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Foreword

This book is an outgrowth of the twelfth Summer Mathematical Institute of
the American Mathematical Society, which was devoted to Algebraic Groups
and Discontinuous Subgroups. The Institute was held at the University of
Colorado in Boulder from July 5 to August 6, 1965, and was financed by the
National Science Foundation and the Office of Naval Research. The present
volume consists of the Institute lecture notes, in part slightly revised, and of a
few papers written somewhat later.

From the beginning, it was understood that a comprehensive exposition of
the arithmetic aspects of algebraic groups should be a central aim of the Institute.
In order to survey effectively the topics chosen for discussion, some important
parts of the theory of Lie groups and algebraic groups had to be omitted, and the
program was concentrated around five major themes: linear algebraic groups and
arithmetic groups, adéles and arithmetic properties of algebraic groups, auto-
morphic functions and spectral decomposition of L2-spaces of coset spaces,
holomorphic automorphic functions on bounded symmetric domains and moduli
problems, vector valued cohomology and deformation of discrete subgroups.
The lectures fulfilled diverse needs, and accordingly the papers in this book are
intended to serve various purposes: to supply background material, to present
the current status of a topic, to describe some basic methods, to give an exposition
of more or less known material for which there is no convenient reference, and
to present new results. It is hoped that this collection of papers will facilitate
access to the subject and foster further progress.

A. Borel
G. D. Mostow
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I. ALGEBRAIC GROUPS, ARITHMETIC GROUPS



Linear Algebraic Groups

BY

ARMAND BOREL

This is a review of some of the notions and facts pertaining to linear algebraic
groups. From §2 on, the word linear will usually be dropped, since more general
algebraic groups will not be considered here.

1. The notion of linear algebraic group. According to one’s taste about natura-
lity and algebraic geometry, it is possible to give several definitions of linear
algebraic groups. The first one is not intrinsic at all but suffices for what follows.

1.1. Algebraic matrix group. Let Q be an algebraically closed field. We shall
denote by M(n, Q) the group of all n x n matrices with entries in Q and by
GL(n, Q) the group of all n x n invertible matrices. GL(n, Q) is an affine subvariety
of Q"**1 through the identification

g = (8i)— (811> 8120 "+ » &> (det &)™ 1),

The set M(n, Q) carries a topology—the Zariski topology—the closed sets being
the algebraic subsets of M(n, Q) = Q™. The ring GL(n, Q) is an open subset of
M(n, Q) and carries the induced topology.

A subgroup of G of GL(n,Q) is called an algebraic matrix group if G is a
closed subset of GL(n, Q), i.e., if there exist polynomials p,€ Q[ X, X5, -, Xl
(€ J) such that

G = {g = (8;)€ GL(n, Q)p,(g:) = O, (€ J)}.

The coordinate ring Q[G] of G, i.e., the ring of all regular functions on G, is the
Q-algebra generated by the coefficients g;; and (det g)~ . It is the quotient ring
Q[X;, Z]/I, where I is the ideal of polynomials in the n* + 1 letters X;;, Z
vanishing on G, considered as a subset of Q"**!, via the above imbedding of
GL(n,Q) in Q"**1.

When B is a subring of Q, we shall denote by GL(n, B) the set of n x n matrices
g with entries in B, such that detg is a unit in B, and by G the intersection
G n GL(n, B).

Let k be a subfield of Q. The algebraic matrix group G is defined over k or is
a k-group if the ideal I of polynomials annihilated by G has a set of generators
in k[X,;,Z} If I, denotes the ideal of all polynomials with coefficients in k
vanishing on G, the quotient ring k[X;, Z}/I, = k[G] is the coordinate ring of G
over k.

ReEmARK. If the field k is not perfect, it is not enough to assume that G is
k-closed (i.e., that G is defined by a set of equations with coefficients in k) to

3



4 ARMAND BOREL

conclude that G is defined over k; one can only infer that G is defined over a
purely inseparable extension k' of k.

The following variant of the definition eliminates the choice of a basis.

1.2. Algebraic groups of automorphisms of a vector space. Let V be an n-dimen-
sional vector space over Q, and GL(V) the group of all automorphisms of V.
Every base of V defines an isomorphism of GL(V) with GL(n, Q). A subgroup G
of GL(V) is called an algebraic group of automorphisms of V if any such iso-
morphism maps G onto an algebraic matrix group.

Let k be a subfield of Q. Assume that V has a k-structure, i.e., that we are given
a vector subspace V, over k of V such that V = ¥, ® ,Q The subgroup of G of
GL(V)is then defined over k if there exists a basis of ¥} such that the corresponding
isomorphism f§: GL(V) — GL(n, Q) maps G onto a k-group in the previous sense.

1.3. Affine algebraic group. Let G be an affine algebraic set. It is an affine
algebraic group if there are given morphisms

1:G x G- G, a, b) = ab,
p:G -G, p@)=a"l,
of affine sets, with the usual properties. G is an affine algebraic group defined
over k if G, u and p are defined over k. One can prove that every affine algebraic
group defined over k is isomorphic to an algebraic matrix group defined over k.

1.4. Functorial definition of affine algebraic groups. Sometimes one would like
not to emphasize a particular algebraically closed extension of the field k. For
instance in the case of adéle groups, an algebraically closed field containing
every p-adic completion of a number field k is a cumbersome object. Let G be a
k-group in the sense of §1.1. Then for any k-algebra A, we may consider the set G
of elements of GL(n, A) whose coefficients annihilate the polynomials in I,.
It is a group, which may be identified to the group Hom,(k[G], A) of k-homo-
morphisms of k[G] into A. Furthermore, to any homomorphism p:4 — B of
k-algebras corresponds canonically a homomorphism G, — Gz. Thus we may
say that a k-group is a functor from k-algebras to groups, which is representable
by a k-algebra k[G] of finite type, such that kK ® k[G] has no nilpotent element, k
being an algebraic closure of k. (The last requirement stands for the condition
that I, ®Q is the ideal of all polynomials vanishing on G, it would be left out
in a more general context.) This definition was introduced by Cartier as a short
cut to the notion of (absolutely reduced) ““affine scheme of groups over k.”” The
functors corresponding to the general linear group and the special linear group,
will be denoted GL,, and SL,, and (GL,), by GL,(A4) or GL(n, A).

Usually the more down to earth point of view of algebraic matrix groups will
be sufficient.

1.5. Connected component of the identity. An algebraic set is reducible if it is the
union of two proper closed subsets; it is nonconnected if it is the union of two
proper disjoint closed subsets. An algebraic group is irreducible if and only if
it is connected. To avoid confusion with the irreducibility of a linear group,
we shall usually speak of connected algebraic groups. The connected component
of the identity of G will be denoted by G°. The index of G° in G is finite.
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If Q = C, every affine algebraic group G can be viewed as a complex Lie
group; then G is connected as an algebraic group, if and only if G is connected
as a Lie group. When G is defined over R, Gy is a closed subgroup of GL(n, R)
and hence a real Lie group. It is not true that for a connected algebraic R-group,
the Lie group Gy is also connected, but in any case it has only finitely many
connected components. The connected component of the identity for the usual
topology will be denoted G%.

Let G be connected. Then Q[G] is an integral domain. Its field of fractions
Q(G) is the field of rational functions on G. The quotient field of k[G] is a sub-
field of Q(G), consisting of those rational functions which are defined over k.

1.6. The Lie algebra of an algebraic group. A group variety is nonsingular,
so that the tangent space at every point is well defined. The tangent space g at e
can be identified with the set of Q-derivations of Q[G] which commute with
right translations. g, endowed with the Lie algebra structure defined by the usual
vector space structure and bracket operations on derivations, is the Lie algebra of
g Of course, G and G° have the same Lie algebra. If G is connected, g could
alternatively be defined as the Lie algebra of Q-derivations of the field (G),
which commute with right translations (and the definition would then be valid
for any algebraic group linear or not). If G is defined over k, we have g = g, ®,Q,
where g;-is the set of derivations which leave k[G] stable. If the characteristic
p of kis #0, then g and g, are restricted Lie algebras, in the sense of Jacobson.
However the connection between an algebraic group and its Lie algebra in
characteristic p # 0 is weaker than for a Lie group; for instance, there does not
correspond a subgroup to every restricted Lie subalgebra of g, and it may happen
that several algebraic subgroups have the same Lie algebra.

The group G operates on itself by inner automorphisms. The differential of
Intg:x—g-x-g7 ! (x,geG) at e is denoted Ad,g. The map g— Adg is a
k-morphism (in the sense of 2.1) of G into GL(g), called the adjoint representation
of G.

1.7. Algebraic transformation group. If G is an algebraic group and V is an
algebraic set, G operates morphically on V (or G is an algebraic transformation
group) when there is given a morphism 7: G x V — V with the usual properties
of transformation groups. It operates k-morphically if G, V and 7 are defined
over k.

An elementary, but basic, property of algebraic transformation groups is the
existence of at least one closed orbit (e.g. an orbit of smallest possible dimension

[1, §16)).

2. Homomorphism, characters, subgroups and quotient groups of algebraic
groups.

2.1. Homomorphisms of algebraic groups. Let p, G, G’ be algebraic groups and
p: Gg = Gg be a map. It is a morphism of algebraic groups if:

(1) p is a group homomorphism from G, to Gy;
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(2) the transposed map p° of p is a homomorphism of Q[G’] into Q[G] (if
feQ[G'],fis a map from Gg to Q and p°(f) = f  p). In case G and G’ are defined
over k, the map p is a k-morphism if moreover p° maps k[G'] into k[G] The
differential dp at the identity element of the morphism p:G — G’ defines a
homomorphism dp:g — g’ of the corresponding Lie algebras.

A rational representation of G is a morphism p: G - GL,,. Let G be considered
as a matrix group so that Q[G] = Q[g,, -, &m, (detg)~ '] Each coefficient
of the matrix p(g), g € G, is then a polynomial in g,;, g15,***» & (det g) ™.

2.2. Characters. A character of G is a rational representation of degree 1;
¥:G - GL,. The set of characters of G is a commutative group, denoted by
X(G) or G. The group G is finitely generated; it is free if G is connected [8]. If one
wants to write the composition-law in G multiplicatively, the value at ge G of
x € G should be noted yx(g). But since one is accustomed to add roots of Lie
algebras, it is also natural to write the composition in G additively. The value of
¥ at g will then be denoted by g% To see the similarity between roots and charac-
ters take Q = C; if X g, the Lie algebra of G, (e¥)* = ¢**®), where dy is the
differential of dy at e; dy is a linear form over g. In the sequel, we shall often not
make any notational distinction between a character and its differential at e.

2.3. Subgroups, quotients [4, 7). Let G be an algebraic group defined over k,
H a closed subgroup of G; it is a k-subgroup of G if it is defined over k as an alge-
braic group. H is in particular k-closed. The converse need not be true. The homo-
geneous space G/H can be given in a natural way a structure of quasi-projective
algebraic set defined over k. (A quasi-projective algebraic set is an algebraic set
isomorphic to an open subset of a projective set.) The projection n: G — G/H is
a k-morphism of algebraic sets which is “separable” (dn is surjective everywhere)
such that every morphism ¢: G — V, constant along the cosets of H, can be
factored through n. Moreover, G acts on G/H as an algebraic group of transforma-
tion; if H is a normal k-subgroup of G, then G/H is an algebraic group defined
over k.

Assume that in G there exist a subgroup H and a normal subgroup N such that

(1) G is the semidirect product of H and N as abstract group,

(2) the map u: H x N — G, with u(h,n) = hn, is an isomorphism of algebraic
varieties.

Then G is called the semidirect product of the algebraic groups H and N.

In characteristic zero the condition (2) follows from (1). In characteristic p > 0,
it is equivalent with the transversality of the Lie algebras of H and N or with the
regularity of du at the origin, but does not follow from (1).

2.4. Jordan decomposition of an element of an algebraic group [1, 4] Let

geGL(n,Q),

g can be written uniquely as the product g = g;-g,, where g is a semisimple
matrix (ie., g, can be made diagonal) and g, is a unipotent matrix (i.e., the only
eigenvalue of g, is 1, or equivalently g, — I is nilpotent) and g,-g, = g, &s-
If G is an algebraic matrix group and g € G, one proves that g, and g, belong also
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to G and that the decomposition of g in a semisimple and an unipotent part does
not depend on the representation of G as a matrix group. More generally, if
¢:G — G’ is a morphism of algebraic groups and ge G, then ¢(g) = [¥g)];
and ¢(g,) = [¢(g)].. If ge Gy, g, and g, are rational over a purely inseparable
extension of k. '

3. Algebraic tori [1, 3, 4]. An algebraic group G is an algebraic torus if G is
isomorphic to a product of d copies of GL, (where d = dim G).

If Q = C, an algebraic torus is isomorphic to (C*), and so is not an ordinary
torus. However, the algebraic tori have many properties analogous to those of
usual tori in compact real Lie groups. Since in what follows the tori in the topo-
logical sense will occur rarely, the adjective “algebraic™ will be dropped.

3.1. THEOREM. For a connected algebraic group G the following conditions are
equivalent :

(1) G is a torus;

(2) G consists only of semisimple elements;

(3) G, considered as matrix group, can be made diagonal.

Property (3) means that there always exists a basis of Q" such that G is represented
by diagonal matrices with respect to that basis. Each diagonal element of the
matrix, considered as a function on G, is then a character.

Let T be a torus of dimension d. Every element xe T can be represented by
(x4, -+, Xg), with x; € Q*. A character y of T can then be written

x(x) = x7'x3 -+ - xg*
with n;€ Z hence Tz Z°.

3.2. THEOREM. Let T be a torus defined over k. The following conditions are
equivalent :

(1) All characters of T are defined over k: T = T,.

(2) T has a diagonal realization over k.

(3) For every representation p: T — GL,,, defined over k, the group p(T) is
diagonalizable over k.

DEeFINITION. If T satisfies these three equivalent conditions, T is called a split
k-torus, and is said to split over k.

If T splits over k, so does every subtorus and quotient of T There always
exists a finite separable Galois-extension k'/k such that T splits over k. The
Galois-group operates on T. This action determines completely the k-structure
of T. The subgroup 7, is the set of characters left fixed by the Galois group.

DEFINITION. A torus T is called anisotropic over k if T, = {1}. The anisotropic
tori are very close to the usual compact tori. Let k = R. If dim T = 1, there are
two possibilities; either T splits over k, and then T =~ R*, or T is anisotropic
over k; then T is isomorphic over k with SO,, and Ty = SO(2, R) is the circle
group. In the general case Ty is compact if and only if T is anisotropic over R
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(this is also true if R is replaced by a p-adic field). In this case, Ty is a topological
torus (product of circle groups).

3.3. THEOREM. Let T be a k-torus. There exist two uniquely defined k-subtori
T, and T,, such that

(1) T, splits over k,

(2) T, is anisotropic over k,

3) Ty~ T, is finiteand T = Ty T,.

This decomposition is compatible with morphisms of algebraic groups. (Property
3 will be abbreviated by saying that T is the almost direct product of T; and T,.)
If S is a k-subtorus of T, then there exists a k-subtorus S’ such that T is almost
direct product of S and §".
ExAMPLE. If k=R, T =T, T, ---- T, where every T, is one dimensional.
The product is an almost direct product.

4. Solvable, nilpotent and unipotent groups.

4.1. DeriNiTION. The algebraic group G is unipotent if every element of G is
unipotent.

ExaMPLE. If dim G = 1 and G is connected unipotent then G is isomorphic to
the additive group of the field;

G"“G—{ GL,| —(1 x)}
~G, = € = .
4 218 0 1

A connected and unipotent matrix group is conjugate to a group of upper-
triangular matrices with ones in the diagonal. Hence it is nilpotent; more pre-
cisely there exists a central series

G=GODG13"'DGEDG.~+ID"'DG"={e}

such that G,/G;,, = G,. Conversely, if there exists a normal series ending with
{e} such that G;/G;,, ~ G,, where G; is an algebraic subgreup of G, then G is
unipotent.

In characteristic 0, a unipotent algebraic group is connected, and the exponen-
tial is a bijective polynomial mapping from the Lie algebra g to G; the inverse
map is the logarithm. In characteristic p > 0, this is no more true; in that case,
G is a p-group.

DEFINITION. G is a solvable (resp. nilpotent) algebraic group, if it is solvable
(resp. nilpotent) as an abstract group.

42. We now state some basic properties of a connected solvable group G.

(1) (Theorem of Lie-Kolchin): If G is represented as a matrix group, it is
conjugate (over Q) to a group of triangular matrices [1}

(2) If G operates on a complete algebraic variety (in particular on a projective
variety) then G has a fixed point [1]

(3) The set of unipotent elements in G is a normal connected subgroup U.
If G is defined over k, it has a maximal torus defined over k; G is the semidirect
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product, as algebraic group, of T and U ; any two maximal tori defined over k are
conjugate by an element of G, (Rosenlicht, Annali di Mat. (iv), 61 (1963), 97-120;
see also [3, §11]).

(4) G has a compositicn series

G=GoDGlD'--DGi5Gi+1D---:Gn={e}

where the G; are algebraic subgroups of G such that G;/G;,, is isomorphic with
G,orGL,.

(5) The group G is nilpotent if and only if it is the direct product of a maximal
torus T and of a unipotent subgroup U. In this case T (resp. U) consists of all
semisimple (resp. unipotent) elements of G.

Properties (1) and (2) are closely connected. In fact (2) implies (1): take the
manifold of full flags (see §5.3) of the ambient vector space V¥, on which G acts
in a natural way. Let F be a flag fixed by G; if one chooses a basis of V adapted
to F, then G is triangular. On the other hand, for projective varieties, (2) follows
immediately from (1). Property (4) is an immediate consequence of (1). In (3),
one has to take care that, in contradistinction to the existence of a maximal
torus defined over k, the normal subgroup U need not be defined over k, although
it is k-closed [8].

4.3. DerFINITION. Let G be a connected solvable group defined over k. G splits
over k if there exists a composition series

G=GOD(;1:’"'DG.':G|'+1:"'DGm={e}

consisting of connected k-subgroups of G such that G;/G;, , is isomorphic over
k with G, or GL,.

In particular, every torus T of G splits then over k. Conversely, when k is
perfect, if the maximal tori of G which are defined over k split over k, then so does
G.

Let G be a connected solvable k-group which splits over k, and V a k-variety
on which G operates k-morphically. Then: (a) if V is complete and ¥, is not empty,
G has a fixed point in ¥ [8]; (b) if G is transitive on V, the set V; is not empty [7]

5. Radical. Parabolic subgroups. Reductive groups.

5.1. DeFINITIONS. Let G be an algebraic group. The radical R(G) of G is the
greatest connected normal subgroup of G; the unipotent radical R(G) is the
greatest connected unipotent normal subgroup of G. The group G is semisimple
(resp. reductive) if R(G) = {e} (resp. R,(G) = {e}).

The definitions of R(G) and R,(G) make sense, because if H, H' are connected
normal and solvable (resp. unipotent) subgroups, then so is H - H'. Both radicals
are k-closed if G is a k-group. Clearly, R(G) = R(G®) and R,(G) = R,(G").

The quotient G/R(G) is semisimple, and G/R(G) is reductive. In characteristic
zero, the unipotent radical has a complement; more precisely: Let G be defined
over k. There exists a maximal reductive k-subgroup H of G such that

G = H-R/(G),
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the product being a semidirect product of algebraic groups. If H' is a reductive
subgroup of G defined over k, then H' is conjugate over k to a subgroup of H.
In characteristic p > 0, this theorem is false (not just for questions of insepara-
bility): according to Chevalley, there does not always exist a complement to the
unipotent radical, moreover there are easy counter-examples to the conjugacy

property [3].

5.2. THEOREM. Let G be an algebraic group. The following conditions are
equivalent :

(1) G° is reductive,

(2) G° = S- G, where S is a central torus and G’ is semisimple,

(3) G° has a locally faithful fully reducible rational representation,

(4) If moreover the characteristic of Q is 0, all rational representations of G are
fully reducible.

If G is a k-group, and k = R, these conditions are also equivalent to the
existence of a matrix realization of G such that G is “self-adjoint”

(ge Gg="2€ Gp).

In property (2) G' is the commutator subgroup %(G) of G; it contains every
semisimple subgroup of G. The group G is separably isogenous to S x G’ and
every torus T of G is separably isogenous to (T n S) x (T n G).

5.3. THEOREM [1] Let G be a connected algebraic group.

(1) All maximal tori of G are conjugate. Every semisimple element is contained in a
torus. The centralizer of any subtorus is connected.

(2) All maximal connected solvable subgroups are conjugate. Every element of G
belongs to one such group.

(3) If P is a closed subgroup of G, then G/P is a projective variety if and only if
P contains a maximal connected solvable subgroup.

The rank of G is the common dimension of the maximal tori, (notation rk(G)).

A closed subgroup P of G is called parabolic, if G/P is a projective variety.
Following a rather usual practice, the speaker will sometimes allow himself
to abbreviate “maximal connected closed solvable subgroup” by ‘“Borel sub-
group.”

ExXAMPLE. G = GL,. A flag in a vector space V is a properly increasing sequence
of subspaces 0 # V, < --- < V, = V,,, = V. The sequence (d,)

d, = dimV,i=1,---1)

describes the type of the flag. If d; = i and ¢t = dim V — 1, we speak of a full
flag.
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A parabolic subgroup of G L,is the stability group of a flag F in Q". G/P is
the manifold of flags of the same type as F, and is well known to be a projective
variety. A Borel subgroup is the stability group of a full flag. In a suitable basis,
it is the group of all upper triangular matrices.

5.4. With respect to rationality question one can state that if G is a connected
algebraic group defined over k, then

(1) G has a maximal torus defined over k (Grothendieck [5], see also [2]).
The centralizer of any k-subtorus is defined over k ([5], [3, §10]).

(2) If k is infinite and G is reductive, G, is Zariski dense in G (Grothendieck
[5], see also [2]). '

(3) If k is infinite and perfect, G, is Zariski dense in G (Rosenlicht [8]).

Rosenlicht has constructed an example of a one dimensional unipotent group
defined over a field k of characteristic 2 such that G is not isomorphic to G,
over k and G, is not dense in G [8] An analogous example exists for every positive
characteristic (Cartier).

6. Structure theorems for reductive groups. The results stated below are proved
in [3] Over perfect fields, some of them are established in [6], [9].

6.1. Root systems. Let V be a finite dimensional real vector space endowed
with a positive nondegenerate scalar product. A subset ® of V is a root system
when

(1) @ consists of a finite number of nonzero vectors that generate ¥, and is
symmetric (® = —®).

(2) for every ae®, s (@) = @, where s, denotes reflection with respect to the
hyperplane perpendicular to a.

(3) if a, fe D, then 2(a, B)/(x, ®) € Z. The group generated by the symmetrics
s, (x € @) is called the Weyl group of @ (notation W(®)). It is finite. The integers
2(ot, B)/(ox, ) are called the Cartan integers of ®. Condition (3) means that for
every o and 8 of ®, (s,(f) — f) is an integral multiple of «, since

$B) = B — 2a(a, B)/(t, ).

For the theory of reductive groups we shall have to enlarge slightly the notion
of root system: if M is a subspace of V, we say that ®@ is a root system in (N, M)
if it generates a subspace P supplementary to M, and is a root system in P.
The Weyl group W(®) is then understood to act trivially on M.

A root system @ in V is the direct sum of ® < V'and ®" < V", if V=V ' @ V"
and ® = @ U ®”". The root system is called irreducible if it is not the direct sum
of two subsystems.

6.2. Properties of root systems.

(1) Every root system is direct sum of irreducible root systems.

(2) Ifaand ixe®, then 1 = +1, +4, or +2.

The root system @ is called reduced when for every a e ®, the only multiples
of a belonging to ® are +a To every root system ®, there belongs two natural
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reduced systems by removing for every a € ® the longer (or the shorter) multiple
of a:

@, = {xe Dlja¢ D},
®, = {0e ®|2a ¢ O}

(3) The only reduced irreducible root systems are the usual ones:
A, m2z1), B, n22), C, n23), D, (nz4),
Gz’ F4’ EG: E7, Ea-

(4) For each dimension n, there exists one irreducible nonreduced system,
denoted by BC,, (see below).
ExAmpLES. B,: Take R" with the standard metric and basis {x, - -, x,}.

B,={x(x; £x) (i<jand xx;, (A =ZiZn)}

W(B,) = {se€ GL(n, R)|s a product of a permutation matrix
with a symmetry with respect to a coordinate subspace}

C,={+t(xitx) (<jand +2x; (1Zi<n)},
w(C,) = W(B,),
BC, = {+(x; + x) (i <j), £x; and +2x; 1=gisn)
W(BC,) = W(B,).

DEFINITION. A hyperplane of V is called singular if it is orthogonal to a root
ae®. A Weyl-chamber C° is a connected component of the complement of the
union of the singular hyperplanes.

To a Weyl-chamber, is associated an ordering of the roots defined by:

a > 0, if (o, v) > O for every v in C°.

The root a is simple (relative to the given ordering) if it is not the sum of two
positive roots. The set of simple roots is denoted by A. A is connected if it cannot
be written as the union of A" U A” where A’ is orthogonal to A”.

(5) The Weyl group acts simply transitively on the Weyl-chambers (i.e., there
is exactly one element of the Weyl group mapping a given Weyl-chamber on to
another one).

(6) Every root of @ is the sum of simple roots with integral coefficients of the
same sign.

(7) The root system ® is irreducible if and only if A is connected.

6.3. Roots of a reductive group, with reference to a torus. Let G be a reductive
group, and S a torus of G. It operates on the Lie-algebra g of G by the adjoint
representation. Since S consists of semisimple elements, Ad, S is diagonalizable

g = ¢f ®L,g®
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where
a® = {XeglAds(x) =s*- X} (xe8;a#0)

The set ®(G, S) of roots of G relative to the torus S is the set of nontrivial char-
acters of S appearing in the above decomposition of the adjoint representation.
If T> S, every root of G relative to T that is not trivial on S defines a root
relative to S. If Tis maximal ®(G, T) = ®(G) is the set of roots of G in the usual
sense.

6.4. Anisotropic reductive groups. A connected reductive group G defined over
k is called anisotropic over k, if it has no k-split torus S # {e}.

ExAMPLES. (1) Let F be a nondegenerate quadratic form on a k-vector space
V with coefficients in k. Let G = O(F) be the orthogonal group of F. The group
G is anisotropic over k if and only if F does not represent 0 over k, ie., if ¥
has no nonzero isotropic vector.

PROOF. Assume v is an isotropic vector. Then there exists a hyperbolic plane
through v and in a suitable basis the quadratic form becomes

F(xI’ ot 'axu) = X1X3 + F'(X3, ot ',xn)-
If 1€ Q*, the set of transformations
x'l = Axla x'l = l-l 'x2! x; = xi (l g 3)

is a torus of G split over k. Conversely if there exists a torus S of G which splits
over k, diagonalize S. There is a vector ve ¥, — {0} and a nontrivial character
x €8, such that s(v) = s*v. Since s* # +1 for some s, and F(v) = F(s(v)), one has
F(v) = 0 and v is isotropic.

(2) If k = R or is a p-adic field, G is anisotropic over k if and only if G, is
compact. If k is an arbitrary field of characteristic 0, G is anisotropic over k if
and only if G, has no unipotent element # e and G, = {1}.

6.5. Properties of reductive k-groups. Let G be a connected reductive group
defined over k.

(1) The maximal k-split tori of G are conjugate over k (i.e., by elements of G,).
If S is such a maximal k-split torus, the dimension of S is called the k-rank of
G (notation: rk,(G)). Z(S) is the connected component of N(S). The finite group
N(S)/Z(S) is called the Weyl group of G relative to k (notation: ,W(G)). Every
coset of N(S)/Z(S) is represented by an element rational over k: N(S) = N(S)Z(S).

(2) The elements of ®(G, S), where S is a maximal k-split torus are called the
k-roots, or roots relative to k. We write ,® or ,®(G) for ®(G, S). This is a root
system in (S® R, M) where M is the vector space over R generated by the
characters which are trivial on S N 2(G). The Weyl group of G relative to k and
the Weyl group of ,® are isomorphic:

W(®) = W(G).

If G is simple over k, @ is irreducible.
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(3) The minimal parabolic k-subgroups P of G are conjugate over k. Further-
more there exists a k-split torus S such that

P = Z(S)-R,(P)

where the semidirect product is algebraic and everything is defined over k. If P
and P’ are minimal parabolic k-subgroups containing a maximal k-split torus §,
then P n P’ contains the centralizer of S. The minimal parabolic k-subgroups
containing Z(S) are in (1, 1) correspondence with the Weyl chambers: P cor-
responds to the Weyl chamber C if the Lie algebra of R(P) is ), _ g, where
the ordering of the roots is associated to the Weyl-chamber C. The Weyl group
«W(G) permutes in a simply transitive way the minimal parabolic k-subgroups
containing Z(S). The unipotent radical of a minimal parabolic k-subgroup is a
maximal unipotent k-subgroup, at least for a field of characteristic 0.

(4) Bruhat decomposition of G,. Put V = R,(P), where P is a minimal para-

bolic k-subgroup. Then

G, = U, NS Uy,
and different elements of N(S), define different double cosets; more generally if
n, n e N(S): UnU = Un'U <> n = n’. Choose for every we W a representative
n, € N(S),; then the above equality can be written as

Gk = U Uk'nw'Pk’

werW

the union being disjoint.

One can phrase this decomposition in a more precise way. If we fix we W,
then there exist two k-subgroups U, and U, of U, such that U = U,, x Uy, as
an algebraic variety and such that the map of U,, x P onto Un,P sending (x, y)
onto xn,y is a biregular map defined over k. This decomposition gives rise to a
cellular decomposition of G,/P,. Let n be the projection of G onto G/P. Then

(G/P) = G/P, = ler (U, 0
If k is algebraically closed, U, as a unipotent group is isomorphic to an affine
space. So one gets a cellular decomposition of G/P.

(5) Standard parabolic k-subgroups (with respect to a choice of S and P). Let
@ be the root system of G relative to k defined by the torus S. The choice of the
minimal parabolic k-subgroup P determines a Weyl chamber of ,® and so a set
of positive roots. Let ,A be the set of simple k-roots for this ordering. If ® is a
subsét of ,A, denote by Sg the identity component of M, g ker a. Sg is a k-split
torus, the dimension of which is dim Sg = rk,(G) — card ®. The standard para-
bolic k-subgroup defined by @ is then the subgroup ,Pe generated by Z(Sg)
and U. That subgroup can be written as the semidirect product Z(Sg). Ug,
where Ug = R,(Pg). The Lie algebra of Ug is ) g,, the sum going over all positive
roots that are not linear combination of elements in ©.

(6) Every parabolic k-subgroup is conjugate over k to one and only one
standard parabolic k-subgroup. In particular, if two parabolic k-subgroups are
conjugate over Q, they are already conjugate over k.
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(7) Let Wy be the subgroup of the Weyl group ,W generated by the reflections
s, for € ®. Then if ® and ®' are two subsets of A,

«Po.\Gi/kPe k = W\ W/ We..
6.6. ExaMpLES. (1) G = GL(n),
st 0

S = group of diagonal matrices = s*2

0 shn

where A;€8 is such that s* = s;. S is obviously a split torus and is maximal.
A minimal parabolic k-subgroup P is given by the upper triangular matrices,
which is in this case a Borel subgroup. The unipotent radical U of P is given by
the group of upper triangular matrices with ones in the diagonal. If e;; is the
matrix having all components zero except that with index (i,j) equal to 1,
Adg s(e;j) = (s*/s%)e;;. So the positive roots are 4; — 4; (i <j) since the Lie
algebra of U is generated by e;; (i < j). The simple roots are (1; — 45,4, — 43, -,
Jn—1 — 4,). The Weyl group is generated by s,, where a is a positive root ; since for
a = A; — 4,5, permutes the i and j axis, \W = &,, the group of permutations
of the basis elements. The parabolic subgroups are the stability groups of flags.

(2) G “splits over k” (i.e., G has a maximal torus which splits over k). Example
(1) enters in this category. The k-roots are just the usual roots. A minimal para-
bolic k-subgroup is a maximal connected solvable subgroup. If k is algebraically
closed G always splits over k and this gives just the usual properties of semi-
simple or reductive linear groups.

(3) G is the orthogonal group SO(F) of a nondegenerate quadratic form F on
a vector space V; (where, to be safe, one takes char k # 2). In a suitable basis

F(xl’ T xn) = X3Xp + XpXpoy + 00 F XqgXn—q+1 + Fo(an, Ty xn—q)
where F, does not represent zero rationally. The index of F, the dimension of
the maximal isotropic subspaces in ¥, is equal to g. A maximal k-split torus S
is given by the set of following diagonal matrices:

st
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Let SO(F,) denote the proper orthogonal group of the quadratic form Fy,
imbedded in SO(F) by acting trivially on x;,"**,X;, X,—g4+1,--.,X,. Then
Z(S) = S x SO(F,). The minimal parabolic k-subgroups are the stability groups
of the full isotropic flags. For the above choice of S, and ordering of the co-
ordinates, the standard full isotropic flag is

[el] < [81,82] c e [el""9eq]'

The corresponding minimal parabolic k-subgroup takes then the form

Ao A, A
P = 0 B A3
0 0 4,

where A, and A, are upper triangular g x q matrices, B € SO(F,), with additional
relations that insure that P = SO(F). The unipotent radical U of P is the set of
matrices in P, where B = I, Ay, A, are unipotent, and

Ay = At Q- A3+'4,-J-4,=0,
tA4'J'A2 + ’A3'Q'A3 + ‘Az'J'A4 = 0,

where Q is the matrix of the quadratic form F,, J is the g x g matrix with one’s
in the nonprincipal diagonal and zeros elsewhere, and ¢ is the transposition
with respect to the same diagonal, ("M = J'MJ). To determine the positive
roots, one has to let S operate on U. To compute the root spaces it is easier to
diagonalize Q: g;; = d; - §;;. Three cases are to be considered.

i<j=<4q; 4 —A;is a root; the corresponding root space is generated by
— €,_j+1,n—i+1; the multiplicity of the root is 1.

i<q<j<n—q;4is aroot with multiplicity n — 2q; the corresponding
root space is generated by

el'j

e;—d; '€ s g@g+1=j<n-—g)

i<j=gq; 4+ 4; is a root with multiplicity one; the corresponding root

space is generated by e; ,_ ;. — €j,_;+;. The simple roots are

)'1 _'12) j'2 - 13,"',1“_1 - J’q’

and 4, if n # 2¢, A,_, + A, if n = 2q. The Weyl group consists of all products of
permutation matrices with symmetries with respect to a coordinate subspace
(of any dimension if n # 2q of even dimension if n = 2q). The group SO(F) splits
if and only if g = [n/2] If it does not split, there exist roots with multiplicity > 1.
The parabolic k-subgroups are the stability subgroups of rational isotropic
flags. The parabolic k-subgroups are conjugate over k if and only if there exists
an element of G, mapping one flag onto the other; by Witt’s theorem this is
possible if and only if the two flags have the same type.
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(4) When one starts with a hermitian form, the same considerations apply,
except that one gets a root system of type BC,.

(5) For real Lie groups, this theory is closely connected with the Iwasawa
and Cartan decompositions. If g is the real Lie algebra of Gg, G being a con-
nected algebraic reductive group, then g =t + p, where g is the Lie algebra of a
maximal compact subgroup of Gg. Then G = K -(expp). Let a be a maximal
commutative subalgebra of 1. Then A4 = exp a is the topological connected com-
ponent of the groups of real points in a torus S which is maximal among R-split
tori. (On the Riemannian symmetric space Gg/K, it represents a maximal totally
geodesic flat subspace.)

N(A)g = N(S)g = [K n N(4)] - 4,
and
Z(S)r = (KN ZA)-4;

the group K n Z(A) is usually denoted by M. The Weyl group gW(G,S) is
isomorphic to (K n N(A))/M, i.e., to the Weyl group of the symmetric space’ G/K
as introduced by E. Cartan. Similarly z® may be identified to the set of roots of
the symmetric pair (G, K). Let n be the Lie subalgebra generated by the root
spaces corresponding to positive roots n=73" _ 1, aex®G,S), for some
ordering Let N = expn. Then G = K- A4 - N is an Iwasawa decomposition and
M - A -N is the group of real points of a minimal parabolic R-group. Assume Gg
simple and G/K to be a bounded symmetric domain. Then there are two possi-
bilities for the root system z®:

Gg/K is a tube domain <> 4@ is of type C,,
Gg/K is not a tube domain <> z®@ is of type BC,.

7. Representations in characteristic zero [3]. We assume here the ground field
to be of characteristic zero, and G to be semisimple, connected. Let P = Z(S)- U
be a minimal parabolic k-group, where U = R,(P), and S is a maximal k-split
torus. We put on X(S) an ordering such that u is the sum of the positive k-root
spaces.

Assume first k to be algebraically closed. Let p: G — GL(V) be an irreducible
representation. It is well known that there is one and only one line D, = V which
is stable under P. The character defined by the 1-dimensional representation of
P in V is the highest weight 1, of p. The orbit G(D,) = 4, is a closed homo-
geneous cone (minus the origin). The stability group of D,, is a standard parabolic
group P, o P. The stability groups of the lines in €, are conjugate to P,, and
these lines are the only ones to be stable under some parabolic subgroup of G.
Every highest weight 4, is a sum 1, = Z ¢, A(c, = 0,c,€ Z) of the funda-
mental highest weights A (and conversely 1f G is s1mp]y connected), where A,
is defined by 2(A,, B) - (B, B)™! = 8,4 (2, B A).

We want to indicate here a “relativization” of these facts for a nonnecessarily
algebraically closed k.
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Let T be a maximal torus of G, defined over k, containing S. We choose an
ordering on X(T) compatible with the given one on X(S) (i.e, if « > 0, and
r(a) # 0, then r(x) > O where r: X(T) —» X(S) is the restriction homomorphism.
The k-weights of p are the restrictions to S of the weights of p with respect to T;
the highest k-weight u, is the restriction of 4,. It follows from standard facts
that every k-weight u is of the form

b=, — Y MW  (x€A),
with
mp)e Z,  myu) 2 0.
Let

O() = {ue Alm,(u) # 0}.

Then © < ,A is a ©(u), for some k-weight g, if and only if @(u) U u, is connected.

Let us say that p is strongly rational over k if it is defined over k and if the cone
G(D,) has a rational point over k. This is the case if and only if the above co-
efficients <, satisfy the following conditions:

c,=0ifr(@) =0, c, = cgif r@) = r(f) (o, B A).

The highest weight of a strongly rational representation is a sum, with positive
integral coefficients, of fundamental highest weights M (B € ,A) where

Mg= Y rA)
aeA,r(z)=p

(and conversely if G is simply connected). The My(f € ,A) satisfy relations of the
form (Myy) = dg - 64, with dg > 0. They will be called the fundamental highest
k-weights.

Assume k = C. Let p be strongly rational over k. Put on the representation
space a Hilbert structure. Let ve D, — 0. Then the function ¢:G — R* defined
by ’

¢ (@) = |ote) -0l
satisfies

¢ -p) = d@lp*| (g€G, peP,)

If in particular k = Q, such functions appear in the discussion of fundamental
sets and of Eisenstein series for arithmetic groups.
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Reduction Theory for Arithmetic Groups

BY

ARMAND BOREL

This lecture is devoted to the statement of results concerning fundamental
sets for arithmetic groups. The notation of [3] is used.

1.1. Arithmetic groups. We recall that two subgroups 4, B of a group C are
commensurable if 4 N B has finite index in A and in B.

DEFINITION. Let G be an algebraic Q-group. A subgroup I' of G, is called an
arithmetic group (or an arithmetic subgroup of G) if there exists a faithful rational
representation p:G — GL, defined over Q such that p(I') is commensurable with
p(G)n GL(n, Z). (The same condition is then automatically fulfilled for every
faithful Q-representation of G.)

The arithmetic group I is a discrete subgroup of Gg. It will act on Gg by right
translations. If X = K\Gg, where K is a maximal compact subgroup of Gg,
then I' operates also on X as a properly discontinuous group of translations.

One could apparently generalize the definition of arithmetic groups by starting
from a number field k, an algebraic group G defined over k, a faithful k-representa-
tion p:G — GL, and taking as arithmetic group a subgroup of G, commensur-
able with G, = GL,(n, 0,)n p(G), where o, is the ring of integers of k. But this
class of arithmetic groups is the same as the one which was first defined. Indeed
if G' = Ry,oG is obtained from G by restriction of the ground field from k to Q
(see [8]), using a basis of o, over Z, it is easy to see that Gz = G,,. On the other
hand I' will usually not be discrete in Gg. ‘

1.2. THEOREM. Let p: G — G’ be a surjective Q-morphism of algebraic groups.
If T is an arithmetic subgroup of G, then p(I') is an arithmetic subgroup of G'.

This is proved for isogenies in [4, §6], for general @-morphisms in [2]. Two
simple consequences are:

(1) Let G = H - N be a semidirect product defined over Q. Then I'; - T', is an
arithmetic subgroup of G if I'; is arithmetic in H and I', in N.

(2) Let G be the almost direct product of two normal Q-subgroups G, and G,
(Le., G is Q-isogeneous to G, x G,). If I' is an arithmetic subgroup of G, then
I'; = T N G, is arithmetic in G; and I, - I'; is commensurable with I".

DEFINITION. Let I' be an arithmetic group in G. The subgroup

C([) = {geGglg-T-g ' commensurable with I'},
is called the commensurability subgroup of I. One has always that Go = C(I').
20
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If Gg is compact, I is finite, every conjugate of I" is commensurable to I', and so
C() = Gp.

1.3. THEOREM [2). Let N be the greatest normal Q-subgroup of a semisimple
algebraic Q-group G, such that Ng is compact. If n is the projection of G onto
G’ = G/N, then C(T') = n~!(Gg) N Gp.

For instance, if G is Q-simple, with center reduced to {e}, then C(I') = Gg.
However, if G¢ has a nontrivial center, this need not be so, as is already seen in
the case where

G=SL, T =S5L,,.

1.4. Fundamental sets for arithmetic groups. Let G be an algebraic Q-group
and I' an arithmetic subgroup of G.

DEFINITION. A subset Q of Gy is called a fundamental set for I if:

(FO) KQ = Q, where K is some maximal compact subgroup of Gg;

(F1) Q- T = Gpg;

(F2) for any g in C(T'), the set of translates Qy, y e ', that meet Q - g is finite.

One could replace (F2) by the weaker condition:

(F2) {yeTIQNnQ-y # &} is finite.
But the stronger condition ensures that when one has a fundamental set Q for
I" one can construct a fundamental set Q' for a commensurable subgroup I'" by
taking Q = U, r.r Q& The condition (F2) then goes over to I'. This would
apparently not be the case with the weaker condition (F2').

Due to condition (F0), the projection Q' = n(Q) of a fundamental set Q in
Gg into X = K\Gy satisfies the conditions

(F1)x Q=X

and (F2). A subset of X verifying (F1), and (F2) will be called a fundamental
set for I' in X. Thus Q is a fundamental set for I" in G if and only Q' = n(Q)
is one in X, and then Q = n~1(Q).

If G is unipotent, then Ggx/T" is compact. Since G is the semidirect product
G = H - R(G) of a reductive Q-group and of its unipotent radical, it follows from
(1.2) that the discussion of fundamental sets is easily reduced to the case of
reductive groups, or of semisimple groups and tori.

When Gg/T is compact, there is often no need to have more information about
the shape of a fundamental set. The purpose of the reduction theory outlined
here is (a) to give a criterion for compactness, (b) in the noncompact case, to
describe fundamental sets in which the complement of big compact subsets is a
union of subsets which have properties similar to those of the cusps of funda-
mental domains for fuchsian groups.

1.5. THEOREM [4,7]). Let G be a Q-group. Gg/T" is compact if and only if
2 = 0 and every unipotent element of Gy belongs to R(G).
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Let in particular G be reductive. Then Gg/I" is compact if and only if G is
anisotropic over Q.

ExaMpLES. (1) SO(F) where F is an anisotropic quadratic form with rational
coefficients.

(2) Let G’ be the multiplicative group of a finite extension field k of Q.
G = R,,oG’ is an algebraic group defined over Q. It contains a Q-subgroup N
consisting of all elements of k of norm 1. The group N is anisotropic and so N/T,
where I’ is an arithmetic subgroup of N, is compact. This is equivalent with the
main part of Dirichlet’s unit theorem.

1.6. Siegel domains. Siegel domains are defined in the cases where Gg/T" is
not compact. The reductive group G contains then a nontrivial maximal Q-split
torus S. Let P be a minimal parabolic subgroup containing S. The group P is
different from G and P = Z(S)- U = M-S - U, wnere U is the unipotent radical
of P, M N S is finite, M is reductive and anisotropic over Q (in particular every
Q-character of P or Z(S) is trivial on M). Denote by o® the sets of roots of G
with respect to S. The choice of P orders this set; let oA be the set of simple roots
of g® with respect to this ordering. For every t e R*, define in 4 = S§ the subset

A, = {a€ Ala® £ t for every a € gA}.

Since every positive root is a positive linear combination of simple roots, there
exists a C > 0 such that also a* < C for every positive root « in o®. A funda-
mental property of A4, is expressed by the following:

1.7. LemMa. If w is a compact set in (M - U)g, then the set
{awa™ 'lae A,}
is relatively compact.

PROOF. w is contained in a product w, - w, where w; is compact in M and w,
is compact in U. Since M centralizes S, awa™! < w,aw,a~! and it is enough to
prove the lemma for w compact in U. Since U is unipotent over a field of charac-
teristic zero, the logarithm is a bijection of U onto its Lie algebra u. If ue U,
logu=7y _ c,-X,andlogla-u-a~ )=},  a*-c, X, Buta®for a > O stays
bounded in A4,. So log(a-u-a~"') stays bounded as ae 4, and u € w. The expo-
nential being continuous, this proves the lemma.

1.8. Siegel domains. We keep the same notation as above. Let K be a maximal
compact subgroup of Gg such that the Lie algebra of K is orthogonal to that of
Sg. Let w be a compact neighborhood of e in (M- U)g = Mg Ug. The subset
S =K-A,-w is called a Siegel domain for G. If n:G - X = K\Gpg, then
(&) = @ =0 - S (where o is the coset K) is called a Siegel domain in X. The
set (K N P)- A,-wis a Siegel domain in Pg. Since Gy is generated by K and Pg,
one has then @ =0- S =04, -w.

EXAMPLES. (1) G = SL(2,R), T = SL(2,Z), and X = SO(2, R\SL(2, R) is the
upper half plane. To be in agreement with the rest of this lecture, we let G act
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on X on the right by putting b
a
z.g=(@z+c)b-z+d!, (g=( d)eSL(Z,R)).
c

el -l el )

The positive root corresponding to this choice of U is a(a) = a~2. The fixed point
of K is i. Let w be the set of elements in U for which |c| £ C. Then €' is the
rectangular domain:

& =i-A-w={zeX,|Rez| £ C,Imz 2 ¢t"'}.

Let

It contains the classical fundamental domain |z| 2 1, Rez £ 4 if C 2§ and
=%

(2) G = GL(n,R), K = O(n,R), S (resp. U, resp. P) group of diagonal (resp.
unipotent upper triangular, resp. upper triangular) matrices. Then X is the space
of positive nondegenerate quadratic forms in n variables. 4, is the set of diagonal
matrices with positive entries a; verifying a;/a;,, < t. The natural projection of

G onto X = K\G is the map g+ ‘g- g. The image of the Siegel domain K- 4,- w
in X is then the set of matrices

‘u-a-u (uew;ae A,).
It is well known to be a fundamental set if t* = %, and if w contains all matrices
u = (u;;) € U such that [u;| < @ # j).
1.9. LEMMA. A4 Siegel domain has finite Haar measure.
PROOF. We have
Gr=K-Pg=K-A-(M-U)y.

The second decomposition is not unique but determined up to an element of the
compact group K n M. By standard facts on Haar measures, we have:

f dg = J ¢ dg
S K-A-(M-U)p

=c-J~ dk-J a* dadv
K Aew

where ¢ is the characteristic function of &, dv is the Haar measure of M- U and
x = det Ad,a. We have y =) c,a and c, > 0. The only integral one has to
evaluate to prove the finiteness is that extended over A,; up to a constant factor,
it is a product over a € gA of integrals of the form

t
J exp(c,x) dx,

which are finite since ¢, > 0.
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1.10. THEOREM. Let G be a connected semisimple algebraic group defined over
Q, and T an arithmetic subgroup of G.

(1) There exists a finite subset C of Gg and a Siegel domain S such that Q = SC
is a fundamental set in Gy for I'. The set C contains then at least one representative
for every double coset I\Gg/Py. (In particular the number of such double cosets is

finite.)

(2) Conversely if C is a finite subset of Gg containing a representative for every
double coset of I\Go/Py, then there exists a Siegel domain S such that Q = &- C
is a fundamental set in Gg for T.

It follows immediately from the lemma and the theorem that Gg/T" has finite
invariant volume.

1.11. THEOREM. Let G be an algebraic group defined over Q, T an arithmetic
subgroup of Gg. Then Gg/T" has finite volume if and only if G} has no characters
defined over Q. (Gg = {0}.)

Writing G° = H-Z- U, where U is the unipotent radical and Z the central
torus of a maximal reductive subgroup, the condition states that Z is anisotropic
over Q.

Theorem 1.11 is proved in [4] and Theorem 1.10 is announced in [1]. For
proofs which are different from those of [1, 4], see [6].

In Q, the complement of a compact set is the union of sets of the form KA4,-w-¢
(ce Gg, r > O, r sufficiently small). These are to be viewed as the analogues of the
“‘cusps’ for fuchsian groups. The minimum number of cusps is then the number
of elements in I'\Gy/P, or, equivalently, the number of conjugacy classes of
minimal parabolic @-subgroups under I'.

ExampLEs. If F is a quadratic form defined over Q and G = SO(F), Py is the
stability group of a full isotropic flag. Then the minimal number of cusps for a
fundamental set Q is the number of transitivity classes of full isotropic flags
under I'. The same is true for Sp(n). Since Sp(n, Z) is transitive on the full isotropic
flags, the minimum number of cusps for the modular group is 1, as is well
known by Siegel’s construction of a fundamental domain in this case. More
generally, [2, Lemma 1], we have Gy = Gz Py if G splits over Q, and G; is the
group of integral points for the canonical Z-structure on G introduced by
Chevalley, and described in [5]) In this case, there is only one cusp.

1.12. Minimum principles connected with fundamental domains.

EXAMPLE. 1. Let X = {ZeM(n,C)'Z = Z,Im Z > 0} be the Siegel upper half
plane, © a Siegel domain which is a fundamental domain for the modular group
I'. Consider for fixed Z e X the function f(Zy) = det(Im Z-y)~! defined on TI.
It is well known that this function has a minimum on Z ‘T and that this mini-
mum is taken in a pointof Z-I'n &.



REDUCTION THEORY 25

2. Let G = GL(n), and S a suitable big Siegel domain in Gg. It is known from
the Hermite or the Minkowski reduction theory that, if || x| denotes the length
of the vector xe R", then for every ge R, the function f(y) = |gy(e,)| from
GL(n, Z) to R* attains a minimum in &.

Such minimum principles hold for evéry semisimple algebraic group defined
over Q. Let P be a minimal parabolic Q-subgroup of G; gA the set of simple
roots of G relative to this choice of a minimal parabolic subgroup. Take in P
a set of fundamental weights A, such that (A,, B) = d,8,4, (% B € pA), and d, > 0.

1.13. THEOREM. Let y€ P with y = Y c,A, (c, = 0) and f a function from Gg
to R* satisfying f(x, p) = f(x)|p*| (p € Pg). Take for C a set of representatives of
the double cosets of I'\Gg/Pg. Then there exists a Siegel domain S in Gg such that
for any x € Gg the function f,(c, y) = f(x - ¢ - y) attains a minimuminC-T nx~!. S;
in other words, there exist cq€ C, yo € I' such that xcyy, € S and f(xcqyo) < f(xcy)
(ceG,yel)

The Minkowski reduction theory in GL, makes use of n — 1 successive minima.
This approach was generalized to adéle groups of arbitrary semisimple groups
in [6] The number of successive minima is equal to rkg(G), and the functions
which are minimized are associated to fundamental strongly Q-rational repre-
sentations, in the sense of [3, §7]. There is an analogue of this for Gg and T,
which also generalizes §1.13, where, given an integer r in (1 < r < rkyG), one
takes successive minima of r functions. The two cases just mentioned then
correspond to r = 1, r = rkyG. The formulation of this result is however more
complicated than in the adéle case, because fundamental sets for I' in Gx have in
general more than one cusp. Details will be given in a future publication of the
speaker.
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Rationality Properties of Linear Algebraic Groups

ARMAND BOREL AND T. A. SPRINGER

In this lecture, G is a connected linear algebraic group, g its Lie algebra, k a
field of definition for G and p the characteristic of k. Our purpose is to sketch, for
infinite k, a proof of

THEOREM A. (i) G contains a maximal torus and a Cartan subgroup defined over k.
(1) Let G be reductive. Then G is unirational over k. In particular, if k is infinite,
G, is Zariski dense in G.

(G unirational over k means that there exists a k-morphism of a k-open subset
of an affine space into G, whose image contains a nonempty open subset of G.)

This theorem is due to Rosenlicht [6] over perfect fields, to Grothendieck [5]
in the general case. In contrast with [S5], we shall give a proof which does not use
schemes ; however, it is in part based on similar ideas. We presuppose the theory
of algebraic groups over an algebraically closed field [1], [4].

Notation. The Lie algebra of an algebraic group H, M, - - - is denoted by the cor-
responding German letter. Ad refers to the adjoint representation of G in g,
and ad to the representation of g into itself defined by ad X(Y) = [X, Y] As is
well known, ad is the differential of Ad. 94 stands for g- A-g" ' (g€ G, 4 < G).
For X e g, we let Z5(X) = {ge G,Ad g(X) = X} and z4(X) = {Ye g, [Y, X] = 0}.
Clearly, Z;(X) is a closed subgroup, whose Lie algebra is contained in zg(X).
If no confusion can arise, we drop the subscript G.

Let p # 0. We denote by [p]: X — X' the pth power operation in g. It is defined
over k: if g = gg,, then X! = X? In particular, if [X, Y] = 0, then

(X + Y)[p] = xIPl + Yo

If ¢ = p° is a power of p, we write [q] for [p}. The pth power operation commutes
with differentials of morphisms.

1.-Jordan decomposition in g. The centralizer of a semisimple element.
1.1. DEFINITION. An element X € g is semisimple (resp. nilpotent) if it belongs
to the Lie algebra of a sub-torus (resp. unipotent subgroup) of G.

1.2. LEMMA. Let G = T U be solvable, with one-dimensional unipotent radical U,
where Tis a maximal torus of G. Let X € t. Then there are two possibilities:

1) [X,u] =0, Z(X)=G.

(2) [X,u] # 0, Z(X) = T; the map u— Adu(X) — X is an isomorphism of U
onto the additive algebraic group Add(u) of u. Every element X + Z (Z€ u) is
semisimple.

26
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Let n: G - G’ = G/U be the canonical projection. Then dn maps t isomor-
phically onto ¢’, and G’ is commutative. Therefore, Ad g(X) — X e u (g€ G).

Assume [X, u] = 0, and identify G to a matrix group. If Z(X) # G, there exists
ue U such that Ad u(X) = X + U (U eu — 0). But then Ad u(X) is on the one
hand a semisimple matrix (being tangent to a torus), and on the other hand is
the sum of a semisimple and a nonzero nilpotent matrix, commuting with each
other, a contradiction.

Let now [X, u] # 0. Since ad is the differential of Ad, this implies that Z(X) # G.
Since Z(X) o T, it follows, for dimensional reasons, that Z(X)° = T. However,
in a connected solvable group, the centralizer and the normalizer of a torus are
connected, and coincide [1]. Since [t, u] # 0, Tis not central, hence Norm(T) = T
and Z(X) =T Let Yeu — 0. Then Ad u(X) — X = c(u)- Y. Obviously c is a
morphism of U into the additive group of u, injective since Z(X) = T, hence bijec-
tive. Thus every element X + Z (Z € u) is conjugate to X, hence is semisimple.
The relation [X, u] # 0 implies that the differential of ¢ is an isomorphism,
therefore c is birational, biregular. '

1.3. PROPOSITION. Every X € g can be written uniquely as X = X, + X, with
X, semisimple, X, nilpotent, [X,,X,]=0. For any morphism =n:G - GL,,
dn(X) = dn(X,) + dn(X,) is the Jordan decomposition of dn(X).

Let X = X, + X, be one decomposition of X with X, semisimple, X, nilpotent
and [X,, X,] = 0. Then dn(X,) (resp. dn(X,)) is tangent to a torus (resp. a uni-
potent group), hence is a semisimple (resp. nilpotent) matrix, whence the second
assertion. Using a matrix realization of G, this implies the uniqueness of this
decomposition. There remains to show its existence. We assume first G to be
solvable, and proceed by induction on dim G. Let U = R,(G) be the unipotent
radical of G. There exists a connected one-dimensional subgroup N of the center
of U which is normal in G. Let n: G - G’ = G/N be the canonical projection.
Let X € g. By induction assumption,

dn(X)= A"+ B’ (4, B' € g; A’ semisimple, B’ nilpotent, [4’, B'] = 0).

Since R (G’) = n(R,(G)), and every torus of G’ is the image of a torus of G, this
yields

X=A+B (A semisimple, B nilpotent, dn(A) = A’, dn(B) = B').

Let T be a maximal torus whose Lie algebra contains A. Since every rational
representation of T is fully reducible, we may write u = r @ n, with r stable under
Ad T Writing

B =B, + B, (B,er,B,en),
we have then
{4, B,] =0, [4,B,] = Cen, [B,, B,] =0.
If C = 0, we are done, so assume C # 0. By Lemma 1.2, applied to T- N, the



28 ARMAND BOREL AND T. A. SPRINGER

sum 4 + B, is semisimple, hence the decomposition X = X, + X, with X; = 4
+ B,, X, = B, has the required properties.

This proves Proposition 1.3 for solvable groups. The general case follows by
using the following Lemma [5, XIV, Théoréme 4.11]:

1.4. LEMMA. Let B be a Borel subgroup of G. Then g =U . Ad g(b).

The proof is similar to that given in [3, VI] for the corresponding statement
in G; it uses the two following facts, which follow from properties of reductive
groups: B is the normalizer of b in G, and there exists an element X € b which
is not contained in any conjugate of b distinct from b.

1.5. PROPOSITION. Let X € g be semisimple. Then z(X) is the Lie algebra of Z(X).

Since z(X) contains the Lie algebra of Z(X), it is enough to show that dim z(X)
< dim Z(X).

(a) G solvable. We let U,N,n:G —» G’ = G/N be as in the previous proof,
and let T be a maximal torus whose Lie algebra contains X. Let X' = dn(X).
The Lie algebra g is the direct sum of n and of a subspace r stable under Ad T,
whence immediately,

dim z(X) = z(X) A n + dim z(X").

By Lemma 12, dimz(X)nn =dimZ(X)n N; by induction dim Zg;(X’)
= dim z(X"). It suffices therefore to show that n(Z(X)) = Z4;.(X).

Let g’ € Z;(X"). There exists g € G such that n(g) = g', hence such that Ad g(X)
= X + Y (Yen). There is something to prove only if Y # 0. Since Ad g(X) is
semisimple, and Y is nilpotent, we must have [X, Y] # 0 by the uniqueness of the
Jordan decomposition. By Lemma 1.2, there exists then ne N such that Ad n(X)
=X — Y We have then Adn-g(X)= X,and n(n-g) = ¢'.

(b) G not solvable. Let T be a maximal torus whose Lie algebra contains X.
It follows from known facts about reductive groups that G has two Borel sub-
groups B, B', normalized by T, which generate G, such that g=b + b,bnb’
=1t + u (u Lie algebra of U = R,(G)) (see [3, §2]). Let ¢,¢’ be supplementary
subspaces of t + u in b and b’ respectively, stable under Ad T The Lie algebra
z(X) is the direct sum of its intersections with ¢, ¢’ and t + u, say p, q, r. By (a)
p + r and q + r belong to the Lie algebra of Z(X), hence dim Z(X) = dim z(X).

ReMARK. Using induction and the relation n(Z(X)) = Z4;(X') proved above,
one sees easily that Z(X) is connected if G is solvable. Examples show that this
need not be the case when G is semisimple.

1.6. PROPOSITION. Let X € g be semisimple. Then Ad G(X) is closed.

Identify G with a matrix group. Let L be the set of Ye g which annihilate the
minimal polynomial of X, and such that ad Y has the same characteristic poly-
nomial as ad X. This is an algebraic subset of g, stable under Ad G. Let Ye L.
Its minimal polynomial divides that of X, hence has only simple factors, and Y isa
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semisimple matrix. By Proposition 1.3, it is a semisimple element of g, in the
sense of Definition 1.1, consequently, (Proposition 1.5), dim Z(Y) is equal to the
multiplicity of the eigenvalue zero of ad Y. By the definition of L, and Proposition
1.5, this implies dim Z(Y) = dim Z(X). As a consequence, the orbits of G in L
are all of the same dimension, hence are closed [1, §16].

1.7. COROLLARY. Assume that every semisimple element of g is central in g.
Then the set of all semisimple elements of g is a subspace s defined over k, which is
the Lie algebra of every maximal torus of G.

Let T be a maximal torus of G. Then t = 5. Let X € g be semisimple. By the
conjugacy of maximal tori in G, there exists ge G such that Ad g(X) = t. By
assumption [X, g] = 0, hence (Proposition 1.5), Z(X) = G and Adg(X) = X.
Thus s < t. There remains to see that s is defined over k, in other words, that it is
generated over k by elements of g,. This is obvious in char. 0 (or in fact over a
perfect field, since in this case the Jordan decomposition is over the groundfield),
so we assume p # 0. There exists a power g of p such that X9 = 0, whenever
X is nilpotent. For arbitrary X we have X9 = (X, + X,)9 = x4 4 xla
= X9 c t (notation of §1.3). Thus [q]: X — X9 maps g into t. On the other
hand, t can be diagonalized, hence the restriction of [g] to t is bijective. Thus,
Im[gq] = t. But [g] is a morphism of g, viewed as an algebraic set, into itself,
obviously defined over k. Therefore, Im[q] is also defined over k.

2. Inseparable isogenies. The main tools which will allow us to get hold of fields
of definition in char. p # 0 are the criterion of multiplicity one of intersection
theory, and the following result of Barsotti and Serre ([7, Théoréme 1], [3, §7]).

2.1. PROPOSITION. Let m be an ideal of g which is stable under the pth power
operation and under Ad G. Then there exists one and, up to k-isomorphism, only
one k-group G’ with the following properties: (i) there exists a purely inseparable
k-isogeny m: G — G’ such that ker dn = m; (i) every purely inseparable k-isogeny
0: G — G" such that ker d0 > m can be k-factored through m.

We also write G/m for G'. Note that, since n is purely inseparable, 7 is a
bijective morphism of G onto G'.

2.2. PROPOSITION. Let G be not nilpotent, and assume that every semisimple
element of g is central. Let T be a maximal torus of G. Then there exists a k-group
G', such that not all semisimple elements of o' are central, and a purely inseparable
k-isogeny n: G — G', whose differential dn had t as kernel. The Lie algebra g’ is
the direct sum of dn(g) and of the Lie algebra of any maximal torus.

Let ® = @(G, T) be the set of roots of G with respect to T(nontrivial characters
of Tin g, under the adjoint representation). Since G is not nilpotent, T is not
central, and @ is not empty. (To see this, use the fact that G is generated by two
solvable subgroups containing 7, and the “lemme de dévissage” of [4], Exp. 9,
Lemme 2.)
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g is the direct sum of the Lie algebra of Z(T) and of the root spaces
g, = {XeglAdt(X)=*- X, (te T)} (ac®)
Let da be the differential of a: T— GL,. It is a linear form on t, and we have

[Y,X]=daY)-X (Yet Xeg,)

It is easily seen that the differential of a character x of Tis zero if and only if x is
divisible by p, in the character group X(T) of T Let ¢ be the smallest positive
integer such that ® ¢ p°*!- X(T). The elements of t are central in g if and only
if ¢ = 1. We prove Proposition 2.2 by induction on c.

By Corollary 1.7, t is the set of all semisimple elements of g and is defined over k.
By Proposition 1.5, every X et is centralized by G. Since t is the Lie algebra of
an algebraic group, it is stable under pth power operation therefore (Proposition
2.1), there exists a purely inseparable isogeny n,: G — G, = G/t.

It follows from Proposition 1.3 that dm,(g) consists of nilpotent elements;
therefore if T" is a maximal torus of G, then t' N dr,(g) = 0, hence, for dimensional
reasons, g’ = t' @ dn,(g) (direct sum of vector spaces). This applies in particular
to the Lie algebra t, of T, = n(T), which implies readily that ‘z, maps ®(G,, T)
onto ®(G, T). On the other hand, it follows from dn(t) = 0 that 'z, maps X(T')
into p- X(T). Thus, if d is the smallest positive integer such that

®G,, ) ¢ p**' - X(Ty),

we have d < c. If d = 0, then t' is not central, and we take G' = G,. If d = 1,
we apply the induction assumption and get n’': G, — G’, with ker dn’ = t,, satisfy-
ing our conditions for G,. Then = = 7’ o, : G — G’ has all the required proper-
ties.

3. Proof of Theorem A.

3.1. Regular elements. Let nil X be the multiplicity of the eigenvalue zero of
ad X (X € g), and let n(g) = minynil(X). An element X is regular if nil(X) = n(g),
singular otherwise. Clearly nil X = nil X (notation of §1.3), hence X is regular
if and only if X is so. If p # 0, then X and X'” are simultaneously regular or
singular.

Let k be infinite. Then there exists a semisimple regular element Yeg,. In
fact, the set S of singular elements is a proper algebraic subset (the set of zeros
of the last nonidentically vanishing coefficient of the Killing equation), hence
we may find X € g, which is regular. Let X = X, + X, be its Jordan decomposi-
tion. If p = 0, take Y = Y;; if not, there exists a power g of p such that X4 = 0,
Then put Y = X,

In the sequel, k is infinite. .

3.2. Proof of Theorem A (i). A Cartan subgroup is the centralizer of a maximal
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torus [1], and the centralizer of a k-torus is defined over k [2, §10] It suffices
therefore to prove the existence of a maximal torus defined over k. We use
induction on dim G.

Let first G be nilpotent, then G = T x U (Tunique maximal torus, U unipotent
radical). If k is perfect, T is defined over k. If not, we let g be a power of p such
that U? = {e}. Then G? = T? = T, hence g— g? is a morphism of G onto T,
clearly defined over k, and T is defined over k. (This argument, phrased slightly
differently, is due to Rosenlicht [6].) Let now G be not nilpotent. We let n : G— G’
be the identity if not all of the semisimple elements of g are central, and be as in
Proposition 2.2 otherwise.

By §3.1, there exists a semisimple regular element Ye g,. By construction of
G’, we have n(g’) # dim G, hence z(Y) # g'. -

We let G operate on g’ by Ad - . Clearly, G(Y) = Ad G'(Y), hence G(Y) is
closed (Proposition 1.6). Let Z4(Y) be the isotropy group of Y. Then n(Z(Y))
= Zg(Y), hence (Proposition 1.5), dim Z4(Y) = dimg — n(g)) and Z4(Y)° is a
proper closed subgroup of G. We want to prove that it is defined over k. This is
clear in char. O (or if k is perfect) so let p # 0. Let f be the map g— Ad n(g)(Y) of
G onto G(Y). It is defined over k. We claim that it is separable. To show this,
it suffices to prove that df,: X+— Y + [dn(X), Y] maps g onto the tangent space
to G(Y) at Y. By 1.5, this tangent space is equal to Y + [g’, Y], so that our assertion
is clear if = is the identity. If # # Id, we are in the situation of Proposition 2.2.
Then dn(g) is an ideal of ', obviously stable under Ad G’, which is a supple-
mentary subspace of the Lie algebra of any maximal torus of G'. Since Y is
contained in such an algebra, we see that [Y, g'] = [V, dn(g)], whence our assertion.
It follows that the graph I" of f in G x G(Y), and G x {Y}, cut each other
transversally. By the criterion of multiplicity one [8, VI, §2, Theorem 6] the
cycle, sum of the irreducible components of I' N (G x {Y}) = Z4(Y), each with
coefficient one, is rational over k, hence (Z4(Y))° is defined over k [8, Pro-
position 1, p. 208]. By induction assumption Z(Y)° has a maximal torus T defined
over k. But Z(Y) contains at least one maximal torus of G, hence T is a maximal
torus of G.

3.3. Proof of Theorem A (ii). Let now G be reductive. The result is known if
G is a torus [6], so we again use induction on dim G. The group Z4(Y)° considered
above is reductive; in fact, it contains a maximal torus 7T, and it is clear that
DZ Y)P°, T)is a symmetric subset of (G, T) (see [2, §2.3, Remark]). We want to
prove that the groups Zg(Y)°, where Y varies over the regular semisimple
elements Ye g, generate G. Let H be the group they generate and H' = n(H);
assume H' # G. There exists then a regular element X € g; not in . We have
then z(X,) ¢ b, hence z(X'9) = z(X,) ¢ b for every power q of p. We can therefore
find a regular semisimple element Ye g, such that nil z(Y) ¢ §’. Since z(Y) is
the Lie algebra of Z(Y) = n(Z4(Y)) by Proposition 1.5, it follows that Z4(Y)° ¢ H,
contradicting the definition of H. Thus H = G. There exist consequently finitely
many connected reductive proper k-subgroups H; (i = 1,---,t), such that the
product mapping (hy,"**,h)— hy-----h, of H; x --- x H, into G is a surjective
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k-morphism of the underlying algebraic varieties. By induction assumption, each
H; is unirational over k, hence so is G.

REMARKS. (1) Let X be a regular element in g. Its nilspace n(X), i.e. the set of
Y in g which are annihilated by some power of ad Y, is by definition in [5] a Cartan
subalgebra of g. We have n(X) = n(X,) = z(X,), and, by Proposition 1.5, z(X,)
is the Lie algebra of Z(X). It follows that the subgroups of type (C) of [5] are the
centralizers in G of the regular semisimple elements of g.

(2) In the same context, one can also prove that a reductive k-group splits
over a finite separable extension of the groundfield, that the variety of Cartan
subgroups of G is rational over k [5], give alternate proofs of some structure
theorems of Rosenlicht’s about unipotent groups acted upon by tori, and of the
conjugacy over k of maximal k-tori in a solvable k-group. Details will be given
elsewhere.
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Classification of Algebraic Semisimple Groups

J. TITS

This is mostly an exposition of known results. However, part of the final
classification, given at the end in the form of tables, a few propositions in §§2 and
3, and various improvements in the statements of other results may be new. The
bibliographical references following each title serve a double purpose, historical
and technical: they refer either to papers where, to the best knowledge of the
author, the stated results have been announced first, or to places where proofs
(or further information) are supplied. In general, proofs are given or sketched here,
only when they are not available in the literature. A detailed justification of the
classification tables would require much space and will not be found in this paper
(the author hopes to write it down at some other occasion); however, using the
indications given here or in the cited literature, the reader should not have much
difficulty in reconstructing the arguments, except perhaps for some rather tricky
existence proofs. At this point it should be mentioned that discussions with M.
Kneser have been of considerable help in the final setting up of these tables;
without him, several ugly question marks would still spoil them.

1. Algebraically closed fields, Dynkin diagrams.

1.1. Dynkin diagrams ([3], [5], [7], [11], [13], [29], [47])).

1.1.1. Notations. All semisimple groups considered in this paper are assumed
to be connected. The following notations are used throughout the §1: K is an
algebraically closed field, G a semisimple algebraic group defined over K, T a
maximal torus of G, N its normalizer, X = X*(T) the character group of T,
Z c X the set of all roots (of G relative to T). In X ® R we choose a scalar
product ( , ) invariant under the Weyl group W = N/T (which operates on X
in the obvious way) and an ordering, A is the set of all simple roots (with respect
to that ordering), — p is the dominant (i.e. maximal) root and we set A’ = A U {u}.
If G is almost simple (i.e. has no proper infinite normal subgroup), u depends only
on A, that is, is the minimal root for any ordering for which A is the set of simple
roots. (When G is not almost simple, there is little interest in considering u and A'.)
For every root a € Z, we denote by a*: X ® R — R the linear form defined by

a*(x) = 2(a, x)/(e, a).
One has a*(X) = Z.
1.1.2. Ordinary Dynkin diagram. For every pair a, 8 of distinct elements of A’,
33
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we have one of the following sets of relations, possibly after interchanging & and §:

(1) a*(B) = pX=x) = 0,

(i) a*(f) = f*x) = -1,

(i) a*(f) = —1, p*(@) = -2,

(1v) a*(B) = —1, f*o) = —3.
To build the Dynkin diagram of G, one represents the elements of A by points
(the vertices of the diagram) and one joins the points representing a and f as
follows, according as to which one of the above sets of conditions is fulfilled :

(i) «a B
(i) o p—————p
T — =V
SRS

(In the last case, it is often suitable to use a quadruple segment instead of a
triple one, for reasons which will appear in §1.3.2; here we shall however use the
above notation, which is the most common.)-

1.1.3. Affine (= extended) Dynkin diagram. Assume first that G is almost simple.
The construction described above for the Dynkin diagram, when applied to the
set A’ instead of the set A, gives rise to a new diagram, called the affine (or ex-
tended) Dynkin diagram of G. If G is not almost simple, we define its affine Pynkin
diagram as the disjoint union of those of its almost simple normal subgreups.
Since the affine Dynkin diagram is a function of the root system X, which is
determined up to isometry by the (ordinary) Dynkin diagram, it will be meaning-
ful to talk about the affine diagram associated with (or extension of) a given
Dynkin diagram.

The main purpose of §1 is to indicate how important data relative to a group G
can be read on its Dynkin diagrams.

1.2. Classification up to isogeny ([T}, [11]).

1.2.1. Isogenies. An isogeny is a surjective homomorphism with-finite kernel.
H & and H are groups defined over K, an isogeny ¢:H — G is said to be central
if for every K-algebra A, the kernel of the homomorphism ¢ ,: H, - G, is central
in H,. (We denote by G, and H , the groups of points of G and H with coefficients
im A; for the meaning of these notions, see [6].) Every separable isogeny of a
connected group G is central. We shall say that two groups G, G’ are (strictly)
isogenous if there is a group H and two (central) isogenies H - G and H —» G'.
This relation is transitive.

1.2.2. The main theorem.

THEOREM 1. The field K being given, a semisimple group G is characterized up to-
strict isogeny by its Dynkin diagram. It is almost simple if and only if the diagram
is connected. Any semisimple group G is strictly isogenous to a direct product of
simple groups whose Dynkin diagrams are the connected components of the diagram
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of G. The complete list of Dynkin diagrams of almost simple groups is given in
Table 1; each diagram of that table determines a strict isogeny class of almost
simple groups over any given field K.

Table I gives simultaneously the ordinary and the affine Dynkin diagrams of
each group: the strokes which join the vertex u to the other vertices (and which
therefore complement the ordinary diagram to give the affine one) are drawn in
broken lines.

We mention further that the only almost simple groups which are isogenous
without being strictly isogenous are the groups of types B, and C,, for the same
n = 3, over a field of characteristic 2.

Notice that Theorem 1 gives us the right to talk about *“the Dynkin diagram
of a strict isogeny class.”

1.3. Weyl groups ([5), [7], [29], [34], [47)).

1.3.1. Let V = X (T) ® R be the dual of X ® R. There is an obvious action
of the Weyl group W = N/T on V; we shall occasionally identify W with its
canonical image in GL(V). For every root a (which we view as a linear form on
V)and every integer i € Z, we denote by r, ; the reflection with respect to the hyper-
plane o~ !(i), defined by means of some euclidean metric invariant under W (which
metric one chooses is irrelevant). Finally, we set r, = r,,.

1.3.2. Generators and relations. The Weyl group contains all the r,(x € Z), and
is generated by the r, (x € A). As an ‘‘abstract” group, it is defined by the relations

(rarﬂ)m'p = 1’

where a, £ run through A, m,, = 1 and m,s = 2 (resp. 3, 4, 6) when a # f and the
pair a, B satisfies the set of relations (i) (resp. (ii), (iii), (iv)) in §1.1.2. ‘

1.3.3. Affine Weyl group. Let G be almost simple. The group generated by all
r.; is called the affine Weyl group of G. Set r, = r, if a€ A, and r), = r, ;. Then,
the affine Weyl group is generated by the r, (x € A’) and is defined, as an abstract
group, by the relations

e = 1,

where the m,; are defined as above.

1.4. Coefficients of the dominant root; dimension ([3], [5], [14], [24], [33)).

1.4.1. The group G is again assumed to be almost simple. Set —pu =) c,a
and ¢, = 1 so that

Y ca=0,

acA’

and, for every fe A,

(1) Y @) =

aeA’

In this formula, it suffices of course to extend the summation to the set C, of all
elements a of A’ which are connected to g in the affine Dynkin diagram. When
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all roots of G have equal length, (1) becomes

2 2= c,
aeCg

The formulae (1) and (2) give an effective way to compute rapidly the c,. For
instance, in the case of E,, one finds successively, when numbering the simple
rootsasin Table I, cg = 2c, = 2,¢3 = 2¢6 — ¢, = 3,¢;, = 2¢y,¢3 = 2¢; — ¢; = 3¢y,
thus ¢, = 1, ¢, = 2, and similarly, ¢cs = 1 and ¢, = 2.

142 Ifr = #Ais the rank of G and ¢ = Zae ACas the dimension of G is given
by the formula

dimG =r-(c + 2).

For instance, dmEg =6-(1 +2+3+2+ 1+ 2+ 2)=178.

1.5. Classification up to isomorphism; automorphism group and center ([3), [S],
(7], [12], [14], [29)).

1.5.1. Opposition involution. There exists a unique involutory permutation i
of the simple roots such that the mapping @ — —i(a) extends to an operation of
the Weyl! group. This permutation i, called the opposition involution, induces an
automorphism of the Dynkin diagram 9. It can be determined by the following
rule: i leaves invariant each connected component of 2 and induces a nontrivial
automorphism on a given component %2, if and only if 2, is of type A,, D,,.,
or E,. (Notice that the diagrams of these types have a single nontrivial auto-
morphism.) Whenever 2 is connected and possesses a nontrivial automorphism, i
is that automorphism, except in the case of D,,. Once one knows that, for the
type D,,, the parity of m plays an essential role, there are two easy ways to remem-
ber *“which is which™: since A; = D5, the type D,,,, must behave like the types
A, that is, i cannot be the identity; on the other hand, since i is ‘“‘characteristic,”
that is, invariant by the automorphism group of 2, it follows from the symmetry
of order 3 of the diagram D, that i must be the identity for this type, and therefore
also for all types D,,.

1.5.2. The cocenter C*. To each strict isogeny class ¥ of semisimple groups,
we shall associate a certain finite commutative group C* = C*(%), which will
turn out to be the dual of the center of the simply connected group in ¥ (see
§§1.5.4 and 1.5.5), and whose knowledge permits an immediate classification up to
isomorphism of the groups in ¢ (§1.5.4). Here, we give a “‘natural” definition of C*
in terms of roots and weights. In §1.5.3, it will be seen how C* can be deduced
from the Dynkin diagrams of 4.

In the space V* = X @ R (1.1.1), let X be the group generated by I and let X
be the group of all v* € V'* such that a*(v*) e Z for all xe T (§1.1.1). (X is called
the weight group of the root system.) The group C* is then defined as the quotient
X/X. Its Pontrjagin dual, which we shall denote by C = C(%) is canonically
isomorphic (and will be identified) with the quotient X */X « Where

X(cV=X,T)®R)
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is generated by the o*, with a € X, and X, consists of all ve V such that a(v)e Z
for all xe X.

1.5.3. Automorphism groups of Dynkin diagrams. As before, 2 denotes the
Dynkin diagram of G and 2’ its associate affine diagram. Every automorphism
of 9 extends uniquely to an automorphism 2’; therefore, we can identify the
group Aut(2) of automorphisms of 2 with a subgroup of Aut(2’). There is a
natural, effective action, which we want to describe, of the group C defined
in §1.5.2 on 2'. For every xe X, the affine Weyl group W’ contains a unique
element whose product with the translation v— v + x leaves invariant the
“fundamental chamber” {ve V|a(v) >0 for all xeX and u(v) < 1}, that is,
permutes the fixed hyperplanes of the reflexions r, with a € A’ (§1.3.3). Through the
permutation of A’ thus defined, we obtain an action of x on 2'. It can be shown
that the translations belonging to W' are exactly the translations by elements
of X,, and that W’ operates trivially on the quotient X,/X, . From this, it follows
immediately that the mapping X, — Aut 2’ which has just been defined is a
homomorphism whose kernel is X,, and induces therefore a monomorphism
C - Aut(2').

We now indicate a few properties of the group C, considered as a subgroup
of Aut(2'). Notice that, since 9’ characterises X (up to isometry) which, in turn,
determines C, we are allowed to talk about ‘“‘the group C of an affine Dynkin
diagram 2", a group which we denote by C(2').

(1) If the diagram 2’ is the disjoint union of a set of subdiagrams 2;, the
group C(2') is the direct product of the groups C(2;), where C(2;) is made to
operate trivially on 9; whenever j # i.

(2) The group C is a normal subgroup of Aut(2’), one has Aut(2) n C = {1}
and Aut(2’) = Aut(2)- C. In other words, Aut(2’) is the semidirect product of
Aut(2) and C. In particular, there is a natural action of Aut(2) on C.

(3) Every element c € C is transformed in its inverse by the opposition involu-
tion i (that is, ici"! = ¢~ ).

4) If @' is connected, the set of all vertices o such that c, = 1, with the notation
of §1.4.1, is invariant under Aut(2'), and the group C is simply transitive on it.

The subgroup C of Aut(2’) is completely characterized by (1), (3), and either
one of the properties (2) and (4). More interesting perhaps, from a mnemo-
nic point of view, is the fact (1) and (2) alone, together with the fact that C is
commutative, characterize C except when 2 has a component of type D; in this
case, it must be remembered that

C(D;,) = (Z/2Z) x (Z/2Z),  C(D3n+,) = Z/AZ.

1.5.4. Classification up to isomorphism; simply connected and adjoint groups.
To each group G of the strict isogeny class %, we can associate the subgroup
C'(G) = X (T)/X, of C, or equivalently the subgroup C*(G) = X*/X* of C*;
we set C(G) = X,/X (T) = C/C'(G). The classification up to isomorphism of the
groups in % is now given by the

PrOPOSITION 1. Two groups G, G' € % are isomorphic iff the groups C'(G) and
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C'(G') are conjugate in Aut(2’). There exists a central isogeny G — G’ iff C'(G)
is conjugate in Au(Y’) to a subgroup of C'(G’). Every subgroup of C = C(9) is the
group C'(G) of some group Ge%.

Notice that the characteristic of the ground field plays no role here.

It follows from the proposition above that ¢ contains a “‘biggest group” G
(such that C(G) = C) and a “‘smallest group” G (such that C(G) = {1}). For any G
in ¢, the groups G and G (together with central isogenies G — G and G — G) are
respectively called the simply connected or universal covering of G, and the adjoint
group of G.

The second statement of the proposition can be made more precise. Any
central isogeny G — G’ induces in a natural way an injection C'(G) — C'(G').
For a given G, the central isogenies ¢: G — G’ are thus exactly classified, up to
equivalence, by the subgroups of C(G) (two isogenies ¢': G — G’ and ¢": G > G”
are called equivalent if there exists an isomorphism f:G — G” such that
¢” = fo¢’). The isogeny ¢ is separable (resp. purely inseparable) iff the index
[C(G): C(G")] is prime to the characteristic p of the ground field (resp. is a power
of p).

1.5.5. Center. The center Z(G) of G is canonically isomorphic with the group
Hom(C*(G), K*), where K* is the multiplicative group of K. If one adopts a
“classical”, nonschematical point of view (that is, if one overlooks the nilpotent
elements in the structural sheave of G), Z(G) is therefore isomorphic with the
quotient of C(G) by its p-primary component, where p is the characteristic of K.

1.5.6. Automorphism group. The group Aut(G) of all K-automorphisms of G is
the semidirect product of the group Int(G) of all inner automorphisms and a
finite group A, canonically isomorphic with the normalizer of C(G) in Aut(9).
In particular, if G is simply connected or adjoint, 4 = Aut(2).

1.6. Parabolic subgroups ([4), [7], [37], [39]). There is a natural one-to-one
correspondence between the conjugacy classes of parabolic subgroups of G,
and the subsets of the set A of all simple roots. To a subset ® < A is associated
the conjugacy class containing the parabolic subgroup generated by T and by the
groups U,(x€ A) and U_,(x€ ®), where U, denotes the ‘“‘one-parameter root
group” corresponding to the root a. In particular, the conjugacy class associated
to the empty set is the class of all Borel subgroups, and the conjugacy class
associated with A is {G}.

2. Non algebraically closed field. Index and anisotropic kernels.

2.1. Introduction; notations ([2], [4]). We now go over to the case where the
ground field k is arbitrary. Our main aim is the proof of a theorem which is a
sort of analogue for the algebraic semisimple groups (and to a certain extent a
generalization) of Witt’s theorem characterizing a quadratic form by means of
its index and anisotropic kernel.

The following notations will be used all through §§2 and 3; k is a field,
K the separable closure of k, I' = Gal(K/k) the Galois group, G a semisimple
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group defined over k (which splits over K by Grothendieck’s theorem), S a
maximal k-split torus of G, T a maximal torus containing S and defined over k.
Compatible orders are chosen in the character groups X*(S) and X*(T). Finally,
we denote by A the system of simple roots of G with respect to T, A, the sub-
system of those roots which vanish on S and ;A the system of simple relative
(k-)roots (i.e. the set of restrictions to S of the elements of A).

2.2. Anisotropic kernels ((4), [27], [38], [40], [43]). Let Z(S) be the centralizer
of S, let 2%(S) be its derived group and let Z, be the maximal anisotropic
subtorus of the center of Z(S). Then, the groups 2%(S) and 2%(S)- Z,, which
are, up to k-isomorphisms, independent of the choice of S, are respectively called
the semisimple anisotropic kernel and the (reductive) anisotropic kernel of G.
Notice that A, is the set of simple roots of 2Z(S) (with respect to the maximal
torus TN 2Z(S) and to a suitable ordering of its character group), and that the
product 22(S)- Z, is almost direct (i.e. is a direct product up to isogeny). If
2%(S) = {1}, which means that Z(S) = T, the group G is said to be quasi-split.

2.3. Index ([4], [26], [27], [38], [40], [42]). We first define an action, called the
*-action, of I" on A. The elements of A are in canonical 1-1 correspondence with
the conjugacy classes of maximal parabolic subgroups of G (§1.6); since G is
split over K, these conjugacy classes are ““defined over K and therefore permuted
by I'. Through the above correspondence, I' acts on A; the permutation of A
corresponding to ¢ € I" will be denoted by o*. It can also be defined as follows:
since K is separably closed, T is split over K, therefore all its characters are
defined over K and T operates naturally on X*(T); then, o(A) is the system of
simple root for a certain ordering of X*(T), there exists a well-defined element
w of the Weyl group for which w(e(A)) = A, and we set 6* = w o6. When the
*-action of I' on A is trivial (resp. not trivial), the group G is said of inner (resp.
outer) type, and called an inner (resp. outer) form of G (the same group, con-
sidered as defined over K).

We call (k-) index of the group G the data consisting of A (together with the
Dynkin diagram of G), A, and the *-action of I' on A. The following diagrammatic
representation of the index will be used: the Dynkin diagram of G is drawn in
such a way that vertices belonging to the same orbit of I" are close to each other
and the orbits—called distinguished orbits—whose elements do not belong to A,
are circled (for an example, see §2.5.5, or Table II). Strictly speaking, this represen-
tation gives only the orbits of I' in A and not its full action; however, in most
““practical cases”, this amounts to the same, once the group {ol¢* = id} (or,
equivalently, the fixed field of this group) is known.

Notice that the index of the semisimple anisotropic kernel of G can be deduced
from the index of G by simply removing the vertices of the Dynkin diagram of G
which do not belong to A, (together with the strokes ending in such vertices).
When G is quasi-split, all orbits of I in A are distinguished (i.e. Ay = ).

2.4. An example; orthogonal groups. The following example shows the relation
between the above notions of anisotropic kernel and index, and the corresponding
notions for quadratic forms. Let G = ,SO(f) be the special orthogonal group
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of a nondegenerate quadratic form f in 2n + 1 variables and let r be the index
of fand f; be its anisotropic kernel (a form in n — 2r variables). Then, the index
of G is

r vertices n — r vertices

and its anisotropic kernel is ,SO( f). (For the case of an even number of variables,
and other examples, see Table I1.)

2.5. How to deduce the relative root system from the index ([4], [40]).

2.5.1. Two elements of A which do not belong to A, have the same restriction
to S if and only if they belong to the same orbit of I'. More precisely, S is the
connected component of the subgroup of T defined by the following system of
equations (where te T):

at) =1 for all a € A,,
) = (a*(B))(2) for all fe A and all €T

It follows that the elements of ,A are in canonical 1-1 correspondence with the
orbits of I" in A-A,; the orbit corresponding to y € ,A will be denoted by 0,.

The above equations show that the torus S is known once the index of G is
given; so therefore the relative root system and the relative Weyl group. To
determine them explicitly is an easy exercise of which we state the results right
away.

2.5.2. Relative root system. We introduce in X*(T) ® R a scalar product ( , ),
invariant under the Weyl group, and identify X*(S) ® R with the subspace of
X*(T) ® R orthogonal to all characters vanishing on S. Let c,4, with o, fe A
(resp. (A), be the coefficients of the inverse of the matrix whose coefficients are
the scalar products of pairs of elements of A (resp. ,A). Then, for all y, d € A,

one has
Cys = Z Z Cap-
ac @, PeOs

)]

To describe the relative root system completely, there remains to determine,
for each simple root y € ,A, the largest integer n(= 1 or 2) such that ny is a relative
root. This is done as follows. Let 2 be the subdiagram of the Dynkin diagram
of G. whose vertices are the elements of Ay LU @,, and let 2’ be any connected
component of 2 whose vertices do not all belong to A,. Then, n is the sum of
the coefficients of the roots belonging to @,, in the expression as linear combina-
tion of simple roots of the dominant root of the root system corresponding to
the Dynkin diagram &’ (cf. §1.4.1; for an example, see §2.5.5).

2.5.3. Relative Weyl group. Let vy, 6 € ,A be two relative simple roots, and let
m,; be the order of the product r.,r; of the reflexions with respect to y and é
(so that the relative Weyl group is defined, as an abstract group, by the relations

rg = (ryry™* = 1).
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The orders m,; are given by the formulae
cos(n/m,s) = (v, 6)*/(, ¥)(8, 9).

However, one can also determine m,; without computing first the (y, 8)’s, which,
by the method of §2.5.2, may be rather long. Let f; (resp. f,; f;; f,s) be the number
of roots of the root system whose Dynkin diagram is the subdiagram of the
diagram of G having as vertices the elements of A, (resp. Ag U 0,; Ay U O,;
Ao L O, U O). Then,

2(f76 - ﬂ))

" -2

2.5.4. Parabolic subgroups. Let 2 be a conjugacy class of parabolic subgroups
of G and let A’ = A be the associated set of simple roots (§1.6). Then, 2 contains
a parabolic subgroup defined over k if and only if A’ contains A, and is invariant
under the *-action of I" (§2.3). The class 2 is said to be defined over k whenever
A’ is invariant under I'; in that case, 2 has a natural structure of projective
algebraic variety defined over k, whose (possibly nonexistent) rational points are
the parabolic subgroups in 2 which are defined over k.

2.5.5. An example. Let the index of G be

The simple roots of E¢ being numbered as in Table I, the orbits of I' in A — A,
are {1, 5} and {6}. Let us denote by y and & the corresponding relative roots.
We have

2 -1 0 0 0 o\! 4 5 6 4 23
-1 2 -1 0 0 O 510 12 8 4 6
0 -1 2 -1 0 -1 6 12 18 12 6 9
00—12—10=%48121056
0 0 0 -1 2 0 2 4 6 543
0 0 -1 0 o0 2 3 6 9 636
Therefore
((m) (%6))=3.(4+2+4+2 3+3)-1=%( 1 —1).
(6,7) (5,9) 3+3 6 -1 2

The diagram whose set of vertices is Ay U 0, (resp. Ag U 0;) is of type As
(resp. D,); the sum of the coefficients of the roots 1,5 (resp. the coefficient of
the root 6) in the dominant root of the corresponding root system is 2 (resp. 1),
therefore 2y is a root (resp. 26 is not a root) and the relative root system is of

type BC,.
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The diagrams whose sets of vertices are Ag, Ag U 0,, Ay U O, Ay L O, U O,
are respectively of type A,, As, D, and E¢. We have therefore, with the notations
of §2.5.3,

fo=12, f,=30, f3=24, f,;=72,
and
_2:(2-12) _
m,s = W =4,

which is coherent with the preceding conclusions.

Among the 2% conjugacy classes of parabolic subgroups of G, 2* are defined
over k and 2? contain a parabolic subgroup defined over k.

2.6. Isogeny.

2.6.1. Simply connected covering and adjoint group.

PROPOSITION 2. We recall that G is a semisimple group defined over k. There
exists a sequence

G—>G—>G,

where G is simply connected and defined over k, G is adjoint and defined over k
and #, 7 are two central k-isogenies. The groups G, G and the isogenies & and &
are unique up to k-isomorphism.

PrOOF. The theory of split groups ([4, §2], [9]) shows that there exists a sequence

NN
unique up to k-isomorphism, where the three groups are split over k, G’ (resp. G')
is simply connected (resp. adjoint), G’ is K-isomorphic with G, and #', 7’ are
central k-isogenies. Furthermore, the isogenies # and 7’ induce monomorphisms
é: Autg(G') - Autg(G) and ¢: Aut{G) > Aut(G’) (where Auty means “the
group of K-automorphisms™). The group G can be identified with G’ twisted
by a cocycle a of I' with values in Auty(G’). Twisting G’ and G’ respectively by
@*(@) and @*(a) we obtain the desired groups G and G. The unicity—that is, the
fact that G and G are necessarily obtained in that way—follows immediately from
the unicity of the sequence G' » G’ —» G’ and the injectivity of ¢ and @, since G
and G are split over K by Grothendieck’s theorem ([4, §2.14), [9]) (a posteriori,
the proposition shows that G and G split over every splitting field of G).

2.6.2. Definitions. The groups G and G of the preceding proposition will be
called respectively the simply connected covering and the adjoint group of G.

Two groups will be said (strictly) isogenous over k or k-isogenous if all the
groups and (central) isogenies which occur in the definition of §1.2.1 are defined
over k.

2.6.3. PROPOSITION 3. If two semisimple groups defined over k are strictly k-
isogenous, their indices are isomorphic and their anisotropic kernels and anisotropic
semisimple kernels are strictly k-isogenous.
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ProoF. It follows from the definition of the strict isogeny and from Proposi-
tion 2 that the simply connected coverings of the two groups are k-isomorphic.
Therefore we may assume, without loss of generality, that the two groups in
question are G and its simply connected covering G. Besides the general conven-
tions of §2.1, we keep the notations of the proof of Proposition 2, and we
denote by T a maximal k-split torus of G, and by T its image in G'. Since all
maximal K-tori of G are conjugate over K, we can assume, without loss of
generality, that the cocycle a has value in the normalizer of T' in Autg(G’), and
that T twisted by a coincides with T. But then, $*(a) has values in the normalizer
of T in Aut,(G’), and the torus T’ twisted by ¢*(a) is a maximal k-torus Tof G,
whose projection in G is T. Let S be the maximal k-split subtorus of T: Since
# is an isogeny, #(S) = S. The torus § is a maximal split torus of G, otherwise,
it would be contained in a bigger split torus §, and #(S,) would be a split torus
containing properly S. The proposition is now an immediate consequence of
the fact that the roots of G with respect to S are the image by #* of the roots of
G with respect to S, and that #(Z()) = Z(9). '

2.6.4. REMARK. There may exist k-isogenous groups with different k-ranks,
and a fortiori different indices. Example: if k is a field of characteristic 2 and
if Q is a nondegenerate quadratic form in three variables, with defect 1, which
does not represent O (the existence of such a form implies that k is not perfect)
the groups SL, and O,(Q) are k-isogenous and their relative ranks are respectively
1 and 0. (The proofs of these statements are essentially found in [4, §4.26],
although the explicit example given there is incorrect, since the quadratic form
0 which is written down obviously represents 0.)

2.7. A Witt-type theorem for the semisimple groups ([27], [38], [40]).

2.7.1. THEOREM 2. A semisimple group G defined over k is determined up to
k-isomorphism by its K-isomorphism class, its index and its semisimple anisotropic
kernel. More precisely, let G' be another group defined over k, let G, and Gy be
the semisimple anisotropic kernels of G and G', and assume that there exists an
isomorphism . of the index of G on the index of G' which is induced by a K-iso-
morphism of G on G’, and whose restriction to the index of G, (cf. last paragraph
of §2.3) is induced by a k-isomorphism of G, on Gy. Then, ¢ is also induced by a
k-isomorphism of G on G'.

PROOF. Let S’ be a maximal k-split torus of G'. We identify G, (resp. Go) with
2Z(S) (resp. 2Z(S")) and we set Ty = T G, (for the meaning of S, T, see §2.1).
The hypothesis of the theorem means that there exists a K-isomorphism ¢: G —» G’
and a k-isomorphism : G, — Gy such that ¢(S) = §, that ¢ is compatible with
the *-actions of I' on the sets of simple roots (§2.3), and that qS|Go and y differ
only by an inner automorphism of Gy. Since the tori ¢(T,) and Y(T;) are both
split over K, there is no loss of generality in assuming, after combining ¢ with
an inner automorphism by an element of Gy x, that ¢ and ¢ coincide on T,
[4, §4.21 and §5.3]). We set Ty = ¢(T,) and T’ = ¢(T), and denote by y the
isomorphism X*(T) —» X*(T’) induced by ¢ ~!.
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Since S’ and T, are defined over k, so is T' = Z(S’- T}). From the assumption
made, that ¢ is compatible with the *-actions of T, it follows that, for every
o €T, the homomorphism ¢~ '¢~ '¢o: X*(T) - X*(T) is induced by an element
w of the Weyl group. Since the restrictions of ¢ to T, and S are defined over k,
w induces the identity on T, and S, and therefore is the identity (because
Z(Ty-S) = T). Thus, ¢o = 6¢, which means that the restriction of ¢ to Tis
defined over k.

The one-parameter group corresponding to a root a (of G relative to T) will
be denoted by U,. For every simple relative root y € ,A, let Z, (resp. Z,,) be the
set of all absolute roots whose restrictions to S is y (resp. 2y), and let U, (resp. U,,)
be the subgroup of G generated by the U, with ae X, U Z,, (resp. a € Z,,). The
group V, = U,/U,, is defined over k and has a natural structure of vector space
defined over k [4, §3.17]. The torus T acts on V, (through its action on U, by
inner automorphisms), this representation of T in V, is defined over k and its
weights are the elements of Z,. Similarly, V', = ¢(U,))/¢(U,,) is a vector space
defined over k on which T’ acts, the weights of this action being the elements of
x(Z,). It is now easy to show—we leave it to the reader—that there exists a
vector space isomorphism t,: V, —» V., defined over k which is compatible with
the actions of Tand T’ and the isomorphism ¢|r: T— T'. For each ye A we
choose such a 1,. i

For every simple root a € A, let ¢,: U, = U,(, be the K-isomorphism defined
as follows. If a e Ay, ¢, is the restriction of ¥ to U,, and if the restriction of a
to S is y, ¢, is the unique homomorphism which makes the diagram

Ua Z Ul(a)
! l

Ty ’
hW—1Y

commutative (the vertical arrows are the natural projections; they are injective).
It follows from the proof of Theorem 2.13 in [4], that there exists a unique
K-isomorphism ¢: G — G’ whose restrictions to the U,’s and T coincide respec-
tively with @, and ¢|;. We claim that ¢ is in fact a k-isomorphism. To prove
this, it suffices to show that ¢y: Gx — Gy is compatible with the action of T.
But it follows immediately from the way ¢, has been obtained and from the fact
that |7 is defined over k, that the restriction of ¢y to the U, «’s and to Ty are
compatible with the action of T'. In other words, if ¢ € I', the homomorphisms
éx and ¢~ '$go coincide on U, x and Tx. Since 6~ '¢,a is the restriction to Gy
of a K-isomorphism G — G, it follows from the unicity of ¢ that 6 ‘¢z = Py,
which finishes the proof.

2.7.2. REMARKS. (a) The group G is already determined, up to k-isomorphism,
by its K-isomorphism class, its index and its semisimple anisotropic kernel,
given up to k-isogeny. More precisely, it would suffice, in the statement of the
theorem, to assume that the restriction of « to the index of the semisimple
anisotropic kernel of G is induced by a k-isogeny. Indeed, this isogeny is then
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automatically an isomorphism, as a result of the fact that . is induced by an
isomorphism of G.

(b) The group G is determined up to strict k-isogeny by its strict K-isogeny
class, its index and the k-isogeny class of its semisimple anisotropic kernel.
This is an immediate consequence of the preceding theorem and the Proposi-
tions 2 and 3.

(c) The reader will have no difficulty to state for the reductive groups a theorem
analogous to Theorem 2.

(d) There is a trivial but sometimes useful generalization of the Theorem 2,
which we want to mention. Let S’ be any k-split torus in G, let A’ be the set of
simple roots of G with respect to some maximal torus T’ containing S’ and some
ordering of X*(T’) compatible with an ordering of X*(S’), and let A be the set
of simple roots vanishing on §’. Exactly as in §2.3, we can define the *-action
of I' on A'. Let us call partial index (relative to S’) the data consisting of A’
(together with the Dynkin diagram), A, and the *-action of I on A’. Then, in
the statement of §2.7.1, one can replace the index and the semisimple anisotropic
kernel respectively by the partial index relative to some k-split torus S’ and the
“corresponding semisimple kernel” 22/(S’) (which is still defined over k, but is
no longer anisotropic in general).

3. Classification. According to the Theorem 2, the problem of classifying the
semisimple algebraic groups over a given field k can be decomposed into two
steps which can roughly be formulated as follows:

(1) Find all admissible indices of semisimple groups over k;

(2) For a given index, find all possible semisimple anisotropic kernels.

These two questions will be discussed here. However, we shall not consider
the problem of classifying all anisotropic groups over k, which theoretically falls
under (2) and is usually by far the most difficult part of the classification problem.

3.1. Preliminary reductions.

3.1.1. Reduction to the simply connected (or to the adjoint) case. Let there be
given a simply connected group G defined over k, a group G’ defined over K
and a central K-isogeny n': G — G'. Under which condition does G’ admit a
k-structure such that n' becomes a k-isogeny? More correctly, under which
condition does there exist a group G, defined over k, and an isomorphism
f:G' - G such that fon' is a k-isogeny? The answer is easy to formulate in
terms of the index of G: Following §1.5, we can associate to G a finite group
C(G) = C and the isogeny ' is then characterized up to equivalence by a sub-
group C' of C (the kernel of the homomorphism C — C(G’) induced by =’).
Through its *-action on the Dynkin diagram of G, the Galois group operates
on C, by §1.5.3 (2). Then:

The group G exists if and only if C' is invariant by T'. In that case, G is unique
up to isomorphism (more precisely, given two solutions f:G' - G and f,:G' - G,
of the above problem, there exists a k-isomorphism ¢: G — G, such that f; = ¢ o f).
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The proof of this assertion, which goes along the line of §2.6.1, is quite easy
and will not be developed here.

Notice that the condition imposed on C’ is automatically satisfied when G’
is an adjoint group (C' = C). The classification of adjoint groups over k is
therefore completely equivalent with the classification of simply connected groups.

3.1.2. Reduction to the absolutely simple case. Let k' be a field such that
kck < K, let A= Gal(K/k'), let H be a semisimple group defined over k'
which splits over K, and let G = R, ,(H) be the group obtained from H by
restriction of the scalar fieid from k' to k. (We shall not give here the definition
of the functor R,.,, which can be found in [4]; let us just indicate that it is the
algebro-geometrical analogue of the process of going over from a complex
manifold to the underlying real manifold, and that the dimension of G is that
of H multiplied by [k’: k]).

The k-index of G can be deduced as follows from the k'-index of H :& denoting
the Dynkin diagram of H, let & be the disjoint union of [k’:k] copies of & indexed
by the elements of I'/A; identify the copy indexed by A/A with & itself; let I’
operate on 2 in such a way that I permutes the copies of & in agreement with
the natural action of I on I'/A, and so that the restriction of the action of I' on
2 to A and & coincides with the *-action of A on &; finally, distinguish in 2
the vertices of & which are distinguished in the k’-index of H and all their
transformed elements of I'.

If H, denotes the semisimple anisotropic kernel of H (over k'), the semisimple
anisotropic kernel of G is R, (Ho).

The reduction announced in the title of this section is now achieved by the
following proposition.

Every semisimple simply connected group defined over k is in a unique way a
direct product of almost k-simple simply connected groups (a group is almost
k-simple if it has no infinite normal subgroup defined over k). If G is almost k-simple
and simply connected, there exists a field k' and an (absolutely) almost simple
simply connected group H defined over k', such that G = , R,.,(H).

In that proposition, “simply connected” may be everywhere replaced by
“adjoint,” in which case, the “almost” can be dropped.

3.2. Some necessary conditions (independent of the ground field) for the admis-
sibility of indices ([4], [38], [40]).

3.2.1. Self-opposition. The index of a group G is invariant under the opposition
involution i (that is, i commutes with the *-action of I, and leaves invariant A,).

3.2.2. An induction process. If, from the index of a group G, one removes a
distinguished orbit @ (together with all strokes which have at least one endpoint
in O), the result is again an admissible index. (It is the index of the group 2% (S’)
where S’ is the connected component of the intersection of the kernels of all
relative simple roots which do not correspond to @.) This, together with §3.2.1,
provides an inductive process to exclude many indices from admissibility.

ExaMPLE. Consider an index whose underlying Dynkin diagram 9 is of type
A, and such that the *-action of I" on this diagram is trivial. The vertices of 2
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being given the natural ordering from 1 to n (see Table I), leta, <a, <--- <a,
be the distinguished vertices. Then, one has q; = i-(n + 1)/(r + 1). The proof
goes by induction on r. When r = 1, the statement follows from §3.2.1. Assume
now that r > 1. The assertion above for @ = {a,} implies, by virtue of the
induction hypothesis, that a; = i- a,/r. Similarly, for 0 = {a,_,}, we have

a—a._,=n+1-a,.

These two relations imply the statement.

3.2.3. Other admissibility conditions for indices may be deduced from the
formulae in §§2.5.2 and 2.5.3, which must lead to actual root systems and Weyl
groups. For instance, the numbers m,; of §2.5.3 must be integers, equal to 2, 3,
4 or 6, and the integer n of §2.5.2 must be < 2. This last condition excludes such

indices as

0 T

—

3.3. Further admissibility conditions, for various special ground fields.

3.3.1. Finite fields ([20], [31], [33], [43]). If the ground field k is finite A, =&; in
other words every orbit of I' in A is distinguished. This holds, more generally,
whenever the cohomological dimension of k is 1.

3.3.2. Real numbers ([17)], [18], [26], [40]). Let k = R and K = C. Then, if G
is anisotropic, the unique nonneutral element of I' operates on the Dynkin
diagram by the opposition involution.

3.3.3. p-adics ([23], [45]). Let k be the field of p-adic numbers (for some p).
Then, a group G which is anisotropic and absolutely almost simple is of inner
type 4, (§2.3).

Notice that the two preceding statements give admissibility criterions (over the
reals and the p-adics) for arbitrary diagrams, since the removal of all distinguished
vertices from an admissible diagram must give rise to an admissible ““anisotropic
diagram” (in the p-adic case, one must occasionally also make use of the reduction
of §3.1.2).

ExampLE. The index

or

- + 4 4
¥ * 1

cannot occur over the reals (whereas it does over the p-adics) and the index
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v

cannot occur over the p-adics (whereas it does over the reals).

3.3.4. Number fields ([1], [19]). By means of the ‘““Hasse principle,” one can
also use §§3.3.2 and 3.3.3 to exclude certain indices in the case of number fields.

All admissibility conditions stated in §3.3 are necessary conditions. Only in
the first case (finite fields) are they also sufficient ([20], [31], [33], [43]). A com-
plete list of all effectively admissible indices over the various types of fields
considered here is given in Table II.

3.4. Necessary and sufficient conditions on the anisotropic kernel ([30], [31], [38)).

3.4.1. Statement of the problem; notations. The problem we want to study is the
following:

Given an index #, consisting of a Dynkin diagram 9, an action of I' = Gal(K/k)
on 9 and a set A,, invariant by T, of vertices of 2 (the nondistinguished vertices),
and given a group A, defined and anisotropic over k, whose index £, is (modulo a
preassigned identification) the subindex of S having A, as set of vertices, then under
which condition does there exist a group G, defined over k, with index £, whose
semisimple anisotropic kernel is strictly isogenous to A, the isogeny being com-
patible with the given injection £, — S

(Concerning the fact that we want A4 to be the kernel only up to strict isogeny,
see §§2.7.2(b) and 3.1.1.) There is no loss of generality in assuming—which we
shall do—that the group A is simply connected.

We call 2, the underlying Dynkin diagram of £, (that is, the subdiagram of 2
whose set of vertices is Ay), G! a semisimple adjoint k-split group whose Dynkin
diagram is 2 (after preassigned identification), G? a semisimple adjoint k-quasi-
split group whose diagram is 2 and such that the *-action of I" on 2 is the one
given by .#, T a maximal k-split torus of G and T? a maximal k-torus of G?
containing a maximal k-split torus T% We choose orderings in the character
groups X*(T?) and X*(T9), the ordering in X*(T9 being compatible with an
ordering in X*(T%). The simple roots with respect to these orderings are in
canonical 1-1 correspondence with the vertices of 2, and will usually be repre-
sented by the same letters. We denote by S? (resp. §9) the connected component
of the subgroup of T (resp. T9) defined by the equations (1) of §2.5.1.

In view of the various identifications which have been made, both the groups
Gd = 22(S8% and G} = 2Z(5% have 9, as Dynkin diagrams. In particular,
they are strictly isogenous to A. Furthermore, the *-operation of I on 9, is
the same for the two groups G} and A. From all this, it follows that the group
A can be viewed, either as the simply connected covering G4 of G? twisted
by a 1-cocycle ¥ of I with values in Auty(G%), or as G} twisted by a 1-cocycle
19 of T" with values in Intx(G%) = G} x ; here, Auty (resp. Inty) denotes the group
of K-automorphisms (resp. the group of inner K-automorphisms), and G} is
the adjoint group of Gj§.
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3.4.2. Cohomological formulation of the condition. An operation of I on the
Dynkin diagram & being given, to each element of I is associated a coset of
Aut(G%) modulo Int(G% (§1.5.6); we shall say that a 1-cocycle of I' in a subgroup
of Aut,(G?) is compatible with the action of I on 2 if it sends each element of I’
in the corresponding coset. If H denotes an algebraic group defined over k, two
1-cocycle 7, v" of I' with values in Aut(H) will be called innerly cohomologous,
if there is an element c of Intg(H) such that '(y) = ¢~ - 17(y)- y(c) for every yeT.

PROPOSITION 4. Let By be the centralizer of S¢ in Autg(G®). Then, each one of the
Jollowing two conditions is necessary and sufficient for the existence of the group
G (§3.4.1).

(i) The cocycle t° is innerly cohomologous with a cocycle of the form ¢*(t), where
1€ Z'(T', By) is a cocycle of T, with values in Bg, compatible with the given action of
T on 2, and where ¢p*:Z\(T', By) » Z\(T, Aut(G%)) denotes the mapping of 1-cocycle
sets induced by the homomorphism By — Auty(G?), composed of the restriction
homomorphism By — Aut,(G3) and the natural injection Auty(G3) — Aut(G3).

(ii) The cohomology class of the cocycle t® belongs to the image of the homo-
morphism H'(T, Z(5%x) - H'(T', G} x) induced by the natural projection

Z(8)x - Gﬁ.x

(here, Z stands for ‘“‘centralizer in G*’; notice that G} is the quotient of Z(S%) by
its center).

Proor. If the condition (i) is satisfied, the group G twisted by the cocycle 7 has
all the properties required from G. Conversely, suppose that G exists. By §2.6.1
we can assume, without loss of generality, that G is an adjoint group. Let S be a
maximal k-split torus of G. From the assumptions made on G and the definition
of 8% it follows that there exists a K-isomorphism ¢: G —» G compatible with
the given identification of the Dynkin diagrams of G* and G, and such that
&(S) = S%. Then, the cocycle 7 defined by (y) = ¥(@) c¢~! has the properties
required in the condition (i).

The proof for condition (ii) is similar.

3.4.3. Linear representations: terminology, notations. In the next proposition,
we want to interpret the condition (i) of §3.4.2 as an existence condition for certain
linear representations of 4 defined over k.

Let {p;: A > GL(V)|ie I} be a finite set of linear representations of A defined
over K, and let there be given a permutation action of I' on this set, or, what
amounts to the same, on the set of indices I. Then, we shall say that the rep-
resentation @p;, together with the given action of I, is I'-equivalent to a rep-
resentation p:A4 — GL(V) defined over k, if there exists a K-isomorphism
V: @V, > Vsuch that p is the composed homomorphism 4 — GL(®V;) - GL(V)
(where the first arrow is @p; and the second one is induced by ¥), and such that,
for all yeT and all ie I, y(y(V))) = Y(V,)- If the action of " on I is trivial, this
simply means that each p; is equivalent to a representation defined over k.

We choose once and for all a K-isomorphism ¢: 4 — G%. Given a linear
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representation p: G4 — GL(V) of G2, we shall denote by the same symbol p this
representation lifted to G4 (that is, composed with the canonical isogeny G4 — G32),
and also the representation p «¢ of A. A representation of A obtained in that
fashion will be said to factorize through G3; if p: G4 — GL(V) is an isomorphism
of G on a subgroup of GL(V), we shall say that p: A - GL(V) factorizes through
a faithful representation of G4 (at this point, it should perhaps be recalled that
G? is the isogenous image of A4 which is imbedded in the adjoint group G°).

Let A stand here for the set of all simple roots of G%, and let Q be the set of all
integral linear combinations w of elements of A such that f*(w) = 0 for all § € A,.
For every @ € Q, the restriction of w to T4 = T¢ n G, is the dominant weight of
a certain irreducible representation of G§ defined over k. This representation,
and the corresponding representations of G4 and A, will be denoted by p,,. It is
customary to characterize an equivalence class of irreducible representations of a
split group by a set of nonnegative integers attached to the simple roots, namely
the “normal coordinates” of the dominant weight (see for instance [4, §12.2]).
For the representation p,,, these numbers are f*(w). Particularly important is the
case where we A’ = (A — Ag) U {—u} (where —u is the dominant root of G%;
these integers are then immediately read on the affine Dynkin diagram 2'.

The action of ' on A given by .# induces an action of I' on Q; it is this action
which the following proposition refers to

3.4.4. Representation-theoretical formulation of the condition.

PROPOSITION 5. Let Q' be a finite subset of Q invariant by I'. Then, a necessary
condition for the existence of the group G is that the sum of the representations
Pl e Q'), together with the given action of I' on Q, be I'-equivalent with a rep-
resentation of A defined over k. If Q' = A — A,, this condition is also sufficient.

COROLLARY 1. A necessary condition for the existence of G is that the re-
presentation p ., (where — p denotes the dominant root of G% be equivalent with a
representation defined over k.

We shall only briefly sketch the
ProOF OF PROPOSITION 5. The following notations will be used: ¥V, is the
vector space over k in which the representation p,: G (or G%, or A) » GL(V,)
is given,
V=@V, p = Dap,:G§ - GL(V),

[ is the image of I by the homomorphism I » Aut(2) given by .#, B is the cen-
tralizer of $¢ in the algebraic group Aut(G%), and B is the inverse image of " by the
natural homomorphism B — Aut(2) (§1.5.6). The group B is (over K) the semi-
direct product of B® = Z(S% (centralizer in G%) and a finite group canonically

! The author has been told—but has not verified—that the theory of linear representations developed
in [7] in the algebraically closed case works equally well for split groups over arbitrary fields. If the
reader is not willing to accept this fact, he may feel safer in assuming, from now on, that char k = 0;
however, this restriction is undoubtedly much too strong since all results obtained here may already
be established—by somewhat more complicated arguments—in the framework of the classical
representation theory, provided the characteristic of k is “‘not too small” (# 2, 3 and possibly 5).
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isomorphic with I"; we choose, once and for all, such a semidirect decomposition
of B and identify the finite group in question with [ itself.

We now extend p to a representation p: B - GL(V) such that j(y)(V,) = Vw)
for every y € I" (notice that, as a subgroup of Aut(2), I" operates on A, and there-
fore also on ). This is done as follows: First extend p to a representation

p°: B° - GL(V)

by imposing that, for every element t of the center of B?, 5°(t) leaves invariant
each V, and induces on ¥V, the scalar multiplication by w(t) (this expression
has a meaning since t € T%); then, choose in each V,, an eigenvector v, belonging
to the dominant weight; finally, notice that, in view of the unicity of the rep-
resentation with a given dominant weight and because of Schur’s lemma, 5°
extends uniquely to a representation j of B such that p(y)(v,) = v, for all ye "
and all we Q.

Now, assume that the group G exists. Then, there exists a 1-cocycle T € Z'(T, By)
satisfying the condition (i) of §3.4.2. The compatibility of T with the action of I'
on 2 implies that € ZY(T", By). But we have defined an action of B on the object
(G3, V, p) (Bx operates on G by the lifting of restrictions of inner automorphisms,
and on V through p). We can therefore twist that object by t, and we obtain that
way the representation of 4 (more precisely, of a group k-isomorphic with A)
whose existence we had to establish.

Conversely, suppose that Q' = A — A,, and that the condition stated is
satisfied. This condition means that there exists a representation p': A - GL(V")
of A defined over k, having certain properties which we do not repeat here. The
two objects (4, V', p’) and (G4, V, p) are K-isomorphic; therefore, the first one is
isomorphic with the second one twisted by a cocycle v’ of I' with values in
Aut(G8, V, p). But it is easy to see that, in the special case considered here (that is,
the case where Q' = A — A,), the group B° is canonically isomorphic (through
the natural action of B® on G3 and the representation 5°) with the group of all
automorphisms of the object (G%, V,,, p,(w € Q). As a consequence, the action
considered above of By on (G3, V, p) defines an injection of By in Aut (G2, V, p).
Furthermore, the conditions imposed on the representation p’ imply that the
cocycle 7 has values in the image of By by this injection; lifting it to By, we obtain
a cocycle 7€ Z\(T', B)) satisfying the condition (i) of §3.4.2, and the group G
exists by Proposition 4.

3.4.5. The case of inner forms. When the action of I" on 2 given by . is trivial,
the Propositions 4 and 5 can be given a much simpler and (for the second one)
more general form. Notice that in that case, there is no difference between G?
and GY, and that we can set t* = 19, which is now a 1-cocycle with values in G§ x
(where the bar means, as before, ““adjoint group”).

PROPOSITION 6. Assume that T operates trivially on 9. Then, the group G exists
if and only if the cohomology class of 1 in H(T', G} ) belongs to the image of the
homomorphism H(T', G§ x) - H'(T', G§ x) induced by the canonical projection.

PROOF. Setting S; = S9/(S? n G%) (where the intersection must be understood
in the set theoretical sense), we have a short exact sequence
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{1} > Gox = Z(S% - S, x — {1}.

(Notice that there is a purely inseparable extension S, = Z(5%)/G%, which is not
always an isomorphism.) Since S, is a k-split torus, we have, by Hilbert Theorem
90, HY(I', S, x) = {0}. Now, it follows from the cohomology sequence associated
with the above exact sequence that the homomorphism

H'\(T, G§,0) — H'(T, Z(S%5)

induced by the inclusion is surjective. Our proposition is then an immediate
consequence of the second part of Proposition 4.

PROPOSITION 7. Assume that T operates trivially on 9. Let p be any irreducible
linear representation of A defined over K which factorizes through G4; then, a
necessary condition for the existence of the group G is that p be equivalent with a
representation of A defined over k. Let {p;} be a set of irreducible linear rep-
resentations of A defined over K whose direct sum factorizes through a faithful
representation of G4 (§3.4.3); then, a necessary and sufficient condition for the
existence of G is that each p; be equivalent with a representation of A defined over k.

PrOOF. We may assume that p considered as a representation of G, is defined
over k. Let V be the vector space over k in which this representation is made.
If the group G exists, the Proposition 6 shows that we can find a 1-cocycle
1€ ZY(T, G3 x) whose image in Z(T, G x) is cohomologous with t*. Twisting the
object (G4, V, p) (on which G x operates in the obvious way) by this cocycle z,
we obtain the representation of 4 searched for.

We now pass to the proof of the second part of the proposition, and first make
an assumption similar to the one above, namely that the p;: G& - GL(V)) are
representations defined over k. Let H be the connected component of the (alge-
braic) group of automorphisms of the object (G§, {V;}, {p;}). Assume that each
pi, considered as a representation of A, is equivalent with a representation
pi: A = GL{V}) defined over k. Then, the object (4, {V;}, {p;}) is isomorphic with
the object (G2, {V;}, {p;}) twisted by a certain 1-cocycle in Z'(T', Hy) whose image
in G4 ¢ (by the obvious homomorphism H — G%) is cohomologous to #*; in
particular, the cohomology class of t? belongs to the image of the homomorphism
HYT', Hy) - HY(T, G§ x). On the other hand, if @p; is a faithful representation
of G4, there is a natural injection G4 — H (the group G% operates on G9 by lifting
of inner automorphisms, and on V; through p;) and H is an almost direct product
(i.e. a direct product up to central isogeny) of G and a k-split torus. Then,
exactly by the same argument as in the proof of Proposition 6, one shows that the
homomorphism H(T', G§ x) - H'(T', Hy) is surjective. Therefore, the cohomology
class of t* belongs to the image of the homomorphism HY(T, G§ x) - H'(T', G4 %),
and it follows from the preceding proposition that G exists.

3.46. REMARK. In §3.4, we have always assumed that the group A was aniso-
tropic; however, everything which has been said generalizes immediately to the
(slightly) more general situation described in §2.7.2 (d).
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TABLE I: Dynkin Diagrams
EXPLANATIONS

See §§1.1 and 1.2.2. The vertex representing the minimal root is called u;
the vertices of the ordinary diagram are numbered in order to enable references.
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TaBLE II: Indices
EXPLANATIONS

In this table, we enumerate all possible indices of absolutely simple groups
(for the definition of the index and the diagrammatical representation, see §2.3;
for the nonabsolutely simple case, see §3.1.2); all the indices which are listed can
effectively occur over suitably chosen fields.

The letters n, r, d, a, m all denote nonnegative integers; n and r are respectively
the absolute rank and the relative rank of the considered group, in other words,
they are respectively equal to the total number of vertices and to the number of
distinguished orbits of the diagram; in particular, they verify the relation
0 < r £ n;all other conditions imposed on n, r, d are stated explicitly in each case.

The numbers attached to braces always indicate the total number of vertices
in the part of the diagram spanned by the braces in question.

In the case of the classical types, the indices cannot be drawn completely,
because of the indeterminacy of the rank n; as they are represented, the pictures
should be self-explanatory; however, to exclude any possibility of misinter-
pretation, we give separately, in those cases, the list of distinguished orbits, where
we use the numbering of vertices fixed by Table 1.

In order to make easier, later references to this table, we propose a notation for
the various indices. In the symbol ?X}, ,, n and r are respectively the absolute and
the relative rank, g denotes (as already in [43]) the order of the quotient of the
Galois group I which operates effectively on the Dynkin diagram (in case the
diagram has no nontrivial automorphism, g is necessarily = 1, and we omit it in
the symbol) and ¢ is a further invariant : in the case of classical types, t is the degree
of a certain division algebra which occurs in the definition of the considered form,
and in the case of exceptional types we have chosen as characteristic number ¢
the dimension of the anisotropic kernel; in order to emphasize the difference
between these two cases, we put t between parentheses when it stands for the
degree of a division algebra. (N.B. Here, by degree of a central division algebra,
we mean the square root of its dimension.) In the case of real forms of exceptional
groups, the correspondence between our present notation X}, , and the notation
X i) introduced in [37] (where i was the Cartan “index”’) is given by the relation
i=r—1t

F means “finite fields,” R “the field of real numbers,” p “‘p-adic fields”” and
n “number fields”; in the part of the table which deals with the exceptional
types, *“+” means “exists,”” and ““—,” “‘does not exist.” When we say that a form
exists over—say—number fields, it means that there exist number fields where
the form occurs. Everything which we say about finite fields except the non-
existence of ®DJ ,, extends to an arbitrary field of cohomological dimension 1.

In the classical case, we give an “‘explicit” description of the groups having
the various indices. Actually, we describe only one representative of each strict
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isogeny class; furthermore, the groups we describe are in fact abstract groups,

but they are all, in a natural and rather obvious way, the groups of rational

points of the algebraic groups we have in mind. The notations SL, Sp - - - are those

of Dieudonné [10], except that we write SU and SO instead of U* and O*. For

further information concerning the classification in the classical case, see [46]

(which has been extensively used to set up that part of the present table) and [25].
[x] means *‘the largest integer < x.”

TYPE ' A4,
(lA(d)) p—f oot p—P—jees —@ s cee 0o .—@_......_e__‘...._.'
d—1 d-1 d-1 d—1

Conditions: d-(r + 1)=n+ 1,d > 1.

Distinguished vertices: d,2d,---,rd

Description: Special linear group SL, , ,(D), where D is a central division algebra
of degree d over k.

Special fields: Over F,d =1; over R, d =1 or 2; over p and n, d may be
arbitrary.

TYPE %4,

G4 D
S 1 A O I e
Y = ——

2d-1) 2d-1) 2d - 1)

=

\/
n— 2rd

(When n + 1 = 2rd, the right end becomes :>0 )
Conditions: din + 1,d 2 1,2rd Sn+ 1.
Distinguished orbits: (d,n + 1 — d),(2d,n + 1 — 2d),---,(rd,n + 1 — rd).
Description: Special unitary group SUy, ; 1),4(D, h), where D is a central division

algebra of degree d over a quadratic extension k' of k with an involution of the

second kind ¢ such that k = {x € k'|x* = x}, and h is a nondegenerate hermitian

form of index r relative to o.

Special fields: Over F,d = 1andr = [(n + 1)/2]); over R,d = 1; over p,d = 1

and n = 2r — 1, 2r or 2r + 1; over n, there is no special restriction on d and r.

TYPE B,
&) SO e A
V \/

r h-—r
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Conditions:

Distinguished vertices: 1,2,---,r.

Description: Special orthogonal group SO,,.,(k, gq), where q is a quadratic
form of index r, and defect 1 in case char k = 2.

Special fields: Over F,r = n; over p,r = nor n — 1; over R and n, there is no
special restriction on r.

C
) TYPE C,
USRI SIS . R | NP ,.-—Q—....,__Q__......__m
\——v——/ b—v_/ \_V__J - —
d-1 d-1 i1 n~rd

(When n = rd, the right end becomes l-—[i'm ).

Conditions: d = 2°]2n,d 2 1;ifd = 1,n=r.

Distinguished vertices: d,2d,-- -, rd.

Description: Special unitary group SU,, (D, h), where D is a division algebra
of degree d over k, and h is a nondegenerate antihermitian sesquilinear form of
index r relative to an involution ¢ of the first kind such that D’ (the space of
symmetric elements) has dimension 3d(d + 1). When d = 1, the group becomes
simply Sp,.(k). An equivalent description, when d > 1 and chark # 2, is:
SU,,4(D, h), where D is as above, and h is a nondegenerate hermitian form of
index r relative to an involution o of the first kind such that dim D° = 4d(d — 1).

Special fields: Over F,d = 1;over Rand n,d = 1(and r = n) ord = 2; over p,
d=1(andr=n)ord=2and n=2ror2r— 1.

TYPE !D,
(‘D)
'—'""—‘@'—*"".—'—@'—1""""‘-'—Q'—'""—'Q'—I“"—'<
d-1 d-1 i-1 Ty~

n—rd
(When n — rd < 2, the right end has one of the following forms:

'“({ifn=r,d=l; "'ﬁifn:Zr,d:Z;
-~£ifn=rd,d;3; ...<ifn=rd+2;

the case n = rd + 1 cannot occur.)
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Conditions: d = 2°2n,d =2 1,rd En,n # rd + 1.

Distinguished vertices: d, 2d, - - -, rd.

Description: 1f char k # 2, special unitary group SU,,,(D, h), where D is a
central division algebra of degree 2 over k, and h is a nondegenerate hermitian
form of discriminant 1 and index r, relative to an involution & of the first kind
such that D° (the space of symmetric elements) has dimension }d(d + 1). An
equivalent description is, when d > 1:SU,,4(D, h) where D is as above, and h is a
nondegenerate antihermitian form of discriminant 1 and index r, relative to an
involution o of the first kind such that dim D° = 1d(d — 1).

If char k = 2, “special orthogonal group” SO,, (D, h), where D is as above, and
h is a nondegenerate and nondefective ‘‘quadratic form™ of discriminant 1 and
index r, relative to an involution of the first kind of D (with a suitable extension
of the notion of quadratic form, introduced in the quaternion case by E. A. M.
Seip-Hornix [28]).

Special fields: Over F,d=1and n=r; over R d=1and n—r = 2m, or
d=2andn=2r;overpd=1andr=norn—2 ord=2and n=2ror
2r+3;overm,d=1andn—r=2mord=2and n— 2r =2mor 3.

TYPE 2D,
e
._‘..o'—-e—.---.._e_..-- R s e ._-&‘...’-_C
H,_.J _\,_J —\,_l [ — V S
d-1 d-1 .- d-1 n—-rd

(When n = rd + 1, which implies d = 1 or 2, the right end becomes respectively

Conditions: d = 2°|2n,d 2 1,rd < n — 1.

Distinguished orbits: d,2d,---,rd; the last one is replaced by (n — 1, n) when
n=rd + 1.

Description: The same as for ' D%, except that all forms in question have now
discriminant # 1.

Special fields: Over F,d = 1andn=r + 1;overR,d = landn — r =2m + 1,
ord=2andn=2r+1;overp,d=1andn=r+ l,ord=2andn=2r + 1
or2r + 2;over n,d = 1 or 2, and there is no special condition on r.




58

'Eg6

J. TITS

TYPES 3D, AND 6D,

Index

>E{

fe

=1

TYPE 'Ej

Index

[

e

N

Special fields
F R p n

Special fields

F R p n
- - - 4+
- + - +
- - + +

+ + o+ 4+

REMARK. 'EZ% is the form which can be realized as collineation group of a
Cayley plane ([15], [32], [35]); 'E$S, is the form which is constructed by means of
an associative division algebra of degree 3 ([38], [44]).
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TYPE 2E¢

Symbol Index Special fields
F R p n

'y —C_ -+ -+
wy o—C__ ., - - - +
2g329, .—C:D - - - %
2ELS, (B—C::O - 4+ -+
wY —C___ - - -+

L

2EZ, e—aq [ ) + + + +

v 1

REMARKS. 2E$S is the real form of E¢ which gives rise to a bounded sym-
metric domain. In the list given at the end of [42], the index 2E2® has been
erroneously omitted.

TYPE E;
Symbol Index Special fields

I F R p n
i — - - + - +
2 ] — - - - -
ESS, I — — - - -
E5%Y  — © + I — - - - -
EsszeA.I.@———+
B3y o—e— l ® - + - +
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REMARK. E3% is the form which is constructed by means of a division Cayley
algebra ([16], [36], [41]); over the reals, it is also the form which gives rise to a
bounded symmetric domain.

TYPE Eg
Symbol Index Special fields
F R p n
Eéf‘o"ﬁw‘¥tlﬂ:—+—+

+

" E} &+

T
4

txy
z2
T
—
)
[
|
|
[

E§§®—@-—®—+—I—4—®—+—+
E3.s®——®—e—$—i—®——@++++

ReMARK. EZ°, is the form which is constructed by means of a Cayley division
algebra ([16], [44)).

TYPE F,

Symbol Index Special fields
F R p n

Fh ——CXJ—— - + - +

B, 0——— - + - 4
Fo &—A L B—D + + + +
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REMARK. A group of type F, is always the automorphism group of an excep-
tional simple Jordan algebra J ([8], [15], [22]); the three diagrams above cor-
respond respectively to the cases where J does not have nonzero nilpotent ele-
ments, has such elements but does not have two nonproportional orthogonal
ones, and finally has nonproportional orthogonal nilpotent elements.

TYPE G,
Symbol Index Special fields
F R p n
oy B== -+ -+
. P—.
G, = + + + +

REMARK. A group of type G, is always the automorphism group of a Cayley
algebra ([21], [31]); the two diagrams above correspond respectively to the cases
where this algebra is a division algebra, and is split.
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p-adic Groups

FRANCOIS BRUHAT

1. Bounded subgroups. If G is a real connected Lie group, then the following
two statements are well known:

(1) Any compact subgroup of G is contained in a maximal compact subgroup
of G.

(2) Two maximal compact subgroups are conjugate by an inner automorphism.

Now let P be the quotient field of a complete discrete valuation ring @. Let
p be the maximal ideal of @, and let = be a generator of p, and K be the residue
field of O by p, ie, p = On, K = O/p. P is locally compact for the topology
induced by the valuation if and only if K is a finite field.

Let G be a linear algebraic group defined over P, realized in GL(V) where V
is a vector space defined over P. Let G, be the group of P-rational points of G.
Gp can be considered as a subset of GL(n, P), and also a subset of the ambient
space P™ of GL(n, P). With the topology induced by P™, G, is a topological
group. If P is locally compact, then G, is locally compact.

Let K be a subgroup of Gp, then the following three statements are equivalent :

(i) There exists a locally faithful matricial rational representation p of G defined
over P s.t. the coordinates of the elements of p(K) are bounded,

(i) For any matricial rational representation, the coordinates of the elements of
p(K) are bounded.

(iii) For any rational linear representation p of G in a vector space V over P,
there exists a lattice Lin V s.t. p(k)L = Lfor any k in K.

If K satisfies one of the above conditions, K is called a bounded subgroup
of Gp.

The condition (iii) implies that any bounded subgroup is contained in an
open and bounded subgroup. On the other hand, the open and bounded sub-
groups of G are related with the structure of G as group scheme over the ring 0 :
let P[G] the affine algebra of G. The product in G gives a structure of coalgebra
on P[G], ie., a linear map d: P[G] — P[G] ®p P[G] which is defined by the
condition :

d(f) =X fi® fi<flxy) = Lfix)fi0).

Now, an O-structure for G is an O-subalgebra of finite type /[G] such that
P[G] = P«/[G] and d(/[G)) = H[G] ®, [G].

ExaMPLE. Let G = GL(V), let L a lattice in Vj, (g;;) the matrix of ge G with
respect to some basis of L. Then the algebra &#/[GL] = 0O[g;;, (det(g;;))" '] is an
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O-structure for GL(V). More generally, if G is a subgroup defined over P of
GL(V), the image of &/[GL(V)] in P[G] is an @-structure for G. It can be shown
that any @-structure may be obtained in this way.

If o is an O-structure on G, then for any (@-algebra B (commutative, with
unit) the set Gz = Hom ((«, B) is a group. In particular, G, can be considered as
a subset of Gp = Hom (%, P) = Homp(P[G], P), and is a bounded and open
subgroup of Gp.

We can also “reduce mod p””: the algebra o//po/ over the residual field K
is the affine algebra of a group scheme over K (which is not necessarily connected,
nor reduced). If .o/ /p.«/ is the affine algebra of a connected algebraic group defined
over K, we shall say that the reduction mod p of o is “good.” In this case, the
canonical map : G, — G is surjective.

2. Existence and classification of maximal bounded subgroups. If G is an
additive group of affine line G,, then G has no maximal bounded subgroup,
because (G,)p = UOn~". More generally it can be proved that if G is not reduc-
tive and if the characteristic of P is zero, then Gp has no maximal compact sub-
groups. (If the characteristic of P is positive, there may exist a unipotent group
defined over P without P-rational point, except e, so the above statement is no
longer true.) In any way the interesting cases are that of reductive or semi-
simple groups. Then we have an existence theorem:

THEOREM (LANGLANDS).! If P is a locally compact field, and G is a reductive
group, then any compact subgroup of Gp is contained in a maximal compact sub-

group of Gp.

Proor. We may assume G = GL(V), and irreducible. It suffices to show there
is no infinite sequence of open compact subgroups K, st. K, S K,+1 & .
Take a lattice L in V}, and let X, = {xe L|kx € L for any k€ K,}. It is obvious
that X, is K -invariant and X, ¢ nL. Let ¥, = X, n (L — =L). Since X, is a
closed subset of L, Y, is compact nonempty. Let Y be the intersection of all Y,,
then Y is nonempty. Let X be the intersection of all X,, then X has a nonzero
vector of Vp, and is invariant under any K,,. Let W be the P-vector space generated
by X. The Zariski closure CI(UK,) of UK, is open for the P-topology, and closed
under Zariski topology, so CI(UK,) = Gp, W is a nontrivial invariant subspace
and X is a lattice in V,. Now UK, fixes X invariant, and consequently compact.
Therefore, there is no infinite sequence

Kn;KnSKn+l ;'”in GP'

For classical groups (at least in the strict sense and if the characteristic of the
residual field K is not 2), one knows the complete classification of conjugacy
classes of maximal bounded subgroups.

! During this Institute, Tamagawa has indicated to me another method of proof, which is valid
also for the nonlocally compact case and gives the existence of maximal bounded subgroups.
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ExAMPLE 1. Gp = SL(n, D), D = a division algebra of center P. A maximal
bounded subgroup is the stabilizer of a lattice in D" and any two maximal
bounded subgroup of G, are conjugate under GL(n, D), but the number of con-
jugacy classes of bounded subgroups under inner automorphisms is equal to
n = rkpy(G) + 1. :

EXAMPLE 2. Gp = PGL(n, P). Let K be a maximal bounded subgroup of Gg,
and K the inverse image of K in GL(n, P). It can be shown that there exists a
divisor d of n and a sequence of d lattices Lo > L; o -+ o Ly = nLy in P,
with dimg(L,/L;.,) = n/d, such that K is exactly the set of those elements of
GL(n, P) which keep globally invariant the infinite sequence formed by the
lattices ©*L; (0 < i < d, k € Z). (The proof is given in [4] with the assumption that
the characteristic p of K does not divide n. But it is possible to give a more direct
proof, which is valid in any case.) One sees that the number of classes of maximal
bounded subgroups in PGL, is equal to the number of divisors of n. The n classes
of maximal bounded subgroups of SL, give exactly one class for the isogenous
group PGL,, but other classes appear. '

ExAMPLE 3. G = SO(Q), Q is a quadratic form over a vector space V over P
(char P # 2). Let K be a bounded subgroup of Gp, then K fixes a lattice L in
Vp; K < End(L). Q induces an involution * in End (V). Since g* = g~ ! for
g€Gp, K < End L n (End L)* N Gp. If K is maximal bounded, then

K = End L (End L)* N Gp.

Now consider the set S of all the orders of End (Vp) which can be written as
Q N Q* by some maximal order Q of End (V). Let ® be the symmetric bilinear
form attached to Q, ei = 1-- - n) be a basis of a lattice L ; then (End L) n (End L)*
is maximal in S if and only if any elementary divisor of the matrix (®(e;, €))) is
either 1 or 7 (up to a constant factor). The number of conjugacy classes of such
lattices is finite. Since any maximal bounded subgroup K is contained in a
maximal element of S, the number of conjugacy classes of maximal bounded
subgroups of Gp is finite.

Let L, be a lattice in Vp, generated by a “Witt basis”, i.c. a basis e, - -, e,
of V; satisfying the following conditions:

(@) ey,---,e, (Tesp.e,_,+1,"**,e,) generate over P a maximal isotropic sub-
space V; (resp. V3) of Vp;

(b) Dle;, €54 1-) =dfor1 Si,j=r;

(¢) €41 -*,e,—, generate over P the orthogonal V, of V; + V; (which is a
maximal anisotropic subspace of V) and generate over the unique maximal
O-integral lattice of V,.

Now let L, be the lattice generated by ne,,- - -, me,, €544, -+, €, With0 S s S 1.
Then the orders Q, = End L, n (End L,)* are maximal elements of S and if
char K # 2, any maximal element of S is conjugate to some Q, by an element of
Gp.

Then (at least if char K # 2), there is exactly r + 1 classes of maximal bounded
subgroups, represented by the subgroups K, = Q,nGpfor0 < s =r.
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Similar results hold for the other types of classical groups (symplectic, unitary,
etc.) [6].

3. Iwasawa and Cartan decompositions.
G = connected semisimple group over P,
A = maximal P-split torus,
N = normalizer of 4 in G,
Z = centralizer of 4 in G,
U = unipotent radical of a minimal parabolic subgroup I' of G over P,
associated to 4,
I'=2ZU, W= Ny/Z,,
Y = the group of P-rational characters of Z,
Zy= {zeZpllx(z)l,, = 1forany ye Y}, D = Z,/Z,.
Let 6 be the canonical map Z, — D. Then D is isomorphic to Z" where r is the
P-rank of G, and D/6(A4p) is of finite index. W acts on D, Ap. Let

Af = {ae A,||a(a)|p = 1 for any positive a € X(A)},
D" ={de D' there exists a positive integer n with nd € &4;)}.

CoNJECTURE I. There exists a maximal bounded subgroup K of Gp satisfying

the following conditions:
(i) KoZyNpc KZ,

(ii) Gp = KZpUp (Iwasawa Decomposition),

(iii) Gp = KZpK (Cartan Decomposition), more precisely there is a one to one
correspondence between K\Gp/K and D*.

(iv) (@) If 8(z)e D* then KzK n KzUp = Kz;

(b) there exists an order on D s.t. if z, z* € Zp, 8(z*)e D* and

Kz*K n KzUp #9,

then (z) = 6(z*).

This Conjecture I is true for classical groups (at least in the strict sense: uni-
modular group of a division algebra or groups of matrices of determinant 1
keeping invariant on e-hermitian form), for split groups (of any isogeny type),
and for quasi-split groups (at least with an unramified splitting field).

RemARrK. The condition (iv) is often a consequence of the others, as soon as K
is given as the stabilizer of a lattice L in the space V of a representation p of G,
defined over P, with some properties like :

(a) L is a direct sum of sublattices L(1 < i £ m); each vector subspace V; = PL;
is stable by Z(A),. Let z, z' € Z(A)p and z;, z; be their restrictions to V;. If for all i
z; and z; have the same invariant factors (with respect to L;), then z' € zZ(A),.
Moreover, if 8(z) e D™, then the invariant factors of z; are less than those of z;, ;.

(b) If u € Gp, then p(u) is unipotent, upper triangular for the block decomposi-
tion, ie, (p(u) — Id) V)<= Vi + — + V,_;for1 i< m

On the other hand, it is possible that (iv) is too strong and has to be replaced
by a weaker condition (cf. [8]). )
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EXAMPLE 1.

D = division quaternion over P,

@ = the ring of integers of D,

p = # 0 = the maximal ideal of 0,

V» = n-dimensional vector space over D,

® = hermitian form on Vj,

G = SU(V, ®) = special unitary group of (V, ®).

For a (-lattice L in V,, the norm n(L) of L is the smallest ideal g of D s.t.
®(x, y) e g and there exists an element ¢ in g satisfying ®(x, x) = ¢ + & for any
x,yin L. .

Now let L be a maximal lattice of norm @. Then L has a canonical Witt
basis e, - - - e, satisfying the similar conditions as in §2, Example 3. With respect
to this base one can take:

a, 0
a,,
Ap = 1 a‘EP.,
.a’_l
0 a;!
Ay 0
A,
ZP = AiGD'
a7t
0 A7?

G’ = the special unitary group corresponding to the anisotropic part of (V, ®).

K = stabilizer of L.

U = G N (upper triangular matrices with diagonal 1).

If g € Gp, g(L) is a maximal lattice of some norm. We can prove the existence
of a basis ¢; of L s.t. L = €0, g(L) = Y e/#" and get the decomposition (iii).
Condition (iv) can be proved in the same way as in [2].

D = Z,/Zy, = Z' is realized as

diag(ﬁ"' TR A VR N V... E—vl)’
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8(Ap) = diag(*' ... #%*, 1...), D* is the subset of D satisfyingv, Sv, S-S v,.
Letg = k,d*ky, = du, k,, ke K,d* eD*,ue Up,d = diag(®*'--.)eD.

bt 0 1 L b ot
du = = 0 *l.
0 '/ \O 1 0

But the elementary divisors of g are the same as those of d,, so v; < u;. By
induction we can show the condition (iv), where the order is the lexico-graphic
order.
EXAMPLE 2. _
G = semisimple with split torus over P (Chevalley type).
g = Lie algebra of G.
X,, H, = Chevalley base of g.
L = O-module generated by X,, H,.
K = stabilizer of L.
Then (i) ~ (iv) are satisfied [3], [7].
ReEMARK 1. There exist maximal bounded subgroups for which (ii), (iii) and (iv)
are not true (even if P is locally compact).
REMARK 2. There may exist several classes of maximal bounded subgroups
satisfying (I), even not isomorphic.

4. Tits system in a simply connected group. Let us assume K is finite and let o/
an O-structure on G, which has a good reduction with G semisimple over K, of
same type as G. Then G is split or quasi-split with unramified splitting field, the
O-structure & is given as §3. Example 2, and the Conjecture 1 is true for K = G,.
But in other cases, we may have an @-structure ./, which does not have a good
reduction, and, nevertheless, the Conjecture I is still true for X = G,. Moreover,
this o/ has the following properties, which we state as a conjecture, because we
are not able to prove them in the general case:

ConiecTURE II. If G is a connected semisimple simply connected group defined
over P, there exists an (-structure o/ on G such that:

(i) G, satisfies the conditions of the Conjecture L.

(i) The @-structure determined by &/ on the maximal split torus 4 is the
canonical one (i.e., given by the algebra generated by the characters) and so has
a good reduction on a torus A, split over K.

(iii) There exists a connected reductive algebraic group G~ defined over K,
containing A as a maximal K-split torus, and a morphism of group scheme
from the reduced group scheme G to G~, inducing the identity on A, such that,
if p is the associated map from G, to G, the inverse image B = p~!(By) of the
set of rational points of a minimal parabolic subgroup B of G= containing A4,
constitutes with the subgroup N = N(A)p a Tits system (or a (B.N. pair)) in Gp.
The Weyl group W= N/B N of this Tits system is an affine Weyl group,
extension of the P-Weyl group of G by Z".
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This conjecture has been firstly proved by N. Iwahori and H. Matsumoto in
the split case [7] (for the O-structure of §3 Example 2) then by H. Hijikata for
quasi-split case [S] and classical cases [6].

REMARK. A triple of groups (G, B, N) is called a “Tits system” if it satisfies the
following : '

(0) Gis generated by Band N, B n N is a normal subgroup of N, W= N/BnN
is called the Weyl group of the Tits system.

(1) Wis generated by involutive elements re I, r? = 1,

(2) rBr~! #£ Bfor any rel,

(3) rBw < BrwB U BwB for any re I and any we W.

If (G, B, N) is a Tits system, then:

(1) w — BwB gives a bijective map from Wto B\G/B.

(2) For any subset J of I, let W, be the group generated by r (r€J), then
G; = BW,B is a group. G, = N4(G,). G, is conjugate to G if and only if K = J.
Any subgroup of G containing B has the form of G,.

As a consequence if the Conjecture II is true, G, has at least r + 1 classes of
maximal bounded subgroups where r = rky(G). Actually Whas r + 1 generators
I ={wy,---w,, wg}, and a maximal bounded subgroup K; (i =0, 1,-- - r) is given
by K; = BW,_,,B.

CoNJECTURE (II) (iv). Any maximal bounded subgroup of G, contains a con-
jugate of B.

REMARK. (iv) is known for classical groups modulo some exception in the case
of characteristic of K = 2. [6].

Added in November 1965. During the conference, considerable progress was
made towards an affirmative solution of the conjectures above. It also appeared
that the properties thus established have interesting applications; for instance,
they provide a simplified approach to Kneser’s theorem on H' of simply con-
nected groups over the p-adics. A joint paper on this subject is in preparation,
by F. Bruhat and J. Tits.

These results were exposed orally by J. Tits at the conference. The precise
form on which they are given in the mimeographed notes of his talk must
however be somewhat modified; in particular, it is not true that minimal k-
parahoric subgroups of a group G—as defined in these notes—are conjugate
by elements of G,. In fact, the notion of k-parahoric subgroup given there does
not appear to be ‘“the good one” when G does not split over an unramified
extension of k.

On the other hand, the methods sketched there turn out to give further results.
For instance, it can be shown that the Conjecture (II) (iv) above is essentially a
consequence of the other parts of that conjecture and, in particular, is true in
the split case.
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Generalized Tits System (Bruhat Decomposition)

on p-Adic Semisimple Groups

NAGAYOSHI IWAHORI

1. Generalized Tits system. In order to describe the situation where the
algebraic group G is not simply connected (cf. Bruhat’s talk; also see [3], [8]),
we have to generalize the notion of Tits system (or BN-pair, see Tits [13]) as
follows.

Let G be a group and B, N subgroups of G. The triple (G, B, N) is called a
generalized Tits system if the following conditions (i) ~ (vi) are all satisfied.

(i) H= Bn N is a normal subgroup of N.

(ii) The factor group N/H is a semidirect product of a subgroup Q and a normal
subgroup W:N/H = Q- W.

(ii)) There exists a system of generators of W consisting of involutive elements
w; (i € I) with the following properties (iii; ) and (iii; ). [We assume that w; # 1
and that w; # w; (for i # j). We also identify the index set I with the generator
system {w;;iel}].

(iii; @) For any ¢ in QW and for any w; in I,

oBw; = Bow;B U BoB.
(For any element ¢ and t in QW, 6Bt is defined as the set 6Bt where ¢ and % are
elements of N projecting to o, t respectively. Obviously ¢Br is thus well defined.
Similarly BoB is defined.)

(iii; B) w;Bw; ! #* B for all w; in I.

(iv) Any element p in Q normalizes I: plp~' = I.

(v) pBp~! = Bfor all pin Q; Bp # B for any pe Q — {1}.

(vi) G is generated by B and N.

W is called the Weyl group of (G, B, N); QW = N/H is called the generalized Weyl
group of (G, B, N).

Let now (G, B, N) be a generalized Tits system. Then, Tits [13] (cf. also Iwahori
and Matsumoto [8, §2]), one can prove the following main properties of the
generalized Tits system (G, B, N).

ae=U »caw BoB (disjoint union)

(b) The normalizer N(B) of B in G is given by

N(B) = U BpB = BQB = BQ = QB.
peQ
Furthermore, N(B)/B is isomorphic with Q.
71
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(c) For any subgroup H of G containing B, there exist a unique subgroup Qy
of Q and a unique subset J, of I such that H = B(QuW(Jy))B; where W(Jy)
means the subgroup of W generated by Jy. Moreover, Jy is normalized by
every element p in Qp:pJyp~' = Jy. The pair (Qy, Jy) is called associated
with the subgroup H.

(d) Conversely, let (¥, J) be a pair of a subgroup Q' of Q and a subset J of I
such that J is normalized by every element of Q'. (Such a pair will be called an
admissible pair.) Then there exists a unique subgroup H such that G o H o B
and that Q' = Qy, J = Jy. Thus the mapping H — (Q, Jy) is a bijection from
the set of all subgroups between G and B onto the set of all admissible pairs.

(¢) Let L be the normalizer in G of a subgroup H containing B. Let (Qg, Jg),
(Q,,J,) be the admissible pairs associated to H, L respectively. Then,

Jo=Jn QL ={peQ;pQup~" = Qu,pJyp~" = Ju}.

(f) Let H; (i = 1,2) be subgroups of G containing B and (;, J;) (i = 1, 2) the
admissible pairs associated to H,, H, respectively. Then the following conditions
()y) are equivalent :

(@) H, and H, are conjugate in G,
(B) H, and H, are conjugate by an element in N(B),
() pQip~ ! = Q, and pJ,p~ ! = J, for some p in Q.

(8) Go = BWB is a normal subgroup of G and (G, B, N,) is a Tits system with
W as its Weyl group, where Ny = N n G,. Moreover G/G, = Q.

(h) For any element g in G, the automorphism of G, defined by x — gxg~!
preserves the Tits system (G, B, No) up to the conjugacy in Gy, ie., there exists
an element g, in G, such that gBg~! = goBgo !, 8Nog ™! = goNogo '

According to a remark of Tits, (g) and (h), provide the following alternative
description of generalized Tits systems, which make them appear as sort of
nonconnected analogues of the usual ones.

To begin with, let us recall the notion of saturation for a Tits system. In general,
a generalized Tits system (G, B, N) is called saturated if

BnAN= ( nBn~'.

neN
Note that any generalized Tits system (G, B, N) can be modified into a saturated
one (G, B, N*) without changing the factor group N/B n N. In fact, N* is given
as N* = N- H* where H* =N,_ynBn~'. Conversely, starting from a saturated
system (G, B, N*) one gets other systems by replacing N* by any subgroup N
such that N- H* = N*. ‘

Suppose now that G, is a normal subgroup of a group G and let (G, By, No)
be a saturated Tits system on G,. We assume that, for any element g in G, the
automorphism x — gxg~! of G, preserves the Tits system (Go, By, No) up to
the conjugacy in G, (cf. (h) above). Then we get a saturated, generalized Tits
system (G, B, N) on G, where N = I'Ny, I' = Ng(B) N Ng(Ny), B = B,. (Ng(X)
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means the normalizer of X in G.) Furthermore, N/B n N is isomorphic to the
semidirect product Q- W, where W is the Weyl group of (G, By, Ng) and
Q = Ng4(B)/B. This procedure exhausts all saturated generalized Tits systems.

2. Existence of a generalized Tits system on p-adic semisimple algebraic
groups. (Supplements to Bruhat’s talk.) Let k be a local field, i.e., a field with
nontrivial, nonarchimedean, discrete valuation. We denote by O (resp. p, resp. @)
the ring of integers (resp. the unique maximal ideal in O, resp. a generator of
the ideal p). We also denote by k the residue class field O/p.

Now let G be a connected, semisimple algebraic group of Chevalley type over
the local field k. Let A be a maximal k-split torus of G and ® the root system of
(G, A). We denote by P, (resp. by P) the Z-module generated by all roots (resp.
by all weights). Note that P, and P are lattices of the vector space {(®)p spanned
by ® over R. We recall also that an element 4 in {(®)g is in P if and only if
2(2, a)/(o, &) is in Z for all a in ®, where ( , ) is a suitable inner product in (®)g
(cf. Borel’s talk p. 13). In particular, one has P > P, and P/P, is a finite abelian
group.

Now it is known that there is associated canonically a sublattice I" such that
P o T 5 P, and that 4, =~ Hom(T', k*) (cf. [3]). We denote by h (x) the element
in A, which corresponds to y in Hom(I, k*). Also for each root a, there is
associated a rational homomorphism x,: G, = G defined over k, where G, is
the additive group of the universal domain. (Note that G is simply connected
(resp. the adjoint group, i.e., centerless) if and only if the associated lattice I’
coincides with P (resp. with P,).)

Now let N be the normalizer of A in G. We shall now construct a generalized
Tits system (G,, B, N,) on G, by taking a certain subgroup B. Let Gg be the
Chevalley lattice in the Lie algebra &, of G over k (cf. Bruhat’s talk and also
Cartier’s talk). We denote by Gg the stabilizer of the Chevalley lattice ®g in G, :

Go = {g€G;; Ad(g)Bp = By}
Then one can show [8] that G, is generated by the following elements in G,:
X,(t) (teO;aed) and

h(x)  (xe Hom(I, O%),

where O* means the group of invertible elements in ©. Thus it is seen that the
homomorphism ¢ of Gy defined by the reduction mod p maps Gy onto the
Chevalley group G, over k associated to the lattice I'. Thus one gets a *“‘good
reduction” (cf. Bruhat’s talk).

Now let us fix a linear ordering in ®. Then this determines a Borel subgroup
B, of G,.. Put

B = ¢ '(B,)).

As in the case where G is simply connected, the subgroup B thus defined is unique
up to the conjugacy by elements in G, (see Bruhat’s talk). Now one can show [8]
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that our subgroup B is generated by the following elements in G, :
x(t) (tep,aed,)
x4(t) ted,ped.)
h(x) (x € Hom(I", O%)).
Note that one gets Ag = N, n B, and Ag is generated by the elements h(x),

x € Hom(I", O%).
Our main purpose here is the following:

THEOREM. (G,, B, N,) is a generalized Tits system on G,.

For the proof of this theorem together with other properties of B, see [8].
Let us describe here the structure of the factor group N,/B n N, = N,/Ag. To
begin with, we recall the notion of the affine Weyl group W(®) associated to the
root system ®. We denote by w,, (x€ ®, ve Z) the reflection mapping of the
Euclidean space (@) with respect to the hyperplane {x € (®)g; (a, x) = v}, i.e.,

We X)) = x — (x, @) - a* + va¥,

where a* = 2u/(«, o). We denote by W(®) the group generated by the reflections
W,, (0€®,ve Z), and call it the affine Weyl group associated to ®. Note that
the Weyl group W(®) is the subgroup of W(®) generated by the reflections
W, (x€ @), and that W(®) is the semidirect product of W(®) and the normal
subgroup D consisting of the translations of the following form: x — x + 4,
where d is in the lattice 't = {d e (®)g; (d,y)€ Z for all yeI'}. Thus W) =
W(®)-D, D = T'* =~ Hom(T, Z).

Now one gets [8] N,/Ap = Q- W(®) (semidirect product) where Q is a finite
abelian group isomorphic with P/I". The set I of generating involutive elements
of W(®) appearing in the structure of the generalized Tits system (G,, B, N,) is
given as follows [8]: let ® = @, u.-- U ®, be the decomposition of the root
system ® into irreducible components ®;. Let A; = {a¢,---,a{’} be the set of
all simple roots in ®; (relative to the given ordering) and «f’ the highest root in ®;.
Then I is given by

I= {Wagn.o ISisSnlsSjsh) wy,(1=Sisn)
V‘;e refer to [8, §1] as for the more detailed description of the groups Q- W(®),

(D).

We note that the analogue of the above theorem is also true for a reductive
algebraic group G defined over a local field k which has a k-split maximal torus.

ExampLE. Let G = GL,. Then G, = GL(n, k) and Gy = GL(n, O). With respect
to the usual ordering of roots, we get

O p k* 0

O O* 0 k*
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Moreover we have N, = A, - S,, where S, is the subgroup of G, consisting of all
permutation matrices. (Hence S, may be regarded as the symmetric group of
degree n.) Put

! 0

0 F13
Then A4, = Ag - D (direct product) with Ag = A4; N B, and one gets N, = Ag(DS,)

(semidirect product). Thus one gets [4] a generalized Tits system (G, B, N,)
with the following factor group:

N/BAN,=Q-W,

where Q = N(B)/B =~ Z and W is generated by involutive elements wy,---,w,
in DS, given by

0 0 n\
Ii_, 0 1
01 .
w; = 1gign-1), w,=| O " 0
1 0 .
0 (A 1
n! 0 0

Note that N(B) = {w}B is a semidirect product where w is an element in DS,
given by

Furthermore we have ow;0™ ! = w;,; (1 L i S n; Wy = wy).

3. A characterization of the subgroup B (cf. §2) for locally compact ground
fields. In this section we assume that k is a locally compact field with the (finite)
residue class field k of characteristic p.

Let G be a semisimple algebraic group defined over k. One sees then that for
any open compact subgroup K of G,, the normalizer N(K) of K in G, is also
open and compact. Using this fact, one can prove the following theorem:

THEOREM (SYLOW). Let G be a semisimple algebraic group defined over k. Then
G, has a maximal pro-p-subgroup S. Furthermore, any pro-p-subgroup of G, is
contained in a conjugate of S.
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We recall the terminologies used above: pro-finite group means the projective
limit of finite groups; pro-p-group means the projective limit of finite p-groups.

Thus any two maximal pro-p-subgroup of G, are conjugate. A maximal pro-p-
subgroup of G, is called a Sylow subgroup of G,.

COROLLARY. Eet B be the normalizer in G, of a Sylow subgroup S of G,. Then,
distinct subgroups of G, containing B are never mutually conjugate in G, and each
of them equals its own normalizer in G,.

Now for simply connected, semisimple groups of Chevalley type, we have the
following

PROPOSITION (MATSUMOTO). Let G be a connected, simply connected, semisimple
group of Chevalley type over k. Then our subgroup 3 of G, introduced in §2 is
the normalizer of a Sylow subgroup of G,.

This proposition gives in a certain sense a ‘‘p-analytic” characterization of
our BN-pair structure in G,.

4. Applications.

4.1. Maximal compact subgroups. Let G be a connected, semisimple algebraic
group of Chevalley type over a local field k. Then, since we have a generalized
Tits system (G,, B, N,) on G, (cf. §2), we can determine the conjugacy classes of
subgroups of G, containing a conjugate of B. Thus, in particular, when k is
locally compact, we can determine the conjugacy classes of maximal compact
subgroups of G, . As an example, we shall give a table of the number s of conjugacy
classes of the maximal compact subgroups of G, containing B, when G is the
adjoint group of simple groups [8].

Type of G s

A, the number of (positive) divisors of I + 1
B, and C, I+1

D,(I=2m+1) l

D, (I = 2m) 1+2

Eg 5

E, 8

Eg 9

F, 5

G, 3

Also, if G is simply connected and simple, then s = | + 1, when [ is the rank
of G [8].

We note that these values of s are shown to be the number of conjugacy classes
of maximal compact subgroups of G, by Hijikata [5], when G is of classical type.
Thus it is an interesting question to prove (or disprove) this fact in general.
Or one may formulate in the following way:
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CONJECTURE 1. Let G be a connected, semisimple algebraic group of Chevalley
type over a locally compact field k. Then, every maximal compact subgroup K of
G, contains a conjugate of B (the subgroup introduced in §2).

In other words, B has a fixed point on the homogeneous space G,/K. In this
respect, the following conjecture concerning the structure of the homogeneous
space G,;/B seems to be interesting,

Let G¢ be a connected, simply connected, complex semisimple Lie group
(which is an algebraic linear group as is well known). Let k be the formal power
series field C((¢)) of one variable over C and O be the ring of integral power
series in k:

0= { Y a,-t";ao,al,---,eC}.
i=0

Then p = t-O. Thus we can consider our subgroup B (in §2) in G,. One has
G, =U,o» BoB. Hence G,/B is a disjoint union of the sets BsB/B. Now -it is
easy to show that BoB/B has the structure of a complex affine cell of dimension
Mo), where A(o) is the word-length of & relative to the generators given in §2 of
the affine Weyl group W (cf. [8]). The subset Go/B of G,/B is easily identified
with the generalized flag manifold G¢/B¢, where B¢ is a Borel subgroup of G,
because G¢ = G, and G¢cn B = B¢. Under this setting, let us state the following

CONJECTURE 2. There exists a structure of a topological space of G,/B with the
Sollowing properties:

(i) G4/B is an infinite dimensional CW-complex.

(i) Gi/B = U,cw (BaB/B) is a cellular decomposition of G,/B. Each cell BaB/B
is homeomorphic to R**,

(ili) The Poincaré series P(G,/B, t) of G,/B is equal to the product of the Poincaré
polynomial P(G¢/Bg,t) of G¢/B¢ with Poincaré series P(Q(G¢), t) of the loop space
on G¢. Note that these Poincaré series are given by Bott as follows, using the
exponents my,--- ,m, of G¢:

1
P(Ge/Be,t) =TT (0 + 2 +t* + - + £2™) =} 122,
i=1

oeW

1
P((G), 1) = l:[1 -t

Or, more strongly,

(iii) G,/B is homeomorphic to the product space G¢/Bc x G¢). (Or G,/B
has the same homotopy type as the above product space.)

(iv) (Tits) G,/B is the inductive limit of projective varieties of finite dimension.
(A more precise statement of this conjecture has been given by Tits in his talk.)

4.2. Elementary divisor theorem. Let © be a Dedekind domain with the
quotient field k. Then each prime ideal p of O defines a nontrivial, discrete,
nonarchimedian valuation x — |x|, of the quotient field k of . The localization
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of O relative to p is denoted by O,, i.e., O, is the ring of integers of k relative to
the valuation x — |x|,. Then O is the intersection of all localizations O, of ©.
Now let G be a connected, semisimple algebraic group of Chevalley type
over k. Then, fixing a Chevalley lattice in the Lie algebra ®,, one has the sub-
groups Go, Go, of G,. Let A4 be the associated maximal k-split torus. Then by the
structure of generalized Tits system on G, with respect to the valuation x — |x|,,
one sees that [8] G, = Gp A,Gop, for all prime ideal p in O. Thus a natural
question arises: can one replace Go by Gp = N,Go , Le., does one get

Gk = GQA,‘GD?

Now, this is not true in general. A counter example is obtained by Y. lhara
for the case G = SL,, k = Q(,/(—5)), © = “the principal order in k.’ On the
other hand, this fact is known to be valid together with some uniqueness property
when D is a principal ideal domain and G is of classical type. (It is called the
elementary divisor theorem.) In this respect, it is seen that a similar theorem is
true for any semisimple groups of Chevalley type.

Thus, let k be the quotient field of a principal ideal domain O. Let G be a
connected, semisimple algebraic group of Chevalley type over k. Let I' be the
lattice between the weight-lattice P and the root lattice P, associated to G (cf. §2).
We denote y — h(x) the isomorphism from Hom(T, k*) onto A4,, where 4 is a
k-split maximal torus of A. Fixing a Chevalley lattice associated to A, the sub-
group Gy is defined. Now, fixing an ordering in the root system @ of (G, 4), one
gets the notion of a dominant element in A,; ie., an element h(x)e A, with
x € Hom(T', k*) is called dominant if y(®,) = O. We denote by A; the set of all
dominant elements in A4,. Then, A; is a semigroup in A,. 4, contains a sub-
group Ag = {h(y); (') = O*}. Under these settings, we get the following elemen-
tary divisor theorem.

THEOREM (MATSUMOTO). G, = GoA; Go. Moreover, the space Gg\G,/Gg of
double cosets of G,mod Gg is bijective with A;|Ag by the natural mapping
a‘AD—’GD'a'GD.

5. Hecke rings associated to a generalized Tits system. (Cf. Shimura’s talk.)
Let us recall the notion of the Hecke ring 5#(G, B) associated to a pair of a
group G and a subgroup B of G such that B is commensurable with any of its
conjugates, i.., [B: BnoBo™ '] < o for all ¢ in G. Let # = #(G, B) be the
free Z-module spanned by the double cosets S, = BoB (o € G). Then a multi-
plication is defined in # as follows:

Sast = Zm‘;,,Sp,
(4

where m%, _ is the number of cosets of the form Bx contained in (Ba~!Bp) (B1B).
It is seen that m . is independent of the choice of the representatives a, 7, p in
the double coset; moreover, given g, t, the number of the double cosets BpB
satisfying m? . # O is finite. Furthermore, it is shown that (G, B) becomes an

a
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associative algebra with the unit element over Z (see e.g. [7]). K being any field
(or commutative ring), (G, B) ®z K is denoted by #x(G, B) and is called the
Hecke algebra of the pair (G, B) over K.

Now let us assume that (G, B, N) be a generalized Tits system on G with the
factor group QW = N/B n N and standard involutive generators I = {w,} of W.
For any g € W, we denote by (o) the length of a reduced expression of ¢ in terms
of I. Consider the normal subgroup G, = BWB of G and the induced Tits system
(Go, By, Ny) on G, where B, = B, Ny = N n G,. Then, as is seen easily, B is
commensurable with any conjugate in G if and only if B, is commensurable with
any conjugate in G,. Moreover, when this is the case, #(G, B) is obtained from
H(G,, By) as follows: we note that Q acts on the ring #(G,, B,) as a group of
automorphisms as follows: for peQ and for ce W, By,oB, = By(pap~*)B,,
or putting S, = B,0B,, we express this automorphism by S, = p(S,) = S,,,-1.
Now introduce a new multiplication in the tensor product Z[Q] ® z (G, Bo)
as follows (Z[Q] means the group ring of Q over Z):

(P ®5S,) (0 ®S,) = pp ®(p) (SIS
for any p, p’'€ Q and o, 6’ € W. Then one obtains a new ring structure on
Z[Q] ®z H#(Go, By).

The ring thus obtained is denoted by Z[Q] & z5#(G,, B,), and is called the twisted
tensor product of Z[Q]}, #(G,, By)- Now we get

PROPOSITION. #(G, B) = Z[Q] ® 7 #(G,, Bo).

Thus the question about the structure of the Hecke ring (G, B) for a genera-
lized Tits system (G, B, N) is reduced to the case where (G, B, N) is a usual Tits
system; and in this case, the question was settled by [10] as follows.

Let (G, B, N) be a Tits system with the Weyl group W, and let I = {w;} the
standard involutive generators of W. Suppose that B is commensurable with
w;Bw; ! for any w; € I. Then B is commensurable with any of its conjugates in G.
Furthermore, for a reduced expression ¢ = w;, ---w;_(r = A(g)) of o € W, one has

S, =8;8; (where §; = §,,).
Thus the first half of the following theorem is obtained.

THEOREM [10]. The set {S;;iel} generates the ring #(G,B). A system of
defining relations for this generator {S;} is given as follows:

S2=qi-1+(q;—1)-S; (foralliel),
(8:8)™ = (8;S)™, if the order of ww; is 2m;; < o,
(S:8,)™S; = (S;8)™S;, if the order of ww; is 2m;; + 1 < o0.

where q; is the number of cosets of the form Bx contained in Bw;B.
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EXAMPLE 1. Let k be a local field such that k = O/p is finite. Let G be a simply
connected, semisimple algebraic group of Chevalley type over k. Then the Tits
system (G,, B, N,) in §2 satisfies the assumption made above relative to the
commensurability of B with its conjugates. More precisely, for 6 € W, BsB
contains ¢q*® cosets of the form Bx, where q is the cardinality of the residue
class field . In particular, all ¢;’s in the above theorem are equal to q in this
case. Furthermore, the order of any w,w; is always finite. [Especially, if G is SL,,
then it is seen (this is due to Oscar Goldman) that #¢(G,, B) = Q[W), where W
is the affine Weyl group of SL,. (Note that W is isomorphic with the free product
of two copies of Z, (= cyclic group of order 2).)

In this case, Gg is also commensurable with any of its conjugate in G,. More-
over, one can show that the Hecke ring s#(G,, Gg) is commutative and is iso-
morphic with the polynomial ring in [/ variables over Z (I being the rank of G)
(see [1], [11], [12]). We note the following formula for the number of cosets of
the form Gg - x in Gg - h(x) - Go (With h(x) € A;). We may assume that y(1) = n‘-?
for some de D = P+ = {xe (®)p;(x, P) = Z}. Then the number # desired is
given by

#=g@ Y g4,

aeW)
where (regarding D < W as in §2),
&(d) = Min A(dw)
weW

= Z I(d’ a) - 1| + z I(d7 a)l:
aed . ;(a,d)> 0 ae®,;(a,d)<0
and W] is the following subset of W. Let W, be the subgroup of W defined by
W; = {oe W;o(d) = d}. Then W, is generated by the w, , with (a;,d)=0
(ay, - -+, a; being the simple roots). Now W} is defined by
Wi = {ce W; Awa) 2 A(o) for any we W,}.
(See Kostant [9}].)

We note also that, if k is the quotient field of a principal ideal domain O, the
Hecke ring #(G,, Gg) of a simply connected, semisimple algebraic group G of
Chevalley type over k is isomorphic with the tensor product of the Hecke rings
H(Gy, Go,):

H(Gy, Go) = ®, #(Gy, Goy)-

ExAMPLE 2. Let G be a finite group and (G, B, N) be a Tits system on G with
the Weyl group W. Then one has

THEOREM (T118). Let k be an algebraically closed field whose characteristic does
not divide the orders of G, W. Then # (G, B) = k[W].

See the appendix for the proof.
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Appendix: Proof After Tits of (G, B) =~ k[W] for a
Finite Tits System

1. Rings obtained by a specialization. Let 4 be an associative algebra over a
commutative ring O. Let ¢ be a homomorphism of O into a commutative ring
©O’. Then one has an O-module structure on O’ by a- 8 = ¢(x) (xe O, B D).
Thus one may consider the tensor product

A¢ = A®DD’,

which has an obvious algebra-structure over ©'. Note that if ¢ is surjective, then
the homomorphism ¢*: A — 4, defined by ¢*(a) = a ® 1 is also surjective and
Ker(¢*) = Ker(¢). Thus

Ay = A/A-Ker().

In particular, if 4 is a free O-module of finite rank with a basis {u,}, then 4,
is also a free O'-module with a basis {¢*(u;)}. The structure constants {C},}
of A relative to {u,} are mapped by ¢ into the structure constants {¢(C},)} of
A, relative to {¢*(u,)}. Hence, A, A’ being the discriminants of 4, A, respectively,
one has ¢(A) = A".

For the special case where O is a polynomial ring k[t,,¢,, - ¢,] over a field
k and ¢ is the specialization O — k over k defined by ¢(t;) = a;, we denote A4,
also by A(a;) for brevity.

PROPOSITION 1. Let O = kft,, - - -,t,] be the polynomial ring over an algebraically
closed field k. Suppose that A is an associative algebra over O such that

(i) A is a free O-module of finite rank, and

(i) the discriminant A(t,,---,t,) of A (relative to a basis of A) is not zero. Then
for any ()€ k", (B:) € k" such that A(x;) # 0, A(B;) # O, one has A(x;) = A(B;) as
k-algebra.

For the proof, we note that A(x;) is separable, semisimple and refer to Ger-
stenhaber [14]. Also we note that an elementary proof is possible for this
particular case. In fact, Q being the algebraic closure of the quotient field of O,
one gets the following isomorphism as Q-algebra

A®pQ = Alw) ®r Q.

2. An algebra associated with a Coxeter group. By Proposition 1 above, in
order to prove J,(G, B) = k[W], it is enough to show the existence of an algebra
A over some polynomial ring O = k[t,,---,t,] with above conditions and the
existence of two points (o;) € k', (B;) € k" such that

A(ai) # 0’ A(ﬂ,) # 0’ A(ai) = ‘#k(G, B)a A(ﬁn) = k[ W]°

Now such an algebra was constructed by Tits as follows.
Let W be an Coxeter group with a fundamental generating involution R = {r},
i.e,, the defining relations for R are obtained by (rs)** = 1 (n,, being the order of
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rs for all r and s in R; n,, = 1). Denote by l(w) the length of we W relative to
R. Then

LEMMA 1. Ifr, s € R and w € W satisfy l(rws) = I(w), l(rw) = l(ws), thens = w™ 'rw.

Now let k be any commutative ring. Let C be the set of conjugacy classes
represented by elements in R, and let {u.,v.;ce C} be indeterminates over k.
We write also u,, v, for u,, v, for r in c. Denote by O the polynomial ring

klu.,v,;ceC].

PROPOSITION 1. Let V be the free O-module spanned by W. Then there exists a
K-bilinear, associative multiplication * in V such that

rEw = rw if I(rw) > I(w),
= urw + W, if lrw) < l(w).
Moreover, such a multiplication is unique.
ProOOF. Uniqueness is obvious. Let us prove the existence. Define
P,,A,€Endg(V) (reR)

as follows:
P(w)=rw if l(rw) > I(w),

= urw + i?,w, if lrw) < I(w),
A(w) = wr if l(rw) > I(w),
= u,wr + ov,w, if l(rw) < I(w).

Then, using Lemma 1, one can check P,A; = AP, for any r, s € R. Let R (resp. £)
be the O-subalgebras of Endg(V) generated by {P,;re R} (resp. by {4,;r€R}).
It is seen that the mappings p*: R - V, 1*: € - V defined by p*(¢) = ¢(1)
(¢ e R), 1*(Y) = Y(1) (Y € 8) are both bijective.

In fact, for any reduced expression w = r, -- - r,, one has

p*py, - py,) = W.

Thus p* is surjective. Same is true for A*. Injectivity of p* is seen as follows from
the commutativity of P,, A, above: let p*(¢) = 0. Then ¢(1) = 0. Hence

0 = y(¢(1)) = dp(¥(1))

for all Y € L. Hence ¢ = 0 by the surjectivity of A*.
Now define the product v+v'(v, v’ € V) by

vsv’ = p*{p*"1(0)- p* 1))
= {0* ).
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Then one sees that * defines an algebra structure on V such that r*w = P/(w),
which completes the proof.

Now let us return to the given Tits structure (G, B, W). We assume that k is
an algebraically closed field whose characteristic does not divide the orders of
G, W. Using above notations, one sees that the D-algebra 4 = (V, *) associated
to the Coxeter group W (cf. [10]) has the following properties :

(1) The discriminant A(u,, v, ; c € C) of A (note that this is a polynomial in the
u., v,) is not zero.

(2) By the specialization u, —» o, v, — B, (ce C;a,, B.€ k), A gives rise to an
algebra A(x,, ) over k. In particular, by the theorem above one obtains

A(q., q.-1) = # (G, B) where g, is the number of B-cosets in BrB, where rec,
A(1,0) = k[W].

Note that #,(G, B) and k[W] are both semisimple algebras over k (cf. [7)).
Thus, by our assumption on the characteristic of k, we get A(a;) # 0, A(B;) # O for
(%) = (gc> gc-1) (B;) = (1, 0). This completes the proof.
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On Rational Points on Projective Varieties Defined
Over a Complete Valuation Field!

BY

TSUNEO TAMAGAWA

1. Let k be a field with a nonarchimedian valuation | |, k"*! denote the vector
space over k of all (n + 1)-tuples of elements of k and P} denote the projective
space of all one-dimensional subspaces of k"*!. The one-dimensional subspace
spanned by xek"*! will be denoted by {x). The norm of x = (xq,- -, X,) is
defined by |x| = Max(|xo|, - - -, [x,]). Let f(Xo,---, X,) be a homogeneous poly-
nomial of degree d in k. Then the value || x| ~¢| f(x)| is uniquely determined by the
point P = {(x)€ Py, so we denote it by |f(P). If f(x) = 0, we simply write
f(P) = 0. The norm || f || of a polynomial f(Xo," -, X,) = Y. Cio """ inX§ = Xy is
defined by || f|| = Max(lcio - - - ial). Obviously we have |f(P)| < || f| for all Pe P;.
A set of homogeneous polynomials f;, - - -, fy in k will be called a zero set if we
have .

M(f1,*+ fy) = Infpepp Max((£y(P)l, - -, LW(P)]) = O.

Let Q be a universal domain containing k. Namely Q is an algebraically closed

field containing k such that there exist infinitely many elements in Q which are

algebraically independent over k. We denote the projective space Py by P
We will prove the following theorems :

THEOREM 1. Assume that k is complete and perfect. If a set {f,---, fx} of
homogeneous polynomials f,,---, fy in k is a zero set, then there exists a point
Py € P such that f,(Po) = 0, - -, fy(Po) = 0.

THEOREM 2. Assume that k is complete and perfect. Let V — P" be a variety
defined over k, and V, denote the set of all k-rational points on V. Let ¢ be a rational
function on V defined over k. If ¢ is defined at all points of V,, then |p(P)| is bounded
on V.

An immediate consequence of Theorem 2 is the following:

THEOREM 3. Assume that k is complete and perfect. Let G be a reductive algebraic
group defined over k such that there is no subtorus of G which splits over k. Then
the group G, of all k-rational elements of G is bounded.

! This work is partly supported by NSF Contract No. 4428.
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If k is locally compact, then the space P} is compact with respect to its natural
topology. Hence we have quick proofs of Theorem 1 and Theorem 2 by using the
compactness of P} and continuity of | f(P)| or |¢(P)|. In this case, the field k is not
necessarily perfect.

2. Let {f},---, fy} be a set of homogeneous polynomials in k. Then the set
A(fi,-+-, fy) of all Pe P" with fi(P)=0,---, f(P) =0 is a k-closed subset of
P". Conversely if A is a k-closed set in P", the ideal W(A4) of k[X,, X,,---, X,]
generated by all homogeneous polynomials f with f(P) =0 for all Pe A is
homogeneous and has a finite base { f},-- -, fy} consisting of homogeneous poly-
nomials. If A = B, u--- U B, is the decomposition of a k-closed set 4 into the
k-irreducible components By, - - -, B, of A, then the dimension of A4 is defined to
be the maximum of dim B, - - -, dim B;.

LEMMA 1. Let {fy, -, fuu} and {g,," ", gy} be sets of homogeneous polynomials
in k. If we have A(fy,---, fu) < A(gy,---,8n) and {fy,- -, fu} is a zero set, then
{81, 8n} is a zero set.

Proor. From Nullstellensatz of Hilbert, we have

gi(X)p = ZHU'(X)L(X), i= 1,"',N,
where p is a positive integer and H;; are homogeneous polynomials in k such
that deg H;; + deg f; = p deg g;. Then for P € P; we have
|2:(P)| * < Max (|Hy || /(PD.

Our assertion is easily proved from this inequality.
A k-closed set A = P" will be called a Z-set if a homogeneous base {f;,---, fy}
of A(A) is a zero set. We have the following lemma.

LEMMA 2. If {fy, ", v} is a zero set, then A(fy, -, fy) is a Z-set. If A is a
Z-set, then all k-closed sets containing A are Z-sets. If A and B are k-closed sets
such that A L B is a Z-set, then either A or B is a Z-set.

PROOF. The first two assertions are immediate consequences of Lemma 1.

Put A = A(f,, ", fu) and B = B(g,, -~ gy). If {f;, ", fyu} and {g,,"" *, gy} are
not zero sets, then for every point P € P;, we have

Max (| f{P)||g;(P)|;1 S i< M,1 < j S N)2 M(f,, -, f)M(@y,--,88) > 0.

Hence the set {fig;;1 < i < M,1< j < N} is not a zero set. This set defines the
k-closed set AU B,so A LU B is not a Z-set.

COROLLARY. If a k-closed set A is a Z-set, then one of k-irreducible components
of Ais a Z-set.

Now the following theorem is obviously equivalent with Theorem 1. The
theorem is also true without the perfectness assumption.
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THEOREM 4. Assume that k is complete and perfect. If A = P" is a Z-set, then
A, = A N P} is not empty.

We have to note something about the empty set &. Since U(F) = k[X, -+ X,],
A(H) is obviously not a Z-set. If {f;,---, fy} is a set of homogeneous poly-
nomials in k such that there is no point Pe P" with fi(P)=0,---, fM(P) =0,
then {f,,---, fy} is not a zero set. For if f; € k for some i, then our assertion is
obvious. If fi¢k, 1 £ i <N, then 0 =(0,---,0) is the only common zero of
Sfiooo o /nin Q"1 so we have

XIP=ZHU.,}3 O<sizsn,
j

with homogeneous polynomials H,;. Then {X§,---, X2} is not a zero set, so
{f1.--+, fx) is not a zero set.

3. Now we assume that k is perfect. Let A be a k-irreducible closed set in P".
The set of all xe Q"*! with (x> € A together with 0 is denoted by A. A is a k-
irreducible closed set in Q"*!. A generic point (xq, X;, -, X,) of A will be called
a homogeneous generic point of 4. Let r denote the dimension of 4. Then the
dimension of (xq, xy, -+, x,) over k is r + 1. Since k is perfect, k(xq,-- -, x,) is a
separably generated extension of k. The set 4 will be called a k-irreducible set
in a general position if the following conditions are satisfied :

(1) k(x09 s Xy 1) = k(xO: ] xn)’

(2) x,4+1,-- ", x, are integral over k[x,, - - -, x,],

(3) X,+, is separably algebraic over k(xq, - - -, X,).

LEMMA 3. There exist (n + 1) x (n + 1) matrix U = (u;;) in k, 0 £ i,j < n,
such that det(u;;) # O and the projective transformation T defined by

OHOT =<{x-U)

transforms A in a general position.

PrOOF. From normalization lemma, we can find (n + 1)(r + 1) elements u;;,
0<i=<nO0<j<rsuchthaty; =) u;x;, 0< j < r, are algebraically indepen-
dent over k and x,, -, x, are integral and separable over k[y,, - -, y,]. Now we
can find ug, 4y, -, U, 4+ SO that y, ., = Z u;, + 1X; generates the field k(xo, - - -, x,)
over k(yo,- -, y,), and the matrix (u;;), 0 < j <r + 1, is of rank r + 1. Now we
can add n — r — 1 columns to (u;;) so that the matrix (4;;), 0 < i, j < n is non-
singular. Such construction is possible because k is perfect and infinite (O. Zariski
and P. Samuel [2, Chapter V, Theorem 8, p. 266]). )

The set A is a Z-set if and only if AT is a Z-set. Now we assume that Aisin a
general position. Let G(Xo, X,,---, X,, X)), r+ 1< j <n, be an irreducible
polynomial in k such that |G|l = 1 and G(xo, x;,""",X,,x;) = 0. We have a
polynomial G; for each r + 1 £ j < n. Put G(X) = G, ,,(X), and

H(X) = 3G(X)/0X, .
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Since x, ., is separably algebraic over k(x,,- - -, X,), the polynomial H(X) is not
equal to 0. If d; is the degree of G(X), then G{X) contains a term cX' 4. Hence
the ideal generated by X,,---, X, and A(4) contains X%, ---, X4 Hence if
{fi»---, fn} is a base of A(A4), then {X,,---,X,, f1,---, [y} is not a zero set.
Also we see that the specialization (xg,- -, x,) = (0,---,0) over k is uniquely
extended to the specialization (xq,---,x,) — (0,---,0). Hence the rational
mapping n, of P" onto P'*! defined by {(ap,---,a,)) = {(ap,-*",a,4+,)) is
defined at every point of A. Assume that A4 is a Z-set. Since {Xo, ", X,, f1,"* ", fv}
is not a zero set, we have M(X,,---, X,, fi,---, fy) =¢c> 0. Hence if 0 < ¢ < c,
for every Pe P}, P = {(aq," ", a,)), with |[fi(P)| <e& ---,|#(P) <& we have
Max(|a), - - -, |aa])| @] ~* S c. Hence =, is defined at P with

|fiP) <&, |fmP) < &

Now =, is a birational morphism of A onto a k-irreducible set A’ = %, (A) of
P’. The set A’ is defined by the polynomial G(X,-- -, X, ,). Let P’ be a point on A’
such that H(P’) # 0. Such P’ is a simple point of an absolutely irreducible com-
ponent V' of A’, and does not lie on any other component of 4. Since x, ; 5, -+, X,
are integral over Kk[xq,---, x,], there exist only a finite number of points in
n; '(P')n A, and they lie on an absolutely irreducible component V of A.
Obviously =, induces a birational morphism of V onto V'. Since P’ is a simple
point on ¥’ and n, !(P’) n V is a finite, nonempty set, n,” !(P’) consists of only one
point P, and the restriction of n, ! to V' is defined at P’ (“Zariski’s Main
Theorem,” cf. A. Weil [1, Chapter VI, Theorem 13, p. 164]). Hence P is a simple
point of V, and k(P’) = k(P). So if P’ is rational over k, then P is also rational
over k.

4. Now we assume that k is complete, and {f,,---, fy, H} is not a zero set.
Put p = M(f,,---, fx, H). Since |G| =1, we have |H| <1 and O <pu 1.
We choose ¢ so that 0 < ¢ < Min(3u2, cu). We have a = (ao, - - -, a,) such that
lall =1, | fi(a) < &---,|/w(a)| < ¢ and |G(a)| < &. Then we have H(a) = u and
Max(lao)," ", la,+1) 2 c. Put F(T)= G(ao,"**,a,,T). Then F(a,,,)=
G(ao,"**,4a,+,) and (dF/dT)(a,+,) = H(a).

We have the following series: -
bo = a,41, by = by — F(bo)F'(bo)_ l, b, =b, - F(bl)F'(bl)—l, Tt
Then we have
|F(by)| = |GF")(bo)(F(bo)F'(bo)™ )| < &n™2 < 35,

[F'(b))] = |F'bo)| 2
IF®)] < 50
FOIZ u

Hence there exists a limit lim, _, , bv = a,, ,,and F(a;,,) = G(aq, -, a,,a,,+{) = 0,
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H(ag," -, a,,a,,,) # 0. Now we see that at least one of ay, : - -, a, is not equal to 0.
If ag=---=a,=0, then |a,,,| 2 ¢ and |a,.,| 2 C, a contradiction. Hence
= {(aq, -, a,, a,,,)> satisfies all our conditions.

LEMMA 4. Assume that k is perfect and complete. Let A be a k-irreducible closed
set in a general position (xo, X1, -, X,) @ homogeneous generic point of A over k,
G(Xo, -+, X,+1) an irreducible polynomial in k with G(xo,---,%,,,) =0 and
H(Xq, ", X,,,) denote the polynomial 0G/0X, . ,. Let S denote the k-closed set of
all P with HP) = 0. If A is a Z-set but A S is not a Z-set, then An Py = A,
is not empty. In this case, A is absolutely irreducible.

PrOOF. Let {f},---, fy} be a homogeneous base of A(4). By assumption, we
see that {f},---, fy} is a zero set but {f;,---, fy, H} is not a zero set. Hence we
have a simple point P'€ n(A) n P,*! and a simple point =, '(P') n A which is
rational over k. Now A is k-irreducible, so if P lies on a component of A, then P
lies on every component of A. Hence A contains only one component, so A4 is
absolutely irreducible (and defined over k since k is perfect).

5. ProofF oF THEOREM 4. We use the induction with respect to the dimension
of A.2 Assume that dim A = 0. We may assume that A is k-irreducible and in a
general position. Then Lemma 4 shows that A = 4, = {P}. Now we assume our
assertion is true for all Z-set of dimension less than r. Let A be a Z-set of dimen-
sion r. We may assume that A4 is k-irreducible and in a general position. Using
the same notations in Lemma 4, we see that if A n S is not a Z-set, then A4, is not
empty. If A~ S is a Z-set, then S is a hypersurface and dim(A N S) =r — 1
Hence we have (A n S), # .

ProoF oF THEOREM 2. Let Q be a generic point of ¥ over k. For every Pe V,,
there exist a pair of homogeneous polynomials F(X), G(X)ek[Xq,---, X,]
such that G(P) # 0 and ¢(Q) = F(Q)/G(Q). The set of all P'e V with G(P') # 0
is a k-open subset of V, and ¥, is covered by a finite number of such open sets.
Hence we have a finite number of pairs (F,, G,),-- -, (F,, Gy) of homogeneous
polynomials in k such that deg F; = deg G;, ¢(Q) = F{Q)/G{Q) and for every
PeV, there exists i, 1 £ i £ S, such that ¢(P) = F(P)/G(P). Let {fy,---, fa}
be a homogeneous base of the ideal A(V). Then there is no P € P} with

[iP)=0,---, fu(P) =0,

G,(P)=0,---,G{(P)=0. Hence from Theorem 1, we see that {fl,-u,fN,Gl,---,G,}
is not a zero set. Put p = M(f}, -, fy, Gy, -+, Gg) > 0. For every P € V, we have
|G{P)| Z u for some i, hence

|6(P)| = |FUP)||G{P)| " < ||Fillu™" <Max(|Fy,---, ||[Fse"

PrOOF OF THEOREM 3. Since G has no k-split subtorus and is reductive, there
exists a morphism f of G into a projective variety V defined over k such that f

2 The idea of using the induction over dim A was suggested by M. Kneser in a conversation with
the author.
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is defined over k, f is birational and biregular at every point PeG, f(G) is a
k-open subset of V and f(G,) = V. If u is a rational function on G which is holo-
morphic at every point of G, then ¢ = u o f ~! is a rational function on V which is
defined at every point P € V,. From Theorem 2, |¢| is bounded on ¥, so |u(g)|
is bounded on G,. Since matrix coefficients of G are holomorphic functions on G,
G, is bounded.
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Groups Over Z

BY

BERTRAM KOSTANT

1. Preliminaries.

1.1. Let C be a commutative ring with 1. Let A be a coalgebra over C with
diagonal map d: 4 —» A ®c A (it is assumed A has a counit ¢ : A - C) and let R
be an algebra over C with multiplication m: R ®¢ R — R (it is assumed R has
a unit p : C — R). Then one knows that Hom¢(4, R) has the structure of an algebra
over C with unit where if f,ge Homg(4, R) the product f *ge Homc(4, R) is
defined by

fxg=mo(f@g)-d

That is, one has a commutative diagram

A2 4a®4

frel | S®¢g
R—"—RQ®R

In particular if we put R = C the dual A’ = Hom(4, C) has the structure of
an algebra.

Now assume that 4 is a Hopf algebra (A4 is an algebra and coalgebra such that
d and ¢ are homomorphisms and &p is the identity on C).

By an antipode on A we mean an element (necessarily unique if it exists)
s € Hom¢(4, A) such that I *s = s I = ¢ where I is the identity on 4 and * is
as above with 4 taken for R. From now on Hopf algebra means Hopf algebra
with antipode.

1.2. Now assume A4 is a Hopf algebra over C and R is any commutative

C-algebra. Then if
Gr = {f € Hom¢(A4, R)| f is an algebra homomorphism}

one sees immediately that Gy is a group under * where
fYa) = f(sa) for any f e Gg, ae A.

Thus one has a functor R — Gy from all commutative algebras over R into
groups and the functor is represented by A.

Now if C is the set of integers Z then we may drop the word algebra so that
R — Gy is a functor from all commutative rings R to groups.
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ExampLE. If A = Z[X,;,1/D], i,j, = 1,2,---,n, where the X;; are indeter-
minates and D = det(X;), then 4 is a Hopf algebra over Z where

dXU = in,‘@X"j,
k

so that dD = D ® D. Also ¢(X;;) = 0 and s(X;;) = (—1)'*/ cofactor X ;/D. Here
G = Gl(n, R) for any commutative ring R.

In the example above if one replaces A by its quotient with respect to the ideal
generated by D — 1 then one obtains G = Sl(n, R) for any commutative ring R.

More generally for any semisimple Lie group G we will define a Hopf algebra
Z(G) over Z with the following properties:

(1) Z(G) is a finitely generated commutative integral domain;

(2) for any field k

k(G) = Z(G) ®z k

is an affine algebra defining a semisimple algebraic group over k which is ‘split
over k, and is of the same type as G;

(3) Q(G) defines G over Q, where Q is the field of rational numbers.

1.3. From now on C = Z. Let B be a Hopf algebra over Z. An ideal I < B
will be said to be of finite type if B/I is a finitely generated free Z-module. If I
and I’ are of finite type then the kernel I A I’ of the composed map

B—"»B@B—»B/I®B/I'

is again clearly of finite type defining an operation on the set of all such ideals.
A family F of ideals of finite type will be said to be admissible if

(1) Nyer I = (0);

(2) s(I)e F for all Ie F;

(3) F is closed under A.

Now given such a family put

Ap = {feHom(B, Z)|f|I = 0 for some I € F}.

It is immediate then that A has the structure of a Hopf algebra over Z. The
multiplication in A is defined as the transpose of the diagonal map in B. (It
exists since F is closed under A.) The diagonal map in Ay is defined as the
transpose of the multiplication in B. (It exists since each f € A vanishes on an
ideal of finite type in B.) The antipode is simply the transpose of the antipode
in B. (It exists since F is closed under s.)

1.4. Now let G be a complex semisimple Lie group and let g be its Lie algebra.
Let U be the universal enveloping algebra of g so that U is a Hopf algebra over C

where
dx=x®1+1®x
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for any xeg. Also ¢ is given by &(x) = 0 for any xe g and s is the anti-auto-
morphism of U defined by s(x) = —x for any x e g.

We will now define a Hopf algebra B over Z where B < U. The family of
ideals F will be defined by G and one puts

Z(G) = 4,.

2. The definition and structure of B. Let h be a Cartan subalgebra of g and
let A be the corresponding set of roots.

Chevalley has shown (see [1]) the existence of a set of root vectors e,, @ € A,
such that if ¢, ¥, ¢ + Y € A then

[eqs eyl = treg.y

where re Z , (the set of nonnegative integers) is the minimum integer such that
(ad e_y)e, = 0 and if h, = [e4, e_4] then

d(hy) = 2.

We fix the e, as above and put g; equal to the Z span of all the e, and hy for
¢ € A. We recall some facts from [1] which, in fact, are easy to check. Let A,
be a system of positive roots and let IT = (x,,---, ;) be the corresponding set
of simple roots. Put h; = h,, i = 1,2,---,1, for simplicity. Then one has

PROPOSITION 1. The elements h,,---, h; together with all ey, ¢ € A form a free
Z-basis of gz

REMARK 1. Proposition 1 is of course only really a statement about the Z-span
of the h, and the statement is of course well known.

Now it is clear that gz is a Lie algebra over Z. Somewhat less obvious is the
following fact of [1]):

PROPOSITION 2. g is stable under (ad e,)"/n! for any ¢ A and ne Z ..

REMARK 2. If h, e and f'is a basis of the Lie algebra of SI(2,C) where [h, e] = 2e,
[h.f1= —2fand (e,f) = h then Proposition 2 in essence reduces to the follow-
ing fact: If v,,---, v, is a basis of an irreducible SI(2, C) module consisting of
h-eigenvectors such that

e v; =+ Jvj4y

then the Z-span of the v; is stable under ¢™/m! and f"/n! for all n,me Z ,.

We now define B to be the algebra generated over Z by all elements ej/n!e U
for all pe A and neZ,.

2.2. To prove that B is a Hopf algebra over Z with suitable properties we
shall need some multiplication relations in U.
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If h, e € g where [h, e] = Ae for some scalar A then one easily establishes
(2.1.1) plh)e™ = e™p(h + im)
for any me Z, and polynomial p e C[X].

Now if ue U is arbitrary and me Z , put
uu—1)---w—m+1)

Cum = m!

Somewhat less trivial than (2.1.1) is the following useful relation among the
generators of the Lie algebra of SI(2, C).

LEMMA 1. Let h,e, feg where [h,e] = 2e, [h,f]1= —2f and [e, f] = h. Then
Jor any n,me Z , one has

emfn k fn J em—j
mini = B i

where k is the minimum of n and m.

ProOF. One first of all proves directly from the bracket relation that

fn fn fm— 1
en! n'e + = 1)!(h m+ 1)
Lemma 1 is then just an exercise using (2.1.1), the relation above, and induction
on m.
2.3. A sequence of C-linear independent elements to ¥”e U, n =0,1,2,---,
where u® = 1, is called a sequence of divided powers in case

m
au™ = Z u? ® u®=»
i=0

for all n. It is clear of course that the Z-space of the u™ is a coalgebra over Z.
ExaMPLE. If xe g and u™ = x"/n! then clearly 4™ is a sequence of divided
powers. Another example is obtained by putting u™ = C, ,.
Now assume more generally that for each fixed i = 1,2,---,k one is given
elements u® e U,n = 0,1, 2,-- -, forming a sequence of dmded powers and that if

uy = u(lm)u(znz) . uaﬂk)

where N = (n,,---,m)e Z%, the uy over all N € Z% are C-linearly independent.
Let V be the Z-span of all uy. It is then clear that V is a coalgebra over Z and
if D = Homy(V, Z) then D, as in §1.1, has the structure of a commutative algebra.
But the point is that the algebra structure on D is particularly easy to describe.

Let a;e D,i = 1,2,---,k, be such that y (uy) = O for all N except 7,(u")) = 1.
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We leave it as an exercise to prove

PROPOSITION 3. For any N = (n,---,n)e Z% let yy = y}*---yix Then one
has yy(up) = O unless M = N and yy(uy) = 1 so that D is the ring of formal power
series

D= Z[[yh B Yk]]

2.4. Now introduce the partial ordering in A where ¢ < ¥ in case ¥ — ¢ can
be written as a sum of positive roots. Then simply order A, so that A, =
(61, b2, -+, ¢,) where ¢; < ¢, implies i < J.

Let n be the complex nilpotent Lie algebra spanned by all e, where ¢pe A,
and let U(n) € U be the universal enveloping algebra of n. In each r-tuple
M = (m,,---,m,) where m;e Z, put
_ % . %

ey =
m! m,!

so that the elements e, form a Birkhoff-Witt basis of U(n).
Now let E be the Z-algebra in U(n) generated over Z by ej/n! for all g€ A
and neZ,.

LEMMA 2. The elements ey, over all M e Z',, for a free Z-basis of E.

PRrOOF. Let E, be the Z-span of all ey, for M € Z",. Since the ¢, are independent
over C they certainly form a free Z-basis of E, and E, < E. Since E, contains
the generators of E, to prove E; = E we have only to show that E; is closed
under multiplication.

We first observe that for any 1 < j < r there exists s;€ Hom(g, C) such that
(1) s; vanishes on all root vectors e, (2) s;(h, ) =1and (3) s; takes values in Z
on gz. Indeed this is clear from Proposition 1 since any root, e.g., ¢; can be
embedded in a system of simple roots. '

Now consider the adjoint representation of n on g. Extending to U(n) one
has that g is a U(n) module. If F = Homd(Um),C) and 1 = j <r let fie F be
defined by ’

fiw) = sju-e_y)

for any ue Un). If M; = (my,---, m,) is defined by m; = 0 for i # j and m; = 1,
then clearly fi(ey) = 1, that is, fi(e, ) = 1. On the other hand if one orders Z',
lexicographically it is immediate that ffey) = 0 for all M > M;.

But now by Proposition 2 f; must take values in Z on E. Now since U(n) is
a coalgebra F is an algebra over C. For any N = (ny,---,n,) put fy = fi'*---
f7e F. But now since E is the algebra generated over Z by all ej/n! it follows
that dE is in the Z-span of all elements in U(n) ® ¢ U(n) of the form u ® v where
u,v € E. Consequently fy also takes valuesin Z on E forany NeZ",. But E, c E
and by Proposition 3 one has fy(ey) = 1 and fy(ey) = O for all M > N.
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Now assume E, is not an algebra. Then there exists N, M such that eye) ¢ E;.
That is, since the ep, P Z", are a C-basis of U(n) and one writes

eney = Zcper

there exists cp such that c,¢ Z. Let L be minimal with this property. But then
Ji(ener) ¢ Z. This however contradicts the fact that f; takes integral values on E.

REMARK 3. We note here that Lemma 2 may be strengthened in that the same
conclusion is true when we use any ordering in A .. Indeed if fy, is defined in the
same way as e, except with respect to a different ordering in A, and

M= 3 m

for M = (m,,---,m,) then by the Birkhoff-Witt theorem there exists M'e Z",
such that |M'| = |M| and

em — fur = X Cnen

where the sum is over N such that |[N| < |M]|. But the cy lie in Z by Lemma 2.
The result then follows by induction on |M]|.

2.5. If X is an indeterminate one knows that Cy , for all ne Z, form a free
Z-basis of the Z-ring R of all polynomials p in C[X] such that p(n)e Z for all
neZ. Since Cy_,,,€ R for any me Z and is of degree n it is clear that the poly-
nomial Cy_,,, is an integral combination of Cx,for 0 < j < n.

Now for any K = (k,,---,k,)€ Z', let hxy = C, ,, - - - Cp,x, It is then clear that
the hy over all Ke Z', is a C-basis of the universal enveloping algebra U(h)
of h. On the other hand from above and §2.3 it is also clear that the Z-span H
of all hy is a Hopf algebra over Z. Also from above, H contains C,,_,, for any
keZ, and m;e Z.

We have defined e, € U(n) for any M e Z",. Now similarly define

In= e"—'m/"l!‘ o e’l'.p,/nr!

for any Ne Z",.
Recall that B is the Z-algebra generated over Z by all &/n! for pe A, neZ,.

THEOREM 1. The elements
Snhkem
for all N,MeZ', and K € Z', form a free Z-basis of B.

Proor. For convenience put n = 2r + [ and for any Pe Z", write P = (N, K, M)
and put by = fyhge,. By the Birkhoff-Witt theorem it is clear that the b, form
a C-basis of U. Let U, be the Z-span of all b,. We first show that U, < B. For
this it is clearly enough to show that if h = h;,1 < i < landkeZ, thenC,,€B.
Put e = ¢, and f = e_,, so that h,e and f satisfy the conditions of Lemma 1.
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Assume inductively that C,;eB for all j < k. Then by Lemma 1 one has
(e*/kD)(f*/k!) = C,, plus terms all involving e?/p!, f%/q! and Cp-m,j Where
p,qeZ,, meZ and j < k. By induction therefore C,, € B so that U; < B.

With the same definition of h,e,f as above we now show that U, is stable
under right multiplication by e"/n!, f"/n! and C, , for any ne Z ... For the case
of e"/n! the result is immediate by Lemma 2. For C,, the result follows from
(2.1.1) since ¢(h)e Z for all roots of ¢ €A so that eyC,, = Cy_ ey for some
meZ.

Finally we want to show bpf"/n! = fyhgey f"/n! lies in Uy for all P. Since
the argument above shows that U, is stable under left multiplication by fy
and hy it is enough to show that e, f"/n!e Uz for all M. But by Remark 3 we
can change the order of the roots in A, without changing E. Order the roots
in A, so that ¢, = «; and let S be the set of all M € Z", where m, = 0. We must
therefore show

ey— —eU
Mm! n! z

forall MeS, m, neZ,. But by Lemma 1, (¢"/m!)(f"/n!) can be rewritten as an
integral sum of elements of the form '
fio @

i_! C'.,ij!‘.

Hence we have only to show e, f"/n!e U, where M€ S.

But now one knows that the set (¢, ", d,-;, —o;) forms a new system of
positive roots (obtained from A, by the reflection corresponding to «;,). Hence
Lemma 2 and particularly Remark 3 apply to this new system. Thus ey, f"/n!
can be written as an integral sum of elements of the form (f7/j!)ey where again
N e S. But these all lie in Uz. Thus Uy is stable under right multiplication by
e"[n!, f*/n! and C,,. By symmetry the same is true for left multiplication.

Now consider the adjoint representation of g on U. This extends to U so that
U is a U-module and if U’ is the finite dimensional subspace spanned by all
products of g with itself at most j times then one knows that U/ is a U-submodule.
It is also clear that if Uy = Uz ~ U/ then Uj is a Z-form of U, with a free
Z-basis consisting of all b, where |P| < .

But if x € g and u € U then ad x(u) = xu — ux. Hence

e n e e

ad(n!)“ Pt ey TR T
Thus U% is stable under ad(e"/n!) and similarly ad(f"/n!) for all n. It follows
therefore if 7; (recall e = e,) is the representation of SL(2,C) on U defined by
adh, ade and ad f and we let o; = m(e,, — e,;) where ¢;, i = 1,2, are the
matrix units in M,(C) then U} and hence U, is stable under o;. If X is the group
generated by the g; for all i then Uy is stable under X and one knows there is a
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homomorphism ¢ — & of X onto the Weyl group W such that ge, = +e,, for
all o € X. Since every root is W-conjugate to a simple root it follows therefore
that U is stable under right multiplication by €}/n! for all ¢ €A and neZ,.
This implies Uz = B.

2.6. If we regard U(p) as the algebra of all polynomials on the dual space
b’ to b, then for any fel) one has that

k) = Crnyme Crnarms” "~ C pnyom,

Thus if L < k' is the group of all integral linear forms on | then hy(f)€e Z for
all MeZ'.. In fact, using the standard basis of L it follows easily that H is
exactly the set of all pe U(h) which take integral values on L. Furthermore
(since the same is true for R and Z; see §2.5) given any finite subset F < L
and A€ F there exists pe H such that p(4) = 1 and p(u) = O for ue F and u # 4.

Now assume that V is an arbitrary finite dimensional U-module. Let A(V) = L
be the set of weights of V and for each ue A(V) let V* be the corresponding
weight space.

A Z-form V3 of V(V = V; ®2C) is called admissible if it is stable under B.

COROLLARY 1 TO THEOREM 1. There exists an admissible Z-form Uz in V.
Moreover if Vy is any admissible Z-form in V and Vi = Vzn V* for ue A(V)
then

Vo= @ V4.
ueA()

ProoF. To prove the existence of an admissible Z-form it is enough to assume
V is U-irreducible. Let v be a highest weight vector and put V; = B-v. Since
Ju-v # 0 for only a finite number of M it is clear that V; is finitely generated
over Z, stable under B and generates V over C. Furthermore V5 is a direct sum
of the V4 = Vzn V* for ue A(V). To prove V; is a Z-form of V we have only
to show that if c¢,,---, ¢, C are independent over Z and v,,---, v, € Vg are
such that )" c;v; = 0 then one already has v; = 0 for all i. Indeed if, say, v, # 0,
there exists p e E (see §2.4) of weight A — u (where 4 is the highest weight of V)
such that p-v, # 0. But for all i, p-v;, = myp for some m;e Z since p-v; is of
the form g;v where q; € H by Theorem 1. Hence

0= p(z c,-v,) =( c,-m,-)v

contradicting the fact that the c¢; are Z-independent since we have m; # 0.
Thus Vz is a Z-form of V.

Now assume V; is any Z-form of V. For each ue A(V) let p, € H be such that
p.(w) =1 and p,(y) = 0 for all ye A(V),y # p. But then Y, p, operates as the
identity on V and if we V; and w, = p,-w then w = ) ,w, and w,e V4. This
proves the direct sum decomposition stated in the corollary.

It follows from its definition but clearer from Theorem 1 that B is a Hopf
algebra over Z.
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THEOREM 2. If J = U is any ideal of finite codimension in U then ] = Bn U
is an ideal of finite type in B.

PrROOF. Put V = U/I so that by left multiplication V is a finite dimensional
U-module. Since an admissible Z-form exists B is represented by m x m matrices
with coefficients in Z where m = dim V. This implies J is an ideal of finite type
in B.

Now let A index all equivalence classes of finite dimensional modules for G.
Regard these as modules for U and let J, = U, for a € A, be the corresponding
kernels. If I, = J,n B then it follows easily from Theorem 2 that the I,,a€ A,
form an admissible family F of ideals of finite type in B. One puts Z(G) = A,
(see §1.4) defining the Hopf algebra Z(G).

If Vis any one of these modules and V; is an admissible Z-form in V with
Z basis v; and w; is the dual basis then one always has f;; € Z(G) where

ﬁ,{“) =u-v, Wj>

for u € B. The fact that Z(G) is finitely generated is a consequence of the following
theorem of Chevalley.

THEOREM 3. If G is faithfully represented in V then Z(G) is exactly the algebra
generated over Z by the f;;.

REMARK 4. The definition given here for Z(G) provides the following normal
form for Z(G). Let b, be the basis of B given in Theorem 1 (see proof). Let
S = Homg(B, Z) and let y;€S,i = 1,2, -, n, be orthogonal to all bp except the
basis e,, h; of gz and the y; define a dual basis to this basis of gz in the order
indicated by Theorem 1. Then (by §2.3) if yp = y}*--- 9/ where P = (p,,- -+ p,)
one has yp(bg) = dpp. Furthermore Z(G) = S and S is the ring of formal power
series

S= z[[)’l Tt ’Yn]]

REFERENCE
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Subgroups of Finite Index in Certain Arithmetic Groups

BY

H. MATSUMOTO

Introduction. Let k be an algebraic number field and o the ring of integers of k.
Let G be a connected algebraic group defined over k and G, its subgroup of
integral points. For every ideal q # (0) of o, the full congruence subgroup
G,(q) modulo q is obviously of finite index in G,.

The purpose of this talk is to discuss a converse to this for certain groups. We
have the following theorem:

THEOREM. Let G be a connected simply connected simple group of rank = 2
and split over Q. Then every subgroup of finite index of Gz contains Gz(q) for
some ideal q # (0) of Z.

This means that the set of all full congruence subgroups of G is cofinal in the
set of all arithmetic subgroups of G. This is of much interest especially when G is
a symplectic group. As is well known, the analogous statement is false for SL,.

The theorem was given for SL, (n = 3) and Sp,, (n = 2), independently, in
[2] [6), [7]. Mennicke (yet unpublished) has proved it for all simple groups, but
his original proof involves a case-by-case discussion. His arguments are essentially
as follows: he reduces the problem first to the cases where G = SL,, Sp,,, and
then, by means of clever matrix computations, to some arithmetic properties of
Z, which are verified in virtue of Dirichlet’s theorem on arithmetic progressions.

In this talk, we shall show how the problem can be reduced to cases of lower
rank, making use of the theory of semisimple group schemes over Z due to
Chevalley [5], discussed by Cartier and Kostant [3] at this Institute.

REMARK. It seems likely that the theorem is in fact true if Q and Z are replaced
by a number field k and its ring of integers o. In fact, for a given k, the reduction
theorem whose proof is sketched below shows that if the theorem is true for
G =SL,,, Sp,,, then it is true for any G which is simple, simply connected,
and splits over k. Moreover, Mennicke has shown that the theorem is true for
G =SL;,, Sp,,., if o verifies the following condition, which we state for a
commutative ring 4: for x, y € 4, let us denote by n(x, y) the smallest positive
integer n such that y" is congruent mod x to a unit of A. If x, y are coprime in A,
then the g.c.d. of the numbers n(x + ty, y) (¢ € A) is equal to one.

1. Groups over Z. Let us recall briefly some definitions and results in [3].
Let G be a connected semisimple algebraic group of automorphisms of a
vector space U over C and H a maximal torus of G. Let g, b be the Lie algebras

99
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of G, H respectively, ® the system of roots of G relative to H and A a system of
simple roots in ®. We take, as in Cartier’s lecture, a Chevalley lattice gz of g
and an admissible lattice Uz of U, gz = g " End(Uz) = bz + Z“o Zx,, g, = Cx,,
and we define a Hopf algebra Z[G] over Z of G. Q[G] = Z[G] ®z Q induces a
Q-structure of G.

If X is a connected subgroup of G defined over Q, the inclusion map .: X—»G
induces a Hopf algebra homomorphism 7:C[G] — C[X], and Z[X] will denote
the subalgebra 7(Z[G]) over Z of C[X]. For the semisimple subgroups X of G
considered later, this Z[X] will be exactly the Hopf algebra associated with X
viewed as a semisimple group.

Now let p be an irreducible rational representation of G in V and Vz an
admissible lattice of V with respect to gz and ;. We have Vz = ), Vzn V4 where
A runs through the weights of p with respect to H and V*is the weight space of 4.
Let us take a basis of Vg, {vy, s, ..., V), compatible with the above decom-
position and such that v, € V' with 4, the highest weight of p relative to A.
When we express p in terms of this basis, p(g)v; = Z:-"=1 t;{(8)v;, we have t;; € Z[G]
and the action of G on V induces a ring homomorphism j of Z[V] into Z[G]
® Z[V]

Let us introduce some subgroups of G. Let P be the stabilizer in G of V*, N*
the unipotential radical of P, S the maximal reductive subgroup of P containing
H and G’ the derived group of S. Denote by n*, s, g’ the Lie algebras of N*, S, G’
respectively. We can write n* = 2“0(",)9,, s=bh+ zﬁom g,,and g =g'Nnh
+ Y ecors 8a- Let m be the subalgebra of g generated by g;,, €A N ®(n*), and
putn~ =3 o . 8-.andbh =mnb Let N~ and H' be the connected sub-
groups of G whose Lie algebras are respectively n~ and k. We have S = H'G’
with H' n G’ finite. These subgroups of G are all defined over Q.

Now the map ¢: N~ x N* x S —» G defined by ¢(n~,n*,s) =n"n"s is an
isomorphism of algebraic varieties of N~ x N* x S onto an affine open set Q
inG. If H n G = {e}, the map y: H x G’ — S defined by y(h',g") = h'g’ is also
an isomorphism of algebraic varieties. Furthermore, we have the following

ProposiTioN 1. (i) C[Q] = C[G][t1,"'] with t,, € Z[G] and t,4(e) = 1. ¢ induces
a ring isomorphism ¢ of Z[G][t;,'] to Z[N"] ® Z[N*] ® Z[S].

(i) If H n G’ = {e}, then y induces a ring isomorphism  of Z[S] to Z[H']
® Z[G'].

This proposition follows from a theorem in [5] and in [3]. We note that if G
is simply connected one always has H' n G’ = {e}.

2. Reformulation of the problem. Let o be a commutative ring with unity. The
set of ring homomorphisms of Z[G] into o, G, = Hom(Z[G], 0), has a group
structure induced by the Hopf algebra structure of Z[G]. With a connected
subgroup X of G defined over Q, we associated the homomorphism ©:Z[G]
— Z[X], and thereby we obtain an injection of X, = Hom(Z[X] o) into G,:
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thus X, is a subgroup of G,. In particular, for a root subgroup N* = exp g,, € ®,
we have a subgroup N2 of G,.

The elements in the union of N2, a € @, are called elementary unipotents of G,
(with respect to gz and by). .

o is fixed once for all and we putI' = G,. For every ideal q of o, we get a reduc-
tion homomorphism of I' into G,, = Hom(Z[G], o/q), whose kernel is denoted
by I',. One can see later that this reduction map is surjective, for example, if
G is simply connected and if o/q is semilocal.

Now let us define some subgroups of I'. Let E be the subgroup of I' generated
by the elementary unipotents in I, and, for every ideal q of o, let E_ be the smallest
normal subgroup of E containing the elementary unipotents in I,.

We see easily that the theorem in the Introduction is a consequence of the
following

THEOREM 1. If G is simply connected and simple of rank 22 and if o = Z, we
have, with the above notations, I', = E, for every ideal q of o. .

In fact, we know that the statements of these theorems are equivalent and that
this fact remains valid when o is the ring of integers of an algebraic number field

(cf. [1].

3. A reduction lemma. In this section we shall always assume the following:
(A1) G is simply connected and simple.
(A2) o is a commutative ring with unity such that, for every ideal q not con-
tained in the radical of o, o/q is semilocal.
Under these assumptions, we shall show, for I' = Hom(Z[G], o), how one can
reduce to cases of lower rank the question whether I'y and E, are equal.
For this purpose we need a representation of G satisfying certain conditions.
Let us consider the following condition on an irreducible representation p of G:
(Pdm) Every nonzero weight of p (with respect to H) is transformed into the
highest weight of p by an element of the Weyl group of G (with respect to H).
We recall a proposition in [4, exposé 20]:

PROPOSITION 2. If p is a nontrivial irreducible representation of G satisfying
(Pdm), then every nonzero weight of p is of multiplicity 1 and the multiplicity of
the weight zero is the number of simple roots appearing among the nonzero weights.

We know (loc. cit.) that there exist at least min {rk(G), [C]} fundamental repre-
sentations of G satisfying (Pdm), where rk(G) is the rank of G and [C] the order
of the center C of G.

We shall fix a fundamental representation of G satisfying (Pdm) and the
following supplementary condition (Deg): p is of degree greater than 2 and its
highest weight 4, is not sum of any two simple roots.

One can see easily that (Deg) is automatically fulfilled by any nontrivial
irreducible representation of G satisfying (Pdm) unless G is isomorphic to SL,,
SL, or Sp, Thus, if G is of rank = 2, there exists at least one fundamental
representation of G satisfying (Pdm) and (Deg).
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We shall now apply the results of §1 to such a fundamental representation p
of G in V. First, we take an admissible lattice Vz of V and modify it so as to
coincide with ¥, + V3, where V$ is the largest lattice of the zero-weight space
V0 such that ¥, + V3 remains an admissible lattice of V' (cf. Proposition 2).
As in §1, we have subgroups N~, H', N*, G’ of G, defined with respect to p.
We have H' n G’ = {e}, Z[H'] = Z[t,,|H, (¢t,,JH)""], and, since G is simply
connected, so is G'. Therefore, Proposition 1 gives us the ring isomorphism

®=(I'®1®y)$:ZIGlt'] - ZINT]1® ZIN"] ® Z[H'] ® Z[G')
Z[G] is the Hopf algebra associated with G’ viewed as a semisimple group and
I = G, = Hom(Z[G’], o) is a subgroup of I. We have I'; = I', n T". For the
unipotent subgroups N*, we see easily that Ny nT', c E,.

The dual action p: Z[V] » Z[G] ® Z[V] defines an action of I" on V,, where
V, = Hom(Z[V ], 0) = V; ® zo. In virtue of Proposition 2, we can see in what
manner I" and E act on V, in terms of our basis {v,,v,,---,v,}:I acts on V,,
grosso modo, in as simple a manner as SL,, does naturally on V, (n = 3). So
using arguments similar to those in [1] and [2], we can show the following

LEMMA 1. Let v be an element of V, such that v = v, mod qV,. Then there exists
a ge E, such that p(gy — v, € Z;;zq”j'

This allows us to obtain our reduction lemma : namely,

THEOREM 2. The notations and assumptions being as above, we have I'y = E I,
for every ideal q of o.

SKETCH OF PROOF. Let g be an element of I',. By Léemma 1, there is a g, € E
such that g,g maps t,, to 1. Hence g,g belongs to Hom(Z[G][t; '], o) and there-
fore, by means of @, it can be written in the form g,g = n"n*h'g’ where n” e N,
n*eNJ, heH, and g’ eI",. We see easily then that i’ = e and that n™,n* are
in Iy, hence in E,. This implies that g is in E.I7,.

We note some consequences of this theorem (cf. [1], [6]).

COROLLARY 1. Assume 1k(G) 2 2. Then E, is a normal subgroup of I and we
have [I',T",] < E,.

COROLLARY 2. (i) If o is semilocal, T, is equal to E, for every ideal q of o.
(i1) If o is euclidean, I' is equal to E.

Now if G’ has a simple factor of rank 2 2, we can apply Theorem 2 to I,
to obtain I';, = E I"", where I'” comes from a subgroup G” of rank rk(G) — 2.
Actually, we can always take p in such a way that G’ is simple; therefore we have
I,=ETl,=--=ETIY"Y where | = rk(G) and '~ " is isomorphic to SL,.

Finally if G is of type G,, we see easily that G has a subgroup G* containing
G'H and isomorphic to SL;. We have therefore I'y = E.I', = EI'}.

Thus, the problem of knowing whether the equality I'y = E, holds is reduced
to cases of lower ranks and, under certain circumstances, to the cases of SL,,

SL, and Sp,.
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These remarks, together with the results for SL; and Sp, in [2], [6] and (71,
complete the proof of Theorem 1.
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The Problem of the Maximality of Arithmetic Groups

BY

NELO D. ALLAN

1. Imtroduction. Our purpose is to give a survey of the known results on the
maximality of arithmetic groups. The problem of finding extensions of an arith-
metic group was first treated by Hurwitz who found an extension of S1,(D), ©
being the ring of integers of a number field k. Later on, about 1938, Hecke
proved that Sl,(Z) is maximal in SI,(R). In 1955 Maass proved that the Hurwitz
group is the only maximal arithmetic group containing the Hilbert-Blumental
group, up to a central extension. In 1957 Gutnik solved the problem of the
maximality of G, for all paramodular groups G. Recently Greenberg solved
the problem of the maximality of Fuchsian groups, and Ramanathan and
Christian generalized Maass results to the case of the Hilbert-Siegel modular
group; also Ramanathan proved, in several cases, that an arithmetic group is
contained in only finitely many maximal arithmetic groups. This result has been
generalized by Borel, who also generalizes the results of Hecke and Gutnik;
there is also a generalization of these results in another direction, obtained by
myself. We understand that H. C. Wang has also results concerning the max-
imality of discrete subgroups of some Lie groups. We would like to mention that
with the help of the strong approximation theorem, we can lift the results of
Hijikata, Bruhat-Satake, and Iwahori-Matsumoto, from the local case to the
global case, to prove the maximality of Gy in G,.

2. General problems. Let G be a connected, semisimple linear algebraic group
defined over an algebraic number filed k; say G < S1,(C). We say that a subgroup
A of G is arithmetic if A is commensurable to Gg, i.e., A ~ Gg. We shall assume
that any arithmetic group is Zariski dense in G ; this is true if G has no connected
normal subgroup N, defined over k, such that (R o(N))g is compact.

Given an arithmetic group A, the first problem that arises is “how many”
maximal groups are there that contain A. The solution of this problem was first
given by Ramanathan for some classical groups, and later on by Borel, in general ;
there are only finitely many maximal arithmetic groups containing A.! We shall
sketch the proof of this result, because of its simplicity.

! More recently H. C. Wang proved that if G is a semisimple real Lie group without compact
factors, then any discrete subgroup of G with fundamental domain of finite measure is contained in
only finitely many maximal discrete subgroups of G.
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Let L = A(A, D) be the enveloping algebra of A, i.e., the O-order generated by
the elements of A in M,(k). The Zariski density of A implies the existence of
A, A’ € © such that

(1) AM(D) € XL = My©).

We shall prove first the following lemma:

LemMA (BOREL). If G is centerless and G is irreducible as a matrix group, then
any arithmetic group is contained in G,.

Proor. First we can find A, = Gg such that A = N(Ay), where N(A) is the
normalizer of A, in G. The Zariski density of A, is equivalent to the existence
of n? independent elements, over k, in Ay, say M,, -+, M,€A, and with the
help of these elements we can define a representation ¥ of G in M,(C) by assigning
to every g € G the matrix W(g) = («;{(g)) where a;;is defined by g~ ' Mg = Y o;;M;.
Since G is centerless, ¥ is faithful, hence it is an isomorphism over k, and con-
sequently W(G,) = (¥(G)),. Now our assertion follows from the fact that W(A)
< ¥(N(Ay)) = (¥(G)).

With a slight modification of this argument we obtain the following results:

(a) Under the same hypothesis as in lemma, the commensurability group of
Ais G,.

(b) In general (G not necessarily centerless), Ny(A) ~ A, for all A = G,, where
N(A) = NA)n G,.

Now we are in the position to prove our assertion. We first observe that the
property of being a maximal arithmetic group remains unchanged under an
isogeny; hence we may assume that G is centerless. Since the enveloping algebra
of an arithmetic group contained in G, is an O-order in the algebra M,(k), and
every such order is contained in only finitely many maximal orders, it follows
that A is contained in only finitely many maximal arithmetic groups, and these
groups are among the groups obtained by intersecting the maximal orders con-
taining L, with G.

If G is not centerless, we have the following result: if A is maximal in G,, then
there exists a unique maximal arithmetic group containing A, namely the nor-
malizer N(A) of A in G. Moreover N(A)/A is an abelian group such that the order
of each one of its elements divides n.

This result is obtained from the following lemma, which also tell us the “shape”
of any element in N(A).

LEMMA. Let Q be an algebraically closed field, G be a matrix subgroup of
S1(Q), and k be the quotient field of a Dedekind domain O contained in Q. Let A
be a subgroup of G, such that for any A’ ~ A the formula (1) is satisfied for some
A, X €D, and N(A) = A. Then every g € N(A) can be written as (g;;) and gi;€ k for
alli,j=1,---,n. Moreover the ideal (g}, can be written as W;;/D where W;; and
D are ideals in O such that the ideal class of W;; is independent of i and j, g;; # O,
and D divides A"~ . In particular g = g'/a, with g’ € M,(k) and ac k.



106 NELO D. ALLAN

If we denote by # the subgroup of N(A) consisting of those g where a can be
taken as a unit of O, then we have a natural injection of /A into U, = U/UN O,
where U is the group of all nth roots of all units of O. If we assume that 4 is
divisible only by principal primes, and if we denote by D(n, A) the group D/D"
where D is the free abelian group generated by all prime divisors of 4, then there
exists an injection of N(A)/% into the direct product of the subgroup IC(n, k) of
the ideal class group of k, consisting of those ideal classes whose order divides n
by the group D(n, A). This injection is the mapping which associates to every
g € G the pair (ideal class of U;;, class of © in D(n, 4)).

3. Relation with the local theory. We shall investigate the relation between
global and local maximality. First we observe that a maximal arithmetic group
contained in G, is the intersection of maximal compact subgroups of G, . For,
if A is maximal in G,, then for every finite spot P, the p-adic closure (A)® of A
is contained in only finitely many maximal compact subgroups of G, ; we
choose one among them and call it A o> NOW the intersection of all A‘ for P finite,
intersected with G,, gives A. We observe that if ¢ does not divide 4, then
A, = Gg,;: alsc the intersection with G, of maximal compact -adic groups may
not be a maximal arithmetic group.

One would like to find conditions under which local maximality at all finite
spots, implies global maximality, because the local problem is easier to handle;
in particular we want to find conditions on the representation of G such that Gg
is maximal in G, if and only if Gy is maximal in G, for all finite . This is true,
for instance, if G is simply connected, because here we can use the approximation
theorem. We observe that to prove the ‘“‘only if” part, we need the trivial con-
dition (Gp)® = Gy for all B, which is a consequence of the strong approximation
theorem, and is also verified in most of the examples listed in the next section.

As an application, we consider an admissible lattice for a simply connected
Chevalley type group over k, then Gg is maximal in G, because the local max-
imality condition holds here (Borel-Matsumoto-Iwahori). More generally we
consider a maximal k-torus T and a set of simple roots ay, - - -, a, with respect to
T ; we choose a Chevalley basis {X,, H,} for the Lie Algebra g of G. If

r

0o = Z mo;,
i=1

r

is the maximal root of G, then for every root a = Z.'=1 q;o;, we can define the
Bruhat exponents ux) as being 1, 0, or —1, according as whether gq; = m;,
0 < q; < m, or q; < 0, respectively. Now we choose numbers n, in © such that
at every prime P the lattice generated by n¥®@X,, H,} is the Bruhat lattice in g;
consequently the groups Gy of units of ¢ in this lattice are maximal in G, because
Gy, is maximal in G, for all B. It is conjectured that this result holds for any
split group over k. Also it is conjectured that any maximal arithmetic group
contained in G, is conjugate to one of such groups, provided that the class number
of k is one. This is a generalization of the Example 3 of the next section.
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4. Known results on the maximality of Gg.

(1) General results. If L is an admissible lattice for G, a Chevalley type group
over k, then Gg is maximal in G, provided that the class number of k is one.
G is maximal in Gg (Borel-Matsumoto).

(2) G = SI,(C). In this case Gg is maximal in G, for any k, and #/Gg ~ U,,
N(Gp)/% ~ IC(n, k). In the case of Gg = SI,(O), we can describe N(Gp) as
follows : If g € G1,(D) and det(g) = ¢ is a unit of O, then g/,/(e), hence #/Gg ~ U,.
If € is an ideal class in IC(2, k), €2 = 1, and if B, and B, are two distinct primes
in €, then P? = (w,), P3 = (w,), with w,, w, € O; hence we can find a,be D,
such that aw, — bw, = 1. Therefore the matrix

_ (aJ(wl) bJ(wz))
\/(Wz) \/(Wl)

lies in N(Gy) provided the choice of the wy, w, € O is such that \/(w,)- \/(w;)€ D,
because we can easily verify that g = (g;;), with (g3) = U}, where ;; are non-
principal ideals in O lying in € for all i,j = 1,2.

(3) G = Sp(F), where 0 s
'F = —F, F = _s ol

and é is diagonal {1,d,, - --,d,},0€ M,(9), and d, divide d;,, foralli=1,---,p— 1.
Gy is maximal in G, if and only if d, is square free, in this case %/Gg ~ U, and
N(Gp)/% ~ IC(2,k) x T where T = {e} if p is odd, and T = D(2,d,.,/d,) if
p = 2s is even and d, is divisible only by principal primes. To get the ideal
classes and units in N(Gg) we just embed N(S1,(D)) in N(Gp) in a natural way.
These results generalize the results of Gutnik (k = Q) and the results of Ramana-
than—Christian (6 = identity).

(4) G = SU(F) = the Special Unitary Group of F. In this case k is an imaginary
quadratic extension of a real number field k, and F is the same matrix as in (3)
but now d e M,(O,) where Do is the ring of integers of k,. We have that Gy is
maximal in G, if for every prime P dividing d,, neither P divides d,,, nor PP
divides d,. The converse is true if d, is only divisible by principal primes. The
image of QI/G,D is contained in the subgroup U’ of U, consisting of the classes of

“all e where J/(¢) - /(8) € ko also this image contains the group

(Uo)2 = Up/Upgn Dy

where U, is the group of all square roots of units of O,. If d, is only divisible by
invariant primes and it is square free, then N(Gg)/# ~ IC(n, k) x T, where

= {e} or D(2,d,,/d;) according as whether p is odd, or p is even, p = 2s.
Here IC(n, k)’ denotes the subgroup of IC(n, k) consisting of all classes € such
that ¥" = ¥% = 1, and there exists Pe €, P" = (w), and ww = 1", for some
Ae D,

(5) G = SO(S) = the Special Orthogonal Group of S, where S e M,(D), is the
matrix (s;),i,j = 1,2,3 with s;; =55, = E,, the p by p identity, s;; =V,
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V = ‘Ve M,/(D) is positive definite, det(V) is a unit, and s;; = 0, otherwise; also
n = 2p + rand p > 1. We shall assume that 2 is square free in k. In this case we
may always assume, by replacing V by 'f Vf, f € Gl,(D), if necessary, that V = (v)),
V-1 = (w,), and either 2 divides all v and all w;;, or 2 divides all v, and all w),
with the exception of i = r and j = r — 1 or else r. In the first case Gg is always
maximal in G,. In the second case the same is true provided that for any prime P
dividing 2, P? does not divide w,, and P2 does not divide v,_,,_, or else v,,.
Under these conditions, every element of N(Gg) is a matrix with algebraic integral
entries only. In particular, if n is odd, then Gg is maximal in G, because in this
case G is centerless. If V is the r by r identity matrix, then Gg is maximal in G,
if 4 does not divide r, and Gy is not maximal in G, if r = 4.

(6) G = SU(S), where S is taken as in (5), but here we assume that V is hermitian
positive, and k is an imaginary quadratic extension of a real number field k.
If r is even and there exists an element of © with trace one, then Gg is maximal
in G,, and every matrix in N(Gg) has only algebraic integral entries. If r is odd
and J denotes the ideal tr, ), (D), then if 7 is prime in k, we always may assume
that .7 divides v; and w;; with exception of v,, and w,,, and in this case the same
result, as above, is true.

(7) G = Group of units of a quaternion form. Let D be an involutorial quaternion
algebra of first kind over a real number field k and let D* = D ®, R. Let O be a
maximal order in D and H € M,(O) be a quaternion hermitian or skew hermitian
matrix. Let G = SUH) = {ge M,(D *)|g*Hg = H} where * denotes the exten-
sion of the involution of D to M, (D *). Again if A is any subgroup of Gp, A ~ G,
then we can find a number 4, ' € O such that

AM,0) c XL M,0)

where L = A(A, D) is the D-order of A in M,( D), provided that G is noncompact.
We also have that, if A is maximal in Gp, then there exists a unique maximal
arithmetic group containing A and this group is N(A). N(A)/A is finite abelian
and everyone of its elements has order dividing 2. Every g € N(A) can be written
as g'\/a, with g'e M (D) and aek. If we denote by % the subgroup of N(A)
consisting of those elements g where a can be taken as a unit of O then /A ~ U,.
Also there exists a number 4, € O depending only on 1 and O such that, if 4, is
only divisible by principal primes, then N(A)/% is isomorphic to a subgroup of
IC(2, k) x D(2, 1,). We fix now a basis of D over k consisting of 1, w;, w,, w,w, € O
such that w? = a, w2 = b, a,be D, and w,w, + wo,w, = 0. Then we can take
Ay = 2abl. In particular, if a,b # +1 and 2ab is only divisible by principal
primes, and H is the matrix F considered in (3) with é being the identity matrix,
then G, is maximal in Gp, %/Go ~ U, and N(Go)/# ~ I1C(2,k) x T where T
is a subgroup of D(2, 2ab) with order at least 4. If H is the matrix S considered in
(5). Then G, is maximal in Gp, provided that there exists in O an element with
trace one; %/Gg is isomorphic to a subgroup of U, and N(G)/% is isomorphic
to a subgroup of IC(2, k) x D(2, 2ab).
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5. Applications to bounded domains. We would like to point out how to find
maximal discontinuous groups acting in some bounded domains. If G is a con-
nected semisimple linear group defined over k such that G/K is a bounded domain
where K is a maximal compact subgroup of G, then Gg acts discontinuously in
the product, 2, of s = [k: Q] copies of irreducible bounded domains. In general
N(Gy) is too big in the sense that it cannot be embedded in the identity com-
ponent, T(2)°, of the group of isometries of 2. In the case where G is either of
orthogonal type or of symplectic type then the biggest subgroup of N(Gg) which
can be embedded in T(2)° consists of the elements where g = g’-\/a with a
being a totally positive number. We shall denote it by N(Gp)*. Then there exists
a unique maximal (in T(2)°) discontinuous group containing G, and this group
is the direct product of N(Gg)* by the center of T(2)°.

REFERENCES
1. N. Allan, Maximality of some arithmetic groups, forthcoming thesis, The University of Chicago.
2. A. Borel, Density and maximality of arithmetic subgroups, (to appear).
3. U. V. Christian, Zur theorie der Hilbert-Siegelschen Modulfunktionen, Math. Ann. 152 (1963),

275-341.
4. L. Greenberg, Maximal Fuchsian groups, Bull. Amer. Math. Soc. 69 (1963), 569-573.

5. L. Gutnik, On the extension of integral subgroups of some groups, Vestnik Leningrad Univ. Ser.
Math. Mech. and Astr. 12 (1957), no. 19, 47-78.

6. H. Hijikata, Maximal compact subgroups of p-adic classical groups, Notes from Yale University.

7. N. Iwahori, Generalized Tits system, Proc. Sympos. Pure Math., vol 9, Amer. Math. Soc.,
Providence, R.1, 1966, pp. 71-83.

8. N. Iwahori and H. Matsumoto, On some Bruhat decompositions, Publ. of LH.E.S. 25 (1965),
pp. 237-280.

9. H. Maass, Uber die Erweiterungsfahigkeit der Hilbertschen Modulgruppe, Math. Z. 51 (1948),
255-261.

10. K. Ramanathan, Discontinuous groups. 11, Nachr. Akad Wiss. Géttingen Math.—Phys KL 11
(1964), 145-164.

11. H. C. Wang, On a maximality property of discrete subgroups with fundamental domain of finite
measure, Amer. J. Math. (to appear).



II. ARITHMETIC PROPERTIES OF ALGEBRAIC GROUPS.
ADELE GROUPS



Adéles

BY

TSUNEO TAMAGAWA

1. Valuations. Let k be an algebraic number field. Denote the r;, real em-
beddings of k into C by {0y, 0, - -, 0,,} and the 2r, = n — r, nonreal embeddings
bY {6,410 42, *+0p 40y Opyb 157+ » Oy, p, ). For each real o we define a (real)
valuation of k by:

[tlpoe = l0°]  foraek;
if o is nonreal, we define
|olpe.e = |o°)* = a®a®.
The r; + r, archimedean valuations thus obtained are denoted

ool a5 banes ol baien
Pw,1? ’ Paw,ry ? Pa,ry +1 ’ Pwo.ry +r;

Each of these defines in k a metric with respect to which k is a topological field ;
the completion of k with respect to | |,_, is denoted by k,_, and is topologically
isomorphic to the field of real numbers for i = 1,---,r;, and to the field of
complex numbers fori =r;, + 1,---,r, + r5.

For each (integral) prime ideal p in the ring of algebraic integers @ of k, we
define a nonarchimedean valuation | |, by:

lofp = (N,)~o%*  foraek

where N, is the norm of p and ord,(e) is the power to which the prime ideal p
occurs in the factorization of the principal ideal («). Each such valuation defines a
metric in k whose completion is denoted by k,; the latter is a locally compact,
totally-disconnected topological field. The compact, open subring @, of k, defined
by

0, = {BEkv“ﬂ'v =1
is called the ring of integers in k,; its unit group U, is defined by

U, = {Bek,|18, = 1)

and is compact.
These valuations satisfy the following Product Formula:

[Tlde =1  forall xek*

1 4

where the product is taken over all the valuations defined above.

113
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We call these valuations “primes”; the archimedean ones are referred to as
“infinite primes.”

2. Definition of adéle ring. Let S be a finite set of primes containing all the
infinite ones. We put the product topology in the Cartesian product

4= (1o (1%

and get a locally compact ring (addition and multiplication component-wise).
For S = §’ there is a natural injection ¢:Ag — Ag with ¢ of (As) open in Ag..
Thus in

AL 1i;n Ag

there is a unique topology such that each Ag is open. A, is a locally compact
topological ring.

3. Adélized variety. Let V be an affine variety contained in Q" and defined
over k and let B be the (prime) ideal of V in k[ Xy, - - -, X,]. The set of points
V, = {(ay,as---,a,) € A}|F(a,, - -, a,) = O for all F e P}

is called the adélized variety of V over k.
Alternately, we can define V, as the limit of V,_ where

Vy, = (L]S Vo_) x (!]s V,‘,).

For the case of an abstract variety we proceed as follows. Let V,,---, V, be
affine varieties. Let V be a set and f; an injection f;:V; > V for i=1,2,---,n
Suppose:

(1) v=U1"

(2) The mapping T;; taking f; '(p) to f; '(p) is a birational mapping defined for
all pe (V) f(V).

Then {(fy, V1),---,(fu, V,)} is called an abstract variety (usually just denoted
V) and is said to be defined over k in case the {¥;} and {T;;} are defined over k.

Assume V is defined over k and set

.= U A0

for finite p,

IlC;

f (LA
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V,, and V, are now defined by:
Vi, = (n Va,) x (r[ V.,),
pES pes
and .
Vy=1limV,,.
N

It can be shown that this definition is independent of the affine covering
{(f1s V1), (fa» V,)} for V' ; more precisely, if F is a morphism of V = J -, f(V)
to W= UJ-,g{(W) and V,W, and F are defined over k, then F maps V,, into
W, for almost all p—thus, if F is an isomorphism, V, is isomorphic to W,.

EXAMPLE. Let V = Q" — {0}. Define ¥, = Q"*! by

Vi = {(al’ Y " l/al)}

for i=1,2,---,n Let n:Q"*!' > Q" map (x,"**,Xp+1) to (x4, x,). Then
V={n, V), ",(n,, V,)} is an abstract variety defined over the prime field.
(V)e, is the subset of kj

(Vi)a, = {(a,, as---,a, l/ai) (1) a; € U, n}.

(2)aj60, j=1925°'°’

Moreover,
Vo, = {(as, az,- - -, a,)|at least one g; is a unii},

Vi, = {(a;, a5, - -, a,)|at least one g, is nonzero}.

For xen_"’ ki we write T (x) = (a,, ay,- -, a,) with a;e k,. V, is the set of
all xe[] kp such that:

(1) for each p, at least one a; is # 0,

(2) for almost all p, all a; are integers and at least one is a unit.

4. Adélized group. For a linear algebraic group G defined over k, the group
operations can be extended to G,,, which is thereby a locally compact group.

ExAMPLES. (1) Let G be the additive group k*. Then G,, = A,.

(2) If G is the multiplicative group k* =~ Gl,, then G, is the group of units of
the adele ring; i.e., G4, is the group of elements a = (a,) € ]-[’ k, such that:

(i) a, # O for all p,

(ii) a, € U, for almost all p.
(k%, is the “idele group™ of Chevalley.)

(3) G = Sl(n, k). Gy, is the set of all xe ]'[’ Sl(n, k;) such that n(x)e Sln, 0;)
for almost all p.

4) G = Gl(n, k). G4, is the set of all xe ]—[’ Gl(n, k,) such that n(x)e Gl(n, ®,)
for almost all p; ie,

(1) det(m,(x)) # O for all p,
(ii) det (n,(x))€ U, for almost all p,
(iii) m,(x)e Gl(n, 0,) for almost all p.
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NoTE. Given a morphism ¢ : G — G’ we can extend to a morphism ¢, G4, = Gy,
(where G, G', and ¢ are defined over k). It is not always true that ¢ 4, is superlative
when ¢ is-—nor is it true that ¢ ,,(G,,) must be open in G/, ; however, ¢,,(G,,)
is closed in G, .

Let G be a connected algebraic group defined over k with algebraic subgroup H
also defined over k. The morphism IT:G — G/H = S extends to a morphism
M, :G,4 — S, In some cases I, is surjective and we can identify S,, with
G, /H 4, ; eg. if there exists a rational cross-section ¢ defined over k on an open
set (¢:S — G and II - ¢ = identity on S) then this is the case.

5. Certain homogeneous spaces. There is a natural injection of k into A,;
viz., o — (o, o, - - - ). In this way, k is identified with a discrete subgroup of A4, and
A/k is compact. More generally, we identify k" with the diagonal in A4} and for
any affine variety V defined over k then V; is discrete in V, .

NoteE. If Vis not an affine variety, this is not necessarily so. However, if G is an
algebraic group, G, is a discrete subgroup of G4, because G is embedded in an
affine space, the homogeneous space G,/G;.

Assume G connected and let X,(G) be the group of (rational) characters of G
defined over k. For each X € X,(G) and g€ G,, we have an idéle g*. We define:

lg| <" wx(®) = T1 g2,
P

(where g, = m,(g)). The mapping yx sends G,, into the multiplicative group of
positive real numbers, R. Now, X, (G) is a free abelian group on a finite number of
generators, say {X,---, X,}. Set G}, = N 7=, ker yx,. By the product formula,
we see that G}, > G,.

THEOREM (BOREL—HARISH-CHANDRA). G}, /G, has finite invariant volume
(hence G, is unimodular); moreover, if G, has no unipotent elements, G} /G, is
compact.

6. Restriction of the ground field.

DErFINITION. Let K/k be a separable extension of (finite) degree d and let
X = {0y, 0, -, 0,} be the distinct isomorphisms of K (over k) into the algebraic
closure k. Let V be a variety defined over K. Let W be a variety defined over k
and P: W — V¥V a morphism defined over K (which automatically induces a
morphism P%: W — V° defined over K% for each i = 1,2, - -, d) for which the
morphism

P x ... x PPYW—o Vo x Vo2 x ... x Vo

is biregular. Then we say that the pair (W, P) is the restriction of V to k and
we write (W, P) = Rgu(V).
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REMARK. (1) For any other (W', P’) satisfying these conditions, there exists a
morphism ¢ defined over k such that the following diagram commutes:

w B xPo, pen i ... x Vo4

\ %x---x?ca
w

In particular, the restriction is unique.

(2) For any variety defined over K and K/k separable of degree d < oo, the
restriction exists. )

(3) If Rg,(V) = W, there is a 1-1 correspondence between the points of W, and
those of Vx.

EXAMPLE. Let V = G, be the additive group of Q. Let {a;,a,,---,a,} be any
basis for K/k. Set W=Q? = G, x --- x G,, taken d times, and P: W — V the
morphism defined by Puy, u;, ---,u,) = Y, au;.

Let k' be an extension of k. For g;,0;€ Z, we say

o; rd o;
if there exists an isomorphism ¢ over k' such that ¢; = 0,0 (note that the auto-

morphisms operate on the right here). In this way, I is partitioned into the
disjoint union of subsets X = U Z;. For each i, choose a o;€ Z,. Then

Ria(V) = [] Rie, -xep (V).
In case k' is k,, we can use this to identify W, with V.
7. Measure on V. Let V be a nonsingular variety of dimension n defined over
k; and let w be an algebraic n-form defined over k such that
(1) @ # 0 everywhere on V.

(2) @ is holomorphic on V; ie. choosing local uniformizing parameters
{x4, X3, -, x,} at a point ve V we have

= @ (x)dx; Adxy A--- Adx,

with ¢,(x) holomorphic in a neighborhood of v.
Let k be an algebraic number field. Fix a point v € Vi, and local uniformizing
parameters {x,,---, x,} with x(v) = 0. Then we can write

o=@, (x)dx; Adx, \--- Ndx,.
Since v is a simple point, the formal expansion
¢u(x) = Z Cvr"v,.xvl. ttt x:"

converges in some p-adic neighborhood U of v which can (via {x,,---,x,}) be
identified with the set of points U, c k defined by:

.= {(C,,Cy,---,Cp); Ciek, and |C, < &}.
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A measure is defined on U as follows:
(1) normalize the Haar-measure dx, on k, by the condition that

J dx, = 1,
0,

P

(2) taking the product measure |¢,(x)|,|dx, - - - dx,|, on k, we have a measure
on U,

(3) we transfer this measure back to U.
It can be shown that on the overlap of U and W, two such measures coincide
and hence we get a well-defined measure ||, on ¥ .

THEOREM. For almost all p,

j lo|, = (™% x (number of points on the reduced variety V,)
Vo

P

where q = N

P

Let G be an algebraic group defined over k and w a left-invariant form. On
G,, we have a measure |w|, as constructed above. For each finite prime p we

define
by = j o).
G

L3

If G is semisimple, the product [] u,, p finite, converges absolutely. Then we can
define the product measure on the open subset

IT G, X IT Gy,

pfinite pinfinite

of G,,, and this in turn determines a measure G,, . By suitable choice of con-
vergence factors 4, it can be arranged in many other cases that l—[, (ApH,) con-
verges absolutely. (This will be taken up in Ono’s lectures to follow.) We point
out that the measure on G, does not depend on w, because of the product
formula:

Icwlv = lclnlwlv and

l—[ |Clw =L

14

DEFINITION. Let G be a semisimple algebraic group over k. The Tamagawa
number 7(G) is defined by

1(G) = |p|~4im6/2 J o] < oo,

G4, /Gx
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where D is the discriminant of k; i.e.,

a‘;‘ e a:l 2

aqi e a:z
D = absolute value of det .

a:n a:n

for a minimal basis of k over Q.
REMARK.

Sl(n) = 1; «(Sp(2n)) = 1; «(0*(n, §)) = 2

where S is a symmetric n x n matrix and O* means the proper orthogonal
group of the associated quadratic form.

8. Connection between Siegel’s theory and 1(O*(n, S)) = 2. Let Sbeann x n
positive definite symmetric integral matrix. For every prime number p, let 4,.(S)
be the number of solutions of the congruence

'XSX =S  (modp’).

Then for sufficiently large positive integer v, §p~ /2"~ D4 (S) is independent
of v, and the value will be denoted by a,(S). If p+ 2 det S, we have

a,,(S) = % ~(1/2)n(n— “A,(S).

For the infinite prime p, we define a.(S) as follows. Let # be a compact neigh-
borhood of S, and U be the set of all X with ‘XSX € #. Then U is also a compact
set in the affine space of all n x n real matrices. We define a,(S) by the limits

fudx
fudS’

To explain Siegel’s theorem, we have to introduce the notion of genus. Two
integral symmetric matrices S, and S, are called locally equivalent if for every
prime (finite or infinite) p, there exists a matrix X, in Q, which is integral and
unimodular if p is finite, such that S, = ‘XS, X,. The local equivalency defines
the notion of genus. S, and S, are called strongly equivalent if there exists an
integral unimodular matrix X of determinant +1 such that S, = ‘XS, X. This
equivalency defines the notion of the class. The genus of S consists of a finite
number of classes. Let Sy,---,S, be a set of representatives of those classes.
For each S,, the order of the group of all proper unimodular matrices X with
XS X = S, will be denoted by E(s;). Then Siegel’s theorem asserts that

[T 24(8) (iz':l l/E(S,-)) =2
p =

Now we try to interpret this result to our language. Let G be the algebraic group
of the n x n matrices with ‘XSX =S and detS = 1. Let x;;,1 <i,j <n be

4im
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coordinate functions of X = (x;;) in the n-dimensional affine space M(n) of all
n x n matrices, and t;;, 1 Si < j < n be coordinate functions of the in(n + 1)-
dimensional affine space of all n x n symmetric matrices. Put ‘XSX = T. Then
t;; are polynomials of x;;, so we have a 4n(n — 1) form @ such that

/\ dx,'j = A dtu/\('D.
ij=1 isj
Now we have the injection map . of G into M(n), so that (@) = w is a in(n — 1)-
form on G. It is easy to see that

J ||, = ¢,(S)  p = finite
and

J |cu|uo = o,(9).
Go,,
Hence we have

[ b=
HGOPX GQm p

Now the group U = ]_[Gap x Gg_ is an open subgroup of G,, and we have the
double coset decomposition

GA = UalGQ |V UazGQ (URRRR ) Ua‘GQ.
Hence the volume of G,/G, is equal to

[Te,(8) Y 1/ord(a; *Ua;n Gy).

Now we study the meaning of ord(a;” ' Ua;G,). For every a € G ,, we have ‘aSa = §S.
Now there exists a rational matrix 4 such that a = u4A~" where u = (u,) belongs
to GL(n), and all u, are unimodular. Then by the definition, ‘ASA belongs to
the same genus of S. The class of ‘ASA4 is uniquely determined by the double
coset UaG,y, and E('ASA) is equal to the order of a~'Uan G,. Hence we have

(G) = volume (G ,/Gg) = [] a,(S) ¥ 1/E(S)).

To prove that 7(G) = 2, we use the induction with respect to n. For n = 3 and 4,
we can easily calculate t(G) because in these cases, G is of type A; or 4; x A,,
and (G) is obtained by comparing with 7(G) where G is the simply connected
covering of G. For n > 5, we refer to Siegel-Weil’s theorem. If S indefinite, we
need some modification. Namely, in this case, U is not compact, and the order of
the group U(S) of all proper unimodular matrices X with ‘XSX = § is also
infinite. However, U(S) operates on U from the left side, and we can construct
a fundamental domain & of good shape. Now we define p(S) by

im Volume (¥) _
#-o Volume (U)

p(S).
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Siegel’s theorem in this case is as follows:

[1o/(S)(Tp(S)) = 2.

4

oS) = j oo
G L /US)

the interpretation of this formula to our language is also easy.

If we observe the fact that
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On Tamagawa Numbers

TAKASHI ONO

We want to determine the Tamagawa number of semisimple groups modulo
Weil’s conjecture on simply connected groups. We begin with an Appendix to
Tamagawa’s talk [S].

1. Number of rational points. Let k be an algebraic number field, G be a
connected linear algebraic group defined over k. We denote by G*® the algebraic
group defined over the residue field k® = o/p obtained from G by the reduction
modulo p. Let @ be a left invariant highest differential form on G defined over k.
On each local group G, = G,,, o induces a Haar measure w, and we have

I w, = q—dimG[Gm)] d;f Vn(G)
Gop

for almost all p, where ¢ = Np. We say that G has the property (C) if l_[; vp(G)
is absolutely convergent, where I—[, means the product over almost all p. Since
k is of characteristic zero G is decomposed as G = UTS where U = R(G)
(unipotent radical), UT = R(G) (radical), TS = A reductive, T = the identity
component of the center of 4, S = the derived group of A, G = U4 is semidirect
product with U normal and A4 is isogenous to T x S. Since such a decomposition
commutes with the reduction modulo p, for almost all p, we have v,(G) =
vo(U)v,(T)v,(S) for almost all p. Thus the problem of finding the convergence
factors is reduced to the cases in which G is unipotent, a torus or semisimple:

(1) If G = U is unipotent, then G is a semidirect product of G,’s and so
v,(G) = 1. Hence all unipotent groups have the property (C) and no convergence
factors are necessary.

(2) If G = T'is a torus, let K be a finite Galois splitting field for T over k with
the Galois group ® = G(K/k). Then T = (T) is a Z-free ®-module of rank
d = dim T. Let p be a finite prime of k, unramified relative to K/k. Let B be a
prime of K over p and oy be the Frobenius substitution of P. If &;,1 < i< d, is
a Z-basis for T, we have an integral representation o — M(c) of & defined by

¢ ¢1
= M(o)

& Ca

122
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Then, [T{?),] = det(ql; — M(og)) and hence
vo(T) = det(I; — g7 ' M(og)) = L,(1, xr, K/k)™*

where y is the character of the representation ¢ — M(o). Thus T has the property
(C) if and only if T = {e} or equivalently if and only if T = {0}.

(3) If G =S is semisimple, let S, denote a maximal compact subgroup of
the complex Lie group S. By Hopf, we have

d 1
Y b =]+ %Y
v=0 i=1°

where b, (resp. I) is the Betti number (resp. rank) of S.. From Chevalley and
Steinberg’s result we see that

1 1
Il -y 4" l_[l(q“‘ +1)
i=1 i=
(N = the number of positive roots of S) and so

1 i
IIl_-ll I=g"") =vd) = I_]l (I +4q™%).

Since b, = b, = 0, we have a; = 2 for all i, hence the property (C) holds and no
convergence factors are necessary for semisimple groups.

-The above argument shows that a connected algebraic group G has the
property (C) if and only if G = U - § or equivalently if and only if G = {0}.

2. Definition of 7(G) for unimodular groups. A connected algebraic group G is
called unimodular if the form w in §1 is also right invariant. We have the following
chains of containment :

unimodular
reductive
unipotent torus  semisimple
G, G, simply connected.

Hence, in defining 7(G) for a unimodular group G defined over k, it would be
quite natural to require that ¢(G) = 1 if G is G,, G,, or simply connected: it turns
out that 1(G,) = 1 is essentially equivalent to the definition of A, the discriminant
of k, and 1(G,) =1 is equivalent to the well-known class number relation
hg = Res,_{)(s) for k. On the other hand,

7 (simply connected) = 1

is the Weil’s conjecture which is known to be true for a large part of classical
groups (Weil, Tamagawa), for some exceptional groups (Demazure, Mars) and
for Chevalley groups (Langlands), but is not yet completely solved.
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We now define 1(G). Let G, be the adele group. Put G} = {xe G, [|£,x)| =1
for all £ € (G),}. Then G,/G, is isomorphic to the vector group R, r = rank (G),.
As a measure on G,/G) we take the usual measure of R’, which we denote by
d(G,/G)). Since G, is discrete in G,, we define dG, to be the canonical discrete
measure. We could then define the Tamagawa number, 7(G), as the measure one
has to give to the measure finite space G4/G, in order that

dG, = d(G,/G}) d(G4/G,) dG,,

where dG , is some canonical measure on G, to be determined. Motivated by the
classical class number relation for the case G,, mentioned above, we shall define
dG, as follows. We take a finite Galois extension K/k so that G = (G)x. As in
the case of tori, G becomes a Z-free ®(K/k)-module and we denote by yg the
character of the corresponding integral representation of ®(K/k). It is to be
noticed that yg = yr when G = U-T-S in the sense of §1, because G ®; Q
~ T ®z Q as representation spaces of G(K/k). As a measure on G, we take

dG, = pg A, -4im2 I/‘[ o, [T Ly(1, xe)w,

v/ P
where pg = lim,_, (s — 1)'L(s, xg)- (Notice that L(s, ;) has a pole of order r at
s = 1 where r = rank (G), = multiplicity of the trivial character in xg.) Since
L(1, x6)v5(G) = L1, x7)vo(T)v,(S)vy(U) = v,(S) for almost all p, we see from §1
that dG, is well defined. Furthermore, it is not difficult to show that dG, is
intrinsic, 1., it is independent of the choice of K/k and w. Thus, the definition

«G) = 1(G) = L d(G4/Gy)

4/Gx

is settled. One verifies easily the following functorial properties:
1) «G x G') = 1(G)(G),
(i) if G 1s defined over a finite extension K of k, then

%(G) = T (Rgu(G)).

3. Tamagawa number of tori. Let G(k) be the full Galois group of k/k, k being
the algebraic closure of k. Denote by %(k) the category of tori defined over k and
by €(k) the category of finitely generated Z-free continuous ®(k)-modules. For
a finite Galois extension K of k, let €(K/k) denote the subcategory of €(k) con-
sisting of all Te €(k) such that T splits over K, and €(K/k) denote the category
of finitely generated Z-free ®(K/k)-modules. Then %(k) (resp. #(k)) is the union
of (K/k) (resp. (K/k)) where K runs over all finite Galois subextensions of k/k.
It is fundamental that (k) and 4(k) are mutually dual under the correspondence
T— T For T, T' € €(K/k),

TT < TxT as  G(K/k)jmodules.
k
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Furthermore,
Ta T’ (k-isogenous) = T®,0 = T ®;0 <« xr = xr-

Let K/k be a (not necessarily Galois) finite extension and L/K be a finite
extension such that L/k is Galois. We can then define the functor Rx,,:%’(L/K)
— €(L/k) by requiring that the following diagram be commutative :

G(L/K) == @(L/k)

l l
Qw/K) 2= QL)

In view of the universal mapping property of the functor Rg,, one can verify
that R,(,,‘(M) = Z[®(L/k)] ® ziew/xy M for M e 4(L/K), ice., the representation
of &(L/k) by R,‘,,(M) is “induced” by the representation of the subgroup 6G(L/K)
by M. As an application, we can get a structure theorem on tori: namely, take a
Te €(K/k), K/k being Galois this time. Since y is rational in the sense of finite
groups, we have, by Artin, y; = qu‘,xi,, g, € Q, where y? , is the induced char-
acter of the trivial character g, , of a cyclic subgroup of G(K/k). Rewrite the
relation as

myr + ;mxh =Yy mat,
I

with positive integers m, m;, m, and translate in the language of tori Then we
get
' (*) T" x [T R pGm)™ = [T (Rk, xGm)™ (k-isogenous),
A B

this will be used in the following ®-lemma.

Denote by L (%(k)) the set of all positive real valued functions on ¥(k) and
by @ the set of all assignments ¢: k — ¢, € L. (€(k)) with the following properties
(®1), (92), (®3):

(®1) T x T') = ¢(T)d(T"),
(®2) &k = & ° Ry
(®3) &(T) = 1 when Te ¥(K/k) and T is ®(K/k)-projective.

It is easily checked that @ forms a group with the multiplication defined by
(QYIT) = ¢(TW(T) for Te (k). For a short exact sequence (E) over k of
tori in €(k) .

(E):0-T->T->T" -0
we define a function ¢,(E)(¢ € ®) by the alternating product

(T )PT")
o(T)

®-LEMMA. If ¢ € @ is such that for any k and for any short exact sequence (E) of
€(k) we have ¢, (E) = 1, then ¢ = 1.

¢h(E) =
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Since this lemma is crucial in the formal aspect of our theory, we reproduce
here the proof in [2] suggested by Tate. Take any finite Galois extension K/k
and call G the Grothendieck group of ¢(K/k). By definition, the additive group
G is generated by the symbol [T] together with the relation [T] = [T’] + [T"]
whenever 0 » T" —» T — T” — 0 (exact). By the assumption on ¢, §[T] = ¢(T)
defines a homomorphism of G into R, the multiplicative group of positive reals.
Now, by the duality, G can be viewed as the Grothendieck group of ¥(K/k), i.e.,
such a group for Z-representations of ®(K/k). Denote by G2 the Grothendieck
group of Q-representations of &(K/k) and by 6 the homomorphism G — G2
given by 0[M] = [M ®2 Q] Since R, is torsion free and Ker 0 is finite by Swan,
¢|Ker 6 = 1. This implies that if T, T’ € €(K/k) are k-isogenous, then

T®,02T®;:0

and hence [T] — [T']€ Ker 0, and consequently ¢,(T) = ¢(T’). Applying this
argument to the structure Theorem (*) for T e ¥(K/k) and using (®1), (92), (93),
we get ¢, (T) = 1 for any k and any Te 4(k), i.e., ¢ = 1ed,q.ed.

Examples of elements in ®@. First of all, 7€ @ (of course!). Also, the following
two elements, h and i, come immediately to our mind:

h(T) = [H'(k, T)),

i(T) = [Ker(H'(k, T) > [] H'(k,, T))].

An interesting fact is that those three elements 7, h and i are dependent in the
torsion free group ®: more precisely, we have

THEOREM. Tih ™! = 1.

SKETCH OF PROOF. In view of ®-lemma, it is enough to show that

hJE)
T(E) = -
W E) i(E)
for any short exact sequence
(E): - 0T —T—5T" -0

with T', T, T" € C(K/k). Passing to the cohomology of the dual of (E), we get an
exact sequence

(**) 0 — Cok@), » HY(T")— H\(T)—> HY(T") - .
On the other hand, (E) induces a natural homomorphism

k(T )/k(T) »Tip /T
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Then,

_[Cokp] _ [T4:s(T )T
[Ker 4] ~ [(T,) N TL:(TOT

By a Fubini type argument, we can show that

Ind u

(***) (E) = [Cok(®),]- Ind p.
By chasing diagrams, we get

(****) Indp = lll(:g)tl’
K

where { is the homomorphism H ‘(T"“/Tk) — HY(T,,/Ty) induced by (E). From
(**), (***), (****), there remains to prove that

(*ery) [Ker &][Ker {] = hy(E).
For this purpose, the Nakayama-Tate duality is useful. It says that the pairing

H?*~"(T) x H'(T),/Ty) » H*(Ig/K*)
induced by the natural pairing
T x T, /Tx = Iy/K* (idele class group of K)
is dual. Applying this (r = 1) to the following situation:
HY(T) x HY(T,/T) » H*Ix/K*)
LT
H'(T') x H(T;,/Ty) - H*(Ix/K*),

Cokn ~ Kerl
we get Cok n = Ker {, and so
Ind !
[Ker €]{Ker ¢] = [Ker £][Cok n] = {7 [Cok ] [Ker 1]

_ h(T") h(T") h(T)
h(T) h(T) [Im¢]

which proves (*****), g.e.d.

REMARK. Since (***) is a basis for the characterization of 7, we see that as far
as the tori are concerned, the Tamagawa number (as an element in ®) is the
unique solution (t = h/i) of the following axioms:

[Ker n] = hy(E),
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(®1’) For any short exact sequence (E) in 4(k), we have
7(E) = [Cok@)]- Ind p

(D2) 1k = 7 ° Ry

(@3) (normalization) 7,(T) = 1 when Te%(K/k) and T is G(K/k)-projective.

REMARK. If Te ¥(K/k) and K/k is cyclic, we can show that ii(T) = 1, ie,
7(T) = h(T). To a cyclic extension K/k, n = [K: k], one can attach the exact
sequence

N=norm

0- Kel‘N g RK/ka__’ Gm had O.

One sees easily that t,(Ker N) = n. If K/k is quadratic (n = 2), Ker N is a special
orthogonal group of the binary form belonging to K/k and thus we obtain a
special case of Siegel’s theorem on quadratic forms. For noncyclic K/k, the group
Ker N still makes sense. E.g, take k = Q and K = Q(/5, /29, /109, /281).
Then, 1
tQ(Ker N ) =2¢——x

with 0 £ x < 4, which is not an integer. This is due to the nonvalidity of the
Hasse norm theorem for K/Q.

4. Determination of 7 (semisimple) mod. Weil’s conjecture. Let G be a con-
nected semisimple algebraic group defined over a number field k. Let (G, f)
be the universal covering group of G defined over k. Since (G,f) is unique up to
isomorphisms over k, the fundamental group F = Ker f, which is a central finite
algebraic subgroup of G defined over k, is invariantly attached to G. Hence, it is
natural to expect that the relative Tamagawa number 7(G)/z(G) can be described
in terms of invariants of F as a ®(k) (= ®(k/k))-module.

ExaMmpLEs. (1) If G = O*(f), f being a quadratic form over k (n = 3, n: the num-
ber of variables), then G = Spin (f). The fact that (O *(f)) = 2 (Siegel’s theorem)
and t (Spin (f)) = 1 was the Tamagawa’s discovery at the beginning of the theory
of the Tamagawa numbers and motivated the Weil’s Princeton lecture (1959-60)
and others. Anyway, we have 17(G)/1(G) = 2 = the degree of the covering.

(2) If G = PSL(n), then G = SL(n). We have ©(G) = 1 (Minkowski-Siegel) and
7(G) = n (Tamagawa-Weil) and so again 1(G)/t(G) = n = [F] = the degree of
the covering. :

(3) If G = PSU(n, K/k) (projective special unitary group relative to a quadratic
extension K/k), then G = SU(n, K/k). We know that 1(G) = 1 (Weil). This time,
we have

1 n:odd
2 n:even,

(G)uG) = «G) = {

and so the relative number is not equal to the degree (= n) of the covering. This
example also shows that the fact ©(G) = 1 is not characteristic for the simply
connected groups.
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Our formula in the Main Theorem will explain all those phenomena.
Coming back to our general situation, let £ = Hom(F, G,) = Hom(F, (k)*).
Then F is again a G(k)}-module. Put

be = {0e k), & = Eforall ¢ e F).

Since b, is an open normal subgroup of ®(k), the corresponding field Kg/k is a
finite Galois extension. F is then a G(Ks/k)-module. Let I' be the group ring of
®(Kp/k) over Z. For a suitable natural number m, we have the exact sequence

O-FemLCeMe0,
where M e C(K;/k). Dualizing, we get the exact sequence over k:
0-F->-T->T-0,

where T' = (R, uGn)™ and T =M with T, T e €(Kp/k). Since T' = ml is
&(K¢/k)-free we have 7(T") = 1 by (@3). This cohomological triviality of T" is
crucial in the following arguments. If we imbed F into G x T’ by the diagonal
mapping and put G* = (G x T')/F, this being a connected reductive group,
we get the commutative diagram

)
|
0
F T
R
(H)0-> G G*—T-0

van

where (H) (resp. (V)) denotes the horizontal (resp. vertical) short exact sequence,
and everything is defined over k.

Let
and
ot = X0,

We have then

4G) _ ATR() _ o V)
) €@~ AT ) (H)
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since 7(T’) = 1. Consider now (V). Since T" is ®(Kp/k)-free, (V) admits a rational
section (G — G*) over k. From this and the fact that 7(T') = 1 it follows that
(##) (V) = [Cok(@)]

by a Fubini type argument. Next, consider t(H). The sequence (H) induces
naturally a homomorphism u: T,/k(G¥) — T,/k(G%). Again by a Fubini type argu-
ment we get

[Cokp]  [T,:x(GHT]

[Ker ]  [K(G%) N T: k(G})]

t(H)y=Indu =

We now claim that [Ker u] = [Cok u] = 1 by the simply connectedness of G.
The following two facts are fundamental :

(K,) H'(k,,G) =0 (p # )  (Kneser).
(K,) The Hasse map H'(k, G) - [, H'k,, G) is injective (Kneser and Harder).

(After my talk, I learned from Kneser that the proof of (K,) for groups of type
Eg is not yet completed. However, as far as the relative theory is concerned, we
do not have to worry about Eg because the group of this type has no proper
covering and hence the factor of type Eg in general semisimple group G has no
contribution to the relative Tamagawa number ©(G)/7(G)) Now take any
te k(G%) N T,. Then x~(t) is a principal homogeneous space for G over k which
has a rational point over k, for every v. Thus, by (K,), k ~(¢) contains a g* € G},
ie., t = k(g*) e k(G¥), which proves that [Ker u] = 1. Next, we consider Cok u.
Denote by T the topological identity component of T,, = nulw T;,. It is known
that T, = T2 - T, (Serre and Tate). Hence, to show that [Cok u] = 1, it is enough
to see that T° < k(G¥) where TG = TY, x H + Tk,- Now, the map x,: G% - T
is open since Ker x = G is connected, and so x(G*) T,, for almost all p. Let S be
the finitc set of finite places p for which x(G3) 2 T, Take an adele t = (t,) e TS.
For p¢ S, we have t, = k(g}) with gy e Gy, For peS we can find a gy € Gf,
such that t, = x(g¥) since the principal homogeneous space k~ !(t,) for G over k,
has a ratlonal point in G§ by (K,). For vloo we again have t, = k(gY¥) because
T% is connected. Thus t = x(g¥%) with g% = (g*)e G¥%, which proves that
[Cok u] = 1. Hence,

(###) (H) =1

From (#), (# #), (# # #) and Theorem in §3 we get
G T

(# 4 # %) "8~ ) [Cok]

where h(T) = [H'(k, T)], i(T) = [Ker(H'(k, T) - [| H'(k,, T))]. We can simplify
(# # # #) a little by noticing that since

0—>T—1>T'—>F—»0
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is exact we have the exact sequence
0 - (1) -2 (1), » (F) > H(D) > H(T) = 0
relative to ®(K/k) and therefore

[Cok(DJH(T) = [(F)] & hO(F).

But since G is semisimple, it is easily checked that [Cok(i),] = [Cok@)] and
hence

©G) _ h°(F)
(#####) @ =W

Finally, by Hasse-Brauer-Noether theorem we get
(T) = i*(F) = | Ker(H?(k, F) - [ H*(k,, F)ﬂ
| v

and

P(F) = iE) = | Ker(H'(k, By~ [ H*(k.,,ﬁ»]

by Tate duality. From (# # # # #) we get our

MAIN THEOREM.
«G) _ (P
G iF

COROLLARY 1. If Kg/k is cyclic, then ©(G)/1(G) = h°(F).
COROLLARY 2. If G is of Chevalley type over k, then 1(G)/1(G) = [F}.

In fact, F is contained in any k-trivial maximal torus of G. So the action of
®(k) on F is the same as the action of G(k) on the roots of unity. Then, clearly F
is G(k)-trivial and hence K¢ = k. Thus we get i'(F) = i(T) =1 and h%(F)=[F]=[F},
g.e.d. Corollary 2 explains Example (2) since G = PSL(n) is of Chevalley type.

COROLLARY 3. If [F] = 2, then 1(G)/<(G) = 2.

In fact, evidently F is G(k)-trivial. Corollary 3 explains Example (1) since
Spin (f) is the double covering of O*(f).

Absolutely simple groups. Let G be absolutely simple. For this case we can
check, case by case, that i'(F) = 1. Thus, ©(G)/<(G) = h°(F). We shall of course be
interested in the case where the action of (k) on F is not trivial, i.e., F*® G F,
or equivalently Ky 2 k. Actually, such a case can happen only for groups of
type 4; (! = 2), the adjoint group of type D, (! = 4) and the adjoint group of type
E¢. We get the following table:
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Type [Kp:k] [F] %(G)/1(G) = h°(F)
A (22 2 a factor of I + 1 ; : - g‘(’i‘:in
D, 3 g 4 :

D,(z5) 2 4 2
Eq 2 3 1

The group G = PSU(n,K/k) (n = 3) in Example (1) belongs to A, with

=n-—1

REMARK. It is desirable to extend the definition of t(G) to arbitrary (non-
connected, nonunimodular) group G. In particular, how should one define ©(G)
for a finite group G over k? Though I do not know the correct definition, the
quantity h°(G)/i}(G) in the main theorem will suggest something at least for G
finite commutative.
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The Siegel Formula for Orthogonal Groups. I

BY

J. G. M. MARS

1. Let k be an algebraic numberfield, Q a nondegenerate quadratic form on a
vector space X, over k, dim, X, = m = 5. X will denote the algebraic variety
defined over k such that X = K ®, X, for any extension K of k; the extension
of @ to X will be denoted by Q. Let G = SO(Q) be the special orthogonal group
of Q. So G is a semisimple algebraic group defined over k.

As a consequence of Witt’s theorem, two points x, ye X, # 0, belong to a
same orbit of G, if and only if Q(x) = Q(y). Hence the orbits of G in X which
contain points of X, are the sets U(}) = {x € X|Q(x) = i,x # O} (i€k such that
U(i) is not empty) and {0}. If iek and ¢;e U(i), the isotropy group of ¢; in
G is an algebraic group H; defined over k and the mapping g — g(¢,) induces an
isomorphism of G/H; onto U(i). Using Witt’s theorem we see that G./H; x = U(i)x
for any extension K of k; moreover, G,/H; , = U(i), (with topology); here G,
is the adelic group attached to G etc., and the identifications are obtained from
the mapping g — g(¢).

Let dg, dh; be invariant gaugeforms on G, H; (gaugeform = differential form of
maximal degree defined over k without zeros or poles); then D; = dg/dh; is
defined and is an invariant gaugeform on G/H; = U(i). Let |dg|,, |dhi 4, |Dil, be
the Tamagawa measures derived from dg, dh;, D; and the convergence factors 1.
Then |dg|, = |Dj||dh],.- Now we have

f lbil,f Figh)dhl, =j dgla T Figy)
Ga/Ha H 4/Hj G4/Gx

Gi/Hi

for Fe L'(G,/H,),H = H,.
Taking ®(g(£;) instead of F(g), with appropriate function ® on X, we get

M ) [ o, =f gl ¥ Oe@).
G a/Gx

U(i)a ZeU(ik

where 1(H;) is the Tamagawa number of H;. Now H; is either the special
orthogonal group of a nondegenerate quadratic form in m-1 variables or an
extension by a unipotent group of the special orthogonal group of a nondegenerate
quadratic form in m-2 variables. Assuming that the Tamagawa number of any
special orthogonal group in m-1 or m-2 variables is 2 we are going to prove that
the Tamagawa number of G is 2. Then the Tamagawa number of any special
orthogonal group is 2, provided we know that this is so in dimension 3 and 4.
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The latter is proved by Weil in [1] using the classical isomorphisms for the groups
in question and zeta-functions.

It follows from the Hasse principle for quadratic forms (U(i), empty = U(i),
empty) that formula (1) is valid for all i e k. Summation over i€k then gives
(modulo convergence):

@) (@) = J Y ®EE)dgla=2Y D, + (GYDO).
G

4lGy S€Xk iek Jy(i) 4

It is clear that I(®) = I(®), if ® is defined by
d(y) = f O(x)x([x, yD|dx| 4
Xa

where [x,y] = Q(x + y) — Q(x) — Q(y) and x is a character of 4 such that the
bicharacter y(xy) defines an isomorphism between A4 and its dual group such that
the discrete subgroup k of A corresponds to itself by duality. We define g, by
x(x) = [T xolx,) if x = (x,)€ A. If ® is of Schwartz-Bruhat type it will follow
from considerations below that the sum over i€k in (2) converges absolutely;
we also know that 7(G) is finite, so I(®) is defined for ® of Schwartz—Bruhat type.
We recall that if @ is of Schwartz—Bruhat type, so is .

2. Applying Proposition 1 of [2] to the map Q: X, = X, - k, we find the
following. There exists a uniquely determined family of positive measures (i;);e,
on X, such that

(a) support ; < {x € X,|0(x) = i},

(b) for any continuous function ® with compact support on X, the function
Fo on k, defined by Fefi) = | @ dy, is continuous and satisfies | Foldi|, = [®|dx|,.
Moreover, for any ® of Schwartz—Bruhat type F, (defined as above) is continuous,
integrable over k,, satisfies | Fo|di|, = | ®|dx|, and has as Fourier transform the
function F, defined by

Foli) =j D) ((Q)|dx|,  (iek,).

v

LEMMA 1. The measures u; are carried by the sets
Ui) = {xe X,|Q(x) = i,x # 0}.

PROOF. For i # 0 there is nothing to prove. y, is the sum of a measure carried
by U,(0) and a measure with support {0}, but the latter must be 0 since

Ho(tx) = [t]™ 2po(x) (teky).

Since the mapping Q from X onto the affine line is everywhere submersive
except in 0, we may consider on each U(i) the gaugeform D, defined by

d
G) D) = ( dex)) ,
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D, is invariant under G, so it differs from the form D; introduced above (viz. as
quotient dg/dh;) by a factor € k* (|D|, is of course not changed when D; is replaced
by pD;, p € k¥).

In the same way, taking k, as groundfield and considering Q as a morphism of
varieties defined over k, one defines gaugeforms D, ; (i € k,) by a formula analo-
gous to (3). The forms D, ; determine measures |D, |, on U(i), satisfying

‘[ |dx|, =J~ |di|,,j oD,
X,~(0) ko Ui

for continuous ® with compact support = X, — {0}. The family of measures
D, (i€ k,) is the only one with those properties. So, using Lemma 1 and the
fact that {0} has measure O for |dx|, we see that

Hi = Ibv,ilu (l € k,,)
Let us return to the adelic case. Take ® of the form
O(x) = [] Dulx,) (x = (x,)€ X ),

where @, is of Schwartz-Bruhat type for all v and @, is the characteristic function
of X2 (= X,,) for almost all v. It is easily seen now that

Foli) = J D(x)QN|dx], = [T | Puxi,Qx)|dx],
Xa voYXy
(i = (i,)€ A) is the Fourier transform of

) [1 ®,|D,,,

v ull( l.II)

ve

If in (4) all i, are equal to i € k, (4) becomes

HI Qvlbilt.':j (leiIA
v JU(G)y U(i)a

since U(i) has convergence factors 1. We may now apply Proposition 2 of 2]
which says that the Poisson formula is valid for Fo:

(5) Z (D|bi|A = Z j' (I)(x)x(iQ(x))ldxh
iek Jy(i)4 iek Jx ,
(both series are absolutely convergent).
REMARK 1. In order to know that we are allowed to apply Propositions 1 and
2 of [2] to our case we have to verify the conditions (A) and (B) occurring in those
propositions. This may be done by estimating the integrals | ®,(x)x,(i,Q(x))|dx|,.

3. Put ®,(x) = ®(tx) (t € A*) and consider I(P,).

LEMMA 2. Write X, = X, x X' where X, is the direct product of the X, for v
infinite and X' the restricted direct product of the other X,. Let E be a closed
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subset of X , which does not contain any point of the form (0, x'). Let C be a compact
subset of the Schwartz—Bruhat space attached to X , and let N be a positive real
number. Then there exists a function ®, in the Schwartz—Bruhat space such that

[t 0@, S ©ox)

if®eC, 1= 1,x€eE (a, denotes the idéle of k which has the component t at each
infinite place and 1 at the finite places).

For a proof see [3] (Lemme 7).

From formula (2) we find

10)=25 | o)+ 2P f Dol + *(GYVO).
iek* Juy(i) 4 U(0) 4

The sum over iek* here is O(|t| ") for any N as |t| - co (write ¢t = ca,p with
c in a fixed compact subset of A* and p in k*, and apply Lemma 2). So we have

6) lim 1®) = «(G)}D(O)

On the other hand, we may put (5) into (2). That gives

1@) = 1(®) =2 Z';‘ 5 Dx)(iQ(x))|dx|4 + (G)AO).
Replacing ® by &_,-, we get

@) =23 | B xmiQuldx], + +(GXbO),

iek XA
I@)=2Y | ®)nit?Qx))dx|, + «(GYHO)|e| ™™
iek Xa
Using the estimations mentioned in Remark 1 one can prove that
) > j D)t Q(x))|dx| 4
iek* Xa
tends to 0 if |t| - 0. So

®) lim 1(@,) = 20(0).

Comparison of (6) and (8) gives ©(G) = 2.
Finally, here is Siegel’s formula:

f 2 Q(g(é))ld%l‘ =), J‘ D(x)x(iQ(x))|dx|4 + B(0).
G iek Jy ,

AlGy $€Xxk
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REMARK 2. In order to prove that (7) tends to O if |t| + c0 one may also use
Fourier transform:

f S|l = [f ™ f Ao~~~ Qe xLe
Xa Xa

and apply (5) once more. In fact, this is what is done in [2} The version given
above, however, does not need the Fourier transform of a quadratic character
and can also be given in certain cases where one has, e.g, a cubic invariant
instead of the quadratic invariant Q (an example is the group of the generic
cubic form of an exceptional Jordan algebra of dimension 27, see [3]).
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The Siegel Formula for Orthogonal Groups. II

BY

J. G. M. MARS

This is a resume of Weil’s paper Sur la formule de Siegel dans la théorie des
groupes classiques, (Acta Math. 113 (1965), 1-87) for the case of an orthogonal

group.

1. Notations. Let k be an algebraic numberfield, Q a nondegenerate quadratic
form on k™ given by a nonsingular symmetric matrix h in M, (k) (Q(u) = ‘uhu for
ue k™). Let X, be the linear space of all linear maps k" — k™; X, can be identified
with the space M,, (k) of m x n-matrices with coefficients in k. If xe X, Q o x isa
quadratic form on k" with matrix ‘xhx. Let I(X), be the linear space of all quad-
ratic forms on k"; we identify it with the space of all symmetric matrices in
M, (k). X, and I(X), are the sets of points over k of algebraic varieties X and I(X)
obtained in the usual way. We define a morphism iy: X — I(X) by

ix(x) = 'xhx (x € X).
I(X) is identified with its dual by means of the symmetric bilinear form tr(w,w,)
on I(X) x I(X).

We put G = 0(Q), G, = SO(Q), G = Spin(Q); so G,G, and G are algebraic
groups defined over k, G, is the identity component of G and G is the simply
connected covering of G,. G and G, may be considered as groups of matrices in
M,,.

Finally Sp(X) or Sp will denote the (algebraic) group of matrices se M,,
satisfying ‘ses = e, where

[0 1,
e=|_ L o)

P is the parabolic subgroup of Sp consisting of the matrices
a b
(0 d) € Sp.

2. Unitary operators. It can be proved that there exists a unitary representation
r of Sp(X), on L3 X ,) such that

0
r(g o 1) is the operator ®(x) — ®(xa) if o € M (k)*,

138
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r (_ :(;—1 2;) is the operator ®(x) —» ®(xy) if y € M, (k)*,

l'(é i)) is the Operator (D(x) b d q)(x)x(% tr(lxxp)) if P EM"(k), ‘p =p.

Here @ is the Fourier transform of ® defined by

@) = J DO)y(tr(xhy))|dx|, (v € X ),

Xa

x is a character on A4 such that y(xy) brings A into duality with itself in such a way
that the discrete subgroup k of A satisfies k = k*.
The Schwartz-Bruhat space S(X ,) is mapped onto itself by the operators

r(s) (s € Spy).

3. A decomposition of Sp. Suppose s is an element of Sp,,

()

Put X,y = Y and choose a subspace Z of X, such that
(a) X, is the direct sum of Y and Z,
‘(b) M, (k)Z = Z.

Then s can be written in the form

s=(16 f)(g 'Aq‘) ((-01» 1’)(:’ f:)®1,,,),

where 'p = pe M, (k), 1€ M, (k)* and the meaning of the last part of the formula
is the following. Y and Z can be identified with M,, (k) and M,, (k) respectively
with p + g = n. Choose some identifications. This gives a new identification of

X, = Y® Z with M,, (k). Now
ab
(c d)® L2

means, if a,b,c,de M (k), the element of X, which corresponds in the new
identification to the matrix '

[ ==
o © = ©
S aa © o
- O o ©

Py is a symmetric matrix in M (k).
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In the above decomposition p, A and p, are unique (when Z and the identifica-
tion of Y with M (k) have been chosen). From this one can derive a system of
representatives for P,\Sp;.

4. The Eisenstein—Siegel series.
DEFINITION. E(®) = ) PaiSpr (r(s)®)(0). (It is easily seen that (r(p)®)(0) = ©0)
ifpeP,.)

THEOREM 1. E(®) converges absolutely for all ® € (X ,) and uniformly on every
compact subset of S(X ,) provided we have m > 2n + 2.

The proof can be given by using reduction theory for the symplectic group Sp.
With the system of representatives for P,\Sp, from §3 and the description of
r in §2 we find that

E@®) = Y E((®),
the summation is extended over all subspaces Y of X, satisfying M, (k)Y = Y,
Ex®) = Y j Dx)x(tr('xhxp))|dx] 4,
tp=peMn(k) Jx ,

and Ey(®) for Y # X is defined in an analogous way. Now we can apply the
Poisson formula to the series which defines E,(®). The summation is in fact a
summation over I(X), and the value in i of the Fourier transform of the function

r— j O(x)x(tr(‘xhxr))|dx| ,
Xa

on I(X), is
j 0], if i e I(X),.
U(i)a

Here U(i) is the variety {x€ X :iy(x) = i, rank x = n} and 0 is a G-invariant
gauge form on U() (U() is an orbit of G). (For this kind of application of the
Poisson formula, see A. Weil, Acta Math. 113))

We see that Ey, and also E, is a tempered positive measure on S(X ,).

E has the following invariance properties.

(a) From the definition of E(®) it is clear that E is invariant under Sp,, i.e.,
E(®) is not changed when @ is replaced by r(s)®, s € Sp,.

(b) E is invariant under G, ie., E(®) is not changed when ®(x) is replaced
by d(gx), g€ G,.

5. Uniqueness theorem.

THEOREM 4 (A. Weil, Acta Math. 113).! Suppose m > 2n + 2. Let v be a place of
k such that U(0), is not empty and G, a subgroup of G, acting transitively on U(i),

! See the first paragraph of this paper for the complete reference.
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Jor any i€ I(X),. Let E' be a tempered positive measure on X ,, invariant under
Sp, and under G, and such that E' — E is a sum of measures carried by the sets
U(i),, ie I(X),. Then E' = E.

6. The Siegel formula.
DEFINITION.

(@) = Y. ®(gd)dvg),
G 4/Gy S X

where v is the Haar measure on G, normed in such way that G ,/G,) = 1. Let
1,(®) (resp. I(®)) denote the analogous integral with G, (resp. G) instead of G.

ProOPOSITION. I(®) is absolutely convergent for all ®e S(X,) if r =0 and if
m—r>n+ 1 (r=index of Q = dimension of a maximal totally isotropic sub-
space). The same is true for I, and I.

The proof can be given with the use of reduction theory.
THEOREM 5. Assume m > 2n + 2. Then I = E.

This is Siegel’s formula. It is also true for I, and I. It follows easily from
Theorem 4 by induction on n (starting with n = 0, in which case the formula is
trivial).

Restricting the measures I and E to U(i), we get

J Y DEddvg) = J. |0, 4 (i € I(X),).
G UGi)a

/G E€UG
COROLLARY (HASSE PRINCIPLE). If U(i), is empty, U(i) 4 is empty.
For, if U(i), is not empty, the Tamagawa measure |6, # 0.

COROLLARY 2. The Tamagawa number of G (with respect to convergence factors

) is equal to the Tamagawa number of the stabilizer in G of any point ¢ € X, of
rank n. The same is true for G, and G.

To see this, take n = 1 and write U(i), = G ,/H ,, U(i)y = G,/H, where H is the
stabilizer in G of a point &, of U(i),. Then

f D], = T(G)ry(H) ™! j D(ggo) dvig)
UG

G.a/Hx

and
J Y OEodvg) = |  Mgo)dve).
G 4/Gy S€U GA/Hs

From Corollary 2 one deduces that there is a number t such that the Tama-
gawa number of any special orthogonal group in at least 3 variables is equal to z.
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Appendix

In his paper in Acta Math. 113 Weil defined I(®) and E(®) for modules X,
over semisimple algebras with involution and he proved that I = E if E(®) is
absolutely convergent. We give here a list of Weil’s results in the case of a simple
module X, over a simple algebra C,. G is then the group of elements c € C such
that cc' = 1 (¢t = the involution in C).

We have the following cases:

(0) X, = k™, G is the symplectic group of an alternating form on X,, m is even.

(1) X, = D™, D a quaternion division algebra over k, G is the group of a
hermitian form (with respect to the usual involution in D) on X,.

(2) X, = D™, D a central division algebra over a quadratic extension K of k,
D is supplied with an involution which induces on K the nontrivial k-auto-
morphism (involution of the second kind), G is the group of a hermitian form on
X

(3) X, = D™, D a quaternion division algebra over k, G is the group of an
antihermitian form (with respect to the usual involution on D) on X,.

(4) X, = k™, G is the group of a quadratic form on X,.

All these forms are of course supposed to be nondegenerate. The index of the
form is r. In the Cases 2, 3, 4 we define G, to be the group of elements in G with
reduced norm 1.

Result on
Case| G, semisimple| I(®) conv. |E(®)conv.| E =1 | Tamagawa numbers
0 m>0 m>0 m>0 m>0 (G)=1(m>0)
1 m2=1 m=1 m22 m2=2 G)=1mz=1)
2 m2=2 m=3 m=3 m=3 Gy)=1(Mm=1)
m=1Dnot ||m=2,r=0
comm.
3 mz2 m=3 m24 m24 (Gy)=1(M=2)
m=2r=0
4 m=3 m=5 mz2=5 mz=5 (G)=1(Mm=3)
{m=4, <1 ’
m=3r=0

The Hasse principle is a consequence of the Siegel formula E = I, so it is
proved for the same values of m as that formula.

By using the classical isomorphisms in low dimensions (m = 1 in Case 2 (and
[D:K] < 4),m = 2in Case 3, m = 3 in Case 4) Weil proved in Adeles and algebraic
groups that the number 7 in Case 2 is 1 if [D:K] £ 4 and that T = 2 in Cases 3
and 4.



The Volume of the Fundamental Domain for Some
Arithmetical Subgroups of Chevalley Groups

BY

R. P. LANGLANDS!

Let go be a split semisimple Lie algebra of linear transformations of the
finite dimensional vector space V, over Q. Let b, be a split Cartan subalgebra
of go and choose for each root a of by a root vector X, so that if [X,, X _,] = H,
then a(H,) = 2 so that there is an automorphism 6 of gg with 6(X,) = —X _,.
Let L be the set of weights of by and if A€ L let

Vo(d) = {v e Vo|Hv = A(H)v for all H e by} ;
let Hy,---, H, be a basis over Z of
{H|A(H) e Z if Vy(4) # 0}.

As usual, there is associated to g, a connected algebraic group G¢ of linear
transformations of Vg = Vp ® oC. If H is some lattice in Vj, satisfying
OM=Y,_ M~V@Q),
(i) (X3/n)M < M for all a,
then we let G; = {ge Gc|gM = M}. Let w be a left invariant form on Gg of
highest degree which takes the value =1 on []°., A H; AT] ., A X, and let
[dg] be the Haar measure associated to w. Our purpose now is to show that:
If{(+) is the Riemann zeta function, [I7_ (¢**~' + 1) is the Poincaré polynomial
of G¢, and c is the order of the fundamental group of G¢ then

j ldg] = c[] La).
Gz\Gr i=1

The method to be used to find the volume of Gz\Gg is not directly applicable to
[dg] so it is necessary to introduce another Haar measure on the group Gg.
Let U be the connected subgroup of G, whose Lie algebra is spanned over R by
{X,— X_,,iX, + X_,), iH,Ja a root} and let K = G n U. Choose an order on
the roots and let N = Ny be the set of real points on the connected algebraic
subgroup of G, with the Lie algebra ZPOCX,. Let Ag be the normalizer of
hc in Gg. Let dn be the Haar measure on N defined by a form which takes the
value +1 on []_, , A X, and let da be the Haar measure on Ay defined by a form
which takes the value +1 on n._’= . N H;. Let dk be the Haar measure on K such

! Miller Fellow.
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that the total volume of K is one. Let p = fzp o and let £, (a) be the character
of A¢ associated to 2p. Finally let dg be such that

J‘ (g)dg = J |€2,(a)| ™ * $(nak) dn da dk.
Gr NxAgxK

If N~ is the set of real points on the group associated to Z“ o CX, define dn”
in the same way as we defined dn. It is easy to see that

f #(g)ldg] =J dn f da'[ dn~|&,,(a)| ' p(nan”).
G N An N-
Suppose ¢(gk) = ¢(g) for all g e Gg and all ke K. Then
f ¢(g)dg = J dn da|¢, (a)| ™ $(na).
G NxAg
On the other hand, if n~ = n(n~)a(n™)k(n"),
j¢(g)[dg] =j dn” {f daf anCzp(a)l"¢(nan(n')a(n')k(n‘))}
N- A N

= {'[ daJ‘ dnlfz,(a)|“¢(na)}{f |§2,,a(n‘)|dn‘}.

It follows from a formula of Gindikin and Karpelevich that the second factor
equals

I n*T(p(HY/2) _ I n” P2 (p(H,)/2)
o T(P(HY) + 1)2) g0 n~WHI* V2D(p(H,) + 1)/2)

[T n=#® 92T (p(H,)/2)

= x>0
[T =~ C®* D20(p(H,) + 1)/2)
a>0
since when « is simple p(H,) = 1 and
nird=1

The product in the numerator is taken over the positive roots which are not
simple. By a well-known result the numbers, with multiplicities, in the set

{p(H) + 1|a > 0}

are just the numbers p(H,) with a positive and not simple, together with the
numbers a,,-- -, a, so if

&) = n“/zr(g)as)



VOLUME OF THE FUNDAMENTAL DOMAIN 145
we have to show that
a>0

IT &e(HY)

a>0

¢ 1 &o(Hy) + 1)
J;z \Gr - .

By the way, it is well to keep in mind that p(H,) > 1 if a is not simple.

Let A be the connected component of Ag and let M be the points of finite
order in Ag. Certainly 4z = AM. Moreover, by Iwasawa, G = NAK. If g = nak
and a = exp H, we set H = H(g).

If ¢ is an infinitely differentiable function with compact support on N\G such
that ¢(gk) = ¢(g) for all g in G and all k in K we can write ¢ as a Fourier integral.

o) = —— f exp(AH(g) + pH@YID|A;
(27[) Rei=4p

A is the symbol for an element of the dual of b¢; ®(4) is an entire complex-valued
function of A; and dA = dz, A--- Adz, with z; = A(H)). As in the lectures on
Eisenstein series we can introduce

b= Y o0

7€GzNNM \Gz

Our evaluation of the volume of Gz\Gg will be based on the simple relation

@, D, ¥) =1, 1)(I1¢, Iy ).

The inner products are taken in L2(G,\Gg) with respect to dg and IT is the
orthogonal projection on the space of constant functions. Since

(L) = f dg
Gz \Gn

it is enough to find an explicit formula for the other three terms. Now
@1 = j #lg) dg
GzANM\Gg
= u(Gz n NM\NM) J~ |€2,(a)| " '¢(a) da
A

= ®(p)

since w(Gz N NM\NM) = 1. To see the latter we have to observe that M = G,
and that, as follows from results stated in Cartier’s talk, y(Gz n N\N) = 1. It is
also clear that (1,y ) = ¥(p). The nontrivial step is to evaluate

(Mg, Ty).



146 R. P. LANGLANDS

From the theory of Eisenstein series we know that

A A 1 — -

(¢,¥)= ———j M(s, YD) P(— s2)|dA|.
(2m)F e A=1o zﬁ 4

Q is the Weyl group, 4, is any point such that 1,(H,) > 1 for every simple root,

and

L H1+sHHY) EA(H)
M= 1 e amy ~ o dl @+ any

In the lectures on Eisenstein series I introduced an unbounded self-adjoint
operator A on the closed subspace of L*Gz\Gg) generated by the functions
¢ with ¢ of the form indicated above. Comparing the definition of A with the
formula for (¢A, 1) we see that

(49", 1) = (p, p)(9', 1).

Since the constant functions are in this space A1 = (p, p)- 1. As a consequence,
if E(x), —o0 < x < 0o, is the spectral resolution of 4 the constant functions are
in the range of E((p, p)) — E((p, p) — 0) = E. We show that this_ range consists
precisely of the constant functions and compute (E¢ ,¢ ) = (T1¢ , Ty ).
Suppose a > (p, p) > b and a — b is small. According to a well-known formula

HE@¢,¥) + (Ea — 0", ¥} — HE®B), ¥) + (E® — 0, ¢)}

is equal to

‘ .1 A
(@ llm—.j (R, A ¢ )du
3l0 2mi C(a, b,¢, )
if C(a, b, ¢, ) is the following contour.
b + ic < a+ic
' 4 A
b+ i a+ié
b-id a—id
v N
b—ic > a—ic

Recall that, if Re p > (4o, 4o),

Rt A0 = ¥ —

1 _ o
T G L”=hmM(s, D) P(—s7) dA.
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If w= (wy,---,w,) belongs to C” let A(w) be such that A(H,) = w;, if ay,---, a,
are the simple roots. Set

¢,(w, 5) = M(s, Aw))D(Aw)) P(~— 51Ww)),
Q,(w) = (Aw), Aw))

then (a) is equal to

1 .1 1 1
z sg) I;E)l m _L(a,b'c’a) du{(zni)pj‘kewr.wo u— Qp(w)¢P(W, S) dW1 . dW,,}

provided each of these limits exist.> The coordinates of w, must all be greater
than one. We shall consider the limits individually.
Let w? = (wy,---,w,) and define ¢,(w?;s) inductively for 0 < g < p by
¢q(w1’ MY wq; S) = %eSid:lle ¢q+ l(WI’ DY wq+ 15 S).

It is easily seen that ¢, (w?;s) has no singularities in the region defined by the
inequalities Rew; > 1, 1 £ i < q; that ¢,(w?;s) goes to zero very fast when the
imaginary part of w? goes to infinity and its real part remains in a compact
subset of this region; and that there is a positive number ¢ so that the only
singularities of ¢,(w?;s) in

{wy, -, wp)| [Rew; — 1] < 51 i < g}

lie on the hyperplanes w; = 1 and are at most simple poles. ¢(s) is of course a
constant. Set Q (W% = Q,(wy,---,w,, 1,---,1).
Let us show by induction that the given limit equals

1 1 1 _
(b) lalgl z—m C(a,b,c,d) du{(—h_l)qj;e wi=wd Wd’AM , S) dwj dwq}

if wh = (wo,5,- -+, Wo,) With wy; > 1,1 £ i £ g. Of course, the above expression
is independent of the choice of such a point wj. Take w§ = (1 + u,---,1 + 4,
1 4+ v), with u and v positive but small and w§ '=(1 +u,---,1 +u). If
Ay, --+, A, are such that A(H,) = d;;, then (A, A) = 0. As a consequence, if u
is much smaller than v, then

Qq(l + U, 1+ u)l - D) < (PaP)
Choose (b) to be larger than the number on the left. Also
Re 0, (W) = Q,(Re w%) — @ (Imw,,---, Imw,,0,---,0).

Thus there is a constant N so that if either Rew;, =1+ 4, 1 £i<q— 1 and
Rew,=1—vorRew;=1+u1<i<pand|Rew, — 1| £ vand [Imw,| > N,

ij>

2 The inner integral is defined for Re 4 > Q,(wo). However, as can be seen from the discussion
to follow, the function of u it defines can be analytically continued to a region containing C(a, b, ¢, 8).
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then
ReQw) < b - 1/N

In (b) we may perform the integrations in any order. Integrate first with respect

1—v+IN
1+v+IiN
Al
‘ 1+v—iN
1—v—iN

The contour C

to w,. If C is the indicated contour, the result is the sum of (b) with q replaced
by g — 1 and
1
lim —— dw, ---
a0 (2miy! Rews:1=wg-1 !

1 1
weedw. = 4
dw,, J.C dw, (w4, S){z"ijc(a,b,é,a)” — oA It}

which is obviously zero.
Taking g = 0 in (b) we get
. ols) 1
lim —— ——————du = ¢ys).
si0 21 Jewpes it — (s P) #=dols)

It is clear that ¢(s) is zero unless s sends every positive root to a negative root
but that for the unique element of the Weyl group which does this

bols) = Hezo SOHIOE)P(p)
° [Te>o &p(H,) + 1)
since sp = — p. This is the result required.

Finally, I remark that although the method just described for computing the
volume of I'\G has obvious limitations, it can be applied to other groups. In
particular it works for Chevalley groups over a numberfield.



Galois Cohomology of Linear Algebraic Groups

T. A. SPRINGER

This is the substance of three lectures; the purpose of which was to give a
brief introduction to the notions and results of Galois cohomology of linear
algebraic groups. '

1. Principal homogeneous spaces of algebraic groups.

1.1. Let G be a linear algebraic group defined over a field k. Let P be a principal
homogeneous space of G. This means that P is an algebraic variety along with a
morphism f: G x P — P, defined over k, which defines a transformation group
action of G on P which is simply transitive—that is, the mapping

(fipr):GxP—>PxP

sending (g, p) into (gp, p) is an isomorphism. Thus if we take P = G and let f be
the product mapping, G = P is a principal homogeneous space of G. If A is a
ring containing k and P, # &, then G, acts simply transitively on P,.

Two principal homogeneous spaces P, P’ of G are isomorphic over k if P
and P’ are isomorphic as algebraic varieties under a mapping defined over k
which is compatible with the action of G. If P has a k-rational point, then G and
P are k-isomorphic principal homogeneous spaces of G.

The set of k-isomorphism classes of principal homogeneous spaces of G is
denoted by H'(k, G). Similarly if k is perfect and K is a Galois extension of k,
the set of k-isomorphism classes of principal homogeneous spaces P of G which
have a K-rational point is denoted by H!(K/k, G). We have H'(k, G) = H'(k,/k, G)
where k, is the separable closure of k. The element of H'(K/k, G) which contains
the trivial principal homogeneous space G of G is denoted by 0.

The notation H!(K/k, G) is motivated by considering the action of the Galois
group I' = Gal(K/k) on G and Py. For s € G, x € P¢ we let °g be the image of g
in Gx under s and *x be the image in Py of x under s. Then (gx) = g *x, since f
is defined over k. Thus fixing x in P and denoting by g, the unique element of G
such that *x = g.x for s in I', we have g,x = *x = %("'x) = °g, *x = °g,g.x. So the
mapping s— g, from into G, satisfies

(1) 8 ='g8 (s,tel)

If one replaces x by another point y in P,, then y = hx for some h in G, and the
function g’ = (g;) which we obtain is related to g = (g,) according to the formula

2 g. = °hgh™ 1.
149
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Also, if we give " the Krull topology and G the discrete topology, then g is a
continuous function.

Denote by Z!(K/k, G) the set of continuous functions (g,) verifying (1). More-
over (2) defines an equivalence relation R on Z'(K/k, G). If G is abelian, Z'(K/k, G)
is just the group of continuous 1-cocycles of I' in G, and R is the equivalence
relation defined by the subgroup B!(K/k, G) of coboundaries. From what we
have seen above, it follows that there exists a mapping ® from H!(K/k, G) into
Z'(K/k, G)/R. We have the following result

PRrOPOSITION 1.1. @ is bijective.

For the proof see [6, Chapter III, 1.3]

1.2. Examples. For details we refer to [6, Chapter III, §1].

(1) H'(K/k, GL,) = 0if K is a Galois extension of k. For n = 1 this is Hilbert’s
“theorem 90

(2) Let k be a perfect field, V a vector space over k, x a tensor of type (p, q)
over V. If y is another such tensor, y is isomorphic to x over V if some auto-
morphism of V induces a mapping sending x into y. y is called a K/k-form of x
if x®1and y® 1 are isomorphic in Vx = V®, K. Let G be the stabilizer of x
in GL(V). Then G is defined over k, since k is perfect. And H!(K/k, G) may be
identified with the isomorphism classes of K/k-forms of x. A number of important
facts are special cases of this (see Examples 3, 4, 5, 6 in this section).

(3) Suppose that characteristic k is different from 2. Let x be a tensor over V
belonging to a quadratic form Q on V (notation as in (2)). Let G be the orthogonal
group on V with respect to Q. Then H!(K/k, G) may be identified with the set of
equivalence classes of quadratic forms on V which become equivalent to Q upon
extension to Vx. And H'(k, G) may be identified with the set of equivalence
classes of quadratic forms on V which have the same rank as Q. More explicitly,
if Se M,(k) is a symmetric matrix defining Q and if ' € M, (k) is a symmetric
matrix having the same rank as that of S, the corresponding principal homo-
geneous space of G is such that for any ring 4 containing k we have

P, = {X e GL,(A)|S' = 'XSX}.

(4)H'(k,Sp,) = 0 and H'(K/k,Sp,) = O (where Sp, denotes the symplectic
group in n variables). This is seen by applying (2) and the fact that if two skew
symmetric bilinear forms on V are equivalent upon extension to V, then they are
equivalent.

(5 An algebra structure on V is determined by a tensor over V. The auto-
morphism group of the algebra M, of n x n matrices is PGL,. Thus
H'(K/k,PGL,) may be identified with the set of isomorphism classes of central
simple algebras over k which upon extension of the base field to K become iso-
morphic to M,(K).

(6) Let g be a Lie algebra over the perfect field k, let G = Aut(g) be the group of
automorphisms of g. G is an algebraic group which is defined over k. Then
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H'(k, Aut g) may be identified with the isomorphism classes of k-forms of g (a
k-form of g is a Lie algebra over k which becomes isomorphic to g upon exten-
sion to k). Similar results hold for the classification of forms of algebraic groups.

2. Noncommutative cohomology.

2.1. Definition of H® and H'. Let T be a topological group operating con-
tinuously on a group A as a group of automorphisms, 4 being endowed with the
discrete topology. We now define H(T', A) for i = 0, 1.

Firstly, H', A) = A", the set of I'-invariant elements of A. This definition
makes sense even if A is only a set on which I' operates, however then H(T', A)
can be empty. H(T, A) is a group if 4 is a group. Next we define Z'(T', A) (the set
of cocycles of I' in A) to be the set of continuous functions z = (z,) of I' in 4 such
that z,, = z,z, for all s in I (°a denotes the image of ae A under seI'). A acts on
Z\(T, A), an element ac A sending the cocycle z into z/, where z, = *azaa™ "
Denoting by R the ensuing equivalence relation, we define H'([', 4) = Z*(T, A)/R.

The element of H!(I', A) containing the cocycle which maps each element of I’
into the identity element of A is denoted by 0. So H'(T, A4) is a set with a privileged
point, however there is, if A is nonabelian, no canonical group structure on this
set.

If B is another I'-group, a I'-homomorphism f: A4 — B induces mappings
fi from H(T, A) into H(T, B)(i = 0, 1). f is a homomorphism and f, maps O
into O.

2.2. Example. Let G be an algebraic group defined over the field k. Let K be a
Galois extension of k, put I' = Gal(K/k). Then according to Proposition 1.1
there is a bijection of H'(T', G¢) onto H'(K/k, G).

For K = k,, the separable closure of k, one obtains a bijection of H'(I', Gy)
onto H!(k, G).

2.3. Twisting. Now let X be a I'-set on which 4 operates as a transformation
group, in such a fashion that *(ax) = *a °x for sin I', a in A, x in X where ax denotes
the image of x under a. If z is in Z*(I', 4), we can get a new action of I on X by
twisting with z. This action is defined as follows: set ;x = z; '(*x) for sin T, x in X.
Then ;,x = (,x)fors, tinI" and x in X since:

—1 stx) (Z—l S(Z 1)) s(rx) = zs 1 s(z—l tx)

Thus using z, X is made into a new I'-set X ,.

2.4. Examples of twisting. (1) Let A play the role of X and Aut A that of 4 in
the above discussion, where A is a I'-group.

Let I' operate on Aut A4 as follows: for s in I and o in Aut A4, define o by
requiring that *x(a) = 5(a* 'a)). It is clear that S(xa) = *x*a for sin I, ain A and
in Aut A (where aa = a(a) for a in 4 and a in Aut A4).

If ' is a cocycle in ZY(T', Aut A), a new I'-group A,. is obtained by twisting with
2. If z is a cocycle in Z!(T', ), z and the homomorphism Int: 4 - Aut A deter-
mine a cocycle z = Int oz of Z(I', Aut A). It is convenient to define 4, = A4,..
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Thus if 4 is a I'-group and z is an element of Z!(T', ), z determines a new I'-
group A,. We look at instances of this in the next examples.

(2) Suppose that we are in the situation of Example 2.2. Let B be the group of
algebraic automorphisms of G, which are defined over K. I" acts continuously on
B, B being endowed with the discrete topology. If ze Z(T", B), we can form, in the
manner explained above, the twisted group (Gg),. Then the following holds:
there exists an algebraic group G,, defined over k, which is isomorphic over K
to G, the isomorphism being such that it identifies the ¥-groups (G,)x and (Gy),
(a proof of this is contained in [6, Chapter III, §1).

(3) Let k be a field of characteristic # 2, K a quadratic Galois extension of k
with Galois group I' = Gal(K/k). Choose a in k such that K = k(Ja). Let s be
the nontrivial element of I'. Let 4 = SL,(K). A has an outer automorphism
g:x - 'x"L And ¢ = ¢ (°a(x) = (a(*"'x)) = (¢~ 'x)"! = *x~! = g(x)). Define
z:T — Aut A by setting z, = id,, z, = 6. Then since ¢ = ¢ and 62 = 1, z is in
Z'(K/k, Aut A). We now calculate AT : since x = z;! *x = 67 !(°x) = 'x* ! for
x in A, we have AT = SU,(K/k). The algebraic group (SL,), is isomorphic over k
to the special unitary group, defined by the quadratic extension K/k.

(4) Let K, k, a, T, s be as in Example 2 of this section. Let S = diag(a,," - -, a,,)
in M,,(k). Let v = diag(1, -, 1, —1) in M,,(k). Let G = 0*(S). Let 6 : G —» G be
defined by setting o(x) = vxv for x in G. Define z as before by setting z(1) = 1,
2(s) = o (as before, zis in ZY([", G)). It is easily checked that (4,)" = 0*(S,),, where
S, = diag(x,, -, 03—y, ®%3,) - G, is k-isomorphic to 0*(S,).

(5) Let k be a perfect field, ' = Gal(k/k), A = SL,(k). Let z be in Z'(T", PGL,(k)).
Since PGL,(k) = Aut 4, z determines a ['-group A, (see Example 1 of this section).
Now HY(T', PGL,(k)) may be identified with the set of k-isomorphism classes of
central simple algebras D over k of rank n? (see §1.2, Example (5)). z determines
some central simple algebra D over k of rank n?. Let

G; = {xe D ®, kreduced norm of x = 1}.

Then A, = G;. The algebraic group (SL,), is isomorphic over k to SL,(D) (the
group of elements of D with reduced norm 1).

2.5. Let A be a I'-group, z and element of Z*(T', A). z determines a new I'-group
A, (see Example 1, §2.4). We define a mapping t, : H\(T, 4,) - HX(T, A) as fol-
lows: for x in Z'(T, A,), set (1,x), = z,x, (s in I'). It can be verified that 7, induces
a mapping 1, : H'(T', A,) - H'(I', A) which is a bijection and maps 0 into the
element ¢ of H'(I', A) which contains z.

In order to consider the applications of this procedure, suppose that B is a
I'-group and f: A — B is a I'-homomorphism. f induces a mapping f} from
H'(T', A) into H'(T, B), and it is desirable to determine the fibres of /. If one has
information about the fibre of f} containing O (e.g. by applying the following
theorems on exact sequences), then one can obtain information about the
fibre containing { € H(T', A) by applying , for some z in {. More precisely, the
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following diagram is commutative (t = f1(z)):
H\(T, 4)—> H (T, B)

e

H\T, A) — H'(T, B).

2.6. Exact sequences. Let B be a I'-group, let 4 be a subgroup of B, which is
invariant under I'. Let f be the injection A — B. f determines mappings f*, (i =0, 1).
Also the canonical projection g: B — A\B induces a mapping g% of HT, B)
into HY(T', A\B).

Finally there is a mapping 6: H(', A\B) » H'(T', A), which is defined as
follows. If x e HY(T', A\B), then x is the coset mod A of an element b€ B which
satisfies *b = a,b, where (a,) € Z'(T', A). Then &(x) is the image in H'(T, A) of the
cocycle a.

PROPOSITION 2.1.

(1) 0—— HO(T, 4)-Z-HO(T, B)£-H (T, A\B)—*~ H!(T, A)-LSHAT, B)is
exact.

(2) 6 induces a bijection from the set of orbits of BT in (4\B)" onto the kernel of f ;.

(3) { is in the image of f} <> H(T', (A\B),) # 0, where z is in {.

Observe that exactness makes sense in this context!
Now suppose that

0— a—LsB-2>C >0

is an exact sequence of [-groups (f and g are I'-homomorphisms), so f(4) is
normal in B. This determines a sequence:

0 — HOT, 4)—2> HOT, B)—=5 HOT, C)
@) , " o
—, H\(T, 4) -2 H\T, B2 HA(T, ©).

PROPOSITION 2.2.

(1) (3) is exact;

(2) gl is proper (respectively injective) if H'(T', A,) is finite (respectively 0) for
each z in Z\(T', A);

(3) H\(',B) =0 if H(I',C) = 0 and H'(T, 4) = 0.

If f(A) is central in B, one can extendA(3) to an exact sequence in which H%(T, )
occurs. For the proofs of these results (which are easy) we refer to [6, Chapter I,

§5] or [1, §1}

3. Some results. We mention here a number of recent results about the Galois
cohomology of linear algebraic groups, over special ground fields.
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3.1. Fields of dimension £ 1. We say that the field k has dimension < 1, if the
following holds: k has no finite dimensional division algebra extensions. In other
words, the Brauer group of any finite extension of k is 0.

The following cohomological characterization explains the name. Let k be a
field, let k; denote its separable closure. Put I' = Gal(k,/k). Then k is a field of
dimension £ 1if and only if H*(T', A) = 0 for any finite abelian group A on which
I" operates continuously. Examples of fields of dimension < 1:

(a) finite fields (Wedderburn),

(b) the maximal unramified extension of a p-adic field (Lang [4]),

(c) a function field of dimension 1 whose field of constants is algebraically
closed. For further details see [6, Chapter II, §3].

We now have the following theorem.

THEOREM 3.1. Let k be a perfect field of dimension < 1, let G be a connected
linear algebraic group defined over k. Then H(k, G) = 0.

This theorem is proved by Steinberg in [7, Theorem 1.9]. In the proof some
rather delicate results about semisimple groups are used. We shall say something
more about this proof in §.

The special case of Theorem 3.1 dealing with finite fields was proved by Lang
in [5], in this case the proof is much easier. The result is then even true for arbi-
trary connected algebraic groups (nonnecessarily linear).

3.2. Local fields. Here one has the following general result.

THEOREM 3.2. Let k be a local field of characteristic 0, let G be a linear (not
necessarily connected) algebraic group which is defined over k. Then H'(k, G) is
finite. ‘

This result is due to Borel-Serre [1, §6]. We shall sketch the proof in §4.

In the next result, the notion of simple connectedness appears. This is defined
as follows: Let G be a connected linear algebraic group defined over a field k,
which we assume for simplicity to have characteristic 0. Then G is simply con-
nected if any surjective homomorphism f: G, — G of a connected linear algebraic
group G, onto G, which is defined over k and has finite kernel, is an isomorphism.

We can now state

THEOREM 3.3. Let k be a local field of characteristic 0, let G be a connected,
linear, semi-simple, simply connected algebraic group, which is defined over k.
Then H'(k, G) = 0.

This theorem is due to Kneser [2]. His proof is by checking the result for the
simple types, and is quite complicated. Another, more conceptual approach to
this result was found by Bruhat and Tits. We refer to Tits’ report [8] in these
notes for more details.

Theorem 3.3 can be used to obtain the complete classification of the semi-
simple groups over local fields of characteristic 0.
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3.3. Number fields. Let k be an algebraic number field, v a valuation on k, k,
the completion of k at v. Let G be an algebraic group defined over k. Then there
is a natural mapping of H!(k, G) into H'(k,, G). Thus we obtain a mapping

@ ¢:H'(k, G) - [] H'(k,, G).
With these notations we have ’

THEOREM 3.4. Let G be a linear algebraic group defined over the algebraic
number field k. Then ¢ is a proper mapping (i.e. the fibres of ¢ are finite).

This is also a result of [1, §7]. It is a global counterpart of Theorem 3.2. The
global counterpart of Theorem 3.3 can only be stated as a conjecture.

CONJECTURE 3.5 (HASSE PRINCIPLE FOR SEMISIMPLE SIMPLY CONNECTED GROUPS).
Let G be a connected, linear, semisimple, simply connected algebraic greup, which is
defined over the algebraic number field k. Then the mapping ¢ is injective.

Because of Theorem 3.3 we may in this case replace the product on the right
side of (4) by the corresponding product taken over the real valuations of k only.

The present status of this conjecture is discussed in more detail in Kneser’s
report [3].

4. About proofs.

4.1. In this section we want to show on some examples how the machinery
of noncummutative cohomology is used to prove results in Galois cohomology.
We denote by k a perfect field with algebraic closure k, let I” = Gal(k/k). If Gis a
linear algebraic group defined over k, we know that H'(k, G) may be identified
with H'(', Gp) as defined in §2. One can then apply the noncommutative coho-
mology to the study of H!(k, G).

As an example of the use of Proposition 2.2 we prove the following result.

PROPOSITION 4.1. Let G be a connected unipotent linear algebraic group which
is defined over the perfect field k. Then H(k, G) = 0.

In this case G has a composition series
G=GODGID”'DGnDGn+1={e}’

where the G; are normal subgroups, defined over k, such that G/G;,, is k-
isomorphic to the additive group G,.
From Proposition 2.2 we now get an exact sequence

H'(k, G,) » H(k, G) » H'(k, G,).

Now it is well known from Galois theory that H'(k, G,) = 0. Then induction
on n shows that H(k, G) = 0.

4.2. We next mention an example concerning quadratic forms.

Let k be a field of characteristic different from 2. Let SO(n) be the rotation
group of a nondegenerate quadratic form Q in n variables. The corresponding
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spin group Spin (n) is defined over k, and is simply connected (for n = 3). There
is a double covering 1 — pu, — Spin(n) - SO(n) » 1, where u, = {1, —1}.
Since Hk, Spin (n)) = Spin (n),, H%k, SO(n)) = SO(n), and H'(k, u,) = k*/(k*)*
we obtain the exact sequence

Spin (1), — SO(n), — k*/(k*)> —% H'(k, Spin (n)) — H"(k, SO(n))
2 H(k, ).

Here H?(k, u,) may be identified with the subgroup Br(k), of elements of order 2
in the Brauer group, ° is the spinor-norm mapping and &' is connected with the
Hasse-invariants of quadratic forms. This sequence provides the following
criteria:

H'(k, Spin (n)) = 0 if and only if 6! is injective and 6° is surjective.

It can be shown that this is the case if k has the following property: every
quadratic form in 5 variables over k represents 0 nontrivially. Examples of
fields with this property: p-adic fields, totally imaginary algebraic number fields.
In this manner, one can prove Theorem 3.3 for G = Spin (n). For more details see
[6, Chapter III, 3.2].

4.3. Proof of Theorem 3.2. The proof consists of several steps:

(i) Let G be finite and set I' = Gal(k/k). Then some normal subgroup X of finite
index in I keeps G; pointwise fixed. A (continuous) cocycle z in Z*(T, Gg) induces
a homomorphism from X into G;. Using the fact that k has only finitely many
extensions of a given degree, one obtains a normal subgroup X, of I' of finite
index, such that every homomorphism of X into Gg is trivial on Z,. It follows
that one can identify H'(', Gg) and H'(Z,, G). The latter set is finite (since I'/Z,
and Gj are finite).

(ii) Let G = T be a torus (defined over k). Let k be a finite Galois extension of k
over which T splits. Let n = [K: k] Let n also denote the nth power mapping
from T onto T. We have an exact sequence

0— F—>T—5T—0 (with F finite)

Thus the following sequence is exact:
H'(k, F)—> H'(k, T)—> H'(k, T).

Thus to show that H'(k, T) is finite, it suffices to show that i, is surjective. But
we can identify H'(k, T) and H'(K/k, T) since HY(K,T) = 0. In HY(K/k, T)
the order of each element divides n, hence i* is surjective.

(iii) Let G be connected and solvable (and defined over k). Then G = T- G,
(semidirect) with T, G, defined over k (T is a maximal torus, G, the unipotent
part of G). From the exact sequence 1 - G,—- G —» T —» 1 we get the exact
sequence

H'(k,G,)— H!'(k, G)—— H'(k, T).
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But H'(k, G,) = 0, so that a is injective (the fibre containing 0 consists of the
single point 0 and by twisting, every nonempty fibre consists of a single point).
And H'(k, T) is finite. Thus H!(k, G) is finite.

(iv) Let G, be the connected component of 1 in G. Then H!(k, G,) is finite if
and only if H(k, G) is finite (one direction is trivial, and the other direction is
easily proved by applying Proposition 2.2 to 1 - G, - G - G/G, — 1, invoking
(i) and using a twisting procedure as in (iii)).

(v) Let G be any algebraic linear group (defined over k). To show that H'(k, G)
is finite, we may assume without loss of generality that G is connected. Let T
be a maximal torus of G which is defined over k. Let N be the normalizer of T
(thus N is defined over k). Since N, is solvable, H'(k, N) is finite. Thus it suffices
to show that the mapping i,: H'(k, N) - H'(k, G) induced by i: N — G is sur-
jective. But for this, it suffices to show that for z in { € H'(k, G), H(k, (N\G),) is
nonempty (see Proposition 2.1, (3)). But (N\G), in the variety of maximal tori of

- G,, and since G, is defined over k, (N\G), has a k-rational point (namely any
maximal torus defined over k) and H(k, (N\G),) is nonempty.

4.4. About the proof of T heorem 3.1. The following result is proved in [7, Theorem
1.7}:

PROPOSITION 4.2. Let k be a perfect field, let G be a connected semisimple linear
algebraic group which is defined over k and quasi-split over k (i.e. has a Borel sub-
group which is defined over k). Then any semisimple conjugacy class of G which is
defined over k contains an element of G,.

From this one obtains the following result (Theorem 1.8 of [7]).

PROPOSITION 4.3. Under the same assumptions, there exists for every { € H'(k, G)
a maximal torus T of G, defined over k, such that { e Im(H'(k, T) — H'(k, G)).

We indicate how Proposition 4.2. implies Proposition 4.3. Take { € H!(k, G)
and let z be a corresponding cocycle. We wish to construct T from z. The twisted
group G, is defined over k and contains therefore a maximal torus T’ which is
defined over k. Since (T"), is Zariski-dense in T", we can find a regular element
x € T;. Then x € G, and for se ' = Gal(k/k) we have

Sx = zgxz, L.

This means that the conjugacy class of x in G is defined over k. By Proposition
4.2, there is an element y of G, in this conjugacy class. The centralizer Tof y in G
is a maximal torus of G, which is defined over k, and it follows that z is cohomolo-
gous with a cocycle which takes its values in T;.

From Proposition 4.3 one obtains that, in order to prove Theorem 3.1 for a
semisimple group which is quasi-split over k, it suffices to prove Theorem 3.1
for the case that G is a torus. In that case one can use an argument like that of
4.3, (ii). The case of a general G now follows without too much difficulty.
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Hasse Principle for H' of Simply Connected Groups

MARTIN KNESER

Let G be a simply connected algebraic group defined over the number field k.
CONIECTURE. The canonical mapping
H'(k,G) - [] H'k,,G)

. . 3 . vew
IS injective.

The finite places can be omitted from the product because in that case
H'k,,G) = 0.

It is not hard to show that the map is also surjective.

The proof of the conjecture is easily reduced to the absolutely almost simple
case. This has been done in all cases except Eg, and we shall sketch some of these
proofs. In [4] Veisfeiler announced the result that a group which is quasi-split
locally everywhere is quasi-split globally. This would imply the Hasse principle
for the case Eg too, but the proofs for this result have not appeared as yet.

Two consequences of the Hasse principle would be:

(1) If k is purely imaginary, then H'(k, G) = 0.

(2) All anisotropic simple groups are of type A, if k is purely imaginary.

Consider first the case of inner forms of type 4,. Then G consists of the elements
of reduced norm 1 in a central simple algebra A4, and so we have an exact sequence

1—G6—4*—G, 1.
This gives rise to the commutative diagram
Ap 2 k* — H'(k, G)— H'(k, A*) = 0

|

At 2 kp— H'(,,G) — 0

with exact rows. Now suppose { in H'(k, G) goes onto 0 in H'(k,, G) for all v,
and let a € k* be a pre-image of {. Then the image of a in k¥ is a norm at each v,
and hence a is a global norm by the norm theorem for simple algebras (see e.g. [1]).
It follows that { = 0 as required.

Next consider exterior forms of type A4,. In this case

G = {xe Ajxx' = 1,Nx =1}

159
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where A4 is a central simple algebra over a quadratic extension K of k, with an
involution I of the second kind.

Consider the map x— (xx, Nx) of A*. The image S is not a group, but is a
homogeneous space under 4*:

S = {(y,2)e A* x A*|y’ = y,zecenter, Ny = zz'}.
Now
1oGA4A*->8S-1
is exact and we get the commutative diagram

At -8, = H'* G) -1

At = S,, —» H'(k,,G) > 1

with exact rows. If { in H(k, G) goes onto 0 in all H'(k,, G), and s€ S, is a pre-
image, then s is in the image of Af — S,  for all v. The fact that s is in the image
of A¥ — S, is a consequence of the following two lemmas.

LeMMA 1. If y = y'e Af,y = xx}(x,€ A}) for all v, then for some x in A},
I
y = xx.

This was first proved by Landherr [3]; a simpler proof using strong approxima-
tion for inner type A, groups is due to Springer and the author.

LEMMA 2. If ze K, zz' = 1, and if z = Nx, with x,x! = 1 (x,€ A}) for all v,
then z = Nx for some x in A¥ with xx' = 1.

The groups of types B,, C, and D, (except the trialitarian D,) can be handled
using the isomorphisms with groups of type A, in low dimensions, and also the
known versions of the Hasse principle for quadratic forms, hermitian forms, etc.
The rest of this lecture will be devoted to a sketch of the proof for the exceptional
groups D, Eg, E, based on a forthcoming paper [2] of Harder. Parts of the proof
are also valid for Eg. The proofs for F, and G, are comparatively easy and will
not be discussed here.

The proof is by induction on the dimension of the group; we shall use con-
sequence (2) of the Hasse principle in the induction procedure. First we state a
few lemmas without proof.

LMA 3. Let k be perfect and G be semisimple, connected, with a maximal
torus T, all defined over k. Then if the p-primary component H'(k, T), is nonzero,
we must have p € P(G) where P(G) is the set of primes in the following table.

Type of G An Bn: Cu’Du D4y EG’ E7’ F4’ GZ EB
primes in P(G) pl(n + 1)a 2 2,3 2,3,5

with a = 2 for the outer type of A,, otherwise a = 1, and D, does not include the
trialitarian D,.
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In the next lemma cdk < 1 means that the p-primary component of the
Brauer group of any finite extension of k is trivial.

LEMMA 4. With k and G as in Lemma 3 and if cdk < 1 for all p e P(G), then
H'(k, G) = O (in particular G is k-quasi-split).

Under the stronger hypothesis of cdk < 1, this is due to Steinberg (see Theorem
3.1 of Springer’s lecture on Galois Cohomology, pp. 149-158); using Lemma 3,
one can prove Lemma 4 in essentially the same way.

LeMMA 5. If k is a number field and p is a prime, the field kP generated over k
by all p" roots of unity (n = 1,2,---) satisfies cd k® < 1.

Now we return to the proof of the Hasse principle for the groups of type
D,, E¢, E,, (Eg). G is again absolutely almost simple. Suppose that G is obtained
from the quasi-split group G, by means of an inner twist: G = ,G, with
ae H'(k, Ad G,). Given b in H'(k, G) which splits locally at each place, we must
show that it splits globally, i.e. b = 0.

Let 6 : H(k, Ad G,) » H?(k,C,) be the connecting map of the cohomology
sequence of the exact sequence

1-C, -G, —>AdG, - 1.

The rest of the proof consists in taking a series of extensions
k=kock,ck,c---ck,

such that each extension is cyclic of degree 2 or 3, and such that a and b split
over k,. Then one works down from k, to kg, one step at a time, showing at each
stage that b still splits, thus finally achieving b = 0 over k.

The first extension k,/k, is a purely imaginary one of degree 2, chosen so that
dae H?(k, C,) splits, if possible (namely in all cases but Eg).

The next extension k,/k, is the quadratic extension contained in the minimal
splitting field of G,, if it exists—otherwise k, = k,.

The third extension k,/k, is of degree 3 and splits G, completely in case D,
and splits da in case Eq; in all other cases k3 = k,.

The remaining extensions k;/k;_, (i = 4) are extensions by 2™th and 3™th roots
of unity and are chosen (by Lemmas 4 and 5) to split a and b (so in particular
G is split over k,). It is at this point that the proof breaks down for Eg, and so it
is omitted from further consideration.

Now we begin the descent back to k = k,, showing that b still splits at each
stage. The procedure is to use induction on the dimension of the group, and the
following lemma for the extensions k;/k;_,,i = 2.

LEMMA 6. Let G be simply connected of type D, or E,, let | be a purely imaginary
field, and let m be a cyclic quadratic or cubic extension of I. Then H'(m/I,G = 0
if at least one of the following holds)

(i) G splits over m.
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(i) G is quasi-split over m, of type D,, and [m: 1] = 2.
(iii) G is isotropic over m, of type E¢, and [m: 1] = 2.

The proof is a lengthy case by case consideration. As a typical case we sketch
the proof for Eg, [m:1] = 3, and G split over m. Let be H'(m/l,G). Let P be a
maximal subgroup defined over m, corresponding to the circled root in the

diagram

Since dim P = 62, dim E4 = 78, we have
* dim N P° = 30

ael
where I' is the Galois group of m/l. It follows that G is isotropic over I For if
not, N P° is reductive and its semisimple part is a subgroup of a group of type D,
which yields a contradiction to (*).
By consequence (2) of the Hasse principle, the anisotropic kernel of G must
consist of groups of type A,. There are therefore two possibilities for G: it is
either split over | or has Dynkin-Tits diagram

D o

So there exists a parabolic subgroup Q defined over ! corresponding to the
circled root

Let Q' be a similar parabolic subgroup of ,G. Then we can change the twisting
isomorphism G — ,G so that Q is mapped onto Q'. Then b is replaced by a
cocycle of N(Q) = Q and so is in H'(/, Q). This latter cohomology set is a
homomorphic image of H!(/, Q*) where Q* is the semisimple part of Q. Since
Q* is simply connected, H'(l, Q*) is zero by induction, and so b = 0 as required.

The remaining steps in the proof are concerned with descending from k, to k,,.

Part 7. One next finds a “nice” maximal k-torus contained in both G and ,G.
More precisely there is maximal k-torus T in G and a twisting isomorphism
f:G — ,G such that (f ™! «%)|T = idy, which satisfies additional properties; for
example in the case of E; and Eg, T is anisotropic over k and splits over k,. One
consequence is that b = i*(c) for some ¢ in H'(k, T), where i is the inclusion map
of T in G.
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Part 8. Find ¢ € H'(k, T) which splits in H!(k, G) and such that the local
components ¢, and ¢, of ¢ and ¢’ are equal for all infinite places v. Then twisting
by means of ¢’ reduces the proof to the special case ¢, = 0 for all ve co.

Part 9. To conclude the proof we must show such a ¢ splits in H'(k, G). This
is done by imbedding T in smaller subgroups, for instance in case E, (resp. E)

in groups of type A, x As (resp. Ag).
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Nonabelian H? in Galois Cohomology

T. A. SPRINGER

It is the purpose of the present paper to give a brief account of some results
in the Galois cohomology of algebraic groups which involve the nonabelian H2.

Such results presuppose, of course, a definition of H2. This is a problem in
itself, recent solutions of which have been given by Dedecker [2] for group
cohomology and by Giraud [3] in a much more general situation.

Section 1 of the present paper contains an independent exposition of the
definition and basic properties of a nonabelian H? in group cohomology. This
definition seems to be essentially equivalent to that of Dedecker and Giraud.
Section 1 also contains the definition of a relative H!, which is useful in Galois
cohomology. We develop to some extent the machinery of exact sequences for
the relative H! and H?2.

The main result of the paper is Theorem 3.4, which states that, to a certain
extent, the nonabelian H? in Galois cohomology can be reduced to that of finite
nilpotent groups. A consequence is the theorem of Grothendieck asserting that
the nonabelian Galois 2-cohomology is trivial over perfect fields of dimension < 1.

Section 4 gives some finiteness theorems for the relative H' over local fields
and number fields. They are rather direct consequences of the corresponding
results of Borel-Serre [1] for the ordinary H'.

The main results of this paper were obtained in 1963, after the author had heard
about Grothendieck’s theorem, mentioned above.

1. Relative H' and H? in group cohomology.

1.1. Notations. We follow here the notations of [1]. In particular, g denotes a
topological group and a g-set is a discrete topological space on which g operates
continuously on the left.

In discussing the properties of the relative H' and H? we shall sometimes
encounter here relations (i.e. “many-valued mappings”) between cohomology
sets, which reduce to mappings in ordinary cohomology. As in [3], we denote a
relation r between two sets A and B which is not a mapping by

A—— B.

If A and/or B have privileged subsets, there is an obvious way of defining an exact
sequence of relations. These will occur here, however in our examples all relations
but at most one will be mappings.

164



NONABELIAN H? IN GALOIS COHOMOLOGY 165

1.2. Homogeneous spaces. Let A be a g-group. A right homogeneous space of A
is a nonempty g-set H on which A acts transitively on the right, the action being
compatible with g. It is clear how to define the notion of isomorphism of two
homogeneous spaces.

Let H be a homogeneous space, let xe H. The elements be A such that
x-b = x form a subgroup B of 4, the isotropy group of x. Since A acts transitively
on H, the isotropy subgroups of any two points of H are conjugate in 4. Now
let B be any subgroup of 4. We define the relative 1-cohomology set of A with
respect to B as the set of isomorphism classes of homogeneous spaces of A
which have B as the isotropy subgroup of one of its points. We denote this set
by H'(g, A, B).

If B is reduced to the identity, H'(g, A, B) coincides with H'(g, A). If B is a
g-invariant subgroup of A, there is a privileged element 0 in H'(g, 4, B), namely
the element defined by the g-set B\A. Also notice that there is a canonical bi-
jection of H(g, A, B) onto H'(g, A, aBa™?). )

In order for H'(g, A, B) to be nonempty, B has to satisfy certain conditions,
which we will make explicit now. Let H be a homogeneous space of 4; let xe 4
have the isotropy group B. There exists by the transitivity of A elements a,€ 4
such that *x = x - a,. It is easily seen (since the isotropy subgroup of x in g is an
open subgroup) that we may take a, such, that s+— a, is a continuous function of g
into A.

~We have for be B

x-a,="°x = %xb) = x-a,°b;
moreover
X-ay =%x=%x-a)=x-a,%afs,teg);

whence
1) ‘B = a; 'Ba,,
2 a,‘a,a;'eB.

Denote by Z!(g, A, B) the set of continuous functions a = (a,) of g into A satisfying
(1) and (2).

Let N be the normalizer of B in A. We call two elements a, a’ of Z!(g, A, B)
cohomologous if there exists n e N such that

3) a,e Bn~'a,*n.
It is readily seen that (3) defines an equivalence relation R on Z'(g, A4, B).
1.3. PROPOSITION. There is a bijection ¢: H(g, A, B) - Z'(g, A, B)/R.

Let H be a homogeneous space of A, suppose that x € H has isotropy group B.
We have associated with x a cocycle a in Z'(g, A4, B). a, is determined by x up to
the left multiplication by an element of B. On the other hand if we start instead
of x with a point y € H whose isotropy subgroup is also B, then we have y = x-n
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with ne N. Then if @’ is defined by a, = n™'a, *n we have °y = y- a,. From this we
infer that the class of a mod R is uniquely determined by H. This gives our map &.
The injectivity of ¢ follows readily. To prove surjectivity, take ae Z!(g, A, B).
Define H = B\A and make this into a g-set by defining *(Ba) = B- a,*a. The
cocycle relations (1) and (2) imply that H becomes indeed a g-set. It is easy to
check that H is mapped by ¢ onto the class of a.

1.4. COROLLARY. If B is a g-invariant normal subgroup of A, then ¢ defines a
bijective map of H'(g, A, B) onto H'(g, A/B).

This follows from the cocycle description of H'(g, A4, B), since now Z'(g, A, B)/R
is readily seen to be the same thing as H!(g, 4/B).

1.5. Change of subgroup. Let A be a g-group, let B and C be two subgroups of
A. We say that the homogeneous space H e H!(g, A, C) dominates the homo-
geneous space K € H'(g, 4, B) if there exists a mapping f: H — K of right homo-
geneous spaces of 4, compatible with g.

It is easily seen that if this is the case, C must be conjugate in A to a subgroup
of B. So we may assume, without loss of generality, that C = B. This we shall do
from now on.

If we describe K by a cocycle a in Z'(g, 4, B) then K is dominated by an
He H'(g, A,C) if and only if a is cohomologous to a cocycle a’ such that

()] B = a," 'Ba,,*C = a," 'Ca,, a,*a,d, ' eC.

Domination gives a relation pi(B, C) between H'(g, A, C) and H'(g, 4, B). If B
and C are g-invariant normal subgroups of A we may identify, according to
Corollary 1.4, H'(g, A, B) and H'(g, A,C) with H'(g, A/B) and H'(g, A/C),
respectively. It may be shown that one may identify p,(B, C) with the mapping of
H'(g, A/C) into H'(g, A/B), associated with the canonical homomorphism of 4/C
onto A/B.

A special case is that C is reduced to the identity. In that case we write pi(B)
instead of pi(B, C).

The relation pi(B, C) enjoys “functorial”” properties, we mention only that
p*(B B) is the identity mapping of B and that p if D =« C = B we have p,(B, D)
= pL(B, C) = pL(C, D).

1.6. PROPOSITION. Let a = (a;)€ Z'(g, A). Let A, be the gfoup obtained by
twisting A with a.
() If be Z\(g, A,, B), then (bya;) € Z'(g, A, B) and one obtains a bijection
t.: Z'(g, A, B) > Z'(9, A, B),
which defines a bijection

1,: H'(g, A,, B) > H'(g, A, B).
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(ii) If C < B, then the diagram

pL(B,C)
—)

H'@g, 4., C) H'@, A,, B)

ta . ta
H'@g, 4,0)=C2 H'@g, 4, B)

is commutative.

(i) is proved like Proposition 1.5 of [1] and (ii) is a direct check.

1.7. Let A be a g-group, let B be a subgroup of A. We want to describe the
fibers of the relation pL(B) between H'(g, A) and H'(g, A, B). We write now p}
instead of p(B).

If Be H'(g, A, B) is related to an element « of H'(g, A), then B can be represented
by a cocycle ae Z'(g, A, B) which lies in Z'(g, A), represents a and is such that

‘B = a; 'Ba,.

Hence if we twist A with a, B is invariant for the twisted action of g on the set A.
We write B, for the g-group obtained in this manner. Also, we may twist N with a,
we denote the resulting g-group by N,.

First assume « = 0, so B is g-invariant. Now p4(0) consists of those elements of
H'(g, A, B) which can be represented by cocycles (b)) € Z'(g, A, B) of the form
b, = a” !(a) with ae A. From (1) we find that q, € N. It follows that there exists
a surjective map

p:Ker(H'(g, N) > H'(g, 4)) - p(0).

Moreover one verifies that two elements of H'(g, N) lie in the same fiber of p
if and only if they have the same image in H'(g, N/B) (under the mapping associa-
ted with the canonical projection of N onto N/B).

From the preceding results one obtains by twisting, using Proposition 1.6, the
following result :

1.8. PROPOSITION. Let a € H'(g,A), suppose p'(x) # &, let a be a cocycle rep-
resenting o. There is a surjective map

p.:Ker(H'(g, N,) - H'(g, A,)) - pi(a).

Two elements of H(g, N,) lie in the same fiber of p, if and only if they have the
same image in H'(g, N,/B,).

19. With the same notation, take now fe H!(g, 4, B). We want to give a
description of (p})~ '(B). Assume first that € p4(0). Let b be a cocycle representing
B

We then have
B =B = b; 'Bb,.

Hence b, € N. Moreover we may assume that b is in Z*(g, N). We denote by A4,
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(resp. By) the g-groups obtained by twisting 4 with the canonical image of b in
Z'(g, A) (resp. obtained by twisting B with b; this makes sense since N acts on B
via inner automorphisms in A).

The a € H'(g, A) which are related to f are those elements which can be rep-
resented by a cocycle of the form

a, = n"cb,on,

where ¢, € B. It follows that (c,)e Z'(g, B,), (a;) € Z'(g, A,). One then finds the
following description :

1.10. PROPOSITION. Let Be H'(g, A, B), suppose B pi(0); let b be a cocycle
representing 8 which lies in Z*(g, N). There is a bijective map p of (pL)~'(B) onto
Im(H'(g, B,) = H'(g, Ay)).

An arbitrary fiber can be found from this result by twisting 4 suitably, using
Proposition 1.6.

1.11. PROPOSITION. Let B be a g-invariant subgroup of the g-group A, denote by i
the injection map B — A. Then the sequence

H'(g, B)— H'(g, 4) -2~ H'(g, A, B)
is exact.

(Notice that H'(g, A, B) has now an element 0, so exactness makes sense.)

We leave the proof of this fact to the reader. The fibers of p, have been des-
cribed in Propositions 1.8 and 1.10. i}, is the induced map, defined in [1]. Its fibers
are described in [1], §1.12.

1.12. Kernels. Let A be a group (not necessarily a g-group). We denote by
Aut(A) (resp. Int(A4)) the group of automorphisms (resp. inner automorphisms) of
A. We put E(A) = Aut(A)/Int(A). Let n be the projection Aut(A4) — E(A).

A g-kernel in A is a continuous homomorphism of g into E(A), it being under-
stood that E(A) has the discrete topology. The g-kernel « is called trivial if there
exists a continuous homomorphism ¢ : g — Aut(A4) such that k = n o ¢, in other
words if k is induced by a g-group structure on A (in this case the one determined
by ¢). A particular case is the kernel 0, which corresponds to the case that ¢ is the
trivial mapping (sending g into the identity element of Aut(A)). It is clear that if A
is abelian, any g-kernel in A is trivial.

Let g and g’ be two topological groups, let 4: ¢’ — g be a continuous homo-
morphism. Let x and x’ be a g-kernel in A4 resp. a g'-kernel in A’. A homo-
morphism u: 4 — A’ is called a homomorphism of k into k', compatible with A
if the following holds: there exist continuous functions

o:g — Aut(A) (o' : ¢' — Aut(4")

such that
) k=mon (resp. k' = woa),
(ii) p(a(A(s'))a) = a'(s\u(a) if ae A,5'eg'.
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1.13. Group extensions. Let A be a discrete group. A triple (E, i, p) consisting
of a topological group E together with continuous homomorphisms i: A — E,
p:E — g, is called an extension of g by A if

0—>A—i>E—L»g—>O

is an exact sequence of topological groups (hence i is an isomorphism of A onto
a closed subgroup of E and p is an open mapping). A homomorphism of an ex-
tension (E, i, p) of g by A into the extension (E', i', p’) of g by A’ is a pair of con-
tinuous homomorphisms u: 4 — A’, v: E — E’, such that the following diagram
commutes: '

0——>A—i>E—'>g—»0

) lu

0— A —HF2g—0.

An isomorphism of the extension (E, i, p) onto the extension (E’, i, p’), both of
g by A, is a homomorphism as defined above, with u = id. Isomorphy of exten-
sions is an equivalence relation.

The extension (E, i, p) of g by A is called a split extension if there exists a con-
tinuous homomorphism g: g — E such that p oq = id.

We assume in the sequel always that the group extensions (E, i, p) satisfy the
following condition :

(CS) There exists a continuous section 6. g — E.

(This condition is automatically verified if g is discrete or profinite.)

One can then, as is well known, describe the extension by means of a factor
system. We shall return to this in §1.14.

First we want to observe that an extension of g by A defines a g-kernel x in A.
As is also well known one defines «(s) to be the image in E(A4) of the automor-
phism of A4, determined by the automorphism

- x> 0(s) " 'xa(s)

of E, where g is a continuous section.

We call this kernel x the g-kernel in A4 associated with the given extension.

A kernel which is associated with some extension is called extendible. (In
order for « to be extendible it is necessary and sufficient that a certain element of
H3(g, C) vanishes, where C is the center of 4.)

Examples of extendible kernels are the trivial ones (which are associated with
the split extensions), in particular the zero kernel.

1.14. Definition of H>. Let A be a group, let x be a g-kernel in A. We define as
follows the cohomology set H(g, A, x) of g in A with respect to the kernel
Kk : H¥(g, A, x) is the set of isomorphy classes of extensions of g by A, which satisfy
(CS) and whose associated kernel is k.
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Notice that H?(g, A, k) may be empty, viz. if x is not extendible. If « is trivial
H?*(g, A, ) has a privileged element 0, namely the class of the split extension of
g by A4.

If A is abelian it is well known that our H*(g, A4, k) is the same thing as the
usual H?(g, A), where g acts on A via x (which is now a homomorphism of g into
Aut(A); hence makes A4 into a g-group).

We come now to the cocycle description of H%(g, A4, k). Let Z?(g, A4, k) be the
set of pairs (f; g) of continuous mappings

figxA—-Ag:gxg—-A
(denoted by (s, a)— fi(a), (s, t)— g,,), such that

(i) for se g, a— f(a) is an automorphism of 4, whose
class mod Int(A) is x(s);

)] (i) f(f(a) = gs,:f;t(a)ga—.tl ’
(iii) fr(gs,t)gr,sr = 8,.s8rs.t-

Define an equivalence relation R-on Z%(g, 4, x) as follows: (f; g) is equivalent
to (f’, g) if there exists a continuous function h: g = 4, such that

© 0) fie) = bk,
(i) g.,s.! = s./.;(hl)gs,rhs; L

1.15. PROPOSITION. There exists a bijective mapping of H*g, A,x) onto
Z%(g,A4,x)/R.

This is a familiar result from the theory of group extensions, so we omit the proof.

Henceforth we identify H*(g, 4, k) and Z%(g, A, x)/R.

1.16. Let k be a g-kernel in A. Let C be the center of A. Then x determines a
g-kernel in C, which is a trivial one (since the inner automorphisms of A act
trivially on C). We denote this kernel in C also by x. H(g, C, k) is then an ordinary
cohomology group.

1.17. PrROPOSITION. H%(g, A, k), if nonempty, is a principal homogeneous space
over H*(g, C, k).

In other words, H*(g, C, k) acts on H*(g, A, x) in a simply transitive way.

Take two cocycles (f; g) and (f*, g') in Z%(g, A, k). We may assume, replacing
if necessary the second one by an equivalent cocycle, that f = f'. Then g’ = gh,
where h is a cocycle of g in the commutative g-group C. One verifies that the
element of H?(g, C, k) defined by h depends only on the cohomology classes of
(f, g) and (1", g'). Conversely, if (f, g) is given and if h is a 2-cocycle of g in the
abelian group C, then(f’,g) with f = f’, g’ = gh is in Z*(g, A, x). This defines
an action of H*(g, C, k) on H%(g, A, k), which is simply transitive.

REMARK. If k is trivial, then there exists a privileged element 0 in H%(g, A4, k),
via which we can make a canonical identification of the set H%(g, A4, x) with the
set H(g, C, k).
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1.18. Relation defined by homomorphism of kernels. Let k, k' be a g-kernel in A
resp. a g’-kernel in A’, let A: g’ — g be a continuous homomorphism, let u: 4+ A4’
be a homomorphism of « into «’, compatible with 4.

We then have a relation (4, p)2 between H%(g, A, x) and H*(g', A',x’). Using
cocycles, this relation can be defined as follows. &€ H%(g, A4, x) is related to
EeH¥g', A, x)if £ and & can be represented by cocycles (f; g), (f', g), satisfying

)] fe(u@)) = u(fis)(@), 8y = MEas.2¢7)

In some particular cases the relation (4, )2 is a mapping of H*(g, A, k) into
H?(g', A', k), namely if

(i) A’ is abelian, or

(ii) u is surjective.

This is easily verified.

We mention a particular case. Let g’ = g, let A be the identity mapping. Let
¢ be an automorphism of 4. Then ¢ defines an automorphism of E(4), also
denoted by ¢. k' = ¢ ok o~ ! is a g-kernel in A and one verifies that ¢ is a
homomorphism of x into k', compatible with the identity mapping of g. We put
(id, )2 = ¢Z; this is a mapping.

1.19. PROPOSITION. If ¢ is an inner automorphism, then x' = x and @2 is the
identity mapping of H*(g, A, ).

That k' = «x is clear. In (7), one has now 4 = id, u(a) = bab~ !, with b € A. Then
it follows from (5), that (6) holds with h; = bf(b)~ .

Let us mention too that the relations (4 u)2 have the functorial properties
which are to be expected, we leave it to the reader to make them explicit.

1.20. The connecting map. Let A be a g-group, let B be a subgroup of A. Let
ae Z'(g, A, B). Define for s,teg,beB

fi(b) = a,*ba;’",

—_ -1
gs,t - as sa(a.n .

@®

It follows from (1) and (2) that b— f,(b) is an automorphism of B, which defines
a g-kernel A, in B. Moreover. (f, g) € Z%(g, B, 4,). If we replace a = (a,) by the
equivalent cocycle (a;b,), with b, € B, then 4, does not change and (£, g) is replaced
by an equivalent cocycle. If we replace a by a’ with a, = n™'a, *n (where n is in the
normalizer N of B) then, denoting by ¢, the automorphism b~ nbn~! of B,
is replaced by k' = ¢,k ¢, ! and (f, g) is replaced by a cocycle (f’, g') whose
class is the image under (¢,)2 of the cohomology class of (f, g). Let @ be the set of
g-kernels in B of the form 4,.

Then N acts on ]_[A oH (g, B, /) and it follows from what precedes that there
is a mapping 6' of H'(g, A, B) into the set of orbits of N. Put

H*g, Brel A) = ( 1] H%g, B, A))/N.

Ae®
Hence we have defined a connecting map 6! of H'(g, A, B) into H(g, B rel A).
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Let N%(g, B rel A) be the set of orbits of N in ]__[ 1e0 H?(g, B, ) whose elements
correspond to split extensions of g by B. We call this the set of neutral elements of
H?(g, Brel A). (It can be empty.)

1.21. We keep the notations of §1.20. It follows from (8) that the map of
g x A into A4, which sends (s, g) into a,°ga; ! induces a g-group structure on
N/B. We denote this g-group by (N/B),. Let Z denote the centralizer of B in A.
Then ZB/B is a normal subgroup of N/B, which is g-invariant. We denote by
(ZB/B), resp. (N/ZB), the groups ZB/B resp. N/ZB with the inherited g-structures.

N acts on the set @ of g-kernels in B, defined in §1.20. For ¢ € ®/N put

H*(g, Brel A), = ( L1 H¥, B, ).))/N;

Aed

this is a subset of H2(g, B rel A). With these notations we have

1.22. PROPOSITION. (i) There is a bijection of ®/N onto H'(g,(N/ZB),);

(ii) There is a bijection of (')~ '(H*(g, B rel A),) onto the subset
0°%H®(g,(N/ZB),) of H'(g,(ZB/B),). (8° denotes the connecting map defined in
(1], §1.11.)

To prove (i), observe that an arbitary a’ € Z'(g, A, B) has the form (a}) = (n,a,),
with n e N. Moreover, since a,*a;(a.,)”"' must be in B, it follows that we must
have

na,’na; 'n;'eB,

moreover (na,) and (nia,) determine the same g-kernel in B if and only if
ny(n))~ ' € Z. It follows that there is a bijection of ® onto Z'(g, (N/ZB),) and one
verifies that under this bijection the orbits of N in @ correspond to the coho-
mology ciasses. This establishes (i). (ii) is proved in a similar way.

One can also give a description of the fibers of 4!, but we do not need this
for our applications to Galois cohomology.

1.23. With the notations of §1.20, let i be the injection map B — A. Let k
be the trivial g-kernel in A4, defined by the action of g on A. For each kernel
Aq in B, i is a homomorphism of 4, into x (compatible with the identity map of g).
Hence we obtain a relation between H%(g, B, 1,) and H?(g, A4, ), which in the
present situation is easily seen to be a mapping. From §1.20 it follows, that this
mapping defines a mapping '

i2: H*(g, Brel A) » H(g, A, k).

1.24. Fibers of i2. Let (f; g) be a cocycle in a suitable Z?(g, B, 1) whose canonical
image in H*(g, Brel A) is a. Then there exists a continuous function a of g
into A4 such that

f(b) = a,%ba; ' (beB),

(*a)"'a; 'g, 4, centralizes B.
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We make Z into a g-group by defining
o2 =a,‘za;';
denote this g-group by Z,. Zn B is a central subgroup of Z; we denote by
(Zn B), this group with the inherited g-structure.
One then has the following result

1.25. PROPOSITION. There is a bijection of the fiber of a under i onto the subset
6'(H'(9,(Z/Z~ B),) of H*(9,(Z N B)).

We omit the proof, which does not present any difficulty.

1.26. Exact sequence for a subgroup. Let A be a g-group, let B be a subgroup
of A. We denote by i the injection homomorphism of B into 4. We use the
previous notations.

We now have the following result:

1.27. PROPOSITION. The sequence

pL 31 2
H'(g, A)—— H(g, A, B)— H*(g, Brel A) ——H?%(g, A, x)
is exact.

Notice that H?*(g, Brel A) has a privileged subset N%(g, Brel 4) and that
H?(g, A, ) has an element 0, hence exactness makes sense.

If e H'(g, A, B) and 6'(x) e N*(g, Brel A), then a can be represented by a
cocycle a € Z'(g, A, B) which is actually in Z'(g, A) and conversely, whence exact-
ness in H'(g, A4, B).

If a e H*(g, B rel A) and i2(a) = 0, then « can be represented by a cocycle (f, g)
in some Z%(g, B, A), such that

Jdb) = hy“bh; ",

where h is a continuous function on g with values in A. It follows that « is in
the image of §!. Conversely, if a is in the image of 4!, then « can be represented
by a cocycle (f; g) of this form, which implies that i2(a) = 0.

The fibers of p', 6! and i2 have been described in §§1.8, 1.10, 1.22 and 1.25,
respectively.

1.28. PROPOSITION. Let B be a g-invariant subgroup of A. Then the sequence
i 2
H'(g, B)—> H'(g, A)—2~ H'(g, A, B)—— H(g, B rel A)— > H(g, 4, )
is exact.

As observed in §1.2, H'(g, A4, B) has now an element 0, so exactness makes
sense. Proposition 1.28 follows from Propositions 1.11 and 1.27.

Now let B be a normal g-invariant subgroup. Denote by p the canonical pro-
jection of A onto A/B. Denote by «x the trivial kernels on A and A4/B, defined by
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the g-group structure. According to §1.18 we have now a mapping of H%(g, 4, k) '
into H*(g, A/B, ), namely (id, p)2. We write p2 for this mapping. Then we have

1.29. PROPOSITION. The sequence

H'(g, A/B)——>H2(y,Brel A)——*Hz(g, A, Hz(y, A/B, k)
is exact.

The proof is left to the reader. Observe that this sequence can be built in into
a longer exact sequence, involving the H!’s and H%s (see [1, §1.17]).

1.30. Relation between H?’s of subgroups and quotients. Let A be a group;
let B be a subgroup of 4. We denote by i the injection mapping. Let k and A
be g-kernels in A and B, respectively. Assume that i is a homomorphism of A
into B, compatible with the identity homomorphism of g (in the sense of §1.12).
In the present case this means, that there exists a continuous function «:g —
Aut(A4), such that «(s)(B) = B for all se g and such that the canonical image of
o(s) in E(A) (resp. the canonical image of the restriction of a(s) to B in E(B)) is
K(s) (resp. A(s)). Then there exists, according to §1.18, a relation (id, i)Z between
H?(g, B, ) and H%(g, A, ). We write i for this relation. With these notations,
we have the following result:

1.31. PROPOSITION. Assume that A is a trivial kernel. Then if an element o of
H*(g, A, k) is in iZ(0), « is also a trivial kernel and o = 0.

The proof of this is immediate, using the description of i2 by means of cocycles,
given in §1.18.

Now assume that B is a normal subgroup of A. Let x be a g-kernel in A,
let k' be a g-kernel in A/B, such that the canonical projection p: 4 - A/B is a
homomorphism of k into x’, compatible with the identity homomorphism of g.
Observe that if B is a characteristic subgroup of A, such a g-kernel always exists.

We denote by p2 the induced mapping of H(g, 4, k) into H*(g, A/B, x'). (It is
a mapping because p is surjective; see §1.18.)

1.32. PROPOSITION. Let k' be a trivial kernel. Assume that ac H%(g, A, k),
pi(x) = 0. Then there exists a g-kernel A in B, such that i is a homomorphism of A
into x, compatible with the identity, together with an element € H*(g, B, A) such
that o € iZ(B).

ThlS also follows without difficulty from the description of pZ in terms of
cocycles.

1.33. Action of inner automorphisms. Let A be a group, let « be a g-kernel in A4,
which is extendible. Fix an element (f, g) in Z*(g, A4, k). Then any element of
Z?(g, A, k) is cohomologous to a cocycle of the form (f, g'). Define mappings

Aig—g, w:A—-A
by
As)=t"1st,  pfa) = f(a).
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Then , is a homomorphism of A4 into A4, compatible with 4, in the sense of §1.12.
Since p, is surjective, we have now by §1.18 an induced mapping (4,, #,)2 of
H?(g, A, ) into itself. By Proposition 1.19, this mapping does not depend on the
choice of the particular cocycle (f, g). In fact, we even have the following :

1.34. PROPOSITION. (4, p1,)2 is the identity mapping of H*(g, A, x) for all te g.

It follows from the definition of (4, #,)Z, given in §1.18 that it is the map
induced by the mapping of Z*(g, 4, k) into itself, which sends the cocycle (f, g')

into (f', g"), where
f;(a) = f;f;— 'nfr_ l(a)’

g:,s = f;(g:'ln.r- ta)-
Now (5) implies that we have
Ji="hfh,
with
hr = g;,t'ln(g;,r)_ L
Hence, in order to establish Proposition 1.34, it suffices to prove that we have

g;’.l = ’-f;(hl)g ;.l(hfl) -1 3

for r,s € g. This is a relation involving only f and g’, hence we may as well drop
the accents and prove the corresponding relation for our fixed cocycle (f, g).
What we have to prove then is

SA8e- v, 150081 'slgr_s.} = 8t,- lngr—.l‘fr(gm' 1,,3;.‘)8,,,-
The product of the first two terms in the left side equals by (5)

81,6 1re8rt,e s+

The factor g,,-,, now occurs on both sides and can be cancelled. We then
have to prove

8r,8rt,t- 1stgr—s.} = f;(gm' 'ngs—.t‘)gr,s'
Again, we can replace here the product of the first two terms in the left side by

fr(gl.t - lst)gr.u .

The resulting formula is an immediate consequence of (5).

2. Relative H' and H? in nonabelian Galois cohomology. If & is a field, we
denote by k, (resp. k) a separable (resp. algebraic) closure of k. If K/k is a Galois
extension, we denote by g(K/k) its Galois group (with the Krull topology).

2.1. Homogeneous spaces. Let A be an algebraic group which is defined over
the field k. An algebraic variety X, defined over k, is called a right homogeneous
space of A over k if A operates on X on the right, the operation being defined
over k, such that the induced action of the group A(K) of k-rational points of A
on X(k), the set of k-rational points of X, is transitive.
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It is clear what is meant by a k-isomorphism of two right homogeneous
spaces of A4 over k.

If B is a subgroup of A, which is also defined over k, then the quotient variety
B\A is obviously a right homogeneous space of 4 over k.

Now let K/k be a separable extension. Let B be a subgroup of A which is
defined over K. We denote by H!(K/k, A, B) the set of k-isomorphism classes of
right homogeneous spaces of 4 over k, which are K-isomorphic to B\A ®, K.

Suppose that K = k;. Then if X is a right homogeneous space of A over k,
the g(k,/k)-set X(k,) is a right homogeneous space of the group A(K) in the sense
of §1.2. This gives a mapping

¢ H'(k,/k, A, B) » H(g(k/k), A(k,), B(k,)).

2.2. PROPOSITION. ¢ is bijective.

To prove this use the cocycle description of H!(g(k,/k), A(k,), B(k,)), given in
Proposition 1.3. The surjectivity of ¢ follows then by descent of the base field.
We refer to Proposition 4.9 of [1], where a similar question is dealt with. The
injectivity is readily verified (using cocycles).

Now let B be a subgroup of A which is also defined over k. We denote by
H!(k, A, B) the set of k-isomorphism classes of homogeneous spaces of 4 over &,
which are isomorphic to B\A over some separable extension of k. We then have

2.3. PROPOSITION. There is a bijection of H'(k/k, A, B) onto H'(k, A, B).

This follows from the fact that a homogeneous space which is isomorphic to
B\A over some separable extension of k, is isomorphic to B\A over k.

24. Kernels. Let A be an algebraic variety which is defined over the field K.
Let s be an automorphism of K. An s-semiautomorphism of X is an automorphism
o of the Z-schema X, which satisfies the following condition: let f be the struc-
tural morphism X — Spec(K), let B, denote the automorphism of Spec(K)
induced by s, then foa = f;of.

It is clear what is meant by an s-semiautomorphism of an algebraic group A
which is defined over K. If the identity component 4, of A is also defined over k,
then an s-semiautomorphism of 4 induces one of 4.

Let A be an algebraic group defined over K. We will assume in the rest of §2,
that in this situation A(K) is dense in A for the Zariski topology. Suppose that
K is'a Galois extension of k, let g = g(K/k).

A K/k-kernel k in A is a g-kernel in G(K) in the sense of Proposition 1.10, with
the following additional property: for s € g, x(s) is the canonical image in E(G(K))
of an s-semiautomorphism of the algebraic group A. The density assumption on
A(K) implies that the s-semiautomorphism is unique.

If A’ is an algebraic group defined over k, then we have on A = 4’ ® K a
trivial kernel, defined by the action of g on A(K). Conversely, to a trivial K/k-
kernel in A there corresponds an A4', as follows from well-known results about
descent (see e.g. [1, §2.12)).
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2.5. Definition of H>. Let A be an algebraic group defined over K; let K/k
be a Galois extension ; let k be a K/k-kernel in A. We then define H¥(K/k, A4, x) =
H*(g(K/k), A(K), ).

Next let A be defined over k, let x denote the trivial k,/k-kernel in 4 defined
by the action of g(k,/k) on A(k,). Let k, denote another separable closure of k,
let k' denote the corresponding kernel. Let f be an isomorphism of k, onto kg,
let A, be the isomorphism of g’ = g(k,/k) onto g = g(k,/k) defined by f. The
homomorphism u,: A(k,) = A(k;) defined by f is a homomorphism of x into «’,
compatible with A,. Since u, is surjective we have now, by §1.18, an induced
mapping (4, u,)3 -

2.6. PROPOSITION. (A, p/)2 is a bijection which is independent of f.

If " is a second isomorphism of k, onto kg, we have A, = 4,0 4;, up = pyopy,
where te g, A(s) = tst,u(a) = a. The assertion now follows from Proposi-
tion 1.34. ,

It follows from Proposition 2.6, that we may identify H?(g, A(k,),x) and
H¥g', A(k}), x"); hence we may denote them by H%(k, A).

Let A be defined over k. Let K/k be a Galois extension with group g.

Let B be a subgroup of 4 which is defined over K. We then put H*(K/k, B rel A)
= H?(g, B(K) rel A(K)), N*(K/k, B rel A) = N*(g, B(K) rel A(K)).

3. Reduction theorem for H? in Galois cohomology. In this section, we shall
encounter several instances of the following situation: A is a discrete group;
B is a subgroup of 4; g a topological group. We have a g-kernel x in A and a
g-kernel A in B, such that the injection i: B —» A4 is a homomorphism of 4 into x,
compatible with the identity homomorphism of g. In this situation we shall say
that A is compatible with k. This terminology will be used, in particular, for K/k
kernels in algebraic groups, as defined in §2.4. We denote by i2 the relation
between H%(g, B, A) and H*(g, A, k), defined in §1.30.

The main result to be proved in this section is Theorem 34. First we derive
a number of auxiliary results.

3.1. PROPOSITION. Let A be a finite group; let g be a topological group; let x
be a g-kernel in A. Then for any a e H%(g, A, x) there exists ‘a nilpotent subgroup
B of A and a g-kernel A in B, compatible with «, such that a € i2(H*(g, B, 4)).

The assertion is trivially true if A itself is nilpotent. If 4 is not nilpotent, then
it is well known that there is a Sylow-subgroup S of 4, which is not a normal
subgroup of A. Let A’ be the normalizer of S, then A’ = A. Take a cocycle
(f; g) € ZX(g, A, x) representing a. Using the conjugacy theorem for Sylow-sub-
groups, we see that there is a continuous function h:g — A4 such that f(S) =
h; 'Sh, for all s € g. Replacing (f; g) by the equivalent cocycle (f”, g) given by (6),
we find that g;, normalizes S, hence lies in A4'.

Denoting by ' the g-kernel in A’ such that x'(s) is the element of E(A’) con-
taining the automorphism a— f(a) of A’ and denoting by j the injection A’ — A,



178 T. A. SPRINGER

we see that k' is compatible with k and that a € j2(H*(g, A, '). We now apply
induction on the order of 4 to obtain the result.

3.2. LEMMA. Let k be a perfect field; let A be a connected abelian algebraic
group which is defined over k. Let g be a profinite group; let k be a g-kernel in
A(K). Then for any o€ H*(g, A(k), k) there exists a finite subgroup B of A and a
g-kernel 1 in B(k), such that « € iZ(H?(g, B(k), A)).

Since A is abelian, a g-kernel « in A(k) is simply an action of g on A(k). Writing
H*(g, A(k)) for H*(g, A(k), k), what we must prove is that there is a finite g-
invariant subgroup B(k) of A(k) such that « is in the canonical image of H*(g, B(k))
in H*(g, A(k)). Let T be the torsion subgroup of A(k), then our assertion will
follow if we prove that the canonical homomorphism H?(g, T) - H?(g, A(K)) is
surjective (see [4], p. I-9, Corollary 2), which will follow if we prove that
H?%(g, A(k)/T) = 0. However it follows from the structure theory of abelian
algebraic groups that A(k)/Tis an abelian group in which the nth power homo-
morphism is an isomorphism for all integers n and it is immediate that the
cohomology of a profinite group in such a group is trivial in dimensions > 1
(loc. cit., p. I-10, Corollary 3).

The assertion about A(k)/T follows from structure theory. In fact, by a theorem
of Chevalley, A is an extension of an abelian variety by a connected linear group
(both defined over k). Moreover, the second group is a direct product of a torus
and a connected unipotent group (both defined over k). It then suffices to prove
the assertion about A(k)/Tif A is either an abelian variety or a torus or a con-
nected unipotent group. In the first two cases the required property follows from
the fact that then any nth power homomorphism is surjective in A(k). The same
is true in the third case if the characteristic of k is 0; otherwise A(Kk) is a torsion
group in this case, so that then A(k) = T.

3.3. LEMMA. Let k be a perfect field, let A be a solvable algebraic group which
is defined over k. Let x be a k/k-kernel in A. For every ae H*k/k, A, ) there
exists a finite subgroup B of A and a k/k-kernel 1 in B, compatible with x, such that
a € iZ(H*(k/k, B, ).

On account of the definition of H? this will follow if we prove the following:
Let g = g(k/k), suppose that

0— AK) 2> E-25g9g—0

is an extension of g by A(k) in the sense of §1.13, which satisfies the condition
(CS). Then there exists a closed subgroup g, of E with the following properties:
(@) p(g,) = g, (b) h~*(g,~ h(A(k)) is a finite subgroup of A(k), (c) E = g, - H(A(K)).

Let A, be the last nontrivial subgroup in the commutator series of 4. By
induction on the length of the commutator series we may assume our assertion
to be true for A/A4,. From this we infer the existence of a closed subgroup E, of E,
possessing the properties (a) and (c) of g, and such that we have, instead of (b),
only: h~Y(E, ~ h(A(k)) is an extension of a finite group by A,(k). Denote by 4,
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the identity component of A4,. This is a connected abelian algebraic group,
which is a subgroup of 4,. Now put g’ = E,/h(A,(k)). This is an extension of g
by a finite group, hence g’ is a profinite group and we have an extension

Q) 0— Ay(F) > E, £ g'—0,

which verifies the condition (CS). Hence there corresponds to this extension an
element o' € H%(g', Ao(k), k), where K’ is a suitable kernel. Applying Lemma 3.2
to this element o, we see that there exists a closed subgroup g, of E, which has
the properties (a), (b), (c) relative to the extension (9). It follows that g,, considered
now as a closed subgroup of E, has the required properties (a), (b), (c).

3.4. THEOREM. Let k be a perfect field, let A be an algebraic group which is
defined over k. Let x be a k/k-kernel in A. Then for every o€ H*(k/k, A, k) there
exists a finite nilpotent subgroup B of A, defined over k and a k/k-kernel 1 in B,
compatible with x, such that o € iZ(H?(k/k, B, 2)).

Let A, be the identity component of A. There exists a k/k-kernel k' in the
finite algebraic group A/A, such that the canonical projection p: 4 — A/A,
induces a homomorphism of k into x’, compatible with the identity homomor-
phism of g = g(k/k), as follows from what was observed in §2.4. We then have a
mapping p2 of H*(k/k, A, k) into H*(k/k, A/A,, k). Applying Proposition 3.1, we
find easily that we may assume, replacing A by a subgroup with the same identity
component, that 4/A, is nilpotent (hence solvable).

Let L be the greatest connected linear subgroup of A,. Then the theorem of
Chevalley mentioned in the proof of Lemma 3.2, states that L is a normal
subgroup of A, and that Ay/L is an abelian variety. Clearly, L is invariant under
an s-semiautomorphism of A (s denoting an automorphism of k). Now let M be
a Borel subgroup of L. Using the fact that two Borel subgroups of L are con-
jugate, the same argument as used in the proof of Proposition 3.1 shows that
there is a k/k-kernel ' in the normalizer N of M in A, such that, j denoting the
injection N — A4, we have a € j2(H*(k/k, N, k). But A/L is solvable, being an
extension of the finite nilpotent group A4/4, by an abelian variety. Hence N is
also solvable. Application of Lemma 3.2 and Proposition 3.1 finishes the proof
of Theorem 3.4.

From Theorem 3.4 we obtain the following result, due to Grothendieck.

3.5. THEOREM. Let k be a perfect field of dimension < 1. Let A be an algebraic
group which is defined over k. Then any k/k-kernel  in A is trivial and

H?(k/k, A, ) = 0.

From Theorem 3.4 and Proposition 1.31 it follows that we need only to prove
this if A is a finite nilpotent group. Suppose that this is the case and let B be the
commutator subgroup of A. Using Proposition 1.32 and induction on the length
of the commutator series of 4, we see that it suffices to prove the assertion for A4
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finite abelian, in which case it is a direct consequence of the definition of fields
of dimension < 1 (see [4]).

3.6. COROLLARY. Let k be a perfect field of dimension < 1; let A be an algebraic
group which is defined over k; let B be a subgroup of A which is defined over k.
Then H*(k/k, B rel A) = N*(k/k, B rel A).

This is a consequence of Theorem 3.5.

3.7. Applications to homogeneous spaces. Let k be a perfect field; let A be an
algebraic group which is defined over k. If X and Yare two right homogeneous
spaces of A over k then we say that Y dominates X if there exists a morphism
Y - X, defined over k, which is compatible with the action of 4 in X and Y.
Then the homogeneous space Y(k) of the g(k/k)-group A(k) dominates the
homogeneous space X (k) in the sense of §1.5.

If X is a homogeneous space of A over k and if x € X(k), then there exists an
algebraic subgroup B of A4, which is defined over k, such that B(K) is the isotropy
group in A(k) of x, in the sense of §1.2. B is unique. It is called the isotropy
group of x in A.

3.8. THEOREM. Let k be a perfect field, let A be an algebraic group which is
defined over k. Let X be a right homogeneous space of A over k. Then X is dominated
by a right homogeneous space of A over k whose isotropy groups are finite nilpotent.

X is given by an element o of H!(k/k, A, B), where B is a suitable subgroup of 4
which is defined over k. Taking a cocycle in Z!(g(k/k), A(k), B(k)) representing «
we find, in the manner described in the beginning of §1.20, a k/k-kernel A in B
and a cocycle in Z%(g(k/k), B(k), ); hence an element B of H%(k/k, B, 1). Applying
Theorem 3.4 to this element we obtain a finite nilpotent subgroup C of B and a
k/k-kernel u in C, compatible with A such that, i denoting the injection C — B,
we have Bei2(H*(k/k, C, p). It is now easily seen that X is dominated by a
homogeneous space of A over k, which has an isotropy subgroup C.

3.9. THEOREM. Let k be a perfect field of dimension < 1. Let A be an algebraic
group which is defined over k. Let X be a right homogeneous space of A over k.
Then X is dominated by a principal homogeneous space of A over k.

This is a known result (see [4], p. III-16, Theorem 3). It can be derived now as
follows. X is given by an element of a suitable H!(k/k, A, B).
According to Proposition 1.27 we have an exact sequence

H'(k, A)—2 HY(E/k, A, By~ H(E/k, B rel A).

But now we have, by Corollary 3.6, that H2(k/k, B rel A) = N?(k/k, B rel A); hence
the exactness shows that the relation p} is surjective, which implies the assertion
of Theorem 3.9.

REMARK. Theorem 3.8 can also be proved by diagram chasing, the proof
indicated above is somewhat simpler, however.
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3.10. If, in the situation of Theorem 3.9, A is moreover linear and connected,
then it is known that every principal homogeneous space of A over k has a
k-rational point, hence by Theorem 3.9 any homogeneous space of 4 over k has
a k-rational point (see [5], Theorem 1.9). Another consequence of the triviality
of H! for connected linear 4 is the following result.

3.11. PROPOSITION. Let k be a perfect field of dimension < 1, let A be an alge-
braic group which is defined over k. Let X be a right homogeneous space of A over k,
whose isotropy groups are connected linear subgroups of A. Then X is dominated
by a principal homogeneous space of A over k, and two such principal homogeneous
spaces are isomorphic.

The existence statement is Theorem 3.9. The uniqueness is implied by Pro-
position 1.10. In fact, according to Proposition 1.10, the elements of H'(k, A)
such that the corresponding principal homogeneous spaces dominate X, are in
a one-to-one correspondence with Im(H!(k, C) — H'(k, A)), where C and D are
certain twisted forms of B and A, which are defined over k. C being connected
linear, we have H'(k, C) = 0, which implies the assertion.

4. Finiteness theorems for local fields and number fields.

4.1. THEOREM. Let k be a locally compact field of characteristic 0. Let A be a
linear algebraic group which is defined over k; let B be a subgroup of A which is
defined over k. Then H(k/k, A, B) is finite.

Consider the connecting map
8': H'(k/k, A, B) - H?(k/k, B rel A),

defined in §1.20. According to §1.21 we have
H'(k/k, A, B) = l;;(al)'- Y(H?(k/k, B rel A),),

where ¢ runs through a set T (denoted ®/N in §1.21). By Proposition 1.22 there
exists algebraic groups C, D,, E,, defined over k, such that

(i) there is a bijection of £ onto H!(k, C);

(ii) E, is a normal k-subgroup of Dy, C = D,/E, and there is a bijection of
(6")” *(H*(k/k, B rel A),) onto the subset 5°(H°(k, C)) of H'(k, E,).

4.1 then follows by invoking the theorem of Borel-Serre which states that
H'(k, A) is finite for any linear algebraic group A which is defined over k [1,
Theorem 6.1].

42. Now let k be an algebraic number field. For any place v of k let k, denote
the corresponding completion. Denote by k, an algebraic closure of k, con-
taining k.
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Suppose that A is an algebraic group defined over k and that B is an algebraic
subgroup of 4 which is defined over k. We then have a canonical mapping

w: H'(k/k, A, B) - [ H'(k,/k,, A, B).

4.3. THEOREM. If A is a linear algebraic group defined over k then w is a proper
mapping (i.e. its fibers are finite).

We use the same notations as in the proof of Theorem 4.1. One has then the
following facts:
(i) The canonical mapping

H'(k,C) - [ H'(k,, C)

is proper [1, Theorem 7.1].

(ii) There is a bijection of 8°%(H(k, C)) onto the set of orbits of D (k) in C(k)
[1, §1.12],

(iii) Let x € C(k); let X be the set of elements x’ of C(k) such that for each place
v there exists d, eD,,,(k,,) transforming x in x’, then X consists of finitely many
orbits of Dy(k) [1, §7.12].

Using the same method as in the proof of Theorem 4.1, §4.2 is easily derived
from these facts.

4.4. Let S be a finite set of places of k. With the notations of §4.3, the canonical

mapping
H'(k/k, A, B) - [] H'(k,/k,, A, B)

vésS

is proper.
This follows from Theorems 4.1 and 4.3.
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Inseparable Galois Cohomology

BY

PIERRE CARTIER

The following report is a brief and elementary account of a generalized Galois
cohomology for generalized algebraic groups which takes into account the in-
separability as well. We assume a ground field k of characteristic p # 0, because
our theory reduces entirely to the classical one in the characteristic zero case.
Much more general results have been obtained by M. Artin and A. Grothendieck

(see [1]).

1. Definition of an algebraic group. Our algebraic groups are the same as the
affine group schemes of finite type considered by A. Grothendieck and his school.
We use the functorial point of view to define them. Namely, let U, be the cate-
gory of commutative k-algebras. An algebraic group G is a covariant functor
from U, to the category of groups which is “‘representable” in the following sense :
there exists a pair (Ao, go), where A is some finitely generated algebra in W, and
go an element of the group G(A,) such that, for any object A of U, and any g in
G(A), there exists a unique homomorphism o from A, into A such that G(c) maps
go into g. We simplify the notation by writing 7 - g instead of G(r)-g when g is
in G(4) and 7 is an algebra homomorphism from A4 to B.

ExaMPLES. (a) Let ¥, be any finite-dimensional vector space over k, and V,
denote the additive group ¥, ® ,4 for any object 4 of U,. The functor V is called
the vector group associated to V.

(b) If E, is any finite-dimensional k-algebra, commutative or not, we define
E} as the multiplicative group of the k-algebra E, = E; ® ;A. This defines the
multiplicative group E* of the ‘“‘algebra-variety” E.

(c) Let n be an integer. For any object 4 in ,, let GL,(A4) denote the group
of invertible n by n matrices with coefficients in 4. Besides the algebraic group
GL, thus defined, one can define in the same way the symplectic group, or the
orthogonal group of a quadratic form with coefficients in k.

(d) The algebraic group u, associates to any A the multiplicative group
consisting of the elements a in 4 with " = 1.

The algebraic group G is called commutative if the groups G(4) are commuta-
tive. It can be shown that the commutative algebraic groups form an abelian
category.

2. Definition of the cohomology groups. Let K be a finite-dimensional com-
mutative algebra over k. For any A in U, let us define X , as the set of algebra
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homomorphisms from K to A. Moreover, let there be given a commutative
algebraic group G. By definition, an n-cochain c is a collection of functions

(1) Ca: Xy x--xX,>»G, (n+1 factors X,)
where A runs over the objects of i, subjected to the condition
(2) CB(GGO’ R} 0'0',,) =0 cA(GO, Tty 0',.)

for any algebra homomorphism ¢: A — B. The coboundary éc of the n-cochain ¢
is the (n + 1)-cochain defined by

() (Bc)al0gs "5 Ons1) = Z (_l)iai'cA(O'O""’ai—19ai+1""’an+‘l)'
0<isn+1

As usual, we have 86c = 0 for any n-cochain ¢. We can therefore define
cohomology groups in the standard fashion; they will be denoted H"(K/k, G).
This definition includes as particular cases the ordinary Galois cohomology in
case K/k is a finite Galois extension and G an “ordinary” algebraic group, and
also the Amitsur cohomology when K/k is a finite algebraic extension and G
is ‘the’ multiplicative group G,, = GL,.

The cohomology groups H"(K/k, G) depend functorially on G and also on the
pair (K, k) in the sense that any commutative diagram

K—2>K'

v v
k a ,kl

gives rise to a homomorphism «" from H%K/k, G) to HYK'/k', G) independent
of ¢.

We can define the absolute cohomology groups H"(k, G) in two equivalent
ways. The first is to replace K by the algebraic closure k of k in the previous
definitions (the fact that K is finite-dimensional over k played no role); the second
consists in taking the direct limit of the groups H"(K/k, G) when K runs over the
finite algebraic subextensions of k.

The group G(k) consists of the “rational points™ of G and will also be denoted
I'(G). The functor T’ maps the category of commutative algebraic groups into
the category of abelian groups; the derived functors R"I" of I' are therefore
defined. It turns out [2] that R"I'(G) is nothing else than H"(k, G), which fact
entails among other properties the existence of an exact sequence of cohomology
associated to any short exact sequence of algebraic groups.

3. Some particular cases (K finite algebraic extension of k). Two important
results are the following:

(a) For any vector space V, over k and any n = 1, one has HYK/k, V) = 0.

(b) For any commutative algebra E,, one has H'(K/k, E*) = O (generalization
of Hilbert’s Theorem 90). The assumption of commutativity of E can be dropped
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provided one defines the first cohomology group H!(K/k, G) for a noncommuta-
tive algebraic group G as well, which causes no difficulty. Once this is done, one
can prove for instance

C)] HY(K/k,GL,) = 0.

(c) One has H'(K/k, G,,) = 0 and H*(K/k, G,,) is the relative Brauer group of
the field extension K /k (that is the group of similarity classes of normal k-algebras
split by K).

Going to the limit over K, we get as a corollary:

(d) One has H'(k, G,,) = 0 and H*(k, G,,) is the Brauer group of k.

Finally using the exact sequence

O-uy,-G,»G,—-0

defining u, (with v,(x) = x" for every A) and the associated exact sequence of
cohomology, we get the following information: .

(¢) The group H'(k, u,) is isomorphic to k™ /(k™)" and H?(k, u,) is the subgroup
of the Brauer group of k defined by the condition a" = 1.

4. Comparison with standard cohomology. Let us denote by k any algebraic
closure of k, and by k, the maximal separable subextension of k; the letter g
denotes the group of k-automorphisms of k. If G is any commutative algebraic
group, the Galois group g acts on G(k,) and G(k) and corresponding coho-
mology groups H"(g, G(k,)) and H"(g, G(k)) are defined after Tate [4]. Moreover,
there are canonical homomorphisms

H(g, G(k) S H"(k, G)"S H"(g, G(K)).

Using recent results by Shatz [3], one can prove that af; and % are iso-
morphisms in each of the following cases (except possibly g for n < 2)

(@) k is perfect.

(b) G is smooth, that is the algebra 4, ®, k has no nilpotent element where 4,
is as in the definition of G (§ 1).

(c) The integer n is distinct from 1 and 2.
Moreover, for every n, the kernels and cokernels of af and f7 are p-torsion
groups and the different cohomology groups involved have no p-torsion for
n > 2. Finally, a}, is injective and B% is surjective.

5. Infinitesimal groups. The algebraic group G is called infinitesimal in
case G(K) is O for every field K; it suffices to assume G(k) = 0. These groups
enter as the kernels of the purely inseparable isogenies, and any information
about their cohomology enables us via the exact sequence of cohomology to
compare the cohomologies of any two purely inseparably isogeneous groups.

The basic result is again due to Shatz [3] and states that H"(k, G) is O for
n # 1,2 and isomorphic to H"" (g, H'(k,, G)) where the Galois group g acts in
the natural way on H!(k,, G).
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Strong Approximation

MARTIN KNESER

Notation. k is an algebraic number field. S will generally be a finite set of
places of k, and oo is the (finite) set of all infinite places of k. G is a linear algebraic
group defined over k, G, is the adéle group, Gg(= G,) the S-component ]—[ves Gy,
of G,, and G,(c G,) the k-rational points of G. If oo = S, the S-integral adeles
are A(S) = Ag x ]_[v ¢s% and o(S) = A(S)n k are the S-integers of k.

The problem of (strong) approximation is as follows: under what conditions
on G and S is GsG, dense in G ,? This is equivalent to G,~ UGg being nonempty
for every non-empty open set U of G,. A down-to-earth equivalent formulation
in the case S = oo is the following: Given S’ disjoint from § and a, in G,, and
integers t, for each v in §', find x in G, to satisfy

x = a,mody, (veSs),

xeG, @W¢SuS).

ExampLE 1. G = G, (additive group of the field). Then the strong approxima-
tion theorem for (G, o) is simply the Chinese Remainder Theorem.

EXAMPLE 2. G = group of elements of reduced norm 1 in a central simple
algebra (but not a definite quaternion algebra). Then Eichler [1] showed that
(G, ) has strong approximation.

EXAMPLE 3. If G is the special orthogonal group of an indefinite quadratic
form in more than two variables, GG, is not dense in G, but its closure contains
all adéles whose components have spinor norm 1 (see [2] and [4]).

Most of the other classical groups are treated in [S].

Necessary conditions for strong approximation (G # {1}):

(1) G5 not compact.

(2) G simply connected.

The proof of (1) is easy : if G is compact, then GsG, is closed since G, is discrete;
thus if (G, S) had strong approximation, we would have GsG, = G,. For a proof
of (2), as well as for details of the following discussion up to the Main Theorem,
see [5).

From now on we assume that G is simply connected. It follows immediately
that the radical N of G is unipotent. Now (G, $) has strong approximation if and
only if (G/N, S) has. Thus we may assume that G is semisimple. Write it as a
product over k of almost simple factors, and look at each factor separately. Each

187
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of these factors may be obtained from some absolutely almost simple group H
defined over a finite extension I/k, by reduction of scalars (see §6 of Tamagawa’s
lecture on Adéles, pp. 113-121. Since (R, H, S) has strong approximation if and
only if (H, T) has (with T the set of all places of I whose restrictions to k are in S),
we are reduced to the case of an absolutely simple group.

The following theorem holds modulo the Hasse principle (Theorem IV of
Springer’s lecture) for all k-forms of G. Thus with the present state of affairs, it
holds for all groups except possibly those of type Eg. A sketch of its proof appears
later in these notes.

MAIN THEOREM. If G is simply connected, absolutely almost simple, and if Gg
is not compact, then (G, S) has strong approximation.

Putting things together, we see that for an arbitrary linear algebraic group,
(G, S) has strong approximation if and only if its radial N is unipotent, G/N is
simply connected, and each of the almost simple constituents H of G/N has a
noncompact S-component Hs.

To show the significance of strong approximation, we discuss one particular
type of application.

Class numbers. Let G be, as before, defined over k, and suppose that G = GL(V).
Fix a basis for V and use it to define G,,, G 4o, etc. Suppose that M is the lattice
(in V,) spanned by this basis. If v is finite, M, is the o,-lattice spanned by M in V, .

If g = (g,) € G4, define gM to be the lattice uniquely determined by

M), =gM, (allv¢ o).

The orbit of M under G, (resp. G,) is called the G-genus (resp. G-class) of M.
The number of classes in a genus is the class number.

EXAMPLE 3 (continued). The genus, class and class number determined by the
special orthogonal group coincide with the usual proper genus, proper class and
proper class number. (The integral quadratic form in question is that induced on
M by the form on V,.) The ordinary genus, class and class number of an integral
quadratic form arise from the full orthogonal group in the same manner.

EXAMPLE 4. ¥, is a simple algebra, M a maximal order of ¥, and G is the
multiplicative group V* (acting by left multiplication). The G-genus of M consists
of right ideals. In fact it is exactly all right ideals of M since each ideal of M, is
principal. Clearly the G-classes consist of equivalent right ideals (e.g. the class of
M itself consists of all principal right ideals). Thus the class number of M is
simply the (right) ideal class number.

We now show how the Main Theorem can be used to calculate class numbers.

The isotropy group in G, of the lattice M is obviously G4, Thus the o-
lattices in the genus of M are in 1-1 correspondence with the left cosets xG 4o,
and the G-classes of M are 1-1 correspondence with the double cosets G,xG 4.
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Suppose for a moment that G is almost simple, simply connected, and that
G, is not compact. Then, CI[ - - - ] denoting closure,

GG 4(0) = GxG G 4(co) (since G, = G y(w0))
= Cl[Gka]GA(w)' (Siﬂce GA(m) is Open)
= GA'

Hence the class number is 1 in this case.

In Examples 3 and 4 this procedure cannot be applied directly since in 3 G
is not simply connected, and in 4 G is reductive but not semisimple. In such cases
however, the theorem can still often be applied to yield a simple formula for the
class number.

Namely suppose that G is connected and reductive. Then the derived group
G’ is semisimple and so has a universal covering group F/k:

¢:F-> G (isogeny /k).
Assume also that (F, o0) has strong approximation. Then
GixG g(w) = GG 0 XG 4(00) = CI[G,G  IXG 4(or)-
Also
Cl[G,G,] = Cl[¢(FiF ,.)]
= Cl[¢(F,)]
> (G (see [5)).

Therefore C1[G,G,]xG 4() = X C1[G,G ]G 4oy and so we have the desired
formula

class number = [G4: GG 4()}:

ExampLE 4 (and 2) (continued). Assume V to be central and totally indefinite
(i.e., ¥, is a matrix algebra over k, for all ve o). Let N : V¥ — k* be the reduced
norm. Its kernel, the elements of reduced norm 1, is also the commutator sub-
group G'. Since it is simply connected and almost simple, the above analysis
shows that G,G ., contains (G,), the adéles of reduced norm 1. Thus taking
reduced norms we get

class number = [N(G ,): N(G)N(G ()]

It is known that, for each v, every element of k¥ is a reduced norm from G, , so
that N(G,) = I, (idéles). Similarly N(G,) = k* and N(G 4y = Ixo). Thus
(see [1])

class number = [I; : k*I;,)]

= ideal class number of k.
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A similar procedure can be applied in Example 3. One then applies the spinor
norm to [G,: G,G 4] to express it is an idéle index, which turns out to be a
power of 2. For details see [4].

We now give a sketch of the proof of the Main Theorem. As stated before,
the proof depends on the validity of the Hasse principle for all k-forms of G
(cf. the lectures on Galois cohomology, pp. 149-158, and Hasse principle,
pp. 159-163).

It clearly suffices to prove the theorem for S consisting of one place, say w.
Then G, is not compact.

The proof consists of mapping G into an object in which the strong approxima-
tion theorem is known to hold (namely an affine space) and then “lifting” the
approximation back to G.

The affine space E in question has dimension / = rank G, and if G splits over
k,the map p:G > E is

p(g) = (X1(8): - - - xA8)

where x,, -, x; are the fundamental characters of G (see [7]). p is then defined
over k. In the general case let G, be the split k-form of G and let f: G, — G be
an isomorphism over k. Define p,:G, — E as above. If the cocycle

zg=f"tofeZ (k,Aut Go)

is inner, ie., if each z; is an inner automorphism of Gy, then we can choose p
to make

GO _Pq_’ E

fl e

p ///P

Gt

commutative, i€., p = po o f ~ 1. Then
P=poY ! =poz f "

But pyz; ! = p, since the characters take the same values on conjugate elements,
and so °p = p as required.

A slightly more complicated argument (using the fact that an outer auto-
morphism of G, merely permutes the fundamental characters and that

H'(k, GL(E)) = 0)

shows in general that there is a k-isomorphism g of E such that the map p defined
by the commutativity of the diagram

Go = E

e

G E

is rational over k. p will also denote the induced maps G, — E,, Gg — Eg, etc.
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We begin the proof proper by pointing out that (E, S) has strong approxima-
tion:

1) CI[E, + Es] = E,.

The rest of the proof consists of refining and lifting (1) to G in several steps.
First we show that in (1), E, can be replaced by its subset whose S components
can be lifted to Gg:

2 CI[[E, N s '(pGs)] + Es] = E,

with ng the projection E, — Eg.
It suffices to show that

[Ex N 75 '(pGg)l N [Es + Ul # ¢
for any nonempty open set U in E,. For some compact set C, E, = E, + C.
Multiplying by 1€ k* we get E, = E; + AC and so (AC — x)n E, # ¢ for all
x € E, and all A€ k*. Thus (2) will be proved if we can choose A and x so that

A —-—xc ﬂs_l(st) N (Es + U).

We may suppose that C = I1C, with C, = E, for almost all v, by enlarging
it if necessary. Similarly by shrinking U we may assume that U = a + IIU,
where each U, is a neighborhood of 0 and U, = E, for almost all v. The co-
ordinates of each C, are bounded and so we can choose 4 in k* such that AC, < U,
for all v ¢ S. Therefore AC + a = Eg + U. Now if we keep 4 fixed and vary a by
elements of Eg, this last inclusion still holds. Doing this, we can achieve

AC + a c n5 '(pGys)
by applying the following lemma (where S = {w}) and therefore prove (2).
LeMMA. There exists x,, € E,  such that C,, — x,, < pGy,.

The proof runs as follows. Since G, is not compact, it contains a split torus,
and so there exists a nontrivial homomorphism ¢:G,, - G defined over k,,.
If V is any nonempty open set in G,,, , it can be shown that p(¢(t)V) contains a
translate of C,, if |t|,, is sufficiently large.

The next step is to show that those adéles in G, which are in fibers of points of
E, are dense in G, modulo Gy, i.e., that

&) Cllps (EWGs] = G,

where p, has been used instead of p to emphasize the fact that it is the fibers in G,
not G, which are under consideration. The following lemma is needed.

LEMMA. Let R be the set of regular elements of G (namely those elements whose
centralizer has minimum dimension), and let i: R — G be the inclusion map. Then
the map
) (pei)s:R, > E,
is open.



192 MARTIN KNESER

To prove it one has to show that the map is open in each local component (see
Steinberg [7]) and then that (p )G, = E,, for almost all v.

Back to the proof of (3). Let U be an open set in G,. Since R is Zariski dense in
G and G is nonsingular, i~ }(U) is open and nonempty, and so p(U) contains a
nonempty open set V of E,. By (2) we can find x e U such that p(x) = e + ¢’
where e€ E;, N ng '(pGs) and ¢ € Es. So for each v in S, there exists g, in G, such
that p(g,) = e,. Let y in G, be defined by

Yo = 8> veS,
= X,, véS.

Then x = yz for some z € Gg and p(y) = e. This proves (3).
Now we refine (3) by replacing E, by pG,:

@) Cllps '(PGIGs] = G,

i.e., the adélic fibers of pG, are dense mod Gs. The proof is rather complex; it
uses Galois cohomology, in particular the Hasse principle for H(k, G). An indica-
tion of it will be given in the final section of these notes.

Now any fiber of p, which contains a rational element g € G, also contains all
of its conjugates under G,. We refine (4) by replacing these fibers by these con-
jugacy classes:

) Cl[G,°*Gg] = G,.

The proof of (5) again uses Galois cohomology and will not be given in these
notes.
It is easy to see that CI[G,G4]°4 = CI[G,%4G;). The next refinement is

(©) Cl[G\Gs]°* = G,.

By reduction theory G, = G, DGg where D is compact (the proof is similar to that
in §7 of [3] where the case S = o is treated). It follows immediately from (5) that

G, = CI[G, DGS] = Cl[(Gst)D]-

Since CI[G,Gg] is closed and D is compact, an elementary argument shows that
CI[G,Gg]" is closed and so contains the closure of (G,Gs)° which is G,,.

At this point we digress for a moment to show that the Weak Approximation
Theorem

*) Cl{n{(Gy)] = Gr

can be deduced from the results proved thus far ; here G satisfies the conditions of
the Main Theorem, T n S = ¢, and =y is the projection G, — Gr.

We first show that Cl[n{(G,)] is of finite index in Gy ; this is done by showing
that it is open and has a compact set of representatives. The latter fact follows
from applying n; to G, = G, DGg (D as above). To show that it is open we need
only show that it contains an open set of Gr. By [6] there is a rational map
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V — G defined over k of an affine space V generically onto G. We choose x in ¥
at which the map is nondegenerate ; then some neighborhood of x in

Vr = Cllzr(Vy)]

goes onto an open set in Gy.

Now applying 7y to (6) shows that Cl[n(G,)]°" = Gr, and so (*) follows by
applying the following elementary result:

If H is a group and H, is a subgroup of finite index such that HY = H, then
H o= H.

We are now ready to prove the Main Theorem:

(7) Cl [Gth] = GA-

Since every element of G, is a limit of elements almost all of those of whose local
components are 1, it suffices to show that G; = CI[G,G] for an arbitrary finite
set T disjoint from S. Suppose ge Gy. By (6) we can write g = x” with x in
Cl[G,Gs] and y in G,. The components of x outside of T are necessarily 1. By
(*) we can find a sequence y,, y5,- -, Ja, - - - Of elements in G, such that lim, y,=y,
for each v in T. Then clearly g is the limit of the sequence x”, x’2,---, x”, .- in
the topology of G,, and so the Main Theorem is proved.

PROOF OF INTERMEDIATE STEP. We now return to the sketch of the proof that the
condition

) Clip; (E)Gs] = G,
implies
@ Cllp; '(pGyGs] = G,.

Let U be any nonempty open set of G,. Then our task is to show that
P1'(PGy)n UGs

is nonempty, i.e., find x in UGy such that p(x) € p(G,).

For the background of the following discussion concerning the map p and the
properties of regular elements, the reader is referred to [7].

Since the regular semisimple elements of G form a Zariski-open dense subset
of G, we may replace U by a smaller set such that for some particular v ¢ S, n,U
contains only regular semisimple elements. It follows then that all elements
of G in the fibers of points in p(UGg)n E, are regular and semisimple.

Let G, be a k-form of G which is quasi-split (i.e., has a Borel subgroup /k) and
which is obtained from G by an inner twist. Thus we have a commutative diagram

G, ’
fl \E
G-7

where f~! o *f is an inner automorphism of G, for each s in the Galois group I’
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of k/k. We have f ~! «*f € G, (adjoint group of G,). The important thing about G,
is that the map p: G, , — E, is surjective.

By the choice of U and the fact that the above diagram is commutative, any
ae E;n p(UGy) lifts to a regular point x, € G, ;: py(x,) = a. If it happens that a
also lifts to G,, say p(x) = a, then p(f(x,)) = p(x) and so x and f(x,) are con-
jugate in G (over k). Thus changing f by an inner automorphism of G, we may
suppose that f(x,) = x. Since x and x, are rational over k, we getf ~! «5f(x,) = x,,
ie, f~!o%fis in the stabilizer Z(x,) of x, in G, for all s in I". Conversely if a is
lifted to x, and we can find an isomorphism f: G, - G such that f ~! <% is in
Z(x,) then x = f(x,) is in G, and p(x) = a.

Therefore it suffices to do the following:

Given a regular semisimple element x, in G, , and ¢ in H!(k, G,) (which we
shall later require to satisfy some further conditions), show that

EeIm(H'(k, Z(x,)) » H'(k, G,)).

Before we proceed, let us show the “invariance” of these considerations,
namely : -

Let G, also be a k-form of G obtained by an inner twist, and suppose that x,
is a regular semisimple element of G,, such that p,(x;) = a. Let g:G, - G,
be a twisting isomorphism such that g(x;) = x, and

G,
| ~

E
G

is commutative. Since g~ ! o g is an inner automorphism of G, and is the identity

on Xx,, it must be an inner automorphism by an element of Z(x,). But Z(x,) is
abelian and so g~ ! o g is the identity on it, whence the restriction of g to Z(x,)
is defined over k (and maps Z(x,) isomorphically onto Z(x,)).

For any torus T we put Y(T) = Hom(G,, T), the 1-parameter subgroups of T.
If T/k is a maximal torus of G, the Galois group I" acts on Y(T) as a subgroup of
the extended Weyl group of G.

DEFINITION. If the canonical image of I' in Aut(Y(T)) contains the Weyl group
of G (relative to T), then T is called highly twisted. An element a of E; is called
highly twisted if Z(x,) is highly twisted (where x, is a regular semisimple element
of G, such that p(x;) = a). As we have seen above, this depends only on a, not on
Xy

LEMMA. If V is a nonempty open set of E,, there exists a nonempty open set
V' < V such that every element a in E,n (V' + Eg) is highly twisted.

The proof of this lemma is quite technical and is not given here.

As we have seen earlier, pU contains an open subset V of E,. Choose V' < V
with the property in the lemma, and replace U by the open set Un p~!V".
Thus we may suppose that p(x)e E, is highly twisted if x e UGs. With these
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restrictions on x, we can show that p(x) lifts to G,, which will finish the proof
of (4).
As before we let x, be a regular semisimple element of G, , such that

14 l(xl) = p(X),
and &e H'(k, G,) is the cohomology class of cocycles which twist G, into G.
We must show that

¢ e Im(H'(k, Z(x,)) » H'(k, Gy)).

Let T, = Z(x,) and let C, be the center of G,. If G’ is any of the groups involved,
we let HV(G') stand for either HV(k, G') or HV (k,, G') for some place it will be
made clear in the context whether the global case or a local case is under con-
sideration.

Now we have the commutative diagram

l—’Cl—’Tl"’Tl—".l

4 1|

l—’Cl—’Gl—’Gl—’l
in which the rows are exact. This gives rise to the commutative diagram
HY(C,) » H\(T,) » H\(T,) » HX(C,) » HX(T))

id . id
H'(C,) - H'(G,) » H'(G,) » H*(C,)

in which the rows are again exact; the dlagram applies to either the global case
or any local case.

The following lemma is proved using the Tate-Nakayama theorem of class
field theory.

LeMMA. If T, is a highly twisted maximal torus of the simply connected group G,,

the Hasse principle holds for H*(k, T,): the map
H*k, T,) - l;l H?(k,, T))
is injective. ' *

We shall apply this lemma to show that we may assume that £ goes onto 0
under the map H(k, G,) —» H?k, C,).

Now p(x) can be lifted to G, for all v (namely to x,) and so £ is a local image
of elements of H'(T;). These elements all have the same image as ¢ in H*(C,), and
since they go to 0 in H*(T;), the global image of ¢ in H?(C,) must also by the
above lemma. Therefore there is { in H(T;) globally which has the same image as
¢ in H¥(C,). Let G, = (G, be the twisted group; suppose g: Gl — G, 1s the iso-
morphism corresponding to {. Since g|T; is defined over k, it is clear that gT, is
defined over k. Moreover under the canonical bijection H(k, T,) - H(k, zT,)
the class of { goes onto 0. Thus we may, upon replacing G, by ;G,, assume hence-
forth that & goes onto 0 under the map H'(k, G,) = H?*(k, C,).
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Let  be a global pre-image of ¢ in H!(G,). Choose pre-images of ¢ at each
place v in H!(T,); since they also go onto 0 in H*C,) they in turn have pre-
images in H!(T}), and by the following lemma of Serre, these latter pre-images
at the infinite places are the localizations of a global one, say T € H(T}).

LEMMA. For any torus T defined over k, the map
H'(k,T)- [] H'k,, T)

VED®

is surjective. The same is true for any finite commutative group instead of T.

Now the infinite components of the images of 7 and # in H'(G,) are identical,
and so at each v € 00, the components of 7 and the image of 7 in H'(G,) differ by
an element of H!(C,). By the above lemma we may change t by an element of
H!(k, C,) so that these latter components at co are identical (and so we assume
it is already true for 7).

By Hasse’s principle applied to H'(G,), the image of 7 in H'(k, G,) is equal to ,
and so the required pre-image of ¢ in H'(k, T;) is the image of 7 in that coho-
mology set.
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III. AUTOMORPHIC FUNCTIONS
AND
DECOMPOSITION OF L%(G/T")



Introduction to Automorphic Forms

BY

ARMAND BOREL

The classical notion of automorphic form in one complex variable is well
known. Let T be a Fuchsian group: the function f, holomorphic in the upper
half plane H, is called an automorphic form of weight 2k (k an integer) if for every
vel’

f(Z) = Jy(z).'f('y' Z),
where :

a b

J)2) = (cz + d) 72, 7=( d)’ ad — bc=1;

c
(and if it satisfies certain regularity conditions at the cusps of I', when H/T is
not compact). This notion was generalized in two directions: on the one hand
to holomorphic functions of several complex variables (Poincaré, Hilbert—
Blumenthal, Siegel, etc.), on the other hand to nonholomorphic functions, for
instance Eisenstein series of the form Z“ o=1 lez + d|~* where s is not necessarily
an integer (Maass, Selberg, etc.). Our first aim here is to define a notion of auto-
morphic form on a semisimple Lie group, which encompasses the two types
just mentioned, introduced by Harish-Chandra [6]

1. Definition of automorphic forms. Let G be a real semisimple Lie group.
To simplify matters, we assume that it is of finite index in the set of real points
of a semisimple algebraic R-group. The universal enveloping algebra U(g) of the
Lie algebra g (with complex coeflicients) can be identified with the algebra D(G)
of right invariant differential operators on G: to y e g is associated a differential
operator such that

V@) = Siepty-g)
t=0

this linear map of g into D(G) extends to an isomorphism of U(g) onto D{(G).

On G°, the center Z(g) of U(g) corresponds then to the left and right invariant

differential operators and is isomorphic with a polynomial ring in [ letters,
where 1 is the rank of G.

A vector valued function f: G — V is called Z(g)-finite if Z(g)- f is a finite-

dimensional vector space, or equivalently, if f is annihilated by an ideal I of Z(g)

199
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of finite codimension. The most important case is when I has codimension one,
i.e. when fis an eigenfunction of every operator in Z(g).

DEFINITION. Let I be a discrete subgroup of G, K a maximal compact subgroup
of G, p a representation of K in GL(V), where V is a finite-dimensional complex
vector space. The smooth vector valued function f:G — V is called an auto-
morphic form for I' if

(1) fk-g-vy) = pk)- f(g), fis left equivariant for K and right invariant for I.

(2) fis Z(g)finite.

(3) fsatisfies a certain growth condition, to be specified later.

If I is an ideal of finite codimension in Z(g) which annihilates f, then fis called
an automorphic form of type (p, I).

2. Remark on the smoothness conditions. The above definition makes sense for
distributions. However, the Z(g)-finiteness and the K-equivariance imply that f
is a real analytic function:

ProOF: Let g =t + v be a Cartan decomposition of g. Choosing ortho-
normal basis X; of y and Y; of I allows one to construct the Casimir operator
C =Y X? — Y Y}, which belongs to Z(g). The universal algebra U(f) is a sub-
algebra of U(g). For D € U(¥), Df = dp(D)f, due to the K-equivariance of f. Since p
is a finite-dimensional representation, the function f'is annihilated by an ideal of
U() of finite codimension. Moreover, f being Z(g)-finite, the vector space
Z(g)-U()f = W is finite dimensional. The operator w = C + 2 Y? = Y X}
+ Y Y2 is elliptic and belongs to Z(g) - U(f). Hence it keeps W invariant. Since
W is finite dimensional, there exists a polynomial P such that P(w)f = 0. The
operator P(w) is an analytic elliptic operator, hence f is analytic.

3. Geometric interpretation of condition (1). G is a principal bundle with basis
the Riemannian symmetric space X = K\G and structural group K. Consider
the associated bundle G x g V corresponding to the representation p of K in
GL(V): it is the quotient of G x V by the equivalence relation (g, v) ~ (k- g, p(k)-v),
and is a bundle with basis X and typical fibre V. Denote by [G, V], the set of
maps f from G to V that are K-equivariant: f(kg) = p(k)- f(g). The group G
acts by right translations on [G, V],. The map f defines then a maps: G- G x V,
such that s(g) = (g, f(g)), compatible with the equivalence relation defined by K.
Going over to the quotient, s defines a cross section ¢: X — G x, V. This map
is an isomorphism of [G, V], onto the vector space S[G x, V] of sections of
G x, V. The group G operates on S[G x, V] by right translations, and this
isomorphism is compatible with the action of G. Condition (1) says then that f
defines a I'-invariant cross-section of G x; V.

4. Automorphy factors and condition (1). We shall start with a space X in a
certain category (e.g. complex analytic, real analytic, C* manifold - - - ), a group
I' of morphisms of X, and a group H acting on a space V. The group I' will
operate on the right on X, but not necessarily as a properly discontinuous
transformation group. Denote by [X, H] the set of morphisms of X into H
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(i.e.,, holomorphic, real analyticc C® maps---). The group I' acts on [X, H]
through (y- ¢)(x) = ¢(x- y).

DEFINITIONS. (i). An automorphy factor of T is a 1-cocycle u of F with value
in [X, H), i.e, a map u: X x I' = H such that

M ux,v-7) = plx,y) pixy,7),  KeX;y,yel)
(ii). An automorphic form of type u is a morphism f: X — V satisfying

2 S(x) = puxy)-fx-7), (xeX,yel)
The automorphy factor u allows one to define an action of I' on X x ¥ by:

3 (xv)-y = (x-7,plx,y)- v}

Due to the cocycle condition, I is indeed a transformation group on X x V.
If ' operates freely on X as a properly discontinuous transformation group,
(X x V)T is a fibre bundle with fibre ¥V and basis X/T". The automorphic forms
are the cross sections of this bundle, lifted to X via the natural projection.

Assume now that X = K\G as above. To express the condition (2) above, and
connect the automorphic forms with geometric objects on X/, we need only
to have an automorphy factor on I. However, in order to relate such an auto-
morphic form to a function on G satisfying condition (1) of §1, we assume the
automorphy factor to be defined on G.

Let O be the fixed point of K in X. Then for k, k'€ K

HO, kk’) = u(0, k) u(0, k)

Thus p: k— u(0,k) = p(k), is a homomorphism of K into H. Let a: G — H be
the map defined by a(g) = u(0,g). Due to the cocycle condition, a is left equi-
variant for the representation p of K :a€[G, H]x. Hence, it defines a cross-section
of P = G x x H. The space P is obtained by identifying in G x H the pairs (g, h)
and (k- g, p(k)- h) (k € K). The space P is a principal bundle with basis X = K\G
and fibre H. The cross-section o makes it possible to identify G x x H with
X x H. Assuming V to be a vector space, E = P x x V is the vector bundle over
X associated to P: E = P x 4 V. The identification of P with X x H, by means
of o, allows one to identify E with X x V and every section of E with a map
from X to V:

[GVIk—=I[X,V}

If g =0.g = K-g denotes the image of the left K-coset of g in X, the inverse
identification is given by fi— F, where F(g) = a(g)- f(g) This map is obviously
a G-homomorphism, where the action of G is defined on [G, V] by right trans-
lations, and on [X, V] by §4 (3). The functions that appear in condition (1) of the
definition of automorphic forms are then identified with the functions from X
to V which satisfy (ii).

Conversely a cross-section ¢ of the principal bundle P = G x x H defines, in
the usual way, a left K-equivariant map «: G — H, and an automorphy factor
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u: X x G- H, given by ug,g)=ag) !, a(g-g) = ak-g)~ ' ak-g-g') where
8, 8'€G, keK and g =0-ge X. It is again possible to identify [G, V] with
[X, V], by means of u.

5. Example. Let X be a bounded symmetric domain, X = K\G. If g and { are
the Lie algebras of G and K respectively, gc and I, their complexifications, then
as vector space gc = Ic @ pc = lc ®n* @ p~, where p* and y~ are commutative
subalgebras of g¢ contained in p. Putting P* = exp(n*), then G =« P~ - K- P*,
and the map of P~ x K¢ x P* into G¢ given by (x,y,z)— x-y-z is biholo-
morphic onto a Zariski-open subset of G.. Let g = g_g.g. be the decomposition
of ge G with respect to P~, K¢, P*. A theorem of Harish-Chandra asserts that
the map G — p*, which sends g onto log g ., identifies X = K\G with a bounded
domain D of n*. The subspace P~ - K- G is open in G¢. Hence

P-\P—KcG = Kc XKG,

is a complex analytic principal bundle over X = K\G with K¢ as fibre. This
fibre space has a natural cross-section v defined by P*, to which corresponds an
automorphy factor . If xe Den* and g e G, then

expx-g = (expx-g)_-(expx-g)o-(expx-g),,

and
H(x,8) = (exp x- g)o € K¢

This is the ‘“‘canonical automorphy factor” on X, considered in [9] To recover
completely the situation of §§1, 4, one gives a representation p: K¢ — GL(V).
Then p,(x,g) = p((exp x - g)o). (To get the Jacobian determinant of the bounded
realization as an automorphy factor, take p:K¢— GL, defined by p(k)
= det-Ad,+k™1)

It is not necessary to take P* as cross section for the bundle Ko x x G. Let
P’ be conjugate to P*, such that G = P~ - K- P'. Every element g € G can again
be decomposed as g = g~ - gog's. Then u'(x,g) = (exp x- g)p is again an auto-
morphy factor. There exist a number of canonical choices of P, defined by the
so-called partial Cayley transforms, that give rise to unbounded realizations of
X (see [1)).

ExaMPLE. G = Sp(n, R), K = U(n), K¢ = GL(n,C).

If
A B
£ (c D)
and K\G is realized as the Siegel upper half plane, then the corresponding
canonical automorphy factor is

wZ,g) = CZ + D.
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6. Connection between holomorphy and condition (2). Let f/: X —» V be a
holomorphic automorphic form defined on X, with automorphy factor u,; then
the corresponding automorphic form F on G is Z(g)-finite, where F(g) = (0, g)-f(¢)
This was pointed out in [11, Exp. 10} One way to see it is to prove first that,

@ Y-F@g) = p,0,8)(Y-NE) (Yey),

where, due to the definition of the complex structure of X, ¥ is the derivative
with respect to the conjugate of some coordinate-variable in X (see [2, §5].
The function fis holomorphic if and only if ¥f = 0 (Y e p~) by (4); this is equiva-
lent to Y-F =0 (Yep~). The fact that F is then Z(g)-finite depends now on
some properties of Z(g). As a vector space gc =n* @I, @ n~. Hence as a
vector space U(g) = Un™) ® U(f) ® U(y~): every x e U(g) can accordingly be
written as x = Y p;* -k;-p;. One shows then that if x € Z(g), the only terms
occurring in this sum are such that p;" and p;” are simultaneously zero or different
from zero. Hence there exists a linear map v: Z(g) —» U(fc) such that

z —v2)eUgo) v, for z € Z(g).

Since F is annihilated by 7, z- F = v(z)F. The equivariance of F with respect to
K insures that F is annihilated by an ideal in U() of finite codimension. The
same will then be true in Z(g).

7. Growth condition. Let W be a finite-dimensional complex vector space
and o a locally faithful representation of G in GL(W). Put on W a structure of
Hilbert space invariant by o(K). Let |g| = tr(g*- g).

Then
le-all < lgl |r] (& heq),

and
lk-g- k| = |lgll (k. k' e K,geG).

If A is the connected component of a maximal R-split torus, then G = K- A* - K
(where A* is a positive Weyl chamber, for some ordering of the R-roots), and
the second relation shows that what matters is the behavior of the seminorm
on A: for a€ A, [la]| < c-a?, where cis a constant and A is some weight of A*,
dominating the weights of ¢ (A = Y'c,A, with ¢, =20, A, being fundamental
weights). As an example, let ¢ be the adjoint representation, g = t + y a Cartan
decomposition of the Lie algebra of G, and s the corresponding Cartan involution.
Then we may put

&) le]| = Tr(Ad s(g)~* - Ad g)
If| |is a norm in the vector space V, and f: G — V, the growth condition imposed
on fis:
3¢c>0 and meZ, mz20,
such that

lf@) < cllg|™
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This growth condition really does not depend on the chosen representation o,
since it is easy to see, due to the behavior of the seminorm on A, that if 7 is
another locally faithful representation of G, there exists a positive integer n,
C, > 0 such that

lells = Cyliglls,  (g€G).

8. Construction of automorphic forms. Let X = K\G,and u: X x G —» GL(V)
be an automorphy factor. For ¢:X — V, consider the series
©6) 2 H(x,7)- $x-7).

yel

If it converges, it will be equal to an automorphic form under suitable assumptions
for ¢ (for instance, holomorphy if X is a bounded domain, and u is itself holo-
morphic). One can work analogously on G instead of X. Starting from f: G - V,
assumed to be Z(g)-finite and K-equivariant, then the series Z,- f(g -y), if properly
convergent, will represent an automorphic form. It may happen that f is already
invariant under some subgroup I' , of I. If I, is infinite, the summation will of
course be taken over I'/T" .. The analogous situation for (6) is when ¢ is invariant
under I, and p(x,y) = 1 (x€ X, y e I' ;). Two standard examples are the Poincaré
series and the Eisenstein series. The former are obtained by imposing on f
conditions strong enough so that Z,—p(gy) converges for any discrete group I'.
For the Eisenstein series, I', is in general infinite, and conditions are imposed
onI and ¢. We now describe natural generalizations of these notions in the
present context.

9. Poincaré series. A vector valued function fon G is said to be K-finite on
the left (resp. right) if the set of right (resp. left) translates of f under elements
of K is a finite-dimensional vector space.

9.1. THEOREM. Let V be a finite-dimensional vector space, and f a function from
G to V. Assume:

@@ feL'G)®V,

(b) fis Z(g)-finite,
(c) f is K-finite on the left (respectively on the right). Then the series
P.g) = Z;,_f &-7)
y€e

converges absolutely and uniformly on compact sets (respectively, and moreover
St |f(g - y)| is bounded on G).

Proof of the first assertion (Godement [11, Exp. 10]):
f|f(g)|dg=j Y1f(g-y)ldg < 0.
G G/T r

Y'r1f(g)-y)| converges in LYG/I), and so converges almost everywhere and



AUTOMORPHIC FORMS 205

also converges in the distribution sense. Now, by assumptions (b) and (c), f is
annihilated by an elliptic operator (see (2)). By a general principle (essentially an
application of the closed graph theorem) the series converges then in the C*-
topology ; in particular, it converges uniformly on compact sets of G.

To prove the uniform boundedness we use the following lemma of Harish-
Chandra [7, Theorem 1]:

9.2. LeMMA. Let f:G = V be Z(g)-finite and K-finite on the right (resp. on the
left) and U be a neighborhood of e in G. Then there exists an o € C2(U) invariant
by inner automorphisms of K such that f = f *o (resp. f = a s f).

(CZ refers to C*-functions with compact support, and * to convolution. Thus

Sfrag) = J. J(g- u™ Vyulu) du).
G
Proof of uniform boundedness when f is K-finite on the right:

fe-n= j f@-v-u Nolu) du = J S v Nalv- y)dv,
G G

lf@M=M| |fgwv")ldy,

vy |

if U is small enough U-ynU-y = ¢ when y # 7. So

LlfegN=MY | Ifgv Y dv

yel y Juy

éMjuwh=MWh.
G

REMARK. The above proof for the uniform boundedness is due to Harish-
Chandra. A slight variation of it also yields the first assertion. That ) f(x -y) is
uniformly bounded (when f is K-finite on the right, and verifies (a), (b)) was
proved in the holomorphic case first by Godement [11, Exp. 10] His argument
may be extended to the general case.

10. Example of the classical Poincaré series. Let X = K\G be a bounded
symmetric domain. Take as automorphy factor J(x,g) the determinant of the
Jacobian. If fis a polynomial in C¥ > X, then

P(x) = Zl_ Jx, 9 - f(xy)
Y€
converges absolutely and uniformly on compact sets for I 2 2, and

P(g) = J(o, 8) - P@)
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is uniformly bounded. More strongly:
Y |J(o, )| f(0-gy)| < C <
r

where o denotes the coset K in X.

ProoF. In the identification of X with a bounded domain y* = C" the coset o
is mapped into the origin. Hence K is linear and the polynomial fis K-finite on
the right. The function F(g) = J(o,g) " f(g) is Z(g)-finite (cf. §6). To apply the
previous theorem, it is enough to show that F belongs to L'(G) ® V for | = 2.
X being a bounded domain, f is bounded on X. So

ij@§OJU&N@:
G G

It is easily seen that
(o, kgk')l = |J(0,8)l  (k,k'e K; g€ G);

hence |J(o, g)] may be viewed as a K-invariant function on X. Therefore,

[10.01dg 5 ¢ [ vt
X
where dw is an invariant measure on X. But dw = c- |J(o, x)| "2 dx (c > 0), where
dx is the usual Lebesgue measure on R*". Consequently, we are reduced to
showing that J(o, x) is bounded on X. Since X = 0- 4 K, it is enough to check
this on o- A, which is easy (see for instance [2, §1]).

If t:K — GL(V) and pu(x,g) is the automorphy factor of §5, then there exists
an I, such that

Z J(xv y)lﬂt(x, 'Y) . f(x : ?)

yell

converges for | = I, (see [2, §5] for more details).

11. Eisenstein series. Let G be a connected semisimple algebraic group defined
over k = R, P a standard (not necessarily minimal) parabolic k subgroup of G,
for a maximal k-split torus S. If P, is a minimal parabolic k-subgroup between
S and P, let 0 be the subset ,A of simple roots of &G, S), for the ordering defined
by Py, such that P = P, (see [3, §6.5). Then

Py = Z(So)- Uy,

P =2(Se)- Uy = Z(Sy)- U,
where U = R(P) and Sy = (N,oKera)’. Put & = ,A — 0 and y = det Ad,,
where u is the Lie algebra of U: for pe Pg p* = det Ad,p. The character y is
then a positive linear combination of the fundamental highest k-weights A, of

G:x = ), g€t (€2 > 0), where the A, verify (A,, f) = d,0,5 (2, f€,A,d > 0).
Let s = (s,),c0 be a set of complex numbers. Put A, =Y s,A, and p* = II|pA==:
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If A=S8%, Gg=K-Pr=K-Mg-A-U. If g = kmau is the corresponding de-
composition of ge G, then k-m, a and u are uniquely determined; we let a(g)
denote the A-component of g € G.

11.1. LEMMA (GODEMENT). Let T be a discrete subgroup of Gg and T, a sub-
group of I’ N (M - U)g. Assume that

(1) ap)** =2 d>0forallyel and €@,

(2) (M- U)g/T , has finite-invariant measure,

(3) Rs, > e,, for all a .
Then E(g, s) = szm.o a(g - y)~** converges uniformly on any compact set of G.

(Note that, M- U being contained in the kernel of every k-character of P,
a(g -y = a(g)*= for ye 'y, and M- U is unimodular.)

SKETCH OF THE PROOF. We may assume the s, to be real Let C be a compact
subset of G. Then there exist d,d’ > 0 such that

d-alg™™ < alc-g)™™ <d-agy"» (geG,ceC)

This implies readily that the uniform convergence on compact sets is equivalent
to the convergence at one point, say e. Furthermore, if C is a neighborhood of e,
the convergence at e is equivalent to the convergence of the series

) I alc-y)"Mdg.
Y J¢

Take C small enough so that C- C~* N T" = {e}. Then the series is majorized by
I= I a(g)"Mdg.
CcTr,

Let
Alt) = {acdla 2t . (xe®)}

By assumption I' =« K- M- A(t')- U, for some t' > 0, whence the existence of
t>0suchthat C-T' <« K- M- A(t)- U.

We have K- M- A(t)- U = K- A(t)- M- U. By assumption there exists w = M- U,
of finite measure, such that M-U =w-I',. From this we deduce without
difficulty that

I1<6- J‘ aMdg, (6>0)
KA@t)w

By standard facts about Haar measures, the last integral is, up to a constant,

equal to
j dkj dv j a Mtidg =4 f a~M*rdg,
K w A(t) A(?)

where x = Y e, A, = det Ad, (see beginning of this section), and dk, dv, da, are
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Haar measures on K, M- U and A respectively. The last integral is a product,
(over a € 0') of integrals of the form

rexp[(—s, + e)-t]dt,

t
hence converges, since we assume s, > e,.
11.2. THEOREM. Let f:Gg — V, where V is a finite-dimensional vector space.

Keeping the same notations as above, suppose that
(i) the assumptions (1), (2) and (3) of the lemma are satisfied,

) f(g-y) = f(g) for yeT,,

(iii) | f(g - p)lp™* is bounded if g stays in a compact set of G and p € Pg.

Then the series E;(g) = Y r)r. f(g-y) converges absolutely and uniformly on any
compact set of G.

Proor. We have G = K - Pg, hence

f(@)-al@ = f(k-p)-alk-py*
= f(k-p)- alp)™ = f(k- p)- p*,
= |fk-p)p* = C.

|f(g)- alg)™

Hence
|f(g)l £ Cla(g)|™*,
Y Ife-nl= C-r/; la(g)| ="+

| T

The lemma ensures that the last series converges. This proves the theorem. The
series E, will be called an Eisenstein series.

12. Special cases of Eisenstein series.

12.1. THEOREM. We keep the notation of the previous section and assume
moreover that k = Q, that I is an arithmetic group, and T, a subgroup of finite
index in " P. Then the assumptions of (1) and (2) of the lemma in §11.1 are fulfilled.

PROOF. (1) (M - U)g has no nontrivial character defined over Q, and I' , is an
arithmetic subgroup of (M - U)g. So (M - U)g/T', has finite volume by reduction
theory [4, Theorem 9.1].

(2) Let p, be an irreducible representation of G, which is strongly rational over
Q, having A, (x€ @) as highest weight [3, §7]. If ¢, is a corresponding weight
vector in the representation space F, of p, one has p(p)(e) = p™-e, (peP)
because o € §'. There exists a lattice L, in F,g invariant under I. We may assume
that e,e L, — {0}. So p,I)-e,e L — {0}. There exists a d > 0 such that
|pa(y) - €,] > d for every ye . Write y = k- m- a(y)u. Since M and U lie in P and
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have no Q-character, one has

d < |p(v)ed = lpa(a(y)) - €] = ay)*=.

This proves condition (2) of the lemma. -

If f: G — V verifies the identity f(g- p) = f(g)p~*, then f satisfies the hypo-
theses (iii) and (ii) of the convergence theorem ((ii) because I',, lies in the kernel
of all Q-characters of P). One gets with such functions a straightforward general-
ization of the classical Eisenstein series.

If moreover f'is p-equivariant on the left with respect to K, then it follows from
standard facts about the universal enveloping algebra U(g) that E, is Z(g)-finite.
Moreover, the growth condition can also be checked using reduction theory.
Thus we get automorphic forms in the sense of §1.

A typical function satisfying f(g-p) = f(g)-p " (peP) is given by f(g)

= |p(2) - e,]. These functions are also connected with minimum propertios on
Siegel-domains.

ExaMPLEs 1. Let G = Sp(n,C), and P be the maximal parabolic group, con-

sisting of the matrices
(5 2)
0D

in the standard notation. Then, as function f(g), we may take det(C- i + D).

2. Let G = SL,, K = SO(n), = SL(n, Z). The fundamental representation of G
are the exterior powers of the identity representation of G. For an ordering of
the roots associated to the group of upper triangular matrices, the highest weight
of the ith exterior power is e, A --- A ¢;, where (¢;) is the canonical basis of
R" (1 £ i £ n— 1). The corresponding function is then

(D‘(g) = "g.el Ao A g-e‘“.
Let P, be the stability group of the flag

[e.] = [eb elc---cle,--,e}

Then for Rs; suﬂicnently big, (1 £ j <),

Y Oy,

yel/TnP;

is an Eisenstein series. Such series have been considered by Selberg [10]

3. We return to the situation of the theorem in §12.1. Let p: K - GL(V) be
a finite-dimensional representation of K. Let ®:G — V be a continuous function
which is p-equivariant, with respect to K, is right invariant with respect to 4 - U,
and is a cusp form on My for I'y, N M (for the notion of cusp form, see [S].
We may define a function f: G — V by f(k-m-a- u) = ®(k- m)- a™. Since a cusp
form is bounded, it is easily seen that f satisfies the condition of the theorem.
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The corresponding Eisenstein series is then

E;= Y flgn= Z Og-y)-alg-y)~ ™

yel/T o yel/T

Such series occur in the work of Selberg, and of Langlands [8].

4. Finally, we note that the Poincaré-Eisenstein series which are used in [1;2]
to study the compactification of X/I', when X is a bounded symmetric domain
are special cases of the series considered in §11.2. In this case, M is the almost
direct product of two normal Q-subgroups M,;, M, and, roughly speaking, the
function f, restricted to My is the product of a constant function on My by a
Poincaré series (hence a cusp form) on M,4.
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The Decomposition of L2(G/T") for I' = SL(2, Z)

R. GODEMENT

G = SL(2, R); I' = SL(2, 2);

1 u
U : subgroup u=(0 1),

t O
H : subgroup h—(o l/t)’ t#0;

cosf® sinf

M :subgroup m = (—sin 0 cos 6)'
The Iwasawa decomposition is here

G = MHU, MnH={+1}.

The Haar measure of G is given by

(1) J- d(g)dg = ij ¢(mhu)p(h) dm dh du =IJ’I d(muh) dm dh du
G MxHxU

where

. t 0
B(h) = t* if h=(0 l/t)'

Bruhat’s decomposition is given by

G = HU U UwHU where -w=((l) —(l))

2. The Laplace transform of a modular function. The principal series of ir-
reducible unitary representations of G is obtained by letting G operate through
the operators ¢(g)— ¢(x~'g) on the Hilbert space #(s) of functions ¢ on G
such that

@ d(ghu) = d(g)B(hY’ ™", |¢]* = J |p(m)f* dm.
M

The representation is unitary if Re(s) = 4 and then irreducible, except for s = §.

211
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Consider now a “modular function,” i.e,, a function ®(g) such that ®(gy) = ®(g)
for all ye I'; then u—s ®(gu) is invariant under

I', =N U, integral matrices ( (l) ;'),

and one thus can consider

() g) = J' (gu) du
u/;r

i.e., the “constant” term in the Fourier expansion
(3) d(gu) = Y, D(g)e* ™.

Define the formal Laplace transform of ® as

@) d(g,s) = J @°(gh)B(h)* ~* dh;

H

up to convergence this is an element &s) of #(s) and the map ®+— &(s) com-
mutes with the operations of G (left translations).
As to convergence the simplest case is as follows:

5) (g, s) exists for Re(s) > 1 if ® is bounded and with compact carrier mod T.

Firstly ®°(g) is bounded; secondly ®°(gh) vanishes for |¢| small because for every
¢ > 0 the part {|t| < c} of H is mapped properly into G/T'; hence it remains to

show that
+ o
dt
j p(hy' = dh ~ J =
ltize c t
converges for Re(s) > 1.

The same result more generally holds if @ is bounded and “rapidly decreasing”
at infinity in G/T, i.e., if for every N

®(mhu) = O(|t|") as || -0
uniformly in m and .

3. Incomplete theta series. Let 2(G/U) be the space of C* functions on G
which are invariant under U and have a compact carrier mod U ; since

G/U = R? — {0}

this is also the space of C* functions in the real plane, vanishing around 0 and co.
If ¢ € 2(G/U) we define

(6) 048 =Y ogn =Y odlgvell= Y  #le@)]
rr, /T,

EeZ2; Eprime
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where e, is the first basis vector in R? [so that g+ g(e,) induces the identification
G/U = R* — {0}]. Of course 6, € 9(G/T), i.e., is C* with compact carrier mod I'.
We have

65(2) =I du Y ¢guy)= Y j d(guy) du,
Ul, UJT ()

rr, I\,
where
F)=ToNnyTy ' =T ifye +T,
= {e}ify¢ £T,.
Hence, and assuming ¢(—g) = ¢(g), we get

363(8) = $(g) + g_[ P(guy) du
Yy

where ), is extended to the nontrivial double cosets +I T, (with y and —y
identified).
But then ye UwHU i,
y = uwhuy,

from which it follows at once that

3038) = d(g) + Y, | d(guwh,)du

vy

=¢(@) + Y | Hguh; 'w)du,

o Yy

(7) 309(2) = #(g) + gﬂ(hy)-l j o(gh, 'uw) du.
Y. /]
Observe that
07 = | los) de = j i Y 0FE
vG/r gr Tiry

r~

| @5 ouenaen - j 6 ,€9®) dé
G/l

e

GIr Ty

®
r~

= dgj 0,(gu)P(gu) du = f @dgj. 0,(gu) du
G/U UIr, G/U v/

rﬂ!

L3

so that
16,1

I

Og(gW dg =J‘J 03(mh)¢(mh)B(h) dm dh

vYG/U

J' [6g(mh)B(h) ~*Jp(mh)B(h) dm dh;
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defining
®) Ly(g, 25) = f @(gh)B(hy dh
H

[this is an integral function of s if ¢ € 2(G/U)] and applying Plancherel’s formula
on a line Re(s) = ¢ > 1, we get

1 A -
) [04]> = = jdmj 0 4(m, s)L ,(m, 25) ds.
Re(s)=0>1

4. Eisenstein series. From (8) it follows that

Ly(ghu, 25) = Ly(g, 25)p(h)~*

i.e., the function g+ L (g, 25) belongs to #(1 — s). On the other hand the Fourier
inversion formula shows that

=1 L

Re(s)=¢

(note that s+— L(g, 2s) is rapidly decreasing in every vertical strip), so that

1
(10) 048 = Y. olgy) = —f E4(g, s)ds
rr, L Re(s)=a
where
(11 Eyg5) = ). Lygy 2s)
rr,

is a so-called Eisenstein series. These computations are at first purely formal;
but the series (11) converges for Re(s) > 1 and (10) is justified in this range of values

of s.
To see the convergence of (11) we may assume that g = e (replace ¢ by a
left-translate of ¢) and write

P(g) = j F(gu) du
v
for some continuous function F(g) with compact carrier on G. Then
Eye,s)= Y, J J F(yhu)p(hy dhdu = Y, JI F(yuh)B(hy*~* dh du
INT,JJHyxU Tl JJgxy

= f ﬁ(h)“‘dhj
H

ur,

du) Fiyu™'h™1');
T

considering ®(x) = Zr F(yx~1') which is bounded with compact carrier mod I'
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one gets

Eyes) = f B(h)"’dhj O(hu) du = B(e, s)
H u/;r

@®

and the convergence for Re(s) > 1 follows from (5).
As for the fact that

J. ds Y Lygn2s)= Y j Ly(gy, 25) ds,
Re(s)=0>1 Re(s)=o>1

T, I,

it is easily justified by using uniform majorations for L4(g, 2s) on the line Re(s) = o.

5. Analytic continuation of Eisenstein series. Let ¢ € 2(G/U) and consider ¢ as
a function on R?, so that ¢(g) = ¢[g(e;)). Then

(12) Ly(g, 25) = J¢[g(e,)t]t2’d*t where d*t = dt/t,
(we consider R? as a right vector space) and thus

E4g,s) = _[t“d*t r/Zr: ¢[gv(e1)t]=-[t”d‘t Y ole@xrl

&eZ2;Z prime

But every nonzero &€ Z? can be written in one and only one way as ¢ = ng
where n is a positive integer and # is a primitive vector; hence

(13) {(25)Ey(g, 5) =Jt2’ d* 3 plg@)rl.

£eZ2;E#0

If we now consider the Fourier transform

(14) $0) = j $(y)e™ 21 dy
R?

of ¢, and if we assume

$0) =0 ie, j #(2)dg =0

G/U

(15)
ie., 0, orthogonal to 1 in L?(G/T"), then Poisson’s formula leads to

Y glg@rl=t" Y  Ple®)e '] since ¢(0) = $(0) = 0;

EeZ2;E#0 EeZ2;E+0

defining

Eqb(g’ 5) = C(ZS)E¢(ga S) = I ®¢(g, t)tz" d*t

t#0
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where O4(g, t) = Z; +0 D[8(5)t], one gets

E¢(g9 S) = J'

©4(g, O d*t + f 0,8, 0% d*t
lelz1

g1

=J O,4(g, t)tz‘d"t+‘[ Oy(g, )21 =9 gt
lrz1 21

hence, by the usual methods, the following result: under (15) the function
{(25)E (g, 5) is an integral function of s and does not change under

(S’ ¢)H (l el S 6)‘
It would have been more symmetrical to start with a function
¢ € #(G/U) such that ¢(0) = $(0) = 0

where #(G/U) means the set of rapidly decreasing functions on R?; the Fourier
transform is a bijection of &(G/U) onto &(G/U) but not of course of Z(G/U)
onto 2(G/U)!

On the other hand, deleting the assumption that
to a pole at s = 1.

The classical series

Ia/u ¢(g) dg = 0 would lead

-k
X ez + d|**~2X(cz + d)*
would be obtained by taking for instance

- . \2k, —n(a2+c2) - a b
8(g) = (a + icyl¥e if g ( ’ d).
6. Analytic continuation of Laplace transforms. Let ¢ € 2(G/U) so that
b8 5) = J 09(gh)B(h)* ~* dh
exists for Re(s) > 1. By Equation (7) we have

48 5) = J' P(gh)p(h)' ~*dh + Y B(h,)~* J. dlghhy 'uw)B(h)' ~* dh du

@)

=Ly(82 - 29+ ) ﬁ(hy)"ﬂ d(ghuw)B(h)' ~* dh du

)

= L4@g 2 — 25) + ‘{(s)J:[ P(guwh)B(h)* dh du
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ie.
(16) %é.»(g, s) = Lyg,2 — 2s) + ‘-I(s)J L y(guw, 2s) du
where

oyl ~(% &),
(17) U= 2 ) = 2oz wherey = (c., d,)’

since there are ¢(n) (Euler’s function) classes (y) = I' ,yI", such that ¢, = n we get

i«ﬁ(n) _t@2s-1
T n* {@2s) -
On the other hand let us compute for Re(s) > 1

(18) Y(s) =

EJ(g,s) = J du ), Lg(guy,2s);
u/;r Ly e
the computations that led to (7) lead here to

3EY@g, s) = Ly(g,2s) + Y, jLAguwh,, 2s)du
)

= Ly(g, 2s) + ). B(h,)"* J Ly(guw, 2s)du
)
ie., to
(19) 3EYg, s) = Ly(g, 2s) + ‘I(s)J. L (guw, 2s)du, Re(s) > 1.

Since we have seen that C(2s)E,,(g s) is an entire * function invariant under
(¢, 5)— ($, 1 — s) the same is true for {(2s)E3(g, s), and we necessarily have

20) {2sy(s) J L y(guw, 29)du = {2 - 25)Ly(g, 2 — 29)
1e.,

1) J Ly(guw, 25)du = 22 2 ];L,,(g, ~ 25, Re(s)> L.
Comparing with (16) we get

@) Woler9) = L2 = 29 + 501 g2 - 29)

* provided [g,u¢(g) dg = 0. which we shall assume henceforth.
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The function
Ly(g, 25) = f Bgh)B(hy dh = 2 J Plgle, )l d*t
1]

is meromorphic since ¢ is C* and rapidly decreasing at infinity; since ¢(0) =

the only poles [consider [} = [} + [ and integrate {} by parts several tlmes
so as to enlarge the domam of convergence] are at most s=—%-1,-3,-
and are simple; while Ly(g, 2 — 2s) is an entire function due to the fact that ¢(x)
vanishes in a neighborhood of 0 in R? It follows from (22) that 0¢(g, s) is mero-
morphic in the whole plane, and since the poles of L(g, 2 — 2s) in (22) are killed by
the trivial zeros of {(2 — 2s) its poles are at most the zeros of {(2s), so that 0¢(g, s)
is holomorphic in Re(s) = }, not to mention Re(s) = ;- --

Furthermore, since L,(g, 2 — 25s) and Lyg,2 — 25) are rapidly decreasing

any vertical strip, and since

= O(log’lt)) inRe(s)2 % if s=0+it,

| 1
{2s)
it is clear that (3¢(g, s) is rapidly decreasing at infinity in every vertical strip
1< Re(s) £ 0 < +00.

The Laplace transform 0¢(g, s) satisfies a functional equation. Consider

(23) J‘ é,,(guw,l — s)du;
U

since the function F(g) = §¢(g, 1 — s) satisfies

F(ghu) = F(g)B(h)*

we have F(g) ¥ [g(e,)| 2 (euclidean norm in R?) outside a neighborhood of
0 in R?, and thus (for given g and variable u)

é¢(guw,1 - 5K ||guw(e,)||'2’H "“(ez)"—st a+ “2)—s,

so that (23) converges for Re(s) > 3.
Now it follows from (22) and (21) that

%J‘é,,,(guw, 1 —s)du= J-Ld,(guw, 2s)du + C(ZC( ) %) L (guw, 2s) du
_2-2 23)

, ey -2
@ —29 s~ 1)

-2
{(2s) ){C(Z 5) Li(g, 2 — 2s) + Lyg,2 — 28)},

-Lg(g, 2 — 2s)

HEENEE)
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and we eventually get

(24) ‘I(s)f Oylguw, 1 — s)du = (g, 5), Re(s) > 4.
U .

7. The scalar product of two theta series. We now come back to formula
(9), namely

[04]1> = ¢ jdmj f,(m, s)Ly(m,25)ds  where ¢ = 1/n>
Re(s)=a

It is valid provided ¢ > 1, but since the integrand is holomorphic and rapidly
decreasing in the strip 1 < Re(s) < ¢ one can replace it by

16,7 = ¢ j dm j b m, Vg3 = 79 ds
Re(s)=1

(observe that 5 = 1 — s on the critical line!). We shall now prove that we have
also

Re(s) &
lne\(;)>6

29) 16,7 = ¢ j dmj 10m, ) ds:
M

since the function gr—»(jd,(g, s) belongs to the representation space #(s) of G
(‘“principal series” of §2; it is unitary on the critical line) we can write (25) as

(26) @) = cL o [Ds)|2ds (@ =0,®L1)

Im(s)>

where ||<i>(s)|| is the norm of the element @(s) of the Hilbert space #(s), cf. page 1.
One can view (26) as follows: the unitary representation of G on the subspace of
L*(G/T) spanned by the functions 0, ¢ € D(G/U), orthogonal to 1, is the continuous
direct sum with respect to the Lebesoue measure of the irreducible representations
of the principal series.

Let us now prove (25). We shall first compute the scalar product

f 04(8)Ey (g, ) dg = J dg Y, 04(gv)Lygy, 25)
G/T

Gr Ty

= j 04(8)Ly (g, 25) dg = j 03(g)L o (g, 25) dg
GIr G

= J J 03(mh)L,(m, 25)B(R)~*B(h) dm dh,
MxH
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whence

J‘ 04(8)E4 (8, 5) dg = f 0 4(m, S)Ly(m, 25) dm
G/r M

for Re(s) > 1 at first, and for Re(s) = 4 by analytic continuation. But we have

02 — 25)E4(g, 1 — 5) = {(25)E;(8, 5)
so that the expression

c(2s>j 04(8)E4 (g, ) dg = f B(m, S){(25)L:(m, 25) dm
G/T M

is (on the critical line) invariant under s - 1 — s = §, ¢’ = ¢’; hence

A —_— a 2
f@,,(m, S)L4(m, 25)dm = JBAm, s)é—iz—s; Lg(m, 25) dm
from which it follows that (take now ¢’ = ¢)
16412
ppr N
= c || 04(m, s)L4(m, 25) dm ds
v
_(f P e [ 5 {e2s)
=c 0 4(m, s)Ly(m, 25)dmds + ¢ 04(m, 3)| = L4(m, 2s) | dm ds
J JRe(s) = v J Re(s) (2 )
Im(s)> Im(s)>
=c[[  6,0m9)Ly0m 23 dmds + c Bytm, ) 2V 1 (m, 25) dm ds
o _ 1)
v JRe(s) = v JRe(s) =
Im(s) > Im(s) >
=c é,,(m, s){L',(rn, 25) + —— §29) Ly(m, 2s)} dmds
JJRe(s)= C(z )
Im(s)>
=c é,,,(m, s)é,,,(m, s)dmds
v JRe(s) =
Im(s) >

as follows from (22), page 8, and the fact that § = 1 — s on the critical line. We
thus get (25).

8. Inversion formula. Let ® = 04, be a theta series in L’(G/ I'); formula (26)
enables us to compute its norm in L%G/T) in terms of its “components” &(s)
in the various Hilbert spaces J#(s) of the principal series; this is an analogue of
Plancherel’s formula in the classical theory of Fourier integrals. We shall now
prove that there is an analogue of Fourier’s inversion formula, i.e., a formula

expressnng ®(g) in terms of its Laplace transform ®(g, s) on the critical line
Re(s) = 1.
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Since

d(ghu, 1 — 5) = D(g, 1 — s)B(h)™*

it is clear that the ratio (i>(g, 1 — 5)/L4(g, 2s) is invariant under HU ; since G/HU
is compact we see that, for a given s,

®(g, 1 — )X Ly(g, 25);

hence the Eisenstein series

@) Eolg.s) = 3 ®gn1 -3

L) P

converges for Re(s) > 1 (multiply by {(2 — 2s) to kill the poles on the right hand
side!); (22) shows that

2
Eols. o) = Eulg. ) + 73 — 5 Eils o)
if ® = 0,, ¢ € 2(G/U). But
{2s)E4(g, 5) = {2 — 25)Eg(g, 1 — 5) = {(2 — 25)E4(g, 1 — )
and thus
(28) 3Eo(8, 5) = E4g, 5) + E4lg, 1 — 5)

if ® = 6,. But we have seen, cf. (10), that
1 :
04(8) = —J Eyg s)ds if o> 1;
T Re(s)=0

since {(25)E(g, s) is an entire function and decreases rapidly in every vertical
strip (use the Laplace integral representation of §5), the function E(g, s) is holo-
morphic and rapidly decreasing at infinity in 4 < Re(s) < ¢. Hence we can shift
the integration, so that

1 1
0¢(g) =- J‘ E¢(g’ S) ds = — J Eé(g’ 5) ds
Re(s)=4% Re(s)= 1%

1
=5 J [Ey(g, s) + Ey(g, 1 — s)]ds
T Re(s) =%

and we eventually get the analogue of Fourier inversion formula, namely
1
(29) Og) = EJ Eqfg, s) ds.
Re(s)=1%

[We assume @ = 6, for some ¢ € 2(G/U), and ® 1 1.]
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9. The space of cusp forms. Take any ® € L%(G/I') and any y € 2(G/U); then

(D, 6,) = J (g)0,(8) dg = j D(g(g) dg = J D)y (g) dg
GIT GIT

G/U

as can be shown by using again the methods of §3 and §7. From this it follows
that the subspace L3(G/T") of L%(G/T") orthogonal to the theta series 04, ¢ € 2(G/U),
is the set of cusp-forms i.., of ® € L*(G/T) such that

(30) ®O(g) = J. ®(gu)du = 0 almost everywhere,
ur

®©

[To see that this integral makes sense for any square integrable function ®(g)
observe that for any ¢ > 0 the set MH(c)U/T',, where H(c) is the set of he H
such that |t| < ¢, covers a finite number of times only a part of G/I"; hence for
any ® € L%G/T) the integral

J |®(g)|* dg = I dm J. B(h) dhj |®(mhu)|* du
MH()UT M H(c) u;r

®

is convergent ; making use of Parseval-Bessel’s formula for U/T, it follows that
u— ®(gu) is in LY(U/T ) = LY(U/T,) for almost all g and that

j de‘ |®°(mh)|2B(h) dh < f dm B(h) th |<I>"(mh)|2
M H(o) M H(c) [cf. E S
cf. Equation (3’
= J |®(g)|* dg.

MH()UT
Hence we even have

I j |@°(mh)|2p(h) dm dh < + oo
M x H(c)

for any ¢ > 0 and any ® € L*(G/T).]

10. Discreteness of the spectrum in L3(G/T'). The following lemma is easily
proved : Let x —» U, be a unitary representation of a locally compact group G
on a Hilbert space 5 ; suppose the convolution operator

Up = J U, F(x) dx
G

is compact for every continuous function F which vanishes outside a compact
neighborhood of e; then the decomposition of the given representation into
irreducible ones is discrete with finite multiplicities (i.e., # is a Hilbert direct
sum of countably many minimal closed-invariant subspaces and the number
of irreducible components which are equivalent to a given one is finite).

Returning to G = SL(2, R), I' = SL(2, Z), we shall prove that the above lemma
applies to the representation of G on s# = L?(G/T).
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Here (and denoting by F a generic continuous function with compact support
on G and by @ a generic element of 3#) we have
»

Urd(g) = | U.D(g)- F(x)dx = J F(x)®(x~'g) dx = Fxd(g),

vG G

a convolution product ; but since ®(gy) = P(g) we also get

Upb(g) = | F(gx™)P(x)dx = f dx Y, F(gyx™')®(xy™').
Jé Gr, To
= K (g, x)®(x) dx

Jer,

where
(1) Kig, x) = ) Fl(gnx™").
nel

But since ® € L3(G/T') implies Uz® e L3(G/T) i.e.,
0= J U ®(gu) du = J du J K ((gu, x)®(x) dx,
ur ur, GIr

we also have
r

Ur®(g) = B(x) dx {Kr(g, x) — f K r(gu, x) du}
uIr,

o G/l"mJ
,

= ®(x) dx {Z F(gnx~1') — J duy F(gunx")}
o ur, T

v GIT,
n

= ®(x) dx {Z F(gnx~1) — I F(gux™1) du}.
Iy 1)

Jer,

It will be shown in the next set of notes that the integral [y F(gux~')du is the
“principal” part of the kernel K(g, x), and that by substracting it from Kg(g, x)
one gets for Up®(g) a function which decreases rapidly at infinity in the fun-
damental region of I'; the compactness of Uy in L%(G/T) will follow at once
from this result.

11. References. No precise reference can be given because, as far as SL(2) is
concerned, nobody thus far has ever published anything like a proof of a state-
ment. Deep results valid for fuchsian groups have been announced long ago by
A. Selberg at the Colloquium on the theory of zeta functions (Bombay, 1956),
to be found in the Journal of the Indian Mathematical Society, volume XX; a
first idea of the proofs, as well as extensions to more general groups (e.g. groups of
rank one over @), are to be found in Selberg’s talk at the International Congress
of Mathematicians, Stockholm, 1962 ; see also Gel'fand’s paper in the Proceedings
of the same Congress. In 1964, Gel'fand, Graev and Pjateckii-Sapiro published
a note (Doklady, volume 157) on the spectral decomposition of L%G ,/G,) where
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G is the SL(2) group over an algebraic number field; nearly complete proofs
were supplied in December 1964 at the Seminaire Bourbaki by the present
author, who is thus entitled to consider himself as a striking exception to the
first statement above! The method and results explained in the present paper
have been the subject of a course of lectures delivered in Paris in 1964-1965;
detailed lecture notes will be available within a short time.

The purely arithmetical method used here or in the author’s Bourbaki talk
has not been, so far, extended to general arithmetically defined discrete subgroups
of semisimple Lie groups; Langlands’ methods are of a quite different nature and
do not rest upon the arithmetic properties of the discrete subgroups. To prove
Langlands’ results by arithmetical methods would probably be a quite interesting
problem, and might lead to more precise results than Langlands’ method does,
and/or to a better understanding of the general situation.

Observe finally that when Langlands’ paper will appear, it will be a second and
more striking exception to our opening statement, since it will contain complete
statements and detailed proofs for the most general case.
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1. Laplace transforms. Let G be a connected reductive linear algebraic group
defined over k = Q, and let I" be an arithmetic subgroup of G. We have a unitary
representation of G on the Hilbert space L%(Gg/T') (left translations) and one
of the main problems of the theory of automorphic function is to decompose
this representation into a (possibly continuous) direct sum of irreducible ones.

If we denote by

T,: ®(g)— ®(x"'g)

the operator corresponding to a generic x € Gg, the first thing to do is to construct
the operator

T = J. T, F(x)dx
G

for every F e #(G), ie., every continuous function with compact carrier on G.
It is given by

TOx)F(y)dy = _[ Fy)®(y~'x)dy

Gg

T ®(x) = J

Ggr

= f F(xy™")y®(y) dy
Ggr

from which we get at once

T ®(x) = J KHx, y)®(y) dy

Gg/lT

with a kernel
Kex,y) = Y, F(xyy™")

yel

which is continuous on (Gg/T') x (Gg/T"). If Gg/T" is compact, i.e., if G is anisotropic,
the operators T will thus be compact, from which it follows (see the end of the
SL(2) notes) that the representation T of Gg on L%*(Gg/T") has in this case a
discrete decomposition into irreducible ones, with finite multiplicities, a fairly
nice and simple situation, with unfortunately few results available to this day....

So we have a strong motivation for looking at the other cases. We then have
in G nontrivial parabolic subgroups, and we can use them to define a kind of
Laplace transform as in the SL(2) case. More specifically take in G a unipotent

225
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subgroup U and assume it is the unipotent radical of some parabolic group,
necessarily the normalizer P of U in G. For every function ® € L%Gg/T'), the
function ur— ®(gu) is invariant under

Ur= Unnr,

a discrete subgroup of Uy with compact factor space, so that we can construct

do(g) = f O(gu) du;

Upgp/Ur

of course the function p+— ®y(gp), p € Py, is right invariant under U gPr, where
Pr = Pgn T,
so that we can consider it as a function on
Pp/Ug = (P/U)p = Hg

invariant under the image Hy of I' in H = P/U, which is an arithmetic subgroup
of H (observe that H is reductive, algebraic, and defined over Q). Now denote by
A any continuous homomorphism Hg+— C* with the property that 1 = 1 on Hy
(these A are closely related to the rational characters of H, of course); then the
Laplace transform of @ (corresponding to U) will be the function

dy(g, 1) = f DY (gp)Up)~* dp

Pr/PrUg=Hg/Hr

where p+— p is the canonical mapping from Pg onto Hpg.

It is to be expected that conversely the function @ can be reconstructed in some
canonical way from its various Laplace transforms dy, but this is hopeless if
&, = 0 for all U, i.e., if we have

J O(gu)du =0
Ug/Ur

as soon as U is the unipotent radical of some parabolic subgroup. Such functions
are called cusp-forms (the “constant term” of their “Fourier expansion” along
each Up vanishes) and they form in L%(Gg/T')a closed invariant subspace L3(Gg/T).
Since our attempt to construct the “continuous” part of the spectrum failed on
L}(Gg/TN), there is no other choice left than proving the following result :

The representation of Gg on L3(Gg/T") decomposes into a discrete sum of irreduc-
ible representations occurring with finite multiplicities.

In other words, on L3(Gg/T') everything looks as if G were anisotropic. . . .

In the remainder of this lecture we shall give a proof of the above result,
closely following Langlands’ paper but for the use of Poisson’s summation
formula. The method will of course consist in proving that on L3(Gg/T") the
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convolution operators
Tr®d(x) = F +®(x) = ‘[ F(xy~")y®(y)dy
Ggr

are compact [we shall prove it only for F € 2(Gg) i.e., C*® with compact carrier].

2. Notations. We shall denote by P a fixed minimal parabolic subgroup of
G, by U its unipotent radical, by S a maximal split torus in P and by Z its cen-
tralizer, so that P = ZU (semidirect product over Q); of course Z =~ P/U, and
S n T = St is finite. A root a of G with respect to S will be called positive if the
subspace g(«) of the Lie algebra of G is contained in the Lie algebra of U; the
corresponding simple positive roots will be denoted by «,,---,a, (r = dim S).
The connected component of Sg will be denoted by Sz, and Sg(t) will denote
the subset of Sg defined by the relations

afs) <t 1gign,
for a strictly positive ¢.
We shall choose in Z = Z(S) a closed subgroup M (defined over Q) such that
Z = SM, with S n M finite. We then have

Zg = SRMR

and M is anisotropic, so that Mg/M is compact. We shall also choose in Gg a
maximal compact subgroup K such that Sy is stable under the involution of Gg
with respect to K ; we then have

Gn = KS; MRUR;
the corresponding decomposition of an x € G will be written as
X = kxsxmxux;

s,, u, and the product k,m, are uniquely determined by x.
We shall denote by*

S = KS;()QuQy

a fixed Siegel’s domain in Gg and by ¢,,-- -, &, elements of G4 such that
h
Gn = 'l—J] Gfir.

Finally, the Lie algebra of U will be denoted by n; the map
exp:n—->U

is an isomorphism of algebraic varieties defined over Q, and induces an isomor-
phism of analytic varieties ng — Upg; it transforms the (additive) Haar measure

! We shall denote by Q, or Qy or Qg, etc..., fixed compact subsets of M or Up or Gy, etc....
However the meaning of such a “‘fixed” compact set will be allowed to change a finite number of
times in the course of the proof.
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of ng in that of Ug. Though U, is not necessarily the image under exp of some
discrete subgroup of ng, it is known that there is in ng a lattice a = ng such that
exp(a) is a subgroup of finite index of Ur. If V = U is the unipotent radical of a
parabolic subgroup containifig P, it is clear that

Vi = Vnexp(a) = exp(v N a),

where v is the Lie algebra of V, is a subgroup of finite index of V;.

3. Majoration of the kernel. Let ® € L%(Gg/T); since ® is invariant under (at
least)

r = exp(a),
we get at once, for every F € 2(Gg),
(1) Tr®(x) = '[ Kgx, y)™y) dy
G a/Ut
where
@ Kglx, y) = "eZv, Flxny™') = § Flx exp(v)y~'].

To get an asymptotic evaluation of Kg(x, y) for x € S, we shall use Poisson’s
summation formula on ng: for given x, y € Gy it is clear that

3) n— F[x exp(n)y ']

is C* with compact carrier on ng, whence

“@ Kex,y) = ), J' Flx exp(n)y ™~ ]e*™*® dn
il J, ”

where the summation extends to the set A of all linear forms A: ng— R which
take integral values on a.

Consider now the integration domain Gg/Ur in (1); since Ug/Ur is compact
we see that in the decomposition y = k,s,m,u, of y we have u,eQy, a fixed
compact set in Ug. Furthermore, since F has a compact carrier, we see that

F(xny™') # 0= xny~' e Qg;
if xe © we have x € KQys5,Qy = Qgs, and thus
Fxny™') # 0=>sny~'eQq
= squ, st osmy s ke Qg
= snu, syt omy s, €Qg,
and since the decomposition

P = upmyS,
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of a p e Py is topological we conclude among other things that
5) Fxny™) #0=>m,eQy and s5,eQss,.
For x e © we thus see that

(6) Kp(x, y) # 0=y e KQuyQss,Ug

so that we need only evaluate (4) in this range, and even for y € KQ,Qs,.Q,
since we integrate modulo Uf.
Then we get

J F[x . exp(n) . y’ l]eZnil(n) dn = .[ F[CD_.‘ e exp(n)s;l . S;.V- l]eZIM(ll) dn
ng i

1

where w, = xs; ' €Qg; furthermore w,, = s,y~' also remains in some fixed

compact ; as we have seen above.
Thus

j Flx-exp(n)- y~ ']e?™*® gp

= J Flo, - exp(Ad(s,)n) - , ,Je*™*™ dn

= Blsy) ™" J Flo, - exp(n) - o, ,Jexp[2niA(Ad(s,) ™ 'n)] dn,

and if we define

) F, (A = J. Flo,- exp(n) - w,,,)e2™*® dn
na
for any real linear form A on ng, we eventually get

®) f Flx - exp(n)- y~ "1™ dn = fs,) "' £, JAd(s)A]

where we still denote by Ad(s,) the contragredient of the adjoint representation of
Sg on ng, and where

©9) B(s) = det, Ad(s) = l'I0 ofs),

each root occurring as many times as its multiplicity.
Now since the functions

n— F[wx * exP(") ) wx,y]

obviously remain in a fixed compact subset of 2(ng), their Fourier transforms
F., are uniformly rapidly decreasing at infinity; if we choose any norm ||| on
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the dual space of ng we thus have for every integer N a majoration

(10) |FeyP| = Cu- |4]7Y

valid for all nonzero A and all x, y under consideration. From this we get

J F[x - exp(n) - y~)e?™4® dn| < B(s,)~*|Ad(s)A] =¥

and if we denote by 4, the restriction of 4 to the subspace of ng corresponding to
a positive root « we eventually obtain

(1 I Flxexp(n)y™']e*™*® dn < ||A]| "NB(s,)~" - sup als,)"
na Ag#0
for every integer N and 4 € ng.

4. Majoration of T;®(x) in . We now make use of the fact that ® is a cusp-
Jorm to get a majoration of T®(x) for x e &.
Choose a simple root «; and let V be the subgroup of U spanned by the roots

o= no + -+ nuo

such that n; > 0; hence V is the unipotent radical of a (maximal) parabolic
subgroup containing P.
In the Fourier integral

12) J’ F[x - exp(n)- y~ 1]e?™4® gn

assume A vanishes on the Lie algebra vy of Vg; then (12), as a function on y,
is right invariant under Vg, because if v € Vi we have (by the Campbell-Hausdorff
formula)

1

exp(npp~! = exp[n — v(n)]

with v(n) € vg; taking n — v(n) as a new integration variable in (12), which replélces
dn by dn, one gets at once the invariance of (12) under V.
But since @ is a cusp-form, we have

r~

d(gv)dv =0

vV piVr

hence also

O(gv)dv =0

YV
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since Vi = Vg nexp(a) = V., and if we write formula (1) as

(13) Te®(x) = J‘

G

dyj Kr(x, yv)®(yv) dv
RV RUT ValVr
we see that we can remove from the series

() Kelx,y) = Y j F[x - exp(n)- y~ ]e2™*™ dn
A€W Jp
those terms for which 1 = 0 on vg.
But if 4 is not identically 0 on vg then there is a root a = ma; + --- + n
for which

r

/ﬂ»u#o, n,->0;

inequality (11) and the fact that the afs,) remain bounded for x € & yield for
such a 4 a majoration

J Flx exp(n)y ™ ']e*™*® dn| < || 4] ~"B(s,) ™ ‘als,) "

ngr

and since ), |4 ~" converges for large N it follows that

il
Ac
(14) K(x,y) = Olafs,)"/B(s)] + -

where the dots do not contribute to the calculation of T;®, and are invariant
under Vg; furthermore it is clear from (5) that (12) vanishes unless

y € KQyQss,Up,
so that the kernel obtained from (14) by removing the dots still vanishes outside

KQ, Qs Upg.
We thus get from (13)

O(y)dy = ﬂ(sx)“a.(sx)"j O(y) dy,

KQnmQssx0u

TF(D(X) < ﬂ(sx) h lai(sx)N J

KQrMQssx U g/Ut
whence, by Cauchy-Schwarz inequality,
1

< ﬂ(sx)_ lai(sx)Nv(KQMQSstU)& {J‘ Iq)(y)|2 dy}

KQmQssxQu
but
KQMstxQU [ KQMS;(I')QU = G',

a fixed Siegel’s domain, and thus

3 +
{ j |®(y)? dy} <U IO(y)I’dy} = |®[.;
KQumQssxQu G/l
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on the other hand
v(KQuQs5, Q) = (KQyQs5,Qus; ') X v(s,Quss ') X B(s,),
and we eventually get

a(sy)”
T; <=0 |®
Fd)(x) ﬂ"(s,) " "2
for x € &. Since this is true for any i = 1,.--, r we actually have
n(ss)" ,

15 Ted(x) < Pl,in S
( ) F(D( ) ﬂ*(sx) " ”2
where
(16) n(s) = inf[oy(s), - - -, a,(s)]-
Note that f(s) = [Jads)™ with positive r;, so that

B(s) = n(sy
for a suitable r. From this and (15) we finally get
(15) T ®(x) < n(s,)~"|®| .

for all xe & and ® e L3(Gg/T).

5. End of the proof. To conclude the proof of the fact that T is compact on
L3(Gg/T) it remains to prove that the set & = {T;®|® e L3(GyT), |@|, = 1}
is precompact in L%(Gg/T).

First of all G/ is finitely covered by U&¢; with finitely many &,,---, §,,
so that we need estimates not only for T ®(x) but also for Tr®(x¢;) for x € S; this
amounts to replacing ®(x) and I" by ®(x¢;) and £,T'¢; !, so that we get from (15')
a majoration

(15") Tr®(xE) < n(s,)¥ @, if xeS, ®eL3(GyT).

Now if X denotes any right invariant differential operator on Gg (of arbitrary
order) we have
X(Ty®) = X(F *®) = (XF)*®

= Tyr®;

applying (15”) to XF we conclude that the functions of & are uniformly bounded
together with all their derivatives on Gg/T', and this obviously shows that & is
pre-compact, which concludes the proof.

6. A majoration of cusp-forms. Assume a given ®e L3(Gg/T) is an auto-
morphic form in Harish-Chandra’s sense, i.c.,

(1) @ is annihilated by an ideal of finite codimension in the center of the envelop-
ing algebra of 6.
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(2) @ transforms under g — kg according to some finite dimensional rep-
resentation of K.

(If the ideal and the representation are given, those @ remain in a finite dimen-
sional subspace because (a) there are finitely many irreducible unitary rep-
resentations of Gg in which the given ideal and representation occur, (b) these
irreducible representations of Gg occur in L3(Gg/T") with finite multiplicities,
(c) each finite dimensional representation of K occurs finitely many times in
such an irreducible representation.) Then it is easy to show there is an F € 2(G)
such that T® = .

We thus obtain for every automorphic form in L3(Gg/I) a majoration
®(xE) < n(s)V|| P, in S for every positive integer N.

7. Cusp-forms on adele groups. Denote by A the ring of adeles of @ and
consider L*(G,/Gg). If U is the unipotent radical of a parabolic subgroup P of G,
then U /Uy is compact, so that one can define

Y(g) = D(gu) du
Uu/Up
for every function ® invariant under G ; of course functions @Y corresponding to
conjugate U’s are essentially the same, so there are essentially as many ®Y (for
given @) as there are classes of parabolic subgroups.
The space L3(G,/Gg) defined by the requirement that

®% =0 forall U

is a closed subspace of LG 4/Gg), invariant under left translations by elements of
G .. We have then the same result as “at infinity,” namely: for every continuous
function F with compact support on G, the convolution operator

T d(x) = j F(xy™ ")®(y) dy
G,
is compact on L3(G 4/Gg), so that the representation of G , on L(G ,/Gg) decom-
poses into a discrete sum of irreducible ones with finite multiplicities.
One could either deduce this result from the theorem “‘at infinity” or prove it
directly (and then deduce from it the theorem ‘‘at infinity”’) by following the
same method ; one should then take

F(x) = []F,(x,)

where F € 9(Gy), where, for a finite p, the function F » is locally constant with
compact carrier, and where F, is for almost all p the characteristic function of
the group of integral points of G,. One can then use Poisson’s formula in the
form

nely

Y Fomy™') = ;f Flx exp(n)y™ ' JA(n) dn
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where A(n) is the (Pontrjagin) character of the additive group of n, attached to a
rational linear form A on n, etc.... . This would even be simpler in some respect
than the computations at infinity.
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Eisenstein Series
BY

R. P. LANGLANDS*

1. Preliminaries. In these lectures I want to discuss, with some indications of
proofs, some of the elementary facts in the theory of Eisenstein series. Although
the discussion can be carried out in more generality it is most convenient, in the
context of this institute, to take for discrete group an arithmetically defined sub-
group I' of the group G of real points of a reductive group G¢ defined over Q
whose connected component G has no rational character. It is also necessary to
suppose that the centralizer of a maximal Q split torus of G2 meets every com-
ponent of G. The reduction theory of Borel applies, with trivial modifications,
to G; it will be convenient to assume that I has a fundamental set with only one
cusp. Fix a minimal parabolic subgroup P2 defined over Q and a maximal Q
split torus A2 of P2 so that the standard parabolic Q-subgroups are defined.
A (standard) cuspidal (percuspidal) subgroup P is the normalizer in G of a
(standard) parabolic (minimal parabolic) Q-subgroup P of G2. To each standard
cuspidal subgroup P is associated a subspace ¢ of the Lie algebra a2 of A2;
this subspace will be called the split component of P. By definition the rank of
P is equal to its dimension. a, the set of real points on a¢, will also be called the
split component of P. P is a product AMN where A is the analytic subgroup of G
with the Lie algebra a, N is the set of real points in the unipotent radical of
P¢, and M satisfies the same conditions as G. We identify M with N\MN.
I'm P < MN and ® = I'n N\I'n MN is an arithmetically defined subgroup of
M. Assume that for each standard cuspidal subgroup P it also has a fundamental
domain with only one cusp.

Suppose P and P’ are two standard cuspidal subgroups w1th the split com-
ponents a and a’ respectively. If there is an element of Q, the Weyl group (over Q)
of a2, taking a. to a; we shall say that P and P’ are associate; let Q(a,a’) be
the set of distinct linear transformations from ac to ac obtained by restricting
such an element of Q to A.. The relation of being associate is an equivalence
relation. The normalizer of A(W’) in G leaves M(M’) invariant and consequently
acts on the centre Z(Z') of the universal enveloping algebra of the Lie algebra
of M(M’) and on the set X(X’) of homomorphisms of Z(Z’) into C. The orbits in
X(X') under this action are finite. If P and P’ are associate, Z and Z’ are isomorphic
and there is a natural one-to-one¢ correspondence between orbits in X and X'.
Every element of Z defines an unbounded operator on L3(@\M), the space of

* Miller Fellow.
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cusp forms on O\M. If £ X let
V() = {¢pe L§(O\M)|X¢ = &(X)¢ for all Xe Z}
and if Z is an orbit in ¥ let

VE) = Y VQ).

de2
V() is a closed subspace of L3(©\M) invariant under M and

Li©\M) = ; @ VE).

If 2 is the orbit in X' corresponding to Z the space V(E') may be defined in a
similar fashion. V = V(E) and V' = V(Z') are said to be associate. We shall call
such a V a simple admissible subspace. The symbol W will denote the space of
functions on a fixed maximal compact subgroup K of G spanned by the matrix
elements of some irreducible representation of K.

2. Partial decomposition of L%(I"\G). If V is a simple admissible subspace of
LY@\M) let &(V, W) be the set of all continuous functions ® on NA( n P)\G
such that ®(mg) belongs to V for all g and ®(gk~!) belongs to W for all g. £(V, W)
is a finite dimensional Hilbert space with the inner product

@Y = f O(mk)P(mk) dm dk.

O\M xK
Let 2(V, W) be the space of all continuous functions on N(I' n P\G such that
¢(mg) belongs to V and ¢(gk ') belongs to W for each g and such that the pro-
jection of the support of ¢ on NM\G is compact.

LEMMA 1. If ¢ € D(V, W) then

$’@= % ¢08)
belongs to L¥I"\G). raP\r

The proof of this lemma requires the result in §6 of Godement’s lecture on
cusp forms.

Suppose {P} is the set of all standard cuspidal subgroups associate to a given
one and {V} = {V(P)|Pe{P}} is a collection of associate simple admissible
subspaces. Let L({P}, {V}, W) be the closed subspace of L*I"\G) spanned by the
functions ¢"() with ¢ in @(V(P), {V}, W) for some P in {P}.

LemMA 2. L¥(I'\G) is the orthogonal direct sum of the spaces L({P}, {V}, W) and
Jor a fixed {P} and {V}, Y @ L({P}, W) is invariant under G.

This lemma is a fairly easy consequence of Lemma 3 which will be stated in a
few minutes. To some extent it reduces the problem of decomposing L*I'\G) to
that of decomposing each of the spaces L({P}, {V}, W).

3. Eisenstein series. If P belongs to {P} let ac be the split component of P.
Let A be the generic symbol for a linear function on a,. We can write any ¢
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in 2(V, W) as a Fourier integral

1

(1) 48 = 5,

J' exp(A(H(g)) + p(H@)®(A, g)|dAl.
ReA=Aq

Here ®(-), which I call the Fourier transform of ¢, is an entire function on
the dual of ac with values in &(V, W) and ®(A, g) is the value of ®(A) at g. The
dimension of ac is g; p is one-half the sum of the positive roots; and a(g) = exp H(g)
if g = na(g)mk, ne N, a(g)e A, me M, ke K. If (Aq, @) > (p, @) for every positive
root a then

$'(@) = J—f T exp(A(H@E) + pHOZNVA, yg)ldA]
R

(2n)q eA=Ao I'nP\I

To study the map ¢ — ¢ we shall, for an arbitrary @ in &(V, W), study the series

Y exp(A(H(yg)) + p(H(yg)®(yg).

rnP\I

This series is of interest for all functions ® on NA(I' n P)\G such that, for each g,
®(mg) is an automorphic form, in the sense of Harish-Chandra, on ®@\M which is
square integrable on ®\M and ®(gk ') belongs to some space W. It is called an
Eisenstein series. Denote its sum by E(g, ®, A). For each g and @ this function
is defined and holomorphic in the domain {A|Re(A,a) > (p, ) for all & > 0}.
One of the basic facts in the theory of Eisenstein series is that it can be continued
to all of the dual space of ac as a meromorphic function. This has first to be
done when ® belongs to one of the spaces &(V, W) and for the moment we con-
centrate on that.

LEMMA 3. If P’ is another standard cuspidal subgroup of rank g then
(a) j E(ng,®,A)dn =0
I'AN’\N’

if P and P’ are not associate. However, if P and P’ are associate

sefa,a’)

(b) J E(ng,®,A)dn = Y exp(sA(H'(g)) + p(H'@)(M(s, A)D)(g)
FAN’\N’

where M(s, A) is a linear transformation from &V, W) to &(V', W) analytic as a
Sunction of A in {A|Re(A, @) > (p, @) for & > 0}. V' is associate to V.

In order to gain some understanding of this lemma we consider the case that P
is the standard cuspidal subgroup, P’ = P, and ® is a constant function. The
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sum on the right of (b) is then a sum over the Weyl group. The left side equals

[ 2 exp(A(H(yng)) + p(H(yng))®(yng) dn

Jranw P\

= Y uWTANAy 'PAN Ny~ 'Py) exp(A(H(yng))

FnP\I'/TAN Nny- 1PN

+ p(H(yng)))®(yng) dn.

We consider the integrals in this sum individually. Using the Bruhat decomposi-
tion to write y as pnyu (see pp. 63—70), we see-that the integral equals

exp(A(H(p)) + p(H(p)) {J.

Nnany) Pn \N

exp(A(H(nwng)) + p(H(nwng)) dn}Q(g)-
The expression in brackets equals

exp(A(Ad ny(H(g)) + p(H(g)) exp(A(H(nwn) + p(H(nyn))) dn

Nnng! Pny, \N

and we are done. Observe that if, as we suppose, the measure of ' N\N is one
then M(1,A) = 1.

4. Some functional analysis. Combining Lemma 3 with the Fourier inversion
forrula we obtain a formula which is basic for everything to follow.

COROLLARY. Suppose P and P' are associate standard cuspidal subgroups, V
and V' are associate admissible subspaces, ¢ belongs to D(V, W), and s belongs to
V', W). If the Haar measure on G is suitably chosen, then

%) j ¢ W (g)dg = I Y (M(s, AD(A), P(—sA)dA|.
NG Re

(2n)q A=Ao seQ(a,a’)

Of course A, must be such that (A,, @) > (p, @) if « is a positive root of A. Simple
approximation arguments now show that if ¢(g) can be represented in the form (1)
with a function @ -), with values in &(V, W), which is defined and analytic in a
tube over a ball of radius R with R > (p, p)¥ and behaves well at infinity then
¢ (-) is defined and square integrable and the formula (2) is valid. In particular
®(-) could be taken to lie in #(&(V, W)) the space of all functions analytic in
some such tube which go to zero at infinity faster than the inverse of any poly-
nomial.

Let P),---, P" be the elements of {P}, let V' = V(P') and set

> = ; ® H(EWV, W)).
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Let ®(-) = (@,(-)),---,®'’, where ®(-) is a function in H#(E(V', W)), be the
symbol for a generic element of #. It is clear that we can define a linear map
®(-)— ¢ (-) of 3 into L({P}, {V}, W).

Suppose that, for | £ i < r, f{(-)is a complex valued function defined, bounded,
and analytic in the tube T% over some ball of radius R > (p, p)* with center
zero in the dual of af and f;(sA) = f{(A) if se Q(a’, a’).

Set fO(-) = (fy()®y(+), -+, £ )BL-))
The following lemma is quite useful.

Lemma 4. If
max sup |fiA)| = k

15isrAeTr
then there is a bounded operator A(f) on L({P},{V}, W) of norm at most k so that
ifYW(-) = fO(-) then y" = Af) .

Suppose ®(-) = (®y(-),---,®(-) and W(-)=(¥,(-),---,¥[(-)) are two
arbitrary elements in 5. Then (¢ , ¥ ) is equal to

M(s, AYD(AY), ¥ ;(— sA))dA,).
‘ZI ,Zl (21:)« ey s, (M, (A, (= sA))dA]

Denote this expression by (®(- ), ¥(-)). It is easily verified that
(Fo(-), () = (B(- ),/ *¥(-))

iff*(-) = (f$(-),-+-.f*(-) and f¥(- ) is defined by f¥(A) = f(—A). Consequently
(f*O(-),d(-)) = 0.If] > k there is a function g( - ) satisfying the same conditions
as f(-) so that I — f¥(A)f{A) = g*(A)g{A), 1 £ i < r. Consequently

PO(-), ®(-)) — (fO(-),fD(-)) = (g®(-), g®(-)) 2 0.

The lemma is an easy consequence of this inequality. In particular take

SN = (n— (A A)!

with u > (p, p). Then A( f ) is self-adjoint with a dense range; consequently the
operator A = u — A(f)”! is a self-adjoint operator, usually unbounded, on
L({P}, (V}, W). If ¥{A) = (A, A)P(A),1 £ i <r, then A¢" =y . The resolvent
R(z, A) = (z — A)~ ! is an analytic function of z off the infinite interval (— oo, (p, p)].

5. A theorem.

THEOREM. For each i and each j and each s in €a', a’) the function M(s, A) is
meromorphic on the dual of a;. For each i and each ® in &(V', W) the function
E(-, ®, A) with values in the space of continuous functions on T'\G is meromorphic
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on the dual of ai. If se Qa’, a’), te Qa’,a*) and ®e V', W) the functional
equations
M(ts, A) = M(t, sSA)M(s, A),
E(g, M(s, A)®, sA) = E(g, D, A)
are satisfied.

The first, and most difficult, step in the proof of this theorem is to show that it
is true when dim a’ = 1 for one, and hence all, i. Most of the important ideas in
this case have been described by Selberg in his talk at the International Congress.

6. In which the number of variables is one. If dima’ =1 then r is 1 or 2.
If z is a complex number let A'(z) be such that (&, A{(z)) = z(o, &) if o is the
unique simple root of a'. Let & = &(V!, W) or &(V!, W) ® £(V?, W) according
asris1or 2 If r =1, there is an s in Qa’, a') different from the identity; let
M(z) = M(s, A'(2)). If r =2 and s is in Q(a’, a?) then sA'(z) = —A?(z). In this
case let

Mz) = ( 0 M@, Az(z))).

M(s, Al(2) 0
In both cases M(z) is a linear transformation of &. If ® = (®,) or (®,, ®,) belongs

to & let )
E(g,@,2) = ¥ Elg, ®;, A(2).

The theorem may be restated as:

THEOREM. (i) E(-,®, z) and M(z) are meromorphic in the complex plane,
(ii) MzZM(—2) = I,
(iii) E(gs M(z)d)7 —'Z) = E(g, d), Z).

If (i) and (ii) are true and P is any maximal standard cuspidal subgroup then
J E(ng, M(z)®, —z) — E(ng, ®, z)dn = 0.
rAN\N

It follows from this that the integrand is a cusp form. Since on the other hand it
is by construction orthogonal to the cusp forms it must vanish identically. Thus
(iii) is also true.

The space s may be regarded as a space of functions, each of which is defined
on some strip of the form |Re z| < (p, p)* + ¢, & > 0, by setting

%) = ¥ © BN()

d - ) takes values in &. If c is close to but greater than (p, p)?

@ ¥) =ﬁ f (@), ¥(-2) + (M()0(a), ¥(2) d-.
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If ¢, > Re A > c then (R(A%, A)p , y) is the sum of

) 2 (@), W= 1) + (MU)OU), YD)
and
1 cy+io 1
@ ﬁjc‘_mﬂ—_;{(ﬂz), W(—2)) + (MEOE¥E)) dz.

If ®(z) = exp z2® and ¥(z) = exp z2¥ with ® and ¥ in & then (4) is an entire
function of 4 and (3) is equal to

(exp 24°/20){(®, ¥) + (M(A)®, P)}.

Consequently M(J) is analytic wherever (R(12, A), ) is. In particular it is analytic
for Re 1 > 0, 1 ¢ (0, (p, p)*}

Now we want to show that E(-, ®, z) is analytic in this region also. If f(g) is a
continuous function on G with compact support such that f(kgk™') = f(g) for all
k in K there is an entire function =n(f, z) with values in the space of linear trans-
formations of & so that the convolution of E(g, ®, z) and f(g) is E(g, n(f, z)®, z).
As a consequence it is enough to show that if Y(g) is any continuous function on
I'\G with compact support then

J E(g, ®, z)Y(g) dg
r'\G

is analytic in this region. In doing this we are free to modify E(g, ®, z) outside of
the support of . If ® = )’ ® ®@; then

E(g’ (I), Z) = Z Z F(‘yga d)l" Al(z))
i TAP\T
with
F(g, ®;, AY) = exp(A‘(H'(g)) + p(H'())®{g)-

According to a principal stated by Borel in his lectures on reduction there is a
number x so that, for 1 < i < r, the inverse image in G of the support of y is
contained in {gli(H(g)) < x(«', a’)*}. Let F"(g,®;,z) equal F(g, ®;, Ai(z)) if
ai(H(g)) < x(e, o)* and let it equal — F(g, ®(z), — A(z)) otherwise. Here ®(z) is
defined by

M(z)® = Z @ O(2).
Set

E'g®,2)=) Y F'yg®,2)

i TAPi\T

The functions E(g, @, z) and E"(g, ®, z) are equal on the support of .
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It is easy to compute the Fourier transform of F”(g, ®;, z). The argument of §4
allows us to show that E”(g,®,z) is in LI'\G) and that the inner product
(E"(-,®, 2), E"(-, D, A)) is equal to

(2 + @)~ {exp x(4 + @)(®,'¥) — exp(—x(4 + @))(M(D)D, M(u)'¥)}
+ (2 = @)~ Hexp x(4 — @)(®, M(1)¥) — exp x(i — (MDD, P)}.
Call this expression w(4, ii; ®, V). Suppose E"(g, ®, 2) is defined at 4 = 4, and
that (4, ii; @, ®) is analytic in A and i for |1 — Ao| < R, |z — 4¢| < R. Since
an
or

2 aZn
T e

E”( ) Qa )'0) w(lo, J'.0 5 d), Q)

we easily show that
i A= 2y 0"

nso n! 0A"
converges for |l - ).o| < R so that E"(-,®, /) is an analytic function of 1 in this
region with values in L2(I'\G). It is easy to convince oneself that if M(4) is a mero-
morphic function of A satisfying M(A)M(—4) = I then w(4, u; ®, ¥) is a mero-
morphic function of 4 and i whose only singularities are on the lines A = 4, or
i =2, where A, is a singularity of M(A). In verifying this use the relation
M*(2) = M(J). Because of this remark our only responsibility is to show that
M(J) is meromorphic in the entire complex plane and satisfies the stated func-
tional equation. However the functions E”(g, ®, z) will still be used in an auxiliary
role.

If 2 = ¢ + it then w(4, 1; ®, ¥) which equals

(1/26) {exp 2xa(®, ¥) — exp(— 2x0)(M(A)D, M(A)¥)}
+ (1/2it){exp 2ixt(®, M()¥) — exp(— 2ixt)(M(A)®, ¥)}

E"(-,®, 4o)

is a positive semidefinite form in ® and 'P. As a consequence
4
[M@)| £ max {\/ 2 exp 2xo, IT—T exp 2xo}.

We conclude first of all that if U is a set of the forma < 1 < b, 0 < ¢ < ¢, with
ab > 0, then ||M(4)| is bounded uniformly for A in U. This allows us to estimate
E(g,®, A) for 1 in U and then, utilizing the close relation between E(g, ®, 1) and
E"(g,®, 2), to show that |[E"(-,®, )| is uniformly bounded for 4 in U. Un-
fortunately the analysis required for these two steps is rather elaborate and can-
not be reproduced here. It may be found in §5 of my mimeographed notes on
Eisenstein Series. To continue we observe that this implies, by the very definition
of w(4, 2, ®, 7), that, for each ® and ¥, w(4, 1; ®, ¥) is bounded in U. This can
only be so if

ligl M*(e + it)M(o + it) = M(c — it)M(g + it) =1
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and
ImM Yo —it)— Mo +it) =0
al0

uniformly for ¢ € [a, b]. Roughly speaking this means that M(it) = M~ *(—it) for t
real. In any case, by an appropriate variant of the Schwarz reflection principle
we can show that if we set M(1) = M~ }(—A) for Re 2 < 0, 1¢[—(p, p)?, 0] then
M(2) can be extended across the imaginary axis to be meromorphic everywhere
but in the interval [ —(p, p)%, (p, p)%].

Finally it must be shown that M(1) is also meromorphic in the interval
[—(p, p), (p, p)*]. Since the proof of this is also based on §5 of my notes I shall not
present it here.

7. In which the number of variables is usually two. In the proof of the func-
tional equations for Eisenstein series in one variable there are two main points:
to show that the function M(z) is meromorphic and satisfies the stated functional
equation and to construct the functions E”(g, ®,z) and find the expression
(4, ji;®, P) for the inner product of two such functions. In the general case the
first step is to show that the functions M(s, A) are meromorphic everywhere and
satisfy the equations of the theorem. After this one can proceed in two ways.
Either one can find the analogues of the function E"(g, ®, z) and the expression
w(4, ji; @, ¥) as we shall do now or one can proceed in a more direct fashion
to analytically continue the functions E(g, @, A) as is done at the end of §6 of the
mimeographed notes referred to before. Since in proceeding the first way I work
from rather rough notes you may prefer the second upon which a little more
reliance can be placed. I present the first because it introduces a number of ideas
and formulas likely to be of use in the attempt to obtain in the general case a
trace formula in the sense of Selberg.

The first step is based on familiar ideas. It will probably be easier to understand
if we discuss it in a very simple case. Let G = SL(3, R), let I' = SL(3, Z) and let
{P} consist of one group, the group P of upper triangular matrices in G. In the
diagram a, and a, are the simple roots of a, a3 = p = 3(ot; + a, + a3) is the other
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positive root, and I is the region (A, &;) > (p, &), i = 1,2. The union of I and Il is
the convex hull of I and its reflection in the line («,, A) = 0. The region III plays
the same role as I with the line («;, A) = 0 replaced by (x5, A) = 0. Let A be the
tube over I, B the tube over the union of I and I, and C the tube over the union
of I and III. The functions M(s, A) are at first defined only in 4.

Let s;, i = 1,2, be the reflection corresponding to the root «;. For reasons
to be discussed later M(s;, A) depends only on the projection of A on the
orthogonal complement of the line (A, o;) = 0 and is a meromorphic function of
A. Suppose we could show that, for all s, M(s, A) is meromorphic in B and satisfies
there the relation

(5) M(ss,, A) = M(s, s;A)M(sy, A).
Suppose we could also show the analogous facts for s,. Then, for example,
M(sy52, A) = M(sy, s;A)M(s2, A)

in A. Since the right side is meromorphic in the entire two-dimensional complex
plane so is the left. An easy induction can be used to show that M(s, A) is mero-
morphic everywhere for each s and that the functional equations are satisfied.

How then do we continue M(s, A) over B and prove (5). Suppose that for any
® in &V, W) we could analytically continue E(-,®, A) over all of B (except
perhaps for some poles) and show that

(6) E(-, M(s,, A)®, 5,A) = E(-, D, A)

in this region. If N is the group of upper triangular unipotent matrices and Q is
the Weyl group of G

j E(ng, ®, A)dn = } exp(sA(H(g)) + p(H(g)))(M(s, A)D)(g)
I'nN\N

seQ

and

J E(ng, M(s,, A)®, s;A)dn
IAN\N

= ) exp(ss; A(H(g)) + p(H(g)))(M(s, s, A)M(sy, A)YD)(g).

seQ

The left-hand sides of these equations are meromorphic and equal in B; as a
consequence the functions M(s, A) are all meromorphic in the same region and the
equations (5) are satisfied.

As a further simplification we shall in proving (6) assume that &(V, W) is the
space of constant functions. a is the set of diagonal matrices D(x,, x5, x;) of
trace zero. Suppose «, is the linear function x; — x,. Let *P be the group of all
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matrices in G of the form
X111 Xp12 X33

X231 X22 X23 |
0 0 X33,

*N is the group of all such matrices with x,;, = x;; = 0and x,; = X3, = X33 = 1.
*M is the group of all such matrices with x;3 = x,3 = 0 and x33 = +1 and
*©@ = I' " *N\I'n *P is an arithmetic subgroup of *M. Moreover

tP = *N\P 1 *N*M

is a percuspidal subgroup of *M. We can choose 1V and W bearing the same
relation to 1P as V and W bear to P so that £(1V, W) is also the space of constant
functions. There is a natural map ® — t® of &(V, W) onto &(1V, tW). a is the
direct sum of *a = {D(x,x, —2x)} and ta = {D(x, —x,0)} and ta may be
regarded as the split component of 1P. The restriction ts, of s, to fa belongs to
the Weyl group of ta. Corresponding to ts, there is a function M(ts,, TA) on the
dual of tac with values in the space of linear transformations of &(1V, tW).
Because the dimension of a is one we know that M(fs,, tA) is meromorphic
everywhere in the dual space of tac. The dual space of ac is of course isomorphic
to the sum of the dual spaces of *ac and tac. Thus we may decompose a general
A as a sum *A + tA. A careful study of the computations following the state-
ment of Lemma 3 reveals that if ® corresponds to T® then M(s,, A} corresponds
to M(}s,, TA)T®. This is the fact with which we started.
By definition

E(g, ®,A)= ) exp(A(H(yg)) + p(H(yg))®(yg)

FAP\[
- ¥ { Y expA(HGE) + p(H(éyg»)(b(avg)}.
Fn*P\I'{ TAP\I'n*P

Consider the inner sum with the argument yg replaced by g and let g = namk,
ne*N, m = m(g)e *M, ae*A, and k in K. It equals

exp(*A(*H(g)) + p(*H(g))){ Y. exp(tA(tH(6m)) + P(TH(BM)))N’(H"I)}

*@n{P\*0

= exp(*A(*H(g)) + p(*H(2))E(m, t®, TA).
Consequently

E(g, ®,A) = . 2‘; . exp(*A(*H(vg)) + p(*H(yg))E(m(yg), 1@, TA).
N*P\

It can be shown that the series on the right converges at any point of B at which
it is defined and that it represents a meromorphic function in B. The relation
(6) is an immediate consequence of the known relation

E(m, M(ts,, tAYt®, ts|A) = E(m, 1®, TA).
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8. A combinatorial lemma. Before defining the functions E"(g, ®, A) we had
best discuss a simple combinatorial lemma. V will be a Euclidean space; V'
will be its dual; {1%,---, A7} will be a basis of V' such that (4, 2) < 0if i # j;
and {u',---, u?} will be a basis of V' dual to {A',---, 2?}. Suppose p is an ordered
partition of {1,---, p} into r = r(p) nonempty subsets F,, | Su=<r. IfieF, let
1, be the projection of i’ on the orthogonal complement of the space spanned
by {ul|jeF,,v < u} and let 4, 1 <i < p, be such that (4}, u}) = J;;. A point
A in V' will be called singular if, for some i and some p, (A, ui) = 0 or (A, 4)) = 0
and a point H in V will be called singular if A{(H) = 0 for some i and some p.
Suppose A in V' is not singular. Define the function ¢ on V by the condition
that ¢2(H) = 0 unless Ai(H)(uj, A) <O for all i’ when $)(H) = 1. Define the
function Y2 by the condition that y3(H) = 0 unless 4;(H) > 0 for i in F, and
A(H)(ui, A) < 0 for i not in F; when y}(H) = 1. Let aj be the number of elements
in F,; let b} be the number of i such that (4, A) <0, and let ;' be the number
of i in U}_,F, such that (i, A) < 0. Set

ad = bd + Zl(a;+1) s Br=1+c2+ Y (@ + 1)

u= u=2

LEMMA S. If H is not singular then
;(— )2 ¢p(H) = ;(— 1Py (H)
if (3 A) < 0 for some i and
g,»(—l)“"}d’.’,‘(H) =1+ ;(—WW;‘(H)

if (A,A) >0 foralli.

It is a pleasant exercise to prove this lemma.

9. L*(N\G) as the bed of Procrustes. Suppose a = a’ and ® € &(V™, W) (the
notation is that of §4). Suppose A in the dual of a¢ is such that for all i and all s
in (X(a, a’) the point Re(sA) is not singular in the sense of the previous paragraph.
Take V to be a' and A!,---, 1”7 to be the simple roots of a’. Suppose also that
Re(A, o) > (p, @) if o is a positive root of A. Choose a point H, in the split com-
ponent of the standard percuspidal subgroup such that a(H,) is very large for
every positive root and let Hi, be its projection on a’. For each i let F!(g, @, A)
be the function

Y Y=V N (Hi(g) — Hp) exp(sA(Hi(g)) + p(Hi(g))(M(s, A)YD)(g)).

seA(a,a’) p

Since the functions ¢§°“A5(Hi(g) — H}) are zero on

{ge G|w(H'(g) — H)) <0,1 < j < p}
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the lemma shows that F/(g, ®, A) is zero almost everywhere on this set unless
i = iy and that

Fi(g, @, A) — exp(A(H"(g)) — p(H"(g)))d(g)
is zero almost everywhere on this set. Set

r

E'g® A=Y Y F(g®A.

i=1 CAPiI\[

It is a consequence of the above remarks and the minimum principle stated by
Borel in his lectures on reduction theory that if U is any compact set in I'\G
the point H, may be so chosen that

E’(g,®,A) = E(g, D, A)

almost everywhere on U.

It is an easy matter to compute the Fourier transform of the functions
F!(g, ®, A). The arguments of §4 may be used to show that E"(g, @, A) is square
integrable. The relation (2) may be used to evaluate

(E"(g, @, A), E"(g, ¥, M)
if W lies in &V, W) and M in the dual of Ay = AL satisfies the same conditions

as A. If o, = )" _ (ap + 1) the result is
d exp(tA + sM)(H]
S Y Y Sy JHD (hae, A0, Ms, M)
j=1 seQ(a,a’) teQa’,af m A
J (a,0’) teQa',a’) p mI;[l(”D’ tA + sM)

The notation is poor because the linear functions uj depend, of course, on j. Since
it can be shown that the functional equations for the functions M(t, A) imply
that this expression is an analytic function of A and M wherever all the functions
M(t, A) and M*(s, M) are we can proceed as in the rank one case to complete
the proof of the theorem.

10. More Eisenstein series. Once one knows that the functions E(g, ®, A) and
M(s, A) are meromorphic everywhere one can try to use the formula

1

(p,v)= (2_n71J Y. (M(s, AYD(A), ¥(—sA))|dA|
ReA=Ap

to analyze the space L({P}, {V}, W). In order to get some idea of what actually
happens let us look at a particular case. We shall study the case that G = SL(3, R),
I' = SL(3, Z), P is the percuspidal subgroup introduced in §7, and ¥V and W, and
hence &(V, W) are the space of constant functions. As a preliminary let us look
at the same situation with SL(3, R) replaced by SL(2, R) and with the other
objects of our attention modified accordingly. Godement has already done this
in his first lecture. However, he was not concerned with the discrete spectrum in

L({P}, {V}, W) and we shall be.
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To remind you of the notation:

N {(1 x) R}A { a 0\l elg { cosf sin 0)
= X = o =
o 1) Ff" 0 o? *} —sin® cosf

Take dn = dx, da = ||~ " da, dk = d6/2n, and take dg to be such that

f o(g)dg = Jl dn J daJ. dk|a|~ 2¢(nak).
G N a4 K

OER}.

Then the inner product of ¢A and u//A is equal to

(2)
&1 + 2)

1
2mi

@) j O(2)P(-2) + ®(2)¥(2) dz (zo > 1).
Rez=2z0

Here ®(z) = ®(A(z)) where A(z) is the linear function such that A(H,) = z if

n=(s )

In the present situation @(-) is a scalar valued function so inner products are
replaced by products and if s is the nontrivial element of the Weyl group
M(s, A(z)) is a scalar valued function equal to &(z)/&(1 + 2) if

£(2) = n~*2I(z/2){(2).

Using the residue theorem we see that the expression (a) is the sum of two terms

1 T 5 ¢(2) =
(b) o llez=0<1>(z)~11(-z) * g 1)<I>(z)‘P(z)dz
and
1 —
(©) 7 YW

The estimates of §6 justify this application of the residue theorem. We imme-
diately see that L({P}, {V'}, W) is the direct sum of two subspaces L,({P}, {V}, W),
i = 0,1 Lo({P}, {V}, W) is the space of constant functions and the inner product
of the projection of ¢ and ¢ on this space is given by (c). The inner product of
the projection of ¢ and ¥ on L,({P}, {V}, W) is given by (b) which equals

1 @ 3 3
;f_m town + =2 (i) A0 + (2 oy

As a consequence L,({P}, {V}, W) is isometric to the space of all functions Y,
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square integrable on the imaginary axis with respect to the measure dy/n, which
satisfy

&(iy)
&1 + iy)

The term (c) comes from the pole of £(z)/&(1 + z) at z = 1. As it happens E(g, @, z)
also has a pole at z = 1; to see what the residue is we observe that

Y(—iy) = ———Y(iy)

z=1 z=1

(@) j Res E(ng, ®, z) dn = Res j E(ng, ®, z) dn.
CAN\N FnN\N
This of course is equal to
Reodoxp(A) + p)HE) + g

itz )CXP(( A(2) + P)(H(g)))}ﬁ’ - Lo

<{p.)]
if ®(g) = ®. Thus
Res E(g, ®,2) — (2)

is a cusp form. Since it is also orthogonal to all cusp forms it must be zero.
The analogue of the expression (a) when G = SL(3, R) is

(d) —l—j Y M(s, AYD(A)F(—sA)|dA|
R

217 J e non,
with
1 S(AH,)
a>0;sa<0 'f(l + A(Ha»

(for notation, see my lecture on the volume of fundamental domains).

M(s, A) =

o / r A
lr\ /’ ///// 0
\ /
5 ‘\ / //I?z
—— =Y ")li/aa—_;————l\(”)—l
/

/
M) =1 "\ AH,) = 1

The only singularities of the functions M(s, A) which meet the tube over the
positive Weyl chamber are simple poles on the lines A(H,) =1, i =1,2,3. If
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®(A) vanishes on these three lines then (d) is equal to

(e) Lz J- Y M(s, AYD(A)FP(—sA)|dA|.
(27‘) ReA=0 S€0

Call the closed subspace generated by the functions ¢A corresponding to @(-)
of this sort L,({P}, {V}, W). As before, L,({P}, {V}, W) is isometric to the space
of square integrable functions on the (real) plane, Re A = 0, which satisfy certain
functional equations. Under this isometry convolution by K-invariant functions
on G becomes multiplication by scalar-valued functions. The inner product of
the projection of any ¢ and ¢ on L,({P}, {V}, W) is given by (e).

The difference between (d) and (e) is nothing but the inner product of the
projection of ¢ and ¢ on the orthogonal complement of L,({P}, {V}, W). If
s, is the complex line A(H,) =1, 1 £i £ 3, then by the residue theorem the
difference will be a sum of three integrals taken respectively over the real lines
Re A = v in s;. To describe the exact form of the integrals we need a little
notation. Let Q(s;, s;) be the set of distinct affine transformations from s; to —s;
obtained by restricting those elements of Q which take s; to —s; to s;. The
difference we spoke of can be written as

3 3 1

) >y ¥ 2—J' M(s, AD(A)P(—sA)|dA|.
i=1 j=1sef(si.s;) n ReA=7y;

Here M(s, A) is a certain scalar valued function on s;. In a moment I shall
give the explicit form of these functions. First we observe that €(s,, s,) contains
exactly one element p, the restriction to s, of the reflection in A(H,,) = 0, that
Q(s,, s,) contains exactly one element o, the restriction to s, of the reflection in
A(H,,) = 0, and that Q(s, s;) contains exactly one element 1, the restriction to
s, of the rotation through an angle of 2n/3. From these three elements we can
obtain for each i and j the unique element of Q(s;,s;). For example, the unique
element of Q(s;, 5,) is spt~ . Observe that, for example, tp takes s, to s,. If A is
ins, and A(Hy,) + 1 = z the number in the second row and third column of the
following table is M(spt~!, tpA). The other entries are interpreted accordingly.

L

p G T
, 1 1 {-z-} 1 -2
i) ) &—z+9 -2
- 1d=d 1 & +2)
D+ &) G+ 2
. 1 &+d 1 H-z+d | 1 -2 +2)
D+d) | DU-=z+) | DWE-2E+2)

The matrix defined by this table is of rank one.
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The integral (f) is the sum of

3 3 1 _ _
(8) XX X —J M(s, AD(A)F(—sA)|dA|
i=1 j=15€eQ(s,,3;) 2n ReA=d;
and
(h) 5(2) e 2P T

The points J; are shown on the diagram. Correspondingly the orthogonal comple-
ment of L,({P}, {V}, W) in L({P}, {V}, W) is the direct sum of L,({P}, {V}, W)
and Ly({P}, {V}, W) and the inner product of the projections of ¢" and ¥~ on
these two spaces are given respectively by (g) and (h). Lo({P}, {V}, W) is just the
space of constant functions. There is an isometry of L,({P}, {V}, W) with a
subspace of the direct sum of the spaces of square-integrable functions on
Re A; = 6, and Re A; = §, which is such that convolution by K-invariant
functions corresponds to multiplication by scalar valued functions.

The functions E(g, @, A) also have poles on the lines s;. To compute the residue
of E(g, @, A) on the line s; we combine our earlier result for SL(2, R) with the
formula of §7. The result is

_1_ * A (% * _1_ d *A)-

) rn_Z‘;\r exp(*A(*H(yg)) + p(*H(y2)® = g(z)E(g’ @, *A);
the sum of an FEisenstein series belonging to the cuspidal subgroup *P. The
Eisenstein series on the left is, unlike those we have dealt with up to now, not an
Eisenstein series associated to a cusp form. An automatic consequence of the
above is that the function defined by the sum on the left is everywhere mero-
morphic.

Denote the residue of E(g, ®, A) on s; by E(g, @, A). Then

3

j Eing, ®,A)dn =3 ) exp(sA(H(g)) + p(H(@))(M(s, AYD)(g).
FAN\N

=1 s5eQ(s,,s))

Since the matrix introduced above i> of rank one this impiies that

EZ(ga q)’ GPA) é( £ -i) l(ga (ba A)’
H-z+3
_G-2)
Es(g, @, tpA) = @2 E (g, @, A).

In the general case one can show that L({P}, {V'}, W) is a direct sum
9
i=0

with g equal to the rank of the elements of {P}. In the course of doing this one



252 R. P. LANGLANDS

sees that all Eisenstein series define functions which are everywhere mero-
morphic and satisfy functional equations of the expected type. The spectrum of
L{{P}, {V}, W) is again continuous of dimension i. Beyond this, however, the
situation is very foggy.



Dimension of Spaces of Automorphic Forms'

BY

R. P. LANGLANDS?

I will first formulate a problem in the theory of group representations and
show how to solve it; then I will discuss the relation of this problem to the
theory of automorphic forms. Since there is no point in striving for maximum
generality I start with a connected semisimple group G with finite center. An
irreducible unitary representation n of G on the Hilbert space H is said to be
square-integrable if for one, and hence, as one can show, every pair u and v of
nonzero vectors in H the function (n(g)u, v) is square-integrable on G. It is said
to be integrable if for one such pair (n(g)u, v) is integrable.

Suppose I is a discrete subgroup of G and I'\G is compact. As was shown by
Godement in an earlier lecture the representation mn of the previous paragraph
occurs a finite number of times, say N(n), in the regular representation on L*(I"\G).
The problem is first to find a closed formula for N(z). The method which I will
now describe of obtaining such a formula is valid only when = is actually inte-
grable.

Square integrable representations are similar in some respects to representa-
tions of compact groups; in particular they satisfy a form of the Schur orthogon-
ality relations. There is a constant d, called the formal degree of n so that if
u',v',u, and v belong to H then

f (n(gh', v)(n(g)u, v) dg = d ‘(' u)(v, V).
G

If u and v are such that (n(g)u, v) is integrable and n’ is a unitary representation
of G on H' which does not contain =n, then

f ('@, v')(n(g)u, v) dg = 0
G

for all w',v’' in H.

Let L;,1 < i < N(rn), be a family of mutually orthogonal invariant subspaces
of L%(I"'\G) which are such that the action of G on each of them is equivalent to =.
Suppose that = does not occur in the orthogonal complement of

N(n)

®L,.
=1

! Based on notes of the original lecture taken by J. Shalika.
2 Miller fellow.

253
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If = is integrable there is a unit vector v in H so that (n(g)v, v) is integrable.
Let v; be a unit vector in L; corresponding to v under some equivalence between
H and L,. The orthogonality relations imply that the operator ® — @’ with

'(g) = d, f O(gh)(n(h)v, v) dh

G
=j wﬂzm”m%m
r\G r

if &(g) = d(n(g)v, v), is an orthogonal projection on the space spanned by v,,- -,
Uy FOr our purposes it may be assumed that v transforms according to a
finite-dimensional representation of some maximal compact subgroup of G.
Then the argument used by Borel in a previous lecture shows that

; &g~ 'vh)

converges absolutely uniformly on compact subsets of G x G. Hence vy, - - -, vy(g
may be supposed continuous. As a consequence
N(n)

Y vi@ih) = ;i(g‘ Lyh).

i=1

Set h = g and integrate over I'\G to obtain

Nm=| Y &g 've)ds.
rerl
The sum in the integrand may be rearranged at will. If X is a set of representatives
for the conjugacy classes in I" the integral on the right equals

J > Zarwwwa=zj &g 'yg)dg
r I\G

\G €L Sel\I y€X

=2 u(l‘,\G,)f (g™ 'yg) dg,
yek G\G
if I', and G, are the centralizers of y in I' and G respectively. The equality of
N(=) and the final expression is of course a special case of a formula of Selberg
and has been known for some time.

The problem of evaluating u(I',\G,), the volume of I' \G,, has been discussed
in the lectures on Tamagawa numbers so we shall not worry about it now.
Since I'\G is compact every element of I is semisimple; thus our problem is to
express the integral

j &g~ 'yg)dg
G\G

in elementary terms when y is a semisimple element of G.
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If = is a square-integrable representation of G on H, v is a vector in H which
transforms according to a finite-dimensional representation of some maximal
compact subgroup of G, and

&(g) = dy(n(g)v, v),
then a recent theorem of Harish-Chandra states that

(a) f &g~ yg)dg
G,\G

exists for y semisimple and vanishes unless y is elliptic, that is, belongs to some
compact subgroup of G. Since X contains only a finite number of elliptic elements
the sum in the expression for N(=) is finite. We still require a closed expression
for the integrals appearing in it.

Let K be a maximal compact subgroup of G. Since G has a square integrable
representation there is a Cartan subgroup T of G contained in K. It is enough to
compute the integrable (a) for y in T. There is a limit formula of Harish-Chandra
which allows one to compute its value at the singular elements once its values
at the regular elements are known. Thus we need only evaluate it when 7 is
regular. It should be remarked that in this limit formula there is a constant
which depends on the choice of Haar measure on G,. The exact relation of this
constant to the choice of Haar measure has never been determined; until it is,
our problem cannot be regarded as completely solved.

If y is regular and the measure on G, is so normalized that the volume of G,
is one, then

f &g yg)dg = x(y71)
G\G

if x, is the character of m. An explicit expression for the right-hand side has
recently been obtained.

Let h be the Lie algebra of T; choose an order on the roots of h¢; and let A
be a linear function on b so that A + p,p =3} o, extends to a character
of T and so that (A + p,a) # 0 for all roots a. Assume, for simplicity, that p
also extends to a character of T To each such A there is associated a square-
integrable representation n, and if H e}

e sgn o exp(a(A + p))(H)
Xxa(exp H) = (—1)"e(A) ﬂ;v IT {(exp(a(H)/2) — exp(—a(H)/2))}

a>0

Here m = $dim G/K, &(A) = sgn(]_[a> o (A + p,a)), and W is the Weyl group of K.
Every square-integrable representation is equivalent to =, for some A. However
the values of A for which 7, is integrable are not yet known. For some special
cases see [1] and [2].

The geometrical meaning of the numbers N(n,) is not yet completely clear. I
would like to close this lecture with some suggestions as to what it might be.
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Since the evidence at present is rather meagre, they are only tentative. If g¢ is the
complexification of the Lie algebra of g, the elements of g may be regarded as
left-invariant complex vector fields on G, G/T may be turned into a complex
manifold in such a way that the space of antiholomorphic tangent vectors at
g = gTis the image of n¢ if ng is the subalgebra of g generated by root vectors
belonging to negative roots. Let V* be the bundle of antiholomorphic cotangent
vectors and introduce a G-invariant metric in V* and hence in A7V*. Let B be
the line bundle over G/T associated to the character &(exp H) = exp(A(H)) of T.
If T is a discrete subgroup of G let C%A,T’) be the space of I'-invariant cross-
sections of B ® A9V* which are square integrable over I'\G/T. There is a unique
closed operator é from CHA,T) to C?*! of A,T whose domain contains the
infinitely differentiable cross-sections of compact support on which 4 is to have its
usual meaning and whose adjoint is defined on the infinitely differentiable cross-
sections of C?* (A, I') with compact support.

Set CYA, {1}) = CYA). I expect, although I do not know how to prove it,
that when A + p is nonsingular the range of d is closed for every g. If this is so
then the cohomology groups H%A) will be Hilbert spaces on which G acts. Is it
true that they vanish for all but one value of g, say g = g,, and that the rep-
resentation n, of G on H%(A) is equivalent to n,? The following theorem is a
clue to the value of g,.

THEOREM (P. GRIFFITHS). Let a, be the number of noncompact positive roots for
which (A + p,a) > 0 and let a, be the number of compact positive roots for which
(A + p,a) < 0. There is a constant c so that if |(A + p,®)| > ¢ for every simple
root, I'\G is compact, and T" acts freely on G|T, then H{A,T') = Q unless q=a, + a,.

It is, I think, worthy of remark that if one assumes that HYA) = {0} for
g # qa = a; + a,, then a formal application of the Woods Hole fixed point
formula shows that if y is a regular element of T, then the value at y of the charac-
ter of @y is x,,(7). By the way, it is known that H%(A) = 0 unless g, = 0 and that
if g5 = O the representation of G on H%(A) is in fact 7,.

Finally one will want to show that when =, is integrable and I'\G is compact
the number N(x,) is equal to the dimension of H?*(A, I'). This can be done when
qa = 0; in this case H(T', A) is a space of automorphic forms.

It should be possible, although I have not done so, to test these suggestions
for groups whose unitary representations are well understood, in particular, for
SL(2, R) and the De Sitter group. To do this one might make use of an idea basic
to Kostant’s proof of the (generalized) Borel-Weil theorem for compact groups.
Suppose ¢ is a unitary representation of G on a Hilbert space V. Let C4V) be the
space of all linear maps from Angz to V. C4(V) is a Hilbert space. The usual
coboundary operator from C%(V) to C?*!(V) can be defined on those elements of
C4(V) which take values in the Garding subspace of V. The closure d of this
operator is the adjoint of the restriction of its formal adjoint to those elements
of C2*1(V) which take values in the Garding subspace. T of course acts on A .
If feCYV) define tf = f' by f'(X) = tf(t"'X), X € Ning. There is a natural
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identification of C4(A) with the set of f in C(L?(G)) such that ¢f = exp(— A(H))f
if t = exp H belongs to T and of C%A, I') with the set of f in CY(L*(I"\G)) such that
tf = exp(— A(H))f. Moreover the following diagrams are commutative.

C(A) 2 crriA) CY(A,T) -2 C*Y(A,T)

CHL2(G) — €7 {(LA(G)) CHLYT\G) —— C** H(LHT\G).

The point is that d is easier to study than ¢ because to study d we can decom-
pose V into irreducible representations and study the action of d on each part.
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Spherical Functions and Ramanujan Conjecture’

BY

ICHIRO SATAKE

The following exposition has nothing to do with the proof of the conjecture,
but might indicate a possible generalization of it to the higher dimensional case.

1. Zonal spherical functions.

Let G be a locally compact unimodular group and K a compact subgroup of
G. Let L = L(G, K) be the associative algebra (with the convolution product)
consisting of all complex-valued continuous functions on G with compact support
satisfying

Plkgk’) = ¢(g)

forall k, k' in K and g in G. We make the basic assumption that L is commutative.

DEFINITION. w is called a zonal spherical function on G relative to K, if

(1.1) @ is a complex-valued continuous function on G satisfying w(1) = 1,

(1.2) w is K bi-invariant, i.e., w(kgk') = w(g),

(1.3) for all ¢ €L, one has ¢ *w = A,, ie, w is an eigenfunction for all
(invariant) integral operators defined by ¢ in L. (In this case we automatically
have ¢ *w = w *¢.)

Clearly the map of L into C defined by ¢— 4, is a ring homomorphism. We
write 4, = A(¢) = IG d(g)w(g ™ ') dg. The function w is uniquely determined by &.

ReMARK. Condition (3) above may be replaced by the “functional equation”:

1.3y J‘ w(g1kgz) dk = w(g,)w(g,)
K

for all g,, g, € G; or in the case where G is a connected Lie group by:

(1.3)" Let X = G/K with its natural C*® structure, then w, considered as a
function on X, should be an eigenfunction for all G-invariant differential opera-
tors on X.

ExaMPLES. Any (quasi-)character x:G — C* such that y|K = 1. In particular
the constant 1 is a (positive-definite) zonal spherical function.

Let Q = Q(G, K) denote the set of all zonal spherical functions (relative to K)
and Q* be the subset of all “positive-definite” zonal spherical functions.

! The same talk was once given at the University of Tokyo in the Spring of 1961.
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(In general, a continuous function w on G is called positive-definite, if for all
functions ¢ of compact support on G

J j w(gr 'g2)(g,)(g,) dg, dg, 2 0)
G JG

One sees easily that w is positive-definite implies
(14) w(g™ ') = w(g), ie., w is self-adjoint,
(1.5) jo(g)] £ (1) = 1.

For positive-definite zonal functions, we have [4].

LEMMA. If e QF, ¢p e L, then
(1.6) ¢ is self-adjoint implies &(¢) € R, A
(1.7) ¢ is real and nonnegative implies |(¢)| < 1(@).

The basic assumption that L is commutative assures us of the following

THEOREM ([2]). The set of positive-definite zonal functions w (€Q*) are in a
one-to-one correspondence with equivalence-classes of irreducible unitary repre-
sentations of G of class one.

An (irreducible unitary) representation ($, U) of G is called “of class one” if
UIK contains the trivial representation of K. It is well known [2] that the condi-
tion that L(G, K) is commutative, is equivalent to saying that for any irreducible
unitary representation ($, U) the dimension of the subspace of all K-invariant
vectors in § is < 1. For an irreducible unitary representation ($, U) of class one,
the corresponding zonal spherical function w is obtained by

U)(g) = <x0’ Ug x0>’
X, being a K-invariant unit vector in $.
2. The case of PL(2). Let G = PL(2) = GL(2)/center,
G,=PL(2,Q,),

_Jo@)/{£1} for p = oo,
~ |GL(2, Z,)/center for p < co.

p

We have the Iwasawa and elementary divisor decompositions:
G,=K,AN, =K, 4K,

where 4, and N, are the respective images in PL(2, Q,) of

(el e (o
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Definitions of representations of G, of the principal series. Let a:A, —» C* be a
(quasi-) character of 4, and $° be the space of all complex-valued functions on G
such that ¢(gan) = a(a)p(g) for allae 4,, ne N,, ge G, and that

lo]* = J |p(k)[? dk < oo.
K

Then $°* is a Hilbert-space (with the norm || |), and if we put T},(#)(g) = ¢(g7 'g)
for ¢ € H* we obtain a representation of G, in the bounded operators on H*
This representation is of class one if and only if al(4, n K,) = 1, in which case
o has the form:

(2.1) w(a) =

with s e C (which is determined mod(2zi/log p) for p < o0). And in this case, the
function ¥, defined by y,(kan) = «(a) is a K -invariant unit vector in $% and the
corresponding zonal spherical function is given by

22 wy(g) = Yo, Te¥ha) = j‘ Va(g™ k) dk.

K
Further the representation (% Tfp) is unitary if and only if s is purely imaginary.

THEOREM ([1], [4]). L(G,, K,) is commutative, and we have Q, = QG,, K)) =
{w,} with the relations

Further, Q, is described by the following diagrams:

—t—t

—t—t g
N~ —

log p
oooo-o.———.‘o'.oo- ......’_—_.'Oooooo

p<o p= o
(The solid lines correspond to those s for which w; is positive-definite.)
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The representations corresponding to the vertical axis are called representations
of the “principal series” (of class one) and those corresponding to the hori-
zontal axis “supplementary series.” The points s = =+ 4 correspond to the identical
character 1, and for p < co the points s = +4 + (zi/log p) correspond to the
character defined by yx(g) = (—1)"*"*'9. We can obtain a necessary condition for
w, to belong to Q, by the following considerations: For p < oo, let 7, be the
characteristic function of the double coset

p O
K ,,( 0 1 )K -
Then (2.2) gives

23 a4(1y) = p*(p* + P77

and by the lemma one sees that d(t,) is real and |d4(z,)| < 1(z,) =1+ p. It
follows that s belongs to the solid-lined portion of the above figure.
For p = o, if A denotes the Laplacian on the upper-half plane # = G /K,
we have
Ao, = (sz - %)O)s,

where s2 — % should be real and nonpositive, whence the same conclusion.

3. Spectrum of a discrete subgroup. Again let G be a locally compact unimodular
group, and I' be a discrete subgroup such that

v(IMG) < .

DEFINITION. A C-valued function f on G is called I'-automorphic right spherical
Junction if

(3.1 Sflygk) = f(g) for yel,geG,keK,
3.2) f*¢p = A,f forall ¢elL,
(3.3) J |f(e)? dg < co.

r\G

Here the homomorphism ¢ — 4, is given by a unique positive-definite zonal
function w [5]; we shall then say f belongs to w. Let M{w) be the set of all
I-automorphic right spherical functions belonging to @ (€ Q*) and put

Spec(IN) = {we Q" ; M(w) # {0}}.
Spec(I') is always discrete in the weak topology of Q*.
4. Formulation of the Ramanujan—Peterson conjecture.
Let G = PL(2), G, = [], G, the corresponding adele group, and K = [] K,.

Then one has L(G 4, K) = Injlims® ,.s L(G,, K,) and so Q(G,, K) = ]—["Q(G,, K,)
(see [5]). L(G 4, K) is therefore commutative.
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Now Gy is a discrete subgroup of G 4 such that v(Gg\G,4) < 0. For we Spec(Gy),
we have at each p a local w,eQ;, and hence a corresponding s, € C. Then the
“fake Ramanujan conjecture” says that for all p < oo, s, is purely imaginary.

To obtain a formulation of the “actual Ramanujan conjecture”, we must
modify the above discussion by introducing representations of K .

Since
cosf —sinf +1 O
K“"{(me coso)' (0 -_l-l)}/{il}’

we have, for every even integer v, a character y, of K, defined by
(k) = .

Let LY = L™(G, K ,,) be the algebra of all continuous functions ¢ of compact
support on G, satisfying

dkgk’) = d(@)x(k)x (k')

fork,k' €K, geG,. Then LY is again commutative. We define Q) (the set of all
spherical functions of type y,) by replacing L, by LY in the Definition given in
§1. In our case, the condition (1.3) is equivalent to the condition that w is an
eigen-function for the Casimir operator % of G :

Cow = lw,

and thus we can again parametrize w € Q) by s € C determined by 4 = (s*/2) — 3.
weQW* (positive-definite spherical functions of type y,) are in a one-to-one
correspondence with equivalence-classes of irreducible unitary representations
(9, U) of G, such that U|K,, contains the representation x,. Q%" is described
by the following diagram (with the identification of s and —s):

principal series

000X aeose 000X 00000 tfmmdemmfeocccrcse X000 soee)0o0e
v—-1 1 3 v—1
2 2
2
supplementary
series

(=

-3 —
2

where the isolated points correspond to the ““discrete series” of (square-integrable)
representations of G, ([1]).

Cusp Forms. Let ' = GL(2, 2)/{+1} = G, and let S, be the space of all
cusp forms of weight v(v > 0); i.e, f€ &, if and only if

(4.1) f is a holomorphic function on the upper-half plane ¥ = G /K,
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4.2) f(yez) = f(2)i(y,z)""? for yeT, ze #, where

- det(g) _fa b
](ga Z) - (CZ + d)2 for g= (C d)cho,

(4.3) f vanishes at the “cusps™ of I.
Put F(g) = f(g(i))/(g, i)*'?, then

(4.1 F(ygk) = F(2)y_, k) for all yeT, ge G, keK,

(4.2) €F = (v(v — 1)/8)F, where € is the Casimir operator of G,

4.3y -"F\G IFI* < .
The condition (4.2)' is equivalent (under the condition (4.1)') to the condition that
F ¢ = A4F for all ¢ L?), and so we may express the above properties of F
by saying that F belongs to My(x—,, @+, 1)2), the space of all I'-automorphic
right spherical functions of type y_-, belonging to w,,-y,. By the correspon-
dence f' < F, we have the isomorphism:

S, = M=y Ot (v-1y2):

We may also consider F as a function on G,. More precisely: G, has class
number 1, ie, G, = Go(K, x G,) where Ky = [[,<, K,. Writing ge G, in the
form g = &(ky x g,) with &€ Gg, ko € Ko, g, € G, put

F(g) = F(&- ko X g) = F(gs).
Then (4.1)" assures that F is well defined and that
F(&-g ko x kp) = F(g)x (k) for E€Gg k = ko x ky €K,

(4.2) that F is an eigenfunction of L% belonging to wy,_ 2, and
(4.3) that Fe LYGy\G,).

These conditions uniquely determine the space S, of F's.

Now let LG4, K) = ]_[’KOc L(G,,K,) x L™(G, K).

Since F(gk,) = F(g) for ge G 4> k- € K, the (commutative) algebra

L(Gy, Ko) = [] L(G,,K))
p<a
operates on &, by convolution from the right. Further, by the approximation
theorem, L(G,, K) is isomorphic to the “Hecke ring” (over C) #(Gg, Gz) of G¢
with respect to G, the correspondence being given by associating to each double
coset GzLG; with £ € Gy the characteristic function of the double coset Ky¢Kj.
As is well known, S, is a module over #(Ggy, Gz) and one sees that the spaces
S, and S, are isomorphic as modules over #(Gg, Gz) = L(Go, Ko) (i, if
S,afFe&, and ¢, is the characteristic function of Ky¢K,, then

f|(Gz§Gz) > Fx bo.)
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Thus the decomposition of Mr(x-,, Wi(y-1y2) = &, into eigenspaces under the
action of L™(G,, K):

MY =10 O (v=1y2) = Z ® ima,,,(l X f-p0f X Wi v-1y2)
i

runs parallel to the decomposition of &, with respect to the action of the usual
Hecke operators.
lf FG‘ln(,o(l X X-vs (D(O}) X wi(v_l)/z) Wlth wg) = (' "ty w,p, .t '), then

Fx1,=d,(1,)F
= p*p” + p~)F |

Since, under the isomorphism L(G,, Ko) = #(Gg, G7), T, corresponds to p' ~ /2T,
the corresponding f€ &, is an eigenfunction of all T,:T,f = a,f. By Hecke’s
theory, fis then of the form:

f(Z) =c Z anelm'nz

n>0

where one has
a, = p(vl2)—l(bsp(tp) — p(v—l)/2(ps,, + p-s,).

(Thus the spaces Mg (1 x x_,, 0§ X W4, -1),) are one-dimensional.)

The Ramanyjan-Peterson conjecture precisely states that for all p one has
lal < 2p®~ V"2, which becomes |p** + p~*¢| < 2, or s,, is purely imaginary, i.e., 0§
corresponds to the principle series at each p.

One may also demonstrate that the action of the Ly(G,, K) on

Me(x-v» Dt p- 1)/2)

(where gy = 2,4,---,v) is isomorphic to the action of the usual Hecke operators
on &, and &,; further if s is a point corresponding to the principal or supple-
mentary series (Diagram 2), then the action of Ly(Ggy, Ko) on Mp(x-,, w,) is
isomorphic to the action of the Hecke operators on the automorphic wave-
forms of Maass. Thus one can also make the analogous conjecture for the
Fourier coefficients of these forms.
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Algebraic Curves Mod p and Arithmetic Groups

BY

YASUTAKA IHARA

As is well known, a discrete subgroup of SL(2, R)/+ 1 whose quotient space has
finite volume determines not only Riemann surface, but also the tower of (all)
finite coverings of the latter satisfying certain conditions of ramifications. For
example, the modular group determines coverings of the Riemann sphere with
three ramifications, and hence can be regarded as a dense subgroup of the Galois
group of the maximum Galois extension of C(x) under ramification conditions.

If we try to consider analogous problems for algebraic curves over a finite
field F,, it seems necessary to take into account not only conditions of (tame)
ramifications of prime divisors, but also the conditions that a given finite number
of prime divisors should be decomposed completely. For example, it seems to me
that the natural analogue of the former example is the following pair:

(*) The rational j-curve over F,. with three ramifications plus conditions of
decompositions at all such primes (j) that elliptic curves with moduli j have no points
of order p. (Such j are called supersingular, and are contained in F..)

(*) The group

T = SL(2, Z®)/ +1

where Z'P denotes the ring of all rational numbers whose denominators are
powers of p. I' is a discrete subgroup of

G = {SL(2, R) x SL(2, Q,)}/+1.

Thus our problem is to consider I = SL(2, Z”)/+1 as a dense subgroup of
the Galois group of certain infinite Galois extension K over k = Fj:(j), j a
variable over F,:(j), K/k satisfying the above ramification and decomposition
conditions. Then, the Frobenius substitution of prime divisor of k in K/k deter-
mines a conjugacy class of I' which vanishes if and only if the prime divisor is
supersingular. This connects the set of all nonsupersingular prime divisors of k
and the set of all primitive and elliptic (cf. §1.1) conjugacy classes of I" in a one-to-
one manner. This holds also for finite subextension k' of k in K and “correspond-
ing subgroup” I'" of T, which implies the coincidence of congruence {-function of
k' with {-function of “‘Selberg’s type” for discrete subgroup I'" of G—surely they
are not precisely equal because of supersingular primes.

These considerations lead us to the study of {-functions of arbitrary discrete
subgroups of our

G = {SL(2, R) x SL(2, Q,)}/ +1

265
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whose quotient spaces have finite volumes. Our interest lies in calculating the
number which, in our previous special case of I" (or I'’), was the number of super-
singular primes (i.e. the difference between two {-functions). By using this result,
we can prove that all supersingular primes are actually decomposed completely
in the field K constructed in §1.

Proofs are omitted, and will be published elsewhere.

BRIEF OUTLINES OF EACH SECTION

1.1. To set up a one-to-one correspondence between P(I') and P(k) — S(k);
where T’ = SL(2,Z?)/+1, PB(I'): set of all elliptic and primitive (cf. §1.1) con-
jugacy classes of I', k = F,«(j), B(k) the set of all prime divisors of k, S(k) the
(finite) set of all supersingular primes of k, as well as (o0)-prime.

This depends wholly on Deuring’s complex multiplication theory (cf. [1],
(2], [3)).

1.2. To construct a certain infinite Galois extension K of k which arises from
division of the elliptic curve with (variable) modulus j. The Galois group and
ramifications for K/k has been determined by Igusa [7]. (It can be obtained also
by our method, ie. by consideration of decomposition of prime divisors,
Tchebotareff’s density theorem, {-functions in §2, etc.) The connection between
the decomposition law for prime divisors of k in K and conjugacy classes of I
(Theorem, property III) is also a consequence of “precise” complex multiplica-
tion theory. By this we obtain a one-to-one correspondence between B(I"') of
congruence subgroups I'" of I' and P(k') — S(k’) of some finite extension k' of k
in K.

Then Theorem, property III, which states that all supersingular primes of k
are decomposed completely in K, is a consequence of §2; namely by calculating
{-functions of I’ defined analogous to that of k', we can show that the number of
primes of k' which lie on supersingular primes of k is proportional to the volume
of G/T", i.e. to the group index [I"": I'], which implies that all supersingular primes
are decomposed completely in k.

1.3. “Monodromy problems” are two conjectures that arise from these
considerations.

(A) Whether K/k is characterized as the maximum extension of k under given
ramification and complete decomposition of supersingular primes, or not.

(B) Whether any subgroup of I' = SL(2, Z®?)/+ 1 with finite index contains
some congruence subgroup, or not.

2.1. By Eichler-Shimura [4], [12], and Kuga’s result [8], we shall show that a
necessary condition for conjecture (B) is satisfied (weaker stability property for
I'’, which is true for more general discrete subgroup of

G = {SL(2, R) x SL(2,Q,)}/+1

and not true for discrete subgroups of G = SL(2, Q,)/ +1; see p. 151).
2.2. Numerical example for Monodromy problems (A), (B).
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2.3. Definition, and computation of {-functions of I'"" by using spectral decom-
position of L? (G/T"”'). This can also be done by using Lefschetz’ fixed-point
theorem (and without spectral decompositions, only outlines).

" 1. Frobenius’ conjugacy classes.

1.1. We consider the field of algebraic numbers as subfield of complex number
field. Choose any prime factor @ of p in the former field and identify the residue
class field modulo g with algebraic closure F, of finite field F,. We assume in
§1 that p is different from 2 or 3.

Let now I' = SL(2, Z®)/+ 1 be as in the introduction. (Z? is the ring of all
rational numbers whose denominators are p powers.) Any element y of I will be
called primitive if it has infinite order and if, together with some finite group,
it generates its centralizor in I'. We denote by ‘B(I') the set of all primitive and
elliptic (i.e., its eigenvalues are imaginary) conjugacy classes of I', where y and y !
are identified. Such y always generate imaginary quadratic fields at which p is
decomposed. So, we denote by deg(y) the positive p-adic order of y or y~ 1.

Let I' = SL(2, R)/ £1 (projection) operate on the upper half plane, let {y} be
in P(I'), and let 7, be the (unique) fix point of y in the upper half plane. Then
j(z,), where j is 12* times the ordinary elliptic modular function, is an algebraic
integer, and its residue class mod g is merely replaced by its conjugates over F,;
when we choose other representatives of {y} (congruence relation). Applying
Deuring’s complex multiplication theory, (cf. [1], [2], [3]) it is easy to check that
this maps B(I') injectively into the set P(k) of all prime divisors of the rational
function field k = F,:(j), and that the image is P(k) minus finite number of
primes of degree one; namely (c0) and all supersingular ones.

If {y} in P(I) correspond to (j) in P(k), their degrees coincide, and the Z?
-order Q(y) N M(2, Z'") of Q(y) is the scalar extension by Z'» of the endo-
morphism ring of elliptic curve with modulus j. Two elements of B(I") (resp. B(k))
will be called equivalent and denoted by ~ when they have the same orders in
the above sense. We remark that if we take other choices of the prime factor g of
p. the above correspondence between B(I') and P(k) varies, but it does not change
as a correspondence between P(I')/ ~ and PB(k)/ ~.

1.2. Let E;iy? = 4x® — 5,x — J3:

FaTaek,  J=12%93F3 - 2773)7!
be an elliptic curve with modulus j, and let K be the field generated over k by x
coordinates of all points on E; of finite orders coprime with p. K depends only
on j and does not depend on the special choice of 7,, 75 in k. K is an infinite
Galois extension of k, and the Galois group g(K/k) was determined by Igusa (cf.
Igusa [7]).
a(K/k) ’_-‘-:{ge [T GLQ2,Z);detge I'lz}/-_i-l
1#p

where Z, denotes the ring of l-adic integers, and Il denotes the closure in
I1, 4,21 of the infinite cyclic group generated by p.
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a(K/k) = {]_l SL(2, Z,)}/i— 1 x { ta- l;ael'l}/il.
l#p

The first direct factor corresponds to the subfield F,(j) of K. Let K be the sub-

field of K corresponding to the second direct factor. Then, K is the infinite Galois

extension of k without constant field extension such that K = K- F,,.

THEOREM. Any subextension k'/k of K/k has the following properties:

(D) (j) = () is tamely ramified, (j) = (123) resp. (0): ramified, but ramification
degree divides 2 resp. 3. All other primes are unramified (Igusa).

(II) Supersingular j are decomposed completely in K/k (except possibly when
j =123 or O; in these cases, the inertia groups coincides with the decomposition
groups).

(I1I) Let o be the natural injection:

o:T -.{ [IsL2.z) /+ 1} = o(K/k).
1#p

For any {y} in P(), the conjugacy class of g(K/k) determined by a{y} is the

Frobenius substitution of the corresponding prime divisor of k.

The last statement implies that if k' is any finite Galois extension of k contained
in K, and g’ the corresponding subgroup of g = g(K/k), and I" the intersection
of I with g’ (where T is considered as dense subgroup of g by the injection of o),
the law of decomposition of B(k) in k'/k is described by the order of the corres-
ponding {y} in P(I") with respect to I'". It is clear that we also have almost
one-to-one correspondence between B(k’) and P(I''), and that proposition (II)
can be proved if we can count the number of primes in PB(k’) which does not
correspond to any conjugacy class in P(I™') (cf. §2).

1.3. Monodromy problems. (A). Is K the maximal Galois extension of k satisfying
(I) and (II) of the previous proposition? (B). Is g the completion of " with respect
to all subgroups of T with finite indices? l.e., does any subgroup of T with finite
index contain congruence subgroups?

These two problems seem to be deeply connected with each other, and some
reasons suggest that it might not be too reckless to conjecture that they are true,
although the corresponding problem for characteristic zero is definitely wrong.
One weak reason will be shown in §§2.1, 2.2.

2. Discrete subgroups of G = {SL(2, R) x SL(2,k,)}/ + 1.

2.1. Let k, be a p-adic field, p + 2, let N, = g, and let G be as above. Let I" be
any discrete subgroup of G with compact quotient space, and whose projection
on each factor is injective and dense. Let I'y be the intersection of I' with
SL(2, R) x SL(2,0,), where O, is the ring of p-adic integers. Since I can be
considered as subgroup of SL(2, R)/+ 1 (by the projection), it operates on the two
dimensional real vector space, hence also on the space V, of all symmetric tensors
of degree n; n = 0,2, 4,... over that vector space.

! For some special choice of =~ which depends on P.
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Let H'(T, V,) be the first cohomology group. Then, we have

ProposiTioN. H'(T, V,) = {0}. In particular, the case n =0 implies that the
abelianized group T/[[',T'] of T is finite, and n = 2 implies that the “‘infinitesimal
deformation” of T in SL(2, R)-part is trivial.

The proof of the proposition is simple.

First, the restriction map: H(I', V,) » H'('y, V,) is injective. This follows
from the fact that I’y is maximal subgroup of I'(n = 0), and that for any 7y in
I, V, is also irreducible representation space of I'y ny~ 'T'yy. (Density theorem
for Fuchsian groups by Borel.)

Now, the Hecke ring R(I'y, I'), which is canonically 1somorph1c with R(SL(2,0;),

SL(2, k,)), operates on H'(I'y, V,) as:

d d
Ry, T)aT gyl = Z [yi:a(e) » z a('}’io")’.y_(il))yi
i=1

i=1

where y,6 = a'y,;, with ¢’eIy. Obviously, the restriction to H YT, V,) of this
operation coincides with the ‘“degree representation” of R(I',, I'), hence it is
sufficient to show that

det(ToyTo — d) # 0

holds on H(I'y, V,) for at least one double coset I'yyT,,.

On the other hand, H(T,, V,) can be identified with the space of cusp forms
of weight n + 2 with respect to the Fuchsian group I'y, the latter being considered
as real vector space (cf. [4], [12]) and by this identification, the above statement is
equivalent with the weakest estimation of the eigenvalues of I'gyI'y, in the space
of cusp forms, which is just the (generalization of) Kuga’s result (cf. [8]).

If I is a subgroup with finite index of our previous SL(2, Z®)/+ 1, G/T" is no
longer compact, but together with the knowledge of parabolic elements of such
I'', we can see easily that the abelianized groups of such I'” are also finite. This is
a necessary condition for the validity of ““Monodromy problem™ (B).

2.2. The following remark seems ;omewhat noteworthy. When I'’ corresponds
to some subfield k' of K in §1, what more precise arguments show is just the fact
that the group index (I'": [T, I"']) does not exceed the degree of the field extension
[k”: k'), where k" is (one of the) maximal abelian extension of k', without constant
field extension, satisfying only the ramification conditions (I). For example, if we
take I'" as congruence subgroup modulo 2, the analogue of so-called A-group, the
previous argument shows that (I : [T, I"']) does not exceed (p?> — 1)?; on the other
hand, if the conjecture (A) (resp. (B)) is true, the degree of maximal abelian exten-
sion over k' satistying (I) and (II) resp. group index (I : [['T"]) must be 3-2°. It is
satisfied by number of beginning p’s.

2.3. {-functions. Let us go back to the situations stated at the beginning of §2.
For such I' the definition of P(I"}—set of all elliptic, primitive conjugate classes
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of I'--and of degrees stated in §1 also make sense. We assume moreover that
ir| @ b isin T, then| 2 —b is also.
c d —c d

Ziw = J] (1 — uiwn),
pe P

Define

It is analogous in the idea to Selberg’s, and in the form to congruence { functions.
For evaluating such Z(u), we learned from Selberg that the decomposition of
L%G/T) plays an essential role. Moreover, Gelfand and Graev established
the theory of unitary representations of SL(2, k,), and also we can make use of
the fact that each irreducible unitary representation of our G decomposes into the
tensor product of that of each factor. (The last statement is a special case of more
general theorem, which I learned from R. Godement.)

By using these, we can evaluate our Z(u). Namely;

(1 = T (1 = 3t = o)
1 — q%u

Zu) = , wfi=¢* (15iZyg).

where g is the genus of the Fuchsian group I', defined previously, and m is the
multiplicity of the tensor product p ® o in L%(G/T") where p is the first member of
the discrete series for SL(2, R) and o, the so-called “special representation” of
SL(2, k,) (cf. [6]). Note that the special representation is not class one with
respect to SL(2, 0,). If we put «;, f; = ¢'** (1 < i < g), " ** are the parameters
of the continuous series for SL(2, k,) that are class one, and whose tensor product
with p is contained in L*G/T).

It shows that Z(u) is different (in form) from congruence { functions by the
factor (1 — u)™*!'. This seems to suggest that if it is possible to construct an
algebraic curve k over F,, out of I, by reduction mod p of the upper half plane
divided by T, so that the fix points by elements of I reduce to algebraic points,
P(k) must have m + 1 more elements of degree one than P(I'—decomposition
primes?

Exact value of m is simple when I" has no element of finite order. In that case,

m=(@-0eg-1-1L

This shows that m + 1 is proportional to the volume of G/T". If I is a congruence
subgroup of SL(2, Z®)/+ 1, G/T is no longer compact, but by the exact knowledge
of parabolic elements we can show that m + 1 is proportional to the volume of
G/T, in this case too. This, together with the remark at the beginning of this note,
proves Theorem, property II of §1.
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Discrete Subgroups of PL(2, k)

BY

YASUTAKA THARA

Here, we shall deal with torsion-free discrete subgroups I' of G = PL(2,k,)
with compact quotient spaces (k,, = f-adic fields).

We begin with the structure theorem for such I', which states that they are
isomorphic to free groups with a finite number of generators.! Then, by making
use of special free generators of I', we shall compute (algebraically) {-functions
of T, which are defined as analogues of Selberg’s {-functions, in g-adic cases.
This, in particular, gives a relation between the number of generators of I' and
the multiplicity of certain irreducible representation of G in L%(G/I').

Finally, we shall show by example that there exists such I' that

(i) it is commensurable with an arithmetically defined group, and that

(ii) L%(G/T) contains supplementary series.

For proofs of theorems in this note, see [6] which is to appear.

Notations and conventions

K: either gp-adic number field or field of power series over finite constant field.

O the ring of integers of K.

K* (resp. 0*): multiplicative group of inversible elements of K (resp. 0).

¢ : the maximal ideal of 0.

q = Ngp : number of elements of the residue field 0/gp.

G: PL(2,K) = GL(2, K)/K*

U: PL(2, 0) = GL(2,0/0* = G.

For any a,b,c,---,€K, (a,b,c,---) will denote the O-ideal generated by
ab,c,---.

For any finite set S, |S| will denote its cardinal number.

The summation symbol X over some subsets of a set implies disjoint union.

1. The structure of I. Here, we shall state a structure theorem for I'. As for
the proof, and for the method for construction of all such T, see [6].

THEOREM L. Let T be a torsion-free discrete subgroup of G = PL(2, K) with
compact quotient space. Then T is isomorphic to the free group with (9 — 1)h/2 + 1
generators, where h = |U\G/T'|, U = PL(2,0), and g = Ngp.

We shall state the theorem in a more general form, and for that purpose, we
need some definitions. By (G’, U’; mq, my, Tz, - - -, M,)-type, we mean any triple of

! This implies, in particular, that any arithmetically defined I' contains a subgroup with finite
index which does not contain any congruence subgroups (cf. §3).
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abstract group G, its subgroup U’ and a finite subset {my, 7,,---,7,} of G’
satisfying the following conditions.

(1) Gy = }7_, U'n; is a disjoint union, and G| ' = G.

(2) G’ has the disjoint union decomposition:

where G, = U’ and
G; = Z U,nil o 'nl'l (l g l))

the (disjoint) union being taken over all (i, - - -, i,) such that =, , m; ¢ U’ for all
n(l=n=sl1-1)

From (1), it follows that for each suffix i (0 £ i < q), there exists one and only
one suffix j = j(i)(0 < j < g) such that n;n; € U’, hence G consists of ¢' (g + 1)
left U’ cosets. It is also easy to check that GiU' = G; = G; ' for all I = 0. Now
let 1, (! = 0) be the set of all elements of the form =; ---x; with n;, m;, ¢ U’
foraln(1=n<!l-1),and put Il = Z;“; o ;- Thus IT, (resp. IT) is a complete
set of representatives of U'\G; (resp. U'\G').

We shall introduce a lexicographic ordering in IT as follows:

1) xell,, yell,, I<lI'=x<y.

@ x,yell;, x=m - my, y=mn; T, i =ji  im1 =Jm-1im <Jm
for somem =2 0=x < y.

Now, we can state:

THEOREM I'. The notations being as above, let I"' be a torsion-free subgroup of G’
such that

() I"n x"'U'x = {1} for any xeG'.

() |U\G'/T"| < 0.

Then, I is isomorphic to the free group with (@ — 1)h/, + 1 generators, where
h = |U\G'/T"'|. More precisely, let x,, x,," " * x, € Il be determined by

G =XUxI", x; = Min(y; ye UxI" n IT)

and 1 =x, < <xyandput S;;=x7'Gyx; "NT" (1L i,jSh,S; =T, uT*
with T, T; ! = ¢. Then for each j > 1, there exists a unique suffix i = i(j) < j
such that S;;3 1.

Now,S; (1 Si<j<hi#i()), Sy — {1} Q<SS h),and T,(1 S i < hywill
be a set of free generators of T

REMARK. It is easy to check that S;'=S;,3"_ |S;|=q+ 1 for each
jASj<h

Theorem I'=> Theorem I. Take G' =G, U’ = U, I" =T, and let G,(l = 0)
be the totality of elements of G which are represented modulo K* by matrices

(£ )
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such that a,b,c,de 0, (a,b,c,d) = 0, and (ad — bc)0 = p'. Let ny, my, -, m, be
any representative of U\G,. Then, (G,U;ny, n,,- ", n, and I' in Theorem I)
satisfies the assumptions of Theorem I, and G, =G, for [ =0,1,2,---. The
proof of Theorem I’ will be given in [6] and hence will be omitted here.

2. {-Functions attached to I". Let I" be again a torsion-free discrete subgroup
of G = PL(2, K) with compact quotient space. Then, for any element y # 1 of T',
the centralizer in I of y is a free cyclic group (I is torsion-free). We shall call y, or
conjugacy class {y} in I" containing y, ‘‘primitive” if y generates its centralizer in I'.
Let 4,, 1, be the eigenvalues of a representative modulo K* of y # 1 in I'. Then
A, A€ K. Put deg{y} = |ord,(4,4," "), where ord g denotes the normalized
additive valuation of K.

Let B(I") be the set of all primitive (non-identical) conjugacy classes of I', and
define

Zewy = J] (1 - w7,
{(v}e(I)

This again? is an analogue, in idea, of Selberg’s {-functions and, in form, of
congruence {-functions. With Theorem I’ in hand, it is not difficult to compute
this algebraically. The result is as follows. Put G = Z’:= L UxiT, where

h = 0\G/T),
X3, ", X, being any representatives of |U\G/I'|. Put
A= ((aij))’ a;; = |3‘.'_1G1xjh N AZij<h).
Then Z;;l a;=q+ 1foranyi(1 £i < h);hencewecanput A~ (g + 1)@ 4,

with h — 1 x h — 1 matrix A,, where ~ implies conjugacy of matrices.
Then we have:

THEOREM II. The notation being as above, we have
(1) Ze(w) = {(1 — w)(1 — qu)(1 — w2y~ ' det(1 — Aqu + qu*)} ™!
where g = (@ — 1)/, + 1.

Now we shall briefly mention the connections with spectral decompositions

of L%(G/T"). Let
A:G>ox — det xe K*/K*?

be the homomorphism given by determinant of GL(2, K). For the sake of sim-
plicity, let us consider such I' (with the condition of Theorem I) that A(I') =
nK*2/K*? with some prime element 7 of K. Put G' = PSL(2,K) cG,T'' = G' AT’
so that [[':T''] = 2, and consider the connection between Z.(4) and the spectral
decomposition of L3(G*/T?).

It is easy to see that Z.(u) = Z(u)Z(—u), hence we have

): Zri(u) = {(l — vf'(1 — q%v) hl:[l (1 - w?v)(1 - w?zv)}— l.
i=1

2 Cf. pp. 268-270, §2.



DISCRETE SUBGROUPS OF PL(2, k) 275

where Z(u)is asin (1), v = u%, g, = (g — 1)h + 1, and

h—-1
det(1 — Agu + qu?) = [[(1 — )1 — w¥u), wwt=q(l<is<h-1).
i=1

By taking log of both sides of (1) and by comparing corresponding coefficients
of v, (I') is equivalent with
h—-1

(1: Y degh)=q"+ T @F +or™) + g
{ylep(l'!) i=
deg(y}|2n

foranyn=1,2,3,:

First, it is wel] known in spherical function theory (and also easy to see) that
if we put w; = ¢***, w¥ = q* (1 £i £ h — 1), then the characters =; of K*
defined by

n:K*3x » |x|‘;’," 1<ig<h-1, lep — q—ord )

are precisely those characters of K* that parametrize class-one irreducible
unitary representations of G' contained in L%(G*/T'!) (denoted by T, in [5]).

Secondly, (1”) can also be obtained by trace-formulae for spectral decomposi-
tion of L*(G!/T"!), where instead of g,, the multiplicity in L%(G*/T"") of the ““special
representation” (cf. [S]) appears. Thus we have

g, = the multiplicity of special representation of G' in LY(G*/T'").

(This is, of course, an analogue of the fact that the genus of Fuchsian group
H < SL(2, R) is equal to the multiplicity in L>(SL(2, R)/H) of the first member of
discrete series of SL(2, R).)

Finally, a well known remark :

(R): L*G'/T'!) does not contain supplementary series <> Alls; 1 £ i< h — 1)
are purely imaginary < |a] < 2¢* (1 £i £ h — 1) « left hand side of (1”) =
q*" + O(q") as n—> o0, o; (1 £ i< h — 1) being the set of eigenvalves of A,.
(They are real because ‘A = A = A4))

In §4, we give an example which shows that it is not always the case.

3. Arithmetic I" and congruence {-functions. Arithmetic examples of I' (which
are more or less known) will be provided by the totally definite quarternion
algebra D over the totally real algebraic number field k.

Let o be a prime ideal of k unramified at D; i.e.

D ®,k, = MQ2,k,).

Put K = k_, and let T be the unit group, modulo center, of any 0'¥-order of D,
where 0'? is the ring of integers of k except at g (i.e. the ring of all elements of k
which are integral except at @) Then by the above isomorphism, I' can be
regarded as a discrete subgroup of G = PL(2, K) with compact quotient space.
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In any case by taking suitable suborders, the corresponding subgroup of I" will be
torsion-free.

In particular, if kK = Q (the rational number field) and D has a prime dis-
criminant | # p = g, and if we take maximal Z¥-order of D, then due to M.
Eichler, [4], the main part of our Z(u), namely

) det(1 — Agu + qu®),

is equal to the congruence {-function of an algebraic curve over Z/pZ. More
precisely, by his Zahlentheorie der Quaternionenalgebren, the left-hand side of
(1”) can be expressed by class numbers of those Z-orders of imaginary quadratic
fields = D, that contain elements of norm p". By this, and by precise complex
multiplication theory of elliptic curves (Deuring), it can be shown that (2) is equal
to the numerator of congruence {-function of the complete nonsingular model
of the elliptic transformation equation of degree ! over Z/pZ.

Thus, in particular, (R) is true in this case (Riemann hypothesis for congruence
{-functions by A. Weil).

Finally a simple remark: Let I" be an arithmetically defined group in the
above sense. We can take a suitable congruence subgroup I'y which is torsion-
free. Thus I'y is a free group; hence I'y/[Tg, I'o] is infinite, [y, I'y] being the
commutator subgroup. Let I"; be a subgroup of I'y with index n and containing
[To, o] By the structure of local unit groups, it follows that I'; does not contain
any congruence subgroup of I'g, hence of T, if n is sufficiently large.

4. Other examples, failure of (R).We begin with a simple remark on con-
struction of all torsion-free I' with h = 1 (among those are arithmetic ones in
the sense of previous section), and then show that they (always) contain sub-
groups with finite indices for which (R) fails.

PROPOSITION. Let G, (not G = PSL(2, K)) be as in §1, and assume that o + 2,
hence |lU\G,| = q + 1 is even. Put

q
Gl = Z Ung.
i=0

Let o be any substitution on the set of indices {0,1,2,---,q} such that ¢* = 1
and a(i) # i for all i(1 £ i £ q). Choose any element x; from Un; n n,;*U for each

i(0<i< q)insuchawaythat x,; = x; ' foralli(0 £ i < q). Put

X ={xp,Xp, ", X} =YUY LYnY ! =¢.
Then Y generates a torsion-free discrete subgroup I" of G = PL(2, K) such that

G = UT (which is a free group over Y), and conversely, all such I" can be constructed
in this manner.
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g 'Un{U n,'U n, U
Un, 7////
Un, 7
Um; %
Urn

q

PrOOF. G,U,x,,---,x, satisfies the properties of (G, U, x,," -, x,)-type.
[cf. §1].

Now let I" be such; hence a free group over

={yla""yd}’ d=(q+1)/21
where y,, - - -, y,4, are as in the proposition; so,
GnT=YuY L

For any element y of I, and for any suffix i(1 £ i< d), leta ()v) be the sum of
exponents of yl in the expression of word y by y,, -, ya- For any nonempty
subset I of 1,2, ---,d, let I'; be the subgroup of I defined by

I, = {yel‘ Y afy) = 0(mod 2)}

iel

Thus, [T':T,] = 2.
It is easy to see that if I # {1,2,---,d}, then A(T';) = nK*?/K*? for prime
element n = y;(j ¢ I) of K (condition in §2), and we have
G = Ur’ + ijr,
by any j ¢ I. So, the matrix A = ((4;;)) defined in §2 will be
y =( TN G,y ITyy;n Gy ) =( g+ 1- 2r)
lyj 'Tin Gyl |yj 'Tyn Gy q+1-=2r 2r

where Il =d —r,(1 £ r £d = (q + 1))2).
Since the eigenvalues of 4 are ¢ + 1 and 4r — g — 1, by the remark at the end
of §2, (R) is true for I'} = I, G* (G' = PSL(2, K)) if and only if

(R) l4r — q — 1| < 2¢%

Thus (R’) cannot be true for r = 1, g > 6.
Finally, let D be the definite quaternion algebra over Q with discriminant 13.
Let p be any prime = 13 and let I" be the unit group modulo centre of (unique)
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maximal Z®-order of D, where ZP is the ring of rational integers except at p.
Since the class number of D is one, we have h = 1, and since D does not contain
Q(/(=1)), @(/—3)), I is torsion-free. Thus, if p > 6, the above argument shows
that I'' = I'n G! has a subgroup with index 2 for which (R) fails.
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On Compactifications of Orbit Spaces of Arithmetic
Discontinuous Groups Acting on Bounded
Symmetric Domains

BY

WALTER L. BAILY, JR.

1. Examples. In order to explain the nature of the methods and results of the
work of Borel and myself, I wish first to give some examples of cases which may
serve as motivation for our efforts.

A. Let G be the group SL(2,R) and I, the group SL(2,Z) = G,. As is well
known, G operates on the upper half plane H = {z = x + iy|y > 0} by linear
fractional transformations: z — (az + b)/(cz + d), and it is easy to see that I' is a
discontinuous transformation group operating on H. Hence, I'\H is a locally
compact Hausdorff, which in fact carries the complex structure of a Riemann
surface. It is well known and easy to prove that this Riemann surface V is just the
complex plane. V may be enlarged to a compact Riemann surface by forming
its one-point compactification and introducing a suitable uniformizing para-
meter in a neighborhood of the new point co. For our purposes it will be better
to construct this new Riemann surface V* in the following way: we form the
union H* of H, Q (the set of rational points on the real axis), and the point oo ;
we supply H* with the topology in which a base of the neighborhoods of co are
the strips N, = 00 U {z = x + iy|ly > A} for A > 0, in which a base of neighbor-
hoods of any a/c € Q are the images of the sets N, under some

a b
( . d) eSL(2, 2),

and in which a base of neighborhoods of any ze H is a base of neighborhoods
in the usual topology of H. Then I operates on H*, and V* = I'\H* is a compact
Hausdorff space. Let p: H* — V* be the natural map. Of course, QU o is a
single orbit & of I' in H*. V* is made into a Riemann surface on which V' is an
open submanifold by taking as uniformizing parameter T on N, = p(N,) the
function which coincides with the function induced by ™ on N, — 3 and such
that 7(30) = 0.

B.Let G = Sp(n, R),T = Sp(n, Z). PutH, = {Z|Z = Z,Z = X + iY, Y positive
definite}. G operates on H, by : If

A B
(c D)GG’

281
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A, B, C, D being n x n real matrices, one defines

A B -
(C D)Z = (AZ + B)(CZ + D)™ ..
Then I operates discontinuously on H, and ¥, = '\H, is a complex analytic
space (with singularities). According to [20], the points of ¥, are in natural one-
to-one correspondence with the isomorphism classes of normally polarized
Abelian varieties. (Normally polarized means in the notation of [20] that e is the
n x n identity matrix.) Satake [18] has constructed a compactification V* of V,
by supplying the set-theoretic union V¥ =V, U V,_,u---U ¥V, (where V; is a
point) with a certain topology. The elemental idea in this construction is essen-
tially the same as that in the construction of V* in 4 (above), but of course the
details are much more complicated and depend on nontrivial aspects of the
Minkowski reduction theory [7] It has been proved [2] that V* is, with a certain
ringed structure, a normal complex analytic space, and in [2] it has also been
proved that this compact, normal analytic space has a realization as a normal
projective algebraic variety. It was proved in [10] that a projective imbedding of
V¥ as a normal variety may be obtained by means of automorphic forms. By
combining these results with some facts from the theory of theta-functions,
it was possible [3] to show that V* has a projective model defined over the rational
number field Q such that if x is a point of this model lying on (the part correspond-
ing to) V,, then Q(x) is the field of moduli of the isomorphism class of normally
polarized Abelian varieties corresponding to x. More generally, by construction
of compactifications of the orbit spaces in H, of the groups I', (in the notation of
[20]), one may obtain similar results about the fields of moduli of Abelian
varieties with polarizations which may not be normal.

C. Let k be a totally real number field and let o be its ring of integers. Denote
by o4, :,0, the distinct isomorphisms of k into R(m = [k:Q]). We let
G = Sp(n,R) x --- x Sp(n, R)(m factors), I'' = Sp(n,0), and define an iso-
morphism ¢ of I'" into G by ¢(g) = (g°*,- -+, g°™). Put I' = ¢(I""). Then I operates
discontinuously on H}, and T is called the Hilbert-Siegel modular group. With
respect to a suitable system of coordinates, G modulo its center becomes a
Q-simple, Q-algebraic group, and I is then just Gz (Q-simple means “having no
proper normal subgroups defined over Q). I'\H} = ¥, ,, has a meaning for the
theory of moduli of Abelian varieties similar to that of V,, except that now, in
addition to a polarization, one must also consider an endomorphism ring con-
taining, via some natural injection, some order in k.

D. Let k = Q(,/—d) be an imaginary quadratic number field, let G’ be the
group of all 2n x 2n complex matrices M such that ‘MHM = H, where

0 E
ne( g 0)’

and let I'" be the group G, where o is the ring of integers in k. To each M e G,
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we assign the matrix

M+ M J(=d)(M — M)
PaM) =3 ) € M, (R).
— (M - M) M+ M

J=a)

Then G = ¢4(G’) is a real algebraic subgroup of the symplectic group of

0 E
0
—E 0
o E\|
0 d(_E O)

G is defined over Q, and I' = ¢,(I"') is easily seen to be commensurable with G.
The group G’ is usually known as the Hermitian modular group; it operates by:

A B -1
(C D) (Z) = (AZ + B)(CZ + D)
on the symmetric space of complex n x n matrices Z such that i~ %(Z — 'Z) > 0,
‘and has been investigated under the name of the ““Hermitian modular group”
by, among others, Hel Braun [9] and Klingen [11] The trivial calculations above
show that this pair, consisting of a symmetric space and an arithmetrically
defined discontinuous group acting on it, (together with those discussed in A,
B, and C) is a special case of what we are about to discuss.

2. The general problem. In this section we let our transformation groups act
on the right, as opposed to the convention in §1 where, for the sake of com-
patibility with classical notation, we let them act on the left.

Let G be a semisimple, connected, linear algebraic Q-group. In this section we
denote by Gg the group of real points of G and let X = K\Gq be a symmetric
space such that G is isogeneous tc the maximal, connected group of isometries
of X; unless G3 is of noncompact type, we do not necessarily assume K to be
maximal compact in G§. We now assume X to be Hermitian symmetric. Let T
be a subgroup of G commensurable with G,. (More generally, we may take I’
to be any subgroup of the maximal group of complex analytic automorphisms
of X commensurable with G,.) Our general problem consists in showing that
V = X/I" may be realized, by a canonical procedure, as a Zariski-open subset of a
projective, normal algebraic variety V*. We begin by legitimating some simplify-
ing assumptions. First, we may assume G to be centerless, because if Z is the center
of G, then G is Q-isogeneous to G/Z = G', and the image of I' in G’ will, by results
of [8], be commensurable with G3. If G is centerless, then G is the direct product
of its absolutely simple factors, and the latter are all defined over some Galois
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extension k of Q. Grouping together those absolutely simple factors which are
conjugate (over Q), we may write G as the direct product of Q-simple factors:

G=G, -G,.

Of course, Gg = Gy -+ - G,,g and Gz is commensurable with G,z -+ -G,z
moreover, X is then the product of X,,---, X,,, where X; is a Hermitian sym-
metric space associated to GJ,. Hence, we may also assume G to be Q-simple.
Assuming this, there exists a totally real number field k such that if GV, ... K G™
are the absolutely simple factors of G and if a4, - - -, g,, are the distinct isomor-
phisms of k into R, taken in suitable order, then the smallest field of definition
for G” is k™, and Gg = G§’---- - G&. There are three cases to consider: (1)
All simple factors G§ are compact. (2) All simple factors G{ are noncompact.
(3) Some simple factors G are compact and some are noncompact. In case (1),
X is a (nonsingular) projective variety and I is finite, so X/T is also a (normal)
projective variety, and we are done. In case (3), it follows from results of Borel and
Harish-Chandra [8] or of Mostow-Tamagawa [14] that X/T" is compact. It then
follows easily from a criterion, proved in [1], which is a generalization of Kodaira’s
result [12] on Kihler varieties of restricted type, that X/T" is again a projective
variety. In case (2), the same results of the above-mentioned authors imply
that X/T" is compact, and therefore a projective algebraic variety, if G is Q-
anisotropic. Hence, we shall assume in the future that G is centerless, Q-simple,
of Q-rank = 1, and hence that all G{ are noncompact.

Making the assumptions indicated above, we now outline the main steps of
proving the desired result.

(1) Compactification V* of V = X/T as a topological space. This requires the
discussion of three subtopics:

(a) the natural compactification of X viewed as a bounded domain;

(b) the characterization of “‘rational boundary components” to play the réle
of QU {oo} in §1,4;

(c) fundamental sets and reduction theory, from which we get the topology
on V*.

(2) Introduction of a ringed structure on V*.

(3) Proof that the ringed structure in (2) makes V* into a normal analytic
space. This requires a proof of the existence of sufficiently many functions in
our ringed structure, and the latter depends on the convergence and other
properties of Poincaré-Eisenstein series, including properties of the so-called
®-operator (i.e., behaviour of Poincaré-Eisenstein series at 20).

(4) Proof that V* is a projective variety. This again requires information on
the properties of Poincaré-Eisenstein series.

So to begin with, we need to study the natural compactification of X taken as a
bounded domain in some C¥, as well as properties of the unbounded realizations
of X as Siegel domains of the third kind in the sense of Pyateckii-Shapiro.
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3. Natural compactification and Cayley transforms of a bounded symmetric
domain. It is now our purpose to examine the “natural” compactification of a
Hermitian symmetric space X of noncompact type, by which we mean the com-
pactification of X obtained by realizing it as a bounded domain in some C* and
taking its closure there. At the same time, for later applications to Poincaré-
Fisenstein series, we need to consider the unbounded realizations of X, attached
to the different boundary components of X.

We may write X = K\G, where G is a connected, reductive Lie group with
compact center having a faithful linear representation. Thus, G is the identity
component, in the usual topology, of the group of real points of a connected,
reductive, algebraic group G, defined over R, which -has no nontrivial rational
character defined over R, and K is a maximal compact subgroup of G. Let { be the
Lie algebra of K and let p be the orthogonal complement of f in the Lie algebra
g of G with respect to the Killing form. g = I + p is a Cartan decomposition of
g. b is to be a Cartan subalgebra of f, and hence also of g because of our assump-
tion on X, and ® = (@ will denote the root system of g with respect to b¢.
We may choose root vectors E,, u€ ®, and elements H, of h¢ such that

[E..E_,]=H,
and
vH) =20, w)(u, )" (b, ved),

( , ) being the restriction of the Killing form to b¢. If u e ®, u is called compact
if it vanishes on the center of f, and is called noncompact otherwise. We may
assume that complex conjugation of g¢ with respect to g permutes E, and E_,
for 4 noncompact. Fix a linear ordering on @, and let n* (resp. n~) denote the set
of positive (resp. negative) noncompact roots with respect to this ordering. Let

pt= Z"E"t CE,. Then pc = p* + p~ (direct sum) and

ge=fc+p"+p,

where p* and p~ are Abelian subalgebras of gc normalized by .. Moreover,
the elements X, = (E, + E_), Y, = i(E, — E_,)(uen") form a basis of p over
R.

Two roots pu, ve ®@ are called strcngly orthogonal if 4 + v are not roots. We
select according to Harish-Chandra a maximal set {u,,---,u} of mutually
strongly orthogonal elements of n*, and write H;, E, E_;, X;, and Y; in place of
H,,E,,E_,,X,, and Y, respectively.

Let P* = expp?t. It is well known, as has been mentioned in [6], that the
mapping ¢:P~ x K¢ x P* —» G, maps the triple product biholomorphically
onto a Zariski-open subset ¢ of G containing G. Since exp:p* — P* is a biholo-
morphic isomorphism, we may form its inverse, denoted by log. Then { will
denote the map of O onto p* defined as the composition of the three maps ¢~ ?,
projection onto P*, and log. Harish-Chandra has proved that {(G) is a bounded
domain D in p* such that { induces an equivariant biholomorphic homeomor-
phism of X = K\G onto D. D is called the ‘““natural” compactification of X.
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We now wish to describe some results of Koranyi and Wolf [13] on the un-
bounded realizations of X. These results (obtained in slightly different notation
and with conventions differing slightly from the present ones, e.g., action on the
left instead of on the right, etc.) generalize results of Pyateckii-Shapiro on the
classical domains [15] For simplicity, we assume G henceforth to be irreducible.

For each b,0 £ b £ t, we define

o= ] expﬂ Y, ¢o = identity of G.
15/sb

The elements ¢, of G are called “‘partial Cayley transformations” and are analo-
gous to the usual Cayley transformation carrying the unit disc onto the upper
half H,, of the complex plane.

Direct calculation shows:

Adcb(y;t):: xn lékét’
Adcy(Hy) = X, Adcy(Xy) = —H,, 1=

Ad cb(Hk) = Hlu Ad C,,(X,‘) = Xln b<k

£bh,

L.

A =

Moreover, as is substantially less obvious, G-c, = 0. Let S, = {(G - ¢,). Direct
calculation shows that o, = —(E, + --- + E;) = {(c;)eS,, and in fact
0,€0D = D — D. The domains S, are the unbounded realizations we want,
and the sets o, - G (G acts continuously on D) are precisely the distinct orbits of
G in D. To describe the situation more adequately, we need some further defini-
tions.

Let a be the (Abelian) subalgebra of p spanned by X, - -, X,. a is a maximal
subalgebra of g contained in p and is diagonalizable (over R) in the adjoint
representation. Let g® be the set of roots of g with respect to a. g is the direct
sum of the centralizer z(a) of a and of the root spaces

8. = {xeglla,x] = a(a)x}, aegd.
Let y;,- - -, 7, be the coordinates in a with respect to the basis X, - - -, X,. Then,
since g is simple, g® is either [5]
Co={(xnity)21=ij<st} - {0}
or
BC,=C,u{y/2,1 i<t}

In both cases, we choose as ordering on g® the lexicographic ordering defined
by the basis {X;},<;<,. Then the set gA of simple roots in x® consists of
o= — v+ 1Li<t, and o, =y, (resp.o, = 4y) if g® is of type
C, (resp. BC,). The numbering of the simple- R-roots thus defined is called the
canonical numbering.
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We let z@* (resp. g@ ) denote the set of positive (resp. negative) roots in z®.

Letn = Zae o Yo A =expa, N =expn Then 4 - N is a maximal connected
triangulizable subgroup of G. The centralizer Z(A4) of A4 is equal to the product
A - M, where M = Z(A) n K, the normalizer P = Z(A)- N of N is a minimal
parabolic R-subgroup of G, and any minimal parabolic R-subgroup of G is con-
jugate to P. Any maximal proper parabolic R-subgroup of G is conjugate to
exactly one of the form P, = Z(A,). N, where 4, = exp(R(X; + --- + X,)) and
Z(A,) is the centralizer (in G) of 4,. Let p, be the Lie algebra of P,.
R(X, + --- + X,) = a, can also be described as the one-dimensional subalgebra
of a annihilated by all simple R-roots except «,. If ¢ is any subset of gA, denote
by [o] the set of R-roots in its linear (R-) span. Then the Lie algebra p, of P, is
the sum of

[b = Z (ga + [ga’ Q—a])’
aelap + 1,7, @]

I"J = Z (ga + [ga’ g—a])
aglay, -, ap- 1]

u, = Z Gas
aeRO; —[ay,  ",ap-1]—[ab+ 1, ", @]

of a,, and of an ideal m, of m, the Lie algebra of M. The algebra 3, = I, + m, +
u; + a, is an ideal of p,; let U, = exp u, and let Z, be the inverse image in P, of
the centralizer of the identity component in P,/Z?, where Z? is the connected
closed subgroup of G with (the semisimple) Lie algebra 3,. Then Z, is a normal
subgroup of P,, P, = Z,- L,, and L, n Z, is finite.

We have

lhc = fz;,c: @ P; ® Py (fc = T¢nlycand PE =lecn Pi),

the space X, = K,\L, is Hermitian symmetric, and D, = {(L,) = p; is the
realization of X, as a bounded domain. F, = o, + {(L;) is just the orbit of o,
under L,, is contained in D = D — D, and is a set of imprimitivity of G in D.
The transforms of the F,’s by the ciements of G are the boundary components
of D. D itself is a (an improper) boundary component with b = 0. If g is not
simple, then the boundary components of D are the products of the boundary
components of the individual factors.
If F is a boundary component of D, we define

N(F) = {ge G|Fg = F},
Z(F) = {ge N(F)|xg = x for all xe F},

and

G(F) = Z(F)\N(F).
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One may prove that N(F,) = P,, Z(F,) = Z,, and
G(F) =(LynZ\L,, 0=bst

Now we proceed to the description of the unbounded realizations S,. We
have P, = N(F,)¢, a ‘“standard” parabolic R-subgroup of G., and N(F,)
= Z(A,)  Upyg = L, - Z,, where A, is the one-dimensional subgroup of g4 on
which all roots but a, vanish, Z(4,) is its centralizer in G§ = G, and U, is the
unipotent radical of P,.. We may write Z(A4,) = L,- L, - M, - A,, where M, is a
compact normal subgroup of Z(4,); then L;- MY - A, - U,y is the identity com-
ponent of Z,. Let V be the orbit of —io,€ p* under L;- M, - A,, let W, be the
center of U,, and put E, = W,g\U,z. Since U, is two-stage metabelian, E, may
be identified with a vector space, over R which is, in fact, even-dimensional.
W, is Abelian, connected, and contained in P*, and therefore will be identified
with its Lie algebra. It can be proved that V < W, (q.v. [13]). Let iN, be the
smallest real subspace of W, containing V. Then W, = N, + iN, and V is a
linear homogeneous convex open cone in iN,. When speaking of real and
imaginary parts of elements in W,, it will be with reference to the real form N,
of W,. Then E, (which is even-dimensional over R) may be supplied with the
structure of a complex vector space in a natural way depending on t e D, such
that the following is true: There exists for each te D, = p; a quasi-Hermitian
R-bilinear mapping L,: E, x E, — W, (depending in a real analytic manner on t)
such that S, = {(z,u,t)e W, x E, x Dy]Imz — Re L(u,u)e V}. (A quasi-Hermi-
tian mapping in the sense of Pyateckii-Shapiro is one which is the sum of a
Hermitian mapping and of a symmetric one.) Moreover, L, is nondegenerate
for each te D, in the sense that L(u,v) = 0 for all ve E,, fixed u implies u = 0.
One needs these facts in the discussion of Fourier-Jacobi series. We need, more-
over, the following facts about the operation of P, on S,: If ne U,g, n acts by a
unipotent linear transformation on E, + W, and leaves p, pointwise fixed. Each
element of A4, L, - M, acts by linear transformations with constant Jacobian
determinant, leaving D, pointwise fixed. And if ge L,, then the Jacobian deter-
minant of the action of g on D, is a positive rational power (2 1) of the Jacobian
determinant of its action on S,.

In closing this section, we point out the following useful fact, (the inspiration
for which is due essentially to Pyateckii-Shapiro [16]): Let C, be the connected
centralizer of W, in P,. Then its Lie algebra €, is equal to I, + u, + (€,n3(a)N{).
In particular, C,/L, - U, is compact.

4. The topological compactification of X/I". We carry over the assumptions of
§2. We shall also assume that G is absolutely simple. This is not essential for
our proofs, but is intended to avoid obscuring the main points with technical
details. All our results are indeed valid without this assumption and the fact
mentioned at the end of §3 is useful in making the step to the more general case.
Moreover, many things also become simpler if we assume that the Q-rank of
G is the same as its R-rank. While we shall not explicitly assume this to be the
case, we shall usually state without proof those propositions which enable us to
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deal with the case rkgG¢ > rkoGe in the same general manner as with the simpler
case rkgGe = rkoGe.

We choose once for all a maximal Q-trivial torus S in G, let oM be the
Q-anisotropic part of Z(S), and let oN be the connected, unipotent subgroup of
G with Lie algebra equal to the sum of those Q-root spaces corresponding to
the positive Q-roots with respect to some linear ordering on the vector space
containing the Q-roots. Put 4 = S§. We have the following:

PROPOSITION. There exist a maximal Q-torus T of G¢ and a maximal R-trivial
torus gT of G¢ (gT is not necessarily defined over Q) such that S « gT < T.

We omit the proof.

Let @, x®, and ,® be the sets of roots of G with respect to T, g T, and S, respec-
tively, and we suppose these are supplied with compatible orderings; e.g., if
r: X*(gT) - X*(S) is the restriction from the rational character group of gxT to
that of S, and if ae g®, then o > 0, r(a) # O imply r(x) > O; similarly for the
compatibility of the orderings on the roots of the other pairs of tori. Let A, gA,
and gA be the corresponding sets of positive simple roots. We have gA = r(zA)
—{0}. Let gA = {e,--,a,} with the canonical numbering described in §3. If
B € oA, let m(P) be the greatest index i such that r(x;) = f. We number the elements
By, - -, Bs of A in such a way that i < j if and only if m(8;) < m(B;). We have the

PROPOSITION. (a) oA is of type BC; if either g® is of type BC, or g® is of type C,
and r(e) = 0, and is of type C, otherwise. The numbering of B,,- - -, B, described
above is the canonical one.

(b) Each B e gA is the restriction of exactly one o € gA.

The roots a € gA such that r(x) # O are called “critical”.

COROLLARY. The proper maximal parabolic Q-subgroups of G¢ are also proper
maximal among parabolic R-subgroups.

This is true, roughly speaking, because both oA and gA are chains (i.e., have
no branching), and for each f € oA there is just one a € gA with r(a) = . There-
fore, if P is a proper, maximal, “standard” parabolic Q-subgroup of G¢, and if
B € gA is the unique simple Q-root “hich is not a Q-root of the quotient of P by
its unipotent radical, then P is also the proper, maximal, “standard” parabolic
R-subgroup such that the a € gA with r(x) = B is not a root of the quotient of P
by its unipotent radical.

Let D be “the” realization of X as a bounded symmetric domain. If F is any
boundary component of D, then N(F)c is maximal, proper R-parabolic.

DEFINITION. A boundary component F of D is called rational if N(F)¢ is defined
over Q.

We note that in [4] a definition of broader apparent applicability is taken,
which in our case is equivalent to the above.

Let S, g7, and T be as above and let F, be a standard boundary component,
so that P,c = N(F,)c is a maximal proper standard parabolic R-subgroup of G¢.
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One sees from the description of the standard parabolic groups that P, is defined
over Q if and only if «, is critical, and in that case, L,, Z,, and U, are also defined
over Q. Then, in that case, the mapping N(F,)c = Z(F,)c\N(F)¢ is defined over
Q, and so if " is an arithmetic subgroup of G, then (Z(F))n T\(N(F))n TN is a
discrete transformation group of F, (it is, in fact, an arithmetic subgroup of
G(F,) = Z(F,)\N(F,)).

Let n, resp. be relatively compact, open neighborhoods of the identity in
@Mpy, gNg resp., and let t > 0 be given. Define

oA, = {a€ gA|pa) < ¢, e A},

and put &,, , = K- g4, -n-w (where, of course, we take the Lie algebras of
oA and K orthogonal to each other). Denote by €, ,, the natural image of
S.mo in X and let Q,,,, be the closure of Q,,, in the natural compactification
of X as a bounded domain D. Q,, , is called a “Siegel set” in X. One verifies
readily that: (a) if F is a boundary component of D meeting Q,, ,, then F is
rational; (b) if F is rational, then there exists g€ Gy such that Q,, , N Fg is
nonempty; and (c) if Fn$Q,,, is nonempty, then FnQ,, , = QF),, .., is a
Siegel set on F, where #' and @’ can be made as large as desired by taking # and @
sufficiently large.

Now let I be a subgroup of G} commensurable with G;. Let D* be the union
of D and all rational boundary components of D. It is not difficult to verify that
the hypotheses of Theorem 1’ of [19] are satisfied. Thus, D* may be supplied
with a topology J such that J induces the usual topology on Q,,,, every
element of Gy is a continuous transformation in 4, and D*/T" supplied with the
quotient topology J, is a compact Hausdorff space. Let n: D* = D*/T, ¢,:p*
— p; (with kernel g, equal to the sum of the root spaces in p* not contained
in p;), and p,: P, = L, be the natural quotient mappings, where b is chosen
such that Fy(c D¥) is a rational boundary component. Let x,eQ,,, N F;,
X, = 0, g, With g,e L,, and let {£,} be a basis of connected relatively compact
neighborhoods of g,. For any « and A > 0, define (here ae gA):

Sinal€as A) = {g = kamne S, ,|p,(amn) € &,, Bya) < e™*},

and denote by Q,, ,(£,,4) the image of this in X. By using such “truncated
Siegel sets”, we may prove the existence of a basis of neighborhoods 4, ; of
n(xy) in V* = D*/T" such that each of the sets A", , N (D/T) is connected. We
define V = D/T.

5. The ringed structure. If F is a rational boundary component, let
I(F) = (Z(F) n T\(N(F) n I).

If F, is a standard rational boundary component, of course L, n T is isogenous
to I'(F,). We may write D*/I" = U F/I'(F), where F runs over a complete set of
T-inequivalent rational boundary components, including D itself. Each of the
spaces F/I'(F) = V; carries a natural complex structure. If @ is an open subset
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of D¥*/T' = V*, and if f is a continuous complex-valued function on @, we say f
is an A-function on O if f|V; N O is analytic for each rational F. Our purpose is
to prove that V* supplied with the ringed structure of A-functions is a normal
complex analytic space.

6. Poincaré-Eisenstein series. Again, let F, = F be a ‘‘standard” rational
boundary component and denote by I' a subgroup of G = G} commensurable
with Gz. Put P = P, and let X,: P - C* be the rational character defined by
X, (p) = det(Ad,p), where u is the Lie algebra of U = U,. We take X, to be the
fundamental highest weight of P. For any positive real number s, let A(p,s)
= |X,(p)| "¢ and let f be a continuous function, f: G = C such that

f(gp) = f(g)A(p,s),geG, pePnNG.
Then (Godement)
Efgy= Y fley) (€0)
yell/(TAP)
converges absolutely uniformly on compact subsets of G if s > 1.

We now apply a slight modification of this criterion to certain series on
S, = {(G - ¢;), notation being as in §3. As remarked in [6], it is in fact sufficient
to replace the hypothesis of Godement’s convergence theorem by:

(@) m(g) = sup,cpnc|f(gp)| Xo(p)I is finite for each ge G and is bounded on
compact sets, and

(b) f(gy) = f(g) for all yeI' n P.

Following previous notation, we let 6,: p* — p, be the projection with kernel
q,- Then ¢,(S,) = D, = p;}. Let ¢ be any polynomial function on D,, let I,
=TI nZ,, and define

E(x) = Eg r(x) = Y, laplx - yI4(x,7),s
yel'/To

for x € S, where [ is a suitable positive even integer and J,, is the functional deter-
minant in S, (of the transformation y at x € S,). To see that this is well defined, we
note that for y e I'y we have ¢(o,(x - 7)) = ¢(0,(x)), because I'y acts trivially on F,;
and Jy(x,y)' = 1 for xe S, and y e Iy, if | is divisible by n! for a sufficiently large
positive integer n, because Jy(x,y) t=kes only finitely many values for ye I, as
one may easily see. Such series as these are called Poincaré-Eisenstein series
(P.-E. series for short). Because of the facts indicated at the end of §3 and by our
preceding discussion, we have for pe PN G:

|Jb(x’ p)l = |jb(ab(x)a P)'quXO(P)l—"b,
where j, is the functional determinant of a transformation of D,, and g, and n,
are positive rational numbers, g, > 1; thus lg, > 2. We now assume that In, > 1.
We may write

1) Ex)= Y ( Y dloylx -y, vl)‘),

yelT . \ Ael /o

where I' , = I' n P. We define for ge G:
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r(g) = dl(ay(0y- 8))Js(0, g),

and
@) 2@ = Y Irgdl
A€l /o
and for x € S, put
) PHx)= ¥ |oloylx- AJulx, Y]
Ael o/To

The relationship between £ and 2* is that if x = o, - g, then
PH(x) = [Jy(0p,8)”|2).

Then the series of the absolute values of the terms in (1) is equal to

4 Vu0s,8)"'| Y 2gy)
yell/l

We define

)] E@= Y P2g)
yel/l

It is obviously sufficient to prove the convergence of the series in (5). To do this,
it is enough to verify the conditions (a) and (b) above with f = 2 and s = In,.
Condition (b) is clearly satisfied by virtue of the definition (2). We now check (a).
We use a(g) to denote J,(0,,8), 2€G. If pe Z,, a(gp) = a@)|X(p) " (s = In,),
while if ve L,, Xo(v™'pv) = X(p), because P, operates trivially on its own
character group by inner automorphisms. Therefore 2(gp) = 2(g)|X o(p)| . Since
P, = L,-Z,, and |X4(v)| = 1 for veL,, it suffices to prove, finally, that #(gv)
remains bounded for ve L,, g in a compact subset C of G. For each ge C, we
choose an element m, e L, such that g,(0," g) = 0, my(0, € D,, being the origin
of coordinates). Of course, m, is determined up to an element of the compact
group K n L,, and so m, remains in a compact set as g runs over C. Then for
1eTI’,, let 1 be the image of A in Z,\N(F) = G(F), and if ve L,, let ¥ be its image
in G(F). We have

Jo(0p, 8- v A) = Jy(04, 8)J(0, mg)—'"’jb(o; m,-v- 1)‘"’,
as follows from the ‘““cocycle relation” for functional determinants, so that
P(g - v) = Jy(05, 8)jul0, m))~ " P(m,7),

where 2 is a Poincaré series on F “lifted” to the group G(F), and hence, by [6],
is bounded on G(F). Hence, 2(gv) is bounded for ge C, ve L,, as we wanted to
show. Thus the series in (5) converges (absolutely and) uniformly on compact sets.

In what follows, c,, c,, - - - will denote suitable constants and will be so under-
stood without further explanation. Our purpose here is to obtain a normal
majorant for the series of absolute values of the terms in E(x) in some Siegel set
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contained in a neighborhood of some x,e F,. The details for dealing with
translates of such a Siegel set by elements of G4, and for dealing with the auto-
morphic form corresponding to E in other unbounded realizations are close to
what is given in our discussion here.

Let E° denote the series whose terms are the absolute values of the terms of
the series for E. For se G we have
(6) E’(0,-5) = a(s)™" Y 2(sy)

yelT o,

We take an irreducible left linear, rational representation p defined over Q, of G,
with highest weight X3 (we may as well assume s = In, to be an integer), such
that P is the full subgroup of G leaving the line spanned by a highest weight
vector e, invariant, and put c'(g) = ||p(g)e, | ', where || || is some Euclidean
norm with respect to which p(S) consists of self-adjoint transformations (S is the
maximal Q-trivial torus). Then the eigenspaces of p(S) corresponding to distinct
Q-weights of p are mutually orthogonal. If p e P, we have clearly

(™) cgn)Xolp) =c'(e), (g >0, geg@G,

and so 2(g) < ¢, c'(g) for all ge G by a well-known argument (using the fact
that G = KP). Hence, E° is majorized by the series

@®) cias)™t Y clsy)

yell 4

We now want to estimate the behaviour of (8) for s in some Siegel set S, .
For s€ &, ,, s = kamn = kmn'a, with ae y4,, men, ne w, ke K. By an argu-

ment in [7] awa™! is relatively compact in gNpg if @ is; of course, n' € awa™ .

If g € G, we have p(g)e; = K,e, + Y. f,, where f, is in the eigenspace correspond-
ing to the Q-weight u, and letting X = X3, we have

[o(a)p(gles | = |K 1 X(a)e, + Y. @) f,|-

Also, since kmn' runs over a relatively compact set C,, we have

cafl x|l = [loe)x]| = eslx|

for all ee C, and x in the representation space of p. Hence, as a simple calculation
shows,

9) cials)| £ X(a)~! £ cdla(s)|
for s = kamne &,, ,. Moreover,
(10) c(ag)?X@)|"? = [Kiell? + X ILI1X - wi@f,
where each y is of the form ’
XB7 - BY om0, oA ={f,--, B}
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Combining the above, we have for se &, , ,:
(1) Ja(s)'P(s-g)| < ¢ [Kiey + L (X W@f] ™! £ erc'(ag)|X (@),
u

for ge G Choose ay € g4, such that |Bya,)l = ¢ for all §;€oA. Then for this
value a, of a, c'(ay)”|X(a)|~* attains a minimum for ae &, ,,,. For ge Gy, put
c(g) = c'(aog)|X(ao)|- It follows from the Godement criterion that Zysr . &y
converges, and from the things we have just said that cg Zy eryr €(v) is an absolute
majorant for the series E® in the image Q in S, of any F,-adapted truncated
Seigel domain &.

Now, to investigate the limit of E as we approach F = F, from within Q,
we need to estimate the terms c'(ay)|X(a)| as B,(a) tends to zero. We can easily
prove, in fact, that limg, o ¢'(ay)|X(a)| = 0if ye Gg — N(F). Let y € Go. We may
write y = nwhn' with n,n' € yNg, we N(S)g, h€ Sg (Bruhat decomposition). We
have

c'(ay)" ! = |planwhn)e, || = ||plana™*awh)(e,)|

= | p(ana™ *wh)(e,)||| X (w™ 'aw)|.

Moreover, X(w™'aw) = w(X) (a). One sees that w(X) = X7 --- p, where all
m; £ 0, and m, < 0 precisely if y ¢ N(F)o. Hence,

(12) |X(a)lc'(ay) = ||p(ana™'wh)(e,)|| = ! Bs(@)™™" - - Bila)™™.

As awa™! is relatively compact, the term | | ! remains bounded as a runs over
o4,. Therefore, all factors on the right are bounded, and f,(a) appears with the
positive exponent —m,, whence our assertion: |X(a)|c'(ay) — 0 as By(a) — O if
7 ¢ N(Fg.

It now follows rather easily that the limit of E on F = F, exists and is a Poin-
caré series of weight lg, with respect to a certain discontinuous group on D,.
And for suitably divisible weights, we get all such Poincaré series as limits of
such P.-E. series E. Of course to prove this one must also deal with translates
of E and of & by elements of G, but the general ideas are the same. More gener-
ally, one may also show that E has a well-defined limit on every rational boundary
component F’ (in the topology ), and if ®.E denotes this limit, then one may
prove:

(@) if dim F' <dim F, ®.E =0.

(b) if dim F' = dim F and F ¢ F-T,
then ®p.E = 0.

Using these facts, one may prove the local separation of points of V* by U-
functions. Then an easy prolongation theorem shows that V*, supplied with the
ringed structure indicated previously, is a normal analytic space. This prolonga-
tion theorem may be proved using the theorem on removable singularities of
analytic sets of Remmert and Stein [17)], using ideas on prolongations due to
myself [1], and using subsequent ideas of H. Cartan [10; Exp. 11] on prolongations
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which succeeded in removing a superfluous weakening hypothesis from my
earlier theorem. However, the theorem used here is not a direct application of the
theorems originally proved by myself and Cartan, but needs some changes because
of complications stemming from the fact that the set * — V is not necessarily
locally irreducible, so that the induction on dimension must be modified. More-
over, the properties of P.-E. series just indicated make it possible to show without
great difficulty that V* may be imbedded as a normal variety in some projec-
tive space by means of automorphic forms. Results similar to those formulated
here were announced in [16] with sketches of some proofs.
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Fourier-Jacobi Series

BY

WALTER L. BAILY, JR.

It is our purpose here to discuss the so-called Fourier-Jacobi series which are
introduced and dealt with by Pyateckii-Shapiro in his book The geometry of the
classical domains and the theory of automorphic functions. This book will be
referred to as PS [5].

My discussion is mainly an exposition of some of the ideas related to Fourier—
Jacobi series developed in PS, in such language, we hope, as to make clear their
relationship to some ideas in [1]. Of course, as regards the exceptional domains,
we must rely on some of the general results of Koranyi and Wolf [4] on partial
Cayley transforms and Siegel domains of the third kind. However, the latter
authors do not concern themselves with Fourier-Jacobi series, and once the
main facts on Siegel domains are assumed, the principal ideas are still those
of PS.

The main point of original motivation for these developments is to show how
some results of Koecher [3] on Siegel modular forms can be extended to the
general case of automorphic forms with respect to a fairly broad class of arith-
metic discontinuous groups. Specifically, let G, be a centerless, connected, linear
algebraic group defined over Q which is Q-simple, such that G has no compact
simple factors, and such that X = K\Gg is Hermitian symmetric (K is a maximal
compact group in G%) and therefore equivalent to a bounded symmetric domain
D. Suppose dim G > 3 and suppose F is a proper rational boundary component
of D. Let f be a holomorphic automorphic form of some even weight on D with
respect to some arithmetic subgroup I' of G}. Then in a certain natural sense,
S has an extension to F. It is not our purpose here to discuss the precise manner
in which, in the topology 7, (see [1]), f becomes a cross-section of some coherent
sheaf and such questions are left to the taste of the reader.

1. Cylindrical sets. As before, we choose in G, a maximal Q-trivial torus S,
a maximal R-trivial torus z7, and a maximal Q-torus T with S = gT = T, and
denote by o®@, x®, and @ the respective root systems. Choosing compatible
orderings on these, we let oA = {B,,---, B}, gA = {a;, - -, ,}, and A be the
respective sets of simple roots. (As before, it is not necessary to assume G¢ to be
absolutely simple, and if we appeal to such an assumption in what follows, it is
only to simplify the discussion, and not for any intrinsic reason.) Let b be fixed,
1 <b <s, and let F, be the standard rational boundary component defined in

296
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previous lectures. Then' N(F,)c = P, = R- U, where U is the unipotent radical
of P, and R is a reductive complement which may be taken as 4 - B - S,, where
S, is the one-dimensional, central, Q-trivial torus in R, 4 and B are defined over
Q, Ag contains all the simple factors in Rg acting nontrivially on F,, while
(B-S)g = Z, and (B -S - U)g\Z, is compact.

We recall some facts from [1, §3] and from PS about S, = {(G - ¢,) (Which are
true even if G¢ is not irreducible). Let W be the center of U, E = Wg\Ug, and
identify the Abelian, connected, simply-connected Lie groups W and E with
their Lie algebras once and for all. V is a convex cone contained in N, and W =
N, + iN,, E and W are supplied with certain complex structures, that of E
depending on t, for each teD,, and a certain quasi-(V-)Hermitian mapping
L,:E x E > W Then

1) S, = {(z,u,t)e W x E x Djjte D,, Imz — Re L(u,u)e V}.

A cylindrical set §(Q, r) in S, is defined in S, by PS as follows: Let Q be a compact
subset of D,, let r e V, and define

2) SQ,r) = {(z,u,t)e S}|te Q, Imz — Re L(u,u) — re V}.

By pp. 28-29 of PS, the function Im z — Re L,(1, ») is invariant under Ug. Hence,
8(Q,r)- Ug = S(Q,r). We supply N, with a partial ordering by: x, > x, if
X; — x, € V. The cylindrical sets are used in PS in defining a topology for D*/T..
This topology is at least as coarse as the topology 7, (q.v. [1]), as indicated by
the Lemma given shortly below. First, we must “invert” our usual truncated
Siegel sets. With ¢, 7, , E, 4 given as in the discussion of the latter, let SF, (E, 1)
be the set defined by all the same inequalities as those defining &, , ,(E, 1)
except that in giving the restrictions prescribed by ¢t and A on the simple roots
we precisely reverse the signs of all exponents of e as well as all signs of inequality
(s0 gAY = {a€pd|f(a) > e™', BeoA}, and we want fi(a) > e 1 - +0).
Then we have:

LEMMA. Let t€ R, < gNg, n = ogMpg be given with w and n both relatively open
and relatively compact. Let Q and r be given as above. Then there exist E and A
such that S, (E, }) < S(Q,r).

We omit most of the proof except to remark that it is significantly simplified
by the observation that Im z — Re L,(u, u) is invariant under U, and hence we
may take # = 0 and therefore L,(u, u) = 0 throughout our argument. The rest of
the details are left to the thoughtful reader.

2. The skew-symmetric form Q. We identify W and E with their Lie algebras.
Then (see PS) the group extension Uy of E by Wy is defined by the multiplication
rule
3) (e,w) x (e',w)= (e + €e,w+ w + Qe,e)),

'P, was P, ¢ in [1]
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where Q'is a nondegenerate skew-symmetric bilinear mapping of E x E into W.
The nondegeneracy of Q follows from that of L, (for every t) mentioned in [1].
[ is a subgroup of G commensurable with G. Since U and W, and hence E,
are all defined over Q, it follows that Ur =UnNT, W= WnT, and E; =
Wi\ Uy are respectively lattices in Ug, in Wy, and in E. Then Q has the further
evident property (because Uy is a group) that 2Q(Er x Ep) = W.

3. Automorphic forms. Let f be a holomorphic, automorphic form of weight
2k on §, with respect to I. For y € U, f(xy) = f(x), x€ S, because J,(x,7)** = 1.
In particular this is true for ye W;. We denote the lattice Wi by A,A = N,.
Then f has a Fourier expansion:

) J) = fzut)= ¥ ¥, 0e(p, 2),

peN’
where ( ) is some Euclidean inner product on W mapping N, x N, into N, A’
is the dual lattice of A with respect to { ), and & ) = €*™0, Since f(xy) = f(x)
for ye U, x € §,, one may prove, using the uniqueness of the Fourier coefficients
¥, in (4), that for (e, w)e U we have

&) Y u + et),t) = e — {p,w + 2iL(u, e(t)) + iL(e(z), ()P ,(u, 1)
(where, in the coordinates of S,, (e, w) is represented by the transformation:
t—ot,
6) u—-u+ e(t),
z >z + w+ 2iL(u, e(t)) + iL/(e(t), e(t)),

and e(t) is the complex vector representing e in the complex structure on E
associated to t). For fixed ¢, the equations (5) for all (e, w) e Uy imply that ¥ ,(u, t)
is a O-function of u with period lattice {e(t)} depending on . If p = 0, we have
Volu + e(t),t) = Yo(u,t), hence by Liouville’s theorem ¥, is independent of u.
For other values of p, the existence of 6-functions Y, # 0 satisfying (5) depends
exactly on the Riemann conditions. As is shown on pp. 138-140 of PS, one part
of the Riemann conditions is expressed by the condition 2Q(E; x Ey) < W,
which was mentioned at the end of §2, and the other part by the requirement
that a certain Hermitian matrix be nonnegative semidefinite, which is finally
reduced in terms of p to the requirement

™ <p, LP(u,u)y > 0
for all ue E, where L® is the Hermitian part of L,. It follows from the non-
degeneracy of L, that the real, positive convex hull of the vectors L{®(u, u) is

just ¥, and hence (7) becomes the requirement that p e V', where V' is the dual
cone of ¥, of which the closure is defined by

V'={yeN,|{y,v) > 0,veV}.
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Hence, we may write, if dim E > 0,
f(Z, u, t) = Z lpp(u t)s«P, Z>)
peN'NV

If dimE = 0, ie., if U is Abelian, it is easy to see that for a proper rational
boundary component F, we must have dim F, = 0, i.e., b = 5 and F; is a point.
In this case, all Y, are constant, and we may write

f@) =3 Ce(p,2)),
peN’

where all C, are constants. We fix a point yoe V. Then we must have that
Y.C,e((p,iyo + x)) = g(x) converges uniformly for x in any compact set. Inte-
grating |g(x)|* over a period parallelepiped of A’, we get
8
®) Y IC,|2e 4y < 4 c0.
Suppose p, ¢ V', and denote by M, the set all p = poy,75€ B N T, where 7,
is the adjoint of y, with respect to {,). For y,€ Bg n T, f(zyz) = f(z), and so

C,y, = C,. Therefore, ICIZZ o, EXP(—4n{p, yo>) < + o0, where C is the com-
mon value ofall C,,. . Since dim G > 3, dim V > 1, and so dim Bg > 0. More-
over B is defined over @, has no rational characters defined over Q, and so
Bg/(I' n Bg) has finite volume. But By is not compact, and in fact one can, e.g.
by a case-by-case examination of homogeneous cones, find a one-parameter group
B(1), T € R, in Bg such that for suitable fixed y, € V we have

tliinw {po; yoB(r)) = — 0.

By the density properties [2] of I' n Bg in Bg, we can for any pre-assigned small
neighborhood N of the identity in Bg, find sequences 7, 7,,- - - — + 00 in R, {a,}
and {b,} in N, such that a,8(z,)b, = y,€ I n Bg. If we take N small enough, we
can obtain, finally, that lim, ., ., {po, yo¥a» — — 0, which contradicts the con-
vergence of (8), unless C = 0.

Hence, in all cases we have, if dim G > 3,

) fzu, )=, Y, u e(p, ).

peN'NV’

Now PS shows (Lemma 2, p. 119 of PS) that such a function has an absolute
majorant on any part S(Q, r, K,) of a cylindrical set S(Q, r) where |u] is less than
some constant K. Let f* be the sum of all the terms in (9) with p # 0. Then
Sf*(xy) = f*(x) for ye U, |f* is bounded in S(Q,r, K;), and hence on all
of S(Q, r) by translation by elements of Uy, if we choose K, so large that the set
{lu]| < Ko} contains a period parallelogram of the lattice of vectors e(t), (e, w)e Uy,
for all t € Q (Q being relatively compact). Moreover, we can make | f*| arbitrarily
small in $(Q, r, K,) by choosing r large in the partial ordering on N, mentioned
previously. Hence f — y, as /20 in this partial ordering. i.e., lim,_,f, f(x) =
Vo(t). (One still needs to check the effect of translating Siegel domains by some
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elements of N(F,),, but this is not serious, because then we are still discussing the
limit of an automorphic form with respect to some other arithmetic discon-
tinuous group.) Therefore, the limit of f on F, is ¥, i.e., in the notation of the ®
operator [1], &, f = Yo, which is an automorphic form with respect to some
arithmetic discontinuous group on F,. This is true for any rational boundary
component (the “standard” boundary components are such only by the choice
of S, and any rational boundary component is ‘“standard” with respect to a
suitable S and suitable ordering on o®). Thus every modular form is an “integral
modular form” if dim G > 3.

REFERENCES

1. Walter L. Baily, Jr., On compactifications of orbit spaces of arithmetic discontinuous groups acting
on bounded symmetric domains, Proc. Sympos. Pure Math., vol. 9, Amer. Math. Soc., Providence, R.I.,
1966, pp. 281-295.

2. A Borel, Density properties for certain subgroups of semi-simple groups without compact com-
ponents, Ann. of Math. (2) 72 (1960), 179-188.

3. M. Koecher, Zur Theorie der Modulformen n-ten Grades. 1, Math. Z., 59 (1954), 399-416.

4. A. Koréanyi and J. Wolf, Generalized Cayley transformations of bounded symmetric domains,
Amer. J. Math. 87 (1965), 899-939.

5. I. 1. Pyateckii-Shapiro, Geometry of the classical domains and the theory of automorphic functions,
Fizmatgiz, Moscow, 1961. (Russian).



On the Desingularization of Satake Compactifications

JUN-ICHI IGUSA

1. The problem of desingularization. Let X denote a subdomain in a complex
vector space which is complex-analytically isomorphic to a bounded symmetric
domain. It is known that there exists a semisimple, linear algebraic group G’
defined over Q such that the identity component of the Lie group of complex-
analytic automorphisms of X is isomorphic to the quotient group of the identity
component G of Gg by a finite central subgroup. Denote by € the set of all
subgroups I' of G which are commensurable with the group G,. If we denote by
G () the principal congruence group of level |, it is a member of € for I = 1,2, ---.

Now, after Baily and Borel [1], we know how to construct the so-called Satake
compactification (') of the quotient variety X/I" for every I in €. In the first
place, (') has the structure of a normal projective variety in which X/I" is
Zariski-open. Furthermore, if I is contained in I'", there exists a morphism
&) - L(I'"), which is a covering (in the sense that it is proper and the fiber
over each point of #(I"") is a nonempty finite set). If I’ is contained in I'”, the
composite morphism #(I') - L(I'") » #(I'") is the same as the morphism
&) - £(I"). A point of a normal analytic space is called almost nonsingular
if it possesses a neighborhood which admits a nonsingular covering. If all points
are almost nonsingular, the space is called almost nonsingular. While every
point of X/I" is almost nonsingular, we shall see that, in general, all points of
bd #(I') = L(I') — X/T" are not almost nonsingular. This is a serious matter if
one wants to investigate geometry on.%(I').

The problem of desingularization is to find another compactification of X/T’
which has less complicated singularities. More precisely, one seeks for every I'
in ¥ a normal projective variety 2(I") which contains X/I" as a Zariski-open set
and such that 2 satisfies the following conditions:

(0) 2 has the functorial properties similar to those of & ;

(1) For every I in %, there exists a morphism 2(I') - &£(I') which is an iso-
morphism over X/I' and which commutes with the covering morphisms in-
duced by inclusions;

(2) There exists an [, such that 2(G4(1)) is nonsingular for I = I,

(2") For every I in ¥, there exists a subgroup I'" of I" in & such that 2(I'"’) is
nonsingular,

(2”) 9(I') is almost nonsingular for every I.

The condition (2) in general implies the condition (2') and (2') implies the condition
(2”). Since we are still at an experimental stage, it is premature to make any
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general conjecture. However, it is probable that a good solution exists at least
in the case when G = Sp(g, R).

ReMARK 1. If 9(Iy) is known for some I’y in €, then 2 is uniquely deter-
mined by the conditions (0) and (1). In fact, 2(I') will be obtained from 2(I'y)
by the processes of taking a derived normal model and of taking a quotient
variety by a finite group.

ReMARK 2. It is almost certain that we can not make 2(I') nonsingular for
every small T. In fact, according to Abhyankar, an algebraic function field and
its finite algebraic extension do not in general possess nonsingular projective
models such that one is a covering of the other. This shows also that our de-
singularization problem, even in the above loosely defined form, is not solved by
the desingularization theorem of Hironaka.

2. Partial desingularization. Let % denote an irreducible component of
bd #(I') with points belonging to all other irreducible components removed.
Let F denote a boundary component of X in the sense of Pyatetski-Shapiro which
projects to #. Put

N(F) = normalizer of F, Z(F) = centralizer of F,
U(F) = identity component of the unipotent radical of N(F) or of Z(F),
cent U(F) = center of U(F).

We know that cent U(F) is isomorphic to a vector space over R and that the
quotient group U(F)/cent U(F) is isomorphic to an even dimensional vector
space over R. The following theorems can be proved:

THEOREM 1. The Satake compactification & (I') is not almost non-singular at
any point of the closure of # provided that (1) " operates without fixed points on X
and (2) dim U(F) 2 2 and dim(U(F)/comt U(F)) 2 1, in which comt U(F) denotes
the commutator group of U(F).

THEOREM 2. Suppose that dim cent U(F) = 1, i.e., suppose that F is a maximal
boundary component of X. Then &(I') can be desingularized along & to an almost
nonsingular analytic space which is projective over the subset X/T' U F of &(I').
Moreover, if a point t, of F is not a fixed point of N(F)r/Z(F), the fiber over the
projection to % of ty is a generalized Kummer variety.

One may call them “singularity theorem” and “partial desingularization
theorem” respectively. The singularity theorem can be stated more generally,
and it will cover all known results obtained in special cases. On the other hand,
the fiber in the partial desingularization theorem can be described as follows.
For every t in F, there exists an isomorphism ¢, over R of U(F)/cent U(F) to a
complex vector space. The map ¢, carries U(F)r/cent U(F) to a lattice, and this
gives rise to a complex torus ./, which turns out to be a polarized abelian variety.
The quotient group Z(F)/U(F). operates on.</, as a group of automorphisms,
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and the corresponding quotient variety is the generalized Kummer variety. We
refer to (4) for further details.

3. The Siegel case G = Sp(g, R). In the case when G = Sp(g,R) and
Gz = Sp(g, Z), we shall use the familiar notations Ty(l), S, instead of Gg(l), X.
We shall exclude the trivial case g = 1. Then the singularity theorem implies that
F(Ly(D) is not almost nonsingular at every point of bd &(I',(!)) except for the
case when (g, 1) = (2,1), (2,2). We note that the singular locus of &(I,(l)) was
determined also by Christian [2]. On the other hand, the structure of &(I,(!))
is completely known in those two cases, and it is almost nonsingular [3] A good
desingularization functor 2 was obtained in the case g = 2 in the following way.
First of all, bd #(T',(1)) = # U &, is a projective line over C, simply P,(C),
where Z is an affine line over C and %, is a single point. The partial desingu-
larization of &(I",(1)) along % is a monoidal transformation along % except at
the two points corresponding to fixed points of the elliptic modular group. These
are the singular points of #(I',(1)) carried by & U &,. We tentatively defined
2(I",(1)) by extending the partial desingularization as a monoidal transformation
along # U F, in the neighborhood of &, We then extended 2 to all T in ¥
by Remark 1, and were able to show that 2 satisfies the conditions (0), (1) and
(2) for I, = 2. It was then discovered that the morphism 2(I';(l)) = L(I',(})) is
a monoidal transformation along the singular locus of #(I';())) for | = 2.

Encouraged by this situation, we have investigated the monoidal transformation
M(T () > LTy ) for 2 = 3 along the singular locus bd L(I'y(])) of L(T (/).
We note that this is the blowing up of &(I,(4)) with respect to the coherent
sheaf of ideals defined by all cusp forms. The main theorem we have obtained in
this way can be stated in the following way:

THEOREM 3. Decompose g as g = g, + g,. Then the point w of #(T4(l)) which
corresponds to a sequence in S, with a typical term

t z
Tz(rz w) (teS,)

such that t, z converge to ty, zo, say, while Im(w) — oo under the restriction that

g1
Im(W),'_,' (l #* ])y - Z Im(w)l'.i
=1

J

bounded above, is simple. Furthermore, local coordinates at t,, z, and

e(1/h(—wy) A=Zi<j=g)
e((l/l) § wi,-) 1si<g)
j=1

form a set of analytic local coordinates of AM(4(]) at w.
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COROLLARY. The projection to (U ,(I)) of the singular locus of #(T () is
precisely the union of the images in &(I' (1)) of the rational boundary components
of ©, whose genus g, is smaller than g — 3.

In particular, .#(I,() is nonsingular not only for g = 2 but also for g = 3.
In this case, we can show that the functor 2 defined by 2(I's(l)) = #(I'5(])) for
any | = 3 is independent of 4, and it satisfies the conditions (0), (1) and (2) for
lo = 3. Therefore, the problem of desingularization is solved for g < 3.

ReEMARK 3. The morphism 2(I') - &(I') is not, in general, a monoidal trans-
formation. In fact, for I'" contained in I', we do not have a natural covering mor-
phism #(I"") - #(T'), not even a morphism (if .#(I""), #(I') denote monoidal
transforms of #(I'"), #(I)). Also 2(I') is almost nonsingular but, in general, it has
singularity (cf. Remark 2).

About the fibers of #(T,(])) » £ (Ty(])), we have the following theorem:

THEOREM 4. The fiber of A(T (1)) = L (T ())) over the image point of t, in S,
is an abelian variety complex-analytically isomorphic to the complex torus

T, (to) = C*/(t,1,,) (1Z)%°

Jor go =g — 1, and an extension of the abelian variety (complex-analytically
isomorphic to) T, (t,)* for go = g — 2 by a reducible rational variety composed of
@Il -p™?

rll
projective lines P,(C) meeting three at each one of the
@ l_|[z 1-p7?%
P
points just like three coordinate axes in C>. Moreover, the combinatorial schema
of the reducible variety is like edges of a tetrahedron for 1 = 3, a cube for | = 4,
a dodecahedron for | = 5 and of a polyhedral decomposition of the Riemann surface
associated with the elliptic modular function field of level | in
Gl l_|!(1 -pr7Y
P
l-gons for | = 3.
In the case when g, = g — 3, we can show that the fiber is an extension of the
abelian variety T, (t,)® by a reducible rational variety which is a union of

@) l_|! Q-pHa-p7?
p
copies of the monoidal transform of P,(C)? along
(0,0, ) L (0, %0, 0) U (0, 0, 0) U (a0, o0, o).

Complete proofs of Theorems 3, 4 are contained in [§). The following references
do not include those which will become necessary in proving the results stated in
this note.
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Classical Theory of 6-Functions

WALTER L. BAILY, JR.

1. Introduction and elementary properties. One of the most direct means of
introducing 6-functions is to consider the problem of constructing a projective
imbedding of an Abelian variety A = C"/L, where L is some lattice. Of course, L
has 2n, R-independent generators w,,"**,®,, € C", and these may be taken as
the columns of an n x 2n complex matrix Q. In order for A actually to be an
Abelian variety, Q must satisfy the Riemann conditions ; namely, there must exist
a nonsingular, skew-symmetric matrix J with rational entries such that QJ'Q = 0
and i"'QJ'Q > 0 (i, is a positive definite Hermitian matrix). The set of all
such matrices J (called principal matrices) is an open cone over the rational
numbers, and the choice of a polarization for 4 amounts to the choice of a
(rational) ray in this cone, or (equivalently) to the choice of a distinguished class
of projective imbeddings for A. If such a J exists, then by an appropriate choice

of coordinates in C" and an appropriate choice of basis w;, - - -, ®,, for L, we may
assume Q and J to take the forms
) 0 e
Q= (e l, Z y J = ’
(1) €2 (_e 0)

where e is a diagonal (n x n)-matrix with diagonal entries e,,- -, e, such that
e;le;+ 1, and where Z is a symmetric n x n complex matrix with positive definite
imaginary part, i.e., Ze H,,.

If Q@ and J are as above, then it is possible to construct holomorphic functions
in C" which are actually automorphic forms of the lattice L with respect to certain
exponential factors of automorphy, and which are called #-functions. If the factor
of automorphy is suitably chosen, then a basis of the corresponding (finite-
dimensional) module of #-functions may be used as the homogeneous coordinates
for a projective imbedding of A. In order to simplify things, and without great
loss of generality as regards the #-functions themselves, we shall assume that
e is the n x n identity matrix E. Assuming this and taking Q and J in the standard
form (1) given above, let m be a positive integer and let g, he R". Then by a 6-
function of the mth order and characteristic (g, h), we mean an entire function 6
in C" which satisfies

) 0C + ZA, + Ay) = e(—%(’).lle + 2'2,0) + 'gh; — 'hll) a0)

for all A, 4, € Z", where &( ) = ¢2™(),
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If we expand 6 in an appropriate Fourier series, it is seen that the relation (2)
implies a recursion relation on the Fourier coefficients from which it follows
easily that the number of C-linearly independent 6-functions of the mth order
and fixed characteristic is exactly m".

If we are interested in fiber systems of Abelian varieties, we must consider the
6-functions as functions of Z, as well as of {. In this case, it is useful to normalize
the O-functions of mth order as entire functions on H, x C" which, in addition to
(2), also satisfy the heat equation:

) %0 4mim 06
aCJaCl 2 - 611 az_,'”

where Z = (z;)); j-1,...,»- We now introduce the following ‘‘standard” #-functions
of the first order of characteristic (g, h):

1<jl<n,

@ Olg, K1, Z2) = Y, e(3Z[4; + g1 +'(A, + &) + h)),

AeZn
where Z[a] = 'aZa for any n x | matrix a. It is easy to verify that the function
defined in (4) satisfies (2) (with m = 1) and (3). More generally, if m is any positive
integer, then a particular basis of the module ®(m;g, h) of -functions of mth
order and characteristic (g, h) is given by the functions:

) o[g—J’—“,h] (ml, mZ),
m

where p runs over a complete system of incongruent integral n-vectors modulo
m If m=3,and if 6,4 =1,---,m" is a basis of O(m;g, h), then the functions
6, may be taken as the coordinates of a biregular injection of A into the complex
projective space CP™ !, This is a well-known result of Lefschetz [7] which we
refer to as the Lefschetz imbedding theorem. In particular, the functions 8 have
no common zeros as functions of { for each fixed Z; therefore, we see that the
functions 6[u/m, 0](0, Z) have no common zeros on H,. In fact, if cne is only
interested in this latter property, it is enough to take m = 2, as has been remarked
in [4, p. 233].

2. Transformation theory. Using the standardized notation of §1, with e = E,
etc., we now wish to consider the action of Sp(n, Z) on the 0-functions. If

A B
y=(c D)eSp(n,Z), ZeH,, and LeCm,
we define
(6) ¢, Z) = ((CZ + D) '(,(AZ + B)(CZ + D)™ %).

Then we have the f-transformation formula:
) 0lg, k], Z) = c - e~ Y0[g’, 1(¥(¢, 2)),
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where U = ni'{(CZ + D)™ 'C{, ¢ = (det(CZ + D))™'*X(y)(3¥,(g. h)), X(y) being
a root of unity of bounded order, y,(g, h) being an integral quadratic function of g
and h such that ¥,(0,0) = 0, and where

g =46(DC) + Dg — Ch and h' = $5(BA) — Bg + Ah,

d(M) denoting for any n x n matrix M the n-vector made up of the diagonal
elements of M. For the proof of this, see {5] and [6]; see also [2, §2] for some of
the details in notation more compatible with that used here. In what follows,
d, will denote a fixed positive integer such that X(y)* = 1 for all ye Sp(n, Z)
and such that for some even m, with the property that 8[u/m,, 0](0, Z) have no
common zeros, d, is divisible by [[(1):I'(8m2)}, where I'(/) denotes the group
of all y e Sp(n, Z) such that y = E,,(mod /). Put I' = I'(1) = Sp(n, Z).

3. O-functions and modular forms. Let d be an integer >0 such that do|d. In
the following discussion, we assume g and h to have rational components, and
for our more immediate purposes we shall assume g and h to have bounded
denominators dividing a fixed positive even integer ¢t (which may vary according
to the context). We also assume mylt.

By a modular form of even weight 2k with respect to I', we mean a holo-
morphic function f on H, such that for all ye I" and all Z e H,, we have

®) f4Z) = det(CZ + DY @), y= ( p g) :

It follows from (7) that if P is a homogeneous polynomial of degree 4 in the func-
tions 0[g, h](0, Z)(tg, the Z"), then P is a modular form of weight 4d with respect
to I'(8¢2). Hence, the homogeneous polynomials of suitable high degree in the
“Thetanullwerthe” 0[g, h](0, Z) are modular forms with respect to some con-
gruence subgroup of I'.

On the other hand, it follows from the Lefschetz imbedding theorem and from
consideration of points of sufficiently high finite order [2] that if Z,,Z,€e H,,
then there exist, for some sufficiently large ¢, polynomials P and P’ as above such
that P(Z,):P(Z,) # P(Z,):P'(Z,). (One may also prove, using the Lefschetz
imbedding theorem, and the heat equation, that if t = 6, then the differentials
of the functions 6[g, h](0, Z) span the dual of the tangent space to every point
of H,.) Let d be as above and let R, denote the graded ring of polynomials spanned
by the monomials of degrees divisible by d in the functions 0[g, h](0, Z), where
the grading is that in which the homogeneous polynomials of degree d are counted
as the ring elements of degree 1. Let R;; be the subring of those elements of R,
satisfying (8) with k = 4d for y e I'(})). Clearly R;; © R, , for all . By our choice of
d and from elementary properties of the polynomial invariants of a finite group
of linear transformations (which are an immediate consequence of the fact that
the elementary symmetric functions or the elementary power sums of functions
without common zeros have again the same property), it follows that the elements
of degree one of R, ; have no common zeros. Let 6,,---,0, be a basis of the
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elements of degree one of R;;, and let 6 be the mapping [3] with these co-
ordinates of (H,/I')* = V* into CP™. By the argument of [1, pp. 353-354], we see
that @ is nondegenerate everywhere, i.e.,, 8~ !(x) is at most finite for any point x
of CP™. Therefore, as one sees by an easy argument from algebraic geometry,
the ring of modular forms of weights divisible by d/2 with respect to I'(l) is integral
over Ry, and, for sufficiently large ¢, is contained in the quotient field of R, .

For more details on such matters (except for the parenthetical remark about
t = 6), please see [2], especially pp. 380-383, where one considers, more generally,
O-functions associated to a lattice in k27, where k is a totally real number field.
Facts similar to these and in certain nontrivial respects more precise, were also
proved independently and utilized by Igusa in his investigation of the structure
of the ring of Thetanullwerthe [4].

4. Algebraic dependences among O-functions. Let 0,,---,0,. be the basis (5)
of the module of mth order 0-functions of characteristic (0, 0). Choose the num-
bering of this basis such that for some fixed Z the ratios 0,/0,,,, -, 6,/0,+, are
analytically and hence algebraically independent as functions of {. Let § be any
other 6,. For any positive integer I, the number of monomials of degree ! in

ela""0n+170is
I+n+1 1
= L S
( n 1 ) wrDn T

while for fixed Z, the number of linearly independent monomials of degree [ is
<cl", where c is a fixed constant depending only on m and n. Choose ! such that

(I +n+ 1)
c < .
n+1
By construction there is no Z € H, such that 6,, ,({, Z) = 0 (as a function of ().
By consideration of an appropriate functional determinant, it is easy to see that
the set of Z for which 0,/6,.,,---,0,/0,,, are analytically independent (as
functions of {) contains an open subset ¢ of H,. Let Z, be a point of ¢ such that
the number N, = N(Z,) of linearly independent monomials of degree ! in
01, --.0,. .0 (as functions of {, Z, being fixed) is maximum in ¢. Let m,, - - -, my,
be linearly independent monomials of degree /, and let my, ., be any other mono-
mial of degree I Then there exist constants C,,-- -, Cy,+; not all zero such that
N1 Cmy({; Zo) = O for all {. Of course, Cy,,, # 0, and we may assume
Cro+1 = L. Z:"’ C,m((, Zy) # 0 as a function of { for any nonzero choice of C,,
so there exist {y,---,{y, such that the Ngy-vectors (m,((;, Zy), - -, my,({i, Zo)),
i=1,---,N,, are linearly independent. Put {; = Zya; + b;, a;.b;e R". We have

det(m(Zoa; + b;, Zy)) # 0,

so there exists a neighborhood U < ¢ of Z, such that

$(Z) = det(m(Za, + bj, Z)) # 0
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for Ze U. For each Z € U, there exist C(Z).« = 1,--+, Ny + 1, not all zero such
that
No+1

Y CZm,Z)=0  foralll.
1

Since ¢(Z) # 0 on U, we must have Cy, . ,(Z) # 0 for Ze U and for any such
nontrivial solution C,,---,Cy,+;. Hence we may assume for all ZeU that
Cno+1(Z) = 1. Then, by Kramer’s rule, C(Z) = ¢(Z)/$(Z),a = 1,---, N, where
$.(Z) is a polynomial in m,(Za; + b;, Z). Thus, the functions ¢,(Z),« = 1,---, N,
and @y, +; = P(Z) are analytic in all of H, and Za CZ)m({, Z), being identically
zero on U x C", is =0 on H, x C". Therefore 0,,---,0,,,,0 satisfy a non-
trivial algebraic equation of which the coefficients are analytic in all of H,. Let
Y'b(Z)m((,Z) = 0 be a shortest such equation. We assume 8d,|l. Then for a
sufficiently divisible ¢ (i.e., k!|t for large enough k), the monomials m, (¢, Z) all
transform by the same factor according to (7) if y € I'(t). By the hypothesis that
the equation is a shortest one, it follows that the ratios b,(Z)/b,(Z) are invariant
under I'(t). To avoid a special case which must (apparently) be treated differently
using the classical theory of elliptic functions, we assume n > 1. Then by various
results on compactifications [3] it follows that the ratios b,(Z)/b,(Z) belong to
the field of quotients of integral modular forms.

Now it is known that if Y, - - - , ¥, are integral modular forms of a suitable high
weight, then the mapping W:x — (Y/o(x):- - -:¥,(x)) is an injection of the Satake
compactification V,(t)* of I'(t)\H, = V,(t) (supplied with the natural ringed
structure that makes it a normal compact complex analytic space) into CP".
(See [3]) Let N = m" — 1. Define ®:H, x C" — CP" by

0, Z) = [04(, 2):---:0((, 2)),

and define ®:H, x C" > CP™ x CP" by ® = ¥ x ©. Let n be the projection
of CPM x CP¥ onto its first factor. Let P be the smallest algebraic subvariety
of CPM x CP" containing ®(H, x C"). By the result we have just proved on
algebraic dependence, dim P £ n + n(n + 1)/2. Also,

nn + 1)

dimP = dim®H, x C") = dim(H, x C") = n + >

(because @ is locally a biholomorphic injection). Hence, dim P = dim(H, x C"),
and, as is now easy to see, n~ {(V,(t)* — V, () nP =P — ®(H, x C"), ®(H, x C"
is a Zariski-open subset of P, and for x € V,(t), n~!(x) N P is the Abelian variety
with period matrix (EZ), Z belonging to the orbit x of I'(t). The fiber system of
Abelian varieties just constructed was used in [1] in proving certain facts about the
moduli of Abelian varieties.
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5. Cusp forms and O-functions. As a closing remark we note the following:
If the monomial

m = ﬁ 0lg:, h:1(0, Z)
i=1

is a modular form with respect to I'(t), and if some g, has the property that all its
components g;;, j = 1,---,n, are # 0 (mod Z), then m tends to zero at all the
standard rational boundary components. It is left as an exercise to determine
just which such monomials are cusp forms, and which tend to zero on all boundary
components of given rank.
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Moduli of Abelian Varieties and Number Theory

BY

GORO SHIMURA

There are many arithmetically defined discontinuous groups I" operating on a
bounded symmetric domain S such that S/I" parametrizes a family of abelian
varieties. For such a I' and S, one can naturally consider a fibre variety of which
the base space is S/T" and the fibres are the abelian varieties of the family. The
cohomological or analytical aspects of the theory will be discussed in the lectures
of Kuga and Satake (cf. also the articles by Baily and Mumford). Therefore my
talk will be confined to the algebro-geometric and number-theoretical aspects.
I shall consider a family £ o = {2,|z € S} of abelian varieties 2, with a prescribed
type Q of structures. Here Q describes the type of polarization, endomorphism-
ring and points of finite order on an abelian variety. My main purpose is to
provide a brief account of principal results concerning the following three
problems.

(i) The existence of a ‘“‘nice moduli-variety” and a “‘nice fibre variety” for the
family X, defined over a well-defined algebraic number field k.

(i) The description of kg as a class-field.

(iii) The Hasse zeta-function of the fibre variety in a special case (collaboration
with Kuga).

All the results will be stated without proofs. For the detailed proofs of (i), (ii)
and (iii), see [12], [11] and [4], respectively. I devote (partly by the chairman’s
request) the first three sections to an exposition of basic notions and some
elementary results on abelian varieties (mostly over C), Riemann forms, and the
maximal families of abelian varieties.

1. Abelian varieties (cf. [5], [16], [17]). A projective variety A defined over a
field k of characteristic p = 0 is an abelian variety if there exist morphisms (of
algebraic varieties) f: 4 x A —» A and g: A - A which define a group structure
on A by f(x,y) = x + y, g(x) = —x. Additive notation is used since any such
group structure on a projective variety can be shown to be commutative. The
neutral element is accordingly denoted by 0. If f and g are defined over k, then
we say that the abelian variety A is defined over k. This is so if and only if the
neutral element is rational over k.

Let 4 and B be two abelian varieties defined over k. By a homomorphism of A
into B, or an endomorphism when A = B, we shall always understand a morphism
A of A into B, satisfying A(x + y) = A(x) + A(y); if A is birational, we call it an
isomorphism, or an automorphism when A = B. Suppose that A and B have the
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same dimension. Then a homomorphism 1 of A4 into B is surjective if and only
if the kernel of 4 is finite. Such a 1 is called an isogeny of A to B. If there exists an
isogeny of 4 to B, A and B are said to be isogenous.

We denote by Hom(A4, B) the module of all homomorphisms of 4 into B, and
put End(4) = Hom(4, A), Endg(4) = End(A4) ® zQ. Then Hom(A4, B) is a finitely
generated free Z-module, and Endg(A4) with a natural structure of ring is a
semisimple algebra over Q of finite rank. Moreover it can be shown that Endg(A4)
has a positive involution. Here by an involution of an algebra L over Q, we mean
a Q-linear map p: L — L such that (xy)’ = y*x” and (x?)* = x; p is said to be
positive if Tryp(xx?) > 0 for every x € L, # 0, where Tr; o denotes the reduced
trace from L to Q. We shall discuss in §4 an explicit way of obtaining a positive
involution of Endg(A) in the case of characteristic 0.

An abelian variety A4 is said to be simple if A and {0} are the only abelian
subvarieties of 4. Every abelian variety is isogenous to a product of simple
abelian varieties. An abelian variety A is simple if and only if Endg(A) is a division
algebra.

We shall now consider the case where the universal domain is C. Every abelian
variety defined over a subfield of C, viewed as a complex manifold, is isomorphic
to a complex torus. But the converse is not necessarily true. To describe the
condition, let C"/D be a complex torus, with a lattice D in C" (i.e., a discrete
subgroup of C" of rank 2n). An R-valued R-bilinear form E(x, y) on C" is called a
Riemann form on C"/D if it satisfies the following three conditions.

(1.1) The value E(x, y) is an integer for every (x,y)e D x D.

(12) E(xa )’) = _E(y’ x)'

(1.3) The R-bilinear form E(x, \/(—1)y) in (x, y) is symmetric and positive definite.

Then one knows that a complex torus has a structure of abelian variety if and
only if there exists a Riemann form on it.

Let 4 be an abelian variety of dimension n defined over a subfield of C, and 5
an isomorphism of 4 to a complex torus C"/D. The pair (C"/D, n) is called an
analytic coordinate system of A. Take a basis {g,,- -, g,,;} of D over Z and
define real coordinate functions x;: C" — R by u = f: , Xi(wg; for ue C". Then,

given a Riemann form E on C"/D, there exists a divisor X of A such that

Z E(g;, g)) dx; A dx;

i<j
represents the cohomology class of 5(X). (A divisor of an algebraic variety V is
an element of the free Z-module formally generated by all the subvarieties of V
of codimension one.) In this case we say that X determines E (with respect to ).
If two divisors X and X’ on A determine Riemann forms E and E’ respectively,
then X is algebraically equivalent to X' if and only if E = E'. (If the reader does
not know what algebraic equivalence means, he can adopt this as a definition
of algebraic equivalence.)

Let 4 and A’ be two abelian varieties with analytic coordinate-systems

(C"/D, nn) and (C™/D’, n’) respectively. For every homomorphism i: 4 — A’ there
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exists a C-linear mapping A: C" —» C™ such that A(D) < D’ with the relation
0’4 = An, and conversely every such linear mapping A: C" — C™ corresponds to
a homomorphism of 4 into A’. Assume especially A = A', (C"/D, n) = (C™/D’, x').
Then the mapping i+— A is uniquely extended to a representation ®: Endg(4) —»
End(C"), which is called the analytic representation of Endg(A4). Further we
observe that Q- D is a vector space of dimension 2n over Q, and A gives an
endomorphism of Q - D. Therefore, with respect to a basis of Q- D over Q, we
get a representation ¥ of Endg(A4) by matrices of size 2n with entries in Q. We
call ¥ the rational representation of Endg(A). Since a basis of Q- D over Q is a
basis of C" over R, it can be easily shown that ¥ is equivalent to the direct sum
of the analytic representation ® and its complex conjugate &.

2. Polarized abelian varieties. Let 4 be an abelian variety defined over a
subfield of C with an analytic coordinate system (C"/D, ). A polarization of A is
a set € of divisors of A satisfying the following three conditions.

(2.1) Every X in € determines a Riemann form on C"/D.

(22) If X and X' are in €, then there exist positive integers m and m' such that
mX is algebraically equivalent to (i.e. homologous to) m'X’.

(2.3) € is a maximal set of divisors satisfying (2.1, 2.2). (If the universal domain
is not necessarily of characteristic 0, one can define polarization by replacing (2.1)
with (2.1') € contains an ample divisor.) Now a polarized abelian variety is a pair
(4, %) formed by an abelian variety 4 and a polarization € of A. One can find a
divisor Y in € such that every divisor in € is algebraically equivalent to a multiple
hY with a positive integer h. We call Y a basic divisor in €.

An isomorphism (resp. isogeny) 4 of 4 to A’ is called an isomorphism (resp.
isogeny) of (A, €) to (A',€") if A~ '(X")e € for every X' €. If a Riemann form E
on a complex torus C"/D is given, then C"/D and E determine a polarized abelian
variety 2 up to isomorphism. Let E’' be a Riemann form on another complex
torus C"/D’ of the same dimension, and let 2’ be a polarized abelian variety
determined by C"/D’ and E'. Then an element A of End(C") gives an isogeny of
2P to & if and only if A(D) = D' and E'(Ax, Ay) = c- E(x, y) with a positive
rational number ¢. Now we recall a classical

LeEmMMA 1 (FROBENIUS). Let B be an invertible alternating matrix of size 2n with
entries in Z. Then there exists an element U of GL,(Z) such that

€1

0 - .
'UBU =[ ], e= . R
e 0 .

ell
where the e; are positive integers satisfying e;., = 0 mod(e;).

A and (C"/D, n) being as above, let X be a divisor in a polarization € of 4,
and let E be the Riemann form determined by X. In view of (1.1) and (1.2), E can
be represented by an alternating matrix B with entries in Z, with respect to a basis
of D over Z. Applying Lemma 1 to B, we get n integers e,, - - -, e,, which may be
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called the elementary divisors of X. Then X is a basic divisor in % if and only if
e, = 1. Thus we are led to the following definition. Let e be as in Lemma 1 with
positive integers e, - - -, e, such that e; = 1, ¢;,; = 0 mod(e;), and

0 -—e
B = .
e 0
Define an alternating form B(x,y) on R?*" by B(x, y) = ‘xBy, regarding the

elements of R?" as column vectors. A polarized abelian variety (A4, %) is said to
be of type (e) if there exist a lattice D in C" and a commutative diagram

00— ZZn_> R2"—> RZ"/ZZ"_‘—’O

(2.4) l 1l ] l
0——D —C" > A 50

satisfying the following three conditions:

(2.5) & gives a holomorphic isomorphism of C"/D to A.

(2.6) f is an R-linear isomorphism, and f(Z*") = D.

(2.7) € has a basic divisor X which determines a Riemann form E(x, y) on C"/D
such that E(f(x), f(y)) = B(x, y) ((x, y) € R*" x R?").

From the above discussion we see that every polarized abelian variety is of
type (e) for some unique (e).

3. Maximal families of abelian varieties. Let (4,%) be a polarized abelian
variety of type (e). Let {d,,---, d,,} be the standard basis of Z>" over Z. Regard
the elements of C" as column vectors. Let f be as in the diagram (2.4). Define an
n x 2n matrix w by w = (f(d,)--- f(d,,), and write w = (u v) with square
matrices u and v of size n. Put z = ev ™ 'u. By a simple calculation we can verify
that 'z = z and Im(z) > O (positive definite). We put

S, = {ze M(O)|'z = z,Im(z) > 0O},

and call S, the Siegel space of degree n. If we define an element g of End(C") by
g(x) = ev™'x for xe C", and take {¢ g~ ', g o f, g(D), E(g~'(x), g~ *(»))} in place
of {&, f, D, E}, then we have a diagrzm similar to (2.4), and (g > f(d,)--- g  f(d,,))
= (z e). In other words, if (4, ¥) is of type (e), then we can choose the diagram
(2.4) so that (f(d,)--- f(d,,) = (z e) with a point z of S,.

Conversely, for any zeS,, define f,: R*" - C" by f.(a) = f(a,z) = (e z)a for
ae R*" and let D, = f,(Z*"), E,(x,y) = B(f, '(x), f; '(y)). Then E, is a Riemann
form on C%/D,, so that we get an abelian variety A, isomorphic to C"/D,. Let
%. be the polarization of A, determined by E,, and let Z, = (4,, %,). Thus we
obtain a family X, = {#,|z€ S,} of polarized abelian varieties of type (¢). The
above discussion shows that every polarized abelian variety of type (e) is iso-
morphic to a member of X,. In this sense X, may be called a maximal family
of polarized abelian varieties. (For the moment we do not consider any specific
projective embeddings of 4,.)
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To determine the isomorphism classes of #,, let

P [1 0]
e~ 0 e ’
I, = {TeGL,(Z)TBT = B}, T, ={P:''TP|TeT}}.

Then I', is a discrete subgroup of Sp(n, R) commensurable with Sp(n, Z). If
e=1,, we have I', = I', = Sp(n, Z). For an element T of I, let

P;l'T-1P, =[a b]
c d

with a, b, ¢, d € M,(R), and define the action of Ton S, by T(z) = (az + b)(cz + d)™!
for ze S,. Now two members &, and 2, of X, with z and w in S, are isomorphic
if and only if there exists an element T of I', such that T(z) = w. Hence S,/I", is in
one-to-one correspondence with all the isomorphism classes of polarized abelian
varieties of type (e).

4. Families of abelian varieties with a prescribed type of polarization and endo-
morphisms. If 4 is an abelian variety defined over a subfield of C, every polariza-
tion € of A determines a positive involution p of Endg(4) as follows. Take a
complex torus C"/D isomorphic to A. Then € determines a Riemann form E on
C"/D up to rational factors. If ¢(4) denotes the element of End(C") corresponding
to an element A of Endg(A), then, for every 4 € Endg(A), there exists an element 4
of Endg(4) such that

E(¢(A)x, y) = E(x, ¢(#)y)  (x,y)€C" x C").

It can be easily shown that p is a positive involution of Endg(A). Therefore,
writing . for Endg(A), we see that any polarized abelian variety (4, %) determines
a triple (%, ¢, p) formed by a semisimple algebra & over Q, a representation ¢
of ¥ by complex matrices, and a positive involution p of Z.

This observation motivates the following problem. Let L be a semisimple
algebra over Q with a positive involution p, and ® a representation of L by
complex matrices. Determine all families of polarized abelian varieties (4, %)
such that: (i) Endg(4) contains L, (ii) € gives the involution p on L, and (iii) ® is
equivalent to the restriction (to L) of the analytic representation of Endg(A). Since
L or Endg(4) may have many automorphisms and we shall deal with many
distinct A's, it is convenient to take L outside Endg(A), and specify an isomorphism
of L into Endy(A4). To be more precise, we say that a triple # = (4,%,0) is a
polarized abelian variety of type {L, ®, p}, or more briefly, # belongs to {L,®, p},
if the following three conditions are satisfied :

(4.1) A is an abelian variety defined over a subfield of C.

(4.2) 0 is an isomorphism of L into Endg(A); if Y is the analytic representation
of Endy(A), then <0 is equivalent to ®.
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(4.3) € is a polarization of A, and the involution of Endg(A) determined by €
coincides on 6(L) with the involution 6(a) — 6(a®).

In the following treatment, we always assume

(4.4) ®© maps the identity element of L to the identity matrix,

(4.5) L is a division algebra,
though a more general case is worth while considering. If n is the degree of @,
(4.4) implies dim(4) = n.

The representation ® cannot be arbitrary in order to ensure the existence of a
polarized abelian variety of type {L, @, p}. In fact, if (4, €, 6) belongs to {L, ®, p},
then the rational representation of Endg(A) induces a rational representation of
L of degree 2n, equivalent to the sum of ® and ®, where n = dim(A4). Therefore
® + ® must contain all the absolutely irreducible representations of L with the
same multiplicity. In view of (4.5), [L: Q] must divide 2n.

Now we shall determine the polarized abelian varieties of type {L, ®, p}. Let
(A, %, 0) belong to {L, ®, p}. Take a complex torus C"/D isomorphic to 4. By the
action of ®(L), Q - D can be considered as an L-module, whose rank is obviously
2n/[L: Q]. Let us take and fix a (left) L-module V of rank m, where m = 2n/[L: Q].
Then there is an L-isomorphism f: V — Q- D. Put M = f ~ (D). Then M is a free
Z-module of rank 2n in V.. Let X be a divisor in %, and E the Riemann form on
C"/D determined by X. Put B(x,y) = E(f(x), f(y)) for (x,y)eV x V. Then
B:V x V- Q is a Q-bilinear form satisfying

4.6) B(x, y) = — B(y, x), Blax, y) = B(x,a’y)  (x,y€V;ael)
If X is a basic divisor of €, we have B(IR, M) = Z.

LEMMA 2. Let L be a division algebra over Q with an involution p, V a left
L-module, and B:V x V — Q a Q-bilinear form satisfying (4.6). Then there exists
a Q-bilinear map T:V x V— L such that

4.7 B(x, y) = Tryo(T(x, y)),
48) T(x,yY = —T(y,x), T(ax,by)=a-T(x,y)-b° (x,yeV;a,bel)

A Q-bilinear map T:V x V — L is called an L-valued p-antihermitian form on
V if it satisfies (4.8). We apply this lemma to the above Q-bilinear form B and
obtain an L-valued p-antihermitian form T on V such that

Tro(T(x, y) = E(f(x), f ().

Thus from (A, €, 6), we obtain an L-isomorphism f of V to Q- D, a lattice M in V,
and a p-antihermitian form T on V. As D is a lattice in C", f can be extended to an
R-linear isomorphism of Vg = V ® oR to C". Then f maps Vi/D isomorphically
to A (through the isomorphism of C"/D to A), and V/D corresponds to the set
of all points of finite order on A. Therefore, if we take points t,,---,t;, on A of
finite order, there exist points x; € V such that f(x;) mod D represents x;.
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This observation leads us to the following formulation. We call a collection
of objects Q = (L,®,p; V, TM; x,,--+,x;) a PEL-type if the objects are as
follows:

L: a division algebra over Q.

p: a positive involution of L.

®: a representation of L into M,(C) such that ® + ® is equivalent to a
rational representation.

V: a left L-module of rank m, where m = 2n/[L: Q).

T: a nondegenerate L-valued p-antihermitian form on V.

IM: a free Z-submodule of V of rank 2n.

x;: elements of V.

The consideration of the points ¢; and the x; is motivated by the need of treating
congruence subgroups of discontinuous groups. We say that 2 = (4, %, 0;¢,,---,t)
is a PEL-structure if

A: an abelian variety defined over a subfield of C.

%: a polarization of A.

0: an isomorphism of L into Endg(4).

t;: points of finite order on A.

Now we say that 2 is of type Q if there exists a commutative diagram

0_"£[n_’ Vn_'Vn/m_’o
(49) Ll I (Va =V ®gR)
0— D —C"— > 4——0

such that the following conditions (4.10-4.14) are satisfied.

(