Complex homomorphisms 
y and y' both extending the epimorphism R/(x) + k differ by a homotopy 
a :  

a. 
0 - K,(x) - K,-l(x) . . .  

"/ In 1i.n 1 
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As above we identify K,(x) with R; furthermore we consider N = 
Ker q._l = Im q, as the target of q,. (The module N is the n-th syzygy 
of k with respect to the resolution F..) Then 

qn O ~ ~ ( 1 )  - qn 0 ?;(I) = qn  O 0 

This element belongs to xN, since &(I) c xK,-l (x). So different choices 
of the complex homomorphism yield the same residue class (q,oyn(l))- E 
N/xN. On the other hand,' given a complex homomorphism y, we 
may freely choose a to define y' by y' = y + a o a + q o a. For the 
possible choices of a.-~, the elements U.-I o &(I) exhaust xF,; note that 
&(I) = kxlel k . .  . + x.e, with respect to a suitable basis of Rn. In sum, 
y, # 0 for every choice of y if and only if q, o y.(l) 6 xN for a specific 
choice. 

Now consider the systems of parameters x', t > 0. There is a natural 
map K.(xr) -r K.(x); it sends ei, A . . . A eiu to xj;' . . . x:rlei, A . . . A eix. 
Composition with y : K.(x) -. F. gives a complex homomorphism y t  with 
yi(1) = xi-' . . . x;-'y,(l). If all the homomorphisms S : K.(xt) + F. which 
lift the epimorphism R/(xt) + k have 6, f 0, then the arguments above 

l imply 

(1) Xt-l . . . xf-l 
I q, o y,(l) $ xtN for all t > 0. 

Observe that H;(N) = I&N/xfN. So condition (1) is equivalent to the 
following: the image of q, o y,(l) under the map N + N/xN + H;(N) 
is non-zero. ~ The module H;(N) can also be represented as 1% Extl(R/mr, N) (see 
3.5.3). Hence there is a natural homomorphism Exta(k,N) + H:(N). 

I 
Moreover, the exact sequence 0 + N + F,-I + . . . + F o + k + O  
represents an element &(F.) E Ext;(k,N) and thus an element q(F.) E 

H;(N). The connection between 'extensions' like the previous exact 
sequence and Ext" is discussed in [223], pp. 82-87, or [36], Ch. X, 57; if 
one writes 

Ext:(k, N) " H o ~ R ( N ,  N)/I ' (Ho~R(F,-I ,  A')) 

where c : N -r F.-I is the natural embedding, then &(F.) is the residue 
class of   id^. The elements c(F.) and q(F.) may be called 'canonical' 
since they depend functorially on F.. In particular the vanishing of q(F.) 
is independent of F.. Hochster [I581 contains a detailed discussion of 
these facts and a proof of the following crucial statement: the element 
of H;(N) constructed from a complex homomorphism y : K.(x) + F. as 
above can be identified with q(F.). The conclusion of 9.3.1 is therefore 
equivalent to q(F.) # 0, which justifies the name 'canonical element 
theorem' for 9.3.1. 

As an application of 9.3.1 we prove a generalization of Krull's prin- 
cipal ideal theorem. (Another one will be given in 9.4.4.) Let M be a 
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module over a commutative ring R, and x E M. Then 

B(x) = {a(x) : a E H ~ ~ R ( M , R ) )  

is called the order ideal of x. 
Every finitely generated ideal is an order ideal: given XI , .  . .,x, E R, 

one sets M = Rn and x = (xl,.. .,x,). Obviously O(x) = 1 Rxi. By 
Krull's principal ideal theorem B(x) has height 5 n if R is Noetherian, 
provided O(x) is a proper ideal. For x E M = Rn this condition is 
equivalent to the existence of a maximal ideal m such that x E mM. The 
following theorem generalizes Krull's bound on height B(x) to arbitrary 
finite modules. In the general version the number n = rank R" must be 
replaced by 

big rank M = max{p(M,) : p E Spec R minimal). 

If M has a rank, then big rank M = rank M. 

Theorem 9.3.2 (Eisenbud-Evans). Let (R,m, k) be a Noetherian locul ring 
containing a,field, and M a jn i te  R-module. Then height O(x) 5 big rank M 
for all elements x E mM. 

PROOF. There is a prime ideal p with height O(x) = height((B(x) + p)/p). 
Let - denote taking residue classes modulo p. Every linear form M + R 
induces an R-linear form M + R; therefore O(x)- c B(x). Suppose the 
theorem has been proved for R and M. Then 

height O(x) = height O(x)- 5 height O(x) 5 big rank M 5 big rank M. 

Furthermore note that X E rfiM if and only if x E mM. 
As these arguments show, it suffices to treat the case of an integral 

domain R. Then big rank M = rank M. Let h = height O(x) and n = 

dim R. There exists a system of parameters XI , .  . . , x. with X I , .  . . ,xh E 

B(x). Replacing M by M 8 Rn-h and x by x 8 (xh+~ ,..., x,), we may 
assume that B(x) is m-primary. 

As usual, ' denotes Horn~(.,R). Choose ai E M' such that a1 = al(x), 
..., a, = a.(x) is a system of parameters. The collection a , , .  ..,a, defines 
a map a :  M R" through a(z) = (al(z) ,..., a&)). Let y = yl,.. ., ym 
generate m. Since x E mM, there is a homomorphism n :  Rm + M 
with x(y1,. . ., y,) = x. Let us put F = (Rn)' and G = (Rm)', and define 
f : F + G by f = z' o a*. Then f 'writes' a = al, .  ..,a, in terms of y ;  i.e. 
f makes the diagram 

a 
F A R  

if 9 I I  
G A R  
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commute. By 1.6.8 the exterior powers o f f  yield a complex homomor- 
phism 

9 " 
f l + l ~  + A"G - ...  + A ~ G - G - R - O  

of Koszul complexes. By definition f factors through M'. So rank f s 
rank M' = rank M. On the other hand, An f # 0 because there exists a 
complex homomorphism 0 from K.(y) to a free resolution F. of k which 
extends the identity on k; 9.3.1 guarantees that 0, o An f + 0. Therefore 
rank f 2 n and, hence, rank M 2 n. 

Remarks 9.3.3. (a) Bruns [42] gave a more elementary proof of 9.3.2 
which works for arbitrary local rings. 

(h) Formula (1) above shows that the canonical element theorem 9.3.1 
implies 9.2.1 and thus the direct summand theorem 9.2.3. Surprisingly 
one can conversely derive 9.3.1 from 9.2.3 if the residue class field of 
the local ring under consideration has characteristic p z 0;  see Hochster 
[158]. (There seems to be no such derivation in characteristic zero.) 
Furthermore the main homological theorems like 9.4.3 and 9.5.6 can he 
derived from 9.3.1. (See 9.4.8 and 9.5.7.) 

(c) It is not difficult to reduce 9.3.1 to characteristic p via 8.4.1; see 
[158]. (Such a reduction will be carried out in detail for 9.4.3.) In 
connection with (h) and 9.2.4 that yields a proof of 9.3.1 which does not 
use big Cohen-Macaulay modules. 

9.4 Intersection theorems 

We have already met an intersection theorem in Section 8.2, the 'new 
intersection theorem' (for local rings of characteristic p). We now want to 
prove a very powerful generalization and to derive several consequences, 
one of which will eventually explain why the results in this section 
are called 'intersection theorems': it generalizes a variant of Serre's 
intersection theorem for the spectrum of a regular local ring. 

Theorem 9.4.1. Let (R, n s  k) be a Noetherian local ring containing a,field, 
and 

'PI V l  
F.:O-F,-F ,-,-...- F,-F,-0 

a complex of finite free R-modules such that codim F. 2 0. Let C = 
Coker q~ and e E C, e $ mC. Then codim(Ann e) 5 s. 

PROOF. We use induction on dim(R/(Anne)). Suppose dim(R/(Ann e)) = 
0 first. By 8.5.3 there exists a balanced big Cohen-Macaulay R-module M. 
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Lemma 9.1.8 implies that F.@M is acyclic. One has depth M = dim R, and 
9.1.2 yields depth(C6M) 2 dimR-s; note that C @ M  " Coker(ql@ld). 

On the other hand, the natural surjection C @ M -* C/mC @ M/mM 
maps e 6  M onto a module isomorphic to MImM. In particular, e@ M f 
0. Since dim(R/(Anne)) = 0, one has mP(e 6 M) = 0 for some p, 
whence {m} = Ass(e @ M) c Ass M. Therefore depth C @ M = 0, and so 
s 2 dim R. 

Now suppose that dim(R/(Anne)) > 0. There is nothing to prove if 
s = dim R. So we may assume that s < dim R. Let P be the finite set of 
prime ideals p such that (i) Anne c p and codim p = codim(Ann e), or 
(ii) there exists i with I,, (mi) c p and codim p = i. Then m $ P ;  so we can 
choose x E m such that x @ p for any p E P. Let denote residue classes 
modulo x. It is a routine matter to verify that codimp. 2 0. Furthermore 
2 @ ~ I C ,  and dim(Rl(Ann2)) < dim(R/(Anne)). The inductive hypothesis 
yields codim(Anne) < s. Since dim R 5 dim R + 1, we have, as desired, 

codim(Anne) = dim R - dim(R/(Ann e)) 

< dim R + 1 - (dim(R/(Ann 2)) + 1) 5 s. 

The following corollary is usually called the 'improved new intersection 
theorem': 

Corollary 9.4.2 (Evans-Griffith). With the notation of 9.4.1 suppose that 
F. @R, is acyclic for all p E SpecR, p f m. If [(Re) < m, then s 2 dim R. 

PROOF. Assume that s < dim R. In order to apply the theorem one must 
show that codim l,,(qi) 2 i for i = 1 , .  . . , s. 

We even claim that heightl,(qi) 2 i. If this is false, then there exist 
j and a prime ideal p 2 lrj(qj) with height p = heightl,(qj) < j. Since 
j 5 s < dim R, one has p f m. On the other hand, the acyclicity of 
F. 6 R,, implies that grade(l,(qj)), = gradel,(q, @ R,,) 2 j by virtue of 
1.4.12, which is a contradiction. 

Now that we can apply 9.4.1, we get a contradiction to our initial 
assumption s < dim R: [(Re) < m is equivalent with codim(Anne) 2 
dim R. 

The next level of specialization is the 'new intersection theorem' which 
for local rings of characteristic p was already proved in 8.2.6: 

Corollary 9.4.3 (Peskine-Szpiro, Roberts). With the notation of 9.4.1 
suppose that F. @ R,, is exact for all p E SpecR, p f m. If s < dim R, 
then the complex F. is exact. 

PROOF. The complex F. satisfies the hypothesis of 9.4.2, and furthermore 
[(Re) < co for all e E Cokerql. So Coker q l  = 0 by Nakayama's lemma. 
The map ql is a split epimorphism, and we obtain a shorter complex 
which also satisfies the hypothesis of the corollary. Induction on s yields 
the assertion. 
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At least once in this chapter we want to give a complete proof of a 
theorem by direct reduction to characteristic p via Hochster's finiteness 
theorem 8.4.1. Since we have a proof of 9.4.3 in characteristic p which is 
independent of big Cohen-Macaulay modules, 9.4.3 is the best candidate 
for such a demonstration. 

SECOND PROOF OF 9.4.3. Suppose that 9.4.3 is violated for a local ring 
containing a field of characteristic zero. Arguing as in the proof of 8.2.6, 
we may assume that Fo # 0 and Imp1 c mFo. Choose a basis for F,, 
i = 0,. . . , s. Then each homomorphism qi is represented by a matrix 
Ai = (a;). Since F. is a complex, one has 

(2) Ai-~Ai=O, i = I  ,..., s. 

Let x be a system of parameters for R. That Imql  c mFo, can be 
expressed by the relation 

(3) (a;)' E xR 

for some t > 0 and all i, j,l. That F. 6 R, is exact for all p f m, is 
described by the following two conditions: 
(i) F. 6 R, is split acyclic for each p E Spec R, p f nt; 
(ii) C:=,(-l)' rank Fi = 0. 
Let ri be the expected rank of qi.  Via 1.4.11 condition (i) can be translated 
into the non-vanishing of l,,(Ai) modulo p for all prime ideals p f nt, 
equivalently 

(4) (xRIU c I,, (Ai) 

for some a > 0 and all i = I, .  . . , s. 
It is mechanical to express (2) - (4) in terms of polynomial equations 

over Z satisfied by the entries of the matrices, the elements of x, and 
the coefficients in the linear combinations involved. These equations only 
depend on the numerical parameters s, rank F,, t, and u. Conversely, 
given a solution to one of the systems of equations thus obtained, one 
immediately constructs a counterexample to 9.4.3, interpreting the matri- 
ces as homomorphisms. 

The reader is invited to try similar reductions for 9.4.1, 9.5.2, and 
9.5.5. 

The next member of the chain of corollaries is the 'homological height 
theorem'. It belongs to the class of 'superheight theorems'. For a proper 
ideal I of a Noetherian ring R let us define its superheight as the supre- 
mum of height IS where S is any Noetherian ring to which there exists a 
ring homomorphism R + S, with IS f S. The fundamental superheight 
theorem is Krull's principal ideal theorem; it says that superheightl is 
bounded above by the minimal number of generators of I. 
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Theorem 9.4.4 (Hochster). Let R he a Noetherian ring containing afield, 
and M # 0 a,finite R-module. Then superheight Ann M 5 proj dim M. 

Before proving this theorem one should note that it is a far-reaching 
generalization of Krull's principal ideal theorem for Noetherian rings 
containing a field k :  take R = k[Xl ,..., X,,] and M = k Z R/(Xl,. ..,X,,). 
Then proj dim M = n, and therefore height(x1,. . . , x,) 5 n for elements 
XI, . .  . ,x,  of a K-algebra S with (XI,. ..,x,) # S. (Simply consider the 
extension R + S induced by the substitution Xi -+ xi.) 

PROOF OF 9.4.4. The theorem is trivial if projdim M = m, so assume 
it is finite, and let R + S be a Noetherian extension of R such that 
(Ann M)S # S. Replacing S by a localization S, for a minimal prime 
ideal of (AnnM)S and R by &,R, one may assume that R + S is a 
local extension, and (Ann M)S is not contained in any prime ideal p of 
S different from the maximal ideal q of S. 

Let F. be a minimal free resolution of M over R. Then pnR $ Ann M 
for every p E Specs with p # q. Hence M @ R p n ~  = 0, and F. @ R+,,R 
is split exact. Split exactness is preserved under ring extensions, and so 
F. @ S, is split exact: F. @ S satisfies the hypotheses of 9.4.3, whence 
proj dim M 2 dim S. 

Let k be an algebraically closed field, and Y,Z subvarieties of the 
affine space An(k)  (or the projective space IPn(k)). Then a classical theorem 
of algebraic geometry asserts that 

dimW 2 d i m Y  + d i m Z - n  

for every irreducible component of Y n Z  ([126], Prop. 7.1). If p,q,r are 
the prime ideals defining the varieties Y,Z, and W respectively, then this 
inequality can be written 

(5) height r 5 height p + height q. 

Note that r is a minimal prime ideal of p + q. Serre showed in [289], 
Thkorkme 3, p. V-18 that the inequality (5) holds for all prime ideals 
p, q. r of a regular local ring such that r is a minimal prime ideal of p + q. 
Suppose that r = m is the maximal ideal of R. Then r contains all the 
minimal prime ideals of any ideal I c R, and we can replace p and q 
by arbitrary ideals I and J to obtain the following version of Serre's 
theorem: let I ,  J be ideals of a regular local ring (R, m) such that I + J is 
m-primary ; then height I + height J 1 dim R, or, returning to dimensions, 

( 6 )  dim RII  5 dim R - dim R/J 

The example R = k[[Xl,X2, YI, YzJ/(XI YZ - X2 YI), I = (XI, XZ), J = 

(YI,YZ). shows that the last inequality is false in non-regular local rings. 
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However, one can hope that in the presence of their characteristic property 
namely finite projective dimension of finite modules, one can generalize 
the inequality above, reading I and J as the annihilators of modules M 
and N. The best possible result to be expected is the direct generalization 
of (6) : 
(7) dimN 5 d i m R - d i m M  

for all modules M,N over a local ring (R,m) such that M has finite 
projective dimension and SuppM n SuppN = {m). It seems to be 
unknown whether (7) holds, but (7) turns into a valid inequality if we 
replace its right side by depth R-depth M = proj dim M (thc Auslander- 
Buchsbaum formula; see 1.3.3). It should now be clear why the following 
corollary is named the 'intersection theorem'. (It is customary in this 
context to express the condition Supp M n Supp N = {m} by t ( M  6 N) < 
m, which is an equivalent requirement if M, N # 0.) 

Theorem 9.4.5 (Peskine-Szpiro). Let R he a Noetherian local ring con- 
taining a field, and M, N # 0 jinite R-modules such that f ( M  @ N) < m. 
Then dim N < proj dim M. 

PRNF. There is nothing to prove if projdim M = m. So assume it is 
finite. Neither the condition d(M @ N) < m, nor the number dim N, can 
change if we replace N by another finite module with the same support. 
In particular we may replace N by S = RIAnn N. Then (Ann M)S is 
primary to the maximal ideal of S, and the desired inequality proves to 
be a special case of 9.4.4. 

It is easy to generalize 9.4.5 to situations in which d(M @ N) is not 
necessarily finite. Suppose that dim(M @ N) > 0. Then dim N > 0, and 
none of the finitely many minimal prime ideals of M @ N or N equals 
in. Therefore there exists x E rn such that dim N/xN = dim N - 1 and 
dim(M @ (NIxN)) = dim(M @ N) - 1 .  Applied inductively, this argument 
proves the following corollary: 

Corollary 9.4.6. Let R he a Noetherian local ring containing a field, and 

I 
M, N # 0,finite R-modules. Then dim N 5 proj dim M + dim(M @ N). 

One of the reasons for which we have stated the corollary, is that it 
i 
I explains why 9.4.5 is easier to prove than inequality (7) above: 9.4.6 is 

equivalent to dim R -dim M 5 depth R -depth M for hr = R. 

I The following theorem, often called 'Auslander's conjecture', does not 
strictly fall under the title of this section, but its proof is short and an 
elegant application of the intersection theorem 9.4.5. 

Theorem 9.4.7 (Peskine-Szpiro). Let (R, m) he a Noetheriun local ring 

1 containing afield, and M # 0 afinite module offinite projective dimension. 
Then euery M-sequence is an R-sequence; in particular every M-regular 
element is R-regular. 
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P ~ o o r .  If x € R is regular on M and on R, then pro; dim,,(,, MIxM = 

projdim M by 1.3.5. Thus it is enough to prove the second statement; the 
first follows by induction. 

One has to show that every p E Ass R is contained in some q E Ass M. 
We proceed by induction on dim M. If dim M = 0, then m t Ass M, and 
certainly p c m. Assume that dim M z 0. 

If there is a prime ideal q E Supp M such that m f q 2 p, one can 
apply the inductive hypothesis to M,: there exists q' t S p e c 4  with 
q' E Ass M, and q' 3 p&; hence q' n R satisfies our needs. 

Otherwise V(p) n SuppM = {m}. So dimR/p 5 projdimM by 
9.4.5. On the other hand depthR 5 dimR/p according to 1.2.13, and 
furthermore the Auslander-Buchshaum formula says that proj dim M + 
depth M = depth R. Therefore depth M = 0, whence nt E Ass M. 

Remarks 9.4.8. (a) The new intersection theorem 9.4.3 was proved for 
all local rings by Roberts [270]. Consequently 9.4.69.4.7 hold without 
the hypothesis that R contains a field. In particular 9.4.4 is a true 
generalization of Krull's principal ideal theorem (take R = Z[X,, . . . ,X,,]). 

(b) It is possible to avoid the use of big Cohen-Macaulay modules in 
the proof of the improved new intersection theorem 9.4.2. In fact, 9.4.2 
is on a par with the canonical element theorem 9.3.1. Hochster [I581 
derived 9.4.2 from 9.3.1, and Dutta [70] found the converse. As pointed 
out in 9.3.3, the canonical element theorem can be proved independently 
of the existence of big Cohen-Macaulay modules. 

(c) The intersection theorem 9.4.5 can be improved to the best con- 
ceivable result if M is perfect; see [253], p. 94, Theorime 4.2: 
(i) grade M + dim M = dim R; 
(ii) if N is a finite R-module such that l(M @ N) < m, then dim M + 
dim N 5 dim R. 

Furthermore both (i) and (ii) hold if R = @;"=, Ri is a graded ring 
with Ro an Artinian local ring, M is a finite graded R-module of finite 
projective dimension, and N is a finite graded R-module; see Peskine and 
Szpiro [255]. Equation (i), sometimes called the 'codimension conjecture', 
was proved by Foxby [95] for modules M of finite projective dimension 
over a large class of equicharacteristic local rings. 

(d) Let R be a Noetherian ring, and M, N finite R-modules such that 
proj dim M < m and /(M 8 N) < m. Then the modules Torf(M, N) have 
finite length, and only finitely many are non-zero. Thus one can define 
the intersection multiplicity of M and N by 

m 

e(M, N) = x(-l) ' / (Torf iM, N)). 
i=O 

This notion was introduced by Serre [289]. He proved that the following 
hold if (R,m) is an unramified regular local ring (see [230] for this 
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notion) : 
(i) if dim M +dim N < dim R, then e(M,N) = 0;  
(ii) if dim M + dim N = dim R, then e(M, N) > 0. 
(Note that dim M +dim N 5 dim R, as discussed above.) Both (i) and (ii) 
fail if R is allowed to be an arbitrary local ring: Dutta, Hochster, and 
McLaughlin [73] constructed counterexamples over the hypersurface ring 
k[Xl,X2, Yl, Y2]/(XI Y2 - XzY,). However, (i) was shown to hold if both 
M and N have finite projective dimension and R is a complete intersection 
(Roberts [269], [271], Gillet and Soul6 [103]) or dim Sing R 5 1 ([271]). 

Exercises 

9.4.9. A Noetherian local ring (R,m) containing a field is Cohen-Macaulay if (and 
only if) there exists an R-module of finite length and finite projective dimension. 
Prove this. 
9.4.10. Prove the assertions on perfect R-modules in 9.4.8(c) for Noetherian local 
rings R containing a field. 
Hint: It suffices to prove that gradeM +dim M 5 dimR which is quite evident. 
9.4.11. Let R be a Cohen-Macaulay local ring, and x a system of parameters for 
R. Show that e(x, N) = e(R/(x), N) for all finite R-modules N. 

9.5 Ranks of syzygies 

Let R be a local ring, and M a finite R-module of finite projective 
dimension. Then proj dim M I depth R:  the length of a minimal free 
resolution is bounded by depth R. Moreover, each of the values s = 

0,. ..,depth R occurs if we choose M = R/(x) with an R-sequence x = 
x .  x .  In this section we shall discuss the possible values for the 
Betti numbers of M and the ranks of its syzygy modules. For systematic 
reasons and in view of an application to Bass numbers below, it is useful 
to consider a larger class of complexes than just minimal free resolutions, 
namely minimal complexes of codimension t 0. 

Let M be a module over a commutative ring R, and x E M. The 
notion of order ideal, which was introduced in connection with 9.3.2, 
plays an important role in the following. The next lemma describes a 
property of x which is controlled by O(x). 

Lemma 9.5.1. Let R be a Noetherian ring, M a finite R-module, x € M, 
and p a prime ideal. Then x generates a non-zero free direct summand of 
M, if and only i f p  +J B(x). 

PRWF. Since Horn~~(M, ,  R,) is naturally isomorphic to Hom(M, R),, the 
formation of order ideals commutes with localization. We may therefore 
assume that (R,p) is a local ring. If M = Rx @ N and Rx E R, then 
there obviously exists a E H o ~ R ( M , R )  such that a(x) = 1.  Conversely, if 
a(x) = 1, then M = Rx @ Ker a. 
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Suppose now that rp: F + G is a map of finite free modules. Let 
e E F. Given a basis g ~ ,  . . . ,g, of G, there are uniquely determined 
elements a], . . . , a, E R such that q(e) = algl + . . . + a,g,. The elements 
g;, . . . ,g, of the dual basis of H o ~ R ( G ,  R) yield the values g;(q(e)) = a,. 
Therefore O(rp(e)) = (a,, . . . ,on). 

Theorem 9.5.2. Let (R,m) be a local ring containing afield, and 

Yr Y ,  
F . : O - F , + F s - l - . . ~ - F 1 - - * F o - O  

a complex offinite free R-modules. Then, for j = I , .  . . , s and every e t F, 
with e 6 mF, + Im q,+l, one has codim B(rp,(e)) 2 codim F. + j. 
PROOF. For given j we truncate the complex at F,_I, and adjust the 
indices by setting F: = Fi+,-l and t' = t + j - I. Replacing the given data 
by those just defined, we may assume that j = 1. Let J = O(rpl(e)). There 
is something to prove only if J c m and codim F. 2 0. 

We put R = R / J  and F = F. @R. From the description of J preceding 
the theorem one sees that = 0. In order to derive a contradiction, 
we assume that codim J I t. Note that I,,(@i) = (&(*pi) + J ) / J .  Hence 

dim(R/I,,(@;)) 2 dim(R/l,,(rp;)) 2 dim R - i - t 5 dim R - i. 

This inequality shows that codimF. 2 0. Let M be a balanced big 
Cohen-Macaulay module for R. By virtue of 9.1.8, F. 8 M is acyclic. 
Since = 0, we have ( @ I  IB M)(Z @ M) = 0. Let C = Coker rpz, and 
n : FI + C he the natural epimorphism. Since F. @ M is acyclic, @ M 
induces an isomorphism 5' @ M + 1m(ijl @ M). So n(z) 6 M = 0. 

On the other hand, the hypothesis e @ mFg + Imq2 implies that 
E(Z) @ mC. Thus the image of E(Z)  6 M under the natural epimorphism 
5' @ M + (C/nrC) IB (M/mM) is isomorphic to MImM # 0. This is a 
contradiction. 

An application of the following corollary was anticipated in the proof 
of 2.3.14. 

Corollary 9.5.3. Let (R, m, k) be a regular local ring containing afield, and 
I c in an ideal generated by a sequence x. Then the natural homomorphism 
from Hi(x, k) = K.(x) 6 k to T o ~ ~ ( R / I ,  k) is zero for i > gradel. 

PROOF. The natural homomorphism Hi(x,k) -t Tor"~/l ,k)  is induced 
by a complex homomorphism y from K.(x) to a free resolution F. of 
R / I ;  see 1.6.9. It only depends on I and x, so that we may assume 
that F. is a minimal free resolution. Since R is regular, F. has finite 
length by 2.2.7. That H.(x,k) = K.(x) @ k and ~ o r p ( ~ / l , k )  " F. @ k, 
follows from the minimality of the complexes K.(x) and F.. Thus the 
map H.(x, k) -* T O ~ ~ ( R / I ,  k) is just y IB k. 
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The assertion amounts to y(Ki(x)) c mFj for i > gradel. Let z E 

Ki(x), and J and q denote differentiation in K.(x) and F.. If y(z) @ mFi, 
then grade O(y(J(z))) = codim O(q(y (2))) 2 i by 9.5.2: an acyclic complex 
has non-negative codimension as observed above. On the other hand, 
O(q(y(z))) = O(y(J(z))) c I since Ima c IK.(x). 

As indicated above, we aim at a bound for the expected ranks ri of 
the maps in a free complex F.. Reasoning inductively, we will have to 
pass to a complex 0 + F, + F,-1 + . . . + F2 + F; + FA + 0 in which 
rank F; = rank Fj - 1. Theorem 9.5.2 enables us to find F;, whereas the 
following lemma contains the construction of FA. 

Lemma 9.5.4. Let R be a Noetherian ring and M afinite R-module. Then 
there is a finite ,free R-module F and a homomorphism rp : M + F with 
the following property: If p is o prime ideal, and N c M, is afree direct 
R,-summand of rank r, then (rp 6 R,)(N) is a free direct R,-summand of 
F, with rank(rp 6 R,)(N) = r. 

PROOF. Let ' denote the functor HomR(.,R). There is a finite free R- 
module G with an epimorphism n :  G + M'. Let h :  M + M" be 
the canonical homomorphism, and choose rp = n* oh, F = G*. Then 
rp: M 4 F has the property that every linear form a E M' can he 
extended to F along q. Since R is Noetherian and the modules involved 
are finite, the preceding construction commutes with every localization 
of R. Thus assume R = R,. 

Now the hypothesis on N is equivalent to the existence of gl,. . . ,g, E 
N and al, . .  .,a, E M' such that N = Rgl + ...  + Rg, and ai(g,) = dlj. 
Since the zi can he extended to F,  the elements rp(gl), . . . , <p(g,) generate 
a free direct summand of rank r. 

As pointed out before 9.1.9 every complex of finite free modules over 
a local ring decomposes into a split exact direct summand and a direct 
summand which is minimal. For the ranks of the maps in a split exact 
complex one can only say that they are non-negative, but for those 
of a minimal complex there exists a non-trivial lower bound. (It was 
essentially given by Evans and Griffith in the form of Corollary 9.5.6.) 

Theorem 9.5.5. Let (R, in) be a local ring containing afield, and 

a length s minimal complex of finite free R-modules. Let ri denote the 
expected rank of rpi. If codimF. 2 0, then ri 2 codim F. + i for i = 
1, ..., s-1. 

PROOF. The same manipulation as in the proof of 9.5.2 reduces the 
theorem to a statement about r l .  Since the theorem makes an assertion 
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only on rl,.. .,r,-i, the complex which remains after the truncation has 
length 2 2; there is nothing to prove if s = 1. We introduce an auxiliary 
variable t, and use induction on t to show that codim F. 2 t implies 
rl 2 t + 1. 

Since codimF. 2 0, Lemma 9.1.8 yields acyclicity of F. 8 M for a 
balanced big Cohen-Macaulay module M of R; such a module exists 
by 8.5.3. Therefore 9.1.9 implies r, 2 1 for i = I, .  ..,s. This inequality 
covers the case t = 0, and shows furthermore that F1 # 0: one has 
rankFl = rl + rz 2 2. So there exists e t F, with e $ mF1. Since F. is 
minimal, e $2 mF1 + Im rpZ 

Let t 1 1. Put F; = Fl/Re, and choose q; as the induced map 
F2 + F;. Applying 9.5.4 to Cokerq; one obtains a homomorphism 
Cokerq; + F = Fh. Its composition with the natural epimorphism 
F{ + Coker q; then yields q', : F; + Fh. For the complex 

one has r; = rz, r', = rl - 1. In order to show that codim F: 2 t - 1 we 
must verify the following inequalities: (i) codiml,;(q;) 2 t + 1, and (ii) 
codim I,; (pi) 2 t. 

For (i) we choose a prime ideal p with codimp 5 t. Certainly 
I,,(q,) $ p for i = I, ..., s. Therefore F. 63 R, is split acyclic by 1.4.11. In 
particular we have a decomposition 

with rank(1m qz), = r2 and rankCoker qz), = rl. Moreover - and this is 
the crucial argument - codim Lo(ql(e)) 2 t + 1 by 9.5.2. Therefore ql(e) 
generates a free direct summand of (Fo), by 9.5.1. Afortiori the residue 
class 2 of e generates a non-zero free direct summand of (Cokerq~),. SO 
(Cokerq;), (Cokerq;),/R,Z is free of rank r; = rl - 1, and the exact 
sequence 

0 + (Im q;), + (F;), - (Cokerq;), - 0 

splits. Also this shows that (Imq;), is a free direct summand of rank 
rz = r; of (F;),. By 1.4.7 we get I,;(& gi p. Since p is an arbitrary prime 
ideal with codimp 5 t, the inequality (i) has been proved. 

Slightly more than required for (ii) we show that codim(R/L; (q',)) 2 
t + 1. Pick p as before. We saw that (Cokerq;), is free of rank r;. 
Since q', was constructed as prescribed by 9.5.4, (Cokerrp;), is mapped 
isomorphically onto a free direct summand of Fh. As desired, I,; (q;) $ p. 

If it should happen that F: is not minimal, then one splits off a 
direct summand id : Ru + RU from F; + FA. This does not affect the 
codimension, and even improves the desired inequality r; t t which holds 
by induction. (Because of s 1 2 the construction of F: does not touch F,, 
so that F: also has length s.) 
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Corollary 9.5.6 (Evans-Griffith). Let R he a Noetheriun local ring con- 
taining afield, and M # 0 a module of projective dimension s < ca. Then 
(a) for i = I, .  . . , s - 1 the i-th syzygy Mi of M has rank 2 i, 

(h) 
2i+1,  i = O  ,..., s -2 ,  

i = s - I ,  
i = s. 

PROOF. A minimal free resolution F. of M is acyclic, and thus has 
codimension 2 0, as was observed above. Theorem 9.5.5 says that for 
i = 1,. . . , s  - 1 the i-th map qi has expected rank ri t i. Since F. is 
acyclic, ri = rankqi = rank M,;  see 1.4.5. This proves (a) from which 
(b) follows with bi(M) = ri + r i + ~ .  (Note that b,(M) > 0 because of 
proj dim M = s.) 

It is of course not difficult to give a non-local version of the corollary, 
which we leave to the reader. 

Remarks 9.5.7. (a) Corollary 9.5.6 is the best possible result. In fact, 
if R is a Noetherian local ring, and M the m-th syzygy module of a 
module of finite projective dimension, then M contains a free submodule 
L such that M I L  inherits this property and rank MIL  5 m; see Bruns 
[41]. Similarly one can find modules M for all preassigned values of 
pro; dim M = s 5 depth R and bi(M), i = 0,. . . , s, which are consistent 
with 9.5.6. 

(b) It is not necessary to use big Cohen-Macaulay modules in the 
proof of 9.5.6. Ogoma [252] derived it from the improved new intersection 
theorem 9.4.2. 

(c) Theorem 9.5.2 and its consequences admit conclusions even for 
local rings not containing a field. Let p = charR/nt. Then one passes 
from a given complex F. over R to F. @R/(p), and R/(p) contains a field. 
The reader may verify that codim O(qj(e)) 2 codim F. + j - 1 in 9.5.2, 
regardless of whether dim R/(p) = dim R, or dimR/(p) = dimR - I. 
Similarly the hounds in 9.5.3, 9.5.5, and 9.5.6(a) become worse by at 
most 1. 

9.6 Bass numbers 

Let R he a Noetherian ring, and M a finite R-module. The Bass numbers 

determine the modules in a minimal injective resolution 
I 
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of M ;  by 3.2.9 one has Ei(M) = E ( R / ~ ) ~ ! ( , , ~ )  for all i 2 0. 
In this section we want to derive inequalities satisfied by the numbers 
pi(m,M) when (R,m) is a local ring; since the Bass numbers are local 
data by definition, such inequalities can be translated into assertions 
about the pi(p, M) in general. 

Suppose that (R,m, k) is a local ring with m-adic completion (a ,  lit, k). 
Since Extn(k, M) " ~xtk(k ,hf )  @ " Extk(k, M) for all i 2 0, one 
has pi(m,M) = pi(+, M). Therefore it is no restriction to assume R is 
complete. For simplicity of notation we set pi = @;(m, M). 

By their very definition the local cohomology modules of M are given 
as H:,,(M) = Hi(T,,,(Z')), see Section 3.4. It is easy to determine T,,,(I') 
since a non-zero element of E(R/p) cannot be annihilated by a power of 
m if p # m; see 3.2.7. Thus T,,,(Ia) is the subcomplex 

By Grothendieck's theorem 3.5.7 we have Hk(M) f 0 for i = depth M 
and i = dim M, in particular pi f 0 for these values of i. On the other 
hand, pi = 0 for i i depth M. 

By assumption R is complete. So Theorem 3.2.13 yields 

and one obtains a complex of finite free modules from an application of 
the functor Hom~(E(k),.) to J': 

YO V',., Vr G' = HomR(E(k), J') : 0 d Rpn + R#' + . . . + Rp' d . . . 

Moreover there is some information on the maps mi and yli. The endo- 
morphisms of E(k) are just given by multiplication by elements of R; 
therefore the maps mi can naturally be considered as matrices over R, 
and yj is given by the same matrix as ui. Since I' is a minimal injective 
resolution, the entries of these matrices are in m. 

Also, one obtains a complex of finite free R-modules if one applies 
HOm.q(., E(k)) to J': 

the matrix representing 1; is the transpose of m,. Let ' denote the functor 
Horn~(.,R). As just seen, 

(C.)' = L., (L.)' = G'. 

The advantage of L. over G' is that we know its homology. By the 
exactness of Hornn(., E(k)), 
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We claim that dimHi(L.) < i: for this to hold it is surely sufficient that 
dim(~/(AnnHA,(M))) < i, and the latter inequality has already been 
proved in 8.1.1. 

In order to adapt the present notation to that in the previous section 
we set 

d = dim R, vi = pd-i, <pi = ~ p ~ - ~ ~  

and define the complex F.by 

We want to show that codim F. 2 0. We consider the truncation 

Since dim H,(L.) I 0,  the complex (L.ld - i + 1) 8 R, is exact, and thus 
split exact for prime ideals p satisfying codim p < i -  1. We dualize to get 
that 

0 + R" 2, RR"d-l + . . . + R",-l 0 

is split acyclic. Thus 1.4.11 gives I,,(qi) # p, and codimZ,(qi) 2 i as 
desired. 

Let t = depthM. As noticed above, R"-'+I = 0 for j 2 1, RVd-' f 0, 
and F. is a minimal complex of length d - t. Now we have reached our 
goal; 9.5.5 yields 

i = d - t ,  
i = d - t - 1 ,  

2 i + l ,  i = O  ,..., d - t - 2 .  

Returning to the previous notation we get part (a) of 

Theorem 9.6.1. Let R be a Noetherion local ring containing a,field, dim R = 

d ,  and M afinite R-module of depth t. 
(a) Then 

i = t ,  
p;(nt, M) 2 d - t, i = t + l ,  

2 ( d - i ) + l ,  i = t + 2  ,..., d .  { l' 
(b) If t < dimM = d ,  then pd(m,M) 2 2. 

PROOF. (a) was proved above. In its proof we exploited results on the 
vanishing of local cohomology and its non-vanishing at the depth of a 
module. Part (b) relies on its non-vanishing at the dimension, as will be 
seen now. 

l d  Xd-l 
Consider the interval Ri'"' + RPd - RP"' of L.. Its homology 

at Rfld is H,j(L.) = H o m R ( ~ $ ( ~ ) , E ( k ) ) ,  and the transpose of ~ d - 1  is the 
map q ,  in 
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ring R or the module M was given by Northcott [248]. The concept of 
grade on which it is based goes back to Hochster [153]. To us it seemed 
most convenient to use Koszul homology in the definition of grade. 

Section 9.2 is based on Hochster's article [150]. We outlined the fact 
that essentially all the homological theorems can be derived from the 
direct summand theorem 9.2.3 or its equivalent, the monomial theorem 
9.2.1. One of the rare results in mixed characteristic is due to Hochster 
and McLaughlin [168]; it says that a regular local ring is a direct 
summand of a finite extension domain if the extension of the fields of 
fractions has degree two. As a surprising spin-off of an investigation of 
the monomial theorem in mixed characteristic, Roberts [273] obtained 
a counterexample for Hilbert's fourteenth problem, and furthermore a 
prime ideal in a formal power series ring whose symbolic Rees algebra is 
not finitely generated. 

The material on the canonical element theorem in Section 9.3 is taken 
from Hochster's comprehensive treatise [158]. It seems however that the 
idea to compare a Koszul complex for a system of parameters with a free 
resolution of the residue class field, was first used by Eisenbud and Evans 
[78] in the demonstration of their generalized principal ideal theorem 
9.3.2. Hochster [I581 contains many more results than indicated in 9.3.3 
and 9.4.8. In particular we would like to mention a connection between 
canonical elements and canonical modules. The canonical element the- 
orem has also been studied by Dutta [70], [72], and Huneke and Koh 
[lSl]. 

A 'tremendous breakthrough' (Hochster [160], p. 496) was made 
by Peskine and Szpiro in [253]. As mentioned already in Chapter 8, 
they were the first to apply the Frobenius morphism in the context of 
homological questions and to reduce such questions from characteristic 
zero to characteristic p through Artin approximation. They proved the 
intersection theorem 9.4.5 in characteristic p and for local rings which can 
he obtained as inductive limits of local itale extensions of localizations 
of affine algebras over a field of characteristic zero. Furthermore, for the 
same class of local rings they were able to deduce Auslander's conjecture 
9.4.7 and Bass' conjecture 9.6.2 from the intersection theorem. 

An equally fundamental achievement is Hochster's construction of 
big Cohen-Macaulay modules. It enabled him to extend Peskine and 
Szpiro's results to all local rings containing a field, and had the side-effect 
of a considerable technical simplification. See [149], [152], [155]. 

The new intersection theorem is due independently to Peskine and 
Szpiro [255] and Roberts [265]. It seems that Foxby [94] published the 
first complete proof valid for all equicharacteristic local rings; using big 
Cohen-Macaulay modules he gave an even more general theorem than 
9.4.3. As pointed out above, Roberts [270], [272] proved the new intersec- 
tion theorem in full generality; it has been noted which of the theorems 

Notes 

therefore become valid without a restriction on the characteristic. The 
improved new intersection theorem 9.4.2 is implicitly contained in Evans 
and Griffith [all; it was explicitly formulated (and given its name) by 
Hochster [158]. Still another extension of the intersection theorem must 
be mentioned, namely Foxby's version for complexes in [95]. 

In 9.4.8 we commented on generalizations of Serre's theorem for 
intersection multiplicities. It should be added here that some positive 
results were obtained by Foxhy [96] and Dutta [68], [69]. 

The original argument of Evans and Griffith's remarkable syzygy 
theorem 9.5.6 is found in [all. It requires a weak condition on the 
underlying ring. Such conditions were removed by Ogoma [252], as 
pointed out in 9.5.7. Our proof of the more general result 9.5.5 is a direct 
generalization of the argument in [82]. This monograph of Evans and 
Griffith contains an extensive discussion of questions related to the syzygy 
theorem; its bibliography gives an overview of the pertinent literature. 

Successively better inequalities for Bass numbers were obtained by 
Foxby [91], Fossum, Foxhy, Griffith, and Reiten [89], and again Foxby 
[94]; the last two articles make use of big Cohen-Macaulay modules. The 
relationship of injective resolutions to finite free complexes was realized 
by Peskine and Szpiro in their proof of Bass' conjecture 9.6.2. Their 
arguments were extended by Foxby [94]. In particular 9.6.l(b) and 9.6.3 
(even a more general version for modules) are due to him. As pointed 
out already, Roberts gave a characteristic free version of 9.6.3. The 
investigation of 9.6.3 originated from Vasconcelos [324] who proved it 
for certain one dimensional local rings. 
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Appendix: A summary of dimension theory 

Dimension theory is a cornerstone of commutative ring theory, and is 
covered by every serious introduction to the subject. For ease of reference 
we have collected its main theorems in this appendix, together with the 
structure theorems for complete local rings. 

Most of the theorems below have the names of their creators associ- 
ated with them and should he easily located in the literature. For some 
of the results we outline a proof. 

Height and dimension. There exist two principal lines of development for 
general dimension theory. The first and 'classical' approach, to which 
we shall adhere, starts from the Krull principal ideal theorem ([35], 
[195], [243], [291], [336]) whereas the second brings the Hilbert-Samuel 
function into play at a very early stage ([8], [230]). 

Let R be a commutative ring, and p E Spec R. The height of p is the 
supremum of the lengths t of strictly descending chains 

of prime ideals. For an arbitrary ideal I one sets 

height I = inf {height p : p E Spec R, p I I}. 

The fundamental theorem on height is Krull's principal ideal theorem: 

Theorem A.1. Let R be a Noetherian ring, and I = (xl,. . . , x.) a proper 
ideal. Then height p 5 n for euery prime ideal p which is minimal among 
the prime ideals containing I. 

In particular, every proper ideal in a Noetherian ring has finite height. 
In a sense, the following theorem is a converse of the principal ideal 
theorem. 

Theorem A.Z. Let R be a Noetherian ring, and I a proper ideal of height n. 
Then there exist xl,. . . ,x, such that height@,,. . . ,xi) = i for i = I , .  . . , n. 

The elements xi are chosen successively such that xi is not contained 
in any minimal prime overideal of (x,, . . . ,xi-,); that such a choice is 
possible follows from 1.2.2. 

i The (Krull) dimension of a ring R is the supremum of the heights of 
its prime ideals, 

I dim R = sup{height p : p E Spec R}. 

I Because of the correspondence between Spec R,, p E Spec R, and the set 
of prime ideals contained in p, one has 

I dim R, = height p 

1 A fundamental and very easily proved inequality is 

I height I +dim R/I 5 dim R 

1 for all proper ideals I of R. 
The dimension of a Noetherian local ring can be characterized in 

several ways: 

Theorem A.3. Let (R,m) be a Noetherian local ring, and n E W. Then the 
following are equivalent: 
(a) dim R = n; 
(b) height m = n ;  
(c) n is the infimum o f  all m for which there exist XI,. ..,x, E m with 
Rad(xl,. . . ,x , )  = m. 
(d) n is the infimum o f  all m for which there exist X I , .  . . , x ,  E m such that 
R/(xl,. . . ,x,) is Artinian. 

I The equivalence of (a) and (b) is trivial. That of (b) and (c) results 
from A.l and A.2, and for (c) o (d) one uses the fact that a Noetherian 
ring is Artinian if and only if all its prime ideals are maximal, in other 

/ words, if it has dimension 0. If dim(R/(x,,.. .,x,)) = 0 with n = dimR, 
then XI,. . . , x ,  is a system of parameters of R. 

Sometimes it is appropriate to use the codimension of an ideal in a 
ring R which is given by 

codim I = dim R - dim R/I 

Dimension of modules. The notion of dimension can be transferred to 
modules. Let M be an R-module; then dim M is the supremum over the 
lengths t of strictly descending chains 

p = po 3 p1 3 . . . 3 pr with pi E Supp M 

In the case of main interest in which M is a finite module one has 
Supp M = {p E Spec R : p 3 Ann M} so that dim M = dim(R/ Ann M). 
If (R,m) is local, then a system of parameters for a non-zero finite 
R-module M is a sequence xl ,..., x, E m, n = dimM, such that 
M/(x,, . . . , x.)M is Artinian. The following inequality is often useful: 
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Proposition A.4. Let (R,m) be a Noetherian local ring, M afinite R-module, 
and X I , .  . . ,x,  E m .  Then 

d i m ( M / ( x , ,  . . . , x,)M) 2 dim M - r, 

equality holding f and only if X I , .  . . , x, is part of a system of parameters 
of M .  

This is easy. One first replaces M by R /  Ann M so that it is harmless 
to  assume M = R. Then one chooses yl , .  . . , y, t m such that their 
residue classes in R / ( x I , .  . . ,x,) form a system o f  parameters. Finally one 
applies A.3. 

A n  important datum o f  a homomorphism o f  local rings ( R , m )  + 

(S ,n)  is itsfibre S / m S .  For example it relates the dimensions o f  R and S :  

Theorem A.5. Let (R ,  m )  -t (S ,  n) be a homomorphism of Noetherian local 
rings. 
(a) Then dim S 5 dim R + dim S/ntS ; 
(h)  more generally, if M is a finite R-module and N is a finite S-module, 
then dims(M @ R  N )  5  dim^ M + dims N I m N .  

For the proof o f  (b)  set I = Ann M and R = R / I .  Then U @R N " 
U @R N I I N  for every R-module U .  Thus we may replace R by R,  S 
by S I I S ,  and N by N I I N .  That is, we may assume SuppM = SpecR. 
Next, replacing S by S / ( A n n N ) ,  we may suppose SnppN = SpecS. 
Under these conditions the desired inequality is equivalent with (a). For 
(a) one chooses a system  XI,...,^, o f  parameters o f  R, and uses that 
Rad(x1,. . . ,x,)S = RadmS.  

Integral extensions. Recall that an extension R c S o f  commutative rings 
is integral i f  every element x E S satisfies an equation xn + a._1xn-' + 
. . + ao = 0 with coefficients ai E R. Very often one uses that S is a finite 

R-module i f  and only i f  it is an integral extension and finitely generated 
as an R-algebra. 

Theorem A.6. Let R c S he an integral extension, and p E Spec R. 
(a) There exists a prime ideal q E SpecS with p = q n R (one says q lies 
over p) ; 
(b)  there are no inclusions between prime ideals lying over p ;  
(c) in particular, when q lies over p, then p is maximal if and only f q  is. 

The following theorem comprises the Cohen-Seidenberg going-up and 
going-down theorems. 

Theorem A.7. Let R r S be an integral extension. 
(a) If p' 2 p are prime ideals of R and q t SpecS lies over p, then there 
exists a prime ideal q' 2 q in S lying over p'; 

A summary of dimension theory 369 

(h)  if; in addition, S is an integral domain and R is integrally closed, then, 
given prime ideals p' c p of R and q o f  S ,  q lying over p, there exists 
q' E SpecS, q' c q, which lies over p'. 

Corollary A.8. Let R c S be an integral extension of Noetherian rings, and 
I a proper ideal of S .  Then d ims11  = dimRl(1  n R). 

The first step in proving the corollary is to  replace S by S / I  and R by 
R / ( l  n R )  so that one may assume I = 0. Then given a strictly descending 
chain q, 2 q, 2 . . . 2 q, o f  prime ideals, the chain o f  prime ideals R n qi 
is also strictly descending by A.6, and conversely, given a chain in  SpecR, 
one constructs a chain o f  the same length in SpecS using A.7(a). 

In general, one says that going-up or going-down holds for a ring 
homomorphism R + S i f  it satisfies mutatis mutandis the conclusions o f  
A.7(a) or (h)  respectively. 

Flat extensions. It is an important fact that flatness implies going-down: 

Lemma A.9. Let R 4 S be o homomorphism o f  Noetherian rings, and 
suppose there exists an R-flat finite S-module N with SuppN = SpecS. 
Then going-down holds. 

Going-down can be reformulated as follows: for all prime ideals p E 
Spec R and q E SpecS lying over p the natural map SpecS, + Spec R, is 
surjective. Now, given such prime ideals p and q, N ,  is even a faithfully 
flat R,-module, and the surjectivity o f  SpecS, + SpecR, follows from 
the next lemma. 

Lemma A.lO. Let R + S be a ring homomorphism. If an S-module N 
is faithfully flat over R,  then the associated map SuppN + SpecR is 
surjective. 

In fact, let p E SpecR; we set k(p) = R,,/pR,. Then k(p) BR N f 0, 
and the support o f  the k(p) @ R  S-module k(p) @ R  N contains a prime ideal 
U. I f  we choose q = S n (k(p)  @R S) ,  then q E Supp N ,  and furthermore 
q n R = p: one has q n R = U n R, and U n R = p since the map 
Spec(k(p) @ R  S )  -t Spec R factors through Spec k(p). 

For flat extensions the inequalities in A.5 become equations: 

Theorem A. l l .  Let (R ,  m )  + (S ,  n) be a homomorphism of Noetherian 
local rings. 
(a) If S is a j a t  R-algebra, then dim S = dim R +dim S / m S ;  
(h)  more generally, f M is a finite R-module and N is an R-flat ,finite 
S-module, then d i m ~ ( M  @ R  N )  = dimR M + dims N I m N .  

As we did for A.5, the theorem is easily reduced to the case in  which 
Supp N = SpecS. By virtue o f  the previous lemma the homomorphism 
R + S then satisfies going-down. W e  choose a prime ideal q o f  S 
which contains mS and has the same height as mS.  Then going-down 
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immediately implies height q 2 height m. Hence 

dim S 2 height mS + dim S/mS 2 height m + dim S/mS, 

as desired. The converse inequality is part of A.5 

Polynomial and power series extensions. The dimension of a polynomial 
or power series extension is easily computed: 

Theorem A.12. Let R be a Noetherian ring. Then 

Let S = R [ X ]  or S = REXI. Then R S S/(X), and since height(X) = 
1 one has d ims  2 dim R + 1. For the converse we first consider the 
polynomial case. Let n he a maximal ideal of R[X], and set p = R n n. 
As S = R[X] is R-flat, one may apply A.ll ,  and only needs to show 
that dim(S,/pS,) = 1. It is a routine matter to check that S,,/pS, is 
a localization of the polynomial ring (R,,/pR,)[X] with respect to a 
maximal ideal. Since R,,/pR, is a field, S,/pS, is a discrete valuation 
ring and therefore of dimension 1. In the power series case p is always a 
maximal(!) ideal of R, and S,,/pS, is therefore the discrete valuation ring 
(RIP) uxn. 

Corollary A.13. Let  k be af ield.  7 k e n  

dim k [X1 , .  . . ,X,] =  XI,. . . ,X,] = n. 

A f ine  algebras. Let k be a field. A finitely generated k-algebra R is called 
an af ine  k-algebra. Excellent sources for the theory of affine algebras are 
Kunz [210] and Sharp [291]. The key result is Noether's normalization 
theorem : 

Theorem A.14. Let  R be an a f ine  algebra over a f ie ld  k ,  and let I be a 
proper ideal of R. Then there exist yl , .  . . , y, E R such that 
(a) yt ,  . . . , y, are algebraically independent over k ;  
(b) R is an integral extension of k b 1 , .  . ., y,] (and thus af ini te  k ly l , . .  ., y,]- 
module) ; 
( 4  

for some d ,  0 < d < n. 
Moreover, if  y l , .  . . , y, satisfy (a) and (b), then n = dim R, 
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I f  y l ,  ..., y, satisfy (a) and (h), then k l y ~ , . .  ., y.] is called a Noether 
normalization of R. That necessarily n = dim R follows from A.8 and A.13. 
That condition (c) can he satisfied in addition to (a) and (b) is crucial for 
dimension theory. The graded variant of Noether normalization (due to 
Hilbert) is given in 1.5.17. 

An important consequence of Noether normalization is (the abstract 

1 version 00 Hilbert's Ndlstellensatz : 

/ Theorem A.15. Let k be a f ie id ,  and K an extension field of k which is a 
finitely generated k-algebra. Then K is af ini te  algebraic extension o f  k. 

I 
In fact, if k b l , .  . . , y.] is a Noether normalization of K, then n = 

dimK = 0 and K is an integral extension of k,  from which one easily 
I concludes that it is a finite algebraic extension. 

The following theorem contains the main results of the dimension 
theory of affine algebras. 

I 

1 Theorem A.16. Let  R be an afine algebra over a f ie ld  k. Suppose that R 
is an integral domain. Then 
(a) dim R = trdegn Q(R) where tr degk Q(R) is the transcendence degree o f  
thefield of fractions o f  R over k ,  

I I (b) height p = dim R - dim R/p for all prime ideals p o f  R. 

For part (a) we choose a Noether normalization k[y, ,  . . . , y,]. Then 
Q(R) is algebraic over Q ( k b r , .  . . , y.]), and the latter has transcendence 
degree n over k. For part (b) we require in addition that k l y l , .  . . , y,] 
satisfies A.14 for I = p. Then the image of k [ X l , .  . . ,Xd] in R/p is a 
Noether normalization for that ring, whence dimR/p = d. On the other 
hand, note that going-down holds according to A.7: being a factorial ring 
(a UFD in other terminology) k [ y l ,  . . . ,ye]  is integrally closed. It follows 
that height p 2 height p n k b t ,  . . . , y.] = n - d.  Summing up, we have 
height p+dim R/p 2 n = dim R, and the converse inequality is automatic 
as noticed above. 

Hilbert rings. It is a consequence of Hilbert's Nullstellensatz that a prime 
ideal in an affine algebra over a field is the intersection of the maximal 
ideals in which it is contained. Rings with this property are therefore 
called Hilbert rings (Bourhaki prefers the term Jacobson rings). The 
following is the main theorem on Hilbert rings: 

Theorem A.17. Let  R be a Hilbert ring, and S a ,finitely generated R- 
algebra. Then 
(a) S is a Hilbert ring, 
(b) m n R is a maximal ideal o f  R for every maximal ideal m o f  S. 

Corollary A.18. Let R be afinitely generated Z-allgebra, and m a maximal 
ideal o f  R. Then m n Z = @ ) f o r  some prime number p E Z, and R/m is 
a finite field. 
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In fact, Z is a Hilbert ring, and Rlm is a finite algebraic extension of 
Z!/(p) by A.15. 

A dimension inequality. For the study of the dimension of Rees rings 
and associated graded rings the following theorem (due to Cohen) is 
important. 

Theorem A.19. Let R c S be an extension of integral domains, and suppose 
R is Noetherian. Let I ,  E Specs and p = I ,  n R. Then 

dim S<8 + trdegQ(R,,) Q(S/I,) 5 dim R, + trdegQcR) Q(S). 

We reproduce the proof given in [230], $15. The first step is a reduction 
to the case in which S is a finitely generated R-algebra. There is nothing 
to prove if the right hand side is infinite. So suppose it is finite, and let 
m and t be integers with 0 5 m 5 dim&, 0 < t 5 trdegQ,,,,) Q(S/%). 
Then there exists a strictly descending chain I, = 2 . . .  3 I,, of 
prime ideals in S. We choose a i + ~  E pi \ and furthermore elements 
c l , .  . . , c, E S whose residue classes in S/I,  are algebraically independent 
over Q(R/p). Let S' = R[al,. . . ,o,,cl,. . . ,c,1, and I,' = I, n S';  then 
dimSh. 2 m and trdegQ(,,,) Q(S/I,') = t .  Thus it is enough to prove the 
claim for S' and C'. 

In the case in which S is finitely generated, we use induction on the 
number of generators so that only the case S = R[x] remains. Write 
S = R[X]/Q. 

If a = 0, then S = R[X], and dimsa = dim R, + dim(SW/pSp) by 
A.ll .  As Sp/pSv is a localization of Q(R/p)[X], we have dim(Sw/pSp) = 

1 -trdegQ(~/,) Q(s1'V) = trdesQcR, Q(s) -trdegQ(~,,) Q(s/'V). 
In the case 0 we have tr degQ,,) Q(S) = 0. Since R is a subring of 

S, U n R = 0 so that R[X]a is a localization of Q(R)[X], and therefore 
has dimension 1, equivalently heightQ = 1. Let 9' the inverse image of 
I, in R[X], and note that Q(R[X]/I,') r Q(S/@) in a natural way. Then 

dim Sg 5 dim R[XIW, - height U 

= dim R, + 1 - tr degQ,R,p, Q(R[X]/Pr) - 1 

= dim R, - trdegQ,,,,) Q(S/'V). 

Complete local rings. The theory of Noetherian complete local rings, for 
which we recommend Matsumura 12301 or Bourbaki [35] as a source, 
leads to similar results as that of affine algebras. 

For the relation between the characteristic char R of a local ring (R, m) 
and that of its residue field R/m one of the following cases holds true: 
(i) char Rlm = 0; then R contains the field Q of rational numbers, in 
particular charR = 0; (ii) charR/m = p > 0 and charR = p too; then 
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i 
R contains the field Z / p Z ;  (iii) char R/m = p > 0 and char R = 0 (the 
typical case in number theory); (iv) char R/m = p > 0 and char R = p" 
for some m > 1. In cases (i) and (ii) one says that R is equicharacteristic. 
(Note that R does not contain a field in cases (iii) and (iv), and that (iv) 
is excluded for a reduced ring.) 

Theorem A.20. Let (R,m) be a Noetherian complete local ring. 
(a) If R is equicharacteristic, then it contains a coeflicientjeld, i.e. af ield 
k which is mapped isomorphically onto R/m by the natural homomorphism 
R + Rim. 
(b) Otherwise let p = char Rlm. Then there exists a discrete valuation 
ring (S,pS) and a homomorphism y, : S + R which induces an isomorphism 
S/pS -t R/m and furthermore 

(i) is injective, i f  char R = 0, 
(ii) has kernel pmS, i f  char R = pm. 

It is a standard technique to pass from a Noetherian local ring (R, m) 
to its completion k (with respect to the m-adic topology). Then one is in 
a position to apply Cohen's structure theorem : 

Theorem A.21. Let (R,m) be a Noetherian complete local ring. Then there 
exists a ring & which is aj ield or a discrete valuation ring such that R is 
a residue class ring of a formal power series ring &[[XI,. . . , X,]. 

In fact, let x l , . . . , ~ ,  be a system of generators of m. Then there 
exists a uniquely determined homomorphism y, : &[[XI,. . . , X,J + R 
with y,(Xi) = xi where & is either a coefficient field of R or, in the case 
of unequal characteristic, a discrete valuation ring S according to A.20. 
In Section 2.2 it is shown that & [[XI,. . . , X.J is a regular local ring, and 
often one uses A.21 'only' to the extent that a complete local ring is a 
residue class ring of a regular local ring. 

The analogue of Noether normalization is 

Theorem A.22. Let (R,m) be a Noetherian complete local ring, and suppose 
that R is equicharacteristic or a domain. 
(i) In the equicharacteristic case let & c R be a coeficient$eld of R, and 
yl,. . . , y, a system of parameters; 
(ii) otherwise, let p = charR/m and & c R be a discrete valuation ring 
according to A.20, and y , , . .  . , y ,  be elements such that p, y l ,  ..., y. is a 
system of parameters. 
Then R is af ini te  & [ b ~ , . .  . ,y , ]-module,  and & b l , .  . . , y , ]  is isomorphic 

I 
to theformal power series ring &[[Yl,.. ., Y,,]. 

One first shows that R is a finite R o b , ,  . . . , y,J-module, so that 
dim R = dim Rob,, . . . , y,]. The substitution Y ,  c yi induces a surjec- 
tive homomorphism y, : &[[YI,. . ., Y,,] + Rob1 ,..., y,J which is also 
injective since dim &[[Y,,. . . , Y,,J = dim &[[yl,. . . , y.]. 
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a(R) 
do(R) 
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bi(M) 
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char k 
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codim F. 
codim 1 
conv X 
core A 
deg x 
A, dd 
A a  
A(P) 
A(n) 
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depth M 
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least, greatest element of a poset, 207 
maximal minor of a matrix, 295 

. b,] minor of a matrix, 294 
159 
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affine hull of the set X, 216 
a-invariant of the graded ring R, 139, 169 
category of Artinian graded R-modules, 141 
category of Artinian R-modules, 104 
i-th Betti number of the module M, 16 
field of complex numbers 
129 
augmented oriented chain complex of the simplicial com- 

plex A, the cell complex r ,  221, 255 
characteristic of the field (ring) k 
Euler characteristic of the simplicial complex A, 204 
reduced Euler characteristic of A, 222 
j-th partial Euler characteristic of H.(x, M), 190 
Hilbert-Samuel function of M with respect to 1, 181 
Euler characteristic of H.(x, M), 186 
divisor class group of the ring R 
cyclic polytope, 218 
cone over the simplicial complex A, 222 
codimension of the complex F., 340 
codimension of the ideal 1, 367 
convex hull of the set X, 215 
core of the simplicial complex A, 232 
degree of the element x, 27 
(d times iterated) difference operator, 147 
300 
vertex scheme of the polytope P, 217 
order complex of the poset n ,  200 
r-skeleton of the simplicial complex A, 214 
depth of the module M, 10 
inverse determinant character, 267 
differential of the Koszul complex o f f ,  43 
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'dim R 
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grade M 
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height I 
Hal f )  
H.Cf) 
H'lf, M) 
H.Cf,M) 
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differential of K.Cf, M), 43 
Krull dimension of the module M, 367 
'dimension of the graded ring R, 35 
Krull dimension of the ring R, 367 
injective hull of the R-module M, 97 
'injective hull of the graded module M, 136 
embedding dimension of the local ring R, 73 
multiplicity of M with respect to the ideal I, 181 
multiplicity of the (graded) module M, 148, 181 
multiplicity symbol, 186 
first deviation of the local ring R, 74 
second deviation of the local ring R, 80 
i-th graded extension module of M by N, 33 
Frobenius functor, 316 
face lattice of the cone D, 251 
face lattice of the polyhedron P, 216 
f-vector of the simplicial complex A, 200 
category of finite graded R-modules, 141 
category of finite R-modules, 104 
join of the simplicial complexes r and A, 213 
300 
submodule of elements of M with support in {m}, 126 
residue class ring of G(X), 300 
group of invertible n x n matrices over k 
group of automorphisms of the vector space V 
grade of the ideal 1, 12 
grade of the ideal 1 with respect to the module M, 10 
grade of the module M, 12 
associated graded ring with respect to filtration F, 175 
175 
associated graded module of M with respect to ideal 1, 6 
associated graded ring of R with respect to ideal 1, 6 
initial form of g, 179 
B-algebra generated by the maximal minors of X, 295 
closed half-spaces defined by the hyperplane H, 215 
height of the ideal 1, 366 
cohomology of the Koszul complex o f f ,  44 
homology of the Koszul complex o f f ,  44 
cohomology of K'Cf M), 44 
homology of K.lf, M), 44 
i-th reduced simplicial cohomology of A with values in 

G, 222 
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Hi(M, n) 
H(M, n) 
HM 0) 
'H;(M) 
HA,(M) 
H'(F') 
H.(F.) 
Hi(F') 
Hi(F.1 
' H o m ~  (M 
H. (R) 
H,(R)J 
[I1 
Is 
 id^ 
'inj dim M 
inj dim M 
I 

i-th reduced simplicial homology of A with values in G,  
221 

i-th iterated Hilbert function of the module M, 149 
Hilbert function of the graded module M, 146 
Hilbert series of the graded module M, 146 
i-th 'local cohomology module of the module M, 141 
i-th local cohomology module of the module M, 127 
cohomology of the complex F' 
homology of the complex F. 
i-th cohomology of the complex F' 
i-th homology of the complex F. 

, N )  group of homogeneous homomorphisms q : M + N, 32 
Koszul algebra of the local ring R, 74 
79 
divisor class of the ideal I 
300 
identity map on the set M 
'injective dimension of the graded module M, 136 
injective dimension of the module M, 91 
ideal generated by the p-th powers of the elements in I, 

316 
ideal generated by the homogeneous elements in I, 28 
ideal generated by leading monomials of the elements of 

I, 156 
ideal generated by the t-minors of (a matrix of) q, 21 
ideal generated by the t-minors of the matrix U ,  21 
affine semigroup ring over C ,  245 
251 
Stanley-Reisner ring of the simplicia1 complex A ,  201 
dual of the Koszul complex with respect to f ,  44 
Koszul complex o f f ,  43 
dual of K.Cf) with respect to M, 44 
Koszul complex o f f  with coefficients in M, 43 
Koszul complex with respect to sequence x, 46 
residue class field of localization with respect to p, 9 
analytic spread of the ideal 1, 183 
analytic spread of the ideal I with respect to M, 183 
length of the module M 
leading monomial o f f ,  156 
set of the leading monomials of the elements of 1, 156 
direct limit of the modules Mi 
inverse limit of the modules Mi 
link of the face F with respect to A ,  223 

log 
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nat 
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Pf (44 
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QC 
rank M 
rank q 
rank (q, M) 
rank v 
RX 

246 
157 
category of graded R-modules, 27 
(bi)dual of the module M, 19 
module of fractions with respect to the powers o f f  
completion of the module M over a local ring 
module with shifted grading, 32 
Molien series of the character X, 272 
Molien series of the group G, 272 
homogeneous localization of M with respect to p, 30 
module of fractions of M with respect to the multiplica- 

tively closed set S 
i-th Bass number of M with respect to p, 100 
minimal number of generators of M, 16 
set of non-negative integers 
natural map 
canonical module of the ring R, 109 
order ideal of the element x of a module, 348 
ideal generated by the submaximal Pfaffians of q ,  120 
Pfaffian of the matrix q, 119 
Hilbert polynomial of the graded module M, 148 
projective dimension of the module M, 16 
field of rational numbers 
set of non-negative rational numbers 
Q-vector space generated by the affine semigroup C, 246 
rank of the module M, 20 
rank of the homomorphism q, 20 
rank of q with respect to the module M, 339 
rank of the poset element v, 207 
module of semi-invariants of the ring R with respect to 

the character X, 267 
determinantal ring, 300 
field of real numbers 
set of non-negative real numbers 
cone generated by the set S ,  247 
R-vector space generated by the affine semigroup C, 246 
Rees ring with respect to the filtration F,  175 
175 
extended Rees ring with respect to the filtration F, 175 
175 
175 
relative interior of the affine semigroup C, 250 
relative interior of the set X, 217 
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RC 
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xF 
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ring of fractions with respect to the set of powers o f f  
ring of invariants of R under the action of G,  267 
completion of the local ring R 
type of the simplicia1 complex A over the field k, 232 
trivial extension of the ring R by the module M, 110 
'local ring R with 'maximal ideal m ,  35 
local ring R with maximal ideal m 
local ring R with maximal ideal in and residue class field 

k = R l m  
type of the module M ,  13 
Serre's condition (R,,), 70 
homogeneous localization of R with respect to p, 30 
determinantal ring, 294 
ring of fractions of R with respect to the multiplicatively 

closed set S 
157 
formal power series ring over R 
group of n x n matrices over k with determinant 1 
group of automorphisms of V with determinant 1 
Hilbert-Samuel polynomial of M with respect to I, 181 
Serre's condition (S , ) ,  62 
socle of the module M ,  15 
homogeneous socle of the graded module M ,  141 
star of the face F with respect to A, 223 
support of the element a t Zn, 203 
support of the monomial u, 289 
support of the monomial xu, 203 
symmetric algebra of V ,  267 
transcendence degree of K over k 
trace of the linear map  p, 272 
u covers u, 207 
set of prime ideals containing I  
volume of the polytope P, 265 
i-th exterior power of the module M ,  40 
exterior algebra of the module M ,  40 
extension of y, to exterior algebra, 41 
monomial corresponding to the face F ,  212 
product of x and y in exterior algebra, 40 
scalar product of x and y, 21 5 
ring of integers 
group generated by the affine semigroup C, 245 
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acyclic complex, 22 
acyclicity criterion, 23, 24, 27, 339 
admissible grading, 249 
affine algebra, 325-327, 37&371 
affine hull, 216 
affine semigroup, 245 
affine semigroup ring, 245-252, 294 

and regularity, 252 
Cohen-Macaulay property of, 258 
graded prime ideals of, 250 
local cohomology of, 255-258 

affinely (in)dependent, 217 
a-invariant 

free resolution and, 140 
of a Veronese subring, 142, 143 
of a Cohen-Macaulay ring, 139 
of a Gorenstein ring, 138 
of a positively graded algebra, 169 
of a simplicial complex, 214 

algebra structure on a resolution, 120 
algebra with straightening law, see 

graded ASL 
alternating graded algebra, 40 
alternating homomorphism, 119 
analytic deviation, 195 
analytic spread, 183 

inequalities for, 184 
analytically independent, 183 
antiderivation, 43 
Artin's approximation theorem, 328 
'Artinian, 141 
ASL, see graded ASL 
associated graded module, 6, 7, 175 
associated graded ring, 6, 175, 292 

dimension of an, 177 
augmented oriented chain complex, 

221, 255 
Auslander's conjecture, 353 
Auslander-Buchsbaum formula, 17 

Auslander-Buchsbaum-Nagata 
theorem, 69 

Auslander-Buchsbaum-Serre 
theorem, 65 

Bass number, 10&102, 134, 137, 
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Bass' conjecture, 95, 362 
Betti number, 16, 17, 355-359 

graded, 36 
bidual, 19 
big Cohen-Macaulay algebra, 335 
big Cohen-Macaulay module, 31 1 ,  

321, 324 
balanced, 33&334, 340 
completion of, 332 

big rank, 348 
boundary complex, 216 
Bruggesser-Mani theorem, 220 
Buchberger algorithm, 157 
Buchsbanm ring, module, 85 
Buchsbanm-Eisenbud 
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structure theorem, 120 

canonical element theorem, 347, 349, 
354 
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and ground field extension, 119 
and polynomial extension, 117 
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completion of, 109 
existence of, 110, 112 
free resolution of, 112 
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localization of, 109 
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rank of, 115 
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modulo regular sequence, 139 
uniqueness of, 138 

catenary, 61 
cell complex, 253-255 
chain, 200 
character, 267 

inverse determinant, 267 
class group, 303 

of a localization, 304 
of a polynomial extension, 304 
of a positively graded algebra, 304 

closed half-space, 215 
codimension 

conjecture, 354 
of a complex, 340, 349, 356, 357 
of an ideal, 367 

coefficient field, 373 
Cohen's structure theorem, 373 
Cohen-Macaulay approximation, 118 
Cohen-Macaulay complex, 202, 211, 

334 
and base ring, 214 
and links, 229 
doubly, 241-243 
level, 232, 241 
topological characterization of, 231 
type of, 232 
upper bound for h-vector, 205 

Cohen-Macaulay module, 5 M 3 ,  66, 
68 

and completion, 59 
and flat extension, 59 
and polynomial extension, 59 
and power series extension, 59 
big, see big Cohen-Macaulay 

module 
graded, 63 

Index 

localization of, 57 
maximal, 56, 72, 107 
modulo regular sequence, 57 
multiplicity of, 190 

Cohen-Macaulay ring, 56-63, 67, 95, 
355, 362 

and associated graded ring, 178 
and base field extension, 60 
and faithfully flat extension, 63 
and Reynolds operator, 270 
graded, 63 
is universally catenary, 61 
one dimensional, 185 
unmixedness of ideals in, 58 
see also Cohen-Macaulay module 

Cohen-Seidenherg theorems, 368 
coideal in a poset, 300 
'complete, 140 
complete intersection, 72-84, 95, 118, 

355 
and flat extension, 76 
and ground field extension, 76 
and polynomial extension, 76 
and power series extension, 76 
graded, 84 
localization of, 75, 76 
locally, 7&77, 84 
modulo regular sequence, 75 

complete intersection defect, 76 
complete local ring, 61, 112, 132, 

372-373 
completely integral, 179 
completely integrally closed, 179 
complex with finite length homology, 

312, 315, 317, 350 
cone, 222, 247 
convex 

combination, 215 
hull, 215 
set, 215 

cotangent module, 193 
cover, 207 
cross-section, 251 
cyclic polytope, 218-219 

decomposable module, 99 

Index 

Dehn-Sommerville equations 
for Euler complexes, 230 
for polytopes, 220, 221 

dehomogenization, 37-39, 72 
depth, 8-16, 95, 341 

and dimension, 12 
and Ext, 11 
and finite extension, 15 
and flat extension, 13 
and projective dimension, 1 6 1 8  
of a non-finite module, 338 
of completion, 59 

determinantal ring, 294, 30&307 
a-invariant of, 306 
canonical module of, 305 
Cohen-Macaulay property of, 301 
dimension of, 301 
Gorenstein property of, 305 
normality of, 301 
of alternating matrix, 306 
of symmetric matrix, 306, 307 
Serre condition (R2) for, 303 

diagonalizahle group, 268 
difference operator, 146 
dimension, 293, 294, 353, 366-372 

and flat extension, 369-370 
and polynomial extension, 370 
and power series extension, 370 
inequality, 372 
of completion, 59 

'dimension, 35 
direct summand theorem, 344, 349 
divisible module, 90 
divisor class group, see class group 
divisorial ideal, 303 
doset algebra, 306 
d-sequence, 195 
dual. 19 

edge, 200 
Ehrhart 

function, series, 264 
quasi-polynomial, 265 

embedded deformation, 193 
embedding dimension, 73 
equicharacteristic local ring, 373 
equimultiple ideal, 195 

essential extension, 96 
maximal, 97 
proper, 96 

'essential extension, 135 
proper, 135 

essentially affine, 324 
Euler characteristic 

and multiplicity, 188 
and multiplicity symbol, 186 
of a simplicial complex, 204, 222 

reduced, 222 
of the Koszul homology, 186 
partial, 190 

Euler complex, 230 
f-vector of, 231 

Euler relation, 221 
Evans-Griffith syzygy theorem, 359 
expanded subsemigroup, 279 
expected rank, 24, 339, 341, 357 
exterior algebra, 3942, 78, 79 

of free module, 42 
of graded module, 42 

exterior power, 40, 53-54 

face lattice, 216, 251 
face of a cell, 253 
face of a simplicial complex, 199 

dimension of, 199 
face ring, 201 
facet of a simplicial complex, 200 
factorial ring, 69-71, 116, 304 
fibre, 368 
filtered ring, 175 
filtration, 175 

Noetherian, 175, 176 
separated, 176 
strongly separated, 176 

fine grading, 202 
finite flat dimension, 86 
finite regular cell complex, see cell 

complex 
first deviation, 74, 75 
Fitting invariant, 21-22 

of maximal ideal, 83 
flag variety, ASL property of 

coordinate ring of, 300 
form, 27 

initial, 179 



Index Index 

fractionary ideal, 118 
Frobenius endomorphism, 315 
Frobenius functor, 315-318 
full suhsemigroup, 252 
function of polynomial type, 146 
f-vector, 201 

and h-vector, 205 

Gauss' lemma, 304 
general linear form, 162 
generic flatness, 285 
generically complete intersection, 193 
generically Gorenstein, 115, 172 
geometric realization, 217 
G-graded ring, 202 
going-down, 368, 369 
going-up, 368, 369 
Gordan's lemma, 248 
Gorenstein complex, 232-235 

and Euler complex, 233 
simplicia1 sphere is, 235 
topological characterization of, 232 

Gorenstein ideal, 119 
of grade three, 120 

Gorenstein ring, 9696,  101, 1 1  1, 117, 
118 

and flat extension, 115 
and associated graded ring, 178 
and faithfully flat extension, I18 
defined by monomials, 174 
extremal, 154 
graded, 142 
is Cohen-Macaulay, 101 
localization of, 94 
modulo regular sequence, 94 
of dimension one, 118 
of dimension zero, 106 
ring of type 1 is, 362 
type of a local, 101 

Grohner basis, 156 
grade, 8-16, 27, 36 

and acyclicity, 22, 339 
and dimension, 57 
and exact sequence, 11 
and Ext, 10 
and height, 13, 58 
and Koszul complex, 5&52 
formulas for, 11 

of a module, 12, 25, 354 
of a non-finite module, 336342 

graded algehra, 28 
graded ASL, 290 

Cohen-Macanlay property of, 293 
discrete, 293 

graded Hodge Algebra 
Cohen-Macaulay property of, 293 
Gorenstein property of, 293 

graded Hodge algehra, 289 
discrete, 290 

graded ideal, 28 
graded module, 27-39 

category of, 27, 38 
depth of, 33, 36 
dimension of, 31, 39 
grade of, 36 
projective, 36 
projective dimension of, 36 
support of, 29 
type of, 33 

graded ring, 27-39 
Noetherian, 29 
polynomial ring as, 28 
trivial, 28 

graded submodule, 28 
Grassmannian. 295 

ASL property of coordinate ring 
of, 295 

Grotheudieck's condition (CMU), 61 
G-suhspace, 280 
g-theorem, 244 

height, 366, 367 
Henselian local ring, 328 
Henselization, 328 
Hilbert function, 146 

of a positively graded algehra, 167 
and f -vector, 204 
and graded free resolution, 151 
higher iterated, 149 
of wk[d]i 235 
of ~ o r r  (k, k[A]), 234 
of a Z"-graded module, 203 
of a Gorenstein complex, 235 
of a graded Gorenstein ring, 170 
of a homogeneous complete 

intersection, 173 

of a homogeneous ring, 156 
of a one dimensional homogeneous 

domain, 173 
of an Euler complex, 235 
of the 'canonical module, 169, 170 

Hilbert polynomial, 148 
coefficients of, 150 

Hilbert quasi-polynomial, 168 
Hilbert ring, 371 
Hilbert series, 146 

see also Hilhert function 
Hilhert's Nullstellensatz, 371 
Hilbert's syzygy theorem, 68 
Hilbert-Burch theorem, 25 
Hilbert-Samuel function, 181 
Hilhert-Samuel polynomial, 181 
Hochster's finiteness theorem, 323-330 
Hochster-Roberts theorem, 280 
Hodge algebra, see graded Hodge 

algebra 
homogeneous 

algehra, ring, 28, 146 
component, 27 
element, 27 
homomorphism, 27 

of degree i, 32 
localization, 30 
system of parameters, 35, 37 

homogeneous socle, 141 
homogenization, 39 
homological height theorem, 351 
h-vector, 204206 

of a homoeeneous 

incidence function, 253 
indecomposable module, 99 
indiscrete part, 29 1 
injective dimension, 91-94 

and localization, 91 
finite, 93, 118, 362, 363 
modulo regular sequence, 93 

'injective dimension, 136, 137 
injective hull, 96-100, 102, 106 

localization of, 98 
'injective hull, 135 
injective module, 87-91 

decomposition of, 99 
direct sum of, 89 
localization of, 89 

'injective module, 135-137 
injective resolution, 90, 95 

minimal, 98, 100 
'injective resolution, 136 
integral extension, 368-369 
integral polytope, 265 
intersection multiplicity, 354 
intersection theorem, 349-355 

improved new, 350, 354, 359 
new, 317, 350, 354 
Peskine-Szpiro, 353 
Serre's, 352, 355 

invariant of a group, 267 

join, 213 

u 

Cohen-Macaulay algebra, 165 Koszul algebra, 82 
of a level ring, 172 and the canonical module, 126 
of an integral polytope, 266 

of a complete intersection, 77-84 
hyperplane, 215 
hypersurface ring, 286 of a Gorenstein ring, 123, 126 

Koszul cohomology, 44, 130 

I-adic filtration, 175 Koszul complex, 42-54, 73, 74, 84 

ideal eenerated bv monomials. 174 algebra structure on, 43 - 
ideal in a semigroup, 246 

primary, 246 
prime, 246 
radical, 246 
radical of, 246 

ideal of definition, 181 
ideal of minors, 21-22 

and flat extension, 45 
and grade, 50-52 
as an invariant, 52 
functorial properties, 48 
of a sequence, 46 
of regular sequence, 49 
rigidity of, 54 



Koszul homology, 4454, 336, 356 
algebra structure on, 44 
and cohomology, 47 
and flat extension, 45 
annihilator of, 314 
exact sequence of, 49 
functorial properties of, 46 

Krull dimension, see dimension 
Krull's principal ideal theorem, see 

principal ideal theorem 

leading monomial, 156 
lemma of Rees, 93 
lemme d'acyclicitL, 27 
length of a module 

and flat extension, 15 
length of a poset, 207 
level ring, 172, 232 
line segment, 215 
line shelling, 220 
linear algebraic group, 267 
link, 223 
local cohomology, 126-134, 360 

and depth, 131 
and dimension, 131 
annihilator of, 31 1-315 
canonical element in, 345-349 
functors, 127 
of a Gorenstein ring, 128 
vanishing of, 131 

local duality, 132, 133 
for graded rings, 14C-143 

'local ring, 3636,  63, 71, 84 
locally free module, 134 
locally upper semimodular, 207 
lying over, 368 

Macaulay 
coefficient, 159 
representation, 159 

Macaulay's theorem 
on Hilbert functions, 160 
on order ideals of monomials, 155 

Matlis duality, 102-106 
for graded modules, 141 

'maximal, 34 

Index 

minimal 
complex of length s, 341 
free resolution, 16, 17 

graded, 35 
multiplicity, 184 
number of generators, 16 
presentation of a local ring, 73 
reduction, 183 
system of generators, 16 

homogeneous, 35 
m-linear resolution, 154 
modification, 318-323 

non-degenerate, 319 
of type s, (s,,. . .,s,), 319 

module of semi-invariants, 267 
Molien series, 272 
Molien's formula, 272 
monomial theorem, 342 
monomial with exponent, 289 

support of, 289 
multiplicity, 148, 265 

and Cohen-Macaulay module, 190, 
192 

and rank of a module, 190 
of a (non-graded) module, 181 
symbol, 186 
system, 185 

Nagata's theorem, 304 
Nakayama's lemma, graded variant, 

39 
neighbourly, 219 
Noether normalization, 370 

graded, 36 
in complete local ring, 373 

normal domain, see normal ring 
normal ring, 7C-71, 116 

as direct summand, 345 
ring of invariants is, 267 

normal semigroup, 279 
normal semigroup ring, 246250, 

258-266 
canonical module of, 261, 262 
Cohen-Macaulay property of, 261 
Gorenstein property of, 262 
local cohomology of, 260 

normal vector, 215 
normality criterion, 70, 72, 179 

Index 

numerical semigroup, 171 
conductor of, 171 
symmetric, 171 

octahedron, 200 
order complex, 200 
order ideal of a module element, 348, 

355, 356 
order ideal of monomials, 155 
orientation of a module, 46 
oriented simplicial complex, 221 

perfect ideal, see perfect module 
perfect module, 25-27, 354 

Cohen-Macaulay property of, 58, 
66, 68 

Pfaffian, 1 19 
ideal, 306 

Pliicker relation, 296 
Poincare 

algebra, 123 
duality, 123-126 
series, 86 

polyhedral set, 215 
polyhedron, 215 

f -vector of, 216 
combinatorial equivalent, 216 
dimension of, 216 
edge of, 216 
face of, 216 
facet of, 216 
subfacet of, 216 
vertex of, 21 6 

polynomial ring 
ASL property of, 299 

polynomial ring over a field, 68, 71 
polynomials with coefficients in a 

module, 5 
polytope, 215, 216 

f-vector of, 221 
simplicial, 217 
see also polyhedron 

poset, 200 
bounded, 207 
graded, 207 
locally upper semimodular, 293 
of minors, 294 
pure, 207 

shellable, 208 
positive cone, 251 
positive semigroup, 248 
positively graded algebra, ring, 28, 37, 

275 
Noetherian, 29 

prime avoidance, 8, 34 
principal ideal domain, 95 
principal ideal theorem, 347, 352, 366 
projective dimension, 1618, 25 

finite, 65, 68, 118, 353, 355, 362, 363 
projective module, 16 
projective resolution, 16 
pseudo-reflexion, 274 
pure resolution, 152 
pure subring, 281 

quasi-polynomial, 167 
quasi-regular sequence, 5-8, 52, 331 

rank 
of a homomorphism, see rank of a 

module 
of a module, 19-21, 26, 53 
of a poset element, 207 
of a semigroup, 246 
with respect to a module, 339 

rational 
cone, 247 
half-space, 247 
polytope, 247 

real projective plane, 227 
reduced simplicial (co)homology, 222 
reduced singular homology 

and simplicial homology, 223 
and cell complex, 255 
of a sphere, 223 

reduction ideal, 182 
reduction to characteristic p, 285, 323, 

351 
Rees ring, 175 

and reduction ideal, 182 
dimension of, 177 
extended, 175 
minimal prime ideals of, 177 

reflexive module, 19, 26, 106 
regular element, 3, 9, 21 



Index Index 

regular local ring, 64-72, 96 
as a direct summand, 342-345 
associated graded ring, 65 
Cohen-Macaulay property of, 65 
completion of, 64 
factoriality of, 69 
localization of, 66 
normality of, 70 
of characteristic p, 318 

regular ring, 67-72, 95, 96 
and ground field extension, 69 
and polynomial extension, 67 
and power series extension, 67 
graded, 71 
positively graded, 71 

regular sequence, 3-8, 15, 66, 78, 331 
and completion, 4 
and finite projective dimension, 353 
and flat extension, 4 
and localization, 4 
and system of parameters, 12 
homogeneous, 34 
of 1-forms, 34 

regular system of parameters, 64, 79 
Reisner's criterion, 227 
relative interior, 217, 250 
representation of a group, 267 
resolution with algebra structure, 81 
reverse degree-lexicographic order, 

155 
Reynolds operator, 270, 281 
ring of characteristic p, 315 
ring of invariants, 267-286 

a-invariant of, 285 
canonical module of, 268, 273, 285 
Cohen-Macaulay property of, 268, 

271, 280 
complete intersection property of, 

278 
Gorenstein property of, 269, 273, 

274, 285 
of a diagonalizable group, 268-269 
of a finite group, 269-280 
of a group of pseudo-reflexions, 

275-280 
of a linearly reductive group, 

28CL285 

ring of type one, 362 
rings of invariants 

and regularity, 275 

second deviation, 80 
segment ideal, 160 
self-dual complex, 47 
semi-invariant of a group, 267 
separable, 69 
sequence, see regular sequence 
Serre's condition (&), 70, 72 
Serre's condition (S,) ,  62-63, 70, 72 
Serre's normality criterion, 70 
shellable complex, 206-213 

h-vector of, 21 1 
is Cohen-Macaulay, 210 

shelling, 206 
of a polytope, 220 

simplex, 200, 217 
simplicial complex, 199 

acyclic, 222 
connected, 214 
constructible, 21 1 
core of, 232 
of a simplicial polytope, 217 
pure, 202 
shellable. see shellable comnlex 

simplicial sphere, 229 
skeleton, 214 
small support of a module, 333 
socle, 15, 79 
solution of height n, 324 
split acyclic complex, 22, 23 
standard basis, 156 
standard monomial, 290 
standard representation, 291 
Stanley's reciprocity law, 263 
Stanley-Reisner ring, 201, 290 

and punctured spectrum, 229 
canonical module of, 236243 
Cohen-Macaulay property of, see 

Cohen-Macaulay complex 
dimension of, 202 
Gorenstein property of, see 

Gorenstein complex 
homogeneous system of parameters 

of, 212 
local cohomology of, 224-228 

minimal prime ideals of, 202 
of order complex, 293 

star, 223 
straightening law, relation, 290 

on poset of minors, 294-300 
superficial element, 185 
superheight, 351 
support 

of a monomial, 203, 289 
of an element a c Z", 203 

supporting hyperplane, 216 
symmetric ASL, 300 
system of homogeneous linear 

diophautine equations, 263 
system of parameters, 321, 324, 342, 

367 
and multiplicity, 188 

syzygy, 16-53 
rank of, 355-359 

torsion module, 19 
torsion-free module, 19, 26 
torsionless module, 19, 26 
torus, 268 
transpose of a module, 26 
transversal, 251 
triangulation, 223 

trivial extension, 117 
type of a module, 13-15, 101, 102, 113 

and flat extension, 13 
and localization, 114 

UFD, see factorial ring 
universally catenary, 61 
unmixed ideal, 58, 62 
unmixed ring, 62 
upper bound theorem 

for polytopes, 219 
for simplicial complexes, 229-232 

vanishing of Extk ( M , w R ) ,  134 
Veronese subring, 142 
vertex, 199 

scheme, 217 
visible, 258 
volume of a polytope, 265 

weak sequence, see weakly regular 
sequence 

weakly regular sequence, 3-9, 50, 341 

x-regular module, 3 
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