FIGURE 4

Hence,

v, [cross-cap] =y [real projective plane] — y[disc] =

=1-1=0.

The Euler characteristic of a cross-cap and a Mobius band are the same.
Indeed, a M6bius band can be topologically deformed into a cross-cap.

® PROBLEM 9-110

Derive the formula for the Euler characteristic of a sphere with # handles,
k holes and [ cross-caps.
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SOLUTION:

FIGURE 1

A sphere with one handle, one cross-cap and two holes is shown in the
figure.

Note that each handle requires two holes and each cross-cap requires one
hole. Thus, we have to make

k holes is

x=2-2n+l+k)=2-2n-1-k

® PROBLEM 9-111

Present in standard model form disc, sphere, cylinder, real projective

plane, Mobius band, torus, two-fold torus and n-fold torus.

SOLUTION:

A surface described as a sphere with » handles, / cross-caps and k holes is
said to be represented in standard model form.

n-handles [ cross-caps K holes X,
sphere 0 0 0 2
disc 0 0 1 1
cylinder 0 0 2 0
real projective plane 0 1 0 1
Mobius band 0 1 1 0
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torus 1 0 0 0
two-fold torus 2 0 0 -2
n-fold torus n 0

o
()
I
)
=

® PROBLEM 9-11

Determine the rank and Euler characteristic of a torus with a hole.

SOLUTION:

FIGURE 1

The rank of an open surface is defined as requiring the least number of cuts
to make the surface homeomorphic to a disc.

From Figure 1, we see that two cuts are required to make a torus with a
hole homeomorphic to a disc. The cut surface can be deformed to yield a
plane diagram (Figure 2) with the symbolic notation

+x+a+b—-a-b.

The torus with a hole has 1 handle, 1 hole and 0 cross-caps. Hence
Ar — V) _(MNes o L 2 NN D o] 1 _ N — 1
A—L \LI&TI\TE}—L—L—.L U——"1.

. /\
a
A (—\ A
a b
A x A
FIGURE 2
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® PROBLEM 9-113

FIGURE 1

This is an open surface. It requires one cut (Figure 1) to become homeomor-
phic to a disc.

The rank of a sphere with one cross-cap and one hole is one. The surface
obtained can be deformed to give a triangle.

The Euler characteristic
x=2-C2n+k+0D)=0
or from the plane diagram
x=V-E+F=1-2+1=0.
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® PROBLEM 9-114

A e w

and Al v
dallu CliCiiiiva

least some of their properties are known with fairly good accuracy. In some
sense it forms a basis for future research. The cost of obtaining new mole-

cules can sometimes be enormous. It can happen that the final product turns
out to be a disappointment. A new molecule is not exactly what we have
been looking for.

Hence, it is important, not only from the scientific point of view, to be
able to predict the properties of chemical substances before they are synthe-
sized.

® PROBLEM 9-115

I Describe briefly the topological method of making chemical predictions. I

SOLUTION:

The heart of this method is the topology of individual molecules. We
neglect the nature and lengths of the chemical bonds holding the atoms of a
molecule together. We take into account the number of atoms in the mole-
cule and how the atoms are interconnected within the molecule (single straight
chain, chain with branches, several chains, a ring, etc.).

As a first step we take a small number of known molecules, for instance,
A, A, ..., Ay Then we establish a procedure which converts the topological
structure of each molecule A into a singie, characteristic number o calied in-

dovw
UCA.

A —oy

Ay =0y
Ak—>ak

Suppose we are interested in a certain chemical property, say the boiling
point. For each Ay, A,, ..., A; we determine its boiling point Ty, 75, ..., T;. By
using the Cartesian coordinates on one axis, we mark the value of the index
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and on the other, the value of the chemical (physical) property.
Thus, we obtain a plot which can be used to predict the future.

S /

E’ T /
- L

a

k|

E

:% T2

a ay a, Oy Index o

Bl Iine
ravnec

Suppose we want to know the boiling point of a molecule whose index is o,
From the plot, we obtain Ty,

What is a chemical graph?

SOLUTION:

A chemical graph is a drawing in which the atoms of the molecule are
depicted as points and the bonds linking the atoms are depicted as straight
lines. The length of lines and the angles are immaterial.

Thue oranhc renracant ctriictiirac in an ahetract manner (Granh theoarv a
‘.l‘u\’, Elul.ll.lo lwl.ll\.u)\tlxl. DA UWLLIL WY 111 Gll AU UJLLUIWL 111G1111wi e Ulul.’l‘ ‘IIVUIJ’ u

mathematical discipline, studies graphs in detail.

FIGURE 1-Graph of H.,O

Generally, in chemical graphs the hydrogen atoms are omitted.
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FIGURE 2-Graph of an n-octane.

Large balls depict carbon atoms and small balls depict hydrogen atoms.

FIGURE 3-The structure of 2, 2, 3, 3,-tetramethylbutane.

The graph is shown inside with the hydrogen atoms omitted.

® PROBLEM 9-117

I Describe how the carbon number is determined. I
|

SOLUTION:

N =
F.’
é
(on
(9]
.q X3
(;; -
‘%’
=
[~
7]

a nas
eristic number - index. Such is know
graph mvanant One of the most simple graph mvarlant s the vertex num-
ber, which chemists refer to as the carbon number. It is the number of
vertexes in the graph. For hydrocarbon molecules (i.e., molecules consisting
only of hydrogen and carbon atoms) it is the number of carbon atoms. It
should be remembered that the carbon number has low discriminating power
because many different molecules can have the same carbon number.
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® PROBLEM 9-118

SOLUTION:

The carbon number is a useful index for analyzing straight-chain mole-

W J - U U APpPIrop .

index uses the notion of distance between two vertices, which is defined as
follows: The distance between any two vertices is equal to the number of

edges traversed while taking the shortest route within the graph between
these vertices.

The Wiener index of a molecule is equal to the sum of the distances
between all pairs of atoms in the molecule.

Consider for example isopentane.

FIGURE 1

Its graph and distances are shown in Figure 2.

,
/?4

A
s
/4
/
/

Y

D - o E
/// ST N F 2
{//E// H G - G 3
£ T
/ -y I 2
J 1
18
WIENER INDEX

FIGURE 2
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® PROBLEM 9-119

structure of a molecule into a single number-index. It has been determined
that the Wiener index correlates with many physical properties.

First, we establish the molecular structure of some existing molecules
and draw their graphs.

Bolling Point K*
[
<]
o

Wiener index
1 1 i 1 i
1 1 T T T

0 2,000 4,000 6,000 8,000 10,000 12,000

FIGURE 1

450 T j
I
i

Suppose we are interested in the boiling point. For each molecule, we
know its Wiener index and its boiling point. Thus, obtained points yield a
fairly smooth curve (see Figure 1). The correlation is more evident when we
use the logarithms of the Wiener index and boiling point (see Figure 2).

7.0
g

s o

I 1 L
1 I L T T T

() 20 40 60 P 80 100 120
Logarithm of Wiener Index

Logarithrn of Boiling Point

»m
]

FIGURE 2

Suppose we want to synthesize a molecule whose logarithm of the Wiener
index is P. From the plot we find the logarithm of its boiling point.
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® PROBLEM 9-120

SOLUTION:

The molecular-connectivity index is the most universal index devised so
far. It depends on the topologlcal concept of degree. The degree of any

nnnnnnnnnnnnnn thn craetinan b to atébo~le

2 ~ A &~
\ A7} I.CA lb c\.lucu to tne llUlllUCl Ul Ul.llC vErtiCes it iS attacnea to.

Hence the degree of Ais 1,0f Bis 2,0f Cis4,0f Dis 1,0f Eis 1 and of Fis 1.
Each edge has a value: the product of the reciprocals of the square roots

A vyAarti~aag Py
11V VUILILLD lllellb

ot
-

-
(o

~
v

1Q
Hence, the molecular-connectivity index for our molecule is

”




® PROBLEM 9-121

I In some cases, better correlations are obtained by considering oniy the

alacular,
I flagmellto Uf lafger mOI\avulvo CUIIIPULU th\f uxunuu't.'u?lf UUllll\J\/llVll] lll_

dex for the fragments of molecules indicated by dotted lines.

Path Cluster Chain
FIGURE 1

Path Cluster Chain
|4
- V2

SOLUTI

O

From the definition of the molecular-connectivity index, we obtain:

Path
1 1 1 1
= 1.4142
vy R Wy odey
Cluster
(e L) oo L) o (e L)\ - 173205
\ v/ v3/ \4/ V3 \«/ Vv3)
Chain
A (e L) o (o L) L/ L\ 330384
W2 2) \ /2 3/ \4/1 3)

® PROBLEM 9-122

Compute the Balaban centric index for a molecule whose graph is shown
below.
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FIGURE 1

SOLUTION:

This index emphasizes the degree of branching in a molecule. All verti-
ces that are connected to only one other vertex are counted and removed
from the molecule’s graph. The number of vertices removed at each step is
squared and added to a running total. The procedure is repeated until all
vertices are removed.

B C
ok b
T ] ]
. ‘l‘ J‘v * l———' "
A E G H E G E
FIGURE 2

As a first step we remove vertices A, B, C, F, aAnd H and get 52. Then we re-
move D and G and obtain 22. Finally, we remove E and obtain 12.
Thus, the index is 5% + 22 + 12.

® PROBLEM 9-123

—
I List a few applications of molecular-connectivity index. I
. |

SOLUTION:

The molecular-connectivity index has numerous and diversified applica-
tions. It is used in developing new drugs and in predicting the taste and smell
of new substances. This index correlates well with such physical properties
as the boiling point, density, heat of vaporization and solubility in water. It is
known that many biological responses are launched when an appropriate
stimulating molecule docks with a receptor on the surface of a cell. Very
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often the specific shape of the molecule is less important than its volume and
surface area. Molecular connectnvnty indices correlate well with volume and

RS, . SR SU [ .Y ~ L. 1%a..

pr aict t C dUlllly
S.

': =
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=
Q
Q
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fm]
wn
Q
q
=
)
q

well as whether a

® PROBLEM 9-124

SOLUTION:

It is a very costly and time-consuming process to determine how fast
pollutants spread into the environment. Here, molecular-connectivity indices
are very helpful

anAD N

Tha 12d: Py
1nc llluleD LUl

=
11

o

T ell with t o} an ad
within the air, water or soil. The relationship exists between the indices and
the tendencies of substances to concentrate within living organisms. To test
these properties without the indices is extremely difficult and expensive.
That is why the U.S. Environmental Protection Agency applies the indices to
predict the toxic potentiality of unknown or untested pollutants.

® PROBLEM 9-125

SOLUTION:
Tn oanaral tha Arntana nuimhar dagrerilhag tha a‘-“-‘:n anne writh wswrhinh A fiial
111 BCIICI aly LllVv Uvtdllv 11Ullivuvl Uuwduulivvd Liiv Lll\zlbllb_y VY Il VWilIVil a 1uul
burns, that is, its tendency not to “knock.” The fuel is mixed with oxygen

and then ignited by a spark.

A “knock” appears when during compression, oxygen atoms combine
with fuel before it has been ignited. Usually the octane number is determined
under standardized conditions in a test engine.

Straight-chain molecules tend to “knock” more than branched molecules.

Attempts to establish the correlation between the tendency of the fuel to
“knock” and its Wiener index yielded only fair results.

An index introduced by A. Balaban, called the centric index, emphasized
the branching of molecules. It correlated very well with the octane number of
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hydrocarbon molecules.
We defined the centric index in Problem 9-123.

® PROBLEM 9-126

An index called hydrogen-deficiency index was devised to predict the
amount of soot produced by burning hydrocarbon molecules. Define

this index.

SOLUTION:

!

0 cycles 1 cycle

FIGURE 1

The hydrogen-deficiency number is equal to the number of independent
cycles, or nips, and double bonds in a molecule.

/ \ /o~ N\
N o—/ N o—0/

FIGURE 2
The hydrogen-deficiency number combined with the averaged-distance-sum

connectivity index yields an index which provides a very good correlation
with the soot production for almost 100 hydrocarbon molecules.
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® PROBLEM 9-127

a molecule (carcinogen- I

cules and topological mdlces is an extremely dlfflcult one.
First of all, the experimental measurements are not necessarily accurate

or sufficient. Then the growth of cancer is a process consisting of many
stages.

Thus, the index should take into account not only the original molecules
but also the molecules produced during successive stages. So far the best
results were achieved by William C. Herndon and Lé&szl6 van Szentpaly.
They introduced the combination of simple indices to predict the carcinogen-
icity of polycycllc aromatic hydrocarbons. Since the molecules, below and

alansrna ~AAawmbaie cipa AmA At NAamATA AT t}..\ £3 0~ 4

avuvuve Clldlll blLC lllllllb, ale 110Ul bdlblllUsClliU, 1 1 § 1
carbon number and the saquare of the carbon number (which dgpends on the

LAl U AU SLeal i

size of the molecules). Another aspect is that certain regions of hydrocarbons
are more important (more carcinogenic) than other regions.

Bay region

M region

K region

FIGURE 1

The Bay, L and M regions must be fairly active chemically, while the K
region must remain fairly inactive.
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CHAPTER 10

METRIC SPACES

R~ Space
Euclidean Space
Cartesian Product of Metric Spaces

Closed Sets

Closed Ball

Convergence

Sequences

Limit of Sequence

Continuous Functions

Properties of Continuous Functions
Bounded Sets and Bounded Functions
Diameter of a Set

Uniform Convergence
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® PROBLEM 10-1

SOLUTION:
DEFINITION OF A METRIC SPACE

—LetXbeaset-Functiond(xsy) ER—— — — — — —

d:XxX—R 2)

is said to be a metricon X if for allx, y, z€X

L. d(x, y)=0.

. dlx y

2. dix, y)=0 iff x=y.

3. d(x y)=d(, x).

4. d(x, 2) s d(x, y) + d(y, 2).

The set X with a metric d is called a metric space and is denoted by (X, d). The
function d(x, y) is called the distance between x and y.

For any real numbers x, y, and z we have

|x-y|=0
|x-y|=0 iff x—y=0 iff x=y
|x-y|=]y-x|
|x—z|s|x-y[+]|y-z]

Hence (1) defines a metric.

Ix-yl
y X
: i ~— R
FIGURE 1
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If x and y are real numbers on the real axis, then | x — y | is the dis-
tance between them.

® PROBLEM 10-2

1. Isit possible to define a metric on any set?

2. Show that the set R” with the distance defined by

d(x, y) = max { | x;—y;|, 1 sisn}

is a metric space.

1. Let X be any set. Then, function d defined by

( 1 if x=y
d/x’y) = ,2\
' 1 0if x=y )
is a metric. Therefore a metric may be defined for any set.
2. We have
d(x,y)=0 because|x;-y;|=0
0=d(x, y)=max {|x;—y;|, 1 si<n} iff
|x;i—y;|=0 for 1sisn iff x;=y; for
l<sisn iff x=y.
We denote
X = (X1, eues Xp)
Y =1 -5 Yn) @)
Symmetry is obvious
d(x, y) = d(y, x) 4

Triangle inequality.
Suppose forsome 1 s/ <n

d(x, y) = | xi -yl
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we have

dx, y)=|xi—yils|lx—-z|+|z-yls

< d(x, z) + d(z, y). (5)

Pfn
dp(xy) = zlxi—yir
1

is a metric for eachp = 1.

SOLUTION:

We shall prove the triangle inequality.
For p = 1, the function

flx) =x? (2)
for x € R, x = 0 satisfies
ffx)=0 3)
and hence it is convex. Thus, f(x) satisfies
flax +[1 - aly) s afix) + (1 - o) f(y) 4
forx, y =2 0.
For any set of real numbers ay, ..., a,, by, ..., b, let
pra— pla—
A= [Saf B= [Sp [ 5)
‘\I <l <7l
Define x, y, and a as; Vi € [1, n]
a; bi A
Xi=—, Yi=—) o =——0r. (6)
A B A+B N

Substituting (6) for each i = 1, 2, ..., n into (4) and adding all n inequalities, we

obtain
< p . p < P
{3la-af <qSlar +y3ie 0

Equation (7) is called Minkowski’s inequality.
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Substituting

a; =X; = Yi
bi=yi—z )
forn=1,2, ..., ninto (7) we obtain
dy(x, 2) s d, (x, y) + d(y, 2). 9
In particular for n = 2'and p = 2, we obtain
d(x,y) = _y )+ —y.) 10

which is a distance on R2.

® PROBLEM 10-4
,Y) ) I
|

SOLUTION:

We have to show that d satisfies the triangle inequality. All remaining
conditions for a metric are obviously satisfied.
Since d is a metric we have

d(x,y) d(x,y)
Trdix N +dv.z) - 1+d(xv) =d0(x,y) V)
X, y)+a(y,z) 1+a{xy)

40,2) dv.2) _

s = (v.2) {3\
1+d(x,y)+d(y,z) =~ 1+d(y,2) o\ </ W)
Function d is a metric. Hence d(x, z) s d{x, y) + d(y, z) and
d(x,2) d(x,y)+ d(y,2)
d (x,Z) = s - =
0 1+d(xz) ~ 1+d(x,y) +d(y,z)
d(xy) d(y,2)

“1+d(xy) +d(y,2) * 1+d(xy)+d(y,2) sdy(xy) +dy(,2) Q)

Thus d, is a metric.
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® PROBLEM 10-5

intn itcelf Sho\'x'l that for anv foEY
. J J» O

A1V RLOWwiL N LA

Let X represent the set of all functions from the closed interval [0, 1] I

1y 7\

I d(f; g) = least upper bound { | fix) — g(x) | : x € [0, 1]} (1)
I is a metric. I
SOLUTION:

Any subset of the real numbers which has an upper bound has a least
upper bound and

O0s< |fix)—gx)|s1 forall f,g€EXandx€E [0, 1]. ()
Hence d(f, g) is defined for all fg € X.

9(x)

y‘ / s f(x)
y’

-

?i

(=]
-
x

FIGURE 1
1. Since
AN —_ o\ =0 y&=TI0 11 ()
I\X)—8X) |2V, XU, 1) )
the least upper bound of (3) is non-negative, i.e.,
d(f, g)=0 forallf, gE€X. 4)
2. dif, g)=0 iff f=g. 5)
If d(f, g) = 0, then a least upper bound
{|fx)-gx)|:x€[0,1]}=0 (6)
and
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{ |f0-gw)|:x€[0,1]}={0}. (7)

Hence
| /%) - 8) | =0:x €0, 1] ®)
e A LN\ . A\ Fne Sl /TN 1]
and jix) = g{x) 1or alt x < | U, 1}.
If f= g, then fix) = g(x) for all x € [0, 1] and
{|fx)-g()|:x€[0,1]}={0} )
Hence
d(f, 2)=0. (10)
\Y2 N eV \ 7
3. d(f, g) =d(g f) for all f g € X because
| fx) - gx) | = | () - fx) |- (11)
4. d(f, h) s d(f, g) +d(g h) (12)
because forallf, g, hEX
!Jﬁ('x) - h('x/ ! s !Jf('x'l —g\.JC) ! + ! g\'x'l - h\xl ! (13)

e 11 .—IN 11
rainx < |y, 1}.
® PROBLEM 10-6

1. Let (X}, dy) and (X;, d,) represent metric spaces. Show that (X; x X,,
d) where

d((x1, x2), (Y1, ¥2)) = d1(x1, y1) + do(x2, y2) (1)

r Y.y
SUVL

1. Since d; and d, are metrics
dy(%1, 1) 2 0 and dy(x,, y2) 2 0 @)

and
d((xl’ x2)9 (YI’ YZ)) z0
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for all x;, y; € X; and for all x,, y, € X,.
Similarly since dy(x;, y1) = d1(y1, X1) and dx(x,, y;) = d(y», x,) we have

d((x1, %2), (Y1, ¥2)) = d((y1, y2), (x15 %2)) “4)
d((xi; x2), (1, ¥2)) =0 iff (x1, x2) = (1, ¥2)- (5)
Suppose d((xy, x,), (1, ¥2)) = 0 then
dy(x1,y1)=0 and dy(x;, y,) =0.
Thus
xy=y; and x; =y, 0r (x5, x2) = (1, ¥2): (6)
If (x, X2) = (1, ¥2), then
di(x1,y1) =0 and dy(x, y2) = 0. (7
Thus
d((x1, X2), (¥1, ¥2)) = 0. ®)

Now, we will show that
d((x1, X2), (21, 22)) = d((X1, %2), (Y1, ¥2)) + d((¥1, 2), (21, 22))- 9)
Indeed, since d; and d, are metrics
d((x1, X2), (21, 22)) = dy(x1, 2)) + dy(X2, 2) S

< dy(x1, y1) + di(y1, 21) + do(xz, ¥2) + do(y2, 22) =

= d((x1, X2), (Y1, ¥2)) + d(y1, ¥2)> (21, 2))- (10)

2. If(X,, dy), (X3, dy), ..., (X,, d,) are metric spaces, then
d(x’ Y) =d1(xlayl)+ ove +dn (xmyn) (11)

® PROBLEM 10-7

The following metrics are defined on R?
0if (x,y)=(x,y,)

d((xpy,): (xp¥,) ={ 1t (x,9,) = (X))
)1 z

Ay (s (579 = f (51 = %) + 0y = 9,)
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and d,.

d3((xls)’l )’(XZ’YZ))
dy((x1, 1) (%2, 52))

=|x1—x2|+|yl—y2|

=max(!x1 - Ly -l

Find the ball of radius 1 and center (0, 0) with respect to metrics d,, d,, ds,

p

—

— SOLUTION:
DEFINITION OF A BALL

The convex set

Bfa, r)={x:d(x, a) <r}

is called an open ball of radius r and center a.

We have B, ((0,0),1) = {(0,0)}.

y

(0.0)

FIGURE 3
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B is shown in Figure 3.

Sometimes when it is obvious what metric is used we shall write B(a, r)
instead of B(a, r).

® PROBLEM 10-8

1. Describe explicitly the ball B(xo, r) in the metric space (R, d) where

dix y)=|x-yl

2al. al

I with the metric def
| d(f, g) =sup { | f(x) - g(x) | : xE€[0, 1] }. (1) |
| Find the ball B(f,, €) where f; is a continuous function and € > 0.

_

2. Let C[0, 1] be the collection of all continuous functions on [0, 1]
ric defi

SOLUTION:

1. The ball B(xy, r) is shown in Figure 1.

N
N X

FIGURE 1

The ball consists of all the points x on the real axis such that

|x—xp|<r or xg—r<x<xy+r. ()

FIGURE 2
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2. Let f, be a continuous function as given in Figure 2. The open ball B(f;, €)
consists of all continuous functions which lie in the area bounded by, (and

o

awrliz e\ el 12 « nt L o and £ 1 -~
CACIUULIIE ), UIC LHHICS al Jo — ¢t alll jg T &.

Prove this theorem:
THEOREM

Let B(xq, r) be a ball. For every point y € B(x,, r), there exists a ball
B(y, r’) such that

B(y, ') C B(xo, 1)- )
|
SOLUTION:
Point y € B(x,, r) hence
(v, v) £r (N
X, Y] <? \=
N— By, 1)
B(xgq 1)

Let us define
r’=r—d(xyy)>0. (3)
We will show that
B(y, ") C B, 7) @
Suppose
XEB(y, r) )
then
dix, y)<r’ (6)
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or
d(x, y) < r—d(xo, y)

d(x, y) + d(xe, y) <. (M
But d is a metric, so
d(x, xo) s d(x,y) + d(y, xp) < r. 8)
Hence
d(x, xg) <r
and
x € B(xy, r). &)

® PROBLEM 10-10

2. Prove this theorem:
THEOREM

Let B, and B, be balls and let x € B; N B,. Then, a ball B exists such
that

xEBCB,NB, (1)

1. Let By(xg, r1) and B;(xg, ;). Since r; and r, are real numbers, we have ei-
ther ry < r, Or ry < ry. Suppose r; s r,. Then if x € By{xg, r1) we obtain d(xg, x)
~ 7 i =17

Thus d(xg, X) < r, and x € B,(x%, r,).

If ry < ry, then By(xg, ry) C By(xg, r1)-
2. Let x be a point, such that

X € BI N Bz. (2)
Then
X EBI and x EBz.
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By Problem 10-9, if x € B;(xo, r1), then a ball B*; (x, r’;) exists such that

x e B’I C Bl. (3)
Similarly, a ball B”,(x, r’,) exists such that
x€EB,CB, 4

as shown in Figure 1.

B, CB;. §)]
Then
x€B,CBCB; (6)
Let B = B”,, then
xE€EBCB;NB,. (7

® PROBLEM 10-11

1. Let R be the set of real numbers with the absolute value metric. I
I Show that the open interval (0, 1) is an open set. I

2. Show that the ball
B(xg, r)={x:d(x,xp) <r}

is an open set.
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SOLUTION:
DEFINITION OF AN OPEN SET

et (X b

Let (X,d)beam
ry x €A, a ball B(x, r]
FIGURE 1
1. Letx € (0, 1), then
0<x<1 (2)
We define
r=min {x, 1 —x}. 3)
Then
B(x, nC(0,1) 4
x 1-% 4
0 "
. e
X=r X+
FIGURE 2
A e it £ L\ 2n nim mma oad
Any open 1ntervai (@, o) 1S an opei st
2. Consider ball (1). Let
y € B(xg, ). )

?

hen d{ X0, Y ) <T.
By virtue of Problem 10-9, we conclude that a ball B(y, r’) exists such
that

[

y €EB(y, r') CB(xo, 1) (6)
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By, 1)

\
\

‘7{— B(xg »N

FIGURE 3

® PROBLEM 10-12

I Prove the following: I
THEOREM |
Let (X, d) be a metric space. Then H

l
I 1. X, ¢ are open sets,
|

. the union of any family of open sets is an open set.

SOLUTION:
1. If x€Xandr>0,then
B(x, r) CX. D
Hence X is an open set.
Foreachx € ¢ and any r > 0,
B(s, 1) C @
ITamnn A 25 Ase nemne and
I1ICHCC @ D> all UpCll SCL

2. Suppose A and B are open subsets of (X, d) and x €A N B. Since both A
and B are open, balls exist such that

Bi(x, r)) CA

By(x, r) CB. €)

388



Setting

r = min(ry, 1) 4)

we obtain
B(x, nCANB. (5
\"™ * \~/

Hence A M B is an open set.

3. Let UA, be a union of a family of open sets. Suppose

xE€EUA, (&
o \¥J
Then an open set A, exists such that is a member of this family and
xXEA, 7
and since A, 1S open
xEB(x.1NCA CUA (8)
AT Y “*a *a

® PROBLEM 10-13

Let (X, d) be a metric space. Show that a subset A C X is open if and only

if A is the union of a family of balls.

SOLUTION:
We shall prove
(Aisopen) < (A Y U B;) (1)
In Problem 10-12, we proved that the union of any family of open sets is
an open In Problem 10-11, we proved that a ball is an open set. Hence

= Suppose A is an open set. Then

Vx€A 3IB(x,r)CA. 2)
Therefore UB(x,r) CA
xEA (3)
But the ball B(x, r) C A exists for every x € A. Hence
A = B(x,71). 4)
XEA
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Show that the closed interval [()

l lute value metric.

O

DEFINITION OF A CLOSED SET

Let (X, d) be a metric space. A subset B of X is said to be closed in (X, d)

when its complement X — B is an

|
We shall show that the set R — [0, 1] is open in R.
Suppose
xER-[0,1] )
Then, either x > 1 or x < 0. We can assume that x > 1, (the proof for x < 0 is
similar).
0 1 X
A—_—_ R -
FIGURE 1
We have
0<d=x-1 (2
and
B(x,%,) CR-[0, 1]. (3)
Therefore R — [0, 1] is an open set and [0, 1] is a closed set.
Similarly we can show that a closed ball in the metric space (X, d)
B(x,r)={y:dxy)sr} 4

® PROBLEM 10-15

Prove the following:

THEOREM
Let (X, d) be a metric space. Then
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>

of an open set. X is an open set, therefore ¢ is a closed set because ¢ = X — X.

2. Suppose B, and B, are closed sets. Then X — B; and X — B, are open sets.
We have

X—-(B1UBy)=(X-By)N(X-By) (D

Since X — B, and X — B, are open sets, (X — B;) N (X — B,) is an open set. Hence
X-(B; UB,)is aclosed set.

1 We chall chnw that
v YY Ww J1ACAL U VY LiANAL

1 9

(\B
LI | a
a

—~~
N
) ——

is a closed set when all B,’s are closed sets.
x-(NB,)-UX -B,) 3)

Suppose all sets B, are closed. Then all sets X — B, are open sets and their
union | J(X - B,)is an open set.

€reiore - « ) 1S an open set an a 1S a closed set.
Therefore X — ((B,, ) is an op d(Bais a closed

I Which of the following subsets of (R2, d) where d is the Pythagorean
I metric are closed?

L. {(xy):x=2}.

2. {(» y):x y are integers}.

3. {(xy):y=x}
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|4. {xy): x2+y?=<1 and x < 1}. |

I: (7 -\ . <2 3 2.2 < "M I
I Je i\,y}..& Ty )Lj’. I
SOLUTION:
1. y
A X=2
S
X
FIGURE 1
This is a closed set because R? — {(x, y) : x = 2} is open.
vl
2 A (1,2
2% X X
-1, 1)
X 1X X X X
NI
1 2 3 X
X X X X

FIGURE 2

FIGURE 3
This set is closed.
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FIGURE 4
This set is neither closed nor open.

S

FIGURE 5
Since the circle x2 + y2 = 2 is not in the set, then the set is open..

® PROBLEM 10-17

I A sequence 0 f points (x,) of a metric space (X, d) is Convergent to the I
noint ¥ of thig snace. if the ceanence of real numbers d(x _ x) is conver-
l}\lllll sV WJA LAARVD l.lu\.rv, AL viiw av\.luv AWiw VUL Awveil 11lWiiLAVwvIOD u\.nr , JV} W/A\JAAY Wi
gent to zero. The point x € X is called the limit of the sequence ( ). We
write
x = lim x, 1)
n—»o
H

Write down this definition using the symbolism of logic.
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Given an example to illustrate that a given sequence can be conver-
gent with respect to one metric and not convergent with respect to

l anotner metric. I

SOLUTION:

The definition of a limit point may be written in symbolism of logic as

(lim X, = x) = (li_{rolod(xn,x) = 0) =

n—o

=Ve>0 JkEN VrEN
(n> k)= (d(x,,x) <€) 2

N
g /% A\r,mx.e)

® ® ° .{ ."K-ﬁ /x

\ exs /

K+2

FIGURE 1

If nli_r.r:ox,, = X, then for any ball B(x, €) all but a finite number of elements of

(x,) are located inside the ball B(x, €).

Suppose the set of real numbers R is equipped with the metric d;(x, y) = |
x —y | and with the metric

dz(x’y) = {

0 when x =y

1 when x=y

The sequence (/,) is given. In the space (R, d,), this sequence is convergent.
In the space (R, d,), this sequence is not convergent.

® PROBLEM 10-18

I Is it possible for a convergent sequence to have two different limits? I

SOLUTION:

Let (X, d) be a metric space. Suppose sequence (X,) has two different
limits x; and x,, x; = x,. Then
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limx, =x 1)

Jimx, =, o
Since x; = x, we have
d(x, x)=a>0. 3)
From the triaﬁgle inequality
d(x1, X;) = d(xy, x1) + d(x,, x2). (4)
From (1) and (2) we obtain
Ji_rg)d(x,,,xﬂ - Jﬂd(xn,xz) =0. &)

This 1s a contradiction with (3). Hence x; = x,. The sequence can have only
one limit.
The same result can be reached “graphically.” Since x; = x,

B(xy, )

FIGURE 1

Balls B(x;, %/,) and B(x,, ¢/,) are disjoint and each contains all but a finite
\"71? ru) \"74&3 ruy J

number of elements of (x,). Contradiction.

Let X be the set of all functions from [0,1] into itself with the metric d
defined as follows

d(f, g) = least upper bound { | fix) —g(x) | : x €[0, 1] }. 1)
Check the convergence of the sequence (f,) where f,(x) = x".

395



SOLUTION:

The elements of the sequence are

x x2, 3, x4 X .. (2)
\*/
y A
n
///7 q
y=x°
=X
u/v2 /7‘// Y=X4
, £a)
S
0 1 X

FIGURE 1

Figure 1 shows the first few elements of the sequence. We see that the
sequence “converges” to the function

I 0 for x=1
1 1 for x=1 )
Here, the sequence of continuous functions “converges pointwise” to the

function which is not continuous.
It converges to fin the sense of metric defined by (1).

d(f,., ) = least upper bound { | x* — fix)| : x €[0, 1] } (4)

J \"vJ

and

lim d(f,.f) = 0. )

® PROBLEM 10-20

Prove the following:
THEOREM

A seaquence nf nt
‘1 .

396



SOLUTION:

Suppose ¥ = lim x, and y = lim y,.
Let € > 0, then k € N exists such that for n > k
d\(x,, x) <€ and d,(y,,y) <Et. 3)
Let us define
d(za2) = f &, (Xwrx) +d5 (Vs Y) Q)
Then
d(z,,z) <eV/?2 (5)
and .
nh_’n:o Z, =z (©)
Then & exists such that for n > k
d(z,,z) <€ @)
and ,
d(20,2) = A\ (X0, %) + dy(V,y) <. 8)
Thus
di(x,,x)<e for n>k 9
ie.,
m X =% (10)
Similarly, we obtain
dy(y,,y) <€ for n>k (11)
ie.,
"li_r_rL Yo=Y (12)
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SOLUTION:
DEFINITION OF A CONTINUOUS FUNCTION

A annﬁnnf: X — Y, where (X. D and (Y. d)) are metric s

AwWllviivil VY lAwiw \41, wl Ll \‘. ’ “l[ Qilwv Lilwvelidw
be continuous, if for every f(a) € Y and any positive number
positive number & > 0 such that if x € B(a, d), then f{x) € B(f(a

e’
-
(¢2]

f:X->Y

(x € B(a, 9)) = (f(x) € B(f(a), £))

In practical applications, this definition is rather difficult to deal with.
Some other methods of establishing the continuity of functions will be shown
later. Let us rewrite the definition using symbolic notation.

f: (X, d)— (Y, dy) is continuous if

VAea)EY Ve>0 33>0 such that

(d(x, a) < 8) = (dy(fa), fix)) <€)
Let fla) = 2a + 1 and € > 0. We can choose 8 = ¢/,, if | x —a | < & = ¥/, then
)= f@) | =] 26+ 1201 =

® PROBLEM 10-22

To determine whether or not a function is continuous, this theorem can

be used:
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THEOREM
f: X d)— (Y, dy)

(fis continuous) <> (V B CY, B is open f ~}(B) is o

L' ' | ]
~
o
A

I A S I

fHA)={x€X: fix) €A} )

is an open subset of X.

Let x €f -1(A), then fix) EA. Since A is open there exists an ¢ > 0 such
that

B(f(x), €) CA. 3)
Since f is continuous, then there exists a & > 0 such that
fIB(x 8)] C B(fix), ) CA (4)
as shown in Figure 1.
f: X>Y

— T (v, d. )
(X, d) : S

Therefore
-1
B(x, 8) C f~1(A) )
For x € f~1(A), a 8 > O exists such that (5) is true; hence f~}(A) is an open
subset of X.

<= Suppose that if A is an open subset of Y, then f-1(A) is an open subset of
X.If fla) €Y and there exists an € > 0, then

B(fa) , €) ©6)
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is an open subset of Y.

Thus,
f[B(Ra), £)] @)
is an open subset of X. There exists a & > 0 such that
B(a, 3) C f~'[B(fla), €)] ®)
or
f(B(a, d)) C B(f(a), €)- ©)

Therefore fie continuous

® PROBLEM 10-23

SOLUTION:

=> Suppose fis continuous and B is any ball in Y. Then B is an open subset
of Y. By theorem of Problem 10-22, f-1(A) is an open subset of X.

< Suppose for any ball BCY, f~!(A) is an open subset of X.

P e — (Y.d,)
\ i

——_ N\

FIGURE 1

Let f{a) be any point in Y and € be any positive number. Then B(f(a), €) is
aballinY.
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The set f~1[B(f(a), €)] is an open subset of X. We have
a € f~![B(f(a), £)]- )

Set f-1(A) is an open subset of X (not necessarily a ball). Hence a ball B(a, 6)
exists such that

B(a, 8) C f~![B(f(a), £)]. (3)
Thus

(x € B(a, 9)) = (fix) € B(f(a), €)).

Function fiQ continuous

® PROBLEM 10-24

l Consider the function I
i fxy)=x (1) i
| f: (R dy) = (R, d)) @ |
I where I

49 (py)) = of (61 =5,) + 0y = 9,) G)

dyx y) = |x-y]| 4)

Show that f is continuous.

SOLUTION:

We shall use the theorem proved in Problem 10-23.
Let B(a, r) be any ball in (R, d;). Then B(a, r) is an open interval (a —r,
a+r)inR.

The set f~![B(a, r)] is

fY(@a-r,a+r)]={(x,y);a-r<x<a+r}.

This set is shown in Figure 1; it is an open subset of R2.

Hence, the function defined by (1) and (2) is continuous.
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Find the limit of the sequence

sin (1 + 1/,)" (1)
SOLUTION:
Consider the sequence (1 + 1/,)". Its limit is
lim(1+ 4) =e. )

n-—o

Now we shall apply the following:

THEOREM

Let f: (X, d) — (Y, d,). Function fis continuous, if and only if given any
sequence (x,), such that

lim x, = x, lim f(x,) = f(x). .

n—»

A continuous function preserves the convergence of a sequence. Function
f(x) = sin x is continuous. Therefore, since

lim(1+1l)y —e €)
we have
lim {sin(1 + L)} = e. )
Sometimes we shall use
X, =X )

n—»ow
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to indicate
limx, =x.

n—>w

® PROBLEM 10-26

ball B(0, 1) in R

half-linex < 0in R

SOLUTION:

1. LetA be a subset of (X, d).
DEFINITION

Consider the set A. The diameter of A, denoted by delta (A) is the least
upper bound of the distances d(x, y) between all pairs of points x, y € A. Sets
with finite diameter are said to be bounded. For simplicity, we write “least
upper bound” as “lub.”

Interval [0, 1] is bounded in (R, d) where d(x, y) = | x—y |.
The ball B(0, 1) is bounded.
Haif-line, x < 0 is not bounded.

2. DEFINITION

A mapping f : X — Y where Y is a metric space, is called bounded if the
set f{x) is bounded.

|
Function

f:R—R
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cat N AN ia nat hhntindad hanan tha Fiinntinn 1o nat lhainAdnAd
11U DCL l_U, W} D 11IUL UVUULIUCU, HULILE WUIV 1LULIVULIVILL 1D 11UL buuliuvu
Function f{x) = sin x maps R onto [- 1, 1] hence the function is bounded

® PROBLEM 10-27

Prove the following:

THEOREM 1
The set ®(X, Y) of all bounded mappmg sf:X — Y, where X is an
rbitrary set and (Y, d) a metric space, is a metric space with metric

SOLUTION:

First let us prove:

THEOREM 2

If fand g are bounded mappings to the set X into the metric space (Y, d),

then the metric

di(f, 8) = sup d(f{x), 8(x)) )

is finite.

|
Let a be a given element of X. Then

d(fix), 8(x)) s d(fix), (@) + d(f(a), §(x)) =

= d(flx), f(a)) + d(f(a), g(a)) + d(g(a), &(x))- )
Hence
di(f, &) = S[fX)] + d(f(a), g(a)) + d[g(X)]. (4)
|
We have
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di(f,g)=0 forall f,g (5)

A(f V=0 iff f=o (6)
AN, 8)=vV 1 j=§ 8

Indeed, if sup d(f(x), g(x)) = O then f(x) = g(x) for all x E X.
di(f, g =dy(g f)forall f, g (7)

di(f, g) = sup d(fix), g(x)) s

= sup [d(f(x), h(x)) + d(f(x), 8(x)] =

< sup d(f(x), h(x)) + sup d(h(x), g(x)) =

= d\(f, b) + dy(h, 8). ©)

Hence d, defined in (1) is a metric.

® PROBLEM 10-28

2. Show thatif A N B = ¢, then
(A U B) < 6(A) + &(B).

SOLUTION:

1. We have

where x, y €EA.

AT ~as abina 2. A /M D
INOLC LlduLHdIIICC A D

d(x, y) s d(x, ) Q)]
forx, y EA.
Then,

lubd(x,y) = lubd(x, y)
where x, y EA where x, y €EB (5)
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and
d(A) = d(B). (6)

FIGURE 1

Let us define the distance between sets A and B

d(A, B) = greatest lower bound {d(a, b) : a €A, b € B}. @)
Then, for any subsets Aand B of (X, d)
(A U B) <d(A) + 8(B) + O(A, B). ®)
But A N B = 0 therefore
3, B)=0. ©
Hence
d(A U B) < 8(A) + d(B). (10)

® PROBLEM 10-29

| ity |
I o(x, A)y=0 (1) I
| |
l |
| |

d(x, A) =: greatest lower bound or (glb) {d(x, a) :a €EA}. (2)

SOLUTION:

Suppose A is a closed set, then X — A is open. Hence for any x EX - A, a
ball B(x, r) exists such that

B(x, )CX-A G)
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B(x,r)

X-A
FIGURE 1
Then
d(x, A)=r 4)
and
d(x, A) = 0. ()
Now suppose, for any x EX - A, 6(x, A) = 0.
Let
r=0(x, A) (6)
then
B(x, ) CX-A. @)
Hence X — A is open and A is closed
A=X-(X-A). 8

® PROBLEM 10-30

ACB, A°"CB’, BNB =¢. (1)

Let us define for eachx €A
re=,8(x A" @)
and foreachx" €A~

r'.=",8x',A) 3
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FIGURE 1

We define
B =UB(x,r,)
R = LIR(x" »' ,)
O \J‘U\J\« sl x') (4)

Both sets B and B~ are open because they are the union of a family of open

sets (balis).
Qinra tha 11ninn hac talban nvar all tha alamante nf A
w111V Lliw WUl1IUVILL 11Aa0 tlanvil Uviewl All Liiv viviiiviilbo UL £
ACB 8]
similarly
A CB. (6)
We will show that BN B” = ¢.
Suppose on the contrary
x€EBNB. (7
Then for some y €A
5(y, x) <1, ©)
and for some y" €A’
SMv xV<r .. (9)
\J ¥/ y \7/
Suppose r, =r’y-, then

0y, ¥y)sd8(y, x) +0(y, x)<r,+r ) =
s2r,=0(y,A") (10)
where 8(y, y) = d(y, y°). But
3(y, y) zd(y A"). (11)
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Hence a contradiction,
BN B =¢. (12)

Two closed disjoint sets are well separable, in the sense that it is possible
to put them into two open sets, which again are disjoint.

olay=1_ and A
as described in Problem 10-30.

A be the hyperb

SOLUTION:
Both sets
A={(xy):y="x=0} (D
and
A'={(xy):y=0} )
are closed and
ANA =4¢. 3)

'\

FIGURE 1

At first glance, it seems impossible to find the separating open sets B and
B’ because

8(A, A)=0 @)
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i.e., the distance between A and A~ is zero. Function y = 1/, has the x-axis for an
asymptote. Such sets B and B”, however, exist.

B={(xy):'u<y<'+1} ©)
B ={(xy):-1<y<lp}. (6)

Both B and B~ are open. We have
ACBand A"CB’ (7

BNB =¢

@ PROBLEM 10-32

1. Let (R, d) be the space of real numbers with the absolute value
metric and let

I
I
A ={l,:nEN). o |
|

Find the closure of A.

2. Show that for any subset A of X, the closure of A is a closed subset
of X.

SOLUTION:

DEFINITION OF THE CLOSURE OF A

Let (X, d) be the metric space and A C X. The closure of A, denoted by A
(sometimes by C(A), is defined by

A= {xEX: 8 A)=0}. )
|
1. Since !/, — 0, we have
8(0,A) = 0. €)
Foreachx €A,
8(x, A) =0 )
Therefore
ACA. ©)
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From (3) and (5) we obtain

AU {0} C A. (6)
Suppose x €A and x & A U {0}. Then
d(x, A) >0 @)
We conclude that
A U{0}=A. (8)

€ X — A such that for every € > 0
B(x, ) NA = ¢.

FIGURE 1

Choose y €A N B(x, €).
Since B(x, ¢€) is open, & > 0 exists such that
b(y, 8) A B(x, ¢).

d(y, A) =0.

Therefore, a exists such that

Hence, for any £ > 0, the

(¢

N

5 &

greatest lower bound { 0(x, a) : a EA} = d(x, A) = 0.

Therefore x EX, but we assumed that x € X —A. Contradiction.
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a €A N B(y, d) CB (x, €).
isa€EA

such that 6(x, a) < €

©)

(10)

(11)

(12)

(13)

(14)



® PROBLEM 10-33

The limit of a nniformlvy converoant cennence nf hannded manningo
A LI 1111110 VUL Q ulll.LUl.lAll.] \/Ull'vlsvll‘ OU\iu\all\/\/ V4L VUWLINIVAE l‘lul.ll.’llls
.
is bounded.
SOLUTION:
a

- DEFINITION OF UNIFORM CONVERGENCE

Letf,: X = Y, n €N, where X is an arbitrary set and (Y, d) is a metric
space. The sequence (f,) is said to converge uniformly to f of

Ve>0 3FkEN VxEX Vnzk d(f(x),f(x)) <. (1)

Consider the space ®(X, Y) of all bounded mappings f : X — Y with the
metric defined by

d(f, g) =: sup {d(fx), g(x)) : x EX}. ¢y

(i g = 1) = (Jim i =) =
= Ve > 03k EN Vnz ksup{ld(f,(x), f(x)} <€ =
= Ve>03Ik EN Vn 2 kVx €EX d(f,(x), f(x)) <E&. €)

Thus, in the space ®(X, Y) the condition lim f, = f means that the se-
quence (f,,) converges uniformly to f.
Let € > 0 and let f, — f, (f,) be a uniformly convergent sequence of
hat

| T S T B | ¥ FPR T TP T
DOUIIUCU 1 ldpplllgb. YV C CIIUOUDC 11 dUueLll Llid

d(fn, f) < €. @
We have
d(f(x1), fx2)) s d(fx1), fu(%1)) + d(fo(x2), fx2)) +
+ d(fulx1), Ju(%2))- ©)
Thus
S[AX)] = 8[f,(X)] + 2¢ ©6)
and fis bounded.
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® PROBLEM 11-1

2. Find a topology on X, which contains as few as possible subsets of I

IX. I

SOLUTION:

DEFINITION OF TOPOLOGY
T is a topology on X, if and only if

1. TCPX)

2. $ETandXET

3. IfA,A, €T, then A, N A, €T, i.e., each finite intersection of members
of T is also a member of T.

DEFINITION OF TOPOLOGICAL SPACE

A couple (X, T) consisting of a set X and a topology T on X is called a to-

pological space.
|

1. Since P(X) is a family of all subsets of X, P(X) is a topology. This topol-

ogy is called the discrete topology on X. It contains the maximum possible
number of sets,

RARAU Wi VA Dw

2. Let X represent any set. The collection T = {¢, X} is a topology on X.
This topology is called the indiscrete topology (or trivial topology) on X. It
contains the fewest possible number of sets.
Elements of topological spaces are called points. The members of T are

called the open sets of the topological space (X, 7).
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® PROBLEM 11-2

SOLUTION:

Each union of members of T is also a number of T (see Problem 11-1).
Hence

{a, b} U {a,c,d} ={a, b, ¢, d} = X. 2
One of the possible topologies on X is

T, =1, X, {a}, {4, b}, {4, ¢, d}}

T.-CT.

L0~ 41.

~~
W
~

f

Suppose {b} € T,, then

Tz =1{$: X, {a}, {b}, {a, b}, {4, ¢, d}}. (4)

T, is a topology and Ty C T,.
Suppose {c} € T3, then

T3={9, X, {a}, {a’ b}, {a: G d}’ {C}, {a, c}, {a b, C}} (5)
Suppose {d} € T, then

Ty= {0, X, {a}, {a, b}, {q, ¢, d}, {d}, {a d}, {a b, d}}. (6)
Suppose {b} € Ts and {c} € T then
Ts= {¢’ X, {a}: {a: b}’ {a) G d}’ {b}’ {C}’ {a’ C},
{a b, c}, {bc}}. )
Suppose {b} € T¢ and {d} € T, then
T6 = {¢’X’ {a}a {a) b}a {a) G d}9 {b}’ {d}’ {a’ d}a
{b, d}, {a, b, d}}. ®)
Suppose {c} € T; and {d} € T, then
T;={¢, X, {a}, {a, b}, {a, ¢, d}, {C}, {d}, {a, c},
{a, d}, {a b, c}, {4 b, d}, {c, d}}. ®
Now let Tg = P(X)
T3={9, X, {a}, {b}, {c}, {d}, {a b}, {a c}, {4 d}, {b, c},
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{b, d}, {c, d}, {a, b, ¢}, {a, b, d}, {aq, ¢, d}, {b, ¢, d}}. (10)
Suppose {a, c} € Ty then
To = {0, X, {a}, {a, b}, {a, ¢}, {a, ¢, d}, {a, b, c}}. (11)

J | Sl B I it At

Let R represent the set of real numbers. Subset A CR is called open if for

each x € A, there is an r > 0, such that
Bx,r)={y:|y-x|<r}CA D

(R, d), where d(x, y) = | x— y | is a metric space. Let T denote the family
of all open sets (in the sense defined above). Verify that T is a topology
on R.

SOLUTION:
Nhyrinngly A and D ara nrvan gata
UUVlUuBl_y ll) allul 1IN alv Ul.)bl]. oL Ld.

Suppose Ay, ..., A, are open sets, then

NA ET.
Indeed !
(xEMN A) = (Vk, x EA) =
1

= (Vk3n, > 0: B(x,n,) CAy) =

( B(x,r)C A Ag )

v I 1%

= | . |

\ where r = min{n, n,....15}) ©)

Suppose each member of {A,, : ® € Q} is open, then 'kalA 1S also open.
x€UAy) = (Iw:xEA, ) =
w

= (3r>0:B(x,r)CA, ClUA) *

Topology defined above is called the Euclidean topology on R”. The to-
pological space (R, T) is called the Euclidean 1-space.
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® PROBLEM 114

SOLUTION:

Let us recall the definition of an open set A. A is open iff
An empty set and the whole space are open sets
oET, XET )

n
Suppose A, ..., A, are open sets. Then ) A, is an open set.
1

(x EﬁAk)=> (Vk:x€A) =

—AI b:r_'plvv_\r_A_\—\
=P A\VRANG . D\ X, I )~ O ) =
a1 . ns N — A T .
=\ VK D(X,r) - Ay WIOCIC T = MIN{N,.... T 1) =

3
Now, let A,, denote a family of open sets, then A ,, is an open set.
(03
x€EUA)=(Ta:xEA )=
= (3B(x,r): B(x,r) CA_,ClUA,. 4)

Topology T described here for the metric space (X, d) is called the metric

tonnloov indiiced on th A BRach meatric enace (Y AN can hacaome an ¢ auto-
l.UlJUlVE] ERANAUUNWWNE Vil LA “We AulAWil lidAWwWlililiw t’l.’“\/v \IK u} Wllll UwwiUiliiw A4l CALAL

matically” topological space (X, 7). Different metrics on X will induce in
general different topologies on X.

® PROBLEM 11-5

1. Define the topological space Z and the Sierpinski space.

2. Suppose T is a topology on X, consisting of
T={¢,X,A, B}
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where A and B are non-empty distinct proper subsets of X. Determine I

I conditions on A and B. I

SOLUTION:

. Let X = {0,

1. Let. , 1}. Then the discrete t
Q.

The set {0, 1} with topology

T ={¢, {0, 1}, {0}} )
is called the Sierpinski space.
2. Since T defined by (1) is a topology
ANBEeT={¢,X,A, B}. 4
We have either
ANB=¢ (5)
or ANB=A (6)
or ANB=8B. (7
Suppose A N B = ¢. Then
AUB=A and AUB=B and AUB =¢.
Hence
AUB=X ®)
{A, B} is a partition of X.
Suppose now A N B = A then
PCACBCX. 9
If AN B =B then
¢$CBCACX. (10)
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® PROBLEM 11-6

| |
I is a topology on X. I

SOLUTION:
T, is a topology on Y. Therefore
o, YET, )
Since f is onto

(=X (3)
\*7/ \~7
Also (@) =¢. “4)
Thus ¢, XET. 5)

Let {A,, : w € Q} represent a family of sets in 7. Then for each w

f_l(Bw) =A, B,ET (6)
We have
-1 -1
Ua,=Ur (B, =f (B,) %)
® w ®
Since T is a topology
UB,€ET, ®
w
therefore (JA, €T
LetAl,u:'%Z € T. Then sets By, B,, € T exist, such that
fAB)=A; and fY(By) =4, ©)
Then
Ay NAy=f1(By) N f1(By) = (B N By). (10)

Since T is a topology and B, B, € T, the intersection B; N B, € T,. There-
fore

fUB,NB)ET and A, NAET. (11)

Thus (X, T) is a metric space.
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SOLUTION:

A1={1,23,..} 2
Thus
¢ET and NET 3
Suppose Ay, A, ET. Then eitherk > lork<lork = [. If k> [, then
ALNA=AET 4)
if k <l then AyNA=AET. (5)
5 \%¥/
Alan 8L 1 sl A M A _ A r—mT ML A _ T
AISOITK =, INCNAR (1A =A,C 1. 1NUSAR 1A= 1
Let {A;} represent a family of sets of the form (1). Then
v *l | J \*/*
p=min{i, b, ...} (6)
and
UA =A,={p,p+1,p+2, ..} ()
Thus T is a topology on N.

® PROBLEM 11-8

2. Show that the union of topologies does not have to be a topology.
_

SOLUTION:

1. Let{T,: w € Q} be a family of topologies on X.
VoeQ:$,XET,
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Hence ¢,x E{A]Tw . (D
Suppose A,BE(T,,.
w

(A,BE(YT,)=>(Vw:A,BET,) =

[0))

M

e N A D ""
= lvw.Aallilo <

N D~—(\T
m [ 24 1

&l ). )

S (A} is a family of bl
(Vi:A €(T,)=>(ViVo A ET, )=
= (Vo UA er(,,)=><UA SN ©)

Hence if {T,: w €EQ} isa famlly of topologles onX then ﬂT » 18 a topology
on X.

):‘

2. Consider the set

X={a b, c} 4)
and two topologies on X
T,= {6, X, {a} ®)
and
T = {¢, X, {b}} (6)
Then
I, UT,={¢,4X, {a}, {b}} (M
is not a topology because
{a}U{b} ={a, b} €T, UT,. ®)
® PROBLEM 11-S

I How many distinct topologies can a set consisting of three elements I

I have? What is their partial ordering?

—
SOLUTION:
Let

X={a b, c}. (1)
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The possible topologies on X are

Tl = {¢,X}
T,= {¢” X, {a}}, Ts3= {¢’X’ {b}}’
Ty= {$, X, {c}}, Ts= {¢,4X, {a, b}}
T6= eee (2)
and so on.
Consider the set P(X)
P(X) ={0, X, {a}, {b}, {c}, {4, b}, {q, c}, {b, c}} €)

1 topology {¢, X}
topologies of the type {¢, X, { - }}

where { - } indicates the set consisting of one element
topologies of the type {¢, X, { -, }}

topologies of the type {¢, X, { -

} {
topologies of the type {¢, X, {-},{ ", "

b

4 {

w

tennlnntpc ofthatune Ih Y
tlvl‘-’ AWD WA Viiw ‘ yv l\y, ll’ l

topologies of the type {¢, X, { - -Lo{,'}}
topology P(X)
The numbers must be added up in order to obtain the total number of topolo-
gieson X = {a, b, c}.
We can introduce the relation of inclusion among topologies. For ex-

ample,

N LW WO W

{6, X, {a}} C {9, X, {a}, {b}, {4, b}}. (4)

This relation defines a partial order. Indeed, Let T, T,, T, represent topologies
on X, then

(T,CT)A(T,CTy) = (T, CT))
VT:TCT

(T! C Tg) A (T2 C T!) = (T! = Tz). (5)

® PROBLEM 11-10

Prove that T is the discrete topology on X if and only if every point is an
open set.
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SOLUTION:

Let T = P(X), then T is called the discrete topology on X. Every set is an
open set. We shall prove that

(T is the discrete topology) <> (every point is an open set). €))
= Since T consists of all subsets of X

VxeX: {x} €T )

<= Suppose T is a topology on X, such that

VxeX:{x}eT. €))

Let A denote any subset of X. Then

A= U {a}.
g {a} (4)
acA \ "/
Dozt 211 () fven Asmvnc anta [~ 7T n0nd Slcann o n bamala thhin cimzinen ~AF nan
Dut dii 1u; dlC UPCLI dCW, (U T 1 dllU blllbc 1 Id d WWPLILEY, LG UIIUI1 U1 opell
sets i set.

® PROBLEM 11-11
Let X represent any set and S a family of its subsets, such that

1. X,0€ES.

2. The union of any two members of S is a member of S.

3. The intersection of any family of members of S is a member of S.

Let T denote a family of subsets of X, such that

| i
| |
| AET iff X—AES. o |
| |
| l

Show that T is a topology on X.
- -~

SOLUTION:

Since X, ¢ESand X-X=¢,X-¢=X X,pET.
Suppose A, A, ET, thenX-A, €ESand X-A, ES
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X-ADUX-Ay))=X-(A;NAyES. )]
Therefore A; N A, ET.

Suppose {A,} is a family of subsets of 7. Then {X - A} is a family of
subsets of S and

MNX-A)ES. (2
a \~/
But
(X -A,)=Xx-UA, 0
a a
~ Henee X-LJA Sapd A €.
[0 ¢ a o

Thus T is a topology on X. Elements of T are called open sets.
DEFINITION OF A CLOSED SET

Subset B of (X, T) is closed, if X — B is an open set, that is, if X—-BET.

® PROBLEM 11-12

I Give an example of a basis for the Euclidean topological space (R", T). I
SOLUTION:
DEFINITION OF A BASIS

Let (X, T) denote a topological space. A family B C T is called a basis for
T if each open set (i.e., an element of T) is the union of members of B.

Note that if T is a topology on X, then T is a basis for T. In (R", T), the

topology is the family of sets open in the sense of the Euclidean metric.
AV Y2 ("1 11 chnws that in DN
YY LU Olldll J11VUYY jliatl 111 iv

n

B={B(x,r):x€R" r>0} (1)
is a basis for the Euclidean topology.
Let A € T denote an open subset of R”. Then
A= U B(x,r). (2

Each open set can be represented as a umon of balls. Note that (1) is not the
only possible basis for the Euclidean topology in R".
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® PROBLEM 11-13

I Let B C T, where T is a topology on X. Show that the following proper- I
I ties of B are equivalent I
I 1. Bis abasis for T. I

2. ForeachA €T and each x €A, there is B, € B, such that

x€B,CA.

SOLUTION:
(I) = (2) LetA€T. Since B is abasis for T
A _lIp 1\
A=UD, )
w

where B = {B,, : w € Q}. x € A, therefore at least one B, exists, such that
xE€B,CA. 2)

(I) <= (2) Suppose A €T. Since for each x E A, set B, exists, such that

B,EB 3)
and
x€EB,CA 4
we have
A=JB, , wherexEB,, )
XEA
Thus B is a basis for T.
The following theorem is useful in describing open sets.
THEOREM
Let B C T represent a basis for 7. Then set A is open, i.e., A € 7, if and only

if, for each x € A, there is a B, € B, such that x € B, C A.

® PROBLEM 11-14
Show that R” with the Euclidean topology has a countable basis.
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SOLUTION:

Consider the family of all open balls B,(x, r), such that r is a rational
number and all coordinates of x = (xq, x,, ..., x,,) are rational numbers. This
family forms a countable set.

FIGURE 1
¥ 2+ A X___ a o oen . L _a £ D 2 1 2 _ . r— A ™ 1 11 N7 \ _ 1
LU A aCowc dIly UpCIl SUoSCL oI I dna ICt X T A. 1NCIc i1s a odil b x, r), sSuch
that
Df .. £1\
A CD\.&, f) \1}

We can assume that r > 0 is a rational number. We can always find a point
x’, such that

,

X =X, X 9 ey X))

where all coordinates of x” are rational and

d(x, x*) < /3. 2
Then
x € B(x’, "/,) C B(x, r). (3
Thus
B = {B(x, r) : all coordinates of x are rational,
and r > 0 is rational} 4

is a countable basis of R”".

Nanbl Anne nnt 2 DN 25 than sl AF nt bl cmennd mmzcsmdalale, o .. AT
£acdil UPCII SCL 111 V7 1D UIC UlllUll Ui, dal UIC HIWUDL, LUullldUly llldlly vdaln.

If T is the Euclidean topology of R”, then
card T = 2¢ad N, (5)
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® PROBLEM 11-15

y T and 1ot D’ cnmencan +
4 aiilu 1tl D 1CpPICOVIIL a

I onen ¢
| |
I Show that B’ is also a basis for 7. I

~ SOLUTION:
Suppose A € T is an open subset of X.

Since B is a base for T

A=UB, @)
®
where B, € B. Since B C B’, each B, € B also belongs to B, B, EB".
Therefore
A=UB_ where B, €EB". (3)
w

Hence B” is a base for T.

Awaa i

A set X and a family of all open subsets of X — so called topology T —
are given. This pair (X, 7) is the topological space. Sometimes we are
given the basis B for topology T, then taking all unions of elements of

B, we find T. We are given

/ '

I Xand T X and d (metric) X and B (basls)
\ 4
| \ . g A
g Ke] I -3
gle
I gk%é 3 ] ggéf
2 o= 'S
I %\" Zls &
Ol v,
als

(X, T) —=—— This Is the final product

FIGURE 1
Consider this situation. A set X and a family B of its subsets are given.
The question is: is this family a basis for any topology T on X? Prove the

$ |
</ QO
\e\’
o
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following theorem which answers this question:

THEOREM

1. X is the union of members of B.

| |
I Let B denote a family of subsets of X, such that i
| I

2. The intersection of any two members of B is the union of members

2. Let {A,} denote a family of members of 7, i.e., for each a, A, € T. But
each A, is the union of members of B

A, =UB 9
Bley P(® @
where Bg(,) € B. Then
gJAa=LaJU BB(G)ET. 3)
B(a)
3. Suppose A, and A, € T. Then
A =UB,
o 4)
A, =UBn (5)
g " )
where B, Bg € B and
A NA, = UB,NB).
! : (©

The intersection of any two members of B is the union of members of B.
Hence, for each a and

B, N BB = LijY )
and
Al ﬂAz = U UB‘Y((I,ﬁ) ET (8)
a,p ¥

where each y depends on a and . Therefore, T defined by (1) is a topology
and B described in the theorem is a basis for T.
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® PROBLEM 11-17

manl mciianleneas
1Cal HUILLIUCLD. I

I 1. Show that the collection of open intervals is the basis for a topology I
I TonR.

2. (R, d) where d(x, y) =| x —y| is a metric space and hence a topologi-

cal space (R, T") with topology induced by the metric.

SOLUTION:

1. R is the union of open intervals. Any intersection of two open intervals is
either empty or again an open interval. By virtue of theorem of Problem
11-16, the collection of open intervals in R forms a basis for a topology T on
R.

2. Let

T = {A : A is the union of open intervals} (1)

T’ = {B: B is open in sense of the absolute value metric} (2)
We will show that
AEDD)=AET). 3)

IfA € T, then A is the union of open interals. Each open interval is a set
which is open in the sense of the absolute value metric. A union of open sets
is again an open set. Hence, A € T"

AET)=AETD. 4)

Suppose A is open in the sense of the absolute value metric. Then

Vx€A 3IB(x,r):B(x,r)CA 5)
But
Rlx N=(x—r x4+ 7r) (6)
W ) AT AT )
Hence
A=UB@xr=Ux-rx+r). )
xEA XEA
A is the union of open intervals, A € T. We conclude
T=T. €))
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® PROBLEM 1i-i8

I Let A represent a family of subsets of X, A C P(X). In general, there are

many topologies T on X which contain A, for example A C T = P(X). We

I will show that among these topologies a unique, smallest topology
I T(A) D A exists.

H

THEOREM

. - . .
| X 1 = {Agr OC a 14 V O (1D O . C s d U C

U
smallest topology containing A, when

(3]

all unions of finite intersections of A,} 1)

T(A) is said to be generated by A, and A is a subbasis for T(A).

I Prove this theorem.

SOLUTION:

T N e e = = e mws

P(X)

~_/

FIGURE 1

ior pologies containing A (P(X) is one
of such topologies). By Problem 11-8 T(A) is a topology. Since it is the
intersection of all topologies containing A, T(A) is the smallest topology,
A C T(A). By definition T(A) is unique.

We will prove (1). Since A C T(A) and T(A) is a topology, T(A) must con-
tain all the sets listed in (1).

On the other hand, the sets listed in (1) form a topology containing A and,
therefore, containing T(A).

A intercection of all t
LA .l\n} Uw i LIMLWIOVLVLIVALE wa &Kai WV
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® PROBLEM 11-19

FIGURE 1

SOLUTION:
By the theorem of Problem 11-18, T(A) consists of
T(A) = {¢, R, all finite intersections of members of A,
all arbitrary unions of finite intersections of members of A} 3)

All finite intersections of members of A are open intervals (a, b). Hence, we
conclude that the

set of all open intervals C T(A). 4)

The family of all open intervals forms a basis for T(A).
By Problem 11-17 the family of all open intervals forms a basis for the

Euclidean topology.
Therefore, T(A) is the Euclidean topology.

® PROBLEM 11-20

I R is the set of all real numbers and A consists of all sets of the form I

{x:x>a}

{x:x=sb}

Find T(A) (called the upper limit topology).
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SOLUTION:

To find T(A), we must first obtain all finite intersections of elements of A
(see Problem 11-18). The sets (a, b]

(a, b]={x:a<xsb} 2
form a basis for topology T(A), which is not Euclidean because (a, b] does not

belong to the E uclldean topology.

Xxsb X>a

FIGURE 1

Note that we were dealing with the situation, when a family of sets A was
given and we had to find topology T(A) such that A C T(A) Conversely, for

a BIVCII lUpUlUBy 1 a ldllllly Ul bClbh L 1 lb bdllCU a bUUUdblb IUl 1 ll

T=TA).

® PROBLEM 11-21

LetX = {a, b, ¢, d, e} and let A C P(X) where

A ={{a b, c}, {a c e}, {c d}}.
Find the topology T(A) on X generated by A.

a
SOLUTION:
Ry talring all finita intarcantinng nf cate in A and tha cate h and Y wa find
U] tal\llls All L111ILILV ILILWIOWLLIVIID VUl JOwlD 111 /1 AllU LIIw OwlD \'l aliu /iy ¥V 11l
the basis B(A)
R(A\ = f4 {n el Ja o oV S AL fa oL [-100 (N
&INiry LWy 42y |y Uy gy 18y &y ©fy ULy gy Oy Ly WMy \<)

-y —

Note that X € B and ¢ € B.
X can be considered the empty intersection of members of A. In order to
obtain the topology generated by A, we take all unions of members of B(A).

TA) = {9, X, {a, b, c}, {a, ¢, e}, {c d}, {a, c}, {c}, {a b, ¢ e},
{a, b, ¢, d}, {a, ¢, e d}, {a, c, d}}. (3)
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® PROBLEM 11-22

Let X represent any set and B a collection of subsets of X. Suppose B is a

basis for two topologies T and T”, which are different.

Hence, at least one element A C X exists, such that A € Tbut A &€ T” (or
vice versa).
B is abasis for topology T and A € T, therefore

A=UB_ €T 1)

where B, € B for each a.
Since B is a basis for topology 77, any union of elements of B must be an
element of T°. Thus,

A=\UB, €T, )
a
which is a contradiction. We conclude that
T=T
A hacic ac well ac a cithhacic determinec a nniane tonnlonovy
4d A UAJIJT D WAL UU OB JWUUUVUDILD Mwiwililillllvo @ “lll\'uv lvl.’ulvs]

® PROBLEM 11-23

The following theorem offers a simple method of determining if a given

family of sets is a basis.

THEOREM

Let B = {B,, : w € Q} denote a family of subsets of X, such that for
each x € B, N Bg and each a, f € Q B, € B exists, such that

l |
| |
| x EB,CB, N By o |
| |
| |

Then B U {¢} U {X} is a basis for some topology 7(B) on X. T(B) is
unique and is the smallest topology containing B.

|
Prove this theorem.

SOLUTION:

By using B as a subbasis, we obtain a topology 7(B). We will show that
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B is a basis for topology T(B).
I(B) = {4, X, all unions of members of B} (2

It is enough to prove that each finite intersection of members of B is a union
of members of B. We will prove that for eachx € B, N ... N B,, there is a B,
€ B, such that

xE B,CB,N...NB, 3)

compare Problem 11-13.
For n = 2, (3) is true by the hypothesis. By induction, suppose (3) is true
— forn-1.Thenform 00

XEBlnan...an_lan (4)
By exists, such that
xEByNB, (5)
B,CB,N...NB,_; (6)
Hence
x€ByWByNB, B N...B, @)
for some By € B.

Thus B is a basis for topology 7(B) defined by (2).

® PROBLEM 11-24

Let C([0, 1]) represent the set of all continuous functions on [0, 1]. For
each fe€ C and r > 0, we define

| (fr)={g€C: [, |f-gl<m}. |
I Show that the family I
| (K(E ) fEC,r>0} o |
II forms a basis for some topology T on C. II
SOLUTION:
We shall apply the theorem of Problem 11-23. Suppose
h € K(f1, r1) N K(f2, 1) )
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Let 1 i
h=f Mfi-hlto= [ |f- Al @

and let

—~

Then R > 0 and

Indeed, suppose F € K(h, R) then

[ [F-h|<R M
and . : 1
[|fi-Fls[ |fi-n|+[1n-Fl<t,+ (r;-t)=r.  ®
Therefore ’ ’ ’
FEK(fi,r) and FEK(f;, 1) ©)
because

1 1
J1f-Flsf |-+ [1n-Fl<ty+(ry 1) =rp (10)

® PROBLEM 11-25

Each basis in X yields a unique topology. But distinct bases may yield
the same topology.

DEFINITION OF EQUIVALENT BASES

Two bases B and B” in X are equivalent if

| I(B) = T(B") o |
I ml
l Prove this I
I THEOREM i
Two bases B and B’ in X are equivalent if and only if
1. for each B, € B and each x € B,,, there is a B’ € B, such that
xEB3CB,
and
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I 2. for each B’g € B"and each x € B, there is a B, € B, such that I

| xEB,CB |
_
SOLUTION:

Suppose T(B)=1(B"). @

Then for each B, € BC T(B) and each x € B, since B’ is a basis for T(B), by
Problem 11-13, there is B’g € B”, such that

X EB’3CB,. )

Similarly we show that condition 2. holds.

Now suppose condition 1 holds. Since each A € T(B) is a union of {B,}
belonging to B, then it follows that A € T(B"). yielding T(B) C T(B"). Simi-
larly we have T(B") C T(B) and therefore T(B) = T(B").

® PROBLEM 11-26

Let S represent a subbase for a topology T on X and let A denote any
subset of X. Show that the family

S,={ANS,:S,ES} )

is a subbase for the relative topology T, on A.

SOLUTION:

Let D denote an open subset of A with respect to topology T4. Then
D=ANE @

where FE is a T-open subset of X. Family S is a subbase for T, therefore

—
)
e

E='LXSn1 ﬂSnzﬂ...ﬂ S,,k)
where §, .S, ,...,S, ES.
1 2 k
Therefore
D=ANE=ADN [U(S", n...NS, )=

=U@ns,)n...n@Ans, ). @
Thus D is the union of finite intersections of elements of S4, and S is a sub-
base for 7.
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® PROBLEM 11-27

2. Find the closure of 0 and 1 in Sierpinski space, where X = {0, 1} and

| T ={$, X, O}. I

SOLUTION:

DEFINITION OF A NEIGHBORHOOD

Let (X, 7) denote a topological space. A neighborhood of an x € X is
any open set Ny containing x, x € Ny. A neighborhood of x is denoted by
No(X).

=
DEFiNITIiON OF ADHERENT POINT
Let A C X. A point x € X is adherent to A, if for each Ny(x)
No(x) NA = ¢. (1)
H

DEFINITION OF THE CLOSURE OF THE SET
The closure of A, denoted by A, is the set of all points in X adherent to A.

A= {xEX:V Ny(x) : Ny(x) NA = ¢}. )
|

1. The closure of A =10, 1] is A = [0, 1]. The closure of B = {!/, : n € N}is

D _fM UL MR 2\
I)—lU, /nI—‘lUI \ \J}
" La g TN e o~ om A 1 v ___ 1N Yr_ 1 _
Z. 1NEC open SCIS 4IC (p,A ana u. € nave
0={0,1}=X
1=1 4
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® PROBLEM 11-28

I 1. forevery setA, A C A.

I 2. AisclosediffA=A. I

SOLUTION:
DEFINITION
A set A C X is called closed if X — A is an open set.
|
1. Obviously, if x EA, then
{v) N = h (N
L'U\/\'/ i ll'_\'lo \L}
Hence xXEA ACA. (2)

2. (Aclosed) = (A = A).
If A is closed, then X — A is open. Each x ¢ A has a neighborhood Ny(x),
such that

No(x) NA = ¢. 3)
Hence x@&A and A CA. @
From (4) and (2), we obtain A = A.
(A = A) = (A closed).
Since A = A, each x & A has a Ny(x), such that
No(x) NA = ¢. ()

® PROBLEM 11-29

Show that this is an alternative definition of a closed set:

A is the smallest closed set containing A; i.e.,

A =N {D: (D is closed) A (A CD)}.
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SOLUTION:

g

ACND. 2
Suppose x EA and x & | | D. Since each set D is closed, | 1D is a closed set
x & N D)y=>xEX- (M D, where X— () D is an open set =
=> x has a nbd G, such that G N nD=¢=>

=G NA=¢(because AC [ 1 D) => x &A. 3)
Now we will prove that N D cCA. Suppose x & 7&—, then there is a neighbor-

hood of x, Ny(x), such that

No(x) NA = ¢. (4)
Therefore, X — Ny(x) is closed and contains A. Thus X — Ny(x) is one of the sets
(denoted by D) in (1).
Since
x@&X—Ny(x) also xe¢()D. o)

See Figure 1.

FIGURE 1

® PROBLEM 11-30

I Prove that: I
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SOLUTION:

1. A=D (where D is closed). Since the intersection of any family of
closed sets is a closed set, A is a closed set. A is closed if and only if A = A.
Hence

A=A (1)

3V

Since A C B each D’ contains B and contains A. Hence,

—R (2)
Cb. (<)

|

3. SetA U B is closed. Since for each A, A C A_, we obtain

AUBCAUB. €)
On the other hand, set A U B is closed and

AUBCAUB. (4)
Hence

AUBCAUB (5)
Lentv 2\ and 7L\ «x7a ont
1'1U1l I\J}dlu \J} A\ A A2 ECI. _ _

AUB=AUB (6)
4. Set ¢ is a closed set, hence _

¢ = ¢ (7)

® PROBLEM 11-31

A={Y,:nEN}

B=10,1]

C = {x : x €(0,1), x is a rational number}.

2. Let X denote an indiscrete topological space. Find the derived set A~ of
any subset A C X.
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SOLUTION:
DEFINITION OF CLUSTER POINT

Let A C X. A point x € X is called a cluster point of A if each neighbor-
hood of x, Ny of x contains at least one point of A distinct from x.
|
Itis easy to see that 0 is the only cluster point of {!/,}.
11 1 1 1
0 16 9 4 3 2 1
—HH+——+— : =
FIGURE 1

Indeed each neighborhood of O contains at least one (as a matter of fact,
infinitely many) point of A = {1/,} distinct from O.

DEFINITION OF A DERIVED SET
1€ set
A" ={xEX:V0(x): 0(x) N (A—x) =} 1)

of all cluster points of A is called the derived set of A.
1. We obtain

A = {0}

B =0, 1]

C’ =10, 1].

2. We have T = (X, ¢). For any point x € X, X is the only open set contain-
ing x. We have
(¢ if A=¢
I
A= X if A contains two or more points

X -{a} if A={a}
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® PROBLEM 11-32

I A=AUA". (1) I
l Set A is closed if and only if A" CA.

SOLUTION:
Suppose x €A’ then x EA. Hence A" CA. Also A C A, therefore

A'UACA. ©

To prove the converse inclusion suppose x € A. If x € A, then the proof is
finished.

If x € A, then each neighborhood of x intersects A at a point distinct from
x, hence x €A°. Thus

ACAUA'. 3)

We conclude that

A=AUA".

—~~
>
N

Set A is closed if and only if A =A.
Thus, A is closed if and only if
A'CA 8)]

i.e., if and only if A contains all of its cluster points.

® PROBLEM 11-33

I Prove that I

A"C(AUB)’ B'C(AUB) )

A’UB C@A UBY). 3)
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Now we shall prove the inverse inclusion, (A U B)" CA” U B’. Suppose, a &
A" U B’, then open sets 0, and 0, exist, such that

ac Ol and aE 02 (4)
N NAcC fal N. NRC N {8\
Ull!ng‘lu!, uzllug‘lu!. \J}
Since sets 0, and 0, are open, 0; M 0, is open and a € 0; M 0,. We obtain

C(0,NA) U (0, N B)C {a} U {a} = {a}. (6)

Hence
a& (A UB) and (AUB)YCA"UB". (7

® PROBLEM 11-34

2. Prove that

Int(A) = X - (X - A)

SOLUTION:

DEFINITION OF THE INTERIOR

The interior Int(A) of A C X is the largest open set contained in A, that is

1nt(A) = U {0: (0 open) A (0 C A)}. (2)
2 L \ | J \ 713 \~)
]
1. Int(A) = .
nt(B) = (0, 1)
2. We shall apply
ACB « X-BCX-A. 3)
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Therefore, if 0 C A, then
X-ACX-0=D. 4)
Since 0 is an open set, D is a closed set. We obtain

Int(A) = U{X =D : (D closed) A (X —A C D))=
Ay [§ \ ) \ 7

=X-() {D: (D closed) r (X—A CD)} =X - (X —A). )

® PROBLEM 11-35

Find the boundary of the sets

how that

w

Fr(A) = A — Int(A). 1)

SOLUTION:
DEFINITION OF BOUNDARY
The boundary of a set A C X is denoted by Fr(A) and defined by
Fr(A) =A N (X —A). )
|
We have
A=AU{0} and (X-A)=R.
Thus
Fr{A)=A U {0} B=[0,1]
(X -B) =(=,0]U[1, =) 3)
Hence
Fr(B)=B N (X-B)={0, 1}. “
We have
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Fr(A) =A N (X —A). (5)

But
InfA)=X-(X-A) (6)
Also note that
X-(X-B)=B (7

FA)=ANX-[X- (X -A)] =

=A N [X - Int(A)] = A — Int(A) (8)

Show that the followin

a

. DisdenseinX.

A R A
[y
R D AR

2. IfGisaclosedsetand D C G, then G = X.

. Each nonempty basic open set in X contains an element of D.

. The complement of D has empty interior.

SOLUTION:
DEFINITION OF A DENSE SET
Set D C X is dense in Xif D = X.

1. = 2.
SetDisdensein X, D=X.DCG,then D CG,butG =G, hence XCG
and

X=0G. 1)

2. = 3.
Let 0 = ¢ be open and 0 N D = ¢, then
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DCX-0=X @)

in contradiction with 2 because X — 0 is closed.

(@) . s Ny __ 4 Ca.s r__. n . Lnn nn dlanan 2. A Py S
Duppch Htr\A —U) - q). OCL INNT A —U) D UpCll, llClch, UiCIcC 1> d lUllClllply
t

A C Int(X - D). 3)

int(X — D) CX~D @)

Then A CX - D and A contains no points of D.

4., = 1.

Thus D=X.

Set X is given. To promote it to the topological space (X, T), we have to
define a family T of its subsets which satisfies certain conditions. There
are many ways of defining (or finding) a topology on X. For example, a
function f, which assigns its closure to every subest of X determines a
topology

fiA—A (1)

Without getting into details, we want the closure f(A) of the set to sat-
isfy these conditions:

(See Problem 11-28)

9=0,A=A,AUB=AUB (See Problem 11-30)

L f$)=0.

| I
| !
! I
| !
| !
Let X represent a set and f: P(X) — P(X) a function, such that

2. ForeachA,A Cf(A).
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3. fof(A)=f(A) for each A.

I 4. flA U B) = f(A) U f(B) for each A, B. I

The family

~

:11

is a topology and A= f(A) for each A.

Prove this theorem.

SOLUTION:

Note that

(A CB) = (flA) C f(B)). @)
Indeed if A C B, then A U B = B and flA U B) = f(A) U f(iB) = fiB). Now we
will show that T is a topology .

T A
L.y
S.

II. Suppose X —f(A) and X — f(B) belong to T. Then
[X-fA)]N[X-fB)]=X-[fA)VfB)]=X-fAUB)ET. (4

Thus, intersection of any finite family of sets of T is a member of T.

I Let S =UX - f(A ,).-We will show that for some U € P(X), S = X — f(U).
We have ¢

S=X-V(A,) 5)
a
and
X-5=(V(A)Cf(Aq) (6)
for each a.
By (3) and condition 3, we obtain
fX-8) Cfofide) = lAd) )
for each a. Thus
fX -S)CNf(A) =X - S. ®

from (8) and condition 2, we obtain
Prove the following convenient way of describing F;, and G, sets:
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we obtain

flA) C fA) = fo f(B) = fiB) = A. (12)

That completes the proof.

@ PROBLEM 11-3

Show that in R the closed interval [a, b] is an F, set and also a Gj set.

I Show that the set of rational numbers in R is FY. I

SOLUTION:
DEFINITION OF F, AND G; SETS

Set F is called an F set if it is the union of at most countably many
closed sets. A set G is called a G set if it is the intersection of at most count-
ably many open sets.

d set, hence, it is an F;. On the other hand,

L, 1L

b]=m(d—l/ﬁ,b+l/n)

>
0,
)
72}
[¢"]
[
=
-
(¢]
3
iy
7
s\
je)
o]
N
4]
.
7]
(¢4

Q0

The set of rational numbers @ is countable and since each point in R is a
olncad cat N ic tha nninn nf canntahly manv claced cete Thue N ic an F
wivuowvu OU" z 10 Lilw UlllVil VU1l vwuililavl lllull] WAV IOWUE Owio A I.IUO, z 1D i1z Y-

® PROBLEM 11-39

I Prove the following convenient way of describing F; and Gj sets: I
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SOLUTION:

1. Fisan F,. Hence N
F=JA,,A, closed.
1

F is the union of at most countably many closed sets. Let

A F,._A IIA F' llA-llA-
JLLVJIJ,

Fi=A, F;=AUA
.,Fn=A1 U... UAn

Then sets F, are closed and

2. Similarly, if G is a G, then

where B,, are open sets. Let

G,=B,,G,=B,NB,,...,G,=B,N...NB,.

Then each G, is open and

G,2G,D2G,>...MNB,=MNG,.

I Prove that:

1. The countable union and finite intersection of F sets is an F.

2. The countable intersection and finite union of G sets is a G,

©)

(4)

-~
)]
N

(6)

(7)

(8)
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SOLUTION:

1. Consider the countable union of F,, sets F,

Set N x N is countable and F;; are closed sets, hence, the union is an F,. The

finite intersection is

ﬁOE,k = [Qﬁk] N [Osz] N...N [CJF”] =

i=1k=1 k=1 k=1
~U{Rk NN Epgyi(hiy oo k) EN x... x N, 3)
Eachset F,, N...N F_ isclosed and (3) is a countable union.
"~ ny8, \~"/
2. Let P
G,' =mGik ;i=1,2,3,...
k=1 4)

where G;  are open sets, be a family of G; sets. The countable intersection is

AN Gik =N {Gix:(i,k) EN x N} ©)

imlk=1 ik
Sets G; 4 are open and N x N is a countable set. Hence, (5) is a G set. Con-
sider now the finite union of G;’s

UNGik = {GiLiy YGaop, U...UG,y :
im1 k=1

(ki,k25 ..., k) EN x N x...x N}. (6)

-~
2y}

A
-
wn
0
Q

(«2]
wn
v
Pas

® PROBLEM 1ii-41

I 1. Show that the complement of an F is a G,. I

2. Show that the complement of a G; is an F,.

SOLUTION:
1. Let F be an F, set, then
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F-UF,

~
~—’

n=1
where F, are closed sets. The complement of F' is
X—F=X—UFn- (2)
By applying DeMorgan’s rule, we find ne=t
X-F=\(X-F,). A3)
n=1

Since each F, is closed, X — F,, is open for each n. Thus X — F is the intersec-
tion of at most countably many open sets.

2. Let G be a G set. Then
G=\G, 4)

Show that each F; and each Gy is a Borel set.

SOLUTION:
DEFINITION OF A o-RING

A nonempty family of sets

N~ DY /1)
z&.l‘l\) \L}
is called a o-ring if
1. AEQ=X-A€EQ
lwl
2. Vn:A,EQ= LIJA,. €Q0.
] H

DEFINITION OF BOREL SETS

If (X, 7) is a topological space, then a unique smallest o-ring B containing
the topology T of X exists, that is T C B. Family of sets B is called the family
of Borel sets in X.
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Let F denote an F —set, then
F=UF, )
1

where F, are closed sets. The sets X — F,, are open sets. Since B is a o-ring such
that T B, @ach open set belongs to B. Hence

Vn:X-F,EB 3)

Thus

If G is a Gg—set then .
G = O G 6)

where G, are open sets. But
(o]

NeG,=-x-Uwx-ac)l (7)
| | " \ II \"/
Each G, is an open set, therefore
G,€EB=X-G,€B=UX-G,)€EB=
1
=>X—[U (X—G,,)]€B=>G €B. ®)
1

® PROBLEM 11-43

Show that the countable union, countable intersection, and the differ-
ence of Borel sets is a Borel set.

SOLUTION:

Let B denote the family of Borel sets in X. B can be defined as the inter-
section of all o—rings containing 7.
It is easy to verify that the intersection of any family of o-rings is a o-ring.
Thus, B is a O-ring.
(B,EB fori=1,2, 3,...)=>(UBi€B) (1)
1

Because B is a O-ring.

(B,EBfori=1,2, ) = (X -B,EB fori= 1,2,...) =
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{ { v \ — . (v t 1y n\_ f—n\ (2)
1 1 1
‘A EB = A p, 4 —‘A EB =
(A Y = (A . B\
\""1r“ 2 J \'r 2 ]
£\
V)

= (A, N(X -A4,)=A, -A, EB).

® PROBLEM 11-44

SOLUTION:
We shall apply the following:
THEOREM
Tar IV T™ ha o tanalagiral cnnra and R ha tha familu Af Raral catg in V¥V
LA \A, l} Uwv a tuyuxusluax Dl}a\/\v aliu D Uw Lulw lallllly Ul DUILWVI DLW 111 /AA.
Then
card (B) = card (T)2dN ¢}
|

Topological space R" has a countable basis. Hence, the cardinal number of
the Euclidean topology of R" is 2¢ardN

card (T) = 2¢ad N, (2)
From (1) and (2) we find
card (B) < 2 ¥, 3)
Since
card (P(R")) = 2cardR 4)

we conclude that there are sets in R” that are not Borel sets.

® PROBLEM 11-45

I Let (R, T) denote Euclidean space and X the subset of R I

453



X =(0,1] U{2}. o |
Find the induced topology Ty.

To=IYNT T

£y L | g

The space (Y, Ty) is called a subspace of (X, 7).

H

It is easy to show that Ty defined in (2) is a topology on Y. Consider (R, 7). T
ic tha Familay AF all Aran catg in D Ryvy Aafinstinn
19 LV 1a1uu_y Ul ailil UPC 1 dDWLD 111 IN. U_y UL liltIuvlLi

Ty= {[(0, 1]U{2}]ﬁTaTaEI} (3)

where T, are open sets.
The family Ty consists of

1. {2}
2. all open intervals contained in (0, 1]
3. all intervals of the form ]a, 1] where a € (0, 1).

Interval (0, 1] belongs to Ty, hence it is an open set. Since {2} € Ty, interval (0,
1] is a closed set in X.

® PROBLEM 1i-4

I Let (X, T) denote a space and (Y, Ty) a subspace. Show that if {B,: w €
Q} is a basis for 7, then {Y N B, : w € 2} is a basis for Ty.

SOLUTION:

Let (X, T) denote a topological space and {B, : w € Q} be its basis. Then
each open set in X is the union of members of {B,}. The induced topology Ty
is defined by
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Ty={YNT,}. (1)
Suppose A is an open set in Y, A € Ty. Then

A=YNT, (2)
for some a. But {B,} is a basis for 7,
T,=UB,, 3
Thus
A=YN[UB,]=UXYNB,) 4)

Therefore {Y N B, : w € Q} is a basis for Ty.

® PROBLEM 11-47

V N N whaes I

I l Ly &% WllClC U lb

Let (X, ) denote a topologlcal space

A A% lacad €

Q.
V)
N
15,
o
[¢]
o
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[ =t
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=]
(@)
('D
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3
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>
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n ont -
a >t A L I lb IY‘DIUDCU 11 dld

FIGURE 1

SOLUTION:

We will show that the closed sets in Y are the intersections of Y and the
closed sets in X. Suppose A C Yis closed in Y, thenA = Y — E, where E is open
in Y. Therefore

E=YNG 1)
where G € T. Hence
A=Y-E=Y-YNG=YNX-G). 2

Since G €T, X - G is T-closed.
Now, suppose
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A=YND 3)

Y-A=Y-YND=YNX-D) (4)
II'LI[!I'A V_ n :(‘ T f'aS o 7-% o1 l‘lﬂA V A o T F'aS 2 7-% 21 Tl\I‘n A Fad ’11 nl/\nar‘
WIiiviLv A L’ 1 X ‘UPU 1alluU I —A 1db 1 Y'UPCII P 1IUud 11D 1 y"uivdLu.

® PROBLEM 11-48

1. (X, T) is a topological space and (Y, Ty) is its subspace. In Problem
11-45, we showed that sets, open in a subspace need not be open in the
entire space. Prove the following:

THEOREM
Let (X, T) denote a space and (Y, Ty) its subspace. If A C Y is open
I (closed) in Y, and Y is open (closed) in X, then A is open (closed) in X. I

I 2. TIs a subspace of a subspace a subspace of the entire space? I

)
EI

P Y.V
V.
1.

Suppose A is open in Y. Then
A=YNG (1)
where G is open in X. Since Y is open in X, Y N G is open in X. The same

reasoning holds for closed sets.

2. Yes. Because if

SN

and Tyy is the topology of Z with respect to Y, then
Iy;=1; 3)
Where T7 is the topology of Z with respect to X. We shall prove (3). Let
UE Ty, 4
then
U=ZNV %)
where V € Ty. But
Vv=YNQ (6)



where Q € T. Then
U=ZNV=ZNYNQE=ZNQ. 7

Hence UE T;and Ty, C T,.
The converse inclusion is obvious.
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® PROBLEM 12-1

TX= {¢’ X, {a}’ {a) b}’ {a: b, C}}

Y={xy z w}

1/ 7\ [P/ " \I
[ o—t— Ty | [ be T~y ||
(Em  p
I\d-///\\\ow/ \dﬂ \-w/l

FIGURE 1

SOLUTION:
DEFINITION OF CONTINUOUS FUNCTIONS

Let (X,Ty) and (Y, Ty) represent topological spaces. A functionf: X =Y
is called continuous if the inverse image of each open set in Y is an open set
in X. That is, if f: X — Y is continuous, then

f1:Ty— Ty )
|

Function f'is continuous because f~1 maps each open set in Ty into an open set
inT X-

fFAo)=¢0ETy
i) =X€ETy

f{yh={a b} ETx
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f'dy,z wh) =X€ETy. )
Function g is not continuous, because
v} ETybutgl({y}) = {a b, d} € T, 3)

Show that the identity function

ff&ED—>XT) (1)

where V x € X : f{x) = x, is continuous if and only if T is finer than T}, that
is, if

T T IO
I L] 1. \<) I

SOLUTION:

W e mE e B W e wws

Suppose f is continuous then
AET, =>f1A)ET (3)
But f-1(A) =A.Hence T, CT.
Now suppose f: (X, T) — (X, T)) is the identity function, f{x) = x and

suppose T, C T.
Let A €T,. Then f-1(A) =A € Tbecause T; C T. Thus, f is continuous.

Consider the sequence of identity functions
( X, Tl) identity (A’, TZ) identity ( Xv T3) identity ( ‘X; T4) ( .

To ensure continuity of the functions, we must have
T, is finer than T,

T, is finer than T;

nnnnnnn

® PROBLEM 12-3

1. Show that

f:& P(X)) = (¥, Ty) )

is always continuous.
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I 2. Show that I
f1 & Ty) = (¥, {6, Y}) ml

because Ty = P(X), i.e., each subset of Xisan open set.

2. There are only two open setsin Y, ¢ and Y.
fle)=9¢ 3)
which is an open set in X, ¢ € T,. Similarly
I Y)=XETy (4)
)T A= i) )

h P l‘ A ‘l I 77\

Each topology in X contains ¢ and X. Hence f defined by (2) is always con-

tinuong
;;;;;;;;;

Suppose

f: X Ty) = (Y, Ty) 6y
is not a continuous function. Show that the same function

f:XTx)—> X Ty )

is also not continuous if
T’y is coarser than Ty (thatis "y C Ty)

and

T’y is finer than Ty (thatis Ty C T7y).

SOLUTION:

Since
[: (X, Tx) = (¥, Ty)

is not continuous, there is an open set D € Ty, such that
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f(D) & Iy. A3)
Consider function (2). Since D € Ty and Ty C Ty, we have

DeTy. 4)
\ 7/
ancp £=1/M\ £ T. and cinra ™ 7T
llCllb\uJ \U} ‘.[_ 1X aliu Dlllb\/ V3 X —t 1X

FID) & T ©)

Function defined in (2) i :

Note that the same will be true if we replace T”y by Ty in equation (2).

® PROBLEM 12-5

Show that the function

f:R—R

defined I-“r

VLIIIVU

=N

X if xs1

f(x)= { M

x+1 if x>1

is not continuous if R is equipped with the Euclidean topology but be-
comes continuous when R has the upper limit topology.

SOLUTION:

FIGURE 1
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The Euclidean topology consists of all open intervals and the unions of
open intervals.

f1A) = 710, %) = 10, 1]. 2

The inverse image of an open set is not an open set. Hence f is not continuous
in the Euclidean topology.

The upper limit topology on R consists of unions of open-closed inter-

vals, that is intervals of the form ]a, b].
It is easy to verify that for each ]a, b]

f ~l(a b]] = I, d]. €)

The inverse image of an open set is an open set, and the function f is continu-
ous.

® PROBLEM 12-6

ly if the inverse image of I

SOLUTION:

(f: X — Y is continuous) <«
<> (VD CY:Dclosedin Y f-1(D) closed in X)

=> Suppose f: X — Y'is continuous and D C Y is any closed subset of Y. Then
Y — D is an open subset of Y and

£-1/V _ N\ 1\
Jou=Lr) L)
is an open subset of X.
But
f-(¥~D) =X ~f-(D). @

Hence f-1(D) is closed.

<= Suppose for every D C Y]' D is closed in Y, f-1(D) is closed in X. Let A
represent an open subset of Y. Then Y—A is closed in Y and f~}(Y —A) is closed
in X. Since

Y -A)=X-f"A). 3)

Hence f~1(A) is a open subset of X and fis a continuous function.
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® PROBLEM 12-7

f:X—

o' Y—Z7 (1)
(o] \*7

be continuous functions.

Show that the composition function

gof:X—=2

is also continuous.

SOLUTION:

Let A represent an open subset of Z. Then g ~1(A) is an open subset of Y
because g is continuous.

Also f~!{g"1(A)] is an open su

f-g-1(A)] 97(A)

FIGURE 1

But
(goN~'A) =g A A3)

Thus (g o f)"(A) is an open set in X whenever A is an open set in Z. Hence, g
o fis a continuous function.

® PROBLEM 12-8

Let

[: (X, Ty) = (Y, Ty).

Prove that
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| (Vf(x)EY VVaf(x) \

(£ .
{/ continuous ) <>
I kHUax such that f(U)CV)

SOLUTION:

f \ f:X—»Y//——V\
(@ N

FIGURE 1

=> Suppose fis continuous. Take any f{x) € Y and any neighborhood V of f{x).
Then

fx)EVand VE Ty. )

Since fis continuous f~1(V) € Ty.
Also x € f~1(V). Hence U = (V).

e T 2t YH wncmencnmt amer nemasm cizlhon ALV Ciicmsmncg < = L=1/TYIN slane T\ — 17
<= LACULYY CPleClll aily UlJCll bUUbCl Ul I. OUPPUbC AT VV}, 88| l_]\.k} Ly { 4
Thus W is a neighborhood of f(x). An open set U C X exists, such that x €U
and
foycw &)
But
UC f(W). @
Hence, for each x € f-1(W)
x€U CfYW). ®)]
where U €Ty
Therefore f~1(W) is the union of open subsets of X and thus, an open sub-

Let
f: (/Y) TX) - (Y, TY)

and let B = {B,} denote a basis for Ty. Function f'is continuous if and only
if for each B, € B, f~1(B,,) is an open subset of X.
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SOLUTION:

= Suppose fis continuous. Since each B, € B is an open subset of Y,
f-YRYET, (2)
J \=aJ — A \*=J

< Suppose for each B, € B, f~1(B,) is an open set in X. Let A C Y denote an
open subset in Y. Since B is the basns
U
5 €)
Then
@A) =f'UB,) =U f-(B,). (@)
a a

Each f-1(B,,) is an open set. Hence, f~1(A) is an open set as a union of open
sets. Function fis continuous.

| Let l
| f1 0 T~ (¥, Ty) m |
and let S = {S,} denote a subbasis for the topology Ty.

Prove that f is continuous if and only if the inverse of every S, € S
is an open subset of X.

SOLUTION:

If (Y, Ty) is a topological space, then a class S of open subsets S C Ty is a
subbasis for Ty if and only if finite intersections of members of S form a ba-
sis for Ty.

= Sunngse f i1c continnnone Then the inverce of all anen cete are anen
- uyl.’\.’ov j AT WAUJLARILIWUU LD, A Eiwil Lidw ARAY WwWivow Ul il vall DWwWLD Glw Ul.’vl-l.
Hence, since S, are open, sets f~1(S,) € Ty.

< Suppose for every S, € S f1(S,) € Ty. Let A € Ty. Since {S,} is a
subbasis,

A=LJ(S°‘. ﬂ...r\Sak). )
We have

f1(A) =f-l[gj (o, N...N sak)] -
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=UFf(S, N...NS, )=

=U [f"(Sal) n.. ﬂf“(Sak)]. €)

a L

Since all sets f1(S,), ... ,f“(Sak) are open, so is the set f ~1(A). Hence,
1
function fis continuous.

Let {T,} represent a family of topologies on X. Suppose

SOLUTION:

First note that intersection of any family of topologies is a topology.

Let A denote an open subset of Y, A C Y. Consider set f~1(A). Since f is
continuous with respect to each topology T, the set f~1(A) belongs to each T,
f1(A) €T,. Hence

f AeNT, =T 3)

Therefore fis continuous with respect to 7.

® PROBLEM 12-12

Prove this theorem

I (f :X — Y iscontinuous) <> (VA CX:f(A) C f(A)). II

SOLUTION:
=> Suppose f: X — Y'is continuous. Since

f(A)C f(A) )
we obtain
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A CFIFA] CrIUfA)) @)
Set}"_(Z)- is ciosed and since fis continuous f-}{ f{A)] is closed as well
@] = FF @A)} )
Hence, from (2) and (3), we find
ACACff(A)]- @
Thus _
fA) A= fA). (5)

< Suppose for any A C X, f(Z) Cf_(;l_). Let B denote any closed subset of Y,
BCY and let

f1(B)=A. (6)
Then
f@A)=fI[f(B)ICfIf(B)]=B =B. o)
Hence
ACSIfA)] CI(B) =A ®)
Since A C 7, we obtain from (8)
A=A. )

Thus, the inverse image of any closed subset of Y is a closed subset of X.
Therefore, f: X — Y is continuous, by Problem 12-6.

® PROBLEM 12-13

Let
I f: & T~ (¥, T) mi
I represent a continuous function. Show that I
| fa: (4 T) = (% T) @ |

where f, = f/ A is the restriction of fto A, is also continuous.

FIGURE 1
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SOLUTION:
Note that, forany BCY

Ny
—
Ve
>
N’
]

*

|
~~
>
N’
)
|>
~~
Wl
N

D YT N e

buppOSC Bis an open subset of Y, Db &< ly blnCC]' is continuous

f1(B) € Ty. (4)
Bv definiti f the ind ] |
fIB)NAET,. )
Hence
fi(B)NA =f;‘(B) €T,. (6)

and so f; is continuous.

Prove the followmg -

I THEOREM I

Iff: (X, Ty) = (Y, Ty) is a function and X =A U B and f| A and f| B
are both continuous (where A and B are topological subspaces of X), then

if A and B are both closed or both open, f is continuous.
|

SOLUTION:

If A and B are not both closed or both open, then f does not have to be

Py S

CULTULITIUUWD.

For example, let

A =N 1)\
N =\W, 1)

and let f|A =0 and f| B = 1. Then both f| A and f| B are continuous, but fis not

AnbiriATTo

CUILILLLIUULD.

Suppose both A and B are closed. Let D C Y denote any closed subset of
Y. We will show that if D € Ty then
f\(D) € Ty. (1)

(f|A)"I(D) is closed in A and (f| By'}(D) is closed in B since both f| A and f| B
are continuous. Since A and B are closed (f| A)"}(D) and (f| B)~}(D) are closed
subsets of X.
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AUB=X @)

l(n =(fl A 1 —lfn (1)
AN . \~)

f‘\

.I

7w~

Equation (3) is the union of two closed subsets of X, hence f~1(D) is a closed
subset of X.

Therefore, f is continuous.

® PROBLEM 12-15

I Use the theorem of Problem 12-14 to show that the function I

—_
=
-
=
)
o
I I A R

SOLUTION:

Remember that if f: X — Y and A C X, then f| A is the restricted function
f|A : A =Y, where f| A(x) = f(x) for each x € A.
Consider the sets

A={x€ER:xs0} and B={xER:xz0}. (2)

Then

D _ A1 1D Ve AN
N=AVUD \J}

P . S

® PROBLEM 12-16
Let R? (coordinate plane) be a topological space with Euclidean topol-
ogy. Show that any rotation is continuous.
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SOLUTION:

Each point of R? can be described by its polar coordinates (r, o). Rotation
of R? about the origin (0, 0) does not change r and transforms o into

where oy
)
i
X
FIGURE 1
Denoting byR o, rotation through angle o, we obtain
-1
R, =R_, )]

0 0
where R _q, 0is the rotation through —o. Any rotation preserves congruences.

Hence, if D is the interior of a square, then R3! (D) is also the interior of a
square. The family of interiors of squares forms a basis for R? with Euclid-
ean topology.

Show that the nrmer'nnn m;mnmgs

QA0 aigl ilC e iivuil il 1) o

continuous w1th respect to Euclidean

SOLUTION:

Both projections can be defined as follows:
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P,P,:R*—>R

D f+ ) — +
LxWMJY)—
Py(x:)’)=y (1)

Consider Py (x, y) = y. The inverse of any open interval (g, b) is an infinite open
strip

A={xy) a<y<bj;.
b R

‘y R?
N\

\‘.\\.\\\\X\\\\\\\\\\\.\\ \\\.\\\_\\\\\\k\\\\\\

FIGURE 1

The family of open intervals forms a basis for R with the usual topoliogy.

The inverse of any element of the basis is an open set. Hence, by Prob-
lem 12-9, the projection P, is a continuous function. Similarly, we can show
that P, is continuous.

® PROBLEM 12-18

ical space and {a} a sin

I gl G | Sopa

is an o_pen subset of X {a} € Ty. Show that any function i

\' 2 1 : 1 : al 2 ~ 7

II where (Y, Ty) is any topological space, is continuous at a € X. II
SOLUTION:
DEFINITION OF CONTINUITY AT A POINT

A function f : X — Y is continuous at xo € X if for each neighborhood
W(f(xo)) in Y, a neighborhood V(x,) in X exists, such that {V(xy)) C W( f(xg))-
H
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FIGURE 1

Let B represent any open set in Y containing f(a).

fla) EB. Q)
The set {a} is an open set in X,
{a} € Tyand a € {a}. 3)
Also, since f(a) €EB
f{a})CB )

Thus, fis continuous at a € X.

® PROBLEM 12-19

Consider the topological space (X, T) where
X={a b, cd} (1)

and

T= {q)’ X, {a}7 {a’ b}’ {a) b, C}} (2)

FIGURE 1
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SOLUTION:

From the diagram

b = ¢ (2
J\W)— ¢ \~J

The only open sets containing ¢ are {a, b, c} and X. We have

f—l({a’ b, c})=X (4)

[
Pt
o)

f-1%) = X. ©)

Thus, the inverse of any open set containing f(b) is an open set containing b,
and f is continuous at b.
From the diagram

fle)=b (6)
Consider an open set containing f{c)
{a, b} 3 b =f(c), (7)
Then
(e bh ={a ¢ d} (8)

Jh

et {a, ¢, d} does not contain any open set containing c.
Hence, fis not continuous at ¢ € X.

® PROBLEM 12-20

1. Show that a function

f:& T = ¥, Ty) (M

I is continuous if and only if it is continuous at every point a € X. I

2 Show that if (1) continuous at a € X, then the restriction of fto A,

el

I werea €A CX, ,1Sa coniinuous at a. I

SOLUTION:

1. Suppose f is continuous. Let a € X denote any point, and let B C Y
denote an open subset of Y, such that fla) € B, B € Ty. Then f~1(B) € Tyand a
€ f~1(B). Thus, fis continuous at a € X. Now, suppose f is continuous at ev-
ery point a €X. Let A C Y denote an open set.
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FIGURE 1

For every a € f~1(A) an open set D, C X exists, such that

a €D, CfA). Q)

Thus f—l(A) =LaJ Da

A

FIGURE 2

Since fis continuous at a € X, there is an open subset F of X, such that

a EF C f-\(D). 4)
Thus
a EANFCANfYD)=f,\(D) )
where
fa=flA. (©)
But
ANFeET,. (7)

Hence f, is continuous at a € X with respect to topology 7.
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® PROBLEM 12-21

I Show that if a function I
| f:X—Y o |
I is continuous at a € X, then it is sequentially continuous at a € X. I
SOLUTION:

DEFINITION OF SEQUENTIAL CONTINUITY

A function f : X — Y is sequentially continuous at a point a € X if for ev-
ery sequence (a,) in X,

(an — a) = (fla,) — fla)) 2

Suppose f: X — Y is continuous at a € X, and let (a,) denote a sequence con-
vergent to a, a, — a.

We will show that any neighborhood M of f(a), f(a) € M € Ty contains all
but a finite number of the elements of the sequence (f{a,)).

We have

f)EMETy )

Hepr‘p LA = N ic a nei

AAWwLANILL WA/LLCELL AL Ui

contains all but a finite number of elements of (a,). Then

M

LR e

a EN=fla\NEN (A
“nh Ve \"l’,

LV “J\*n) —4

£ 2

Hence, N contains all but a finite number of elements of f{a,) and

Ra,) — fla). ©)

® PROBLEM 12-22

Give an example of a neighborhood-finite family in R.
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SOLUTION:
DEFINITION OF A NEIGHBORHOOD-FINITE FAMILY

A callactinn JA - 0 2 O\ Af cate in a tannlaocical enaca (Y ic callad
LA UUllvbllUll 11 lw e W N QGI Vi Owio 111 a lUlJUlU&l\rul Ol.lu\/\.l \11, .l.l IO wdlivud
neighborhood-finite if each point of X has a neighborhood Ny(x), such that
NA)NA =0 (1)
NOA) P T Be T Y ¢
for at most finitely many indices w
u
Consider the family {A,},
A,=[p,p+1} ¢
where p is an integer.
[-2,-11[-1,0 [0, 1] [1,2]
1 l l [
1 T I T ! Ll
-2 -1 0 1 a 2
FIGURE 1

Let a € R denote any point in R. Then, we can always find a sufficiently small
IlClgﬂf)OfﬂOOU Uofac€ I( which intersects with Ollly one element of i } UI
a is not an integer). If a is an integer, then a sufficiently small nelghborhood
U of a would intersect with two members of {A,}.

Note that a family {A,} may be neighborhood-finite, even though each
A, intersects infinitely many other Ag. For example in R,, we define {A,}

={x:X>n}. (3

I Here is a useful theorem concerning coverings of the space. I

THEOREM I
X o |

et {A, : w € 2} represent fam hat forms a covering of the
ne o €

Let {A, : w € &} represent a family of sets t
space X, that is, X = U A . Assume that on
holds:

1. all sets A, are open, or

2. all sets A, are closed, and form an neighborhood-finite family. Then
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I (BC Xisopen) ( all BN A, are open \ I
I N B P |
I \ (orclosed) / \(or closed)is the subspace A,/ I
| "
I Prove this theorem for the case when condition 2 is true. I

——SOLUTION:

=> This follows immediately from the definition of induced topology.

<= Suppose each B N A, is closed in the closed A,,.

The case when each B M A, is open in the closed A, is similar. Since a
subspace of a subspace is a subspace of the entire space X and each BN A,
is closed in the closed A, it follows that B M A, is closed in X.

BNA,=BNA4,, (1)

Since {A,,} is neighborhood-finite, so is {B N A,}. Therefore (remember, {A,}
is a covering)

B=U{BNA,} )

is closed in X.
Here we applied the following:

THEOREM
If {A, : ® € Q} is an neighborhood-finite family in X, then for each A C

Q, the set U {Z AEA)
oot 3)

is closed in X.

@ PROBLEM 12-2

o

The situation in which a continuous function is defined piecewise ap-
I pears in analysis. For example, a function which is continuous on a
segment [0, n] C R is defined for each [k, k + 1] separately in such a way,
that the adjacent functions agree on the common end points of the
segments [0, 1], [1, 2], ..., [n =1, n].
Partial definitions of functions are formulated in this theorem.

THEOREM
Let (X, T) represent a topological space and {4, : w € Q} its cover-
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ing. One of two conditions is true:
1. all sets A, are open, or
2. all sets A, are closed and form a neighborhood-finite family.

For each ¢
A Vi wveiwil W

[

(1)

for each a, B € Q.
Then a unique continuous function exists

[:X—=Y ©)
such that for each w € Q
flA, = fo

Vg
N
A

I O S O O A
77
(@]
o)
=
o=
=
=
o
=
7]
o
=)
o
wn
=
g_ A
- : y
.
Q
D S
'S
= >
I 3
.;h
S ~
Q
D
o' 4
=]
~~
N
e’
L' ' ' [ [ e

— & PR,

PRI NI
I rrove uiis tneorem. I

SOLUTION:
For each x € X, we define
flx) = fu(x) (5)
where o € Q is any index, such that
xEA,. (6)
3 0 et ntan bha~niioa o l-' CA and+vC A than
10N€ ACIIIIOIl Id U uquc OCCausC i X T Ay dliu X np uiCil
%) = fue) = o) ™

Since f, | Aq N Ag = fa | Aq N Ap. Hence (5) defines a function which is

unique.
Function f is continuous. Let U C
NA

()

\-«
)

I
~
€1
7~

c
N’
/6\
~—

is open in A,, for each w.
Thus, by Problem 12-23, f~(U) is open in X and f is continuous.
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® PROBLEM 12-25

f:R—R

is not open.

SOLUTION:

Observe that if f is a continuous function, then the inverse image of every
open set is an open set and the inverse image of every closed set is a closed
set. It will be useful to define the following group of functions.

DEFINITION OF AN OPEN (CLOSED) FUNCTION

A function
f:X—=Y (2)
is called an open (closed) function, if the image of every open (closed) set is
open (closed).
|

Consider an open interval (— 1, 1). Function f(x) = x?> maps (- 1, 1) into
fi-1,1)=[0,1) 3)

which is not an open set. Hence, f defined by (1) is not open.

Show that, if for every B, € B f(B,) is open in Y, then f is an open I

| s
I function. I

SOLUTION:

Suppose A is an open subset of X. Then
A=UB,,B,EB (1)
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since B is the basis for X. Hence
@)= FUB) =U f(B.). ®

By hypothesis, each f(B,) is open in Y. Therefore f{A) is open, as a union of
open sets, and f is an open function.
As a matter of fact two properties are equivalent:

1. fis an open function.

2. fmaps each member of a basis for X to an open set in Y.

® PROBLEM 12-27

1 . N
I p:R*—R (1) I
I represent the projection mapping of R? into the x-axis, i.e., I
l P y) = x. |
I 1. Show that p is an open function. l

2. Show that p is not a closed function.

SOLUTION:

1. The family of all open discs in R? forms a basis for R2. We assume that R?
is equipped with the Euclidean topology.

PV [

Y

o b X

FIGURE 1
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Note that the projection of any disc D
D ={(x y): (x—x0)* + (y—yo)* <’} )

is an open interval

p(D) = (4, b) 4)

~

where (a, b) is an open interval. According to Problem 12-26, we conclude
that p, defined by (2), is an open function.

2. Consider the shaded region shown in Figure 2.

A

X

FIGURE 2

A={xy):x20,0sysx}. (5)

Set A is closed, while its projection p(A) = [0, ) is not closed. Thus, p is not
aclosed function.

B
S~

: X — Y represent a closed function and let D denote any sub- I

set of Y. Let U denote any open set, such that
f(D)CU CX. (1)
Then an open V exists, such that D C Vand f-(V) C U.

N
o

See Figure 1.
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FIGURE 1
SOLUTION:
Let us define
V=Y-fiX- U). 2
By hypothesis
f(D)cu. (3)
Therefore
DCV.
1(y) C f~Y(D). Hence, f}(y) CUandy €
TT\. Hinally
4)

Indeed, suppose y €
AU). Thus, y ¢ fiX -
By hypothesis, fis closed and U is an open subset of X. Then X — U is closed
and fiX — U) is closed. Therefore V = Y— fiX — U) is an open subset of Y. Now
©)

we prove that f~1(V) C U.
FAV)=X-fIE- V)] CX-X-V)=U
A similar theorem exists for open functions.

THEOREM
Let f : X — Y denote an open function and let D represent any subset of
al. ~a
Liatl

Y. Let W represent any closed set, such
f(D)cw.

Then a closed set P exists, such that D C P and
f(PCW.
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® PROBLEM 12-29

a closed set and f(A) is closed
Since

f(a) C f(A) ¢))
we have

FA)C f(A) = f(A). @

Therefore .
f(A)= f(A) 0

so that set f{A) is closed and function f: X —Y is closed.

® PROBLEM 12-30

Use the function
o X

~
]

r's
f&= v o |

I to show that the spaces R” and (- 1, + 1) are homeomorphic.
[ R S e e e

SOLUTION:

P e e T I e 2 Vet e = B Pt Y 1=t V Pt I T ¥V

DVEFINITIUN UF HUMEUMUKPRIOM

A continuous bijective (that is, one-to-one and onto) function f: X — Y,
such that f-! : Y — X is also continuous, is called a homeomorphism and
denoted by

f:X=Y. 2
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Y, denoted by X = Y, are homeomorphic (or of the same topo-
logical type), if there is a homeomorphism f: X = Y.

T x|+ 1
where f: R — (- 1, + 1) is one-to-one and onto. Both functions f and f-! are
continuous. Hence, f, defined by (1), is a homeomorphism.

This result can be generalized to n-dimensional space

f:R"— B(0, 1) (3)

where B(0, 1) is the unit ball. Then x = (x, x,, ..., x,, ) and

2
|x|= \/xl + X5 4+
where
x

f&) T x|+ 1 4)
Hence, R" is homeomorphic to its unit ball B(0, 1)
R" = B(0, 1).

_—
W
p T—

® PROBLEM 12-31

Show that the homeomorphism relation is reflexive, symmetric and

transitive.

SOLUTION:
Relation is reflexive. For any topological space (X, T), the identity map-
ping f\x) X
f X=X (1)
[ X=X (1)
is a homeomorphi
Qummeotry If Y= V then a hameomarnhiem evicte cuch that
WYLl1i1l1iwh J a4 - A4 2iWw/1i1 & llvlllvvlll\}lr’lllulll WAALIVITy T WAL viAsw
f. v __ v IN
J:A—=> 1. (<)
We define g = f~!, where
g:Y—=X (3)

Mapping g is a homeomorphism. Hence, Y = X.
We will show that the homeomorphism relation is transitive.
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Suppose X =YandY=Z. Thenf: X — Yand g: Y — Z are homeomor-
phisms.

Mapping
gof:X—2 4)
where g o f(x) = g[f(x)] is a homeomorphism, since both g and f are homeo-

morphisms.
Relation = (X is homeomorphic to Y), defined in any family of topologi-

cal spaces, is an equivalence relation. Hence, any family of topological spaces
can be partmoned into dlS_]Oll’lt classes of topologlcally equlvalent spaces

I Show that an area is not a topological property. I
—
SOLLUTION:

In Problem 12-31, we defined the classes of topologically equivalent
spaces. Now we shall investigate the properties which are common for all
members of the same class.

DEFINITION OF TOPOLOGICAL PROPERTIES

A property P of sets is called topological or a topological invariant if,
whenever a topological space (X, T) has this property, then every space ho-
meomorphic to (X, T) has property P.

|

That is, property P is common for all members of a class of topologically
equivalent spaces.

Consider the function

NJRAJANAVL LIV ARMLIWULAVER

f:R?—=R? 1)
defined by
f:(6y) = (2xy), (2)

where f is a homeomorphism. It is easy to see that f transforms a unit square
into a rectangle, as shown in Figure 1.

Hence, a figure of area one is transformed into a figure of area two.

Area is not a topological property. Similarly, it can be shown that length
and volume are not topological properties.
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A
I

1
f(x,y) = (2x.y)

FIGURE 1

4
® PROBLEM 1

w

] o _2
[ ] &9

Show that each of the following conditions is necessary and sufficient
for a one-to-one mapping, f, to be a homeomorphism:

1. flA) = f(A) for every A CX. D
2. f-A(B)=f-'(B) for every BC Y. )
SOLUTION:
We shall apply the following:
THEOREM
(f is continuous) <> (f(Z) C f(A) for every A CX) (3)

: :
[ 4
(f is continuous) <«

d

Q
Suppose fis a homeomorphism, then fis continuous and for every A CX

f@A)C f(A) )
Also f~' : Y — X is continuous and by (4), we obtain

fA)YCf(A). (6)
Note that (f-')! = f. From (5) and (6), we obtain

f(A) = f(A). 7

Suppose, forevery A CX, f (Z) = f(A).Then
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f(A)C f(A) (8)
and by (3), we conclude that f is continuous.
Also, foreveryAC X
rsoa N — p=1.r r=l/‘\1 p— p=lr1-=l /_‘\1 p/_‘\ {9\
JA)=j 175 " A)1-j7 17 Aa)l=5yA) 77

Hence, f-1: Y — X is continuous and f is a homeomorphism.
Similarly, we show that condition (2) is necessary and sufficient for a

one-to-one function to be homeomorphic.

® PROBLEM 12-34

Suppose fmaps X onto Y, f: X — Y, where X is
nd

Show that a necessary

morphism is:

1. A '=f1(f(A)) for every A C X or 1)
| 2 (€4 =(f0) EfA) @ |
SOLUTION:
DEFINITION OF A T,-SPACE

A topological space (X, T) is called a T,-space, if each single element set
is closed, that is,

{a} = {a} for eacha EX.

For example, each metric space is a T,-space.
We shall prove : for f: X — Y, where X is a T}-space

(f is a homeomorphism) <> (A = fY(f(A)) for every A CX). (3)

= Since fis a homeomorphism, it is thus one-to-one. From Problem 12-33,
equation (1),

f(A) = f(A) @)

" FF@)) =4 = [f @) )
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< We have to show that f is one-to-one. Suppose f(a) = f(b). Then
{a} = f'[f @)= f'[f ()] = B} ()
Since (X, T) is a T-space,
a=>b. )

Thus, fis one-to-one. Then from (1),

FIA) = FLA)
FAACEY ) FAACEY 4

®

for every A CX.

Conditions (1) and (2) are equivalent. From (2), we conclude that every
property, expressed in terms of the operation A and of operations of set
theory and of logics, is topological. We can briefly say that if a point a €X
(or a set, family of sets, etc.) has a given property with respect to the space
(X, T), then f{a) has the same property with respect to Y, provided that f: X —»

A A & Dt = r T T Sy T ETET T

Y is a homeomorphism.

1 ———
1. Show that two closed intervals, [a, b] and [c, d], are homeomorphic.

OBLEM 12-35

2. Show that an open interval (-1, 1) and the real line are homeomor-
phic.

3. Show that the surface of the sphere with one point removed is
homeomorphic to the plane.

SOLUTION:
1. Suppose a < b and ¢ < d. Define f(x) by
fx)= §75 x4 2200 )
[ U —4u

fis a homeomorphism, which maps the first interval onto the second. Hence,
the two closed intervals are homeomorphic. To show that, one can also use
the drawing shown in Figure 1.

2. Functionf:(-1,1) =R
fx) = tan == @

is a homeomorphism. Hence, (-1, 1) and R are homeomorphic.
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X+y?+(z-1)%=1 3)

S

y f ,

FIGURE 2

Draw a line from A through the point B on the surface of the sphere and
through point C on the plane xy.

Each point B on the surface of the sphere is mapped on the plane z = 0. This
mapping is one-to-one, onto and continuous; the inverse mapping also has
the same properties. Thus, a sphere with one point removed and a plane are
homeomorphic.
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Let f: X — Y denote a bijection. Then the following propert
equivalent:

1. fis a homeomorphism.

2. f(X) =]7(Z)-for everyA CX.

4. fis continuous and closed.

1. < 3. fis a homeomorphism, hence f-! : Y — X is continuous. Therefore,
for each open A C X,

fHUf @] = fl4) (1)
and f(A) is open in Y.

Suppose f is continuous and open, then the image of each open set in X is
an open set in Y. Hence, f~! is continuous and f is a homeomorphism.

3. < 4. Note, that if f: X — Y is bijective, then the conditions that f is open
and fis closed, are equivalent. Suppose fis open and A C X is closed. Then set
B is open

A=X -B 2
and
fid) = X - B) = fX) - f(B) = Y - f(B) ©

Hence, since f(B) is open, the set f(A) is closed. Thus, f is closed.
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® PROBLEM 12-37

I |
! |
and gof=1y (2)

then fis a homeomorphism and

-1 —
=g €)
Denva thic thanram
I 1 1UVV LI11ID L1IIVUIL L. I
CNl IFTINA.
V=G B IVIN

First let us prove this.

THEOREM 2
Letf:X—Yand g:Y— X, such that
gof=1x 4)
then fis one-to-one and g is onto.
|

The map of f is one-to-one, since

(fx)=Ay)) = (x=goflx)=gof(y)=y) (5)

nnction o i onto cince for anv Y
A WUliwiivil 5 A Ul“v, JAilviw LUL A4ll ll,
X = g[f(x ] (6)

By applymg Theorem 2 and conditions 1) and (2), we conclude that both f

1 £r__

and g are bijective. In ad idition to that, f~! = g. Thus, fand f-! are continuous
fis
J J

® PROBLEM 12-38

f: (X Ty) = (Y, Ty) (1)

493



denote a homeomorphism and let (A, T,) represent a subspace of
, Tx). Let

| |
| & |
| fa: (A Ty) — (B, Tp) @ |
| |
| |

be a restriction of fto A, f4=f| A and let

and let T be a topology induced on B.

Show that f, is a homeomorphism.

SOLUTION:

Since fis a bijection (that is, one-to-one and onto), f, : A — B is also a bi-
jection. The restriction of a continuous function is also a continuous func-
tion. Hence, f, is continuous.

Let U C A be T, open, then

U=ANYV (3)
where V € Ty. Since fis one-to-one,
RANV) =) NAV) @
Thus,
fa(U) = flU) = flA) N f(V) = B N f(V) ©)
Since fis open and V € Ty, V) € Ty. Therefore,
BNAV)ETy ©)

and so, f, is open.

® PROBLEM 12-39

I w that the I
I ogy, shown in Figure 1, are not "omeomorpuic The topologies of X and I
I Y are the usual induced topologies. I

X = {x:d(x,a;) =1ord(x,a,) =1}

Y= {y : d(y’ a3) = 1}

a = (0, 1) a, = (0, —1) asz = (3, 0)
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FIGURE 1
SOLUTION:
Suppose a homeomorphism
f:X—=Y
exists. Let us denote
f0)=¢q
X =X-{0}
Y =Y-{q}.
By Problem 12-38, we conclude that
h: X =Y

is also a homeomorphism, with respect to the induced topologies.

Set Y, is connected by setting

q = (3 + cos By, sin Bo),

[g YA Y g

. N 7
g — I

g(B) = (3 + cos(Bo + B), sin(Bo + B)).

(4)

©)

(6)

()

—~
o0
N’

©)

Function g is homeomorphic interval (0, 2x) is connected, and thus, Y, is

connected.

To obtain a contradiction, we will show that X is not connected.
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The sets
A={():x>0}

B={(5y:x<0) (10
are both open in R%. Hence,
A=X;NA
Bl =XlﬂB (11)
____are open subsets of Xy, suchthat
A,B =¢, AANB =¢, AyUB; =X, (12)

space X is not connected. Hence, X; and Y, are not homeomorphic, because
connectedness is a topological property.

® PROBLEM 12-40

A topological space, (X ﬂ is given, along with an equivalence relation
I R. Construct the 1dent1f1cat10n topology on /g (sometnmes called the l
quotient topology).

SOLUTION:

If X is a set and R is an equivalence relation on X, then R determines a
partition of X into equivalence classes.

Two elements, x, y € X, belong to the same class, if and only if, x Ry (x is
in R-relation to y). The set of equivalence classes is denoted by 4/p.

Let us define a mapping

f;‘X-—>X/

J
~~
Pt
N

by
fix) = [x] @)
where [x] is the equivalence class, such that x € [x].
fis called the identification mapping (or quotient mapping). See Figure 1.
Let us introduce a topology on %/.
A subset U of X/ is open, if and only if, f~'(U) is open in X. In Problem

12-41, we will show that this is, indeed, a topology. This topology is called
the identification topology or quotient topology.
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e — £ FE | ——

/e ) (w Jwm| [l

-/ X/ /)

\_/ T~ L

Prove that the identification topology, defined in Problem 1240, is
indeed, topology.

SOLUTION:

Let us denote the collection of all open sets of ¥/g by Tk.
L f-49) = ¢ and f1(¥/g) = X
(X, T) is a topological space, hence, ¢, X € T. Thus,
¢ € Tg and X/ € Ty

2. LetE, F € Ty, then f~1(E) and f-1(F) are open sets in X. Thus,
fFUEYNfHF)ET.
But
fYE) N fHF) = f{ENF)ET.

a2 ' < R
) ARV U Al andils o)
LIUIr<iIp
- | SV & Al NP SIS IR SIS ¢ (s ) TN FY
D LCL 'll.'za} [Cpleﬁ[ll dl [Illly Ol UPC 1 DCLS 111 /R' 1 I1CI1 €dCI1 DCL
JTUEYET
and
-1
Uf(,EeT.
a
We have

Uf-l(Ea) =f-](tJEa)ET
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and UE , is an open subset of ¥/

The collection of open sets of 4/; forms a topology on 4/z.

ataValVaVasis

An equivalence relatlon is defined by:

1. Ois equivalentto 1

2. every other element of the segment [0, 1] is equivalent only to itself.

The equivalence classes are {0, 1} and {x} forO <x < 1.
Show that the identification space defined is homeomorphic to a I

|
I circle. I

SOLUTION:
{x}
{0,1}
0 X 1
FIGURE 1
The endpoints 0 and 1 of the segment [0, 1] become a single point {0, 1}

of the new topological space. Hence, we wrap the segment [0, 1] around a
circle of a radius of !/, and obtain a continuous function from [0, 1] onto a
circle. The inverse function is also continuous.

The identification space, obtained from [0, 1], is homeomorphic to a
circle.
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® PROBLEM 13-1

SOLUTION:

[

The space (X, T) is said to be a T —space, if for any two distinct g, b € X,
here i - hborhood of at | ~which d i1 the other-

(X T)

FIGURE 1
-
L

With the indiscrete topology T = {¢, X} one cannot separate O from 1 or
1 from 0. Consider the set X = {0, 1} with topology T = {¢, X, {0}}. Then, for
the two distinct points 0 and 1, an open set {0} exists, such that

0 € {0} but 1 & {0}.
Hence, (X, T) is a T—space. Note that each metric space (X, d) is a T —space.

Topological Spaces

T —spaces

FIGURE 2
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® PROBLEM 13-2

SOLUTION:

A pseudometric on X is a function D : X x X — R, such that

1. D(x, y)=D(y, x)

2. D(x, y)<D(x, z) + D(z, y)

forallx, y, z, € X.
Thus, it is possible that for two distinct points g, b € X,

Any neighborhood of a contains b and any nelghborhood of b contains a.
Hence, a pseudomeiric space is not a 7 ~space. Points ¢, b € X are dis-
tinct, but such that, D(a, b) = 0 cannot be separated

® PROBLEM 13-3

Show that every metric space is a T,—space.

SOLUTION:
We shall start with the

DEFINITION OF T-SPACE

A topological space (X, T) is called a T\—space, if every single element set
is closed, that is,

Va€X {a} = {a} M
|

Note, that in a metric space (X, d), the condition for a set A to be closed,
can be expressed by the implication

limx, =x _
(""“ ) = (x €EA).
x, €EA
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Since lim a = a, we have

{a} = {a}.

Thus, every metric space is a T —space (see Figure 1).

(X, d) Metric Space

T, —space

FIGURE 1

There are topological spaces which are not T —spaces. For example, space X,
containing two points X = {a, b} with topology T = {¢, X}, is not a T —space.

1/ h A haf, that ay #rs I Aad +
vw& SnOwWEea ofiorc, unat €very meiriC Spac€ Can o€ régaraca as a wopo-

logical space. Figure 2 illustrates the results.

(X, d) Metric Space

T, —space

To —space

(X, T) Topological Space

FIGURE 2

From the definitions, it is clear that any T ,—space is also a T —space.

® PROBLEM 13-4

Show that a topological space (X, T) is a T, —space iff for any pair of dis-
tinct points a, b € X, the open sets G, H € T exist, such that

a€EG, b&¢G and bEH, a&H.

See Figure 1.
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N

0. )
X" J

b

FIGURE 1

SOLUTION:

Suppose (X, T) is a T —space. Then, for any x € X, {x} is a closed set. Let
a, b€ X and a = b. The sets X — {a} and X — {b} are open, and

a€X-{b} and b&X-{b}

L~V (Y oA VvV [P |

DS A—qajy anad a¢£ A —{4aj.
Conversely, suppose x € X. We shall show that {x} is closed, i.e., X — {x} is
open. Let y € X — {x}, then y = x and an open i ich that

Thus,
yEH,CX - {x}and X - {x} = UH,.

y=x

Since all H are open sets, X — {x} is open and {x} is closed, {x} = a

® PROBLEM 13-5

I Let X represent a finite set. Prove that the only topology on X, which I
makes X into a Tl_cnnr-p 1S the discrete fnn loov

AACGANNWD LA

tl AVWwiIiwWiw VWV 6]

SOLUTION:

Let X represent any finite set and T a topology on X, such that (X, 7) is a
T —space.

A space (X, T) is ¢, itf every one-point subset of X is closed. Since the
union of two closed subsets is a closed subset, we conclude that all subsets of
X are closed.

Therefore, all subsets of X are open and T is the discrete topology.
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® PROBLEM 13-6

1. a € X is an accumulation point of A. l

2. every open set containing a contains an infinite number of points of

A.

SOLUTION:

1. = 2.
Suppose a € X is an accumulation point of A, and G is an open seta €G,
containing only a finite number of points of A different from a. Then

al=ANIG - {a\]
AT IREE I S Ud 8
H=(X-B)NG.
Then H is open, a € H and H do not contain any points of A different from a.
Hence, a is not an accumulation point of A.

2. = 1.
By definition of an accumulation point.

® PROBLEM 13-7

Let f denote a homeomorphism
f:X—=Y
and X be a T —space. A space (X, T) is T, if and only if every one-point subset
of X is closed.

Let y represent any point of Y, y € Y. The set f-'(y) is a one-point subset
of X and since X is T, the set of {f~'(y)} is closed.
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Since f: X — Y is a homeomorphism, it maps closed sets into closed sets.
Therefore, foranyy €Y

v} = {-

Thus, (Y, T") is a T,—space. Similarly, we can show that, if X is T, then so is
Y.

® PROBLEM 13-8

Prove the following theorem:

THEOREM

Each T —space is a T —space.
| = e

SOLUTION:

A oV b o XX 3 OF L L. b . £ _a_ )

A 10POo10gical space 15 4 r1dausSdorll space 11, 101 €4cCi pair oL poiuts a = D,
two disjoint open sets A and B exist, such that

a€EA, beEB ANB=¢ (1)

It is easy to see that each metric space is a T,—space. Now, we shall show that
each T —space is also a T —space. Suppose (X, T) is a T—space. Leta € X
represent a given point. Foreachx€ X, x = a

______
-

.
-------

and X — {a} is an open set as a union of a family of open sets A .
Hence, {a} is closed and X is a T —space.
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® PROBLEM 13-9

SOLUTION:

Consider the set X, consisting of 0 and all points !/ , forn=1,2, 3, ...

Y n -1 1/ 1y 1y

| F&AY
A=\ T s (1)

We define the topology T on X: Sets containing 1 are open, if and only if
they are complements of finite sets.

Sets which do not contain the point 1 are open, when they are open in the
sense of the usual topology of real numbers.

Hence, each open set containing O is infinite.

Therefore, points 0 and 1 cannot be separated by two open disjoint sets.

Tha cnace i1c T —enace hit not T
10NC Space 1> 1 | SpPace, but 110t 12.

(X, d) Metric Spaces

T, —spaces (Hausdorff)

® PROBLEM 13-10

Show that the set X with the order topology is a T,—space.
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SOLUTION:

Let X represent any set totally ordered by <, (X, <). Let S represent the
family of subsets of X of the form

{x:x<a} or {x:a<x}

orallae X.

L AL W e Aa

The famrly S forms a subbasrs for a topology T on X, called the order to-

Let a, be X represent two drstmct pornts Smce X is totally ordered, ei-
ther a < b or b < a. Suppose a < b. There are two possibilities now:

1. An element ¢ € X exists, such that

a<c<b.
Then
{x:x<c} and {x:c<x}
are two disjoint neighborhoods of a and b respectively
2. No c € X exists, such that
a<c<b.

Then
{x:x<b} and {x:a<x}

are disjoint neighborhoods of a and b respectively.

® PROBLEM 13-11

I ]
ff&ED—-XT) (D)

is onto and one-to-one, f~' is continuous and X is a T ,—space, prove that
Yis a T -space.
- = - - - e

SOLUTION:

Let y, and y, represent any two distinct points of Y. Since fis one-to-one
and onto, two distinct points of X exist, such that

X,Xx, EX
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f_l(yl) =X f_l(yz) =X,
(X, T) is a Hausdorff space, therefore, there are two open sets U, U, C X, such
that
x€U, x,€U, UNU,=¢.
Since fis bijective,

fU)CY, RUYCY

fU)NAU) =¢

Now, since f-! is continuous, the function (f~')™! = f maps open sets into open
sets. Hence, f{U)), A{U,) € T" are open sets.

Y, €EAfU), ¥, EAU,)

L9 N wry e sl

We conclude that (Y, T)isa T

1f tvwwn garag o
11 LYYU DPG\/\#D a

the other.

Prove the theorems:

1. ((X,T) a Hausdorff space
) => (A is closed).
\ A a finite subset of X

2. ( (X, T) a Hausdorff space

A CX, x is a cluster point of A| = (U N A is infinite).

I \ U a neighborhood of X ) I
_
SCLUTICON:

1. Letx € X. We shall show that {x} is closed. Indeed, let

y EX—{x}
then a neighborhood U of y exists, such that
xeU.
Hence,
UC X-{x}
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and the set X — {x} is open. Thus, {x} is closed.
Any subset {x , .... x } of a Hausdorff space is closed.

2. Supnose, on the contrary, that
rr ’ ~ J

1s closed. Hence

is open.
But

xE€U-[UNA-{x}D]=U-(A-{x}).

Then U — (A — {x}) is a neighborhood of x.
Since x is a cluster point of A, then

{lU-@A- D] - {x1 N A =0,

Contradiction!

® PROBLEM 13-13

Show, that if (X, T) is a Hausdorff space, then every convergent sequence
in X has a unique limit.

SOLUTION:

Let (x ) denote a convergent sequence with two limits a, b, such that
a=b.
Since (X, T) is a Hausdorff space, the open sets U, and U, exist, such that

ac€lU, beU, UnNU,=¢.
But (x ) converges to a. Thus,
Ak VYn>k x €U.

Elk2 \7’n>k2 x €U,

But the sets U, and U, are disjoint. Contradiction. Hence, a = b.
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® PROBLEM 13-14

a regular space, which is not a T —space. l

- e Ea e = mwr =W

DEFINITION OF REGULAR SPACE

A topological space (X, 7), is said to be regular if, given any closed sub-
set F C X and any point x € X, such that x €& F, there are open sets U and V,

such that
FCU, x€EV, and UNV=¢ (1)

FIGURE 1

Consider the set X = {a, b, ¢} with topology T = {¢, X, {a}, {b, c}}.
Note that the closed sets are ¢, X, {a}, {b, c}.

The topological space (X, T) is a regular space. But (X, 7) is not a
T —space. Set {c} which is finite is not closed {c} = {c}.

a mPmADE e 4
W FFRvvDLEWm [}

Le ]
o-

I Let (Y, T,) denote the subspace of (X, 7). Lety € Y and A C Y. Show,
l that if y does not belong to the T,—closure of A, then y does not belong

I to the T—closure of A. I

SOLUTION:

By definition, _
T ~losure of A=ANY (1)
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where? is the T—closure of A.

But
yEeY. (2)
Therefore, if
yEANY 3)
then

yEA. 4

al d : C (A€ d C 0 Dd
is called regular if, for every pomt x and every closed setF such that x€ F an
open set G exists, such that

xEG and GNF=4¢.

aﬁ F=¢

FIGURE 1

® PROBLEM 13-16

SOLUTION:

Let (X, T) denote a regular space and (A, T,) its subspace. See Figure 1.
Let y € A and let F represent a T,—closed subset of A, such that y & F. Hence,
by Problem 13-15,

y$1?

where F is the T—closure of F. Space (X, 7) is regular. Two open sets G and H
exist, such that
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FIGURE 1

FCG, yEH,GNH=4¢.

But
G NAand HNA are T,—open

subsets of A.

yEA NHbecause yEA andy €E H. Sets A N G and A N H are disjoint
because G N H = ¢.

Also, since

FCAand FCFCG=FCANG.

Thue (A T ) ic alea reounlar
A .luu, \ l, ‘AI T SRAVNS Ubulul

® PROBLEM 13-17

Show that a space (X, T) is regular, if and only if given any x € X and
any neighborhood U of x, x € U € T, there is a neighborhood V of x, such

| FIGURE 1 |

SOLUTION:

Suppose (X, T) is regular. Let U represent the neighborhood of x. Set X - U
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is closed and x & X — U. Hence, open sets V and Z exist, such that
xe€V, X-UCZ, VNZ=4.
Since X —UC Z, we have X —Z C U. Also, since VN Z = ¢, we have

Ve Y_7CI1J
v

LR s = S .

Hence,
VcCVCcx-ZcCU.

Now, suppose x € X and U are any neighborhood of x. Then, a neighborhood

V of x exists, such that

VCcu.

Let x € X and F represent any closed subset of X, such that x & F.
X — F is a neighborhood of x. Then V exists, such that, V is open,x €V

VCX-F.

Set X — Vis open and F C X -V, also V is an open subset which contains x.

VAX-V)=9¢.

Thus, V and X — V are the sets that we are looking for.
(X, T) is regular.

® PROBLEM 13-18

Show that every T,—space is also a T,—space.

DEFINITION OF A T-SPACE

A regular T,—space is called a T;—space.

Let (X, T) denote a T,—space. We shall show that (X, T) is also a Hausdorff
space.

Let a, b € X represent distinct points. Space (X, T) is a T —space, there-
fore, {a} is a closed set. Since a and b are distinct,

b € {a}
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FIGURE 1

Since (X, 7) is a regular space, two disjoint open sets G and H exist, such

that
beG and {a}C H

Hence, a and b belong to two disjoint open sets G and H. (X, T) is a Hausdorft
space (T,—-space).

I Show that any metric space (X, d) is a T,—space. I
—
SOLUTION:

Let (X, d) denote a metric space and U represent any neighborhood of
x € X. There is a ball B(x, r), such that

xEB(x r)C U. o)
Let us take any number r’
n > In’ > I’,\
U N7 ~17 \L)
Then
B(x, r')C B(x, r) 3
and
B, r)={y:d(x y)sr’}CBx ) CU. )

Hence, for any x € X and any neighborhood U of x, there is a neighborhood
B(x, r’) of x, such that

B(x, r)C U.

According to Problem 13-17, we conclude that (X, d) is regular. Since (X, d) is
also T, any metric space is a T,—space.
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® PROBLEM 13-20

et I
system. Let x = 0, then P_is the famil of all open inter
contain x. For x = 0, we define P, as the family of all sets of I
the form ]- a, af — {'/ }, where n is a positive integer. Show that (R, T) I

I defined above is T, but not T.. I

-
3
D
=
=
o
D
T

1dl
hborhood system.

which

SOLUTION:

First, we show that (R, T) is T,LletxERandy ER,x=y.If bothx andy
are different from O, then

U=]x-

V=ly-

Bot U and V are open sets and

y&IJ veVlvV ITN VYV =4
Y N b ]\—" L N I 4 Y.

If one point is 0, i.e., x = 0, then
S T T Pt
= ]_ 2 [ - {n}
Hence, (R, T) is a Hausdorff space (i.e., a T —space).
Now, we shall show that (R, T) is not T,. Let x = 0 ad F = {!/ }, where n

is a positive integer. The set F is closed.
Let V represent any neighborhood of x = 0

V=1]-a a[-{"}.

No open set U exists, such that F CUand VN U = ¢.
Hence, (R, T) is not regular and, therefore, not T,

N

® PROBLEM 13-21
e

Show that the property of being T, is hereditary, that is, that any sub-
space of a T,—space is a T,—space.

SOLUTION:
Let Y denote a subspace of a T,—space (X, T). Let F be closed in Y and
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r 71\
t1r \1

xEU, FCV, UNV=g. 2
The sets YN U and YN V are open in Y and
xXEYNU, FCYNV, YNnU)NENV)=¢. (3

Hence, space (Y, T,) is regular. Since (Y, T,) is a subspace of a T|—space (X; T),
it is also 7. Therefore, (Y, 7)) is a regular and a T —space, i.e., a T,—space.

® PROBLEM 13-22

' Chnws that anv cnan ™ ntaining mare than An int with t I
oi1l0OW a t IC t 4 ul

X i g} o I 0nn
lll l au_y Ol.lah\./ \ll, L’, wvuUil

P
o

lle
I indiscrete topology, is normal. I

l [ I

SOLUTION:

DEFINITION OF NORMAL SPACE

A topological space (X, T) is said to be normal if, given any two disjoint
closed sets F, and F, in X, there are disjoint open sets U and V, such that

F,CU and F,CV
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FIGURE 1

The indiscrete topology consists of two sets X and ¢.
T = {X, ¢}.

Hence, the only closed sets are X and ¢ because X —¢p =X and X — X = ¢.
Thus, there are no non-empty disjoint closed subsets of X. The space is
normai.

Tt 1c eacv to chow that the enace with dicer
AL ISV ERS VLV E A J LiAGAL Ridlw ol.luv\.« YYALLILA i1

is easy is normal. In this

topology, each set is closed and open.

® PROBLEM 13-23

Prove this theorem:
THEOREM

A topological space (X, T) is normal iff, for every closed set F and
every open set H containing F, an open set U exists, such that

FCUCUCH.

FIGURE 1
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=> Let (X, T) denote a normal space. Let F represent a closed set and H an
open set, such that

FCH 2
The set X — H is closed and
FN(X-H)=¢. 3)

F and X — H are two disjoint closed sets. Hence, the open sets U and U~ exist,
such that

FCU, X-HCU", UNU’ =¢. 4)
Since
UNU =¢,wehave UC X-U" )
also, since
X-HCU, wehave X—UC H. (6)

Set X — U’ is closed, hence, we conclude

FCUCUCX-U'CH. (7

<= Let F| and F, denote disjoint closed sets. Then
FC X-F, (8)
and X — F, is open. An open set exists, such that
F CUCUCX-F,. 9)

But, since_Z]-C X - F,, we must have F, CX ~U. Also since U C U, we have

UNX-U)=¢. __ _ _
Thus, since X — Uisopen F,C U, F,C X-UandUN X -U) = ¢
where U and X — U are open sets.

® PROBLEM 13-24

II Show that every metric space is normai. ll

SOLUTION:

Let (X, d) denote a metric space. Metric d induces the topology T on X. To
show that (X, T) is normal, we shall apply the separation axiom.
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THEOREM (SEPARATION AXIOM)

Let A, and A, represent closed disjoint subsets of a metric space (X, d).
Then the disjoint open sets U, and U, exist, such that

A,CU, and A,CU,

From this, we conclude that every metric space is normal.

® PROBLEM 13-25

Consider the set X = {a, b, c} with the topology

T=1{¢,X, {a}, {b}, {a, b}}. M)
I Is (X, T) a T —space, a regular space, or a normal space? I
SOLUTION:
The closed sets are
X, ¢, {b, c}, {a, c}, {c} @)
Not every singleton subset of X is closed. For example,
{a} = {a}. €)

Hence, the space (X, T) is not T,. Also, (X, T) is not a regular space. Take a
closed subset {c} and a & {c}. Then, the only open set, which contains {c} is
the whole space X, which contains a. We shall show that (X, T) is a normal
space.

TetEF and F ren 1 int claced eutheete nf ¥ Then one of them cav
AU A CALRINS & 2 l\/yl A A J AV WAV UOWU DUUUOWEID VA LA e A lLlViEL ViAw VUL Uidwviii [wlv

¢=FC¢;, F,CX

® PROBLEM 13-26

Show that every T,—space is also a T,—space. See Figure 1.
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T, —spaces (Hausdorff Spaces)

Ts—spaces (Regular Ty ~spaces)

T,—Spaces (normal T; —spaces)

Metric Spaces

FIGURE 1

SOLUTION:

DEFINITION OF A T-SPACE

A normal space which is also a T —space is called a T —space.

Let (X, T) denote a T,—space. Hence, (X, T) is normal and T . Suppose F
is a closed subset of X and a €& F. Since (X, T) is T, the singleton set {a} is
closed. Sets F and {a} are closed and disjoint. Since (X, T) is normal, the open
sets U, and U, exist, such that

{a}CU, FCU, UNU,=9¢.

Therefore (X, T) is regular and T,.
The diagram illustrates the relationship between different kinds of topo-
logical spaces, defined in this chapter.

® PROBLEM 13-27

Prove that if Y is a closed subset of a T —space (X, T), then the subspace

(Y, T)) is also T —space.
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SOLUTION:

Since every subspace of a T,—space is T, and (X, T) is T, also, Yis a T,
space. Since Y is closed, a subset F of Yis closed in Y, if and on}y if F is closed
in X. Hence, if F| and F, are disjoint closed subsets of Y, they are also disjoint
closed subsets of X.

Thus. the onen sets I/ and

4 11lUUe Uilw vl.l a1 \’Vt\, Ul 193

Then

and U, NY and U, N'Y are disjoint subsets of Y, open in Y. Since (Y, T)) is T,
and normal, itis T,.

— e o — . e - -

® PROBLEM 13-28

I Suppose that the space (X, T) is homeomorphic to the space (Y, T"), and I

thatX is T,. Prove that YlS T I

SOLUTION:

We have already shown that if a space X is homeomorphic to a space Y
andXis T, thenYis T,.

Now, suppose X is a normal space and f : X — Y'is a homeomorphism.

Let G, and G, represent any two disjoint closed subsets of Y. Then f~'(G)

o —— (Y’ T’)

/ "\ \
)z ?"\f U\ \

ol L A=) \
S L/ l
[ .\ /

G1=G1
Ga= G2
Gin Go=¢

FIGURE 1
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and f~!(G,) are disjoint closed subsets of X. Since X is normal, there are two
disjoint open sets U, and U, in X, such that

fiG)CU, fiGycy,

The sets f(U,) and f{U,) are open in Y and
Gl Cf(Ul)’ Gz CﬂUz)

fU)NAU,) = ¢.

Hence, (¥, T") is normal and T,

® PROBLEM 13-29

Describe the notion of the extension of a continuous function defined on
I a topological subspace.

n
©
=
-
)
=

The problem of extension of a function is one of the central and most
difficult questions in all of topology. Suppose (X, 7) is a topological space and
(Y, T)) is its topological subspace.

X, T)
f:Y>Z
continuous

FIGURE 1
Iﬁtf Y — Z denote a continuous function from Y into some space (L?, T ) The
question is: does a continuous function F : X — Z exist, such that

F(y)=f(y) foreachy €Y,

thatis, F|Y=f?
In most cases the answer to this question is unknown. Only normal
spaces have certain extension properties.
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® PROBLEM 13-30

I——
C

RYSOHN’S LEMMA I
|

I If a topological space (X, 7) is normal, then, given any disjoint closed
non-empty subsets A and B of X, there is a continuous function f: X —
Z,Z = [0, 1], (Z has the absolute value topology), such that

foreverya €A, fla) =0

and forevery b €B, fib) = 1.

Prove that the converse of Urysohn’s lemma is true.

Suppose (X, T) has the property described in Urysohn’s lemma. Let A
and B represent closed disjoint non-empty subsets of X. There is a continuous
function f: X —{[0, 1], such that for all a € A, fia) = 0 and for all b € B, f{b)
=1.

Sets
U={x:0sx </}
U={x:",<xs1}

are disjoint open subsets of [0, 1]. Since fis continuous, f~/(U) and f~'(U") are
disjoint open subsets of X, such that

ACFU)
BCf(U).

® PROBLEM 13-31

Let (X, T) denote a T,—space which contains more than one point. Show

that a non-constant continuous function f : X — [0, 1] exists.
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SOLUTION:

Space X contains at least two points, for example, x and y. Since (X, T) is a
T —space, it must be normal and 7. For any T ,—space,

{x} = {x}
vl = LN
W J W)

non-empty subsets of X.
Therefore, since X is normal, a continuous function

f:X—[0,1]

exists, such that
fix)=0 and fAy)=1.

Function fis a continuous non-constant function from X into [0, 1].

® PROBLEM 13-32

Prove this generalization of Urysohn’s lemma:
Let A and B represent disjoint closed non-empty subsets of a normal
space (X, 7). Then a continuous function

f:X—|[a b}

exists, such that
fix)=a forall xEA

f(x) =b forall x€EB.
|

SOLUTION:

Since (X, T) is a normal space, we can apply Urysohn’s lemma (Problem
13-30).
Function f°, which is continuous exists, such that
f:X—[0,1]
and for all x EA, f(x) = 0 and for all x € B, f(x) = 1.
Consider function f, defined by

f(x)=a+ (b-a) f(x).

Since f is continuous, so is f. Furthermore,
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(a forall x €A
1 b forall x EB

flx)=

Show that Urysohn’s lemma is a special case of Tietze’s extension

theorem.

Let (X, T) denote a T —space and Y any closed subset of X. If f is any
continuous function f: Y — R (where R is the space of real numbers with
the absolute value topology), then there is a continuous extension F of f,
from X into R

| F:X—R l
| |
—
SOLUTION:

Let (X, T) denote a T~space and let A and B represent disjoint closed non-
empty subsets of X. We define

Y=AUB and f:Y—R

by fix) =0 for all x €A and f(x) = 1 for all x E B.
Function f is continuous. Hence, according to Tietze’s theorem, it can be
extended.

® PROBLEM 13-34

—
Let (X, T) denote any T —space and A represent any closed subset of X. I

I Show that for any continuous function I
| f:A—R" |
a continuous extension F of f exists, such that

F:X—R"

Note that R" is an n—dimensional Cartesian product of R.
See Figure 1.
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FIGURE 1

SOLUTION:

fis a continuous function of A into R". Thus, it can be written as
£x) = (fx), £,(0 £ )
X)) =T KD T \X)s -5 T \X))-

o~

Each of the functions f,, ..., f, is continuou

Tiat7a’c avtancinn thanrem for each of the fiinet
11el(ze’s extension meorem, Ior €acin o1 the 1unct

ists a continuous extension F,of f,i=1, 2, ..., n, from X into R We define

F‘( x) = (F (x) F (x))
7 2 U l\n,, csey & n\n,’.

and maps A into R. According to

one f 7 =1 thara av_
OVUS J ¢ = 15 «0oy u, UIviv vAa

Since ali functions F, F, ..., F, are continuous, so is F. Function F is a con-
tinuous extension of f from X into R".

O PROBLEM 13-35

Let R denote the space of real numbers with the absolute value topology
and Z the set of integers, Z C R, with subspace topology. Let R? represent

the plane with product topology and Z2 C R? the set of all pairs (m, n)

| ufmiadaiaid swas et et s *J
l where m and n are mtegers, w1th subspace topology. I
I Using this “scenario,” prove the existence of a continuous function l
I F:R— R I
_
SOLUTION:

Consider any function
f:Z—2

In both cases, the subspace topology is the discrete topology. Hence, any
function from Z into Z? is continuous. Sets Z and Z? have the same cardinal
number. It is possible to find function f: Z — Z2 which is one-to-one and
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continuous.
According to Problem 13-34, f has a continuous extension F from R into

n2
n-.

Consider the class of real-valued functions

F = {f(x) =sinx, f(x) =sin 2x, ..., f(x) =sin nx, ...}

defined in R. Show that F does not separate points of R.

SOLUTION:
DEFINITION

Aclass F = {f : w € Q} of functions from X into Y is said to separate
points if, for any pair of distinct points a, b € X, a function f € F exists, such

that f{a) = f(b).

u
Consider a pair of distinct points 0 and .
sin0=sin2-0=sin3-0=... =0
sint = sin2x = sin3wx=... =0
Hence class F does not separate points.
a DPDARIEAM 472 _727%
-w F RS P s e BV LI Al = ¥

Let C(X, R) denote the class of all real-valued continuous functions, I
I defined on a topological space (X, T). Show that, if the class C(X, R) I

I separates points, then (X, 7) is a Hausdorff space. l

SOLUTION:

Let a, b € X represent distinct points. Since C(X, R) separates points, a
continuous function

f:X—R
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exists, such that fla) = f(b).
There are two open disjoint subsets U, and U, of R, such that

fla)€ U, and fib)EU,.
Since f is a continuous function, sets f~'(U,) and f~'(U,) are open and
disjoint.
a€f(U)

b € f'(U).
—Hence, (X, T) is a Hausdorff space (I,—space).

® PROBLEM 13-38

SOLUTION:
DEFINITION OF COMPLETELY REGULAR SPACE

A topological space (X, T) is completely regular if, for any closed subset
F of X and any a € X, such that a & F, a continuous function f: X — [0, 1]
exists, such that for every

x€F, fixY=1 and fla)=0.

{(F)={1}

-—h

a closed subset of X and a € X a point which does not be-

Let Fre
long to F.
By hypothesis, a continuous function

f:X—10,1]

exists, such that {F) = {1} and f(a) = 0. An interval [0, 1] is a Hausdorff
space. Hence, two open disjoint subsets U, and U, of [0, 1] exist, such that

-

resen

e
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OEUl and 1€,

Since f is continuous, f~'(U,) and f~!(U,) are open. These subsets are disjoint
and such that

a€EfU), FCf'U).

Hence, (X, T) is regular.

® PROBLEM 13-39

Show that the property of being a completely regular space is heredi-
tary, i.e., every subspace of a completely regular space is completely

regular.

Let (X, T) denote a completely regular space and let (Y, T,) be its sub-
space.

FIGURE 1

Let B be closed in Y and a represent a point in Y, such that a & B. Then
B=YND

where D is a closed set in X. Since a €Y and a & B, we have

aED

L.

Since (X, 7) is completely regular, a continuous function f: X — [0, 1} exists,
such that

fla)=0 andforeachxE€D fix)=1.

Then f| Y is a continuous function.
flY:Y—=|[0, 1]
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such that f| Y(a) = 0 and for each x € B, f| Y(x) = 1.
Thus, (Y, T,) is a completely regular space.

® PROBLEM 13-40

Consider the drawing of Problem 13-26. Where would you locate on
this drawing the Tychonoff spaces?

— SOLUTION:

DEFINITION OF TYCHONOFF SPACE

A completely regular T —space is called a Tychonoff space.

In Problem 13-38, we proved that a completely regular space is also a
regular space.
Hence, only a Tychonoff space i

1
Anv normal T —space (ie.. T -8
rs MAJ lllllllll l r’u \..v., i 4 “

Urysohn’s lemma.

e mmmen faomses il P Y oA

T, —spaces (regular Ty —spaces)

Tychonoff Space (completely regular
T1 —space)

T4 —space (normal T, —space)

Metric Space

FIGURE 1

Prove the following:
THEOREM

The class C(X, R) of all real-valued continuous functions on a com-
pletely regular T,—space X separates points.
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SOLUTION:

Let a and b represent any distinct points in X. Since X is T, the set {a} is
closed. Points a and b are distinct, hence,

b & {a}.

ce (X, T) is completely regular. Hence, a real-valued continuous function

Spa
fon X exists, such that

fit)=0 and f(a)=1.

This function separates points a and b

fla) = f(b).
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Cartesian Product, Projections 14-1, 142, 14-3, 14—4, 14-5, 14-6
Invariants of Cartesian Product 14-7, 14-8
Diagonal 14-9, 14-10, 14-11
Generalized Cartesian Product 14-12, 14-13
Continuity of Maps 14-14, 14-15
Cartesian Product of Metric Spaces 14-16, 14-17
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® PROBLEM 14-1

——
O

EFINITION OF OPEN SETS IN X, x X; I
|

| AsetAC X xX,is called open in X, x X, iff it is the union of
Cartesian products G x H, where GET;,and HE T,
B

Prove the following:
THEOREM

The Cartesian product of two topological spaces is a topological
space.

SOLUTION:

From the definition, we conclude that the family of all sets G x H is a base
of X; xX,,where GET,and HET,.
From the identity

(G1 x Hy) N (G, x Hy) = (G1 N Gy) x (Hy N Hy) (1)

we see that, if G, G, € T, and H,, H, € T,, then the intersection (G, x H;) N
(G, x H,) of open sets G| x H; and G, x H, is an open set.

Since
(laJG“)x(LﬁJHB)=&Jﬁ(G“XHB) ?)
we conclude that the union of an arbitrary family of open sets in X; x X, is
open.

Thus, the Cartesian product of two topological spaces is a topological
space.

® PROBLEM 14-2

—

Show that in R? the usual topology agrees with the definition of Prob- I
I lem 14-1. l
SOLUTION:

Let A denote any open set in R2. It can be easily shown that the collection
of open squares with the sides parallel to the x and y axes forms a basis for
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R? space.

A
2 R
Yifeoomemnnnnnn--
S~
X
FIGURE 1
Thus
A=UsS,, (1)
a
where each S, is an open square with the sides paralle] to the x and y axes
Since the squares’ boundarlcs re open as indicated by the dashed lines, the

S are

boundaries are not included in S,.

Observe that each square can be represented as the Cartesian product of
two open intervals

So=]1x1,%[ %]y, y2 [ )

Hence, the collection of sets of the type ] x;, x, [ x ] y1, y» [ forms a basis of
R2,

II Prove that I

THENDERA
I (Rl =\ S at=t ]

b

If {A.} is a base of X, and {Bg} is a base of X, then {A, x Bg} is a
base of X, x X;.

SOLUTION:

Suppose W C X; x X, is an open set in X; x X,. Then, by Problem 14-1,
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W is the union of Cartesian products E, x Fs where E, and Fj are open sub-
sets of X; and X, respectively. Thus

W= U(E, x Fy) (1)
Since {A,} is a base of X; and {Bg} is a base of X,, we have for each E,
Ey=UAq, (2)
and for each Fj
Fs=UByg (3)
—where A, € {Aq}, By s E{Bg}.Henee
E,xFy=(UA, ) x(UBg 5)=U (Aq,yx Bg s)- 4)
Therefore
W=U(E, x F5) = U (A, x Bp). 5)

The set of {A, x Bg} is the base of X; x X,.

® PROBLEM 14-4

—
Show that

THEOREM

The projections

i XxY =X, m%y)=x (1)

M XxY—=Y, mxy)=y 2

are continuous mappings.

Let A be an open subset of X. Then
n;'(A) =A x Y. ®)

Since both A and Y are open sets, t;"1(A) is an open set and 7, is a continuous
mapping. Similarly we show that m, is a continuous mapping, since for any
open subset B of Y

7,'(B) =X xB 4

X x B is an open set.
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This result holds for the generalized Cartesian product of any family of
topological spaces.

® PROBLEM 14-5

fiT>XxY (1)

f1) = (f1(®), £o1))- @

Show that f is continuous iff f; and f, are continuous. Also, fis continu-
ous at & iff f; and f, are continuous at ;.

SOLUTION:
Suppose that f is continuous at ,. Since
£00 = rt.[ AN (3)
JI\*) VILJ\*J] \v)

by Probiem 14—4, we conclude that f; is continuous at .
Now, suppose that f; and f, are continuous at #,. Let A C X x Y be open and
let
) Ef_I(A) (4)
We shall show that
to € Int f1(A). )

We can apply the following property:

If S is a subbase of Y and f: X — Y and if f~1(D) is open for each D € S,
then fis continuous.

Thus, we can assume that A belongs to a subbase of X x Y. Setting

A=GxY (6)

we obtain
f-1(A) = F-Y(G). (7
J \EEs JI \—J \")

Therefore
t, € i (G). (8)

But f; is continuous at #;, thus

t,€ Intf{Y(G)= Int f-'(A). ©)
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® PROBLEM 14-6

f:X—=Y
g:W—2 (1)
\*/

where X, Y, W and Z are topological spaces.

Show that the product mapping
h=fxg: XxW—=YxZ 2)

is continuous iff fand g are continuous.

SOLUTION:
We have
h(x, w) = (fx), g(W))- €)
Let wy represent a given element of W. Then
h(x) = h(x wo) = ( Ax). g(w-)) (4)
FEINY) T TR YY) \J\™) O\""U)) \"Y
and we obtain
f=moh. ©)

We shall apply the following.
THEOREM

A continuous mapping of two variables is continuous with respect to
each variable.

n
Hence, if h is continuous, then so is f. By the same argument g is continu-
ous
Now. sunpose that f and ¢ are continuous. Then. bv annlvino
AN Y , U“l.’rlvuv lllu‘-.’ SLA WS ° A W WNSRAVALALANV/ LELTe ll‘vll’ UJ ul.lr’l] lllé

we conclude that 4 is continuous.

® PROBLEM 14-7

We shall investigate the properties which are invariants of Cartesian
multiplication.
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l Prove |
ITHEOREM |
l The product of two closed sets is a closed set I

SOLUTION:

Let A C X be closed in X and B Y be closed in Y. We have

Thus, the set (X x Y) — (A x B) is the union of two open sets and is therefore
an open set.

Similarly it can be shown that if both spaces are T,—spaces, then their
Cartesian product is a T,—space.

Also regularity is invariant under Cartesian multiplication. But normality
is not invariant under Cartesian multiplication.

® PROBLEM 14-8

Show that the Cartesian product of two T,—spaces is a T)—space.

SOLUTION:

Suppose that X and Y are T)—spaces. Let z; EX x Yand z, €EX x Y, such
that

z, %2, (D
zZ1=(x, 1) 22=(x2,¥7) (2)
\N17 /1) 4 N &L? J &y \ 7/

Cilomna » a2~ srn srmrriat lhavra astlens

DIV C Ll - 2, WO HIUDL 11avC CILIICI
X; # X, 3

or

N1#y2 )

Suppose that x; = x,. Since X is a T,—space, two open sets A; and A, exist, such
that,

A,CX, A,CX )
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X1 GAI, X2 €A2 (6)

A MA_ =4
a1 i) =y

~
~—

Therefore
z21€EA; xY 2z, EA,xY. €]
The sets A; x Y and A, x Y are open and

A xY)MT (A, xY)=6¢. (&)

Hence the set X x Y is a T,—-space.

® PROBLEM 14-9

I _ 1
I Show that the diagonal D C X x X is homeomorphic to X. I

SOLUTION:

DEFINITION OF A DIAGONAL

L | .2
111C dCL

D={(xy):x=y} 1)
is the diagonal of
X2=XxX
|
Consider the projection
T XAxX—=X
T y) =X )

In Problem 144 we proved that the projection is a continuous mapping.
Hence, the required homeomorphism is the projection .

X=D. 3)
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® PROBLEM 14-10

!
I THEOREM I

If X is a T,—space, then the diagonal is closed in X x X = X2.

| I
I~

SOLUTION:

for any point

x yEX?-D 1)
there are two open sets A and B, such that
xEA, yEB )
and
AxBCX2-D. 3)
Since X is a T,—space and x = y, there are two open sets A and B, such that
xX€EA and yEB 4
and
ANB=¢. Q)
Therefore
AxB)ND=¢ (6)
that is
AxBCX?*-D (7)

1. Show that if
f:X—=Y

is continuous, then the graph of f
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| G={(xy):y=Ffx)} )
I is homeomorphic to X.

I 2. Also show that if Yis a T,—space, then G is closed in X x Y.
—

SOLUTION:

1. Consider the mapping
h(x) = (x, fx))- €)

h(x) is a homeomorphism of X onto G. Thus X = G.

2. Let us define a mapping

p(x y) = (fx), y)- (4)

Then
[p(x y) €ED] = [fx) =y] =[x y) €EC] ()

Thus
G =p (D). (6)

Since p is continuous and D is closed, we conclude that G is closed.

® PROBLEM 14-12

Construct the subbase of the generalized Cartesian product.

[- Yo )
A4 -

Consider the family of topological spaces {X,, : w € Q}. The generalized
Cartesian product is defined by

-r

Z= x X, 1)
wEQ
The ath coordinate of f € Z, w,(f) is defined by
o(f) = fla) )
then
Ny Z—> X, 3)

is the projection of Z on X,,.
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The topology in Z (called Tychonow topology) is defined as follows:

DEFINITION
A subbase of Z is defined as the family of sets of the form
L =m -\ = [f- Ha) € G (A
oG =T V)=V A0S Uy &)

where G is open in X,,.

Observe that H,  is the product of G and of all spaces Xg, where {3 = a..

® PROBLEM 14-13

SOLUTION:
Let (x,) € xX , be, such that
(x0) EXA,- )
We shall show that for every w ?
Xy EAw )
and hence
(%0) E: Aw. @)

Let x, € U,, where U, is open in X, then

(x,) E< U, >. (%)
By < U, > we denote the “slice” of x X, where each factor is X, except the
ath, which is U,. We have @

A,N<U, >=U, NA

h \
P = XAy L Up T 143y )

€ X

Hence
U,NA,=¢ and x,EAe.

The converse inclusion is proved in the same manner by reversing the steps.
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® PROBLEM 14-14

I is continuous and open. I

SOLUTION:
Let U denote an open set in Xg. Then
n;(U) =<U>
is open in XXo. Hence m is continuous.
Since
( X if B=w,,...,0,
B @ U

=0)

Trn <U_,.. {
H l P

the image of any basic open set is open. Hence g is open.

® PROBLEM 14-15

Let {X,,: w € Q} denote a family of topological spaces and let

f:Y—=xX,. (1)
Prove that @

(f is continuous) <> (&, of is continuous for each w € Q).
- e e e

SOLUTION:

=> Suppose fis continuous. From 14-14 each n, is continuous. Hence

wt.of
Y YJ

is continuous f

~
"/

reach w €€

<= Suppose 7, o fis continuous. Then for each element <U,> of subbasis in
xX,, we have
w

fl<Uy>=fa Ul = (g0 f) (Uy)-
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Hence x<U_> is open and fis continuous.

For any
f:Y—=xX,

n,of: Y—=X,

is called the ath coordinate function of f.

® PROBLEM 14-16

I Let (X,, d,) denote a finite or infinite sequence of metric spaces. Define I

I the metric of the product
n -]
x X; and x X,.

I k=1 n=1 I

SOLUTION:

Let X, X5, ..., X, denote a finite sequence of metric spaces. Let x and y

n
denote points in kx Xi. Then
-1

X = (X1, X, -eey Xp)

y=(}’1,Y2, '°-7yn)' (1)
The distance between x and y can be defined as follows:
fn
d(.xay) = IZ dk(xk’yk)‘ (N
k=1 \«J

It is easy to show that (2) defines a metric in the Cartesian product X; x X, x
oo X 1¥n.
Consider the infinite Cartesian product X; x X, x ... x X, x .... The dis-
tance between points
x=(x, %, ....) and y=(yy, ¥y, ....)

can be defined by -
d(xy) = X = dulxnyn) )

n=1
Note that d, is the metric in X,
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® PROBLEM 14-17

I In Problem 14-16, we defined the product x X, of metric spaces and the I

o0
I distance. Hence ( x X,, d) is a metric space. I
n=1 I

Metric d induces topology 7, on x X,. In Problem 14-12 we de-
nm=|

fined the Tychonow topology, T, as x X,. What is the relation between
nm=l

these topologies? (i.e., which one is weaker, or are they the same).

SOLUTION:
The following theorem answers this question.
THEOREM
Aset A CX; xX; x ... is open in the metric sense if, and only if, A is open

in the Tychonow topology.

Hence the topology induced by the metric agrees with the Tychonow topol-
ogy.
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546



® PROBLEM 15-1

i.e., the collection of open balls

is an open cover of R.

SOLUTION:

DEFINITION OF OPEN COVER

An open cover of a topological space (X, T) is a collection
{A, - 0EQA,ET}

{Bs} is an open subcover of {A,}, if
{Bs} C {Ad}.
The set {B(x, 2) : x € R} is an open cover of R because

R =UJ B(x,2).

-
-

P -2 V)

Hence, we can choose
{B(x, 1) : x ER}

as an improvement of {B(x, 2) : x € R}.
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® PROBLEM 15-2

If A = [a, b] is a closed and bounded interval and {U,} is a class of open
sets, such that

ACU U,,

then one can choose a finite number of open sets U, U,, ,...,U, ,such
that ’ *
ACU, UU, U..UU,.

onclusion from the above theorem is that every open cover of interval
. e .

® PROBLEM 15-3
Show that every metric space is a first countable space.

SOLUTION:
DEFINITION OF FIRST COUNTABLE SPACE

A topological space (X, T) is called a first countable space if, for every
poin_t a € X, a countable class B, of open sets cnntammo a exists. such that

every open set A containing a also contains a member of B,,.
|

Bk<s A

FIGURE 1
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That is, a topological space (X, T) is a first countable space iff at every point
a € X, a countable local base exists.

YT s+ /7 N 1___ I

PN 4t o Vo Wl
LCU (4, d) ACNOIC a4 MICUIC Space alld Ict @ © A DC a

VRAiS

forms a countable local base at a € X.
For every open set A containing a, a ball B(a, 1/;) exists such that

a € B(a, /) CA.
H : <A i b] .

® PROBLEM 15-4

I Show that any subspace (Y, Ty) of a first countable space (X; T) is also first ll

countable.
—

SOLUTION:

Let (X, T) be a first countable space and (¥, Ty) its subspace. Leta €Y.
By hypothesis (X, T) is a first countable space. Hence a countable base B,
in (X, T) exists.

Ba={Bk:k€N}

Let us define for each B, B, = Y N B,.

Sets B’; are open in (Y, Ty) they form a Ty~local base ata €Y.

The set {B’; : kK € N} is countable. Hence (Y, Ty) is a first countable
space.

® PROBLEM 15-5

An = {AlaA29A37 }
be a nested local base at a € X. Let (ay, a,, ...) denote a sequence such
that

ai EAl, a €A2, R/ EAk, ceee

Show that (a,) converges to a.
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SOLUTION:

Let U denote an open set containing a.
Set {A,,A,, ...} is a local base at a. Hence, set A, exists, such that

A, CU.

and since a,, € A,, we obtain
a, EAk CcU.

Thus

SOLUTION:

Suppose topological spaces (X, 7) and (Y, T,) are homeomorphic

X=Y.

We shall show that if (X, T) is a first countable space, then (¥, T)) is also a first
cnuntahla enace
wuUulltGuUv il w Ol.lu\lvo

Let

f: X—=Y

be a homeomorphism and let (X, T) be a first countable space. Lety € Y and V
be an open subset of Y. such thatvE V, (See Flgurp 1).

Vpwil DUUOWE Ui 44 DULiL LG y

Since fis a homeomorphism, f~!(y) is a point in X and f(V) is an open set
in X such that

) EFW).

(X, 7) is a first countable space, hence x = f~1(y) has a countable local base
B,. An open set B € B, exists, such that
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x=f1y) EBCSI(V).

Thus
yEAB)CV
Wiliviv J\U} 1D UPC I 111 \l, F 3 }.

(X, T/\ /\/—\(Y Ak

FIGURE 1

| Show that if
Ax= {Al,Az,A:;, ...}

is a countable local base at x € X, then a nested local base exists at x.

SOLUTION:

Let
Bi=A;,B;=A 1 NA, ...,B,=A;N...NA,.
Each of the sets By, B,, ... is open and contains x. Also
BiDB,DB;D...
Now, let U be an open set containing x, then k € N exists, such that
B, CA;, CU.

{BI, BZ’ B3’ }

is a nested local base at x € X.
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® PROBLEM 15-8

I
I THEOREM I

A function defined on a first countable space (X, 7) is continuous at I

x € X iff it is sequentially continuous at x.
I | I

SOLUTION:
We shall show that if (X, 7) is a first countable space, then
f:X—Y

is continuous at x € X, if and only if, for every sequence (a,) convergmg tox
'Y tha cann anna L £~ \\ rnanvarang tn v\ Tt haoc hanan chAawern l-l\nlr +f £i0 rAn
— A, LUV ovquvuuc \J\u }} LUl \415\10 w I\ }. Il 1iad ULVLILL DIIV VYL Lllal 11 J lD Lvou-
tinuous, then fis sequent;ally continuous. It remains to be shown that

{ fic canniantially cantinunng) — ¢ fic continnnneg)

\j 1o OU\‘uUlltlull vuuuuuuuo} - \J 1o uuuuuu\JuO}

or equivaient
(fis not continuous) => (f is not sequentially continuous).

Let {A, A,, ...} be a nested local base at x € X.
Suppose fis not continuous. Then, an open set V C Y exists, such that

fiX)EV, andforeveryn €N, A, € f-Y(V).

Thus, for every n € N, an a, € A, exists, such that a, & f~!(V) and therefore
Ra,) & V.

According to Problem 15-5, (a,) converges to x, but

fla,) + fx).

® PROBLEM 15-9

SOLUTION:

Cofinite topology T contains ¢ and the complements of finite sets. Sup-
pose (R, T) is a first countable space. Let A(1) = {4}, Ay, A3, ...} be a
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countable open local base at 1 € R. Each A, is T-open, hence its complement
R-A,, is closed and hence finite.
The set

is the countable union of finite sets. Thus A is countable and R is not count-
able. A point a € R exists, such that

a=l, a&A.
We have
—p A D d lip 4 N\ 4
aCR=A=R—=(OU (R =A,)))= 1A,
n n
Hence a €A, for every n € N.
The set R—{a} is a T-open as a complement of a finite set.
1E€R-{a}

because a = 1.
A(1)is alocal base at 1 € R. A € A(1) exists, such that

AkCR— {a}

Hence a & A,.
That contradicts the fact that for every n EN,a €A,

® PROBLEM 15-10

Show that R? with the usual topology is a second countable space.

SOLUTION:
DEFINITION OF A SECOND COUNTABLE SPACE

A topological space (X, T) is called a second countable space, if a count-
able basis B exists for the topology T.
l

Let us define B as a class of open balls in R? with rational radii and cen-
ters, whose both coordinates are rational numbers. The Cartesian product of
three countable sets is a countable set. Hence, B is a countable set. It is easy
to see that B is a basis for the usual topology on R2.

Hence (R?, T) is a second countable space.
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~ SOLUTION:

® PROBLEM 15-11

2. Show that: Any second countable space is first countable.
|

1. It is easy to see that if T is a discrete topology, then its base contains all

singleton sets.
Set R, and hence, the class of singleton subsets {a} of R, is not countable.
R with the discrete topology T is not the second countable space.

2. Suppose (X, T) is the second countable space.

Hence, B is a countable base for (X, 7). Let B, consist of all members of
B mch contain x € X. Then B, is a countable local base at x € X. Hence,
(VY

® PROBLEM 15-12

Show that:

1. Every subspace of a second countable space is second countable.

2. Any second countable space is separable.

1. Let B represent a countable base for the second countabie space (X, 7).
B={B,:nE€N}

Then, for any subspace A
B,={ANB,:nEN}

is a countable base for A. Thus, (A, T,) is a second countable space.

2. DEFINITION OF SEPARABLE SPACE

X is said to be separable if X contains a countable dense subset.
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Let (X, T) denote a second countable space with a countable base B. For
each B, : n € N select x(B,) € B,,.

Tl cont
1 1IC dCL

{x(B,) : B, € B}
is a countable subset of X, which is dense.
Hence, (X, T) is separable.

Prove the following:

THEOREM (Lindeléf)

SOLUTION:

Let

B={B,:n€EN}

denote a countable base for X and let H = {H, : o € Q} denote an open cover
of A.
ACUH,.

Hence, for every x €A, H, € H exists, such that x € H,,. Since B is a base for
X, for every x EA, B, € B exists, such that

xE€B, CH,.

T ———

_— N
" A \

o\ \

FIGURE 1
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Thus
ACU{B,: XEA}
The family of sets {B, : x EA} is a subset of B, hence it is countable
{B,:xEA) = {B,: kEK)}

N—iR g &2k « ™ = 4xny

where K is a countabie index set. For each & € K, we can choose one set
€ H, such that

B, CH,.
Thus

AcUB cUH,
k k

and {H : k € K} is a countable subcover of H.

® PROBLEM 15-1

I Show that every second countable space is a Lindelof space.

SOLUTION:
DEFINITION OF A LINDELOF SPACE

A topological space (X, 7) is called a Lindelof space, if every open cover
of X is reducible to a countable cover.

We shall prove the following:
THEOREM

If (X, T) is a second countable space, then every base B for X is reducible

to a countable base for X.
|

Let (X, T) represent a second countable space. Then X has a countable
base

B={B,:nEN}.
Let H = {H, : a. € Q} represent any base for X. Then for eachn €N
B,=U{H,:H, €EH,}

where H,, C H. Hence H,, is an open cover of B,.
According to Problem 15-13, H,, is reducible to a countable subcover
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H,
B,=U{H,:H,EH"}, H,CH,

and H’, is countable.
Note that

H={H,:H,EH ,nEN)}

is a base for X, since B is a base. Also

HCH

and H” are countable

® PROBLEM 15-15

I Show that every closed subspace of a Lindelof space is Lindelof. I
—

Suppose A is a closed subspace of a Lindelof space (X, T) and {H;} is an
open cover of A, k € K. Each Hj is open in A,

H,=ANYV,

where V} is open in X.
Since A is closed, X — A is open in X. Hence,

{(X-AYU {V, : kEK)}

is an open cover of X.
There is a countable subcover

[y Al 1 Y] . 2ze
1A —nruivk Y {

n

2 2
Ly D,

Nyt

1
1, 4,9 ...

of
{X-A} U {V,: kEK]}.

Then
{V‘,C tn=123..}

is a countable open cover of A. Therefore

ANV, :n=12,3,.}

is a countable open subcover of {H} : k € K}. Hence, A is a Lindelof space.
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CD

subsets of X.
Suppose (X, 7) is Lindelof. Then every open cover of X has a countable

subcover. Each singleton set {x}, x € X is open in discrete topology. The
family of sets

{{x} : x€X}

is an open cover of X

Lindelof. Let

A={A,:0EQ}
represent an open cover of X.
xcya4a,
For eachx € X, A, € A exists, such thatOl
x € A,
since X is countable
X ={x, x5, ...}
we can choose
X1E€EAL, X EA,, ...

PRSI

Hence, A, A;, A3, ... is an open subcover of A. Thus, (X, T) is Lindelof.
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® PROBLEM 15-17

I 1. The real line R with the usual topology is a separable set.

I 2. The real line R with the discrete topology is not a separable set. I

SOLUTION:

1. Let Q denote the set of rational numbers. We have showed that Q is a
countable set. Since Q is dense in R, the set of real numbers R with the usual
topology is separable.

2. Let T denote the discrete topology on R. Then every subset of R is both
closed and open. Therefore, the only dense set in R is R itself. Set R is not
countable. Hence, R with the discrete topology is not a separable space.

® PROBLEM 15-18

Show that if a topological space (X, T) is a second countable space, then
(X, T) is separable.

SOLUTION:

Suppose (X, 7) is a second countable space. The family of sets
B={B,:n&EN}

is a countable base of X. For each n € N, we choose a point a,, such that
a, €B,.
The set
A={a,:nEN}

(3

ll show that each point
xEX-A

is an accumulation point of A, that is, that A = X.
LetX € X — A and let U represent an open set containing x. At least one set
B, € B exists, such that
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Since ¢, EA and x EX-A,

FIGURE 1

We conclude that x is an accumulation point of A, since every open set U
containing x also contains a point of A different from x.

® PROBLEM 15-19

1. Show that a discrete space X is separable, if and only if, X is count-
able.

2. Show that (X, T) with the cofinite topology T is separable.

SOLUTION:

1. Let (X, T) denote a discrete space. Then every subset of X is both open and
closed. Therefore, the only dense subset of X is X itself. Hence, X contains a
countable dense subset, if and only if, X is countable. Thus, a discrete space
X is separable iff X is countabie.

2. Suppose X is countable. Then, X is a countable dense subset of (X, 7).
Now, suppose, X is not countable. Then X contains non-finite, countable,

subset A.
In the cofinite topology, the only closed sets are the finite sets and X.
Hence, the closure of A is the entire space X, that is

A=X.
Since A is countable, (X, 7) is separable.
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® PROBLEM 15-20

For any rectangle ]a, b] x ]c, d] a point (xq, yo) exists with rational coor-
dinates, such that

(X0 o) € la, b] x ]c, d] .

<

FIGURE 1

Consider the set A = Q x Q consisting of all points in R? with rational co-
ordinates.

Since Q is countable, so is A. The set A is dense in R2. Hence, (R?, T) is

® PROBLEM 1i5-2i

I Show that any open subspace of a separable space is separable. l

SOLUTION:

Let (X, T) represent a separable space and let

{x,:nEN}
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represent a countable dense subset of (X, 7).
We shall show that any open subspace U of X is separable. We define

B=UnN {x,: nEN}.
Let V represent any subset of U which is open in U. Hence V is open in X,
since U is open in X. Therefore, V contains some x,, and hence, a point
of B.
We shall apply the following theorem:

THEOREM

.
A NS E 4 N0 ’ ODO1OO

open subset of X contains some point of A.

Therefore, B is dense in U. Set U contains a countable dense subset B, and
hence, U is separable.

® PROBLEM 15-22

Let B(x, r) represent an open sphere in a metric space (X, d), and let

| |
I d(x, y)<1sr. (1) I
l |
l |
l |
l |
l !

x € B(y, 8) CB(x, r).

SOLUTION:

From (1) and condition !/3 r < d we obtain
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d(x, y) <1/3r<?é. 3)

Hence
x € B(y, 9). (4)
Suppose
zEB(y,9) ®)
then
d(y, 2) < 8. (6
According to triangle inequality
d(z, x) < d(y, 2) + d(y, x). @)
From (7), (6), (1) we obtain
dz, x)<d(y,2) +d(y, x) <+ Ysr<?sr+Ysr=r. (8)
Hence
ZEB(x r)
and
B(y, 8)C B(x, r). 9

® PROBLEM 15-23

THEOREM

Every separable metric space is second countable.

I Prove it. I
SOLUTION:

Let (X, d) denote a separabie meiric space. Then A is a countabie dense
subset of X

A=X.

According to S we denote the class of all open spheres with centers in A and
with rational radii, that is,

S={B(ar):a€A, reQ}. 1)
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Since A and Q are countable sets, S is countable.
We will show that S is a base for the topolog X. Tl

............... YV arnd £~ Eeverv
lUl Cvlly upcll Set U h— A Adllld 1 CvC y

at is, that
T

FIGURE 1

there is a sphere B(a, r) € S, such that
xE€B(a, r)CU. (2)

Since x € U, there is an open sphere B(x, rg), such that

4

}\—

e ;U\A, e

7~~~
)
N

Since A is dense in X, we can aiways find ag € A, such that
d(x, ag) < /3 rg. )

o

% o )/
/ yd
Q, /"‘\5_,1///

N

FIGURE 2

Let r, denote a rational number, such that
sro<r,<?¥sr. )
Then, according to Problem 15-22, we have
x € B(ap, 1)) C B(x, rp) CU. (6)
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Since B(ay, r;) € S and S are countable, S is a countable base for the topology
on X.

® PROBLEM 15-24

Show that the linear space C[0, 1] of all continuous functions on the

closed interval [0, 1] with the norm defined by

I £II = sup{| fix) | : x € [0, 1]}

is second countable.

SOLUTION:

Let f € C[0, 1]. Then, according to the Weierstrass approximation theo-
rem for any € > 0, a polynomial P(x) exists with rational coefficients, such

thans
tiat

1) - Pl <
that is, for all x € [0, 1]
|f)-P () | <e.

Hence, the collection of polynomials with rational coefficients is dense in
C[0, 1].

The set P of all polynomials with rational coefficients is countable. Hence,
C[0, 1] contains a countable dense set, i.e., C[0, 1] which is separable. Since
each separable metric space (see Problem 15-23) is second countable,
C[0, 1] is second countable.

® PROBLEM 15-25

o\

I ow that every Lindel6f metric space is separable. I

SOLUTION:

Suppose (X, d) is a Lindelof space. Let a > 0 denote any real positive
number, and let A denote a maximal subset of X such that

d(a, b) =z a. forevery a, b EA. (1)
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The existence of such maximal subset is guaranteed according to Zorn’s
lemma.

Y o mmmlh o A anm i A NS oAl \ aem
rorcaln d A bUllbIUCl D\a, /2) all
D=X- U{B(a %) :a €A} 2)

D is an open set.

D
FIGURE 1
Note that
{D} U {B(a, %/,) : A} (3)
is a covering of X by open sets. Since X is Lindel6f, a countable subcovering
exists.

Suppose we remove B(a, %/,) from the original covering (3) for any a €
A, then the remaining sets would not cover X (none of them would contain
a). Thus, {B(a, %/,) : a € A} is countable, hence, A is countable.

We can repeat the above construction for eacha=1/,;n=1, 2,3, ... and
obtain corresponding maximal subsets {A,}.

Let

neN

P is countable as the union of countably many countable sets. We shall show
that P is dense in X.

Suppose x € X and f > 0. We have to show that there is y € P, such that
div x\ < B
LA =P
Set
n>1. 5
Then there is y € A,,, such that
d(y, x) < B (6)

Let U represent any nonempty open subset of X. We choose x € U and § > 0,
such that

B(x B)CU.
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Then B(x, B), and hence U, contains an element of P. Therefore P is dense in
X. Space (X, d) is separable.

@ PROBLEM 15-26

Prove the following important theorem:

lent:

1. Xis separable

THEOREM
If (X, d) is a metric space, then the following statements are equiva-
2. X is second countable

3. X is Lindelof.

.. |

SOLUTION:

£ 1 | né navwr oo Ll Ccmnna 1o coma
J—14, WC PIOVCU tnat a 1y SCCOHU LOUIIALIC Spall 15 dCpa-

@ =@ @)

In Problem 15-23, we proved that every separable metric space is second
countable, i.e.,

1) =) )
Hence

1 = .
In Problem 15-14, we proved that every second countable space is Lindelof,
ie.,

@ = O ©
In Problem 15-25, we proved that every Lindelof metric space is separable,
ie.,

@G =0 4)
From Equations (4) and (2) we obtain
G3) = ). ©)
Therefore
M =2 = Q) (6)
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® PROBLEM 16-1

SOLUTION:
DEFINITION OF COMPACT SPACE

A space (X, T) is said to be compact if given any open cover {U,}, w € L,
of X, there is a finite subcover of {U,}, w € Q.

Let (X, T) represent any space and A C X. An open cover of A is a
collection {U,}, ® € Q of open sets, such that

AcUU,.

Also, {U,}, ® € Q is an open cover of A if {U, N A}, ® € Q is an open
cover of the subspace A. A is said to be compact if every open cover of A has

o Fimita anilanncine ITanman A -n Anmneannt 2
a LI SUULUVULL. TIVIILG, A3 1d LUlllpaut 11

A space (X, T) is said to be a Lind

countable open ubcover
Therefore, any compact space is also Lindelof.

i1 tllC debCﬂ lb bUllll)dbl
elof space if every open cover of X has a

® PROBLEM 16-2

Show that (0, 1) is not a compact space with the absolute value topol-

SOLUTION:

The open interval with the absolute value topology is Lindeld
U

a cannnd Antin talhla gmana D W/ith l"»\ ahaonliita vyvaliia
a dSVLVILIU Lvuulitavilv Dl}abc IN. VYV IiLUl v anUlulU vail C

(0, 1) is an example of a space which is Lindel6f, but not compact.

We shall now show that (0, 1) is not compact with the absolute value

topology.
Consider the collection of open subsets of (0, 1)

(U}, n=1,2,3,4,...

where




This is an open cover of (0, 1) because
0,1) =U (-

I 'F‘
No finite number of the U, will cover (0

- awEEsS < ~n
that

LU,
14

cover (0, 1). Let U, represent the set with the highest index, then

1
01)=U, UU, U..UU, =U, =(a! — ,1) = (0,1).

Hence, a contradiction.
We conclude that (0, 1) is not a compact space with the absolute value

topology.

® PROBLEM 16-3

to show that every ¢ ciosed and bounded I

2. Show that every finite subset of a topological space (X, 7T) is com-
pact.

SOLUTION:

1. We quote:
HEINE-BOREL THEOREM

in such a way that

[a,b)]CU, UU, U...UU,
] 2 n
|

According to the Heine-Borel theorem, every closed and bounded inter-
val [a, b] on the real line with the absolute value topology is compact.
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2. LetA ={ay,ay, ..., a,} be a finite subset of a topological space (X, 7). Let
{U,} be an open cover of A

ACUU,.
o
Then each element of A belongs to at least one of the sets {U,}. Hence

a, €U,
|

a,.ecU
2 o

2

-, TarnsaTAR FEERE 4N A
¥ FRUDLE 10—

I Let N represent the set of natural numbers with topology T defined as I

follows: a subset U C N is open if it contains all, but mostly finite ele-
ments of N. Show that (N, T) is a compact space.

SOLUTION:

Let {U,}, o € Q represent any open cover of N. We choose any element
of {Uy},sayU,, -

By definition U, contains all but most finitely elements of N. Let us de-
note these elements b);

ky, ks, ..., ky,.
Since {U,,} is an open cover of N, an open set U, exists, such that
2
Sii"l’iﬂ‘&i‘ly, we can find U
o sk, EU o -
For an open cover {U,}, w € Q we found a finite subcover
{le, U‘”z’ oo me} of {U,}

Since {U,}, w € Q was an arbitrary cover of N, the space (N, T) is compact.
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® PROBLEM 16-5

I 2. Prove that a subset of a discrete space is compact, if and only if it is

I finite. I

SOLUTION:

1. Let (X, T) represent a discrete topological space and A represent an infi-
nite subset of A. We shall find an open cover of A which has no finite subcover.
Consider the class of singleton sets

{{a} :a EA}.
It is an open cover of A because

A= U {a)

and since all subsets of a discrete space are open, each set {a} is open. Note
that no proper subclass of {{a} : a EA} is a cover of A.

Since A is infinite so is {{a} : a € A}. Thus, the open cover {{a} : a €
A} of A contains no finite subcover and A is not compact.

2. In Problem 16-3, we proved that every finite subset of a topological

space is compact. Hence, a subset of a discrete space is compact, if and only
if it is finite.

® PROBLEM 16-6

I Show that a continuous image of a compact set is also compact. I

FIGURE 1
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Suppose f : X — Y is continuous and X and Y are topological spaces and
Aisa compact subset of X.
Let {U,} represent an open cover of f{A)

fA)CUU,.

Then, we have

AC fAfAIC UVl =U f1(Ua)

Since fis continuous, all sets f~(U,,) are open and {f~!(U,)} is an open cover
of A. By hypothesis, A is a compact set, hence {f~1(U,)} is reducible to a fi-

nite_cover._<sav
IV VU'Y VA, L’u]

fUL), W) f1U)-
Then

A Cf“(Ual) U...uU f-l(U(_,_n)
and

c

Q

FACFIf WU HU...UFI U, )CU, U...U
1 n

v

Thiig FA) i comnarn
LIIUS j\n1 ) 15 uuulpau.

® PROBLEM 16-7

Show that topological space (X, T) with the cofinite topology T is com-
pact.

SOLUTION:

Suppose {U,} is an open cover of X. Choose any
ve{u)
Y =1Wars
Since T is the cofinite topology, X — U is a finite set, which we can denote as
X-U={uy,uy,...,u,}.

{U,} is a cover of X, therefore, for each of the elements of {u;, u,, ..., u,}, at
least one set U, exists, such that

u€ U, andU, €{U,}

fori=1,2,...,n
Thus
X-vcu,yv..uu
1
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X=UUX-U)=UUU, U..UU,_

® PROBLEM 16-8

2. Prove the following

THEOREM
A Alhcad ciilhocat AF a Annmnmant anana 1o aloan Anmant

I A LIUDVU DUUDLVL VL a VUL lpabl DPa‘vc 1d AldVU LUl ll)a L I
—!
SOLUTION:

1 M Vnmcns e tlan AlAacad fcetnmeral T LT ol L 20 mmcencmnné ey slan TTAlein DAwal
CUIDIUCL UIC C1OdDCU 11Ielvdl lu, UJ WIIICLH 1S Culllpact Uy LUIC riciic-poulici
theorem. Open interval (g, b), which is a subset of [a, b], is not compact (see

Problem 16-2).

2. Let F C X represent a closed subset of a compact space (X, T) and let
{Ua}

represent an open cover of F,

We have

is an OPCII cover ot

v lhherenn Q
Dy nuy PUtllelb,

finite cover, say

]
>< >

X=U,U...UU,UX-F)

where Uy, ..., U, € {U,}.
Since F and X — F are disjoint we obtain
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FCU,U...UU,

Therefore, an open cover {U,} of F is reducible to a finite subcover {U,, U,,
. Upt
Set F is compact.

Show that the following conditions are equivalent:

1. Xis compact

2. For every family {F,} of closed subsets of X,

/B 1 ~rantaing a finita gnihalacoy
I (11 QI vuillitallld a ililie ouULlabb\ I
| | | |
P Y T T Y N Y]
SOLUTION:
1. = 2.

Suppose ﬂ F . = ¢, then according to de Morgan’s law
X=X-QOF)=-UE-F,)

{X - F,} is an open cover of X| because all F are closed. But, by hypothesis
X is compact, hence a finite subcover exists, say

X=X-F,)U..UX-F,)
1 k
where

as s Fo E{FS}.

F
Again, according to de Morgan’s law
Y

|
"y
=

]
"y
D
"y

2. = 1.
Let {U,} represent an open cover of X.

x-UuU,.

According to de Morgan’s law
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b=X-X=((X-U).
a
All sets X — U, are closed and have an empty intersection. By hypothesis, a
subclass of {X — U,} exists,say (X - U, ), ..., (X - U, ),such that
1 k
X - U“.) N...N X - U“,)=¢'

According to de Morgan’s law

Thus, X is compact.

® PROBLEM 16-10

I Show that the family of open intervals I
I {(07 1)’ (O’ 1/2)7 (07 1/3)7 (0’ 1/4)’ } I
I has the finite intersection property. I
SOLUTION:

DEFINITION

A family {A,} of sets is said to have the finite intersection property, if
every finite subfamily

{Ay,---, AL}

1 n

has a non-empty intersection, that is

A, N..NA, =¢.
n

Let {(0, a), -.., (0, a,)} represent any subfamll, of open intervals, then

0,a)N...N(O0,a)=
W &1 7 3 e IR By

\-/

= ¢
where
a =min (ay, ay, ..., a,).
Observe that the intersection of all the members of the family
O, HNO,Y)N...=¢
is empty.
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® PROBLEM 16-11

|
I THEOREM I

I A topological space (X, T) is compact, if and only if every class {Fa}
of closed subsets of X, which has the finite intersection property (see
Problem 16-10), has a non-empty intersection, i.e.,

(N F, = ¢.

SOLUTION:

The implication of Problem 16-9 can be written in the form

12 &%ys .-, 0 sUCh that \

/M s\ 1 1 PN
Vo 7e™ )7 F, nF, n..0F, =) ()

Let a and b represent sentences, then
(a=b)=(@ vb)
and
b =a)=(bva).
Let us take the negation of (1)

/V a ,a,, ...,a, such that\

J=>(QFa;e¢). 0)

k
lFa NF, N..NF, =
1 2 k

Since (1) implies (2), the proof is completed.

® PROBLEM 16-12

()

then the open sets U and V exist, such that
qgeU, ACV, UNV=y. @)
See Figure 1.

577



o UNnVe=¢
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o~ ) [ e )
SRR ) S NS
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X, T

FIGURE 1

Choose a €A, since g €EX— A, a = q and since (X, T) is a Hausdorff space,
open sets U, and V, exist such that

qe Uy, a€V, U,NV,=¢. (3
The family of sets {V, : a € A} forms an open cover of A
AC UV, (@)
Since A is compact, a finite subcover V, ,V, PR vV, kexists, such that
1
A r—— Y17 11 Y7 [} 11 Y7 (5\
AL_VaIUVaZU...UVak. A4
Let us define
V=V, UV, U..UV, (6)
and
U=Ualﬂ...ﬂUak. (7)

Obviously U and V are open as the union and finite intersection of open sets.
From (5) and (6) we have

ACYV,
from (3) and (7) we have
geU.
We have to show that UNV=4¢
Unv=U, N..NU, )NV, UV, U..UV,) @)
Since
u,Nv, =9 ©)
forl=1,2,..., k, we have
UNV=¢.
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® PROBLEM 16-13

SOLUTION:

Let A represent a compact subset of a Hausdorff space (X, 7) and let

GEA:
U1

FIGURE 1

We shall show that if A is compact, then X — A is open.
Let a € A; then since (X, T) is Hausdorff, there are neighborhoods U, and
V, of a and q respectively, such that

ac€U, q€V, U,NV,=¢. 1)
The family of sets
“ {V,:a EA} 0))
forms an open cover of A. Since A is compact, there are finitely many
@y, @y ..., a, such that {V,, ..., V, } (3)
forms on an open cover of A. Let
U=U, N..NU, andV =V, U..UYV, 4
9, 9n a, @n *
Thoan AC TTanATINY b Qinna 7 CV_ A cnd AT andATIT M A A than V
lllClquU(lllUUIlV—\P DIV ¢ A naluqcuaIUU||ﬂ—\p,ulcuA
—A is open and A is closed

® PROBLEM 16-14

Show that a subset of a compact T)—space (Hausdorff space) is compact,
if and only if it is closed.
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SOLUTION:

Let (X, T) represent a Hausdorff compact space and A C X, then

<= In Problem 16-8 we

aAxz a

C

compact.

=> In Problem 16-13 we proved that any compact subset of a Hausdorff
space is closed.

® PROBLEM 16-15

THEOREM

\/ \\-—/
UNnV=¢

L. | [ [ ]
C -
<
|
L[ | [ [ [ |

FIGURE 1

1 IITIAN.
W B I ANS

Let a € A: then, since A N B = ¢, a & B. By hypothesis, B is compact and
open sets U, and V, exist, such that

a€U, BCV, U,NV,=¢. @)

The family of sets {U, : a € A} forms an open cover of A and since A is
compact we can select {U, l,U ap e U a,.} a finite subcover of A.
Let us denote
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V=V, .0V, . 3)
Then
ACU and BCV. 4
Both U and V are open sets. Foreachk=1,2,...,n
U, NV, =9 ®)
Thus
U"k NV=¢
and
UﬂV=(Ua|U...UUan)ﬂV=¢. (6)

a D
© PROBLEM 16

I Show that every compact Hausdorff space is normal. I

SOLUTION:

Suppose (X, T) is a compact Hausdorff space and F and F, are disjoint
closed subsets of X.

By Problem 168, both sets F; and F, are also compact.

By Problem 16-15, open subsets U; and U, exist such that

FICUI, F2CU2, U10U2=¢.

FIGURE 1

We conclude that (X, 7) is normal (see definition in Problem 13-22). See
Figure 2.
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® PROBLEM 16-17

I 1. Let present a compact subset of a Hausdorff space (X, T). I

| |
| !
| |
| I
| FIGURE 1 l
Show that if x & A, then there is an open set U, such that
I xEUCX-A. §)) I
| |
I 2. Prove that a compact subset A of a Hausdorff space (X, T) is closed. l

1. Open sets U and V exist such that
x€U, ACV and UNV=¢. 2)

Therefore,
UNA=¢ and x€EUCX-A. 3)
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2. We shall prove that X — A is open. Let
xEX-A

that is,

v&&EA
X =141,

FIGURE 2

Since A is compact, an open set U, exists, such that

y&ElJC X—-A (4)
N VxR T L \""J
Therefore,
v A _ L1 orr )
A—A= U U, (5)
XEX -A

and X — A is open, while the union of open sets and A is closed. Compare with
Problem 16-13.

® PROBLEM 16-18

How does an equivalence relation lead to the new compact spaces?
(Hint: use results of Problem 16-17).

I Show that the circle is compact. I

SOLUTION:

N\ N\
/ | ixax /Y

X

FIGURE 1
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Suppose X is a compact space and R is an equivalence relation on X.
The space X/p is called the identification space. Since the identification

PR Lo P R

mapping f from X onto ¥/,
f X — X/ R
is continuous and the space %/ is compact.

We have already shown that the closed interval [0, 1] is compact. An
equivalence relation between [0, 1] and the circle can be established as

follows:
X 1
& -

-~

\
|
/‘{ }
\ /

FIGUR

I
\
\

Let 0 be equivalent to 1, and every other element of [0, 1] be equivalent only
to itself.

By identifying 0 and 1, we obtain a circle. The circle is an identification
space derived from [0, 1], hence the circle is compact.

® PROBLEM 16-19
*

I Prove: I
| THEOREM |
I Let f represent a one-to-one continuous function I
! fiX—Y |

from a compact space X into a Hausdorff space Y. Then X and f(X) are
homeomorphic.
n

See Figure 1.
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FIGURE 1
SOLUTION:
Function
f: X~ fx) (1)
is a continuous bijection (i.e., one-to-one and onto). Hence,
f-l.AX) > X (2)
J A wavd \*=/
exists. By hypothesis, f is continuous, so we only have to show that f~! is
continuous,
Function f-! is continuous if, for every closed subset F of X,
ff'll 1(F’\ f(F) (3)
J\ \*¥/

is a closed subset of f{X).
Let F represent a closed subset of a compact space, then (by Problem
16-8) F is compact. Since F is continuous, f(F) is a compact subset of f{X).
fiX) is the Hausdorff space as a subspace of the Hausdorff space Y. Thus, f(F)

is closed and f-! is continuous. Therefore,

f:X— fix) “4)

Cu

is 2 homeomorphism.

® PROBLEM 16-20

I Prove that

(T'CT) = (T"=T).

SOLUTION:

Consider the identity function defined on X:
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f)=x

Ffe (Y — (Y 77
J X 4

X, T)— (X
Function f is one-to-one and onto. Since

T'CT,
fis continuous.

S X, T) i 1 (X, T") is the Hausdorff lud
that (X, 7) and (X, T") are homeomorphic. Therefore

=T

® PROBLEM 16-21

Let ?Xk k € K represent the product space of the countable family
of non-empty spaces {(Xy, T3) : Kk €K}. Then

XXk

k

is compact, if and only if each component space is compact.

Prove it.

SOLUTION:

is continuous and onto.
Therefore X, is compac

2 o

Lo
o
o |
o
<})
o
:-
3 e~
m
3 A

{p®)} = {t(0)},J €J

is an ultranet in X, and {#(k)} converges in X;. Therefore, {#;,}, kK € K con-
verges in ;:Xk .
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A space (X, T) is compact, if and only if every ultranet in X converges.
Hence,
x X
k

is compact.

® PROBLEM 16-22

Show that the cylinder, the torus and the cube are compact spaces.

SOLUTION:

We have already proved that the closed interval I = [0, 1] and the circle C
are compact.

/i /71— {1}xIxI {1}xC

71 N

b

~Ix{x

il {0} xIxI /\J

0 1 0} xC
FIGURE 1 FIGURE 2

According to the Tychonoff theorem, the cube [0, 1] x [0, 1] x [0, 1] is
compact because [0, 1] is compact.

Similarly, we show that the cylinder is compact, see Figure 2.
Since C and [0, 11 are compact, the cvlinder C x [0. 11is com

llllllll LYy 4] 1V VUILIPJOVLy WiV VyIlIWUWL v /N Uy 4] A0

The torus C x C is also compact, see Figure 3.

FIGURE 3
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® PROBLEM 16-23

I 2. Prove that if A,, A,, ..., A; are compact subsets of a topological space I
I X, thenA, U ... UA; is also compact.

-~ SOLUTION:

1.

A AnF F

N
O/

FIGURE 1

Let {U,} represent an open cover of A N F
ANFcCcUU, (1)
Then i
AcCcUU_ U X -F). 2)

a
and since F is closed {{U,}, X — F} is an open cover of A. Set A is compact so
we can choose a finite subcover, say

ACU, U..UU, U(X-F). €)
Hence ! '
ANFCU, U..UU, (@)
and A N F is compact. |

2. Let A and B represent compact subsets of (X, T) and let {U,} represent an
open cover of A U B

AUBC| U,. (5)

Then {U,} is an open cover of A and B, which are compact.
AC| U,. 6)
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We can choose finite subcover

ACU,VU..UU, (7)
and l
BCU “lL.L L.JUa“k (8)
Hence
AUBCUuIU UuU 9)

and A U B is compact.

® PROBLEM 16-24

Show that a finite subset A of a topological space (X, T) is sequentially

compact. T I

DEFINITION OF SEQUENTIALLY COMPACT SETS

A subset A of a topological space (X, 7) is sequentially compact if every
sequence in A contains a subsequence which converges to a point in A.

|
Let A represent a finite subset of (X, 7), and let
(xla X2, X3, "') (1)
represent a sequence in A.

Since A is finite, at least one of the elements in A, say x;, appears an infi-
nite number of times in the seq_u: ce. We can choose the subsequence of (1)
to be

(xﬂw X0, Xg, - ) (2)
whinh Anngvacagag $n tha matnt - halanoing ¢t A
Yviiilll L«UHVCIBCD U LI l)Ul 1L A(Q UVIVLIELLYE W .

® PROBLEM 16-25
Show that a continuous image of a sequentially compact set is sequen-
tially compact.

589




SOLUTION:

Let

be a continuous IUHCUOH
tiallv compact. We will s

VAdiaay ARA

N
: CL‘
——
[¢']
-
o

Q

ld

a

vv VAN

FIGURE 1

Let
O Y2 ---) (1)

represent a sequence in f{A). Then there exists a sequence in A

(k1. %2, ---)

7~
[\®]
p T

such that

fx) =y, fx)) = y2 -, fX0) = Yo oo
Since A is sequentially compact, sequence (2) contains a subsequence, say
(xkl, X, ..l) (3)

which converges to a point x, € A.
Since fis continuous, we have

“~

((xk, » Xg,, ---) CONVErgesto xo) =>

We have f(xo) € flA).

Th..
lllUD I\ﬂ} lD DCLIUClllldlly \.«Ullll)a\.«l

® PROBLEM 16-26

1. Show that every bounded closed interval [a, b] is countably com-

pact.
2. Show that the open interval (g, b) is not countably compact.
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SOLUTION:
DEFINITION OF COUNTABLY COMPACT SETS

A subset A of a tonolooical snace (X ic conntahlv camnact if avarv
A DUV LOWL l.l Vi a LUHUIUSI\/“I OH“\/U \11, .l} 10 vuuxu.uun] UUIIAI.I(.IUI., AL Ww Vi
infinite subset B C A has an accumulation point in A.
H
€ infinite su a inte A
BC [a, b].
We shall apply:
BOLZANO-WEIERSTRASS THEOREM
Every bounded infinite set of real numbers has an accumulation point.
n
'T‘kl‘(‘ p I'\nt\ [2% 2 nnniim‘ilnf:t\n 12 Y8Y r\f h o q'“l‘ﬂ I\If\“@l‘ ﬂ"lA D r rII 1 *“D
11100 O 11ao All avi ulliyiauavll })Ullll A JILIVG |_u, UJ lD LCIUDdLU, dllul D lu, UJ, Liv
accumulation point x of B belongs to [a, b]. Hence [a, b] is countably com-

pact.

2. We shall show that the open interval (0, 1) is not countably compact.

nnnnnnn

e thhn s e o Afn 1\
\/UllDlUCl uxc lllllllllC DUUDC (95 8 \ 1)

{1/23 l/3’ l/4, l/5, }

This subset has only one accumulation point 0 which does not belong to
O, 1).
Hence (0, 1) is not countably compact.

® PROBLEM 16-27

Show that a closed subset of a countably compact space is countably I

I compact. I

SOLUTION:

Let (X, T) represent a countably compact space and F be a closed subset
of X.

Let A represent any infinite subset of F. A is also an infinite subset of a
countably compact space (X, T). Therefore an accumulation point x of A
exists, such that

xeX
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7 o\ %7
e
—

FIGURE 1

? * > t

so it contains all its accumulation points. Thus
x€EF.

Hence, any infinite subset A of a closed set F has an accumulation point x €

) » Thavafnra E ic nnnintahly Aramnan
4. LUVIVIVIG, I iS COuIiao: ] \.zUllllJa\/

® PROBLEM 16-28

I Prove: I
| (X is compact) = (X is countably compact). I

SOLUTION:

Suppose (X, T) is compact.
Let A represent a subset of X

ACX

with no accumulation points in X.

FIGURE 1
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Each point x € X belongs to an open set U, which contains, at most, one point
of A.
Now, consider the family of sets

{U,:xEX} (D
Family (1) consists of open sets and
xcu U,. )
x€X

Hence (1) is an open cover of X. Since X is compact (by hypothesis), we can
select a finite subcover

Uy Uy oo Uy 3)

Then
ACXCUIU ...Uan. “)
Since each of the sets (3) contains, at most, one point of A, A is finite. There-
fore every infinite subset of X contains an accumulation point in X, that is, X

is countably compact.

® PROBLEM 16-29

[n Problem 16-28 we showed that if the space is compact, then it is
countably compact.

(X, T) compact) = ((X, T) countably compact).

Give an example showing that this implication cannot be reversed.

SOLUTION:

We shall give an example of a space which is countably compact, but not
compact. Let N represent the set of positive integers with the topology T
generated by the sets

{1, 2}, {3, 4}, {5, 6}, ...

and let A = ¢ represent a non-empty subset of N.

Let k € A, then, if k is even, then k— 1 is a limit point of A and if & is odd,
then k + 1 is a limit point of A.

Hence A has an accumulation point and (N, T) is countably compact. Since

{{1, 2}, {3, 4}, {5, 6}, ...}

is an open cover of N which has no finite subcover, (N, T) is not compact.
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® PROBLEM 16-30

I 2. Show that countable compactness is a topological property. I

SOLUTION:

1. Let (X, T) and (Y, T") represent homeomorphic topological spaces. Then
a homeomorphism exists

f:X—>Y
Suppose X is sequentially compact and let
') M
be a sequence inY.
Then, since f is onto and one-to-one,
Fom) ()

is a sequence in X. Since X is sequentially compact, (2) contains a subse-
quence, say

) 3)
which converges to a point in X,
f"(ykn) —-xEX. (4)
Since fis continuous,
FE O ) =0 ) = f(x) EY. S

Thus, (1) contains a subsequence O, ) Wthh converges to a point f(x) in Y.
(Y, T) is sequentially compact. "

YV i mmiiembalale: amamen s L=1/D\ L0 nr amecemmciladda —
A. A 1D LOUNdULY CUITIpPdCt. Ticll J D) 11dd5 dil dCCUllulation p llll X ll.l A
Thus B has an accumulation point f(x) in Y and Y is countably compact.

® PROBLEM 16-31

Prove that if a space (X, T) is sequentially compact, then it is countably
compact.

(X sequentially compact) = (X countably compact).
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SOLUTION:

Suppose (X, 7) is sequentially compact and A is any infinite subset of X, A
C X. We shall show that A has an accumulation point in A. We can find a se-
quence

(a,) nEN
in A with distinct terms, i.e., forany k, [EN, k = |

ay = a.

Since X is sequentially compact, (a,) contains a subsequence which converges

to a point in X.
(a,)>xEX.

Then x € X is an accumulation point of A and (X, 7) is countably compact.
There are some other properties related to compactness, for example,
paracompactness, metacompactness, and pseudocompactness.

® PROBLEM 16-32

Show that the coordinate plane R? with the Pythagorean metric topology
is locally compact.

SOLUTION:
DEFINITION OF LOCALLY COMPACT SPACES

A space (X, T) is said to be locally compact if for any x € X and any
neighborhood U of x, there is a compact set A such that

xEmtA)C A CU (1)
|

—

/<x,T>
- — \
AN |

Int(A)
X

FIGURE 1
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Plane R? is not compact, since it is not bounded.

Let
xXER?
and let U represent any neighborhood of x. Then there exists r > 0 such that
xEB(x, NC U. (2)
We have
B(x,"/,) C B(x, "/,)C B(x,r)C U. ()
The set
B(x,7,)
is a closed and bounded subset of R?, hence it is compact.
x € B(x,"/5) C B(x, "/,) C U. 4)

Hence R? with the Pythagorean metric topology is locally compact.

@ PROBLEM 16-33

—
I Prove that any compact T,—space (X, 7) is locally compact. I

SOLUTION:

The criterion for local compactness given in Problem 16-32 is simpler
for the To—spaces.

DEFINITION

Let (X, T) represent a To—space. Then X is locally compact if and only if,
given any

One can prove that for T,—spaces, the existence of one compact subset A
of X such that x € Int(A) guarantees that for any neighborhood U of x, there is
a compact set B, such that

xE€mm(B)CBCU.
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Let (X, T) be a compact T,—space. Then X is a compact neighborhood of any
xEeX.

® PROBLEM 16-34

Let Q represent the subspace of rational numbers in the space R of real

numbers with the absolute value topology. Show that Q is not locally

compact.

SOLUTION:

Space R is obviously locally compact.
Take any x € Q and a compact set A such that

x € int(A). (1)

Then A contains infinitely many elements of Q.

b~
[ Yo
® X

ol =d

N
Int(A)
FIGURE 1

We can find rational numbers a and b, such that (g, b)) C R
x € (a, b) N Q C Int(A). 2)

Let g represent an irrational number, such that

N
M
\
N
>
d
o~
>
N’

foreacha €A,
i <a {sER:a<s

o= 752 EERia<
if g>a {tER:t<a} 4

{U(a) NA : a €A} is an open cover of A which has not finite subcover. Hence
Q is not locally compact.
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® PROBLEM 16-35

I THEOREM

If (X, T) is a Hausdorff space (i.e., a T)—space) locally compact, then

(X, T) is a regular space
I H I

SOLUTION:

We shall apply the results of Problem 13—17. A space (X, T) is regular iff
given any x € X and any neighborhood U of x, there is a neighborhood V of x

such that
vcu.

Let (X T\ represent a loc ally compact T,—space. If x €

borhood of x, then there is a ompact setA such that
xXEMmMA)CACU

(see Problem 16-32).
Since A is compact, A is closed, hence
Int(A) C A.
We define V as
V=1IntA)
and obtain
xEVCVCU.

Since Vis a neighborhood of x, (X, T) is regular.

@

©)

“@

® PROBLEM 16-36

bUllll)db.

2. Show that a closed subspace of a locally compact T,—space is locally
compact.
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SOLUTION:

1. Let U represent an open subspace of a locally compact space (X, T) and
xeU.

FIGURE 1

Let Vrepresent any neighborhood of x, such that
xeVCU.

~
[Um—
N’

Since (X, T) 1s locally compact, a compact set A exists such that
xEm(A)CACYV. )]
Hence, U is locally compact.

2. Let F represent a closed subspace of X and x € F and let A represent any
compact subset of X, such that

x € Int(A) CA. 3)
A is closed because (X, 7) is T,. The set
FNA
is a closed subset of the compact set A and thus, is compact. We have
xEmnt(FNA)CFNACF 4)

Where Int(F M A) denotes Int(F NA)in F.
By definition in Problem 16-33, we conclude that since F is T,, F is lo-
cally compact.

® PROBLEM 16-37

In Problem 166, we showed that compactness is preserved by continu-

ous functions. One can find examples showing that local compactness is
not preserved by continuous functions. Prove the following:
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| ™EOREM |

I Iff: (X, T) — (Y, T") is a continuous, open function from a locally I
I compact space (X, 7) onto Y, then (Y, T”) is also locally compact.

_— 71

SOLUTIO
? ki
isopeninY.
X
FIGURE 1
) PV el VAP [ g SN SR, S, i LAAJ Ylmn Smzmm e o
Loty I dlid leleClll d llClg[l 11100U y 'Ol dUIIIC X CA

fx)=y.
Since fis continuous, an open set V exists, such that
x€EVET and AV)CU.
Since (X, 7) is locally compact, there is a compact set B such that
xEmyB)TBCYV.
Then
y =fix) Eint B)C AB)C U.

Since fis open, f{Int B) is open. Since B is compact and f is continuous, f{B) is
compact. Thus, Y is locally compact.

2 11419 2 IVLAllY LULLIY

A PmPhRADI ERA 4.2 20
W rrnvenLin [ ° dad ™ 1

I Prove the existence of a Lebesque number described in this theorem. I

THEOREM

If (X, d) is a compact metric space and {U,} is an open cover of X,
then there is a positive number r > 0, such that

B(x, r) CU, for some a for any x € X.
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That is, number r > 0 exists such that the r—neighborhood B(x, r) of ||
any point x € X is a subset of at least one of U,. Number r is called a

T

I 1€ c:bquc number OI the cover. I

SOLUTION:
Since {U,} is a cover of X, each x € X belongs to at least one U,,. Each U,,

——is-open; hence foreachxex —— — — — — —

xEB(x, r,) CU,. 1)
The collection of sets
r
B(x,i) xeX
{ > } )
forms an open cover of X and since X is compact, a finite subcover of (2) ex-
o AT A
{L \‘Xb'z_,’,- \\ ns 2 }J} (3)
The Lebesque number is defined by
/ rxi rxn \ (4)
r = min{ S s s T )
Indeed, let x € X then
’ r_ .
*k
X EB(xk, > )
forsome 1 <k <n. Let
y €B(x, 1) ©)
then re.
d(y,x,) sd(y,x)+ d(x,x,) <r + 5> STk (6)
k
Thus
B(x,r) CB(x ,r YCU (7
7 Kx,/ o \/)
for some U,,.

® PROBLEM 16-39

Show that the function f: R—= R
fl(x) =2x

is uniformly continuous.
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SOLUTION:

The function

f(B(x,8))

FIGURE 1

Let us choose any € > 0 and set d = ¢/,, then for any x EX

f B(x, 8)) C B(ftx), ).
Indeed let
y € B(x, 6)
then
|x-y| <,
and

) -f =1 2x-2y[ <2 =,

Thus, fis uniformly continuous.

()

©)

® PROBLEM 16-40

Let f: X — Y represent a continuous function from a compact metric

space (X, d) into a metric space (Y, d”). Show that f is uniformly con-
tinuous.
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SOLUTION:

Let € represent any positive number, € > 0. We can define an open cover
of Y as

{B(y, ¢/, :yEY}. (1)

Since f:c a contfinnnng 'anr-hnn aach f 1(R( Y, €/
lllllllllllllllllllllllllllllllllll i2

{1 B, *12))} @)

is an open cover of X. But X is a compact metric space. Hence, by Problem
16-38, a Lebesque number r exists for cover (2).

Then for each x € X,
fB(x, 9)) C B(fi{x), €). 3)

Indeed, from the definition of the Lebesque number (r = q)

Naw”’
Saw”’
~~

~
aw’

where f(x) =y

® PROBLEM 16-41

SOLUTION:

FIGURE 1

Let A represent a subset of a metric space (X, d) and let € > 0. An e—net for
A is a finite set of points in X
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N= {xl,X2, ...,x,,}

such that for every x €A, x; € N exists, such that

)
/A X2 /

FIGURE 2

DEFINITION

A subset A of a metric space (X, d) is totally bounded if A has an €-net for
every € > 0.

Let € > 0. As an e-net for a circle B(x, 1) with the center at x = (1, 1) and
radius 1, we can choose all points inside the circle B(x, 1) with coordinates

1,1),(1,1x¢€),(1,1x2),...,(1 £, 1), (1£2¢1), ...,

..oy (1 2 ke, 1 + ne)

where n and k are positive integers. Note that we are not looking for the
smallest number of elements to form an e-net.

® PROBLEM 16-42
—

I Prove: I
| T™HEOREM |
I Totally bounded sets are bounded. I
H
SOLUTION:
The diameter of A, 6(4), is defined by
d(A) = sup {d(x, x) : x, x" EA}. (1)
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Set A is bounded if

d(A) < 2)

Suppose A is a totally bounded set and let
N=1{x:. x, x} (3)
4y Wi v s *nJ \~J

be €-net for A.
Let x, x” € A be any elements of A. Then two elements of N exist, x; and x,,,,

such that

dx, x)<€e dx’,x,) <€t 4
Also for any x;, x,, EN
d(X), X)) <p < ©)
where p is some positive finite number.
We have
dx,x)ysdx xp+dx,x") s
sd(x, x) + d(x’, x,,) + d(x, x}) <
<E+E+p<® 6)
Hence
d(A) =sup {d(x, x):x,x  EA} < @)

and A is bounded.

® PROBLEM 16-43

SOLUTION:

We shall first define Hilbert space H. By R® we denote the class of all
infinite sequences

(al, a, ...) (1)
such that -

2 a: <, (2)

n=l

Leta, b € R® and
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a=(a;,a,...) b=(by,by...) 3

then the /,—metric on R is defined by

d(a,b) = Igia —bi2
H "l “~ n njp - (4)
The metric space (R®, d) with the /,-metric is called Hilbert space, or l,—space,
and denoted by H. Let A represent a subse of H consisting of elements
=(1,0,0,..)
Z A ] y y 7

U

ﬂ

Q

[

"~
]

[

[
+
]

&
7~~~
W
N’

Q 7 AN\ £ 17 AN . —~ A II\_ ~ 7L\
6(A) = sup{d(ee ) e e EA} =V2 <. ©6)
But A is not totally bounded. Let € = !/, then, e—net of A consists of all ele-
ments of A. The infinite set A cannot be separated into a finite number of

aach with diametar lace than ¢ 1/
W WAA€111Wwiwl AWOO Ri1AGEl © 12-

® PROBLEM 16-44

SOLUTION:

Let A represent a subset of a metric space (X, d). We shall prove that if A
is not totally bounded, then A is not sequentially compact. Suppose A is not
totally bounded, then € > 0 exists, such that no finite €-net of A exists. Let a,
€ A. See Figure 1.

Then a
“w

w AL

Mm

5
Otherwise {a,} would be €-net. A point a3 € A exists, such that
d(ala 03) zE€
d(a, ay) =z €
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Otherwise {a,, a,} would be e-net. Following this procedure, we obtain a se-
quence of points

such that
d{n n-\ - o nr ] -k I’
\ul, uk} —_— O AUL ¢+ ™ v
This sequence (a;, a,, ...) does not have any convergent subsequence. Thus,
A is not sequentially compact.

® PROBLEM 16-45

Show that if A is a countably compact subset of a metric space (X, d), then

A is also sequentially compact.

a2
SOLUTION:
Let
(a. a, ) (1)
\¥15 25 --+) N\
_______ ks cmmcimnmm S A ¥ L1l L o abliot n o b m o £V mer ok
ICPICSCIIL 4 bchCﬂ A 11 A. W Slidll SIIOW Lldl 4 SUDSCquence ol \1) CXIDL
which converges to a point in A. If the set
f ~ A | £\
141, 425 ---f \<)

is finite then one of the elements, say a,, of (2) appears infinitely many times
in (1). Hence the subsequence

(@napay,...) 3
of (1) converges to a; EA.
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Suppose (2) is infinite. By hypothesis, A is countably compact. Hence, the
infinite subset of A
{al, ap, as, ...}

has an accumulation point a in A. Since (X, d) is a metric space, we can choose
a subsequence

(a,,l, a,,z, a, , ) (4)

3

of (1), which converges to a € A. Thus, A 1s sequentially compact.

® PROBLEM 16-46

I Prove this theorem: I

THEOREM

If (X, d) is a metric space, then the following statements are equiva-

|
l
lent: I
|
|

2. X is countably compact

3. Xis sequentially compact.

SOLUTION:

In Problem 1628, we proved that any compact space is countably com-
pact. Hence

1 =2

for any metric space.

In Problem 1645, we proved that any countably compact metric space is
sequentially compact. Hence

2 = 3.

We shall prove that if a subset A of a metric space (X, d) is sequentially com-
pact, then it is compact, i.e., 3 = 1.

Let A be sequentially compact and let {U,} be an open cover of A. Set
{U,} has a Lebesque number r > 0, since every open cover of a sequentially
compact subset of a metric space has a Lebesque number. Since A is totally
bounded, there is a decomposition of A into a finite number of subsets
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By, By, ..., By
such that d(B,), d(B,), ..., d(By) < r. But r is a Lebesque number of A, hence
open sets exist such that
B CU
Thus
ACB U..UB, CUOll U...uU U“k

and{U, , ...,U, } is a finite subcover of {U,}. A is compact and
1 k

] &2 &3

® PROBLEM 16-47

SOLUTION:

Let s represent any positive number. For any s, there is a maximal subset
A, of X, such that for any a, b EA;

d(a, b) = s. (1)

Suppose A; is infinite for some s > 0, then A has an accumulation point y. Then
B(y, $/,) contains infinitely many points of A;. But any of these points are
closer than s. Thus, a contradiction and A; is finite for each s. But then for any
xeX

A; N B(x, 5) = ¢. (2)
Otherwise we would obtain a contradiction to the maximality of A,. For each
positive integer n we find A . Then
" UA,
neNn i

is a countable dense subset of X. Hence X is separable.

® PROBLEM 16-48

Find an example of a compactification of the open interval (0, 1) with

the absolute value topology.
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SOLUTION:

DEFINITION OF COMPACTIFICATION

Tat (Y T renrecent anv taonnlnoical ecnace A comnactificatinon of ic
A \ll, x } ‘.Ul.ll WO s “ll] ‘Uyulvél\lul Dl.lu\/vn LA \IUIIIH“\I“I‘U“‘-IUI‘ VL X 1O
a compact space (Y, T), such that X is homeomorphic to a dense subspace

of Y.

meomorphism from X onto a dense subspace of Y.

X2 (v. T)

)N

10 hAasmanmaranhion
1D 11UI11IVVU1L11V1 l]lllblll

isdenseinY

N =

FIGURE 1

Thus, for a given X and Y, it is possible to find more than one compactifica-
tion (possibly infinitely many).

Two possible compactifications of the open interval (0, 1) are the circle
and the closed interval [0, 1].

[0, 1]
. <‘;1 %
T SN
T yd ©, 1)
.- ~7,
(0, 1)

[ Ve R =1 )
riauvne <

Obviously (0, 1) is homeomorphic to a dense subset of [0, 1]. Also (0, 1)
is homeomorphic to a circle with one point removed.
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® PROBLEM 16-49

\ :
N2 ~f

/ / /

7
xJ

FIGURE 1
Show that S is a compactification of P.

|
|
|
[
/%
|
|
|

r Y.y -~
SVLUIIVIN

Consider a line passing through the point N = (0, 0, 2) on the sphere S
and any point A on the sphere as shown in the figure.

Take any point A~ on the plane, A” € P. Then a line from A" to N
determines the image of A” on the sphere.

f:P—S
is defined by

The set S — {N} is dense in S. Thus, S is a compactification of P.

® PROBLEM 16-50

Define the Alexandroff (sometimes called one-point) compactification

of a T,—space.
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SOLUTION:

Let (X, T) represent any T,—space. If X is compact then we define the
Alexandroff compactification of X to be X itself.
Now suppose X is not compact. Let A be any point which does not be-

P xXxr_ 1

| PR, 7 Y LI,
101ng o a. wce dcline

Y=XU {A}

a & ~ ¢

and the topology on Y as follows: U is open in Y if U is open in X, i.e., U €
T;orif A€ U, then Y- U is a compact subset of X.

The Alexandroff, or one-point, compactification of X is defined as the set
Vwith 1t | lefined above.

Point A is called an ideal point. It can be shown that

1. Yis a topological space

X7 : - o~ o A
I 1S coMipact

N
(@]

3. XisdenseinY.

It can be also proved that:
THEOREM

The Alexandroff compactification Y of any topological T,—space, (X, T) is
a topological space and it is a compactification of X in the sense of the defi-
nition of Problem 16—48.

® PROBLEM 16-51

I Prove the following: I
TI 1 - AR

oY o) =
nouvuncm

The Alexandroff compactification of a space (X, T) is T if and only l
if X is T, and locally compact.

Suppose (X, T) is compact. Then the Alexandroff compactification of X
is X itself.

Then if X is T, , X is T, and also locally compact. Also if X is T, and lo-
cally compact, then X is 7.

Suppose X is not compact and Y is its Alexandroff compactification. If Y
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is T,, then X is T,, since X is a subspace of Y.
Smce Yis T2 and compact Y is also locally compact. X is locally compact

U and y€EV

of X exists, such that

y €Ent BCB.
Hence Y - B is a neighborhood of x = A and Int B is a neighborhood of y and
Y-B)NintB=¢.
Thus Yis 7.
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® PROBLEM 17-1

DEFINITION OF CONNECTED SPACES
A space (X T\ 18 said to be disconnected if th

e
the union of multlple, mutually separated, nonempty
is connected if it is not disconnected, (see Figure 1).

set Xcan b

t be e sed as
subsets of .Th set X
|

X=UuV
e —————— — .
Y
U
UNnVa=¢
FIGURE 1

Space (X, T) with the discrete topology consisting of more than one point
is disconnected. Indeed take any

xeX (1)
and consider the sets

(Y -4 vV .2
X} ana A — {xj.

—
N
| —

Both sets (2) are open, nonempty, and disjoint. Their union is X
{xPUX-{x}]=X €)

Any set with the trivial topology is connected since the only nonempty open
subset of X is X itself.
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® PROBLEM 17-2

SOLUTION:

We shall prove that if f: (X, T) — (Y, T") is a continuous function onto Y

’

f:X>Y Y

X
/\
T
Vv
171(u)
t7(v) U
N (_——__ -

Suppose Y is not connected. Then there are open sets U and V such that
Y=UUV, UNV=¢. (1)

Since fis continuous, then both f-1(U), and f(V) are open subsets of X. Since
fis a bijection then

i) N =46 @
and

1) Y (v) = x. 3)

Hence X is disconnected which is a contradiction. Therefore, Y is connected.
For example, if X is a connected space and R is an equivalence relation on

R, then the identification space ¥/ is connected.

FIGURE 2

The identification mapping f: X — X/ is continuous.
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® PROBLEM 17-3

|
1. X is connected. I

2. X cannot be expressed as the union of two nonempty, disjoint, closed

subsets.

SOLUTION:
1. = 2.
Suppose X is connected and two sets F and G exist such that
X=FUGand FNG=4¢ (1
LA P 3 J l\al p 3 1 VN \ll \.L}
and F, G are nonempty and closed in X. Then
G=X-F
F=X-G (2)
\™/
as complements of closed sets are open. Hence,
X=FUG

is the union of disjoint, nonempty, open subsets of X. Thus, X is not con-
nected.

2. = 1.
Suppose X is disconnected. Then open sets U, V exist such that

X=UUV, UNV=¢ 3

where U, V are nonempty. Then

® PROBLEM 17-4

Let (X, T) be any topological space. Show that the following statements
are equivalent:
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1. X is connected.

1. = 2.
Suppose A C X is both open and closed, then

AandX-A
are both open and
AUX-A)=X, ANKX-A)=¢.
Hence, X is disconnected, a contradiction.
2. =3.
Suppose
f:X—={0,1}
is a continuous and onto. Then
f70)= ¢, f71(0) = X.
Since the subset {0} of {0, 1} is open and closed,
f740)
is open and closed in X. Contradiction.
3. = 1.
Let U and V be disjoint, nonempty, open seis, such that
X=UUYV.
The U and V are also closed. The characteristic function
x4 : X — {0, 1}

1S continuous and onto.
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® PROBLEM 17-5

UNV=¢ (1)
h g \~/

where U and V are open, nonempty subsets of X. Show that if A is any

connected subset of X, then either

ACU or ACV. ()
SOLUTION:
X T
FIGURE 1
Suppose
ANU=¢ and ANV=d. 3)

Then sets A N U and A N V are nonempty, disjoint subsets of A which are open
in A. Then

A=AND)UEAN). )

Hence, A is not connected.

AWiAV iy L2

Therefore, either A N U = ¢ or A N V = ¢. Hence, we have
ACV o ACU.

VYV ic gatd ¢~ lan nncmcmnniad £ ol
A DD dAdIUu WU UL LULLIICLLICU 11

® PROBLEM 17-6

I Let A and B be connected sets which are not mutually separated. Show I
that
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AUB I

I is connected.

—

SOLUTION:

For working convenience write the definition of mutually separated sets,
as given in Problem 17-1, in terms of set theory.

DEFINITION OF MUTUALLY SEPARATED SETS

In the topological space (X, 1), A C X and 5 C X are said to be mutually
separated if

ANB=9¢
ANB=¢
ANB=¢

Suppose A U B is disconnected. Then

Al

4d \J L)

i~y

]
C

T\ VvV

s Ve

Since A is a connected subset of A U B, we have either
ACU or ACYV

by Problem 17-5.
Also, either

BCU or BCV.
IfACUand BCV(orA CVand B CU),then
A=AUB)NU

B

(AUBRBNYV
v D)y

£ B Nr

are separated sets, a contradiction with the hypothesis. Thus, either
AUBCU or AUBCV.

Therefore, U U V'is not a disconnection of A U B and A U B is connected.
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® PROBLEM 17-7

SOLUTION:
Let {A,} be a family of connected subsets of X such that for each a
X0 € Aa
A=UA,
a
x, €EMA,

a

Let (Y, T") be the space Y = {0, 1} with discrete topology. Let

f:A—>Y
be continuous. Since each A, is connected and each f| A, is continuous, no
f| A is onto. Because for each o

X9 EA,

we obtain

fx) = fxo)
for each x € A, for all a.. Hence, f is not onto and L&J A, is connected.

Note that the intersection of two connected sets need not be connected.

® PROBLEM 17-8

77Xy rmn 1

I Let A be a connected subset of (X, 1) and let I

ACBCA (1)

Show that B is connected.
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SOLUTION:

Suppose B is disconnected, then
B=UUV.

Since A is a connected subset of B, we have either
ANU=¢ or ANV=é.

Suppose A N U = ¢. Then X — U is closed and

Thus,
BNU=¢.

This is in contradiction with B = U U V. Hence, B is connected.

® PROBLEM 17-9

I Show that the oniy connected subsets of R with the absoiute vaiue to-
nnlanouv havinog maore than ana naint ara P and tha intarvale fanan ~lacad
yUlUs], lluVllls 111Vl viidll Vllw Ulll!., i\ A\ QGl1i\3 Lilw 1lllwl Y Q10 \Ul.l\.dll, \tlUD\dU,
I half-open). I
AR RITIAALAE.
DVRU R IWVIN:
We shall show that

(Y connected subset of R) <> (Y is an interval).

=> Suppose Y is connected and is not an interval. Then there are
ab€EY and c&Y ¢))
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such that a < ¢ < b. Then
YN{x:x>c}

YN{x:x<c} (2)

is a decomposition of Y] since both sets (2) are open, disjoint, and nonempty.

<= Suppose Y is an interval and is not connected. T 1SjOi

open sets A, B exist such that
Y=AUB 3)

a <b. 4)
Let us define
w=sup {x: [a, x) CA} (5)
and since Y is an interval,
wEY wsbh. (6)
We have
©EA, %)
and since
A=Y-B
is closed in Y, we have
wEA. 3
But, A is also open in Y, hence, € > 0 exists such that
(w—¢,0+€)CA 9

which contradicts the definition of w.
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® PROBLEM 17-10

If f: [0, 1] — [0, 1] is continuous, then xy € [0, 1] exists such that
ftxo) = xo.

FIGURE 1

In Problem 17-2, we proved that a continuous image of a connected set
is connected. The only connected subsets (consisting of more than one point)
of R are intervals. Hence, the conclusion in the form of a theorem.

T o » °_ ~ — 1 . 1 N . r

irjy: — R is a continuous function defined on a connected SC[A men]
assumes all values between any two of its values

Thanram 1 1c o nanrliiginn AfFf Thanrasm ) Alon nnta that tha granh Af tha

LIICUIVIIL 1 10 a VULIVIUDIVIL VUl 111VULVI]IL 4. NAIDU 1IULL Lal LUV slal]ll Ul e

continuous function
f:10,1] = [0, 1]
is located in the square
[0, 1] x [O, 1].
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Hence, it must intersect the diagonal joining (0, 0) with (1, 1). Therefore,
point xo € [0, 1] exists such that

fx0) = xo.

U={(xy):x <y}

V={(xy):x >y} (1)
Observe that the graph of fis connected.

yi U ; |

/ |

| 7 |

/
/

l
|
| |
l l
(x, f(x)) f(x) v
0 1 T
FIGURE 1

SOLUTION:
If {0) = 0 or f(1) = 1, the theorem is proved. Otherwise
f(0)>0 and f(1)<1 @A)
then
O,fONDEU (O, A))EV. ()
Suppose the graph of f
F={(xy):x€[0, 1],y =f(x)} “
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does not contain any points of the diagonal
D ={(x, y): x = y}. ©)

Then U U Vis a disconnection of F. But F is connected as a continuous im-
age of a connected set. Contradiction. Thus, F contains a point (xq, xo) of the
diagonal, hence

f(xo) = xo. (6)

® PROBLEM 17-12

Let (X, T) be a space such that for any two elements
xyEX (D)

a connected set A C X exists such that

y v A (N

Show that (X, 7) is connected.

ML IITIAALL.
A4 A" B NAV]) H

Let x be a fixed element of X. Then, for any y € X there exists a connected
subspace A(x, y) of X such that

x, y EA(x, y).

Consider the family of sets
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{A y):y €EX} €)
which consists of connected subspaces of X and

yeX

X e MA(,y). (5)
yeX ©)

By Problem 17-7, we conclude that (X, T) isconnected.

® PROBLEM 17-13

Apply Problem 17-12 to show that the Euclidean n-space R” (n > 1) with
one point S removed

| R" ~ {S} I

I is connected.

Y

FIGURE 1

Suppose P and P” are any two points of R" — {S}. Any closed line seg-
ment in the Euclidean space R” is homeomorphic to the closed interval [0, 1].
Hence, it is a connected subspace of R”. We choose point P** € R" — {S} such
that

S ¢& PP~

and
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S&P’P.

The sets PP”” and P”” P” are connected and their intersection is nonempty

PPN PP ={P"} =¢.

Ty ____
Hence,

PP” U P’ ’P’

llllllllllllll

Points P and P” belong to the connected subspace of R” — {S}. Hence,
R" — {S} is connected. Note that this is not true forn = 1.

® PROBLEM 17-14

Which of the subsets of R? are polygonally connected?

TN

|
|
i N
|

b )
)

FIGURE 1

3.C

' Y pace (X, 7) is said to be a path in X if there is a con-
tinuous function from [0, 1] (with the absolute value topology)
f:[0,1]—=Y
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1T /\
. T~ 7\

>y ) f:00,1] > Y

Vand /

0 L /

FIGURE 2

X is said to be path-connected if any two points x, y of X belong to some path
in X.

Consider the Euclidean space R". A subset A C R” is said to be poly-
gonally connected if for any x, y € A there are points

X = X0, X15 ooy Xk —15> Xk =)y
such that

K -1
Uxx . CA
i=0

i i+l

where x; x;, ; is a closed segment joining x; and x; , ;.

Xy
FIGURE 3

Hence, A, B, and C are polygonally connected, while A U B is not.
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® PROBLEM 17-15

2. Give an example of a connected subspace of R? which is not path-

I connected. I

SOLUTION:

1. The circle
{(xy):x*+y*=1} R?

is path-connected, but is not polygonally connected.

2. Consider the set
A ={(x, y):y =sin l/,, x > 0} U {0, 0}

which is a subset of R2.

(0, 0)

FIGURE 1

From Problem 17-8 we see that A is connected.
But A is not path-connected. There is no path in A which contains (0, 0)
and any point P = (0, 0) of A. Otherwise the function f{x) = sin 1/,, x > 0 would

be continuous.
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® PROBLEM 17-16

lh o ~A~essvan n

M + A
n 1 atii—-CuUll1IICLLICU,

SOLUTION: —
A
/ Xk =Yy ‘)
X=X, Xpq
X X

FIGURE 1

Let A C R" be polygonally connected and let x, y be any points in A.

”””” TS

Since A is polygonally connected, there are points x = xg, Xy, ..., X4 =y

such that i

Uxixi, CA
i=0

k-1
Set U XiXis1 isa path. A continuous function exists

i=0 k-1
f . [0,1] - U XiXit+1-

i=0
Hence, A is path-connected.
@ PROBLEM 17-17

I Let I
I f:[0,11 =X, f(0)=a,f(1)=b I
I he anath frama& Y ta b E XY and I

Uw a lJulll ALVUILIL U o /) WU UV W sd dllu

g:[0,1] =X, g(0)=b,g(1)=c
be a path frombEX to c EX.
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that thha tnmmncitine Af tha tixrn matho £and 4 10 a math Fonoa - b~ -
DU W L1lal LUl JUAI, It1VU11 Ul UIC LWU lJ lllbj aliu 5 »da l)dlll 110Ul 4 U
"
SOLUTION:

The juxtaposition of the two paths f and g, denoted by f o g is defined as
follows:

fog:[0,1] =X

f(20) for Osts,

™)

(f o () - | .
g2t -1) for >st=1
Note that (fog)0)=f0)=a
(fog)(Y2)=f(1)=b=g(0)
and (Faol(1)=of1) = ¢
and Uogit) =811 =¢
Thus, fo g is a path from a to c.

® PROBLEM 17-18

1. Show that if (X, T) is a path-connected space, then X is connected.

2. Explain why any convex subset of R” is connected.
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SOLUTION:
1. In Problem 17-7 we proved that if (X, 7) is a space and

Suppose X is path-connected and x € X. Then for each y € X, P(x, y) de-
notes a path from x to y.

/y\

k . /

FIGURE 1
Then
X =U P(x,y)
yEX
and
XEM P(x,y) = ¢.
yeEX

Since each P(x, y) is connected (as a continuous image of a connected set
[0, 1]), X is connected.

2. /’_\

/\
N,/

————
- -~

FIGURE 2
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A subset A of R” is convex if, for any points x and y of A, the closed seg-
ment xy is a subset of A.

® PROBLEM 17-19

Prove the following theorem concerning the Euclidean R spaces.

THEOREM

If U is an open connected subset of R”, then U is polygonally con-
nected.

Suppose U C R" is open and connected and u € U.
Let X be all points of U which can be polygonally connected with u

~~
P
Nt

Y=U-X. (@)
Since U is open for any x € X, there is an open neighborhood V of x such that
u can be polygonally connected with any point of V; hence,

VCX. 3)

Therefore, X is open.
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The set Y = U — X consists of elements which cannot be polygonally con-
nected to u. By the same argument Y is open. Thus,

U=XUY,XNY=¢ 4

where X and Y are disjoint open subsets of U. Since U is connected, we have
two options:

either X=¢, Y=U

or X=U, Y=¢. )
Since nEX, X=¢

and X=U, Y=¢

and U is polygonally connected.

® PROBLEM 17-

I Show that for any n > 1, R” is not homeomorphic to R. I
—

SOLUTION:

Consider the space R (with the absolute value topology) with one point
removed R — {a}.

R"- (S}

FIGURE 1
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Then R is disconnected into two disjoint open sets
Ai={xER:x>a}

Ay={xER:x<a}

Hence, R — {a} is disconnected. Suppose R” (n > 1) is homeomorphic to R, then

~ TIn b o 111

for any point S € R*, R* — {S} is not connected.
In Problem 17-13, we showed that R” — {S} is connected. Therefore, R"

1S not homeomorphic to R.

® PROBLEM 17-21

In Problem 17-18 we proved that
I ((X, T) is path-connected) = ((X, 7) is connected).

Show that the converse of this theorem is not true.

OLUTION

w

Let A and B be the subsets of R?
A={0,y):;sys1}
B={(x,sinV):0<x=s1}.

Set A is a closed interval and B is a continuous image of a closed inter-
val; hence, both are connected. Each point of A is an accumulation point of
B, hence A and B are not separated. Thus,
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AUB

is connected.
But A U B is not path-connected. There is no path connecting any point

of A with any point of B.
T M

A namzrarcs stmmlinati e 10 mAE bniia
1110 LULIVU1IDU lllllJllLfdtlUll D llUt ti uc.

® PROBLEM 17-22

Show that the continuous image of a path-connected set is path-con-

nected.

SOLUTION:

Let A C X be path-connected and let f : X — Y be continuous. We shall
show that f(A) is path-connected. Let a, b € f(A), then a’, b” € A (not neces-
sarily uniquely defined) exist that

fla)=a and fib")=b.

such that g(0) =a", g(1) =b".
Since both f and g are continuous,

fog:[0,1] = fia)

is continuous and

fig0)=fla’) = a
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flg(1)) =f(b") = b.
Thus, f(A) is path-connected.

(do not use results of Problem 17-19).

2. Let P be a class of path-connected subsets of X with a nonempty in-
tersection

P={A,:a€EA}.

Show that

I A=UA, I
l - |
I is path-connected. I
SOLUTION:
1. Let p and g be any points of an open disc in the R? plane.

pP= (xl’ yl)

q= (x27 YZ)

p
|~

FiGURE 1

A path from p to g may be defined as
f:[0,1] = R?

f(0) = (x; + 8, — x1), y1 + Hy2 — Y1)
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for t € [0, 1]. Then f{¢) is the line segment between p and q. For all points p
and q in the open disc, f(¢) is a path contained completely in the disc. There-

‘-‘A.-n tl. Aman Ao 10 D2 ia math_~A~nnan e |
1U1C UIC UpUil Uldy lll i Paul‘bUllllC\.«lCU

2. Letx, y € A. Path-connected sets exist such that
x€A,, yEA,

A, A EP
ATy

Nonempty intersection O Ay contains at least one point, say q

7€M A
(o]

Then x, g €A, and there is a path
f:[0,1] = A

Similarly, there is a path

The juxtaposition of fand g is a path from x to y (see Problem 17-17). Hence,
A is path-connected.

® PROBLEM 17-24

Let X be connected and let P = {A,} be an open cover of X. Show that

any pair of points of X can be joined by a simple chain consisting of

SOLUTION:
DEFINITION OF A SIMPLE CHAIN
Subsets Ay, Ay, ..., Ak of X are said to form a simple chain joining points

xand y in X if
1. only A, contains x

2. only Ag contains y
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3. A;NA;=¢iff|i—j|>1
|

Let x be any point in X and let B be the set consisting of all points of X
which can be joined to x by a simple chain consisting of elements of P.

1 A S 94

Since x € D, B = ¢. W€ shali prove that B is both open and ClOSCG i €., B=

1AM

Let b € B, then there is a simple chain A, A,, ..., A; from x to b.

FIGURE 1
Note that all elements of A; belong to B (chain A,, ..., A; connects any ele-

ment of A; with x). Hence,

beA, CB.
Since A, is open, B is open.
B is closed.
Suppose
y€B.
Since P is a cover of X, there is an open A, € P such that
v A
] &llt
77\
(o) N
.ll
\_y B
.X
FIGURE 2
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Suppose
A,NB=¢

then there is some chain from y to x and y € B, contradiction.
Thus,

A,NB=¢
and
yEA, CX-B
—Bi i We conclu
X =B.

I Let C, and C, be subsets of R? I

C={xy):(x-20+y*<1}

|
|
l
Are C; and C, mutually separated?
Ay
|
|
|

SOLUTION:

DEFINITION OF MUTUALLY SEPARATED SETS

Two sets A and A, of a space (X, T) are said to be mutually separated if

ANA,=ANA =
n
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Where—;&: indicates the closure of A;. Hence,

Cr={(xy):2+)y*s1}

Cr={(xy): (x=22+)y*s 1}
and o o
C,NC,=C, NC,=¢.

The sets C; and C, are mutually separated.

® PROBLEM 17-26

Not every subspace of a connected space i
\ ™

thhanencn atmalalag 110 ¢4 Antaseaiomns wxrle athe Ao
LHICVUITIII CTHAUICD Ud WU UCLCLIIIILC wilitLllicl

I A subspaceA of (X T)is connected iff A cannot be expressed as the

Prove it.

SOLUTION:

If A is not connected, then
A=CUD and CND=¢ ¢))

where C and D are nonempty subsets of A, which are open and closed in A.
Suppose

XECND then xECandxED. 2)
Since
CCA
XEAND=D,=D. 3)
Then
XxXECND=¢ 4

a contradiction.
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Hence,

CND=é. (5)
Similarly, we show that
DNC =9¢. (6)
Now, suppose
A=CUD
CND=DNC=¢ and C, D=¢. (7)
Then
C,=CNA=(CUD)NC=
=(CNCOUDNC)=CU$=C. ®)
Similarly,
D,=D )

where B_A_ indicates the closure of D in A, i.e., I_D_A_ =D NA.
Hence, C and D are closed in A, and A is disconnected.

® PROBLEM 17-27

1. Show that if a space (X, T) contains a connected dense subspace, then
X is connected.

2. Show that if (X, T) is connected then any compactification Y of X is
connected.

SOLUTION:
1. LetA C X be a connected dense subspace of X.
A=X
In Problem 17-8 we proved that if A is a connected subset of (X, 7) and

then B is connected.

Thus, _
ACXCA

and since A is connected, X is also connected.
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2. Remember that a compactification of (X, T) is a compact space (Y, T”) such
that X is homeomorphic to a dense subspace of Y.
Ton ~tbhne sxvneada V2o o Aoemocns npmean~ tad cilanannnnna ~AF V. Linaen Y ic res
i1 vl WUIUD, A lb a UCIIDC COLLICLICU DUUledbC Ul

1
ected.

® PROBLEM 17-28

Let

X={(xy):0<x,y=sinl/ } U {0, 0)} CR>.

Apply Problem 17-8 to show that X is connected. (See following figure.)

Consider the set
A=X-{(0,0)}.
We define a function

f:R—R?

Y]

Y

\/ \ /
\/

FIGURE 1

o
<

R D {x:x>0}3x— f(x) =(x,sin }/,) ER2

Note that fis continuous. Hence, since {x : x > 0} is connected, A = X — {(0, 0)}
is connected as a continuous image of a connected set.

Since every neighborhood of (0, 0) contains an infinite amount of points
of A,

(0,0) EA.
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We have
ACXC A.

Hence, since A is connected, by Problem 17-8, we conclude that X is con-
nected.

SOLUTION:

A disconnected space has connected subspaces.

DEFINITION OF COMPONENT

A is connected.
But

ACA
and A is a maximal connected subspace of X; hence,
A=A.

Therefore, A is closed.

® PROBLEM 17-30

1 Y —_a DL L o L1 b ___%.L .l _L__1 _a_ ___1 PR I
1. LCL N DC LUIC bpacc O1 ICdl 1IUINDCIS WIL UIC 4D>MO1ULC vaiuc lUpUlUgy
and let
={x ER:x>a}
_={x ER:a>x}

where a € R. Find the components of R — {a}. _
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2. Let R? be the plane

Ci={(xy): ¥ +y*<1}

C={xy):(x-20+y*<1}
Find the components of the space C; U C, C R2.

l
|
|
|
|
1
with the Pythagorean topology and
!
!

OLUTION:

1. The components of
R—{a}=A, UA_

are A, and A_. Each is the maximal connected subspace of R — {a}.

2. Here the components of C; U C, are C; and C,.

® PROBLEM 17-31

I Show that each element of (X, T) is contained in a component of X. I

SOLUTION:

AfF Vic cnAantaina t Tangt

A : ea ad o
LA ULA lb LUllldlllCu lll dl ICant

‘1 AI ~ e
il cu DUU‘

Obvnuum_y €acin €ic t On inect
space of X, namely {x } X. We will show that there is a maximal co nnected
subspace of X which contains

e con
1C LUl
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=N
N

FIGURE 1
Let
{A,:0EA}
be the family of all connected subspaces of X which contains x,
x€EA, X
and A, is connected for each a € A. Then
Ua

is a connected subspace of X which contains x. Indeed, since all A, are con-
nected and

xEMNA, =o

then by Problem 17-7, LGJ A, is connected.

U A, is a maximal connected subspace of X which contains x and is unique.
a

® PROBLEM 17-32

| page) |

if o = B, thenA, NAg = ¢.
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FIGURE 1

SOLUTION:

Any element x of X belongs to at least one connected subspace of X (for
example, x € {x} C X). Thus, a maximal connected subspace of X contains x.
We have

x=-UA4,
a

We will show that if a = 3, then A, M Ag = 0. Suppose o = and A, NAg =0,
then A, U Ay is a connected subspace of X which contains both A, and Ag. A
contradiction arises because A, and Ay are maximal.

® PROBLEM 17-33

I Prove that if a space has only a finite number of components, then each I

l component is open. I
-~ e ]

SOLUTION:

T at
LA

ApAg ... Ag

be components of X.
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FIGURE 1
Then
X=A1 U . UAK
Qince each nair aof comnonente ara dicinint cate
wilivw vawvil H“ll Vi \/Ull‘l.l\.’ll\llll-o QLW Ui1OJViLIL OwviLo
A 7~ A — 1 L hd
Alllﬂj—(p ori=)
we have

Al =X—(A2 U UAK)

In Problem 17-29 we proved that a component of a space is closed. There-
fore, since there are a finite number of components,

A, U ... UAg

is a closed set. Hence, A, is an open set. Similarly, we show that all sets A, A,,
..., Ag are open.

® PROBLEM 17-34

SOLUTION:

Let X and Y be connected spaces and let
p=(x, ) EXxY

q=(x,y;) EXxY. (1)
The set
{xa} xY
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is homeomorphic to Y and since Y is connected, so is {x;} x Y. Similarly, we
show that

X x {y,}

is connected since it is homeomorphic to X.
Therefore,

{1} xYUX x {y,}

1S connected because
{1y ={x1} xYNX x {y,} = ¢.

Also,
P, qE€ {x1} xYUX x {y,}.

Hence, p and g belong to the same component. But p and g were chosen arbi-
trarily; hence, X x Y has only one component — itself.
We conclude that a finite product of connected spaces is connected.

® PROBLEM 17-35

—
I Show that a product of connected spaces is connected. I

SOLUTION:
Let

{Xy:a €A}

be a collection of connected spaces and let

X= x X,
a€A
be the product space.
Let

xeX

x=(X,:a EA)

and let P X be the component to which x belongs, x € P.
We will show that an arbitrary point y € X belongs to P.
Let

F=X{X,:0%0,...,an}x U, x...xU,_
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be any basic open set containing y € X. The set

G=X{{X,}:a=0,..,a,}x XN X ... xX,
is homeomorphic to
Xg x ... x X“,,.
hence, it is connected.
Sincex€ G
GCP
The set
FNG=¢
and PNP=¢.
Thus,
yeEP=P

X hac one comnonent: hence it 1S connected

43 AATRU VALY VUVLLIPURIVAILY laVaivvg AL AU WValAlwwiW,

® PROBLEM 17-36
Show that the space of real numbers R with the topology T generated by
the closed-open intervals [a, b) CR is totally disconnected.

SOLUTION:
DEFINITION OF TOTALLY DISCONNECTED SPACES

A topological space (X, T) is said to be totally disconnected if, for each
—V
ALy<Ta

open nonempty sets exist, U and V such that
X=UUV

UNV=¢

and xelu, yeV
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Letx, y ER and x < y. We define
Us=(=,))
V=1{y + x).
Sets U and V are disjoint, open, nonempty sets and R = U U V. Also,
x€U and y€V.

Thus, R with the topology generated by the closed-open intervals i1s totally
disconnected.

® PROBLEM 17-37

I 1. Show that the set Q of rational numbers with the absolute value to- I

I pology is totally disconnected.

X<y
An irrational number a exists such that
x<a<y.
Define sets U and V
U={z€Q:z<a}

V={z€Q:z>a}.
Thus, U U V'is a disconnection of Q and
yelveV

v - Ay —

Ve PR B a1

O is totally disconnected.

2. Let (X, 7) be totally disconnected and let
x,y €EX.

Open, nonempty, disjoint sets U, V exist such that
x€U and y€EV
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UNV=é¢.
Hence, X is a Hausdorff space.

® PROBLEM 17-38

gleton sets.
That statement leads to an equivalent definition of totally discon-
nected spaces. A space (X, T) is said to be totally disconnected if X is not

connected and the only connected subspaces of X are the singleton sub-
sets of X and ¢.

SOLUTION:

Suppose A C X is a component of X and
x, yEA, x=)y.
L

U and V are open.

Hence, the sets

ANU and ANV

are nonempty, and U U V is a disconnection of A. But as a component, A has to
be connected.

Contradiction. Thus, A consists of one point.
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® PROBLEM 17-39

exsad thha Aichents tnmnlase 10 tntalle, Atcnnmnan taAd
WIL LT UISLITIC WWPUILVEY 1D ULdlly ulbluliciicd I

Hence, X is totally disconnected.

A space (X, T) is locally connected, if for any x € X and any neighbor-
hood U of x, there is a connected neighborhood V of x such that

VCU.
N u
y Y\
Yy NN

/S )
[/ — J

__—

FIGURE 1

We can use this equivalent definition:
DEFINITION

Space (X, T) is said to be locally connected if there is an open neighbor-
hood system for T such that for each x € X, N, consists of connected sub-

spaces.
-
Let (X, T) be the space with discrete topology. For each
xeX
we define
N, = {{x}}
which establishes an open neighborhood system. Each subspace {x} is con-
nected.
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® PROBLEM 17-40

I X={(xy):0<x,y=sini/} U {(0, 0)}. I
Show that X is not locally connected. Use this space to show that local
connectedness is not preserved by a continuous function.

SOLUTION:

B((0.0). 1) ﬂ\ /\ /L
N /
hn

-

/

[ 1

\ 17

\\ m L/f// \\ //
vV

FIGURE 1

For any 0 < r < 1, B((0, 0), r) has an infinite number of components. X is
connected but not locally connected.

On the other hand, X is a continuous image of a locally connected space.

Hence, the local connectedness is not generally perserved by continuous

® PROBLEM 17-41

2. Show that a component of a locally connected space X is open.
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SOLUTION:

1. Space X is locally connected if and only if X has a base B consisting of
connected sets. Also, Y has a base B” consisting of connected sets. Since X x
Y is a finite product, a base for X x Y is defined by

{UxV:U€EB,VEB’}.
Each of the sets U x V is connected, since both U and V are connected. The

—product X-x¥ has-a base-consisting-of connected sets;-hence, X x¥-islocally —

connected.

2. Let A be a component of a locally connected space X and
a €EA.

Since X is locally connected, a belongs to at least one open connected set
U, CA.

FIGURE 1

But A is a component of a; hence,

aclU, CA
and
A=1lIU..
s a
a€EA

Thus A is open, as the union of open sets is.

- mERAmE FEAE 4 an
U rFRubDpLEm 1/—94

I Show that a compact, locally connected space (X, 7) has a finite number I

of components.
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SOLUTION:

Let
(A, :a€EA}
a )
o el £ 0 ) e e d AL YV TTX... A Y Loy msm msmmom e roas ~L v
DC LIC 1 llly U1 C lllpUllCl b Ul A. 11Cl1I 1 A.

On the other hand, since {A,} is the family of components, for a =  and o and
B € A, we have

A(x ﬂAB= q).

Therefore, no A, can be omitted from {A,} and the remaining components still
form a cover of X.
Hence,

Continuous functions do not preserve local connectedness. But continu-
ous open functions do. Prove:

THEOREM

If f is a continuous open function from a locally connected space
(X, T) onto (Y, T").

f:X—=Y
I then Y'is locally connected. I

|
SOLUTION:

fis a continuous open and onto function
f: X—=Y.

Let U be any neighborhood of y €Y.
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/@\f(X)-y //'U\ )

7wy
Sz ) S/
( N/ )&y

Y L/_\—/\f(V)

Since fis onto, x € X exists such that

f)=y
£ic ~Antin hanra l‘—l/”’\ 1C an Anan cat v {'—1117\ Rt Vic larcalls ~AN_
J 10 LUIllLll Auuuo, ll\lll\/\/, \U} 10 all Upvill VLA ;J \U} uut P4\ l 1V au_y wuUll

J P
nected; thus, there is a connected neighborhood V of x such that
C

N/Y N

Since ] is continuous and open, jiv) is a connected open set and
yEAV)CU.

Hence, Y'is locally connected.

- @ PROBLEM 17-44

Prove the following:

THEOREM

x =(x4) ExXa

and let UC xX be the neighborhood of x. A member of the defining base
exists

658




such that
xEBCU
and
x, €U
a o

sets V exist such that
1

and

forl=1,2, ..., k.
Let

vV _YV o o o f - v \
v = VO. X oo XV X\ A ACL}'
1 k A= , ... ,0

V is connected because each X, is connected and each V, is connected.
Since V'is open and !

xeVCBCU,

X is locally connected.

® PROBLEM 17-45

FIGURE 1

J
=
—
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Which of the following sets is a continuum:

2. closed n-dimensional cube

I AlrocnA Areral I
I LiUdCU lllC vail I

the set P of points defined by

SOLUTION:

A compact connected T,—space (X, T) is called a continuum.

Note that any closed, bounded, and connected subset of R" for any # is a
continuum. This is due to the fact that the closure of any bounded subset of
R* is compact

SN e _-A.

Also, any path in a
We see that each o

® PROBLEM 17-46

Prove this:

THEOREM

The union of two continuua which have a common point is a contin-
I uum.

Let (X, 7) and (Y, T") be compact connected spaces. We proved that a
topological space which is the union of two compact sets is compact.

Hence, X U Y is compact. We also proved the following:

If the sets A and B are connected and are not separated, then their union
is connected.

Hence, X U Yis connected.

Therefore, X U Y is a continuum.
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® PROBLEM 17-47

YAX
and let X — Y be the union of two disjoint open sets A and B. Show that

FAALLIT LRSI PRI S L :2:::15\\\\ " ¥ AU DO
CRIRELIRTELE RIS
PAPPIPIRPLEINI L o -\\\\\R\\\ A A B -
PETPLPII PP IT 22 ARNIRNINANN

LA LARR LA RO

&

ro2
PR RN R XA KD
SIS EELLL RIS L

s SR 7
SLTEES AL r I RNNNNS
Y L rrrrt R pr r NN

t.
are conftinua.
R
MRRRARRRLNNY
NRARRRRARNR LN,
AREARARRLNNNLNANNY
SRRANNNASLNNNLANNAY
R
N R
s AANRANRANNRANN RN
s SRR IREARN NN LN
I rEE S NN
(R -’ N
PRSP ILSRL,
2 X

I FIGURE 1 I

SOLUTION:
We shall apply the following:

THEOREM
If Y is a connected subset of the connected space X and
X-Y=AUB
where A and B are separated, then the sets
YUA and YUB

are connected
A W W WwhEWAle

7 9 ¥ 9 LW

Note that sets A and B are separated, if
ANB=¢ and ANB=¢.
We conclude that Y U A and Y U B are continua.
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® PROBLEM 17-48

|
= o
m
(o]
X
m
=
L

If f: X — Y is a homeomorphism and X is a continuum, then Y'is a

continuum.
|

SOLUTION:
We shall apply two theorems.

THEOREM

The continuous image of a compact set is compact.

THEOREM

The image 1

/ mmaa

nected space.

Also, if f: X — Yis a homeomorphism and X is T, then Yis T,.
Hence, if the spaces are homeomorphic and one is a continuum, then the

other one is also a continuum.
The above proved theorem is a generalization of the theorem from analy-

sis. Suppose X is a continuum and f is a homeomorphic real-valued function,
then f(X) is either a single point or a closed interval.

662



CHAPTER 18
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® PROBLEM 18-1

SOLUTION:

Suppose (X, T) is metrizable.

DEFINITION OF METRIZABLE SPACE

A space (X, T) is said to be metrizable if a metric d can be defined on X

such that the topology induced by d is T. Otherwise, the space X is called non-
metrizable.

|
Metric d exists such that d in s T. We define topology n X x X in the

usual way. It can be proved that t is topoiogy is induced by the metric

d” ((x1, %2), 71, ¥2)) = d(x1, y1) + d(x3, y2)-

Hence, if X is metrizable, so is X x X.

® PROBLEM 18-2

R is the space of real numbers with the topology T generated by the ba-

sis consisting of open intervals. Show that (R, T) is metrizable.

SOLUTION:

\

FIGURE 1

\
N—
/

Suppose a metric space (X, d) is given. The metric d induces a certain to-
pology T, on X.

X d) = X T,
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In the metric space (X, d) a d-ball of radius r and center a is defined by
B(a,r)={x€X:d(x, a)<r}.
The family
r> NN
5 - \IJ
of all d-balls in X can serve as the basis for topology 7.
Hence, we obtain a topology T on X determined (or induced) by the met-

ricd.
Let R be the space of real numbers with the absolute value metnc Then

wnth the topology generated by the basns consnstlng of open 1ntervals is
metrizable. The metric we are looking for is the absolute value metric.

. PROBLEM 18-3

Let {(X,, d,) : n € N} be a countable family of second countable metric
spaces.

1. Show that the product space

I l
| |
l |
n
is second countable.
2. Show that
| |
l l

min(d,(x,, y,),1
sy - 3 TG 2D)
neN
is a metric on xX,,, where

;( ,. Y \'
LICIY -..,

SOLUTION:

1. Since each X, is second countable, x X, is second countable. We proved

earlier that the product space of a couiitable family of nonempty spaces is
second countable, if and only if each component space is second countable.

2. We have

min(d,(x,, y,),1 1
d(x,y)=3 ( gx Yn) )52 -
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Hence, d(x, y) is defined for all

J— Aijpe

vEx X,
Also, "
dix, y)=0

dix, y)=0iffx, =y, foralln €N, hence, x = y.

Y 7 111

d(x,y) =d(y,x)

7

< ]
- L

die vy 2 S min(d,(Xn,ya),1)
HXY) =4, >
n

n n

min(d,(Xn,za) 1) min(dn(zaya):1)]
B L CCEADILLCHRATI R

=d(x,2) +d(z,y).

® PROBLEM 18-4

Using the metric defined in Problem 18-3, show that the space néNXn is

metrizable, where {(X,, d,) : n € N} is a countable family of second

countable metric spaces.

SOLUTION:

e >
/ / \\ T4 — topology
/

s X

. | ~e Y 7
maucca vy a

(xX s T)
T — product
FIGURE 1 topology
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We have to show that
Td = T
TN

/
s

=\

)
[ &= /

N—————
X B(x, r)

FIGURE 2
Let x € xX,, and let U be the basic neighborhood of x in the product topol-
ogy. Then
(=2
U= x V,
n<iy

where V, is open in X, and for all but at most finitely many », say

Ny, ... , N
V,=X,
The sets V,,l, ey V,,k are open in X, ,...,X, respectively. Hence,
1 k

positive numbers ry, ..., ry exist such that

Xy € B(x,,l,rl) C an

x, € B(xnk,rk) c Vv,

k k

Choose
r=min(ry, ..., ).
Then if y € B(x, r)
Yn € Va

thus
y€U and B(x,r)CU.

To complete the proof, we have to show that for any B(x, r) there is U such
that U C B(x, r). Let B(x, r) be a d-neighborhood of x. Choose m € N such that
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N
i

n=m

l\.‘)lw

and letry, ..., r,,_; be such that
n+..+ rm-1< r/2.

We define

U= x B,
neN

where B, = B(x,, r,) forn=1,2, ..., m—1 and B, = X, for other n’s.
U is a basic neighborhood of x in the product topology and

U CB(x, r).

Hence, the product and metric topologies on xX,, are equivalent and x X, is
metrizable. N

® PROBLEM 18-5

I Explain why the Hilbert cube éNlU ,1] is second countable and metriz-

PRI PN n

I dUlIC. I

SOLUTION:

Since the closed interval [0, 1] is second countable, the Hilbert
cube x [0,1] is second countable.
N

The closed interval [0, 1] with the absolute value topology is metrizable.
By Problem 184 the product of the countable family of second countable
metric spaces is metrizable.

Show that the sequence I

a,,=l,nEN
n

in the space of real numbers R with the absolute value metric is a Cauchy
sequence.
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SOLUTION:

We shall define Cauchy sequences.

DEFINITION OF CAUCHY SEQUENCES

A sequence (a,) in (X, d) is a Cauchy sequence iff

V € > 0,3 Ny € N such that

n» “*m

We take an arbitrary fixed € > 0. The solution of the problem lies in find-
ing N = N9(¢) such that for every n, m > N,

L)
n - m 8 -
Let N be such that ,
1 < £
N, 27
0
ote that we do not have tn find the emallect noccihle A
ANUNWY LILIAL VYV Ww WV ILIUVUL 1A Y Ww LU AllING bW J11dA11lWwOL HUOOIUL\J "0.
For any n, m > N,
1 1 1 1
n<N, ™M w <Yy,
0 0
and
L1 i1 1 1
n " m < n + m < N + N <
0 0
< + £ €
— — =g
2 2

Hence, (!/,) is a Cauchy sequence in (R, 1 - 1).

® PROBLEM 18-7

SOLUTION:
Let (a,) be a convergent sequence in (X, d)
a, —> a.

In other words,
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d(a,, a) — 0.
Then for every € > 0 there exists Ny such that

n > Ny = d(a,, a) < ¥/,.

\ . 4 A 17 \
a,)sd(a,,a)+d(a,,a)<

Thus, (a,) 1s a Cauchy sequence.

® PROBLEM 18-8

I Find an example which illustrates that the converse of the statement in
Problem 18-7 is not true; that is, not every Cauchy sequence is conver- I

- o = -

SOLUTION:

Consider the space Q of rational numbers with the absolute value metric
(Q, 1+ 1). The sequence is given as follows:

a =1
a = 1.4
as = 1.41

a;=1414
Sequence (a,) described above is the decimal expansion of /2. It is easy
to verify that (a,) is a Cauchy sequence. But (a,) does not converge in Q (it

converges in R). Hence, (a,) is a sequence which is Cauchy but not conver-
gent.

® PROBLEM 18-9

Show that every Cauchy sequence (a,) in a metric space (X, d) is
bounded and totally bounded.
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SOLUTION:

Let (a,) be a Cauchy sequence in (X, d). We shall prove that (a,) is totally
bounded (and thus bounded).

A subset A of a metric space (X, d) is totally bounded if A has an €-net for
every € > 0. An e-net for A is a finite set of points {a,, ..., a,}, such that for

avaruy 2 = A thara 1c 7. & [~ aenirnh that
UV\II] U e L1 Uiviwvw 1O uk N— 1“1, ’ unf ouUwvil wiiat
d(a, ap) <€

Let € > 0. Since (a,) is a Cauchy sequence,
—3ANyENsuch thatforevery —— — — — — — —
n, m> Ny, d(a,, a,,) < €.

Hence, the diameter of the set

{ s @, s e}
N +17 N _+2 ’
0
is at most €.
The e-net for the sequence (a,,) is
1 \lu\dll\/\l \un} n
{a, a a,,a, .}
Whp Gy Gy o Gy it

® PROBLEM 18-10

Let (X, d) be a space with the trivial metric

0 if x=y
d(x’.)))=

1 if x=y

Hence, a Cauchy sequence in the space with the trivial metric is of the form
(ay,ap, ...,a,0,a,a...)

that is constant from a certain term on.
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® PROBLEM 18-11

I quence. Show that

JEAN . N
a - U.

I Let (a,) be a Cauchy sequence in (X, d) and let (a,(") be its subse- I

n’ Kn n—o
—
~ SOLUTION:

q7
a(a

Let € > 0 be an arbitrary positive number. Since (a,,) is a Cauchy sequence

3 Ny € N such that,

n,m>Ny—1=>d(a,, a,)<Et.

Hence,
K, =zN>N_-1 and d(a, ,a, )<c.
That is ’ ¢
lim d(a,, a, )=0.
Jamoala,, ay

® PROBLEM 18-12

Let (a,) be a sequence in a metric space (X, d). Let

A ={ay,ay ...}
A2 = {az, as, ...}

A3 = {03, a,, ...}

n—»w

I Show that

((a,) is a Cauchy sequence) <> (lim 6(A4,) = 0) I
where &(A,) denotes the diameter of A, I

—
SOLUTION:

=> Suppose (a,) is a Cauchy sequence. For € > 0 there exists Ny € N such that
for n, m > N,

d(a, a,) <E.
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Thus, for n > Ny
d(A,) <.

Since € was chosen arbitrarily,
lim 8(A,) =0.

= lim 8(4,) =0

n— oo

For any € > O there exists N such that for any n > N,

04, <t
In other words, for any n, m > N
d(a,, a,) < €

and (a,) there is a Cauchy sequence.

I Let (a,) be a Cauchy sequence in (X, d) and (b,) be a sequence in (X, d)

such that
d(ay by) <
n
for every n € N. Show that:

1. (b,) is also a Cauchy sequence.

2. (b,,) converges to a € X iff

P P P Yy

I \a,,) CONVECIZCS 0 a CA I

SOLUTION:

1. Applying the triangle inequality,
d(b,, b,;) sd(b,, a,) +d(a,, b,) s

\Tms Ths = \Tm5 ~imj Tmy iy

< d(by, ayp,) + d(by, a,) + d(ay, ap)-
Let € > 0. We can find N; € N such that for
nm?> Nl

we have
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3 N, € N such that
n,m> N, =>d(a,,,,a,,)s§
J
Setting
N3 = max{N,, N,}
we get

n, m> N3 =d(b,,, b,) < €.

Hence, (b,) is a Cauchy sequence.

2. Similarly,
d(a,, a) s d(a,, b,) + d(b,, a).

Hence,
lim d(a,,a) s lim d(a,,b,)+ lim d(b,,a).
n—>on n —»oo n—»o

But

lim d(a,, b,) = 0.
If b, — a, then
lim d(a,,a) < lim d(b,,a)=0

n—»o0
and lima,=a
n—»o
Similarly, if a, —> a then b, — a.
n—»x n—>x

® PROBLEM 18-14

Cliess thhnt €7 \ 2 o Cauchy seqguence i calidanes s cmana DM
I IIIVUW Liidl i1 \ n} idDdadued lly DCLIUCULC lu ULllUCdll I/ t-bpau: n I
) (m)
Xp o= (5 X7 s 1)
(1) 2) (m)
X, (X0’ X0y ey X 7)
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| then each of the sequences

3 N, € Nsuch that for j, I > N,

[ 2 2
_ @ _ () (m) __(m)
d(xj,xl) = Jlxj X, I +...+ lxj X, I <E.

Thus, for each term we obtain

|£Q_xm|<8
J I

|x(_.'") —x(,'")|<s.
17 P

Each of the m sequences

(), . (4)

is a Cauchy sequence.

® PROBLEM 18-15

I 1. Show that the real line R with the usual metric is complete. I

I 2. Give an example of a subspace of R which is not complete. I
0

SOLUTION:
DEFINITION OF COMPLETE METRIC SPACE
A metric space (X, d) is complete if every Cauchy sequence (a,) in X
converges to a point a € X.
lim a, = a €X.
n—»o

The real line R is complete. This is the result of the Cauchy theorem:
Every Cauchy sequence of real numbers converges to a real number.
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2. Consider the open interval ]0, 1[ with the absolute metric. The sequence

.

(M2, 3, Y4, Us, ...) is a Cauchy sequence which converges, in the limit as
Iim = =0.

n—» 0 n

However, 0 does not belong to ]0, 1[, hence, ]0, 1[ is not complete.

1. Is completeness a topological property?

2. Find the diameters of A, B, and C
A={(x,y):x*+y*<1}C R?

n f

B={(xy):x*+y

2
=

o

=1 R

(s}
N

C={(xy):|x|<1,|y|s2}CR?

FIGURE 1

2. The diameter of a subset A of a metric space (X, d) is defined to be the least
upper bound of

{dx y):x y €A}
We denote the diameter of A by 6(A) or d(A).
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The diameter of A, B, and C are
dA)=1

8(A) = 8(A).

SOLUTION:

We shall prove that for any positive number r > 0
8(A) < 8(A) + r )

FIGURE 1
Suppose
x, y €EA. 3)
Then

o)
-
~
g
D)
o
)
<
~
N
e’

We choose x” and y” such that
x€EBx ,)NA

Yy EB(, ) NA ®)
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Then
dix, y) sd(x, x) +d(y,x) =

<d(x% x)+dy,y)+d(x’,y)<7/,+7,+06(A) =

=r + 8(A). (6)

Therefore,
8(A) < 8(A) +r (7)

and

3(A) = 8(A). ®)
Since A CZ,

8(A) = d(A). 9)
Thus,

8(4) = 8(A). (10)

® PROBLEM 18-18

Prove the Cantor theorem.

CANTOR THEOREM

Let {A,}, n € N be a countable family of closed nonempty subsets
of complete space X such that

A, DA,DA,... and 8(A,) — 0 1)

n —»oco

h A i . o
(A, =¢. )
nenN

SOLUTION:

For every n € N choose a, € A,. We shall show that (a,) is a Cauchy se-
quence. Let € > 0. There exists

NoEN
such that for n > N
0(A,) < /. 3
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0”7k ) Nii +1
Hence,
d(ak, a!) <E. (4
Thue (2 ) ic a Cauchv ceaanence in (Y AN Since hv hvnothecic i< cOm-
Llluo’ \wn, A A \/uu\d.lj vv\-l“v s y 3 \ll’ u}o L\ \IU, IJJ Jl.lv‘-ll'h’ L’, LA I WU i
plete
lim aq, =a€X
— )

Note that for any n

(2> By 115 --2)

is also a sequence which converges to a.
{4y, 8y 1, ...} CA, ©)

Since for each n, A,, is closed,
aEA, =A, (7)

Thus,
a€()A, and (A, =¢.

neN neN

~
0
N

® PROBLEM 18-19

Prove the following:

THEOREM

A metric space (X, d) is complete if and only if every nested
sequence (i.e., A} D A, D A; ...) of nonempty closed sets such that
8(A,) — 0 has a nonempty intersection, [ 14, = ¢.

n . I
- """~~~

SOLUTION:

We have to show that
((X, d) complete) <> (YA, = ).

For any countable family {A,} of closed, nonempty subsets of X such
that

A DA, DA, ...

and
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8(A,) — 0.

In Problem 18-18 we proved =>.
Now we shall show <=.
Let Ay DA, DA; ... be any sequence of closed, nonempty subsets of X

sSucn tnat
dA,) = 0,NA, =¢.

Bl = {xl, X2, X3, ...},Al =—Bl

Bz = {XZ, X3, ...},Az =§2

B3 = {X3, X4 ...},A3 =§3

ThenA; DA; DA; DO ... and 8(4,) — 0 and {A,} are closed, nonempty sub-
sets of X. Hence

MNA,=¢

neN

We show that

Let € > 0. Then
3 Ny € N such that for n > N,

d(B,) < &.
Hence (by Problem 18-17),
d(B,) =0(A,) <&.
For all n > N,

d(x,, x) < €.

x, > xEX.
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® PROBLEM 18-20

SOLUTION:

A space X is said to be compact if given any open cover {U;}, i €1, of X,

——there-is-a finite subeoverof {U;}; i e l— — — — —

Suppose (A,}, n €N, are closed, nonempty subsets of X such that

A DA DA D (1
L-".J . e \Ll

We shall apply the following: X is compact if and only if for any family {F;}, i
€ 1, of closed subsets of X such that the intersection of any finite number of
the F; is nonempty,

nFi#(b. {2\

i€l \=7
Then

MNA, =0d.

neN (3)

Hence, by Problem 18-19, the space (X, d) is complete.

® PROBLEM 18-21

1. Show that a subspace of a complete metric space can be incomplete.

2. Show that any separable metric space (X, d) is homeomorphic to a
dense subspace of a complete metric space.

SOLUTION
1. The set of rational numbers forms an incomplete subspace of the com-
plete set of real numbers.

2. Sp e X is said to be separa ble if X contains a countable dense subset.

Any separable metric space (X, d) has a metrizable compactification, say
(Y, d°). If a metric space (Y, d°) is compact, then (Y, d°) is complete.
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® PROBLEM 18-22

(a,),nEN

is a Cauchy sequence in A. Then (a,) is also a Cauchy sequence in X. Since X
is complete

a,—>acX.
But
a€EA=A
Hence, (a,) converges in A and A is complete

Show that

((xX,,d) is complete) <> (each (X ,,d,) is complete).

SOLUTION:
Let us define d as follows:
Ry \ AN\ min(dn(xn,y n)’ 1)
ax,y) = 2, > .
nenN
where x = (x1, X3, X35 ...)

It can be shown that d is a metric in

< Suppose each (X,, d,) is complete. Let
(ak) ’ kEN
be a Cauchy sequence in x.X,. The [-th coordinate of a, is denoted by

ay()).
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The sequence (ai(l)), k € N is a Cauchy sequence in X;. Hence, (a(/)) con-
verges in X, for each / € N. Thus, (a;) converges m;cX .

in X;, which does not converge. Choose from each X,,, n > 1 a point
EX

Y —Ltpe

We define a sequence as

(a (1) for [l=1
K\

(a, (D) = i

X for =1

I

which is a Cauchy sequence but does not converge in (xX ).
Contradiction.

I 1. Show that I

foy=>

defined on Euclidean R? space is a contracting mapping.

2. Show that a contracting mapping is continuous.

SOLUTION:
DEFINITION OF CONTRACTING MAPPING
A fuinctin f X - X defined ac (X A ic called a cantractinog manning if
A A ANSRAWLAN l‘ - LA l AW ALIAWVNE GV \‘l, u’ A WwWElilAWeE &3 vull‘lu\l‘ll‘.s lllul.’l.’ll‘.s AL
areal number a ER, 0 < a < 1 exists there, such that foreveryx, y EX
A, AWV < a dlx v) < dl(x v)
WNINYIIINV )] =W\ ) ) =W\ )
]

L__"_
2 20

. A . F ) = IFx) - )| =

=7 lx-yll= 1 d(xy).
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/)‘(r/ \ ﬁ".f(x) N \
[ )
( (. y) ,y// \_/

\_/
FIGURE 1

2. Letf: X — X .be a contracting mapping on a metric space (X, d). A real
number 0 = a < 1 exists such that for everyx, y €EX

d(f(x), Ay)) s a d(x, y).
Tatv. & VYVande N
]..J\ll-J\rl \— /2 dlil\l C »~ U,
We have
(v y Nz o= AdfvN Iy Necaodly yY\Neccnece
AX, X1y < E=AY\X) iX))saadx, X js€a<e

Hence, f is continuous.

® PROBLEM 18-25

Show that if f: X — X is a contracting mapping on a complete metric
space (X, d) then there exists one and only one point x, € X such that -

(1)
SOLUTION:
Let g, € X. We define
L Ne—rm. Ha e —£2r \
J GQ) = &1, J\U1) = U2 =) &)
f(an - 1) =a, =fn(a0), (2)
and show that
ag, Gy, Ay, ...

is a Cauchy sequence.

d(F*+ o), fiap)) = @ d(f**!=(ag), f1~(ag)) < ..
... s al d(fk(ag), ag) s
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= al[d(ao, flag)) + d(flac), f*(a0)) + ... + d(f*~'(a0), fHao))].  (3)

But
d(f™* Yay), f™(ag)) < a™ d(fag), ap). (4)
Hence, from (3) and (4) we obtain
d(f* * {(ao), f (ap)) < a* d(f(ag), ap) [1 + a + a® + ... + a*~1]. %)
Sincea< 1, i
l+a+a%?+...+a*k ' s .
1-a (6)
From (5) and (6) we find
+1
d(f"'(a), f(ay) s 72— d(f(a ) a)). )
For £ > 0, we define
re(1— a) if Al fla) a-) =0
U+ w) ) YJ \*0V)» ¥ hd
n= I 8(1 )
],1( fla) a lf d(f(a0), a9) = 0 o
L&\ &0 &0 3)
Since a < 1, M € N exists such that
aM < \. 9)

Forkz=1>M,
1 A
d(a,a)sa': —1—-_—a-d(f(a0),a0)< T d(f(a,).a) sc. (10)

Thus, (ay, a,, a3, ...) is a Cauchy sequence and since X is complete xo € X
exists such that

lima, =x,. (11)

n—»o

Function f is continuous, thus

fixs) = lima) =lim fla,) =lim a
FANMVJ J\ n) J\""ny n

= (12)
\ 4

7oy
~0-

Point x; is unique. For, suppose f{xg) = xo and f(yg) = yo, then
d(xo, yo) = d(fixo), f(¥o)) s a d(xo, yo)- (13)
But a < 1. Therefore,
d(xp, yo) =0

and X0 = Yo-
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® PROBLEM 18-26

CE
A~ =

A metric space X* is called a completion of a metric space X if X* is

- complete and X is isometric to a dense subsetof X*.

isometric

\ o
X* —complete.
X and A are isometric.
A =X~ FIGURE 1

Consider the set Q of rational numbers. The closure of Q is the entire set
R of real numbers, i.e.,

§=R.

The set R is complete. Hence, the set R of real numbers is a completion of
the set Q of rational numbers.

® PROBLEM 18-27

Let C[X] denote the collection of all Cauchy sequences on X. The rela-
I tion ~ on C[X] is defined by

| ((a,) ~ (b)) < (lim d(a,,b,)=0). (1)
I Show that ~ is an equivalence relation on C[X]. I
SOLUTION:

(@) ~ (an)
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is obvious, since d(x, x) = 0

((an) ~ (bn)) = ((bn) ~ (an))
because

“w

\ = dlv. x)
QY v

s
Ry
A

Suppose (a,) ~ (b,) and (b,) ~ (c,). Then

- limd(a, b, =limd(,, c,) =0.

From the definition of a metric,

d(a,, c,) =d(a,, b,) ¥+ d(b,, c,)
Taking the limit
lim d(a,, c,) < lim d(a,, b,) + lim d(b,, c,) = 0.
Thus,

(a)~(c
\**n) \v

N’

n n*

™. ~ 1 _at g - e Y _at 7 Irn
ne reiatuon ~ 18 an equivaience reiaton on LA |.

® PROBLEM 18-28

Show that
(a,) and (b,) are subsequences

- ((a,) ~ (b,)) =

of some Cauchy sequence (c,) .

SOLUTION:

< A Cauchy sequence (c,) exists such that
(a,)=(c,) and (b,)=(c, ).

Then
limd(a ,b )= 1lim d(c, ,c,)=0
n—sco \""n’ n’ n—so \ kn, Inl
since (c,) is a Cauchy sequence.
=> Suppose
(an) ~ (bn)
that is
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lim d(a,,b,)=0.

n —a0n
n—o00

We define a sequence

7~
o
<
i
~~
N
—
]
o>
—
.
«
[}
.
o>
1)
8
W
S
W
N’

[ a if ni1s odd
n+l
2

] b, if nis even
2

and show that (c,) is a Cauchy sequence. Let € > 0, then
3 n; € N such that

n>n;=da,b,) <,
3 n, € N such that
m, n > n, = d(a,, a,) </,
3 n; € N such that

m, n>n;3= d(bm’ bn) < l_:/2
Set ny = max (ny, ny, n3). Then for m > 2n

1 1
Sm>n;, > m>n,

m+1 m+1
>n >n

2 P2 2

m, n > 2ng = d(c,, c,) < €.
We have

m,neven =>c,=b, ,c, =b

then

)
N B

m,nodd = c, =a

then

d(cm, C,,) < E/Z <€
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m,n one odd and one even=c¢,, =b,, ,c, = a,,,
2 2
then
d(Cm,C_,!) s d(am 9b_m) + d(a.m ’an+!) < % + % =E.
2 2 2 2
Hence, (c,) is a Cauchy sequence.

® PROBLEM 18-29

Describe the construction of a completion X* of a metric space (X, d).

SOLUTION:
A a N S o ~ LY n ¢ _ ~ h oI Iro < A _ 2 al_ 11 a2 L 11
A IEIC Space (A, a) 1S givli. by ClA ] we acnote tne coliccuon or all
Cauchy sequences in X. Among Cauchy sequences the relation ~ is intro-
duced as follows
(a,) ~ (b)) iff lim d(a,,b,) =0
’ ns
n—»c
T Do L1 10 N"T . - ) I A sl -2 S e i lac e Y _as . XXV A C£:_. .. Uk
111 F'TOUICIL 10—4 /7 WC SIIOWCU Lldl ~ 1D dll CgulvadiClICC ICIdUUI. YW UCIIIIC A~
r"rvl
L4 ]
X¥= —<

as the quotient space. Elements of X* are the equivalence classes [(a,)] of
Cauchy sequences (a,) of C[X]. Thus, if (a,) € [(a,)] and (b,) € [(a,)] we have
(@,) ~ (b,) andlim d(a,,b,) =0.
Later we s?u?lfo show that the function & defined by
3([(an)} [(bw)]) = lim d(an,by)

is a metric on X*.

/ )

FIGURE 1
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® PROBLEM 18-30

| 0([(ar)} [(Bn)]) = lim d(a,,bn)
| is well-defined, i.e., that
(a;) ~ (a,)

(bn) ~ (b,)

SOLUTION:
Suppose (a’,) ~ (a,) and (b",) ~ (b,) then
lim d(a;,a,)=0

and "

lim d(b,,b,)=0.
Set o

a =limd(a,, b,)

a" =limd(a’,, b",).

We have
d(a,, b,) <d(a,,a’,) +d(b,, b",) +d(a’,, b")).
Let € > 0, then
3 n; € N such that

n>n;=da,a,) <
3 n, € N such that

n>n,,=db,,b,) <

3 n; € N such that
n>ny=>d@a,,b,)—a <t
For
n > max(ny, ny, ns)
we get
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d(an,b,) < % + T +T+a =a+c¢

(98] |(ﬂ|
W o

lim d(a,,b,)=asa +¢.

n —= 00
[ M

Hence, since € > 0 is arbitrary
asa’.
—In the same way we showthat
a’'sa
and conclude that
a=a

® PROBLEM 18-31
I ——

I Show that I
| 0([(a)} [(Pn)]) = lim d(an,bn) |
I is metric on I
C[X]
X*= —
(compare Problem 18-29).

SOLUTION:

We have already shown that 0 is well-defined (Problem 18-30).

1. ([a)], [(Pn)] 2 0
because d(a,, b,) = 0.

6([an)), [(an)] = O

because d(a,, b,) = 0.

2. o([(@n)], [(Bw)]) = 3([(bn)]; [(2n)])
because d(a,, b,) = d(b,, a,).

3. o([(@n)); [(bn)]) = lim d(an,b,) =
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s lim d(a,,c,)+ lim d(b,,c,) =

n—»x%

= 8([(a,)}; [(c, )] + d([(b,)], [(c,)D-

4. If [(a,)] = [(b,)] then

o([(an)], [(Bn)]) > O.
Indeed
d([(an)} [(bn)]) = lim d(a,,b,)>0
because
(ap) is not in relation ~ with (b,) => lim d(a,, b,) > 0.
Hence,

(@)}, [(6)D) > 0.

® PROBLEM 18-32

(a, a, a, ...) € C[X].
We define space X as follows:
a €X= {21 ra €X}

a = [(a, a, a, ...)]. Space X is a subspace of X *.
Now, suppose (a,) € C[X]. Show that

| Suppose a € X then (a, a, a, ...) is a Cauchy sequence
| = [(a,)] €X*

Sequence (a,,) is a Cauchy sequence in X. We have
lim 8(a,a,)= lim (lim d(am,a,)) =
n—» o n—s»00 n—>00
= lim d(a,,a,)=0.

n —»oo
m-~»
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Thus,

(a,) = a.

SOLUTION:

1. Suppose a, b € X. Then
a=[a aa .. )] EX
b=[(b b b, . EX
and A
d(a,b) = 1in; d(a,b) =d(a,b).

A
Hence, X is isometric to X.

2. We shall show that every point in X* is the limit of a sequence in X. Let
a = [(ay, ay, as, ...)] EX*.

Then (a,, ay, as, ...) is a Cauchy sequence in X. Hence, a is the limit of the
sequence

A

Al A
(ay, az, as, ...)

4N A
in X. Thus, X is dense in X*.

® PROBLEM 18-34

Show that (X*, d) is a completion of X i.e., that every Cauchy sequence
in (X*, 8) converges.

SOLUTION:
Let
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(al’ a, as, )
be a Cauchy sequence in (X*, 8). In Problem 18-33 we proved that
X is dense in X*.

ul‘\f‘

o o
LIVIIVL,
A

\ — AT HA — Xy 1 al a
vncliy da, = A such that

A 1
d(an,an) <7-

A A A .
Hence, (a;, a, a3, ...) is also a Cauchy sequence.

By Problem 18-33 (31, 32, ’c‘z3, ...) converges to
a=[(ay, a, ... )] EX*.

Thus, (a,) also converges to a. We conclude that (X*, 0) is complete.

SOLUTION:

X is a subspace of Y*. Thus for every
yeY*

there exists a Cauchy sequence (y;, y,, ¥3, -..) in X converging to y. Define a
mapping
J : P 3 gl ¢ 8

by

) =01 y2 --)) .
We shall show that f is an isometry between Y* and X*. Mapping f is well-
defined. Indeed, suppose

(y’l’y’Z: y’3’ ) -y

where (y”,,) is a sequence in X.
Then

lim d(y,,y’,) =0
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[On)] = [O7n)]-

Then

=
\a
=

is a Cauchy sequence in X CY*. But Y* is complete. Hence, (x,) converges to
x EY* and

fx) = [(x,)]-
Now suppose x, y € Y*. Then there are sequences (x,) and (y,) in X such that

Xy~ X

v =3V
Jn J-

We have
d0(f(x), f(¥)) = 8([(x4)] [(¥)]) =

= lim d(x,.y,) =d(xy).

n—» o

Hence, fis an isometry between Y* and X*.

® PROBLEM 18-36

1. Show that the set Z of integers is a nowhere dense subset of the real
line R.

I 2. Show that the set Q of rational numbers is not nowhere dense in R. I

A subset A of a topological space (X, T) is nowhere dense in X iff the in-
terior of the closure of A is empty

int(A_S =¢.

The set Z is closed and its interior is empty. Hence,

int(?) = int(Z) = ¢.
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2. The closure of Q is R

Q=R
and
i bl N = 32 2{RY = P = th
LILL\E} — LILL\I\} -— i\ \’I.

Thus, the set O of rational numbers is not nowhere dense in R.

Let U be an open subset of the metric space (X, d) and let M be nowhere
dense in X. Show that x € X exists and € > 0 such that

B(,e)C U

AN
SN o )
=

B(x, €

FIGURE 1

A AAwii

17
1 4

1 8 P |
v daliu | 4

.,
3
-y
~

D)
t ]
y
)

-
Set V is nonempty because U is open and M¢ is dense in X.
V=0.
Hence,
xevV.
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V is open because U is open and M¢ is open.
Thus, € > 0 exists such that

B(x,e)CV
and
B(x, eyNM=¢.

Show that if M is a nowhere dense subset of X then M¢ is dense in X. (We
denote M =X - M.)

SOLUTION:
Crrsmennon ~n tha Arnntearnes that ;7(: 1a mnt Aanmcn 1 V Than «+ 7~ V avicto and an
U PUDU Ull IV LUIlILLa y LHIAL IV 1D 1HIULUGIDV 111.A. 11IVII A T A VAIDLWL dllll dll
open set U such that
A e U
UNM=¢
Hence,
xeUCM
and
x € int(M).

It is a contradiction, because M is nowhere dense in X, int(M) = ¢. Thus, M
is dense in X.

I Prove Baire’s Category Theorem. l

THEOREM

Every complete metric space (X, d) is of second category.
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SOLUTION:
DEFINITION OF FIRST CATEGORY SPACES

A topological space (X, T) is said to be of first category if X is the count-
able union of nowhere dense subsets of X. All other spaces are of second cat-
egory.

Let A C X be of fi “We will sl hat A = X Si Cis of i
category, by definition

I AL ||

A | W A 71\
A=y U,y U, \1)

where each M, is a nowhere dense subset of X.
Since M, is nowhere dense in X, there exists x; € X and €, > 0 such that

B(x;, &) N M, = ¢. @)
Then

1
Since B(xv 5 ) is open and M, is nowhere dense in
conclude that

dx, €X, 3 & > 0 such that

€ €,
B(x,€,) CB(x, TI)C B(x],T') )
and
B(x,, £2) N M = ¢. 6))
Set €,
€ 2 = 7 . (6)
Then
€ €
B(x ,—) C B(x ,— (7)
\ A2 T/ \ 2/ \)
and
E2
B(x,5) NM,=¢. @
In this way we get a nested sequence of closed sets
€ € € 3
B(x,5) D B(xy,5) D B(x;,5) D ... ©)
such that for every n €N
B(x,, )N M, = ¢ (10)
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and €y €
- s —5.
< 2
£
Hence, TR TR 1 n
’ lime, s iim —— =V
n—»o n—-»0 2

and x € X exists such that . = M B(me") .

n-1

Also, x & M, for every n € N and

XEA.

Thus, (X, d) is of second category.
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® PROBLEM 19-1

where R is the space of real numbers with standard topology, are always

homotopic.

SOLUTION:

DEFINITION OF HOMOTOPIC FUNCTIONS

Two continuous functions
f:X—=Y
g:X—=Y

are given. Functions f and g are said to be homotopic, if a continuous func-
tion A

h:Xx[0,1]—=Y
exists, such that
h(x, ) EY

h(x, 0) = fix) and h(x, 1) = g(x).

™ ma

ey | \
o N
) | I

I,
X
Xx {1}
X x [0, 1]
FIGURE 1
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If Y = R (or more generally, Y = R"), then the functions f and g are always
homotopic. Indeed,

h(x, 1) = f(x) + g(x) - fix)]

and A(x, t) is continuous.

® PROBLEM 19-2

stant function which maps the whole disk into (0, 0).

SOLUTION:

FIGURE 1

Suppose X and Y are unit disks and f is the identity function
fx)=x for xeX.
Let g(x) denote a constant function defined on the unit disk
gx)=(0,0) for xEX.

We shall define function h(x, ¢).

FIGURE 2
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Let A = (x, y) represent a point in the disk. Point s(A, £) = B is the point on
(0, 0) (x, y) that is ¢ times the distance from (x, y) to (0, 0). Hence

h(A, 0) = A

~ g dneote th

f~Ff

between fand g is given by

h(x, ?) = fx)

forallx€ X and all ¢ € [0, 1].
We must show that A(x, £) is continuous and that

h(x, 0) = h(x, 1) = f(x).
Suppose U is an open subset of Y. Then

(U = F1(U) x [0, 1].

Since f is continuous f~1(U) is an open subset of X and f~1(U) x [0, 1] is an
open subset of X x [0, 1]. Hence, h(x, ) is continuous.

® PROBLEM 19-4

ﬁ
I Show that if f~ g, then g ~ f. I

SOLUTION:

Since f ~ g, there is a homotopy
h:Xx[0,1]—=Y
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such that
h(x, 1)=f and h(x, 0) =g.
Let us define H by

H-‘xvrn 11 -V
. "l\.’ LJ P 3

2

H(x, t) = h(x, 1 1)

forallxeXand all7 €0, 1].
We have

Hx, Oy=hx, )=f
H(x, 1) = h(x, 0) = g.

Since h(x, ) is continuous, so is H(x, ?).
Hence, H(x, ) is a homotopy between g and f.

Show that the relation, f~ g I

fis homotopic to g

is an equivalence relation.

SOLUTION
In Problem 19-3, we have shown that
f~f
and in Problem 19—4, we have shown that

if f~g,theng ~f.

It remains to be shown that, if f ~ g and g ~ k, then f ~ k. Since f ~ g, there is
a homotopy

hy:Xx[0,1] =Y
such that
hi (5 0) = g(x) and

hy (x, 1) = f(x) for all x EX.
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Similarly, since g ~ k, there is a homotopy
h,: Xx[0,1] =Y
such that

h.(y 0N) = ki(xN and
'P‘ \n’ V/ \ } CALANS

= /v

hy (x, 1) = g(x) for all x EX.

Let us define mapping
h:Xx[0,1]—=Y

by

hy(x, 2t) for Osts#
h(x,t) =
h(x,2t-1) for +=<t<1

for all x E X.
Note that

h(x, 0) = hy(x, 0) = k(x)

L+ 1\ =L (+~ 1\ = f+\
X, 1) =1M\X, 1) = jiX)

h(x, '/2) = hy(x, 0) = hy(x, 1) = g(x).

Mapping h(x, ¢) is well-defined and since both 4, and A, are continuous, so is
h(x, t).

Thus, h(x, t) is a homotopy between f and k.

The relation ~ is an equivalence relation on Y%,

® PROBLEM 19-6

II 1. Why do the homotopy classes of YX form a partition of ¥X? I

2. Can you find any relationship between the extension of functions
I and functions being homotopic? I

SOLUTION:
DEFINITION OF A HOMOTOPY CLASS

The family of all continuous functions from X into Y, which are homo-
topic to a continuous function f, is called the homotopy class of f.
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The homotopy classes of YX form a partition of ¥X because ~ is an
equivalence relation on ¥X (See Problem 19-5).

2. Suppose two continuous functions fand g are given, f,

| i L8

function 4 as follows:

forallx €X.

X x {0}

X x (1) _— [
0 N NG
Ly

TNl L L
FIGURE 1

It is easy to see that f and g are homotopic, if and only if function / can be
extended to a continuous function H

H:Xx[0,1]—=Y
such that
H|(X x{0}) UXx{1}) =h.

®
v
Q
L+ )
"~
!|'|'|
[
=Y
©
]

w]

I Why are any two paths in R2 homotopic?

SOLUTION:

A continuous function from the interval [0, 1] into any space (X, 7) is called
a path in X. (See Figure 1.)
The space

[0, 1] x [0, 1]
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with the product topology is a normal space and its subset
A={xy):y=1}U{(x y):y=0}
is a closed set.
If fis any continuous function from A into R2, then, by Tietze’s Extension

Theorem, f has a continuous extension F.
Thus, any two paths in R? are homotopic.

Ay

{(x y):y=1} 2
T F:[0,1]x[0,1] >R

In Problem 19-2, we have shown that the identity function f; = i on the
unit disk Y is homotopic to the function f;, which maps the whole disk
into (0, 0). Show that f; = i is homotopic to the function

g: Y=Y

defined by
g(x y)=(0, /)

forall (x, y) €Y.
—

We define

A Netel
il U-ﬂlaz
1

H((x,y),t) = {(O,t -1 for +=<t=<

Note, that H((x, y), t) on the segment [0, !/,] contracts Y to (0, 0) and then on
the segment [1/,, 1], slides it from (0, 0) to (0, !/;) along the straight line be-

tween these two points.
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Since H | (Y x [0, 1/,])) and H | (Y % [1/5, 1]) are continuous and
H((x, y), '/2) = k(% ), 0) = (0, 0)

is well-defined, H is continuous. Thus H is a homotopy, since

Hl(Yx {0\ = o
AN RV T 8

H|(Yx{1})=f =i.

® PROBLEM 19-9

Show, that if the homotopic mappings f; and f; have values in the space
Y and if g, and g, are defined on Y and homotopic, then the mappings g,
0 fo and g; o f; are homotopic, i.e., prove that

| |
| . |
| | |

FIGURE 1

):(g00f0~g10f1).

80~ 8

SOLUTION:

Since f, ~ f;, a continuous function
h.(x, NEY

hi(x, 0) = fo(x) ; I(x, 1) = fi(x).
Since gy ~ g1, a continuous function
h(y,HeZ

exists, such that
ho(y, 0) = o) 5 ha(y, 1) = g1(»).

To prove that
800fo~810f
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we have to show that a continuous function

Hx, HeEZ
exists, such that
(v O\ =o.0Ff. and (v 1N\=o0o. 0 f.
.l‘\.l\r’ \.l’ 6 UJU CAliNs “\J\r, ‘.} 51 Vll-

Let us define
then

X, = N\, V), = Ny JolX), =

= go(fo(x)) = &o 0 fo(x)

and
Hes 1) = b, 1), 1) = by (), 1) =
g1(fi(x)) = g1 0 fix).
Since h; and h, are continuous, H is also continuous. Thus, H is a homotopy
between go 0 fyand g, 0 f

® PROBLEM 19-10

A homeomorphism of [0, 1] into any space (X, T) is called an arc. A
continuous function of [0, 1] into any space is called a path. In Problem

19-7, we showed that any two paths in R? are homotopic. Thus, we can
state that any two arcs in R? are homotopic. Let A represent any point in
RZ. Show that two arcs in RZ — {A} are not necessarily homotopic.

SOLUTION:

Leta; and a

Obviously a; and a, are homotopic in R2. We choose a; and a, in such a way,
that A is a point in the area bounded by a, and a,. (See Figure 1.)
Then a, and a, are not homotopic in R? — {A} because a, cannot be
continuously transformed into a,.
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a8, (1) =a,(1)

P\
//// /)

a,(0) = &, (0)

® PROBLEM 19-11

When are two loops g; an
l to X()"

CONL IITION.
-

A continuous function a
a:[0,1] =X
such that
a(0) = a(l) = x,

is called a loop in X with base point y,.

/ a(x) } %= a(0) = a(1) \
[ ] \
[ ] / )
\ ~—r—" /
w

Two loops a; and a, in X with base point x; are said to be homotopic
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relative to x, if a homotopy H between g and a, exists, i.e.,
Hx HeX,x t€][0,1]

H(x,0)=ag; H(x,1)=a,
such that, for each ¢t € [0, 1]
H@O, ) =H(1, 1) = x,.

0 1
L |
' N /—A
: [ PO ———
[ ] ]
[} L}
[ ] [ ]

[0, 1] 5t} }
[ ] [ ]
[ ]
[ ] ]
[] L}
[] L}
i /"" *\—/ao
T 1
0 1
()=, (1) =y
FIGURE 2 “\V) = 4T A
That is, foreach t € [0, 11
b LY *1

rirm 11 o 2
LY, 1] » 4y
€

is a loop in X with base point x,. See Figure 2.

® PROBLEM 19-12

Let L(X, x,) denote the set of all loops in X with base point x,. Show that
the relation “homotopic relative to x, to” (denoted by ~) defined on
L(X, xp), is an equivalence relation. I

- |

SOLUTION:

In Problem 19-5, we showed that “f, homotopic to g”, is an equivalence
relation on YX.
For any

a € L(X, xo)

a is homotopic relative to x, to a

711



Let
a~b.
Then, the homotopy H exists between a and b, such that
H(0, ) = H(1, 1) = x,.

Y _aa®__
Setting

H'(x ) =H(x, 1 ~1)

we obtain homotopy between b and a, such that

Hence,

Suppose a ~b and b ~ c.
Homotopies exist, such that

h(0, 1) = hy(1, £) = x
hi(0, £) = hy(1, ) = x
Then

hy(x, 2t) for O0sts<i

h(x,t) =
(1) {hl(x,Zt—l) for 1st<1

is a homotopy between a and c, such that
h(0, t) = h(1, ¢) = x.

® PROBLEM 19-13

—
I Let L(X, xo) denote the set of all loops in X with base point x,. For any a,, I
I a, € L(X, x,), we define an operation ® as follows: I

| (@(21), Osts<} |

Show that

See Figure 1.

712



SOLUTION:

Loop a; @ a, is formed by moving arround a, once and then around a,
once.

a,®a,:[0,1] = X.

a, ® a, is continuous on [0, !/,] and on [!/,, 1] because both a, and a, are
continuous and at ¢t = 1/,

(a, @ ay) (M2) = a,(1) = xp = ax(0).
Also
(a1 ® a,) (0) = a4(0) = xg

(a1 ® ay) (1) = ax(1) = x,.
Hence,
a; @ a, € L(X, x).

® PROBLEM 19-i4

l We proved that ~ (is homotopic relative y, to) is an equivalence relation II

I on L(X, x,). We denote
L(X,x O)
— =(X,x)

the set of homotopy relative to x, classes of L(X,x,). If a € L(X, x,), then
by

[a] € 7(X, xo)

we denote the eanivalence class of 4.
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Justify the following definition:
[a:] @ [a;] = [a, ® a;].

SOLUTION:

We define [a;] @ [a,] to be the equivalence class of the loop a; ® a,. In

[ loon
’ DA A

ai @ ar € L(zY, xO).

Taking 1ts homotopy equivalence class [a; @ a,], we obtain an element of
X, xo)-

To make sure that [a;] @ [a,] = [a; @ a,] is a well-defined operation on
n(X, xp), it must be shown that this definition is independent of the
representatives a; and a, that we choose. This will be done in the next prob-
lem.

® PROBLEM 19-15

ay, ap a3z € L(X, xo).

Show, that if a; ~ a5, then

a1®a2~a3®a2.

SOLUTION:
Since a; ~ a3, a homotopy relative to x, exists between a; and as, such that
h:[0,1]x[0,1] = X.

We define
H: [O’ 1] X [O’ 11 =X
l'\\l
vy
h(2r,t), Osrs
H(r,t) = r.1) :
a(2r-1), +srsl
Thus,

714



, (h(2r,0) =a,(2r), Osrsi
H(r,0)=1
a-(2r - 1). l<r<i
‘ &L\ 7? pA
and
Hir O\ =(a. @ a)(r for r =0 11
‘1\" U} \ulwu2}\’} AVUL 1 ;lU, lJ
Also

We have

H(0, 1) = h(0, £) = xq

H(1, 1) = ay(1) = x,.
Continuity of H can easily be shown. Hence,

a1@a_«~ao@aa,
1 4 9 &

® PROBLEM 19-16

Show that the operation
[a1] @ [a2] = [a1 @ a)]

defined in Problem 19-14 is well-defined.

SOLUTION:
Suppose a; ~ a3 and a, ~ a4. In Problem 19-15, we proved that
a,®a,~a; ® a,. (2)
Similary, we can show that
a; ®ay~a; ® ay. (3)
Thus,
(01 @ ay] = [a1] D@ [a;] =[a3 D a] =
= [a3] ® [a,] 4)
and
[a1] @ [a2] = [a1] @ [a4]. ©)

715



al@a2~a3®a2~a3®a4. (6)

Hence, if [a,] = [a5] and [a,] = [a,], then
(A 1@ 1=02.1@ 1.1 (7
%11 ™ L*%2] = L“31 ™ 441 \")

® PROBLEM 19-17

Draw the homotopy H(r, ¢) described in Problem 19-15. Explain why

H(r, ¢) is continuous on [0, 1] x [0, 1].

SOLUTION:
1
ay ajs
her, 1) a,(2r—1)
t
ag as
0 1 1
r 2
rerer————e—
H(r, t)
FIGURE 1
On [0, !/,] x [0, 1], we continuously deform q; into a3, while a, remains
fixed on {!/5, 1] x {0, 1]

H(Y/5, t) = ay(0) = xo,

The homotopy H(r, t) is continuous on [0, !/,] x [0, 1] and on [Y/,, 1] x [0, 1],
hence, it is continuous on [0, 1] x [0, 1].
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® PROBLEM 19-18

SUfflCCS to show that

(ﬂl @ a2) @ as ~ a; @ (dz ® a3).

By definition
[(al @ay)(2r); O0srs4

=]a3(2r—1); l<rs1

Thus,
(@(4r);0sr=<1
(@ a)®Paz)(r)={ay(4r-1); Lsrs<i.
as(2r-1); Ltsrsi
Similarly,

© (2 ® ay (2r); Osrsi _
(@ ® (2, ©a)(r) = {( ®a3)(2r -1); Isrs 1

(a,(2r); O<sr<i

L k4 A

=|,./A.._fn 1l o3

—1(42\"?’ L}, 'Z)I ~ 4.
|a3(4r—3), 2=srsi

The homotopy between (a; ® ay) @ a3 and a, @ (a, @ as) is defined as fol-

lows:
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fg.(ﬁ-ﬁ\'

N1+t /7
LY/ .. ¢\ _ -~ (A 1 AN
ll\’,l}—juz\"f’_l_l},
1 4’1—?".
la3( — 2=t %

One can directly compute that H(r, ¢)
(a, @ ay) @ajsand a; @ (a, @ aj).

is indeed the homotopy between

® PROBLEM 19-19

SOLUTION: a, ® a,
P S
L 2
2 4
(1, 0) a /; ~ /; < (1. 1)
2 3
t
(0, 0) ‘ ‘ (0, 1)
_ ry 2
_?-—- a1 @ a2
H(r, t)
FIGURE 1
Ml L b IFXs.. o\ o Aafinad ao £FAllnes.a
111C llUlllUlUpy 1137, l} wdad UCILIIICU ad 1ULIUWD
a(£5); Osrs4(1+1)

H(r,t)={a(4r-1-1t); 1Q+0)srs1(2+0).

as(1-47); $2+nsrsl
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Note that fort =0

[al(4r); Osrsi
H(r,0)={a2(4r—1); isr<i
|a3(2r—1); 1<r=1

AN

which is ((a; @ ay) @ a3) ().
Similarly, for ¢ = 1, we have

a(2r);0sr=<4
H(r)=lay(4r-2); 4isrs3

az(4r-3), 3srsl

which is (a; ®@ (a; @ a3)) (r). It is evident that H(r, ¢) is continuous.

Let
f:[0,1] =xEX

denote a constant function that maps [0, 1] onto xy € X. Show that [f] is an
identity for m(X, xo) with respect to @.

SOLUTION:

By definition
[a] @ [f]=[a @]
and
a(2r); Osrsi

(a@f)(r)={f(2r—1); L<rs<1
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0 r aef
AU o

H(r, t)
FIGURE 1

The figure illustrates the homotopy between a @ fand a. Hence,

[2] © [f] = [a].

Similarly, we show that
(/1@ [a] = [a].

4

® PROBLEM 19-21

Let a denote a loop in X with base point xy, a € L(X, xg). Define an in-
verse loop al.

SOLUTION:

We define a~! by

foreach r €[0, 1].
Then

a1(0) = a(1) = xg
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and
a'(1) = a(0) = xo,
Also, since a is continuous, so is a~!, hence,

-lcrl xq)
LRy AY)-

Note that a~! has the shape of a, but is drawn in the opposite direction.

® PROBLEM 19-22
Define the fundamental group of the space X, given that xo € X.

SOLUTION:
A topological space (X, 7) is given and xg € X. L(X, x) is the set of all
loons in X with base poin 1t X,

On the set of homotopy, the classes of L(X, xy) denoted by m(X, xp), we
defined operation @, Wthh is associative and has an identity [f] with respect
to x.

It is easy to prove, that

a®al~al®a~f
by using the homotopy between a ® a1 and f
a@r(1 -1)); Osrsy
H(r,t) = .

i a1 -r)Y1-1));, 3srsl
Similarly, we can define the homotopy between a-! ®@ a and f. Thus, the in-
verse of [a] € n(X;, xp) is [a~1].

The space (X, xo) with operation @ is a group with identity [f]. Each
[a] € 7(X, x¢) has its inverse [a~1] € (X, xp).
DEFINITION

(X, xg), @) is called the fundamental group of the space X based on
X0 eX.
|
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® PROBLEM 19-23

X={(x, y):x*+y?*=1} CR?% I
l

Let xq represent any point of X and a the loop a C X, which goes once
around the circle in the clockwise direction. For each integer n € Z and
each loop a € L(X, xp), we define

n times

na=1Jf for n=0

al®a'®...a! for n negative

where —n times
I f:10,1] = x, H
I Find the fundamental group of X based on x,,. I
| — — |
| —~ I\ [ |

2ama®a -2ama @a

FIGURE 1

SOLUTION:

Note, that

I 2 N W
1s &4 e &

if and only if m = n. For every loop a; € L(X, x), there is n € Z, such that
a, € [n a].
Thus, there is an isomorphism 4 between
(X, xp), ®) and (Z, +)
given by
h([n a]) = n.
Group (7(X, xp), @) is generated by one element [a].
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® PROBLEM 19-24

Let A represent any point of X. Then X — {A} is homeomorphic to R? and

therefore, a contractible space. The plane A is tangent to X at A”. A” is the point
of X antipodal to A.

FIGURE 1

The projection of a point x € X — {A} is a point x” € A determined by the
intersection of a straight line Ax with the plane A. Thus, X — {A} and A are

homeomorphic.
T*‘-‘ n ic anw lana in YV and A Q any i l» in V_ ~ than ~ 1¢c a lAana in DZ
i1 1> aily lUUlJ i1 A aliu 1 1D ailly pult i a U, tuVll1 ¥ 1O a lUUP 1kl IN
(remember R? and X — {A} are homeomorphic).

Thus, a is homotopic to the identity function f of nt(X, xg). Hence, any loop
in X based on xy € X is homotopic to f.
Therefore, (X, x,) consists only of [f].
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GLOSSARY OF SYMBOLS AND ABBREVIATIONS

See
Symbol Meaning sm&?':p‘;g:::
a,B,70,... sentences 1-1
0,1 logical values 1-1
= equivalent 1-1
" or 1-1
A and 1-1
: not 1-1
= implies 1-5
< if and only if 1-5
iff if and only if 1-5
- symmetric difference 1-11
] end of a proof, theorem, or definition 1-6
acA a is an element of A 2-1
aEA a is not an element of A 2-1
{a bc..} set consisting of elements a, b, , ... 2-1
{x: p(x)} set of all x such that p(x) = 1 2-1
N set of all natural numbers
Z set of all integers
Q set of all rational numbers
R set of all real numbers
C set of all imaginary numbers
ACB A is a subset of B 2-3
AUB union of A and B 2-4
ANB intersection of A and B 2-4
A-B difference of A and B 2-4
¢ empty set 2-7
P(A) (or 2%) power set of A 2-8
A€ (or X -A) complement of A 2-12
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A-B symmetric difference of A and B 2-18
3 there exists 3-2
v for each 3-2
(x) sequence consisting of elements x , x,, ... 3-4
lim x limit of (x ) 34
n—o

(a, b) ordered pair 3-5
A x B Cartesian product 3-5
la, b[ (or (a, b)) open interval 3-9
UA union of a family of sets 3-10
ra\A « intersection of a family of sets 3-10
[?1, b] closed interval 3-11
ap b a is in relation p with b 3-13
o inverse relation 3-14
A diagonal of a set 3-14
poOA composition of relations 3-15
R equivalence relation 3-17
% quotient space 3-23
f:X—=Y function defined on X 4-1
flA restriction of fto A 4-3
fog composition of functions 4-5
1, identity function on A 4-8
AB set of all functions f: B — A 4-22
X, characteristic function of A 4-25
XA (or}]A,) Cartesian product of a family of sets 4-28

a

A~B sets A and B are equivalent 5-1
cardA (orA) cardinal number of set A 5-4
a+p sum of cardinal numbers 6-14
o P product of cardinal numbers 6-16
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Be o power of B 6-23
H Hilbert space 6-37
(A, <) preordered set 7-4
A, <) partially ordered set 7-7
=: equals by definition 7-10
A, =) totally ordered set 7-8
lub the least upper bound 7-18
glb the greatest lower bound 7-18
A=B order — isomorphic sets 8-2
ord (A, s) ordinal number of a well-ordered set A 8-4
d(x, y) metric 10-1
X d) metric space 10-1
R" n-dimensional Euclidean space 10-3
B(a, r) d-ball of radius r and center a 10-7
B_(a, r) closed ball 10-14
(x) sequence of points 10-17
lim x, limit of a sequence 10-17
d(A) diameter of A 10-26
A closure of A 10-32
X 1 topological space 11-1
TA) topology generated by A 11-18
AT £\ naichharhnand Af v 1197
JVO\A) ll\llsllu\ll 1IVUVUU VUl A 174/
A closure of A 11-27
Al derived set of A 11-31
Int{4) interior of A 11-34
Fr(A) boundary of A 11-35
T, induced topology 11-45
Xe=Y homeomorphic spaces 12-30
<U > “slice” of Cartesian product x X, 14-13
a
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Absorption, law, 1-10

cardinal numbers, 54

~ Addingof handles, 9105 exponentiation, 6-23,6-24,

Additive families, 4-19, 4-20, 4-21

6-25, 6-26, 6-27, 6-28

_ Affine geometry, 9-7,9-8,9-9  product, 6-16,6-17,6-18,6-19,

Alexandroff compactification,
16-50, 16-51

AND, OR, INVERTER gates, 1-13,
1-14

Aristotelian logic, 1-2

Axiom of chonoe 7-1

Axiomatic formulation, 62

Axiomatic formulation, Axiom of

choice, 3-26
Axiomatic set theory, 2-24

Baire’s category theorem, 18-39

Basis, properties, 11-15, 11-16,
11-22,11-23,11-24

Boolean algebra, 2-25

Borel sets, 11-42, 1143, 1144

Boundary, 11-35

Bounded sets and bounded functions,
10-26

Brower’s fixed point theorem, 9-88,

Q.90 O_an
=07, I—IU

Burali-forti para x, 841

Canonical mapping (projection),
3-23
Cantor’s theorem, 18-18
Cantor’s theorem, Cardinal number of
a power set, 6-10, 6-11, 6-12, 6-13
Cardinal numbers:
addition, 6-14, 6-15, 6-17, 6-18

6-20, 6-21, 6-22
Cartesian product, 3—5
countable sets, 5-9
general cartesian products, 4-28,
4-29,4-30,4-31, 14-12,14-13
invariants, 14-7, 148
metric spaces, 10-6, 14-16, 14-17
projections, 14—1, 14-2, 14-3, 144,
14-5, 146
nrgpertles, 3-6,3-7,38
Cauchy space, Cauchy sequence, 18—
6, 18-7, 188, 189, 18-10, 18-11,
18-12, 18-13, 18-14, 18-27, 18-28
Chain, 7-10
Characteristic function, 4-25
Chromatic numbers, Color problems:
chromatic numbers, 969, 9-78,
9-79
five color theorem, 9-80
four color problem, 9-71, 9-81
problem of five regions, 9-68
1cguxal maps, 7—70, 9—72, 9—74,
9-75,9-76
seven color theorem, 9-77
six color theorem, 9-73
Clausius law, 1-6

L,lUbCU Ddll, 1U—1‘l'

Closed sets, 10-14, 10-15, 10-16,
10-29, 10-30, 10-31

Closure:
closure of A, 10-32
closure of a set, 11-27

727



NUMDETS O

properties, 11-28, 11-29, 11-30
Cluster point, Derived set, 11-31,

11_29 11_122
11=52, 1100

Compactifications, 1648, 1649
Compactness:
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properties, 17-3, 174, 17-5

totally disconnected spaces, 17-36,

17_27 17_28Q
1/=5/,17/—306

Connected networks, 9-55
Connected surfaces:

compactness in metric spaces, homotopy classes, 9-27
16-44, 1645, 1646, 1647 rank, 9-28

compactness of Hausdorff spaces, simply connected surfaces, 9-23,
16-12,16-13,16-14 9-24, 9-25,9-26

Compact spaces, 16-1, 16-2, 16-3,

Constituents, 2—15, 2—16

properties, 168, 16-9, 16-11

countable, 16-26, 1627

locally, 16-32, 16-33, 16-34,
16-37

‘r\nnl‘ €r N M"\ uﬁII(‘I'II\P“ ﬂﬂﬂﬂﬂﬂ
1UCally Cul p AuUdUUILLL Spalcy,

16-35, 16—36
new, 16-18, 16-20, 16-23
sequentially, 16-24, 16-25
sequentialiy and countable,

P Y o 14 7Q 14 N0 1
lJlUl)Cllle, LU—L0, 1U—LT, 1U—0

16-31
Components, 17-29, 17-30
Components theorems, 17-31, 17-32,
17-33
Congruence classes:
affine geometry, 9-7, 9-8, 9-9
congruence, 94, 9-5, 9-6
isometric transformations, 9-3
projective geometry, 9—-10, 9-11
rigid transformations, 9-1, 9-2
topology, 9-12, 9-13, 9-14
Connected and disconnected spaces,
171,172
connected subsets of R”?, 17-9,
17-13

connected subspaces, 17-25, 17-26,

17-27,17-28

locally connected spaces, 17-39,
1740, 17-42, 1743

locally connected spaces, product,
17-41, 1744

product, 17-34, 17-35

applications, 12-15, 12-16, 12-17
examples of continuous functions,
12-2,12-3,12-5
properties of continuous functions,
124,12-11
sequential continuity, 12-21
theorems, 12-6, 12-7, 12-8, 12-9,
12-10, 12-12, 12-13, 12-14
Continuity at a point
continuity of a point, 12-18, 12-19,
12-20
sequential continuity, 12-21
Continuity of maps, 14-14, 14-15
Continuous functions, 10-21, 166
examples, 12-2, 12-3, 12-5
properties, 10-22, 10-23, 10-24,
10-25, 124, 12-11
Continuum, 17-45, 1746, 1747,
1748
Continuum hypothesis, 640, 641
Contract mapping, 18-24
Contraposition, 1-6
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(@ . Da
COVEL 1igd, 1 al l.ll.lUll

4-17,4-18
Convergence, 10-17, 10-19
Convex subsets of R”, 17-18, 17-20
Coverings of space, 12-23
Cross-cap, 9-109, 9-110
Curves, 9-15, 9-16, 9-17

d-ball, 10-7, 10-8

728



LA At s ] n & m o w

NUITIOCIS On tnil

page r€ifr 10 rRUDLENVI INUIVIDERY, 110

i adhhazlm)

ag€ numocrts.

-
o

DeMorgan’s laws, 1-3, 14

DeMorgan’s theorem, 2—-13, 2-14
ol 2
J

MNManga and icnmatensr 1Q_2
LJViIDW aliu ISOMCtr IV, 10770

18-36, 18-37, 18-38

Dense sets, 11-36

Denumerable and countable sets,
properties, 5-12, 5-13, 5-14, 5-15,
5-16, 5-18, 5-19, 5-20, 5-21

index, 942, 943, 944, 945,

946
mluhpr‘ra O_QQ Q_QA 0_Q<

l.l\ll] L1iwNil u e

regular d|v151ons' 9—31, 9-32
relation with genus, 9-39, 940
sinks and sources, 941

cam —al 1

mangmauon II]C[[I()U 3'—.)6,

9-38

n

3~
37,

PN

Denumerable sets, 54, 5-5, 5-10
Design of circuits, 1-13, 1-14, 1-16
Diagonal, inverse relations, 3—14
Diameter of a set, 1026, 10-28
Digital systems:

AND, OR, INVERTER, gates,

112 1_14
1=1J, 1i—i%

design of circuits, 1-13, 1-14, 1-16

logic gates and Boolean algebra,
1-12

NOR, NAND gates, 1-15

T™TT e 1_1&4
LI IS, 1—10

Discrete topology, 11-10
Duns Scotus law, 1-6

Equal sets, 2-2
Equivalence:
class, 3-21, 3-22,
19-14, 19-15, 19-16, 19-17,
19-18, 19-20
relation, 3-17, 3-18,
3-19,3-20
equivalent bases, 11-25

&_N & 7
J

alant catg &
Ludey

U\i‘ulval\wlll SCIS, O— 1, o=z,
5-23,5-24

equivalent statements, 1-5
Euclidean space, 10-3
Euclidean topology, 11-3, 11-12

basis, 11-14, 11-17
Euler characteristics, 9-106, 9-107,

9-108

and plane diagram, 9-101

Euler rule, 9-29, 9-30

Euler Rule, 9-29, 9-30

F;and G sets, 11-38, 11-39, 1141

Families of sets, 3-9, 4-19

Family of closed sets, 11-11

Finite and transfinite numbers, 68

Finite intersection property, 16—-10

First countable spaces, 15-3, 154,
15-5, 15-6, 15-7, 15-8, 15-9

Five color theorem, 980

Five rpgmnc nrnhlpm QAR

AW

Fixed point theorems:
Brower’s fixed point theorem, 988,
9-89, 9-90
puzzles, 9-91
rotation, 987
special cases, 9-92, 9-93, 9-94,
9-95
Four color problem, 9-71, 981
Functions:
1, properties, 4-13, 4-14
composition, 4-5, 4-6, 4-7, 4-8
domain, 4—-1
functions separating points, 13-36,
13-37
induced functions, 4-12

ravron fiinntian A_A
lllV\leD Luliviivii, r—r

Fundamental group, 19-22, 19-23,
19-24

Genus, 9-18, 9-19
Graph, equal functions, 4-3
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Homeomor puic functio
Homeomorphic spaces:
examples, 12—35 12-38, 12-39
homeomorphism, 12-30, 12-31
T—space, 12-34

theorems, 12-33, 12-34, 12-36,

< 1610
1S, 10—17

Lebcsque number f
rin

avinnaranmhin Aeda
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8-31

Limit of sequence, 10-17, 10-18,
10-20

Limit point, 18-32

Lindelof spaces, 15-14, 15-15, 15-16

12-37
topological properties, 12-32
19-3,19-17
Homotopic mappings, 19-9
Homotopy as an equivalence relation,
194, 19-5, 19-12

LTAmntnno nlace 10_K 1“ ’,
llUlllUlUl}y ViAo, 177Uy LT

Ideals, filters, 2-21, 2-22

Identification spaces, 1240
mampxes, 12—41, 1242

Inclusion, 2-3

Independent sets, 2—17

Induced metric, 18-2, 18-3

Interior, 11-34

Image, inverse image, 4-9, 4-10, 4-11

Implication, 1-5, 1-6

Infinite and finite sets, 5-1, 5-3

Isometric transformations, 9-3

Jordan curve:
inside and outside, 9-82
JUILUAL] bul VC I.llUUlUlll 7—()J, 7—()“l',

9-85
puzzles, 9-86

Kuratowski’s lemma, 7-37

Lattice points, 5-5
Least upper bound and greatest lower

Logic gates and Boolean algebra,
1-12

Maximal and minimal elements, 7-21,
7-22,7-23, 724
Maximal and minimum, 7-25, 7-26,
7-27
Metric spaces:
countable, 184, 18-19
metric space, 10-1, 10-2, 104,
10-5, 15-22, 15-23, 15-24,
15-25, 15-26
metric space, complete, 18-15,
18-16, 18-17, 18-20, 18—21,
18-22, 18-23, 18-26, 18-29,
18-30, 18-35
Metrizable spaces, 18-1, 18-5, 18-31
Mobius band and Klein bottle, 9-20,
9-21, 9-22, 9-99
Multiplicative families, 4-19, 4-20,

4-21

Nbd-finite family, 12-22
\Tn:n‘\l\nﬁknnrl nAl\n—nn} et 11 SN~y
l‘ClsllUUlllU U, auliv it lJL’lll 9 11—4/
Networks:

connected networks, 9-55

planar and nonplanar networks,
949, 9-50, 9-51

problems and puzzles, 9-60, 9-62,
9-63, 9-64, 9-65, 9-66, 967

single path, 9-52, 9-53, 9-54

tie-sets, 9-58

trees, 9-56, 9-57
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traversing a network, 9-59, 9-60,
9-61
snnoe Q) Q_AQ

VG]. LD, 7"‘1‘ I T==0
Non-countable spaces, 56
NOR, NAND gates, 1-15
Normal spaces, 13-22, 13-23, 13-24,
13-25
Numbers card N and card R, 61, 6-3,
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Mobius band and Klein bottle, 9-99
real projective plane, 9-100
seven color ;heorem, 9-102
symbolic representation, 9-103

Polygonally connected sets, 1714,
17-19

Polyhedra, 9-33, 9-34, 9-35

Power sets, 2-8, 2-9, 5-17

64

Preorder, 74, 7-5, 7-6

Principle of transfinite induction,
748,749

Open and closed functions, 12-5
example, 12-27
properties, 12-26, 12-28, 12-29
Open covers, refinements, 15-1, 15-2

Nran cate 1011 10_19 1n 12
Ul}bll VD, LUT11y LU 14y LUTLY

Order isomorphism, 8-1, 8-2, 8-3
Ordered pair, 3-5

Ordered sets, 7-28, 7-29, 7-30
Ordinal numbers, 84

wdimnal mirmalana 6,27 Q 11 Q 1
ordainai numocr @ s O—11, 01

ordering, 85, 8-6, 87, 88, 89,
8-10

product, 8-28, 8-32

properties, 8-24, 8-25, 8-26, 8-27

sum, 8-14, 8-15, 8-16, 8-17

9]
L

Partial order, 7-7, 7-9, 7-11, 7-14
Path connected sets, 17-14, 17-15,
17-16,17-17
properties, 17-21, 17-22, 17-23
Paths, arcs and loops are homotopic,

107 10_Q 101N 1Q_11 1Q_19)
17—/, 17—0, 171V, 17—11, 1714,

19-13, 19-21

Piecewise definition of maps, 12-24
coverings of space, 12-23
Nbd-finite family, 12-22

Planar and non-planar networks, 9—49,
9-50, 9-51

Plane diagrams, 9-96, 9-97, 9-98
Euler characteristic and plane

diagram, 9-101

Product, properties, 8-33, 8-34, 8-35,
8-36, 8-37
Projective geometry, 9—-10, 9-11

Quantifiers ¥V and 3, 3-2, 3-3,34

n
eal projective plane, 9-100
Real-valued functlons 4-24
Regular divisions, 9-31, 9-32
Regular maps, 9-70, 9-72, 9-74,
9-75,9-76
Regular spaces, 13—-14, 13-15, 1316,
13-17
complete, 13-38, 13-39
Relation-preserving functions, 4-26,
4-27
Relation with genus, 9-39, 940
Relations, 3-13

alatiAnnc N VU by =Py 15

Rclauuua COMmpoOsition, 3-1
Remarks, 8-38, 8-39, 840
Restriction, extension, 4-3
Rigid transformations, 9-1, 9-2
Rings, 2-20

Rotation, 987

Russell paradox, 2-23
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of cardinal numbers, 6-5, 0—0 6/,

£ 0O
U=z

Second countable spaces, 15-10, 15—
11, 15-13
Segments, 744, 745, 7-46, 747
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Subspace and induced topology,
11-45, 1146, 1147, 1148
CQuiitahla hamatansy 1010

ouuau1c HuUHIwwpYy, 17—17

Sum, properties, 818, 8-19, 8-20,
8-21,8-22,823
Sum of ordinal numbers, 8-14, 8-15,

Seven color theorem, 9-77, 9-102
Simple chain, 17-24
Simply connected surfaces, 9-23,
9-24, 9-25, 9-26
Single path, 9-52, 9-53, 9-54
Sinks and sources, 941
Six color theorem, 9-73
Space, complement, 2-12
Spheres with holes, 9-104
Standard models:
adding of handies, 9-105
1

CiUso=Cap, 7—1ivr, J—i1iu

Euler characteristics, 9-106, 9-107,
9-108

examples, 9-112, 9-113, 9-114,
9-115,9-116,9-117, 9-118,
9-119, 9-120, 9-121, 9-122,
9-123, 9-124, 9-125, 9-126,
9-127

spheres with holes, 9-104

standard model, 9-111

Sentence functions of two variables, 8-16, 8-17
3-24,3-25 Surfaces:
Sentences, sum, product, negation, 1-1 curves, 9-15, 9-16, 9-17
Separable spaces, 1512, 15-17, genus, 9-18
Separated sets, 176 9-20, 9-21,9-22
Sequences, 10-17 Surjection, injection, bijection, 42
Sequential continuity, 12-21 Syllogism law, 1-6
Set of: Symbolic representation, 9-103
algebraic numbers, 5-11 Symmetric difference, 1-11, 2-18,
functions, 4-22, 4-23 2-19
rational numbers, 5-5 To-spaces, 13-1, 13-2
real numbers, 56 T;-spaces, 12-34, 13-3, 13-4, 13-5,
operations, 24, 2-5, 2-6, 2-7 13-6, 13-7
Set®d (X, V), 10-27 T,-spaces, 13-8, 13-9, 13-10, 13-11,
Sets, elements, 2—-1 13-12,13-13

Ts-spaces, 13-18, 13-19, 13-20,
13-21
T4-spaces, 13-26, 13-27, 13-28
Tie-sets, 9-58
Transcendental numbers, 5-11
Transfinite ordinal numbers, 8-13
Traversing a network, 9-59, 960,
9-61
Trees, 9-56, 9-57
Triangulation method, 9-36, 9-37,
9-38
Topology:
topological properties, 12-32
topological spaces, 11-2
topological spaces, examples, 11-5,
11-6, 11-7
topologies, properties, 11-8, 11-9
topologizing of sets, 11-1, 11-4,
11-11, 11-12, 11-16, 11-18,
11-37
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topology, 9-12, 9-13, 9-14 intersection, properties, 3—11, 3-12

topology determined by a closure, countable sets, 5-7, 5-8, 5-15
11_27 T Tenenne lanrind and lawerne lhnanind 714
11—0/ UlJl.)Cl OO0UNa ana 1ower Uuuuu, /—1U,

topology generated by a subbasis,
11-18, 11 19, 11 20 11-21,
1126

topology induced by metric, 114

topology bounded sets, 1641,

7-17

Urysohn’s lemma, extension of
functions, 13-29, 13-30, 13-31,
13-32,13-33, 13-34, 13-35

1642, 1643
Total order, 7-8, 7-10, 7-12, 7-13,

7158
o

Venn diagrams, 24

‘/prhnoc O.A'7 O_AQ

7

TTL ICs, 1-16
Tychonoff spaces, 1340, 1341
Tychonoff theorem, 16-21, 16-22

Uniform convergence, 10-33

Uniformly continuous function, 1639,

Union
intarcantian 210N
IItVIDWLLIVLL, U1V

R

Well ordered sets, 7-38, 7-39, 740
Well ordering principle, 741, 742,

7_42
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Zorn’s lemma, 7-33, 7-34, 7-35,
7-36
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