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Introduction

Igebra is a typical student’s first introduction into the world of symbols and rules for sym-

bolic representations and manipulations. With a good arithmetic base, a student can

move through algebra with relative ease and understanding. That’s the ideal situation.
Algebra can sometimes be more of a challenge for those not as comfortable with numbers or
symbols. This book is designed to fill in the gaps where necessary to help you succeed in
algebra. Use this book to get practice in the specific areas you need. Explanations given in this
book are followed by generous examples, and it’s all tied together with pretest, customized
full-length exam, problems, and more problems.

One of the keys to being successful with an algebra experience is to understand the “language.”
The language of algebra consists of symbols representing numbers and operations. Another
important part of the language is the actual language—the words. Algebraic symbols are very
precise. They mean a specific thing, and you have to know what that thing is. The words are also
very precise. The word “term” is used to describe “that bunch of numbers and letters that are
bound together by multiplication and division and separated from others of its kind by addition
and subtraction.” You can see why the four-letter word is preferred, but its meaning has to be
understood exactly.

Use these first few pages as a reference when working through a new or unfamiliar section of
the book. The terms and symbols are described here for that purpose.

Types of Numbers

Numbers are classified into several types depending on what they’re being used for in a particu-
lar situation. A bank will credit you with $45.02 in interest, even though the exact figure might
have been $45.01935. These are decimal or rational numbers. If you're ignoring the cents and
just want the dollar amount, $45, then you're dealing with a whole number. Here are the differ-
ent types of numbers used in algebra and throughout this book.

Natural numbers (also known as counting numbers)
These are the numbers 1, 2, 3,4, .. ..

The smallest is the number 1, and natural numbers increase by 1. No fractions or decimals
are considered natural numbers unless they can be reduced or rounded to that form.

Whole numbers
These are the numbers O, 1, 2, 3, . . ..

Whole numbers are different from the natural numbers only because they contain the
number 0. No fractions or decimals are included here, either.

Integers
These are the numbers . ..-3,-2,-1,0,1,2,3.. ..

They are the positive and negative whole numbers and O. The number O is not positive or
negative—it separates those two groups. No fractions or decimals are included here either.
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Rational numbers
J2)

These are any numbers that can be written as a fraction, -, where p and g are integers
and q is not equal to 0. Any number that can be written as a fraction is a rational number,
and it has a decimal that “behaves.” The decimal equivalent of any fraction either termi-
nates (comes to an end, eventually) or repeats (goes on forever in a pattern of digits such
as .123123123123 .. )).

Irrational numbers

These are numbers that have decimal values that never repeat and never end. They’'re
“irrational” because there isn’t a pattern of the same numbers repeating over and over in
their decimal. Examples of irrational numbers are /2,,/3,,/10, . . . The square roots of any
numbers that aren’t perfect squares are irrational numbers. The exact value of ﬁ is just
that, the value written with the radical. Any decimal representation is a rounded-off ver-
sion and not exactly equal to the number. The same goes for 7; its decimal value never
repeats or terminates.

Real numbers

These numbers consist of all the types of numbers previously mentioned. Natural num-
bers, whole numbers, integers, rational and irrational numbers are all real numbers. They
are the types that are dealt with in this book. An example of a number that is not real is

—5. The negative under the radical makes this a complex number, or one that is not real.
These types of numbers would be included in a more advanced discussion of algebra, but
we are not delving into them within this text.

Notation

Algebra involves a language with lots of symbols. The symbols represent numbers, operations,
or processes. The symbols are necessary to keep things simple in computation and explanations.
When the same process is repeated, you don’t want to write out a wordy description. A “short-
hand” notation is used, instead. You have to become familiar with what this notation means in
order to proceed with any particular problems. Notation is divided into groupings: operations,
relations, and other.

Operations

+,— The operations of addition and subtraction are fairly standard. The subtraction symbol, —, is
also read opposite, minus, or negative, depending on the situation.

%, -, * The multiplication operation usually is designated by a dot, -, in algebra. The X isn’t used
very much, because it can get confused with the variable, x. The * is seen more in terms of
graphing calculators and computer language. Multiplication is often silent and not shown at all,
because parenthesis, ( ); brackets, [ |; or braces, { } next to a number indicate multiplication.
Variables or letters written next to each other are multiplied. The expression xy means x times y.

+,/ The division operation can also be designated by the fraction line that is horizontal, with a
numerator and denominator indicating what is being divided by what.

f , 3/> The radical indicates that a root is being taken. If no number is above the left shelf, then
it’s assumed that the root is a 2, or square root. Any integer can be inserted for the root. The
section in Chapter 1 on radicals offers more of an explanation.

2> The superscripts written to the right and above a number indicate powers. They're called
exponents. See the section in Chapter 1 on exponents for more information.
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| | Absolute value is an operation performed on a single number put inside the lines. This op-
eration produces positive values or zero when it’s performed. See “Basic Math Operations,” in
Chapter 1 for more on absolute values.

Relations

= This symbol represents the basic algebra relation. One thing equals another. The two things
are exactly the same. The equal sign is used to establish equations that will need to be solved.

<, 2 These symbols are less than or equal to and greater than or equal to. These relations be-
long with < and > in showing the relationship between two values. They are discussed more in
Chapter 2, “Number Lines.”

# This symbol means not equal to.

= This symbol is read as “about” or “approximately.” It's used when rounding the decimal
value of a number to fewer than all of its digits, making the value not exact any more.

Other Symbols

oo This is the infinity symbol. It represents a value that’s so large (or small, —o0) that it can’t be
expressed. You cannot assign a value or approximation to this symbol.

1t This symbol is the Greek letter pi. It represents the ratio between the circumference (dis-
tance around the outside) and diameter (distance across) a circle. It has an approximate value of
3.14 or % These two numbers are approximates of © and are used most frequently, but you
can do more accurate computations if more decimal places are used. The value 1t isn’t a rational
number—no fraction is exactly equal to it—but approximate values are used in the different
applications.

The three dots following a list of numbers or letters is called an ellipsis. It's the mathemati-
cal version of et cetera.

Vocabulary

Explaining processes in algebra is made much simpler if the precise mathematical vocabulary is
used. The words described here are in a standard dictionary with other definitions. The math defini-
tion is very exact, however. It’s important to know what is meant, mathematically. It helps to avoid
vagueness or confusion, and it is a big savings in wording and the written/spoken language.

Factor, Term, Coefficient

A factor is a value that multiplies another value. The main distinction is the multiply part. In the
expression or term 2xy, the 2 is a factor; the x is a factor; and the y is a factor. They’re all multi-
plied together.

A term is an expression that’s all put together by multiplication and division. It’s separated from

other terms by addition and subtraction. The expression 4xy”+ % has two terms. The first is

4xy?, and the second is % Each of these terms has several factors.



Xiv CliffsStudySolver Algebra |

The numerical part of a term usually is referred to as a coefficient. The coefficient of the term
2x* is the 2. Coefficients tell you how many of that kind of term there are. Terms that are alike
can be combined by addition or subtraction by adding and subtracting their coefficients.

Exponent, Power

An exponent is a small-case number written to the right and slightly above a number or letter.
The exponent in x° is the 3. The base is the x. The exponent tells how many times to multiply
the base times itself.

Power is another word for exponent.

Sum, Difference, Product, Quotient
Sum is the result of adding.

Difference is the result of subtracting.
Product is the result of multiplying.

Quotient is the result of dividing.

Numerator, Denominator

The numerator is the value(s) in the top of a fraction—those above the fraction line. In the frac-
Ax+ 2
y-1
The denominator is the value(s) in the bottom of a fraction. In the previous fraction, y — 1 is the
denominator. A common reminder in algebra is that the denominator cannot be equal to O.

tion the numerator is 4x + 2.

Opposite, Reciprocal

The opposite is having a different sign than something else. The numbers —3 and 3 are oppo-
sites of one another.

A reciprocal is a fraction with 1 in the numerator and the original number in the denominator.

Two numbers are reciprocals if their product is 1. The reciprocal of 7 is % The reciprocal of % is
3or3

4
See Chapter 2’s section, “Complex Fractions,” for more on this topic.

Variable, Constant

A variable is a symbol, usually x, y, z, w, and so on, which can represent a number. It varies,
because its value isn’t always known. A variable can represent any number in a situation and
can be solved for in equations and inequalities.

A constant is a definite number—something that doesn’t vary or change. When a constant is a
number, such as the 2 in 2x, then it’s easy to spot. Constants also can be represented by letters.
Usually, the first letters in the alphabet, a, b, ¢, are used to indicate constants.
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Proper Fraction, Improper Fraction, Mixed Number, Complex Fraction

A proper fraction has an absolute value between O and 1. The numerator is smaller than the

denominator. Some proper fractions are % % and %

An improper fraction has a numerator that is greater in magnitude than the denominator. Its

absolute value is greater than 1. Some improper fractions are % % and %

A mixed number is a value that contains both a whole number and a fraction. Improper fractions

can be rewritten as mixed numbers. For example, % = 1% and % =24 % A complex fraction

2
has a fraction in its numerator, its denominator, or both. The fraction % is a complex fraction.
9






Pretest

Pretest Questions

In problems 1 through 57, circle the letter corresponding to the correct answer.

1. simplify 2 + 10+ 2.
A.5
B. 7
c.9

2. Simplify ¥ 1%_ L 2(5)- 3%
A.2

B.5
c.7

3. Simplify 2x + 3y + x — 2y.
A.3x+y
B. 4xy
C.2x*-y?

4. Simplify /100a” —|-2a|. Assume that a is a positive number.
A. 8a
E. 10a
C.12a

5. Rewrite using exponents6 -6 - X - XXX -X-X -y -Y-Y.
A 12x°y?
B.36x°y’
C. (6xy)"

6. Simplify 7a’+2a+1-5a"+3a+2.
A.10a°
B.2a’+5a+3
C.7a*+3



Simplify 3(x*+2x*)+3(4a+a)+5- 1.
5x*+13a+4
5x’+12a+4
9x*+15a+4

Complete the statement to make it true: 5+(a+3)=(
5a
8+a
5+a

Complete the statement to make it true: —4 + =0.

Y
0]
-4

Complete the statement to make it true: % : =1

E]
6

(e[S ¥; [

Simplify (2x”)’.
6x°
6x°
8x°

Simplify m*m* + (mz>4.
2m°®
2m°

m®+m®

12<x2y3)4

Simplify 3y’

3.5

4Ax°y
5 10

4x°y
4X5y6

/196 =
14
16
18
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Estimate the square root to the nearer tenth: \/E

4.3
4.4
4.6

Combine the terms after simplifying: \/TO + \/%
/130
5,10

13,/10

Rationalize —

2y 15 ‘/
5

2./5

6

Simplify / x* %? Assume that x is positive.
x®
XB

5
X

2/3

Slmpllfy 87"

N

Ww[00 W=

Which of the following is divisible by 3?
501,204
369,022
905,030

Which of the following is divisible by 12?
142,030
180,012
234,234
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Which of the following is divisible by 11?
410,014
11,112
10,001

Which of the following is prime?
21
51
73

Which of the following is prime?
19
91
169

Find the prime factorization for 12.
2-3*
2%-3
2-3-4

Find the prime factorization for 100.
257
2°-5
2-5°

The interval notation for -4 < x < 8 is
(-4,8]
(-4,8)
[-4.,8)

The inequality notation for (2, o) is
xX<2
xX>2
X< -2

The interval notation for—2 < x< 13 is
[-2,13)
(-2,13]
(=2,13)



Pretest

The inequality notation for [- 3, 00) is
x<-3
x2>-3

x<-3

Add 4 + (-8).
-4
4
-12

Add -5 + (-11).
16
-16
-6

Add 6 + (-06).
12
-12

Subtract 4 — (-9).
13
-5
5

Subtract =11 — (=5).
-16
-6
6

Subtract -2 — 3.
-1
-5
1
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.. —24

Divide -G

4

-4

1

)
simplify 28,

-6

6

-5

Distribute —4 (3 — x + 2x°).
—12+4x —8x*
—12 - 4x + 8x*
—12-x+2x*

3

Simplify ;(, 5.

4\ -3
Simplify ( aa ) .
aé

a9

15
a

6m*n?\ "’
impli .
Simp lfy(izm_zln )
n6

Om

_3n®
mlO

6n’

mlO

16

s -2
Simplify 423+ Zg'

1
2a
a_

-1
b
+b
a-b
+b

Ky

Y



Pretest

Subtrac % - %
15-2x
5xy
1
5xy*
15-2x
5xy*

4x* 21y
9y3 28x5

Multiply

7yZ
3x°

... 50m°n’ . 30mn*

Divide 77t 40rt”
15mt
77n

12mt
14n

35mt
33n

4
Simplify Z-
9

QX o= Rlo

7x’
Simplify ﬁ
4m

Admx
Amx

147x°
4dm
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Change the decimal to a fraction: .45.

|on 8‘\0 G1ES

—
—

Change the fraction to a decimal: %

0.5625
0.6915
0.6525

Change the decimal to a fraction: .8181....

81
100

|\Q \O|00

—
p—

Change the percent to a fraction: 16%.

Gls Glow o=

Change the scientific notation to its equivalent value: 4.3 x 10'°.,

43,000,000,000

4,300
430,000,000,000

Change the number to its equivalent in scientific notation: 0.00000326.

3.26%x10°
3.26x10°°
3.26x107°

Simplify and write the answer in scientific notation: (4x 107°)(8x 10'%)

3.2x10°
3.2x10°
3.2x10’



Pretest

In problems 58 through 64, solve for the value of the variable.

58. x+4=47
47
A'T
B.43
C. 51

59. y-6=-2
A4
B. -4
C.-8

60.

61. 7w=217

A. 147
B. 31
c 1
"3
62. Ay+7=y-2
Al
B.3
c.-3

63. 5(x+4)=3x+8
A.-14
B.14
C. -6

64. Z2=_4
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Solve for h: V=mr’h.
h=V-nr’
_vr
h="7-

|4
h=
nr’

Solve for I: P = 2] + 2w.
_P_

l—2 2w
_P-2w

-2

I=P—-—w

1

Solve for zz M = 3(z + 4t).

Z:M—lzt“
3
z=M-4t
-M _
z="3 12t
x _24
Solve for X: 25 = 30"
2
8
16
18 _ 27
Solve1forx.7— 33
22
-22
_11
22

a@+1)(a—1) x(x+2)(x—1)
x2(x+2)” a‘(a+1)>

Multiply

(a-1)(x-1)
a‘x(x+2)(a+1)°

a‘x@-1)(x-1)
(x+2)(a+1)?

I S
a‘x(@a+1)




Pretest

Lo Az(z—2)" L 122°(z—2)(x+2)°
Divide 9a’(a+2)° 81la*a+2)°

3a’z(z—2)(a+2)
(x+2)°
3(@+2)*(z-2)
z(x+2)*
3a’(z—2)(a+2)*
z(x+2)°

3 4b

3a+4b*
2a’b
3a+ 8b*
2a’b
3+4b
2a’b
4+y 6

Subtract 3y 5y 7"

5y’+20y-18
15y*
10+y
15y°*
2+5y°
15y°*

Solve for y: %—%:3—+ 0
-6
-8
-10

y+1 2y y 1+7y

Solve for y: 62—0 -5 =% 720
-2
2
-4

Distribute: —3y (4y>— 2y >+ x — 1).
—12y*+ 6y’ - 3xy+ 3y
-12y*-6y’°+3xy—3y
-12y*+6y°—3xy—1

11
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Distribute: 4z>(z*—2z+ 5z '—=z7?).

4z°—-8z"+20z"
4z°-8z*+20z°-4
A47z°-8z°+20z '-4z7°

Multiply: (x + 4)(x — 5).
x*+x-20
x*=x-20
x*=x-9

Multiply: (2x — 1)(5x — 8).
10x*—11x+8
10x*—15x+8
10x*—21x+8

Multiply: (x + 3)(x*— 5x — 6).

x>—8x"+9x+ 18
x’—2x*—9x+ 18
x>—2x*-21x—-18

Multiply: (2x — 9)(2x + 9).

Ax*— 81
Ax*—36x + 81
4x*—18x—81

Multiply: (1 +32)%.
1+9z°
1+3z+6z°
1+6z+9z7

Multiply: (n+1)°.
n’+1
n*+3n*+3n+1
n’+3n°+3n+3
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Divide: (4y°—3y*+y—1)+y.
1

dy’-3y+1-
4y’ -3y’ +y—1
4y*-3y—1

Divide: (3x*—2x*+3) = (x — 1).

3x°—3x"+x-1 +i
4 x—1

3X3+Xz+m
4

3x°+3x 4+ x4+ 1+ —
x—1

Factor out the Greatest Common Factor: 5x” y*— 10x? y >+ 20xy *.

5x2y4(y2— 2y + 4x)
5xy2(x— 2xy + 4y2)
5xy(xy — 10xy” + 4xy”>)

Factor out the Greatest Common Factor: 4(m+ 1)> —=6m(m+ 1)>+ 12m*(m+ 1)*.

2mm+ 1)*[2-3(m+ 1) +6m@m+ 1)*]
2(m+ 1)’ [2-3m({m+1)+6m*(m+1)*]
2m+ 1) [2m+1)*=3mm+ 1)+ 6m?]

For problems 88 through 96, factor completely.

4-z°=
(2-2)(2+2)
(2+2)(2 + 2)
z(2 — 2)

a’+27=
(@a+3)a*-9)
(@+3)a’+9)
(@+3)a’—3a+9)

m*—64=
(m*+8)(m*-8)
(m-2)(m+2)(m*+16)
(m*-8)(m*-8)

13
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x’—2x—24=
(x —4)(x + 6)
(x —06)(x+4)
x—12)(x+ 2)

16x°—22x—3=
(4x — 3)(4x + 1)
(16x +3)(x— 1)

(8x + 1)(2x — 3)
2x*-9x+7=
(2Zx = N(x = 1)
2x+7)(x+1)
(2x - D(x = 7)
y'+oy*+8=

v+ D(y+ Dy*+9)
Y2 +9y +1)
y:+1)(y*+8)

a‘x+x—-2a*-2=
@+ 1)(x-2)
@+2)(x—1)
(@—a+ )(x+2)

5y’ z+15y°—20z-60=
5(z—4)(y*+3)
5z +3)(y—2)(y+ 2)
5(z—-2)(y+2)(y+ 32)

Which of the choices is in the solution of 5x — 2 >x — 1?

-1
0
1

Which of the choices is in the solution of -4 < 1 — 2x < 5?

CliffsStudySolver Algebra |
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Pretest

Which of the choices is in the solution of % > % ?
-4
0]
2

Find the common solution of x >4 and x < 11.

4<x<11
-4 <x<11
x<4orx=>11

Find the common solution of -3 <z<5andz -2 > 1.
-3<z<3
5<z<-3
3<z<5

Solve for x: |2x+ 1| =17.
3or-3
3or—4
4 or-3

Solve for y: ‘6y— 1 1‘+3=8.
8
lorg
1or0
8
Oor§

Solve for z: |[4—3z| < 6.

10 2
—T§Z<
~Z<,<10

2 10
zS—gorzZT

Solve forw: 2|w—-4| +3>09.
w<lorw>7
1l<w<7?
-7<w< 1
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For problems 106 through 110, assume that the variables are positive.

Simplify ,/900a> b* c®.
30a’b*c’
30ab’c*/a
30ab’c®/a

Simplify /8x* y>/6xy™”.
ax’ y®/3xy
16xy>,/3xy

4xy> /3xy

Simplify and add 2 /45ax? + 3x / 20a.
6x / 65ax”
36x2/5a

12x,/5a

Simplify 3/ 16m* n®.
2mn?3/2m

2 3
2Zm°n’3/2m

33/ 2
8mn~3/ 2mn

Simplify 4/9x° y°4/27xy°.
81x° ylZ
3x* y?*4/3xy’
3xy?4/3xy

Solve for x: /ﬁ =9,
4
8
16

Solve for y: 6— /8 —y = 3.
1
-1
-3
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In problems 113 through 116, solve for the value(s) of the variable.

x*+13x+40=0

50r8
-5 or -8
-4 or-10

3x’+11x-4=0
%or—4
%or—l

—%orl

Solve for z by completing the square: z*— 12z+32=0.
4or8
-160r-2
16o0r2

17
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For problems 118 through 122, solve for the value(s) of the variable.

x"+4x"-21=0
81
3
3or-7

y*—40y*+144=0
12 or-12
2or-2or72or-72
2or—-2or6or-06

x-8)3Bx+1)<0
1
—§§X58

1
—85x§§

1
xS—goerS
z
z—320
0<Lz<3
-3<z<0

z<0Qorz>3

J1-16x=x+10
-3 or-33
-3 only
3or33
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Match the points on the graph with their coordinates.

The choices are (0,4), (3,0), (—4,3), (-3,-4), (4,-3).
A:

Mmoo 0w

The graph of y=— %x+4
crosses the x-axis at 4.

crosses the y-axis at 4.

crosses the x-axis at (— % 4).

What is the vertex of the parabola y =3 (x - 1)7+2?
(1,2)
(=1,2)
(1,-2)
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The graph of the parabola y=3(x—1)*+2

opens upward.
opens downward.
crosses the x-axis in two places.

The graph of y = x(x — 1)(x + 3) crosses the x-axis at

1 and -3
Oand -1 and 3
Oand 1 and -3

The equation of the line that has a slope of 6 and goes through the point (3,-2) is

y=06x-2
y=06x+3
y=06x-20

A point in the solution of 3x — 2y > 6 is
(0,2)
(2,0)
(3,4)

The common solution of the linesy = -4x + 3 and x+y =06 s
(=1,7)
(1,-1)
(7,-1)

Which of the following is a function of x?
x*+y?r=7
y=3x+2
y’=—5x-1

What is the domain of the function y = Jx=7?
x=7
x<7

all real numbers

What is the range of the function y=x"+ 3?
y=>0
y=>3
all real numbers
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Which is the inverse of the function f(x) = 3x — 1?

F () 1

“3x—1
fﬁl(x)Z%x+1
-1 _x+1
f (x)——3

One number is 1 more than 3 times another. Their sum is 21. What is their product?

16
80
100

The sum of 3 consecutive odd integers is 99. What is the largest of them?

33
35
41

Ken is three times as old as Karen. In 10 years, he’ll be twice as old as Karen. How old is
Karen?

5
10
20

A rectangle has a length that is 2 inches more than twice the width. The area is 60.
What is the length?

10
12
15

Two trains are 360 miles apart at 7:00 AM and are traveling on the same track moving
toward one another. One train is traveling at 40 mph, and the other is traveling at 50
mph. At what time will they meet?

8:00 AMm
10:00 AM
11:00 AM

How many quarts of 80% solution need to be added to 5 quarts of 50% solution to
produce a mixture that’s 70% solution?

6
8
10
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Marissa has 24 coins in quarters and nickels. She has $3. How many of the coins are
quarters?

9
10
11

Arlene can do a job in 3 hours, and Ben can do the same job in 12 hours. How long will
it take the two of them to do the job working together?

1 hour
1
IZ hours

2
2 5 hours
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Chapter 1

The Basics

hink of this first chapter as a resource or reference for much of what follows. You can come
back to review this material if something puzzles you in a later chapter. These underlying
principles make up much of every kind of mathematics.

Order of Operations

Mathematics deals in so many symbols. This is a good thing. The use of symbols is efficient;

it saves time and writing. It also makes the language of mathematics universal—understood
worldwide. Likewise, a universal agreement exists about how operation symbols such as add,
subtract, and so on are to be handled in an equation. The order in which things are done makes
a difference. Think of putting the cap on a bottle of soda pop and then shaking the bottle. The
result is a lot different than if you first shake the bottle and then put the cap on. The same is
true here; order makes a difference. Many operations are used in mathematics, and, accompa-
nying them, some rules and conventions need to be followed. These rules or procedures were
established so that anyone reading a mathematical statement written by someone else would
know exactly what was intended. Mathematicians throughout the world use the same rules.

Basic Order of Operations

When more than one operation is indicated in an algebraic expression, the operations are done
in the following order, except when grouping symbols, such as parentheses, interrupt:

First: Powers and roots
Second: Multiplication and division
Third: Addition and subtraction

If more than one of the same level of operation appears in the expression, do them in order,
moving from left to right.

Example Problems
These problems show the answers and solutions.

Simplify 5027 6.

answer: 26

31
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By the Order of Operations, calculate the power first, then the multiplication, and then the
subtraction.

First do the power, 50— 2%-6=50-4"6.
Then multiply, 50 — 4 - 6 = 50 — 24.
Finally subtract, 50 — 24 = 26.

Simplify /625 -2 -6+ 7%

answer: 62

By the Order of Operations, the root of 625 and the power of 7 are done first.
/625-2-6+7*=25-2-6+49

Next, multiply the 2 and 6, 25 -2 -6 +49 = 25 - 12 + 49.

Then add and subtract. Since addition and subtraction are on the same level, perform the
operations moving from left to right.

25-12+49=13+49=062

Grouping Symbols

Grouping symbols can “interrupt” the Order of Operations. The most commonly used grouping
symbols are parentheses ( ), brackets [ ], and braces { }. Also, fraction lines and radicals (root
symbols) act to group expressions above, below, and inside them. The rule is that you perform
the operations within the grouping symbols first and then go to the Order of Operations.
Grouping symbols more often than not help clarify what is meant in a mathematical statement.
Think of them as being like punctuation in a written statement—helping you to understand the
meaning.

Example Problems
These problems show the answers and solutions.

Simplify 6(14 - 3) + 8.
answer: 74
Perform what’s in the parentheses first. 6(14 — 3) + 8 = 6(11) +8

Then multiply and, finally, add. 6(11) + 8 = 66 + 8 = 74

Simplify 3,/16-7 +(5-3) 7 g%,

answer: 21



Chapter 1: The Basics 33

Three grouping symbols are here: radical, parentheses, and fraction line. Perform the
operations within, above, or below them first.

3,/16-7+(5-3)- 7———3ﬁ+(2) 7——

The root has to be calculated next, because powers and roots are on the first level.

3/9+@ 7-1=33+27-12

Now, do the two multiplications and the division.
3:3+2) 7-F=9+14-2

Now add and subtract, moving from left to right.

9+14-2=-23-2-21

Work Problems

Use these problems to give yourself additional practice.
4°+3-6-2
% — /5 + 8

2
0 9+9+5(8—22)—1

10+ 32—4(\/’% -5)

36-2)+7°(55-1)
5+3

Worked Solutions

32 First raise 4 to the second power.

4°+3-6-2=16+3-6-2

Next, multiply the 3 and 6.

16+3:-6-2=16+18-2

Last, add and subtract from left to right.

16+18-2=34-2=32
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8 First, subtract the 3 from 15, because they’'re “grouped.”
15°3_Jo+8=12-/o+8

Next, find the square root of 9.

12 /g, g_12_
T_""9+8_4 3+8

Now, divide 12 by 4 and combine the terms from left to right.

12 _318-3-3+8-0+8=8

24 First, raise the 6 in the numerator of the fraction to the second power and raise the 2
in the parentheses to the second power.

6°+9
9

+5@-2")-1=2012 4 58-24)- 1

Now add the two numbers in the numerator of the fraction and subtract the two numbers
in the parentheses.

36+9
9

+5@-4)-1=2+5@)-1

Next, do the division and multiplication.

=

9 54)-1=5+20-1

Last, add and subtract in order from left to right.

5+20-1=25-1=24
15 First, raise the 3 to the second power and find the square root of 36.
10+3%-4(,/36-5)=10+9-4(6-5)

Now combine the two numbers in the parentheses and then multiply the result by 4.

10+9-4(6-5)=10+9-4(1)=10+9-4

Last, add and subtract in order.

10+9-4=19-4=15
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26 First perform the operations in the parentheses and in the denominator of the
fraction.

36-2)+7°5-1) _3@)+7%(4)

5+3 8

Now square the 7.

34)+7°(4) _3(4)+49(4)

8 8

Now do the multiplications in the numerator. The two terms can’t be added until those
multiplications are first performed.

3(4)+49(4) _12+196
8 - 8

Add the two numbers in the numerator and then divide the result by 8.

12+ 196 _ 208 _

3 ] 26

Basic Math Operations

The basic math operations that apply to numbers also apply to variables, which are represented by
letters. The main difference between dealing with numbers and variables is that with numbers you
can see, directly, what the operation does to them. When dealing with variables, you sometimes
don’t know what the variable represents, and difficulties could arise depending on whether the
variable represents a positive or negative number, a fraction or whole number, an even or odd
number, and so on. Following is a discussion of the basic operations and how variables are handled
in each situation.

Addition and Subtraction

When you add and subtract terms with the same variable in them, the coefficient (number multi-
plier) indicates how many of that variable there are. So just combine the coefficients. For instance,

3a + 2a = 5a (Think: “Three apples plus two apples equals five apples. You don’t change

I 9

the things that are being added to ‘apple-apples’.”)
7b — 5b = 2b
8c + ¢ = 9¢ (No coefficient shows on the second term, so you can assume that it’s “1.”)

Multiplication and Division

When multiplying or dividing expressions with variables by numbers, just multiply or divide the
coefficients by the multiplying or dividing number. For example, if z stands for a number of
zebras at the zoo, then 2z means two times or double that number. Multiplying by 5, 5 - 2z
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represents five times that doubled number, or 5 - 2z = 10z. If p is the number of octopuses in
a tank, then 8p is the number of legs in the tank. If the 8p number of legs is to be divided into

four groups, then there would be %Tp =2p or 2p legs in each of the four groups. Here are some
more examples.

(5m)-6=30m

8(32) =24z
16w _

g W
o6t _

Powers (Exponents)

Before mathematicians agreed on superscripts as the notation for powers (in 87, the 2 is the
power or exponent), multiplying a variable times itself repeatedly was shown by repeating
that letter. What you write as y> was once written as y - y - y - y - y. The power or superscript
tells you how many times the variable multiplies itself. The expression 2xxxxxx is more
conveniently written as 2x°. The 2 is written in front. By the Order of Operations, you compute
the power first and then multiply the result by 2. This is, of course, if you know what number
the x represents. Also, a convenient way of writing repeated multiples of a variable when it

. . L . 1 1 -
occurs in the denominator of a fraction is to use a negative exponent: 72 = W =w™

Example Problems
These problems show the answers and solutions.

Write 3aaaaaaaaaa using exponents.
10
answer: 3a

Simply count the number of identical variables (that is, the number of a’s used) and make
that number the exponent.

Write 2 - 2 - 2xxyyzzzz using exponents.
answer: 2° x* y*z*

The letters can’t be combined, because they can stand for different numbers. Also, notice
that the multiplication dot () is shown between the 2s but not between the letters or
variables. That’s because when the letters are written next to one another, multiplication is
assumed. If I didn’t put the multiplication dot between the 2s, you would think | meant
the number 222.

Roots

A root of a number is the value that has to be multiplied over and over to get the original num-
ber. The symbol for taking a root is a radical, f . If there’s no number above the “shelf” on the
left, then it’s assumed that you mean the square root. A “square” root indicates that you want to
find the value whose square (multiplied twice) gives you the number under the radical. If there is
a 3 above the shelf, then you want the cube root, or the value whose third power gives you the
value under the radical. Assume, in each case here, that the variable under the radical represents
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a positive number. If you want more information on what happens when you don’t know whether
the variable is positive or not see “Absolute Value,” which follows the Example Problems.

Example Problems
These problems show the answers and solutions.

Simplify each root.
/9
answer: 3
/9=/3-3=3
/400

answer: 20

/400=,/20-20=20
¢/5°
answer: 5

¢/5°=¢/5.5.5.5.5.5=5

¥m?

answer: m

¥m*=3mmm=m
/ab*
answer: 2b°”

Jab*=/2-2-b* b*=2b*

Absolute Value

This operation appears to change negative numbers to positive numbers and leave positive
numbers as they are. Although this is what happens, practically, the operation is really telling
you how far a number is from 0. Absolute value is written with two vertical bars: | some
number | = the number if it’s positive and the opposite of a number if it’s negative. (The oppo-
site of a negative is a positive.) For example,

|-2|=2
|4|=4
|6 5| = |1| =1 Absolute value can be a grouping symbol. Do what’s inside first.

|m| = m if the variable represents a positive number and —m if the variable represents a
negative number. The —m is read, “The opposite of m.”

\/? =| x| when you don’t know whether the variable x is positive or negative.
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Work Problems

Use these problems to give yourself additional practice.
Simplify: 14a — 10a + 3(2b)
Simplify: 3(5a — a)
Simplify: 2-3-n-n-n-n-p
Simplify: xﬁ

Simplify: \/49x 2yl

Worked Solutions
4a + 6D First multiply the 3 and 2b.

14a — 10a + 3(2b) = 14a — 10a + 6b

Now combine the two terms with the variable a.

14a — 10a + 6b = 4a + Gb
12a First combine the terms in the parentheses. Then multiply the result by 3.
3(5a —a) = 3(4a) = 12a

6n'p Multiply the 2 and 3 and rewrite the repeated multiplication of n as a factor with
an exponent.

2:3-n-n-n-np=6n*p

ab’> Rewrite the factors under the radical as two repeated variables before taking the
square root.

Ja’b®=/a-a b b’=ab’

7Ixy’ Rewrite the factors under the radical as two repeated variables before taking the
square root.

VAT Yy =TT xxy*y* = Txy®

Combining “Like” Terms

One major objective of working with algebraic expressions is to write them as simply as possible
and in a logical, generally accepted arrangement. When there is more than one term (a term
consists of one or more factors multiplied together and separated from other terms by + or -),
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then you check to see whether they can be combined with other terms that are “like” them.
Numbers, by themselves without letters or variables, are “like” terms. You can combine 14 and
8 because you know what they are and know the rules. For instance, 14 + 8 = 22, 14 - 8 = 6,
14(8) = 112, and so on. Most numbers can be written so that they can combine with one an-
other. Fractions can be added if they have a common denominator. Decimals can be subtracted if
you line up the decimal points in the two decimal numbers so that the tens place is under the
tens place, the hundredths place is under the hundredths place, etc. The exception to this is that
some numbers, written under a radical, can’t be combined. These numbers are called “irrational.”
This is a good name for them, because they sometimes are difficult to manipulate.

Algebraic expressions involving variables or letters have to be dealt with carefully. Because the
numbers that the letters represent aren’t usually known, you can’t add or subtract terms with
different letters. The expression 2a + 3b has to stay that way. That’s as simple as you can write
it. But, the expression 4c + 3¢ can be simplified. You don’t know what c represents, but you can
combine the terms to tell how many of them you have (even though you don’t know what they
arel): 4c + 3c = 7c. Here are some other examples.

5ab + 9ab = 14ab
5x2y—x2y+ 6xy2+2xy2:4x2y+ 8xy2

Notice that two different kinds of terms are shown, one with the x squared and the other with
the y squared. Only those that have the letters exactly alike with the exact same powers can be
combined. The only thing affected by adding and subtracting these terms is the coefficient.

Example Problems
These problems show the answers and solutions.

Simplify 4a + 2b + 3ac + 3a — 2b + ac.
answer: 7a + 4ac

Three different kinds of terms are shown here. First rearrange the terms so that the like
terms are together. Then combine the like terms.

4a + 2b + 3ac+ 3a—2b +ac=4a+ 3a+ 2b — 2b + 3ac + ac
=7a+ 0+ 4ac
= 7a + 4ac

Simplify 9x*+5x°—8x+ 4 + 4x°— 7x*+ 8x +9.
answer: 9x°+2x°+13

Again, rearrange the terms so that the like ones are together. By convention, you write
terms that have different powers of the same variable in either decreasing or increasing
order of their powers.

Ox*+5x>—8x+4+4x>—Tx*+8x+9=5x"+4x>+9x* -~ Ix*—8x+8x+4+9
=Ox’+2x*+0+ 13
=0x>+2x°+13



40 CliffsStudySolver Algebra |

Simplify 6x* y*+2x* y+3xy’+ 4x* y*— 2xy >+ 9x* y >+ 8xy + 1.
answer: 19x° y?+ 2x? y+ xy? + 8xy + 1
Rearrange and then combine like terms:

6x’y +2x* y+3xy’+4x’ y - 2xy*+9x* y*+8xy+ 1=
6x° Yy +Ax  y +9x y +2x  y+3xy - 2xy*+8xy+ 1=19x" y*+ 2x* y+xy* + 8xy + 1

Work Problems

Use these problems to give yourself additional practice.

Simplify by combining like terms. 2Zm + 3n +4p +5m - 2n - p

Simplify by combining like terms. 3x*+ 5x*+ 2x + 4x>— 2x*+ x>+ 3
Simplify by combining like terms. 3ab + 4ac + 5bd + 6ad + 4ac + 9ab + 6de
Simplify by combining like terms. x>+ 2x* y+ 2xy >+ xy’+x* y+y°

Simplify by combining like terms. 2(8a>b*) + 7ab”+ 3 (5ab) — 3a> b* - ab

Worked Solutions
7m + n + 3p Rearrange and combine:
2m+3n+4p+5m-2n-p=2m+5m+3n—-2n+4p—-p

=7m+n+3p

5x*+5x’+x*+2x+3 Rearrange and combine:
3P+ 5x + 2x+4x° - 2x*+ x°+3=5x +4x°+ x°+ 3x* - 2x*+ 2x + 3
=5x"+5x°+x*+2x+3
Notice that the terms are listed in decreasing powers of the variable x.

12ab + 8ac + 5bd + 6ad + 6de In this expression, there are only two sets of terms that
are alike—the two sets with ab and ac in them. You have to read carefully to be sure that
they match in variables exactly.

3ab + 4ac + 5bd + 6ad + 4ac + 9ab + 6de = 3ab + 9ab + 4ac + 4ac + 5bd + 6ad + 6de
= 12ab + 8ac + 5bd + 6ad + 6de

x>+3x*y+3xy’+y’ Rearrange and combine the terms:

x>+ 2x y+xTy+2xyi+xyi+y’=x>+3x y+3xy’+y’
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13a’b*+7ab*+ 14ab First, simplify the two terms with multiplication problems.

2(8a’b*)+7ab*+3(5ab) —3a’b*—ab=16a’b*+ 7ab*+ 15ab - 3a> b*— ab

Now, the like terms can be combined after rearranging.

16a>b*+ 7ab*+ 15ab—3a’ b*—ab=16a>b*—3a’ b*+ 7ab*+ 15ab— ab
=13a®b*+ 7ab*+ 14ab

Properties of Algebraic Expressions

Just as mathematics and algebra are governed by rules and conventions regarding the operations,
some rules allow for manipulating expressions so that the changed version of the expression has
the same meaning and “worth” as the original. The changed expression is usually something
more convenient or usable in the particular situation. Many of these rules are common sense as
far as you're concerned. They’re written here, formally, so you can refer to them when needed in
more complicated situations and so you can feel confident that you aren’t violating a rule when
making a particular adjustment or move in simplifying.

The rules listed in the following section involve what adjustments can be made to an expression
and still keep it equivalent or equal to the original.

Commutative Property of Addition and Multiplication

The commutative property says that the order doesn’t matter. You get the same thing when you
add 2 + 3 as you do when you add 3 + 2. The same thing happens in multiplication. Multiplying
4 x 7 is the same as multiplying 7 X 4. This is not the case in subtraction or division.

Commutative Property of Addition:a+b =b + a
Commutative Property of Multiplication: a-b =b-a

Associative Property of Addition and Multiplication

The associative property assures you that you can group or associate terms differently and

get the same result. When adding three numbers together such as 15 + 9 + 1, it’s easier to
group the 9 and 1 together to get 10 and add it to the 15 rather than add the 15 and 9 and then
add the 1. Using the associative property, it looks like this: (15 +9) + 1 = 15 + (9 + 1). Notice
that it’s all addition, not a mixture of addition and subtraction. The same is true for multiplication.

Associative Property of Addition: a+ (b +c¢) =(a+b) +c¢
Associative Property of Multiplication: a - (b-c)=(a-b) - c

The Associative Property does not hold for subtraction or division.

Distributive Property of Multiplication
over Addition (or Subtraction)

This property allows you to multiply a factor times several terms within a grouping symbol. The
opposite of distributing is factoring. Each of these processes has its place in algebraic manipula-
tions. The use of one or the other depends on the particular application.
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Distribution Property of Multiplication over Addition: a(b + ¢) = ab + ac
Distribution Property of Multiplication over Subtraction: a(b — ¢) = ab — ac

Identities

If you keep your identity, then you don’t change. Two numbers are considered to be identities in
algebra. The number “0” is the additive identity. If you add O to a number, that number doesn’t
change—it keeps its identity. The number 1 is the multiplicative identity. If you multiply 1 times
a number, that number doesn’t change.

Additive Identity: 0 +a=aanda+0=a
Multiplicative Identity: 1 -a=aanda-1=a

It’s tempting to include subtraction and division here, but you have to be careful. It’s true that
4 — 0 = 4, but, because subtraction isn’t commutative, you can’t change the order and expect
to get the same answer. O — 4 # 4. The same with division, 8 +1 =8 but 1 + 8 # 8.

Inverses

Inverses or opposites are used extensively when solving equations. An inverse can reverse the
effect of a number that’s operating on a variable. Inverses are classified as either additive inverse
or multiplicative inverse. When two additive inverses are combined with addition, the result is O.
When two multiplicative inverses are combined with multiplication, the result is 1.

Additive Inverses: a + (—a) =0 or (—-a) +a=0
Multiplicative Inverses: a- <%> =1and (%) a=1

Technically, one number doesn’t have either inverse. It’s the number 0. The additive inverse of
a number has the opposite sign of the original number, so O doesn’t have an additive inverse,
because O doesn’t have a sign. It isn’t positive or negative, so it can’t have an opposite. Also,

0 doesn’t have a multiplicative inverse, because you can’t divide by O. Writing % doesn’t make

any sense, because that fraction doesn’t have an answer. Other than O, all the real numbers have
additive and multiplicative inverses.

Multiplication Property of Zero

Zero is a special number in many respects. It doesn’t have an inverse, but it has a property that
sets it aside and makes it valuable in algebraic manipulations. This is the Multiplication Property
of Zero. You may wonder what’s so special about that. After all, whenever you multiply some-
thing times O, you always get O, no matter how big or small the other number. This may not
seem important or especially useful, but it is. In fact, this property is the backbone of solving
most algebraic equations. Consider the puzzle: “I'm thinking of two numbers, and their product
is 0. I'll give you $100 if you can tell me what either one of the numbers is.” For the product to
be O, one of the numbers must be O. There’s no other way to get the O when you’re multiplying.
That’s an easy $100. You just say, “One of your numbers is O!” Compare that to a similar puzzle:
“I'm thinking of two numbers, and their product is 36. I'll give you $100 if you can tell me what
either one of the numbers is.” Unless you're really lucky, you won'’t be able to guess what either

number is, because the puzzler has an infinite (uncountable) number of choices. Here are a few:

36-1,18-2,9:4,6-6,72- % 108- % ---. This can go on forever, because there’s no end to the
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combinations that can be used. This is what'’s so special about O. If the answer is O, one of the
multipliers has to be O.

Multiplication Property of Zero:a-0=0and0-a=0

Example Problems
These problems show the answers and solutions.

Name the property illustrated by each statement (give the property that makes the statement true).

6+8=8+6

answer: Commutative Property of Addition It doesn’t matter in what order you add
numbers.

3-(4-x)=3-4)-x

answer: Associative Property of Multiplication It’s easier to see that the product is 12x
from the right-hand side of the equation.

5+(-5)=0
answer: Additive Inverses
Ifa-b=0,thena=0o0orb=0.

answer: Multiplication Property of Zero

1 c_
5 5=1

answer: Multiplicative Inverses Their product is 1.

3 4_1

4 3~
answer: Multiplicative Inverses Their product also is 1.
510+2)=5-10+5-2=50+ 10 =060

answer: Distributive Property

answer: Multiplicative Identity ~Multiplying by 1 and using the Multiplicative Identity
doesn’t seem to make much sense until you use it when changing fractions to those with
common denominators.

Work Problems

Use these problems to give yourself additional practice.

Use the property indicated with each problem to complete the statement correctly.

Commutative Property of Multiplication: 523 - 8 =

Additive Inverse: 23+ (_ ) =0
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Distributive Property: 4(7 + 3) =

Multiplication Property of Zero: If m - n = O, then
Associative Property of Addition: (5 +3) + 7 =
Multiplicative Inverse: %(_) =1

Commutative Property of Addition: 41 + 11 =11 + __

Associative Property of Multiplication: 5(2 - 11) = (__) - 11

Worked Solutions

523 - 8 =8 - 523 The order doesn’t matter in multiplication.

23 + (-23) =0 The sum of two opposites is O.

47 +3)=4 -7 +4 -3 Multiply the 4 over the two numbers in the binomial.

If m - n =0, then either mis O or nis 0. One or the other of the factors has to be O.
5+3)+7=5+(3+7) The grouping doesn’t matter in addition.

% ‘(z2)=1 The product of a number and its reciprocal is 1.

41 + 11 = 11 + 41 The order doesn’t matter in addition.

52 -11) =(5-2) - 11 The grouping doesn’t matter in multiplication.

Integer Powers (Exponents)

A power or exponent tells how many times a number multiplies itself. There are many opportuni-
ties in algebra for combining and simplifying expressions with two or more of these exponential
terms in them. The rules used here to combine numbers and variables work for any expression
with exponents. They are found in formulas and applications in science, business, and technology
as well as math. The term a* has an exponent of 4 and a base of a. The base is what gets multiplied
repeatedly. The exponent tells how many times that repeatedly is.

Laws for Using Exponents

When dividing two numbers that have the same base, subtract their exponents.
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(a n) m =a n-m
When raising a value that has an exponent to another power, multiply the two exponents.
(a-b)"=a"-b"

The product of two numbers raised to a power is equal to raising each of the numbers to that
power and then multiplying them together.

a\"_a"

b b"
The quotient of two numbers raised to a power is equal to the power of each of the numbers in
the quotient.

A value raised to a negative power can be written as a fraction with the positive power of that
number in the denominator.

a’=1

Any number (except O) raised to the O power is equal to 1.

Example Problems
These problems show the answers and solutions.

Examples involving a"-a"™
Multiply 2%-2°.
answer: 2°
22' 23: 22+3:25
Multiply x*- x>,

9
answer: x

Multiply y®-y.
answer: .y9
yiy=y>y'sy’
7 7

Multiply z""-z".

answer: 1

- - 0
z 7'27:Z 7+7:Z :1
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Examples involving 2.,.
6
Divide %
answer: 3°
6
% —36-4-3?

8
X
Divide =.
X

answer: x°

Divide 5.
y

answer: 1
3

Examples involving (a")"
Simplify (4°)".
answer: 4°
(4°)7=4°"=4°
Simplify (z°)°.

answer: z°°

(25)6225-62230
Simplify (wzs)o.
answer: 1

23\ 0 23-0 0
(w ) =w =w =1

Examples involving (a-b)"
Simplify (4 - 5)°.
answer: 400

(4-5)*=4%-5"=16-25=400
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Simplify (x - y)°.
answer: x°-y’

(x-y)3=x3-y3

Simplify <3yz 2) g

8
answer: 3° y*z

<3yzz>4: 34')/4' (22)4

Examples involving <%>

Simplify (%) .

answer: 3—62
X

Examples involving a ™"

Rewrite 2>

answer: %
2= %
Rewrite x *

1
answer: —;
X

a1

X =77

X
Rewrite y .

1
answer:
y

47
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—

X?\F__ 1 _ 4’ _16
A X2 2 (XZ)Z x*
a4

A nice property of fractions is that when you raise them to a negative power, you can rewrite

2\ 2 2
the expression and change the power to a positive if you “flip” the fraction. So (XT) = (%) .

Work Problems

Use these problems to give yourself additional practice.

Tell whether each statement is true or false. If false, correct the error.

4\*_4’_16
3) 73779
m: mé=m"
12
n__ps
() '~3s
Worked Solutions

False The power on b is wrong. (3ab’) f=3%3%p"

True

False The exponents should be added, not multiplied. m*- m®*=m?*"®=m"

True

True

Square Roots and Cube Roots

Finding a square root or cube root is a common technique used when solving quadratic (second
degree) and cubic (third degree) equations. Taking a root “undoes” the act of raising to a power.
The symbol for finding a root is the radical, Nf . If no number is above the “flag” or left part, then
it’s assumed that you're looking for the square root or undoing the act of raising to power 2. All
other roots require numbers above the flag. 3/ stands for the cube root—undoing raising to the
third power. Q?L stands for the fourth root, and so on.
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Solving /75 means that you find the single number that, when it multiplies itself, gives you 25.
That number is 5. Because 5 - 5 = 25, then /275 =5. Likewise, /‘B = 7,/@ =11, and so on. It’s
helpful to know the perfect squares between O and 200 when solving algebraic problems. Being
familiar with these first 14 perfect squares makes life easier.

1’=1  2%’=4 3%=9 4’=16 52=25 6°=36 77=49
8’=64 97=81 10°=100 11*=121 12*=144 13*=169 14°=196

Cube roots are the next most used roots in algebra. Solving 3/27 means that you find the number,
which when multiplied times itself three times, gives you 27. Because 3 - 3 - 3 = 27, then %/E =3.
Here are some more: 3/125 =5, 3/ 1=1,3/216 = 6. Again, it helps to know what some of the per-

fect cubes are. Because the cubes get so big so fast, this list doesn’t go as far as the list of squares.

’=1 2°=8  3°=27 4°=64 5°=125

6°=216 7°=343 8°=512 9°=729 10°=1000
Other roots aren’t used as frequently, but it’s nice to have a process to help solve them. For
instance, to solve ‘{/@, you would think of what number times itself four times gives you 81.

Because 81 is an odd number, you should try only odd numbers when trying to get the answer.
Start with 1, then 3, then 5, and so on, until you find the number for which you’re looking.

Example Problems
These problems show the answers and solutions.

Find 4/81.
answer: 3
Try multiplying odd numbers times themselves four times.
1-1-1-1=1That’s not it.
3.3.3.3=81.That's the number, so 4/81=3.
Find 3/2197.
answer: 13
Try multiplying odd numbers times themselves three times to find the root.
Don’t bother with the 1s. They only give you another 1.
3.3-3=27
Skip the 5s, because the answers will all end in 5, and you need a 7 at the end.

7-7-7=343
9.9.9-729

11-11-11 = 1331

13-13-13 = 2197
3/2197=13
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Of course, it would be much easier just to use a calculator, but sometimes they’re not handy,
sometimes they’re not allowed, and usually it’s just better to have a good guess in your head
and work it out.

Approximating Square Roots

Of the first 100 positive integers, the integers from 1 to 100, only 10 of these are perfect squares.
So only 10 of these have nice, integer answers when the radical is applied. /1=1, /4 =2, /9 =3,
and so on. What about the other 90 numbers? What if you want an answer to /470, even if it’s
just an approximate answer? The square roots of numbers that aren’t perfect squares are called
irrational numbers. Their decimal values go on forever, and they never have a nice pattern to
them. The best you can do is to approximate the roots to a predetermined stopping point.
Usually, you want an answer to one decimal place or two decimal places, depending on the
situation.

For instance, v@ is some number between 6 and 7. You can tell thiibecause x@ is between
/ 36 and x@, roots of two consecutive perfect squares. Because /36 =6 and /49 = 7, then X/E
is between 6 and 7.

One way to find the square root is to use a calculator and round to a particular number of digits.

\/E) = 6.3 rounded to 1 decimal place
xZTO =6.32 rounded to 2 decimal places
/ 40 = 6.325 rounded to 3 decimal places
\/E) = 6.3246 rounded to 4 decimal places
In algebra, it's sometimes just easier to estimate the root and calculate that root to one place. If

you're graphing points or solving practical applications, you don’t need any more accuracy than
that.

To estimate a root to one decimal place, use the following steps:

Determine between which two perfect squares the number lies and select the smaller of
the square roots.

Make a guess as to the decimal value that’s to be added to the root.

Divide the number you're finding the root of by your guess and carry the division to two
places.

Average the guess and the quotient of the division problem.

Round the answer to one place.

Example Problems
These problems show the answers and solutions.

Estimate ,/ 40 correct to one decimal place.

answer: 6.3
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Determine between which two perfect squares the number lies and select the smaller of
the square roots. Because /40 is between v% and /4_9, and the roots of 36 and 49 are
6 and 7, choose the smaller, which makes 6 the choice.

Make a guess as to the decimal value that’s to be added to the root. The number 40 is
closer to 36 than 49, so a guess as to the decimal value might be 6.2.

Divide the number you're finding the root of by your guess and carry the division to two
places. Divide 40 by 6.2, 40 + 6.2 = 6.45 and carry the division to two places.

Average the guess and the quotient of the division problem:

6.2+6.45 _12.65

7l > = 6.325

Round the answer to one place.

/IO ~ 6.3.

This is the square root of 40 correct to one decimal place. This means that 6.3 squared is
closer to 40 than 6.2 squared, 6.4 squared, or any other number squared.

Estimate / 200 correct to one decimal place.
answer: 14.1

Determine between which two perfect squares the number lies and select the smaller of
the square roots. Because 200 is between 196 and 225, ,/ 200 is between ,/ 196 and /225.
The roots of 196 and 225 are 14 and 15. Choose the smaller, 14.

Make a guess as to the decimal value that’s to be added to the root.
Guess 14.3, because 200 is closer to 196 than 225.

Divide the number you're finding the root of by your guess and carry the division to two
places:

200 + 14.3 = 13.99 rounded to 2 places

Average the guess and the quotient of the division problem.

143 +13.99 _ 28.29 _
2 2

14.145

Round the answer to one place. The answer is 14.1, rounded to 1 place.

It really doesn’t matter what you guess, although a good guess is better in terms of the
arithmetic. If your guess is too low, then the division result will be high on the other side
of the actual answer. If it’s too high, then the division result will be on the low side of the
actual answer. The averaging takes care of these high and low amounts.
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Simplifying Square Roots

One way to deal with the square roots of numbers that aren’t perfect squares is to estimate

their value with a calculator or estimate with the guess-divide-average method discussed in the
preceding section. Another choice, however, is to keep the exact value of the square root and not
estimate. Break the square root into smaller parts, when possible, so that those smaller parts or
factors can be combined with other square roots that are exactly alike. One of the rules for dealing
with exponents, given in the earlier section, “Integer Powers (Exponents),” allows you to write
Ja-b=/a,/b. See how this works with specific numbers: /4-9 = /4 /9. In this case, ,/ 36 has
been broken down into two factors that are both perfect squares. Continuing with the simplifying,
/ 4 ﬁ =2 -3 =6. This same principle is used when simplifying roots that have only one perfect
square factor. A root can be simplified if there’s a factor of the number that’s a perfect square.

Example Problems
These problems show the answers and solutions.

Simplify X/Z_O.
answer: 2 VTS

You can write 20 as the product of two numbers in several ways, but this is the way that
has a perfect square in it.

J/4a-5=/4/5=2/5

The product under the radical is broken up into two factors. The root of the factor that is a
perfect square is computed, and the result multiplies that root times the other factor. This
is considered to be the simplified form.

Simplify ,/48.

answer: 4 /3

You can write the number 48 as a product of a perfect square and another factor in two
ways. They are 48 =4 - 12 and 48 = 16 - 3. The second choice will be used, because it has

the larger perfect square. If the first choice is used, then the resulting expression will need
to be simplified again to complete the job.

/48=/16-3=/16/3=4/3

Simplify /&
answer: /66

The number 66 can be factored into 2 - 33 or 3 - 22 or 6 - 11, but none of these contains a
perfect square. This radical can’t be simplified.

Add /18 + /50.

answer: 8,2
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These two radicals can’t be combined as they are. They’re completely different numbers.
By simplifying each and finding a common radical, however, you can compute the addition.

First, simplify each radical.
J/18+,/50=/9-2+/25.2=/9 /2+,/25,/2=3,/2+5/2

Now the two terms are simplified, and each is a multiple of xﬁ.

Three “radical 2s” plus 5 “radical 2s” equals 8 “radical 2s.”
3/2+5/2=8/2

Combine ,/ 72 - xi + /E + x% _ \g
answer: 9,/2 + /3

None of the radicals is the same, and it appears that they can’t be combined. Simplifying
the radicals will help determine whether any adding or subtracting can be done.

/72=/36,2
/32=/16,2

/98=,/49/2

You can see that there are some common radicals. Now, rewrite the original problem in
terms of these radicals:

J36/2-/16/2+/4/3+ /49 /2~ /3=6/2-4/2+2/3+7/2-/3
Now, rearrange the terms and combine like terms:

6/2-4/2+2/3+7/2-/3=6/2-4/2+7/2+2/3-/3=9/2+/3

Work Problems

Use these problems to give yourself additional practice.
Solve ‘{/ 625.
Solve 3/27,000,000.

Estimate each of the following correct to one decimal place.
J11
/500

/901
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Worked Solutions
5

300 When doing problems with lots of zeros, break them into two parts: the zeros part
and the rest of the problem. The zeros part has 6 zeros. Since it’s a cube root, divide 6 by
3 and get 2. That’s the number of zeros in the root. The other part is the 27. The cube root
of 27 is 3. Put that together with the two zeros to get 300.

3.3 Since 11 is between the perfect squares 9 and 16, the root is between the roots of
these two numbers, 3 and 4.

Guess 3.2 and divide. 11 + 3.2 = 3.44
Now, average the guess and the result of division:

3.2+3.44 _6.64

7l 7 - 3.32

Round to 1 decimal place. Vﬂ =3.3.

22.4 Since 500 is between the perfect squares 484 and 529, the root is between the
roots of these two numbers, 22 and 23.

Guess 22.5 and divide. 500 = 22.5 = 22.22.
Now, average the guess and the result of division:

22.5+22.22 _ 4472

2 7 = 22.36

Round to 1 decimal place. /500 = 22.4

30 Since 901 is between the perfect squares 900 and 961, the root is between the roots
of these two numbers, 30 and 31.

Guess 30.1 and divide. 900 + 30.1 = 29.90
Now, average the guess and the result of division:

30.1+29.90 _ 60.00 _
7 =—> =30

Round to 1 decimal place, ,/901= 30.0. This is the same answer as the square root of 900.
The number 901 is very close to 900, and the perfect squares are farther apart as the
numbers get bigger, so rounding to one decimal place will give many duplicate answers.
For more accuracy, the division has to be carried out with a number that has more decimal
places, and it has to be carried out farther. The more decimal places—the more accuracy
and the closer you are to the actual square root.

Rationalizing Fractions

In algebra, it’s not considered to be in “good form” to have a radical in the denominator of a
fraction. The radical, if it can’t be simplified, is an irrational number with no end or pattern to the
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decimal equivalent. It’s hard to divide that kind of number into another. Instead, a procedure
called “rationalization” is performed to write a fraction that’s equivalent to the first but no longer
has a radical in the denominator.

The method used involves multiplying both the numerator and denominator of the fraction by
the same radical that’s in the denominator. This creates a perfect square under the radical in the
denominator so that simplifying gets rid of the radical there. It does leave a radical in the numer-
ator, but that’s an okay format.

Example Problems
These problems show the answers and solutions.

Rationalize i

/2
3,/2

answer:
2

Multiply both numerator and denominator by fz. Basically, what that’s doing is
multiplying by 1.
J2

Because 1 is the Multiplicative Identity, this isn’t changing the value of the original
fraction—it’s just changing the form.

i.‘/_i— 3\/2 3x/2_3x/2
22 2 a2

Vv

Rationalize 6 \/32 .

answer: 2 x@

Even though there’s a radical in the numerator, it’s only the denominator you need be
concerned with in rationalizing the denominator. Multiply both numerator and
denominator by ,/ 3.

6/2 /3_6/2/3_6/6_’6/6 _2/6
x/r3 x/r3 \/3 x/@ 3 13

Work Problems

Use these problems to give yourself additional practice.
Simplify ,/24.
Simplify and combine /75 -/ 27.

Simplify and combine @ + \/TZS - m + /%
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Rationalize L
/
Rationalize 4 \/10.

/6

Worked Solutions
2/6
J24=/4-6=/4/6=2/6
2/3
J75-/27=/25-3-,/9-3=/25,/3-/9,/3=5/3-3/3=2/3
J11+9 /5

/99 + /125— /a4 + /80=/9 /11+/25/5- /4 /11+ /16 /5
=3/11+5,/5-2/11+4 /5
=3/11-2/11+5/5+4 /5

=/11+9,/5

2/5

5

2 J5_.2/5

J5 /5 3

4/15

3

4/10 /6 _4/60_4,/4/15_4-2/15_4-2/15_4/15
/6 Je 6 6 6 8, 3

Exponents for Roots

Expressions involving radicals can be written using exponents instead of radicals. The exponents
in this case are fractions. This allows for many types of manipulations and operations to be per-
formed more quickly and easily. The rules involving exponents, found in the earlier section on
Integer Powers, still hold. The rule or convention for using exponents instead of radicals is that
the root of the radical appears in the denominator of the fractional exponent, and any powers
under the radical appear in the numerator of the fractional exponent.

Fractional exponents for radicals:

So/a=a", 3a=a",7a=a", and%a*=a*, 3/a* =a®, and so on. This even allows for easier
simplification of expressions with powers and roots. For instance, assuming that a is a positive
number, 4/ a’ =a”*=a'"”. This is the equivalent of writing that 4/ a” = Ja.¢/a*=a"*=a*. Thisis
another way of saying that sa*=3%a’.
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Example Problems
These problems show the answers and solutions.

Simplify i/ z° -7/ z".

answer: 7/ z°

/2 3 27 _3/7 2/7 + 3/7 5/7 /_5
1zt 12 =22 =2 =2 =1/ 7

As you see, the rule used to multiply numbers with the same base still applies here. You
add the exponents.

4/3
Simplify %

answer: 4
44/3
41/3
Simplify 9'*- 9",

—AY B2y

answer: 3

9/t .Qli=gUiti_g¥i_gi- [9=3
Simplify (8°°)".

answer: 32

(85/6> 2_ g6 _ g3

Again, the rule involving raising a power to a power applies here. Now the result can be
simplified further by rewriting the 8 as a power of 2.

®)=(2°)"=2"3=2%=32

Simplify 20>,

answer: 857

20%*=(4-5)*=4%.5%

Now that first factor, the 4, and its exponent can be simplified.

4%2.5%2 (22)3/2‘ 532 _ 22% 532_ 3. 532_g. 532

Work Problems

Use these problems to give yourself additional practice.

Simplify 3/ x?-3/x°.

8/3

Simplify %
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5/2
Simplify 22552 .

Simplify 18- 18"°.

Simplify (27°)".

Worked Solutions
X 5\/7'5\/?=XZ/5'X3/5=XZ/5+3/5=X5/5=X1=X
2 y8/3 8/3-2/3 6/3 2
y y2/3=y’ P=yP=y
5/2
5 225;2 = 25" 2=25""= [25-5

3/2 181/3' 181/6: 181/3+1/6: 182/6+1/6: 183/6: 181/2

This last term can be simplified using either radicals or fractional exponents.
18"2=(9-2)2=9".2"=/9./2=3/2
o (27)'=(3")")’

This time, change the 27 to a power of 3 first, so all the exponents can be multiplied

together. The product of the exponents is 3 - % 4= % =2. So, ((33 )"6) "=32=9,

Divisibility Rules
Performing algebraic operations frequently requires factoring out multipliers that the different

terms have in common. This is what is done when reducing fractions. The fraction 10 can be

reduced, because both the numerator and denominator have factors of 2; they’re both divisible
by 2. When reducing fractions or factoring out other algebraic expressions, the process is made
easier when you recognize the Greatest Common Factor (GCF) of the numbers. For instance, the
GCF of the numbers 48 and 60 is the number 12. True, both 48 and 60 are also evenly divisible
by 2 or 3 or 4 or 6, but recognizing the greatest possible divisor is more efficient—saving time
in the long run. To help determine the Greatest Common Factor for two or more numbers, here
are some divisibility rules. These are helpful rules or methods for recognizing when a number
is divisible by another—or not. You can always just do long division and see whether there’s

a remainder or not, but these rules are intended to save you time and a lot of unnecessary
divisions.

Rules of Divisibility

A number is divisible by... wodf

2 itendsinO, 2,4, 6,or8

the last two digits form a number divisible by 4

o

the last three digits form a number divisible by 8

9}

itendsinOor5
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A number is divisible by... ol

10 it ends in O

3 the sum of the digits is divisible by 3

9 the sum of the digits is divisible by 9

6 it's divisible by both 2 and 3

12 it's divisible by both 3 and 4

15 it's divisible by both 3 and 5

1 the sums of the alternating digits have a difference of 0 or 11 or 22...

Example Problems
These problems show the answers and solutions.

What is 90 divisible by?

answer: The number 90 is divisible by 2, 3, 5, 6, 9, 10, 15, and 30.

It’s divisible by 2 and 5 and 10, because it ends in O.

It’s divisible by 3, because the sum of the digits is 9 + 0 = 9, and 9 is divisible by 3.
It’s divisible by 9, because the sum of the digits is 9 + 0 = 9, and 9 is divisible by 9.
It’s divisible by 6, because it’s divisible by 2 and 3 both.

It’s divisible by 15, because it’s divisible by 3 and 5 both.

What is 10,164 divisible by?

answer: The number 10,164 is divisible by 2, 3, 4, 6, and 11.

It’s divisible by 2, because it ends in a 4.

It’s divisible by 3, because the sum of the digits is 12, and 12 is divisible by 3.

It’s divisible by 4, because the last two digits form the number 64, and 64 is divisible by 4.
It’s divisible by 6, because it’s divisible by both 2 and 3.

It’s divisible by 11, because the sum of the first, third, and fifth digits is 6; the sum of the
second and fourth digits is 6; and the difference between 6 and 6 is O.

What is 1999 divisible by?

answer: The number 1999 is prime.
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It’s not divisible by any of the numbers you have rules of divisibility for, and it’s not
divisible by any other number other than 1 and itself.

It ends in an odd number, so it isn’t divisible by 2, 4, 6, 8, 10, or 12.
The sum of the digits is 28, so it isn’t divisible by 3 or 9.

The sum of the first and third digits is 10, and the sum of the second and fourth digits is
18. The difference between 10 and 18 is 8, which means it isn’t divisible by 11.

To check for divisibility by other numbers such as 7, 13, 17, 19 and so on, you can find

rules for them or, because those rules are usually no easier than just doing long division,
it’s best just to divide it.

Work Problems

Use these problems to give yourself additional practice.

Determine whether or not the numbers given are divisible by 2, 3, 4, 5, 6, 8,9, 10, 11, 12, or 15.

1805
1776
1710
168,300

20,779

Worked Solutions

5 only This is divisible by 5, because it ends in 5.
It isn’t divisible by any of the even numbers.
It isn’t divisible by 3 or 9, because the sum of the digits is 14.

It isn’t divisible by 11, because the alternate digits have sums of 1 and 13, and that
difference is 12.

2,3,4,6,8, 12 This is divisible by 2, because it ends in a 6.
This is divisible by 3, because the sum of the digits is 21.

This is divisible by 4, because 4 divides the number 76 evenly.
This is divisible by 6, because it’s divisible by 2 and 3 both.

This is divisible by 8, because 8 divides the number 776 evenly.

This is divisible by 12, because it’s divisible by 3 and 4 both.
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2,3,56,9, 10, 15 This is divisible by 2, 5, and 10 because it ends in O.

This is divisible by 3 and 9, because the sum of the digits is 9.

This is divisible by 6, because it’s divisible by 2 and 3 both.

This is divisible by 15, because it’s divisible by 3 and 5 both.

2,3,4,5,6,9, 10, 11, 12, 15 This is divisible by 2, 5, and 10, because it ends in O.
This is divisible by 3 and 9, because the sum of the digits is 18.

This is divisible by 6, because it’s divisible by 2 and 3 both.

This is divisible by 4, because the last two digits form the number O, and 4 divides O
evenly (there’s no remainder!).

This is divisible by 12, because it’s divisible by 3 and 4 both.
This is divisible by 15, because it’s divisible by 3 and 5 both.

This is divisible by 11, because the first, third, and fifth digits add up to 9; the second,
fourth, and sixth digits add up to 9; and that difference is O.

11 This is divisible by 11, because the first, third, and fifth digits add up to 18; the
second and fourth digits add up to 7; and the difference between 18 and 7 is 11.

It isn’t divisible by any of the other numbers.

Prime Numbers

A prime number is a number that can be divided evenly only by itself and 1. It’s important to
know when you have a prime number, because you can stop looking for other numbers to divide
it evenly. It will not have a factor in it that’s shared by another number.

Twenty-five prime numbers are between 1 and 100 and another 21 prime numbers are between
100 and 200. The higher you get, the more rare the prime numbers become, but they never
end. No one has been able to figure out a formula for determining where the prime numbers
will show up as you go higher and higher, but they’re there—that much is known.

Here is a list of the first 32 prime numbers.

Notice that the number 1 isn’t considered prime. The number 2 is the smallest prime and the
only even prime.

2 3 5 7 11 13 17 19 23 29 31 37 41 43
47 53 59 61 067 71 73 79 83 89 97 101 103 107
109 113 127 131

To determine whether or not a number is prime, you can divide by as many numbers as you can
think of, use the divisibility rules (see the previous section), and see whether there’s anything
that divides it evenly. A more efficient way than dividing by all these numbers does exist. The
rule is to find the biggest perfect square that’s smaller than the number. Then check or divide by
only the prime numbers that are equal to or smaller than the square root of that biggest perfect
square.
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Example Problems
These problems show the answers and solutions.

Is 157 a prime number?
answer: Yes, it’s prime.

The biggest perfect square that’s smaller than 157 is 144, which is 12°. The only primes
smaller than 12 are 2, 3, 5, 7, and 11. Check to see whether 157 is divisible by any of them.

157 isn’t divisible by 2, because the last digit is 7.

157 isn’t divisible by 3, because the sum of the digits is 13.
157 isn’t divisible by 5, because it doesn’t end in O or 5.
157 isn’t divisible by 7, because 157 + 7 = 22, R3.

157 isn’t divisible by 11, because the sums of the alternating digits don’t have a
difference of O or 11.

Therefore, 157 must be prime. It probably seemed like you had to check a lot of numbers,
but only five primes were listed, which is still a lot easier than trying half the numbers
smaller than 157! And, this way you can be sure you haven’t missed anything.

Is 407 prime?

answer: No, it isn’t prime.

The biggest perfect square that’s smaller than 407 is 400, which is 20°. The only primes
smaller than 20 are 2, 3,5, 7, 11, 13, 17, and 19. Check to see whether 407 is divisible by
any of them.

407 isn’t divisible by 2, because the last digit is 7.

407 isn’t divisible by 3, because the sum of the digits is 11.

407 isn’t divisible by 5, because it doesn’t end in O or 5.

407 isn’t divisible by 7, because 407 + 7 = 58, R1.

407 is divisible by 11, because the sum of the first and third digits is 11 and the only
other digit is O; their difference is 11, so 407 is divisible by 11.

Because 407 is divisible by something other than 1 and itself, it’s not prime.

Work Problems

Use these problems to give yourself additional practice.

Determine whether or not the following numbers are prime.

959

253
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463
307

2009

Worked Solutions

Not prime The largest perfect square smaller than 959 is 900, which is 30°. The only
numbers that need to be checked to see whether 959 is divisible by them are the primes
smaller than 30. They are 2, 3,5, 7, 11, 13, 17, 19, 23, 29. As it turns out, you don’t have
to go very far before finding out that 959 is divisible by 7. Therefore, 959 is not prime.

Not Prime The largest perfect square smaller than 253 is 225, which is 15°. The only
numbers that need to be checked to see whether 253 is divisible by them are the primes
smaller than 15. They are 2, 3, 5, 7, 11, and 13. You should have found that 253 is
divisible by 11. Therefore, 253 is not prime.

Is Prime The largest perfect square smaller than 463 is 441, which is 21°. The only
numbers that need to be checked to see whether 463 is divisible by them are the primes
smaller than 21. They are 2, 3, 5, 7, 11, 13, 17, and 19. None of these numbers divides
463 evenly. Therefore, 463 must be prime.

Is Prime The largest perfect square smaller than 307 is 289, which is 177 The only
numbers that need to be checked to see whether 307 is divisible by them are the primes
equal to or smaller than 17. They are 2, 3,5, 7, 11, 13, and 17. None of these numbers
divides 307 evenly. Therefore, 307 must be prime.

Not Prime The largest perfect square smaller than 2009 is 1936, which is 44°. You need to
check many numbers to see whether 2009 is divisible by them. The primes smaller than 44
are2,3,5,7,11,13,17, 19, 23, 29, 31, 37, 41, and 43. As it turns out, you don’t have to
go very far before finding out that 2009 is divisible by 7. Therefore, 2009 is not prime.

Prime Factorization

A prime factorization of a number is a unique (only one possible) listing of all the prime numbers
whose product gives you that number. Every number has a prime factorization, and it’s not
shared with any other number. The prime factorization of 12 is 2-2-3 =27 3. Those three factors
are the only three prime factors that result in a 12. A prime factorization helps you find common
factors between two or more expressions. The prime factorization of a prime number is just that
number, because 1 isn’t prime. To find the prime factorization of a number, you can start by
thinking of any two numbers whose product is that number, and then take each of those two
numbers and think of two numbers whose product is each of them, and so on until only prime
numbers are being multiplied.

Example Problems
These problems show the answers and solutions.

Find the prime factorization of 396.

answer: 2°-3%- 11
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First think of two numbers whose product is 396. How about 6 and 66? 396 = 6 - 66

Now think of two numbers whose product is 6 and two numbers whose product is 66.
The number 6 is 2 - 3 and the number 66 is 6- 11.

S0396=6-66=2-3-6-11.

The only number in that factorization that isn’t a prime is the 6. Changing it to 2 - 3,
the factorization now reads 396 =2 -3 - 2 - 3 - 11. Rewriting the primes in order,
396=2-2-3-3-11=2%-3%11.

Although this method is very effective, it does seem a bit disjointed. It will work every
time, even if you start with different combinations of numbers. Another way to do this,
which is more organized, uses a sort of upside-down division. You start with the first
prime that divides the number evenly and do divisions until the number doesn’t divide
any more. Then go to the next prime and divide by it. Continue until the number at the
bottom is a prime. All the primes along the side and the last number are part of the prime
factorization.

Use the division method to find the prime factorization of 396.
answer: 2-2-3-3-11=2*-3"-11

Write 396 in the upside-down division symbol. Write the smallest prime that will divide it
outside, to the left. Write the answer below and divide again.

2396

First step, divide 396 by the first prime, 2: 108

21396
Second step, divide the result, 198, by 2: 2198
99

2396
21198

3199
33

Third step, divide the result, 99, by 3:

2396
2(198
Fourth step, divide the result, 33, by 3: 3(99
333
11

The last result is 11, which is prime, so you stop. The numbers in the prime factorization
are listed, in order, along the left side. 2 -2 -3 -3 - 11.
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Find the prime factorization for 11,250.

answer: 2-3%-5"
211250

First step, divide 11,250 by the first prime, 2:
5625

211250

Second step, divide the result, 5625, by 3: 3|5625
1875

2111250
315625

31875
625

211250
35625
Fourth step, divide the result, 625, by 5: 3[1875

5625
125

Third step, divide the result, 1875, by 3:

2[11250
3/5625
31875

5/625

5125
25

Fifth step, divide the result, 125, by 5:

2[11250

3/5625

31875

Last step, divide the result, 25, by 5: 5625
50125

525

5

The prime factorization can be read along the left side and bottom:
11,250=2-3-3-5-5-5-5=2-3"-5"
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Work Problems

Use these problems to give yourself additional practice.

Write the prime factorization of each of the following numbers.

450
255
648
928

1575

Worked Solutions
21450
3[225
2-3*5 3|75 So450=2-3-3-5-5=2-3%.57
525
5

3(255
3-5-17 5|85 So255=3-5-17
17

2|648
2[324
2[162
2°>-3* 3|81 So648=2-2-2-3-3-3:3=2>3"
3[27
39
3

21928
2464
2(232
2°-29 116 S0928=2-2-2-2-2-29=2"-29
2|58
29
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Chapter 1: The Basics 67

311575
3|525
3*.5*.7 5[175 So1575=3-3-5-5-7=3>5"-7
5135
7

Chapter Problems and Solutions

Problems
simplify 18 +5.11-42- /8 2.

12(5-2)

. . 2
Simplify 5(3°+2)-3(6+ 1) + |

Simplify 6(4x + 5x) + 2y + x.

Rewrite the following in a simpler form: 5 - 5mmmnnpppppp.
Simplify the expression. Assume that x is positive. /16x > — |—3x]
Simplify 8x>+ 3x”+5x — 2x>+ 4x* + 1.

Simplify 4(2a + a) + 3(4a — 2a).

Complete the statement to make it true: —47 + (__) = 0.

Complete the statement to make it true: 14 + (6 +9) = (__ + 6) + 9.
Simplify using the rules for powers: (2ab2> o

2 7
Simplify using the rules for powers: x* x> — 3)/75)/

Solve \/@.

Solve 3/125.

Use the guess-divide-average method to find \Q correct to one decimal place.
Use the guess-divide-average method to find \/@ correct to one decimal place.
Add the radicals after simplifying them: /8+./72.

Rationalize the fraction ig
/

Simplify ¢/a“ 4/ a".

277

Simplify 2715
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Determine whether or not the number 800,000,001 is divisible by 9.

Determine whether or not the number 4,200,000,008 is divisible by 12.

Determine whether or not the number 891 is prime.

Determine whether or not the number 1001 is prime.

Determine the prime factorization of 108.

Determine the prime factorization of 1485.

Answers and Solutions

Answer:

Answer:

Answer

Answer

Answer

Answer

Answer:

39

38

:55x + 2y

:25m’n’ p°

:x  /16x* —|-3x|=4x—3x=x

s 6x°+Ix>+5x+ 1

18a

5(3%+2)-3(6+ 1)+ 1252

8

+5-11-4>—/8-2=S+55-16- /16

2
=4+55-16-4

=50-16-4
=43-4=39

12(3)
9

=509+2)-3(7)+

—5(11)-21+32

o
=55-21+4
=34+4=38

8+1

6(4x + 5x) + 2y + x = 6(9x) + 2y + x

=54x + 2y +x = 55x + 2y

5 - Smmmnnpppppp=25m>n’p°

8%+ 3x +5x—2x >+ 4x +1=8x>—2x>+3x*+4x*+ 5x + 1

=6x>+7x*+5x+ 1

4(2a+a)+3(4a—2a)=4(3a) + 3(2a)

=12a+6a=18a
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Answer: 47 Complete the statement to make it true.
-47+(_)=0
-47 + (47)=0
Answer: 14 Complete the statement to make it true.

14+6+9) =(_+6)+9
14+ (6+9)=(14+6)+9

Answer: 8a’b°+ —¢
c

c
=82’ %+ L
c
Answer: x'—3y*
2 7 2+7 9
X4X3_3y Sy :X4+3_3y5 :X7_3y5
y Yy

:X7_3y9—5:X7_3y4
Answer: 13

J169=/13-13=13

Answer: 5

3/125=3/5-5-5=5

Answer: 2.4 Guess 2.5. (Guesses will vary.) Divide 6 by 2.5 and get 2.4. Average 2.5
and 2.4.

25+24 _49

2 5 = 2.45.

This can round to either 2.5 or 2.4. Check to see which is closer by squaring them.
2.5°=6.25 and 2.4° = 5.46. Because the square of 2.4 is .01 closer, choose the 2.4.

Answer: 13.4 Guess 13.4 (Guesses will vary.) Divide 180 by 13.4 and get 13.43.
Average 13.4 and 13.43 and get 13.4. It was a good guess!

Answer: 8 \/i

/8+/72=/4/2+ /36,2
=2/2+6/2=8/2
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/
Answer: 2 *3 6

Answer: a%/a

Answer: 81

27"
277

— 275/3— 1/3: 274/3: (33)

Answer: Yes Yes, it’s divisible by 9, because the sum of the digits is 9.

Answer: No No, it isn’t divisible by 12, because it isn’t divisible by 3. The sum of the
digits is 14, and 14 is not divisible by 3.

Answer: No No, it isn’t prime, because it’s divisible by 3 and 9 and 11. The sum of the
digits is 18, which is divisible by both 3 and 9. The alternating digits both add up to 9, so
the difference between them is O.

Answer: No No, it isn’t prime, because it’s divisible by 7 and 11 and 13. The divisibility
by 11 was apparent, because the sums of the alternate digits were both 1.

Answer: 2”-3°
108=2%-3>
Answer: 3> 5-11

1485=3-5-11

Supplemental Chapter Problems

Problems
Simplify % -1
Simplify /12-3 +8-2-3.
Simplifya+b +c+ 2a+ 3b + 4c.
Rewrite the following using exponents: 3-3 -3 - x-X-X-X-X-X-X-y-Y.

Simplify (assume x is positive) /25x” +| x| —|-5|.

Simplify 3m>+4m - 2m’+m.
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Simplify 5(x + x) — 2(2x + x).
Complete the statement to make it true: 4(6 - 3) = (__ - __)3.

Complete the statement to make it true: % =1

. . 6XZ 3,2
Simplify #

2
Simplify a’a’*a™* + 2%

Solve \@.

Solve ‘&/ 625.

Use guess-divide-average to find \B correct to one decimal place.
Use guess-divide-average to find \a) correct to one decimal place.

Simplify and then subtract ,/200 — ,/128.

Rationalize 1—;

/3

Simplify x "%+ x

2/3

7/6

Simplify 5.
X

Is 10,011 divisible by 3?

Is 104,422 divisible by 4?

Is 123,123 prime?

Is 991 prime?

Determine the prime factorization of 400.

Determine the prime factorization of 165.

Answers
1 (Order of Operations, p. 31)

19 (Order of Operations, p. 31)

3a+4b + 5¢ (Basic Math Operations, p. 35)
3°x"y? (Powers (Exponents), p. 36)

6x —5 (Absolute Value, p. 37)

m’+5m (Combining “Like” Terms, p. 38)
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4x (Combining “Like” Terms, p. 38)

NV Wb b

x (Integer Powers (Exponents), p. 44)
a+2b (Integer Powers (Exponents), p. 44)
17  (Square Roots and Cube Roots, p. 48)
5 (Square Roots and Cube Roots, p. 48)
3.2 (Approximating Square Roots, p. 50)
12.2 (Approximating Square Roots, p. 50)
2 ﬁ (Simplifying Square Roots, p. 52)
4vr3 (Rationalizing Fractions, p. 54)

7/6

X (Exponents for Roots, p. 56)
x*°  (Exponents for Roots, p. 56)
Yes (Divisibility Rules, p. 58)

No (Divisibility Rules, p. 58)

No (Prime Numbers, p. 61)

Yes (Prime Numbers, p. 61)
2*-5% (Prime Factorization, p. 63)

3-5-11 (Prime Factorization, p. 63)

-6 (Properties of Algebraic Expressions, p. 41)

(Properties of Algebraic Expressions, p. 41)
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Chapter 2

Numbers

umbers, numbers everywhere. What do they look like? How can they be written? How

do they compare to one another? What do they do when they’re added or multiplied to

one another? This chapter deals with positive and negative numbers, fractions, decimals,
and percents. The situations that were once just purely numbers are now extended to those
with variables mixed into the expressions. You’ll also see how the properties of numbers hold
when using the variables.

Signed Numbers

All numbers can be considered to be signed numbers, either positive or negative, except for the
number 0. When you don’t see a + sign or any sign in front of a number, you just assume that
it’s positive. It would take too long and use up too much ink and space to put a + sign in front of
every number that isn’t negative. Of course, you have to indicate the — sign when writing about
negative numbers. A negative number indicates that the value of the number is less than O, like
degrees below O in the winter or a negative balance in an account. The number O doesn’t have

a sign; it’s neither positive nor negative. It separates the positives from the negatives and so is
neutral. This is best illustrated on a number line.

Number Lines

A number line is usually a horizontal line, with numbers listed above or below it, going from
smallest to largest as you read from left to right. For example, a number line with the integers
from —5 to 5 would look like the following;:

The numbers to the right of O are positive, but they’re assumed positive, so the + signs aren’t
needed. To show that a particular number has been selected on a number line, a heavy black dot
is used. For instance, to show the numbers -3, O, 4, and 5, the number line would look like the
following;:

5 4 3 2 1 0 1 2 3 4 5

You can also show that all the values between two integers are selected. For instance, to show
that you want all the numbers between -2 and 3, put the dots on the number line and shade
between them:

73
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You can also show all the numbers between -2 and 3, including the —2 but not including the 3.
This would indicate that you want everything up to the 3—all the fractions and decimals close to
it—but you don’t want the exact number 3 included. To do this, use a hollow circle over the 3.

O

-5 -4 -3 -2-10 1 2 3 4 5

The collections of numbers that are shown on a number line can also be described with symbols
and mathematical expressions. One way uses greater-than and less-than symbols, called in-
equalities. The other way uses interval notation, which uses parentheses and brackets. Look at
the following ways of describing numbers on the number line.

Number Line Inequality Notation Interval Notation
- < 2<x<6 [2,6)
b ° -8<x<0 [-8,0]
D -4 <x<2 (-4,2)
- x>-3 [3,00)

Inequality notation uses an x or some variable to represent all the numbers that are under con-
sideration. Interval notation doesn’t use any variable. It’s a very efficient notation but causes
some confusion when the context isn’t clear. The interval (—4,2) could be mistaken for the point
(—4,2) in a graphing problem. The arrow pointing to the right in the last example in the table
indicates infinity and means that there’s no end to the numbers.

Example Problems
These problems show the answers and solutions.

Write —4 < x < 2 in interval notation and graph the numbers on the number line.

answer: and [-4,2)

2

This inequality notation indicates that the number —4 should be included, but 2 should not
be. There’ll be a solid dot over the —4 and a hollow dot over the 2 in the number line.
Using interval notation, the bracket, [, will be used to show that the —4 is included; a
parenthesis, ), will show that the 2 is not included.

Write the corresponding inequality and interval notation for this number line. +=————0—
answer: The inequality is x < 6, and the interval notation is (- o0, 6).

Given the interval [18,35], write this as an inequality and draw the number line.

answer: 18 <x < 35 and <% >
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Work Problems

Use these problems to give yourself additional practice.

Write the interval (—6, 18] using inequality notation and draw the number line.

Write the inequality and interval notation for — —C.

Write the inequality and draw the number line for the interval (- oo, 0).

Worked Solutions

-6 <x< 18 and ° pa

[-15,—11) and -15<x < —11

X<Oand<_<o)—>

Addition of Signed Numbers

Signed numbers can be added together, resulting in another signed number (or zero). The rule
for adding signed numbers is based on considering them in pairs, two at a time. The first thing
to determine is whether their signs are the same or different. If the signs are the same (both
positive or both negative), then you ignore the signs—look at their absolute value—and add the
two numbers together. The sign that they share is the sign of the answer.

Signs the Same

When the signs are the same, you find the sum, and the sign of the sum is the same as the signs
of the numbers.

Example Problems
These problems show the answers and solutions.

Add (—4) + (-8).
answer: —12

Add the absolute values of the numbers, the 4 and the 8, to get 12. Because both
numbers are negative, the answer will be negative. (—4) + (—8) = —12

Add (+6) + (+2).

answer: +8

The + signs are shown here for emphasis. You usually wouldn’t show the + signs, because
you can assume that a number is positive if there’s no sign in front of it. Applying the rule

given previously, you add the absolute values of the numbers, the 6 and 2, to get 8.
Because both are positive, the answer is positive.
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Add (-3) + (=19) + (—11).
answer: —33

The rule applies to pairs of numbers, so two of the numbers should be grouped and added
and then the result added to the third. [(=3) + (=19)] + (—11) = [-22] + (—11) Grouping
the first two numbers and adding, the sum is —22. This is then added to the last number.
(=22) + (-11) = -33

The same result would have been obtained if the last two numbers had been added first
and that result added to the first. The Associative Property still works with these signed
numbers. For more on the Associate Property, see, “Associative Property of Addition and
Multiplication,” in Chapter 1 (page 41).

Signs Different

The other part of the rule for adding signed numbers has to do with when the signs of the two
numbers are different. If the signs are different, you consider the absolute values of the numbers
and find the difference between them. Yes, this is actually subtraction in an addition rule, but it’s
what works. After finding the difference between the absolute values, you then determine which
original number has the greater absolute value (is farther from zero on the number line). That
number is the one that determines the sign of the answer.

When the signs are different, you find the difference (and the sign of the sum is the same as the
sign of the number that is farther from zero on the number line). Sorry, there’s no nice ditty for
this one.

Example Problems
These problems show the answers and solutions.

(=7) + (+3)

answer: —4

The positive sign on the 3 is there for emphasis. The signs are different, so consider the
absolute values of the numbers, 7 and 3. The difference between 7 and 3 is 4. Because -7
has the greater absolute value (it’s farther from 0), its sign determines the sign of the
answer. The answer is a negative number. (-7) + (+3) = -4

(=10) + (+13)

answer: +3

The signs are different. The absolute values are 10 and 13. The difference between 10 and
13 is 3. Because the 13 has the greater absolute value, it determines that the sign of the
answer is positive.

(+15) + (—=11) + (-2)

answer: +2
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The first two numbers will be grouped, added, and then the result added to the last term.

[(+15)+(=1D)]+(=2)=[+4]+ (- 2),( +4) +(-2)=+2

The numbers could have been grouped differently and even changed in order. Addition is
both associative and commutative, so you can take advantage of being able to switch the
numbers around to create simpler sums. In the preceding case, it would have been nicer
to group the last two numbers together, because their signs are the same, and then to
add the result to the first. It's generally an easier task to add (find the sum of) numbers
than to find their difference. Grouping the preceding problem differently, (+15) + [(—=11) +
(=2)] = (+15) + [-13] = +2.

Add (-9) + (+9).

answer: O

The signs are different, so you find the difference between the absolute values, 9 and 9.
The difference is O. If you try to determine a sign for that result, you're stuck. They're the

same distance from O on the number line, so it’s a tie. No sign is attached to the O. The
number O doesn’t have a sign; it’s neither positive nor negative.

Work Problems

Use these problems to give yourself additional practice.

Find the sum of (—6) + (+5).

Find the sum of (—18) + (-2).

Find the sum of (+15) + (—13) + (-9).
Find the sum of (=5) + (6) + (5) + (—0).

Find the sum of (—11) + (29) + (—13).

Worked Solutions

-1 The signs are different. The difference between the absolute values, 6 and 5, is 1.
Because the —6 is farther from O on the number line, the sign of the answer is negative.
(=6) + (+5) = —1

-20 The signs are the same, so find the sum of the absolute values, 18 and 2. The sign
of the answer is the same as the numbers, negative. (-18) + (-2) = -20

-7 Group the last two numbers together, because their signs are the same, the sum is
negative, and the sum of their absolute values is 22. Then add that answer to the first
number. The two numbers then added have different signs, so the difference between
their absolute values is determined.

(+15) + [(=13) + (<9)] = (+15) + [-22]
- -7



78 CliffsStudySolver Algebra |

0 Notice that the + signs have been dropped from the positive numbers. In this case,
if you group the two sets of numbers with the same sign together, then there’s only one
sum of numbers with opposite signs. This will mean using the commutative property of
addition, which also allows you to change the order.

(=5) + (6) + (5) + (=06) = (=5) + (5) + (6) + (-0)
=[(=5) + B)] + [(6) + (-06)]
= [0] + [O]
=0

5 This time change the order to get the two negative numbers together, add them, and
then add the result to the positive number.

(=11) + (29) + (=13) = (=11) + (=13) + (29)
= [(~11) + (=13)] + (29)
= [-24] + 29
-5

Subtraction of Signed Numbers

Subtraction of signed numbers could be rather complicated if you had to consider the signs of the
numbers (whether they're the same or different), the order in which they’re subtracted, and their
distance from zero on the number line. Eight different rules could be necessary to cover all the
situations. So, to avoid all this hassle, the procedure is just to change any subtraction problem into
an addition problem and use the addition rules you already know. This probably doesn’t sound
quite right to you. How can you just change the problem to an addition problem? You know that
subtracting 9 — 4 and adding 9 + 4 are two different problems with two different answers. Just
changing subtraction to addition doesn’t get you any closer to the answer to the subtraction prob-
lem. A second step in this procedure will give you the correct answer to the subtraction problem.
The second step is to also change the sign of the second number to its opposite (change the sign).

To change a subtraction problem to addition, change two signs: the sign of the problem from
subtraction to addition and then the sign of the second number to its opposite. This creates an
equivalent problem. It’s a different problem from the original, but it has the same answer as the
original. The problem is now one for which there are established rules—rules for adding signed
numbers.

Example Problems
These problems show the answers and solutions.

Subtract 9 — 4.
answer: 5
This is a very familiar problem and one that you can do easily, but I'll approach it in terms

of the rule for subtracting signed numbers. Change the problem to addition and change
the second number, the positive 4, to its opposite,—4.9 -4 =9+ (-4) =5
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Subtract -8 — (—3).

answer: —5

Change the subtraction to addition, and change the -3 to +3. -8 — (-3) = -8 + (+3) = -5
Subtract 40 — (—8).

answer: 48

Change subtraction to addition and change —8 to +8. 40 — (-8) = 40 + (+8) = 48

Work Problems

Use these problems to give yourself additional practice.
Subtract —15 — (—16).
Subtract 3 — (+14).
Subtract =5 — (—06).
Subtract -6 — (—06).

Subtract 5 — 13 — (—6).

Worked Solutions

1 Change the subtraction to addition and change the —16 to +16.

-15-(-16) =-15+ (+16) = 1

-11 Change the subtraction to addition and change the +14 to —14.

3-(+14)=3+(-14)=-11

1 Change the subtraction to addition and change the —6 to +6.

~5 — (=6) = =5 + (+6) = +1

0 Change the subtraction to addition and change the —6 to +6.

~6 - (=6) = =6 + (+6) = 0

-2 In this case, because subtraction is not commutative or associative, you can’t
rearrange the order or group in any convenient manner. The subtraction has to be done
in order, moving from left to right. So the subtraction will be performed on the first two
terms, and then the result will subtract the last term.
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5-13-(-6)=[5-13] - (-06)
=[5+ (-13)] - (-6)

=[-8] - (-6)
= [-8] + (+6)
-2

Multiplication and Division of Signed Numbers

Multiplying and dividing signed numbers is really much easier than adding and subtracting them.
Instead of having to determine the order in which numbers are written and judging their compara-
tive sizes and changing from one operation to another, the only concern when performing these
operations is how many negative signs are in the problem. The multiplication and division go on as
usual. The only extra problem is in counting negatives. If you are multiplying or dividing an even
number of negative signs (or a mixture of the two), then the final answer is positive. If the problem
has an odd number of negative signs, then the answer is negative. Just do the multiplication and/or
division as directed—ignoring the negative signs at first—and then go back and count the number
of negative signs in the problem to assign the correct sign to the answer.

Example Problems
These problems show the answers and solutions.

Multiply (—4)(6).
answer: —24

The product of 4 and 6 is 24. There is one negative sign. Because 1 is an odd number, the
answer will be negative. (—4)(6) = —24.

Multiply (—=3)(—=4)(=2)(-3).
answer: 72

The product of 3 - 4 - 2 - 3 is 72. There are four negative signs. Because 4 is an even
number, the answer will be positive. (—3)(—4)(-2)(-3) = 72.

Perform the operations %;54)
answer: —2

The product in the numerator is 20, because there are two negative signs.

(—5)(—4) _ 20
-10 -10

The quotient is —2, because the result of dividing 20 by 10 is 2, and there’s one negative
sign in this problem.

(=5(-4)_ 20 __,
-10 -10
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In a problem like this, where all the operations are multiplication and division, you can
perform the operations without regard to sign, and then you can determine the sign of
the answer at the very end.

Think of the problem as being % which is % or 2. Then count the negative signs—

there are three of them—which makes the final answer negative. This all can be done
because multiplication and division are on the same level in the Order of Operations (see
“Order of Operations” in Chapter 1 for more on this) and because multiplication and
division of signed numbers have exactly the same rules, as far as the signs are concerned.

Multiply (- 3)(4a)(—a’).
answer: 12a°

The same rules apply if you're multiplying variables. First, multiply without considering the
signs. (3)(4a)(a’)=3"4-a-a’=12a’. Now, go back and count the negatives. There are 2
negative signs, so the answer is positive. (— 3)(4a)(— a’)=12a’

(6x%)(— 2x>)(5x)
=3x*)(—x)

Perform the operations
answer: —20x

Ignore the signs for now. Multiply the numerator and denominator separately. Then divide
the results.

(6x*)(2x>)(5x) _6-2-5-x-x>-x _ 60x°

(3x*)(x) 3-x"x 3x° = 20x

There are three negative signs in the original problem, so the answer is negative.

(6x*)(= 2x°)(5x)

Caxn X

When distributing a negative number over two or more terms within a grouping symbol,
each sign of every term within the grouping symbol changes. One of the most common
errors in algebraic work is to forget to distribute the negative over each and every term.

Simplify —y (- 2 - 3y + 4y ?).
answer: 2y + 3y’ — 4y’
Notice how the result of every term’s multiplication in the parentheses has changed.

—y(=2-3y+4y?)=(—y)(= 2) + (- y)(= 3y) + (- y)(4y?)
=2y+3y’ -4y’

Work Problems

Use these problems to give yourself additional practice.

Multiply (=2)(—3)(5).

Perform the operations _1_0#(64)
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Perform the operation (- 1)*.
Distribute and simplify —3(—6 + 4).

Distribute and simplify —a(a*-3a’+a*- 7).

Worked Solutions

30 The productof2 -3 -5is 30. There are two negative signs, so the product is positive.

(=2)(=3)(5) = 30

-2 The product of 10 - 4 is 40. Divide 40 by 20, and you get 2. There are three negative
signs, so the final result is negative.

—10(=4) _ 40 _

—20 ~—20 %

1 This is, basically, —1 multiplied 22 times. Repeatedly multiplying 1s always gives you
the number 1. Since there are 22 negative signs, and 22 is even, then the result is positive.

(- 1)%=1

6 Multiply each term by —3.

=3(=6 + 4) = (=3)(-6) + (-3)(4)
=18-12=6

-a’+3a*-a’*+7a
Multiply each term by —a.

—a@'-3a’+a’-7N=(a@)+=a(-3a)+(=a(a’)+(a(-7
=—a’+3a'-a’+7a

Exponents That Are Signed Numbers

The same properties that apply to exponents that are positive integers or fractions also apply

to signed exponents. The rules or properties for exponents are found in the section, “Integer
Powers (Exponents),” in Chapter 1. Applying these rules in this section involves keeping in mind
both the rules for exponents and the rules for signed numbers. There’s an added step involved
here, too. Results often have to be written without using negative exponents. This does depend
on the application, but most of the examples here will require that there be no negative expo-
nents in the answer.

In addition to the rules for exponents already listed in Chapter 1, two more rules can be added here.

First, recall the rule thata "= % This will now be extended to the additional rule that

al‘" =a". This says that if there’s a factor with a negative exponent in the denominator,

then the exponent changes to positive when it’s brought up to the numerator.
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Second, a rule for dealing with fractions is that <%> = (g) . This says that if an entire fraction

is raised to a negative exponent, that exponent becomes positive if the fraction is flipped.

Example Problems
These problems show the answers and solutions.

. . . . x*x”
Simplify, leaving no negative exponents ———.
X "X

1
answer: —;
X

The factors in the numerator and denominator will be simplified, separately. Because the
bases, x’s, are the same, you can multiply by adding the exponents.

2 -3 2+ (—3) -1
x x> _x X
4 _6 - _-4+6 — _2
X x " X

Now, the numerator, x ', will be replaced by ll which moves that factor to the denominator

X
x! 1
and leaves a 1 in the numerator. = = ——;
X X X

And, now, the denominator can be simplified by multiplying the factors and adding the
exponents.

-1
Another way that the fraction % could have been dealt with would have been to do

the division of the two values, subtracting exponents, and then rewriting the answer.

4a° b’ c®

a4bsc—4-
12
answer: ———
a'b®

Simplify

This problem will be dealt with much like the second method used in the preceding
example. It'll be treated as a division problem, subtracting exponents, and rewriting the
answer.

8
C 3- 2-8 _8-(- -1,,-6 _12
m:% 4b C (4):4('1 b "c
abc

To rewrite the answer, each factor with a negative exponent will drop to the denominator
of a fraction. The factors with positive exponents will stay in the numerator.

4C12

4a71b76C12: a1b6

Note that the 4 is in the numerator. You assume that it’s 4 raised to the first power.
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Simplify (ZmZ n’ z) .
n6
8m°z’
The first step is to raise each factor, independently, to the —third power.

answer:

(2m*n?z) =@ M) 0 ) @7
— (2)—3m—6n62—3
Next, the result can be rewritten without negative exponents. The factors with negative

exponents are moved to the denominator.

6 6

3 - - n n
27°m°n°z s 55—
2’m’z 8m’z

3X2y—zz—1 -2
Simplify (ZX_I—_VZZ()) .
8 _14

4y~ z
answer: 3
Ox

Your first inclination might be to raise each factor in the numerator and denominator to the
—second power. Although this would work, it would mean multiplying by a negative
number eight times. Instead, take advantage of the rule that allows you to flip the fraction
when there’s a negative exponent.

3X2 —Zz—l -2 ZX—I ZZG 2
% = %
2x y“z X'y “z

Notice that the exponent outside the parenthesis is now positive. Before raising each
factor to the second power, there’s some simplifying that can be done inside the
parenthesis. Factors with negative exponents will switch places. If a factor with a negative
exponent is in the numerator, move it to the denominator to change the exponent to a
positive. And vice versa with those in the denominator.

Zx—lyzzé Z_ ZyZylzézl 2_ 2y4z7 2
(Z—szy'zz_1 U o3xx! | o3x?

Now each factor can be raised to the second power.

2y4z7 Z_ 22(y4)z(z7)z - 4ysz14
3x’ 3%(x>)? Ox°

Work Problems

Use these problems to give yourself additional practice.
Simplify each, rewriting the answers so that there are no negative exponents.

a‘b*c*d
a 'bcd?
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Worked Solutions

_a’
b’cd
subtract the exponents.

First rewrite the fraction by dividing. When dividing factors with the same base,

24.-2 -
ab C4d:az—(—1)b—z—1
a 'bc*d?

3..-3 -1 4-
=a’b’c’'d”’

—4-(-3) 41-2
c ¥

Now rewrite the result as a fraction, so there will be no negative exponents.

3
3,.-3 -1 _4-1 a
b d =
ab < b’cd

9

27
3 ;{V 5~ First do the division within the parenthesis and then rewrite as a fraction. Lastly,

raise each factor to the third power.

3x2y4)3_ 3 2-3 a-1i 3_ 3 1.3 >
oy ) (3K =30y

_<3y3>3_ 33(y3)3 ~ 27y9

- 2°x® 8’

2x

3
% Raise each factor to the —first power and then rewrite without negative exponents.

2y“z

(Zx—syzzs)*:2-1(X-3)-1(yz)-1(23)—1
=2—1X3y—zz—3
x>

- 2yt z’
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% First flip the fraction to change the —3 exponent to +3. Then divide and rewrite.
64a”’z =
AaZy—ZZ *3_ 3a_3yz_4 3
3ayz " 4a’y*z
:<%a—3—zy1—(—2)2—4—1)3:<%a—5y32—5>3
_ 3_)/3 3: 33(y3)3
4&525 43(a5)3(25)3
__ 21y’
- 64a15215
81z°

ax’ In this case, the two outside powers can be multiplied together, resulting in a
X
positive power. Then the division and rewriting can be done before raising everything to

the second power. ]

3° xyz - _ 3° xyz ’
6x*yz? 6x’yz?

Fractions

Many algebraic expressions or formulas involve fractions. Knowing how to perform all basic opera-
tions on fractions—addition, subtraction, multiplication, and division—is therefore a necessary part
of calculating algebraic expressions.

Lowest Terms and Equivalent Fractions

Fractional answers are written in their lowest terms, which means that there shouldn’t be any com-
mon factors between the numerator and denominator. Having smaller numbers, when possible,
makes comparisons and other operations easier. On the other hand, in order to add or subtract
fractions there has to be a common denominator, so you need to multiply or increase the number
of common factors in a fraction. The key to both of these procedures is the number 1. To reduce

a fraction to lowest terms, divide by 1. It won’t actually be the number 1, it’ll be something

2
equivalent to it like: % % § zz, or whatever the fraction’s numerator and denominator have in

common. To rewrite a fraction as an equivalent fraction, so it can be added or subtracted, you

multiply by 1, again, in the form of i, etc.
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Example Problems
These problems show the answers and solutions.

2 3
Write the fraction in lowest terms (reduce it): ZOZ)iT%y/z

3
answer: 5%

The greatest common divisor of the numerator and denominator is 4xy. This divides both
numerator and denominator evenly. So you make a fraction with 4xy in both the numerator
and denominator. That way it’s equal to 1. Then you divide the fraction by 1.

20x2y23 L Axy 5xz°
24xy ~ 4xy = 6

36a’ bc* - 20ab*c?
8ac’+32b*c*

Write the fraction in lowest terms:

9a’ bc®— 5ab’
2ac+8b*

This fraction has four terms in it: two in the numerator and two in the denominator. Each

term has to be considered when looking for the greatest common divisor. In this case, the
2

factor 4c” divides each term evenly. Therefore, the fraction to divide by is 4CZ

answer:

36a’bc’ —20ab’c® . 4c’® _9a’bc’ - 5ab’

8ac’+32b*c*  Ac’ 2ac+ 8b”

G\Im
—_
ol—

Add the fractions and reduce the answers to the lowest terms:

answer: 15
The least common denominator for the two fractions is 30. Each fraction will be

multiplied by 1 (in the form of % and %) before adding them together.

Now the answer can be reduced by dividing by 1 (in the form of %). % + % = 1—4
Add the fractions and reduce to lowest terms: % + %
answer: %

The least common denominator is 3a”. This contains all of the factors of both denominators.
Each denominator divides it evenly. To write the first fraction with this denominator, you
multiply by % To write the second fraction with that same denominator, you multiply by 3

2,4_2 a, 43 12 _2a+12
3a a 3

= 4 —
3a®  3a’ 3a’

a2l 3a al
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This answer has three terms, two in the numerator and one in the denominator. There’s no
common factor shared by all three at the same time, so this can’t be reduced. It’s in
lowest terms.

1+x 2-y

ax*y  6xy*

Add the fractions and reduce to lowest terms:
3y + 5xy—4x

12x2 y 2
The least common denominator has to contain all of the factors of all of the denominators.
In this case, the number 12 will be in the least common denominator, because it contains

all of the factors of both 4 and 6. Also, the least common denominator will contain x> and
y*. The denominator is 12x”* y*.

answer:

1+x 2-y _ 1+x 3y 2-y 2x

4x*y 6xy’ 4x’y 3y  6xy’ 2x

The distributive property will be used when multiplying both of the original numerators by
the fractions needed to produce the common denominator.

1+x 3y _2-y 2x _13BY+xBy) _ 2(2x)-y(Zx)
4x*y 3y  6xy’ 2ZX 12x* y? 12x* y*
_3y+3xy 4x-—2xy
Ty’ Xy’

_ 3y +3xy—4x+ 2xy

- 1ZXZyZ

Notice that the negative sign was distributed over the two terms in the second fraction.

3y+3xy—4x+2xy 3y+5xy—4x
lznyZ lznyZ

Because no factor is common to all four terms in the fraction, this is in lowest terms.

Work Problems

Use these problems to give yourself additional practice.
45x*
60xy"
12x* y*—27xy°
30x° y+18y* °
3 4x—3y

Find an equivalent fraction that has a denominator of 15x? y>. Sy

Reduce the fraction to lowest terms:

Reduce to lowest terms:

.. 8 y
Add the fractions: 'y +Ex
6-b 7-a

4ab® 9a’b’

Subtract the fractions:
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Worked Solutions

3x . - 45x* . 15x _ 3x
1y Both the numerator and denominator are divisible by 15x. Goxy * 15x ~ Ay
4x* y-9xy®
W Reduce to lowest terms by dividing both numerator and denominator by 3y.

12x* y*—27xy° L3y _ 4x* y—9xy”®

30x° y+18y* "3y  10x°+6y°
2
M Multiply numerator and denominator by 3x.
15" y
4x—3y 3x _(4x—3y) 3x _ 12x%*-9xy

5xy>  3x 15x% y? 15x% y°
16+xy’ . . . 2 . .
ﬁ The common denominator for the two fractions is 6x“ y. Rewrite each fraction

with that denominator before adding.

2

8 y 8 2,y xy_ 16 Xy

+ L= Lo X 2 -
3x’y Ox 3x’y 2 Ox XY o6x*y 6x’y

_16+xy*’
6x’y
a ;65:? b—228b First write the fractions as equivalent fractions with the common

denominator 36a” b* and then subtract.

6-b_ 7—-a_6-b 9a_7-a 4b
4ab* 9a’b 4dab® 9a 9a’p 4b
_54a—9ab _ 28b—4ab
36a’ b’ 36a’ b’
_ 54a—9ab— 28b + 4ab

36a’ b’

_ 54a—5ab-28b

36a’b’

Multiplying and Dividing Fractions

When multiplying and dividing fractions, you don’t need a common denominator like you do
when adding or subtracting fractions. The main challenge here is to have a result that’s in lowest
terms. This can be done in one or both of two ways: reduce the fractions before multiplying or
dividing or reduce the result after multiplying or dividing. If you can reduce the fractions before
performing the operations, the processes will be in terms of smaller and more manageable factors.

Basically, when multiplying fractions, multiply the two numerators together and multiply the two
denominators together. When dividing, change the problem to a multiplication problem, because
multiplication is so much easier! To change a division to a multiplication problem, multiply the
first (left) fraction by the reciprocal of the second (right) fraction. The reciprocal of a fraction is

the fraction obtained when the numerator and denominator trade places.
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Example Problems
These problems show the answers and solutions.

. . 6 20
Multiply the fractions: 25 31"

8
answer: >

% : % = 1527(5) Oops! Stop. These numbers are much too large. Reduce the fractions first by

6 20_ 6 20 8

finding common factors from either numerator and denominator. 25 31 5% A =35
40 . 50

Divide the fractions: 33 718"

24
answer: oo

First change this to a multiplication problem in which the first fraction multiplies the

reciprocal of the second % = % = % : é—g Now complete the reducing of the problem

and the multiplication.

40 18 _"'40 18° 24

3350 33 50, 55

The most wonderful part of reducing the fraction before multiplying is that it's completely
reduced after it’s multiplied.

2
Multiply: 122(9y : 3221;3

answer: B
56y’

First reduce the fractions. Then multiply and simplify.

%XZ/_ 2x  3x%3x _ ox®
- 2 2
,49 sﬂfyz 7-8y° 56y

8a°(b+1)" . 16ab+1)*
15 27

9a*
10(b+1)*

First change the problem to multiplication.

Divide:

answer:

8a°(b+1)" _ 16a(b+1)* _8a°(b+1)" 27
15 ’ 27 15 16a(b+1)*

Then reduce the fractions and multiply.

8°(b+1)’ 27 B (b1 7
15 16a(b+1)* 5 JOA (oA 1T"

a9 9a*

" 5:-2(b+1)> 10(b+1)°
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Work Problems

Use these problems to give yourself additional practice.

18 22
55 27
90 . 81

49 7 28
16a 77
35 24ax

18x%y°>  45xy*

11ab ° 223*

3(x+y)’ 28(a+h)*
4(@+b) 27(xx+y)’

Worked Solutions
4 18 22 18 2" 4
15 5527 55 27, 15

40 90 .81 90 28" 40

63 49728 45 8 63
22 16 77 M4 " 22
15x 35 2dax 535 244x 15x
18x*y>  45xy* _18x’y> 222> 18" y° 2"
1lab - Z " " {lab 4 b !
dax 22a 45xy l]/f,?( 545)()/”
_2x-2a' _dax
" b-5y ~ 5by

3(x+y)3. 28(a+b)* :3M 7248W(“b)3

Jaspy TATD) 27(x+y)’ A@AD) 27y
9+’ 7(a+b)’
_9(x+y)2

Mixed Numbers and Complex Fractions

To multiply and divide fractions, you need all mixed numbers, those with an integer and fraction

such as 4 % written as single, improper fractions with no integers in front. To multiply 4% -6 %

first change the mixed numbers to % : 2—30 and then multiply as usual. Your final answer

11 5
should be written in the original form of a mixed number. So, % : ? = % : % = % =27 %
2
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A complex fraction is a fraction within a fraction. There’s a 2frac:tion in gither the numerator or the

denominator or both. Examples of complex fractions are: % or % or % Complex fractions can be

2 8
simplified by multiplying the numerator of the fraction by the reciprocal of the denominator.

Example Problems

These problems show the answers and solutions.
2

Simplify %
answer: %

Multiply the numerator by the reciprocal of the denominator.

B[N

(CVh S

2. 1_£ 1 _1
3473476

Simplify <.
2
answer: 12

Multiply the numerator by the reciprocal of the denominator.

_ _12 _
1—12

6.2
=2 . &=

N|=|o

Simplify

ojwou

2
answer: 2 6}

Multiply the numerator by the reciprocal of the denominator.

4
8_5 8 _20_,
374379
3

O

£
6

oolw|ay U1

. 2.,9
D1v1de5§7310.

.12
answer: 1 3

Change the mixed numbers to improper fractions. Then change the division to multiplication.

5710 5 10 5 3
Now reduce and multiply.

8

12
B ' 137113

o
X
3

27 1
5

W

\O
R
8
w
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4
Simplify —1
8

—
o=

answer: Z
°3

93

Change the mixed numbers to improper fractions; then multiply the numerator by the
reciprocal of the denominator.

ab
Simplify ‘;—‘Z
d?

bd*
answer: -

4

6

_
=

49

_12_49 8 4 8 2
174971249 17 453
8 8

Multiply the numerator by the reciprocal of the denominator.

Work Problems

ab 2
od_ab d*_db & pa
at od atcd A ac

Use these problems to give yourself additional practice.

. 1 9
Multiply 7 7 4 1o

Divide 2 % 12

2
Simplify 3.

W

Simplify %

y

2(a+1)
15b°

a+1)""
10b

—

Worked Solutions

35 First change the mixed numbers to improper fractions. Then multiply.

7

~ -

9 _50 49 _50 #9' 35 .

42 =220 37 _
10-7 10" 7 16, 1
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Z% First change the mixed numbers to improper fractions. Then multiply the first
fraction by the reciprocal of the second fraction.

;3 ..2_.25.35_2533_ 25 3 15 ,1
11 33 11 "33 11 35 ]]/1 357 7 7
% Multiply the numerator by the reciprocal of the denominator.
2
3,212 1_1
8 38 3 g 12
ZTY Multiply the numerator by the reciprocal of the denominator.
x_2x y X y 2
xt 1 x* 1 X
y /X
m Multiply the numerator by the reciprocal of the denominator.
2(at+1) ,
150> _2(at1) qop _2a+T) YO 4
7 3 7~ 7 - 6 1.2
(alﬂ;;) 156° (a+ 1)’ y8p ., (a1 3(a+1)°h
Decimals

Numbers can be written as fractions and decimals—even when they’re whole numbers or integers.
Depending on the situation, a number may be more useable when it’s a fraction or, in another situ-
ation, as a decimal. Fractional forms are considered to be exact values. When fractions are changed
to decimals, you may be dealing with an approximate value—if the decimal is rounded to a certain
number of decimal places. Some decimals that represent fractions terminate—they end eventu-
ally. Some decimals that are equivalent to fractions repeat—they never end, but their pattern of
digits repeats forever.

Here are some common fractions and their decimal equivalents. Decimals that repeat are shown
with an ellipsis, ..., after them, and there are enough digits to show what’s repeating.

1=5 3-1s

1=2333.. £ s66.. 3=1333. 2 = 1.666..
7=25 3-75 2=125 r=175
%:.2 %:,4 %z.é gz.s
+=.1666.. > - 8333 Z-11666.. H=18333.

Fractions to Decimals

To change a fraction into its equivalent decimal, divide the denominator into the numerator until
the division process either terminates or you begin to see a pattern repeating itself. A fraction
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will have a terminating decimal only if the factors of the denominator are 2 or 5 or any powers
of 2 or 5 or any multiples of powers of 2 and 5. If there are any other factors in the denominator,
the decimal equivalent will repeat.

Example Problems

Change the fraction % into a decimal.

answer: .4375

4375
16[7.0000 This decimal terminates, and this is an exact value. You might want to round it,

however, to two or three decimal places. Rounding .4375 to two places gives you .44,
and rounding it to three places gives you .438.

Find the decimal value of % and round it to three decimal places.

answer: The decimal equivalent is .6. This terminates and is .600 correct to three decimal
places.

Find the decimal values of % and % and round them to three decimal places.
answer: .857 and .818

The decimal equivalent of % is .857142857142.... This repeats, because the digits 8, 5, 7,
1, 4, and 2 keep repeating. Rounded to three places, it’s .857. The decimal equivalent of

% is .818181... with the digits 8 and 1 repeating forever. Rounded to three places, it's .818.

Decimals to Fractions

To change a terminating decimal back into a fraction, you can place the digits in the decimal in
the numerator of a fraction. Then put a power of 10 that has as many zeros as there are digits in
the decimal into the denominator. Then reduce the fraction. To change a repeating decimal back
into a fraction, this can be done rather simply if all of the digits in the decimal are in the repeat-
ing part. If that’s the case, then the repeating digits are put into the numerator of a fraction and
as many 9s as there are digits that repeat go in the denominator. Reduce the fraction.

Example Problems
These problems show the answers and solutions.

Change .325 into a fraction.

answer: 13
* 40

325 _ 13
1000 ~ 40°

Place the digits 325 over 1000. Then reduce the fraction:
Change .0008 into a fraction.

1
answer: m
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Place the digit 8 (the zeros in front aren’t necessary) over 10000. The zeros aren’t needed
in the numerator, but they’re counted for the denominator. Then reduce the fraction.

8 _ 1
10000 ~ 1250

Change the repeating decimal .454545... into a fraction.
=l
answer: =
- 45_ 5
Place the repeating part, 45, over 99. 99 =11
Change the repeating decimal .108108108... into a fraction.
4
answer: 35
Place the repeating part, 108, over 999. lgng = % = %
If the repeating decimal has some digits that don’t repeat, such as in .1666... or .15999...,

then another technique has to be used that includes solving equations. See “Solving
Linear Equations” on page 107 for the method used to do this.

Work Problems

Use these problems to give yourself additional practice.

Change the fraction ZAS to a decimal and round to three decimal places.
Change the fraction 37_6 to a decimal and round to three decimal places.
Change the fraction ;—g to a decimal and round to three decimal places.
Change the decimal .6875 to a fraction in lowest terms.

Change the decimal .242424... to a fraction in lowest terms.

Worked Solutions

.16

.160 Divide 25 into 4, 25[4.00° The decimal .16 is .160 to three decimal places.
.19444...

ls1 9?94 Divide 36 into 7, 36[7.00 . The decimal .19444... rounded to three places

A6875

;:6269 Divide 32 into 15, 32 [[5.00000° The decimal .46875 rounded to three places

11 - . 6875 _ 11

16 Place the digits 6875 over 10000 and reduce the fraction. 10000 - 16

% Place the digits 24 over 99 and reduce the fraction. 5—4 = %
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Percents

Fractions, decimals, and percents are all closely tied together. A fraction has an equivalent value as
a decimal and as a percent. Fractional forms are useful at times; decimal forms and percents are
useful at other times. It all depends on the application and the preferred format. You're exposed to
percents in all sorts of printed and spoken language every day. There’s the percent chance of rain,
the percent of people voting in an election, the percent change in price, and so on. Percents are
much easier to grasp than most fractions, because they’re the comparison of a number and 100.
Most of us have a fairly good sense of what 40 out of a hundred means, because we can picture

the relationship between those two amounts. If you're comparing amounts, it’s easier to compare

5 % Yo to 22 %% than it is to compare % to % (these are the fraction equivalents of those two

percents).
There’s a step between fractions and percents, and that’s the decimal value. To change a fraction
to a decimal, see the previous section. To change a decimal to a percent, move the decimal

point two places to the right. To change a percent back into a decimal, move the decimal point
two places to the left.

Decimals to Percents

45 45, 45%
—
02 02. 20
-
315 315 31.5%
Percents to Decimals
16% 16. 16
4.5% 045 045
13%% 135 135
—

When percents appear in applications or mathematics problems, they need to be changed back
into their decimal form so that they can be used in the various operations.

Example Problems
These problems show the answers and solutions.

You read that 14% of the students bring their own lunch to school. If there are 550
students in the school, how many bring their lunches?

answer: 77 students
14% of 550 = .14(550) = 77 students

You hear that, on average, it’s cloudy 21 days during the month of January. What percent
is that?

answer: 67.7%
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First, there are 31 days in January. %—} = .677 (dividing, it’s .677 rounded to three places),

which is 67.7%.

The local shoe store is offering all shoes at 15% off the ticketed price. How much is a $60
pair of shoes after the discount?

answer: $51

If the price is 15% off, then the remaining cost, after the 15% is subtracted, is 100%—15% =
85%. To get the sale price of the $60 shoes, find 85% of $60. 0.85(60) = $51

The cost of a television at the local store is $480 plus a sales tax of 7 %%. What is the total
cost of the television?

answer: $514.80

The 7 %% tax can be written as 7.25%. Then that is changed to .0725 before multiplying. To
get the total amount, the cost of the television plus the tax, multiply $480 times 1.0725. The
1.0725 = 1 + .0725 from which the 1 represents the original cost of the television, and the
.0725 represents the additional tax. 480(1.0725) = 514.80. The total cost is $514.80, so, if
the television is $480, subtract that from the $514.80 to get the tax of $34.80.

Work Problems

Use these problems to give yourself additional practice.

The population of Centerville, USA, is 63% second-generation Centervillians. If there are
4,300 people in that city, how many are second-generation residents?

Fourteen out of seventeen people in one club have paid their dues. Ten out of thirteen
people in another club have paid their dues. Which club has the better dues paying
percentage?

An $80 dress is on sale at 30% off. What does the dress cost after the discount?

What is the total price of a car at $24,000 plus 5 %% sales tax?

One company offers a salary of $100 per week plus 8% commission on total sales. Another

company offers $50 per week plus 10% commission. Which would be better if your total
sales per week average $2000?

Worked Solutions
2,709 people Multiply 63(4300) = 2,709 are second-generation residents.
The first club is better. }—;L ~ .8235 and % ~ .7692

The first club has about 82% paying their dues, and the second club has about 77% paying
their dues. It's much easier to compare these when using percentages.

$56 Multiply .70(80) = 56. The dress will cost $56.
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$25,320 The car will cost $24,000 plus .055 times the $24,000.

(1.055) 24,000 = 25,320

The first company. The first company will pay $100 + .08(2000) = 100 + 160 = $260.
The second company will pay $50 + .10(2000) = 50 + 200 = $250.

It will pay better to work for the first company. There will be a point, however, at which it
will be better to work for the second company—when your average total sales get to a
higher point.

Scientific Notation

Scientific notation is so named because it is used extensively by the scientific community to

more efficiently write very large and very small numbers. Some numbers, like distances to the
stars, could take up more than one whole line on a page. Scientific notation takes care of that
problem and also allows for easier computations involving very large and very small numbers.

The form for a number written in scientific notation is ax 10” where a is some number between

1 and 10 (usually with numbers after the decimal point), and p is an integer. The value of p is
determined when the decimal point in the original number is moved to the left or right to create
the value a. The sign of p is positive for large numbers and negative for small numbers.

To change the number 147,000,000,000 into scientific notation, move the decimal place from
the very right-hand end until it’s between the 1 and the 4. The number 1.47 is between 1 and
10, so it’s the a. The decimal was moved 11 places to the left, so the value of pis 11.

147,000,000,000= 1.47 x 10"

Here are some other numbers written in scientific notation.

2,000,000,000,000,000=2x 10"
13,000,000=1.3x 10’
6,379,123,456=6.379123456 % 10°
That last number didn’t really help as far as saving space in writing the number. Numbers that
large are usually rounded off before writing them in scientific notation. For instance, rounding it

to the nearer millionth, 6,379,123,456 becomes 6,379,000,000. Then, in scientific notation,
6,379,000,000 = 6.379 x 10°. This is much more manageable.

Scientific notation makes it much easier to compare numbers. For instance, which is larger?
417,200,000,000,000,000,000,000 or 53,000,000,000,000,000,000,000,000 ?

In scientific notation, these two numbers are: 4.172x 10 and 5.3 x 107,

The second number is much larger, because of the exponent. The exponent on the second number
is 2 greater than the first, which means it's 10” or 100 times as great.

Very small numbers can be written in scientific notation by using negative exponents. Because
the decimal point has to be moved to the right instead of to the left, the negative sign is used to
indicate this. For example,
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.00000000032=3.2x10""°
.0000000413=4.13x10"®

The decimal point is moved until the value of a is between 1 and 10.

Multiplying and dividing numbers in scientific notation involves performing the operation on the
two separate portions of the numbers and then simplifying the result.

Example Problems
These problems show the answers and solutions.

Multiply 5.25% 10° and 2.6 x 10*.

answer: 1.365x 10"

(5.25x 10%)(2.6x10*)=(5.25%x 2.6)(10®x 10*)
=(13.65)(10")

The 13.65 isn’t between 1 and 10, so it’ll have to be rewritten in scientific notation and
combined with the power of 10.

(13.65)(10'*) = (1.365%x 10")(10"%)
=1.365x10"
Multiply (1.23x 10°)(6x 10™"*).

answer: 7.38x 10°®

(1.23x10°)(6x 10 ") =(1.23x6)(10°x 107 ')
=(7.38)(107%)
=7.38x10°®

Divide 4.392 x 10"° by 3.6x 10°.

answer: 1.22x 10°

4392x10"°  4.392 » 10"

36x10° 36 " 10°
=1.22x10°

Divide 1.72 X 107> by 4.8x 107"

answer: 3.58 x 10>

1.72x10° _1.72  10°
48x107° 48 7107

=.358333..x107° " “?
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The decimal part continues forever, so round it to three decimal places.

.358333...x107° "7~ .358x 10*

The first number isn’t between 1 and 10, so change it to scientific notation and combine it
with the power of 10 that follows.

.358x 10*=(3.58x 10" ") x 10*
=3.58x 10>

Work Problems

Use these problems to give yourself additional practice.

Change to scientific notation: 830,000,000,000,000,000.

Change to scientific notation: .0000000000001723.

Multiply and write the answer in scientific notation. (3.412x 107 '*)(6.417x 107?)
Divide and write the answer in scientific notation. (1.221x 10%) +(3.3x 107*)

Which is larger? 82,000,000,000,000,000,000,000 or 81,000,000,000,000,000,000,000,000

Worked Solutions
830,000,000, 000,000,000 = 8.3 x 10"’

.0000000000001723=1.723 x 10 *

2.1894804 x 10 *°

(3.412x 107 ®)(6.417x107°)=(3.412x6.417)(10 *x 107?)
=(21.894804) x (10™*")
=(2.1894804x 10') x (107%")
=2.1894804x 107 %°

3.7x10°

3 L —ay_1.221_ 10°
(1.221x10°) = (3.3x 10 %) =-55 X107

=.37x10’
=3.7x10"'x 10’
=3.7x10°

The second is larger. 82,000,000, 000,000,000,000,000=8.2 x 10*
81,000, 000,000,000, 000,000,000,000= 8.1 x 10* So, the second number is
much larger.
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Chapter Problems and Solutions

Problems
Wirite x > 2 in interval notation.
Write —2 < x < 1in interval notation.
Graph the values on the interval [-3,5].
Graph the inequality 2 < x < 9.
Add -8 + 5.
Add —13 + (—=11).
Subtract 4 — (—18).
Subtract —6 — 3.
Multiply —8(-3).
Multiply 4(-2).
Divide —5°.

Simplify LA—LS).

Distribute —3(6a — 2b + 1).

Distribute —y (y> -y + 3).

Simplify 8y~
P 4X—4y3-
zxzy—s -2
impli .
Simp 1fy( axy )
Write in lowest terms w
12ab™-8a" b
Subtract and write in lowest terms =] 3 — i.
4y° 16y
Multiply and write in lowest terms 16x° 35—y6
PY 25y° 20x"
6mn°
- - 5xy
Simplify amint
25xy

Change % to a decimal and a percent.

Change .425 to a fraction.
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Change .3636... to a fraction.

Change 45% to a fraction.

Change %O to a percent.

Write 46,000,000,000,000 in scientific notation.

Change 3.524 x 10™'® back to a decimal number.

Simplify (

4.23%x10°)(2.4% 10%).

Answers and Solutions

Answer:
Answer:
Answer:
Answer:
Answer:
Answer:

Answer:
and then

Answer:
negative.

Answer:
Answer:
Answer:

Answer:

[2,0) The bracket with the 2 shows that the 2 is included in the answer.
(-2,1] The parenthesis with the —2 shows that —2 is not included in the answer.
e The solid dots indicate that both —3 and 5 are included.

<99~ The hollow dots indicate that the 2 and 9 are not included.
-3 The signs are different, so you find the difference between the numbers.
-24 The signs are the same, so you find the sum.

22 Change the subtraction to addition; change the second number to a positive;
add.

-9 Change the subtraction to addition and change the second number to a

24 There are two negative signs, so the product is positive.
-8 There is one negative sign, so the answer is negative.
-8 There is one negative sign, so the answer is negative.

-12 There are three negative signs, so the answer is negative.

Answer: -18a + 6b -3 Each sign in the product changes from those in the parentheses.
Answer: —-y*+y”—3y Each sign in the product changes from those in the parentheses.
10
Answer: == Move the factors with negative exponents; then simplify.
8X6y_3 8X6X4 leo
4X74y3 - 4y3y3 - y6
9
Answer: ax? y’
zl ’1 -2
2x 2x" y

2 -3 -2_ Zx2y4 -2_
3xy ™ )\ 3xy® |

(2Zxy\ 7 [ 3\ 9
3 \Zxy _4xzy2

3%y
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20a’-3b

b’ -aa° Divide each term by the greatest common factor, 2ab”.

Answer:

402> b*— Gab® _ 407 a" b~ @ Ab" 2047 3b
12ab°~8a"b*  17° 4p* ~g*a* p* Gb'-4a’

20- 3y’

A ]
nswer 16y 5

Find a common denominator before subtracting.

5 3 _5 4 3 y* 20 3y’ 20-3y’

4y 16y 4y* 4 16y y? 16y’ 16y° 16y°

28y° 18X 35y 28y’

Reduce first and then multiply. : =

Answer:

25x* 25’ y* P x* 25x7
Answer: % Multiply the numerator by the reciprocal of the denominator.
6mn*
S50 _Ein” 2-5 X _
25xy

Answer: .8 and 80% Divide 5 into 4.

17 . 425 17
Answer: 20 Put 425 over 1000 and reduce the fraction, 1000 -~ 40
Answer: % Put 36 over 99 and reduce the fraction, gg 141

Answer: zlo First, 45% is equivalent to the decimal .45. Then put 45 over 100 and

reduce the fraction.

Answer: 5% First, divide the 1 by 20 to get the decimal .05. Then move the decimal
point two places to the right to get the percent.

Answer: 4.6 x 10"

Answer: .000000000000000003524

Answer: 1.0152x 10" First, rearrange the factors for multiplication,
(4.23-2.4)(10°x 10°) = 10.152x 10"". This isn’t in scientific notation, because

the first number isn’t between 0 and 10. Move the decimal place and recombine.
10.152x10'"=1.0152%x10'x 10"=1.0152x 10",

Supplemental Chapter Problems

Problems

Write the interval [-1,1) in inequality notation.
Graph the inequality x < 8.

Write the inequality —12 < x < 1in interval notation.



Chapter 2: Numbers 105

Add (-4) + 9.

Add 6 + (—15).
Subtract -2 — (—8).
Subtract =5 — 10.
Multiply —5(6).
Multiply —11(-1).
Divide %
Slmpllfy

Distribute —(4x — 3y + 8).

12)

Distribute —a(2a”*—3a+ 1).

) . 36m>n’p?
Slmpllfy W.
o 18y %2z \ '
Simplify (#)
Add and write in lowest terms 1 62(

a‘’b+o’ 15b(a—c)“
9*(a-0o’ 2a*(b+9”

Multiply and reduce

48xyz  16x*y’z*

Divid - .
MIC® 3547 p2c2  2Bab’c?

9
Simplify ﬁ.
35a
Change % to a decimal and a percent.
Change .625 to a fraction.
Change .405405... to a fraction.
Change 6% to a fraction.
zio to a percent.
Write in scientific notation .0000000001635.

Change back to a decimal form 9.2 x 10"

Simplify (5.2x 107°) = (4x 107'°).
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Answers
-1<x<1 (Number Lines, p. 73)

<=————0——> (Number Lines, p. 73)

[-12,1) (Number Lines, p. 73)

5 (Addition of Signed Numbers, p. 75)

-9 (Addition of Signed Numbers, p. 75)

6  (Subtraction of Signed Numbers, p. 78)

—15 (Subtraction of Signed Numbers, p. 78)

-30 (Multiplication and Division of Signed Numbers, p. 80)

11 (Multiplication and Division of Signed Numbers, p. 80)

8 (Multiplication and Division of Signed Numbers, p. 80)

10 (Multiplication and Division of Signed Numbers, p. 80)

—4x + 3y — 8 (Multiplication and Division of Signed Numbers, p. 80)
—-2a’+3a’-~a (Multiplication and Division of Signed Numbers, p. 80)

4
3’:{? (Exponents That Are Signed Numbers, p. 82)

32 7 (Exponents That Are Signed Numbers, p. 82)
3+10x T d Equivalent Fracti 86

122 (Lowest Terms and Equivalent Fractions, p. 86)
W (Multiplying and Dividing Fractions, p. 89)
_ 15D (vultiplying and Dividing Fracti 89
Taxy’ 2° (Multiplying and Dividing Fractions, p. 89)
5a’

i (Mixed Numbers and Complex Fractions, p. 91)
.52 and 52% (Decimals, p. 94)
(Decimals, p. 94)

(Decimals, p. 94)

yl|,, W= oojur
ow \1|u1 |

(Percents, p. 97)

15% (Percents, p. 97)

1.635x107"° (Scientific Notation, p. 99)
920,000,000,000 (Scientific Notation, p. 99)

1.3x10* (Scientific Notation, p. 99)



Chapter 3

Linear Equations and
Algebraic Fractions

format and rewriting expressions for more convenience. The material in this chapter is

aimed at applying the rules of algebra to situations where a solution or an answer to a
practical problem is needed. These linear equations are the first of many types of equations cov-
ered in this book. Many times, more complicated equations can be changed to this simple linear
form for solving.

Much of algebra involves learning how to manipulate symbols and operations—changing

Solving Linear Equations

Solving an equation means to determine what the variable represents so that the statement will
be true. To solve a linear equation, the answer is determined when the variable is by itself on one
side of the equal sign and the numerical answer is on the other side. This is what you're always
working toward as you perform operations to each side of the equation. A linear equation is one
in which the variable is to the first power and there’s only one solution. A property of equations
that allows you to solve them is that if you add the same thing to each side, subtract the same
thing from each side, multiply each side by the same number (except O), or divide each side by
the same number (again, except 0), then you don’t change the “truth” or the solution of the equa-
tion. It remains balanced, and this altered equation has the same answer as the original. Here are
the properties written symbolically:

Ifa=b,thena+c=Db+c.
Ifa=b,thena—-c=b-c.
Ifa=b,thena-c=b-c
Ifa=b,thena+c=Db+c

Here’s how adding the same thing to each side can help solve the linear equation 4 = x — 1.

4=x-1
Add 1 to each side: +1 +1
5=x

The solution is that the variable x is equal to 5.

Here’s how subtracting the same thing from each side can help solve the linear equation 8 = y + 3.

8=y+3
Subtract 3 from each side: —3 -3
5=y

The solution is that the variable y is equal to 5.

107
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Here’s how multiplying the same thing by each side can help solve the linear equation % =17.
Multiply each side by 2:2- 2 =7-2.

2
7-%2=72

z
z=14
Here’s how dividing each side by the same thing can help to solve the linear equation 3w = 6.
AW _6
Divide each side by 3: 3 3
w=2

In every case, an inverse was used to get the variable by itself on one side of the equation.
When something was adding or subtracting the variable, the opposite was done. Additive in-
verses are the opposite of one another, and their sum is 0. When something was multiplying or
dividing the variable, the opposite was done. Multiplicative inverses have a product of 1 when
they’re multiplied together. For more information on inverses, see “Properties of Algebraic
Expressions,” in Chapter 1.

Example Problems
These problems show the answers and solutions.

Solve forxinx — 13 =11.
answer: 24

The goal is to get the x by itself on one side. Because 13 is being subtracted from x, do
the opposite and add 13 to each side of the equation.

x—13=11
+13+13
X =24

Solve for z in -9z = 45.
answer: —5

The goal is to get z by itself on one side. Because -9 is multiplying z, do the opposite and

divide by —9.
-9z _ A5
-9 -9
~9z _45
—9 o)
z=-5
L=3,

Solve for y in 3

answer: 18
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Get y by itself by multiplying each side by 6. That’s the opposite of the dividing by 6 that’s
being done right now.

Y 3.
6 6—3 6
¢~%=3'6

y=18

Solve forxin 9 + x =—-11.
answer: —20

Get x by itself by adding —9 to each side. That’s the opposite of the 9 being added.

O+x=—11
-9 -9
x=—20

Solve foryin2y -4 =y.
answer: 4

In this equation, there are two terms with a y in them. Subtract 2y from each side to get
the y terms to the right.

2y-4=y
-2y -2y
_4:_y

This equation has the y term by itself, but it's negative y, not y. Think of the negative sign
as being —1. Then, by dividing each side by —1, the value of y can be determined.

-4_—y
-1 -1
j:ﬂ
-1~
4=y

Solve for x in 5x — 3x = 20.
answer: 10

In this case, it will require simplifying the terms on the left before each side can be
divided by the same thing to solve for x.

5x—-3x=20
2x=20

Zx _20
72
x=10



110 CliffsStudySolver Algebra |

Work Problems

Use these problems to give yourself additional practice.

In each of the following problems, solve for the value of the variable.

y+4=13
4x = 40
x—-5=-6
Zz _
“g=2
4x + 5x = 36
Worked Solutions
9 Add —4 to each side (or subtract 4 from each side).
y+4=13
-4 -4
y =
10 Divide each side by 4.
Ax _ 40
A T4
x=10
-1 Add 5 to each side.
x—5=-6
5 5
X =—1
-16 Multiply each side by —8.
z
-8 Z=2.(-8)
Pg
z=—16

-4 First combine the terms on the left. Then divide each side by the coefficient of x.

Ox=—36
Ix _-36
9 -9

x=—4
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Solving Linear Equations with More Than One Operation

When more than one operation is being performed on the variable in a linear equation, there
will have to be an opposite operation for each of these to solve for that variable. To solve it most
efficiently and correctly, there’s an important order in which to perform these operations.

First, simplify each side of the equation independently, distributing and combining like terms.

Second, get all terms with variables in them on one side of the equation, and the terms
without variables in them on the other side, by adding or subtracting terms.

Third, multiply or divide to solve for the variable.

Example Problems
These problems show the answers and solutions.

Solve for x in 13x — 4 =5x + 12.
answer: 2

Move the variables to the left and the numbers to the right by adding opposites or
subtracting. Subtract 5x from each side and add 4 to each side.

13x—4=5x+12

—5x - 5x
8& -4 = 12
+4 +4
8x = 16

Now divide each side by 8.
Bx_16
8 8
x=2

Solve for yin 5y + 2(y — 1) = 3y + 10.
answer: 3

First distribute the 2 on the left side and combine like terms.

5vy+2(y—-1)=3y+ 10
5y+2y—-2=3y+ 10
7y—2=3y+ 10

Next, subtract 3y from each side and add 2 to each side.
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7y—2=3y+10

—3y -3y
4y—-2= 10
+2 +2
4y = 12

Now, divide each side by 4.

Ay _12

4 4

y=3

Solveforzin3z+2z—1=8z-19.
answer: 6
First, combine the like terms on the left. Then subtract 8z from each side.

3z+2z-1=8z-19

5z—-1=8z-19
-8z -8z
-3z-1= -19

By subtracting the 8z from each side, the variable term is on the left, as is frequently
preferred. Some would rather not have the negative coefficient, though, and would have
subtracted 5z from each side, instead. Either way works fine—it’s just personal preference.

Now add 1 to each side and then divide by the coefficient of z.

-3z-1=-19
+1 +1
-3z =—18

73z _-18
73 - -3
z=6

Solve for w in 13"2_ 6 _ 5w+ 2.

answer: —2

The fraction can be dealt with in several ways, but the preferred way is to just get rid of it
by multiplying each side by 4.

4 13%=6_(5112) 4

A: 13w-6 =20w+8

A

13w—-6=20w+8
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Now subtract 20w from each side and add 6 to each side.

13w-6=20w+8

-20w —-20w

-Tw—-6= +8
+6 +6

-w = +14

Lastly, divide each side by —7.

The “Decimals,” section of Chapter 2 on page 94, provides some examples of how to
change from repeating decimals back to fractions. When all of the digits repeat, the
procedure is simple. If some digits at the beginning of the decimal don’t repeat, then it’s
a little more complicated. It takes solving linear equations to be able to do these decimal
to fraction changes, so the technique is discussed here.

Change the repeating decimal .19444... into its fraction.
7
answer: 5 -

To do this, first write an equation using the decimal and setting it equal to N.

N =.19444...

Next, multiply each side of the equation by whatever power of 10 will move the decimal
point so that the nonrepeating parts of the decimal will be on the left side and only the
repeating digits will be on the right. Because in this problem two digits don’t repeat,
multiplying by 100 will move the decimal point where you want it.

N =.19444...
100N = 19.444...

Now, each side of that new equation is multiplied by 10 to create a second equation with
only the repeating digits on the right.

1000N = 194.444...

Place the two equations on top of one another—with the larger coefficient of N on the
top—and subtract.
1000N = 194.444...
—100N=-19.444...
900N =175

All of the repeating 4s subtract one another and disappear.
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Now divide each side of the equation and reduce the fraction.

900N 175

900 900

175
N=3560

7

N:%

Work Problems

Use these problems to give yourself additional practice.
Solve form.8m -3 =5m -6
Solve for t. 3(t —4) + 2t = 4t — 7
Solveforx.5 —x=7(x+4)+ 1
3z+2

Solve for z. =5 = 10—z

Find the fractional value for the repeating decimal 0.1777....

Worked Solutions

-1 Subtract 5m from each side and add 3 to each side.

8m—-3=5m-6

—-5m -5m
3m-3= -6
+3 +3
3m = -3
Now divide each side by 3.
Am _-3
3 3
m=-—1

5 First, distribute the 3 and combine like terms on the left.
3(t—4)+2t=4t—-7

3t—12+2t=4t-7
5t—12=4t-17
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Subtract 4t from each side and add 12 to each side.

5t—12=4t-7
-4t — 4t

t—-12= -7

+12  +12

t = 5

-3 Distribute the 7 and combine like terms on the right.

5-x=7x+4)+1
5-x=7x+28 +1
5-x=7x+29

Add x to each side and subtract 29 from each side.

5-x=7x+29
+Xx +X

5 =8x+29

-29 -29

-24 =8x
Now, divide each side by 8.

—24 _ Bx
8 g
-3 =x

6 First, multiply each side by 5 to get rid of the fraction.

.ﬂ:(1o_z).5
B
3z+2=50-5z

Now, add 5z to each side and subtract 2 from each side.

3z+2=50-5z
5z 5z
8z+2=50
-2 -2
8z =48

Now, divide each side by 8.
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8

a5 Let N=.1777. ..

Multiply each side by 10 to get the repeating part alone on the right.

ION = 1.777...

Multiply each side by 10, again, to get another equation.

100N = 17.7717...

Subtract the second equation from the third.

100N=17.7717...
—-10N=-1.7717...
O9ON=16
Divide each side by 90.

9N _ 16

90 90
_16 _8
N=90=125

Solving Linear Formulas

Formulas are the backbone of science and business and any other mathematical application. In
geometry, there’s P=2/+2w, A= % h(bi+bz), C=2nr; in finance there’s P = R — C; and when
you're traveling, there’s d=rt or °C= g( °F-32).

Frequently, it's more efficient to solve a formula for a particular variable—other than the one it’s
already solved for—to save on repeating the same operations. For instance, if you want to use
400 feet of fencing to build a rectangular yard and want to figure out what the dimensions
should be, you start with the formula for the perimeter of a rectangle, P = 2/ + 2w. The P is the
perimeter, or the distance around the outside. You know that will be the 400 feet. You want to

be able to choose a length and then determine what the width will have to be. To do this, take
the original perimeter formula and solve for w.

Get the variable w by itself on the right side by subtracting 2/ from each side.
P=2l+2w
-21-21
P—-21=2w

The P and the Is don’t combine—they’re two different variables, so the left side can’t be
simplified. Now divide each side by 2.

z 7
P-2I _
r-a_,
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Substitute 400 for the P and try some fencing dimensions.

_ 400-2
w=—"7

If you want a length of 40 feet, what will the width be?

_400-2(40) _ 400-80 _ 320 _
w= > = > == =160

That would be a long, narrow yard. Now try a length of 100 feet.

_400-2(100) _ 400-200 _ 200 _
w= 2 = > == =100

That would be a square yard—the length and width are the same.

Example Problems
These problems show the answers and solutions.

Given the formula for the area of a rectangle, A = Iw, solve for I.

_A
answer: [= W

Divide each side by w.

g>

SN

o

Given the formula for the area of a trapezoid, A= % h(bi+b:), solve for b:.

answer: b= %

A trapezoid is a four-sided figure with the two bases (b and b.) parallel to one another.
The distance between those two bases is the height, h.

To solve for either of the bases, in the parenthesis, first multiply each side by 2 to get rid
of the fraction, and then divide each side by h, leaving the parentheses alone on the right.

2-A=7-Lhibi+b2)

7

2A=h(b:i+Db;)
24 Kbi+by)
h A
%:bﬁ-bz

Now subtract b, from each side.
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2A

T—bz:bl-l-bz—bz
b1:%—b2

You can write the right side as one fraction if the common denominator, h, is used in the
second term.

b,h _2A-b;h

_2A
e A

Solve for h in the formula for the surface area of a cylinder (think of the sides, top, and
bottom of a soup can), A = 27r(r + h).

A-2nr’

answer: h = r

This could be done in a similar fashion to the previous example, dividing by the 27r and
then subtracting the r from each side. Instead, here’s another approach—distributing the
2 7r first.

A = 2mr(r + h)
A = 2nr(r) + 2nr(h)
A =2nr’+ 2nrh

Now, the term on the right without the h in it is subtracted from each side.
A=2nr*+2nrh
—-2nr’—2nr’

A-2nr’=2nrh

Lastly, divide each side by 27r to solve for h.

A-2nr’ _ 2xth
2mnr ;nf
A-2mr’
2nr =h

Work Problems

Use these problems to give yourself additional practice.

Given the formula for profit equaling Revenue minus Cost, solve for Cost, C. P=R - C

Given the formula for the area of a trapezoid, solve for the height, h. A= % h(bi+b2)

Given the formula for the distance traveled based on the time and rate of speed, solve for
the time traveled. d = rt
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Given the formula for determining degrees Celsius when given degrees Fahrenheit, solve
for the degrees Fahrenheit, F. °C = %("F -32)

Given the formula for the total amount in an account, the Principal that was initially

invested, and the interest added in, solve for the amount of time that the Principal
was invested. A = P + Prt

Worked Solutions

C =R -P To solve for C, start with P = R — C and subtract R from each side. You'll have a
negative C, but that can be remedied by multiplying each side by —1.

P =R-C
-R - R
P-R=-C
-1(P-R=-1(-0)

~P+R=C or C=R-P

h= ﬁ Multiply each side by 2 to get rid of the fraction and then divide each side

by the values in the parenthesis.

2.A=2- L hbi+by)

Z
2A=h(b+b;)
24 _hboAb7)

(bi+b2) (b 7)

2A
(bi+bz) =h

t= % Start with d = rt. Divide each side by the rate, r.

d_rt
ry
d_
gt
°F=2.°C+32 Start with°C=2 (°F-
=5 art with C—9( F-32).

First multiply each side by the multiplicative inverse of g Then add 32 to each side.

o I B o

°C=2-Z(°F-32
5 9( )

°C=°F-32

32 +32

o |+ vio uvo

°C+32=°F
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A-P

= Pr

Start with A = P + Prt.

First, subtract P from each side. Then, divide each side by the coefficient of t, Pr.

A=P+Prt
P -P
A-P=Prt
A-p _Dit
Pr pf

A-P
Pr

=t

Ratios and Proportions

A ratio is an expression or a way in which you can compare numbers to one another. If you're
talking about “the ratio of 3 to 4,” then you're comparing 3 and 4. A convenient way of doing
this is to write it as a fraction, % Then you can get more3 information about how 3 compares to 4
by changing it to a decimal and a percent. The fraction Z is equal to .75 as a decimal and 75% as
a percent. Three is 75% of 4. If you reverse the order and want to talk about the ratio of 4 to 3,
the fraction becomes % which is 1.333... (round that to 1.33) and is equivalent to 133%. So 4 is
133% of 3. For more on fractions, decimals, and percents, see “Decimals,” in Chapter 2. Another
popular way to write the ratio 3 to 4 is to use a colon, 3:4. In this section, however, ratios will be
written as fractions, because they're the easiest to deal with in algebra.

When two ratios are written in an equation as being equal to one another, you have a proportion.
Proportions have several handy properties that make them popular for use in solving algebraic
applications and their equations.

Some properties of the proportion % = %;

% = % is equivalent to a - d = b - c. This means that their cross products are equal.

% = % is equivalent to g = % This means that you can flip a proportion for more ease in
solving a particular problem.

a_c

b= g can be reduced in four ways. Look for common factors in a and b, c and d, a and c,
or b and d. You can reduce fractions vertically or horizontally.

. . 12 _ 20
Consider the proportion 15 =25
The cross products are equal: 12 - 25 = 15 - 20, 300 = 300.
The flipped proportion is equivalent: }_F2> = %—g 15-20=12- 25, 300 = 300.
4
Reduce fractions vertically: 12 _ 20 ﬁ =20 4.25=5-20,100 = 100

157 25" 345 25

12 20 12 12-5=15-4,60 =60

15~ 2515 25:
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12_20 X2 _20°

152515 ~ 25"
20 12 .5-3.20,60 =60

5

Reduce fractions horizontally:
12 _20 12 _
15 25 315 B

The following examples show how using the properties of proportions, shown previously, helps
in solving problems.

3.25=15-5,75=175

Example Problems
These problems show the answers and solutions.

Solve for x in the proportion, % = ;—g
answer: 20

Reduce the proportion and then cross multiply and solve the equation for x.

x _J5

35 28,

7x=35-4=140
7x =140

7x _ 140
77

x=20

Solve for z in the proportion g = %

answer: 13

By flipping this new proportion, the problem suddenly becomes much easier.

z _26

1 2
_ 26
)
z=13

Two out of three of the people who signed up for the course are biology majors. If 285
people signed up for the course, how many are biology majors?

answer: 190 people
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2 biology majors

. . 2 .
Write the ratio 2 out of 3 as 3 where 3 people signed up for the course’ and write a

X number of biology majors
285" people signed up for the course’

corresponding ratio

Now set them equal and solve the proportion for x.

2_ _x_
37285
2__x_
13 ;8595
2:95=1-x
x=190

A television commercial claims that 9 out of every 10 dentists surveyed recommended
Bliss toothpaste. If 450 of the dentists surveyed recommended Bliss, then how many did
not recommend it?

answer: 50 dentists

The ratio of those who recommended Bliss to dentists surveyed is % This could be set
equal to @ because the numbers recommending are on the top, and the total number
is on the bottom. So x represents the total number surveyed, not the number who didn’t
recommend it. Solve for that total number and determine how many didn’t recommend
it after that.

12 45050
10

X
1-x=10-50
x =500

So, if 450 of the total recommended Bliss, then 500 — 450 = 50 who did not recommend it.

.30 _ 27
Solve forym4—o— y+9"

answer: 27

First, reduce either vertically or horizontally. (Actually, both work, and you can do them in
either order.)

27

+
\O

B¢
\g\o k<II

\o)

B= Bed
<
+
)

<
+
\O
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Now cross multiply and solve the equation.

1(y+9)=4-9

y+9=36
-9 -9

y =27

Work Problems
Use these problems to give yourself additional practice.
Solve the proportion for x. 178 = %

Solve the proportion for y. % = IIT?E)

. nt+3 _n-3
Solve the proportion for n. >0 - 4

A cookie recipe calls for 3 eggs and 4 % cups of flour. You're in charge of the big bake

sale, and you’ll make cookies using the 360 cups of flour you have on hand. How many
eggs will you need?

In a local school, the records show that 5 out of every 8 students have a computer at home.
If there are 1856 students in the school, how many don’t have a computer at home?

Worked Solutions

10 Start with % = % Reduce both horizontally and vertically before cross multiplying
and solving for x.

3y
2

X 35
2_7
X 355
2_1
X5
2-5=x-1
x=10

3.9 Start with the proportion % = 11—30 First, reduce horizontally before cross multiplying
and solving for y.
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nZB3 =1 l_l 3 Reduce horizontally. Then cross multiply.

4.5 Start with

n+3 _n-3
20 A

(n+3)-1=5(n-3)

n+3=5n-15

—5n —5n

-4n+3=-15
-3 -3

-4n =-18

—4n _—18

—4 ~ -4
n=18-9-45

240 eggs Write a proportion with flour in the numerators and eggs in the denominators.
Let one ratio be for the original recipe and the other ratio be for the bake sale.

recipe flour _ bake sale flour
recipe eggs bake sale eggs

4.5 360
3 7 X
45x=3- 360
4.5x=1080
45x _ 1080
45 — 45
x =240

696 students First, consider the ratio 5 to 8. This is the ratio of students who do have a
computer to the total number of students. This means that the ratio of students who don’t
have a computer is 3 to 8. If 2 of the students have a computer, then 5 don’t. Write a
proportion with the students who don’t have a computer in the numerators and the total
number of students in the denominators.
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ratio who don't have a computer number who don't have a computer

ratio of all students a total umber of students
3__n_
8 1856
3__n
1g 1/8'56232
3_ n
1~ 232
3-232=1-n
n=0696

Operations with Algebraic Fractions

The two major groupings of operations on fractions are the multiplication and division and then the
addition and subtraction. The multiplication and division problems are sometimes considered to
be nicer to deal with because you don’t need to find a common denominator, but they can have
their own challenges when you get to the size of the answers.

Multiplying and Dividing Algebraic Fractions

When multiplying two or more fractions, the numerators are all multiplied together, as are the
denominators. That’s simple enough, and it’s carried over as the basis of multiplying fractions
that contain variables, as well. One technique used to make multiplying fractions easier is to re-
duce the problem before multiplying—if that’s possible. When multiplying fractions, as long as a
common factor is found in one numerator and one denominator, thei/ don’t even have to be in
the same fraction. For example, multiplying the numbers —? : % : % would contain huge num-
bers that would have to be reduced in the end. But, by reducing first, the multiplication problem
becomes more manageable. The 10 and 35 have a common factor of 5. The 14 and 21 have a
common factor of 7. And, the 42 and 39 have a common factor of 3. You can combine numbers
in other ways, and the equation still may be reducible after all this, but it makes the problem so
much easier to do it in this way:

Example Problems
These problems show the answers and solutions.

. Ax? . 15xy
Multiply 3y 7 -
3
answer: 10x

11y?
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The 4 and 22 have a common factor of 2; the 3 and 15 have a common factor of 3; and
there’s a common factor of y.

Ax” CV5xY ax* sx

- 2
3,y

Now, multiply the numerators and denominators.

22 5x _10x°
yz 11 11yz

_10a(a+3)> 24b°(b-2)°
Multiply 21b(b-2)° 25@+3)

. 16ab*(a+3)
answer: —3g b-2)

First, reduce the common factors.

"YOa(a+3)" "24b°(b-2)° 2a(a+3)’ 8b’(b-2)
2b(b-2°  25a+3) 7b(b-2)° 5@+3)

When reducing the binomials, like (a + 3), Just mark off the exponents rather than the
whole thing, unless the entire factor is divided out.

2a(a+3)" 8°(b-2) _2a@+3)" 8b°> (b~7)
7b(b-2)°> 5S(a+3) 7b(b-2)"  5(a+3)

_2a@+3) 8’
~7b(b-2) 5
_16ab’(a+ 3)
~ " 35b(b-2)
_16ab’(a+3)
~ " 35(b-2)
o 12(x+3)(y—2)" | 18(x+3)
Divide 25xyz : 5x2yz3'
2xz* (y-2)*
answer.m

When dividing fractions, the problem is changed to multiplication by flipping the second
fraction. Any reducing of common factors cannot be done until the problem is changed to
multiplication.

12(x+3)(y—-2)" . 18(x+3)* _12(x+3)(y—2)" 5x"yz’

25xyz " osx’yz’ 25xyz 18(x +3)*

Now the common factors can be divided out.
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Yx+3)(y-2)" Bx'yz’ 2x+3)(y-2)° x’yz’
5;5x_yz 3],8(x +3)? 5xyz 3(x+3)°
_2x#43)(y-2)° xMyz”
5XYZ  3(x+3)"
_2(y=2)" Xz’
- 5 3(x+3)
_ 2xz*(y-2)*
" 15(x+3)

Work Problems
Use these problems to give yourself additional practice.
14a’b 40x’y°®
15xy* 21a*b*’
- 16(x+3) 9(y-2)°
Multiply 27, =2) 8(x+3)"
A2xy(y-2)* 55a’b°

11a’ 21x(y—1)*
@-1)(b+2)c . (a-1)>c’
x-1)y+2)z " (x-1)(y+2)*

9a’b’(c+8) . 6a’b*(c+8)°
20ab*(c-8)> © 5(c-8)°

Multiply

Multiply

Divide

Divide

Worked Solutions
6
;:f b’ First, reduce the fractions and then multiply.
21/4?/1!5 . 846X11yﬂ6:;. 8xy6 _ 16X_V6
1Bxy" pafibF 3 3a'D’ 9a’D’
2
# First, reduce the fractions and then multiply.
2}6(};{/3/) . 190/_2),?‘2 :;. (y—Z)Z _ Z(y—Z)Z
y-7) Bx+3) 3 1 3
3 2
% First, reduce the fractions and then multiply.

‘WAywy-2)" 554D’ _2y(y-2) s> _100°y(y-2)'b’
MNa?! Nx(y-1)* a v-1° ay-1)°
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b+2)(y+2)°
@-1c’z
and multiply.

First, flip the second fraction and change it to multiplication. Then reduce

@-1)(b+2)c . (@a-1°c> (a-1)(b+2)c x—1)(y+2)°

x-Dy+2)z  (x-1)(y+2)° &-Dy+2)z (@-1)’c’

@-1Nb+2)¢ -1y +2"_ (p+2) y+2)° _(b+2(y+2)
x~Ny+2z  (a-1)/'c? z (a-1)c* (a-1)c’z

First, change the problem to multiplication. Then reduce and multiply.

3
8a’b’(c+8)’

9a’b’(c+8) . 6a’b’(c+8)° _9a’b’(c+8) _ 5(c-8)’
20ab*(c-8)° © 5(c-8)°  20ab’(c-8)° 6a’b’(c+8)’

92" (c+8) B8 3P i 3

20ab" (c—8) Ga’(c+8)" 4ab® 2a(c+8)’ 8a'b’(c+8)

Sometimes, you don’t catch all the factors that need to be divided—especially when it’s a
long, complicated problem. Just do a second round of reducing, if necessary.

Adding and Subtracting Algebraic Fractions

To add or subtract fractions, you need common denominators. Every fraction involved has to
have exactly the same denominator—the same factors and the same number of each factor. The
two fractions here have the same factors, but they don’t have the same number of each factor.

3
x(x+1)*(x=3)

2
x> (x+1)*(x=3)*

- and

A common denominator—needed to add these two fractions together—has to contain the greater
number of each factor. So a common denominator for these would contain three factors of x, three
factors of (x + 1), and four factors of (x — 3). The fractions have to be multiplied by 1 so they’ll still
be equivalent to the same value, but they’ll have these common denominators. The 1 that they’'re
multiplied by consists of a fraction made up of the missing factors from the common denominator.
For the two fractions given previously:

2
XXt 1)33 x=3)° : % The 1 multiplying the fraction is made up of the missing factors.

2 x+ 1)(x—3)* . .
ot ) x=3) - xt D(x=3) Now this fraction has all of the factors needed.

3 X 2 Lx+ D)(x=3)" _
x(x+1)’x-3)" x* xX’(x+1)*x-3)" (x+1)(x-3)*
3x? 2(x+ 1)(x-3)°

x>(x+1)>°x-3)* x*(x+1)°’(x-3)*

These fractions can be added together, because they have the same denominator.
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Example Problems
These problems show the answers and solutions.

5 .. 8

2 3
X"y 3xy
15y %+ 8x

3x%y?

Add

answer:

The common denominator has to contain all of the factors of the denominator of each
fraction—with the greater amount of a factor that either has. The common denominator in
this case is 3x” y>. Rewriting the two fractions in the problem as equivalent fractions with
that denominator:

5 3y’ 15y°
Xzy 3_)/2 3x2y3

8 x__8&
3xy> 3x%y’

X
Now, the fractions can be added together.

15yZ 8x 15y2+8x
2 3+ 2 3 2.3
3"y~ 3x"y 3"y

2a _4b

Subtract E - 5
2 2
answer: 108 — 12D

15ab

The common denominator has to contain all of the factors of the denominator of each
fraction. These denominators have nothing in common, so each fraction will have to be
multiplied by the denominator of the other.

2a 5a_10a’
3b 5a 15ab
4b 3b _ 12D’
5a 3b  15ab

Now, they can be subtracted.

10a” _ 12b* _10a’—12b°*
15ab ~ 15ab 15ab

5 3 1
Addsyz et xx-2r
3 2
answer: 2X_—0x"+2x~12

x (x+2)(x-2)

The common denominator has to contain all of the factors of the denominator of each
fraction—with the greatest amount of each factor. The common denominator in this case
is x%(x+ 2)(x — 2). Rewrite each of the fractions with the common denominator:
5 x'(x-2)__ 5x'(x-2)
x+2 x*(x-2) x*(x+2)(x-2)
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3 x+2)(x—-2)_ 3(x+2)(x—2)

x> X+2)(x-2) x*(x+2)(x-2)

1 x(x+2)_ X(x+2)
X(x—=2) x(x+2) x*(x+2)(x-2)

Now, they can be added together.

5x*(x=2) . 3(x+2)(x-2) xX(x+2)  _
x'(x+2)(x-2) x*(x+2)(x-2) x*(x+2)(x-2)
5x*(x—2)+3(x+2)(x—2)+x(x+2)

x (x+2)(x-2)

Distribute the values in the three terms in the numerator.

5x°(x=2)+3(x+2)(x=2) +x(x+2) _
x*(x+2)(x-2)
5x>—10x*+3x* - 12+ x"+ 2x
x*(x+2)(x-2)

3 2
Combining the like terms in the numerator, the answer is X — Ox +2x-12
X (x+2)(x—-2)

Work Problems

Use these problems to give yourself additional practice.

Find the least common denominator for the fractions ;2+X12 and %
Add =35 + 2.,
Xy Yy
4 3(m+1)
2 + 2 .
mm+1)°" m°(m+2)
5 2
Subtract 3C—d - Cz—d3

1 5
Subtract omn ~ 12m’

Worked Solutions
a’x®> The common denominator has to contain all of the factors of the denominator of

each fraction—with the greater amount of a factor that either has. The common
denominator in this case is a® x°.

2
+
% Find the common denominator and then write the fractions as equivalent fractions.
3 .,5_3 ¥y .5 x
xy' oyt oxyt oyt oyt X
3y” | 5x
- 4 + 4
Xy Xy
_ 3y’+5x
== =
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Amm+2)+3m+1)°

Find a common denominator and add them.

mm+1)>(m+2)
4 3m+l) 4 mm+2) 3m+1) m+1)’
mm+1)> m*m+2 mm+1)> mm+2) m>*m+2) (m+1)°

__ _Am(m+2) 3(m+1)°
m*m+1)’m+2 m’(m+1)"(m+2)

_Amm+2)+3(m+1)’
m*(m+1)*(m+2)

This fraction can be further simplified using techniques found in the section, “Multiplying
Polynomials,” in Chapter 4.

2
% Find the common denominator, rewrite the fractions, and subtract.
5 2 _5 «_ 2 3
3cd  c*d® 3cd cd® c*d’ 3
5cd> 6
3c’d?® 3c*d’
_5cd’-6
3c’d?
2
M;T_sl:n Find the common denominator and subtract.
1 5 _ 1 4m* 5 3n
Omn  12m® 9mn 4m® 12m?® 3n
__4m* _ _15n
36m>n 36m’n
_4m’-15n
36m>n

Equations with Fractions

Many algebraic equations start out with fractions in them. This isn’t necessarily a problem, but
most people seem to be more comfortable with equations that don’t heavily involve fractions.
Sometimes an equation can be cleared of fractions just by multiplying each term in the equation
by a well-chosen number. That number is usually the common denominator of all the fractions
in the problem. A little more care has to be taken when there’s a variable in one or more of the
denominators. This situation is dealt with later in “Quadratic Equations” in Chapter 6.

Example Problems
These problems show the answers and solutions.

.4 1_5
Solve the equation IXt =g X

answer: x = —1

To clear this equation of fractions, multiply each term by the common denominator, 6.
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BRI

+3 5x

d

Now solve the equation by subtracting 8x from each side.

et

8x

8x+3=5x
-8 —8x
3=-3x

3 -3
-3 -3
-1=x
4-3y
Y

2y—1
5

Solve the equation -y=
answer: y = 8

The common denominator in this case is 20. Clear the fractions by multiplying through by 20.

‘20 (2y-1 _"20(4-3y
r\"g )T A
4(2y—1)-20y="5(4 - 3y)

Now distribute the two terms and solve for y.

8y—-4-20y=20- 15y
—-12y—-4=20- 15y

+ 15y = +15y
3y—-4=20
+4=+4
3y =24
3y _24
3 3
y=8
4z z-6_z ,  z+10
Solveforz.7+ 4 —2+ 2

answer: z=2 1%

The common denominator in this case is 84. That’s if you use all four denominators. Another
approach would be to find a common denominator for each side, separately, and then treat
the problem as a proportion, using all of the rules for proportions. For more on rules for
proportions, see “Ratios and Proportions” earlier in this chapter.
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On the left side, the common denominator is 14; on the right side, the common

denominator is 12.
4z , z-6_2 4z z-6_8z z-6_8z+z-6_9z-6
14 14

7 12 27112 “1at1a
z,z+10_6 z z+10_6z  z+10_6z+z+10_7z+10
2t 12 6212 T12t 12 12 12

Set those two fractions equal to one another:

9z-6 _7z+10
14 12

First, reduce horizontally and then cross multiply:

9z-6 _7z+10
4, U,

(9z—-6)-6=7-(7z+ 10)

Now distribute and solve for z:
(9z—6)-6=7-(7z+ 10)
54z-36=49z+70
-49z - 49z
5z-36= 70
+ 36 + 36
5z =106
6

Work Problems
Use these problems to give yourself additional practice.
Solve by first multiplying each side of the equation by the same number: XIB?’ = %
Y é _7
Solve for y. 3t 8

1 z
Solve for z. 8 § 7
+

3n, 1 _n
Solve for n. 20t10°10

7t 1 _ 3t
Solve for t. 30 " 15-25 +
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Worked Solutions

x+3_4

x =5 Starting with === o - multiply each term by 10.

E.x+3_21’€j

-4
1w 1 3
X+3=8

x=5

3 . . 3_7
y=3 Starting with % 28 multiply each term by 24.

z =1 Starting with % + % = % multiply each term by 6.

izaﬁg
g 1 3 1 Z
+

3n 3 .
n =1 Starting with 20" 10-10 +55 multiply each term by 20.

t =2 Starting with ;—6 - % g—; t 55 write the left side all as one term after finding the

common denominator. Add the two terms on the right. Then solve the proportion.

7t 2 1 _3t, 4
30 215 25'25

7t 2 _3tt+4

30 30 25
7t—2 _3t+4
36, 25,

(7t—2)-5=06(3t+4)
35t—10=18t+ 24
17t=34

t=2
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Chapter Problems and Solutions

Problems
In problems 1 through 9, solve for the value of the variable.

x+3=-8
y-5=14
6z=-18
W—_

5= 2
5x—-2=3x+6

3(y-2) =4y +1

xX+3 _
i =5

3(y-2) = 6(y + 2)

8t—-2-5t=2t+1

Find the fractional value for the repeating decimal .41666....

Solve for h in A = %bh.

Solve forrin A = P(1 +r).

. x _35
Solve forxmﬁ— 20"

. 56 _ 49
Solve for z in Z =14

.. n+6 _ 40
Solve for n in 9 -15°

The apple pie recipe calls for % cup of sugar per 4 cups of sliced apples. If you’re making
pies out of 350 cups of slice apples, how much sugar will you need?

. 10a’b+1)* 21(c+3)*
Multiply —751c573) " — 282

2 (x+ )(x—1) . 4x*(x—1)°

Divide 5x+2(x-2) * 55(x+2)°"
Add o2+ 2,

Subtract 3x()§— 0y~ XZ())((— o

Solve forxin%+%: 2X3+1
Solveforzin%—%_?_z_,_%'
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Answers and Solutions

Answer: -11 Subtract 3 from each side.

x+3=-8
-3 -3
X =—11
Answer: 19 Add 5 to each side of the equation.
y—-5=14
+5 +5
y =19

Answer: -3 Divide each side by 6.

6z _—18
6 6
z=-3

Answer: -10 Multiply each side by 5.

w _
5% =
w=

-10

Answer: 4 Add 2 to each side and subtract 3x from each side.

5x-2=3x+6
+2 +2
5x =3x+8
—3x - 3x
2x =

Now divide each side by 2.

Answer:-7 Distribute the 3 on the left side.

3(y-2)=4y+1
3y—-6=4y+1

Add 6 to each side and subtract 4y from each side.
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3y—-6 =4y+1
—4y+6 —-4y+6
-y =7
Multiply each side by —1.
—1(=y) = -1(7)
y=-7

Answer: 17 Multiply each side by 4. Then subtract 3 from each side.

4.-%%3 5.4
x+3=20
-3 -3
x=17
Answer: -6 Divide each side by 3. Then distribute the 2 on the right side.

3(y—-2) _6(y+2)
3 3

y-2=2(y+2)
y-2=2y+4

Subtract 4 from each side and subtract y from each side.

y—2=2y+4
-y-4 -y—-4
— 6 :y
Answer: 3 Combine the t terms on the left.

8t—-2-5t=2t+1
3t—2=2t+ 1

Add 2 to each side and subtract 2t from each side.

3t—2=2t+1
—2t+2 —2t+2
t = 3

Answer: % Let N = .41666...
Then 100N = 41.666...
And 1000N = 416.666...

Subtract 100N from 1000N.
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1000N = 416.666...
— 100N =—-41.666...

900N =375
Divide each side by 900 and reduce the fraction.

Answer: h= % Multiply each side by 2.

2.1
2:A=2 5bh

2-A=bh
Divide each side by b.

bh
b

>

Answer: r= # Distribute the P on the right.

A=P(1+r)
A=P+Pr

Subtract P from each side; then divide each side by P.

A=P+Pr
-P-P

CliffsStudySolver Algebra |

Answer: 14 Reduce vertically in the right fraction and then horizontally in the

denominators.

Cross multiply.
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Answer: 16 Reduce horizontally in the numerators and vertically on the right side.

Cross multiply.
8-2=1-z
16=z

Answer: 18 Reduce vertically on the right and horizontally in the denominators.

+6  40°

S

3

)
+ O

o
—|00 |00 5

6

S

W+ o

Cross multiply; then subtract 6 from each side.

(n+6)-1=8-3
n+6=24

-6 -6
n=18

5
Answer: 65 8

Set up the proportion with sugar in the numerators and apples in the denominators.

3

4 _ x

4 ~ 350

Reduce horizontally in the denominators.

3
4 _ x
Zﬁ ;50175
3

4 _ x

2 175

Cross multiply; then multiply each side by %
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3 ~x-
Z -175=x-2
525 _
5 - X
1.525_2x
2 4 2
—5§5 =X or x:65%
2 2 3
Answer: 6a”(b+ ;g)r, (c+3) Reduce the fractions before multiplying.

JOaZ b+ ) 2P (c+3)* _6a’(b+ 1)2(c+3)’

49 (c+3) 254 35
Answer: % Change the problem to multiplication. Then reduce the

fractions and multiply.

2 (x+1)(x=1) . 4x*(x=1)> _2x*(x+1)(x—1) 55(x+2)*
15(x+2)(x-2) * 55(x+2)° 15(x+2)(x-2) 4x*(x-1)°
:;/Z(x+1)(}/r). 55 (x +2)7
WAZ)x=2) 4’ (x— 1)”

:11(x+1)(x+2)

6(x-2)(x-1)*

Answer: 2);-'; 3 Find a common denominator; then add the fractions.
4 . 3_4 x 3 2_4x 6 _4x+6
ZX XZ_ZXX XZ Z_ZXZ ZXZ_ ZXZ

This can be reduced, because each term is divisible by 2. Dividing each term by 2, it’s

2x+3
x>
Answer: 7,5)( Find a common denominator and subtract.
3x"(x-1)
8 _ X _ 8 X X 3 _ 8x _ 3x
3x(x—1) x*(x—1) 3xKx—-1) X x*(x-1) 3 3x*(x-1) 3x°(x-1)
8—-3x ___ 5x

T3x(x—1) 3x (x—1)
Answer: 4 Multiply through by 12 to get rid of the fractions.

X X _ 45 2x+1

3x+6x=4(2x+1)

Combine the two terms on the left and distribute the 4 on the right.

3x+6x=42x+ 1)
Ox = 8x +4
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Subtract 8x from each side.

I9x=8x+4
-8x —8x
x=4
Answer: Any number Subtract the two terms on the left and add the two terms on the
right.
4z _z _3z 2z
5 4 10 8
42 A _z 5 3z 4 225
5 4 45 10 4 8 5
16z—5z _12z+ 10z
20 40
1z 227
20 40
Reduce horizontally in the numerators and denominators
Mz _ Mz
20 40,
z_2z
1 2
z=z

This statement is always true, so any number will work.

Supplemental Chapter Problems

Problems
In problems 1 through 9, solve for the value of the variable.

3x+5)=3x+13-x

_3_
g -2

4-x=x—-4

Find the fractional value for the repeating decimal .458333....
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Solve for rin A = Prt.

Solve forCinP=A + B + 2C.

inY - 21
Solve for y in A% =77
63 _36

Solve for z in 35° 2

.20 _12
Solve for n in n—7-21

In a survey, it was found that 4 out of every 10 people watched the Olympics on TV for at
least 2 hours. If 180 people did not watch them, then how many did watch the Olympics?

22x* y’z 40(a-06)

Multiply 35(a—6)22 33xy 27
.
Divide -~ +83,;L(m— 27" 28(m—:§;2 (tm—2)3'
Add %+ﬁ.
Subtract (a+b)l(la—b) - 3(a2—b)'
y, 1_y+1l

Solveforyin€+7— yi
+

.o z=1,3z+1_ z | z+
Solve for z in 100+ 20 —50+—10.

Answers
25 (Solving Linear Equations, p. 107)
—15 (Solving Linear Equations, p. 107)
9 (Solving Linear Equations, p. 107)
12 (Solving Linear Equations, p. 107)
-3 (Solving Linear Equations with More Than One Operation, p. 111)
-1 (Solving Linear Equations with More Than One Operation, p. 111)
—2 (Solving Linear Equations with More Than One Operation, p. 111)
49% (Solving Linear Equations with More Than One Operation, p. 111)
4 (Solving Linear Equations with More Than One Operation, p. 111)
;_111 (Solving Linear Equations with More Than One Operation, p. 111)
r= PAt (Solving Linear Formulas, p. 116)

_P-A-B

C 7l (Solving Linear Formulas, p. 116)
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12 (Ratios and Proportions, p. 120)
20 (Ratios and Proportions, p. 120)
37 (Ratios and Proportions, p. 120)

120 (Ratios and Proportions, p. 120)

2116_yxz (Multiplying and Dividing Algebraic Fractions, p. 125)
8t(m + gz(m ~2) (Multiplying and Dividing Algebraic Fractions, p. 125)
10+m®  (ayq s ing Algebraic Fracti 128

om? ( ing and Subtracting Algebraic Fractions, p. )
12-2(atb)

3@+b)(a-b) (Adding and Subtracting Algebraic Fractions, p. 128)

(Equations with Fractions, p. 131)

(or 1%) (Equations with Fractions, p. 131)

Nw W w
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Chapter 4

Polynomials and Factoring

ultiplication and division of algebraic expressions follow the basic rules regarding expo-

nents and variables that are alike or different. Different algebraic tasks require different

formats of the same expression. Sometimes you multiply and expand the expression.
Other times you factor or divide it. The goal is to change the form but keep the expressions
equivalent. This chapter has some special rules for dealing with these forms.

Multiplying Monomials
A monomial is an expression that has only one term. The following are monomials: 4, 4a, 4a’,
4a’ b, 4a’ bcde and 4a’ b(c+d)’.

A term is something that has one or more factors multiplied together, as do all of these exam-
ples. Monomials, binomials, and trinomials are all special types of polynomials. Poly- means
“many” and nom- means “name,” so polynomial is the generic word for these expressions that
have “many” or any number of terms. Bi- is for two; tri- is for three; and polynomials with more
terms than that don’t generally have special names—they’re just called polynomials.

In Chapter 1, in the section, “Combining ‘Like’ Terms,” examples show that only terms that are
alike as far as their variables and the powers of those variables can be added together. You can
add the monomials 4xy and 6xy to get 10xy, but you cannot add 4xy” to 6x” y, because they
are not alike. This situation can be compared to combining fractions. You cannot add or subtract
unless you have common denominators—denominators that are exactly alike. Adding and sub-
tracting things are generally more complicated in algebra. Not so with multiplying or dividing.
You can multiply monomials by adding exponents of the same variable and then writing the
numbers and variables as multipliers or factors of one another.

Example Problems
These problems show the answers and solutions.

Multiply 5xy - 4x* y.
answer: 20x° y*

5xy-4x’y=5-4-x-x*y y=20x>y*

A couple of properties are used here: the commutative property to rearrange the factors
and the associative property to group the factors for combining. An exponent law also
was employed. For more on the properties, see the section “Properties of Algebraic
Expressions,” in Chapter 1. Exponents are also discussed in Chapter 1.

145
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Multiply —3a“b*d( 5ab’c”).
answer: 15a°b°c’d

-3a’b*d(=5ab’>c*)=(-3)(-5)a*a-b>-b> c*d=15a’b°c’*d

The distributive property works for multiplying monomials over other expressions of two
or more terms. “Properties of Algebraic Expressions” in Chapter 1 shows you how to
distribute a number or variable over terms in parentheses. A monomial, which is made up
of any number of factors, can be distributed over other terms. The number parts of each
product in the distribution are multiplied; the variables that are alike have their exponents
added; and terms that are exactly alike can be combined.

Distribute 3x over the binomial 6x + 2.
answer: 18x”+ 6x

Multiply each term in the binomial by 3x.
3x(6x + 2) = 3x(6x) + 3x(2)
=3-6-x-x+3-2-x
=18x”+6x

Distribute —9a” b over the trinomial 2ab— 3a> - 1.
answer: —18a°b*+27a°b+9a’ b
When multiplying each term by —9a” b, don’t forget the negative sign.

-9a’b(2ab-3a’-1)=—9a’b(2ab)—9a’*b(-3a>)—-9a’b(- 1)
=—9-2-a>a-b-b-9(-3)-a*>a’>b-9(-1)-a’b
=—18a’b*+27a’b+9a’b

Distribute % over the binomial 4r’t* z*—9rtz’.
v4

answer: 8r°t— 18r° z

In this case, it might be easier to rewrite % using negative exponents before distributing.
That way, variables can be multiplied together more easily, and the answer can be
changed back to a fraction if necessary.

2r

tz—z=2rt_ll_z, SO

tzz—’z(4r2tzzz—9rtz3) =2t 2 2 (Art? 27 - Ort2?)
=2rt 'z Ar*t* z%) + 2t 27 (- 9rtZ’)
=2 4-rr*t "tz 2 =18t t 27720
=8r’t'z°~ 18r7t° 2"

=8r’t—18r’z
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Work Problems

Use these problems to give yourself additional practice.
Distribute 3xy(2x* y — 5xy ).
Distribute —2a” b* (3ab” + 4a’ b - 3).
Distribute 4x 'y ~'(3xy*+ 2x* y — xy).

2
Distribute 22~ (2a° ¢ + 3ad.

. . 1 2 3 3. .2 4
Distribut 3mp— 4 -5 .
lsrluemzn2p<mp m-n mnp)

Worked Solutions
6x’>y’-15x*y* Multiply each term by 3xy.

3xy(2x* y—5xy>) = 3xy(2x* y) + 3xy (- 5xy>)
=32 x x>y y+3(-5 -xxyy’
=6x> y*—15x* y*
-6a’b*-8a’b*+6a’b*® Multiply each term by —2a’b”.
—2a’b*(3ab’+4a’b—3)=-2a’b*(3ab’) —2a’b*(4a’b) - 2a” b* (- 3)
=—2-3-a”>a-b* b*-2(4)-a*-a’>b* b-2(-3)a’b’
=—6a’b*-8a°b’+6a’b*
12y+8x -4 The negative exponent is written as a fraction in the final answer.

4x7'y71(3xy2+ szy—xy) =4x71y71(3xy2)+4x71y71(2x2y)+4x7'y71(—xy)
=4-3 x"xy 'y’ +4@Q)x x>y y+4-1)x"xy 'y
— 12)(0y1+8X1y0_4)(0y0
=12y+8x-4

10a’c+ 15a’ Rewrite the fraction as a term with a negative exponent.

2
5%(2a3c2+3ac) =5a’c '(2a’c’+ 3a0
=512)a*>a’>c ' c*+5@B)a’*a-c’'c
=10a’c'+ 15a°c’

=10a’c+ 15a°
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3 7~ % -5mp°> Rewrite the fraction using negative exponents. Then change the final

mn .
answer back to a fraction.

1

m(3mp—4mzn3— 5m’>n*p*)=m*n?p 'Bmp-4m*n°*-5m>n’p*)

=m’‘n’p'Gmp+minip ' (-4m*n’)+m*n p '(-5m’n’ p*
_3 -2 -2 -1 -2 2 -2 3 -1 -2 3 -2 2 -1 4
=3m "mn "p p—-4m "m"n "n"p —-5m "m’n "n"p p
:3m—|n—zpo_4mon1p—1_5m1nop3

3 4n

0 3
" mn* P >mp

Multiplying Polynomials

Distributing a monomial through other polynomials is discussed in the previous section. A mono-
mial can multiply through two, three, four, or any number of terms. Multiplying a polynomial with
a binomial (two terms) or trinomial (three terms) or higher takes carefully chosen methods and or-
ganization. For instance, to multiply two binomials together such as (x + 2)(a + 3), you can use
the distributive property. Distribute the (x + 2) over the other two terms.

(x+2)a+3)=x+2)a) +(x+2)3)
= x(a) + 2(a) + x(3) + 2(3)
=ax+2a+3x+6

None of the terms are alike, so this can’t be simplified further.

The “FOIL” Method

Because multiplying two binomials together is a very common operation in algebra, a rather
simple acronym has been associated with this process. It’s called FOIL, and its application is a
preferred method for multiplying most types of binomials.

The letters in FOIL stand for First, Outer, Inner, and Last. These words describe the positions of
the terms in the two binomials. Each term actually will have two different names, because each
term is used twice in the process. In the multiplication problems given previously, (x + 2)(a + 3):

The x and the a are the First terms of each binomial.
The x and the 3 are the Outer terms in the two binomials.
The 2 and the a are the Inner terms in the two binomials.
The 2 and the 3 are the Last terms of each binomial.

These pairings tell you what to multiply:

F: multiply x - a
O: multiply x - 3
I: multiply 2 - a
L: multiply 2 - 3

Add these together, x -a+x-3+2-a+2-3=ax+ 3x+ 2a + 6. It's the same result, in a
slightly different order, as the problem done with distribution.
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When using this FOIL method, you’ll notice that, when the two binomials are alike—that is, they
have the same types of terms—the Outer and Inner terms combine, and the result is a trinomial.
If they aren’t alike, as shown by this last example, then none of the terms in the solution will
combine, and you'll have a four-term polynomial.

Example Problems
These problems show the answers and solutions.

Use FOIL to multiply (a — 4)(a + 2).
answer: a’—2a—8
Identify the products in FOIL.
F:a-a O:a-2 I: -4 -a L:-4-2

(a-4)(a+2)=a*+2a-4a-8

=a’-2a-8
Use FOIL to multiply (Zm + 5)(3m — 7).
answer: 6m”+m— 35
F: 2Zm - 3m O: 2m(=7) [: 5-3m L: 5(-7)

(2m+5)(3m—-7)=6m*—14m+ 15m - 35

=6m*+m-—35
Use FOIL to multiply (4x — 3)(y + 1).
answer: 4xy + 4x — 3y — 3
F:4x -y O:4x -1 -3y L: -3 -1

Ax - 3)(y+1)=4xy+4x -3y -3

Use FOIL to multiply (@’ —9)(a’— 11).
answer: a’ —20a”+99

F:a’-a’ O:a’(-11) : —9-a° L: —9(-11)
@ -9)a’*-11)=a*-20a’*+99

Other Products

It’s nice to have this pattern or method to multiply two binomials together. Unfortunately, no
other really handy tricks exist for multiplying other polynomials. Basically, you just distribute the
smaller of the two polynomials over the other polynomial.
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Example Problems
These problems show the answers and solutions.

Multiply the binomial times the trinomial (x — 3)(x*+4x—1).
answer: x°+x°—13x+3
The binomial will be distributed over the trinomial.

(x=3)(x"+4x—1)=(x=3) x"+ (x = 3) - 4x + (x = 3)(— 1)
=x x"=3x"+x-4x=3-4x+x(-1)=3(- 1)
=x’-3x"+4x"— 12x—x+3
=x’+x’-13x+3
Multiply the trinomial times the trinomial (c”+ 2c— 1)(3c’+ c* +4).

answer: 3c’+7c’—c>+3c*+8c-4

This time, neither polynomial is smaller than the other. Just distribute the first trinomial
over the second.

(c®+2c—1)(3c’+c*+4)=(c*+2c—1)-3c’>+(c*+2c—1)-c*+(c*+2c—-1)- 4
=c>3c’+2c-3c’-1-3c>+c* c*+2c-c*—1-c*+c*4+2c-4-1-4

=3c’+6¢c*-3c’+c*+2c>—c*+4c*+8c—4

There are lots of like terms to be combined to finish this problem.

=3c’+7c*-c*+3c*+8c—-4

Work Problems

Use these problems to give yourself additional practice.
Multiply using FOIL (x + 5)(x — 3).
Multiply using FOIL (5y =7)(6y —1).
Multiply using FOIL (3z%+ 7)(2z* + 3).
Multiply using FOIL (3a— 2)(a’+ 2).

Multiply (2n*+ 3)(4n* - 6n”+9).
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Worked Solutions
x’+2x-15 Using FOIL, find the four different products and simplify the results.
x+5)(x—3)=xx+x(—3)+5-x+5(—3)
=x’-3x+5x-15
=x’+2x-15

30y*-47y+7 Using FOIL, find the four products and simplify the results.

(By-7)(6y—1)=5y-6y+5y(=1)-7-6y—-7(-1)
=30y’-5y—42y+7
=30y’ -47y+7

6z*+23z*+21 The Outer and Inner terms will still combine in this problem.

(Bz*+7)(2z°+3)=32"2z"+32"3+7-2z"+ 21

=6z"+9z"+ 14z + 21

=6z"+23z"+ 21
3a’-2a’+6a-4 In this case, the binomials aren’t the same, so the Outer and Inner
products won’t combine.

(Ba-2)(a*+2)=3a-a’+3a-2-2-a’-2-2
=3a’+6a-2a*-4
=3a’-2a’+6a-4

This last step is just cosmetic. It’s better form to write the answer in decreasing powers of
the variable.

8n°+27 This is a special product. It’s the result of multiplying the sum of two cube
roots times their squares and product. You’ll see more on this in the next section. You
can sometimes save yourself time if you recognize it for being that special arrangement
and use the pattern instead of multiplying it out as shown.

(2n*+3)(4n*—6n*+9)=(2n*+3)-4n*+ (2n*+ 3)(—- 6n*) + (2n*+3) -9
=2n*-4n*+3-4n*+2n*(-6n*)+3(-6n")+2n*-9+3-9
=8n°+12n*-12n"-18n"+ 18n*+ 27
=8n°+27

Special Products

Any polynomials can be multiplied together. Many different types of multiplications are classi-
fied by the number of terms in the multiplier. Some products, though, are made easier to per-
form because of patterns that exist in them. These patterns largely are due to the special types
of polynomials that are being multiplied together. Whenever you can recognize a special situa-
tion and can take advantage of a pattern, you’ll save time and be less likely to make an error.
Here are the special products:
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(a+b)a-b)=a“—Db*

(@a+b)*=a’+2ab+b*

(@a+b)’=a’+3a’b+3ab’+b>and (a—b)’=a’—3a’ b+ 3ab’— b’
(@+b)(a’—ab+b®)=a’+b’ and (a—Db)(a’+ab+b*)=a’-b’

Special Product #1

(@+b)(a-b)=a’-b*
This represents the product of two binomials that have the same two terms, but the terms are
added in one binomial and subtracted in the other. It’s better known as, “The sum and the differ-
ence of the same two numbers.” Notice that, if FOIL is used here, the Outer product, —ab, and

the Inner product, ab, are the opposites of one another. This means that they add up to O, leav-
ing just the first term squared minus the last term squared.

Example Problems
These problems show the answers and solutions.

(x+4)(x—4)

answer: x“— 16

Just square the first and last terms. (x + 4)(x — 4) =x*-4*=x"-16
(t>+3)(t>-3)

answer: t°— 9

2 +3)(t>=3)=(t’)*-3*=t°-9

(abc + 11y)(abc — 11y)
answer: a“b’c’—121y*

(abc+ 11y)(abc— 11y) = (abd*— (11y)’=a’ b’ c’*— 121y*

Special Product #2
(@+b)’=a’+2ab+b’*

This product is of a binomial times itself. It’s known as, “The perfect square trinomial.” The pattern
is that the first and last terms in the trinomial are the squares of the two terms in the binomial.
The middle term of the trinomial is twice the product of the two original terms. Because the first
and last terms are squares, they’ll always be positive. The sign of the middle term will depend
upon whatever the operation is in the binomial.
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Use FOIL on the square of a binomial:

(@+b)’=(a+b)a+b)=a-a+a-b+b-a+b-b=a’+ab+ab+b*=a’+2ab+b’

Using the special product on (a+ b)?, first write down the squares of the two terms:
a’ b*

Then double the product of the two terms: 2ab. That’s the middle term.

a’+2ab+b*

Example Problems
These problems show the answers and solutions.

(z+3)*
answer: z°+6z+9

The squares of z and 3 are z” and 9. The product of the two terms is 3z. Double that to
get 6z.

(z+3)°=z"+2-2-3+3’=2"+6z+9

6-m)*
answer: 36— 12Zm+m°

6-m?*=6°+2-6(-m)+m*=36-12m+m°

(3b+ 2a)”
answer: 9b” + 12ab+ 4a°*

(3b+2a)*= (3b)*+ 2(3b)(2a) + (2a)*=9b* + 12ab+ 4a”

Special Product #3
(a+b)’=a’+3a*b+3ab*+b> and (a-b)’=a’-3a’ b+ 3ab’-b>

There are methods for finding all powers of a binomial such as (a+ b)*, (a+b)’, (a— b)™, etc. You
can use the Binomial Expansion and/or Pascal’s Triangle, which are topics in an Algebra Il course.
Cubing a binomial is a common task, and the pattern in this special product helps. When the sum
of two terms (a binomial) is cubed, there’s a 1-3—-3—1 pattern coupled with decreasing powers of
the first term and increasing powers of the second term. In the answer, note whether instead of
all positive signs, if there’s a difference that’s being cubed, then the only change in the basic pat-
tern is that there are alternating signs.
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Example Problems
These problems show the answers and solutions.

x+1)°

answer: (x+ 1)°=x>+3x*+3x+ 1

Using the 1-3—-3—1 pattern as the base, the powers of x—x>,x*,x', x *—are placed with
their decreasing powers, right after the numbers. Note that the x° isn’t written that way,

but as a 1, instead. Then the increasing powers of 1—1°,1', 1?, 1°’—are placed with the
numbers and x’s. The terms are then simplified.

1-x°+3- x> 1"+3 - x"" 1"4+1-’°=x>+3x*+3x+ 1

y+2)°
answer: y +6y’°+ 12y +8

This time the two terms have O exponents for emphasis—especially the number 2, which
shows how the powers increase with each step. Now, simplify the expression.

1-y*2°43.y22'+3-y" 2241 .y° 2°=y>+6y*+ 12y +8

As you can see, the 1-3—3—1 pattern has disappeared, but using it to build the product
was simpler than multiplying this out the “long way” with distribution.

(4-m)’
answer: 64— 48m+ 12m*—m’
Whenever the —m is raised to an even power (O power and second power), the term will

be positive. Whenever the —m is raised to an odd power (first power and third power),
the term will be negative.

1-4°m°+3-4°(-m)'+3-4"- (-m)*+1-4° (—m)°=64-48m+ 12m* - m’
(2a-c*)’
answer: 8a°— 12a”c”+ 6ac* - c°

Here, this simplification is shown in two steps, first dealing with the powers of powers
and then with the final products in each term.

1-8° 1+3-4a* (-c’)+3-2a" (c")+1-1-(-c®)=8a’-12a’c*+6ac*-c°

Special Product #4
(@+b)(a’—ab+b*)=a’+b> and (a-b)(a’+ab+b*)=a>-b>

These products are paired because of their results. These are very specific types of products. The
terms in the binomial and trinomial have to be just so. You wouldn’t necessarily expect to see
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such strange combinations of factors to be multiplied except that these wonderful results do
occur. Also, these combinations of multipliers will show up again when factoring binomials.

The first multiplier is a binomial. The second multiplier is a trinomial with the squares of the two
terms in the binomial in the first and third positions. The middle term of the trinomial multiplier
is the opposite of the product of the two terms in the binomial. The result is always the sum or
difference of two cubes, and the operation between the two terms in the answer is the same as
the operation in the original binomial.

Example Problems
These problems show the answers and solutions.

(x+2)(x*—2x+4)

3
answer: x +8

(x+2)(x*—2x+4)=x>+2>=x+8

(3+22)(9-6z+4z%)
answer: 27 + 8z°

(3+22)(9-6z+4z")=3+(22>=27+87>

Work Problems

Use these problems to give yourself additional practice.

Find the product of each.
(3a +4)(3a - 4)
(2-3m)*

(1+6a2)
(@+4)°

(2x—y)(4x*+2xy+y?)

Worked Solutions

9a’-16 These binomials represent the sum and difference of the same two numbers.
Their product is the difference between their squares.

(3a+4)(3a-4)=Ba)’-4"=9a*- 16

4-12m+9m” This is the square of the binomial. The result consists of the squares of the
first and last terms, with twice the product of the two terms in between those squares.

(2-3m)?*=2*+2-2-(-3m)+(-3m)’=4—-12m+9m"*
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1+12az+36a“z* This is also the square of a binomial.
(1+6a2°=1"+2-1-6az+(6a2’= 1+ 12az+36a” z*
a’+12a’+48a+64 When you cube a binomial, use the 1-3—-3—1 pattern.
@+4)°=1-a>4°+3-a>4'+3:a" 4’ +1-a°4°=a’+12a’+48a+ 64
8x*-y? This fits the pattern where the result is the difference between two cubes.

(2x—y)(4x*+ 2xy+y*)=(2x)> - (y)’=8x> -y’

Dividing Polynomials

The method used in the division of polynomials depends on the divisor—the term or terms that
divide into the other expression. If the divisor has only one term, then you can divide by split-
ting up the dividend (the expression being divided into) into separate terms and making a frac-
tion of each term in the dividend with the divisor in the denominator. If the divisor has more
than one term, then you use long division. You can use a short cut with some special types of
long division, but, in general, long division will always work.

Divisors with One Term

Where there’s just one term in the divisor, split the problem up into fractions and simplify each
term.

Example Problems
These problems show the answers and solutions.

Divide (4x> - 3x*+ 2x — 6) + 2x.

answer: sz—%x+ 1 —%

The divisor, 2x, will be the denominator of each fraction.

3 2 . _Ax® 3x,2x 6
(4X —3X +2X_6)TZX—2)(—2X+E—E
=2XZ—%X+1—%

Divide (15a”b>+ 10ab®—20a° b* + ab— 2) ~ 10ab.

N DV SR B U
answer.zab +b Zab+10 54D

15a’°b> , 10ab> 20a’b* , ab 2

2 3 2 3 4 . — _ —
(15ab"+ 10ab”— 20a”b"+ab=2) = 10ab= 6.5~ * 7025 ~ “10ap  * T0ab ~ 10ab
3 2 p_9a2p3ye L1
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Work Problems
Divide (16x*— 12x>+20x*) = 4x.
Divide (15z° - 20z°— 35z 15) + 5z°.
Divide (9abc+ 18a” b+ 27) = 9ab.
Divide (6x* y—8xy’+ 12x* y?) = 4x* y*.

Divide (100 — 25az+ 10a”) +~ 10z.

Worked Solutions
4x - 3x*+5x°
16x°— 12> +20x* _16x* 12x> | 20x* _ 2 3
Ix = A T Ax + Zx =4x—-3x"+5x
7 3
31—4—7—7
15z°-20z*-35z—15 _15z° _ 20z _ 35z _ 15 _3,-4-1_3
5z° 5z> 5z 5z% 577 z Z?
3
C+2&+E
Qabc+ 18a’b+27 _9abc _ 18a’b | 27 _ 3
9ab ~ 9ab + 9ab +9ab_c+2a+ab
3 2
E_7+3
6x2y—8xy2+1?x2y2_ 6x’y a 8xy’ +1?)(2y2_i_;+3
4XZ 2 _4 2 2 4 2 2 4 2 2 _zy X
y X"y X"y X"y
10 5a , a’
z 2%z
100-25az+10a® _ 100 _ 25az _ 10a® _10 _5a  a*
10z 10z 10z 10z z 2 z

Long Division
When the divisor has two or more terms, you can do the operation with long division. This looks
very much like the division done on whole numbers. It uses the same set up and operations.

Example Problems
These problems show the answers and solutions.

Divide (5y>— 3y *+y— 1) + (y+ 2) using long division.

55
y+2

answer: 5y — 13y +27 -
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Write the dividend in decreasing powers, leaving spaces for any missing terms (skipped
powers).

y+2/5y° -3y’ +y—1

Focus on the first term in the divisor, the y. Then determine what must multiply that y so
you get the first term in the dividend, the 5y °. Multiplying y by 5y will give you 5y°.
Write the 5y above the 5y°.

2

Sy
y+25y°-3y’+y—1

Now multiply both terms in the divisor by 5y * and put the results under the terms in the
dividend that are alike.

2

Sy
y+2/5y° -3y’ +y—1

5y>+ 10y’

Next, subtract. The easiest way is to change each term in the expression that you're
subtracting to its opposite and add. As shown in Chapter 2, in the section “Subtraction of
Signed Numbers,” subtraction is changed to addition by changing the sign of the number
being subtracted.

2

Sy
y+25y° -3y’ +y—1
-5y’ — 10y’
- 13y’ +y—1

The remaining terms in the dividend are brought down and then the process is repeated.
Determine what you have to multiply y by to get the new first term, — 13y %, Multiplying
by —13y will do it.

5y*—13y
y+25y° -3y’ +y—1
-5y’ — 10y’
- 13y’ +y-1
- 13y*-26y
Again, change the signs and add.
5y*—13y
y+2By° -3y’ +y—1
—5y>—10y?
13y’ +y—1
-13y’+ 26y

27y —1
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You get the last part of the answer by multiplying the y in the divisor by 27 to get the new
first term, the 27y.

5y*—13y+27
y+2/5y° -3y’ +y—1
—5y>—10y?
13y’ +y—1
-13y’+ 26y
27y -1
27y +54

Do the last subtraction. Whatever is left over is the remainder. The remainder is usually
written as a fraction with the divisor in the denominator.

5y’—13y+27
y+2/5y° -3y’ +y—1
-5y°— 10y’
— 13y’ +y-1
—13y*+ 26y
27y -1
-27y-54
-55

3 2 . e 55
By -3y“+y-1)=(y+2)=5y"—13y+ 27 V42

Use long division to divide (8m*-3m*+m—12)+ (2m - 1).

3
111
2Zm-1

3 2 1 1
answer: 4m”+2m —5m+ -

In this problem, there are missing terms. The m’ term is missing in the decreasing
powers, so you need to insert a space or zero.

3 2 1 1
4m ™+ 2m —omtg
2m—1)8m4 -3m*+m-12
8m*-4m’

A4m’-3m°+m-12
4m’>-2m*

-m*+m-12

—mz+%m
%m— 12
1 1
2M" 3

3
—llz
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3

115

4_ 2 — - — 3 2_1 1_ 4
Bm -3m"+m-12)~(2m—-1)=4m~+2m >m+g =1

Synthetic Division

Many division problems involving polynomials have special divisors of the form x +a or x —a
where the coefficient of the variable is a 1. When this is the case, you can avoid long division
and obtain the answer with a process called synthetic division. To do the problem
(3x*—2x>+91x+ 11) = (x + 3) using synthetic division, use the following steps:

1. Wirite just the coefficients of the terms in decreasing order, inserting Os for any missing
terms (powers).

3 -2 0 o1 11

2. Put the opposite of the constant in the divisor in front of the row of coefficients.

-3[3 -2 0 91 11

3. Draw a line about two spaces below the row of coefficients and drop the first coefficient to
below the line.

-3I3 -2 0 o1 11

3

4. Multiply the constant in front times the dropped number in the coefficient and place the re-
sult below the second coefficient in the row. Add the two numbers together and put the
result below the line.

-3I3 -2 0 91 11
-9
3 - 11

5. Multiply that result by the constant in front and put the result below the third coefficient in
the row. Add the two numbers and put the result below the line. Repeat this process until
you run out of numbers in the row of coefficients.

=3I3 -2 0 o1 11
-9 33 -99 24
3 -11 33 -8 35

6. Write the answer by using the new coefficients below the line and inserting powers of the
variable, starting with a variable that has a power one less than the power of the dividend.

35
x+3

Bx*'—2x>+91x+11) = (x+3)=3x>—11x"+33x -8+

In general, synthetic division is much preferred over long division. It takes less time and less
space, and you make fewer errors in signs and computations. It’s always addition of the signed
numbers, because the constant in the divisor is changed to its opposite right at the beginning,
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taking care of the subtraction process. This next example shows more on inserting the zeros for
missed terms.

Example Problem
Divide (4x’—20x*—3x*— 1) = (x — 2).

answer: 4x°+8x’+ 16x " + 12x + 24x* + 45x + 90 + ;zgz

Set up the problem by writing just the coefficients of the terms in a row. Put in zeros for
any terms that are missing in the list of decreasing powers of the variable.

+2|4 o) 0 -20 0 -3 0 -1
8 16 32 24 48 90 180
4 8 16 12 24 45 90 179

(Ax’—2x*=3x"— 1)+ (x— 2) = 4x°+ 8x°+ 16x " + 12x>+ 24x " + 45x + 90 + ;zgz

Work Problems

Use these problems to give yourself additional practice.
Use long division to divide (8x*— 2x*+ 18x + 6) + (2x — 1).
Use long division to divide (3x°+22x*— 7x — 6) + (3x — 2).
Use synthetic division to divide (4x*— 2x>+ 3x*—x—8) + (x + 2).
Use synthetic division to divide (x*+ 3x+ 1) = (x— 1).

Use synthetic division to divide (x°+ 27x°+ x + 3) + (x + 3).

Worked Solutions
4>+ 2x*+9+ 2;? I Set up the long division problem. Focus on the first term of the
divisor, the 2x.
4x°+ 2x* +9+ 2)1?1
2x— 1l8x* —2x+18x+6
8x ' —4x°
+4x>-2x*+18x+6
4x° - 2x*
18 +6
18 -9

15
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x‘“+8+3

x’+ 8+ 3
3x—2[3x°+22x*-7x-6

3x>—2x?
24x*-Tx-6
24x% - 16x
O%x -6
9% -6
0

In this case, there was no remainder. The binomial 3x — 2 divided the expression evenly.

3 2 86
4X —IOX +23X_47+m
—2/4 _2 3 1 8
_8 20 _ 46 04
4  -10 23 _47 86
(4x4—2x3+3x2—x—8)+(x+2):4x3—10x2+23x—47+X8+62
PSRy - i
x-1
11 0 0 3 1
1 1 1 4
1 1 1 4 5
5

(x*=3x+1)+(x— 1)=x3+xz+x+4+ﬁ

I
w
O

|
N
\]
o
o
o
o
o

|
)

(x°+27x°+x+3) = (x+3)=x®-3x"+9x°+ 1

Factoring

To factor an expression means to rewrite it as a big multiplication problem—all one term—

instead of a string of several terms all added (or subtracted) together. For instance, the factored
form for x*+ 3x> — 4x* — 12x is x(x + 2)(x — 2)(x + 3). The first expression has 4 terms in it. The fac-
tored version has one term—four factors all multiplied together. The factored form has many uses
in algebra. The factored form is needed in the numerator and denominator of a fraction, if it is to be
reduced. The factored form is needed when solving most nonlinear equations. A factored form
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usually is more easily evaluated when substituting a number for the variable. For instance, in the two
expressions mentioned earlier, let x = 4. When putting 4 in place of x in the first expression, you
have to raise it to the fourth power, third power, and so on. You have to work with big numbers.

4*+3(4)°-4(4)*-12(4)=256+3(64)—4(16) — 48 =256+ 192 — 64 — 48 = 336.

I don’t know about you, but I couldn’t do that one in my head. Compare that to putting the 4
into the factored form: x(x + 2)(x — 2)(x + 3) = 4(4 + 2)(4 — 2)(4 + 3) = 4(6)(2)(7) = 24 - 14 = 3306.
Okay, I couldn’t do the last multiplication in my head either, but it was still easier!

Greatest Common Factor

Writing an expression in factored form seems almost like undoing distribution. The distributive
property is covered in Chapter 1, if you need a review. Instead of multiplying every term by the
same factor as done using the distributive property, factoring actually divides every term by

the same factor and leaves the division result behind, inside the parentheses. The first step to
factoring out the Greatest Common Factor (GCF) is to determine what the GCF is. In general, a
common factor is a multiplier shared by every single term in an expression. The GCF is the
largest possible factor—containing all of the smaller factors—that divides every single term in
the expression evenly, leaving no remainders or fractions.

Example Problems
These problems show the answers and solutions.

Factor out the GCF of 6x” y+8x> y >+ 4x*.
answer: 2x° (3y + 4xy’ + 2x?)

The GCF is 2x? because each term is divisible evenly by 2 and x . There’s no factor of y in
the last term. The question now is 2x* (2??) = 6x* y+8x°> y*+4x*.

Divide each term by 2x and put the result of each division in the parentheses.

6x’y
ZXZ

4

8x3'y2
=4xy?, and

:3y, ZXZ =

So, 6x*y+8x°y*+4x*=2x*(3y + 4xy >+ 2x*). This is completely factored. The terms in
the parentheses have no common factor other than the number 1.

Factor —36y >+ 24y’ — 48y.
answer: — 12y (3y* -2y *+4)

The GCF is either 12y or —12y. Either divides evenly. It’s often nicer to have a lead
coefficient in the parentheses that’s positive, so —12y is a better choice. Divide each
term by —12y.

-36y° . 4 24y° 2 —-48y

12y =3y", T2y =-2y“, and “i2y =4

So, —36y°+24y°>— 48y =- 12y<3y4— 2y2+4>
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Factor Ox(y— 3)“— 12x“(y — 3).
answer: 3x(y — 3)[3(y — 3) — 4x]

The two terms here have common factors of 3, x, and (y — 3), making the GCF equal to
3x(y — 3).

ox(y - 3)*
3x(y—3)

—12x°(y=3) _

=3(y-3) and —3 225 = dx

So, 9x(y—3)*— 12x*(y— 3) = 3x(y — 3)[3 (y — 3) — 4x]. Because the terms in the brackets
won’t combine, even if you distribute the 3 over the terms in the parentheses, just leave
it as is.

Factor 10a* b~ **+20a""* b~ "~

answer: 10a” "> b ¥*(a+ 2b)

The two terms have three factors in common. First, they are both divisible by 10. The
other two factors are powers of a and b. To choose the powers correctly, determine which
of the two powers of a is the smaller. The number —% is smaller than % so the common
factor that can be taken out is a~ . The two powers of b are —% and —%. The smaller of

-3/2

those two is —%, so the common factor of the two preceding terms is b~ ™", Putting them

all together, the GCF of the two terms is 10a™ " b,

J/O&VZV{Z :a1/2—(— ]/Z):a|/2+1/Z:al and 9% v :2b—1/2—(—3/2):2b—1/2+3/7_:Zb]
10a™""? b 10a7"p "

So,10a” b *+20a "*b "*=10a "> b **(a+ 2b)

Work Problems

Use these problems to give yourself additional practice.
Factor 16y *— 12y >+ 20y * + 8y.
Factor 40a” b’ +25a° b* - 15ab*.
Factor —3m®+9m°®-6m* - 18m®.
Factor —3(x+2)*(y—1)’+6(x+2)>(y-1)°.

Factor 6p'*(t—1)"'=8p**(t—1)"2.
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Worked Solutions
4y(dy*-3y*+5y+2) The GCF is 4y. Divide each term by 4y:
16y* 5 —12y° 2 ZOy 8y
W = 4y s 4y == 3y ’ 4y 5 and 4y =2

So16y*—12y°+20y*+8y=4y(4y> -3y’ +5y+2)

5ab’(8ab +5a’-3b”*) The GCF is 5ab’. Divide each term by 5ab”:

40a° b’ 25a° b’ —15ab*
(E);sz - 8ab, ?;bz =54 and 5;;2 —_3p?

So, 40a” b>+25a° b*— 15ab* = 5ab* (8ab+ 5a*— 3b %)

-3m*(m°-3m*+2m*+6) The GCFis —3m”. Divide each term by —3m®*:

8 6 4 2
-3m_ _ s« 9m ——3m*. —6m"~ _=2m?, and —18m

3m2 M 3yt “3m Z3m?

=6
So, -3m®+9m°-6m* - 18m*=-3m*(m°-3m*+2m’*+06)

Note that, if you chose the GCF to be +3m?, then all of the terms in the parentheses
would have the opposite signs of those in my answer.

-3(x+2)>(y-1)°’[(x+2)-2(y-1)°] The GCFis -3 (x+2)*(y—1)°.

Divide each term by the GCF:

Ax+2)* M ' g Sy = 1)° IIPYWIE
—B(x+2)° M —35;;/240/—1)

So, -3(x+2)*(y— 1)’ +6(x+2)>(y— 1)°=—3x+2)°(y- 1)’ [(x+2) - 2(y— 1)°

2p'"(t-1)"*[3(¢t- 1)-4p] The GCFis 2p"*(t— 1) °. Divide each term by the GCF:

6P’Vz t=1) —3(t )2 an _Spm/ﬁ(i ¥
Zp’m Zpl/z(t/f)/i

Simplify those results further: 3(t—1)"' " ?=3(t—1)" and —4p>* " "*=-4p".

So, 6p"*(t—1)""'=8p”*(t—1)*=2p"*(t— 1) *[3(t— 1) — 4pl.

Factoring Binomials

A binomial is an expression with two terms separated by either addition or subtraction. The goal is
to make it all one term—with everything multiplied together. This is accomplished by factoring the
two terms. You can use four basic methods to factor a binomial. If none of these methods works,
the expression is considered to be prime—it cannot be factored.
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The rules or patterns to use when doing the factoring are as follows:
Rule 1. Factoring out the Greatest Common Factor
ab + ac = a(b + ¢)
The common factor here is a; it’s written as a multiplier of what’s left after dividing it out

of the terms.

Rule 2. Factoring using the pattern for the difference of squares
a’—b’=(a-b)a+Db)
Use one of the rules for special products of binomials (discussed earlier in the chapter);

this is how the difference between two squares can be written as a product.

Rule 3. Factoring using the pattern for the difference of cubes
a’-b’=(a-b)(a’+ab+Db*)

This rule and the next use a similar pattern. There are two factors—a binomial and a tri-
nomial. The binomial contains the two cube roots of the terms. The trinomial contains the
squares of those roots in the first and third positions and then the opposite of the prod-
uct of those two square roots as the middle term.

Rule 4. Factoring using the pattern for the sum of cubes
a’+b’=(a+b)(a*—ab+b?)

Just like the preceding rule, two factors exist—a binomial and a trinomial. The binomial
contains the two cube roots of the terms. The trinomial contains the squares of those
roots in the first and third positions and then the opposite of the product of those two
cube roots as the middle term.

The challenge will be in determining which factoring method to use. If you recognize that both
terms are perfect squares and they’re subtracted, then Rule 2 makes sense. If both terms are
perfect cubes, then Rule 3 or 4 will work. If they have one or more factors in common, then use
Rule 1. Sometimes, you get to use more than one rule to complete the job.

Example Problems
These problems show the answers and solutions.

Factor 4x> y*z+6x* y*z*.
answer: 2x’ y2 z(2x+32%)
Rule 1 is used here. The two terms each have factors of 2, x°, y?, and z. That means that

each of these factors, as well as the whole thing, 2x* y* z, divides each of the terms
evenly.
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The common factor, 2x“ y “ z, is written out in front of the parentheses containing the
results of the divisions.

4’ yrz+6x*y*z*=2x* y* z(2x + 32°)
Factor 4x*—9.
answer: (2x — 3)(2x +3)

Rule 2 is used because this expression is the difference between two perfect squares.

Ax*=(2x)* and 9 = 37,
So 4x*—9=(2x— 3)(2x+ 3)

Factor 25a” y*—t".
answer: (S5ay—t*)(5ay+t’)

The term 25a” y” is a perfect square; the rule involving exponents of products tells us that
(5ay)’=5%a’ y* and (t*)*=t"* So 25a° y*—t*=(5ay—t*)(5ay+t’).

Factor m>— 125.
answer: (m — 5)(m”+ 5m + 25)

Rule 3 is used here. The two terms are each perfect cubes. The rule for doing this
factorization involves finding the two cube roots. If the two cubes are a® and b>, then
their roots are a and b, and those two roots are written in the first part of the factorization,
(a — b). Then a trinomial is built using the squares of those two roots and the opposite of
the product of those same two roots. In this problem, m is the cube root of m”>, and -5

is the cube root of —125. The square of m is m?, and the square of -5 is 25. The opposite
of the product of those two cube roots is the opposite of —5m, which is +5m. Now, put
everything into the pattern, m*>— 125= (m — 5)(m”+ 5m + 25).

Factor y°+8z°.
answer: (y2+ Zz)(y4— Zyzz+ 4z%)

The two terms are each perfect cubes and, because they’re added, Rule 4 is used.
v°=(y*)’, so y’is the cube root of y°, and 82°=(22)>, so 2z is the cube root of 8z°. Using
the same pattern as in the previous example, the two cube roots are written in the
binomial, and their squares are the first and last terms in the trinomial. The opposite of the
product of these two cube roots is =2y’ z, so it’s written as the middle term in the
trinomial. y°+8z°=(y*+22)(y* -2y’ z+4z%)

Factor ab> x*—9ab’.
answer: ab> (x — 3)(x + 3)

Even though squares and cubes are in both terms, this expression doesn’t fit any of the
patterns for factoring differences of cubes or squares. A common factor exists in the two
terms, though. It's ab’. Factoring that out, ab> x* — 9ab’ = ab> (x> — 9). Now, something nice
has happened. The expression in the parentheses can be factored using the difference of
squares. So, factor again, ab’ (x*— 9) = ab> (x — 3)(x + 3).
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Work Problems

Use these problems to give yourself additional practice.
Factor each expression.

x>+1

16x°—81
xzy2—4x3y3
27 —8a°

25a’n*+25n*z°

Worked Solutions

(x+ 1)(x*-x+1) This is the sum of two cubes. Use the pattern in which the binomial
contains the cube roots of the two terms and the trinomial contains the squares of the
roots and the opposite of the product of the roots.

xX>+1=(x+1)(x*=x+1)

(4x — 9)(4x + 9) This is the difference of two squares. Use the rule in which the factored
form has two binomials that are the sum and difference of the roots of those squares.

16x>—81=(4x—-9)(4x+9)

x’y?(1-4xy) Even though this problem contains squares and cubes, this doesn’t fit
any of the last three rules. The Greatest Common Factor is x* y'*, so factor it out,
x2yr—4x’ y’=x*y*(1 - 4xy).

(3-2a’)(9+6a*+4a*) This is the difference between two cubes. Use the following
pattern:

27-8a°=(3-2a")(9+6Ga*+4a")

25n’(a+2z)(a’—az+z") First, factoring out the common factor of 25n°, you get
25a°n*+25n"z>=25n*@’+2z°).

The binomial in the parentheses is the sum of two perfect cubes, so it can be factored.

25n*(@*+z°)=25n"(a+2z)(a*—az+z%)

Factoring Trinomials

Trinomials can be factored in two ways—either by finding a Greatest Common Factor or by un-
FOILing (or both). Factoring out the GCF is discussed in the previous section. The other option,
un-FOILing, involves determining what two binomials were multiplied together to get the trino-
mial. Sometimes, both methods will need to be used. There can be a common factor and there
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can be two binomials whose product is the trinomial. In those cases, it’s best to take out the
common factor first, to make the numbers smaller.

If you need to review multiplying binomials together using the FOIL method, refer to the section
earlier in this chapter. Just as a quick review/reference, consider multiplying the two binomials

(a + b)(c + d). When using FOIL, you add the products of the First terms, Outer terms, Inner
terms, and Last terms. So, (a+b)(c+d)=a-c+a-d+b-c+b-d.

Consider the general trinomial ax” £+ bx + c. The + means that there can be either an add or a
subtract in that position. Using this trinomial, the procedure for factoring the trinomial by un-
FOILing is:

First, find two terms whose product is the first term in the trinomial, ax’. These two terms
will be in the First positions in the two binomials of the factorization.

Second, find two terms whose product is the last term in the trinomial, c. These two
terms will be in the Last position in the binomials.

If c is positive, arrange the terms determined previously so that the Outer and Inner prod-
ucts will have a sum equal to bx, the middle term in the trinomial.

If c is negative, arrange the terms determined previously so that the Outer and Inner prod-
ucts will have a difference of bx, the middle term. The sign of b is what is considered when
you assign + and — signs to make the product correct.

If a is negative, the easiest thing to do is to first factor out —1 from each term and work
with the trinomial in the parenthesis.

There may be several choices for the First position terms and Last position terms. You may have
to try more than one arrangement.

Example Problems
These problems show the answers and solutions.

Factor x°— 2x — 8.
answer: (X + 2)(x — 4)

The two terms whose product is x” are x and x. You have two choices for the product of
8: 1 -8 and 2 - 4. The possible arrangements for these terms are (x 1)(x 8) or (x 2)(x 4).
Because 8 is negative, the Outer and Inner products need to have a difference of 2, the
coefficient of the middle term. That makes the choice of factors (x 2)(x 4). There will have
to be a + in one of the binomials and a — in the other, so that the Last product will be
negative. The arrangement that gives the correct product with the correct sign on the
middle term is (x + 2)(x — 4).

Factor 2x*+ 5x— 12.
answer: (2x — 3)(x + 4)

The two terms whose product is 2x* are 2x and x. You have three different choices for the
product of 12: 1 - 12, 2 - 6, and 3 - 4. The possible arrangements for these terms are

(2x 1)(x 12) or (2x 12)(x 1) or(2x 2)(x 6) or (2x 6)(x 2)or (2x 3)(x 4)or (2x 4)(x 4)
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Because the 12 is negative, the Outer and Inner products need to have a difference of 5,
the coefficient of the middle term. The choice that accomplishes this is (2x 3)(x 4). The
Outer product is 8x, and the Inner product is 3x. Their difference is 5x. To make the signs
of the product come out correctly, put in the + and — as follows: (2x — 3)(x + 4).

Factor Oy *— 24y + 16.

answer: (3y — 4)(3y —4)

You have two choices for the terms needed to get 9y *. They are 9y - y and 3y - 3y.

You have three choices for the 16: 1 - 16, 2 - 8, and 4 - 4. The possible arrangements are

Oy 1)y 16) or (9y 16)(y 1) or (9y 2)(y 8)or 9y 8)(y 2)or 9y 4)(y 4)or 3y 1)(3y 16) or

(3y 2)(3y 8)or (3y 4)3y 4)

One thing that can help is if you notice that the first and last terms in the trinomial are
perfect squares. Earlier in this chapter, under “Special Products,” you learned the pattern
for when a binomial is squared. When this happens, the first and last terms are perfect
squares, and the middle term is twice the product of those original factors. This appears
to be the situation with this problem. The choice of (3y 4)(3y 4) works. And, because the
last term is positive and the middle term is negative, both of the operations in the
binomials are negative. The factorization is (3y — 4)(3y — 4).

Factor 15y *— 26y + 8.
answer: (5y — 2)(3y — 4)
This time you need to consider several choices and combinations of factors.

15y can be written as 15y - y or 5y - 3y. 8 can be written as 8 - 1 or 4 - 2. Instead of
writing down all of the choices and arrangements, look at the trinomial and determine
whether it’s a sum or difference of products that has to be chosen. Because the 8 is
positive, the Outer and Inner products will need to be either both positive or both
negative, so it’ll be a sum of products. Which combination of factors will give products
that have a sum of 26?

Just considering the numbers, it's the 5 - 3 and 4 - 2 combinations that will work. Multiplying
the 5 and 4 gives you 20, and multiplying the 3 and 2 gives you 6. Now, the numbers have
to be arranged in the parentheses so that the correct products are obtained.

(5y 2)(3y 4) is what works. Both of the operations will be minus, so the solution is
(5y - 2)3y - 4).

Sometimes, it takes a while to find the correct combination. When you have many choices
to work with and lots of arrangements to consider, it's a good idea to go through them
systematically, trying all the arrangements with one pair of factors and then moving on to
the next until you find the one you need. This way, you won’t miss any and won’t repeat
yourself.

Factor 16x*+ 108x + 72.

answer: 4(4x + 3)(x + 6)
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Before factoring this trinomial using unFOIL, divide out the common factor. Each term is
divisible by 4. So, 16x*+ 108x + 72 = 4(4x*+ 27x + 18). That leaves a trinomial to be
factored whose First term, 4x *, can be 4x - x or 2x - 2x; Last term, 18, canbe 18- 1,9 - 2,
or 6 - 3. Consider what the choices would be if you didn’t factor the 4 out first. You'd have
16x7 can be 16x - x, 8x - 2x, or 4x - 4x. Seventy-two canbe 72 - 1,36 - 2,24 - 3, 18 - 4,
12 - 6, or 9 - 8. The last term is positive, so the Outer and Inner products need to have a
sum of 27. The combination of factors that will work is (4x 3)(x 6). Putting addition signs
for the operations and putting the 4 that was factored out in the factorization, results in
16x°+ 108x + 72 = 4(4x + 3)(x + 6).

Work Problems

Use these problems to give yourself additional practice.

Factor y*+ 3y — 10.
Factor 2a’+ 14a+ 24.
Factor 12x*— 25x+ 12.
Factor 12n*— 18n— 120.

Factor 4x*+ 20x + 25.

Worked Solutions

(y=2)(y +5) The First term, y?, can be written as y - y, only. The Last term, 10, can be
written as 10 - 1 or 5 - 2. Because the 10 is negative, you want the difference of the
Outer and Inner products to be 3y.

Yy +3y—10=(y—-2)(y+5)
2(a + 3)(@@ + 4) The first thing to do is factor a 2 out of each term.

2a°+14a+24=2(@"+7a+12)

Now, in the new trinomial, the First term, a*, can be written as a - a, only. The Last term,
12, can be written as 12 - 1, 6 - 2, or 4 - 3. Because the last term is positive, you want the
sum of the Outer and Inner products to be 7a. Because the middle term is also positive,
both of the operation signs will be +. 2a”+ 14a+24=2(a’+7a+ 12)=2(a+ 3)(a+4)

(3x —4)(4x - 3) The First term, 12x°, can be written as 12x - x, 6x - 2x, or 4x - 3x. The Last
term, another 12, can be written as 12 - 1, 6 - 2, or 4 - 3. Because the last term is positive,
you want the sum of the Outer and Inner products to be 17x. Because the middle term is
negative, both of the operation signs will be negative. 12x”— 25x + 12 = (3x — 4)(4x — 3)

6(2n + 5)(n — 4) Here's another trinomial that can be factored first, by dividing by 6.

12n*—18n-120=6(2n*-3n-20)
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The First term in the new trinomial can be written as 2n - n.
The Last term in that trinomial can be writtenas 20 -1, 10-2, or 5 - 4.

Because the last term is negative, you want the difference of the Outer and Inner products
to be 3n. The operations in the binomials will be one of each, + and —.

12n*-=181-120=6(2n*-3n-20)=6(2n+5)(n—4)

(2x + 5)(2x +5) The First and Last terms are both perfect squares. Check first to see
whether this is a perfect square trinomial—if the middle term is twice the product of the
roots.

The binomials will both be 2x + 5, the two roots of the first and last terms.

(2x+5)(2x+5) =4x*+ 10x+ 10x + 25=4x "+ 20x + 25

It worked! Be careful, though. Not all trinomials with perfect squares in the first and last
terms are perfect square trinomials. Be sure to check carefully.

Factoring Other Polynomials
Two processes considered in this section are
0 Factoring quadratic-like expressions

0 Factoring by grouping

Quadratic-Like Expressions

A quadratic-like expression is one of the form ax” + bx" + ¢ in which there’s a trinomial with a
term raised to an even power, a term raised to half that even power, and a constant. Some
examples are as follows: y*+6y*+5, 6a®°—a’— 2, or 92 *— 30z '+ 25. These can be factored
using the same unFOIL process that is used to factor quadratics such as y*— 9y — 10. The same
First, Outer, Inner, and Last pattern exists. Go back to products of binomials and/or factoring
trinomials for more information on this.

Example Problems
These problems show the answers and solutions.

Factor y*+ 6y’ +5.

answer: (y>+5)(y°+1)

The First term can be written as y*- y’. The Last term can be written as 5 - 1. Because the
last term is positive, you're looking for the sum of the Outer and Inner products to be

equal to the middle term, the Gy’. The middle term is positive, so both of the operations
in the binomials will be positive.

y*+6y*+5=(y*+5)(y’+1)
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Factor Ga®—a’— 2.
answer: (3a°—2)(2a>+ 1)

The First term can be written as 6a>-a’ or 3a’- 2a°. The Last term can be written as 2 - 1.
The last term is negative, so you're looking for the difference of the Outer and Inner
products to be equal to the middle term, a°. The middle term is negative, so there will
be one negative operation and one positive operation.

6a’°—a’-2=Ba’-2)(2a’+1)

Factor 9z *—30z '+ 25.
answer: (3z '=5)(3z"'-5)

The First term can be written as 9z '-z ™' or 3z™'- 3z™". The Last term can be written as
25 - 1 or 5 - 5. Notice that these first and last terms are both perfect squares. This could
be a perfect square trinomial. Try this out: (3z~"' 5)(3z' 5). The Outer and Inner products
are each 15z, and their sum is equal to the middle term.

S0,9z %2-30z '+25=(3z'=-5)(3z '-5)

Factor n*—8n*-9.
answer: (n—3)(n+3)(n*+ 1)
The First term can be written as n”-n”. The Last term can be written as 9 - 1 or 3 - 3.

The last term is negative, so you're looking for a difference of the Outer and Inner
products of 8n”. The operations will be one of each. n*—8n*-9=(n*-9)(n”*+ 1). Note,
now, that the first factor is the difference of two perfect squares. In the previous section,
the factorization of this type of binomial is discussed. Factoring the first factor into the sum
and difference of the same two roots, the factorization now becomes:

(n*=9)(n*+1)=(n-3)(n+3)(n°+1)

Factoring by Grouping

Factoring by grouping is a method that is usually done on expressions with four, six, eight, or
higher numbers of terms—usually an even number. Typically, no common factor exists for all of
the terms in the expression, but common factors do exist in pairs of the terms. The common fac-
tor is identified for each pair or grouping, the factoring is done, and then the new expression,
with new terms, is checked to see whether there is a common factor throughout. If the factoring
of separate groups doesn’t result in a common factor in the new terms, try rearranging the
terms into different groups. It could be that the expression just can’t be factored, but different
arrangements should be tried first.
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Example Problems

These problems show the answers and solutions.
Factor x” y— 2x*+ 3y — 6 by grouping.
answer: (y — 2)(x’+ 3)

As you can see, no factor is common to all four terms at once. The first two terms have a
common factor of x?, and the last two terms have a common factor of 3.
xy-2x*=x*(y-2)
3y-6=3(y—-2)
Put these together, and x* y— 2x*+ 3y —6=x"(y—2) + 3(y — 2). Now you have two terms

instead of four. The two terms each have a common factor of (y — 2). Factor that out of the
two terms, x*(y—2)+3(y—2)=(y—2)(x’+ 3).

Factor a’—8a’— 6a” + 48 by grouping.
answer: (a’— 8)(a’— 06)

Again, you have no factor common to all four terms at once. The first two terms have a
common factor of a’, and the last two terms have a common factor of 6 or —6.

a’-8a’=a’@@*-8)
-6a’+48=6(-a’+8)

Put these together, a°—8a’>— 6a’+48=a’(a’— 8) + 6(— a’+ 8). This time, the two new
terms don’t have a common factor. The two factors in the parentheses aren’t exactly alike.
They are opposite in sign, though, so the factorization of those last two terms should be
revisited. Factor out a —6 instead of 6.

—6a*+48=—6(a"-8)

So,a’—8a’—-6a*+48=a’(a*-8)-6(*-8).

Now the two terms have the common factor of (a”— 8).

a’—8a’-6a’+48=a’@*-8)-6(a*—8)=(a*—8)(a’—6)

Factor n°—4n>+ n” - 4 using grouping.
answer: (n+ 1)(n“—n+ 1)(n—2)(n+2)

The first two terms have a common factor of n°, and the second two terms only have a
common factor of 1. Actually, it would work to break the terms up this way but rearrange
them to create common factors in both groups. Rewrite the expression as n°+n”—4n>- 4.
Now factor n” out of the first two terms and —4 out of the second two terms.
n’+n’—4n’—4=n"(n>+1)—4(n’ + 1). The two new terms each have the factor (n’>+ 1).
Factor that out, n”(n°+ 1) —4(n>+ 1) = (n’+ 1)(n” — 4). This is now factored by grouping,
but it’s not completely factored. Each of the binomials can be factored further. The first
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binomial is the sum of two perfect cubes. The second binomial is the difference of two
squares. In the section “Factoring Binomials,” each of these factorizations is discussed. To
complete the factorization,

N>+ 1)(n°=4)=(+1)(n*—n+1)(n—=2)(n+2)

Factor 2x”a+ 6x”— ax— 3x — 3a— 9 using grouping.
answer: (a + 3)(2x — 3)(x +1)
No factor is common to all six terms. The first two terms have a common factor of 2x % the

second two terms have a common factor of —x; and the last two terms have a common
factor of —3.

2x*a+6x"—ax—3x—-3a-9=2x"(@a+3)—-x(@+3)-3(@+3)

Now there are three terms instead of six, and each has the common factor of (a + 3).
Factor that out, 2x”(a+3)—x(a+3)—3(a+3)=(a+ 3)(2x*—x— 3).

And, just when you think you’re finished, you notice that the trinomial in this result can be
factored. Using unFOIL, the final factorization is (a+ 3)(2x”*—x — 3) = (@+ 3)(2x — 3)(x + 1).

The preceding example could have been factored, by grouping, using groups of three
instead of two. With some rearranging and getting the three terms with a in them first,
the last three terms then have a common factor of 3. It was just as easy to do it in pairs of

factors. There’s usually more than one way to group and factor these problems, so you
can’t go wrong, as long as you follow the rules.

Work Problems

Use these problems to give yourself additional practice.

Factor 3x®—2x"*— 16.

Factor y°— 13y >+ 40.

Factor x*+ x>+ 3x + 3.

Factor 6m°+ 15m>— 12m* - 30.

Factor 2ace + 2ade + 2bce + 2bde — acf — adf — bcf — bdf.

Worked Solutions

B3x*-8)(x*+2) This is quadratic-like, so you can look for two binomials whose product
is this expression.

The First term can be written 3x*- x*.

The Last term can be written 16 - 1,8 -2, or4 - 4.
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The last term is negative, so you'll be looking for the difference between the Outer and
Inner products to be —2x*. The operations in the binomials will be one of each.

3x%—2x*—16=(3x"-8)(x*+2)

(v-2)(y*+2y+4)(y’-5) Thisis quadratic-like.
The First term can be written y>- y°.
The Last term can be written 40 - 1,20 -2, 10 -4, 0r 8 - 5.

The last term is positive, so you'll be looking for the sum of the Outer and Inner products to
be 13y>. The middle term is negative, so both operations in the binomials will be negative.

y°—13y°+40=(y’-8)(y>-5).

The first binomial is the difference between two cubes, so it can be factored using the
rules in the section “Factoring Binomials.”

V> -8)(y’-5) =(y-2)(y*+2y+4)(y’-5)

(x+ 1)(x*>+3) This will be factored by grouping. The first two terms have a common
factor of x>, and the last two terms have a common factor of 3.

X'+ x> +3x+3=x>(x+1)+3(x+1)

Now the two new terms each have a common factor of (x + 1).

XP(x+1)+3x+1)=(x+ 1)(x>+3)

(2m*+5)(3m’>-6) This will be factored by grouping. The first two terms have a common
factor of 3m>, and the last two terms have a common factor of —6.

6m°+15m>—12m*-30=3m>(2m*+5) - 6(2m*+5)

Now the two new terms have a common factor of (2m?+ 5).

3m>(2m*+5)-6(2m*+5)=(2m*+5)(3m> - 6)

(c + d)(@ + b)(2e — f) This will be factored using grouping. The first two terms have a
common factor of 2ae; the second two terms have a common factor of 2be; the third
two terms have a common factor of —af; and the last two terms have a common factor of
—Dbf. Factoring the pairs of terms,

2ace + 2ade + 2bce + 2bde —acf — adf — bcf — bdf = 2ae(c + d) + 2be(c + d) — af(c + d) — bf(c + d)

The four terms in the new expression each have a common factor of (c + d). Factoring that
out,

2ae(c + d) + 2be(c + d) — af(c + d) — bf(c + d) = (c + d)(2ae + 2be — af — bf)
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The factored form can, again, be factored. The expression with four terms, in the
parenthesis on the right, can be factored by grouping. The first two terms have a common
factor of 2e, and the last two terms have a common factor of —f.

(c + d)(2ae + 2be — af — bf) = (c + d)[2e(a + D) — f(a + D)]

The two terms in the brackets have a common factor of (a + b).

(c +d)[2e(a + b) — fla + b)] = (c + d)[(a + b)(2e — f)]

Chapter Problems and Solutions

Problems

Distribute 4y (Gy >+ 2y —x + 1).

Multiply (2x + 3)(3x — 1).

Multiply (z— 7)(z*+ 2z - 1).

Multiply (5a — 2)(5a + 2).

Multiply (6 + 0)”.

Multiply (2x — 3)°.

Multiply 4 (y — 3)°.

Divide (27x° - 8) + (3x — 2).

Divide (2x*—3x°+5x* - 4x + 1) = (x — 3).

Factor out the Greatest Common Factor in 8a” b>+ 12a° b* — 32ab”.

Factor out the Greatest Common Factor in y*(x*+1)>+y° (x*+ 1)*.
Problems 12 through 25, factor completely.

x*-16

81-36y°

a’+27

8- 125b°

x*-81

x*+5x—24

y’—12y+35
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6z‘+z—1
8w’+6w-9
15t*+57t— 12
a®+7a’-44

4y °—13y°+3
a’x—2a’ y+bx-2by

Ax°—9x>+4x* -9

Answers and Solutions
Answer: 24y’ +8y’-4xy+4y Multiply each term in the parenthesis by 4y.

Answer: 6x>+7x-3 Use FOIL to find the products of the First terms, Outer terms, Inner
terms, and Last terms. Simplify the answer.

Answer: z°-5z"-15z+7 Distribute the binomial over the trinomial.
(z=7)-z"+(z-7) 2z+ (z— 7)(— 1). Multiply to get z>— 7z*+ 22>~ 14z— z+ 7. Then
simplify to get the answer.

Answer: 25a’-4 Use the special product for the sum and difference of the same two
numbers.

Answer: 36+ 12c +¢* Use the special product squaring a binomial and getting a
perfect square trinomial.

Answer: 8x’-36x”+54x-27 Use the 1-3—-3—1 pattern and decreasing and increasing
powers to find the cube of the binomial.
1(2%)°(=3)°+3(2%)% (- 3)'+3(2x)' (- 3)*+ 1 (2x)° (- 3)’ is then simplified.

Answer: 4y”-24y+36 First square the binomial using the special product pattern.
Then multiply each term by 4.

Answer: 9x>+6x+4 Use long division. There’s no remainder.
g

Ox*+6x+4
3x—2[27x° -8
—27x>+ 18x?
18x* -8
—18x*+ 12x
12x-8

12x -8
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Answer: 2x°+3x” + 14x + 38 + % Use synthetic division.
3|2 -3 5 -4 1

6 9 42 114

2 3 14 38 115

Answer: 4ab’(2ab + 3a’-8b*) The GCF is 4ab’. Divide each term by that and write the
results in the parentheses.

Answer: y* (x*+ 1)’[(xz+ 1) +y] The binomial is part of the GCF.

Answer: (x —4)(x + 4) The difference of two squares factors into the difference and sum
of the roots.

Answer: 9(3 — 2y)(3 + 2y) First factor out the GCF, 9. Then use the pattern for factoring
the difference of two squares.

Answer: (@a+3)(a’-3a+9) The sum of two cubes factors into a binomial times a
trinomial.

Answer: (2 - 5b)(4+ 10b + 25b>) The difference between two cubes factors into a
binomial times a trinomial.

Answer: (x - 3)(x+ 3)(x>+9) First factor the binomial into the difference and sum of the
roots, (x> —9)(x >+ 9). Then factor the first binomial into the difference and sum of the roots.

Answer: (x + 8)(x — 3) Use unFOIL. Because the last term is negative, the Outer and
Inner products need to have a difference of 5x.

Answer: (y - 5)(y—7) Use unFOIL. Because the last term is positive, the Outer and
Inner products need to have a sum of —12y.

Answer: (2z + 1)(3z—-1) Use unFOIL.
Answer: (4w - 3)(2w + 3) Use unFOIL.

Answer: 3(5¢ — 1)(t +4) First factor out the GCF, 3. Then use unFOIL on the trinomial
5t°+ 19t— 4.

Answer: (a’-4)(a’+ 11) Quadratic-like trinomial factor using unFOIL.

Answer: (y >-3)(4y >-1) Quadratic-like trinomial factor using unFOIL.

Answer: (x - 2y)(a’+b) Use grouping. Factor a’ out of the first two terms and b out of
the second two terms to get a’(x— 2y) + b(x — 2y). Now, the binomial has a GCF of x — 2y
that can be factored out.

Answer: (x + 1)(x* - x+ 1)(2x - 3)(2x+ 3)  First, rearrange the terms to read
4x°+4x*-9x> - 9. Then use grouping to factor 4x” out of the first two terms and —9 out
of the second two terms to get 4x”(x°+ 1) —9 (x> + 1). The common factor is x>+ 1.
Factoring this out, you get (x> + 1)(4x”—9). Each of these factors also factors. The first is
the sum of two cubes, and the second is the difference of two squares.
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Supplemental Chapter Problems

Problems

Problems 12 through 25, factor completely.

Distribute —x > (4x* - 3x — 2).
Multiply (4y — 5)(2y + 7).
Multiply 2w+ 1)(3w’—w+ 2).
Multiply (4a— b)®.

Multiply (16 — m)(16 + m).

Multiply (z+ 5)°.

Multiply 2 (r— 2¢t)%.

Divide (3x*— 11x*—4) + (x + 2).

Divide (5x°—3x>+x—8) + (x + 2).

Factor out the GCF of 15m” n*>-21m>n*+33m*n°.

Factor out the GCF of ab(c— 1)+ ad(c— 1)*+a(c—1)°.

4z°—100
49 - w?’

d’-1

6e’+48
y®-25
t’+9t+ 14
z°+2z-80
20p*+3p-2
12Zm*-8m-15
10x*— 15x— 45
y®+2y-3

3x "4+5x *-12

3x*+mx*—15-5m

200-8y2—25y°+y°
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Answers
—4x°+3x*+2x> (Multiplying Monomials, p. 145)

8y’+18y—35 (Multiplying Polynomials, p. 148)
6w’+w?+3w+2 (Multiplying Polynomials, p. 148)
16a”*—8ab+b* (Special Products, p. 151)

256-m” (Special Products, p. 151)
z>+15z°+75z+ 125 (Special Products, p. 151)
2r>—8rt+ 8t (Special Products, p. 151)

3x>—6x"+x-2 (Dividing Polynomials, p. 156)

146

4 3 2
Bx"—10x"+ 17x _34X+69_x+2

(Synthetic Division, p. 160)
3m*n’(5-7mn+ 11n*) (Greatest Common Factor, p. 163)

a(c— 1)[b+d(c— 1)+ (c— 1)2] (Greatest Common Factor, p. 163)
4(z - 5)(z+5) (Factoring Binomials, p. 165)

(7 — w)(7 + w) (Factoring Binomials, p. 165)

(d=1)(d*+d+1) (Factoring Binomials, p. 165)
6(e+2)(e’-2e+4) (Factoring Binomials, p. 165)
(y*-5)(y*+5) (Factoring Binomials, p. 165)

(t+2)(t+7) (Factoring Trinomials, p. 168)

(z—-8)(z+ 10) (Factoring Trinomials, p. 168)

(4p — 1)(5p + 2) (Factoring Trinomials, p. 168)

(6m + 5)(2m - 3) (Factoring Trinomials, p. 168)

5(x = 3)(2x + 3) (Factoring Trinomials, p. 168)

(y4+ 3)(y-1)(y+ 1)(y2+ 1) (Quadratic-Like Expressions, p. 172)
(x *+3)(3x *-4) (Quadratic-Like Expressions, p. 172)
(3+m)(x*=5) (Factoring by Grouping, p. 173)

2-y)(4+ 2y+y2 )(5=W)(5+y) (Factoring by Grouping, p. 173)






Chapter 5

Inequalities, Absolute
Value Inequalities, and
Radicals

tions, absolute value and square root. These topics are covered in Chapters 1 and 2, but

now they’re used in statements that can be right or wrong. A statement that is right or true
has the correct value or values for the variable. That’s what solving these statements is all about.
Inequalities have a couple of peculiarities about them. Operations on certain numbers cause a
reversal of their sense. Solving absolute value and radical equations is made simpler by convert-
ing them into nicer forms, but you must observe some cautions.

T his chapter presents more information about the relationship of inequality and two opera-

Inequalities

An inequality is a statement saying that one thing is greater than, >; greater than or equal to, >;
less than, <; or less than or equal to, <, something else.

The symbols = or < mean that one number is greater (or less) than another or the number is
equal to that number. It really can’t be both at the same time.

To ride on the roller coaster, your height has to be greater than or equal to 4 feet, h = 4. To avoid
paying income tax, your income has to be less than $2,000, i < 2000. Statements can be written
about inequalities, and the inequalities can be solved much like linear equations. See Chapter 3
for information on solving linear equations. The procedures that are used to solve linear equa-
tions, such as adding the same thing to each side, and so on, can be used to solve inequalities,
too. But caution! Two notable exceptions to the rules involve both multiplication and division.

In the following rules for operating on inequalities, the letters a, b, and ¢ represent any real
number. The rules applying to the inequality > also apply to =.

Rules for Operating on Inequalities
Ulifa>b,thena+c>b+c;ifa<b,thena+c<b+c.

You can add the same number to each side of an inequality and preserve the truth of the
statement.

Qlifa>b,thena—-c>b—c;ifa<b,thena—c<b—-c.

You can subtract the same number from each side of an inequality and preserve the truth
of the statement.

183
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Q If a > b, and if c is positive, thena - c > b - ¢; ifa < b, and if c is positive, thena-c<b - c.

You can multiply the same positive number to each side of an inequality and preserve the
truth of the statement.

U Ifa > b, and if c is negative, then a - c < b - ¢; if a < b, and if ¢ is negative, thena-c>b - c.

If you multiply each side of an inequality by a negative number, the sense or inequality is
reversed to make it true.

b

c

You can divide each side of an inequality by a positive number and preserve the truth of
the statement.

Q If a > b, and if c is positive, then % > %; if a < b, and if c is positive, then % <

b b

C c

If you divide each side of an inequality by a negative number, the sense is reversed to
make it true.

Q If a > b, and if c is negative, then % < <= ifa < b, and if c is negative, then % >

Ulfa>bandb >c,thena>cifa<bandb <c,thena<c.
This is the Transitive Law.
Qlfa>b>c,thenc<b<a.
If you reverse the order of the sections in an inequality, you must reverse all of the senses.
b _d

u If% > % then 7 <-= when a, b, ¢, and d are all positive.

When two fractions are written in an inequality, flipping the fractions reverses the sense.

Here are some examples using inequality signs. To solve an inequality, the variable should be
alone on one side, and a number or some value should be on the other side.

Example Problems
These problems show the answers and solutions.

Solve for xin 3x + 2 > 5.
answer: x > 1

Add -2 to each side.

3x+2>5
-2 -2
3x >3

Now divide each side by 3.

3x

3
373
x> 1

The sense (inequality symbol) didn’t reverse in direction, because the 3 that divided each
side was positive.
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Solvefory. 9 —2y<y+6
answer: y > 1
Add -9 to each side. Then subtract y from each side.

9-2y<y+6
-9 -9
-2y<y-3

-y -y
—3y<-3

Divide by —3. Because this is dividing by a negative number, the inequality symbol gets
reversed.

_3y

-3
y

Y

-3
-3

Y

Solve for z. 1 —%<z—6

answer: z > 5

Subtracting 1 from each side and then subtracting z from each side doesn’t affect the

sense. Subtracting —z from —% involves fractions and changes the first term to one with a

i 22_ 5z _22_ 1z
denominator of 5. —z-F =5 = =%

—%<z—7
-z -z

—%<—7

To solve for z, you can do it in two steps or one. The two steps would be to multiply each
side by 5 and divide each side by —7. One step that does both is to multiply each side by
the reciprocal of —% which is —%. Because that’s a negative value, the sense (inequality

sign) gets reversed.
5P

z>5
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3_15
Solve for t. T>7

answer: t< % where t is positive.

One of the rules for inequalities says that you can flip both of the fractions if you reverse
the inequality sign. That will be convenient, because it’ll put the variable, ¢, in the
numerator, which makes the statement easier to solve.

Flip the inequality: % < %

Now, multiply each side by 3 to finish the job.

At_2 3
1 3 515 1
2
t< g
Solve forz. -3 <2z+1<5
answer: -2 <z<2
To solve an inequality problem with multiple inequality signs, whatever is done to one

section must be done to all of the sections. To solve this, first add —1 to each section. The
goal is to get the z alone between those two inequality symbols.

-3<2z+1<5
-1 -1 -1
-4<2z <4
Now divide each section by 2. Because 2 is positive, the inequality symbols stay in that
direction.
st
-2<z<2

This solution says that z is some number that’s strictly bigger than —2 and smaller than or
equal to 2 at the same time. It’s between the two numbers.

Work Problems

Use these problems to give yourself additional practice.

Solve forx. 2x —12>3x+5

Solve for y. 3 _221 <

Solve forz. 4 <9 -5z< 19

5w | 1 7
Solve for w. - +§ >w- ¢
4 6

Solveforu.ﬁsu_i_14
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Worked Solutions
x < -6 To get x alone on the left, first add 1 to each side. Then subtract 3x from each
side.
2x—1=3x+5
+1 + 1
2x =3x+6
-3x - 3x
—X =6

To solve for x, multiply each side by —1, which means that the sense (inequality symbol)
gets reversed.

—-x2>6
—1(—x) £ 6(-1)
x< -6

y < -3 Multiplying each side by —4 will reverse the sense. Then, rather than subtracting
21 from each side and then subtracting y from each side, do just one operation—subtract
3y from each side.

£.3y+21
1 -4 ~

3y+21>-4y

y(=4)

-3y -3y
21>-7y

Next, divide each side by —7, which reverses the sense.

21 _-7y
_—7<7
-3<y

To write this with the y on the left, it can be switched if the sense is also
switched/reversed.

y>-3

-2<z <1 Firstadd -9 to each section. Then, when dividing each section by -5, the
inequality symbols will both get reversed.

4<9-57<19
-9 -9 -9
-5< —-5z<10
-5 -5z 10
5= —5 >5

1> z >-2
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This solution has the numbers reversed from their order on the number line, where the
smaller numbers are to the left of the larger numbers—the negatives are to the left of the
positives. To reverse the numbers, everything gets flipped—the numbers and the
inequality symbols.

-2<z<1

w > -1 The first thing to do here is get rid of the fractions. This can be done by multiplying
every term by 6, which is the common denominator of all of the fractions. The number 6 is
positive, so the inequality symbol stays the way it is.

T¢~57W+T¢-%>6-w—?~%

15w+ 2>6w-7

Now, to solve for w, subtract 2 from each side and subtract 6w from each side.

15w+2>6w-7
-2 -2
15w >6w-9
—-6w - 6w
ow > -9

Dividing each side by 9 solves for w.

gw -9
g -9
w>—

u =>4 You can rewrite this by flipping the fractions and reversing the inequality symbol.

3u_ut+tl4
476

Now, multiply each side by 12 to get rid of the fractions.

3 ﬂ>u+14. 2

N 2R T
Su= (u+14)-2
Ou=2u+28

Subtract 2u from each side.
Ou=2u+28
—2u—2u
7u> 128
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And now, divide each side by 7.

Ju_ 28
7 =7
u=4

Solving Inequalities by Graphing on a Number Line

The solutions to inequalities can be expressed in several ways. You can use inequality notation, in-
terval notation, or a shaded number line. Interval notation is discussed in Chapter 2 in the section,
“Number Lines.” Each of these ways of describing a solution has its place in different applications.
None is better than another. They're just different and used for different purposes.

The number line is very helpful when solving multiple inequalities. It's an essential part of solving
absolute value inequalities, which come later in this chapter. Two key words in the solutions of
these problems are and and or. In mathematics, these two words have very specific meanings.
The word and means that both requirements must be met. The word or means that one require-
ment or the other or both must be met.

Example Problems
These problems show the answers and solutions.

Solve for the values of x that satisfy the statement that x > 3 and x < 8.

answer: 3 <x<8

Graphing the values of x that satisfy both of these statements:
o x>3

—— > X <8
8

You can put these together on the same number line by looking at where their graphs share
solutions. The two number lines that follow are both shaded between the 3 and the 8.

The combined graph would look like .

From this, the common solutions are seen easily. Any number between 3 and 8, including
the 8, are solutions of the graph. The same is true of the original inequality statements:
x>3and x < 8.

The inequality statements can be combined to reflect what the combined graph looks like.

x >3 and x < 8 are combined toread 3 < x < 8.
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This may seem rather trivial, but awareness of how the inequalities work and combine is very
important for writing inequality statements that are correct and make sense. For instance,
what would the common solution of the two inequalities, x < —3 and x > —1 look like? You
might be tempted to write —1 < x < —3, because it puts the x between the two values. But
look at how the statements graph on the number line.

> X< —3
-3

You can put these together on the same number line by looking at where their graphs
share solutions.

These solutions go in completely different directions. They don’t have anything in common.
So the solution should read x < —3 or x > —1. There aren’t any numbers that can be smaller
than —3 and bigger than —1 at the same time.

Solve the inequalities and find their common solutions—what numbers work for both at
the same time. 4x -1 >x+8and 1 <x+2<7.

answer: 3 <x<5
First, the inequality 4x — 1 > x + 8
Add 1 to both sides and subtract x from both sides.

Ax—1>x+8
+1 +1
4x >x+9
-xX —X
3x > 9

Now, divide each side by 3 and graph the result.
Bx _9

373

x>3

O

3

To solve the other inequality, 1 < x + 2 < 7, subtract 2 from each section.
1<x+2=<7
-2 -2 -2

—-1<x <5
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The graph of this solution is —o——.

The original statement says and, so the solution will include all values that satisfy both

of the inequalities at the same time. Looking at their graphs together will help determine
this solution.

The places where both graphs are shaded at the same time seem to be between 3 and 5,
including the 5 but not the 3. The solution to the entire statement 4x — 1 > x + 8 and
1 <x + 2 <7 would be written 3 < x <5.

[llustrate on the number line the solution to -2 < x <4 or x > 6.

answer: <—C2 T O
Graph the two inequalities separately:

 O————> — <
° * 2<x<4

\6' x>0

As you can see, there’s no overlap. The statements have to be kept separate. The
combined graph is

Work Problems

Use these problems to give yourself additional practice.
If possible, combine the inequalities into one. x > 3, x < -2
If possible, combine the inequalities into one. x > -2, x < 3
Find the common solution forO < x +5<9, 2x - 1 < 5.
Write the inequality that matches the graph.

-2 3

Write the inequality that matches the graph. o0

Worked Solutions

x >3 orx<-2 First, look at their graphs.
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Oy X >3
3

—————> X< -2
-2

There’s no overlap, so the inequalities have to be written separately, with an or between
them.

-2 <x <3 Their graphs are

-2

—— > xX<3
3

These graphs overlap for all the numbers between —2 and 3.
-5<x <3 Solving the first inequality, subtract 5 from each section.
O<x+5<9
-5 -5 -5
-5«<x =<4

Solving the second inequality, add 1 to each side and then divide each side by 2.

2x—1<5
+1+1
2x <6

Now look at the graphs of these two solutions.

<« O——> —-5<x<4
5 4

3

As you can see, there’s an overlap between -5 and 3.
-2<x<3 The -2 isincluded, but the 3 is not.

-1<x<3o0or4<x<8 The only endpoint included is the 4. These two parts of the
number line are completely disconnected, so an or is used between the inequalities.

Absolute Value Equations

The absolute value equations covered in this section are the linear equations. Absolute value
equations with quadratics and fractions are discussed in the next chapter, after the section on
quadratic equations.

The absolute value operation takes a number written between the two absolute value bars and
makes it a positive value. The absolute value of a number is the distance of that number from O
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on the number line. The numbers 4 and —4 are the same distance from O on the number line.
They’re just in opposite directions. The absolute value pays no attention to what direction the
number goes. For more on absolute values, see Chapter 1, “The Basics.”

Because a variable can be either positive or negative, and you can’t tell which it is from looking
at the variable, both situations have to be considered when solving absolute value equations.
The rules for solving absolute value equations are

Q If | x| = k, then either x = k or x = —k.

You can’t tell, by looking at the x, whether it represents a positive number or a negative
number, so you have to account for both possibilities.

QIf |ax + b| =k, then eitherax + b = k or ax + b = —k.

Example Problems
These problems show the answers and solutions.
Solve |3x - 1| =5.

answer: x = 2, xz—%
Rewrite this as two different equations without the absolute value operation. Then
solve both equations. Using the rule for absolute value, this inequality is equivalent to
3x—-1=50r3x-1=-5.

Solve the first equation, 3x — 1 = 5.

Add 1 to each side and divide each side by 3.

3x—-1=5
+1 +1

3x  _6

3 3
xX=2

Solve the second equation, 3x — 1 = —5.

Add 1 to each side and divide each side by 3.
3x—-1=-5
+1 +1
3x _-4
3 3

=4

3

Do both of these answers really work?

Place the answer x = 2 into the original equation, |3x — 1| = 5.
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|32)-1]| =5
|6-1] =5
15| =5

Now, put the answer x =— % into the original equation, |3x - 1| =5.

4 _
s(-4)- s
I-4-1|=5
-5/=5

This method produced both the positive and negative value whose absolute values are 5.
So, both answers work.

Solve |5-2y| +1=3.

answer: y = % y:%

Before applying the rule for rewriting this problem without the absolute value signs, the
equation has to be put in the exact form used by the rule. The 1 can’t be on the same side
of the equation as the absolute value term. Subtract 1 from each side.
5-2y|+1=3
-1 -1
5-2y|=2

Now you can apply the rule and determine the two linear equations. The two equations to
solveare5—-2y=2and 5 -2y = -2.

Solving the equation 5 — 2y = 2, subtract 5 from each side and divide by —2.

5-2y=2
-5 -5
-2 ,_=3
22¥Y=T3
3
y=7

Solving the equation 5 — 2y = -2, subtract 5 from each side and divide by —-2.

5-2y=-2
-5 -5
-2 -7
2 ¥Y==37
7
)

Solve 3|5w—1| -4 =8.

answer: w= 1, w = —%

Before applying the rule for rewriting this without the absolute value signs, you have to
put the equation in the exact form used by the rule. The 3 shouldn’t be multiplied by the
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absolute value term, and the 4 can’t be subtracted. Add 4 to each side and divide each

side by 3.
3|5w-1|-4=8
+4 +4
315w—1] 12
3 -3
|Sw—1|=4
Now the absolute value equation can be written as two linear equations, 5w — 1 = 4 and
5w—-1=-4.

Solving the first equation, 5w — 1 = 4, add 1 to each side and divide by 5.

5w—-1=4
+1 +1

sw _5
5 -5
w=1

Solving the second equation, 5w — 1 = —4, add 1 to each side and divide by 5.

5w-1=-4
+1 +1

Sw o _-3

5 -5
__3

W="75

Solve |9 - 2t| = -5.
answer: No answer is possible.

This problem can catch you unaware, if you don’t notice that it can’t be solved. Look
carefully. The equation says that the absolute value of some number is equal to a negative
number and that contradicts the definition of absolute value. The answer to this problem is
that there is no answer. But, what happens if you don’t notice the negative and try to
solve it anyway?

If you write it as two linear equations, changing the -5 to 5 in the second one, you get
9—-2t=-50r9-2t=5.

Solving the first equation, subtract 9 from each side and divide by -2.

9-2t=-5
-9 -9

-2t _-14

-2~ -2
t=7

Solving the second equation, subtract 9 from each side and divide by -2.
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9-2t=5
-9 -9
-2t _ -4

—2 T =2
t=2
These are two very nice answers, but do they work? Try putting them back into the
original equation to check.

|9 — 2t| = -5. Letting t = 7,

|9-2(7)| =-5
|9-14| =-5
|-5| =5

The last equation is wrong! Not so!

Letting t = 2,
|9-2(2)] =-5
|9-4| =-5
5] =-5

This also is wrong!
If you're not paying attention, you can get a nonsense answer. Just be careful when using
rules that change the original form of an equation to something more convenient. This

sort of thing happens in several instances in algebra. The methods are the nicest to use,
but you have to be wary of false solutions.

Work Problems

Use these problems to give yourself additional practice.
Solve |4x - 5| = 3.
Solve 3|3y + 8| =6.
Solve 4 — |5+ 2y| = —11.
Solve 6 + |y + 1| = 2.

Solve 5|3y + 1| =5.

Worked Solutions
xX=2,x= % Change the absolute value equation into the two corresponding linear
equations.

|4x — 5| = 3 is equivalent to 4x — 5 =3 or 4x — 5 = -3.

Solving the first equation, add 5 to each side and divide by 4.
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4x—-5=3

+5 +5
4x
4

_8
4
x=2
Solving the second equation, add 5 to each side and divide by 4.
4x—-5=-3
+5 +5

y=-2,y=- ? Before changing this to the two linear equations, first divide each side
by 3.

33y+8| ¢
3 73
3y+8|=2
Now the absolute value equation can be written as the linear equations 3y + 8 = 2 and
3y+8=-2.

Solving the first equation, subtract 8 from each side and divide by 3.
3y+8=2
-8 -8

3y _-6
3 3
y=-
Solving the second equation, subtract 8 from each side and divide by 3.

3y+8=—
-8 -8
3y _-10
3 3
10
y="73

y=5,y=-10 Before changing this into the two linear equations, first subtract 4 from
each side and then multiply each side by —1.

4-|5+2y|=-11
-4 -4
-|5+2y|=-15

—1(-[5+2y|)=-1(-15)
5+2y|=15



198 CliffsStudySolver Algebra |

It looked, at first, as if there would be no solution. The original absolute value equation
had a negative sign in front of the absolute value, and it was equal to a negative value.
It looks okay, now, but still check your answers at the end.

The two linear equations to solve are 5 + 2y = 15 and 5 + 2y = —15.

Solving 5 + 2y = 15, first subtract 5 from each side and then divide each side by 2.

5+2y=15

-5 -5
Zy _10
2 "2
y=5

Solving 5 + 2y = —15, first subtract 5 from each side and then divide each side by 2.

5+2y=—15
-5 -5
2y _-10
22
y=-5

No answer First, subtract 6 from each side.
6+ ‘ y+ 1‘ =2
-6 -6

| y+ 1‘ ==
You can stop right there. The absolute value cannot equal a negative number. This
equation has no solution.

y=0, y=- % First, divide each side by 5.

53y+1| 5
5 75
3y +1|=1

The two equations to solve are 3y+ 1 =1and 3y + 1 = —1.

Solving 3y + 1 = 1, subtract 1 from each side and then divide by 3.

3y+1=1
-1 -1
3y _0
3 -3
y=0

Solving 3y + 1 = —1, subtract 1 from each side and then divide by 3.
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3y+1=-1
-1 -1
3y _-=2
3 E]
_ 2
Y="3

Absolute Value Inequalities

When absolute values and inequalities get mixed together, the goal is to rewrite the statement

in a form that’s recognizable and solvable without the absolute value symbol. The new, rewritten
statement has to have the same solution as the original absolute value statement; the new one
will just be in a more convenient form. The new form then can be solved with the inequality rules,
which are found at the beginning of this chapter. The main challenge here is to correctly rewrite
the statement. There’s a separate rule for each type of inequality, determined by the direction that
the inequality symbol is facing. The rules are

QIf |ax + b| >k, then either ax + b > k or ax + b < —k.

Notice that you have to switch the sense around and change the constant to a negative in
the second equation. This is very much like the absolute value equations in the previous
section. Also, this same rule applies if it’s > rather than >.

QIf |ax +b| <k, then -k <ax + b <k.

This time, the expression inside the absolute value is sandwiched between the number
and its opposite.

Example Problems
These problems show the answers and solutions.

Solve |3x - 1| > 4.
answer: x>%orx< -1

Rewrite this problem as 3x — 1 > 4 or 3x — 1 < —4. Solving the first inequality, add 1 to
each side and then divide by 3.

3x—-1>4
+1 +1

X>§

Solving the second inequality, add 1 to each side and then divide by 3.

3x—-1<-4

+1 +1
3x -3
3 <3
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These two solutions go in completely different directions. There’s no overlap. You write
the solution, therefore, as x> 2 or x < —1. To write this solution using interval notation,
you’d write (= oo, — 1) U (%oo) The U is the symbol for “union,” which means to include

everything from both parts. For more on interval notation, see “Number Lines,“ in

Chapter 2. Graphing this on a number line, you would get o o
- 5

Solve |9 —2x| < 11.
answer: —1 <x<10

Rewrite thisas —11 <9 - 2x < 11.

To solve this problem, subtract 9 from each section and then divide each section by —2.
Don’t forget that, when dividing an inequality by a negative number, you need to reverse
the sense (inequality symbol).

-11=9-2x=<11

-9 -9 -9
-20< -2x=< 2
-20 —2x 2
— 2 3 25
10=2x=-1

This makes more sense if it’s written with the smaller number to the left and the larger
to the right. That means switching the sense again, if everything is getting flipped.

—1 < x < 10 written in interval notation is [-1,10], and graphed on a number line looks
like this: <

-1 10

Work Problems

Use these problems to give yourself additional practice.

Solve |x + 2| > 5. Write the answer in inequality notation, interval notation, and graph
the solution on a number line.

Solve |x — 9| < 15. Write the answer in inequality notation, interval notation, and graph
the solution on a number line.

Solve [3x+ 1| —4> 3.
Solve 2 |5x — 3| < 26.

Solve 5|3 —4x| +7 > 3.

Worked Solutions

Xx =3 orx < -7 Rewrite the absolute inequality as x + 2 >5or x + 2 < -5.

Solving x + 2 = 5, subtract 2 from each side.
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x+2=>5
-2 -2
X =3

Solving x + 2 < =5, subtract 2 from each side.

x+2<-5
-2 =2
X <-7

The solution is that x = 3 or x < —7. In interval notation, that’s (— oo, — 7] U [3, o). The graph
looks like

-7 3

-6 < x <24 Rewrite the absolute inequality as =15 < x — 9 < 15. Add 9 to each section
of the inequality.

—-15<x—-9< 15
+9 +9 +9
-6<x <24

In interval notation, that’s (-6, 24), which looks like the coordinates of a point in a graph.
The only way to tell that it’s an interval on a number line is the context. The graph looks

like o O
-6 24

X>2o0r x<- % Before rewriting this without the absolute value symbols, add 4 to each
side.

3x+1|-4>3
+4 +4
[3x+1|>7

Now, rewrite without the absolute value signs, 3x + 1 >7or3x+ 1 < —7.
Solving 3x + 1 > 7, subtract 1 from each side and then divide by 3.

3x+1>7

X>2

Solving 3x + 1 < =7, subtract 1 from each side and then divide by 3.

x+1< -7

-1 -1
3x —

3 <3
8
X<—§

The solution reads that x > 2 or x <— %
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-2<x<!& First, divide each side by 2.
2[5x-3| _ 26
— 2 =72
|5x—3| <13
Rewrite the absolute value inequality without the absolute value.
-13<5x-3<13

Add 3 to each section and then divide each section by 5.

-13<5x-3<13
+3 +3 +3

-10 5x 16
5 =5 =5

—2<x<18

5
(- o0,0) Before rewriting, first subtract 7 from each side and then divide by 5.

5|3 -4x|+7>3
-7 -7
5/3—-4x| —4

5 ~5

-4
|3—4X|>T

This now states that the absolute value of something is bigger than a negative number. By
the definition of absolute value, you always get a positive number, so it seems that you
can’t go wrong. Rewrite this using the rule: 3 — 4x > % or3-4x< %

Solving 3 — 4x > % subtract 3 from each side and then divide by —4. Remember to
reverse the inequality sign, which is what you do when multiplying or dividing an
inequality by a negative number.

—4
3_4X>T

-3 -3

19
—ax>— g

%<—%+—4
9
5

<

19
X<2_O
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Now, solving the other inequality, 3 — 4x < % subtract 3 from each side and then divide
by —4. Remember to reverse the inequality sign, which is what you do when multiplying
or dividing an inequality by a negative number.

4
3—4X<§

-3 -3

11
—Ax<- g

—4x 11 .
—4 75

11
X>m

The solutions, put together, say that x < }—g or x> % What does this look like on a

19
number line? o 2 The statement is that one solution or the other will work.

1
20

You can use all of the solutions in either statement, so the combination of the two would

be everything on the number line, from negative infinity to positive infinity, (— oo, o0).

Simplifying Square Roots

When you're working with the square roots of numbers, you can either find an exact value, if it's a
perfect square, or sometimes you can simplify the root into a multiple of a number times a square
root. One other option is to estimate what the value of the square root is, to a specified number of
decimal places. You can get more detail on this in the section”Square Roots and Cube Roots,” in
Chapter 1. When you are working with variables and algebraic expressions with square roots in
them, you use all the same rules that apply to square roots of numbers. Here are some guidelines
for working with the square roots of variables.

\/; means to find the square root of some number, represented by x. The value of x has
to be nonnegative, because no real number times itself will give you a negative result.

x/ﬁ is equal to | x| . This happens because the x is squared under the radical, which allows
you to have x represent a negative number. But, the answer has to be positive; the square
root of the positive square is a positive number. So, by putting the absolute value symbol
around the variable, you're assured of always having a positive result.

/4x is equal to 2/ x. The expression is /4x = /4 /x =2 / x.

Simplifying square roots refers to a very specific process. Simplifying here means you need to
factor what’s under the radical into a perfect square factor that can be separated and computed
and leave the rest of the factors under the radical. This allows you to combine the expression
with others and do other algebraic manipulations. For more information, refer to the section,
“Simplifying Square Roots” in Chapter 1.

In the following examples, to simplify matters, just assume that the variables are positive.
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Example Problems
These problems show the answers and solutions.

Simplify /16x* y.
answer: 4x2/ y

Write this as a product of two radicals—one with perfect squares under it and the other
with what’s left of the expression that wasn’t a perfect square.

\/ 1ox*y = v"/l 6x* x; =4x’ x;

Simplify ,/90a’ b*.
answer: 3ab,/10a

There are three perfect square factors, 9, a*, and b”.

/90a’b?=/9a’b? /10a = 3ab /10a

Simplify /28m°(n—1)".
answer: 2m*(n—1)>,/7m(n—1)

The binomial can be treated like any other variable factor.

a,/28m*(n-1)"=/4m*(n—-1)*/Im@n-1)=2m*(n-1)>/Tm@n-1)

Multiply and simplify ,/5xy>,/10x> y*.
answer: 5x” y> /2y

There are some perfect square factors under these individual radicals, but it's more
efficient to multiply first and then simplify.

Joxy? J10x* y* = /50x* y " = /25x " y© /2y =5x2 y? J2y

Simplify /12a’b°—/27a>b° +ab,/75ab’.

answer: 4ab”,/3ab

Subtraction and addition are indicated, but these terms can’t be combined unless exactly
the same term is under the radical and exactly the same variables are multiplying the
radical. Simplify each term, first, to see whether any subtraction or addition can be
performed.

J122°b° - /274° b° +ab /75ab” =/ 4a” b® /3ab — /9a’ b® /3ab +ab,/25b° /3ab
= 2ab* /3ab - 3ab" /3ab +ab(5b*)/ 3ab
=2ab" /3ab - 3ab* /3ab + 5ab* / 3ab
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The resulting terms are exactly the same, except for the coefficient—the numerical part.
Combining them, you get 2ab* /3ab — 3ab*,/3ab + 5ab"/ 3ab = 4ab" ,/ 3ab.

Work Problems

Use these problems to give yourself additional practice.
Simplify ,/20a>bc”.

Simplify /200x * (x* + 3)°.

Multiply and simplify ,/21y>z* /7y '° z°.

Multiply and simplify 3,/2a>/ 6ab.

Simplify 6,/8b” 2> — 4z ,/18b* z — b /144z>.

Worked Solutions

2ac’ / 5abc Determine which factors of the expression under the radical are perfect
squares.

/20a>bc’® = /4a*c* /5abc = 2ac” /5abc

10x*(x2+3)*/2(x +3)

/200x* (x 2+ 3)° = /100x * (x >+ 3)* /2 (x + 3) = 10x 2 (x *+ 3)% /2 (x + 3)

7y°z’® /Tyz First multiply the factors together under the radical. Then find any perfect
square factors.

J21y* 22 7y 2% = 147y 2" = /49y 2° /3yz =Ty ° 2* /3yz

6a’/3b First multiply the values under the radical. Then look for perfect square factors.
3/2a% /6ab=3/12a*b =3 /4a" /3b=3(2a%),/3b=6a",/3b

-12bz \; Simplify each term first to see whether any can be combined.
6,/8b 2> —4z /18> z b [1442° =6 /4b* 27 /22 — 4z JOb* /22 - b /1442" /2
=6(2b2) /22 —4z(3b) /22 -b(122) / z
=12bz xZ —12bz xZ —12bz / z
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The first two terms are opposites of one another, so they’ll give a result of O. The last term
isn’t the same as the first two; the value under the radical is different. So, it doesn’t combine
with the others.

12bz /22 —12bz /22 —12bz /2=0-12bz/ z
=—12bz x;

Simplifying Other Roots

Square roots are probably more popular algebraic manipulations than other roots, but cube
roots, fourth roots, and so on play an important part in equations and solutions of equations and
need to be discussed. The process for simplifying other roots is much like that of square roots,

but attention has to be paid to the powers of the variables and numbers and which root is being
applied.

First, a quick listing of some powers is shown in the following table. It helps when you recognize
that a number is a power of another. The higher powers of the larger numbers aren’t given, be-
cause they’re used infrequently.

Powers

1 2 3 4 5 6 7 8 9 10 11

2 4 9 16 25 36 49 64 81 100 121
3 8 27 64 125 216 343 512 729 | 1000 | 1331
4 16 81 256 625 1296

5 32 243 1024 3125

6 64 729

7 128

When you take the root of a variable with a power, the power of the variable has to divide
evenly by the root.

These equations show you how to compute roots using the radical symbols or the equivalent
fractional exponents and their rules:

6 63 2 /6 6\ 13 6- L 2
Yx =x =x"orix Z(x) =X 3=X

YxP=x®  iyeyt Y215=y/3 203

15 3 10 _ 25 5 10 _ 25 2_5
¥ xT=x Yy =y ¥32m "z :5\/2 m z7”=2m"z

If the variable has a power that isn’t evenly divisible by the root, then the expression can still be
simplified. Using a technique similar to simplifying square roots, the expression is broken into
two factors—one that is a perfect root and the other with what’s left over.
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Example Problems
These problems show the answers and solutions.

Simplify 3/ x.
answer: x”3/ x
Break the expression into two factors—one with the prefect cube and the other with the rest.

X7 = XY x =x?Y x

Simplify 4/32a* b°c”.
answer: 2abc’4/2b’ ¢

This time, look for factors that are something raised to the fourth power.

4/32a"b°c®=4/16a" b* 4/ 2b* ¢ = 2abc® 4/ 2b*

Work Problems

Use these problems to give yourself additional practice.
Simplify %/m .
Simplify ¢/64x° y*.
Simplify “/m .
Simplify m .
Simplify ?/W .

Worked Solutions
2ab>c'®3/cd  Write two radical factors—one with perfect cube factors and the other with
what’s left.

3/8a°b°c>'d =3/22a°b°c* 3/ cd = 2ab*c'°% cd

2xy'' All of the factors are the sixth power of some value.

Gx/ 64x6y66 — 6\/ 26X6y66 — nyll
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mnp’ "\,w"ﬂlmn2 Separate the factors that are fourth powers from the others.

4/2m°n° p®=4/'m*n* p®4/2mn* = mnp* 4/ 2mn*

5x”y° i; Separate the factors that are perfect cubes from the others.

Y125x° y° =3/5°x  y 3y =5x" y°3/y

2s’t*3/10r*¢> Only the variable r doesn’t have a fifth power factor.

5/320r*s'"0t? =5/32s"0t™s/10r* t> = 2s*t*3/10r" ¢°

Radical Equations

A radical equation is one with a radical term on one or both sides of the equal sign. The most effi-
cient way of solving radical equations is to get rid of the radical. It’s not as hard as it sounds. If each
side of the equation is raised to a power that gets rid of the radical, then the new equation can be
solved. The only hitch to this is that the new equation, although solvable, may have extraneous
solutions. Extraneous in this case means that, even though it’s a solution of the new equation, it
doesn’t work in the original. This type of situation is also encountered when changing absolute
value equations and inequalities into solvable linear equations. It comes up later, in other algebra
situations. Whenever the original equation is changed, there’s a possibility for solutions that are not
really solutions. Just be aware and on the lookout. Even though this is a potential problem with the
method, it’s still worth using because it’s the easiest. Just check your work.

Example Problems
These problems show the answers and solutions.

Solve for min,/2m-3=17.
answer: m = 26

Square both sides of the equation.

(V2m-3) =72
2m-3=49
Now add 3 to each side and divide each side by 2.

2m-3=49
+3 +3
Zm  _52

2 2
m=26
Because the format of the equation was changed by squaring both sides, check to be sure
that this solution works in the original equation.
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J/2(26)-3=7
/52-3=7
/49=17
It works!
Solve for x in,/5—-4x —2=9.
answer: x = —29
First add 2 to each side.
Y 5 —4x — 2 = 9
+2 +2
J/5—4x =11

Now square both sides.

(/5-4x)"=11’
5-4x=121
Subtract 5 from each side and then divide each side by —4.
5-4x=121
-5 -5
—4x _116
-4 -4
x=—29
This needs to be checked in the original equation to see whether it is really the solution.

/5-4(-29)-2=9
/5+116-2=9
J121-2=9

11-2=9
Yes, it works!

Solve for xin /6x+ 1+3=1.
answer: No answer is possible.
First subtract 3 from each side. Then square each side.

J6x+1+3=1
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Now subtract 1 from each side and divide by 6.

Check this to see whether it’s a solution of the original equation.

(1
d6<—>+1+3=1
J3+1+3=1
JA+3=1
2+3=1

No, this one didn’t work. There isn’t a solution, because the only one that was found using
this method didn’t satisfy the equation.

Solve for zin ,/5z— 1= /25-8z.
answer: z = 2
Square both sides of the equation.
(/52—1y=</25—8zy
5z2—-1=25-8z

Now add 8z to each side and then add 1 to each side.

5z-1=25-8z
8z +8z
13z-1=25

+1 +1
13z =26

Now divide by 2 and check the answer.

13z _ 26
1 1
z=2
Checking:
/5(2)-1=,/25-8(2)
J10-1=/25-16
\/ 6 = x/§
It works.

Solve for x in /4x+3—/6x—3=0.

answer: x = 3
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First, move the second radical over to the right by adding it to each side. Then square
both sides.

JAx+3-/6x-3=0
+/6x—3 +/6x—3

JaAx+3 =/6x—3
(/ax+3)"=(/6x-3)"
Ax+3=6x—-3

Now subtract 6x from each side and subtract 3 from each side.

4x+3=6x—-3
—6x - 6x
-2x+3= -3
-3 -3
-2x ==6

Now divide each side by —2 and check the answer in the original equation.

—2x _=6
-2 -2
x=3
Checking;:
J43)+3-/63)-3=0
J12+3-/18-3=0
J15-/15=0
It works.
Work Problems

Use these problems to give yourself additional practice.
Solve for n in x/% =2.
Solve for pin10—-/9—5p =3.
Solve for t in x/ﬁ +4=1.

Solve for xin /5x—2=/x+2.

Solve for win ,/6w+7 - /4+ 3w =0.
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Worked Solutions

n =-1 Square both sides of the equation.

(/5n+9>2=22
5n+9=4
Now subtract 9 from each side and then divide each side by 5.

5n+9=4
-9 -9
5n  _=5

5 5
n=-1
The answer needs to be checked in the original equation.

/5(-1)+9=2
/-5+9=2
x/ZZZ

The answer works.

p = -8 First subtract 10 from each side. Then square both sides.

10-,/9-5p=3
-10 -10
(-/9-5p)"=(-7)"
9-5p=49

Now subtract 9 from each side. Then divide each side by —5.

9-5p=49
-9 -9

—op _ 40
-5 -5
p=—8
Check the answer in the original equation:

10-/9-5(-8)=3
10-,/9+40=3

10-,/49=3

10-7=3
It worked.
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No answer First subtract 4 from each side. Then square both sides.
J2t-3+4=1
-4 -4
T\ 2
(V2t-3)" =(-3)?

2t-3 =9
Now add 3 to each side and then divide each side by 2.

2t—-3=9
+3+3
2t _12
2 2
t=6
Check this in the original equation:
J26)-3+4=1
J12-3+4=1
/5+4=1
3+4=1

This is false. This isn’t the solution; this equation has no solution.
x =1 Square both sides of the equation.

(/v-2)'=( r2)

Bx—-2=x+2

Subtract x from each side and then add 2 to each side.

5x—-2=x+2
-X - X
4x—-2=12

+2 +2
4x =4

Divide each side by 4 to get x = 1. Now check that answer:

/5()-2=/(1)+2

J5-2=/1+2
/3=/3

It worked.

w = -1  First move the second radical to the other side by adding that radical to each
side. Then square both sides of the equation.
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Jow+7-/4+3w=0

+/4+3w +/4+3w

(/6W+ 7)2 = (/4+ 3W)Z
6w+7 = 443w

Subtract 3w from each side and subtract 7 from each side.

6w+7=4+ 3w

-3w - 3w
3w+7=4

-7 -7
3w ==3

Now divide each side by 3 and check the answer.

3w _-3
3 3
w=-1

Je(-1)+7-/4+3(-1)=0
/-6+7-/4-3=0
J1-/1=0

It works.

Chapter Problems and Solutions

Problems

For problems 1 through 4, solve for the value(s) of the variable.

4x -3 <8x+7
53-y)>1-3y

-3<3z+4<5

5 3
w+1>2w—1

For problems 5 through 7, find the common solution for the two inequalities.
x23andx<7
y<-2andy=>2

O<x+1<5andx—-1>1
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For problems 8 through 13, solve for the value(s) of the variable.
|3z-1] =7
4|x-3|-2=18
|4-3y| +5=0
|x—-1] =3
|[4-y| <6

3[3x+4| > 15

For problems 14 through 20, simplify the expression.

/300x* y° z°

/40a° b’ c®

v
4./6xz [12x% yz
8,/2a’b*—-ab,/18a
3/27m>n* z°

4/32(‘18 blO

V

5/4x2y35/16x3y3
For problems 21 through 25, solve for the value(s) of the variable.

J2z—-1=4

/3x+2-1=3

J2m—-1=/5-m

3/1-4x +4=1

3/Bx+1=6

Answers and Solutions

Answer: x >- % Subtract 8x from each side and add 3 to each side.

4x—-3<8x+7
—-8x+3 —-8x+3
—4x < 10

215
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Divide each side by —4, which means you turn the sense around.

—4x _ 10 . 5
—4 > —z> Which means that x>->.

Answer: y <7 Distribute the 5 on the left. Then add 5y to each side and subtract 1 from
each side.

53-y)>1-3y

15-5y=>1-3y

Divide each side by 2 . For the more conventional way of writing
—1+5y —1+5y the answer, reverse the values and the inequality.
14 =2y

Answer: —% <z< % Subtract 4 from each section; then divide by 3.

-3<3z+4<5
-4 -4 -4
=71 _3z < 1
33 —3
Answer: w > 8 Flip the fractions by reversing the inequality sense. Then multiply both
sides by 15, the common denominator.

5 3
w+1~ 2w—1

w+1 2w-—1
<73

5
3 w+1 2w-1 5
. < .
M5 ER
3w+ 1)<( 2w—-1)5
3w+3<10w-5

Subtract 3w from each side and add 5 to each side.

3w+3<10w-5

-3w+5 -3w+5 Now divide each side by 7. Reversing the values and the sense puts
8 < 7w the answer in a more conventional form, with the variable first.

Answer: 3 <x <7 Look at the graphs of the inequalities and see where they overlap.

x2>3andx <7

< G——
3
—————>
7

Answer: no answer The graphs of these inequalities don’t have any common values or
overlap.

y<-2andy=>2

——O—p
2
—)————————>
2
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Answer: 2 < x <4 Look at the graphs and see where they overlap.

O<x+1<5andx—-1>1

. ° O0<x+1<5isequivalent to -1 <x < 4.

o Xx- 1 > 1 is equivalent to x > 2.

Answer %, -2 Solve the two equations, 3z—1=7and 3z-1 = -7.

Answer: 8,-2 First, add 2 to each side and then divide each side by 4.

4|x-3|-2=18
+2 +2
4[x-3[  _20
4 T4
|x-3|=5

Now solve the two equations x — 3 = 5 and x — 3 = -5.

Answer: No answer possible When subtracting 5 from each side, the equation has the
absolute value equal to a negative number, which cannot be.

Answer: x < -2 or x >4 Solve the two inequalities, x — 1 >3 and x — 1 < -3.
Answer: -2 <y < 10 Solve the inequality, -6 < 4 — y < 6. The answer first comes out to
be —10 < —y < 2. Multiplying through by —1 results in 10 > y > —2. Switch the positions of

the values and the senses to get the final answer.

Answer: x < -3 or x> % First divide both sides by 3. Then solve the two inequalities
3x +4>5and 3x +4 < -5.

Answer: 10x” y?z*> /3y  The perfect square factors are 100,x*, y*, z°.
Answer: 2ab’c* /10abc The perfect square factors are 4, a’, b°, c®.

Answer: 24xz /2xy Multiply the two radicals together to get 4,/ 72x> yz*. Then
break up the radical into two radicals—one with all the perfect square factors.
4,/36x*z* /2xy =4 6xz /2xy. Multiply the 4 and 6.

Answer: 5abx/; First, simplify the radicals.
8 /2a’b” —ab,/18a=8 /a’b’ /2a—ab,/9 /2a
=8ab/2a - 3ab,/2a

Now the two terms can be subtracted.

Answer: 3mnz’ -’{; The perfect cube factors, which can be written in their own radical,
are 27, m> n’, z°.

Answer: 2a’ b’ ‘{W The fourth power factors that go in their own radical are
16, a° and b®.
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Answer: 2xy %/ 2y First, multiply the two radicals together. 3/ 64x° y °

Then separate the fifth degree factors from the other. 3/64x° y° = 3/32x° y*5/2y. Take the
roots of the first radical.

Answer: z= % Square both sides; then solve the equation 2z - 1 = 16.

Answer: x = 14 First, add 1 to each side. Then square both sides, and you’ll have the
linear equation, 3x + 2 = 16, to solve.

Answer: m = 2 Square both sides of the equation. Then solve the equation
2Zm-1=5-m.

Answer: No answer possible When 4 is subtracted from each side (and both sides are
divided by 3), the radical then is set equal to a negative number. The radical must be
positive, though.

Answer: x = 43 Raise each side to the third power. Then solve the linear equation,
5x+1=216.

Supplemental Chapter Problems

Problems

For problems 1 through 4, solve for the value(s) of the variable.

5x+12>22x-11
y+3 y-2

5 <7
3<5-2z<9
1 3
3t—-8 4At+ 1

In problems 5 through 7, find the common solution for the two inequalities.
y<-3andy=-5
3x+1<8and1-2x25

—1<x<4and3x+1>4

For problems 8 through 14, solve for the value(s) that make the statement true.
|5-2x| =3
|4+ 3x| =-1

2|x-7|-3=11
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|3x+2| <5
[4x - 1] >3
3|2x—1] <9

|5x+5| +5>10

In problems 15 through 20, simplify.
/48a*(b+0o)°
/50t 2"

9.,/5a*b /10a’b

3 \/6X Py —x \/24y
4/243¢t* z*

5/64m* n’

For problems 21 through 25, solve for the value(s) of the variable.

J9-4z=17

/8+x=/3x+6
4+/y-2=1
2/3x+11=4

4 x+6=1

Answers

x 2 -4 (Inequalities, p. 183)
y<-— 371 (Inequalities, p. 183)
-2<z<1 (Inequalities, p. 183)

t<5andt> % to keep it positive. (Inequalities, p. 183)

-5<y< -3 (Solving Inequalities by Graphing on a Number Line, p. 189)

x < -2 (Solving Inequalities by Graphing on a Number Line, p. 189)
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1 <x <4 (Solving Inequalities by Graphing on a Number Line, p. 189)
x=1,x=4 (Absolute Value Equations, p. 192)

No answer possible (Absolute Value Equations, p. 192)
x=14,x =0 (Absolute Value Equations, p. 192)

—% <x=<1 (Absolute Value Inequalities, p. 192)

X<— % orx > 1 (Absolute Value Inequalities, p. 192)
-1 <x <2 (Absolute Value Inequalities, p. 192)
x<—-2orx>0 (Absolute Value Inequalities, p. 192)
da(b+c) vm (Simplifying Square Roots, p. 203)
5¢22°,/2  (Simplifying Square Roots, p. 203)

45a’b /2 (Simplifying Square Roots, p. 203)

X \/6>y (Simplifying Square Roots, p. 203)

3tz‘{/r3 (Simplifying Other Roots, p. 2006)

23/2m*n’ (Simplifying Other Roots, p. 206)

z=-10 (Radical Equations, p. 208)

x =1 (Radical Equations, p. 208)

No answer possible (Radical Equations, p. 208)

xz—% (Radical Equations, p. 208)

x =-5 (Radical Equations, p. 208)



Chapter 6

Introducing Quadratic
Equations—Testing
Solutions

or squared, and there aren’t any variables in the statement that have a higher power than

that. Having the variable squared opens up all sorts of possibilities for the solutions to the
equation. If the equation is quadratic, it may have two solutions, one solution, or no solution.
The “two solutions” are two distinct (different) numbers. One solution means that an answer has
been repeated—the same thing appears twice. No solution means that there’s no real number
that makes the equation true. You can solve a quadratic equation with four possible methods:

U BGBG: By Guess or By Golly

Aquadratic equation is a statement with a variable in it that’s raised to the second power,

This isn’t very efficient, but sometimes solutions seem obvious, and there’s no harm in rec-
ognizing or knowing the solution!

U Factoring

This is probably the most efficient way of solving a quadratic equation—as long as the solu-
tions are rational numbers, which means it's factorable. The factored form and the
Multiplication Property of Zero (see the “Properties of Algebraic Expressions,” section in
Chapter 1 for more on that) join to make this a preferred method.

U Quadratic Formula

The quadratic formula always works. Whether an equation factors or not, you can always use
the quadratic formula to get the answers. Why isn’t it always used then? The quadratic for-
mula can be rather messy and cumbersome, and you can make errors more easily using this
method than by factoring. This formula is your second resort.

U Completing the Square

This method should never be used to solve a quadratic equation. However, students are
asked to do just that. Completing the square is an important technique used to rewrite equa-
tions of circles, parabolas, hyperbolas, and ellipses in their standard form—a more useful
form. By learning completing the square as a method of solving quadratics, you get practice
for later. And, this method does give the answers to the problems.
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The last three techniques listed here will each be dealt with in their own sections—the next three
sections in this chapter. The focus here will be on checking or testing solutions to be sure that they
satisfy the quadratic equation. This way, if you’'ve made an error in your algebra or if the solutions
you’'ve found are extraneous, you’ll be able to catch the discrepancies.

Example Problems
These problems show the answers and solutions.

Check to see whether x = 2 and x = —3 make the equation x>+ x— 6 =0 true.
answer: Yes, they both work.

First, let x = 2; then, put it into the equation, 2°+2-6=4+2-6=6-6=0,s02is a
solution.

Next, let x = —3; then, put it into the equation, (—3)’+(-3)-6=9-3-6=6-6=0,
so —3 is a solution.

Check to see whether x = —2 makes the equation x*+ 4 =0 true.

answer: No, it doesn’t work.

Substitute —2 for x in the left-hand side of the equation, (—2)*+4=0,4 + 4 = 0.
This is not true. Actually, no real solution exists for this quadratic equation.
Check to see whether y = ﬁ and y=— \/3 work in y*-3=0.

answer: Yes, they both work.

First, let y = ﬁ; then, put it into the equation, <¢§) g 3=0,3-3=0.

Next, let y=—/3; then, put it into the equation, <—/§) ‘~3=0,3-3-0.

Check to see whether z=2+,/10 and 2 — /10 work in the quadratic equation
z'-4z-6=0.

answer: Yes, both work.
First let z= 2 +,/10. Put it into the equation.
(2+ v%)z— 4(2+/10)-6=(2+,/10)(2+,/10)-8-4,10-6

=4+2/10+2/10+10-14-4 /10
=14-14+4,/10-4,10
=0

Then, let z=2 - xﬁ and put it into the equation.
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(2-/10)"-4(2-/10)-6=(2-/10)(2-/10)-8+4,10-6
=4-2,/10-2,/10+10-14+4,/10

=14-14-4,/10+4/10
=0

The numbers that have been substituted into the quadratic equations are the types of
results that you can expect to find by factoring and using the quadratic formula to get the
solutions. In some instances, you have to check the solutions carefully. These mainly arise
in problems in which the original equation has absolute value or a radical or fractions, and
they’ve been changed into a more convenient form to solve. Extraneous roots can occur.
Even though a particular solution may work for the quadratic equation that resulted in the
change, the solution may not work for the original equation. Checking is essential.

Work Problems

Use these problems to give yourself additional practice.
In each case, determine whether or not the values are solutions of the quadratic equation.
zgandx= 1in2x*-5x+3=0
y=4andy=9iny’-36=0
z=5inz’-10x+25=0
w=/7 andw=—,/7inw?-7=0

t=—3+3/2andt=—3-3/2int?+6t-9=0

Worked Solutions

Both work. First, let x= % Put it into the equation,

3\’ 3 9 15
_1 5

Next, let x = 1.

2(1)*-5(1)+3=2(1)-5+3
=2-5+3=5-5=0
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2

Neither works. First, let y = 4, . The 4 doesn’t work.
V=™ 16436 ¢

2

81+#36
It works. Letz=5,(5”*—10(5)+25=25-50+25=50-50=0.

Next, let y =9, The 9 doesn’t work.

This value works. This is a case where there’s a double root. The number 5 is the only
solution. This situation occurs when the quadratic factors into the square of a single
binomial.

- S\ 2
Both work. First, let w= /7, <\7> -7=7-7=0.

/ 2
Next, let w=— 7, (—\/7) -7=7-7=0.

Both work. First, lett=—3+3 \/E

(—3+3/§)2+6(—3+3f2)—9=(—3+3ﬁ)(—3+3ﬁ)— 18+18,/2-9

=90-9/2-9/2+9-2-18+18,/2-9
-0+18-18-9-18,/2+18,/2=0

Next, lett=—3 -3 /2.

(—3—3/E)Z+6(—3—3/E)—9:(—3—3ﬁ)(—3—3ﬁ)— 18-18,/2-9
=9+9/2+9/2+9.2-18-18/2-9
-9+18-18-9+18,/2-18,/2=0

Solving Quadratic Equations by Factoring

When solving a quadratic equation by factoring, you're taking advantage of the Multiplication
Property of Zero. See “Properties of Algebraic Expressions,” in Chapter 1 for more on that prop-
erty. The Multiplication Property of Zero says that if the product of two values is equal to zero,
then one or the other of the two values must be zero. This works with factoring the quadratic,
because when the factored expression is set equal to zero, each of the factors can be set equal
to zero, independently, to see what value of the variable would make it so. For a review on
factoring quadratic expressions, see “Factoring Trinomials” in Chapter 4.

Example Problems
These problems show the answers and solutions.

Solve for x by factoring x>+ 6x—7=0.
answer: x = —7 and x = 1

The trinomial factors, giving (x + 7)(x — 1) = 0.
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The Multiplication Property of Zero says that one or the other of the factors must be equal
to zero, so

x+7=00rx—-1=0
Ifx+7=0, thenx=-7.
Ifx—1=0,thenx=1.

The two solutions to this quadratic equation are x = -7 and x = 1. If you put them into the
original equation, both will work.

Solve for y by factoring 3y *— 11y =4.
answer: y=— % andy =4

This equation must first be set equal to O. Subtract 4 from each side.

3y’ —11y=4
—4 —4

3y’—11y-4=0
Now the trinomial can be factored.

3y’—11y-4=By+1)(y—4)=0

One or the other of the factors must equal O.
If 3y +1=0, then 3y = —1, and y = —=.
Ify—4=0,theny =4.

Solve for z by factoring 11z=2z".

answer: z=0andz =11

A common error in solving this equation is to divide each side by z. As a rule, don’t divide

by the variable—you’ll lose a solution. It’s okay to divide each side by a constant number but
not a variable. Set the equation equal to zero by subtracting 11z from each side.

11z=2"*
0=z"-11z
Now factor out the z.
O=z(z-11)

One of the factors must be equal to O.

z=0o0rz—-11=0

As you see, one of the solutions just pops up. If z— 11 = 0, then z = 11, so the two
solutions are z=0and z = 11.
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Solve for w in w”= 25.
answer: w=5and w=-5

This can actually be done in one of two ways, by factoring or by taking the square root of
each side.

Using factoring, first set the equation equal to O, and then factor and solve for the
solutions.

w?-25=0
(w=5)(w+5)=0

Ifw—-5=0,thenw=5.Ifw+5 =0, then w = —5. The two solutions are w = 5 and w = —5.

Take the square root of each side.

In Chapter 5, it's explained that /w?* = |w/|, because w could be positive or negative.
Because w can be positive or negative, both of these have to be considered when taking
the square root of both sides. When doing this, write

Jw?=25

w=%5

That takes care of the absolute value and accounts for both solutions. Just as with the
factoring, the solutions are w = 5 and w = —5.

Solve for t by factoring 4t + 12t+9 =0.

__3
answer: t= >

AP+ 12t+9=(2t+3)(2t+3)=0

Set the first factor equal to O.

The same thing happens with the second factor. This is a case of a quadratic equation
having a double root—two roots that are exactly the same. This happens when the
quadratic is a perfect square trinomial.
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Work Problems

Use these problems to give yourself additional practice.

Solve each quadratic equation by factoring.
x*=13x+40=0
6y’=7y+3
m*—14m+49=0
14p*=56

9-27z-36z*=0

Worked Solutions
x=5andx=8 x’—13x+40=(x-5)(x—8)=0

Ifx-—5=0,thenx=5.1fx—8=0, then x =8.

y=- % and y= % First, set the equation equal to O by subtracting the two terms on the
right from each side.

6y’=7y+3
6y’-7y-3=0

Now factor: 6y *— 7y —3=3y+ 1)(2y—3)=0.

Setting each factor equal to O, first, if 3y + 1 = O:

3y=—1
_ 1
y="3
Next, if 2y — 3 = O:
2y=3
3
y=72

m=7 m —14m+49=m-7)(m-7)=0
This is a double root. Both solutions are the same.

Ifm-7=0,thenm=7.
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p=2and p=-2 First subtract 56 from each side. Then take out the common factor of 14.

14p*=56
14p*-56=0
14(p*-4)=0

Now the quadratic can be factored.

14(p - 2)(p + 2)=0

Setting the factors equal to O, the first factor does not qualify. The factor 14 is never equal

to 0. Only the factors with variables in them need be set equal to O.

Ifp—2=0,thenp=2.1fp+2 =0, then p=-2.

z= % and z = -1 This will be easier to factor if it’s written with the squared term first,

and if the squared term is positive. Add the opposite of each term to both sides to get

0=36z"+27z-9.
Now factor.

36z°4+27z2-9=9(4z*+3z-1)=9(@z—-1)(z+1)=0

Set the two factors with variables equal to zero.

If4z—-1 =0, then 4z = 1,z=%.

Ifz+1 =0, thenz=—-1.

Solving Quadratic Equations with
the Quadratic Formula

The quadratic formula is just that. It’s a formula used to solve for the solutions of a quadratic
equation. Many quadratic equations can’t be factored, because not all solutions are nice integers
or fractions. When the solutions are irrational numbers, with radicals, or if the factoring isn’'t easy

to do, then the quadratic formula is the way to go. In the next section, on completing the
square, the quadratic formula is developed—you’ll see where it came from. For now, the
formula is given, and its use is demonstrated.

Given the standard form of a quadratic equation, ax”+ bx+ c =0, the solutions of the equation are

X:—bix/bz—llac

2a
Example Problems
These problems show the answers and solutions.

Solve x*—8x+ 7 = 0 using the quadratic formula.

answer: x = 7and x = 1
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The trinomial actually can be factored easily, but the quadratic formula works for factorable
equations, also.

From the standard form of the quadratic equation, in this equationa = 1, b = -8, and c = 7.

Put those values into the quadratic formula:

L 8E/(8) -4(1)(7)
2(1)

Notice that, since b = —8, the first term in the fraction is the opposite of —8, or +8.

X_Six/64—28_8i/%_8i6
- -T2 2

2

Break this up into two fractions, x = 8;6 or x= 826, so x:174:7orx:%: 1

Use the quadratic formula to solve 2y *+ 4y —9=0.
—2+/22 —2-/22
answer: Xx=——x——and x=——-x——
2 2
The values of the coefficients area = 2, b = 4, and c = —9.

Put these into the formula.

-4+ /47-42)(-9) -4+ /16-(-72) -4+ ,/88

X= 22) - 4 T2

The radical can be simplified and the fraction reduced.

4+ /88 -4+ /822 -a+2/22 E(-2%£V22) 54 %2
_ . _ _

4 4 A, a 2

-2+ - —
The fraction then is broken up into the two answers, x = # and x = %

Use the quadratic formula to solve 3z>—2z+5=0.
answer: There’s no real answer.
The coefficients area = 3, b = -2, and ¢ = 5.

Put them into the formula.

2+/(-27-4(3)5) _2+,/4-60 2+/-56
- 203) =~ 6 6

You can stop right there. You can’t take the square root of a negative number and get a
real answer, so this equation has no real solution.
Use the quadratic formula to solve 21x*—110x+ 125=0.

_25 =2
answer: x= %> or x=3
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Even though this could be factored, the numbers are a bit unwieldy. The numbers in the
quadratic formula will be large, too, but it’s still probably the easier way to go.

The coefficients area = 21, b = —110, and c = 125.

Put them into the formula.

110+ /(- 110>~ 4(21)(125) _110+,/12100- 10500 110+ ,/1600 _ 110+ 40
x= 2(21) - 42 - 42 ST &2

Break it up into two fractions.

_110+40 _150 _25 _ __110-40 _70 _5

X=742 T T 7ot TamT3

Work Problems

Use these problems to give yourself additional practice.

Use the quadratic formula to solve each of the following.
x*-3x-18=0
10y*-13y=3
3w’-50w+75=0
4x*-9=0

z*+82-10=0

Worked Solutions

X =06, x = -3 The coefficientsarea=1,b =-3, and c = —18.

Put them into the formula.

L 3%/(3°-4(1(-18) _3+/9-(-72) _3+/81_ 309

2(1) 2 2 2
Break up the fraction, xz# :17 =6 or x=¥ :?:_3_

y= %, y=- é First, write the equation in standard form by subtracting 3 from each side.

10y’-13y-3=0

The coefficients area = 10, b = —13, and ¢ = —3.

Put them into the formula.
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13+ /(- 13)2—4(10)(-3) 13+ ,/169—(-120) 13+,/289 13+ 17
Y= 2(10) - 20 T 20 20

Break up the fraction, y = 13;01 7. % = % ory= % = % =— %

w = 15, w=% The coefficients are a = 3, b = =50, and ¢ = 75.

Put them into the formula.

50+ ,/(—50)* - 4(3)(75) _ 50+,/2500—900 _50+,/1600 _ 50+ 40

w= 2(3) 6 6 6
Break up the fraction, w= w = 96—0 =150rw= 50840 = % = %

X= %, X=- % Only two terms are in this quadratic. The middle term is missing, so the

coefficient is equal to O.
The coefficients are a =4, b = 0, and ¢ = —9.

Put them into the formula.

_0+,/0°-4(4)(-9) _+/144 _+12

x= 24 -8 8
Break up the fraction, x = +T12 = % or x = —T12 =— %

As you can see, this would have been much easier to do by factoring.
z=-4+ xTG and z=-4- xTG The coefficients area =1, b = 8, and c = —10.

Put them into the formula.

-8+ /82-4(1)(~10) -8+,/64-(-40) -8+,/104 -8+/4/26 -8+2,26
z= 2(1) - 2 = 2 = 5 - 5 ——4i\/276

Solving Quadratic Equations by
Completing the Square

As mentioned in the introductory section of this chapter, you'll never choose to use completing the
square to solve a quadratic equation if you can factor it or use the quadratic formula. But complet-
ing the square is used when rewriting equations of conic sections (circles, ellipses, hyperbolas, and
parabolas) in a form that can be easily analyzed and graphed. By using completing the square to
solve a quadratic equation, you’ll get the same solutions you’'d get using other methods, so at
least you’ll have an answer for all your efforts.

The procedure used for completing the square on the quadratic equation ax”+ bx+c=0is
as follows:

If a isn’t 1, then divide every term in the equation by a.

Subtract c (or add the opposite of c) from each side of the equation. (Subtract % if you
divided through by a.)
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Determine what new constant to add to each side of the equation so that the left side will
become a perfect square trinomial. To find that constant, divide the coefficient of the x
term by 2 and square that result. The coefficient of the x term is either b or % Add the
square to each side.

Factor the left side (it’'s now a perfect square trinomial).
Take the square root of each side.

Solve for the variable.

Example Problems
These problems show the answers and solutions.

Solve x*+ 6x — 7 = 0 using completing the square.
answer: x = 1, x = =7
Since a is 1, you don’t need to divide by anything.
Add 7 to each side.

x’+6x-7=0
+7+7

x’+6x =7

Complete the square by dividing 6 by 2, squaring that, and adding it to each side.

6\2 .2
(§)=3=0
x*+6x+9=7+9
x’+6x+9=16

Factor the left side.

X 4+6x+9=(x+3)(x+3)=(x+3)*

So, (x+3)*= 16.
Take the square root of each side.

Don’t forget the + signs. See “Solving Quadratic Equations by Factoring,” earlier in this
chapter for more on the =* sign.

xX+3=+44

Solve for x by subtracting 3 from each side.

x=-3%+4
xX=-3+4=1orx=-3-4=-7
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Yes, this would have been much easier and quicker using factoring, but it’s a good
example to start with when explaining completing the square.

Solve 3y’ -8y — 1 =0 using completing the square.

4+ /19 4-/19
3 orYTT3

Since a is 3, divide each term by 3.

answer: y =

Add % to each side.

Now, —% is squared and added to each side of the equation.

_4)\_16
3) 9
8 16_1,16
Y'-3Y+t9=3%9
8 16 _3 16
Y'-3Y*9 5%9
8 16 _19
y'-3Y*9 %
Factor the left side of the equation.
4\*_19
(4)%
, 4\ _ 19
Take the square root of each side, / y-3) =/9:
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To solve for y, add —31 to each side.
4 19
y=3 + —‘/3

_4+,/19 _4-/19

Soy—fory 3

Prove the quadratic formula by completing the square on the standard form of the
quadratic equation, ax”+bx+c=0.

-b+ /b*-4ac

answer: x =
2a

Divide every term by a.

2
Ax®  px c__2.b c
7+T+§_X +§X+§—O
Subtract % from each side.
2, b __C
X +3 a

2

Add zlfaz to each side. This comes from taking half of g and squaring it.
1 b_Db (b)\_Db
2 a 2a'\2a) 4a°
b ., b’ b’ 4a , b’ _-4ac b’ _b’-4a
X Xt T T T  Aat a aat tan T dat
2 2
orx2+ 2 x4 b _D —Zzlac

Factor the left side.

b \*_ b’—4ac
(o) -

Take the square root of each side.
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Work Problems

Use these problems to give yourself additional practice.

Solve each of the quadratic equations using completing the square.

y*+3y—-4=0
2z°-11z+12=0
m’+5m-2=0
3x*-7=0

y*-6y=0

Worked Solutions
y=1,y=-4 Add4toeachside. y*+3y=4

2
Add the square of half the coefficient of y to each side. y*+ 3y + ( % ) =4+ <

y2+3y+%:4+%:176+
2
Factor the left side<y+%> :%.
i : 3\'_ /25
Take the square root of each side. / y+5 ) =/7%
3 25 5
y+7:i T:ii
3 . __3.,5_-3+45
Subtractjfrom each side. y= >+5="—"
So,y=_32+5=%:1ory:_32_5:%:—4
_3 2z° 11z 12 _ . 11 _
l=4,l—i 3 —T+7—Z z+6=0

INIE

25

-4

Njw

235



236

z:%i%:“fS
Soz ]1;5 1T6=4orz—“T_5
m='5+2*’@,m=’5'2*’@

m2+5m+%:%+%=%
(me3)=%
(me3) -3

m+7=iv’%:i@
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In this case, you don’t need to add anything to each side to “complete the square;” the left
side is already a square, so that part is done. Now, just take the square root of each side.

/-3
Xzig

y=6,y=0 There is no constant to move over to the right, so completing the square
can proceed from here.

yi—6y+(3)’=y’—6y+9=9
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Factor the left side.

(v—3)*=9
v(y_32:\/6
y—3=13
y=3%3
So,y=3+3=06ory=3-3=0.

Solving Quadratic-Like Equations

In Chapter 4 in the section “Factoring Other Polynomials,” there’s a section on factoring
quadratic-like expressions. The description and explanation of this type of algebraic arrangement
is discussed there. In this section, solving equations that contain quadratic-like expressions is
covered. Solving some higher-order equations (those with exponents greater than 2) and some
equations with negative or fractional exponents can be accomplished fairly easily if the terms in
the equation are quadratic-like. The same techniques that are applied when solving quadratic
equations can be used to help solve quadratic-like equations. There’s just an extra step or two
at the end, after applying the factoring, to finish the particular type of equation.

Some quadratic-like equations are

x*—4x*-21=0

8y°-9y’+1=0

z"-5z"1+4=0
Notice that they’re each a trinomial, that the exponent/power on the first term is twice that of
the middle term, and that the last term is a constant. They're all of the form ax* +bx"+c=0.
To solve them, either factor using the same patterns as in factoring quadratic equations from

Chapter 5 or use the quadratic formula (from a section eatrlier in this chapter). Then, to finish it
off, solve for the specific variable.

Example Problems
These problems show the answers and solutions.

Solve for x in x*—4x*-21=0.
answer: x = xfl and x=— xfl

Factor this into the product of two binomials using unFOIL.

x*=7)(x*+3)=0

Apply the Multiplication Property of Zero (see Chapter 1).

x*—7=0o0r x*+3=0

Solve x?—7 =0, which gives x*=7 and x=+ /7.
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x*+3 =0 has no real solutions, because x/? =/ —3 asks for the square root of a negative
number.

The only two solutions of this equation are x = \/; and x=— \/? .
Solve for y in 8y°~9y>+1=0.
answer: y = % and y = 1

Factor the trinomial into the product of two binomials.
By’-1(y’-1)=0

Set the two factors equal to O. First, 8y>— 1 =0 means y’= % Take the cube root of each
side, 3/ y® =3 é y= % Then, y>—1=0 means that y>= 1. Take the cube root of each side,

Yy =¥ y=1

So the two solutions are y = % andy = 1.
Solve for zin z"*~ 5z +4=0.

answer: z = 256 and z = 1

Factor, (z"*—4)(z"* - 1)=0.

Now, set the two binomials equal to O, if z*— 4 = 0 and then z"* = 4. This time, to solve
for z, raise each side to the fourth power.

(z")*=(4)* z=256

If '~ 1=0, then z"* = 1. Raise each side to the fourth power. ( z"* )4:( 1)%z=1
The two solutions are z = 256 and z = 1.

Solve for winw >+ 2w '=15=0.

answer: w=— % orw= %

You can factor this into the product of two binomials. Sometimes, the exponents get a bit
distracting. You can see that they fit the pattern, but it’s hard to tell how to factor them.
If that happens, just rewrite the equation as a standard quadratic equation. For instance,
rewrite this problem as x>+ 2x— 15=0 and let x' replace w . This new equation factors
into (x + 5)(x — 3) = 0. Now apply this same pattern on the equation with the negative
exponents.

w’i+2w '=15=(w '+5)(w '=3)=0

If the first factor equals O, w '+ 5 =0 means w_'=— 5. Write both sides as fractions, % = _TS
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b __1
Now, solve for w, T --—gorw=-g.

If the second factor equals O, w ™' 3 = 0 means w~'= 3. Write both sides as fractions,

1_3 w_1 1
w T Now, solve for W,T—gor w=3.

Solve for tint*+3t*—1=0.

-3+,/13 \/—3+/E
2

answer: t=+ ‘/f t=—

This equation doesn’t factor. The quadratic formula can be applied if a substitution is done,
somewhat like in the preceding example.

Let y replace the t*. Then, if y=t*, y*=t". So the t's can be replaced.
The new equation reads y*+3y—1=0.

Now apply the quadratic formula to this equation.

_-3+/9-4(1)(-1) -3+/13
- 2() =72

This is what y is equal to, but you want what ¢ is equal to. Replace the y with t”.

-3+ /13
7

t'=

Now, take the square root of each side:

There are four different answers here.

~ 3+ 13 /3 ~ /—3+/T3 - /-3-/13
t‘+» —z tTiT =z

Actually, the second and fourth solutions aren’t really solutions, because there is a
negative value under each radical. They’ll have to be eliminated.

Work Problems

Use these problems to give yourself additional practice.

Solve form in m®—3m+2=0.

Solve for zin z"? - 13z*?=-36.
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Solve for pin p™*—4=0.
Solve for x in 3x*— 75x*=0.

Solve for yin y°+4y>=5.

Worked Solutions
m=1,m-=-1, m=‘§/i, m=-‘§/i
Factor into the product of two binomials: (m*— 1)(m*-2)=0.
Set the factors equal to O.
m* -1 =0 factors into (m”— 1)(m*+ 1) =0; m”— 1 =0 factors into (m —1)(m + 1) = 0.
There are two solutions from these last two factors, m =1 and m = —1.

m*—2=0 doesn’t factor, but, after adding 2 to each side, the fourth root can be taken of
each side.

4/m* =4/2, which gives you m=+4/2.
There are four solutions: m = 1, m = —1, m=4/2, and m=—4/2.

z+27,z+8 Add 36 to each side. Then factor into the product of two binomials.

z* 132" +36=(z"*-9)(z"*-4)=0

Set the binomials equal to O.
When z7?~9=0, z**?=9. Then raise each side to the % power.

( z?? )3/22( 9 )*?, which means that zzi( 2/9 )32-0_-(3)321 27 whenz”>-4=0,z"*=4.

Then raise each side to the % power, ( z** )3/2 =+ ( 4 )%, which means that

zzi(ﬁf:i(zf:is.

The four solutions are z = +27 and z = 8.

1 1
P=7:P="2

Factor the binomial using the difference of two squares, p —4=(p '-2)(p '+2)=0.

Now set each factor equal to O.
When p~'=2=0, p~'=2. Write both sides as fractions and flip them, 1 % which gives

I2)
1 1
youlf = orp=7.
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1_-2

When p~'+2=0, p~'=- 2. Write both sides as fractions and flip them, - = Which

. 1 1
gives you % = -2 or p=— 2"

The solutions are p== %

x=0,x=5,x=-5 First factor the binomial by dividing by the greatest common
factor, 3x”.

3x*-75x*=3x*(x"-25)=0
The binomial can be factored, and then each of the factors is set equal to O.

3x%*(x—=5)(x+5)=0

When x*=0,x=0; whenx—-5=0,x=5; whenx+5 =0, x = —5.
The solutions are x = 0, £5.

y=- 3/3, y=1 Subtract 5 from each side. Then factor the quadratic-like trinomial.

y6+4y3—5=0
(y’+5)(y’-1)=0

Set each factor equal to O, when y>+5=0, y>=-5. The number -5 isn’t a perfect cube.
That factor doesn’t give a nice fraction or decimal, but you could take the cube root of
each side to get 3/ y>=3/-5, y=—13/5,

When y>-1=0, y’=1and y = 1.

Quadratic and Other Inequalities

A quadratic inequality is an inequality with a quadratic or second-degree term in it. In Chapter 5,
there are sections on solving linear inequalities and absolute value inequalities. The inequalities in
this section take some special handling. As soon as a second-degree or higher degree term gets
involved, the Multiplication Property of Zero comes into play. The same is true of fractional terms
in an inequality. The general plan for dealing with these problems is to get all the terms on one
side of the inequality symbol and completely factor the expression. The Multiplication Property

of Zero determines where each factor might change signs (negative to positive or positive to
negative). A solution is found by determining whether the expression should be positive or nega-
tive, so it’s important to know when which factor will be which sign. The solution of the inequality
x*—4x>0is when the statement is true, and it’s true when the left side is positive. If x = 10,
then the left side of the inequality is 100 — 40, which is positive. That means that the number 10
is part of the solution of the inequality. If x = 1, then the left side of the inequality is 1 — 4, which
is —3. This is negative, not positive, so the number 1 is not a part of the solution. If x = =10, then
the left side of the inequality is 100 + 40, which is positive, so —10 is part of the solution. These
numbers that work seem to be all over the place! But, really any negative number is part of the
solution, and any number bigger than 4 works, too. The examples that follow will show you how
to solve the inequalities.
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Example Problems
These problems show the answers and solutions.

Solve y*+7y—8>0.

answer: y<-8ory> 1

The solution will include all values of y that make the left side positive.

Factor the left side into (y + 8)(y — 1) > 0. Now find out where the factors change sign by
determining where they equal O. y + 8 changes sign at —8 because numbers smaller than
—8 make the expression negative and numbers larger than —8 make the expression

positive.

The two places where the two factors change sign are at —8 and 1. Now graph these two
values on a number line.

-8 1

Put + and — in parentheses above the number line to show whether the factors are + or —
in that interval.

For numbers less than —8, for instance choose y = —10, the factor y + 8 is negative and the
factor y — 1 is negative. Putting this on the number line to represent (y + 8)(y — 1)(+)(-).

Now check on those two factors for numbers between —8 and 1. A good number to
choose is y = 0. The factor y + 8 is positive, and the factor y — 1 is negative. Put this on
the number line to represent (y + 8)(y — 1).

Going back to the original problem, which is to determine when the expression on the left
is positive, just look at the factors. Two negatives multiplied together give a positive
product, and two positives give a positive product. A positive times a negative is
negative, so you just want the numbers smaller than —8 and bigger than 1 in your
solution. This is written y < -8 or y > 1.

Solve x*(x+3)(x—8) <O0.
answer: -3 <x<8

There are three factors to consider. Their product has to be either negative or equal to
zero. The Multiplication Property of Zero takes care of the zeros. The factors are equal to
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Oatx =0, x =-3, and x = 8. Now all that has to be done is determine the signs of the
factors between the numbers that make the factors 0. The number line will contain the
three values already determined.

-3 0 8

Choosing a number less than -3, I'll use x = —5. Putting that into the factors x*(x + 3)(x — 8),
I find that the signs of the factors are (+)(—)(—), which will go to the left of the —3.

Choose a number between —3 and O; I'll use x = —1. Put that into the factors x*(x + 3)(x — 8);
the factors are (+)(+)(—), which will go between the —3 and O.

Choose a number between O and 8; I'll use x = 1. Putting that into the factors
x2(x+ 3)(x—8), | find that the factors are (+)(+)(=), which will go between the 0 and 8.

Choose a number bigger than 8; I'll use x = 10. Putting that into the factors x* (x + 3)(x — 8),
| get that the factors are (+)(+)(+), which will go to the right of the 8.

HEE HEHE) (HEHE) (HE)E)

3 0 8

Now to go back to what the original problem was. Where are the x’s that make the
expression O or negative? Whenever there is an odd number of negative factors, the
whole product is negative, so the numbers between —3 and 8 will be in the solution,
including the —3 and the 8, because they make the expression equal to O. The answer is
written -3 < x < 8.

Solve for z in ?Z)+5 = 0.
4

answer: -5<z< 3

Even though this is a fraction, the numerator and denominator can be treated the same
way as the factors in a multiplication problem. Determine where they change sign and use
that to find out when the expression is positive or O.

The numerator is O and changes sign when z = —5. The denominator is O and changes sign
when z = 3. So, make a number line with those two numbers on it.

-5 3

This time, stack the signs. When you choose a number smaller than —5, such as z = -6,
the top factor z + 5 is negative, and the factor 3 — z is positive. Put - on the number line.

When you choose a number between -5 and 3, such as z = O, the top factor z + 5 is
positive, and the factor 3 — z is positive. Put $ on the number line.

When you choose a number bigger than 3, such as z = 4, the top factor z +5 is positive,
and the factor 3 - z is negative. Put ; on the number line.

s

+ + =

-5 3
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Look for where the result is positive or 0. The numbers between —5 and 3 will always give
a positive result, so they’re part of the solution. The number —5 makes the numerator
equal to O, so the whole fraction is equal to O. It can be part of the solution. You can’t use
the 3, even though it makes a factor O. The fact that it makes the denominator O is not
allowed. There’s no number that can be the result of dividing by O.

So, the solution is written -5 <z < 3.

Work Problems

Use these problems to give yourself additional practice.

Solve for x in x>+ 5x—24>0.
Solve for zin 4z°+ 17z—15<0.

Solve for m in m(m — 2)(m + 4)(m —6) > 0.

Solve for n in 1 7> 0.

22—
. p—3
Solve for p in p—8 <0.

Worked Solutions

x<-8and x >3 Factor the trinomial. (x + 8)(x — 3) >0
The values where the factors change sign are x = -8 and x = 3.

Make a number line and indicate the signs of the factors in those intervals.

The values that make the left side positive are x < —8 and x > 3.
-5<z< % Factor the trinomial. (4z — 3)(z+5) <0
The values where the factors change sign are z = % and z = 5.

Make a number line and indicate the signs of the factors in those intervals.

=) G (D)

-5

3
4
The values that make the left side negative or O are -5 <z =< %

m<-4, 0<m<2,and m=6 The values where the factors change sign are m =0, 2,
—4, and 6.

Make a number line and indicate the signs of the factors in those intervals.
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G)EEE) GXEEE) (HEHE) (HEHE(E) (H)(H)(H)(+)

-4 0 2 6

The values which make the left side positive orOare m <-4, 0<m<2,and m > 6.

n <2 The only value for which a factor changes sign is 2, for the factor in the
denominator.

If n is a number bigger than 2, then the denominator is negative. If n is smaller than 2,
the denominator is positive. The denominator cannot be O, so n is never equal to 2. The
solutions, which make the fraction positive, are the numbers smaller than 2, n < 2.

3 < p <8 The values where the factors change sign are p = 3 and p = 8.

Make a number line and indicate the signs of the factors in those intervals.

(=)(=) (H(=) (D))

3 8

The values that make the left side negative or O are 3 < p < 8. You can use the 3, because
that makes the numerator equal to 0. The denominator is O when p is 8, so that value
can’t be part of the solution.

Radical Equations with Quadratics

Equations including radical expressions are most easily solved by first getting rid of the radical.
This process is covered in Chapter 5, where all of the situations there deal with changing from
radical equations to linear equations. In this section, you’ll see how to handle the special situa-
tions that can arise when you change from a radical form to a quadratic equation. There are even
more opportunities for false or extraneous solutions to arise. The solution of the corresponding
quadratic equation can result in two solutions to the radical equation, just one solution, or none
at all. The important thing to do when solving those radical equations is to be sure to check your
final answer. The procedure will be to get the radical term on one side of the equation and the
rest of the terms on the other side. Then square both sides, solve the resulting equation, and
then, of course, check your answers.

Example Problems
These problems show the answers and solutions.

J2x—1=x-2.
answer: x =5
Square both sides. ( J2x—1 )Z:( x—2)*

The left side will be the binomial under the radical. The right side will be the perfect
square binomial that you get from multiplying the two binomials together.

2x-1=x"-4x+4
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Set the quadratic equal to zero by subtracting 2x from each side and adding 1 to each side.
0=x’-6x+5

Factor and solve forx. 0 = (x — 1)(x — 5),sox=1orx=5

Now these both need to be checked. They're solutions of the quadratic equation but not
necessarily of the radical equation.

When x =1, /2(1) — 1=(1) — 2. The value of the left side is 1, and the right side is 1 — 2 or
—1, so the number 1 is not a solution.

When x =5, /2(5)— 1=(5)—2; \,»"'"10 — 1= 3. This one does work. So the only solution is
x = 5.

Solve /8x+9 —8=2x—17.
answer: x = 9

Before both sides can be squared, add 8 to each side to get the radical alone on the left.

/8x+9=2x-9

Now square both sides.
(/8x+9 ) =(2x-9)?
8x+9=4x"-36x+81

Subtract 8x and 9 from each side to set the quadratic equal to 0. Then factor and solve for x.
0=4x"—44x+72

0=4(x*—11x+18)=4(x—2)(x—9)

The two factors give solutions of x = 2 and x = 9. These both need to be checked in the
original equation.

Ifx=2,,/82)+9-8=2(2)-17,,/25-8=4-17 or 5 — 8 = —13. This is not true, so 2 is
not a solution of the original equation.

Ifx=09, \/8(9)+9 -8=209)-17, \/"a—8= 1817 or 9 — 8 = 1. This is true, so 9 is the
only solution of the original equation.

Sometimes, both solutions of the quadratic work. Solve / 5x-1=x+1
answer: x = 2, x = 1

Squaring both sides and setting the quadratic equal to O,
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(x/Sx—l)Z:(x+1)Z
5x—1=x>+2x+1
0=x"-3x+2

Now factor and solve for the two solutions of the quadratic.

O=x-2)x—-1)
x=2o0orx=1

Check these in the original equation:
Ifx=2,/52)-1=(2)+1, ‘6 = 3. This one works.

Ifx=1,/51)—-1=(1)+1, xZ = 2. This one also works.

Work Problems

Use these problems to give yourself additional practice.

Solve \/m =X.
Solve /z*+9=2z-3.
Solve \m +9=n.
Solve xm =t+5.

Solve /8x+ 1=x+2.

Worked Solutions
x =3 Square both sides and set the quadratic equal to O.
2 2
( J/X+6 ) =X
x+6=x"
0=x’-x-6

Factor and solve for x, x = (x — 3)(x + 2), which means that x = 3 or x = —2.

If x = 3, then /3 +6 =3 or,/9 = 3. The 3 works.

If x = -2, then /-2 + 6 =— 2. This says that the left side is equal to 2, and the right side is
equal to —2. This is not true, so the —2 doesn’t work.

z =4 Square both sides and set the quadratic equal to O.

(V2°+9)"=(22-3)"
z'+9=4z"-12z+9
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0=3z"-12z
0=3z(z-4)
z=0orz=4

Check solutions: z = O doesn’t work; z = 4 does.

n = 16 First subtract 9 from each side. Then square both sides.

/3n+1=n-9

(,/3n+1>2=(n—9)2

3n+1=n"-18n+81

Set the quadratic equal to zero, factor it, and determine the solutions.
0=n"-21n+80

0 = (n —16)(n — 5). The solutions are n = 16 and n = 5.
Testn = 16, \/m +9=16o0r xZT9 +9=160r7 + 9 = 16. The 16 works.
Testn =5, \m +9=5o0r x% +9=50r4+5 =9. No, the 5 doesn’t work.
The solution of the radical equation is just n = 16.
t = 0 Square both sides and solve the quadratic equation.

(\m )Z=( t+5)°

t’+25=t"+10t+25

0 = 10t giving you t =0
Test this in the original equation, \m =0+5o0r x/TS = 5. The only solution is t = O.
x =1,x =3 Square both sides and solve the quadratic equation.

( J/8x+1 )2:( x+2)*

8+ 1=x"+4x+4
O0=x"—-4x+3
O=x—-1)(x—-3)sox=1orx=3.

Testx =1, /8(1)+ =(1)+20rx/§= 1+ 2. The 1 works.

Testx =3, ,/83)+1=3)+2or /E =3+ 2. The 3 works, also. There are two solutions for
this radical equation, x = 1 and x = 3.
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Chapter Problems and Solutions

Problems

In problems 1 through 4, solve the quadratic equation by factoring.
2x*+x-15=0
16y*—8y+1=0
2x*-6x-8=0
10t*+23t+6=0
In problems 5 through 8, solve the quadratic equation using the quadratic formula.
x*—10x+16=0
20w’—-17w—-24=0
z'-4z-8=0
3r’+r-1=0
In problems 9 through 12, solve the quadratic equation using completing the square.
vy +10y+24=0
z°+4z-21=0
3x*-8x+5=0
w’+2w-9=0
Solve the quadratic equation using any method: 24x*— 26x — 63 =0.
In problems 14 through 17, solve the quadratic-like equation.
m’+11'+24=0
p'=29p""+100=0
x"-x"-2=0
y+y’-2=0
In problems 18 through 21, solve the inequality.
(x-3)2x+5)>0

yi-y-12<0
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z2(z—4)(2z+5)>0

w+ 1
= 850

In problems 22 through 25, solve the radical equation for the value of the variable.
J-2x=x+7
/ﬁ =1-x
J/5x+11-3=3x+4

/x+ 10=x-10

Answers and Solutions

Answer: x = -3, x=% Factor the quadratic. (x + 3)(2x —5) = 0. Setting x + 3 = 0, x = —3.
Setting 2x -5 =0, x= %

Factor the quadratic. ( 4y —1 )2 = 0. There’s only one solution. When
1

=

Answer: y=

4y—-1=0, y=

F

Answer: x = 4, x = -1 Factor the quadratic. 2(x —4)(x + 1) = 0. Setting x — 4 =0, x = 4.
Settingx + 1 =0, x = —1.

Answer: t=- 1%, t = -2 Factor the quadratic. (10t + 3)(t + 2) = O. Setting 10t + 3 = O,

t=— Settingt+2 =0, t = 2.

3
10°
Answer: x = 8, x =2 o
10+ /(- 10)*—4(1)(16) _10+,/100-64 10+ ,/36 10+6
- 2(1) - 2 T2 T2

o
+
(@)}

B 16_o ._10-6_4
X="H9 =7 78 x="5"=5

-_3 . _8
Answer: w= Y=g

17+ /(17— 4(20)(—24) 17+,/289+1920 17+,/2209 17+47
- 2(20) - 40 -7 40 40

_17+47 _64_8 ~_17-47 _-30__3

420 40 5WT T 40 T 40 4

Answer: z=2+2\/§, z=2- 2\/5

4+ /(-4*-4(1)(-8) _4+/16+32 _4+,/48 4+4/3
Z= 2 = 2 = 2 - 2

-1+/13 _-1-/13

Answer: r= 3 , = 3

=2+2/3

-1/’ -403)N-1D _-1£/1+12 _-1£,/13
- 203) 6 =T 6
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Answer: y = -4, y = -6 Start with the original equation.

y*+10y+24=0
yi+10y=-24

vy +10y+5°=-24+5"

y*+10y+25=—24+25
(y+5)°=1

Jy+57=/1

y+5=+1

y=-5+1

Answer: z = 3, z = -7 Start with the original equation.

z’+4z-21=0
z'+4z=121
z'+4z+(2)'=21+2"
z'+4z+4=21+4
(z+2)*=25
z+2=%5
z=—-2%5

Answer: x = %, x =1 Start with the original equation.

3x* 8 .5

37 3+370
XZ—%§+%=O
: 8 _ 5
X 773773
: 8 ,(4\°__5,(4)\
"‘T*(?)‘ 3*(3)
: 8 ,16 __ 5 16
X~—3T9773%9
15+ 1

251
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Answer: w=-1+ / 10, w=-1- / 10 Start with the original equation.

w’+2w-9=0
wi+2w=9
wi+2w+1=9+1
(w+1)2=10
Jw+1)*=/10
w+1=% /10

wW=— 1+ x/%

Answer: x = %, X=- % This problem can be solved by factoring. The quadratic factors

into (4x — 9)(6x + 7) = 0. This wouldn’t be easy to factor, though, so the quadratic
formula—even with rather large numbers—might have been the way to go.

Answer: m =- %, m=- % First factor the quadratic. ( m™'+3 )( m™'+8 )=0. Setting

1

m~'+3=0, m '=- 3. This is then written % =— % Flipping the proportion, % == % Setting

'=—8. This is then written % == % Flipping the proportion,

8.

Answer: p = 16, p = 625 First factor the quadratic. (p"* - 4)(p"” - 25) = 0. Setting
p"—4=0, p""=4.

m'+8=0,m" %= |

Raising each side of the equation to the second power, ( p'”? )Z =(4)% p = 16. Setting
p'*—=25=0, p'”*=25. Raising each side of the equation to the second power,
(P")*=(25)% p=625.

Answer: x = 16  First factor the quadratic. ( x"*~2 )( x"+1)=0. Setting x"*~2=0,
x""*= 2. Raising each side to the fourth power, ( x"* )4:( 2)* x = 16. Setting x “+ 1 =0,

1/4
x"==1.

Here, it’s tempting to raise each side to the fourth power—which would give a solution of
1. But that’s an extraneous root. There’s no number, multiplying itself four times, that can
give a negative answer. An even number of negatives multiplied together results in a
positive.

Answer:y =1, y=- -’{/E First factor the quadratic. (y>— 1)(y >+ 2) = 0. Setting y>— 1 =0,
y>= 1. Taking the cube root of each side, y = 1. Setting y>+2=0, y’=— 2. Taking the
cube root of each side, y= @TZ =—3/2.

Answer: x <- % or x >3 Draw a number line and place hollow circles at x =— % and
x = 3, where the factors are equal to 0. Determine the signs of the factors in the three
sections.
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(=)(=) () (D))

5 3

2

The solution contains values of x that cause the product to be positive. That occurs when
both factors are negative or both factors are positive.

Answer: -3 <y <4 First factor the expression to get (y — 4)(y + 3) £ 0. Draw a number
line with solid circles at —3 and 4. Those two values will be included in the solution,
because the expression is to be less than O or equal to 0. Determine the signs of the
factors in the three sections. The solution will occur where there are an odd number of
negative signs.

(=)(=) () (D))

3 4

Answer: —% <z=0orz=4 Draw a number line with solid circles at —%, 0, and 4.
Determine the signs of the factors in the four sections.

G)EE) GIEE) (HEE) (HE)E)

5 0 4

The solution includes the three values that make the expression O and, also, wherever the
product of the factors is positive. This happens when there is an even number of negative
signs.

Answer: -1 < w < 8 This solution can’t include the value 8, because that would result in
a 0 in the denominator. Draw a number line with a solid circle at the —1 and a hollow circle
at the 8.

Answer: x = -4 Square both sides of the radical and simplify the quadratic equation.

(V1-2x)"=(x+7)’
1—2x=x"+14x+49
0=x’+16x+48

Solve the quadratic equation by factoring.

x*+16x+48=0
(x+4)(x+12)=0

Setting the factors equal to O gives answers of x = —4 and x = —12. The answer x = —12 is
extraneous—it doesn’t work in the original problem.



254 CliffsStudySolver Algebra |

Answer: x = 0 Square both sides and simplify the quadratic equation.

(x/3x+1)2=(1—x)Z
3x+1=1-2x+x"

0=x"—5x
Factor the quadratic to find the solution.

x’=5x=x(x-5)=0

Setting the factors equal to O gives answers of x = 0 and x = 5. The answer x = 5 is
extraneous—it doesn’t work in the original problem.

Answer: x = -2 and x = -19 First add three to each side of the equation. Then square

both sides and simplify the quadratic equation.
V5x+11-3=3x+4
(/5x+11)"=(3x+7)?

5x+11=9x>+42x+ 49
0=9x"+37x+ 38

The quadratic can be factored. Then set the factors equal to O.

Ox>+37x+38=(9x+ 19)(x+2)=0

Setting the factors equal to O gives answers of x =— % and x = —2.
Answer: x = 15 Square both sides and simplify the quadratic.

(\/'/x+ 10 )Z:( x—-10)?

x+10=x"-20x+ 100
0=x"-21x+90

The quadratic factors as follows.

x?=21x+90=(x-6)(x—15)=0

Setting the factors equal to O, there are two solutions, x = 6 and x = 15. Only x = 15
works.
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Supplemental Chapter Problems

Problems

In problems 1 through 5, solve the equation by factoring.
x*+5x-84=0
6y’—11y-35=0
9z*+12z+4=0
Aw’>—-49=0
2w’+15w-8=0
In problems 6 through 9, use the quadratic formula to solve the equation.
36t~ 13t+1=0
m’*+2m-15=0
x*-8x+1=0
3z°+z-7=0
In problems 10 through 13, use completing the square to solve the equation.
yi+4y-12=0
z°+10z+21=0
2x*+11x-6=0
wi—4w-1=0
In problems 14 through 17, solve the quadratic-like equations.
x*+7x'-30=0
y°-26y’-27=0
2z -5z"-3=0

m*-m*-1=0
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In problems 18 through 21, solve the inequality.
x+3)x—-1)=20
y*-49<0
(z+4)z+1)(z—-2)>0
<25 =<0
In problems 22 through 25, solve the radical equations.
/ﬁ =x-4
/5y-6=3y—4
/ﬁ -z=z-4
/2q-3-4=q-7

Answers
x=17,x=-12 (Solving Quadratic Equations by Factoring, p. 224)

y= % y=- % (Solving Quadratic Equations by Factoring, p. 224)
z=- % (Solving Quadratic Equations by Factoring, p. 224)

w=7, w:—% (Solving Quadratic Equations by Factoring, p. 224)
w=-8, w=% (Solving Quadratic Equations by Factoring, p. 224)

(Solving Quadratic Equations with the Quadratic Formula, p. 228)

T
A
o
1]
Ol

m =3, m=-5 (Solving Quadratic Equations with the Quadratic Formula, p. 228)

x=4+ / TS xX=4- / 15 (Solving Quadratic Equations with the Quadratic Formula, p. 228)

_ _{_ /a8
- 1+/E’Z: 1-/85

p. 228) 6 6

(Solving Quadratic Equations with the Quadratic Formula,

y=2,y=-6 (Solving Quadratic Equations by Completing the Square, p. 231)

z=-3,z=-7 (Solving Quadratic Equations by Completing the Square, p. 231)

X= % X =-6 (Solving Quadratic Equations by Completing the Square, p. 231)

w=2+ /E w=2- /E (Solving Quadratic Equations by Completing the Square, p. 231)

X= % X== % (Solving Quadratic-Like Equations, p. 237)

y=3,y=-1 (Solving Quadratic-Like Equations, p. 237)
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z=81 (Solving Quadratic-Like Equations, p. 237)

m=/ ! +2*/§ m=— |/ I +2‘ > (Solving Quadratic-Like Equations, p. 237)

x<-3orx=>1 (Quadratic and Other Inequalities, p. 241)

-7 <y <7 (Quadratic and Other Inequalities, p. 241)
-4 <z<-1orz>2 (Quadratic and Other Inequalities, p. 241)
0<x <5 (Quadratic and Other Inequalities, p. 241)

x =9 (Radical Equations with Quadratics, p. 245)

2 (Radical Equations with Quadratics, p. 245)

_13
Z=7
6

y

(Radical Equations with Quadratics, p. 245)

q= (Radical Equations with Quadratics, p. 245)






Chapter 7

Graphing and Systems of
Equations

Coordinate System

quations and inequalities can be used to express some relationship or pattern in a particular
Esituation. In Chapters 5 and 6, you found ways of solving equations and inequalities and de-

termining, under certain circumstances, what values of the variable make a true statement.
Graphs of points on a number line are a nice visual description of solutions and/or relationships
between values. By taking two number lines and setting them perpendicular to one another, you
can create a way of showing the relationship between the two different variables. The number
lines are then called axes (singular, axis), and usually the horizontal axis is the x-axis, and the
vertical axis is the y-axis.

259
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The point at which the vertical axis intersects the horizontal axis is zero (0) for both axes. The
horizontal axis is labeled just like a number line, with the negative numbers to the left of zero
and the positive numbers to the right of zero. On the vertical axis, the positive numbers are
above the x-axis, and the negative numbers are below. This arrangement of the axes is called
coordinate axes or the Cartesian plane. The name coordinate axes comes from the placing of
points (coordinates) around the axes. The Cartesian plane is so named for Rene Descartes, a
philosopher and mathematician, who made big contributions to formalizing parts of algebra.

The two intersecting axes form four quadrants, which are traditionally identified by Roman
numerals as shown. Where they intersect is the origin.

11l T \%

Graphing Points and Quadrants

To identify a point on these axes, an ordered pair of coordinates is used. Ordered pairs are so
named because it matters what order in which you write the numbers. Ordered pairs look like this:
(3,-2), (-4,3), (1,0), (5,5) and so on. The first number in the parentheses is always the x-coordinate,
and the second number, after the comma, is always the y-coordinate. The ordered pair is of the
form (x,y). The axes may be renamed for other applications, but the arrangement of the coordi-
nates always has the horizontal axis coordinate coming first.

To graph an ordered pair such as (—4,3), the —4 tells you how far and in which direction to go
from the origin (0,0), along the x-axis. The 3 tells you how far and in which direction to go on
the y-axis. Graphing this point, start at (0,0) and move 4 units to the left (negative). From there,
move 3 units up (positive). The point is in Quadrant II.
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To graph the point (3,-6) start at the origin and move 3 units to the right (positive). From there,
move 6 units down (negative). The point is in Quadrant IV.

Points that lie on one axis or the other have a O for one of the coordinates. The point (5,0) lies

on the x-axis, to the right of the origin. The 5 indicates that you move 5 units to the right of

the origin. The O indicates that you don’t go up or down from there—stay put. The point (0,—-2) lies
on the y-axis, below the origin. You have to be careful when graphing points that lie on one axis or
the other. It’s easy to confuse which axis they belong on, so count carefully and remember the
arrangement in the ordered pairs.
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Example Problem

Graph each of the points listed here on coordinate axes. Points can be labeled with capital letters
instead of their coordinates.

(3,4)
(6,0)
(9,-2)
(2,-5)
(=1,7)
(=3,-1)
(=10,0)
(=2,3)
(8,0)
(0,0)

answer:

°A

P
o
Reg

no
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Work Problem
Graph and label the following points.

A: (—6,2)
B: (0,—4)
C: (-2,-2)
D: (3,1)

E: (4,-5)

Worked Solution

oA

Graphing Lines

There are many ways to write relationships between variables, and one of the most common rela-

°E

263

tionships that occurs naturally is a linear relationship. In business, there’s “straight line deprecia-
tion.” In science, the relationship between degrees Fahrenheit and degrees Celsius is linear. By
linear, it means that if you graph all the ways the variables relate to one another as ordered pairs,

the graph looks like a straight line.
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There are two different forms of the equations of a line shown in the example problems. Look at
the two different ways of writing the equation of the same line:

y=-3x+8y
3x+y=8

The first equation, y = —3x + 8, is written in the slope-intercept form. It’s called that because the
-3, the multiplier of x, represents the slope of the line, and the 8, the constant, is the y-intercept
of the line; it’s where the line crosses the y-axis. The slope is a number that tells you how steep or
flat a line is and whether it rises or falls as you go from left to right. The greater the absolute value
of the slope, the steeper the line. Lines with positive slopes rise from left to right, and lines with
negative slopes fall from left to right.

The other form of the equation, 3x + y = 8, is called the standard form. It has uses in finite
mathematics and linear programming problems.

The slope-intercept form of a line is nice to work with, because you can quickly graph a line by
finding two points. You graph the y-intercept first. It's easy to find, because it’s the constant.
Then you find another point by counting over and then up or down from the y-intercept. The

slope tells you how far to count over to the right and then how far to count up or down from the
changein y
_3 changein x-
So a slope of —3 would be the fraction = where the change in x is right 1, and the change in y

y-intercept. Think of the number that’s the slope as a fraction with the property:

is down 3 (from the —3) from where you left off with the x. To graph y = —3x + 8, start with the
y-intercept, (0,8) and count 1 unit to the right. From there, count 3 units down. That’s where the
second point is. Draw a line through the y-intercept and that second point that you found.

[
=—__--4
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Example Problems
These problems show the answers and solutions.

Graph the line y = 3x + 1.

answer:

T o.

oo

This equation says that y is a variable that is always 1 more than 3 times as big as the
variable x. Some points that satisfy this equation are (1,4), (2,7), (5,16), (-3,-8), and so
on. To solve for these points, first pick a number for the x-coordinate, such as x = 4. Then
put the 4 into the equation and solve for y.

y =3(4) + 1 = 13. The corresponding point on the line is (4,13). The graph of the five
points mentioned here satisfies this equation.
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Graph the line y = —6x + 4
answer:
A
\“ y
104
53
-1‘0 -% ‘\‘ é 1‘0 X

&

-5+ ‘\‘

104 \
N
Choosing some points,

letx=1,y=-6(1) + 4 = -2, so the point is (1,-2).
letx =2, y=-6(2) + 4 = -8, so the point is (2,—8).
letx=-1,y=-6(-1) + 4 = 10, so the point is (—1,10).

let x =0, y=-6(0) + 4 = 4, so the point is (0,4).

The graph is of the four points and a line drawn through them. There are an infinite
number of points on that line, and only four of them are named.
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Graph the line 4x + 3y = 12.

answer:

267

e

X

This time, the equation is written in standard form. I'll still try some values, though, and

determine some points on the line.

If x =0, 4(0) + 3y = 12 or 3y = 12 which means that y = 4. The point is (0,4).
Ify=0, 4x + 3(0) = 12 or 4x = 12 which means that x =3. The point is (3,0).

These two points, with the Os in them, are called the intercepts of the line. The intercept
is where the line crosses the axes. These intercepts are usually the easiest points to find
on a line, because of the Os. Find two more points.

Ifx =6, 4(6) + 3y = 12, 24 + 3y = 12 or 3y = —12, which means that y = —4. The point is (6,—4).

Ifx=-2,4(-2)+3y =12, -8+ 3y = 12, or 3y = 20, which means that y = E. The point is <—2, 2—;)

3
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Graph y= %x+ 1 using the y-intercept and slope.

answer:

-10 -5 5 10

Start at the y-intercept, the point (0,1). Count 3 units to the right and 2 units up. That’s
where the second point is. Draw a line through the y-intercept and that second point.

Graph yz—%x— 2.

answer:

Start with the y-intercept, (0,—2). Count 3 units to the right and then 4 units down from
there. Draw a line through the points.
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Graph the lines y = 4 and x = —3.

answer:

These two lines are easy to graph and, yet, hard to graph. One is horizontal and the other
is vertical. Note that there’s only an x or a y in each equation; the other variable is
missing. The best way to graph these is to name a few points, graph them, and then
draw the line. The line y = 4 has points where the x-coordinate can be anything and the
y-coordinate always has to be 4. Some points would be (1,4), (-3,4), (0,4), and so on.
The line x = —3 has points where the x-coordinate is always —3, and the y-coordinate can
be anything. Some points would be (-3,4), (-3,-1), (-3,0), and so on.

Work Problems

Use these problems to give yourself additional practice.
Graph by solving for some coordinates of points: y = —2x + 3.
Graph using the y-intercept and the slope: y = % x—2.
Graph by solving for y to put it into the slope-intercept form 5x — 2y = 20.
Graph the line 2x + y = 14.

Graph the lines x = 1 and y = —2.
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Worked Solutions

Graph by solving for some coordinates of points y = —=2x + 3.

Some sample coordinates are (1,1), (2,—1), (-4,11).
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Graph using the y-intercept and the slope: y = % x—2.

Graph the point (0,—2). Then, from that intercept, count 3 units to the right and 1 unit up
from there. Draw a line through that new point and the intercept.

Graph by solving for y to put it into the slope-intercept form 5x — 2y = 20.

Solve for y by subtracting 5x from each side and then dividing every term by —2.

5x -2y =20
-2y = -5x + 20
~2y _-5x 20
-2 -2 -2

y= % x—10. The y-intercept is —10, and the slope is % To graph this, first graph the point

(0,—10). Then, from that point, count 2 units to the right and from there 5 units up. Draw a

line through that new point and the intercept.
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Graph the line 2x + y = 14.
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Either put it in the slope-intercept form, which would be y = —2x + 14, or just solve for
some points by putting values in for x. Some points are (0,14), (7,0), and (-1, 106).

The line x = 1 is vertical through the point
the point (0,-2).

'
\

(1,0), and the line y = -2 is horizontal through
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Graphing Other Curves

There are many types of relationships, besides lines, that associate variables. These relationships
are found in science, business, engineering, medicine, statistics, and so on. Some of the equations
of these relationships have graphs that are distinctive—they have a predictable shape. Being able
to tell what the graph of some points will look like—before even graphing the points—is a big
help. It cuts down on the work and possible errors. In this section, three different graphs of rela-
tions are discussed, graphs of parabolas, cubic polynomials, and exponentials.

Parabolas

Parabolas are the conic sections that appear to be U or N shaped. The parabolic curve is found in
headlight reflectors, paths of objects in outer space, and so on. The bottom (or top, if it’s turned
over) of a parabola is called its vertex. That's always the highest or lowest point, depending on the
direction it’s going. A parabola can be graphed if you find the vertex and a couple other points.

The standard form for the equation of a parabola is y = a(x — h)*+ k. The letters h and k represent
the coordinates of the vertex. The letter a acts like slope—making the parabola steeper or flatter.
If a is positive, then the parabola opens upward. If it’s negative, the parabola opens downward.
A parabola is always symmetric on either side of a vertical line that runs through the vertex,
called the axis of the parabola.

Cubic Polynomials

A cubic polynomial is a smooth curve that looks like a sideways S. The cubic polynomial moves
from negative infinity to positive infinity or vice versa, and it does its curving or turning or flat-
tening in between. The graphs of cubics can look like the following:

The cubic polynomial can have one, two, or three x-intercepts. These places where the curve
crosses the x-axis are very helpful when sketching the graph of the curve. If the cubic polynomial
can be factored into two or three different factors, then the factored form can be set equal to zero,
and the x-intercepts can be solved for. Any x that makes y = O is where there’s an x-intercept. If
the coefficient of the term that’s cubed is positive, then the curve starts down low to the left and
goes up to positive infinity to the right. If the coefficient is negative, then the opposite occurs.
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Exponential Curves

By using an exponent (or power) on a number or variable, you indicate how many times you want
that number or variable multiplied times itself. An exponential curve is one with the variable in
the exponent’s place and a constant number as the base. The standard form is y =a”* where a is a
positive number. The graphs of these exponential curves are very simple and predictable. They're
nice smooth curves that look like flattened C’s. They all cross the y-axis at (0,1). The difference
between one exponential curve and another is how steep they are and whether they rise or fall
from left to right. The a is always positive, but if a is between O and 1 (it’s a proper fraction or
decimal), then the curve falls toward the x-axis. It never touches the axis; it just gets very close

to it. If a is greater than 1, then the curve rises. It starts low on top of the x-axis but never touches
it. If a is equal to 1, then the curve isn’t a curve at all but the horizontal line y = 1.

Example Problems
These problems show the answers and solutions.

Sketch the graph of the parabola y =2 (x— 3)*+ 1.

answer:

The vertex is at the point (3,1), and it opens upward. Finding two other points to help
graph this parabola, choose some values for x, substitute them into the equation, and
solve for y.

Whenx =4, y=2(4- 3)’+1=2(1)+1=3. So the point (4,3) is on the parabola.

When x =0, y=2(0— 3)’+1=2(9)+1=19. So the point (0,19) is on the parabola.
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Graph the vertex and the two other points. Keep in mind that there’s another point, on
the other side of the vertex, that’s the same height as the point (4,3). The same goes for
the point (0,19). This is the way to use the symmetry of the parabola.

Sketch the graph of the parabola y=— %(x +4)*+5.

answer:

This equation isn’t quite in the standard form needed to determine the vertex of the
parabola. To write the terms in the parentheses with a subtraction sign, also change the
sign of the 4. It now reads y=— %(x— (—4))*+5.

The vertex is at the point (—4,5), and it opens downward. Find two other points to help
graph this parabola; choose some values for x, substitute them into the equation, and
solve for y.

Whenx =2, y=- %(2+4)2+ 5=-12+5=-7. So the point (2,-7) is on the parabola.

When x = -7, y=— %(—7 +4)*+5=-3+5=2. So the point (-7,2) is on the parabola.

Graph the vertex and the two other points.
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Graph y = 2(x — 1)(x +2)(x —=3).

answer:

(-1,16)
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(4,36)

(-3,-48)

This is already in factored form. When y = O, the solutions are x = 1, x = =2, x = 3. This is
where the x-intercepts are. Those should be graphed, and then some points are picked,
choosing x values between these intercepts as well as to the left of the smallest intercept
and to the right of the largest intercept. This will help determine what the graph looks like.

Some points you might try are

x =-3 givesyou y = 2(-3 — 1)(-=3 + 2)(-3 — 3) = —48, so the point (—3,—48) is on the curve.
x=-1givesyouy=2(—1-1)(—1+ 2)(-1 — 3) = 16, so the point (-1,106) is on the curve.
X =2givesyouy=2(2 - 1)(2 + 2)(2 — 3) = -8, so the point (2,—8) is on the curve.

x =4 givesyouy = 2(4 - 1)(4 + 2)(4 — 3) = 36, so the point (4,306) is on the curve.

The multiplier in front of the factored form is positive, so the coefficient of the cubed term
will be positive. This curve starts down low at negative infinity, winds its way through the
points and intercepts, and then goes on up infinitely high.
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Graph y = =x(x + 2)(x — 2).

answer:

(-1.-3)

This is already in factored form. When y = O, the solutions are x = 0, x = =2, x = 2. This is
where the x-intercepts are. Those should be graphed, and then some points are picked
choosing x values between these intercepts as well as to the left of the smallest intercept
and to the right of the largest intercept. This will help determine what the graph looks like.
Some points you might try are

x = =3 givesyou y = —(=3)(=3 + 2)(-3 — 2) = 15, so the point (=3,15) is on the curve.

x =—1givesyou y = —(=1)(=1 + 2)(-1 — 2) = =3, so the point (—1,-3) is on the curve.

x = 1givesyou y = —(1)(1 + 2)(1 — 2) = 3, so the point (1,3) is on the curve.

x = 3 gives you y = —(3)(3 +2)(3 — 2) = —15, so the point (3,—15) is on the curve.

The multiplier in front of the factored form is negative, so the coefficient of the cubed

term will be negative. This curve starts up at positive infinity, winds its way through the
points and intercepts, and then goes down infinitely low.
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Graph y=(x—1)".

answer:

There’s only one x-intercept, at x = 1. Two other points that help with the graphing are
(0,—-1) and (2,1).

Graph y=2"and y = 3" on the same graph.

answer:
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Find some points for the graph of y=2":

x = 0 then y=2°=1, and the point (0,1) is on the graph.

x =1 then y=2"=2, and the point (1,2) is on the graph.

x = 2 then y=2%=4, and the point (2,4) is on the graph.

x=-1then y=2""= % and the point (—1,%) is on the graph.
1

x=-2then y=2"%= T and the point (—2,%) is on the graph.
Go through the same process for y = 3%; the following points are on the graph:
2.8 (=1.4) ©.1), (1,3). 2.9)
’ 9 ’ 3 ’ ’ ’ ’ ’

Graph y= <§> and y= <%> on the same graph.

answer:

(113)%

/

Note that the bases here are numbers between O and 1. These two graphs will fall as the

curve moves from left to right. Finding points on the curves, first, if y = (%) ,
1
x=—1then y= <3> —(‘?) =3, and the point (—1,3) is on the graph.
=1, and the point (0,1) is on the graph.

x =0then y= <
x=1then y (

W= W=
v

)3

2
x =2 then y=<§> =

=3 a and the point (1 , %) is on the graph.
% and the point <2, %) is on the graph.

Likewise, for y = (%) , some points are (—1,5), (0, 1), (1%) and <2%>
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Work Problems

Use these problems to give yourself additional practice.

Graph each of the following.
y=Kx-4)°"-2
y=—2(x+ 1)*+5
y=-3x+5)x+1)(x-1)
y=2(x+3)(x— 1)(x — 3)

y=4"and y= <%> on the same graph.

Worked Solutions

This is a parabola that opens upward. Graph the vertex, (4,-2), and find a few more points
to help you draw the graph.
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This is a parabola that opens downward. Graph the vertex, (-1,5), and find a few more
points to help you draw the graph.

This is a cubic equation with x-intercepts intercepts at (-5,0), (—1,0), and (1,0) and a
y-intercept at (0,15). Find some other points to help you draw the graph.
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This is a cubic equation with x-intercepts at (-3,0), (1,0), and (3,0) and a y-intercept
at (0,18). Find some other points to help you draw the graph.

These are exponential functions, each with a y-intercept of (0,1). Find a few points to help
you draw the graphs.
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Finding the Equation of a Line

Graphing a line is rather straightforward (pardon the pun). Once you’ve found a couple of
points, or if you have the y-intercept and slope, then you can confidently draw a line to show
where all of the points that satisfy the equation lie. Going the other direction is just as easy. If
you have just two points that lie on the line, you can figure out its equation. The same holds true
if you know the slope and any point on the line (it doesn’t have to be the y-intercept). A tool
used to write the equation of a line given this information is the point-slope form.

Point-slope form: y—yi=m(x—Xx1)

The x and y are going to be part of the final equation. The y;and x are the coordinates of
apoint, (x1,y1), that lies on the line. The m is the slope of the line. This point-slope form
may remind you of the slope-intercept form, y = mx + b. Simplifying the values in this
point-slope form gives you the slope-intercept form.

Slope of a line: m = %

The (x1,y1) and (x2,y ) are two different points on the line.

Example Problems
These problems show the answers and solutions.

Write the equation of a line in slope-intercept form, y = mx + b, if the slope is 3 and a
point on the line is (2,—1).

answer: y = 3x —7
Use the point-slope form and substitute the values given:

y—y1=m(x—xl)
y—(-1)=3(x-2)
y+1=3x-6
y=3x-17

Write the equation of a line in standard form, ax + by = ¢, if the slope is —% and a point
on the line is (1,3).

answer: 2x + 5y = 17
Use the point-slope form and substitute the values given:

y=yi=m(x—xi)

2
y—-3= 5(X 1)
__2,.2
y-3=-g5x+tg
-2, .17
y= 5X+ 5

This is the slope-intercept form. To change it to the standard form, multiply each term by
5 and add the x-term to each side to get it over to the left, 5y = —2x + 17. Adding 2x to
each side, 2x + 5y = 17.
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Write the equation of a line in slope-intercept form if two points on the line are (4,—-3)
and (—1,2).

answer: y = —x + 1

First find the slope of the line.

Yty 2-(=3)_ 5 __

T X:—Xi1~ —-1-4 -5

m

Now, use the point-slope form and the point (4,—3):

y=(-3) = ~1(x - 4)
y+3=x+4
y=-x+1

You could have used the other point, (—1,2), and the answer would have come out exactly
the same.

Work Problems

Use these problems to give yourself additional practice.

Write the equation of the line, in slope-intercept form, that has a slope —2 and point (3,4).
Write the equation of the line, in standard form, that has a slope % and point (=6,5).

Write the equation of the line, in slope-intercept form, that goes through both (4,1) and
(6,—-3).

Write the equation of the line, in standard form, that goes through both (2,2) and (-4,-1).

Write the equation of the line through (3,-2) and (-5,-2).

Worked Solutions

y =-2x +10 Substitute into y—yi=m(x —Xx1),

y—4=-2(x—-3)
y—4=-2x+6

Add 4 to each side, y = —2x +10.
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-4x + 3y = 39 Substitute into y—yi=m(x—Xx1),

2 x- (- 6))

%x+8

S
u
[
w|

y-5

y=xx+13

W

Now multiply each term by 3 and subtract the x term from each side.

3y = 4x + 39

Subtract 4x from each side, —4x + 3y = 39.

y=-2x +9 First find the slope of the line. Then substitute that slope and the coordinates
of one of the points into the point-slope form.
_Ymyi_(=3)-1_-4__
Mm=5=x~""6-4 ~ 2 2
y—1=-2(x-4)
y—-1=-2x+8

Add 1 to each side, y = —2x +9.

—x + 2y = 2 First find the slope. Then use the slope and one of the points in the point-
slope form.
m=Y2=Y1_2-(1_3_1
T X2—=X1 T 2—-(-4) 6 2

.
y—2—2(x 2)

N
y—2—2x 1

x+1

N[ —

y:
2y=x+2

y = -2 First find the slope.

_~2-(=2)_ 0 _
m=-——g_3 --g=0
The slope is O, so this is a horizontal line. The two y-values are both -2, so the equation of

the line is y = —2.
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Graphing Inequalities

The graph of an inequality on a number line, as seen in Chapter 5, involves shading portions of
the number line to the left of, to the right of, or between two points. The graph of an inequality
with two variables, on the coordinate plane, looks like half the page shaded in. That’s because,
with inequalities, you pick a starting point and shade everything above it, below it, along side it,
or a mixture of those things.

The procedure used to graph these inequalities is to first graph the corresponding line, and then
figure out which side of the line to shade. The line is solid, with no breaks, if the inequality is either
< or 2. The line is dashed or dotted if the inequality is either < or >. When the line is solid, it means
that all of the points on the line are included in the solution. Otherwise, they are not included.

Example Problems
These problems show the answers and solutions.

Graph the inequality x + y > 2.

answer:

First, graph the corresponding line, x + y = 2. Use a solid line, because it’s greater than or
equal to, so the points that lie on the line are included in the solution. Then determine
which side of the line to shade in. To do this, choose some point that is clearly on one side
of the line or the other. In the case of this line, the origin, (0,0), is clearly to the left of the
line—the line doesn’t run close to it. This is the test point. If it makes the inequality into a
true statement, then it and every point on that side of the line are in the solution. If it
doesn’t work, then the other side gets shaded.

Testing the point (0,0) in x +y > 2,0+ 0 = 2 is not a true statement, so (0,0) isn’t in the
solution.
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Trying another point, on the other side, test (5,5) in the inequality. 5+ 5 > 2 is a true
statement, so that point and that side of the line are shaded to show all of the points in
the solution.

Graph the inequality 3x — 2y < 6.

answer:

The corresponding line is 3x — 2y = 6, and it’'ll be drawn as a dashed line, because the
points on the line aren’t included in the solution.

Testing the point (0,0) in the inequality, 3(0) — 2(0) < 6 or O < 6, which is true. So all the
points on the same side of the line as the origin are in the solution. Check a point on the

other side of the line, such as (3,0), 3(3) — 2(0) < 6 or 9 < 6, which is not true. The point
(3,0) and all the points on that side of the line do not belong in the solution.

Work Problems

Use these problems to give yourself additional practice.
Graph 2x + y < 3.
Graph x—y > 1.
Graph x + 5y < 6.
Graph x + 3y > 3.

Graph x > —2x.
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Worked Solutions

First graph the solid line 2x + y = 3. The test point (0,0) works in the inequality, so shade
in under and to the left of the line.

N
o

K/

First graph the dashed line x — y = 1. The test point (0,0) doesn’t work in the inequality, so
shade in to the right and below the line.
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Rl

First graph the dashed line x + 5y = 6. The test point (0,0) works in the inequality, so
shade in under and to the left of the line.

i
Bes
1]

104+

¥

First graph the solid line x + 3y = 3. The test point (0,0) doesn’t work in the inequality, so
shade in above and to the right of the line.
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.

'
A\

First graph the dashed line x = —2. This is a vertical line. All values of x greater than -2 are
to the right of the line. Shade in to the right.

Systems of Equations—Linear and Quadratic

Equations that are used to express the relationships between different variables can also be com-
pared to one another to see whether they have anything in common. Two different lines have lots
of points on each line, but, if they cross or intersect, they have that one point in common—and
only one. Two different parabolas can have one or two points in common—if they intersect at all.
When you're looking for these common solutions, it’s called solving systems of equations.

Solving Systems of Equations by Graphing

This section deals with solving the systems by graphing. Using this method requires that you
graph the lines very carefully, preferably with graph paper, so you can determine the intersection
points accurately. This method is not very useful when the common solutions involve fractions
or decimals, but it can give an approximate answer. It's almost impossible to tell the difference
between 2 5 and 2 5- on graph paper, so the examples in this section will deal only with answers

3 2
that are integers.
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Example Problems
These problems show the answers and solutions.

Find the common solution for the lines y = -3x + 2 and y = x — 2.
answer: (1,—1) This means that x = 1 and y = —1 are the common solution.

Graph the two lines on the same graph. Determine where they intersect.

Find the common solution for the lines 3x + 4y =6and x +y = 1.
answer: (—2,3). This means that x = -2 and y = 3 are the common solution.

Graph the two lines and determine where they intersect.
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Find the common solution for the lines y = 2x — 1 and 2x — y = 3.

answer: There is no solution. The two lines are parallel.

Graph the two lines. They appear to be parallel, which means that they have the same

slope. The lines will never intersect, so there’s no solution.

Work Problems

Use these problems to give yourself additional practice.
Find the common solution fory =4x -2 and y = x + 1.
Find the common solution for y = 2x + 1 and y = —x — 2.
Find the common solution forx + y=—-1andy — x = 7.
Find the common solution for 3x + y = 2 and 5x + 2y = 3.

Find the common solution for y = =3x + 1 and 3x + y = 3.
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Worked Solutions
(1,2) Graph the lines on the same graph.

(-1,-1) Graph the lines on the same graph.
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(-4,3) Graph the lines on the same graph.

(1,-1) Graph the lines on the same graph.

(1.1
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No solution Graph the lines on the same graph. The lines are parallel, so they never
intersect. There’s no solution.

Solving Systems of Equations Using Addition

The main problem with solving systems of equations by graphing is that you can rarely find an
exact solution if it involves a fraction or decimal. Also, you may not always have graph paper and
a ruler handy. When the two equations you're trying to find the common solution to are lines,
you can use a method called linear combinations, or more familiarly, the addition method.

The goal is to add the two equations together and have the result be at least one part of the
answer—the value of one of the variables. This will happen if the other pair of variables in the
two equations are opposites of one another, so they add up to 0. Sometimes it takes a little
manipulating of one or more of the equations, such as multiplying through by some number,

to make this work successfully.

Example Problems
These problems show the answers and solutions.

Find the solution for the system 2x + y = 7 and 3x — y = 3 using the addition method.
answer: (2,3)

Add the two equations together.
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LX+Yy=1
3x-y=3
5 =10
xX=2

The two y terms were opposites, so their sum was O, leaving just the x terms. Now put
the x = 2 back into either equation (I'll choose the top one) to solve for y.

2)+y=7,4+y=7,y=3

Find the solution for the system x —3y = 8 and y = x — 4 using the addition method.
answer: (2,-2)
Add the two equations together.

The second equation isn’t arranged the same way as the first. Before adding them
together, subtract x from each side of the second equation to get —x + y = —4.
x—-3y=8
-x+y=—4
—-2y=4
y=-2

The two x terms were opposites, so their sum was O, leaving just the y terms. Now put
y = —2 back into either equation (I'll choose the bottom one) to solve for x.

-Xx+(-2)=-4
X =-2
X=2

Find the solution for the system 3x + 4y = 9 and x + y = 2 using the addition method.
answer: (—1,3)
Adding the equations together, the way they are, won’t solve for either variable.
3x+4y =9
X+ty=2

Either the x terms or the y terms need to be opposites of one another. One way to
accomplish this is to multiply the bottom equation through by —3. (Multiplying by —4
would work, too. It would just result in finding a different variable first.)

3x+4y=9
-3x—-3y=-6
y=3

Put this back into the first equation, 3x + 4(3) =9, 3x = -3, x = —1.
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Work Problems

Use these problems to give yourself additional practice.
Find the solution to the system using the addition method: x + 3y = 5 and 2x — 3y = 4.
Find the solution to the system using the addition method: x — 2y =5 and —-x + 3y = 7.
Find the solution to the system using the addition method: 3x — 4y =9 and y = 4x + 1.
Find the solution to the system using the addition method: x = 7y + 2 and x -8y = 1.

Find the solution to the system using the addition method: 4x + y = 3 and 8x + 2y = 1.

Worked Solutions
<3, %) Add the two equations together.
x+3y=5
2x—-3y=4
3x =9
x=3

Now put 3 in for x in the first equation.
_ _ _2
3+3y=5,3y=2, y=3

(29,12) Add the two equations together.

x—2y=5
-x+3y=7
y=12

Put this into the first equation to get x.

x—2(12)=5,x-24=5,x=29

(-1,-3) First rewrite the second equation so it'll have the same arrangement as the first,
with the x and y terms on the left.

y=4x+ 1 becomes —-4x +y = 1.

Now add the two equations together.

3x -4y =9
—4x+y=1
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Even with this arrangement, adding them together won’t achieve anything. Neither of the
variables has its opposite in the other equation. Multiply the terms in the bottom equation

by 4 so the y terms will be opposites.

Then add the two equations together.

3x—-4y=9
—16x+4y=4
—13x =13

x==—1

Now substitute the —1 for x in the first equation to solve for y.
3(-1)—4y=9,-3-4y=9,-4y=12,y=-3

(9,1) Subtract 7y from each side of the top equation so they can be added together.
X =17y + 2 becomes x — 7y = 2.

x—-7y=2

x—8y=1
Multiply the terms in the bottom equation by —1 and add the two equations together.

x—Ty=2
-Xx+8y=-1
y=1

Substitute the 1 for y in the first equation to solve for x.

x=7(1)+2=9

No solution Multiply the terms in the top equation by —2. Then add the equations

together.
-8x—-2y=-6
8x+2y=1
0+0=-5

This last equation says that O = —5. That’s impossible, which means that a solution is
impossible. These lines are parallel, so there’s no common solution.

Chapter Problems and Solutions

Problems

Graph the points A (2,2), B (3,-5), C (-3,5), D (—4,-6), E (3,0). Label them with the
corresponding letters.



Chapter 7: Graphing and Systems of Equations 299

In problems 2 through 4, graph the lines on the same coordinate axes.
y=-2x+3y
y= % x—2
4x + 5y = 20

In problems 5 and 6, graph the parabolas on the same coordinate axes.
y=—2(x-3)"+1
y=tix+1)i-4
Graph the cubic y = x(x — 4)(x + 3).

In problems 8 and 9, graph the exponentials on the same coordinate axes.

y=4"

“(s)
Y=\5
Write the slope-intercept form of the equation of the line with a slope of 4 and that goes
through (—1,2).

Write the standard form of the equation of the line with a slope of —% that goes through

(10,7).

Write the slope-intercept form of the equation of the line that goes through (3,6) and
(=2,11).

Write the slope-intercept form of the equation of the line that goes through (4,2) and (-6,2).
Graph the inequality 2x — 3y > 8.

Graph the inequality x + 5y < 2.

Find the common solution of x + y = 11 and 2x — 3y = 2 by graphing.

Find the common solution of 3x — y = 5 and y = 4 by graphing.

In problems 18 through 20, find the common solution using the addition method.

5x-3y=16and 3x+y=4

x—4y=8andy=%x+3

3x+8y=2andy=5x+11
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Answers and Solutions

Answer:

°A

The point A lies in Quadrant | (upper right); the point B lies in Quadrant IV (lower right); the

point C lies in Quadrant Il (upper left); the point D lies in Quadrant Il (lower left); and the
point E lies on the x-axis, to the right of the origin.

Answer:

4x +5y=20
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Graph the point (0,3). Count over 1 unit to the right and 2 units down from there to find a
second point. Draw the line through those two points.

Answer: (See preceding figure.) Graph the point (0,—2). Count over 4 units to the right
and 3 units up from there to find a second point. Draw the line through those two points.

Answer: (See preceding figure.) Find the two intercepts. Let x = O, then y = 4. Let
y =0, then x = 5. Graph those two points, and draw the line through them.

Answer:

-1 2_
y=5 (x+1)-4

€ y=-2(x-3+1

Graph the vertex, (3,1). This is the high point of the parabola. Two other points that are
also on the parabola are (2,—1) and (0,—17).

Answer: (See preceding figure.) Graph the vertex, (—1,—-4). This is the low point of the
parabola. Two other points on the parabola are (1,-2) and (—3,-2).
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Answer:

The x-intercepts are at (0,0), (4,0), and (—3,0). Select some points between the intercepts
and sketch the graph.

Answer:

y = (15

The curve crosses the y-axis at (0,1). Two other points on the graph are (1,4) and (—2, %)
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Answer: (See preceding figure.) The curve crosses the y-axis at (0,1). Two other points
on the graph are <1 , %) and (—2,25).

Answer: y = 4x + 6 Using the point-slope form, y — 2 = 4(x —(-1)), y — 2 = 4(x + 1),
y—2=4x+4.

Answer: 4x + 5y =75 Using the point-slope form, y—7=— %(x— 10), y—7=— % x+8,

y=- % X+ 15. This is in the slope-intercept form. Multiply through by 5 and add 4x to
each side.

Answer: y = -x + 9 First find the slope. m = 112__% = —iS =— 1. Put this and one of the

6=-x+3

points into the slope-intercept form.y — 6 = —1(x =3), y

Answer: y = 2 First find the slope. m= —26_—24 = % = 0. This is a horizontal line with y

values all equaling 2.

Answer:

Graph the line 2x — 3y = 8. The test point (0,0) doesn’t work, so shade all the points
below and to the right of the line.
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Answer:

y
104
5,,

DTy
R S, ‘
10 5 TS 0 X
Ty

51+
10+

Graph the line x + 5y = 2. Use a dashed line. The test point (0,0) works, so shade all the
points below and to the left of the line.

Answer: (7,4)
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Answer: (3,4)

(3.4)

Answer: (2,-2) Multiply the second equation through by 3 before adding them
together.

5x—-3y=16
Ox+3y=12
14x =28

So x = 2. Put this into the first equation,

5(2) -3y=16,10-3y =16, -3y =06,0ory = —2.

305

Answer: No answer These lines are parallel. When the second equation is multiplied

through by 4 and written in the standard form
x—4y=8
-x+4y=12
0+0 =20

This is an impossible statement.
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Answer: (-2,1) Multiply the second equation through by —8 and change it to the
standard form.

3x+8y=2
40x —8y=—88
43x =-86

So x = —2. Put this into the first equation to solve for y.

3(-2)+8y=2,-6+8y=2,8y=8,soy=1.

Supplemental Chapter Problems

Problems

Graph the points A (4,-7), B (-2,-4), C (6,1), D (0,-2), E (-5,3). Label them with the
corresponding letters.

In problems 2 through 4, graph the lines on the same coordinate axes.

yz—%x—z

y=4x+1
x=Ty=17
In problems 5 and 6, graph the parabolas on the same coordinate axes.
y=-2x- 1)~ 1
y=4(x+2)°-6
Graph the cubic y = —(x + 5)(x — 2)(x — 4).
In problems 8 and 9, graph the exponentials on the same coordinate axes.
(3]
y=3"

Write the slope-intercept form of the equation of the line with a slope of % and that goes
through (4,-7).

Write the standard form of the equation of the line with a slope of -5 that goes
through (3,2).
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Write the slope-intercept form of the equation of the line that goes through (—4,5)
and (6,0).

Write the slope-intercept form of the equation of the line that goes through (8,-3)
and (5,-3).

Graph the inequality x — 4y < 7.
Graph the inequality 3x + 8y > 4.
Find the common solution for 3x + 2y = 13 and x — y = 6 by graphing.
Find the common solution for 4x + y = 7 and x = 1 by graphing.
In problems 18 through 20, find the common solution using the addition method.
dx+y=T7andx—-y=38
2x-5y=13andy=x-2

x—3y=8andy:%x+1

Answers

°E

°C

o

°A

(Graphing Points and Quadrants, p. 260)
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(Graphing Lines, p. 263)

y=4(x+2-6

(Graphing Other Curves—Parabolas, p. 273)
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L

(Graphing Other Curves—Exponential Curves, p. 274)
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y= %x— 13 (Finding the Equation of a Line, p. 283)

5x +y =17 (Finding the Equation of a Line, p. 283)
y=- %x+ 3 (Finding the Equation of a Line, p. 283)

y =-3 (Finding the Equation of a Line, p. 283)

(Graphing Inequalities, p. 286)

(Graphing Inequalities, p. 286)
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5.-1)

(1,3)

(3,-5)

(=1,-3)

(Solving Systems of Equations by Graphing, p. 290)

(5.-1)

(Solving Systems of Equations by Graphing, p. 290)

(1.3)

(Solving Systems of Equations Using Addition, p. 295)

(Solving Systems of Equations Using Addition, p. 295)

No common answer

(Solving Systems of Equations Using Addition, p. 295)
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Chapter 8

Functions

Functions and Relations

ou can express the relationship between two variables in many ways. The usual ways are

pictures (graphs), tables of numbers, and formulas with equations or inequalities. A func-

tion is a particular type of relationship that is considered most frequently in algebra. What
sets a function aside from all other relations between two variables is that one of the variables is
said to be a function of the other if the operations involved in the equation always produce a
unique result.

The equation y=x’+ 3 represents a function where y is a function of x. The equation y*=x*+ 16
is not a function, even though it represents a relationship between the variables y and x. What
distinguishes a function from just any relationship? Look at the charts of values that follow. They
represent how the variables are related. They also can represent coordinates on the graphs of
the equations.

y=x>+3 yi=x*+16
x |y X y
3| 12 -3 5
-2 -3 -5
-1 4 1| 17
0| 3 -1 |=/17

1| 4 0 4

2 7 0 —4

3 12 3 5

3 -5

The first equation is a function, because every x value results in just one answer when that value
is put into the equation. The second equation is not a function, because two answers exist for
every x value shown. A function has to have one unique output for every input.

When y is a function of x, it’s driven by x. The x variables are the input variables, and the y vari-
ables are the output variables. When y is a function of x, exactly one output variable exists for
every input variable.

The main interest in whether or not an equation represents a function is its usefulness as a for-
mula or model in a practical situation. If an equation or formula is supposed to tell a store owner

313
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how much it costs to stock x number of an item, then she wants the formula to have one answer
for any x that’s input. It isn’t very helpful if the formula gives two different answers.

Example Problems
These problems show the answers and solutions.

Is y=+,/x*+ 15 a function or not?
answer: No, it isn’t a function.

The + symbol in front of the radical is the biggest clue that it isn’t a function. It says,
automatically, that there are two answers. If you let x = 7, for example, then
y=+/7*+15=%,/49+ 15=+ /64 =+ 8. Two answers exist for the input value of 7.

Is [ x+ 1| = |y| a function or not?
answer: No, it isn’t a function.

Making a table of values will show this.

x y
-2 -1
-2 1
0 -1
0 1
1 2
1 -2
x* .
Isy= —3 a function or not?

answer: Yes, it’s a function.

A table of values doesn’t really prove that it’s a function, but it demonstrates how there’s
only one y value for every x value shown.

—
|

|
|
Nw & N=[ o M= [Nws
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Work Problems

Use these problems to give yourself additional practice.

Determine whether or not y is a function of x by making a chart that finds several sets of
coordinates.

y=/x"-1
x=|y+2|
x’+y’=25
y=‘x3+2‘

x+y*=40

Worked Solutions

Yes, it’s a function. There’s no sign or double sign like * in front of the radical, so only
the positive value is considered here. There’s only one y for every x. There’s no y value
when x is O, because that would put a negative number under the radical. This situation is
discussed more in the next section, “Domain and Range.”

y= JxP=1

X -3 -2 -1 0 1 2

3
y /8 /3 0 0 /3 /8

No, it isn’t a function. Look at the table of values that follows. In one instance the x
produces a unique value, but the others all have two y’s.

x=|y+2]

X 0 1 1 2 2 3 3

y -2 -1 -3 0 -4 1 -5

No, it isn’t a function. Look at the table of values that follows. In one instance the x
produces a unique value, but the others all have two y’s.

x*+y*=25

X -4 -4 -3 -3 -1 -1 0 0 3 3 5

y | -3 3 4 4 | -/24 | J28 | s 5 | —4 4 | 0
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Yes, it’s a function.

y=’x3+2|

X -3 -2 -1 0 1 2 3

y 25 6 1 2 3 10 29

No, it isn’t a function. Look at the table of values that follows. Lots of values exist
between those on the table. (I just stayed away from the radicals and made the numbers
come out nicely for this demonstration.)

x+y*=40

Domain and Range

When you study functions, for instance those in which y is a function of x, some properties and
characteristics are important when you are choosing and using them. The domain and range of
a function are such properties.

Domain

The domain of a function contains all of the possible input values that you can use—every num-
ber that can be put into the formula or equation and get a real answer. The function y=/x—-2
has a domain that contains the number 2 and every number greater than 2, written x = 2. The
domain can’t include anything smaller than 2, because then a negative number would be under
the radical, and that kind of number isn’t real.

Range

The range of a function contains all of the possible output values—every number that is a result
of putting input values into the formula or equation. The function y = / X — 2 has a range that
contains the number O and also contains every positive number. The range doesn’t include any
negatives, because this radical operation results in only positive answers or O.

When determining the domain and range of functions, just a few operations cause restrictions or
special attention. Functions with radicals that have even roots will have restricted domains. You
can’t take the square root or fourth root of a negative number, so any x value that would create
that situation has to be eliminated from the domain. Fractions also have to be considered carefully.
Any x value that creates a O in the denominator has to be eliminated from the domain. Functions
with even-powered radicals or absolute value will have restricted ranges. They’ll produce just posi-
tive results. Other “special” cases will have to be determined by trying a few coordinates or by
putting x values into the function equation.
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Example Problems
These problems show the answers and solutions.

Find the domain and range of the function y=,/8 — x.
answer: The domain is x < 8; the range is y = 0.

Whenever there’s an even-powered radical in the function equation, you have to
determine what values of x will create a negative number under the radical—and then
eliminate them from the domain. This radical is positive and will produce only positive
results and O for the range.

Find the domain and range of the function y = %

answer: The domain is all real numbers except for O, x # O; the range is all real numbers
except for O, y # 0.

Whenever you have a fraction, the restriction is that the denominator cannot be equal

to 0. No result is possible where you divide by 0. Any other number in the denominator
will work. That’s why the domain contains everything except O. As far as the range is
concerned, the only result that’s not possible is also O. The only way to get a O when you
have a fraction is to have a O in the numerator, but the numerator is always equal to 1.

Find the domain and range of the function 3x + 2y = 19.

answer: The domain is all real numbers, (— oo, c0); the range is all real numbers, (— oo, o).

This is the equation of a straight line. Written in slope-intercept form, the equation is
y=-— % X+ 179 The y-intercept is 179 and the slope is negative, making the line go down
from left to right. The graph of the function goes on forever, from negative infinity to

positive infinity in the domain and from positive infinity to negative infinity in the range.
Find the domain and range of the function y =x”+5.

answer: The domain is all real numbers, (— oo, o0); the range is all numbers 5 and greater,
y=5.

No restrictions are on the domain. Squaring any real number results in another real
number. The range is 5 and above, because all of the results of squaring numbers in the
domain are either positive or, the smallest value, 0. Add a 5 onto O or a positive number,
and the result is 5 or greater. The range doesn’t go below the number 5.

Find the domain and range of the function y=—/x*+ 1.

answer: The domain is all real numbers, (— oo, o0); the range is all numbers —1 and lower,
y<-1.

Even though there’s a radical here, the operation under the radical takes all positive and
negative numbers, squares them, which makes them positive, and then adds 1. There’ll never
be a negative under the radical, so any real number can be used in the domain. The range
consists of the opposite of the values that are obtained by squaring the x value, adding 1,
and then taking the square root of that sum. The smallest number that will ever be under the
radical is a 1, when x is O. The negative sign in front of the radical makes all results negative.
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Work Problems

Use these problems to give yourself additional practice.

Find the domain and range of each of the following.

y:—/x—S
xty=7

y=x"—4

y=y/x"-9

Y= x+1

Worked Solutions

Domain is x = 5; range is y < 0. A negative value cannot be under the radical, so only
numbers 5 and larger can be in the domain. The radical itself produces results that are
either positive or 0. The opposite of that is negative or O.

Domain is all real numbers, (- o0, <); range is all real numbers, (— o,). This is the
equation of a line with a slope of —1 and a y-intercept of 7. It goes from negative infinity
to positive infinity.

Domain is all real numbers, (- oo, ); range is all numbers greater than or equal to -4,
y = -4. Squaring real numbers results in real numbers, so no numbers need to be
excluded from the domain. The operation in the function squares all values in the domain,
which results in positive numbers and O, at the least. Subtracting 4 from any positive
result or O gives a low of —4 and then all numbers higher than that.

Domain is x < -3 or x = 3; range is y 2 0. A negative number cannot be under the
radical. Any number between -3 and 3, when squared, results in a number smaller than
9, so they can’t be used in the domain—the result under the radical would be negative.
The radical is positive, so all of the values in the domain will give a positive or O result
when put into the formula.

Domain is all real numbers except -1, x # —-1; range is all real numbers except 0,
y#0. The number —1 would make the denominator of the function equal to O. You can’t
have a O in the denominator. Any other number works. Also, because the numerator is
always equal to 1, it can never be equal to O, and so O can’t be in the range.

Graphs of Functions—Vertical Line Test

When you use a graph to illustrate the equation of a function, one very important characteristic of
the graph distinguishes the function from other relationships and their graphs. The graph of a
function may go far to the left, right, or both, or it may just be in a small area, depending on the
domain, but it never doubles back on itself or occupies more than one point with a given x value.
The definition of a function is that one output value exists for any input value, so there can’t be
more than one y for any given x. Making a chart to determine whether a particular equation rep-
resents a function is helpful, but performing the vertical line test on the graph of an equation is
very dramatic and definitive. The vertical line test consists of drawing as many vertical lines
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through the graph of the function as necessary to satisfy yourself that there’s no place on the
graph where more than one y value exists for a given x value.

Example Problems
These problems show the answers and solutions.

Perform the vertical line test on the following graph, the graph of x*+y*= 25, to
determine whether or not it represents a function of x.

answer: This is not a function of x.

This graph failed the vertical line test, because vertical lines cross through the graph of the
curve more than once.

P

i

Perform the vertical line test on the following graph, the graph of y=x”— 2, to determine
whether or not it’s a function.

answer: This is a function.
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This graph passed the vertical line test, because the vertical lines cross through the graph
only once.

Vi

Perform the vertical line test on the following graph, the graph of x = | y|, to determine

whether or not it’s a function.

answer: This is not a function.

This graph failed the vertical line test, because the vertical lines cross through the graph of
the function more than once.
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Perform the vertical line test on the following graph, the graph of y = / x*—1,to
determine whether or not it’s a function.

answer: This is a function.

This graph passed the vertical line test, because the vertical lines cross through the graph
of the function only once.

Work Problems

Use these problems to give yourself additional practice.

In each case, determine whether the graph of the relation passes the vertical line test or not.

The graph of x=y*-9
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The graph of y = 5x — 3

The graph of x*+y*=16

The graph of y=,/5-x
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The graph of y = |x +1|

Worked Solutions

This is not a function.

-
N

\\

This graph failed the vertical line test.

This is a function.

This graph passed the vertical line test.
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This is not a function.

This graph failed the vertical line test.

This is a function.

This graph passed the vertical line test.

This is a function.

This graph passed the vertical line test.

CliffsStudySolver Algebra |
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Inverse Functions and Function Notation

A function is a relationship between two variables such that there’s exactly one output value for
every input value—only one value in the range for every value in the domain. Some special
functions also have exactly one input value for every output value. For instance, the function
y = 3x + 2 has this property. Look at a chart of some of the coordinates that satisfy the equation.

X -3 -2 -1 0 1 2 3

y | -7 | -4 | -1 2 5 8 | 11

None of the y values repeat. Now look at the function y = 3x”+ 2. This function does not have
the property in which there’s only one input value for every output value. The output value 14
has two input values. The same is true of the output values 5, 29, and many more.

X -3 -2 -1 0 1 2 3

y 29 14 5 2 5 14 29

Functions that have the property in which there’s only one x value for every y value, as well as
just one y value for every x value, which is what makes it a function, are called one-to-one func-
tions. What’s special about one-to-one functions is that they have inverses.

See Chapter 1 for a discussion on the inverses of numbers. A number’s additive inverse is the
number that, when added to it, results in 0. The numbers 3 and —3 are additive inverses. A num-
ber’s multiplicative inverse is the number that, when multiplied by it, gives you 1. The numbers %
and % are multiplicative inverses. Some functions have inverses, too. An inverse of a function un-
does what the function did. If you perform a function on a number and then perform the inverse
function on the result, you're back to the original number. Using the inverse function on an output
variable tells you what the input variable was.

First, look at some new notation for functions. The notation used so far has been in terms of x’s
and y’s, and, usually, y is a function of x. The functions look like y = x + 8 or y=/4x — 1, and

so on. A common notation, called function notation, would write these last two functions as

fix) =x + 8 or g(x) =/ 4x — 1. This is read, “f of x equals x plus 8.” or “g of x equals the square
root of 4x minus 1.” This function notation allows you to name functions with the letters f, g, h,
and so on. It also is handy when you want to write down coordinates of points or numbers from a
chart. If you're considering the function f(x) = x + 8 and want to know what the output is if x = 2,
write f(2) = 2 + 8 = 10. The input is 2; the output is 10; the coordinates of the point are (2,10).

Only one-to-one functions can have inverses. An example of a function and its inverse is
fx)=x>—7and f ' (x) =3/ x+ 7. The notation f ' (x) doesn’t mean to write the reciprocal of

the function f; it’s the standard notation for a function’s inverse. Because an inverse of a function
takes the function’s output and tells you what the original input was, consider the output 1 for
the function f(x) = x3;7. What value of x resulted in that output of 1? Put the 1 into the inverse
function, f~'(1) = 3\,/'"1 + 7 =3/8 = 2. This tells you that the original input was a 2. Try it here,
f(2)=2°-7=8-7=1. It worked!
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Example Problems
These problems show the answers and solutions.

Test to see whether f ' (x) = X —Zi- 1 is the inverse of f(x) = 2x — 1.

answer: Yes, this is the inverse.

To test the inverse, choose a number, such as x = 7. Put it into the function equation, put the

result into the inverse equation, and see whether the original number, the 7, is the result.
f(7)=2(7) - 1 = 14— 1 = 13. Now put the 13 into the inverse, £ ~'(13)= 1351 = Lt = 7 i

isn’t a formal proof that this is the inverse—it’s more of a demonstration, but it works for our

purposes here.

Test to see whether g~ '(x) =,/ x — 1 is the inverse of g(x) = Jx+1.
answer: No, this is not the inverse.

To test the inverse, choose a number, such as x = 8. Put it into the function equation, put
the result into the inverse equation, and see whether the original number, the 8, is the
result: g(8)=,/8+ 1=,/9 = 3. Now put the 3 into the inverse, g '(3)=,/3 - 1= /2. This is
not the inverse function.

3x
1-x

is the inverse of h(x) = ﬁ

Test to see whether h™' (x) =
answer: Yes, this is the inverse.

Choose a number, such as x = —4. Put it into the function equation,

h(—4)= % = :—111 =4. Now, put this result into the inverse function equation,
3(4) 12 _

h™'(4) = T=4 =3 =—4. This is the inverse function.

Work Problems

Use these problems to give yourself additional practice.

Determine, in each case, if the two functions are inverses of one another.

f(x)zlzx and £'(x) = 1 — 4x

gx)=5x—3and g '(x)=3x+5

heo =15 and h ') = 1
k(x)=/x+2and k '(x)=,/2-x

PX)=% and p~'(x) =

NIES
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Worked Solutions
Yes, they are inverses. Choose x = —3. (This isn’t the only possible choice. It’s just
convenient not to have the result be a fraction.) f(— 3) = # = % = 1. Now use that

resultin f'(x): f'(1)=1—-4(1) =1 — 4 =— 3. This is the value with which you started. This

is evidence that the functions are inverses, not a formal proof.

No, they are not inverses. Choose x = 2: g(2) = 5(2) — 3 = 10 — 3 = 7. Now use that
result in g~ '(x): g7 '(7)=3(7)+5=21+5=26. This is not the same value with which you

started.

Yes, they are inverses. Choose x = 2: h(2) = % = % Now use this result in h™'(x):
-1(9 1 1

h 1(7) ~9 4 -1 2 It’s the value with which you started. This is evidence that they

2 2
are inverses, not a formal proof.

No, they are not inverses. Choose x =7: k(7)=,/7+2= x,@ = 3. Now use this result in

k™'(x):: k~'(3)=,2-3=,/-5. This is not the number with which you started. There is a
negative number under the radical, which means that it is not even a real number.

Yes, they are inverses. This function is its own inverse. Choose x = 4: p(4) = % = 1. Now

use this result in p~'(x): p~'(1) = % =4. It’s the same thing with which you started. This is
evidence that they are inverses, not a formal proof.

Chapter Problems and Solutions

Problems

In problems 1 through 5, determine whether or not the relation y is a function of x.

y=3x"+1

x=/y'+1
x+ |yl =4
y+x| =3
x*+y*=100

For problems 6 through 10, find the domain of the function.
y=3x+4

y=/x+5
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y=x‘+3

y=|x+1|

_ 3
Y= x¥1

In problems 11 through 13, find the range of the function.

y:Jx+5
y=x°+3

y=|x-2|

For problems 14 and 15, use the vertical line test to determine whether the function is one-to-one.

The graph of y=,/8—x"

The graph of x=4-y*

\>
—

In problems 16 through 20, determine whether or not f "' (x) is an inverse of f(x).

F(x)=3x+2, f"(x)z%z

f(x)=3\/x+ 1, F ') =x>—-1
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Fg= 1 iy = 1E2x
f)=/x*—1, f 'x)=x+1
_6x-3 5x+3

f(x) 5 yf_l(x): 6

Solutions

Answer: Yes, it’s a function. In a table of values, there’s only one y value for every x
value.

Answer: No, it isn’t a function. In a table of values, there is more than one y value for
many x values.

x 4 | 4 | S /1
y | 3 | -3 2 | =2

Answer: No, it isn’t a function. In a table of values, there is more than one y value for
many x values.

X 1 1 2 2

y 3 -3 2 -2

Answer: Yes, it’s a function. In a table of values, there’s only one y value for every x
value.

Answer: No, it isn’t a function. In a table of values, there is more than one y value for
many x values.

X 6 6 8 8

y 8 -8 6 -6

Answer: All real numbers, (- co,). This is a line with a slope of 3. It goes from
negative infinity to positive infinity.

Answer: All numbers -5 and larger, x > -5. A negative value cannot be under the
radical; all numbers smaller than —5 would create a negative under the radical and must
be excluded.

Answer: All real numbers, (- co,x). This is a parabola. The x values can go from
negative infinity to positive infinity.

Answer: All real numbers, (- c0,x). The x values can go from negative infinity to
positive infinity.
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Answer: All numbers except -1, x # -1. The denominator of a fraction can’t equal O,
so —1 has to be excluded.

Answer: All positive numbers and 0, y > 0. The result of taking the square root of the
numbers under the radical always will be positive or O.

Answer: All numbers 3 and greater, y > 3. The square of any real number is either
positive or 0, and when that’s added onto 3, the result can’t be less than 3.

Answer: All positive numbers and 0, y > 0. The result of taking the absolute value of
numbers will always be positive or O.

Answer: It passes the vertical line test and is one-to-one.

Answetr: It fails the vertical line test and is not one-to-one.

\"

—1

Answer: It is the inverse. Evidence: Use x = 4, then f(4) = 3(4) = 3(4) + 2 = 14 and
Frlaay=1422 12y

Answer: It is the inverse. Evidence: Use x = 7, then f(7) = 3\/’”7 +1=3/8=2and
f'2)=2>-1=8-1=17.

Answetr: It is the inverse. Evidence: Use x = 3, then f(3) = D I 1and

3-2 1
iy 1+2(1) 3
fF(1)= 1 -1—3.
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Answer: It is not the inverse. Proof: Use x = 4, then f(4) = \/42 -1= / 16-1= / 15 and
f _'(\/E) = \/E + 1. This is not the value that you started with, x = 4.

Answer: It is the inverse. Evidence: Use x = 4, then f(4) = 6(4% 3 = %] and
5(;l>+3
f4<;g: > _21+3_,
5 6 6 )

Supplemental Chapter Problems
Problems
In problems 1 through 5, determine whether or not the relation is a function y in terms of x.

y= /x*+3

v
y=[x*~2|
x+y’=11
x'-y=2
x*-y?=5
For problems 6 through 10, find the domain of the function.
y==/x-17
y=3x+13
y=6
y=x
In problems 11 through 15, find the range of the function.

y=—/x—7

1
Y=x+6

y=6
y=4x+2

y=4—x2
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For problems 16 through 20, determine whether or not f ' (x) is an inverse of f(x).

fxX)=/5-x, f'(x)=,/5+x

F00 =255, F 00 =225
Fx)=dx -3, F~' ()= X34
fo)=23%, F =51

FO)=9x7, F ' (=5 /x

Answers

Yes, it is a function of x. (Functions and Relations, p. 313)

Yes, it is a function of x. (Functions and Relations, p. 313)

No, it isn’t a function of x.  (Functions and Relations, p. 313)

Yes, it is a functionof x.  (Functions and Relations, p. 313)

No, it isn’t a function of x.  (Functions and Relations, p. 313)

All numbers 7 and greater, x > 7. (Domain and Range, p. 3106)

All real numbers, (— o0,). (Domain and Range, p. 316)

All real numbers, (— o0,). (This is a horizontal line.) (Domain and Range, p. 3106)
All real numbers except for -6, x # —6. (Domain and Range, p. 310)

All real numbers, (— o0,). (Domain and Range, p. 316)

All negative numbers and O, y < 0. (Domain and Range, p. 316)

All numbers except O, y #0. (Domain and Range, p. 316)

Just the number 6, y = 6. (This is a horizontal line.) (Domain and Range, p. 316)
All real numbers, (— o0,). (Domain and Range, p. 316)

All numbers 4 and lower, y < 4. (Domain and Range, p. 316)

No, it isn’t the inverse. (Inverse Functions and Function Notation, p. 325)

Yes, it is the inverse. (Inverse Functions and Function Notation, p. 325)

No, it isn’t the inverse. (Inverse Functions and Function Notation, p. 325)

No, it isn’t the inverse. (Inverse Functions and Function Notation, p. 325)

No, it isn’t the inverse. (Inverse Functions and Function Notation, p. 325)



Chapter 9
Story Problems

tory problems or “practical applications” are one of the best uses for the techniques and pro-

cedures learned and used in algebra. Not many places of business will require you to solve a

quadratic equation as a daily chore. But problem solving—determining solutions to practical,
everyday challenges—is something that everyone faces, no matter what the occupation. Granted,
you probably won’t haul out the quadratic formula to solve many problems, but the mental exer-
cises and organization practiced in algebra will serve you well in future situations.

There are some basic steps to follow that should help you when faced with a story problem.

Determine what is to be solved for; assign that as the variable. (Remember that the variable
represents a number, not a person or thing.)

Draw a picture, if called for. Make a chart, if helpful.

Write an equation representing the relationships between the different parts of the
problem.

Solve the equation for the variable.

Answer the question completely. Often, the value of the variable is just one part of the
answer.

Check your answer to be sure it makes sense.

The sections of this chapter are organized according to the types of story problems. There are
number problems, consecutive integer problems, age problems, distance problems, and so on.
Most story problems found in algebra courses are just variations of these basic types.

Number Problems

Number problems are so designated because there isn’t usually any practical problem involved—
just vocabulary and operations and relationships between numbers. They’re often called brain
teasers. This is a good place to start in algebraic story problems because you can practice writing
a statement using symbols and then solve it. The statements written for these problems pretty
much follow, word for word, the verbal version—with the verb being replaced by the equal sign.
Remember that “sum” is the result of addition, “difference” is the result of subtraction, “product”
is the result of multiplication, and “quotient” is the result of division.

Example Problems
These problems show the answers and solutions.

If I double a number, the result is the same as subtracting 4 from that original number.
What is the number?

333
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answer: The number is —4.

First choose a variable to represent the number. Let x represent the number. Double means
to multiply by 2, so that will be 2x. The words “is the same as” will be replaced by “=.” The
sentence, written in “algebra” reads 2x = x — 4. Now, solving for x, x = —4. Does this check?
Doubling —4 gives you —8, and subtracting 4 from —4 is -4 — 4 = -8.

If a number is added to half that number, then the result is equal to 8 less than twice the
number. What is the number?

answer: The number is 16.

Choose a variable to represent the number. In this case, let n be the number. Half the
number can be written as either % nor % The operation indicated by “less than” is
subtraction. The statement, written in algebraic language, reads: n+ % =2n— 8. Notice that
even though the wording “8 less than” puts the 8 first, the subtraction has the 8 follow

the subtraction operation. To solve the equation, first multiply every term by 2 to get rid

of the fraction. 2n + n = 4n —16. Combining the terms on the left, you get 3n = 4n — 16.
Subtracting 4n from each side and then multiplying each side by —1, the answer is n = 16.
To check this, 16 added to half of 16 (which is 8) is 24. Is this the same as 8 less than

twice 16? Twice 16 is 32, and 8 less than that is 24.

Work Problems

Use these problems to give yourself additional practice.

Add 3 to half a number, and it’s the same as subtracting 1 from it. What is the number?

Three times the sum of 2 and a number is 4 less than 5 times the number. What is the
number?

Divide the difference of a number and 4 by 3, and it’s 6 less than the number. What is the
number?

Twice a number less 1 is equal to three times the sum of 2 and that number. What is the
number?

Karen said, “I'm thinking of a number that, when you multiply it by 9, it’s the same as
adding 8 to 7 times the number. What is it?”

Worked Solutions

The number is 8. Choose x to be the number. The equation is written % +3=x-1
Multiply all the terms by 2 to get x + 6 = 2x — 2. Subtract x from each side and add 2
to each side to get x = 8. Checking the answer, half of 8 is 4, and adding 3 to that gives
you 7. That’s the same as subtracting 1 from 8.
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The number is 5. Choose y to be the number. Multiplying 3 times the sum of 2 and a
number means to put the 2 and the number in a parenthesis and distribute. Writing the
equation, 3(y + 2) = 5y — 4. First, distributing the 3, the equation becomes 3y + 6 = 5y — 4.
Subtracting 5y from each side and subtracting 6 from each side results in —2y = —10.
Dividing each side by -2, the answer is y = 5. Checking this, the sum of 2 and 5 is 7, and

3 times that is 21. Is it the same as multiplying 5 by 5 and subtracting 4? Yes, it is.

The number is 7. Choose z to be the number. Dividing the difference of the number
and 4 by 3 means to divide both terms—do the subtraction first. The equation is written
254 =z— 6. Multiply each side of the equation by 3 to get z — 4 = 3z — 18. Subtract z
from each side and add 18 to each side to get 14 = 2z. Dividing by 2, z = 7. Does this

work? The difference between 7 and 4 is 3. Dividing that by 3 gives you 1. That’s the

same as 6 less than 7.

The number is -7. Choose w to be the number. The equation is written 2w — 1 = 3(w +
2). First distribute the 3 on the right to get 2w — 1 = 3w + 6. Subtract 2w from each side and
subtract 6 from each side to get —7 = w. Checking that answer, twice —7 is —14. And, —14
less 1 is —15. The sum of 2 and -7 is =5, and 3 times that is also —15.

The number is 4. Choose n to be the number. The equation to use is 9n = 8 + 7n.
Subtract 7n from each side to get 2n = 8. Dividing each side by 2 gives you n = 4.
Checking this, 9 times 4 is 36, and 8 added to 7 times 4 (or 28) is also 36.

Consecutive Integer Problems

Consecutive integers are lists or sequences of numbers with a common difference of 1. Some
examples are

3,4,5,6, ...
-7,-6, -5, 4, ...
100, 101, 102, ...

Then, there are consecutive even integers or consecutive odd integers:

6,8,10, 12, ...

-12,-10, -8, -6, ...

1297, 1299, 1301, 1303, ...
13,15, 17, 19, ...

And, lastly, there are consecutive multiples of 3 or multiples of 4 or multiples of 11 or other
multiples:

12, 15, 18, 21, ...
-8,-4,0,4, ...
0, 11, 22, 33, ...

The key to finding a particular list of consecutive integers in a story problem is to find just one of
the integers—usually the first or smallest—and its position in the list. The rest are then easy to
find. Consecutive integers are writtenasn,n+ 1, n + 2, n + 3, ... for as many as are needed.
Consecutive even and odd integers are writtenasn,n + 2, n + 4, n + 6, .... Consecutive multi-
ples are written with n as the first and the amount of the multiple added on to each subsequent
term. For instance, multiples of 5 are written as follows: n,n +5, n+ 10, n + 15, ....
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Example Problems
These problems show the answers and solutions.

The sum of three consecutive integers is 30. What are they?
answer: The numbers are 9, 10, and 11.

Three consecutive numbers are writtenn, n + 1, n + 2, so theirsumisn+n+1+n+ 2.
This sum is equal to 30, so solve n + n + 1 + n + 2 = 30. Simplifying the left side of the
equation, 3n + 3 = 30. Subtract 3 from each side to get 3n = 27. Dividing each side by 3,
n = 9. That’s the first number, and the other two are 10 and 11.

The sum of four consecutive multiples of 3 is 90. What are they?

answer: The numbers are 18, 21, 24, and 27.

The four consecutive multiples of 3 are written n, n + 3, n + 6, n + 9. Adding them up and
setting the sum equal to 90 givesyoun+n+ 3 +n+ 6+ n + 9 = 90. Simplify the left

side, 4n + 18 = 90.

Subtract 18 from each side to get 4n = 72. Dividing each side by 4, n = 18, the smallest of
the 4 multiples of 3.

Two times the smallest of three consecutive integers is 10 more than the largest of the
three. What are they?

answer: The numbers are 12, 13, and 14.

The three consecutive integers are n, n + 1, n + 2. Two times the smallest is 2n. Writing
10 more than the largest, you get 10 + n + 2. The equation, setting them equal, is 2n =

“e 9

10 + n + 2. Notice that the “is” in the original statement is replaced by the = sign, and the
rest are written in the same order as the wording. Simplifying the right side of the
equation, you get 2n = n + 12. Subtract n from each side to get n = 12. The three
consecutive integers are 12, 13, 14. Two times the smallest is 24; 10 more than the
largest is 10 plus 14, or 24.

Work Problems

Use these problems to give yourself additional practice.

The sum of three consecutive even integers is 48. What are they?
The sum of four consecutive odd integers is 64. What are they?
The sum of five consecutive integers is —5. What are they?

The sum of three consecutive multiples of 5 is 90. What are they?

The square of the middle of three consecutive odd integers is 40 more than the largest of
the three integers. What are they?
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Worked Solutions

The numbers are 14, 16, 18. The three integers are written n, n + 2, n + 4. Add them
and setting the sum equal to 48, n + n + 2 + n + 4 = 48. Simplify the terms on the left to
get 3n + 6 = 48. Subtract 6 from each side to get 3n = 42. Dividing each side by 3, you
get n = 14, which is the smallest of the three integers.

The numbers are 13, 15, 17, 19. The four integers are n, n + 2, n + 4, n + 6. Adding
them together and setting the sum equal to 64, yougetn+n+2+n+4+n+ 6 = 64.
Simplifying the right side, you get 4n + 12 = 64. Subtract 12 from each side. 4n = 52.
Then, divide each side by 4, n = 13, which is the smallest of the four odd integers.

The numbers are -3, -2, -1, 0, 1. The five integers are writtenn,n+ 1,n+2,n+ 3, n + 4.
Adding them and setting the sum equalto -5, n+n+1+n+2+n+3+n+4=-5.
Simplifying the left side, 5n + 10 = —5. Subtract 10 from each side. 5n = —15. Dividing each
side, by 5, n = =3, which is the smallest of the five integers.

The numbers are 25, 30, 35. The three integers are written n, n + 5, n + 10. Setting their
sum equal to 90, n + n + 5 + n + 10 = 90. Simplify the left to get 3n + 15 = 90. Subtract 15
from each side, 3n = 75 and n = 25, the smallest of the three multiples of 5.

The numbers are 5, 7, 9. The three odd integers are written n, n + 2, n + 4. The middle
one is n + 2, and its square is (n+ 2)”. The largest of the three integers is n + 4, and 40
more than that is n + 4 + 40 or n + 44. Set up the equation, (n+ 2)*=n+44. The left will
have to be squared, and then all the terms will be moved to the left by subtracting n and
44 from each side to form a quadratic equation: n”+ 4n+ 4 =n+ 44 and then

n”+ 3n—40=0. Factor this equation, (n + 8)(n — 5) = 0. And, by the multiplication
property of zero, n = =8 or n = 5. Since the problem calls for odd integers, ignore the —8,
and use the answer n = 5. The number 5 is the smallest of the odd integers. The middle
one is 7, and its square is 49. The number 49 is 40 bigger than the largest of the
consecutive odd integers, the 9.

Age Problems

A traditional type of story problem has to do with comparative ages of people. Your father may
have been 25 years old when you were born, but at different stages in your lives, his age could
be described differently. He’s 25 years older than you; he was 6 times your age (when you were
5 and he was 30); he was twice your age (when you were 25 and he was 50). These types of situ-
ations make for some interesting and creative story problems. The key here is to be sure to “age”
all participants, when the problems calls for things like, “In 5 years, ...” or “Four years ago, ...".
Also, remember that variables represent numbers, not people. The variable x can represent Jon's
age, but it cannot represent Jon.

Example Problems
These problems show the answers and solutions.

Annie is 4 years older than Ben. In 7 years, Annie will be % Ben's age. How old is Annie
now?

answer: Annie is 9 years old.
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Let b represent Ben’s age. Then Annie is b + 4 years old. In 7 years, Ben will be b + 7
years old, and Annie will be b + 4 + 7 years old. The equation, which will use “Annie’s
age in 7 years equals four-thirds Ben's age,” looks like: b+ 4+ 7 = %(b + 7). Simplifying on
the left and distributing the fraction on the right, you get b+ 11 = % b+ 2—38 Multiply each
term by 3 to get rid of the fractions: 3b + 33 = 4b + 28. Now subtract 3b from each side
and 28 from each side to get b = 5. The variable b represents Ben’s age. He’s 5 years old.
Because Annie is 4 years older than that, she’s 9. Another approach to this problem
would be to let a represent Annie’s age and then a — 4 represent Ben’s age. This has the
advantage of having the variable be what you’re looking for (and not having to do another

operation to get the answer). The disadvantage is the translation of “older than” into a

negative expression. Either works, so it’s really up to you.

Grace is twice as old as Hank, and Keith is 4 years younger than Grace. In 3 years, the sum
of their ages will be 35. How old are they now?

answer: Grace is 12; Hank is 6; Keith is 8.

Choose the variable to be h for Hank's age. Then Grace’s age is 2h, and Keith's age is
2h — 4. In 3 years, they’ll all be 3 years older, so you add 3 years onto each age before
adding them all up and setting them equal to 35. h + 3+ 2h + 3 + 2h — 4 + 3 = 35.
Simplifying on the left, 5h + 5 = 35. Subtract 5 from each side and then divide each side
by 5 to get that h = 6. That's Hank’s age. Grace is twice as old, so she’s 12. And Keith is
4 years younger than Grace, so he’s 8. In three years, they’ll be 9 and 15 and 11. Sum
those numbers, 9 + 15 + 11 = 35.

Work Problems

Use these problems to give yourself additional practice.

Cassidy is 3 times as old as Drew. In 8 years, Cassidy will only be twice as old as Drew.
How old is Cassidy right now?

Steven'’s grandfather is 4 times as old as Steven. But 16 years ago, Steven’s grandfather
was 4 more than 15 times Steven’s age. How old is Steven now?

Alex is 11 years younger than Bart, and Charlie is 6 years more than twice Alex’s age.
Nine years ago, the sum of their ages was 30. How old are they now?

The twins, Mike and lke, have a sister who is 4 years younger than they are. Six years ago,
the sum of the ages of all three was twice the sister’s age right now. How old are the
twins now?

Sam is 3 years older than Tim, and Rick is 14 years less than twice Sam’s age. Eight years
ago, the sum of their ages was 1 more than twice Sam’s age right now. How old is Sam
right now?
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Worked Solutions

Cassidy is 24 years old. Let d represent Drew’s age. Then Cassidy’s age is 3d. In eight
years, Drew will be d + 8 and Cassidy will be 3d + 8. The equation will express, “Cassidy
will be twice as old as Drew.” So it will read, 3d + 8 = 2(d + 8). First distribute the 2 on
the right to get, 3d + 8 = 2d + 16. Subtract 2d from each side and 8 from each side to get
d = 8. That’s Drew’s age now. If Cassidy is 3 times as old as Drew right now, she’s 24
years old. In eight years, she’ll be 32 and Drew will be 16, so she’ll be twice his age then.

Steven is 20 years old. Let Steven’s age be t, and his grandfather’s age be 4t. Sixteen
years ago, Steven was t — 16 and his grandfather was 4t — 16. At that time, Steven’s
grandfather was 4 more than 15 times Steven’s age. Writing that as an equation, 4t —16 =
4 + 15(t —16). Note that the “was” is replaced by the = sign. Distributing the 15 on the left
and simplifying, you get 4t — 16 = 4 + 15t —240 or 4t — 16 = 15t — 236. Now, subtracting
4t from each side and adding 236 to each side, you get 220 = 11t or t = 20. So Steven is
20, his grandfather is 80, and 16 years ago Steven was 4 and his grandfather was 64.

Alex is 10, Bart is 21, and Charlie is 26. Choose a to represent Alex’s age. Then Bart is
a + 11 and Charlie is 6 + 2a. This can also be done using b as Bart’s age and then b — 11 as
Alex’s, but Charlie’s age involves a distribution if you do it that way. It's not impossible—
just a bit more complicated. Anyway, using a, a + 11 and 6 + 2a for the ages, 9 years ago
their ages werea—9,a+ 11 —9 and 6 + 2a — 9 or, simplified, a — 9, a + 2, and 2a — 3. The
sum of these ages, 9 years ago, was 30: a — 9 + a + 2 + 2a — 3 = 30. Simplifying the left
side, 4a — 10 = 30. Adding 10 to each side gives 4a = 40, so a = 10. Alex is 10 years old,
Bart is 21, and Charlie is 26. Nine years ago, they were 1, 12, and 17, and the sum of those
numbers is 30.

The twins are 14 years old. Let w represent the twins’ ages, so their sister is w — 4. Six
years ago, they were w — 6, w — 6, and w — 4 — 6. The sum of all three kids ages six years
agowasw -6 +w—06+w— 10 = 3w — 22. This sum was twice the sister’s current age,
so 3w — 22 = 2(w — 4). Distribute the 2 on the right to get 3w — 22 = 2w — 8. Subtracting
2w from each side and adding 22 to each side, you get w = 14. The twins are 14; their
sister is 10. Six years ago, the twins were 8 and their sister was 4. The sum of the three
ages was 20, which is twice the sister’s age right now.

Sam is 21 years old. Let m represent Sam’s age. Then Tim is m — 3, and Rick is 2m — 14.
Eight years ago, they were m — 8, m — 3 — 8, and 2m — 14 - 8 or, simplified, m -8, m - 11,
and 2m — 22. The sum of those agesism -8+ m — 11 + 2m — 22 = 4m — 41. This is 1 more
than twice Sam’s age now, so 4m — 41 = 2m + 1. Subtracting 2m from each side and
adding 41 to each side, Zm =42 and m = 21. Sam is 21, Tim is 18, and Rick is 28. Eight
years ago, they were 13, 10, and 20. The sum of those numbers is 43, which is 1 more than
twice Sam’s age of 21.

Geometric Problems

Probably some of the more practical types of story problems are those involving geometric fig-
ures. Standard room shapes are rectangular. Many home pools are circular. Some building lots
are triangular. There are many opportunities for problems involving the perimeter (distance
around the outside) and area (number of squares on the surface) of geometric figures. Some of
the perimeter and area formulas are listed here.
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Figure Perimeter Area

Rectangle P=2/+2w A=lw I: length, w: width

Square P=4s A=s’ s: side

Triangle P=si+5,+5; A= % bh s sides, b: base, h: height (drawn
perpendicular to base)

Circle C=2nr A=m’ C: drcumference (perimeter), r:
radius, use 3.14 for

Example Problems
These problems show the answers and solutions.

The length of a rectangle is 3 more than twice its width. The perimeter is 66 feet. What
are the dimensions of the rectangle?

answer: The length is 23 feet; the width is 10 feet.

Let w represent the width of the rectangle. Then the length is 3 + 2w.

3+ 2w

Use the perimeter formula, filling in the values given. P = 2/ + 2w or, in this case,

66 = 2(3 + 2w) + 2w. Distribute the 2 on the right, 66 = 6 + 4w + 2w. Then, simplify,

66 = 6 + 6w. Subtract 6 from each side to get 60 = 6w. Divide by 6, w = 10. The length is
3 more than twice that, or 23. The perimeter is twice the length and twice the width,

so it’s 2(23) + 2(10) = 46 + 20 = 66.

If the sides of a square are increased by 9 inches, then the area increases by 171 square
inches. What was the length of a side of the square before it was increased?

answer: 5 inches
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X+9

X+9

The area of a square can be found with A =s?% area equals length of side squared. Let x
be the length of the side of the original square. Then the square that has sides 9 inches
longer has sides x + 9, and the area is A= (x+9) %, If this new area is 171 square inches
greater than the old area, the equation is (x + 9% =x*+171. Squaring the binomial on the
left (for information on squaring binomials, see page 165), you get x“+ 18x+81=x"+171.
Subtract x” from each side and subtract 81 from each side, 18x = 90. Divide each side

by 18, x = 5. The original square was 5 by 5 with an area of 25 square units. The larger
square is 14 by 14 with an area of 196 square units. That’s 171 square units larger than
the original.

George has a garden that’s in the shape of a square. He’s going to increase the size of the
garden by adding a triangle onto one side. The triangle’s base is a side of the square, and
the height of the triangle is the same as the length of a side of the square. If the total area
of his new garden is 2400 square feet, then what is the length of the side of the square?

answer: The square is 40 feet on each side.
The shape of the triangle doesn’t matter. To find the area, you use the base and the height.

In the figure, all of the bases are the top of the square, and all of the heights are the same.
All of the triangles shown, and any others that can be drawn, will have the same area.
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The area of a square is A =s”, and the area of a triangle is A = % bh. In this case, let x

represent the length of the sides of the square. The base of the triangle is also x, and so is

the height. So the sum of the areas of the two figures is x*+ % X x=x’+ %xz = % x*. This

is equal to a total of 2400 square feet, so solve the equation %xz =2400. Multiply each
side of the equation by % to get x”=1600. Taking the square root of each side, x = 40.

The square has an area of A =40"= 1600, and the triangle has an area of

A= % 40-40=800. The sum of the two is 2400.

Work Problems

Use these problems to give yourself additional practice.

A square room is enlarged by adding another square to it that’s the same size. If the new
room has an area of 338 square feet, then what were the dimensions of the original
room?

Sally has 600 feet of fencing to use in making a yard for her new puppy. The yard she has
planned has a length that’s 75 feet less than twice the width. What are the dimensions of
the yard?

Kirsten is working on a large triangular piece of fabric that will be used as a sail. She was

originally told to make it into a right triangle (a triangle with a right angle) that was twice
as high as it was wide (the base). Her new directions are to increase the height and base

by 5 feet each, which adds 80 square feet to the amount of material. What are these new
dimensions?

Larry has a circular swimming pool and has a cover for it to keep the leaves out of the
water. If he increases the radius of his pool by 6 feet, he’ll need a new cover that has 252r
square feet (about 790) more than the old cover. What is the radius of his new pool?

Helene’s garage is 10 feet longer than it is wide. If she doubles the width and adds 10 feet
onto the length, she’ll have a square garage. What are the dimensions of the current garage?

Worked Solutions
13 feet by 13 feet
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Choose x for the length of the sides of the original room. Then the area of that room was
A=x". By doubling that area, the total is 338 square feet, so 2x”= 338. Divide each side

by 2 to get x”= 169. Take the square root of each side, x = 13. So the original room was
13 by 13.

175 feet by 125 feet

2w-175

Choose the width of the yard to be w. Then the length is 2w — 75. The perimeter, which is
two lengths plus two widths, is 600 feet. So the equation is 2(2w — 75) + 2w = 600.
Distribute the 2 on the left to get 4w — 150 + 2w = 600. Simplify on the left, 6w — 150 =
600. Add 150 to each side to get 6w = 750. Now, divide each side by 6, w = 125. The
width is 125 feet. The length is 75 less than twice this, so it’s 175 feet.

23 feet high, 14 feet wide

2b+5

2b

b
b+5

A right triangle has an area of A = % bh in which the base and height are the two
perpendicular sides. In this problem, the original height was twice the base, so the formula

would read A = % b(2b) = b*. When the height and base were each increased by 5 feet, the

area of that new triangle became A = %(b +5)(2b+5)= %(sz + 15b + 25). This new area is
80 square feet more than the original, so the equation to use is %(sz +15b+25)=80+b".

Distribute the % on the left, b>+ 175 b+ % =80+ b*. Now, subtract b” from each side and

subtract % from each side, 175 b= BTS and b = 9. The original triangle was 9 feet by 18 feet.

The larger triangle had the sides increased by 5 feet, so it's 14 feet by 23 feet.
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The radius is 24 feet.

The original pool has radius r and an area of A =7r”. The new pool has a radius of
A=T7(r+6)% and this is 2527 square feet more than the original. The equation to

use is T(r+6)°=252n + mr’. Square the binomial on the left and distribute the 7,

nr’+ 12nr+ 36m = 2521 + mur . Subtract nr” from each side and subtract 36n from each
side to get 127r = 216m. Divide each side by 127, r = 18. The original pool had a radius
of 18 feet. The new pool’s radius is 6 feet greater, so it’s 24 feet.

The current garage is 30 by 20. The current garage has a width of w. It’s 10 feet longer
than it is wide, so the length is w + 10. Doubling the width makes the new width 2w.
Adding 10 feet onto the length makes the new length w + 20. These new dimensions
form a square, so the new width is equal to the new length. The equation is 2w = w + 20.
Subtract w from each side, w = 20. The width is 20, and the length is 30. Doubling the
width gives you 40, and adding 10 onto the length also gives you 40.

Distance Problems

Another really practical type of story problem is the distance problem. These problems have their
basis in the relationship d = rt, or distance equals rate times time. This equation can also be
solved for either ror t to give the equations r= % and t= % It’s a very versatile formula. Distance
problems seem to be broken into two major categories: those where one distance equals another,
and those in which distances are added together to equal a certain total distance.

Example Problems
These problems show the answers and solutions.

Cal and Carl are college roommates and are heading to their own homes for spring break.
Their homes are 435 miles apart on a straight east-west road with the college in between.
Cal leaves the college at 10 AmM and travels west at an average speed of 50 mph. Carl
leaves at 11 Am and travels east at an average speed of 60 mph. They arrive at their
respective homes at exactly the same time. What time is that?

answer: 2:30 rm

This is an example of adding two distances together to get a certain total, 435 miles.
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Cal's College
Home

50 mph 60 mph
t hours t—1 hours

Cal’s Distance + Carl’s Distance = 435. Using the distance formula, and replacing the
distances with rate and time, Cal’s rate - Cal’s time + Carl’s rate - Carl’s time = 435. The
time is unknown, so the time that Cal traveled will be designated as t. Cal left at 10, so he
traveled t hours. Carl left at 11, an hour later, so he traveled ¢ — 1 hours. Now, filling in the
rates and times, the equation reads 50 - t + 60(t — 1) = 435. Distribute the 60 on the left,
50t + 60t — 60 = 435. Combine the two like terms on the left and add 60 to each side,
110t = 495. Divide each side by 110, t = 4.5. Cal traveled for 4 hours and 30 minutes.
Add that onto his starting time of 10 AmM, and you get 2:30 pm. At 50 mph, he traveled
50(4.5) = 225 miles. Carl traveled one hour less, so he traveled 3.5 hours, also getting
him home at 2:30 pm. He traveled 60(3.5) = 210 miles.

The tortoise and the hare decided to have a race. The tortoise left the starting line at 6 Am,
moving at his top speed. The hare, deciding to show off a bit, took a nap on the starting
line and didn’t even begin to race until 10 AM. When he started, he ran 4 mph faster than
the tortoise and caught up to him at 10:30 Am. How fast was each going?

answer: The tortoise was going % mph, and the hare was going 4% mph.

This is an example of setting two distances equal to one another.

o)
' Tortoise 4.5 hours r mph

¢ >
§ 10:30 am

Q >
© Hare .5 hours r + 4 mph

)

Distance traveled by tortoise = Distance traveled by hare. Replacing their distances with
their respective rates and times, Rate of tortoise X time traveled by tortoise = Rate of hare
X time traveled by hare. Letting the rate traveled by the tortoise be r and the time traveled
be t, the rate and time for the hare can be written in relation to these. The rate of the hare,
4 mph faster than the tortoise, is written r + 4. Since the hare didn’t leave until 4 hours
after the tortoise, the time traveled is t — 4. The equation reads r - t = (r + 4)(t — 4). The
time traveled by the tortoise was 4.5 hours, so the hare traveled for .5 hour. r - 4.5 =
(r+4)4.5—4)or4.5r = (r + 4) - .5. Distribute on the right, 4.5r = .5r + 2. Subtract .5r
from each side, 4r = 2. Divide each side by 4, r = .5. The tortoise is moving at a rate of

5 or % mph, and the hare is moving at 4.5 or 4% mph.



346 CliffsStudySolver Algebra |

Work Problems

Use these problems to give yourself additional practice.

Jake left for work at 7:00 Am, traveling at 30 mph. But he forgot his briefcase. His wife
noticed the briefcase at 7:15 Am and followed after him, traveling at 45 mph. How far had
he traveled when she caught up to him?

Dan and Stan wanted to see how far apart they could get anii still talk on their car radios.

Dan left the garage traveling north at 55 mph, and Stan left 5 hour later traveling south at
60 mph. When they were 108 miles apart, the radios finally couldn’t contact one another.
How long after Dan left did this happen?

A train left the station at noon. Another train, on a parallel track, left the station at 1:30 rm
and caught up to the first train at 7:00 pm. If the second train was traveling 12 mph faster
than the first, then how fast was each traveling?

A marathon runner ran the first half hour of her race at 1 mph faster than the second half
hour and the third half hour at .5 mph slower than the first half hour. The event was a 12-
mile race and took her an hour and a half to complete. How fast did she run during the
last part?

Claire left home traveling north at 45 mph. At the same time, Charlie left the same place
traveling east at 60 mph. When were they 750 miles apart? (Hint: Their paths are at right
angles, and the distance is the hypotenuse.)

Worked Solutions

22.5 miles Set the two distances that Jake and his wife traveled equal to one another. Let
t be the amount of time that Jake traveled and t— % be the amount of time that his wife
traveled. The equation will be Jake’s rate x Jake’s time = Wife’s rate X Wife’s time. Using

the symbols, 30-t=45 <t— %) Distribute on the right, 30t = 45t — % Subtract 45¢ from

each side to get —15t=— % Now multiply each side by —% to gett= % Jake traveled for

% of an hour, or 45 minutes. His wife traveled % hour less than this, or 30 minutes. If she

was traveling at 45 mph, then she traveled half that or 22.5 miles in half an hour.

1 hour, 12 minutes Add the two distances traveled together to get a sum of 108.

Dan’s time is t hours, and Stan’s time is t — % hours. Dan’s rate x Dan’s time + Stan’s
rate x Stan’s time = 108. Write the equation, 55-t+ 60( t— % ) = 108. Distribute the 60

to get 55t + 60t — 30 = 108. Simplify the left and add 30 to each side. 115t = 138. Divide
each side by 115 and reduce the fraction by dividing by 23 to get t= % orl % The time
was 1 hour plus 12 minutes.
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The first train was going 44 mph; the second train was going 56 mph. Set the two
distances equal to one another. First train’s rate X First train’s time = Second train’s rate X
Second train’s time. The first train traveled for 7 hours before the second caught up to it.
The second train traveled for 5.5 hours. The first train was going at r miles per hour. The
second train was going at r + 12 miles per hour: r - 7 = (r + 12) - 5.5. Distribute on the
right, 7r = 5.5r + 66. Subtract 5.5r from each side to get 1.5r = 66. Divide each side by
1.5, r = 44. That’s the rate of the first train. The second train is going 12 miles per hour
faster.

8 mph The sum of all the distances equals the total distance run, 12 miles. Let h be the
rate at which she ran the second half hour. Then she ran the first half hour at h + 1 and the
third half hour at h + 1 — .5 = h + . 5 miles per hour. Add the rates and times together,
(h+ 1)% +h- % +(h+ .5)% = 12. Get rid of the fractions by multiplying each term by 2.

(h + 1) + h + (h +.5) = 24. Simplify the left to get 3h + 1.5 = 24. Subtract 1.5 from each
side: 3h = 22.5 or h = 7.5. She ran the second half hour at 7.5 mph, the first half hour at
8.5 mph, and the last at 8 mph.

10 hours after leaving

60 mph 750 miles
t hours
O
45 mph
t hours

Pythagorean Theorem
aZ+b2=c?

The Pythagorean Theorem says that if you square the lengths of the two shorter sides of a
right triangle and add them together, that’s the same as the longest side (hypotenuse)
squared. So this would be Claire’s distance squared + Charlie’s distance squared = 750°.
(45-9*+ (60 t)*= 750", Square the three terms to get 2025t *+ 3600t = 562, 500. Add
the two terms on the left, 5625t = 562, 500. Divide each side by 5625, t*=100or t = 10.

Mixture Problems

Mixture problems deal with having different amounts of solutions at different concentrations.
They can deal with antifreeze in a radiator, different types of nuts in a can, gasoline and ethanol,
and so on. There are two considerations to deal with when doing these problems: “How much?”
and “What concentration or value?” A good way to handle these problems is to consider con-
tainers whose contents are to be combined and have their combination be equal to the resulting
container.
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C Dy Ly D
-+ —

X amount y amount X + y amount

The concentrations or values and the amounts are multiplied together to form an equation to be
solved.

Example Problems
These problems show the answers and solutions.

Six pounds of cashews that cost $4.75 per pound are added to 8 pounds of peanuts that
cost $1.25 per pound. What should be charged, per pound, for the mixture?

answer: $2.75 per pound

Place the amounts and values (concentrations) in the figure to help write the equation. The
14 pounds for the last container comes from adding the 6 pounds and 8 pounds of the

ingredients.

6 Ib. 8 Ib. 14 Ib.

Multiply each value times the quantity, 4.75(6) + 1.25(8) = x(14). Multiply and combine
the terms on the left, 28.50 + 10.00 = 14x or 38.50 = 14x. Divide each side by 14 to get
x=2.75.

How much 40% antifreeze must be added to 70% antifreeze to have a resulting 8 quarts
of 65% antifreeze?

answer: 1% quarts 40%; 6% quarts 70%
Place the amounts and concentrations in the figure. Since neither amount is known—of

the two solutions being added together—the first amount is designated x, and the second
is 8 — x. The two of these have to add up to 8 quarts.

40% + -

X quarts 8 — x quarts 8 quarts
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The equation can be written 40%(x) + 70%(8 — x) = 65%(8). Percentages are combined
with other values by changing them to decimals. See Chapter 2 in the section “Percents”
for more on this. Change the equation to .40(x) + .70(8 — x) = .65(8). Distribute on the left
and simplify the other terms, .40x + 5.6 — .70x = 5.2. Combine the terms on the left to
get 5.6 — .30x = 5.2. Subtract 5.6 from each side: —.30x = —.4. Divide each side by —.30
and x = % = 1%. This is the number of quarts of the 40% solution. Subtract that from 8 to

get the 6% of the 70% solution.

Work Problems

Use these problems to give yourself additional practice.

How many quarts of 90% solution have to be added to 12 quarts of 50% solution to
create 75% solution?

How many pounds of chocolate-covered raisins costing $3.40 per pound and how many
pounds of malted milk balls costing $3.00 per pound must be combined to create 10
pounds of a mixture costing $3.25 per pound?

How much water needs to be added to 3 quarts of 96% alcohol to produce a mixture
that’s 75% alcohol?

Carla is making a snack mix that’s to contain twice as much cereal as pretzels and also
contain 6 pounds of peanuts. If the cereal costs $3.00 per pound, the pretzels cost $2.00
per pound, and the peanuts cost $1.25 per pound, then how many pounds of cereal and
pretzels should she use to make a mixture costing $2.50 per pound?

How many ounces of chocolate syrup should be added to 8 ounces of milk to produce a
mixture that’s 20% chocolate syrup?

Worked Solutions

20 quarts The amount of the 75% solution is the sum of the amounts of the two being
mixed together.

90% + -

X quarts 12 quarts X + 12 quarts

The equation reads .90(x) + .50(12) = .75(x + 12). Simplify the terms on the left and
distribute on the right to get .90x + 6 = .75x + 9. Subtract .75x from each side and
subtract 6 from each side to get .15x = 3. Divide each side by .15, x = 20. Adding 20
quarts of the 90% solution will result in 32 quarts of 75% solution.
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6 % pounds of chocolate raisins; 3% pounds of malted milk balls

$3.40 + $3.00 _

X pounds 10 — x pounds 10 pounds

The equation is 3.40(x) + 3.00(10 — x) = 3.25(10). Simplify and distribute:
3.40x + 30 — 3.00x = 32.5. Combine the terms on the left to get .40x + 30 = 32.5.
Subtract 30 from each side: .40x = 2.5. Now divide each side by .40, and

X= %4—8 = % =6 % It takes 6% pounds of chocolate raisins and 10 - 6% = 3% pounds

of malted milk balls.

.84 quarts of water The water has no alcohol, so its concentration is 0%. Even though
it’'ll make the term equal to O, I'm including it in the process for consistency.

3 quarts X quarts 3 + x quarts

The equation is .96(3) + O(x) = .75(3 + x). Simplify on the left and distribute on the right,
2.88 = 2.25 + .75x. Subtract 2.25 from each side to get .63 = .75x. Now divide each side
by .75, and x = ?—g = %—; =.84. Not quite a quart of water is needed.

30 pounds of cereal and 15 pounds of pretzels This problem will take 3 “containers”

added together to result in the fourth. Let x represent the amount of pretzels needed;
then 2x is the amount of cereal.

$3.00 + $2.00 + _

2x pounds X pounds 6 pounds 3x + 6 pounds

The equation needed is 3.00(2x) + 2.00(x) + 1.25(6) = 2.50(3x + 6). Simplify on the left
and distribute on the right, 6x + 2x + 7.5 = 7.5x + 15. Combine the terms on the left
and subtract 7.5 from each side, 8x = 7.5x + 7.5. Now subtract 7.5x from each side to
get .5x = 7.5. Dividing each side by .5, x = 15.
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2 ounces This time, the chocolate syrup has a 100% concentration. That’s written as
1.00, in decimal form. The milk has 0% concentration of chocolate syrup, in the beginning.

100% +

X ounces 8 ounces X + 8 ounces

The equation needed is 1.00(x) + O(8) = .20(x + 8). Simplify on the left and distribute on the
right to get x = .20x + 1.6. Subtract .20x from each side to get .80x = 1.6. Divide each side
by .80: x = 2.

Coin and Interest Problems

These problems are similar to mixture problems, because there’s both the quantity (how many
coins or how much money) and the quality or concentration (denomination of the coin or per-
cent interest rate) to consider when working with them. You can use the same “container” idea
from the section on solutions—it helps keep things straight. In coin problems, multiply each de-
nomination amount by how many coins there are. If you have 6 quarters, multiply .25 times 6.
In interest problems, multiply each amount of money by the percent interest. Interest is com-
puted using the formula I = prt, where [ is the amount of interest, p is the principal or amount of
money invested, i is the rate of interest, and t is the amount of time. In these problems, t is
equal to one year, and simple interest is being used, not compound interest. If multiplying
$6000 by 2% rate of interest, multiply 6000 times .02 to get $120 interest.

Example Problems
These problems show the answers and solutions.

Clarissa has 100 coins in dimes and quarters. She has a total of $17.05. How many of each
does she have?

answer: 47 quarters, 53 dimes
Use the containers, putting the coin value inside and the number of coins outside. Have

this equal the total amount of money. The total number of coins is 100, so one amount is
x and the other is 100 — x.

D
—+ — $17.05

X 100 - x

The equation needed is .25(x) + .10(100 — x) = 17.05. Distribute and simplify on the left
to get .25x + 10 —.10x = 17.05 or .15x + 10 = 17.05. Now subtract 10 from each side.
.15x = 7.05. Dividing each side by .15, x = 47, which is the number of quarters. 100 — 47 =
53, the number of dimes.
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Jack has $10,000 to invest. He wants to earn a total of $410 in interest by investing some
at 2% and the rest at a riskier 5 %%. How much should he invest at each amount?

answer: Invest $4000 at 2% and $6000 at 5 %%

Use the containers. Put the percentages inside and the money amounts outside. Have the
sum equal the total interest amount.

D
-+ —$410

X 10,000 — x

The equation is written .02(x) + .055(10,000 — x) = 410. Simplify and distribute on the
left: .02x + 550 —.055x = 410. Combine the like terms on the left and subtract 550 from
each side, —.035x = —140. Divide each side by —.035, x = 4,000. That leaves $6000 to
invest at the other amount.

Work Problems

Use these problems to give yourself additional practice.

Kathy has 6 more dimes than quarters and 2 fewer nickels than dimes. She has $4.00.
How many of each coin does she have?

Jeff has 18 coins in quarters and nickels. If he reversed the number of quarters and nickels,
he’d have $1.20 less than he does now. How many quarters and nickels does he have now?

Carlie has 175 coins in nickels and dimes. She has a total of $13.50. How many of each
does she have?

Beth is planning on investing her $18,000 bonus, putting some in an account earning 2 %%
and the rest in an account earning 6 %%. How much should she put in each to have a total
of $660 in interest?

Patrick contributes $2500 per year into a savings plan that earns 4 %% interest. He would
like to invest another $1500 per year into a different account so that his total interest per
year will be $200. At what rate will he have to invest this additional money?

Worked Solutions

14 dimes, 8 quarters, 12 nickels Let g be the number of quarters, g + 6 be the number
of dimes, and g + 6 — 2 = g + 4 be the number of nickels. Multiplying each coin type by its
value and adding the products, you get $4.00. .25(q) + .10(g + 6) + .05(q + 4) = 4.00.
Distribute and simplify on the left: .25 + .10g + .6 + .05qg + .2 = 4.00. Combine the like
terms on the left to get .40qg + .8 = 4.00. Subtract .8 from each side of the equation, .40q =
3.20. Divide each side by .40, g = 8. So there are 8 quarters, 6 more dimes, which is 14
dimes, and 2 fewer nickels than that, or 12 nickels.
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12 quarters, 6 nickels Let g be the number of quarters and 18 — q be the number of
nickels. Right now he has .25q + .05(18 — ) in money. If the number of quarters and
nickels is reversed, he would have .25(18 — q) + .05(q) in money. The amount of money
in the reversal is $1.20 less than he has now, so, to make the equation work, that much
will be added onto the reversed side: .25q + .05(18 — q) = .25(18 — q) + .05(q) + 1.20.
Distribute and simplify on both sides, .25q + 9 — .05qg = 4.5 — .25¢q + .05q + 1.20.
Combine like terms on each side, .20qg + .9 = 5.70 — .20qg. Now add .20q to each side
and subtract .9 from each side. .40q = 4.80. Divide each side by .40, g = 12. He has 12
quarters and 6 nickels for a total of $3.00 + .30 or $3.30. If he reverses the number of
each coin, he’d have 12 nickels and 6 quarters for a total of $.60 + 1.50 or $2.10. That’s
$1.20 less than he has now.

80 nickels, 95 dimes Let n be the number of nickels and 175 — n be the number of dimes.
Multiply each amount by the coin value and add them together, .05(n) + .10(175 — n) =
13.50. Simplify and distribute, .05n + 17.5 — .10n = 13.50. Combine the like terms on the
left and subtract 17.5 from each side, —.05n = —4. Divide each side by —.05, n = 80.

$12,000 at 2 % % and $6,000 at 6 %% Let x be the amount invested at 2 %% and
18,000 — x be the amount invested at 6 %%. The equation is .0225x + .065(18,000 — x) =
660. Distribute on the left, .0225x + 1170 — .065x = 660. Combine like terms on the left
and subtract 1170 from each side, —.0425x = —510. Divide each side by —.0425, x =
12,000. That leaves 6,000 to be invested at the other rate.

6 %% Let x be the rate at which he’ll invest the $1500. The equation should be written
.0425(2500) + x(1500) = 200. Simplify on the left, 106.25 + 1500x = 200. Subtract
106.25 from each side to get 1500x = 93.75. Divide each side by 1500, and x = .0625
or a rate of 6 %%.

Working Together Problems

The saying, “Two hands are better than one,” applies here. Working together, two people can
make a job go more quickly. The challenge is to determine just how much more quickly that
is—or how much work a person will have to do to get the job done. These work problems
involve using fractions and the properties of proportions. Go back to Chapter 3 under “Ratios
and Proportions” if you need to review these properties.

Example Problems
These problems show the answers and solutions.

If Stan can paint a house in 4 days, and Dan can paint that same house in 6 days, then
how long will it take them if they work together to paint it?

answer: 2 % days
Let x represent the number of days that it’ll take for the two of them to paint the house.

Then, in one day, they can paint % of the house. If Stan was working alone, he could paint %

of the house in one day, and if Dan was working alone, he could paint % of the house in one
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day. Putting Stan and Dan together, they can paint % + % of the house in one day. Set this

equal to l to show what they can accomplish in one day by working together. Adding the

6 4 _10_1
two fractions on the left requires finding the common denominator, 24. 24T 2824 X

Take the proportion ;2 1 and flip it to get %g % or x= % 12 2%

Tina can polish all the crystals on the candelabra in 9 hours. When her sister, Gina, helps
her, it only takes the two of them 3% hours. How long would it take Gina to do the
polishing job by herself?

answer: 6 hours

Tina can do % of the job in one hour. The two of them working together take 3% hours,
which is 1?8 hours. In one hour they do % of the job. This is found by writing the
reciprocal of the amount of time taken (the same as the % in the previous example). Let g
represent the amount of time it would take Gina to do the job alone. Then she can do 1

g

of the job in one hour. Add together how much Tina and Gina can do in an hour and set it
1, 1_5

equal to the ﬁ otg~ ﬁ. The common denominator for the two fractions on the left is
8,9 _8+t9_ 849 _ 5
9s. 9g 9g “og 1 g Reduce the proportion before cross multiplying. ? &

Cross multiplying, (g+9)-2=5-gor2g+ 18 = 5g. Subtract 2g from each side to get

18 = 3g or g = 6. Gina can do it in 6 hours.

Work Problems

Use these problems to give yourself additional practice.

Greg can seal coat a driveway in 4 hours, and Jon can do the same job in 2 hours. How
long will it take for them to do the job if they work together?

Irene can check the inventory in 2 hours, but it takes Stephanie 6 hours to do the same
procedure. How long will it take if they do the inventory together?

Ken can peel a bag of potatoes in 10 minutes, and it takes Sherrill 15 minutes to do the
same job. If they work together, they can peel that bag of potatoes in how many minutes?

Ted can wash the van in 6 minutes. If Jim helps, it takes the two of them 4 minutes. How
long would it take Jim to wash the van if he does it alone?

Clara and Sarah can clear all the snow from the parking lot in 7 hours and 12 minutes,
each with her own snow blower. Working alone, it would take Clara 12 hours to clear the
lot. How long would it take Sarah if she had to do it alone?
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Worked Solutions

1% hours Greg can do % of the job in an hour. Jon can do % of the job in an hour.

Together, they can do % of the job in an hour. The variable x represents how long it will

take them to do the job together. % + % = % Add the two fractions on the left together,

1 zz i 1 - Flip the proportion to get 3= % So, x = % or 1% hours.

I

1% hours Irene can do % of the job in an hour. Stephanie can do % of the job in an hour.

Together, they can do % of the job in an hour. The variable x represents how long it will

take them to do the job together. % + % l Add the two fractions on the left together,

—32 1 g % 1 - Flip the proportion to get > 3 T‘ So x= % or 1% hours.

6 minutes Ken can do 110 of the job in a minute. Sherrill can do 115 of the job in a

minute. Together, they can do - of the job in a minute. The variable x represents how

long it will take them to do the job together. % + % = l. Add the two fractions on the

X
left together, 3_;_02 350 é 1 . Flip the proportion to get% T So x = 6 minutes.

12 minutes Ted can do % of the job in one minute. Together they can do % of the job in

one minute. Jim, working alone, can do & of the job in one minute, where y represents
1 1_1

how long it would take Jim to do the job alone. The equation needed is = 5Ty~ Z Subtract

1 - - e L_1_1_.3-2_ 1

G from each side and then subtract the two fractions on the right. V=476 12 1

The proportion now reads & = % Flip the proportion, y = 12.

18 hours The 7 hours and 12 minutes is equal to 7 16%) 7l = 3?6 hours. Clara can clear

% of the lot in one hour. Sarah can clear % of the lot in one hour. Together they can clear

1_5 1. 1_5 1

36 - 36 of the lot in one hour. So 2t V=36 Subtract 12 from each side and subtract
= 1_5_1_5-3_2_1 1_1

the fractions on the right. V=36 12" 36 ~36-18 Take the proportlon v=18 and

flip it to get y = 18.

Chapter Problems and Solutions

Problems

One less than 4 times a number is equal to two more than three times that same number.
What is the number?

Doubling a number and then multiplying it by 4 is the same as tripling it and dividing
by 7. What is the number?



356 CliffsStudySolver Algebra |

Multiplying the sum of a number and 1 by 6 is the same as subtracting 9 from the
number. What is the number?

Dividing the difference between a number and 2 by 4 is equal to dividing the sum of the
number and 6 by 8. What is this number?

The sum of three consecutive integers is 75. What is the largest of these three integers?
The sum of four consecutive odd integers is 96. What are they?
The sum of four consecutive multiples of 3 is 78. What is the smallest of these integers?

Mitch is 4 years older than Rich. Six years ago, Mitch was twice as old as Rich. How old
are they now?

Dave’s grandfather is 30 times as old as Dave is. In 16 years, his grandfather will be 4
more than 4 times Dave’s age. How old is Dave now?

The length of a rectangle is 2 more than twice its width. The area of the rectangle is 24
square feet. What are the dimensions of the rectangle?

A square backyard is doubled in length and halved in width, resulting in a length that’s 24
feet longer than the width. What were the dimensions of the square?

Josh has 480 feet of fencing and wants to build a rectangular yard that’s 3 times as long as
it is wide. One of the long sides will be along a river, and he doesn’t want to put fencing
along that side. What are the dimensions of his yard?

Mike and Bob live 27 miles apart. They start walking toward each other’s home along the
same straight road. If Mike walks at a rate 1 mph faster than Bob, and it took them 3 hours
until they met, how fast was each walking?

Ann got a 2-hour head start on the delivery route. Frank caught up to her just 1 an hour
after he left the same place that she did, following the same route. If Ann was averaging
10 mph, how fast did Frank travel?

Clem swims at 2 mph and bicycles at 25 mph. If he swam and bicycled for a total of 42
minutes during the 6 mile race, how long did he swim?

How many quarts of 80% solution do you mix with 4 quarts of 50% solution to get 60%
solution?

How many gallons of water and how many gallons of pure lemon juice do you mix
together to get 15 gallons of lemonade that’s 30% lemon juice?

How many pounds of raisins at $2.00 per pound do you mix with granola at $3.25 per
pound to get 10 pounds of a mixture that costs $2.50 per pound?

Tiffany has 100 coins in dimes and nickels. She has a total of $5.80. How many of each
coin does she have?

Holly has 8 more nickels than quarters. If she has $3.40, how many of each does she
have?
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Janet has $40,000 invested in two accounts—one earning 1%% and the other earning 5%.
If her total interest for the year is $1025, then how much does she have invested at each
rate?

Wanda has some money invested at 4% and twice as much invested at 8%. Her total
interest earned is $100. How much money does she have invested at each rate?

Joey can shovel the walk in 16 minutes, and Lou can shovel it in 12 minutes. How long
will it take to shovel the walk if they work together?

Steffi can wax the gym floor in 3 hours, and Wendi can do it in 6 hours. How long will it
take if they work together on the job?

Working together, Bill and Hillary can clean the house in 2% hours. Working alone, Hillary
can do the job in 4 hours. How long would it take Bill to clean the house if he had to do it
alone?

Answers and Solutions

Answer: 3 The equation needed is 4n — 1 = 3n + 2. Add 1 to each side, and subtract 3n
from each side to get n = 3. One less than 4 times 3 is 11. Three times 3 is 9; add 2, and
you get 11.

Answer: 0 The equation used is (2n) -4 = 3717 Multiply each side by 7 and simplify the
left to get 56n = 3n. This should look awfully suspicious. How can you multiply the same
number by both 56 and 3 and get the same answer? Subtract 3n from each side to get
53n = 0. Dividing each side by 53 gives n = O. It might have been tempting to divide
each side of 56n = 3n by n. As a rule, never divide or multiply each side by the variable.
You can get extraneous solutions or, as in this case, not even the actual answer.

Answer: —3 The equation to use is 6(n + 1) = n — 9. Distribute on the left to get 6n + 6 =
n — 9. Subtract 6 from each side and subtract n from each side, 5n = —15. Divide each side
by 5, n =-3.

Answer: 10 The equation needed is n /__1 Z_n g 6. Multiply each side by 8 to get 2(n — 2) =

n + 6. Distribute on the left to get 2n — 4 = n + 6. Add 4 to each side and subtract n from
each side to get n = 10.

Answer: 26 The equation is n +n + 1+ n + 2 = 75. Simplifying on the left leaves 3n + 3 =
75. Subtract 3 from each side, 3n = 72. Divide by 3, n = 24, so the other two numbers are
25 and 26. The largest of the three numbers is the 26.

Answer: 21, 23, 25, 27 The equationisn+n+2+n+ 4+ n+ 6 = 96. Simplify on the
left, 4n + 12 = 96. Subtract 12 from each side, 4n = 84. Divide each side by 4, n = 21, so
the next three odd numbers are 23, 25, and 27.

Answer: 15 The equationtouseisn+n+ 3 +n+ 06+ n+ 9 = 78. Simplify on the left,
An + 18 = 78. Subtract 18 from each side, 4n = 60. Divide each side by 4, n = 15, and the
next three multiples of 3 are 18, 21, and 24. The smallest of these is the 15.

Answer: Mitch is 14; Rich is 10. Let Mitch’s age be m. Then Rich is m — 4. Six years
ago, their ages were m — 6 and m — 4 — 6 = m — 10. If Mitch was twice as old as Rich at
that time, 6 years ago, then m — 6 = 2(m — 10). Distributing on the right, m — 6 = 2m - 20.
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Subtract m from each side and add 20 to each side, 14 = m. If Mitch is 14 and Rich is 4
years younger, then Rich is 10. Six years ago, their ages were 8 and 4, with Mitch’s age
twice Rich’s.

Answer: 2 years old Let d be Dave’s age. Then his grandfather is 30d. In 16 years, Dave
will be d + 16 and his grandfather will be 30d + 16. If his grandfather will be 4 more than 4
times Dave’s age at that time, then the equation needed is 30d + 16 = 4(d + 16) + 4.
Distribute and simplify on the right, 30d + 16 = 4d + 68. Subtract 4d from each side and
subtract 16 from each side to get 26d = 52. Divide each side by 26, d = 2. So Dave is 2
years old; his grandfather is 30 times that or 60. In 16 years, Dave will be 18 and his
grandfather will be 76. Four times Dave’s age plus 4 is 4(18) + 4 =72 + 4 = 76.

Answer: 8 by 3 Let w be the width of the rectangle. Then the length is 2w +2. The area is
found by multiplying the len%th by the width. If the area is 24 square feet, then w(2w + 2) =
24. Distribute on the left, 2w “ + 2w = 24. This is a quadratic equation. Subtract 24 from
each side to get 2w *+ 2w — 24 = 0. Factor out the 2 from each term and then factor

the trinomial, you get 2(w + 4)(w — 3) = 0. Using the Multiplication Property of Zero,

w = —4 or w = 3. (For more on solving quadratic equations, refer to Chapter 6.) The
answer w = —4 doesn’t make sense here. A width can’t be a negative number. So w = 3,
which means that the length is 2 more than twice that or 8.

Answer: 16 by 16 Choose x to be the length of the sides of the original square.
Doubling that to get the new length is 2x. The new, halved width is % If the new length is

24 more than the new width, 2x = % +24.

Subtract % from each side, %x = 24. Multiply each side by % X = 16. The original square
was 16 by 16. Twice 16 is 32 and half of 16 is 8. The 32 by 8 rectangle has a length that’s
24 more than the width.

Answer: 288 by 96 The 480 feet of fencing will only be used on the three sides not
along the river.

=
=

3x

Let x represent the width of the yard and 3x be the length. The sum of two of the widths
and the one length is the amount of fencing he has, or 480 feet: x + x + 3x = 480.
Simplify on the left, 5x = 480. Divide each side by 5, x = 96. Three times 96 is 288, and
the sum of 96 + 96 + 288 = 480.

Answer: Mike walked 5 mph; Bob walked 4 mph. The sum of the distances that they
walk has to equal 27 miles. Let Bob's rate of walking be x mph and Mike’s then be x + 1.
Use rate times time for their respective distances in the sum, sox -3 + (x + 1) - 3 = 27.
Distribute on the left, 3x + 3x + 3 = 27. Simplify on the left, 6x + 3 = 27. Subtract 3 from
each side and divide each side by 6, x = 4.
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Answer: 50 mph The distances traveled are the same, so set Ann’s rate times her time =
Frank’s rate times his time. Since Frank caught up to Ann in half an hour, and she had a 2-hour
head start, then Ann traveled for 2% hours, and Frank traveled for % hour. The equation reads
10 <2 %) =r (%) Simplify the equation, 25 = % r. Multiply each side by 2, r = 50.

Answer: 30 minutes The sum of Clem’s swimming distance and bicycling distance
equals 6 miles. The rate times the time of each added together will equal 6. Let

t represent the amount of time spent swimming, then 42 — t minutes or % =t will

represent the amount of time bicycling. The minutes had to be changed to hours, g—é = %
because the speeds are in miles per hour. So the equation is 2 - t+ 25- <% - t) =06.
Distribute on the left to get 2¢t+ 11% — 25t = 6. Simplify on the left, 11% — 23t=0. Subtract
175 60 175_-115 1

10 from each side to get —23t= 1010 - 10 - Divide each side by —23, t= >- The
amount of time spent swimming is half an hour or 30 minutes. The other 12 minutes was
spent bicycling.

Answer: 2 quarts The equation is .80(x) + .50(4) = .60(x + 4). Simplify on the left and
distribute on the right: .80x + 2 = .60x + 2.4. Subtract .60x from each side, and subtract
2 from each side to get .20x = .4. Divide each side by .20, x = 2.

Answer: 10.5 gallons of water and 4.5 gallons of pure lemon juice The water has 0%
lemon juice, and the lemon juice is 100%. Let x be the amount of water. Then 15 — x
would be the amount of lemon juice so that the total will be 15 gallons of lemonade. The
equation reads O(x) + 1(15 — x) = .30(15). Simplifying, you get 15 — x = 4.5. Subtract 15
from each side and multiply each side by —1, x = 10.5.

Answer: 6 pounds Let x be the number of pounds of raisins. Then 10 — x is the number
of pounds of granola. The equation is 2.00(x) + 3.25(10 — x) = 2.50(10). Simplify and
distribute: 2x + 32.5 — 3.25x = 25.

Simplify on the left, 32.5 — 1.25x = 25. Subtract 32.5 from each side, —1.25x = -7.5.
Divide each side by —1.25, x = 6.

Answer: 16 dimes, 84 nickels Let d be the number of dimes and 100 — d be the
number of nickels. The equation reads .10d + .05(100 — d) = 5.80. Distribute on the left to
get .10d + 5 — .05d = 5.80. Simplifying on the left, 5 + .05d = 5.80. Subtract 5 from each
side to get .05d = .80 Dividing each side by .05, d = 16. Subtract 16 from 100 to get
84—the number of nickels. 16 dimes is $1.60, and 84 nickels is $4.20.

Answer: 10 quarters, 18 nickels Let g be the number of quarters. Then g + 8 is the
number of nickels. The equation is .25q + .05(q + 8) = 3.40. Distribute and simplify on the
left: .30q + .4 = 3.40. Subtract .4 from each side to get .30qg = 3.00. Dividing each side by
.30, g = 10.

Answer: $30,000 at 1%%, $10,000 at 5% Let x be the amount invested at 1%%. Then
40,000 — x is the amount invested at 5%. Interest is determined by multiplying the
amount times the interest rate, so the two amounts times their interest rates added
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together gives the total interest. .0175(x) + .05(40,000 — x) = 1025. Distribute and simplify
on the left, —.032x + 2000 = 1025. Subtract 2000 from each side, —.0325x = —975. Divide
each side by —.0325, x = 30,000. That leaves 10,000 invested at the other rate.

Answer: $500 at 4% and $1000 at 8% Let x be the amount invested at 4%. Then 2x is
the amount invested at 8%. The sum of the interest earned on each is $100. .04x + .08(2x) =
100. Simplify on the left, .04x + .16x = .20x = 100. Divide each side by .20, x = 500.

Answer: 6% minutes Let x denote the time it will take them working together. Joey can

do % of the job in one minute, and Lou can do % of the job in one minute. Together, they

can do l of the job in one minute. % + % =1 Add the two fractions on the left, 3 s 4 = %

X"
48 _ x

Flip the proportion to get —- Torx= 6 6 minutes.

Answer: 2 hours Steffi can do % of the job in one hour, and Wendi can do % of the job

in one hour. If they can do the job in x hours working together , % + 1. l. Add the

X
. 2 1_3_1_1
fractions together, Gt 8 -2 x

Flip the proportlon Z_ 1 ,orx =2.

Answer: 6 hours In one hour, Hillary can do % of the job. Working together, in one hour

1_5
they can do 12 ~ 12 of the job. Let y be the amount of time it would take Bill to do the
5
. . 1 R 1,1_5 1
job working alone. Then he can do v of the job in one hour, 2Ty 12 Subtract i from

, 1.5 3_2_1 ¢ _
eachSIdetogety—12 21 —6.Fllptogety—6.

Supplemental Chapter Problems

Problems

Sixteen is equal to 1 more than 5 times a number. What is that number?

Subtracting 2 times the sum of a number and 1 from 4 is the same as subtracting that
number from —4. What is the number?

Five times a number is equal to ten times that number less 2. What is the number?

Add 1 to the reciprocal of a number and you get the same thing as multiplying the
number by 6. What is the number?

The sum of three consecutive even integers is 72. What are they?
The sum of five consecutive integers is 165. What is the middle integer in the list?
The sum of three consecutive odd integers is 33. What are they?

Tony is two years older than Tom. Thirty-nine years ago, Tony was three times as old as
Tom. How old is Tom now?
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Moe is 1 year older than Larry, and Larry is 2 years older than Curly. In 3 years, the sum of
their ages will be 125. How old are they?

A rectangle has a length that is 2 feet longer than 3 times the width. If the perimeter is 84
feet, then what are the dimensions?

The height of a triangle is half its base. If the height is cut in half, and the base stays the
same, the area decreases by 18 square inches. What is the original height?

One square has sides twice the length of a second square, and the difference in their
areas is 75 square meters. What are the sizes of the squares?

Ed left home at 1:00 pm, traveling at 50 mph. Fred left the same place at 3:00 pm,
following Ed’s route and catching up to him at 8:00 pm. How fast was Fred traveling?

A truck left Des Moines traveling north at 45 mph. One hour later, a second truck left Des
Moines traveling south at 60 mph. When are they 570 miles apart?

Marty drove his golf cart around the track 3 times in the same amount of time that Cheryl
walked around the track twice. If Marty was driving at 12 mph, how fast was Cheryl
walking?

How many ounces of red paint need to be mixed with 64 ounces of white paint to get a
pink mixture that’s 20% red?

How many quarts of 90% solution do you mix with 50% solution to get 20 quarts of 60%
solution?

How many pounds of peas do you mix with a batch of 18 pounds of peas and carrots
that’s already half-and-half in order to make the mixture 60% peas?

Mindy has twice as many nickels as dimes and 3 times as many dimes as quarters. If she
has $10.20, then how many of each coin does she have?

Sandy had 4 times as many quarters as dimes. When she added 5 of each coin to what
she had, she had 35 coins total. How much money did she have at the beginning?

Fred had % of his money invested at 6% and the rest at 2%. If he made a total of $1500 in
interest this year, then how much money does he have invested at each rate?

Sadie wants to invest % of her money at 3 %% and the rest at 5 %% and get a yearly return
of $1575. How much should she invest at each rate?

Claudia likes to take her time when wrapping Christmas gifts and takes 12 hours to do it.
When Jerry does the same job, he can do it in 4 hours. How long will it take if they work
together?

When Dave and Greg paint a room together, it takes 3% hours. Dave working alone can
paint the room in 6 hours. How long would it take Greg to paint it alone?

Charles can collect eggs in the hen house in 8 minutes. Cindy needs 12 minutes. Working
together, how long will it take to collect the eggs?
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Answers
3 (Number Problems, p. 333)

6 (Number Problems, p. 333)
% (Number Problems, p. 333)
% or% (Number Problems, p. 333)

22, 24,26 (Consecutive Integer Problems, p. 335)

33 (Consecutive Integer Problems, p. 335)

9,11, 13 (Consecutive Integer Problems, p. 335)

Tom is 40 years old. (Age Problems, p. 337)

Moe is 40, Larry is 39, and Curly is 37. (Age Problems, p. 337)

32 by 10 (Geometric Problems, p. 339)

6 inches (Geometric Problems, p. 339)

5by 5 and 10 by 10 (Geometric Problems, p. 339)

70 mph  (Distance Problems, p. 344)

6 hours after the first left (Distance Problems, p. 344)

8 mph (Distance Problems, p. 344)

1.6 ounces (Mixture Problems, p. 347)

5 quarts (Mixture Problems, p. 347)

4% pounds (Mixture Problems, p. 347)

12 quarters, 36 dimes, 72 nickels (Coin and Interest Problems, p. 351)
20 quarters, 5 dimes (Coin and Interest Problems, p. 351)

$15,000 at 6% and $30,000 at 2% (Coin and Interest Problems, p. 351)
$30,000 at 34% and $10,000 at 54%  (Coin and Interest Problems, p. 351)
3 hours (Working Together Problems, p. 353)

9 hours (Working Together Problems, p. 353)

4% minutes (Working Together Problems, p. 353)



Customized Full-Length Exam

Simplify 4(6)—3-2°+7.
Answer: 19

If you answered correctly, go to problem 3.
If you answered incorrectly, go to problem 2.

Simplify /5° -9 + 3(8) — 2.
Answer: 26

If you answered correctly, go to problem 3.
If you answered incorrectly, review “Order of Operations” on page 31.

Simplify 12x — | =3x|. Assume that x is positive.
Answer: 9x

If you answered correctly, go to problem 5.
If you answered incorrectly, go to problem 4.

Simplify x2/49.
Answer: 7x”

If you answered correctly, go to problem 5.
If you answered incorrectly, review “Basic Math Operations” on page 35.

Simplify 4(3x + 2x) + 2(3y — y).
Answer: 20x + 4y

If you answered correctly, go to problem 7.
If you answered incorrectly, go to problem 6.

Simplify 3(5z + 22)-2(3z + z).
Answer: 13z

If you answered correctly, go to problem 7.
If you answered incorrectly, review “Combining ‘Like’ Terms” on page 38.

Simplify 7m>+3m*+2m+1+8m’>+5.
Answer: 15m°+3m”+2m+6

If you answered correctly, go to problem 9.
If you answered incorrectly, go to problem 8.

363
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Simplify 8x*+5x—3x°+4x“+x— 5.
Answer: 5x°+4x*+6x -5

If you answered correctly, go to problem 9.
If you answered incorrectly, review “Combining ‘Like’ Terms” on page 38.

Complete the statement to make it true: (4 -3)-2=4-(__ ).
Answer: 3 - 2

If you answered correctly, go to problem 11.
If you answered incorrectly, go to problem 10.

Complete the statement to make it true: —% : =1

2
Answer: — 3

If you answered correctly, go to problem 11.
If you answered incorrectly, review “Properties of Algebraic Expressions” on page 41.

Simplify (4x3 yzé> ’
Answer: 16x° y*z'"
If you answered correctly, go to problem 13.
If you answered incorrectly, go to problem 12.
15a° b’
(ab’)*

Simplify

Answer: 1 b57a

If you answered correctly, go to problem 13.
If you answered incorrectly, review “Integer Powers (Exponents)” on page 44.

Solve /256 = .
Answer: 16

If you answered correctly, go to problem 15.
If you answered incorrectly, go to problem 14.

Solve 3/ 8-=.
Answer: 2

If you answered correctly, go to problem 15.
If you answered incorrectly, review “Square Roots and Cube Roots” on page 48.

Estimate the square root to the nearest tenth: /g
Answer: 2.2

If you answered correctly, go to problem 17.
If you answered incorrectly, go to problem 16.
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Estimate the square root to the nearest tenth: \ 40.
Anwer: 6.3

If you answered correctly, go to problem 17.
If you answered incorrectly, review “Approximating Square Roots” on page 50.

Combine the terms after simplifying: / 12+ XE
Answer: 6.,/3

If you answered correctly, go to problem 19.
If you answered incorrectly, go to problem 18.

Combine the terms after simplifying: / 90 - x%
Answer: /10

If you answered correctly, go to problem 19.
If you answered incorrectly, review “Simplifying Square Roots” on page 52.

Rationalize L .

/14

/14

Answer: —

If you answered correctly, go to problem 21.
If you answered incorrectly, go to problem 20.
Rationalize 1—9

/6
5/6

Answer: 3

If you answered correctly, go to problem 21.
If you answered incorrectly, review “Simplifying Square Roots” on page 52.

Simplify 3/a*3/a’.
Answer: a°3/ a’
If you answered correctly, go to problem 23.

If you answered incorrectly, go to problem 22.

3/2
9/

172
9/

Simplify
Answer: 9

If you answered correctly, go to problem 23.
If you answered incorrectly, review “Exponents for Roots” on page 56.

Which of the following is divisible by 6?
23,456
106,006
9,800,004
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Answer: C

If you answered correctly, go to problem 25.
If you answered incorrectly, go to problem 24.

Which of the following is divisible by 9?

32,400
59,200
11,119

Answer: A

If you answered correctly, go to problem 25.
If you answered incorrectly, review “Divisibility Rules” on page 58.

Which of the following is prime?

41
87
1001

Answer: A

If you answered correctly, go to problem 27.
If you answered incorrectly, go to problem 26.

Which of the following is prime?

49
63
89

Answer: C

If you answered correctly, go to problem 27.
If you answered incorrectly, review “Prime Numbers” on page 61.

Find the prime factorization for 320.
Answer: 2°-5

If you answered correctly, go to problem 29.
If you answered incorrectly, go to problem 28.

Find the prime factorization for 300.
Answer: 2°-3-5°

If you answered correctly, go to problem 29.
If you answered incorrectly, review “Prime Factorization” on page 63.
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What is the interval notation for x < 5?
Answer: (— x,5)

If you answered correctly, go to problem 31.
If you answered incorrectly, go to problem 30.

What is the inequality notation for . >?
Answer: —6 < x < —1

If you answered correctly, go to problem 31.
If you answered incorrectly, review “Number Lines” on page 73.

Add -9 + (-3).
Answer: —12

If you answered correctly, go to problem 33.
If you answered incorrectly, go to problem 32.

Add -8 + 2.
Answer: -6

If you answered correctly, go to problem 33.
If you answered incorrectly, review “Addition of Signed Numbers” on page 75.

Subtract 5 — (—4).
Answer: 9

If you answered correctly, go to problem 35.
If you answered incorrectly, go to problem 34.

Subtract -6 — 3.
Answer: —9

If you answered correctly, go to problem 35.
If you answered incorrectly, review “Subtraction of Signed Numbers” on page 78.

Multiply (—8)(=2).
Answer: 16

If you answered correctly, go to problem 37.
If you answered incorrectly, go to problem 36.

Multiply (=6)(11).
Answer: —66

If you answered correctly, go to problem 37.
If you answered incorrectly, review “Multiplication and Division of Signed Numbers” on
page 80.
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... —18
Divide —3 -

Answer: —6

If you answered correctly, go to problem 39.
If you answered incorrectly, go to problem 38.

Simplify %
Answer: 3
If you answered correctly, go to problem 39.

If you answered incorrectly, review “Multiplication and Division of Sighed Numbers” on
page 80.

8y *
Simplify 7

Answer: iz

If you answered correctly, go to problem 41.
If you answered incorrectly, go to problem 40.

-4\ —5
Simplify ( Y y ) .
Answer: y "~

If you answered correctly, go to problem 41.
If you answered incorrectly, review “Exponents That Are Signed Numbers” on page 82.

3X—2y2 -1
Simplify( 9xy') .

3x°
Answer: —

y
If you answered correctly, go to problem 43.
If you answered incorrectly, go to problem 42.

3Xzy—z -3

Simplify | —5——= ] .

lmplf}'(gxzyz)
Answer:z—?2
X

If you answered correctly, go to problem 43.
If you answered incorrectly, review “Exponents That Are Signed Numbers” on page 82.

2
. e XYZ—X
Slmpllfy ﬁ

Answer: ZZ —Y 5

If you answered correctly, go to problem 45.
If you answered incorrectly, go to problem 44.

o e 6x2—2x*
S lify —=———"".
1mpxlfy Axy
Answer: 5%

If you answered correctly, go to problem 45.
If you answered incorrectly, review “Lowest Terms and Equivalent Fractions” on page 86.
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3 4

3b+4a

a’b
If you answered correctly, go to problem 47.
If you answered incorrectly, go to problem 46.

Answer:

X, 3
Add z + v
xy+ 18
6y
If you answered correctly, go to problem 47.
If you answered incorrectly, review “Lowest Terms and Equivalent Fractions” on page 86.

Answer:

8xy° 15(x+y)
25(x+y)°  16xy*
3y
10(x+y) z
If you answered correctly, go to problem 49.
If you answered incorrectly, go to problem 48.

Multiply

Answer:

20x-y)*  14x°
21x 25(x—y)

8x5(x—y)3

15

Multiply

Answer:

If you answered correctly, go to problem 49.
If you answered incorrectly, review “Multiplying and Dividing Fractions” on page 89.

24r . 36rt’
35rt> " 7r’t>
r6
15
If you answered correctly, go to problem 51.
If you answered incorrectly, go to problem 50.

Divide

Answer:

. .. 16abc . 8ac’
Divide 99xyz 55,

10b

Answer: OxyC

If you answered correctly, go to problem 51.
If you answered incorrectly, review “Multiplying and Dividing Fractions” on page 89.

5x

Simplify l(z)xz .
49

7
Answer: ox

If you answered correctly, go to problem 53.
If you answered incorrectly, go to problem 52.
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Simplify -
5b

15b
Answer: 24

If you answered correctly, go to problem 53.
If you answered incorrectly, review “Mixed Numbers and Complex Fractions” on page 91.

Change the decimal to a fraction: .025.
1
Answer: 20

If you answered correctly, go to problem 55.
If you answered incorrectly, go to problem 54.

Change the decimal to a fraction: 0.48.
12
Answer: 75

If you answered correctly, go to problem 55.
If you answered incorrectly, review “Decimals” on page 94.

Change the percent to a fraction: 5%.
1
Answer: 20

If you answered correctly, go to problem 57.
If you answered incorrectly, go to problem 56.

Change the percent to a fraction: 80%.
Answer: %

If you answered correctly, go to problem 57.
If you answered incorrectly, review “Percents” on page 97.

Change the number to its equivalent in scientific notation: 41,700,000,000.
Answer: 4.17x 10"

If you answered correctly, go to problem 59.
If you answered incorrectly, go to problem 58.

Change the scientific notation to its equivalent number: 5.316x 10°°,
Answer: 0.00000005316

If you answered correctly, go to problem 59.
If you answered incorrectly, review “Scientific Notation” on page 99.

Simplify and write the answer in scientific notation: (6x 10°)(7 x 107°).
Answer: 4.2 x 10°

If you answered correctly, go to problem 61.
If you answered incorrectly, go to problem 60.
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Simplify and write the answer in scientific notation: (4x 107°)(9x 107“).
Answer: 3.6x 107°

If you answered correctly, go to problem 61.
If you answered incorrectly, review “Scientific Notation” on page 99.

For problems 61 through 64, solve for the value of the variable.

x+10=-8
Answer: —18

If you answered correctly, go to problem 63.
If you answered incorrectly, go to problem 62.

Z -_5§
Answer: —10

If you answered correctly, go to problem 63.
If you answered incorrectly, review “Solving Linear Equations” on page 107.

Bx—-1=7x+ 11
Answer: -6

If you answered correctly, go to problem 65.
If you answered incorrectly, go to problem 64.

Answer: 13

If you answered correctly, go to problem 65.
If you answered incorrectly, review “Solving Linear Equations with More Than One
Operation” on page 111.

Solve for t: d=rt.

Answer: t = %

If you answered correctly, go to problem 67.
If you answered incorrectly, go to problem 66.

Solve for h: A =2nr’*+ 2nrh.
A—2mr’
2mr

If you answered correctly, go to problem 67.
If you answered incorrectly, review “Solving Linear Formulas” on page 116.

Answer: h=

Solve for x: %

9
4 21
Answer: 6

If you answered correctly, go to problem 69.
If you answered incorrectly, go to problem 68.



372 CliffsStudySolver Algebra |

.40 _ 20
Solve for x: 57 - X

Answer: 26

If you answered correctly, go to problem 69.
If you answered incorrectly, review “Ratios and Proportions” on page 120.

oo xP(x+3)(x+4)° x(x+3)(x—4)
Multply s a x+3) kA
. (x+3)(x+4)*
Answer: —(x— )

If you answered correctly, go to problem 71.
If you answered incorrectly, go to problem 70.

33y(y+2) . 55(/+2)(y—2)
yy-2"" 10

Divide

6
A t—————
nswer V=27
If you answered correctly, go to problem 71.
If you answered incorrectly, review “Multiplying and Dividing Algebraic Fractions” on page 125.

3 2
A Zmn
3m+8
A I
nswer am’n

If you answered correctly, go to problem 73.
If you answered incorrectly, go to problem 72.

5 y

2z 8z*

Answer: 202—2
8z

Subtract

If you answered correctly, go to problem 73.
If you answered incorrectly, review “Adding and Subtracting Algebraic Fractions” on page 128.

Solve for y: 31_Oy _,_%:%_'_ 81-:))/.

Answer: —1

If you answered correctly, go to problem 75.
If you answered incorrectly, go to problem 74.

x 1 _x
Solve forx.m+ﬁ— a

W=

Answer: 6

If you answered correctly, go to problem 75.
If you answered incorrectly, review “Equations with Fractions” on page 131.

Distribute: —4x*(5x*— 3x+ 1).
Answer: —20x *+ 12x>— 4x*

If you answered correctly, go to problem 77.
If you answered incorrectly, go to problem 76.
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Distribute: 2y(3y “— 2y+y '= 5y °).
Answer: 6y°—4y*+2 - 10y ~?

If you answered correctly, go to problem 77.
If you answered incorrectly, review “Multiplying Monomials” on page 145.

Multiply: (3x + 7)(2x — 5).
Answer: 6x°—x— 35

If you answered correctly, go to problem 79.
If you answered incorrectly, go to problem 78.

Multiply: (9x — 1)(3x + 4).
Answer: 27x°+33x -4

If you answered correctly, go to problem 79.
If you answered incorrectly, review “Multiplying Polynomials” on page 148.

Multiply: (x — 1)(3x* + 2x — 4).
Answer: 3x>— x> —6x+4

If you answered correctly, go to problem 81.
If you answered incorrectly, go to problem 80.

Multiply: (x + 2)(x*—5x — 2).
Answer: x> —3x’—12x-4

If you answered correctly, go to problem 81.
If you answered incorrectly, review “Multiplying Polynomials” on page 148.

Multiply: (x — 4y)(x + 4y).
Answer: x°— 16y*

If you answered correctly, go to problem 83.
If you answered incorrectly, go to problem 82.

Multiply: (a — 11)(@a + 11).
Answer: a*— 121

If you answered correctly, go to problem 83.
If you answered incorrectly, review “Special Products” on page 151.

Multiply: (m - 3)*.
Answer: m*—6m+9

If you answered correctly, go to problem 85.
If you answered incorrectly, go to problem 84.
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Multiply: (2y + 5)*.
Answer: 4y *+ 20y + 25

If you answered correctly, go to problem 85.
If you answered incorrectly, review “Special Products” on page 151.

Divide: (5x*— 2x> —4x*+ 1) = (x — 1).
Answer: 5x>+3x - x— 1

If you answered correctly, go to problem 87.
If you answered incorrectly, go to problem 86.

Divide: (4z*—82°+3z*-2) = (2z+ 1).
Answer: 2z°—5z°+4z—2

If you answered correctly, go to problem 87.
If you answered incorrectly, review “Dividing Polynomials” on page 156.

Factor out the Greatest Common Factor: 24a’ b>c— 30ab” ¢+ 36ab’ c.
Answer: Gab’ c(4ab—5b” c+ 6)

If you answered correctly, go to problem 89.
If you answered incorrectly, go to problem 88.

Factor out the Greatest Common Factor: 8a(b—c)*+6a” (b - c)’.
Answer: 2a(b—c)*[4+ 3a(b - )]

If you answered correctly, go to problem 89.
If you answered incorrectly, review “Greatest Common Factor” on page 163.

For problems 89 through 98, factor completely.

x*=100=
Answer: (x — 10)(x + 10)

If you answered correctly, go to problem 91.
If you answered incorrectly, go to problem 90.

Oy*—25=
Answer: (3y — 5)(3y + 5)

If you answered correctly, go to problem 91.
If you answered incorrectly, review “Factoring Binomials” on page 165.

y’-64=
Answer: (y—4)(y’+ 4y + 16)

If you answered correctly, go to problem 93.
If you answered incorrectly, go to problem 92.
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8x’+27=
Answer: (2x + 3)(4x*— 6x+9)

If you answered correctly, go to problem 93.
If you answered incorrectly, review “Factoring Binomials” on page 165.

x'+x-72=
Answer: (x + 9)(x — 8)

If you answered correctly, go to problem 95.
If you answered incorrectly, go to problem 94.

20x*+7x—-6=
Answer: (5x — 2)(4x +3)

If you answered correctly, go to problem 95.
If you answered incorrectly, review “Factoring Trinomials” on page 168.

m°—12m>+27=
Answer: (m>—9)(m>-3)

If you answered correctly, go to problem 97.
If you answered incorrectly, go to problem 96.

yi+2y*-35=
Answer: (y ‘- 5)(y*+7)

If you answered correctly, go to problem 97.
If you answered incorrectly, review “Factoring Other Polynomials” on page 172.

ac+ad*—bc—bd*=
Answer: (a—Db)(c+d?)

If you answered correctly, go to problem 99.
If you answered incorrectly, go to problem 98.

ax—xz—3a+3z=
Answer: (x — 3)(a — 2)

If you answered correctly, go to problem 99.
If you answered incorrectly, review “Factoring Other Polynomials” on page 172.

Which of the choices is in the solution of -9 < 2x - 3<37?

0]
4
6

Answer: A

If you answered correctly, go to problem 101.
If you answered incorrectly, go to problem 100.
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Which of the choices is in the solution of 4y + 1 < 3y — 1?
-3
0
-1

Answer: A

If you answered correctly, go to problem 101.
If you answered incorrectly, review “Inequalities” on page 183.

Find the common solution of -1 <y<8and y + 2 > 4.
Answer: 2 <y < 8

If you answered correctly, go to problem 103.
If you answered incorrectly, go to problem 102.

Find the common solution of x > -2 and x < 6.
Answer: -2 <x <6

If you answered correctly, go to problem 103.
If you answered incorrectly, review “Solving Inequalities by Graphing on a Number Line” on
page 189.

Solvefory: 2|y +7| —3 =3.
Answer: -4, -10

If you answered correctly, go to problem 105.
If you answered incorrectly, go to problem 104.

Solve fory: |3y—1]| =7.
Answer: % or -2

If you answered correctly, go to problem 105.
If you answered incorrectly, review “Absolute Value Equations” on page 192.

Solve forw: |3w— 1| 2 5.
Answer:wS—%oerZ

If you answered correctly, go to problem 107.
If you answered incorrectly, go to problem 106.

Solve for t: |5 —t| < 13.
Answer: 8 <t< 18

If you answered correctly, go to problem 107.
If you answered incorrectly, review “Absolute Value Inequalities” on page 199.

Simplify /72x° y* z.
Answer: 6x” yz>/2xz

If you answered correctly, go to problem 109.
If you answered incorrectly, go to problem 108.
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Simplify ,/200xy” z>.
Answer: 10yz / 2xz

If you answered correctly, go to problem 109.
If you answered incorrectly, review “Simplifying Square Roots” on page 203.

Simplify and add 3 /18xy* + 5y /8xy”.
Answer: 19y /2x

If you answered correctly, go to problem 111.
If you answered incorrectly, go to problem 110.

Simplify and subtract , 20ab> — b /5a.
Answer: b \/5

If you answered correctly, go to problem 111.
If you answered incorrectly, review “Simplifying Square Roots” on page 203.

Simplify 3/8xy> -y 3/ x.
Answer: y 3\/ x

If you answered correctly, go to problem 113.
If you answered incorrectly, go to problem 112.

Simplify 3/54¢*.
Answer: 3t 3\/ 2t

If you answered correctly, go to problem 111.
If you answered incorrectly, review “Simplifying Other Roots” on page 206.

Solve for x: /3x—2 =4.
Answer: 6

If you answered correctly, go to problem 115.
If you answered incorrectly, go to problem 114.

Solve for x: /6 —-x =5.
Answer: —19

If you answered correctly, go to problem 115.
If you answered incorrectly, review “Radical Equations” on page 208.

For problems 115 through 124, solve for the value(s) of the variable.

4x*—17x-15=0
L3
Answer: 4,5

If you answered correctly, go to problem 117.
If you answered incorrectly, go to problem 116.
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3x‘+20x-7=0
1
Answer: 7, 3

If you answered correctly, go to problem 117.
If you answered incorrectly, review “Solving Quadratic Equations by Factoring” on page 224.

2x*+7x+1=0
i + ‘21
}’\nswer:7_f‘ﬁ"1

If you answered correctly, go to problem 119.
If you answered incorrectly, go to problem 118.

x*+5x—1=0
i + 20
l’\nswerzs_f‘/29

If you answered correctly, go to problem 119.
If you answered incorrectly, review “Solving Quadratic Equations with the Quadratic
Formula” on page 228.

z°+7z>°-8=0
Answer: 1, -2

If you answered correctly, go to problem 121.
If you answered incorrectly, go to problem 120.

z'-13z2’+36=0
Answer: 2, -2, 3, -3

If you answered correctly, go to problem 121.
If you answered incorrectly, review “Solving Quadratic-Like Equations” on page 237.

yy+7y-9=2=20
Answer: -7 <y<Qory=9

If you answered correctly, go to problem 123.
If you answered incorrectly, go to problem 122.

x+1x-4) <0
Answer: -1 <x< 4

If you answered correctly, go to problem 123.
If you answered incorrectly, review “Quadratic and Other Inequalities” on page 241.

/y+31=11-y

Answer: 5 only

If you answered correctly, go to problem 125.
If you answered incorrectly, go to problem 124.
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/3x-5=x-3
Answer: 7

If you answered correctly, go to problem 125.
If you answered incorrectly, review “Radical Equations and Quadratics” on page 245.

What is the vertex of the parabola y=—4(x+ 1)*-5?
Answer: (-1, -5)

If you answered correctly, go to problem 127.
If you answered incorrectly, go to problem 126.

The graph of the parabola y=—4(x+ 1)°-5
opens upward
opens downward
crosses the y-axis in two places

Answer: B

If you answered correctly, go to problem 127.
If you answered incorrectly, review “Graphing Other Curves” on page 273.

Where does the graph of y = (x + 1)(x — 2)(x + 3) cross the x-axis?
Answer: -1, 2, -3

If you answered correctly, go to problem 129.
If you answered incorrectly, go to problem 128.

Where does the graph of y = (x — 4)(x + 5)(x — 6) cross the x-axis?
Answer: 4, -5, 6

If you answered correctly, go to problem 129.
If you answered incorrectly, review “Graphing Other Curves” on page 273.

Where is the equation of the line that has a slope of —% and goes through the point (-6,1)?
Answer: y=— %x— 3

If you answered correctly, go to problem 131.
If you answered incorrectly, go to problem 130.

What is the equation of the line that has a slope of 7 and goes through the point (2,-3)?
Answer: y=7x — 17

If you answered correctly, go to problem 131.
If you answered incorrectly, review “Finding the Equation of a Line” on page 283.
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What is a point in the solution of 2x — 4y < 7?
(4,0)
(1,0)
(=2,-3)

Answer: B

If you answered correctly, go to problem 133.
If you answered incorrectly, go to problem 132.

What is a point in the solution of x + 8 2 7 + y?
(0,2)
(5,3)
(=6,-4)

Answer: B

If you answered correctly, go to problem 133.
If you answered incorrectly, review “Graphing Inequalities” on page 286.

What is the common solution of the lines y = 3x =7 and 2x — y = 5?
Answer: (2,—1)

If you answered correctly, go to problem 135.
If you answered incorrectly, go to problem 134.

What is the common solution of the lines x + y = 18 and y = -2x + 26?
Answer: (8,10)

If you answered correctly, go to problem 135.
If you answered incorrectly, review “Solving Systems of Equations by Graphing” on page 290.

Which of the following is a function of x?
y== \/m
y=x'-4
v T=x’-4

Answer: B

If you answered correctly, go to problem 137.
If you answered incorrectly, go to problem 136.

Which of the following is a function of x?
y=3x-17
x'+y*=17
ly| =3x-1
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Answer: A

If you answered correctly, go to problem 137.

If you answered incorrectly, review “Functions and Relations” on page 313.

What is the domain of the function y = XE 6?
Answer: x # 6

If you answered correctly, go to problem 139.
If you answered incorrectly, go to problem 138.

What is the domain of the function y = \,/'"x+ 2?
Answer: x > -2

If you answered correctly, go to problem 139.
If you answered incorrectly, review “Domain and Range” on page 316.

What is the range of the function y = JA-x?
Answer: y >0

If you answered correctly, go to problem 141.
If you answered incorrectly, go to problem 140.

What is the range of the function y = x*?
Answer: y>0

If you answered correctly, go to problem 141.
If you answered incorrectly, review “Domain and Range” on page 316.

Which is the inverse of the function f(x) = X%_,’?
£ 1 (x) = X+ 3
2
fF- 1 (X) — 2 —X3X
N 2
f )= x—-3
Answer: B

If you answered correctly, go to problem 143.
If you answered incorrectly, go to problem 142.

Which is the inverse of the function fix) = 8x — 1?

fﬁl(X): Xg 1

F'x)=8x+1

f_l(x):8x1—1
Answer: A

If you answered correctly, go to problem 143.

381

If you answered incorrectly, review “Inverse Functions and Function Notation” on page 325.
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One number is 2 less than 5 times another. Their sum is 16. What is their product?
Answer: 39

If you answered correctly, go to problem 145.
If you answered incorrectly, go to problem 144.

One number is 6 greater than another. Their sum is 194. What are the numbers?
Answer: 94 and 100

If you answered correctly, go to problem 145.
If you answered incorrectly, review “Number Problems” on page 333.

The sum of 4 consecutive multiples of 4 is 184. What is the smallest of them?
Answer: 40

If you answered correctly, go to problem 147.
If you answered incorrectly, go to problem 146.

The sum of 3 consecutive odd integers is —39. What are they?
Answer: —15, —13, —11

If you answered correctly, go to problem 147.
If you answered incorrectly, review “Consecutive Integer Problems” on page 335.

Sam is twice as old as Don. Twenty years ago, he was 4 times as old as Don. How old is
Sam now?

Answer: 60

If you answered correctly, go to problem 149.
If you answered incorrectly, go to problem 148.

Ted is 8 years older than Jeff. Thirty years ago, Ted was 5 times as old as Jeff. How old is
Jeff now?

Answer: 32

If you answered correctly, go to problem 149.
If you answered incorrectly, review “Age Problems” on page 337.

A rectangle is twice as long as it is wide. If the length is decreased by 1 inch and the
width is increased by 1 inch, the area increases by 4 square inches. What is the original
width of the rectangle?

Answer: 5

If you answered correctly, go to problem 151.
If you answered incorrectly, go to problem 150.

A rectangle is 14 inches longer than it is wide. If the area is 240 square inches, then what
is the length?

Answer: 24 inches

If you answered correctly, go to problem 151.
If you answered incorrectly, review “Geometric Problems” on page 339.
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Sidney left for school at 8:00 Am traveling at 35 mph. Ron left the same place at 8:30 Am,
following Sidney’s path. He was traveling at 40 mph. How far had Sidney gone before
Ron caught up with him?

Answer: 140 miles

If you answered correctly, go to problem 153.
If you answered incorrectly, go to problem 152.

Mary and Carrie left their campsite at the same time. Mary headed north walking at the
rate of 4 mph, and Carrie headed south walking at the rate of 6 mph. How long did it take
before they were 40 miles apart?

Answer: 4 hours

If you answered correctly, go to problem 153.
If you answered incorrectly, review “Distance Problems” on page 344.

How many quarts of 40% solution and how many quarts of 90% solution should be mixed
to create a mixture of 20 quarts of 80% solution?

Answer: 4 of 40% and 16 of 90%

If you answered correctly, go to problem 155.
If you answered incorrectly, go to problem 154.

How many quarts of 20% solution should be mixed with 6 quarts of 60% solution to
produce a 50% solution?

Answer: 2 quarts

If you answered correctly, go to problem 155.
If you answered incorrectly, review “Mixture Problems” on page 347.

Charlie can do a job in 6 hours, and Dan can do the same job in 8 hours. How long will it
take the two of them to do the job if they work together?

Answer: 3 % hours

If you answered correctly, you are finished! Congratulations.
If you answered incorrectly, go to problem 156.

Rick can do a job in 30 minutes, and Tim can do the same job in 36 minutes. How long
will it take for the two of them to do the job if they work together?

Answer: 16 % minutes

If you answered correctly, you are finished! Congratulations.
If you answered incorrectly, review “Working Together Problems” on page 353.
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distance story problems, 344-347
distributive property (multiplication over

addition/subtraction), 41-42
divisibility rules

description, 58-61

prime numbers and, 61
division

algebraic fractions, 125-128

exponents and, 44

fractions, 89-91

introduction, 35-36

long division, polynomials, 157-158

order of operation, 31

polynomials, 156-162

signed numbers, 80-82
domain (functions), 316-318

E

ellipses, completing the square and, 231
equations
absolute value, linear, 192-199
fractions in, 131-134
point-slope form, 283-286
quadratic (See quadratic equations)
quadratic-like, 237-241
radical, 208-214
slope-intercept, 264

385
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equations (continued)
solving systems of by graphing, 290-295
solving systems of with addition, 295-298
standard form, 264
equivalent fractions, 86-89
exponential curves, graphing, 274-282
exponents. See also powers; scientific notation
division, 44
exponent to another power, 45
introduction, 36
laws for exponents, 44-45
multiplication, 44
negative, scientific notation, 99
quadratic-like equations and, 237
roots, 56-58
signed numbers, 82-86
expressions, prime, 165

F

factoring
binomials, 165-168
GCF (Greatest Common Factor), 163-165
by grouping, 173-177
introduction, 162-163
quadratic equations and, 221, 224-228
quadratic-like expressions, 172—-173
rules, 166
simplifying square roots, 203
trinomials, 168-172
FOIL method, binomial multiplication, 148-149
formulas
linear formulas, 116-120
quadratic, 221
fractional exponents, radicals, 56
fractions
complex fractions, 92
to decimals, 94-95
decimals to, 95
dividing, 89-91
in equations, 131-134
equivalent fractions, 86-89
like terms, 39
lowest terms, 86-89
mixed numbers, 92
multiplication, 89-91
radical and, 54-55
rationalization, 54-55
rules of divisibility, 58
function notation, 325
functions
domain, 316-318
graphing, 318-324
inverse, 325-331
range, 316-318
solving, 313-316

G

GCF (Greatest Common Factor)
factoring and, 163-165
rules of divisibility and, 58
geometric story problems, 339-344
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graphing
cubic polynomials, 273
exponential curves, 274
functions, 318-324
inequalities, 189-192, 286-290
lines, 263-272
parabolas, 273
points, 260-263
solving systems of equations, 290-295
graphs
ordered pairs of coordinates, 260-261
overview, 259
slope-intercept equations, 264
greater-than symbol, 74
grouping
associative property and, 41
distributive property and, 41-42
symbols in order of operations, 32-35

H

hyperbolas, completing the square and, 231

identities

additive identity, 42

multiplicative identity, 42
inequalities

absolute values, 199-203

definition, 183

equations, 183-189

graphing, 189-192, 286-290

number lines, 74

quadratic, 241-245

rules, 183-184
inequality notation, number lines, 74
integer powers. See exponents; powers
interval notation, number lines, 74
inverse functions, 325-331
inverses

additive inverses, 42

linear equations, 108

multiplicative inverses, 42
irrational numbers

quadratic equations, 228

radicals, 55-56

square roots, 50

L

less-than symbol, 74

letters, like terms, 39

like terms, 38-41

linear equations
absolute value, 192-199
inverses, 108
multiple operations, 111-116
solving systems of, 290-295
variables, 107

linear formulas, 116-120

lines, graphing, 263-272
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long division, polynomials, 157-158
lowest terms, fractions, 86-89

M

mixed numbers

dividing fractions, 91-92

multiplying fractions, 91-92
mixture story problems, 347-351
money-related story problems, 351-353
monomials, multiplication, 145-148
multiplication

algebraic fractions, 125-128

associative property, 41

commutative property, 41

distributive property, 41-42

exponents and, 44

factoring, 162-163

FOIL method for binomials, 148-149

fractions, 89-91

introduction, 35-36

monomials, 145-148

order of operation, 31

signed numbers, 80-82
Multiplication Property of Zero

introduction, 42-43

quadratic equations, 224

quadratic inequalities, 241
multiplicative identity, 42
multiplicative inverses, 42

N

negative numbers
absolute value and, 37-38
exponents, scientific notation, 99
number lines, 73
signed numbers, 73
number lines
collections of numbers, 74
definition, 73-75
inequalities, 74
inequality notation, 74
interval notation, 74
number story problems, 333-335
numbers
decimals, 94-96
fractions, 86—-101
like terms, 39
mixed, fractions and, 92
percents, 97-99
prime numbers, 61-63
scientific notation, 99-101
signed numbers, 73-86

o

order of operations
associative property and, 41
basic order, 31-32
commutative property and, 41
introduction, 31-35

387

powers and, 36

symbols, 32-35
ordered pairs of coordinates, 260-261
origin (graphs), 260

P

parabolas
completing the square and, 231
graphing, 273-282
parentheses
grouping and, 32
interval notation, 74
percents
to decimals, 97
decimals to, 97
point-slope form equations, 283-286
points, graphing, 260-263
polynomials
definition, 145
divisors with one term, 156-157
FOIL method of multiplication, 148-149
long division, 157-158
special products, multiplication and, 151-156
positive numbers
absolute value and, 37-38
number lines, 73
signed numbers, 73
powers. See also exponents; scientific notation
calculating roots, 206
introduction, 36
laws for exponents, 44-45
order of operation and, 31
roots and, 48
superscript in notation, 36
prime expressions, 165
prime factorization, 63-67
prime numbers, 61
products, special, polynomial multiplication, 151-156
properties of expressions
associative property (addition, multiplication), 41
commutative property (addition, multiplication), 41
distributive property (multiplication over
addition/subtraction), 41-42
proportions, properties, 120-121

Q

quadrants, 260
quadratic equations
BGBG method (By Guess or By Golly), 221
completing the square and, 221, 231-237
factoring and, 221, 224-228
Multiplication Property of Zero and, 224
quadratic formulas and, 221, 228-231
solving systems of, 290-295
quadratic formulas
definition, 221
quadratic equations and, 228-231
quadratic inequalities, 241-245
quadratic-like equations, 237-241
quadratic-like expressions, factoring, 172-173
quadratics, radical equations and, 245-248
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R

radical equations
quadratics and, 245-248
solving, 208-214
radicals
cube root, 48
fractional exponents, 56
fractions, 55-56
like terms, 39
quadratic equations, 228
roots, 36
square roots, 48
range, functions, 316-318
ratio and proportion story problems, 353-355
rationalization, fractions, 55-56
ratios
definition, 120
proportions, 120-121
reciprocals, dividing fractions, 89
repeating decimals, 94
roots
computing, 206-208
cube roots, 48-54
estimating to one decimal place, 50
exponents for, 56-58
introduction, 36-37
order of operation and, 31
radical, 36
square roots, 36, 48-54
rounding, scientific notation and, 99
rules of divisibility, 58-61

S

scientific notation, 99-101
second-degree terms, quadratic inequalities, 241
signed numbers
addition, 75-78
division, 80-82
exponents, 82-86
multiplication, 80-82
number lines, 73-75
subtraction, 78-80
slope-intercept equations, 264
special products, polynomial multiplication, 151-156
square root
approximating, 50-51
definition, 36
estimating and, 52-54
introduction, 48-49
irrational numbers, 50
simplifying, 52-54, 203-206
standard form equations, 264
story problems
age problems, 337-339
consecutive integer problems, 335-337
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distance problems, 344-347
geometric problems, 339-344
mixture problems, 347-351
money-related problems, 351-353
number problems, 333-335
ratio and proportion problems, 353-355
strategies for solving, 333
subtraction
algebraic fractions, 128-131
distributive property, 41-42
introduction, 35
order of operation, 31
signed numbers, 78-80
sum of cubes, 166
superscript in powers notation, 36
symbols, order of operations, 32-35
synthetic division, polynomials, 160-162
systems of equations
solving by graphing, 290-295
solving with addition, 295-298

T

termination, decimals, 94
trinomials
factoring, 168-172
quadratic-like equations, 237

u

un-FOILing, 168

V

values, absolute value, 37-38
variables
like terms, 39
linear equations, 107
linear formulas, 116
square roots of, 203
vertical line test, graphing functions, 318-324

X

X-axis, 259

Y

y-axis, 259

y4

zero, Multiplication Property of Zero, 42-43
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