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5 1. Finite Groups of Lie Type 

In this article we shall be describing the representation theory of a certain 
class of finite groups. In order to make clear the significance of this class of 
groups we recall the classification of the finite simple groups. In 1981 it was 
finally proved, after intensive effort by many workers over several decades, that 
every finite simple group must be one of the following: 

a cyclic group of prime order 
an alternating group of order ia! for n > 5 
a group of Lie type over a finite field 
one of 26 sporadic simple groups 

The finite groups of Lie type are analogues over a finite field of the simple Lie 
groups over (c or IR. 

The representation theory of the cyclic groups is trivial, and the representa- 
tion theory of the alternating groups is closely related to that of the symmetric 
groups, which is a classical theory developed mainly by Frobenius [l] and 
Young [l]. The representation theory of each of the 26 sporadic groups has 
been considered individually, and the character table of each of them has been 
determined. These character tables can be found in the Atlas of Finite Groups 
(Conway et al. [ 11). 

This leaves the finite groups of Lie type, for which major work on the 
representation theory has been done in recent years by Deligne and Lusztig [l] 
and subsequently in a number of papers by Lusztig (Cl]-[18]). Before going 
into detail in explaining this theory we shall first recall the definition and main 
properties of the finite groups of Lie type. These groups arise most naturally 
as subgroups of algebraic groups over an algebraically closed field of prime 
characteristic. 

1.1 Affine Algebraic Groups 

We begin by recalling the basic properties of affine algebraic groups. Proofs 
of these results can be found in books on algebraic groups such as those of Bore1 
Cl], Humphreys [l], or Springer [S]. 

An afline algebraic group over an algebraically closed field K is a set G which 
is an afline variety over K and also a group, such that the maps G x G + G and 
G + G given by multiplication and inversion are morphisms of varieties. For 
example the special linear group SL,(K) is an affine algebraic group given by 

SL,(K) = {(uij) E K”*; det(aij) = 1). 

The general linear group GL,(K) given by 

GL,(K) = {(aij) E K”‘; det(aij) # 0) 
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is not so clearly an algebraic variety in K”’ since the condition on the determi- 
nant is an inequality rather than an equality. However GL,(K) may be regarded 
instead as an afline algebraic group in Kn2+l as follows: 

GL,(K) = {(a,, h) E K”‘+l; b det(aij) = 1) 

The algebraic subsets of an affine algebraic variety form the closed sets in a 
topology on the variety called the Zariski topology. In particular every closed 
subgroup of GL,(K) is itself an affine algebraic group. However the converse 
result holds also. It can be shown that every afline algebraic group over K is 
isomorphic to a closed subgroup of GL,(K) for some n. 

Now let G be an afline algebraic group over K. As an afhne variety G will be 
expressible as the union of finitely many irreducible subvarieties, called the 
irreducible components of G. As a topological space G will be the disjoint union 
of its connected components. However, the irreducible components actually 
coincide with the connected components, so that G is the disjoint union of 
finitely many closed subsets called simply the components of G. The component 
containing the identity 1 is a closed normal subgroup Go of finite index in G. 
The other components are the cosets Cog of Go in G. Go is often called simply 
the connected component of G. 

An element g E GL,(K) is called semisimple if g is diagonalisable, i.e. if g is 
conjugate to a diagonal matrix. g E GL,(K) is called unipotent if all the eigen- 
values of g are equal to 1. Now let G be any affme algebraic group over K. We 
recall that G is isomorphic to a closed subgroup of GL,(K) for some n. g E G is 
called semisimple if g is semisimple regarded as an element of GL,(K). This 
property is independent of the embedding of G as a closed subgroup of a general 
linear group. Similarly g E G is called unipotent if g is unipotent as an element of 
GL,(K). This is again independent of the matrix embedding. 

Each element g E G has a Jordan decomposition which can be delined as 
follows. g can be written as a product 

where g,, g, E G, g, is semisimple, gU is unipotent and gs, g, commute. Moreover 
this decomposition of g is unique. g, is called the semisimple part of g and g, the 
unipotent part of g. 

In the case when K is the algebraic closure of the finite field IFP every element 
of the multiplicative group K* of K is algebraic over IFP so lies in a finite 
extension field of lFP. Thus every element of GL,(K) has matrix entries in some 
finite field. In particular every element of GL,(K) has finite order. It follows that 
every element of G has finite order. An element g E G is then semisimple if and 
only if its order is prime to p and is unipotent if and only if its order is a power 
of p. The Jordan decomposition then expresses g E G as the product of commut- 
ing elements, one of order prime to p and the other of order a power of p. 

We now consider the classification of connected afhne algebraic groups of 
various kinds. (Since every finite group can be regarded as a disconnected aftine 
algebraic group the classification of disconnected groups includes within it the 

classification of finite groups, and so is not a feasible problem). The group 
GL,(K) is isomorphic to the multiplicative group K* and has dimension 1 (as 
an algebraic variety). Another connected group of dimension 1 is the group of 
2 x 2 matrices of the form 

a E K. 

This group is isomorphic to the additive group K+ of K. It can be shown 
that any connected afline algebraic group of dimension 1 over K is isomorphic 
to K’ or to K*. K+ and K* are not isomorphic; for example every element of 
Kf is unipotent whereas every element of K* is semisimple. 

We next consider the connected abelian affine algebraic groups. Every con- 
nected abelian group G is isomorphic to the direct product G, x G, where G, is 
a connected group whose elements are all unipotent and G,s is a connected group 
whose elements are all semisimple. Furthermore G, is isomorphic to a direct 
product K* x ..’ x K* of groups isomorphic to the multiplicative group K*. If 
K has characteristic 0 then G, is isomorphic to a direct product K+ x ... x K+ 
of groups isomorphic to the additive group K+, but if K has characteristic p this 
need not be the case. 

Now suppose that G is connected and nilpotent. Then again G is isomorphic 
to G, x G,. G, is again isomorphic to K* x ... x K* whereas G, can be any 
connected group all of whose elements are unipotent. An algebraic group iso- 
morphic to K* x ‘.. x K* is called a torus. 

Now suppose that G is connected and solvable. Then the set G, of unipotent 
elements of G is again a closed connected normal subgroup of G. However G 
need no longer be the direct product of G,, with a torus. Let T be a maximal 
torus in G. Then we have 

G=G,,T, G,nT= 1. 

Thus G is a semidirect product of a connected unipotent group with a torus. 
T need not be normal in G. However any two maximal tori of G are conjugate 
in G. Moreover we have ,Vk(T) = &(T), i.e. the normalizer of T coincides with 
the centralizer of T. 

Now let G be an arbitrary connected afline algebraic group. A Bore1 subgroup 
B of G is a maximal connected solvable subgroup of G. Any two Bore1 sub- 
groups of G are conjugate in G. Any maximal torus, being connected and 
solvable, lies in some Bore1 subgroup of G. It follows that any two maximal tori 
of G are conjugate in G. 

Any afline algebraic group G has a unique maximal closed connected solv- 
able normal subgroup. This is called the radical R(G). G is called semisimple if 
R(G) = 1. For any G the factor group G/R(G) is semisimple. G also has a unique 
maximal closed connected normal subgroup all of whose elements are uni- 
potent. This is called the unipotent radical R,(G). G is called reductioe if R,(G) = 
1. Every semisimple group is reductive, but not conversely. For example a torus 
is reductive but not semisimple. 
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G is called simple if G has no proper closed connected normal subgroups. If 
G is simple then its centre Z(G) is finite and any proper normal subgroup of 
G lies in Z(G). Thus G/Z(G) is simple as an abstract group. 

If G is semisimple then it has closed normal subgroups G,, G,, . . . , G, which 
are simple such that 

G = G, G, . . . G, 

GinGIG,... Gi-lGi+l.. . G, is finite for i = 1, . . . , r 

[G,, Gj] = 1 if i # j 

The groups G,, , G,, which are uniquely determined, are called the simple 
components of G. 

1.2 Connected Reductive Groups 

The class of algebraic groups which is particularly relevant to the theory of 
finite groups of Lie type is the class of connected reductive groups. But before 
discussing the structure and classification of connected reductive groups we 
need some further ideas related to tori. 

A homomorphism of algebraic groups is a homomorphism of groups which 
is also a morphism of varieties. For example, if K* is the multiplicative group of 
the base field K, we have 

Hom(K*, K*) E 72 

for the only algebraic homomorphisms of K* into K* are the maps 1+ A” when 
n E Z. 

Now let T g K* x ... x K* (r factors) be a torus. Let X = Hom(T, K*) be 
the set of algebraic homomorphisms from T to K*. Then we have 

X E Z @ . . . @ Z (r factors). 

Thus X is a free abelian group of rank Y. X is called the character group 
of T. Now let Y = Hom(K*, T). Then Y is also a free abelian group of rank r 
called the cocharacter group of T. Let x E X and y E Y. Then we have maps 

K*-, T; K* 

and so x o y E Hom(K*, K*). Thus we have (x o Y)(;~) = 2” for some n E iz. Thus 
we have a map 

XxY-+Z 

given by (x, y) + (x, 7) E Z where 

(x 0 y)(A) = A(X.‘l) XEX, y E Y, 1.~ K*. 

This map defines isomorphisms 

Y E Hom(X, Z) X E Hom(Y, Z) 

in an obvious way. 
Now let G be a connected reductive group. Let B be a Bore1 subgroup 

of G and T be a maximal torus of G contained in B. There is a unique Bore1 
subgroup B- of G containing T such that B n B- = T. Let U = R,(B) and 
UP = R,(B-). Let N = ,Ir,(T) be the normalizer of Tin G. Then T = No and so 
the group W = NIT is finite. W is called the Weyl group of G. W acts on T by 
conjugation and this action is faithful since in a connected reductive group we 
have G&(T) = T We describe the situation in the following diagram, 

For example, suppose G = GLJK). Then we can take for T the diagonal 
subgroup, B the group of upper triangular matrices, B- the group of lower 
triangular matrices, U the group of upper unitriangular matrices, U- the group 
of lower unitriangular matrices, N the group of monomial matrices and W = 
NIT the symmetric group of degree n. 

Returning to the general case, we consider the minimal closed subgroups of 
U normalized by T There are finitely many such subgroups, each isomorphic to 
the additive group K+. The elements of T act on these subgroups by conjuga- 
tion, giving automorphisms of K’. 

Now the map K+ -+ Ki given by 2 -+ $. for p E K* is an algebraic auto- 
morphism of K+. Furthermore these are the only automorphisms of the alge- 
braic group K+. Thus Aut K+ r K*. Hence the action of T by conjugation on 
one of these subgroups gives an element of Hom(T, K*) = X. The elements of X 
arising in this way are called the positive roots. Different subgroups isomorphic 
to K+ give rise to different roots in this way. The set of positive roots will be 
denoted by @+. Qf is a finite subset of X. The l-dimensional subgroup corre- 
sponding to a E @+ will be denoted by X,. X, is called the root subgroup 
corresponding to the root M. 

In a similar way we may consider the minimal closed subgroups of U- 
normalized by T. These give rise to the set of negative roots @- c X. We have 

CIE@+---2EC?- 

We define @ = @+ u @- to be the set of roots. For each r E @ we have a 
corresponding 1 -dimensional root subgroup X, of G. 
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We now take a pair of opposite roots a, --CI and consider the subgroup 
(X,, X-J generated by X, and X-,. This subgroup is isomorphic either to 
SL,(K) or to PGL,(K). In fact there is a homomorphism 

=2(K) 7 w,, x-2 

such that 

4 has the property that 4 {(I, $+“‘) lies in i7 So we have a map 

K* --f T given by 

This map is denoted by a” and lies in Hom(K*, T) = Y. a” is called the coroot 
corresponding to the root CI. We denote by @’ the subset of Y consisting of all 
coroots u”. Thus we have a bijective map @ + @,’ given by GI + CI’. This map 
satisfies the condition 

(ix, cc”) = 2. 

Consider, for example, the group SL,(K). Then we have 

and 

Hence 

ibc -%a’) zz @“(j.)) = j”Z 

so that 

(SI, a’) = 2. 

The action of the Weyl group Won T gives rise to actions of Won X and Y 
defined by 

(w~)t = ~(w-‘(t)) for o E W, ): E X, t E T 

(wy)i. = o(y(2)) for 0 E W, y E Y, i. E K* 

In this action of Won X and Y, W is a group generated by reflections. For each 
a E @ there is an element U, E W such that 

%(X) = x - <x3 a”>u x E x 

w,(y) = “r’ - (a, y)a’ y E Y 

OnehasW,2=1,~,=W-,,~,(~)=~,W,(~“)=~”andW=(w,;aE~). 
We now define a concept called a root datum, which is important in the 

classification of connected reductive groups. A root datum is a quadruple (X, @, 
Y, @‘) where X, Y are free abelian groups of the same finite rank with a map 
X x Y + Z which induces isomorphisms Y g Hom(X, Z), X g Hom( Y, Z). @ is 
a finite subset of X, @’ is a finite subset of Y and there is a bijective map cr + CI” 
from @ to @’ satisfying: 

(SI,CZ”) =2 forallcxE@ 

fl - (b, a”)~ E @ for all c(, /I E @ 

0’ - (a, P’)N’ E @” for all CI, fi E @. 

There is an obvious notion of isomorphic root data. We have seen that every 
connected reductive group G has a root datum (X, @, Y, @‘) associated to it, 
where X, Y are the character and cocharacter groups of a maximal torus of G, 
@ is the set of roots and @’ the set of coroots. It can be shown that this gives 
a bijective correspondence between connected reductive groups over K, up to 
isomorphism, and root data, up to isomorphism. 

1.3 Simple Algebraic Groups 

We now discuss the classification of the simple algebraic groups. Let G be a 
simple algebraic group over K. Then G determines a set @+ of positive roots. 
A positive root is called simple if it cannot be expressed as the sum of two 
positive roots. Let 17 be the set of simple roots, and let 17 = ((xi, , CI~}. Con- 
sider the matrix A = (A,) defined by 

A is called the Cartan matrix of G. Its entries all lie in Z. We have Aii = 2 for 
i=l > “., 1. However for i #j we have A, d 0. In fact we have 

Aijg{O, -1, -2, -3) ifi#j. 

Also A, = 0 if and only if Aji = 0. Moreover if A, = - 2 or - 3 then Aji = - 1. 
Let nij = AijAji for i # j. Then we have 

nij E {O, 1, 2, 3). 

The integer aij is related to the order of the element sisj E W where si = o,, for 
i= l,..., 1. Let sisj have order mij. Then we have: 
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nij = 0 if and only if mij = 2 

1 3 

3 6 

Moreover the Weyl group W is generated by the elements sl, . . . , s, as a Coxeter 
group. Thus W is isomorphic to the abstract group given by generators and 
relations 

<S 1) . . . ) s,; sf = 1 (siSjp = 1, i # j) 

We now define the Dynkin diagram of G to be the graph with nodes labelled 
1, . . , 1 in which nodes i, j are joined by nij bonds if i # j. If nij = 2 or 3 then one 
of A,, Aji will be - 1 and the other will be -2 or -3. We place an arrow in the 
diagram pointing from node i to node j if lAjil > IAijl. 

The Dynkin diagram of any simple algebraic group G is connected. The 
possible Dynkin diagrams are as follows: 

5 
0 c c 0 - c 0 

The Dynkin diagram is uniquely determined by G, being independent of the 
choices made in its definition. 

We consider the classification of the simple groups G with a given Dynkin 
diagram. Such groups are called isogenous, and are said to be of the same type. 

Let Z@’ be the subgroup of Y generated by the coroots. Z@’ is a subgroup 
of finite index in Y since G is assumed simple. Let Q = Horn@@‘, Z). Then Q 
is a free abelian group of rank 1 called the lattice of weights. Now, since X E 
Hom( Y Z), we have a map X + Q obtained by restricting such a homomor- 
phism from Y to Z@‘. Since 1 Y: Z@‘I is finite this map from X to s2 is injective. 
Thus we may regard X as a subgroup of Q. Since X, Sz are free abelian groups 
of the same rank 1, X has finite index in 52. In fact 

152: XI = I Y: im’l 

Thus we have 

(X: 2@lI Y: Z@“I = p-2/Z@l 

Now the group Q/Z@ is determined by the diagram of G. It is given as follows: 

Dynkin diagram 

A, 
4 
G 
D, 1 odd 
D, 1 even 

& 
E, 
Et3 
F4 
G2 

The given simple group G determines a subgroup X/Z@ of Q/Z@. This sub- 
group determines the group G up to isomorphism. Any subgroup of Q/Z@ 
arises in this way from some simple group, but it can happen that different 
subgroups of Q/Z@ come from isomorphic groups G. 

There are two extreme cases. We say that G is adjoint if Z@ = X, i.e. if the 
roots generate the character group. We say that G is simply-connected if Y = 
ZQ’, i.e. if the coroots generate the cocharacter group. This is equivalent to the 
condition X = 52. So there is up to isomorphism one adjoint group and one 
simply-connected group of each type. 

We describe the possible groups G for each Dynkin diagram. If G has type A, 
then Q/Z@ is isomorphic to Z,,, . The simply-connected group of type A, is the 
special linear group SLI+i(K) and the adjoint group is the projective general 
linear group PGLl+l(K). There may also be other possibilities, corresponding to 
proper subgroups of Z1+, , which are neither adjoint nor simply-connected. 

If G has type C, then Q/Z@ is isomorphic to Z,. There are thus only two 
possibilities for G. If G is simply connected G is isomorphic to the symplectic 
group Sp,,(K). If G is adjoint then G is isomorphic to the projective conformal 
symplectic group PC Sp,,(K). CSp,,(K) is the group of symplectic similitudes 
and PC Spll(K) is the factor group modulo the centre. 
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If G has type BL then Q/Z@ is again isomorphic to Z,. Thus there are two 
possible groups G. If G is simply-connected G is the spin group Spin,,+,(K). If G 
is adjoint G is the special orthogonal group SO,,+,(K). 

If G has type D, and 1 is odd then Q/Z@ is isomorphic to Z,. There are then 
three possibilities for G. If G is simply-connected G is the spin group Spin,,(K). 
If G is adjoint G is isomorphic to P(CO,,(K)‘), where CO,,(K) is the confor- 
ma1 orthogonal group of degree 21 and CO,,(K)’ is its connected component. 
Finally if G is neither simply-connected nor adjoint then G is isomorphic to the 
special orthogonal group SO,,(K). (This is defined as the connected component 
of O,,(K), and is equal to the group of orthogonal matrices of determinant 1 
provided that K does not have characteristic 2). 

If G has type D, and 1 is even then Q/Z@ is isomorphic to Z, x Z,. In 
addition to the subgroups giving the simply-connected group, the adjoint group, 
and the special orthogonal group, there are two further subgroups of Q/Z@. 
Both give rise to isomorphic groups G, since the graph automorphism of the 
Dynkin diagram D, maps one to the other. The additional group G obtained in 
this way is called the half-spin group H&,(K). 

If G has exceptional type G must be either simply-connected or adjoint. If G 
has type E,, F4 or G, then 9/Z@ 2 Z,. Thus there is only one possible group 
G, which is both simply-connected and adjoint. If G has type E, or E, then 
Q/Z@ is isomorphic to Z, or Z, respectively, and there are two groups of each 
type, one simply-connected and the other adjoint. 

This completes the description of the simple algebraic groups over an alge- 
braically closed field K. 

1.4 Frobenius Maps 

The finite groups of Lie type will be described as subgroups of connected 
reductive algebraic groups over an algebraically closed field of prime character- 
istic. So let K be an algebraically closed field of characteristic p. Then for any 
power q of p, q = pe e 3 1, we have a map 

F,: GL,(K) + GL,(K) 

Caij) + CaJ) 

in which each matrix coefficient is raised to the q’h power. F, is a homomor- 
phism of algebraic groups. It is a bijective map. Its inverse, however, is not a 
homomorphism of algebraic groups since it is not a morphism of varieties. The 
finite general linear group GL,(q) can be obtained as a subgroup of GL,(K) by 
taking the fixed points of F,. Thus 

GLM = {Y E GL(K); F,(g) = 9). 

This is an example of what happens more generally. Let G be a connected 
reductive group over K. We recall that G is isomorphic to a closed subgroup of 

GL,(K) for some n. A map F: G -+ G is called a standard Frobenius map if there 
exists an injective homomorphism i: G + GL,(K) and an integer q = p’ such 
that i(F(g)) = F&i(g)) for all g E G. If F is a standand Frobenius map the group 

GF = (g E G; F(g) = g} 

is finite. However the standard Frobenius maps are not suflicient to give all the 
finite groups of Lie type in the form GF. (The Suzuki and Ree groups, to be 
discussed later, do not arise in this way). We therefore define a Frobenius map to 
be a homomorphism F: G + G such that some power F’, i 3 1, is a standard 
Frobenius map. If F is a Frobenius map then the group GF of fixed points under 
F is finite. The finite groups GF which arise in this way when G is a connected 
reductive group and F is a Frobenius map are called the finite groups of Lie 

type. 
If G is connected and semisimple then any surjective homomorphism F: G -+ 

G for which GF is finite is, conversely, a Frobenius map (although this is not 
always so when G is connected reductive). Connected semisimple groups admit- 
ting such a map F: G + G have been studied in detail by Steinberg [4]. 

There is a fundamental theorem of Lang [l] which applies in this situation. 
Lang’s theorem asserts that if K is algebraically closed of characteristic p and G 
is a closed connected subgroup of GL,(K) and if F: G + G is given by 

F(aij) = (a$) q = p’ e 3 1 E Z 

then the map L: G + G given by L(g) = g-IF(g) is surjective. A generalisation of 
Lang’s theorem was proved by Steinberg [4]. This generalisation asserts that if 
G is any connected group over an algebraically closed field K of characteristic p 
and if F: G + G is any surjective homomorphism such that GF is finite then the 
map L: G -+ G given by L(g) = g-IF(g) is surjective. We shall call this result the 
Lang-Steinberg theorem. As this theorem is of crucial importance in the theory 
of finite groups of Lie type we shall give several examples of how it is used. 

We show first that a connected reductive group G with Frobenius map 
F: G --f G has an F-stable Bore1 subgroup. Let B be any Bore1 subgroup of G. 
Then any other Bore1 subgroup has form gB = gBg-’ for some g E G. Now we 
have F(gB) = gB if and only if 

gmLF(g)F(B) = B. 

Now F(B) is also a Bore1 subgroup of G, so there exists x E G with “F(B) = B. 
By the Lang-Steinberg theorem x = g-l F(g) for some g E G. Thus gB is an 
F-stable Bore1 subgroup of G. 

In a similar way it can be shown that any F-stable Bore1 subgroup contains 
an F-stable maximal torus. 

Another implication of the Lang-Steinberg theorem is the fact that any two 
F-stable Bore1 subgroups of G are conjugate by an element of GF. For let B, B’ 
be F-stable Bore1 subgroups. Then B’ = gB for some g E G. Since B, B’ are both 
F-stable we have gPIF (g) E ,+,(B). However each Bore1 subgroup is its own 
normalizer in G so we have .,VG(B) = B. Thus g-lF(g) E B. By the Lang- 
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Steinberg theorem g-‘F(g) = b-‘F(b) for some b E B. Thus gb-’ E GF. Since 
B’ = @‘I3 we see that B, B’ are conjugate by an element of G”. 

An F-stable maximal torus T of G is called maximally split if T lies in an 
F-stable Bore1 subgroup of G. We have seen that maximally split tori exist in G. 
Another application of the Lang-Steinberg theorem shows that any two maxi- 
mally split tori are conjugate by an element of GF. However not every F-stable 
maximal torus will be maximally split in general. 

We now consider the way the F-stable maximal tori fall into orbits under 
conjugation by elements of GF. We have seen that any two F-stable Bore1 
subgroups are conjugate by an element of GF, but this is not usually true for 
F-stable maximal tori. Let To be a maximally split torus and T an F-stable 
maximal torus. Then T = gTo for some g E G. Since To, T are both F-stable we 
see that g-‘F(g) E IV,, = A”(T,). Now No/To is isomorphic to the Weyl group W 
of G, so we have a surjective homomorphism 71: NO -+ W. Let w = rc(g-‘F(g)). 
Then w is an element of W. We consider to what extent w is determined by T. 
Suppose instead we write T = g’To and let w’ = n(g’-lF(g’)). Then, since g-lg’ E 
N,,, we can find x E W such that w’ = x-‘wF(x). 

Two elements w, w’ E W are called F-conjugate if there is an element x E W 
such that w’ = x-‘wF(x). F-conjugacy is an equivalence relation on W. Each 
F-stable maximal torus T determines in this way an F-conjugacy class of W. In 
fact each F-conjugacy class of W arises in this way and two F-stable maximal 
tori map to the same F-conjugacy class of W if and only if they are conjugate by 
an element of GF. Thus there is a bijective map between GF-classes of F-stable 
maximal tori of G and F-conjugacy classes of W. The maximally split tori 
correspond to the F-conjugacy class containing the identity element of W. 

1.5 Classification of the Groups GF When G Is Simple 

We now describe the classification of the finite groups GF when G is simple 
and F: G --f G is a Frobenius map. 

Let G be simple, T a maximally split F-stable torus of G and B an F-stable 
Bore1 subgroup containing T. Consider the minimal subgroups of G containing 
B. These have the form 

pi = (I?, X-,,) i = 1, . . . . 1. 

Since F(B) = B, F must permute the subgroups Pl, . . , P[. This permutation 
determines an action of F on the Dynkin diagram of G. This permutation is a 
graph automorphism when the direction of the arrows is disregarded. So the 
possibilities for the Dynkin diagram with F-action are as shown overleaf. 

We shall consider the possible groups GF of each type. Corresponding to the 
Frobenius map F: G + G we define a real number q > 1 as follows. We have 

F’ = Fp& for some i 3 1 E z 

‘EC O-e0 

where F,,: GL,(K) + GL,(K) is given by Fp,(aij) = (a;=) and G is a closed sub- 
group of GLJK). We define q by qi = p’. Then q > 1. This definition of q is 
independent of the embedding of G in GL,(q). This can be seen, for example, as 
follows. Let T be a maximally split torus of G. An action of F can be defined on 
the character group X and the cocharacter group Y of T by 

(FX)t = X(F(t)) x E X, t E T. 

(Fy),‘. = F(y(i)) y  E r, 1, E K*. 
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This action of F can be extended to a linear action on the Q-vector spaces 
X @ Q and Y 0 Q. Then there is a linear map F, of finite order on X @ Q and 
on Y 0 @ such that F = qF,. In particular q is the absolute value of all the 
eigenvalues of F on X @ Q and on Y 0 Q. 

Now a finite group GF when G is simple and F is a Frobenius map is 
determined up to isomorphism by the following three objects: 

The Dynkin diagram of G together with the F-action on it. 
The isogeny type of G. 
The number q. 

(There are circumstances in which groups GF coming from different triples 
above can be isomorphic, but we shall not need to consider such duplications). 

We shall now describe the possible groups GF in the individual cases. 
If G has type A, q can take any value pe for e 3 1 E Z. If G is simply- 

connected then GF = (A,),,(q) = SL[+,(q). If G is adjoint then GF = (&)Jq) r 
PGLl+l(q). There may also be various other possibilities where G is neither 
simply-connected nor adjoint. 

If G has type C, q can take any value pe for e 3 1 E Z. If G is simply- 
connected then GF = (C,),,(q) E Sp,,(q). If G is adjoint then GF = (C,),,(q) E 

PCSp,,(q). 
If G has type Bi q can take any value pe for e 3 1 E Z. If G is simply-connected 

then GF = (B,),,(q) 2 Spin,,+,(q). If G is adjoint then G’ = (B,),,(q) z SO,,+,(q). 
These orthogonal groups are defined with respect to a non-degenerate qua- 
dratic form over IF, in dimension 21 + 1 of maximal Witt index 1. 

If G has type D, q can take any value pe for e 3 1 E Z. If G is simply-connected 
then GF = (D,),,(q) z Spin,,(q). If G is adjoint then GF = (D[)Jq) % P(CO$(q)). 
There is a third possibility which is neither simply-connected nor adjoint, giving 
GF z SO,,(q). Finally if 1 is even there is a further possibility, giving GF E 
HS,,(q). All these groups are defined with respect to a non-degenerate quadratic 
form over IFq in dimension 21 of maximal Witt index 1. 

If G has type ‘Ai then q can take any value p’ for e 3 1 E Z. If G is simply- 
connected then GF = (‘,4,),,(q2) z SUl+,(q2). This is the subgroup of unitary 
matrices in SL,+,(q2). If G is adjoint then GF = (2,4J,d(q2) z PU,+,(q2). There 
may also be other possibilities which are niether simply-connected nor adjoint. 
These groups are defined with respect to a non-degenerate Hermitian form over 
IFqb2 corresponding to the involution E. + li = 24. 

If G has type ‘D,, q can take any value p’ for e > 1 E Z. If G is simply- 
connected then GF = ( 2D1),,(q2) E Spin,(q) defined with respect to a non-degen- 
erate quadratic form over IFq in dimension 21 of Witt index I- 1 relative to IFq 
but index 1 relative to IFqbz. If G is adjoint then GF = (2DJ,d(q2) z P((CO,)‘(q)) 
where the orthogonal group 0, is defined with respect to the above quadratic 
form. There is a third possibility, neither simply-connected nor adjoint, giving 
the group SO,(q). 

If G has type 3D, q can take any value pe for e 2 1 E Z. G must now be either 
adjoint or simply-connected, but both these isogeny types give the same finite 
group GF = 3D,(q3). 

If G has type E, q can take any value pe for e 3 1 E Z and there are two 
possibilities (E,),,(q) and (E6)Jq) for CF. 

If G has type ‘E, q can take any value pe for e 3 1 E Z and there are two 
possibilities ( ‘E6),,(q2) and ( 2E,),,(q2) for CF. 

If G has type E, q can take any value pe for e b 1 E Z and there are two 
possibilities (ET),,(q) and (E7)Jq) for CF. 

If G has type Es q can take any value p’ for e 3 1 E Z! and there is one 
possibility GF = E,(q). 

It remains to consider groups of type 2B2, 2F4, 2G2, where there is a non- 
trivial symmetry on a diagram containing a double or triple bond. The situation 
here is more complicated and gives rise to the Suzuki and Ree groups. 

If G has type 2B2 a group GF can only exist when p = 2. So suppose p = 2. 
Then for GF to exist q must satisfy q2 = 22”+1 for some n >, 0 E Z. (This is the 
first example we have encountered in which q is not in Z). G can be either 
simply-connected or adjoint, but the finite groups GF arising in these two cases 
are isomorphic. We have GF = 2B2(q2) where q 2 = 22”+1. These are the Suzuki 
groups. 

If G has type ‘F4 a group GF can only exist when p = 2. Assuming that p = 2, 
GF can only exist when q satisfies q2 = 22n+1 for some n 3 0 E Z. We have 
GF = ‘F4(q2) with q2 = 22”+1. These are the Ree groups of type F4. 

Finally if G has type 2G2 a group GF can only exist when p = 3. Assuming 
that p = 3, GF can only exist when q satisfies q2 = 32”+1 for some n > 0 E Z. We 
have GF = 2G2(q2) with q2 = 32n+1. These are the Ree groups of type G,. 

These are the groups GF whose representation theory we are going to discuss. 
If F acts trivially on the Dynkin diagram GF is called a Cheualley group or a split 
group. Otherwise GF is called a twisted group. 

1.6 The Structure and Orders of the Groups GF 

Let G be a connected reductive group with Frobenius map F: G -+ G. We 
consider the structure of the corresponding finite group CF. Let T be a maxi- 
mally split F-stable maximal torus of G and B an F-stable Bore1 subgroup 
containing T. Let N = J&(T). Then we have 

TF c BF c CF. 

TF and BF are determined up to conjugacy in CF. BF is called a Bore1 subgroup 
of GF and TF a maximally split torus of CF. TF is normal in NF and NF/TF is 
isomorphic to WF. (This follows from the Lang-Steinberg theorem). We also 
have 

BF= (JFTF UFnTF=l 

where U = R,(B). 
The subgroups BF, NF of GF satisfy the axioms, introduced by J. Tits, for a 

BN-pair. This implies that BF and NF generate GF and that WF z NFITF = 
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NF/BF n NF is a Coxeter group. WF has one Coxeter generator for each orbit of 
F on the diagram of G. If F acts trivially on the Dynkin diagram then F acts 
trivially on W and so WF = W. If F acts non-trivially on the Dynkin diagram 
WF is a proper subgroup of W. 

When G is simple and F acts non-trivially on W the type of the Coxeter 
group WF is shown below. 

Type of G Type of WF 

2A*l B, g C, 
2A 21-l Bl g C, 
24 B,-, 2 Cl-, 
3D4 G2 

2E6 F4 

‘B2 Al 

‘G2 Al 

2F4 Dihedral of order 16 

We next wish to give the orders of the finite groups GF when G is simple. 
However we first need some additional information about the Weyl group. The 
Weyl group W of G, being a finite Coxeter group, has a natural representation 
as a group generated by reflections in a vector space V over lR of dimension 1. 
(One could take, for example, V= X @ IR or V = Y 0 lR). Let 9 be the algebra 
of polynomial functions on V with values in IR. Then 9 is a graded algebra 

which admits a natural W-action. The W-invariants form a subalgebra 9 of 9? 
9 is isomorphic to a polynomial ring in 1 variables and can be generated as an 
lR-algebra by homogeneous polynomials I,, I,. . . Il. These homogeneous gener- 
ators are not uniquely determined, but their degrees d,, d,, . , d, are. 

Let P = @fl be the set of polynomial functions with constant term zero 
i>O 

and let .a+ = 9 n P’+. Then the ideal 9’9+ of 9 generated by 9+ is a graded 
subspace of 9, and so the quotient space P,/PP is also a graded algebra. 
The W-action on 9 gives us an induced W-action on Pp/PP. The W-module 
y/99+ has dimension equal to 1 WI and gives the regular representation of W. 
Thus to each irreducible representation of W, which occurs in the regular repre- 
sentation with multiplicity equal to its degree, we can attach a set of non- 
negative integers describing the multiplicities with which the representation 
occurs in the graded components of P/9$‘. This idea will be important subse- 
quently in the representation theory of GF. 

Now we have an action of F on V, since V can be identified with X @ IR or 
Y 0 IR where X, Y are the character and cocharacter groups of T. The linear 
map F: V--t Vcan be written uniquely in the form F = qFo where F,: V + V has 
finite order and q > 1 E IR. So q is the absolute value of the eigenvalues of F 
on V. 

We may define an action of F. on P by 

(Fofb = f(FoW) f E R u E I/. 

F, transforms the subring 4 into itself. By extending the base field from IR to (E 
if necessary we can choose the homogeneous generators I,, . . . , I, of 9 to be 
eigenvectors of F,. Thus we have 

Fo(Zi) = Ei& 

where si is a root of unity. 
The order of the finite group GF is then given by 

lGFl = ((Z”)FlqN(qdl - E1)(qd’ - E2). . . (qd’ - E[) 

where N = 1 @+I and Z” is the connected centre of G. This formula holds for any 
reductive group G. If G is semisimple we have 

lGFl = qN(qdl - E,)...(qd’ -Ed) 

When G is simple the orders of the groups GF may be written down explicitly in 
the following table. 

Orders of the groups GF when G is simple 

IAM = q 1(l+yq2 - l)(q3 - 1). . (q’+’ - 1) 
12Al(q2)l = q”‘+‘)‘2 (42 - 1)(q3 + 1). . . (q’+’ - (- l)‘+‘) 
IB,(q)I = qL2(q2 - l)(q4 - 1). . .(q21 - 1) 
IC,(q)I = ql’(q2 - 1)(q4 - 1). . .(q21 - 1) 
ID,(q)\ = q”‘-“(q2 - 1)(q4 - 1). . . (q21p2 - l)(q’ - 1) 
12Dl(q2)1 = q”‘-“(q2 - l)(q4 - l)...(q”-’ - l)(q’ + 1) 
13D4(q3)l = q1’(q2 - l)(q4 - &)(q4 - E2)(q6 - 1) & = e2ni’3 

IGAd = @k2 - l)(@ - 1) 
IF&N = q24(q2 - 1M6 - lks -- l)(q’2 - 1) 
&(q)I = q3%12 - l)(q5 - l)(@ - l)(@ - 1)(q9 - 1)(q’2 - l) 
12&j(q2)l = q3’(q2 - l)($ + l)(@ - l)(q* - 1)(q9 + 1)(q12 - 1) 
IE,(q)I = q‘j3(q2 - l)(q6 - l)(q* - l)(q” - l)(q” - l)(q14 - l)(q’* - 1) 
~E8(q)J=q’~~(q~-l)(q*-l)(q~~-l)(q~~-l)(q~*-l)(q~~-l)(q~4-l)(q30-1) 

12Mq2)l = q4(q2 - l)(q4 + 1) 
q2 = 22m+’ 

12G,(q2)l = q6(q2 - l)(@ + 1) 
q2 = 32m+l 

12F4(q2)l = q24(q2 - l)(q6 + l)(q* - l)(q” + 1) q2 = 2”“+’ 

The finite groups GF are not in general abstract simple groups when G is 
simple but have (with a few rare exceptions) exactly one non-cyclic composition 
factor. If G is simple of adjoint type then the commutator subgroup (G”)’ is 
almost always an abstract simple group. Thus GF is an extension of a simple 
group by an abelian group. If G is simple and simply-connected then GF/Z(GF) 
is almost always an abstract simple group. Thus GF is a central extension of an 
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abelian group by a simple group. If G is simple but neither simply-connected 
nor adjoint then the abstract simple group will occur as a subquotient H/K of 
GF where K lies in the centre of GF and GF/H is abelian. 

5 2. Conjugacy Classes 

In order to understand the irreducible characters of a finite group we must 
first have some understanding of the conjugacy classes of the group. We shall 
therefore in this section discuss the conjugacy classes of the finite groups GF 
where G is a connected reductive group and F is a Frobenius map. The conju- 
gacy classes of GF are of course closely related to those of G, and so we shall 
start by considering the conjugacy classes of the algebraic group G. 

2.1 Semisimple Conjugacy Classes of G 

We recall that each element y E G has a Jordan decomposition g = su = US 
where s E G is semisimple and u E C,(s) is unipotent. In fact all unipotent ele- 
ments of C,(s) lie in its connected component C,(s)‘, so u E C,(s)‘. (Bore1 et al. 
~13, P. 204). 

If g, g’ E G are conjugate then their semisimple parts s, s’ E G are conjugate 
also. Thus each conjugacy class of G determines a semisimple conjugacy class in 
this way: If g, g’ E G are conjugate and have the same semisimple part then 
g = SU, g’ = SU’ where U, U’ E C,(s)“. U, u’ are then conjugate in C,(s). 

Now for any semisimple element s E G C,(s)’ is a connected reductive group. 
If the semisimple part of G is simply-connected we know further that C,(s) is 
connected (Steinberg [4]) so that C,(s) is a connected reductive group. Thus the 
problem of determining the conjugacy classes in a connected reductive group 
whose semisimple part is simply-connected splits into two parts - the determi- 
nation of the semisimple classes and the determination of the unipotent classes. 

We first discuss the semisimple classes of G. We begin with the fact that every 
semisimple element of G lies in a maximal torus of G. Since any two maximal 
tori of G are conjugate, any semisimple element of G has a conjugate in a fixed 
maximal torus T. The Weyl group W = &(T)/T acts on T by conjugation. 
Two elements of T are conjugate in G if and only if they lie in the same orbit of 
T under W. Thus there is a bijective correspondence between semisimple classes 
of G and the set T/W of W-orbits on T. 

These remarks are valid for a connected reductive group over any alge- 
braically closed field. However we shall now assume that the base field is 
K = FP. Then we can say more about the semisimple classes of G. In the first 
place we have an isomorphism 

Y@=K*+T 

given by ;J @ A -+ ~(2) for y E Y, jb E K*. Secondly the groups K* and U&/Z are 
isomorphic, where U&,, is the set of rational numbers with denominator prime to 
p. This follows from the fact that every element of K* is algebraic over lFP, so 
lies in some finite field lFPe, and so has finite order prime to p. However an 
isomorphism between K* and Q,,/Z can be chosen in many ways. We choose 
some definite isomorphism between K* and Q,./Z and keep it fixed in the 
subsequent discussion. Then we have 

Now we have a surjective homomorphism of abelian groups 

with kernel Y 0 Z E Y. Thus we have an isomorphism 

T z (Y@ QJY 

Now Y @ QP, is a subset of the vector space Y @ Q. Y is a lattice in Y @ Q and 
the elements of Y act on Y @ Q by translations. Let q, be the translation 
x + x + 7 for y E Y, and T, be the group of all such translations Ty. Then 
we have a bijection between elements of the factor group (Y @ (l&)/Y and 
orbits (Y 0 Q,,)/Ty of Ty on Y 0 QP,. Thus there is a bijection between T and 
(Y @ Q,,)/Ty. There is therefore a bijection between T/W and (Y 0 U&,)/( Ty, W) 
where (Ty, W) is the group of transformations of Y @ Q generated by the 
translation group T, and the Weyl group W. 

We shall now assume that G is simple. We assume in addition that G is 
simply-connected. This means that the cocharacter group Y is generated by the 
coroots, i.e. Y = Z@‘. 

The group of transformations of Y @ Q generated by translations T, for 
y E Z@’ and by elements of W is called the affine Weyl group W,. Since G is 
simply-connected W, is the group generated by T, and W. In fact W, has a 
semidirect product decomposition 

W, = Ty W Ty n W = 1 

where W acts on T, by conjugation in the same way that it acts on Y. 
The affine Weyl group W, acts on Y @ Q as a group generated by reflections. 

It is generated by the reflections in the hyperplanes Ho, H,, . , H, in Y 0 Q 
where 

Hi= {YE Y@Q;(q,j’) =0} i= 1,...,1 

Ho = {y E Y @ Q; (R, 1,) = 1) 

where {aI, . , x,} is a system of simple roots and R is the highest root. More- 
over these reflections generate W, as a Coxeter group. The reflections si in the 
hyperplanes Hi, i = 1, . , 1 generate the subgroup W of W,, also as a Coxeter 
group. 
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We now consider the orbits of Y @ Q under 
group W,. Let A be the subset of Y 0 Q given by 

A = 

i 

YE y@ Q; Cai, Y> > O 

CR r> < 1 

the action of the afline Weyl 

i = l,...,l 

A is an open bounded region in Y @ Q called the fundamental alcove. Let 2 be 
the closure of A in Y @ Q. Then 

A= 

i 

yEY@Q; (a,,~)>0 i=l,..., 1 

CR, Y> d 1 i 

Then 2 is a fundamental region for the action of W, on Y @ Q. This means that 
each W,-orbit on Y @ Q contains just one element of 1. The images of A under 
the elements of W, are called the alcoves on Y @ Q. Each point of Y 0 Q lies in 
the closure of at least one alcove. For example, the configuration formed by the 
alcoves of Y @ Q when G is of type A, is shown in the figure. 

We define A,. = A n (Y @ Q,,) and AP,_= 2 n (Y @ Q,,). A,, and AP. are 
called the sets of $-rational points in A and A respectively. We have shown that 
there is a bijective correspondence between the set of semisimple classes of G 
and the set AP,. This correspondence exists when G is simple and simply- 
connected. 

2.2 Semisimple Conjugacy Classes of GF 

We assume as before that G is simple and simply-connected, but now assume 
also that F: G + G is a Frobenius map acting on G. We consider the semisimple 
conjugacy classes in the finite group CF. We choose a maximally split torus T in 
G and let Y be the cocharacter group of T. Then we have maps F: T + T and 
F: Y -+ Y. We may extend the action of F from Y to Y 0 Q by linearity. F then 
maps Y @ QP, into itself. 

Now F maps each semisimple class of G into a semisimple class. We consider 
the semisimple classes of G which are F-stable. We would expect these to 
correspond to points of APT which are stable under a suitable action of F. 
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Now the action of F on Y 0 Q defined above does not stablise 1. However, 
for each y E Y 0 Q there is a unique element of 2 in the same W,-orbit as F(y). 
This element of A will be denoted by F.y. If y E Y @ U&+ then F.y E Y 0 Q,, 
also. Thus we have a map y + F.y of AP, into itself. Under the above bijec- 
tion between semisimple classes of G and elements of Ap,, this map on AP. 
corresponds to the action of F on the semisimple classes. In particular the 
F-stable semisimple classes of G correspond to the elements y E AP, with 
F.y = Y. 

There is a simple formula for the number of F-stable semisimple classes 
of G. When G is simple of rank 1 and F: G -+ G is a Frobenius map giving rise to 
a real number q > 1 the number of F-stable semisimple classes of G is ql. This 
result can easily be extended to the case when G is a connected reductive group. 
Then the number of F-stable semisimple classes of G is IZ°Flq’ where Z” 
is the connected component of the centre of G and 1 is the semisimple rank 
of G. 

Suppose now that G is connected reductive and that the semisimple part G’ 
of G is simply-connected. Then, for each semisimple element s E G, C,(s) is 
connected. Ifs is an F-stable semisimple element then F acts on the connected 
group C,(s). Applications of the Lang-Steinberg theorem then show that every 
F-stable semisimple class of G contains F-stable elements, and that any two 
F-stable elements in this class are GF-conjugate. Thus the intersection of an 
F-stable semisimple class of G with GF is a semisimple class of CF. So GF has 
IZ”lq’ semisimple classes when the semisimple part of G is simply-connected. (If 
G’ is not simply-connected no such simple formula holds for the number of 
semisimple classes of GF). 

2.3 The Brauer Complex 

We now suppose again that G is simple and simply-connected. Then GF has 
q1 semisimple classes and there are q’ points of A,,, which are fixed by the map 
y -+ F.y. We shall obtain information about the positions of these F.-stable 
points by considering a geometrical construct called the Brauer complex. This 
is defined as follows. 

Let F-‘(Y) = (+j~ E Y 0 Q; F(y) E Y}. F-‘(Y) acts on Y 0 Q by translations 
and this group of translations is normalized by W. Moreover the map 

(F-‘(Y), W> + (r, W> 

YW + FWW 

is an isomorphism of groups. In fact this isomorphism of groups together with 
the map F: Y @ Q + Y 63 Q gives an isomorphism of permutation groups be- 
tween (F-‘(Y), W) acting on Y @ Q and ( Y, W) acting on Y @ Q. In particu- 
lar the set 2, given by 
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A, = {YE YoQ;Fo&i) 

is a fundamental region for the action of (F-‘(Y), W) on Y @ Q. The volumes 
of the regions 2, and 2 are related by 

vol A, = L vol.7 
4’ 

since F = qF, on Y @ lR and F, has finite order. 
Now (Y, W) is a subgroup of (F-‘(Y), W). Thus every affine reflecting 

hyperplane for (Y, W) will be a reflecting hyperplane for (F-‘(Y), W), but not 
conversely. In particular the walls of 2 are all reflecting hyperplanes for aftine 
reflections in (F-‘(Y), W). Thus 2 is the union of certain transforms of 2, 
under the action of (F-‘(Y), W). Since each transform has the same volume the 
number of such transforms will be q’. 

Thus the large closed alcove 1 can be covered by q’ small closed alcoves. The 
set of open faces of all these small alcoves form a simplicial complex called the 
Brauer complex. Thus the Brauer complex has q’ faces of maximum dimension 1. 

An example of a Brauer complex corresponding to the group (B2)sc(5) is given 
in the figure. 

This complex has 25 faces of dimension 2,45 faces of dimension 1, and 21 faces 
of dimension 0. 

The interior A 1 of AT is bounded by walls Hb, H, , . . . , HI where 

H,={y~Y@Q;(ct~,y)=0} i=l,...,l 

H; = (y E Y @ Q; (R, y) = l/q) 

except when GF is a Suzuki or Ree group, In the case when GF is a Suzuki or Ree 
group we have instead 

1 
yEY@Q(r,y)=- 

$4 

when K has characteristic 2 and r is the highest short root, and 

Hb= YE Y@Q;(r,y) =! 
J3q 

when K has characteristic 3. 
The Brauer complex is related to the set of F.-stable points of AP, as follows. 

It has been shown by Deriziotis [l] that each small closed alcove in the Brauer 
complex contains exactly one F.-stable point of 2 and that this point lies in AP.. 
Moreover distinct closed alcoves contain distinct F.-stable points. This does not 
mean, however, that each F.-stable point must lie in one of the small open 
alcoves. It is possible for some of the F.-stable points to lie on the boundary 
of a small alcove, but only if the point lies also on the boundary of the large 
alcove A. 

As an example we illustrate how the F.-stable points lie in the alcoves of the 
Brauer complex in the case when GF = (B2)sc(5). 

Deriziotis’ theorem shows that the following three sets are in bijective corre- 
spondence when G is simple and simply-connected: 

(i) The F-stable semisimple classes of G 
(ii) The semisimple classes of GF 
(iii) The simplices of maximal dimension in the Brauer complex. 

Properties of a given semisimple class in GF can be investigated in terms of 
the position of the corresponding F.-stable point in the Brauer complex. For 
example a semisimple class is regular (i.e. the centralizer of an element in the 
class is a maximal torus) if and only if the corresponding F.-stable point lies in 
the interior A of 1. 

2.4 Unipotent Classes of G 

We now consider the unipotent conjugacy classes of the connected reductive 
group G. Since the homomorphism G + G/Z induces a bijection between uni- 
potent classes of G and unipotent classes of G/Z we may assume that G is 
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semisimple with trivial centre. There is then a bijective homomorphism G -+ Go,, 
to the adjoint group of the same type as G which induces a bijection of uni- 
potent classes. We may thus assume that G is semisimple of adjoint type. But 
then G is a direct product of simple groups of adjoint type. This reduces the 
problem of understanding the unipotent classes to the case where G is simple of 
adjoint type. 

We thus assume now that G is simple of adjoint type. Then the set of 
unipotent elements of G forms a closed irreducible subset % of G. Thus @ is an 
irreducible afftne variety. Its dimension is given by 

dim%=l@[ 

Now G, being an affine variety, has a tangent space T(G), at each point g E G. 
Since the variety G also has a group structure its tangent space T(G), at the 
identity admits the structure of a Lie algebra. We write L(G) = T(G),, regarded 
as a Lie algebra. 

The group G acts on its Lie algebra L(G) in the following manner. For each 
x E G we have a map i,: G --+ G given by i,(g) = xgx-‘. i, is an automorphism of 
G and we have i,(l) = 1. Then the differential of i, at 1 is a map di,: L(G) + 
L(G). We write Adx = di,. The map x -+ Adx gives a representation of G by 
automorphisms of L(G). 

The Lie algebra L(G) admits a Jordan decomposition somewhat similar to 
that of G. We recall that G can be embedded as a closed subgroup of GL,(K) for 
some n, i.e. there exists an injective homomorphism i: G + GL,(K). Its differen- 
tial di: L(G) + L(GL,(K)) = gl,(K) . is an injective homomorphism of Lie alge- 
bras. The Lie algebra gl,(K) consists of all n x n matrices over K under Lie 
multiplication [AB] = AB - BA. An element X E L(G) is called semisimple if 
di(X) is diagonalisable and nilpotent if di(X) has all eigenvalues equal to 0 (i.e. 
di(X) is a nilpotent matrix). These definitions are independent of the embedding 
of L(G) in gI,(K). The Jordan decomposition for Lie algebras asserts that, given 
X E L(G), there exists a semisimple element X, E L(G) and a nilpotent element 
X, E L(G) such that 

x = x, + x, [X,X,] = 0. 

Moreover X,, X,, are uniquely determined by these conditions. X, is called the 
semisimple part of X and X, the nilpotent part of X. 

Now the set .,V of nilpotent elements of L(G) forms an irreducible closed 
subset of L(G) and is therefore an irreducible affine variety. Its dimension is 
given by 

dim M = I@/. 

Thus the irreducible varieties @, ,V have the same dimension. G acts on both % 
and ,Ir; on +? by conjugation and on x by its adjoint action. 

We compare the G-actions on u2( and x For each X E L(G) we define ad X: 
L(G) -+ L(G) by ad X. Y = [XY]. Then for each nilpotent element e E L(G) ad e 
is a nilpotent linear map on L(G). If the base field has characteristic 0 then we 

have a map 

e + exp ad e 

from .,4 to %! which is bijective and which is compatible with the G-actions on 
&” and @. If K has characteristic p this map cannot always be defined. However 
Springer has shown [l] that, provided p is a good prime for G (i.e. p # 2 for 
types B,, C,, D,; p # 2, 3 for types G,, F4, E,, E,; and p # 2, 3, 5 for type E,), 
there exists a bijective morphism from % to M which is compatible with 
the G-actions. Thus, provided the characteristic of the base field K is not 
a bad prime for G, the problem of determining the unipotent conjugacy classes 
in G is equivalent to the problem of determining the nilpotent orbits of G on 
L(G). 

In fact there are considerable advantages in working in the Lie algebra L(G), 
since one can then use methods of linear algebra. We shall therefore concentrate 
on the determination of the G-orbits of nilpotent elements in L(G). 

2.5 The Jacobson-Morozov Theorem 

The Lie algebra of the group SL,(K) is the algebra t&(K) of all 2 x 2 
matrices of trace 0 under Lie multiplication. This algebra has a basis (e, h,f) 
where 

e=(g L) h=(b -0 f=(!f i) 

These basis elements satisfy the relations 

[he] = 2e [hf] = -2f [ef] = h 

The elements e and f are nilpotent. 
The Jacobson-Morozov theorem asserts that, under certain circumstances, 

every non-zero nilpotent element e E L(G) lies in a three-dimensional subalgebra 
(e, h,f) isomorphic to c&(K). To be precise, this is always the case when K has 
characteristic 0 and it is the case when K has characteristic p provided p is a 
good prime for G and (ade)P-2 = 0. 

We shall now assume that the characteristic of K is either 0 or a prime p 
satisfying p > 3(h - 1) where h is the Coxeter number of G. Under this assump- 
tion it can be shown that the Jacobson-Morozov theorem can be applied and 
that any two three dimensional subalgebras (e, h,f) (e, h’,f’) isomorphic to 
51,(K) and containing a given non-zero nilpotent element e are conjugate under 
the subgroup C,(e)” of G. This fact enables us to show that there is a bijection 
between G-orbits of non-zero nilpotent elements of L(G) and G-orbits of sub- 
algebras of L(G) isomorphic to A,(K). 

The G-orbits of subalgebras isomorphic to 51,(K) were first determined by 
Dynkin [l] in the characteristic 0 case, and these were related to the nilpotent 
orbits by Kostant [l] using the Jacobson-Morozov theorem, again in the char- 
acteristic 0 case. The analogous theory valid also in characteristic p when p is 
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sufficiently large was developed by Springer (A. Bore1 et al. Cl]). Given a sub- 
algebra of L(G) isomorphic to s&(K) there is a subgroup of G isomorphic to 
SL,(K) or to PGL,(K) whose Lie algebra is the given subalgebra. Let S be a 
maximal torus of this subgroup. Then S c T for some maximal torus T of G. 
Let t = L(T) and Ke, = L(X,) for each root subgroup X, of G. Then we have 

L(G) = t @ c Ke, 
aE @ 

and this is a Cartan decomposition of L(G). Each root space Ke, is invariant 
under S and so gives rise to a l-dimensional representation of S. However 
dim S = 1 so X(S) g Z. So for each root c( E @ we have a corresponding integer 
n(a) describing the character of S coming from Ke,. 

For each i E i2 we define g(i) by 

g(i) = C Ke, if i # 0 
EE @ 

n(n)=i 

g(O) = f 0 1 Ke, 
as @ 

n(or)=O 

Then L(G) = @ g(i) and we have 
isZ 

Es(i), g(j)1 = s(i +A for kj E z. 

Thus L(G) may be regarded in this way as a graded Lie algebra. 
Now there is a unique element y E Y(T) such that n(a) = (a, y) for all c( E @. 

Moreover we can choose a system 17 of simple roots such that (c(, y) 3 0 for all 
CI E IZ. It was shown by Dynkin that for any such Z7 we must have 

(a, y) E (0, 1,2) for all c( E 17. 

We may therefore define the weighted Dynkin diagram as follows. We take the 
Dynkin diagram of G and attach to the node corresponding to IX E 17 the num- 
ber (a, r) E (0, 1,2}. Let d(e) be the weighted Dynkin diagram obtained in this 
way. It can be shown that d(e) is uniquely determined by e and that d(e) = d(e’) 
if and only if e, e’ lie in the same nilpotent orbit. In particular, the number of 
nilpotent orbits is finite and at most 3’. For example if G has type A, there are 
5 nilpotent orbits whose weighted Dynkin diagrams are 

Dynkin determined the possible weighted diagrams which can occur in each 
case. 

2.6 Distinguished Nilpotent Elements 

A disadvantage of the Dynkin-Kostant classification of nilpotent orbits 
is that there appears to be no simple way of saying which weighted Dyn- 
kin diagrams correspond to nilpotent orbits. For this reason an alternative 
approach to the classification of nilpotent orbits was developed by Bala and 
Carter [2] [3]. In this approach we consider first the distinguished nilpotent 
elements. 

A nilpotent element e E L(G) is called distinguished if [es] = 0 for s E L(G) 
semisimple implies that s = 0. Thus the distinguished nilpotent elements are 
those which do not commute with non-zero semisimple elements. There is a 
criterion for a nilpotent element to be distinguished in terms of the grading on 
L(G) determined by e. e is distinguished if and only if 

dim g(0) = dim g(2). 

Moreover the weighted Dynkin diagram of a distinguished nilpotent element 
contains only O’s and 2’s. 

It is therefore possible to associate with each orbit of distinguished nilpotent 
elements a parabolic subgroup P of G. P is given by 

P = (B, X_,(a, y) = 0 @ E n>. 

Thus P is the parabolic subgroup containing B whose Levi subgroup comes 
from the part of the Dynkin diagram labelled by 0’s. 

A parabolic subgroup P is called distinguished if 

dim P/U, = dim U,/UL 

where U, = R,(P). The parabolic subgroup associated to any orbit of distin- 
guished nilpotent elements is a distinguished parabolic subgroup. 

Conversely, given any distinguished parabolic subgroup of G we may re- 
cover an orbit of distinguished nilpotent elements of L(G). This follows from 
a theorem of Richardson [l]. Richardson showed that each parabolic sub- 
group P has a unique orbit on Up which is open and dense. Similarly P has a 
unique orbit on the Lie algebra L(U,) which is open and dense. This is called 
the Richardson orbit. If P is a distinguished parabolic subgroup of G then the 
Richardson orbit of P on L(U,) gives an orbit of distinguished nilpotent ele- 
ments of L(G). 

In this way we obtain a bijective correspondence between G-orbits of dis- 
tinguished nilpotent elements and G-classes of distinguished parabolic sub- 
groups. Every Bore1 subgroup is distinguished, and if G has type A, these are 
the only distinguished parabolic subgroups. If G has type C, there is a bijection 
between G-classes of distinguished parabolic subgroups and partitions of 1 
with distinct parts. If G has type BI there is a bijection between G-classes of 
distinguished parabolic subgroups are partitions of 21 + 1 with distinct odd 
parts. If G has type Q the distinguished parabolic subgroups correspond to 
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partitions of 21 with distinct odd parts. In the exceptional groups the distin- 
guished parabolic subgroups can be determined explicitly. The groups GZ, F4, 
Eg, E,, E, have 2, 4, 3, 6, 11 G-classes of distinguished parabolic subgroups 
respectively. 

2.7 The Bala-Carter Theorem 

We now consider arbitrary nilpotent elements, not necessarily distinguished. 
Any parabolic subgroup P of G has a semi-direct product decomposition 

P = U,L,, VP n L, = 1, U, = R,(P). 

L, is a connected reductive group called a Levi subgroup of P. Its commutator 
subgroup Zp is a connected semisimple group. Any subgroup of G which has 
the form L, for some parabolic subgroup of G will be called (by abuse of 
terminology) a Levi subgroup of G. Similarly any subalgebra of L(G) of the form 
L(L,) will be called a Levi subalgebra of L(G). 

If a nilpotent element e E L(G) is not distinguished then e E C,,,,(s) for some 
semisimple element s # 0 of L(G). C,,,,( ) s is then a proper Levi subalgebra 
of L(G). In fact it can be shown that any two minimal Levi subalgebras of 
L(G) containing e are conjugate by an element of C,(e)‘, and that if 1 is a 
minimal Levi subalgebra containing e then e is a distinguished nilpotent ele- 
ment in [II]. 

This enables us to obtain the Bala-Carter classification of nilpotent orbits. 
There is a bijection between nilpotent orbits of L(G) and G-classes of pairs 
(L, PLf) where L is a Levi subgroup of G and PLs is a distinguished parabolic 
subgroup of L’. The nilpotent orbit corresponding to the pair (L, PLc) contains 
the elements in the Richardson orbit of PLf on the Lie algebra of its unipotent 
radical. 

Similarly there is a bijective correspondence between unipotent conjugacy 
classes in G and G-classes of pairs (L, PLO as above. The unipotent class corre- 
sponding to the pair (L, PLr) contains the elements in the Richardson orbit of PLs 
on RJP,.). 

An alternative approach to the classification of unipotent elements has been 
developed by W. Borho and can be found in [l]. 

The Bala-Carter classification, which was proved when the characteristic 
of K is either 0 or a prime p > 3(h - l), has subsequently been shown by 
Pommerening to be valid whenever p is a good prime for G. It is not, however, 
valid for bad primes. In fact if p is a bad prime there need not be a bijective 
correspondence between unipotent classes in G and nilpotent orbits in L(G). 
Thus we have two separate classification problems. Information about the clas- 
sification when p is a bad prime can be found in Carter [2]. 
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2.8 Unipotent Classes of GF 

We now suppose G is simple of adjoint type and that F: G + G is a Frobenius 
map. We consider unipotent classes in the finite group CF. 

If x is any element of GF there is a bijective correspondence between GF- 
conjugacy classes of F-stable G-conjugates of x and F-conjugacy classes in 
ce,wl%(x)“. 

If yxg-’ is F-stable then g-‘F(g) E V&(x) and so gives rise to an element of 
gG(x)/%?G(x)o. Two F-stable elements gxg-‘, g’xg’-’ are GF-conjugate if and 
only if they give rise to F-conjugate elements of ?Y?~(x)/‘&(x)~ in this way. 

When u E G is unipotent the groups @,(u)/V~(U)’ have been determined by 
Alexeevski [l]. If G has type A, then ‘%~(u)/%$(u)~ = 1. If G has type B,, C,, D, 
then %&(u)/&(u)” is isomorphic to Z, x Z, x ... x Z, (e factors) for some e 
depending on u. If G has type G,, F4, E,, E,, E, then VG(u)/VG(u)’ is isomorphic 
to the symmetric group S, for some n d 5 depending on u. 

If the Frobenius map acts trivially on the Dynkin diagram of G then every 
unipotent class of G is F-stable, although this is not always true when the 
Frobenius map acts non-trivially on the diagram. Moreover F acts trivially on 
the group &(u)/%~(u)” if u E GF, so each F-stable unipotent class of G gives rise 
to unipotent classes of GF corresponding to the conjugacy classes of %$(u)/%~(u)‘. 

5 3. The Character Theory of Deligne-Lusztig 

We now turn to a consideration of the irreducible characters of the groups GF 
over an algebraically closed field of characteristic 0. 

The first class of such groups for which the irreducible characters were 
determined were the general linear groups GL,(q). J.A. Green showed in 1955 
[l] how the characters of GL,(q) could be obtained. Then in 1968 the characters 
of the groups Sp,(q) were obtained by B. Srinivasan Cl]. This was followed in 
1974 by a paper of B. Chang and R. Ree [l] in which the character table of the 
group G,(q) was determined. 

As a result of the information available in these special cases, I.G. Macdonald 
(A. Bore1 et al. [l]) formulated some conjectures about the irreducible char- 
acters of the groups CF. Macdonald conjectured that for every class of maximal 
tori TF in GF there should be a family of irreducible characters of GF of degree 
IGF: TFI,,. The characters in this family should be parametrised by the orbits of 
characters of TF in general position under the action of WF. 

The major breakthrough in the representation theory of the groups GF 
came in 1976 when the Macdonald conjectures were proved by Deligne and 
Lusztig [ 11. 
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3.1 Representations on l-adic Cohomology Modules 

The idea of Deligne and Lusztig for obtaining GF-modules over an alge- 
braically closed field of characteristic 0 was to find certain algebraic varieties 
over K = EP on which GF acts as a group of automorphisms, and then to con- 
sider the induced GF-action as linear transformations of the I-adic cohomology 
groups of the variety with compact support. Here 1 is a prime different from p. 

If X is an algebraic variety over K and 1 is a prime distinct from p the l-adic 
cohomology groups with compact support Hi(X, @,) were introduced by M. 
Artin and A. Grothendieck, [l]. Hi(X, @,) is a finite dimensional vector space 
over the algebraic closure a& of the field QI of I-adic numbers. @[ is an alge- 
braically closed field of characteristic 0. We have 

Hi(X, @,) = 0 unless 0 d i < 2 dim X. 

The purpose for which the l-adic cohomology groups were introduced was 
to provide a tool for making progress towards a proof of the Weil conjectures 
on the number of points on an algebraic variety over a finite field. The Weil con- 
jectures were proved by Deligne [2], [3] making use of the I-adic cohomology 
groups. 

The way in which l-adic cohomology can be used to give representations 
of the groups GF can be described as follows. Let T be an F-stable maximal 
torus of G and let 0 be an irreducible character of the finite group TF. The set of 
irreducible characters of TF will be denoted by f”. Let B be a Bore1 subgroup 
of G containing T. Then B = UT where U = R,(B). Let L: G + G be Lang’s map 
given by L(g) = g-IF(g). Let r? be the subset of G given by 

r? = L-‘(U) = (g E G; g-‘F(g) E U>. 

x is an algebraic subset of G and is therefore an afiine variety. GF acts on the 
affine variety 2 by left multiplication. For if x E r?, g E GF we have 

L(gx) = (gx)-‘F(gx) = x-‘g-‘F(g)F(x) = x-‘F(x) E U. 

Similarly TF acts on 2 by right multiplication. For if x E 2, t E TF we have 

L(xt) = (xt)-‘F(xt) = t-lx-‘F(x)t E t-‘Ut = U. 

Thus the direct product GF x TF acts on 2 as a finite group of automorphisms. 
GF x TF therefore acts on the l-adic cohomology groups with compact support 
Hi(z?, @,). Let Hi(z, (&)S be the subspace on which TF acts by the character 8. 
Since the actions of G” and TF commute, this subspace is a GF-module. For 
g E GF we define 

ZdimX 

RT,dd = i&O (- lli trkh f@, Qlh) 

R,,, is thus a generalized character of GF, i.e. a Z-linear combination of irreduc- 
ible characters of CF. The values Rr,,(g) lie in the subfield of 2, of algebraic 

numbers. It can be shown that R,,, is independent of the choice of the prime 
1 Z P. R,,, is also independent of the choice of Bore1 subgroup B contain- 
ing T. Thus R,,, depends only upon the F-stable maximal torus T and the 
irreducible character 6, of TF. The R,,, are called the Deligne-Lusztig generalized 
characters of CF. 

It was shown by Deligne and Lusztig that, if u E GF is unipotent, then R,,,(u) 
is independent of d E f”. In particular the degrees R,,,( 1) are independent of 8. 
We write 

QT(u) = R,,,(u) u E GF unipotent. 

Q is called a Green function, following work done on these functions in the 
orllinal paper of J.A. Green on the groups GL,(q). The Green functions QT(u) 
are functions of two variables. The first is the set of GF-classes of F-stable 
maximal tori, which can also be described as the set of all F-conjugacy classes 
in the Weyl group W. The second is the set of unipotent classes of the group GF. 
In the case when GF = GL,(q) both of these variables correspond to partitions 
of II. For the Weyl group W is isomorphic to the symmetric group S, and the 
Frobenius map acts trivially on W. Thus the F-conjugacy classes in W are the 
conjugacy classes in S,,. Each such conjugacy class is represented by a partition 
whose parts are the lengths of the cycles in the cycle-type of a permutation in the 
class. Moreover each unipotent element of GL,(q) is conjugate to a diagonal 
sum of Jordan block matrices with all eigenvalues 1. The sizes of the Jordan 
blocks determine a partition of n corresponding to the given unipotent class. 
Thus when GF = GL,(q) the Green functions Q*(U) form a p(n) x p(n) matrix, 
where p(n) is the number of partitions of n. In general, however, the matrix of 
Green functions QT(u) is not square. For example, if GF = E,(q) the matrix of 
Green functions has size 112 x 113, since there are 112 conjugacy classes in 
W(E,) and 113 unipotent classes in E,(q). 

The importance of the Green functions can be seen from the following char- 
acter formula for R,,,, which was proved by Deligne and Lusztig. This formula 
shows how the character values can be determined by making use of the Jordan 
decomposition. 

Let g E GF have Jordan decomposition g = su = us where s, u E GF, s is 
semisimple and u is unipotent. Then we have 

1 
RT,B(S) = Ig(s)o’l ~ & 0(x-'sx)Q;;;:,(u) 

In this formula Q ,“$, u 1s a Green function for the connected reductive group 
V(s)‘. We note that x$x) -’ is a maximal torus of V(s)’ and that u is a unipotent 
element of (%‘(s)‘)~. Thus if all the Green functions are known the character 
values RT,B(g) can in principle be determined. 

Work on the computation of the Green functions has been done by T. Shoji. 
Shoji has obtained an algorithm [2], [3] for determining the Green functions 
for groups of classical type. For groups of exceptional type the Green functions 
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have been obtained by Springer [2] in type G,, Shoji [l] in type F4, and Beynon 
and Spaltenstein [l] in types E,, E,, E,. These results are valid when p and q 

are sufficiently large. However Kawanaka [S] has shown that these results 
remain valid whenever p is a good prime for G. 

3.2 Orthogonality Relations 

There is a striking formula, due to Deligne and Lusztig, for the scalar product 

CR,,,, RT~,w ) of two Deligne-Lusztig generalized characters. 
Let T, T’ be F-stable maximal tori of G and 0 E fF, 0’ E ftF. Let 

N(T, T’) = {g E G; Tg = T’} 

N(7” T’) is a union of right cosets of T in G. Let 

W(T, T’) = {Tg; g E N(T, T’)}. 

Since T, T’ are F-stable F acts on N( T, T’) and on W( T T’). A/(7’, T’)F is a union 
of right cosets of TF in G F. Moreover the set of right cosets of TF in N(T, T’)F is 
in bijective correspondence with the elements of W(T, T’)F. For each F-stable 
coset Tg contains F-stable elements and these form a right coset of TF in 
N(T, T’)F. 

If n E N(T, T’)F and 9’ E frF we define ‘0’ E f” by 

“O’(t) = O’(t”) t E TF. 

Similarly if o E W(T, T’)F we may define without ambiguity 

“O’(t) = O’(t-) t E TF. 

The orthogonality formula of Deligne and Lusztig can now be stated as follows. 

CRT,,, RT~,w ) = I{w E W(T, T’)F; 9’ = e}l. 

Thus to evaluate the scalar product we must count the number of cosets o = Tg 
such that 

w transforms T to T’ 

w transforms 0’ to 0 

o is F-stable. 

This orthogonality formula has a number of important consequences. We say 
0 E FF is in general position if no non-identity element of W(T) = W( T, T) fixes 
0. If 0 is in general position the orthogonality formula asserts that 

(RT,,, RT,,) = 1. 

Since R,,, is a generalized character of GF it follows that + R,,, is an irreduc- 
ible character of CF. Thus each GF-class of F-stable maximal tori gives rise to a 

family + R,,, of irreducible characters of CF. Moreover if T, T’ are F-stable 
maximal tori which are not GF-conjugate, and if 0 E fF, 0’ E frF are in general 
position, then the orthogonality relations show that f R,,, # k R,.,,.. Thus the 
families of irreducible characters of GF coming from distinct GF-classes of tori 
are disjoint. We next consider the family of irreducible characters coming from 
a fixed torus T. Let 8, 0’ E TF. Then if 8, 6’ are not equivalent under the 
action of W(T)F the orthogonality relation shows that f R,,, # ) R,,,,. 

To summarise, each GF-class of F-stable maximal tori gives rise to a family of 
irreducible characters f R,,, of GF all of the same degree. We get one such 
character for each W(T)F-orbit on the set of characters of TF in general posi- 
tion. Distinct GF-classes of tori give non-overlapping families of irreducible 
characters. 

In the special case when T is maximally split the irreducible characters 

*RT,, can be simply described. Since T is maximally split T lies in an F-stable 
Bore1 subgroup B of G. Thus TF lies in the Bore1 subgroup RF of CF. We have 
RF = UFTF where U = R,(B). UF is normal in RF and UF n TF = 1. Given a 
character 0 E f” we may lift 0 to a character of RF with UF in the kernel. We 
may then form the induced character OS”,‘. Then we have 

R - eGF 
T.9 - BP. 

In particular the sign which makes +R,,, irreducible when 0 is in general 
position is + 1, and the degree of R,,, is given by 

RT,B(l) = IGF: RF1 = IGF: TFI,.. 

Here IGF: TFI,, denotes the part of IGF: TFI which is prime to p. We have 

IGF: TFI = IGF: BFIIBF: TFI 

and I GF: RF1 is prime to p whereas IBF: TFI is a power of p. 
Now suppose T is any F-stable maximal torus, not necessarily maximally 

split. Then the maximal torus TF will not necessarily lie in a Bore1 subgroup of 
CF. However it remains true, as proved by Deligne and Lusztig, that 

&R,,,(l) = IGF: TFI,.. 

The sign which makes &R,,, irreducible when 0 is in general position is deter- 
mined as follows. The F-stable torus T determines an F-conjugacy class in 
the Weyl group. Let w be a representative of this F-conjugacy class. Then 
(- l)‘(W)RT,s is irreducible, where 1 is the length function on the Coxeter 
group W. 

We give an example to illustrate this situation. Let GF = PGL,(q) where q is 
odd. Then lGFl = q(q2 - 1) and the class number of GF is q + 2. The Weyl 
group of G is the cyclic group of order 2 and the Frobenius map F acts trivially 
on W. Thus there are two GF-classes of F-stable maximal tori of G. If To is a 
maximally split torus we have ToF z Z,-, and if T is an F-stable torus which is 
not maximally split we have TF z Z,+l. The Weyl group acts on the character 
groups ?E, f” so that the element of order 2 inverts each character. Thus TE has 
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just two characters which fail to be in general position, the principal character 
1 and a character 86 of order 2. Similarly TF has just two characters not in 
general position, the principal character 1 and a character 0’ of order 2. Hence 

Tt has q WF-orbits of characters in general position, which therefore 

give rise to 9 . distinct irreducible characters R,,, of GF. Similarly TF has 

q-1 q-1 
~ WF-orbits of characters in general position, which give rise to __ 

2 2 
distinct irreducible characters -R,,, of GF. 

Thus the number of irreducible Deligne-Lusztig characters of GF is q - 2. 
There are therefore 4 remaining irreducible characters. These may be obtained 
as follows. The Bore1 subgroups BF of GF have order q(q - l), so the induced 
representation 1:: has degree q + 1. It splits into two irreducible components, 
the principal character 1 and the Steinberg character St of degree q. Also 
PGL,(q) has a normal subgroup PSL,(q) of index 2, and therefore has a second 
character E # 1 of degree 1. Finally e.St is also an irreducible character of 
degree q. 

Thus the irreducible characters of PGL,(q) are: 

R T,,e, 0 in general position q-3 2- characters 

- &,tb 19 in general position q-1 2 characters 

1, St, E, &.St. 4 characters 

3.3 Character Values on Semisimple Elements 

In order to describe the values of the Deligne-Lusztig generalized characters 
on the semisimple elements of GF we need the properties of the Steinberg 
character of GF. This is an irreducible character which occurs as a component of 
the induced character 1::. The endomorphism algebra of the induced module 
giving this representation has dimension 1 WFI. It is called the Hecke algebra 
H(GF, BF) of GF with respect to BF. It has a basis T,, w E WF, whose multiplica- 
tion relations can be described as follows. WF is a Coxeter group generated by 
elements sJ, one for each orbit J of F on the Dynkin diagram of G. We have 

K,Tw = 
i 

T s,w if i(s,w) = i(w) + 1 

pJT,,, + (pJ - l)T, if t(s,w) = i(w) - I 

for w E WF, where i is the length function on the Coxeter group WF and pJ = 
1 UF n (UF)WoSJl. These relations determine the multiplication of any two basis 
elements T,T,., with w, w’ E WF. 

There is a bijective correspondence between irreducible characters x of GF 
such that (l$, x) # 0 and irreducible representations of the Hecke algebra 
H(GF, BF). Moreover it can be shown that H(GF, BF) is isomorphic to the group 
algebra of the Coxeter group WF, and one can define a bijection between 
irreducible representations of H(GF, BF) and irreducible representations of WF. 
Thus there is a bijective correspondence between irreducible characters x of GF 
occurring in 1:: and irreducible characters of WF. The multiplicity with which 
x appears in 1:: is equal to the degree of the corresponding irreducible repre- 
sentation of WF. 

Let E be the sign representation of WF. This is the l-dimensional representa- 
tion satisfying 

E(SJ) = - 1 

for all F-orbits J on the Dynkin diagram. The irreducible character of GF 
corresponding to E is called the Steinberg character St. St occurs in 1:: with 
multiplicity 1. 

The values of the Steinberg character can be described as follows. If g E GF is 
not semisimple then St(g) = 0. So suppose s E GF is semisimple. Then we have 

St(s) = f lK~G(s)“)Fl, 

i.e. the highest power of p dividing ($$(s)‘)~, up to sign. The sign is given as 
follows. We define the relative rank of G to be the number of eigenvalues equal 
to q of F on X 0 Q (or on Y 0 Q), where X, Y are the character and cocharacter 
groups of a maximally split torus of G. We define eG by 

&G = (-1) relative rank of G 

Then the value of the Steinberg character on a semisimple element s E GF is 
given by 

The values of the Steinberg character can be used to give a convenient 
description of the values of the Deligne-Lusztig generalized characters R,,, on 
the semisimple elements of GF. It was shown by Deligne and Lusztig that 

E~E,R,,,. St = 0,“: 

(EKES is the sign such that E,+~R,,,(~) is positive). Thus the product of the 
generalized character E~E?R,,, with the Steinberg character gives the induced 
character Q$. This formula gives information about the values of R,,, precisely 
on the semisimple elements of GF. For if g E GF is not semisimple then St(g) = 
0$ = 0. However ifs E GF is semisimple then R,,,(s) # 0 and so 

@(s) 
wJb,&) = - St(s) 



38 R.W. Carter 

It follows that 

g-‘sgo TF 

This formula is valid whether 6’ is in general position or not. 

3.4 Geometric Conjugacy 

In order to discuss further the irreducible characters of GF we shall make the 
additional assumption that the centre Z of G is connected. It turns out that the 
character theory of GF is significantly simpler under this assumption. We shall 
discuss what happens when Z is not connected at a later stage. 

It was shown by Deligne and Lusztig that if we form the sum 

1 c EGETRT,, 

F(& BEi- 

over all F-stable maximal tori T and all irreducible characters 8 of TF we get a 
multiple 1 GF l,,xreg of the character of the regular representation of GF. Since 
every irreducible character x of GF occurs in the regular representation (with 
multiplicity equal to its degree) it follows that (x, R,,,) # 0 for some RT,,. Thus 
if we decompose the Deligne-Lusztig generalized characters R,,, into Z-combi- 
nations of irreducible characters of GF all the irreducible characters will appear. 

This shows that we can define an equivalence relation on the set of irreduc- 
ible characters of GF. We say that 1, x’ E 6” are equivalent if there exists a 
sequence x1, . . . , xk E GF of irreducible characters of GF such that 

x = x1 

for each i there exists R,,, with 

(xi, RT,,) # 0 and (xi+‘, RT.0) # 0. 

The equivalence classes of irreducible characters are called geometric conjugacy 
classes. 

At the same time we can define an equivalence relation on the set of pairs 
(T, 0) where T is an F-stable maximal torus and 0 E f”. We say that (T, 0) is 
equivalent to (T’, 0’) if there exists a sequence ( Tl, e,), . . . , (Tk, 0,) such that 

CT e) = CT,, 0,) 

(q, ok) = CT’, 6’) 

for each i there exists x E 8” such that 

(RTr,e,, X) Z 0 and (RT,+~,B,+~, X) # 0. 
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The equivalence classes of pairs (T, 0) are again called geometric conjugacy 
classes. There is a bijective correspondence between geometric conjugacy classes 
of pairs (T, 0) and geometric conjugacy classes of irreducible characters of GF. 

A criterion for testing whether two pairs (T, e)(T’, 0’) are geometrically con- 
jugate was obtained by Deligne and Lusztig. In order to explain this we describe 
a relation between TF and the cocharacter group Y of T. Using the exact 
sequences shown in the diagram 

JI 
Y/(F-l)Y 

i 
0 

and using the fact that the map 

F- 1: Y@Q,,+Y@Q,, 

is bijective, it follows from the snake lemma that we have an isomorphism 

TF g Y/(F - l)Y 

Now a character of TF is an element of Hom(TF, Q,.) where Q,,. is the group of 
roots of unity in C of order prime to p. Also the map 

induces an isomorphism between (I&/Z and Q,.. Thus each character of TF 
gives rise to an element of Hom( Y Q,,/Z) with (F - 1) Y in the kernel. 

The criterion for (T, e)(T’, 0’) to be geometrically conjugate can now be 
stated as follows. This is so if and only if there exists g E G which transforms T 
into 7” and 8, as a character of Y(T), into 8’ as a character of Y(T’). Thus in 
particular each pair (T, 0) will be geometrically conjugate to one in which T is 
maximally split. Further, if T is maximally split two characters 0, 8’ in the same 
W(T)-orbit will give geometrically conjugate pairs (T, 8)(T, 0’). Thus each geo- 
metric conjugacy class determines a IV-orbit on Hom( Y, U&,/2). Moreover the 
fact that (F - 1) Y is in the kernel of 8 means that this W-orbit must be F-stable. 
In fact there is a bijective correspondence between geometric conjugacy classes 
and F-stable W-orbits on Hom( Y, C&/Z). Since Hom( Y, U&,/9) is isomorphic to 
X @ Q/Z we see that there is a bijective correspondence between geometric 
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conjugacy classes of pairs (T, 0) and the set 

of F-stable W-orbits on X @ Q,,/Z, where X is the character group of a maxi- 
mally split torus of G. 

It is instructive to compare this parametrisation of the geometric conjugacy 
classes with the parametrisation of the F-stable semisimple conjugacy classes of 
G discussed in $2.1. The semisimple classes of G correspond to W-orbits on a 
maximally split torus T, and since 

we see that the F-stable semisimple classes of G are in bijective correspondence 
with the set 

A comparison of these two sets ((X @ Q,,/Z)/W)“, ((Y @ Q,,/Z)/W)” leads 
us to examine the concept of dual groups. We recall from 4 1.2 that there is a 
bijective correspondence between connected reductive groups G and root data 
(X, @, Y, @‘). Now if (X, @, Y, @‘) is a root datum so is (Y, @‘, X, @). It corre- 
sponds to a connected reductive group G* called the dual group of G. So we have 
a duality on the set of connected reductive groups, often called Langlands 
duality. For example if G = GL,(K) then G* = GL,(K) and if G = SL,(K) then 
G* = PGL,(K). Moreover for each Frobenius map F: G --f G there will be a 
dual Frobenius map F*: G* + G* such that the action of F* on X* agrees with 
the action of F on Y 

We see, therefore, that there is a bijective correspondence between the set of 
geometric conjugacy classes of pairs (T, 0) in G and the set of F*-stable semi- 
simple classes in the dual group G *. Thus there is also a bijection between 
geometric conjugacy classes of irreducible characters of GF and F*-stable semi- 
simple classes in G*. 

3.5 Duality of Generalized Characters 

In order to obtain further information about the irreducible characters of GF 
it is useful to introduce a duality operation on the set of generalized characters 
of CF. This operation was introduced by Curtis [2] and also independently by 
Kawanaka [4]. Its properties have been worked out in detail by Alvis [l], 
PI> c31. 

We first define the operation of truncation of a generalized character with 
respect to a normal subgroup. Let B be a normal subgroup of a finite group A 
and let < be a generalized character of A. Then the truncation T,,,(t) is the 
function on A defined by 

T,,,(t) is also a generalized character of A. In particular if I/ is an A-module 
affording a character 4 then the subspace VB of B-invariants is an A-module 
affording the truncation TAIB(4). 

Using the operation of truncation we can now define the duality operation 
on the generalized characters of CF. Let BF be a Bore1 subgroup of CF. Then the 
subgroups of GF containing BF are the parabolic subgroups P,“, one for each 
F-stable subset J of the simple roots of G. The parabolic subgroup PJ” has a Levi 
decomposition 

PF= U,“LT UJFnLF,= 1 J 

where U, = R,(P,) and L, is an F-stable Levi subgroup of PJ. 
For each generalized character < of GF we define the generalized character t* 

of GF by 
i”* = ; (- l)‘““(Tps;C:F(~))GF 

where J’ is the set of F-orbits in J. Thus for each parabolic subgroup PJ” we 
restrict < to PJ”, then truncate with respect to U,“, then induce the truncation to 
CF. We then take the alternating sum of these induced characters to give <*. t* 
is called the generalized character dual to t. It satisfies the condition that 
(t*)* = 5. The mapping 5 + <* is also an isometry of generalized characters. 
Thus one has 

cr*, rl*) = ((9 d 

for any two generalized characters 5, q of CF. 
We mention two examples of the effect of this duality operation. In the first 

place we have 

1* = St. 

Thus the dual of the principal character is the Steinberg character. It follows of 
course that 

St* = 1. 

Secondly we take a Deligne-Lusztig generalized character R,,, of CF. Then we 
have 

G,o = W&T,B. 

This result was proved by Deligne and Lusztig in [2]. 
The dual of an irreducible character t of GF need not be irreducible. How- 

ever, since (t*, t*) = (5, 5) = 1, it * must be an irreducible character of CF. 

3.6 The Gelfand-Graev Character of GF 

We shall continue to assume that the centre Z of G is connected. 
Let G* be the dual group of G and (G*)’ be the semisimple part of G*. Let 

(G*):, be the simply-connected group of the same type as (G*)‘. Then we have a 
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natural surjective homomorphism 

(G*):, + (G*)‘. 

It turns out that the centre Z of G is connected if and only if the map (G*):, + 
(G*)’ is bijective. If this condition is satisfied then the centralizer in G* of any 
semisimple element s* E G* is connected. This implies that each F*-stable semi- 
simple class of G* intersects G *+ in a single conjugacy class in G*F*. In particu- 
lar there will be a bijective correspondence between geometric conjugacy classes 
of irreducible characters of GF and semisimple classes of G*‘*. 

We now define a character of GF called the Gelfand-Graev character. Let T 
be a maximally split torus of G and B be an F-stable Bore1 subgroup containing 
T. Then B = UT where U = R,(B). We also have 

u= n x, 
LXE @f 

where the X, are the root subgroups corresponding to the positive roots a, 
and the product can be taken in any order. We define U* by 

u* = n x,. UEO+-Il 
Here we are taking all the positive roots which are not simple. Then U* is a 
normal subgroup of U. Both U and U* are F-stable. ( U*)F is a normal subgroup 
of UF and we have 

UF/U*F g n XJ” (direct product) 
J 

where J runs over all F-orbits on the simple roots and X, = n X,. 

We consider l-dimensional representations of UF which have U*F in the 
kernel. Each of these determines a l-dimensional representation a, of XJ” for 
each F-orbit J on Z7. Such a representation of UF is called non-degenerate if 
each a, # 1. The image of a non-degenerate character of UF under an element 
of the torus TF is also non-degenerate. 

Now under our assumption that the centre of G is connected any two non- 
degenerate linear characters of UF lie in the same orbit under the action of TF. 
It follows that the induced character gGF of GF obtained from a non-degenerate 
linear character (r of UF is independent of (T. This induced character r = ~7” 
is called the Gelfand-Graev character of GF. 

The decomposition of the Gelfand-Graev character into irreducible compo- 
nents was considered by Gelfand and Graev [l] in certain special cases, by 
Yokonuma Cl] for split groups, and by Steinberg [3] in the general case. The 
main result is that the Gelfand-Graev character is multiplicity free. Thus each 
irreducible component of r appears with multiplicity 1. This is proved by 
considering the endomorphism algebra & of r and showing that d is commuta- 
tive. The idea for proving this is as follows. Let e E CUF be given by 

e is the idempotent affording the l-dimensional representation cr of UF. Thus 
CGFe is a GF-module affording the induced representation r. Hence 

Now we have 

6 = EndecF CGFe s eCGFe. 

We show & is commutative by proving the existence of a bijective map 
$: GF + GF satisfying the conditions: 

$k1g2) = Ic/(g2Mgl) for all gl, g2 E GF 

$(U’) = UF 

4W)) = 44 for all r4 E UF 

W) = n for all n E NF for which ene # 0. 

Thus II/ is an antiautomorphism of GF which fixes UF, fixes the character 0 of 
UF, and fixes each n E NF such that ene # 0. 

Suppose that such an antiautomorphism $ of GF exists. $ can then be 
extended by linearity to give a map $: CGF -+ (CGF. We then have e(e) = e. 
$ can then be restricted to eCGFe c (CGF to give $: eCGFe + eCGFe. Since 
GF = UFNFUF and 

eunu’e = o(u)a(u’)ene u, u’ E UF, n E N’ 

we see that eCGFe is spanned by elements of form ene for n E NF. If ene # 0 then 

$(ene) = $(e)lC/(n)$(e) = ene. 

Thus $ fixes all non-zero elements of form ene, n E NF. It follows that Ic/ acts as 
the identity on eCGFe. 

Now let a, b E eCGFe. Then we have 

ab = $(ab) = $(b)ll/(a) = ba. 

Thus eCGFe is commutative, and so the endomorphism algebra & is commuta- 
tive as required. 

In order to prove the existence of the antiautomorphism $ with the required 
properties one must go deeply into the structural properties of the groups GF, 
particularly when GF is of twisted type. The details can be found in Steinberg 
c31. 

Thus all irreducible components of the Gelfand-Graev character r occur 
with multiplicity 1. In order to determine how many such components there are 
we consider the dual E = P. E has a very simple form. It is the generalized 
character of GF which takes the value IZFlq’ on all the regular unipotent 
elements of GF and value 0 on all other elements of GF. (An element is regular if 
and only if its centralizer has dimension equal to the rank of G). Now the 
number of regular unipotent elements of GF can be shown to be 1 GFI/IZFlq’. It 
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follows that 

regular 
unipotent 

Since Z = r* and the duality map is an isometry of generalized characters we 
have 

(r, r) = (ZFlq’. 

Since Tis multiplicity free this implies that r has IZFlq’ irreducible components. 

3.7 Semisimple and Regular Characters of GF 

We assume as before that the centre of G is connected. Then we have seen 
that there is a bijective correspondence between geometric conjugacy classes 
of GF and semisimple conjugacy classes in G*F*. The number of geometric 
conjugacy classes in GF is therefore IZFlqf (since this number is the same as the 
number of semisimple classes in G*F* ). We shall describe how to obtain repre- 
sentatives of the geometric conjugacy classes of irreducible characters of CF. 

We have seen that the Gelfand-Graev character I- has lZFlqf irreducible 
components. It turns out that each component of r lies in a different geometric 
conjugacy class of CF. Thus each geometric conjugacy class of GF contains just 
one component of the Gelfand-Graev character. The irreducible components of 
the Gelfand-Graev character are called regular characters of CF. (They are not 
to be confused with the character xreg of the regular representation of GF, which 
is not irreducible). The regular character in the geometric conjugacy class K will 
be denoted by x;t’g. It can be expressed in terms of the Deligne-Lusztig general- 
ized characters by the formula 

reg - 
XX - c 

EC@,,, 
(T,B)~K (RT,,, RT,,) 
mod G’ 

where the sum is taken over pairs (T, 0) in the geometric conjugacy class K, one 
in each GF-orbit. (If two pairs (T, 0) are GF-conjugate the corresponding R,,,‘s 
are equal). 

The degree of the character xfc’g can be expressed in terms of the dual group 
G*. Let s* E G*F* be an element in the semisimple conjugacy class of G*F* 
corresponding to K. Then we have 

When K is taken to be the geometric conjugacy class containing the principal 
character 1, the regular character xK Ieg is the Steinberg character of CF. 

There is another set of representatives of the geometric conjugacy classes of 
irreducible characters of GF which is equally useful. If 5 is an irreducible compo- 

nent of the Gelfand-Graev character r of GF then +t* is also an irreducible 
character of CF. Since E = r* the irreducible characters x obtainable in this 
way are those satisfying (.F, x) # 0. This condition means that the average value 
of x on the regular unipotent elements of GF is non-zero. 

An irreducible character x of GF is called semisimple if the average value of x 
on the regular unipotent elements of GF is non-zero. (This average value is 
then + 1). Each geometric conjugacy class of irreducible characters of GF then 
contains just one semisimple character. The semisimple character in the geomet- 
ric conjugacy class K will be denoted by xf. It can be expressed in terms of 
Deligne-Lusztig generalized characters by the formula 

mod GF 

The degree of xz can also be given in terms of the dual group G*. Let s* E G*F* 
be an element in the semisimple conjugacy class of G*F* corresponding to K. 
Then we have 

&?(l) = lG*F*: %G*~*(s*)lP, 

In particular we see that the degrees of all the semisimple characters of GF are 
prime to p. 

If p is a good prime for G (i.e. p is a good prime for each simple component 
of G) then the semisimple characters may be characterised in this way. An 
irreducible character x of GF is semisimple if and only if its degree x(1) is prime 
to p. In fact when p is a good prime for G all the regular unipotent elements of 
GF are conjugate in GF, so that the irreducible characters of GF take a constant 
value on the regular unipotent elements of CF. This constant value is 1, - 1 
or 0. Moreover it was shown by Green, Lehrer and Lusztig [l] that in this 
situation 

x(1) = x(u) mod p 

where u E GF is regular unipotent. Thus the degree of each irreducible character 
of GF satisfies 

x(l)- 1, -1orO modp 

and the semisimple characters are those for which 

~(1) + 0 mod p. 

This is, of course, the reason that such characters are called semisimple. The 
semisimple characters are those with degree prime to p, whereas the semisimple 
elements are those with order prime to p. 

If p is a bad prime for G, however, it may be possible to find characters of GF 
which have degree prime to p but which are not semisimple. 
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5 4. Cuspidal Characters 

Before going on to discuss other types of irreducible character of GF we shall 
describe a general method due to Harish-Chandra of dividing the set of irreduc- 
ible characters of GF into families called series. Harish-Chandra’s theory is 
based on the idea of a cuspidal character. 

4.1 Series of Irreducible Characters 

Let B be an F-stable Bore1 subgroup of G. Then every subgroup of G contain- 
ing B has the form PJ where 

PJ = (B, X-,cr E J) 

and J c I7is a subset of the simple roots. The subgroups PJ and their conjugates 
are called parabolic subgroups of G. The F-stable subgroups containing B are 
the subgroups PJ corresponding to F-stable subsets J of Z7. Each F-stable 
subgroup PJ of G gives rise to a subgroup PJ” of GF containing BF. These are the 
only subgroups of GF containing BF. These subgroups PJ” and their conjugates 
in GF are called parabolic subgroups of GF. 

Every parabolic subgroup PJ of G has a Levi decomposition 

PJ = U,L, u, n L, = 1 

where U, = R,(P,) and L, is given by 

L, = (T, X,, X-, c1 E J) 

L, is called a Levi subgroup of PJ. 
If J is F-stable then P,, U,, L, are all F-stable subgroups of G. They therefore 

give rise to subgroups P,“, U,“, LT of GF. Uf is a normal subgroup of Pf and we 
have 

PF= UJFLf; U!nL,F= 1. J 

This semi-direct product decomposition is called the Levi decomposition of P,“, 
and LT is called a Levi subgroup of PJ”. 

Let 4 be an irreducible character of Ly. The representation of LT with charac- 
ter 4 can be considered as a representation of PJ” with UJ” in the kernel. This 
representation of P,” has character denoted by #PIF. This character is called the 
lift of 4 to PJ”. We may then form the induced character 4;;. This is a character 
of GF which will not in general be irreducible. We may decompose it into its 
irreducible components and thereby obtain a set of irreducible characters of GF 
from the given irreducible character 4 of LT. 

An irreducible character x of GF is called cuspidal if 

cs$ x) = 0 

for all F-stable subsets J c 17 with J # 17 and all irreducible characters 4 of LT. 
Thus the cuspidal characters are those which do not arise from any proper Levi 
subgroup LT by taking an irreducible character of Lf, lifting it to P,“, inducing 
the result to GF, and then decomposing into irreducible components. 

The condition for an irreducible character x of GF to be cuspidal can also be 
expressed in an alternative way as follows. Consider the induced character 1:. 
Since PJ” is the semidirect product of UJ” and Lf this induced character is 
(regLp)PF, i.e. the character of the regular representation of LT lifted to PJ”. Thus 
we have 

16; = (lpY)GF = (regLF)$ Y I I 

Now every irreducible character 4 of LT occurs as component of the regular 
character of Lf with multiplicity equal to its degree. Thus we have 

if and only if 
u$, xl = 0 

(fjg:, x) = 0 for all f$ E 2;. 

Hence x E G” is cuspidal if and only if (1 GF u;, x) = 0 for all F-stable subsets J of ZI 
with J # ZI. (Of course we must exclude J = ZZ, since otherwise there would be 
no cuspidal characters at all). 

We now describe how the cuspidal characters can be used to give informa- 
tion about the set of all irreducible characters of GF. It was shown by Harish- 
Chandra that, given any irreducible character x of GF, there exists a Levi sub- 
group LT and a cuspidal irreducible character 4 of LT such that x occurs as a 
component of the induced character dp;. GF We consider to what extent the Levi 
subgroup LT and its cuspidal character 4 are uniquely determined by x. We say 
that two F-stable subsets J,, J2 of 17 are associated if there exists w E WF with 
w(J,) = J2. The relation of being associated is an equivalence relation on the set 
of F-stable subsets of 17. In fact J,, J2 are associated if and only if Ly, = “(LT2) 
for some n E NF. Harish-Chandra showed that if 

((c@$ x) # 0, ((&)$, x) # 0 
where &, & are cuspidal characters of LTI, LT2 respectively, then J,, J2 are 
associated F-stable subsets of 17. Next suppose J is a given F-stable subset of ZZ, 
and let CT = (w E WF; w(J) = J}. Then CJ” acts on the set of cuspidal characters 
of LT. Harish-Chandra showed that if &, & are cuspidal characters of LF such 
that 

((GGL, x) # 0, ((&)$, x) # 0 

then #i, & must be in the same orbit under Cf. 
These ideas of Harish-Chandra may be summarised as follows. Suppose we 

choose one subset J from each class of associated F-stable subsets of 17. Suppose 
we then choose one cuspidal character of L$ from each GF-orbit. Suppose we 
then lift, induce and decompose these cuspidal characters. Then we shall obtain 
each irreducible character of GF just once. 
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We may therefore divide the set of irreducible characters of GF into series as 
follows. Two irreducible characters of GF lie in the same series if they are 
obtained from cuspidal characters of Levi subgroups corresponding to asso- 
ciated F-stable subsets of ZZ. Thus we have one series for each class of associated 
F-stable subsets of ZZ. 

There are two extreme cases. If J is empty then L, = T, a maximally split 
torus, PJ = B and any irreducible character 4 of TF is cuspidal. The characters 
of GF obtained in this way are the irreducible components of 4:: for all 4 E ?“. 
These are called the characters of GF in the principal series. At the other extreme 
we have the case when J = 17. Then L, = G and so the irreducible characters of 
GF obtained in this way are just the cuspidal characters. This set of characters 
of GF is called the discrete series. Thus a character lies in the discrete series if and 
only if it is cuspidal. In general there will be many other series of characters 
intermediate between the principal series and the discrete series. 

It is possible to give a simple criterion to determine which of the Deligne- 
Lusztig irreducible characters tsC+R,,, are cuspidal, when 6 E F” is in general 
position. This character is cuspidal if and only if T lies in no proper F-stable 
parabolic subgroup of G. 

4.2 The Decomposition of Induced Cuspidal Characters 

In order to determine the irreducible characters of GF it is therefore necessary 
to determine the cuspidal characters of Levi subgroups LT and also to determine 
how induced characters 4;: decompose into irreducible components when 
4 E i; is cuspidal. We shall discuss the latter problem in this section. This 
problem was solved in work of Howlett and Lehrer [l] which we shall now 
describe. 

There is a bijective correspondence between irreducible components of the 
induced character dGF ,,; and irreducible representations of the endomorphism 
algebra End (4;:). We shall therefore consider the structure of this endomor- 
phism algebra. We first recall the situation in the special case when PJ = B and 
4 = 1. Then End (1:;) is the Hecke algebra H(GF, BF). We recall from 9 3.3 that 
this algebra has dimension 1 WFI and basis T,, w E WF. WF is a Coxeter group 
with Coxeter generators sJ corresponding to the F-orbits J on the Dynkin 
diagram of G. The multiplication of the basis elements is determined by the 
relations 

T,,TW = 
i 

TJ if i(s,w) = i(w) + 1 

pzi,, + (pJ - l)T, if j(sJw) = i(w) - 1 

where w E WF, i is the length function on WF, and pJ = 1 UF n (UF)w@~l. 
We now turn to the general case. It was shown by Howlett and Lehrer that 

End (4%‘) has dimension 1 W,l where W, is the subgroup of WF given by 

w, = {w E WF; w(J) = J, “4 = /j}. 
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W, is called the ramification group. W, is not in general a Coxeter group, but it 
has a ‘large’ normal subgroup R, which is a Coxeter group, and W, has a 
semi-direct product decomposition 

Wo=R,C, R,nC,=l. 

In many of the most important cases we have W, = R, and C, = 1. 
The endomorphism algebra End (4:;) has a basis T,, w E W,, and the multi- 

plication of the basis elements is determined by the following relations: 

T,, T, = ,u(w’, w)T,,, if w’ E C,, w E W, 

qTw = 
i 

q, if i(Sr) = i(r) + 1 
psT& + (ps - l)T, if t(C) = j(r) - 1 

where S is a Coxeter generator of R,, w = rc with w E W,, r E R,, c E C,,, i is the 
length function on the Coxeter group R,, and pr are certain powers of p. Also p 
is a certain cocycle defined on W,. ~1 is known to be trivial in many cases and is 
conjectured to be trivial in all cases. In the case when CO = 1, so that W, is a 
Coxeter group, the cocycle ,U does not appear. 

Just as in the special case when PJ = B and I$ = 1 the endomorphism algebra 
End (1:;) is isomorphic to the group algebra tEWF, so in the general case End 
(4:;) is isomorphic to (c Wo)p, the twisted group algebra of W, by the cocycle ,u. 
In the case when C, = 1 End (4%‘) is isomorphic to the group algebra CCW, of 
the Coxeter group W,. The irreducible components of 4:; then correspond to 
the irreducible characters of W,. For each such character $ E fiO there is a 
simple formula giving the degree of the corresponding irreducible component xti 
of 4::. (Carter [2], p. 362). 

4.3 The Case When G Has Connected Centre 

We now suppose in addition that the centre Z of G is connected. In this case 
the results of Howlett and Lehrer have been supplemented by additional results 
of Lusztig [ 123. 

As before we suppose that 4 is a cuspidal character of LT. Then we have 
CO = 1 and so W, is a Coxeter group. Moreover the Coxeter group W, depends 
only upon the geometric conjugacy class of characters of LT containing 4. It 
may be described as follows. We recall that there is a bijective correspondence 
between geometric conjugacy classes of LT and F*-stable semisimple classes 
of the dual group Lf. Since the centre of G is connected the centre of the 
Levi subgroup L, will be connected also. This implies that in the dual group 
L: centralizers of semisimple elements are connected, and so each F*-stable 
semisimple class in Ls gives rise to a unique semisimple class in (Lf)F*. Let 
s* E (LJ*)F* be a semisimple element in the class corresponding to the geometric 
conjugacy class of characters of LT containing 4. Let G* be the dual group of G. 
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Then we have Lf c G*. The required Coxeter group W, is then given by 

w, 2 (~~*,,*,(~~:(s*)))Ft/Ce,:(s*)F’ 

We therefore depends only upon the geometric conjugacy class containing 4. 
W, can be generated as a Coxeter group as follows. +&.(s*) is a connected 

reductive group containing gLe,,(s*) as a Levi subgroup. Both these groups are 
F*-stable. Let W&St) 1 W,,;,s,, be the corresponding Weyl groups. W,,;,,,, is a 

parabolic subgroup of K&+*,. Let S+,,*, 
Then W, can also be given by 

be a set of simple reflections of WV+,,,. 

w, g {w E w~:(s*,; wh6~;(s*)w-1 = gp.,) 

Moreover W, is generated as a Coxeter group by elements S, one for each 
F*-orbit on the set of simple reflections of Wg+*) not in W,,;,,,,. 

The determination of the corresponding parameters pr will be discussed 
subsequently. These parameters are needed to obtain the degrees of the irreduc- 
ible components of 4::. 

fj 5. Unipotent Characters 

In Section 0 3 we defined semisimple characters of the group GF, which can 
be thought of as being analogous to the semisimple conjugacy classes. In this 
section we discuss a family of characters of GF called unipotent characters, 
which in a similar way can be regarded as being analogous to the unipotent 
conjugacy classes. Many of the most interesting problems concerning characters 
of GF have to do with the unipotent characters. 

5.1 Unipotent Characters of GF and Characters 
of the Weyl Group 

An irreducible character x of GF is called unipotent if x is a component of a 
Deligne-Lusztig generalized character R,, 1 for some F-stable maximal torus T. 
x is unipotent if and only if x is geometrically conjugate to the principal charac- 
ter 1 of GF. 

We shall first discuss the unipotent characters in the case when GF is a split 
group. We shall discuss the general case subsequently. 

In the special case when G has type A, there is a l-l correspondence between 
unipotent characters of GF and irreducible characters of the Weyl group W. In 
this case each unipotent character of GF occurs as a component of the induced 
character 1:;. Thus the unipotent characters of GF correspond to the irreducible 
representations of the Hecke algebra H(GF, BF) which, as we observed in 4 3.3, 
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is isomorphic to the group algebra of the Coxeter group WF. In the present case, 
when G is assumed split, we have WF = W. Thus the unipotent characters of GF 
correspond to irreducible characters of W. 

If 4 is an irreducible character of W the corresponding unipotent character of 
GF can be obtained as follows. For each w  E W let T, be an F-stable maximal 
torus of G obtained from a maximally split torus by twisting with w. Let R, be 
the class function on GF defined by 

If GF is a split group of type A, then the R, are the unipotent characters of GF. 
If GF is a split group of type other than A, the R, are not in general the 

unipotent characters of GF. Nevertheless they form a useful ‘approximation’ to 
the unipotent characters. The R, will be called almost characters of GF. 

We shall denote R, = R,,, for w  E W, so that 

R, = $j 1 4WL. WEW 
By using the orthogonality relations we also have 

R, = 1 d(W,. 
4 

Since each unipotent character x of GF satisfies (R,, x) # 0 for some w  E W it 
follows that (R,, x) # 0 for some x E 6 

We shall denote the set of unipotent characters of GF by (GF)U. We now define 
an equivalence relation on (G”).. Let x, x’ E (GF),,. We write x - x’ if there is a 
sequence 

x=x1,x2,... f=x’ $E(GF)” 

such that, for each i, there exists di E P? for which 

(R,i, xi) # 0 (Rd,, xi+‘) # 0. 

This is an equivalence relation on the set of unipotent characters of GF. The 
equivalence classes are called families. 

In a similar way we may define an equivalence relation on the set of irreduc- 
ible characters of W. Let d,d’ E @ We write 4 - 6 if there is a sequence 

/#I = $b’,q42, . ..) f$‘= q5’ q4’E I? 

such that, for each i, there exists xi E (GF), for which 

(R,a, xi) # 0 (&+I, xi) # 0. 

This is an equivalence relation on @. The equivalence classes are again called 
families. There is clearly a bijective correspondence between families of uni- 
potent characters of GF and families of characters of W. If GF has type A, then 
each family contains one element and we recover our original correspondence 
between unipotent characters of GF and characters of W. 
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5.2 Families of Characters of the Weyl Group 

The division of the irreducible characters of W into families was defined in 
terms of the unipotent characters of the split group CF. It might be expected that 
the families of characters of W could be defined entirely in the context of the 
Weyl group. This is indeed so, and may be done as follows. 

We first make some comments on Hecke algebras. Let H(GF, BF) be the 
Hecke algebra of a split group GF with Weyl group W. Then H(GF, BF) has a 
(C-basis T,, w E W. Let S be a set of Coxeter generators for W. Then the multipli- 
cation of the basis elements T, is determined by the following relations, which 
are a special case of those given in 4 3.3. We have 

i 

T 

T,Tw= 4x,+(4-1)7, 

ifl(sw)=l(w)+ 1 s~s 

ifl(sw)=I(w)-1 

If we consider a whole family of split groups GF, all with the same Weyl 
group W but with different values of q, we find that the corresponding Hecke 
algebras H(GF, BF) are all specialisations of an algebra HcLtl(t) over the polyno- 
mial ring cG[t] called the generic Hecke algebra of W. H,,,,(t) has a (C[t]-basis 
T,, w E W, and the multiplication of these basis elements is determined by the 
relations 

T 
T,T, = 

ifl(sw)=l(w)+ 1 s~s 

tcw+(t-- l)T, ifl(sw)=l(w)- 1 

Now let 4 be an irreducible character of W and let xs be the component of 
1:: corresponding to 4. We consider the degree x,(l), in particular its depen- 
dence on q. It was shown by Benson and Curtis [l] that this degree is a 
polynomial function of q in the following sense. Suppose we consider a family of 
split groups GF, all with the same Weyl group but with different values of q. 
Then there is a polynomial D,(t) E Q[t] such that 

where q is the real number defined by GF as in 9 1.5. D&t) is called the generic 
degree polynomial of 1. It can be given in terms of the generic Hecke algebra 
H,,,,(t) by the formula 

b(l) 1 F) 
Dd(Q = T2!zL 

where A is an irreducible representation of H,,,,(t) which specializes to 4 when t 
is specialised to 1. (Such a dt always exists). 

We now define for each 4 E I@ an integer a,. a4 is given by the condition that 
tam is the highest power oft dividing De(t). 

Let J c S be a subset of the set of Coxeter generators of W. Let W, = (s E J) 
be the corresponding parabolic subgroup of W. Each irreducible character 
4’ E @J has an integer a(, attached to it as above. For each such 4’ E k@” we 
define a character Jg(@‘) of W by the formula 

Jo = J+ <d’W, d>4. 
E 

q=a$’ 

Thus Jg(#) involves just those irreducible components 4 of the induced charac- 
ter #w for which the integer al is the same as a),. We may extend the function 
Jg by linearity to give a map from generalized characters of W, to generalized 
characters of W. If K c J c S we have 

thus the J-operation is transitive. 
The division of the irreducible characters of W into families can be done 

using this J-operation. We define the families inductively. If 1 WI = 1 then the 
principal character constitutes the only family. Now suppose that 1 WI > 1 and 
that the families have been defined for all parabolic subgroups W, of W with 
1 W,l < I WI. Then two irreducible characters d, 4’ E l@ lie in the same family if 
there exists a sequence 

4 = 4’> P, . . .” qy=f$f qji& 

such that, for each i, there exists a parabolic subgroup W,, # W and characters 
$i, $I E 6”; satisfying the following conditions: 

(i) Icli, $I lie in the same family of 6”; 
bi/thEilher (dk,,, $i) f 0, (d&l, W Z 0 

a(@ = up, up+1 = a@’ 
OY 

with 
((dig)FVJ,2 $i) # O3 ((bi+lE)W~l, ICI:) # O 

a+ = ati,, a),+l, = ati;. 

(Here F is the sign character of W). 
This gives an equivalence relation on the irreducible characters of W. It was 

shown by Lusztig that the equivalence classes of characters obtained in this way 
are just the families described in the last section. Hence the families can be 
described using just the Weyl group (and its associated generic Hecke algebra). 

5.3 Special Characters of the Weyl Group 

Our aim in this section is to describe a set of irreducible characters of W with 
the property that each family of characters of W contains just one character in 
the given set. Characters in this set will be called special characters of W. 
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In order to define the special characters we need some additional concepts 
concerning degree polynomials. For each 4 E W we may define a polynomial 
P&t) E Z[t] such that, for all split groups GF with Weyl group W, we have 

R,(l) = P&q). 

Recalling the definition of R, we see that the polynomial P&t) is given by 

(- 1)““’ Zh (Pi - 1) 

det(t - w-l) 

since R,(l) = (- 1)““‘)I GF : ~“1,. and 

IGFj,* = lZofl h (qdl - l), IT,“1 = lZ°Fl det(q1 - w-l). 
i=l 

Thus P&t) can be written 

Since P&q) is the degree of the almost character R, of GF we may call P&t) the 
fake degree polynomial associated with 4. (It is called the fake degree polynomial 
because it determines the degrees of the almost characters rather than the 
degrees of the actual unipotent characters of G”). 

There is a very useful interpretation of the fake degree polynomial P&t) in 
terms of the action of Won the graded module described in 5 1.6. We recall that 
W acts on the algebra 9 of polynomial functions on its natural module V, and 
also on the quotient space P/99’ where PP is the ideal of 9 generated by 
the set 4+ of W-invariant polynomials with constant term 0. The W-module 
P/9$’ has a natural grading, and gives rise to the regular representation of W. 
For each integer i > 0 let n&Q) be the multiplicity with which 4 occurs in the 
graded component of P/99’ of degree i. Then the fake degree polynomial is 
given by the formula 

P,$(t) = c rQ($ls)t’, 
i>O 

Thus a knowledge of the fake degree polynomial of 4 is equivalent to a knowl- 
edge of the multiplicities with which 4 occurs in the various graded components 
of the regular representation. 

For each 4 E I@ we define the integer b, by the condition that tbo is the highest 
power oft dividing P&t). 

We now compare the generic degree polynomial D,(t) with the fake degree 
polynomial P&t). Recall that t”’ is the highest power of t dividing D,(t). It is 
known (by case-by-case inspection) that am < b, for all 4 E @, although no 
general argument seems to be known which proves this. 

We now define the special characters of W. An irreducible character 4 E W is 
called special if a4 = b,, i.e. the highest power of t dividing Dd(t) is the same as 

the highest power dividing PJt). The special characters give the required cross- 
section of the families of irreducible characters of W. For each family of charac- 
ters of W contains a unique special character. It turns out that, for all 4 E I@ in 
a given family 9, D,(t) is divisible by the same power oft, say Pc9), whereas P&t) 
is divisible by a power of t greater than or equal to a(9). Only the special 
character in F has the property that PCS) is the highest power oft dividing P&t). 

For example, suppose GF = l&(q). Then W is the dihedral group of order 8. 
We have 

P = ( 1, E, E’, E”, p} 

where E is the sign character E’, E” have degree 1 and p has degree 2. I@ falls into 
three families {l} {e} (&‘a”~}. The generic degree and fake degree polynomials 
are: 

D,(t) P&) 

$T - 1 1 
& t4 t4 
P $(t + 1)2 t(t2 + 1) 
E’ ft(t2 + 1) t2 
E” it(t2 + 1) t2 

Thus the special characters of Ware 1, E, p. 

5.4 Kazhdan-Lusztig Theory 

We have seen that the families of unipotent characters of GF are in natural 
l-l correspondence with the special representations of W. There is, however, a 
different way of parametrising the families in terms of the Weyl group. This 
makes use of ideas introduced by Kazhdan and Lusztig in Cl], in which they 
define a decomposition of any Coxeter group into equivalence classes called 
cells. Each of these equivalence classes gives rise to a representation of the 
Coxeter group and its associated generic Hecke algebra. We shall now outline 
these ideas of Kazhdan and Lusztig. 

Let W be a finite Coxeter group (although similar results can be obtained for 
infinite Coxeter groups also). Let H = H ZLt1J2,r-1,21(t) be the generic Hecke alge- 
bra of W over the ring Z[t1’2, t-‘12] of Laurent polynomials in t’12 with coefli- 
cients in Z. Thus the elements of H are combinations of the basis elements T,, 
w E W, with coefficients in Z[t112, t-1’2 ] and with multiplication of basis ele- 
ments defined as before. The reason for taking t”’ rather than t will become 
apparent in the formulae to follow. The reason for introducing the inverse t-1’2 
also is in order to be able to invert the basis elements T, in H. T, will be 
invertible provided T, is invertible for each s E S. Since we have 

K2 = tTl + (t - l)T, 
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it follows that 

T-l = (t-l - l)T, + t-IT,. s 

Thus T, will be invertible in H since t-’ lies in the base ring. 
The base ring Z[t 1’2, t-“‘1 admits an automorphism c -+ C under which 

t’iz = t-112 and t- ‘I2 = t1j2. This automorphism has order 2. We define a map 
0: H + H by means of the formula 

This is an automorphism of the ring H. It is not, however, a linear map since we 
have 

We consider the B-stable elements of H. 
It was shown by Kazhdan and Lusztig that it is possible to find a basis of H 

consisting of e-stable elements. There is in fact a unique basis C,, w E W, of H 
satisfying the following conditions: 

e(c,) = c, 

c, = 1 (_ 1)““‘( _ l)f(Y)tl/2(l(w))-I(Y)py,w(t-‘)T, 

YEW YGW 

where P,,,(t) is a polynomial in t of degree < $(1(w) - l(y) - 1) for y < w, and 
P,,,(t) = 1. The partial order y < w on W used here is the Bruhat partial order. 
It is defined by the condition that y < w if and only if there exists a reduced 
expression 

w = si,si 2 . . .si, Sij E s r = l(w) 

with a subexpression equal to y, viz 

y = Si. s.. II”’ ‘Jr 1 < j, < . .. < j, < r. 

The polynomials P,,,(t) E Z[t] uniquely determined in this way are called the 
Kazhdan-Lusztig polynomials of W. P,,,(t) is defined whenever y < w. 

We denote by ~(y, w) the coefficient of t1i2(@“-‘(y)-1) in P,,,(t). Thus ~(y, w) is 
non-zero if and only if P,,,(t) has its maximum possible degree *(l(w) - l(y) - 1). 
If I(w) = I(y) mod 2, ~(y, w) = 0. 

The advantage of considering the basis C,, w E W, of H is that these elements 
have favourable multiplication properties. It is shown by Kazhdan and Lusztig 
that 

Gv+ c p(y, w)C, if l(sw) = l(w) + 1 
Y 

-(P + t-“2)C, if l(sw) = I(w) - 1 

These multiplication properties of the C, make it natural to consider cer- 
tain subspaces spanned by subsets of the C, which will be left or right ideals 
of H. 

We first define a relation d on W in the following way. Let x, x’ E W. We 
write x $ x’ if there exists a sequence 

x=x1,x2,...,xr=x’ 

such that for each i there exists s E S (depending on i) such that CXi appears with 
non-zero coefficient in C,C++,. This latter condition is shown by Kazhdan and 
Lusztig to be equivalent to the following: 

For each i there exists s E S depending on i such that l(sxi) = l(xi) - 1, 
I(SXi+l) = l(Xi+l) + 1, l(Xi) + I(x,+~) mod 2 and either xi < xi+l and p(xi, x~+~) # 
0 or xi+1 < xi and p(xi+i, xi) # 0. 

We write x 7 x’ if x $ x’ and x’ 5 x. The relation T is an equivalence 
relation on W. The equivalence classes are called left cells. The relation < is a 
partial order relation on the set of left cells. 

In a similar way we can define right cells of W. For example one can define 
the relation 4 on W by x 6 x’ if and only if x-l $ x’-l. We then define the 

equivalence relation ‘;; byx ; x’ if and only if x 4 x’ and x’ 4 x. The equiva- 

lence classes are right cells of W, and the relation 4 is a partial order relation 
on the set of right cells. 

We also define two-sided cells of W. We write x 4 x’ if there exists a sequence 

X=X1,X2,...,X~=X’ xi E w 

such that, for each i, either xi $ xi+i or xi 4 xi+i. We write x 7 x’ if x 4 x’ and 
x’ <x. Then - is an equivalence relation giving equivalence classes called 
twzsided cellsTEvery left cell and every right cell lie in a two-sided cell. 

In order to illustrate these ideas we describe the left cells, right cells and 
two-sided cells of Win the case when W is the symmetric group S,. In this case 
the decomposition of S, into cells is related to combinatorial ideas due to G. de 
B. Robinson and C. Schensted. The number of 2-sided cells of S,, is p(n), the 
number of partitions of n. For each partition n = 1, + I, + ... + A, with 
i”, 3 A2 3 ... 3 3,, > 0 we have a corresponding partition diagram with /2, 
squares in the first row, %, squares in the second row, etc. 

A standard Young tableau is a partition diagram with the numbers 1,2, . . . , n 
placed in the n squares, each occurring once, such that the entries increase along 
rows and down columns. For example the standard Young tableaux for the 
partition (3 1) are 

123 124 134 

4 3 2 

There is a map Ic/ from S,, to the set of standard Young tableaux which may 
be defined as follows. Take a permutation 
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1 2 . . . . . n 

jl j2 . . . . . j, 

in which i maps to ji. We construct tableaux T,, T,, . . . , T, where T has i 
squares. Tl is the tableau j,. Suppose T-l has already been defined and contains 
the numbers j, , . . . , j,-i. Then T is defined as follows. It contains entries j,, . . . , 
jiel, ji. The entry ji appears in the first row of T. If there is an entry in the first 
row of T-i greater than ji, the smallest such entry is placed in the second row 
of T. If there is an entry in the second row of q-i greater than this, the smallest 
such entry is placed in the third row of T. Continuing in this way we construct 
T from T-, . Eventually we obtain a standard tableau T,, which is defined to be 
the image of the given permutation under the map $. 

For example, suppose we begin with the permutation 

( 

123456 

426153 > 

Then the successive tableaux T are given by 

2 26 
16 

Tl = 4, T2 = 
4’ 

T, = 
4 ’ 

T,=2. 
4 

15 13 

T5 = 26, T6 = 25 

4 46 

The left cells, right cells, and two-sided cells are defined in terms of $ as 
follows. The Robinson-Schensted theorem (Schensted [l]) asserts that, for each 
w E S,,, t,+(w) and $(w-‘) are tableaux of the same shape and that the map 

w + ww, bw-1 )I 

is a bijection between S,, and the set of all pairs of standard tableaux of the same 
shape with n entries. Then w, w’ lie in the same left cell if and only if Ii/(w) = G(w)); 
they lie in the same right cell if and only if $(w-‘) = $(w’-‘), and they lie in the 
same two-sided cell if and only if I/(W), $(w’) have the same shape. 

Thus we have one two-sided cell C, for each partition 1 of n. All the left cells 
and right cells contained in the two-sided cell C, have d, elements, where d, is 
the number of standard i-tableaux. d, is also the degree of the irreducible 
representation of S, corresponding to the partition A. We also have IC,l = df. 
Thus C, contains d, left cells, each with d, elements. Similarly C, contains d, 
right cells each with d, elements. Moreover each left cell and each right cell 
contains just one element w with w2 = 1. 

The properties of the cells of arbitrary Coxeter groups are somewhat more 
complicated than this example for the symmetric groups. We shall return to this 
subject subsequently. 

We now use these ideas to define certain representations of the generic Hecke 
algebra. Instead of working with H = H Z~,112,t-1,21(t) we need a suitable base field 
containing the ring Z[t1’2, tp1j2 1. Let X be the field of fractions of the ring 
Z (t 1’2) of formal power series in t112, and let 

For each x E W let 1,” be the subspace of H, spanned by the basis elements C,, 
for all y $ x. Let 2 be the subspace spanned by the C,, for all y with y 5 x but 

y t x. Then we have 

IQ c I,” 

and both subspaces are left ideals of H,. Thus Ic/fk is an H,-module. More- 
over if x, x’ lie in the same left cell r of W the H,,-modules Ii/I:, Z$/Iz, are 
isomorphic. We therefore denote this H,-module by M,. In this way each left 
cell r of W gives rise to an H,-module M,. In the special case when W is the 
symmetric group each left cell representation M, is irreducible. This is not the 
case in general, however. 

In order to describe what happens in the general situation we recall that there 
is a bijection between irreducible representations of the generic Hecke algebra 
H, and irreducible representations of W obtained by speciaiising t to 1. An 
irreducible representation of Hx is called special if it corresponds to a special 
representation of W. It has been shown by Barbasch and Vogan [l] [2] that 
each left cell representation of H, contains a unique special representation 
as component, and that this special representation occurs with multiplicity 1. 
Moreover two left cell representations contain the same special representation 
as component if and only if the left cells lie in the same two-sided cell. The proof 
of these facts makes use of some deep results concerned with the proof of the 
Kazhdan-Lusztig conjecture for Verma modules and the theory of primitive 
ideals of universal enveloping algebras of semisimple Lie algebras. Cells of the 
Weyl group were introduced by A. Joseph [l] in the context of the theory of 
primitive ideals, and Joseph’s cells have turned out to be the same as those of 
Kazhdan and Lusztig. (However, recent work of Lusztig has eliminated the 
dependence on the theory of primitive ideals). 

Each left cell representation of the generic Hecke algebra gives rise to a left 
cell representation of the Weyl group by specialising the indeterminate t to 1. It 
has been shown by Lusztig that the set of representations of W obtained in this 
way may also be described as follows. We define for each Weyl group W a set of 
representations called constructible representations. This set of representations 
is defined inductively. If 1 WI = 1 the only constructible representation is the unit 
representation. So suppose I WI > 1 and that the constructible representations 
for Weyl groups of smaller order than I WI have already been defined. Then the 
constructible representations of W are those of the form Jg(#) and s.Jg(#) 
where W, is a proper parabolic subgroup of W, E is the sign character of W, and 
4’ is a constructible representation of W,. Lusztig has shown that a representa- 
tion of W arises as a left cell representation if and only if it is constructible. 
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The above results on the left cell representations of the generic Hecke algebra 
show that there is a natural bijective correspondence between the set of special 
characters of the Weyl group and the set of two-sided cells. Since there is also a 
bijection between families of unipotent characters of the split group GF and 
special characters of W, it follows that the families of unipotent characters of GF 
are in bijective correspondence with the two-sided cells of W. 

In order to understand the unipotent characters of GF we must therefore 
consider how to parametrise the unipotent characters in a given family, how to 
determine the degrees of these characters, and how to determine their values on 
other elements, particularly semisimple elements of CF. 

8 6. Character Theory 
Using l-adic Intersection Cohomology 

The information needed about the unipotent characters of GF in each family 
cannot be obtained by considering only l-adic cohomology modules, as we 
have done so far. Instead Lusztig made use of the theory of l-adic intersection 
cohomology, which has been developed more recently. In this section we shall 
describe the main features of this theory, and how it can be applied to obtain the 
additional information required for determining the unipotent characters. 

6.1 The Intersection Cohomology Complex 

Intersection cohomology groups were first introduced by Goresky and 
Macpherson [l] in the context of topological spaces. Subsequently a version 
was described by Deligne in the context of algebraic varieties. We shall need 
Deligne’s version, since we are concerned with algebraic varieties over an alge- 
braically closed field of characteristic p. For such varieties we consider l-adic 
intersection cohomology, where 1 is a prime different from p. 

To be precise, it is possible to define, for each algebraic variety X over the 
field K = ‘FP, sheaves H’(X, @,) of &vector spaces on X called the I-adic 
intersection cohomology sheaves on X. The stalks M’(X, @,), at the points 
x E X are called the local intersection cohomology groups of X. It is also 
possible to define @,-vector spaces lH’(X, @,) called the global intersection co- 
homology groups of X. 

We now describe how the local intersection cohomology groups lH’(X, @,), 
and the global intersection cohomology groups lH’(X, @,) are obtained. 

Let X be an algebraic variety over K = lFP and I be a prime with I # p. Let F 
be a sheaf of @,-vector spaces on X. Thus for each open subset U of X we have 
a @,-vector space T(U, F) together with linear maps r( U, F) + r( V, F) when V 

is contained in U satisfying the sheaf axioms. A complex of sheaves F’ on X is a 
collection of sheaves F’ together with morphisms of sheaves di 

. ..-F- 2 *2 d-1 - F-’ - F o 4 *I 
-F’-F 2 - . . . 

such that di+l 0 di = 0 for each i. We consider bounded complexes of sheaves, i.e. 
complexes for which F’ = 0 when i is sufficiently large and when -i is sufli- 
ciently large. For each open subset U of X we then have maps d,(U) 

... - T(u, F-‘) d T&T, F”) 3 I-(u, F’) y T(u, F2) - ... 

satisfying di+l(U) 0 di( U) = 0 for all i. We define 

Xi(U, F’) = ker d,(U)/im divl (U). 

These vector spaces XO’(U, F’) form a presheaf on X, whose shealilication is 
denoted by H’(F’). 

Now let us take two bounded complexes of sheaves F’, G’ on X. Suppose we 
have morphisms of sheaves &: F’ + G’ such that the diagram 

. , F-1 - F” - F’ - F2 , . . . 

I I I I 
. + + G-1 GO - G’ - G2 - “’ 

is commutative. We then obtain an induced morphism 

t,bi: H’(F’) + H’(G). 

We now define an equivalence relation on the set of bounded complexes of 
sheaves on X. This is the smallest equivalence relation which as the property 
that F’ - G’ provided there exist morphisms di: F’ --+ G’ as above such that all 
the maps $i: H’(F’) + H’(G’) are isomorphisms. This equivalence relation is 
called quasi-isomorphism, and we say F’, G’ are quasi-isomorphic if F’ - G’. 

We denote by Db(X) the derived category of the category of bounded com- 
plexes of I-adic sheaves on X. The elements of oh(X) are equivalence classes of 
bounded complexes of sheaves. There is an important duality map 

D: Db(X) -+ Db(X) 

called Verdier duality. (Verdier [ 11). 
We now wish to describe one particularly important element of Db(X). We 

first give some more definitions. Each sheaf F on X has a stalk F, at each point 
y E X. Let U be an open subset of X containing y. Then we have a restriction 

map 

T(U, F) -+ F,,. 

F is called locally constant if for each x E X there exists an open subset U of X 
containing x such that for all y E U the restriction map T(U, F) + F, is an 
isomorphism. A complex of sheaves F’ is called cohomologicully locally constant 
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if its cohomology sheaves H’(F’) are locally constant for each i. F’ is called 
constructible if there exists a sequence 

x, c x, c ... c x, = x 

of closed subsets Xi of X such that F’lx,-xi,l is cohomologically locally constant 
when restricted to each of the locally closed subsets Xi - X,-i of X. The support 
of a sheaf F is defined as the closure of the set of points y E X such that the stalk 
F,, is non-zero. Thus 

supp F = {y E X; F, # 0} 

With these definitions in mind we may now state Deligne’s theorem on the 
intersection cohomology complex. It was shown by Deligne that there is a 
unique element (F’) E Db(X) satisfying the following live conditions. 

(i) F’ is constructible 
(ii) H’(F’) = 0 for all i < 0. 
(iii) dim(supp H’(F’)) < dim X - 1 - i for all i > 0. 

(iv) W,,, is equivalent to the complex 

. ..-(I -i&--+0-0-... 

on the open subset Xreg of non-singular points of X, where @, appears in 
degree 0. 

(v) D(F’) = (F’) 
This element of Db(X) is called the intersection cohomology complex ICY(X). Its 
cohomology sheaves 

lH’(X, @,) = H’(IC’(X)) 

are called the intersection cohomology sheaves on X. The stalks of these sheaves, 
H’(X, @,), for x E X, are called the local intersection cohomology groups of X. 

We next define the global intersection cohomology groups of X. Given any 
morphism f: X --+ Y of algebraic varieties and a complex of sheaves (F’) E D’(X) 
there is a direct image (f,F’) E Db(Y). Let us now take Y to be the variety 
consisting of a single point. Then there is a unique morphism f: X + Y. The 
I-adic sheaves on Y are simply @,-vector spaces. Thus f,F’ is a complex of 
vector spaces and we can define the cohomology groups H’(f,F’) of this com- 
plex. We write 

lH’(X, F’) = H’(f,F’) 

M’(X, F’) is a @[-vector space called the ifh hypercohomology of the complex 
F’. In the case when (F’) is the intersection cohomology complex we write 

IH’(X, ii&) = lH’(X, IC’). 

The @,-vector space M’(X, @J are called the global intersection cohomology 
groups of X. 
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6.2 Geometrical Interpretation 
of the Kazhdan-Lusztig Polynomials 

The Kazhdan-Lusztig polynomials P,,,(t) discussed in 5.4 have a geometrical 
interpretation in terms of local intersection cohomology groups. Let G be a 
connected reductive group over K and B be a Bore1 subgroup of G. Then the 
other Bore1 subgroups of G are the conjugates of B. Now B = No(B) and so the 
conjugates of B in G in l-l correspondence with the cosets of B in G. Let G/B be 
the set of cosets gB. G/B has the structure of an algebraic variety. This is the 
quotient variety of G with respect to the action of B on G by right multiplica- 
tion. The elements of the quotient variety are the B-orbits on G under this 
action. The quotient variety G/B is no longer an affine variety ~ it is in fact a 
projective variety. We write 93 = G/B. B may be identified with the set of all 
Bore1 subgroups of G, and g is called the variety of Bore1 subgroups. 

We next recall the Bruhat decomposition of G. Let W be the Weyl group of 
G. Then W is isomorphic to N/T where T is a maximal torus of G contained in 
B and N = A$(T). For each w E W we choose an element ti E N such that ti 
maps to w under the map N + W. The Bruhat decomposition of G asserts that 
each double coset of B in G contains a unique element +. Thus G is the disjoint 
union of double cosets BtiB. 

Let Z+?,,, = B+B/B be the set of cosets of B in BGB. 6?,+, is a locally closed subset 
of g so inherits from J%? the structure of an algebraic variety. 93 is the disjoint 
union of the subsets g!, for w E W. The closure of ?& is given by 

gw = u iiTy 
YGW 

where < is the Bruhat partial order on W defined in $5.4. The projective 
varieties B,,, are called Schubert varieties. 

The geometrical interpretation of the Kazhdan-Lusztig polynomials con- 
cerns the intersection cohomology of Schubert varieties. Let us consider the 
local intersection cohomology groups of the Schubert variety 8?w at a point 
py E By. All points in %?y give rise to the same local intersection cohomology 
groups. Then we have 

P,,,,(t) = 1 dim IH2i(&)pyti py E BY 
i>O 

M2i+1(~!W)Py = 0 for all i. 

Thus all intersection cohomology sheaves are zero in odd degrees, and the 
dimensions of the stalks of these sheaves in even degrees give the coefficients of 
the Kazhdan-Lusztig polynomials. 

6.3 The Deligne-Lusztig Variety 

Let To be a maximally split F-stable torus and B, be an F-stable Bore1 
subgroup of G containing To. Let T be an F-stable maximal torus of G obtained 
from To by twisting with w E W. Thus T = xTo where 
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x-‘F(x) = ti E No = NG(To) 

and ~4 maps to w E W = NO/TO. Let U, = R,(&), B = “B,, and U = R,(B). Then 
B = UT and U = “U,,. B is not necessarily F-stable. F(B) = F(U)T is also a 
Bore1 subgroup containing T 

We recall that the Deligne-Lusztig generalized characters are defined by 

&-,dd = T (- l)i trace(g, fC(L-‘W, PM 

where L: G + G is Lang’s map L(g) = g-IF(g). In particular we have 

4,&d = RT,l(d = T (- l)i track f&!-‘(u), @A). 

This generalized character is independent of the choice of Bore1 subgroup con- 
taining T. It is, in fact, more convenient to choose F(B) instead of B. Thus we 
have 

h,.(g) = &,lM = T (- 1)’ trace(g, ~~(L-‘F’W))~ @A). 

We shall introduce another algebraic variety which turns out to be more 
convenient than the variety L-‘(F(U)) for giving R,. In the first place we 
consider L-‘(B,tiB,,). This is a locally closed subset of G so inherits from G the 
structure of an algebraic variety. B. acts on Lml(Bo+B,,) by right multiplication 
and the set of orbits forms the quotient variety L-‘(B,tiB,)/B,, which is a 
locally closed subset of the variety G/B,. We define X, by 

X, = L-‘(B,,tiB,)/B,, 

X, is called the Deligne-Lusztig variety corresponding to w E W. 
We explain the relevance of the Deligne-Lusztig variety X, for giving the 

generalized character R,. GF acts on L-‘(B,tiB,) by left multiplication, and this 
action induces an action of GF on X,. Thus GF acts on the I-adic cohomology 
groups Hi(X,, @,). We next consider L-‘(+U,). This is also an algebraic variety, 
being a locally closed subset of G. We have morphisms of varieties: 

L-‘(kU,J + L-‘(B,tiB,) -+ L-l(BotiBo)/Bo = X, 

the first given by inclusion and the second by projection. Consider the compos- 
ite morphism 

L-‘(xJ,) -+ x,. 

This morphism is surjective. Moreover the group (U, nti Uo)TcmlF acts on 
L-‘(kU,) by right multiplication and the orbits under this action are the libres 
of the morphism L-‘(@U,) + X,. (Here Tow-IF = (t E To; F(t) = w(t)}). The set 
of orbits forms a quotient variety 

L-‘(N,,)/(U, n ‘+Uo)T;m’F g X, 

which is isomorphic to the Deligne-Lusztig variety X,. 

We next recall that T = xTo where x-‘F(x) = cit. Right multiplication by x 
gives an isomorphism 

L-‘(F(U)) + L-‘(ku,). 

Under this isomorphism of varieties the orbits of L-‘(till,,) under 
(U, n “I&,) Tow-IF correspond to the orbits of L-‘(F(U)) under (U n F(U)) TF. 
Thus we have isomorphisms of quotient varieties 

L-‘(F(U))/(U n F(U))TF E L-‘(kU,)/(U, n tiUo)TTmlF z X, 

We next consider the morphisms 

Lp’(F(U)) + L-‘(F(U))/TF -+ L-‘(F(U))/(U n F(U))TF. 

The I-adic cohomology groups of L-‘(F(U)), L-‘(F(U))/TF are related by 

~:V-‘V’(U))ITF, @,, = ff:W1(fW), @,I, 

recalling that the space on the right hand side is the space of TF-invariants on 
Hi(L-‘(F( U)), @,). Thus we have 

JLM = RT,lM = c (- lli trace(g, ~~U-‘V’W)L @A) 

= c (- l)i trace(g, HL(L-‘(F(U))/TF, @,). 
I 

We next consider the effect of forming the quotient with respect to the algebraic 
group U n F(U). Now U n F(U) is isomorphic to afhne space K’ for some r, and 
factoring by such a group does not alter the alternating sum of the traces on the 
I-adic cohomology groups (although it may well alter the traces on the individ- 
ual cohomology groups). Thus we have 

Ud = RT,1(d = T (- lli traceh ff~(L-‘UW)Y(U n W))TF, @J 

= C (- 1)’ trace(g, HL(X,, Q,)) 
1 

since L-‘(F( U))/( U n F( U))TF is isomorphic to X,. Thus we have 

&M = c (- 1)’ t race(g, MX,, 7ii;J). 
I 

This is a more convenient formula for R, than our original formula since it does 
not involve taking the subspaces of TF-invariants in the cohomology groups. 

6.4 Intersection Cohomology of Deligne-Lusztig Varieties 

We recall that the Deligne-Lusztig variety X, is a locally closed subset of 
G/B,. The X, form disjoint subsets of G/B, for w E W. The closure X,+ of X, is 
given by 
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This is reminiscent of the situation for Schubert varieties in which we have 

Law = IJ By 
YQW 

The resemblance between the X, and the .Bw extends to the properties of their 
local intersection cohomology groups. It was shown by Lusztig [12] that 

P,,,(t) = 1 dim M2i(X,)pyti, pY E X, 
i>O 

IH2i+1(XW)Py = 0 for all i. 

Thus the Kazhdan-Lusztig polynomials can be interpreted in terms of the local 
intersection cohomology groups of the x,, just as they can for the Schubert 
varieties Bw. 

This result can be used to determine the global intersection cohomology 
groups also, at least their alternating sum. GF acts on x, by left multiplication 
and this induces a GF-action on the global intersection cohomology groups 
lH’(X,, @,). Let lR, be the generalized character of GF given by 

IR, = c (- l)‘M’(X,, Q). 
I 

We wish to relate the generalized characters 

R, = c (- 1)‘H:Ww @,I 

of GF, the first being obtained from I-adic cohomology and the second from 
I-adic intersection cohomology. Using the above information about the local 
intersection cohomology of x, it can be shown that 

Kv = c Py,wO)Ry. 
Y4W 

This is a most useful result, since it enables us to pass between the generalized 
characters R, and IR,. The coefficients P,,,(l) form a unitriangular matrix, 
which can be inverted to express R, in terms of the lR,, y < w. 

The advantage of working with the generalized characters IR, rather that R, 
is that one can exploit the Deligne-Gabber purity theorem, which asserts that all 
eigenvalues of F on lH’(y,,,, @,) have absolute value q”*. 

It is in fact possible to prove a more general version of the above result, 
which involves the generic Hecke algebra rather than the Weyl group. We recall 
that for each irreducible character 4 E @ the ‘almost character’ R, of GF is 
defined by 

The Deligne-Lusztig generalized characters R, can be expressed in terms of the 

almost characters by the formula 

Rw = c d(W,. )EF@ 
Let 4, be the irreducible representation of the generic Hecke algebra cor- 
responding to 4 E I@ The Deligne-Lusztig generalized character R, is then 
replaced by a ‘generic equivalent’ 

This is a combination of irreducible characters of GF with coefficients in 
Q[t”2, t-1’2]. The generic version of the relation between intersection cohomo- 
logy and l-adic cohomology is given by the following formula due to Lusztig 
c121. 

This formula specializes when t is replaced by 1 to the original formula 

T (- l)‘~‘(%v, @,I = 1 f’,,,(1)R,. 
YQW 

However the generic version is much stronger, and enables each character of GF 
coming from a module IH’(X,,,, @,) to be expressed as a linear combination of 
almost characters R,. In this way many combinations of almost characters R, 
with coefficients in Z can be shown to be actual characters of GF, i.e. characters 
of GF-modules. It can also be shown that the dual of each generalized character 
(- l)‘IH’(~,+,, @,) of GF, as defined in 4 3.5, is an actual character of GF, and this 
gives further Z-combinations of the almost characters R, which are actual 
characters of CF. 

The results obtained by Lusztig about such Z-combinations of almost cha- 
racters R, can be described as follows. Let 0 be any generalized character of W 
and define R, by 

Thus if 0 = 4 E I? we have R, = R,. We wish to find as many generalized 
characters (T of W as possible with the property that R, is an actual character 
of CF. 

With this in mind we define certain elements c,, B E Z for each w E W and 
each C$ E I@. It is shown by Lusztig [12] that the highest power of t”* dividing 
A( T,) is at least t 1i2(‘(w)-a~) where ad is the highest power oft dividing the generic 
degree polynomial D&t). Thus we have 

4(T,) = (- 1)1(Wkv,4t 1i2(‘(w)-a~) + higher powers of tl’* 

for certain integers c,,~ E 2. (c,, 4 may be 0). The integers c,,( are called the 
leading coefficients. For any w E W let a, be the generalized character of W 
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given by 

Then it is shown by Lusztig by the method outlined above that, for each w E W, 
Raw is either 0 or an actual character of GF. 

For example, if GF has type A,, Raw # 0 if and only if w2 = 1. If wz = 1 then 
R,_ is the irreducible unipotent character of GF corresponding to the two-sided 
cell of W containing w. 

In general, however, the non-zero characters R,_ of GF are not irreducible. 
They are certain Z-combinations of irreducible unipotent characters of GF. We 
may associate to each of them a degree polynomial 

where P&t) is the fake degree polynomial of 4 defined in 95.3, i.e. the degree 
polynomial of the almost character R,. All non-zero characters Raw thus have 
the property that the corresponding degree polynomial lies in Z[t]. This is in 
contrast to the situation for the irreducible unipotent characters. We shall see 
that their degrees are obtained by specializing a polynomial in Q[t] which in 
many cases does not lie in Z[t]. 

By considering in detail the non-zero characters Raw of GF in the individual 
cases Lusztig was able to determine how the irreducible unipotent characters of 
GF can be parametrized and how they are related to the almost characters R,. 
We describe the results in the next section. 

$7. The Unipotent Characters in a Family 

We recall from $5.1 that the unipotent characters of the split group GF can 
be divided into families. There is one family of unipotent characters for each 
two-sided cell of the Weyl group W. We shall now summarise the results of 
Lusztig, proved by the methods outlined in $6.4, which describe the parame- 
trisation of the unipotent characters in a given family, their degrees, their values 
on semisimple elements of GF, and the way they are related to the almost 
characters. 

7.1 The Fourier Transform Matrix 

For each family 9 of unipotent characters of GF there is a corresponding 
family of irreducible characters of W. This family contains a unique special 
character of W. Let this special character be 4 E I@. Consider the generic degree 

polynomial D,(t) E Q[t] of 4 and let a( be the highest power oft dividing D,(t). 
Thus we have 

where c$ # 0. 

D&t) = P(cg + terms of higher degree in t) 

Suppose G is simple. Then there are only very limited possibilities for the 
leading coefficient cd E Q. If G has type A, we always have c( = 1. If G has type 
B,, C,, D, then we always have c = l/2’ for some e > 0. If G is one of the 
exceptional groups G,, F4, E,, E,, E, then cB always takes one of the values 1, 
111 2, 6, 24r 1:W 

This suggests that we should consider a certain finite group g’(9) associated 
with the family 9. 9(s) is one of the groups in the set 

{ 1, ZZ x ... x Z, (e factors), S,, S,, S,} 

and Y(9) is uniquely determined by the condition 

1 
“4 = 1’(9)1 

since the groups in the above set all have different orders. 
If G is not necessarily simple B(P) will be a direct product of groups of the 

above type, corresponding to the simple components of G. 
The group g(9) can be defined in an alternative way also, which we shall 

describe in 5 7.2. The unipotent characters in the family 9 can be parametrized 
in terms of the group te(9). In order to explain how this is done we make some 
general comments about vector bundles for a finite group. 

Let 99 be any finite group acting on a finite set X. A g-vector bundle on X is 
a set of finite dimensional (C-vector spaces V,, x E X, together with linear maps 

0 
v, A I/ gx 

satisfying the relations 

%l = 1 

I9 gx,g’ o %, = %g’g. 

There are obvious notions of irreducible g-vector bundles on X, and direct 
sums of <g-vector bundles on X. Every Y-vector bundle on X is a direct sum of 
finitely many irreducible g-vector bundles on X. We shall denote the free 
abelian group with the irreducible B-vector bundles on X as basis by K&X). 
The rank of K&X) is the number of pairs (8, a) where G is a g-orbit on X and 
0 is an irreducible character of the stabilizer Yx of x E C?. For the irreducible 
g-vector bundles on X are given by 

V,=O ifx$O 

V, gives the representation 0 of 9X if x E c. 

We now consider the special case when 9 = 9(F), X = 9(F) and 9(P) acts on 
itself by conjugation. 
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It was shown by Lusztig that the number of unipotent characters in the 
family 9 is the rank of the group K y(,-,(9’(~)). The unipotent characters in 9 
are in l-l correspondence with pairs (x, 0) where x E 9?(F), one x being chosen 
in each conjugacy class, and g is an irreducible character of the centralizer 
%(F)(X). 

We denote by A(?J(R)) the set of such pairs (x, a). Thus 

We shall also write A(9) = &(9(P)) for convenience. We denote by xccb, the 
unipotent character in the family 9 corresponding to (x, (r) E A’(9). 

We next consider the relation between the unipotent characters and the 
almost characters. We recall that for each q4 E I@ we have an almost character 
R, given by 

R, = k 1 d(Ww 
wow 

We consider the almost characters R, where 4 belongs to the family B of 
characters of W. There will in general be more unipotent characters x&, in the 
family 9 than almost characters R, with 4 E 97 For each almost character R, 
there will be a unipotent character x4 in the principal series corresponding to 
4 E W, and x, will lie in 9 and so be one of the x&. Not all the unipotent 
characters xc:, aJ will in general be in the principal series, however. 

For example, suppose GF has type l&(q). The Weyl group is then dihedral of 
order 8 and we have 

f’? = ( 1, E, E’, E”, p} 

as in 4 5.3. I@ falls into three families 

(1) @) b &‘&“>. 
The corresponding principal series unipotent characters of GF have degrees 

(1) bz4J M4 + II2 34(q2 + 1) 3dq2 + 1% 

However there is one additional unipotent character which is not in the princi- 
pal series, and which has degree iq(q - 1)‘. The three families of unipotent 
characters of GF are then: 

{ll bz4) M4 + lY3 34(q2 + 11, Ml2 + 1x M4 - 1,‘). 

NOW let Z&(S) = Kg(g) gz Cc for any finite group 9 acting on itself by conju- 
gation. K,(9) is a a-vector space of dimension IA!(%)I. Let C&Y) be the space of 
complex-valued class functions on 9. Then there is an isomorphism of vector 
spaces 

where the direct sum extends over elements g, one from each conjugacy class in 
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9. This isomorphism maps the Y-vector bundle (V,) to the set of class functions 

x + trace(g, I!,) x E g9(g). 

Now we can make CI(‘9) into a commutative ring by the convolution product 

(f*f’M = g, pGf’~g2). 

9192=9 

Thus @ C4G(d) b ecomes a ring in which the direct summands are ideals. This 

in turngdefines a ring structure on Z&(9). In fact J&(9) is a finite dimensional 
commutative semisimple a-algebra. 

Now CI(9) is isomorphic to the centre Z(aY) of the group algebra of 9. Thus 
there is one ring homomorphism from CI(9) to (T for each irreducible character 
of 9% The ring homomorphism corresponding to (T E 3 is 

Using the above isomorphism it follows that there is one ring homomorphism 
KY(%) + (c for each pair (x, a) in A’(9). We call this ring homomorphism $(X,u). 
Thus both the basis elements of &(2?), YcX,@, and the l-dimensional representa- 
tions of K,(Y), I++“~“‘, are parametrized by the set A(9). We consider the values 

II/ wq I/(X3”‘) E (c 

where (x, a), (x’, a’) E A?(Y). It turns out that these values are given by the 
following expression. We have 

* W,b’)(I/(X.~)) = w ((X, a), (x’, CT’*)} 
where o’* is the contragredient representation of (T’, and 

1 1 
{(x, 4, (x’, 4) = ~ ~ c IGb)l IGW)l asig 

o(g-‘x’g)cJ’(gxg-1). 
[gxg-‘,x’]=l 

We note that the right hand side is well defined since gxg-l commutes with x’ 
and x commutes with g-‘x’g. 

Let 4 = A(9) be the I&(9)( x l~A!(%)l matrix ((x, a), (x’, o’)}. M is 
Hermitian, unitary, and M2 = I. (In fact any two of these three properties 
implies the third). M is called the Fourier transform matrix of the finite group 9. 

We now apply these ideas to understand the relationship between the uni- 
potent characters and almost characters in a given family 97 Let l@(9) be the 
set of 4 E I@ in the family 9. For each 4 E I?(P) the corresponding principal 
series unipotent character x, lies in the family 8 of unipotent characters of CF. 
Thus xi = x,&r,, for some (x,, oI) E A(9). We therefore have an injective map 

VP(F) + A!(9) 

4 -+(x,7 04) 
Lusztig showed this can be chosen to satisfy the condition 
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where d(x&,) = f 1. This equation expresses the almost characters in terms of 
the irreducible unipotent characters. 

The numbers A(&,) are almost always equal to 1. If G is simple then 
d(x&,) = 1 except in the following cases. 

(i) G is of type E,, 9 is the family given by the unique special character of W 
of degree 512 (whose group Y(P) is Z,) and x is the element of order 2 in g(9). 
This gives two characters x;:,~) for which A(x&,) = - 1. 

(ii) G is of type E,, F is one of the two families given by the two special 
characters of W of degree 4096 (both families have g(F) % Z,) and x is the 
element of order 2 in g(P). This gives 4 characters xc:,,,, with A(x~~,~J = - 1). 

Thus when the almost characters are expressed in terms of irreducible uni- 
potent characters the coefficients are given in terms of the Fourier transform 
matrix of g(P). 

Since we have 

RTw. 1 = R, = c 4(4R4 
(bEI+ 

we have also determined the decomposition of the Deligne-Lusztig generalized 
charactersRTw , into irreducible components. 

We cannot’in general invert the equations expressing the almost characters 
R,, 4 E k(P), in terms of the irreducible characters x;:,,, since there will 
in general be more irreducible unipotent characters in F than characters 
4 E l@(9). We can, however, derive partial information as follows. 

A class function GF -+ Cc is called a un@orm function if it is a linear combina- 
tion of Deligne-Lusztig generalized characters R,,,. If GF is GL,(q) every class 
function is uniform, but this is not true generally. Let @ be the space of uniform 
functions and %‘I be the space of class functions orthogonal to all uniform 
functions. Thus we have 

Cl(GF) = 42 @ %’ 

In attempting to invert the equations 

we obtain 

4x&&,,, = 1 {(x, a), (x,, cs)} R, + an element of a’ 
8EC(9) 

The unipotent characters x$,~, are not in general uniform functions. However it 
was shown by Deligne and Lusztig that the characteristic function on each 
semisimple class of GF is a uniform function. Thus if f E @ we have f(s) = 0 for 
all semisimple elements s E CF. It follows that 

for each semisimple s E CF. Now R,(s) is known, in fact we have 

and 

R&) = $q c #(wWT,,,(S) 
wsw 

Thus we know the values of all unipotent characters of GF on all semisimple 
classes of CF. 

7.2 Unipotent Characters and Unipotent Classes 

We continue to assume that GF is split. There is an interesting relationship 
between the unipotent characters of GF and the unipotent conjugacy classes of 
G. Lusztig has shown that, provided p is sufficiently large, given any unipotent 
character x of GF there is a unique unipotent class C of G of maximum dimen- 
sion satisfying the condition 

We recall that each conjugacy class of G is locally closed in G so has the 
structure of an algebraic variety. The set CF of F-stable elements of C is a union 
of conjugacy classes of GF, but need not be a single conjugacy class in CF. 

We thus have a map from unipotent characters of GF to unipotent classes of 
G. If GF has type A, this is a bijective map. However in general the map is 
neither injective nor surjective. We consider the image of this map, which is a 
certain subset of the set of unipotent classes of G, and the libres of the map, 
which give an equivalence relation on the unipotent characters of CF. 

In order to determine the image we consider a relation between the irreduc- 
ible characters of the Weyl group and the unipotent classes of G, which was 
discovered by Springer [Z], [3]. Let W be the Weyl group of G, where G may be 
taken either over c or over K if p is sufficiently large. Let u E G be unipotent and 
let @, be the variety of all Bore1 subgroups of G containing u.g,, is a subvariety 
of the variety g of all Bore1 subgroups of G. It was shown by Springer that W 
acts on the cohomology groups Hi(gU, Q) (although not on the variety g,, 
itself!). We consider in particular the action of W on the top non-vanishing 
cohomology group Hz dim “u(iZ&,, Q). 

There is another finite group which also acts on the groups H’(& 0). Let 
%7(u) be the centralizer of u in G. q(u) acts on &?” and so on each H’(9&,, Q). Its 
connected component g(u)’ acts trivially on Hi(Bu, 0). Thus the finite group 
A(u) defined by 

A(u) = Gqu)/%yu)O 

acts on H’(.B”, Q). We recall from $2.8 that A(u) is either isomorphic to an ele- 
mentary abelian 2-group of order 2’, e > 0, or to a symmetric group S,, S,, S,. 

Springer showed that the actions of W and of A(u) on VU = H2dim.au(@u, Q) 
commute. Consequently, for each irreducible character $ of A(u) which arises 
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from the A(u)-module V, the homogeneous component I$, e of VU corresponding 
to $ is a W-module. Moreover the W-module VU, IL is homogeneous, so gives rise 
to a unique irreducible character 4 of W. We call this character dU,$. It was 
shown by Springer that each irreducible character of W has the form dU,$ for 
some unipotent element u E G and some II/ E A(u). Moreover &,, i = &,, ti, if and 
only if U, U’ are conjugate in G and Ic/ = t,Y. However not every irreducible 
character $ of A(u) need occur as a component of VU. In this way each irreduc- 
ible character of W determines a unique unipotent class of G. 

Now if 4 is a special character of W we always have 4 = dU,,i for some 
unipotent element u E G. The unipotent classes C of G for which A, 1 is a special 
character of W for u E C are called special unipotent classes of G. There is thus 
a bijection between special characters of W and special unipotent classes of 
G. The unit character of W corresponds to the class C of regular unipotent 
elements of G and the sign character of W corresponds to the unit class C. 

We can now describe the image and libres of the map from unipotent 
characters of GF to unipotent classes of G. The image is just the set of special 
unipotent classes of G. We recall also that there is one family of unipotent 
characters of GF for each special character of W. Two unipotent characters of GF 
map to the same special unipotent class of G if and only if they lie in the 
same family. Thus the libres are simply the families of unipotent characters. To 
be precise, the family of unipotent characters of GF mapping to the special 
unipotent class corresponding to the special character 4 of W under Springer’s 
map is the family containing 4s E I?. (E is the sign character). 

We now consider the number of unipotent characters in the family mapping 
to a given special unipotent class C of G. Let 4 be the special character of W 
corresponding to C. Then the highest power a4 of t dividing the generic degree 
polynomial D,(t) is given by 

a, = dim BU u E C. 

Moreover one sees (by a case-by-case inspection) that the highest power of t 
dividing D,” ,(t) for any other character &., + of W with u E C is at most dim %?“. 

We define a finite group A(u) by 

44 = 4W(4 
where Z(u) is the intersection of the kernels of all irreducible characters $ E L(u) 
occurring in VU such that the highest power of t dividing D,,,+(t) is equal to 
dim aU. Since A(u) is either an elementary abelian 2-group or a symmetric 
group S,, S,, S, the same must apply to A(u), since this class of groups is closed 
under taking quotients. 

Let 9 be the family of unipotent characters of GF mapping to the unipotent 
class C. We define the finite group g(R) by 

qzq = A(u). 

Then g(F) is the group defined (by means of its order) in 5 7.1. This is a 
somewhat more natural definition of the group g(S) than we had before. From 
the results in 0 7.1 we know that the number of characters in the family F is 
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given by lA(g(%))I. If g(F) is an elementary abelian group of order 2” then 
IJz’(g(5))I = 2’“. If g(F) is isomorphic to S, then 1A’(%(F))l = 8. If Y(S) 
is isomorphic to S, then IA(g(S))l = 21. If g(F) is isomorphic to S5 then 
lJ(g(5))l = 39. Thus the number of unipotent characters in a family is either 
22" for some e > 0, or 8,21 or 39. 

It often happens that ,4(u) = A(u). This does not always happen, however, 
and we give an example when it does not. Let G have type Es and C be the 
distinguished unipotent class with weighted Dynkin diagram. 

(Recall the notation from 4 2.5 and Q 2.6). If u E C we have A(u) E S,. The three 
irreducible characters 1, E, ti of S, all appear in VU. (E is the sign character and 
II/ the character of degree 2). The corresponding characters &14U,,,&U,ti have 
generic degree polynomials divisible by t lo, t”, t* respectively. The first of these 

-. 
is a special character of W. Thus A(u) is the quotient of S, by the elements in the 
kernel of 1 and of E. Hence A(u) g Z,. 

There is a natural partial ordering on the set of unipotent classes of G. We 
write C, < C, if C, c G. We now give some examples of the partially ordered 
set of special unipotent classes of G together with the number of unipotent 
characters of GF mapping to each of them. 

G=A5 G=ll+ G = Fq G=E, 
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In each case there is an order-reversing involution I on the set of special uni- 
potent classes which has the property that for each unipotent character x map- 
ping to the special class C the dual character f x* defined in 5 3.5 maps to the 
special class I(C). 

The results mentioned in this section are known to be valid provided the 
characteristic p is sufficiently large. 

7.3 Unipotent Characters of Twisted Groups 

In discussing the unipotent characters of GF we have so far assumed that GF 
is a split group. We now turn to the case of twisted groups. We assume first that 
F: G -+ G is a standard Frobenius map (c.f. 5 1.4). Then GF can be either a split 
group or a twisted group in the sense of Steinberg and Tits. The Suzuki and Ree 
groups, which do not arise in this way, will be discussed subsequently. We shall, 
however, assume for convenience that G is simple. 

The Frobenius map F may now act in a non-trivial manner on the Weyl 
group W, but it will transform into itself a system S of Coxeter generators 
of W. (c.f. § 1.5 and 4 1.6). We introduce an infinite group @ which is the semi- 
direct product of W by an infinite cyclic group (F) such that 

FwF-’ = F(w) w E W 

Let c be the order of the automorphism F: W + W. We denote by we, the 
set of irreducible representations of W which can be extended to irreducible 
representations of @ Each irreducible representation of W can be written over 
Q and each extendable Q-representation of W can be extended to a Q-represen- 
tation of W. In fact there are exactly two extensions of such a representation of 
W to Q-representations of @’ with the property that F’ lies in the kernel. One 
of these can be obtained from the other by changing the sign of the matrix 
representing F. 

As before we define the generalized character R, of GF by 

R, = c (- l)‘H:(X,, @,,. 
I 

We also define, for each extendable character I$ E GeX with extension 4 to @, 

Ri = & c &WR, wsw 
We assume that 4 is one of the two extensions of 4 which is over Q and 
whose kernel contains F’. (If the other one is taken instead RJ is replaced by 
-Rd. Thus RJ is defined only up to sign by d). 

By inverting we obtain 

The class functions RJ are the ‘almost characters’ of CF. We shall, as before, 
explain how R$ can be expressed as a combination of irreducible unipotent 
characters of CF. 

In order to do this it is necessary to consider the I-adic intersection cohomo- 
logy groups of x, as before. Let lR, be the generalized character of GF given by 

lR, = I(- l)‘lH’(X,, Q,). 
L 

The generalized characters R,, lR, of GF can be related to one another, just as 
before, by the formula 

Fv = 1 f’y,,U)Ry 
YSW 

We now wish to state a ‘generic version’ of this identity. This generic version 
is not quite the same as in the untwisted case. We first define a length function 
on the group ti by 

~(F’w) = l(w) w E w. 

We then define an algebra fi over Q[t”2, t-“‘1 with basis T,, w E @, and 
multiplication uniquely determined by the relations 

T,T,. = T,,. if l(ww’) = l(w) + I(w’) w, w’ E W 

Ts2 = tT, +(t - l)T, SES. 

The Q[t ‘12, tm1’2]-subspace spanned by the elements T, with w E W is a sub- 
algebra H isomorphic to the generic Hecke algebra of W. 

Any H-module gives rise to an H-module by restriction. In fact to give an 
H-module is equivalent to giving an H-module M and a Q[t’j2, t-“‘l-linear 
map TF: M + M such that 

for all w E B/. 
Let 4 E W,, be an extendable representation of W. Suppose it is given by the 

W-module M. Then M can be regarded as a c-module on which F acts as a 
map F: M + M of order dividing c satisfying 

FwF-’ = F(w) 

on M. 
Now there is a corresponding module M, for the generic Hecke algebra H of 

W which specializes to M when t is specialized to 1. There will then be a linear 
map TF: M, + M, of order dividing c satisfying 

TFTwTF1 = TFcwj on M, 

which specializes to F: M + M when t is specialized to 1. Using this map TF we 
have made $ into an H-module. The trace function on this module will be 
denoted by dt. 
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We can now state the generic version of the identity relating l-adic cohomo- 
logy to I-adic intersection cohomology. This generic identity is given by the 
formula 

(We note that although there are two possible extensions 4 of 4, both give the 
same value on the right hand side). 

As before, this identity can be used to show that certain combinations of the 
almost characters Rd give actual characters of GF. One can show that &T,,) is 
divisible by at least 

just as in 9 6.4. We define constants c~,,,J by 

&( T,+) = (- l)f(w)~Fw,~t’i2(r(w)-a~) + higher powers of tl’*. 

Then c~,,,J E Z. As before cFw,j may be 0. The leading coefficients c~,,,J are used 
to construct combinations of the almost characters RJ which, when non-zero, 
are actual characters of GF. Let a FW be the class function on I? given by 

a Fw = ; 7 cFw,$& 

summed over all irreducible Ql?-modules 4 with kernel containing F’ whose 
restriction to W is irreducible. (Two of them come from each extendable charac- 
ter of W). 

Let Rllpw be the corresponding class function on GF, given by 

Then RLIFw can be shown to be either zero or an actual character of GF. By 
considering these characters of GF in the individual twisted groups Lusztig was 
able to determine how the irreducible unipotent characters of GF can be para- 
metrized and how they are related to the almost characters RJ. 

In the case when GF is split we had one family of unipotent characters 
of GF for each special unipotent class of G. In our more general situation 
F acts on the set of special unipotent classes of G and we obtain one family of 
unipotent characters of GF for each F-stable special unipotent class of G. Let F 
be the family of unipotent characters of GF corresponding to the F-stable special 
unipotent class C. We consider how to parametrize the irreducible characters of 
GF in the family R 

We define the finite group g(9) by 

cqF)=A(u) UEC. 

We also define g:(P) by 

3:(F) = 9(F) x (5) 

where (4) is an infinite cyclic group. (We recall that G is assumed simple - 
otherwise the definition of $9) would be more complicated). It is shown by 
Lusztig [ 121 that the unipotent characters in 9 are parametrized by the set 

2qqF) c c?(9)) 

defined as follows. It is the set of pairs (x, 5) where x E %(F)t and c is an 
irreducible character of K&x), taken modulo the equivalence 

(x3 5) - (ml -l, 3) g E +@q 

We next discuss how the unipotent characters x$) in 9 are related to 
the almost characters ,RJ where 4 is an extendable character of W in the cor- 
responding family in PI! We define a set 

diqq2q c J(9q) 

of pairs (y, T) where y E 9(P) and z is an irreducible character of V+(,,-,(y) with 
t’ in the kernel, taken modulo the equivalence 

(y, 7) - klyg-‘9 z”) g E w9 

We may define a map 

2(%qF) c 4?(F)) x AqqF)) c 3(F)) -+ az 

(x, 3 

by {(xt 3, (Y, 41 = 

1 1 
c ~(SYg-‘M-lw) 

I%(S,(X)I I%(,-,(Y)l 9EY(.w 
[x,$7x-‘I=1 

We note that the right hand side is well defined since gyg-’ E 5&,(x) and 

g-‘-Y E w+(.F)(Y). 
(In the case when c = 1 both sets 

2(2?(F) c B(S)) Jiqq9) c 3(F)) 

reduce to &‘(9(9)) and the map 

2(qs) c 4(.F)) x AqS(P) c @F)) + c 

reduces to our original Fourier transform map 

&q%(F)) x AqqF)) + al) 

Let I?‘(F) be the set of characters 4 of w over Q which have F’ in the 
kernel and are extensions of characters of W in the given family SK Lusztig 
shows how to define an injective map 
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which satisfies the condition 

where d(x($,:,) = + 1. 
The sign d(~ic,~,) is defined as follows. If c = 1 then d(~&) is given as in 

g7.1. If c > 1 then 

where a, is the highest power of t dividing the generic degree polynomial 
D,(t) of the special character 4 E I@ in the family 9, and A, is the degree of the 
polynomial D,(t). 

Thus we have an expression for the almost characters Rd as a combination of 
irreducible unipotent characters x&,,-,. The coefficients come from a Fourier 
transform matrix of size 

Id%!@(F) c 3(S))l x ~dh?(q9-) c cqF))l. 

This Fourier transform matrix need not be square as it was in the case when GF 
is split. 

Since we know how to express the Deligne-Lusztig generalized characters R, 
in terms of the R$ we also know how to express the R, in terms of the irreduc- 
ible unipotent characters x&,. 

7.4 Unipotent Characters of Suzuki and Ree Groups 

We now suppose that GF is a Suzuki or Ree group. Thus GF = 2B,(q2) 
where q2 = 22e+1 for some e 3 0 E Z, or GF = ‘G,(q2) where q2 = 32’f’ for 
some e 3 0 E Z. The unipotent characters of GF again fall into families with one 
family for each F-stable special unipotent class of G. 

Suppose we are given an F-stable special unipotent class C of G. Consider 
also the split group GF’ of the same type as CF. Thus GF2 has type B2(q2), G2(q2), 
F4(q2) respectively. There is a family F of unipotent characters of GF2 corre- 
sponding to the special unipotent class C. F can be made to act in a natural way 
on the unipotent characters in this family p. This can perhaps be seen most 
clearly in the context of cuspidal characters as described in $4. Each character 
in F corresponds to a cuspidal unipotent character #J of LT’ for some subset 
J c 17 and an irreducible character II/ of the ramification group W,. 

It turns out that there is a bijective correspondence between unipotent cha- 
racters of GF in the family 9 corresponding to C and F-stable characters of GFZ 
in the family F. We describe the families 9 in the three cases individually. 

GF = 2B,(q2). The partially ordered set of special unipotent classes of B,, to- 

gether with the number of unipotent characters of GF2 = B2(q2) in each corre- 
sponding family, is shown in the diagram 

% 

4 

? 

We consider the F-action on the characters in these families. The middle family 
gives the only non-trivial case. Of the four unipotent characters in this family, 
three are in the principal series and correspond to characters E’, E”, p of W, = W 
when E‘, E“ are the characters of degree 1 other than the unit character and sign 
character and p is the character of degree 2. The other is a cuspidal character. F 
acts on this family by interchanging the characters corresponding to E’ and E” 
and fixing the others. Thus there are two F-stable characters in this family. 

The unipotent characters of GF thus fall into families as shown. Their degrees 
are also given. 

GF = 2G2(q2). The partially ordered set of special unipotent classes of G,, to- 

gether with the number of unipotent characters of GF2 = G2(q2) in each corre- 
sponding family is shown in the diagram. 

9’ 

i 

8 

1 

We consider the F-action on the characters in these families. Again the middle 
family gives the only non-trivial case. Of the 8 characters in this family, 4 are 
cuspidal and 4 are in the principal series. The 4 in the principal series corre- 
spond to characters of W, = W such that two have degree 2 (one of which is 
special) and the other two are the characters of degree 1 other than the unit and 
sign character. F interchanges the latter two unipotent characters and fixes the 
rest. Thus there are 6 F-stable characters in this family. 

The unipotent characters of GF thus fall into families as shown. 
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Al 7 (each twfce) 

GF = 2F2(q2). The partially ordered set of special unipotent classes of F4, 

together with the number of unipotent characters of GF’ = F4(q2) in each corre- 
sponding family is shown in the figure. The action of F on these classes is also 
shown, since this time it is non-trivial. 

We need consider only the 7 F-stable families. Only three of these families give 
a non-trivial F-action. If we take the top family of 4 unipotent characters, three 
are in the principal series and correspond to characters of W of degrees 4, 2, 2. 
The fourth comes from a cuspidal character of a subgroup of type B,. F inter- 
changes the two principal series characters corresponding to characters of W of 
degree 2 and fixes the others. Thus there are two F-stable characters in this 
family. The other family of 4 unipotent characters behaves in an entirely analo- 
gous way. 

There remains the middle family of 21 characters. 11 of these lie in the 
principal series and correspond to characters of W of degrees 12, 9, 9, 1, 1, 4, 4, 
4, 6, 6, 16. The two characters of degree 6 have different generic degree poly- 
nomials. Two of the characters of degree 4 have the same generic degree poly- 
nomial while the third has a different one. F acts on these principal series 
unipotent characters by permuting the two coming from characters of degrees 9, 
1, 4 (with the same generic degree polynomial) and fixing the rest. 3 characters 
in the family come from the Levi subgroup of type B2(q2). This has a unique 
cuspidal unipotent character. Its ramification group W, is isomorphic to W(B,). 
The three characters of W, which appear are the character of degree 2 and the 
two characters of degree 1 other than the unit and sign characters. F permutes 
the latter two characters and fixes the third. Finally there are 7 cuspidal cha- 

racters in the family, all of which are fixed by F. Thus there are altogether 13 
F-stable characters in this family. 

The unipotent characters of GF thus fall into families as shown. 

twice 

twice 

The degrees of the 13 characters in the middle family can be found in Lusztig 
[12] or in Carter [Z]. (We have taken the opportunity to correct here an error 
in the degrees given in [2], where the degrees of the characters in the 2-element 
families were given incorrectly). 

7.5 Cuspidal Unipotent Characters 

Lusztig was able to determine the cuspidal unipotent characters of the 
groups GF by most ingeneous inductive methods. These methods involved 
Harish-Chandra’s description of irreducible characters of GF in terms of cuspidal 
characters of Levi subgroups Ly, as explained in 9 4. If 4 is a cuspidal unipotent 
character of Ly then all the components of 4;: will be unipotent characters of 
CF. Moreover each unipotent character of GF will occur as a component of 48’ 
for some Levi subgroup Lf and some cuspidal unipotent character 4 of LT. The 
classification of the cuspidal unipotent characters together with the analysis 
of the decomposition of the induced characters 4;; was in fact the way the 
unipotent characters of GF were originally obtained. Only then did it become 
evident that they fall into families in a natural way as described in 0 7. 

In this section we describe the cuspidal unipotent characters of GF, together 
with the procedure for determining the decomposition of 4;; for cuspidal uni- 
potent characters 4 of LT. 

We begin with the groups of classical type. A group of type A,(q) has no 
cuspidal unipotent characters. A group of type 2Al(q2) has a cuspidal unipotent 
character if and only if 1 + 1 = &S(S + 1) for some s 3 2. The unipotent classes 
of A, correspond to partitions of 1 + 1, which give the sizes of the Jordan blocks 
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of a canonical representative of the class in the natural representation of degree 
1 + 1. The unique cuspidal unipotent character is associated with the unipotent 
class of G with partition (s, s - 1,. . . , 2, 1). 

A group of type C,(q) has a cuspidal unipotent character if and only if 
1 = s(s + 1) for some s > 1. The unipotent classes of C correspond to partitions 
of 21 in which each odd part has even multiplicity. The parts correspond as 
before to the sizes of the Jordan blocks of a canonical representative. The 
unique cuspidal unipotent character lies in the family associated with the special 
unipotent class of G with partition (2s 2s 2(s - 1) 2(s - 1) 4 4 2 2). 

A group of type B,(q) has a cuspidal unipotent character if and only if 
1 = s(s + 1) for some s 2 1. The unipotent classes of B, correspond to partitions 
of 21 + 1 in which each even part has even multiplicity. The unique cuspidal 
unipotent character lies in the family associated with the special unipotent class 
ofGwithpartition(2s+1,2~+1,2s-1,2s-l,... 3,3,1,1). 

A group of type D,(q) has a cuspidal unipotent character if and only if 1 = s2 
for some even s 3 2. A group of type 2D,(q2) has a cuspidal unipotent character 
if and only if I = s* for some odd s > 3. The unipotent classes of D, correspond 
to partitions of 21 in which each even part has even multiplicity. (Partitions 
whose parts are all even give two classes). The unique cuspidal unipotent char- 
acter of D,(q) or 2D,(q2) lies in the family associated with the special unipotent 
classofG=D,withpartition(2s-1,2s-1,2s-3,2s-3,...3,3,1,1). 

Note that in all these classical groups a special unipotent class carrying a 
cuspidal unipotent character is given by a self-dual partition, so is invariant 
under the duality z on the special unipotent classes described in 0 7.2. 

The same applies in the exceptional groups. Here there can be several 
cuspidal unipotent characters, but they all belong to the same family, and this 
family comes from a self-dual special unipotent class of G. The number of 
cuspidal unipotent characters is as follows: 

G2 4 

F4 7 

EC 2 

E, 13 

3D4 2 

2E6 3 

2B2 2 
2G2 6 
2F4 10 

There is only one self-dual special unipotent class in the exceptional groups G,, 
F4, E,, E,. In Es there are two. The one corresponding to the family containing 
the cuspidal unipotent characters of E,(q) is the one for which A(u) z S,. (This 
is the only unipotent class in all the simple groups for which A(u) 2 S,.) Since 
A(u) = A(u) in this case there are 39 unipotent characters of E,(q) in the asso- 
ciated family, 13 of which are cuspidal. 

Now suppose that 4 is a cuspidal unipotent character of a Levi subgroup LT 
of CF. We consider the decomposition of the induced character 4;;. According 
to the Howlett-Lehrer theory discussed in $4 the endomorphism algebra End 
(4:;) has dimension 1 W,l where W, is the ramilication group. When 4 is a 
cuspidal unipotent character of L,F the theory is simpler than in the general case. 
W, is then independent of 4 and is a Coxeter group which has one Coxeter 
generator for each F-orbit on 17 - J. The type of the Coxeter group W, can be 
readily determined. The endomorphism algebra of 4:; is isomorphic to the 
group algebra of W, and so the irreducible components of the induced module 
&$ correspond to irreducible characters of W,. 

We now explain how to determine the degree of the irreducible component of 
4;; corresponding to the irreducible character $ of W,. Given $ E GO there is a 
generic degree function DJt,) in (possibly) several variables. We introduce one 
variable t, for each Coxeter generator s, of W,, but write t, = t, if s,, s, are 
conjugate in W,. DJtJ is defined by Benson and Curtis in [l]. It is not in 
general a polynomial. Its significance is that the principal series unipotent char- 
acter of any finite group of Lie type with Weyl group W, has degree obtained 
from DJt,) by replacing the t, by suitable parameters, which give the orders of 
the root subgroups corresponding to the Coxeter generators s,. 

The degree of the irreducible component xti E 6” of 4;: corresponding to 
$ E CO is given as follows. We have 

khf lb Cl 
Here the pa are the parameters defined in $4.2 corresponding to the Coxeter 
generators s, of W,, and p, is defined as the product of the pa corresponding to 
the s, in a reduced expression for w E W,. 

The most convenient way of determining these parameters pa is as follows. 
We recall that all the cuspidal unipotent characters of I,: lie in the same family, 
which corresponds to a family of irreducible characters of the Weyl group WJF 
which we shall call the cuspidal family. We choose a Coxeter generators, of W,. 
This corresponds to an F-orbit on 17 - J. Let I be the union of J with this 
F-orbit. Then we have 

WJF c w,“‘ c w” 

For each character 5 E 6” in the cuspidal family we form the character 

of W,F, as in 9 5.2. This turns out to be an irreducible character of W,F for all such 
4. We then define ,?(a) by 

where F is the sign character of WIF and a is the function defined in $5.2. l,(r) 
turns out to be independent of the choice of t in the cuspidal family. The 
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required parameter pa is then given by 

p, = p. 

In this way the degrees of all unipotent characters of GF can be determined from 
a knowledge of the degrees of the cuspidal unipotent characters of the Levi 
subgroups LT. 

fj 8. The Generalisation to Non-Unipotent Characters 

The results described in 97 about unipotent characters of GF and the tech- 
niques used to obtain them can be generalized to obtain information about 
arbitrary characters of GF. This was achieved by Lusztig in his book [12]. In 
explaining Lusztig’s methods we shall assume that F is a standard Frobenius 
map, so that GF is not a Suzuki or Ree group. 

8.1 Locally Constant Sheaves on the Deligne-Lusztig Variety 

Information about the unipotent characters of GF was obtained by consider- 
ing local and global intersection cohomology on Xw where X, is a Deligne- 
Lusztig variety. X, is an open dense subset of its closure X,,,. Beilinson, Bern- 
stein and Deligne [l] generalized the concept of intersection cohomology so 
that one can define local and global intersection cohomology groups on x, 
for each locally constant I-adic sheaf on X,. These more general intersection 
cohomology groups are what is needed to understand the arbitrary irreducible 
characters of GF. We therefore begin by describing certain locally constant 
l-adic sheaves on X,. 

Let T be an F-stable maximal torus of G obtained from a maximally split 
torus TO by twisting by w E W. Thus T = “To where x-IF(x) = ti E IV,, = &(T,). 
Let X be the character group of T and X, the character group of To. Each 
element of X gives rise to a linear character of T so, by restriction, a linear 
character of TF. Each linear character of TF arises in this way, thus we have a 
surjective homomorphism X + T AF. The kernel is (F - 1)X, and we therefore 
have 

f” z X/(F - 1)X 

We now consider the map 

F- l:X@Q,,+X@l&,. 

This map is bijective. The image of X is (F - 1)X and the image of (F - l)-‘X 
is X. Thus we have 

TF z X/(F - 1)X g (F - 1))‘X/X. 

We now relate these groups to the maximally split torus To and its character 

group X,. The map F: X -+ X corresponds under the conjugation map from X 
to X, to the map F 0 w-l: X0 + X,. Thus we have 

(F - l)-‘X/X N (Fw-’ - 1))‘X,/X,. 

Let lo E (Fw-’ - l)-‘X,. Then Fw-‘(i,,) - co E X,. Write [ = w-‘(&J. Then 
F(c) - w(c) E X,. Thus 5 E (F - wl)-‘X,. It follows that 

(Fw-’ - l)-‘X,/X, E (F - wl)-‘X,/X,. 

Putting these various isomorphisms together we have 

f” z (F - wl)-‘X,/X,. 

Each element [ E X, 0 U&,, such that F(c) - w(i) E X, gives rise to a character 
0 E FF, and two elements cl, c2 of this kind give the same character 0 E f” if and 
only if cl - c2 E X,. Each element < E X, @ Q,, with F(i) - w(i) E X, will be 
uniquely expressible in the form 

(I = E./n n 2 1 E Z, A EXO 

where n is as small as possible. Then the conditions 

i E x0 

n=l 

Q=l 

are all equivalent. In general the character 0 E f” determined by [ will have the 
property that Q(t) E p,, for all t E TF, where pn = (1, E K*; A” = l}. 

Now let Be be an F-stable Bore1 subgroup of G containing To and B = xB,. 
Let U, = R,(B,) and U = R,(B). Then we have 

I3 = UT F(B) = F(U)T 

Let X, be the Deligne-Lusztig variety corresponding to w E W. We recall from 
$6.3 that 

X, g L-‘(F(U))/(U n F(U))TF. 

Let r?, be the quotient variety L-‘(F(U))/(U n F(U)). Then TF acts on r?,,, in 
such a way that the TF-orbits form a quotient variety z?,/TF, and we have 

r?,ITF E X,. 

Let [ E X, @ Qp, satisfy F(i) - w(i) E X, and let /3 = O(i) E f” be the corre- 
sponding character of TF. If [ = i/n as above then /3 is a homomorphism from 
TF into I*,,. We choose an injective homomorphism I++: K* -+ @. $ restricts to a 
homomorphism from II, into t@ and so $ o /3 is an l-adic character of TF. This 
character of TF gives rise to a locally constant sheaf S,(i) on X, as follows. 

The finite torus TF acts on the product variety 2, x lL, by 

(g,t) 7 (st-‘7 Q(t)0 t E TF 

and the orbits form a quotient variety (2, x p,J/T”. p, acts on this quotient 
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variety by 

kht); (93 to10 to E P”, 

and the orbits form a variety isomorphic to X,. The orbit containing (g, 5) 
corresponds to the image of g under the map 

We consider the morphism of varieties 

(k x /41TF -+ Xw 

defined in this way. The direct image of the constant sheaf @, on (2, x p,)/T” 
under this morphism is a locally constant @,-sheaf on X, which admits an 
action of 11,. It decomposes into a direct sum of @,-sheaves of rank 1 corre- 
sponding to the characters pL, -+ @ of ,u~. We take the component correspond- 
ing to the character $ of /A,, given by our fixed embedding of K* in @. This 
locally constant @,-sheaf over X, will be called S,([). As, will be called a local 
system on X,. 

8.2 Intersection Cohomology with Locally Constant Coeffkients 

We now explain how to generalize the definition of the intersection cohomo- 
logy complex given in 0 6.1 so that its coefficients lie in a locally constant sheaf. 
Let X be an algebraic variety over K = EP and 1 be a prime different from p. Let 
d = dim X. Let X, be a dense open subset of X such that X, is a non-singular 
irreducible variety. Let S be a locally constant sheaf of @,-vector spaces of finite 
dimension over X,. 

Let Db(X) be the bounded derived category of X. It was shown by Beilinson, 
Bernstein and Deligne [l] that there is a unique element IC’(X, S) of oh(X) 
satisfying the following conditions. These conditions can be conveniently stated 
in terms of the dzh shift 

(F’) = IC’(X, S) [d] 

of IC’(X, S). (This means that the degree of each term in this complex is 
increased by d, but that the complex is otherwise unaltered). The element 
(F’) E Db(X) is uniquely determined by the conditions: 

(i) F’ is constructible 
(ii) dim(supp H’(F’)) < --i when i # -d. 
(iii) dim(supp H’(D(F’))) < -i when i # -d 
(iv) HpdF’) Ix,, is equivalent to the complex 

‘~~-ro-+s+o+o+~~~ 

where S appears in degree 0. 

(4 H-dW’)lxo is equivalent to the complex 

~~~-Fo+s*+o-i~~~ 

where S* appears in degree 0. 

Here D is the Verdier duality operator on Db(X) and S* is the dual of the locally 
constant sheaf S on X,. 

The intersection cohomology complex IC’(X, S) defined in this way has 
cohomology sheaves 

IH’(X, S) = H’(IC’(X, S)) 

which are called the intersection cohomology sheaves on X with coefficients in 
S. IH’(X, S) = 0 if i < 0. Moreover IH’(X, S), when restricted to X0, is equiva- 
lent to 

-+o-*s~o+~~~ 

where S appears in degree 0. The stalks of these sheaves lH’(X, S), for x E X are 
called the local intersection cohomology groups of X with coefficients in S. The 
hypercohomology groups 

lH’(X, S) = IH’(X, IC’(X, S)) 

are Q,-vector spaces called the global intersection cohomology groups of X with 
coefficients in S. 

8.3 Application to the Deligne-Lusztig Variety 

We recall from 5 6.3 that the Deligne-Lusztig generalized character R,, 1 can 
be given by 

RT, l(s) = c (- lJi trace(g, %K,, @,I), g E GF. 

Thus R,, 1 can be expressed in terms of the l-adic cohomology of the Deligne- 
Lusztig variety. Now let [ E X0 0 Q,, satisfy F(i) - w(c) E X0 and let 0 E f” be 
the character determined by 5 as in 3 7.1. Then we have a locally constant sheaf 
S,(i) on X, and can form l-adic cohomology groups Hj(X,, S,(i)) with coeffi- 
cients in S,(i). These @,-vector spaces are GF-modules. The Deligne-Lusztig 
generalized characters R,,, can then be given by 

&,dd = T (- lli traceh f&L %ii))). 

Thus arbitrary Deligne-Lusztig characters can be described in terms of I-adic 
cohomology of the Deligne-Lusztig variety with coefficients in a locally con- 
stant sheaf of rank 1. 

We shall write R,,, for this generalized character of GF. Thus 

R r,i = T (- l)‘Hj(X,, S,(c)) = R,,,. 
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R,,, is the analogue in this more general situation of the generalized character 
R, considered earlier. Our aim is to describe how the generalized characters 
R,,, decompose into irreducible components. 

We shall assume fir the remainder of this chapter that the centre Z of G is 
connected. This assumption simplifies the situation considerably. We shall dis- 
cuss subsequently the situation when Z is not connected. 

We note that the generalized character R,,, is defined whenever 
F(i) - w(c) E X,. We therefore define Z(c) by 

Z(5) = {w E w; fx) - w(i) E x0> 

Z(c) is not in general a subgroup of W. However it is a union of cosets of W with 
respect to the subgroup W(i) defined by 

W(i) = {w E w; w(i) - i E X,}. 

For we have 

Under our assumption that the centre of G is connected we can say much 
more about the situation. For W(c) is then a Coxeter group and Z(5) is a left 
coset of W(r) in W. Moreover Z(i) has a unique element of minimal length, 
which we shall call wi. Hence each element w E Z(l) can be expressed uniquely 
in the form 

w = WIW’ w’ E W(5). 

The geometric conjugacy classes described in $3.4 can be given in terms of 
our present viewpoint as follows. We recall that the geometric conjugacy classes 
are parametrized by the F-stable W-orbits on X, @ (l&/Z. For a given element 
[ E X0 0 QP, we see that Z(c) is non-empty if and only if F(c) - w(i) E X, for 
some w E W, and this is equivalent to the condition that the W-orbit of < in 

is F-stable. ([ -+ 4 is the natural homomorphism). Thus each { E X0 0 Q,, with 
Z(i) # 0 gives rise to a geometric conjugacy class of GF, and ii, c2 give rise to 
the same geometric conjugacy class if and only if there exists w E W with 

t2 E w(il) mod X,. 

The irreducible characters of GF in the geometric conjugacy class given by < are 
the components of the various generalized characters R,,, for w E Z(i). We shall 
denote by S(c) the geometric conjugacy class determined by [, when Z(c) # 0. 

In order to determine the decomposition of R,,, into irreducible components 
it is again necessary to pass from I-adic cohomology to 1-adic intersection 
cohomology. Thus we shall describe the local and global I-adic intersection 
cohomology groups of X,,, with coefficients in the locally constant sheaf S,([) on 
X,. We begin with the local intesection cohomology. We have local intersection 
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cohomology groups 

wx,, %k3), x E x, 

defined as in 9 8.2. We recall that X, is the disjoint union of subsets X, for y d w. 
So we consider 

WX,~ Rm),,? Py E xy. 

This is independent of the choice of pY E X,. It is zero unless y E Z(c). The 
dimensions of these local intersection cohomology groups can be described in 
terms of the Kazhdan-Lusztig polynomials for the Coxeter group W(c). Let 7 be 
the length function on W(c) and I the length function on W. Given y, w E Z(c) 
with y 6 w we write 

w=wlw’ W’E W(i) 

Y = WlY’ Y’ E WI 

and we then have y’ d w’, and 

T(w,) - T(yr) < l(w) - l(y). 

The following formula describes the dimensions of the local intersection co- 
homology groups. 

iFo dim IH2’(Xw, SW([))Pyti = t 1/2[(l(w)-f(Y))-(i(w’)-i(Y’))ip Y,, Id(t) 
I 

IH2’+‘(~~, S,(i)),, = 0 for all i. 

The result is therefore similar to the earlier case when [ = 0, except that W is 
replaced by W(c) and the Kazhdan-Lusztig polynomials are multiplied by a 
certain power oft. 

We now consider the global intersection cohomology groups 

WL UO) 

We define lR,,, by 

k,, = c (- m-ww, %(O). 

As before we wish to relate the generalized characters R,,,, IR,,, coming from 
ordinary I-adic cohomology and l-adic intersection cohomology respectively. 
Using the above information about local intersection cohomology one can 
show 

where y, w E Z(i) satisfy y = wiy’, w = w1 w’. 
It is also possible to find a ‘generic version’ of this formula, similar to those 

in 96.4 and $7.3. This generic version involves an extension of the Coxeter 
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group W(c). If w’ E W(c) then F(w, w’w;‘) E W(i) also, since 

F(w, w’w;‘).[ = F-‘w, w’w;‘F[ 

= F-‘w, w’[ mod X, 

= F-‘w,[ mod X, 

= [ mod X,. 

Let y: W(c) + W(c) be defined by 

y(w’) = F(w, w’w;‘). 

Then y is an automorphism of W(c) and transforms-into itself the natural 
system of Coxeter generators of W(c). We then define W(i) to be the semi-direct 
product of W(c) by an infinite cyclic group (y) such that 

YW’y-l = y(w’) w’ E W(i). 

Let c be the order of the automorphism y: W(S) + W(i). We consider the set of 
irreducible representations of W(i) over Q which can be extended to irreducible 

representations of Wy[). This set will be denoted by WT[),,. Each such represen- 
tation can be extended to an irreducible representation of Wy[) over Q which 
has yc in the kernel. In fact there are just two such extensions, one of which can 
be obtained from the other by changing the sign of the matrix representing y. 

For each extendable character 4 E W?),, with extension I$ of the above type 
we define a class function RJ,[ on GF given by 

These class functions play the role of the ‘almost characters’ in this situation. We 
have 

R w,w’,< = 1 &w’)Rj,~ 
4 E wk’,, 

We note that yw’ and yy’ (w’, y’ E W(c)) are conjugate in Wy[) if and only if 

y’ = xplw’y(x) for some x E W(i) 

which in turn implies that w1 w’, wly’ are F-conjugate by an element of W(c), so 
that 

R -R w*w’,: - W,Y’,i’ 

We extend the length function from W(c) to Wy[) by defining 

I(#w’) = T(w!) w’ E W(i). 

We then define an extended generic Hecke algebra-i? with basis T,, w E Wy[), 
as in $7.3. Each extendable representation 4 E W(i),, gives rise to a corre- 
sponding representation & of fi. 

The generic identity we require is now given as follows. Let [ E X, Q U&, 
satisfy Z(c) # a. Let w E Z(c) and w = wl w’ with w’ E W(c). Then we have 

T (- l)‘M’(X,, Sw(c))ti” = t1’2(f(w’-i(w”’ 1 P,,,,.(t) c cjt(T,,,)Ra,i. 
Y’ E W(C) 
y’<w’ de WK’ex 

We note that this differs from the analogous formula in 4 7.3 for constant coeff- 
cients in the following respects. The Weyl group W is replaced by the Coxeter 
group W(l), the F-action on W is replaced by the y-action on W(c), and an 
additional power oft appears on the right hand side. 

This identity can be used to show that certain combinations of the almost 
characters Rd,< give actual characters of GF. One can show that &(T,,,) is 
divisible by at least t’i2(r(w”-ad’, w’ E W(i), and we define constants cy,,,,,~ by 

&T,,,) = (- l)i(w”cyw,,dt1i2(i(w”-~~’ + higher powers of t1j2. 

Then we have,c,w,,i E Z. Using these leading coefficients we define a class func- 
tion a,,, on W(i) by 

summed over all irreducible (Q Wy[)-modules 6 with kernel containing y’ whose 
restriction to W(c) is irreducible. 

Let &,,. be the corresponding class function on GF given by 

1 
R 

aw’ 
= ~ c ayw4w’Wwly~,~ 

I W(i) I Y’ E W(i’ 

A 
c 

Then it was shown by Lusztig that, for each w’ E W(i), Ray_, is either 0 or 
(- l)‘(wl)R,I_, is an actual character of CF. By considering these characters, not 
themselves irreducible in general, Lusztig was able to determine the irreducible 
components of the generalized characters R,,,. 

These components all lie in the geometric conjugacy class 6’(c). &([) can 
equally well be described in terms of the global intersection cohomology mod- 
ules M’(X,, S,(i)). a([) consists of all irreducible GF-modules which arise as 
components of M’(x,,,, S,(c)) for all i and all w E Z(i). 

8.4 Parametrisation of the Irreducible Characters of GF 

We now describe how the irreducible characters of GF in the geometric 
conjugacy class &(i) can be parametrised. We shall obtain a generalisation of 
the situation discussed in $7.3 when we considered unipotent characters, i.e. 
characters in the geometric conjugacy class &Y(O). 
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As in the special case of unipotent characters, the characters of GF in the 
geometric conjugacy class a(i) fall into families. There is one family of 
characters in 6’(c) for each y-stable family of irreducible characters of W(i). 

Suppose the Coxeter group IV([) decomposes as 

Wi) = W,(i) x w,(i) x . . . x w,(i) 

into a direct product of indecomposable Coxeter groups. We recall from $5.1 
and 6 5.2 how the irreducible characters of an indecomposable Coxeter group 
fall into families. The families of characters of IV([) have the form 

9 = Fl x P2 x ‘.. x 3$ 

where Pi is a family of characters of w(r). 
We next consider the action of y on IV([). The automorphism y permutes the 

indecomposable factors of IV([). Let 

W(Q = W(()“’ x w([)‘2’ x ... x W([)“’ 

where each IV([)“’ is a direct product of irreducible components I+$([) in a 
y-orbit. Thus y acts on each factor IV([)“‘. Let 

p- = @l) x p) x . . . x $m 

where F(i) is the product of the ~j for the components II$iy) of IV([)“‘. Then 9 
is y-stable if and only if each F(i) is y-stable. 

For each family 9 of characters of IV([) we define a corresponding group 

g(W by 

9qF) = q&) x ... x q&) 

where the Y(Fi) are defined as in 9 7.1 and 9 7.2. For each y-stable family 9 we 
also define a group g(9). We have 

B(S) = 2?(F) (5) 

where (5) is an infinite cyclic group such that 5 induces a certain automorphism 
on 99(F) by conjugation. This automorphism can be described as follows. 

If 9 = F--(l) x ... x @‘I then we have 

2?(P) r %i(F(“) x ... x qsq 

and the automorphism on 9’(R) is determined by the corresponding auto- 
morphism on each factor %(9@‘). We may therefore assume that y acts transi- 
tively on the indecomposable components w(c) of W(c). In fact we may choose 
the numbering so that 

YwlK)) = w,(i)> Yvui)) = K(r), . . .2 Yuwi)) = W,(i) 

The indecomposable Coxeter groups w(c) i = 1, . . . , k are thus all isomorphic. 
Let 9 be a y-stable family of characters of W(c). Then F = & x ... x 9k 

where 
Ywl) = 572, y(P2) = 93 y(9g = 91. 

There will be corresponding isomorphisms 

The automorphism induced on g(9) 2 9?(9i) x ... x 9’(&) by r is then given 

by 
5(Sl, 922 ...? g/K1 = MY,)> Ykll)? ...? Yklk-1)). 

(In the special case k = 1 y acts trivially on 9(F)). 
Having defined groups 9(P) c $9) for each y-stable family of irreducible 

characters of IV([) we can now describe how the characters of GF in the geomet- 
ric conjugacy class G(c) can be parametrised. We define a set 

2(q9=) c Gy)) 

as follows. .z is the set of pairs (x, 5) where x E %‘(P)g and ?? E g;,,,(x) is an 
irreducible character of %?9c9)(x) which is the restriction of some irreducible 
character of V+(,-,(x) whose kernel has finite index. These pairs (x, 5) are taken 
modulo the equivalence relation 

(x, a) - (qxq-‘, a”) q E 3(F). 

The irreducible characters of GF in the family 9 are parametrised by this set 
2(9(F) c g(F)). The character corresponding to (x, 5) will be denoted by 
g;,, E 6”. 

We now consider how these irreducible characters x$, in 6?(l) are related to 
the almost characters RJ,; defined in 0 8.3. We define a set 

JiY(q9) c +7(F)) 

as follows. JZ’ is the set of pairs (y, r) where y E 9(Y) satisfies Vg(,-,(y) n g(F)5 
is non-empty and r E g+(,-,(y) is an irreducible character of %+(,,-,(y) whose 
kernel has finite index and which remains irreducible on restriction to Cc,,,,(y). 
These pairs (y, r) are taken modulo the equivalence 

(Y, 4 Iv kYK’, r”) 9 E Jm. 

In contrast to the set 2 defined above, &Z is an infinite set. However 4!’ 
admits an action of the group M of roots of unity in @, such that the set of 
M-orbits on .4z’ is finite of cardinality 121. If a E @, is a root of unity and 
(y, r) E .&! then (y, z @ E,) E J+! also, where E, is the l-dimensional represen- 
tation of V@(,-,(y) which has ggcis,(y) in the kernel and takes value !.x on 

%( F,(Y) f-l %mt. 
As before we define a map 

&2(%(F) c G&F)) x A!(qF)) c 3(P)) + aj, 

(x, 3 (Y> 4 + i(x, 33 (Y? 91 
by 

{(x, 3, (Y, 4) = l l 1 %ygP)r(g-‘xg) 
I%(.& I%C.F,b)I 9cY(B) 

Ix,gYg-‘I=1 
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We note that the right hand side is well defined since gyg-’ E %9(,PJx) and 
g-‘w E %(F)(Y). 

We recall that Wy[) is the semidirect product of W(c) by an infinite cyclic 
group (y) such that 

ywy1 = YW w’ E W(i). 

Let 9 be the set of irreducible characters of Wy[) whose kernel has finite index 
and which, on restriction to W(i), give an irreducible character in the y-stable 
family 9. Lusztig defines an injective map 

3 + Aqqzq c 4(F)) 

which is described case by case when W(i) is irreducible and is extended in a 
natural way to arbitrary W(i). This map, which will be denoted by 

4 -+ (Y& q) 

has the property that 

Qi = (- l)‘(““) (x ;TE,z ((~3 $7 (~$2 7cj)14&)&, 

where A&&,,) = i 1. This formula expresses the almost characters R$,< in 
terms of the irreducible characters in the geometric conjugacy class &([). The 
signs A(x~:,~)) are defined as follows. If 9 = F(l) x . . . x @*) as above then 

&I$)) = ag;ti,,) . . . &x($,,) 

in an obvious notation. If y acts transitively on the components W,(i), . . . , W,(i) 
of W(l) then there is a natural bijection between 

2(%(F) c g(S)) and %(%(gi) c @P-i)) 

defined with respect to the automorphism y“: W’,(c) + I+‘,([). Then A is defined 
on x(9(9) c g(9)) to be the same as A defined on s(9?(F1) c $Fi)). This 
reduces the definition of A to the case of irreducible W(c), where it was defined 
in 0 7.3. 

Having expressed the almost characters R$,< in terms of the irreducible cha- 
racters x($, we would like to invert the equations to express the xi:,;,, in terms 
of the almost characters. However we have not in general got sufficient almost 
characters RJ,~ to invert the equations. We therefore define Rcy,*) for each 
(y, 7) E &(9(F) c $9)) by the formula 

R (y,r) = (- l)l(Wl) & .~ i(x> 3, (~7 7)kf(x&&,z,, 

Then 4y.r) is a class function on GF and we have 

R,Y&‘,j, = R&i 

Thus we now have a family of class functions Rcy,rJ containing the almost 
characters Rd,[, Since A is infinite we have infinitely many Rcy,rj’~. However 

(y, 7)‘s in the same equivalence class of A! under the action of the group of roots 
of unity give Rcy,rj ‘s which are scalar multiples of one another. If we take one 
(y, 7) from each equivalence class on A? we obtain a set of class functions Rcy,rJ 
of cardinality IJz/. These class functions satisfy orthogonality relations 

(R (Y,T)) 4Y.d = 1 

CR (Y,rj, R,,,,,,,) = 0 (Y, 7) Z (Y’, 7’). 
We may now invert the equations expressing the R(,,,, in terms of the J$&~. We 
then obtain 

summed over a set (y, 7) of equivalence class representatives of &(9(F) c $9)). 
Now the class functions Rty,rJ for which (y, 7) does not have the form (y~,74) 

for some $ are orthogonal to all uniform functions on GF. In particular they take 
value 0 on all semisimple elements of GF. Thus we have, for each semisimple 
element s E GF, 

A(&+,)&+) = (- I)@“,) ( g) 1(x> 3, (~4, 7+d&,&) 
E 7 ox 

Since the values of the almost characters RJ,<(s) are known we have obtained a 
formula for the values of the irreducible characters &, at all semisimple 
elements of GF. 

8.5 The Jordan Decomposition of Characters 

We shall continue to assume that G has connected centre and that F: G + G 
is a standard Frobenius map. Let G* be the dual group of G and F*: G* + G* 
a Frobenius map dual to F: G + G. We recall from 9 3.4 that there is a l-l 
correspondence between geometric conjugacy classes of GF and F*-stable semi- 
simple classes of G*. This correspondence arises as follows. Each geometric 
conjugacy class of GF corresponds to an F-stable W-orbit on X, 0 U&/Z. Each 
F*-stable semisimple class of G* corresponds to an F*-stable W*-orbit on 
Y,* 0 QP,/Z. Since G, G* are dual groups there is an isomorphism X0 -+ Yz 
such that the W-action on X, corresponds to the W*-action on YO* and the 
F-action on X, corresponds to the F*-action on Y$. The F-l-action on W then 
corresponds to the F*-action on W*. (See Carter [2], p. 115). 

Suppose we are given a geometric conjugacy class 8(l) of GF. This comes 
from an element c E X, @ @a, which gives rise to an element 4 E X0 0 Q,,/iZ 
which lies in an F-stable W-orbit. This is because F(i) = w,(c). Suppose 
so* E Y$ 0 (l&+/Z! corresponds to 4 under the above duality. Then, since 
Y: 0 Q,,/iZ can be identified with the maximal torus T$ of G*, we have 
so* E T,*. so* will not in general be F*-stable since we have 

F*(s,*) = wl (s;). 

(We identify W with W*). 
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We require an F*-stable element s* conjugate to so*. This may be obtained as 
follows. Let N$ = Jv&(T,) and let +, E N,* map to w1 E W*. By the Lang- 
Steinberg theorem there exists x* E G* such that 

Wl 
.-lzx*-l * F (x*). 

Let s* = x*$x*-‘. Then we have 

F*(s*) = F*(x*)F*(s;)F*(x*-‘) = x*ti;‘(w,(~g*))ti~x*-1 = x*$x*+ = s*. 

Thus s* is the required F*-stable conjugate of so*. 
Let C* = cec.(s*). Then C* is a connected reductive F*-stable subgroup of 

G*. We consider the Weyl group W(C*) and the action of F* on W(C*). 
Now W(C*) is isomorphic to W(Ce,,(sX)) = {w E W*; w(sg) = so*}. Under 

the identification between W and W* this corresponds to the subgroup 
{w E W; w(c) = c} and th is is the group W(c). Thus W(C*) is isomorphic to 
W(i). Also F* acts on W(C*) as w;’ 0 F* acts on W(C,,(s,*)), i.e. as w;’ 0 F-’ 
acts on W(i). Also we have 

y((w;’ 0 F-’ )w’) = y(w;‘F-‘(w’)w,) = w’, w’ E W(i). 

Thus W* acts on W(C*) as yP1 acts on W(c). (The replacement of y by y-l makes 
no difference to the character theory, since there is a graph automorphism of 
W(i) which maps y to y-l.) 

We shall now compare the irreducible characters of GF in the geometric 
conjugacy class &([) with the unipotent characters of C*F’. The characters in 
6’(i) full into families, one for each y-stable family of irreducible characters of 
W(5). The unipotent characters of C*F* fall into families, one for each F*-stable 
family of irreducible characters of W(C*). Thus we have a bijection between 
families of characters in a([) and families of unipotent characters of C*F*. 

We consider how corresponding families are related. Suppose 9 c a([) cor- 
responds to the family B* of unipotent characters of C*F*. The characters in 9 
are parametrised by the set 

2(Y(9) c 3(F)) 

and the characters in 9* are parametrised by the set 

2(qF*) c &F*)). 

Moreover we have isomorphisms 

Fq8) E qF*) i?(T) E 4(9-*) 

and we have a natural bijection 

2(3(9) c G?(F)) + 2(qF*) c ii&F*)). 

This in turn gives a bijection 

9 * 
x;:, 0) -+ X(x, a) 

between characters of GF in a([) and unipotent characters of C*F*. 

We compare the degrees of corresponding characters. We have 

and 

Similarly we have 

and 
1 

R4(1) = I w(c*)l dEW(C’) 
~ c &F*w’)R,(l). 

We use the above isomorphisms to compare the terms in the corresponding 
formulae. We have 

4X&7)) = 4x&) 

&yw’) = &F*w’) 

and {(x, i?), (~4, zd)} has the same value in both formulae. We also have 

R w,d,~U) = (- 1) ‘(wlw’)lGFlp,/l T;,,,I 

R,,(l) = (- l)i(w’)lC*F*IP,/I T$‘*l 

Now we have 

I TZ,w,I = Idetxo(F - wlw’)I 
IT:‘*1 = Idetr6.(F* - w’)l 

where Yd* = Y(T’,*) and Td* is a maximally split torus of C*. Let T$ be the 
maximally split torus of G* corresponding to To c G and let Y: = Y(T$). Then 
F* acts on Yd* as w ;’ o F* acts on YO*. Hence we have 

IT:‘*1 = Idetr;(w;‘F* - w’)l = ldet,$(F* - wlw’)I. 

It follows that 

1 T,J = I T$‘*l. 

Using the additional facts 

(_ l)hW’) = (_ l)NWl)( _ 1)““” 

C-1) icw = ( _ 1 yw 

to compare signs, we obtain 

I GFI,, x&(f) = xg?,u- IC*F*I,e 
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Now lGFl = IG*F*l and IG*F’: C*F*Ip, is the degree of the semisimple character 
in the geometric conjugacy class S(i), as explained in 9 3.7. Thus we have 

x&(l) = x($,U)x&,(l) 
where x&, is the semisimple character in &([). 

The Jordan decomposition for irreducible characters of GF may therefore 
be stated as follows. Let x be an irreducible character of CF. Let &([) be 
the geometric conjugacy class of characters of GF in which x lies. Let xs be the 
semisimple character of GF in &Y(c). &([) determines an F*-stable semisimple 
conjugacy class in the dual group G*. Let s* be an F*-stable element in this 
class and let C* = C,,(s*). C* is a connected reductive subgroup of G* with 
Frobenius map F*. Then there is a unipotent character x,, of C*F* determined 
by 1. Thus x determines a semisimple character xs of GF and a unipotent 
character x,, of C*F* such that 

The map I+ (I,, x,) is called the Jordan decomposition of x. 
The map x + (x,, 1,) may not be uniquely determined by the group CF. 

xs is uniquely determined by x but there may be some room for choice in 1”. This 
is because there is a limited degree of flexibility in the way the characters in a 
given family are parametrised. 

5 9. Relations Between Characters 
and Conjugacy Classes 

We shall now describe the connection between the irreducible characters of 
GF and the conjugacy classes in the dual group G*. 

9.1 Special Conjugacy Classes 

We assume as before that the centre Z(G) is connected. We also assume that 
p is a good prime for G. We recall from 9 8 that the irreducible characters of GF 
fall into families and that, for each family F of irreducible characters, there are 
groups 

Y(P) c 5(3) 

such that Y(9) is normal in g(Y), Y(9) is finite, and $?(9)/9(3) is isomorphic 
to Z. The characters in the family 9 are parametrised by the elements of the set 

2(q5) c d(F)) 
defined in 0 8.4. 

Now the groups 9(F), g(9) can be defined in terms of the dual group G*. 
Let (g*) be a conjugacy class in G* and g* = s*u* be the Jordan decomposition 
of g*. Then u* E C,,(s*). The conjugacy class (g*) is called special if (u*) is a 
special unipotent class in C,,(s*). There is then a bijective correspondence 
between families of irreducible characters of GF and F*-stable special conjugacy 
classes of G*. Under this correspondence the families in the geometric conjugacy 
class 6?(i) correspond to the F*-stable special conjugacy classes of G* whose 
semisimple part lies in the F*-stable semisimple class of G* corresponding 
to the geometric conjugacy class &([). In particular the families of unipotent 
characters of GF correspond to the F*-stable special unipotent classes of G*. 
(This is closely related to the correspondence described in $7.2 between uni- 
potent characters of GF and special unipotent classes of G* when GF is split, 
since special unipotent classes in G, G* are in l-l correspondence with each 
other, both corresponding to special characters of the Weyl group). 

We shall now describe how, given an F*-stable special conjugacy class (g*) of 
G*, we can define groups 

A,*(g*) c T$*(g*) 

where A,&*) = Y(.P), A,&*) = g(S) and 9 is the family of characters of GF 
corresponding to (y*). 

Let S* = %&*(s*) where y* = s*u*. Th en S* is a connected reductive group 
containing u*. We define the finite group As*(u*) as in 0 7.2. This group is acted 
on by F*. We define A&U*) by 

is*(u*) = &*(u*).(t) 

where 4 has infinite order and [a<-’ = F*(a) for all 5 E As*(u*). We finally 
define 

&*(g*) = A&u*), i&*(g*) = Zs*(u*). 

These are the required groups associated with the given F*-stable special con- 
jugacy class of G*. The irreducible characters of GF in the family corresponding 
to this class (g*) are parametrised by elements of the set 

-- 
AqA,*(g*) c &*(q*)). 

Further information about this correspondence between families of irreduc- 
ible characters of GF and F*-stable special conjugacy classes of G* can be found 
in Lusztig’s book. 1123. 

9.2 The Case When Z(G) Is Not Connected 

We now suppose that Z = Z(G) is not necessarily connected. This means that 
in the dual group G* centralizers of semisimple elements need not be connected. 
Each F*-stable semisimple class of G* will contain F*-stable elements, but these 
may split into several G*F* -conjugacy classes. These are lZ”/q’F*-stable semi- 
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simple classes of G *, but the number of semisimple classes in G*F* is not in 
general given by any such simple formula. 

We may as before define an equivalence relation on the set of irreducible 
characters of GF. Two irreducible characters x, 1’ of GF are called equivalent if 
there exists a sequence x1, x2, . . . , x’ of irreducible characters such that x = x1, 
x’ = x’ and for each i xi, xi+i are components of a common Deligne-Lusztig 
generalized character R,,,. The equivalence classes of irreducible characters of 
GF then correspond to the semisimple conjugacy classes of G*F*. 

Let s* be a semisimple element of G*F*, and let (@)s* be the corresponding 
equivalence class of characters of GF. We shall explain how (GF)s* can be 
parametrised. 

Let M = C,.(s*). M will not in general be connected. Let ((M”)F*)U be the set 
of unipotent characters of (M”)F*. This set is known from our previous discus- 
sion. We shall compare the sets (GF)s* and ((M”)F*),. 

Now F acts on the finite group Z/Z0 and we denote by (Z/Z”), the largest 
quotient of Z/Z0 on which F acts trivially. It is possible to define an action of 
(Z/Z’), on (GF)s* as follows. 

Let G,, be the adjoint group of the same type as G. Then we have a homo- 
morphism rc: G + God, and rr(GF) is a subgroup of G$. For each g E G,“d we 
choose an element Q E G such that rc(d) = g. Then g-‘F(g) E Z. The element of 
the quotient (Z/Z’), determined by g-‘F(g) is independent of the choice of 4. 
Thus we have a map 

GaFd + (z/z” )F 

which is surjective by the Lang-Steinberg theorem. This is a homomorphism 
and its kernel is rc(G”). Thus we have an isomorphism 

G,F,/n(GF) E (Z/Z’),. 

Now G,$ acts on GF by x + 4x4- 1 for g E G,F,, x E GF. This induces an action of 
G,$ on the set GF of irreducible characters of GF. rc(GF) lies in the kernel of this 
action, so Gf&r(GF) acts on 6”. This defines an action of (Z/Z’), on G”. It acts 
on each subset (GF)s*. 

We also have an action of the finite group MF*/(Mo)F* on ((M”)F*),. We 
consider the MF*/(Mo)F’-orbits on ((M”)F*),. It was shown by Lusztig that there 
is a bijective correspondence between the (Z/Z’),-orbits on (GF)s* and the 
MF*/(Mo)F*-orbits on ((M”)F*),. In fact it is possible to define a map 

I/?: (t?F)ss + ((M6)F*),/(MF*/(Mo)F*) 

such that the libres are the (Z/Z’),-orbits on (GF)s.. If g is an orbit of 
MF*/(Mo)F* on ((M6)F*), then the size of the libre ~+-‘(a) is the order of the 
stabilizer in MF*/(Mo)F* of an element of the orbit rr. Thus we have 

I$-‘(a)l.lal = IMF*/(Mo)F*I. 

In particular, if 1~1 = 1 (a common occurrence), then we have /$-‘(a)/ = 
I MF’ : (MO)“*/. 
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The multiplicities of the characters x E I+-’ (a) in the Deligne-Lusztig general- 
ized characters R,,, are given as follows. We have 

(RT,o> X) = EGEW’ 
,L’ 

R$l, x’) 

where T* is a torus in G* dual to T in G. (T* can be chosen in MO). The 
multiplicities (RF,?, 1, x’) are known from our previous discussion, since the 
multiplicities of unipotent characters in Deligne-Lusztig generalized characters 
do not depend on whether the centre is connected. In particular we see that all 
the characters x in the same libre I,-‘(C) have the same multiplicities (R,,,, x). 
Since the characteristic functions of the semisimple classes of GF are uniform 
functions it follows that all characters x in the same libre take the same value at 
a semisimple element of GF. 

9.3 The General Case 

We finally describe a parametrisation of the irreducible characters of GF due 
to Lusztig [lS] in terms of conjugacy classes in the dual group which works in 
complete generality. We shall not assume now that Z(G) is connected or that p 
is a good prime for G. We shall, however, assume that F: G -+ G is a standard 
Frobenius map, so that GF is not a Suzuki or Ree group. 

The standard Frobenius map F: G + G determines a graph automorphism 
F,: G + G of finite order and a prime power q. We shall then have a correspond- 
ing graph automorphism F,*: G*((c) + G*(a) of the dual group over (c. 

We shall again consider the special conjugacy classes of G*(c). However we 
cannot define F*-stable special classes since F* does not act on G*(c). Instead 
we consider the map of G*((c) into itself given by 

g* + F$(g*4) g* E G*(C). 

Suppose g* has the property that F,*(g*q) is conjugate to g* in G*(c). Then any 
conjugate of g* has the same property. Let C* be the conjugacy class of g*. Then 
the map 

g* 5 FJyg*q) 

is a bijective map of C* into itself. So instead of considering F*-stable special 
conjugacy classes as before, we shall consider special conjugacy classes of G*(c) 
invariant under the above map 8. 

For each such O-stable special class C* of G*((c) we define groups 
- 

AG*(C,(g*) = AG’(C)(g*) 

for g* E C*. This definition is slightly more complicated than in Q 9.1 since we 
are not assuming here that Z(G) is connected. 

Let g* = s*u* be the Jordan decomposition of g*. Then 

u* E cg*(q(s*) = s* 
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and S* is a connected reductive group. We recall that 

&-*(a&*) = ~~*(~,(s*)/~~*(G,(s*) 

A,*(u*) = ce,*(u*)/%;*(u*) 

and, since %$&(g*) = %$(u*), we see that A,,(u*) is a normal subgroup of 
&&g*). Let A&u*) = As,(u*)/l,,(u*) be as in 0 7.2. Then Zs*(u*) is normal in 
&*&g*) and we define 

~G*(c)(S*) = &*(6&*)Ib*(U*). 

(We observe that if +&*(g,(s*) is connected then 

&*&g*) = A,.(u*) and A,,,,,(g*) = As*(u*)). 

We next define a group AG*(k)(g*) containing A,,,,,(g*). Since C* is O-stable 
there exists x* E G*((c) such that 

x*g*x*-’ = Fo*(g*q. 

The map /I* -+ F,*-‘(x*h*x*-r) is then an automorphism of C,*o,(g*). We 
define 

%*&*) = ce,*,,,(Y*) (0 

where 5 has infinite order and 

(II*<-’ = Fo*-yx*il*x*-‘) h* E wG*,,,(g*). 

We also define &,(,,(g*) and &*&g*) by 

A;;*(&*) = ~~*(o(Y*)I~~*(~,(g*) 

L*(c,(g*) = &*~c,(s*)l~s*(~*). 

Then &,,,,(g*) is a normal subgroup of A,,,,,(g*) and ~~*cais*)iAc*co(s*) 
is isomorphic to Z. 

It is shown by Lusztig [15] that the irreducible characters of GF are then 
parametrised by the set 

g JmG*(C)(S*) = &*,,,(g*)) 9* E c* 

taken over all O-stable special conjugacy classes of G*(c). Thus the irreducible 
characters of GF fall into families with one family for each special class of G*(c) 
invariant under the map 

g* + F$(g*q). 

The characters in the family corresponding to the class C* are parametrised by 
the set 

where Q* E C*. 

Jwb(,,(g*) = zG*,,,(Y*)) 

Thus in the general case when Z(G) is not assumed connected and p is not 
assumed to be a good prime we can still obtain a connection between the 
irreducible characters of GF and the conjugacy classes of the dual group, but this 
time we must also take the dual group G*(c) over the complex numbers. The 
results described in 9: 8 still apply in this situation, in particular we can obtain a 
formula for the values of all irreducible characters of GF on all semisimple 
elements, like that given in 4 8.4. 

Concluding Remarks 

In recent years Lusztig [163 has developed a theory of character sheaves 
on a connected reductive group. We cannot describe the theory of character 
sheaves in this article. We comment merely that when G is a connected reductive 
group over K = E,,, and F: G + G is a Frobenius map, then each character sheaf 
on G gives rise to a class function on GF called its characteristic function. The 
value of the characteristic function at x E GF is given in terms of the trace of F 
on the stalks at x of the cohomology sheaves of the given character sheaf. The 
characteristic functions of the character sheaves on G appear to be closely 
related to the irreducible characters of GF. In fact in the limited number of 
known cases these characteristic functions are the ‘almost characters’ of GF. It 
has been conjectured that this will be so in all cases. 

The theory of character sheaves gives further techniques which can be used 
to give information about the values taken by the irreducible characters of GF 
on elements which are not semisimple. Complete information about such values 
has not yet been obtained. But partial information can be found in the paper 
[ 171 of Lusztig. 

Finally, readers who would like more detailed information about the subjects 
discussed in this article should consult the following two books: 

R.W. Carter, Finite Groups of Lie Type: Conjugacy Classes 
and Complex Characters, John Wiley (1985). 

G. Lusztig, Characters of Reductive Groups over a Finite Field, 
Princeton University Press (1984). 

Appendix 

There are some remarkable similarities between the representation theory of 
the finite groups of Lie type which we have discussed in this article and a 
number of other branches of representation theory. We shall mention briefly 
four such areas of representation theory. 
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(a) We first mention the solution of the Kazhdan-Lusztig conjecture on 
composition factors of Verma modules. 

Let G be a semisimple group over Cc and g be its Lie algebra. Let 42 = e’(g) 
be the universal enveloping algebra of g. 42 is an infinite dimensional associative 
algebra whose representation theory is the same as that of g. We have a tri- 
angular decomposition g = n, @ h 0 n- where 1, is a Cartan subalgebra and 
n,, n- are the spaces spanned by the positive and negative root vectors. Let 
lj* = Horn@, Cc). Th e e ements of h* are called weights. Let I E h* and Z, be the 1 
left ideal of U defined by 

I, = en+ + 1 4qh - %(h)) 
h=h 

Let Yi = +Y/I,.Yl, is a @-module called the Verma module with highest weight 
1. It may be regarded as the induced module from the l-dimensional &(b+)- 
module (b, = n, @ h) with weight 2. 

Y1 has a unique maximal submodule -X, and V’ = YJ& is therefore an 
irreducible @-module. The Verma module Yk has a composition series of finite 
length and each composition factor is isomorphic to V, for some p E h*. Each 
composition factor V, of ^yn has the property that p < J and p = WJ for some 
w  E W where WJ = ~(2 + p) - p and p is half the sum of the positive roots. 
Thus the highest weights of all the composition factors of “+> are related to 1 by 
the action of the Weyl group W. 

We assume that the weight I is regular and integral. A is regular if WJ # 2 for 
all w  # 1 and 2 is integral if (2, a’) E Z for all coroots CL” of g. Every regular 
integral weight lies in a unique chamber of h* with respect to W. We denote 
by C, the chamber containing the antidominant weights, i.e. those for which 
(A, a”) < 0 for all positive coroots rx”. The other chambers have the form 
C, = w.C, for w  E W. Let ch -Y;, ch I$ be the characters of the Verma module 
v2 and the irreducible module V, respectively. We have 

ch ?$ = c [Y-A : I$] ch I$ 
P 

where [VA: V,] is the multiplicity of I$, as a composition factor of VA. Only 
finitely many p can occur in the sum since p E W.% and W is finite. These 
equations can be inverted to express the characters of the irreducible modules in 
terms of the Verma modules. Thus we have 

ch I’, = c clp ch “y; cl,, E Z! 
P 

summed over all p < 2 with p E WJ. 
Let A lie in the chamber C,. Then each p occuring in the above equation lies 

in C, for some y < w. Moreover if p E C, p must be given by p = yw-‘.A. 
The Kazhdan-Lusztig conjecture asserted that the coefficients cl/l should be 

given in terms of Kazhdan-Lusztig polynomials. To be precise it asserted that, 
for I E C,, 

ch I’, = c (- l)““‘( - l)“y’Py,,(l) ch YYwmlBI 
YEW 
Y<W 

Two independent proofs of this result were obtained in 1981 by Beilinson and 
Bernstein in Moscow and by Brylinski and Kashiwara in Paris. These proofs 
involve a remarkable progression from one category to another. Beginning in 
the category of %-modules with trivial central character, the problem is then 
translated into the category of modules for the ring of differential operators on 
the flag variety X. By localisation the problem is then translated into the 
category of modules for the sheaf of differential operators on X. It is then 
translated into the category of perverse sheaves on X, whose simple objects are 
intersection cohomology complexes. By a process of reduction modulo p the 
problem is then translated into the category of I-adic perverse sheaves on the 
flag variety of the group G(K) of the same type as G over the algebraic closure 
K of the field with 4 elements, where (I, q) = 1. By introducing the action of a 
Frobenius map on this flag variety the problem is translated into the category 
of Weil sheaves on the flag variety X of G(K). A Weil sheaf is a perverse sheaf in 
which the Frobenius map acts in a given manner. For example one could take 
a l-dimensional constant sheaf in which the Frobenius acts by multiplication by 
q. This is called the Tate sheaf L. 

The introduction of the action of the Frobenius map gives us much more 
structure than was present previously. Let us consider the Grothendieck group 
of the derived category of the category of Weil sheaves on the flag variety X, 
which are locally constant on each Bruhat cell X,, w  E W. One can introduce a 
multiplication in this Grothendieck group, which makes it into an algebra over 
Z[L”’ L-“2] where L is the Tate sheaf. This turns out to be isomorphic to the 
Hecke’algebra. A duality map is carried through the whole process of trans- 
lation from one category to the next and gives rise to the involutary auto- 
morphism of the Hecke ring used to define the Kazhdan-Lusztig polynomials. 
This is how the polynomials make their appearance in the proof of the Kazhdan- 
Lusztig conjecture. 

(b) A somewhat similar idea was used by Lusztig and Vogan in 1981 to 
determine the characters of the irreducible modules for a real semisimple Lie 
group G with trivial central character. Here we are considering irreducible 
admissible representations of G on a Banach space. Such a representation has a 
character which is a distribution, called the Harish Chandra character. The 
module giving each such irreducible representation occurs as a submodule of a 
module giving a so-called ‘standard representation’ of G. The standard repre- 
sentations were constructed independently by Langlands and Zuckerman. They 
are described in Vogan’s book ‘Representations of real reductive Lie groups’ 
(Birkhauser 1981). One way of obtaining them is by a process of cohomological 
parabolic induction from characters of Cartan subgroups. The modules giving 
standard representations are not in general irreducible but have a unique 
minimal submodule. They have a composition series of finite length and each 
composition factor is isomorphic to the irreducible submodule of some other 
standard representation. The Harish Chandra characters of the standard 
representations were known but, before the work of Lusztig and Vogan, the 
characters of the irreducible modules were not. Again in this situation it is 
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possible to invert the equations expressing the characters of the standard repre- 
sentations in terms of the characters of the irreducible representations. Lusztig 
and Vogan showed that the characters of the irreducible modules could be 
expressed in terms of the characters of the standard representations by means of 
certain polynomials which are the analogues in the real Lie group situation of 
the Kazhdan-Lusztig polynomials. 

(c) A further successful application of the ideas of the Kazhdan-Lusztig 
theory was made in the work due to Joseph, Jantzen, Barbasch and Vogan on 
the classification of primitive ideals in the enveloping algebra 42 of a semisimple 
Lie algebra g over (E:. The primitive ideals are the kernels of the irreducible 
representations of u2! but there will be in general be many irreducible representa- 
tions whose kernel is a given primitive ideal. Great progress has been made on 
the classification of primitive ideals of Q in recent years. The main ideas are due 
to A. Joseph. 

In the Kazhdan-Lusztig paper defining the polynomials P,,,(t) these polyno- 
mials are used to give decompositions of the Weyl group W into subsets called 
left cells, right cells, and two-sided cells. These ideas were also introduced by 
Joseph in a different context, but the decomposition of W turned out to be the 
same as in the Kazhdan-Lusztig paper. This decomposition into cells turns out 
to be of basic importance in the classification of primitive ideals of &. For 
example, if W is the symmetric group S,,, there is one two-sided cell for each 
partition 2 of n. Inside the two-sided cell corresponding to 2 there is one left cell 
for each standard 2-tableau and one right cell for each standard j”-tableau. The 
decomposition of S,, into cells is related to the Robinson-Schensted algorithm 
which gives a bijection between permutations in S,, and pairs of standard 
tableaux of the same shape. 

Let YA be the Verma module with highest weight 1, E h* and V, = Y2/X2 be 
its irreducible quotient. Let Jn be the kernel of V,. Then JA is a primitive ideal of 
%. Moreover it was shown by Duflo that these ideals Ji are the only primitive 
ideals. However it may happen that Jn = J, even if 2 # p. If J1 = J,, one sees by 
considering the action of the centre of @ that p E Wj. So it is natural to 
consider the set of primitive ideals Jn where i runs over a W.-orbit of weights in 
h*. We assume that 1* is regular and integral. Then the W.-orbit of 1 contains 
just one antidominant weight. Let us assume in addition that 1 itself is anti- 
dominant and consider when Jw,i is equal to J,,,z,i for w, w’ E W. It turns out 
that Jw,A = Jws,n if and only if w, w’ lie in the same left cell of W. Thus the 
primitive ideals with weights in a given regular integral W.-orbit correspond to 
left cells in W. 

There is also a remarkable relation between the primitive ideals of d@ and the 
irreducible representations of W. For any primitive ideal Jn of @, e/J, is a 
Noetherian prime ring. This ring has a quotient ring by Goldie’s theorem which 
is an Artinian simple ring M,,(D) where D is a division ring. The number n is 
called the Goldie rank of Ji. It was shown by Joseph that, for any regular 
integral weight 1. in a given chamber C,, the Goldie rank of Jn is a polynomial 
function in the coordinates of 2, say p,(j”). This polynomial generates a W- 
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module CWpw in the ring of polynomial functions on h*. It was shown by 
Joseph that this W-module is irreducible and that if (CWp, and CWp,,,, are 
isomorphic then they are equal. Moreover, assuming that ,? is antidominant, 
Joseph showed that Jw.l = Jw,,i if and only if pw is a positive multiple of p,,,,. 
Thus the polynomials p, (up to positive multiples) correspond to the left cells of 
W. Moreover we have CWp, = CWp,, if and only if w, w’ lie in the same 
two-sided cell of W. Now let us consider the left cells contained inside a given 
two-sided cell. We take a polynomial pw for each such left cell. It was shown by 
Joseph that these polynomials form a basis for the irreducible W-module (L Wp, 
corresponding to the given two-sided cell. Thus the dimension of CG Wp, is equal 
to the number of left cells in the given two-sided cell. Because of the correspon- 
dence between primitive ideals and left cells we see that the number of primitive 
ideals in the given W.-orbit is equal to the sum of the degrees of the Goldie 
rank representations of W. (A Goldie rank representation is one arising from a 
module (c Wp,.) 

Not every irreducible representation of the Weyl group W arises in general 
as a Goldie rank representation. The ones occuring in this way are just the 
representations called the special representations by Lusztig in the context of 
the representation theory of finite Chevalley groups. If W is the symmetric 
group S, then every irreducible representation is special. 

Thus we can obtain very specific information about the primitive ideals in a 
given W.-orbit. For example if y has type Es there will be 101796 primitive 
ideals in a W.-orbit of regular integral weights. 

(d) We conclude by mentioning a problem in representation theory which 
has not yet been solved. This is the problem of determining the degrees and 
characters of the irreducible representations of the simple algebraic groups over 
an algebraically closed field K of characteristic p. This is essentially the same 
problem as that of determining the degrees of the irreducible modular repre- 
sentations of the finite Chevalley groups in the natural characteristic. The solu- 
tion is known only in a few special cases. However there is a conjecture by 
Lusztig for what the solution should be, and this again involves Kazhdan- 
Lusztig polynomials. 

Let G be a simple algebraic group over (c, g its Lie algebra and 02d the 
enveloping algebra of g. Let 1” E h* be a dominant integral weight and vA be the 
Verma module with highest weight j”. Then the irreducible quotient V, = ^y/Xi 
is a finite dimensional d2-module and any finite dimensional irreducible 22- 
module arises in this way. 42 has a subring %PZ called its Kostant Z-form. 
Let v1 E vi be a non-zero vector of weight 2 and V,, Z = $Ygvl. I’,, z is a lattice in 
V, which is a 42Z-module. 

Now let K be an algebraically closed field of characteristic p and %2K = 
4YZ OZ K. %K is the hyperalgebra, or algebra of distributions, over K. Then 
I’i,K = V2, + @+ K is a +ZK-module. Since any uaK-rnodule is also a module for 
G(K), the simply-connected algebraic group over K of the same type as G, I$, 
is a G(K)-module. V,,, is called a Weyl module for G(K). Its dimension and 
character are known, being given by Weyl’s classical character formula. V,,, is 
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not in general irreducible. It has a unique maximal submodule M,,, and so 

LA,X = K,KIMA,K is an irreducible G(K)-module. Every finite dimensional irre- 
ducible rational G(K)-module arises in this way. 

The Weyl module V,,, has a composition series in which each composi- 
tion factor is isomorphic to L,,, for some dominant integral weight p. Let 

: L, K] be the multiplicity of Llr,K as a composition factor of VA,,. We have 
[Lf:: L,‘,] = 1, 
formula ’ 

and if [V’,, : Llr,J # 0 then n < 2. Thus we have a character 

ch V’,, = & WLK : &.,I ch Lp.K. 

As in the case of Verma modules we may invert these equations to give 

ch L 1.K = j$ c,, ch <,K c&, E z 

for certain integers C,,. The character L,,, is unknown in general. Its determi- 
nation is equivalent to the determination of the integers C,,, since ch V,,, 
is known. 

Now the weights p which appear in this formula are related to 2 by an 
element of the affine Weyl group W,. W, is the infinite Coxeter group which is 
generated by the reflections in the hyperplanes 

Ii,,” = (2 E XR; (2 + p, c-t”) = np} 

for all coroots CL” and all n E Z. Here X, is the space of real weights. X, is 
divided by these hyperplanes into bounded regions called alcoves. One of these 
alcoves is 

A, = {A E X,; -p < (2 + p, a”) < 0 for all CI” > O}. 

A, is the top alcove in the antidominant chamber. Let A, = w.A, for all w E W,. 
The map w + A, is then a bijection between elements of the affine Weyl group 
W, and alcoves. We say that A, is a dominant alcove if it lies in the dominant 
chamber. 

We may now state Lusztig’s conjecture for the characters of the irreducible 
modules L,,,. We suppose p 2 h where h is the Coxeter number of G. This 
condition ensures that each alcove contains an integral weight. Suppose 1. is a 
dominant integral weight with II E A,. Suppose 

0” + P, G) < P(P - h + 2) 

where erg is the highest coroot. Then Lusztig’s conjecture asserts that 

ch L A.K = ,& (- l)““‘(- l)“y’Py,,(l) ch Vyw-l.i,K 
‘2 < 

Ay CiL~ant 
where P,,,(t) is the Kazhdan-Lusztig polynomial corresponding to the pair of 
elements 11, w E W,. 

From this formula it would be possible to deduce the character of any 
irreducible G(K)-module L *,k by using results of Jantzen and Steinberg. 

In particular this would give a formula for the irreducible characters of the 
general linear groups GL,(K). Since the decomposition numbers of the general 
linear groups are known to be the same as those for the symmetric groups we 
would also obtain a formula for the characters of the irreducible modular 
representations of the symmetric groups. These are at present unknown. 0 

Note. Since this article was written in 1987 a new exposition of the Dehgne-Lusztig theory has 
appeared: F. Digne and J. Michel, London Mathematical Society Student Texts, 21. 

Digne and Michel give new proofs of some of the standard results of the Deligne-Lusztig theory 
emphasising particularly the Mackey formula for Harish-Chandra induction and restriction, and for 
Lusztig induction and restriction, and also the use of the Curtis-Alvis duality map on generalized 
characters. This book throws new light on several aspects of the theory, and is recommended to 
readers. 

August 1993 R.W. Carter 
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Introduction 

The beginning of investigations into finite-dimensional division algebras was 
made by Sir William Hamilton in 1843, when he discovered the algebra of real 
quaternions, which rapidly led to diverse applications in physics and mechanics. 
However, further extension of our knowledge of finite-dimensional division 
algebras was delayed, and even acquired a somewhat dramatic character. Thus, 
after the origin and study of the real quaternions there followed a long period 
(until the beginning of the present century), during which no other linite- 
dimensional division algebras were discovered. We only remark that in 1880 
Frobenius proved that over the field of real numbers there exists no non- 
commutative division algebra apart from Hamilton’s quaternions. 

Only the appearance at the beginning of this century in the work of Dickson 
and Wedderburn of an infinite series of new non-commutative division algebras 
led subsequently to the development of a significant theory. The structure theo- 
rem of Wedderburn on simple finite-dimensional algebras reduced their study 
to division algebras and allowed him to establish an important fact: the dimen- 
sion of a division algebra over its centre is the square of a natural number. 

The first examples of non-commutative division algebras were cyclic algebras 
and for a time there was the supposition that any division algebras were either 
cyclic or abelian crossed products, which had been studied by Dickson already 
in 1914. The further development of the theory removed this hypothesis. In 1932 
Albert constructed the first example of a non-cyclic division algebra and very 
much later, in 1972, Amitsur obtained a negative solution of the more general 
problem, whether every division algebra is a crossed product. 

The further development of finite-dimensional division algebras was linked 
to an interesting new object, giving a significant characterization of all finite- 
dimensional simple algebras over a given field, the Brauer group. 

The introduction of the Brauer group in the theory of finite-dimensional 
simple algebras was of significant value, because previous investigations had as 
a rule been on concrete simple algebras or division algebras, and the initial 
description of division algebras had quite naturally been conceived as an “inter- 
nal” description. However this route very soon revealed great difficulties. Brauer 
groups provided a real possibility for an “external” description of division 
algebras up to similarity. Of course an “internal” characterization of division 
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algebras was almost certainly deeper and harder to obtain, whereas an “exter- 
nal” study often enabled one to find properties which judged division algebras 
as a whole, which was also very important. 

The ‘30’s were a very intensive period in the development of the theory of 
finite-dimensional division algebras. The most brilliant of these achievements 
was the complete description of division algebras over classical local and global 
fields, obtained by Hasse, Brauer, Noether and Albert. At the basis of this 
investigation was the local-to-global method, which subsequently proved fruit- 
ful also in other parts of mathematics. 

In the general case it was necessary to study finite-dimensional division 
algebras over fields of algebraic functions in a finite number of variables. Here 
the local-to-global method was not so effective, although as before it played an 
important role. The concept of a local invariant, introduced by Hasse for divi- 
sion algebras over algebraic number fields, in a modified form allowed one to 
study simple algebras over function fields of algebraic curves (D.K. Faddeev, 
Roquette, Scharlau). In recent years in connexion with the development of 
non-commutative algebraic geometry there appeared “internal” invariants of 
division algebras over function fields of curves. It may be remarked that the idea 
of a natural correspondence of simple algebras (division algebras) and algebro- 
geometric objects goes back to Witt (1934), who establishes a one-one corre- 
spondence between function fields of genus zero and quaternion algebras and 
shows that the quaternion algebra is a full matrix algebra if and only if its 
function field is rational. This idea is developed by Chatelet (1944), Amitsur 
(1955), Roquette (1963). 

Chatelet associates to each central simple algebra a certain projective variety, 
nowadays called the Brauer-Severi variety, which is a projective space only 
when the corresponding algebra is a full matrix algebra. Amitsur introduced the 
concept of a generic splitting field and proved that it is the field of rational 
functions on the Brauer-Severi variety. Roquette applied non-commutative 
Galois cohomology to the study of generic splitting fields. 

After Amitsur’s construction of a division algebra which is not a crossed 
product and examples of division algebras of exponent two which cannot be 
decomposed into tensor products of quaternion algebras (by Amitsur, Rowen 
and Tignol), the deep result of A.S. Merkur’ev and A.A. Suslin (1982) that every 
division algebra of exponent n, containing a primitive n-th root of 1 in its centre 
is similar to a tensor product of cyclic algebras whose exponents do not exceed 
n was quite unexpected. 

Some years earlier considerable progress was achieved in the study of the 
multiplicative structure of division algebras, which stimulated significant links 
with algebraic and classical groups. Fundamental in this direction was the 
well-known Tannaka-Artin problem (1943) on the equality of the subgroup of 
elements of reduced norm 1 and the derived group of the multiplicative group 
of the algebra. This problem was answered in the negative by V.P. Platonov 
(1975), who constructed a reduced K-theory for the calculation of the reduced 
Whitehead group of a finite-dimensional division algebra. 

On the basis of reduced K-theory and a number of other constructions 
there appeared Henselian division algebras. This stirred renewed interest in the 
study of these algebras. The first results in this direction were already obtained 
by Hasse (1931), Witt and Nakayama (1937) for the case of division algebras 
over complete discretely valuated fields. The basic result on the structure of 
arbitrary henselian division algebras was obtained only recently by the present 
authors and by Jacob and Wadsworth (1987-1989). 

The aim of the present work is to give an account, as complete and clear as 
possible, for a wide circle of mathematicians, of the most essential results of the 
theory of finite-dimensional division algebras, including those mentioned above. 
It is clear that the limitations of space did not allow us to treat all themes 
connected with finite-dimensional division algebras with the same degree of 
thoroughness. 

In conclusion a few words on the numbering of propositions. The numbering 
in each section is independent, but all assertions of the same type are numbered 
separately. For example, a theorem without a number means that the given 
section has no other theorems, while Theorem 2 indicates the second theorem in 
the given section. 

Chapter 1 
Essential Background on Simple Algebras 

6 1. Basic Properties and Examples of Simple Algebras 

1.0. Definitions. Let A be an associative ring with a unit element, 

Definition 1. A ring A is called simple if the only two-sided ideals of A are A 
itself and the zero ideal (O)*. 

The most important examples of simple rings relate to skew fields. 

Definition 2. An associative ring A is called a skew field if for each non-zero 
a E A there exists an element f(a) E A such that uf(a) = 1 = f(a)a. Usually f(a) 
is denoted by a-l and is called inverse element. 

A skew field which is commutative is just a field. The non-zero elements of a 
skew field A form a group A* under multiplication. The set of elements a of a 
ring A which commute with all elements of A, thus ax = xa for all x E A, form a 
subring Z(A), called the centre. If A is a simple ring, then Z(A) is a field. Indeed, 
for any non-zero b E Z(A) the ideal bA is two-sided and by simplicity, A = bA; 
it follows that there is an inverse element b-’ E Z(A). 

*Also the -zero algebra (0) is to be excluded 
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Thus a simple ring A is an algebra over any subfield K of Z(A). 
In the sequel we shall only be interested in simple rings which are linite- 

dimensional algebras over a certain field K, i.e. simple finite-dimensional 
algebras A. If A is a skew field, we shall call it a finite-dimensional division 
algebra (or finite-dimensional skew field) over the field K. 

Definition 3. A finite-dimensional simple algebra A over a field is called 
central if Z(A) = K. 

1.1. Total Matrix Algebra. This is the classical example of a linite-dimen- 
sional simple algebra over an arbitrary field K. Thus let M,(K) be the algebra of 
all n x n matrices over a field K. We shall show that M,(K) is a simple algebra. 
Consider the standard basis {eij} of M,,(K), where eij denotes the matrix having 
1 in the intersection of the i-th row and j-th column and 0 everywhere else. If I 
is a non-zero two-sided ideal of M,,(K), then it will be enough to show that 
eij E I, i.e. I = M,,(K). In its turn, since 

e,, for j = k, 
eije,, = 

0 forj#k, 

it is enough to show that I contains at least one of the eij. This may be estab- 
lished as follows. Let a E I, where a = I;,,,=, a,,e,,, where a,, E K and aij # 0. 
Then eiiaejj E I and eiiaejj = aijeij, whence it follows that eij E I. 

Remark. Analogous reasoning shows that a matrix algebra over a skew field 
is also simple. 

1.2. Hamilton’s Quaternions. A four-dimensional vector space H over the 
field R of real numbers can be made into a ring, given by the multiplication 
of the basis elements e, i, j, k (and hence extended to the whole of H by linearity) 
as follows: 

e2 = e, ei = ie = i, ej = je = j, ek = ke = k, 

i2 = -e, j2 = -e, k2 = -e, 

ij = k, ji = - k, ik = -j, ki z j, 

jk = i, kj = -i. 

The given multiplication rule turns H into an algebra over R with unit 
element e. Identifying R with the field Re, we find that every h E H can be 
uniquely written in the form h = h, + h,i + h, j + h,k. We denote the element 
h, - h,i - h, j - h,k by h; then hh = hi + h: + h: + hi and for h # 0 the ele- 
ment &(h: + hi + h: + hi)-’ is an inverse. It follows that H is a division algebra 
over R, called Hamilton’s algebra of quaternions. 

Remark. If K is any subfield of R, then by considering the K-space spanned 
by e, i, j, k we evidently obtain a division algebra H, over K. On the other hand, 
for an algebraically closed field K there is no finite-dimensional division algebra 

over K (other than K itself): for if A is such an algebra, then for any a E A the 
field K(a) must equal K. 

1.3. Representations of Simple Algebras. Let F be an extension of the field K. 
The algebra M,,(F) is then at the same time a K-algebra. 

Definition. A homomorphism of a simple K-algebra A into a K-algebra 
M,,(F) is called a linear representation (over K) of the K-algebra A. 

Remark. This is the more traditional definition when the case F = K is 
considered. 

The following special representations play an important role. 
Let A be a simple K-algebra and (a,, . . , a,) a basis for it. For any a E A, 

uia = i aijaj (i = 1, . . . , n). The mapping assigning to each a E A the matrix 
j=l 

omomorphism of the K-algebra A into M,(K); it is called the 

right regular representation of the K-algebra A. 
For a finite extension F of K the right regular representation f of F as 

K-algebra injects F into M,(K) and it induces a homomorphism NFIK: F* + K* 
as follows: for a E F, NFiK(a) is the determinant of the matrix f(a). 

Let x 1, f.., X “3 where n = [F : K], be algebraically independent elements 
over F. Taking a K-basis {a,, . . . . a,,} of F, we have {a,, . . . . a,} also 
as basis for F(x,, . ., x,J over K(x,, . .., x,). Let us put NFIK(xl, . . ., x,) = 

N F(x,,...,x,)/K(x,,...,x,) 
( 1 

i uixi . Then we have the fo11owing 

Proposition. The homogeneous polynomial NFIK(xl, . . . , x,) of degree n has the 
following properties: 

(i) for any choice of non-zero x1, . , CI, E K* there exists a E F* such that 

&,,(a,, . . . > TJ = N,,&); 

(ii) for a E F*, a = i aiai, N,,,(a) = NFjrc(a,, . . . . z,). 
i=l 

We are interested in the question when the image of the mapping NFia is 
surjective for any finite extension F of K. 

In the general case this is related to what is known as the C, property (see Ch. 
3 below). Here we shall limit ourselves to the case of importance for applications 
of a finite field K. By the Chevalley-Warning theorem K is a C,-field. This has 
as an easy consequence the 

Theorem. Let K be a finite field. Then for every finite extension F/K, 
N&F*) = K*. 

1.4. Wedderburn’s Theorem. This, one of the central results in the theory 
of simple algebras, reduces the study of finite-dimensional simple algebras to 
the case of division algebras and shows that the example in 1.1 has a universal 
character. 
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Theorem (Wedderburn). Let A be a finite-dimensional simple algebra over a 
field K. Then A is isomorphic as K-algebra to M,,(D), where D is a skew field, 
finite-dimensional over K; moreover, the integer n is unique and D is unique up to 
isomorphism. 

In 1.1 we showed that for any skew field D the total matrix algebra M,,(D) is 
again simple. 

1.5. Fields of Formal Laurent Series and p-adic Numbers. To construct 
finite-dimensional division algebras of sufficient complexity and having the 
properties needed in the sequel we shall introduce fields possessing a valuation. 

Let r be an abelian totally ordered group (written additively), i.e. a group 
which can be expressed as the union of the disjoint sets {0}, S and -S = 
(s E rl -s E S}*. The order relation on Tis given by the condition: x > y if and 
only if x - y E S for any x and y. A valuation on K is defined as a homomor- 
phism v,: K* + r with the property: 

vk(a + b) > min{ vK(a), +(b)} for a # -b. 

The valuation is called trivial if v is the zero homomorphism. 
With every valuation there is associated its value group r, = v,(K*), valua- 

tion ring V, = {a E K*lv,(a) 3 0} u {0}, valuation ideal M, = {a E K*lv,(a) > 
0} u (0) and residue class field K = V,/M,. If r, = Z, the valuation is said to 
be discrete. 

Example 1. Let K = Q, r = Z with the usual order in r: r = Z+ u Z- u 
{O}. Fix a prime number p and define the valuation v,, on K as follows: Any 
rational number 1 can be expressed in the form 1 = pf. m/n, where t, m, n E Z 
and (mn, p) = 1, and the exponent t is uniquely defined. We shall put v,(l) = t; 
then \b is a valuation on Q, moreover r, = Z, V, = { pf. m/n/t, m, n E Z, 
(mn, P) = 1, t 3 01, MQ = { pm n m, n E Z, (n, p) = 1, Iz # 0}, 0 = Z/pZ. It / I 
should be noted that the valuations vP exhaust all non-trivial valuations on Q 
up to equivalence. 

Example 2. A second important example of a valuated field is the field of 
rational functions. Let K be any field and K(x) the field of rational functions in 
a variable x with constant field K. For every polynomial f(x) irreducible over K 
there is a valuation vs(,.) of K(x), arising in analogous fashion to the valuation vP 
in Example 1. Let K [x] be the ring of polynomials in x with coefficients from K. 

4x1 
Then for any element g of K(x), when expressed in the form f(x)* .- 

44 
, where 

t E Z, (m(x), f(x)) = (n(x), f(x)) = 1, m(x), n(x) E K [xl, the number t is uniquely 
determined. We put vscX,(g) = t; then vJcXJ is a valuation of the field K(x); more- 

*S is also required to be closed under addition. 

. 

over 

r K(x) = z, b(x) = 

M m(x), 44 E KCxl, (n(x), f(x)) = 1 , 
I- 

K(x) = K(a), 

where CI is a root of the polynomial f(x). The valuation vftX) has the property that 
vscX,(K*) = 0. The natural problem of describing all valuations v of K(x) such 
that v(K*) = 0 up to equivalence has a complete solution: all such non-trivial 

m(x) valuations are either of the form vfcX, or v,, defined as follows: v, ~ = 
( > 44 

deg n(x) - deg m(x), where m(x), n(x) E K [x], n(x) # 0 and deg m(x), deg n(x) 
denotes the degree of the polynomials m(x), n(x) respectively. We remark that 
for the valuation v, 

r K(x) = z, b(X) = m(x), n(x) E KCxl, n(x) # 0, deg m < deg n , 

M m(x), n(x) E K [xl, n(x) # 0, deg m < deg n , 
I- 

K(x) = K. 

Example 3. Every subfield of the algebraic closure of a finite field has only 
the trivial valuation. 

Indeed, if this were not so, i.e. if there existed a non-trivial valuation v, then 
by taking a non-zero element a for which v(a) # 0 we would have a non-trivial 
valuation on the finite field F,(a). But the group F,(a)* is cyclic and so a” = 1 for 
a suitable number n. It follows that nv(a) = v(1) = 0, but this contradicts the 
fact that rFpcaj has no non-trivial torsion elements. 

It is well known that all other fields have non-trivial valuations. 
For the definition of the fields of formal Laurent series and of p-adic numbers 

we require the concepts of absolute value and completion. 
An absolute value V on a skew field D is a function V: D + R with the 

properties: 
1. V(x) 3 0 for all x E D; further V(x) = 0 if and only if x = 0; 
2. V(xy) = V(x)V(y) for all x, y E D; 
3. V(x + y) d V(x) + V(y) for all x, y E D. 

If V(x) = 1 for all non-zero x E D, the absolute value V is said to be trivial. 
With the help of V we can define D as a metric space, if the distance function 

d,(x, y) for any x, y E D is given by d,(x, y) = V(x - y). 
Let K be a field with a non-trivial absolute value V, and endowed with the 

metric space structure defined by V. In this case we can define Cauchy sequences 
{x”} of elements of this field. 

The field K is said to be complete if every Cauchy sequence in it is convergent. 
An arbitrary field with a non-trivial absolute value can be embedded in a 

complete field with a compatible absolute value. 
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There is a simple construction which realizes the completion of the field. 
Consider the set C(K) of all Cauchy sequences in K relative to the metric 

d,(x, y) = V(x - y), where I/ is the absolute value on K. Componentwise addi- 
tion and multiplication turn the set C(K) into a commutative ring with unit 
element. In C(K) we select the subset Z(K) of all sequences converging to zero. 
It can be shown that Z(K) is a maximal ideal in C(K). We put K, = C(K)/Z(K); 
the field K can be embedded in K, as follows: if a E K, the image of a in 
K, is the class containing the sequence with x, = a. The absolute value W on 
K, is given by the extension by continuity of the absolute value I/ (i.e. if 
a E K, and a = lim x,, then W(a) = lim V(x,)). 

The field of p-adic numbers Q, is the completion of Q, formed by the preced- 
ing construction with the absolute value up such that v,(a) = p-“p@) for any 
a E Q; the elements of Q, are called p-adic numbers. The existence of an abso- 
lute value on Q, allows us to establish the convergence of series of the form 

i$m i ‘3 a p* where m E Z, 0 d ai < p, and two series agree if and only if they have 

the same coefficient for each power of p. Putting v,,(a) = -log, W(a) for a E Q, 
we obtain an extension of the valuation vp on Q to a valuation of Q, (also 

denoted by vJ. It is not hard to see that vp m, where m is the least 

index i with a non-zero coefficient ai. Further, rap = Z, Vo, = 
c 71 ‘I 

Let K be a field, E = K(x) the field of rational functions in x over K, v = v,. 
With the valuation v, we have the related absolute value V(a(x)) = 2-YX(a(X)). The 
completion E, obtained by the above-mentioned construction is called the field 
of formal Laurent series in x with coefficients in K (usually denoted by K(x))* 
and its elements are formal Laurent series (or simply formal series). The exis- 
tence of the absolute value W allows us to establish that K(x) consists of all 

Cc 
convergent series a(x) = c aixi, where a, E K, m E Z, and moreover two series 

i=m 

agree if and only if they agree in the coefficients of each power of x. If f bjxj is 
j=n 

another formal series and m < n, say, then on putting b, = b,,, = ... = b,-, = 0, 
we may suppose that m = n. Then 

where c, = 1 aibj. 
i+j=r 

*A common notation used in the West is K((s)). 

If we put v,(a(x)) = -log, W(a(x)), we obtain an extension of the valuation 
v, on E to a valuation on E, (also denoted by v,). In this case 

v,(a(x)) = m, 

where m is the least index of a non-zero coefficient a,. The value group of the 
valuation, the valuation ring, maximal valuation ideal and residue class field are 
given by: 

Gw = z, 

V,,, = f aixi E K(x) 
i=O 

); MEw={gaixi.K(x)}, E,-K. 

1.6. Cyclic Algebras. For a long time the quaternion algebra was the only 
example of a non-commutative field. Then there appeared the construction of 
finite-dimensional division algebras of arbitrarily high dimensions over their 
centre, in connexion with what are called cyclic algebras. As we are striving for 
a rapid development of our exposition of finite-dimensional division algebras, 
we shall use this construction at the beginning of our presentation in a form 
which is sufficient for a first glance, leaving a more thorough analysis for a later 
chapter. 

Definition. An algebra A over a field K is said to be cyclic, if there is a cyclic 
field extension L =3 K, contained in A and an element g E A* with the following 
properties: 

1) if i, is the inner automorphism of A induced by g, then i,(L) = L and the 
restriction to L coincides with a generator of the cyclic Galois group Gal(L/K). 

2) ifel,e2,..., e, is a basis of L over K, then the set (eigj};j,, is a basis of A 
over K. 

Conversely, given a cyclic extension L of K of degree n, then we can construct 
an algebra over K, consisting of all formal sums of elements e,g’. 

From the definition it immediately follows that for the dimension of a cyclic 
algebra A over K we have dim, A = n2. It is clear that the quaternion algebra 
H, in 1.2 is cyclic. 

All cyclic algebras are simple and central over K. By construction we have 
g” E Z(A) = K. Put g” = a E K and let c be the automorphism of L over K 
induced by i,. Then the cyclic algebra A will briefly be denoted thus: (L/K, (T, a). 
The following proposition gives a simple criterion for the isomorphism of cyclic 
algebras for different elements a E K*. 

Theorem. The cyclic algebras (L/K, CJ, a) and (L/K, 0, b) are isomorphic over 
K if and only if a = bNL,K(c), for some c E L*. 

As a particular consequence the property that a cyclic algebra A be isomor- 
phic to a total matrix algebra M,,(K) takes the following elegant form: it is 
necessary and sufficient for the algebra to have the form (L/K, C, NLIK(c)), for 
some c E L*. 
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Next we mention a simple sufficient condition for a cyclic algebra to be a 
skew field: 

Proposition. Zf A = (L/K, (T, a) and the elements a, a’, . . . , a”-‘, where n = 
[L : K], are not in N&L*), then A is a skew field. 

This proposition makes it possible to construct division algebras of arbi- 
trarily high dimensions over their centres. Thus let K = Q(x) be the field of 
rational functions, with the rational numbers as field of constants. It is well 
known that for any natural number n there exists a cyclic extension L of K of 
degree n. Then the cyclic algebra (L/K, 0, x) is a division algebra of dimension 
n2 over its centre K, because on passing to the field of formal series in x, it is not 
hard to show that the elements x, x2, . . . , xnP1 are not in NLIK(L*). Much deeper 
is the analogous assertion for K = Q (cf. Ch. 3). 

1.7. Low Dimensions. Below it will be shown that the dimension of a simple 
algebra over its centre is always the square of a natural number. The question 
of the structure and classification of algebras of low dimensions is closely related 
to cyclic algebras. 

The case of a one-dimensional algebra is trivial, because such an algebra is a 
field. For four-dimensional algebras there are only the following possibilities, up 
to isomorphism: either M2(K), or a cyclic division algebra, i.e. a quaternion 
algebra. For nine-dimensional algebras the situation is quite analogous: either 
M3(K) or a cyclic division algebra. But already in the next possible dimen- 
sion, - 16, as we shall see below, there are non-cyclic division algebras. 

1.8. Skew Fields of Non-commuting Formal Laurent Series and Rational 
Functions. Let D be a division algebra (possibly commutative) and CJ an auto- 

morphism of D. Consider the set D (x, r~) of all formal series of the form 2 aixi, 
i=m 

where ai E D, m E Z. As usual, 

where in case m > n we put a, = a,,, = ... = a,,, = 0, 

where c, = 1 aib,F’. 
i+j=t 

The operations so defined make D(x, o) into an associative ring with unit 
element, which in fact is a skew field, called the division algebra of skew formal 
Laurent series in x with coefficients in D, relative to IJ. 

The ring of right (left) fractions. Let A be an associative ring with unit 
element and without zero-divisors. A skew field T is called the skew field of right 

(left) fractions of the ring A, if A is isomorphic to a subring B of T such that each 
element of T has the form bc-’ (c-lb), where b, c E B. 

The algebra D(x, o) is the skew field of right (left) fractions of its subring 

D[x, 01 = 
i 

T aixi E D(x, C) . 
I 

This ring D[x, r~j is called the ring of skew 
i=O 

formal power series. 
The skew field of rational functions. In D[x, CJJ we may naturally select 

the subring of skew polynomials D[x, CJ] = 
i 

izo aixi E D[x, al, m E Z 
I 

. The set 

D(x, a) = (ab-’ E D(x, a), a, b E D[x, 01, b # 0} is a skew field, called the skew 
field of skew rational functions in x with coefficients in D relative to g. 

1.9. Finite Dimensionality and Centres of D(x, a) and D(x, a). It should be 
noted that the finite dimensionality of D(x, a) and D(x, a) depends completely 
on the finite dimensionality of D and on the automorphism G. 

Theorem. (i) Let cs be an automorphism of D such that no positive power of it 
is an inner automorphism. Then the centres of D(x, o) and D(x, o) coincide with 
Z(D), = {z E Z(D)lz” = } z , so both are infinite-dimensional skew fields. (ii) Let r 
be the least natural number for which gr is an inner automorphism and put CJ’ = i,, 
g” = g. Then the centre Z(D(x, a)) of D( x, CJ) coincides with Z(D),( g-‘xr), 
while Z(D(x, a)) = Z(D)O(g-lxr). Moreover, if [D : Z(D)] = co, then both 
D(x, a) and D(x, (T) are infinite-dimensional. Finally if [D : Z(D)] = m, then 
[D(x, a) : Z(D(x, a))] = mr2 = [D(x, a) : Z(D(x, a))]. 

0 2. Tensor Products of Algebras and Concepts Related Thereto 

2.1. Tensor Products of Modules and Algebras. Let R be a commutative 
associative ring with unit element and A, B any R-modules. By the tensor 
product of A and B over R one understands an R-module A OR B with a bilinear 
mapping 0: A x B + A OR B (the image of (a, b) being denoted by a @ b), such 
that 

0) the set ia 0 bSaeA,beB is a generating set for A OR B; 
(ii) for any bilinear mapping f: A x B + C of R-modules there exists a 

homomorphism cp: A OR B + C, such that cp(a @ b) = f(a, b) for all a E A, b E B 
(bilinearity for f means that for fixed a and b the mappings f (a, *) and f (*, b) are 
R-module homomorphisms). 

Let A and B be algebras over R. 

Definition-Lemma. The module A OR B may be given an associative operation 
of multiplication (.) satisfying the condition 

(a, 0 h).(a, 0 b2) = (ala2) 0 (blb2L 

which thus defines A OR B as an algebra over R, called the tensor product of the 
algebras A and B over R. 
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2.2. Elementary Properties of Tensor Products. Simple reasoning from the 
basic definition of the tensor product of algebras leads to a proof of the follow- 
ing K-isomorphisms: 

A&K-K@,A=A, 

where A, B, C are simple K-algebras. 

Theorem. Let A, B, C he finite-dimensional K-algebras. Then C is isomorphic 
to A ox B if and only if in C there are K-subalgebras A and B, K-isomorphic to -- 
A, B respectively, such that 1 and B commute elementwise, {AB} generates C as 
K-algebras and dim, C = dim, A. dim, B. 

Example 1. Let D be a division (*) algebra over K. Then the algebras 
M,,(D) and M,,(K) OK D are K-isomorphic. The isomorphism is obtained by 

associating with the matrix (aij) the element t eij ox aij, where aij E D and eij 
i,j=l 

are the matrix units in M,,(K). 

Example 2. The algebras M,,(K) and M,,(K) OK M,,,(K) are K-isomorphic. 
For let {aij}~,j=, be a basis of M,(K) and {btl}~l=l a basis of M,,,(K) consisting of 
matrix units. We put f(a, OK b,,) = ei+n~,-l~,j+n~l-l~; then it is easy to see that 
these elements, with the given limits for i,j, t, 1 give (mn)’ distinct elements ers, 
where r, s = 1, , mn, which satisfy the matrix identities for the matrix units in 
M,,(K). Thus if we put 

f C k,j,t,r(aij@ 4,) = 1 k,j,t,lf(aijO btl), 
i,j=l,...,n > i,J=l,...,n 
t,l=l,...,m t,1=1,...,m 

then f is the desired K-isomorphism. 

2.3. The Simplicity of Tensor Products. One of the most essential results, 
which determines the role of tensor products in the theory of simple algebras, is 
the following assertion. 

Theorem. If A and B are simple algebras over the field K and moreover 
Z(A) = K, then A OK B is also a simple K-algebra. 

2.4. Extension of the Field of Scalars. Theorem 2.3 allows us to inject central 
simple algebras over K into algebras over extension fields of K. Thus if F is a 
field containing K, then by this theorem, for every central simple algebra A over 
K the algebra A OK F is a simple K-algebra. Moreover, A OK F has an F- 

algebra structure, if we define the product of an element f of F by ciai @fi E 
A OK F, where a, E A, fi E F, as the element ciai @f,J A simple proof shows 
that the centre of the E-algebra A OK F coincides with the set of all elements of 
the form 1, @ f, where 1, is the unit element of A and f E F, which is naturally 
mapped to F by means of the mapping 1, @ f++J Thus A OK F is a central 
simple algebra over F. Moreover, A may be identified with the subset of 
elements of the form a @ l,, where a E A and lF is the unit element of F. The 
passage from the central simple K-algebra A to the central simple F-algebra 
A OK F is called extension of the field of scalars of A from K to F. 

We note the following properties of algebras under extension of the field of 
scalars. 

1. [A:K] = [A@, F:F]. 
2. Let K c F c E be a tower of fields. Then there is a natural isomorphism 

of E-algebras 

(A@,F)@rEh.A&E. 

3. Let A, B be simple K-algebras. Then there is a natural isomorphism of 
F-algebras 

2.5. The Dimension of a Central Simple Algebra. Let A be a central simple 
algebra over a field K. By an extension of the field of scalars K to an alge- 
braically closed extension !Z we obtain a central simple algebra A OK Q over Sz. 
By Wedderburn’s theorem A OK Q is Q-isomorphic to M,(D), where D is a skew 
field with centre Sz. Since Sz is algebraically closed, we have the equation D = 0. 
Thus the algebra A OK SL is isomorphic over !Z2 to M,,(Q), and hence its dimen- 
sion is n2. Since [A : K] = [A OK Sz : G], this proves 

Theorem. The dimension of any central simple algebra A over a field K is the 
square of a natural number. 

However, in the class of division algebras over a given field not all conceiv- 
able dimensions may be realized, as is shown by the example of an algebraically 
closed field. On the other hand, for example, over the rational function field 
Q(x) (cf. 1.6) all dimensions are possible. 

2.6. Degree and Index of an Algebra. By Theorem 2.5, any central simple 
algebra A has the dimension [A : K] = n2. On the other hand, A N M,(D), 
where D is a skew field with centre K. Therefore [A : K] = r2[D : K], and 
by the same theorem, [D : K] = m2; it follows that n2 = r2m2. 

Definition. The number n is called the degree (deg A) of the algebra A and m 
its index (denoted by ind A). 

*This condition is not actually needed 

2.7. Splitting Fields of Simple Algebras. Any central simple algebra A over K 
may in different ways be mapped into a total matrix algebra over some field. 
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The canonical method for K is the regular representation which maps an alge- 
bra A of degree n into M”*(K). By taking a suitable extension of K we can embed 
A in a total matrix algebra of the same degree, for example A + A OK Q = 
M,,(Q), where 52 is an algebraically closed field. 

Definition. An extension field F of K is called a splitting field of the central 
simple algebra A, if A OK F 21 M,,(F). We say that F splits (or decomposes) the 
algebra A. 

Every field containing a splitting field of the algebra A, is again a splitting 
field of A, so the number of splitting fields of any given simple algebra is infinite. 
Thus it is clear that for A 2: M,(D), where D is a central division algebra over K, 
the set of splitting fields is the same for A as for D. It is also clear that for 
A Y M,(K) every extension of K is a splitting field. Conversely, if every non- 
trivial extension of K is a splitting field for the central simple algebra A, then 
A 2: M,,(K). For a noncommutative division algebra D over K there is always an 
extension of K which does not split D. Thus of greatest interest are the splitting 
fields which are finite extensions of K. They are the ones with which we shall be 
dealing below. 

2.8. Simple Subalgebras of Simple Algebras. If A is a division algebra over K, 
then every K-subalgebra B c A is again a division algebra. Indeed, since B has 
no zero-divisors, we have for any non-zero b E B, bB = B, and by the finite 
dimensionality of B over K and the injectivity of the linear mapping x H bx the 
result follows. 

For an arbitrary central simple algebra A over K the subalgebras may be 
more complicated. On the other hand, the simple subalgebras admit the follow- 
ing interesting characterization (below we write for any ring R and subring T, 
C,(T)={r~Rlrt=trforanyt~T}). 

Centralizer Theorem. Let B be a simple subalgebra of a central simple algebra 
A over K. Then 

1) the centralizer C,(B) is a simple algebra, central over Z(B); 
2) CACAB)) = B; 
3) [A : K] = [B : K] [C,(B) : K]; 

4) CAZ(B)) = B @Z(B) C,(B). 

Thus all simple subalgebras of the K-algebra A fall into pairs of mutual 
centralizers, generating (by part 4 of the theorem) centralizer subfields that are 
extensions of K. Therefore a description of these sublields is of basic interest 
to us. 

2.9. Subfields of Central Simple Algebras. We shall thus be interested in 
finite extensions L of K, contained in a central simple K-algebra A. The central- 
izer theorem allows us to give an upper bound on the degree of such subfields 
L over K. Since C,(L) 2 L, it follows that [C,(L) : K] = [C,(L): L] [L : K]. 
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By the centralizer theorem, [A : K] = [L : K] [C,(L) : K]. Therefore [A : K] = 
[L : K]‘[C,(L) : L]. 

Corollary. The degree [L : K] divides deg A. 

The following consequence is often found useful. 

Proposition. A OK L 2: M,,(L) &, C,(L). 

2.10. Maximal Subfields of Simple Algebras. The previous considerations 
show that the problem of describing subfields of central simple algebras is 
reduced to the problem of describing their maximal sublields. 

Definition. Let A be a central simple K-algebra. An extension L of K is called 
a maximal subfield of A if L c A and there exists no subfield E of A properly 
containing L. 

Since A is a finite-dimensional algebra over K, maximal subfields always exist 
in A. 

If L is a maximal subfield of the central simple K-algebra A, then C,(L) N 
M,,(L). For if not, then C,(L) ‘v M,(D), where D is a noncommutative division 
algebra over L, in which there is a subfield E properly containing L, and this 
contradicts the maximality of L in A. 

This reasoning leads to the following conclusions. 

Theorem 1. If A is a central division K-algebra and L a maximal subfield, then 
[A : K] = [L : K12, i.e. [L : K] = ind A. 

For since C,(L) N M,,(L) and A has no zero-divisors, it follows that n = 1, 
and so C,(L) = L. By the centralizer theorem, 

[A : K] = [C,(L) : K] [L : K], 

hence [A : K] = [L : K12. 

Proposition. Every maximal subfield L of a central simple K-algebra A is a 
splitting field. 

For if A N M,(K) OK D, where D is a noncommutative division algebra cen- 
tral over K, then A OK L 2: M,(L) 0, C,(L) (Proposition 2.9). By the maxi- 
mality of L, C,(L) N M,(L), and hence A OK L N M,,(L). It follows that L is a 
splitting field for A. 

A maximal subfield of a division algebra A with centre K may be described 
as follows: 

Theorem 2. An extension L of K is isomorphic to a maximal subfield of the 
division algebra A if and only if 

1) L is a splitting field of A; 
2) [L : K] = deg A. 
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0 3. Automorphisms and Involutions of Simple Algebras 

3.1. Automorphisms of Simple Algebras. Wedderburn’s theorem reduces the 
study of an automorphism of an arbitrary simple K-algebra A to the study of an 
automorphism of the algebra M,(D) (where D is a division algebra over K). In 
this latter case we have the following reduction to the study of an automorphism 
of the K-algebra D. 

Theorem. Every automorphism @ of the K-algebra M,(D) has the form 

where d, E D, eij is the standard matrix basis of M,(D), q is an automorphism of 
the K-algebra D and S is an invertible matrix in M,(D). 

Remark. An analogous statement can be made about anti-automorphisms: 
every anti-automorphism @ of M,(D) has the form: 

where ~0 is an anti-automorphism of D and S E GL,(D). Here an anti-automor- 
phism rp: A + A is defined by 

da + b) = da) + cP@), dab) = d&da). 

All the automorphisms of a simple K-algebra A form a group Aut, A, which 
contains as a normal subgroup the group Int A of all inner automorphisms of A. 
(An inner automorphism of A is given by the formula i,(a) = gag-’ for all 
a E A). By associating to each x E A* the automorphism i,-, we obtain a 
homomorphism from A* to Int A. 

In the case when A is a skew field we simply write Aut A instead of Aut, il. 

3.2. The Skolem-Noether Theorem. One of the most useful results in the 
theory of simple algebras is the following 

Theorem (Skolem-Noether). Let A be a central simple K-algebra and B a 
simple subalgebra. If @ is a homomorphism from B to A, then there exists x E A* 
such that b@ = xbx-’ ,for all b E B. In particular, every K-isomorphism between 
subalgebras of A can be extended to an inner automorphism. 

3.3. Involutions of Simple Algebras. By an involution of a simple algebra we 
understand any anti-automorphism @ such that @’ is the identity mapping. As 
already remarked (cf. 3.1), every anti-automorphism Qi of a simple K-algebra 
M,,(D) has the form: 

(1 eijdij)’ = S (C ejid$)S-‘, 

where cp is an anti-automorphism of D. A simple calculation shows that if @ is 
an involution, then S can be chosen so that S’ = S or S@ = -S. 

Definition. An element a of a simple algebra is called symmetric relative to 
the involution @, if a @ = a and skew-symmetric if a @ = -a. 

3.4. Kind and Type of an Involution. All involutions of a simple K-algebra A 
occur in two kinds, depending on their restriction to Z(A). An involution of the 
,first kind has the property: its restriction to the centre Z(A) is the identity; an 
involution of the second kind has the property that its restriction to Z(A) is an 
automorphism of order two. 

Involutions of a simple K-algebra A acting the same way on the centre are 
called centro-invariant. A simple argument shows that in the case of involutions 
of the second kind, centro-invariant involutions differ from one another by an 
inner automorphism induced by a symmetric element. This is no longer so for 
involutions of the first kind. Here involutions are of two types. If @ is an 
involution of A, then all the symmetric elements relative to @ form a vector 
space S(Q) over the field Z(A), = {a E Z(A)la@ = a>, and dimZcAj, S(Q) can 
only take three values: m2 in the case of an involution of the second kind and 
m(m + 1)/2 or m(m - 1)/2 for an involution of the first kind, where [A : Z(A)] = 
m2. In the case where dim,,,+, S(@) = m(m + 1)/2, the involution @ is said to be 
of the first type and when dim,(,, S(Q) = m(m - 1)/2, of the second type. For 
an involution of the first kind the hollowing holds: involutions of the same type 
differ only by an automorphism induced by a symmetric element and involu- 
tions of different types differ by an inner automorphism induced by a skew- 
symmetric element. 

Example. Let A be a quaternion algebra over a field K with canonical basis 
1, u, v, where u2 = CI, v2 = b, uv = -vu, with ~1, p E K*. For any a = k, + 
k,u + k,v + k,uv E A put a = k, - k,u - k,v - k,uv; thus we obtain an exam- 
ple of an involution of the first kind and second type, S(Q) = K. If t @ = -t E A, 
then the mapping Qil is an involution of the first kind and first type. Suppose 
that L is a quadratic extension of K with generator 0 of the Galois group 
G(L/K). Then on the K-algebra D OK L, @ @ Q is an involution of the second 
kind. 

Comments on Chapter I 

Historically the first example of a non-commutative field were the qua- 
ternions of Hamilton [l]. Molien [l] was the first to introduce the concept of a 
simple algebra (over C) and to show that all such algebras are matrix algebras 
M,(C). The first examples of a non-commutative field different from Hamilton’s 
quaternions were obtained by Dickson [l] (of index 3) and Wedderburn [2] 
(arbitrary index). 
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The fundamental theorem of Wedderburn was proved in Wedderburn [2]. 
The first examples of cyclic algebras arose precisely as examples of non- 

commutative fields (Hamilton, Dickson, Wedderburn). The basic properties of 
cyclic algebras are easily established by means of the theory of crossed products 
of Noether and Brauer (cf. Comments on Ch. 2). 

In connexion with skew fields of non-commutative formal Laurent series we 
mention the example by Hilbert [l] of an infinite-dimensional non-commuta- 
tive skew field. 

The concept of a splitting field of a simple algebra was in effect first consid- 
ered by Schur. 

The Skolem-Noether theorem was proved by Skolem [l] and a little later 
rediscovered by Noether [3] and Brauer [l]. 

Involutions of simple algebras were studied systematically in Albert [2], 
Rowen Cl], Scharlau [3,4]. 

Proofs of the basic assertions of this chapter can be found in Chebotarev [ 11, 
Bourbaki [l], Chevalley [l], Herstein [l], Jacobson Cl]. 

Chapter 2 
General Constructions and Division Algebras 

over Arbitrary Fields 

3 1. Crossed Products 

1.1. Maximal Separable Subfields of Division Algebras. We recall that in 
what follows we shall consider division algebras finite-dimensional over their 
centres. The set of maximal sublields of an arbitrary such division algebra 
possesses an important property which in general is lacking in linite-dimen- 
sional simple algebras. 

Theorem. Let A be a division algebra with centre K. Then there exists in A a 
maximal subfield L, which is a separable extension of K. 

Corollary. I f  N is a maximal subfield of A, which is a separable extension of 
K, and L is a Galois extension of K containing N, then L is isomorphic over K to 
a maximal subfield of M,,(A), where n = [L : N]. 

Indeed, by the remark in Sect. 1.3 of Ch. 1, the field N may be identified with 
a maximal subfield of the algebra M,,(L), which is a subalgebra of M,(A). 

1.2. Generalized Crossed Products. Let T be a central simple algebra over a 
field L and K a subfield of L such that L/K is a Galois extension with Galois 
group G. Suppose that there exist mappings M: G -+ Aut, (T) and f :  G x G + 

T* satisfying the conditions 

cc(a)a = a(a) for all a E L, (1) 

if(o,r)4d = 4MT) for all g, r E G, (2) 

cx(a)f(z, v)f(o, rv) = f(a, z)f(m, v) for all (T, r, v E G. (3) 

The pair (tl, f) is called a generalized factor system (or generalized cocycle) over 
K for L. 

Definition 1. Let (CL, f) be a generalized factor system. The ring A = (T (a, f  )) 
is called a generalized crossed product of T and G relative to the generalized 

factor system, if A = @ TX,, where equality and addition in A are defined 
OCG 

componentwise, while multiplication is defined by the conditions 

a(a)tx, = x,t for all o E G, and t E r (4) 

x,x, = f(a, r)x,, for all c, z E G. (5) 

The algebra T is usually called the skeleton of the generalized crossed 
product. 

Generalized crossed products may be characterized by the following 
conditions. 

Theorem 1. (T, (a, f)) is an associatiue ring with unit element satisfying the 
following conditions: 

(i) (T, (a, f  )) is a central simple algebra ouer K; 
(ii) (T, (a, f)) contains a subfield E isomorphic ouer K to L, and CcT,(a,Sjj,E, is a 

subalgebra of (T, (a, f)) isomorphic to T; 
(iii) the element x, is inoertible in (T, (c(, f)) and moreover, x,tx,’ = a(o)(t) for 

all t E T. 

The natural problem of the K-isomorphism of two generalized crossed 
products with the same skeleton is solved by means of the notion of equivalence 
of generalized factor systems. 

Definition 2. Two generalized factor systems (a, f) and (/?, g) are said to be 
equivalent if there is a function t: G + T* such that 

B(o) = i,,@X (6) 

g(a, T) = t,a(o)(t,)f(a, T)t,;l for all 0, T  E G. (7) 

Theorem 2. Two generalized crossed products (T, (c(, f  )) and (T, (/?, g)) are 
K-isomorphic if and only if the generalized factor systems (!I, f) and (B, g) are 
equivalent. 

In the classical theory of simple algebras one usually has the particular 
case of this construction, due to Noether, when T = L. Below only this special 
case is considered, although many assertions remain valid in the more general 
situation. 
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1.3. Crossed Products. Let L/K be a finite Galois extension with Galois 
group G. 

Definition 1. A generalized crossed product of the L-algebra L and the group 
G relative to the generalized factor system (id,, f) is called a crossed product of 
the field L and group G relative to f (the mapping f in this case is called a factor 
system). This crossed product is denoted by (L, G, f). 

The equation of the preceding paragraph defining a factor system becomes 

44(f(T, v))fh 4 = f(o, T)f(W v), (3’) 

and the crossed product (L, G, f) IS a central simple algebra over K having the 
form @ Lx,, where 

UEG 

a(a)(l)x, = x,1 for all o E G and 1 E L, 

x,x, = f(o, 5)x,, for all O, z E G. 
(4’) 

Remark. The importance of the preceding construction consists in the fol- 
lowing. Every division algebra A with centre K contains a maximal separable 
subfield N (cf. l.l), and in view of the corollary of 1.1, for a suitable natural 
number n the algebra M,,(A) contains a maximal subfield L which is a Galois 
extension of K. Now by the Skolem-Noether theorem, for each c E G = 
Gal(L/K) there exists an element x, such that the automorphism iXm induces by 
its restriction to L the automorphism O. If we put x,x,x,;1 = f(a, z), then the 
mapping f: G x G + L is a factor system. Now an easy verification shows 
that M,(A) = (L, G, f). 

As in the case of generalized crossed products one defines the equivalence of 
factor systems. 

Definition 2. Two factor systems f :  G x G + L* and g: G x G + L* are 
called equivalent if there exist elements I, E L* such that 

g(o, z) = l,cc(a)(l,)f(a, z)l,;’ for all O, T E G. (7’) 

With these notations we have the 

Theorem. Two crossed products (L, G, ,f) and (L, G, g) are K-isomorphic if and 
only if their factor systems f  and g are equivalent. 

Remark. By considering a suitable factor system equivalent to a given one, 
we may suppose without loss of generality that f(a, 1) = f(1, a) = 1, and this 
will be assumed in what follows. 

1.4. Simple Properties of Crossed Products. For an account of the properties 
of crossed products the following equivalence relation on the set of central 
simple K-algebras is useful. Two central simple K-algebras A and B are similar: 
(A - B) if A = M,,(D) and B N M,,,(D), where D is a division algebra over K. 

Crossed products have the following properties: 
1. The function i:G x G + L*, where i(g, z) = 1 for all 0, t E G, is a factor 

system on G with values in L* and (L, G, i) 2: M,(K). 
2. If f  and g are factor systems on G with values in L*, then the function 

fg(a, T) = f(o, z)g(o, T) for all G, T E G is a factor system on G with values in L* 
and moreover, 

C-L G> fg) m (L, G, f) 6%~ (L, G, g). 

3. The function f-l: G x G + L*, f  -‘(a, t) = f(o, z)-‘, where f  is a factor 
system on G with values in L*, is again a factor system, and moreover, 

(L, G, f  )op = (L, G, f  -‘), 

where (L, G, f  )op is the opposite of (L, G, f) (cf. 9 2). 
4. If E is an extension of K, then the restriction of E-automorphisms of LE 

to L is an isomorphism cp of the Galois group of LE over E and the Galois 
group H of L over L n E. Since H c G, the function fE(a, z) = f(cp(a), V(T)), 
where f  is a factor system on G with values in (LE)* is a factor system on H with 
values in (LE)*. Further, 

(L, G, f) OK E m (LE, H, fE). 

1.5. Universal Finite-dimensional Division Algebras. Let K be an infinite 
field, n a natural number greater than 1 and F a purely transcendental extension 
of K with transcendence basis X = {xhj, where 1 d i, j d n, t E N. Let A,(K) be 
the subalgebra of M,(F) generated by the matrices {M@), t E N}, where M(‘) = 
l/xtli (A,,(K) is called the generic matrix algebra of degree n over K). The alge- 
braic independence over K of the elements of X implies the truth of the follow- 
ing assertion. 

Lemma. The algebra .4,(K) is a non-commutative ring without zero-divisors. 

From this lemma it follows immediately that the centre Z(A,(K)) of A,,(K) is 
a commutative ring with one and without zero-divisors. Let K, be the field of 
fractions of Z(A,(K)). 

Definition. The algebra D,,(K) = A,(K) @zca,cK,, K, is called the universal di- 
vision algebra of degree n over K. 

Theorem. The algebra D,,(K) is a central division algebra over K, and 
deg D,,(K) = n. 

It is clear that A,(K) is contained in D,(K) (as Z(A,(K))-subalgebra) via the 
mapping a H a @ 1. The following statement characterizes the role of A,,(K). 

Proposition. Zf F is an extension qf K and A a central simple F-algebra then 
the following assertions hold. 

(i) I f  f :  A,(K) -+ A is a homomorphism of K-algebras, then f(Z(A,(K)) c F. 
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(ii) If Y 1, . . . , y, are distinct non-zero elements of A,,(K), then there exists a 
K-algebra homomorphism f: A,(K) + A such that f(y,), . . . . f(y,) are distinct 
elements of the unit group A*. 

1.6. Amitsur’s Example of a Division Algebra Which Is Not a Crossed Prod- 
uct. As remarked in 1.1, for an arbitrary central division algebra A over K there 
is a natural number m such that M,(A) is a crossed product. For a long time one 
of the key problems in the theory of division algebras was the question whether 
every division algebra is a crossed product. The following result answers this 
question in the negative. 

Theorem (Amitsur). Zf D,,(Q) is a crossed product, then n = pq, . . . q,, where 
ad2andq,,..., q1 are distinct odd primes. 

Thus for all degrees n not of the above form, o.(Q) is not a crossed product. 

1.7. Generic Division Algebras. This class of algebras is closely related to the 
class of universal division algebras. As in 1.5 we consider A,,(K), the generic 
matrix algebra of degree n over K and in it for a fixed r E N, r > 2, take the K- 
subalgebra M(K, n, r) generated by M(l), M@), . , MC’). By Lemma 1.5 it follows 
immediately that M(K, n, r) is a non-commutative integral domain. Its central 
localization UD(K, n, r) is then a division algebra of degree n over its centre 
Z(UD(K, n, r)) (below this is simply written Z(K, n, r)), called the generic divi- 
sion algebra of degree n in r variables over K. 

1.8. Centres of Generic Division Algebras. One of the important problems 
connected with the study of generic division algebras is the question of the 
rationality of Z(K, n, r) over K (rationality means that Z(K, n, r) is a purely 
transcendental extension of K). For a study of Z(K, n, r) the following interest- 
ing interpretation often proves useful. 

Let K[x$‘] be the polynomial ring in x8 (1 d i, j d n, 1 d t d r) over K. We 
define the action of the general linear group GL,(K) on K[xij’] as follows. Let 
P E GL,(K) and M(‘) = Ilx$ and put 

Ijy!!)I/ = pM”‘p-1. 
?I 

Then the mapping x$‘HX$), 1 d i, j d n, 1 d t < r, induces in a natural way an 
automorphism of K [x$‘] and likewise an automorphism of its field of fractions 
K(x$‘), which will again be denoted by P. The field of invariants of GL,(K) is 
defined in standard fashion: 

K(x$‘)~~,‘~’ = tf E W$')lf' = f) 

for any P E GLJK). 
With the foregoing notations we have 

Theorem 1. The fields K(x$))~~~(~) and Z(K, n, r) are naturally isomorphic if 
char K = 0 and K is algebraically closed. 
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The problem of the rationality of the field Z(K, n, r) was reduced by Procesi 
[l] to the case r = 2, more precisely we have 

Theorem 2. Zf r > 2, then Z(K, n, r) is a purely transcendental extension of 
Z(K, n, 2) of transcendence degree (r - 2)n’. 

For matrices of the second order the problem was completely solved by 
Procesi [ 11. 

Theorem 3. The field Z(K, 2, r) is rational over K. 

The cases n = 3,4 were considered by Formanek [l, 23. 

Theorem 4. The fields Z(K, 3, r) and Z(K, 4, r) are rational over K. 

In connexion with Theorem 2 we also note the following representation of 
Z(K, n, 2) as a certain field of invariants under the action of the symmetric 
group S,. 

Theorem 5. Let K(xi, y,ll d i, j d n) be a purely transcendental extension 
of a field K with transcendence basis {xi, yij}IGi,jGn and L the subfield of 
K(xi, yijl 1 < i, j < n) generated over K by the set {xi, yii, yijyji, yijyi,ykil 1 6 i, j, 
k d n}. Then: 

(i) L is a rational function field over K oftranscendence degree n2 + 1; 
(ii) the action of the symmetric group S, on the variables {xi, yij} defined by the 

formulae 

n(xi) = xn(i)3 n(Yij) = Yz(i)n(j)f 7C E %I, 

induces an action of S, as group of automorphisms of L; 
(iii) the field Z(K, n, r) is isomorphic to the field of invariants of the group S,, 

in L. 

There are a number of results at present: Bogomolov [l], Colliot-Th&ne 
and Sansuc [2] Le Bruyn and Molenberghs Cl], Saltman [2, 33 closely con- 
nected with the problem of the rationality of Z(K, n, r). 

We mention one of these which is the simplest to formulate. 
Let BS(UD(K, n, r)) be the Brauer-Severi variety of UD(K, n, r) (cf. below in 

$3, 3.5) and K(BS(UD(K, n, r))) the corresponding field of rational functions. 
Then we have 

Theorem 6. The field K(BS(UD(K, n, r))) is rational over K. 

0 2. The Brauer Groups 

2.1. Definition. For any field K an abelian group structure BrK can be 
defined on the set of all central division algebras over K called the Brauer group 
of this field, which plays an important role in many parts of algebra and number 
theory. First of all we remark that for an arbitrary central simple K-algebra A 
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its opposite is defined as the algebra AoP differing from A in the multiplication, 
which is changed from (.) in A to * defined by the equation 

a*b = b.a 

for any a, b E A. It turns out that AoP is a central simple K-algebra and more- 
over, we have the following 

Theorem. A OK AoP N McdepAjZ(K). 

Proof. If a 0 b E A OK AoP, then the mapping x ~axb, where x E A, is a 
K-endomorphism of the vector space A, and it is not hard to see that it defines 
a K-homomorphism cp: A ox AoP + End,(A). But the algebra A@, AoP is 
simple, and dim, A OK AoP = dim, End, A, therefore cp is an isomorphism. 

This result allows us to define on the set D(K) of central division algebras 
over K an operation which turns D(K) into an abelian group, the Brauer group 
ofK. 

Let D,, D, E D(K). Then the algebra D, @ D, is by Wedderburn’s theorem 
K-isomorphic to a certain algebra M,(D,), where D, is a central division K- 
algebra. We now put D, 0 D, = D,. The operation defined on D(K) in this way 
is clearly commutative with 1 (coinciding with K) and with Dop as the inverse of 
D. 

A more traditional form of this definition consists in the following. On the set 
S(K) of central simple K-algebras we introduce an equivalence relation - : two 
algebras A, B E S(K) are called similar if A 2: M,(D), B 2: M,(D), where D is a 
central division algebra over K. On the set S(K)/- we define the operation 
[A]. [B] = [A OK B], where E denotes the class of algebras similar to E. 

2.2. Brauer Groups of Special Fields. The following examples show that 
Brauer groups may be very different. 

1. The Brauer group of an algebraically closed field is trivial, in particular, 
Br C = 0. Indeed, there is no non-trivial division algebra over an algebraically 
closed field (see 1.2 of Ch. 1). 

2. The Brauer group of the real numbers is the cyclic group of order two. It 
will be enough to show that there is only one non-trivial central division R- 
algebra. Let A be a non-trivial central division R-algebra. Then A OR C = 
M,(C) (because Br C = 0). Hence C is a splitting field of A and since [C : R] is 
divisible by deg A, it follows that deg A = 2. Now A is a division algebra, so C 
is a maximal subfield of A. This means that A contains an element i such that 
iz = - 1. By the Skolem-Noether theorem the R-automorphism of C mapping i 
to -i is an inner automorphism i, of A. It is clear that g2 E C and since gig = g, 

it follows that y E R. Consider the element j = gJls’l-‘; we have j2 = - 1 
and putting k = ij, we find that A ‘v H, where H is the quaternion algebra of 
Hamilton. 

3. The Brauer group of a finite field is trivial. For if K is a finite field and D 
a central division algebra over K, say [D : K] = n2, then all maximal subfields 
of D are isomorphic, as extensions of degree n of a finite field. Hence by the 

II. Finite-Dimensional Division Algebras 149 

Skolem-Noether theorem D* = u xL*x-‘, where L is a maximal subfield of 
xeD* 

D. The finite dimensionality of D over K implies that D is finite. But for a finite 
group the decomposition D* = u xL*x-‘, as is well known, is possible only 

xcD* 

if D* = L*. hence D = K. 
4. Let Q’ be the additive group of Q and Z+ the subgroup of integers. 

Theorem. Let K be either the field Q, of p-adic numbers or the field of formal 
power series F,(x). Then 

Br K 2 Q’/Z’. 

In what follows, the group Q’/Z’ will for brevity always be denoted by Q/Z. 
The proof of this theorem is very deep and requires a study of the structure of 
division algebras over local fields, which will be a subject of discussion in Ch. 3. 

2.3. Profinite Groups and Their Cohomology. We shall confine ourselves 
here to a minimal amount of information on profmite groups and Galois 
cohomology, which will be sufficient for a study of the Brauer groups of fields. 

Let I be a set equipped with a reflexive and transitive relation 6, such that 
for any a, b E I there exists c E I such that c 3 a, c 2 b. An inverse (projective) 
system qf topological groups over I is a set of topological groups (Gi)i,r and a 
system of morphisms 7~;: Gj --+ Gi (j 3 i) such that rri = ido{ and rcir$ = rck for 
i<j<k. 

Definition. A topological group G is called profinite, if it is isomorphic to the 
inverse limit of a system of finite groups. 

Example. The Galois group of a field extension. Let K be a field and E a 
Galois extension with Galois group G(E/K). Let {Li}i,r be the set of all finite 
Galois extensions of K contained in E. Then E = u Li. If L, c Lj, then there 
exists a homomorphism ni: G(Lj/K) + G(Li/K), obtained by restricting the 
automorphisms. The system (G(L,/K), rcji, I) is an inverse system; moreover its 
inverse limit is isomorphic to G, where the isomorphism is defined as follows. 
For any i E I there exists a restriction homomorphism ‘pi: G(E/K) -+ G(L,/K), 
which leads to a mapping cp: G(E/K) -+ n G(L,/K). It turns out that cp is 

is1 

injective and q(G(E/K)) = I@ G(L,/K) (where l@r denotes the inverse limit). 

If (Gi,, rc$‘, 1’) is another inverse system of groups Cl, 
9: I’ -+ I is given which preserves the ordering and for 
G,,i,, -+ Gi, is given such that for i’ < j’ E I’ the diagram 

over I’, and a mapping 
any i’ E I’ a morphism 
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is commutative, then the system (cp, cpi,, i’ E I’) = @ is called a morphism from 
(Gi)ieI to CGl’)i’EI’. Every such morphism @ defines a mapping @*: n Gi -+ 

iel 

i,-J, G!,, if G*(X) E n Gist where x E n Gi (for any i’ E I’) is the element such 
i’eI’ iol 

that its i’-coordinate equals cpi,(x,&, and the restriction of @* to l&n Gi is a 
continuous homomorphism into I@ G,,, called a morphism from G to G’ rela- 

tive to @ (or simply a morphism from G to G’). 

For any prolinite group G, a closed subgroup H and a closed normal sub- 
group L there is an isomorphism: 

G N l@-i G/U,, 

where (Ui)iSr is the system of all open normal subgroups of G, 

H N li+m H/(H n U,), 

GIL N 19 GIUiL. 

Let G be a profinite group, A a left G-module and U an open subgroup of G. 
Denote by A” the set of elements of A fixed under the action of U. The G- 
module A is called discrete, if A = u A”. (We recall that G-module means 
Z[G]-module, where Z[G] is the integral group ring of G). 

The cohomology of prolinite groups is defined as follows. 
Let A be a discrete G-module and C” = C”(G, A) the set of all continuous 

mappings of G” into A for n 2 1, and Co = C’(G, A) = A. The group operations 
in A transfer in a natural fashion to C”(G, A). 

Let d,: C”(G, A) + Cn+i(G, A) be the homomorphism given by the following 
formulae: for f E C”(G, A) 

+ (- l)n+if(Xi, . . . , X”). 

We define the cohomology groups H”(G, A) of G with coefficients in A as 
follows. 

n 2 1, 

The following homomorphisms of cohomology groups are closely connected 
with the Brauer groups of fields. 

1. Let H be a closed subgroup of a profinite group G. If A is a discrete 
G-module, then the inclusion f: H -+ G defines A as an H-module, leading 
to homomorphisms C”(G, A) -+ C”(H, A), which induce restriction homomor- 
phisms res;: H”(G, A) + H”(H, A). 

2. Let H be a closed normal subgroup of the prolinite group G. Every 
discrete G-module A defines a G/H-module AH such that the natural mapping 
induces homomorphisms rr(,: H”(G/H, A“) + H”(G, AH). The inclusion AH + A 

induces homomorphisms i,: H”(G, AH) + H”(G, A). The composition of rc, and 
i, defines the inflation homomorphism 

infz: H”(G/H, An) + H”(G, A). 

3. For a closed normal subgroup H of a prolinite group G and a discrete 
H-module A a module ME(A) may be defined, consisting of all continuous 
mappings f*: G + A satisfying the condition f*(hx) = hf*(x), where h E H, x E 
G. The action of the group on ME(A) is given by 

kf*) (-4 = f*(xd 

The homomorphism from ME(A) to A which identifies each f* E M:(A) with 
the element f*( 1) induces the homomorphism: 

pq: Hq(G, M,f(A)) -+ Hq(H, A). 

Proposition 1. The homomorphism pq is an isomorphism. 

If H is a closed subgroup of finite index and A a discrete G-module, then we 
can define a surjective G-homomorphism 

7r: kg(A) -+ A, 

such that n(f*) = c xf*(x-‘), and rc induces homomorphisms 
XGG/H 

nq: Hq(G, M,H(A)) --+ Hq(G, A). 

The composition corg = n,&’ is called the corestriction homomorphism. 

Proposition 2. If H is of index n in G, we have the relation 

corg .resz = n. 

For the cohomology of prolinite groups we have the following important 
property: let (Ui)i.r be the family of all open normal subgroups of the profinite 
group G; then for a discrete G-module A and n 3 0, 

H”(G, A) N 1% H”(G/U,, A”~). 

The preceding property allows us to generalize to the case of arbitrary prolinite 
groups the well known results on the periodicity of the cohomology groups of 
finite groups. 

Theorem. The groups H”(G, A) are periodic for n > 1. 

2.4. Galois Cohomology and Brauer Groups. Let E be a Galois extension of 
a field K, {Ki}i,I the set of finite Galois extensions of K contained in E and 
Ui = G(E/K,). Then G = G(E/K) = lim G/Ui, and moreover (,*)“i = Ki and 
E* = U (E*)“i. The groups H”(G, E*f-are called the n-th Galois cohomology 
groups of E. From the point of view of the study of the Brauer group of K the 
basic interest resides in the group H’(G, E*). If K, is the separable closure of K, 
we shall for brevity instead of H”(G(K,/K), K,*) write H*(K). 
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For an arbitrary Galois extension E of a field K and a Galois extension L of 
K contained in E, we have the following exact sequence 

0 + H’(G(L/K), L*) -+ H’(G(E/K), E*) -+ H’(G(E/L), E*). 

From the exactness of this sequence we obtain the following assertions. 
1. For any Galois extension F/K the sequence 

0 -+ H2(G(F/K), F*) + H’(K) + H*(F) 

is exact. 
2. If tKi)ieI is the family of all finite Galois extensions of a field K, contained 

in a fixed algebraic closure, then 

H2(K) = u H2(G(Ki/K), K:). (*I 
iGl 

The use of Galois cohomology theory in the theory of finite-dimensional 
simple algebras is effectively based on the isomorphism 

H2(K) N Br K. 

This isomorphism is established with the help of (*) and the equation Br K = 
w ik WKiIK), h ere Br(KJK) is the subgroup of Br K consisting of all [A] such 

that Ki is a splitting field for A, and taking account of the isomorphism 

H2(G(Ki/K), KF) N Br(KJK). 

This last isomorphism may be obtained as follows. 
The abelian group H2(G(Ki/K), KF) coincides with the factor group Ker d,/ 

Im d,. The group Ker d, consists of all functions f: G(K,/K) x G(K,/K) + Kf 
satisfying the condition 

x,f(x,, %)f(Xl, x2x3) = f(Xl, x,m,x,t X3)> 

i.e. by (3’) of 1.3, f is a factor system on G(K,/K) with values in KF. Thus there 
exists a mapping @: Ker d, + Br(K,/K) given by the formula 

Q(f) = C(Ki, G(Ki/‘K), f)l, 
By the remarks in 1.3, the mapping @ is surjective. It remains to show that 
Im d, = Ker 0. To say that the element f belongs to the kernel of @ means that 
(Ki, G(KJK),f) N M,(K). But then the factor system g(a, r) = 1 for all 0, t E 
G(Ki/K) is equivalent to f, and by (7’) it follows that 

Putting e(a) = t,, we obtain f = d,e, therefore Ker @ c Im d,. Conversely, if 
f E Im d,, then by using an equivalent factor system we obtain the opposite 
inclusion. Hence @ induces an isomorphism 

@*: Ker d,/Im d, -+ Br(K,/K), 

as was to be shown. 

2.5. Exponents. As already mentioned in 2.3, the groups H2(K) are periodic, 
therefore, taking into account the isomorphism H2(K) E Br K, we see that the 
Brauer group Br K is a periodic abelian group. The isomorphism 

@*: H2(G(F/K), F*) + Br(F/K), 

where F is a finite Galois extension, together with the general result that the 
exponent of the group H*(G(F/K), F*) divides the order of G(F/K), shows that 
for every central simple K-algebra A of degree n the order of [A] in the group 
Br K is a divisor of n!. 

Definition. The exponent of the algebra A (denoted by exp A) is the order of 
[A] in the group Br K. 

In fact there exist more precise estimates for the exponent than those listed 
above. 

Theorem 1. Let A be a central simple K-algebra and T = (pl, . , p,} the set 
of all distinct primes dividing ind A. Then exp A divides ind A and every element 
of T divides exp A. 

The basic property of exponents is contained in the following statement. 

Theorem 2. Let A and B be central simple K-algebras, and F a finite exten- 
sion of K. Then: 

(i) From [A] = [B] itfollows that exp A = exp B. 
(ii) exp(A & F) is a divisor of exp A. 
(iii) exp A is a divisor of [F : K] exp(A OK F). 
(iv) If ind A and [F : K] are coprime, then 

exp(A OK F) = exp A, ind(A Ox F) = ind A. 

(iv) exp(A OK B) divides the least common multiple of exp A and exp B. 
(vi) If ind A and ind B are coprime, then 

ind(A OK B) = ind A .ind B. 

If A and B are division algebras, then A OK B is again a division algebra. 

From the last assertion of Theorem 2 follows the theorem on the decomposi- 
tion of any division algebra as a tensor product of division algebras with pri- 
mary indices that are pairwise coprime. 

Theorem 3. If D is a central division K-algebra of degree deg D = pT1 pp, 
where pl, , p, are the different prime divisors of deg D, then D = D, OK.. . 
OK Dr, where D,, . . . . D, are central division K-algebras of indices pF1, . . , p: 
respectively, and this decomosition is unique up to K-isomorphism. 

2.6. Algebras of Exponent Two. From the point of view of various applica- 
tions the basic interest resides in algebras possessing an involution. If we restrict 
ourselves to involutions of the first kind, the question of their existence is 
closely connected with the exponent of the algebras. 
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Theorem 1. A central simple K-algebra A has an involution of the first kind if 
and only if exp A d 2. 

Indeed, if A has an involution of the first kind, then A and AoP are K- 
isomorphic. But then [A”“] = [A] an d so exp[A] cannot exceed 2. If exp A d 2, 
then [A”“] = [A], hence AoP and A are K-isomorphic, which implies the exis- 
tence of a K-anti-automorphism (T of A. The fact that (r has order two is 
somewhat harder to prove (cf. Albert [4]). 

Corollary. If A is an algebra of exponent two, then ind A = 2”. 

We remark that the elements CI E Br K such that ct = [A] and exp A < 2 form 
a subgroup ,Br K of Br K. Simple algebras of exponent two have already 
occurred in 1.2 of Ch. 1. We shall now give a construction allowing us to 
describe algebras of degree two. We remark that by Theorem 1 of 2.5 the 
exponent of such algebras cannot exceed two. 

Let A be a central simple K-algebra and [A : K] = 4. If A contains a maximal 
separable subfield L, then [L : K] = 2, and L is a cyclic extension of K, therefore 
A = (L/K, 0, b) is a cyclic algebra. The condition of the existence of a maximal 
separable subfield in the algebra is equivalent to the existence of a separable 
extension of K of degree two. If no such extension exists, then A is clearly 
K-isomorphic to M2(K). If char K = 2, then L is the splitting field of a suitable 
polynomial x2 - x - CI, CI E K, and exp A = 1 or 2, depending on whether CI 
belongs to NLIK(L*) or not. If char K # 2, then either no quadratic extension of 
K exists (and then A = M2(K)), or L = K(G) for a suitable element a E K. In 
the latter case we can choose a basis (lA, u, U, uu) in A such that 1, is the one of 
A, u2 = a, a2 = b E K* and uu = -vu. An algebra with such a basis is called a 
generalized quaternion algebra over K, corresponding to the pair a, b E K* and 

will be denoted by A(a, b) 
( 

sometimes 
(%or(a,b)). 

It is clear that ind A = exp A = 2 if and only if b $ N 
x~J ),K( (J) . The 

; K a * 
connexion of such algebras with the theory of quadratic forms consists in the 
following. 

Proposition. The algebra A(a, b) is a division algebra (i.e. exp A = ind A = 2) 
tf and only tf the quadratic form x: - ax: - bx: + abxi does not represent zero 

non-trivially over K. 

Thus all division algebras (exp A = ind A = 2) are cyclic. 
A division algebra A for which exp A = 2, ind A = 4 also has a simple struc- 

ture. 

Theorem 2. Let A be a central division K-algebra and ind A = 4, exp A = 2 
(char K # 2). Then A = A, OK A,, where A,, A, are central division K-algebras 
which are generalized quaternion algebras. 

The claim that arbitrary division algebras of exponent two are cyclic is not 
generally true, as Albert has shown. This raises the question of the existence for 

every non-identity element c( E ,Br K of a cyclic algebra A such that c1 = [A], 
which has been answered positively in the case of char K = 2. 

Theorem 3. If char K = 2 and c( is a non-identity element of ,Br K, then there 
exists a cyclic algebra A such that tl = [A]. 

On the other hand, for a field K-of characteristic not two, it seems a natural 
hypothesis by Theorem 2, that every division algebra of exponent two is a 
tensor product of generalized quaternion algebras. However this is not true. The 
corresponding counter-example arises already in the case of a division algebra 
of index eight (Amitsur, Rowen and Tignol Cl]). Nevertheless, a weaker hypoth- 
esis, formulated in the language of the group ,Br K is true. 

Theorem 4. Let char K # 2 and CI E ,Br K. Then c1= C(~. . . c1,, where CI~ = 
[AI], . . . . CI, = [A,] and A,, . . . . A, are generalized quaternion algebras. 

Thus every algebra of exponent two may be “constructed”, up to a certain full 
matrix algebra, out of generalized quaternion algebras. 

2.7. Brauer Groups and the K,-Functor of Fields. The first proof of Theorem 
4 in 2.6 was obtained with the help of the method of algebraic K-theory. Later 
it was shown that this method allows one to obtain a much more general fact on 
the structure of Brauer groups, containing Theorem 4 as a special case. Below 
we shall for convenience of notation denote the base field by E. 

Let ,Br E be the subgroup of the Brauer group consisting of all elements 
whose order divides n. If we suppose in addition that the group (p,) of n-th 
roots of unity contained in E has order n (in particular, n and char E are then 
coprime), then with each pair of elements a, b E E* we can associate a central 
simple E-algebra A,,(a, b) (pL, is a primitive n-th root of unity contained in E). 
The algebra AJa, b) is given by the following generators and defining relations: 
the algebra is generated by two elements x and y such that 

x” = a. l,, y” = b. l,, xy = pyx. 

It is a natural question whether the set of elements [AJa, b)], when a and b 
run independently over E*, form a generating set for the group .Br E; this is 
closely connected with what are known as Milnor’s K,-groups of a field. Taking 
account of Matsumoto’s theorem which describes a system of generators and 
defining relations for these groups, we define the groups K, in the following 
fashion. 

Definition. Let E be a field; then Milnor’s K,-group of E is an abelian group 
K,(E) with a generating set consisting of all pairs (a, b}, a, b E E*, subject to the 
following defining relations: 

1) (ah c> = {a, c} + (b, c}; 
2) {a, bc) = {a, b} + {a, c}; 
3) {a, 1 - a} = 1 for a # 0, 1. 
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The pair {a, b} is usually called a symbol and properties 1 and 2 express the 
bimultiplicativity of the symbols. 

The connexion of the Brauer groups with the groups K, consists in this, that 
the replacement of the symbol {a, b} by the element [A,,(u, b)] (here it is of 
course assumed that pL, E E) may be extended to a homomorphism 

R n,E: K,(E) + Jr E, 

which carries the name norm residue homomorphism. 
A simple calculation shows that [A,,(u, b”)] is the unit element of .Br E. On 

the other hand, {a, b”} = n{u, b}, therefore K,(E) is contained in the kernel of 
the homomorphism R,,,. Thus we have a homomorphism 

R n,E: K,(WnK,(E) + .Br E. 

A fundamental result in the theory of Brauer groups consists in the following 
(AS. Merkur’ev ~ A.A. Suslin Cl]). 

Theorem. The mapping R,,, is an isomorphism. 

Corollary. Any element a E ,,Br E may he represented in the form of a tensor 
product of symbol-ulqebrus (i.e. algebras of the form AJa, b)). In particular, 
every central division E-algebra is similar to a tensor product of cyclic E-algebras. 

2.8. Simple p-Algebras. The Merkur’ev-Suslin theorem refers to algebras 
whose index is prime to the characteristic of the base field. Let us now consider 
the contrary case. 

Definition. Let E be a field of characteristic p > 0. A central simple R-algebra 
A is called a p-algebra over E, if deg A = pa. 

In the case of a perfect field E we have the following result. 

Theorem 1. lf the field E is perfect (of characteristic p), then every central 
simple p-algebra over E is isomorphic to M,,(E), for a suitable natural number n. 

Thus below E will be an imperfect field. 
An important property of p-algebras is the existence of a purely inseparable 

splitting field. 

Theorem 2. Let A be a p-algebra over E, ind A = p’. Then A has a splitting 
,field which is a finite purely p bl mse aru e extension of E, of exponent not ex- 
ceeding pe. 

The further description is related to the existence of a purely inseparable 
splitting field. 

Theorem 3. Let A be a p-ulgebru over E and E(“&, . . . , “A) a splitting 

field, ni = ~‘1, ui E E, such that no splitting field E(“&, . . . , “‘&) exists, where 
m, = pfl < ni and for at least one i, 1 < i < t, mi < ni. Then 

where deg(Z,/E, cri, yi) = ni, (ci) = Gal(ZiIE), yi E E*. 

Further we have 

Theorem 4. Every p-algebra is similar to a cyclic algebra. 

In terms of purely inseparable splitting fields we can also give a description 
of the exponent. 

Theorem 5. The exponent of any p-algebra coincides with the minimum of the 
exponents of all purely inseparable splitting fields. 

In conclusion we mention a useful consequence. 

Corollary. Every central division E-algebra of exponent p is similar to a tensor 
product of cyclic ulqebras of degree p. 

Clearly this follows at once from Theorems 5 and 3. 

2.9. Generators of Brauer Groups. Since Br E is a periodic abelian group, it 
is enough to obtain a description of the p-primary components Br E(p) for each 
prime p. 

In case char E = p, by Theorem 4 of 2.8 every element c( E Br E(p) has the 
form tl = [A], where A is a suitable cyclic algebra. 

Now let p # char E, E, = E(nr,), where pp,, is a primitive p”-th root of unity 
in a fixed algebraic closure E, of E. Further, let the roots pp,,, n E N, be chosen 
such that pi”+, = p,,foranynENifp#2and&,+,= -pz,fornEN,n>2. 
Put E, = u E,. The action of the Galois group G = Gal(E,/E) on the group 

IIEN 

(pLp7} of roots of all degrees p” (n E N) of unity defines an embedding z: G + 
Aut {p,-} = Zz, where Z, is the ring of p-adic integers. From this embedding it 
immediately follows that for p # 2 the group G has a single topological genera- 
tor. In the case when p = 2 this is generally speaking not so, therefore to require 
the existence of a single topological generator represents a restriction, although 
this can be removed if we assume that J-1 E E. 

Below we shall suppose that G is a group with a single topological generator. 
In this case the different possibilities are as follows. 

Case 1. The group G is finite of order prime to p. 
Case 2. The group G is infinite. 
Case 3. p = 2 and G = Z/22. 
Let z be a fixed topological generator and m = z(z) E Zz. 
In case 1 we put [a, b], = corE,,EIAP,n(u, b)], where the mapping corE,/E 

induces the homomorphism cor~$~;~~E). 5 
Theorem 1. Let G be a finite group whose order is prime to p. Then the group 

Br E(p) is generated by elements of the form [a, b],, a, b E E,, n E N, with 
defining relations: 
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1) the symbol [a, b], is bimultiplicative; 
2) [a, 1 - aln = 1; 
3) [a, bl,P+, = [a, b],, [a, b]; = 1. 

In case 2 there exists r E N such that for any n 2 r, [E,,, : E,] = p. For a, 
b E E,!J suppose that a, b E E,*, n 3 Y. We put 

Cx, ~1 = corEnIEC.$&c @I. 

It can be shown that the symbol [x, y] does not depend on the choice of n. 

Theorem 2. Zf the group G is infinite, then the set {[a, b] la, b E E,} is a 
generating set for Br E(p) with the following system of defining relations: 

1) the symbol [a, b] is bimultiplicative; 
2) [a, 1 -a] = 1; 
3) [a, b]“” = 1, if a, b E E,*, n > r; 
4) [a, b]” = [za, zb]. 

In case 3 we put 

[a, bl,, = corE,1ECAP2,(a, WI, a, b E Em, n 2 2, 

(a, b) = [A(a, b)], a, b E E. 

Theorem 3. If G = Z/22 then the group Br E(2) has the system of generators 
{[a, bl,, Cc, d)la, b E J%, c, d E E} with defining relations: 

1) the symbols [x, y],, (a, b) are bimultiplicative; 
2) [a, 1 - a] = (a, 1 - a) = 1; 
3) [a, bl,? = [a, bl,-,; 
4) [a, b12 = WEmIE(4, b), a E J%, b E E*; 
5) (a, b)’ = 1; 
6) [a,b],= l,a,bEE*. 

5 3. Splitting Fields 

3.1. Algebraic Splitting Fields. 

Definition. Let A be a central simple algebra over a field K and L an exten- 
sion of K. The field L is said to be an algebraic splitting field of A if (i) L is a 
splitting field of A and (ii) L is an algebraic extension of K. 

As already mentioned earlier, for a study of splitting fields of simple algebras 
it is enough to restrict attention to splitting fields of division algebras, therefore 
we shall below often restrict ourselves to the case when A is a division algebra. 

If L is an algebraic splitting field of the division algebra A, then L necessarily 
contains a splitting field M of A which is a finite extension of its centre. So a 
problem of some interest consists in the description of all splitting fields that are 
finite over K. Such fields have the following important property. 

Proposition. Let A be a central division K-algebra and L a splitting field of A 
finite over K. Then L is a maximal subfield of some central simple K-algebra 
similar to A. 

This proposition may also be reformulated as follows. The set of all splitting 
fields of a central simple K-algebra A that are finite over K coincides with the 
set of all maximal subtields of simple algebras similar to A. 

It is clear that this last case at once implies the truth of the following 
assertion. 

Theorem 1. Let L be a splitting field of a central simple K-algebra A, finite 
over K. Then ind A divides [L : K]. 

By the preceding considerations and Theorem 1 the question naturally arises 
whether every finite-dimensional splitting field of a simple algebra contains a 
maximal subfield of a division algebra similar to it. This is not the case (with 
reference to examples, see Ch. 3,2.12). 

Since every maximal subfield of a division algebra is a splitting field, as 
already mentioned earlier, the general problem of the description of linite- 
dimensional splitting fields falls into two parts: to describe the maximal sub- 
fields of division algebras and to describe the finite-dimensional splitting fields 
not containing maximal subfields of the corresponding division algebras. It 
would be unrealistic to expect to find a solution of these problems for arbitrary 
fields. However, there is another approach to the description of finite extensions, 
which will be explained below. 

From the point of view of the internal structure of simple algebras it is 
sometimes important to know, not the whole set of splitting fields, but only 
some of them. For example, the construction of crossed products leads to the 
following problem. 

Does every central simple K-algebra possess a maximal subfield which is a 
Galois extension of K? 

This problem was answered negatively (Theorem 1.6). In this connexion there 
arises another problem: Does there exist, for every division algebra, a simple 
algebra similar to it with a maximal subfield which is a Galois extension, whose 
Galois group has a fairly simple structure (for example, it is abelian)? The basic 
result obtained up to the present consists of the following. 

Theorem 2. Let A be a central simple K-algebra, exp A = (char K)“‘n, where n 
is prime to char K. If K contains a primitive n-th root of unity, then A has a 
splitting field which is an abelian extension of K (for n = 1 it is even cyclic). In 
the general case the algebra has a splitting field which is a soluble Galois exten- 
sion, of derived length at most two. 

For special classes of fields the description of splitting fields of central simple 
algebras is more complete (cf. Ch. 3). 

3.2. The Transcendental Case. There are two simple methods of constructing 
new splitting fields of a central simple K-algebra A from a given splitting field 
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L. The first method is based on the fact that every extension of L is a splitting 
field of A. The second is connected with the fact that for every K-embedding ~7 
of L in another field extending K, o(L) is a splitting field. Thus the problem of 
constructing from a given splitting field other splitting fields always has a solu- 
tion. A solution of this problem arising as a combination of the two above- 
mentioned methods is called a trivial solution. Finding non-trivial solutions is 
connected to the notion of place of a field. 

Definition. Let L and E be fields. By an E-valued place on L we understand 
a homomorphism f of a subring L, of L into E with the properties: 

(i) If x 4 L, (x # 0), then x-l E L,, f(x-‘) = 0; 
(ii) f(x) # 0 for at least one x E L,. 

If K is a common subfield of E and L and f(a) = a for all a E K, then we say that 
f is a place over K (or a K-place). Since a place f is uniquely defined by the ring 
L, and its image f(Ls), we shall below always assume f to be surjective. 

Theorem. Let L and E be extensions of a field K, where L is a splitting field 
of a central simple K-algebra A. If there exists a place f: L --f E over K, then E 
is a splitting field of A. 

A non-trivial solution of the problem of constructing splitting fields over a 
given field, obtained by means of the preceding theorem, arises only in the case 
of transcendental extensions L/K. For if L is an algebraic extension of K and f 
an E-valued place over K, we can show that f is an embedding of L in E over 
K. In the first place the ring L, coincides with L. For if x E L and x # L,, then 
x-l E L, and f(x-') = 0, by property (i) of the definition of a place. Let 2” + 
a,-, z”-l + ... + a, be the minimal polynomial of x-l over K. Then (x-i)” + 
a,-, (x-‘)n-l + . . . + a, x-l + a, = 0. Hence 

-a,l((x-‘y-1 + an-l(X-1)n-2 + “’ + q)x-’ = 1. 

Since a, is a non-zero element of K, it is invertible and therefore x-l is invertible 
in L,, which contradicts the fact that x $ L,. Thus L, = L and so f is a 
homomorphism of L into E. By (ii) the kernel off is not the whole of L, and so 
f is an embedding of L in E. 

Remark. Places of fields are closely related to valuations. Two places of a 
field, f: L + E and f ‘: L + E’ over K are said to be isomorphic if there exists a 
K-isomorphism cp from E to E’ such that f' = cp. f. It is clear that two places on 
L over K are isomorphic if and only if their rings L, and L,. coincide. It turns 
out that there is a bijective correspondence between the valuations of L that are 
trivial on K and the isomorphism classes of places on L over K, which assigns 
to each valuation v with valuation ring L, the class of places f such that 
L, = L,. 

Since this theorem does not give a non-trivial solution of the problem of 
finding new splitting fields in the class of algebraic extensions, we naturally turn 
to the class of transcendental extensions. It turns out that in this class we can 
obtain a complete solution of the problem by the method described in the 

theorem. For the formulation of the appropriate results it will be necessary to 
introduce what are known as Brauer fields. 

3.3. Brauer Fields. Let A be a central simple K-algebra and E a splitting 
field of A which is a finite Galois extension of K with Galois group G. Since 
A OK E = M,(E), the algebra A may be considered as a K-subalgebra of the 
algebra of linear transformations End, V of an m-dimensional vector space I/ 
over E. To every automorphism 0 E G an automorphism ~(a) of End, V is 
associated which is the identity on A while its restriction to E is CJ. Then 
44 = i,, where U, is a bijective o-semilinear transformation of I/. The elements 
U, give rise to a factor system f on G with values in E*, by the formula 

&TUT = fh wr 
IfE(x,,..., x,) is a purely transcendental extension of E and vl, . . . , v, is an 

E-basis of V, then we have an E-isomorphism between I/ and 6 Exi with vi 
i=l 

corresponding to xi. This isomorphism allows us to define an action of u, 

on 6 Exi, which extends uniquely to automorphisms {v,},,c of the field 
i=l 

E(x,, . ., xJ. Let us put yi = xix,‘, 1 < i < m, and consider the field E(y,, ., 
Y,-~). It turns out that the restrictions t, of the automorphisms v, are well- 
defined on E(y,, . ., Y,_~) and moreover, t,t, = t,,, therefore the automor- 

phisms kJaEG generate a subgroup H of the group of automorphisms of 

E(YI, ...> Y,-1). 

Definition. The field F,(A) of all elements of E(y,, .., Y,,,_~) that are fixed 
under the action of H is called the m-th Brauer field of the algebra A. 

Remark. Sometimes one writes F,([f]) instead of F,(A), where [f] is the 
element of the group H’(G, E*) corresponding to the factor system f. 

The fields F,(A) are not defined for all m. 

Proposition. The field F,,,(A) is defined only for those m that are a multiple of 
ind A. 

The field F,,,(A) is a splitting field of A, but its basic interest resides in the 
following universality property. 

Theorem. An extension E of K is a splitting field of the algebra A if and only 
if there exists a place of F,,,(A) in E over K. 

3.4. Basic Properties of Brauer Fields. For a central simple K-algebra A and 
its splitting field E which is a Galois extension of K, we put (E, G(E/K), f) - A 
and 7 E H2(G(E/K), E*), where f E y and m is an integer which is a multiple of 
ind A. The field F,,,(y) (or F,(A)) has the following properties. 

Theorem 1. F,,,(y) is a regular extension of K, i.e. F,,,(y) is separable over K and 
K is relutively algebraically closed in F,,,(y). 
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Let L and E be Galois extensions of K, with respective Galois groups G(L/K) 
and G(E/K), and moreover L c E. Then the surjective homomorphism from 
G(E/K) to G(L/K) given by the restriction induces a homomorphism 

infGcLiK’: H2(G(L/K), L*) + H*(G(E/K), E*). GWK) 
Theorem 2. If the field F,(y) is defined, where y E H2(G(L/K), L*), then 

F,(inf~~~~~(y)) is defined and F,(y) N F.,,(inf$/t;(y)). 

Let K’ be an extension of K. Then EK’ is a Galois extension of K’ and the 
mapping 

res~~f~~“: H2(G(E/K), E*) + H*(G(EK’/K’), (EK’)*). 

is defined. 

Theorem 3. F,(y)K’ N F,(res~~~~jK”(y)). 

Let B be a central simple K-algebra and r a multiple of ind B. The problem 
of embedding the field F,(B) in F,(A) is solved by the following result. 

Theorem 4. The field F,.(B) can be K-isomorphically embedded in F,(A) if and 

onlyifm>randB-&)Aforsomel>O. 

Further we have the following 

Theorem 5. The field F,(A) is isomorphic to the field of rational functions in 
m - n variables over F”(A), where n = ind A. 

In connexion with Theorem 4 there naturally arises the question: Under what 
conditions on the algebras A and B are the fields F,(A) and F,(B) isomorphic 
(over K)? 

From the theorem it follows easily that m = n and B - & A, where 1 is prime 
i=l 

to exp A. It is not known whether these conditions are sufficient in the general 
case; nevertheless, we have the following 

Theorem 6. (i) Let m > ind A. Then F,(A) and F,,,(B) are K-isomorphic if and 
only if the elements [A] and [B] generate the same cyclic subgroup of Br K. (ii) 
The same is true ifm = ind A and A is similar to a division algebra with a maximal 
subfield which is a soluble Galois extension of its centre. 

By the theorem in 3.2 it is natural to describe the possibility of the existence 
of a K-place of the field F,,,(A) in an extension K’ of K. 

Theorem 7. For an extension K’ of K a K-place of the field F,,,(A) in K’ exists 
if and only if F,,,(A)K’ is a rational function field in m - 1 variables over K’. 

One of the most important properties of Brauer fields is given in the next 
theorem. 

Theorem 8. The field F,,,(A) is a splitting field for an algebra B over K if and 
only if [B] = [A]’ in the group Br K. 

An interesting property is connected with the group of linear automorphisms 
of F,,,(A). Let llaijll be a non-singular m x m matrix with entries in E (where E is 
the field considered at the beginning of this section). Then llaijll induces an 
automorphism of E(x,, . . . , x,) by means of the linear action on xi, . . . , x, over 
E. The restriction of this automorphism to E(y,, . . . , y,-i) defines an auto- 
morphism of this field. If this last automorphism induces an automorphism of 
F,,,(A) it is called linear. 

Theorem 9. The group of linear automorphisms of F,(A) is isomorphic to the 
factor group GL,,,,,,((DoP)/K*), where D is a division algebra similar to A. 

3.5. The Brauer-Severi Variety. With every central simple K-algebra there 
may be associated a certain projective algebraic variety in a unique way, whose 
rational function field is closely related to the splitting fields of A. To realize this 
correspondence we shall need some standard algebro-geometric notions. 

Let I/ be a vector space of dimension n over a field K. The projective space 
Pnel I/ of dimension n - 1 associated with I/ is the set of all one-dimensional 
subspaces of V, called the points of Pn-l V. A choice of basis {e,, . . . , e,> in I/ 
yields an expression of an arbitrary element u E I/ in terms of this basis: v = 

2 aiei, Ui E K. Then (a,, . . . , a,) are the homogeneous coordinates of the point 

Ku E P’-l V(relative to the basis {e,, . . , e,}). The homogeneous coordinates of 
a point Ku are determined up to a non-zero factor of proportionality. Let 
K [xi, . . , x,] be the ring of polynomials in x i, . . . , x, with coefficients in K, f a 
homogeneous polynomial in K [xi, . . . , x,] and p E P”-l V. Then p is a zero off, 
if f(a,,..., a,,) = 0, where (a,, . . . . a,,) are the homogeneous coordinates of the 
point p. 

For an algebraically closed extension F of K let S be a certain subset of 

KCx i, . . . , x,] consisting of homogeneous polynomials. The set Z(S) of all zeros 
(in I”-‘T/O, F) of S is called the projective algebraic K-variety defined by S. 
The ideal U(S) of the variety Z(S) is the ideal of K [x,, . . . , x,] consisting of 
all homogeneous polynomials f such that f(p) = 0 for all p E Z(S). 

A K-variety Z(S) is called irreducible if Z(S) is not the union of two proper 
subvarieties. 

The function field of an irreducible K-variety Z(S) is defined as follows. The 
coordinate ring K [Z(S)] = K [x,, . . . , xJU(S) is an integral domain, by the 
irreducibility of Z(S). The ring K[x,, . . , x,] may be graded, K[x,, ., x,] = 
@ Ri, where R, = K and Ri is the set of all homogeneous polynomials of 
i=O 

degree i for i 3 1. The grading of K [xi, . . . , x,] induces in a natural way a 
grading of the K-algebra K [Z(S)]. 

Let K(Z(S)) be the subfield of the field of fractions of K [Z(S)] consisting of 
the elements ab-’ ( an d zero), where a, b E K [Z(S)], b # 0 and a, b have the same 
degree relative to the grading of K[Z(S)]. 

The Grassmannian G( V, d), consisting of all d-dimensional subspaces of I/ is 
defined as follows. Let A(V) be the exterior algebra on the space V; this algebra 
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is graded: A(V) = @A”(I), w h ere A”(V) = K and for i > 0, A’(V) is the K- 
space spanned by all multivectors u1 A ... A ui, ur, . . . , ui E I/ ( A denotes the 
multiplication in A(V)). With each d-dimensional subspace E of I/ with the basis 
01, ..‘, vd we can associate the one-dimensional space K(u, . . a,), and more- 
over, if vi, . . . . u; is another basis of E, then K(v; . . . u;) = K(u,. .ud). We 
thus obtain a bijective correspondence between the set of all d-dimensional 
subspaces of I/ and the set G(V, d) of all one-dimensional subspaces of the form 
Ku, where u = t, A . . A td (such multivectors are called decomposable). The set 
G(I/, d) defines a projective K-variety (note that G( V, d) E Ad(V)). Indeed, let us 
fix a basis e,, . . . , e, in I/; then A”(v) has a basis consisting of the multivectors 
eil A ... A eid, 0 < i, < i, < .. < id d n. An arbitrary vector u E Ad(v) has the 
form 

c Pi,...id(ei, A “’ A ez,). 
O<il<i,<,..<i,<n 

Its coordinates ptl :,, id are called Grassmann (OY Pliicker) coordinates of u. We can 
extend the definition of pi, ,,,id for any choice of suffixes 1 d jr, . , j, < iz as 
follows: if among the suflixesj, some coincide, then P~,.,.~, = 0; otherwise 

pj,...j, = m(jl, ‘..?.id)Pil...id~ 

Where{jl ,..., j,,} = (ii )...) id},(i, <“‘<i,)andm(j, ,..., j,)isthesignofthe 
. . 

permutation 
( > 

” ‘.’ “! 
Jl ...jd 

. We now define the variables X = (x. rl...id}l~il<i2<...<i~~~ 

and extend the definition of xj, ,,,j, for any natural numbers 1 < ji, . . . , j, < n in 
the same way as for the Grassmann coordinates pj, ,,, j,. 

Then the set S of polynomials 

where 1 < i 1, . . . . id d n, 1 <jO, jl, ...? jd < n, defines a K-variety called the 
Grassmannian G( V, d). 

Now let A be a central simple K-algebra, deg A = m. It is well known that 
A = M,,,(K) if and only if A contains a right ideal of dimension m as vector space 
over K. Since for the algebraic closure Kalg of K we have A OK Kalg N M,,,(Katg), 
it follows that A OK Kalg contains a right ideal of dimension m over Kalg. It turns 
out that the set of all such right ideals induces in PAm(A OK Kalg) a projective 
K-variety. 

Thus with each central simple K-algebra A we can associate the projective 
algebraic K-variety BS(A) of m-dimensional right ideals in A OK Kalg, called the 
Brauer-Seueri uariety. 

There is a close link between the variety BS(A) and Brauer fields. 

Theorem. Fdega(Ao*) v K(BS(A)). 

3.6. Generic Splitting Fields. From the point of view of solving the problem 
of the description of the splitting fields of simple algebras in the context of the 
theorem in 3.2, it is natural to make the following 

Definition. Let A be a central simple algebra over K. The extension F(A) is 
called a generic splitting ,field if the following conditions hold: 

1. F(A) is a splitting field of A. 
2. An extension E 3 K is a splitting field if and only if the composite J!%‘(A) 

is a purely transcendental extension of E of transcendence degree deg A - 1. 
3. An extension E 3 K is a splitting field if and only if there exists a K-place 

f: F(A) + E. 
Such generic splitting fields exist. Indeed, we may take Brauer fields, for 

example. In 3.5 it was shown that every Brauer field F,(A”*), where m = deg A, 
is the field of K-rational functions on the K-variety BS(A). Since F,,,(A”*) is a 
generic splitting field for A“*, and the algebras A’* and A have the same splitting 
fields, it follows at once that F,(A”*) is a generic splitting field of A. Thus for 
every central simple K-algebra A the field of rational functions of the variety 
BS(A) is a generic splitting field for it. 

Remark. There exist still other constructions of generic splitting fields, re- 
lated to rational function fields of varieties similar to BS(A) (cf. Heuser [l], 
Jacobson [2], Kovacs [l], Petersson [I]). 

$4. The Reduced Norm 

4.1. Non-commutative Determinants. Let K be any field; for the study of the 
multiplicative structure of M,,(K) the theory of determinants plays an important 
role. There exists such a theory, due to Dieudonne [2], also for the case of 
algebras M,(D), where D is an arbitrary skew field. Dieudonne introduced the 
concept of a non-commutative determinant in the following fashion. 

Let D* be the multiplicative group of the skew field D and Dab = D*/[D*, D*], 
where [D*, D*] is the commutator subgroup. We consider the set D = Dab u (0) 
and define it as a semigroup by extending the operation on Dab to D by the rule: 
0. d = d. 0 = 0 for any d E Dab and 0.0 = 0. There exists now a homomorphism 
(-) between the semigroups D* and 0, defined as follows: for d E D*, a = 
d[D*, D*] and (r = 0. The basic assertion of the theory of non-commutative 
determinants is the following 

Theorem 1. For any n E N there exists a unique surjectiue mapping det,: 
M,,(D) + 0, possessing the following properties: 

1. Jf A’, A E M,,(D) and the matrix A’ is obtained from A by multiplying some 
row on the left by d E D, then 

det,(A’) = li det,(A). 

2. [f A’, A E M,(D) and A’ is obtained from A by adding one row to another, 
then 

det,(A’) = det,(A). 
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3. det, k eii = i. c 1 
\i=l / 

polynomial of y relative to the representation cp is the polynomial 

Construction of the mapping det,. For IZ = 1 det,(d) = a for any d E D. For 
n-1 

IZ > 1 we consider the matrices E,(d) = 1 eii + de,,,, and Eij(d) = t e,, + de, 
i=l t=1 

for i # j. For every matrix A E M,(D)* we have a representation A = BE,(d), 
where B is a certain product of matrices of the form Eij(e), and d E D*. In this 
case de&(A) = a. If A $ M,(D)*, then det,(A) = 0. 

It turns out that in the case of a commutative field D the determinant 
mapping so constructed coincides completely with the classical case. As an 
immediate consequence of the properties l.-3. we have the following three. 

4. det,(E,(d)) = 2. 
5. det,(Eij(d)) = i. 
6. det,(AB) = det,(A) . det,(B). 

The preceding properties show that the restriction of det, to M,,(D)* is a 
homomorphism (below denoted by det,) of the group M,,(D)* into Dab. The 
kernel of this homomorphism is usually denoted by SLl(D) and may be 
described as follows. 

Theorem 2. The group SLz(D) for n > 1 is generated by the matrices of the 

form {Eij(d)}, h w ere 1 d i, j d n, i #j, d E D*. Its centre consists of all matrices 
of the form Ccre,,, where 2 = i. 

For n = 1, SL:(D) is nothing other than the commutator group [D*, D*]. 
For n B 1, with one exception, there is an analogous result. 

Theorem 3. The group SLi(D) for n > 1 is the commutator group of M,,(D)*, 
except in the case when n = 2 and D is the field of two elements. 

Thus if D is not the field of two elements, then we have the isomorphism 

M,(D)*/SL;(D) = Dab. 

The importance of this last isomorphism (for example, from the point of view 
of the study of the normal structure of the groups GL,(D) = M,(D)*) follows 
from the next theorem. 

Theorem 4. Suppose that D contains more than three elements and n > 2. Then 
the factor group of SL,f(D) by its centre is simple (i.e. it contains no non-trivial 
normal subgroups). 

4.2. Characteristic and Reduced Polynomials of Elements of Simple 
Algebras. The embedding of simple algebras in full matrix algebras over fields 
is one of the most important methods in their study. 

Definition 1. Let E/K be a field extension, E[x] the polynomial ring in x over 
E, A a K-algebra, cp: A + M,(E) a representation and y E A. The characteristic 

xeii - V(Y) . 

Among the different representations of the central simple K-algebra A we can 
select what are known as splitting representations, whose degree equals deg A. 
Such representations are minimal as far as the degree is concerned, as the next 
result shows. 

Proposition 1. Let A be a central simple K-algebra and cp: A + M,(E), $: A + 
M,,,(E) representations of A, where n = deg A. Then m = nt for suitable t E N 
and CP,(y, x) = CP,(y, x)f. 

Thus the proposition shows that for a description of the characteristic poly- 
nomials all is reduced to considering splitting representations. The natural 
question arises whether the characteristic polynomial depends on the choice of 
the splitting representation. The (negative) answer is given by 

Proposition 2. For every central simple K-algebra A and any splitting repre- 
sentations cp: A + M,(E), $I: A -+ M,,(L) and any y E A, CP,(y, x) = CP,(y, x), 
and moreover, the coefficients of this polynomial lie in K. 

Definition 2. By the reduced polynomial of an element y of a central simple 
K-algebra A one understands the polynomial RP,(y, x) = CP,,,(y, x), where cp is 
some splitting representation. 

Propositions 1 and 2 show that among all characteristic polynomials for the 
element y the universal polynomial is the one of least degree, and moreover all 
the other characteristic polynomials are of the above-mentioned degrees. Fur- 
ther, the reduced polynomial does not depend on the splitting representation 
and is manic with coefficients in K. 

Theorem. Let A be a central simple K-algebra and e,, . . , , e,2 a basis of A as 
K-space. Then there exists a homogeneous polynomial RPA(xl, . . . , xn2, x) in the 

n2 
variables x1, . . . , xn2, x with coefficients in K such that for any y = 1 eiai E A, 

i=l 

a, E K, RPA(al, . . ., an2, x) = RP,(y, x). 

4.3. Norms in a Simple Algebra. The norms of elements of algebras may be 
defined by means of their characteristic polynomials. 

Definition 1. Let cp: A + M,,(K) be a representation of a simple algebra, y E A 
and a the constant term of CP,(y, x). The norm N,(y) of y relative to the 
representation cp is the element (- 1)“a. 

From Proposition 2 of 4.2 it follows that for y E A and any splitting 
representations cp and II, of A, N,(y) = N$(y), and N,(y) E K. By Proposition 1 
of the preceding paragraph it follows for representations cp: A -+ M,(E), $: A + 
M,,(L), where cp is splitting, we always have N@(y) = N,(Y)~ for any y E A. Thus 
the choice of the norm of a splitting representation is a natural one. 
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Definition 2. Let A be a central simple K-algebra and y E A. The reduced 
norm Nrd, in A is the norm N,, where cp is some splitting representation of A. 

We remark that from the definition of the mapping N,: A + K there follows 
immediately the multiplicativity: N,(xy) = N,(x)N,(y), for any x, y E A. Since 
N,(l,) = 1, it follows that N,(y) = 0 if and only if the element y has no inverse 
in A. Hence the restriction of Nrd, to A* gives a homomorphism Nrd,: A* -+ 
K*. 

4.4. The Reduced Norm: Properties and Calculations. The following result 
shows that Nrd, is a polynomial mapping. 

Theorem 1. Let A be a central simple K-algebra and e,, . . . , e,2 a basis of A as 
K-space. Then there exists a homogeneous polynomial Nrd,(x,, . . , x,+) of degree 

It2 
n in the variables x1, . . , x,,~ with coefficients in K such that for any y = 1 eiai E 

i=l 

A, ai E K, Nrd,(y) = Nrd,(a,, . .., a,,*). 

It is of interest that the values of the reduced norm are the same for similar 
algebras. 

Theorem 2. For similar central simple K-algebras A and B we have Nrd,(A) = 
Nrd,(B). 

The preceding theorem reduces the study of the value set of Nrd, to the case 
where A is a division algebra. In this situation we have a series of properties 
allowing us to calculate the norms of elements by special methods. 

Theorem 3. Let A be a central division K-algebra and L a finite extension of 
K. Then 

(i) for any a E A, Nrd,(a) = Nrd,%K,(a @ l), in particular, 

Nrd,(A) = NrdABK,(A OK L); 

(ii) if the degree [L : K] is prime to ind A, then 

Nrd,(A) = Nrd,&,,(A OK L) A K; 

(iii) for any a E A, contained in a maximal subfield M, Nrd,(a) = NMix(a), 

in particular, Nrd,(A) = u NM&M), w h ere M ranges over the set of maximal 
M 

subfields of A. 

In the case of an arbitrary field K and algebras A there are no effective results 
characterizing the set Nrd,(A), but in some special cases such formulae may be 
obtained. Thus for the quaternion algebra the set of values Nrd,(A) is the set of 
values of suitable quadratic forms. For special fields a number of definitive 
results have been obtained (cf. Ch. 3 below). We also mention the paper 
Yanchevskii [lo], in which the reduced norm is described for skew fields 
of non-commutative rational functions and Merkur’ev-Suslin [l], where a 
cohomological description is given of the reduced norm for division algebras of 
square-free index. 

Comments on Chapter 2 

Much of this chapter consists of classical material, of which an account is 
given in the books Albert [4], Artin E. [l], Bourbaki [l, 31, Deuring [l]. 

The assertion on the existence of a non-central separable element in a non- 
commutative division algebra, which was deduced with the help of the theorem 
on centralizers in 1.1, is due to Noether. Let us also mention the theorem of 
Kothe [l], stating that every central simple algebra has a finite-dimensional 
separable splitting field. 

The first “factor system” appeared already in Schur’s work in connexion with 
the problem of group extensions. In the work of Brauer and Noether the classi- 
cal theory of crossed products was developed (for an account see for example 
the books Chebotarev Cl], Albert [4], Herstein Cl]). Generalized crossed 
products were first considered by Teichmiiller [2]. The revival of interest in it is 
connected with the applications in the study of henselian (and other) skew fields. 
For the properties of generalized crossed products one may consult Kursov- 
Yanchevskii Cl], Jehne [l], Tignol [2]. A proof of Amitsur’s theorem is con- 
tained in Amitsur [2]. Similar results have also been obtained in the case of 
positive characteristic. 

The triviality of the Brauer group of a finite field follows from the results of 
Wedderburn [ 11, while the description of the Brauer group of the real numbers 
is a variant of the theorem of Frobenius (cf. Frobenius [ 11). 

The relevant information on the cohomology of prolinite groups (in particu- 
lar, Galois cohomology and the connexion with Brauer groups) is contained in 
Cassels-Frohlich [ 11, Koch [I], Serre [ 1, 21. 

The connexion between algebras of exponent two and algebras possessing 
an involution is described in Albert [4]. Theorem 2 in 2.6 was proved by Albert. 
The first counter-example to the conjecture of Albert, that every division alge- 
bra of exponent two is isomorphic to a tensor product of generalized quaternion 
algebras was found in Amitsur-Rowen-Tignol [I]. Theorem 4 in 2.6 is due to 
A.S. Merkur’ev [l]. 

A proof of Matsumoto’s theorem, which formed the basis of our definition of 
Milnor’s K, group of a field, may be found, for example, in Milnor [l]; this 
work also contains a description of the norm residue homomorphism. The 
Merkur’ev-Suslin theorem in 2.7 is set forth in Merkur’ev-Suslin Cl], Suslin 
[l]. In the description of the generators of Brauer groups we have followed 
Merkur’ev [2]. 

Simple p-algebras were studied in the papers of Albert [3], Teichmiiller [l], 
Witt [3] and Nakayama [l]. 

The basic result on algebraic splitting fields (Theorem 2 of 3.1) is an immedi- 
ate consequence of the results in 2.8 and the Merkur’ev-Suslin theorem (cf. 2.7) 
on the norm residue homomorphism. The basic results on Brauer fields were 
obtained in the papers of Roquette [l, 21 (see also M. Artin [ 11). The concept of 
Brauer-Severi variety was introduced by Chatelet [ 11, who also established the 
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link between this variety and central simple algebras. An interesting study of the 
theme “BrauerSeveri varieties” is contained in the lecture by M. Artin Cl]. 
Varieties close to Brauer-Severi varieties (from the point of view of their con- 
nexion with central simple algebras) were considered in Heuser [l], Jacobson 
[a], Kovacs [l]. The generic splitting field of quaternion algebras was first 
considered by Witt [l]. The case of arbitrary central simple algebras was 
considered by Amitsur [l]. In this connexion we also mention the papers by 
Roquette [l, 21 that were already noted. 

The theory of determinants over a skew field was developed by Dieudonne. 
An account can be found in the book by E. Artin [l]. For an acquaintance with 
the general properties of the reduced norm Bourbaki [l] may be consulted. A 
cohomological description of the reduced norm for division algebras of square- 
free index is given in Merkur’ev-Suslin [l], Suslin [l], while the reduced 
norm in skew fields of non-commutative rational functions is described in 
Yanchevskii [lo]. For other results on reduced norms see also the comments on 
Chapter 3. 

Chapter 3 
Division Algebras over Special Fields 

0 1. Skew Fields with Valuations 

1.1. Valuations on Skew Fields. An important class of skew fields for which 
there is a fairly complete description is the class of valuated skew fields. 
Valuated skew fields form a generalization of fields with a valuation. 

Definition. Let D be a skew field, I- a totally ordered abelian group and 
v: D* + r a group homomorphism (i.e. v(ab) = v(a) + v(b) for any a, b ED*) 
such that 

v(a + b) > min(v(a), v(b)). 

Then v is called a valuation on D and D is a skew field with a valuation v or 
simple a valuated skew field. 

The valuation v is said to be trivial if v is the zero homomorphism. 
As in the case of fields with a valuation v, we have the value group r, = 

v(D*), the valuation ring V, = {u E D*[v(a) 3 0) u {0), the valuation ideal MD = 
{u E D*lv(a) > 0) u (0) and the residue-class skew field D = V,/M,. The group 
LJ, of invertible elements in V’ may be defined as {a E D*jv(a) = O}. The valua- 
tion is said to be discrete if r’ = Z. For any (skew) subfield E c D the restriction 
vIE is a valuation on E; moreover, r, E r, and from V, n E = V’, MO n E = ME 
we conclude that E 5 0. The index [r’ : r,] is called the ramtfication index of 
D over E, written e(D/E), and the residue degree (of D over E) is the dimension 

of D as left E-space. We shall say that D is totally ramified over E if [r’ : r,] = 
[D : E]; in this case D = E. D is said to be unram$ied over a field K G Z(D) 
if r, = r, and the extension Z(D) is separable over K. The classes of totally 
ramified and unramified skew fields represent extreme examples of skew field 
extensions: in the first case the extension arises by a maximal enlargement of the 
value group, while in the second the residue-class skew field increases. In the 
general case we have an intermediate type of skew field. 

1.2. Extension of Valuations. The restriction of a valuation on a skew field to 
a skew subfield is again a valuation. The inverse problem of extending a valua- 
tion from a skew subfield to a skew field does not always have a solution (in 
contradistinction to the case of fields), even in the case of finite-dimensional 
division algebras, as the following criterion for the extendibility of valuations 
shows. 

Theorem. Let D be a finite-dimensional division algebra and v a valuation of 
its centre Z(D). Then v extends to a valuation of D if and only if v has a unique 
extension to any field K such that Z(D) c K c D. 

A consideration of the case of valuated fields for which the extension problem 
has a unique solution leads to the important notion of henselian skew fields. 

Definition 1. A field K with a valuation v is called henselian if v has a unique 
extension to any algebraic extension of K (the valuation v is then also called 
henselian). 

Definition 2. A finite-dimensional division algebra is called henselian if its 
centre is henselian relative to any valuation. 

From the definition of henselian skew fields and the theorem it follows 
immediately that a henselian valuation of the centre of D can be extended in just 
one way to a valuation of D. We also remark that if K is a henselian field, then 
any division algebra finite-dimensional over K is henselian. 

1.3. The Topology Defined by a Valuation. Every valuation v on a skew field 
D defines a certain topology r, on D, which turns D into a topological skew 
field (for the topological definitions and facts used below see Bourbaki [2, 31, 
Pontryagin [2]). The topology z, is defined as follows. For each y E r’ put 
WY = (x E Dlv(x) > y} u (0). Then W, is an additive subgroup and we have 

Proposition 1. There exists a unique topology rV on D compatible with the 
additive group structure of D and such that { WY}yc r, is a fundamental system of 
neighbourhoods of zero. 

It is clear that v is trivial on D if and only if 5, is the discrete topology, 
therefore in what follows the valuation v will be assumed non-trivial. Two 
valuations v and p are said to be equivalent if their topologies z, and rfl coincide. 
The topology r” defines D as a topological skew field. 
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Proposition 2. The topology z, is Hausdorff and compatible with the skew field 
structure of D; moreover if the group r, is equipped with the discrete topology, 
then v is a continuous mapping. The skew field D is totally disconnected relative 
to z, and the quotient topology on D is discrete. 

A topological skew field D (relative to zy) is a Hausdorff topological ring, and 
the question naturally arises of constructing a completion D,. The properties of 
this completion are as follows. 

Theorem. (i) The ring D, is a topological skew field. 
(ii) The mapping v has a unique extension to a continuous mapping p: D, + r, 

(where r, is a discrete group) and p is a valuation of D,; moreover the topology zlr 
coincides with the topology of the extension D,. 

(iii) V& is the completion of V,, similarly MD, is the completion of M,, further 
V’, = If’ + MD, and 0, can be canonically identified with 0. 

1.4. Non-discrete Locally Compact Valuated Skew Fields. For these fields we 
have the following important result. 

Theorem 1. Let v be a non-trivial valuation of a skew field D. For D to be 
locally compact (in the topology z,) it is necessary and sufficient that the following 
three conditions are satisfied: 

(i) D is complete; 
(ii) D is a finite field; 
(iii) v is a discrete valuation. 

Further, the local compactness of D implies the compactness of V,. 

Theorem 1 allows us to obtain a characterization of finite-dimensional dis- 
cretely valuated locally compact division algebras. 

Theorem 2. Let D be a skew field which is non-discrete locally compact in the 
topology defined by a valuation v. Then the centre Z(D) contains a field K of finite 
index which is either Q, or F,(t). 

Definition. A field K is called local (in the classical sense) if it is a finite 
extension either of Q, or of F,(t), the field of formal Laurent series in one 
variable over a finite field of constants F,. 

Every local field K is locally compact in the natural topology defined by the 
valuation, and is henselian. Therefore (by the theorem in 1.2) for any linite- 
dimensional division algebra over K the valuation on K can be extended in just 
one way to a valuation of D, which is locally compact in the topology defined 
by this extended valuation. 

1.5. Skew Fields with an Absolute Value. It is natural in what follows to 
restrict our attention to absolute values. In the class of all absolute values we 
jelect in a natural way the subclass of absolute values v: D + R, where D is a 
skew field, satisfying the condition: 

v(x + Y) < max(v(x), v(y)). 

Such absolute values are called non-archimedean; otherwise (provided the usual 
triangle inequality holds) they are called archimedean. There is a close link 
between non-archimedean absolute values and valuations. 

Proposition. There is a bi,iective correspondence between non-archimedean ab- 
solute values V on a skew field D and valuations v whose value group lies in R. 
The correspondence is given by the ,formulae: 

V”(X) = cyCx), vv(4 = 1% V(x) 

for a fixed 0 < c < 1 and any non-zero x E D. The topologies defined by the 
valuation vy and the absolute value V, coincide. 

From this proposition it follows immediately that every non-discrete locally 
compact skew field (in the topology defined by a valuation) is also locally 
compact in the topology defined by the corresponding non-archimedean abso- 
lute value. 

The description of skew fields with an absolute value which is not non- 
archimedean is very simple. 

Let H be the division algebra of Hamiltonian quaternions. We define an 
absolute value / I: for any h E H, /hi = h& (where 6 is the conjugate quaternion 
of h). We may assume that R c C are embedded in H in the natural way. With 
these notations we have 

Theorem. Let D be a skew field with an absolute value V which is archimedean. 
Then there exists an isomorphism i of D on a dense skew subfield of one of R, C 
or H, such that V(x) = li(x)l” for some 0 < s < 1. 

1.6. The Structure of Non-discrete Locally Compact Skew Fields. Here the 
description reduces to the consideration of two different types of topological 
fields: 1) connected and 2) non-connected locally compact skew fields. 

Theorem 1. Every connected locally compact skew field is topologically 
isomorphic either to the field of real or the field of complex numbers or to the 
skew field of Hamilton’s quaternions, with the natural topology. 

In the case of non-connected skew fields we have 

Theorem 2. If D is a locally compact non-connected skew field, then D is a 
finite-dimensional division algebra over a local field. 

1.7. Division Algebras over Local Fields. From the results of the last para- 
graph it is clear that a complete description of all finite-dimensional division 
algebras over local fields acquires a particular value. It turns out that such 
division algebras have a comparatively simple structure. For an account of the 
results we shall need some facts on extensions of local fields. 

Theorem 1. Let K be a local field and n a natural number, n > 1. Then up to 
K-isomorphism there exists a unique extension F,, of degree n which is unramified 
over K. !f U, is the unit group qf the ring V,, then NFmlr((UF,) = U,. 
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Let cp be the automorphism of the algebraic closure F$3 of F,, the field of p 
elements (p a prime number) mapping each x E F,“lg to xp (also called Frobenius 
automorphism). It is not hard to see that cp” induces on any finite extension of Fp” 
a generator of the Galois group of this extension over Fpn. 

Theorem 2. For an unramified extension F, of a local field K, whose residue 
class field is K = F,,, there exists a unique generator Fr(F,,) of the group 
Gal(F,,/K) such that for any a E Vrn, uFr(rn) = Zm. 

Let us fix a prime element 71 (i.e. a generator of the prime ideal MK) of the ring 
V K’ 

Theorem 3. Let D be a finite-dimensional division algebra whose centre 
Z(D) = K is a local field. Then exp D = ind D and D = (F,, Fr(F,), r?), where 
(p, n) = 1, 1 d p < n. 

Corollary 1. There exist only cp(n) non-isomorphic central division algebras of 
degree n over R (where cp is the Euler function). 

For division algebras over local fields there is a simple description of their 
algebraic splitting fields. 

Theorem 4. Let D be a central division algebra over a local field K and let L 
be an algebraic extension of K. The field L is a splitting field for D if and only if 
L contains a finite extension K such that [E : K] is divisible by deg D. 

Corollary 2. Every finite extension of K of degree deg D is a maximal subfield 
of D. 

1.8. The Brauer Group of a Local Field. For the description of the Brauer 
group of a local field K the following result is basic. 

Theorem. Let Q/Z be the factor group of the additive group of Q by the 
additive group of integers Z and let K be a local field. Then there exists an 
isomorphism 

inv: Br K ‘v Q/Z 

The isomorphism inv is obtained as follows: to each division algebra D = 

(F,, Fr(F,), n”) (cf. Theorem 3 of 1.7) there corresponds the element f + Z. 

Remark. From the preceding results one obtains without difficulty an analo- 
gous description for central simple algebras over local fields. In particular, all 
such algebras are cyclic, with a maximal subfield unramilied (over the centre). 

1.9. Reduced Norms in Central Simple Algebras over Local Fields. From 
Theorem 2 of 4.3, Ch. 2 it follows immediately that for a description of reduced 
norms we can always limit ourselves to division algebras. Let us fix a 
prime element rr in the local field K. If D is a central division algebra over 
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K, then for suitable coprime integers n and p, 1 d p < n, we have D = 
(F,, Fr(F,), rc”) (Theorem 3 in 1.7). By Theorem 3(iii) of 4.3, Ch. 2, NrnIK(F*) c 
Nrd,(D*). By Theorem 1 of 1.7 it then follows that UK c Nrd,(D*). On the 
other hand, the field K(p) is clearly contained in D and coincides with 
K(s), which is a total1 ramified extension of K of degree n. Hence it follows 
at once that NKcfijlK( P ’ n) = (- 1) +’ rc. Then, applying again Theorem 3 of 4.3, 
Ch. 2 we obtain (- 1) “+‘n E Nrd,(D*). Since the element rr with the group UK 
generates the group K*, we have thus proved 

Theorem. If A is a central simple algebra over a local field K, then Nrd,(A) = 
A 

Remark. In the general case the surjectivity of the reduced norm homomor- 
phism is rather rare. However, there exists an interesting class of fields for which 
it holds (cf. $4 below). 

$2. Henselian Skew Fields 

2.1. Hensei’s Lemma and Henselian Fields. Let K be a valuated field. For 
every polynomial f(x) = x” + an-I~n-l + . . + a, with coefficients in V, we put 
f(x) = X” + zi,-IXn-l + . .. + 5,. The following definition plays an important 
role in the study of henselian skew fields. 

Definition. Suppose that for any manic polynomial f(x) E V,[x] and any 

factorization f(x) = P&)QT ) x as a product of coprime manic polynomials PG), 

QG) there exist polynomials P(x), Q(x) E V, [x] such that 

f(x) = W)Q(x), R(x) = 64, Q(x) = Q&h 

Then we say that Hensel’s lemma holds in the ring V,. 
The link between this definition and henselian fields is quite direct. 

Proposition 1. Let K be a valuated field. Then the following conditions are 
equivalent: 

(i) Hensel’s lemma holds in V,; 
(ii) K is henselian. 

Example 1. Every local field is henselian. 

Example 2. Every complete valuated field is henselian, if the value group lies 
in R. 

The class of henselian fields is very wide, as is shown by 

Proposition 2. For any totally ordered group r and any field E there exists a 
henselian field K for which TK = T and K = E. 

There naturally arises the question whether the henselian property is pre- 
served by extensions. 
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Theorem. Any algebraic extension of a henselian field K is again henselian. Zf 
L is a subfield of K such that [K : L] is finite, then L is also henselian. 

2.2. Ostrowski’s Theorem and Its Generalizations. With any finite extension 
L/K of a henselian field K the following numbers are naturally connected: 
e(L/K), the ramification index of L over K and the degree [L : K] of the residue 
class fields. 

Theorem 1 (Ostrowski). The relation 

[L : K] = p”e(L/K) [L : K], 

holds, where m 3 0, p = char K if char K > 0 and p = 1 in case char K = 0. 

It turns out that a similar result holds in the case of arbitrary division 
algebras. 

Theorem 2. Let D be a henselian division algebra over a field K. Then 

[D : K] = p”e(D/K) [o : ??J. 

The number pm is called the defect def(D/K) of D over K. 
There are two important cases when char K > 0 but the defect of D is trivial. 

Theorem 3. Let K be a henselian field relative to a discrete valuation. Then 

def(D/K) = 1. 

For a henselian field K we denote by K,, the maximal unramified extension 
1i.e. the composite of all finite unramified extensions of K in a fixed algebraic 
closure of K). 

Definition. A division algebra D with centre K is said to be tamely ramified if 
(i) char K = 0, 

3r 
(ii) char K > 0 and the field K,, is a splitting field for the (char K)-primary 

zomponent of D. 

Then the following result holds. 

Theorem 4. For a tamely ramified division algebra D over K, def(D/K) = 1. 

A division algebra D such that def(D/K) = 1 is said to be defectless over K. 
A natural question arising at this point asks what values def(D/K) can as- 

;ume. It turns out that def(D/K) can be highly arbitrary. Let us consider for 
simplicity the case of a division algebra D central over K. First of all we remark 
hat if char K = 0, or if (ind D, char K) = 1 in case char K > 0, then def(D/K) = 
I. Thus for def(D/K) to be non-trivial we must have char K > 0 and (ind D, 
:harK) > 1. 

Lemma. Let n = p”m, where p = char K > 0 and (p, m) = 1, let D be a 
division algebra central over K, of index n and D = D, ox D,, ind D, = pa, 
nd D, = m. Then def(D,lK) = def(D,/K). 

From the lemma it follows that in the consideration of questions connected 
with the defect of division algebras it is enough to restrict ourselves to the case 
of division algebras whose index is a power of the characteristic of K. The 
behaviour of the defect in henselian division algebras is illustrated by the follow- 
ing result. 

Theorem 5. Let n = pm. Then there exists a henselian field K such that p = 
char K and a henselian central division algebra D over K with the properties: 
deg D = n, def(D/K) = p’, where 1 < 1 < m. 

Division algebras for which [D : K] = def(D/K) are called immediate. 

2.3. Unramified Henselian Skew Fields. With any henselian skew fields there 
are naturally associated the residue class skew fields and the value groups, 
which moreover play an important role in the case when the defect is not too 
large (or trivial). The basic progress in the description of henselian division 
algebras is connected precisely with this class of skew fields. 

Let D be a henselian division algebra unramilied over K. Then [o : K] = 
[D : K] and Z(D) is a separable extension of K of degree [Z(D) : K]. Now there 
arises the natural question: how many division algebras unramified over K do 
there exist? The answer is given by the following result. 

Theorem 1. Let d be a division algebra whose centre Z(b) is a separable 
extension of K. Then there exists just one division algebra D up to K-isomorphism, 
unramified over K, with residue class skew field D = 5. 

Thus all division algebras unramified over K can be put in bijective corre- 
spondence with division algebras whose centres are separable extensions of K. 

An important property relating unramified skew fields with their residue 
class skew fields is the possibility of lifting isomorphisms. 

For any field F and division algebras A, B whose centres contain F, let 
Hom,(A, B) be the set of all F-isomorphisms from A to B. If If A,, A, are 
henselian division algebras, central over K, then we can introduce an equiva- 
lence relation - on the set Hom,(A,, A,) (if this is non-empty) by putting for 

v13 q2 E Honda,, A*), v1 - (p2 if v1 = cp2.i,, where i, is the inner automor- 
phism of A, defined by an element g in the group 1 + MAI. The set of all 
equivalence classes is denoted by Hom,(A,, A2). For cp E Hom,(A,, A2) we 
define its reduction (p E Horn,-(A,, A,) : (a + M,,)q = 2 + MA, for any a E VAl. 
For the class [q] E Hom,(A,, A2) we put z~,,~~([v]) = (p. Then we have a 
well-defined mapping 

~A,,A~: Hom,(A,, A2) + Horn,-@,, A,). 

Theorem 2. The mapping z~,,~, is bijective. 

Theorem 2 has the important 

Corollary. Let 4: x-+ 5 be a K-isomorphism between division algebras A” and 
B, whose centres Z(x)), Z(B) are separable extensions of K. If A and B are division 
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algebras unramtfied over K with residue-class skew fields 2, B respectively, then 
there exists an isomorphism cp E Hom,(A, B) such that (p = 4. 

It should also be remarked that for division algebras D,, D,, central and 
unramilied over K, D, OK D, N M,,(H) where H is a division algebra which is 
central and unramilied over K, and the property of being unramified is pre- 
served by anti-isomorphism. Therefore the division algebras unramified over K 
form a subgroup Br,,(K) of the Brauer group Br(K). 

2.4. The Fundamental Homomorphism and the Centres of Residue-class 
Algebras. For any division algebra D central and henselian over K we can -- 
define a homomorphism 8, from r’/r, to the group Gal(Z(D)/K) of 
K-automorphisms of the centre Z(D) of 0. Namely for any d E D*, F(d) = 
v,(d) + r, we put 0,(;(d)) = id, where id is the reduced inner automorphism 
induced by d. 

Proposition. The homomorphism 0, is surjective. The centre Z(D) is the com- 
posite of a purely inseparable and an abelian extension of K, in particular, if Z(D) 
is separable over K, then it is abelian over K. 

2.5. The Relative Value Groups. The homomorphism 0, allows us to give a 
more precise description of the group T,/T’, called the relative value group of 
the henselian division algebra D. Let A be the subgroup of rb containing r, and 
such that Ker 0, = A/T,. Then (r,/r”)/Ker 8, z T,/A. In connexion with this 
isomorphism we have the following 

Definition. The indices AD = [A : r,] and r, = [r, : A] are called the upper 
and lower indices of ramification respectively, of D. 

It turns out that T’/A may be an arbitrary finite abelian group; as regards 
A/r,, this is not the case, as is shown by the following 

Theorem. ,4 = rIDBK,,), where K,, is the maximal unramified extension of K 
and {D 0 K,,} is the division algebra similar to D OK K,,. If char K does not 
divide [D : K], then A/T, ‘v G x G for a certain finite abelian group G and in K 
there is a primitive root of unity of degree exp G (exp G as usual denotes the least 
common multiple of the orders of elements of G). 

2.6. Totally Ramified and Tamely Totally Ramified Skew Fields. An extreme 
type (at least for defectless skew fields) with respect to unramified skew fields are 
what are known as totally ramified skew fields. In their turn totally ramified 
skew fields are characterized by two sharply different situations: 

(i) e(D/K) and char K are coprime; 
(ii) (e(D/K), char K) # 1. 

It is clear that for the study of totally ramified skew fields it is enough to limit 
zonsideration to (i) and case (ii)‘, where ind K is a power of char K. In case (ii) 
very little is known on the totally ramified skew fields. We only mention the 

result of Tignol, showing that if ind D = char K and Z(D) contains a primitive 
root of 1 of degree char K, then D is a cyclic algebra. Moreover, in the case 
where char K = char K it is known that every division algebra is similar to a 
cyclic algebra. By contrast, in case (i), i.e. the case of tamely totally ramified skew 
fields there is a complete result. 

Theorem 1. A central simple K-algebra A is a tamely totally ramified division 
algebra if and only if A = A,,(a,, b,) OK... OK A,,(a,, b,) (where pi is a primitive 

root of 1 of degree ni) and the elements in T = 
{ 

~~~&,)~ rfvk(b.) 
I 

, l<i<r, 

where 1 is the least common multiple of n,, . . . , n,, generate a’subgroup of order 
[A : K] in IJlT,. If the preceding conditions are fulfilled, then fJr, is generated 
(mod r,) by the elements of T. 

Corollary 1. All maximal subfields of a tamely totally ramified division 
algebra A central over K are abelian extensions of K of exponent dividing the 

exponent of ryr,. 
Examples of non-cyclic division algebras. As remarked in 1.7 of Ch. 1, all 

division algebras of index 2 and 3 are cyclic. The natural question whether 
division algebras of index 4 are cyclic was first answered negatively by Albert 
[l]. Tamely totally ramified division algebras provide a series of non-cyclic 
division algebras of arbitrary index, divisible by the square of a prime number. 
More precisely, we have the following 

Corollary 2. A tamely totally ramified central division K-algebra A is cyclic if 
and only {f exp r,/r, = ind A. 

Suppose that n = paq, where p is a prime number, a 2 2 and (p, q) = 1. 
Consider the field K = Q(,~,,)(x~)(y~)~~~(x~+~)(y,+~) and the algebra A = 
A&x,, y,) @ ... OK AJx,, y,) OK A&x,+~, y,+,). The field K is henselian rela- 
tive to a valuation which is trivial on Q(p,,) and induces the standard valuation 
on Q(Pn)<Xi) and Q(Pn)(yi), i = 1, . . . . a + 1. 

By Theorem 1, A is a tamely totally ramified division algebra over K, further 
exp r,/r’ = pq and hence Corollary 2 implies that A is not cyclic. Now let 
g = Q(P,)(x~,..., x,+i, y,, . . . , y,+i) be the field of rational functions in xi,. . . , 

%+1, Yl, ‘..T Ya+1 with constant field Q(p,,) and A = A,(x,, yI)@i... C& 

Apkv YJ Oiz A&,+I, Y~+I ) Then Ais a division K-algebra central by what has 
been said, which is not cyclic. In particular, for p = a = 2, q = 1 we obtain an 
example of a non-cyclic division algebra of index 4. 

Different tamely totally ramified division K-algebras may be defined by 
means of the set of all pairwise nonisomorphic subtields over K. An important 
role is played by the circumstance that in the situation here considered this set 
is always finite. 

Proposition 1. Let A = @ A,,(ai, bi) be a tamely totally ramified central divi- 
i=l 

sion K-algebra and, (ui, vi) a pair of canonical generators of the algebra Api(ai, bi). 
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Then the set of commutative K-subalgebras of A generated by the d#erent 
monomials in u 1, u2, ., u, and vl, v2, . , v, is finite and includes representatives 
of all K-isomorphism classes of maximal subfields of A. 

For an arbitrary central division K-algebra A we shall denote by M(A) the 
set of all pairwise non-K-isomorphic maximal subfields. The following result 
answers the question, to what extent the set M(A) determines the tamely totally 
ramified division algebra A. 

Theorem 2. Let A, B be tamely totally ramified division algebras central over 
K and 

A = &J A,,(ai, hi). 
i=l 

Then M(A) = M(B) if and only if 

B = C& A,,(ai, bf’), 
i=l 

where (Si, ni) = 1. 

By Theorem 2 it is important to know how to describe the finite set of 
extensions of K making up M(A) for a tamely totally ramified central division 
K-algebra. If A is such a set, then all its members have the same degree over K. 
Further, in view of Theorem 1 and Proposition 1 the cardinal of the set A is 
bounded by an easily computable constant depending on n. By Theorem 1 the 
set A = M(A) must contain the fields 

L = K(&, . . . . s), T = K($;, . . . . ti), 

which generate the division algebra 

A = 6 ABi(ai, bi). 
i=l 

It is not hard to see that r,/r, N &-/r,. 
Thus the set A must split into pairs (L, T) such that r,/r, _Y r,/r’ and to 

describe the division algebras generated by L and T we proceed as indicated 
above. The description of such fields is related to the following construction. 
Let (L, T) be a pair of tamely totally ramified extensions of degree n of K 
and r,/r, g r,lr,. For the isomorphism q and the decomposition r,/r, E 

g(T) we put A (~,~(4))=~A~,(ii,ei),wheretitL,eitTsuchthat 

VL(ti) + r, = T, vT(ei) = T+‘, where pi is a primitive n,-th root of 1 and ni is the 
order of the element T. 

Proposition 2. The algebra A cp, @ (T) 
( iI ) 

depends only on cp and the decom- 

position r,/r’ = 6 (T). Zf A = 6 A,,(ai, bi) zs a tamely totally ramified divi- 
i=l i=l 

sion algebra and 

L=K(& ,..., fi), T=K(& ,..., $), 

then A is K-isomorphic to one of the algebras A 
( iI, ) 
cp, @ (T) . 

Remark. The above-mentioned description of the set M(A) is not unique. 
”  

For example, for a given decomposition A = @ Api(ai, bi) the set M(A) may 
i=l 

clearly be described as a set of Kummer extensions associated with the elements 
a,, . . ., a, and b,, . . , b,. 

Let M(A) be the set of maximal subfields of a tamely totally ramified division 

algebra A = 6 A,,(ai, bi). Then by Theorem 2 the unique defined finite set 
i=l 

(hi, nil = 1 

of tamely totally ramified division algebras is in bijective correspondence with 

the set XMcAj = @ (Z/n,Z)*, where (Z/n,Z)* is the group of units in Z/niZ. 
i=l 

Now the description of tamely totally ramified division algebras may be com- 
pleted by the following result. 

Theorem 3. The set of K-isomorphism classes of tamely totally ramified cen- 
tral division K-algebras can be put in bijective correspondence with the elements 
of u XIMCA,, where M(A) ranges over all different sets of maximal subfields of 
tamely totally ramified division algebras and the union is disjoint. 

2.7. The Lifting of Separable Skew Subfields and Inertial Skew Fields. Since 
the structure of unramified skew fields is to a large degree determined by the 
structure of their residue-class skew fields, the question naturally arises, whether 
for an arbitrary division algebra A there exists an unramified division sub- 
algebra with the same residue-class algebra as A. 

Definition. Let A be a henselian division algebra over K and E a division 
algebra over K such that Z(i) is a separable extension of K. A division 
subalgebra E (over K) of A is said to be an unramified lifting of E” in A if E = E”. 

The existence of unramilied liftings is established by 

Theorem 1. Let A be a division algebra over K and E” a separable division 
subalgebra of A over i? (i.e. Z(@K is a separable extension). Then there always 
exists an unramified lifting E of ,6 in A over K. 

Thus for the division algebra 2, separable over i?, there exists an unramified 
lifting of A” in A over K. Any such lifting is called an inertial division algebra in 
A. The inertial division algebra can be uniquely defined in a natural manner. 
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Theorem 2. Let A be a division algebra over K with a residue-class algebra 
separable over K. Then A has an inertial division algebra which is unique up to 
K-isomorphism. 

From this result there follows the important 

Theorem 3. Let A be a division algebra over K and suppose that K is the centre 
of 2. Then A = BA QK T,, where BA is the inertial division algebra of A, r, = I&, 
?;A = K. If A is defectless, then TA is totally ramified. 

2.8. Defectless Division Algebras with Separable Residue-class Algebras. 
Now let A be a defectless central division algebra over K with a residue-class 
algebra separable over K. By Theorem 1 in 2.7 there follows the existence of 
an unramified lifting L, of Z(A) in A over K. Then the centralizer C,(L,) has 
by Theorem 3 of 2.7 the decomposition: C,(L,) = BA 0,” T,, where BA is the 
inertial division algebra of A over K and TA a totally ramified division algebra 
over L,, called the totally ramified part of A. 

Let us fi;c a decomposition Gal(L,/K) = 4 (vi), where (vi) is the cyclic 
;=I 

group of order n, generated by the K-automo$hism ‘pi of L,. 

Proposition. For each automorphism Cpi, i = 1, 2, . . . , r, there exist an auto- 
morphism Oi of TA and an automorphism Yi of BA such that OilLA = YilL, = ‘pi and 
OiOj = OjOi for 1 d j 6 r. 

With the foregoing notations we have 

Theorem 1. There exist elements b,, b, E UBA, ti E TA, tij E 1 + M, (i, j = 
1 > . . . . r, i # j) satisfying the conditions: 

(1) biyi = bi, t”i = ti, 
(2) bii = b,;‘, tii = t;‘, 
(3) (&@+ =‘b,b$. . . b,q’-‘t.$. . . tf:“, Qj = 5 Q oj, 

(4) ixilcA(LA) = 
(5) A = @ 

r&, -&‘i = bijti, x~,,;~x,:~ = t;‘b;‘, 
C,(L,)X~~X~‘. . . x,?, 0 d C(~ d n, - 1, 

(a,,...,%) 

is a cyclic group of order n. 

In the context of this theorem it is natural to make the 

Definition. If ti, tij, bi, bij E A are the elements whose existence is asserted 
in Theorem 1, then one says that A has the form {T,, {ti, t,}$-L=,,,,,,,, 

BAY {bi, bij}i,~~l,...,r, (Oi, Gi}+, ,,__, I, K}, and the generators (Xi)i=l,,,,, I are called 
canonical generators associated with this form. 

It turns out that there is a converse to Theorem 1. 

Theorem 2. Let L/K be a finite abelian unramified extension, Gal(L/K) = 

& (vi), T a totally ramified and B an unramified division algebra, both central 

over L. Suppose that T and B posses automorphisms tIi and $i respectively such 
that Oil,. = *ilL = vi. Suppose further that in T there are elements ti E V,, tij E 
1 + M, and in B there are elements bi, b, E U, such that i,( = t$“i, ibi = $ri (where 
n, is the order of the group (qi)), satisfying the conditions l-3 of Theorem 1, and 
moreover, [Or’ 0-l .j 9 i ] = $1, [t+br’, I):‘] = ibGl, b, = b,;‘, tij = t,;‘. 

If there exists an abelian totally ordered group r containing r, such that 

and further the order of the group (~vd4) + G) is equal to ni, then there 

exists a henselian defectless division alg’ebra A central over K with a separable 
residue-class algebra, having the form 

We remark that if A,, A, are division algebras central over K, defectless and 
with separable residue-class algebras, then from their K-isomorphism there 
follows the K-isomorphism of 1, and 1, and hence they are determined 
up to K-isomorphism by their centres Z(A,) and Z(A,), and so also are 
their unramified liftings over K in A, and A, respectively. But then their 
centralizers C,,(L,,) and CA2(LA2) are K-isomorphic, their inertial division 
algebras B,, c CAI(L,,) and BA, c CA2(LAL), and consequently also their cen- 
tralizers CcA,(LAIJ(BA1), Cc,+,,,(BA,). Thus the problem of the K-isomorphism of 
defectless central division algebras over K with separable residue-class algebras 
splits into three problems: 

a) Describe up to K-isomorphism the division K-algebras A such that A is 
totally ramified over Z(A), the extension of Z(A) over K is unramified and 
abelian, and A has a finitely generated automorphism group whose restriction 
to Z(A) is just Gal(Z(A)/K); 

b) describe up to K-isomorphism the unramified division algebras over K 
whose centres are abelian extensions over K; 

c) clarify when the division algebras 

and 

{ Ti> {ti, t;}i,~~l,_.., r) BA, {bl, b~}i,~~l,.,_, r> (ei, Ic/i}i=l,_.,, r> K} 

and K-isomorphic. We remark that Problem a) is in fact equivalent to the 
analogous problem for division algebras of primary index. In the case of index 
prime to char K it can be solved, as was remarked earlier. Problem b) (in the 
most general situation) has been solved (cf. Theorem 1 of 2.3). The solution of 
Problem c) is given by the following result. 
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Theorem 3. Let A = {TAT {ti, tij}j,$l!..., *’ BA, {bi, &}Fl,,,_, *y (Qi, $i}i=l,,_,, I> K}, 
A’ = (TA, (ti, t;}f,yl1,,,,, r) BA, {b,i, b;}f,~=~,,,,,, , {Oi, ~i}i=, ,_,,, I) K}. Then the divi- 
sion algebras A and A’ are K-isomorphic if and only if there exist elements 
li E L, such that tfbi = tibiNLAiLz, (li), where L: is the subfield of elements of L, 
fixed by cpi and b;t,\ = lj’-‘+‘ll; -‘+‘jt,b,. 

2.9. Totally Ramified Parts of Henselian Skew Fields. In this section we shall 
present results on the problem a) formulated above, of giving a description of 
division algebras T being a totally ramified part of a defectless division algebra 
with a separable residue-class algebra, in the case (ind T, char K) = 1. 

Theorem 1. Let T be a division algebra, totally ramified over its centre Z(t), 
which is an abelian unramifed extension of K, (ind T, char K) = 1 and 
Gal(Z(T)/K) = (cpl ) 0 ... @ (cp,). In order that there exist a defectless central 
division algebra A over K with a residue-class algebra separable over K and 
the property T = TA it is necessary and sufficient that there should exist in K 
a primitive root of 1 of degree exp &-/fzcn and extensions of cpl, . . . , cp, to 
automorphisms 01, . . . , H, of T, as well as a totally ordered abelian group r 

containing f, such that r/r, = 
( 

1 
-~~-r,(t,)+rt)O...O(:v~(t,)+r,). 
nl 

%:I = i,,, where n, is the order of ‘pi. 
It turns out that the automorphisms Oi can be chosen in a special way. In the 

notation used above let us put T = 6 APl(uj, vj, Z(T)), where pLIJ is an lj-th 
j=l J 

primitive root of 1, lj divides exp T,/T’,,, and AP,(uj, vi) is the corresponding 

symbol algebra over Z(T). 

Proposition 1. Zf a primitive root p of 1 of degree exp rTIrZCT, lies in K, then 
the automorphisms 6,) . . . , 6, can be chosen so that Qiej = djei for i, j = 1, . . . , r and 
(A~I,(~~~ Vj, Z(T)Yi = ApIj(Ui, uj, Z(T)), moreover, OFi = iti, where n, is the order of 

Vi, ti E VT(Ol,...,O,) and T(8,, . . , 0,) is the subalgebra of elements fixed by l3,, . . , 
9, in T. 

Below we shall assume that the automorphisms 0,) . . . , 0, have been chosen 
in the way indicated in Proposition 1. 

Theorem 1 shows that it is important to know how to describe the extension 
of the automorphisms ‘pl, . . , qr of Z(T) over K to automorphisms 8,) . , 0, 
of T. It is not hard to see (with the help of Proposition 1) that it is enough to 
confine our attention to the case when T = AJa, b, Z(T)). In this case all is 
solved by the following result. 

Lemma. Let Z(T) be a cyclic unramijied extension qf K with generator cp of 
its Galois group. Then an extension of cp to an automorphism 0 of the division 
algebra T exists if and only if p,, E K, aqp-‘, b”-’ E Z(T)“. 

From this lemma there follows immediately 

Proposition 2. If T = TA for some division algebra A central over K with 
n 

residue-class algebra separable over K and T = @ APl(uj, vj, Z(T)); then 1.4:~ = 

u.cf! v”’ = vjd$, where lj is the degree of the prim:F;ve rdot ,uLlj of 1. 
J ?I’ J 

Proposition 2 allows us directly to find an extension of ‘pi to an automor- 
phism ‘pij of the division algebra A,(uj, vj, Z(T)). Let Uj, y be canonical genera- 
tors of A,(uj, vj, Z(T)); then I.Jjq, = Ujcij, Vj’+“j = yd,, and the automorphisms 
qij commute pairwise. We put (pch = ish , where g? = gh, E APIJ(uj, vj, Z(T)), 

and let A,( (uj, vj, Z(T))(qlj,...*‘PpJ) be the” division subalgebra of elements of 

Ap, (Uj> Vj> i(T)) fixed by Cplj, . . ‘3 Vrj. I 
Theorem 2. In the above notation T = TA if and only if there exist elements 

t, E Z(T) such that s,, = t,,,g,,, h = 1, . .., r, j = 1, . . ., m, contained in 
kplJ(uj, vj, Z(T))(ql~....,qr~-, and a totally ordered group r such that r, c r and 

r/r, = 
( 

1 

nl 
~w~~...s~~) + r, o-3 +,(s,, . ..s.,) + r, , 

> ( * ) 

and moreover, kv,(Sil . Sim) + r, = ni, where ni is the order of cpi. 
I 

Proposition 3. Let the automorphisms ‘pij be as above. Then if di = Bi, @ ..’ @ 

Qi, and Nz(T)/ZtT),i(Cij) = P?, &T),~(T),, (d,) = $J, where Z(T),,,, is the subfield of 

Z(T) of elements fixed by cpi, then 

and 

vT(ti) E r, + & PijvTtuj) - jzl aijvT(vj). 

2.10. Inertial Algebras of Henselian Division Algebras. We now bring a basic 
result describing the division algebras unramified over K, which arise as inertial 
algebras of defectless division algebras with residue-class algebras separable 
over K. 

Theorem. Let L be an abelian unramified extension ,field of K, Gal(L/K) = 
(40, ) @ . .. @ (cp,), i = 1, . , r (where n, is the order of the automorphism cp,) and 
B a division algebra, unramified over K with centre Z(B) = L. Then B is the 
inertial algebra for some division algebra D which is defectless and central over K 
with residue-class algebra separable over i? if and only if B possesses automor- 
phisms 4,) $2, . , 1+6, such that $ii, = cpi and there exist elements ii, iij E UB with 
the property $:I = igi, &*~-‘6~~6~$;. . @‘-’ and there exists a defectless division 
algebra central over K with separable residue-class algebra such that Z(A) = z. 
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2.11. Tamely Ramified Division Algebras. Classification. The most complete 
results on the structure and classification of henselian division algebras may be 
obtained precisely for the class of tamely ramified division algebras. 

First of all we remark that the elements of the Brauer group of a field K, 
which correspond to tamely ramified division algebras central over K form a 
subgroup of Br K. The following result shows how the elements of this sub- 
group are arranged. 

Proposition. Let A be a tamely ramified division algebra central over K. Then 
A - B OK C, where B is tamely totally ramified (such division algebras were 
described earlier), while the tamely ramified division algebra C has trivial upper 
ramification index (such division algebras will be described below). 

The following property is of interest, relating the Brauer group to the relative 
value group. 

Theorem 1. Let A be a tamely ramified division algebra, central over K. Then 
the exponent of r,lr, divides the exponent of A. 

As far as the classification of tamely ramified division algebras is concerned, 
we shall here confine ourselves to considering the important case of division 
algebras with trivial upper ramification index, because there is then a complete 
system of invariants defining such division algebras up to K-isomorphism and 
suitable by its nature for the study in similar publications. 

For any totally ordered abelian group r containing r, as subgroup of finite 

index, let us fix gl, . . , g, E r such that r/r, = 6 (gi + r,). If k is an abelian 
i=l 

extension of K, N/K its unramified lifting to K (i.e. an unramilied extension N of 
K such that N = fi) and there exists an isomorphism 2: r/r, + Gal(fi/K), then 

we can put Gal(N/K) = 6 (cp,), where the reduction ?& of ‘pi is Jw(gi). Let 
i=l 

N = N, x ... x N, be a composite of Galois extensions N,/K corresponding to 

the decomposition 6 (cp,). Further, let us fix, for the system of elements gl, , 
i=l 

9, a system 7c1, . . . , 7~, of elements of K such that vK(ni) = nigi, where n, is the 
order of the cyclic subgroup (gi). With each automorphism 0 of r/r, an 
algebra A, may be associated as follows. Let (gi + r’)” = a,igl + ... + qigI, 
where 0 d aji < nj - 1, i,j = 1, . . .) r. Denote by ai the element $1.. .+.) where 

uj = niaji/nji and put A, = @ (NJK, cpi, (TV). It turns out that this algebra A, is a 
i=l 

division algebra. Moreover, if 0, v are distinct automorphisms of T/T,, then 
A, $ A,. The relation of A, to tamely ramified division algebras becomes clear 
from the following result. 

Proposition 1. With the previous notations there exist an unramified division 
algebra D central over K and unique up to K-isomorphism, and a uniquely defined 
automorphism 0 E Aut r/r, such that A - D & A,; moreover, D @K Z(A) is sim- 
ilar to the residue-class algebra 2 and r, = &. 

Thus with the division algebra A there may be associated the division algebra 
0, the field Z(A), the group r, and the automorphism 0 E Aut r/r,. It turns out 
that conversely, given a division algebra b over K, an abelian extension N/K 
with Galois group isomorphic to r/r, for a certain ordered abelian group r, 
and an automorphism (T E Aut r/r,, then we have 

Proposition 2. Let D be a central division algebra unramified over K with 
residue-class algebra b. Then D OK A,, is an algebra similar to a tamely ramified 
division algebra A for which I** = 1, r, = r and D 0~ fi is an algebra similar to 
A, r, = r,- and fi = Z(A). 

Corollary. If 2 is a field and I.* = 1, then A is similar to one of the division 
algebras A,. We shall call (D, Z(A), r, a) a system of invariants for the division 
algebra A. 

Theorem 2. Let A,, A, be tamely ramified division algebras central over K and 
%*, = AAz = 1. Then A, and A, are K-isomorphic if and only if they have the same 
system of invariants. 

Remark. A particular case of the previous discussion is contained in the 
results of Witt [4], on division algebras over complete discretely valued fields. 

2.12. Exponents, Splitting Fields and Special Residue-class Fields. In conclu- 
sion we note a number of interesting properties connected with special division 
algebras. 

1. It turns out that for defectless division algebras A central over K with 
residue-class algebra separable over K there is a relation between exp A, exp 2 
and the ramification index r,. 

Theorem 1. The exponent of a division algebra A is a divisor of 

r, LCM(exp 1, exp Ker O,,,), where LCM( , ) denotes the least common 
multiple. 

2. For defectless division algebras A central over K with residue-class 
algebra separable over K, in case r, = 1, we have 

Theorem 2. If r, = 1, then A = BA @ TA and A is determined up to 
K-isomorphism by its inertial algebra BA and its totally ramified part TA. The 
exponent of A is the least common multiple of the exponents of r,jr, and of the 
residue-class algebra A. 

3. Tignol and Amitsur have proved that in the case of an algebraically closed 
residue-class field K for a central division K-algebra A, under the condition 
(ind A, char K) = 1 every splitting field of A which is finite over K contains a 
maximal subfield. 

In the case when K is not algebraically closed, this is not generally true. 

Example. Let K be a field of cohomological dimension not greater than 1 
and char K # 2. Suppose that the value group r, has an extension r such that 
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r/r, = (pi) @ (Ed), where (si) is a cyclic group of order two with generator Ei, 

i = 1, 2. Let rri E K be such that vK(rci) = 2ti, where ti E (Ed). Consider the 
division algebra AE2(n1, rc2, K) and assume further that [K* : K*2] > 2. Denote 
by u, G‘ elements of U,* such that uK*~ and vK*~ are distinct elements different 
from 1 of the group K*/K*2. Then T = K(&, 6) is a splitting field for A 
but it contains no maximal subfield. For we have A Ox T - AEI(C1, u-l, K). 
Since Br(K) = 0, it follows that ind AE2(C1, v-r, K) = 1. A simple calculation 
shows that (up to K-isomor hism) all maximal sublields of A are of the form 
K(A), K($ or K( 
the form K(d), K(&K(J--- 

n ‘II ) But all sublields of T quadratic over K are of 
rclrc2uv). By the choice of U, v all these six 

fields are pairwise non-K-iiomorphic. 
However, for 1, = 1 we have 

Theorem 3. Let A be a tamely ramified division algebra central over K, 
(ind A, char K) = 1, AA = 1. If L is a splitting field of A such that in the tower 
K c N c L, where N is a maximal subextension in L unramified over K, and L/N 
is a Galois extension, # c 1, then L contains a maximal subfield of A. 

4. In conclusion we describe the division algebras tamely ramified over K in 
the case when K is a quasi-finite field. 

Theorem 4. Let K be a quasi-finite field and A a central division algebra 
tamely ramified over K, such that (ind A, char K) = 1. Then A can be decomposed 
as a tensor product of certain cyclic division algebras, which with possibly one 
exception are totally ramified symbol algebras of indices equal to their exponents. 

It turns out that the number of cyclic components in the preceding decompo- 
sition is independent of the decomposition. 

Theorem 5. Under the conditions of Theorem 4 let A be of primary index. Zf 
A=AIOK... OK A,, A = B, OK... OK B, are two decompositions of A into cyclic 
division algebras, then r = s and with suitable renumbering we have ind Ai = 
ind Bi. Moreover, exp A is the least common multiple of exp A,, . , exp A,. 

$3. Division Algebras over Algebraic Number Fields 

3.1. The Local-to-global Method. For the study of division algebras over 
algebraic number fields the local-to-global method plays an important role; it 
consists in the following: for the solution of any global problem we first solve the 
set of corresponding local problems and use the information so obtained for the 
solution of the global problem. Below we shall consider the case of division 
algebras over algebraic number fields, although all the results carry over to the 
case of fields of algebraic functions in one variable with a finite field of con- 
stants, which together with algebraic number fields form the class of global 
fields. Below K denotes an algebraic number field, i.e. a finite extension of the 
field of rational numbers. 

For the applications of the local-to-global method it is necessary to give a 
very precise definition of the localization of the objects considered. 

For an algebraic number field K the role of localization is played by the 
completion K, relative to any valuation v of K. We remark that by a valuation 
we understand in this section not merely the usual valuations, but also the 
archimedean absolute values. Since equivalent valuations give isomorphic com- 
pletions, it is enough to consider the completions K, for all u E VK, where 
I/’ denotes the set of all pairwise inequivalent valuations on K. 

If A is a central division algebra over K, then A OK K, = A, will be a central 
simple algebra over K,. The localization A, can be constructed comparatively 
simply (cf. 1.7). There naturally arises the question: To what extent is the divi- 
sion algebra A determined by its localizations A,? The intuitive idea, that for 
each desired item we can restrict ourselves to only a finite number of localiza- 
tions, is relevant to the effectiveness of the local-to-global methods. 

It turns out that in a definite sense the structure of A depends on only a finite 
number of localizations, as is shown by 

Theorem 1. For almost all v E VK we have ind A, = 1. Thus except for a finite 
number of valuations the algebra A, is a full matrix algebra over K,. 

3.2. The Hasse-Brauer-Noether Theorem. Let A be a central division algebra 
over K of degree n. The following important result gives an answer to the 
question of which local properties determine a full matrix algebra over K. 

Theorem 1. A N M,(K) if and only if A, ‘v M,,(K,) for all v E VK. Hence there 
follows the local-to-global norm principle for cyclic extensions of K. 

Theorem 2 (Hasse). For a cyclic extension L/K an element a E K is a norm 
N,,,(b), b E L, if and only iffor every v E VK, a = N,“,,“(b,), b, E L,, where L, is 
the completion of L relative to the extension of v. 

For a proof of Theorem 2 it is enough to consider the cyclic algebra 
(L/K, cr, a), where ((T) = Gal(L/K) and bearing in mind that the algebra 
(L/K, (T, a) is a full matrix algebra if and only if a E NLUIK (L,). Then by Theorem 
1, (L/K, (T, a) is also a full matrix algebra and this is eqmvalent to the condition 
a E N,,,(L) (cf. 1.6, Ch. 1). 

3.3. The Grunwald-Wang Theorem. This is a result on the existence of cyclic 
extensions of K with given local behaviour. The existence of such extensions 
(together with the Hasse-Brauer-Noether theorem) allows us to establish the 
cyclicity of central simple algebras over K. 

We recall that a valuation u E VK is called real or complex according to 
whether K, is R or C. 

Theorem (Grunwald-Wang). Let (v,, n,), . . . , (v,, n,) be a finite set of pairs, 
where ui E VK, ni E N and n, = 1 tf vi is complex and n, < 2 tf vi is real. Let n 
be the least common multiple of n,, . . . , n,. Then for any m divisible by n there 
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exists a cyclic extension L/K of degree m such that [L,, : K,,] is divisible by ni, 
i=l , . ..’ r, where LUi denotes the completion of L relative to one of the valuations 
extending vi. 

3.4. Cyclicity of Division Algebras. For an arbitrary central simple algebra A 
over K, deg A = n, we consider the finite set (in the sense of Theorem 1 of 3.2) 
S c VK consisting of those v E I/ ’ for which ind A, > 1. Let m be the least 
common multiple of all the numbers (ind Ay)VES. By the Grunwald-Wang 
theorem (3.3) there exist cyclic extensions L/K of degree n and F/K of degree m 
such that [L, : K,] and [F, : K,] are divisible by ind A, for v E S. By Theorem 4 
of 1.7, A OK L, N M,(L,), A OK F, N MJF,). Hence it follows by the Hasse- 
Brauer-Noether theorem that A OK L 21 M,(L), A OK F 2: M,,(F), i.e. L and F 
are splitting fields of A. 

Since L splits A and [L : K] = deg A, this proves that A is cyclic. Since F is a 
splitting field, ind A is a divisor of m, in particular, ind A < m. We remark that 

EAul expA is the trivial element of the Brauer group, therefore ind A, is a divisor 
of exp A and it follows that m is a divisor of exp A. Thus from ind A < m d 
exp A it follows that ind A < exp A, so we have proved 

Theorem. The algebra A is cyclic and exp A = ind A. 

From the proof of this theorem there follows the 

Corollary. The index of an algebra A is equal to the least common multiple of 
the local indices ind A,. 

3.5. Local Invariants and the Reciprocity Law. Following 1.8, we consider 
the isomorphisms 

inv,: Br K, -+ Q/Z, v E VK. 

For any algebra A the elements inv,[A,] are called the local invariants of A 
and are denoted by inv,(A). By Theorem 1 of 3.1 we have inv,(A) = 0 for almost 
all v E VK. 

Theorem 1. “zK inv,(A) = 0. 

This correspondence is called the reciprocity law for the algebra A. 
The natural question arises whether there exists an algebra A for any given 

local invariants. 

Theorem 2 (Existence theorem). For each v E VK let an element ~1, E Q/Z be 

given such that ~1, = 0 for almost all v and c CI, = 0. Then there exists a central 
UEVK 

simple algebra A over K with local invariants a,. 

The isomorphism problem for simple algebras over K is now solved in the 
following elegant manner. 

Theorem 3. The central simple algebras A and B over an algebraic number 
field K are K-isomorphic if and only if A and B have the same local invariants. 

3.6. The Reduced Norm. Theorem (Eichler). Let A be a central simple alge- 
bra over a global field K. Then an element a lies in Nrd,(A*) if and only if 
a E Nrd,“(A:) for all v E V’. 

If v is a non-archimedean valuation, then Nrd,“(A,) = K,. In particular, 
if K is a global field of positive characteristic, it follows from the theorem 
that Nrd,(A) = K. For an algebraic number field K and a real v we have 
[K,*: Nrd,“(A,*)] < 2. With the help of weak approximation we obtain 

Corollary. The group K*/Nrd,(A*) is a finite 2-group. 

3.7. Splitting Fields. A second important consequence of the Hasse-Brauer- 
Noether theorem concerns splitting fields. 

Theorem. A finite extension L/K is a splitting field for the central simple 
K-algebra A if and only if [L,: K,] is divisible by ind A,, where w is any 
extension of v to L and v runs over the set VK. 

Remark. Since by Theorem 1 of 3.1, ind A, = 1 for almost all v E VK, the 
requirement that [L, : K,] be divisible by ind A, is non-trivial for only a finite 
number of places v E VK. This circumstance was already used in the proof of the 
theorem in 3.4. 

3.8. The Norm Local-to-global Principle for Subfields of Division Algebras. 
Let L be a finite extension of a global field K. We shall say that the norm 
local-to-global principle holds for L if NLiK(L*) = NLIK(JL) n K*, where .JL is the 
idele group of L. In particular, this shows that from a E NLUIK,(LV) for all valua- 
tions v on L it follows that a E NLIK(L). By Hasse’s theorem (cf. 3.2) the norm 
local-to-global principle is always satisfied for cyclic extensions L/K. 

If L is a maximal subfield in D, then N,,,(a) = Nrd,(a) for any a E L. There- 
fore Eichler’s theorem (3.6) leads to the natural question: does the norm local- 
to-global principle hold for any maximal sublields L of D? In the case when L 
is a Galois extension, the correctness of the local-to-global principle for L/K 
follows by Tate’s criterion (cf. Cassels-Frohlich [l], Ch. 7). Indeed, since L 
is a maximal subfield in D, there exists for every Sylow p-subgroup G, E G = 
Gal(L/K) a valuation v E VK such that G, & G, = Gal(L,/K,,). Hence the natu- 
ral mapping of third cohomology groups 

H3(G,, Z) + n H3(G,, Z) 
UEVK 

is injective, and hence so is the mapping 

H3(G, Z) + n H3(G,, Z). 
VGVK 

However, in the general situation the answer to the question formulated 
above is in the negative. The following theorem, due to Yu.A. Drakokhrust and 
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V.P. Platonov [l] gives a qualitative characterization of the norm local-to- 
global principle for subfields of division algebras. 

Theorem 1. If the index of D over K is p or p2, where p is any prime number, 
then for any subfield L c D the norm local-to-global principle is satisfied. 

Theorem 2. For each prime p there exists a division algebra D over K, ind D = 
p3, such that for a suitable maximal subfield L c D the norm local-to-global 
principle does not hold. 

Theorem 3. Let D be a division algebra over K such that ind D < 7. Then the 
norm local-to-global principle holds for any subfield L c D. 

Thus the minimal counter-example for the norm local-to-global principle is 
obtained for division algebras of index eight. 

0 4. Division Algebras 
over Quasi-algebraically Closed and Ci-Fields 

4.1. Quasi-algebraically Closed Fields. The existence of non-trivial division 
algebras over fields is closely connected with the presence of non-trivial zeros 
of certain homogeneous polynomials. Thus for example, in 4.4 of Ch. 3 we 
remarked that for a fixed basis e,, . . . , e,2 of a central simple algebra A over K 
there exists a homogeneous polynomial RNA(xl, . . . , x,+) such that for each 

a = F aiei E A, ai E K, Nrd,(a) = RNA(al, . . , an2), and A will be a division 
i=l 

algebra if and only if RNA(al, . . , an2) = 0 only for a, = a2 = ... = a,+ = 0. 

Definition. A field K is called quasi-algebraically closed (or a Cl-field) if every 
homogeneous polynomial with coefficients in K, of degree n in m variables, 
where m > n, has a (non-trivial) zero in K. 

The first non-trivial example of a quasi-algebraically closed field is given by 

Theorem (Chevalley-Warning). Eoery finite field is quasi-algebraically 
closed. 

Let us fix on the most important property of quasi-algebraically closed fields 
in our present context. 

Theorem. Every central division algebra over a quasi-algebraically closed field 
K coincides with K, i.e. Br K = (0). 

Proposition. The class of quasi-algebraically closed fields is closed under alge- 
braic extensions. 

4.2. Tsen’s Theorem. This theorem firstly provides important examples of 
quasi-algebraically closed fields, and secondly proves useful in the study of 
simple algebras over rational function fields. 

Theorem. A field of algebraic functions in one variable over an algebraically 
closed ,field of constants is quasi-algebraically closed. 

Another important example of a quasi-algebraically closed field is the field of 
formal Laurent series K(x) with coefficients in an algebraically closed field K. 

4.3. Ci-Fields. These fields were introduced by Lang [ 11. 

Definition. A field K is called a Ci-field, if every homogeneous polynomial 
f(x,, . , x,,) with coefficients in K of degree d, where n > d’ has a zero in K (i.e. 
there exists a non-zero solution of the equation f(xl, . . . , x,) = 0 in K). 

It is easy to see that C,-fields coincide with algebraically closed fields, and 
C,-fields are the quasi-algebraically closed fields. We note some important 
properties of C,-fields. 

Theorem 1. Let K be a C,-field and fi, . . . , f, homogeneous polynomials in the 
unknowns x 1, . , x, of respective degrees d, , . . . , d,. I f  n > di + . . . + dl, then the 
system fi = 0, . . . , f ,  = 0 has a non-zero solution in K. 

Theorem 2. Every algebraic extension of a Ci-field is a C,-field. I f  K is a 
Ci-field, then the field qf rational functions in a variable x over K is a Ci+,-field. 

The first type among the C,-fields for which the Brauer group is non-trivial 
are the C,-fields. Having regard to Theorem 2, we see that important examples 
of C,-fields are given by the fields of algebraic functions in two variables over 
an algebraically closed field of constants, i.e. the function fields of algebraic 
surfaces. 

From the definition of C,-fields we deduce immediately the following inter- 
esting properties: 

1) Every quadratic form in live or more variables over K has a non-trivial 
zero; 

2) If L is any finite extension of K and D is a division algebra central over L, 
then the homomorphism Nrd,: D* -+ K* is surjective. 

4.4. Cf-Fields. The class of C,O-fields consists of fields K for which property 
2) of the preceding subsection holds. Thus &-fields are Cg-fields. On the other 
hand, the class of Ci-fields is wider than the class of &-fields, since it contains 
all fields Qp, which as Terjanian has shown, are not C,-fields. 

For perfect Ci-fields there is a simple cohomological description in Suslin 

Cll. 

Theorem. For a perfect field K the following conditions are equivalent: 
1) K is a Cy -field; 
2) the cohomological dimension of K does not exceed 2. 

4.5. The Exponent and the Index. As mentioned earlier, if the index of a 
division algebra A is ppl . .pp, where c~i, . . . , us > 0, and pl, , pS are distinct 
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prime numbers, then exp A is divisible by pr, . . . , ps. On the other hand, in the 
case of local and global fields, any central division algebra A over K has the 
property exp A = ind A. There arises the natural question: for which fields K 
does every central division algebra A over K have an exponent equal to its 
index? There is a conjecture that this property appertains to all division algebras 
over C,-fields. This conjecture has up to now only been proved in the case of 
division algebras over special fields. 

Theorem. If for a division algebra A over a &-field ind A = 2’3’, then 
exp A = ind A. 

By part (vi) of Theorem 2 of 2.5 in Ch. 2, the proof of this theorem is 
immediately reduced to the case of division algebras of exponent 2” and 3”. Let 
p be either 2 or 3. There is a simple reduction of the general case to the case of 
exponent p. Assume that our assertion has been proved for division algebras A 
of exponent at most pa-l, where a 3 2, and let A be a central division K-algebra 
over a &-field of exponent p”. Then the algebra B which is the p-th tensor 
power of A is of exponent pa-‘. By hypothesis ind B = p”-’ and hence there 
exists an extension L of K of degree pa-’ which is a splitting field of B. Consider 
the algebra C = A OK L; its exponent is p and so there exists an extension F of 
L of degree p which is a splitting field. Hence F is a splitting field for A of degree 
pa over K, which is equivalent (since exp A = p”) to ind A = pa. Thus for a proof 
of the theorem it is enough to restrict consideration to the case exp A = p. 

We remark that in case char K = p # 3 we may without loss of generality 
assume that p3, a primitive cube root of 1 lies in K. Indeed, since ind A = 3” and 
[K&) : K] < 2, it follows by part (iv) of Theorem 2 in 2.5 of Ch. 2 that it is 
enough to prove the theorem for A OK K(pU3). In view of the last remark, the 
Merkur’ev-Suslin theorem and the Corollary of 2.8 in Ch. 2, A is similar to a 
tensor product of cyclic algebras of index p. So to complete the proof of the 
theorem it will be necessary to prove the 

Proposition. Let A, and A, be central division K-algebras of index p (p = 2, 3). 
Then ind(A, OK AZ) d p. 

The truth of this proposition follows from the existence in A, and A, of 
K-isomorphic maximal sublields. For a proof we consider K-bases e, = 

1 
RAP;;;;;, 

ep2, v1 = lAZ, . . . . up2 for A, and A, and corresponding polynomials 
. . . . Xp2> X), RPA,(ZI> . . . > Zp I x) from the Theorem of 4.2 in Ch. 2. Let , 

RPA~(XI,-~~ > 2 x)=xp+aIxp-l +...+a 
P’ 

RPA~(ZI, . . , zp2, x) = xp + b,xP-’ + ... + b,. 

and consider the system 

aI - b, = 0, . . . , up - b, = 0, x1 = 0, z1 = 0. (*) 

The number of unknowns in this system is 2p2, while the degree of the polyno- 
mial ai - bi is i. Thus in case p = 2 we have 8 > 1’ + 2’ + l* + 1’ and in case 
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p = 3, 18 > l* + 2* + 3* + l* + l*. It follows by Theorem 1 of 4.3 that the 
system (*) has a non-zero solution in K : x1 = 0, x2 = u2, . . , xp2 = ap2, z1 = 0, 

z* = p*, . ..) zp2 = 13,,. We put u = 5 aiei, v = f pivi. Then by the theorem of 
i=2 i=2 

4.2 of Ch 2, 

RP,,(O, Q, ., ap2, X) = RP&, U), 

RP..& 82, . . . , BP+ X) = RPA~(X> V) 

and moreover, RPA1(x, u) = RPA2(x, v). If some among the elements c(*, . . . , clp, 
are non-zero, then u $ K, by the choice of basis e,, . . , epz. Then RP,,(x, U) is 
irreducible over K and so v 4 K, because RPA1(x, U) = RP,*(x, v). Now it is 
clear that K(u) and K(v) are K-isomorphic. Let us show that not all elements tli 
can vanish. If that is so, then among p2, . . . , pp 2 we can find a non-zero element, 
and so u will be non-central. So RPA2(x, v) is irreducible over K, and u # 0 is a 
root because RPA1(x, U) = RPA2(x, v). Thus the proposition, and with it the 
theorem is proved. 

0 5. Division Algebras over Rational Function Fields 

5.1. Local Invariants. Let K(x) be the field of rational functions in x over the 
constant field K and I/KK@) the set of all its inequivalent valuations that are trivial 
on K. With each central simple K(x)-algebra (in particular, each division alge- 
bra) a set of division algebras over K(x),, where v E I/KK@) can be associated. For 
v E I/xK@) consider the algebra A, = A &(,.) K(x),. The algebra A, is central 
simple over K(x), and hence is similar to a uniquely determined central division 
K(x),-algebra D,. In what follows we shall restrict attention to those algebras A 
for which there exists a separable algebraic extension F of K such that F(x) is a 
splitting field of A. Such algebras correspond to a subgroup Br,,,(K(x)) of 
Br K(x), called the separable part of Br K(x). Below A is a central simple 
algebra over K(x) such that [A] E Br,,,(K(x)). 

We remark that v is a discrete valuation and so K(x), is henselian. Since 
[A] E Br,,,(K(x)), there exists a finite Galois extension F of K such that F(x) is 
a splitting field of A. It follows immediately that F(x), is unramified over K(x), 
and is a splitting field of D, (F(x), is the completion of F(x) for one of the 
valuations of F(x) extending v). It follows that D, is tamely ramified over K(x),, 
i(D,) = 1 (cf. $2) and so by the results of $2, D, - U, @,,,,,(N,/K(x),, q, n), 
where U, is a central unramified division K(x),-algebra, 7c = f in the case of a 
valuation vJ and rc = x-l for v = v, (cf. Q 1, Ch. l), NV is a cyclic unramilied 
extension of K(x),, such that NV = Z(&,) and oV is a suitable generator of the 
Galois group Gal(N,/K(x),). As follows from the results of $2, the algebra 
Inv,(A) = (NV/K(x),, a,, n) is defined up to K(x),-isomorphism and is called a 
local invariant of A relative to v. We remark further that the division algebra 
Inv,(A) is completely determined by NY and oV, so often the pair (NV, 5,) is also 
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called the local invariant. This interpretation of the local invariants allows US to 
obtain an interesting representation of it by character groups of suitable Galois 
groups. To obtain such a representation we remark that if L/K is a Galois 
extension with group G, then each character x of G (i.e. a homomorphism 
x: G + Q/Z) corresponds to a cyclic pair (Z,, a,), consisting of the cyclic exten- 
sion Z, of K which is the fixed field of the group Ker x and the automorphism 
gX whose restriction to Z, is the automorphism 0 such that x(a) = m-i + Z, 
where m = [Z, : K]. Conversely, each cyclic pair (Z, rr) corresponds in the way 
indicated above to a certain character 2 of G such that Z = Z,, (T = ox. In this 
way we obtain a bijection between the characters of G and the cyclic pairs. Now 
let F/K be a Galois extension of K and let Br(F(x)/K(x)) be the subgroup of 
Br,,,(K(x)) of elements [A] such that F(x) is a splitting field of A. It is not hard 
to see that F(x), is a splitting field for A, that is unramilied over K(x),; moreover 
its Galois group Gal(F(x),/K(x),) is isomorphic to the group G, of all auto- 
morphisms in Gal(F(x)/K(x)) which preserve the manic factors D(x) off(x) that 
are irreducible over F[x], in the case where v = vr and G, = Gal(F(x)/K(x)) in 
case v = v,. 

We remark that since F(x), is a splitting field of A, unramified over K(x),, it 
follows that NV c F(x),, therefore NV c F(x),. That F(x), is unramitied over 
K(x), follows also from the isomorphism G, ‘v Gal(F(x),/K(x),). Below we put -- 
G = Gal(F(x),/K(x),); then there exists a mapping from the character group 
Hom(G, Q/Z) to the set of cyclic pairs. On the set of cyclic pairs an operation of 
multiplication may be introduced as follows. Let (E”, 5) and (?, 7) be cyclic pairs 
and (E/K(x),,, 0, rc), (T/K(x),, r, rc) cyclic algebras such that E and T are liftings 
of E’, ? respectively that are unramified over K(x), (and similarly with regard to 
[T and 8). The tensor product (E/K(x),, cr, rr) &), (T/K(x),, r, n) is split by the 
unramified extension ET/K(x), and so is similar to a certain division algebra 
U @QKcX), (Z,/K(x),, pV, rc), where U is a division algebra unramified over K(x), 
and the cyclic extension Z,/K(x), is unramilied. The pair (z,,, ,i&) is called the 
product of the cyclic pairs (J!?‘, 6) and (?, f). The set of all cyclic pairs forms a 
group under the above operation. Now the replacement of each character by its 
cyclic pair defines an isomorphism of the character group with the group of 
cyclic pairs, which in our situation implies an isomorphism of the group of cyclic 
pairs and Hom(G,, Q/Z). Returning to the local invariants of an algebra, we 
mention a series of properties which are important for the sequel. 

Theorem 1. For almost all v  E V,“(X)\{v,} we have 

ind(Inv,(A)) = 1. 

Thus the number of non-trivial local invariants is finite. 
The second assertion relates to unramitied algebras (i.e. algebras for which 

ind(Inv,(A)) = 1 for any v E V,“@‘). 

Theorem 2. I f  the algebra A is unramified for any v  E V/@), then A = 
A, OK K(x), where A, is a central simple algebra over K. 

Finally, if fi, . . . , f, is a finite set of manic irreducible polynomials in K[x], 
and A,, . . . . A, are central division algebras over K(x),, such that Ai = 

(Nf,, oi, fi), where Nf, is an unramilied cyclic extension of K(x)f,, then we have 

Theorem 3. There exists a division algebra A central over K(x), with the 
properties Inv vfi(A) = Ai and ind Inv,,(A) = 1 for f  # fi. 

The preceding results allow us to give the following description of the group 
Br(F(x)/K(x)), where F is a finite Galois extension of K. 

Theorem 4. Br(F(x)/K(x)) z Br(F/K) @ 
YE vy? (v= ) 

Hom(Gvl, Q/Z). 

The isomorphism in the preceding theorem may be interpreted as follows. 
Let A be a central simple K(x)-algebra. Consider for each element [A] the set 

(Invv(A)jv.yK(xl,(yl~~ replace each Inv,(A) by its cyclic pair and this in turn 
by the corresponding character in Hom(G,, Q/Z). This gives rise to a 
homomorphism 

Inv: BrVWlK(x)) + YE G& ;v~) Hom(G,, Q/Z). 

From the preceding theorem it follows that we have a short exact sequence 

0 -+ Br(F/K) - Res Br(F(x)/K(x)) 2 0 Hom(G,, Q/Z) -, 0, 
vEV~‘%(Yr} 

where Res is the mapping obtained from Res[A] = [A OK K(x)]. 
Since Br,,,(K(x)) is the union of its subgroups Br(F(x)/K(x)) for all finite 

Galois extensions F of K, the preceding theorem allows us to describe the group 
Br,,,(K(x)). We recall that Br,,,(K(x)) = Br(K(x)) for a perfect field K (in partic- 
ular, for characteristic zero). 

We shall formulate the final result in the important special case when K is of 
characteristic zero. 

Let Kalg be the algebraic closure of K, and P(K) the set of all irreducible 
manic polynomials in K [xl. For each f E P(K) and some root a of it in Kalg we 
denote by G,, the subgroup of Gal(Kalg/K) consisting of those elements (r such 
that cP = c1 and by Hom(G,,, Q/Z) the group of continuous characters of G,f. 
Then we have 

Theorem 5. Br(K(x)) ‘v Br(K) @fEP(K) Hom(Gvf7 Q/Z). 

Remark. An analogous result on the group Br(C(x,, . . , x,)), where 

w i, . . , x,) is the field of rational functions in x1, . . . , x, over the complex 
numbers C was obtained by Steiner. 

5.2. The Hasse Principle. The question of the validity of an analogue to the 
Hasse-Brauer-Noether theorem for algebras over the rational function field 
K(x) has been answered positively. 

Theorem 1. A central simple algebra A over K(x) defines the trivial element 
[A] E Br(K(x)) if and only if [A @,.) K(x),] is the trivial element of Br(K(x)), 
for all 1’ E VKtx). 
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When A is such that [A] E Br,,,(K(x)), a stronger result holds 

Theorem 2. Let A be a central simple algebra over K(x) and suppose that 

CA1 E Rep K(x). Then ind(A) = 1 if and only if all local invariants of A are 
trivial and an element a E K can be found such that 

WA OKcxj K(x),J = 1. 

There exist some other results of analogous type relating to special choices 
of K. 

Theorem 3. Let K be an algebraic number field, v E VK, where VK is the set of 
all inequivalent valuations of K and let K,(x) be the field of rational functions in 
x over K,. Then a central simple algebra A over K(x) defines the trivial element in 
Br(K(x)) if and only if [A @&r K,(x)] is the trivial element in Br(K,(x)) for all 
VE VK. 

Simple reasoning connected with the fact that rational function fields over K 
are Hilbertian allows this result to be transferred to the case of several variables 
(Sonn [ 11). 

We recall that by an arithmetic progression in a field K one understands a 
sequence (a + nb}, where n runs over the natural numbers and 0. 

Theorem 4. Let K be an algebraic number field and A a central simple algebra 
over K(x). Then in order for [A] to be the trivial element in Br(K(x)) it is 
necessary and sufficient that K contain an arithmetic progression T such that for 
each a E T the element [A &(,.) K(x),~~J is trivial in Br(K(x),,J. 

5.3. Special Cases. We consider two special cases. 
A) Br(K) = 0. Then by Theorem 1 of 5.2 there follows immediately 

Theorem 1. Let Br(K) = 0 and let A be a central division algebra over K(x). 
Then A is determined up to K(x)-isomorphism by its local invariants. 

Corollary. Let K = C(y), where C is an algebraically closed field. Then every 
central division algebra over K(x) is similar to a cyclic algebra. 

B) The field K is real closed. Then by Tsen’s theorem there follows 
immediately 

Theorem 2. Every central division algebra A over K(x) is of one of three types: 
6) (- 1, - 1, K(x)); 

(ii) 

(iii) , 

where a,, .,., a, are distinct elements of K. 

5.4. Rational Splitting Fields and Conic Bundles. In a splitting field of a 
central division algebra over a rational function field, which is itself a field of 

rational functions, there is an interesting connexion with an algebro-geometric 
problem. 

Definition. Let K be a field and X a rational surface defined over K. We say 
that X is a conic bundle over P’, if there is a K-morphism f :  X -+ P’ such that 
the generic libre over the base is an irreducible conic. Below we shall assume for 
simplicity that char K # 2. 

The problem of K-unirationality of a conic bundle has a close connexion 
with rational splitting fields of quaternion algebras. We recall that for a central 
simple algebra A over K(x) a splittings field F is called a rational splitting field 
for A if 

(i) F is a splitting field for A; 
(ii) F = K(z) is the field of rational functions in z over K. 
The algebra A over K(x) is said to possess a K-point if there exists an element 

a E K, such that 

ind(A OK K(x),~~~) = 1, or ind(A Ox K(x),%) = 1. 

The connexion between the problem of K-unirationality of conic bundles 
and the existence of a rational splitting field consists in the following. It is 
known (see for example Iskovskikh Cl]), that every conic bundle which has a 
K-point corresponds to a quaternion algebra over K(x), having a K-point (and 
conversely). There is a conjecture that conic bundles possessing a K-point are 
K-unirational and it has been established that this is equivalent to the existence 
of a rational splitting field of the corresponding quaternion algebra. Generaliz- 
ing the preceding conjecture, we may ask the question: 

Does every central simple algebra over K(x), which possesses a K-point have 
a rational splitting field? 

This is so when K = R (Iskovskikh Cl]), and the same is true for any real 
closed field K. The following result shows that the answer is also positive in the 
case when K is henselian. 

Theorem (Yanchevskii [S]). Let K be a henselian field and A a central simple 
algebra over K(x) possessing a K-point. Then A has a rational splitting field. 

The problem of the existence of rational splitting fields remains open even in 
the basic arithmetic case when K = Q. 

0 6. Division Algebras over Algebraic Function Fields 
of One Variable. Brauer Groups 

6.1. Skew Fields of Algebraic Functions of One Variable. There exists a useful 
non-commutative generalization of the concept of a field of algebraic functions. 

Let A be a skew field and K a subfield of its centre Z(A). 

Definition 1. A is called a skew field of algebraic functions of one variable, if 
there exists an element x E A such that [A : K(x)] < 03. 
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We remark that the class of skew fields of algebraic functions of one variable 
coincides with the class of finite-dimensional division algebras over algebraic 
function fields. Indeed, one inclusion is obvious, for in case Z(A) is a field of 
algebraic functions in x with constant field K, we have the equation [A : K(x)] = 
[A : Z(A)] [Z(A) : K(x)] < co. The other inclusion is a consequence of the fol- 
lowing result. 

Proposition 1. If A is a skew field of algebraic functions in one variable, then 
A is finite-dimensional over Z(A) and Z(A) is a field of algebraic functions in one 
variable. 

If A is a skew field of algebraic functions, K is a subfield of the centre Z(A) 
and x E A is such that [A : K(x)] < co, then the condition [A : K(x)] < a holds 
as well, where K is the relative algebraic closure of K in Z(A), therefore it 
is natural to call A a skew field of algebraic functions in one variable over K and 
to assume K relatively algebraically closed in Z(A). In the case when A is 
commutative, this reduces to the classical definition of a field of algebraic func- 
tions in one variable with constant field K. In the case of a genuinely skew field 
A the elements algebraic over K need no longer form a subring. In view of this 
fact it is necessary to consider a suitably changed notion of relative algebraic 
closure in A. 

Definition 2. By a valuation ring in a skew field A we understand a subring I/ 
which satisfies the following two conditions: 

(i) if x E A, then either x E I/ or x # 0 and x-’ E V, 
(ii) if 0 is an inner automorphism of A, then I/” = V. 

Example. Let A be a skew field with a valuation v. Then its valuation ring V, 
(cf. 1.5 in Ch. 1) is a valuation ring in the sense of Definition 2. Conversely, every 
valuation ring in the sense of Definition 2 defines in canonical fashion a valua- 
tion v of the skew field A. Below, in order to emphasize this circumstance, we 
shall denote such a subring by V,. 

It turns out that maximal orders (in the sense of the definition of e.g. Reiner 
[ 11) will provide examples of valuation rings. 

Proposition 2. Let V, be the ring qf a discrete valuation in Z(A) and A, a 
maximal order in A over V,,. Then the following conditions are equivalent: 

1. A,/Rad A,, is a skew field, 
2. If x E A, then either x E A, or x # 0 and x-l E A”. 
3. A, is a valuation ring in the skew field A. 
4. A, is the unique maximal order over V, in A. 
5. Every left ideal of the order A, is two-sided. 
6. If Z(A), is the completion relative to v, then A @ZCA, Z(A), is a skew field. 

NOW let K denote the set of all elements in A that are algebraic over K. 
Among all the rings contained in K let us fix a maximal one, M, say. It is not 

hard to see that M is a skew subfield of A and from M c K it follows that 
[M : Z(M)] < cc. 

Proposition 3. Let t E Z(A) be such that [A : K(t)] = m is minimal, r = 
[Z(A)Z(M) : Z(M)(t)] and s* = [A : Z(A)] [Z(A) : K] < co. Then we have 

[A : Z(A)] = [M : K] $ s*[Z(M) : K]. 

Thus the skew field M, consisting of elements of A algebraic over K, is an 
object of interest. M may be characterized in terms of maximal orders in A as 
follows. 

Theorem 1. M = n A,, where {Aa}aG ‘II ranges over the maximal orders of A 
over the rings of K-valuations on Z(A) containing M. 

It is not hard to see that the preceding intersection may be written in the form 
of an intersection of a subset of {A,},, *I such that each ring of a K-valuation on 
Z(A) is taken for precisely one of the orders A,. Let us fix in what follows such 
a set of orders (A,},, w c {A,},, ‘Lt. Let t E Z(A)\K, and denote by U the subset 
of all /I E ‘Q3 for which K [t] c As and by V the subset of all b E 23 such that 
K[t-‘1 c A, but t $ A,. Put (5 = (A,lj E U u V} and let V(A) be the set of all 
valuation rings of A. Then V(A) c (5. Below we shall assume that V(A) # a. Let 
us define a geometric divisor d of A as an element of the free abelian group 
generated by the elements Aj E (5, d = cnjAj where nj = 0 if Aj E @\V(A). If v is 
a valuation of A, then we put v(d) = n,. The degree of the divisor d, deg d, is 
defined as the sum 1 nvfv, where f, = [A,/Rad A, : K]. Further we put E = 
n Aj, where Aj ranges over the set @\V(A). Then E is an order in A over a 
certain Dedekind ring R,, whose field of fractions coincides with Z(A). R, 
coincides with the intersection of all rings of K-valuations of Z(A), which cannot 
be extended to valuations of A. If al1 K-valuations of Z(A) can be extended to 
valuations of A, then we put R, = Z(A) and E = A. With each element y E E* 
we can associate a principal divisor by putting d(y) = c v(y)A,. Divisibility of 
divisors is defined in the natural way: d, Id, if and only if v(d,) d v(d2) for 
all v E V(A). If d is a divisor of A, then we may consider the vector K-space 
Q(d) = {e E Ejv(e) 3 v(d) f or all v E V(A)}. The dimension l(d) of this vector 
space over K is always finite. 

Theorem 2. (Non-commutative version of Riemann’s theorem) There exists an 
integer gM such that for each divisor d of the skew field A, l(d) + deg d 3 1 - gM, 
and if deg d is sufficiently large, then I( -d) + deg( - d) = 1 - gM. 

The number gM, called the genus of A relative to M, appears to depend on the 
choice of M. We put g = infj gM}, where M ranges over all maximal K-algebraic 
subrings of A. Then in the case of a class number one field Z(A) we have 

Theorem 3. Let Z(A) be a class number one field. Then all maximal K- 
algebraic subrings of the skew field A are conjugate among themselves, the 
number gM does not depend on the choice of M and gM does not depend on the 
choice of the orders A, such that M = fi A,. 
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For a formulation of a non-commutative version of the Riemann-Roth theo- 
rem we require the notion of a repartition of the skew field A. A repartition P of 
the skew field A is a mapping of CZ into A such that P(Aj) E Aj for almost 
all j E U u I/ The set ‘?R of all repartitions of A is a K-algebra in which A 
is embedded in diagonal fashion (i.e. a E A corresponds to the repartition 
P,(Aj) = a). A valuation (over K) of A can be extended to a valuation of !R as 
follows: v(P) = v(P(A,)). For a divisor d and a repartition P we have dl P if and 
only if v(P) 3 v(d) for all v E V(A) and P(A) E A for all ,4 E E\V(A). Let us put 
A(d) = {P E ‘94 I dl P}; then ,4(d) is a vector K-subspace of %. We have 

Theorem 4. Let d be any divisor of the skew field A. Then 

dim&R/A(d) + A) = l(d) + deg d + gM - 1. 

In particular, for the trivial divisor e, 

dim,(%/A(e) + A) = gM + n - 1, 

where n = [M : K]. 

In the case of a perfect field we have 

Theorem 5. Let the field K be perfect. Then gw does not depend on the choice 
of M, nor on the choice of the orders Aj such that M = fi Aj. 

j 

In conclusion we give a relation between the genus gM and the genus gZCAJ of 
the field Z(A). 

Theorem 6. The genus gM satisfies the inequality 

Corollary. 

gM < [A : Z(A)]g,(,, - CM : K] + 1. 

CA : -W)lg,(,, - CM : Kl + 1 3 gz(A) 3 1 - CM : K]. 

Indeed, if gZCAj = 0, then gM = 1 - [M : K]. Further developments of these 
ideas and applications to non-commutative algebraic geometry can be found in 
Van den Bergh-Van Gee1 [l], Van Deuren-Van Geel-Van Oystaeyen [l], Van 
Gee1 [l]. 

6.2. Brauer Groups of Algebraic Function Fields. Let K be any perfect field 
and F a field of algebraic functions in one variable with constant field K (i.e. the 
relative algebraic closure of K in F coincides with K). We denote by VL the set 
of all inequivalent valuations of F that are trivial on K. As in the case F = K(x) 
we can for every central simple F-algebra A and every system of prime elements 
{n,} for the v E Vi define the local invariants {inv,,(A)}. For a Galois extension 
E of K we put G, for the decomposition subgroup of Gal(E/K) for v (identified 
with Gal(EF,/F,), where F, is the completion of F relative to v and EF, the 
completion of EF relative to the valuation on EF extending v). If the extension 

E/K is finite, then as in 5.1 we obtain the homomorphism 

Inv,,“: Br(EFI F) + 0 Hom(G,, Q/Z), 
VSY:\t%l 

where v0 is any fixed valuation in VL. 
It is clear that the kernel of the homomorphism Inv,O contains the group 

Br(E/K), but if F is not a rational function field over K as constant field, it gener- 
ally turns out to be larger. Similarly, a consideration of the homomorphism 

Inv: Br(EF( F) -+ “pvE Hom(G,, Q/Z) 

also leads to a kernel which is larger in general than Br(E/K). An algebra A for 
which [A] E Ker Inv is called unramified over F. 

This raises the natural question: does the analogue of Theorem 1 of 5.2 hold 
in the case where F is not the rational function field over a constant field? The 
answer is in the negative (cf. for example, Nyman-Whaples Cl]): counter-exam- 
ples already occur in the case of the quaternion algebra over fields of genus 0 
and in the case of algebras of index 3 over fields of genus 1. 

Thus the different phenomena taking place for simple algebras over rational 
function fields break down in the case where the algebra considered is over an 
algebraic function field. One of the important methods of studying the group 
Br(F) still remains the cohomological one. One of the general schemes of investi- 
gation of Br(F) is the following. 

Let us denote by K, the separable closure of K and put F, = FK,, G = 
Gal(F,/F) (or Gal(K,/K)), G, = Gal(K,/F,), where v E Vi (we note that G, is an 
open subgroup of G). Then there exists a commutative diagram of G-modules 
and natural G-homomorphisms with exact rows and columns 

1 1 1 

I 1 I 
l-K;-- u-cu-1 

I I I 
l-F,*-J- CJ - 1, 

I I i 
H- D-C-O 

I I I 
1 0 0 
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where J, CJ are the idele group and the group of idele classes respectively of E,, 
U is the group of units in J, CU the group of unit classes and D, H, C the groups 
of divisors, principal divisors and divisor classes respectively of the field F,. 

From the left-hand column we obtain with the help of Hilbert’s Theorem 90 
the exact cohomology sequence 

0 + H1 (G, H) -+ Br(K)-‘--r Br(F)L+H’(G, H) 

+ H3(G, K:) + H3(G, F,*). (1) 

The lower row of the diagram provides the sequence 

0 + H’(G, C) + H’(G, H)l+ 0 Hom(G,, Q/Z)AbH’(G, C) 
UEVk 

+ H3(G, H). (2) 

It should be remarked that by Shapiro’s lemma, H’(G, D) = 0, H’(G, D) = 
@ Hom(G,, Q/Z), where Hom(G,, Q/Z) is the group of continuous characters 

“SVf 

of G,. Combining the sequences (1) and (2) into one, we obtain 

0 + H’(G, H) -+ Br(K)A Br(F)*b 0 Hom(G,, Q/Z) 
KEVE 

AH2(G, C) + H3(G, H). (3) 

The homomorphisms p o a and 0 may be described in the following way. As 
Witt [4] has shown, the valuation v defines a canonical exact sequence 

0 + Br(K,) + Br(F,)LHom(G,, Q/Z) + 0. 

(cf. Sect. 5.1). 
If the local invariant of an element of the Brauer group Br(F) is defined by 

the homomorphism 

Inv,: Br(F) + Br(F,) -+ Hom(G,, Q/Z). 

then j3 0 a is the sum of the local invariants Inv,. 
Further, the degree homomorphism deg: G + Z defines a homomorphism 

H2(G, C) + H’(G, Z) and since H2(G, Z) is isomorphic to the group 
Hom(G, Q/Z) of (continuous) characters of G, the composite with c gives a 
homomorphism 

0’: “pvr Hom(G,, Q/Z) -+ Hom(G, Q/Z). 

By Shapiro’s lemma it follows that 0’ is the sum of the homomorphisms 
induced from the transfer Ver: G/CC, G] + G,/[G,, G,] (for the definitions see 
e.g. Koch Cl]). The sequence (3) so obtained is not exact. The deviation from 
exactness is connected with the terms Br(F) and @ Hom(G,, Q/Z). Thus the 

“SVi 

following groups are of interest: 

X = Ker(p o cc)/Im K, 

Y = Ker(a)/Im(P 0 CI), 

Z = Ker(a’)/Im@ 0 2). 

The groups X and Y may be described as follows. 

Proposition. X Y cr(Br(F)) n H’(G, C), 

Y N H2(G, H)/(H’(G, C) + a(Br(F)), 

where H1 (G, C) is considered as subgroup of H2(G, H). 

In addition we have the following important result of Roquette [3] on the 
kernel: Ker K E H’(G, H). He shows that there is an isomorphism 

n Br(F,,/K)/Ker IC 2: Ker(H’(G, CJ) + H’(G, C)). 
“EV[ 

In a number of special cases more precise results can be obtained. Below it is 
assumed that the property Ker fi c Im c( holds. This condition is equivalent to 
the following: the composite homomorphism 

H’(G, C,) -+ H2(G, H) + H3(G, K:) 

is zero. In this case 

X e H’(G, C), Y ‘v Ker(H3(G, K%) -+ H3(G, F,*)). 

The following result shows in which cases the condition Ker fi L Im (x is 
satisfied. 

Lemma. If there exists a divisor of degree 1 in the field, then 

KerpcIma and Y = 0. 

From the cohomology sequence induced by the sequence 

o-+c,+c- deg z + 0, 

where C, is the class of divisors of F, of degree 0, there follows 

X z H’(G, C,). 

The preceding discussion leads to the following theorem. 

Theorem 1. Let F/K be a field of genus zero and d(F) the least positive degree 
of a divisor of F. Then we have the following canonical sequence 

0 + Z/d(F)Z + Br(K) + Br(F) “zk Hom(G,, Q/Z) 

-+ Hom(G, Q/Z) --+ H3(G, H), 

which is exact everywhere except possibly at the term @ Hom(G,, Q/Z). More- 
“EVk 

over, d(F) < 2 and d(F)Y = 0. 
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Corollary. Let F/K be a field of rational functions. Then we have the follow- 
ing canonical exact sequence: 

0 + Br(K) + Br(F) + @& Hom(G,, Q/Z)LbHom(G, Q/Z) + 0, 

where o is induced by means of the transfer homomorphism (cf 5.1 and the begin- 
ning of the present section). 

In conclusion we consider some special cases. 

Theorem 2. Suppose that K is of cohomological dimension 1. Then Ker /I c 
Im a and we have the canonical exact sequence 

0 + H’(G, C) + Br F -+ “pVE Hom(G,, Q/Z) -+ Hom(G, Q/Z). 

Example. The field K is finite. Then, as Lang [2] has proved, H’(G, C) = 0 
and the preceding becomes the well known sequence 

O-+BrF+ 0 Hom(G,, Q/Z) -+ Hom(G, Q/Z) + 0. 
V.V& 

In the papers of I.R. Shafarevich [l] and Ogg [l] the group H’(G, C,) is 
described for a complete discrete valuated field with algebraically closed resi- 
due-class field or a function field with algebraically closed field of constants. 

In the case of local fields we have 

Theorem 3. Let K be a finite extension of Q,. Then we have the canonical 
sequence 

0 --f Z/d(F)Z + Br(K) + Br(F) + 0 Hom(G,, Q/Z) -, Hom(G, Q/Z) -, 0, 
VSV% 

?I 

Q/Z 
which is exact everywhere except possibly at the term Br(F). When exactness fails, 
X is isomorphic to H’(G, C). 

Since the basic objects of our discussion are division algebras and not Brauer 
groups, we shall not go into detail here on other methods for their study. We 
only note in conclusion a very fruitful interpretation as algebraic function fields 
(not necessarily in one variable) over the field K(X) of K-rational functions on 
a K-defined smooth algebraic variety X. For this interpretation there appears 
together with the field K(X) the Brauer group Br X of the variety X and a 
homomorphism Br X + Br(K(X)). In the case when X is a smooth curve and 
char K = 0, it is easy to show that the image of Br X in Br(K(X)) under this 
homomorphism may be identified with the subgroup of Br(K(X)) of elements 
representing division algebras that are unramified over K(X) (i.e. with Ker Inv). 
For other results see for example, M. Artin-Mumford Cl], Grothendieck [l], 
Saito [ 11. 

6.3. Division Algebras over Fields of Real Algebraic Functions. Division alge- 
bras over function fields of real algebraic curves have a simple description. 

Let X c P2 be an irreducible smooth projective real curve and R(X) the field 
of real rational functions on X. Every central division algebra over R(X) is a 
quaternion algebra over R(X) (or coincides with R(X)) of the form A( - 1, a), 
a E R(X). Indeed, consider the field C(X) of rational functions on X (as a variety 
over C). The field C(X) is a Cl-field and so is a splitting field of every division 
algebra D with centre R(X). Thus ind D < 2 and so either ind D = 1 or D = 
A( - 1, a) for some a E R(X). The following analogue of the Hasse-Brauer- 
Noether theorem plays a key role in the description of division algebras over 

R(X). 

Theorem. Let D = A( - 1, a) be a central algebra over R(X). Then ind(D) = 1 
if and only if for every point x E X, the value a(x) is non-negative. 

It is well known (Shafarevich [2]) that the set X, splits into a finite number 
of connected components (ovals) of the curve X. It turns out that, given an even 
number of points on each oval, there exists a function in R(X) having sign 
changes in these points. Thus a full description of the division algebras over 
R(X) is easily obtained from the theorem on the above-mentioned realization of 
sign changes in the given points on the ovals. In particular, if r is the number of 
ovals of X, then there exist exactly 2’ division algebras that are unramilied over 

R(X). 
The description of the reduced norm in division algebras over R(X) is con- 

nected with the following Hasse principle. 
Every point a E X, corresponds to a discrete valuation v,. Let R(X),,= be the 

completion of R(X) relative to v,. Then we have 

Proposition. Zf A is a central division R(X)-algebra and a E R(X), then 
a E Nrd,(A) if and only if a E Nrd,oR(XJ,z(A 63 R(X),=) for all a E XR such that 
A @ R(X),= is a division algebra. 

Comments on Chapter 3 

The general theory of valuated skew fields is studied in the book by Schilling 
[l]. A proof of Theorem 1.2 is contained in Ershov [2], Wadsworth [l]. 
The description of connected locally compact skew fields was given by L.S. 
Pontryagin. The corresponding result for non-connected locally compact skew 
fields follows from a theorem of Kowalsky [l]. The theory of simple algebras 
over p-adic number fields was constructed to a large extent by Hasse [l, 31. 

In Sect. 2.2 Theorem 3 is due to Draxl [a], Theorems 4 and 6 were proved by 
Voronovich [2], while Theorem 3 was obtained independently by Platonov- 
Yanchevskii [6] and Draxl [Z]. 

Our description of the structure of henselian division algebras follows 
Platonov-Yanchevskii [7, S]; further we have presented certain other results, in 
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particular from Jacob-Wadsworth [l]. It should be noted that the results of 
Platonov-Yanchevskii [7, S] and Jacob-Wadsworth [l] constitute the kernel 
of a theory of henselian division algebras. The surjectivity of the basic homo- 
morphism 8, for henselian division algebras was proved by Ershov [l], Jacob- 
Wadsworth [I] and more recently was generalized to the case of arbitrary 
valuated division algebras by Morandi-Wadsworth [l]. There is a detailed 
study of tamely totally ramified valuated division algebras by Tignol- 
Wadsworth [l]. The existence of inertial algebras for division algebras over 
complete discretely valuated fields was first established by Nakayama [l]. The 
result of Tignol and Amitsur mentioned in 2.12 is contained in Tignol-Amitsur 
[l]. The Brauer group of a henselian field was studied by Scharlau [l]. The 
fundamental theorem on division algebras over algebraic number fields is due to 
Hasse, Brauer, Noether [I] and Albert (Albert-Hasse Cl]). The description of 
the Brauer group of algebraic number fields by means of local invariants was 
obtained by Hasse [S], cf. Deuring [l]. 

Quasi-algebraically closed fields were introduced by E. Artin and Ci-fields by 
Lang [l]. The Chevalley-Warning theorem was stated as a conjecture by E. 
Artin and proved independently by Chevalley and Artin. Tsen’s theorem was 
proved in Tsen [l]. The basic results on C,-fields are contained in Lang [I]; 
closely connected to this paper is the note by Nagata [l]. The theorem of 4.5 was 
proved by V.I. Yanchevskii and in the case of a field of transcendence degree 
two over an algebraically closed field by M. Artin and J. Tate (M. Artin Cl]). 

The systematic study of simple algebras over fields of algebraic functions of 
one variable with infinite constant field was begun by D.K. Faddeev [l] (see 
also Roquette [3]). Theorem 1 of 5.2 was proved by Nyman-Whaples [2], while 
Theorems 3 and 4 of 5.2 were proved by Yanchevskii [9] and Voronovich [2] 
respectively. In the study of the material in 6.1 we have followed Van Deuren- 
Van Geel-Van Oystaeyen [l]; in connexion with the questions raised here the 
book Van Oystaeyen-Verschoren [l] and the paper Van den Bergh-Van Gee1 
[ 11 are useful. The first counter-example to the Hasse principle for algebras over 
fields of algebraic functions in one variable was constructed by Witt [l] (cf. also 
Nyman-Whaples Cl]). The ideas of Faddeev [l] were rediscovered and further 
developed by Roquette [3] and Scharlau [Z]. Division algebras over function 
fields of real curves were described by Witt [ 11. 

Chapter 4 The Multiplicative Structure 
of Division Algebras and Reduced K-Theory 

Q 1. The Multiplicative Structure of Division Algebras 
over Local and Global Fields 

1.1. The Special Linear Group of a Division Algebra. Let D be a central 
division algebra over a field K. The special linear group SL,(D) = 
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(d E DINrd,(d) = l} is the kernel of the reduced norm homomorphism, so that 
D*/SL,(D) 2: Nrd,(D*). In a number of cases one has succeeded in giving a 
completely satisfactory description of the image Nrd,(D*) s K* (cf. $4, Ch. 3), 
for example, over a local field K, when Nrd,(D*) = K*, or for a global K when 
[K* : Nrd,(D*)] = 2’. As regards the structure of SL,(D), the situation here is 
considerably more complicated. Until recently even in the minimal case, when 
D is the division algebra of generalized quaternions, there has been essentially 
no progress in the study of the group SL,(D). 

It is true that in the classical case of local fields the difficulties in the study of 
SL,(D) are not so considerable and here quite complete results exist. 

1.2. Normal Structure over Local Fields. Let D now be a division algebra of 
index n over a local field K. In this case the groups D* and SL,(D) possess a 
natural filtration. We recall that V’ denotes the subring of integral elements in 
D, M, the maximal ideal in V, and D = I/,/M, a finite field. We also put 
Ui = 1 + Mb (i > l), assuming that U, = U, = V,* and R, = SL,(D) n Ui. The 
groups Ui and R, are normal in D* and are called the congruence subgroups of 
level ML (or simply i) in D* and SL,(D) respectively. Since the groups U, and 
SL,(D) are evidently compact, while Ui and Ri are open in U,, and moreover 
form a neighbourhood base of the unit element, it follows that the indices 
[U, : Vi] and [SL,(D) : Ri] are finite. 

We shall define a structure on the successive factors U,/U,+, and RJR,,, . 

Proposition. There exist natural isomorphisms pO: UO/UI -+ K*, pi: UilUi+, + 
K+, i 2 1, where K’ is the additive group of K. For any i 2 0 the factors Uo/Ui, 
R,/R, are finite soluble groups, hence the groups U,, R, are prosoluble. It is 
possible to calculate the commutator subgroups [R,, Ri] and [RI, Ri] (i 3 1). 

Theorem 1. Suppose that n > 2. Then 
1) [R,, Ri] = Ri+I for any i 3 1; 

2) [R,, Ri] = ;i7 
if i + O(mod n), 

,+1, if i = O(mod n). 
In particular, [SL,(D), SL,(D)] = R,. 

Corollary. SL,(D) = L(‘)[SL,(D), SL,(D)], where L is a maximal unramified 
subfield in D, L(l) = {a E LIN,,,(a) = l}. 

Actually, following Riehm [l] we can obtain a complete description of the 
normal subgroups of SL,(D). We shall only give a formulation of the basic 
theorem, excluding the exceptional cases that can arise here. For this purpose 
we shall put E, = (K* n R,)R, and we shall say that a normal subgroup N E 
SL,(D) has level t, if N c E, but N $ E,+r. Since n E, = K* n SL,(D), it follows 

that any non-central normal subgroup in SL,(D)bas a certain level. 

Theorem 2. Assume that D is not a quaternion algebra over a finite extension 
of Q2. i'f N c SL,(D) is a normal subgroup of level t, then R,+l E N E E,. If 
n does not divide t and the group R,/R,+l is a simple R,lR,-module, then the 
stronger condition R, c N G E, holds. 
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For division algebras over a local field the residue-class algebra is commuta- 
tive. It turns out that a more general assertion on the derived lengths of SL,(D) 
and D* respectively is true. 

Theorem 3. ([Platonou-Yanchevskii [3]). If the field K is henselian and the 
residue-class algebra of D is commutative, then every element of SL,(D) is a 
product of at most two commutators of elements in D*. 

1.3. The Multiplicative Structure over Global Fields. As already remarked 
earlier, the structure of D* is not essentially different from that of SL,(D). If over 
a local field we have a practically exhaustive description of the normal structure 
of SL,(D), over an algebraic number field the situation is significantly more 
complex. Only recently V.P. Platonov, A.S. Rapinchuk, G.A. Margulis and M.S. 
Raghunathan have succeeded in obtaining satisfactory results on the structure 
of SL,(D), which require the help of deep methods of algebraic number theory. 

We have a natural conjecture which reduces the description of the normal 
subgroups of SL,(D) to the case of local fields. If for a non-archimedean v E I/k 
(where Vk as usual is the set of all inequivalent valuations of K), D, = D OK K, 
is a division algebra, then D,* is a prosoluble group (cf. 1.2) and every non- 
central normal subgroup N, E SL, (D,) contains a congruence subgroup and in 
particular is of finite index. Then N, n SL,(D) will be a normal subgroup of 
finite index in SL,(D), which in a natural sense may be called a v-congruence 
subgroup. More generally, let T be the set of all non-archimedean v E VK for 
which D, is a division algebra. We already know (sect. 3.1, Ch. 3), that T is a 
finite set. Consider the compact prosoluble group G, = n SL,(D). Then for 

VET 

any open normal subgroup H E G, the intersection H n SL,(D) is a subgroup 
of finite index (We note that SL,(D,) does not contain a non-central normal 
subgroup, if D, is not a division algebra). 

Conjecture. Every non-central normal subgroup in SL,(D) can be obtained in 
this way. In particular, if T = a, then the factor-group of SL,(D) by its centre is 
simple. 

Already in the minimal case, when ind D = 2, i.e. D is a generalized qua- 
ternion algebra, deep methods are needed for the proof of this conjecture. 

Theorem 1. The conjecture is true for all generalized quaternion algebras. 

For division algebras of arbitrary index the proof of this conjecture comes up 
against a series of insuperable difficulties. However it was possible to obtain the 
following important and difficult result. 

Theorem 2. Let D be any division algebra over K. Then [SL,(D), SL,(D)] = 
SLIP) n n CSL,(D,), SLVAJI, w h ere T = {v E VKJv non-archimedean and D, 

VET 

is a division algebra}. In particular, if T = 0, then SL,(D) = [SL,(D), SL,(D)]. 

Thus the global derived group is the intersection of all the local derived 
groups ~ a typical congruence-theorem. 

A full proof of the preceding theorems is contained in the book just pub- 
lished, by V.P. Platonov and A.S. Rapinchuk [l], where a discussion of these 
problems in the wider context of algebraic groups can also be found. 

0 2. Reduced K-Theory 

2.1. The Reduced Whitehead Group. Let A be a central simple algebra over 
a field K, and SL,(A) = { a E AINrd,(a) = l}. Clearly SL,(A) 1 [A*, A*]. 

Definition. The factor-group SL,(A)/[A*, A*] is called the reduced White- 
head group and is denoted by SK, (A). 

By Wedderburn’s theorem, A N M,(D), where D is a division algebra over K, 
and SL,(A) z SL,(D). Using the results of Dieudonne on determinants over 
skew fields, it is not hard to show that SK,(A) 21 SK,(D), i.e. the reduced 
Whitehead group depends only on the class of A in the Brauer group Br K. 

The group SK,(A) has a number of interesting applications. The original 
investigation was concentrated on an old problem of Tannaka-Artin (1943): Is 
it true that SL,(A) = [A*, A*], i.e. in modern terminology, is SK,(A) = l? 

We remark that the Tannaka-Artin problem is equivalent to the projective 
simplicity of the group SL,(D), n > 1. More precisely, if E,(D) is the normal 
subgroup generated by the elementary matrices, then it is well known that the 
factor-group of E,,(D) by its centre is simple for any genuinely skew field D, while 

%UW,(D) 2 SK,(D). 

Later, when in 1942 Nakayama and Matsushima [l] proved for local fields and 
in 1950 Wang [2] proved for global fields the equality SL,(A) = [A*, A*], the 
opinion was confirmed that SK,(A) should be trivial also in the case of an 
arbitrary field K. However in 1975 the first-named of the authors refuted this 
opinion by proving the existence of a division algebra A with non-trivial re- 
duced Whitehead group, which resulted in the development of a substantive 
theory for the study of SK,(A), called reduced K-theory. In this section we shall 
state the basic results of reduced K-theory. 

2.2. General Properties of the Reduced Whitehead Group. Let D be a central 
division algebra of index n over a field K, and n = p;‘l . . p$ the complete 
factorization of n. Then 

D = fi 0 D(Pi), 
i=l 

ind D(pi) = p”’ 

where tensor products are taken over K. 

Theorem 1. SK,(D) N SK,(D(p,)) x ... x SK,(D(p,)). 

The proof of Theorem 1 is based on the following simple facts: 1) if F is a 
finite extension of K of degree m, Dr = D @k F and d E D n CD:, D:], then 
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d” E [D*, D*]; if ([F : K], n) = 1, then the natural homomorphism SK,(D) -+ 
SK, (DF) is injective. 

Thus the calculation of SK,(D) is reduced to the case of primary index. 
Let ind D = p, where p is a prime number and let a E D. There exists a 

maximal separable subfield F in D containing a; let L be a normal closure 
of F. For a Sylow p-subgroup G, of Gal(L/K) we denote by L(G,) the subfield 
of G,-invariants in L. Since ([L(G,): K], p) = 1, it follows that D,(G,) is a 
division algebra with the composite F.L(G,) as maximal subfield, where F.L(G,) 
is cyclic over L(G,). If (r~) = Gal(L/L(G,)), then by Hilbert’s Theorem 90, a = 
bl-O, where b E L. By the Skolem-Noether theorem, a = bgb-‘g-l, g E DtCGPJ. 
But by property 2), the morphism SK,(D) -+ SK,(DLtGpJ) is injective, therefore 
a E [D*, D*]. 

With the help of Theorem 1 we can deduce 

Theorem 2. The exponent of the group SK,(D) is a divisor of n/p,. p,; in 
particular, if the index n of D is squarefree, then SK 1 (D) = 1. 

The proof of the following theorem, mentioned earlier, is more difficult. 

Theorem 3. For any division algebra D over a locally compact or a global field 
K, SK,(D) = 1. 

2.3. SK, for Division Algebras over Henselian Fields. At the basis of reduced 
K-theory there is a localization principle, which takes a particularly complete 
form for division algebras over henselian fields. For a more distinct formulation 
we shall limit ourselves to discretely valuated fields K. Further, the centre Z(D) 
of the residue-class algebra D will as usual be assumed separable over K, and V,, 
MD again denote the ring of integral elements and its maximal ideal. It is well 

- -. 
known that under these conditions, Z(D)/K IS a cyclic Galois extension, and we 
shall put (a) = Gal(Z(D)/K). 

In the sequel a key role is played by the 

Congruence-Theorem (Platonov [7]). 

(1 + MO) n SL,(D) c [D*, D*]. 

If we write L = Nrd,-(D*), L, = L n N&,,,-(l), and L,-, is the image of L under 
the homomorphism a H o(u)uP1, then the congruence-theorem implies. 

Corollary 1. We have the following exact sequence 

SK,(D) + SK,(D) + L,/L,-, + 1. 

The group L,/L,-, admits a cohomological interpretation, which we shall 
apply below in an explicit construction. 

Corollary 2. If the division algebra D is unrumified over K, then 

SK,(D) ‘v SK,@). 

Corollary 3. SK,(D) = 1 holds whenever the residue-class field K is locull~ 
compact or global. 

2.4. Explicit Constructions and Exact Formulae. Let k(x, y) be the field of 
rational functions in x and y over an arbitrary constant field k and K = 
k(x) (y) the field of iterated Laurent series. If R, and R, are cyclic extensions 
of k, they induce extensions of k(x, y) for which we keep the same notation. 
Likewise for the generating automorphisms c1 and CJ~ of Gal(R,/k) and 
Gal(R,/k) respectively we shall use the same notation for the extensions of the 
automorphisms, since in the context it will be clear each time which one is 
being referred to. Consider the cyclic algebras A(x, R,) = (R,/k(x, y), x) and 
A(y, R,) = (R,/k(x, y), y). We form their tensor product: 

WI, RJ = A@> R,) Ok(x,y)A(~, Rd. 

By A(R,, R2), A(x, R,), A(y, R2) we shall also understand the extension of the 
scalars to k(x) (y), depending on the context. 

A natural question asks: When is A(R,, R2) a division algebra? A necessary 
condition is clearly that R = R, Ok R, is a field, i.e. that R, and R, are linearly 
disjoint over k. It turns out that this condition is also sufficient and we can 
formulate the following main result: 

Reduction Theorem (Platonov [7]). Assume that R = R, C&R, is a field. 
Then A(R,, RX) is a division algebra and 

SK,(A(R,, R2)) = Br(Rlk)l(Br(R,lk)Br(R,/k)) 

E fi-‘(Gal(R/k), R*), 

where Br(F/k) denotes the subgroup of Br(k) consisting of elements split by F, and 
6-l is the Tute cohomology group. 

The proof of the reduction theorem is based on the exactness of the sequence 

SK,(A) -+ SK,(A) -+ L ,/LO-, + 1 

from the preceding section. Under the conditions of the theorem A(R,, R2) has 
the property that the residue-class field A(R,, R2) is commutative, so by Theo- 
rem 3 of 1.2, SK,(A(R,, R2)) = 1. It follows that SK,(A(R,, R2)) N L,/LOP,. It 
is not hard to show that L,/L,_, E H-‘(Gal(R/k), R*). It is somewhat more 
difficult to establish that this group is isomorphic to 

WWW(WR,/k) WWk)). 

Corollary 1. For the rational function field k(x, y), 

Card SK,(A(x, R,) @ A(y, R,)) = Card Br(R/k)/(Br(R,/k) Br(R,/h))) 
k(x.y) 

= Card[fi-‘(Gal(R/k), R*)]. 

If the constant field k is locally compact or global, then the reduction theo- 
rem and the class field theorem permit an exact calculation of SK,(A(R,, R2)). 

Corollary 2. If the field k is locally compact, then 

SK,(A(R,, R2)) ‘v Z/mZ, where m = ([R, : k], [R2 : k]). 
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Corollary 3. If the field k is global and [R, : k] = [R, : k] = p, where p is a 
prime number, then SK,(A(R,, R2)) N (Z/pZ)*-‘, where d is the number of in- 
equivalent valuations vl, . . . , v, of k, for which [RVi : kJ = [R : k]. In particular, , \ , \ 

if k = Q, R, = Q(A), R, = Q(h), and the Legendre symbol (;)+ 

1, then SK,(A(R,, R,)) # 1. 

We also obtain the first counter-example to the Tannaka-Artin problem, 
constructed in Platonov [S]. 

From the same source it is clear that the construction of the division algebra 
A with non-trivial group SK,(A) given by the reduction theorem is in a definite 
sense universal. Now after the Merkur’ev-Suslin theorem on the similarity of a 
division algebra to a tensor product of cyclic algebras, this universality is not in 
doubt. It is true that now the question arises whether all cyclic algebras A satisfy 
SK,(A) = 1. The answer turns out to be negative. The corresponding counter- 
example was given by Platonov [S]. 

2.5. The Infiniteness of SK, and the Inverse Problem for Reduced K-The- 
ory. We know a priori that SK,(A) is an abelian group of finite exponent 
(Theorem 2 of 2.2). There naturally arises a problem, called the inverse problem 
of reduced K-theory: which abelian groups of finite exponent can be realized as 
SK,(A)? From the results in the preceding section it follows that SK,(A) may be 
an arbitrarily large finite abelian group. As regards infinite SK,(A), here the first 
result was the following constructive theorem (Platonov [9]). 

Infiniteness Theorem. Let R,, R, be cyclic extensions of degree n of a global 
field k, such that [(R,R,), : k,] = n2 f  or a certain valuation v (where R, R, is a 
composite of R, and R,). Then for every Galois extension F/k, contained in k,, 
CardWl(Wl~ R2)kcx~cy,FW (Y>) 3 ntF’kl-l, in particular, if F is an infinite 

extension of k, then SK,(A(R,, R2)kCX~C)cy) F(x) (y) is an infinite abelian group 

of exponent n. 

Corollary. For the rational function field F(x, y), 

Card(SK,(A(x,, R,) 0 A(y, R2))) 3 n[F’kl-l. 
Kc Y) 

From the reduction theorem in 2.4 and the infiniteness theorem there follows 
with the help of class field theory, 

Realization Theorem. For every countable abelian group M of finite exponent 
there exist an algebraic number field k and cyclic extensions RI/k, R,/k such that 

SK,(A(R,, R2)) = M. 

2.6. The Existence Theorem. The results of the last section show that SK, (A) 
depends only weakly on the structure of A as algebra, and the calculation of 
SK,(A) for algebras over an arbitrary field represents an unrealistic problem. 

Therefore as a first plan there appears the natural problem of characterizing the 
fields K for which the question whether SK,(A) is trivial has a positive or 
negative answer. For fields K finitely generated over their prime subfield a 
solution to this problem is given by the following theorem. 

Existence Theorem (Platonov [7]). Let K be a finitely generated field. Zf the 
transcendence degree of K over its prime subfield is greater than 1 for char K = 0, 
or greater than 2 for char K > 0, then for every natural number m there exists a 
division algebra D with centre K such that Card(SK,(D)) > m. 

For a division algebra D over a global field K we always have SK,(D) = 1 
(Theorem 3 of 2.2). Hence to obtain best possible bounds in the existence 
theorem we need to solve the question whether SK,(D) is trivial for a division 
algebra D over a field of algebraic functions in one variable over a global 
constant field. Even for K = Q(x), where Q is the rational field, the question 
whether SK,(D) is trivial for division algebras over Q(x) remains still open. 

Thus the class of fields K, for which always SK,(D) = 1, where D is any 
division algebra over K, is very limited, and at the present time we are close to 
an almost complete description of it. 

2.7. Stability and Reduced K-Theory. As for reduced K-theory itself, so also 
for its applications, the main value attaches to the question of the behaviour of 
SK,(A) under extensions of the ground field. From the results of 2.4-2.5 it 
follows that SK,(A) may grow “pathologically” both for large algebraic exten- 
sions of K and for quadratic extensions or extensions F/K, whose degree is 
prime to the index of A. 

Let F now be a purely transcendental extension of K. The natural embedding 
A + A OK F induces a homomorphism 

11/: SK,(A) + SK,(A Ok F). 

Stability Theorem (Platonov [lo]). \cI is an isomorphism. 

In view of the important role played by this result in the applications of 
reduced K-theory, we shall discuss the basic ideas of the proof. At present there 
exist two different proofs of the stability theorem. The first, due to V.P. Platonov 
[lo], is obtained as an application of the basic stability theorem in algebraic 
K-theory. 

The second proof is due to V.P. Platonov and V.I. Yanchevskii [4,5] is based 
on a consideration of the properties of SK, for skew fields of non-commutative 
rational functions and is of independent interest. 

Let 40 be an automorphism of the division algebra D, let D[x, ~1 be the skew 
polynomial ring in x relative to cp over D and D(x, cp) the skew field of fractions 
of D[x, cp] (cf. 3 1, Ch. 1). Suppose that cp induces on the centre Z(D) an auto- 
morphism of finite order r. Then D(x, cp) is finite-dimensional over Z(D(x, CJJ)) 
and we may consider the group SK,(D(x, cp)). Let us denote by Z, the subfield 
of Z(D) left fixed by cp and put r = Gal(Z(D)/Z,), @ = (cp). Further let D(Q) be 
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the subgroup of D* generated by [D*, D*] and the elements as-‘, a E D*, ‘J E @. 
We also put 

N = (D(Q)) n SL,(D))/[D*, D*]. 

Theorem. The group SK 1 (D(x, cp)) is included in an exact sequence 

1 + SK, (D)/N + SK,(D(x, cp)) + I?-‘(r, Nrd,(D*)) + 1. 

We note that this exact sequence is completely analogous to the one consid- 
ered in Section 2.3. 

Corollary 1 (Stability theorem). Zf cp is an inner automorphism, then 
SK,(D(x, cp)) = SK,(D), in particular, 

SK,@(x)) E SK,(D). 

Corollary 2. Zf SK,(D) = 1, then 

SK, (D(x, cp)) N fi-‘(r, Nrd,(D*)). 

Corollary 3. If D is commutative, then 

SK,(D(x, cp)) = 1. 

As shown in (Platonov-Yanchevskii [S]), these results can be generalized to 
fields of rational functions in several variables. 

2.8. Applications of Reduced K-Theory. We shall limit ourselves to the two 
most significant applications: the problem of weak approximation and the prob- 
lem of the rationality of varieties of simply connected groups. 

Let K be an arbitrary field, and I/K the set of all inequivalent valuations of K 
(for simplicity of rank 1). If S is a finite subset of I/k then Ks = n K,. The weak 

VES 

approximation theorem asserts that for any S the diagonal embedding K + Ks 
is dense in the S-adic topology. If D is a division algebra over K, then we may 
consider the group SL,(D,) and the diagonal embedding 

SLl(D) 4 n SLi(Dv). 
VSS 

If K is a global field, then the weak approximation theorem holds for SL,(D): 
The S-adic closure SL,(D) coincides with n SL,(D,) for any S (cf. Platonov- 

VEK 

Rapinchuk [ 1)). 
Kneser conjectured (cf. Kneser [1]) that an analogous assertion holds for 

arbitrary fields K. However, the following theorem of V.P. Platonov shows that 
the deviation from weak approximation n SL,(D,)/SL,(D) may be arbitrarily 

YES 
large even for discrete valuations. 

Theorem 1 (Platonov [lo]). For any n there exists a division algebra D of 
index n over a suitable field K such that for an infinite set W = {wi} of in- 
equivalent discrete valuations of K we have SL,(D) # SL,(D OK K,,), and more- 

over the orders of the groups SL,(D @ K,,,)/SL,(D) are unbounded. 

As a consequence of Theorem 1 we obtain a solution of an old problem on 
the rationality of varieties of simply connected groups. Namely it was consid- 
ered for a long time that varieties of simply connected algebraic groups are 
rational over their field of definition. It is easy to see that SL,(D) is the group of 
K-places of a certain K-form of the group SL, (cf. Platonov-Rapinchuk Cl]). 
But it is well known that a smooth rational variety possesses the weak approxi- 
mation property (cf. Platonov-Rapinchuk Cl]). Therefore the norm K-variety 
defined by the group SL,(D) by Theorem 1 is not rational over K. 

Actually this fact may be explained more conceptually, based on the stability 
theorem. Thus from that theorem there follows immediately 

Theorem 2 (Platonov [ll]). I f  SL, (D) defines a rational K-variety, then there 
exists an integer m such that every element of SL,(D) is a product of not more 
than m commutators of elements of D*, in particular SK,(D) = 1. 

In reality, some modifications of the argument allow us to establish a still 
more interesting fact, for whose formulation we require an algebro-geometric 
concept. Let G be an algebraic K-variety defining SL,(D) and GK = SL,(D). 
Two points a, b E G, are called R-equivalent, if they can be joined over K by a 
finite number of rational curves. Then the set G,/R of R-equivalence classes has 
a natural group structure and is a birational invariant. If [1] denotes the unit 
class in G,/R, then [D*, D*] E [l], and it follows from the stability theorem 
that [D*, D*] = [l], i.e. we have 

Theorem 3 (Voskresenskij Cl]). SK,(D) rr SL,(D)/R. 

Thus SK i(D) is an important birational invariant. From the preceding results 
it follows that SK,(D) # 1 in many cases, therefore the norm K-variety defining 
SL, (D) is rarely K-rational. At the same time it may be shown that the condition 
SK,(D) = 1 is not sufficient for the rationality of the corresponding norm variety. 

Some natural questions still remain unsolved. The most important among 
them asks: When does SK,(D) = 1 imply the rationality of SL,(D)? The answer 
is not known even in the case when K is a p-adic field or an algebraic number 
field. Recently (1993) Merkur’ev-Rost proved that SL,(D) is not necessary ratio- 
nal over p-adic field. For division algebras D of prime index there is a conjecture 
on the rationality of SL,(D) for an arbitrary field K. 

8 3. Multiplicative Properties of Division Algebras 
with Involution 

3.1. General Properties of Division Algebras with Involution. Let D be a 
central division algebra over an arbitrary field K, with an involution r, 
[D : K] = n2. For simplicity we shall assume that char K # 2 in what follows. 

S,(D) = {d E Did’ = d} is the subspace of symmetric elements relative to 
z and c,(D) the subgroup of the multiplicative group D*, generated by the 
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non-zero symmetric elements. Since for any s E S,(D) and d ED*, dsd-’ = 
dd’(d’))‘sd-’ E c,(D), it follows that c,(D) is a normal subgroup in D*. Then 
the division subalgebra generated by c,(D) either coincides with D or is con- 
tained in the centre K. This follows from 

Proposition 1 (Cartan-Brauer-Hua). Let A be a skew subfield of any skew field 
T (not necessarily finite-dimensional), which is invariant under all inner auto- 
morphisms of T Then either A = T or A is contained in the centre of T. 

Proof. Suppose that A is not contained in the centre of T Then there exist 
non-zero elements a E A, t E T such that ta = a, t, where a, # a. Further, 
(1 + t)a = a,(1 + t), where a, # a. From these two equations it follows that 
a - a, = (az - u,)t. If a2 = a,, then a2 = a, which is impossible. Therefore t = 
(az - ai)-‘(a - u2) E A. Thus every element t E Tnot commuting with a lies in 
A. Now let t, E T and t,a = at,. Then t, + t does not commute with u, hence 
t, + t E A and t E A, which shows that t, E A. This establishes the equality A = T 

The relation between D* and c,(D) proves to be considerably deeper and 
it plays an important role. We recall that for an involution there are three 
possibilities: 

1) S,(D) n K = K, dim, S,(D) = *:-‘); 
L 

n(n - 1) 
2) S,(D) n K = K, dim, S,(D) = 2~~m ; 

3) S,(D) n K # K. 
The involutions 1) and 2) are said to be of the first kind and of the first and 

second type respectively. In case 3) it is usual to call T an involution of the second 
kind; it is clear that [K : K,] = 2, where K = S,(D) n K; two involutions r and p 
of the second kind are isotypic if K, = K,. 

Proposition 2. If the involutions t and p are of the same type, then c,(D) = 
1, (D). 

Proof. Since z and p are of the same type, it follows that r = pi,, where i, is 
the inner automorphism of D induced by a non-zero element s E S,(D). If for 
d E D we have d’ = d, then d’ = sd’d-‘, therefore sd”d-’ = d, which shows that 
sd’ = ds, i.e. ds E S,(D). But s E S,(D), so d E c,(D) and so II(D) E c,(D). The 
opposite inclusion is proved similarly. 

3.2. Division Algebras with Involution and the Unitary Group. Let Grn be an 
m-dimensional nondegenerate skew-hermitian form on D relative to r, of posi- 
tive Witt index, U(@,, D) the corresponding unitary group and TU(@,, D) the 
normal subgroup generated by the unitary transvections (cf. Wall Cl]). We 
remark that the group TU(@,, D) is projectively simple, i.e. its factor-group by 
the centre is simple. 

Already in 1952 Dieudonnt [l] noticed that important questions on the 
structure of U(Qi,, D)/TU(@,, D) depend essentially on the structure of the 

group 0*/c,(D). In particular, the equality D* = c,(D) implies U(@,,,, D) = 
TU(@,, D). If t is an involution of type l), then D* = cr (D) because for x E D*, 
.x&(D) n S,(D) # (0). On the other hand, D is always generated, as ring, by S,(D) 
for n > 2. Under the influence of these results Dieudonne [l] formulated the 
conjecture that D* and c,(D) coincide for n > 2 and for involutions of the 
second type (if n = 2, i.e. when D is a generalized quaternion algebra, then 
c,(D) = S,(D)* = K*). 

In 1959 Wall [l] gave a relation between U(@,, D)/TU(@,, D) and 0*/c,(D) 
in the following more precise sense: 

Theorem 1. For m > 2, U(@,, D)/TU(@,, D) ‘v 0*/c,(D). [D*, D*]. 

Since the group TU(@,, D) is projectively simple, we have 

Tut@,,,, D) = CU(@,, D), U(@,, WI. 
Definition 1. The group D*/cr (D) [D*, D*] is called the unitary Whitehead 

group of the division algebra D with involution r and is denoted by K, U(r, D). 
From Proposition 2 of 3.1 it follows that c,(D) does not depend on the 

involution itself, but only on its type, therefore we shall instead of K,U(T, D) 
write K, U(D), because it will always be clear what type of involutions are being 
discussed. 

For involutions of the second kind this definition gains a more elegant form 
thanks to the following result. 

Theorem 2 (Platonov-Yanchevskii Cl]). For an involution of the second kind, 

c,(D) 3 CD*, D*l. 
Proof. Let us put S = S,(D)\(O) an d h s ow that for any a, b E D* the commu- 

tator [a, b] lies in S’. If b E S, then aba-‘b-l = (aba’)((a’)-‘a-‘)b-’ E S3. Analo- 
gously for a E S, therefore we may assume that a, b q! S. Since [D : K] = n*, we 
have on putting k = K’, [D : k] = 2n*, dim, S = n*. Consider the linear space 
S + ka = {s + 2~1s E S,(D), ;1 E k}. If x E D*, then dim,(xS) = n*, 
dim,(S + ka) = n* + 1. This shows that x E (S + ka)\S; hence b = s1(s2 + La), 
where si, s2 E S. 

aba-lb-’ = us1(s2 + Aa)a-‘(s, + Lz-‘s;’ 

= as,s,(l + %s;‘a)a-‘[(l + Aas;‘)s,]-‘s;’ 

= as,s,a-‘a(1 + ~~.~;~a)a-~s;‘(l + %as;‘)-‘s;’ 

= as,s,a-‘(1 + ~as;‘)s;‘(l + a~;l)-~s;l 

= as,a’(a’)-‘s,a-‘(1 + ias;‘)s;‘(l + Aas;‘)’ 

x ((1 + ias;‘)r)-‘(1 + %as;‘)s;’ 

= (as,ar)((aC))‘s2a-‘) 

x [(l + E,as;‘)s;‘(l + ILas;‘)r] 

x [(l + ias;‘)(l + ias;l)r]-ls;l E S5. 
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We now define the concept of a speck1 unitary group, SU(@,,,, D) = 
U(@,, D) n SL,(D), where SL,(D) is the subgroup of the general linear group 
GL,(D) with reduced norm 1. For an involution z of the first kind, SU(@,, D) = 
U(@,, D). In the case of involutions r of the second kind this concept becomes 
interesting, U(@,, D) # SU(@,, D) I) TU(@,, D) and this gives rise to the 
group SU(@,, D)/TU(@,, D). With the help of Theorems 1, 2 it leads to the 
isomorphisms 

SU(@,, WTU(@rm D) = c: (WC, (D), 

c:(D) = {d E D*/Nrd,(d) E K,}. 

Definition 2. The group c: (V/C, P) . IS d enoted by SK,U(r, D) (or simply 
SK,U(D)) and is called the reduced unitary Whitehead group of the division 
algebra D with involution r of the second kind. 

A priori SK, U(D) is any abelian group of finite exponent dividing ind D. 

3.3. Reduced Unitary K-Theory. The first substantial result on the group 
SK, U(D) obtained in 1973 by Platonov and Yanchevskii Cl], was its triviality 
for global fields (for locally compact fields there are no non-commutative division 
algebras with an involution of the second kind). 

Theorem 1. I f  D is a division algebra over a global field K, with an involution 
of the second kind, then SK, U(D) = 1. 

The conjecture on the triviality of SK i U(D) over arbitrary fields was a special 
case of the Kneser-Tits conjecture (cf. Tits [ 1, 21). 

In 1975 after the solution of the Tannaka-Artin problem we succeeded in 
analogous fashion in disproving the conjecture of the triviality of SK,U(D) 
(Platonov-Yanchevskii [2]). For the formulation of this result it is necessary 
to recall some definitions. 

Let p, q, r be distinct prime numbers, ,4(x, p), A(y, q) quaternion algebras over 
Q(x, y), the rational function field in x and y and D = A(x, p) @ 

Q( vh-. Y) 
A(y, q). 

From 2.4 it follows that D is a division algebra. An involution r of the second 
kind is given on D as the composition of quaternion conjugation in A(x, p), 
A(y, q) and the automorphism of D induced by the automorphism of the second 
order of Q(d) over Q. 

Theorem 2. Let p E r E 1 (mod 4) (i)=-l,(~)=l.ThenSKiU(D)#l. 

Then V.I. Yanchevskii [4, 5, 6, 71 developed a theory for the calculation of 
SK, U(D), which was completely analogous to the reduced K-theory set forth in 
9 2. Here the consideration of henselian division algebras was most effective and 
we shall limit ourselves to presenting two key results: the congruence theorem 
and the reduction theorem. For simplicity we shall assume, as in $2, that D is a 
central division algebra over a discretely valuated henselian field, possessing an 
involution 5 of the second kind. 

The unitary variant of the congruence theorem in 2.3 takes the following form. 

Theorem 3. (1 + M,) n 1: (D) c cr (D). 

The reduction scheme for the calculation of the group SK, U(D) for a henselian 
discretely valued division algebra is as follows. Let the ramification index be 
e(D/K) > 1. Then there exists in D an involution zi of the second kind such that 
for a certain inertial division subalgebra Band a prime element rcrl E V,, B’l = B, 
7c r1 Brz;l = B, rtz; = rc,,. Then r2 = r1 i, is an involution of the second kind, and 
moreover, K,, = Kz2. In case e(D/K) =“I we put rz = ri, where r1 is any involu- 
tion of the second kind. The element a E Z(D)*/K* Nrd,-(x,-;(D)) is called a 
projective unitary conorm if there exists a E ii and b E Nrd,-@*) such that 
a O-l = b1-?2, where 5 is the restriction of the reduction i;;]- of the inner auto- 

morphism i, to Z(D), and 5, the reduction of r2. The set df unitary projective 
conorms forms a group PU(r,, D). 

Theorem 4. Suppose that e(D/K) > 1. Then there is an exact sequence 

SK,U(D) ---f SK,U(D) + PU(r,, D) + 1. 

The explicit construction of a division algebra D with non-trivial SK, U(D) is 
analogous to 92 and allows one to prove that any countable abelian group of 
finite exponent can be realized in the form SK i U(D). 

3.4. Dieudonnk’s Conjecture and Hermitian K-Theory. It was already noted 
earlier that for a division algebra D with an involution of the first kind, 

K,U(D) = 1 if dim, S,(D) = 
n(n + 1) 

2--, where n = ind D. For dim, S,(D) = 

n(n 2 ‘) Dieudonne [I] stated the conjecture that K, U(D) = D*/c,(D) [D*, D*] 

is always trivial for n > 2. However in 1974 V.P. Platonov [3] showed that for 
a finitely generated field K Dieudonnt’s conjecture is false and moreover the 
group K,U(D) in this case is always infinite. The proof is based on the use of a 
locally compact completion of K combined with the Chebotarev density theo- 
rem. The group K, U(D) is a priori a group of exponent two. Indeed, let a E D*, 
ui = gag-’ for suitable g E D* by the Skolem-Noether theorem; then au’ = 
agag-’ = da-‘gag-‘, hence a2 = aa’(ga-‘g-la) E c,(D) [D*, D*]. 

Therefore the above mentioned result can be formulated as follows. 

Theorem 1. I f  D is a non-commutative division algebra with an involution of a 
given type over a finitely generated field K, then the group K, U(D) is infinite and 
is u direct product of a countable number of cyclic groups of order two. 

Among the fields that are not finitely generated, the most complete results 
have been obtained for henselian fields (Platonov-Yanchevskii [6]). To formu- 
late the result we shall need the notions of lower index r, and upper index E., of 
ramification of D over the henselian field K (cf. Section 2.4 of Ch. 3) (recall that 
char K # 2). 
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From the congruence theorem for SL,(D) follows 

Theorem 2. 1 + MD c c,(D)[D*, D*]. 

For jtiD > 1 the group K, U(D) is computed in the next two theorems. 

Theorem 3. For 2, > 2 we have K, U(D) = 1. 

Theorem 4. Let 1, = 2. Then K,U(D) = 1 if n # 2 and K,U(D) = (Z/2Z)2 if 
n = 2. 

For I, = 1 the calculation of K, U(D) a priori cannot be done as completely 
as in the case I, > 1 and is given in terms of a reduction to the calculation of 
groups naturally connected with the residue-class algebra 0. 

Theorem 5. If E,, = r, = 1, then K,U(D) E K, U(D). If the residue-class alge- 
bra D is non-commutative, then we fix on D an involution u of the second type and -- - 
an involution of the second kind r’. ,for each 5 E Gal(Z(D)/K), o # 1, such that 
z,,~(~, = 8. We form the group 

Let T be an unramilied subfield of D such that T = Z(D). For each 
rs E Gal(T/K) there exists a u, E V’ such that ui = z+,, i,” = 5. For any pair 
(or, c2) of distinct non-trivial automorphisms from Gal(T/K) we have the 
product 

where 

Consider the group B generated by all the bC(r1,02) and C. 

Theorem 6. Let 1, = 1, r, > 1 and suppose D is non-commutative. Then 
K, U(D) 1: D*/B. 

For special residue-class fields K the group K, U(D) can be completely 
worked out. 

Theorem 7. Let D be a division algebra of index n over a henselian field K. 
1) If K is a global .field, then for i, = 1 the group K, U(D) is infinite and is a 

direct product of a countable number of cyclic groups of order two; if on the other 
hand A, > 1, then K,U(D) = 1 for n > 2 and K,U(D) ‘v (Z/2Z)2 for n = 2. 

2) If K is a finite field, then K, U(D) = 1 for n > 2 and K,U(D) E (Z/2Z)2 
for n = 2. 

At the same time it should be particularly emphasized that the algebraic as 
well as the geometric nature of the group K,U(D) is essentially different from 
that of the groups SK,(D), SK,U(D). Thus for example, the group K,U(D) is 
not stable under purely transcendental extensions of K, for finitely generated 

fields K the group K, U(D) is infinite, whereas the groups SK r (D), SK 1 U(D) are 
finite. 

The first named author in (Platonov-Yanchevskii [6]) has stated the conjec- 
ture that the basic cause for this behaviour of K,U(D) consists in the following. 
For an involution z of a given type we have the equality of groups U(@,, D) = 
SU(@,,,, D), but not as algebraic groups (more precisely, groups of K-points) that 
are simply connected, in contrast to the groups SL,(D) and SU(@,, D) for any 
involution r of the second kind. 

V.P. Platonov (Platonov-Yanchevskii [6]) conjectured that the Whitehead 
group in Tits’ sense of the simply connected covering group of U(@,, D) may 
also have the usual properties of the reduced Whitehead group. For involutions 
of the second type the simply connected covering group of U(@,, D) is the spin 
group Spin(@,, D). The Whitehead group R(D)/x,(D)[D*, D*], where R(D) = 
(d E D*jNrd,(d) E K*$, associated with Spin(@,, D) is naturally denoted by 
K, Spin(D). 

From the construction of K, Spin(D) it follows that K, Spin(D) G K,U(D). 
It turns out that the conjecture by the first named author of the present work is 
completely confirmed: as is shown by A.P. Monastyrnyi and V.I. Yanchevskii 
[l, 23, the group K, Spin(D) has the traditional properties of a reduced White- 
head group. Thus the relation between the classical groups and finite-dimen- 
sional division algebras acquires its final form. 

3.5. Whitehead Groups of Algebraic Groups. The results of this chapter may 
be interpreted in the wider context of Whitehead groups of simple algebraic 
groups. 

Let K be an infinite field, G a K-simple algebraic group and G, the subgroup 
of its K-points. Assume that G is K-isotropic, i.e. rank, G > 0. Then G has a 
one-dimensional K-defined unipotent subgroup U, isomorphic over K to the 
additive group of the base field. Consider the subgroup GK+ of G,, generated by 
the K-unipotent subgroups U, (for a field of zero characteristic Gi coincides 
with the subgroup generated by the K-unipotent elements); clearly Gi is normal 
in G,. Tits [l] has shown that Gi is projectively simple and has formulated the 
problem of studying the factor group GJG,‘. 

Definition. The group Wh(G,K) = G,/Gi is called the Whitehead group for 
G over K. 

Kneser-Tits Conjecture (Tits [Z]). For a simply connected group G over an 
infinite field K, the Whitehead group is Wh(G, K) = 1. 

From the results of Sections 3.2-3.3 it follows that for G, = SLJD), n > 1, 
Wh(G, K) E SK,(D); for G, = SU(@,, D), where K is the field of invariants of 
an involution over the centre of D, Wh(G, K) 1 SK,U(D) and for the spinor 
group G, = Spin(@,, D) we have Wh(G, K) ‘v K, Spin(@,, D). 

Thus it follows from the preceding results that in general the Kneser-Tits 
conjecture has a negative answer for the given types of groups, even over the 
field Q(x, y). 
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Chronologically these results preceded the proof of the Kneser-Tits conjec- 
ture for arbitrary types of groups over local fields (V.P. Platonov [ 1,2]), on the 
basis of which a solution was obtained for the problem of strong approximation 
in algebraic groups over number fields. 

Theorem. If G is a simply connected K-defined group over a local field K, then 
Wh(G, K) = 1. 

For algebraic groups over global fields the Kneser-Tits conjecture was 
proved for all types of groups except type E,. More complete information on 
these results is contained in the book by V.P. Platonov and A.S. Rapinchuk [I]. 

Comments on Chapter 4 

Results on the normal structure of groups SL,(D) division algebras over local 
fields are contained in Riehm [l]. Theorem 3 of 1.2 was obtained by the authors 
in (Platonov-Yanchevskii [3]) in connexion with the proof of Harder’s conjec- 
ture. As already mentioned, the results on the group SL,(D) in the global case 
can be found in the book (Platonov-Rapinchuk [ 11). 

For an account of reduced K-theory we have basically followed the paper of 
Platonov [7] and his lecture at the International Congress of Mathematicians 
[12]. The most complete results on the group SK,(D) have been obtained for 
henselian division algebras. There exist certain modifications in the above calcu- 
lations (cf. Ershov [l], Yanchevskii [3], Draxl [l], Draxl and Kneser Cl]), 
based on the main ideas of Platonov [7]. However, there are fundamentally new 
results since the papers (Platonov [S, 111) which at present have not yet ap- 
peared. In the case of division algebras over fields of algebraic functions there is 
one type of division algebra for which the calculation of the Whitehead group 
leads to a skew field of non-commutative rational functions. We also note 
the triviality of the Whitehead group for division algebras over Ct-fields 
(Monastyrnyi-Yanchevskii [l], Yanchevskii [ 1, 23). 
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