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INTRODUCTION

The purpose of these notes 1s to present a structure theory for
Artinian modules over g l-dimensional, Noetherian, Cohen-Macaulay
ring, and to show that many of the properties of such a ring may be
derived from a knowledge of this theory. In fact, we shall be able
to recapture many of the known results about l-dimensional Cochen-
Macaulay rings by these techniques, and find some new ones as well.
Thus we have a new and unifying way of looking at these rings by ex-
amining a category of modules that previously has received scant
attention.

My original aim was to study the category of Artinlian divisible
modules over a Noetherian domain of Krull dimension 1, and to see if
there was a structure theory that would generalize the elementary
theory of divisible modules over a Dedekind ring. I found that it
was possible to apply the general theorems about integral domains
developed in my paper, "Cotorsion Modules" [12] to yield striking re-
sults about the problems I was considering. After a time it became
apparent that if divisible, torsion-free, torsion and cotorsion were
all redefined in terms of the regular elements (that is, the elements
that are not zero divisors) of an arbitrary commutative ring, then
practically all of the tool theorems remained valid. Thereupon most
of the striking results about divisible modules became true for an
arbitrary l-dimensional, Cohen-Macaulay ring (even though it had
zero divisors). But perhaps the most surprising thing of all was the
discovery that by using the structure theory of Artinian divisible
modules it became possible to really understand and relate to each
other the most important things about a l-dimensional, local, Cohen-
Macaulay ring; namely, the multiplicity, reduction number, latent
multiplicities, latent residue degrees, and so forth. Theorems about

Gorenstein rings, the existence of canonical ideals, analytic ir-
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reducibility, analytically unramified rings, and the analytic com-
ponents are all seen to be theorems about the structure of Artinian
divisible modules, and these theorems are all unified by this struc-
ture theory.

The structure of an Artinian module over a Dedekind ring is
quite elementary. 1In the Dedekind case an Artinian module is a
direct sum of a module of finite length and of a finite number of
divisible modules of the form pr for various primes p. pr is a
simple divisible module in the sense that it has no proper, nonzero
divisible submodules. Since this decomposition of an Artinian mod-
ule characterizes Dedekind rings, we can not hope to find anything
as good for an arbitrary l-dimensiocnal Cohen-Macaulay ring.

The problem of finding the structure of an Artinian module is
essentially a local problem, and for the sake of simplicity we shall
assume for the rest of this introduction that R is a Noetherian,
local, l-dimensional Cohen-Macaulay ring. While we shall not be able
to attain the precision that is possible for a Dedekind ring, we
shall be able to present a satisfactory structure theory for Artinian
R-modules that is far more complex than for Dedekind rings, but per-
haps more interesting for that reason.

We shall show that an Artinian R-module is the sum of an R-mod-
ule of finite length and of a divisible Artinian R-module. Every
Artinian divisible R-module has a composition series of divisible
submodules such that the factor modules are simple divisible R-mod-
ules in the sense described previously. We shall prove that there
exists a Jordan-Hdlder theorem for these composition series, but we
shall have to replace the lsomorphism of the factors of two compo-
sition series with the notion of equivalence.

Two modules are defined to be equivalent, if each is a homo-
morphic image of the other. Two Artinian, divisible R-modules A and

B are equivalent if and only if B = A/C, where C is a finitely gen-
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erated submodule of A. Thus, contrary to the usual practice of con-
sidering only finitely generated R-modules over a Noetherian ring,
we gctually go to the extreme of "throwing them away".

The Jordan-H8lder theorem for Artinian divisible R-modules gives
us the concept of the divisible length of an Artinian R-module, a
function that proves to be most useful. Since modulo its divisible
submodule an Artinian R-module has finite length in the classical
sense, we see that we have two numerical invariants to describe an
Artinian R-module.

We prove that there are only a finite number of equivalence
classes of simple divisible R-modules; and these are in one to one
correspondence with the prime ideals of rank O of the completion of
R, and hence with the analytic components of R. Each analytic com~-
ponent of R corresponds uniquely with one of the pseudo valuation
rings containing R and contained in the full ring of quotients Q of
R. (A ring is called a pseudo valuation ring if modulo its divisible
submodule, it becomes an ordinary valuation ring.) If Vi,.,.,Vh are
these pseudo valuation rings, then Q/Vl""’Q/Vn are a complete set
of representatives of the equivalence classes of simple divisible
R-modules.

The set of isomorphism classes of R-modules equivalent to a
given simple, divisible R-module is in one-to-one correspondence
with the ideal class semi-group of the corresponding analytic com=-
penent of R. And by analogy with Schur's Lemma we find that the
endomorphism rings of these simple, divisible R-modules give us all
of the integral extensions of this analytlc component in its quo-
tient field. Hence these endomorphism rings are complete, Noetherian,
local domains of Krull dimension 1.

We define a semi-simple divisible R-module to be one that is
equivalent to a finite direct sum of simple, divisible R-modules.

We find that every Artinian divisible R-module is semi-simple if and
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only if R is analytically unramified. This result leads to a new
proocf of the known theorem that R is analytically unramified if and
only if the integral closure of R is finitely generated.

While there is no semi-simple decomposition in general, there is,
however, a primary decomposition for Artinian, divisible R-modules
without any restrictions on R. We define an Artinian divisible R-
module to be a P-primary divisible R-module if all of its composi-
tion factors correspond to the same fixed prime ideal P of rank 0 of
the completion of R. We then gsee that every Artinian, divisible R-
module is equivalent to a direct sum of uniquely determined P-primary
divisible R-modules for the various primes P.

If Q@ is the full ring of quotients of R and K is the R-module
Q/R, then K is an Artinian divisible R-module; and, in fact K con-
tains the "genetic code" for all Artinian, divisible R-modules. A
representative of each eguivalence class of simple, divisible R-mod~-
ules appears as a factor in a composition series for K, and the nume
ber of times a module equivalent to it appears as a factor in the
composition series is equal to the latent multiplicity of the cor-
responding prime ideal of rank O of the completion of R.

A proper submodule A/R of K is a divisible R-module if and only
if A is a strongly unramified ring extension of R. (If M is the
maximal ideal of R, then a commutative ring A © R is called strongly
unramified over R if AM is the only regular maximal ideal of A and
A/(AM) £ R/M.) There exist only a finite number of maximal strongly
unramified ring extensions of R in Q and these are called the closed
components of R. We show that a subring of @ is a closed component
of R if and only if it has an analytic component of R as its com-
pletion. Equivalently, A is a closed component of R if and only if
A/R is the divisible submodule of V/R, where V is one of the pseudo
valuation rings containing R and contained in Q. Modulo theilr

divisible submodules the closed components of R are analytically ir-
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reducible Noetherian local domains of Krull dimension 1, and hence
we have a way of passing to an analytically irreducible domain by
using induction on the divisible length of X.

The point of view in writing these notes has been to make them
as self contained as possible, and the reader is only assumed to
possess an elementary knowledge of commutative ring theory and homo-
logical algebra. Most of the relevant definitions have been pro-
vided and proofs have been given of most of the general theorems
needed as tools and preliminaries for this particular study. We have
tried to save the reader the trouble of searching through the liter-
ature for the bits of machinery that have to be used.

The first two chapters of these notes present the necessary back-
ground information concerning h-divisible, cotorsion, and complete
modules that we need in this investigation. This material is based
on the paper "Cotorsion Modules'" [12], but has been reworked so that
it is applicable to arbitrary commutative rings. Of particular im-
portance is the duality in Corollary 2.4 between torsion-free and
complete modules on the one hand and torsion, h-divisible modules on
the other. Much of the analysis is based on this result. We also
develop here the properties of H, the completion of R in the R-top-
ology. 1In the applications we make,the M-adic topology coincides with
the R-topology and thus H is the ordinary M-adic completion of R.
This coming together of the two topologies gives us the powerful ad-
ditional tool of the duslity between the Artinian R-modules and the
Noetherian modules of the M-adic completion c¢f R found in [G1.

Chapter III deals with the theory of compatible ring extensions
as enuncilated in [16]. While elementary in nature, this forms the
basls for the treatment of strongly unramified ring extensions later
in the notes. Chapter IV shows how the problem of considering
divisible modules over a l-dimensional, Noetherian Cohen-Macaulay

ring may be reduced to the local case. It also shows that for these
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rings a divisible module is h-divisible, and that if the ring has

no nonzerc nilpotent elements then the torsion submodule of a divis-
ible module is a direct summand. This is a reworking of material

in [10]. Theorems 4.5 and 4.6 collect together all of the necessary
information concerning injective modules found in [9] and are pre-
sented without proofs.

Chapters V through XI present the theory of Artinian, divisible
modules as outlined in this introduction, and most of it appears here
in print for the first time. Chapters XII and XIII develop the
theory of the multiplicity and reduction number of a l-dimensional
local Cohen-Macaulay ring and this is applied to the study of Goren-
stein rings. A special role is played here by the concept of the
first neighborhood ring, and some of Northcctt’s pioneering work is
explained and carried further. Basically these two chapters are
concerned with the study of Artinian modules that have finite length
in the classical sense. The material here may be found in [15].

Chapter XIV combines the results of the preceding two chapters
with those concerning Artinian divisible modules, and unites these
two different streams of development.

Chapter XV considers the question of canonical ideals, and
shows that the existence of such ideals is decided by the divisible
structure of XK.

An effort has been made throughout these notes to be scrupulous
about providing attribution for those thacrems not due originally to

the author.



CHAPTER 1
h-DIVISIBLE AND COTORSION MODULES

Throughout these notes R will be a commutative ring. An ele-
ment of R that is not a zero divisor in R will be called a regular
element of R. The set 4 of regular elements of R is multiplica-

tively closed. The ring 31 is called the full ring of quotients of

R. We shall consistently use the notation § = Rg and K = Q/R. We
always assume that @ ¥ R. If A is an R-module we shall denote the
module %! by the symbol AQ.

In this chapter we shall review some elementary definitions and
prove some basic theorems that we shall need as tools for what is to
come later. Most of this material is a generalization of similar

concepts for integral domaing that may be found in [12].

Definitions: An R-module is said to be divisible if the mul-
tiplications on the module by the regular elements of R are all
epimorphisms. Clearly a homomorphic image of a divisible R-module is
divisible. On the other hand if A is a submodule of an R-module B,
and if both A and B/A are divisible, then B is also divisible. The
sum of two divisible submodules of a module is again divisible. Thus
an R-module B has a unique largest divisible submodule d(B) that con-
tains every divisible submodule of B. B is sald to be reduced if it
has no divisible submodules; that is, if d(B) = 0. C(Clearly,

B/d(B) is reduced.

The concept duasl to divisible is that of torsion-free. An R-
module 1s said to be torsion-free if the multiplications on the mod-
ule by the regular elements of R are all monomorphisms. A submodule
of a torsion~free R-module is torsion-free. 1If A is a submodule of
an R-module B, and if both A and B/A are torsion-free, then B is also
torsion-free. An R-module is said to be a torsion R-module if it has

no nonzero torsion-free submodules. An R-module B has a unique



largest torsion submodule t(B) that contains every torsion submodule

of B, and B/t(B) is torsion-free. B is sald to be torsion of bounded

order if there is a regular element r of R such that rB = 0. It is
easy to see that an R-module is both torsion-free and divisible if
and only 1f it is a Q-module.

A more useful concept than divisible for the purposes of ap-
plying homological methods is that of h-divisible. An R-module is
said to be h-divisible if it is a homomorphic image of a torsion-
free and divisible R-module; that is, if it is an R~homomorphic
image of a Q-module. TIf Q is a semi-simple ring (in particular, if
R is an integral domain), then an R-module is h-divisible if and only
if it is a homomorphic image of an injective R-module. It follows
from the definition that an h-divisible R-module is divisible. We
shall have something to say about the converse later.

A direct sum of h-divisible R-modules is again h-divisible.
Consequently an R-module B contains a unique largest h-divisible sub-
module h(B) that contains every h-divisible submodule of B. B is
said to be h-reduced, if it has no nonzero h-divisible submodules;
that is, if h(B) = 0. Unfortunately, it is not true in general that
B/h(B) is h-reduced. We shall examine presently some necessary and

sufficient conditions for this desirable situation to occur.

Theorem 1.1. If B is an R-module, then we have three funda-

mental exact sequences:

(1) 0-B/t(B) »Q 8 B—K 8 B—0.

R
(2) o —>HomR(K,B) —>HomR(Q,B) - h(B) -+ 0.
(3) 0 - B/n(B) — Ext3(X,B) — Ext:(Q,B) — 0.

~

Therefore, we have t(B) = Tor?(K,B); and B is a torsion R-module 1if

and only if @ QR B = 0. Furthermore, B is h-reduced if and only if

HomR(Q,B) = 0,

Proof. As our starting point we take the exact sequence:



(%) 0—>R=Q—=K=0.

If we tensor this sequence with B and identify B with R 8, B, we have

R
an exact sequence:

R a
O—*Torl(K,B) - B —=Q &RB—*K @RB*O

where a(x) = 1 ® x for x € B. To establish (1) we have to show that
ker @ = t(B). Because Q B, Bis a g-module, it is torsion-free, and
thus t({B) < ker a. Conversely, suppose that x € ker c¢. Then the
image of Q @R Rx in Q@ ®R B is 0. But Q ®R - is an exact functor and
hence @ @R Rx = 0. Thus, there exists a regular element a of R such
that ax = 0. Hence x € t(B) proving that ker a = t(B), and that
Tori(K,B) E t(B). We also see that B = t(B) if and only if
Q @R B = O.

If we apply the functor HomR(s,B) to exact sequence (=) and

identify B with HomR(R,B), we obtain an exact sequence:

0 — Homg (K,B) — Hom(Q,B) RSN Extl(K,B) — Ext3(Q,B) — 0,

where B(f) = £(1) for f ¢ HomR(Q,B). Thus to establish (2) and (3)
it is sufficient to prove that Im 8 = h{B).

Since HomR(Q,B) is a Q-~module, it is torsion-free and divisible
and thus Im B < h(B). On the other hand, there is a Q-module V
mapping onto h(B). Let x € h(B) and choose an element y € V that
maps onto x. Since Qy < V, there is an R-homomorphism £:Q = h(B)
such that £(1) = x. Therefore, x ¢ Im B and hence Im 8 = h(B). It

is now clear that B is h-reduced if and only if Homp(Q,B) = O.

Corollary 1.2. Let B be a torsion R-module. Then the natural

map:
¢ : K 8y HomR(K,B} — h(B)

defined by ¢(x ® f) = f(x) for x € K and f ¢ HomR(K,B) is an iso-



morphism.
Proof. By Theorem 1.1, K ®R HomR(K,B) is an R-homomorphic

image of the Q-module Q 8 HomR(K,B) and hence K 8 HomR(K,B) is h-

R
divisible. Thus Im ¢ ig h-divisible, and hence Im ¢ < h(B). On the
other hand, let y € h(B). Then by Theorem 1.1 there is an R-homo-

morphism n : @ = h(B) such that n(l) = y. If S = ker n, then Q/S is
a torsion R-module, and hence there is a regular element a in SN R.
Define v : @ = h({B) by v(z} = n{az) for all z € Q. Then v(a'l)

and v(1)

=Y

I

0. Therefore, R < ker v and we have an induced R-homo-
morphism f : X — n(B) such that y ¢ f(K). Hence we see that
Im ¢ = h(B).

Every element of X N HomR(K,B) can be written in the fomm
x ® , where f ¢ HomR(K,B) and X = a“l + R for some regular element
a € R. Suppose that x ® £ ¢ ker ¢; that is f(x) = 0. Define
g € HomR(K,B) as follows: if y € X, then since K 1s divisible there
is an element z € X such that y = az, and we let g(y) = £{z). If w
is any element of X such that aw = O, then w € Rx and hence f(w) = O.
This shows that g is a well-defined R-homomorphism. Clearly ag = T,
and hence £ ® X = ag ® x = g ® ax = g ® 0 = 0. Thus ¢ is an isomor-

phism.

Corollary 1.3. Let B be a torsion R-module. Then we have the

following:

(1) If x € B, then x € h(B) if and only if there exists

e HomR(K,B) such that x € £(X).
(2} B is h-reduced if and only if HomR(K,B) = 0,

(3) If A and C are h-divisible submodules of B, then A = C

if and only if HomR(K,A) = HomR(K,C).

Proof. This corollary follows immedia tely from Corollary 1.2.

Theorem 1.4. Assume that Q is a semi-simple ring. If B is an

h-divisible R-module, then t(B) is a direct summand of B.




Proof. By Zorn's Lemma there exists a maximal torsion-free
and divisible submodule C of B. Then B/C has no nonzero torsion-free
and divisible submodules, and the torsion submodule of B/C is
(t(B) + ¢)/C. Since t(B) N C = 0, we may assume without logs of gen-
erality that B has no nonzerc torsion-free and divisible submodules,
and prove that B is a torsion R-module.

Let x be a nonzero element of B. Then by Theorem 1.1, there is
an R-homomorphism f : Q@ — B such that £(1) = x. If S = Ker f,
then Q/S is isomorphic to a submodule of B. Now the torsion submod-
ule of Q/S is SQ/S, and SQ is an ideal of Q. Since Q is a semiw
simple ring, SQ is a direct summand of Q, and thus SQ/S is a direct
summand of Q/S. Its complementary summand in Q/S is a torsion-free
and divisible submodule of B, and hence is equal to O. Therefore
Q/S is a torsion R-module, and hence x is a torsion element of B.
We thus have shown that B is a torsion R-module, and this completes

the proof of the theorem.

Definition. An R-module C is said to be a cotorsion R-module
if HomR(Q,C} = 0 and Ext%(Q,C) = 0, Thus, in particular, a cotor-
sion module is h-reduced. If B is a torsion R-module of bounded
order, then Extg(Q,B) is both torsion and torsion-free, and hence
Ext;(Q,B) = 0 for all n > 0. Thus a torsion R-module of bounded
order is a cotorsion R-module.

If C is a cotorsion R-module, and A is any Q-module, then
HomR(A,C) = 0 = Ext%(A,C). For we have HomR(A,C) = O because C is

h-reduced. Now we can write A = F/P, where F is a free Q-module and

i

P is a Q-submodule of F. We then have Ext%(A,C) HomR(P,C) = 0,

establishing our assertion.

Theorem 1.5. Let 0O A —=B—-(C =0 be an exact sequence of R-

modules. Then we have the following:

(1) If A and C are cotorsion, then B is also cotorsion.




(2) If B is cotorsion, then A is cotorsion if and only if C
is h~reduced.

Proof. This theorem i1s an lmmediate consequence of the long
exact sequence obtained by applying the functor ExtR(Q,-) to the

given exact sequence.

Theorem 1.6. Let B and C be R-modules. If B is torsion, or if

C is cotorsion, then Hom,(B,C) is cotorsion.

Proof. We have the canonical duality isomorphism
HomR(Q,HomR(B,C}) = Homgp(Q ®; B,C) by [3, Ch. II, Prop. 5.2]. Thus
if B is torsion, or C is cotorsion, then HomR(B,C) is h-reduced.
Suppose that B is a torsion R-module, and that E is an injective R-
module containing C. Then we have an exact sequence of h-reduced

R-modules:
0 — Hom(B,C) —bHomR(B,E) —‘HomR(B,E/C).

We have Extp(Q,Homp(B,E)) = Homp(Torh(Q,B),E) = O for all n > O by
[3, Ch. VI, Prop. 5.1]. Hence by Theorem 1.5, HomR(B,C) is a co-
torsion R-module. Suppose that C is a cotorsion R-module, and let F
be a free R-module mapping onto B with kernel A. Then we have an

exact sequence of h-reduced R-modules.
0 —»HomR(B,C) —*HomR(F,C) —>HomR(A,C).

HomR(F,C) is isomorphic to a direct product of copies of € and thus
is a cotorsion R-module. Hence HomR(B,C) is cotorsion by Theorem

1.5.

Definition. The homological dimension of an R-module A (abbrev-

iated hdRA) is defined to be the smallest integer n such that
Ext?(A,B) = 0 for allm > n + 1 and all R-modules B. (If such an

integer n does not exist, then hdpA = w.) It is easy to see that

hdRA £ 1 if ana only if Ex%(A,B) = 0 for every R-module B that is a



homomorphic image of an injective R-module.

Theorem 1.7. The following statements are equivalent:

(1) hdgQ =1

(2) If 0+>A-=-B—=C—0 1is an exact sequence of R-modules and

A and B are cotorsion, then C is cotorsion.

(3) Ext%(K,B) is a cotorsion R-module for all R-modules B.

(4) Ext%(K,B) = O for all h-divisible R-modules B.

(5) Extg(K,B) = O for all torsion, h-divisible R-modules B
(6) hdgK = 1.
Proof. (1) => (2). We see from Theorem 1.5 that C is an h-

reduced R-module. Now we have an exact sequence:
1 1 2
Ext;(Q,B) — Extp(Q,C) — Extp(Q,A).

Since B is a cotorsion R-module and hdRQ = 1, the end terms of this
sequence are zero. Thus Ext%(Q,C) = 0, and hence C is a cotorsion
R-module.

(2) => (3). Let B be an R-module and E an injective R-module

containing B. Then we have an exact sequence:
0 — Homg (K,B) — Homp(K,E) = Homp(K,E/B) ~ Extg(K,B) = O

By Theorem 1.6 every term in this sequence, except possibly
Ext%(K,B) is a cotorsion R-module. Hence by (2), Im a is a cotor-
sion R-module. But then by (2} again, Ext%(K,B) is also a cotorsion
R-module.

(3) => (4). If B is an h-divisible R-module, then by Theorem
1.1 (3) we have Extp(K,B) = Ext:(Q,B). Thus Exti(K,B) is torsion-
free and divisible. Since it is cotorsion by (3), we see that
Ext:(K,B) = O.

(4) => (5). This is a trivial assertion.

(5) => (6). Let B be a homomorphic image of an injective R~



module. It is sufficient to prove that Ext%(K,B) = 0. It is easy
to see that an injective R-module is h-divisible, and hence every
homomorphic image of an injective R-module is h-divisible. We have

an exact sequence:
HOmR(K,B/%(B)) —»Emt%(K,t(B)) —*Exté(K,B) —»Emt%(K,B/t(B)).

Clearly HomR(K,B/t(B)) = 0. On the other hand, since B/t(B) is a

Q-module, we have by {3, Ch. VI, Prop. 4.1.3] that

n

Ext 2 (K,B/t(B))

1
R

see that Exti(K,t(B)) T Ext}(K,B). Thus by (5) it is sufficient to

Exté(Q 8 K,B/t(B})). But Q 8, K = 0, and thus

Extl(K,B/t(B))

0. Therefore, from the previous exact sequence we

prove that t(B) is h-divisible.

Let x ¢ t(B); then by Theorem 1.1 there is an R-homomorphism
f : @ =+ B such that f{1) = x. If S = Ker f, then S contains a reg-
ular element of R and hence Q/S is a torsion R-module. Therefore
Im £ < t{(B), and from this it follows that t(B) is h-divisible.

(6) => (1). This assertion is obvious.

Lemma 1.8. The following two statements are equivalent:

(1) B/h(B) is h-reduced for every R-module B.

(2) If 0 >A—=B—=C=—0 is an exact sequence of R-modules

such that A and C are h-divisible, then B is also h-divisible.

Proof. (1) => (2). Let A be a submodule of an R-module B,
and suppose that A and B/A are h-divisible. Then A c h(B), and hence
B/n(B) is a homomorphic image of B/A. Thus B/h(B) is h-divisible.
Since B/h(B) is h-reduced by (1), we see that B/nh(B) = O. Therefore
B is h-divisible.

(2) ==> (1). Let B be an R-module and A a submodule of B con-
taining h{B). If A/h(B) is h-divisible, then A is h-divisible by
(2). But then A = h(B), showing that B/h(B) is h-reduced.

Theorem 1.9. TIf hdgQ = 1, then B/h(B) is h-reduced for every



R-module B. On the other hand, if Q 1s a semi-simple ring, then the

two statements are equivalent.

Proof. If hdyQ = 1, then by Theorem 1.7, Exti(K,B) is a co-
torsion R-module. Since B/h(B) is isomorphic to a submodule of
Exty(K,B) by Theorem 1.1 (3), we see that B/h(B) is h-reduced.

On the other hand let us assume that Q is a semi-simple ring
and that B/h(B) is h-reduced for every R-module B. Let A be a tor-
sion h-divisible R-module. To prove that hdRQ =1 it is sufficient
by Thecrem 1.7 to prove that Exté(K,A) = 0. By Theorem 1.1 (3) we
have Ext%(K,A) = Ext%(Q,A). Hence it is sufficient to prove that
Ext1(Q,A) = O.

Let us consider an exact sequence of the form:
O—+A—~+C—Q—0.

Then A is the torsion submodule of ¢. By Lemma 1.8, C is an h-
divisible R-module; and, since Q is a semi-simple ring, we see from
Theorem 1.4 that A is a direct summand of C. This proves that
Ext1(Q,A) = O, and hence hd;Q = 1.

Remarks. Hamsher {4] has proved for an integral domain R that
hdRQ = 1 1f and only if every divislible R-module is h-divisible.
Therefore, because of Theorem 1.4, both of these conditions are
equivglent to the condition that the torsion submodule of a divisible
module is a direect summand. I suspect that these results hold true
even if we only assume that Q 1s a semi-simple ring instead of a
field. However, we shall not need these facts, and thus we shall
not reproduce here the proof of Hamsher's result.

Theorem 1.10. ILet A Qg‘gg R-module and C a cotorsion R-module

containing A such that C/A is torsion-free and divisible. Then the

following statements are true:

(1) If D is a cotorsion R-module, then every R-homomorphism

from A into D can be lifted uniquely to an R-homomorphism of C into D.
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(2) 1If D is a cotorsion R-module containing A, and D/A is tor-

sion-free and divisible, then D is isomorphic to C.

Proof. We have an exact sequence:
Hom (C/A,D) — Homy(C,D) — Homg(A,D) — Extz(C/A,D).

The end terms of this sequence are 0, since D is a cotorsion R-mod-
ule. Thus HomR(C,D) = HomR(A,D). The first statement of the theorem
follows easily from this, and the second statement follows easily

from the first.



CHAPTER IT
COMPLETIONS

Definitions: We shall say that an ideal of R is a regular
ideal if it contains a regular element of R. If A is an R-module,
we define a topology on A, called the R-topology of A, by taking the
submodules of the form IA, where I is a regular ideal of R, as a
system of neighborhoods of 0 in A. The submodules of the form ra,
where r is a regular element of R, give the same topology. This is
a uniform topology, and hence every R-module has a unique completion
denoted by A. It is standard point set topology that A is equal to

the inverse limit of the R-modules A/ra:
A = lim A/rA.
A

Let C be the direct product of the R-modules A/rA, where r
ranges over the regular elements of R. Then A is a submodule of C.
If we represent an element X of C in the form (xr + rA), where

x_ € A, then X ¢ & if and only if X, = X € rA for every regular

r rs

r and s in R. We have a natural R-homomorphism n : A — A& given by
n{x)} = {x + rA) for every x ¢ A. The kernel of n is equal to /) TA,

r
where r ranges over the regular elements of R.

Theorem 2.1. Let A be &an R-module whose tersion submeodule has

bounded order. Then

(1) Ker n is the divisible submedule of A and is torsion-free.

(2) X is a cotorsion R-module.
t

(3) t(

i
)
sion-free.
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(4) A/n(a) is torsion-free and divisible and A/n(A) 2 ExtL(Q.A).

Proof. (1) It is clear that ker n = M rA, where r ranges over
all regular elements of R. Since t{A) has bounded order, 1 rA is the

divisibie submodule of A and is torsion~free.
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(2) For each regular element s € R define oyt C—C by

e ({z. + r&)) = (z, -z + rA) (where z

r

hen & =N k
rs € A). Then A = C er o,

where s ranges over all regular elements of R. Thus we have a mono-
morphism of c/K into a direct product of coples of C. Clearly any
direct product of copies of C is a cotorsion R-module. Thus by
Theorem 1.5, A is a cotorsion R-module.

{(3) Let X = (xr + rA) be an element of t(ﬁj. Then there is a
fixed regular element s € R such that sx. € rA for every regular

element r € R. Hence x, € rA+ t(A); and since x, - x, € TA, we

S rs

can assume without loss of generality that X, € t(A) for every r.

Let v be a regular element of R such that vt(A) 0. Then

Xpy = X, € VAN t(A) = vt(A) = O. Thus x, - x, = (x

v r = Xpy)

) and hence t(A)

v

+ (xrv - %) = X, - X, € rA. Therefore, ¥ = n{x

v v

= t(n(A})). Because Ker n is torsion-free and divisible, t(m(A))Zt(A).
(4) Let X = (x, + TA) € A and suppose that sX = n(x) for some
regular element s € R and x € A. Then SX,. - X € rA for every regular
element r ¢ R. Hence x = sy for some y € A, and X - n(y) € f(z>cﬁ(ﬁ>-
Therefcre, %X € n(Aj; and we have prcved that E/ﬁ(A) is torsicn~free.
We shall next prove that E/n(A} is divisitle. ZLet s be a regular
element of R and X = (x. + rA) an element of A. Let v be a regular

element of R such that vt{A) = O, and let u = vs. For each regular

element r € R there is an element Vp € A such that X = Xy = Wpe
For any regular element q ¢ R, uy, - uyrq € urA. Hence

Yp - Yrq € rA + t{A), and thus V¥p = Vpg € rA. Let ¥ = (vyr + TA)
then y € A and X - sy = (x,, - uy, + 1A = (x + rA) =n(x,) € n(a).

Therefore A/ (A) is divisible.

We have an exact sequence:
Homg (Q,K) — Homg (Q,A/n(A) = Ext(Q,n(A)) — Extx(Q,A).

The end terms of this sequence are zero because A is cotorsion. Hence

HcmR(Q,R/ﬂ(A)) = Ext%(Q,n(A)). But since A/n(A) is torsicn-free and
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1IR3

divisible, we have HomR(Q,ﬁ/h(A)) A/n(A). Thus A/n(A)

IR

Ext%(Q,n(A)). Since Ker n is a Q-module, we have Extg(Q,Ker n)

1t

= Extg(Q,Ker mn) = 0 for all n > O by [3, Ch. VI, Prop. 4.1.3]. It
follows from this that Exth(Q,n(A)) = Ext:(Q,A).

Definition. Let A be an R-module, and a ¢ A. We define
a* : K=K 8; A by a*(x) = x ® a for every x € K. We can then define

an R-homomorphism A : A —*HomR(K,K L2 A) by A(a) = a*.

Theorem 2.2. Let A be a torsion-free R-module. Then the kernel

of X : A,—>HomR(K,K &R A) is the divisible submodule of A; and there

is an isomorphism X of A onto HomR(K,K @R A) such that A = Xn.
Proof. Every element of ¥ &R
X ® a, where a ¢ A and X = r-l + R for some regular element r € R.

A can be written in the form

If x ® a is of this form, then x 8 a = O if and only if a € rA. For
if x ® a = 0, then in Q ®; A we have riga=180b-= rt ® rb for
some b € A, and hence 1 8 (a-rb) = O. Therefore, a - rb = 0 by
Theorem 1.1. It is now clear that Ker A = raA, where r ranges over
the regular elements of R, and hence Ker A is the divisible submod-
ule of A.

Let & = (a,. + rA) be an element of A. We define an R-homomor-
phism a* ;1 K =K @ A by 8*(x) = x 8 a, if x € K and rx = 0 for some
regular element r of R. It is not hard to verify that a* is a well-
defined R-homomorphism. We can then define an R-homomorphism
X : R — Homp(K,K ®; A) by X(&) = &*. It is clear that ) = Xn.

Suppose that 3 = (ar + rAd is an element of Ker L. Then by the
first paragraph the proof, a, € rA for every regular r € R, and hence
% = 0. Thus % is a monomorphism.

Let T ¢ HomR(K,K ®R A); then if r is a regular element of R,
there is an element a, ¢ A such that f(r'1+R) = (r'1+R) ® a,. For
f(r'l+R) = (c'1+R) ® b where b ¢ A and ¢ 1s a regular element of R.

Then O = (c'l+R) ® rb, and hence by the first paragraph of the proof
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there is an element a, € A such that rb = ca,.. Thus (r"l+R) 8 a,

= (c'lr'l+R) ® ca, = (c'lr'l+R) @ rb = (c”1+R) 8 b = f(r'1+R). Now

for any regular element s € R we have: (r"l+R) ® (ar-ars)

-1 -1

£(r"M4R) - sf(s™'r"l4R) = 0. Hence a, - a_, ¢ rA, and thus

rs
= {a, + rA) is an element of A. Clearly X(a) = f, and we have

ot

shown that X is an isomorphism.

Coroliary 2.3. Let A be a torsion-free R-module. Then the fol-

lowing statements are equivalent:

(1) A is a cotorsion R-module.
(2) A
(3) &
COI )
Proof. (1) => (2). By Theorem 2.1, A is cotorsion, and A/A is

is complete in the R-topology.

1Y

HomR(K,K 8y A).

HomR(K,B) for some R-module B.

torsion-free and divisible. But KVA is a reduced R-module by Theorem
1l.5. Hence A = K, and thus A 1s complete in the R-topology.
(2) => (3). This is an immediate consequence of Theorem 2.2.
(3) => (4). This is a trivial assertion.

(4) ==> (1). This follows directly from Theorem 1.6.

Corollary 2.4. (Duality). The functor Homp(X,+) is a natural

equivalence from the category @ of torsion-free, cotorsion R-modules

onto the category # of torsion h-divisible modules; and its inverse

and adjoint is given by K ®R ..

If Ais in @ and B is in 4, then

n

{1) Homp (K ®; A,B) Homy, (A, Homg (X, B) )

n

(2) Homg(B,K 8z A) = Homp(Homp(K,B),A).

Proof. The first statement of the theorem is a consequence of
Corollary 1.2 and Corollary 2.3. The first isomorphism is the
canonical duelity isomorphism (3, Ch. II, Prop. 5.2]. To prove the

second isomorphism, let C = HomR(K,B). Then B = K B, C and



15

A= HomR(K,K @R A). Thus the second isomorphism reduces to the
first.

Definitions. We shall let H denote the completion of R in the

R-topology. If we identify K B, R with K, then by Theorem 2.2, H is

R

naturally isomorphic to Hom,(X,K), and the mapping A of R into H of

r(
Theorem 2.2 sends an element of R into multiplication by that ele-

ment on XK.

Corollary 2.5.

(1) H is a commutative ring, and is a torsion-free R-module.

(2) We have an exact sequence

o~dm)»RLH~m%mm)~o

where d(R) is the divisible submodule of R and X is a ring homomor-

phism.

(3) Tor?(H,B) = 0 for every torsion R-module B and

Ext%(H,C) =0 for every cotorsion R-module C.

Proof. ©Let f be an element of H, let r be a regular element of
R and let y = r% + R in K.

Since rf(y) = O, it follows that f(y) € Ry, and hence f(y) = sy
for some s ¢ R {depending on y). If g is another element of H, then
g(y) = vy for some v € R. Thus g(f(y)) = g(sy) = svy = £(vy)
= f(g(y)). Hence gf = fg, showing that H is a commutative ring.

Since H = HomR(K,K), H is a torsion-free R-module.

(2) The exact sequence is a direct consequence of Theorems 2.1
and 2.2.

(3) This 1s a fairly easy consequence of applying the functors

* 8 B and HomR(-,C) to the exact sequence of (2).

Remarks. As we shall see in Theorem 2.7, if I is a regular

ideal of R, then H/HI = H @R R/T & R/I. It follows that the comple-
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tion of H in the R-topology is equal to the completion of R in the

R-topology; that is, H is complete in the R~topology.

Corollary 2.6. Assume that R is a reduced R-module. Then:

(1) If Q is a semi-simple ring, then H is a faithfully flat

R-module.

(2} If H is a faithfully flat R-module and A is any R-module,

then H 8; A is a finitely generated projective H-module if and only

if A is a finitely generated projective R-module.

(3) If R is a Noetherian local ring and hd,Q = 1, then H is a

faithfully flat R-module and H ®; A is the completion of A for every

finitely generated R-module A.

Proof. (1) Since Q is a semi-simple ring, the Q-module
Ext%(Q,R) is a projective Q-module. Because Q is flat over R, it
follows that Ext%(Q,R) is a flat R-module. Hence exact sequence (2)
of Corollary 2.5 shows that H is a faithfully flat R-module (see
2]).

(2) This is a property of faithfully flat ring extensions of
R (see [2]).

(3) If A is a finitely generated R-module, we have an exact
sequence: Fl —*FO -+ A — O, where Fl and FO are finitely generated

free R-modules. Hence we have an exact sequence:

a 8
H®, F, = H &RFO"'*H @RA-*O,

R™1

and H %R Fl and H &R FO are Tfinitely generated free H-modules. There-
fore Im o is an h-reduced R-module, and hence Ker o is a cotorsion
R-module by Theorem 1.5. But since hdRQ = 1, Im o is a cotorsion
R-module by Theorem 1.7. Because Im a = Ker 8, it follows from
another application of Theorem 1.7 that H &R A is a cotorsicon R-mod-

ule.

We have an exact sequence:



17

odmﬁwm)~m€mmdyiA~H%A~wwm9RA~m

Because A is finitely generated, it follows from the Nakayama
Lemma that A is a reduced R-module. However Tor?(H/R,A) is divisible
because H/R is a Q-module. Therefore 8 = O and we have an isomor-
phism Tor}(H,A) = Tori(H/R,A), and an imbedding A € H B, A such that
(H 8; A)/A is torsion-free and divisible. If A is the completion of
A, then A is a cotorsion R-module and A/A is torsion-free and
divisible by Theorem 2.1. Hence by Theorem 1.10, K'is isomorphic to
H @R A.

If T is an ideal of R, then we have an exact sequence:

0 — Tori(H,R/I) = H 8, I —=H = H 8 R/I — O.

i

But we have shown that Tor?(H,R/I) Tor?(H/R,R/I) is torsion-free
and divisible and H B, I is cotorsion. Therefore, Tor?(H,R/i) =0
= Tor?(H/R,R/I). It follows that H and H/R are flat R-modules. Thus,

as 1s well known (see [2]), H is a faithfully flat R-module.

Theorem 2.7. (1) If T is a torsion R-module, then T = H B T.

Thus T has the structure of an H-module, and this structure is

unique. Every R-submodule of T is also an H-submodule of T. If A

is any H-module, then HomR(T,A) = HomH(T,A).

(2) If C is a cotorsion R-module, then C = Homg(H,C). Thus C

has the structure of an H-module, and this structure is unique. I£

A is any H-module, then HomR(A,C} = HomH(A,C).

Proof. (1) Because d(R) By T =0 = Ext%(Q,R) L

if we tensor the exact sequence of Corollary 2.5 with T, we obtain

T, we see that

an isomorphism: 6 : T—H ®, T, where 8 is defined by 8(x) = 1 ® x

R
for all x € T. Thus T has an H-module structure extending that of R
defined by fx = 871(f ® x) for all f ¢ H and x ¢ T.

Suppose that there is another H-module structure on T extending

that of R, and let us denote 1t by f ¢ x. There is a regular element
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r ¢ R (depending on x) such that rx = 0. Because H/A(R) is divisible,
there are elements g ¢ H and s € R such that £ = rg + A(s). There-
fore, fx = sx = £ ¢ x; and hence the two H-structure are identical.
The fact that fx = sx also shows that every R-submodule of T is also
an H-submodule of T.

If ¢ is an R-homomorphism of T into an H-module A, then
p(fx) = ¢(sx) = sp(x) = fo(x) - go(rx) = fo(x). Thus we see that ¢
is an H-homomorphism, and hence HomR(T,A) = HomH(T,A).

(2) We have an exact sequence:
Homp (H/A (R) ,C) — Homp (H,C) % ¢ — Ext(HA(R),C)

where v 1s defined by v(¢) = ©(1) for all ¢ € Homg (H,C). Since C is
a cotorsion R-module, and H/A (R} 1s torsio -free and divisible by
Corollary 2.5, the end modules of this segquence are zero, and thus v
is an 1somorphism. Therefore, C has the structure of an H-module
defined by fx = ¢@{(f), where f ¢ H, x € C and ¢ is an element of
HomR(H,C) such that ¢(1) = x.

Suppose that C has another H-module structure and let us denote
it by £ » x. For a fixed x € C, definen : H—=C by n(f) = f « x.
n{1) = x = (1)

we have n = ¢. Therefore f » x = fx, and we see that the H~-structure

Then v{n)

It
i

v(p¢), and since v is an isomorphism,

on C is unique.
Let A be any H-module; then since C = HomR(H,C) we can utilize
the canonical duality isomorphism of [3, Ch. II, Prop. 5.2] and ob-

tain:
HomH(A,C) = HomH(A,HomR(H,C}) = HomR(H By A,C) = HomR(A,C).

Definitions: A commutative ring is called a quasi-local ring

if it has only one maximal ideal. A Noetherian, quasi-local ring is
called a local ring, and a Noetherian ring with only a finite number

of maximal ideals is called a semi-local ring.
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Theorem 2.8. There is a one-to-one correspondence between the

set of regular ideals I of R and the set of regular ideals J of H

such that l'l(J) is a regular ideal of R that satigfies the following

(1) If I is a regular ideal of R, then H 8, I is the completion

of I, and H ®, I = HI. HI is a regular ideal of H; A™'(HI) = I:

H/HI 2 R/I; and (HI)/A(I) is torsion-free and divisible. Further-

more, Tor?(H,I) = 0.

(2) If J is an ideal of H such that YJ(J) is a regular ideal of

R then J = H(A™}(J)) and B/J = R/(A7H(9)).

(3) 1t I, and I, are regular ideals of R, then H{Il n 12)

= HI; N HI, and H(I; + I,) = HI; + HI,.

(#) If R is a quasi-local ring with maximal ideal M, then H is

& quasi-local ring with maximal ideal HM.

Proof. (1) We have a map © : H ®, I —HI defined by
wl(f ® x) = fx for all £ € H and x € I; and we have a map
Py : H QR R — H defined in a similar fashion. We also have the
canonical map ¢y : H ®g R/1 — H/HI defined by ¢3(f ® (r+I)) = fr + HI.

Thus we have a commutative diagram:

O—-HB, I>H® R—»H@RR/I—»O

R

ot ot 1031

0 — HI H H/HI — 0

The top row is exact by Corollary 2.5, since Tor?(H,R/i) = 0. It is
clear that the vertical maps are epimorphisms and that the middle
vertical map is an isomorphism. It follows from diagram chasing
that the end vertical maps are isomorphisms also. Therefore,
Hop I Z HI; and by Theorem 2.7, H/HI is isomorphic to R/I.

Now A(I) < HI, and since H is a torsion-free R-module, A(I) con-
tains a regular element of H. Therefore, HI is a regular ideal of H.
Because H/HI is isomorphic to R/I, we see that H/HI is a torsion R-

module of bounded order, and hence is a cotorsion R-module. H is
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also a cotorsion R-module, and thus HI 1s a cotorsion R-module by
Theorem 1.5.

Let I' = X-l(HI); then I © I', and hence I' is a regular ideal
of R. Thus by what has already been proved we have H/HI' = R/I' and
H/HI = R/I. But clearly HI = HI', and thus R/I' = R/I. It follows
from this that I = I' = A~T(HI).

Becguse l'l(HI) = I, we have HI N XA(R) = X(I). By Corollary 2.5,
H/A(R) is a divisible R-module, and thus H = HI + A(R). Therefore,
H/A{R) = (HI+X(R})/A(R) = HI/(HI N X(R)) = HI/A(I), and hence HI/A(I)
is a torsion-free and divisible R-module.

If 49 is the divisible submodule of R, then & < I because I is
a regular ideal of R. Therefore A(I) = I/® =T. 1If I is the com-
pletion of I in the R-topology and n : I — I 1s the map of Theorem
2.1, then Ker n = & , and hence n(I) £ 1/0 = I. By Theorem 2.1,
1/T is torsion-free and divisible and I is a cotorsion R-module. We
have proved that (HI)/T is also torsion-free and divisible and that
HI is a cotorsion R-module. Hence it follows from Theorem 1.10 that

T is isomorphic to HI.

By Theorem 1.1 we have Tor?(H,K) = 03 and by Theorem 2.7 we
have H @R K = K. Thus we have an exact sequence:

O—=H—H @R Q — K —0.

Since Tori(K,I) = 0 for all n > O by Theorem 1.1, we obtain from this

nt

sequence an isomorphism: Tor?(H,I) Tor?(H ®n Q,I). By [3, Ch. VI,

Prop. 4.1.27 we have Tor?(H By Q,I)

it

Tor%(H ®g Q,Q B I). But since
T is a regular ideal, we have @ @R I% QI = Q, and thus

0.

]

Tor%(H B Q,Q 8 I) = 0. It follows that Tor?{H,I)

{(2) Let J be a regular ideal of H such that I = k’l(J) is a
regular ideal of R. Since H/A(R) is a divisible R-module, we have
H = HL + A(R). Consequently, J = HI + A{(I) = HI. Therefore, by (1)
we see that H/J = H/HI = RA™(J).
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(3) Let I, and I, be regular ideals of R. Then I, N I, and

I1 + 12 are glso regular ideals of R, and we have an exact segquence:
0 —>Il n 12 —*Il & 12 —*Il + 12 - 0.

R

By (1) we have Tory(H,I; + I,) = O. Hence we obtain a commutative

diagram with exact rows:

O—H B (I; N I,) =~ (H By I,) 6 (H By I,)

i ] i

—H®; (I, + I,) =0

O~~“‘*HI1 n HI2 — HIl L HIE —_— HIl + HI2 ey O

The middle vertical map is an isomorphism by {(1). Since it is ob-
vious that HI1 + HI, = H(Il + 12), the right hand vertical map is
also an isomorphism by (1). Thus the left hand vertical map is an
isomorphism. Because the image of this map is H(Il n IQ), we have
H(I, N I,) = HI; N HI,.

(4) Suppose that R is a quasi-local ring with maximal ideal M.
By (1) HM is a maximal ideal of H. Let X = (xr + rR) be an element
of HM, where X, € R. It i1s easy to see that if some Xg is a unit in
R, then every x_ is a unit in R. But then X would be a unit in H,
contradicting the fact that HM is a proper ideal of H. Thus every
X, is in M. But then every element 1 - Xn is a unit in R, and hence
1 - X is a unit in H. This shows that HM is the only maximal ideal

of H.

Theorem 2.9. Let S be a ring extension of R in Q, S # Q, and

let H(S) denote the completion of S in the S-topology. Then H(S) is

a torsion~free R-module and we have an exact segquence:

0 — Homp(K,S/R) = H 2 H{S) LA Ext%(K,S/R)

where ¢ is a ring homomorphism.

(1) If S/R has bounded order the sequence becomes:
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0—HLHES) = s/R-O.

(2) If hdpQ =1, then 6 is onto.
(3) If hdpQ = 1 and S/R is h-divisible, the sequence becomes:

(@]

- Homp(K,S/R) = H £ H(s) = 0.

Proof. By Theorem 2.2, H(S) = HomS(Q/S,Q/S). We shall show
first that HomS(Q/S,Q/S) = Homp(Q/8,Q/8). TLet g Hom, (Q/S,Q/8) and
S € S. Then 8 = a/b where a, b € R and b is regular in R. Define
an R-homomorphism § : Q/S — Q/S by &(x) = sg(x) - g(sx) for all

X € Q/S. Then bEg 0, and hence £ = O since Q/S 1s a divisible

R-module. Thus g € HomS(Q/S,Q/S}, proving the desired equality.
H(S) is thus a torsion-free R-module, since Q/S is a divisible R-mod-
ule.

By Theorem 2.7, Q/S is an H-module and HomR(Q/S,Q/S)
= HomH(Q/S,Q/S). Thus we have a ring homomorphism ¢ : H — H{S)
defined by ©(f)(x) = fx for all £ ¢ H and x ¢ Q/S. An argument sim-
ilar to that given in Theorem 2.7 shows easily that ker o
= Homg(X,S/R).

Let 7 be the canonical R~homomorphism of X onto Q/S with
ker 7 = S/R. Then from the exact sequence O = S/R = K B Q/8 —= 0

we obtain a diagram:

1

Homg (K,K) ™ Homp (K,Q/5) % Ext(K,S/R) — Exty

AN

HomR(Q/S,Q/S)

(K,K)

where n and A are induced by », and the top row 1s exact. It is
easily verified that the diagram commutes. We let 8 = wA; then,
because A is obviously a monomorphism, it is easily checked that
Im ¢ = ker §. This establishes the first exact sequence of the

theorem.
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In fact, A is an isomorphism. For let f ¢ HomR(K,Q/S). Then it
is easily verified that if g € Q, then there exists an element
Sq € S such that f(qg + R) = 549 + S- Thus £(S/R) = 0, and hence f
induces an R-homomorphism g : Q/S — Q/S. But then A (g) = f, and
hence X is onto. Since we have already observed that X is a monomor-
phism, we see that X is an isomorphism. This proves that Im vy = Im §.
If hdp@ = 1, then Exti(K,K) = O by Theorem 1.7. The disgram then
shows that v 1is onto, and hence 8 is onto. If in addition S/R is
h-divisible, then Ext%(K,S/R) = 0 by Theorem 1.7, and hence (3) is
estéblished.

Suppose now that S/R has bounded order. Then, of course,
HomR(K,S/R) = 0. Since Ext%(Q,S/R) = 0, we see by Theorem 1.1 (3)
that S/R T Exti(K,S/R). We also see by Theorem 1.1 (3) that
Exty(K,K) = Ext%(Q,K) and hence Ext:(K,K) is torsion-free. The
diagram then shows that v is onto, and hence § 18 onto in this case

also. Thus we have proved that the sequence
©
O—=H> H(S) = S/R~0
is exact.

Theorem 2.10. H is a subring of H ®; Q; and if & is the di-

visible submodule of R, then Q/& < H ®; Q and there is a gne-to-one

correspondence between the set of rings B between R and Q and the set

of rings O between H and H ®; Q given by @ = H 8; B and B/Y

= 0N Q8. Furthermore:

(1) B/R and (H Bp B} /H are isomorphic torsion modules.

(2) @/B and (H B, Q)/(H B, B) are isomorphic torsion modules.

(3) 1f B=B/O, then BC H®, B, and H 8, B = HB = H + B.

R
(8 (H Br B)/B is a torsion-free and divisible R-module.

Proof. Since Q/B and B/R are torsion R-modules, we have

TOT§<H,Q/B) = 0 and Tor?(H,B/R) = 0 by Corollary 2.5 (3)3; and we
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have H L3N Q/B = Q/B and H @R B/R © B/R by Theorem 2.7 (1). Thus we
have exact sequences:

O—>H—->H®, B—~B/R—0 and

R

o—-Ho@RB-»H@RQ—»Q/B—»o.

If we let B = Q, then we see that Hc H @R Q. TIn general we see that
H @R B is a ring between H and H ®R Q, and we have proved (1) and
(2) of the theorem.

Now if V is any Q-module, then Tor?(B,V) = 0. For by {3, Ch. VI,

R
1

Q B B = Q, it follows that Tor

(B,V) = Tor%(Q B, B,V); and since

R
1

Tor?(B,Ext%(Q,R)) = 0. Therefore if we let R = R/& and tensor the

Prop. 4.1.2] we have Tor

(B,V) = 0. 1In particular, we have

exact sequence of Corollary 2.5(2) with B we obtain an exact sequence

B-—»Exté(Q,R) ®, B— 0.

O—>§®RB—>H8‘ R

R
Now & is an ideal of Q, and hence 8B = &. Therefore, if B = B/&,
then B = B/& = ¥ B B. Thus we have proved that B H ®; B and
that (H @R B)/B is a torsion-free and divisible R-module.

The previous exact sequence shows that if x € B and ¥ = x + /&,
then we may identify X with 1 ® x in H Bz Q. Furthermore, since
Hc H QR Q, we may identify an elegent h € H with its image h ® 1 in
R B, thenX = 3 h, & X4 where hi € H and

n i=1 1

Xy € B. Hence :A = i§l hixi € HB, showing that H @R

that h € H and x € B. Then x = a/b, where a € R and b is a regular

H @R Q. If X € HB

B = HB. Suppose

element of R. Because H/R is a divisible R-module by Corollary 2.5,

there exist elements g € H and r ¢ R such that h

1]

bg + T (where
T=r+ & ¢R). Thus h® x= (bg+T) ® X =bg ® x + (T 8 x)
={g®a)+ (18®rx)=(ag® 1) + (1 ® rx) ¢ H+ B. Thus we have
shown that H 8 B = H + B.

We identify §@ = Q/& with a subring of H 8. Q as we have done
with B. Then of course we have B ¢ (H 8 B) N Q. On the other hand,

suppose that A ¢ (H B B) N Q. Then there exists a regular element
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b in R such that bk ¢ B. However, we have proved that (H ®R B)/§ is
torsion-free, and thus A ¢ B. This proves that (H 8, B) N q = B.

Let 0 be a ring between H and H 8; Q, and let B=0NQ. Then
B = B/H , where B is a ring between R and Q, and to complete the proof
of the theorem it is sufficient to show that @ = H + B. Let A € 03
then because (H QR Q)/H = K is a torsion R-module, there exists a
regular element b € R such that b\ = h ¢ H. But H/R is a divisible
R-module, and hence there exist elements g ¢ H and r € R such that
h=bg+F. Thus b(A-g) = F ¢ R, and hence A - g =r/b € O N § = B.
Therefore, A = g + r/b € H + B, proving that 0 = H + B. Since

H+B=1H ®; B, the proof of the theorem is complete.

Theorem 2.11. Let A be the divisible submodule of R and let

R=RF®, Q=Q/F, and K = Q/R. Assume that every regular element

of Q is invertible in Q. Then

(1) @ is the full ring of quotients of R; K = K; and H, the

completion of R, is isomorphic to H, the completion of R.

(2) The categories of torsion h-divisible R-modules and tor-

sion-free, cotorsion R-modules are equal to the same categories of

R -modules.

(3) I is a regular ideal of R, if and only ;g}f =1/8 is a

regular ideal of R and then the completions of I and I in the R and

R topologies, respectively, are isomorphic.

Proof. Now & 1is torsion-free and divisible, and thus € is
an ideal of Q. Therefore @ is a ring; and by assumption, Q is equal
to its own full ring of quotients.

Let b be a regular element of R, and b = b + 4, the image of b
in R. If a € R and ba ¢ & , then ba = bd for some element d ¢ &,
gince & is a divisible R-module. But then b(a-d) = O, and hence
a = d because R is torsion-free. This shows that b is a regular

element of R. If we let 4 be the set of all elements b in R such

that b is a regular element of R, then we have Q@ = R; . Since 4
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is a subset of the regular elements of ﬁ, it follows that @ is con-
tained in the full ring of quotients of R. However, § is equal to
its own full ring of quotients by assumption, and thus 6 is the full
ring of quotients of R.

Since Q& = & < R, we have A K = (Q# + R)/R = 0. Hence K is
an R-module, and of course K = K. Furthermore, Homp (X, X)
= Homﬁ(f,ﬁ), and thus R and R have isomorphic completions. Every
torsion h-divisible R-module is of the form K ®, A for some R-module

R

rRAS KBy A=KOBy (R By A) is a

torsion h-divisible R-module. On the other hand if A is an R-module,

A by Corollary 1.2, and clearly K ®

then R 8 A 2 A, and hence K 8, A = K Bz A is a torsion h-divisible
R-module. In similar fashion, using Corollary 2.3, we can prove
that an R-module is a torsion-free cotorsion R-module 1if and only if
it is a torsio-free cotorsion R-module.

Let T be a regular ideal of R and let I = I/4& . Then there is a
regular element b of R that is contained in I. 1In the first para-
graph of the proof we showed that D = b + & is a regular element of
ﬁ, and hence I is a regular ideal of R. Conversely, let I be a
regular ideal of R. Then there is an ideal I of R such that
I=1/5. Let T be a regular element of I; then © = ¢ + .9, where
¢ € I. BSince ﬁ'is the full ring of gquotients of R, there is an ele-
ment g of 5 such that ¢§ = 1. Now @ = g + ./ , where g ¢ Q and hence
q = a/b where a ¢ R and b igs a regular element of R. Thus
ca/b = 1 ¢ &, and hence ca - b € &°. Therefore b is an element of
I, showing that I is a regular ideal of R.

If I is a regular ideal of R we have K 8, I = K ®§~f, and hence

R
HomR(K,K Bz I) = Homs (X,K Gﬁvf). Thus by Theorem 2.2 the completion
of T in the R-topology is isomorphic to the completion of T in the

R-topology.

Theorem 2.12. H is complete in the H-topology. Furthermore, if
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an R-module is a cotorsion (or torsion) R-module then it is also a

cotorsion (or torsion) H-module.

Proof. By Theorem 2.7 a cotorsion (or torsion) R-module is an
H-module. ILet A : R—H be the ring homomorphism of Corollary 2.5.
If b is a regular element of R, then A(b) is a regular element of H
because H is a torsion-free R-module. Thus a torsion R-module is
also a torsion H-module. By Corollary 2.3 if we prove that H is a
cotorsion H-module, then we will have shown that H is complete in the
H-topology. Hence to finish the proof of the theorem, it is suf-
ficient to prove that if C is a cotorsion R-module, then C is a co-
torsion H-module.

Let V be the full ring of quotients of H; then V is a torsion-
free and divisible R-module, and hence V is a Q-module. Thus
HomH(V,C) < HomR(V,C) = 0. Therefore it is sufficient to prove that

Ext%(v,c) = 0, Let us consider an exact sequence of the form:

0—C £>A§"V -0

where A is an H-module, and f and g are H~homomorphisms. Since
Ext%(v,c) = 0, there is an R-homomorphism 8 : A~ C such that s ¢ ¢
is the identity on C. But HomR(A,c) = HomH(A,C) by Theorem 2.7, and
hence s 1s an H~-homomorphism. Therefore, the given exact sequence

Liv,c) = o.

splits over H, showing that ExtH



CHAPTER III

COMPATIBLE EXTENSIONS

Theorem 2.1. Let A be a commutative ring extension of R that is

torsion-free as an R-module. Then the following statements are

equivalent:

(1) If J is a regular ideal of A, then J N R is a regular ideal

(2) 1If x is a regular element of A, then there is an element

y € A such that xy = b is a regular element of R.

(3) A ®p Q is the full ring of quotients of A.

Proof. (1) => (2). 1If x is a regular element of A, then Ax
is a regular ideal of A and hence Ax N R is a regular ideal of R by
(1). Thus there is an element y ¢ A such that yx = b is a regular
element of R.

(2) => (1). Let J be a regular ideal of A, and x a regular
element of J. By (2) there is a regular element of R in Ax N R, and
hence J N R is a regular ideal of R.

(2) => (3). 1If X is an element of the full ring of quotients
of A, then X = z/x, where z € A and x is a regular element of A. By
(2) there is an element y € A such that xy = b is a regular element
of R. Since A is a torsion-free R-module, both b and y are regular
in A. Hence A = zy/xy = zy/b. Since A By Q = AQ is contained in the
full ring of quotients of A, this expression for A shows that
A ®R Q@ is equal to the full ring of quotients of A.

(3) => (2). Let x be a regular element of A. Then by (3),
there is an element y € A and a regular element b ¢ R such that

1/x = y/b. Hence xy = b, proving (2) .

Theorem 3.2. Let A be a commutative ring extension of R that is

of A, then J N R is a regular ideal of R. Then the R-topology and
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the A-topology on any A-module coincide. Furthermore, an A-module

has the same property as an R-module:

{1) torsion, (2} h-reduced, (3) cotorsion, (4) complete,
(5) divisible, (6) h-divisible.

Proof. It is obvious from Theorem 3.1 that the R-topology and
the A-topology on an A-module coincide and that (1), (4), and (5) are
true.

Let B be an A-module. By [3, Ch. VI, Prop. 4.1.%], we have
Extg(Q,B) = ExtR(A 8 Q,B) for all n > 0. Since A B, Q is the ring of

gquotients of A by Theorem 2.1, (2) and (3) are seen to be true. We

have a commutative diagram:

©
HomA(A Bn Q,B) —*HomR(Q,B)
‘A / R
where ¢ is the canonical duality isomorphism, XR is defined by

AL(f) = £(1) for f ¢ HomR(Q,B}, and KA is defined similarly. By

gl
Theorem 1.1, B is h-divisible over R (or over A) if and only if kR

(resp. XA) is an epimorphism. Thus we see that (6) is true.

Theorem 3.3. Suppose that A is an integral domain containing R

and that the quotient field of A is algebraic over Q. Then the gquo-

tient field of A 1s isomorphic to A & Q, and thus all of the state-~

ments of Theorem 3.2 are true for R and A.

Proof. If x is a nonzero element of A, then the minimum poly-
nomial for x over Q has a nonzero constant term. From this it fol-
lows readily that if J is a nonzero ideal of A, then J N R # O.

Theorem 3.3 is thus a consequence of Theorems 3.1 and 3.2.

Theorem 3.4, Let A be a commutative ring extension of R, that

is torsion-free as an R-module and assume that if J is any regular
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ideal of A, then JN R is a regular ideal of R. Then the following

statements are equivalent:

(1) A =J + R for every regular ideal J of A.

(2) A/R is a divisible R-module.

(3) A/J = R/(J N R) for every regular ideal J of A.

If any of these statements are true, then J = A(J N R) for every

regular ideal J of A.

Proof. (1) => (2). If b is a regular element of R, then Ab is
a regular ideal of A, and hence A = Ab + R. Thus b(A/R) = A/R,
showing that A/R is a divisible R-module.

{2y => (1). If J is a regular ideal of A, choose a regular
element b € JN R. Then b(A/R) = A/R, and hence A = Ab + R
CJ+ RcA.

(1) => (3). Let J be a regular ideal of A; then

i

A/T = (J+R)/J = R/(J N R).

(3) ==> (1). Let J be a regular ideal of A. Since A/J is a
cyclic R-module by assumption, there is an element x € A such that
A=Rx+ J. Thus 1 = rx + J, where r € R and j ¢ J. Therefore, we
have A = Ar + J. We also have Ar = Rxr + Jr, and hence A = Rxr + J.
But Rxr + J = R+ J, and thus A = R + J.

Assume that any one of these equivalent statements is true, and
let J be a regular ideal of A. If we let I = A(J N R), then I is a
regular ideal of A and I ¢ J. Thus by (1) we have A = I + R. Hence

J=I+{(RNJ) <1, and we see that J = I.

Definitiong: Let A be a commutative ring extension of R. We

shall say that A 1s a compatible extension of R if it satisfies the

following conditions:
(1) A is torsion-free as an R-module.
(2) A is not equal to its full ring of quotients.
(3) If J is a regular ideal of A, then J N R is a regular ideal

of R.
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(4) A = J + R for every regular ideal J of A.

We shall say that R is a closed domain if R is an integral

domain, and if J N R # O for every nonzero ideal J of H. Then, of
course, H is also an integral domain. Since H is a torsion-free R-
module, and H/R is a divisible R-module, we see by Theorem 3.4 that
in this case H is a compatible extension of R. In particular, all of
the statements of Theorem 3.2 are then true about R and H. By
Theorem 3.1, the quotient field of H is equal to H ®R Q.

If R is a closed domain, then every proper R-submodule of K is
h-reduced. For if D is a proper, nonzero, h-divisible R-submodule
of X, then J = HomR(K,D) is a nonzero ideal of H by Corollary 1.3.
However, J N R = O, since every nonzero element of R acts as an epi-
morphism on K. This contradiction proves that every proper submod-
ule of K is h-reduced.

We have proved [9, Theorem 4.5] that if R is a quasi-local
domain, then the converse is true; namely, if every proper R-submcd-

ule of X is h-reduced, then R is a closed domain.

Corollary 3.5. Let A Eg a proper R-submodule g£ Q containing

R (A not assumed to be a ring). Then A is a compatible ring exten-

sion of R if and only if A/R is a divisible R-module.

Proof. Suppose that A/R is a divisible R-module. Let X be a
nonzero element of A; then x = a/b, where a € R and b is a regular
element of R. Then A = Ab + R, and hence AX = Aa + Rx. Since Aa
and Rx are contained in A, we see that Ax € A. Thus A is a ring.
Clearly every regular ideal of A has a regular intersection with R,
and A is a torsion-free R-mcdule. Therefore, A is a compatible ring
extension of R by Theorem 3.4. The converse statement also follows

from Theorem 3.4.

Theorem 3.6. Let A be a compatible ring extension of R. Then:
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(1) A @R Q is the full ring of quotients of A, and all 32 the

statements 92 Theorem 3.2 are true for R and A.

(2) If J is a regular ideal of A, then A = J + R and

A/J = R/(J N R). Furthermore J = A(J N R) and J N R is a regular
ideal of R.

(2) A finitely generated torsion A-module is also a finitely

generated torsion R-module.

(4) If every regular ideal of R is finitely generated over R,

then every regular ideal of A is finitely generated over A.

(5) N is a regular maximal (resp. prime) ideal of A if and only

if NN R 1s a regular maximal (resp. prime) ideal of R.

(6) If R is a quasi-local ring with maximal ideal M, then AM is

a regular maximal ideal of A and A/AM T R/M. AM contains every reg-

ular ideal of A. If A is a reduced R-module, then AM is the only

maximal ideal of A and A is a quasi-local ring.

(7) Let S be an R-submodule of Q containing R. Then in

A By Q we have AS = A+ S; and AS/S is a divisible R-module. If S

is a proper subring of Q containing R, then AS/8 is a2 divisible S-mod-

ule. Thus if AS # A ®; Q, then AS is a compatible ring extension of

5. If A< S, then 8§ is alsoc an A-module.

(8) If R is an integral domain, 1f A € Q, and if V is a valua-

tion subring of Q containing R, then either A + V = Q or Ac V.,

Proof. (1), (2), (4) and (5) are immediate consequences of
Theorems 3.1 and 3.4. As for (3), a cyclic torsion A-module is a
cyclic torsion R-module by Theorem 3.4, and the general statement
follows easily by induction on the number of generators.

(6). Assume that R is quasi-local and let M be the maximal
ideal of R. Let N be any regular maximal ideal of A. By (5), NN R
is a regular maximal ideal of R and hence NN R = M. By (2) we have
AM = A(NN R) = N, and thus AM is the only regular maximal ideal of A

and contains every regular ideal of A. By (2) we have A/AM £ R/M.
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If A is not a quasi-local ring, then there is a proper ideal I
of A such that I & AM. Choose an element y ¢ I such that y ¢ AM.
Since I is not a regular ideal of A by the preceding paragraph, y is
a zero divisor in A, and hence there exists a nonzero element z € A
such that yz = 0. Let b be any regular element of R. Since Ab + Ay
is a regular ideal of A and is not contained in AM, we have
Ab + Ay = A. Thus Az = bAz. Hence Az is a divisible submodule of A.
If we assume A to be reduced, this contradiction shows that A is a
quasi-local ring with maximal ideal AM.

(7). Let S be an R-submodule of Q containing R. Let g € S;
then ¢ = a/b where a € R and b is regular in R. Because A/R is 3
divisible R-module, we have AQ = Aa + Rq. Thus Agq © A + S, and hence
ASC A+ 8. Since l ¢ AN S, we have the reverse inequality. We
then have AS/S = (A + 8)/8 = A/(5 N A), and hence AS/S is a homomor-
phic image of A/R. Therefore, AS/S is a divisible R-module.

Suppose that S is a proper subring of @ containing R. It fol-
lows from Theorem 3.2 that since AS/S is a divisible R-module it is
also a divisible S-module. It is obvious that the intersection with
S of a regular ideal of AS is a regular ideal of S. Therefore, if
AS # A %R Q, then AS is a compatible ring extension of S by Theorem
2.4,

If AC S, then AS = A + S = 8, and hence S is an A-module.

(8). Assume that R is an integral domain, that A € Q, and that
V is a valuation subring cf Q containing R. If A+ V ¥ Q, then
AV = A + V is a proper V-submodule of §. Hence (AV)/V is a torsion
V-module of bounded order. By (6) AV/V is a divisible V-module, and

thus AV = V., Hence we have A C V.



CHAPTER IV

LOCALIZATIONS

Definitions: A commutative ring is said to have Krull dimension
n < o if every chain of prime ideals in R has at most n + 1 terms,
and there is at least one chain with exactly n + 1 terms. We will say

that a ring R is a l-dimensional Cohen-Macaulay ring if it is a

Noetherian ring of Krull dimensional 1, and if every maximal ideal of
R contains a regular element. A Noetherian domain of Krull dimension
1 is a 1l-dimensional Cohen-Macaulay ring. Such a domain differs from
a Dedekind ring only in the fact that it may not be integrally closed.
Let R be a Noetherian ring of Krull dimension 1, and let T be a
torsion R-module. If M, 1s a maximal ideal of R, define the M -pri-

mary component of T by:

T, = {x €T | x=0, or Annp(x) is an M, -primary ideall
where AnnR(x) ={re R | rx = 0}. Clearly T, 1s a submodule of T.

Theorem 4.1. Let R be a

1-dimensional Cohen-Macaulay ring and

let T be a torgion R-module. Then

T=2T
a a

where Ma ranges over all of the maximal ideals of R. Furthermore,

Ta = TMQ; and hence Tﬁ is an RMa-module.

22292‘ Let x be a nonzero element of T, and let I = AnnR(x).
Take a primary decomposition of I; I = Jl n...n Jn where Ji is
M;-primary. If L, = N Jyer (k # 1), then R = Ly + ... + L . Hence we
can write 1 = ry + ... + Tos where ry € Li‘ Thus we have
X=X+ ...+ roX. Since Jiri < I, we have Jirix = 0 for
1i=1,...,n. Therefore, either AnnR(rix) contains a power of Mi and

hence is an Mi~primary ideal, or rix = 0. This proves that T is the

sum of the Ta's.
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We prove next that the sum is direct. Let Ml”"’Mn be distinct

maximal ideals of R, and suppose that x ¢ Ty n({ = Tj)‘ Then

j>1
K
there are positive integers kl,...,kn such that Ml x = 0 and
K k. k k, k.
2 n_ _ . _ 1 2 n _
Mo ... Mn X = 0, Since R = MyT o+ (Ml cee M }, we see that x = O.
Hence we have shown that T = Z 8 Ta'

a
It is obvious that Ta is uniquely divisible by the elements of

R - Ma’ and hence (Ta)M = Ta' On the other hand, if B ¥ a, we have
o

(Tg)yy =0. Thus T,, = Z @
B'M, M, 8

(T)y = Ty

(TB)Ma B a

Theorem 4.2. Let R be a l-dimensional Cohen-Macaulay ring.

Then hdRQ = 1.

Proof. Case I. R is a local ring.

Let b be a regular element of the maximal ideal of R, and let
4 - {bn}. Then there is a one-to-one correspondence between the
prime ideals of rank O in R and the prime ideals of RJ . Hence 3!
is a semi-local Noetherian ring and every prime ideal of Ry has
rank O and is a maximal ideal of RJ . Therefore, every regular ele-
ment of 3! is a unit in 3j , and hence Ry 1s equal to its own full
ring of quotients. Since RcC Réz < Q, it follows that RX = Q.

Let F be a Tree R-module with a countable free basis {Xn} and
define an R-epimorphism f : F — Q by f(xn} = 1/b™. It is then easy
to see that if P is the kernel of f, then P is a free R-module with
basis {x  ,-bx ]. Hence we have hdpQ = 1.

Case 1I. General case.

Let B be a torsion h-divisible R-module. 1In order to prove
that hdRQ =1, it is sufficient by Theorem 1.7 to prove that

Ext%(K,B) 0. Let us consider an exact sequence of the form:

i

(1) 0 —~B—A—K=—O.

By Theorem 4.1 we have BZ 5 g By AT Z ® Ay and K = 5 & Ky »
o o o a a o
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where Ma ranges over all of the maximal ideals of R. Thus exact se-

guence (1) is the direct sum of the exact sequences:

(2) QO — — ~ K - ),
BMa AMa My
I1f every one of these sequences split, then (1) is also split. Hence

because (2) is an Ry, -sequence, it is sufficient to prove that
o

ExtéM (KM ’BM ) = 0. If we prove that QM is the full ring of quo-
o o o
o

tients of RMa

module, and the theorem will follow from Case I and Theorem 1.7.

; then we see that BM is a torsion, h-divisible RM -
o o

Let M be a maximal ideal of R and let C = {x € Q | sx = 0 for
some 3 € R - M}. Then C is an ideal of Q and we let § = Q/C. Since
Q is a semi-local ring and every prime ideal of Q has rank O and is
maximal in Q, the same is true of 6. Thus 6 is equal to its full
ring of gquotients. TLet I = RN ¢; then T ¢ M, and we let R = R/I,
and M = M/I. We have R < Q, and @ is contained in the full ring of
quotients of R. But since 6 is equal to its full ring of quotients,
it follows that @ is the full ring of quotients of R.

We observe that R = ﬁﬁ and Q = Qﬁ. Because no element of
R - M is a zero divisor in R, we have Qﬁ = Q, and hence Q = Qy is the

full ring of quotients of RM.

Theorem 4.%. Let R gg a l-dimensional Cohen-Macaulay ring.

Then an R-module is divisible if and only if it is h-divisible.

Proof. Of course an h-divisible R-module is divisible, and
hence we must prove the converse.

Case I: R is a local ring.

Let b be a regular element of the maximal ideal of R and let
§ = (™. As in the proof of Theorem 4.2 we then see that Q = Ry .
Let D be a divisible R-module, and let x € D. Let x = X1 and having

found X let x be an element of D such that bxn = X, - Define

+1
where a € R and

n+l

an R-homomorphism £ : @ = D by f(a/b") = CE SR
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n > 0. It is easily verified that f is a well-defined R~homomorphism
and that £(1) = x. Thus D is a homomorphic image of a direct sum of
coples of Q and thus D is an h-divisible R-module.

Case II: (General Case.

Let D be a divisible R-module. Since hdpQ = 1 by Theorem 4.2,
we see that D/h(D) is h-reduced by Theorem 1.9. Thus we can assume
that D is h-reduced, and we shall prove that D = 0. Let T = t(D),

the torsion submodule of D; then by Theorem 4.1, T2 = 8 TM , where

a
Ma ranges over agll of the maximal ideals of R. Since TM is a tor-
o4
sion, divisible R,, -module, T is an h-divisible RM -module by Case
Ma Ma o4

1. But in the proof of Theorem 4.2 we saw that the full ring of gquo-

tients of RM is a homomorphic image of Q, and thus TM is an h-
Q o
divisible R-module. Thus TM = 0 for all Ma’ and hence D is torsion-

a
free. But then D is h-divisible, and therefore D = 0.

Corollary 4.4. Let R be a l-dimensional Cohen-Macaulay ring

with no nilpotent elements other than zero. Then the torsion-sub-

module of every divisible R-module is a direct summand.

Proof. Let Pl""’Pt be the prime ideals of rank O in R. Then

Q= RP ® ... ® R, . Since R has no nonzero nilpotent elements, we
1 “t
have C = Pl n...n Pt‘ From this it follows that RP is a field for
i
i=1,...,t, and thus Q is a semi-simple ring. The theorem is now

an immediate consequence of Theorem 4.3 and Theorem 1.4.

Remarks. Corollary 4.4 and Theorem 4.1 show that in order to
study divisible modules over a l-dimensional Cohen-Macaulay ring with
no nonzero nilpotent elements, it is sufficient to consider the case
when R is a local ring. For if D is a divisible R-module, then
D = t(D) & D/t(D). Now D/t(D) is a Q-module, and Q is a finite
direct sum of fields. Hence D/t(D) is a direct sum of vector spaces

over the fields that are direct summands of @, and hence can be com-

pletely described by the dimensions of these vector spaces over these
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fields. For the torsion part, t(D) = 3 @ T, is a direct sum of
divisible, torsion RMa-modules Ta’ wheie MOL ranges over all of the
maximal ideals M of R. Hence if we know the Ta's and the dimensions
of the vector space components of D/t(D), we shall know D completely.
If R is a 1l-dimensional Cohen-Macaulay ring with nonzero nil-
potent elements, then we can still reduce the study of its torsion
modules to the local case. We shall presently define Artinian R-
modules and observe that they are torsion R-modules, and hence can be
studied locally. For these reasons we shall restrict our attention
in the rest of these notes to local, l-dimensional Cohen-Macaulay
rings. But before we do this we still need some results of a general

nature.

Definitions. An ideal of a commutative ring is said to be ir-
reducible if 1t is not the intersection of two properly larger ideals.

An R-module 1s said to be indecomposable if it is not the direct sum

of two properly smaller submodules.
The proof of the next theorem may be found in [9] and we shall

not prove it here.

Theorem 4.5. Let R be a commutative Noetherian ring. Then:

(1) An injective R-module C is indecomposable if and only if

C = E(R/P), where E(R/P) is the injective envelope of R/P, P a prime

ideal of R.

(2) An ideal T of R is irreducible if and only if I = Annp(x),

where x 1s a nonzero element of an indecomposable injective R-module.

(2) Every injective R-module is a direct sum of indecomposable

injective R-modules.

and R of

RP’ Then E(R/P) is also the injective envelope over RP P

Rp/PRp. Viewing E(R/P) as an R,-module gives rise to a natural iso-

p
morphism between ??P and Homp (E(R/P),E(R/P)).
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(5)

where AnnE(Pn) - {xe & | P’x = 0}. If P is a maximal ideal of R,

‘H
H
o
i_l-
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©
kel
e
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o
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'd
joy
D
=}
=3
il

E(R/P) = U Anng(P%),
n

then AnnE(Pn) is a finitely generated R-module.
(6) If I is an ideal of R, and I = I, n...n I, is an irredun-

dant intersection of irreducible ideals Ij’ then E(R/T)

z E(R/Il) 6 ... & E(R/I ). Furthermore, I is PJ-primary for some

prime ideal Pj and E(R/Ij) = E(R/Pj).

(7) Let R be a complete, Noetherian local ring with maximal

ideal M, and E = E(R/M). If I is an ideal of R, then AnnR(AnnE(I))

= I; and if D is a submodule of E, then AnnE(AnnR(D)) = D.

Definitions: If R is a commutative ring, A an R-module, and &
a set of R-submodules of A, then A 1s said to satisfy the

Ascending Chain Condition (ACC) if for every ascending chain of mod-

ules in 4 : A.1 CAC e TA S ... there is an index Ny such that
An = Ano for all n > Ny This is equivalent to the assertion that
every subset of & has a maximal element with respect to inclusion.
If A has ACC on the set of all of its submodules, then A is sagid to
be a Noetherian R-module. A Noetherian R-module is finitely gen-
erated.

In similar fashion we define the Descending Chain Condition

(DCC) by reversing the inclusion relations. To say that 4 satisfies
DCC is equivalent to asserting that every subset of 4 has a minimal
element with respect to inclusion. If A has DCC on the set of all of
its submodules, then A is said to be an Artinian R-module. An
Artinian module over an integral domain or a l-dimensional Noetherian
Cohen-Macaulay ring is & torsion R-module.

If an R-module is both Artinian and Noetherian, we shall say

that it has finite length {in the classical sense).

The proof of the following theorem is obtained by a trivial

modification of the proofs of [9, Theorem 4.2] and [9, Corollary
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4.2] and shall not be repeated here.

Theorem 4.6. (Duality). ZLet R be a commutative, Noetherian

local ring with maximal ideal M, let R be the completion of R in the

M-adic topology, and let E = E(R/M) be the injective envelope of R/M.

Let A be an R-module. Then A is an Artinian R-module if and only if

HomR(A,E) is a Noetherian R-module. In this case we have:

AZ Hom»(Hom (A,E),E).

In particular A is an Artinian R-module if and only if A is a submod-

— Em——— e si——

ule of o , where Y is a direct sum of n > O copies of E.

Conversely, let B be an %-module. Then B is a Noetherian Remod-

ule if and only if Homp(B,E) is an Artinian R-module. 1In this case,

we have:

B = HomR(Homﬁ(B,E),E).

The next theorem is a generalization of [13%, Cor. 4.2}, and the

proof given here is due to Hamsher [47.

Theorem 4.7. ZLet R be a commutative, quasi-local ring. Then K

is an indecomposable R-module.

Proof. Suppose that K = A/R ® B/R, where A and B are R-submod-

ules of Q containing R and A ¥ Q and B ¥ Q. Let ¢ be a regular ele-

-1

ment and non-unit of R. Then (¢ = + R) = x + y, where x ¢ A/R and

¥y € B/R. Therefore, cx = O = cy, and hence there exist elements r

and t in R such that x = re™* + R and y = te™l 4+ R. But then

-1

-

e - (r+ t)c"" € R, and thus 1 - (r + t) € Rc. Since c is not a

unit and R is a quasi-local ring, it follows that either r or t is a

unit. Without loss of generality we can assume that r is a unit.

But then (c—l + R) = r*lx ¢ A/R. Thus we have shown that if c is a

regular element of R, then either ¢ toe Aorcle B,

Because A # Q and B £ Q, there exist elements ¢ and d in R that
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are regular elements and not units of R such that c'1 € A and

-1 —ld-l

a € B. Now c € AU B, and hence we can assume that

1. c(c"1d~l) € AN B = R, contradicting the fact

c et e A, Thus a”
that d is not a unit of R. Therefore, K is an indecomposable R-mod-

ule.

Theorem 4.8, Let R be a Noetherian domain of Krull dimension 1,

M a maximal ideal of R, and {M ] a collection of maximal ideals of R

different from M. Then Q RM& 8, Ry = Q and hence (g RMJ + Ry = Q.
Proof. If x € §Q, then x = a/b, where a, b € R and b ¥ 0. Since
b is contained in only a finite number of maximal ideals of R, we see
that x ¢ RM for all but a finite number of Ma's. Thus we can define
o

an R-homomorphism ¢ : Q =3 8 K, by ¢o(x) = (x + RM ) for all x € Q.
o Ma a o

It is obvious that Ker ¢ =N RM , and thus we have a monomorphism
o a

o0 —=aq/(N Ry )y -5 @ Ky - By Theorem k.1, K,, is isomorphic to the

o} o a o Ma
Ma-prlmary component of K and hence KM ER RM = 0. Thus we have
(g o KMa) Bp Ry = 0, from which it follows that Q/(Q RMa) B Ry = O.

Therefore, (N ) ® 2 Q. It follows from this that

» ) Pu, ! B R
[N ) + 1. = Q for every maximal ideal N of R, and thus
) )+ Byly ,

(Q RMQ) + Ry = Q.



CHAPTER V
ARTINIAN DIVISIBLE MODULES

Throughout the remainder of these notes R will be a Noetherian,

local, l-dimensional, Cohen-Macaulay ring with maximal ideal M.

Theorem 5.0. The following statements are true.

(1) The R-topology and the M-adic topology on an R-module are

the same.

(2) H is complete and is the completion of R in the M-adic

topology.

(3) H is a complete, Noetherian, local, l-dimensional Cohen-

Macaulay ring with maximal ideal HM.

(4) H is a faithfully flat R-module.

(5) If A is a finitely generated R-module, then H ®, A is the

R

completion of A in the R (or M-adic) topology.

Proof. (1) A regular ideal of R is an M-primary ideal of R,
and hence contains a power of M. It follows easlly from this that
the R-topology and the M-adic topology on an R-module are the same.

(2) If I is a regular ideal of R, then by Theorem 2.5, we have

\

H/HI £ R/I. Thus the completion of H in the R-topology is equal to
the completion of R in the R-~topology; that is, H is complete in the
R-topology. Therefore H is complete in the M-adic topology, and is
the M-gdic completion of R.

(3) Statements (3), (4), and (5) could of course be established
by a reference to general theorems in any standard textbook on
Noetherian rings. However, in the l-dimensional case we are con-
sidering, they follow readily from theorems we have already proved.
Hence for the sake of completeness, we shall sketch the proofs here.
By Corollary 2.5 and Theorem 2.8, H is a commutative, guasi-local
ring with maximal ideal HM. Clearly the (HM)-adic topology on H is

equal to the M-adic topology on H, and thus H is complete in the
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(HM) -adic topology. If b is a regular element of M, then Rb contains
a power of M and hence N (HM)n =N H". But N HL" is a divisible R-
submodule of H, and thu: N (m" : 0. HM is 2 finitely generated
ideal of H, and is generaged by elements bl"”’bk’
Let G{H) be the graded ring of H with respect to HM; that is,

G(H) = 5 e () "/ (M) ™ with multiplication defined in the ob-
vious wg;? if we let Si = by + (HM)Q, then G(H) = (H/HM){Si,...,Eﬁ],
and hence G(H) is a commutative, Noetherian ring. If h is a nonzero
element of H, then there exists an integer n > O such that h € (HM)n

n+l M1 4n G(H), then h is called

but h ¢ (HM) If we let h = h + (HM)
the leading form of h.

If J is a nonzero ideal of H, let g-tm the ideal of G(H) gen-
erated by the leading forms of the nonzero elements of J. Since
G(H) is a Noetherian ring, there is a finite set of elements
hl""’ht in J whose leading forms generate (9 over G(H). Since H
is complete in the (HM)-adic topology and N (HM)n = 0, it is not
hard to show that hl""’ht generate J ove? H. Thus H is a Noether-
ian ring.

Let b be a regular element of M. Since Hb contains a power of
HM, Hb is an HM-primary ideal. It follows from the Krull principal
ideal theorem (18, Ch. III, Theorem 6] that H has Krull dimension 1.
Therefore, H is a complete, local, l-dimensional, Cohen-Macaulay
ring.

(&) and (5). Since hdpQ = 1 by Theorem 4.2, these statements
are true by Corollary 2.6 (3).

Remarks. We shall now recapitulate some of the results of the
earlier chapters as they apply to a local, l-dimensional, Cohen-
Macaulay ring R. As before, @ is the full ring of quotients of R
and K = Q/R. We have hdRQ =1 and hd X = 1. H is the completion of

R
Homp(K,K). H/R is a torsion-free and

nt

R is the R-topology, and H

divisible R-module isomorphic to Ext%(Q,R)-
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Every divisible R-module is h-divisible. If R has no nonzero
nilpotent elements, then the torsion submodule of a divisible R-mod-
ule is a direct summand. If B is an R-module, then h(B) is its
divisible submodule, and B/h(B) is reduced. If B is a torsion R-mod-
ule, then h(B) % X B HomR(K,B). If A is a torsion-free R~
module, then its completion is a cotorsion R-module and is isomorphic
to HomR(K,K By A).

We shall denote the maximal ideal of R by M. An ideal of R is
regular if and only if it is an M~primary ideal. The R-topology and
the M-adic topology on an R-module are the same. H is a complete,
Noetherian, local, l-dimensional, Cohen-Macaulay ring with maximal
ideal HM and H/HM = R/M. H is a falthfully flat R-module. If A is
a finltely generated R-module, then its completion is isomorphic to
H 8, A.

If E = E{R/M) is the injective envelope of R/M over R, then E is

also the injective envelope of H/HM over H. By Theorem 4.5 we have
HomR(E,E) = H. We also have available the duality of Theorem 4.6 be-
tween Noetherian H-modules and Artinian R-modules given by the func-
tor Hme(-,E). An Artinian R-module i1s an Artinian H-module, and the

converse 1s also true. Artinian R-modules are torsion R-modules.

Definitions. 1If A is an R-module and I is an ideal of R we shall

RA = {r e R| ra = 0) and the

annihilator of I in A by Ann,I = {xe a ] Ix = 0}.

define the annihilator of A in R by Ann

Theorem 5.1. Let A be an Artinian R-module. Then A is reduced

if and only if A is finitely generated (l.e., has finite length).

Proof. By the Nakayama Lemma a finitely generated R-module 1is
reduced. Conversely, suppose that A is reduced but not finitely
generated. Since A is Artinian, it contains a submodule B that is
minimal with respect to the property of not being finitely generated.

Because B is reduced, there exists a regular element r € R such that
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B # rB. By the minimality of B we see that rB is finitely generated.
It follows that B/rB is not finitely generated.

Since B/rB is Artinian, we have B/rB c E" for some n > 0 by
Theorem 4.6. Because Rr is an M-primary ideal of R, there exists an

integer k > 0 such that M* ¢ Rr. Thus we have B/rB € Ann nRT

E
< Ann Mk. But Ann Mk is a direct sum of n coples of AnnEMk, and
B B
AnnEMk is a finitely generated R-module by Theorem 4.5. Therefore,
B/rB is finitely generated, and this contradiction proves that A is

finitely generated.

Corollary 5.2. If A is an Artinian module, then A/h(A) is

finitely generated and hence has finite length in the classical

sense. Thus A = h(A) + B, where B is a finitely generated submodule

of A.
Proof. A/n{A) is Artinian and reduced, and hence is finitely

generated by Theorem 5.1.

Theorem 5.3. Let D be a divisible R-module, B a submodule of D,

and C a finitely generated submedule of D. If D = B + C, then

D = B.

Proof. We have D/B = C/(B N C), and hence D/B is both divis~
ible and finitely generated. By the Nakayama Lemma, we see that
D = B.

Theorem 5.4. @iven an exact sequence of R-modules:

Q= A—9>B—0C—=0

then
(1) If A and C are reduced, B is also reduced.

(2) If B is reduced and A is Artinian, then C is reduced.

Proof. If A and C are reduced, then clearly B is reduced.

Hence suppose that B is reduced and that A is Artinian. Then
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HomR(Q,B) = 0 and hence we have an exact sequence:
0 = Homg (Q,C) — ExtH(Q,A).

By Theorem 5.1, A has finite length, and thus Ext%(Q,A) is a torsion
module. On the other hand Ext%(Q,A) is torsion-free and divisible.
Thus Exté(Q,A) = 0, and by the preceding exact sequence this implies
that HomR(Q,C) = 0. Hence C has no nonzero h-divisible submodules,

and thus C is reduced.

Definitions. We will say that an R-module is a simple divisible

module if it is a nonzero torsion, divisible module that has no
proper nonzero divisible submodules.
We will say that a torsion divisible R-module D has a composi-

tion series of divisible modules if it has a chain of divisible sub-

modules:
OzDOCchDQC...CDn=D,

such that Di/D is a simple divisible R-module for i = 1,...,n.

i-1
The next theorem shows that the property of having a composition
series of divisible modules 1s confined to the class of Artinisn
divisible modules. More surprisingly it also shows that either the
ACC or the DCC on divisible submodules is separately equivalent to

the apparently stronger condition of being Artinian.

Definition. We shall let K" denote a direct sum of n copies of

K. A similar statement holds for D,

Theorem 5.5. If D 1s a torsion divisible module, then the fol-

lowing statements are equivalent:

(1) D has both DCC and ACC on divisible submodules.

(2) D has a composition series of divisible modules.

(3) D is a homomorphic image of K" for some n > O.
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(4)
(5)
(6)
(7
Proof. (4) <=> (5). This equivalence has already been stated

Eg a submodule 9£ En for some n > O.

is an Artinian module.

has ACC on divisible submodules.

O 9 w o

has DCC on divisible submodules.

in Theorem 4.6.
(1) => (2). Since D has DCC on divisible submodules, D has a

gimple divisible submodule D Clearly D/D1 has DCC on divisible

1
submodules and thus has a simple divisible submodule DE/Dl‘ Now Dy
is a divisible submodule of D and we may proceed with D/D2. Since D
has ACC on divisible submodules, the process stops in a finite number
of steps with a composition series of divisible submodules of D.

(2) => (3). Let 0 = Dy Dy € ... €D =D be a composition
series of divisible submodules of D. By Corollary 1.3,
HomR(K,Dl) # 03 and since D, is a simple divisible module, every
nonzero element of HomR(K,Dl) is an epimorphism. Suppose that for a
given 1 > O we have found an epimorphism gi:Ki —»Di. Choose
X € Di+l - Di’ and by Corollary 1.3 an R-homomorphism f:K —'Di+l such
that x € £f{(X). Then Dyyp =Dy + f(K), and using g, and f we can ob~

141

tain an epimorphism g : X D Hence by inductlion there is an
i+1

i+1°
epimorphism g, on K™ onto Dn = D.

(3) => (5). 1If we define M"Y = {q € @ | qM c R}, then there is

1

a regular element b € R such that bM™" < R. Hence M I/R is a finitely

generated submodule of K. It is easy to see that K is an essential
extension of M'l/R and thus K < E(M-I/R), the inJjective envelope of
M 1/R. Since M"1/R is finitely generated, E(M 1/R) is a finite
direct sum of copies of E by Theorem 4.5. Therefore, K (and hence
also Kn) is contained in a finite direct sum of copies of E. Thus

n

X' is Artinian by Theorem 4.6, and hence every homomorphic image of

n

K" is also Artinian.

(5) => (6). By Theorem 4.6 we have D € E? for some n > 0. Let
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D1 CDyC .vr © Dm < ... be a chain of divisible submodules of D.
Then HomR(K,Dl) c HomR(K,DQ) c ... C HomR(K,Dm) C ... is a chain of
H-submodules of HomR(K,En) by Theorem 2.7. But K is an Artinian
R-module by the proof of (3) ==> (5}, and hence HomR(K,En) is a Noe-
therian H-module by Theorem 4.6. Thus there is an index My such that
HomR(K,Dm) = HomR(K,DmO) for all m » m,. Therefore D = Dmo for all
m > My by Corollary 1.3, proving that D has ACC on divisible submod-
ules.

(6) => (1). Since D has ACC on divisible submodules, there is
a maximal Artinian divisible submodule A of D. If x ¢ D, then by
Corollary 1.3 there is an R-homomorphism f:K — D such that x € £(X).
Since K is Artinian by (3) => (5), we see that A + £(K) is Artinian,
and hence f(K) < A. Therefore, A = D.

(5) => (7). This is a trivial implication.

(7) => (5). 1t is a consequence of (3) ==> (5) and Corollary
1.2 that every torsion, divisible R-module is a sum of Artinian
divisible R-modules. We assert that since D has DCC on divisible
submodules, there is an Artinian divisible submodule B of D such that
if A is any submodule of D satisfying AN B = O, then A is reduced.
Suppose that this assertion is false and choose a nonzero Artinian

divisible submodule B, of D. Then there is a submodule Al of D such

1
that Ay n B; = 0 and A, 1s not reduced. Choose a nonzero Artinian
divisible submodule By of’ Ay. Then By & B, i1s a nonzero Artinian
divisible submodule of D. Continuing in this way we see that we can
construct a divisible submodule of D that is an infinite direct sum.
This contradicts the fact that D has DCC on divisible submodules, and
hence we have established the existence of a submodule B of D with
the desired properties.

We denote the injective envelopes of B and D by E(B) and E(D),

respectively; and we can assume that E(B) is a direct summand of

E(D). Thus there is a submodule ¢ of E(D) such that E(D) = E(B) & C.
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If we let A= DN C, then AN B = 0, and hence A 1s reduced. Since
D/A is isomorphic to a submodule of E(B), and E(B) is Artinian by
Theorem 4.6, we see that D/A is an Artinian divisible module.

Since D is a sum of Artinian divisible R-modules as we have re-
marked, it is sufficient to prove that D has ACC on Artinian divisible
submodules in order to prove that D 1s Artinian. Let
Dl c D2 < ... C Dn < ... be an ascending chain of Artinian divisible
submodules of D. Since (D; + A)/A = Di/(Di N A) is divisible we see
that {(Di + A)/A} is an ascending chain of Artinian divisible sub-
modules of D/A. However, D/A is Artinian and hence has ACC on divis-
ible submodules by (5) ==> (6). Hence there is an integer ny such
that Dn + A = Dno
ately that D, = Dno + (Dn N A) for all n > ny- Therefore,

+ A for all n > Ngye From this 1t follows immedi-

Dn/DnO = (p, n A)/(Dno N A). Since D, N A is Artinian and reduced,

(D, N A)/(D, N A) is also reduced by Theorem 5.4, Hence D_/D_ 1is
ny n’ “n,
both divisible and reduced, and we have D = D  for all n > n,.
0
Thus D is an Artinian module.

Corcllary 5.6. If a torsion divisible R-module D has a reduced

submodule A such that D/A is Artinian, then D is Artinian.

Proof. This assertlon was proved as part of proving that

{(7) => (5) in the preceding theorem.

Corollary 5.7. Let D be a torsion divisible R-module. Then D

1s a simple dlvisible R-module if and only if every proper R-submod-

ule of D is finitely generated. In this case D is an Artinian R-

module,

Proof. If D is & simple divisible R-module, then D satisfies
DCC on divisible submodules in a trivial way, and hence D is Artinian
by Theorem 5.5. Since a proper submodule of D is reduced, it is

finitely generated by Theorem 5.1.
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Definition. We shall say that two R-modules are equivalent if
each is a homomorphic imasge of the other.

This is clearly an equiv-
alence relation on the class of R-modules.

If A and B are equivalent
R-modules, we shall denote this by A~ B, and we shall denote the
class of R-modules equivalent to A by [Al].

e

Lemma 5.8.

|

If A is an Artinian divisible R-module and B is a
reduced submodule of A, then A/B is equivalent to A.

simple divisible module equivalent to A.
Proof.

Thus if A is
simple divisible R-module, every nonzero homomorphic image of A ls

Let D = A/B;
(*)

then we have an exact sequence:
0 — Homg(D,B) — Homg(D,A) — Homg(D,D) — Extj(D,B)

By Theorem 5.1, B has finite length, and thus Ext%(D,B) has a regular
annihilator.

1

ExtR

Let r € R be a regular element of the annihilator of
(D,B), let I be the identity mapping on D, and let 7:A — D be
the canonical homomorphism.

Then by exact sequence (*) we see that
there exists g ¢ Homp(D,A) such that 7g = rI. Thus 7g 1s an epi-
morphism. It follows that A = B + g(D). Since B is finitely gen-
erated we have A = g(D) by Theorem 5.3, and hence g is an epimor-
phism. Therefore, we have proved that A is equivalent to D.

If Ais a simple divisible R-module, then A is Artinlan by Cor-

ollary 5.7, and the second statement of the Lemma follows from the
first and Corollary 5.7.
Lemma 5.9.

Let A be an R-module and B © C submodules of A such
that C/B is a simple divisible R-module.

Proof.

~

If § 1s a submodule of A
such that SN C is Artinian and reduced, then (S + €)/(S + B) is a
simple divisible R-module equivalent to C/B.
Since Bc (8 + B) N ¢ and (S + €)/(S + B)
C/((S + B) N C), we see that (S + C)/(S + B) is a homomorphic image

of C/B and is either O or a simple divisible module equivalent to C/B
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according to Lemma 5.8. Therefore it is sufficient to assume that
S+C =25+ B and arrive at a contradiction. But in this case we
have ¢ = B+ (SN C), and hence C/B= (SN ¢)/(SN B). Since SN C
is finitely generated by Theorem 5.1, and C/B is a nonzero divisible

module, we have our desired contradiction.

Definition. If A is an Artinian divisible R-module, we shall
say that two composition series of divisible submodules of A are
equivalent if there is a one-to-one correspondence between the sets of
factor modules of the two series such that corresponding factor mod-
ules are eguivalent. Of course equivalent composition series then
have the same number of terms in thelr seriles.

Given two descending chains of submodules of A, we shall say
that one of the chains is a refinement of the other if it contains

every term of the other chalin somewhere in its sequence.

Theorem 5.10 (A Jordan-H8lder type of Theorem). Let A be an
Artinian divisible R-module. Then

(1) A has a composition series of divisible R-modules.

{2) Any two composition series for A are equivalent.

(3) Any chain of divisible submodules of A can be refined to a

composition series.

Proof. (1) This is part of Theorem 5.5.

{(2) Let O = Ay © Al < ... C An = A be & composition series of
divisible submodules of A, and let B be a simple divisible submodule
of A. There is an integer i such that B ¢ A;, but B Z A; 5+ Because

of an obvious induction argument it is sufficient to prove that
CCcBC B+ Al < ... B+ Aj 1 © Aj, 1 - €< An = A

is a composition series of divisible submodules of A equivalent to

the given series in order to complete the proof of {(2).
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c v .

Now Ai~1 £ B + Ai-l < Ai’ and B + Ai-l is a divisible submodule
of Ai‘ Since Ai/Ai-l is a simple divisible R-module, there are no
divisible modules properly between Ai-l and Ai' Therefore,

B+ A; ;= A; and hence A;/A; = (B+ Ay ;)/A 1 = B/(BN A 4) is
equivalent to B by Lemma 5.8. On the other hand for jJ <i - 1we see
that (B + Aj)/(B + Aj_l) is equivalent to AJ/AJ“:L by Lemma 5.9 and we
have proved our assertion.

(3) This 1s an immediate consequence of Theorem 5.5.

Definition. 1If A is an Artinian R-module, then according to
Theorem 5.10 every composition series of divisible submodules of h(A)
has the same number of terms. Thus we can unambiguously define
L(A) to be the number of terms in a composition series of divisible
submodules of h(A). It can be immediately seen that L(A) = O if and

only if A is reduced.

Theorem 5,11. Let 0O - A~ B —+(C —0 be an exact sequence of

Artinian R-modules. Then:

L(B) = L(A) + L(C).

B/A and that #:B — C is the

I

Proof. We shall assume that C
canonical map. By Corollary 5.2, B = h({(B) + Bl’ where B1 is a
finitely generated R-module. We then have C = 7(h(B)) + W(Bl), and
it follows easily from Theorem 5.3 that 7h(B) = h(C). Thus we have

an exact sequence
0 —=nh(B) N A~ h(B) =»h(C) —0.

Now L(B) = L{h(B)) and L(C) = L(h(C)); and since h(A) < h({(B) N A we
have L{h(B) N A) = L{A). Thus without loss of generality we can as-
sume that B is a divisible R-module.

Now we have an exact sequence:
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0 — A/h(A) = B/n(A) = C — O.

Since A/h(A) is reduced, we have L(A/h(A)) = O. It is an immediate
consequence of Theorem 5.10 that because h(A) is divisible we have
L(B/h{A)} = L(B) - L(h{A)) = L(B) -~ L(A). Thus without loss of gen-
erality, we can assume that A 1s reduced. It then follows from Lemma
5.9 that the image under 7 of a composition series of divisible sub-
modules of B is a composition series of divisible submodules of C.

We then have L(B) = L(C) = L(C) + L(A), since L(A) = O.

Corollary 5.12. If A and B are equivalent Artinian R-modules,

then L(A) = L(B).

Proof. Since B is a homomorphic image of A, we have
L(B) < L(A); and since A is a homomorphic image of B we have
L(A) < L(B).

Corollary 5.13. If A and B are Artinian divisible R-modules,

then A and B are equivalent if and only if there exists a homomor-

phism of A onte B such that Ker f is reduced.

Proof. 1If such & homomorphism exists, then A and B are equiv-~
alent by Lemma 5.8. On the other hand, if A and B are equivalent,

we have an exact sequence:

O—Ker f—ALB=—o0.

By Thecrem 5.11 we have L{A} = L(B) + L(Ker f}, and by Corollary 5.12

we have L(A) = L(B). Thus L(Ker f) = O, and hence Ker f is reduced.

Corollary 5.14. If A and B are equivalent Artinian divisible

R-modules, then A and B have equivalent composition series.

Proof. Corollary 5.13 and Lemma 5.9.

Remarks. The converse of Corollary 5.14 is not true in general.

We shall prove in a later theorem that the converse of Corollary 5.1
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is true if and only if the integral closure of R in Q is a finitely

generated R-module.

Theorem 5.15. Let f € Homp(K,K) and let Ker f = C/R. Then the

followling statements are egquivaglent:

(1) f is an epimorphism

(2) C is a finitely generated R-module.

(e) CZ= R.

ik}
nt

Thus if B is an R-submodule of Q, then Q/B = K if and only if B = R.

I

Proof. (1) <=> (2). Since L(Ker f) = L(K) -~ L(f(X)), we see
that Ker £ is reduced if and only if f is an epimorphism. But K is
Artinian by Theorem 5.% and hence by Theorem 5.1, Ker f 1s reduced
if and only if Ker f isg finitely generated.

{2) => (3). Since Ker f = C/R, we have f(X) = Q/C. But
f{K) = K by (2) => (1); and since Q/C is a torsion R-module we have
Q/C = K 8y C by Theorem 1.1. Thus K = K 8; C, and hence
HZ HomR(K,K) = HomR(K,K B C). Therefore the completion of C is
isomorphic to H by Theorem 2.2. Since (¢ is isomorphic to a regular
ideal of R, the completion of C is isomorphic to H ®R C by Theorem
2.8, Thus HZ H @R C, and by Corollary 2.6, C is a projective R-mod-
ule. However, R is a local ring, and thus projective R-modules are
free. Since C is an R-submodule of Q, it is an indecomposable R-
module. Thus we have C % R,

(3) => (2). This implication is trivial.

Suppose that B is an R-submodule of @ such that Q/B = K. With-
out loss of generality we can assume that R < B. Thus we have an
epimorphism of X onto Q/B with kernel B/R, and hence an epimorphism
of X onto K with kernel B/R. By (1) ==> (3) we see that B £ R. Con-
versely, if B = R, then it can be immediately seen that Q/B = K.

Theorem 5.16. If A is a nonzero Artinian R-module, then A does

not contain a proper submodule isomorphlc to itself. Thus every
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Proof. Suppose that B is a proper submodule of A and that f 1s
an isomorphism of A onto B. Now h(B) ¢ h(A), and L(h(B)) = L(B)
= L(A) = L(h(A)). Thus we have h(B) = h{A), and £(h(A)) = h(B)
= h(A). Hence f induces an isomorphism of A/h(A) onto a proper sub-
module of itself, namely B/h({(A). Therefore, by Corollary 5.2 we can
assume without loss of generality that A has finite length in the
classical sense.

We shall let X (A) denote the length of a composition series of
A whose factors are ordinary simple R-modules isomorphic to R/M. We
then have X(A) = X£(B) + X(A/B). But Z(A) = X(B), since A and B
are isomorphic. Hence Z(A/B) = O, showing that B = A. This con-

tradiction proves that A cannot be isomorphic to B.

Remarks. The dual assertion to Theorem 5.16 is false in general.
That is, there do exist isomorphisms of Artinian modules onto proper
factor modules of themselves. As an example, we may let A = K. Let
¢ be regular element of R that is not a unit in R and define
B = Rc-l/R. Then A/B is a proper factor module of A that is isomor-
phic to A.

Theorem 5.17. Let A be a torsion divisible R-module. Then A Eg

a sum of Artinian divisible R-modules.

Proof. This is an immediate consequence of Theorem 5.5 and

Corollary 1.3.



CHAPTER VI

STRONGLY UNRAMIFIED RING EXTENSIONS

Throughout this chapter R will be a Noetherian, local, l-dimen-

sional, Cohen-Macaulay ring with maximal ideal M.

Definition. If A is a commutative ring extension of R, we shall

say that A is strongly unramified over R if AM is a regular ideal of

e

A, AM contains every regular ideal of A, and A/AM = R/M. Of course,
AM is then a maximal ideal of A, AMN R =M, and AM + R = A. Ve
note that A need not be a guasi-local ring. It is clear, however,
that if A is strongly unramified over R, then A(AM) is an unramified

extension of R in the usual sense.

Theorem 6.0. H is a compatible ring extension of R and is

strongly unramified over R. There is a one-to-one correspondence be-

of regulsr (i.e. HM-primary) ideals J of H given by HI = J and

JAR=1I. Thus HI N R =1 and J = H(J N R); moreover, H/HI = R/I
and (HI)/I is torsion-free and divisible.

Proof. Since R is a reduced R-module, we see from Corollary
2.5 that H is a torsion-free R-module and that H/R is a divisible
R-module. Let J be a regular ideal of H. By Theorem £.0, H is a
local, l-dimensional Cohen-Macaulay ring with maximal ideal HM. It
follows that J is an HM-primary ideal of H and hence there exists an
integer n > O such that (HM)" € J. Hence M" c (EHM)" N Rc J N R;
and thus J N R 1s a regular ideal of R. Therefore, H is a compatible
ring extension of R. By Theorem 2.8, H/HM £ R/M, and so H is
strongly unramified over R. The one-to-one correspondence of the
theorem, and the remaining statements now follow directly from what
has already been proved and Theorem 2.8.

The next theorem shows that there are many other compatible,
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strongly unramified extensions of R; and these play a big role in

the theory of Artinian divisible R-modules.

Theorem 6.1. Let A be an R-module such that R < A ; Q. {(We do

not assume in advance that A is a ring extension of R). Then the

following statements are equivalent:

(1) A/R is a divisible R-module.

(2) A is a compatible ring extension of R.

(3) A is a strongly unramified ring extension of R.

If A is a strongly unramified ring extension of R, then all of the

statements of Theorem %.6 are true for R. Of particular importance

are the following:

(a) If S is an R-module such that Ac S < Q, then S is an A-

module.

(b) A finitely generated torsion A-module has finite length

as an R-module, and the same finite length over A.

(¢) If J is a regular ideal of A, then J < AM, A = J + R,

A/T =2 R/(JN R), and T = A(J N R).

(d) If R is an integral domain, then A is a Noetherian local

domain of Krull dimension 1.

Proof. The equivalence of (1) and (2) and the implication
(2) => (3) as well as the statements at the end of the theorem are
given by Corollary 2.5 and Theorem 3.6.

(3) => (1}. If b is a regular element of M, then there is an
integer n > O such that M' ¢ Rb. Since A = AM + R, we have
M(A/R) = A/R from which it follows that b(A/R) = A/R. Hence A/R is

a divisible R~module.

Remarks. We can not overemphasize the importance of the state-
ment in Theorem 6.1 that if R is a Noetherian local domain of Krull
dimension 1, and A is a strongly unramified ring extension of R in

Q, then A is also a Noetherian local domain of Krull dimension 1.
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This fact greatly simplifies the proofs of theorems about local
l-dimensional domains and explains the difference between Corollary
6.2 and Theorem 6.9.

With the aid of Theorem 6.1 we shall give a short direct proof
of the Theorem of Krull-Akizuki. (For a different proof, see [17,

Theorem 33.2].

Corollary 6.2. (Theorem of Krull-Akizuki). Let R be a

Noetherian domain of Krull dimension 1 with quotient field @, let L

be a finite algebraic field extension of Q, and let T be a ring (not

a field) such that R< T < L. Then T is a Noetherian domain of Krull

dimension 1; and if J is a nonzero ideal of T, then T/J is a module

of finite length over R. lf.R is a local domain then T is a semi~

local domain.

Proof. By taking a finite integral extension of R we may assume
that L. = Q. To prove the theorem it is sufficient to prove that if
J is a nonzero ideal of T, then T/J is a module of finite length over
R, Let I =J0N Ry then I is a nonzerc ideal of R, and hence I is
contained in only a finite number of maximal ideals of R. Thus
JM = TM for all but a finite number of maximal ideals M of R. By
Theorem 4.1, T/J % 5 & TM/JM, where M ranges over all maximal ideals
of R. As we have just seen, this sum has only finitely many terms
and thus it is sufficlent to prove that TM/JM has finite length over
RM' Thus we may assume that R is a local domain.

Let A/R = h{T/R); then by Theorem 6.1, A is a strongly unram-
ified extension of R and T/J has finite length over R if and only if
it has finite length over A. Hence we may assume that R = A. Thus
T/R is a reduced R-submodule of K. Since K is an Artinian R-module
by Theorem 5.5, we see that T/R has finite length by Theorem 5.1.

It follows that T/{(J N R) has finite length. Because T/J is an R-

homomorphic image of T/(J N R), we see that T/J is a module of finite
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length over R.

Theorem 6.3. (Independence of strongly unramified extensions).

Assume that R is a Noetherian local domain of Krull dimension 1. Let

Al""’An be strongly unramified extensions of R in Q, Ni the maxi-

mal ideal g£ Ai’ S = Al n...nNn An and Mi = Ni n s. ££ Ai + AJ = @
for 1 # j, then:

(1) Ml""’Mn are the only maximel ideals of S; they are all

distinct and S = A, .
—_— M1 i

() Q/s=Q/A; ® ... & Q/Ay and A, + Q Ay =

Proof. Let T = AN ... n A, and P = NJ N T for §J > 2. Then
by induction on n, the Pj's are the only maximal ideals of T, and
we have TPJ = Aj and Q/T = Q/A2 & ... ® Q/An. By Theorem 3.6 we have
A1 + T = AlT’ and thus A1 + T is a ring. In fact Al + T = Q. For
suppose that this is not the case. Then by localizing Al + T at a
maximal i1deal we obtain a l-dimensional local ring U that contains
both Al and T. Let N be the maximal ideal of U and P= NN T. Then
P is a maximal ideal of T by Corollary 6.2, and hence P = Pj for some
J>2. But then A, =T

2 3 Pj

tradiction shows that A1 + T=Q. Now S = A1 N T, and thus

< U, and thus Q = A1 + Aj C U. This con-

Q/8 = (T + Ay)/S = T/ & A)/8 = (T + A)/A) & (T + A))/T = Q/A
QT = Q/A1 ) Q/AQ 6 ... ® Q/An. Thus we have proved statement (2)
By Corollary 6.2, S is a Noetherian semi-local domain of Krull
dimension 1, and thus each Mi 1s a maximal ideal of S. We have
Q/le E (Q/s)Ml = (Q/Al)Ml ... 8 (Q/An)Ml. However, Q/S, 1s an
indecomposable SMl~module by Theorem 4.7 and (Q/Al M = (Q/Al)
Therefore, we have (AJ)MI = Q for agll }j > 2. This shows that
Ml & Nj for § > 2, and hence Ml # Mj for j > 2. Thus we have proved
that the Mi's are all distinct.

Since SM o Ai for all 1 = 1,...,n, we have

i
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S c SM1 n...nN SMn C Aq n...n An = 8. Therefore
S = SM n...n SMn. If P is a maximal ideal of S different from
1
1 m =
the M, 's then (le n...n sMn)P = Q by Theorem 4.8. But then Sp=Q
and this contradiction shows that the Mi's are the only maximal
ideals of S.
We have S, + (S, N ... N 8, ) = Q by Theorem 4.8. Thus if
M M5 M
x € Ay, we have X = y + z, where y ¢ SMl and z € (SMg n...nNn SMn).
Thus 2z = X ~ ¥ € (Al + SMl) = Ay, and hence
Z € Al n sM2 n...n SMn e A1 n...n An = S. Therefore,
X € 8 4+ 8 = 8§, , and we have shown that A, = 5,, . By similar ar-
M1 M1 1 M1
guments we have Ay = Sy for all 1 = 1,...,n.
i
Remarks. The necessity of the condition Q = A; + AJ for i £ j
in Theorem 6.3 is demonstrated by the fact that if A) + ... + A # Q,
then S = Ay n...n Ay is a local ring. The similarity of Theorem

6.3 with an analogous theorem concerning independent valuation rings
[17, Theorem 11.18] will of course not go unnoticed by the careful

reader.

Theorem 6.4. Let S be a ring extension of R in Q (S # Q), let

B/R = h(S/R), and let H(S) be the completion of S in the S-topology.

Then we ha ve an exact sequence:

0 — Homg (K,B/R) — H g H(S) = S/B—0

where ¢ 1s a ring homomorphism. Furthermore, 3/B has finlite length

as an R-module. Therefore H(S) is a finitely generated H-module,

and hence is a complete, semi~local, Noetherian, l-dimensional

Cohen-Macaulay ring.

Proof. It is clear that HomR(K,B/R) = HomR(K,S/R).‘ We have an

exact sequence:

Exty(K,B/R) — Exty(K,S/R) — Extk(K,S/B) — Exto(K,B/R).
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Because hdRK = 1, the end terms of this sequence are O, and thus
Ext%(K,S/R) = Ext%(K,S/B). Now S/B is a reduced, Artinian R-module
and hence has finite length by Theorem 5.1. Therefore,

Ext%(K,S/B) = S/B by Theorem 1.1. The theorem now follows immediate-

ly from Theorem 2.G.

Lemma 6.5. If I is an ideal of H, then H/I is a torsion-free

Proof. Suppose that I = Jl n...n Jt is a normal decomposition
of T iIn H, where Ji is Pi-primary and Pi is a prime ideal of rank O
in H. If H/I is not a torsion-free R-module, there exists he€ H - T
and r regular in R such that rh € I. But there exists an index 1
such that h ¢ Ji’ and hence rh € Ji implies that r € Pi' However,
Pi N R has no regular elements, and this contradiction proves that
H/I is a torsion-free R-module.

Conversely, suppose that H/I is a torsion-free R-module. If I
18 not unmixed of rank O in H, then HM belongs to I; and hence
there exists h € H - I such that HMh < I. But then Mh c I, and H/I
is not torsion-free over R. This contradiction proves that T is un-

mixed of rank O in H.

Definition. If T is an unmixed ideal of rank O in H, then H/I
is a torsion-free R-module by Lemma 6.5, and hence by Theorem 1.1 we
have a canonical monomorphism: K ®R I —-K @R H. By Theorem 2.7
we can identify K &R H with K, and from now on we shall consistently
identify X @R I with its image in K. Thus if x € X and f ¢ I, we
shall identify x ® f with f(x).

Theorem 6.6. There is a one-to-one, order preserving, corres-

pondence between the set of unmixed ideals {1} of rank O in H and

the set of proper divisible submodules {B/R) of K given by

B/R = K By I and I = Homp(X,B/R).
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If I and B/R correspond, then:

(1) B is a strongly unramified ring extension of R.

(2) H/I 1s isomorphic as a ring to H(B), the completion of B.

(3) AnnHQ/B =1
(4) X ®; H/T = Q/B and Homg(K,Q/B)

H/I.

(5) Let 4 be the divisible submodule of B and Q(I) the full

ring of quotients of H/I. Then Q/¢ is the full ring of quotients

of B/&, /8 < q(1), and (H/I) N Q/4 = B/AY . Furthermore, H/I
is the completion of B/& .

Proof. Let B/R be a proper divisible submodule of K, and let
I-= HomR(K,B/R). Since H = HomR(K,K) it is clear that I is a proper
ideal of H. By Corollary 1.2, we have X @R I = B/R. It follows
from Theorem 6.1 that B is a strongly unramified ring extension of

R. By Theorem 6.4, we have an exact sequence:
©
O0~1—=H=H(B) =0

and thus H/I is isomorphic as a ring to H(B). Since H(B) is a tor-
sion-free R-module, we see that I is an unmixed ideal of rank O in
H by Lemma 6.5,

By Corollary 2.5, we have an exact sequence:
0= /& — B = H(B) —*Ext%(Q,B) —~0

where & 1is the divisible submodule of B. It follows from this that
K 8 B =K 8 H(B). Now K By B = Q/B by Theorem 1.1, since Q/B is

a torsion R-module. Hence we have Q/B = X B H(B) = K B H/I. Since
H/I is complete in the B-topology, it is complete in the R-topology
by Theorem 2.2. Thus by Theorem 2.2 we have

H/T = Homp (K, K 8y H/I) = Hom, (K,Q/B) .

18]

Because H/I = Hom,(K,Q/B), we have Anng(Q/B) © I. On the other
hand we have Q/B = K ®; H/I, and thus I < Ann,(Q/B). Therefore,

Anng(Q/B) = 1.
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Let B = B/& and @ = Q/©. Now & is an ideal of Q, and Q is
a semi-local Noetherian ring of Krull dimension 0. Thus every regu-
lar element of @ is invertible in Q. Hence by Theorem 2.11, Q is the
full ring of quotients of B. We also have by Theorem 2.11 that H(B)
is the completion of B in the B-topology. Since H(B) = H/I, we have
an imbedding B < H/I < Q(I). This gives rise to an imbedding
Q © Q(I) under which we have B ¢ (H/I) N @ = B,. Now Bl/g ig a ‘tor-
sion-free B-module because it is contained in H(EB)/B = (H/I)/B. On
the other hand Bl/ﬁ is a torsion B-module because it is contained in
§/B. Thus Bl/ﬁ = 0, and hence B = (H/I) N G.

The only thing remaining to be proved is that if we start with
an unmixed ideal I of rank O in H, then I = Homp(K,K 8, I). Let
J = HomR(K,K B I); then by Theorem 2.2, I ¢ J and J/I is a torsion-
free and divisible R-module. Hence (HM)(J/I) = J/I. But J is an
ideal of H, and thus J/I is a finitely generated H-module. Since H
is a local ring with maximal ideal HM, we see by the Nakayama Lemma

that J/I = 0, and hence J = I.

Kk be a finite set 9£ unmixed ideals

of rank O in H. Then X 8 ( 1 I4) = h( N (K 8y I0)-

Corollary 6.7. Let Iq,e0051

3)) = Homp (K, N (X ®p 1))

= HomR(K,K L Ij)' By Theorem 6.6 we see that

Proof. We have Homp(K,h( 9 (K &, I

G

HomR(K,K @R Ij) = [ Ij3 and hence by the same theoren,

i)

f
K@R(rajx =h(f;(K®RI

3
Remarks. 8ince H is a compatlible ring extension of R,

an H-module is torsion, or divisible, or complete over H if and only

if the same is true over R. By Theorem 3.1, H &R Q is the full ring

of quotients of H, and since H &R K % K by Theorem 2.7, we see that

(H LN Q)/H = K. By Theorem 2.10 there is a one-to-one correspondence

between the set of rings B between R and Q and the set of rings Q be-

tween H and H 8 Q given by 0 = H ®r Band B= 00N Q. We have
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IR

B/R = (H 8 B)/H and @/B = (H ®; Q)/(H 8 B). It is also true that

BC H®, Band that H 8; B = HB = H + B. Furthermore, (H ®; B)/B is

torsion-free and divisible.

Theorem 6.8. (1) There is a one-to-one correspondence between

the set of ideals «9 of H By Q and set of the unmixed ideals I of
rank O in H given by & N H =T and QT = 4.

(2) There is a one-to-one correspondence between the set of

strongly unramified ring extensions O of H In H ®R Q and the set of
ideals & of H 8, Q given by @ = H+ & and & = d(Q), the divisible

submodule 9£ Q.

(3) There is a one-to-one correspondence between the set of

ring extensions B of R in Q and the set of ring extensions Q of H in

H @R Q given by 0 = H @R Band B= 0N Q. B is strongly unramified

over R if and only if H &R B is strongly unramified over H.

(4) If B and 0 = H ®; B are corresponding strongly unramified

ring extensions of R in Q and H in H @R Q, respectively, then

a() N H =1 is the unmixed ideal of rank O in H corresponding to B

by Theorem 6.6. Furthermore 0/d(Q) = H/T is the completion of both

B and O in their respective topologles.

Proof. (1) H is a l-dimensional, local, Cohen-Macaulay ring.
. n
Let »,,...,P_ be the rank O prime ideals of Hand « =H - U P..

1 n o1 1
Then:f is the set of regular elements of H, and hence gj = H @R Q.
There igs clearly a one~-to-one correspondence between the set of ideals
& of Hy and the set of unmixed ideals I of rank O in H given by
,QﬂHclande = 0. But I, = HyI = QHI = QI.

(2) Let O be a strongly unramified ring extension of H in

H 8; Q, and let &

da(q). Then & 1is a torsion-free and divisible
H~module, and hence is an H @R Q-module; that is & 1is an ideal of

H 8 Q. Suppose that 0 # H + 8. Let H1=(H+,@)/,(9 and
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Q = (H ey Q)/&. Then H, = H/(# N H) is a complete, l-dimensional
local, Cohen-Macaulay ring and Ql is its full ring of quotients.

Let Ql = 0/&; then H) <0
see that 0,/H, = n/{H + & ) is a homomorphic image of 01/H, and thus

c Ql and Ql is a reduced Hl-module. We

is a nonzero divisible H,-module. Hence Homy (Ql’Ql/Hl) # 0. How-
1

ever, we have an exact sequence:
1
HomHI(Ql,Ql) - Homﬁl(Ql,Ql/Hl) - ExtHl(Ql,Hl)

The end terms of this sequence are 0, since Ql is reduced and Hl is

a complete ring. Therefore HomHI(Ql,Ql/Hl) = 0. This contradiction
shows that Q = H + &,

On the other hand if & is an ideal of H @ Q, then & is a
divisible H-module and (H + £ )/ = B/(H N0 Q) 1s reduced. Thus
& 1is the divisible submodule of H + «0. Since (H +&)/HES/(H N &)
is & divisible H-module, H + & 1is a strongly unramified extension
of Hin H @R Q.

{(3) This statement has been proved in Theorem 2.10.

(4) Let B be a strongly unramified ring extension of R in Q and
let @ = H @; B, and I = d(Q) N H. By (2) we have 0 = H + d(n), and

hence O/H = 4(0)/I. Since d(n) is a torsion-free and divisible R-

module, we see that K @, I & Tor’;(x,d(a}/x) 2 £{a()/1) = a(n)/1.

By (3) we have B/R = 0/H = d(Q)/I, and therefore K 8, I = B/R. It

follows from Thecorem 6.6 that I is the unmixed ideal of rank O in H
corresponding to B. By Theorem 6.6, H/I is the completion of B. Now
0/d(0) = (H + d(q))/d(Q) & H/I, and hence H/I is the completlon of 0.

Remgrks. Thecrem 6.8 shows that every proper divisible submod-
ule of K is of the form QI/I, where I is an unmixed ideal of rank O
in H.

The next theorem is s generalization of the Thecrem of Krull-
Akiyuki. It shows that some of the strongly unramified extensions of

R in Q may not be Noetherisn. A different proof of this theorem may
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be found in [4, Prop. 6.4.131. I am grateful to Mrs. Judy Sally for

drawing it to my attention.

Theorem 6.9. Let R be a 1~dimensional, local, Cohen-Macaulay

ring. Then every ring between R and Q 1s Noetherian if and only 1if R

" S ——— et ettt MMt .

has no nongzero nilpotent elements.

Proof. Suppose that R has a nonzero nilpotent element c¢c. With-
out loss of generality we can assume that 02 = 0., Let b be a regular
element of M, the maximal 1deal of R, and let Sn = R + R ¢/b® for
alln > 0. Then Sn is a ring, and Sn o Sn+l‘ We let S be the union
of the S and I the ideal of S generated by the elements e/, If I
is a finitely generated ideal of 8, then there exists an integer n

n+l

and an element s € S such that ¢/b = sc/b™. Now there is an in-

tegral k > 0 and elements r,t € R such that s = r + tc/bk. It fol-

lows that c/bm'1

= re/b®. Therefore, c(l-rb) = 0, and since 1 - rb
is a unit 1n R, we see that ¢ = 0. This contradiction proves that
S 1s not a Noetherian ring.

Conversely, suppose that R has no nilpotent elements ¥ O. Then
0= Py 0. N Peos where Pys++e»Dy are the rank O prime ideals of R.
It follows that Rpi is a fileld for all 1 = 1,...,n. Since
Q= Rpl ® ... ® Rpt, Q is a direct sum of flelds. Thus Q is a semi-
simple ring.

Let B be a ring such that Rc B § Q. If B'/R = h(B/R), then B!
1s a strongly unramified ring extension of R. By Theorem 5.1, B/B!
is a finitely generated R-module. Thus without loss of generality,
we can assume that B 1s a strongly unramified extension of R.

Let & be the divisible submodule of B. Then & 1s torsion-free
and divisible, and hence <« 1s a Q-module; that is, «9 is an ideal
of Q. Since Q 1s a semi-simple ring, there 1s an idempotent element
e € & such that Qe = & = Se., It follows that & = Be, and hence
£ 1s a principal ideal of B.

If we let R= R/A(RN ), B=B/Y, and Q = Q/&, then B is a
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ring extension of R in Q. Furthermore R has the same properties as R
and @ is the full ring of quotients of R. Since & is a finitely gen-
erated ideal of B, it follows that B is Noetherian if and only if B
is Noetherian. Thus without loss of generality we may assume that B

1s a reduced R-module.

We proceed by induction on L(K). If S/R is a proper, nonzero,
divisible submodule of B/R, then S 1is a strongly unramified ring ex-
tension of R. 8ince S< B, S is a reduced R-module. Thus by Theorem
3.6 (6), S 18 a quasi-local ring. Of course S has no nilpotent ele-
ments # 0. Because L{Q/S) < L{K), it follows by induction that if we
have proved that S 1s a Noetherian ring, then B is also a Noetherlan
ring. Thus without loss of generality we can assume that B/R has no
proper, nonzero, divisible submodules. Hence by Theorem 5.1, every
proper submodule of B/R is a finitely generated R-module.

Let J be an ideal of Band I = J N R. Suppose that J 18 not a
finitely generated ideal of B. If J 1s a regular ideal of B, then
J = BI by Theorem 3.6 {2), and hence J is finitely generated over B.
Thus J is not a regular ldeal of B, and hence I 1s contained in the
intersection of some of the prime 1deals of rank O of R. Therefore
there exists an element ¢ € R that is not contained in any rank O
prime ideal of R that contains I and such that ¢I = 0. I + Re 1s
not contained in any rank O prime ideal of R; and hence there is a
regular element b € I + Re. Thug b = a + rc where a € I and r € R.

Now Jb 1s not a finitely generated R-module. Hence B = Jb + R
because every proper submodule of B/R is finitely generated. It
follows that J = Jb + I. Since Ic = 0, we see that Jec = 0, and
hence Jb = Ja € JI. Therefore J = BI, and hence J 1s a finitely gen-
erated ideal of B. This contradiction proves that B 1s a Noetherlan

ring.



CHAPTER VIT

THE CLOSED COMPONENTS OF R

Throughout this chapter R will be & l-dimensional local Cohen-

Macaulay ring.

Definitions. R is said to be analytically irreducible if its

completion H is an integral domain. Of course R is then also an
integral domain. We recall that we have defined R to be a closed
domain if R is an integral domain and J N R # O for every nonzero

ideal J of H.

Theorem 7.1. The followlng statements are equivalent:

R is a closed domain.

R is analytically irreducible.

)
)

(3) Every nonzero R-endomorphism of X is an epimorphism.
)

K is a simple divisible module.

(5) E is a simple divisible module.

(6) Q is a field and the integral closure V of R in Q is a

discrete valuation ring that is a finitely generated R-module.

Proof. (1) => (2). Let P be a prime ideal of rank O in H.
Then PN R is a prime ideal of R and PN R ¥ M. Thus PN R = 0, and
hence P = 0. Therefore, H is an integral domain.

(2) => (3). Let f be a nonzero element of H = HomR(K,K}. Sup-
pose that f is not an epimorphism on K. Then L{f(K)) < L(X), and
hence by Theorem 5.11, L(Ker f) # O; that is Ker f is not reduced.
Hence by Corollary 1.3 there is a nonzero element g ¢ H such that
g(K) < Ker f. We then have fg = O, contradicting the fact that H is
an integral domain. Thus every element of H is an epimorphism on K.

(3) => (4). Let B be a proper, nonzero R-submodule of K. If
B is not reduced, then by Corollary 1.3, there is an R-endomorphism

of K that 1s not an epimorphism. Hence B is reduced, and thus K is
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a simple divisible module.

(4) => (6). Suppose that Q is not a field. Then Q has a pro-
per nonzero ideal A& . Since 49 is a divisible R-module, A% is not a
finitely genersted R-module by the Nakayama Lemma. It follows that
& + R =Q. But then @/ = R/(& N R), and this 1s a contradiction
since Q/f has Krull dimension O and R/(& N R) has Krull dimension
1. Therefore, Q is a field.

Let V be the integral clecsure of R in Q; then V/R
is a proper submodule of X, and hence V is a finitely generated R~
module by Theorem 5.1. Since every localization of V with respect to
a maximal ideal of V is a finitely generated R-module, we see that V
is a local ring. Therefore, V is a Noetherian, integrally closed,
local domain of Xrull dimension 1 by Corollary 6.2 and hence V is a
discrete valuation ring.

(6) => (2). By Theorem 6.4, H is a subring of H(V), and H(V)
is an integral domain.

(2) => (1). Let J be an ideal of H that is maximal with re-
spect to the property J N R = 0. It is easily seen that J is a prime
ideal of H, and since HM N R = M, we have J = O.

(1) => (5). Let D be a nonzero divisible R-submodule of E, and

0. Hence we have

)

let J = AnnHD. Then J is an ideal of H and J N R
J = 0. By Theorem 4.5, we have D = AnnpJ = AnnEO = E, and thus E is
a simple divisible R-module.

(5} => (2). Since E is a simple divisible R-module, every
R-endomorphism of E is an epimorphism. Thus HomR(E,E) hag no zero
divisors. But H = HomR(E,E) by Theorem 4.5, and thus H is an inte-

gral domain.

Remarks. We note that it follows from Corollary 5.7 and Theorem
7.1 that R is analytically irreducible if and only if every proper

submodule of K (or of E) is a finitely generated R-module--in fact,
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if and only if it has finite length.

Definition. We shall call a maxlimal strongly unramified exten-

sion of R in Q a closed component of R. By Theorem 6.1, A is a

closed component of R if and only if A/R is a maximal proper divis-
ible submodule of K. By Theorem 5.5, XK has ACC on divisible submod-

ules, and thus closed components of R exist.

Theorem 7.2. Let A be a strongly unramified ring extension of

R in Q. Then the following statements are equivalent.

(1) A is a closed component of R.

(2) Q/A is a simple divisible A-module.

(3) H(A), the completion of A in the A-topology, is an inte-

gral domain.

(4) 1If © is the divisible submodule of A, then A/& is an

analytically irreducible, Noetherian, local domain gf'Krull dimen-

sion 1.

Proof. (1) <=> (2). By Theorem 3.2, an A-module is a torsion,
divisible A-module if and only if it is a torsion, divisible R-mod-
ule. Furthermore, by Theorem 3.6 (7), every R~module between A and
Q is also an A-module. Thus A is a closed component of R if and
only if Q/A is a simple divisible A-module.

(2) ==> (3). Since Q/A is a simple divisible A-module, every
element of H(A) = HomA(Q/A,Q/A) is an epimorphism. Therefore H(A)
has no zero divisors. Since H{A) is a commutative ring by Corcllary
2.5, H(A) is an integral domain.

(3) => (#). 1If & is the divisible submodule of A, then (&
is the kernel of the ring homomorphism A — H(A), and thus & is a
prime ideal of A. & 1s a Q-module and hence & is an ideal of Q.
Let R=R/(H NR), A=A/S, and § = Q/L. Then R’ is a Noetherian,
local domain of Krull dimension 1 and § is the quotient field of R.
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Since A/R = A/(R + &) is a homomorphism image of A/R, it follows
that A/R is a divisible R-module. Therefore, Ais a strongly un-
ramified ring extension of R. By Theorem 6.1, A is a Noetherian
local domain of Krull dimension 1. Since H(A) = H(A) is an integral
domain, A is analytically irreducible.

(#) => (2). We shall use the notation of the preceding para-
graph. By Theorem 7.1, Q/A is a simple divisible A-module. Since
Q/A = Q/A, we see that Q/A is a simple divisible A-module.

Remarks. Let A be a closed component of R, and let & be the
divisible submodule of A. Since A = A/S is an integral domain and
Q = A/& is the full ring of quotients of A, we see that Q 1s a field
and thus & is a maximal ideal of Q. Since the sum of two maximal
ideals of Q is equal to Q, we observe that « is the unique maximal
ideal of Q contained in A.

Let R = R/(¢ N R). Then R is a Noetherian local domain of
Krull dimension 1, and @ is the guotient field of R. Since
Q/A = Q/A, we see that Q/A is a simple A-module. Thus A is a closed
component of R.

Because Q/A = (H 8 Q)/(H 8, A) by Theorem 2.10, we see that
H &R A 1s a closed component of H. Furthermore, every closed com-
ponent of H arises in this way. By Theorem 6.8, H 8 A =H + L,
where L is an ideal of H @R Q and L is the divisible submodule of

H @R A. But then by the previous paragraph I, 1s a maximal ideal of

H ®; Q. Because & < L, and & is a maximal ideal of Q, it follows
that & = Q N L. By Theorem 6.8 the completions of A, A/&, and
H 8; A are all equal to H/(HN L). We shall enlarge upon these re-

marks in the next theorem.

Definition. If P 1is a prime ideal of rank O in H, then H/P is

called an analytic component of R. H/P is a complete, Noetherian,
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local domain of Krull dimension 1.
If B is a ring, we recall that we denote its completion in the

B-topology by H(B).

Theorem 7.3. There i1s a one-to-one correspondence between the

set of closed components A of R and the set of prime ideals P of rank

0 in H; and hence there is a one~to-one correspondence between the

set of closed components of R and the set of analytic components of

R. The correspondence is given by:

K 8, P = A/R and HomR(K,A/R) = P.

We then have:

(1) P = AnngyQ/A
(2) H(A) = H/P

(3) If & is the divisible submodule of A, and L the divisible

submodule of H @R A, then LN H= P, H®, A = H + L, and

R
(H/P) N @/8 = A/& . Furthermore, H/P is the completion of A/&.
ggggg. Let A be a closed component of R. Then by Theorem 7.2,
H(A) is an integral domain. If we let P = HomR(K,A/R), then by
Theorem 6.6, H(A) = H/P. Hence P is a prime ideal of H, necessarily
of rank O. Conversely, if P is a prime ideal of rank O in H, then
by Theorem 6.6, K By P = A/R, where A is a strongly unramified exten-
sion of R in Q. By the order-preserving nature of the one-to-one
correspondence of Theorem 6.6, A/R is a maximal proper divisible sub-
module of K, and thus A is a closed component of R. The remaining

statements of the theorem follow from Theorem 6.6 and the Remarks

preceding the theorem.

Definition. If P is a prime ideal of rank O in H and A is the
corresponding closed component of R in Q, we shall denote this by

writing P = PA and A = AP-
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Theorem 7.4. If P is a prime ideal of rank O in H, then

P = Anng(AnngP).

Proof. It is clear that P C AnnH(AnnKP) = I. Since P belongs
to O in H, there is a nonzero element f € H such that Pf = O. Thus
£(x) AnnKP, and hence AnnKP is not reduced. It follows that I con-
tains no regular elements of H, and hence I is contained in a prime
ideal P! of H of rank 0. Since P c P', we see that P = P', and hence

P = AnnH(AnnKP).

Definition. A ring W is called a valuation ring 1f it is an

integral domain such that if x is a nonzero element of the quotient
field of W, then either x or 1/x is in W. A valuation ring is quasi-

local. A valuation ring is called a discrete valuation ring if it is

a Noetherian ring. A discrete valuation ring is a Noetherian local
domain of Krull dimension 1, and every ideal is a principal ideal.

We shall say that a commutative ring V is a pseudo valuation

ring if module its divisible submodule it is a valuation ring. The
divisible submodule of a pseudo valuation ring is thus a prime ideal.
If R is a l-dimensional, local, Cohen-Macaulay ring, then the

pseudo valuation rings between R and Q will be called the pseudo

valuation rings belonging to R.

Theorem 7.5. There is a one-to-one correspondence between the

set of closed components A of R and the set of pseudo valuation

rings V belonging to R given by h(V/R) = A/R and (Integral Closure

of Ain Q) = V.

Proof. Let A be a closed component of R, and let & be the
divisible submodule of A. Then & is a maximal ideal of Q and Q/&
is the quotient field of A/& . By Theorem 7.2, A/& is an analyt=-
ically irreducible, Noetherian, local domain of Krull dimension 1.
Let V/& be the integral closure of A/& in Q/& . Since & is an

ideal of Q, it is easy to see that V is the integral closure of A in
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Q. By Theorem 7.1, V/& 1is a discrete valuation ring. Therefore V
is a pseudo valuation ring belonging to R.

Conversely, let V be a pseudo valuation ring belonging to R, and
let A/R = h(V/R}). Then A is a strongly unramified ring extension of
R in Q by Theorem 6.1. Since V/A is a reduced R-module, it is a
finitely generated torsion R-module by Theorem 5.1. Hence V/A has
bounded order. Thus by Theorem 2.9 we have H(A) < H(V). Let & be
the divisible submodule of V. Then H(V) = H(V/&) by Theorem 2.11.
Since V/& is a valuation ring by definition, H(V/4) is also a
valuation ring. Because H(A) < H(V/&), we conclude that H(A) is
an integral domain. Therefore, A is a closed component of R by

Theorem 7.2.

Corollary 7.6. Let V be a pseudo valuation ring belonging to

R, and A the closed component of R corresponding to V. Then:

(1) V/A is & torsion R-module of finite length.

(2) If & is the divisible submodule of V, then & is the

divisible submodule of A.

(3) & is a maximal ideal of Q.

(4) V/6 is a discrete valuation ring belonging to R/(& N R).

(5) V/& 1is the integral closure of A/, and A/Q 1is a

closed component of R/(& N R).

Proof. If &£ ' is the divisible submodule of A, then &' € @ ;
and both L' and & are ideals of Q. Since &' is a maximal ideal of
Q, we see that ' = g. Now R/((9 N R) is a Noetherian local domain
of Krull dimension 1 and quotient field Q/«%. Thus V& 1is a
Noetherian ring by Corollary 6.2, and hence V/4& is a discrete val-
uation ring.

The other statements of the corollary were proved in the course

of proving Theorem 7.5.

Theorem 7.7. The integral closure of R in @ ig equal to the
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intersection of all of the pseudo valuation rings belonging to R.

Proof. If an element of Q is integral over R, then it 1s Inte-
gral over every closed component of R. Hence by Theorem 7.5 the in-
tegral closure of R 1s contained in every pseudo valuation ring be-
longing to R.

Let z&l,...,élt be the set of maximal ideals of Q, and for each
1=1,...,t let wi be the intersection of those pseudo valuation rings
of R that contain &,. Then Wi/é} is the intersection of all of
the valuation rings belonging to R/{R N Aii), and hence Wi/49i is the
integral closure of R/{R N A}i) in Q/APi.

Suppose that x 1s an element of the intersection of all of the
pseudo valuation rings belonging to R. Then x € wl, and hence there
is an integer n, > 0 and a polynomlal fl(X) of degree < n, with co-
efficients in R such that xn1 - fl(x) € A@l. Let y, = N fl(x);
then v € We, and hence there is an integer n, > 0 and a polynomial
fe(X) of degree < n, such that y?g - fg(yl) € All n &,. Contin-
uing 1n this way we see that there 1s a polynomial g(X) of degree
<n=nn, ... ng such that % - g(x) € 411 N ... N .. But every
element of 4}1 n...nN é}t is nilpotent, and hence there exlsts an
integer k > O such that [x" - g(x)]k = 0, This equation shows that

x 1s integral over R.

Theorem 7.8. Let Aj,...,A  be the closed components of R and

Vl""’vn the pseudo valuation rings belonging to R. Let T = Q A
and S = V,. Then S is the integral closure of R in Q, and:
1

i

n
(1) o/T= = @QA_and A_+ N A =Q.
k=1 k K omc ™

n
(2) o/8= = QN _andV + N V =Q.
k=1 myfk

{3) S/T is an R-module of finite length, and hence S is a

finitely generated T-module.

Proof. (1) Let é}l,..., & . be the maximal ideals of Q and
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for each 1 = 1,...,t let Bi be the intersection of those closed com~
1+ Since A91 + (Aﬁgtﬂ oo N é@i) = Q,
we see that B, + (B, N ... N B, ) = Q. Since T= (| B,, we see that
1 2 t 1=1 1
QT = (B/T) ® (B, N ... NB)/TZQ/(B, N ... NB)
duction on t we have Q/(B2 N ... N Bt) - Q/B2 ® ... 8 Q/Bt' Thus
Q/T = Q/B1 ... 8 Q/Bt'

Let Ry = R/(R N AQi), Q = /& and B, = Bi/A;i. Let

ponents of R that contaln &

B

& Q/Bl' By in-

Ali”"’Api be the closed components of R that contain Ali and let

Kji = Aji/in. Then ﬁi is a Noetherian local domain of Krull dimen-

sion 1, and Kli""’xpi are the closed components of Fi. Since

Kji + &, = ﬁi for § # m, we can apply Theorem 6.3 and obtain

mi
Q/By 2 Qy/K); & ... 8 Q/R ;. But §;/B; = o/By and Q,; /Ky, = /Ay,
t n
Therefore Q/T = 3 # Q/Bi = = & Q/AJi = 3 ® Q/Ak‘
i=1 1, k=1

Let Ck = ( A ; then we have an exact sequence
mfk

0 — Ck/T - Q/T — Q,/Ck -~ 0.

[}

n
Then by what we have already proved, /T = 2 & Q/Ak and
k=1

I &= Z @ Q/Am, and hence L{Q/T) = n and L(Q/Ck) = n - 1, Thus
m

L(C /T) = 1 and hence C,/T is not h-reduced. But

Ck/T - (Ck + Ak)/Ak, and since Q/Ak is a simple divisible R-module,

we see that C,_ + Ak = Q.

K
(2) Since vV, © A for k = 1,...,n, we see by (1) that

V. + N V. =Q. Hence /S=V, /86 (N V )/S=Q/(N V)& QYVv,.
k itk m k myfk m mik m k

By induction on n we have Q/( N Vm) = = ®Q/V, and hence
m#k m#k

n
Q/S = = & Q/Vt'

k=1

(3) As we observed in Theorem 7.5, if Vk 18 the pseudo valua=-
tion ring of R corresponding to the closed component Ak of R, then

Vi /A, 1s an R-module of finite length. Hence L(Q/V,) = L(Q/Ak) = 1.



77

Thus by (1) and (2) we have L(Q/T) = n = L{Q/S), and hence L(S/T) = O.

Therefore, by Theorem 5.1, S/T is an R-module of finite length.

Remarks. Suppose that R is a Noetherian domain of Krull dimen-
slon 1 so that the pseudo valuation rings of R are in fact bonafide
valuation rings. In this case if S is the integral closure of R in Q,
then S is a semi-local principal 1deal domain by Corollary 6.2. If

Nl""’Nn are the maximal 1ldeals of S, then SN ,...,SN are exactly

1 n
the valuation rings belonging to R. We then have

Q/S = Q/SN 8 ... ® Q/SN by Theorem 4.1, and this fact could have
1 n
been used to give a slightly different proof of Theorem 7.8,

The next theorem was proved in the case where R is an integral

domain by Northcott [19, Th. 5].

Theorem 7.9. There is a one-to-one correspondence between the

set of pseudo valuation rings belonging to R and the get of prime

ideals of rank O in H.

Proof. This 1s an immediate consequence of putting together

Theorems 7.3 and 7.5.

Remarks. Let V be a pseudo valuation ring of R and let A be
the corresponding closed component of R. Then H @R A 13 a closed
component of H in H @R Q. To show that H @R V 1s the corresponding
pseudo valuation ring of H it 1s sufficient by Theqrem 7.5 to show
that H @R V is the iIntegral closure of H @R A in H QR Q.

Now on the one hand H @R V 1s an integral extension of H @R A in
H @ Q because (H ey V)/(H 8 A) = V/A 1s a finltely generated H-
module. On the other hand if O is the integral closure of H @R A in

H @R Q, and B=Q N Q, then by Theorem 2,10, 2 = H @, B and

R
B/A = (H g B)/(H 8y A). Hence by Coroliary 7.6 applied to H, we see
that B/A 1s an H-mcdule of finite length. Therefore, B 1s integral

over A and hence B« V. Thus 2 = H @R BcH @R V, proving that
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H @, V is the integral closure of H @; A in H &, Q.

Let & be the divisible submodule of V, and L the divisible sub-
module of H QR V. Then & and L are the divisible submodules of A
and H @R A, respectively. Hence H @R A=H+1Land & =L NQ, If
we let P= L N H, then H/P = (H ® A)/L is the completion of both A
and H QR A, and hence P is the prime ideal of rank O in H corres-
ponding to A by Theorem 7.3.

By Corollary 7.6, (H er V)/L is a discrete valuation ring, and
it 18 the integral closure of (H &y A)/L = H/P in its quotient fileld.
Because (H ep V)/L is finitely generated as an H/P-module, it is a
complete discrete valuation ring. Furthermore, (H &p V)/L N Q/®
= V/& , and thus (H e V)/L is the completion of V/&.

All of these remarks go to show the nature of the one-to-one
correspondence between the set of pseudo valuation rings belonging to
R, and the set of complete discrete valuation rings which are the

Integral closures of the analytic components of R.



CHAPTER VIII
SIMPLE DIVISIBLE MODULES

Throughout this chapter R will be a l-dimensional, local, Cohen-

Macaulay ring.

Lemma 8.1. If T, and T, are equivalent torsion R-modules, then
AnnHTl = AnnHTz.

Proof. By definition, we have R-epimorphisms f : 'I'1 —*T2 and
g : Tz-#-Tl. By Theorem 2.7, T1 and T2 are H-modules and f and g are
H-homomorphisms. It follows immediately from this that AnnHTl

= AnngT,.

Definition. Let T be a torsion R-module, and [T] its equivalence
class. Because of Lemma 8.1, we can unamblguously define AnnH([T})

to be AnnHT.

Theorem 8.2. Let D be a simple divisible R-module, f an R-homo-

morphism of K onto D, C/D = Ker f, and A/R = h(Ker f). Then:

(1) A 1is a closed component of R and 1s uniquely determined by

the equivalence class of D.

(2) D is isomorphic to Q/C, and C 1s isomorphic to a regular
ideal of A.

(3) If I is a regular ideal of A, then Q/I is a simple divisible

R-module equivalent to D. Conversely, if D' is any simple divisible

R-module equivalent to D, then D' = Q/I for some regular ideal I of

A.
(4) D is equivalent to Q/A and AnnyD = P,.
Proof. By Theorem 5.11 we have L{A/R) = L(C/R) = L(K) - L(D)
= L{K) - 1. Thus A is a closed component of R. By Theorem 3.6, C
is an A-module; and by Theorem 5.1, C/A is a finltely generated tor-
sion R-module. Therefore, C ig a finitely generated A-module, and

hence € is isomorphic to a regular ideal of A. Because C/R = Ker f,
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it follows that D = K/(Ker f) = Q/C.

Now Q/C £ (Q/A)/(C/A), and hence D is equivalent to Q/A by Lemma
5.8, If I is a regular ideal of A, then A/I is a cyclic torsion R-
module by Theorem 3.6. Therefore, Q/I is also equivalent to Q/A by
Lemma 5.8.

By Lemma 8.1 we have AnngD = AnnH(Q/A), and by Theorem 7.3 we
have AnnH(Q/A) = P,. Therefore, AnngD = P,. Because A and P,
uniquely correspond, and because AnnHD is an invariant of the equival-
ence class of D, we see that A 1s independent of the homomorphism f
and of the representatlive of the equivalence class of D. By what we
have already proved this shows that if D' is a simple divisible R~
module equivalent to D, then D' is isomorphic to Q/I, where I is a

regular ideal of A.

Corollary 8.3. (1) There 1s a one-to-one correspondence between

the set of eguivalence classeg [D] of simple divisible R~modules, ard
the set of closed components A of R in Q given by Q/A~D and

A/R = h(Ker f), where f is any R-homomorphism of K onto D.
2)

(

of classes [D] and the set of prime ideals P of rank O in H given by

There 1s also a one~to-one correspondence between the set

P = AnnH([D]) and D~ K & H/P.

(3) P and [D] correspond, and A and [D] correspond if and only

if P = P, and Q/A ~D.

Proof. If A 1s a closed component of R in Q, then L(A/R) = L(K)
- 1 and L{Q/A) = L{K) ~ L(A/R). Therefore, L(Q/A) = 1; and hence
Q/A is a simple divisible R-module. If P is a rank O prime ideal of’
H, then by Theorem 6.6 and 7.3 we have XK ®g (H/P) = Q/AP. The re-

mainder of the theorem follows from Theorem 8.2.

Corollary 8.4, Let V,s+..,V be the pseudo valuation rings of

equivalence classes of simple divisible R-modules and Q/Vi is not

.
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equivalent to Q/Vj Af 1 # J.
Proof, Let A1 be the closed component of R corresponding to Vi

by Theorem 7.5. By Corollary 7.6, V., 1s a finitely generated A ,~

i i
module, and hence Vi is 1somorphic to a regular ideal of Ai. The

corollary now follows from Theorems 8.2 and Corollary 8.3.

Definitions. If D is a simple divisible R-module we shall let
G([D]) denote the set of isomorphism classes of R-modules D' equivale
ent to D.

If A is any ring we shall let G(A) denote the seml-group of

isomorphism classes of regular ideals of A.

Theorem 8.5. Let D be a simple divisible R-module, let

=it

P = AnnH(D), and let § = H/P, the corresponding analytic component

of R. Then there is a one-to-one correspondence between the sets

G([D]) and G(H) given by T = Homg(K,D') and D' = K @ T, where T is a

nonzero ideal of H and D' is an R-module equivalent to D.

Proof. Let D' be an R-module equivalent to D. If A is the
closed component of R corresponding to the eguivalence class [D],

then by Theorem 8.2 there is a regular ideal I of A such that

0

D! K 8, I. Let T = HomR(K,D‘) = HomR(K,K LN I); then by Theorem
2.2, T is isomorphic to the completion of I in the R-topology, and
hence by Theorem 3.2 to the completion of I in the A-topology. Now
H is the completion of A by Theorem 7.3, and hence by Theorem 2.8, T
is isomorphic to a nonzero ideal of H. By Corollary 1.2 we have
K8, TZK® IZD'.
On the other hand suppose that T is a nonzero ideal of H. If &
is the divisible submodule of A, then A/® 1s an analytically irre-
ducible Noetherian local domain by Theorem 7.2; and H is its comple-
tion by Theorem 7.3. Hence A/9 1is a closed domain by Theorem 7.1,
and thus T N A/& is a nonzero ideal of A/& . By Theorem 2.11 there

is a regular ideal I of A such that I/8 = I N A/& . By Theorems
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2.8 and 2.11 the completion of I is isomorphic to T, and thus by
Theorem 2.2 we have I = Homp (K, 8 I). By Corollary 1.2,
K &R I=zK @R I, and thus by Theorem 8.2, K QR T is equivalent to D.

Coroliary 8.6. Let D be a simple divisible R-module, and let A

be the closed component of R corresponding to D. Then every R-module

equivalent to D is isomorphic to D if and only if A is a pseudo val-
uation ring.

Proof. A 1s a pseudo valuation ring if and only if 1ts comple-
tion H is a complete discrete valuation ring. It 1s also clear that
H is a complete discrete valuation ring if and only G(H) consists of
one element. Thus the corollary 1s an immediate consequence of

Theorem 8.5.

Remarks. (1) Corollary 8.6 shows that modules can be equival-
ent without belng isomorphic, and thus settles any lingering doubts
that the whole concept of equivalence 1s Jjust a vacuous extension of
isomorphism. This, of course, could have been seen much earlier.

{(2) Schur's Lemma states that the endomorphism ring of a simple
module is a division ring. By analogy we should expect that the
endomorphism ring of a simple divisible R-module should be something
speclal. That this is ilndeed the case is shown by the following

theorem,

Theorem 8.7. Let D be a simple divisible R-module and ¥ the

corresponding analytic component of R. Then I' = HomR(D,D) is a com-

plete, Noetherian, local domain of Krull dimension 1. I is an exten-

sion ring of H in its quotient field and 1s a finitely generated H-

module. Conversgely, 1f T is a ring with these properties then there

is a simple divisible R-module D' equivalent to D such that

r= HomR(D‘,D’).

Proof:
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By Theorem 8.5, there 1s an ideal I of H such that D = K e I.

L1

Since I 18 & complete R-module, we have HomR(D,D) HomR(T;T) by

Corollary 2.4. By Theorem 2.7, we have HomR(T,T) HomH(T,T). Be~
cause I is an H~module, we have HomH(T,T) = Homﬁ(T,T). Hence the
statements about T follow from Corollary 6.2 and Theorem T.1.

Conversely, let T be a domain with the properties defined in the
theorem. Let D' = K @, T; since T is isomorphic to an ideal of H,
we see by Theorem 8.5 that D' is a simple divisible R-module equival~
ent to D. By the same arguments as 1in the preceding paragraph we

have HomR(D',D') = HomE(T,T) =T,

Theorem 8.8. Let D

, and D, be simple divisible R-modules. Then

the following statements are equivalent:

(1) D, is equivalent to D,.

(2) HomR(Dl’D2) # 0.

(3) AnngD, = AnngD,.

Proof. The equivalence of (1) and (2) is due to Lemma 5.8; and

the equivalence of (1) and (3) is due to Corollary 8.3.

Corollary 8.9. If D is a simple divisible R-module, then there

is a submodule of K equivalent to D.

Proof, If P = Anng(D), then we have seen in the course of the
proof of Thecrem 7.4 that AnnK(P) 1s not reduced. Hence there 1z a
simple divisible R~-module D' contained in AnnK(P). Since
P c AnnHD' = P! we see that P = P', But then D and D' are equlvalent

by Corollary 8.3.

Coroliary 8.10. If D is a divisible R-module, then

Homp(D,K) # O. Thus if B 1s a ring extension of R in Q, B # Q, then
Homg(Q/B,K) # O and Homp(B,H) # O.

Proof. Since E is a universal injective R-module, we have

HomR(D,E) # 0. Let f be a nonzero element of HomR(D,E). Then Im f
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is an Artinian divisible R-module and HomR(Im f, K) HomR(D,K).

Thus we can assume that D 1s an Artinian divisible R-module. There

13 a submodule C of D such that D/C is a simple divisible R-module.
Since HomR(D/C,K) c HomR(D,K) we can assume that D is a simple divig-
ible R-module. But then by Corollary 8,9 we have HomR(D,K) # O,

Let B be a ring extension of R in Q and B # Q. Then

HomR(B,H) = HomR(B,HomR(K,K)) = HomR(K L B,K) # O.

Theorem 8.11. Let A;,...,A be the closed components of R, and
let D be a simple divisible submodule of K corresponding to A,. Then

(1) pc N (AJ/R)
J#1

(2) Al/R contalns every simple divisible submodule of K that is

not equal to D.
Proof. If 3 > 1, then by Corollary 8.9 there is a simple divis-

ible submodule D, of K corresponding to Aj‘ By Corollary 1.3 there

J
is an element f € HomR(K,K) such that f(K) = DJ. By Theorem 2.7,

f{D) € D, and thus f{(D) c D ND But D # Dj, and hence D N DJ is

5
reduced. Thus f(D) = O and D ¢ Ker f. Therefore, D < h(Ker f); and
since h{ker f) = AJ/R by Theorem 8.2, we have D AJ/R. Thus

Dc N (A,/R).
#

Now if D! is any divisible submodule of K that is not equal to
D, we apply the argument of the preceding paragraph with D in the

role of D, and D' in the role of D, and we obtain D' C Al/R‘

J



CHAPTER IX

SEMI-SIMPLE AND UNISERIAL DIVISIBLE MODULES

Throughout this chapter R will be a l-dimensional, local Cohen-

Macaulay ring.

Definition. We will say that an Artinian divisible R-module is

a semi-simple divislible module if it is a sum of simple divisible R~

modules. By analogy with the theory of ordinary semi-simple modules
we would expect to find that a semi-simple divisible R-module 1s iso-
morphic to a direct sum of simple divisible R-modules. This state-
ment is not correct, but if we replace isomorphism by equivalence it

becomes correct, as we shall see in the next theorem.

Theorem 9.1. Let B be an Artinian divisible R-module. Then the

following statements are equivalent:

(1) B 1is a semi-simple dlvisible R-module.

(2) B 1is equivalent to a direct sum of simple divisible R-mod-

ules.

(3) If C is any divisible submodule of B, then B is equivalent

to C & B/C.

Proof. (1) ==> (2). Let B, be a simple divisible submodule of

B. If Bl # B, there is a simple divisible submodule B2 of B not con-

talned 1in Bl' Let D2 = Bl + B2 and D1 = Bl;

ulng in this way we obtain an ascending chain of divisible submodules

c
then D1 £ D2. Contin-

c c - c
of B: O £ D1 A D2 £ A Di such that D1 = B1 + B2 + 0. + Bi’ and
every BJ is a simple divisible submodule of B, Since B has ACC on

divisible submodules by Theorem 5.5, there is an integer n > O such

that B = Dn' Now Di/D 1s a nonzero homomorphlic image of Bi’ and

1-1
hence is a simple divisible module by Lemma 5.8. Thus we have con-
structed a composition series of divisible submodules of B, and we

see that L(B) = n.
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We have an exact sequence:

O—*S—*BlQ e $Bn—*B—*O.

Using Theorem 5.11, we have L{S) = 1§ L(Bi} -L(B) =n-n=0, and
thus S 1is a reduced R-module. By Co;illary 5.13, B 1s equivalent to
Bl 9 ... B Bn'

(2) ==> (1). This is a trivial statement.

(1) ==> (3). Let C be a divisible submodule of B.
Since B has ACC on dilvisible submodule by Theorem 5.5, there 1s a
divislble submodule A of B that 1s maximal with respect to the proper-
ty that C N A 18 reduced. We assert that A + C = B, For suppose that
this is not the case. Then there is a simple divisible submodule D
of B such that D¢&Z A + C. Let Al = A + D; by the maximality of 4,
A, N C is not reduced. We have L((Al + C)/A) = L{{A + C)/8)
+ L((Al +Ci/f{(a+C)y=L{c/(anc)) + LD/DN (& + C)) = L{C) + 1.
On the other hand we have L({A; + C)/A) = L(A;/A) + L((A1 + C)/h))
= L(D/(A N D)) + L(C/(A1 nc)) <n{C)+ 1. This contradiction shows
that A + C = B.

We have an exact sequence:
O--ANC—-A@®C—B—O0.

Since A N C is reduced, we see that B is equivalent to A & C by
Lemma 5.8. Now B/C = (A + C)/C = A/(A N C), and hence A is equival-
ent to B/C by Lemma 5.8. Combining this with the preceding equival-
ence we see that B is equivalent to B/C & C.

(3) ==> (1). Let A be the sum of all of the simple divisible
submodules of B. Then by assumption B i1s equivalent to A & B/A.
Hence by Corollary 5.13 there is a homomorphism f of A & B/A onto B
such that Ker f is reduced. Since f(A) is a sum of simple divisible
R-modules, we have f(A) ¢ A, On the other hand L(f(A)) = L(A) since

Ker f is reduced. Thus we have f(A) = A.
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Suppose that A ¥ B; then there exists a simple divisible sub-
module D of B/A and f(D) = A and £(D) # O. Let C = £ +(£(D)) N A;
then f{C)} = (D) and hence ¢ is not reduced by Theorem 5.4. We have

an exact sequence:
0O—-S—=C@®@D~-Tf(D)—0

where S < Ker f, and hence S is reduced. But then 1 = L{f(D)) = L{C)
+ L{D) = L(C) + 1, and hence L(C) = 0. Thus C is reduced. This con-
tradiction shows that B = A, and hence B 1s a sum of simple divisible

R-modules.

Remarks. We shall prove in a later theorem that every Artinian
divisible R-module 1s a seml-simple divisible R-module if and only if
the integral closure of R 1s a finitely generated R-module. (See the
remarks following Corollary 5,14), The same assertion is true for

the converse of the followlng corollary.

Corollary 9.2. Let B be a semi-simple, divisible, Artinian R-

module, and let A be a nonzero, proper divisible submodule of B.

Then A and B/A are semi~-simple divisible R-modules.

Proof. Clearly every nonzero homomorphic image of B is a semi~
simple divisible R-module. By Theorem 9.1 we see that both A and B/A

are nonzero homomorphic images of B.

Definition. At the other extreme from semi-simplicity we shall
say that an Artinian divisible R-module is uniserial if 1ts lattice

of divisible submodules 1is linearly ordered.

Lemma 9.3. D
A is a submodule of D, then h(A) and D/A are uniserial, divisible,

IH
i

1s a uniserial, divisible, Artinian module and

Artinlan modules.

Proof. It is of course trivial that h(A) 1s a uniserial, divis-

ible Artinian module. Let C/A be a divisible submodule of D/A. Then
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by Corollary 5.2, C = h(C) + B, where B 1s a finitely generated R-
module. Thus C/A = [{(n(C)+ A)/A] + [(B + A)/A], and (B + A)/A is a
finitely generated R-module. Thus by Theorem 5.3, C/A = (h(C) + A)/A.
From this it follows immediately that D/A is a uniserial, divisible,

Artinian module.

I

Theorem 9.4,
Then D is equivalent t

et D be a uniserial, divisible, Artinian module.

|

a submodule of E and to a factor module of K.

Hence L(D) < min(L(K),L{E)). Thus there is a finite bound on the

— ot et ettt ey ot

lengths of the uniserial, divisible, Artinian modules.

Proof. Let A be a maximal homomorphic image of K in D. Since D
is uniserial, A contains every homomorphlc image of K in D. Thus by
Corollary 1.3, A = D.

Let B be the unique simple divisible submodule of D. Then we

have an exact sequence:
0-83D%Dp/B—o0.
Hence we have a derived exact sequence:
0 — Homg(D/B, E) ™ Homg (D, E) L Homy(B,E) — 0.

Since HomR(B,E) # 0, #* 1s not an epimorphism. Thus we can choose

f € HomR(D,E) such that £ £ Im #*%. To prove the theorem 1t will be
sufficient by Lemma 5.8 to prove that Ker f is reduced. Suppose that
this is not the case. Then B < Ker f and hence f induces an R-homo-
morphism g : D/B — E. But then 7*(g) = f, and we have £ € Im m*,

This contradlction shows that Ker f is reduced, proving the theorem.

Remark. We shall prove later on that L{K) = L{(E). Thus the

statement in Theorem 9.4 that L(D) < min(L(K),L(E)) is redundant.

Theorem 3.5, Let B be an R-module equivalent to E. Then B con~-

tains one and only one uniserial, divisible, Artinisn R-module from
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each equivalence class of such modules.

Proof. Case I: Assume B = E.

By Theorem 9.4, E contains at least one uniserial, divisible,
Artinian module from each equivalence class of such modules. Suppose
that D1 and D2 are equivalent uniserial, divisible, Artinain submod-

ules of E, We will show that D1 = D2. By definition there is an R-

homomorphism f of D1 onto D,. Since E is an injective R-module, [ can
be extended to an R-endomorphism g of E. By Theorem 4.5,

HomR(E,E) = H; and by Theorem 2.7, D;, Dy, and E are H-modules. Thus
= f(Dl) = D

we have g(Dl) < D). However, g(D Thus we have

1) 2"
D, = g(Dl) < D;. 1In similar fashion we have D; C Dy, and thus D = D,

Case II: General Cagse: B~E.

By Corollary 5.13 there is an R-epimorphism f of E onto B such
that Ker £ 1s reduced. Thus by Lemma 9.3 and Theorem 9.4, B con-
taing at least one uniserial, divisible, Artinian R-module from each

equivalence class of such modules. Suppose that D, and D2 are

1
equivalent uniserial, divisible, Artinilan submodules of B. By Coro-
llary 5.13 there is an R-epimorphism g of B onto E such that Ker g is
reduced. By Lemma 5.8 and Lemma 9.3, g(Dl) and g(De) are equivalent
to D1 and D2 and are equivalent uniserial, divisible Artinian sub-
modules of E. Thus by Case I we have g(Dl) = g(De), and hence

g(Dl + Dy) = g(Dl). Therefore, L(Dl + Dy) = L(g(D1 + DQ))

= L(g(Dl)) = L(Dl), and thus D1 = Dl + Dg. Similarly, D2 = Dl + DE’

and therefore, D1 = DQ.



CHAPTER X

THE INTEGRAL CLOSURE

Throughout thils chapter R will be a l-dimensional, local, Cohen-

Macaulay ring.

Theorem 10.1. Let S be the integral closure of R in @ and let

n be the number of distinct pseude valuation rings of R. Then

L(K) = L{S/R) + n.

Proof. By Theorem 5.11 we have L{K) = L{S/R) + L(Q/S). There-

fore, it is only necessary to prove that L{Q/S) = n. Let Viseens,V

be the full set of pseudo valuation rings of R. By Theorem 7.7,

n

S= N Vi’ and by Theorem 7.8, Q/S = Q/V1 ® ... ® Q/Vn. By Corol-
Jml

lary 8.4 Q/Vi is a simple divisible R-module. Thus L{Q/S) = n.

Definition. R 1is sald to be analytically unramified if its com-

pletion H has no nonzero nilpotent elements. This is equivalent, of
course, to asserting that the intersection of the rank O prime ideals

of H is O.

Remarks. The equivalent of statements (1) and (2) of the next
theorem have been proved for integral domains by Northcott in a dif-

ferent way [19, Th. 8].

Theorem 10.2. The following statements are equivalent:

(1) R is analytically unramified.

(2) The integral closure S of R in § is a finitely generated

R-mcdule.

(3) L(K) = n, where n is the number of distinct pseudo valua-

tion rings of R.
(4) X is a semi-simple divisible R-module.

(5) E is a semi-simple divisible R-module.
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(6) Every nonzero Artinian divisible R-module is semi-simple.

(7) If C and D are Artinian divisible R-modules, then C and D

are equivalent 1f and only 1f they have equivalent composition series.

Proof. (1) <==> (2). Let Vy,...,V, Dbe the distinct pseudo val-

uation rings of R and h(Vi/R) = Ai/R' By Theorem 7.5, Al”"’An are

the closed components of R. Let P, = HomR(K,Ai/R); then Pi,...,P,

are the prime ideals of rank O in H by Theorem 7.3. Since
S =MNYV,, we have

g 1

Q Pi = Q HomR(K,Ai/R) = Q HomR(K,Vi/R) = HomR(K,Q (Vi/R))

= HomR(K,S/R).

4 = 0 1f and only if S/R is reduced. And

by Theorem 5.1, S/R is reduced if and only if 8 1is a filnitely gen-

Thus by Corollary 1.3, NP
i

erated R-module.

(2) <==> (3). This is an immediate consequence of Theorem 10.1
and Theorem 5,1.

(2) =-=> (4), If Vi,...,V, are the distinct pseudo valuatilon
rings of R, then by Theorem 7.8 we have Q/S = Q/V1 ® ... & Q/Vh.
Since Q/Vi is a simple divisible R-module by Corollary 8.3, it fol-
lows that Q/S is a semi-simple divisible R-module. If S/R 1is a
finitely generated R-module, then K is equivalent to Q/S by Lemma
5.8; and hence K is semi-simple by Theorem 9.1.

(4) ==> (5). By Theorem 5.5, E is a homomorphic image of K" for
some m > 0, and thus E 1s a seml-simple divisible R-module.

{5) ==> {6). A nonzero Artinian divisible R-module is isomor-
phic to a submodule of E" for some m > 0, by Theorem 5.5; and hence
it 1s a semi-simple divisible R-module by Corollary 9.2.

(6) ==> (7). Let C and D be Artinian divisible R-modules. If
they are equivalent, then they have equivalent composition serles by

Corollary 5.14%. Conversely, suppose that they have equivalent compo-
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sition series. Then by Theorem 9.1, they will be equivalent to the
same finite direct sum of simple divisible modules, and hence, they
will be equivalent to each other.

(7) =a=> (%). Let D;,...,D Dbe the simple divisible factors
{with repetitions) of a composition series for K. If D = Di®...8D ,
then K and D have equlvalent composition series, and hence K and D
are equivalent by assumption. Therefore K 1s a semi-simple divisible
module by Theorem 9.1.

(4) ==> (2). Suppose that S is not a finitely generated R-mod=-
ule. Then by Theorem 5.1, S/R contains a simple divisible R-module
D. By Corollary 1.3, there 1s an epimorphism of K onto D. Let
A/R = h{Ker f); then by Theorem 8.2, A is a closed component of R.
By Theorem 8.11, A/R contains every simple divisible submodule of K
that is not equal to D. But if V is the pseudo valuation ring cor-
responding to A, then D < S/R < V/R, and hence D < h{V/R) = 4/R.
Thus A/R containsg every simple divisible submodule of K. However,
this contradicts the fact that K is a semi-simple divisible module,

and thus we see that S is a finitely generated R-module.

Theorem 10.3. If R is analytically unramifled, then K 1s

equivalent to E.

Proof. Let S be the integral closure of R. By Theorem 10.2
S/R is finitely generated. Hence K is equivalent to Q/S by Lemma
5.8, If Vl,...,Vh are the pseudo valuation rings of R, then by
Theorem 7.8 we see that Q/S = Q/V1 ... @ Q/Vn. Therefore, K is
equivalent to Q/Vl ¢ ... & Q/Vh.

By Theorem 10.2, E is a semi-simple divisible module, and hence
E is equivalent to D1 ¢ ... D

, where the D,'s are simple divisible

t i
R-modules by Theorem 9.1. By Theorem $.5, Di is not equivalent to DJ
for 1 # j, and every equivalence class of simple divisible modules

has a representative among the Di's' Thus t = n and {(after renum-
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bering) we have Difv'Q/Vi by Corollary 8.4. Therefore E ig equival-

ent to K.

Remarks. R is said to be a Gorenstein ring if inJ. dim. R = 1;

that is, if K is an injective R~module. As we shall prove in Theorem
13.1, R is a Gorenstein ring if and only if K = E. Thus both Goren-
stein rings and analytically unramified rings have in common the
property that K~E, This shows that the converse of Theorem 10.3 is
false. For there exist Gorenstein rings that are not analytically
unramified as we shall see in Theorem 14.16. In Chapter XV we shall
find necessary and sufficient conditions for K to be equivalent to E,
and we shall see how closely these are related to the conditions

that R i8 a Gorensteln ring.

Theorem 10.4. Assume that R 1s a Gorenstein ring, or that R is

analytically unramified. Then K contains one and only one uniserial,

divisible, Artinian R-module from each eguivalence class ¢f such mod-

ules.,
Proof. Theorem 10.% and Theorem 9.5 combine to yield an immed-

late proof.

Remarks. We can now present an extremely simplified proof of a

theorem that we proved in [13, Th. 7.4] only with great difficulty.

Theorem 10.5. Let R be a Noetherian integral domain. Then the

followlng statements are equivalent:

(1) R is a Noetherian local domain of Krull dimension 1, and

1ts completion H has only one prime ideal of rank O.

{2) The integral closure of R 1s a discrete valuation ring.

(3) a/C is an indecomposable R-module for every R-submodule C

of Q.

(%) R 1s a Noetherian local domain of Krull dimension 1 and Q/1

is an indecomposable R-module for every ideal I of R.
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Proof. (1) <==> (2). If the integral closure of R is a dis-
crete valuation ring, then R is a l1-dimensicnal Noetherian local
domain. By Theorem 7.4, there is a one-to-one correspondence between
the valuation rings of R and the prime ideals of rank O in H. This
establishes the equivalence of (1) and (2) immediately.

{(2) ==> (3). Let V be the integral closure of R, and h{V/R)
= A/R. Since V 1s a valuation ring, A is a closed component of R by
Theorem 7.5; and it 1s the only closed component of R. Since every
proper divisible submodule D of K is contained in a maximal proper
divisible submodule of K, and since A/R is the only maximal proper
divisible submocdule of K, we have D < A/R.

Let C be a proper, nonzerc R-submodule of Q, and suppose that
Q/C = Bl/C @ BQ/C, where Bl’ B, are R-submodules of Q. Then
Bl + B, = Q and B1 N B, = C. Without loss of generality, we can as-
sume that R c C. Thus we have Bl/R + B2/R = K. Let D, = h(Bl/R) and

1

D, = h(BQ/R); then by Corollary 5.2, Bl/R =D, + T, and By/R = D,

1 1
+ TQ’ where Tl and T, are finitely generated submodules of K. Hence
we have K = D1 + D2 by Theorem 5.3. If both D1 and D2 are proper sub-
modules of K, then we have K = D1 + D2 < A/R by the preceding para=-
graph. This contradiction shows that we can assume that D1 = K,
But then B, = Q, and this shows that Q/C is an indecomposable R-mod-

1
ule.

(3) ==> (4). Of course it is trivial that Q/I is indecomposable
for every ideal I of R. Suppose that R is not a l-dimensional local
ring. Then R has two distinet rank 1 prime ideals I1 and IE’ and we
put § =R~ (I; U I,) and C = Ry . Then C is a Noetherian 1-dim-
engional domalin with two distinct maximal ideals Ilc and Izc. By

Theorem 4.1 we have: Q/C = Q/CI & Q/C. , a nontrivial direct sum
1

I

2
decomposltion. This contradiction shows that R 1s a Noetherian,
local, l-dimensional domain.

(4) ==> {2). Let S be a ring extension of R in Q that is



95

finitely generated as an R-module., If 8 is not a local ring, then
Q/S has a non-trivial direct sum decompostion by Theorem %#.1. Since
S 1is isomorphic to an ideal of R, this contradictlon shows that S is
a local ring.

Let V be the integral closure of R, and suppose that V is not a
discrete valuation ring. Then there exist non-units x and y in V
suech that x + y = 1. Let S = R{x,y]; then S is a finitely generated
R-module, since x and y are integral over R. Thus S is a local ring,
and hence elther x or y 1s a unit in S. But then either x or y is a
unit in V, and this contradiction shows that V is a discrete valua-

tion ring.



CHAPTER XTI
THE PRIMARY DECOMPOSTTION

Throughout this chapter R will be a l-dimensional, local, Cohen-

Macaulay ring.

Definition. Let D be an Artinian, divisible R-module and P a

prime ideal of rank 0 in H. We shall say that D is a P-primary mod-

ule if AnnHD is a P-primary ideal, or if D = O.

Theorem 11.1. Let D be an Artinian, divisible R-module and P a

prime ideal of rank O in H. Then D is a P-primary module }{ and only

if all of the simple divisible factor modules in a composition series

for D correspond to P.
Proof. Suppose that D is a P-primary module and let

0 = Dy © D1 < ... C Dn = D be a composition series of divisible sub-

modules of D. Then Ann.D < Anng,(D

/Di) and AnnH(D /Di) is a

i+l i+l
prime ideal of rank O in H by Corollary 8.3.

Since Ann. D is a P-primary ideal, it follows that

H
AnnH(Di+1/Di) = P for all i = 0,...,n-13 and hence Di+1/Di corres-
ponds to P.

Conversely, suppose that every simple divisible factor module of
g composition series of divisible submodules of D corresponds to P.
Let I = AnnHD; and we shall prove that I is a P-primary ideal.
Since PD; , © D; for all i, we have P'D = 0, and thus P" © I. Be-
cause IDi+1 < Di’ we have T < P. TLet f and g be elements of H such
that fg € T and f ¢ P. We assert that fD = D. For if fD ¥ D, then
there is a composition series of divisible submodules of D passing
through fD by Theorem £.10. Hence there exists a divisible submod-
ule B of D such that fD < B and € = B/fD is a simple divisible R-
module corresponding to P. But fC = 0, and hence f € P. This con-
tradiction shows that fD = D. We then have 0 = (gf)D = gD, and

hence g ¢ I. This proves that T is a P-primary ideal.
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Corollary 11.2. Tet D b

g nonzero P-primary divisible Artinian

R-module, where P is a prime ideal of rank O in H, and let f € H.

Then fD = D if and only if f ¢ P.
Proof. If f ¢ P, then there exists an integer n > ¢ such that
2 e Ann,D, and hence fD # D. (onversely, if f ¢ P, then we have

shown that fD = D in the course of the proof of Theorem 11.1.

Corcllary 1l1.3. Let 0+ B=C —D—0 be an exact sequence of

Artinian, divisible R-module, and let P be a prime ideal of rank 0 in

H. Then C is a P-primary module if and only if B and D are P-primary

modules.

Proof. By Theorem 5.10, there is a composition series of divis-
ible submodules of C passing through B. Hence the set of simple
divisible factor modules for C is the union of the sets of simple
divisible factor modules for B and for D. The corollary now follows

directly from Theorem 11.1.

Corollary 11.4. (1) If D

1""’Dn are Artinian, divisible R~

modules and P is a prime ideal of rank O in H, then D, & ... & D is

a P-primary module 1f and only if every Di is a P-primary module.

(2) If D is an Artinian, divisible R-module, and B and C are

P-primary divisible submodules of D, then B + C is also a P-primary

divisible submodule of D.

(3) If D is an Artinian, divisible R-module, then D contains a

unigue largest P-primary divisible submodule C; C contains every

divisible P-primary submodule of Dy and D/C has ne nenzero P-primary

divisible submodules.

(4) If B and B' are P-primary and P'-primary Artinian divisible

R-modules respectively, with P # P', then HomR(B,B') = 0.
Proof. (1) follows immediately from Corollary 11.3 and (2)
follows from (1) and Corollary 11.3. (3) now follows from (2} and

Corollary 11.3. As for (4), let f ¢ HomR(B,B'), and suppose that f
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is not zero. Then f(B) 1s both P-primary and P'~primary by Corollary

11.3. This contradiction shows that Hom,{B,B') = O.

o

Definition. Let D be an Artinian, divisible R-module and P a
prime ideal of rank O in H. We shall call the unique largest P-pri-
mary divisible submodule of D that is guaranteed to exist by Corollary

11.4 the P-primary component of D. We shall denote this component

by DP’

Theorem 11.5. Let D be an Artinian, divisible R-module, and let

Pys...,P Dbe the prime ideals of rank O in H. Then:

(1) D=Dy + ... + D .
P1 Pn
(2) D is equivalent to Dp & ... & Dp .
- _— 1 n
Proof. (1) ZLet C = Dp + -+. + Dp and suppose that C # D.
1 n

Then there is a divisible submodule B of D such that ¢ € B and B/C is
a simple divisible R-module. We can assume that B/C corresponds to

P;. Let A=Dp + ...+ D then C/A 1s a homomorphic image of

P p_*
2 n
DP s and thus by Corollary 11.3, C/A is a Pl—primary module. We

1
have an exasct sequence:

0~ C/A—B/A—-B/C—0

where the extremes are Pl-primary modules. Hence by Corollary 11.3,
B/A is a P, -primary module.

Let I = Ann Ay then N Ann.D. < I. Since Ann
H i>e  HPy

primary ideal, (or is equal to H in the case that D

HDPi is a Pi-

p. = 0) we see
i
that I & Py. Choose h ¢ I such that h ¢ P,. Because B is an H-mod-
ule by Theorem 2.7, h induces an R-homomorphism f : B/A — B defined
by f(x + A) = hx for all x ¢ B. We assert that Ker f is a reduced
R-module.

Suppose that Xer £ 1s not reduced; then Ker f containsg a simple

divisible R-module F/A. Since B/A is P, -primary we have AnnHF/A = Py

If x € F, then hx = f(x + A) = 0, and thus h € AnnyF C Ann F/A = P,



99

But h ¢ Pl’ and this contradiction shows that Ker f 1s reduced.

Let G = £(B/A) © By then G is a P;-primary module by Corollary
11.3, and hence G C DPl < C. By Corollary 11.2 we have G = hG, and
thus £(B/A) = £((G + A)/A). Therefore, we have B/A = (G + A)/A
+ Ker f. Since Ker f is reduced, we have B = G + A by Theorem 5.3.
Thus B © C, and this is a contradiction. Hence we have

D=1D + ... + D .
Pl Pn
(2) Now AnnH(

+ ... + Dp ) N Ann

n i>2

DP + ..+ DP has no nonzero Pl-primary component. Thus
2 n

D, N (D, + ... + D, )
Pl P2 Pn

hgve an exact segquence:

D D, , and hence
P2 H Pi

is a reduced R-module. By statement (1) we

+ .o+ D & (Dp + ... + Dy ) =D—0.
2 n 1 2 n

Hence by Lemma 5.8, D is equivalent to DP @ (DP E %—DP Y. By
1 2 n

induction on the number of nonzero primary components,

D + ... +D is equivalent to D $ ... D, . Thus D is equival-
P2 Pn P2 Pn .

ent to D, & (D, ® ... & D, ).
Pl P2 Pn

Corollary 11.6. A uniserial, Artinian, divisible R-module is

P-primary for some prime ideal P of rank O in H.

Proof. This is an immediate consequence of Theorem 11.5.

Remarks. It i1s clear from Theorem 11.5 that if D is an Artinian
divisible R-module, then & composition series of divisible submodules
of D can be found so that all of the simple divisible factor modules
corresponding to a given prime ideal P of rank O in H can be arranged
in sequence in a single block, and that the position of these blocks

in the chain is arbitrary.

Corollary 11.7. If A is an Artinian divisible R-module, then a

given simple divisible R-module D is isomorphic to a factor module

in a composition series of divisible submodules of A if and only if
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D is equivalent to a submodule of A.

Proof. This is clear from the preceding remarks about Theorem

11.5.

Theorem 11.8. Let O = Nl n...n Nn be a normal decomposition

of 0 in H, where Ni is a Pi—primary ideal of H and Pl""’Pn are the

prime ideals of rank O in H. Let K @R Ni = Bi/R < K, and let

U= Bl n...nasa Then:

n’
(1) Bi is a strongly unramified ring extension of R in Q.
(2) By + ;;i Bj = Q, and thus Q/U = Q/Bl b ... 8 Q/Bn.

(3) It A; 1s the closed component of R corresponding to P,,

then B; < A; and By vd Aj for j £ 1.

(#) U is a finitely generated R-module, and thus U is a 1-dim-

ensional, semi-local, Cohen Macaulay ring. If R is an integral do-

main, then the ideals Mi = B MN U are all distinct and are the only

maximal ideals of U, and B, = U, .
e — i Mi
(5) K is equivalent to Q/B; & ... & Q/B.

(6) @/B; is isomorphic to the P,-primary component of Q/U and

Q/Bi is equivalent to the P,-primary component of K.

(7) K®, (N N,) =h(N B,/R) is the P,-primary component of
R4 A — 1
Proof. (1) B; 1is a strongly unramified extension of R in Q by
Theorem 6.6.
(2) Let Jl,...,jk be any set of integers between 1 and ny; and

let A be a closed component of R such that A/R contains h{ ﬂ BJ /R).
Jj=1 vt

By Corollary 6.7, h( ﬂ B. /R) = K 8 ( ﬂ N

)3
i=1 J¢ 1 J¢
A/R = K ®R P, where P is the prime ideal of rank O in H corresponding
k

and by Theorem 7.3,

to A. Then by Theorem 6.6, F c P. Hence P = P, for some
t=1 Jt I

integer jt and thus A = AJ . Therefore, if j is an integer,
t

1 < Jj<n, such that j is not equal to any Ji then there 1s no closed
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k
component A of R such that A/R contains (BJ/R) + h(N Bj /R). Hence
j=1 9t
k
we have BJ + N B, =Q. It follows from this that
t=1 Yt
QU Q/BJ + Q/( Q By). By induction on n we have
i#d

Q/(NB)= 2 @ Q/B;, and thus Q/U = g ® Q/B; .
i£J 143 i=1

(3) We have proved in (2) that if Ay is the closed component
of R corresponding to Pi’ then Ai is the only closed component of R
containing Bi'

(%) By Corollary 6.7 we have O = K 8, (N Ny)
= h Q (K 8 Ny)) = h Q B;/R) = h(U/R), and thus U/R is a reduced
R-module. Therefore, by Theorem 5.1, U is a finitely generated R~
module; and hence U is a semi-local, l-dimensional, Cohen-Macaulay
ring. If R is an integral domain, then Theorem 6.3 shows that the
ideals Mi = BiM N R are exactly the set of maximal ideals of U and
that By = UMi'
(5) Since U/R has finite length by (4), it follows from the

exact sequence:
0—-U/R—=K=-=Q/U=~0

and Lemma 5.8 that K is equivalent to Q/U.

(6) By Theorem 6.6, AnnH(Q/Bi) = N;, and thus Q/Bi is the P, -
primary component of Q/B1 ® ... 8 QXBn. Hence Q/Bi is isomorphic to
the Pi-primary component of Q/U and equivalent to the Pi-primary
component of K.

{7} By (2) we have B, + N B, = Q, and thus Q/B, = N B./U.
o Poogad

Therefore, by (6), Q BJ/U is the P,-primary component of Q/U. We
J#i

have an exact sequence:

0-U/R- NB.,/R—+ N B,/U—0.
3419 G419
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Hence by Theorem 5.3 and Lemma 5.8 we see that h(jW BJ/R) is equival-~
ent to .Q BJ/U, and thus to Q/Bi‘ Since Q/Bi is gqiivalent to the
Pi-primgr§ component of K by (6), it follows that h(;;iBJ/R) is the
P;-primary component of K. By Corollary 6.7, we have

n( N B,/R) =K 8 N N.
(m 3/R) R (3,_11 ;)

Definition. With the notation of Theorem 11.8, we shall say

that Bi is the Pi-primary component of R.

Corollary 11.9. With the notation of Theorem 11.8 we have an

exact sequence

0~H~Hml®.uaﬂmn~mm»o

where U/R has finite length and Hl/Nl & ... & H/Nn = H{U), the com-

pletion of U in the Zariskl topology.

Proof. By Theorem 6.4 and Theorem 11.8, it is sufficient to
prove that H/N; & ... & H/N, = H(U). Now Q/U=Q/B; & ... & Q/B by
Theorem 11.8 and HomR(Q/Bi,Q/BJ) = 0 for i £ J by Corollary 11.4.
Thus H(U) = HomR(Q/S,Q/S) 38 HomR(Q/Bi,Q/Bi). By Theorem 6.6 we

i
have Hom,(Q/B;,Q/B;) = H/N;, and thus H(U) = ? & H/N, .

Theorem 11.10. Let A and B be Artinian divisible R-modules.

Then A and B have equivalent composition series if and only if

L(Ap) = L(Bp) for all prime ideals P of rank O in H. 1In this case
we have L(A) = L(B).

Proof. This is an immediate consequence of Theorem 11.5.



CHAPTER XTI
THE FIRST NEIGHBORHOOD RING

Throughouf this chapter R will be a l-~dimensional, local Cohen-
Macaulay ring. If A is an R-module of finite length, we shall denote
its length by X (A). For all large values of n, ,{XR/MH) is a poly-

nomial in n of degree 1 called the Hilbert polynomial of R [24,

VIII, Th. 20]. Thus Jf(R/Mn) = en ~ p for large n, where e and p are

integers called the multiplicity and reduction number of R, respec-

tively ([24, VITI, §10] and [22]). Tt follows that (ML)

= e
is constant for large n, and from this we see that e is a positive
integer. We also note that p is a nonnegative integer as we shall
see later. The purpose of this chapter is to study some of the re-
lationships between e and p.

An element a € M° is called superficial of degree s if

(Mn+s: a) = M" for all large n. For every large value of s there is
a superficial element of degree s [20, Th. 2]. Northcott has proved
that if a ¢ MS, then a is superficial of degree s if and only if

Mla = Mn+s, for all large n [20, Th. 1]. We shall consistently use
this equation as the defining property of superficial elements.
Clearly a superficial element is a regular element of R, and hence
generates an M-primary ideal.

Northecott has defined the first neighborhood ring A of R to be

the set of all elements (in the full ring of quotients Q of R) of the
form b/a, where b ¢ M® and a is superficial of degree & (8 variable)
[20]. Since the set of superficial elements of R is obviously mul-
tiplicatively closed, it is clear that A is indeed a subring of Q
containing R. We 8hall use the symbol A for the first neighborhood
ring without further definition.

Northcott's pioneering work forms the baslis of any treatment of
the subject. We shall have frequent occasion to make use of certain

of his results and we shall collect them here in a single theorem.
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We shall prove these results in order to make this chapter as self-
contained as possible, and also because it has been possible to find

somewhat simpler proofs than the original ones (see [20] and [22]).

Theorem 12.1 (Northcott's Theorem). (1) There exlsts a super-

ficial element a of degree s such that A = ¥%a~l. Thus A is a

finitely generated R~module, and hence is a semi-local, l-dimensional

Cohen-Macaulay ring.

(2) AM* = M" for all large n.

(3) If be Mt, then b is superficial of degree t if and only

if Ab = AME.

(4) A = R if and only if R 1is a discrete valuation ring.

Proof. (1) Suppose that b is a superficial element of degree

kt, _ Mkt+t.

t in R. Choose an integer k large enough so that M b If

we let a = bk and s = kt, then M3a = M2s, and a is superficial of

1

degree s. Putting T = M°a”~ s we see that T2 = T, and thus T 1s a ring

contained in A. Since T is a finitely generated R-module, and
MipL < T, we see that every element of Mo 1 is integral over R.
However, b was an arbitrary superficial element of R, and thus we
have proved that A is an integral extension of R.

On the other hand, let y € Ay then y = d/c, where d € M® and c
is superficial of degree m. We write y = (dcs-l/am)(am/cs) and note
that dcs'l/am and c®/&™ are elements of T. Since c¢5/a™ is clearly
a unit in A, and A is integral over T, it is also a unit in T. Thus
we see that y € T, and we have proved that A = T.

{(2) By (1) we have jAa = M°, and hence AM® = M®. Therefore,
AM? = M? for all n > 8.

(3) If b is superficial of degree t, then by (1), AM®
= (Mkt/bk)Mt = Mkt+t/bk = (Mktb)/bk = Ab. Conversely, suppose that
b € M and that Ab = AM®. Then by (2) we have for all large n that

M = AMnb = AMn+t = Mn+t, and thus b is superficial of degree t.
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(4) If R is a discrete valuation ring, then R is integrally
closed, and hence by (1) we have A = R. Conversely, suppose that

A = R. Then by (1) we have M° = Aa = Ra. Thus there exist elements
ul"'é’um in M571g71
1= .Z uibi and uiM < R for all i. Since R is a local ring, there is
an iizéx J such that 1 = ujbj’ and hence M = ij is a principsl ideal

and elements bl,...,bm in M such that

of R. It follows readily that R is s discrete valuation ring.
Our first proposition is an elementary generalization of a re-
sult of Northecott [21, Th. 1], but nevertheless, it is of crucial im-

portance.

Theorem 12.2. AM is a principal ideal of A, and is generated by

a regular element of A.

Proof. Let Nl"“‘Nt be the set of maximal lideals of A, and let
J = Nl n...n Nt' Then J is the Jacobson radical of A. If we denote

AM by I, then by the Chinese Remainder Theorem we have:

1/J1 = I/le 6 ... 8 I/NtI.

n

We shall prove that I/JI = A/J. Since A/J = A/N; & ... & A/N, by
the Chinese Remainder Theorem, it 1is sufficient to prove that I/NiI
= A/Ni for all 1 = 1,...,t.

By Theorem 12.1, there is an element a ¢ M® such that Aa = Mo,

Thus Ay a = Ay M° = (1 )S, and hence there exist elements
Ny Ny Ny

5=1_~1 .
Upseee,u in (INi) a — and Yys+-+s¥p in INi such that
m
1= kil U Ve and ukINi < ANi. Since ANi is a local ring there is an

index j such that 1 = ujy.. Therefore, IN = AN yj; and since I

J . N.
i i i
contains a regular element of AN we have IN = AN for every i.
i i i
Thus we have I/N,I = (I/NT)y = INi/NiIN. =2 ANi/NiANi = AN, for

i
all i, and this proves that I/JI = A/J.

Because I/JI is a cyclic A-module, there is an element x in I
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such that I = Ax + JI. However, J is the Jacobson radical of A and
hence by the Nakayama Lemma we have I = Ax. Since I contains a reg-
ular element of R, it follows Immediately that x is a regular element

of A.

Theorem 12.%. Suppose that a € M 1s a regular element of R and

guotients of R such that both I and J contain regular elements of R.

Then I/aI and J/aJ have finite length and Z£(I/al) = X(J/aJd).

Proof. We may assume without loss of generality that T is an
ideal of R. Since Ra N I contains a regular element of R, it is
an M-primary ideal, and hence there is an integer n > O such that
M' € Ra N I. Thus R/I and I/al have finite length. From the exact

sequence:
O —1/al —- R/al =+ R/T =0

we conclude that £ (R/al) = X£(I/aIl) + £ (R/I). However, we have

another exact sequence:
0 - Ra/Ia — R/al -+ R/Ra — O

from which we conelude that Z(R/al) = X(R/Ra) + ,Z{(Ra/Ia). But we
have Ra/Ia = R/I since a is a regular element of R, and thus com-
paring the two equations for xf(R/aI) we see that .Z(I/al) = ZL(R/Ra) .
In similar fashion we have 2(J/aJ) = Z(R/Ra); and thus
ZL(1/a1) = L(3/ad).

Northecott has proved that .Z(A/R)= p, thus showing that p > O
[28, Th. 1]. 1In the next proposition we shall give a proof of this
result, and in addition simultaneously prove that Z(A/AM) = e.

Theorem 12.4.  Z(A/AM) = e and ZL(A/R) = p. Furthermore,
Z (MMM = en for all n > O.

pProof. Let X(A/AM) = a and X(A/R) = B. By Theorem 12.2 there
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is a regular element x of A such that Ax = AM. Thus At /amitt

= A/Ax for every i, and hence AfYA/AMn) = no for every n > O. For
all large k we have by Theorem 12.1 that AMK = Mk and aikR/Mk) = ek
- p. Thus ak = Z(A/MM) = LT - EA/R) + LEM = 8

+ (ek - p)}. Letting k — «», we see that & = e and B = p.

Remarks. Let Nl,...,N be the set of maximal ideals of A and let

t
Ai = AN . Then A N AiM is an Ni—primary ideal of A and
i
t
AM= N (AN A;M) is a normal decomposition of AM. Since
i=1

n

t
A/(A R AM) 2 A, /MM, we have A/JAME S & A./A.M by the Chinese
i A § 521 i1
Remainder Theorem. Hence we see that Z(A/AM)= 2 Z(A;/AM). If
i=1
we let n, be the length of Ai/AiM as a A;-module and
Ay = [A;/M N, : R/M], and note that by Theorem 12.4 AN/1M) = e,
t
then the preceding equation becomes e = 3 kini’ a formula due to
i=1

Northcott [21, Th. 2].

The next proposition is a strengthened version of [21, Propo-

sition 1].

Theorem 12.5. Let a € M° and let I be a finitely generated R-

submodule of Q such that I contains a regular element of R. Then

& (1/a1) > se and L(I/al) = se if and only if a is superficial of
degree s.

Proof. 1If a is a zero divisor in R, then zf(I/aI) is infinite,
and thus without loss of generality we may assume that a is a regular
element of R. Hence by Theorem 12.3 we may assume that I = A. Since
Aa c AM®, we have Jf(A/Aa) > se and Jf(A/Aa) = se if and only if
Aa = AM® by Theorem 12.4. By Theorem 12.1, Aa = AM® if and only if

a is superficial of degree s.

Corollary 12.6. If a € M5 and b ¢ Mt, then ab is superficial
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superficial of degree t.

Proof. If a is superficial of degree s and b is superficial of

degree t, then for large n, Mlab = Mn+sb = Mn+s+t

, and hence ab is

superficial of degree s + t. Conversely, suppose that ab is super-
ficial of degree s + t. Then Z(A/Aab) = (s + t)e by Theorem 12.5.
Now b is a regular element of R and thus Aa/Aab £ A/Ab. Hence

se + te = ZL(A/hab) = L(A/Aa) + L (Aa/hadb) = L (A/ha) + X(A/AD).

It follows from Theorem 12.5 that a is superficial of degree s and

b is superficial of degree t.

Definition. ILet X be an indeterminate over R; then by [18,
Ch. IV., Prop. 5), M[X] is a prime ideal of rank 1 in R[X] and we can
define R* = R[X]M[X]' We have a natural imbedding R < R*; and if I
is an ideal of R, we define I* = R*¥I. Then we have MI* = (MI)*
= M*¥I*, R¥* is a local, l-dimensional Cohen-Macaulay ring. If I is
an M-primary ideal of R, then by [18, Ch. IV, Cor. 1 and Prop. 2],
I* is an M*-primary ideal of R* and I¥* N R = I. If A* is an R¥=-
module of finite length, we shall denote its length by Z*(A*). We
shall denote the multiplicity and reduction number of R* by e* and
p*, respectively.

The following theorem was communicated to me by D. Rees.

Theorem 12.7 (D. Rees). (1) If I € J are M-primary ideals of
R, then 2Z*(J*/1*) = Z£(J/I).

(2) e* = e and p* = o.

(3) R*/M* is infinite, and thus R* has a superficial element
of degree 1.

Proof. If X%(J/I) = n, there exists a chain of M-primary ideals
I=1y,c1Iy<... I =J such that I,/I, ; = R/M for all
k =1,...,n. Thus for each k there is an element 8 € Ik such that
Ik = Ik-l + Rak and Mak c Ik-l‘ Therefore, I* = 16 c Ii c ... C I;

= J* is a chain of M*-primary ideals of R*¥; and since IFN R = I,
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the Ii are all distinct. We have I = Iﬁ-l + R*ay and
M*a, = (Mak)* < If_y- Thus Iifli-l = R*/M*, and the 1§ gives us a
composition series from I* to J*. Therefore, Z*(J*/I*) = X(J/I).

If § > O is any integer, then gf*((M?)j/(M‘)j+l)
= a{*((Mj)*/(MJ+l)*) = zf(Mj/Mj+l) by the preceding paragraph. From
this it follows immediately that e* = e and p* = op.

It is obvious that R*/M* is infinite, and thus by [24, p. 287],
R* has a superficial element of degree 1.

I am indebted to D. Rees for suggesting the method of proof and
the strengthening of the statement of the next theorem. It is a

special case of a more general (unpublished) result of his concerning

ideals of height 1 in a Cohen-Macaulay ring.

Theorem 12.8. Every M-primary ideal of R can be generated by

e elements.

Proof. 1If I is an M-primary ideal of R, then the minimal num-
ber of generators of I is equal to £(I/MI), and we wish to prove
that £ (1I/MI) < e. Because of Theorem 12.7 we can assume without loss
of generality that R has a superficial element a of degree 1, But
then al < MI, and hence X{(I/MI) < X(I/al) = e by Theorem 12.5.

We have noted in the proof of Theorem 12.7 that if R/M is in-
finite, then R has a superficial element of degree 1. Another in-
stance in which the existence of such an element is guaranteed is

given by the following theorem.

Theorem 12.9. 1If A is a local ring, then R has a superficial

element of degree 1.

Proof. By Theorem 12.2 there is an element x in A such that

AM = Ax. Now M is generated by elements ay,..-52, Over R, and hence
n

a.. On the

there exist elements UyseeesUy in A such that x = 2 ugay

i=1

other hand there exist elements Vyseeo sV in A such that a; = ViX.
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n n
Thus x =( = uivi)x, and hence 1 = 2 ugvy. Because A is a local ring
i=1 i=1
there is an index j, 1 < j < n such that Vj is a unit in A. There-

fore, AM = Ax = Avjx = Aaj, and thus aj is a superficial element of
R of degree 1 by Theorem 12.1.

Theorem 12.10. There exists an integer v > O such that

LML) = e for 11 n > v and LMY < e 1f n < v.

Proof. Because of Theorem 12.7 we can assume without loss of
generality that R has a superficial element a of degree 1. ILet v be
the smallest integer such that a?(Mn/M"+l) = e for all n > v. Let
k > O be any integer; then by Theorem 12.5 /fYMk/Mk+l)
= onMk/Mka) - afYMk+l/Mka) = e - gf(Mk+1/Mka). Therefore,

k+1 kK

LM ML) < e and equality holds if and only if M¥*D - M¥a. But

1. Mka, then Mn+1 = M'a for all n > k, and hence by Theorem

1r M5
12.5 Rf(Mn/Mn+l) = e for all n > k. In this case k > v, and this

proves the proposition.

Definition. Let kl be the smallest integer such that
k-
L(R/M 1) = ek; - p; and let k, be the smallest integer such that

Theorem 12.11. We have kl = k2 = v, where v is the integer of
Theorem 12.10.

Proof. We have X(A/Mkl) - Z(A/R) + x(a/mkl) = o+ (ek; - p)
= ek,3 and we have 2 (A/AM l)k= ek, by Theorem 12.4. Since

l,
Ky k 1 Ky

M~ < AM 1, we conclude that M = AM Therefore, k2 < kl‘

On the other hand, we have ;f(R/Mkz) - gf(R/Ang) - xf(A/AMkQ)
- Z(A/R) = ek, - p by Theorem 12.4, and hence k; < ks

By Theorem 12.2 there is a regular element x in A such that
Ax = AM. If n > k,, then M® = AM® = Ax®, and hence MMt = AAx.
Therefore, Z(M'/M™) = ¢ by Theorem 12.4, and thus Ky > V.
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kl-l kl kl—l
If ky > v, then X(M /M )} = e, and hence JZ(R/M )

kl kl—l kl
= XZ(BM7) - M " /M) = (ek; - p) - e = e(k; - 1) - p, contra-

dicting the minimality of kl‘ Thus kl < v and hence kl = k2 = V.

Definition. If A is an R-submodule of §, we define the inverse

of A by Al - {qg € Q ] gA c R}. Since R has a principal M-primary

ideal, it is easily seen that R j M"l. Because R is a local ring,

we have AA“l = R if and only if A is isomorphic to R. Thus we see

that MY = R if and only if R is a discrete valuation ring. If R

1_ M and thus ML is a

is not a discrete valuation ring, then MM~
Noetherian, semi-local, l-dimensional Cohen-Macaulay ring that pro-

perly contains R.

Theorem 12.12. We have Mn(Mn)'1 - -t

for all n > v.
Proof. By Theorem 12.2, there is an element x in A such that

Ax = AM. Ifn>v and a = x°, we have Aa = M'. Hence /\"1 = 51(Mn)'l

and thus A"1 = At < pa(M L - M) L

Theorem 12.1%. R is not a discrete valuation ring if and only

if w7l e

Proof. Suppose that R is not a discrete valuation ring. Then

we have MM = M. By Theorem 12.1, R has a superficial element a of
degree s guch that A = el Thus MIA = MIMBal - MSaTL - A, and
hence Mt c A.

1 c A, If R is a discrete val-

uvation ring, then M = Rb for some b € M., Therefore, bl e mlc A,

On the other hand suppose that M~

and thus AM = A. But this cannot happen since A is a finite R-module
by Theorem 12.1, and thus R is not a discrete valuation ring.
In Theorem 12.15 we shall find necessary and sufficient condi-

tions for M™T to equal A.

Theorem 12.14. o > e - 1.
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Proof. We have Z(A/M) = Z(A/R) + X(R/M) = p + 1 by Theoren
12.4, since M © AM and Z(A/AM) = e by Theorem 12.4, we have
p+ 1> e.

The next proposition gives necessary and sufficient conditions

for p to equal e - 1.

Theorem 12.12. The following statements are equivalent:

(1) p=-¢e - 1.

(2) A =M1 or R is a discrete valuation ring.
1

(3) There exists a € R such that M ~a = M.

(#) There exists a € R such that M = Ma.

(5) }f(M/Mg) = e and R has a superficial element of degree 1.
(6) Rf(Mn/Mn+l) = e for every n > 1.

Proof. (1) => (2). Suppose that R is not a discrete valuation

ring. Then M™* ¢ A by Theorem 12.12. Now ZL(AM/M) = Z(A/M)

- L(AMM) = L(AR) + L(R/M) - L(A/AM) = o + 1 - e = O by Theorem

12.4. Therefore, AM = M and hence A C ML,

(2) => (%). If R is a discrete valuation ring, then M = Rb for

some b € R and hence M™% = R(1/b). Letting a = b we have

M1a - Bb = M. Hence we can assume that A = M"*. Then R is not a

discrete valuation ring by Theorem 12.13 and thus AM = M'lM = M. By

Theorem 12.2, AM = Ax = M, and hence x = a € M, showing that Mla = M.
(3) => (4). Since Mta = M, we have M* = M"™Ma. Thus we can
assume that MM # M, and hence M IM = R. But then R is a discrete

valuation ring and M = Rb for some b € R. Therefore M2 = Rb2 = Mb.

(4) => (5), and (6). Since M - Ma, we have M1 = M% for all

il

n > 1. Hence a is superficial of degree 1, and by Theorem 12.5,
Xf(Mn/Mn+1) = (M /Ma) = e for all n > 1.

(3) => (4). Let a be a superficial element of degree 1. Then
Z(M/Ma) = e by Theorem 12.5. But Ma M° and Af(M/Mg) = e by as-

sumption. Thus we have Ma = Mg.
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(6) => (1). For large n we have gf(R/Mn) = en - p. But
ZERMY = Z(RM) + LM/ + ... + ZMIMY = 1+ (n-1)e by
assumption. Therefore en - p = 1 + (n-1)e = en - (e-l), and hence

p =@ ~ 1.
Northcott has proved the following theorem (see [20] and {22]).

Theorem 12.16 (Northcott). The following statements are equival-

(1) Every ideal of R is principal (i.e., Ris a discrete val~-

ugtion ring).

(2) P(n) = n; where P(n) is the Hilbert polynomial of R.

(3) o= 0.
(#) e

Proof. The implications (1) => (2) => (3) are trivial, and

1.

Hi

(Z) ==> (4) follows immediately from Theorem 12.14. Hence assume
(4); that is, e = 1. Then there is an integer n > O such that M is
a principal ideal of R. It is an immediate consequence of this that
et - R, and hence M is a principal ideal of R. Therefore, R is a
discrete valuation ring.

We shall prove an analogous theorem to characterize the situa-
tion where every ideal of R can be generated by two elements. How-

ever, there is no similar theorem to characterize p = 2, or the sit-

uvation where every ideal can be generated by three elements.

Theorem 12.17. The following statements are equivalent:

(1) Every ideal of R can be generated by two elements, but R

is not a discrete valuation ring.

(2) P(n) = 2n - 1, where P(n) is the Hilbert polynomial of R.

(3) o =1.
(#) e = 2.

If any of these conditions hold, then R has a superficial element g{

degree 1.
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Proof. (1) ==> (2). 1If M? is principal for any n > 1, then
M-l
tion. Thus & (M2 /ML) > 2 for all n > 1 because LMY 15 the
minimal number of generators required to generate M. By assumption

Jf(Mn/Mn+l) < 2 for all n > 1. Hence 2Oy - 2 for all n > 1.

M = R and hence R 1s a discrete valuation ring contrary to assump-

e =1=2 «1=1.

]

Therefore, e = 2, and by Theorem 12.15, we have p
Thus P(n) = 2n - 1.

(2) => (3). Trivial.

(3) => (#). By Theorem 12.14, we have e < p + 1 = 2; and by
Theorem 12.16, we have e > 1. Therefore, e = 2.

2, and thus

(4) => (1). By Theorem 12.10, Z(M*~1 M) < e
LML Y) - 1. Hence MVl is a principal ideal of R and the same
is true of (M""1)™ for alln > 1. Ifv -1 >0, then
1= aﬁ?M(v-l)n/M(V-l)n+l) = e for some large n. But e = 2, and this
contradiction shows that v - 1 = 0. Hence by Theorem 12.10 we have
Xf(Mn/Mn+l) = e =2 foralln>v =1. This is one of the equivalent
conditions of Theorem 12.15, and we conclude that R has a superficial
element a of degree 1 such that M2 = Ma. Therefore by Theorem 12.8
every M-primary ideal can be generated by e = 2 elements.

Suppose that P is a nonzero rank O prime ideal of R. If
P < Ra, then a ¢ P since a is a regular element of R, and hence

P - Pa. But then P = pal! ¢ M¥T1

for all n > 1, and thus P = O. This
contradiction shows that P ¢ Ra. Choose b € P such that b ¢ Ra. If

a and b are not linearly independent modulo M2, then b € Ra + M2

= Ra. This contradiction, and the fact that M can be generated by

two elements shows that M = (a,b). Therefore, R/Rb is a l~dimensional
Noetherian local ring whose maximal ideal is principal and thus R/Rb
is a discrete valuation ring. Hence Rb is a prime ideal; and since
Rb € P and rank P = 0, we see that P = Rb. We have shown that every

rank O prime ideal of R is a principal ideal.

Suppose that I is a P-primary ideal of R. Since P! ¢ 1 for some
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n > 1, there is a smallest integer t > 1 such that bt € I. But then

I = Ro’. For if not, choose y ¢ I such that y ¢ Rb®. Then y = rbF
where k < t and r ¢ Rb = P. But I is P-primary and r ¢ P implies
that bk € I. This contradiction shows that I = Rbt. Therefore every
P-primary ideal is a power of Rb.

It is easily seen that the intersection of a finite number of
ideals that are powers of principal prime ideals is again a principal
ideal. Thus every unmixed rank O ideal of R is a principal ideal.

Now let J be a nonzero ideal of R that is not M-primary and is
not unmixed of rank 0. Then J = AN I, where A is an M-primary ideal
and T is unmixed of rank 0. Then I = Re for some ¢ € M and hence
J = Be, where B ig an ideal of R. 1If B is M-primary, or unmixed of
rank O, then B can be generated by two elements, or 1 element, re-
spectively. But then in all cases J = Be can be generated by two
elements. Thus we can assume that B is neither M-primary nor unmixed
of rank O. As in the case of J we see that B = Blcl’ where cq € M
and B1 is an ideal of R. Therefore, J = Blclc o ME. If this process
were to continus indefinitely, we would have J C M? for all n >0,
and hence J = O, This contradiction shows that the process must stop
somewhere, and when it does we see that J can be generated by 1 or 2

elements. Therefore, every ideal of R can be generated by two ele-

ments.



CHAPTER XITT

GORENSTEIN RINGS

Throughout this chapter R will be a l-dimensional local Cohen-
Macaulay ring. We shall freely use the notation of Chapter XIT with-
out further definition.

Definition. R 1s said to be a Gorensteln ring if the injective

dimension of R as an R-module is 1.
The following theorem may be found in [1] and [14] in a more

genersl setting,

Theorem 13.1. The following statements are equivalent:

(1) R is a Gorenstein ring.

(2) Q and K are injective R-modules.

K is an injective R-module.

K = E(R/M), the injective envelope of R/M.
(5) Mlm =z ram.

(6) M-t can be generated by two elements.

(7 I = 1717t for every regular ideal of R.

(8)  Z(1/3) = 2371171 for all regular idealsJ c T of R.
(9) R has a proper, irreducible, regular, principal ideal.

Proof. If Pys---,Py are the prime ideals of rank O in R, then

Q = Rp & ... & RP , and hence Q is a direct sum of Artinian local
1 t

rings. Let E = E(R/M) and Ep
i

of R/M and R/pi, respectively. By Theorem 4.5 these are the only

= E(R/pi) be the injective envelopes

indecomposable injective R-modules; the Ep 's are the only indecom-
i
posable injective Q-modules; and every injective R (or Q) module is

a direct sum of indecompossable injectives. It follows that

inj. dimRQ < inj. dimQQ. On the other hand we have Q ®R E = 0 and

i
an injective Q-module. Hence if we apply the exact functor Q @R .

Q &R Epi = Ep . Thus if € is an injective R-module, then Q ®R C is
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to an injective resclution for either R or § over R we obtain an in-
Jective resolution for Q as a Q-module. Thus we have proved the
following:

inJ dimRQ = inj.dimQQ < inj.dimRR.

(1) ==> (2). By the preceding remarks we have inj.dimQQ < 1.
It is sufficient to prove that Q is an injective Q-module. For then
by the preceding equation Q would be an injective R-module. Since @
is a direct sum of Artinian local rings, it is sufficlent to prove
that if S is an Artinian local ring such that inj.dim.SS < 1, then
S is an injective S-module.

Let N be the maximal ideal of S. Then there is a nonzero ele-
ment x in S such that Nx = O, and hence 8x = S/N. We have Exté(S/N,S)
= Exté(Sx,S) = Extg(S/Sx,S) = 0. By induction on length we see that
Exté(A,S) = 0 for every S-module A of finite length. Because every
ideal of S has finite length, we have shown that S is an injective
S-module.

(2} ==> (3). This is a trivial assertion.

(3) => (4). It is easy to see that M~ 1/R # 0 and that K is an
essential extension of M'l/R. Since M'l/R is isomorphic to a finite
direct sum of copies of R/M, it follows that K is isomorphic to a
finite direct sum of copies of E(R/M}. But K is an indecomposable
R-module by Theorem 4.7, and hence K is isomorphic to E(R/M).

(4 => (1). It is sufficient to prove that Q is an injective
R-module. From the given exact sequence 0 - R —Q — E —+ 0, we ob-

tain the exact sequence:
(=) 0 -*HomR(E,E) ~*HomR(Q,E) — - 0,

Now HomR(E,E) = H, the completion of R, by Theorem 4.5, and hence
HomR(E,E) is a flat R-module. Using the abbreviation w.dim. for weak
dimension, we cbserve that w.dimPE =1 since E = K, and Q is a flat

R-module. Thus from exact sequence (*) we see that
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w.dimRHomR(Q,E) < 1.
If I is an ideal of R, then by [3, Ch. VI, Prop. 5.3], we have:

Hom, (ExtR(R/1,Q) ,E) = Torh(R/I,Homy(Q,E))

for all n > O. Hence we have Extg(R/I,Q) = 0 for all n > 2. Thus
inj.dimRQ < 1. By the equations at the beginning of the proocf we
have inj.dimQQ < 1. As in the proof of (1) => (2), we see that Q is
an injective R-module. Therefore, inJ.dimRR = 1, and R 1s a Goren-
stein ring.

(4) => (5). since MY/R = {x € K | Mx = 0} and R/M
% {xeRE | Mx=0}, we see that M"1/R = R/M.

(5) => (6). This is an obvious assertion.

1 1

(6) => (5)., If MM = R, then M™™ is cyclic and hence

1M = M. But then

MLi/R 2 R/M. Hence we can assume that M~
X?(M"l/M) df(M-l/MM'l) = 2. Therefore xf(M-l/R) = &f(M‘l/M)

- Z(’RM) = 1, and we see that M"1/R = R/M.

(8) => (7). Let I be a regular ideal of R and let a be a
regular element of I. Then multiplication by a annihilates R/I. On
the other hand multiplication by a is an isomorrhism on Q. Hence

Ext%(R/I,Q) = 0 for all n > 0. As a consequence we have

1

Ext%(R/I,R) = HomR(R/I,K) Ann, T = 171/R.  Another consequence is

that every R-homomorphlsm from I into Q can be extended to an R-homo-
morphism of R into Q. This latter statement implies directly that

1

there is a canonical isomorphism of I"" and HomR(I,R).

Since Ra is an M-primary ideal we have a composition series of

ideals:

Ra = IO cIly<c... In =1
such that Ij+l/Ij = R/M. Because I, is a principal ideal, we have
Iy = 161"1. We will assume that Iy = 131°1 and prove that

-l - . .
I,41 = 1351 - By inducticn this will establish (7).
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We have an exact seguence:
1
0 - HomR(Ij+l,R) - HomR(IJ.,R) = ExtL(R/M,R) .

By our preceding remarks we have Exté(R/M,R) = M_l/R, and by assump-

tion ML1/R = R/M. Thus the exact sequence can be written in the form:

0—-171 & 171 B gy

J+1 J
where a is the inclusion map. If B = O, then I il Igl, and hence
-1-1 -1=1 . .
Ij+1 c Ij+1 IJ Ij‘ But this is a contradiction, and thus

8 # 0, and so B8 is onto. We can now produce from this sequence ans=

other exact sequence:

0 =1 5111»1“11 S r/m

J+1
where vy is the inclusion map. If & = O, then I = Igil and we have
a contradiction. Hence & is onto. Since Ial 1 = Ij’ we have proved
-1-1 ~ .
that Ij+1 /Ij = R/M. Now 13+1/Ij is a nonzero submodule of
—1 1 _L-1-1
J+1 /I and hence Ij+l = IJ.+1

(7) => (8). Let J c I be regular idealsof R. They are M-pri-
mary ideals of R and hence we can find a composition series of

ideals of R:

J=IycI C...cI =1

such that IJ+1/I Z R/M. Then we have a series:
I DN T | 1 -
hertert el ergt =0

anad IJ+1 4170 mhus Z(1/9) < 237 /171y, By the same argument

we have Jf(J‘l/l_l) < Jf(I-l'l/J—l'l). Since T = T°*"% ana
T =31 we see that Z(1/3) = L3717

(8) => (4). By assumption Z(R/M) = 35(M'1/R), and thus
M'l/R = R/M. Since K is an essential extension of M'l/R, we have

KcE

H

E(R/M). Let I be a regular ideal of R. Then
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Anny (I) © Annp(I). We have Anny(I) = I”'/R and nng (1)
= HomR(R/I,E). Since HomR(R/M,E) = R/M it is easy to see by induc-~
tion on the length of a module that X(HomR(R/I,E)) = X(R/1). By
assumption we have xf(I-l/R) = X(R/1). Therefore, we have
Anny (I) = Anng(I). By Theorem 4.5 we see that E = U AnnE(Mn). This
shows that K = E. !

(4) => (9). 1Let a be a regular element of M and let x = a™t
+ R in K. 'Then AnnR(x) = Ra. But since K = E, AnnR(x) is an ir-
reducible ideal of R by Theorem 4.5.

(9) ==> (5). Let a be a regular element of M such that Ra is an
irreducible ideal of R. Let e be the multiplicatively closed set
in R consisting of the powers of a. Then clearly 31 = Q. Since Ra
is an irreducible M-primary ideal, there exists an element X ¢ E
such that Annp(x) = Ra (by Theorem 4.5). Since E is a divisible R-
module we have E = aE. Hence we can find a sequence of elements {Xn}

in E such that Xy = X and ax, = X forn > 1. We define

n-1
f: K= Eby £f(b/a" + R) = bx_ . It is easy to verify that f is a

well defined monomorphism. Hence we have M'l/R % R/M.

Remarks. If R is an integral domain, then (1)}, (2), and (3) of
the theorem are trivially equivalent.

The following theorem may be found in [1] and [14].

Theorem 13.2. If the maximal ideal M of R can be generated by

two elements, then R is a Gorenstein ring.

. Proof. Let PysevesPy be the prime ideals of rank 2 of R. Then
'!l p; 1s the set of zero divisors in R. If M = M2 < .!1 p;, then
&hc Py for some i. This contradiction shows that theeris an ele-
ment a € M - M2 that is not a zero divisor in R. We can find an ele-
ment b € M such that M = (a,b). Let R = R/Ra; since Ra is an M-
primary ideal of R, R is an Artinian local ring whose maximal ideal

is generated by a single element., Thus every ideal of R 1s equal to
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some power of the maximal ideal of R. Hence the O-ideal of R is an
irreducible ideal, and thus Ra is an irreducible ideal of R. There-
fore by Theorem 13.1, R is a Gorenstein ring.

We let A denote the first neighborhood ring of R as in Chapter
XIT.

Theorem 13.2. Every ideal of R can be generated by two elements

if and only if R is a Gorenstein ring and A = M = or A = R.

Proof. By Theorem 12.1, R is a discrete valuation ring if and
only if A = R. Thus we may assume that R is nct a discrete valua-
tion ring. Suppose that every ideal of R can be generated by two
elements. Then R is a Gorenstein ring by Theorem 13.2. By Theorem
12.17 we have p = e ~ 1, and hence A = M'~1 by Theorem 12.1%.

Conversely, suppose that R is a Gorenstein ring and that A = M'l.
Since Jf(M'l/R) = 1 by Theorem 13.1, and £(A/R) = p by Theorem 12.4,

we have p = 1. Thus by Theorem 12.17, every ideal of R can be gen-

erated by two elements.

Theorem 13.4. Assume that R is a Gorenstein ring. Then

p < %-ve and p = %Ave if and only if A”% = M.
Proof. Since AMY = MY, we have MY C A~ Thus o = L(N/R)
= 2R/ < FRMY) = ev - o, from which it follows that

o < % ve and M = AL 4r and only if p = % ve.
Northcott has given sufficient conditions for the equation
A_l = Me-l and for the equation p = L e(e-1) ([20, Lemma 4] and [23,

T2
Th. 1 and 2]). The next theorem provides a link between these two

equations.

Theorem 13.5. Assume that R is a Gorenstein ring. Then the

following two statements are equivalent:

(1) v=e-1and o = % e{e=1).
(2) At =wm
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Proof. (1) => (2). We have p = .%: (e-1)e = £ ve, and thus by
Theorem 13.4, A™Y = MY = m®~1,

(2) => (1). Since AMY = MY, we have M’ < A™t = M®L, and thus
e-1<v. On the other hand AM®™1 = aa™ = a7t = w®71) gang thus

v < e -1 by the minimality of v. Therefore v = e - 1, and A% = MV.

Thug by Theorem 13.4, p = Lve =

5 (e-1l)e.

N

Lemma 13.6. Assume that the maximal ideal M of R can be gen-

erated by two elements. If lf(Mq/MQ+l) < q+ 1, then Jf(Mn/Mn+l)

< LAY for every n and m such that g <m < n.
Proof. Because of an obvious recursive argument it is suffi-
cient to prove that gf(MQ+l/MQ+2) < ;f(Mq/MQ+1)‘ Let a and b be ele-
ments of R that generate M, and define Fi to be the subspace of
Mq/Mq+l generated by the images of b4, abq'l,azbq"g,...,aibq_fL in
Mq+l/Mq+2

M e+l Similarly define Gj to be the subspace of gen-

ergted by the images of bQ+1, ab?, agbq”l,...,aij+l"J in Mq+l/MQ+2.
We will prove first that if F, = Fy _, (for k¥ > 0), then

G = Gy _ then we have:

K+l K-1" For if Fk = F

k-1’

(1) a3 ¢ (p9,ap971, | 2K IpakRLy | patl,

Multiplying (1) by a and then by b we obtain:

(2) ak+1bq~k bq’aqu—l,".,akbq-k+l) + Mq+2

€ {a

and

(3) akbq-k+l c (bq+%abq’. ak-lbq-k+2) + MQ+2.

o ey

Substituting (3) in (2) we see that both a3k ang aFpd K+l gre
in (bq+1,abq,...,ak'lbq-k+2) + Mq+2. Therefore, we have shown that
Opp1 = G-z

By hypothesis there is an integer p such that jf(Fp} = p and

L(F) =s+14if 0<s<p. Ifp =0, then b® ¢ M and nence
o S Y P



123

%! ang ab? are in M3*2. Therefore G, = O, and we have £(G

1 p+l)

< Jf(Fp). if p >0, thenF_=F and hence by the preceding para-

p p-1’
graph Gp+l = Gp-l‘ Thus Jf(Gp+1) < }f(Fp) in this case also. There-
fore, there exists a largest integer t such that af(Gt+1) SLXﬂFt)

We will suppose that t < g and arrive at a contradiction.
1) = L(F) + 1.

We then have X(Gt_'_e) < LG ) + 1< L(F) + 1 = Z(F

Case I: X (F
t+1
This contradicts the maximality of t and hence this case cannot arise.
Case II. (F t+1) = Af?F ).
In this case we have Ft+1 = Ft’ and hence by the preceding para-

graph G, , = G.. Thus (G, ) = Jf(Gt < df(Gt+l < Z(F)

t+2
= 25(Ft+1). This also contradicts the maximality of t. Since these
are the only two cases that can arise, we have t = g and the lemma is

proved.

Theorem 13.7. (Step Theorem). Assume that the maximal ideal M

of R can be generated by two elements. Then

xf(Mn/Mn+l) } {n +1 n<e - l}.

n>e-1

if

e if
Proof. Since there are only n + 1 monomials of degree n in the

two generators of M, we have AftMn/Mn+l) <n+ 1 for all n > 0. Since
ngMn/Mn+1) is bounded we conclude from Lemma 13.6 that there is an
integer k > O such that (M /M™1) = n + 1 forn < k and
df(Mn/Mn+l) is a nonincreasing function for n > k. By Theorem 12.10,
we have v = k and hence e = (M /M) =k + 1. Thus v = e - 1

and the theorem follows immediately from Theorem 12.10.

Corollary 13.8. Assume that the maximal ideal M of R can be

generated by two elements. Then:

(1) v=e~-1.

(2) »

% (e-1)e.



(3) A—l - Me"l

and A = (Me'l)“l
Proof. It is an immediate consequence of Theorem 12.10 and 13.7
that v = e -~ 1. Using Theorem 13.7 we have ey - p = -fYR/MV)

= Z2RM) 4 L) + e+ Z0TIMY) 1 k2 6 e by

= % v{v+l}. Therefore, o = ey - % viv + 1) = efe-1) - % (e-1)e
1
= = {e~lje.
L (1)
Since the maximal ideal of R can be generated by two elements,
R is a Gorenstein ring by Theorem 13.2. Therefore, pmt - me-t by
Theorem 13.5 and A = AL o (Me'l)“l.

Remarks. Theorem 13.7 and (2) and (3) of Corollary 13.8 were
proved by Northcott in the special case where R is a homomorghic
im ge of a 2-dimensional regular local ring [23, Th. 1 and Th. 2 and
(2.3)]. One consequence of the greater generality of our theorems
is that the proofs are correspondingly simpler and more elementary
in nature.

The next two propositions give useful criteria for determining
the multiplicity of R and for deciding whether or not a given ele-=

ment 1s superficial of degree 1.

Theorem 15.9. Assume that the maximal ideal M of R can be gen-

erated by two elements. If a ¢ M - M2, let n be the smallest integer
such that M € Ra. Then n > e and n = e if and only if a is super-

ficial of degree 1.

Proof. We can assume that there 1s an integer n such that
Mt < Ra, for otherwise there is nothing to prove. Because
a € M~ ME, we can choose b ¢ M - M2 such that M = (a,b). 1If q is
the largest integer such that b € Mqa, then:

(1) Either g >n-1lorn>e.

Suppose that (1) is false. Then g < n - 1 and n < e, and thus
g+ 1dn<e. Now o is a linear combination of monomials of degree

q + 1 because bl is in M%a. Since bD ¢ MI*1a, the coefficient of
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one of these monomials is a unit in R. Hence we can solve the egqua-~
tion for this monomial and express it as a linear combination of the
other monomials of degree g + 1 and v". Since n > qg + 1, this shows
that xf(MQ+1/MQ+2) < g+ 2. Hence by Theorem 13.7, ¢ + 1 > e - 1.
This contradicts g + 1 < e and establishes (1).

Assume that a is superficial of degree 1. By Theorem 12.5 we
have Z(M’/MYa) = e. Since xf(Mv/Mv+1) = e by Theorem 12.10 and
MYa c MV+1, we see that MYa = Mv+1. Hence by the minimality of n we
have n < v + 1. By Corollary 132.8, v + 1 = e and thus n { e. It
follows from (1) that g¢ > n - 1. Therefore v* ¢ Mla ¢ M1a and

-1

hence M* = M""*a. We conclude from Theorem 12.5 that ;i?Mn'l/Mn) = e

and hence by Theorem 13.7 we have n - 1 > e - 1; that is n > e. Thus
we have n = e in this case.
Now assume that a is not superficial of degree 1. If n< e,

then @ >n - 1 by (1). Hence b e Ml Mn'la, showing that

141

M = Mn'la. But then a is superficial of degree 1 contrary to as-

sumption. Thus n > e in thils case.

Theorem 13.10. Assume that the maximal ideal M of R can be gen-

erated by two elements, and let a € M. Then a is superficial of de-
e-1

gree 1 if and only if M a = M°. Furtheremore, e is the smallest

integer with this property.

e

Proof. Of course if Me'la = M7, then a is superficial of degree

1 by definition. Conversely, assume that a is superficial of degree

1. 1 M1, - Mk, then foMk_l/Mk) = e by Theorem 12.5. Thus

+1
YT

k - 1 >v by Theorem 12.10. On the other hand Z (MY /M = e by

Theorem 12.10 and £M”/MVa) = e by Theorem 12.5. Since M’a C L,

we see that MYa = M¥F1. But v = e - 1 by Corollary 13.8 and thus

ue1la - M.



CHAPTER XTIV

MULTIPLICITIES

Throughout this chapter R will be a l-dimensional, local Cohen-
Macaulay ring. As in earlier chapters M is the maximal ideal of R
and H is its completion. If A is an Artinian R-module, then L(A)
denotes its "divisible" length. If A has finite length in the clas-
sical sense, then L{A} = O, and we denote its classical length by
Jf(A). We shall use all of the notation of earlier chapters without

further explanation.

Lemma 14.1. Let P be a prime ideal of rank O in H and I ; J

P-primary ideals of H such that there does not exist a P-primary ideal

properly between I and J. Let N be an unmixed ideal of rank O in H

such that P does not belong to N. Then (NN J}/(NN I) is isomorphic

to a nonzero ideal of H/P.

Proof. Clearly HPI < H J are PHP—primary ideals and there are

P
no PHP-primary ideals properly between them. Since HP is a Noetherian

local ring with maximal ideal PH this means that HPJ/HPI is a simple

P
Hp-module. Thus HPJ/HPI E HP/PHP, the quotient field of H/P.

Now multiplications by elements of H - P on J/I are monomor-
phisms, and thus we have an imbedding J/I © HPJ/HPI. This demon-
strates that J/I is a torsion-free H/P-module of rank 1. Since J/I

is a finitely generated H-module, we conclude that J/I is isomorphic

to a nonzero ideal of H/P.

it

Now (NN J)/(N N I) ((NN J) + I)/I € J/I, and thus to con-
clude the proof it is merely necessary to show that NN J £ NN I.
But thlis follows immediately from comparing a normal decomposition of

NN Jwith a normal decomposition of NN I.

Definition. Let P be a prime ideal of rank O in H and let N be

the P-primary component of O in H. Then it is well known [18, Ch.



127
III, Th. 5] that there exists a so-called "composition series' for N;
that is, a chain of P-primary ideals:

(e ol [en
N:P]_%Pg?{..'a{})kzp

such that there are no P-primary ideals properly between Pi and Pi+1

for all 1. Then the latent multiplicity of P is defined by u(P) = k,

the number of terms in the chain. It is also well known (see [18,
Ch. III, Th. £]) that by a Jordan-Holder type of argument the integer

u{P) is independent of the chain chosen.

Theorem 14.2. Let Pys...,P De the set of prime ideals of rank

0 in H. Then:

L(K) = = u(P,),
(K) > w(Py)

and u(Pi) is the number of times (i.e., the multiplicity) that a

simple divisible module corresponding to Pi occurs as a factor module

in a compositicn series of divisible submodules of K.

Proof. Let O = Nl n...n Nn be a normal decomposition of O in
H, where N, is P,-primary. By patching together "composition series”
for each Ni we obtain a descending chain of unmixed ideals of rank O

in H given by:

- D D o} D o

(1) HZ Pl 7 Pip g -ee 2N 2N NPy 5 .e.
o
£

If we tensor this chain with K, we obtain by Theorem 6.6 a descending

chain of divisible submodules of XK:

) ) o ) o
() K ZKBpP ... 2 K@ N 7 K Ry (N N Ny)
> o
L L K ®R g Ni = 0.
Letting N N Pi,t £ NN Pl,t+1 be a typical step in chain (1),
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we observe that (N N Pi,t)/(N n Pi,t+1) is isomorphic to a nonzero
ideal of H/P; by Lemma 14.1. Thus (K 8 (NN Pi’t))/(K By (ani’t+1))

=K Bp (¥ n Py t)/(N ne is a simple divisible R-module corres-

i,t+l)
ponding to P, by Theorem 8.5. Thus chain (2) is a composition series

of divisible submodules of K. Clearly this proves the theorem.

Corollary 14.3. If S is the integral closure of R in @, then

n
L(S/R) = = (u(P;) - 1).
i=1
Proof. By Theorem 10.1 and Theorem 14.2 we have L(S/R) = L{X)
3! n
-n= 2 u(Py) ~n= Z (u(py) -1).
i=1 i=1

Remarks. Corollary 14.3 gives an immediate proof of the theorem
[19, Th. 8] that R is analytically unramified if and only if

u(Pi} =1 for all 1 = 1,...,n. {See also Theorem 10.2}.

Definition. If T is a l-dimensional, local, Cohen-Macaulay

ring, we shall denote its multipliclty by e, and its reduction num-

T
ber by Ppe If T = R, we shall drop the subscripts.

Remarks. Let B be a strongly unramified extension of R in Q.
Then by Theorem 3.6, BM is a regular, maximal ideal of B and BM con-
tains every regular ideal of B. If I is a regular ideal of B, then
I is a finitely generated ideal of B, T = B(I N R), and
B/I £ R/(INR). INRis a regular (hence M-primary) ideal of R.
1t follows readily that there is an integer n > O such that
(BM)n < I, and thus I is a BM-primary ideal of B. Therefore B/I has
finite length over B (and the same finite length over R). In gen-
eral, a finitely generated torsion B-module is also a finitely gen-
erated torsion R-module and has the same finite length over B as
over R.

We shall recapitulate some of the results of Theorem 2.11 and

other theorems. Let & be the divisible submodule of B, and let
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B=-B8/0, Q=0/8, and R = R/(#/ N R). Now &£ is an ideal of Q, and

Q is the full ring of quotients of both R and B. B is a strongly

]

unramified ring extension of R in Q, and B is a reduced R-module.

n

is a quasi-local ring by Theorem 3.6. Clearly we have Q/B Q/B.

Let H be the completion of B in the B-topology. Then

H = Hom,(Q/B,Q/B) = Homﬁ(a/g,a/g), and hence H is also the completion

of B in the B-topology. By Theorem 6.6, H = H/J, where

J = HomR(K,B/R), and thus H is a complete, local, l-dimensional Cohen-
Macaulay ring. If B is a closed component of R, then by Theorem 7.2,

B is a local, l-dimensional, analytically irreducible, Cohen-Macaulay

ring.

& is contained in every regular ideal of B, and in fact EK i1s the
intersection of the regular ideals of B. If I is a regular ideal of
B, and I = I/, then T is & regular ideal of B and every regular ideal
of B arises in this way. The completion of I over B is equal to the
completion of I over B. Thus by Theorem 2.8, the completion of I is
equal to H 85 T - HT, and hence is a regular ideal of H.

Let M = M/(RN &); then M is the maximal ideal of R, and

BM = BM is the maximal ideal of the quasi-local ring B. The maximal

ideal of H is HM, and since HI is a regular ideal of H, it follows
that HT is an HM-primary ideal of H. Tn particular, for any n > O
we have B/(BM)" = B/(BM)" = H/(fM)™. Thus for large n we have

n
L(B/(BM)") = epn - og-
duction number of B (even though B is not a Noetherian local ring) by:

We therefore define the multiplicity and re-

ep = € and pg = pg.

We similarly define eg = eg and PE = PF-

unramified ring extension of H in H &, Q, and (H By BY/H = B/R. Thus

Now H ®R B is a strongly

J = Homp(K,B/R) = Homy(K,(H ® B)/H), and hence the completion of

H 8R B is equal to H/J = H. Therefore, we have ex ®R B~ < °p and
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"He; B~ °H T PB
We shall say that an element y € B is superficial of degree s in

8 eor a1l large values of n. We can

Bif y e (BM)° and (BM)%y = (BM)
then define the first neighborhood ring I' of B to be the set of all
elements of Q of the form v = w/y, where w ¢ (BM)S and v is a super-
ficial element of B of degree s (s arbitrary).

With the remarks and definitions we have made it is not hard to
show that Theorem 12.1 remains true if we replace R in that theorem
by a strongly unramified ring extension B of R in § ({(4) of Theorem

12.1 is modified to read that B is equal to its first neighborhood

ring if and only if B is a pseudo valuation ring).

Theorem 14.4. TLet B be a strongly unramified ring extension of

R in Q, and let A be the first neighborhood ring of R. Then

BA = B+ A is the first neighborhood ring of B.

Proof. By Theorem 12.1 there is a superficial element a in R

1. n+s for all

of degree s such that A = M°a~ Since (BM)"a = (BM)
large n we see that a is a superficial element of B of degree s. We
have BA = (BM)sa'l and thus every element of BA is of the form x/a,
where x ¢ (BM)S and a 1s superficial in B of degree s. Therefore by
definition, BA € T, the first neighborhood ring of B.

Because (BA)a = (BM)®, we have T'a = T'(BA)a = T(BM)S. By
Theorem 12.1 applied to B and I', there 1is an integer n > 0 such that
(8™ = (BM)"°. Thus we have Ta" = (T(BM)%)" = ()™ = (BM)"S
= (BA)a". Cancelling a" we obtain T = BA. By Thecrem 6.1 we have

BA =B + AL

Remarks. It is an immediate consequence of Theorem 14.4 that
Theorem 12.2 is true for any strongly unramified ring extension B of
R in Q. It is also easy to see that Theorem 12.3 is true for B. Be-
cause Theorems 12.4, 12.5 and 12.6 depend only on Theorems 12.1, 12.2

and 12.3, they are also true for B. Thus in proving the following
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theorems we can freely apply Theorems 12.1 through 12.6 to strongly

unramified ring extensions of R in Q.

Theorem 14.5. Let A be a closed component of R and let B/R be a

simple divisible R-submodule of K corresponding to A. 1If a is a reg-

ular element of R, then:
L (R/Ra) = L(B/Ba) + L (A/Aa).
Proof. We have an exact sequence:
0~ (Ba N R)/Ra — R/Ra — R/(Ba N R) = 0.

and thus Z(R/Ra) = X(R/(Ba N R)) + &£ ((Ba N R)/Ra). By Theorem
6.1 we have R/(Ba N R) = B/Ba, and thus it is sufficient to prove

that Z((Ba N R)/Ra) = X(A/Aa).
1
)

0

Now (Ba N R)/Ra = (BN Ra”~)/R, and we have an exact sequence:

0~ (BN Ra"Y)/R—=BRLSBR~O0

where f is multiplication by a. By Theorem 8.2, B/R is isomorphic to
Q/C, where C is a regular ideal of A. Thus from the preceding exact
sequence, we see that (B N Ra'l)/R is isomorphic to the kernel of

g : Q/C = Q/C, where g is multiplication by a. Since

Ker g = ca~t/c and ca™l/c =z C/aC, we see that (Ba N R)/Ra = C/aC. By
Theorem 12.3 we have £ (C/aC) = X(A/aA), and this concludes the

proof of the theorem.

Corollary 14.6. Let A be a closed component of R and let B/R

be a simple divisible R-submodule of K corresponding to A. Then:

e=eB+eA.

Proof. Let a be a superficial element of R of degree s. As we
have seen in the proof of Theorem 14.4, a is superficial of degree s

in both B and A. By Theorem 12.5 we see that #(R/Ra) = se,
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Z(B/Ba) = sep, and X (A/Aa) = se,. The corollary now follows from

Theorem 14.5.

Corollary 14.7. Let B # R be a strongly unramified ring exten-

sion of R in Q. Then ep < e.

Proof. By the Remarks preceding Theorem 14.4, we can assume
without loss of generality that R is a complete ring. Let Bl/R be
a simple divisible R-submodule of B/R. By Corollary 14.6 we have
eBl < e. If ‘91 is the divisible submodule of By, let By = Bl/A91

and B = B/&,. Now B, = R+ &, and hence By = R/(RN &) is a

1
complete, local, l-dimensional Cohen-Macaulay ring. Since B is a

strongly unramified ring extension of Bl’ we have by induction on

L(K) that eg < egl. However, ey = eg and eBl = eﬁi’ and thus
eg < eB1 < e.

Definition. Let Pl,...,Pn be the prime ideals of rank O in H
and let Nl""’Nn be the corresponding Pi-primary components of O in

H. An ideal I of H will be called a minimal ideal for Pi if

I = Ji n (;Qi NJ) where Ji = H if Ni = Pi’ or if Ni £ Pi’ then Ji is
a Pi-primary ideal of H such that Ji z Ni and there are no Pi-primary
ideals properly between Ji and Ni' If O is a prime ideal of H, then

by conventlon H is the minimal ideal for O.

Theorem 14.8. Let P, be a prime ideal of rank O in H. Then

there is a one-to-one correspondence between the set of simple divis-

ible submodules D of K corresponding to Pi and the set of minimal

ideals I for P, given by D = X 8 I and HomR(K,D) = I.

Proof. 1If Pi = 0, then H is an integral domain, and hence by
Theorem 7.1, K is a simple divisible R-module. 1In this case the
theorem reduces to the assertions that K ®; H = K and HomR(K,K) = H.
Thus we can assume that P, # O.

If I is a minimal i1deal for Pi’ then I is a minimal unmixed
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ideal of rank O in H. Thus by Theorem 6.6, D = K 8, I is a simple

R
divisible submodule of K. Since PiI = 0, we see that PiD = 0, and
hence AnnHD = Pi‘ Therefore, D corresponds to Pi' Cn the other hand
if D is a simple divisible submodule of K ccrrespeonding to Pi’ then by
Theorem 6.6, I = HomR(K,D) is a minimal, nonzerc, unmixed ideal of
rank O in H. If J and L are unmixed ideals of rank O in H, then

Jc L if and cnly if the Pj-primary component of J is contained in the
Pj-primary compenent of L fer J = 1,...,n. Thus I is a minimal ldeal
for scme Pk‘ Since PiD = O, we have Piz = 0, and therefcre k = 1.
Hence I 1s & minimal ideal for P,

The one-to-one nature of this correspondence follows from

Theorem 6.6.

Remarks. If é( is the set of zero divisors in H, then

H ®R Q = Hy . We shall show that every simple divisible R-module is

equivalent to an R-module of the form ﬁf /I, where I is a minimal

ideal for some rank O prime ideal of H. For let D be a simple divis-

ible R-module, and let P be the prime ideal of rank O in H corres-
ponding to D. By Corollary 8.9, D is equivalent to a simple divisible
submodule B/R of K. By Theorem 14.8, B/R = K ®; I, where I is a
minimal ideal for P. Now B/R % (H ®; B)/H by Theorem 2.10. If &
is the divisible submodule of H ®; B, then by Theorem 6.8, & is an
ideal of H®, Q; H®; B=H+ &3 andI = &N H. Thus we have
(H®; B)/H = (H+ Q)/H= £/I. Clearly L = (H Bp Q)T = Iy, and
hence D is equivalent to Iy /I. We note finally that I, /I is the
torsion submodule of (H &, Q)/I.

The next theorem was proved originally by Northcott for the

analytic components of R [21, Theorem 17].

Theorem 14.9. (Northcott). Let Ay,--.,A, De the closed compon-

ents of R and let Pl""’Pn be their corresponding prime ideals of

rank O in H. Then:
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n
e = ifl u(Pi)eAi.

Proof. It is clear from the remarks preceding Theorem 14.4 that
we can assume that R is complete. If L(K) = 1, then R is a closed
domain and the theorem is trivial. Hence we car assume that L(K) > 1.
Let B/R be a simple divisible R-submodule of K corresponding to Al.

By Corollary 14.6 we have e = eg + eAl- Hence it is sufficient to

prove that e, = (u(P,) ~ 1l)e, + = u(P,)e, .
B 1 Ay gse A

Let & be the divisible submodule of By and B = B/&. By
Theorem 6.8, B = R+ &, and hence B = R/(& N R). Thus B is a com-
plete, local, l-dimensional Cohen-Macaulay ring. By Theorem 14.8,
B/R = K Bz I, where I is a minimal ideal for P;. By Theorem 6.8,

B =R/I, and thus T = & N R. Tt is obvious from the definition of a

minimal ideal for P, that the latent multiplicities of B are

1
(u(Pl) - 1), u(Pg),...,u(Pn). Hence, for 1 > 1 we have B ¢ A;3; and
B C A if and only if (u(P;) - 1) # 0. If we let A, = A,/& , then
Eé,...,ﬁﬁ are closed components of B in @ = @/« 3 and Ei is a closed
component of B if and only if (u(Pl} - 1) # 0. Therefore, by induc-
tion on L(K) we have eg = (u(Py) = 1)e§i + i§2 u(Pi)eXi' Since

eB = e§ and eAi = eKi, the theorem has been proved.

Corollary 14.10. ILet Vl,...,Vn be the pseudo valuation rings of

R and Py,...,P the corresponding prime ideals of rank O in H. Then:
n
¢= 2 w(P; L (Vv /MVy)
Proof. Let Al”"’An be the closed components of R corresponding

to Py,...,P . By Theorem 14.9 1t is sufficient to prove that

eAi = Jf(vi/MVi). Let &, be the divisible submodule of A; and let
Kﬁ = A, /@ and Vi = V,/& . By Theorem 7.2, Ki is an analytically ir-
reducible, Noetherian, local domain of Krull dimension 1l; and by

Corollary 7.6, V; is the integral closure of A; and V; is a discrete
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valuation ring. Since ep, = eKi and Vg/(ﬁzﬁ’ﬁi) = vi/Mvi, we can as-
sume without loss of generality that R is an analytically irreducible,
Noetherian local domain of Krull dimension 1. If V is the integral
closure of R, then V is a discrete valuation ring that is a finitely
generated R-module.

If A is the first neighborhood ring of R, then A € V, since A is
integral over R. Therefore, A is s local ring. Hence by Theorem
12.9, R has a superficial element a of degree 1. By Theorem 12.1 we
have Aa = AM, and hence Va = VAa = VAM = VM. Thus by Theorem 12.3
we have XL(V/VM) = X(A/AM). Since £(A/AM) = e by Theorem 12.4, the

corollary is proved.

Definition. With the notation of Corollary 14.10, Vi/49i is a
discrete valuation ring. If Mi/é?i is the maximal ideal of vi/é;i’
then Mi is a regular maximal ideal of Vi and contalins every regular
ideal of V,. We define f, = [Vi/Mi:R/M], the dimension of the field
extension Vi/Mi over the residue field R/M. Then the f;'s are called

the latent residue degrees of R. Let li be the length of Vi/MVi as

a V,-module, so that f;4, = af(vi/mvi); and let uy = u(P;).

n
Corollary 14.11. e = izl “ifizi'

Proof. This is an immediate consequence of Corollary 14.10.

Definition. Let Vi be a pseudo wvaluation ring of R and let 6Li
be the divisible submodule of Vi' Let vy be the valuation associated
with the discrete valuation ring Vi/éﬁi. If y is a regular element
of V,, let T =y + « ; and define vi(y) = vi(i).

The next theorem is due to Northcott [19, Th. 6].

Theorem 14.12. f b is a regular element of R, then

n
Z(R/Rb) = 151 uy£yvy (0.
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Proof. Using Theorem 14.5 we prove that £ (R/Rb)
n
= 3 uy }f(Ai/Aib) in the same way that we proved Theorem 14.9. By
1=1
Theorem 12.3 applied to A; we have &L (A;/A;b) = X(V,/V,b). Since
&, € Vyb, we see that Vi/Vib = Vi/Vib. Thus it is clear that

A (V; /) = £3v, (D).

Theorem 14.13. We have p > L(K) - 1; and if R has a closed

component that is not a pseudo valuation ring, then p > L(K).

Proof. By Theorem 12.14, we have p > e - 13 by Theorem 14.2 we

n n
have L(X) = = u@ﬁ; and by Theorem 14.9, we have e = 2 “@ﬂeA'
i i

i=1 i=1
Now eA = eK , and Ki is a local, l-dimensional, Cohen-Macaulay ring.
i i —
Hence by Theorem 12.16, €y = 1 if and only if Ai is a discrete val-
1

ugtion ring; that is, if and only if Ai is a pseudo valuation ring.

The proof of the theorem is now obvious.

Theorem 14.14. 1If B ¥ R is a strongly unramified ring extension

of Rin Q, then op < p.

Proof. By Theorem 6.1, B/R is a proper, nonzero, divisible R-
submodule of K, and thus L(X) > 1. 1In particular, R is not a dis=-
crete valuation ring. By Theorem 12.4 we have p = 2 (A/R), where A is
the first neighborhood ring of R. By Theorem 14.4 the first neigh-
borhood ring of B is BA, and thus we have Pg = Jf(BA/B) by Theorem
12.4. sSince BA = B + A, we see that BA/B = A/(A N B). Thus we need
to prove that Z(A/(A N B)) < Z(A/R). Hence it is sufficient to
prove that (A N B)/R # O.

1

Since R is not a discrete valuation ring, we have M ~ € A by

B/RM # 0, since B/R is

s/ S (H N B)/Rc (AN B)/R, and

Theorem 12.13. Now Anng M C M~1/R; and Ann
an Artinian R-module. Thus Ann

hence (A N B)/R # 0.

Theorem 14.15: Assume that the maximal ideal of R can be gen-

ergted by two elements. Let A be a closed component of R and B/R a




simple divisible R-submodule of K corresponding to A. Then:

p = pB+ pA+ eBeA.

Proof. If B = Q, then pg = 0 = e, and A = R. The equation is

B
trivial in this case. Thus we may assume that B # Q.

Since the completions H{B) and H(A) of B and A, respectively, are
homomorphic images of H by Theorem 6.6, they are local, l-dimensional,
Cohen-Macaulay rings whose maximal ideals can be generated by two
elements. By the Remarks preceding Theorem 14.4, the multiplicities
and reduction numbers of B and A are unchanged upon passage to H(B)

and H(A). Thus by Corollary 13.8 we have p = % e(e-1),

pg = % B(eB-l), and pA = %—eA(eA—l). By Corollary 14.6 we have
= 1
e = ey + e,. Therefore we have p = 5 (eB + eA)(eB + e, - 13

_ 1 1 _
=5 eB(eB-l) + 5 eA(eA-l) + egey = pp+ o, + ege,.

Corolliary 14.16. TLet Ay,...,A, be the closed components of R

and Myseoeslly their associated latent multiplicities. Assume that

the maximal ideal of R can be generated by two elements. Then:

.

p = 2 U.p + = Zu;(us-l)e, + = py.u.e, e, .
N i Ai 25 ivei Ai 143 iv3 Ai Aj

Proof. As we observed in the proof of Theorem 14.15 we have the

following equations by Corollary 13.8:

1 1 .
p = =e(e-l) and p, =z e, (e, =1} for i = 1,...,n.
2 Ai 2 Ai A1
Thus by Theorem 14.9 we have p - % e = - % e = = % S uge,
i i
1 2
=3 us{p - = €5 ). Therefore,
1A 2 Ay
1l .2 1 2
= = , -x3
p=5€ + ? ulpAi 22 uleAi
1 2 1 2
= Z(Z e - =2 e + 2
2(1 ! Ai) 23 ! Ai T ulpAm
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Definition. We shall say that a Noetherian local domain is

analytically ramified if it is not analytically unramified. By

Theorem 10.2, a Noetherian local domain of Krull dimension 1 is ana-
lytically ramified if and only if"its integral closure is not a
finitely generated module. Nagata [17] has given several examples of
analytically ramified Noetherian local domains of Xrull dimension 1.
Hence the following theorem proves the existence of analytically

ramified Gorenstein local domains of Krull dimension 1.

Theorem 14.16. If R is an analytically ramified Noetherian

local domain of Krull dimension 1, then there exists an analytically

ramified local Gorenstein ring T of Krull dimension 1 such that

RcTcaq.

Proof. Let O =Ny N ... N N, be a normal decomposition of O in
H where Ni is a Pi-primary ideal of H and Pl""’Pn are the prime
ideals of rank O in H. Let Vi be the valuation ring of R corres-
ponding to Py, and let X &, N, = Bi/R < K. By Theorem 11.8, B; is a
strongly unramified extension of R in Q, Bi o Vi’ and Bi od Vj for
i # j. Thus V; 1s the integral closure of B,.

If S 1s the integral closure of R, then L{S/R) > O by Theorem

5.1. Hence by Corollary 14.2, there is an index i such that u(Pi)>l-
It i clear from the proof of Theorem 14.2 that L(Q/B;) = w(Py;) -
Thus L(V,/B,) = L(Q/B;) - L(Q/Vy) = u(Py) -~ 1> 0. Hence B; is
analyticglly ramified. Therefore, without loss of generality, we may
assume that R = Bi' Hence the integral closure of R is a valuation
ring V and L(V/R) > 1.

Now there exists a divisible submodule B/R of K such that
L(Q/B) = 2. By Theorem 6.1, B is a strongly unramified extension
ring of R. Since the integral closure of B is V, B has only one

closed component A. By Theorems 7.5 and 5.1, V is a finitely gen-
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erated A-module. If we adjoin these generators to B we obtain an
analytically ramified local domain T (of Krull dimension 1) such that
L(Q/T) = 2 and V is the only closed component of T.

The completion of T has only one rank O prime ideal P by Theorem
7.3. If u(P) is the latent multiplicity of P, then by Theorem 14.2
we have u(P) = L{Q/T) = 2. Since ey = 1, we see by Theorem 14.9
that eqn = u{P) = 2. Hence by Theorem 12.17, every ideal of T can be
generated by 2 elements. Therefore, by Theorem 13.2, T is a Goren-
stein ring.

Definition: If S is an Artinian local ring, then we shall de-
note the length of S as an S-module by LL§L' If R is a l-dimensional,
local, Cohen-Macaulay ring and p is a prime ideal of rank O in R, we
shall let HLBL denote the length of a composition series of p-primary
ideals between p and the p-primary component of O in R. It is then

easy to see that u(p) = k(Rp).

Lemma 14.17: Let P be a prime ideal of rank O inH, p = PN R,

and I = Hp. Then H/T is the completion of R/p, and u(P)
= u(p)u(p/1).

Proof. It is easily seen that H/I is the completion of R/p.
Since (H/I)P/I = HP/IP’ what we have to prove is that X(HP)

= X(RP)X(HP/IP). Let us take a composition series for Rp:

Rp = dg 2 Jl pee B | Jn = 0

= k, the quotient field

H
where the J,'s are ideals of Rp and Ji/Ji+1

of R/p. Then we have a chain

HP @R RP = HP SR JO > HP &R Jl D ee. D HP 83 Jn = 0.

Since H§>®R Rp = H?, it is sufficlent to prove that HP @R k= E%/ip.
Let R = R/p; then
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n

Hep k= HB (Regk) = (H®; R) 8z k

R (1/1) eg k.

Hence H 8p k is the full ring of quotients of H/I by Theorem 3.6.

But if P = Pl,...,Pm are the rank O prime ideals of H that contain I,
m

then X
J=

m
hence Hp, ®; k = Hy ®, (H 8 k) = Hp 8y (151 & HPi/IPi) = HP/IP.

& Hp /IP is also the full ring of quotients of H/I, and
1 i i

Theorem 14.18: TLet pl,...,gt be the prime ideals of rank O of
R and let R, = ;o T = dex .
and let RJ R/’pJ hen e jil n(pJ)eRj

Proof. Let Pj ""’Pj be the rank O prime ideals of H having

1 k
the property that P. N R = p.; and let A, ,...,A be the closed
Ji J J1 Ik
components of R that correspond to the Pj 's. Now ij C Aji for all
— i _
i=1,...,k and we let A, = A, /Qp.. Then the A, 's are the closed
Iy dit Js
components of ﬁj, and hence by Theorem 14.9
: 14.37
exg = i§ u(Pj'/Hpj}eK. . Since ey = e, , it follows from Lemma 1%.
3 = i g i i
and Theorem 14.9 that e = = u(P, )eA = 3 ulp.u(Pr, /Hp.)eK
15 Ja . ;s 3 Js 3 .
)3 1 %5 1,3 i 3
t
= 2 u(pyley -
=1 9 Ry



CHAPTER XV
THE CANONICAL IDEAL OF R

Throughout this chapter R will be a local, l-dimensional, Cohen-
Macaulay ring. We shall explore further than we have already done
the relationship between the modules K and E. We shall then use
these relationships to establish necessary and sufficient conditions

for the existence of a canonical ideal of R.

Theorem 15.1. There is a one-to-one, order-reversing corres-

pondence between the set of nonzero divisible submodules D of E and

the set of unmixed ideals I of rank O in H given by:

AnnHD = I and Ann_I = D.

E

Proof. Let D be a nonzerc divisible submodule of E and let
I-= AnnHE. Suppose that h is an element of H and b a regular element
of R such that bh € I. Then O = hbD = hD, and hence h € I. This
proves that H/I is a torsion-free R-module. Therefore, by Lemma 6.5,
I is an unmixed ideal of rank O in H.

Conversely, let I be an unmixed ideal of rank O in H and let
D = Ann;I. Then D = HomH(H/I,E), and hence D 1s the injective envel-
ope over H/I of the residue field of H/I. Thus D is divisible by the
regular elements of H/I. If b is a regular element of R, then b is a
regular element of H, and we 18t b = b + I, an element of H/I. Since
Hb is an HM-primary ldeal of H and I is an unmixed ideal of rank O in
H, it follows that © is a regular element of H/I. Thus D is divis-
ible by F, and hence by b. Therefore, D is a nonzero, divisible R-
module.

The correspondence we have established is a one-to-one, order-
reversing correspondence because of the duality between the ideals of

H and the submodules of E that is given in Theorem 4.5.

Corollary 15.2. There is a one-to-one, order-reversing corres-
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pondence between the set of divisible submodules of X and the set of

divisible submodules of E. Thus L(K) = L(E).

Proof. By Theorem 6.6 there is a one-to-one, order-~preserving
correspondence between the set of proper divisible submodules of K
and the set of unmixed ideals of rank O in H. This fact combined

with Theorem 15.1 gives an immediate proof of the corollary.

Corollary 15.3. There is a one-to-one, order-reversing corres-

pondence between the set of nonzero, divisible submodules D of E and

the set of strongly unramified extensions B of R in Q such that if D

and B correspond, then D is isomorphic to the torsion submodule of

[

is the injective envelope over B of B/MB.

E;(B/MB), where E5 (B/MB)
If R has no nilpotent elements other than O, then D = EB(B/MB).

Proof. Let D be a nonzero divisible submodule of E, and let
I= AnnHD. By Theorem 15.1, T is an unmixed ideal of rank O in H.
Iif B/R = K ®p I, then B is a strongly unramified ring extension of R
in Q, and H/I is the completion of B by Theorem 6.6. The residue
field of H/I is isomorphic to B/MB; and in the proof of Theorem 15.1
we have seen that D is the injective envelope over H/TI of B/MB. Thus
D is an essential extension over B of B/MB and hence we have an im-
bedding D C EB(B/MB). Because D is a torsion B-module, we have
D < t(Eg(B/MB)). However, t(Ey(B/MB)) is an H/I-module by Theorem
2.7, and thus D is a direct summand of t(EB(B/MB)) since D is an
injective H/T-module. Since EB(B/MB) is an essential extension of
B/MB, it follows that D = t(Eg (B/MB)).

This correspondence between D and B that we have found is clearly
a one-to-one order-reversing correspondence by Theorems 6.6 and 15.1.
If R has no nilpotent elements, other than O, then as we have seen
in Corollary 4.4, Q is a semi-simple ring. Because Q is also the
full ring of quotients of B, it follows from Theorem 1.4 that

t(EB(B/MB)) is a direct summand of EB{B/MB). Since EB(B/MB) is an
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essential extension of B/MB this implies that EB(B/MB)
= t(EB(B/MB)). Therefore, by the preceding paragraph we have
D = Ey(B/MB).

Theorem 15.4. K and E have equivalent composition series of

divisible R-modules.

Proof. Let P be a prime ideal of rank O in H, and let Eb and KP
be the P-primary components of E and X, respectively. By Theorem
11.10, it is sufficient to prove that L(KP
latent multiplicity of P, then by Theorem 14.2, we have L(KP) =

) = L(Ep). If u is the

Hence it is sufficient to prove that L(EP) = u also.
Let N be the P-primary component of O in H. Then we have a

composition series of P-primary ideals:

o o >
P=N1¥N2;!... ?{NHZN.
Putting Di = AnnENi, we have by Theorem 15.1 a chain of divisible

submodules of E:

< [t [
0 # Dl v D1 v D2 L o Du.
By Theorem 4.5, AnnHDi = Ni’ and thus every Di is a P-primary divis-
ible R-module. Hence we have Du o EP.

On the other hand, Ann Ep is a P-primary ideal of H by defini-

H
tion, and thus N C AnnHEP. It follows from Theorem 15.1 that

EP c Du’ and hence Du = EP’ Since it is an immediate consequence of
Theorem 15.1 that L(Du) = u, we see that L(EP) =y = L(KP), and the

theorem is proved.

Definition. Let I be a fixed regular ideal of R, and let A be
an R-module. Then we shgll denote the R-module HomR(A,I) by A*.
There is a canonical R~homomorphism ¢ : A = A** given by o(x)(f)
= f{x) for all x € A*.

If A is an R-submodule of Q, let us define
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AI = {q € Q f gA © I}. 1If A contains a regular element of R, we shall
show that there is a natural isomorphism of A* and AI. For we have

an exact sequence:
() Homp (Q/A,Q) — Homp(Q,Q) — Homg(A,Q) — Ext3(Q/A,Q) .

Since Q is a flat R-module, we have by [3, Ch. V, Prop. 4.1.3] that
Homp (Q/A,Q) = Homg(Q 8; @/A,Q) and Exty(Q/A,Q) = Ext3(Q By Q/A,Q).

But Q/A is a torsion R-module because A contains a regular element of

R, and hence Q Bp Q/A = O by Theorem 1.1. Thus we have
HomR(Q/A,Q) = 0 = Ext%(Q/A,Q). It follows from exact sequence (#)
that HomR(Q,Q) = HomR(A,Q). Therefore, every R-homomorphism from A
into Q is achieved by the multiplication on A by a unigque element of
Q. It follows from this that there is a natural isomorphism between
A* ana Al.

If J is a regular ideal of R, then clearly JI contains a regular
element of R and is isomorphic to a regular ideal of R. Thus (JI)*
I)I

is naturally isomorphic to (J , and we can identify the mapping

@ : J = J** with the containment J < (J1). If L is an ideal of R

I I

such that J © L, then obviously we have L= < J .

The ideal I is sald tobe a canonical ideal for R if ¢ : J =~ J**

is an isomorphism for every regular ideal J of R; that is, if
I, I
(RY)

J = (JI)I. In particular, we then have HomR(I,I) = (RI)*
= R. It has been shown in Theorem 13.1 that R is a Gorenstein ring
if and only if R is a canonical ideal for R. The next theorem is a

generalization of this result.

Theorem 15.5. Let I be a regular ideal of R. Then the fol-

lowing statements are equivalent:

(1) I is a canonical ideal for R.
(2) M/ = RM.
(3) Extm(R/M,I) = R/M.

ftt
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(#) Q/IZE

(5) @Q/I is an injective R-module.

(6) Q and Q/I are inJective R-modules.

(1) inj.dim. I = 1.

Proof. (1) => (2). Let L be an R-module such that T < L ¢ M.
Since IT = (RI)I = R and (MI}I = M, we see that M ¢ LT ¢ R. Thus
LI = M, or it - R; and hence I = (LI)I is equal to either ML oor T.

Therefore, M /T is a simple R-module, and hence M /T = R/M.

(2) <=> (3). We have an exact sequence:
Homp (R/M,Q) = Homg (R/M,Q/I) — Ext%(R/M,I) - Exté(R/M,Q) .

The end terms of this sequence are annihilated by M, and yet are tor-
gion-free and divisible. Thus the end terms of this sequence are O,
showing that we have an isomorphism: Exté(R/M,I) = Hom,(R/M,Q/I).
The socle of an R-module is defined to be the sum of all of its

simple submodules. It is clear that the socle of Q/I is equal to
Ml /T, and is isomorphic to Homp(R/M,Q/I). Thus we have an isomor-
phism: Exté(R/M,I) = ML/T. The equivalence of (2) and (3) is now
apparent.

{(2) => (4). Because I is a regular ideal, R/T is an Artinian

R-module. Hence from the exact sgequence:
O—»R/I—wQ/I—»K—-»O

we see that Q/I 1s an Artinian R-module. Every Artinian R-module is
an essential extension of its socle. C(learly the socle of Q/I is
MI/i, and hence by (2) 1is isomorphic to R/M. Every essential exten-
sion of R/M can be lmbedded in E, and thus we can assume that

Q/I © E. But from the preceding exact sequence we see that L(Q/I)

= L(K); and L(X) = L(E) by Corollary 15.2. Therefore, L{Q/I) = L(E),
and hence Q/I = E.

(4) => (2). sSince the socle of Q/I is equal to ML/I, and the
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socle of E is equal to R/M, it follows that if Q/I = E, then
ML/T = R/M.
(4) => (1). We shall show first that (R

q € (RI)I; then I © I. Hence we can define an R-homomorphism

3T = R, Let
f:Q/I—=>Q/T by f(x+I)=ax+1Iforall xe¢ Q. Now Homp(E,E) = H
by Theorem 4.5; and every R-submodule of E is an H-module by Theorem
2.7. Thus because f ¢ H, we have f(R/I) ¢ R/I. It follows that

there exists an element r € R such that g + T = £{3+I) = r + I.

Therefore, q € R, showing that (RI)I = R.
If b is any regular element of R, then Rb = ((Rb)I)I. For sup-
pose that q ¢ ((Rb)I)I. Since (Rb)I = b'll, we have qb'll < I. Thus

-1

ab e 11 - (RI)I = R, and hence q € Rb.

Suppose that J is a regular ideal of R such that J = (Jl)I, and

let L be an ideal of R such that L D J and L/J = R/M. We shall show
1,1
Y.

that L = (L We have an exact sequence:

Hom (R/M, 1) = Homg(L,T) — Homg(J,1) — Extg(R/M,T).

The first term of this sequence is O because I is torsion-frees;

and the last term is isomorphic to R/M because of the proven equival-

I

ence of (4) and (3). Since Homg(L,I) = L' and Homy(J,1) = J7, this

sequence becomes:

I I

0—-1" = J° & r/M.

1 I)I > L. This con-

If @ = 0, then L b=

= JI, and hence J = (JI (L
tradiction shows that a # O, and thus a is onto. A repetition of the
preceding type of argument shows that we can derive from this se~

quence another:
0— (3T = xH)T & r.

Ir 8 = 0, then J = (d0) = (1)1 5 1. This contradiction shows that

8 is onto. Now L/J < (L1)T/3, and the last sequence shows that
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(LI)I/J is a simple R-module. Therefore, we have L = (L
Now let J be any regular ideal of R, and let b be a regular

element of J. Then we have a composition series:
Jg = Rb < J; € ... © Jn = J

where J.

441794 = R/M for all 1 < n. It follows from the preceding

paragraphs that we can climb up the ladder and obtain (J1)T = J.
Therefore, I is a canonical ideal of R.

(#) <=> (5). It is trivial that (4) => (5), and hence assume
that Q/T is an injective R-module. Since Q/I is an Artinian R-module,
it follows from Theorem 4.6, that Q/T is isomorphic to a direct sum
of copies of E. Since L(Q/I) = L(K) = L(E), we see that this direct
sum can have only one term, and thus Q/1 = E.

(4) => (7). Since Q/I is a torsion R-module, we have by

IR}

Theorem 1.1 that E = Q/T Tor?(K,Q/I) = K @y I. Thus

K By HomR(K,HomR(I,E)) =K 8, HomR(K By I,E) 2 K By HomR(E,E)

=K B H = K. Now HomR(I,E) is a homomorphic image of HomR(R,E), and
thus is a torsion divisible R-module. Thus by Corollary 1.2, the
preceding isomorphisms show that HomR(I,E) = K.

Let J be an ideal of R. Since HomR(I,E) = K, we have by [3,
Ch. VI, Prop. 5.3]:

Torg(K,R/J) = Tor?(HomR(I,E),R/J) = HomR(Extg(R/J,I),E)

for all n » 0. Since Tor (K,R/J) = O for all n > 2, it follows that
Extg(R/J,I) = 0 for all n > 2, and hence inj.dim.I = 1.

(7) => (6). It is clearly sufficient to prove that @ is an in-
Jjective R-module. As we cbserved in the proof of Theorem 13.1, if we
apply the exact functor Q ®R « to an injective rescolution over R of I,
we obtain an injective resolution over @ of Q @R I. But I is a regu-
lar ideal, and hence @ &R I= Q. Thus inj.dimQQ <1l. As in the

proof of Theorem 13.1, this implies that Q is an injective R-module.
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(6) => (5). This is a trivial assertion.

This concludes the proof of the theorem.

Definition. A commutative Noetherian ring of Krull dimension O

is called a Gorenstein ring of dimension O if it is self injective.

In the proof of Theorem 13.1 we showed that Q is self-injective if
and only if it is an injective R-module. Thus we have the following

corollary.

Corollary 15.6. If R has a canonical ideal, then Q is a Goren-

stein ring of dimension O.

Remarks. Q being a Gorenstein ring of dimension O is a neces-
sary condition for R to have a canonical ideal, but it is not a suf-
ficlent condition. TFor there 1s an example of a Noetherian local do-
main of Krull dimension 1 that does not have a canonical ideal (see
51,

On the other hand, we shall see in the next theorem that H @R Q
being a Gorenstein ring of dimension O is a necessary and sufficient
condition for R to have a canonical ideal. The next theorem also

answers several other questions raised earlier in these notes.

Theorem 1-.7. The following statements are equivalent:

(1) R has a canonical ideal.

(2) H ®R Q, the full ring of gquotients of H, is a Gorenstein

ring of dimension O.

(2) If P is a prime ideal of rank O in H, then the P-primary

component of O in H is an irreducible ideal.

(4) There is a regular ideal I of Q such that E = Q/I.

{(5) K is equivalent to E.

(6) There is an R-homomorphism of K onto E.

{7) X contains only one simple divisible R-module from each

equivalence class of such modules.
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Proof. (1) <=> (4). This has been proved in Theorem 15.5.

(4) <=> (6}, Suppose that I is a regular ideal of R such that
EZQ/I. If b is a regular element of I, then K is isomorphic to
G/Rb. Since Rb € T we have an R-homomorphism of Q/Rb onto Q/I, and

hence an R-homomorphism of X onto E. Conversely, suppose that f is

jit]

an R-homomorphism of K onto E. If C/R = Ker f, then E 2 K/Ker f

% Q/C. We have L(C/R) = L(K) ~ L(E), and hence L(C/R) = O by Corol-
lary 15.2. Thus C is a finitely generated R-module by Theorem 5.1.
It follows that there exists a regular element b € R such that bC =T
is a regular ideal of R. We have E = Q/C = Q/bC = Q/I.

(6) <=> (5). Let f be an R~homomorphism of K onto E. As in the
proof of (4) <=> (6) we see that Ker f is reduced. Hence K is
equivalent to E by Lemma 5.8. That (5) implies (6) follows immedi-
ately from the definition.

(8) <=> (7). The assertion that (5) implies (7) is a conse-
quence of Theorem 9.5. Conversely, suppose that X contains only one
simple divisible R-module from each equivalence class of such mod-
ules. Let P be a prime ideal of rank O in H, and let D be the unique
simple divisible submodule of Kp, the P-primary component of K. There
is a nonzero R-homomorphism g of D into E. Because E is injective,

g can be extended to an R-homomorphism f of KP into E. By Corollary
11.%2, Im £ < Ep, the P-primary component of E. Now Ker f is reduced,
for otherwise it would contain D. Thus we have L(Kp) = L(Im f). By
Theorem 15.4, K and E have equivalent composition series of divisible
submodules, and thus L(Kp) = L(Ep). Hence L(Im f) = L(Ep), and so

Ep = Im f. Therefore, Kp and Ep are equivalent by Corollary 5.13.

It follows that if Pl,...,Pn are the prime ideals of rank O in H,
then Kpl 4 ... & KPn is eguivalent to EPl & ... & E?n. Since K and E
are equivalent to thesz two direct sums, respectively, by Theorem

11.5, it follows that K and E are equivalent to each other.

(7} <&=> (3). Let Py,.-.,P, Dbe the prime ideals of rank O in
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H, and let Nl,...,Nn be the Pi~primary components of O in H. Let D
and D' be simple divisible submodules of XK corresponding to Pl' Then
by Theorem 14.8 we have D = X @R I and D' = K @R I', where I and 1!
are minimal ideals of H for Pl. By definition I = Jl n Ngﬂ...ﬂNn

and I' = Ji n N, n...n Nn’ where Jl = H = Ji if Pl = Nl’ and other-
wise Jl and Ji are Pl-primary ideals of H that properly contain Nl

and are minimal with respect to that property. WNow h{(D 1 D')

it

h((K 8, I) N (K 85 I')) = K g (I N I7)

KBy (3 NI NN N ... Nn) by Corollary 6.7. Thus we see that
D # D' if and only if h(D N D') = O if and only if
(J1 n Ji) n N, n...n N, = 0 if and only if Jq n Ji = Nl' It fol-
lows that K has only one simple divisible submodule corresponding to
Pl if and only if N1 18 an irreducible ideal.

(3) <=> (2). With the notation of the preceding paragraph,
let = H - (Pl U ... U Pn)‘ Then Hy 1s the full ring of quotients
of H, and hence %f = H Bp Q. It is easy to see that
qi = le $ ... 9 HPn.
every Hpi is self-injective. Furthermore, Ni is an irreducible ideal
of H if and only if O is an irreducible ideal of HPi. Thus, since
is an Artinian local ring, 1t is sufficient to prove that an

Thus H is self-injective if and only if
g

il
Py

Artinian local ring S is self-injective if and only if O is an ir-
reducible ideal of S.

If S is self-injective, then S is an indecomposable injective S-
module. Because the annihilator of 1 in S is the 0 ideal, it follows
from Theorem 4.5 that O is an irreducible ideal of S. Conversely,
suppose that 0 is an irreducible ideal of 8. If P is the maximal
ideal of 3, then O is an irreducible P-primary ideal of 3, and hence
E(S) = E(S/P) by Theorem 4.5. Since Homg(S/P,E(S/P)) = S/P, it fol~-
lows easily by induction on length that if A is any S-module of finite
length, then Z(A) = Jf(HomS(A,E(S/P))). Since S has finite length
over S, we see that X (S) = Jf(HomS(S,E(S/P))) = Z(E(S/P)). Because
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8 < E(8) = E(S/P), we see that S = E(S/P), and hence S is self-in-

jective.

Remarks. (1) The equivalence of several of the statements in
Theorems 15.5 and 15.7 has been proved by a different method in [7].
(2) We have seen in Theorem 13.1 that R is a canonical ideal for
R if and only if R is a Gorenstein ring; that is, if and only if K
is isomorphic to E. Theorem 15.7 shows that in general R has a
canonicgl ideal if and only if K is equivalent to E. In the proof of
Theorem 13.1 we established that R is a Gorenstein ring if and only
if there is a monomorphism of X into E, while Theorem 15.7 shows that
R has a canonical idegl if and only if there is an epimorphism of K

onto E.

(3) It follows from Theorem 15.7 that if S is an R-submodule of
Q such that R< S and Q/S £ E, then S is isomorphic to a regular
ideal of R.

(4) Theorem 10.3 states that if the integral closure of R in Q@
is a finitely generated R-module, then K is equivalent to E. Hence
by Theorem 15.7 we see that if R is analytically unramified, then

R has a canonical ideal.

Theorem 15.8. Any two canonical ideals of R (ii any exist) are

isomorphic.

Proof. Suppose that I and J are canonical ideals of R. Simce
J is a regular ideal of R, there is a regular element b in J. Now
PI © J, and bI is a canonical ideal isomorphic to I. Hence without
losg of generality we can assume that I ¢ J. Let B = J/I; then

because Q/T = E and Q/J = E we have an exact sequence:
0O0—=-B—->E—E—O0

Let B# = Homp(B,E); then since HomR(E,E) = H, we can derive an exact

sequence:
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O—ng&H--»B#—»O,

By Theorem 2.7, o is an H-homomorphism, and thus o is multiplication
B#

1

by a regular element g of H. Hence we have H/Hg.

Let I = Hg N R; Dby Theorem 2.8 we have H 8; L = HL = Hg and
H/Hg £ R/L. Since H @R L. is a projective ideal of H, it follows from
Corollary 2.6 (2) that L is a projective ideal of R. Projective

ideals in a local ring are principal, and hence there exists a regu-

lar element a € R such that L = Ra. Thus H/Hg = R/Ra.

H

Since B* % H/Hg = R/Ra, we have aBﬁ = 0. By Theorem 4.6 we have
B = B##, and hence it follows that aB = 0. Thus we see that aJ < I.
Now B is an R-module of finite length. As we observed in the proof
of Theorem 13.1, this implies that £(B) = a(YB#). Therefore,
Z(B) = Z(R/Ra). By Theorem 12.3, Z(R/Ra) = £(J/Ja), and hence
Z(3/1) = £ (B) = &£(JI/Ja). Because Ja C I it follows that Ja = I.

Therefore, T and J are isomorphic ideals of R.
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