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1. On the Representation of the Finite Groups of Lie Type 3

§ 1. Finite Groups of Lie Type

In this article we shall be describing the representation theory of a certain
class of finite groups. In order to make clear the significance of this class of
groups we recall the classification of the finite simple groups. In 1981 it was
finally proved, after intensive effort by many workers over several decades, that
every finite simple group must be one of the following:

a cyclic group of prime order

an alternating group of order 3n! forn > §
a group of Lie type over a finite field

one of 26 sporadic simple groups

The finite groups of Lie type are analogues over a finite field of the simple Lie
groups over € or R.

The representation theory of the cyclic groups is trivial, and the representa-
tion theory of the alternating groups is closely related to that of the symmetric
groups, which is a classical theory developed mainly by Frobenius [1] and
Young [1]. The representation theory of each of the 26 sporadic groups has
been considered individually, and the character table of each of them has been
determined. These character tables can be found in the Atlas of Finite Groups
(Conway et al. [1]).

This leaves the finite groups of Lie type, for which major work on the
representation theory has been done in recent years by Deligne and Lusztig [1]
and subsequently in a number of papers by Lusztig ([1]-[18]). Before going
into detail in explaining this theory we shall first recall the definition and main
properties of the finite groups of Lie type. These groups arise most naturally
as subgroups of algebraic groups over an algebraically closed field of prime
characteristic.

1.1 Affine Algebraic Groups

We begin by recalling the basic properties of affine algebraic groups. Proofs
of these results can be found in books on algebraic groups such as those of Borel
[1], Humphreys [ 1], or Springer [5].

An affine algebraic group over an algebraically closed field K is a set G which
is an affine variety over K and also a group, such that the maps G x G — G and
G — G given by multiplication and inversion are morphisms of varieties. For
example the special linear group SL,(K) is an affine algebraic group given by

SL,(K) = {(a;) € K", det(a;) = 1}.
The general linear group GL,(K) given by
GL,(K) = {(a;) € K"’; det(a;) # 0}
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is not so clearly an algebraic variety in K" since the condition on the determi-
nant is an inequality rather than an equality. However GL,(K) may be regarded
instead as an affine algebraic group in K" *! as follows:

GL,(K) = {(a;, b) e K" *'; b det(a;) = 1}.

i

The algebraic subsets of an affine algebraic variety form the closed sets in a
topology on the variety called the Zariski topology. In particular every closed
subgroup of GL,(K) is itself an affine algebraic group. However the converse
result holds also. It can be shown that every affine algebraic group over K is
isomorphic to a closed subgroup of GL,(K) for some n.

Now let G be an affine algebraic group over K. As an affine variety G will be
expressible as the union of finitely many irreducible subvarieties, called the
irreducible components of G. As a topological space G will be the disjoint union
of its connected components. However, the irreducible components actually
coincide with the connected components, so that G is the disjoint union of
finitely many closed subsets called simply the components of G. The component
containing the identity 1 is a closed normal subgroup G° of finite index in G.
The other components are the cosets G%°g of G° in G. G° is often called simply
the connected component of G.

An element g € GL,(K) is called semisimple if ¢ is diagonalisable, i.e. if g is
conjugate to a diagonal matrix. g € GL,(K) is called unipotent if all the eigen-
values of g are equal to 1. Now let G be any affine algebraic group over K. We
recall that G is isomorphic to a closed subgroup of GL,(K) for some n. g € G is
called semisimple if g is semisimple regarded as an element of GL,(K). This
property is independent of the embedding of G as a closed subgroup of a general
linear group. Similarly g € G is called unipotent if g is unipotent as an element of
GL,(K). This is again independent of the matrix embedding.

Each element g € G has a Jordan decomposition which can be defined as
follows. g can be written as a product

9 = 9s9u = JuYs

where g, g, € G, g, is semisimple, g, is unipotent and g, g, commute. Moreover
this decomposition of g is unique. g, is called the semisimple part of g and g, the
unipotent part of g.

In the case when K is the algebraic closure of the finite field IF, every element
of the multiplicative group K* of K is algebraic over IF, so lies in a finite
extension field of IF,. Thus every element of GL,(K) has matrix entries in some
finite field. In particular every element of GL,(K) has finite order. It follows that
every element of G has finite order. An element g € G is then semisimple if and
only if its order is prime to p and is unipotent if and only if its order is a power
of p. The Jordan decomposition then expresses g € G as the product of commut-
ing elements, one of order prime to p and the other of order a power of p.

We now consider the classification of connected affine algebraic groups of
various kinds. (Since every finite group can be regarded as a disconnected affine
algebraic group the classification of disconnected groups includes within it the
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classification of finite groups, and so is not a feasible problem). The group
GL,(K) is isomorphic to the multiplicative group K* and has dimension 1 (as
an algebraic variety). Another connected group of dimension 1 is the group of
2 x 2 matrices of the form

This group is isomorphic to the additive group K™ of K. It can be shown
that any connected affine algebraic group of dimension 1 over K is isomorphic
to K* or to K*. K™ and K* are not isomorphic; for example every element of
K* is unipotent whereas every element of K* is semisimple.

We next consider the connected abelian affine algebraic groups. Every con-
nected abelian group G is isomorphic to the direct product G, x G, where G, is
a connected group whose elements are all unipotent and G; is a connected group
whose elements are all semisimple. Furthermore G, is isomorphic to a direct
product K* x -+ x K* of groups isomorphic to the multiplicative group K*. If
K has characteristic O then G, is isomorphic to a direct product K* x -+ x K¥
of groups isomorphic to the additive group K™, but if K has characteristic p this
need not be the case.

Now suppose that G is connected and nilpotent. Then again G is isomorphic
to G, x G,. G, is again isomorphic to K* x --+ x K* whereas G, can be any
connected group all of whose elements are unipotent. An algebraic group iso-
morphic to K* x - x K*is called a torus.

Now suppose that G is connected and solvable. Then the set G, of unipotent
elements of G is again a closed connected normal subgroup of G. However G
need no longer be the direct product of G, with a torus. Let T be a maximal
torus in G. Then we have

G=GT, GnT=1.

Thus G is a semidirect product of a connected unipotent group with a torus.
T need not be normal in G. However any two maximal tori of G are conjugate
in G. Moreover we have A5(T) = 64(T), i.e. the normalizer of T coincides with
the centralizer of T.

Now let G be an arbitrary connected affine algebraic group. A Borel subgroup
B of G is a maximal connected solvable subgroup of G. Any two Borel sub-
groups of G are conjugate in G. Any maximal torus, being connected and
solvable, lies in some Borel subgroup of G. It follows that any two maximal tori
of G are conjugate in G.

Any affine algebraic group G has a unique maximal closed connected solv-
able normal subgroup. This is called the radical R(G). G is called semisimple if
R(G) = 1. For any G the factor group G/R(G) is semisimple. G also has a unique
maximal closed connected normal subgroup all of whose elements are uni-
potent. This is called the unipotent radical R,(G). G is called reductive if R (G) =
1. Every semisimple group is reductive, but not conversely. For example a torus
is reductive but not semisimple.
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G is called simple if G has no proper closed connected normal subgroups. If
G is simple then its centre Z(G) is finite and any proper normal subgroup of
G lies in Z(G). Thus G/Z(G) is simple as an abstract group.

If G is semisimple then it has closed normal subgroups G,, G,, ..., G, which
are simple such that

G=G1G2...Gr
GG Gy...G Gy ...G isfinitefori=1,...,r
[G.Gl=1 ifi#]j

The groups Gy, ..., G,, which are uniquely determined, are called the simple
components of G.

1.2 Connected Reductive Groups

The class of algebraic groups which is particularly relevant to the theory of
finite groups of Lie type is the class of connected reductive groups. But before
discussing the structure and classification of connected reductive groups we
need some further ideas related to tori.

A homomorphism of algebraic groups is a homomorphism of groups which
is also a morphism of varieties. For example, if K* is the multiplicative group of
the base field K, we have

Hom(K*, K¥)~ Z

for the only algebraic homomorphisms of K* into K* are the maps 4 — A” when
nelZ.

Now let T = K* x --+ x K* (r factors) be a torus. Let X = Hom(T, K*) be
the set of algebraic homomorphisms from T to K*. Then we have

X2xZ®  ®DZ (rfactors)

Thus X is a free abelian group of rank r. X is called the character group
of T. Now let Y = Hom(K*, T). Then Y is also a free abelian group of rank r
called the cocharacter group of T. Let y € X and y € Y. Then we have maps

K*¥ > T—> K*
¥ X

and so y o y e Hom(K*, K*). Thus we have (3 o y){4) = A" for some n e Z. Thus
we have a map

XxY-Z
given by (x, ) = {x, > € Z where
(x o Y)(A) = Ax” reX, yeY, leK*
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This map defines isomorphisms
Y~ Hom(X,Z) X = Hom(Y,Z)

in an obvious way.

Now let G be a connected reductive group. Let B be a Borel subgroup
of G and T be a maximal torus of G contained in B. There is a unique Borel
subgroup B~ of G containing T such that Bn B~ = T. Let U = R,(B) and
U~ =R,(B"). Let N = 44(T) be the normalizer of Tin G. Then T = N % and so
the group W = N/T is finite. W is called the Weyl group of G. W acts on T by
conjugation and this action is faithful since in a connected reductive group we
have 6;(T) = T. We describe the situation in the following diagram,

For example, suppose G = GL,(K). Then we can take for T the diagonal
subgroup, B the group of upper triangular matrices, B~ the group of lower
triangular matrices, U the group of upper unitriangular matrices, U~ the group
of lower unitriangular matrices, N the group of monomial matrices and W =
N/T the symmetric group of degree n.

Returning to the general case, we consider the minimal closed subgroups of
U normalized by T. There are finitely many such subgroups, each isomorphic to
the additive group K*. The elements of T act on these subgroups by conjuga-
tion, giving automorphisms of K*.

Now the map K* — K™ given by 4 — ud for e K* is an algebraic auto-
morphism of K*. Furthermore these are the only automorphisms of the alge-
braic group K*. Thus Aut K* = K*. Hence the action of T by conjugation on
one of these subgroups gives an element of Hom(7, K*) = X. The elements of X
arising in this way are called the positive roots. Different subgroups isomorphic
to K* give rise to different roots in this way. The set of positive roots will be
denoted by @*. @* is a finite subset of X. The 1-dimensional subgroup corre-
sponding to « € @* will be denoted by X,. X, is called the root subgroup
corresponding to the root a.

In a similar way we may consider the minimal closed subgroups of U~
normalized by T. These give rise to the set of negative roots @~ < X. We have

veEPt > —qed”

We define @ = " u P~ to be the set of roots. For each x € @ we have a
corresponding 1-dimensional root subgroup X, of G.
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We now take a pair of opposite roots o, —a and consider the subgroup
(X, X_,> generated by X, and X_,. This subgroup is isomorphic either to
SL,(K) or to PGL,(K). In fact there is a homomorphism

SLZ(K) _¢) <X1’ X—oc>

s o
A

A0y, _
¢ has the property that ¢{<0 /1_1>A€ K*} lies in T. So we have a map

L0
;“_’¢<o /1-1>'

This map is denoted by o” and lies in Hom(K*, T) = Y. «" is called the coroot
corresponding to the root «. We denote by @V the subset of Y consisting of all
coroots a”. Thus we have a bijective map @ — @ given by « — «". This map
satisfies the condition

such that

K* — T given by

{a, oy = 2.
Consider, for example, the group SL,(K). Then we have

Tz{(é ;ﬂ) ;“EK*}
w{(o 1) werd

and
A 0N/l p\/i1P 0 1 2%
<0 rl)(o 1><0 /:>=<o 1)
Hence
LT Z o (A) = A2
so that

(o, 0¥y = 2.

The action of the Weyl group W on T gives rise to actions of Won X and Y
defined by

()t =y () forweW, yeX, teT
(wy)A = w(y(4)) forweW, yeY, ieK*

I. On the Representation of the Finite Groups of Lie Type 9

In this action of Won X and Y, W is a group generated by reflections. For each
o € @ there is an element w, € W such that

w,0) =y~ <{paHa yeX
w,(y) =y — L, ppa" yeY

Onehasw? = 1,0, = 0_, 0 (D)= D, 0 (P') = & and W = (w,;x e D).

We now define a concept called a root datum, which is important in the
classification of connected reductive groups. A root datum is a quadruple (X, &,
Y, @*) where X, Y are free abelian groups of the same finite rank with a map
X x Y — Z which induces isomorphisms Y =~ Hom(X, Z), X =~ Hom(Y, Z). @ is
a finite subset of X, @V is a finite subset of Y and there is a bijective map & — o*
from @ to @ satisfying;

{a, "> =2 forallzae @
B—{(B,a>aec® foralla,fec®
pY— <Ko, frav e @Y foralla, e d.

There is an obvious notion of isomorphic root data. We have seen that every
connected reductive group G has a root datum (X, @, Y, @) associated to it,
where X, Y are the character and cocharacter groups of a maximal torus of G,
@ is the set of roots and @V the set of coroots. It can be shown that this gives
a bijective correspondence between connected reductive groups over K, up to
isomorphism, and root data, up to isomorphism.

1.3 Simple Algebraic Groups

We now discuss the classification of the simple algebraic groups. Let G be a
simple algebraic group over K. Then G determines a set @* of positive roots.
A positive root is called simple if it cannot be expressed as the sum of two

positive roots. Let I7 be the set of simple roots, and let I7T = {«,, ..., a;}. Con-
sider the matrix 4 = (A;) defined by

Ay = <yl
A is called the Cartan matrix of G. Its entries all lie in Z. We have 4,; = 2 for
i=1,...,1 However for i # j we have 4;; < 0. In fact we have

A;€{0, =1, =2, =3} ifi#])

Also A;; = 0if and only if A; = 0. Moreover if 4; = —2or —3 then 4; = —1.
Let n; = A;A; for i # j. Then we have

ijiri
n;€1{0,1,2,3}.

The integer ny; is related to the order of the element s;5; € W where s; = o, for
i=1,..., 1 Lets;s; have order m;;. Then we have:
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n; =0 ifandonlyifm;=2

1 3
2 4
3 6
Moreover the Weyl group W is generated by the elements s4, ..., s, as a Coxeter

group. Thus W is isomorphic to the abstract group given by generators and
relations

(Syyeeny Sy SE =108 = Li#j)

We now define the Dynkin diagram of G to be the graph with nodes labelled
1,..., [ in which nodes i, j are joined by n; bonds if i # j. If n;; = 2 or 3 then one
of A;;, A;; will be —1 and the other will be —2 or —3. We place an arrow in the
diagram pointing from node i to node j if |4;;| > [4;].

The Dynkin diagram of any simple algebraic group G is connected. The
possible Dynkin diagrams are as follows:

A€’€27 O—O0—0— ¢+ —O—0O0—0O
5876220——0——0—-.. —=r0

£y, 623 o—o0—0— ... —o=o0

b,,t2% o—o0—0— ... <
Eg O—Q—T—o——o

E7 o—o—o—I—o—o

Eq o—o—o—o—I—o—o

O—O0==0—20
("

G, =0

The Dynkin diagram is uniquely determined by G, being independent of the
choices made in its definition.

We consider the classification of the simple groups G with a given Dynkin
diagram. Such groups are called isogenous, and are said to be of the same type.

I. On the Representation of the Finite Groups of Lie Type 1t

Let Z&®" be the subgroup of Y generated by the coroots. Zd" is a subgroup
of finite index in Y since G is assumed simple. Let @ = Hom(Z®", Z). Then 2
is a free abelian group of rank [ called the lattice of weights. Now, since X =
Hom(Y, Z), we have a map X —  obtained by restricting such a homomor-
phism from Y to Z&". Since | Y: Z&"| is finite this map from X to £ is injective.
Thus we may regard X as a subgroup of . Since X, 2 are free abelian groups
of the same rank I, X has finite index in Q. In fact

Q2: X|=|Y:ZD"|
Thus we have
(X ZD||Y: ZP"| = |Q/ZPD]
Now the group Q/Z® is determined by the diagram of G. It is given as follows:
Dynkin diagram QLD

Al ZH—I

Bl ZZ

Cl ZZ
D,lodd Z,

D, l even Z,xZ,
Eq Z,

E7 ZZ

Eg Z,

F, Z,

G, Z,

The given simple group G determines a subgroup X/Z@ of Q/Z®. This sub-
group determines the group G up to isomorphism. Any subgroup of Q/Z®
arises in this way from some simple group, but it can happen that different
subgroups of 2/Z® come from isomorphic groups G.

There are two extreme cases. We say that G is adjoint if Z® = X, ie. if the
roots generate the character group. We say that G is simply-connected if Y =
Z&", ie. if the coroots generate the cocharacter group. This is equivalent to the
condition X = . So there is up to isomorphism one adjoint group and one
simply-connected group of each type.

We describe the possible groups G for each Dynkin diagram. If G has type 4,
then Q/Z® is isomorphic to Z,, . The simply-connected group of type 4, is the
special linear group SL,.,(K) and the adjoint group is the projective general
linear group PGL,,,(K). There may also be other possibilities, corresponding to
proper subgroups of Z,,, which are neither adjoint nor simply-connected.

If G has type C, then Q/Z® is isomorphic to Z,. There are thus only two
possibilities for G. If G is simply connected G is isomorphic to the symplectic
group Sp,,(K). If G is adjoint then G is isomorphic to the projective conformal
symplectic group PC Sp,,(K). CSp,,(K) is the group of symplectic similitudes
and PC Sp,,(K) is the factor group modulo the centre.
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If G has type B, then Q/Z@® is again isomorphic to Z,. Thus there are two
possible groups G. If G is simply-connected G is the spin group Spiny;,,(K). If G
is adjoint G is the special orthogonal group SO,,,,(K).

If G has type D, and [ is odd then Q/Z@® is isomorphic to Z,. There are then
three possibilities for G. If G is simply-connected G is the spin group Spin,;(K).
If G is adjoint G is isomorphic to P(CO,,(K)°), where CO,,(K) is the confor-
mal orthogonal group of degree 2/ and CO,,(K)° is its connected component.
Finally if G is neither simply-connected nor adjoint then G is isomorphic to the
special orthogonal group SO,,(K). (This is defined as the connected component
of O,,(K), and is equal to the group of orthogonal matrices of determinant 1
provided that K does not have characteristic 2).

If G has type D, and ! is even then Q/Z® is isomorphic to Z, x Z,. In
addition to the subgroups giving the simply-connected group, the adjoint group,
and the special orthogonal group, there are two further subgroups of Q/Z®.
Both give rise to isomorphic groups G, since the graph automorphism of the
Dynkin diagram D, maps one to the other. The additional group G obtained in
this way is called the half-spin group HS,,(K).

If G has exceptional type G must be either simply-connected or adjoint. If G
has type Eg, F, or G, then Q/Z® =~ Z,. Thus there is only one possible group
G, which is both simply-connected and adjoint. If G has type Eg or E, then
Q/Z P is isomorphic to Z; or Z, respectively, and there are two groups of each
type, one simply-connected and the other adjoint.

This completes the description of the simple algebraic groups over an alge-
braically closed field K.

1.4 Frobenius Maps

The finite groups of Lie type will be described as subgroups of connected
reductive algebraic groups over an algebraically closed field of prime character-
istic. So let K be an algebraically closed field of characteristic p. Then for any
power g of p, ¢ = p® e = 1, we have a map

F,:GL,(K) - GL,(K)
(aij) - (aij)
in which each matrix coefficient is raised to the ¢ power. F, is a homomor-
phism of algebraic groups. It is a bijective map. Its inverse, however, is not a
homomorphism of algebraic groups since it is not a morphism of varieties. The

finite general linear group GL,(gq) can be obtained as a subgroup of GL,(K) by
taking the fixed points of F,. Thus

GL,(q9) = {g e GL(K); F,(y9) = g}

This is an example of what happens more generally. Let G be a connected
reductive group over K. We recall that G is isomorphic to a closed subgroup of
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GL,(K) for some n. A map F: G — G is called a standard Frobenius map if there
exists an injective homomorphism i: G - GL,(K) and an integer g = p° such
that i(F(g)) = F,(i(g)) for all g € G. If F is a standand Frobenius map the group

G"={geG;F(g) =g}

is finite. However the standard Frobenius maps are not sufficient to give all the
finite groups of Lie type in the form G¥. (The Suzuki and Ree groups, to be
discussed later, do not arise in this way). We therefore define a Frobenius map to
be a homomorphism F: G — G such that some power F', i > 1, is a standard
Frobenius map. If F is a Frobenius map then the group G* of fixed points under
F is finite. The finite groups G" which arise in this way when G is a connected
reductive group and F is a Frobenius map are called the finite groups of Lie
type.

If G is connected and semisimple then any surjective homomorphism F: G —
G for which G* is finite is, conversely, a Frobenius map (although this is not
always so when G is connected reductive). Connected semisimple groups admit-
ting such a map F: G — G have been studied in detail by Steinberg [4].

There is a fundamental theorem of Lang [1] which applies in this situation.
Lang’s theorem asserts that if K is algebraically closed of characteristic p and G
is a closed connected subgroup of GL,(K) and if F: G - G is given by

Flaj)=(a}) q=p° ezleZ

then the map L: G — G given by L(g) = g~ F(g) is surjective. A generalisation of
Lang’s theorem was proved by Steinberg [4]. This generalisation asserts that if
G is any connected group over an algebraically closed field K of characteristic p
and if F: G — G is any surjective homomorphism such that G is finite then the
map L: G — G given by L(g) = g ' F(g) is surjective. We shall call this result the
Lang-Steinberg theorem. As this theorem is of crucial importance in the theory
of finite groups of Lie type we shall give several examples of how it is used.

We show first that a connected reductive group G with Frobenius map
F: G - G has an F-stable Borel subgroup. Let B be any Borel subgroup of G.
Then any other Borel subgroup has form 9B = gBg ™! for some g € G. Now we
have F(YB) = ?B if and only if

s 'F@FR(B) = B.

Now F(B) is also a Borel subgroup of G, so there exists x € G with *F(B) = B.
By the Lang-Steinberg theorem x = g 'F(g) for some g€ G. Thus 9B is an
F-stable Borel subgroup of G.

In a similar way it can be shown that any F-stable Borel subgroup contains
an F-stable maximal torus.

Another implication of the Lang-Steinberg theorem is the fact that any two
F-stable Borel subgroups of G are conjugate by an element of G*. For let B, B’
be F-stable Borel subgroups. Then B’ = ?B for some g € G. Since B, B’ are both
F-stable we have g 'F(g) € .#;(B). However each Borel subgroup is its own
normalizer in G so we have A4(B) = B. Thus g"'F(g) € B. By the Lang-
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Steinberg theorem g~ 'F(g) = b™'F(b) for some b e B. Thus gh ' € GF. Since
B’ = %"'B we see that B, B are conjugate by an element of GF.

An F-stable maximal torus T of G is called maximally split if T lies in an
F-stable Borel subgroup of G. We have seen that maximally split tori exist in G.
Another application of the Lang-Steinberg theorem shows that any two maxi-
mally split tori are conjugate by an element of G*. However not every F-stable
maximal torus will be maximally split in general.

We now consider the way the F-stable maximal tori fall into orbits under
conjugation by elements of G*. We have seen that any two F-stable Borel
subgroups are conjugate by an element of G*, but this is not usually true for
F-stable maximal tori. Let T, be a maximally split torus and T an F-stable
maximal torus. Then T = ¢T;, for some g € G. Since T, T are both F-stable we
see that g ™' F(g) € Ny = A(T,). Now N,/ Ty is isomorphic to the Weyl group W
of G, so we have a surjective homomorphism n: N, » W. Let w = n(g ' F(g)).
Then w is an element of W. We consider to what extent w is determined by T.
Suppose instead we write T = ¢ T, and let w' = n(g' 'F(g’)). Then, since g™'¢g’ €
N,, we can find x € W such that w' = x 'wF(x).

Two elements w, w’ € W are called F-conjugate if there is an element x € W
such that w’ = x“'wF(x). F-conjugacy is an equivalence relation on W. Each
F-stable maximal torus T determines in this way an F-conjugacy class of W. In
fact each F-conjugacy class of W arises in this way and two F-stable maximal
tori map to the same F-conjugacy class of W if and only if they are conjugate by
an element of G*. Thus there is a bijective map between GF-classes of F-stable
maximal tori of G and F-conjugacy classes of W. The maximally split tori
correspond to the F-conjugacy class containing the identity element of W.

1.5 Classification of the Groups G* When G Is Simple

We now describe the classification of the finite groups G¥ when G is simple
and F: G — G is a Frobenius map.

Let G be simple, T a maximally split F-stable torus of G and B an F-stable
Borel subgroup containing 7. Consider the minimal subgroups of G containing
B. These have the form

P=(BX,> i=1,..,1

Since F(B) = B, F must permute the subgroups P, ..., P. This permutation
determines an action of F on the Dynkin diagram of G. This permutation is a
graph automorphism when the direction of the arrows is disregarded. So the
possibilities for the Dynkin diagram with F-action are as shown overleaf.

We shall consider the possible groups G* of each type. Corresponding to the
Frobenius map F: G — G we define a real number g > 1 as follows. We have

F'=F,|; forsomei>1leZ
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where F,.: GL,(K) > GL,(K) is given by F,.(a;;) = (af’) and G is a closed sub-
group of GL,(K). We define g by ¢q°' = p*. Then g > 1. This definition of ¢ is
independent of the embedding of G in GL,(g). This can be seen, for example, as
follows. Let T be a maximally split torus of G. An action of F can be defined on
the character group X and the cocharacter group Y of T by

(Fpt=x(F@) xeX, teT
(F)A=F@y(i) yeVY, ieK*
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This action of F can be extended to a linear action on the Q-vector spaces
X ® @Q and Y ® Q. Then there is a linear map F, of finite order on X ® @ and
on Y ® @ such that F = gF,. In particular ¢ is the absolute value of all the
eigenvalues of Fon X ® Q and on Y ® Q.

Now a finite group G when G is simple and F is a Frobenius map is
determined up to isomorphism by the following three objects:

The Dynkin diagram of G together with the F-action on it.

The isogeny type of G.

The number gq.

(There are circumstances in which groups G* coming from different triples
above can be isomorphic, but we shall not need to consider such duplications).

We shall now describe the possible groups G* in the individual cases.

If G has type A, g can take any value p° for e > 1€ Z. If G is simply-
connected then G* = (4,),.(q) = SL;41(g). If G is adjoint then GF = (4,),4(q) =
PGL,,,(g). There may also be various other possibilities where G is neither
simply-connected nor adjoint.

If G has type C, q can take any value p° for e 2 1 e Z. If G is simply-
connected then G* = (C)),(q) = Sp,,(q). If G is adjoint then GF = (C)),(q) =
PCSp,i(9).

If G has type B, g can take any value p®for e = 1 € Z. If G is simply-connected
then G* = (B)).(q) = Spiny,., (¢). If G is adjoint then G* = (B,),4(9) = SO,;.,(9)-
These orthogonal groups are defined with respect to a non-degenerate qua-
dratic form over IF, in dimension 2/ 4 1 of maximal Witt index /.

If G has type D, g can take any value p° for e = 1 € Z. If G is simply-connected
then G* = (D,).(q) = Spin,,(q). If G is adjoint then GF = (D,),,(q) = P(CO%(q)).
There is a third possibility which is neither simply-connected nor adjoint, giving
GF = SO,,(g). Finally if [ is even there is a further possibility, giving G* =~
HS,,(g). All these groups are defined with respect to a non-degenerate quadratic
form over IF, in dimension 2! of maximal Witt index .

If G has type ?4, then g can take any value p° for e > 1 € Z. If G is simply-
connected then G* = (?4,),.(¢*) = SU,,,(¢?). This is the subgroup of unitary
matrices in SL;,,(¢?). If G is adjoint then G* = (%4,),,(¢*) = PU,,,(q?). There
may also be other possibilities which are niether simply-connected nor adjoint.
These groups are defined with respect to a non-degenerate Hermitian form over
IF,. corresponding to the involution 2 —» 1 = %

If G has type 2D, q can take any value p® for e > 1 e Z. If G is simply-
connected then G* = (2D,),.(¢*) = Spin3,(q) defined with respect to a non-degen-
erate quadratic form over IF, in dimension 2/ of Witt index [ — 1 relative to IF,
but index [ relative to IF.. If G is adjoint then G* = (2D)),4(¢%) = P((CO3)°(q))
where the orthogonal group O3, is defined with respect to the above quadratic
form. There is a third possibility, neither simply-connected nor adjoint, giving
the group SO3,(q).

If G has type *D, q can take any value p® for e > 1 € Z. G must now be cither
adjoint or simply-connected, but both these isogeny types give the same finite
group G = °D,(¢*).
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If G has type E¢ q can take any value p® for e > 1 € Z and there are two
possibilities (E¢),.(q) and (E¢),4(q) for G*.

If G has type 2E, q can take any value p¢ for ¢ > 1 € Z and there are two
possibilities (2E).(q?) and (*Eq),q4(q?) for GF.

If G has type E, g can take any value p° for e = 1 € Z and there are two
possibilities (E-)..(q) and (E-),4(g) for G*.

If G has type E8 g can take any value p® for e = 1 € Z and there is one
possibility G¥ = Eg4(q).

It remains to consider groups of type %B,, °F,, *G,, where there is a non-
trivial symmetry on a diagram containing a double or triple bond. The situation
here is more complicated and gives rise to the Suzuki and Ree groups.

If G has type 2B, a group G’ can only exist when p = 2. So suppose p = 2.
Then for G* to exist g must satisfy g> = 22"** for some n > 0 € Z. (This is the
first example we have encountered in which g is not in Z). G can be cither
simply-connected or adjoint, but the finite groups G arising in these two cases
are isomorphic. We have GF = 2B,(q?) where g% = 2°"*!. These are the Suzuki
groups.

If G has type 2F, a group GF can only exist when p = 2. Assuming that p = 2,
G* can only exist when g satisfies g = 2*"*! for some n > 0eZ. We have
GF = 2F,(q?) with g? = 2?"*!. These are the Ree groups of type F,.

Finally if G has type *G, a group G" can only exist when p = 3. Assuming
that p = 3, G¥ can only exist when g satisfies g = 32"*! for some n > 0 e Z. We
have G = 2G,(q?) with g = 32"*!, These are the Ree groups of type G,.

These are the groups G* whose representation theory we are going to discuss.
If F acts trivially on the Dynkin diagram G* is called a Chevalley group or a split
group. Otherwise G¥ is called a twisted group.

1.6 The Structure and Orders of the Groups G*

Let G be a connected reductive group with Frobenius map F: G - G. We
consider the structure of the corresponding finite group G*. Let T be a maxi-
mally split F-stable maximal torus of G and B an F-stable Borel subgroup
containing T. Let N = A4(T). Then we have

TY « Bf <« G~
TF and BF are determined up to conjugacy in G*. BF is called a Borel subgroup
of G and TF a maximally split torus of GF. TF is normal in N¥ and N¥/T¥ is
isomorphic to WF. (This follows from the Lang-Steinberg theorem). We also
have
BF =U'TF U'nTF=1

where U = R,(B).
The subgroups B, N¥ of GF satisfy the axioms, introduced by J. Tits, for a
BN-pair. This implies that Bf and N¥ generate G* and that W* =~ N*/T* =
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N¥/B* n N¥ is a Coxeter group. W has one Coxeter generator for each orbit of
F on the diagram of G. If F acts trivially on the Dynkin diagram then F acts
trivially on W and so W¥ = W.If F acts non-trivially on the Dynkin diagram
W* is a proper subgroup of W.

When G is simple and F acts non-trivially on W the type of the Coxeter
group W¥ is shown below.

Type of G Type of WF

2A21 Bl = Cl

iAZI-‘l Bl = Cl

3Dl Bl—l = Cl*l

D, G,

’Eq F,

5, 4

G, A,

’F, Dihedral of order 16

We next wish to give the orders of the finite groups G* when G is simple.
However we first need some additional information about the Weyl group. The
Weyl group W of G, being a finite Coxeter group, has a natural representation
as a group generated by reflections in a vector space V over R of dimension .
(One could take, for example, V= X ® R or ¥ = Y ® R). Let 2 be the algebra
of polynomial functions on ¥ with values in R. Then 2 is a graded algebra

P?=FP 2
iz0
which admits a natural W-action. The W-invariants form a subalgebra .# of 2.
# is isomorphic to a polynomial ring in [ variables and can be generated as an
R-algebra by homogeneous polynomials I\, I, ... I,. These homogeneous gener-

ators are not uniquely determined, but their degrees d,, d,, ..., d, are.
Let #* = (P, be the set of polynomial functions with constant term zero
i>0

and let 7 = # N P". Then the ideal 29" of 2 generated by " is a graded
subspace of %, and so the quotient space Z/24* is also a graded algebra.
The W-action on 2 gives us an induced W-action on #/2.¢*. The W-module
P/PJ” has dimension equal to |W| and gives the regular representation of W.
Thus to each irreducible representation of W, which occurs in the regular repre-
sentation with multiplicity equal to its degree, we can attach a set of non-
negative integers describing the multiplicities with which the representation
occurs in the graded components of 2/2.#*. This idea will be important subse-
quently in the representation theory of GF.

Now we have an action of F on V, since V can be identified with X ® R or
Y® R where X, Y are the character and cocharacter groups of T. The linear
map F: V' — Vcan be written uniquely in the form F = gF, where Fy,: V> V has
finite order and ¢ > 1 € R. So q is the absolute value of the eigenvalues of F
onV.
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We may define an action of F, on £ by
(Fof)v=fFov) fe?, vel

F, transforms the subring .# into itself. By extending the base field from R to €
if necessary we can choose the homogeneous generators I, ..., I, of .# to be
eigenvectors of F,. Thus we have

Foly) = &1,

where ¢; is a root of unity. .
The order of the finite group G* is then given by

|GF| = (Z°)F|q™(g" — &,)(@™ — &3)...(¢" — &)

where N = |@*| and Z° is the connected centre of G. This formula holds for any
reductive group G. If G is semisimple we have

|G| = q"(g* —&)...(q" — &)

When G is simple the orders of the groups GF may be written down explicitly in
the following table.

Orders of the groups G* when G is simple

Al = "> - D)(g* — 1)...(¢""" = 1)

124,(g)] = ¢"“* VP> — D@* + 1)...(¢" — (- D))

IB(g)l = q"(¢* — D(g* —1D...(¢*" = 1)

IC(@) = q"(@* — Dg*—1D...(¢" = 1)

IDg)| = ¢ g* — D)(g* — 1)...(¢*" = {g' = 1)

I’Dig*)| = ¢"“ (@ = D(g* — D...@* 2= D(g'+ 1)

D@ = q*(g* — D(g* — &)(g* — *)(g® — 1) &=eP

1G1(9)l = ¢°(¢*> — D(g® — 1)

IFa(@)l = q**(q* — D(g® — D(g®* — 1)(g'? = 1)

|E¢(@) = ¢°°(g® — D)(@® — 1)(q° — 1)(g® — D(¢® — D(g'* = 1)

12E¢(q%)| = ¢°%(q* — 1)(q® + 1)(q° — 1)(g® — D(¢° + D(g'* = 1) .
1E5(g)] = ¢°3(a® — D(g°® — D(g® — 1)(g'® — D)(g** — D(g"* — 1)(q'® — 310)
|E8(4)|=1112°(q2—1)(618—1)(61”—1)(6114—1)((118—1)((120—12(424—1)(q —1)
I’B5(¢%)| = q*(¢° — )(g* + 1) qz = 22'"H

I*G,(g®) = ¢%(q> — D(g® + 1) g =3 "'H

12F4(@®)] = ¢**(¢*> — D(@® + D)(¢® — D(g** + 1) ¢*=2°"

The finite groups G" are not in general abstract simple groups when G is
simple but have (with a few rare exceptions) exactly one non-cyclic comp051t10p
factor. If G is simple of adjoint type then the commutator subgroup (QF ) is
almost always an abstract simple group. Thus G is an extension of a simple
group by an abelian group. If G is simple and simply-connected then QF 1Z(GF)
is almost always an abstract simple group. Thus G* is a central extension of an
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abelian group by a simple group. If G is simple but neither simply-connected
nor adjoint then the abstract simple group will occur as a subquotient H/K of
G* where K lies in the centre of G and G*/H is abelian.

§ 2. Conjugacy Classes

In order to understand the irreducible characters of a finite group we must
first have some understanding of the conjugacy classes of the group. We shall
therefore in this section discuss the conjugacy classes of the finite groups G*
where G is a connected reductive group and F is a Frobenius map. The conju-
gacy classes of G* are of course closely related to those of G, and so we shall
start by considering the conjugacy classes of the algebraic group G.

2.1 Semisimple Conjugacy Classes of G

We recall that each element g € G has a Jordan decomposition g = su = us
where s € G is semisimple and u € Cg(s) is unipotent. In fact all unipotent ele-
ments of Cg(s) lie in its connected component C4(s)°, so u € Cg(s)°. (Borel et al.
[1], p. 204).

If g, g’ € G are conjugate then their semisimple parts s, s’ € G are conjugate
also. Thus each conjugacy class of G determines a semisimple conjugacy class in
this way: If g, g’ € G are conjugate and have the same semisimple part then
g = su, g’ = su’ where u, u’ € C4(s)°. u, u’ are then conjugate in Cg(s).

Now for any semisimple element s € G Cg(s)° is a connected reductive group.
If the semisimple part of G is simply-connected we know further that Cs(s) is
connected (Steinberg [4]) so that Cg(s) is a connected reductive group. Thus the
problem of determining the conjugacy classes in a connected reductive group
whose semisimple part is simply-connected splits into two parts — the determi-
nation of the semisimple classes and the determination of the unipotent classes.

We first discuss the semisimple classes of G. We begin with the fact that every
semisimple element of G lies in a maximal torus of G. Since any two maximal
tori of G are conjugate, any semisimple element of G has a conjugate in a fixed
maximal torus 7. The Weyl group W = A(T)/T acts on T by conjugation.
Two elements of T are conjugate in G if and only if they lie in the same orbit of
T under W. Thus there is a bijective correspondence between semisimple classes
of G and the set T/W of W-orbits on T.

These remarks are valid for a connected reductive group over any alge-
braically closed field. However we shall now assume that the base field is
K =TF,. Then we can say more about the semisimple classes of G. In the first
place we have an isomorphism

YR K*—>T
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given by v ® 4 — 7(4) for y € Y, 4 € K*. Secondly the groups K* and Q,,/Z are
isomorphic, where @, is the set of rational numbers with denominator prime to
p. This follows from the fact that every element of K* is algebraic over IF,, so
lies in some finite field IF,., and so has finite order prime to p. However an
isomorphism between K* and @, /Z can be chosen in many ways. We choose
some definite isomorphism between K* and Q,/Z and keep it fixed in the
subsequent discussion. Then we have

T=Y®K*=Y®Q,/Z)
Now we have a surjective homomorphism of abelian groups
Y®Q, - Y®(Q,/Z)
with kernel Y ® Z >~ Y. Thus we have an isomorphism
T=(Y®Q,)Y

Now Y®Q, isa subset of the vector space Y ® Q. Y is a lattice in Y ® @ and
the elements of Y act on Y® @ by translations. Let T, be the translation
x> x + 7 for ye Y, and Ty be the group of all such translations Ty. Then
we have a bijection between elements of the factor group (Y® Q,)/Y and
orbits (Y ® @Q,)/Ty of Ty on Y ® Q.. Thus there is a bijection between T and
(Y® @Q,)/Ty. There is therefore a bijection between T/Wand (Y® Q,)/{Ty, W)
where (Ty, W) is the group of transformations of ¥ ® Q generated by the
translation group T, and the Weyl group W.

We shall now assume that G is simple. We assume in addition that G is
simply-connected. This means that the cocharacter group Y is generated by the
coroots, 1.e. Y = Z®".

The group of transformations of Y ® Q generated by translations T, for
v € Z®" and by elements of W is called the affine Weyl group W,. Since G is
simply-connected W, is the group generated by 7, and W. In fact W, has a
semidirect product decomposition

W,=T,W TynW=1

where W acts on T, by conjugation in the same way that it acts on Y.

The affine Weyl group W, acts on Y ® @ as a group generated by reflections.
It is generated by the reflections in the hyperplanes Hy, Hy, ..., H in Y® @
where

H=yeY®Q;<{%,y>=0} i=1..1

Ho={7e Y®Q: (R, 7> =1}
where {a, ..., %} is a system of simple roots and R is the highest root. More-
over these reflections generate W, as a Coxeter group. The reflections s; in the

hyperplanes H;, i = 1, ..., | generate the subgroup W of W,, also as a Coxeter
group.
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We now consider the orbits of Y ® @ under the action of the affine Weyl
group W,. Let A be the subset of Y ® @ given by

A_V6Y®Q Q> >0 i=1,...,1
B (R,y> <1

A is an open bounded region in Y ® @ called the fundamental alcove. Let 4 be
the closure of 4 in Y ® ®@. Then

ToeYOQ (w20 i=1..,1
- R,y <1

Then A is a fundamental region for the action of W, on Y ® @. This means that
each W,-orbit on Y ® @ contains just one element of A. The images of 4 under
the elements of W, are called the alcoves on Y ® @. Each point of Y ® @ lies in
the closure of at least one alcove. For example, the configuration formed by the
alcoves of Y ® @ when G is of type 4, is shown in the figure.

We define 4, =An(Y®Q,) and 4, =An(Y®Q,). 4, and A, are
called the sets of p’-rational points in 4 and A4 respectively. We have shown that
there is a bijective correspondence between the set of semisimple classes of G
and the set /_11,,. This correspondence exists when G is simple and simply-
connected.

2.2 Semisimple Conjugacy Classes of G*

We assume as before that G is simple and simply-connected, but now assume
also that F: G — G is a Frobenius map acting on G. We consider the semisimple
conjugacy classes in the finite group GF. We choose a maximally split torus T in
G and let Y be the cocharacter group of T. Then we have maps F: T — T and
F: Y — Y. We may extend the action of F from Y to Y ® @ by linearity. F then
maps Y ® Q, into itself.

Now F maps cach semisimple class of G into a semisimple class. We consider
the semisimple classes of G which are F-stable. We would expect these to
correspond to points of Zp, which are stable under a suitable action of F.
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Now the action of F on Y ® @ defined above does not stablise 4. However,
for each y € Y ® @ there is a unique element of A in the same W,-orbit as F(y).
This element of A will be denoted by F.y. If ye Y® Q, then FyeY®Q,
also. Thus we have a map y - F.y of A, into itself. Under the above bijec-
tion between semisimple classes of G and elements of A,, this map on 4,
corresponds to the action of F on the semisimple classes. In particular the
F-stable semisimple classes of G correspond to the elements ye A, with
Fy=y.

There is a simple formula for the number of F-stable semisimple classes
of G. When G is simple of rank ! and F: G — G is a Frobenius map giving rise to
a real number g > 1 the number of F-stable semisimple classes of G is g'. This
result can easily be extended to the case when G is a connected reductive group.
Then the number of F-stable semisimple classes of G is |Z°"|q' where Z°
is the connected component of the centre of G and [ is the semisimple rank
of G.

Suppose now that G is connected reductive and that the semisimple part G’
of G is simply-connected. Then, for each semisimple element s € G, Cs(s) is
connected. If s is an F-stable semisimple element then F acts on the connected
group Cgx(s). Applications of the Lang-Steinberg theorem then show that every
F-stable semisimple class of G contains F-stable elements, and that any two
F-stable elements in this class are Gf-conjugate. Thus the intersection of an
F-stable semisimple class of G with GF is a semisimple class of G*. So G has
|Z°"|q' semisimple classes when the semisimple part of G is simply-connected. (If
G’ is not simply-connected no such simple formula holds for the number of
semisimple classes of GF).

2.3 The Brauer Complex

We now suppose again that G is simple and simply-connected. Then G* has
q' semisimple classes and there are g points of Zp, which are fixed by the map
y — Fy. We shall obtain information about the positions of these F.-stable
points by considering a geometrical construct called the Brauer complex. This
is defined as follows.

Let FFY(Y)={ye YQQ; F(y)e Y}. F7!(Y) acts on Y ® @ by translations
and this group of translations is normalized by W. Moreover the map

CFTUY)L, WY 5L WD
yw = F(y)F(w)

is an isomorphism of groups. In fact this isomorphism of groups together with
the map F: Y® Q@ - Y ® Q gives an isomorphism of permutation groups be-
tween (F~(Y), W) acting on Y ® @ and (Y, W) acting on Y ® Q. In particu-
lar the set 4, given by
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A, ={yeYRQ; F(y)e 4}

is a fundamental region for the action of (F71(Y), W> on Y ® Q. The volumes
of the regions A4, and A are related by

— 1 —
vol A, = —vol A
q

since F = qF, on Y ® R and Fj has finite order.

Now <Y, W) is a subgroup of (F~'(Y), W). Thus every affine reflecting
hyperplane for Y, W) will be a reflecting hyperplane for (F “1(Y), W), but not
conversely. In particular the walls of A4 are all reflecting hyperplanes for affine
reflections in <F~'(Y), W>. Thus A4 is the union of certain transforms of A,
under the action of {(F7*(Y), W. Since each transform has the same volume the
number of such transforms will be g".

Thus the large closed alcove A4 can be covered by g' small closed alcoves. The
set of open faces of all these small alcoves form a simplicial complex called the
Brauer complex. Thus the Brauer complex has g' faces of maximum dimension L.

An example of a Brauer complex corresponding to the group (B,),(5) is given
in the figure.

This complex has 25 faces of dimension 2, 45 faces of dimension 1, and 21 faces
of dimension 0. .
The interior A, of A, is bounded by walls Hy, H,, ..., H, where

H={eY®Q;<xy>=0} i=1,..,1
Hy={yeY®Q; (R, y> =1/q}

except when GF is a Suzuki or Ree group. In the case when G* is a Suzuki or Ree
group we have instead

1
Hf):{VEY@Q;O‘»“D:\ﬁq}

when K has characteristic 2 and r is the highest short root, and
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1
Hf):{‘/e Y@Q;O,”/):\/gq}

when K has characteristic 3.

The Brauer complex is related to the set of F -stable points of 4, as follows.
It has been shown by Deriziotis [1] that each small closed alcove in the Brauer
complex contains exactly one F.-stable point of 4 and that this point lies in A,
Moreover distinct closed alcoves contain distinct F -stable points. This does not
mean, however, that each F -stable point must lie in one of the small open
alcoves. It is possible for some of the F.-stable points to lie on the boundary
of a small alcove, but only if the point lies also on the boundary of the large
alcove A.

As an example we illustrate how the F -stable points lie in the alcoves of the
Brauer complex in the case when G = (B,),.(5).

Deriziotis” theorem shows that the following three sets are in bijective corre-
spondence when G is simple and simply-connected:

(i) The F-stable semisimple classes of G
(ii) The semisimple classes of G*
(iti) The simplices of maximal dimension in the Brauer complex.

Properties of a given semisimple class in G* can be investigated in terms of
the position of the corresponding F .-stable point in the Brauer complex. For
example a semisimple class is regular (i.e. the centralizer of an element in the
class is a maximal torus) if and only if the corresponding F .-stable point lies in
the interior A4 of A.

2.4 Unipotent Classes of G

We now consider the unipotent conjugacy classes of the connected reductive
group G. Since the homomorphism G — G/Z induces a bijection between uni-
potent classes of G and unipotent classes of G/Z we may assume that G is
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semisimple with trivial centre. There is then a bijective homomorphism G — G,
to the adjoint group of the same type as G which induces a bijection of uni-
potent classes. We may thus assume that G is semisimple of adjoint type. But
then G is a direct product of simple groups of adjoint type. This reduces the
problem of understanding the unipotent classes to the case where G is simple of
adjoint type.

We thus assume now that G is simple of adjoint type. Then the set of
unipotent elements of G forms a closed irreducible subset % of G. Thus % is an
irreducible affine variety. Its dimension is given by

dim % = |&

Now G, being an affine variety, has a tangent space T(G), at each point g € G.
Since the variety G also has a group structure its tangent space T(G), at the
identity admits the structure of a Lie algebra. We write L(G) = T(G),, regarded
as a Lie algebra.

The group G acts on its Lie algebra L(G) in the following manner. For each
x € Gwehaveamapi,: G— G givenbyi,(g) = xgx~'.i_is an automorphism of
G and we have i (1) = 1. Then the differential of i, at 1 is a map di,: L(G) —»
L(G). We write Adx = di,. The map x — Adx gives a representation of G by
automorphisms of L(G).

The Lie algebra L(G) admits a Jordan decomposition somewhat similar to
that of G. We recall that G can be embedded as a closed subgroup of GL,(K) for
some n, i.e. there exists an injective homomorphism i: G - GL,(K). Its differen-
tial di: L(G) - L(GL,(K)) = gl,(K) is an injective homomorphism of Lie alge-
bras. The Lie algebra gl,(K) consists of all n x n matrices over K under Lie
multiplication [AB] = AB — BA. An element X € L(G) is called semisimple if
di(X) is diagonalisable and nitpotent if di(X) has all eigenvalues equal to 0 (i.e.
di(X) is a nilpotent matrix). These definitions are independent of the embedding
of L(G) in gl,(K). The Jordan decomposition for Lie algebras asserts that, given
X € L(G), there exists a semisimple element X, € L(G) and a nilpotent element
X, € L(G) such that

X=X+X, [XX,]=0.

Moreover X, X, are uniquely determined by these conditions. X, is called the
semisimple part of X and X, the nilpotent part of X.

Now the set A" of nilpotent elements of L(G) forms an irreducible closed
subset of L(G) and is therefore an irreducible affine variety. Its dimension is
given by

dim A = |®}.

Thus the irreducible varieties %, .#" have the same dimension. G acts on both #
and ./, on % by conjugation and on .4 by its adjoint action.

We compare the G-actions on % and 4" For each X € L(G) we define ad X:
L(G) - L(G) by ad X.Y = [XY]. Then for each nilpotent element e € L(G) ad e
is a nilpotent linear map on L(G). If the base field has characteristic O then we
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have a map
e—expade

from A" to % which is bijective and which is compatible with the G-actions on
A" and %. If K has characteristic p this map cannot always be defined. However
Springer has shown [1] that, provided p is a good prime for G (i.e. p # 2 for
types B, C;, D;; p # 2, 3 for types G,, F,, Eq, E5; and p # 2, 3, 5 for type Ey),
there exists a bijective morphism from % to A" which is compatible with
the G-actions. Thus, provided the characteristic of the base field K is not
a bad prime for G, the problem of determining the unipotent conjugacy classes
in G is equivalent to the problem of determining the nilpotent orbits of G on
L(G).

In fact there are considerable advantages in working in the Lie algebra L(G),
since one can then use methods of linear algebra. We shall therefore concentrate
on the determination of the G-orbits of nilpotent elements in L(G).

2.5 The Jacobson-Morozov Theorem

The Lie algebra of the group SL,(K) is the algebra sl,(K) of all 2 x 2
matrices of trace 0 under Lie multiplication. This algebra has a basis <e, h, f)

where
0 1 1 0 00
e=(0 0) h=(0 —1> f=(1 0)

These basis elements satisfy the relations
[he]=2e [W]1= -2 [ef]l=h

The elements e and f are nilpotent.

The Jacobson-Morozov theorem asserts that, under certain circumstances,
every non-zero nilpotent element e € L(G) lies in a three-dimensional subalgebra
{e, h, f> isomorphic to sl,(K). To be precise, this is always the case when K has
characteristic 0 and it is the case when K has characteristic p provided p is a
good prime for G and (ade)’~2 = 0.

We shall now assume that the characteristic of K is either 0 or a prime p
satisfying p > 3(h — 1) where h is the Coxeter number of G. Under this assump-
tion it can be shown that the Jacobson-Morozov theorem can be applied and
that any two three dimensional subalgebras <e, b, f><e, I, f'> isomorphic to
sl,(K) and containing a given non-zero nilpotent element e are conjugate under
the subgroup Cg(e)® of G. This fact enables us to show that there is a bijection
between G-orbits of non-zero nilpotent elements of L(G) and G-orbits of sub-
algebras of L(G) isomorphic to sl,(K).

The G-orbits of subalgebras isomorphic to sl,(K) were first determined by
Dynkin [1] in the characteristic O case, and these were related to the nilpotent
orbits by Kostant [1] using the Jacobson-Morozov theorem, again in the char-
acteristic 0 case. The analogous theory valid also in characteristic p when p is
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sufficiently large was developed by Springer (A. Borel et al. {1]). Given a sub-
algebra of L(G) isomorphic to sl,(K) there is a subgroup of G isomorphic to
SL,(K) or to PGL,(K) whose Lie algebra is the given subalgebra. Let S be a
maximal torus of this subgroup. Then S = T for some maximal torus T of G.
Let t = L(T) and Ke, = L(X,) for each root subgroup X, of G. Then we have

LG =t® Y Ke,
ae P
and this is a Cartan decomposition of L(G). Each root space Ke, is invariant
under S and so gives rise to a l-dimensional representation of S. However
dim § = 1 s0 X(S) = Z. So for each root « € @ we have a corresponding integer
n(x) describing the character of S coming from Ke,.
For each i € Z we define g(i) by

gi)= > Ke, ifi#0
axe @
n(a)y=i

g0)=t® ) Ke,
ae @
n{a)=0

Then L(G) = P g(i) and we have

[g(i), a()] = g(i +j) fori,jeZ.

Thus L(G) may be regarded in this way as a graded Lie algebra.

Now there is a unique element y € Y(T) such that n(a) = {a, y> for all « € @.
Moreover we can choose a system I7 of simple roots such that <{«, y> > 0 for all
o € I1. It was shown by Dynkin that for any such /7 we must have

a,y>€{0,1,2} forallae Il

We may therefore define the weighted Dynkin diagram as follows. We take the
Dynkin diagram of G and attach to the node corresponding to « € 17 the num-
ber {a, y> € {0, 1, 2}. Let 4(e) be the weighted Dynkin diagram obtained in this
way. It can be shown that 4(e) is uniquely determined by e and that 4(e) = 4(¢’)
if and only if e, e’ lie in the same nilpotent orbit. In particular, the number of
nilpotent orbits is finite and at most 3. For example if G has type A, there are
5 nilpotent orbits whose weighted Dynkin diagrams are

Dynkin determined the possible weighted diagrams which can occur in each
case.
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2.6 Distinguished Nilpotent Elements

A disadvantage of the Dynkin-Kostant classification of nilpotent orbits
is that there appears to be no simple way of saying which weighted Dyn-
kin diagrams correspond to nilpotent orbits. For this reason an alternative
approach to the classification of nilpotent orbits was developed by Bala and
Carter [2] {3]. In this approach we consider first the distinguished nilpotent
elements.

A nilpotent element e € L(G) is called distinguished if [es] = 0 for s € L(G)
semisimple implies that s = 0. Thus the distinguished nilpotent elements are
those which do not commute with non-zero semisimple elements. There is a
criterion for a nilpotent element to be distinguished in terms of the grading on
L(G) determined by e. e is distinguished if and only if

dim g(0) = dim g(2).

Moreover the weighted Dynkin diagram of a distinguished niipotent element
contains only 0’s and 2’s.

It is therefore possible to associate with each orbit of distinguished nilpotent
elements a parabolic subgroup P of G. P is given by

P=(B, X _[Ka,y>)=0 aell).

Thus P is the parabolic subgroup containing B whose Levi subgroup comes
from the part of the Dynkin diagram labelled by 0s.
A parabolic subgroup P is called distinguished if

dim P/U, = dim U,/U,

where U, = R,(P). The parabolic subgroup associated to any orbit of distin-
guished nilpotent elements is a distinguished parabolic subgroup.

Conversely, given any distinguished parabolic subgroup of G we may re-
cover an orbit of distinguished nilpotent elements of L(G). This follows from
a theorem of Richardson [1]. Richardson showed that each parabolic sub-
group P has a unique orbit on U, which is open and dense. Similarly P has a
unique orbit on the Lie algebra L{U,) which is open and dense. This is called
the Richardson orbit. If P is a distinguished parabolic subgroup of G then the
Richardson orbit of P on L(U,) gives an orbit of distinguished nilpotent ele-
ments of L(G).

In this way we obtain a bijective correspondence between G-orbits of dis-
tinguished nilpotent elements and G-classes of distinguished parabolic sub-
groups. Every Borel subgroup is distinguished, and if G has type A, these are
the only distinguished parabolic subgroups. If G has type C, there is a bijection
between G-classes of distinguished parabolic subgroups and partitions of [
with distinct parts. If G has type B, there is a bijection between G-classes of
distinguished parabolic subgroups are partitions of 2/ + 1 with distinct odd
parts. If G has type D, the distinguished parabolic subgroups correspond to
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partitions of 2! with distinct odd parts. In the exceptional groups the distin-
guished parabolic subgroups can be determined explicitly. The groups G, Fy.,
E,, E;, Eg have 2, 4, 3, 6, 11 G-classes of distinguished parabolic subgroups
respectively.

2.7 The Bala-Carter Theorem

We now consider arbitrary nilpotent elements, not necessarily distinguished.
Any parabolic subgroup P of G has a semi-direct product decomposition

P=UpLp, UpnLp=1, Up=R,(P).

L, is a connected reductive group called a Levi subgroup of P. Its commutator
subgroup L is a connected semisimple group. Any subgroup of G which has
the form L, for some parabolic subgroup of G will be called (by abuse of
terminology) a Levi subgroup of G. Similarly any subalgebra of L(G) of the form
L(Lp) will be called a Levi subalgebra of L(G).

If a nilpotent element e € L(G) is not distinguished then e € Cy)(s) for some
semisimple element s # 0 of L(G). Cp)(s) is then a proper Levi subalgebra
of L(G). In fact it can be shown that any two minimal Levi subalgebras of
L(G) containing e are conjugate by an element of Cg(e)’, and that if I is a
minimal Levi subalgebra containing e then e is a distinguished nilpotent ele-
ment in [11].

This enables us to obtain the Bala-Carter classification of nilpotent orbits.
There is a bijection between nilpotent orbits of L(G) and G-classes of pairs
(L, P..) where L is a Levi subgroup of G and P,. is a distinguished parabolic
subgroup of L. The nilpotent orbit corresponding to the pair (L, P;) contains
the elements in the Richardson orbit of P,. on the Lie algebra of its unipotent
radical.

Similarly there is a bijective correspondence between unipotent conjugacy
classes in G and G-classes of pairs (L, P;.) as above. The unipotent class corre-
sponding to the pair (L, P,.) contains the elements in the Richardson orbit of P,/
on R, (P,.).

An alternative approach to the classification of unipotent elements has been
developed by W. Borho and can be found in [1].

The Bala-Carter classification, which was proved when the characteristic
of K is either 0 or a prime p > 3(h — 1), has subsequently been shown by
Pommerening to be valid whenever p is a good prime for G. It is not, however,
valid for bad primes. In fact if p is a bad prime there need not be a bijective
correspondence between unipotent classes in G and nilpotent orbits in L(G).
Thus we have two separate classification problems. Information about the clas-
sification when p is a bad prime can be found in Carter [2].
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2.8 Unipotent Classes of G*

We now suppose G is simple of adjoint type and that F: G — G is a Frobenius
map. We consider unipotent classes in the finite group G*.

If x is any element of G there is a bijective correspondence between G*-
conjugacy classes of F-stable G-conjugates of x and F-conjugacy classes in
Ca(x)/%s(x)°.

If gxg~! is F-stable then g™'F(g) € 4(x) and so gives rise to an element of
bs(x)/65(x)°. Two F-stable elements gxg™', g'xg’~" are G'-conjugate if and
only if they give rise to F-conjugate elements of 6(x)/%,(x)° in this way.

When u € G is unipotent the groups %;(u)/%(1)° have been determined by
Alexeevski [1]. If G has type A4, then %;(u)/%5(u)°® = 1. If G has type B,, C,, D,
then %5(u)/6(u)° is isomorphic to Z, x Z, x -+ x Z, (e factors) for some e
depending on u. If G has type G,, F,, Eq, E,, Eg then %(u)/%;(u)° is isomorphic
to the symmetric group S, for some n < 5 depending on u.

If the Frobenius map acts trivially on the Dynkin diagram of G then every
unipotent class of G is F-stable, although this is not always true when the
Frobenius map acts non-trivially on the diagram. Moreover F acts trivially on
the group 6(u)/%;(u)° if u € G¥, so each F-stable unipotent class of G gives rise
to unipotent classes of GF corresponding to the conjugacy classes of G5(u)/6g(u)°.

§ 3. The Character Theory of Deligne-Lusztig

We now turn to a consideration of the irreducible characters of the groups G*
over an algebraically closed field of characteristic 0.

The first class of such groups for which the irreducible characters were
determined were the general linear groups GL,(q). J.A. Green showed in 1955
[1] how the characters of GL,(g) could be obtained. Then in 1968 the characters
of the groups Sp,(q) were obtained by B. Srinivasan [1]. This was followed in
1974 by a paper of B. Chang and R. Ree [1] in which the character table of the
group G,(q) was determined.

As a result of the information available in these special cases, I.G. Macdonald
(A. Borel et al. [1]) formulated some conjectures about the irreducible char-
acters of the groups G*. Macdonald conjectured that for every class of maximal
tori T* in G there should be a family of irreducible characters of G* of degree
|G": T¥|,.. The characters in this family should be parametrised by the orbits of
characters of T¥ in general position under the action of W¥.

The major breakthrough in the representation theory of the groups G*
came in 1976 when the Macdonald conjectures were proved by Deligne and
Lusztig [ 1].
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3.1 Representations on /[-adic Cohomology Modules

The idea of Deligne and Lusztig for obtaining GF-modules over an alge-
braically closed field of characteristic 0 was to find certain algebraic varieties
over K = IT:I, on which G* acts as a group of automorphisms, and then to con-
sider the induced GF-action as linear transformations of the /-adic cohomology
groups of the variety with compact support. Here ! is a prime different from p.

If X is an algebraic variety over K and [ is a prime distinct from p the [-adic
cohomology groups with compact support Hi(X, @Q,) were introduced by M.
Artin and A. Grothendieck, [1]. Hi(X, @) is a finite dimensional vector space
over the algebraic closure @, of the field @, of l-adic numbers. @, is an alge-
braically closed field of characteristic 0. We have

Hi(X, Q) =0 unless0<i<2dim X.

The purpose for which the l-adic cohomology groups were introduced was
to provide a tool for making progress towards a proof of the Weil conjectures
on the number of points on an algebraic variety over a finite field. The Weil con-
jectures were proved by Deligne [2], [3] making use of the l-adic cohomology
groups.

The way in which l-adic cohomology can be used to give representations
of the groups G" can be described as follows. Let T be an F-stable maximal
torus of G and let 8 be an irreducible character of the finite group T*. The set of
irreducible characters of T will be denoted by T¥. Let B be a Borel subgroup
of G containing 7. Then B = UT where U = R,(B). Let L: G —» G be Lang’s map
given by L(g) = g 'F(g). Let X be the subset of G given by

X =L"U)={geG;g 'F(g)e U}.

X is an algebraic subset of G and is therefore an affine variety. G* acts on the
affine variety X by left muitiplication. For if x € X, g € G we have

L(gx) = (9%)'F(gx) = x'g'F(g)F(x) = x'F(x) e U.
Similarly T¥ acts on X by right multiplication. For if x € X, t € T we have
Lixt) = (xt) 'F(xt) = t 'x'F(x)tre t Ut = U.

Thus the direct product G¥ x TF acts on X as a finite group of automorphisms.
G' x TF therefore acts on the l-adic cohomology groups with compact support
H/(X, @Q,). Let H(X, @,), be the subspace on which T¥ acts by the character .
Since the actions of G' and T* commute, this subspace is a G'-module. For
g € G¥ we define

2dimX ) .
Rro(9) = Z_,O (= 1) tr(g, Ho(X, @y)s)

R; o is thus a generalized character of G¥, i.e. a Z-linear combination of irreduc-
ible characters of GF. The values Ry 4(g) lic in the subfield of @, of algebraic
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numbers. It can be shown that Ry 4 is independent of the choice of the prime
I'# p. Rr 4 is also independent of the choice of Borel subgroup B contain-
ing T. Thus R; 4 depends only upon the F-stable maximal torus T and the
irreducible character 6 of TF. The R;. 4 are called the Deligne-Lusztig generalized
characters of GF.

It was shown by Deligne and Lusztig that, if u € G* is unipotent, then Ry 4(u)
is independent of § € T*. In particular the degrees R 4(1) are independent of 6.
We write

Qr(u) = Ry ¢(u) u € G* unipotent.

Qr., is called a Green function, following work done on these functions in the
original paper of J.A. Green on the groups GL,(g). The Green functions Q(u)
are functions of two variables. The first is the set of G'-classes of F-stable
maximal tori, which can also be described as the set of all F-conjugacy classes
in the Weyl group W. The second is the set of unipotent classes of the group GF.
In the case when GF = GL,(q) both of these variables correspond to partitions
of n. For the Weyl group W is isomorphic to the symmetric group S, and the
Frobenius map acts trivially on W. Thus the F-conjugacy classes in W are the
conjugacy classes in S,. Each such conjugacy class is represented by a partition
whose parts are the lengths of the cycles in the cycle-type of a permutation in the
class. Moreover each unipotent element of GL,(g) is conjugate to a diagonal
sum of Jordan block matrices with all eigenvalues 1. The sizes of the Jordan
blocks determine a partition of n corresponding to the given unipotent class.
Thus when G¥ = GL,(q) the Green functions Q,(u) form a p(n) x p(n) matrix,
where p(n) is the number of partitions of n. In general, however, the matrix of
Green functions Q,(u) is not square. For example, if GF = E4(q) the matrix of
Green functions has size 112 x 113, since there are 112 conjugacy classes in
W(Eg) and 113 unipotent classes in Eg(g).

The importance of the Green functions can be seen from the following char-
acter formula for Ry 4, which was proved by Deligne and Lusztig. This formula
shows how the character values can be determined by making use of the Jordan
decomposition.

Let g € GF have Jordan decomposition g = su = us where s, ue G, s is
semisimple and u is unipotent. Then we have

1 e
RT,o(g)ZW XGZGF 0(x'sx)Q 101 (u)

x"lsxeTF

In this formula Qf‘;fjl(u) is a Green function for the connected reductive group

%(s)°. We note that xTx ™! is a maximal torus of %(s)° and that u is a unipotent
element of (%(s)°)f. Thus if all the Green functions are known the character
values Ry 4(g) can in principle be determined.

Work on the computation of the Green functions has been done by T. Shoji.
Shoji has obtained an algorithm [2], [3] for determining the Green functions
for groups of classical type. For groups of exceptional type the Green functions
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have been obtained by Springer [2] in type G,, Shoji [1] in type. F,, and Beynon
and Spaltenstein [1] in types Eq, E;, Eg. These results are valid when p and ¢
are sufficiently large. However Kawanaka [5] has shown that these results
remain valid whenever p is a good prime for G.

3.2 Orthogonality Relations

There is a striking formula, due to Deligne and Lusztig, for the scalar product
(Ry 9, Ry ¢) Of two Deligne-Lusztig generalized characters.
et T, T' be F-stable maximal tori of Gand 9 e T*, 6" € T'F. Let

N(T,T)={geG T =T}
N(T, T") is a union of right cosets of T in G. Let
W(T, T') = {Tg; g € N(T, T')}.

Since T, T' are F-stable F acts on N(T, T') and on W(T, T'). N(T, T")F is a union
of right cosets of T¥ in GF. Moreover the set of right cosets of TFin N(T, T')" is
in bijective correspondence with the elements of W(T, T')¥. For each F -st?b}e
coset Tg contains F-stable elements and these form a right coset of T" in
N(T, T'). R R

Ifne N(T, T')F and 6’ € T'F we define "0’ € T* by

"9'(t) = 0'(t") teTF.
Similarly if @ € W(T, T')f we may define without ambiguity
°9'(t)y = 0'(t”) te TF.
The orthogonality formula of Deligne and Lusztig can now be stated as follows.
(Rr.0, Ry g) = |{w € W(T, T'); “0" = 0}.

Thus to evaluate the scalar product we must count the number of cosets w = Tg
such that

o transforms T to T’
o transforms 6’ to 6
w is F-stable.

This orthogonality formula has a number of important consequences. We say
0 € T is in general position if no non-identity element of W(T) = W(T, T) fixes
6. If 0 is in general position the orthogonality formula asserts that

(Rr,aa RT,o) =1

Since Ry , is a generalized character of G it follows that iRT,,., is' an iFreduc-
ible character of GF. Thus each GF-class of F-stable maximal tori gives rise to a
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family + Ry, of irreducible characters of Gf. Moreover if T, T’ are F-stable
maximal tori which are not G*-conjugate, and if § € T*, 8’ € T'F are in general
position, then the orthogonality relations show that + Ry 4 # + Ry 4. Thus the
families of irreducible characters of G coming from distinct GF-classes of tori
are disjoint. We next consider the family of irreducible characters coming from
a fixed torus T. Let 6, 6’ e TF. Then if 6, 6’ are not equivalent under the
action of W(T)" the orthogonality relation shows that + Ry 4 # + Ry ..

To summarise, each G"-class of F-stable maximal tori gives rise to a family of
irreducible characters + Ry 4 of GF all of the same degree. We get one such
character for each W(T)F-orbit on the set of characters of T in general posi-
tion. Distinct GF-classes of tori give non-overlapping families of irreducible
characters.

In the special case when T is maximally split the irreducible characters
+ Ry 4 can be simply described. Since T is maximally split T lies in an F-stable
Borel subgroup B of G. Thus T* lies in the Borel subgroup BF of G*. We have
BF = UFTF where U = R,(B). UT is normal in Bf and UF ~ T¥ = 1. Given a
character 6 € TT we may lift 8 to a character of BF with U” in the kernel. We
may then form the induced character 65 . Then we have

Ry o= Oz(z;:~

In particular the sign which makes + Ry , irreducible when 6 is in general
position is 41, and the degree of Ry 4 is given by

R;o(1) =|G": Bf| = |G": TF

1p"

Here [G": T”|, denotes the part of |G": T*| which is prime to p. We have
|G": TF| = |G BT||BF: TF|

and |GF: BF| is prime to p whereas |B": TF| is a power of p.

Now suppose T is any F-stable maximal torus, not necessarily maximally
split. Then the maximal torus TF will not necessarily lie in a Borel subgroup of
GF. However it remains true, as proved by Deligne and Lusztig, that

+ Ry (1) = |GF: TF|,.

The sign which makes + R 4 irreducible when 6 is in general position is deter-
mined as follows. The F-stable torus T determines an F-conjugacy class in
the Weyl group. Let w be a representative of this F-conjugacy class. Then
(—1)™Ry 4 is irreducible, where [ is the length function on the Coxeter
group W.

We give an example to illustrate this situation. Let GF = PGL,(q) where g is
odd. Then |GF| = g(¢* — 1) and the class number of G¥ is g + 2. The Weyl
group of G is the cyclic group of order 2 and the Frobenius map F acts trivially
on W. Thus there are two G*-classes of F-stable maximal tori of G. If T, is a
maximally split torus we have T =~ Z,_, and if T is an F-stable torus which is
not maximally split we have T¥ >~ Z_,,. The Weyl group acts on the character
groups T, T¥ so that the element of order 2 inverts each character. Thus TS has
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just two characters which fail to be in general position, the principal character
1 and a character 6, of order 2. Similarly T* has just two characters not in
general position, the principal character 1 and a character 0’ of order 2. Hence

TS has -3 WF-orbits of characters in general position, which therefore

-3 distinct irreducible characters Ry, , of G*. Similarly T* has

-1

. . q
give rise to

g;—l W¥-orbits of characters in general position, which give rise to

distinct irreducible characters — Ry o of G*.

Thus the number of irreducible Deligne-Lusztig characters of G* is g — 2.
There are therefore 4 remaining irreducible characters. These may be obtained
as follows. The Borel subgroups BF of G* have order g(q — 1), so the induced
representation 1(3;: has degree g + 1. It splits into two irreducible components,
the principal character 1 and the Steinberg character St of degree g. Also
PGL,(g) has a normal subgroup PSL,(g) of index 2, and therefore has a second
character ¢ # 1 of degree 1. Finally &St is also an irreducible character of
degree q.

Thus the irreducible characters of PGL,(qg) are:

. -3
Ry, 4, 0 in general position qﬁzf characters

—1
characters

— Ry 4, 0 in general position

1, St, ¢, &.St. 4 characters

3.3 Character Values on Semisimple Elements

In order to describe the values of the Deligne-Lusztig generalized characters
on the semisimple elements of Gf we need the properties of the Steinberg
character of G'. This is an irreducible character which occurs as a component of
the induced character 1% . The endomorphism algebra of the induced module
giving this representation has dimension |W*|. It is called the Hecke algebra
H(GF, BF) of G¥ with respect to BF. It has a basis T,,, w e WF, whose multiplica-
tion relations can be described as follows. W¥ is a Coxeter group generated by
elements s;, one for each orbit J of F on the Dynkin diagram of G. We have

T, ifl(s,w)=1(w)+1
T+ (py— DT, ifl(syw) =Iw) — 1

syw

I,T, =
for we W, where [ is the length function on the Coxeter group W* and p, =
|UF ~ (UF)*oss|. These relations determine the multiplication of any two basis
elements T, T,,., with w, w’ € W¥.

I. On the Representation of the Finite Groups of Lie Type 37

There is a bqectlve correspondence between irreducible characters y of GF
such that (15, y) # 0 and irreducible representations of the Hecke algebra
H(G*, B"). Moreover it can be shown that H(GF, BF) is isomorphic to the group
algebra of the Coxeter group W, and one can define a bijection between
irreducible representations of H(G*, BF) and irreducible representations of W¥.
Thus there is a bleCtIVC correspondence between irreducible characters y of GF
occurring in 19 B, - and irreducible characters of W¥. The multiplicity with which
x appears in 15 is equal to the degree of the corresponding irreducible repre-
sentation of W¥,

Let ¢ be the sign representation of W*. This is the 1-dimensional representa-
tion satisfying

g(sy)= ~1

for all F-orbits J on the Dynkin diagram. The irreducible character of G”
corresponding to ¢ is called the Steinberg character St. St occurs in 1;,?: with
multiplicity 1.

The values of the Steinberg character can be described as follows. If g € GF is
not semisimple then St(g) = 0. So suppose s € G¥ is semisimple. Then we have

St(s) = £1(%6(5)°)1,

i.e. the highest power of p dividing (6;(s)°)", up to sign. The sign is given as
follows. We define the relative rank of G to be the number of eigenvalues equal
togof Fon X ® Q (or on Y ® @Q), where X, Y are the character and cocharacter
groups of a maximally split torus of G. We define ¢, by

&g = (_ l)relalive rank of G
Then the value of the Steinberg character on a semisimple element s € G¥ is
given by

St(s) = EGECG(s)°|(€G(5)O|p-

The values of the Steinberg character can be used to give a convenient
description of the values of the Deligne-Lusztig generalized characters Ry o on
the semisimple elements of G*. It was shown by Deligne and Lusztig that

egerRy 4 St = 05

(eger is the sign such that ¢ger Ry 4(1) is positive). Thus the product of the
generalized character egerRr ¢ with the Steinberg character gives the induced
character 05 . This formula gives information about the values of Ry 4 precisely
on the semisimple elements of G*. For if g € G' is not semisimple then St(g) =
07 = 0. However if s € G¥ is semisimple then R 4(s) # 0 and so

Ore (s)

eger Ry o(s) = SAt'(s)
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It follows that

8T8@°(s) -1
Ry o) = —p L% 9
n = [T G F, g2 YO
g tsgeTF

This formula is valid whether 8 is in general position or not.

3.4 Geometric Conjugacy

In order to discuss further the irreducible characters of G* we shall make the
additional assumption that the centre Z of G is connected. It turns out that the
character theory of GF is significantly simpler under this assumption. We shall
discuss what happens when Z is not connected at a later stage.

It was shown by Deligne and Lusztig that if we form the sum

) Z €GET Ry 4
F(TLT oeTF

over all F-stable maximal tori T and all irreducible characters 6 of T* we get a
multiple |G”|,7,., of the character of the regular representation of G*. Since
every irreducible character y of G* occurs in the regular representation (with
multiplicity equal to its degree) it follows that (x, Ry 4) # 0 for some R; 4. Thus
if we decompose the Deligne-Lusztig generalized characters Ry 4 into Z-combi-
nations of irreducible characters of G all the irreducible characters will appear.

This shows that we can define an equivalence relation on the set of irreduc-
ible characters of GF. We say that , ' € GF are equivalent if there exists a
sequence x', ..., y* € G¥ of irreducible characters of G¥ such that

=1
=
for each i there exists Ry , with
(f', Rr.o) #0 and (x'"',Rp,) #0.

The equivalence classes of irreducible characters are called geometric conjugacy
classes.

At the same time we can define an equivalence relation on the set of pairs
(T, 6) where T is an F-stable maximal torus and 6 e TF. We say that (T, 0) is
equivalent to (77, ') if there exists a sequence (T, 0,), ..., (T, 6) such that

(T, 0) = (T}, 0,)
(T, 6) = (T, 6")
for each i there exists y € G* such that

(RT,-,G,-, 0#0 and (R, o.,> x #0.
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The equivalence classes of pairs (T, ) are again called geometric conjugacy
classes. There is a bijective correspondence between geometric conjugacy classes
of pairs (T, 6) and geometric conjugacy classes of irreducible characters of G*.

A criterion for testing whether two pairs (T, 0)(T", §’) are geometrically con-
Jjugate was obtained by Deligne and Lusztig. In order to explain this we describe
a relation between T and the cocharacter group Y of T. Using the exact
sequences shown in the diagram

- .—

0—=Y —=Y&hy —= Y0 Q2 —=10

Voo

0—=Y —=vYy®ly, —= Y4,z —0

!

Y[(F-1)Y

|

0

———

and using the fact that the map
F-1.Y®Q,»-Y®Q,
is bijective, it follows from the snake lemma that we have an isomorphism
TF = Y(F — 1)Y

Now a character of T* is an element of Hom(T¥, 2,) where £2,, is the group of
roots of unity in € of order prime to p. Also the map

2mir/s

r/is—>e

induces an isomorphism between Q,/Z and Q,. Thus each character of TF
gives rise to an element of Hom(Y, Q,/Z) with (F — 1)Y in the kernel.

The criterion for (T, 8)(T’, 8’) to be geometrically conjugate can now be
stated as follows. This is so if and only if there exists g € G which transforms T
into T and 6, as a character of Y(T), into 6’ as a character of Y(T’). Thus in
particular each pair (T, 6) will be geometrically conjugate to one in which T is
maximally split. Further, if T is maximally split two characters 6, 8’ in the same
W(T)-orbit will give geometrically conjugate pairs (T, 6)(T, 6’). Thus each geo-
metric conjugacy class determines a W-orbit on Hom(Y, Q,/Z). Moreover the
fact that (F — 1)Y is in the kernel of @ means that this W-orbit must be F-stable.
In fact there is a bijective correspondence between geometric conjugacy classes
and F-stable W-orbits on Hom(Y, Q,,/Z). Since Hom(Y, @, /Z) is isomorphic to
X ® Q,./Z we see that there is a bijective correspondence between geometric
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conjugacy classes of pairs (T, ) and the set
(X ® Q,/Z)/W)*

of F-stable W-orbits on X ® Q,/Z, where X is the character group of a maxi-
mally split torus of G.

It is instructive to compare this parametrisation of the geometric conjugacy
classes with the parametrisation of the F-stable semisimple conjugacy classes of
G discussed in §2.1. The semisimple classes of G correspond to W-orbits on a
maximally split torus 7, and since

T2YRK*=2Y®Q,/Z

we see that the F-stable semisimple classes of G are in bijective correspondence
with the set

(Y®Q,/Z)/W).

A comparison of these two sets (X ® Qp//Z)/W)F, (Y® Q,,/Z)/W)F leads
us to examine the concept of dual groups. We recall from § 1.2 that there is a
bijective correspondence between connected reductive groups G and root data
(X, ®, Y, d"). Now if (X, @, Y, *) is a root datum so is (¥, ", X, P). It corre-
sponds to a connected reductive group G* called the dual group of G. So we have
a duality on the set of connected reductive groups, often called Langlands
duality. For example if G = GL,(K) then G* = GL,(K) and if G = SL,(K) then
G* = PGL,(K). Moreover for each Frobenius map F: G — G there will be a
dual Frobenius map F*: G* — G* such that the action of F* on X* agrees with
the action of F on Y.

We see, therefore, that there is a bijective correspondence between the set of
geometric conjugacy classes of pairs (7, 8) in G and the set of F*-stable semi-
simple classes in the dual group G*. Thus there is also a bijection between
geometric conjugacy classes of irreducible characters of G* and F*-stable semi-
simple classes in G*.

3.5 Duality of Generalized Characters

In order to obtain further information about the irreducible characters of G
it is useful to introduce a duality operation on the set of generalized characters
of GF. This operation was introduced by Curtis [2] and also independently by
Kawanaka [4]. Its properties have been worked out in detail by Alvis [1],
(2], [3].

We first define the operation of truncation of a generalized character with
respect to a normal subgroup. Let B be a normal subgroup of a finite group A
and let ¢ be a generalized character of 4. Then the truncation Tg(¢) is the
function on A defined by

1
T p(E)(a) = B b;B c(ba)
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T, 5(¢) is also a generalized character of A. In particular if V is an 4-module
affording a character ¢ then the subspace V® of B-invariants is an A-module
affording the truncation T, g(£).

Using the operation of truncation we can now define the duality operation
on the generalized characters of GF. Let BF be a Borel subgroup of G*. Then the
subgroups of GF containing B are the parabolic subgroups Py, one for each
F-stable subset J of the simple roots of G. The parabolic subgroup Pf has a Levi
decomposition

PF=UTLY UFnLi=1

where U, = R,(P;) and L, is an F-stable Levi subgroup of P;.

For each generalized character ¢ of G¥ we define the generalized character &*
of G* by

¢* = ; (— DY N(Tpryus(E)©

where J' is the set of F-orbits in J. Thus for each parabolic subgroup Pf we
restrict £ to P, then truncate with respect to UJ, then induce the truncation to
G*. We then take the alternating sum of these induced characters to give &*. £*
is called the generalized character dual to . It satisfies the condition that
(E¥y* = £ The mapping ¢ — &* is also an isometry of generalized characters.
Thus one has

E*n*)=(Cn

for any two generalized characters &, n of G".
We mention two examples of the effect of this duality operation. In the first
place we have

I* = §t.

Thus the dual of the principal character is the Steinberg character. It follows of
course that

St* = 1.
Secondly we take a Deligne-Lusztig generalized character Ry 4 of G*. Then we
have
RY g = eger Ry
This result was proved by Deligne and Lusztig in [2].

The dual of an irreducible character ¢ of Gf need not be irreducible. How-
ever, since (£*, &%) = (&, &) = 1, +&* must be an irreducible character of G*.

3.6 The Gelfand-Graev Character of G*

We shall continue to assume that the centre Z of G is connected.
Let G* be the dual group of G and (G*) be the semisimple part of G*. Let
(G*).. be the simply-connected group of the same type as (G*)'. Then we have a
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natural surjective homomorphism
(G*)s. = (G*).

It turns out that the centre Z of G is connected if and only if the map (G*);. —
(G*Y is bijective. If this condition is satisfied then the centralizer in G* of any
semisimple element s* € G* is connected This implies that each F *-stable semi-
simple class of G* intersects G*"ina single conjugacy class in G*”. In particu-
lar there will be a bijective correspondence between geometrlc conjugacy classes
of irreducible characters of G and semisimple classes of G**

We now define a character of G* called the Gelfand- Graev character. Let T
be a maximally split torus of G and B be an F-stable Borel subgroup containing
T. Then B = UT where U = R,(B). We also have

u= 1] X

ae ¢t

where the X, are the root subgroups corresponding to the positive roots a,
and the product can be taken in any order. We define U* by
U*= [] X.
ae@t-11
Here we are taking all the positive roots which are not simple. Then U* is a
normal subgroup of U. Both U and U* are F-stable. (U*)f is a normal subgroup
of UF and we have

UF/U =] XJ (direct product)
J

where J runs over all F-orbits on the simple roots and X, = [] X,.

aelJ

We consider 1-dimensional representations of U¥ which have U*F in the
kernel. Each of these determines a 1-dimensional representation o, of X¥ for
each F-orbit J on I1. Such a representation of UF is called non-degenerate if
each g; # 1. The image of a non-degenerate character of UF under an element
of the torus T¥ is also non-degenerate.

Now under our assumption that the centre of G is connected any two non-
degenerate linear characters of U lie in the same orbit under the action of T¥.
It follows that the induced character ¢ of G¥ obtained from a non-degenerate
linear character ¢ of U is independent of ¢. This induced character I" = 6%
is called the Gelfand-Graev character of GF.

The decomposition of the Gelfand-Graev character into irreducible compo-
nents was considered by Gelfand and Graev [1] in certain special cases, by
Yokonuma [1] for split groups, and by Steinberg [3] in the general case. The
main result is that the Gelfand-Graev character is multiplicity free. Thus each
irreducible component of I” appears with multiplicity 1. This is proved by
considering the endomorphism algebra & of I and showing that & is commuta-
tive. The idea for proving this is as follows. Let e € CU” be given by

Y o u

e = ——
[UFI ue UF

1. On the Representation of the Finite Groups of Lie Type 43

e is the idempotent affording the 1-dimensional representation ¢ of U*. Thus
CGFe is a GF-module affording the induced representation I”. Hence

& = Endggr CGFe = eCGFe.
Now we have
GF = BFNFBF = UFNFUT.

We show & is commutative by proving the existence of a bijective map
Y: GF - G satisfying the conditions:

¥(g19,) = ¥(g2)¥(g,) forallg,,g,eG"

Y(UF) = U"
a(Y(u)) = () for all u e UF
yn)y=n for all n e N¥ for which ene # 0.

Thus ¢ is an antiautomorphism of G* which fixes U, fixes the character ¢ of
UF, and fixes each n € NF such that ene # 0.

Suppose that such an antiautomorphism § of GF exists. ¥ can then be
extended by linearity to give a map y: CG* —» CG*. We then have y(e) = e.
Y can then be restricted to eCG e = CGF to give y: eCG"e —» eCGe. Since
GF = UFNFU* and

eunu'e = o(u)a(u')ene u,u’ € UF, ne NF
we see that e€CGFe is spanned by elements of form ene for n € N*. If ene # 0 then

¥ (ene) = Y(e)Y(n)y(e) = ene.

Thus y fixes all non-zero elements of form ene, n € N*. It follows that i acts as
the identity on eCGFe.
Now let a, b € eCGFe. Then we have

ab = y(ab) = Y(b)Y(a) = ba.

Thus e€G¥e is commutative, and so the endomorphism aigebra & is commuta-
tive as required.

In order to prove the existence of the antiautomorphism ¥ with the required
properties one must go deeply into the structural properties of the groups G,
particularly when G¥ is of twisted type. The details can be found in Steinberg
(3]

Thus all irreducible components of the Gelfand-Graev character I" occur
with multiplicity 1. In order to determine how many such components there are
we consider the dual Z = I'*. = has a very simple form. It is the generalized
character of GF which takes the value |ZF|g' on all the regular unipotent
elements of G' and value 0 on all other elements of G'. (An element is regular if
and only if its centralizer has dimension equal to the rank of G). Now the
number of regular unipotent elements of G can be shown to be |G* I/1ZF)q" 1t
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follows that
IGF|
|ZFlq'

1 = 1
= EwE@) = . (1ZF1")?
)= g &, SWE®= 512714
e

—
~
(‘—’7

Iy

|ZF|q'

Since = = I'* and the duality map is an isometry of generalized characters we
have

(I, =1Z4"

Since I"is multiplicity free this implies that /" has | Z¥|q' irreducible components.

3.7 Semisimple and Regular Characters of G*

We assume as before that the centre of G is connected. Then we have seen
that there is a bijective correspondence between geometric conjugacy classes
of GF and semisimple conjugacy classes in G*f*. The number of geometric
conjugacy classes in G* is therefore | ZF|q' (since this number is the same as the
number of semisimple classes in G**"). We shall describe how to obtain repre-
sentatives of the geometric conjugacy classes of irreducible characters of G.

We have seen that the Gelfand-Graev character I” has |Z¥|q' irreducible
components. It turns out that each component of I lies in a different geometric
conjugacy class of G*. Thus each geometric conjugacy class of G* contains just
one component of the Gelfand-Graev character. The irreducible components of
the Gelfand-Graev character are called regular characters of G'. (They are not
to be confused with the character ., of the regular representation of G*, which
is not irreducible). The regular character in the geometric conjugacy class K will
be denoted by yi®. It can be expressed in terms of the Deligne-Lusztig general-
ized characters by the formula

2E = £geérRr o

(T,0)eK (RT,Ba RT,O)
mod G¥

where the sum is taken over pairs (T, ) in the geometric conjugacy class K, one
in each GF-orbit. (If two pairs (T, 6) are G -conjugate the corresponding Ry 's
are equal).

The degree of the character 8 can be expressed in terms of the dual group
G*. Let s* € G*f" be an element in the semisimple conjugacy class of G*F*
corresponding to K. Then we have

X;(eg(l) = IG*F*: (gG*F‘(S*”p‘|(gG*F‘(s*)|P'

When K is taken to be the geometric conjugacy class containing the principal
character 1, the regular character yi® is the Steinberg character of G*.

There is another set of representatives of the geometric conjugacy classes of
irreducible characters of G which is equally useful. If £ is an irreducible compo-
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nent of the Gelfand-Graev character I” of G¥ then +¢&* is also an irreducible
character of GF. Since = = I'* the irreducible characters y obtainable in this
way are those satisfying (Z, ) # 0. This condition means that the average value
of y on the regular unipotent elements of G* is non-zero.

An irreducible character y of G is called semisimple if the average value of x
on the regular unipotent elements of G* is non-zero. (This average value is
then + 1). Each geometric conjugacy class of irreducible characters of GF then
contains just one semisimple character. The semisimple character in the geomet-
ric conjugacy class K will be denoted by y3. Tt can be expressed in terms of
Deligne-Lusztig generalized characters by the formula

RTFG

(T,0)eK (RT,()s RT.G)
mod GF

K= =x

The degree of x5 can also be given in terms of the dual group G*. Let s* € G*F*
be an element in the semisimple conjugacy class of G*¥” corresponding to K.
Then we have

e G P G|

In particular we see that the degrees of all the semisimple characters of G* are
prime to p.

If p is a good prime for G (i.e. p is a good prime for each simple component
of G) then the semisimple characters may be characterised in this way. An
irreducible character y of G is semisimple if and only if its degree (1) is prime
to p. In fact when p is a good prime for G all the regular unipotent elements of
G* are conjugate in G, so that the irreducible characters of G take a constant
value on the regular unipotent elements of GF. This constant value is 1, —1
or 0. Moreover it was shown by Green, Lehrer and Lusztig [1] that in this
situation

2(1) = y(u) mod p

where u € G is regular unipotent. Thus the degree of each irreducible character
of G satisfies

y()=1, —1lor0 modp
and the semisimple characters are those for which

7(1) £ 0 mod p.

This is, of course, the reason that such characters are called semisimple. The
semisimple characters are those with degree prime to p, whereas the semisimple
elements are those with order prime to p.

If p is a bad prime for G, however, it may be possible to find characters of G
which have degree prime to p but which are not semisimple.
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§4. Cuspidal Characters

Before going on to discuss other types of irreducible character of GF we shall
describe a general method due to Harish-Chandra of dividing the set of irreduc-
ible characters of G¥ into families called series. Harish-Chandra’s theory is
based on the idea of a cuspidal character.

4.1 Series of Irreducible Characters

Let B be an F-stable Borel subgroup of G. Then every subgroup of G contain-
ing B has the form P, where

P,=<(B X_jueJ>

and J < ITis a subset of the simple roots. The subgroups P, and their conjugates
are called parabolic subgroups of G. The F-stable subgroups containing B are
the subgroups P, corresponding to F-stable subsets J of II. Each F-stable
subgroup P, of G gives rise to a subgroup Pf of G' containing BF. These are the
only subgroups of G* containing BF. These subgroups P! and their conjugates
in G are called parabolic subgroups of G

Every parabolic subgroup P; of G has a Levi decomposition

P=UL; UnL;=1
where U; = R (P;) and L; is given by
LJ=<T;Xa’X—a aEJ>

L, is called a Levi subgroup of P,.

. If J is F-stable then Py, Uj, L, are all F-stable subgroups of G. They therefore
give rise to subgroups Py, Uf, L¥ of G*. Uf is a normal subgroup of P and we
have

PF=UFLF UFALF=1.

This semi-direct product decomposition is called the Levi decomposition of PF,
and L] is called a Levi subgroup of PY.

Let ¢ be an irreducible character of LY. The representation of L} with charac-
ter ¢ can be considered as a representation of Pf with U} in the kernel. This
representation of Pf has character denoted by ¢pr. This character is calied the
lift of ¢ to Pf. We may then form the induced character ¢,,F This is a character
of GF which will not in general be irreducible. We may decompose it into its
irreducible components and thereby obtain a set of irreducible characters of G*
from the given irreducible character ¢ of L.

An irreducible character y of G is called cuspidal if

¢I” s X)
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for all F-stable subsets J < IT with J # IT and all irreducible characters ¢ of L.
Thus the cuspidal characters are those which do not arise from any proper Levi
subgroup LE by taking an irreducible character of L, lifting it to P, inducing
the result to G¥, and then decomposing into irreducible components.

The condition for an irreducible character y of G* to be cuspidal can also be
expressed in an alternative way as follows. Consider the induced character 1

Since P! is the semidirect product of Uf and L} this induced character is
(reg,s)pr, i.€. the character of the regular representation of LT lifted to Pf. Thus
we have .

15 = (1,’};,)6’ = (reg.s)%
Now every irreducible character ¢ of L occurs as component of the regular
character of L% with multiplicity equal to its degree. Thus we have

(1 =0
if and only if
(@%. ) =0 forallgell.

Hence y € GF is cuspidal if and only if (lvp 7) = O for all F-stable subsets J of 1T
with J # I1. (Of course we must exclude J= 11, since otherwise there would be
no cuspidal characters at all).

We now describe how the cuspidal characters can be used to give informa-
tion about the set of all irreducible characters of G*. It was shown by Harish-
Chandra that, given any irreducible character y of G*, there exists a Levi sub-
group LF and a cuspidal irreducible character ¢ of LY such that y occurs as a
component of the induced character ¢gf . We consider to what extent the Levi
subgroup L¥ and its cuspidal character ¢ are uniquely determined by y. We say
that two F-stable subsets J,, J, of IT are associated if there exists w e WF with
w(J,) = J,. The relation of being associated is an equivalence relation on the set
of F-stable subsets of II. In fact J,, J, are associated if and only if L51 ="(L%)
for some n € N¥. Harish-Chandra showed that if

(@5, 0 # 0, (@), 0) #0

where ¢,, ¢, are cuspidal characters of L}, L}, respectively, then J;, J, are
associated F-stable subsets of I1. Next suppose J is a given F-stable subset of 11,
and let C§ = {w e W¥; w(J) = J}. Then CJ acts on the set of cuspidal characters
of L. Harish-Chandra showed that if ¢,, ¢, are cuspidal characters of L} such
that

()G ) # 0, (). 2) #0

then ¢,, ¢, must be in the same orbit under C¥.

These ideas of Harish-Chandra may be summarised as follows. Suppose we
choose one subset J from each class of associated F-stable subsets of /1. Suppose
we then choose one cuspidal character of LY from each G"-orbit. Suppose we
then lift, induce and decompose these cuspidal characters. Then we shall obtain
each irreducible character of G* just once.
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We may therefore divide the set of irreducible characters of G¥ into series as
follows. Two irreducible characters of G* lie in the same series if they are
obtained from cuspidal characters of Levi subgroups corresponding to asso-
ciated F-stable subsets of 7. Thus we have one series for each class of associated
F-stable subsets of /1.

There are two extreme cases. If J is empty then L; = T, a maximally split
torus, P, = B and any irreducible character ¢ of T* is cuspidal. The characters
of GF obtained in this way are the irreducible components of 4§ for all ¢ € T*.
These are called the characters of GF in the principal series. At the other extreme
we have the case when J = I1. Then L; = G and so the irreducible characters of
G” obtained in this way are just the cuspidal characters. This set of characters
of G¥ is called the discrete series. Thus a character lies in the discrete series if and
only if it is cuspidal. In general there will be many other series of characters
intermediate between the principal series and the discrete series.

It is possible to give a simple criterion to determine which of the Deligne-
Lusztig irreducible characters ggze, Ry 4 are cuspidal, when 0 € TF is in general
position. This character is cuspidal if and only if T lies in no proper F-stable
parabolic subgroup of G.

4.2 The Decomposition of Induced Cuspidal Characters

In order to determine the irreducible characters of GF it is therefore necessary
to determine the cuspidal characters of Levi subgroups LF and also to determine
how induced characters ¢PF decompose into irreducible components when
¢eLF is cuspidal. We shall discuss the latter problem in this section. This
problem was solved in work of Howlett and Lehrer [1] which we shall now
describe.

There is a bijective correspondence between irreducible components of the
induced character ¢Pp and irreducible representations of the endomorphism
algebra End (¢% pr 7). We shall therefore consider the structure of this endomor-
phism algebra. We first recall the situation in the special case when P, = B and
¢ = 1. Then End (15) is the Hecke algebra H(G*, BF). We recall from § 3.3 that
this algebra has dimension |W*| and basis T,, w e WF. WF is a Coxeter group
with Coxeter generators s, corresponding to the F-orbits J on the Dynkin
diagram of G. The multiplication of the basis elements is determined by the
relations

T.T, =

s;tw

{Ts,w if I(s,w) = I(w) + 1
T+ (py— DT, ifl(s;w) = I(w) — 1
where w e W¥, [is the length function on W¥, and p, = |UF n (UF)*o%|.

We now turn to the general case. It was shown by Howlett and Lehrer that
End (¢gf) has dimension | W,| where W, is the subgroup of W¥ given by

Wo={weWiwl)=J,"¢ =g}
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W, is called the ramification group. W is not in general a Coxeter group, but it
has a ‘large’ normal subgroup R, which is a Coxeter group, and W, has a
semi-direct product decomposition

Wy =RoCy RynCy=1.

In many of the most important cases we have W, = R, and C, = 1.
The endomorphism algebra End (¢PGJFF) has a basis T,,, w € W,, and the multi-
plication of the basis elements is determined by the following relations:

T,T,=puw,wT,., ifweC,weW,

T — T, iflGr)=1Ir)+ 1
S psT + (0 — DT, iflGr) = 1(r) —

where 5 is a Coxeter generator of Ry, w = rc with we W, r € Ry, c € Cy, l is the
length function on the Coxeter group R,, and p; are certain powers of p. Also u
is a certain cocycle defined on W,. u is known to be trivial in many cases and is
conjectured to be trivial in all cases. In the case when C, = 1, so that W is a
Coxeter group, the cocycle x4 does not appear.

Just as in the special case when P, = B and ¢ = | the endomorphism algebra
End (157) is isomorphic to the group algebra CW¥, so in the general case End
(¢Pp ) is isomorphic to (CW,),, the twisted group algebra of W, by the cocycle p.
In the case when C,=1End (¢pr) is isomorphic to the group algebra CW, of
the Coxeter group W,. The irreducible components of ¢Pp then correspond to
the irreducible characters of W,. For each such character Y € W, there is a
simple formula giving the degree of the corresponding irreducible component y,,
of ¢ . (Carter [2], p. 362).

4.3 The Case When G Has Connected Centre

We now suppose in addition that the centre Z of G is connected. In this case
the results of Howlett and Lehrer have been supplemented by additional results
of Lusztig [12].

As before we suppose that ¢ is a cuspidal character of LY. Then we have
C, = 1 and so W is a Coxeter group. Moreover the Coxeter group W, depends
only upon the geometric conjugacy class of characters of L% containing ¢. It
may be described as follows. We recall that there is a bijective correspondence
between geometric conjugacy classes of L5 and F*-stable semisimple classes
of the dual group L¥. Since the centre of G is connected the centre of the
Levi subgroup L; will be connected also. This implies that in the dual group
L7 centralizers of semisimple elements are connected, and so each F*-stable
semisimple class in L* gives rise to a unique semisimple class in (L¥)"". Let
s* € (L*)F" be a semisimple element in the class corresponding to the geometric
conjugacy class of characters of Lf containing ¢. Let G* be the dual group of G.
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Then we have L¥ = G*. The required Coxeter group W, is then given by
Wo = (JV%G~(s')(%L;(S*)))F*/(gL;(S*)F‘

W, therefore depends only upon the geometric conjugacy class containing ¢.

W, can be generated as a Coxeter group as follows. %;.(s*) is a connected
reductive group containing %;+(s*) as a Levi subgroup. Both these groups are
F*.stable. Let W, > %L.( Y be the corresponding Weyl groups. W(gL,(s*) 1sa
parabolic subgroup of W%,(s*, Let S, +6%) be a set of simple reflections of WXL*(S*)
Then W, can also be given by

Wo = {w € Wgiiom; WS snW ™ = S uen )

Moreover W, is generated as a Coxeter group by elements 5, one for each
F*-orbit on the set of simple reflections of W, not in WgL,M

The determination of the corresponding parameters p; will be discussed
subsequently. These parameters are needed to obtain the degrees of the irreduc-
ible components of ¢

§ 5. Unipotent Characters

In Section § 3 we defined semisimple characters of the group G*, which can
be thought of as being analogous to the semisimple conjugacy classes. In this
section we discuss a family of characters of GF called unipotent characters,
which in a sitmilar way can be regarded as being analogous to the unipotent
conjugacy classes. Many of the most interesting problems concerning characters
of G* have to do with the unipotent characters.

5.1 Unipotent Characters of G* and Characters
of the Weyl Group

An irreducible character y of G* is called unipotent if y is a component of a
Deligne-Lusztig generalized character Ry ; for some F-stable maximal torus T.
x is unipotent if and only if y is geometrically conjugate to the principal charac-
ter 1 of GF.

We shall first discuss the unipotent characters in the case when G* is a split
group. We shall discuss the general case subsequently.

In the special case when G has type 4, there is a 1-1 correspondence between
unipotent characters of G and irreducible characters of the Weyl group W. In
this case each unipotent character of G" occurs as a component of the induced
character 1§+. Thus the unipotent characters of GF correspond to the irreducible
representations of the Hecke algebra H(G*, BF) which, as we observed in § 3.3,
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is isomorphic to the group algebra of the Coxeter group W¥. In the present case,
when G is assumed split, we have W* = W. Thus the unipotent characters of G*
correspond to irreducible characters of W.

If ¢ is an irreducible character of W the corresponding unipotent character of
GF can be obtained as follows. For each w e W let T, be an F-stable maximal
torus of G obtained from a maximally split torus by twisting with w. Let R be
the class function on G defined by

Ry= o T $0IRr,
If G¥ is a split group of type A, then the R, are the unipotent characters of GF.
If GF is a split group of type other than A, the R, are not in general the
unipotent characters of G*. Nevertheless they form a useful ‘approximation’ to
the unipotent characters. The R, will be called almost characters of G.
We shall denote R,, = Ry, for w e W, so that

By using the orthogonality relations we also have

= ; ¢(W)R¢

Since each unipotent character y of G satisfies (R,,, x) # O for some we W it
follows that (R, x) # 0 for some y € w.

We shall denote the set of unipotent characters of G¥ by (G¥),. We now define
an equivalence relation on (GF),. Let y, y’ € (GF),. We write y ~ ¥’ if there is a
sequence

(=N =y 1'eG,
such that, for each i, there exists ¢’ € W for which
(R¢i’ X‘) # 0 (Rqﬁ, Xi+1) # 0.

This is an equivalence relation on the set of unipotent characters of GF. The
equivalence classes are called families.

In a similar way we may define an equivalence relation on the set of irreduc-
ible characters of W. Let ¢, ¢' € W. We write ¢ ~ ¢’ if there is a sequence

b=00% 0 =¢ $eW
such that, for each i, there exists y € (G¥), for which
(R¢i, xl) # 0 (R¢i+x, Xl) # 0.

This is an equivalence relation on W. The equivalence classes are again called
families. There is clearly a bijective correspondence between families of uni-
potent characters of G* and families of characters of W. If G¥ has type A, then
each family contains one element and we recover our original correspondence
between unipotent characters of G¥ and characters of W.
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5.2 Families of Characters of the Weyl Group

The division of the irreducible characters of W into families was defined in
terms of the unipotent characters of the split group G*. It might be expected that
the families of characters of W could be defined entirely in the context of the
Weyl group. This is indeed so, and may be done as follows.

We first make some comments on Hecke algebras. Let H(GF, BF) be the
Hecke algebra of a split group G* with Weyl group W. Then H(G*, BF) has a
C-basis T,,, w € W. Let S be a set of Coxeter generators for W. Then the multipli-
cation of the basis elements T, is determined by the following relations, which
are a special case of those given in §3.3. We have

TT — Ty ifl(sw) = l(w) + 1 ses
T 4T + (@ — DT, iflsw) = I(w) — 1

If we consider a whole family of split groups G*, all with the same Weyl
group W but with different values of ¢, we find that the corresponding Hecke
algebras H(GY, BF) are all specialisations of an algebra Hgy,(t) over the polyno-
mial ring € [¢] called the generic Hecke algebra of W. Hgy,(t) has a €[t]-basis
T,, w e W, and the multiplication of these basis elements is determined by the
relations

T, if l(sw) = l(w) + 1
LT, = {thw +(t— DT, iflisw)=I(w)—1

Now let ¢ be an irreducible character of W and let x, be the component of
1§7 corresponding to ¢. We consider the degree y,(1), in particular its depen-
dence on g. It was shown by Benson and Curtis [1] that this degree is a
polynomial function of g in the following sense. Suppose we consider a family of
split groups G7, all with the same Weyl group but with different values of q.
Then there is a polynomial Dy(t) € Q[¢] such that

x4(1) = Dy(q)

where g is the real number defined by G as in § 1.5. Dy(t) is called the generic
degree polynomial of ¢. It can be given in terms of the generic Hecke algebra
Hgp,y(t) by the formula

Yy '

weW
1

Z jion P8 (T0)

weW

Dy(t) =

where ¢, is an irreducible representation of Hgy,(f) which specializes to ¢ when ¢
is specialised to 1. (Such a ¢, always exists).

We now define for each ¢ € W an integer a 4 a4 1s given by the condition that
t* is the highest power of ¢ dividing D 4(z).
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Let J < S be a subset of the set of Coxeter generators of W. Let W, = (s e J)
be the corresponding parabolic subgroup of W. Each irreducible character
¢ € W, has an integer a, attached to it as above. For each such ¢ € W, we
define a character Jiy (¢') of W by the formula

Jw(¢) = ¢ZW ", 9>9.

ag=ay
Thus Jy/ (¢') involves just those irreducible components ¢ of the induced charac-
ter ¢’V for which the integer a, is the same as a,. We may extend the function

JW by linearity to give a map from generalized characters of W, to generalized
characters of W. If K <« J = S we have

I o Il = I

thus the J-operation is transitive.

The division of the irreducible characters of W into families can be done
using this J-operation. We define the families inductively. If |W| = 1 then the
principal character constitutes the only family. Now suppose that |W| > 1 and
that the families have been defined for all parabolic subgroups W, of W with
|W,| < |W|. Then two irreducible characters ¢, ¢’ € W lie in the same family if
there exists a sequence

p=¢" 9% ... ¢"=¢ ¢eW

such that, for each i, there exists a parabolic subgroup W, # W and characters
W, Wi € W, satisfying the following conditions:

(i) ¥, ¥ lie in the same family of W,
(ii) Either (¢, ¥:) # O, (¢w,', ¥i) # 0

with
a¢i = a,/,i, a¢i+| = aw‘{
or
('S, ¥ # 0, ($2),, ) # 0
with

a,ﬂ = awi, a¢i+1e = a'l’;'

(Here ¢ is the sign character of W).

This gives an equivalence relation on the irreducible characters of W, It was
shown by Lusztig that the equivalence classes of characters obtained in this way
are just the families described in the last section. Hence the families can be
described using just the Weyl group (and its associated generic Hecke algebra).

5.3 Special Characters of the Weyl Group

Our aim in this section is to describe a set of irreducible characters of W with
the property that each family of characters of W contains just one character in
the given set. Characters in this set will be called special characters of W.
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In order to define the special characters we need some additional concepts
concerning degree polynomials. For each ¢ e W we may define a polynomial
P,y e Z[1] such that, for all split groups G* with Weyl group W, we have

R¢(1) = P¢(‘1)'
Recalling the definition of R we see that the polynomial P,(t) is given by

1
l)l(w) H (td
i=1
Pt = |W| wezw p0) det(t — w™?)
since R, (1) = (— 1))|GF: T}|, and
1
671y =127 [T (g* = 1. 1T =12 det(ql —w™)
Thus P,(t) can be written
: $(w)
Py =10 -+ )|W| Ly det(1 — o)

Since P,(g) is the degree of the almost character R, of GF we may call P,(1) the
fake degree polynomial associated with ¢. (It is called the fake degree polynomial
because it determines the degrees of the almost characters rather than the
degrees of the actual unipotent characters of G).

There is a very useful interpretation of the fake degree polynomial Py(t) in
terms of the action of W on the graded module described in § 1.6. We recall that
W acts on the algebra 2 of polynomial functions on its natural module V, and
also on the quotient space #/2¢" where 24" is the ideal of 2 generated by
the set £+ of W-invariant polynomials with constant term 0. The W-module
P/##* has a natural grading, and gives rise to the regular representation of W.
For each integer i > 0 let n,(¢) be the multiplicity with which ¢ occurs in the
graded component of /24" of degree i. Then the fake degree polynomial is
given by the formula

Py(1) = i;) ni{g)t'.
Thus a knowledge of the fake degree polynomial of ¢ is equivalent to a knowl-
edge of the multiplicities with which ¢ occurs in the various graded components
of the regular representation.

For each ¢ € W we define the integer b, by the condition that t% is the highest
power of ¢ dividing P,(t).

We now compare the generic degree polynomial D(t) with the fake degree
polynomial Py(t). Recall that t* is the highest power of ¢ dividing D,(z). It is
known (by case-by-case inspection) that a, < b, for all g€ W, although no
general argument seems to be known which proves this.

We now define the special characters of W. An irreducible character ¢ € W is
called special if a, = b,, i.e. the highest power of ¢ dividing D,(¢) is the same as
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the highest power dividing P,(t). The special characters give the required cross-
section of the families of irreducible characters of W. For each family of charac-
ters of W contains a unique special character. It turns out that, for all ¢ € W in
a given family &, D (t) is divisible by the same power of t, say t**), whereas Py(t)
is divisible by a power of ¢ greater than or equal to a(%). Only the special
character in # has the property that t**)is the highest power of ¢ dividing P,(t).

For example, suppose G* = B,(q). Then W is the dihedral group of order 8.
We have

W= {1,e,¢,¢", p}

where ¢ is the sign character ¢/, ¢ have degree 1 and p has degree 2. W falls into
three families {1} {} {¢'¢"p}. The generic degree and fake degree polynomials
are:

VR YOS ()

1 1 1

£ t t4

p o+ 1) P+ 1)
A 1 (A | ?

e P+ t?

Thus the special characters of W are 1, ¢, p.

5.4 Kazhdan-Lusztig Theory

We have seen that the families of unipotent characters of G are in natural
1-1 correspondence with the special representations of W. There is, however, a
different way of parametrising the families in terms of the Weyl group. This
makes use of ideas introduced by Kazhdan and Lusztig in [1], in which they
define a decomposition of any Coxeter group into equivalence classes called
cells. Each of these equivalence classes gives rise to a representation of the
Coxeter group and its associated generic Hecke algebra. We shall now outline
these ideas of Kazhdan and Lusztig.

Let W be a finite Coxeter group (although similar results can be obtained for
infinite Coxeter groups also). Let H = Hzpp12 -12)(t) be the generic Hecke alge-
bra of W over the ring Z[¢', t7'?] of Laurent polynomials in ' with coeffi-
cients in Z. Thus the elements of H are combinations of the basis elements T,,
w e W, with coefficients in Z[t'2, 1] and with multiplication of basis ele-
ments defined as before. The reason for taking t'? rather than ¢ will become
apparent in the formulae to follow. The reason for introducing the inverse ¢ 12
also is in order to be able to invert the basis elements T, in H. T, will be
invertible provided T, is invertible for each s € S. Since we have

TP =1T, +(t— DT,
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it follows that
Tl =@"'- )T, +t7'T,
Thus T, will be invertible in H since t* lies in the base ring. '
The base ring Z[t?, t™¥?] admits an automorphism ¢ — ¢ under which

{12 = 712 and ¢~72 = (V2. This automorphism has order 2. We define a map
§: H —» H by means of the formula

0( ¥ chw>= Y e (T, )" e, € Z[1?, 7]

weW weW

This is an automorphism of the ring H. It is not, however, a linear map since we
have

0 ¢, T,) = 2 2.0(T,).

We consider the 8-stable elements of H.

It was shown by Kazhdan and Lusztig that it is possible to find a basis of H
consisting of -stable elements. There is in fact a unique basis C,,, we W, of H
satisfying the following conditions:

8(C,) = C,
Cw = ZW (_ l)l(W)( - 1)1(}’)tl/Z(l(W))_l()’)Py’w(t—l)Ty
ye
ysw

where P, (1) is a polynomial in ¢ of degree < H(w) —U(y) — 1) for y < w, and
P, () = 1. The partial order y < w on W used here is the Bruhat partial order.
It is defined by the condition that y < w if and only if there exists a reduced
expression

W=S8,...5 S,€ES r= I(w)
with a subexpression equal to y, viz

S:
ljk

y=s L<jy < <je<r.

The polynomials P, (1) € Z[] uniquely determined in this way are called the
Kazhdan-Lusztig polynomials of W. P, (t) is defined whenever y < w.

We denote by u(y, w) the coefficient of ¢ 220~V in P (1). Thus u(y, w) is
non-zero if and only if P, ,(t) has its maximum possible degree Hw) — l(y) — 1).
If I(w) = l(y) mod 2, u(y, w) =0.

The advantage of considering the basis C,,, w € W, of H is that these elements
have favourable multiplication properties. It is shown by Kazhdan and Lusztig
that

i

C,, + Y w(y, wC, ifl(sw) = I(w) + 1

y
<w

Cc.C 1) % Howy mod 2
W Usy)=I(y)—1

—(2 4 ) C, if I(sw) = I(w) — 1
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These multiplication properties of the C, make it natural to consider cer-
tain subspaces spanned by subsets of the C,, which will be left or right ideals
of H.

We first define a relation < on W in the following way. Let x, x' € W. We
write x < x" if there exists a sequence

X=X, X5,..., X

such that for each i there exists s € S (depending on i) such that C, appears with
non-zero coefficient in C;C, . This latter condition is shown by Kazhdan and
Lusztig to be equivalent to the following:

For each i there exists s e S depending on i such that I(sx;) = I(x;) — 1,
I(sx;41) = 1(x;11) + 1, l(x;) # I(x;,,) mod 2 and either x; < x;,, and u(x;, X;,,) #
0or x;,y < x;and p(x;4q, x;) # 0.

We write x ~ x"if x < x" and x’ <X The relation ~ is an equivalence
relation on W. The equivalence classes are called left cells. The relation < is a
partial order relation on the set of left cells.

In a similar way we can define right cells of W. For example one can define
the relation s onW by x <X if and only if x™? < x'". We then define the

equivalence relation ~ by x ~ x"if and only if x < x"and x’ S X The equiva-

lence classes are right cells of W, and the relation < is a partial order relation
on the set of right cells.
We also define two-sided cells of W. We write x S x" if there exists a sequence

!

X=X, X5,...,%, =X x;€W

such that, for each i, either x; § X;+1 O X; % X; 1. We write x 5 x"if x § x" and
x' $X Then o is an equivalence relation giving equivalence classes called
two-sided cells. Every left cell and every right cell lie in a two-sided cell.

In order to illustrate these ideas we describe the left cells, right cells and
two-sided cells of W in the case when W is the symmetric group S,. In this case
the decomposition of S, into cells is related to combinatorial ideas due to G. de
B. Robinson and C. Schensted. The number of 2-sided cells of S, is p(n), the
number of partitions of n. For each partition n=4, + 4, + --- + 4, with
Ay = Ay =24 >0 we have a corresponding partition diagram with 4,
squares in the first row, 4, squares in the second row, etc.

A standard Young tableau is a partition diagram with the numbers 1,2, ..., n
placed in the n squares, each occurring once, such that the entries increase along
rows and down columns. For example the standard Young tableaux for the
partition (31) are

123 124 134
4 3 2

There is a map ¢ from S, to the set of standard Young tableaux which may
be defined as follows. Take a permutation
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( o2 n>
U PRI Jn
in which i maps to j;,. We construct tableaux Ty, T,, ..., T, where T; has i
squares. T; is the tableau j,. Suppose T;_, has already been defined and contains
the numbers j,, ..., j;;. Then T, is defined as follows. It contains entries ji, ...,
ji—1» ji- The entry j; appears in the first row of T;. If there is an entry in the first
row of T,_, greater than j;, the smallest such entry is placed in the second row
of T,. If there is an entry in the second row of T;_, greater than this, the smallest
such entry is placed in the third row of T;. Continuing in this way we construct
T, from T;_,. Eventually we obtain a standard tableau T,, which is defined to be
the image of the given permutation under the map .

For example, suppose we begin with the permutation

1 2 3 4 5 6
4 2 6 1 5 3

Then the successive tableaux T; are given by

16
2 26
T, =4 T,=", T,=", T,=2.
4 4
4
15 13
T, =26, T,=25
4 46

The left cells, right cells, and two-sided cells are defined in terms of ¥ as
follows. The Robinson-Schensted theorem (Schensted [1]) asserts that, for each
we S,, ¥(w) and y(w!) are tableaux of the same shape and that the map

w = (P (w), y(w™))

1s a bijection between S, and the set of all pairs of standard tableaux of the same
shape with n entries. Then w, w' lie in the same left cell if and only if ¥(w) = Y(w’);
they lie in the same right cell if and only if Y(w™') = y(w'™!), and they lie in the
same two-sided ceil if and only if ¥ (w), ¥(w’) have the same shape.

Thus we have one two-sided cell C, for each partition 4 of n. All the left cells
and right cells contained in the two-sided cell C; have d; elements, where d, is
the number of standard A-tableaux. d; is also the degree of the irreducible
representation of S, corresponding to the partition 1. We also have |C,| = d?.
Thus C; contains d, left cells, each with d, elements. Similarly C; contains d,
right cells each with d, elements. Moreover each left cell and each right cell
contains just one element w with w? = 1.

The properties of the cells of arbitrary Coxeter groups are somewhat more
complicated than this example for the symmetric groups. We shall return to this
subject subsequently.
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We now use these ideas to define certain representations of the generic Hecke
algebra. Instead of working with H = Hyy12 ,-129(f) we need a suitable base field
containing the ring Z[t'?, ¢t72]. Let & be the field of fractions of the ring
Z{t"*) of formal power series in t*2, and let

H,Y = H ®Z[t‘/2,t‘”2] f

For each x € W let I% be the subspace of H, spanned by the basis elements C,
for all y f x. Let IT be the subspace spanned by the C, for all y with y § x but

y # x. Then we have
L
Ler

and both subspaces are left ideals of H,. Thus I~/I* is an H,-module. More-
over if x, x’ lie in the same left cell I of W the H,-modules I%/I%, IL/I% are
isomorphic. We therefore denote this H,-module by M. In this way each left
cell I" of W gives rise to an H,-module M. In the special case when W is the
symmetric group each left cell representation M is irreducible. This is not the
case in general, however.

In order to describe what happens in the general situation we recall that there
is a bijection between irreducible representations of the generic Hecke algebra
H, and irreducible representations of W obtained by specialising ¢ to 1. An
irreducible representation of H, is called special if it corresponds to a special
representation of W. It has been shown by Barbasch and Vogan [1] [2] that
each left cell representation of H, contains a unique special representation
as component, and that this special representation occurs with muitiplicity 1.
Moreover two left cell representations contain the same special representation
as component if and only if the left cells lie in the same two-sided cell. The proof
of these facts makes use of some deep results concerned with the proof of the
Kazhdan-Lusztig conjecture for Yerma modules and the theory of primitive
ideals of universal enveloping algebras of semisimple Lie algebras. Cells of the
Weyl group were introduced by A. Joseph [1] in the context of the theory of
primitive ideals, and Joseph’s cells have turned out to be the same as those of
Kazhdan and Lusztig. (However, recent work of Lusztig has eliminated the
dependence on the theory of primitive ideals).

Each left cell representation of the generic Hecke algebra gives rise to a left
cell representation of the Weyl group by specialising the indeterminate ¢ to 1. It
has been shown by Lusztig that the set of representations of W obtained in this
way may also be described as follows. We define for each Weyl group W a set of
representations called constructible representations. This set of representations
is defined inductively. If | W| = 1 the only constructible representation is the unit
representation. So suppose |W| > 1 and that the constructible representations
for Weyl groups of smaller order than | W| have already been defined. Then the
constructible representations of W are those of the form Jy/(¢4') and &.Jyy (¢')
where W, is a proper parabolic subgroup of W, ¢ is the sign character of W, and
¢’ is a constructible representation of W;. Lusztig has shown that a representa-
tion of W arises as a left cell representation if and only if it is constructible.
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The above results on the left cell representations of the generic Hecke algebra
show that there is a natural bijective correspondence between the set of special
characters of the Weyl group and the set of two-sided cells. Since there is also a
bijection between families of unipotent characters of the split group G and
special characters of W, it follows that the families of unipotent characters of G
are in bijective correspondence with the two-sided cells of W.

In order to understand the unipotent characters of GF we must therefore
consider how to parametrise the unipotent characters in a given family, how to
determine the degrees of these characters, and how to determine their values on
other elements, particularly semisimple elements of G.

§ 6. Character Theory
Using l-adic Intersection Cohomology

The information needed about the unipotent characters of G¥ in each family
cannot be obtained by considering only /-adic cohomology modules, as we
have done so far. Instead Lusztig made use of the theory of l-adic intersection
cohomology, which has been developed more recently. In this section we shall
describe the main features of this theory, and how it can be applied to obtain the
additional information required for determining the unipotent characters.

6.1 The Intersection Cohomology Complex

Intersection cohomology groups were first introduced by Goresky and
Macpherson [1] in the context of topological spaces. Subsequently a version
was described by Deligne in the context of algebraic varieties. We shall need
Deligne’s version, since we are concerned with algebraic varieties over an alge-
braically closed field of characteristic p. For such varieties we consider l-adic
intersection cohomology, where [ is a prime different from p.

To be precise, it is possible to define, for each algebraic variety X over the
field K = IF,, sheaves H(X, Q,) of @,-vector spaces on X called the l-adic
intersection cohomology sheaves on X. The stalks H'(X, @,), at the points
x e X are called the local intersection cohomology groups of X. It is also
possible to define @Q,-vector spaces IH'(X, @,) called the global intersection co-
homology groups of X.

We now describe how the local intersection cohomology groups Hi(X, @,),
and the global intersection cohomology groups H'(X, @Q,) are obtained.

Let X be an algebraic variety over K = E and ! be a prime with | # p. Let F
be a sheaf of Q,-vector spaces on X. Thus for each open subset U of X we have
a Q;-vector space I'(U, F) together with linear maps (U, F) - I'(V, F) when V
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is contained in U satisfying the sheaf axioms. A complex of sheaves F'on X isa
collection of sheaves F' together with morphisms of sheaves d;

F? dZXF—l d"xFO do F! dl‘FZ

such that d;,; o d; = Ofor each i. We consider bounded complexes of sheaves, i.e.
complexes for which F = 0 when i is sufficiently large and when —i is suffi-
ciently large. For each open subset U of X we then have maps d;(U)
s MU, F ) 28 1, F) 25 1, FY S 1, B — -
satisfving d;  ; (U) o d;(U) = 0 for all i. We define
H(U, F*) = ker d,(U)/im d;_,(U).

These vector spaces #(U, F*) form a presheaf on X, whose sheafification is
denoted by H'(F").

Now let us take two bounded complexes of sheaves F*, G" on X. Suppose we
have morphisms of sheaves ¢;: F' —» G’ such that the diagram

F! F° F! F?

|

G—l GO N Gl N G2

is commutative. We then obtain an induced morphism
;: H(F') - HY(G").

We now define an equivalence relation on the set of bounded complexes of
sheaves on X. This is the smallest equivalence relation which as the property
that F* ~ G provided there exist morphisms ¢;: F' — G as above such that all
the maps ¢;: H(F") » H{(G") are isomorphisms. This equivalence relation is
called quasi-isomorphism, and we say F°, G' are quasi-isomorphic if F* ~ G".

We denote by D?(X) the derived category of the category of bounded com-
plexes of [-adic sheaves on X. The elements of D?(X) are equivalence classes of
bounded complexes of sheaves. There is an important duality map

D: D?(X) — D*(X)

called Verdier duality. (Verdier [1]).

We now wish to describe one particularly important element of D*(X). We
first give some more definitions. Each sheaf F on X has a stalk F, at each point
y € X. Let U be an open subset of X containing y. Then we have a restriction
map

I'(U,F)—F,.

F is called locally constant if for each x € X there exists an open subset U of X
containing x such that for all y e U the restriction map (U, F)—>F, is an
isomorphism. A complex of sheaves F* is called cohomologically locally constant
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if its cohomology sheaves H'(F") are locally constant for each i. F" is called
constructible if there exists a sequence

XocX, ccX, =X

of closed subsets X; of X such that F*|y _y, | is cohomologically locally constant
when restricted to each of the locally closed subsets X; — X;_; of X. The support
of a sheaf F is defined as the closure of the set of points y € X such that the stalk
F, is non-zero. Thus

supp F = {ye X, F, # 0}

With these definitions in mind we may now state Deligne’s theorem on the
intersection cohomology complex. It was shown by Deligne that there is a
unique element (F*) € D®(X) satisfying the following five conditions.

(1) F" is constructible

(i) H'(F)=0foralli < 0.

(iii) dim(supp H/(F")) < dim X — 1 —iforalli > 0.

(iv) F'ly,, is equivalent to the complex

»0 » Q, 0 0

on the open subset X,., of non-singular points of X, where @, appears in
degree 0.

(v) D(F") = (F")
This element of D®(X) is called the intersection cohomology complex 1C*(X). Its
cohomology sheaves

eg

H(X, Q) = H'(IC(X))

are called the intersection cohomology sheaves on X. The stalks of these sheaves,
H(X, @Q,), for x € X, are called the local intersection cohomology groups of X.

We next define the global intersection cohomology groups of X. Given any
morphism f: X — Y of algebraic varieties and a complex of sheaves (F*) € D*(X)
there is a direct image (f,F') e D’(Y). Let us now take Y to be the variety
consisting of a single point. Then there is a unique morphism f: X — Y. The
l-adic sheaves on Y are simply Q,-vector spaces. Thus f, F" is a complex of
vector spaces and we can define the cohomology groups H'(f, F") of this com-
plex. We write

HY(X, F’) = H'(f,F)

H!(X, F*) is a @Q,-vector space called the i hypercohomology of the complex
F". In the case when (F") is the intersection cohomology complex we write

H(X, Q) = HI(X, IC").

The @Q,-vector space H'(X, @Q,) are called the global intersection cohomology
groups of X.
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6.2 Geometrical Interpretation
of the Kazhdan-Lusztig Polynomials

The Kazhdan-Lusztig polynomials P, . (t) discussed in 5.4 have a geometrical
interpretation in terms of local intersection cohomology groups. Let G be a
connected reductive group over K and B be a Borel subgroup of G. Then the
other Borel subgroups of G are the conjugates of B. Now B = .#;(B) and so the
conjugates of Bin G in 1-1 correspondence with the cosets of Bin G. Let G/B be
the set of cosets gB. G/B has the structure of an algebraic variety. This is the
quotient variety of G with respect to the action of B on G by right multiplica-
tion. The elements of the quotient variety are the B-orbits on G under this
action. The quotient variety G/B is no longer an affine variety — it is in fact a
projective variety. We write 4 = G/B. # may be identified with the set of all
Borel subgroups of G, and 4 is called the variety of Borel subgroups.

We next recall the Bruhat decomposition of G. Let W be the Weyl group of
G. Then W is isomorphic to N/T where T is a maximal torus of G contained in
B and N = A4(T). For each w e W we choose an element w € N such that w
maps to w under the map N — W. The Bruhat decomposition of G asserts that
each double coset of B in G contains a unique element w. Thus G is the disjoint
union of double cosets BwB.

Let 4, = BwB/B be the set of cosets of B in BwB. 4, is a locally closed subset
of # so inherits from % the structure of an algebraic variety. £ is the disjoint
union of the subsets 8, for w € W. The closure of 4,, is given by

'@w = U B,
ysw
where < is the Bruhat partial order on W defined in §5.4. The projective
varieties 4, are called Schubert varieties.

The geometrical interpretation of the Kazhdan-Lusztig polynomials con-
cerns the intersection cohomology of Schubert varieties. Let us consider the
local intersection cohomology groups of the Schubert variety 4, at a point
p, € %,. All points in %, give rise to the same local intersection cohomology
groups. Then we have

P, ()= Y dim H*(#,),t" p, <23,
iz0

H**(3,),, =0 foralli.

Thus all intersection cohomology sheaves are zero in odd degrees, and the
dimensions of the stalks of these sheaves in even degrees give the coefficients of
the Kazhdan-Lusztig polynomials.

6.3 The Deligne-Lusztig Variety

Let T, be a maximally split F-stable torus and B, be an F-stable Borel
subgroup of G containing T,. Let T be an F-stable maximal torus of G obtained
from T; by twisting with w € W. Thus T = *T;, where
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x7UF(x) = we Ny = Ng(Ty)

and wmaps tow e W = N,/T,. Let Uy = R,(By), B = "B, and U = R,(B). Then
B=UT and U = *U,. B is not necessarily F-stable. F(B) = F(U)T is also a
Borel subgroup containing T.
We recall that the Deligne-Lusztig generalized characters are defined by
Ry 4(g) = Y (—1) trace(g, HAL™'(U), Q)

13

where L: G — G is Lang’s map L(g) = g ' F(g). In particular we have
R,(9) = Ry 1(g) = Y. (—1) trace(g, H(L™'(U), Q)),).

L3

This generalized character is independent of the choice of Borel subgroup con-
taining T. It is, in fact, more convenient to choose F(B) instead of B. Thus we
have

13

R,(9) = Ry.1(g) = Y. (— 1) trace(g, H(L™ (F(V)), Q)y)-

We shall introduce another algebraic variety which turns out to be more
convenient than the variety L™ (F(U)) for giving R,,. In the first place we
consider L1 (B,WB,). This is a locally closed subset of G so inherits from G the
structure of an algebraic variety. B, acts on L™!(B,WB,) by right multiplication
and the set of orbits forms the quotient variety L™*(B,WB,)/B,, which is a
locally closed subset of the variety G/B,. We define X,, by

Xw = L_I(BOWBO)/BO

X, is called the Deligne-Lusztig variety corresponding to w € W.

We explain the relevance of the Deligne-Lusztig variety X,, for giving the
generalized character R,,. G' acts on L™!(B,wB,) by left multiplication, and this
action induces an action of G on X,. Thus G¥ acts on the l-adic cohomology
groups H/(X,,, ®,). We next consider L™ (wU,). This is also an algebraic variety,
being a locally closed subset of G. We have morphisms of varieties:

L™ (wUp) — L™ (BywBy) > L™ (BowBo)/Bo = X,
the first given by inclusion and the second by projection. Consider the compos-
ite morphism
L7'(WUy) — X,
This morphism is surjective. Moreover the group (U, n* Uy)Ty" 'F acts on
L™1(wU,) by right multiplication and the orbits under this action are the fibres
of the morphism L™'(WwU,) — X,,. (Here Ty" 'F = {t € Ty; F(t) = w(t)}). The set
of orbits forms a quotient variety
L7 WUp)(Up U T F = X,

which is isomorphic to the Deligne-Lusztig variety X,,.
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We next recall that T = *T;, where x ' F(x) = w. Right multiplication by x
gives an isomorphism

L7YF(U)) - L™ (wUp).

Under this isomorphism of varieties the orbits of L7'(wU,) under
(Uy N ¥U,) Ty 'F correspond to the orbits of L™Y(F(U)) under (U n F(U))TF.
Thus we have isomorphisms of quotient varieties

L™ FUDAU A FQU)TF = LT (WU )/(Uy n *U) Ty F = X,
We next consider the morphisms
L™Y(F(U)) » L"YF(U))/TF - L™ (F(UDAU n F(U))T".
The [-adic cohomology groups of L™Y(F(U)), L™ (F(U))/TF are related by
H{L™YFU)/T", Q) = H(L™F(U)), Q)

recalling that the space on the right hand side is the space of T*-invariants on
HI{(L™Y(F(U)), Q,). Thus we have

R,(9) = Ry, ,(g) = Y. (— 1) trace(g, H(L T (F(U)), Q)),)
=Y (— 1) trace(g, H(L™(F(U))/ T, Q).
We next consider the effect of forming the quotient with respect to the algebraic
group U n F(U). Now U n F(U) is isomorphic to affine space K’ for some r, and
factoring by such a group does not alter the alternating sum of the traces on the

l-adic cohomology groups (although it may well alter the traces on the individ-
ual cohomology groups). Thus we have

R,(9) = Ry 1(g) = ) (~ 1) trace(g, H(L™ (F(UN/U n F(U)) T, Q)
=) (—1) trace(g, H{(X,, Q)
since LY (F(UY)/(U n F(U)TT is isomorphic to X,,. Thus we have
R,(g) =Y (—1) trace(y, HA(X,,, Q).

This is a more convenient formula for R, than our original formula since it does
not involve taking the subspaces of TF-invariants in the cohomology groups.

6.4 Intersection Cohomology of Deligne-Lusztig Varieties

We recall that the Deligne-Lusztig variety X, is a locally closed subset of
G/B,. The X,, form disjoint subsets of G/B, for w e W. The closure X,, of X, is
given by

X, = U X,

yEw
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This is reminiscent of the situation for Schubert varieties in which we have

B, = U e
ysw
The resemblance between the X, and the %, extends to the properties of their
local intersection cohomology groups. It was shown by Lusztig [12] that
P, ()= Y dim H*(X,), ', p,€X,

i50
H**'(X,), =0 foralli

Thus the Kazhdan-Lusztig polynomials can be interpreted in terms of the local
intersection cohomology groups of the X,,, just as they can for the Schubert
varieties 4,

This result can be used to determine the global intersection cohomology
groups also, at least their alternating sum. G¥ acts on X, by left multiplication
and this induces a GF-action on the global intersection cohomology groups
H(X,, Q,). Let R, be the generalized character of G given by

Z(—l (X, Q).

We wish to relate the generalized characters

R, =Y (- JHI(X,. @)

i

IRW = Z (_ 1)]I_Ii()_(w’ 0_21)

of GF, the first being obtained from l-adic cohomology and the second from
[-adic intersection cohomology. Using the above information about the local
intersection cohomology of X, it can be shown that
R, =) P, . (R,
ys<w

This is a most useful result, since it enables us to pass between the generalized
characters R,, and R,,. The coefficients P, (1) form a unitriangular matrix,
which can be inverted to express R,, in terms of the R, y < w.

The advantage of working with the generalized characters R,, rather that R,
is that one can exploit the Deligne-Gabber purity theorem, which asserts that all
eigenvalues of F on H!(X,,, @,) have absolute value g*2.

It is in fact possible to prove a more general version of the above result,
which involves the generic Hecke algebra rather than the Weyl group. We recall
that for each irreducible character ¢ € W the ‘almost character’ R, of G" is
defined by

1
R, = W Y. $WR,

weW

The Deligne-Lusztig generalized characters R,, can be expressed in terms of the
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almost characters by the formula
= Y ¢(W)R,.
peW

Let ¢, be the irredgcible representation of the generic Hecke algebra cor-
responding to ¢ € W. The Deligne-Lusztig generalized character R, is then
replaced by a ‘generic equivalent’

¢ZW ¢ TR,

This is a combination of irreducible characters of G with coefficients in
Q[t172, t712]. The generic version of the relation between intersection cohomo-
logy and l-adic cohomology is given by the following formula due to Lusztig

[12].
Y (= 1H(X,, Q)" = Z w(t)<¢ZW¢t(Ty)R¢>-

i

This formula specializes when ¢t is replaced by 1 to the original formula

Y (=)H(X,, Q)= ) P, (R

i ysw
However the generic version is much stronger, and enables each character of GF
coming from a module H(X,, @Q,) to be expressed as a linear combination of
almost characters R. In this way many combinations of almost characters R
with coefficients in Z can be shown to be actual characters of G¥, i.e. characters
of G¥-modules. It can also be shown that the dual of each generalized character
(— D)H(X,,, Q,) of GF, as defined in § 3.5, is an actual character of G, and this
gives further Z-combinations of the almost characters R, which are actual
characters of G*.

The results obtained by Lusztig about such Z-combinations of almost cha-

racters R, can be described as follows. Let o be any generalized character of W
and define R, by

R, =— o(W)R,,.

IWl weW ( )

Thus if ¢ = ¢ € W we have R, = R,. We wish to find as many generalized
characters ¢ of W as possible with the property that R, is an actual character
of G*.

With this in mind we define certain elements ¢, , € Z for each w e W and
each ¢ e W. It is shown by Lusztig [12] that the highest power of ¢ dividing
¢,(T,,) is at least 124 =%) where a, is the highest power of ¢ dividing the generic
degree polynomial D,(t). Thus we have

$(T,) = (= 1)™e,, ;1120079 4 higher powers of '/

for certain integers c,, 4€ Z. (c,, , may be 0). The integers c,, , are called the
leading coefficients. For any w e W let a,, be the generalized character of W
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given by
= ZA Cw.¢¢
peW

Then it is shown by Lusztig by the method outlined above that, for each w e W,
R, is either O or an actual character of G~

For example, if G has type 4,, R, # 0 if and only if w* = 1. If w2 = 1 then
R, is the irreducible unipotent character of G corresponding to the two-sided
cell of W containing w.

In general, however, the non-zero characters R, of G" are not irreducible.
They are certain Z-combinations of irreducible unlpotent characters of G*. We
may associate to each of them a degree polynomial

Z‘ €, ¢ Ps(0)

where P,(t) is the fake degree polynomial of ¢ defined in §5.3, i.e. the degree
polynomial of the almost character R,. All non-zero characters R, thus have
the property that the corresponding degree polynomial lies in Z[t]. This is in
contrast to the situation for the irreducible unipotent characters. We shall see
that their degrees are obtained by specializing a polynomial in Q[¢] which in
many cases does not lie in Z[t].

By considering in detail the non-zero characters R,  of G* in the individual
cases Lusztig was able to determine how the 1rredu01ble unipotent characters of
GF can be parametrized and how they are related to the almost characters R,.
We describe the results in the next section.

§ 7. The Unipotent Characters in a Family

We recall from §5.1 that the unipotent characters of the split group G* can
be divided into families. There is one family of unipotent characters for each
two-sided cell of the Weyl group W. We shall now summarise the results of
Lusztig, proved by the methods outlined in § 6.4, which describe the parame-
trisation of the unipotent characters in a given family, their degrees, their values
on semisimple elements of G, and the way they are related to the almost
characters.

7.1 The Fourier Transform Matrix

For each family .# of unipotent characters of G there is a corresponding
family of irreducible characters of W. This family contains a unique special
character of W. Let this special character be ¢ € W. Consider the generic degree

I. On the Representation of the Finite Groups of Lie Type 69

polynomial D,(t) € Q[t] of ¢ and let a, be the highest power of ¢ dividing Dy(?).
Thus we have

D(t) = t*(c, + terms of higher degree in ¢)

where ¢, # 0.

Suppose G is simple. Then there are only very limited possibilities for the
leading coefficient ¢4 € Q. If G has type 4, we always have ¢, = 1. If G has type
B,, C,, D, then we always have ¢ = 1/2¢ for some ¢ = 0. If G is one of the

exceptlonal groups G,, Fy, Eg, E,, Eg then ¢ always takes one of the values 1,

11 1
2567 24> 12()

This suggests that we should consider a certain finite group %(#) associated
with the family &. 4(#) is one of the groups in the set

{1,Z, x -+ x Z, (e factors), Sy, S,, S5}
and %(%) is uniquely determined by the condition
1
Cyp= m—e
')
since the groups in the above set all have different orders.

If G is not necessarily simple (%) will be a direct product of groups of the
above type, corresponding to the simple components of G.

The group %(F) can be defined in an alternative way also, which we shall
describe in § 7.2. The unipotent characters in the family % can be parametrized
in terms of the group %(#). In order to explain how this is done we make some
general comments about vector bundles for a finite group.

Let % be any finite group acting on a finite set X. A @-vector bundle on X is
a set of finite dimensional €-vector spaces V,, x € X, together with linear maps

satisfying the relations

Opeg 000y =0

There are obvious notions of irreducible %-vector bundles on X, and direct
sums of %-vector bundles on X. Every %-vector bundle on X is a direct sum of
finitely many irreducible %-vector bundles on X. We shall denote the free
abelian group with the irreducible %-vector bundles on X as basis by K4 (X).
The rank of K,(X) is the number of pairs (¢, ¢) where ¢ is a ¥-orbit on X and
o is an irreducible character of the stabilizer %, of x € ¢. For the irreducible
%-vector bundles on X are given by

V.=0 ifx¢C

V, gives the representation o of 4, if x € €

x,9'g"

We now consider the special case when 4 = 4(%), X = 9(#) and %(%) acts on
itself by conjugation.
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It was shown by Lusztig that the number of unipotent characters in the
family # is the rank of the group Kg( #(%(F)). The unipotent characters in #
are in 1-1 correspondence with pairs (x, o) where x € %(%), one x being chosen
in each conjugacy class, and o is an irreducible character of the centralizer

Cy(5)(X):
We denote by .#(%(F)) the set of such pairs (x, ¢). Thus

rank Ky 5(9UF)) = | M(G(F))|.

We shall also write #(F) = .#(%(%)) for convenience. We denote by 7 ,, the
unipotent character in the family & corresponding to (x, 0) € #(F).

We next consider the relation between the unipotent characters and the
almost characters. We recall that for each ¢ € W we have an almost character
R, given by

1
Ro= w1 2y PR

We consider the almost characters R, where ¢ belongs to the family # of
characters of W. There will in general be more unipotent characters y ,, in the
family # than almost characters R, with ¢ € #. For each almost character R,
there will be a unipotent character y, in the prmmpal series corresponding to
$e W, and Xe will lie in % and so be one of the 7 ,,. Not all the unipotent

characters % ,, will in general be in the principal series, however.
For example, suppose G has type B,(q). The Weyl group is then dihedral of

order 8 and we have

W= {l,e¢,¢", p}
as in § 5.3. W falls into three families

{1} {e} {pe &)
The corresponding principal series unipotent characters of G have degrees

{1} {¢*} {39(@ + 1) 3a(¢* + 1) 3q(¢* + D}

However there is one additional unipotent character which is not in the princi-
pal series, and which has degree 1q(q — 1)>. The three families of unipotent
characters of G¥ are then:

{1} {¢*} {3q(g + 1) %q(g*> + 1), $q(¢* + 1), 3q(qg — 1)*}.

Now let K4(%) = K(%) ®; C for any finite group ¥ acting on itself by conju-
gation. K4(%) is a C-vector space of dimension |.#(%)|. Let Cl(%) be the space of
complex-valued class functions on %. Then there is an isomorphism of vector
spaces

Ky(%) ~ @D Cl(Cyl9))

where the direct sum extends over elements g, one from each conjugacy class in
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% This isomorphism maps the %-vector bundle (V,) to the set of class functions
x = trace(g, V.) x € %4(9).

Now we can make Cl(%) into a commutative ring by the convolution product

(f*fNg) = Y flg)f'(gs)

91,9269
9192=9

Thus P Ci(C,(g)) becomes a ring in which the direct summands are ideals. This

in turng defines a ring structure on K4(%). In fact K,(9) is a finite dimensional
commutative semisimple C-algebra.

Now CI(%) is isomorphic to the centre Z(C%) of the group algebra of 4. Thus
there is one ring homomorphism from CI(%) to € for each irreducible character
of 4. The ring homomorphism corresponding tooedis

pPIRAL

g €Y
Using the above isomorphism it follows that there is one ring homomorphism
K,(%) — € for each pair (x, 6) in .#(%). We call this ring homomorphism > .
Thus both the basis elements of K4(%), V™, and the 1-dimensional representa-
tions of K4(%), ™%, are parametrized by the set .#(%). We consider the vaiues

l/,(x',o’)(l/(x,a)) eC

where (x, 0), (x', 0') € .#(%). 1t turns out that these values are given by the
following expression. We have

o Cylx'’
lp(x 0 )(V(x,a)) — | @;(x )l {(x, O'), (xl’ 0_1*)}
a'(1)
where ¢'* is the contragredient representation of ¢/, and
1 1 1,

x'g)e’(gxg™").

CEIGE & Y

[gxg~t, x']1=1
We note that the right hand side is well defined since gxg™* commutes with x’
and x commutes with g~ 'x’'g.

Let # = .#(%) be the |.#(%)| x |.#(%)| matrix {(x,0),(x’,0)}. M is
Hermitian, unitary, and M? = I. (In fact any two of these three properties
implies the third). M is called the Fourier transform matrix of the finite group %.

We now apply these ideas to understand the relationship between the uni-
potent characters and almost characters in a given family &. Let W(%) be the
set of ¢ € W in the family #. For each ¢ € W(#) the corresponding principal
series unipotent character y, lies in the family # of unipotent characters of G
Thus z, = 1, .0, fOr some (x4, 04) € M(F). We therefore have an injective map

W(F) - M(F)
¢ (x¢, 0'¢)
Lusztig showed this can be chosen to satisfy the condition

{(x,0),(x",d")} =

»09)
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R¢ = Z {(x, o), (x¢, J¢)}A(X(f,a))X{ia)

(x,0)¢€ . H(F)
where A(x% ) = * 1. This equation expresses the almost characters in terms of
the irreducible unipotent characters.

The numbers 4(x7 ,) are almost always equal to 1. If G is simple then
A(xZ ») = 1 except in the following cases.

(i) Gisoftype E,, # is the family given by the unique special character of W
of degree 512 (whose group %(#)is Z,) and x is the element of order 2 in %(F).
This gives two characters y;% ,, for which 4(x% ,)) = — L.

(i) G is of type Eg, F is one of the two families given by the two special
characters of W of degree 4096 (both families have ¥(#) =~ Z,) and x is the
element of order 2 in %(%). This gives 4 characters 37 ,, with A(xZ ,)) = —1).

Thus when the almost characters are expressed in terms of irreducible uni-
potent characters the coefficients are given in terms of the Fourier transform
matrix of 4(F).

Since we have

peW

we have also determined the decomposition of the Deligne-Lusztig generalized
charactersRy_ | into irreducible components.

We cannot in general invert the equations expressing the almost characters
Ry, g W(F), in terms of the irreducible characters A& s since there will
in general be more irreducible unipotent characters in % than characters
¢ € W(F). We can, however, derive partial information as follows.

A class function G¥ — C is called a uniform function if it is a linear combina-
tion of Deligne-Lusztig generalized characters Ry 4. If G* is GL,(g) every class
function is uniform, but this is not true generally. Let % be the space of uniform
functions and %" be the space of class functions orthogonal to all uniform
functions. Thus we have

CliGH=u®u*
In attempting to invert the equations
Rq) = z {(X, 0)7 (X¢, O-¢)}A(X(ia))x(ia)’ ¢ € W('g;)
(x,0)e H(F)
we obtain
AQGE )1l = Y {(x,0)(x, 0,)}R, + an element of %*
$eW(F)

The unipotent characters % ,, are not in general uniform functions. However it
was shown by Deligne and Lusztig that the characteristic function on each

semisimple class of G is a uniform function. Thus if f € #* we have f(s) = 0 for
all semisimple elements s € GF. It foliows that

AE NGRS = L (X 0). (x5 0, Ry(s)
e W(F)
for each semisimple s € G*. Now R,(s) is known, in fact we have
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Ry(s) = IIWI 3, $00Rx (0
and o
Rp, ()= 1) e

1IC(s)* | <&or  |(xT,x )|
xtsxeTE,

Thus we know the values of all unipotent characters of G* on all semisimple
classes of G*.

7.2 Unipotent Characters and Unipotent Classes

We continue to assume that G¥ is split. There is an interesting relationship
between the unipotent characters of G and the unipotent conjugacy classes of
G. Lusztig has shown that, provided p is sufficiently large, given any unipotent
character y of G' there is a unique unipotent class C of G of maximum dimen-
sion satisfying the condition

Y x(x) #0.

xeCF

We recall that each conjugacy class of G is locally closed in G so has the
structure of an algebraic variety. The set C* of F-stable elements of C is a union
of conjugacy classes of G¥, but need not be a single conjugacy class in G*.

We thus have a map from unipotent characters of G* to unipotent classes of
G. If GF has type A, this is a bijective map. However in general the map is
neither injective nor surjective. We consider the image of this map, which is a
certain subset of the set of unipotent classes of G, and the fibres of the map,
which give an equivalence relation on the unipotent characters of G*.

In order to determine the image we consider a relation between the irreduc-
ible characters of the Weyl group and the unipotent classes of G, which was
discovered by Springer [2], [3]. Let W be the Weyl group of G, where G may be
taken either over C or over K if p is sufficiently large. Let u € G be unipotent and
let B, be the variety of all Borel subgroups of G containing u.%, is a subvariety
of the variety % of all Borel subgroups of G. It was shown by Springer that W
acts on the cohomology groups H(%,, @) (although not on the variety 4,
itself!). We consider in particular the action of W on the top non-vanishing
cohomology group H24™#«(%,. Q).

There is another finite group which also acts on the groups H'(%,, Q). Let
%(u) be the centralizer of u in G. %(u) acts on %, and so on each H'(%,, Q). Its
connected component %(u)° acts trivially on H'(%,, Q). Thus the finite group
A(u) defined by

A(u) = 6w)/6(w)°

acts on H'(4,, Q). We recall from §2.8 that A(u) is either isomorphic to an ele-
mentary abelian 2-group of order 24, e = 0, or to a symmetric group S, Sy, Ss.

Springer showed that the actions of W and of A(u) on V, = H*4™%«(%,, Q)
commute. Consequently, for each irreducible character ¥ of A(u) which arises
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from the A(u)-module V, the homogeneous component V, ,, of V, corresponding
to Y is a W-module. Moreover the W-module ¥, , is homogeneous, so gives rise
to a unique irreducible character ¢ of W. We call this character ¢, ,. It was
shown by Springer that each irreducible character of W has the form ¢, , for
some unipotent element u € G and some i € A(u). Moreover ¢, , = ¢, if and
only if u, u’ are conjugate in G and ¥ = y'. However not every irreducible
character ¥ of A(u) need occur as a component of V,. In this way each irreduc-
ible character of W determines a unique unipotent class of G.

Now if ¢ is a special character of W we always have ¢ = ¢, , for some
unipotent element u € G. The unipotent classes C of G for which ¢, , is a special
character of W for u € C are called special unipotent classes of G. There is thus
a bijection between special characters of W and special unipotent classes of
G. The unit character of W corresponds to the class C of regular unipotent
elements of G and the sign character of W corresponds to the unit class C.

We can now describe the image and fibres of the map from unipotent
characters of G¥ to unipotent classes of G. The image is just the set of special
unipotent classes of G. We recall also that there is one family of unipotent
characters of G for each special character of W. Two unipotent characters of G*
map to the same special unipotent class of G if and only if they lie in the
same family. Thus the fibres are simply the families of unipotent characters. To
be precise, the family of unipotent characters of G¥ mapping to the special
unipotent class corresponding to the special character ¢ of W under Springer’s
map is the family containing ¢¢ € W. (¢ is the sign character).

We now consider the number of unipotent characters in the family mapping
to a given special unipotent class C of G. Let ¢ be the special character of W
corresponding to C. Then the highest power a, of t dividing the generic degree
polynomial D,(t) is given by

a;=dim %, ueC.

Moreover one sees (by a case-by-case inspection) that the highest power of ¢
dividing D, _(¢) for any other character 4, , of W with u € C is at most dim 4,,.

We define a finite group A4(u) by

Au) = A@w)/I(w)

where I(u) is the intersection of the kernels of all irreducible characters s € Al (v)
occurring in ¥, such that the highest power of ¢ dividing D, () is equal to
dim %,. Since A(u) is either an elementary abelian 2-group or a symmetric
group S3, S,, S5 the same must apply to A(u), since this class of groups is closed
under taking quotients.

Let # be the family of unipotent characters of Gf mapping to the unipotent
class C. We define the finite group %(%) by

YF) = A(u).
Then %(#) is the group defined (by means of its order) in §7.1. This is a

somewhat more natural definition of the group 9(#) than we had before. From
the results in § 7.1 we know that the number of characters in the family & is
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given by |.#(%(F))|. If 4(F) is an elementary abelian group of order 2° then
| M(GF)) = 2% If 4(F) is isomorphic to S; then |A(9(F))| = 8. If YF)
is isomorphic to S, then | .#(%(F))| = 21. If 9(F) is isomorphic to S5 then
| 4(%(F))| = 39. Thus the number of unipotent characters in a family is either
22¢ for some e = 0, or 8, 21 or 39.

It often happens that A(u) = A(u). This does not always happen, however,
and we give an example when it does not. Let G have type Eg and C be the
distinguished unipotent class with weighted Dynkin diagram.

(Recall the notation from §2.5 and §2.6). If u € C we have A(u) = S;. The three
irreducible characters 1, ¢, y of S5 all appear in V,. (¢ is the sign character and
W the character of degree 2). The corresponding characters 4, 4, .4, , have
generic degree polynomials divisible by ¢, 119, t® respectively. The first of these
is a special character of W. Thus A4(u) is the quotient of S; by the elements in the
kernel of 1 and of ¢. Hence A(u) = Z,.

There is a natural partial ordering on the set of unipotent classes of G. We
write C, < G, if C; ¢ C,. We now give some examples of the partially ordered
set of special unipotent classes of G together with the number of unipotent
characters of Gf mapping to each of them.

G:AS G:Dq.
1 1
4 1
1 1 1
1
1 &
1
11 1
1 1 1
1 1
/]
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In each case there is an order-reversing involution ¢ on the set of special uni-
potent classes which has the property that for each unipotent character y map-
ping to the special class C the dual character + y* defined in §3.5 maps to the
special class 1(C).

The results mentioned in this section are known to be valid provided the
characteristic p is sufficiently large.

7.3 Unipotent Characters of Twisted Groups

In discussing the unipotent characters of G¥ we have so far assumed that G¥
is a split group. We now turn to the case of twisted groups. We assume first that
F: G — G is a standard Frobenius map (c.f. § 1.4). Then G* can be either a split
group or a twisted group in the sense of Steinberg and Tits. The Suzuki and Ree
groups, which do not arise in this way, will be discussed subsequently. We shall,
however, assume for convenience that G is simple.

The Frobenius map F may now act in a non-trivial manner on the Weyl
group W, but it will transform into itself a system S of Coxeter generators
of W. (cf. §1.5 and § 1.6). We introduce an infinite group W which is the semi-
direct product of W by an infinite cyclic group {F) such that

FwF'=Fw) weW

Let ¢ be the order of the automorphism F: W — W. We denote by W, the
set of irreducible representations of W which can be extended to irreducible
representations of W. Each irreducible representation of W can be written over
Q and each extendable Q-representation of W can be extended to a Q-represen-
tation of W. In fact there are exactly two extensions of such a representation of
W to Q-representations of W with the property that F° lies in the kernel. One
of these can be obtained from the other by changing the sign of the matrix
representing F.
As before we define the generalized character R,, of GF by

Rw = Z (_ ])lHé(Xw’ (El)

i

We also define, for each extendable character ¢ € W,_ with extension ¢ to W,

1 -

R;
We assume that ¢ is one of the two extensions of ¢ which is over @@ and
whose kernel contains F*. (If the other one is taken instead R; is replaced by
~R;. Thus R is defined only up to sign by ¢).
By inverting we obtain

R, = Z ¢;(FW)R¢§.
peWey
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The class functions Rj are the ‘almost characters’ of G*. We shall, as before,
explain how Rj can be expressed as a combination of irreducible unipotent
characters of G*.

In order to do this it is necessary to consider the [-adic intersection cohomo-
logy groups of X, as before. Let IR, be the generalized character of G* given by

]Rw = Z (_ l)i]I_Ii(*Yw’ (]jl)

The generalized characters R,,, R,, of G* can be related to one another, just as
before, by the formula
R,= > P, (DR,
ysw
We now wish to state a ‘generic version’ of this identity. This generic version
is not quite the same as in the untwisted case. We first define a length function
on the group W by

I(Fiw) = l(w) we W.

We then define an algebra H over Q[t¥2 ¢t7¥2] with basis T,, we W, and
multiplication uniquely determined by the relations

T, T, = T, if Iww')=1Iw) +Iw) wweW
T?=tT, + (@t — )T, seS.

The Q[t'2, t **]-subspace spanned by the elements T, with we W is a sub-
algebra H isomorphic to the generic Hecke algebra of W.

Any H-module gives rise to an H-module by restriction. In fact to give an
H-module is equivalent to giving an H-module M and a Q[¢'?, t™"*]-linear
map Tp: M — M such that

TF Tw = TF(W) TF

for all we W.

Let ¢ € W, be an extendable representation of W. Suppose it is given by the
W-module M. Then M can be regarded as a W-module on which F acts as a
map F: M — M of order dividing c satisfying

FwF™' = F(w)

on M.

Now there is a corresponding module M, for the generic Hecke algebra H of
W which specializes to M when ¢ is specialized to 1. There will then be a linear
map Tr: M, » M, of order dividing c satisfying

T: T, T7 ' = Ty, on M,

which specializes to F: M —» M when 1 is specialized to 1. Using this map T we
have made M, into an H-module. The trace function on this module will be
denoted by ¢,.
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We can now state the generic version of the identity relating /-adic cohomo-
logy to l-adic intersection cohomology. This generic identity is given by the
formula

Y (=H(X,, Q)" = ) Py,w(t)< Y. #(T)Ry)
i ysw peWe,
(We note that although there are two possible extensions ¢ of ¢, both give the
same value on the right hand side).

As before, this identity can be used to show that certain combinations of the
almost characters R give actual characters of G*. One can show that 6Ty, is

divisible by at least

{12000 =ap)

just as in § 6.4. We define constants c.,, § by
$(Tr,,) = (— 1)!™cp,, 5t1200979 1 higher powers of t'2.

Then ¢, j € Z. As before cf,, ;j may be 0. The leading coefficients cy,, j are used
to construct combinations of the almost characters Rj which, when non-zero,
are actual characters of G*. Let agy be the class function on W given by

1 .
Apy = 3 Z CFw,¢?¢
¢

summed over all irreducible @ W-modules ¢ with kernel containing F© whose
restriction to W is irreducible. (Two of them come from each extendable charac-
ter of W),

Let R,,  be the corresponding class function on G*, given by

z aFw(Fx) Rx

frw erw

1
=3 % crw iR

Then R, can be shown to be either zero or an actual character of GF. By
considering these characters of GF in the individual twisted groups Lusztig was
able to determine how the irreducible unipotent characters of G' can be para-
metrized and how they are related to the almost characters R;.

In the case when G is split we had one family of unipotent characters
of G* for each special unipotent class of G. In our more general situation
F acts on the set of special unipotent classes of G and we obtain one family of
unipotent characters of G* for each F-stable special unipotent class of G. Let #
be the family of unipotent characters of G* corresponding to the F-stable special
unipotent class C. We consider how to parametrize the irreducible characters of
GF in the family #.

We define the finite group %(#) by

Y(F)=Aw) ueC.
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We also define %(#) by
YF) = GF) x &

where (&) is an infinite cyclic group. (We recall that G is assumed simple —
otherwise the definition of %(%) would be more complicated). It is shown by
Lusztig [12] that the unipotent characters in & are parametrized by the set

MHUF) < UF))

defined as follows. It is the set of pairs (x, @) where x € 4(#)¢ and & is an
irreducible character of %, 5(x), taken modulo the equivalence

(X, E) ~ (QXg_l’ Eg) ge g(‘gﬁ-)

We next discuss how the unipotent characters x ; in # are related to
the almost characters Rj where ¢ is an extendable character of W in the cor-
responding family in W. We define a set

MEGF) = UF))

of pairs (v, 7) where y € 4(%) and 7 is an irreducible character of €3 5/(y) with
&€ in the kernel, taken modulo the equivalence

(5.1~ (gyg7" 7% g e G(F).
We may define a map

HE(F) < UF)) x MEHF)) c 4F)) > C

(X, 6) (_Va T) —-){(x’ 6), (y’ T)}
by {(X, E)a (y, T)} =
1 1 ~ R
|(€{4(9-)(X)| |(g@(f)(y)| ge;fi) O-(gyg )‘E(g Xg)

[x.gvg™'1=1
We note that the right hand side is well defined since gyg™' € %y 5)(x) and

g 'xge (g‘;(fi)(y)'
(In the case when ¢ = | both sets

AEGF) = §F) MEF) < §F))
reduce to .#(%(%)) and the map
M UF) = UF)) x MIYF) < 4F))—C
reduces to our original Fourier transform map
MEYG(F)) x MG F))—>C.)

Let VT’(?’ ) be the set of characters # of W over @ which have F° in the
kernel and are extensions of characters of W in the given family #. Lusztig
shows how to define an injective map
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W(F) - MHF) c UF))
¢ = (), 74)
which satisfies the condition

R; = ; . {(%, @), (v4, ©9)} A% 3% 5)
where 4(x% ;) = + 1.
The sign 4(x7 5) is defined as follows. If ¢ = 1 then 4(x ;) is given as in
§7.1.1f ¢ > 1 then

Atiz) = (=1

where a, is the highest power of ¢ dividing the generic degree polynomial
D,(t) of the special character ¢ € W in the family #, and A is the degree of the
polynomial D ().

Thus we have an expression for the almost characters Rj as a combination of
irreducible unipotent characters xZ ;. The coefficients come from a Fourier
transform matrix of size

| MG F) < YUF))| x | MIUF) < 4F)).

This Fourier transform matrix need not be square as it was in the case when G*
is split.

Since we know how to express the Deligne-Lusztig generalized characters R,
in terms of the R; we also know how to express the R,, in terms of the irreduc-
ible unipotent characters y ;).

7.4 Unipotent Characters of Suzuki and Ree Groups

We now suppose that G* is a Suzuki or Ree group. Thus GF = ?B,(¢?)
where ¢? = 22¢"! for some e = 0e Z, or GF = 2G,(q?) where g% = 3%¢*! for
some e > 0 € Z. The unipotent characters of G¥ again fall into families with one
family for each F-stable special unipotent class of G.

Suppose we are given an F-stable special unipotent class C of G. Consider
also the split group G** of the same type as GF. Thus G** has type B,(q?), G,(¢?),
F,(q*) respectively. There is a family # of unipotent characters of G* corre-
sponding to the special unipotent class C. F can be made to act in a natural way
on the unipotent characters in this family #. This can perhaps be seen most
cleally in the context of cuspidal characters as described in §4. Each character
in # corresponds to a cuspidal unipotent character ¢, of L%” for some subset
J < IT and an irreducible character ¥ of the ramification group W,.

It turns out that there is a bijective correspondence between unipotent cha-
racters of G¥ in the family .# corresponding to C and F-stable characters of G**

in the family #. We describe the families .# in the three cases individually.
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G" = 2B,(q”). The partially ordered set of special unipotent classes of B,, to-

gether with the number of unipotent characters of G** = B,(¢?) in each corre-
sponding family, is shown in the diagram

We consider the F-action on the characters in these families. The middle family
gives the only non-trivial case. Of the four unipotent characters in this family,
three are in the principal series and correspond to characters ¢, &”, p of Wy = W
when ¢, ¢” are the characters of degree 1 other than the unit character and sign
character and p is the character of degree 2. The other is a cuspidal character. F
acts on this family by interchanging the characters corresponding to &' and &”
and fixing the others. Thus there are two F-stable characters in this family.

The unipotent characters of G* thus fall into families as shown. Their degrees
are also given.

1 g*
2 459085 Frale%n
1 1

G" = 2G,(q*). The partially ordered set of special unipotent classes of G,, to-

gether with the number of unipotent characters of G* = G,(¢?) in each corre-
sponding family is shown in the diagram.

We consider the F-action on the characters in these families. Again the middle
family gives the only non-trivial case. Of the 8 characters in this family, 4 are
cuspidal and 4 are in the principal series. The 4 in the principal series corre-
spond to characters of W, = W such that two have degree 2 (one of which is
special) and the other two are the characters of degree 1 other than the unit and
sign character. F interchanges the latter two unipotent characters and fixes the
rest. Thus there are 6 F-stable characters in this family.
The unipotent characters of GF thus fall into families as shown.
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1 qﬁ
b = 900%1), 57 9(g%1)(9%V5 g+1) , 7= (g% 1) (" +V5g+)
1 1 (each twice)

GF = ?F,(¢*). The partially ordered set of special unipotent classes of F,,
together with the number of unipotent characters of G** = F,(q*) in each corre-
sponding family is shown in the figure. The action of F on these classes is also
shown, since this time it is non-trivial.

We need consider only the 7 F-stable families. Only three of these families give
a non-trivial F-action. If we take the top family of 4 unipotent characters, three
are in the principal series and correspond to characters of W of degrees 4, 2, 2.
The fourth comes from a cuspidal character of a subgroup of type B,. F inter-
changes the two principal series characters corresponding to characters of W of
degree 2 and fixes the others. Thus there are two F-stable characters in this
family. The other family of 4 unipotent characters behaves in an entirely analo-
gous way.

There remains the middle family of 21 characters. 11 of these lie in the
principal series and correspond to characters of W of degrees 12,9, 9, 1, 1, 4, 4,
4, 6, 6, 16. The two characters of degree 6 have different generic degree poly-
nomials. Two of the characters of degree 4 have the same generic degree poly-
nomial while the third has a different one. F acts on these principal series
unipotent characters by permuting the two coming from characters of degrees 9,
1, 4 (with the same generic degree polynomial) and fixing the rest. 3 characters
in the family come from the Levi subgroup of type B,(q?). This has a unique
cuspidal unipotent character. Its ramification group W, is isomorphic to W(B,).
The three characters of W, which appear are the character of degree 2 and the
two characters of degree 1 other than the unit and sign characters. F permutes
the latter two characters and fixes the third. Finally there are 7 cuspidal cha-
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racters in the family, all of which are fixed by F. Thus there are altogether 13
F-stable characters in this family.
The unipotent characters of G* thus fail into families as shown.

13(!22—1) (qz+1)2(q“—qz+7) twice
q7ﬂ(q#_q2+1) (q8_q4+1)

9% (g*-q2+1) (g%-g"+1)
J: q(qz-7) (g +7) (g -qz+7) twice

1

—_

The degrees of the 13 characters in the middle family can be found in Lusztig
[12] or in Carter [2]. (We have taken the opportunity to correct here an error
in the degrees given in [2], where the degrees of the characters in the 2-element
families were given incorrectly).

7.5 Cuspidal Unipotent Characters

Lusztig was able to determine the cuspidal unipotent characters of the
groups G by most ingeneous inductive methods. These methods involved
Harish-Chandra’s description of irreducible characters of G' in terms of cuspidal
characters of Levi subgroups L%, as explained in §4. If ¢ is a cuspidal unipotent
character of LY then all the components of ¢Pr will be unipotent characters of
G*. Moreover each unipotent character of G¥ will occur as a component of ¢,,p
for some Levi subgroup L} and some cuspidal unipotent character ¢ of L¥. The
classification of the cuspidal unipotent characters together with the analysis
of the decomposition of the induced characters ¢Pp was in fact the way the
unipotent characters of G were originally obtained. Only then did it become
evident that they fall into families in a natural way as described in § 7.

In this section we describe the cuspidal unipotent characters of G¥, together
with the procedure for determining the decomposition of ¢Pr for cuspidal uni-
potent characters ¢ of LY.

We begin with the groups of classical type. A group of type 4,(g) has no
cuspidal unipotent characters. A group of type 24,(¢?) has a cuspidal unipotent
character if and only if [ + 1 = 1s(s + 1) for some s > 2. The unipotent classes
of 4, correspond to partitions of I + 1, which give the sizes of the Jordan blocks
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of a canonical representative of the class in the natural representation of degree
! + 1. The unique cuspidal unipotent character is associated with the unipotent
class of G with partition (s, s — 1,..., 2, 1).

A group of type C,(q) has a cuspidal unipotent character if and only if
| = s(s + 1) for some s > 1. The unipotent classes of C correspond to partitions
of 21 in which each odd part has even multiplicity. The parts correspond as
before to the sizes of the Jordan blocks of a canonical representative. The
unique cuspidal unipotent character lies in the family associated with the special
unipotent class of G with partition (25 2s 2(s — 1) 2(s — 1) ... 44 2 2).

A group of type Bj(g) has a cuspidal unipotent character if and only if
I = s(s + 1) for some s > 1. The unipotent classes of B, correspond to partitions
of 21 + 1 in which each even part has even multiplicity. The unique cuspidal
unipotent character lies in the family associated with the special unipotent class
of G with partition 2s + 1,2s + 1,2s — 1,2s — 1,... 3,3, 1, 1).

A group of type D;(q) has a cuspidal unipotent character if and only if [ = 52
for some even s > 2. A group of type 2D,(¢?) has a cuspidal unipotent character
if and only if I = s? for some odd s > 3. The unipotent classes of D; correspond
to partitions of 2/ in which each even part has even multiplicity. (Partitions
whose parts are all even give two classes). The unique cuspidal unipotent char-
acter of D,(q) or 2D,(q?) lies in the family associated with the special unipotent
class of G = D, with partition (2s — 1,2s — 1,25 — 3,25 — 3,...3,3, 1, 1).

Note that in all these classical groups a special unipotent class carrying a
cuspidal unipotent character is given by a self-dual partition, so is invariant
under the duality 7 on the special unipotent classes described in §7.2.

The same applies in the exceptional groups. Here there can be several
cuspidal unipotent characters, but they all belong to the same family, and this
family comes from a self-dual special unipotent class of G. The number of
cuspidal unipotent characters is as follows:

L)
o
S NN W R WRNN D

~
!
—

There is only one self-dual special unipotent class in the exceptional groups G,,
F,, Eq, E,. In E, there are two. The one corresponding to the family containing
the cuspidal unipotent characters of Eg4(g) is the one for which A(u) = Ss. (This
is the only unipotent class in all the simple groups for which A(u) = S5.) Since
A(u) = A(u) in this case there are 39 unipotent characters of Eg(g) in the asso-
ciated family, 13 of which are cuspidal.
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Now suppose that ¢ is a cuspidal unipotent character of a Levi subgroup LY
of G*. We consider the decomposition of the induced character qﬁpr According
to the Howlett-Lehrer theory discussed in §4 the endomorphism algebra End
(¢Pf ) has dimension |W,| where W, is the ramification group. When ¢ is a
cuspidal unipotent character of LY the theory is simpler than in the general case.
W, is then independent of ¢ and is a Coxeter group which has one Coxeter
generator for each F-orbit on /7 — J. The type of the Coxeter group W, can be
readily determined. The endomorphism algebra of ¢,‘,§f is isomorphic to the
group algebra of W, and so the irreducible components of the induced module
¢,‘,}; correspond to irreducible characters of W,

We now explain how to determine the degree of the irreducible component of
¢,‘§rr corresponding to the irreducible character W of W,. Given y € W, there is a
generic degree function Dy(t,) in (possibly) several variables. We introduce one
variable ¢, for each Coxeter generator s, of W, but write t, = t; if s,, 5, are
conjugate in W,. Dy(t,) is defined by Benson and Curtis in [1]. It is not in
general a polynomial. Its significance is that the principal series unipotent char-
acter of any finite group of Lie type with Weyl group W, has degree obtained
from D (t,) by replacing the t, by suitable parameters, which give the orders of
the root subgroups corresponding to the Coxeter generators Sy

The degree of the irreducible component y, € G" of ¢Pr corresponding to
Ve Wo is given as follows. We have

|G": Py 1.¢(1).Dy(p,)

7x//(1)= z p -

we Wy

Here the p, are the parameters defined in §4.2 corresponding to the Coxeter
generators s, of W, and p,, is defined as the product of the p, corresponding to
the s, in a reduced expression for w e W,,.

The most convenient way of determining these parameters p, is as follows.
We recall that all the cuspidal unipotent characters of LY lie in the same family,
which corresponds to a family of irreducible characters of the Weyl group W/
which we shall call the cuspidal family. We choose a Coxeter generator s, of W,
This corresponds to an F-orbit on /7 — J. Let I be the union of J with this
F-orbit. Then we have

WIF - VVIF o WF
For each character ¢ € W/ in the cuspidal family we form the character
0= Jyh()

of W, asin § 5.2. This turns out to be an irreducible character of W/ for all such
£. We then define A(x) by

Ma) = a,, — a,

where ¢ is the sign character of W and a is the function defined in §5.2. A()
turns out to be independent of the choice of ¢ in the cuspidal family. The
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required parameter p, is then given by
P =4
In this way the degrees of all unipotent characters of G* can be determined from

a knowledge of the degrees of the cuspidal unipotent characters of the Levi
subgroups L7,

AMa)

§ 8. The Generalisation to Non-Unipotent Characters

The results described in § 7 about unipotent characters of G* and the tech-
niques used to obtain them can be generalized to obtain information about
arbitrary characters of G'. This was achieved by Lusztig in his book [12]. In
explaining Lusztig’s methods we shall assume that F is a standard Frobenius
map, so that G* is not a Suzuki or Ree group.

8.1 Locally Constant Sheaves on the Deligne-Lusztig Variety

Information about the unipotent characters of G¥ was obtained by consider-
ing local and global intersection cohomology on X,, where X,, is a Deligne-
Lusztig variety. X,, is an open dense subset of its closure X,,. Beilinson, Bern-
stein and Deligne [1] generalized the concept of intersection cohomology so
that one can define local and global intersection cohomology groups on X,
for each locally constant l-adic sheaf on X,,. These more general intersection
cohomology groups are what is needed to understand the arbitrary irreducible
characters of G*. We therefore begin by describing certain locally constant
l-adic sheaves on X,

Let T be an F-stable maximal torus of G obtained from a maximally split
torus T, by twisting by w e W. Thus T = *T, where x 'F(x) = w e Ny = N5(Tp).
Let X be the character group of T and X, the character group of T;. Each
element of X gives rise to a linear character of T so, by restriction, a linear
character of T*. Each linear character of T¥ arises in this way, thus we have a
surjective homomorphism X — TF. The kernel is (F — 1)X, and we therefore
have

TF~ X/F — )X
We now consider the map
F-1:X®Q,-X®Q,.

This map is bijective. The image of X is (F — 1)X and the image of (F — 1)7'X
is X. Thus we have

TF = X/F — )X = (F — 1)"' X/X.

We now relate these groups to the maximally split torus T; and its character
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group X,. The map F: X — X corresponds under the conjugation map from X
to X, to the map F o w™': X, - X,,. Thus we have

(F = 1)7'X/X ~ (Fw™ — 1)1 X,/X,.

Let {oe(Fw™ —1)7'X,. Then Fw™'({y) — {o € Xo. Write { = w1({,). Then
F({) — w(l) € Xy. Thus { e (F — wl)"1X,,. It follows that

(Fw™ — 1)7'X /X, = (F — wl) 1 Xo/X,.
Putting these various isomorphisms together we have
TF = (F — wl) ' X, /X,.

Each element { € X, ® Q,, such that F({) — w({) € X,, gives rise to a character
6 e T*, and two elements {,, {, of this kind give the same character 6 € T if and
only if {; — {, € X,. Each element { € X, ® Q, with F({) — w({) € X, will be
uniquely expressible in the form

{=An nzleZ, ieX,

where n is as small as possible. Then the conditions

(e X,
n=1
0=1

are all equivalent. In general the character § € TF determined by { will have the
property that 0(t) € p, for all t € TF, where p, = {A e K*; \" = 1}.

Now let B, be an F-stable Borel subgroup of G containing T, and B = *B,,.
Let Uy, = R,(B,) and U = R,(B). Then we have

B=UT F(B)=FUT
Let X,, be the Deligne-Lusztig variety corresponding to w € W. We recall from
§6.3 that
X, = LY FU)AU n FU)TF.
Let X, be the quotient variety L™ (F(UNW(U N F (U)). Then TF acts on X, in
such a way that the T*-orbits form a quotient variety X, /T¥, and we have
X,/ TF=X,.

Let { € X, ® Q, satisfy F({) —w({) e X, and let 6 = 0()) € T¥ be the corre-
sponding character of T*. If { = i/n as above then 0 is a homomorphism from
T* into p,. We choose an injective homomorphism y: K* — Q¥. i restricts to a
homomorphism from g, into @} and so ¥ o 6 is an [-adic character of T*. This
character of TF gives rise to a locally constant sheaf S, ({) on X,, as follows.

The finite torus T¥ acts on the product variety X,, x u, by

(9,8) > (g™, 0(0)¢) teTF

and the orbits form a quotient variety (X,, x u,)/TF. p, acts on this quotient
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variety by
(g7 é)—é_g(g’ 5615) Coeﬂn’

and the orbits form a variety isomorphic to X,,. The orbit containing (g, {)
corresponds to the image of g under the map

X,-X,/)TF =X,
We consider the morphism of varieties
Xo x m)/TF > X,

defined in this way. The direct image of the constant sheaf Q, on (X, x u,)/TF
under this morphism is a locally constant @ sheaf on X,, which admits an
action of g,. It decomposes into a direct sum of @Q,-sheaves of rank 1 corre-
sponding to the characters u, —» Q} of x,. We take the component correspond-
ing to the character ¥ of g, given by our fixed embedding of K* in Qf. This
locally constant @;-sheaf over X,, will be called S,,(0). S,,({) will be called a local
system on X .

8.2 Intersection Cohomology with Locally Constant Coefficients

We now explain how to generalize the definition of the intersection cohomo-
logy complex given in §6.1 so that its coefficients lie in a locally constant sheaf.
Let X be an algebraic variety over K = IF, and I be a prime different from p. Let
d = dim X. Let X, be a dense open subset of X such that X, is a non-singular
irreducible variety. Let S be a locally constant sheaf of @;-vector spaces of finite
dimension over X,.

Let D®(X) be the bounded derived category of X. It was shown by Beilinson,
Bernstein and Deligne [1] that there is a unique element IC*(X, S) of DY(X)
satisfying the following conditions. These conditions can be conveniently stated
in terms of the d* shift

(F) =1C(X, S) [4]

of IC*(X,S). (This means that the degree of each term in this complex is
increased by d, but that the complex is otherwise unaltered). The element
(F*) € D*(X) is uniquely determined by the conditions:

(i) F*is constructible

(i) dim(supp H'(F*)) < —i when i # —d.
(iiiy dim(supp H/(D(F"))) < —iwhen i # —d
iv) H4(F)] x, 18 equivalent to the complex

i 50->S5050—---

where S appears in degree 0.
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(v) H"’D(F')|X0 is equivalent to the complex
50 S* 50—
where S* appears in degree 0.

Here D is the Verdier duality operator on D?(X) and S* is the dual of the locally
constant sheaf S on X,,.

The intersection cohomology complex IC'(X, S) defined in this way has
cohomology sheaves

H!(X,S) = H(IC'(X, S))

which are called the intersection cohomology sheaves on X with coefficients in
S. Hi(X,S) =0 if i < 0. Moreover H°(X, S), when restricted to X,, is equiva-
lent to

0S50 — -

where S appears in degree 0. The stalks of these sheaves H'(X, S), for x € X are
called the local intersection cohomology groups of X with coefficients in S. The
hypercohomology groups

Hi(X,S) = H(X, IC(X, S))

are Q,-vector spaces called the global intersection cohomology groups of X with
coefficients in S.

8.3 Application to the Deligne-Lusztig Variety

We recall from § 6.3 that the Deligne-Lusztig generalized character Ry ; can
be given by
RT,l(g) = Z (_ l)l trace(g’ Hcl(wa 0_21))3 g € GF'

i

Thus Ry ; can be expressed in terms of the l-adic cohomology of the Deligne-
Lusztig variety. Now let { € X, ® Q,, satisfy F({) — w({) € X, and let 6 € TF be
the character determined by { as in § 7.1. Then we have a locally constant sheaf
S..(0) on X, and can form Il-adic cohomology groups H:(X,,, S,.({)) with coeffi-
cients in S, ({). These @Q,-vector spaces are GF-modules. The Deligne-Lusztig
generalized characters R 4 can then be given by

Ry o(9) = Y (—1) trace(g, Hi(X,, 8,.(0))

Thus arbitrary Deligne-Lusztig characters can be described in terms of /-adic
cohomology of the Deligne-Lusztig variety with coefficients in a locally con-
stant sheaf of rank 1.
We shall write R, , for this generalized character of G*. Thus
Rw,{ = Z ("— I)IHCI(XW’ SM’(C)) = RT,G'
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R, is the analogue in this more general situation of the generalized character
R,, considered earlier. Our aim is to describe how the generalized characters
R,, . decompose into irreducible components.

We shall assume for the remainder of this chapter that the centre Z of G is
connected. This assumption simplifies the situation considerably. We shall dis-
cuss subsequently the situation when Z is not connected.

We note that the generalized character R, , is defined whenever
F() — w() € X,. We therefore define Z({) by

Z@Q)y={weW;F() — wl) e Xo}

Z()is not in general a subgroup of W. However it is a union of cosets of W with
respect to the subgroup W(({) defined by

W) ={weW;w(l)—{eX,}.
For we have

ZOW) = Z(©).

Under our assumption that the centre of G is connected we can say much
more about the situation. For W({) is then a Coxeter group and Z({) is a left
coset of W({) in W. Moreover Z({) has a unique element of minimal length,
which we shall call w,. Hence each element w € Z({) can be expressed uniquely
in the form

w=ww weW(Q.

The geometric conjugacy classes described in §3.4 can be given in terms of
our present viewpoint as follows. We recall that the geometric conjugacy classes
are parametrized by the F-stable W-orbits on X, ® Q,./Z. For a given element
{ € X, ® Q, we see that Z({) is non-empty if and only if F({) — w({) € X, for
some w € W, and this is equivalent to the condition that the W-orbit of { in

Xo®Q,)/Xo =X, ®Q,/Z

is F-stable. ({ — { is the natural homomorphism). Thus each { € X, ® Q- with
Z() # (& gives rise to a geometric conjugacy class of G¥, and (,, {, give rise to
the same geometric conjugacy class if and only if there exists w € W with

{5 =w(,)mod X,.

The irreducible characters of G in the geometric conjugacy class given by ( are
the components of the various generalized characters R,, , for w e Z({). We shall
denote by &({) the geometric conjugacy class determined by {, when Z({) # .

In order to determine the decomposition of R, , into irreducible components
it is again necessary to pass from /-adic cohomology to l-adic intersection
cohomology. Thus we shall describe the local and global /-adic intersection
cohomology groups of X,, with coefficients in the locally constant sheaf S, ({) on
X,,. We begin with the local intesection cohomology. We have local intersection
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cohomology groups
H'(X,.S,(0): xeX,

defined as in § 8.2. We recall that X, is the disjoint union of subsets X, for y < w.
So we consider

H'(X,, S, (), Py€X,

This is independent of the choice of p, e X,. It is zero unless y e Z({). The
dimensions of these local intersection cohomology groups can be described in
terms of the Kazhdan-Lusztig polynomials for the Coxeter group W((). Let [ be
the length function on W({) and [ the length function on W. Given y, w e Z({)
with y < w we write

w=ww weW({(
y=wy yeW(Q

and we then have y’ < w’, and

Iw) = 1y') < 1w) = 1(y).
The following formula describes the dimensions of the local intersection co-
homology groups.
Y dim H¥(X,, SW(C))pyti = (121m =Ky —dw) =1 P, (1)

i
H**'(X,,$,(0),, =0 foralli.

The result is therefore similar to the earlier case when { = 0, except that W is
replaced by W({) and the Kazhdan-Lusztig polynomials are multiplied by a
certain power of t.

We now consider the global intersection cohomology groups

H{(X,, S,(0)
We define R, , by
R, =Y (= H(X,, S.())

13

As before we wish to relate the generalized characters R, ;, R,, , coming from
ordinary [-adic cohomology and l-adic intersection cohomology respectively.
Using the above information about local intersection cohomology one can
show
R, .= Z Py (DR,

Y eW()

y<w
where y, w e Z({) satisfy y = w, )", w = w w'.

It is also possible to find a ‘generic version’ of this formula, similar to those

in §6.4 and §7.3. This generic version involves an extension of the Coxeter
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group W((). If w' e W({) then F(w,w'wit) e W(() also, since
Fw,w'wi').{ = F 7w, w'wi ' F¢
= F'w,w'{ mod X,
= F'w;{ mod X,
= { mod X,.
Let y: W({) > W({) be defined by
y(w') = Flw, w'wi).

Then y is an automorphism of W({) and transforms_into itself the natural
system of Coxeter generators of W((). We then define W({) to be the semi-direct
product of W({) by an infinite cyclic group (%) such that

yw'yTh=p(w') w' e W()

Let ¢ be the order of the automorphism y: W({) - W({). We consider the set of
irreducible representations of W({) over @ which can be extended to irreducible
representations of VI}V(C). This set will be denoted by W/(\C)ex. Each such represen-
tation can be extended to an irreducible representation of W({) over @ which
has y¢ in the kernel. In fact there are just two such extensions, one of which can
be obtained from the other by changing the sign of the matrix representing y.

For each extendable character ¢ € W/(\C)ex with extension ¢ of the above type
we define a class function R, on G* given by

1 .
Rj = FWIR, -
¢ |W«O|w§%o ’ e

These class functions play the role of the ‘almost characters’ in this situation. We
have

Rwlw',C = Z &(VWI)RQ;,{

$eWex
We note that yw’ and yy’ (w', y' € W({)) are conjugate in W({) if and only if

y" = x"Tw'y(x) forsome x e W()

which in turn implies that w, w’, w, y” are F-conjugate by an element of W({), so
that

R, ..=R

wiw',{ wyy, g
We extend the length function from W({) to WTC) by defining
Iyiw') = 1w w e W(.

We then define an extended generic Hecke algebra | H with basis T, we W(C)
as in §7.3. Each extendable {epresentation ¢ e W((),, gives rise to a corre-
sponding representation ¢, of H.
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The generic identity we require is now given as follows. Let { € X, ® Q,
satisfy Z({) # &&. Let we Z({) and w = w;w’ with w" € W({). Then we have

Y (- ) H(X,, S, ()2 = 2un-ien % po 1) Y ¢(T, )R
i vewd) peWex
yEw

We note that this differs from the analogous formula in § 7.3 for constant coeffi-
cients in the following respects. The Weyl group W is replaced by the Coxeter
group W({), the F-action on W is replaced by the y-action on W({), and an
additional power of t appears on the right hand side.

This identity can be used to show that certain combinations of the almost
characters R;, give actual characters of G'. One can show that ¢,( W) 1S
divisible by at least 112074y’ e W((), and we define constants c,,, 8 by

$(T,) = (— 1™c,,, 5t2004) 4 higher powers of 12,

Then we have ¢, j € Z. Using these leading coefficients we define a class func-
tion a,,,. on W({) by

1 -
= E %‘, Cyw’,¢;¢

summed over all irreducible Q@ Vﬁ()—modules # with kernel containing 7€ whose
restriction to W({) is irreducible.
Let R, . be the corresponding class function on G* given by

1
ayw’(yy,)Rwly',C

R , .
Ol yéwo

[

p— T

) ¢¢'

I\.)

Then it was shown by Lusztlg that, for each w' e W({), R, is either 0 or
(= 1*9R, | is an actual character of G*. By considering these characters, not
themselves 1rreducxb1e in general, Lusztig was able to determine the irreducible
components of the generalized characters R, ;.

These components all lie in the geometric conjugacy class &({). £({) can
equally well be described in terms of the global intersection cohomology mod-
ules H{(X,,, S,,(0)). () consists of all irreducible G¥-modules which arise as
components of IH'(X,,, S,.({)) for all i and all w € Z({).

8.4 Parametrisation of the Irreducible Characters of G*

We now describe how the irreducible characters of G* in the geometric
conjugacy class &({) can be parametrised. We shall obtain a generalisation of
the situation discussed in §7.3 when we considered unipotent characters, i.e.
characters in the geometric conjugacy class &(0).
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As in the special case of unipotent characters, the characters of G* in the
geometric conjugacy class &({) fall into families. There is one family of
characters in &({) for each y-stable family of irreducible characters of W({).

Suppose the Coxeter group W({) decomposes as

W) = Wi () x Wa() x -+ x Wi ({)

into a direct product of indecomposable Coxeter groups. We recall from §5.1
and § 5.2 how the irreducible characters of an indecomposable Coxeter group
fall into families. The families of characters of W({) have the form

F =F, X F X X P

where &, is a family of characters of W({).
We next consider the action of y on W({). The automorphism y permutes the
indecomposable factors of W((). Let

WO = WD x WO x - x WY

where each W({)® is a direct product of irreducible components W({) in a
y-orbit. Thus y acts on each factor W({). Let

F=FVD x FO x ... x 0

where @ is the product of the &, for the components W(() of W((). Then #
is y-stable if and only if each #® is y-stable.

For each family & of characters of W({) we define a corresponding group
%(F) by

YUF) =9(F) x - x YFR)

where the %(#,) are defined as in §7.1 and §7.2. For each y-stable family # we
also define a group %(#). We have

YF) = GF)E

where (&) is an infinite cyclic group such that £ induces a certain automorphism
on %(F) by conjugation. This automorphism can be described as follows.
fF =FY x - x F then we have

g(g;) ~ g(g(l)) X v X g(g:(r))

and the automorphism on %(#) is determined by the corresponding auto-
morphism on each factor 4(#®). We may therefore assume that y acts transi-
tively on the indecomposable components W;({) of W({). In fact we may choose
the numbering so that

M) = Wa(D), y(W (D) = W5(0), ... y(W(Q)) = Wi (D)

The indecomposable Coxeter groups W;({)i = 1, ..., k are thus all isomorphic.
Let # be a y-stable family of characters of W({). Then % = %, x --- x %
where
W) = F2, W) =F5 ... v(FA) = F1.
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There will be corresponding isomorphisms
7 E(F) > GUF), - v G A) - G(F)

The automorphism induced on ¥(F) = YUF,) x -~ x 9(F,) by £ is then given
by
£(g15 25 -+ 9ETH = (0(g0), ¥(91), -, ¥(Gkr)).

(In the special case k = 1 y acts trivially on %(#)).

Having defined groups %(%) < %(¥) for each y-stable family of irreducible
characters of W({) we can now describe how the characters of G* in the geomet-
ric conjugacy class &({) can be parametrised. We define a set

MYF) = YF))

as follows. .# is the set of pairs (x, &) where x € %(F)¢ and G € €, 5)(x) is an
irreducible character of %, s,(x) which is the restriction of some irreducible
character of € (x) whose kernel has finite index. These pairs (x, &) are taken
modulo the equivalence relation

(x, ) ~ (9xg ", &) g € YF).

The irreducible characters of G' in the family & are parametrised by this set
MG(F) = 9(F)). The character corresponding to (x, o) will be denoted by
X € G". -

We now consider how these irreducible characters y 5 in &(() are related to
the almost characters R, defined in §8.3. We define a set

MYUF) = 9F))

as follows. .# is the set of pairs (y, t) where y € 4(F) satisfies €55 (y) N 9(F)¢
is non-empty and t € €5+)(y) is an irreducible character of 35 (y) whose
kernel has finite index and which remains irreducible on restriction to €y 5 ().
These pairs (y, t) are taken modulo the equivalence

()~ (gyg™ %) g e GF).

In contrast to the set .# defined above, .# is an infinite set. However .#
admits an action of the group M of roots of unity in @, such that the set of
M-orbits on .# is finite of cardinality |.#|. If ae @, is a root of unity and
(v, 7)€ .# then (y,t®¢,) e 4 also, where ¢, is the 1-dimensional represen-
tation of %3 (y) which has %, (y) in the kernel and takes value « on
Cam V) NGF)C

As before we define a map

TGF) < UF)) x MIUF)) = UF)) - Q,

(x, ) (» 1) - {(x, 8, (y, 1)}
by

1 -
a(gyg ")t(g " xg)
|(gg(y)(x)| l(gg(,ﬂ()’” ge;f)
[x,gyg~'1=1

{x,0), (.0} =
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We note that the right hand side is well defined since gyg™ € %y 5)(x) and
g 'xg € €35)() ~

We recall that W({) is the semidirect product of W({) by an infinite cyclic
group {y> such that

'yt =yw) we W().

Let # be the set of irreducible characters of IfﬁC) whose kernel has finite index
and which, on restriction to W({), give an irreducible character in the y-stable
family #. Lusztig defines an injective map

F > MUF) = 4F))

which is described case by case when W({) is irreducible and is extended in a
natural way to arbitrary W((). This map, which will be denoted by

¢ - (4, 75)
has the property that

R, =(~ 1)fw) ( _; - {(x, 3), (¥, T&)}A(X(iﬁ))X(iﬁ)
where A(x7 )= +1. This formula expresses the almost characters Rj, in
terms of the irreducible characters in the geometric conjugacy class &({). The
signs A(x ;) are defined as follows. If # = F1) x -+- x F© as above then

A(X(f,a)) = A(X(‘f:t)al)) A(X("f::)a,))

in an obvious notation. If y acts transitively on the components W,({),..., W({)
of W({) then there is a natural bijection between

MEF) < 4F) and MEF) < UF))

defined with respect to the automorphism y*: W, ({) - W,({). Then 4 is defined
on M (9F) < %(F)) to be the same as 4 defined on H(HUF,) < Y(%,)). This
reduces the definition of 4 to the case of irreducible W({), where it was defined
in§7.3.

Having expressed the almost characters R, in terms of the irreducible cha-
racters y(; ; we would like to invert the equations to express the Xie 5 in terms
of the almost characters. However we have not in general got sufficient almost
characters Rj . to invert the equations. We therefore define R, , for each
(v, 1) € MY(F) = 4(F)) by the formula

R(y‘r) = (- l)l(wl) Z _ {(x, o), (¥, T)}A(X(ia))X(ig)

(x,6)e . #

Then R, ., is a class function on G* and we have

R(yqag @ = Rcf;-C

Thus we now have a family of class functions R, ., containing the almost
characters R; .. Since .# is infinite we have infinitely many R, ,;’s. However
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(v, T)'s in the same equivalence class of .# under the action of the group of roots
of unity give R, ,;’s which are scalar multiples of one another. If we take one
(», 1) from each equivalence class on .# we obtain a set of class functions R, .,
of cardinality |.#|. These class functions satisfy orthogonality relations

(R0 Ry.p) = 1
(R(yyt)’ R(y’,t')) =0 (» T) # (y/, 7).
We may now invert the equations expressing the R, ., in terms of the y 5. We
then obtain
A(X(i&)))((f,a) = (— 1) (Z) {(x,8), (¥, D} Ry
»t

summed over a set (y, 1) of equivalence class representatives of . #(%(F) c G(F)).

Now the class functions Ry, , for which (y, ) does not have the form (y;, 75)
for some ¢ are orthogonal to all uniform functions on G*. In particular they take
value 0 on all semisimple elements of G*. Thus we have, for each semisimple
element s € GF,

AQE ) tieas) = (=D 3 {(x, ), (94, ©)}Rg,(5)
deW(t)ox
Since the values of the almost characters R (s) are known we have obtained a
formula for the values of the irreducible characters x5 at all semisimple
elements of GF.

8.5 The Jordan Decomposition of Characters

We shall continue to assume that G has connected centre and that F: G - G
is a standard Frobenius map. Let G* be the dual group of G and F*: G* — G*
a Frobenius map dual to F: G —» G. We recall from §3.4 that there is a 1-1
correspondence between geometric conjugacy classes of G and F*-stable semi-
simple classes of G*. This correspondence arises as follows. Each geometric
conjugacy class of G* corresponds to an F-stable W-orbit on X, ® Q,./Z. Each
F*-stable semisimple class of G* corresponds to an F*-stable W*-orbit on
Y&* ® Q,/Z. Since G, G* are dual groups there is an isomorphism X, — Y¢*
such that the W-action on X, corresponds to the W*-action on Y and the
F-action on X, corresponds to the F*-action on Yg*. The F~!-action on W then
corresponds to the F*-action on W*. (See Carter [2], p. 115).

Suppose we are given a geometric conjugacy class &(¢) of GF. This comes
from an element { € X, ® Q, which gives rise to an element leX,® Q,/Z
which lies in an F-stable W-orbit. This is because F({) = w;({). Suppose
s € YF®Q,/Z corresponds to { under the above duality. Then, since
Y* ® Q,/Z can be identified with the maximal torus Tg* of G*, we have
s§ € TyF. s¥ will not in general be F*-stable since we have

F*(s3) = w(s§).
(We identify W with W*).
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We require an F*-stable element s* conjugate to s§. This may be obtained as
follows. Let N¥ = A5.(Tg) and let w, € Ny map to w, € W*. By the Lang-
Steinberg theorem there exists x* € G* such that

Wit = X*TIF*(x%).
Let s* = x*s¥x*~!, Then we have
F*(s%) = F*(x*)F*(s¥) F*(x* 1) = x*WyH (wy (s¥))w x* 71 = x*sdx* " = s*,

Thus s* is the required F*-stable conjugate of s§.

Let C* = %;.(s*). Then C* is a connected reductive F*-stable subgroup of
G*. We consider the Weyl group W(C*) and the action of F* on W(C¥*).

Now W(C*) is isomorphic to W(%g.(s¥)) = {we W*; w(s¥) = s¢}. Under
the identification between W and W* this corresponds to the subgroup
{we W; w(l) = {} and this is the group W((). Thus W(C*) is isomorphic to
W(). Also F* acts on W(C*) as w;' o F* acts on W(Cg.(s¥)), i.c. as wy' o F7*
acts on W({). Also we have

w0 FTHYw) = y(wi ' FHw)wy) = w', w'e W().

Thus W* acts on W(C*)asy ' acts on W({). (The replacement of y by y ' makes
no difference to the character theory, since there is a graph automorphism of
W({) which maps y to y~*.)

We shall now compare the irreducible characters of G* in the geometric
conjugacy class &({) with the unipotent characters of C**". The characters in
&) full into families, one for each y-stable family of irreducible characters of
W((). The unipotent characters of C*F” fall into families, one for each F*-stable
family of irreducible characters of W(C*). Thus we have a bijection between
families of characters in &({) and families of unipotent characters of C**”.

We consider how corresponding families are related. Suppose # < &({) cor-
responds to the family % * of unipotent characters of C**". The characters in %
are parametrised by the set

ME(F) < §F))
and the characters in & * are parametrised by the set
MY F*) = GF*)).
Moreover we have isomorphisms

GF)x UF*) UF) = 4F¥

11

and we have a natural bijection
MEF) < 4F)) > MEF*) < §F*).
This in turn gives a bijection
Yiew X

between characters of GF in £({) and unipotent characters of C**™.
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We compare the degrees of corresponding characters. We have

A atizaD) = (=0 ¥ {(x5). (35 1)} R4(1)
beW(ex
and

1 o
Rj (1) = ~oe YR. . A1
8= g 5 Rl

Similarly we have
A(X(f,;))?((i‘a)(l) = Z {(x’ &)’ (yJ’ T&)}ng(l)

PeW(CHex
and

1 .
R¢(1) = m w'e;(c*) A(F*w')R,,(1).

We use the above isomorphisms to compare the terms in the corresponding
formulae. We have

AZz) = 4055

Fow') = J(F*w)
and {(x, ), (¥4, 74)} has the same value in both formulae. We also have
R, () = (=) IGF| /T
Ro(1) = (= /1 CF | TE

Now we have
T | = Idety (F — wyw')
| T = |dety,.(F* — w')

where Yg* = Y(Ty*) and T3* is a maximally split torus of C*. Let T be the
maximally split torus of G* corresponding to T < G and let Y = Y(T3¥). Then
F* acts on Yg* as w;! o F* acts on Yg*. Hence we have

| TEF| = |detyy(wi ' F* — w')| = (dety,(F* — wyw').
It follows that
| Ty,

w‘w’l = |T;F*|
Using the additional facts
R D200 IR RN /20 PR O (0¥
(=1 (=1D™(=1)
(— l)i(w') =(— 1))
to compare signs, we obtain
|GF‘p’

o) = 15 5m (D) — e
1 a(1) = 25.5( )|C*F |,,'
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Now |GF| = |G*F"| and |G*F": C*F"| . is the degree of the semisimple character
in the geometric conjugacy class &({), as explained in § 3.7. Thus we have

X(?E)(l) = X(i,})(l)xgﬂfg)(l)
where yJi;) is the semisimple character in &(().

The Jordan decomposition for irreducible characters of GF may therefore
be stated as follows. Let y be an irreducible character of G*. Let &({) be
the geometric conjugacy class of characters of G* in which y lies. Let y, be the
semisimple character of G* in &({). &) determines an F*-stable semisimple
conjugacy class in the dual group G*. Let s* be an F*-stable element in this
class and let C* = Cg.(s*). C* is a connected reductive subgroup of G* with
Frobenius map F*. Then there is a unipotent character y, of C**” determined
by y. Thus y determines a semisimple character y, of G* and a unipotent
character y, of C*F” such that

x(1) = x(DxAD)

The map y — (¥, x,) is called the Jordan decomposition of y.

The map x — (¥, z,) may not be uniquely determined by the group G
%, is uniquely determined by y but there may be some room for choice in y,. This
is because there is a limited degree of flexibility in the way the characters in a
given family are parametrised.

§9. Relations Between Characters
and Conjugacy Classes

We shall now describe the connection between the irreducible characters of
G* and the conjugacy classes in the dual group G*.

9.1 Special Conjugacy Classes

We assume as before that the centre Z(G) is connected. We also assume that
pis a good prime for G. We recall from §8 that the irreducible characters of G*
fall into families and that, for each family # of irreducible characters, there are
groups

YF) < YF)
such that %(#) is normal in %(%), %(%) is finite, and %(F)/%(F) is isomorphic
to Z. The characters in the family # are parametrised by the elements of the set
MYF) < 4F))
defined in § 8.4.
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Now the groups (), %(#) can be defined in terms of the dual group G*.
Let (g*) be a conjugacy class in G* and g* = s*u* be the Jordan decomposition
of g*. Then u* € C4.(s*). The conjugacy class (g*) is called special if (u*) is a
special unipotent class in Cg.(s*). There is then a bijective correspondence
between families of irreducible characters of G¥ and F*-stable special conjugacy
classes of G*. Under this correspondence the families in the geometric conjugacy
class &({) correspond to the F*-stable special conjugacy classes of G* whose
semisimple part lies in the F*-stable semisimple class of G* corresponding
to the geometric conjugacy class &({). In particular the families of unipotent
characters of G* correspond to the F*-stable special unipotent classes of G*.
(This is closely related to the correspondence described in §7.2 between uni-
potent characters of G* and special unipotent classes of G* when G* is split,
since special unipotent classes in G, G* are in 1-1 correspondence with each
other, both corresponding to special characters of the Weyl group).
We shall now describe how, given an F*-stable special conjugacy class (g*) of
G*, we can define groups

Ag+(g*) = Ag+(g*)
where A;.(g*) = YU(F), Ag+(g*) = 9(F) and F is the family of characters of G
corresponding to (g*).
Let §* = %;.(s*) where g* = s*u*. Then S* is a connected reductive group
containing u*. We define the finite group Ag.(u*) as in § 7.2. This group is acted
on by F*. We define Ag.(u*) by

A (u¥) = Aga(u®).(E

where ¢ has infinite order and ¢aé™! = F*(a) for all @ € Ag.(u*). We finally
define

Agulg*) = Agew*), Aga(g*) = Agu(u®).

These are the required groups associated with the given F*-stable special con-
jugacy class of G*. The irreducible characters of G* in the family corresponding
to this class (¢g*) are parametrised by elements of the set

(A (g & Age(g™)).

Further information about this correspondence between families of irreduc-
ible characters of G and F*-stable special conjugacy classes of G* can be found
in Lusztig’s book. [12].

9.2 The Case When Z(G) Is Not Connected

We now suppose that Z = Z(G)is not necessarily connected. This means that
in the dual group G* centralizers of semisimple elements need not be connected.
Each F*-stable semisimple class of G* will contain F*-stable clements, but these
may split into several G***-conjugacy classes. These are {Z%'|q'F*-stable semi-
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simple classes of G*, but the number of semisimple classes in G** is not in
general given by any such simple formula.

We may as before define an equivalence relation on the set of irreducible
characters of GF. Two irreducible characters y, ¥’ of GF are called equivalent if
there exists a sequence y!, 2, ..., x" of irreducible characters such that y = x,
4" = x' and for each i y', y'*' are components of a common Deligne-Lusztig
generalized character Ry . The equivalence classes of irreducible characters of
GF then correspond to the semisimple conjugacy classes of G*”,

Let s* be a semisimple element of G***, and let (GF),. be the corresponding
equivalence class of characters of GF. We shall explain how (GF),. can be
parametrised.

Let M = Cg.(s*). M will not in general be connected. Let (M°)F"), be the set
of unipotent characters of (M°)f". This set is known from our previous discus-
sion. We shall compare the sets (GF),. and (M°)*"),.

Now F acts on the finite group Z/Z° and we denote by (Z/Z°); the largest
quotient of Z/Z° on which F acts trivially. It is possible to define an action of
(Z/Z°); on (GF),« as follows.

Let G,, be the adjoint group of the same type as G. Then we have a homo-
morphism n: G - G,,, and n(G) is a subgroup of Gf,. For each g € Gf; we
choose an element § € G such that n(g§) = g. Then ¢ 'F(g) € Z. The element of
the quotient (Z/Z°); determined by g 'F(g) is independent of the choice of g.
Thus we have a map

Gfd - (Z/ZO)F

which is surjective by the Lang-Steinberg theorem. This is a homomorphism
and its kernel is 7(G*). Thus we have an isomorphism

Gaa/m(GF) = (Z/Z°.

Now G, acts on G' by x — gxg~* for g € G, x € G¥. This induces an action of
GF, on the set GF of irreducible characters of GF. n(GF) lies in the kernel of this
action, so GF,/n(GF) acts on G¥. This defines an action of (Z/Z°), on G*. It acts
on each subset (GF),.. )

We also have an action of the finite group M**/(M°)F" on ((M°)""),. We
consider the MF"/(M®)F*-orbits on (M°)F"),. It was shown by Lusztig that there
is a bijective correspondence between the (Z/Z°)g-orbits on (G*),» and the
MF"(M®)F"-orbits on (M°)F"),. In fact it is possible to define a map

Y2 (67w~ (MO ) /MP/(MO))
such that the fibres are the (Z/Z°)g-orbits on (GF),.. If ¢ is an orbit of
MFT/(MP)F" on ((M°)F"), then the size of the fibre (o) is the order of the
stabilizer in M*"/(M°)F* of an element of the orbit . Thus we have
Iy o)l.lo| = |MT (MO)|.

In particular, if 6] =1 (a common occurrence), then we have |y !(0)| =
IMF* - (MO)™,
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The multiplicities of the characters y € ¥ ! (o) in the Deligne-Lusztig general-

ized characters R 4 are given as follows. We have
(Rr,6, X) = €gEno Z (R%U,x, x)
x'eo

where T* is a torus in G* dual to T in G. (T* can be chosen in M°). The
multiplicities (R’}’f,l, ¥') are known from our previous discussion, since the
multiplicities of unipotent characters in Deligne-Lusztig generalized characters
do not depend on whether the centre is connected. In particular we see that all
the characters y in the same fibre y ~*(s) have the same multiplicities (R g, %)-
Since the characteristic functions of the semisimple classes of G* are uniform
functions it follows that all characters y in the same fibre take the same value at
a semisimple element of G*.

9.3 The General Case

We finally describe a parametrisation of the irreducible characters of G* due
to Lusztig [15] in terms of conjugacy classes in the dual group which works in
complete generality. We shall not assume now that Z(G) is connected or that p
is a good prime for G. We shall, however, assume that F: G — G is a standard
Frobenius map, so that GF is not a Suzuki or Ree group.

The standard Frobenius map F: G — G determines a graph automorphism
F,: G — G of finite order and a prime power g. We shall then have a correspond-
ing graph automorphism Fg: G*(€) —» G*(C) of the dual group over €.

We shall again consider the special conjugacy classes of G*(C). However we
cannot define F*-stable special classes since F* does not act on G*(C). Instead
we consider the map of G*(C) into itself given by

g* > F3(g™) g* e G*(T).

Suppose g* has the property that F&(g*) is conjugate to g* in G*(C). Then any
conjugate of g* has the same property. Let C* be the conjugacy class of g*. Then
the map

g* 5 F3(g*)
is a bijective map of C* into itself. So instead of considering F*-stable special
conjugacy classes as before, we shall consider special conjugacy classes of G*(C)

invariant under the above map 6.
For each such #-stable special class C* of G*(C) we define groups

‘ZG*(C)(Q*) = ZG*(C)(g*)

for g* e C*. This definition is slightly more complicated than in §9.1 since we
are not assuming here that Z(G) is connected.
Let g* = s*u* be the Jordan decomposition of g*. Then

u* € Cg.(@(s*) = S*
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and S* is a connected reductive group. We recall that
Agny(9¥) = (gG*(C)(g*)/(gg*(C)(g*)
Ase(u*) = Csu(u*)/ 650 (u¥)

and, since g (9*) = 65+(u*), we see that Ag.(u*) is a normal subgroup of
Agvo(g¥). Let Ag+(u*) = Ag+(u*)/Is+(u*) be as in §7.2. Then I5.(u*) is normal in
Ag+oy(g*) and we define

ZG*(G)(Q*) = Agv)(9*)/Is-(*).
(We observe that if €;.¢)(s*) is connected then
Agy(g*) = As+(u*) and ZG'((‘)(g*) = Zs*(“*))-

We next define a group jc*m(g*) containing ZGW,(g*). Since C* is f-stable
there exists x* € G*(C) such that

x*g T = FH(g*).

The map h* — F§ ' (x*h*x*7') is then an automorphism of Cg«(g*). We
define

Comeg*) = Conalg*) (O
where & has infinite order and
ER*ETY = Fy ' (x*h*x*7Y)  h* € Ggue)(g™)
We also define /fc,m(g*) and XG*(@(g*) by
Agu@(9%) = Cor 9/ C3xcg*)
jc;*(cr)(g*) = A~G*(¢)(g*)/ls*(“*)-

Then Agsq)(g*) is a normal subgroup of Ageq(9*) and Ageq)(9*)/Ag+c(9*)
is isomorphic to Z.

It is shown by Lusztig [15] that the irreducible characters of G* are then
parametrised by the set

y %(ZG‘(C)(Q*) < ZG*(Q‘)(Q*)) g*teC*

taken over all f-stable special conjugacy classes of G*(C). Thus the irreducible
characters of G* fall into families with one family for each special class of G*(T)
invariant under the map

g* = F&(g*).

The characters in the family corresponding to the class C* are parametrised by
the set

ﬂ_(za*(q‘)(g*) < ZG‘(Q‘)(Q*))

where g* € C*.
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Thus in the general case when Z(G) is not assumed connected and p is not
assumed to be a good prime we can still obtain a connection between the
irreducible characters of GF and the conjugacy classes of the dual group, but this
time we must also take the dual group G*(C) over the complex numbers. The
results described in § 8 still apply in this situation, in particular we can obtain a
formula for the values of all irreducible characters of G* on all semisimple
elements, like that given in § 8.4.

Concluding Remarks

In recent years Lusztig [16] has developed a theory of character sheaves
on a connected reductive group. We cannot describe the theory of character
sheaves in this article. We comment merely that when G is a connected reductive
group over K = IT7P and F: G — G is a Frobenius map, then each character sheaf
on G gives rise to a class function on G called its characteristic function. The
value of the characteristic function at x € G* is given in terms of the trace of F
on the stalks at x of the cohomology sheaves of the given character sheaf. The
characteristic functions of the character sheaves on G appear to be closely
related to the irreducible characters of G*. In fact in the limited number of
known cases these characteristic functions are the ‘almost characters’ of G*. It
has been conjectured that this will be so in all cases.

The theory of character sheaves gives further techniques which can be used
to give information about the values taken by the irreducible characters of G*
on elements which are not semisimple. Complete information about such values
has not yet been obtained. But partial information can be found in the paper
[17] of Lusztig.

Finally, readers who would like more detailed information about the subjects
discussed in this article should consult the following two books:

R.W. Carter, Finite Groups of Lie Type: Conjugacy Classes
and Complex Characters, John Wiley (1985).

G. Lusztig, Characters of Reductive Groups over a Finite Field,
Princeton University Press (1984).

Appendix

There are some remarkable similarities between the representation theory of
the finite groups of Lie type which we have discussed in this article and a
number of other branches of representation theory. We shall mention briefly
four such areas of representation theory.
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(a) We first mention the solution of the Kazhdan-Lusztig conjecture on
composition factors of Verma modules.

Let G be a semisimple group over € and g be its Lie algebra. Let # = %(g)
be the universal enveloping algebra of g. % is an infinite dimensional associative
algebra whose representation theory is the same as that of g. We have a tri-
angular decomposition g = n, @b @ n. where ) is a Cartan subalgebra and
n,, n_ are the spaces spanned by the positive and negative root vectors. Let
h* = Hom(h, €). The elements of h* are called weights. Let A € h* and I, be the
left ideal of U defined by

L=an, + Y Uh— Ah)
hed

Let ¥, = ¥/I,.¥; is a %-module called the Verma module with highest weight
A. It may be regarded as the induced module from the 1-dimensional %(b, )-
module (b, = n, @ bh) with weight 1.

¥, has a unique maximal submodule ., and ¥, = ¥/ is therefore an
irreducible -module. The Verma module ¥, has a composition series of finite
length and each composition factor is isomorphic to V, for some u € h*. Each
composition factor ¥, of #; has the property that y < 4 and u = w.4 for some
we W where w.A = w(4 + p) — p and p is half the sum of the positive roots.
Thus the highest weights of all the composition factors of ¥, are related to 4 by
the action of the Weyl group W.

We assume that the weight A is regular and integral. A is regular if w,4 # 4 for
all w# 1 and 4 is integral if (4, «") € Z for all coroots a* of g. Every regular
integral weight lies in a unique chamber of h* with respect to W. We denote
by C, the chamber containing the antidominant weights, i.e. those for which
(4, a*) < 0 for all positive coroots «*. The other chambers have the form
C, = w.C, for we W. Let ch ¥, ch V, be the characters of the Verma module
¥, and the irreducible module V, respectively. We have

ch ;=Y [7;:V]ch,
m

where [¥: V,] is the multiplicity of V, as a composition factor of ¥7. Only
finitely many u can occur in the sum since ue W,A and W is finite. These
equations can be inverted to express the characters of the irreducible modules in
terms of the Verma modules. Thus we have

chV,=> ¢, ch¥, c,,eZ
I

summed over all u < A with pe W, 4.

Let A lie in the chamber C,,. Then each u occuring in the above equation lies
in C, for some y < w. Moreover if u € C, u must be given by p = yw™" 4.

The Kazhdan-Lusztig conjecture asserted that the coefficients c,, should be

given in terms of Kazhdan-Lusztig polynomials. To be precise it asserted that,
for e C,,

ch ¥, = yezw (= 1Y(= 1P, (1) ch ¥}-1 5
ysw
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Two independent proofs of this result were obtained in 1981 by Beilinson and
Bernstein in Moscow and by Brylinski and Kashiwara in Paris. These proofs
involve a remarkable progression from one category to another. Beginning in
the category of %-modules with trivial central character, the problem is then
translated into the category of modules for the ring of differential operators on
the flag variety X. By localisation the problem is then translated into the
category of modules for the sheaf of differential operators on X. It is then
translated into the category of perverse sheaves on X, whose simple objects are
intersection cohomology complexes. By a process of reduction modulo p the
problem is then translated into the category of l-adic perverse sheaves on the
flag variety of the group G(K) of the same type as G over the algebraic closure
K of the field with g elements, where (I, g) = 1. By introducing the action of a
Frobenius map on this flag variety the problem is translated into the category
of Weil sheaves on the flag variety X of G(K). A Weil sheaf is a perverse sheaf in
which the Frobenius map acts in a given manner. For example one could take
a 1-dimensional constant sheaf in which the Frobenius acts by multiplication by
g. This is called the Tate sheaf L.

The introduction of the action of the Frobenius map gives us much more
structure than was present previously. Let us consider the Grothendieck group
of the derived category of the category of Weil sheaves on the flag variety X,
which are locally constant on each Bruhat cell X,,, w e W. One can introduce a
multiplication in this Grothendieck group, which makes it into an algebra over
Z[LY?, L™12] where L is the Tate sheaf. This turns out to be isomorphic to the
Hecke algebra. A duality map is carried through the whole process of trans-
lation from one category to the next and gives rise to the involutary auto-
morphism of the Hecke ring used to define the Kazhdan-Lusztig polynomials.
This is how the polynomials make their appearance in the proof of the Kazhdan-
Lusztig conjecture.

(b) A somewhat similar idea was used by Lusztig and Vogan in 1981 to
determine the characters of the irreducible modules for a real semisimple Lie
group G with trivial central character. Here we are considering irreducible
admissible representations of G on a Banach space. Such a representation has a
character which is a distribution, called the Harish Chandra character. The
module giving each such irreducible representation occurs as a submodule of a
module giving a so-called ‘standard representation’ of G. The standard repre-
sentations were constructed independently by Langlands and Zuckerman. They
are described in Vogan’s book ‘Representations of real reductive Lie groups’
(Birkhiuser 1981). One way of obtaining them is by a process of cohomological
parabolic induction from characters of Cartan subgroups. The modules giving
standard representations are not in general irreducible but have a unique
minimal submodule. They have a composition series of finite length and each
composition factor is isomorphic to the irreducible submodule of some other
standard representation. The Harish Chandra characters of the standard
representations were known but, before the work of Lusztig and Vogan, the
characters of the irreducible modules were not. Again in this situation it is
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possible to invert the equations expressing the characters of the standard repre-
sentations in terms of the characters of the irreducible representations. Lusztig
and Vogan showed that the characters of the irreducible modules could be
expressed in terms of the characters of the standard representations by means of
certain polynomials which are the analogues in the real Lie group situation of
the Kazhdan-Lusztig polynomials.

(c) A further successful application of the ideas of the Kazhdan-Lusztig
theory was made in the work due to Joseph, Jantzen, Barbasch and Vogan on
the classification of primitive ideals in the enveloping algebra % of a semisimple
Lie algebra g over €. The primitive ideals are the kernels of the irreducible
representations of % but there will be in general be many irreducible representa-
tions whose kernel is a given primitive ideal. Great progress has been made on
the classification of primitive ideals of % in recent years. The main ideas are due
to A. Joseph.

In the Kazhdan-Lusztig paper defining the polynomials P, ,,(¢) these polyno-
mials are used to give decompositions of the Weyl group W into subsets called
left cells, right cells, and two-sided cells. These ideas were also introduced by
Joseph in a different context, but the decomposition of W turned out to be the
same as in the Kazhdan-Lusztig paper. This decomposition into cells turns out
to be of basic importance in the classification of primitive ideals of . For
example, if W is the symmetric group S,, there is one two-sided cell for each
partition 4 of n. Inside the two-sided cell corresponding to A there is one left cell
for each standard A-tableau and one right cell for each standard A-tableau. The
decomposition of S, into cells is related to the Robinson-Schensted algorithm
which gives a bijection between permutations in S, and pairs of standard
tableaux of the same shape.

Let ¥/, be the Verma module with highest weight A € h* and V, = ¥/ be
its irreducible quotient. Let J, be the kernel of V;. Then J, is a primitive ideal of
% . Moreover it was shown by Duflo that these ideals J, are the only primitive
ideals. However it may happen that J, = J, even if A # p. If J, = J, one sees by
considering the action of the centre of % that ue W,i. So it is natural to
consider the set of primitive ideals J, where A runs over a W,-orbit of weights in
h*. We assume that A is regular and integral. Then the W.-orbit of 1 contains
just one antidominant weight. Let us assume in addition that / itself is anti-
dominant and consider when J,, ; is equal to J,. ; for w, w’ € W. It turns out
that J, , =J, , if and only if w, w’ lie in the same left cell of W. Thus the
primitive ideals with weights in a given regular integral W,-orbit correspond to
left cells in W.

There is also a remarkable relation between the primitive ideals of % and the
irreducible representations of W. For any primitive ideal J, of %, #/J, is a
Noetherian prime ring. This ring has a quotient ring by Goldie’s theorem which
is an Artinian simple ring M, (D) where D is a division ring. The number 7 is
called the Goldie rank of J;. It was shown by Joseph that, for any regular
integral weight 1 in a given chamber C,,, the Goldie rank of J, is a polynomial
function in the coordinates of 4, say p,(4). This polyromial generates a W-
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module CWp,, in the ring of polynomial functions on bh*. It was shown by
Joseph that this W-module is irreducible and that if CWp,, and CWp,, are
isomorphic then they are equal. Moreover, assuming that 1 is antidominant,
Joseph showed that J, , = J,. ; if and only if p,, is a positive multiple of p,,.
Thus the polynomials p,, (up to positive multiples) correspond to the left cells of
W. Moreover we have CWp, = CWp,,. if and only if w, w' lie in the same
two-sided cell of W. Now let us consider the left cells contained inside a given
two-sided cell. We take a polynomial p,, for each such left cell. It was shown by
Joseph that these polynomials form a basis for the irreducible W-module CWp,,
corresponding to the given two-sided cell. Thus the dimension of CWp,, is equal
to the number of left cells in the given two-sided cell. Because of the correspon-
dence between primitive ideals and left cells we see that the number of primitive
ideals in the given W.-orbit is equal to the sum of the degrees of the Goldie
rank representations of W. (A Goldie rank representation is one arising from a
module CWp,,.)

Not every irreducible representation of the Weyl group W arises in general
as a Goldie rank representation. The ones occuring in this way are just the
representations called the special representations by Lusztig in the context of
the representation theory of finite Chevalley groups. If W is the symmetric
group S, then every irreducible representation is special.

Thus we can obtain very specific information about the primitive ideals in a
given W,-orbit. For example if g has type Eg there will be 101796 primitive
ideals in a W,-orbit of regular integral weights.

(d) We conclude by mentioning a problem in representation theory which
has not yet been solved. This is the problem of determining the degrees and
characters of the irreducible representations of the simple algebraic groups over
an algebraically closed field K of characteristic p. This is essentially the same
problem as that of determining the degrees of the irreducible modular repre-
sentations of the finite Chevalley groups in the natural characteristic. The solu-
tion is known only in a few special cases. However there is a conjecture by
Lusztig for what the solution should be, and this again involves Kazhdan-
Lusztig polynomials.

Let G be a simple algebraic group over €, g its Lie algebra and # the
enveloping algebra of g. Let A € h* be a dominant integral weight and ¥, be the
Verma module with highest weight 4. Then the irreducible quotient V, = ¥ /A
is a finite dimensional #-module and any finite dimensional irreducible %-
module arises in this way. # has a subring %, called its Kostant Z-form.
Let v, € V, be a non-zero vector of weight 4 and V, z = %zv;. V; z is a lattice in
V, which is a % z-module.

Now let K be an algebraically closed field of characteristic p and #x =
Uq Qg K. Uy is the hyperalgebra, or algebra of distributions, over K. Then
V.x =V, 2®z K is a %x-module. Since any #g-module is also a module for
G(K), the simply-connected algebraic group over K of the same type as G, V;
is a G(K)-module. V,  is called a Weyl module for G(K). Its dimension and
character are known, being given by Weyl’s classical character formula. V;  is
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not in general irreducible. It has a unique maximal submodule M, ; and so
L; x = Vi x/M, g is an irreducible G(K)-module. Every finite dimensional irre-
ducible rational G(K)-module arises in this way.

The Weyl module V, x has a composition series in which each composi-
tion factor is isomorphic to L, x for some dominant integral weight u. Let
[V, x: L, x] be the multiplicity of L, x as a composition factor of V, x. We have
[Vik:Lixl=1landif [V, g: L, ¢] # 0 then u < A. Thus we have a character
formula

chV, x= Z [Vik:LyxklchL, .

H<A

As in the case of Verma modules we may invert these equations to give

chL,x=) C,chV,x C,LeZ
u<a

for certain integers C,,. The character L,  is unknown in general. Its determi-
nation is equivalent to the determination of the integers C, , since ch V, x
is known.

Now the weights p which appear in this formula are related to A by an
element of the affine Weyl group W,. W, is the infinite Coxeter group which is
generated by the reflections in the hyperplanes

H,,={ieXg; (1 + p, ) = np}

for all coroots a" and all n e Z. Here Xy, is the space of real weights. Xy is
divided by these hyperplanes into bounded regions called alcoves. One of these
alcoves is

Ay ={AeXp; —p<(A+p,a*)<Oforall " > 0}.

A, is the top alcove in the antidominant chamber. Let A, = w 4, forallw e W,.
The map w — A4,, is then a bijection between elements of the affine Weyl group
W, and alcoves. We say that 4, is a dominant alcove if it lies in the dominant
chamber.

We may now state Lusztig’s conjecture for the characters of the irreducible
modules L; x. We suppose p = h where h is the Coxeter number of G. This
condition ensures that each alcove contains an integral weight. Suppose 4 is a
dominant integral weight with A € 4,,. Suppose

(A+p,05)<plp—h+2)
where ag is the highest coroot. Then Lusztig’s conjecture asserts that
chL; = Z (—l)l(w)(_l)“y)Py,w(l)Ch |

yeW,
y<w
Ay dominant

where P, (1) is the Kazhdan-Lusztig polynomial corresponding to the pair of
elements y, we W,.

. Frorp this formula it would be possible to deduce the character of any
irreducible G(K)-module L, x by using results of Jantzen and Steinberg.
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In particular this would give a formula for the irreducible characters of the
general linear groups GL,(K). Since the decomposition numbers of the general
linear groups are known to be the same as those for the symmetric groups we
would also obtain a formula for the characters of the irreducible modular
representations of the symmetric groups. These are at present unknown. O

Note. Since this article was written in 1987 a new exposition of the Deligne-Lusztig theory has
appeared: F. Digne and J. Michel, London Mathematical Society Student Texts, 21.

Digne and Michel give new proofs of some of the standard results of the Deligne-Lusztig theory
emphasising particularly the Mackey formula for Harish-Chandra induction and restriction, and for
Lusztig induction and restriction, and also the use of the Curtis-Alvis duality map on generalized
characters. This book throws new light on several aspects of the theory, and is recommended to
readers.

August 1993 R.W. Carter
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Introduction

The beginning of investigations into finite-dimensional division algebras was
made by Sir William Hamilton in 1843, when he discovered the algebra of real
quaternions, which rapidly led to diverse applications in physics and mechanics.
However, further extension of our knowledge of finite-dimensional division
algebras was delayed, and even acquired a somewhat dramatic character. Thus,
after the origin and study of the real quaternions there followed a long period
(until the beginning of the present century), during which no other finite-
dimensional division algebras were discovered. We only remark that in 1880
Frobenius proved that over the field of real numbers there exists no non-
commutative division algebra apart from Hamilton’s quaternions.

Only the appearance at the beginning of this century in the work of Dickson
and Wedderburn of an infinite series of new non-commutative division algebras
led subsequently to the development of a significant theory. The structure theo-
rem of Wedderburn on simple finite-dimensional algebras reduced their study
to division algebras and allowed him to establish an important fact: the dimen-
sion of a division algebra over its centre is the square of a natural number.

The first examples of non-commutative division algebras were cyclic algebras
and for a time there was the supposition that any division algebras were either
cyclic or abelian crossed products, which had been studied by Dickson already
in 1914. The further development of the theory removed this hypothesis. In 1932
Albert constructed the first example of a non-cyclic division algebra and very
much later, in 1972, Amitsur obtained a negative solution of the more general
problem, whether every division algebra is a crossed product.

The further development of finite-dimensional division algebras was linked
to an interesting new object, giving a significant characterization of all finite-
dimensional simple algebras over a given field, the Brauer group.

The introduction of the Brauer group in the theory of finite-dimensional
simple algebras was of significant value, because previous investigations had as
a rule been on concrete simple algebras or division algebras, and the initial
description of division algebras had quite naturally been conceived as an “inter-
nal” description. However this route very soon revealed great difficulties. Brauer
groups provided a real possibility for an *“external” description of division
algebras up to similarity. Of course an “internal” characterization of division
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algebras was almost certainly deeper and harder to obtain, whereas an “exter-
nal” study often enabled one to find properties which judged division algebras
as a whole, which was also very important.

The *30°s were a very intensive period in the development of the theory of
finite-dimensional division algebras. The most brilliant of these achievements
was the complete description of division algebras over classical local and global
fields, obtained by Hasse, Brauer, Noether and Albert. At the basis of this
investigation was the local-to-global method, which subsequently proved fruit-
ful also in other parts of mathematics.

In the general case it was necessary to study finite-dimensional division
algebras over fields of algebraic functions in a finite number of variables. Here
the local-to-global method was not so effective, although as before it played an
important role. The concept of a local invariant, introduced by Hasse for divi-
sion algebras over algebraic number fields, in a modified form allowed one to
study simple algebras over function fields of algebraic curves (D.K. Faddeev,
Roquette, Scharlau). In recent years in connexion with the development of
non-commutative algebraic geometry there appeared “internal” invariants of
division algebras over function fields of curves. It may be remarked that the idea
of a natural correspondence of simple algebras (division algebras) and algebro-
geometric objects goes back to Witt (1934), who establishes a one-one corre-
spondence between function fields of genus zero and quaternion algebras and
shows that the quaternion algebra is a full matrix algebra if and only if its
function field is rational. This idea is developed by Chatelet (1944), Amitsur
{1955), Roquette (1963).

Chatelet associates to each central simple algebra a certain projective variety,
nowadays called the Brauer-Severi variety, which is a projective space only
when the corresponding algebra is a full matrix algebra. Amitsur introduced the
concept of a generic splitting field and proved that it is the field of rational
functions on the Brauer-Severi variety. Roquette applied non-commutative
Galois cohomology to the study of generic splitting fields.

After Amitsur’s construction of a division algebra which is not a crossed
product and examples of division algebras of exponent two which cannot be
decomposed into tensor products of quaternion algebras (by Amitsur, Rowen
and Tignol), the deep result of A.S. Merkur’ev and A.A. Suslin (1982) that every
division algebra of exponent n, containing a primitive n-th root of 1 in its centre
is similar to a tensor product of cyclic algebras whose exponents do not exceed
n was quite unexpected.

Some years earlier considerable progress was achieved in the study of the
multiplicative structure of division algebras, which stimulated significant links
with algebraic and classical groups. Fundamental in this direction was the
well-known Tannaka-Artin problem (1943) on the equality of the subgroup of
elements of reduced norm 1 and the derived group of the multiplicative group
of the algebra. This problem was answered in the negative by V.P. Platonov
(1975), who constructed a reduced K-theory for the calculation of the reduced
Whitehead group of a finite-dimensional division algebra.
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On the basis of reduced K-theory and a number of other constructions
there appeared Henselian division algebras. This stirred renewed interest in the
study of these algebras. The first results in this direction were already obtained
by Hasse (1931), Witt and Nakayama (1937) for the case of division algebras
over complete discretely valuated fields. The basic result on the structure of
arbitrary henselian division algebras was obtained only recently by the present
authors and by Jacob and Wadsworth (1987-1989).

The aim of the present work is to give an account, as complete and clear as
possible, for a wide circle of mathematicians, of the most essential results of the
theory of finite-dimensional division algebras, including those mentioned above.
It is clear that the limitations of space did not allow us to treat all themes
connected with finite-dimensional division algebras with the same degree of
thoroughness.

In conclusion a few words on the numbering of propositions. The numbering
in each section is independent, but all assertions of the same type are numbered
separately. For example, a theorem without a number means that the givgn
section has no other theorems, while Theorem 2 indicates the second theorem in

the given section.

Chapter 1
Essential Background on Simple Algebras

§ 1. Basic Properties and Examples of Simple Algebras

1.0. Definitions. Let A be an associative ring with a unit element.

Definition 1. A ring A is called simple if the only two-sided ideals of 4 are 4

itself and the zero ideal (0)*.
The most important examples of simple rings relate to skew fields.

Definition 2. An associative ring A is called a skew field if for each non-zero
a € A there exists an element f(a) € A such that af(a) = 1 = f(a)a. Usually f(a)
is denoted by a ! and is called inverse element.

A skew field which is commutative is just a field. The non-zero elements of a
skew field A form a group 4* under multiplication. The set of elements a of a
ring A which commute with all elements of 4, thus ax = xa for.all xe A, forma
subring Z(A), called the centre. If A is a simple ring, then Z(A) is a ﬁeld. Indeed,
for any non-zero b € Z(A) the ideal bA is two-sided and by simplicity, A = bA4;
it follows that there is an inverse element b~ € Z(A).

* Also the zero algebra (0) is to be excluded.
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Thus a simple ring 4 is an algebra over any subfield K of Z(A).

In the sequel we shall only be interested in simple rings which are finite-
dimensional algebras over a certain field K, ie. simple finite-dimensional
algebras A. If 4 is a skew field, we shall call it a finite-dimensional division
algebra (or finite-dimensional skew field) over the field K.

Definition 3. A finite-dimensional simple algebra 4 over a field is called
central if Z(A) = K.

1.1. Total Matrix Algebra. This is the classical example of a finite-dimen-
sional simple algebra over an arbitrary field K. Thus let M, (K) be the algebra of
all n x n matrices over a field K. We shall show that M,(K) is a simple algebra.
Consider the standard basis {e;;} of M,(K), where e;; denotes the matrix having
1 in the intersection of the i-th row and j-th column and 0 everywhere else. If I
is a non-zero two-sided ideal of M,(K), then it will be enough to show that
e;€l,ie. I = M,(K). In its turn, since

_Jey forj=k
% =0 forj # k,

it is enough to show that I contains at least one of the e;. This may be estab-
lished as follows. Let a € I, where a = 3 ] .-y &€, Where a;, € K and a; # 0.

Then e;ae;; € I and e;ae; = aje;, whence it follows that e;; € I.

Remark. Analogous reasoning shows that a matrix algebra over a skew field
is also simple.

1.2. Hamilton’s Quaternions. A four-dimensional vector space H over the
field R of real numbers can be made into a ring, given by the multiplication
of the basis elements ¢, i, j, k (and hence extended to the whole of H by linearity)
as follows:

et=¢, ei=ie=1i, ej=je=j, ek=ke=k,
iZ=—e, ji=—e, k= —e,
ij=k ji=—k ik=—j ki=},
jk=1i, kji=—Ii

The given multiplication rule turns H into an algebra over R with unit
element e. Identifying R with the field Re, we find that every he H can be
uniquely written in the form h = h, + h,i + h3j + hyk. We denote the element
hy — hyi — hyj — hyk by h; then hh = h? + h3 + h% + h and for h # O the ele-

ment h(h? + h3 + h3 + h2)~ is an inverse. It follows that H is a division algebra
over R, called Hamilton’s algebra of quaternions.

Remark. If K is any subfield of R, then by considering the K-space spanned
by e, i, j, k we evidently obtain a division algebra Hy over K. On the other hand,
for an algebraically closed field K there is no finite-dimensional division algebra
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over K (other than K itself): for if 4 is such an algebra, then for any a € 4 the
field K(a) must equal K.

1.3. Representations of Simple Algebras. Let F be an extension of the field K.
The algebra M, (F) is then at the same time a K-algebra.

Definition. A homomorphism of a simple K-algebra A into a K-algebra
M, (F) is called a linear representation (over K) of the K-algebra A.

Remark. This is the more traditional definition when the case F = K is
considered.

The following special representations play an important role.

Let A be a simple K-algebra and (4, ..., a,) a basis for it. For any a€ 4,
a;a =Y, a;a; (i=1,...,n). The mapping assigning to each a € A the matrix
j=1

Y aye; is a homomorphism of the K-algebra A into M,(K); it is called the
i,j=1
right regular representation of the K-algebra A.

For a finite extension F of K the right regular representation f of F as
K-algebra injects F into M,{(K) and it induces a homomorphism Ng: F* — K*

as follows: for a € F, Np x(a) is the determinant of the matrix f(a).

Let x,, ..., x,, where n =[F:K], be algebraically independent elements
over F. Taking a K-basis {a,...,a,} of F, we have {a,,...,a,} also
as basis for F(x,...,x,) over K(x;,...,x,). Let us put Npg(x;,...,x,) =
Nrter. K xmh 2 @iX; ). Then we have the following

i=1

Proposition. The homogeneous polynomial N x(x,, ..., x,) of degree n has the
following properties:

(i) for any choice of non-zero w,, ..., a, € K* there exists a € F* such that
Nplay, ..o, a,) = Npjgla);

n

(i) forae F* a= Zi ;a;, Npjx(a@) = Npgloty, ..., at,).

We are interested in the question when the image of the mapping Ngy is
surjective for any finite extension F of K.

In the general case this is related to what is known as the C; property (see Ch.
3 below). Here we shall limit ourselves to the case of importance for applications
of a finite field K. By the Chevalley-Warning theorem K is a C,-field. This has
as an easy consequence the

Theorem. Let K be a finite field. Then for every finite extension F/K,
Np(F*) = K*.

1.4. Wedderburn’s Theorem. This, one of the central results in the theory
of simple algebras, reduces the study of finite-dimensional simple algebras to
the case of division algebras and shows that the example in 1.1 has a universal
character.
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Theorem (Wedderburn). Let A be a finite-dimensional simple algebra over a
field K. Then A is isomorphic as K-algebra to M,(D), where D is a skew field,
finite-dimensional over K; moreover, the integer n is unique and D is unique up to
isomorphism.

In 1.1 we showed that for any skew field D the total matrix algebra M,(D) is
again simple.

1.5. Fields of Formal Laurent Series and p-adic Numbers. To construct
finite-dimensional division algebras of sufficient complexity and having the
properties needed in the sequel we shall introduce fields possessing a valuation.

Let I be an abelian totally ordered group (written additively), ie. a group
which can be expressed as the union of the disjoint sets {0}, S and —S =
{s € I'| —s € S}*. The order relation on I"is given by the condition: x > y if and
only if x — y € S for any x and y. A valuation on K is defined as a homomor-
phism vg: K* — " with the property:

vi(a + b) = min{vg(a), vg(b)} fora # —b.

The valuation is called trivial if v is the zero homomorphism.

With every valuation there is associated its value group I'y = vg(K*), valua-
tion ring Vi = {a € K*|vg(a) = 0} U {0}, valuation ideal My = {a € K*|v(a) >
0} U {0} and residue class field K = Vi/My. If Iy = Z, the valuation is said to
be discrete.

Example 1. Let K = Q, " = Z with the usual order in "' I'=2Z"VZ" v
{0}. Fix a prime number p and define the valuation v, on K as follows: Any
rational number / can be expressed in the form | = p'-m/n, where t, m, ne Z
and (mn, p) = |, and the exponent ¢ is uniquely defined. We shall put v,(I) = t;
then v, is a valuation on Q, moreover (=727, V, = {p“m/ﬁlt, m, neZ,
(mn,p)=1, t 20}, Mo ={pm/nim, neZ, (n,p)=1, n#0}, Q=2Z/pZ. It
should be noted that the valuations v, exhaust all non-trivial valuations on Q
up to equivalence.

Example 2. A second important example of a valuated field is the field of
rational functions. Let K be any field and K(x) the field of rational functions in
a variable x with constant field K. For every polynomial f(x) irreducible over K
there is a valuation v, of K(x), arising in analogous fashion to the valuation v,
in Example 1. Let K[x] be the ring of polynomials in x with coefficients from K.

. m(x
Then for any element g of K(x), when expressed in the form f (x)‘~%x)), where
t e Z, (m(x), f(x)) = (n(x), f(x)) = 1, m(x), n(x) € K[x], the number ¢ is uniquely
determined. We put v, (g) = t; then v, is a valuation of the field K(x), more-

*§ is also required to be closed under addition.
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over
m(x)
rK(x) = Z’ VK(x) = {f(x) m, m(x)7 n(x) € K[X], (n(x)’ f(X)) = la t2 0}9
m(x) —_
My = 1S (X)m m(x), n{x) € K[x], (n(x), f(x}) = 1o, K(x) = K(a),

where « is a root of the polynomial f(x). The valuation vy, has the property that
Vi(K*) = 0. The natural problem of describing all valuations v of K(x) such
that v(K*) = 0 up to equivalence has a complete solution: all such non-trivial

valuations are either of the form v, or v,, defined as follows: v, <%x))> =
n(x

deg n(x) — deg m(x), where m(x), n(x) € K[x], n(x) # 0 and deg m(x), deg n(x)

denotes the degree of the polynomials m(x), n(x) respectively. We remark that

for the valuation v,

m(x)
FK(x) =7, VK(x) = {

n(x)

m(x), n(x) € K[x], n(x) # 0, deg m < deg n},

m(x), n(x) € K[x], n(x) # 0, deg m < deg n}, K(x)~ K.

Example 3. Every subfield of the algebraic closure of a finite field has only
the trivial valuation.

Indeed, if this were not so, i.e. if there existed a non-trivial valuation v, then
by taking a non-zero element a for which v(a) # 0 we would have a non-trivial
valuation on the finite field F,(a). But the group F,(a)* is cyclic and so a" = 1 for
a suitable number n. It follows that nv(a) = v(1) = 0, but this contradicts the
fact that I'g ., has no non-trivial torsion elements.

It is well known that all other fields have non-trivial valuations.

For the definition of the fields of formal Laurent series and of p-adic numbers
we require the concepts of absolute value and completion.

An absolute value V on a skew field D is a function V:D — R with the
properties:

1. V(x) = 0 for all x € D; further V(x) = 0 if and only if x = 0,

2. V(xyy= V(x)V(y)forall x, y € D;

3. Vix+y)<V(x)+ V(y)forallix,ye D.

H V(x) = 1 for all non-zero x € D, the absolute value V is said to be trivial.

With the help of V' we can define D as a metric space, if the distance function
dy(x, y) for any x, y € D is given by dy(x, y) = V(x — y).

Let K be a field with a non-trivial absolute value V, and endowed with the
metric space structure defined by V. In this case we can define Cauchy sequences
{x,} of elements of this field.

The field K is said to be complete if every Cauchy sequence in it is convergent.

An arbitrary field with a non-trivial absolute value can be embedded in a
complete field with a compatible absolute value.



132 V.P. Platonov and V.I. Yanchevskii

There is a simple construction which realizes the completion of the field.

Consider the set C(K) of all Cauchy sequences in K relative to the metric
dy(x, y) = V(x — y), where V is the absolute value on K. Componentwise addi-
tion and multiplication turn the set C(K) into a commutative ring with unit
element. In C(K) we select the subset Z(K) of all sequences converging to zero.
It can be shown that Z(K) is a maximal ideal in C(K). We put Ky = C(K)/Z(K);
the field K can be embedded in Ky as follows: if a € K, the image of a in
K, is the class containing the sequence with x, = a. The absolute value W on
K, is given by the extension by continuity of the absolute value V (ie. if
ae Ky and a = lim x,, then W(a) = lim V(x,)).

The field of p-adic numbers Q, is the completion of Q, formed by the preced-
ing construction with the absolute value v, such that v,(a) = p P for any
a € Q; the elements of Q, are called p-adic numbers. The existence of an abso-

lute value on Q,, allows us to establish the convergence of series of the form
o0
Y a;p’, where me Z,0 < a; < p, and two series agree if and only if they have
i=m
the same coefficient for each power of p. Putting v,(a) = —log, W(a) for a e Q,
we obtain an extension of the valuation v, on Q to a valuation of Q, (also

denoted by v,). It is not hard to see that vp< Y a,.pi> = m, where m is the least

i=m

index i with a non-zero coefficient a;. Further, I'q =Z, Vo = {Z a,-p‘},
© B i=0
Mg, = {Zl aip'}, Q,=Z/pZ.

Let K be a field, E = K(x) the field of rational functions in x over K, v = v,.
With the valuation v, we have the related absolute value V(a(x)) = 27>, The
completion Ey obtained by the above-mentioned construction is called the field
of formal Laurent series in x with coefficients in K (usually denoted by K {x>)*
and its elements are formal Laurent series (or simply formal series). The exis-
tence of the absolute value W allows us to establish that K{x) consists of all

0
convergent series a(x) = Y a;x’, where a; € K, m € Z, and moreover two series

i=m

agree if and only if they agree in the coefficients of each power of x. If 3 bx’ is

j=n
another formal series and m < n, say, then on putting b,, = b,,,, = - =b,_; =0,
we may suppose that m = n. Then

<i a,-Xi>< i bixj> =2 ¢x',
i=m j=m t=r

o
>‘<--
N
I

Il

I wgE
)
_+_
&
><---n.

where ¢, = Y a;b;.

i+j=t

* A common notation used in the West is K((x)).
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If we put v, (a(x)) = —log, W(a(x)), we obtain an extension of the valuation
v, on E to a valuation on E, (also denoted by v,). In this case

vla(x)) = m,

where m is the least index of a non-zero coefficient a,,. The value group of the
valuation, the valuation ring, maximal valuation ideal and residue class field are
given by:

Iy, =1,

Ve, = {Z a;x‘e K<x>}, Mg, = {Z ax'e K<x>}, E, ~K.
i=0 i=1

1.6. Cyclic Algebras. For a long time the quaternion algebra was the only
example of a non-commutative field. Then there appeared the construction of
finite-dimensional division algebras of arbitrarily high dimensions over their
centre, in connexion with what are called cyclic algebras. As we are striving for
a rapid development of our exposition of finite-dimensional division algebras,
we shall use this construction at the beginning of our presentation in a form
which is sufficient for a first glance, leaving a more thorough analysis for a later
chapter.

Definition. An algebra A over a field K is said to be cyclic, if there is a cyclic
field extension L = K, contained in 4 and an element g € A* with the following
properties:

1) if i, is the inner automorphism of 4 induced by g, then i (L) = L and the
restriction to L coincides with a generator of the cyclic Galois group Gal(L/K).

2) ife,, e,,...,e,is a basis of L over K, then the set {e;g’}] ;—, is a basis of A
over K.

Conversely, given a cyclic extension L of K of degree n, then we can construct
an algebra over K, consisting of all formal sums of elements e;g’.

From the definition it immediately follows that for the dimension of a cyclic
algebra A over K we have dimy A = n? It is clear that the quaternion algebra
Hy in 1.2 is cyclic.

All cyclic algebras are simple and central over K. By construction we have
g"e Z(A) = K. Put g"=ae K and let ¢ be the automorphism of L over K
induced by i,. Then the cyclic algebra A will briefly be denoted thus: (L/K, o, a).
The following proposition gives a simple criterion for the isomorphism of cyclic
algebras for different elements a € K*.

Theorem. The cyclic algebras (L/K, o, a) and (L/K, o, b) are isomorphic over
K if and only if a = bN «(c), for some c € L*.

As a particular consequence the property that a cyclic algebra 4 be isomor-
phic to a total matrix algebra M,(K) takes the following elegant form: it is
necessary and sufficient for the algebra to have the form (L/K, g, Ny (c)), for
some c € L*.
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Next we mention a simple sufficient condition for a cyclic aigebra to be a
skew field:

h

Proposition. If A = (L/K, o, a) and the elements a, a®, ..., a"~, where n =

[L: K], are not in Ny x(L¥*), then A is a skew field.

This proposition makes it possible to construct division algebras of arbi-
trarily high dimensions over their centres. Thus let K = Q(x) be the field of
rational functions, with the rational numbers as field of constants. It is well
known that for any natural number n there exists a cyclic extension L of K of
degree n. Then the cyclic algebra (L/K, o, x) is a division algebra of dimension
n? over its centre K, because on passing to the field of formal series in x, it is not
hard to show that the elements x, x?, ..., x"~! are not in Ny x(L*). Much deeper
is the analogous assertion for K = Q (cf. Ch. 3).

1.7. Low Dimensions. Below it will be shown that the dimension of a simple
algebra over its centre is always the square of a natural number. The question
of the structure and classification of algebras of low dimensions is closely related
to cyclic algebras.

The case of a one-dimensional algebra is trivial, because such an algebra is a
field. For four-dimensional algebras there are only the following possibilities, up
to isomorphism: either M,(K), or a cyclic division algebra, i.e. a quaternion
algebra. For nine-dimensional algebras the situation is quite analogous: either
M, (K) or a cyclic division algebra. But already in the next possible dimen-
sion, — 16, as we shall see below, there are non-cyclic division algebras.

1.8. Skew Fields of Non-commuting Formal Laurent Series and Rational
Functions. Let D be a division algebra (possibly commutative) and ¢ an auto-
morphism of D. Consider the set D{x, o) of all formal series of the form Z a;x’,

=m

where a; € D, m € Z. As usual,

<§: aixi> + (i bl-x"> =Y (a; + b)x’,

i=m

where incase m > nwe puta, =4a,,, = =a, =0,
<i

a0 K
aixi>< Y bjxj> =Y ¢x,

j=m t=r
The operations so defined make D{x, ¢ into an associative ring with unit
element, which in fact is a skew field, called the division algebra of skew formal

Laurent series in x with coefficients in D, relative to o.

The ring of right (left) fractions. Let A be an associative ring with unit
element and without zero-divisors. A skew field T is called the skew field of right

e

where ¢, = Y abf"
i+j=t
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(left) fractions of the ring A, if 4 is isomorphic to a subring B of T such that each
element of T has the form bc™! (¢™'b), where b, c € B.
The algebra D<{x, ) is the skew field of right (left) fractions of its subring

D[x,a] = {Z a;x' € D{x, a)}. This ring D[x, o] is called the ring of skew
i=0

formal power series.
The skew field of rational functions. In D[x, ¢] we may naturally select

the subring of skew polynomials D[x, 6] = { Y ax'eD[x, 0], me Z}. The set
i=0

D(x,0) = {ab™! € D{x, 6, a, b e D[x, 6], b # 0} is a skew field, called the skew
field of skew rational functions in x with coefficients in D relative to .

1.9. Finite Dimensionality and Centres of D(x, ) and D{x, ). It should be
noted that the finite dimensionality of D{x, 6> and D(x, ) depends completely
on the finite dimensionality of D and on the automorphism o.

Theorem. (i) Let o be an automorphism of D such that no positive power of it
is an inner automorphism. Then the centres of D{x, ¢) and D(x, o) coincide with
Z(D), = {z € Z(D)|z° = z}, so both are infinite-dimensional skew fields. (ii) Let r
be the least natural number for which ¢" is an inner automorphism and put 6" = i,,
g° = g. Then the centre Z(D<{x, 0)>) of D{x, ¢) coincides with Z(D),{g x>,
while Z(D(x, ) = Z(D),(g"*x"). Moreover, if [D:Z(D)]= o, then both
D{x, o> and D(x, o) are infinite-dimensional. Finally if [D:Z(D)] = m, then
[D{x, 6> : Z(D<x, 0))] = mr? = [D(x, 6): Z(D(x, a))].

§2. Tensor Products of Algebras and Concepts Related Thereto

2.1. Tensor Products of Modules and Algebras. Let R be a commutative
associative ring with unit element and A, B any R-modules. By the tensor
product of A and B over R one understands an R-module A ®; B with a bilinear
mapping ®: A X B— A ®, B (the image of (a, b) being denoted by a ® b), such
that

(i) the set {a ® b}, 4.5 is a generating set for 4 @y B;

(i) for any bilinear mapping f: A x B— C of R-modules there exists a
homomorphism ¢: A ® B — C, such that ¢(a ® b) = f(a, b)forallae A,be B
(bilinearity for f means that for fixed a and b the mappings f(a, *) and f(*, b) are
R-module homomorphisms).

Let A and B be algebras over R.

Definition-Lemma. The module A ®z B may be given an associative operation
of multiplication (-) satisfying the condition
(a; ® by) (a; ® by) = (a,a;) ® (b; by),

which thus defines A ®z B as an algebra over R, called the tensor product of the
algebras A and B over R.
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2.2. Elementary Properties of Tensor Products. Simple reasoning from the
basic definition of the tensor product of algebras leads to a proof of the follow-
ing K-isomorphisms:

(A® B)® C ~ AQ (B®x C),
A®xB~B®x A,
A®K~K® A= A4,
where A4, B, C are simple K-algebras.

Theorem. Let A, B, C be finite-dimensional K-algebras. Then C is isomorphic
to A ®x B if and only if in C there are K-subalgebras A and B, K-isomorphic to
A, B respectively, such that A and B commute elementwise, {ZE} generates C as
K-algebras and dimg C = dimg A-dimy B.

Example 1. Let D be a division (*) algebra over K. Then the algebras
M, (D) and M,(K)® D are K-isomorphic. The isomorphism is obtained by

n
associating with the matrix (a;;) the element ) e; ®x a;;, where a; € D and e;;
i,j=1
are the matrix units in M, (K).

Example 2. The algebras M, (K) and M, (K) ®¢ M,,(K) are K-isomorphic.
For let {a;} ;-, be a basis of M,(K) and {b,}/",-; a basis of M,,(K) consisting of
matrix units. We put f(a; ®g by) = €;4nq-1), j+na-1); then it is easy to see that
these elements, with the given limits for i, j, t, | give (mn)* distinct elements e,q,
where r, s = 1, ..., mn, which satisfy the matrix identities for the matrix units in
M,,(K). Thus if we put

f( Z ki,j,t,l(aij ® btl)> = ki,j,t.lf(aij ® by),
i, j=1,.n i, j=1,...n
t,i=1,..., m t,i=1,....m

then f is the desired K-isomorphism.

2.3. The Simplicity of Tensor Products. One of the most essential results,
which determines the role of tensor products in the theory of simple algebras, is
the following assertion.

Theorem. If A and B are simple algebras over the field K and moreover
Z(A) = K, then A ®g B is also a simple K-algebra.

2.4. Extension of the Field of Scalars. Theorem 2.3 allows us to inject central
simple algebras over K into algebras over extension fields of K. Thus if F is a
field containing K, then by this theorem, for every central simple algebra 4 over
K the algebra 4 ® F is a simple K-algebra. Moreover, 4 @, F has an F-

*This condition is not actually needed.
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algebra structure, if we define the product of an element f of F by > ,4;® f; €
A®y F, where a;, € A, f,€ F, as the element ) ;a; ® f;f. A simple proof shows
that the centre of the F-algebra A ®; F coincides with the set of all elements of
the form 1, ® f, where 1, is the unit element of 4 and f € F, which is naturally
mapped to F by means of the mapping 1, ® fi— f. Thus 4 ® F is a central
simple algebra over F. Moreover, 4 may be identified with the subset of
elements of the form a ® 1, where a € A4 and 1 is the unit element of F. The
passage from the central simple K-algebra A to the central simple F-algebra
A ® F is called extension of the field of scalars of A from K to F.

We note the following properties of algebras under extension of the field of
scalars.

1. [A:K]=[A® F:F].

2. Let K « F c E be a tower of fields. Then there is a natural isomorphism
of E-algebras

(A®x F)®y E~ A®g E.

3. Let A, B be simple K-algebras. Then there is a natural isomorphism of
F-algebras

(A®KB)®KF—N—(A®KF)®F(B®KF)-

2.5. The Dimension of a Central Simple Algebra. Let 4 be a central simple
algebra over a field K. By an extension of the field of scalars K to an alge-
braically closed extension £ we obtain a central simple algebra A ®y 2 over L.
By Wedderburn’s theorem 4 ®j 2 is 2-isomorphic to M, (D), where D is a skew
field with centre Q. Since R is algebraically closed, we have the equation D = .
Thus the algebra A ®; Q is isomorphic over £ to M,(R), and hence its dimen-
sion is n2. Since [4: K] = [4 ®x Q: £2], this proves

Theorem. The dimension of any central simple algebra A over a field K is the
square of a natural number.

However, in the class of division algebras over a given field not all conceiv-
able dimensions may be realized, as is shown by the example of an algebraically
closed field. On the other hand, for example, over the rational function field
Q(x) (cf. 1.6) all dimensions are possible.

2.6. Degree and Index of an Algebra. By Theorem 2.5, any central simple
algebra A has the dimension [4:K] = n®. On the other hand, A ~ M,(D),
where D is a skew field with centre K. Therefore [4: K] =r?[D:K], and

by the same theorem, [D : K] = m?; it follows that n? = r*m?.

Definition. The number 7 is called the degree (deg A) of the algebra A and m
its index (denoted by ind A).

2.7. Splitting Fields of Simple Algebras. Any central simple algebra A over K
may in different ways be mapped into a total matrix algebra over some field.
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The canonical method for K is the regular representation which maps an alge-
bra A of degree n into M,.(K). By taking a suitable extension of K we can embed
A in a total matrix algebra of the same degree, for example 4 - A ®x 2 =
M, (2), where @ is an algebraically closed field.

Definition. An extension field F of K is called a splitting field of the central
simple algebra A, if A ®¢ F ~ M, (F). We say that F splits (or decomposes) the
algebra A.

Every field containing a splitting field of the algebra A, is again a splitting
field of A4, so the number of splitting fields of any given simple algebra is infinite.
Thus it is clear that for A ~ M, (D), where D is a central division algebra over K,
the set of splitting fields is the same for 4 as for D. It is also clear that for
A ~ M, (K) every extension of K is a splitting field. Conversely, if every non-
trivial extension of K is a splitting field for the central simple algebra A, then
A ~ M,(K). For a noncommutative division algebra D over K there is always an
extension of K which does not split D. Thus of greatest interest are the splitting
fields which are finite extensions of K. They are the ones with which we shall be
dealing below.

2.8. Simple Subalgebras of Simple Algebras. If 4 is a division algebra over K,
then every K-subalgebra B < A is again a division algebra. Indeed, since B has
no zero-divisors, we have for any non-zero b€ B, bB = B, and by the finite
dimensionality of B over K and the injectivity of the linear mapping x +— bx the
result follows.

For an arbitrary central simple algebra 4 over K the subalgebras may be
more complicated. On the other hand, the simple subalgebras admit the follow-
ing interesting characterization (below we write for any ring R and subring T,
Cr(T)={reR|rt =trforanyte T})

Centralizer Theorem. Let B be a simple subalgebra of a central simple algebra
A over K. Then

1) the centralizer C,(B) is a simple algebra, central over Z(B);

2) C4(C4(B)) = B;

3) [4:K]=[B:K][C4(B): KJ;

4) C4(Z(B)) ~ B Q5 C4(B).

Thus all simple subalgebras of the K-algebra A fall into pairs of mutual
centralizers, generating (by part 4 of the theorem) centralizer subfields that are
extensions of K. Therefore a description of these subfields is of basic interest
to us.

2.9. Subfields of Central Simple Algebras. We shall thus be interested in
finite extensions L of K, contained in a central simple K-algebra A. The central-
izer theorem allows us to give an upper bound on the degree of such subfields
L over K. Since C,(L) =L, it follows that [C,(L): K] = [C,(L): L][L:K].
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By the centralizer theorem, [4: K] = [L: K][C4(L): K]. Therefore [4: K] =
[L:KJPP[CL): L]

Corollary. The degree [L: K] divides deg A.
The following consequence is often found useful.

Proposition. A ®; L ~ M, (L) ®, C,(L).

2.10. Maximal Subfields of Simple Algebras. The previous considerations
show that the problem of describing subfields of central simple algebras is
reduced to the problem of describing their maximal subfields.

Definition. Let 4 be a central simple K-algebra. An extension L of K is called
a maximal subfield of A if L = A and there exists no subfield E of A properly

containing L.
Since A is a finite-dimensional algebra over K, maximal subfields always exist

in A.

If L is a maximal subfield of the central simple K-algebra A, then C,(L) ~
M,(L). For if not, then C,(L) ~ M,(D), where D is a noncommutative division
algebra over L, in which there is a subfield E properly containing L, and this
contradicts the maximality of L in 4.

This reasoning leads to the following conclusions.

Theorem 1. If A is a central division K-algebra and L a maximal subfield, then
[A:K]=[L:K}*ie [L:K]=ind A.

For since C4(L) ~ M,(L) and A has no zero-divisors, it follows that n =1,
and so C,(L) = L. By the centralizer theorem,

[4:K] = [C4(L): K][L:K],
hence [4: K] = [L: K]

Proposition. Every maximal subfield L of a central simple K-algebra A is a
splitting field.

For if A ~ M,(K) ®, D, where D is a noncommutative division algebra cen-
tral over K, then A ® L ~ M,(L) ®; C,(L) (Proposition 2.9). By the maxi-
mality of L, C(L) ~ M,(L), and hence A ® L ~ M,,(L). It follows that L is a

splitting field for A.
A maximal subfield of a division algebra A with centre K may be described

as follows:

Theorem 2. An extension L of K is isomorphic to a maximal subfield of the
division algebra A if and only if

1) L is a splitting field of A;

2) [L:K] =deg A.
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§3. Automorphisms and Involutions of Simple Algebras

3.1. Automorphisms of Simple Algebras. Wedderburn’s theorem reduces the
study of an automorphism of an arbitrary simple K-algebra A4 to the study of an
automorphism of the algebra M, (D) (where D is a division algebra over K). In
this latter case we have the following reduction to the study of an automorphism
of the K-algebra D.

Theorem. Every automorphism @ of the K-algebra M, (D) has the form

n q> n
< > eijd,.j> = S( > e,-jd3?>S‘1,
i,j=1 i,j=1

where d;; € D, e;; is the standard matrix basis of M (D), ¢ is an automorphism of
the K-algebra D and S is an invertible matrix in M, (D).

Remark. An analogous statement can be made about anti-automorphisms:
every anti-automorphism @ of M,{(D) has the form:

n ] n
( ) eijdij> = S( ) eﬁdz?)Svl’
i,j=1 i,j=1

where ¢ is an anti-automorphism of D and S € GL (D). Here an anti-automor-
phism ¢: A — A4 is defined by

@la+b)=@la) + o(b), lab) = ¢(b)¢(a).

All the automorphisms of a simple K-algebra A form a group Aut, A, which
contains as a normal subgroup the group Int 4 of all inner automorphisms of A.
(An inner automorphism of A4 is given by the formula i (a) = gag™! for all
ae A). By associating to each x € A* the automorphism i, we obtain a
homomorphism from 4* to Int A.

In the case when A is a skew field we simply write Aut A instead of Auty A.

3.2. The Skolem-Noether Theorem. One of the most useful results in the
theory of simple algebras is the following

Theorem (Skolem-Noether). Let A be a central simple K-algebra and B a
simple subalgebra. If ® is a homomorphism from B to A, then there exists x € A*
such that b® = xbx™" for all b € B. In particular, every K-isomorphism between
subalgebras of A can be extended to an inner automorphism.

3.3. Involutions of Simple Algebras. By an involution of a simple algebra we
understand any anti-automorphism @ such that &2 is the identity mapping. As
already remarked (cf. 3.1), every anti-automorphism @ of a simple K-algebra
M, (D) has the form:

(Z eijdij)q) = S(Z ejidi(f)S—lv
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where ¢ is an anti-automorphism of D. A simple calculation shows that if @ is
an involution, then S can be chosen so that ¢ = Sor §% = —8.

Definition. An element a of a simple algebra is called symmetric relative to
the involution @, if a® = a and skew-symmetric if a® = —a.

3.4. Kind and Type of an Involution. All involutions of a simple K-algebra A
occur in two kinds, depending on their restriction to Z(A). An involution of the
first kind has the property: its restriction to the centre Z(A) is the identity; an
involution of the second kind has the property that its restriction to Z(4) is an
automorphism of order two.

Involutions of a simple K-algebra A acting the same way on the centre are
called centro-invariant. A simple argument shows that in the case of involutions
of the second kind, centro-invariant involutions differ from one another by an
inner automorphism induced by a symmetric element. This is no longer so for
involutions of the first kind. Here involutions are of two types. If & is an
involution of A4, then all the symmetric elements relative to @ form a vector
space S(®) over the field Z(A)y = {a € Z(4)|a® = a}, and dimy,,, S(P) can
only take three values: m? in the case of an involution of the second kind and
m(m + 1)/2 or m(m — 1)/2 for an involution of the first kind, where [4: Z(4)] =
m?. In the case where dimy 4, S(P) = m(m + 1)/2, the involution @ is said to be
of the first type and when dim,,, S(®) = m(m — 1)/2, of the second type. For
an involution of the first kind the following holds: involutions of the same type
differ only by an automorphism induced by a symmetric element and involu-
tions of different types differ by an inner automorphism induced by a skew-
symmetric element.

Example. Let 4 be a quaternion algebra over a field K with canonical basis
1, u, v, where u?> = o, v? = f, uv = —vu, with «, f € K* For any a =k, +
kou + kov + kyuv e Aputa = kg — kyu — kyv — kyuv; thus we obtain an exam-
ple of an involution of the first kind and second type, S(®) = K. Ift?= —te A,
then the mapping ®; is an involution of the first kind and first type. Suppose
that L is a quadratic extension of K with generator ¢ of the Galois group
G(L/K). Then on the K-algebra D ®¢ L, ® ® o is an involution of the second
kind.

Comments on Chapter 1

Historically the first example of a non-commutative field were the qua-
ternions of Hamilton [1]. Molien [1] was the first to introduce the concept of a
simple algebra (over C) and to show that all such algebras are matrix algebras
M,(C). The first examples of a non-commutative field different from Hamilton’s
quaternions were obtained by Dickson [1] (of index 3) and Wedderburn [2]
(arbitrary index).
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The fundamental theorem of Wedderburn was proved in Wedderburn [2].

The first examples of cyclic algebras arose precisely as examples of non-
commutative fields (Hamilton, Dickson, Wedderburn). The basic properties of
cyclic algebras are easily established by means of the theory of crossed products
of Noether and Brauer (cf. Comments on Ch. 2).

In connexion with skew fields of non-commutative formal Laurent series we
mention the example by Hilbert [1] of an infinite-dimensional non-commuta-
tive skew field.

The concept of a splitting field of a simple algebra was in effect first consid-
ered by Schur.

The Skolem-Noether theorem was proved by Skolem [1] and a little later
rediscovered by Noether [3] and Brauer [1].

Involutions of simple algebras were studied systematically in Albert [2],
Rowen [1], Scharlau 3, 4].

Proofs of the basic assertions of this chapter can be found in Chebotarev [1],
Bourbaki [ 1], Chevalley [1], Herstein [1], Jacobson [1].

Chapter 2
General Constructions and Division Algebras
over Arbitrary Fields

§ 1. Crossed Products

1.1. Maximal Separable Subfields of Division Algebras. We recall that in
what follows we shall consider division algebras finite-dimensional over their
centres. The set of maximal subfields of an arbitrary such division algebra
possesses an important property which in general is lacking in finite-dimen-
sional simple algebras.

Theorem. Let A be a division algebra with centre K. Then there exists in A a
maximal subfield L, which is a separable extension of K.

Corollary. If N is a maximal subfield of A, which is a separable extension of
K, and L is a Galois extension of K containing N, then L is isomorphic over K to
a maximal subfield of M,(A), where n = [L: N].

Indeed, by the remark in Sect. 1.3 of Ch. 1, the field N may be identified with
a maximal subfield of the algebra M, (L), which is a subalgebra of M, (A).

1.2. Generalized Crossed Products. Let T be a central simple algebra over a
field L and K a subfield of L such that L/K is a Galois extension with Galois
group G. Suppose that there exist mappings a: G — Aut,(T) and f: G x G —
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T* satisfying the conditions

a(o)a = o(a) forallae L, (1)
Ire.0%(07) = a(o)a(t) foralig, 7€ G, (2)
a(o)f(z, v)f(o, Tv) = flo, 1)f(oT,v) forallo,t,veG. 3)

The pair («, f) is called a generalized factor system (or generalized cocycle) over
K for L.

Definition 1. Let (a, /) be a generalized factor system. The ring A = (T, (o, f))
is called a generalized crossed product of T and G relative to the generalized

factor system, if A= P Tx,, where equality and addition in A are defined
oeG

componentwise, while multiplication is defined by the conditions
afo)tx, = x,t forallo e G,and te T, 4)
x,x, = flo,7)x,, foralle,1€G. (5

The algebra T is usually called the skeleton of the generalized crossed
product.

Generalized crossed products may be characterized by the following
conditions.

Theorem 1. (T, («, f)) is an associative ring with unit element satisfying the
following conditions:

() (T, («, f)) is a central simple algebra over K

(1) (T, (o, f)) contains a subfield E isomorphic over K to L, and Ciy (, ryye is @
subalgebra of (T, (a, f)) isomorphic to T;

(iii) the element x, is invertible in (T, (%, f)) and moreover, x,tx;" = a(o)(t) for
allte T

The natural problem of the K-isomorphism of two generalized crossed
products with the same skeleton is solved by means of the notion of equivalence
of generalized factor systems.

Definition 2. Two generalized factor systems (o, f) and (f, g) are said to be
equivalent if there is a function t: G — T* such that

Blo) = i, (o), (6)
g(a, 1) = t,a(o)(t,)f (o, 0)t,! forallo,teG. (7

Theorem 2. Two generalized crossed products (T, (o, f)) and (T, (B, g)) are
K-isomorphic if and only if the generalized factor systems (a, f) and (B, g) are
equivalent.

In the classical theory of simple algebras one usually has the particular
case of this construction, due to Noether, when T = L. Below only this special
case is considered, although many assertions remain valid in the more general
situation.
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1.3. Crossed Products. Let L/K be a finite Galois extension with Galois
group G.

Definition 1. A generalized crossed product of the L-algebra L and the group
G relative to the generalized factor system (idg, f) is called a crossed product of
the field L and group G relative to f (the mapping f in this case is called a factor
system). This crossed product is denoted by (L, G, f).

The equation of the preceding paragraph defining a factor system becomes

(o) (f(z, V))f(a, v) = flo, 1) f(o71, v), (3)

and the crossed product (L, G, f) is a central simple algebra over K having the
form @ Lx,, where

oeG

a(a)()x, = x,1 forallceGandleL, "
X,x, = f(o,7)x,, foralle,teG. @)

Remark. The importance of the preceding construction consists in the fol-
lowing. Every division algebra 4 with centre K contains a maximal separable
subfield N (cf. 1.1), and in view of the corollary of 1.1, for a suitable natural
number n the algebra M,(A) contains a maximal subfield L which is a Galois
extension of K. Now by the Skolem-Noether theorem, for each ce G =
Gal(L/K) there exists an element x, such that the automorphism i, induces by
its restriction to L the automorphism ¢. If we put x,x,x.} = f(o, ), then the
mapping f: G x G — L is a factor system. Now an easy verification shows
that M,(4) = (L, G, f).

As in the case of generalized crossed products one defines the equivalence of
factor systems.

Definition 2. Two factor systems f:G x G— L* and g: G x G — L* are
called equivalent if there exist elements [, € L* such that

g(o, 1) = La(o)(l,)f(o, 0)l;} foralle,teG. (7)
With these notations we have the

Theorem. Two crossed products (L, G, f)and (L, G, g) are K-isomorphic if and
only if their factor systems f and g are equivalent.

Remark. By considering a suitable factor system equivalent to a given one,
we may suppose without loss of generality that f(o, 1) = f(1, 6) = 1, and this
will be assumed in what follows.

1.4. Simple Properties of Crossed Products. For an account of the properties
of crossed products the following equivalence relation on the set of central
simple K-algebras is useful. Two central simple K-algebras 4 and B are similar:
(A~ B)if A ~ M,(D) and B ~ M, (D), where D is a division algebra over K.
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Crossed products have the following properties:

1. The function i:G x G — L*, where i(g, 7) = 1 for all g, 7 € G, 1s a factor
system on G with values in L* and (L, G, i) >~ M, (K).

2. If f and ¢ are factor systems on G with values in L*, then the function
fg(o, 1) = f(o, T)g(o, 7) for all o, T € G is a factor system on G with values in L*
and moreover,

(L9 G7 fg) ~ (L’ G’ f) ®K (L’ Ga g)

3. The function f7!: G x G- L*, f~ (0, 7) = f(6, )", where f is a factor
system on G with values in L*, is again a factor system, and moreover,

(L, G, )*=(L, G [,

where (L, G, [)°? is the opposite of (L, G, f) (cf. §2).

4. If E is an extension of K, then the restriction of E-automorphisms of LE
to L is an isomorphism ¢ of the Galois group of LE over E and the Galois
group H of L over L E. Since H < G, the function fg(o, 1) = f(@(0), (1)),
where f is a factor system on G with values in (LE)* is a factor system on H with
values in (LE)*. Further,

(L, G, f)®« E ~ (LE, H, fg).

1.5. Universal Finite-dimensional Division Algebras. Let K be an infinite
field, n a natural number greater than 1 and F a purely transcendental extension
of K with transcendence basis X = {xj;}, where 1 <i,j < n,te N. Let 4,(K) be
the subalgebra of M, (F) generated by the matrices {M®, r € N}, where M© =
lixjll (A,(K) is called the generic matrix algebra of degree n over K). The alge-
braic independence over K of the elements of X implies the truth of the follow-
ing assertion.

Lemma. The algebra A,(K) is a non-commutative ring without zero-divisors.

From this lemma it follows immediately that the centre Z(A,(K)) of 4,(K) is
a commutative ring with one and without zero-divisors. Let K, be the field of
fractions of Z(4,(K)).

Definition. The algebra D,(K) = A,(K) ®z4 (x) K, is called the universal di-
vision algebra of degree n over K.

Theorem. The algebra D,(K) is a central division algebra over K, and
deg D,(K) = n.

It is clear that A4,(K) is contained in D,(K) (as Z(A4,(K))-subalgebra) via the
mapping a— a ® 1. The following statement characterizes the role of 4,(K).

Proposition. If F is an extension of K and A a central simple F-algebra then

the following assertions hold.
@) If f: A,(K)— A is a homomorphism of K-algebras, then f(Z(A,(K)) < F.
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@) If yi, ..., Yy are distinct non-zero elements of A,(K), then there exists a
K-algebra homomorphism f: A,(K)—> A such that f(y,), ..., f(y,) are distinct
elements of the unit group A*.

1.6. Amitsur’s Example of a Division Algebra Which Is Not a Crossed Prod-
uct. Asremarked in 1.1, for an arbitrary central division algebra A over K there
is a natural number m such that M, (A4) is a crossed product. For a long time one
of the key problems in the theory of division algebras was the question whether
every division algebra is a crossed product. The following result answers this
question in the negative.

Theorem (Amitsur). If D,(Q) is a crossed product, then n = 2°q, ...q,, where
a<2andq,...,q,are distinct odd primes.

Thus for all degrees n not of the above form, D,(Q) is not a crossed product.

1.7. Generic Division Algebras. This class of algebras is closely related to the
class of universal division algebras. As in 1.5 we consider A,(K), the generic
matrix algebra of degree n over K and in it for a fixed r € N, r > 2, take the K-
subalgebra M (K, n, r) generated by MY, M@ .. M®. By Lemma 1.5 it follows
immediately that M(K, n, r) is a non-commutative integral domain. Its central
localization UD(K, n, r) is then a division algebra of degree n over its centre
Z(UD(K, n, r)) (below this is simply written Z(K, n, r)), called the generic divi-
sion algebra of degree n in r variables over K.

1.8. Centres of Generic Division Algebras. One of the important problems
connected with the study of generic division algebras is the question of the
rationality of Z(K, n, ) over K (rationality means that Z(K, n, r) is a purely
transcendental extension of K). For a study of Z(K, n, r) the following interest-
ing interpretation often proves useful.

Let K[x{)] be the polynomial ring in x{ (1 <i,j <n, 1 <t <r)over K. We
define the action of the general linear group GL (K) on K [x(”] as follows. Let
P e GL,(K)and M® = |[x{?|| and put

X9 = PMOP.

Then the mapping x{ — X%, 1 <i,j <n, 1 <t <r, induces in a natural way an
automorphism of K [x(”] and likewise an automorphism of its field of fractions
K(x{?), which will again be denoted by P. The field of invariants of GL,(K) is

defined in standard fashion:

K(x)et-® = {fe K =1}

for any P € GL,(K).
With the foregoing notations we have

Theorem 1. The fields K (x?) % and Z(K, n, r) are naturally isomorphic if
char K = 0 and K is algebraically closed.
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The problem of the rationality of the field Z(K, n, r) was reduced by Procesi
[1] to the case r = 2, more precisely we have

Theorem 2. If r > 2, then Z(K, n,r) is a purely transcendental extension of
Z(K, n, 2) of transcendence degree (r — 2)n?.

For matrices of the second order the problem was completely solved by
Procesi [1].

Theorem 3. The field Z(K, 2, r) is rational over K.
The cases n = 3, 4 were considered by Formanek [1, 2].
Theorem 4. The fields Z(K, 3, r) and Z(K, 4, r) are rational over K.

In connexion with Theorem 2 we also note the following representation of
Z(K,n,2) as a certain field of invariants under the action of the symmetric
group S,,.

Theorem 5. Let K(x;, yyl1 <i, j < n) be a purely transcendental extension
of a field K with transcendence basis {x;, y;;} < j<n and L the subfield of
K(x;, yyl1 < i, j < n) generated over K by the set {x;, yii, VisVji» VijYuYiil 1 < iy js
k < n}. Then:

(i) L is a rational function field over K of transcendence degree n® + 1;

(i) the action of the symmetric group S, on the variables {x;, y,;} defined by the
Jormulae

n(x;) = Xa(iys n(yij) = Yawmny» TE Sps

induces an action of S, as group of automorphisms of L;
(i) the field Z(K, n, r) is isomorphic to the field of invariants of the group S,
in L.

There are a number of results at present: Bogomolov [1], Colliot-Théléne
and Sansuc [2] Le Bruyn and Molenberghs [1], Saltman [2, 3] closely con-
nected with the problem of the rationality of Z(K, n, r).

We mention one of these which is the simplest to formulate.

Let BS(UD(K, n, r)) be the Brauer-Severi variety of UD(K, n, r) (cf. below in
§3, 3.5) and K(BS(UD(K, n, r))) the corresponding field of rational functions.
Then we have

Theorem 6. The field K(BS(UD(K, n, r))) is rational over K.

§ 2. The Brauer Groups

2.1. Definition. For any field K an abelian group structure BrK can be
defined on the set of all central division algebras over K called the Brauer group
of this field, which plays an important role in many parts of algebra and number
theory. First of all we remark that for an arbitrary central simple K-algebra A
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its opposite is defined as the algebra A°° differing from A in the multiplication,
which is changed from () in A4 to * defined by the equation

axb=>b-a

for any a, b € A. It turns out that A° is a central simple K-algebra and more-
over, we have the following

Theorem. A ®y A ~ M, 42(K).

Proof. If a® be A ® A, then the mapping x> axb, where x € A4, is a
K-endomorphism of the vector space A4, and it is not hard to see that it defines
a K-homomorphism ¢: A ®g A°® — Endg(A4). But the algebra A ®g AP is
simple, and dimg 4 ® A°P = dimy Endy A, therefore ¢ is an isomorphism.

This result allows us to define on the set D(K) of central division algebras
over K an operation which turns D(K) into an abelian group, the Brauer group
of K.

Let D,, D, € D(K). Then the algebra D, ® D, is by Wedderburn’s theorem
K-isomorphic to a certain algebra M,(D;), where D; is a central division K-
algebra. We now put D, o D, = D;. The operation defined on D(K) in this way
is clearly commutative with 1 (coinciding with K) and with D°® as the inverse of
D.

A more traditional form of this definition consists in the following. On the set
S(K) of central simple K-algebras we introduce an equivalence relation ~: two
algebras A, B e S(K) are called similar if 4 ~ M, (D), B ~ M,(D), where D is a
central division algebra over K. On the set S(K)/~ we define the operation
[A]-[B] = [4 ®¢ B], where E denotes the class of algebras similar to E.

2.2, Brauer Groups of Special Fields. The following examples show that
Brauer groups may be very different.

1. The Brauer group of an algebraically closed field is trivial, in particular,
Br C = 0. Indeed, there is no non-trivial division algebra over an algebraically
closed field (see 1.2 of Ch. 1).

2. The Brauer group of the real numbers is the cyclic group of order two. It
will be enough to show that there is only one non-trivial central division R-
algebra. Let A be a non-trivial central division R-algebra. Then 4 @z C ~
M,(C) (because Br C = 0). Hence C is a splitting field of 4 and since [C: R] is
divisible by deg A, it follows that deg A = 2. Now 4 is a division algebra, so C
is a maximal subfield of 4. This means that A contains an element i such that
i? = — 1. By the Skolem-Noether theorem the R-automorphism of C mapping i
to —iis an inner automorphism i, of A. It is clear that g? € C and since g's = g,

it follows that g € R. Consider the element j = g./|g?|!; we have j* = —1
and putting k = ij, we find that 4 ~ H, where H is the quaternion algebra of
Hamilton.

3. The Brauer group of a finite field is trivial. For if K is a finite field and D
a central division algebra over K, say [D: K] = n?, then all maximal subfields
of D are isomorphic, as extensions of degree n of a finite field. Hence by the
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Skolem-Noether theorem D* = U xL*x~!, where L is a maximal subfield of

x e D*

D. The finite dimensionality of D over K implies that D is finite. But for a finite
group the decomposition D* = | ] xL*x7', as is well known, is possible only

x e D*
if D* = L*; hence D = K.
4. Let Q" be the additive group of Q and Z* the subgroup of integers.

Theorem. Let K be either the field Q, of p-adic numbers or the field of formal
power series F;<{x>. Then

BrK ~Q*/Z".
In what follows, the group Q*/Z* will for brevity always be denoted by Q/Z.

The proof of this theorem is very deep and requires a study of the structure of
division algebras over local fields, which will be a subject of discussion in Ch. 3.

2.3. Profinite Groups and Their Cohomology. We shall confine ourselves
here to a minimal amount of information on profinite groups and Galois
cohomology, which will be sufficient for a study of the Brauer groups of fields.

Let I be a set equipped with a reflexive and transitive relation <, such that
for any a, b € I there exists ¢ € I such that ¢ > a, ¢ = b. An inverse (projective)
system of topological groups over I is a set of topological groups (G;);.; and a
system of morphisms n/: G; — G, (j = i) such that n} = id; and n{n} = =} for
i<j<k

Definition. A topological group G is called profinite, if it is isomorphic to the
inverse limit of a system of finite groups.

Example. The Galois group of a field extension. Let K be a field and E a
Galois extension with Galois group G(E/K). Let {L;};.; be the set of all finite
Galois extensions of K contained in E. Then E = | JL;. If L; < L;, then there
exists a homomorphism 7/: G(L;/K) - G(L;/K), obtained by restricting the
automorphisms. The system (G(L,/K), m;, I) is an inverse system; moreover its
inverse limit is isomorphic to G, where the isomorphism is defined as follows.
For any i e I there exists a restriction homomorphism ¢;: G(E/K) — G(L;/K),
which leads to a mapping ¢: G(E/K) - [ | G(L;/K). It turns out that ¢ is

iel
injective and ¢(G(E/K)) = li}_n G(L;/K} (where lir_n denotes the inverse limit).

If (G}, nf, I'} is another inverse system of groups G;. over I’, and a mapping

@:I' > 1 is given which preserves the ordering and for any i’ € I' a morphism

G, — G is given such that for i’ < j" € I’ the diagram
b I
GW{L') — GL,
293 ¢!
9l Ty
Lp(}’ i
qul) va/
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is commutative, then the system (@, ¢, i’ € I') = @ is called a morphism from

(Gies t0 (Gi)ycp. Every such morphism @ defines a mapping ®*: [| G, -
iel

[1 G, if @*(x)e [] Gi, where x € [] G, (for any i’ € I') is the element such

i‘el’ i'el’ iel .

that its i'-coordinate equals ¢;(x,,), and the restriction of @* to lir_n G;is a

continuous homomorphism into 123“ G,, called a morphism from G to G’ rela-

tive to @ (or simply a morphism from G to G').

For any profinite group G, a closed subgroup H and a closed normal sub-
group L there is an isomorphism:

G~ lir_n G/U,
where (U;); . is the system of all open normal subgroups of G,
H =~ llr_n H/HnU),
G/L ~ lim G/U;L.
-

Let G be a profinite group, 4 a left G-module and U an open subgroup of G.
Denote by AY the set of elements of 4 fixed under the action of U. The G-
module A is called discrete, if A =|)A". (We recall that G-module means
Z[G]-module, where Z[G] is the integral group ring of G).

The cohomology of profinite groups is defined as follows.

Let A be a discrete G-module and C" = C"(G, A) the set of all continuous
mappings of G"into A for n > 1, and C° = C%(G, 4) = A. The group operations
in A transfer in a natural fashion to C"(G, A).

Let d,: C*(G, A) - C™*(G, A) be the homomorphism given by the following
formulae: for f e C*(G, A)

(dnf)(xl, Ty xn+1) = xlf(x29 ey xn+1) + le (—l)vf(xla cees Xy T Xyt e xn+1)

+ (— 1)n+1f(x1, ey xn)'

We define the cohomology groups H*(G, A) of G with coefficients in A as
follows.

Kerd,/Imd, ,, n=1,

HY(G, 4) = {Ker d,, n=0.

The following homomorphisms of cohomology groups are closely connected
with the Brauer groups of fields.

1. Let H be a closed subgroup of a profinite group G. If 4 is a discrete
G-module, then the inclusion f: H — G defines A4 as an H-module, leading
to homomorphisms C"(G, A) - C"(H, A), which induce restriction homomor-
phisms res¥: H*(G, A) - H"(H, A).

2. Let H be a closed normal subgroup of the profinite group G. Every
discrete G-module A defines a G/H-module A" such that the natural mapping
induces homomorphisms n,: H"(G/H, A") - H"(G, A"). The inclusion A" — 4
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induces homomorphisms i,: H*(G, A®) - H*(G, A). The composition of m, and
i, defines the inflation homomorphism

inff: HY(G/H, A") - H"(G, A).

3. For a closed normal subgroup H of a profinite group G and a discrete
H-module 4 a module M{(A4) may be defined, consisting of all continuous
mappings f*: G — A satisfying the condition f*(hx) = hf*(x), where he H, x €
G. The action of the group on M¥(4) is given by

(af*)(x) = f*(xg).

The homomorphism from M{(A) to A which identifies each f* e M#(A) with
the element f*(1) induces the homomorphism:

t,: HY(G, ME(A)) - H(H, A).
Proposition 1. The homomorphism p, is an isomorphism.

If H is a closed subgroup of finite index and A4 a discrete G-module, then we
can define a surjective G-homomorphism

n ME(4) > A,

such that n(f*) = ) xf*(x7'), and # induces homomorphisms
xeG/H

n,: HY(G, M{(A)) - HY(G, A).
The composition corf = m,u; " is called the corestriction homomorphism.
Proposition 2. If H is of index n in G, we have the relation
cor? -rest = n.

For the cohomology of profinite groups we have the following important
property: let (U;);.; be the family of all open normal subgroups of the profinite
group G; then for a discrete G-module 4 and n = 0,

H"(G, 4) = lim H"(G/U,, A%).

The preceding property allows us to generalize to the case of arbitrary profinite
groups the well known results on the periodicity of the cohomology groups of

" finite groups.

Theorem. The groups H'(G, A) are periodic for n = 1.

2.4. Galois Cohomology and Brauer Groups. Let E be a Galois extension of
a field K, {K;},., the set of finite Galois extensions of K contained in E and
U, = G(E/K;). Then G = G(E/K) = lim G/U,, and moreover (E*)V: = K, and
E* = U(E*)”i. The groups H*(G, E*‘)_are called the n-th Galois cohomology
groups of E. From the point of view of the study of the Brauer group of K the
basic interest resides in the group H?(G, E*). If K is the separable closure of K,
we shall for brevity instead of H"(G(K,/K), K*) write H?(K).
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For an arbitrary Galois extension E of a field K and a Galois extension L of
K contained in E, we have the following exact sequence

0 - H*(G(L/K), L*) - H*(G(E/K), E*) - H*(G(E/L), E*).

From the exactness of this sequence we obtain the following assertions.
1. For any Galois extension F/K the sequence

0 — H*(G(F/K), F*) - H*(K) - H*(F)

is exact.
2. If (K,);, is the family of all finite Galois extensions of a field K, contained
in a fixed algebraic closure, then
H*(K) = | ) HYG(K/K), K). (*)
iel
The use of Galois cohomology theory in the theory of finite-dimensional
simple algebras is effectively based on the isomorphism

H*(K) ~ Br K.

This isomorphism is established with the help of () and the equation Br K =
| Br(K;/K), where Br(K;/K) is the subgroup of Br K consisting of all [4] such

iel

that K, is a splitting field for A4, and taking account of the isomorphism
H*(G(K/K), K}) = Br(K,/K).

This last isomorphism may be obtained as follows.

The abelian group H*(G(K;/K), K¥) coincides with the factor group Ker d,/
Im d,. The group Ker d, consists of all functions f: G(K;/K) x G(K;/K)— K}
satisfying the condition

X1 f(X2, X3)f(x1, X5 x3) = fxy, X3) /(X1 %2, X3),
ie. by (3) of 1.3, f is a factor system on G(K;/K) with values in K¥. Thus there
exists a mapping @: Ker d, — Br(K,/K) given by the formula
?(f) = [(K;, G(Ki/K), f)].

By the remarks in 1.3, the mapping & is surjective. It remains to show that
Im d, = Ker @. To say that the element f belongs to the kernel of @ means that
(K;, G(K;/K), f} =~ M_(K). But then the factor system g(o,t)=1for all g, 7€
G(K,/K) is equivalent to f, and by (7') it follows that

flo, 1) = t,a{0)(t)t,;

Putting e(g) = t,, we oblain f = d, e, therefore Ker @ < Im d,. Conversely, if
feImd,, then by using an equivalent factor system we obtain the opposite
inclusion. Hence @ induces an isomorphism

@* Ker d,/Im d, — Br(K,;/K),

as was to be shown.
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2.5. Exponents. As already mentioned in 2.3, the groups H*(K) are periodic,
therefore, taking into account the isomorphism H?(K) ~ Br K, we see that the
Brauer group Br K is a periodic abelian group. The isomorphism

&*: HX(G(F/K), F*) - Br(F/K),

where F is a finite Galois extension, together with the general result that the
exponent of the group H3(G(F/K), F*) divides the order of G(F/K), shows that
for every central simple K-algebra A of degree n the order of [A] in the group
Br K is a divisor of n!.

Definition. The exponent of the algebra A (denoted by exp A) is the order of
[A] in the group Br K.

In fact there exist more precise estimates for the exponent than those listed
above.

Theorem 1. Let A be a central simple K-algebra and T = {p,, ..., p,} the set
of all distinct primes dividing ind A. Then exp A divides ind A and every element
of T divides exp A.

The basic property of exponents is contained in the following statement.

Theorem 2. Let A and B be central simple K-algebras, and F a finite exten-
sion of K. Then:

(1) From [A] = [B] it follows that exp A = exp B.

(i) exp(A ®g F) is a divisor of exp A.

(1) exp A is a divisor of [F : K] exp(4 ®x F).

(iv) If ind A and [F : K] are coprime, then

exp(A ®g F) =exp A, ind(4 ®¢ F) = ind A.

(iv) exp(4 ®x B) divides the least common multiple of exp A and exp B.
(vi) If ind A4 and ind B are coprime, then

ind(4A ®, B) = ind A4-ind B.
If A and B are division algebras, then A ®y B is again a division algebra.

From the last assertion of Theorem 2 follows the theorem on the decomposi-
tion of any division algebra as a tensor product of division algebras with pri-
mary indices that are pairwise coprime.

Theorem 3. If D is a central division K-algebra of degree deg D = p{'...ps,
where p,, ..., p, are the different prime divisors of deg D, then D = D, Q-
®x D,, where Dy, ..., D, are central division K-algebras of indices p5', ..., ps~
respectively, and this decomosition is unique up to K-isomorphism.

2.6. Algebras of Exponent Two. From the point of view of various applica-
tions the basic interest resides in algebras possessing an involution. If we restrict
ourselves to involutions of the first kind, the question of their existence is
closely connected with the exponent of the algebras.
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Theorem 1. A central simple K-algebra A has an involution of the first kind if
and only if exp A < 2.

Indeed, if 4 has an involution of the first kind, then 4 and A°® are K-
isomorphic. But then [4°P] = [A4] and so exp[ 4] cannot exceed 2. If exp 4 < 2,
then [A°°] = [A], hence A°® and A are K-isomorphic, which implies the exis-
tence of a K-anti-automorphism ¢ of A. The fact that ¢ has order two is
somewhat harder to prove (cf. Albert [4]).

Corollary. If A is an algebra of exponent two, then ind 4 = 2™,

We remark that the elements o« € Br K such thata = [4] and exp 4 < 2 form
a subgroup ,Br K of Br K. Simple algebras of exponent two have already
occurred in 1.2 of Ch. 1. We shall now give a construction allowing us to
describe algebras of degree two. We remark that by Theorem 1 of 2.5 the
exponent of such algebras cannot exceed two.

Let A be a central simple K-algebra and [4 : K] = 4. If A contains a maximal
separable subfield L, then [L: K] = 2, and L is a cyclic extension of K, therefore
A = (L/K, o, b) is a cyclic algebra. The condition of the existence of a maximal
separable subfield in the algebra is equivalent to the existence of a separable
extension of K of degree two. If no such extension exists, then A is clearly
K-isomorphic to M,(K). If char K = 2, then L is the splitting field of a suitable
polynomial x* — x —a, a € K, and exp A = 1 or 2, depending on whether o
belongs to Ny x(L*) or not. If char K # 2, then either no quadratic extension of
K exists (and then A = M,(K)), or L = K(\/E) for a suitable element a € K. In
the latter case we can choose a basis (1, u, v, uv) in A such that 1, is the one of
A, u? =a,v* = be K* and uv = —ou. An algebra with such a basis is called a
generalized quaternion algebra over K, corresponding to the pair a, b € K* and

b
will be denoted by A(a, b) (sometimes <a1,<> or (a, b)).

It is clear that ind 4 =exp 4 = 2 if and only if b ¢ NK(\/;,/K(K(\/;)*. The
connexion of such algebras with the theory of quadratic forms consists in the
following.

Proposition. The algebra A(a, b) is a division algebra (i.e.exp A =ind A = 2)
if and only if the quadratic form x? — ax% — bx3 + abxZ does not represent zero
non-trivially over K.

Thus all division algebras (exp A = ind A = 2) are cyclic.
A division algebra A for which exp A = 2, ind 4 = 4 also has a simple struc-
ture.

Theorem 2. Let A be a central division K-algebra and ind A =4, exp A =2
(char K # 2). Then A = A, ® A,, where A, A, are central division K-algebras
which are generalized quaternion algebras.

The claim that arbitrary division algebras of exponent two are cyclic is not
generally true, as Albert has shown. This raises the question of the existence for

II. Finite-Dimensional Division Algebras 155

every non-identity element a € ,Br K of a cyclic algebra A such that « = [A4],
which has been answered positively in the case of char K = 2.

Theorem 3. If char K = 2 and o is a non-identity element of ,Br K, then there
exists a cyclic algebra A such that o = [A].

On the other hand, for a field K- of characteristic not two, it seems a natural
hypothesis by Theorem 2, that every division algebra of exponent two is a
tensor product of generalized quaternion algebras. However this is not true. The
corresponding counter-example arises already in the case of a division algebra
of index eight (Amitsur, Rowen and Tignol [1]). Nevertheless, a weaker hypoth-
esis, formulated in the language of the group ,Br K is true.

Theorem 4. Let char K # 2 and o€ ,Br K. Then o = a,...q,, where a; =
(4.1, ....a,=[A,] and A,, ..., A, are generalized quaternion algebras.

Thus every algebra of exponent two may be “constructed”, up to a certain full
matrix algebra, out of generalized quaternion algebras.

2.7. Brauer Groups and the K,-Functor of Fields. The first proof of Theorem
4 in 2.6 was obtained with the help of the method of algebraic K-theory. Later
it was shown that this method allows one to obtain a much more general fact on
the structure of Brauer groups, containing Theorem 4 as a special case. Below
we shall for convenience of notation denote the base field by E.

Let ,Br E be the subgroup of the Brauer group consisting of all elements
whose order divides n. If we suppose in addition that the group {y,> of n-th
roots of unity contained in E has order n (in particular, n and char E are then
coprime), then with each pair of elements a, b € E* we can associate a central
simple E-algebra A, (a, b) (1, is a primitive n-th root of unity contained in E).
The algebra A4, (a, b) is given by the following generators and defining relations:
the algebra is generated by two elements x and y such that

x"=a'l, y'=b1, xy=upuyx

It is a natural question whether the set of elements [4, (a, b)], when a and b
run independently over E*, form a generating set for the group ,Br E; this is

- closely connected with what are known as Milnor’s K ,-groups of a field. Taking

account of Matsumoto’s theorem which describes a system of generators and
defining relations for these groups, we define the groups K, in the following
fashion.

Definition. Let E be a field; then Milnor’s K ,-group of E is an abelian group
K,(E) with a generating set consisting of all pairs {a, b}, a, b € E*, subject to the
foliowing defining relations:

1) {ab, ¢} = {a, ¢} + {b,c};

2) {a, bc} = {a, b} + {a, c};
3) {a,1 —a} =1fora+#0,1.
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The pair {a, b} is usually called a symbol and properties 1 and 2 express the
bimultiplicativity of the symbols.

The connexion of the Brauer groups with the groups K, consists in this, that
the replacement of the symbol {a, b} by the element [A, (a, b)] (here it is of
course assumed that u, € E) may be extended to a homomorphism

R, Ky(E)—> BrE,

which carries the name norm residue homomorphism.

A simple calculation shows that [4, (a, b")] is the unit element of ,Br E. On
the other hand, {a, b"} = n{a, b}, therefore nK,(E) is contained in the kernel of
the homomorphism R, ;. Thus we have a homomorphism

R, ;i Ky(E)nK,(E) - ,Br E.

A fundamental result in the theory of Brauer groups consists in the following
(A.S. Merkur’ev — AA. Suslin [1]).

Theorem. The mapping R, g is an isomorphism.

Corollary. Any element o € ,Br E may be represented in the form of a tensor
product of symbol-algebras (i.e. algebras of the form A, (a, b)). In particular,
every central division E-algebra is similar to a tensor product of cyclic E-algebras.

2.8. Simple p-Algebras. The Merkur’ev-Suslin theorem refers to algebras
whose index is prime to the characteristic of the base field. Let us now consider
the contrary case.

Definition. Let E be a field of characteristic p > 0. A central simple R-algebra
A is called a p-algebra over E, if deg A = p°.

In the case of a perfect field E we have the following result.

Theorem 1. If the field E is perfect (of characteristic p), then every central
simple p-algebra over E is isomorphic to M,(E), for a suitable natural number n.

Thus below E will be an imperfect field.
An important property of p-algebras is the existence of a purely inseparable
splitting field.

Theorem 2. Let A be a p-algebra over E, ind A = p®. Then A has a splitting
field which is a finite purely inseparable extension of E, of exponent not ex-
ceeding p°.

The further description is related to the existence of a purely inseparable
splitting field.

Theorem 3. Let A be a p-algebra over E and E("l\/ai, B "g/aj) a splitting
field, n, = pi, a; € E, such that no splitting field E(™\/a, ..., ""\/a',) exists, where
m; = p’i < n; and for at least one i, 1 <i<t,m; <mn;. Then
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A~(Z,/E, 0,,7,) ®r  ®p(Z/E, 0, %),
where deg(Z,/E, 0,, ;) = n;, {a;» = Gal(Z,|E), y; € E*.
Further we have
Theorem 4. Every p-algebra is similar to a cyclic algebra.

In terms of purely inseparable splitting ficlds we can also give a description
of the exponent.

Theorem 5. The exponent of any p-algebra coincides with the minimum of the
exponents of all purely inseparable splitting fields.

In conclusion we mention a useful consequence.

Corollary. Every central division E-algebra of exponent p is similar to a tensor
product of cyclic algebras of degree p.

Clearly this follows at once from Theorems 5 and 3.

2.9. Generators of Brauer Groups. Since Br E is a periodic abelian group, it
is enough to obtain a description of the p-primary components Br E(p) for each
prime p.

In case char E = p, by Theorem 4 of 2.8 every element o« € Br E(p) has the
form o = [A], where A is a suitable cyclic algebra.

Now let p # char E, E, = E(u,), where . is a primitive p"-th root of unity
in a fixed algebraic closure E, of E. Further, let the roots y,., n € N, be chosen
such that pZ.. = p,. for any ne N if p # 2 and pins = —pyn forne N, n > 2,
Put E, = {) E,. The action of the Galois group G = Gal(E/E) on the group

neN
{u,-} of roots of all degrees p" (n € N) of unity defines an embedding #: G —»

Aut{u,.} ~ Z* where Z, is the ring of p-adic integers. From this embedding it
immediately follows that for p # 2 the group G has a single topological genera-
tor. In the case when p = 2 this is generally speaking not so, therefore to require
the existence of a single topological generator represents a restriction, although
this can be removed if we assume that ./ —1 € E.

Below we shall suppose that G is a group with a single topological generator.
In this case the different possibilities are as follows.

Case 1. The group G is finite of order prime to p.

Case 2. The group G is infinite.

Case3. p=2and G =~ Z/2Z.

Let 7 be a fixed topological generator and m = n(t) € Z}.

In case 1 we put [aq,b], = corEdE[Aup"(a, b)], where the mapping cory g

Gal((E,)|E)

induces the homomorphism COTCaE I8, -

Theorem 1. Let G be a finite group whose order is prime to p. Then the group
Br E(p) is generated by elements of the form [a,b],, a, be E;, ne N, with
defining relations:



158 V.P. Platonov and V.I. Yanchevskii

1) the symbol [a, b], is bimultiplicative;
2) [a’ 1 - a]n = 15
3) [(l, b]r[:+l = [a’ b]m [a’ b]l{ =

In case 2 there exists r € N such that for any n>r, [E,,,: E,] =p. For a,
b € E* suppose that a, b € E¥, n > r. We put

[xa }’] = CorE"IE[Aupn(a’ b)]
It can be shown that the symbol [x, y] does not depend on the choice of n.

Theorem 2. If the group G is infinite, then the set {[a, b]la,be E,} is a
generating set for Br E(p) with the following system of defining relations:

1) the symbol [a, b] is bimultiplicative;

2) [a,1 —a]l =1;

3) [a,b)" =L ifa,be EX,n>r,

4) [a, b]" = [1a, tb].
In case 3 we put

[a, b], = corg_g[A,,.(a,b)], a,beE,, n=2,
{a,b) =[A(a, b)], a,beE.

Theorem 3. If G = Z/27Z then the group Br E(2) has the system of generators
{[a, bl,, {c,d>|a, be E*, c,d € E} with defining relations:

1) the symbols [x, y1,, {a, b) are bimultiplicative;

2) [a,1 —a]=<a,1 —a) =1,

3) La, b]f = [a, bl,1;

4) [a’ b]z = <NE®|E(a)a b>> ae E:oa be E*;

5) {a,b)* =1,

6) [a,b],=1,a,be E*

§ 3. Splitting Fields

3.1. Algebraic Splitting Fields.

Definition. Let A be a central simple algebra over a field K and L an exten-
sion of K. The field L is said to be an algebraic splitting field of 4 if (i) L is a
splitting field of A and (ii) L is an algebraic extension of K.

As already mentioned earlier, for a study of splitting fields of simple algebras
it is enough to restrict attention to splitting fields of division algebras, therefore
we shall below often restrict ourselves to the case when A is a division algebra.

If L is an algebraic splitting field of the division algebra A, then L necessarily
contains a splitting field M of 4 which is a finite extension of its centre. So a
problem of some interest consists in the description of all splitting fields that are
finite over K. Such fields have the following important property.
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Proposition. Let A be a central division K-algebra and L a splitting field of A
finite over K. Then L is a maximal subfield of some central simple K-algebra
similar to A.

This proposition may also be reformulated as follows. The set of all splitting
fields of a central simple K-algebra A that are finite over K coincides with the
set of all maximal subfields of simple algebras similar to A.

It is clear that this last case at once implies the truth of the following
assertion.

Theorem 1. Let L be a splitting field of a central simple K-algebra A, finite
over K. Then ind A divides [L : K].

By the preceding considerations and Theorem 1 the question naturally arises
whether every finite-dimensional splitting field of a simple algebra contains a
maximal subfield of a division algebra similar to it. This is not the case (with
reference to examples, see Ch. 3, 2.12).

Since every maximal subfield of a division algebra is a splitting field, as
already mentioned earlier, the general problem of the description of finite-
dimensional splitting fields falls into two parts: to describe the maximal sub-
fields of division algebras and to describe the finite-dimensional splitting fields
not containing maximal subfields of the corresponding division algebras. It
would be unrealistic to expect to find a solution of these problems for arbitrary
ficlds. However, there is another approach to the description of finite extensions,
which will be explained below.

From the point of view of the internal structure of simple algebras it is
sometimes important to know, not the whole set of splitting fields, but only
some of them. For example, the construction of crossed products leads to the
following problem.

Does every central simple K-algebra possess a maximal subfield which is a
Galois extension of K?

This problem was answered negatively (Theorem 1.6). In this connexion there
arises another problem: Does there exist, for every division algebra, a simple
algebra similar to it with a maximal subfield which is a Galois extension, whose
Galois group has a fairly simple structure (for example, it is abelian)? The basic
result obtained up to the present consists of the following.

Theorem 2. Let A be a central simple K-algebra, exp A = (char K)"n, where n
is prime to char K. If K contains a primitive n-th root of unity, then A has a
splitting field which is an abelian extension of K (for n =1 it is even cyclic). In
the general case the algebra has a splitting field which is a soluble Galois exten-
sion, of derived length at most two.

For special classes of fields the description of splitting fields of central simple
algebras is more complete (cf. Ch. 3).

3.2. The Transcendental Case. There are two simple methods of constructing
new splitting fields of a central simple K-algebra 4 from a given splitting field
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L. The first method is based on the fact that every extension of L is a splitting
field of A. The second is connected with the fact that for every K-embedding o
of L in another field extending K, o(L) is a splitting field. Thus the problem of
constructing from a given splitting field other splitting fields always has a solu-
tion. A solution of this problem arising as a combination of the two above-
mentioned methods is called a trivial solution. Finding non-trivial solutions is
connected to the notion of place of a field.

Definition. Let L and E be fields. By an E-valued place on L we understand
a homomorphism f of a subring L of L into E with the properties:

(i) Ux¢ L, (x#0),thenx'eL,, f(x™")=0;

(i) f(x) # O for at least one x € L,.
If K is a common subfield of E and L and f(a) = afor all a € K, then we say that
fis a place over K (or a K-place). Since a place f is uniquely defined by the ring
L, and its image f(L ), we shall below always assume f to be surjective.

Theorem. Let L and E be extensions of a field K, where L is a splitting field
of a central simple K-algebra A. If there exists a place f: L — E over K, then E
is a splitting field of A.

A non-trivial solution of the problem of constructing splitting fields over a
given field, obtained by means of the preceding theorem, arises only in the case
of transcendental extensions L/K. For if L is an algebraic extension of K and f
an E-valued place over K, we can show that f is an embedding of L in E over
K. In the first place the ring L coincides with L. For if x € L and x ¢ L, then
x'e L, and f(x7') =0, by property (i) of the definition of a place. Let z" +
a,_,z" "1 4+ -+ + a, be the minimal polynomial of x™! over K. Then (x~')" +
a, (7Y + -+ a;x7! + ap = 0. Hence

—a (x4 g, (XY g T =1

Since a,, is a non-zero element of K, it is invertible and therefore x~! is invertible
in L,, which contradicts the fact that x¢ L,. Thus L, =L and so f is a
homomorphism of L into E. By (ii) the kernel of f is not the whole of L, and so
fis an embedding of L in E.

Remark. Places of fields are closely related to valuations. Two places of a
field, f: L - E and f": L —» E’ over K are said to be isomorphic if there exists a
K-isomorphism ¢ from E to E' such that f* = ¢ f. It is clear that two places on
L over K are isomorphic if and only if their rings L, and L. coincide. It turns
out that there is a bijective correspondence between the valuations of L that are
trivial on K and the isomorphism classes of places on L over K, which assigns
to each valuation v with valuation ring L, the class of places f such that
L,=L,.

Since this theorem does not give a non-trivial solution of the problem of
finding new splitting fields in the class of algebraic extensions, we naturally turn
to the class of transcendental extensions. It turns out that in this class we can
obtain a complete solution of the problem by the method described in the
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theorem. For the formulation of the appropriate results it will be necessary to
introduce what are known as Brauer fields.

3.3. Brauer Fields. Let 4 be a central simple K-algebra and E a splitting
field of A which is a finite Galois extension of K with Galois group G. Since
A ®g E ~ M, (E), the algebra 4 may be considered as a K-subalgebra of the
algebra of linear transformations Endg V of an m-dimensional vector space V
over E. To every automorphism ¢ € G an automorphism (o) of Endg V is
associated which is the identity on 4 while its restriction to E is o. Then
2(g) = i, , where u, is a bijective g-semilinear transformation of V. The elements
u, give rise to a factor system f on G with values in E*, by the formula

u u, = f(o, 1)ug,.

If E(x,,..., X,,) is a purely transcendental extension of E and vy, ..., v, 1s an
E-basis of V, then we have an E-isomorphism between V and él} Ex; with v,
corresponding to x;. This isomorphism allows us to define aIll=1action of u,
on _C—T}Exi, which extends uniquely to automorphisms {v,},.; of the field

i=1
E(x,, ..., x,). Let us put y; = x;x,,}, 1 <i < m, and consider the field E(y,, ...,
Va—1). It turns out that the restrictions t, of the automorphisms v, are well-
defined on E{(y,,..., ym—) and moreover, t,t. =t ., therefore the automor-
phisms {t,},.; generate a subgroup H of the group of automorphisms of
E(yls e ym—l)‘

Definition. The field F,,(A4) of all elements of E(y,, ..., y,,~,) that are fixed
under the action of H is called the m-th Brauer field of the algebra A.

Remark. Sometimes one writes F,([ /]) instead of F,(A), where [ f] is the
element of the group H?(G, E*) corresponding to the factor system f.

The fields F,,(A) are not defined for all m.

Proposition. The field F,(A) is defined only for those m that are a multiple of
ind 4.

The field F,,(A4) is a splitting field of 4, but its basic interest resides in the
following universality property.

Theorem. An extension E of K is a splitting field of the algebra A if and only
if there exists a place of F,(A) in E over K.

3.4. Basic Properties of Brauer Fields. For a central simple K-algebra A and
its splitting field E which is a Galois extension of K, we put (E, G(E/K), f) ~ A
and y € H*(G(E/K), E*), where f € y and m is an integer which is a multiple of
ind A. The field F,(y) (or F,,(4)) has the following properties.

Theorem 1. F,(y) is a regular extension of K, i.e. F,(y) is separable over K and
K is relatively algebraically closed in F, (7).
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Let L and E be Galois extensions of K, with respective Galois groups G(L/K)
and G(E/K), and moreover L < E. Then the surjective homomorphism from
G(E/K) to G(L/K) given by the restriction induces a homomorphism

infg s HX(G(L/K), L*) > H*(G(E/K), E*).

Theorem 2. If the field F,(y) is defined, where ye H*(G(L/K), L*), then
F(infg ') (7)) is defined and F,(y) > F,(infg g ().
Let K’ be an extension of K. Then EK’ is a Galois extension of K’ and the
mapping
resgn - HA(G(E/K), E*) > HX(G(EK'/K"), (EK')¥).
is defined.

Theorem 3. F,(y)K' = F,(resGzn " (7).

Let B be a central simple K-algebra and r a multiple of ind B. The problem
of embedding the field F(B) in F,,(A) is solved by the following result.

Theorem 4. The field F,(B) can be K-isomorphically embedded in F,,(A) if and
1
0nlyifm>randB~@Aforsomel>0.

i=1

Further we have the following

Theorem 5. The field F,(A) is isomorphic to the field of rational functions in
m — n variables over F,(A), where n = ind A.

In connexion with Theorem 4 there naturally arises the question: Under what
conditions on the algebras 4 and B are the fields F,,(A4) and F,(B) isomorphic
(over K)?

]
From the theorem it follows easily that m = n and B ~ (X) A, where ! is prime
i=1
to exp 4. It is not known whether these conditions are sufficient in the general
case; nevertheless, we have the following

Theorem 6. (i) Let m > ind A. Then F,(A) and F,(B) are K-isomorphic if and
only if the elements [A] and [ B] generate the same cyclic subgroup of Br K. (ii)
The same is true if m = ind A and A is similar to a division algebra with a maximal
subfield which is a soluble Galois extension of its centre.

By the theorem in 3.2 it is natural to describe the possibility of the existence
of a K-place of the field F,(4) in an extension K’ of K.

Theorem 7. For an extension K' of K a K-place of the field F,(A) in K’ exists
if and only if F,(A)K' is a rational function field in m — 1 variables over K'.

One of the most important properties of Brauer fields is given in the next
theorem.

Theorem 8. The field F,,(A) is a splitting field for an algebra B over K if and
only if [B] = [AY} in the group Br K.
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An interesting property is connected with the group of linear automorphisms
of F,,(4). Let |a;| be a non-singular m x m matrix with entries in E (where E is
the field considered at the beginning of this section). Then |la;|| induces an
automorphism of E(x;, ..., x,) by means of the linear action on x,, ..., x,, over
E. The restriction of this automorphism to E(y,, ..., ¥.—;) defines an auto-
morphism of this field. If this last automorphism induces an automorphism of
F,(A) it is called linear.

Theorem 9. The group of linear automorphisms of F,(A) is isomorphic to the
factor group GL,, ;.4 4((D°)/K*), where D is a division algebra similar to A.

3.5. The Brauer-Severi Variety. With every central simple K-algebra there
may be associated a certain projective algebraic variety in a unique way, whose
rational function field is closely related to the splitting fields of A. To realize this
correspondence we shall need some standard algebro-geometric notions.

Let V be a vector space of dimension n over a field K. The projective space
P" 'V of dimension n — 1 associated with ¥ is the set of all one-dimensional
subspaces of V, called the points of P"' V. A choice of basis {e,,...,¢,} in V
yields an expression of an arbitrary element v € V in terms of this basis: v =

n
Y aie;, a; € K. Then (ay, ..., a,) are the homogeneous coordinates of the point
i=1

Kv e P*"1 V (relative to the basis {e, ..., ¢,}). The homogeneous coordinates of
a point Kv are determined up to a non-zero factor of proportionality. Let

K[x,, ..., x,] be the ring of polynomials in x, ..., x, with coefficients in K, f a
homogeneous polynomial in K[x,, ..., x,] and p e P""' V. Then p is a zero of f,
if f(a,, ..., a,) =0, where (ay, ..., a,) are the homogeneous coordinates of the
point p.

For an algebraically closed extension F of K let S be a certain subset of
K[xy,..., x,] consisting of homogeneous polynomials. The set Z(S) of all zeros
(in P" 'V ® F) of S is called the projective algebraic K-variety defined by S.
The ideal U(S) of the variety Z(S) is the ideal of K[x,,..., x,] consisting of
all homogeneous polynomials f such that f(p) = 0 for all p € Z(S).

A K-variety Z(S) is called irreducible if Z(S) is not the union of two proper
subvarieties.

The function field of an irreducible K-variety Z(S) is defined as follows. The
coordinate ring K[Z(S)] = K[x,, ..., x,]/U(S) is an integral domain, by the
irreducibility of Z(S). The ring K[x;, ..., x,] may be graded, K[x,, ..., x,] =
@D R;, where R, = K and R; is the set of all homogeneous polynomials of
i=0

degree i for i > 1. The grading of K[x,, ..., x,] induces in a natural way a
grading of the K-algebra K[Z(S)].

Let K(Z(S)) be the subfield of the field of fractions of K[Z(S)] consisting of
the elements ab~! (and zero), where a, b € K[Z(S)], b # 0 and a, b have the same
degree relative to the grading of K[Z(S)].

The Grassmannian G(V, d), consisting of all d-dimensional subspaces of V is
defined as follows. Let A(V) be the exterior algebra on the space V; this algebra
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is graded: A(V)= P A%(V), where A°(V) =K and for i > 0, A%(V) is the K-
space spanned by all multivectors u; A -*- A u, uy,...,u;€ V (A denotes the
multiplication in A(¥)). With each d-dimensional subspace E of V with the basis
vy, ..., Ug We can associate the one-dimensional space K(v, ...v,), and more-
over, if v}, ..., v; is another basis of E, then K(v]...v)) = K(v,...v;). We
thus obtain a bijective correspondence between the set of all d-dimensional
subspaces of V and the set G(V, d) of all one-dimensional subspaces of the form
Kv, where v = t; A --- A t,(such multivectors are called decomposable). The set
G(V, d) defines a projective K-variety (note that G(V, d) < A%(V)). Indeed, let us
fix a basis e, ..., e, in V; then A%(V) has a basis consisting of the multivectors
e A A, 0<iyp <iy<-r-<iy<n An arbitrary vector ve A%(V) has the
form

pil...id(ei, AN ei,,)-
0<iy<iy<-<ig<n

Its coordinates p; _; are called Grassmann (or Pliicker) coordinates of v. We can

extend the definition of p; ; for any choice of suffixes 1 <j;, ..., j; <n as

follows: if among the suffixes j,, some coincide, then p; ;= 0; otherwise
Djy.js = m(jy, ""jd)pil...id’

where {ji, ..., ja} = {it, s iq}, (i, <+ <iy)and m(jy, ..., j,) is the sign of the

Q...

permutation j 'jd . We now define the variables X = {x; _; }1«i <i,<-<ij<n
L eda
and extend the definition of x; _; for any natural numbers 1 <j,,...,j; <nin

the same way as for the Grassmann coordinates p;, ;..
Then the set S of polynomials
d

—_ A" . . . . . . .
lZO ( 1) xlx-~1d—1hx]o~--h—1]z+1-~-Jd’

where 1 <iy, ..., i, <n, 1 <jg, ji» .-, jg < n, defines a K-variety called the
Grassmannian G(V, d).

Now let A be a central simple K-algebra, deg A = m. It is well known that
A ~ M, (K)if and only if 4 contains a right ideal of dimension m as vector space
over K. Since for the algebraic closure K*'# of K we have 4 ®, K*® ~ M, (K®#),
it follows that 4 ®, K*'# contains a right ideal of dimension m over K®®. It turns
out that the set of all such right ideals induces in PA™(4 ®,; K*'#) a projective
K-variety.

Thus with each central simple K-algebra 4 we can associate the projective
algebraic K-variety BS(A) of m-dimensional right ideals in A ®; K¢, called the
Brauer-Severi variety.

There is a close link between the variety BS(A4) and Brauer fields.

Theorem. F,., ,(A°) ~ K(BS(A)).
3.6. Generic Splitting Fields. From the point of view of solving the problem

of the description of the splitting fields of simple algebras in the context of the
theorem in 3.2, it is natural to make the following
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Definition. Let A be a central simple algebra over K. The extension F(A) is
called a generic splitting field if the following conditions hold:

1. F(A)is a splitting field of A.

2. An extension E o K is a splitting field if and only if the composite EF(4)
is a purely transcendental extension of E of transcendence degree deg 4 — 1.

3. Anextension E > K is a splitting field if and only if there exists a K-place
f:F(4)— E.

Such generic splitting fields exist. Indeed, we may take Brauer fields, for
example. In 3.5 it was shown that every Brauer field F, (4A°?), where m = deg 4,
is the field of K-rational functions on the K-variety BS(A4). Since F,,(A°?) is a
generic splitting field for 4°?, and the algebras A°° and A have the same splitting
fields, it follows at once that F,,(4°7) is a generic splitting field of 4. Thus for
every central simple K-algebra A the field of rational functions of the variety
BS(A) is a generic splitting field for it.

Remark. There exist still other constructions of generic splitting fields, re-
lated to rational function fields of varieties similar to BS(A4) (cf. Heuser [1],
Jacobson [2], Kovacs [ 1], Petersson [1]).

§4. The Reduced Norm

4.1, Non-commutative Determinants. Let K be any field; for the study of the
multiplicative structure of M, (K) the theory of determinants plays an important
role. There exists such a theory, due to Dieudonné [2], also for the case of
algebras M, (D), where D is an arbitrary skew field. Dieudonné introduced the
concept of a non-commutative determinant in the following fashion.

Let D* be the multiplicative group of the skew field D and D*® = D*/[D*, D¥],
where [ D*, D*] is the commutator subgroup. We consider the set D = D** U {0}
and define it as a semigroup by extending the operation on D** to D by the rule:
0-d=d-0=0foranyd e D*® and 0-0 = 0. There exists now a homomorphism
(—) between the semigroups D* and D, defined as follows: for d € D*, d =
d[D*, D*] and 0 = 0. The basic assertion of the theory of non-commutative
determinants is the following

Theorem 1. For any ne N there exists a unique surjective mapping det,:
M (D) — D, possessing the following properties:

1. If A", A e M,(D) and the matrix A’ is obtained from A by multiplying some
row on the left by d € D, then

det,(A') = d det,(A).

2. If A, Ae M, (D) and A’ is obtained from A by adding one row to another,
then

det,(A) = det,(A).
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3det< >=T.
i=1

Construction of the mapping det,. For n = 1 det,(d) = d for any d € D. For

M:

n
n > 1 we consider the matrices E,( Z ey +de,, and E (d) = ) e, + de,
i t=1

for i #j. For every matrix A € M, (D)* we have a representation A = BE,(d),
where B is a certain product of matrices of the form Eji(e), and d € D*. In this
case det,(4) = d. If A ¢ M,(D)*, then det, (4) =

It turns out that in the case of a commutative field D the determinant
mapping so constructed coincides completely with the classical case. As an
immediate consequence of the properties 1.—3. we have the following three.

4. det,(E,d)=d

5. det,(E;(d)) = 1.

6. det,(AB) = det,(A)-det,(B).
The preceding properties show that the restriction of det, to M, (D)* is a
homomorphism (below denoted by det,) of the group M,(D)* into D*®. The
kernel of this homomorphism is usually denoted by SL}(D) and may be
described as follows.

Theorem 2. The group SL;} (D) for n > 1 is generated by the matrices of the
form {E;(d)}, where 1 </, ] < n,i+#j,de D* Its centre consists of all matrices
of the form Y ae;;, where o™ = 1.

For n = 1, SL}(D) is nothing other than the commutator group [D*, D*].
For n > 1, with one exception, there is an analogous result.

Theorem 3. The group SL; (D) for n > 1 is the commutator group of M,(D)*,
except in the case when n = 2 and D is the field of two elements.

Thus if D is not the field of two elements, then we have the isomorphism
M, (D)*/SL} (D) ~ D®.

The importance of this last isomorphism (for example, from the point of view
of the study of the normal structure of the groups GL,(D) = M, (D)*) follows
from the next theorem.

Theorem 4. Suppose that D contains more than three elements and n > 2. Then
the factor group of SL;(D) by its centre is simple (i.e. it contains no non-trivial
normal subgroups).

4.2. Characteristic and Reduced Polynomials of Elements of Simple
Algebras. The embedding of simple algebras in full matrix algebras over fields
is one of the most important methods in their study.

Definition 1. Let E/K be a field extension, E[x] the polynomial ring in x over
E, A a K-algebra, ¢: 4 - M,(E) a representation and y € A. The characteristic
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polynomial of y relative to the representation ¢ is the polynomial

CP,(y, x) = det, (Z xe;; — )

Among the different representations of the central simple K-algebra 4 we can
select what are known as splitting representations, whose degree equals deg A.
Such representations are minimal as far as the degree is concerned, as the next
result shows.

Proposition 1. Let A be a central simple K-algebra and ¢: A -» M, (E), y: A —
M, (E) representations of A, where n =deg A. Then m = nt for suitable t e N
and CP(y, x) = CP,(y, x).

Thus the proposition shows that for a description of the characteristic poly-
nomials all is reduced to considering splitting representations. The natural
question arises whether the characteristic polynomial depends on the choice of
the splitting representation. The (negative) answer is given by

Proposition 2. For every central simple K-algebra A and any splitting repre-
sentations ¢: A — M,(E), Y: A > M,(L) and any ye A, CP,(y, x) = CPy(y, x),
and moreover, the coefficients of this polynomial lie in K.

Definition 2. By the reduced polynomial of an element y of a central simple
K-algebra A one understands the polynomial RP,(y, x) = CP,(y, x), where ¢ is
some splitting representation.

Propositions 1 and 2 show that among all characteristic polynomials for the
element y the universal polynomial is the one of least degree, and moreover all
the other characteristic polynomials are of the above-mentioned degrees. Fur-
ther, the reduced polynomial does not depend on the splitting representation
and is monic with coefficients in K.

Theorem. Let A be a central simple K-algebra and e, ..., e,: a basis of A as
K-space. Then there exists a homogeneous polynomial RP,(x,, ..., x " x) in the

variables x, ..., x,2, x with coefficients in K such that for any y = z e;a;, € A,

a;€ K, RP,(a,, ..., a,2, x) = RP,(y, x).

4.3. Norms in a Simple Algebra. The norms of elements of algebras may be
defined by means of their characteristic polynomials.

Definition 1. Let ¢: A - M, (K) be a representation of a simple algebra, y € 4
and a the constant term of CP,(y, x). The norm N,(y) of y relative to the
representation ¢ is the element (—1)"a.

From Proposition 2 of 4.2 it follows that for ye A4 and any splitting
representations ¢ and y of 4, N,(y) = Ny(y), and N,(y) € K. By Proposition 1
of the preceding paragraph it follows for representations ¢: A — M, (E), y: A -
M, (L), where ¢ is splitting, we always have N,(y) = N,(y)* for any y € A. Thus
the choice of the norm of a splitting representation is a natural one.
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Definition 2. Let A be a central simple K-algebra and y € 4. The reduced
norm Nrd, in A4 is the norm N, where ¢ is some splitting representation of A.

We remark that from the definition of the mapping N,: A — K there follows
immediately the multiplicativity: N, (xy) = N,(x)N,(y), for any x, y € A. Since
N,(1,) = 1, it follows that N,(y) = 0 if and only if the element y has no inverse
in A. Hence the restriction of Nrd, to A* gives a homomorphism Nrd,: A* —
K*.

4.4, The Reduced Norm: Properties and Calculations. The following result
shows that Nrd, is a polynomial mapping.

Theorem 1. Let A be a central simple K-algebraand e, ..., e,. a basis of A as
K-space. Then there exists a homogeneous polynomial Nrd ((x,, ..., x,:) of degree

nin the variables x, ..., x,2 with coefficients in K such that for any y = Y e,a; €
i=1
A, a;€ K, Nrd (y) = Nrd(a,, ..., a,2).
It is of interest that the values of the reduced norm are the same for similar

algebras.

Theorem 2. For similar central simple K-algebras A and B we have Ntd ,(A) =
Nrdg(B).

The preceding theorem reduces the study of the value set of Nrd,, to the case

where 4 is a division algebra. In this situation we have a series of properties
allowing us to calculate the norms of elements by special methods.

Theorem 3. Let A be a central division K-algebra and L a finite extension of
K. Then
(1) for any a € A, Nrd(a) = Nrd,g, ,(a ® 1), in particular,

Nrd,(4) © Nrd,,, (4 ® L)
(i1) if the degree [L : K] is prime to ind A, then
Nrd,(A4) = Nrd,, (A ®k L) N K;
(iii) for any ae A, contained in a maximal subfield M, Nrd,(a) = Ny kla),
in particular, Nrd,(A4) = U Ny (M), where M ranges over the set of maximal
subfields of A. "

In the case of an arbitrary field K and algebras A there are no effective results
characterizing the set Nrd ,(4), but in some special cases such formulae may be
obtained. Thus for the quaternion algebra the set of values Nrd,(A) is the set of
values of suitable quadratic forms. For special fields a number of definitive
results have been obtained (cf. Ch. 3 below). We also mention the paper
Yanchevskii [10], in which the reduced norm is described for skew fields
of non-commutative rational functions and Merkur'ev-Suslin [1], where a

cohomological description is given of the reduced norm for division algebras of
square-free index.
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Comments on Chapter 2

Much of this chapter consists of classical material, of which an account is
given in the books Albert [4], Artin E. [1], Bourbaki [1, 3], Deuring [1].

The assertion on the existence of a non-central separable element in a non-
commutative division algebra, which was deduced with the help of the theorem
on centralizers in 1.1, is due to Noether. Let us also mention the theorem of
Kothe [1], stating that every central simple algebra has a finite-dimensional
separable splitting field.

The first “factor system” appeared already in Schur’s work in connexion with
the problem of group extensions. In the work of Brauer and Noether the classi-
cal theory of crossed products was developed (for an account see for example
the books Chebotarev [1], Albert [4], Herstein [1]). Generalized crossed
products were first considered by Teichmiiller [2]. The revival of interest in it is
connected with the applications in the study of henselian (and other) skew fields.
For the properties of generalized crossed products one may consult Kursov-
Yanchevskii [1], Jehne [1], Tignol [2]. A proof of Amitsur’s theorem is con-
tained in Amitsur [2]. Similar results have also been obtained in the case of
positive characteristic.

The triviality of the Brauer group of a finite field follows from the results of
Wedderburn [ 1], while the description of the Brauer group of the real numbers
is a variant of the theorem of Frobenius (cf. Frobenius [1]).

The relevant information on the cohomology of profinite groups (in particu-
lar, Galois cohomology and the connexion with Brauer groups) is contained in
Cassels-Frohlich [1], Koch [1], Serre [1, 2].

The connexion between algebras of exponent two and algebras possessing
an involution is described in Albert [4]. Theorem 2 in 2.6 was proved by Albert.
The first counter-example to the conjecture of Albert, that every division alge-
bra of exponent two is isomorphic to a tensor product of generalized quaternion
algebras was found in Amitsur-Rowen-Tignol [1]. Theorem 4 in 2.6 is due to
A.S. Merkur’ev [1].

A proof of Matsumoto’s theorem, which formed the basis of our definition of
Milnor’s K, group of a field, may be found, for example, in Milnor [1]; this
work also contains a description of the norm residue homomorphism. The
Merkur’ev-Suslin theorem in 2.7 is set forth in Merkur’ev-Suslin [1], Suslin
[1]. In the description of the generators of Brauer groups we have followed
Merkur’ev [2].

Simple p-algebras were studied in the papers of Albert [3], Teichmuller [1],
Witt [3] and Nakayama [1].

The basic result on algebraic splitting fields (Theorem 2 of 3.1) is an immedi-
ate consequence of the results in 2.8 and the Merkur’ev-Suslin theorem (cf. 2.7)
on the norm residue homomorphism. The basic results on Brauer fields were
obtained in the papers of Roquette [1, 2] (see also M. Artin [1]). The concept of
Brauer-Severi variety was introduced by Chatelet [1], who also established the
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link between this variety and central simple algebras. An interesting study of the
theme “Brauer-Severi varieties” is contained in the lecture by M. Artin [1].
Varieties close to Brauer-Severi varieties (from the point of view of their con-
nexion with central simple algebras) were considered in Heuser [1], Jacobson
[2], Kovacs [1]. The generic splitting field of quaternion algebras was first
considered by Witt [1]. The case of arbitrary central simple algebras was
considered by Amitsur [1]. In this connexion we also mention the papers by
Roquette [ 1, 2] that were already noted.

The theory of determinants over a skew field was developed by Dieudonné.
An account can be found in the book by E. Artin [1]. For an acquaintance with
the general properties of the reduced norm Bourbaki [1] may be consulted. A
cohomological description of the reduced norm for division algebras of square-
free index is given in Merkur’ev-Suslin [1], Suslin [1], while the reduced
norm in skew fields of non-commutative rational functions is described in

Yanchevskii [10]. For other results on reduced norms see also the comments on
Chapter 3.

Chapter 3
Division Algebras over Special Fields

§ 1. Skew Fields with Valuations

1.1.' Valua?ions on Skew Fields. An important class of skew fields for which
there is a fairly complete description is the class of valuated skew fields.
Valuated skew fields form a generalization of fields with a valuation.

Definition. Let D be a skew field, /" a totally ordered abelian group and
v:D* > I" a group homomorphism (i.e. v(ab) = v(a) + v(b) for any a, be D¥*)
such that

v(a + b) = min(v(a), v(b)).

Then v is called a valuation on D and D is a skew field with a valuation v or
simple a valuated skew field.

The valuation v is said to be trivial if v is the zero homomorphism.

As in the case of fields with a valuation v, we have the value group I, =
v(D*), the valuation ring V;, = {a € D*|v(a) > 0} U {0}, the valuation ideal M, =
{a e D*v(a) > 0} U {0} and the residue-class skew field D = V,,/M,,. The group
(.]D of invertible elements in ¥, may be defined as {a € D*|v(a) = 0}. The valua-
t101'1 is said to be discrete if I}y = Z. For any (skew) subfield E < D the restriction
v|g is a valuation on E; moreover, Iy < I, and from V, nE = Vp, My nE = Mg
we conclude that E = D. The index [1},: I;] is called the ramification index of
D over E, written e(D/E), and the residue degree (of D over E) is the dimension
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of D as left E-space. We shall say that D is totally ramified over E if [I}: [g] =
[D:E]; in this case D = E. D is said to be unramified over a field K < Z(D)
if I, = I, and the extension Z(D) is separable over K. The classes of totally
ramified and unramified skew fields represent extreme examples of skew field
extensions: in the first case the extension arises by a maximal enlargement of the
value group, while in the second the residue-class skew field increases. In the
general case we have an intermediate type of skew field.

1.2. Extension of Valuations. The restriction of a valuation on a skew field to
a skew subfield is again a valuation. The inverse problem of extending a valua-
tion from a skew subfield to a skew field does not always have a solution (in
contradistinction to the case of fields), even in the case of finite-dimensional
division algebras, as the following criterion for the extendibility of valuations
shows.

Theorem. Let D be a finite-dimensional division algebra and v a valuation of
its centre Z(D). Then v extends to a valuation of D if and only if v has a unique
extension to any field K such that Z(D) = K < D.

A consideration of the case of valuated fields for which the extension problem
has a unique solution leads to the important notion of henselian skew fields.

Definition 1. A field K with a valuation v is called henselian if v has a unique
extension to any algebraic extension of K (the valuation v is then also called
henselian).

Definition 2. A finite-dimensional division algebra is called henselian if its
centre is henselian relative to any valuation.

From the definition of henselian skew fields and the theorem it follows
immediately that a henselian valuation of the centre of D can be extended in just
one way to a valuation of D. We also remark that if K is a henselian field, then
any division algebra finite-dimensional over K is henselian.

1.3. The Topology Defined by a Valuation. Every valuation v on a skew field
D defines a certain topology t, on D, which turns D into a topological skew
field (for the topological definitions and facts used below see Bourbaki [2, 3],
Pontryagin [2]). The topology t, is defined as follows. For each y e I, put
W, = {x € D|v(x) > y} U {0}. Then W, is an additive subgroup and we have

Proposition 1. There exists a unique topology t, on D compatible with the
additive group structure of D and such that {W,},. . is a fundamental system of
neighbourhoods of zero.

It is clear that v is trivial on D if and only if 7, is the discrete topology,
therefore in what follows the valuation v will be assumed non-trivial. Two
valuations v and p are said to be equivalent if their topologies t, and 7, coincide.
The topology t, defines D as a topological skew field.
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Proposition 2. The topology 1, is Hausdorff and compatible with the skew field
structure of D; moreover if the group I, is equipped with the discrete topology,
then v is a continuous mapping. The skew field D is totally disconnected relative
to T, and the quotient topology on D is discrete.

A topological skew field D (relative to t,) is a Hausdorff topological ring, and
the question naturally arises of constructing a completion D,. The properties of
this completion are as follows.

Theorem. (i) The ring D, is a topological skew field.

(i) The mapping v has a unique extension to a continuous mapping p: D, — I,
(where Iy is a discrete group) and i is a valuation of D,; moreover the topology t,
coincides with the topology of the extension D,.

(iii) V; isthe completion of Vy, similarly My, is the completion of My, further
Vo, = Vo + My_and D, can be canonically identified with D.

1.4. Non-discrete Locally Compact Valuated Skew Fields. For these ficlds we
have the following important result.

Theorem 1. Let v be a non-trivial valuation of a skew field D. For D to be
locally compact (in the topology t,) it is necessary and sufficient that the following
three conditions are satisfied:

(i) D is complete;

(i) D is a finite field;

(1) v is a discrete valuation.

Further, the local compactness of D implies the compactness of V.

Theorem 1 allows us to obtain a characterization of finite-dimensional dis-
cretely valuated locally compact division algebras.

Theorem 2. Let D be a skew field which is non-discrete locally compact in the
fopology defined by a valuation v. Then the centre Z(D) contains a field K of finite
index which is either Q, or E,(t).

Deﬁnitiqn. A field K is called local (in the classical sense) if it is a finite
extc.:nsmn either of Q, or of F (¢, the field of formal Laurent series in one
variable over a finite field of constants F,.

Eve.ry local field K is locally compact in the natural topology defined by the
vgluatlgn, anq is henselian. Therefore (by the theorem in 1.2) for any finite-
dimensional division algebra over K the valuation on K can be extended in just

one way to a valuation of D, which is locally compact in the topology defined
by this extended valuation.

15 Skew Fields with an Absolute Value. It is natural in what follows to
restrict our attention to absolute values. In the class of all absolute values we
select in a natural way the subclass of absolute values v: D — R, where D is a
skew field, satisfying the condition:

v(x + y) < max(v(x), v(»)).
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Such absolute values are called non-archimedean; otherwise (provided the usual
triangle inequality holds) they are called archimedean. There is a close link
between non-archimedean absolute values and valuations.

Proposition. There is a bijective correspondence between non-archimedean ab-
solute values V on a skew field D and valuations v whose value group lies in R.
The correspondence is given by the formulae:

I/v(x) = cv(x), VV(x) = 10gc V(X)

for a fixed 0 < ¢ <1 and any non-zero x € D. The topologies defined by the
valuation vy, and the absolute value V, coincide.

From this proposition it follows immediately that every non-discrete locally
compact skew field (in the topology defined by a valuation) is also locally
compact in the topology defined by the corresponding non-archimedean abso-
lute value.

The description of skew fields with an absolute value which is not non-
archimedean is very simple.

Let H be the division algebra of Hamiltonian quaternions. We define an
absolute value | |: for any h € H, |h| = hh (where h is the conjugate quaternion
of h). We may assume that R < C are embedded in H in the natural way. With
these notations we have

Theorem. Let D be a skew field with an absolute value V which is archimedean.
Then there exists an isomorphism i of D on a dense skew subfield of one of R, C
or H, such that V(x) = |i(x)|* for some 0 < s < 1.

1.6. The Structure of Non-discrete Locally Compact Skew Fields. Here the
description reduces to the consideration of two different types of topological
fields: 1) connected and 2) non-connected locally compact skew fields.

Theorem 1. Every connected locally compact skew field is topologically
isomorphic either to the field of real or the field of complex numbers or to the
skew field of Hamilton’s quaternions, with the natural topology.

In the case of non-connected skew fields we have

Theorem 2. If D is a locally compact non-connected skew field, then D is a
finite-dimensional division algebra over a local field.

1.7. Division Algebras over Local Fields. From the results of the last para-
graph it is clear that a complete description of all finite-dimensional division
algebras over local fields acquires a particular value. It turns out that such
division algebras have a comparatively simple structure. For an account of the
results we shall need some facts on extensions of local fields.

Theorem 1. Let K be a local field and n a natural number, n > 1. Then up to
K-isomorphism there exists a unique extension F, of degree n which is unramified
over K. If Uy is the unit group of the ring Vi, then Ng x(Uy,) = Uy.
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Let ¢ be the automorphism of the algebraic closure F2'* of F,, the field of p
elements (p a prime number) mapping each x € F3'® to x? (also called Frobenius
automorphism). It is not hard to see that ¢" induces on any finite extension of F,

a generator of the Galois group of this extension over F,,..

Theorem 2. For an unramified extension F, of a local field K, whose residue
class field is K = F,., there exists a unique generator Fr(F,) of the group
Gal(F,/K) such that for any a € Vg , a™" = g*™.

Let us fix a prime element = (i.c. a generator of the prime ideal M) of the ring
V.

Theorem 3. Let D be a finite-dimensional division algebra whose centre
Z(D) = K is a local field. Then exp D = ind D and D = (F,, Ft(F,), n*), where
(wm=L1<pu<n

Corollary 1. There exist only ¢(n) non-isomorphic central division algebras of
degree n over R (where ¢ is the Euler function).

For division algebras over local fields there is a simple description of their
algebraic splitting fields.

Theorem 4. Let D be a central division algebra over a local field K and let L
be an algebraic extension of K. The field L is a splitting field for D if and only if
L contains a finite extension K such that [E : K] is divisible by deg D.

Corollary 2. Every finite extension of K of degree deg D is a maximal subfield
of D.

1.8. The Brauer Group of a Local Field. For the description of the Brauer
group of a local field K the following result is basic.

Theorem. Let Q/Z be the factor group of the additive group of Q by the
additive group of integers Z and let K be a local field. Then there exists an
isomorphism

inv: Br K ~ Q/Z
The isomorphism inv is obtained as follows: to each division algebra D =

(F,, Fr(F,), n*) (cf. Theorem 3 of 1.7) there corresponds the element a + Z.
n

Remark.. From the preceding results one obtains without difficulty an analo-
gous description for central simple algebras over local fields. In particular, all
such algebras are cyclic, with a maximal subfield unramified (over the centre).

1.9. Reduced Norms in Central Simple Algebras over Local Fields. From
Theorem 2 of 4.3, Ch. 2 it follows immediately that for a description of reduced
norms we can always limit ourselves to division algebras. Let us fix a
prime element 7 in the local field K. If D is a central division algebra over
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K, then for suitable coprime integers n and u, 1 <pu<n, we have D=
(F,, Fr(F,), n*) (Theorem 3 in 1.7). By Theorem 3(iii) of 4.3, Ch. 2, Np x(F*) =
Nrd,(D*). By Theorem 1 of 1.7 it then follows that Uy = Nrdp(D*). On the
other hand, the field K(\'/;“) is clearly contained in D and coincides with
K (\'/E), which is a totally ramified extension of K of degree n. Hence it follows
at once that Ng(»/mk(v/7) = (— 1)"*1z. Then, applying again Theorem 3 of 4.3,
Ch. 2 we obtain (—1)"*'z € Nrd,(D*). Since the element n with the group Uy
generates the group K*, we have thus proved

Theorem. If A is a central simple algebra over a local field K, then Nrd (4) =
K.

Remark. In the general case the surjectivity of the reduced norm homomor-
phism is rather rare. However, there exists an interesting class of fields for which
it holds (cf. §4 below).

§2. Henselian Skew Fields

2.1. Hensel’s Lemma and Henselian Fields. Let K be a valuated field. For
every polynomial f(x) = x" + a,_x"~! + -+ + a, with coefficients in Vx we put
f(X) = x" + @, x" ' + -+ + @. The following definition plays an important
role in the study of henselian skew fields.

Definition. Suppose that for any monic polynomial f(x) € Vg[x] and any

factorization f(x) = P(Nx)QTx) as a product of coprime monic polynomials P(x),
Q(x) there exist polynomials P(x), Q(x) € Vx[x] such that

—_— ~

1) = P)Q(), P =Pk, 0 =0

Then we say that Hensel's lemma holds in the ring Vy.
The link between this definition and henselian fields is quite direct.

Proposition 1. Let K be a valuated field. Then the following conditions are
equivalent:

(i) Hensel’s lemma holds in V;

(ii) K is henselian.

Example 1. Every local field is henselian.

Example 2. Every complete valuated field is henselian, if the value group lies
in R.

The class of henselian fields is very wide, as is shown by

Proposition 2. For any totally ordered group I" and any field E there exists a
henselian field K for which I'y = I"and K = E.

There naturally arises the question whether the henselian property is pre-
served by extensions.
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Theorem. Any algebraic extension of a henselian field K is again henselian. If
L is a subfield of K such that [K : L] is finite, then L is also henselian.

2.2, Ostrowski’s Theorem and Its Generalizations. With any finite extension
L/K of a henselian field K the following numbers are naturally connected:
e(L/K), the ramification index of L over K and the degree [L : K] of the residue
class fields.

Theorem 1 (Ostrowski). The relation
[L:K]=pme(L/K)[L:K],
holds, where m > 0, p = char K if char K > 0 and p = 1 in case char K = 0.

It turns out that a similar result holds in the case of arbitrary division
algebras.

Theorem 2. Let D be a henselian division algebra over a field K. Then
[D:K]=pme(D/K)[D:K].

The number p™ is called the defect def(D/K) of D over K.
There are two important cases when char K > 0 but the defect of D is trivial.

Theorem 3. Let K be a henselian field relative to a discrete valuation. Then
def(D/K) = 1.

For a henselian field K we denote by K, the maximal unramified extension

i.e. the composite of all finite unramified extensions of K in a fixed algebraic
losure of K).

Definition. A division algebra D with centre K is said to be tamely ramified if
(i) char K =0,
oJi
(i) char K > 0 and the field K, is a splitting field for the (char K)-primary
>omponent of D.

Then the following result holds.
Theorem 4. For a tamely ramified division algebra D over K, def(D/K) = 1.

A division algebra D such that def(D/K) = 1 is said to be defectless over K.

A natural question arising at this point asks what values def(D/K) can as-
ume. It turns out that def(D/K) can be highly arbitrary. Let us consider for
implicity the case of a division algebra D central over K. First of all we remark
hat if char K = 0, or if (ind D, char K) = 1 in case char K > 0, then def(D/K) =
. Thus for def(D/K) to be non-trivial we must have char K > 0 and (ind D,
har K) > 1.

Lemma. Let n = p°m, where p=charK >0 and (p,m)=1, let D be a
livision algebra central over K, of index n and D = D; ® D,, ind D, = p“,
nd D, = m. Then def(D/K) = def(D, /K).
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From the lemma it follows that in the consideration of questions connected
with the defect of division algebras it is enough to restrict ourselves to the case
of division algebras whose index is a power of the characteristic of K. The
behaviour of the defect in henselian division algebras is illustrated by the follow-
ing result.

Theorem 5. Let n = p™. Then there exists a henselian field K such that p =
char K and a henselian central division algebra D over K with the properties:
deg D = n, def(D/K) = p', where 1 <1< m.

Division algebras for which [D : K] = def(D/K) are called immediate.

2.3. Unramified Henselian Skew Fields. With any henselian skew fields there
are naturally associated the residue class skew fields and the value groups,
which moreover play an important role in the case when the defect is not too
large (or trivial). The basic progress in the description of henselian division
algebras is connected precisely with this class of skew fields.

Let D be a henselian division algebra unramified over K. Then [D: K] =
[D:K]and Z(D)is a separable extension of K of degree [Z(D): K]. Now there
arises the natural question: how many division algebras unramified over K do
there exist? The answer is given by the following result.

Theorem 1. Let D be a division algebra whose centre Z(D) is a separable
extension of K. Then there exists just one division algebra D up to K-isomorphism,
unramified over K, with residue class skew field D = D.

Thus all division algebras unramified over K can be put in bijective corre-
spondence with division algebras whose centres are separable extensions of K.

An important property relating unramified skew fields with their residue
class skew fields is the possibility of lifting isomorphisms.

For any field F and division algebras 4, B whose centres contain F, let
Hom,(A, B) be the set of all F-isomorphisms from 4 to B. If If 4,, 4, are
henselian division algebras, central over K, then we can introduce an equiva-
lence relation ~ on the set Homg(A4,, 4,) (if this is non-empty) by putting for
¢y, @, € Homg(4;, 4,), 0 ~ ¢, if @, = @,i,, where i, is the inner automor-
phism of 4, defined by an element g in the group 1+ M, . The set of all
equivalence classes is denoted by Homg(4,, 4,). For ¢ € Homg(A4,, 4,) we
define its reduction g € Homg(A4,, 4,):(a + M,,)? = a® + M, foranyae V, .
For the class [¢] € Homg(A4,, 4,) we put 14, 4 ([¢]) = ». Then we have a
well-defined mapping

T4,.4,; Homg(A,, A;) > Homg(A,, 4,).
Theorem 2. The mapping t,, 4, is bijective.
Theorem 2 has the important

_ Corollary. Let ¢: A f? be a K-isomorphism between division algebras A and
B, whose centres Z(A), Z(B) are separable extensions of K. If A and B are division



178 V.P. Platonov and V.I. Yanchevskii

algebras unramified over K with residue-class skew fields A, B respectively, then
there exists an isomorphism ¢ € Homg(A, B) such that ¢ = .

It should also be remarked that for division algebras D,, D,, central and
unramified over K, D; ®¢ D, ~ M,(H) where H is a division algebra which is
central and unramified over K, and the property of being unramified is pre-
served by anti-isomorphism. Therefore the division algebras unramified over K
form a subgroup Br, (K) of the Brauer group Br(K).

2.4. The Fundamental Homomorphism and the Centres of Residue-class
Algebras. For any division algebra D central and henselian over K we can
define a homomorphism 6, from I/l to the group Gal(Z(D)/K) of
K-automorphisms of the centre Z(D) of D. Namely for any d e D*, ¥(d) =
vp(d) + Ty we put 0,(¥(d)) = i;, where i, is the reduced inner automorphism
induced by d.

Proposition. The homomorphism 6y, is surjective. The centre Z(D) is the com-
posite of a purely inseparable and an abelian extension of K, in particular, if Z(D)
is separable over K, then it is abelian over K.

2.5. The Relative Value Groups. The homomorphism 6, allows us to give a
more precise description of the group I',/I, called the relative value group of
the henselian division algebra D. Let A be the subgroup of I}, containing I'y and
such that Ker 6, = A/T'y. Then (I'p/Iy)/Ker 0, ~ I,/A. In connexion with this
isomorphism we have the following

Definition. The indices A, = [4: ] and r, = [I},: A] are called the upper
and lower indices of ramification respectively, of D.

It turns out that /;,/4 may be an arbitrary finite abelian group; as regards
A/ T, this is not the case, as is shown by the following

Theorem. A = I'j,qx |, where K., is the maximal unramified extension of K
and {D ® K.} is the division algebra similar to D ®g K,,. If char K does not
divide [D : K], then A/Ty ~ G x G for a certain finite abelian group G and in K
there is a primitive root of unity of degree exp G (exp G as usual denotes the least
common multiple of the orders of elements of G).

2.6. Totally Ramified and Tamely Totally Ramified Skew Fields. An extreme
type (at least for defectless skew fields) with respect to unramified skew fields are
what are known as totally ramified skew fields. In their turn totally ramified
skew fields are characterized by two sharply different situations:

(i) e(D/K) and char K are coprime;

(ii) (e(D/K), char K) # 1.

[t is clear that for the study of totally ramified skew fields it is enough to limit
onsideration to (i) and case (ii), where ind K is a power of char K. In case (ii)
very little is known on the totally ramified skew fields. We only mention the
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result of Tignol, showing that if ind D = char K and Z(D) contains a primitive
root of 1 of degree char K, then D is a cyclic algebra. Moreover, in the case
where char K = char K it is known that every division algebra is similar to a
cyclic algebra. By contrast, in case (i), i.e. the case of tamely totally ramified skew
fields there is a complete result.

Theorem 1. A central simple K-algebra A is a tamely totally ramified division
algebra if and only if A = A, (a;, b;) Qk '~ R A4, (a,, b,) (where p; is a primitive

l l
root of 1 of degree n;} and the elements in T = ;lvvk(a,),;vk(bi) , I <i<gr,
where | is the least common multiple of n,, ..., n,, generate a subgroup of order
[A: K]in I/l If the preceding conditions are fulfilled, then I'y/ Ty is generated
(mod Iy) by the elements of T.

Corollary 1. All maximal subfields of a tamely totally ramified division
algebra A central over K are abelian extensions of K of exponent dividing the
exponent of I,/I%.

Examples of non-cyclic division algebras. As remarked in 1.7 of Ch. 1, all
division algebras of index 2 and 3 are cyclic. The natural question whether
division algebras of index 4 are cyclic was first answered negatively by Albert
[1]. Tamely totally ramified division algebras provide a series of non-cyclic
division algebras of arbitrary index, divisible by the square of a prime number.
More precisely, we have the following

Corollary 2. A tamely totally ramified central division K-algebra A is cyclic if
and only if exp I,/ = ind A.

Suppose that n = p®q, where p is a prime number, a > 2 and (p,q) = L.
Consider the field K = Q(u,) {x1>{y1> - {X4z1 > {Vas1» and the algebra 4 =
Ay(xy, 1) ® Rk Ap(Xgs Vo) ®k Ag(Xas1s Vary)- The field K is henselian rela-
tive to a valuation which is trivial on Q(u,) and induces the standard valuation
on Q(,un)<xl> and Q(.un)<y1>, i= 1’ cees + L

By Theorem 1, 4 is a tamely totally ramified division algebra over K, further
exp 14/Tx = pq and hence Corollary 2 implies that A is not cyclic. Now let
K = Q) (X1, ..., Xau1> V1s---» Vars) be the field of rational functions in x, ...,
Xa+1> Vi ---» Vas1 With constant field Q(y,) and A=4 H(X1 Y1) Rk Or
Ay(Xas Va) @k Ay(Xg415 Yasr1)- Then A'is a division K-algebra central by what has
been said, whxch is not cyclic. In particular, for p = a = 2, ¢ = 1 we obtain an
example of a non-cyclic division algebra of index 4.

Different tamely totally ramified division K-algebras may be defined by
means of the set of all pairwise nonisomorphic subfields over K. An important
role is played by the circumstance that in the situation here considered this set
is always finite.

Propeosition 1. Let A4 = ® A, (a;, b;) be a tamely totally ramified central divi-

sion K-algebra and, (u;, v;) a pair of canonical generators of the algebra A, (a;, b;).
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Then the set of commutative K-subalgebras of A generated by the different
monomials in uy, Uy, ..., u, and vy, v,, ..., v, is finite and includes representatives
of all K-isomorphism classes of maximal subfields of A.

For an arbitrary central division K-algebra A we shall denote by M(A4) the
set of all pairwise non-K-isomorphic maximal subfields. The following result
answers the question, to what extent the set M(A) determines the tamely totally
ramified division algebra A.

Theorem 2. Let A, B be tamely totally ramified division algebras central over
K and

A= @A (a;, by).
Then M(A) = M(B) if and only if
B= ® A, (a;, b2,

where (6;, n;) = 1.

By Theorem 2 it is important to know how to describe the finite set of
extensions of K making up M(4) for a tamely totally ramified central division
K-algebra. If 4 is such a set, then all its members have the same degree over K.
Further, in view of Theorem 1 and Proposition 1 the cardinal of the set A is
bounded by an easily computable constant depending on n. By Theorem 1 the
set 4 = M(A) must contain the fields

L= KGfar, . %a), T =K. 3/b)

which generate the division algebra

i=1
It is not hard to see that I, /Ty ~ I}/ 1.

Thus the set 4 must split into pairs (L, T) such that I}/l ~ I';/[x and to
describe the division algebras generated by L and T we proceed as indicated
above. The description of such fields is related to the following construction.
Let (L, T) be a pair of tamely totally ramified extensions of degree n of K
and I/l ~ i r/Tx. For the 1somorph1sm ¢ and the decomposition 1}/l ~
(—D {T;) we put 4 <q), P <Ti>> = @ A, (t;, e)), where 1, € L, e; € T such that
i=1 i=1 i=1

vi(t;) + Iy = T;, vr(e;)) = T, where y; is a primitive n;-th root of 1 and n; is the
order of the element T,.

Proposition 2. The algebra A <(p, @ (Ti>> depends only on ¢ and the decom-

) is a tamely totally ramified divi-

position I /Ty ~ @ T If A= @ A,
i=1
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sion algebra and
= K("a,,...,"a), T=K(by, ... ")

then A is K-isomorphic to one of the algebras A ((p, (—B <T,->>.

Remark. The above-mentioned description of the set M({A) is not unique.
For example, for a given decomposition 4 = (X) A, (a;, b;) the set M(A) may
i=1

clearly be described as a set of Kummer extensions associated with the elements
ay,...,a,and by, ... b,.

Let M(A) be the set of maximal subfields of a tamely totally ramified division

algebra 4 = (X) A, (a;, b;). Then by Theorem 2 the unique defined finite set
i=1

BM(A)={®A (a;, b%) } (6, n)=1

of tamely totally ramified division algebras is in bijective correspondence with

the set Xy = (—D(Z/n Z)*, where (Z/n;Z)* is the group of units in Z/n,Z.

Now the descrlptl_on of tamely totally ramified division algebras may be com-
pleted by the following resuit.

Theorem 3. The set of K-isomorphism classes of tamely totally ramified cen-
tral division K-algebras can be put in bijective correspondence with the elements
of \) X4y, where M(A) ranges over all different sets of maximal subfields of
tamely totally ramified division algebras and the union is disjoint.

2.7. The Lifting of Separable Skew Subfields and Inertial Skew Fields. Since
the structure of unramified skew fields is to a large degree determined by the
structure of their residue-class skew fields, the question naturally arises, whether
for an arbitrary division algebra A there exists an unramified division sub-
algebra with the same residue-class algebra as A.

Definition. Let A be a henselian division algebra over K and E a division
algebra over K such that Z(E) is a separable extension of K. A division
subalgebra E (over K) of A is said to be an unramified lifting of Ein Aif E = E.

The existence of unramified liftings is established by

Theorem 1. Let A be a division algebra over K and E a separable division
subalgebra of A over K (i.e. Z(E)/K is a separable extension). Then there always
exists an unramified lifting E of E in A over K.

Thus for the division algebra A, separable over K, there exists an unramified
lifting of A in 4 over K. Any such lifting is called an inertial division algebra in
A. The inertial division algebra can be uniquely defined in a natural manner.
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Theorem 2. Let A be a division algebra over K with a residue-class algebra
separable over K. Then A has an inertial division algebra which is unique up to
K-isomorphism.

From this result there follows the important

Theorem 3. Let A be a division algebra over K and suppose that K is the centre
of A. Then A = B, Qk T, where B, is the inertial division algebra of A, Iy = I,
T, = K. If A is defectless, then T, is totally ramified.

2.8. Defectless Division Algebras with Separable Residue-class Algebras.
Now let 4 be a defectless central division algebra over K with a residue-class
algebra separable over K. By Theorem 1 in 2.7 there follows the existence of
an unramified lifting L, of Z(A) in A over K. Then the centralizer C,(L,) has
by Theorem 3 of 2.7 the decomposition: C4(L,) = B, ®,, T,, where B, is the
inertial division algebra of A over K and T, a totally ramified division algebra
over L, called the totally ramified part of 4.

Let us fix a decomposition Gal(L ,/K) = @ <>, where (g, is the cyclic
i=1
group of order n; generated by the K-automorphism ¢, of L ,.

Propesition. For each automorphism ¢,, i = 1, 2, ..., r, there exist an auto-
morphism 6; of T, and an automorphism ¥; of B, such that ;| = ¥, = ¢, and

With the foregoing notations we have

Theorem 1. There exist elements b, b;e Uy, t;e Ty, tyel + My (i, j=
1, ..., r, i #j) satisfying the conditions:
(1) b Y= bn tei = ti)

(2) bl 11 H tlj = tﬁla
3) (bit,)® l_bijbi’”. A .. :,.j? e =700,
) iclcqwy = P X = byty, xx;x7 ' x;7 1 = t_lbljl,
A= P CA(LA)x1 x32..xT0< o< n— 1,

[ 2P a,)

© /o= D (L) + r> where (1400 + 17,

i=1 i
is a cyclic group of order n.

In the context of this theorem it is natural to make the

Definition. If t;, t;;, b;, b; € A are the elements whose existence is asserted
in Theorem 1, then one says that A has the form {T, {t, t;}i%.,
By, {b, b;}i%y .. {Ou ¥i}ioy..,» K}, and the generators (x;);—, _, are called
canonical generators associated with this form.

It turns out that there is a converse to Theorem 1.

Theorem 2. Let L/K be a finite abelian unramified extension, Gal(L/K) =
@ <@;>, T a totally ramified and B an unramified division algebra, both central
i=1
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over L. Suppose that T and B posses automorphisms 6, and \; respectively such
that 0;|, = Y|, = @;. Suppose further that in T there are elements t; € Vr, t; €
I + My and in B there are elements b;, b; € Uy such that i, = 0/, i, = " (where
n; is the order of the group {@;>), satisfying the conditions 1-3 of Theorem 1, and
moreover, [0, 071 ] = i, [Y; ' ¥ 1] = iy, by = bt 1y = 157

If there exists an abelian totally ordered group I” containing /' such that

r 1
I/ ~ @<;Vr(ti) + FT>,

i=1

1
and further the order of the group <AvT( O+ FT> is equal to n;, then there
n

t

exists a henselian defectless division algebra A central over K with a separable
residue-class algebra, having the form

{T’ {Iiv tij}::,;;'j=l,l.‘,r9 B { i u}l;jj=1 ..... r {61’ l// }1 1,..., r }

We remark that if A;, A, are division algebras central over K, defectless and
with separable residue-class algebras, then from their K-isomorphism there
follows the K-isomorphism of 4, and A, and hence they are determined
up to K-isomorphism by their centres Z(4,) and Z(4,), and so also are
their unramified liftings over K in A; and A4, respectively. But then their
centralizers C, (L,,) and C4,(L,,) are K-isomorphic, their inertial division
algebras B, < C, (L,,) and B,, = C,,(L,,), and consequently also their cen-
tralizers Ce, (L, )(BA ), CcA (L. )(BA2) Thus the problem of the K-isomorphism of
defectless central division algebras over K with separable residue-class algebras
splits into three problems:

a) Describe up to K-isomorphism the division K-algebras A such that A4 is
totally ramified over Z(A), the extension of Z(A4) over K is unramified and
abelian, and A4 has a finitely generated automorphism group whose restriction
to Z(A) is just Gal(Z(A4)/K);,

b) describe up to K-isomorphism the unramified division algebras over K
whose centres are abelian extensions over K

c) clarify when the division algebras

{Ty, {1, tij}l:,#jjﬂ » By, {b;, bij}lj‘j=l.l..,r9 {0, ¥i}ier. . K}

.....

and

{T;ﬁ {ti” tl’j}:,iil ..... r BA’ {bi/’ bl_’]}lf].;l Nal {On W }: 1,.., r» }

and K-isomorphic. We remark that Problem a) is in fact equivalent to the
analogous problem for division algebras of primary index. In the case of index
prime to char K it can be solved, as was remarked earlier. Problem b) (in the
most general situation) has been solved (cf. Theorem 1 of 2.3). The solution of
Problem c) is given by the following result.
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A/ = {7:1’ {tl{’ tlfj}::,?;j;l,...,ra BA’ {b/ bu}:?;l,...,r? {91" l//i}l':l ..... r K} Then [he diUi-
sion algebras A and A’ are K-isomorphic if and only if there exist elements
l; € L, such that t;b] = t;b;N, p..(l;), where LY is the subfield of elements of L,
fzxed by ¢, and bjit}; = I}~ “"ll “tby.

Theorem 3. Let A = {T,, {1, ty}fij 1,r Bas {b;, bij}fjﬁl o 06 Witiz1, e K}’

2.9. Totally Ramified Parts of Henselian Skew Fields. In this section we shall
present results on the problem a) formulated above, of giving a description of
division algebras T being a totally ramified part of a defectless division algebra
with a separable residue-class algebra, in the case (ind 7, char K) = 1.

Theorem 1. Let T be a division algebra, totally ramified over its centre Z(t),
which is an abelian unramified extension of K, (ind T,char K)=1 and
Gal(Z(T)/K) =L@, > ® - ®<@,>. In order that there exist a defectless central
division algebra A over K with a residue-class algebra separable over K and
the property T = T, it is necessary and sufficient that there should exist in K
a primitive root of 1 of degree exp I'y/I;y, and extensions of ¢y, ..., @, to
automorphisms 6., ..., 8, of T, as well as a totally ordered abelian group I’

1

containing Iy such that I/} = <hA vp(ty) + I}> DD < vp(t,) + I >
1 n,

0 =i, , where n; is the order of ¢;.

It turns out that the automorphisms f; can be chosen in a special way. In the

notation used above let us put T = ®A (uj, v;, Z(T)), where H, is an [-th
j=

primitive root of 1, [; divides exp I/l and A, ( is the corresponding

uj, ;) i

symbol algebra over Z(T).

Proposition 1. If a primitive root u of 1 of degree exp I't/I;y, lies in K, then
the automorphisms 0,, ..., 6, can be chosen so that 0,0, = 0,0; fori,j = 1,...,r and
(Amj(u,-, v, Z(T))% = A,, (u;, v;, Z(T)), moreover, 6] = i, , where n; is the order of
@ist; € Vrgg,, 6,5 and TZHl, ..., 0.> is the subalgebra of elements fixed by 0,, ...,
0,inT.

Below we shall assume that the automorphisms 6,, ..., 8, have been chosen
in the way indicated in Proposition 1.

Theorem 1t shows that it is important to know how to describe the extension
of the automorphisms ¢, ..., ¢, of Z(T) over K to automorphisms 0,, ..., 0,
of T. It is not hard to see (with the help of Proposition 1) that it is enough to
confine our attention to the case when T = A, (a, b, Z(T)). In this case all is

solved by the following result.

Lemma. Let Z(T) be a cyclic unramified extension of K with generator ¢ of
its Galois group. Then an extension of ¢ to an automorphism 6 of the division
algebra T exists if and only if p, e K, a* ™, b?" 1 e Z(T)".

From this lemma there follows immediately
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Proposition 2. If T = T, for some division algebra A central over K with

residue-class algebra separable over K and T = ® Aul (u;, v;, Z(T)); then ufi =
=
u; cu’, v =y, d,;, where I is the degree of the primitive root y of 1.
Proposition 2 allows us directly to ﬁnd an extension of ¢, to an automor-
phism ¢;; of the division algebra A, (u;, v;, Z(T)). Let U, V; be canonical genera-
tors of A4, (5, v, Z( T)); then UPv = Uc,,, Vi = Vd,,, and the automorphisms

i commute pairwise. We put S ’gw where g,,jJ =gy, € A, (ul, v;, Z(T)),

and let A, ( v;, Z(T)) #0997 be the division subalgebra of elements of
Au, (u Z(T)) ﬁxed by ¢y, ..., @

J? ]’

Theorem 2. In the above notation T = T, if and only if there exist elements
ty, € Z(T) such that s, =tygy, h=1, ..., r, j=1 ..., m, contained in
Au (u Z(T))en- o) and a totally ordered group I such that It < I and

J’ J’

VT(SIISIZ"'Slm)+FT>@ ®<VT( rm)+FT>’

r

nn:<1
n

1

1

and moreover, < VlSip - v - Sim) + FT> = n;, where n; is the order of ¢;.

n;

Proposition 3. Let the automorphisms ¢;; be as above. Then if 6, =0, ® -+ ®

0, and NZ(T)/Z(T)wi(Cij) = pi, NZ(T)/Z(T)wI_(d,.}) ,u, , where Z(T),, is the subfleld of
T) of elements fixed by ¢,, then

n

O =i, t;=1]] UPsVu

and
vr(t;) e Iy + 21 Byvr(u;) — 21 o vr(v;).
= i=

2.10. Inertial Algebras of Henselian Division Algebras. We now bring a basic
result describing the division algebras unramified over K, which arise as inertial
algebras of defectless division algebras with residue-class algebras separable
over K.

Theorem. Let L be an abelian unramified extension field of K, Gal(L/K) =
(o> @ @<, i=1,...,r (wheren; is the order of the automorphism ;) and
B a division algebra, unramified over K with centre Z(B)= L. Then B is the
inertial algebra for some division algebra D which is defectless and central over K
with residue-class algebra separable over K if and only if B possesses automor-
phisms Yy, Y, ..., b, such that |, = o, and there exist elements b, b € Uy with
the property Yy = ig,» b, J"bub,}"‘ . ..b,}/’ and there exists a defectless division
algebra central over K with separable residue-class algebra such that Z(A) =
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2.11. Tamely Ramified Division Algebras. Classification. The most complete
results on the structure and classification of henselian division algebras may be
obtained precisely for the class of tamely ramified division algebras.

First of all we remark that the elements of the Brauer group of a field K,
which correspond to tamely ramified division algebras central over K form a
subgroup of Br K. The following resuit shows how the elements of this sub-
group are arranged.

Proposition. Let A be a tamely ramified division algebra central over K. Then
A~ B®yg C, where B is tamely totally ramified (such division algebras were
described earlier), while the tamely ramified division algebra C has trivial upper
ramification index ( such division algebras will be described below).

The following property is of interest, relating the Brauer group to the relative
value group.

Theorem 1. Let 4 be a tamely ramified division algebra, central over K. Then
the exponent of I,/Iy divides the exponent of A.

As far as the classification of tamely ramified division algebras is concerned,
we shall here confine ourselves to considering the important case of division
algebras with trivial upper ramification index, because there is then a complete
system of invariants defining such division algebras up to K-isomorphism and
suitable by its nature for the study in similar publications.

For any totally ordered abelian group I containing [ as subgroup of finite

index, let us fix g,, ..., g, € I'such that I/Ty ~ @ {g; + Ix). If N is an abelian
i=1

extension of E , N/K its unramified lifting to K (i.e. an unramified extension N of
K such that N = N) and there exists an isomorphism A: I'/T}, — Gal(N/K), then

we can put Gal(N/K) = @ <{¢,), where the reduction @; of ¢; is i(g;). Let
i=1
N =N, x -+* x N, be a composite of Galois extensions N;/K corresponding to
the decomposition (P (¢, ). Further, let us fix, for the system of elements g, ...,
i=1

g, a system 7, ..., m, of elements of K such that vi(rn;) = n;g;, where n; is the
order of the cyclic subgroup <g;>. With each automorphism ¢ of I'/T} an
algebra A, may be associated as follows. Let (g; + Ix)" = 6,,9, + - + 0.4,
where 0 < o <n;— 1,i,j = 1,..., r. Denote by o, the element 7% ... 1, where

u; = moy/n; and put A, = P (N,/K, ¢;, 6;). It turns out that this algebra A, is a
i=1

division algebra. Moreover, if ¢, v are distinct automorphisms of I/}, then

A, # A,. The relation of A, to tamely ramified division algebras becomes clear

from the following result.

Proposition 1. With the previous notations there exist an unramified division
algebra D central over K and unique up to K-isomorphism, and a uniquely defined
automorphism o € Aut I'/T such that A ~ D ®y A,; moreover, D ®gx Z(A) is sim-
ilar to the residue-class algebra A and I', = Iy.
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Thus with the division algebra A there may be associated the division algebra
D, the field Z(A), the group I, and the automorphism o € Aut I'/I. It turns out
that conversely, given a division algebra D over K, an abelian extension N/K
with Galois group isomorphic to I/ for a certain ordered abelian group I,
and an automorphism ¢ € Aut I'/I, then we have

Proposition 2. Let D be a central division algebra unramified over K with
residue-class algebra D. Then D ®y A, is an algebra similar to a tamely ramified
division algebra A for which i, = 1, I, = I'and D ®g N is an algebra similar to
A, I, =1, and N = Z(A).

Corollary. If A is a field and A, =1, then A is similar to one of the division
algebras A,. We shall call (D, Z(A), I, 6) a system of invariants for the division
algebra A.

Theorem 2. Let A, A, be tamely ramified division algebras central over K and
44, = As, = 1. Then A, and A, are K-isomorphic if and only if they have the same
system of invariants.

Remark. A particular case of the previous discussion is contained in the
results of Witt [4], on division algebras over complete discretely valued fields.

2.12. Exponents, Splitting Fields and Special Residue-class Fields. In conclu-
sion we note a number of interesting properties connected with special division
algebras.

1. It turns out that for defectless division algebras A central over K with
residue-class algebra separable over K there is a relation between exp 4, exp 4
and the ramification index 7,.

Theorem 1. The exponent of a division algebra A is a divisor of
ry LCM(exp A, exp Ker 0,x), where LCM(, ) denotes the least common
multiple.

2. For defectless division algebras A central over K with residue-class
algebra separable over K, in case r, = 1, we have

Theorem 2. If r,=1, then A=B,® T, and A is determined up to
K-isomorphism by its inertial algebra B, and its totally ramified part T,. The
exponent of A is the least common multiple of the exponents of /Iy and of the
residue-class algebra A.

3. Tignol and Amitsur have proved that in the case of an algebraically closed
residue-class field K for a central division K-algebra A, under the condition
(ind A, char K) = 1 every splitting field of A which is finite over K contains a
maximal subfield.

In the case when K is not algebraically closed, this is not generally true.

Example. Let K be a field of cohomological dimension not greater than 1
and char K # 2. Suppose that the value group /' has an extension /" such that
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I'iIy = {e;> ® {&, ), where {(g;) is a cyclic group of order two with generator ¢;,
i=1, 2. Let n;€ K be such that vg(m;) = 2t;, where t; € {¢;>. Consider the
division algebra 4, (n,, n,, K) and assume further that [K*: K*?] > 2. Denote
by u, v elements of U such that uK*? and vK*? are distinct elements different
from 1 of the group K*/K*2. Then T = K(\/m,u, \/7,v) is a splitting field for 4
but it contains no maximal subfield. For we have A ®4 T ~ A4,,(u™", v™", K).
Since Br(K) = 0, it follows that ind A, (u™', v™", K) = 1. A simple calculation
shows that (up to K-isomorphism) all maximal subfields of 4 are of the form
K (\/771 ), K (\/77 or K(\/m,m,). But all subfields of T quadratic over K are of
the form K(\/m,u), K(./7,v), K(ﬁlnzuv). By the choice of u, v all these six
fields are pairwise non-K-isomorphic.
However, for 4, = 1 we have

Theorem 3. Let A be a tamely ramified division algebra central over K,
(ind A, char K) = 1, A, = 1. If L is a splitting field of A such that in the tower
K = N < L, where N is a maximal subextension in L unramified over K, and L/N
is a Galois extension, N — A, then L contains a maximal subfield of A.

4. In conclusion we describe the division algebras tamely ramified over K in
the case when K is a quasi-finite field.

Theorem 4. Let K be a quasi-finite field and A a central division algebra
tamely ramified over K, such that (ind A, char K) = 1. Then A can be decomposed
as a tensor product of certain cyclic division algebras, which with possibly one
exception are totally ramified symbol algebras of indices equal to their exponents.

It turns out that the number of cyclic components in the preceding decompo-
sition is independent of the decomposition.

Theorem 5. Under the conditions of Theorem 4 let A be of primary index. If
A=A,Qy  ®x A,, A =B, ® - ® B, are two decompositions of A into cyclic
division algebras, then r = s and with suitable renumbering we have ind A; =
ind B;. Moreover, exp A is the least common multiple of exp A, ..., exp A,.

§ 3. Division Algebras over Algebraic Number Fields

3.1. The Local-to-global Method. For the study of division algebras over
algebraic number fields the local-to-global method plays an important role; it
consists in the following: for the solution of any global problem we first solve the
set of corresponding local problems and use the information so obtained for the
solution of the global problem. Below we shall consider the case of division
algebras over algebraic number fields, although all the results carry over to the
case of fields of algebraic functions in one variable with a finite field of con-
stants, which together with algebraic number fields form the class of global
fields. Below K denotes an algebraic number field, i.e. a finite extension of the
field of rational numbers.
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For the applications of the local-to-global method it is necessary to give a
very precise definition of the localization of the objects considered.

For an algebraic number field K the role of localization is played by the
completion K, relative to any valuation v of K. We remark that by a valuation
we understand in this section not merely the usual valuations, but also the
archimedean absolute values. Since equivalent valuations give isomorphic com-
pletions, it is enough to consider the completions K, for all ve VX, where
VX denotes the set of all pairwise inequivalent valuations on K.

If A is a central division algebra over K, then A ®¢ K, = 4, will be a central
simple algebra over K,. The localization A, can be constructed comparatively
simply (cf. 1.7). There naturally arises the question: To what extent is the divi-
sion algebra A determined by its localizations A,? The intuitive idea, that for
each desired item we can restrict ourselves to only a finite number of localiza-
tions, is relevant to the effectiveness of the local-to-global methods.

It turns out that in a definite sense the structure of 4 depends on only a finite
number of localizations, as is shown by

Theorem 1. For almost all v € V¥ we have ind A, = 1. Thus except for a finite
number of valuations the algebra A, is a full matrix algebra over K,,.

3.2. The Hasse-Brauer-Noether Theorem. Let A be a central division algebra
over K of degree n. The following important result gives an answer to the
question of which local properties determine a full matrix algebra over K.

Theorem 1. A ~ M,(K) if and only if A, ~ M,(K,) for all v € VX. Hence there
Jollows the local-to-global norm principle for cyclic extensions of K.

Theorem 2 (Hasse). For a cyclic extension L/K an element a € K is a norm
Ny x(b), be L, if and only if for every ve V& a= N k(b)) b, €L, where L, is
the completion of L relative to the extension of v.

For a proof of Theorem 2 it is enough to consider the cyclic algebra
(L/K, 0, a), where (o> = Gal(L/K) and bearing in mind that the algebra
(L/K, 0, a)is a full matrix algebra if and only if a € N; ¢ (L,). Then by Theorem
1,(L/K, o, a) is also a full matrix algebra and this is equivalent to the condition
ae N (L) (cf. 1.6, Ch. 1).

3.3. The Grunwald-Wang Theorem. This is a result on the existence of cyclic
extensions of K with given local behaviour. The existence of such extensions
(together with the Hasse-Brauer-Noether theorem) allows us to establish the
cyclicity of central simple algebras over K.

We recall that a valuation v e V¥ is called real or complex according to
whether K, is R or C.

Theorem (Grunwald-Wang). Let (vq, ny), ..., (v,, n,) be a finite set of pairs,
where v;e VK n,e N and n; = | if v, is complex and n, < 2 if v, is real. Let n
be the least common multiple of n,, ..., n,. Then for any m divisible by n there
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exists a cyclic extension L/K of degree m such that [L, : K, ] is divisible by n;,
i=1,...,r,where L, denotes the completion of L relative to one of the valuations
extending v;.

3.4. Cyclicity of Division Algebras. For an arbitrary central simple algebra 4
over K, deg A = n, we consider the finite set (in the sense of Theorem 1 of 3.2)
S < VX consisting of those ve VX for which ind A, > 1. Let m be the least
common multiple of all the numbers (ind 4,),.s. By the Grunwald-Wang
theorem (3.3) there exist cyclic extensions L/K of degree n and F/K of degree m
such that [L,: K,] and [F,: K,] are divisible by ind A4, for v € S. By Theorem 4
of 1.7, AQx L, ~ M(L,), A ®x F, ~ M,(F,). Hence it follows by the Hasse-
Brauer-Noether theorem that 4 ®x L ~ M,(L), A ®x F ~ M,(F), ie. L and F
are splitting fields of A.

Since L splits 4 and [L : K] = deg A, this proves that A is cyclic. Since F is a
splitting field, ind A is a divisor of m, in particular, ind 4 < m. We remark that
[A,]°®4 is the trivial element of the Brauer group, therefore ind 4, is a divisor
of exp A and it follows that m is a divisor of exp A. Thus from ind A < m <
exp A it follows that ind 4 < exp 4, so we have proved

Theorem. The algebra A is cyclic and exp A = ind A.
From the proof of this theorem there follows the

Corollary. The index of an algebra A is equal to the least common multiple of
the local indices ind A,

3.5. Local Invariants and the Reciprocity Law. Following 1.8, we consider
the isomorphisms

inv,: BrK,—» Q/Z, veVX

For any algebra A the elements inv, [4,] are called the local invariants of A
and are denoted by inv,(A4). By Theorem 1 of 3.1 we have inv,(4) = 0 for almost
allve VK

Theorem 1. ) inv,(4) =0.
veVkK
This correspondence is called the reciprocity law for the algebra A.
The natural question arises whether there exists an algebra A4 for any given
local invariants.

Theorem 2 (Existence theorem). For each v e VX let an element a, € Q/Z be
given such that a, = 0 for almost allvand Y o, = 0. Then there exists a central
ve VK

simple algebra A over K with local invariants a,,.

The isomorphism problem for simple algebras over K is now solved in the
following elegant manner.
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Theorem 3. The central simple algebras A and B over an algebraic number
field K are K-isomorphic if and only if A and B have the same local invariants.

3.6. The Reduced Norm. Theorem (Eichler). Let A be a central simple alge-
bra over a global field K. Then an element a lies in Nrd (A*) if and only if
aeNrd, (4}) forallve VX

If v is a non-archimedean valuation, then Nrd, (4,) = K,. In particular,
if K is a global field of positive characteristic, it follows from the theorem
that Nrd,(4) = K. For an algebraic number field K and a real v we have
[K3¥: Nrd, (47¥)] < 2. With the help of weak approximation we obtain

Corollary. The group K*/Nrd (A*) is a finite 2-group.

3.7. Splitting Fields. A second important consequence of the Hasse-Brauer-
Noether theorem concerns splitting fields.

Theorem. A finite extension L/K is a splitting field for the central simple
K-algebra A if and only if [L, :K,] is divisible by ind A,, where w is any
extension of vto L and v runs over the set VX

Remark. Since by Theorem 1 of 3.1, ind 4, = 1 for almost all v e VX, the
requirement that [L,, : K, ] be divisible by ind A, is non-trivial for only a finite
number of places v € V¥, This circumstance was already used in the proof of the
theorem in 3.4.

3.8. The Norm Local-to-global Principle for Subfields of Division Algebras.
Let L be a finite extension of a global field K. We shall say that the norm
local-to-global principle holds for L if Ny x(L*) = Ny k(J.) n K*, where J, is the
idele group of L. In particular, this shows that from a € N; i (L,) for all valua-
tions v on L it follows that a € N, (L). By Hasse’s theorem (cf. 3.2) the norm
local-to-global principle is always satisfied for cyclic extensions L/K.

If L is a maximal subfield in D, then Ny x(a) = Nrdp(a) for any a € L. There-
fore Eichler’s theorem (3.6) leads to the natural question: does the norm local-
to-global principle hold for any maximal subfields L of D? In the case when L
is a Galois extension, the correctness of the local-to-global principle for L/K
follows by Tate’s criterion {cf. Cassels-Frohlich [1], Ch. 7). Indeed, since L
is a maximal subfield in D, there exists for every Sylow p-subgroup G, < G =
Gal(L/K) a valuation v € VX such that G, < G, = Gal(L,/K,). Hence the natu-
ral mapping of third cohomology groups

H*G,,2)~ ] H*G,, Z)
veVK
is injective, and hence so is the mapping
H*(G,Z)~ [] H*G,, Z).
ve VK

However, in the general situation the answer to the question formulated

above is in the negative. The following theorem, due to Yu.A. Drakokhrust and
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V.P. Platonov [1] gives a qualitative characterization of the norm local-to-
global principle for subfields of division algebras.

Theorem 1. If the index of D over K is p or p?, where p is any prime number,
then for any subfield L = D the norm local-to-global principle is satisfied.

Theorem 2. For each prime p there exists a division algebra D over K,ind D =
p3, such that for a suitable maximal subfield L < D the norm local-to-global

principle does not hold.

Theorem 3. Let D be a division algebra over K such that ind D < 7. Then the
norm local-to-global principle holds for any subfield L < D.

Thus the minimal counter-example for the norm local-to-global principle is
obtained for division algebras of index eight.

§4. Division Algebras
over Quasi-algebraically Closed and C;-Fields

4.1. Quasi-algebraically Closed Fields. The existence of non-trivial division
algebras over fields is closely connected with the presence of non-trivial zeros
of certain homogeneous polynomials. Thus for example, in 4.4 of Ch. 3 we
remarked that for a fixed basis e, ..., e,. of a central simple algebra 4 over K
there exists a homogeneous polynomial RN ,(x,, ..., x,2) such that for each

a=) ae €A, aeK, Nrd(a) = RNy(ay, ..., a,.), and A will be a division
i=1
algebra if and only if RN,(a,, ..., a,2) =0onlyfora, =a,=---=4,.=0.

Definition. A field K is called quasi-algebraically closed (or a C,-field) if every
homogeneous polynomial with coefficients in K, of degree n in m variables,
where m > n, has a (non-trivial) zero in K.

The first non-trivial example of a quasi-algebraically closed field is given by

Theorem (Chevalley-Warning). Every finite field is quasi-algebraically
closed.

Let us fix on the most important property of quasi-algebraically closed fields
in our present context.

Theorem. Every central division algebra over a quasi-algebraically closed field
K coincides with K, i.e. Br K = {0}.

Proposition. The class of quasi-algebraically closed fields is closed under alge-
braic extensions.

4.2. Tsen’s Theorem. This theorem firstly provides important examples of
quasi-algebraically closed fields, and secondly proves useful in the study of
simple algebras over rational function fields.
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Theorem. A field of algebraic functions in one variable over an algebraically
closed field of constants is quasi-algebraically closed.

Another important example of a quasi-algebraically closed field is the field of
formal Laurent series K {x> with coefficients in an algebraically closed field K.

4.3. C;-Fields. These fields were introduced by Lang [1].

Definition. A field K is called a C;-field, if every homogeneous polynomial
f(xy, ..., x,) with coefficients in K of degree d, where n > d* has a zero in K (i.e.
there exists a non-zero solution of the equation f(x, ..., x,) = 0in K).

It is easy to see that C,-fields coincide with algebraically closed fields, and
C,-fields are the quasi-algebraically closed fields. We note some important
properties of C;-fields.

Theorem 1. Let K be a C;-field and f,, ..., f, homogeneous polynomials in the
unknowns x,, ..., x, of respective degrees d,, ..., d,. If n > d\ + -+ + d, then the
system f; =0, ..., f, = 0 has a non-zero solution in K.

Theorem 2. Every algebraic extension of a C;-field is a Ci-field. If K is a
C,-field, then the field of rational functions in a variable x over K is a C;,-field.

The first type among the C;-fields for which the Brauer group is non-trivial
are the C,-fields. Having regard to Theorem 2, we see that important examples
of C,-fields are given by the fields of algebraic functions in two variables over
an algebraically closed field of constants, i.e. the function fields of algebraic
surfaces.

From the definition of C,-fields we deduce immediately the following inter-
esting properties:

1) Every quadratic form in five or more variables over K has a non-trivial
Zero;

2)If L is any finite extension of K and D is a division algebra central over L,
then the homomorphism Nrd,: D* — K* is surjective.

4.4. C{-Fields. The class of C?-fields consists of fields K for which property
2) of the preceding subsection holds. Thus C,-fields are C3-fields. On the other
hand, the class of C3-fields is wider than the class of C,-fields, since it contains
all fields Q,, which as Terjanian has shown, are not C,-fields.

For perfect C?-fields there is a simple cohomological description in Suslin

[11.

Theorem. For a perfect field K the following conditions are equivalent:
1) K is a C3-field;
2) the cohomological dimension of K does not exceed 2.

4.5. The Exponent and the Index. As mentioned earlier, if the index of a
division algebra A4 is p%*...p%, where a4, ..., o, > 0, and p,, ..., p, are distinct
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prime numbers, then exp A4 is divisible by p,, ..., p,. On the other hand, in the
case of local and global fields, any central division algebra 4 over K has the
property exp A = ind A. There arises the natural question: for which fields K
does every central division algebra 4 over K have an exponent equal to its
index? There is a conjecture that this property appertains to all division algebras
over C,-fields. This conjecture has up to now only been proved in the case of
division algebras over special fields.

Theorem. If for a division algebra A over a C,-field ind A = 2°3%, then
exp A =ind A.

By part (vi) of Theorem 2 of 2.5 in Ch. 2, the proof of this theorem is
immediately reduced to the case of division algebras of exponent 2% and 3°. Let
p be cither 2 or 3. There is a simple reduction of the general case to the case of
exponent p. Assume that our assertion has been proved for division algebras A
of exponent at most p*~*, where a > 2, and let 4 be a central division K-algebra
over a C,-field of exponent p®. Then the algebra B which is the p-th tensor
power of A is of exponent p®~!. By hypothesis ind B = p*®~! and hence there
exists an extension L of K of degree p®~! which is a splitting field of B. Consider
the algebra C = A ®g L; its exponent is p and so there exists an extension F of
L of degree p which is a splitting field. Hence F is a splitting field for A of degree
p® over K, which is equivalent (since exp 4 = p*)to ind A = p* Thus for a proof
of the theorem it is enough to restrict consideration to the case exp 4 = p.

We remark that in case char K = p # 3 we may without loss of generality
assume that p,, a primitive cube root of 1 lies in K. Indeed, since ind 4 = 3° and
[K(u;): K] <2, it follows by part (iv) of Theorem 2 in 2.5 of Ch. 2 that it is
enough to prove the theorem for 4 ®g K(p3). In view of the last remark, the
Merkur’ev-Suslin theorem and the Corollary of 2.8 in Ch. 2, A is similar to a
tensor product of cyclic algebras of index p. So to complete the proof of the
theorem it will be necessary to prove the

Proposition. Let A, and A, be central division K-algebras of index p (p = 2, 3).
Then ind(A4; ®¢ 4,) < p.

The truth of this proposition follows from the existence in A, and 4, of
K-isomorphic maximal subfields. For a proof we consider K-bases e, =
Lapo ooy e, vy =14, ..., v, for A; and A, and corresponding polynomials
RP, (x,,..., Xp2, X), RP, (24, ..., Z,2, x) from the Theorem of 4.2 in Ch. 2. Let

RP, (xy,. ., X, X) = x" + a;x"" 4+ +a,,
RP, (21, s 2,0, X) = XP + byxP T 4+ -+ b,
and consider the system
a—b=0,...,a,-b,=0, x;,=0, z,=0. (*)

The number of unknowns in this system is 2p?, while the degree of the polyno-
mial a; — b; is i. Thus in case p = 2 we have 8 > 12 + 22 + 12 + 1? and in case
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p=23,18> 124224+ 3% 4+ 1% 4 12 It follows by Theorem 1 of 4.3 that the

system (*) has a non-zero solution in K:x; =0, x, = 5, ..., X,2 = a2, 2, =0,
2 2

z2y =P .. 20 = Bo. Weputu = 122 oe, v = 22 p;v;. Then by the theorem of
4.2 of Ch 2,

RP, (0, a,,...,a,,x) = RP 4 (x, u),

RP (0, B, ..., B2, x) = RP 4, (x, 1)

and moreover, RP, (x, u) = RP,,(x, v). If some among the elements «,, ..., «,,
are non-zero, then u ¢ K, by the choice of basis ey, ..., ¢,.. Then RP, (x, u) is
irreducible over K and so v ¢ K, because RP, (x, u) = RP 4, (x, v). Now it is
clear that K(u) and K(v) are K-isomorphic. Let us show that not all elements «;
can vanish. If that is so, then among f,, ..., §,- we can find a non-zero element,
and so v will be non-central. So RP, (x, v) is irreducible over K, and u # 0 is a
root because RP 4 (x,u) = RP 4 (x,v). Thus the proposition, and with it the

theorem is proved.

§ 5. Division Algebras over Rational Function Fields

5.1. Local Invariants. Let K(x) be the field of rational functions in x over the
constant field K and VZ™ the set of all its inequivalent valuations that are trivial
on K. With each central simple K(x)-algebra (in particular, each division aige-
bra) a set of division algebras over K(x),, where v € V™ can be associated. For
ve VE™ consider the algebra A, = A ®g(,, K(x),. The algebra A, is central
simple over K(x), and hence is similar to a uniquely determined central division
K(x),-algebra D,. In what follows we shall restrict attention to those algebras 4
for which there exists a separable algebraic extension F of K such that F(x) is a
splitting field of A. Such algebras correspond to a subgroup Br,(K(x)) of
Br K(x), called the separable part of Br K(x). Below A is a central simple
algebra over K(x) such that [ 4] € Br,,(K(x)).

We remark that v is a discrete valuation and so K(x), is henselian. Since
[A] € Br,,(K(x)), there exists a finite Galois extension F of K such that F(x) is
a splitting field of A4. It follows immediately that F(x), is unramified over K(x),
and is a splitting field of D, (F(x), is the completion of F(x) for one of the
valuations of F(x) extending v). It follows that D, is tamely ramified over K(x),,
A(D,) =1 (cf. §2) and so by the results of §2, D, ~ U, Q) (N,/K(x),, 0,, ),
where U, is a central unramified division K(x),-algebra, = = f in the case of a
valuation v, and = = x™* for v =v_, (cf. §1, Ch. 1), N, is a cyclic unramified
extension of K(x),, such that N, = Z(D,) and o, is a suitable generator of the
Galois group Gal(N,/K(x),). As follows from the results of §2, the algebra
Inv,(4) = (N,/K(x),, g,, n) is defined up to K(x),-isomorphism and is called a
local invariant of A relative to v. We remark further that the division algebra
Inv,(A) is completely determined by N, and a,, so often the pair (N,, 7,) is also
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called the local invariant. This interpretation of the local invariants allows us to
obtain an interesting representation of it by character groups of suitable Galois
groups. To obtain such a representation we remark that if L/K is a Galois
extension with group G, then each character y of G (i.e. a homomorphism
y: G = Q/Z) corresponds to a cyclic pair (Z,, o,), consisting of the cyclic exten-
sion Z, of K which is the fixed field of the group Ker x and the automorphism
o, whose restriction to Z, is the automorphism o such that y(o) =m™ + Z,
where m = [Z,: K]. Conversely, each cyclic pair (Z, o) corresponds in the way
indicated above to a certain character y of G such that Z = Z,, ¢ = ¢,. In this
way we obtain a bijection between the characters of G and the cyclic pairs. Now
let F/K be a Galois extension of K and let Br(F(x)/K(x)) be the subgroup of
Br,., (K (x)) of elements [ 4] such that F(x) is a splitting field of A. It is not hard
to see that F(x), is a splitting field for A, that is unramified over K(x),; moreover
its Galois group Gal(F(x),/K(x),) is isomorphic to the group G, of all auto-
morphisms in Gal(F(x)/K (x)) which preserve the monic factors D(x) of f(x) that
are irreducible over F[x], in the case where v = v; and G, = Gal(F(x)/K(x)) in
case v =v,.

We remark that since F(x), is a splitting field of A, unramified over K(x),, it
follows that N, c F(x),, therefore N, ¢ F(x),. That F(x), is unramified over
K(x), follows also from the isomorphism G, ~ Gal(F(x),/K(x),). Below we put
G = Gal(F(x),/K(x),); then there exists a mapping from the character group
Hom(G, Q/Z) to the set of cyclic pairs. On the set of cyclic pairs an operation of
multiplication may be introduced as follows. Let (E, 6) and (T, ?) be cyclic pairs
and (E/K(x),, g, ), (T/K(x),, 7, 7) cyclic algebras such that E and T are liftings
of E, T respectively that are unramified over K(x), (and similarly with regard to
¢ and &). The tensor product (E/K(x),, 6, 7) Q) (T/K(x),, T, m) is split by the
unramified extension ET/K(x), and so is similar to a certain division algebra
U ®x. (Z,/K(x),, p,, ), where U is a division algebra unramified over K(x),
and the cyclic extension Z,/K(x), is unramified. The pair (Z,, Jz,) is called the
product of the cyclic pairs (E, §) and (T, 7). The set of all cyclic pairs forms a
group under the above operation. Now the replacement of each character by its
cyclic pair defines an isomorphism of the character group with the group of
cyclic pairs, which in our situation implies an isomorphism of the group of cyclic
pairs and Hom(G,, Q/Z). Returning to the local invariants of an algebra, we
mention a series of properties which are important for the sequel.

Theorem 1. For almost all v e VEN\{v,, } we have
ind(Inv,(A4)) = 1.

Thus the number of non-trivial local invariants is finite.
The second assertion relates to unramified algebras (i.e. algebras for which
ind(Inv,(A4)) = 1 for any v e VX)),

Theorem 2. If the algebra A is unramified for any ve VE®, then A =
Ay ®x K(x), where Ay is a central simple algebra over K.
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Finally, if f,, ..., f, is a finite set of monic irreducible polynomials in K[x],
and Ay, ..., A, are central division algebras over K(x),, such that 4, =

(N;,, 0;, f;), where Ny, is an unramified cyclic extension of K(x), , then we have

Theorem 3. There exists a division algebra A central over K(x), with the
properties Inv v, (4) = A; and ind Inv, (4) =1 for f # f..

The preceding results allow us to give the following description of the group
Br(F(x)/K(x)), where F is a finite Galois extension of K.

Theorem 4. Br(F(x)/K(x)) ~Br(F/K) @&  Hom(G,, Q/Z).

ve Vﬁ(’)\ {(va )

The isomorphism in the preceding theorem may be interpreted as follows.

Let A be a central simple K(x)-algebra. Consider for each element [ A] the set
{Inv,(A)}, cyrem (v, )» replace each Inv,(4) by its cyclic pair and this in turn
by the corresponding character in Hom(G,, Q/Z). This gives rise to a
homomorphism

Inv: Br(F(x)/K(x)) — @ Hom(G,, Q/Z).

ve VEW\ {v, |
From the preceding theorem it follows that we have a short exact sequence
0 Br(F/K) —= Br(F(x)/K(x) —— @  Hom(G,. Q/Z) -0,

veVES [y )
where Res is the mapping obtained from Res[A] = [4 ®g K(x)].

Since Br, (K(x)) is the union of its subgroups Br(F(x)/K(x)) for all finite
Galois extensions F of K, the preceding theorem allows us to describe the group
Br,., (K (x)). We recall that Br,,(K(x)) = Br(K(x)) for a perfect field K (in partic-
ular, for characteristic zero).

We shall formulate the final result in the important special case when K is of
characteristic zero.

Let K**® be the algebraic closure of K, and P(K) the set of all irreducible
monic polynomials in K[x]. For each f € P(K) and some root « of it in K& we
denote by G, the subgroup of Gal(K*'#/K) consisting of those elements ¢ such
that « = a and by Hom(G, , Q/Z) the group of continuous characters of G, .
Then we have

Theorem 5. Br(K(x)) ~ Br(K) @, px, Hom(Gvf, Q/Z).

Remark. An analogous result on the group Br(C(xy,...,x,)), where
C(x,,..., x,) is the field of rational functions in x, ..., x, over the complex
numbers C was obtained by Steiner.

sep

5.2. The Hasse Principle. The question of the validity of an analogue to the
Hasse-Brauer-Noether theorem for algebras over the rational function field
K (x) has been answered positively.

Theorem 1. A central simple algebra A over K(x) defines the trivial element
[A] € Br(K(x)) if and only if [A Q. K(x),] is the trivial element of Br(K(x)),
for all ve VE®,
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When A4 is such that [ 4] € Br,,,(K(x)), a stronger result holds.

Theorem 2. Let A be a central simple algebra over K(x) and suppose that
[A] € Bry, K(x). Then ind(A) = 1 if and only if all local invariants of A are
trivial and an element a € K can be found such that

ind(4 ®g K(x),, ) = 1.

vS*ﬂ

There exist some other results of analogous type relating to special choices
of K.

Theorem 3. Let K be an algebraic number field, v e VX, where VX is the set of
all inequivalent valuations of K and let K ,(x) be the field of rational functions in
x over K. Then a central simple algebra A over K(x) defines the trivial element in
Br(K(x)) if and only if [ A Q) K,(x)] is the trivial element in Br(K (x)) for all
ve VK

Simple reasoning connected with the fact that rational function fields over K
are Hilbertian allows this result to be transferred to the case of several variables
(Sonn [1]).

We recall that by an arithmetic progression in a field K one understands a
sequence {a + nb}, where n runs over the natural numbers and 0.

Theorem 4. Let K be an algebraic number field and A a central simple algebra
over K(x). Then in order for [A] to be the trivial element in Br(K(x)) it is
necessary and sufficient that K contain an arithmetic progression T such that for
each a e T the element [A Qg K(x), 1 is trivial in Br(K(x),_).

5.3. Special Cases. We consider two special cases.
A) Br(K) = 0. Then by Theorem 1 of 5.2 there follows immediately

Theorem 1. Let Br(K) = 0 and let A be a central division algebra over K(x).
Then A is determined up to K(x)-isomorphism by its local invariants.

Corollary. Let K = C{y), where C is an algebraically closed field. Then every
central division algebra over K(x) is similar to a cyclic algebra.

B) The field K is real closed. Then by Tsen’s thecorem there follows
immediately

Theorem 2. Every central division algebra A over K(x) is of one of three types:

(i) (— L]~ a). K(x));
(i) (— L] (x - ap, K(x)>,

i=1
where a,, ..., a, are distinct elements of K.

5.4. Rational Splitting Fields and Conic Bundles. In a splitting field of a
central division algebra over a rational function field, which is itself a field of
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rational functions, there is an interesting connexion with an algebro-geometric
problem.

Definition. Let K be a field and X a rational surface defined over K. We say
that X is a conic bundle over P!, if there is a K-morphism f: X — P! such that
the generic fibre over the base is an irreducible conic. Below we shall assume for
simplicity that char K # 2.

The problem of K-unirationality of a conic bundle has a close connexion
with rational splitting fields of quaternion algebras. We recall that for a central
simple algebra 4 over K(x) a splittings field F is called a rational splitting field
for A if

(i) F is a splitting field for A4;

(ii) F = K(2) is the field of rational functions in z over K.

The algebra 4 over K(x)is said to possess a K-point if there exists an element
a € K, such that

ind(4 ®x K(x), _)=1, or ind(4®gK(x), })=1

The connexion between the problem of K-unirationality of conic bundles
and the existence of a rational splitting field consists in the following. It is
known (see for example Iskovskikh [1]), that every conic bundle which has a
K-point corresponds to a quaternion algebra over K(x), having a K-point (and
conversely). There is a conjecture that conic bundles possessing a K-point are
K-unirational and it has been established that this is equivalent to the existence
of a rational splitting field of the corresponding quaternion algebra. Generaliz-
ing the preceding conjecture, we may ask the question:

Does every central simple algebra over K(x), which possesses a K-point have
a rational splitting field?

This is so when K = R (Iskovskikh [1]), and the same is true for any real
closed field K. The following result shows that the answer is also positive in the
case when K is henselian.

Theorem (Yanchevskii [8]). Let K be a henselian field and A a central simple
algebra over K(x) possessing a K-point. Then A has a rational splitting field.

The problem of the existence of rational splitting fields remains open even in
the basic arithmetic case when K = Q.

§ 6. Division Algebras over Algebraic Function Fields
of One Variable. Brauer Groups

6.1. Skew Fields of Algebraic Functions of One Variable. There exists a useful
non-commutative generalization of the concept of a field of algebraic functions.
Let 4 be a skew field and K a subfield of its centre Z(A4).

Definition 1. A is called a skew field of algebraic functions of one variable, if
there exists an element x € 4 such that [4: K(x)] < 0.
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We remark that the class of skew fields of algebraic functions of one variable
coincides with the class of finite-dimensional division algebras over algebraic
function fields. Indeed, one inclusion is obvious, for in case Z(A) is a field of
algebraic functions in x with constant field K, we have the equation [A: K(x)] =
[A:Z(A)][Z(A4): K(x)] < «. The other inclusion is a consequence of the fol-
lowing result.

Proposition 1. If A is a skew field of algebraic functions in one variable, then
A is finite-dimensional over Z(A) and Z(A) is a field of algebraic functions in one
variable.

If A is a skew field of algebraic functions, K is a subfield of the centre Z(A4)
and x € A is such that [4 : K(x)] < oo, then the condition [ A4 : K(x)] < oo holds
as well, where K is the relative algebraic closure of K in Z(A), therefore it
is natural to call A a skew field of algebraic functions in one variable over K and
to assume K relatively algebraically closed in Z(A4). In the case when A is
commutative, this reduces to the classical definition of a field of algebraic func-
tions in one variable with constant field K. In the case of a genuinely skew field
A the elements algebraic over K need no longer form a subring. In view of this
fact it is necessary to consider a suitably changed notion of relative algebraic
closure in A.

Definition 2. By a valuation ring in a skew field A we understand a subring V
which satisfies the following two conditions:

(i) if x € A, theneitherxe Vorx#0and x" eV,

(ii) if o is an inner automorphism of 4, then V7 = V.

Example. Let 4 be a skew field with a valuation v. Then its valuation ring V,
(cf. 1.5in Ch. 1) is a valuation ring in the sense of Definition 2. Conversely, every
valuation ring in the sense of Definition 2 defines in canonical fashion a valua-
tion v of the skew field 4. Below, in order to emphasize this circumstance, we
shall denote such a subring by V.

It turns out that maximal orders (in the sense of the definition of e.g. Reiner
[1]) will provide examples of valuation rings.

Proposition 2. Let V, be the ring of a discrete valuation in Z(A) and A, a
maximal order in A over V,. Then the following conditions are equivalent:

1. 4,/Rad A, is a skew field,
If x € A, then either xe A, or x # 0and x™* € A
A, is a valuation ring in the skew field A.
A, is the unique maximal order over V, in A.
Every left ideal of the order A, is two-sided.
If Z(A), is the completion relative to v, then A ®,4, Z(A), is a skew field.

v

Sk W

Now let K denote the set of all elements in A4 that are algebraic over K.
Among all the rings contained in K let us fix a maximal one, M, say. It is not
hard to see that M is a skew subfield of 4 and from M < K it follows that
[M:Z(M)] < oc.
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Proposition 3. Let t € Z(A) be such that [A:K(t)] =m is minimal, r =
[Z(AZ(M): Z(M)(t)] and s®> = [A: Z(A)][Z(A) : K] < 0. Then we have

2
[4:Z(4)] =[M K] %2 $*[Z(M): K].

Thus the skew field M, consisting of elements of A algebraic over K, is an
object of interest. M may be characterized in terms of maximal orders in A as
follows.

Theorem 1. M = (") A,, where {A,},. o ranges over the maximal orders of A
over the rings of K-valuations on Z(A) containing M.

It is not hard to see that the preceding intersection may be written in the form
of an intersection of a subset of {4,},. y such that each ring of a K-valuation on
Z(A) is taken for precisely one of the orders 4,. Let us fix in what follows such
aset of orders {4y}, 5  {A,},. - Lett € Z(A)\K, and denote by U the subset
of all pe B for which K[t] = A; and by V the subset of all f € B such that
K[t7']c Ay but t ¢ 4, Put € = {4;]je Uou V} and let V(A4) be the set of all
valuation rings of A. Then V(A4) < €. Below we shall assume that V(A4) # (J. Let
us define a geometric divisor d of A as an element of the free abelian group
generated by the elements 4, €, d = anAj where n; = 0if 4, G\V(A4). If v is
a valuation of A, then we put v(d) = n,. The degree of the divisor d, deg d, is
defined as the sum ) n.f,, where f, = [4,/Rad 4,: K]. Further we put E =
N A;, where A; ranges over the set €\V(4). Then E is an order in 4 over a
certain Dedekind ring R,,, whose field of fractions coincides with Z{A4). Ry,
coincides with the intersection of all rings of K-valuations of Z(A), which cannot
be extended to valuations of A. If all K-valuations of Z(4) can be extended to
valuations of 4, then we put R,, = Z(A) and E = 4. With each element y € E*
we can associate a principal divisor by putting d(y) = Y. v(y)4,. Divisibility of
divisors is defined in the natural way: d,|d, if and only if v(d,) < v(d,) for
all ve V(A). If d is a divisor of A4, then we may consider the vector K-space
2(d) = {e € E|v(e) = v(d) for all ve V(A4)}. The dimension I(d) of this vector
space over K is always finite.

Theorem 2. (Non-commutative version of Riemann’s theorem) There exists an
integer g, such that for each divisor d of the skew field A, {d) + degd = 1 — gy,
and if deg d is sufficiently large, then I(—d) + deg(—d) = 1 — gy.

The number g,,, cailed the genus of A relative to M, appears to depend on the
choice of M. We put g = inf{g,,}, where M ranges over all maximal K-algebraic
subrings of A. Then in the case of a class number one field Z(A) we have

Theorem 3. Let Z(A) be a class number one field. Then all maximal K-
algebraic subrings of the skew field A are conjugate among themselves, the

number g, does not depend on the choice of M and g,, does not depend on the
choice of the orders A, such that M = () A,.
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For a formulation of a non-commutative version of the Riemann-Roch theo-
rem we require the notion of a repartition of the skew field A. A repartition P of
the skew field A is a mapping of € into A such that P(4;) € 4; for almost
all je Uu V. The set R of all repartitions of A is a K-algebra in which 4
is embedded in diagonal fashion (ie. ae 4 corresponds to the repartition
P,(A4;) = a). A valuation (over K) of 4 can be extended to a valuation of R as
follows: v(P) = v(P(4,)). For a divisor d and a repartition P we have d|P if and
only if v(P) > v(d) for all v € V(A) and P(A) € A for all A € E\V(A). Let us put
A(d) = {P € R| d|P}; then A(d) is a vector K-subspace of R. We have

Theorem 4. Let d be any divisor of the skew field A. Then
dimg(R/A(d) + A) = lI(d) + degd + g, — 1.
In particular, for the trivial divisor e,
dimg(R/Ae) + A) =gy +n— 1,
where n = [M : K].
In the case of a perfect field we have

Theorem 5. Let the field K be perfect. Then g,, does not depend on the choice
of M, nor on the choice of the orders A; such that M = () 4;.
j

In conclusion we give a relation between the genus g,, and the genus g, 4, of
the field Z(A).

Theorem 6. The genus g,, satisfies the inequality
Iu < [A:Z(A)]gz4 — [M:K] + 1.
Corollary.

(4:Z(A)]gzu — [M: K]+ 129y, =1 —-[M:K].

. Indeed, if Gz = 0, then g, = 1 — [M : K]. Further developments of these

ideas and applications to non-commutative algebraic geometry can be found in

zl;an den Bergh-Van Geel [1], Van Deuren-Van Geel-Van Oystaeyen [1], Van
eel [1].

6.2. Brauer Groups of Algebraic Function Fields. Let K be any perfect field
and F a field of algebraic functions in one variable with constant field K (i.e. the
relative algebraic closure of K in F coincides with K). We denote by ¥} the set
of all inequivalent valuations of F that are trivial on K. As in the case F = K(x)
we can for every central simple F-algebra 4 and every system of prime elements
{m,} for the v € Vi define the local invariants {inv,(4)}. For a Galois extension
E of K we put G, for the decomposition subgroup of Gal(E/K) for v (identified
with Gal(EF,/F,), where F, is the completion of F relative to v and EF, the
completion of EF relative to the valuation on EF extending v). If the extension
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E/K is finite, then as in 5.1 we obtain the homomorphism

Inv,:Br(EF|IF)» @ Hom(G,, Q/Z),

ueV;\{vo}

where v, is any fixed valuation in V.

It is clear that the kernel of the homomorphism Inv, contains the group
Br(E/K), but if F is not a rational function field over K as constant field, it gener-
ally turns out to be larger. Similarly, a consideration of the homomorphism

Inv: Br(EF|F)—» & Hom(G,, Q/Z)
veVk
also leads to a kernel which is larger in general than Br(E/K). An algebra A for
which [A4] € Ker Inv is called unramified over F. ‘

This raises the natural question: does the analogue of Theorem 1 of 5.2 hold
in the case where F is not the rational function field over a constant field? The
answer is in the negative (cf. for example, Nyman-Whaples [1]): counter-exam-
ples already occur in the case of the quaternion algebra over fields of genus 0
and in the case of algebras of index 3 over fields of genus 1.

Thus the different phenomena taking place for simple algebras over rational
function fields break down in the case where the algebra considered is over an
algebraic function field. One of the important methods of studying the group
Br(F) still remains the cohomological one. One of the general schemes of investi-
gation of Br(F) is the following.

Let us denote by K, the separable closure of K and put F, = FK,, G =
Gal(F,/F) (or Gal(K/K)), G, = Gal(K,/F,), where v € V§ (we note that G, is an
open subgroup of G). Then there exists a commutative diagram of G-modules
and natural G-homomorphisms with exact rows and columns

1 1 1
|
1 K¥ U cU 1
1 F¥ > J cJ 1,
H ) C 0
1 0 0
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where J, CJ are the idele group and the group of idele classes respectively of E,
U is the group of units in J, CU the group of unit classes and D, H, C the groups
of divisors, principal divisors and divisor classes respectively of the field F;.

From the left-hand column we obtain with the help of Hilbert’s Theorem 90
the exact cohomology sequence

K a

0 - H'(G, H) — Br(K) Br(F) H*(G, H)

— H3(G, K*) > H3(G, F*). (0
The lower row of the diagram provides the sequence

0- HY(G, C) > H*(G, H—"— @ Hom(G,, Q/Z)——H?*(G, O)

veV{
— H3(G, H). )

It should be remarked that by Shapiro’s lemma, H*(G, D) = 0, H*(G, D) =
@® Hom(G,, Q/Z), where Hom(G,, Q/Z) is the group of continuous characters

veVg
of G,. Combining the sequences (1) and (2) into one, we obtain

K

0 — HY(G, H) — Br(K)

Br(F—"» ® Hom(G,, Q/Z)

xeV§
—2 S H*(G, C) - H3(G, H). (3)

The homomorphisms f o & and ¢ may be described in the following way. As
Witt [4] has shown, the valuation v defines a canonical exact sequence

0 - Br(K,) - Br(F,———Hom(G,, Q/Z) - 0.

(cf. Sect. 5.1).
If the local invariant of an element of the Brauer group Br(F) is defined by
the homomorphism

Inv,: Br(F) — Br(F,) » Hom(G,, Q/Z),

then f o a is the sum of the local invariants Inv,.

Further, the degree homomorphism deg: G —» Z defines a homomorphism
H*(G,C)> H¥G,Z) and since H?*(G,Z) is isomorphic to the group
Hom(G, Q/Z) of (continuous) characters of G, the composite with ¢ gives a
homomorphism

¢ ®§ Hom(G,, Q/Z) - Hom(G, Q/Z).
veV

By Shapiro’s lemma it follows that ¢’ is the sum of the homomorphisms
induced from the transfer Ver: G/[G, G] — G,/[G,, G,] (for the definitions see
¢.g. Koch [1]). The sequence (3) so obtained is not exact. The deviation from
exactness is connected with the terms Br(F) and @ Hom(G,, Q/Z). Thus the

ve Vg
following groups are of interest:
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X = Ker(f o «)/Im «,
Y = Ker(o)/Im(f o ),
Z = Ker(a")/Im(f o ).
The groups X and Y may be described as follows.
Proposition. X ~ a(Br(F))n H'(G, C),
Y ~ H¥(G, H)/(H' (G, C) + «(Br(F)),
where H'(G, C) is considered as subgroup of H*(G, H).

In addition we have the following important result of Roquette [3] on the
kernel: Ker k ~ H!(G, H). He shows that there is an isomorphism

(N Br(F,/K)/Ker x ~ Ker(H'(G, CJ) > H'(G, C)).

veVk

In a number of special cases more precise results can be obtained. Below it is
assumed that the property Ker f < Im « holds. This condition is equivalent to
the following: the composite homomorphism

HY(G, C,) » H*(G, H) - H*(G, K}¥)
is zero. In this case
X ~ HY(G, C), Y ~ Ker(H3(G, K*) — H*(G, F¥)).

The following result shows in which cases the condition Ker f < Imua is
satisfied.

Lemma. If there exists a divisor of degree 1 in the field, then
Ker f < Im « and Y =0.
From the cohomology sequence induced by the sequence
0— Cy— C—257 50,
where C,, is the class of divisors of F; of degree 0, there follows
X ~ HY(G, Cy).
The preceding discussion leads to the following theorem.

Theorem 1. Let F/K be a field of genus zero and d(F) the least positive degree
of a divisor of F. Then we have the following canonical sequence

0 - Z/d(F)Z — Br(K) » Br(F) ® Hom(G,, Q/Z)

veVk
- Hom(G, Q/Z) — H*(G, H),
which is exact everywhere except possibly at the term @ Hom(G,, Q/Z). More-
veVk
over, d(F) <2 and d(F)Y = 0.
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Corollary. Let F/K be a field of rational functions. Then we have the follow-
ing canonical exact sequence:

0 - Br(K) = Br(F) = @ Hom(G,, Q/Z)}——Hom(G, Q/Z) - 0,
veVg
where a is induced by means of the transfer homomorphism (cf. 5.1 and the begin-
ning of the present section).

In conclusion we consider some special cases.

Theorem 2. Suppose that K is of cohomological dimension 1. Then Ker f§ <

Im a and we have the canonical exact sequence
0—-HYG,C)—»Br F» @® Hom(G,, Q/Z) - Hom(G, Q/Z).
veVE

Example. The field K is finite. Then, as Lang [2] has proved, H'(G, C) =0

and the preceding becomes the well known sequence
0-Br F-> @® Hom(G,, Q/Z) - Hom(G, Q/Z) — 0.
ve Vg

In the papers of LR. Shafarevich [1] and Ogg [1] the group HY(G, C,) is

described for a complete discrete valuated field with algebraically closed resi-

due-class field or a function field with algebraically closed field of constants.
In the case of local fields we have

Theorem 3. Let K be a finite extension of Q,. Then we have the canonical
sequence
0-— Z/d(F)Z - Br(K) -» Br(F) > @& Hom(G,, Q/Z) » Hom(G, Q/Z) — 0,

veV{
14

Q/z

which is exact everywhere except possibly at the term Br(F). When exactness fails,
X is isomorphic to H(G, C).

Since the basic objects of our discussion are division algebras and not Brauer
groups, we shall not go into detail here on other methods for their study. We
only note in conclusion a very fruitful interpretation as algebraic function fields
(not necessarily in one variable) over the field K(X) of K-rational functions on
a K-defined smooth algebraic variety X. For this interpretation there appears
together with the field K(X) the Brauer group Br X of the variety X and a
homomorphism Br X — Br(K(X)). In the case when X is a smooth curve and
char K = 0, it is easy to show that the image of Br X in Br(K(X)) under this
homomorphism may be identified with the subgroup of Br(K(X)) of elements
representing division algebras that are unramified over K(X) (i.e. with Ker Inv).
For other results seec for example, M. Artin-Mumford [1], Grothendieck [1],
Saito [1].
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6.3. Division Algebras over Fields of Real Algebraic Functions. Division alge-
bras over function fields of real algebraic curves have a simple description.

Let X « P2 be an irreducible smooth projective real curve and R(X) the field
of real rational functions on X. Every central division algebra over R(X) is a
quaternion algebra over R(X) (or coincides with R(X)) of the form A(—1, a),
a € R(X). Indeed, consider the field C(X) of rational functions on X (as a variety
over C). The field C(X) is a C,-field and so is a splitting field of every division
algebra D with centre R(X). Thus ind D < 2 and so either ind D =1 or D =
A(—1, a) for some a e R(X). The following analogue of the Hasse-Brauer-
Noether theorem plays a key role in the description of division algebras over
R(X).

Theorem. Let D = A(—1, a) be a central algebra over R(X). Then ind(D) = 1
if and only if for every point x € X g the value a(x) is non-negative.

It is well known (Shafarevich [2]) that the set X g splits into a finite number
of connected components (ovals) of the curve X. It turns out that, given an even
number of points on each oval, there exists a function in R(X) having sign
changes in these points. Thus a full description of the division algebras over
R(X) is easily obtained from the theorem on the above-mentioned realization of
sign changes in the given points on the ovals. In particular, if r is the number of
ovals of X, then there exist exactly 2" division algebras that are unramified over
R(X).

The description of the reduced norm in division algebras over R(X) is con-
nected with the following Hasse principle.

Every point « € X g corresponds to a discrete valuation v,. Let R(X), be the
completion of R(X) relative to v,. Then we have

Proposition. If A is a central division R(X)-algebra and ae R(X), then
a € Nrd ((A) if and only if a € Nrd sg g, (A @ R(X),)) for all « € X g such that
A ® R(X),_is a division algebra. )

Comments on Chapter 3

The general theory of valuated skew fields is studied in the book by Schilling
[1]. A proof of Theorem 1.2 is contained in Ershov [2], Wadsworth [1].
The description of connected locally compact skew fields was given by L.S.
Pontryagin. The corresponding resuit for non-connected locally compact skew
fields follows from a theorem of Kowalsky [1]. The theory of simple algebras
over p-adic number fields was constructed to a large extent by Hasse [1, 3].

In Sect. 2.2 Theorem 3 is due to Draxl [2], Theorems 4 and 6 were proved by
Voronovich [2], while Theorem 3 was obtained independently by Platonov-
Yanchevskii [6] and Draxl [2].

Our description of the structure of henselian division algebras follows
Platonov-Yanchevskii [7, 8]; further we have presented certain other results, in
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particular from Jacob-Wadsworth [1]. It should be noted that the results of
Platonov-Yanchevskii [7, 8] and Jacob-Wadsworth [1] constitute the kernel
of a theory of henselian division algebras. The surjectivity of the basic homo-
morphism 8, for henselian division algebras was proved by Ershov [1], Jacob-
Wadsworth [1] and more recently was generalized to the case of arbitrary
valuated division algebras by Morandi-Wadsworth [1]. There is a detailed
study of tamely totally ramified valuated division algebras by Tignol-
Wadsworth [1]. The existence of inertial algebras for division algebras over
complete discretely valuated fields was first established by Nakayama [1]. The
result of Tignol and Amitsur mentioned in 2.12 is contained in Tignol-Amitsur
[1]. The Brauer group of a henselian field was studied by Scharlau [1]. The
fundamental theorem on division algebras over algebraic number fields is due to
Hasse, Brauer, Noether [1] and Albert (Albert-Hasse [1]). The description of
the Brauer group of algebraic number fields by means of local invariants was
obtained by Hasse [5], cf. Deuring [1].

Quasi-algebraically closed fields were introduced by E. Artin and C;-fields by
Lang [1]. The Chevalley-Warning theorem was stated as a conjecture by E.
Artin and proved independently by Chevalley and Artin. Tsen’s theorem was
proved in Tsen [1]. The basic results on C;-fields are contained in Lang [1];
closely connected to this paper is the note by Nagata [1]. The theorem of 4.5 was
proved by V.I. Yanchevskii and in the case of a field of transcendence degree
two over an algebraically closed field by M. Artin and J. Tate (M. Artin [1]).

The systematic study of simple algebras over fields of algebraic functions of
one variable with infinite constant field was begun by D.K. Faddeev [1] (see
also Roquette [3]). Theorem 1 of 5.2 was proved by Nyman-Whaples [2], while
Theorems 3 and 4 of 5.2 were proved by Yanchevskii [9] and Voronovich [2]
respectively. In the study of the material in 6.1 we have followed Van Deuren-
Van Geel-Van Oystaeyen [1]; in connexion with the questions raised here the
book Van Oystaeyen-Verschoren [1] and the paper Van den Bergh-Van Geel
[17 are useful. The first counter-example to the Hasse principle for algebras over
fields of algebraic functions in one variable was constructed by Witt [1] (cf. also
Nyman-Whaples [1]). The ideas of Faddeev [1] were rediscovered and further
developed by Roquette [3] and Scharlau [2]. Division algebras over function
fields of real curves were described by Witt [1].

Chapter 4 The Multiplicative Structure
of Division Algebras and Reduced K-Theory

§ 1. The Multiplicative Structure of Division Algebras
over Local and Global Fields

1.1. The Special Linear Group of a Division Algebra. Let D be a central
division algebra over a field K. The special linear group SL,(D)=
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{d € D|Nrdp(d) = 1} is the kernel of the reduced norm homomorphism, so that
D*/SL,(D) ~ Nrdp(D*). In a number of cases one has succeeded in giving a
compietely satisfactory description of the image Nrd,(D*) = K* (cf. §4, Ch. 3),
for example, over a local field K, when Nrd,(D*) = K*, or for a global K when
[K*:Nrdp(D*)] = 2. As regards the structure of SL,(D), the situation here is
considerably more complicated. Until recently even in the minimal case, when
D is the division algebra of generalized quaternions, there has been essentially
no progress in the study of the group SL, (D).

It is true that in the classical case of local fields the difficulties in the study of
SL,(D) are not so considerable and here quite complete results exist.

1.2. Normal Structure over Local Fields. Let D now be a division algebra of
index n over a local field K. In this case the groups D* and SL,(D) possess a
natural filtration. We recall that V,, denotes the subring of integral elements in
D, M, the maximal ideal in V, and D = V,,/M}, a finite field. We also put
U,=1+ M (i = 1), assuming that U, = U, = V¥ and R; = SL,(D) n U,. The
groups U; and R; are normal in D* and are called the congruence subgroups of
level M, (or simply i) in D* and SL,(D) respectively. Since the groups U, and
SL,(D) are evidently compact, while U; and R; are open in Uy, and moreover
form a neighbourhood base of the unit element, it follows that the indices
[Up:U;]and [SL,(D): R;] are finite.

We shall define a structure on the successive factors U;/U;,; and R;/R;,,.

Proposition. There exist natural isomorphisms py: Uy/U; — K*, p;: UfU;yy —
K*,i= 1, where K" is the additive group of K. For any i = 0 the factors Uy/U,,
R, /R; are finite soluble groups, hence the groups U,, R, are prosoluble. It is
possible to calculate the commutator subgroups [Ry, R;] and [R, R;] (i = 1).

Theorem 1. Suppose that n > 2. Then
1) [Ry, R]] =Ry forany iz 1;
R;, if i # 0(mod n),
2} [Ry, R;]1 =
) [Ro, R {RM, if i = 0(mod n).
In particular, [SL,(D), SL,(D)] = R,.

Corollary. SL,(D) = L'V[SL, (D), SL(D)], where L is a maximal unramified
subfield in D, L'V = {a € L|N, x(a) = 1}.

Actually, following Riehm [1] we can obtain a complete description of the
normal subgroups of SL,(D). We shall only give a formulation of the basic
theorem, excluding the exceptional cases that can arise here. For this purpose
we shall put E, = (K* n Ry)R, and we shall say that a normal subgroup N <
SL,(D) has level t,if N < E,but N & E,,,. Since ) E, = K* n SL, (D), it follows

t
that any non-central normal subgroup in SL, (D) has a certain level.

Theorem 2. Assume that D is not a quaternion algebra over a finite extension
of Q,. If N = SL,(D) is a normal subgroup of level t, then R,.; € N € E,. If
n does not divide t and the group R,/R,., is a simple R,/R,-module, then the
stronger condition R, = N < E, holds.
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For division algebras over a local field the residue-class algebra is commuta-
tive. It turns out that a more general assertion on the derived lengths of SL, (D)
and D* respectively is true.

Theorem 3. ({ Platonov-Yanchevskii [3]). If the field K is henselian and the
residue-class algebra of D is commutative, then every element of SL,(D) is a
product of at most two commutators of elements in D*.

1.3, The Multiplicative Structure over Global Fields. As already remarked
earlier, the structure of D* is not essentially different from that of SL, (D). If over
a local field we have a practically exhaustive description of the normal structure
of SL,(D), over an algebraic number field the situation is significantly more
complex. Only recently V.P. Platonov, A.S. Rapinchuk, G.A. Margulis and M.S.
Raghunathan have succeeded in obtaining satisfactory results on the structure
of SL, (D), which require the help of deep methods of algebraic number theory.

We have a natural conjecture which reduces the description of the normal
subgroups of SL,(D) to the case of local fields. If for a non-archimedean v e V*
(where V* as usual is the set of all inequivalent valuations of K), D, = D ®x K,
is a division algebra, then D} is a prosoluble group (cf. 1.2) and every non-
central normal subgroup N, = SL,(D,) contains a congruence subgroup and in
particular is of finite index. Then N, n SL,(D) will be a normal subgroup of
finite index in SL, (D), which in a natural sense may be called a v-congruence
subgroup. More generally, let T be the set of all non-archimedean v € VX for
which D, is a division algebra. We already know (sect. 3.1, Ch. 3), that T is a
finite set. Consider the compact prosoluble group G, = [T SL(D). Then for

veT
any open normal subgroup H < G the intersection H n SL,(D) is a subgroup

of finite index (We note that SL,(D,) does not contain a non-central normal
subgroup, if D, is not a division algebra).

Conjecture. Every non-central normal subgroup in SL,(D) can be obtained in
this way. In particular, if T = (, then the factor-group of SL (D) by its centre is
simple.

Already in the minimal case, when ind D = 2, ie. D is a generalized qua-
ternion algebra, deep methods are needed for the proof of this conjecture.

Theorem 1. The conjecture is true for all generalized quaternion algebras.

For division algebras of arbitrary index the proof of this conjecture comes up
against a series of insuperable difficulties. However it was possible to obtain the
following important and difficult result.

Theorem 2. Let D be any division algebra over K. Then [SL,(D), SL(D)] =
SL,(D)n [T [SL,(D,), SL{(D,)], where T = {v € V¥|v non-archimedean and D,

veT

is a division algebra}. In particular, if T = (J, then SL,(D) = [SL, (D), SL,(D)].

Thus the global derived group is the intersection of all the local derived
groups — a typical congruence-theorem.
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A full proof of the preceding theorems is contained in the book just pub-
lished, by V.P. Platonov and A.S. Rapinchuk [1], where a discussion of these
problems in the wider context of algebraic groups can also be found.

§2. Reduced K-Theory

2.1. The Reduced Whitehead Group. Let A be a central simple algebra over
a field K, and SL,(4) = {a € A|Nrd ,(a) = 1}. Clearly SL,(A4) = [4*, A*].

Definition. The factor-group SL,(A4)/[A*, A*] is called the reduced White-
head group and is denoted by SK (A).

By Wedderburn’s theorem, A ~ M,(D), where D is a division algebra over K,
and SL,(4) =~ SL,(D). Using the results of Dieudonné on determinants over
skew fields, it is not hard to show that SK,(4) ~ SK,(D), ie. the reduced
Whitehead group depends only on the class of A in the Brauer group Br K.

The group SK,(A4) has a number of interesting applications. The original
investigation was concentrated on an old problem of Tannaka-Artin (1943): Is
it true that SL,(A4) = [A*, 4*], i.e. in modern terminology, is SK,(4) = 1?

We remark that the Tannaka-Artin problem is equivalent to the projective
simplicity of the group SL,(D), n > 1. More precisely, if E,(D) is the normal
subgroup generated by the elementary matrices, then it is well known that the
factor-group of E,(D) by its centre is simple for any genuinely skew field D, while

SL,(DYE,(D) ~ SK,(D).

Later, when in 1942 Nakayama and Matsushima [ 1] proved for local fields and
in 1950 Wang [2] proved for global fields the equality SL,(A4) = [A4*, A*], the
opinion was confirmed that SK,(4) should be trivial also in the case of an
arbitrary field K. However in 1975 the first-named of the authors refuted this
opinion by proving the existence of a division algebra A with non-trivial re-
duced Whitehead group, which resulted in the development of a substantive
theory for the study of SK(A), called reduced K-theory. In this section we shall
state the basic results of reduced K-theory.

2.2. General Properties of the Reduced Whitehead Group. Let D be a central
division algebra of index n over a field K, and n = p¢'...p&~ the complete
factorization of n. Then

D=[]®D(p;). ind D(p;)=pf
i=1

where tensor products are taken over K.
Theorem 1. SK, (D) ~ SK,(D(p,)) x --- x SK;(D(p,,)).

The proof of Theorem 1 is based on the following simple facts: 1) if F is a
finite extension of K of degree m, D = D @ F and d € D n[Dg, D¢], then
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d™ e [D*, D*]; if ([F: K], n) =1, then the natural homomorphism SK,(D)—
SK; (Dg) is injective.

Thus the calculation of SK (D) is reduced to the case of primary index.

Let ind D = p, where p is a prime number and let a e D. There exists a
maximal separable subfield F in D containing a; let L be a normal closure
of F. For a Sylow p-subgroup G, of Gal(L/K) we denote by L(G,) the subfield
of G,-invariants in L. Since ([L(G,): K], p) =1, it follows that D,(G,) is a
division algebra with the composite F.L(G,) as maximal subfield, where F.L(G,)
is cyclic over L(G,). If (o) = Gal(L/L(G,)), then by Hilbert’s Theorem 90, a =
b'™?, where b e L. By the Skolem-Noether theorem, a = bgh™'¢™", g € D6 ,.
But by property 2), the morphism SK, (D) — SK,(Dy,) is injective, therefore
a € [D*, D*].

With the help of Theorem 1 we can deduce

Theorem 2. The exponent of the group SK (D) is a divisor of n/p,...p,,; in
particular, if the index n of D is squarefree, then SK (D) = 1.

The proof of the following theorem, mentioned earlier, is more difficult.

Theorem 3. For any division algebra D over a locally compact or a global field
K,SK,(D)=1.

2.3. SK, for Division Algebras over Henselian Fields. At the basis of reduced
K-theory there is a localization principle, which takes a particularly complete
form for division algebras over henselian fields. For a more distinct formulation

we shall limit ourselves to discretely valuated fields K. Further, the centre Z(D)
of the residue-class algebra D will as usual be assumed separable over K, and V),
M), again denote the ring of integral elements and its maximal ideal. It is well
known that under these conditions, Z(D)/K is a cyclic Galois extension, and we
shall put (o) = Gal(Z(D)/K).

In the sequel a key role is played by the

Congruence-Theorem (Platonov [7]).
(1 + Mp)nSL(D) < [D*, D*].

If we write L = Nrdg(D*), L, = L n NZ_(%)/E(l), and L,_, is the image of L under
the homomorphism a— a(a)a™", then the congruence-theorem implies.

Corollary 1. We have the following exact sequence
SK,(D)—>SK,(D)> L/L, ; - 1.

The group L,/L,_, admits a cohomological interpretation, which we shall
apply below in an explicit construction.

Corollary 2. If the division algebra D is unramified over K, then
SK,(D) ~ SK, (D).

Corollary 3. SK (D) = 1 holds whenever the residue-class field K is locally
compact or global.
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2.4. Explicit Constructions and Exact Formulae. Let k(x, y) be the field of
rational functions in x and y over an arbitrary constant field k and K =
k{x><y> the field of iterated Laurent series. If R, and R, are cyclic extensions
of k, they induce extensions of k(x, y) for which we keep the same notation.
Likewise for the generating automorphisms o, and ¢, of Gal(R,/k) and
Gal(R,/k) respectively we shall use the same notation for the extensions of the
automorphisms, since in the context it will be clear each time which one is
being referred to. Consider the cyclic algebras A(x, R;) = (R, /k(x, y), x} and
A(y, Ry) = (R, /k(x, y), y). We form their tensor product:

A(R{, R;) = A(x, R)) ®k(x,_v)A(y’ R,).
By A(R,, R;), A(x, R,), A(y, R,) we shall also understand the extension of the
scalars to k(x> {y), depending on the context.

A natural question asks: When is A(R,, R,) a division algebra? A necessary
condition is clearly that R = R, ®, R, is a field, i.e. that R, and R, are linearly
disjoint over k. It turns out that this condition is also sufficient and we can
formulate the following main result:

Reduction Theorem (Platonov [7]). Assume that R = R, ®, R, is a field.
Then A(R,, R,) is a division algebra and

SK(A(Ry, R,)) ~ Br(R/k)/(Br(R, /k)Br(R,/k))
~ H™Y(Gal(R/k), R*),

where Br(F/k) denotes the subgroup of Br(k) consisting of elements split by F, and
H™' is the Tate cohomology group.

The proof of the reduction theorem is based on the exactness of the sequence
SK,(4) » SK (4) > L /L,y — 1

from the preceding section. Under the conditions of the theorem 4(R;, R,) has
the property that the residue-class field A(R;, R,) is commutative, so by Theo-
rem 3 of 1.2, SK,(A(R,, R;)) = L. It follows that SK,(A(R,, R;)) ~L{/L, ;. It
is not hard to show that L,/L,_, ~ H *(Gal(R/k), R*). It is somewhat more

o—1 —

difficult to establish that this group is isomorphic to
Br(R/k)/(Br(R, /k) Br(R,/k)).
Corollary 1. For the rational function field k(x, y),
Card SK,(A(x, R;) ® A(y, R,)) = Card Br(R/k)/(Br(R,/k) Br(R,/h}))

kix,y)
= Card[H Y (Gal(R/k), R*)].

If the constant field k is locally compact or global, then the reduction theo-
rem and the class field theorem permit an exact calculation of SK, (4(R, R,)).

Corollary 2. If the field k is locally compact, then
SK,(A(R,, R,)) =~ Z/mZ, where m = ([R, : k], [R,: k]).
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Corollary 3. If the field k is global and [R, : k] = [R,: k] = p, where p is a
prime number, then SK,(A(R,, R,)) =~ (Z/pZY ', where d is the number of in-
equivalent valuations vy, ..., v, of k, for which [R, :k, ] = [R:k]. In particular,

ifk=Q,R, = Q(\/;)), R, = Q(\/(;), and the Legendre symbol (2) = —<Z> =
1, then SK;(A(R,, R,)) # 1.

We also obtain the first counter-example to the Tannaka-Artin problem,
constructed in Platonov [5].

From the same source it is clear that the construction of the division algebra
A with non-trivial group SK,(4) given by the reduction theorem is in a definite
sense universal. Now after the Merkur’ev-Suslin theorem on the similarity of a
division algebra to a tensor product of cyclic algebras, this universality is not in
doubt. It is true that now the question arises whether all cyclic algebras A satisfy
SK,(4) = 1. The answer turns out to be negative. The corresponding counter-
example was given by Platonov [§].

2.5. The Infiniteness of SK, and the Inverse Problem for Reduced K-The-
ory. We know a priori that SK,(A4) is an abelian group of finite exponent
(Theorem 2 of 2.2). There naturally arises a problem, called the inverse problem
of reduced K-theory: which abelian groups of finite exponent can be realized as
SK,(A4)? From the results in the preceding section it follows that SK, (4) may be
an arbitrarily large finite abelian group. As regards infinite SK, (4), here the first
result was the following constructive theorem (Platonov [9]).

Infiniteness Theorem. Let R, R, be cyclic extensions of degree n of a global
field k, such that [(R,R,),: k,] = n® for a certain valuation v (where R\ R, is a
composite of R, and R,). Then for every Galois extension F/k, contained in k.,

Card(SK (A(R,, R,) ® F<{x>{yD) = 871 in particular, if F is an infinite
k<xH<y)
extension of k, then SK,(A(Ry, R,) ® F{(x)<y) is an infinite abelian group
k<xy<yd
of exponent n.

Corollary. For the rational function field F(x, y),
Card(SK,(A(x;, R;) ® A(y,Ry)))=>nFH¥L,

F(x,y)
From the reduction theorem in 2.4 and the infiniteness theorem there follows
with the help of class field theory,

Realization Theorem. For every countable abelian group M of finite exponent
there exist an algebraic number field k and cyclic extensions R, /k, R, /k such that

SK,(A(R, Ry)) ~ M.
2.6. The Existence Theorem. The results of the last section show that SK, (4)

depends only weakly on the structure of A as algebra, and the calculation of
SK,(A4) for algebras over an arbitrary field represents an unrealistic problem.
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Therefore as a first plan there appears the natural problem of characterizing the
fields K for which the question whether SK,(A) is trivial has a positive or
negative answer. For fields K finitely generated over their prime subfield a
solution to this problem is given by the following theorem.

Existence Theorem (Platonov [7]). Let K be a finitely generated field. If the
transcendence degree of K over its prime subfield is greater than 1 for char K = 0,
or greater than 2 for char K > 0, then for every natural number m there exists a
division algebra D with centre K such that Card(SK, (D)) > m.

For a division algebra D over a global field K we always have SK, (D) =1
(Theorem 3 of 2.2). Hence to obtain best possible bounds in the existence
theorem we need to solve the question whether SK, (D) is trivial for a division
algebra D over a field of algebraic functions in one variable over a global
constant field. Even for K = Q(x), where Q is the rational field, the question
whether SK, (D) is trivial for division algebras over Q(x) remains still open.

Thus the class of fields K, for which always SK,(D) = 1, where D is any
division algebra over K, is very limited, and at the present time we are close to
an almost complete description of it.

2.7. Stability and Reduced K-Theory. As for reduced K-theory itself, so also
for its applications, the main value attaches to the question of the behaviour of
SK,(A4) under extensions of the ground field. From the results of 2.4-2.5 it
follows that SK,(4) may grow “pathologically” both for large algebraic exten-
sions of K and for quadratic extensions or extensions F/K, whose degree is
prime to the index of A.

Let F now be a purely transcendental extension of K. The natural embedding
A - A ®g F induces a homomorphism

Y: SK,(A4) - SK (4 ® F).
Stability Theorem (Platonov [10]). y is an isomorphism.

In view of the important role played by this result in the applications of
reduced K-theory, we shall discuss the basic ideas of the proof. At present there
exist two different proofs of the stability theorem. The first, due to V.P. Platonov
[10], is obtained as an application of the basic stability theorem in algebraic
K-theory.

The second proofis due to V.P. Platonov and V.1. Yanchevskii [4, 5] is based
on a consideration of the properties of SK | for skew fields of non-commutative
rational functions and is of independent interest.

Let ¢ be an automorphism of the division algebra D, let D[x, ¢] be the skew
polynomial ring in x relative to ¢ over D and D(x, ¢) the skew field of fractions
of D[x, ¢] (cf. § 1, Ch. 1). Suppose that ¢ induces on the centre Z(D) an auto-
morphism of finite order r. Then D(x, ¢) is finite-dimensional over Z(D(x, ¢))
and we may consider the group SK,(D(x, ¢)). Let us denote by Z, the subfield
of Z(D) left fixed by ¢ and put I" = Gal(Z(D)/Z,), @ = {¢>. Further let D(®) be
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the subgroup of D* generated by [D*, D*] and the elements a’ ™', a € D*,y € &.
We also put

N = (D(®)) " SL{(D))/[D*, D*].
Theorem. The group SK,(D(x, ¢)) is included in an exact sequence
1 - SK,(D)/N — SK ,(D(x, ¢)) » H™(I', Nrd,(D*)) > 1.

We note that this exact sequence is completely analogous to the one consid-
ered in Section 2.3.

Corollary 1 (Stability theorem). If ¢ is an inner automorphism, then
SK,(D{x, ¢)) ~ SK (D), in particular,

SK,(D(x)) ~ SK, (D).
Corollary 2. If SK,(D) = 1, then
SK,(D(x, @)) ~ H™' (I, Nrdp(D*)).
Corollary 3. If D is commutative, then
SK,(D(x, ¢)) = 1.

As shown in (Platonov-Yanchevskii [5]), these results can be generalized to
fields of rational functions in several variables.

2.8. Applications of Reduced K-Theory. We shall limit ourselves to the two
most significant applications: the problem of weak approximation and the prob-
lem of the rationality of varieties of simply connected groups.

Let K be an arbitrary field, and V¥ the set of all inequivalent valuations of K
(for simplicity of rank 1). If § is a finite subset of V'* then Ks = [] K,. The weak

veS

approximation theorem asserts that for any S the diagonal embedding K — K
is dense in the S-adic topology. If D is a division algebra over K, then we may
consider the group SL,(D,) and the diagonal embedding

SL,(D) <= [] SL{(D,).
veS

If K is a global field, then the weak approximation theorem holds for SL,(D):
The S-adic closure SL, (D) coincides with [ SL,(D,) for any S (cf. Platonov-

vek
Rapinchuk [17).
Kneser conjectured (cf. Kneser [1]) that an analogous assertion holds for
arbitrary fields K. However, the following theorem of V.P. Platonov shows that
the deviation from weak approximation [] SL,(D,)/SL,(D) may be arbitrarily

veS

large even for discrete valuations.

Theorem 1 (Platonov [10]). For any n there exists a division algebra D of
index n over a suitable field K such that for an infinite set W = {w;} of in-
equivalent discrete valuations of K we have SL,(D) # SL (D ®« K,, ), and more-
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over the orders of the groups SL (D ® K,, )/SL,(D) are unbounded.

As a consequence of Theorem 1 we obtain a solution of an old problem on
the rationality of varieties of simply connected groups. Namely it was consid-
ered for a long time that varieties of simply connected algebraic groups are
rational over their field of definition. It is easy to see that SL, (D) is the group of
K-places of a certain K-form of the group SL, (cf. Platonov-Rapinchuk [1]).
But it is well known that a smooth rational variety possesses the weak approxi-
mation property (cf. Platonov-Rapinchuk [1]). Therefore the norm K-variety
defined by the group SL,(D) by Theorem 1 is not rational over K.

Actually this fact may be explained more conceptually, based on the stability
theorem. Thus from that theorem there follows immediately

Theorem 2 (Platonov [11]). If SL, (D) defines a rational K-variety, then there
exists an integer m such that every element of SL,(D) is a product of not more
than m commutators of elements of D*, in particular SK (D) = 1.

In reality, some modifications of the argument allow us to establish a still
more interesting fact, for whose formulation we require an algebro-geometric
concept. Let G be an algebraic K-variety defining SL,(D) and Gy = SL,(D).
Two points a, b € G are called R-equivalent, if they can be joined over K by a
finite number of rational curves. Then the set G/R of R-equivalence classes has
a natural group structure and is a birational invariant. If [1] denotes the unit
class in Gg/R, then [D*, D*] < [1], and it follows from the stability theorem
that [D*, D¥] = [1], 1.e. we have

Theorem 3 (Voskresenskij [1]). SK,(D) ~ SL,(D)/R.

Thus SK, (D) is an important birational invariant. From the preceding results
it follows that SK (D) # 1 in many cases, therefore the norm K-variety defining
SL,(D) is rarely K-rational. At the same time it may be shown that the condition
SK, (D) = 1 is not sufficient for the rationality of the corresponding norm variety.

Some natural questions still remain unsolved. The most important among
them asks: When does SK (D) = 1 imply the rationality of SL,(D)? The answer
is not known even in the case when K is a p-adic field or an algebraic number
field. Recently (1993) Merkur’ev-Rost proved that SL, (D) is not necessary ratio-
nal over p-adic field. For division algebras D of prime index there is a conjecture
on the rationality of SL, (D) for an arbitrary field K.

§ 3. Multiplicative Properties of Division Algebras
with Involution

3.1. General Properties of Division Algebras with Involution. Let D be a
central division algebra over an arbitrary field K, with an involution 1,
[D: K] = n%. For simplicity we shall assume that char K # 2 in what follows.

S.(D)={de D|d* = d} is the subspace of symmetric elements relative to
t and Y (D) the subgroup of the multiplicative group D*, generated by the
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non- zero symmetric elements. Since for any se S,(D) and d e D*, dsd ™' =
dd*(d €Y (D), it follows that ) (D) is a normal subgroup in D*. Then
the d1v1510n subalgebra generated by Y (D) either coincides with D or is con-
tained in the centre K. This follows from

Proposition 1 (Cartan-Brauer-Hua). Let A be a skew subfield of any skew field
T (not necessarily finite-dimensional), which is invariant under all inner auto-
morphisms of T. Then either A = T or A is contained in the centre of T.

Proof. Suppose that A is not contained in the centre of T. Then there exist
non-zero elements ae 4, t € T such that ta = a,t, where a, # a. Further,
(1 4+ t)a = a,(1 + t), where a, # a. From these two equations it follows that
a—a, =(a, —a)t. If a, = a, then a, = a, which is impossible. Therefore t =
(a, —a;)"'(a — a,) € A. Thus every element t € Tnot commuting with a lies in
A. Now let t; € T and t,a = at,. Then t, + t does not commute with a, hence
t; + te€ Aandt € A, whichshows that¢, € A. Thisestablishes theequality 4 = T.

The relation between D* and Y (D) proves to be considerably deeper and
it plays an important role. We recall that for an involution there are three
possibilities:

1) S(D)nK = K. dim, S,(D) =" F 1.

2)S.(D) K = K, dimy S,(D) =

3)S,(D)n K # K.

The involutions 1) and 2) are said to be of the first kind and of the first and
second type respectively. In case 3) it is usual to call r an involution of the second
kind; it is clear that [K : K] = 2, where K = §,(D) n K; two involutions 7 and p
of the second kind are isotypic if K, = K.

Proposition 2. If the involutions t and u are of the same type, then Z (D)=

(D).

Proof. Since 7 and p are of the same type, it follows that t = ui,, where i is
the inner automorphism of D induced by a non-zero element s € S,(D). If for
d € D we have d* = d, then d* = sd*d ™, therefore sd"d ™' = d, which shows that
sd* =ds,ie. dse S, (D). Butse S,(D),sodey ,(D)andso Y (D) =Y ,(D). The
opposite inclusion is proved similarly.

3.2. Division Algebras with Involution and the Unitary Group. Let @, be an
m-dimensional nondegenerate skew-hermitian form on D relative to T, of posi-
tive Witt index, U(d,,, D) the corresponding unitary group and TU(®,,, D) the
normal subgroup generated by the unitary transvections (cf. Wall [1]). We
remark that the group TU(®,,, D) is projectively simple, i.e. its factor-group by
the centre is simple.

Already in 1952 Dieudonné [1] noticed that important questions on the
structure of U(®,,, D)/TU(®,,, D) depend essentially on the structure of the
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group D*/Y (D). In particular, the equality D* = (D) implies U(®,,, D) =
TU(®,,, D). If 7 is an involution of type 1), then D* = Y’ (D) because for x € D*,
xS,(D) n S(D) # (0). On the other hand, D is always generated, as ring, by S,(D)
for n > 2. Under the influence of these results Dieudonné [1] formulated the
conjecture that D* and ) (D) coincide for n> 2 and for involutions of the
second type (if » = 2, i.e. when D is a generalized quaternion algebra, then

Y..(D) = S(D)* = K*).

In 1959 Wall [1] gave a relation between U(@,,, D)/TU(®,,, D) and D*/} (D)
in the following more precise sense:

Theorem 1. For m > 2, U(®,,, D)/TU(®,,, D) ~ D*/Y (D) - [D*, D*].

Since the group TU(@,,, D) is projectively simple, we have

TU(®,, D) = [U(S,, D), U(®,, D).

Definition 1. The group D*/Y _(D)[D*, D*] is called the unitary Whitehead
group of the division algebra D with involution 7 and is denoted by K, U(z, D).

From Proposition 2 of 3.1 it follows that ) (D) does not depend on the
involution itself, but only on its type, therefore we shall instead of K, U(z, D)
write K, U(D), because it will always be clear what type of involutions are being
discussed.

For involutions of the second kind this definition gains a more elegant form
thanks to the following result.

Theorem 2 (Platonov-Yanchevskii [1]). For an involution of the second kind,
2.:(D) > [D*, D*].

Proof. Let us put S = S,(D)\{0} and show that for any a, b € D* the commu-
tator [a, b] liesin S°. If b € S, then aba™*b™! = (aba®)((a*)'a )b~ € $>. Analo-
gously for a € S, therefore we may assume that a, b ¢ S. Since [D : K] = n?, we
have on putting k = K, [D: k] = 2n?, dim, S = n®. Consider the linear space
S + ka = {s + 4als € S,(D), A € k}. If x € D* then dim(xS) = n?
dim, (S + ka) = n® + 1. This shows that x € (S + ka)\S; hence b = s,(s, + 4q),
where s, 5, € S.

aba™'b™! = as,(s, + Aa)a~*(s, + Aa) ‘st

=as,;s,(1 + As;'a)a ' [(1 + Aas3')s, 17 syt

= as;s,a ‘a(l + isz'a)a sy (1 + )aszl) Lt

= as;s,a (1 + das3')s; (1 + as; )7t

= as,;a"(a’) 's,a (1 + Aas;')s; (1 + Aasy ')
x (1 + Aasy )71 + Aasy syt

= (as,a’)((a*) 'sa™t)
x [(1 + Aas3*)szH(1 + Aas; b))
x [(1 + Aas3))(1 + Aas3') ] 's;' e S°.
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We now define the concept of a special unitary group, SU(®,, D)=
U(®,,, D) n SL,,(D), where SL,,(D) is the subgroup of the general linear group
GL,,(D) with reduced norm 1. For an involution 7 of the first kind, SU(®,,, D) =
U(®,,, D). In the case of involutions 7 of the second kind this concept becomes
interesting, U(®,,, D) # SU(®,,, D) > TU(®,,, D) and this gives rise to the
group SU(@,,, D)/TU(@,,, D). With the help of Theorems 1, 2 it leads to the
isomorphisms

SU(®,,, D)/TU(®,, D) ~ } (D))} (D),
Y.(D) = {d e D¥*/Nrdp(d) e K }.

Definition 2. The group Y (D)/> (D) is denoted by SK, U(z, D) (or simply
SK,U(D)) and is called the reduced unitary Whitehead group of the division
algebra D with involution 7 of the second kind.

A priori SK, U(D) is any abelian group of finite exponent dividing ind D.

3.3. Reduced Unitary K-Theory. The first substantial result on the group
SK; U(D) obtained in 1973 by Platonov and Yanchevskii [1], was its triviality
for global fields (for locally compact fields there are no non-commutative division
algebras with an involution of the second kind).

Theorem 1. If D is a division algebra over a global field K, with an involution
of the second kind, then SK,U(D) = 1.

The conjecture on the triviality of SK; U(D) over arbitrary fields was a special
case of the Kneser-Tits conjecture (cf. Tits [1, 2]).

In 1975 after the solution of the Tannaka-Artin problem we succeeded in
analogous fashion in disproving the conjecture of the triviality of SK, U(D)
(Platonov-Yanchevskii [2]). For the formulation of this result it is necessary
to recall some definitions.

Let p, g, r be distinct prime numbers, A(x, p), A(y, ¢) quaternion algebras over

Q(x, y), the rational function field in x and y and D = A(x,p) ® Ay, q)
(/X y)
From 2.4 it follows that D is a division algebra. An involution t of the second

kind is given on D as the composition of quaternion conjugation in A(x, p),
A(y, q) and the automorphism of D induced by the automorphism of the second
order of Q(\/;) over Q.

Theorem 2. Let p =r = 1 (mod 4), <p> =—1, <r> = 1. Then SK,U(D} # 1.
q q

Then V.I. Yanchevskii [4, 5, 6, 7] developed a theory for the calculation of
SK, U(D), which was completely analogous to the reduced K-theory set forth in
§ 2. Here the consideration of henselian division algebras was most effective and
we shall limit ourselves to presenting two key results: the congruence theorem
and the reduction theorem. For simplicity we shall assume, as in § 2, that D is a
central division algebra over a discretely valuated henselian field, possessing an
involution t of the second kind.
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The unitary variant of the congruence theorem in 2.3 takes the following form.
Theorem 3. (1 + M) Y (D) = Y (D).

The reduction scheme for the calculation of the group SK, U(D)for a henselian
discretely valued division algebra is as follows. Let the ramification index be
e(D/K) > 1. Then there exists in D an involution 7, of the second kind such that
for a certain inertial division subalgebra B and a prime element n, € V},, B = B,
m. Bn. ! = B, n{' =n,.Thent, = 1,i, isaninvolution of the second kind, and
moreover, K, = K,,. Incase e(D/K) = ' we put 7, = 1,, where 1, is any involu-
tion of the second kind. The element a € Z(D)*/K* Nrdl—)(zt—l(l_))) is called a
projective unitary conorm if there exists a € @ and b e Nrdz(D*) such that
a® ! = b'"%2 where 7 is the restriction of the reduction z,(_1 of the inner auto-

morphism i, to Z(D), and 7, the reduction of 7,. The set of unitary projective
conorms forms a group PU(z,, D).

Theorem 4. Suppose that e(D/K) > 1. Then there is an exact sequence
SK,U(D) - SK,U(D) » PU(z,, D) - 1.

The explicit construction of a division algebra D with non-trivial SK, U(D) is
analogous to §2 and allows one to prove that any countable abelian group of
finite exponent can be realized in the form SK; U(D).

3.4. Dieudonné’s Conjecture and Hermitian K-Theory. It was already noted

earlier that for a division algebra D with an involution of the first kind,
1 . .

K, U(D) =1 if dimg S,(D)= "(";J, where n = ind D. For dimg S.(D) =

—1
nin 5 ) Dieudonné [1] stated the conjecture that K, U(D) = D*/>_ (D)[D*, D*]

is always trivial for n > 2. However in 1974 V.P. Platonov [3] showed that for
a finitely generated field K Dieudonné’s conjecture is false and moreover the
group K, U(D) in this case is always infinite. The proof is based on the use of a
locally compact completion of K combined with the Chebotarev density theo-
rem. The group K, U(D) is a priori a group of exponent two. Indeed, let a € D*,
a* = gag~! for suitable g € D* by the Skolem-Noether theorem; then aa® =
agag™ = a’a 'gag”', hence a® = aa'(ga~'g 'a) e ) (D)[D*, D*].
Therefore the above mentioned result can be formulated as follows.

Theorem 1. If D is a non-commutative division algebra with an involution of a
given type over a finitely generated field K, then the group K, U(D) is infinite and
is a direct product of a countable number of cyclic groups of order two.

Among the fields that are not finitely generated, the most complete results
have been obtained for henselian fields (Platonov-Yanchevskii [6]). To formu-
late the result we shall need the notions of lower index r, and upper index 4, of
ramification of D over the henselian field K (cf. Section 2.4 of Ch. 3) (recall that
char K # 2).
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From the congruence theorem for SL, (D) follows

Theorem 2. 1 + M, = > (D)[D*, D*].

For A, > 1 the group K, U(D) is computed in the next two theorems.
Theorem 3. For A, > 2 we have K, U(D) = 1.

Theorem 4. Let A, = 2. Then K, U(D) = 1 if n # 2 and K, U(D) = (Z/2Z)* if
n=2.

For 4, = 1 the calculation of K, U(D) a priori cannot be done as completely
as in the case 4, > 1 and is given in terms of a reduction to the calculation of
groups naturally connected with the residue-class algebra D.

Theorem 5. If i, = rp = 1, then K, U(D) = K, U(D). If the residue-class alge-
bra D is non-commutative, then we fix on D an involution u of the second type and
an involution of the second kind t; for each & € Gal(Z(D)/K), ¢ # 1, such that
T5125) = 0- We form the group

z=( . z@aﬁ))zu(ﬁ).
1 #0€ Gal{Z(D)/K)

Let T be an unramified subfield of D such that T = Z(D). For each
o € Gal(T/K) there exists a u, € V), such that u; = u,, i, =&. For any pair
(0., 0,) of distinct non-trivial automorphisms from Gal(T/K) we have the
product

u"ludzu“l,dz = a(dhdz)’ b(dlvﬂz)’

where
%100 € My bioyop) € V-
Consider the group B generated by all the b, ,,, and X

Theorem 6. Let i, =1, r, > 1 and suppose D is non-commutative. Then
K,U(D) ~ D*/B.

For special residue-class fields K the group K,U(D) can be completely
worked out.

Theorem 7. Let D be a division algebra of index n over a henselian field K.

1) If K is a global field, then for A, = 1 the group K, U(D) is infinite and is a
direct product of a countable number of cyclic groups of order two; if on the other
hand Ap, > 1, then K, U(D) = 1 for n > 2 and K, U(D) ~ (Z/2Z)* for n = 2.

2) If K is a finite field, then K, U(D) =1 for n > 2 and K, U(D) = (Z/2Z)*
Jorn =2,

At the same time it should be particularly emphasized that the algebraic as
well as the geometric nature of the group K, U(D) is essentially different from
that of the groups SK (D), SK, U(D). Thus for example, the group K, U(D) is
not stable under purely transcendental extensions of K, for finitely generated
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fields K the group K, U(D) 1s infinite, whereas the groups SK (D), SK, U(D) are
finite.

The first named author in (Platonov-Yanchevskii [6]) has stated the conjec-
ture that the basic cause for this behaviour of K, U(D) consists in the following.
For an involution 7 of a given type we have the equality of groups U(®,,, D) =
SU(®,,, D), but not as algebraic groups (more precisely, groups of K-points) that
are simply connected, in contrast to the groups SL,,(D) and SU(®,,, D) for any
involution 7 of the second kind.

V.P. Platonov (Platonov-Yanchevskii [6]) conjectured that the Whitehead
group in Tits’ sense of the simply connected covering group of U(®,,, D) may
also have the usual properties of the reduced Whitehead group. For involutions
of the second type the simply connected covering group of U(®,,, D) is the spin
group Spin(®,,, D). The Whitehead group R(D)/Y .(D)[D*, D*], where R(D) =
{d € D¥{Nrd,(d) € K*}, associated with Spin(®,,, D) is naturally denoted by
K, Spin(D).

From the construction of K, Spin(D) it follows that K, Spin(D) < K, U(D).
It turns out that the conjecture by the first named author of the present work is
completely confirmed: as is shown by A.P. Monastyrnyi and V.I. Yanchevskii
[1, 2], the group K, Spin(D} has the traditional properties of a reduced White-
head group. Thus the relation between the classical groups and finite-dimen-
sional division algebras acquires its final form.

3.5. Whitehead Groups of Algebraic Groups. The results of this chapter may
be interpreted in the wider context of Whitehead groups of simple algebraic
groups.

Let K be an infinite field, G a K-simple algebraic group and G the subgroup
of its K-points. Assume that G is K-isotropic, i.e. rankg G > 0. Then G has a
one-dimensional K-defined unipotent subgroup U, isomorphic over K to the
additive group of the base field. Consider the subgroup Gg of G, generated by
the K-unipotent subgroups Uy (for a field of zero characteristic Gf coincides
with the subgroup generated by the K-unipotent elements); clearly G§ is normal
in G. Tits [1] has shown that G is projectively simple and has formulated the
problem of studying the factor group Gy /Gy

Definition. The group Wh(G,K) = G/Gy¢ is called the Whitehead group for
G over K.

Kneser-Tits Conjecture (Tits [2]). For a simply connected group G over an
infinite field K, the Whitehead group is Wh(G, K) = 1.

From the results of Sections 3.2-3.3 it follows that for Gy = SL,(D), n > 1,
Wh(G, K) ~ SK,(D); for Gy = SU(@,,, D), where K is the field of invariants of
an involution over the centre of D, Wh(G, K) ~ SK, U(D) and for the spinor
group Gg = Spin(®,,, D) we have Wh(G, K) ~ K, Spin(®,,, D).

Thus it follows from the preceding results that in general the Kneser-Tits
conjecture has a negative answer for the given types of groups, even over the
field Q(x, y).
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Chronologically these results preceded the proof of the Kneser-Tits conjec-
ture for arbitrary types of groups over local fields (V.P. Platonov [1, 2]), on the
basis of which a solution was obtained for the problem of strong approximation
in algebraic groups over number fields.

Theorem. If G is a simply connected K-defined group over a local field K, then
Wh(G, K) = L.

For algebraic groups over global fields the Kneser-Tits conjecture was
proved for all types of groups except type E4. More complete information on
these results is contained in the book by V.P. Platonov and A.S. Rapinchuk [1].

Comments on Chapter 4

Results on the normal structure of groups SL, (D) division algebras over local
fields are contained in Riechm [1]. Theorem 3 of 1.2 was obtained by the authors
in (Platonov-Yanchevskii [3]) in connexion with the proof of Harder’s conjec-
ture. As already mentioned, the results on the group SL,(D) in the global case
can be found in the book (Platonov-Rapinchuk [1]).

For an account of reduced K-theory we have basically followed the paper of
Platonov [7] and his lecture at the International Congress of Mathematicians
[12]. The most complete results on the group SK (D) have been obtained for
henselian division algebras. There exist certain modifications in the above calcu-
lations (cf. Ershov [1], Yanchevskii [3], Draxl [1]}, Draxl and Kneser [1]),
based on the main ideas of Platonov [ 7]. However, there are fundamentally new
results since the papers (Platonov [5, 11]) which at present have not yet ap-
peared. In the case of division algebras over fields of algebraic functions there is
one type of division algebra for which the calculation of the Whitehead group
leads to a skew field of non-commutative rational functions. We also note
the triviality of the Whitehead group for division algebras over C-fields
(Monastyrnyi-Yanchevskii [1], Yanchevskii [ 1, 2]).
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Dynkin diagram 10
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Finite-dimensional skew field 128
— — universal division algebra 145
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