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one intended to provide an improvement over previous textbooks students
continue to remain perplexed as a result of the numerous conditions that
must often be remembered and correlated in solving a problem. Various

lying students’ difficulties with topology taught in schools:

(a) No systematic rules of analysis have been developed which students
may follow in a step-by-step manner to solve the usual problems encoun-
tered. This results from the fact that the numerous different conditions and
principles which may be involved in a problem, lead to many possible differ-
ent methods of solution. To prescribe a set of rules to be followed for each of
the possible variations, would involve an enormous number of rules and
steps to be searched through by students, and this task would perhaps be
more burdensome than solving the problem directly with some accompany-
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(b) Textbooks currently available will usually explain a given principle in
a few pages written by a professional who has an insight in the subject matter
that is not shared by students. The explanations are often written in an
abstract manner which leaves the students confused as to the application of
the principle. The explanations given are not sufficiently detailed and exten-
sive to make the student aware of the wide range of applications and differ-
ent aspects of the principle being studied. The numerous possible variations

of nrincinles and their m'\nhnnhnnc are nmm“v not discussed. and it is left for
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the students to discover these for themselves while doing exercises. Accord-
ingly, the average student is expected to rediscover that which has been long
known and practiced, but not published or explained extensively.

(c) The examples usually following the explanation of a topic are too few
in number and too simple to enable the student to obtain a thorough grasp of
the principles involved. The explanations do not provide sufficient basis to
enable a student to solve problems that may be subsequently assigned for
homework or given on examinations.

The examples are presented in abbreviated form which leaves out much
material between steps, and requires that students derive the omitted material
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themselves. As a result, students find the examples difficult to understand—
contrary to the purpose of the examples.

Examples are, furthermore, often worded in a confusing manner. They do
not state the problem and then present the solution. Instead, they pass
through a general discussion, never revealing what is to be solved for.

Examples, also, do not always 1nclude dlagrams/graphs, wherever appro—

s1mphfy and organize their thmkmg
ents can learn the subject only by doing the exercises themselves

and reviewing them in class, to obtain experience in applying the principles
with their different ramifications.

B ertn ol danale 42amn amam 1 bl nde o e
tU UCVYOULU LLUIDIUCLAU .I.y Mofrc tiime lU lUPUlUgy llldll lU Uulcl SUD 'ts Ul CUIl1I-
narahle nred'tc cause thev are uncertain with resard to the selection and

y“l GBL/AW WA

application of the theorems and principles involved. It is also often necessary
for students to discover those “tricks” not revealed in their texts (or review
books), that make it possible to solve problems easily. Students must usually
resort to methods of trial-and-error to discover these “tricks,” and as a result
they find that they may sometimes spend several hours to solve a single
problem.
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(e) When reviewing the exercises in classrooms, instructors usually re-
quest students to take turns in writing solutions on the boards and explaining
them to the class. Students often find it difficult to explain in a manner that
holds the interest of the class, and enables the remaining students to follow
the material written on the boards. The remaining students seated in the class
are, furthermore, too occupied with copying the material from the boards, to
listen to the oral explanations and concentrate on the methods of solution.

This book is intended to aid students in topology overcoming the diffi-
culties described, by supplying detailed illustrations of the solution methods
which are usually not apparent to students. The solution methods are illus-
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work and given on examinations. The problems are arranged in order of
complexity to enable students to learn and understand a partlcular topic by
reviewing the problems in sequence. The problems are illustrated with de-
tailed step-by-step explanations, to save the students the large amount of
time that is often needed to fill in the gaps that are usually found between

steps of illustrations in textbooks or review/outline books.
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The staff of REA considers topology a subject that is best learned by
allowing students to view the methods of analysis and solution techniques
themselves. This approach to learning the subject matter is similar to that
practiced in various scientific laboratories, particularly in the medical fields.

In using this book, students may review and study the illustrated prob-
lems at their own pace; they are not limited to the time allowed for explain-
ing problems on the board in class.

When students want to look up a partlcular type of problem and solution,

extenswely prepared Itis also poss1ble to locate a partlcular type of problem
by glancing at just the material within the boxed portions. To facilitate rapid
scanning of the problems, each problem has a heavy border around it. Fur-
thermore, each problem is identified with a number immediately above the
probiem at the right-hand margin.

To obtain maximum benefit from the book, students should familiarize
themselves with the section, “How To Use This Book,” located in the front

pages.
Special thanks are due to Dr. Nathan Busch for his technical editing of
the book.

Max FoGieL, Ph.D.
Program Director
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ing with a separate topic. The subject matter is developed beginning with the

fundamental concepts of sentence calculus, sets, mappings, and extending
through metric and topological spaces, continuity, homeomorphisms, axi-
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- TO LEARN AND UNDERSTAND
A TOPIC THOROUGHLY

1. Refer to your class text and read the section pertaining to the topic.
You should become acquainted with the principles discussed there. These
principles, however, may not be clear to you at that time.

2. Then locate the topic you are looking for by referring to the “Table of
Contents” in front of this book, “The Topology Problem Solver.”

2 Turn to the naoce where the tonic heaoinc and rpvipul the nrobhlemc nnder
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each topic, in the order given. For each topic, the problems are arranged in

order of complex1ty, from the simplest to the more difficult. Some problems
may appear similar to others, but each problem has been selected to illustrate
a different point or solution method.

To learn and understand a topic thoroughly and retain its contents, it will
be generally necessary for students to review the problems several times.
Repeated review is essential in order to gain experience in recognizing the
principles that should be applied, and in selecting the best solution technique.

TO FIND A PARTICULAR PROBLEM

To locate one or more problems related to a particular subject matter,
refer to either the index, located at the back of the book or the indexes found
at the beginning of each chapter. In using the indexes, be certain to note that
the numbers given refer to problem numbers, not page numbers. This ar-
rangement of the indexes is intended to facilitate finding a problem more
rapidly, since two or more problems may appear on a page.

If a particular type of problem cannot be found readily, it is recom-
mended that the student refer to the “Table of Contents” in the front pages,
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possible to find problems related to the one being sought, without consuming
considerable time. A_ﬁer the P oblems have been loc_ted; the solutions can be

students should acquamt themselves w1th the orgamzatlon of the book as
found in the “Table of Contents.”

In preparing for an exam, locate the topics to be covered on the exam in
the “Table of Contents,” and then review the problems under those topics

the exam.

vii



This page is intentionaily ieft biank



Chapter No. Page No.

INTRODUCTION TO SENTENCE CALCULUS 1

(]

13

™~ 3 -b
F -

-h
D O

18
19

ALGEBRA OF SETS 27

EQUIVALENCE RELATIONS, AXIOMATIC SET THEORY,
QUANTIFIERS 60

AR ADDIAMNO on
WiArrinuage 7V

POWER OF A SET, EQUIVALENT SETS 123
CARDINAL NUMBERS, CARDINAL ARITHMETIC 144
AXIOM OF CHOICE AND ITS EQUIVALENT FORMS 180

ODRNINAI NHIMREDGC AND NRNINAILI ADRDITHMETICO 210
~ VIRs EmE IS U SE [t ~37

LIl 4 1Al al AL Jdl]] Wl BEr BN N S IS 5 U SOVIEm B W

FUNDAMENTAL CONCEPTS OF TOPOLOGY 250
METRIC SPACES 374
TOPOLOGICAL SPACES 413

CONTINUITY, HOMEOMORPHISMS, AND TOPOLOGICAL
EQUIVALENCE 458

SEPARATION AXIOMS 499

CARTESIAN PRODUCTS 532
COUNTABILITY PROPERTIES 546
CONNECTEDNESS 614

METRIZABLE SPACES 663
ELEMENTS OF HOMOTOPY THEORY 700
GLOSSARY 724

INDEX 727

ix



This page is intentionaily ieft biank



Sentences, Sum, Product, Negation
Aristotelian Logic

DeMorgan’s Laws

Implication

Fanivalant Statemente
‘-l\iul VY QAWILL W ILVUIVWILIIAWLLWWY

Syllogism Law

Contraposition

Duns Scotus Law

Clausius Law

Examples

Law of Absorption

Symmetric Difference

Digital Systems
Logic Gates and Boolean Algebra
AND, OR, INVERTER gates
NOR, NAND gates

o

-
btk jad ek peed  jend
1

QAN ARAN -

NN
N N

1-6

1-7,1-8, 1-9

1-13,

1-10
1-11

1-12
1-14
1-15



T at -~ dannta cantancag sarh Af which hace nana nf twan lagical
I LAL \_L, P, Y, » e ULVLIVLL OSVIILVIIVLY, vauvldl UL Wlll\all 11Aad UlIV Ul LYWU 1uxival |
values 0 or 1. We assign the value 0 to a false sentence and 1 to a true
I sentence. To express the fact that o is a true sentence we write I
I a=1or B=0 (1) I

if B is false.

We consider here only sentences of mathematical nature, i.e., sen-
tences whlch take values either O or 1. For example, the sentence: “two

statement: “Goethe is a great poet” is not a sentence even though most
people would agree that he indeed was a great poet.

Define the sum, the product and negation of sentences and establish
the truth tables for each case.

SOLUTION:

If o and R are two sentences, then the sentence “o or R denoted by o v
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B, is called the sum of a and B. The sentence ‘ac and B,” denoted by a A B, is
called the product of a and B. Clearly, the sentence a v f is true if at least one
of the components is a true proposition. It has 2 x 2 = 4 logical possibilities.

Table 1
o B avp
1 1 1
1 0 1
0 1 1
0 0 0

Sentence a A P is true if both factors are true sentences.

Table 2
o B anP
1 1 1
1 0 0
0 1 0
0 0 0



The sum and product of sentences are commutative and associative, i.e.
avP=pva, arf=pra 2)

avpvy)=(avp)vy, aar(Bay) B)

/4P, P /2\
(aAP)Aay. 3)

The distributive law holds
arn(Bvy)=(aap)vioay). 4)

In"the above formulas we used the equivalence sign =. The equivalence

o = f holds, if and only if o and B have the same logical value. The

eration of negation of a nce o denoted by a” (or by | a or ~ ) is de-

fined in such a way that if a is true, then o is false, and if a is false, then o” is
true.

Table 3
o o’
0 1
1 0

From this we obtain the law of double negation
o’ =a. (5)

® PROBLEM 1-2

Using the logical notation introduced in Problem 1-1, write down two

fundamental theorems of Aristotelian logic. Prove thata v 1=1,a A 0
=0.

SOLUTION:

The first theorem is called the law of the excluded middie (principium
tartit aveliig) and in ~laccircal laocis ic farmualatad in thae fallawing mannar:
Wil VALLIUDL ) ailu, 111 L1addsitdl IUEIL, 15 LULLIIULAvU 1] UIV 1ULIUW g HHialliivl,

From two contradictory sentences, one is true.

Let o represent a sentence, then a” is its contradiction. The law can be writ-
ten as

ava =1 (D)

The second theorem, called the law of contradiction, states: no sentence can



be true simultaneously with its negation. It can be written briefly as follows:

rd
ana =0. (2)
\ <)
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Hence, a v 1is a statement which is always true.

avli=l1. 3)
Similarly, the truth table for a A 0 is
o anl
1 0
0 0
and
an0=0. 4

® PROBLEM 1-3

So far, we defined three operations on sentences: product, sum and
negation. By applying DeMorgan’s laws we see that the number of
these fundamental operations can be reduced to two.

DeMorgan’s laws play an important role in mathematical logic. They can
be formulated as follows:

(avp)y=oa ap (1)
(aAB)=a vp. 2)

The first law (1) asserts that, if it is not true that one of the sentences o and 8
is true, then both of these sentences are false and conversely.
Taking the negation of (1) we obtain:

(avB)’savp=(a Ap). €)

4



Equation (3) can be treated as a definition of the sum of sentences.
Here, the sum is defined in terms of two operations: product and nega-
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and negation. Similarly, taking the negation of (2) we obtain
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Now, the product is defined in terms of sum and negation. Again the number
of fundamental operations is reduced to two. Product is defined with the aid

of sum and negation. It is easy to verify DeMorgan’s laws using the truth
tables.

Table 1
for(avp) =a Ap’
o B (@vp) o AP
1 1 0 1 0
1 0 [ | O
[ = J
0 1 0 [ ] 0
0 0 1 ) U
Table 2
for(anpf) =a" v’
ol B (oA B)’ o’ vp’
1 1 0 0
| 0 c] |
0 1 1 I = 1 1
0 0 1 1
& PROBLEM 1-4
I Generalize DeMorgan’s laws for n components. I
_
SOLUTION:
DeMorgan’s laws state that
(o, va) =a ra, (1)
(a,n0) =a va, (2)

5



We shall generalize (1) for the system of n sentences: o, o, ..., O .

—~
R
<
<
<
R
<
o]
=
]
ey
\
R
<
R
<
R
—
<
R
n
~~
(D
N

e = (4)

Applying (1) again we obtain

(a,va,v..va Yara's(a vo,v..va Yaa,  aa’ . (5)

Observe that applying the above procedure to the sentence (o, v a, v ...
va),(n-1)times we find

(a,va,v..va) =a Aa, A..A0 (6)
NAwr talba tha nmagatinm ~fF tha meadeint (~ 2 o~ a A v Y Qimr~n tha e~ diint
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is associative, we have
(GI A az AL, A G'n)’ = [(GI A 0’.2 A A G’n—]) A 0’."}’ = (7)
Applying (2) to (7) we obtain
=(0,AO0,A...AQ ) Vva = (8)
This procedure can be repeated again:
=[(a,ra,n..na )ra T'va '’ =
=(q,A...A0Q ) Vva va's= (9)
After (n — 1) steps we obtain
(¢, Aa,A...Aq) =a’'vao, v...va'. (10)

@ PROBLEM 1-5

Another important operation on sentences is implication. It is defined
by

(a=>p)=(a"vp) (1)

The sign “=" is read “implies” or “if ..., then ...”.
1. Write the truth table for the implication o = f3.

2. Explain the difference between “if ..., then ...” as defined in a
strictly mathematical way by (1) and everyday “if ..., then ....”



3. Show that I

if o« = f and p = «, then a = f. 2) I
SOLUTION:
T ot 11¢ ctart with the triith tahle for v — R
AL UD OLALL VY ILIL U1V LLULll LQULV 1UL WA —™ Pn
Tothla 1
14dDIC 1
o p (a=p)=(a"vp)
1 1 1
1 0 0
0 1 1
N N 1
U U 1
1. The implication o = B8 is alwavs true. excent when o is true (g = 1) R
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v

is false (§ = 0).
2. Implication has properties similar to deduction. There is, however, a
small but significant difference. Let o denote the statement “The sun is shin-
ing” and let P denote the statement “I am swimming.” The statement “If the
sun is shining, then I am swimming” makes sense. When is such a statement
false?

When the sun is shining, I am not swimming, i.e., & A " = 1. But, that is
equivalent to

I'=0=(anaB)Y=a"vp (3)

in agreement with Table 1. In everyday language a sentence of the form “If

o, then §” means that f is true whenever a is true. In such a case, the state-
ment “If two times two is five, then Paris is the capital of Germany” is re-
garded as nonsense, since both components are false.

The same statement, in terms of formal language, not only makes sense

but is also true. To each of the four possnbllmes shown in Table 1 (for a = B),

e o Acrnbncen AL Frweunnl lasmnicmnn Accceen ~ o PRUTEY & TR nermee bl ol b A el
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cases (a0 =0 and B =0, a =0 and = 1) appear to be pure nonsense in ordi-

nary language.
3. To prove (2), note that

(a=Pf)and B=0a)= (a"vP) A (" v o)
= (@A) v(@A))vVPAB)V(BA)=
=(a"AB) v (aaP). 4)



The sentence (a” A B) v (a A ) is true when both components o and 8
have the same logical value; i.e., they are both true or both false.

Honee
ence,

if a = and p = a, then o = f. 5)
Symbols < and = may be used interchangeably.
The symbol < is read as: “if, and only if,” and indicates imiplication in
both directions. Sometimes, instead of if, and only if, we write iff.

Table 2 lists the symbols used so far.

Table 2
Symbol Meaning
a, B, v, 0, ... logical sentences
“or ~or | negation (not)
v sum (or)
A product (and)
= implication (if then ...)
r \ > J

- iff (if. and onlv i)

iff (if, and onl y if)

® PROBLEM 1-6

1. Prove the syllogism law (sometimes called the law of implication):

If o = B and § = v, then o = y. (1)

2. Prove the law of contraposition, which is the basis of indirect proof
(proof by contradiction, reductio ad absurdum):

n

e b Y LTN OV L
rrove e 1aw ol puns >Cotus:

| |
I If o =0, then a = f. 3) I
| |
| |

~
J.

4. Prove the law of Clausius:

If a” => B foreach B, thena = 1. 4)

SOLUTION:

1. Let us write (1) in the form

[(@ vB)AB vY]=(a"vY). )



Note that the implication o = f is always true, except in the case when a = 1
and B = 0. Suppose
(@vpPAa@P'vy=1 and a’vy=0. (6)
From a” v y = 0, we conclude that a = 1 and y = 0. Substituting into (6) we
obtain

Ovpa@PB v0O=1l or AP =1 (7)

which is a contradiction.

2. => We shall prove that

(a=p)= " =a) ®)
which is equivalent to
(a=p)" v(p =a) )
and to
(@ vp)y v(Bva) (10)
and to
(anB) v @ vp) (1)
The last statement is true for any combintation of o and £.
= (B’ =a’)=(a=§) (12)
or
Bva) v(a vp) (13)
or
B Aa)v(a vp)=1. (14)
n
3. Suppose a =0, then o” = 1. Therefore
(a=p)=(a"vp)=1 (15)
4. Iffor=0andf =1 we have
(a"=p)=(avp)=1 (16)
then
a=1 (17)



Throughout this book we will be using a box (H) to indicate the end of a
proof, theorem, or definition.
Note that there is a shorter way to prove (2)

(a=p)=(p" va) (18)
Indeed,
(@' vB)=(p"va) (19)
® PROBLEM 1-7
Prove that:
1. a=avp (D)

SOLUTION:

1. We shall apply the definition of implication (see Problem 1-5, (1))
(a=pf)=a " vP. (5)

(a=avP)=a’'vavpBs(a va)vfBs=

=lvf=1l (6)
Here, we applied the law of excluded middle (see Problem 1-2, (1)).

2. (ao=>a)sa’vas=l. (7
3. In(2) we can replace a by a A B to obtain (3).

4. (aAB=PB)=(xrB)vp=
=a’'vfB vp=l 8
In (8) we applied DeMorgan’s law (See Problem 1-3, (2)).

10



Note that each of the above problems can be solved “automatically”
using the truth tables.

M. L1_
1401€
P S N N R R TP PN - RGPV » R « BN o
O p aVp OAp G=0aVp Oa=0 OAp=0UdApPp GApPp=p
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 n 1 n 1 1 1 1
1 U 1 U 1 1 1 1
0 1 1 0 1 1 1 1
0 0 O 0 1 1 1 1

Now it should be clear why this system is called a formal language.

® PROBLEM 1-8

—
1. Prove that: I
l

(a=Pp)=(ary=PpArY). (1)

2. Prove that:

|
|
). ) |

SOLUTION:

1. From the definition of implication, we conclude that statement (1) is
equivalent to

(a=B)" v(aay=pAY) ©)
which is equivalent to

(v’ v RY v il avY viIR A vY]
- L S AN A P4 \ J4

v A} , v 'J "\ [

~
+~
Naw”’

From DeMorgan’s law, we find that (4) can be replaced by
(@ap) v@ vy)v(PBay). ©)

Statement (5) is always true. Indeed, it is true when a” = 1 or y” = 1. Suppose
o’=0andy =0,thena=1andy=1andforany B, (1 ABf)v(Pal)=1.
Thus

(aap)vi@ vy)v(Bay=L (6)

2. Remember that = can be replaced by <> (See Problem 1-5). Then
(a=f)=(a=pf=@@=pfHrP=a)=

11



=(@ VB AR V) =(a AB)V(a A)v(BAB)V(cAB)=

~
N’

/N’ A Q’\ \V4 IN A Q\
(X Ap g VA pP).

As always, the proofs can be carried out by means of the truth tables.

® PROBLEM 1-9

1. Prove that if o = B, then

oA =0 (1
AN S )
and
avp=p. (2)
|2. Prove that if a = f and y = §, then I
I any=PB A0 (3) I
II avy=pvo. (4) II
SOLUTION:
1. Since o => B, we have
a'vp=1 )
and
a=anrl=san(@ vP)=s(ara)v(oaap)s=
=aAf. (6)
Similarly, since a” v § = 1 we obtain
(@vp)y=aap =1"=0 (7)
and
B=PvO=Rv(aaB)=avh (8

2. Since a = f, then for any sentence y we have
AAY=>PAY. )

See Problem 1-8, (1).
Similarly, since y = 9, then

BAay=p 0. (10)

12



Combining (9) and (10) we obtain, by virture of Problem 1-6,

any=pnA0. (11)
To prove (4), note that
(a=B)= (B =) (12
(¥=>0)=(0"=7). (13)
Applying (11) to (12) and (13), we find
B"Ad =a " ay. (14)

Applying the law of contraposition (Problem 1-6), (2)) to (14) we obtain
from (14)

(@ AY) =B Ad) (15)

or
(o0 v vY=(B v §) (1R)
\W~ i/ \M ) \*V)

® PROBLEM 1-10

Prove the law of absorption:

a=oav@aB)=an(avp) (1)
and its more general version
av(Bay)=(avp)a(avy). ®)
SOLUTION:
We have

o A (oo v R
AN TN \M v l\l}

o
]
R

~~
R

>
=
~
~
(V)
~—’

(”An\\l(”l\R
AW YAV (W N

Now we shali show that

a=av(aap). 4)
Indeed, if a = 1, then
avoaapB)=slv(lap)=l=o. (5)
If o =0, then
av(oaapB)=s0v(O0aB)=0=o. (6)
That completes (1).

To prove (2), note that

13



(avpP)a(avy) =flanr(@vy)]vBa(avy)]= (7)

By applying (1) we obtain

sagviBalaovWW=z=aoavlaaBYviB A=
VP ARGV VIRGA P} VAP AT
=[av(aaP)] v(Bay= (8)
Again, by applying (1), we obtain from (8)
(avP)a(@vy)=av(Bay. )

® PROBLEM 1-11

I Prove that: I
| v B =[(o+B)+ (@B @ |
e ———
SOLUTION:

The easiest way to prove (2) is to establish the truth table and to compare
the corresponding values. The truth table for o + f3 is:

Table 1
o B anp’ a AP o+ P
1 1 0 0 0
1 0 1 0 1
0 1 0 1 1
0 0 0 0 0
Utilizing Table 1, we obtain
Table 2
o B avp (a+p)+(anrpP)
1 | 1 1
1 0 1 1
0 1 1 1
0 0 0 0

14



By comparing the results of the last two columns of Table 2, we find that (2)

iS true.

= [(@vp)a (@aB)] V(@ vp)a(a vp)v

VI@aB) a@ AB) alanp)]s=
=(@ap)v@ ap)v@ vp)a(avp)a(anp)]

N s e’ A RN ;£ A DY
VA & I\IJ)V\U/\p)

<o
~

]
—_

=@AB)V[BA(ava)]s=

=sviaap)=avp.

® PROBLEM

1-12

The digital (logic) circuits operate in the binary mode where each input
and output voltage is either 1 or 0. This enables us to use Boolean
algebra, which differs from ordinary algebra in that Boolean variables
and constants are only allowed to have two possible values, 1 or 0. The
voltage values in the circuit are predetermined, in the sense that any
voltage in the range of OV to 0.5V corresponds to “0” and any voltage

i (13 ”
in the range of 2V to 6V corresponds to “1.” The values between 0.5V

e of o lues
I and 2V should not occur in the circuit. Table 1 lists some commonly
I used terms.
I Table 1
I Logic 1 Logic 0
I True False

On Off

High Low

Yes No

Closed switch Open switch
1. Describe the OR gate.

15



I 2. Describe the AND gate.

I 3. Describe the NOT gate (inverter).

SOLUTION

In a digital circuit, an OR gate has two or more inputs, and one output is

equal to the sum of the inputs.

1.

=X

—_— o - O

avp

|~ O — O

T o~ — O

x=ovp

OR

FIGURE 1

table.

An OR gate with 4 inputs is shown in Figure 2.

avBvyvd

X =

Ll

B o >~ w

FIGURE 2

o
<l =S © ©
3

Q| -~ ~ O

anfP

FIGURE 3
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3. The NOT gate (inverter) has one input and one output.

N o a a’
o o—-l NOT>Q—0 1 5
v 0 1

FIGURE 1

2. Illustrate DeMorgan’s law using logic gates.

SOLUTION:

1. The circuit shown in Figure 1 has two inputs, one output, and it performs
the function described by

B ra)ya(@ v =PBva)ra(@aap)s=
=[(@ap)aBlvi(@ap)aral=
s(aAP AB)v@anra AB)=

17



=(aA0)v(OAB)=0vO0=0. (2)

No matter what the input, the output is always 0. To construct a circuit

equivalent to the one shown in Figure 1, all that is needed is wire. See Figure
2.

nd Output

FIGURE 2

Luckily, not all of the computer logic circuits can be simplified to such an

2. We will build the circuit for

(anp)y =a’vp. )

e N oL°_[>°_L—!—\
L VT T

(a) (b)

FIGURE 3

Circuits (a) and (b) shown in Figure 3 are equivalent.
Now we will build the circuit for

(avp) =a"ap". (4)

.

(a) (b)

FIGURE 4

Circuits (a) and (b) of Figure 4 are equivalent.

18



® PROBLEM 1-14

SOLUTION:

1. Step by step we shall move a”, which is realized by

o’ A P is realized by

p ¢
‘_Y
R
>
-

B is realized by

B” A vy is realized by

L%:DJ’AY

19



(o A B) v (B AvY) is realized by

(@ AaB)v (B ay)

)
/

/
)
l]

\

" >a' /a"\ﬂ (@ AB)v (B Ay
__ll>oL—\ ] l A
y o ) A 3 T

NBoay [ A B)v (B AY]

FIGURE 1

2. o AP A yisimplemented by

; ::)—arij_i;ﬂ”

1o semmem ) o 4o

o ._N_l , -~

=




[(anBAay)v(a” AB)] Ay isimplemented by

““—1'—“__/— n_(:A_E —~ ;/PM‘ @ABPAP V(@ AB)
B —C— ) !

T ‘

T C< ~ I __,)/\ _—_\T‘

N

aABAapv (@ ABNAY

D W '“Tl

FIGURE 2

Note that since
[(ABAY)V(aAB) Ay =

= (G. A |r12) AYANY ) v (C’L’ A f) AY ) E(C‘L’ A 63 A ‘Y"

the circuit in the last part of Figure 2 can be replaced by

R i Daan B AB
=

>

® PROBLEM 1-15

I 1. Define NOR and NAND gates. I

2. Show that any logic circuit can be built exclusively with the NAND

gates.

SOLUTION:

1. NOR gate consists of OR gate and an INVERTER.

21



@t~ . @B o B avp (avp)

B /L7 1 1 1 0
@ 0 1 1 0

a (v P) (l) g (1) (IJ

s )

FIGURE 1—NOR Gate

Both figures represent the same logic circuit. The symbol in Figure (b) is
used for convenience.

NTANTY _ o te o .___1_,\1 arm chmssim tm iaiiea )
l\ll‘\lVU g4l dllU llb by[ 1001 ai€ SNOowll 111 riguic 4.

LN DC(OM‘B) o B aaf (aAP)
Bo— 1 1 1 0
(@) 1 0 0 1
0 1 0 1
o R 0 0 0 1
(b)
FIGURE 2—NAND Gate
2. All Boolean exnressions consist of various combinations of the basic

AL AU AWwALL VI\PIVUUIUIIU WwVU1ID10v Vi VYAULIVWUY WVIILUVIL1IULLIVIID Vi uvidw vavl

operations of OR, AND, and INVERT. Thus, any circiut can be implemented
using OR, AND, and INVERT gates. It is possible, however, to build any
logic circuit using only NAND gates. Using NAND gates, we can design any
logic operations OR, AND, and INVERT.

22



Indeed (arna) =a

0 o N\ — B ce—T—N\ onaf

(b) AND Gate

Indeed [(AaB)y A(aaB) ] =(@aaB)v(aaB)=anf.

:

S . N P p—— o v R
L vp U:..__.\ UV p
, L I W
7
(c) OR Gate
Indeed [(@Aa) ABAB) ] =@ AB) =avp.
FIGURE 3

NAND gates can be used to perform any Boolean function.
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® PROBLEM 1-16

. _...‘ ta NN
gl llL«Ull llldl 111 l) MeEnts lllC Tuncuion

(oA B) v (yAd). (1)

2. Suppose you have the TTL IC’s shown in Figure 1 at your disposal.
Each IC is a quad; that is, each chip contains four identical two-input
gates. Using the minimum number of IC’s, design the circuit which

performs function (1).

FIGURE 1b — IC 7408

. T T PE R
— L5
—_—

— /

e
o
—
d

-

| S—

1" |
| |
i I
| |
| |
I FIGURE 1a — IC 7432 I
I i
| |
| |
| |
| |
| |

FIGURE 1¢c — IC 7400
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SOLUTION:
1.

:

FIGURE 2

Figure 2 shows the circuit implementating operation (o A B) v (y A d).

2. From Figure 2 we conclude that in uild the circuit (1), we have
to use two gates from IC 7408 and one gate from IC 7432, as shown in
Figure 3.

* 408 ——

E="
p

FIGURE 3

7408

g
(

Each AND gate and OR gate can be replaced by a combination of NAND
gates (See Problem 1-15).

AND OR

<o

]
!

:
a
:

Double inversion

FIGURE 4
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By eliminating double inversion, we obtain

o0 —T

8 7400)0———'
Y o—
[ 7400 p——
|/

(=)

Now to implement the operation, we only need three NAND gates. There-
fore, instead of using two IC’s as in Figure 3, we can use one IC 7400, as
shown in Figure 5 and Figure 6.

a B ¥ &
| 7 I
h J Y y Y 1
N B e C R R
“ T ] o]
E— L/
‘ GND
Drﬁ : J‘-‘ILF!'ID;L ]
y OUTPUT
IC 7400
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® PROBLEM 2-1

and N is the set of natural numbers.

2. B =4, where

B={x:x+1=5}.

SOLUTION:

The theory of sets was founded and developed into a mathematical sys-
tem by G. Cantor (1845-1918). According to him, we are to understand by a
set — a collection into a whole, of definite, well-distinguished objects (called
the eiements of A) of our perception or of our thought.”

For ovamnle the cet nf verticee nf a square Qig
PURV)§ UAullll.".V, Llivw OWwlL Ul v\/l Livwo VUi Qa O\iuu wU11010D

set can be defined by listing its elements.
For example:

A = {John, seven}

is the set consisting of two elements: John and seven. The statement “x is an
element of A” is written

xXEA.
The negation of the statement x € A is
x EA.
Tl-}p other wav to define a cet ic tn characterize the nranertiec (or nronertv) nf
A 1lw UVUilllwil VY u] LUV Wviidllv (4 UOwl 1V LWV wviiUdl QUwilviiow Lilv l.’lvl.’\/l Liwo \Ul l.’lvl.’vl L], AV D §
its elements.
= fv - nlx}
A =X Py
e ~—~ A 1 V4 AY E Y
If x € A, then p(x) is true (p(x) = 1).
For examnle-
A Vi Vl\ul‘lt"v.
AT [ SO TNUUI TR TN |
v = in |b d I1dlurdl IUIIIUCII

1. The set A consists of two elements
A ={6,7}.

Thus
T EA.
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2. The set B consists of a single element
B = {4}.

The number 4 belongs to the set B, 4 € B, but it does not equal B. The state-
ment B = 4 is not true.

® PROBLEM 2-2

1. A =A for all sets A.

2. If A =B, then B = A for all sets A, B.

Two sets, A and B, are said to be equal, A = B, provided that they contain
the same elements. From this definition we conclude that:

1. x €A if and only if x € A, thus
A=A.
Frequently, instead of writing if, and only if, we shall use iff.
“iff” = if and only if.

— l‘ — l‘ — N\

xEAIffxEB)A(xEBIffxEC)]=> (xEAiff xEC)
or
A=B)aAB=0C)=>@A=0).
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® PROBLEM 2-3

RS, 4

sets is reflexive, anti-symmetric, and transi- l

b. ACBand BCA imply A = Bforall A, B.

c. fACBandBCC,thenA CC forall sets A, B, and C.

2. Prove

[ACB)ABCOA(CCA)]=>A=B=0).

DEFINITION: INCLUSION

The set A is included in B; i.e., A is a subset of B, which is written as
ACBorBCA, when

xXEA=>xEB (2)
H
1. Obviously
x€EA)= (x€A) for all A. 3)
Hence A CA.

xEA=>xEB)A(xEB=>xEA)=>

(x€Aiff x €B). 4

Hence ACB)A(BCA)=A =B. (5)
xEA=>xEBAN(xEB=xE()=>

xEA=x€E(). (6)
Thus
ACB)ABCO)=ACC. (7

2. To prove that A = B, we must prove that x €E A iff x €EB. Since A C B, it is

30



enough to show that BC A. But BC C and C CA, thus BCA. And
ACBandBCA=A =B. &)

Similarly, we show that B = C.

(CCAandACRN—=CCR
v A A DU)=¢C .

(23
all —

~
~

Thus

(BCCand CCB)=C=B

® PROBLEM 2-4

Using Venn diagrams, illustrate the union, intersection and difference of

two sets A and B.

I Show that intersection is associative; i.e., that

ANBNO=(ANRKNC (1\'
SR A LR R \4)

SOLUTION:

The union of two sets A and B is the set whose elements are all the ele-
ments of the set A and all the elements of the set B and which does not con-
tain any other elements. The union of A and B is denoted by A U B; see Fig-
ure 1.

FIGURE 1. A U B is shaded.

The common part of two sets is called the intersection. The intersection of A
and B contains those, and only those, elements which belong to A and to B. The
intersection is denoted by A N B.
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FIGURE 2. A N B is shaded.

The difference of two sets A and B is the set consisting of those, and only
those, elements which belong to A, but do not belong to B. The difference is

JR PRI 1 b, A D fcmimmptimac A | I\
dcClluicd vy A — D DPUIHICUIIICS A | D).

FIGURE 3. A — B is shaded.

Now we will use Venn diagrams to prove (1).
AnB

ﬁ\ (AnB)nC
/—-é(s

G
\
%

A n(BnNC) —

BnC

po——

FIGURE 4.

From Figure 4 we conclude that
ANBNC)=ANBNC.
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® PROBLEM 2-5

Similarly
(x&A) = (x €AY 3)

where x & A means x is not an element of A.
The following equivalences hold for all x:

x€EAUB)=(x€A) v (xEB) €))
xE€EANB)=(xE€EA) A (xEB) 5)
(x€EA-B)=s(x€A) A (xEB) (6)

Using formulas (3) - (6) we can deduce theorems on the calculus of sets from
analogous theorems of sentence calculus. Furthermore, let us note that

if x €A = x € B holds for all x, then A = B. )
We shall now prove (1).
[xEAUMANB)]=(xEA)v(XEANB) =

=(x€A)v[(xEA) A (xEB)]=(xEA). (8)
Thus
AU(A NB)=A. 9
Similarly
xEANAUB)=(x€EA)A(xEAUB)=
=(xEA)A[(xEA) Vv (xEB)] =(xEA). (10)
Hence
ANAUB) =A. (11)
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Note that in (8) and (10) we applied the law of absorption of sentence
calculus.

av@aB)=a=an(avp) (12)

Prove these basic formulas for unions and intersections:

1. AUA=4 )
indempotency (1)
ANA=A
2. AUB=BUA ]
Anrmrntativitey N
I i uuuuuutauvu_y \L} I
I ANB=BNA I
|3Auwuo=muwuc |
l } associativity 3) I
ANMNCY —/ANDY NOCX
I nll\Ullb/—(ﬂllU}ll\/ l I
4. AUANB) =A
adjunction 4)
ANAUB) =A

5. AUBNC) =(AUB)NAUCO)
} distributivity

ANBUC) =ANB)UANC)

SOLUTION:
1. xEAVA)=xEA V(xEA)=(xEA) ®)
Hence
AUA=A. (7)
xEANA)=(xEAANXEA) =(xEA) ®)
Hence
ANA=A C)]
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From (7) and (9) we see that, in contrast to arithmetic, neither multiples nor
exponents arise in set theory.

2. (xEAUB)=(x€EA)Vv(XEB)=
= xEB)vxeA)=xEBUA). (10)
Thus AUB=BUA. (11)
xEANB)=(xEA)A(XxEB) =
(r€EB)A (xEA) = (xEBNA) (12)
Hence ANB=BNA (13)
3. xEAUBUO]=[(x€EA) v(xEBUO)]=
=[(x€A)V(xEB VEEQ]=[xEAUB)Vv(xEC)]= (14)
=[xEAUB)UC(C]
Thus AUBUO=AUB)UC. (15)
Replacing “v” by “A” in (14) we prove
ANBNO=ANBNC. (16)
4. See Problem 2-5.
5. [xEAUBNO)=[(x€EA) v(xEBNCO)]=
={(x€A)V[xEB) A(xEO)]} =
={[(x€A) vxEB]A[(xEA) v(xEO)]} =
=(xEAUB A(xEAUCQC) =
=[xEAUB)NAUCO). (17)
Hence AUBNO=AUBNAUO). (18)

[XEANBUC)=[(xEA) A (xEBUC)] =

={(x€AA[xEB)v(xEO)]} =
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={[(x€EA) A(xEB)]V[xEA) A(XxEO)]} =

=llvC AN vive AN =
—l_\ LI'IIIU}V\ Lﬂllb/]—
=[xEANB)UA NC)] (19)
Hence ANBUC)= ANB)UANC) (20)

1. Find the elements of the set

A={x:x+1=3,x2=1}. (1)
b oo |
I Z. Tove uat. I
I If A is a subset of the null set ¢, then A = ¢. I
I 3. Prove that: I
I (A-B)NB=¢. (2) I

SOLUTION:
DEFINITION OF THE NULL SET

The null set (or the empty set or the void set) is the set which contains no
elements. The null set is denoted by ¢. Often the null set is defined as

¢={x:x=x} 3)

1. Number x, such that x + 1 = 3 and x? = 1 does not exist, hence
A=¢. (4)

2. The null set ¢ is a subset of every set, thus ¢ C A. But, by hypothesis,
A C ¢, therefore

A= )

3. [xE@A-B)NB]=
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=[(x€EA-B) A(XEB)] =

=T+ C AN 2 [+ DB\ » v D\l =N (K
—l\ 11,/\\ U, I\\ LU}J—U. \U}

Thus, the set (A —B) N B contains no elements
(A-B)NB=4¢. @)

1. Find the power set P(A) of the set
A={1,2 3}. (1)

2. Find the power set P(B) of the set
B={1,{2,3}}. )

3. Set A consists of 10 elements. How many elements does the power
set P(A) have?
[ =

SOLUTION:
DEFINITION OF POWER SET

The power set P(A) of A is the class of all subsets of A.

1. The subsets of A are:

) elemente: &
UV Wwiwiilwiilo.

h d
1 element: {1}, {2}, {3} 3)
2elements: {1, 2}, {1, 3}, {2, 3}
3 elements: {1, 2,3}

o no
11vIIVL

~
£
N’

P(A) = {6, {1}, {2}, {3}, (1.2}, {13}, {23}, {1,2.3}}

P(A) contains 2° = 8 elements.

2. Note that B contains only two elements, 1 and {2, 3}. Thus, its power set
P(B) is

P(B) = {9, {1}, {2,3}, {1, {2, 3}}}. ©)
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3. From the theory of permutations we have the equation for the number of
different combinations that can be formed from » different elements, using m

elements at a time.
i nt
{ ]= oV (r — 7)) (6)
\m[ ’ll:\l’l _lll-}L
where
nl =12 -(n—1-n (7)
(X X L \Il L} Ty \l}
and
0!l =1.
Suppose set A contains # elements; then there are
n
(O =1 subsets with O elements
/ N\ nf
(1 = 77— = 1t subsets with 1 element
\ l P o \ll L}.
(" = nt _Z (n-1) subsets with 2 elements
\2) = 2!(n-2)! 2
The total number of subsets of a set A consisting of n elements is
+ + +...+ =(1+1) =2. 8
0 1 2 n ( ) ®)

Set A consists of 10 elements, hence its power set P(A) consists of 2'° = 1024.

® PROBLEM 2-9

|1 2tn2z=2t0s (1)
2. 2AU2B C2AUB )
3. Show that24 U 28 »24U B 3)
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SOLUTION:

1. Let o represent an element of 24 M 28 . Recall that the power set 2* of A
is the class of all subsets of A. Suppose a consists of elements p , p., ...

a=1{p,p, .-} (4)
Since o € 24 and o € 28 each of pP,P helonocto A M B Thue ¢y 1€ a
o & 27, each of P, P, ... belongs to A N AB. thus, a1s a
subset of A M B and
aE 24N8 (5)
Hence,

Now, suppose o € 24 " 2 i.e., a is a subset of A N B, and each element of
a={p,p,, ...} belongs to A N B. Hence, eachof p , p,, ... belongs to A and to
B.

Therefore, a is a subset of A, a € 24; and « is a subset of B, . € 28.

Q€ 24N 28, 7)

Hence,
2408C 24 N 28, (8

2408 =AM 28, )

2. Suppose a € 24 U 25; that is, o € 2 or o € 28. Assume o € 24, then a. is
a subset of A. If o is a subset of A, then o is a subset of A U B and

aE24YE, (10)
That proves
24y 28C 24 VE (11
3. Now we shall show that
2028 »24V8B (12)
Let A = {a}, B = {b}, then
= {¢, {a}} (13)
= {9, {b}} (14)
and A U B = {q, b}
2828 = {9, {a}, {b}, {a b}}. (14)
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Hence,

24U 28 = {¢, {a}, {b}} (15)
and
2028 w24UB (16)

® PROBLEM 2-10

Prove the following formulas:

1. ANBCACAUB

) A D~ A O\
Le N —D\ A \L}

3. IfACBandCCD,then

| |
| |
i AUCCBUD (3)!
| |

ANCCBND @)

. ACB)=(AUB=B)=(ANB=A)

. AUB)N(AUC)=AUBNC)

SOLUTION:
1. x€ANB] =[(x€A) A xEB)]=(xEA) (D
Thus,

ANBCA ®

x€A)[(x€EA) Vv (XEB)] =(xEAUB) 9

Hence,

ACAUB. (10)
2. [xEA-B] =[(x€EA) v (xEB)]|=(xEA) (11)
Hence,

A-BCA. (12)
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3. We have to show that
I/A U C CB U D\

—
7~~~

Nl =
“7l

|

~.
-

N
=
S

N

P N o ol s B N o

\AMMC CBilo/

[xEAUC] =[(x€A) Vv (xEQO]=>

= [xEB)v (xED)] =(xEBUD) (14)
AUCCBUD. (15)
xeEANC) =[xEA)AN(KEO)]=>
= [xEB)A(xED)] =(x€EBND) (16)
Hence,
ANCCBND. (17)

4. Suppose A C B; then from (A C B) and (B C B) we conclude that

AUB)CBUB)=B (18)
by virtue of (13). Butsince B C (A U B), we have
AUB=B. (19)

Conversely from A U B = B, it follows that A C B. Hence, the relations
A CBand A U B = B are equivalent.

(ACB)=(A UB=B). (20)

Qimilarle: ~Ansnlaitmien~r A 77— D tlh A 7 A sxio Altnin A A M D\ Qicnnpn

o J 11 lldll_y, CUILIUVILLI lg A D Will A A, WU Uvldlll A2 \1‘1 I U} DI1ICC
ANBCA,

A _ANDR 1)

Ve S lVe SN BN BV 5 28 \Ll}

Conversely from A = A N B we conclude that A C B.

5. AUBNAUO=ANAUANCOUBNAUMBNC)=

=AUANC)UANB)UBNC) (22)

ButA NBCA, hence, AUA NB)=AandA NCCA, hence, AUANC) =
A. Thus,

AUB)NAUC)=AUBNCO). (23)
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® PROBLEM 2-11

H 1. ANB=A-(A- B) (1) |

2. AUB-A)=AUB

3. A—-ANB)=A- B

1. [xEA-(A-B)]=[(xEA)AN(xEA-B)]=
={(x€EA)A[(xEA)AN(XEB) ]} =
={(x€A)A[(xEA) v(xEB)]} =
=[(xEA)A (xEB)] =(x€A N B). (6)

2. [xEAUB-A)]=[(x€EA)v(xEB-A)]=
={(x€A)V[xEB)A(xEA)]} =

={[(xEA)vV(XEB)|A[(xEA) Vv (xEA)]} =
=[x€A)v(xEB)] =(x€EAUB). (7
AUB-A)=AUB. ®)

3. [xEA-(ANB)=[(xEAAXEANB)]=

={(x€EAAN[(xEA)A(XEB)]'} =

={(xEA)A[(xEA) V(XEB)]} =
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= {[(xEA) A (xEA)]V[(xEA) A (xEB)]} =

=s{x€A)AxEB)] =(x€A-B). %
Hence,
A-(ANB)=A- B. (10)
4. xE@NB)-ANO))=[xEANBAXEANC)]=
s{lxeEAAAERAIIxEAAAN(xEOY Y=
W\ 7 \ 7 L\ 7 \ 713
=s{(xEAANEEBAN[(xEA) VXEQD) ]} =
=[(xEAAXEBAxxEQC)]=
=[(x€EA)A(xEB-C)] =[x€ANB-0)]. (11)
5. Suppose A, B, C are three disjoint sets as shown in the Venn diagram:
TN
N O
A
FIGURE 1
Then
AUB-C)=AUB (12)
and
AUB)-(AUO)=B (13)
Hence,
AUB-C)=(AUB)-(AUOQO). (14)
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® PROBLEM 2-12

heory of sets, we assume that ali the sets under consideration are
‘F m A Q
p s O

et, called the space (or universal set). For ex-

ample, in geometry the space is the Euclidean space, and in analysis the
space is the set of real or complex numbers.

Throughout this book, all the sets considered will belong to the
space which we shall denote by (1). Hence

AC1 1)

DEFINITION OF COMPLEMENT OF THE SET

The complement of the set A with respect to the given space 1 is
denoted by A€ (or CA or ~A) and defined by

IAIC 1 glAl

See Figure 1.

! |
1. |
| !
| |
| |
l | |
| s |
| |
| |
| |
| |

We

Prove that:

AUAC=1, ANAC=¢
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SOLUTION:

From definition (2) we have

1€=1-1=¢ 7
¢=1-¢=1 (8

A = (A9 = (1-A) =
=1-(1-A)=A 9)
AUA=AU(1-A)=1 (10)
ANAS=AN(1-A)=¢ (11)

® PROBLEM 2-13

I Prove DeMorgan’s Theorem: l

SOLUTION:

L [xEMAUB)Y]=[xE1-(AUB)] =
=[xEAUB] =[(xEA) v (xEB)] =

=[(x EA) A (x EB)] = [(x EA) A (x EBF)] =

=[x € A° N BC]. (3)
Hence,
(AUB)“=A“N BC. (4)
2. Similarly

[xEANBX]=[xE1-(ANB)]=
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=lyxEAV VvIxERNT=MryrE AN v (& BO] =
=[x € A° U B]. (5)
Hence,
(AN B) =AU B-. (6)
DeMorgan’s theorem can be generalized to any finite number of sets.
A UA U..UA)X=ANA‘N..NAC @A)
ANAN..NAX=AUACU...UAC". €))

® PROBLEM 2-14

Prove that: I

I AN
1. A N BC (1)
I \*/
l

2. A CBif and only if B¢ C A€ (2

3. AC—-BC=B-A

4. Prove Equation (4) of Problem 2-11 using the notion of comple-
ment.

SOLUTION:

_—
1]
&
m

=
>
o
m
oy ]

1. (XC/‘lllB
=[(xEAAKXKEL1-B)] =[xEA)A(XEB)]=

= (xEA-B). )

!\.]I

Here, we shall apply the law of contraposition:
ifa=fB,thenf = a’ 5)

(ACB)=[(x€EA) = (xEDB)] =

= [(xEB) = (x EA)] =[x £ B) = (x £4)] =
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=[(xE1-B)=(xE1-A)]=[(xEB)=>(x€EA)] =

= (B°CA°). ()
Thus,
ACB iff B€CA-“. @)
3. xEA -BY)=[(xEA)A (xEB)] =
=[xE1-A)AxELI-B)]=[(xEA) A (xEB)}=
[QN 7 \ 7 1 I\ 7 \ VAP |
=[(x EB) A (x €A)] =(x EB-A). (8
4. We have to prove that
ANB-ANC)=ANB-0) €))
By applying (1), we obtain
(ANR_(ANM=(ANRANIANNC =
\ﬂllu} \nll\./} \ﬂllu}ll\ﬂll\/}
=ANBN[1I-(ANOC))=ANB)NA‘UCY)=
=(ANBNAYUMANBNCY=
=(ANANB)UMANBNCY=
=ANBNC‘=ANB-0). (10)
In (10), we used DeMorgan’s theorem.
® PROBLEM 2-15

II LetA,, A,, ..., A, represent fixed subsets of the space 1. Let us denote I

Al=1-A.=AC
I 1 p s 3 ll

ll=1

Ai():Ai' (1)

A constituent of the space with respect to the sets A, A,, ..., A, is any set
of the form

AlNAIN..NA,
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where i, ..., i,=1o0r0. 2)

1. Show that constituents are disjoint.

2. Prove that the union of all constituents is equal to 1.
- ________________________________________________________________________________________ |

SOLUTION:

i i i k k k
1. Let A NASN..NA and A, NA,N...NA, denote two con-

. Then at 1 ot e ha

i, =k, 3)
Then the intersection of these two constituents is
il iZ i kl kZ k il kl
A NAS..NA'"NA NA'N..NA"NA NA =
1 2 n 1 2 n ! !
NA NAS = ¢ (4)
- I I - .
2. Now we shall show that the union o fconst ituents is equal to 1.
Let x € 1 represent an element of the space. We shall show that a con-

stituent exists, such that x belongs to this constituent. Consider the sets A , A,
.»A,. Two possibilities exist:

xXEA or x¢A,.
Ifx€A =A" weseti =0.Ifx&A ,thenxE1-A =A "'and we seti =1.

We repeat the above procedure for each setA , A, .. A and obtain i
{,. The element x belongs to

l, 2, ceey

i
!

xEA
xEA;
xEA, ©)
Hence, ; ; ;
xEA/ NAN..NA, (6)

Since x is an arbitrary element of 1, we conclude that the union of con-
stituents is equal to 1.
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® PROBLEM 2-16

I Let A, B, and C represent the subsets of the space. I
I 1. Find the constituents of the space with respect to the sets A, B, and C. I

2. Represent the set

D1

A=(BUC) ()

as the union of the constituents.

SOLUTION:

1. We shall consider all possible sets of the form

, A'NB'NC’ (2)
wihere

i,i,i,=0o0r1 and
A=A, B°=B, C'=C

41 AL ! n{ rall 764
< < <
b

A'=A% B'=B% C'=C"

7~
W
A

The constituents are
ANBNC

ANBNC*
ANB‘NC
A°NBNC

ANB“NC*

ASNBENC
ASNBNCE

)

¢
A

[

~
I

9}

~~
+
-

n
D

X

2. Let us write A — (B U C) in the form
A-BUQO)=A-B)-C=ANBY-C=

=A N BN CE. )
Note that A N B¢ N C¢ is itself a constituent.
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® PROBLEM 2-17

| A,
—

SOLUTION:

The constituents are

i i i

1 2 1
A'NAIN..NA, (1)

where iy, i, ..., i, take one of two values, 0 or 1.
A QD _ A L Al _ 1 A 77\
A=A dll A =1—4A; (<4 )

The sets Ay, A,, ..., A, are independent, therefore the constituents are non-

hh=ih=..=i,=0 3)
in (1) we obtain

AINAN...NA,=0¢. 4)
Thus, none of the sets A}, A,, ..., A, are empty sets. Similarly, setting i, = i,
= ... I, = 1, we find that

AlcﬂAzcﬂ...ﬂAncaﬁ(b. (5)

That is, none of the sets A, A,, ..., A, are whole spaces.
Each of the superscripts iy, iy, ..., i, in

i i i
A 1 M A Zh M A
/‘ll Ilz“l2 ... A,

"

takes up one of two values. Thus, the total number of combinations is
2x2x ... x2=2" (6)

The number of constituents is 2.

® PROBLEM 2-18

The symmetric difference of the sets A and B is defined by
A-B=(A-B)U(B- A). (1)
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Prove the following formulas:

|1 A-B=B-4 2 1
|2A(B O)=A=-B)-C (3)'
I The symmetric difference is associative. I
3. AUB=A-B -ANB 4)
SOLUTION:
We shall use
A-B=ANBKB 3)
to write (1) in the form
A+-B=(ANBY U@A°NB). (6)

From (6) we obtain
A=BX=(ANBYNA“NB)=

= (A N B) U (A° N BY). 7)

1. A-B=(A-B)UB-A)=(B-A) UA-B)=
=B-A. (8)
2, A=(B=C)=[ANB=C)F]U[B+C)NA] = ©9)

={AN[(CNBYUC*NB)}U{[BNC) UBNC)NA}=
=AANBNC) UANB*NC)Y UA NBNCY) UA*NB NC).
Similarly,
A=B)~C=[ANBYUM@A NB)]-C= (10)

={[{ANBYUANBINCIU[A=-B)NC]=
=ANBNCHYUANBNCHYU{[ANBYUA NB)NC}=
=ANBNCHOYUA NBNCHYUYANBNOUMANBNC)
Comparing (9) and (10) we find
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(A~B)~C=A+(B-C)=A-B-C. (11)

3. A«B-ANB=@A=~B)~(ANB)=
=[(ANBYU @A NB)]~(ANB)=

= {[(A N BY) U (A€ N B)] N (A€ U BS)} U

U {[(A° U B) N (A U B9 N (A N B)}=

= [(A N B) N (A€ U BY)] U [(A€ N B) N (A€ U BY)] U
UANBY)YNEANB) U[ANB)YN(A NB)] =
=(ANBYUA NB)U@ANB) =
=(A- B)U(B-A)UANB)=A UB. (12)

Similarly, we can show that
A-B=A+-ANB. (13)

® PROBLEM 2-19

Show that
AU...UA)-BU...UB)CA =B)U...UA,+=B,) (1

where

-
D
-
fort
7]

B=B,U..UB, (3)
Suppose
XEA+B=(A-B)U (B-A). (4)
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The sets A — B and B — A are disjoint sets (i.e., they have no common ele-
ments). We can assume that

x€EA-B, 3)
then x EA and (x &€ B) = (x € B)". We have
x€A U...UA (6)
and
x¢&B U..UB. @)
___ Therefore a set A exists,suchthat
x €A, (8)
and
xEB)Y=x€EBU...UB) =
=sl(xEBYvI(XxERYv ... vIixERB =
L\ t/ \ 2/ \ n/l
=(xEB) AXEB) A...A(xEB) =
=+ @D A (D A A (v R O\
EUXREDJARED) AN oo NAED ). )
Thus,
x €A, andx$Bl (10)
and
x€A,~B,= (AI—B,) U (B,—A). (11)
Hence,
A N..NA)=B N.. ﬂBn)C A,~-B)U...U@A, =B). (12)
® PROBLEM 2-20

conditions:
I. x+y=y+x,x'y=y-x (1)
2. x+(y+2)=(x+y)+z, x-(y-2)=(xy)z (2)
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3. x(+2)=(x-y)+(x-2) 3)

5. For every pair x, y, an element z exists, such that

x=y+z

SOLUTION:

Let us replace in (1) - (5) operation + by =, and operation - by N. We ob-
tain

A=-B=B+-A, ANB=BNA (6)
which are obviously true. Then
A-B-O)=A-B)=-C,ANBNO=ANBNC (N
The relationship
ANB=-O=ANB)~-ANCO) (8)
is true.
For an empty set ¢, we obtain
A-=¢=A. 9
To prove condition 5, we have to show that
A=B+~C)=(C=B=+A) (10)

which is easy to prove because
A=B-C=B+B-A=(B+-B)-A =A. (11)

Hence, operations -~ and N form a ring.
Consider operations U and M. We have

AUB=BUA, ANB=BNA (12)
AUBUC)=(AUB)UC,ANBNC)=AN=B)NC. (13)
ANBUC)=(ANB)UM@AN C) (14)

AU {9} =A (15)
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It is not true that for every pair A, B, a set C exists, such that
A=BUC. (16)
For example, let A = {¢} and C = {¢}. Thus, U and N do not form a ring.

1.

SOLUTION:

DEFINITION OF IDEAL

called ideal if

(AEDA(BCA)=BEI (1)
AENDABEN=AUBEID. )

1. Let P denote the family of all subsets of a given set A. If D € P, then
D CA.If G C D, then G CA and G € P. Hence, condition (1) is fulfilled.

IfDEPand GE P,thenD CA and G CA. Hence, DUG CA and D U
G € P. Therefore, the family of all subsets of a given set is an ideal.

DEFINITION OF A FILTER
A non-empty family F is called a filter if
AEF)AACB)=(BEYF) (3)
AEFRHABEF)= (ANBEF) G
-

2. Let A represent a given set and R the family of all sets B, such that
ACBC 1. Suppose DERand D CG,thenACDCGC1 and G ER.
Condition (3) is fulfilled.

IfDERand G ER, then A CD and A C G. Therefore, A CD N G and
D NG €R. Hence, R is a filter.
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® PROBLEM 2-22

(S ={A,B,C,...} iS\ (P= {AS,B’,C", ... }is)

\ a filter ) \ an ideal )

Let A € P and B¢ C A€, then A C B. But A € S (which is a filter); hence,
B € S. Therefore B€ € P.

Let A€ P and B € P, then A € S and B € S. Since S is a filter, A N B
€ S.

But AU B¢ = (A N B)°EP.

Similarly, we can show that

(P= {A°,B, . Yis)  (S={ABC, ! s)
\ anideal / \ a filter )
Let A € S and A C B. Then A¢ € P and B¢ C A¢. Hence, B € P and B
ES

LetA€ S and BES. Then A € Pand B € P.
Since P is an ideal, A“U B € Pand AN B (AU B ES.

® PROBLEM 2-23

Cantor created a theory of sets. At that time, it was

nivercal cat (that 1e “the cet aof all cete”) evicte In 100D
WwivoQl vwi \‘llub lo, Vilw UOwil VUi QAll v ilvo ) WwNALOW. Ald A/UH’

=«

Bertrand Russell showed in his famous paradox that the admission of a
set of all sets leads to a contradiction. Explain Russell’s paradox.

SNl IITINANMN.
W W W

We shall show that the assumption that the universal set exists leads to
contradictory statements.

THEOREM 1
Suppose that the set of all sets, denoted by W, exists. Let
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A={xeEW:x&x}
Then

/N
VAL SN
/ N

Ag A Ae A

Indeed,

That leads to:

This fact was briefly described by Paul Halmos in this statement: “Noth-
ing contains everything.” New paradoxes of set theory appeared shortly after
Russell’s paradox. To overcome this difficulty, mathematicians created sev-

aral xrarin trnrno nf aviarma tan oot thaonrs NArna ~F f'ﬂ\gnn fln nnnnnnnnnnnnn
vidal val lallUllD Ul aAlUlllCll.l\.f oCL LUIVVY ly AINUILICU Ul uIUDdU 11CU1l ICD v ad \'Ulll"
nletclv qamfactorv nevertheless they eliminated most of the antinomies.

® PROBLEM 2-24

Consider the axiomatic formulation of the algebra of sets. It consists of
the concept of element, of set and of the relation of an element belong-

ing to a set (x € A) and four fundamental axioms. Using this system,
show that

I 1. the null set exists. I

I Nr nnrny hxrn nat

'}
o)
:
n
>
n

SOLUTION:

We shall list the four fundamental axioms.

I. UNIQUENESS AXIOM (Axiom of Extension).

If the sets A and B have the same elements, then A and B are identical.
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IIl. UNION AXIOM.

For two arbitrary sets A and B, a set exists which contains all the ele-
ments of the set A, and all the elements of the set B and which does not con-
tain any other element.

For two arbitrary sets A and B, a set exists which contains those and only

those elements of the set A which are not elements of the set B.

IV. EXISTENCE AXIOM.

At least one set exists.

1. Let us define the null set by the formula
d=A-A.

The existence of at least one set is guaranteed by Axiom IV.

N
s
O
0.9.
<
(¢
=
[72]
(¢}
P
7]
:'>
j<¥]
=
e
S
o)
=
(¢
<%}
=
o,
Q
=
<«
]
=]
[¢)]
(7]
o
-
7]
%]
o
72
#
=
=
(¢}
>
X,
@]
3
[
[
(]
o
[72]
-
m

ANB=A—-(A-B),

it is not necessary to include an axiom on the existence of an intersection.
The intersection can be defined in terms of the difference.

® PROBLEM 2-25

I Explain the system of axioms called Boolean algebra.

SOLUTION:

I at i et
dn s not appear, although it occurs in
rr (=

Hurs 1 S ST 1
ity of establlshmg the system of axioms, Wthh w1ll enable us to prove the
theorems without referring to the relation €.

BOOLEAN ALGEBRA

The fundamental concepts are:
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The set ¢ and the operations U, N, —

We assume the following axioms:

1. AUB=BUA

[\
D,
>
I

oo
D)

S

5. AU¢=A
6. ANAUB)=A

7. AUMANB)=A

)

\_/
A

)

A MNNIDL LV
AllDUIUL)=

o0

99 A-B)UB=AUB
10. BN(A-B)=¢
11. AN1=A
122 ACB)=(AUB=B)
From the above axioms we can deduce all the theorems of the algebra of

sets. Axiom 12 defines the Inclusion Theory of sets as only one of the
applications of Boolean algebra. Replacing in axioms the otion of a set by

cnmbnmance sxra ~lhtniem tha alanlewen ~AFf cAsmbas~an TL:. aeral - ‘L Alaca wala
SUHIIVIILLD, WU vilalll uUic dléCUld Ul DSCIICIILOD., LI1Id © lJ fiS ui€ Ci10SC 1¢ia-
tionship between the algebra of sentences and the algebra of sets

Sentence Sets

v corresponds to U

A corresponds to N

“ (negation) corresponds to ¢ (complement)

By omitting axioms 8 - 12, we obtain the axiomatic formulation of the lattice
theory, applied, for example, in electrical networks.

59



{x: p(x)}
Quantifiers ¥ an
Ordered Pair
Cartesian Product

Properties of Cartesian Product

Family of Sets

Union and Intersection

Properties of the Union and Intersection
Relations

Diagonal, Inverse Relations
Composition of Relations

Equivalence Relation

Equivalence Class

Canonical Mapping (Projection)

Sentence Functions of Two Variable
llllllllllllllllllllll v A4 lu!.l.l\.ls)

Axiomatic Formulation, Axiom of Choice

d3

3-1
3-2,3-3,3-4
3-5

3-5

3-6, 3-7, 3-8
3-9

3-10

3-11, 3-12
3-13

3-14

3-15, 3-16
3-17, 3-18, 3-19, 3-20
3-21, 3-22
3-23

3-24, 3-25
3-26



® PROBLEM 3-1

} 2. Prove the following formulas:

{x: @) v T} = {x: )} U {x: tx)}

| {x: 20 A @@} = {x: L@} N {x: p(x)} @ |
I {000 A [E@]1} = {2 @)} — {x: T} H
| and {x: [()]'} = {x: G()}C. ® |
SOLUTION:
1. The set can be described as follows:

{x:(XER) A (x>0) A (xs5)}. (6)
2 a € {x: p(x) v ()} = p(a) v (a) =

=[aE€{x: g} v [aE{x:L(x) }] =
=a € {x: (®} U {x: g} (7)

=rnC [y FOv\V] A T2 2 v o onfl v\ l]:
SFle= A -SW¥M)rI N =r- YN I1 =
=a € {x: )} N {x: @(x)}. (8)

Proving (5),
a € {x: @(x) A [EX)]'} = @(a) A [E(a)]" =
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=[a€{x: )} A [a & {x:L(x) }] =

=a € {x: 900} - {x: LW} ©)
Proving (6),
G € {x: [9()]} = [9(@)] =
s@eENrfat{xo® =
=a € {x:p(x)}\°. (10)

The symbol {x : @(x)} will be used very often, sometimes with some modifi-
cations, throughout this book.

® PROBLEM 3-2

I 1. Using qualifiers, write the sentence: For every natural number, a II

larger natural number exists.

I 2. Explain the quantifiers by using the calculus of sentences. I

SOLUTION:

1. The quantifier “there exists” is denoted by 3 and the quantifier “for each”
is denoted by V.
Let A represent the domain of a general statement p(x), i.e., x €EA. Then

VxEA: p(x) (1)
asserts that for all x € A, the statement p(x) is true. Similarly,
dxe A: p(x) )

means that at least one x € A exists, such that p(x) is true.
By denoting the set of natural numbers by N, we write

Vnim:n<m 3)

where m, n € N.

2. Suppose the elements of the set A can be written in the forma,, a,, a,, ....
The sentence Vx : p(x) means that p(x) is true for each a , a,, a, .... Thus

Vx : p(x) is equivalent to p(a,) A p(a) A ... 4)

Similarly, the sentence 3x : p(x) means that p(x) is true for at least one of
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the elements a, a,, a,, .... Thus
dx : p(x) is equivalent to p(a ) v p(a,) v p(a,) ... 5)
Note that a universal quantifier V is “stronger” than existential quantifier 3.

()] (6)
71 \VJ

® PROBLEM 3-3

1. Using quantifiers write the statement: For each x there exists a y
such that for all z the statement p(x, y, z) is true.

2. Write the negation of this statement.

SOLUTION:
We shall apply the following rule of quantifier negation:
Yy - plxY1” = Ax - [H(x\1” (1)
LVX:plx)) = 33X |1PpX)) 1)
[3x: pX)]" = Vx: [pO] )

Equations (1) and (2) are generalized DeMorgan formulas.
Note that by taking negation of (1), we can define a universal quantifier
in terms of the existential quantifier and negation

Vx:p(x) = [Ix: [pO]T" €)

Similarly, existential quantifiers can be defined in terms of the universal
quantifier and negation

Cad

Ix - px) = [Vx: [pOTY (4)
-V s F\™) Lv™ J1°- \"J
1. This statement can be written as
Vx 3y Vz: p(x, y, 2). %)
2. The negation of (5) is
[Vx3y Vz:plx, 3, 2)] =
=[Vx [y Vz:p(x y, 2)]]" =

=3x [y Vz: p(x y, 2)]". (6)
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Here we used (1).
= dx [3y [VZ :p(x Y, 2)]]

= Vy[Vz:p(x y 2)] =

= Vy3z: [p(x y, 2)] = (7)

Using quantifiers, write down the definitions of:

1. Limit of a sequence of real numbers.

I 2. Continuous functions. I
I 3. Uniformly continuous functions. I
SOLUTION:

1. Let (x,) denote a sequence of real numbers. This sequence is said to have
a limit x. We write

lim x, =x (1)
n—»x
when
Ve>0 ImEN Vnam |x -x|<e. (2)
2. Letf:R'— R'be a function continuous at x,. Then
Y e ASSN Yyl v v o 8l #HN_fv\No e 72\
v C »~ U - U~ U ¥V A IV I./L JLOI\U—”L,\) J\O)I\C. \J}

Function f(x) is continuous at x,, if, for every € > 0, 8 > 0 exists such that for
every x ER', if |x—x | <9, implies | fix)-fix)|<e.

3. Function f: R'— R'is said to be uniformly continuous on R' if
Ve>0 38>0 Vx,xER' |x-x"|<d=|flx)-f(x)]|<e. 4)

From (3) and (4) we conclude that if a function is uniformly continuous on
R', then it is continuous on R'. The opposite is not true. For example, func-
tion f(x) = x* is continuous on R' but not uniformly continuous.
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® PROBLEM 3-5

(4, b) = {{a}, {a, b}}. ON

Find the Cartesian product A x B, where A =[1, 2] and B = [2, 3].

3. Let Z denote the set of all positive and negative integers and zero.
Find A x B, where A =B =Z.

SOLUTION:

1. To each of two elements a, b there corresponds their ordered pair (a, b),
which satisfies the condition

(a, b)=(c,d)if,andonly if a =candb=d (2)
Hence, in general (a, b) = (b, a). But
(a, b) = (b, a) iffa = b. 3)

Definition (1) satisfies condition (2) because

{a, {a, b}} ={c, {c, d}} if, and only ifa = c and b = d.
Thus, definition (1) is correct.
2. DEFINITION

Let A and B represent two sets. Their Cartesian product, A x B, is the set
of all ordered couples

AxB={(a b):aEA, bEB}. 4
yA
N [1.2] x [23]
\ A
B
2

Y

A

The Cartesian product is represented by the shaded area.
FIGURE 1.
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3. The setA x B, where A = B = Z represents the set of lattice points in R’

W a
7 A
) o 4= ° . ° °
° ° 3 ° ° ° )
[ J [ ] [ J 2_- [ [ ] [ J [ ]
) ) e 14 .o . . .
—t— . —— >
-3 -2 -1 4 X
) ® | L )
. o 2. . .
[ J ._3-- [ ]
FIGURE 2.

Dots represent the elements of the set Z x Z.

® PROBLEM 3-6
1. Let A represent the circle in the xy-plane, x> + y> < 1 and let B
represent the set of points along the z coordinate, such that 0 <z < 1. Find

A x B.

2. Show that,

AxB=¢)=[A=0) Vv (B=9)]

I 3. Show that, I
| if A x B =, then A x BC C x D iff |

| | |
| (ACC) A (BCD). @ |

SOLUTION:

1. The set A x B is a cylinder of altitude 1, shown in Figure 1.

2. IfA x B = ¢, then an element exists (a, b)) EA x B. Thus,aEA and b €
Band A = ¢ and B = ¢.
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Similarly, if A = ¢ and B = ¢, then elements a, b exist, such that a €A
and b € B. Therefore, (a, b)) EA x Band A x B = ¢.

2 A

3. We shall prove that
AxBCCxD)« (ACC)A(BCD). 3)
=
Let (a, b) €A x B. Then (a, b) € C x D. Therefore, if a € A, then a € C.
Similarly, if b € B, then b € D.

—
Let (a, b)) €A xB. Thena€ A anda € C. Also b €B and b € D. There-
fore (a, b) € C x D and

AxBCCxD. (4)

I Show that I
| |

Ax(BUC)=AxBUAxC (1)

AxBNCO)=AxBNAxC

AxB-C)=AxB-AxC
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SOLUTION:

f‘ e ni 17y

x(BUC) ={(xy): xEAA(YEBUO)} =
= {xy):xEAA[VEBVEEQ)]} =

= {(xy): [(*EAAYEB]V[xEAAYEO]}=

= {xy):[xy)EAxB]Vv[(x,y)EAxC]} =

=AxBUAxC (4)
Similarly, we prove (2).
AxBNO={xy:xeEAAYEBNO)}=
={xY):x€EA)A[QUEB)A(YEQ)]} =
= {x»:[(xy)EAxB]A[(x,y)) EAXxC]} =
=AxBNAxC. (5)
And (3)
AxB-O)={(xy):(x€A)r(yeB-0)} =
= (%) (xEAA[GEB AYEO)) =
= {59 :[(5 y) EAxBI A [(x,y) A xC] } =
=AxB-AxC. (6)
e PROBLEM 3-8
ll Prove that: I
i AxC)N(BxD)=(ANB)x(CND) (l)i
AxCO)UBxD)CAUB)x(CUD) 2
where A, BCXand C, D CY.
AxB=AxY)N (X xB) 3)
(A x B)C = (A€ x Y) U (X x BC) (4)
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I where A C X and B CY. The symbols A¢ and B¢ denote the complements I
with respect to X and Y, and (A x B)¢ denotes the complement with re-

I spectto X x Y. I

SOLUTION:

1. [, WEAxC)N(BxD)]=

=[(xy)EAXxC]A[(x, yEBxD]=

=(xEANYECOAN(XEB)A(YED) =

=s[xeAAExEB))A[YECO)A(YED)] =

(y&EANR Al(veEl N D)
/\-\_IIIIU}I\UBUIIU}

=(x, YYEANB)x(CND). (5)
Applying Equation (1) of Problem 3-7 we find:
(AUB)x(CUD)=[Ax(CUD)U[Bx(CUD)]=

IJ' i

=(AxC)U@A xD)U B xC)U (B xD,). 6)
Equation (2) follows from (6):
AxCO)UBxD)CAUB)x(CUD,). @)

2. Let us write (1) in the form:
AxY)NXxB)=ANX)x(YNB). €))

Since A CX, A N X = A. Similarly, since BCY,YNB=B8B.
Therefore,

AxB=AxY)N(XxB). 9)
To prove (4), we shall apply DeMorgan’s law. Since

AxB=(ANX)x(YNB)=(AxY)N(X xB) (10)

we obtain
(AxB)Y=(AxY) U(XxB). (11)

But

AxY) =A°xY and (12)
(X xB)* =X x BC. (13)
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Therefore
(AxB)X=(AxY) UXxB). (14)

1. Give a definition of a family of sets and show that

{A,:nEN}

where A, =]-n, n[ isa family of sets.

2. Is it true, that any set of sets can be converted to a family of sets?

SOLUTION:

The collection of sets
{A, : LE A} 2)

is called a family of sets if, to each element A of some set A = ¢, a set A,
corresponds. Set A is called an indexing set for the family.

Unlike the definition of a set, where all elements have to be different, in a
family of sets it is not required that sets with distinct indices be different.
Equation (1) defines a family of sets, where N is the indexing set. Set A is an
open interval

J-n,n[={xER :—n<x<n}. 3)

2. Let G represent any set of sets. Then we can use G itself as an indexing
set and assign the set it represents to each member of the set G.

® PROBLEM 3-10

Let
1 1
An=]_ﬁa 7[ (1)

where the indexing set is the set of all positive integers Z*
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i Z+*={1,2,3,... }. 2) i
| Find |
| U4, |
I and I
I Na,. |
SOLUTION:

union, denoted by %J A, is the set
{xeX:INEA xEA,}. 3)
Hence, for the family of sets defined by (1), we obtain

C
2
]
|
C
el
|
3|
3=
—_
]
Snd
|
Uy
[y
p—
”~
~
N’

The intersection, denoted by ﬂA ,» is the set
{xEX VAEAXxEA,} (5)

Thus
nAn=m]__nl_’ %[={O} (6)

1
since O is the only common point of all intervals 1- ™ 7l
Obviously, the union and intersection of a family of sets does not depend

on how the family is indexed.

. PROBLEM 3-11

thur that n i
A

- \I1IVUY LiiaaL

is, show that:

[U{4,: AEA}N[U{B,: 0 EQ}] =

=U {4, NB,: (A 0) EA x Q} 2)

| : |
| |
| l
| =N {A, UB,: (A ®) EA x Q} 1) |
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I 2. Show that I
¢ c
| (UA,) =Na4j » |
N A

I and I
l (NA N\ =UAS .
I \r M) A r ) I
I where complements are taken with respect to X. I
SOLUTION:

1. x€E[N{A AEANU[N{B :0EQ}] =

=[VAEA;xEA VIV EQ;xEB | =

=[V\, 0) EAxQ:xEA UB |=

M A 1LID ./ . NN A o
}\\JDw.\I\:,U))Cl\X Saf.

[}
b3
m
3
c

In the same manner, we prove (2)

xE[U{A :AEA}N[U{B,: wEQ}] =

NvycCcl1ATAT+CcCLID Y
Lxcunk] A l»cuuwj

=(ALEA:xEA)A(TWEQ:XEB)
=[AM w)EAXxQ:xEA NB | =

=xEU{A,NB : (A, 0) EAx Q}. (6)

2. xE(UA,) =x€X-(U4,)=

amn
~
S’

Similarly, x E(QAA)C =x $(ﬂA A) =
=[VAEA:xEA[=[INEAxEA ]=
E[axe/\:xEACx]ExeLkJACk, )
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® PROBLEM 3-12

| By=AgUA,U...UA, k=0,1,2,... (1) I
I Show that the union I
UA,=A, U4, -B)U...UA,-B,_)U.. 2)
0

is pairwise disjoint.

SOLUTION:

First, we shall prove (2). Suppose
xe U4, (3)
0

andxE€A,. ThenxEA U (A -B)U ....Now, suppose A_is the first set in
the sequence

ApA, . ,A .. 4
such that
xEA XEA, .., xEA XEA .. (5)
Then
x € Q:JA,, and
x€EA -B =A -(A/U...UA ). 6)
That proves (2).
To show that the union
AJUA-B)U..UA -B YU .. @)
consists of pairwise disjoint sets, suppose
XEA XEA, .., xEA XEA | (8)
Then
XEA,xEA-B,xEA-B,, %)
but
x€EA -B . (10)
Again
xEA -B =A —(A U...UA). (11)

Hence the setsA,A - B, ...,A —B,_, ... in (7) are pairwise disjoint.
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® PROBLEM 3-13

SOLUTION:

We shall begin with a definition:
DEFINITION

A relation p is a subset p C A x B. Often, (a, b) € p is written a p b.

|

1 A rolatinn n ~rnncicte nf nrdoarad natrc (a2 WA C A v B cunh that 2 ~ h

1. A diciduoll p Lonsisws O OIACICA pails \&@, v) © A X D, Sulil Uidt & < 0.
Therefore,

p={(1,3),(1,4),(1,5),(3,4), (3,5, (4 5} (1)

Note that the domain of p is the set of the first coordinates of the pairs in p.
From (1) we have the

domain of p = {1, 3, 4}. 2

Similarly, the range of a relation is the set of the second coordinates of the
pairs in this relation.

Hence,
range of p = {3, 4, 5}. 3)
Figure 1 depicts the sets A and B and the relation <.
b
T S S
-
: 2 ; : ; A
FIGURE 1.
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2. Suppose n = 0, then
xpyifxe[0,1] and y€|[0,1],

which is a square shown in Figure 2.

'

A
y

Y

0 1

FIGURE 2.

For each integer n we obtain a square as shown in Figure 3.

v
7 A

XW

FIGURE 3.

® PROBLEM 3-14

Let Z denote the set of all integers. Find the diagonal of Z. I

WY

I 2. Let N denote the set of natural numbers and p, a relation defined b

<
I

Find the inverse of p, denoted by pL.

SOLUTION:

1. For any set A, its diagonal A is the relation of equality defined by
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A={(a,a):a €A} CAxA. (2)
Thus, if Z is the set of all integers, its diagonal is the set
A={(nn):n€EZ} =

={...(-2-2),(-1,-1),(0,0), (1, 1), (2, 2), ...}. 3)

is the subset of B x A, defined by

Relation p, defined by (1), consists of all the pairs

p={(1,0),4,1),(7,2),(10,3),(-2,-1),(-5,-2) ...} 5
such that
“(n,m)Epif,and only if n=3m + 1. (6)
The inverse p~! consists of all the pairs (m, n) € p™', such that
(m,nye p7tiff m = 22 (7

That leads to
p'={0,1),(1,4),2,7),(3,10),(-1,-2),(-2,-5) ...} 8

® PROBLEM 3-15

Consider three sets A, B, and C.

A={1,2,3,4}

o]
]
——
193]

Let p be a relationon A x B

| |
| |
I C={xy, z}. (D I
| |
l |

0
[ &

{1.6).(1. 7. (3.6). (3. 7. (3.8). (4. 5)} (2)
W O 3 T W Vs s 75 (5 O T Y \<)

and A be a relationon B x C

A ={(5,%),(6,5), (7, ), (7,2), (8 x)}.

Find the composition of p and A denoted by A o p (sometimes the sym-
bol p o A is used instead).
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o
S
3
=]
S
wn
=
o
=
o
Lo 7]
©
=V
a
>
o
o
=
o
[l
(¢
a
o
>t
@]

Therefore, from (2), (3), and definition (4), we find
(1,y) € A o p because (1, 6) € p and (6, y) E A

(4, x) € Ao p because (4,5) Ep and (5, x) EA

(1,z2) €EAlo pbecause (1, 7) Ep and (7,2) EA

~
W
N
~
m
>’
o}
©
on
(¢
Q
jat}
=
7
(¢
~
&
~]
~—
m
©
[2Y)
=
o
~
N
N
~—
m
>’

(4, x) € Ao p because (4,5) Ep and (5, x) EA
The composition A o p is the set consisting of
Aop={(1,y), 4 x),(1,2),(3,y), (3 2), (3, %), (4, ) }. (5)

The relation A o p is illustrated in Figure 1.
—Byp x

~ A
Sy 2l |
%74—4 Y

\ —.
<) T \ /
NN A

B C

3

e -

— —_ o~

\

>

FIGURE 1.

For example (3, x) € A o p because there is a “route” from 3 to x via 8.
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® PROBLEM 3-16

I Let A, B, C, and D represent the sets and p CA x B, A C B x C, and I

I 0CCxD represent t the relations. Prove that: I

1. Gonop=bo(rop) |
2. (Aop)y'l=plok! 2)

(@, b)Ep A (b, d)EDdoA} =

= {(a, d) : b € B, 3¢ € C such that
(a,b)Ep, (b c) EN(c, d)ED} =
= {(a, d) : 3c € C such that (g, c) EAo p, (¢, d) € 8} =

=do(rop). 3)
Hence, we can write

BoNop=0o(hop)=0o0Aod. 4

)

op)t={(c,a):(a, c)ENop} =
= {(c, a) : Ab € B, such that (a, b) € p, (b, c) EA} =
={(c,a):Ib EB, suchthat (b,a) Ep',(c, b)) EN'} =

={(c, a) : b EB, such that (c, b)) ENX', (b,a) Ep'} =
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=p o 5)

=(Ahop)'od'=ploA'od (6)

® PROBLEM 3-17

Let A represent the set of all people and R represent a relation defined as
A x A, such that for a, b € A and a R b iff a knows b; that is, a is in rela-
tion to b if and only if a knows b. Is this relation an equivalence rela-
tion?

An equivalence relation is a very useful and frequently applied concept
in mathematics. It enables us to divide the set into subsets (classes) accord-

. .
anggignad Arharantarigting

llls lU some yloaoons LU viialauvlul IdLIvo.

DEFINITION OF EQUIVALENCE RELATION

A relation R in A is called an equivalence relation if:
1. Itisreflexive: Va€EA,aR a

2. Itis symmetric: (a R b) = (bR a)

.b.)

It is transitive: (a Rb) A (bR c)=(aR ¢)

If a R b, we say that a and b are equivalent.
H
The relation “knows” is reflexive, since obviously a knows a.
It is symmetric because if a knows b, then b knows a.
Té :Q mt teangitioa hamaiign 1 L‘nl,“nnl..-.nll.,.-.,\ A~ it A~ng nat Griar
1t IS 1ot lldllblllVC, O€Causc 11 d KiiOWS D 4ana o Knows C, It UULD llUL 5udl'
antee that a knows c.

Therefore, the relation “knows” is not an equivalence relation.
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® PROBLEM 3-18

g
Let R denote a relation in A, that is, R C A x A.

Then:

2. Ris symmetric iff R = R-1,

3. R istransitive iff R o RCR.

4. (R is symmetric)=>(RoR'=R!0oR)

n

CR

R
2. RoR is reflexive/

xive) = (
\2.
6. (R is transitive) = (R o R is transitive)

| |
| |
| |
| 1. R isreflexive iff ACR (where A is the diagonal of A). |
| |
| |
| |
| |

SOLUTION:
1. The diagonal of A is

A={(a a):a EA}. €))
Thus R is reflexive iff,

VYa€A, (a,a)ER
iff ACR.

N

(R — symmetric) < (R = R™)
= If (q, b) €ER, then (b, a) ER, therefore R = R
<= QObvious.

o] Taoatlfr N D _ D Thaw
S LJCI,\“, L)C[\UI\. 1 11CI1
R is transitive, and (q, b,

'“ oT -\ 7 i wfai e ( ’
Conversely, if RoR C R the n(a, b) ER and (b, c)
R o R CR. That is, R is transitive.

4. RoR'={(a,c):IbEA, suchthat (a, b)) ER' A (b, c) ER} =
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={(a,c):IbEA,(a, ) ERA(b,c)ER'} =

- P-1 ~ D
=i O

~~
-’

A CR CRoR implies that R o R is reflexive.

6. Let (a, b)) ER o R and (b, ¢) € R o R. Then from (3), R o R C R. Thus,
(a, b), (b, c) ER.So (a, c) ERoR, and R o R is transitive.

® PROBLEM 3-19

I The set A consists of
A={1,2,3,4, qa, B} (1)

Find the smallest equivalence relation R, such that

(1,2)ER, (2,0)ER, (4,2)ER. )

SOLUTION:

Relation R has to be reflexive, therefore,
(1,1)ER, (2,2)ER, (3,3)ER, (4,4) ER,

(o, ) ER, (B,P)ER. 3)
It has to be symmetric, hence
2,H)€ER, (0,2)ER, (2,4 ER. 4)
Finally, R has to be transitive, thus,
(1,2)ERAN(2,0) ER=(1,0) ER
(1,2)ERA(4,2)ER=> (1,4 ER
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2,0) ERA(4,2)ER= (4, ) ER. (5)
The smallest equivalence relation is

R={(1,1),(22),(3,3), 4 4), (o 0), (B, B)(1,2), (2 a), 4,2),

77 N\ 4 /77 N\

2, 1), (2, 2), (2,9), (1, ), (@, 1), (1, 4), (4, 1), (4, @), (2, 4)}.  (6)

The largest equivalence relation consists of all 36 elements of A x A.

Let Z* denote the set of positive integers,

Z+={1,2,...}

I and let p represent the relation in Z* x Z* defined by I
(@ b)p(c d)iffa+d=>b+c. @ |

I Show that p is an equivalence relation.

SOLUTION:

Element (a, b) is in relation p with itself. Indeed

(a, b) p (a, b)becausea + b =b +a. 3)
Thus, p is reflexive.
Suppose:
(a, b)p (c,d),then a+d=>b + cor
c+b=d+a. 4
Yoamman A~ N Al W and A ara curmsana oz
I'ICIIVG, \ y u} p \u, U} allu P airv sylnulcuiv.
Suppose
4, 9) PG a) and (G ajpiej) )
then
a+d=b+c c+f=d+e. (6)
Hence,
a+d+c+f=b+c+d+e (7)
and
a+f=b+e 8
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From (8) we conclude that

@ b)p (e ). ©)

Relation o is transitive. Thus, p is an equivalence relation.

® PROBLEM 3-21

(a, b) p (c, d) iff ad = bc. (D

Show that p is an equivalence relation. Find the equivalence class of

(1,1).

SOLUTION:

~~
8
e
e
©
~~
&
e
b./
[
o
[aa
\:c;,
Q
bl
Il
S
Q
~~
N
j —

Relation p is symmetric.

Suppose
(a, b) p (c, d), that is, ad = bc, 3)
and cb = da. Therefore,
(c.d)p(a b) (4)
and p is symmetric.
Suppose
(@, b)p(c,d) and (¢, d)p (e ) ©)
That is,
ad = cb and cf = de. (6)
Hence,
adcf = cbde @)
and
af = be. (8)

Therefore, (a, b) p (e, f) and p is transitive.
Relation p is reflexive, symmetric and transitive, thus it is an equivalence
relation.
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Suppose (a, b) is in relation p with (1, 1)
(a,b)p(1,1) iff a=0>. 9)

® PROBLEM 3-22

Consider a set X and its partition into disjoint classes

LS

A = UAi . (1)

i€l
This partition defines a relation R CX x X, in such a way that (x, y) ER
when Ji : x, y € A,, that is, when the elements x, y belong to the same
Class A;. Show that R is an equivalence relation.

SOLUTION:

R is reflexive, because (x, x) € R means that x belongs to a certain class
A, which is true, since

X=UA

That R is symmetric is obvious, because if x, y E A, then y, x €A . Hence

(xy)ER= (), x)ER. 2)
Suppose (x, y) ER A (y, z) € R. That means
didi(x,y€EA)A (), 2 €A). 3)
Thus
yEANA =0 @)

which is a contradiction, because the classes are disjoint.
We proved that relation R is an equivalence.
In the next problem we shall prove the converse.

® PROBLEM 3-23

Prove the following:

THEOREM

Any equivalence relation in X defines a partition of X into classes of
the form
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| A ={yEX:(xy) ER} O |
| n |
_

QM ll-r ON
VRV IIVIY

Suppose R is an equivalence relation in X. Therefore R is reflexive

Hence
X=UA_. (3)
The classes cover the whole set X. We shall show that the classes are dis-
joint.
Suppose
A NA =0¢. 4)
Then z exists, such thatzEA Az €A
[z x) ER A (2 y) ER] = (x, y) ER. )
Therefore,
A=A, (6)
That completes the proof.
The set of classes
{A :xEX} @)
is called a quotient space and is denoted by */,. Mapping
X
C:X =& (8)

where §(x) = A , is called a canonical mapping or projection. The class A is
denoted by [XJ

For example abstract thinking leads us to the concept of temperature. Let
X represent the set of all objects.

[T] (T.] < quotient spa

<— set of objects
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By using a thermometer, we establish an equivalence relation.
Two objects x and y are in relation T with each other, if they have the same

Y PR S

teIpceidiuic,
xTy. )
It is easy to see that this is an equivalence relation. Neglecting all other

properties like color, weight, age, etc., we classify objects into classes of
equal temperature.

® PROBLEM 3-24

Let C(x, y) represent a given sentence function of two variables. Thus,

Vy:C(x y) and dy:T(x, y) (D)

I are sentence functions of one variable. Show that operation V is com- I
I mutative with respect to V, and 3 is commutative with respect to 3. That I
I is, show that l

Vx Vy E(x, y) = Vy Vx E(x, y) (2)

Jx Jy Ex, y) =y Ix E(x, y) (3)

Hence, the sequence of quantifiers is immaterial in (2) and (3).
On the other hand, the sequence of quantifiers V and 3 is significant.
Prove the formula:

x Vy T(x, y) = Vy Ax E(x, ). 4)

SOLUTION:

The sentence T(x, y) is true for all x and y, therefore, it is true for all y
and x.

Similarly, if x and y exist, such that T(x, y) is true, then y and x exist, such
that (x, y) is true.

The left-hand side of IA\ indicates that x exists suc

AWwiv 111N JiIw fiiIvGilvs wuiGe /\-0 w2 o

y) is true. Therefore, for every y, an x (namely x = x,) exists, such that C(x, y) is
true. Hence, the left-hand side implies the right-hand side.

cht fhat foreverv v C/v
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® PROBLEM 3-25

1. Show that the implication (4) of Problem 3-24 is not valid in the I

PRI e Al bl

| opposite direction. I
| 2. Prove the formulas: |
Ax [T(x) A @(x)] = Tx Jy [E(x) A ()] =

=3dx:Cx) A By :@y) =3x: Tx) A Ix: @(x) (1)
and

Vx:gx) v Vx: k) =Vx y[Cx) v oy)] =

= Vx [C(x) v 9(x)]. )

SOLUTION:

1. Take, for instance, the set of real numbers. It is true that

Vydx:y<x. 3)
On the other hand, the statement

IxVy:y<x 4)

is not true. Hence, the implication in the opposite direction is not true.

2. Obviously the implication
Vx:C(x) = Ix: T(x) 5)
is true. Setting X = Y, we can replace (5) by
Vx Vy: C(x, y) = Vx: T(x, x) = Ix: T(x, x) = Ix y: L(x, y). 6)

Similarly, from

[Br: 500 A ()] = Fe: L) A Te: o) %
we obtain
3x [E(x) A @(x)] = 3x Fy [E(x) A o)] - ®

The right-hand side is equivalent to
3y [E() A @()] =3 Tx) A Ty @) =
=dx: C(x) A Ix: @(x). 9
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Similarly, from
[Vx:Tx) v Vx: @()] = Vx [E(x) v @(x)] (10)

we obtain (2).

® PROBLEM 3-26

In Chapter 2, we discussed the axiomatic formulation of the algebra of

Uniqueness Axiom

Union Axiom

3. Difference Axiom

| |
I 4. Existence Axiom I
|

| l

SOLUTION:

We should add the following axioms:

5. For every sentence function £(x) and for every set A, a set exists consist-
ing of those, and only those elements of A for which (x) is true.
This set is denoted by

{x:¢(x), x EA}.

Without realizing it, we used this axiom frequently.
For example, Axiom 5 guarantees the existence of the set {a, b}

{a, b} ={x:x=avx=>bxEA}.

6. Forevery set A, a set, whose elements are all the subsets of A, exists. This
set is denoted by 2.

7. AXIOM OF CHOICE.

For every family R of non-empty disjoint sets, a set exists which has one,
and only one, element in common with each of the sets of the family R.
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The last axiom is an existential axiom. In general, a set obtained by
appllcatlon ot this ax1om is not umquely determmed In 1938 K. Godel

pected that axiom of choice can
, P.J. Cohen proved that this is not

For some tlme some mathematncnan
be derived from the other axioms. In 196
the case.

The axiom of choice is an independent axiom.

wm
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Surjection, Injection, Bijection
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Inverse Function
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Image, Inverse Image
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90

4-1

4-2

4-3

4-3

4-4
4-5,4-6,4-7, 4-8
4-9, 4-10, 4-11
4-12

4-13, 4-14

4-15, 4-16, 4-17, 4-18
4-19

4-19, 4-20, 4-21
4-22, 4-23

4-24

4-25

4-26, 4-27

4-28, 4-29, 4-30, 4-31



® PROBLEM 4-1
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FIGURE 2

SOLUTION:

DEFINITION

fis a function from X to Yiff f § x Y, for all x EX, there isa y €Y, such

that (x, y) € f; (x, y1) € fand (x, y;) € fimply y; =y,
Function fis denoted

Lo At e ol
11c UUIlldlll Ul_] IS A, LUIC CO-
)

U
The element f(x) = y € Y is called fhe ima

trates the relation consisting of the pairs

m
1

This relation assigns two elements, x € Y and y € Y, to element a € X. Hence,
it is not a function.

Figure 2 also does not define a function. This relation is not defined for
all elements of X. Element c is left “alone.” It is easy to upgrade the relation
shown in Figure 2 to obtain a function as shown in Figure 3.
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FIGURE 3

Note that a function f: X — Y has to be defined for all elements of X, but it
does not have to cov r’ all elements of Y, as shown in Flgure 3. In the ex-

em P =N o ~ e P Y-St

trer | elements of X to one element of Y.

1
r map is used instead of a function.

SOLUTION:

We shall start with some definitions.

DEFINITION (SURJECTION (ONTO) FUNCTION)

A function ffrom X to Y, f: X — Y is an onto function (also called surjec-
tion) if, and only if, for all y €Y, an x € X exists such that y = f(x).

For example, function f: R — R, where R is the set of real numbers, is a
surjection when f(x) = 3x + 1 and is not a surjection when f(x) = x°.

n

DEFINITION (BIJECTION)

A function f: X — Y is a bijection iff f is both a surjection and injection.

For example, the function shown in Figure 1
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is one-to-one, but it is not onto, hence it is not a bijection.
We shall find function f : X — X which is an injection, but not a surjec-
tion. Let Z* denote the set of positive integers, then

| VAR A
such that
f ) = »n 4 1
J\ll} 0w 1 4
is one-to-one but not onto. Indeed no positive integer n exists such that

fin) =1.

Hence, f(n) = n + 1 is not a bijection.

® PROBLEM 4-3

1. Find the graph of the function shown in Figure 1.

2. Letf:R—Randg:R— R, where f{x) = (x + 1), and g(x) = x2 + 2x
+ 1 and R is the set of real numbers..Are these functions equal?

3. Define the restriction and extension of a function.
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SOLUTION:

1. ThesetG
G;I(v W fArN=vi(C X « Y (1)
W\™ J) ~J\v) JJ T * - \*/
e a1l thn el L L T Tcniien 1 cion £ d 4l cvnsmle ~f tln £izommblnem £
Id CdllCUu UiIcC gldp“ (071 j. 10111 Flgun: 1, wC 1H1iu uic gldpll Ol UIC 1ulnicCLiovil o
be

{(@ %), (b, y), (¢, M} )

2. DEFINITION
f(a) = g(a) for every a EA.
Obviously, for all real numbers
(x+1)2=x2+2x+1. 3)

Hence f(x) = g(x).

1~
[19]) ]

Let f: X — Y and A C X; the function f considered only on A is called the
restriction of f to A, written f| A, if

flA=fN@ x V). @
Similarly, if A C X and g : A — Yis a given function, then
G:X—-=Y

such that G | A = g is called an extension of g over X.

f

Al = F(a\Y 2 A
l ‘u, "u’va:r‘

f| A is the restriction of f to A

//\ \ N
A \ \ pad
X / Y
G
G is an extension of g.
FIGURE 3
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® PROBLEM 4-4

We defined a function f: X — Y as asubset of X x Y, fCX x Y, such that
[ y) EF A G y2) Ef] = D1 =y2] (1)
Since fi lation, l find £-1.

Function f must be a surjection, that is, fiX) = Y, then f-! is defined for all
y €Y. In order for f~! to be a function, function f must be an injection. In-

deed, if

[ Y) Ef A (xp y) Ef] = [x1 = x,)

then we have

v xYEF Alv xYEF T =[x x-1

LV M) ~—=J YOy Y2 —J 1 T LY N
We conclude that only a function, which is a bijection, has the inverse
function. It is easy to show that

® PROBLEM 4-5

Let the functions

f:R—=Randg:R—R
be defined by
f(x)=3x-1 gx)=x>+1.

DEFINITION OF A COMPOSITION

Letf: A — Band g : B— C. The composition of f and g is the function
g o f defined by:

(g0 ) (a) = g(f(a)). (1)
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FIGURE 1
Let us find the composition g o f
(80f) (¥) =g(fx) =gBx-1)=(3x - 1)* + 1. )
Similarly,
(fog) (x) =flg(x)) =flx* + 1) =3(x° + 1) - 1. )
From (2) and (3) we conclude that
fog # gof. 4)

® PROBLEM 4-6

Prove that the composition of functions is associative. That is, prove
that if

f:A—B, g:B—C, h:C—=D

gof

| <~ N
e U/ WD S e
YA AL S
~—
| T l
I hogof l
FIGURE 1

then

(hog)of = ho(gof). (1)
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SOLUTION:

In Chapter 3 we proved that relations are associative and since functions
are relations, this result holds for functions as well. Here is another way of
showing it:

[(hog)of](a)=(hog)[fla)] =
= h[g(f(a))] for every a EA. (2)
Similarly,
= h[g(f(a))] for every a EA. 3)
Thus
(bl o\ L (5 - A_L _ 5. F A\
\ViIiOZJOj=no\goj)=rnogoj )

| 1. Letf:A— B, g:B— C.Prove that |
a) If fand g are onto, then
gof:A— Cisonto;
b) If fand g are one-to-one, then
g o fis one-to-one.
2. Determine which of the following functions are onto, one-to-one or
I bijection. I
I ftA—=A A=[-1,1] l
H f(x)=x2, flx)=sinx H
| fixy =%, fix)=sin mx o |

SOLUTION:

1. We shall show that g o f is onto when both g and f are onto.
Let c € C, since g is onto

3b € B, such that g(b) = c.
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Also, f is onto, therefore,
Jda € A, such that f(a) = b.

We conclude

YceeC 3Fae

—~
\®)
N’

hence g o f is onto.
Now we show that if f and g are one-to-one, then g o f is one-to-one.

Suppose it is not the case

(gof)(a)=(gof) (@) )
or
g(f(a)) = g(fla)). (4)
But g is one-to-one. Hence
fia) = fi@). ©)
Also fis one-to-one, hence
a=a’.

We conclude that g o fis one-to-one.

2. Function f(x) = x? (Figure 1) is

-— Prrceccecww.

RN -

FIGURE 1

not onto because f{[-1, 1]) = [0,1]. It is not one-to-one because, for example,

- 1)?=(1)>

Function f(x) = sin x (Figure 2) is one-to-one, but is not onto.

Function f(x) = x3 (Figure 3) is one-to-one and onto, hence it is a bijec-
tion.

Function f{(x) = sin mx (Figure 4) is onto but not one-to-one.
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Prove that:

Iff: A— Bandg:B — C are one-to-one and onto, then

(goft=f"og.
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SOLUTION: -1

gof
FIGURE 1

Let 1,4 be the identity function on A
14(a) = a, Va EA. (2)
By applying the associative law of composition of functions, we find

(flogMo(gof)=fTlolglo(gof]=

=f"ol(g0g)ofI=f"0o(lof)=

- f_l n f; 1 . (Q\
J vJ +A \~)

sinceglog=14andi4 of=foly =/

Similarly,
(gofo(flog)=golfo(ftog™Nl=
=go[(fof!og]=
=go(log)=gog™ =14 4
Therefore,

(-~ D=1 _ =1 -1 &\
50)J =J O§ )

1. LetX=[-1,1]and Y = R, and

f:X — R be f(x) = x% (1)
Find the image of X in R under f.

2. Find the inverse image of [1, 4] in X under f, f(x) = x%.
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i 3. Prove that: i
I £ £. V__;V_A..,.l A r—V Dr— VvV L. I
I llj.A I dllu A \_ A, D \_ A, LIC]] I
| flA U B) = fiA) U f(B) (2) |
| f(A) - f(B) C f(A - B). (3) |

SOLUTION:
1. Letf: X —Y. The image of A C X, denoted by f(A), is the set of images

of points of A

flA) = {flx) : x EA}. 4)
Hence, the image of [-1, 1] is
£T_1 11\=m 11 78\
AL, 1)) = (v, 1]. V)
2. The inverse image f~1(B) of any subset B CY, is the set
f1(B) = {x: x €X, fix) € B} (6)
The inverse image of [1, 4] is
1, 4)=11,2] (7
or
(L, 4D = [-1,-2]. 8

3. First, we shall show that
flA U B) C fA) U f(B). )
Lety € f(A U B), that is, x € A U B exists such that f(x) = y. We have

XEA or x&B then

nnnnnn

xEA=f(x)=yEflA) orx EB = f(x) =y Ef(B). (10)
Hence
y=flx) and y€fiAd)Uf(B). (11)
Now we prove
fA) U fiB) C flA U B). (12)

Lety € f{A) U f(B) then
yEflA) or y€Ef(B)
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y Ef(A) = Ax E A, such that fix) = y

=
>
S~
]
e
~~
[y
W
~—

Hence
y=f(x) and x&€ A U B, that s,

y €Ef(A UB).

Let y € fA) — f(B). Then Ix € A, such that f(x) = y but y & {f(x) : x € B}.
Hence x € B and x €A — B. Then, y € f(A - B).

® PROBLEM 4-10

Prove the following:
Let f: X — Y, then for any subsets A and B of X,

L. f(A N B)CfA) N fiB) (1)
2. ACB = f(A) Cf(B) )

’

For any family A, of subsets o
f(%JAa)= UfA,) 3)
f(D1AL) C I f(Aq) (4)

4. Show that inclusion in (1) cannot be replaced, in general, by equal-

SOLUTION:
1. Suppose y € f(A N B). Hence x € A N B exists, such that f(x) = y. But
x € A and x € B, therefore
y =fx) EfA) and y = fx) EB). 3)
Thus
y €EftA) N f(B) (6)
and
ftA N B) C fiA) N f(B). (M

2. Suppose A C B and y € f(A). Then an x exists such that f(x) = y and x €
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A. Hence x € B and f(x) = y € f(B). Therefore,
A B=f(A) fB). ®)

3. In Problem 4-9 we proved that

flA URB) = AY U ARB) (9)
AR/ AN Al \“)
Similarly,
yEUf@,) =TayEf(A,) =
EEXEAa!f(x) =y EangAa:f(x)=y5
=y =f(x) €f(UA). (10)
a
That proves (3).

Suppose y € f(NA,), then
yEF(NA) =IxENA,:f(x)=y=

(03
Ayv-YVaveEF(A
Ix:voalycf(a

=
R
N
~~
[y
’—-A
N’

4. Consider the function f(x) = x%. Let A = [-1, 0] and B = [0, 1] then
ANB=[0] and f(A N B)=f(0)=[0]

fA) = -1, 0] = [0, 1].

fiB) =0, 1].
flA) N fiB) = [0, 1] = lA N B) = [0]. (12)
® PROBLEM 4-11
I Prove that: I
| [ fX—=Y \ [ VAVB:ABCX \ PN

lis one - to - one/ = \f(A N B) = f(4) N f(B))

SOLUTION:

First we shall prove =
Suppose f: X — Y is one-to-one. Let A and B be any subsets of X.
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Then, for any y € (A N B)
yEfANB)=3x:xEANB,f(x)=y= (2)

(Note that there is only one x €A N B, such that fix) = y.)

=sXEAANXEBAfix)=y=
=yEf[A)rAy Ef(B)=y Ef(A N B). 3)
< Now, suppose tor any setsA C X and 5 C X
ftA N B) = fA) N f(B) 4)
and suppose f: X — Y is not one-to-one. Then x; and x,, x; = x,, exist such that
y = fixy) = fxp). )

Let A = x; and B = x,; we have
flA) Nf(B) =flx) Nfixy) =y=flA N B) =

= f9). (6)

® PROBLEM 4-12

Let f: X — Y and let P(X) and P(Y) denote power sets of X and Y
respectively. Function f induces functions

f:P&X) — P(Y) 1)

by XDA — f(A) and
f: P(Y) = P(X) )

by
YD B — f(B).

Prove the following:

THEOREM

Let f: X — Y denote one-to-one. Then the induced function

f: PX) = B(Y)

is also one-to-one.
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SOLUTION:
If X = ¢, then P(X) = {¢}, and

P(X) — P(}
J =/ \*/
ko L o i ke OO a Vi o f MY s Lo ol o amn
IS ONE-10-011€, DCCaUSC 110 tWO UILICICIIL CICITICIILS O 17(A ) CdIl 11aVe UHIC >dlIlC
image, as the set P(X) consists of only one element
Suppose X = ¢, then P(X) has at least two elements. Let A € P(X) and

b . ) . 9

flx) EfiA) and fix) & f(B)

because f is one-to-one. We find

ftA) = f(B)

therefore, the induced function is also one-to-one.

® PROBLEM 4-13
i Prove thé following theorem: o ) i
ITHEOREM |

Let f: X — Y, then the induced function f-! : P(Y) — P(X) preserves
the elementary set operations |

L £ (UBW = Ul (By) (1)

2. (DB =0f (By) )

3. f(B,-By) =1 (B)-f (B) 3)
SOLUTION:
L x € (UB,)=f(x)€ UB, =

=Ja:f(x)EB, =T a:x Ef (B,)=
=x € Lan" (B.,). (4)

2. x€f(NBY=f(x)ENB, =

=Vo:f(x)EB,=Va:xEf (B =
=x€0f7(By). )
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_ = L=l N\ L£-1s70 \ £\
=x €7 (B -] (D). )
ion f-1 lem -

erations. The induced function f : P(X) — P(Y) preserves unions, but it does
not preserve intersections in general.

® PROBLEM 4-14

I Show that: I

If f: X — Y, then:

l |
I 1. ForeachA CJX, I
I Acf_ll'tlA\] (1) l
I ‘or each A C X and Y I

in particular,

B N fX) =fIf'(B)).

SOLUTION:

1. Let A represent any subset of X and x € A. Function f maps x into f(x) €

o

r

Y. Since function ] is not necessaruy one-to-one, it is possmle that elements
Y Y. Y- evict cuch that
J\r’ /‘rl /‘rl, “e e \yl\l\.,l AJUWIiIl LiiQAb
LN £\ O\ Q. h:____ 1\ AN\
JX)=1X1)=J XZ) (O€€ r'iguic 1). (%)
Therefore,
-1
x € f-f(x)] (%)
Hence
A CffA)] (6)
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n

2. Suppose y € Y and
y EFIf'(B)NA] =3x: [x EfYB) NA] A [fix) = y] =

=Ix:xEAANXESIB)Af(x)=y=

=dx ANV EAA AN AXNEBAfiX\=v=
J\V) FA NS J\"%/ J\"%) J
=yEf(A)AyEB=y€Ef(A)NB. @)
Therefore,
FIf'B) NA]=fiA) N B. 8)
In particular, setting A = X we obtain
flif-'@B)]=fX)NB ®
because
1By NX =f(B). (10)

Prove this theorem:
THEOREM

! |
I Let X represent any set and {A, : o € Q} its covering, i.e. H
X=UA, (1)
| Furthermore, let ) I
Vo 3f,:A,—Y )
such that
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V(l,|3 fa'AanA[i= fﬁlAanA[’r (3) I

l Then one, and only one, f: X — Y exists which is an extension of each I
| foie Va:f|A,=f,

SOLUTION:

Let us define for each x € X, f{x) = f,(x), where x € A,,. If also x € Ag, then
f(x) = fg(x) but

falAa NA(X) = fg | Aq N Ag(x). 4)

ence, this is a correct definition of a function: it assigns t

only one element of Y.

o

f(x) = fulx) = fo(0). %)
The function
f:X—>Y (6)

is an extension of each f, over X. Function f is unique, each x belongs to some
Ay (Ay is a covering of X) and the value f(x) is uniquely defined.

Y Y 9 . Y _JV]

® PROBLEM 4-16

ILet I
|

I A - =@}
I Vig - &= ady I
be a covering of X, i.e.
X=UA_
a

such that if o = B, then A, N Ag = ¢; then the family {4, : o € Q} is
called a partition of X.
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SOLUTION:

We shall use the theorem proved in Problem 4-15. Since {A,: 0 € Q} isa
partition of X, the condition

faIAamAB=f[3|AamAB (2

is satisfied. Therefore, (1) defines a function on X which is unique.

® PROBLEM 4-17
I T 4 I

LCL
I {Aq:a€Q}and {By: p EA} (1) I
I denote two coverings (partitions) of X. Show that I
{AcNBg:(a,B)EQ x A} 2

is also a covering (partition) of X.

SOLUTION:

Both {A,} and {Bg} are coverings of X. Let x € X represent any element
of X. Since

X=UA,
[0
a” exists, such that x € A,-. Also, B~ exists, such that x € Ag-. Therefore, x €
Ay N Bg-.
Hence,
U A o ﬂ A = X 7\
(a.p) p )

and (2) is a covering of X. Now we shall show that if both {A,} and {Bg} are
partitions, then {A, M By} is also a partition.
Consider,

(Ag N Bg) N (A N Bg) =

=(Ag NAg) N (Bg N Bg). 4)
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Then
A,NA,=¢ fora=a’

and

Therefore, {A, M Bg} is a partition.

® PROBLEM 4-18

Let {A,: a €Q} and {By : p € A} denote coverings (partitions) of sets
X and Y, respectively. Show that

{AgxBp: (o, B) EQ x A} (1)
ic a converino (nartitinnYanf Y « Y
I 10 A wvUYwl 1115 \l..lul I-l.llUll} L LN 7~ F 3 I
SOLUTION:
Let(x,y)€EX x Y. Thenx€Xandy€Y. {A,}is a covering of X. Hence
v 1 1 a (2\
A = UAG \“/
a
and
Jo ' EQ:xEA,- 3)
{Bg} is a covering of Y. Hence
Y =UB, *)
and P
B EA:yEBy. (5)
Thus,
(x,- ,V) EAC'.' x Bﬁ' (6)
and (1) ic a cnverinanfY «w V
[C2 PRV \1} 10 \/UVVlllls \V ) Ve N ~ X
XxY= UA_ xB_.
(oB) B (7)

Suppose {A,} and {Bg} are partitions of X and Y, respectively; then
(Aa x Bg) N(Aq x Bg)=(Aq N Ay) x (BN Bg)=

=¢ x ¢=¢. (8)

Hence, {A, x Bg} is also a partition.
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® PROBLEM 4-19

——DEFINITION-(ADDITIVE FAMILY)
The family of sets U is additive if

A€UBelU)=AUBEU) (1)
Let N represent the class of all additive families S, such that
TCS. 2

Cc
I
2
7~
)
-’

LetA € U and B € U, then IOl'eVCI'yQCIV A€ESand BES. The set N
1 ro ¥,

consists of additive families, therefore,
AUBES. 4)
Equation (4) holds for every S € N, hence
AUBEU. (5)
U is additive.
Now, we shall show T C U. By assumption:
forevery SEN, TCS.
Hence, if A€ T, then A €S and
AEU. (6)
Therefore,
AET=A€cU (7)
or
TCU.

The family U = N N is the smallest additive family containing the family T,
because U is the intersection of all families with this property.

We define:

The family S of sets is multiplicative, if

111



(AESABES)=(ANBEY). (8)

For multiplicative families, a similar theorem exists.

THEOREM

For every family T of subsets of X, the smallest multiplicative family U
exists, such that T C U.

Consider the set X and the family T of all its one-element subsets. Find
the smallest additive family U, such that T C U.

Since T is the family of ail one-element subsets of X, we have
V{a} V{b}, {a} €T, {b} ET

a}U {b} ={a b} EU (1)

| Sy B - J ’ it

Because U is additive and T C U, U contains all one- and two-element sub-
sets. By the same token, we can show that U consists of all finite subsets of
X.

From the above considerations, it follows that a necessary and sufficient
condition for a set X to be finite is that the family of all its non-empty subsets
must be identical with U.

Note that by using this property, we can define a finite set without refer-
ring to the concept of natural numbers.

- P S - ooa
@ FRUDLEM 49—c£1

I Let S denote a family of sets and S” denote the family of all sets of the II

I form D" = A — B, where A, B € S. Prove that

I S CS”. (1) I
—
SOLUTION:
The set .S~ consists of
S={D":D"=A-B,AESABES} 2

112



while S°” consists of
S“={D":D”"=E'- F ETES ' AF €5} 3)
We understand that

§7 =Sy @)
From (2) and (3), we obtain
S“={D":D”"=(A-B)-(G-H),A,B, G, HE S} 5)
where E‘'=A-Band F"=G - H.
Suppose A” € 57, then
A'=A-B 6)
where A, BE S.
Since S~ consists of all sets of the form A — B, we conclude that
bES (7
Therefore,
A-B)-(A-A)=(A-B)-¢=A-BES (8)
and
S CS. ®

The inverse inclusion, in general, is false.

® PROBLEM 4-22

Prove that:

AB=¢)< (A =9 AB=0).
Remember that A8 = {f: f: B — A}.

SOLUTION:

¢ is not a function f: B — A, B = ¢ and A = ¢. Therefore,
AB = ¢. (2)
= Suppose A = ¢. Then Ja : a € A and
{(x, a) : xEB}
is a function from B to A. Hence
AB = . 3)
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Now, suppose B = ¢, then ¢ is a function from B to A and
AB = ¢.

® PROBLEM 4-23

Prove that:
| {fB_EAszf _Ez 52 |
G .

~ SOLUTION:
Suppose AB = ¢, then a function f exists, such that
f:B—=A

F € AB = BA, Since f € AB, the domain of f is B.
On the other hand, since F € BA, the domain of fis A. Thus,

A=B. 2
Now, suppose A8 = ¢ then
(AB=¢)=(A=0ArB=0). 3)
Hence A = .
But AB = BA = ¢ and B = ¢. Therefore,
A=B. (4)

® PROBLEM 4-24

I Let F(X, R) denote the set of all real-valued functions f &€ F(X, R) |

. n /1
f:X—=R. (1)

Show that F(X, R), with the usual algebraic operations, forms a real lin-

I ear vector space. I

SOLUTION:

We shall define algebraic operations on the elements F(X, R). Letf: X —
R and g : X — R and a € R, then we define

(f+8) (x) = fix) + g(x) )
(@ H@=a-f(x €)
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(f-8) (¥) =f(x) - g(x) 4)

@) \Xj=jpx)ra )

L. f+g)+(W)=f+(@E+h)

7 fa4
‘-le

3. J0EF(X, R), such that VfEF(X, R),f+0=f

4. YfEFX,R) 3-fEFX, R),suchthatf + (-f)=0

bl

a- (b-f)=(ab) - ffor any real numbers a and b

6. 1-f=f

=~

0]
~~
[
+
S
-
\
]
8
+
&

® PROBLEM 4-25

Let X represent the space (universal set), and A any subset of X. The
characteristic function of A is defined by

X 1 fxeEA
X)=
a%) {0 if x A (1)
Show that
Il- Xanp=XyXp (2) l
|2 Xaup=Xa+Xp—XsnB (3) l
Ifz v -V _Y (AN l
5. Ap-B=Ap—AANB %)
SOLUTION:
1. We shall prove that
Xanp=X4s Xp (5)
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Suppose x €A N B, then
XAﬁB =1 andXA =XB =1.
If, on the other hand, x € A N B, then X4

D
11 D

tions X, or X is equal to zero, X, - Xz = 0.

= 0 and at least one of the func-

2. XAUB=1When

(@) XEAAXEB

(b)x&AAXxEB

(c) xEAAXEB
For (a) we have X, + Xg—X,n5=1+0-0=1; for (b) we have X, + Xp -

Xanp=0+1-0=1;for(c)wehave X4 + Xg—Xynp=1+1-1=1.
If XAUB=O’ thenx$A and xGEB henCeXA +XB_XADB=O'

11eaAANACA

2 Q — 1 tha vl A and
J. ouypuacAA B — 1, UiCii X T A 4diid X ¢ b,

If X, _5=0, then
(a) xE A, or
(b)xEAAXxEB

FOl'(a)XA— XAnB=O—0=O;f0r(b) XA_ XAﬂB=1-1=O'

® PROBLEM 4-26

n 1 A and Cralatinn in R Than l'l—\ a i@ nna and v ANnoa ~
1V11 111 1, allu v l.\.fl.allUll. l 147. 11iviiy L1 IV 1\4, allu vll )’ VIILV 1UlilVv lUll
(1)
oA B
such that "R S’
ppof=Fop, (2)

F is called the function induced by fand p4 : A — 4/g and pg : B — 58/
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SOLUTION:

Let us start with the definition.

DEFINITION (RELATION-PRESERVING FUNCTION)

Let A, B denote two sets with equivalence relations R and S respectively. A
function f: A — B is called relation-preserving if

i b

Now we shall show that the diagram

FIGURE 1
commutes. An equivalence class (see Problem 3-23) is denoted by [a]. Let us
define function F by

F :[a] = [f(a)] 4)

where [a] € 4/z and [f(a)] € B/s. Note that the equivalence class, [f(a)] € /s
is independent of the representative a € [a].

Take for example, a” € [a], then (a, a”) € R; but since f is relation pre-
serving,

(4, a") ER = [f(a), fla’)] ES. ®)

Therafare
L ilwliwivUl V,

fl)) € @] and fia) € [fa)]
and F defined by (4) is uniquely defined.
Function F is unique because p, is a surjective. Suppose F* is another
function for which the diagram commutes, then for at least one [a] €4/,

F*([a]) = f([a))- (6)
But since p, is a surjective, (6) leads to
F* o pa(a) = F o pa(a) (7)

117



which is impossible, because of commutativity.

That the diagram commutes follows from

psofla) = [fla)] = F([a]) = F o pa(a)- 8)

Let f: A — B. Show that
(2, b)) ER < fla) =f(b)

is an equivalence relation and show that a function F : 4/, — B exists,
such that

)

FIGURE 1

SOLUTION:

N

We shall show that (1) defines an equivalence relation.

VYa€A: fla) = fla) = (a, a) ER.

- .
vd,

A (s WD o S LN (L NN D
—A. \GU)T N7 J\U)=J,\U) =y &) = I\

()

Va, b,cEA:(a, b)ER A (b c) ER < f(a) = fib) A f(b) = flc) =
= fla) =flc) = (a, c) ER

Hence, R is an equivalence relation.

Let us define F : 4/ — B by
F([a]) = fla). €)
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Function F is uniquely defined. Indeed, suppose b € [a], then
(a, b) ER = f(a) = f(b). )
The diagram commutes because

i

(Fon\(ao)=F(p(a\ = F(l
\t Y)W =2 \*"*JJ

SOLUTION:

The Cartesian product of two sets A; and A,, denoted A; x A,, was de-
fined as a set of all ordered pairs

Al X A2={(a, b):aEAl/\bEAz} (1)
On the other hand, A; x A,can be considered to be the set of functions f of the
index set {1, 2} into A; U A,, such that

f: {1, 2} "’Al UA2

(HYEA, and f(2) EA,. (2
DEFINITION

Let {A, : o € Q} represent the family of sets. The Cartesian product,
denoted X A , is the set of all maps

F:Q—-UA, 3)
a
such that
VaEQ: F(a) EA,.

Ancelement f € XA  is usually denoted as {a,}, where Va € Q : (o) € a,,.
The elementaaa € A, is called the a'P coordinate of {a,}.
The set A, is called the a' factor of XA _ .
When the index set of € is the set of natural numbers and all A,are A, =R,
where R is the set of real numbers, we obtain

n

XR=R"

m =l

the n-dimensional Euclidean space; and the product,
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is the extension o

mensions

AiawaaddalJaial.

2. The axiom of choice.

3. IfeachA, = ¢ and {A, : o € Q} is a non-empty family of sets, then
I a function F:Q —>UA exists such that Vo € Q : F(a) € A,. F is I

called the choice functlon

Suppose {4, : a € Q} is a non-empty family of sets. Since X A, =0d,an
element F = {a,} exists and

F(S2)
is a set which satisfies the axiom of choice.
(2) = (3).
Let us define for each o € Q
= {0} x A,

Each A’ is a non-empty set.
According to the axiom of choice, a set T exists consisting of exactly one
element from each A”,. Hence, for each a, there is a unique (a, a,) €T, a, €

A

ACI.
TCU{a}xA )CUQRxA,)=2x UA,
a a o
and T is a function

T:Q—UA,

3)=(@).
If F:Q— UA _,then F is an element of XA .
a o
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® PROBLEM 4-30

Show that the function

P:X{A,:0a€Q} =X{A :aEA} (1)

defined by
P(F)=F| A )

is onto and that each projection

. . 3
pﬁ-{Aa A 3)

is onto.

SOLUTION:
Let fbe any element
fEX{A,:aEA}. 4
We shail show that
FEX {A,:aEQ} (5)
exists, such that
P(F) =f. (6)
By Problem 4-29 part 3, a choice function exists such that
G: Q-A—=U{A,:0aEQ-A} @)
Then
F: Q—=U{A,:0€EQ} (8)
defined by
FlA=f
FIQ-A=G 9)
is an element
FEX{A,:aEQ} (10)
and
P(F)=F|A=f

Setting A = {B}, B € Q we obtain pg = P, which completes the proof.
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® PROBLEM 4-31

B). 1
GEQ ) (BEA ‘3) (a,B)EQ xA B) (D)
SOLUTION:
Suppose
— A edA Yy x(IB )y (D)
a B B
then
a€ UA, and bE UB._. 3
aEQ pen B 3)

Hence, for some a € Q, a €A, and for some § € A, b € B;. Therefore,
a €A, and b € Bg for some (o, f) € Q x A.

Therefore,
(a, b)E A, x B for some (a, ) € Q2 x A 4)

and finally
(a,b) € U A, xB . 5)

(a,p)EQxX A
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® PROBLEM 5-1

DEFINITION OF EQUIVALENT SETS

Two sets A and B are called equivalent, written A ~ B, if a function f: A
— B exists, which is one-to-one and onto. Function f defines a one-to-one
correspondence between the sets A and B.

Letusd
fin—=2n f.:N—P. (1)
Function (1) is one-to-one and onto. Therefore, sets N and P are equivalent.
Here is another definition.
DEFINITION OF FINITE SETS
A set is finite iff it is empty or equivalent to {1, 2, ..., n} for some n EN.
Otherwise, the set is called infinite.

The set N is infinite because it is not empty and not equivalent to any set
{1, 2, ..., n}. Since N and P are equivalent, P is also infinite.

® PROBLEM 5-2

I Determine which of the following pairs are equivalent sets. l

I 1. {1,2,3}and {a, b, 4}.

lI 2. Points of two circles. II
SOLUTION:

1. There is a one-to-one and onto correspondence between the sets {1, 2, 3}
and {a, b, 4}.
f:1—a
2—=b
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é

inite sets are equivalent if, and only if, they contain the same number

FIGURE 1

If thev hav eqt ual radii, then eamvalen(‘e is obvious. If ry = r,, We can estab-

lish a one-to-one and onto correspondence in the followmg way:
Let a represent any point on the circle C,. Then f(a) is the point of inter-
section of the radius from the center, through a, to C,, as shown in Figure

PR B Y & P Wy

d onto. rnence e sets coI-
n

Toeam a2

1. Function f de ued é
sisting of the points 0

SISNS ViAW

® PROBLEM 5-3

Show that the open interval ]-1, 1[ and the real axis R are equivalent.

SOLUTION:
-
CAancidar tha “ctriintinra? chnAawun in Rionra 1
ULIOIUVL LV SliuLviul v O1iIVYVYVILL 111 1 lsuu.; 1.

f(c) f(b) \ \ <

- =T =
0 f(a) (b) X
b
¢ B
—1
FIGURE 1
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The “upper” half of the interval is mapped on the positive part of the real
axis in the following manner:

AAAAAAAAAAAAAAAA cnla sla o — T1 NT X 21l Janaer o 1200 Lanaan
Let a represent any point, such that a € |1, 0. We will draw a line from
point A (whmh is at the same level as pnint 1 of the interval, and to the

left of lt) through point a to the x-axis. The point of intersection is fla). In
the same manner, we assign a unique point of the negative axis (x < 0) to
each point of ]0, —-1[. The determined function is one-to-one and onto.
Hence, the open interval ]-1, 1] is equivalent to R.

Another way to show it is to define function f, such that
X
f:]1-L1[ =R and f(x) = i<l

Function f is onto and one-to-one. The desired result follows.

® PROBLEM 5-4

l 1. Show that the set of elements of any infinite sequence of distinct II

terms is denumerable.
2. Prove that the relation A ~ B (A is equivalent to B) is an equivalence I
Ie alatin~n

I 1viativil. I

SOLUTION:

1. We shall start with a definition.

DEFINITION OF DENUMERABLE SETS

Set A is called denumerable if it is equivalent to the set of positive inte-
gers N = {1, 2, 3, ...}. Such a set is said to have cardinality aleph-null,
denoted X or card N.

Let us define the function f: N — {a,} by
f:n—a,.

Its domain is the set NV and its range is the set of all elements of the sequence
(@,).

Since the elements of (a,) are distinct, the function is one-to-one and onto.
Hence, the set of elements of an infinite sequence of distinct terms is denu-
merable.

DEFINITION OF COUNTABLE SETS

A set is called countable if it is finite or denumerable.
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Any sequence is a countable set.

is a one-to-one mapping of the set A onto itself. Since the inverse of a one-to-
one mapping is one-to-one, it follows that

(A~B)=(B~A).
onto. Therefore,

Remark:

y the sets with

respect to their power. _
To each set A we assign a cardinal number (denoted sometimes by A or
card A) in such a way that the same cardinal number is assigned to two

e At A s FL N

distinct sets if these sets are equivalent (have the same power).

® PROBLEM 5-5

1. Show that the lattice points (n, m) in a plane form a denumerable set,
where n and m are integers.

2. Show that the set of positive rational numbers is denumerable.

SOLUTION:

1. Let us order the lattice points in the manner shown in Figure 1.
(— 1v2)

>y
D
|
- (]
L

~
N
A

——>

(1 v—1)

— o

FIGURE 1
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We order the set of lattice points into a sequence. That is, we establish a one-
to-one and onto correspondence between the set of natural numbers, and the

cat nf lattica nnintc
oWl VUl 1Aallivive }JUllllOo

The lattice points are ordered as follows:

00) -1
©,1) -2
1,1y -3
(1,0) -4

(I,-1) =5 etc.
The ordering starts at the origin.

2. The set of rational numbers is arranged as shown in Figure 2.

2 3 =4

T 1 1 T

S
| /

N

(&N I—l-‘—- N I-A

IN (N
EN X

\\ \\ \\
AN

FIGURE 2

The diagram is traversed in the diagonally arrowed path. Every positive
rational number will be included. This procedure establishes a one-to-one
and onto mapping between the set of positive integers N and the set of ratio-
nal positive numbers

1 -1,
2 -2,
3 -1,
4 -V,
5 _2,

Hence, the set of rational numbers is denumerable.

® PROBLEM 5-6

Prove the following:
THEOREM

The set of all real numbers is non-countable.
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SOLUTION:

To prove this theorem, it suffices to prove that for every sequence of real
numbers ay, ay, ..., 4,, ... a real number, a, which does not belong to the se-

quence, exists.
We define a sequence of ciosed intervais

0y 1y 02 B2, --o» Oy P -+ 1)

1
B,-a, = ra and o,B,Coa, _B,_,,anEap, ()

We divide the closed interval [0, 1] into three [0, /5], [V/3, %], [%/3, 1] and
choose one which does not contain the point a;. That interval is a8,. Simi-
larly, we divide o4, into three intervals and choose the one which does not
contain a,. That interval is a,f,. So, in the closed interval o, _1f,_; we
determine a closed interval o3, of length %, which does not contain the point
a,. Let a denote the common point of all the closed intervals o8,

a=Na,p, 3)
Then
a=1lm a,=1limfB,. @)
n —»c n—so

For every n, a € o,,8,, while a = a,, because a, & o,

We have a sequence of real numbers (a;, a,, as, ...). A real number, a,
exists, which does not belong to the sequence.

Hence, the set of real numbers is not countable.

® PROBLEM 5-7

Show that the union A U B of two countable sets A and B is countable.

SOLUTION:

The set A is countable, therefore its elements can be written in the form
of an infinite sequence

Ay, Az, A3y oeey Gy .. (1)
Similarly, the elements of B can be written in the form of a sequence
by, by, ...y by, ... (2)
We form the sequence

a, bla as, b2, as, b3, ceny Ay bm cee (3)
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The terms of sequence (3) form the set A U B. Hence A U B is a countable set.
From this, we conclude that the set of all integers is countable.

Py PR | <

~£ 11 2 = = = ~
(0] 'dli pUblllVC lllngClb lb counta C alld t ne set o
1

® PROBLEM 5-8

Prove that the set of all rational numbers is denumerable.

SOLUTION:

Let O* denote the set of positive rational numbers and let O~ be the set of
negative rational numbers. Then the set of all rational numbers Q is

N=0N+ 11N 1110
b ¥4 b 94 X v

-

(1)
\J

5 we proved that the set of positive rational numbers Q* is
Ry ¢t tnlran wa ran chaw that thao at nf nacativa
i l;ll.\f -D(«llll\t LURWIIy VYWU vall JllvUVvY uuu Ll O\l [ 8 UL upsau \AY

rational numbers Q- is denumerable. The sets O*, O~ and {0} are countable.
From Problem 5-7, we conclude that the set Q is denumerable as the union

of 0*, 0~ and {0}.

® PROBLEM 5-9

Prove the following:

THEOREM

The Cartesian product of two (or, more generally, of a finite number
of) countable sets is a countable set.

—

SOLUTION:

r-9
We will arrange the pairs in a sequence, in such a way that if

m+n<m +n’ (1)

then (m, n) comes before (m", n”). If m + n=m" + n’, then the pair with the
smaller antecedent comes first. We obtain the sequence of pairs

(1,1),(1,2), (2 1), 1,3), (2,2), 3, 1), (1, 4), (2, 3), ... 0
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Similarly, using the indexes of a, and b,,, we write
(al’ bl)’ (ab bZ)’ (aZa bl)’ (als b3)a (aZ’ bZ)’ (a3’ bl)’ (al’ b4)’ (3)

Suppose A and B are countable sets, then

A=I1a. a.a«as ..l and B={b
V& Sand 1“], uz_, u3, u4, -.-! Qlli LJ ‘lU
The Cartesian product of A and B is
The elements of A x B can be arranged in a sequence as shown in (3).
~ Ifthesets A, B, and C are countable, thenA x Biscountable,and
(AxB)xC=AxBxC

is a countable set. Hence, the Cartesian product of a finite number of count-

able sets is a countable set.
It is easy to conclude from the above theorem that the set of all rational

numbers is countable.

Prove:
The collection P of all polynomials with integer coefficients

p(x)=ag+ax +ax®+ ... +ax" (1)

is a denumerable set.

SOLUTION:

Let us define for each pair

P
B
&
N
]
~
<
X
~,
—
\9)
S’

the set P, of polynomials p(x) of degree n, such that
lagl+lai|+... +]a,|=m. (3)

For each pair (m, n), the set P,,, is finite.
The set of all polynomials P can be represented as

P= U {P,:(mn€E Nx N}. @

The set P is a countable union of countable sets, therefore, P is a countable set.
Since P is not finite, P is denumerable.
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® PROBLEM 5-11

SOLUTION:
A real number g is called an algebraic number if g is a solution to a poly-
ial :

apX™ + ... +ax+ayg=0 (1)

with integral coefficients.
The set P of all polynomials with integer coefficients is a denumerable
set (see Problem 5-10). Hence

P ={fix)=0,/,0)=0,f(x)=0, ...} @

where fi, f5, f3, ... are polynomials.

I L _

Let us denote by g;
Q; ={x: f(x) = 0} €)
the set of the solutions of f{x) = 0. Since a polynomial of degree m has, at most,
m solutions, each Q; is finite. Therefore

Q- igN Q, 4)

is denumerable.
The set of all real numbers is non-countable. Each real number is either
algebraic or transcendental (i.e. non-algebraic),

R=QUT

where T is the set of transcendental numbers. We conclude that transcenden-
tal numbers exist and that the set T of transcendental numbers is non-count-
able. The members e and x are transcendental numbers.

Use the axiom of choice to prove: I

THEOREM

Every infinite set A contains a subset B which is denumerable.

132



SOLUTION:

Let P(A) represent the power set of A, that is, the class of all subsets of A.
We define the choice function F, such that

F:PA) —A. 1)
For each non-empty subset D of A, D C A, fiD) € A. By virtue of the axiom
of choice, such a f nction exists. We shall start from the “top” and move
“down”:
FA) =a,
FA—-{a1})=a,
FA —{ay, a2}) = a3
F(A —{ay, ag, .., y}) = @y 1. 2)
The set A is infinite, hence for every n € N, the set
AT M, U2, »Uny =Y \~)
is non-empty
Cinnn L ic o nhninn Frinntian
JILILL 17 1D a VIIVILVL 1Uliviiiuvll

a,=a;, for n=k 4)
Hence all g, are distinct and the set

B = {al, ap, as, } (5)

is a denumerable subset of A, B C A. In the first step, the choice function F
chooses one element from A, F(A) = a;. Then from the set A — {a,}, the choice
function F chooses a;, F(A - {a;}) = a,. The remaining setA — {a,, a,, ..., a,}
is non-empty because the set A is infinite.

I Prove the theorems: I
| l

1. A subset of a denumerable set is countable.

2. Every subset of a countable set is countable.

SOLUTION:

1. Let A denote any denumerable set
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A ={a;, ay a3, ...} (1)

and let B denote a subset of A, BC A. When B = ¢, then of course B is finite.
If B = ¢, then we can denote the least positive integer as k, such that

akiEB. )

By k, we denote the least positive integer, such that

k,>k and a, €EB. 3)

2
By repeating the procedure, we obtain

B= {al ,ar ,a'
i KZ 3

If the set of integers {k;, k,, ...} is finite, then B is finite, otherwise B is
denumerable.

yerr} @)

2. Suppose A is a countable set, then A is either finite or denumerable. In
either case, its subsets are countable.

® PROBLEM 5-1

Let A and B denote disjoint sets, A M B = ¢, and let A denote an infinite I
set and B denote a denumerable set. Show that

AUB~A.

SOLUTION:

Since A is an infinite set, it must contain a denumerable subset P =
{p1, P2, P3, ---} (See Problem 5-12).
Let us write

) |
Y A

AUR=(A-_PYU(PUBRY and A=(A -
& \ ] =~y - X ¢

Nt \‘ A d L2238} £

.-

P (N
i e \H}

-wy . . R | R » )

shall establish an equivalence relation between A U B and A in the fol-

lowing manner
( x for x€A-P
ﬂn=!ph4 for x=p,
| p,, for x=b, 3)
where
B = {b,, by, b3, ...} 4)

Figure 1 illustrates function f(x).
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N

C

.

fx)=x

~
C
"~

YT N )

7 v I\ !
l’pz’p:'pvps'pv'"’ )= A=(A-P)UP

FIGURE 1

Function f: A U B — A is one-to-one and onto. Hence, the sets A U B and A
are equivalent

AUB~A. (5)

Let {A;, Ay, A3, ...} denote a countable sequence of countable sets,
then the union

A=A1 UAzUA3U (1)

is a countable set.

SOLUTION:
We proved (see Problem 5-9) that a Cartesian product of two countable
sets is a ountabl set. F om t at, it follows that every double sequence can

A1 A2y «oes A2py + oo

Qs Apds -y Aany -+ 2)

135



can be written in the form of the infinite sequence. Each of the sets A,, is a
countable set. Therefore,

A, = {amb Q125 A3, } (3)

We obtain a double sequence as in (2), because all A,, are countable. A
double sequence (a,,,) can be transformed into a simple sequence with pos-
sible repetitions

1 1 LE]
11 147 &17 17 AN

We apply the axiom of choice, because the set of sequences consisting of the
the elements of the set -
A=A, UA,UA U..= U4, ©)

n=1
can be arranged in a sequence. Therefore, A is a countable set.

® PROBLEM 5-16

points rational numbers, countable as well?

SOLUTION:

The set of rational numbers Q is countable. Hence the Cartesian product
Q x Q is a countable set. Let P denote the set of intervals

P={[a, bl:a €EQAbEQ}

with endpoints rational numbers. We define mapping £, such that

f-P—s ) v ()
J- 4 ¢ X

f:[a’b]_’(a’b)GQ x Q

When P is the set of oriented intervals, then fis one-to-one and onto. Indeed,
for example

f10,1])=(0,1)
A1, 0)) = (1, 0).

Therefore, the set of oriented intervals is countable. From that, we conclude
that the set of intervals is countable.
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® PROBLEM 5-17

SOLUTION:
Let B represent any subset of A,
BE 24 2)
We define function
f:24 = CA) 3)
in such a way that
f(B)=X. = (1 if x€B .
B 10 if x¢&B 4)

Then function f is one-to-one and onto. Therefore, the sets 24 and C(A) are
equivalent.

24 ~ C(A). )

® PROBLEM 5-18

Prove that the set of spheres in a three-dimensional space, which have

the rational coordinates of the center and rational radii, is countable.

SOLUTION:

that p € P, if all three coordinates of p are rational numbers
P={p:pER,p=(p;,p1P3)iLEQAP,EQAPEQ}.

It 1c eacv tn cee that
AV AV Vuu] BV JwWwW LiIABAL

P~0 xQ0 x Q.

Hence, the set of centers of the spheres is countable. The radii of the spheres
are rational numbers.

Let Q* represent the set of all non-negative rational numbers. Then the
set of all spheres, which have the rational coordinates of the center and
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rational radii, is equivalent to the set 0 x Q x Q x Q%. The Cartesian
product of a finite number of countable sets is a countable set.

AAAAAA N Py
Therefore, Q x @ x @ x Q'is a counta

countable

A el v iAW .

Show that every set of disjoint intervals is countable.

SOLUTION:

Let P denote the set of disjoint intervals, and let p € P represent an inter-
val

p=[a, B] (1)
L LA | \"/
where o and are real numbeare We can alwave find an intarval »n” cnuch that
Qali\a IJ Giw 1wl 11Wii1VUWwIYD YV Ww Wwiill Q1YY uJD ALLING Q11 11ivWwi '“lt’ [} JWWwil tiidal
-’ _ . L1 7N\
vV — 1% U] \<

and p” Cp, that is
[a, b] Cla, B] €)

where a and b are rational numbers.

The set of rational numbers is countable. Hence, the set of all intervals
with rational endpoints is countable.

Let F : P — P’ represent a one-to-one and onto function, such that to
every interval [a, 3] € P, F assigns an interval [a, b], such that [q, b] [a, B]
and a and b are rational numbers. Here P” is the set of disjoint intervals with
rational endpoints. Since P’ is a subset of a countable set (the set of all inter-
vals with rational endpoints), P” is countable.

Therefore, P is also countable.

® PROBLEM 5-20

l Prove that the set of proper maxima of the function is countable.

SOLUTION:

Let f represent a function with real arguments and values.

DEFINITION

Function f has a proper maximum at the point g, if an interval [b, c] exists
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such that a € )b, c[, and such that for each x € ]b, c[ and x = q,
fx) < fla). (1)

For each point x”, which is the proper maximum of function f(x), an inter-
val [b, c] with the properties described in the definition exists.

It is possible that to the proper maximum x” there corresponds an interval
[b", ¢”] which contains another proper maximum (or maxima) as shown in

Figure 1.
vy A

o 0
X T
-

e

For each proper maximum, we can find an interval [a, ] with the rational

endpoints which does not contain other proper maxima. Hence, we obtain a

family of disjoint intervals, which is countable (see Problem 5-19).
Therefore, the set of proper maxima of the function is countable.

® PROBLEM 5-21

Prove that the set of points of discontinuity of a monotonic function in

I an interval [a, b] is countable. I

SOLUTION:

Qnr\nncn ”V\ :C aQ ™TMNANN
UUIJPUDU J\J\v, 1S A 111911V

p(@)=fla+0)-fa-0)>0 (1)

where f (a + 0) denotes the right-hand limit, and f{a — 0) the left-hand limit.
Of course, we should set

fla-0)=fa) and f(b+ 0)=f(b). @)

139



If

a<o;<0oy<..<o,<b 3)
and
0 <Y <0 . (A
then
x,)— flx 2 fla, +0)—-fa, =0 (o}
Hence s s
=f(a) = x,) = e p(a,
p=l pal
where
xo=a and x;=Db. ()
When a,, are numbers with p(a.,) > /,,, it follows that
M<nlAb)-Afall. (R)
LJ\¥/ J\"7/1 \*~/
L aL L __ _f___° . _ L A _____.° oo o oo tal. /. .\ > 17 __ _O£°o 1
Therefore, the number of points of discontinuity o with p(a) > %/, has a fixed
. . ) )
upper boi..nd Thus, a finite number of points of discontinuity with p(a) > 1/,
belong to the interval [a, b].

Now we can write the finite number of points of discontinuity with p(a) >
1, then p(a) > 1/,, then p(a) > /3, etc.

For each point of discontinuity a, n exists, such that p(a) > 1/,. Therefore,
each point of discontinuity appears in the sequence. The set of points of
discontinuity is countable.

® PROBLEM 5-22

We shall first prove that the set of points of a cube of unit length and the
set of points of an interval [0, 1] are equivalent. The cube is shown in
Figure 1.

The coordinates of a point P interior to the cube are x, y z. Each of these

real numbers can be written as a decimal fraction

X = O.a1a2a3 ces
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1
/]
P(x,y,z)
[ J
.
1 y
1
X FIGURE 1
y= O.b1b2b3
7 = n VoPY 62 603
A el l\/zvj .

Let us form a real number p in the following manner:
P= O.a1b1c1a2b2c2a3b3c3 .

Hence, to every point P interior to the cube a unique point p can be assigned,
where 0 < p < 1.

This is a one-to-one and onto mapping. Therefore, the sets of points of an
interval and of a cube are equivalent. Since the interval and the whole real
axis are equivalent, the result follows.

It is surprising that the sets of different dimensions are equivalent. A one-
to-one and onto correspondence between them exists.

Hilbert, Peano and Brouwer proved that this correspondence cannot be

continuous.

No one-to-one correspondence that maintains continuity exists between

S, a2 oo £ 12

wo continuums of different order.

Correspondence is continuous when the nei

a A e\ wa

oints of one con-

i

0
¢
aQ
)

® PROBLEM 5-23

Show that, if A ~ B, then
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SOLUTION:

Sets A and B are equivalent, hence a function

o:A—>RB (2
PR SN SR NP - PER LY. SRy SR WP I [ G §
CXDWL, WHICIL IdD d UIJCLUU 1 \UllC'lU'U 1€ A1l UlllU)
Let f € AC. We must define a function
G:A¢ - B€ (3)

which is a bijection, to show that the sets A€ and B€ are equivalent.
Let us set (see Figure 1)

G(f)=gof. 4
Function G is one-to-one, since
gof=gohimplies f=h.
Function G is also onto, because for # € BC, we obtain
G(gloh)=gogloh=h (5)

Since G is one-to-one and onto, it is bijective. Hence A€ ~ BC,

C
/ \
f gof, gof =Gff)
A bijection - B
g
FIGURE 1
® PROBLEM 5-24
Show that
I AC nC {1 A mC 71\ I
A X DT ~W1 X D). 1
SOLUTION:
We repeat
AC={f:f.:C— A}. (2)
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We define

G:A¢ x B¢ - (A x B)¢ 3)
in such a way that
G(f, 8) () = (f(x), g()) for all x € € (4)
Function G is one-to-one. Indeed let
G(f1, 81) = G(f2, £2)- )
Then, for all x € C
Gf g () =G, 820 (®) (6)
and
(i), 81(0)) = (f2(x), g2(x))- (M
Hence
fi(x) =fox) forallxe C
and
g1(x) = ga(x) for all x € C.
Thus

fi=f and g =g,

(fl’ gl) = (f2a g2) (8)
Now we shall prove that G is onto. Leth € (A x B)C,
h(x) €A x Bforallx&€C.

Let

(h1(x), ha(x)) = h(x). )
Then

h, €AC€ and h, € B¢

(hy, hy) EAC x BC, (10)
Thus

G(hy, hy) = h since (11)

G(hy, ho) (x) = (h1(x), ha(x)) = h(x) (12)

forallx € C.

Function G : A¢ x B¢ — (A x B)C is bijective, hence, the sets A¢ x BC
and (A x B)C are equivalent.
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® PROBLEM 6-1

5 o

The power of the set of natural numbers i y card N (or X) an l
I the power of the set of real numbers is denoted by card R or by C
I (continuum). These are the most important of the infinite cardinal num- I
I bers. The following important inequality holds: I
card R = card V. ¢))

Prove (1) by applying the results of Chapter 5.

SOLUTION:

In Chapter 5, we showed that for every sequence of real numbers a,, a,,
as, ..., a,, -.., we can define a real number b, which does not belong to this
sequence. This can be formulated in the form of a theorem.

THEOREM
The set of all real numbers is non-countable.

Therefore, a cardinal number assigned to the set of natural numbers, card

A iq Aiffa ¢+ f tha Ainal nismlhar cccaignad tha gat ~F sanl mareleass
1v, iS QIIICICIIL ITOMM uic Cardiiial nuimocr aSSIgueu tO tnc Sct O1 rcal Numocts,

card R.
card R =card N

The cardinal number assigned to the set A is denoted by card A.

® PROBLEM 6-2

In Problem 3-26, we discussed the axiomatic formulation of set theory.
Describe how the concept of cardinal numbers can be established axi-

omatically. l
SOLUTION:
L]

cardinal numbers describe the “cize” of the sets. In this sense. thev

Allw WwlUiai u AAUAA LiWELLILU WA D “\/leluv Lilw Dilew Wi Lilvw Uwiliv. 1411 ovllov, lllv]

can be considered a generalization of natural numbers. To the set of, s
books, we assign the natural number five, which describes how large the set
is.

The axiomatic formulation given here does not define a cardinal number
and is not related to counting. The concept of a cardinal number is related to
“size.” We want to determine if one of two given sets has more members
than the other. Thus, we do not have to count; just pair off each member of

145



one set with a member of the other and see if any elements are left over.
The following axioms introduce the concept of cardinal numbers:

I.  Each set X is associated with a cardinal number, denoted by card X

LT A NSV Y £ 1 a * 2 uuilil 5

for each cardinal number p, a set X exists such that

II. Card X=0,if and only if X = ¢.

then card X = n.

IV. For any two sets X and Y, card X = card Y, if and only if X ~ Y.

OALIULIIS 1 allU 1V aiv

From II and III, we see tha
number of elements of that set.

cnially
ustuiadiry

- (3
M)

Explain why
card N <card R

where N is the set of positive integers and R is the set of real numbers.

SOLUTION:

The cardinal number of a finite set is called a finite cardinal number.

Finite cardinal numberc are actuallv non-negative integers. The cardina
A AL ‘l‘v WwilAWAAiAUAL AAUALLIIVU VA D u.ll] AAN\JAL llv&u‘l ¥ W .I‘lv&v‘u A Lilw WwllLl NBil1A

number of an infinite set is called a transfinite cardinal number. Finite cardi-
nal numbers have the inherited order of natural numbers

—

0<1<2< ...<n<n+l< .. (2

ng axiom IV (see Problem 6-2), we can determine whether two cardinal

<

numbers are equal or not. To establish which of the two cardinal numbers is
“larger,” we shall use the following: '

DEFINITION

Let A and B represent two sets and card A and card B denote their cardi-
nal numbers, respectively. Then card A is said to be less than card B; we write
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card A < card B (3)

when the set A is equipotent to a subset of B, but the set B is not equipotent to
any subset of A.

e \

) =)

FIGURE 1

D does not exist, such that D C A and D ~ B.
The set N is a subset of R, hence N is equipotent to a subset of R

N~NCR. (4)

® PROBLEM 6-4

Let m denote any finite cardinal number. Prove that

m < card N.
SOLUTION:
Let A represent the subset of the set of natural numbers N.
A={1,2,...,m} (2)
Then
cardA=m and ACN. 3)
We have
m=card A <card N 4)

because the set A is equipotent to a subset of N, but N is not equipotent to any
subset of A (see Problem 6-3).
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® PROBLEM 6-5

SOLUTION:

If B = A, then the identity function is one-to-one and onto (bijection).
Suppose B is a proper subset of A. Let us denote the set

c=-Uf@-5) (1

by C where f0is the i

L£nf N _ L7rn=17_N\\ 7\

JTX)=JUT X)) \4)
for each x € A and for each positive integer n. Note that A — B C C and
AC) CC. For any two distinct non-negative integers m,n, the sets f™(A — B) and
f (A — R\ are dlmnlpt

‘A i w R

Indeed_, suppose f™(A —B) N f*(A — B) = ¢, then x,, x, € A — B exists, such
that

f™xy) = f(x2) G)
and
™) = fr(f™(x) = fr(F(x2)).- (4)
Function f is one-to-one, hence
frx)=x,EA-B)NB ©)
is a contradiction.
We define function o —- R
efine functiong : A — B
( f(x) for xE€C
8(x) =1 . o (6)
X or x&€A-C Ad
Function g is one-to-one, also

ol AN _ £\ 1 1 £ A N\

s\ Aa)=JjLv)yvya-—-vy)=
-f(Uf@a-Byu@-Uf@a-8)-
~(Ur'@a-spu@- Uf@-m)-

n= nN=
-A-(A-B)=B. O
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Remember £ is the identity function. Thus, function g is a bijection. The dia-

gram illustrates the proof. B
N
4 A

—~ —~ )

m ﬂ|3 |

- !

ARl e g s

~— N ~—

® PROBLEM 6-6

I So far, we have considered the following cases I
1. If two sets A and B are equipotent, then
card A = card B. 1)
2. Set A is equipotent to a subset of B, but the set B is not equipotent to
any subset of A, then
card A < card B. 2)
The question is how two cardinal numbers, card A and card B, com-
| pare when A is equipotent to a subset of B and B is equipotent to a sub- I
I set of A. Georg Cantor conjectured that in such a case I
I card A = card B. 3) I
I It was later independently proven by both E. Schroder and F. Bernstein. l
I Prove: I

SCHRODER-BERNSTEIN THEOREM
If A and B are sets, such that A is equipotent to a subset of B and B

is equipotent to a subset of A, then A and B are equipotent, i.e.

card A = card B.
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SOLUTION:

Suppose A;” C A and B, C B and
A, ~B, B ~A. (4

MTlhan txrn lntinnbinnmo awioé
11O tWU UJCLLIVLD TAISL

FIGURE 1

Let us define
f:A—=Ay by flx)=gi(fi(x)). (6)
Then f is one-to-one. By the lemma proved in Problem 6-5, a bijection
g:A — A exists.
Therefore, since g : A — A, is a bijection and g,~! : A; — B is a bijection,
their composition
gi'og:A—B (7)
is a bijection. Hence, A ~ B and
card A = card B. (8)

® PROBLEM 6-7

Dencrm dlae Lol ol L albn Ol de Dacmcbato sl ameaan .

I rIrove uic 1010wl lg VCISIVILI U1 tNC OCIHIVUCI-DCIIIDLCLIE LHCOICIIL. I
| THEOREM |
I If card A = card B and card B = card A, then card A = card B. I
SOLUTION:

We shall write card A s card B to mean card A < card B or card A = card B.
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Suppose two sets are given, A and B. By applying the Schroder-Bernstein
theorem, we conclude that one of three possibilities takes place:

card A <card B

or
card A > card B

or

Hence, an immediate consequence of the Schréder-Bernstein theorem is

(cardA scard b

) = (cardA = card B
card B s card A

® PROBLEM 6-8

l Prove that card N is the smallest transfinite cardinal number. I

The cardinal number assigned to a finite set is called a finite cardinal
number and the cardinal number assigned to an infinite set is cailed a transfi-
nite cardinal number. We already know two transfinite cardinal numbers,
card N and card R, where

card N < card R. (1)
Thus
O<1<2<... <..l..<cardN<...?...<cardR ...7...
Finite Cardinal Numbers Transfinite Cardinal Numbers
FIGURE 1
Figure 1 illustrates the state of our knowledge about cardinal numbers. Each
question mark indicates that we are not sure if the respective cardinal number

exists.
Let A represent an infinite set. We shall apply the following:

THEOREM

Every infinite set contains a denumerable subset.
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Therefore, a set B exists, such that

BCA and B~N. (2)
Thus
card B=card N 3)
and
card B = card A. 4)
We conclude, that for every infinite set A,
card N <card A. ()]

The number, card N, is the smallest transfinite cardinal number. We can
eliminate one of the question marks; see Figure 2.

0<i<2< ... <card N< ...7...<cardR< ...7...
Finite Cardinai Numbers Transfinite Cardinal Numbers
FIGURE 2

We shall eliminate the remaining question marks later.

® PROBLEM 6-9

Prove the following:

LS ¥4 A = WY =

We shall apply the Schroder-Bernstein theorem. Since A C B C C, we have

B~BCC (1)
and
ACB. 2
But A ~ C, therefore
B~BCC 3)
C~ACB 4)
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as shown in Figure 1.

//

FIGURE 1

By the Schréder-Bernstein theorem we conclude that C ~ B. Therefore, since
A~Cand C ~ B, we obtain A ~ B.

@ PROBLEM 6-1

I Show that the largest cardinal number does not exist.

L]
SOLUTION:
Georg Cantor proved the following theorem:

CANTOR’S THEOREM
For any set X,
card X < card P(X). €))

Remember that the power set P(X) of X is the set of all subsets of X.
Let X represent a set and P(X) its power set. Then, by applying Cantor’s
theorem

card X < card P(X). 2
Since P(X) is again the set, we have
card P(X) < card P(P(X)). 3)
By applying Cantor’s theorem, we obtain
card X < card P(X) < card P(P(X)) < ... 4)

In such a way, we can obtain a sequence of cardinal numbers.
By setting X = R, we obtain a sequence of transfinite cardinal numbers

card R < card P(R) < card P(P(R)) < ... 5)

Thus, there is no largest cardinal number.
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® PROBLEM 6-11

¢]
o
-1
/-\
>
\—4
O
o]
—
Q.
=X
=)
N

Ol

f:A—B. 2)
We shall show that a bijection exists
F : P(A) — P(B). 3)
Let us define
F(X) = fiX) for all X € P(A) @)
Since fis a bijective function, F is also. Hence,
P(A) ~ P(B). )

Let X represent a denumerable set. Prove that the power set P(X) of X is
nondenumerable.

SOLUTION:

We shall apply Cantor’s theorem. Suppose, on the contrary, that a denu-
merable set X exists, such that its power set P(X) is also denumerable. Then

card X = card P(X) (1)

but this contradicts Cantor’s theorem.
That completes the proof.

Prove the following:

CANTOR'’S THEOREM
If A is a set, then
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| card A < card P(A). @ |
-~ -~ |

SOLUTION:

If A = ¢, then card ¢ = 0 and card P(¢) = 1.
Suppose A = ¢. Let us define a function

f:A— PQA) ()

such that

fix) = {x} € PA) €)

for all x € A.
Function f is one-to-one. Therefore, the sets A and {{x} : x € A} are
equipotent. But

{{x} : x €A} CPA). 4)

Therefore,
card A s card P(A). (5)
Now we must show that the sets A and P(A) are not equipotent, i.c. *}‘ card

A = card P(A). Assume, on the contrary, that the sets A and P(A) are equipo-

tent, hence a bijection exists

g:A— PQA). 6)
Let us define the set
T={xEA:x&gk)}. @)
Since T€ P(A) and g : A — P(A), an element a € A exists, such that
g(a)=T. €))

w

The existence of such an element leads to a contradiction.

than ~ & of 2\ onnr\rr‘ nao tn tha Aafinitinn AfF T An a n
lllUll U 5\“} auvluul UIIAS VU Liiw UULllllLlUI VUl 1 9 Vil Liiv v

anda€T.

If a & T, then since g(a) = T, we have a & g(a) and a € T and conse-
quently, a € g(a).

That completes the proof of Cantor’s theorem.

ecause if a €T,

® PROBLEM 6-14

Let o and B denote two cardinal numbers. Define their sum and show

that the sum is uniquely defined, i.e. is independent of the choice of
sets.
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SOLUTION:

The sum a + B of two cardinal numbers o and B is defined to be the
power of the union of two disjoint sets, which have the powers a and §, re-
spectively.

We have

card A + card B =card (A U B),ifA N B = ¢. (1)

Sometimes the other notations are used, like X, #X, etc.
In this definition, we employ two disjoint sets. Suppose A; and B; have
powers, card A; and card By, respectively. Then, the sets A and B exist, which

are disjoint and such that
card A; = card A and card B, = card B. (2)

Indeed, suppose a = b are two distinct elements, then
A={a} x Ay, B={b} x B,
and ANB=¢. 3)
Since
( A ~B, \
A,~B, = (A,UA,~B UB)),
A NA,=B NB,=¢
we conclude that for every two cardinal numbers, their sum is uniquely
defined, that is, independent of the choice of sets A and B.

Remember that A ~ B indicates that sets A and B have the same power (are
equipotent).

® PROBLEM 6-15

e — |
I Find the sum of cardinal numbers I
I card N + card N. (1) l
- - -~

SOLUTION:

Let Np and Ng denote the set of odd natural numbers and the set of even
natural numbers. We have

NoNNg=¢ (2)
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N, CN, Nz CN 3)

AL

iV o AV = 1iVv.

"~

)
~
N’

The sets Ny and Ng are denumerabie. Hence,
card N + card N = card Ny + card Ng =

= card (Ng U Ng) = card N. (5)

Similarly, card R + card R = card R. It is easy to show that card N + card R
= card R. Indeed

(0,1)~R and card (0,1)=card R. (6)
Let P = (0, 1) U N. Since N and (0,1) are disjoint sets,
card P = card (0,1) + card N = card N + card R . (7
On the other hand,
R~0O1CP ®)
and
P~PCR. (9)

vaals aza a aaa iiy

P~R and card P=card N + card R = card R. (10)

According to the Schroder-Bernstein theorem

The power of the set of natural numbers will be denoted throughout this
book by card N or by X (aleph-null).

® PROBLEM 6-16

I Define the product of two cardinal numbers and show that the product is I

I uniquely defined.
- -~~~

SOLUTION:
Tat ~v and R Aannta tuwn rardinal nnimhare and lat A and R ranracan t v
LAVL WA allu P UWwIlUVULw LYYWU Lallllliial 11Ul11IUwIO allul 1wl /1 allu D IUPI\JD\IIIL LYWwwu
sets, such that
cardA=o and card B =. D

Then, we define the product o -  of & and f to be the power of the Cartesian
product of sets A and B:

cardA -card B =card (A x B). (2)
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This definition is unique, in the sense that it does not depend on the choice of
sets A and B. Suppose A, and B, are two sets, such that

A~A, and B~B, (3)

Since the following holds
(A~ %) 5

kB~BJ=>(Ax B~A><D) (4)

—

1
we conclude that the definition of the product of two cardinal numbers is
unique.

® PROBLEM 6-17

Show that
card N + card N = card N (1)

card N . card N = card
WAL AL AV WAl 3 Wil s

cardN+n=card N 3)

card N-n=card N 4

where n is a natural number and card N is the power of the set of natural

numbers.

SOLUTION:

In Chapter 5, we proved the following useful theorem:

THEOREM
La p) P — A1 1 DY Lo . —a-1_1 s A — 1 N P a1 1 _
111€ UuIloIl U D O1 twWO COUIlidDI€C SCIS A 4dIld O 1S Countaoic
Therefore, since the set of natural numbers is countable, we conclude that
~awd AT ~nwd AT _ ~n=d1 AT £ &N\
Laiu iv T+ vall iy = callu iy \J)

From this theorem, we conclude as well that
card N + n=card N (6)

To prove (2) we shall apply:

THEOREM

The Cartesian product of two countable sets is a countable set.
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Therefore,
card N - card N = card N @)

and similarly,

SOLUTION:

Since
AUBUC=(AUB)UC and AUB=BUA
addition is associative and commutative.

a+(B+y)=(a+B)+y

a+Bf=f+a (1)
Similarly, since
AxBxC=@AxB)xC 2)

multiplication is associative.
By applying the following formula

A xB~B x A . 3
we conclude that multiplication is commutative
a'B=p-a. 4
To prove the distributive law
/0 - . n 78\
a B+y)=a-p+a-y &)

let us choose three sets A, B and C, such that

a=cardA,B=card B,y=card C (6)

where B M C = ¢. Then
Ax (BUCO)=A xBUA xC @)
AxBNA xCO)=Ax (BNO)=¢ 8
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and
card[A x (BUC)]=cardA x B+cardA x C )

which proves (5).

Let x denote an arbitrary cardinal number. Compute the following cardi-
nal numbers:

1. Ox

X x ¢=9¢. 2

Ox=card$-card X =
= card (¢ x X) = card ¢ = 0. 3)
2. Let {a} represent any set consisting of one element. Then the sets X and

X x {a} are equipotent
X~X x {a}. 4)

ix=card {a} - card X =

=card {a} x X=card X = x. (5)

® PROBLEM 6-20
I Which of the following theorems is true? I
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I 1. Ifx, y, z are cardinal numbers, such that x s y, then xz s yz.

£ o 25 oe
1

N T
L. 1

SOLUTION:
1. LetA, B, and C represent the sets, such that
cardA=x,cardB=y,card C =z (1)
Since
card A scard B (2)
a one-to-one function exists, such that
f:A—B. 3)
Letg: C — C, g(c) = c for every ¢ € C. Then function
F:AxC—=BxC 4
defined by
F(a, ¢) = (fla), &(c)) (3)
is also one-to-one. Therefore,
card (A x C)scard (B x C) (6)
or
cardA - card C=xz s card B - card C = yz. @)

2. This theorem is not true. The following example proves why:
Let
x=1 y=z=cardN (8)

then x < y but

‘V"-—I-
Aky = L

Hence xz = yz.

® PROBLEM 6-21

Prove that

card R - card R = card R.
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SOLUTION:

In Chapter 5 we proved that the set of real numbers R and the open inter-
val (0, 1) are equipotent

R ~(0,1). )
To evaluate card R - card R, let us note that
card R = card (0, 1) 3

cardR -cardR =

= card (0,1) - card (0,1) = card (0,1) x (0,1). )

Hence, we have to compute card (0,1) x (0,1). To do it, a function f will be
defined, such that

f:(0.1) x (0,1) = (0,1) ©)

and f is bijective (i.e. one-to-one and onto).
Each x € (0,1) can be expressed by its infinite decimal expansion. For

1/, = 0.4999999... (©6)

We define f in the following manner:
%,y €(0.1)

ftx, y) = (x1x%3. .., y1yoys...) =

= X1Y1X2Y2X3y3... (7
It is easy to verify that such a function is one-to-one and onto. Thus
0.1) x (0,1)~(0,1) @
and
card (0,1) x (0,1) = card (0,1) 9)
From (4) and (9), we obtain
card R - card R = card (0,1) =card R (10)

® PROBLEM 6-22

Let x and y denote cardinal numbers. Prove that

1. If xy=0thenx=0o0ry=0.
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|2. Ifxy=1thenx=1ory=1. I

SOLUTION:
1 Tot A oand DR canmeagan t s qatqe guich that
1. L1 aillvu o lUlJlUDUlll LYWU OV, dUuLll tiial
cardA =x
cardB = )
then
xy=card (A x B)=0. (2)
Hence A x B is an empty set
AxB=¢ 3)
From (3), we conclude that
A=¢ and B=¢. 4)
Thus
cardA=x=0
cardB=y=0. 5)
2. xy=cardA -card B =
=card (A xB) = 1. 6)

Set A x B consists of one element. Thus, each of the sets A and B consists of
one element. We have

cardA=x=1

cacd B=y=1. @)

Define b2 (ath power of b), where a and b are cardinal numbers, and jus-
tify this definition using an analogy with natural numbers.

SOLUTION:

Let us start with a definition:
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DEFINITION

Let a = 0 and b denote cardinal numbers and A and B represent two sets
such that

cardA=a, cardB =) (1)

Then, we define b? by A

b = cardB 2

where B4 denotes the set of all functions from A to B.
Consider the finite case of two natural finite numbers m and n. Then

n"=n-n-n-...n,mtmes. )]

Let A represent a set with m elements and B a set with n elements.

A7\ e

é

FIGURE 1

Each of the m elements of A has n choices for its 1mage The choices for each

element of A are independently made and, since A consists of m elements, there
are
n-n-n n=n"
Frrnmbincne Fomen A ¢~ D
LULICUIVI 11Vl A W D.
The definition of b? is a generalization of this concept.

® PROBLEM 6-24

Show that the definition of b? (see Problem 6-23) is independent of the
choice of representatives, A and B.
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SOLUTION:
We shall prove the following:

THEOREM
Let A, B, A”, B represent sets, such that A ~A” and B ~ B”. Then
B'~-B* )
Proof:
Since A ~A” and B ~ B’ are bijective functions, g and 4 exist
g:A—A’, h:B—PB. 2
A ! » B
0 | L
A’ - B’
F(f
FIGURE 1
Suppose f: A — B is a function, f € BA. Let us define
F:B" -B" 3)
by F(f):A"— B’
F(f) ®) = h(flg"'(x))) =h o fo g''(x). 4
Functions g and A are bijective, hence F(f) is bijective. Therefore,
F:B" -p* )
is bijective and
p? p-A (R
B ~B O)

® PROBLEM 6-25

Show that for any set A

card P(A) = 2¢ardA
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SOLUTION:

Let B = {0, 1}. To each subset X of A, X C A, we assign the characteristic
function

X,:A—B &)
as follows
X () m 1 if xeX
AL 0 xEA X G)

and a one-to-one and onto mapping exists between the sets P(A) and BA.

Remember that P(A) is the set of all subsets of A, and B4 is the set of all
functions from A to {0, 1}. To each subset X C A, X € P(A), we assign its
characteristic function X,, X, € BA. Two different subsets cannot have the same
characteristic function, hence mapping is one-to-one. Any characteristic
function uniquely defines a subset, hence mapping is onto.

Bijection exists between P(A) and BA. Thus

card P(A) = card BA 4
Since B = {0, 1}, card B = 2 and

® PROBLEM 6-26

Let g, x, and y denote cardinal numbers. Show that

SOLUTION:
Towntd ~f A1l 1t con mbmmcnn than Andn Y el sl .o
LldL UL dll, ICL UD VIIVULDT LLIC DU A, A, I, dDULII Lildl
cardA = a
caadX =x
cardY =y
XNY=¢. 2
From the definition of the sum of cardinal numbers, we have
cad XUY)=x+y. 3)
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Now we shall show that the sets

AX x AYand AXVY

are equipotent.
Suppose f € AX and g € AY, then (f, g) EAX x AY. Then the function f U
gbelongs to AX V'Y,
The union fU g is the function
fUg:XUY—A @)

defined by

£

(N fF vy & X
J X)) 1A TA

ng(")={ gx) if xEY )

Thus, we have established a one-to-one and onto relationship between the
sets AX x AYand AXVY,

Hence,
roard AX o AY . X Ly
valiu i AN -_—u w -
=cardAX YUY = gr+y, (6)

Let a, x, and y denote cardinal numbers. Show that

(a") = a”.

SOLUTION:
Let A, X, and Y represent sets, such that
cardA =a,cardX =x,card Y = y. 2)

We shall prove that the sets AX *Y and (AX)Y are equipotent. Letf: X x Y —
A represent a given function and b a given elementof Y, b €Y.
Then a function exists

fb:X—-A 3)
defined by
fa) = f(a, b) @

foralla € X.
Now, let us define the function
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F:AXxY - (AX)Y )
such that to each f € AX * ¥, we assign the function
prEAYNY (6)
defined by
pAb) =f* ()

forallbEY.
Function F is one-to-one and onto, hence the sets AX * Y and (AX)Y are

chnll Thus
(@Y =a». ()

® PROBLEM 6-28

If a, b, and x are cardinal numbers, then

|
| THEOREM
|
|

(aby = a*b~. (1)
SOLUTION:
Let A, B, and X represent sets, such that
cardA =a,card B=b,card X = x. 2

We must prove that the sets (A x B)X and AX x BX are equipotent.
Recall that the A-projection

pA A X _B —> A (‘3)
o n Firenntioe wxrhainle acorvmao o | PRY'S = A b~ nnnh Acdacnd nie L\ —
Id a4 1Uliviivll willivil ad 15116 ClClllClll a <= AU Caull viuvicu Pdll \ y U) ©
A x B. Let us define a bijection
F (A« DYX o AX o RX (A
\11 ~ U} L AN LD . \"l’}
Function F assigns to each
fEAxBY,f:X—-AxB )
a function defined by
(p4 of,ps 0f) EAX x BX, (6)
This assignment is one-to-one and onto (it can be easily verified), hence
(A x BYX~ AX x BX )]
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and
(ab)* = a*b~. ®)

® PROBLEM 6-29

2¢cadN = card R.

SOLUTION:

Recall that the symbols, card N and card R, denote the cardinal numbers
of the sets N and R, respectively. Equation (1) will be proven in two steps:
first we shall show that

2cardN > card R )
and then we shall prove
card R = 2card N 3)
Let Q represent the set of rational numbers; then
N-~Q. 4)
The function
f:R = PQ) ®)
defined by
fx)={y€Q:y<x} ©)

is one-to-one. Indeed, if x, x” € R and x < x’, then a rational number y € Q
exists, such that

x<y<x’. )

The rational numbers are a dense subset of the set of real numbers.
Then y € f(x"), buty & f{x), thus, f(x) = f(x") and f is one-to-one.
For any two sets, A and B, card A < card B, if and only if an injection f : A

- B exists. Hence,

card R s card P(Q) = 2634 Q = 2card N, ®)
To prove card R = 2°4dN_ define
F:{0,1}" >R ©)

such that
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F()=0.f1) 2 f3)... (10)

where f: N — {0, 1}. F(f) is a decimal number consisting of 0’s and 1’s.
Function F is one-to-one. Suppose f; g €{0, 1} and f = g, then F(f) = F(g)
because decimals defining F(f) and F(g) are different. Therefore,

card {0, 1}¥ s card R (11)

or

2cadN < card R (12)
Q.E.D.

® PROBLEM 6-30

I Prove I

I card N < card R. (1) I
—

SOLUTION:
Accordino t antor’e thearem (If X ic a eat then card X < card P we
A l\f\l\ll\lll‘& W WLAAAGWA ~ AANW NJA WAL, \‘l LA AV A uv" CLANWAL WOAANL LA ™ WAl W K& \‘l’,
have
card N < card P(N). 2
For any set A, the following equality holds:
card P(A) = 2¢ardA G)

(see Problem 6-25). Thus
card N < card P(N) = 2card¥N =

= card R. “)

6-31

I Show that for any finite n = 2 II

SOLUTION:

We proved (see Problem 6-29)
card R = 2¢ard N, ¥))
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Since n = 2,

2card N ¢ peard N 3)
and
nead¥N < (card N) card ¥, 4
In Probiem 6-30, we proved
card N < 2¢card N, 5)
Combining (2), (3), (4), and (5)
cardR= <n < (car < dN=
= JcardN - card N — ©6)
but card N - card N = card N (see Problem 6-19). Hence
2card N - card N = gcard N = card R, (D
From (7), we conclude that
card R = n®d¥ = (card N)card ¥, 8)

Prove that:

1. cardC=card R

where C is the set of complex numbers.

2. cardR - card N = card R.

SOLUTION:

z=x+iy
can be represented by an ordered pair
* )
where x and y are real numbers. Thus,
C~RxR
and

card C =card R - card R.
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From Problem 6-21
cardR - card R =card R. (©)

Hence

card C = card
WOLAA W W el W

—~~
=3

2. Itis easy to verify that

card R scard R-card N scard R -card R = card R. (]
_ Therefore

cardR -card N = card R. O

® PROBLEM 6-33
e —— |

I In Problem 6-21, we proved
I cardR -card R =card R. (1)
I Using
I 2¢adN = card R {2)
| prove (1).
SOLUTION:

For three cardinal numbers a, b, and ¢

ab ac = ab +c (3)

(see Problem 6-26).
Thus, from (2) and (3), we obtain

card R - card R = 2¢cardN Qcard N — Jcard N + card N

2¢ardN = card R. )
Note that in Problem 6-15 we proved

card N + card N = card N. 8
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® PROBLEM 6-34

Il'nt l
| |

l F={f:f:R—R} (1)
represent a set of all functions from R to R. Compare the cardinal num-

.. . _ 1 r__1 ___1D
I OCDS, CAaIQ r 4na c4drd n. I

SOLUTION:
\ i he-definiti ; .- f cardinal bers.
have
card F = card RR = (card R)**dR )
(seeqProblem 6-23).
2cardN = card R 3)
(2) leads to
card F = (card R)cadR = (2card Njcard R —
— card N - card R, 4
From Problem 6-32, we obtain
card N-card R =cardR S)
therefore
card F = 2cad R (6)
According to Cantor’s theorem (for any set X, card X < card P(X)) and
card P(X) = 2¢ard X @)
we find setting X = R
2cad R = card P(R) > card R. ®)
From (6) and (8), we obtain
card F = 2R > card R ©)

® PROBLEM 6-35

Prove that

card C(R, R) =card C(Q, R) =
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= card K(R, R) = card R (1)

where C(R, R) and C(Q, R) are the sets of continuous real-valued func- I
tions with domains R and Q, respectively. The set of all real-valued con- I
stant functions with the domain R is denoted by K(R, R). I

SOLUTION:

Note that the each function f: R — R a function corresponds f| Q : Q —
R, such that for all x € Q, fix) = f| Q(x). Function f| Q is the restriction of f

- to Q. We denote this correspondence by
F :C(R,R)— C(Q, R). 2)

The restriction of a continuous function is a continuous function. We show
that F is one-to-one. Indeed, let f, g € C(R, R) denote such that for all x € 0

fix) = g(x). )
Let x” be any real number, x’€ R. Then a sequence (x,) € Q of rational num-
bers exists, such that

lim x, =x" 4

n—»o

Since both fand g are continuous

fix') = g(x). )
Therefore, f = g. Function F is injective, thus
card C(R, R) s card C(Q, R). (6)

On the other hand,
card C(Q, R) s card R = (card R)@dN =

= (2card N)cardN =2cadN = card R (7)

From (6) and (7)
card (¢ Y<card C(O R\ < card (R)
\1\’ l\} - vaiu \/\Z, l\} = VALl IN. \U}

s —

Consider the set K(R, R). To each real number p € R, a constant function cor-

~Ande

responds
fp:R—R )
such that for all x ER, f,(x) = p. Thus
card K(R, R) = card R. (10)
Each constant function is continuous
K(R, R)C C(R, R). (11)
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Hence

card R = card K(R, R) scard C(R, R). (12)

We conclude from (8) and (12) that
card R = card C(R, R) = card C(Q, R) = card K(R, R). (13)
Surprisingly, there are as many constant functions as continuous func-

tions.

® PROBLEM 6-36

Let D(R, R) represent the set of all differentiable real-valued functions.
Show that

card D(R, R) = card R. 1)

Each differentiable function is continuous
D(R, R) C C(R, R). 2
Hence
card D(R, R) s card C(R, R) = card R 3)

(see Problem 6-35).
Each constant function is differentiable

K(R, R)CD(R, R) 4)
hence
card R = card K(R, R) s card D(R, R) 4)
(see Problem 6-35). Thus
card D(R, R) =card R 6)

® PROBLEM 6-37

The so-called classic Hilbert space, H, consists of all infinite sequences
(xl’x2’x3"");xk€R;kEN (1)
such that the series

X+ X+ x5+ @

converges. Find card H.
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SOLUTION:

Define function

f:R—H ©)
such that for every x € R
f(x)=(x0,0,0,...). 4
The infini bel he Hill H
(% 0,0,...)EH. )
Function fis an injection, hence
card R = card H. 6)

On the other hand,

card H s (card R)card N = (2card Nycard N -
T N 7 T /7

= 2card N - card N = pcard N = card R, Y

From (6) and (7), we conclude that
card H = card R. 8)

® PROBLEM 6-38

Compare the cardinal numbers of these two sets:

1. The set of all infinite sequences
(1, X2, X3, -..) 6y

of real numbers, denoted by ReardN,

I 2. The set of all infinite sequences of integers. I

SOLUTION:
The cardinal number of the set of all infinite sequences of integers is
(card N)card N (2)
From Problem 6-31, we obtain
(card N)c#d¥ = card R. A3

The cardinal number of the set Re2d ¥ g
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card RN = (card R)cardN 4
Equation (4) leads to

(card R)cardN = (2card N)cardN = 2cardN -card N —

= 2¢adN = card R. %)

Therefore, both sets have the same cardinal numbers. Sometimes, points

(xl’ X2, X35 -« )

where all x;’s are integers are called lattice points.

® PROBLEM 6-39

I Compare the cardinal numbers of the following sets: I

SOLUTION:
Consider the set of all functions
fx) = {;) f:R —{0,1}.
The cardinal number of this set is
card 2R = 2cad R (1)
The cardinal number of the set of real-valued functions of n real variables
f:R*"—=R ¥))
is ) )
card RR" = card RcardR" 3)
Since
(card R)" = card R 4)
we have
card R card " = card R* = (2°a'dN)ca'dR ®)
but
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card Ncard R = card R (6)

" dR
car
=2 )

S~
~J
Nuas”

SOLUTION:

We recall hr
1 U1

YV v 1wvwval

finite cardinal numbers (which are non-negative integers) and transflmte car-
dinal numbers. The smallest transfinite cardinal number is card N (denoted X,
aleph-null). There is no largest cardinal number. Let us denote card R = ¢

O<1<2«<... < Np<...<Cc<...<2¢<

- 4 2 g
Y

finite cardinal numbers transfinite cardinal numbers

N
We proved that X /<2 ° =
The following question posed by Cantor is known as the continuum
problem: Is there a cardinal number that lies between X, and ¢? Many
mathematicians have spent many hours trying to solve this problem. Nobody
has found a set A, such that card A = a and X < a < c. Hence, the hypothesis
is that such a set does not exist.

There is no cardinal number p, such that
R,<p<c=2 ’
A similar question exists for any transfinite cardinal number: Is there a
cardinal number that lies between a transfinite cardinal number p and 2P? This
question has not been answered.
For any transfinite cardinal number p, no cardinal number r has been found,

such that p < r < 2P. Thus:
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GENERALIZED CONTINUUM HYPOTHESIS

For any transfinite cardinal number p, there is no cardinal number 7, such
that

p<r<?2,.

Do we know the solution of the continuum problem?

SOLUTION:

The continuum problem was formulated by Cantor in 1880. It became

ane nf the moct famone nnrecnlvad mathematical nrohleme On Hilhert’c lict
\Illv A Uildw MLV UOLV LUIIIVUWOD WUIILWOUOWA Y wul lildulilwiiidaviwana Pl\lulvlllo AL AARAUNWARL 0 A1OW

of 23 mathematical questions with no answers, it occupied first place. (This
list was announced in 1900 at the International Congress of Mathematicians

In 1938, Kurt Gddel proved that the generalized continuum hypothesis is

tant with tha avinmeae Af cat thanry What fl-\ Manng Na
L VVilll Uiv GQAlUVILIO Ul Ovi lll\u\ll] vy iiat uiil 111valio vaiil

N(B
"h

s follows: Consider two systems of axioms

A — axioms for set theory, and

B — all axioms of A with the generalized continuum hypothesis added.
Any contradiction that might be implied by system B could be formu-
lated as a contradiction implied by system A.

Later, P.J. Cohen proved that the negation of the continuum hypothesis is
also consistent with the axioms for set theory. Thus, both the continuum and
generalized continuum hypotheses are independent of the other axioms for
set theory. They cannot be proved or disproved on the basis of these axioms.

W. Sierpinski has shown that, if the generalized continuum hypothesis is

. R .
added ae an aviom to the avinme nf cat thenrv than the avinm of chaice
GUNIWALE Ao Gl GANLAUVILL LUV LiLvy AANLVILIO Ul JOwhbe biiwUV ] ’ tilwil Uiw GAnlviil Vi wviilviwvw

becomes redundant. It can be derived from the generalized continuum hy-
pothesis and remaining axioms.

The situation is that the generalized continuum hypothesis is not provable
on the basis of the axioms of set theory. We may postulate the generalized
continuum hypothesis or deny it and, in either case, obtain a consistent
mathematical theory.
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CHAPTER 7

I BV 4 | B ] | ]

AXIOM OF CHOICE AND

O

~ITS EQUIVALENT FORMS

Axiom of Choice 7-1
Applications of Axiom of Choice 7-2,7-3
Preorder 7-4, 7-5, 7-6
Partial Order 7-7,7-9, 7-11, 7-14
Total Order -8, 7-10, 7-12, 7-13, 7-15
Chain 7-10
Upper Bound and Lower Bound 7-16, 7-17
Least Upper Bound and Greatest Lower Bound 7-18, 7-19, 7-20
Maximal and Minimai Elements 7-21, 7-22, 7-23, 7-24
Maximum and Minimum 7-25, 7-26, 7-27
Ordered Sets 7-28, 7-29, 7-30
Hausdorff Maximality Principle 7-31,7-32
Zorn’s Lemma 7-33, 7-34, 7-35, 7-36
Kuratowski’s Lemma 7-37

Well Ordered Sets 7-38, 7-39, 7-40
Well Ordering Principle 7-41, 7-42, 7-43
Segments 7-44, 7-45, 7-46, 7-47

Principle of Transfinite Induction
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® PROBLEM 7-1

SOLUTION:
AXIOM OF CHOICE

Let # be any non-empty family of non-empty sets. Then a function called
a choice function exists

fiF— UA (1)
AEF
such that for allA € 7,
fA)EA @)

Suppose ¥ is a set of phone books from different cities. It is possible to
choose one and only one name from each book. The axiom of choice is
trivial for 7 finite.

In this chapter we shall examine the axiom of choice and its three equiva-

s a

lent nrincinlec (the Hancdorff mavimalitv nri
AWwiAL Pll.l\l.ylvo \tllv A LCAWUNV L AL ll‘u“lll‘ull‘-] y AW

well-ordering principle of Zermelo).
The axiom of choice is, indeed, an axiom that cannot be proven as a
theorem using the classical axioms of mathematics.

® PROBLEM 7-2

Let
f:A—B (1)
I denote onto mapping. Apply the axiom of choice to prove that a subset I
I C of A exists, such that C and B are equipotent and hence card A = card I
B =card C.
_
SOLUTION:
Suppose B = ¢ (if B = ¢, then C = ¢). Consider the family of sets
{f"'0):y €B} )
which forms a partition of A because sets (2) are disjoint and
U {f ' (y):y EB} =A. ()
yEB
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Note that f is onto.
Accordmg to the axiom of choice, the family of sets {f~1(y) : y EB} hasa
h

set of representatives C, such that foreachy €B
{f10):y €B} N @
is a single element.
Restriction of fto C
flC:C—B )
I %/
is one-to-one and onto. Therefore, sets C and B are equipotent. Hence
card A = card B = card C. (6)

® PROBLEM 7-3

I Let {A; : i € I} represent a family of non-empty sets. The generalized I
I Cartesian product X A, of the family {A;} is the set of all functions I
| fI—UA, W |
| o I
I such that I

wil vasiae

) EA;foralli €1 )]

Prove that, if / = ¢, then X A_ is non-empty.
el

SOLUTION:

Set {A; : i €I} is a non-empty set, whose elements are non-empty sets
(i.e., for each i € I, A; = ¢). According to the axiom of choice, a function g,
called a choice function, exists such that

g:{Aii€1}—> UA. 3
ig
Then, we can define function f by
f) = g(A) €A, 4
for all i €1, where
fI1—-UA. (5)
i \~)
i€l
Hence, if I = ¢, then
XA =¢. (6)
iel
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® PROBLEM 7-4

A emman v am b nemc: &+

. - . QL . al ¢ ali. _F_.&2o f/ - LN . - __ LY :_. .
LOL A ICPICOCIIL dlly SCL. OHOUW idl ¢ [ClauVll (U, 0) . & = Of 15 4 I

I 2. Show that in R, s is a preordering and < is not.

| 3. Isinclusion a preordering? I

SOLUTION:

We shall start with

DEFINITION OF PREORDER

A relation p inaset A, p C A x A, is called a preorder if it is reflexive
and transitive, that is, if

I. Va€A:(a,a)Ep
2 VabEA:(ab)EpA(bc)EP=(a, c)ED

A set A with preorder is called a preordered set (4, <). Preorder is usually de-
noted by < (a < b is read “a precedes b”).

1. Relation = is a preorder. It is reflexive because foreacha €A, a = a. Itis
transitive:

(a=b)a(b=c)=a=c.

Hence (A, =) is a preordered set.

2. ForeachaeR
. b)

VA R UYS N Y SR
\USU)I\\USC):?\MS(,.

Therefore, = is a preordering and (R, <) is a preordered set. Of course, a < a

is not true and < is not a preorder.

3. Consider the power set P(X) (i.e., the set of all subsets of X). The relation
Cis a preorder because for each A, B, C € P(X)
ACAand(ACB)A(BCCO)=ACC.
Preordering by inclusion is defined by
A<B iff ACB.
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A family of sets preordered in this manner is called preordered by inclusion.

® PROBLEM 7-5

s —
Let C represent the set of complex numbers. Show that |z, | s|z, |, 2, 2 I

I € C defines a preordering. I

SOLUTION:

Any complex number z € C can be represented by
z=x+1y

where x, y are real numbers. Then
2

l‘l}; Y2-l-\, .

& "v/\v L 4
For every z € C | z| s | z | because
| el f—
A2y s AfxP YR
Hence relation | ... | s | ... | is reflexive. Let z,, z;, 23 € C and | z; | 5| z,|
and |z,| =< |z |. Then

2. 2 2 . 2 2. 2 2
.‘/x1+yl s_\/x2+y2 and .\/x2+y2 s,\/x23 +¥5

where z; = x; + iy}, 2, = x5 + iy,, 23 = x3 + iy3. Hence

/2 2 ’2 2
x1+yls x3+y3

or
|z1|s |z ).

Relation | ... | < | ... | is also transitive. Thus | ... | < | ... | is a preorder and

(C,|...|=]|...]) is a preordered set.

a mMEmAPnI Faa 9 A
W rFnverLEm -9

I Let D denote the diagonal, D CA x A. Show that p C A x A is a preorder, I
I if and only if D C p and p o p = p. The diagonal is defined by I

I D={(x x):xEA}. I

SOLUTION:

We have to prove that
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which is equivalent to p o p = p.

<= Since D C p we have
Ya€A :(q a)Ep.

Thesetp o p is
pop={(a c):a cEA,IbE A such that (a, b) Ep A (b, ¢) € p}.
By assumption
pop=p.
Hence
(abyepna(bc)Ep=(ac)EnD.

® PROBLEM 7-7

Show that the relation < defined on R? by
(a1, a2) = (by, by) )

if and only if
a;sbjanda, < b, 2)

is a partial order relation on R2.
|

SOLUTION:

DEFINITION OF PARTIAL ORDER

A relation < on a set A is called a partial order, if and only if = is reflex-
ive, transitive and antisymmetric on A, that is, if a < b and b < a, then a = b.
Set A with a partial order relation on A is denoted by (A, <) and is called a
partially ordered set.

Relation < defined in (1) is reflexive,
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(a, b) s (a, b) because a sa and b < b. (3)

It is also transitive.

Suppose
(a1, b1) s(ay, b)) and  (ay, b)) <(as, b3) O
then
aysa, and a;sa;
bysb, and b, <b;
Hence
aysaz; and b;sb;
or
(a1, by) s (as, ba) o)
Finally we show that < is antisymmetric. Indeed, if
(a1, b1) s(ap, b)) and  (ay, by) s (ay, by) (6)
then
aysa, and a;sa,
by=b, and b, <b;
Therefore,
ay=a, and b;=b, or (ay,b;)=(ay by). @)

® PROBLEM 7-8

ﬁ
I Show that the relation defined in Problem 7-7 is not a total order. I

SOLUTION:

We chall nce
YV Ww JilUll WVWOW

DEFINITION OF TOTAL ORDER

A total order relation < on a set A is a partial order relation, such that for
any pair a, b € A, either a s b or b = a. Set A with a total order relation, de-
noted by (4, =), is called a totally ordered set.

Total order relation is sometimes called linear order relation. According
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to the above definition, the relation described in Problem 7-7 is not a total
order relation. Neither (0, 1) = (1, O) nor (1, 0) s (0, 1).

PO | .‘A._

This example shows that a partially ordered set need not be a totally
et

® PROBLEM 7-9

SetA = {a, b, c} is ordered as shown in the diagram.

a

(2]

FIGURE 1

The order can be defined as follows: x < y iff x

PO N P RS

x to y in the direction of arrows. Let B denote the collection o non-
empty totally ordered subsets of A. Draw the diagram of the order of B

e
ordered by set inclusion.

SOLUTION:

The set of all subsets of A consists of

{a}, {b}, {c}. {a, b}, {a, c}, {b, ¢}, {a, b, c}.

Only the subsets {a, b, c} and {b, c} are not totally ordered, because neither

hennnrr-el-\
UaL vl L av,

Set B consists of

{b} = {a, b}
{a} = {q c}
{c}={a c}
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Set B is partially ordered as shown in the diagram

- ~n
@y v

7"\ 7

N/ \
/S NN\

L 4

(b) {a) {c}

FIGURE 2

® PROBLEM 7-10

Let A denote a partially ordered set (A, <); then
P=:{(xy):x, y€EA,xsy}.

The sign =: will be used to denote “equals by definition.”
For any subset B of A, BC A, we define <” to be the intersection

PN (B xB).

The set (B, <”) is a partially ordered set. It may happen that (B, <) is a totally
ordered subset of a partially ordered set.

DEFINITION OF A CHAIN

In Problem 7-7, we showed that a relation defined by (1) is a partial
order. The diagonal

D ={(x,x): xER}

of the plane R? is a chain because on D, a relation becomes a total order.
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® PROBLEM 7-11

” defined on the set of natural num- l
1

true.

is,

n _ k
LEN, - EN
then
nok_k_y
in Fi n
Ihat lS m divides k.
A ralatinn ic anticummaeatrie hacance if m dividec »1 and » dividace m then m
ATeiauin is AIILIS Y HTIVUIL ULLAUSL, 11 776 ULVIULS /¥ dllU /e Ui1ViIUCS /7%, Uil iTe

= n. Hence, the relation is a partial order.
It is not a total order because

3 does not divide 2
and
2 does not divide 3.

® PROBLEM 7-12

Show that

1. The identitv relation

I as 22 ANSWALRAL) Awaisabias

I 2. The set (R, <) is a totally ordered set, where R is the set of real num-

I bers and “<” is understood in the ordinary sense. I

SOLUTION:
1. Let A represent a set. Relation “=" is reflexive because for all x EA
X = X. (1)
It is also transitive. If
x=yandy =z, thenx = z. 2)
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Furthermore, relation “= is antisymmetric. Hence, (4, =) is a partially or-
dered set.

2. Relation “<”, understood in the ordinary sense and defined on the set of
real numbers R, is a total order. For each x € R

X < x.
If x<yandy <z, then

xXsz.
If x<yandy < x, then

x=y.

For any pair of real numbers x, y, eitherx <y ory < x.

® PROBLEM 7-13

I sing the notion of temperature, define a total order relation on the set I
i ac

SOLUTION:

Temperature can be introduced in the following manner. Let a and b
represent two objects. If there is a heat transfer from a to b, we say that the
temperature of a is higher than the temperature of b. If there is no heat trans-
fer, we say that a and b are of the same temperature. Here, we neglected all
physical details.

Let us define the relationship a < b iff the temperature of b is higher than
or equal to the temperature of a. This relation is reflexive:

< h
U av.
It is transitive:
Tphll\ﬂﬂf‘l\l’l thhan
11u>uauuu>p, uivil
asc

It is antisymmetric:
If a<band b s a, then a = b (that is, a and b have the same temperature).

Note that “temperature” defines the total order, since, for any two a and b,
we have eithera < bor b s a.
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® PROBLEM 7-14

all £ ntinms
dll LUInCLUoID

| f:R—R M |
| with the relation S defined by |
S={(f g EF xF:VxER, f(x) < g(x)}.

Prove that (F, S) is a partially ordered set.

SOLUTION:
Relation S is reflexive since
VFEF VxE&R f(x)sgx). (3)
§ is transitive,
(Nf,g,hEF,Vx ER

( f(x) = h(x))
DN Vx €ER
\ 8X)snx)
§ is antisymmetric,
(f (x) < g(x), Vx ER) . (f (x) = g(x))
g(x)s f(x) Vx ER
§ is a partial order.

It is not a total order. For example, if f{x) = x and g(x) = x2, then neither f{x)
< g(x) nor g(x) = f(x) for all x E R.

® PROBLEM 7-15

I Let A and B denote totally ordered sets (A, <7), (B, =”). Show that II

I A x B can be totally ordered.
e e |

SOLUTION:

We can define the order on A x B in this manner:
ifa<'c
(a,b) s(c,d)

or,ifa=candbs''d

Since both <" and <”” are reflexive, = is reflexive. Relation < is also transi-
tive.
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Suppose (a, b) (c, dyand (¢, d) = (a, b). Then a s” ¢ and ¢ <" a imply
a=c.Alsobs""dandds""bimply b =d

Thus, (a, b) = \(,, d) and relation =< is an t'sym“netric.

Since <" and <”” are total orders, < is a total order.

The order defined above is called the lexicographical order on A x B
because it is similar to the arrangement of the words in a dictionary.

® PROBLEM 7-16

Give an example of the partially ordered set that has no upper bound.

SOLUTION:

We shall start with

DEFINITION OF UPPER (LOWER) BOUND

Let (A, <) denote a partially ordered set and B its subset, B C A. An e¢le-
ment, x € A, is an upper bound (lower bound) of B, if and only if

xza(xsa)foralla€B.

For example, let (V, <) denote a set of natural numbers N = {1, 2, 3, 4, ...}
and B = {2, 4, 8} its subset. Relation “<” is an ordinary relation. Element
10 € N is an upper bound of B. Any element of the set {8, 9, 10, 11, ...} is
an upper bound of B.

Elements 1 and 2 are lower bounds of B. Now consider the set of even
numbers

{2,4,6,8, ...},

This set has no upper bound.
® PROBLEM 7-17

Let S represent a family of sets partially ordered by the relation of I
I inclusion, and let R represent a subfamily of S. l
I 1. Show that I

U{A:AER}

does not have to be an upper bound of R.

2. Show that if B € S is an upper bound of R, then
U{A:AER} CB. (D
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SOLUTION:

1. Set S is a family of sets and R is its subfamily. It does not guarantee that
the union of elements of R

U{A:AER}

is an element of .
Hence, U {A : A € R} is an upper bound of R, if and only if it is an ele-
ment of S.

2. Let

xEU{A:AER}. (2

Then set A exists, such that x € Agand Ay € R.
Set B is an upper bound of R, therefore

ApCB and x€EB

which proves (1).
@ PROBLEM 7-18
The set
A={a b cdef g h} @)
is partially ordered as shown in the diagram.
/ \
B
! 7 NS |
! A |
I '~_ | |
| N |

Two elements, x and y, are related, x <y, iff x = y or one can move along
the arrows from x to y. Consider the subset B of A

B={d e f}.

Find the least upper bound and the greatest lower bound of B.
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SOLUTION:

The elements a, b, and ¢ are upper bounds of B.

DEFINITION OF LEAST UPPER BOUND (GREATEST LOWER BOUND)

Let (A, <) represent a partially ordered set and B its subset. An upper bound
(lower bound) xg of B is the least upper bound (the greatest lower bound) of
B, if and only if xy < x (xg = x) for every upper (lower) bound x of B.

Element c is the least upper bound of B because

c<a and csbh.

Elements f and & are lower bounds of B.
The greatest lower bound of B is f.
Sometimes, we denote the least upper bound of A by

sup (A) (or lubA)
and the greatest lower bound of A by
inf (A) (orglb A).

® PROBLEM 7-19

Let B denote a subset of the partially ordered set (4, <). Prove that if

the least upper bound (greatest lower bound) of B exists, then it is
unique.

SOLUTION:

Proof (rednr‘fin ad absurdum orr.a.a.)

SawLaAL N UL wsLaLAx L..8.)

Suppose there are two least upper bounds of B, x and x”, such that x = x".
Since x is the least upper bound of B and x” is an upper bound of B

sx’. 1)

Relation = defined as A is a partial order. Hence, it is antisymmetric
(x sx”

) = (x =x").

x'sx
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This is in contradiction with the assumption that x = x”. Thus, the least upper
bound is unique.

‘.L-,. e m ccmmr A mmem Lo Lo el s el e D LD 2 2

— PR, PR IS R Ity a [PRG S
ill tne sarme Wdy can bc SIIOWIL tidt tIC ZICditst IOWCLI UUUllU lb ulllquc

® PROBLEM 7-20

Let X denote a non-empty set. The set (P(X), C) is a partially ordered set.

Show that, for any QC P(X), the least upper bound of Q is
sup(Q) = U A W
AEQ

and the greatest lower bound of Q is

(2)
SOLUTION:
Let B represent any element of @, B € Q, then
BC U A. (3)
ASQ

Hence, U A is the upper bound of Q. Suppose D is the upper bound of Q,
then for any BeQ
BCD. 4)

Hence

ALEJQ ACD (5)

and U A is the least upper bound.
The set ﬂ A is the lower bound of Q because for any B € Q

N ACB. 6)

AEQ g

The set (1 A is the greatest lower bound of Q. Indeed let D be the lower
AEQ
bound, then

DCB forallBEQ

and
DC N A (7)

AEQ
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® PROBLEM 7-21

Il The set I
I A={2,3,4,5,6,7,8,9, 10, 14} I
I is ordered by I

x s y iff x is a multiple of y.

Find the maximal and minimal elements of A.

SOLUTION:

The order of A is depicted in the diagram

7,
4
———e R ()
P
T~

p=
—_—
[s)]
[(<}

®
-
H

FIGURE 1

DEFINITION OF MAXIMAL (MINIMAL) ELEMENT

An element xy € A of a partially ordered set (A, <) is said to be maximal
(minimal), if and only if x5 s x (x s xg) implies x = x; for all x EA.

According to the definition, the maximal elements of A are 2, 3, 5 and 7.
The minimal elements are 6, 8, 9, 10, and 14.

® PROBLEM 7-22
Consider the set

A ={2,3,4,5.)=N-{1}

ordered by m < n, iff m divides n.

Find maximal and minimal elements of A.
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SOLUTION:
All prime numbers are minimal elements. If p € A is a prime number, then

only p divides p, because 1 € A.
Only prime numbers are minimal elements. Suppose a € A is not a prime

number, then b € A exists, such that
b divides a (b = a).

Set A has no maximal elements since, for every m € A, 2m also belongs to

A and

m divides 2m (m < 2m).

® PROBLEM 7-23

=

artially ordered set that has more than one I
o .

SOLUTION:

Consider set A consisting of elements
A={a b, ¢ d e}

which are partially ordered as shown in the diagram.

A4

PR
/ AN
/ AN
d d FIGURE 1 A e

The maximal elements of A are a and b.

The minimal elements of A are d and e.
From this example, it is clear that maximal and minimal elements of a

partially ordered set are not unique.
The situation changes for totally ordered sets (see Problem 7-24).

197



® PROBLEM 7-24

~ SetAisatotally orderedset4, <.
Suppose the set has two maximal elements, x; and x,. We have x; €A and
x, € A. Since A is a totally ordered set for any pair x;, x, € A, either x; s x,

or x, < x;. Suppose x; = x,. Then, since x; is a maximal element,

(X1 5 x3) = (x1 = x3).

Hence, x; = x,. The maximal element of a totally ordered set is unique.
In the same way, we can show that the minimal element of a totally
ordered set is unique.

® PROBLEM 7-25

e
I Draw the diagram for the ordered set (A, S) where

A ={abcdefg}

S ={(b ¢), (4 e), (e ). (4 1), (& a), (& b), (g ©)s
& d),(g e) (g NV L.

Find the elements which are maximal, minimal, maximum, and mini-
mum.

SOLUTION:

The diasram for th

ARV GRGgiGii v

shown in Figure 1.

The maximal elements are a, c,
and f.

The minimal element is g.

]
Ty,
[

Q.

g
FIGURE 1
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DEFINITION OF MAXIMUM (MINIMUM)

Element a € X of an ordered set X is a maximum (minimum) element of
X or greatest (least) element of X, if and only if x s a (a s x) for all x EX.

A.
Since x; is a minuual element of A, the’é is no x € A, such that
Xy #X S Xy, (2)

From (1) and (2), we conclude

X1 =a. 3)
Similarly, since x, is a minimal element of A

X, =a. (4)
Hence

X1 =X, )

which is a contradiction. Set A with two distinct minimal elements has no
minimum element.

- N e a SN B
¥ FHRUDLE f-

I Let X represent a linearly ordered set and A a finite totally ordered sub- II

| set of X. Show that if
a=supA
then

a = maximum A

Show that the conclusion can be false when A is not totally ordered.
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SOLUTION:

Let
A = {ab A2y «ony n} (1)

and let
b, = a; = maximum {a,}. (2)

Movi ] we defi

b, = maximum {b, a,}

b; = maximum {b,, a5} )
In general
b; = maximum {b;_, a;}
and
b, = maximum {b,_{, a,}.

Set A is totally ordered, hence we can always find the maximum. Since the
maximum exists,

a = sup A = maximum A. 4)

Suppose x = {a, b, ¢} and A = {a, b}. Set A is not totally ordered; see
Figure 1.

(]
a / > b
FIGURE 1
Then
c=supA (5)

but ¢ is not a maximum of A.
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® PROBLEM 7-28

choose T in such a way that no partial order Q on X exists, such that

rCQ W
Let
T={(@b), (b o), (c d), (4 a)} @)

denote an antisymmetric relation on X, where X is any set containing elements
ab, cd.

Suppose a partial order Q exists, such that 7 C Q. Then
(g, b))€Q and (b, c)EQ. 3)
Hence, since Q is transitive
(@, c)EQ. (4)
Furthermore
(a d)€Q and (d a)EQ 5)
and, since Q is antisymmetric
a=d. (6)
Similarly, we show that
a=b=c=d )

I f:A—B (1) I

be onto. Prove that if for allx, y €A

(x=y) < (fix) s ) )

then fis one-to-one.
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SOLUTION:

Suppose
) =fy) G)
Then
f)zfy)y=x=zy
f)=fy)=>x=y. 4)
Since order is a relation which is antisymmetric we conclude from (4) that
x=y. ©)

® PROBLEM 7-30

all accept the IOllOWlIlg theorem without a pI'OOI

HEOREM 1

t (A. <) represent a non-emptv pa mllv ordered ce ch that everv
v \‘ l ﬂ} Avr’l AW i LAV/LL v.lll.’ ] l-’ lllll VAN WAWENE OUw I-’ vll Irlluln A J V‘J

1V |
[ ™ |
| .. !
I totally ordered subset of A has a least upper bound in A. If function f: A I
l — A is such that for every a € A, f(a) = a, then element b € A exists such l
| |
| |
| |
| !

that

f(b) = b.

Use Theorem 1 to prove:

THEOREM 2

Let (A, <\ represent a non-empty partmllv ordered set. such that everv

i~ {2 Avpawaiit & i a valliza Vi WA WS SNty Ses ~ YR T

totally ordered subset of A has a greatest lower bound. If function f: A
— A is such that for every a € A, f(a) < a, then element b € A exists such
that

fib) =b.

SOLUTION:

Suppose (A, p) is a partially ordered set and p~! is a relation inverse to p.
Then (A, p~!) is also a partially ordered set, where

(ap'b) iff (bpa) Q)
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Assume that (A, p) is such that every totally ordered subset of A has a least
upper bound in A. Note that, if B is a totally ordered subset of (A, p), then

D ~=IN ' o oaa MR Y L. __I\ ..........
D, P )Idd lUldlly oraereda suoset 01 A ) ll xO lb a lCdb[ upper UUUI]U Ul
(B. 0). then x,, is a oreatest lower bound f{R —1\

Qi =

[ a
Suppose function f: A — A is such that for every a €A, f(a) = a. Then by
applying Theorem 1, we conclude that element b € A exists, such that

f(b) = b.

If function f: (A, p!) — (A, p~!) is such that for every a €A, a p~! f(a), then by
virtue of Theorem 1, element b € A exists, such that

f(b) =b.

® PROBLEM 7-31

Show that the Hausdorff maximality principle and the axiom of choice
I are equivalent. Apply Theorem 1 of Problem 7-30. I
COI LITION.
VW ine § W EEs

HAUSDORFF MAXIMALITY PRINCIPLE

Let (A, <) represent a partially ordered set and let S represent the set of all
totally ordered subsets of A partially ordered by inclusion (S, C). Then (S, ©)
has a maximal element.

We shall use the reductio ad absurdum method.
Assume that S has no maximal element. Then, for every element s, s € S,
we can find a non-empty set

P={ss€S:sCs’,s=s'}. (1)

Elements s and s~

of § are themseives ordered sets.
nf ~rhn
1A

Tha in ira onarantaac tha avictanra nf a fiinctinn £ Aafinad An
lll\r aAlUlll Ul. Lr IV sualaut\;\ao Lllvwv vAlLoWVIIVLV VUl a Lull\atl\lll" Uwilllwvil ULl
{P: s € S} and such that
i\ p [AY
J\& ) =4 \«J
Hence we can define a function
g:S—S 3)
such that
g(s) = fiP). 4

Note that since g(s) = f(P), we have
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s C g(s) =fP), g(s)=s ©)

because f(P) € P.

By applying Theorem 1 of Problem 7-30 [set (S, C) and function g
satisfy the hypotheses of the theorem], we conclude that an element g € §
exists, such that

8@ =q (6)
hich fiction] cor alls €S
sCgs) (s#8(%): 7

We showed that
(Axiom of Choice) = (Hausdorff Maximality Principle).

Later we will carry out the proof in the opposite direction.

@ PROBLEM 7-32

Use the Hausdorff maximality principle to prove the following:

I 2 st 11 3 - | 4 A o1 & 4 s i 3 ] I

Let (A, <) represent a partially ordered set and B represent a totally or-
dered subset of A, B C A. Then A has a maximal totally ordered subset C
such that

BCC. 1)

SOLUTION:

Let S represent the set of all totally ordered subsets of A that contain B.
Note that the set (S C) is partially ordered.

~lhnem e e a faes s rrds e € thhn scmm~n~f ~AF tlhancnsncan e 21 A A
Llldllg UIC St uULLuIcC Ui uIe l)l Ul Ul CUICII lll rlUUlClll /‘Jl l]Clle WC
conclude that S has a maximal c!emen. y C, such that

R r

) . U

Show that

(Axiom of Choice) = (Zorn’s Lemma).
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SOLUTION:
ZORN’S LEMMA

<)is a

bound in A, then

nnrha"v ordered set, such that everv chain in A has an un
t’u ANAWiA Ws wVv lJ WwAAGALAL A1l 4 A LAGET w311 utll.l\t

ontams a maxnmal element.

According to the Hausdorff maximality principle, the non-empty par-
tially ordered set (A, <) has a totally ordered subset B C A, which is maximal
with respect to the relation of inclusion. By hypothesis, set B has an upper
bound x € A.

Suppose, on the contrary, that an element y € A exists, such that

Xsy.

Then B U {y} is a totally ordered subset of A that contains B

BCBU {y}
where B is the maximal totally ordered subset of A. Hence
BU {y}=B
and
ysx.

Thus, x is a maximal element of (A, =).
That completes the proof of

(Hausdorff Maximality Principle) = (Zorn’s Lemma).
From Problem 7-31, we obtain

(Axiom of Choice) = (Hausdorff Maximality Principle) =>

=> (Zorn's Lemma).

® PROBLEM 7-34

e —— |
I Prove that if set J of subsets of X has finite character, then (J, C) has a I

I maximai eiement. I

SOLUTION:
DEFINITION OF FINITE CHARACTER

Set J of subsets of X has finite character, provided that A € J, if and only
if every finite subset of A belongs to J.
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SetJ is partially ordered by inclusion (J, C).
Let #/ denote a chain in (J, C). We shall show that # has an upper bound
B= U H
Hex
Let {x,, x,, ..., x,} denote any finite subset of B,

{xl,xz, ,x..} C U H.

Hex
Then
x,€ H,for some H,€ H
1=1,2, ..., n.

Set #{ is a chain, therefore H € # exists, such thatforall/=1,2,...,n

H,CH.
Hence
Y. Y- y \ (C
iy vy Ivn) — AL
and

{xl, X2, ...,x,,} eJ.

Therefore B €J is an upper bound for #.
According to Zorn’s lemma, (J, C) has a maximal element.

® PROBLEM 7-35

Apply Zorn’s lemma to show that every vector space has a basis.

SOLUTION:

Let V denote a vector space, and let S denote the set of all linearly inde-
pendent subsets of vectors in V.

O.-.‘- C can lan mastinl wAarad ey srvnlivasn (C ™\ TE LT ica o nhain 18 /C M\
ICL VD Lall Ul Pal uau_y UIUCICU U_y lllblUBIU \ ’ }. 11 11 1> a Llialll 1 \L’, \—.},
then
heH

is linearly independent. Hence T is an upper bound for H, T € S.
According to Zorn’s lemma, set (S, C) has a maximal element. It can be
easily shown that this element forms a basis for V.
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® PROBLEM 7-36

SOLUTION:
Let K denote a ring and let 1 € K denote the identity.

S ¢ all deals of K is partially ordered by inclusion, (4, C). I

(H, ©) denote a chain in (4, C). Then

L)
11
_ ) hEH
is a proper ideal of K.
Indeed
1€ U h
hEH
Hence U 4 € 4 is an upper bound of H.
hEH
According to Zorn’s lemma, we conclude that (4, C) has a maximal ele-
ment. Hence, ring K with an identity has a proper maxnmal ideal.

SOLUTION:
KURATOWSKI’S LEMMA
Each chain in a partially ordered set (X, <) is included in a maximal chain

oy

Let (X, <) denote a partially ordered set and 4 a given chain in X. Let
represent a set of all chains in X which include &, h € H. Set H is ordered by

inclusion (H, C). Let a non-empty set F = ¢ represent an inclusion chain of
elements of H; then
F \r— T 1\
Vi1, \1}

Suppose a, b € U ¥, then for some A, BE ¥
aCAErF

bEBE. )
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Since A and B are members of ¥, we must have
ACB or BC A. (3)

Hence

ﬂ(;\ nr k(ﬂ
U a v vi UV -

because U 7 is a chain. We have
hCACUFEH

VaomS
N
N

Set # has an upper bound in H.
Theref i Zorn’s | H imal el

Chain h is included in a maximal element.
One can prove that

(Kuratowski’

® PROBLEM 7-38

Show that the set of natural numbers (N, <) is well ordered when s is I

l understood in the usual sense. I

SOLUTION:
DEFINITION OF A WELL ORDERED SET

A totally ordered set (A, <) is a well ordered set iff every non-empty
subset B of A contains a minimal element; that is, if

v 3 "
$=BCA bEB xEB

s caiied the ieast eiement of B and reiation =< is calied a weli or-

b=sx

The set of natural numbers N is well ordered because every non-empty
subset of N contains the least element.
On the other hand the set of rational numbers with the ordinary “less

~AFf D (f~ne nv

nnnnnnnnn 177 o walas: o At sxrall nwdacad Nt all criilaanta D gy
UdLIS UL IV 1Vl LA

¢l o = sy
l!ldll (9} Cl.lual S 1Ciauodil 1S 1ot Wil Oracrca. ixOu ain Su

ample, {-1, -2, ...}, contain the least element.

® PROBLEM 7-39

Show that the set Q of rational numbers can be well ordered.
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SOLUTION:

Set (N, <) is well ordered. Set QO is denumerable, hence a bijection

f:Q0—N (1)
J X \*/
exists.
Relation = on Q can be introduced in the following manner:
V asb\ _ ( f(a)sf(b)
{abpeQ ] <> \f(a).f(b) ENJ

Now, since N is well ordered, so is Q.

In this proof, Q can be replaced by any denumerable set.

® PROBLEM 7-40

I Let (X, T) denote a totally ordered set and Y C X. Prove that a is the I
I minimum element of Y, if and only if I
| Im(T N ({a} xY)) =Y. |
SOLUTION:
Lety €7, then

y € Im(T N ({a} x Y)). )
Hence

x)ET N({a} xY) 3)

for some x € X if (a, y) € T. Furthermore
(x v\F(Tﬂ({g X ):Y

\"™ JJ — \~ ) A

~
>
e

(@y)€T

for all y € Y and if and only if g is the minimum element of Y.
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® PROBLEM 7-41

WELL ORDERING PRINCIPLE I

Every set can be well ordered.

Prove

SOLUTION:

Let A represent any set and A a family of all well ordered sets (Ag, =)
whinh aea ciihonta ~f A Qat A nan ko mostiolly nedacad by tha calatiaae ~ I
WIiiCIl ar€ SUUSCIS 01 A. OCL A Cail 0C paluau_y vluvicu Uy LI vlativil g Uc-
fined by

(A < ) ~/A_ 2.\ /1)
(A1, S1) <(A 52) €Y/
iff
1. A;C A, and

2. x, yEA;and x s, yimply x <, y, and
3. xEA,-A, impliesy =, x for all y EA,. Set (A,< ) is partially ordered.

Now, let B represent a totally ordered subset of A. To apply Zorn’s
lemma, we have to show that B has an upper bound. Consider { U A,s*)
where =* is defined by: =

x <* v iff both x v belone to some (A, <)
JoAas TR Sy ) VRAVAIE PV SVRLS 20 =0/
and (Ag, sg) EB,andx sy
It is easy to verify that <* is a total order relationon U A . Furthermore,
we will show that ACE
( U A<*) (2)
\aer ] A
_____ m . __1___. 1
1> wWell Oracica
Let
¢=CC UA, 3)
- AEF
then (Ao, s¢) € B exists, such that
AO NC = q)
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Set (Ag, o) is well ordered, so Ay N C contains the unique least element of
AO N C denoted by ap.

Tne nemss ~~ O Y [ A o\ f—’:) Avriota aiz~le tleas
rol dlly AT, \ﬂl, 51) T D CXDDdL, dULl tliat
(Ap, <o) = (A1, =1) (%)
and gy, x €EA,.

We have gg < x and ag <* x. Hence qy is the least element for (C, s¥).
Thus (U A,s*) is well ordered.
B 7

\AED

According to Zorn’s lemma, (A, <) has a maximal element (4, ;). We

- will show thatA =4,.
Indeed, suppose A = A; then y €A — A, and relation <; on A; can be ex-
tendedto A; U {y} by

x=< yforallx EA,.

/A N M A L £ N 72N
A, =1)) s\ Y Vs s )

But (A, =) is a maximal element, hence, a contradiction.

® PROBLEM 7-42

Prove that

(Well Ordering Principle) = (Axiom of Choice).

SOLUTION:

Let 4 represent a non-empty family of non-empty sets. According to the
well ordering principle (see Problem 7-41) a total order relation < exists,

such that

( UA,s)

ACCa
ATA

7~~~
[N
Nawe”’

1c o wall ardarad cat
I a vwiuill UilUuLlivu duvt.

can define function f

f:a—- UA 2
A€
by
f(A) = least element of A. 3)

Function f is the choice function of the axiom of choice.
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® PROBLEM 7-43

The axiom of choice

|
|1
|

Hausdorff maximality principle

Zorn’s lemma

There is nothing left to prove. We will merely summarize the results of
this chapter
In Problem 7-31, we showed that
\mlUlll Vi \/llUl\/\-f} - \xnauouxu 11 lviaAllllalitl 1 llll\all}l\v}.
In Problem 7-33 we proved

(Hausdorff Maximality Principle) = (Zorn’s Lemma).
In Problem 7-41 we proved
(Zorn’s Lemma) = (Well Ordering Principle).
To make the circle complete, we proved in Problem 7-42
(Well Ordering Principle) = (Axiom of Choice).

Hence

For Kuratowski’s lemma, see Problem 7-37.

Note that all these propositions are purely existential. They state the fact
that “something” exists but do not offer the means of finding “it.” For ex-
ample, the well ordering principle states that the set of real numbers can be
well ordered. So far it is not known how the set of real numbers can be well
ordered.
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® PROBLEM 7-44

- DEFINITION OF A SEGMENT

A segment of a totally ordered set (A, <) is a subset S of A such that, if

xES,andyE€EA,andy < x,

then y € S. A proper segment of A is a segment which is a proper subset of

numbers.
Each set of the form

{1}, {1, 2}, {1,2,3}, {1,2,3,4}, ...

Also the set of natural numbers is a segment.

® PROBLEM 7-45

Show that any union or intersection of segments is a segment.

SOLUTION:

Let (A, <) represent a totally ordered set, and let ¥ represent a family of
segments of A.
Suppose
x€ US
ser 1)
and y € A where
vey (N
)’ - Ao \‘-}

Element x belongs to some segment, say Sy of A, x € S,. Since Sy is a
segment and x € Sy, y EA, y s x, we have

y €3S,. 3)

Hence,
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yeUJs 4)

ser
and U S is a segment of A.

ser

Suppose

xE€ENS
ser ©)

and y €A, and y s x. Then for every S € ¥, x € S and since S is a segment,
v $
yES.

Hence, y € N S.

sSer

Therefore, (1 S is a segment.
ser

® PROBLEM 7-46
in segments. I

A,={a €A :a<x}. €))

We use a < x to indicate a < x and a = x.

SOLUTION:

1. Let S represent a segment of A and P represent a segment of S. Suppose
xE€Pandy €A, and

v<x
y=x

~~
N
N

Since x belongs to the segment S, we have
y E€S.

Now from x € P, y € S and y =< x we conclude that y € P because P is a seg-
ment of S. Thus, P is a segment of A.

2. Let S represent a segment of A, such that S = A. Then set A — S is non-
empty. This set has a least element, which we will denote by x.
Thus, as can be easily verified

A,=S where A, ={a€EA:a<x} (3)

214



® PROBLEM 7-47

1. any union of elements of ¥ belongs to 7.

2. ifA,€7F,thenA, U {x} € 7,
A, ={a EA:a<x}

SOLUTION:
Suppose x € A exists, such that A, & ¥. Then, non-empty set
B={x€EA: A, &F}CA (1)
has a least element b, because (A, <) is well ordered. We have
bEB and A, & 7. 2
IfyEAandy < b, then
y & Band hence A, & 7.
By number 1, of the hypothesis,
o B E7 ©)
An element a € A exists (see Problem 7-46), such that
yL<JbAy =A€7 ®)

hence a < b and

-t
[72)
E)
o
(o]
m
3
~~
un
-

Thus

a<c<b and

a€EA. CUA, =A4,.
y<b 7 ¢

~~
N’

Buta € A,, hence a contradiction. Thus
forallx €A, A, E7. (7
Now, we shall prove that A € . Indeed

UAE¥7F )
x€EA
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then everything is all right. Suppose

A< L] A 1N\
AL = N/ l_lx- \LU}
XEA
Then y € A exists, such that
U A, = Ay. (11)
XEA
Furthermore
AU {rer. (12)
Then
xsy forall x€A.
Thus
A LJIWVeET (13)
a By M wr =Y \+)

Prove the following important principle:

PRINCIPLE OF TRANSFINITE INDUCTION

Let (A, <) denote a well ordered set and let p(x) represent a sentence for

each x € A.

If, foreachx €A,

(p(y) =1 forevery y<x) = (p(x)=1) 1)

I then for every x €A, p(x) = 1. I
i Note that p(x) = 1 denotes that the sentence p(x) is true and p(x) = 0 de i

n that the sentence p(x) is false

Suppose x € A exists, such that

px) =0. 2)
Let B denote a non-empty subset of A, such that
B={xEA:p(x)=0}, 3)
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and let b denote the least element of B. Remember that (A, <) is well ordered.
Since b € B, p(b) = 0. Suppose y € A, such that y < b; then y € B and p(y)
- .. « L
{w]

Frw axroessy
CIoreveiy y < o

PO)=1. @
From (1) and (4), we conclude that
p(b)=1
which 1s a contradiction.
Thus
px) =1 ()
forevery x EA.

I |
I THEOREM i
I Let (A, <) and (A, sg) denote well ordered sets. If f: A — Ay is increas- I

ing, f(A) is a segment of Ag and F : A — A is strictly increasing, then

forallx €A, f(x) sq F(x). (1)

SOLUTION:

We shall start with

DEFINITION OF INCREASING FUNCTION

Let (A, s) and (A, s) denote well ordered sets. A function f: A — Ay is
increasing iff

(asb\ __{ f(a) =,f(b) \
\a,b €EA) " \f(a),f(b) EA )

Function f: A — A is strictly increasing iff

(a<b):( f(a) < f(b) )
a,b €A f(a), f(b)EAy)
Let p(x) represent the sentence

fx) =0 F(x).
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Suppose an element a € A exists, such that for all x < a, p(x) = 1 but p(a) =
0. Thatis, for all x < a,

f)=oF(x) and  F(a) < fla). )

Function fis increasing and F is strictly increasing, thus for all x < a and for all
asy

f(x) so F(x) <o F(a) <o fla) <o Ay). 3)

Hence

F(a)<o fla) and F(a) & flA),

which is a contradiction because f(A) is a segment of A,. Hence, for each
xXEA

if f(y) <o F(y) forally < x, then f(x) sq F(x).

Now we can apply the principle of transfinite induction:

|

v

far all
11Ul dil X

Na¥
m

A
1.

A

JW) =04\
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® PROBLEM 8-1

— SOLUTION:

DEFINITION OF ORDER ISOMORPHISM

Two well ordered sets (A, <) and (B, sg) are order isomorphic if a bijec-
tion f: A — B exists, such that

{al,a tA‘

u = (f(a,) s, f(a,)). o~
\ a,sa, ) 1 v < (4)

Function f: A — B is called an order isomorphism.
|
Iff+- A 5 Ric an nrdar ien mr\rnh;cm than enic 1. R _s A Indead hath
lll « L3 A7 105 all Viuwvl 105VU11 Ulylllolll, tiivil OV IDJ « DD -~ {1. 111UV, ULl
sets A and B are well ordered. If f is a bijection, then f-! is a bijection. Fur-

thermore, if fhas property (2), so does f~1.
If functions f and g of (1) are bijections, then g o f: A — C is a bijection.
Also if fand g have property (2), then g o f has property (2).

® PROBLEM 8-2

Let (A, s) and (B, sg) represent well ordered sets each consisting of the
same finite number of elements. Show that (A, <) and (B, <) are order- I

I isomorphic. I

SOLUTION

Sets (A, <) and (B, sg) are equivalent, finite, and well ordered. Hence,
their elements can be arranged as follows:

A={oy, ..., 0}

B= {Bl’ BZs teey Bn} (1)

The arrangement «;, o, ..., o, is such that we denote the least element of
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the set A by a;; then we denote the least element of A — {a;} by a,, etc. The
same procedure is repeated for the set B.

Bijection
f:A—B

is defined by
flow) = Br

—fork=1,..,m.
Function fis an order isomorphism because if a; s oy, then o) s floy),
where o, < o, indicates that o, appears after o in the sequence o, ..., o, . We

shall write
(A,s)=(B,sg) or A=B

to indicate that the sets (A, <) and (B, <) are order isomorphic.

- sy -~ o
9 rFRvoLEm 0O0—-9

[
I The set of natural numbers N is well ordered as follows. I
I (N,=s)={1,2,3,4, ...} (1) I
I and as I
N,=s9)=(1,3,5,...,2,4,6, ...}. 2

Show that both sets are not order isomorphic.

SOLUTION:

It is easy to verify that both sets are well ordered. Suppose
f: (N, s) = (N, sg) G)
exists, such that f is order isomorphic. Then, to ensure that

/al,a,,E(N,s)\ P R Py N\
' ‘{15‘12 )=>U(al)s J(a,))

we must have

or in general
f(n)=2n-1. 4)

Function (4) maps set N onto the set of odd numbers. Hence, (3) is not a
bijection.
Thus, (N, <) and (N, sg) are not order isomorphic.
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® PROBLEM 8-4

SOLUTION:

1. To each well ordered set (A, <), an ordinal number denoted by ord(A, =), is

oneo A a a N oroinAg a mbe Nen 19 wWw alda a
C L o

2. ord(A, s) = ord(B, =) iff (A, s) = (B, s()
i.e., iff the sets (A, <) and (B, =) are order isomorphic.

3. ord (4, s)=0 iffA = ¢.

A If (A <\ic a wall arderad
T a1 \Il, a} 19 QA ¥YYwil Viuldwviwvu
e 7 A AN
ord (A, s) = n.
The ordinal number of the set N with the usual 1, 2, 3, ... order is de-
noted by w. Thus
ord(N, s) = w.

A given set can have only one cardinal number, but depending on its
order set, it can have many different ordinal numbers (for example see Problem
8-3).

® PROBLEM 8-5

I Show that if (A, <) is a well ordered set, then the only order isomor- I

I phism of (A, <) onto a segment of (A, <) is the identity function of A l

I onto A. I

SOLUTION:

Suppose, on the contrary, that an order isomorphism exists
f:A—A, (1)

where A, is a segment
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A,={xEA:x<a} 2

then fla) €E A, and f(a) < a.
Let
B={x€A:f(x) <x}=¢ (3)
and let b denote the least element of B. Then, since b € B

fib)<b “4)

hence f(b) € B, which is a contradiction because f(b) < b and b is the least el-
ement of B. We conclude that a well ordered set cannot be order isomorphic

to any of its proper segments. Now, suppose
fiA—=A 5)
is order isomorphism.

Both functions f and the identity function 1, : A — A are strictly increas-
ing. Hence,

14(x) = fix) = 1a(x) (6)
forallx €A and f= 1,.

Let o and  denote two ordinal numbers. Show that the relation a < 8
(auis less than or equal to B) is reflexive and transitive.

SOLUTION:
We shall begin with the following:

DEFINITION
Let a and B denote ordinal numbers and let (A, <) and (B, s() denote well
ordered sets, such that
o =ord(A, s), B =ord(B, ). (1)

Number a is less than or equal to § we denote it by a < B, if and only if (4, <)
is order isomorphic to a segment of (B, s). If a < and o = 3, then we write
a<p.
|
Relation is reflexive if for every ordinal number o, o < a. Let (A, <) rep-
resent a well ordered set, such that

a = ord(A, ). 2
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Set A is a segment of (A, <). Identity function on A is an order isomorphism.
Hence, a < a.
To prove that relation s is transitive, we must show that
numbers
fri =P N . A\ (e <« ) {
(asp,p=p)=(asp). {
Three well ordered sets exist, such that

If (A, s) is order isomorphic to a segment of (B, =) and (B, =,) is order iso-

moronic {0 4 2oment o A Nen A S Orae OMmMoronic t0-a seomen

® PROBLEM 8-7

I Show that the relation = for the ordinal numbers is a partial order II

relation.

Al II'TIAAN,
VWS I IWVIN.

A partial order relation is reflexive, transitive, and antisymmetric. We
proved in Problem 8-5, that = is reflexive and transitive. Now, we shall prove

THEOREM
a, B are ordinal numbers
( )= @-p.
asfBfrPfsa
)
|
Let (A, <) and (B, =) represent well ordered sets, such that
a =ord(A, <), B =ord(B =). (2)
Qincra v « R and R « v twn nrdar icnmanrnhicmce avict cnich that
WV W a IJ allu IJ == WAy LYYWU Vilvi lOUlllUlylllDlllD UAIOI., JuULil tiian
f:A—B, g:B—4, G)
where A, and B, are segments of A and B respectively. Function
h:A—A, 4
defined by
h(x) = g(f(x)), forallx €A %)

is an order isomorphism of A to a segment A, of A,. Since A, is a segment of
A, soisA.. By Problem 8-5,A, = A.
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Thus, A, = A and since g is the order isomorphism g : B — A, we con-
clude that

a=p. (6)

® PROBLEM 8-8

In Problem 8-3 we proved that

ord(N, <) = ord(N, =)

where
(N,=)={1,2,3,4, ...}

(N, s9)={1,3,5,...,2,4,6, ...}. (2)
I Show that I
I ArdlN =\ - ArdAlN -\ 12\ I
I Oilayy, s5) < OfGyy, 5¢). \J) I

Consider the function
f(n)=2n-1

f: (N, s) = (N, o). 4)
Let A denote the segment of (N, =)
A={1,3,57, ..}
Function f(n) =2n -1
fi(N,s)—=A ®)

is a bijection, which preserves order. Thus, f defined by (5) is an order iso-
morphism. Therefore,

ord(N, <) s ord(N, =g). (6)
From (6) and (1), we obtain
ord(N, <) < ord(¥, ). @)
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® PROBLEM 8-9

SOLUTION:

In Problem 8-7 we proved that relation =< is reflexive, transitive, and

We shall quote the following without a proof.

THEOREM
For any two cardinal numbers a and B, either
asf or Bsa.
=
Thus, for any two ordinal numbers, their order is determined.
We conclude that < is a total order and ordinal numbers are totally

ordered.
The above resuits can be summarized in the following theorem.

THEOREM

If a and B are ordinal numbers, then one and only one of the following is
true:

1. a<fp

2. a=p

3. B<a.

® PROBLEM 8-10

a o

A is order isomorphic

d(A, d(B, '
(ord(A,s) < ord(B,s¢)) < (to a proper segment of B)

SOLUTION:

<= If A is order isomorphic to a segment of B, then
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ord(A, <) s ord(B, sg). (1)

But A is order isomorphic to a proper segment of B. From (1) and the theo-
rem of Problem 8-5, we conclude that

ord(A, <) < ord(B, =) (2)

= Condition (2) can be written as

ord(A, =) s ord(B, =) 3)

and

ord(A, <) = ord(B, =). 4)

From (3), we conclude that A must be order isomorphic to a segment of B;
and from (4) and theorem of Problem 8-5, we conclude that A is order iso-
morphic to a proper segment of B.

® PROBLEM 8-11

ord {k,k+1,k+2,..} =ord {1,2, ... } (1)

where k is any natural number.

SOLUTION:
Let us define function
f:{1,2,3,...}={kk+1,k+2, ...} 2)
bv
J
L — 22 L1 fAar 22—1 9 7 12\
JWj=invK—1 101 i=1,2,9... W)
Function fis a bijection and such that if n, < n, where n;, n, € {1, 2,3, ...},
e
uicil

f(ny) s f(ny) where f(ny), flny) € {k, k+1, ...}.
Thus, fis an order isomorphism and
{k,k+1L,k+2,...}={1,2,3,4, ... } 4)
which proves (1).
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® PROBLEM 8-12

I rrove tnat I
I ord {1,2,3, ...} <ord {k, k+1,k+2,...,1,2,3, ..., k— 1}. (1) I
1
SOLUTION:

In other words, we have to prove that {1, 2, 3, ...} is order isomorphic to
a proper segmentof {k, k + 1, ...,1,2,3, ..., k—1}.

The subset
{kk+1,k+2 ..} (2

is a proper segment of

X~
|
[y
—
o~
78
N’

That completes proof of (1).

® PROBLEM 8-13

What is the smallest transfinite ordinal number?

SOLUTION:

The ordinal number of the set consisting of # elements is n, assuming the
set is well ordered. The infinite set with the lowest cardinal number is the set
of natural numbers or any set equivalent to it.

A ocivan cat hac anlu Ana rardinal nitrmhar hiit a gcat mav hava Aiffarant
‘e N slV\vll ol liao Ulll] Viiv vaiuliial 11ullivvli, UutL a dwvi llia HHave ulliviuviit
ordinal numbers under distinct well orderings. The ordinal number of the set

of natural numbers ordered as
{1,2,3,4,...}

o = ord (N, s).

Any other ordering of N leads to the same or larger ordinal number. See, for
example, Problem 8-12.
Hence, the smallest transfinite ordinal number is w.
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® PROBLEM 8-14

l of the two finite ordinal numbers 3 and 4. l

~ SOLUTION:
DEFINITION OF SUM

The ordinal sum a + f of ordinal numbers a and  is the ordinal number
of the set (A U B, <"), where (A, <) and (B, s;) are disjoint well ordered sets,
such that

a =ord(A4, s) and B =ord(B, ).

Relation <” is defined by

1. Ifa, b€ A (or a, b € B), then we write a s” b iff a < b (or a s¢ b).

o] 'Fn A and hC R wwo writo 7 <" h
et a AL U o L} GIIUUMU, YYW VYVIILLV U o Uv.
|
Since
3 =ord{l, 2, 3}
and
4=ord {4,5,6, 7}
we have

3+4=o0rd{1,2,3,4,56,7 =7.

® PROBLEM 8-15

—
Consider the definition of the sum of ordinal numbers given in Problem I

I 8-14. Explain why the sets I
(AUB,s)and (BUA, =)

should be considered distinct.

SOLUTION:

To find the sum of ordinal numbers a and B, we take two well ordered
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disjoint sets A and B, such that
a =ord(4, s), P =ord(B, sg).
If the sets are not disjoint we can replace them by A x {x} and B x {y}. Then

nd B=Bxiyl

a
QliNg u’—ul\ljjn

1A1 =1A1 x {x}
~ s

In the next step, we form the sum of the sets A and B and define well order-
ing, (A U B, <”), such that:

ifa € A and bEB, wewritea s”b.

H ] ~ Ais | | ] b € B. While. for tl
(BUA, <), any element b € B is less than any elementa €A, b <" a.
To avoid this whole problem, one can use different notation, such

as (AU B, <') meaning “A is less than B.” Then
B
AUB,<s')=(BUA, <)
( 5 =

® PROBLEM 8-16

—

I Let k = 0 denote any finite ordinal number. Show that I
k+w=w 1) I
W+ k= . )
SOLUTION:
We have
k=ord {1,2,...,k} (3)
w=ord{k+1,k+2,...} 4)
(see Problem 8-11.) Thus,
L ey —nnrdf1 9D L L a1 1 — 7n {5\
KT = U4y 1, 4, s K KT 1, = V)

Similarly, we obtain
w+k=ord{k+ 1,k+2,...,1,2,3, ...} >0 (6)
(see Problem 8-12.) Thus,
o+ k= . (7

In general, addition of ordinal numbers is not communicative.
It is rather amazing that

W+ k=k+ . 8)
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® PROBLEM 8-17

~b £ A1 .\ LA .\ /D e N\ ae A D . '\ wnemmncAamd rzra 11 needAawnd
I Let (Al, 59), (A, ), (D), 507), ana (D, 5, ) represent weil oracrea I
sets, such that

Prove that

(A1 UBy, =1*) = (A, U By, ,%).

SOLUTION:
Since A; = A, and B, = B,, we have: bijection f: A; — A, exists, such that
(a1 5, a3) = (lay) <, f(ay)) 3)
and bijection g : B; — B, exists, such that
(b1 51" by) = (g(b1) =2” g(b2)). 4
Functions f and g are order isomorphisms. We define
F:A\UB,—=A,UB, 5)
» . {f(x) if x €4
8(x) if x EB. ©)

Remember that A; N By, = A, N B, = ¢. It is easy to verify that F is a bijec-
tion. We define well orderings =<;* and =,* according to the definition of
Problem 8-14.

X1, % €Ay, f(xy) = F(x;) |

/ f(x) = F(x;)
/Ol‘ l

N\
X, X, €By, g(x,) = F(x,) F(x,) s, F(x,)
N or ) g(x)=F(x))

AN

S (M
\ x; €A, x, €EB,
F(x;) = f(x) €A, /
F(x,) = g(x;) €B,
Thus, F defined in (4) and (5) is an order isomorphism and
(A1 U By, 51%) = (A, U By, 557). (8)
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® PROBLEM 8-18

Denera ) Iy Aediennl Srreve 2o oo Aminbivras \ iy sa Frae nm naedrieanla A n
I riouve tll't VUlUulilial >SUlll Id dDDUUlathC, tuat lb, 101 dly Oldlliald u., IJ, I
and o
I ) I
fma + RN + A~ — o 2+ £ . AN\ 71\
~ SOLUTION:
[ ]

It is possible to find three pair-wise disjoint sets A, B, and C, such that

a = ord(4, s;)

B =ord(B, =,)

B+p=ord(BUC, =,%) 4

where well ordering <, * means “A is less than B” and well ordering =<,* means
“B is less than C.” We obtain

(a+B)+p=o0rdA UBU C, s3%)

a+(P+p)=ordA UBUC, s4™) )]

but s;* and <,;* are exactly the same orders; i.e., “A is less than B” and “B is
less than C.” Thus,

(@+B)+p=a+(B+p)=a+P+p=
=ordA UB U C, s*). (6)
If xi,x, €A, we write x; <* x, iff x; <; x,.
If xi,x, €B, we write x; s* x, iff x| <; x,.
If xy,x, €C, we write x; <* x, iff x; <5 x,.

We write x; s* x, if x, EAandx, EBU C, orif x; EB and x, € C.
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® PROBLEM 8-19

B<p)=(a+B<a+p) (1)|
for any ordinal numbers a, B, and p.
|

~ SOLUTION:
Let (A, s), (B, s1), and (C, =,) represent well ordered sets, such that
a = ord(A, s)
B =ord(B, =)
p=ord(C, =) )
nnr‘
aliu
ANB=¢
ANC=¢. (3)
Since R « 0 the cat (R <.\ 1c aorder icomaornhic to come ceoment of (C <.\
Willvw '.l ) r.l, Vilw JUwh \U, al} A0 Viiwil IUUAIAUIHIII\/ LV JOViilw Dvblllvlll AV SN \\/’ -ﬂz},
which we will denote by C,. Hence

f:B—C, 4)

We form the sets (A U B, s,*) and (A U C, s,*) with the orders defined in
Problem 8-14. Then

F:AUB—AUC, )
where
) (x ifx€EA
F(x) = 1
|f(x) if xEB ©6)
1c an nrder icomornhiem tn 1} R onto a nroner ceaoment L) C. of \ ) C
J il Viviwl luvlll\llylllolll AV Ve Y o/ A7 VIIVU @ l.ll.\.ll.l\fl. Dv&lllvl‘l A A \./t A 4 A Nr o
Therefore
g +BR c0x+nn (N
e r’ I T V) r.’l \ I /

® PROBLEM 8-20

Prove that for any ordinal numbers a, f3, and p

(a+B=a+p)=(pf=p)
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SOLUTION:

r.a.a. (reductio ad absurdum)
Suppose ordinal numbers exist, such that

a+P=a+p and @ =p.

When R =P, then either R <O0O0rn< R

............. porp
Suppose B <p. From Problem 8- 19 we have
B<p)=(a+P<a+p), v

which is a contradiction.

Rule (1) is called left cancellation. In Problem 8-21, we will show that
right cancellation is not true for ordinal numbers.

® PROBLEM 8-21

Give a counter-example to show that the right cancellation rule is not I

I true for ordinal numbers. I

SOLUTION:

We have to find three ordinal numbers, such that

B+a=p+a and B =p.
In Problem 8-16, we proved

n+w= . (1)
Hence,

l+to=w
and

2+w=w. (2
We obtain

l+w=2+w but 1=2.

® PROBLEM 8-22

Prove that for any ordinal numbers a, 8, and p

B<p=P+asp+0a).
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SOLUTION:

Let (A, s), (B, =), and (C, =) represent well ordered sets, such that

is an order isomorphism.
We shall use the reductio ad absurdum method.

Suppose that

R+a>So+a (5)
LA -
| & JR YL A S B S L e . 111 AN O
acnce, ¢ U A 1S Oorder 15omoripnic to SOme proper SCgment ( A) Ol

BUA. Hence,
_ LA - DIt AN LN\
g.bUfl‘_’D\Jﬂ) \U}

is order-isomorphic, which leads to contradiction.

® PROBLEM 8-23

Show that relation = cannot be replaced by < in Problem 8-22.

SOLUTION:
We have to find three ordinal numbers a, 3, and p, such that
B<p (1)
and
Reagg<coarg (N
A A e \=
We shall use the heipful formuia,
k+w=ow. 3)

Let us substitute f = 1, p = 2, and o = w to obtain

1<2 and l1l+w=w=2+o. 4)

Hence, (2) is not true.
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® PROBLEM 8-24

SOLUTION:

It is easy to show that for any ordinal number a,

a+0=0+a=aqa. )

Substituting f = 0 and p = 1 in equation (1) of Problem 8-22, we obtain
O<1)= (a+0<a+1). 3)
From (2) and (3), we conclude that for any ordinal number a,

a<a+l. 4

® PROBLEM 8-25

SOLUTION:

Suppose, on the contrary, that the greatest ordinal number exists, and
denote it by 6. From Problem 8-24, we know that for any ordinal number

a<o+l.

Hence,
0<d+1.

Therefore, & + 1 is an ordinal number which is larger than d.
Contradiction. Conclusion: the greatest ordinal number does not exist.

Let o and  denote ordinal numbers, such that a < 8. Prove that a unique
ordinal number p exists, such that

a+p=p. )
Number p is sometimes denoted by (- o) + p.
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SOLUTION:

First we shall show that if p exists, then it is unique.
Suppose, on the contrary, that p and p~ exist, such that

a+p=p and a+p =p. 2)

Then
a+p=a+p’ 3)

and
p=p". 4

If a = B, then p = 0. Suppose a < f; then sets A, B, B, exist, such that
ANB=¢and

a =ord(4, s), B=ord(B, =)

and an order isomorphism exists

f-A— B,
J 14
where B, is a proper segment of B.
Let
p =ord(B - B, <;) (5)
Then
a+p=P (6)
where o +y = ord(A U (B - B)), s*).
Order isomorphism can be defined as follows:
f(x) if xeA
F(x) = ) 7
*x) {x if x€B- B, ()

I Prove that for any ordinal numbers a, B, and p I
I (6 < |
IJ ~

I P <P)O+p<a+p) \1) I

SOLUTION:

= Demonstrated in Problem 8-19.

< Since a + B < a + p, an ordinal number & exists, such that (see Problem
8-26)
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oa+p+d=a+p. 2
By applying left cancellation, we obtain
B+o=p

B<p €

A={a b cd}

and
B={1,2,3} (2)

I represent well ordered sets with orderings defined by:

forA asbscsd

and forB 1s2s<3.

Find any well ordering of the Cartesian product of A and B.

SOLUTION:

Let us denote the sets by
(A, s) and (B, ;).

(a, b) s* (¢, d) 3)
where a, c € A and (b, d) €EB.
The elements of A x B can be well ordered as follows:

(a, 1) s*(a, 2)s*(a, 3) s* (b 1)s* (b 2) s*
<*(b,3)s*(1)s*(c,2)s*(¢,3)s*(d 1) s*
s* (d, 2) s* (d, 3).

It is obvious that the set (A x B, s*) is well ordered.
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There are many ways (exactly 12!) of well ordering the set A x B. We have
just chosen one possibility.

® PROBLEM 8-29

I A N ) . |
Let (A, =) and (B, s,) denote well ordered sets. Define the lexicographic
(dictionary type) ordering of A x B.

— SOLUTION:

We construct the Cartesian product of the sets A and B. The lexicographic
ordering is defined as follows:

a<c
(a,b) s *(c,d) iff & or
\a=cand b=, d
where a,cEA b,dEB. 1)

If both sets (A, <) and (B, =;) are well ordered, then (A x B, <*) is a well
ordered set.

In a similar manner, we can impose the iexicographic ordering on the
Cartesian product of n well ordered sets (4, 1), (A3, S;), .., (A,, S,)-

X1 <1 N

x =y and X, < y,
(X1, %25.0. %) < *(V1ye .05 V) Iff xy=y and x, =y, and x; <3 y;
x,=y, and ...x,_ =y, and x, <, y,

where X1, Y1 EAI, X2, V2 €A2; ey Xy Y EA"

I Prove the following: I

THEOREM

If (A, =) and (B, =) are well ordered sets, then the set (A x B, s*) where
<* is the lexicographic ordering is a well ordered set.

239



SOLUTION:

Since both sets A and B are totally ordered for any two pairs (a,b) €
A x B and (¢, d) € A x B, we have either (a, b) <* (¢, d) or (¢, d) <* (a, b).
The set (A x B, <*) is totally ordered.

To show that (A x B, <*) is well ordered, we must show that every subset
¢ = T C A x B contains the least element. Consider the following projection

pa(T) = {x€ A : for some b € B, (x, b) €ET}. (1)

The set p4(7T) is a non-empty subset of a well ordered set (A, <). Hence, it
contains the least element; i.e., t;. By the same token,

pe(T)={yEB:forsomea €A, (a, y) ET}

contains the least element; i.e., t,. The element (¢, ;) € T is the least element

of T.
Therefore, (A x B, <*) is a well ordered set.

Prove the following:

such that
(A1, =1) = (A2, =) (1)
and
(B1, 51) = (B2, =2) )
then
(A; x By, =1*) = (A3 x B;, ,*) 3

where s,* and =,* are lexicographic orderings.

l I
I THEOREM I
l Let (Aq, s1), (A2, =5), (By, s1"), and (B,, =,") denote well ordered sets, !
l I
| I
| I
l I

SOLUTION:

Since A| = A, and B; = B,, order isomorphisms exist, such that
f:A,—A, and g:B,—B,. 4)

We will show that the function
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F:AIXBI —>A2><B2 (5)
defined by
F(x, y) = (f(x), g(y)) for all (x, y) €EA; x B,

an nrder mnmnrnhlcm
QAll Viuiwvil 10oviiiva tl llllllll

Both functions f and g are bijections, thus F is a bijection. To complete
the proof, we must show that
(@bt )= F@ ) Fed) (6

where (a, b), (C, d) EAI X Bl'
If

(a, b) =1* (¢, d) (7

then two possibilities exist:

1. a<; c and hence, fis an order isomorphism
£ 2\ - £\ £O\
J\4) <2 \Y)- \o)
Then
F(a, b) = (f(a), g(b)) =2* (f(c), &(d)) = F(c, d). ®

2. a=candb s,” d. Functions f and g are order isomorphisms. Thus f(a) =
fic) and g(b) ;" g(d), and
F(a, b) = (fla), g(b)) =" (fa), &(d)) = F(c, d). (10)

Thus, (6) is proven and F is an order isomorphism.

® PROBLEM 8-32

Define the ordinai product a 3 of ordinai numbers a and 3, and expiain I

urhu the nrﬂnnal prnr‘]nnt is not nnmmntofnrn

SOLUTION:

DEFINITION

Let o and B denote ordinal numbers, the ordinal product o § is defined
by

af =ord(B xA, <*) ¢))

where (A, <) and (B, s,) are well ordered sets, such that
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a=ord(A,s) P =ord(B, <))
and <* is the lexicographic ordering of B x A.

|
According to the definition above, the product a 3 is different from 3 o. In

® PROBLEM 8-33

I Show that |

i 20 = w2, (1) |
SOLUTION:
Let(N, =)= {1, 2,3, ...} and (B, sy) = {4, b}, so that
ord(NV, s) = w ord(B, s;) =2 (2)
Hence,
2w = ord(N x B, <*) (3)
where <* is the lexicographic ordering.
Let us define the function
f:NxB—=N 4)
f(n,a)=2n-1
f(n, b) = 2n.
It is easy to see that f is an order isomorphism. Thus
20 = . ®)
Now we shall form the set (B x N, s*) with the lexicographic ordering.
ord(B x N, s*) = w2 6)
(BxN,=*)={(a, 1),(a 2), ..., (b, 1), (b, 2), ...} @)
We have
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ord(B x N, s*) = ord(({a} x N) U ({b} xN), =*) =
— Al Y -\ 3 o~ ALY — \
=ora({ay x iv, ;) + Ora({Dy X iv, s5) =

= W+ (8)

=

20 = w2. &)

Prove that for any finite ordinal &

ko = w.

Let (A, ;) denote a well ordered set

(A’ sl) = {ab az, ... ak}
and (N, =) = {1, 2,3, ...}

® = ord(N, =,) )]
Then
kw = ord(N x A, <*) 3)
where <* is the lexicographic ordering. Consider the function
f:NxA—=N 4
defined by
fim,a,)=k(m-1)+n &)

where m is any natural numberandn=1,2, ...,k
Function f, defined by (4) and (5), is one-to-one and onto, hence it is a
bijection.

T camdle e

culcl lllUlC,

_ kf .. ~ \\ {L‘I.. A \ o £ \ PPN
\wpuzl)s (npa)) =\ f(m,a,) s f(ny.a,)). (6)

Function f is order isomorphic. Hence,
kw = w. @)
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® PROBLEM 8-35

I 1. a0 =0a =0 for any ordinal number a. i

2. al =1a = a for any ordinal number a.

3. af=0,if and only if eithera=0o0r f = 0.

SOLUTION:
1. ord(A, s;) =0, if and only if A = ¢. Let

a = ord(B, <,). @)
Then

a0 = ord(A x B, =*) = ord(¢ x B, <*) =

I VY ®*\ _ N
= UIUUP, s ) = uU.

e
()
N

Similarly,
a0 =ord(B x A, s;*) = ord(¢, s;*) =0 3
2. Let
1 =ord({a}, s;) a =ord(B, =,). 4
Then
al =ord({a} x B, s;*) = ord(B, ;) = a. )
Similarly,
la = ord(B x {a}, =,*) = ord(B, ;) = a. (6)

3. We shall prove that
(aB=0)<> (=0 or B=0). (7

<= was proven in part 1 of this problem.

= Suppose aff = 0. But
ord(4, <) =0, if and only if A = ¢.
On the other hand,
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aoff = ord(B x A, s%). (8)

BxA=0o.

Prove the following:

THEOREM

Let a, B, and p denote ordinal numbers, such that 0 < p. Then

(o < B) = (pa < pP). 1)
I m |
SOLUTION:
Let (A, <y), (B, s5), and (C, =3) denote well ordered sets, such that
a =ord(A, =y), B =ord(B, s;), p=ord(C, s;). 2
Since a < B, b € B exists, such that
A =B, 3)

We form the sets (A x C, =;*) and (B x C, =,*) with the lexicographic
orderings. Hence,

AxC, =*)=(BpxC, =) 4)

where =, is ordering inherited from (B x C, s,*). Let ¢ € C denote the least
element of C.
The set By, x C is the segment of B x C

ByxC={(x, ) EBxC:(x,y)s,” (b, c)}. 5)

pa < pp. (6)

® PROBLEM 8-37

Show that, for any ordinal numbers a, 3, and p, such that 0 < p

(pa = pP) = (a = P).
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SOLUTION:

Assume, on the contrary, that the ordinal numbers a, 3, and p exist, such
that p > 0 and pa = pp and o = f.
Suppose a < f.
Then by Probiem 8-36, we obtain
pa < pf (2)
hich i liction.

It should be noted that ordinal multiplication is not right cancellative.
The ordinal numbers a, 3, and 0 < p exist, such that

ap =pp, but a=p.

For example,
20=1w but 1=2.

® PROBLEM 8-38
|
I Prove the following important theorem I

THEOREM
Let a denote any ordinal number. Then the set

{B : P is an ordinal, B < a} 1)

is a well ordered set whose ordinal number is a.

SOLUTION:
Let
ord(A, <) = a. (2)
Then for any ordinal number 3 < a and any well ordered set (B, =), such that
B = ord(B, =;) (3)
H—\ +t R -~ \ 1 r‘ar 1cnmnrnhin A 2 nranoar caaomant A h A Af A Ela
(991 \ a } 1ULVl lDUlllUll}lllU U a lJlUl.IUI. D\aslll\alll nb, U =11y Ul N1. LAV
b A is mquely etermined by the ordinal number B. This defines a
function.
f:{Bp:p<a}—A Q)
defined by
fB)=">b ©)



where

B =ord(B, <;) and A, = B. (6)
Function fis a bijection. Furthermore,

(B < B2) = (fB) = AB)) (7)

U B — V\F1J =2 \")

Hence, f is an order isomorphism and the set {f§ : B < a} is well ordered.

< = =

® PROBLEM 8-39

Prove the following theorem:

>OLUTION:

o

r.a.a. (reductio ad absurdum)

Suppose a set of ordinal numbers A exists which is not well ordered. Then,
at least one subset B C A exists that does not have a least element. Hence, set
B must contain a strictly decreasing infinite sequence of ordinal numbers

B1>B2>P3>Pa ...

This sequence is contained in

ot well ordered because it contains a Sicly

Use the theorem of Problem 8-38 to explain how each ordinal number o

can be identified with the set

{B:P<a}.
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SOLUTION:

Let oo denote an arbitrary ordinal number. Then the set
{p:p<a} (1)

a=ord{f: P <a}. (2)

ordmal number can be regarded asa well ordered set of ordmal numbers We

have
0=¢
1={0}
2={0,1}
3={0,1,2}

4={0,1,2,3}

w={0,1,2,3,...}
w+1={0,1,2,..., w}
w+2={0,1,2,...,0, 0+ 1}
w2={0,1,2,...,0,0+1,...}

w2 +1={0,1,2,..., 0,0+ 1, ..., w2}

® PROBLEM 8-41

SOLUTION:

Suppose a set S of all ordinal numbers exists. By theorem of Problem
8-39, S is a well ordered set. Let s denote the ordinal number of S, then s
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must be an element of S. We have

ord {a €ES: a<s} =ordS;

S =

<ordS =s
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® PROBLEM 9-1
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I FIGURE 2 I

SOLUTION:

Geometry deals with figures and certain properties of figures in Euclid-
ean space. To determine which properties are geometric and which are not,
we shall introduce the notion of geometric equivalence, often called congru-

€nce.

FIGURE 3
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A and B shown in Figure 3 are congruent. The properties which are common
for the congruent class of figures are called geometric properties.

[T
.

rom

From Figure 1, we see that a and d are con

2. The geometric properties of the triangle are:
the number of sides

——the length-of its-sides
the number of angles
——thevalueofitsangles ——m7 — — — — —

the area enclosed by its perimeter.

The properties which are not geometric are:
its color

its orientation with respect to some given axes in the plane.

By using a rigid transformation (also called isometry), show that the
triangles in Figure 1 are congruent.

4)’

B

I FIGURE 1 I

SOLUTION:

There are three fundamental rigid transformations: translation, rotation,
and reflection. Figure 2 shows translation of a point P into P’.
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AA(X-Y)

\

\
<Y

/
p/ a ’J
(%, y)
FIGURE 2
x'=x+a y =y+b 1)
or
*,y)=(y)+(a b) ?

Rotation of a point P about the origin is illustrated in Figure 3. The coordi-
nates of P are (x, y).

T
FIGURE 3
The coordinates of P~ are (x”, y”) where
x'=xcosCT—ysinT y =xsinC+ycosC (3)
Fu | — 1 lo ccnceman & ' ) Py

P e

FIGURE 4
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X'=x y=-y

Now, back to the main problem (Figure 1).
Transformation yields a”. Rotation yields a”* and reflection yields a””,
which is triangle b.

—I\ rotation

\

Thus, triangles a and b are congruent.

® PROBLEM 9-3

Why are rigid transformations isometric?

SOLUTION:

Isometric means preserving the distance.
Consider translation by a vector (g, b). Points A and B become A" and B".

The distance between A and B is

dap = (02 = 1)2 + (2 = 3)? 1)
A N _ B’ (XE(YE)
B (x2. y2) \
\ \
A (x3.¥7)
Alx1,Yyy)
T
FIGURE 1
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while the distance between A” and B’ is

dyp = \/ (2" =x")? + (5’2' N '7)77277 =

[ +@)-Ca+a)f +[02 +6)- 01+ BT =

= \/(xz - x1)2 +(y - yl)2 =dap 2)

Translation preserves the distances. Similarly, rotation preserves the dis-
tances. Consider rotation by angle €. From Problem 9-2, Equation (3), we ob-

tain:

[(x,cosT - y,sin ©) — (x,cosC - ¥, sinC)]2 +

(3)

As for reflection, we can always assume that reflection takes place with
respect to the x axis. Then A

FIGURE 2

[ . 2, . 2 /, 2, N 2
N X=X ) F Yy mY) =4f(-x) +((-Y)-(-Y)) =

]
P
=
[ 8]
|
=
~
+
-~
<
[\S)
|
<
~
~
-’

Conclusion: rigid transformations are isometric.

256



® PROBLEM 9-4

SOLUTION:

Instead of writing
- agiscongruenttoeb 00000000

we shall write

a=b (1)
Note that since
a=a (2)
each geometric figure belongs to some class. Furthermore, if
a=bandb=c,thena=c 3
Also, ifa= b, thenb=a
Congruence is an equivalence relation. It separates the set of figures in

Euclidean space into disjoint equivalence classes. Geometry deals with the
equivalence classes and not with the particular elements of some class. Within
each equivalence (congruence) class, all elements share the same geometric
properties.

Suppose we are given two figures a and b. If we can point out one geo-
metric property which these figures do not have in common, then a and b
belong to two different congruence classes.

It is quite possible that these figures share many other geometric proper-
ties.

® PROBLEM 9-5

Can you give an example (or two) of how to subdivide further each
class?

SOLUTION:

We can take into account the location of figures in the space. For ex-
ample, a class of squares of a certain size can be subdivided according to the
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distance of their centers from the origin of the coordinate system. All the
squares (of the same size) whose centers are located at distance p from the
origin, belong to the same subciass as shown in Figure 1.

i

SN\ 4
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\@ i

N

FIGURE 1
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=
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[7,]
()
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same angles with the line (see Figure 2).

-

4 %

FIGURE 2

Note that triangles a, b, ¢, and d belong to the same subclass, while e does not.
Often, vectors are subdivided into the classes in this manner; that is, vectors

arczal Taw e PGS e cammen ~loceo

Wllll cyudl lCllglll dllU Ul lCllldllUll UClUlls to I.llC DAILIC Llddd.

® PROBLEM 9-6

Remember the geometry described in Problem 9-4. We shall move a
step further and define what might be called geometry of the magnify-
ing glass or similarity geometry. Now, within each equivalence class,
we permit right transformations and proportional magnification or con-
traction.
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I 1. What are the conditions for two rectangles to belong to the same
I equivalence class?

Name a few geometric properties which remain invariant under the

2.
permitted transformatlons
—

SOLUTION:

1. Note that all straight line segments belong to the same equivalence class
in similarity geometry. Also, all squares are equivalent, and all circles are

equivalent. Obviously, area is no longer an invariant.
The rectangles with the same ratio of side lengths are equivalent.

(#]

FIGURE 1
Rectangles of Figure 1 are equivalent, if and only if %/, =9, .

2. The values of angles remain the same under the new transformations.
Also, straight line segments continue to be straight line segments. In similar-
ity geometry, the overall shape of the figures is preserved. Certain congru-
ence classes of ordinary geometry have been combined to form equivalence
classes of similarity geometry (see Figure 2).

circles with different radii

belong to ditferent

congruence classes /

KK )/ /]
\ e/ / //

C/

/o [O) O/

in simitarity geometry, all
circles belong to one class

FIGURE 2
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® PROBLEM 9-7

ae— bd = 0.

Show that in affine geometry the lines which were originally parallel,
remain parallel although the angles are not invariant.

SOLUTION:

We denote the coordinates of the points A, B, C, and D by (xy, y1), (X2, 2), (3,
¥3), and (x4, y4). Since the lines are parallel, we have

Yo=Y, Ya—Ys .

- = - . \"
x2 xl x4 )C3

Under transformation (2), the points A, B, C, D are transformed to A”, B”, C’,
and D’ to correspond with coordinates

A" (ax; + by, +c,dxy+ey  +f)=(x1", 1)

B’ (ax;+ by, +c,dx + ey, +f)=(x", y2")
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C” (axs+bys+c,dxs+ey;+f)=(x3",y3)

D’ (av, Lt hy, L Adv. L ou. L fY=(x." v, S\
L ax4+0y4+C,ax4+€y4+j)=Xa,Y4 ) )
To show that the lines A°B” and C’D" are paraliel, we must prove that
y2—yl _y4—.))3 (6)
x, —x, x, - x,
Indeed,
d Y, 7,
+e
dx,-x)+e(y,-y,) _ X, =%
a(x,-x)+b(y,-y,) Y2 =Yy
a+b+—
27
4 Ys~—Y3
+e——
B X, - X, _d(x4—x3)+e(y4—y3) o
”_‘_h)’4—)’3 a(x4—x3)+b(y4—y3)'
T XX,

Hence, lines A°B” and C’D" are parallel.

1. Using drawings, explain shear and strain.

2. Show that all triangles are equivalent in affine geometry and not all
four-sided polygons are equivalent.

SOLUTION:

1. Shear is illustrated in Figure 1.

FIGURE 1

Here, the base of the triangles remains the same, while the vertex C is moved
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along a line parallel to the base.
Another transformation allow di fi

1ne geometry is strain. Here the
vertex is moved along a line which is ‘1ot paraﬂei to the base. See Figure 2.

Lo oup‘pos € W€ arc giveii any tw
formations, we ¢ n

sided polygons shown in Flgure 3

FIGURE 3

Since affine transformations transform parallel lines into parallel lines, A

cannot be transformed into B. Hence, A and B belong to two different equiva-
lence classes in affine geometry.

a RRADE ERE Ao
W rrFrNnvbhkin 99

I Explain why the equivalence classes of affine geometry are combina- I
tions of equivalence classes of similarity geometry which are, in fact

I combinations of equivalence (congruence) classes of ordinary geometry. I

SOLUTION:

Each geometry class is determined by the set of transformations it allows
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Ordinary Geometry Similarity Geometry Affine Geometry
J [} 1 lllldllly \J 11 uy J
| | l
v v v
Rigid Transformations Rigid Transformations Rigid Transformations
and (Shear, Strain)

Contraction and Magnification

FIGURE 1

Each transformation allowed in ordinary geometry is allowed in similarity

?

allowed in affine geometry. The situation is illustrated in Figure 2.
Equivalence classes of Affine Geometry

/\ Similarity Geometry

X///

\
,f//// ‘\
— A4 Y

Ay 1y b

FIGURE 2
Ordinary Geometry

® PROBLEM 9-10

One of the invariants of affine geometry is that the parallel lines are
transformed into parallel lines. Show that this is not true for projective
geometry.

In projective geometry, the projective transformations are permitted. Such
transformations are perspective projections of a figure.

In Fionra 1 tha trianola A R in ona nlana ic trancfarmead intan AR’ in tha
all CIgUIT 1, UIC WiANg:C AT 1 O6C Phalld 1S HallSiOIMICG IC A & © 1 uld

other plane by projection from an exterior point. We shall also consider
parallel projections, as shown in Figure 2.

Obviously, two parallel lines can be projected into two lines which are
not parallel.
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FIGURE 1

In projective geometry, straight lines remain straight lines. Show that I
I cross-ratio is aiso an invariant; that is, prove that I

AC :BC AC :B°C’ 1)
AD:BD ~ A'D:B’'D"

SOLUTION:

Here we shall prove (1) for projection from an exterior point. The proof
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FIGURE 1

for the parallel projection is similar. Consider the triangle AOC. Its area is equal

[ 72Y

w

7~
N
| e

Saoc =Y, rAC = AO-OC sin AOC.
We obtain similar equations for all involved triangles. Thus,
AC:BC - SAOC :SBOC -
AD:BD  Siop:Ssop
AO OC-sinAOC BO-OD -sin BOD
BO -OC -sinBOC AO-OD-sinAOD
_ sinAOC -sin BOD 3)
sinBOC -sinAOD

The final result in (3) does not depend on the choice of points A, B*, C’, and
D’; hence, cross-ratio is an invariant.

I All the geometries considered, so far, have had one important invariant I

in common: a straight line remained a straight line. This is not true in I

I topology, where a square can be transformed into a circle, since we I
allow all one-to-one bi-continuous transformations. The new transfor-
mations, now permitted, are called elastic deformations.

Bending, stretching, and twisting is now allowed. Cutting is not
allowed, unless the cuts are repaired in such a way that the points which
were “near” remain “near.”

Which figures shown in Figure 2 and Figure 3 belong to the same

topological equivalence classes?
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Topoiogy

Projective Geometry

Affine Geometry

Ordinary Geometry

FIGURE 1

Similarity Geometry ,

a FIGURE 3 b

SOLUTION:
Figures g, b, ¢, and d of Figure 2 belong to the same topological equiva-
lence class. Each may be transformed into any of the others by elastic defor-

mations.
Figures e and fbelong to the same class.

Figure 3 shows two plane curves which belong to the same topological
In three-dimensional space, a cannot be transformed into b without

Aulle

cutting and subsequent re-connecting.

® PROBLEM 9-13

The plane closed curve C is deformed into CI, then into CY, then into
C™ and finally into C'V, see Figure 1. Which of the transformations are
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topological?

| :
| o TN\
| . /N :
| (%) )
I \/v

FIGURE 1

SOLUTION:

In topology the distances are much less important than in the ge omet:ie‘
defined so far Here we investigate non-metric spatial relationships. What i
important is the preservation of the “nearness” of the points. We understand
“nearness” in the topological sense. The property of separating a plane sur-
face into a region outside and a region inside the plane closed curve is a
topological invariant.

We conclude that f(of Figure 1) is a topological transformation. Points A
and B inside C are transformed into A! and B! inside C! while the point E out-
side C is transformed into E! outside C!. Transformations g and k are not to-

pological while 4 is a topological transformation.

Consider the curves C; and C,. |
A l

/7 N\ . I

( 3 Y .. l

| o & ) © |

FIGURE 1

Which of the following properties are topological, which are geometric,
and which are neither?
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1. C,isabove C,.

3. C,; and C, have no common points.

4. C, consists of straight lines, while C, consists of straight lines and a
semicircle.

5. C, has more vertices than C,.

SOLUTION:

1. This property is neither geometric nor topological. Rotation can place C,
above C,.

2. The area is an invariant in ordinary geometry. But under affine transfor-
.-.-..-.o- ions tha -"..A MThio 10 nnt 2 tnm~lanian]l ety
HiallUllo, uic aica ID llUl. PIC CIVOUL. 111D IdD vt alt PUIUSIU 1 l) UPCI l.y.

3. This is a geometric and topological property.

4. This is not a topological property. It is a geometric property in ordinary
geometry.

5. Itis a geometric but not topological property.

® PROBLEM 9-15

l ol
4, I
| I
| !
| I
| FIGURE 1 |
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1. How many times does a path which joins a point belonging to one I
region with a point in the other region cross the curve C? What happens I

I wnen both pUlIl[b DClUﬂg to the same ICglOﬂ ?

2. Is it possible, by continuous transformations, to contract C to a point?

SOLUTION:

1. Figure 2 depicts a sphere with a curve C.

©

N\

Points D and E belong to different regions; path a, crosses C once, a, three
times. Hence, a point belonging to one region may be joined to a point
belonging to the other by paths which cross C an odd number of times.

When both points belong to the same region (points F and G), the path
from F to G will cross C an even number of times.

2. Curve C, which is closed, non-self-intersecting, and continuous may
gradually be contracted on the surface of a sphere to a point. This is an
important property, which we shall discuss later in detail.

The surface of a one-fold torus is shown in Figure 1. It has the form of a
well-known doughnut. (If you are on a diet, compare it to a bicycle tire). I

1. Curve C separates the surface into two disjoint regions, and it may
be continuously contracted on the surface into a point. Is this true for
any continuous non-self-intersecting closed curve?

2. What is the maximum number of continuous non-self-intersecting
closed curves which may be drawn on the surface of a torus without
dividing it?
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FIGURE 1

SOLUTION:

1. Consider curve C” of Figure 1. It cannot be continuously contracted into
a singie point. Furthermore, C~ does not divide the surface of the torus into
D~ A nndA D Aane bha s+2an ATy smnth 77 axrthinl Anng svad Avn~oo £V

I.WU lCSlUllD I Ullllbﬂ ana o éan UU JUlllCU vy lel.ll u Wlllbll UUULD 11UL VIUdDd
The sphere and the torus belong to different topological equivale

classes. Topologlcally equivalent surfaces are called homeomorphlc.

C
ence

2. One. If we draw any other closed curve besides C (as in Figure 2), the
surface of the torus will be divided. Any path AB crosses either C or C”at least
once.”

FIGURE 2

® PROBLEM 9-17

We shall move a step further and investigate the curves on the surface
of a two-fold torus, see Figure 1.
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FIGURE 1

How many continuous, closed curves can be drawn on the surface of
this torus without dividing it into distinct regions?

SOLUTION:
Curve C, which can be continuously contracted into a point, divides the
torus into two regions. Hence, we shall investigate only the curves which

cannot be contracted into a pomt Draw curves C” and C”". Any two points A
and B can be joined without crossing C* or C”*. Adding one more curve C**°
(see Figure 2) changes the situation. Any path AB has to cross at least one of
the curves at least once. The maximum number of curves which do not
divide a two-fold torus is two.

FIGURE 2
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® PROBLEM 9-18

a sphere

|
.
|

a one-fold torus

an n-fold torus

> b/
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ntmuou on- self intersecting closed curves
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The genus of the surface of a sphere is 0.
2. The genus of the surface of a one-fold torus is 1.
3. Generally, the genus of an n-fold torus is n.

4. The genus of a fork with a hot dog on it is three, as shown in Figure 1.

SNSNSHN
L ch o“'ul
\ /

——

=

Vo

FIGURE 1

5. A ladder with five rungs has a genus of 4.
The genus of a surface is invariant under all one-to-one bicontinuous

transformations; hence, it is a topological property. All surfaces belonging to
the same topological equivalence class have the same genus.
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® PROBLEM 9-19

a sphere

L [ |
[y
| R

2. an n-fold torus

a hollow cylinder

SOLUTION:

A surface is closed if it has no boundary curves. Otherwise, the surface is
called open. A sphere, an n-fold torus, and a cube are closed surfaces.

The edges ot a cube are not boundary curves. A hollow cylinder is an

........................ ~f tora_cided <
disc is Opfii. Duuuualy Curves o1 ‘i‘wu-blucu Sur-
ther

a
ich separate one side of a surface from the o
boundary curve

/

L

FIGURE 1

The edges of a piece of infinitely thin paper are boundary curves of this

SOLUTION:

To obtain the Mdbius band, take a rectangular strip of paper ABCD, make
a 180° twist with the end DC and join up the ends. The obtained surface does
not have two sides; it cannot be painted in different colors. An ant walking
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FIGURE 1

along a dotted line from a point £ after making one round will end up on the
other side of E without crossing the boundary line.

The Mobius band has only one boundary curve, which is topologically
equivalent to a circle.

® PROBLEM 9-21

Why is the surface of a Klein bottle closed and one-sided?

(D

b
FIGURE 1

SOLUTION:
X7 . _a o al _ 1 h I a_ a1 . a 1 ___ 1 . 1 .l R
€ sStart witll an open cylnacr, stretcn out and ovena onc €nd, Uici pass
through the side surface without intersecting or breaking it. At the final

stage, we join up the ends.

This bottle cannot be physically constructed in the three-dimensional
space. Similarly, the Mobius band, which is a two-dimensional structure,
cannot be constructed in two dimensions, because of the twist. Any two
points on the surface of a Klein bottle may be joined by a continuous path
not crossing any boundary curve. The surface of a Klein bottle has no bound-
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ary curve. Note that two open ends of the original cylinder were joined
together in such a way that the outside of one was connected to the inside of
the other. Hence, the outside and inside became impossible to distinguish.

The surface of a Klein bottle is one-sided and closed
QBWwrw aAw .

i & Amiwias U\JI.I-AV

SOLUTION:

Consider a point A on the surface of a Mobius band. Let n be a normal to
the surface at A. Suppose n moves along a dotted line from A to A”. The nor-
mal of A has the opposite direction of that at A. Note that n is continuously
defined as it moves from A to A”. Similarly, the surface of a Klein bottle is
nonorientable.

SOLUTION:

It is important to keep in mind the distinction between a solid and the
surface of a solid. In most cases of a sphere, a torus, etc., we understand a
surface is not a solid.
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a b c

FIGURE 1

Hence, a sphere and a torus (Figure 1) are two-sided connected surfaces.
In Figure 1 c a disc is separated from a sphere. The total surface is dis-
connected. Now the total surface consists of two surfaces (each connected in

itself) which are homeomorphic to a disc.

[«V]

® PROBLEM 9-24

a b c
FIGURE 1
SOLUTION:
A crrenfana 20 e d b b 0o 1. PR T I -n
A suriace is said to o€ simply connecied 1f every continuous non-seif-
inters 4cting closed curve drawn on it may be continuocusly contracted on the

o O

surface into a point. The disc (a) and the sphere (b) are simply connected.
The surface shown in (c) is topologically equivalent to (a); hence, it is
simply connected. The annulus (d) is not simply connected. Curve C cannot be
continuously contracted to a point.
Annulus is doubly connected, since it requires only one cut to make it
homeomorphic to a disc.
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® PROBLEM 9-25

Which of the surfaces is quadruply connected?

FIGURE 1

SOLUTION:

omeomorphic t disc. Thus, annulus is doubly connected; it

one cut to render it homeomorphlc to a disc. Surface (a) of Figure 1 requires
four cuts; hence, it is quintuply connected (n = 5).

FIGURE 2

Surface (b) of Figure 1 is quadruply connected. It requires three cuts
which can be made in many different ways (See Figure 3 (a) and (b)).

FIGURE 3
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Note that each new cut forms a boundary of the surface, and the cuts cannot
intersect.

® PROBLEM 9-26

Determine # for these n-tuply connected surfaces:

I

I a b c

I FIGURE 1

I where (a) is the curved surface of a cylinder, (b) is the torus, and (c) is
I the sphere with one point removed.

SOLUTION:

We can cut the cylinder along line 1 and obtain a rectangle, which is
homeomorphic to a disc; hence, n = 2.

We can cut the torus along line 1 to obtain a cylinder and then along 2.
Thus, n = 3 and the surface of the torus is triply connected.

A sphere with a single hole is homeomorphic to a disc, n = 1.

® PROBLEM 9-27
_

Show that any two continuous non-self-intersecting closed curves on I

the sphere are homotopic. (Figures shown on following page.) I
AT exr sy hAamint~eaer ~ lacoag Anng thn teeeo | NP
I I1UW 1iaily llUlllUlUl)y L1AadodUDd UULD LUIC LULUD llavie! I
SOLUTION:

Any continuous closed non-self-infersecting figure on a simply connected
surface can be continuously contracted to a point. It follows that, on a simply
connected surface, any curve may be continuously deformed into any other
curve. C in Figure 1 can be continuously deformed into C°. All continuous
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FIGURE 2

closed non-self-intersecting curves on a simply connected surface are homo-
topic to each other.

On the torus, C, can be transformed to C;” and C, can be transformed to
C,". But it is impossible to continuously transform C; into C,. Curves C; and
C,” are homotopic, and curves C, and C,” are homotopic. There are two
homotopy classes for the surface of the torus.

Curves like C; and Cy", which may be continuously contracted to a point,
belong to the null homotopy class.

® PROBLEM 9-28

FIGURE 1
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SOLUTION:

Let us start with a definition: The rank of an open surface is the least
number of cuts required to make the surface homeomorphic to a disc. The
rank of an n-tuply connected surface is n — 1.

The rank of a closed surface is the rank of the open surface obtained from
the closed surface by the removal of a single disc. A disc and a sphere have
rank zero. annulus, the curved surface of a cylinder, and a M6bius band
have rank 1

Three cuts are required to make the surface shown in the figure homeo-
morphic to a disc.

We can also use an alternative definition of rank. Rank is the greatest
number of non-intersecting cuts which can be made without making the
surface disconnected.

® PROBLEM 9-29
I

FIGURE 1

Verify the Euler rule for the figures g, b, ¢, and d drawn on a sphere.

discovered by Euler.
For a, we have:

V=1, F=1, E=0 2
hence 1+1-0=2.
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For b, we have

V=2, F=1, E-=1 3)
hence2+1-1=2.
For ¢, we have

V=3, F=2, E=3 4)
hence3+2-3=2.
For d, we have

V=5 F=5 E=8 5)

hence 5+5-8=2.
In the next problem, we shall prove Euler’s formula.

I Prove Euler’s formula:

|
| V+F-E=2 o |
| |

SOLUTION:

Suppose (1) is true for some figure depicted in Figure 1.
Let us draw a line connecting a vertex to another vertex (which does not
cross any existing edges), as shown in Figure 2 a and b:

k-1
<«

FIGURE 1
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® PROBLEM 9-31

SOLUTION:
Euler’s formula states that
V+F-F =2, D
Since there are F faces on the sphere, the total number of lines (edges) is
K _ 2
> =
On the other hand,
S =E 3)
L
From (1), (2), and (3), we obtain:
1.1 1 1 (4)
v T f = E T 2 \v)
The simple solutions of (4) are
14 f E | 4 F
I | v=E 2 2 F=F
I 2 f=E V=E 2

Division I has 2 vertices and as many faces as edges. Each face is bounded
by two lines, f = 2. The number of edges is arbitrary E = 1, 2, 3, ... (see Fig-
ure 1).

SOLUTION |

//// N\ 77 NN\
[

E=2 E=4
FIGURE 1
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Division II has two faces and as many vertices as edges, see Figure 2.
The number of edges is arbitrary E =1, 2, 3, ...

SOLUTION I

1

1 1 1
V*YFF=E*S @)

1
f E
which describes the regular divisions of a sphere. Find all possible non-
trivial solutions of (1).

SOLUTION:
For F = 1, we obtain trivial solutions
— 1 £ ar - £_- 1
V-1, J—L Ul V=< J=—=1
For E = 2, the only solution is f = v = 2, discussed in Problem 9-31. We are
1aft st ' _ 2 A & ITan~n
Iitwin L =95,4, 9, nence,
1 1 1
—<T 5+ 7<1 2
2 v 7

(2) excludes f= 1. Case f = 2 was already discussed.

The possible values of fare f= 3,4, 5. Note that f= 6, 7, 8, ... are incom-
patible with (2).

By the same token, the admissible values of vare v = 3, 4, 5.
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f\ 3 4 5

3 OK OK OK
5 OK

The crossed-out values do not satisfy (2). Hence, we are left with five cases.

® PROBLEM 9-33

y ]
I Find the number of face vs F, nd vertices V for each v I

of faces F, edges E

I regular polyhedra found in Problem 9-32.

14 f E F | 4 Name

3 3 6 4 4 tetrahedron

4 3 12 8 6 octahedron

3 4 12 6 8 cube

5 3 30 20 12 icosahedron

3 5 30 12 20 dodecahedron

The values of E are computed from

1_ 1.1 1 (1)
E f v 2 \*)
The values of F and V are obtained from
2F 2E
-E v.E @

Such five regular polyhedra, known as Platonic polyhedra, are depicted in
the following figure.
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® PROBLEM 9-34

A separation of a surface consisting of vertices linked together by edges
is called a map. For any given surface, the expression

V-E+F=x Q)

is invariant. Hence, it remains invariant for all surfaces homeomorphic
to the given surface.

SOLUTION:

The Euler characteristic remains the same for any map on a torus, so we
can use the map of Figure 1.
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V=2 E=4 F=2. )

Thus,
V-E+F=2-4+2=0 (3)
For torus, x = 0.
From Figure 2, for a two-fold torus
V=5 E=9 F=2. 4)
Hence, for a two-fold torus
%x=5=9+2=-2, (5)
n \~7

® PROBLEM 9-35

1. Figure 1 depicts regular polyhedra. Find the Euler characteristic for
each one.

T
0y

' \

I
!
I
i
I "\/.7
I
I
I
I
E

FIGURE 1
2. Isit possible l
a) to draw a map on a sphere having seven vertices linked by ten I
arcs and defining four regions? I
b) to draw a map on a two-fold torus having five vertices linked by l
ght arcs and defining two regions? I

SOLUTION:

1. Consider the tetrahedron
V=4 E=6 F=4,.
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Hence,
V-E+F=4-6+4=2. 1)

We can perform calculations for all polyhedra and in each case, obtain y = 2.
This result is obvious and does not require any computing. Any simple
polyhedron can be continuously deformed into a sphere; hence, y = 2.

2. a) For a sphere

V-E+F=2
7-10+4=1=2 )]
Not possible.
b) For a two-fold torus
V-E+F=-2
5-8+2=-1=-2 (3)
It is not possible to draw such a map.

® PROBLEM 9.346

Use the triangulation method to prove Euler’s formula
V-E+F=2 (1)

D
for a cube. C

o

E* F
I FIGURE 1 I

SOLUTION:

From the cube ABCDEFGH, we have to remove any face, say EFGH. The
Euler characteristic x = V— E + F for a cube is now decreased by 1 since V
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and E remain constant and F decreases by 1. The cube with the removed face
is transformed until all vertices lie in a piane (see Figure 2).

[ =4

= H

R T S - L
tion as snowii il riguic 3.
EK

~ . —
Ne—"__/"/
NEEY
TN |

F FIGURE 3 G

Wehave V=8,E =17, F = 10.

Note that whenever we add a triangle, V remains constant, whereby E
and F increase by 1. Hence, , remains the same.

Triangles are now removed until one remains; e.g., ABC, for which

V=3, E=3, F=1
Hence,
V-E+F=1
for a triangle and
V-E+F=1+1=2

for a cube.
The value of V- E + F remains invariant within any topological equiva-

lence class.
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® PROBLEM 9-37

~ SOLUTION:

From a polyhedron with V vertices, E edges, and F faces we remove one

face. Removal of one face decreases V- E + F by one.

The new surface is deformed until all vertices and edges lie in a plane.
We obtain something that is topologically equivalent to a disc. Now we
perform the triangulation. Each face is divided into a triangle in such a way
that no new vertices are created (Figure 1).

s ] 1~/
/ / -/ //
( / triangulation ( l / /

N N\~

FIGURE 1

Note that V- E + F remains unchanged.
We shall remove the triangles in such a way that the triangle removed
has at least one edge on the boundary. Two situations are possible (see

Figure 2). \

\x

\\ "a . A

NV ¢ ~
AN

\\ \ S
\7I’GURE 2

For a) V remains the same, E and F are decreased by one; hence, V—E + F
is invariant.
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Similarly, for b) V—E + F is invariant because V and F decrease by one
and E decreases by two. Finally we are ieft with one triangie for which
V-E+F =3-3+1=1.
Therefore, for a polyhedron, y = 2.

® PROBLEM 9-38

Verify the expression

V-E+F=%

for the drawings depicted in Figure 1 and Figure 2.

\~_

| |
| "\ 7 e NN l
| I ) ( ) ) |
! N/ . l

FIGURE 1 FIGURE 2

Explain any discrepancies.

SOLUTION:
For a sphere
17 r r_"n £\
V—L +I=c.. (<)
From Figure 1
V=3, E=4, F=4. 3)
Hence,
V-E+F=3-4+4=3=2. 4)

All regions of a map should be simply connected. Region A is not simply
connected. Thus rule (1) cannot be applied.
For a torus ¥ = 0. From Figure 2

V=2, E=3, F=2. (5)
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and
V-E+F=1=0 (6)

because A is not simply connected.

1. the genus, g

2. the Euler characteristic, .

What is the relationship, if any, between these numbers?

The genus of the surface is the greatest number of distinct continuous
non-self-intersecting closed curves which may be drawn on a surface without
Qanmarating 1t .‘on Aiqtiemnt mnginma Tarnh Aicriai~n ,\‘-‘ a giiefa
bCPdldlllls 1t 1Y ulbllllbl lcslUllb Ccacn UlVlblUll Uil a
map, has to include some edges so that all regions are sim

That is related to the genus of the surface.

r

Aevan

€ t0 oDecome a
ply connected.
K~ J

Genus Euler characteristic
Sphere 0 2
Torus 1 0
Two-fold Torus 2 -2
n-fold Torus n 2-2n

The relation between the genus and the Euler characteristic of any given
surface is

V-E+F=x=2-2g

® PROBLEM 9-40

Suppose you have a “hairy” sphere and a “hairy” torus. What happens

when you comb down the hair on a sphere? Is it possible to comb a
torus nicely?
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SOLUTION:

FIGURE 1

Figure 1 depicts a sphere with its hair combed. This “hairdo” has two points
of discontinuity, A and B, as illustrated in Figure 2.

FIGURE 2

Another way of brushing a sphere is shown in Figure 3, which has two points
of discontinuity C and D.

FIGURE 3

It is possible to brush the hair of a torus in a nice way; that is, in such a
way that continuity is preserved everywhere (see Figure 4).
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FIGURE 4

Note that all this “brushing” is equivalent to assigning a direction to each

nnint nf a ciirfars
l.lUllll. Ul 4 oullavyv.

This problem belongs to differential topology.

® PROBLEM 9-41

Instead of combing hair, we can visualize a flow of fluid on the surface.

The points of discontinuity are calied singular points. Make a sketch of
a few singular points.

SOLUTION:

NN A
=l (@)
AN N

4 N 4 >

Vortex Source Sink
FIGURE 1

Figure 1 depicts some often encountered singular points. Some other singular

points are illustrated in Figure 2.
In most cases, the name of a singular point explains its nature.
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FIGURE 2

To each singular point, we assign an integer called its index, which is
obtained by travelling around this point along a circle in a counter-clockwise
direction and counting the number of counter-clockwise revolutions made by
an arrow with its base on the path and pointing in the direction of the flow on
the surface.

Let us compute the index of a source.

P

N
<IN
//\/

FIGURE 1

\

R

“ | TN

7

Source

The little arrow makes one counter-clockwise revolution, hence the index of
a source is one. It is easy to see that for a sink, a vortex and a focus, the
index is one.

For a dipole (see Figure 2), the index is 2.
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(D)) |

dipole

For the crosspoint (see Problem 9-41) the index is — 1. It is easy to see that
the little arrow makes one clockwise revolution.

® PROBLEM 9-43

. |
Brush a hairy sphere so that it has only one singular point. Make a I

I sketch and determine the index of this singularity. I

SOLUTION:

It is possible to brush a sphere in such a way, that it would have only one
singularity, namely a dipole.

The index of a dipole is two.

® PROBLEM 9-44

THEOREM

The Euler characteristic of the surface is equal to the sum of the indices
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| of the singular points of this surface.

,,,,,,, . L s N § DU

VCl'lIy this theorem for the surfaces shown in Probiem

\IZD
£
D
(o9
\ID
£
(93]

SOLUTION:

Consider the surface of a sphere depicted in Figure 1 of Problem 9-40. It
| ices. The index of . Hence,
1+1=2

which is the Euler characteristic of a sphere.
Similarly, Figure 3 of a sphere of Problem 9-40 has two singular points: a
sink with index one and a source with index one. Again,

1+1=2.

Both toruses of Figure 4 of Problem 9-40 have no singular points. Hence,
the sum of indices 1s 0 wmcn is the Euler cnaracterlsuc of a torus.

® PROBLEM 9-45

There is some fluid flow on the sphere which contains a crosspoint.

Complete the description of this flow. What other singularities contain a
flow with a vortex on a torus?

SOLUTION:

The sum of the indices of the singularities on a sphere is two. The index
of a crosspoint is —1. Thus,

—1 + X indices of other singular points = 2.

source and two sinks

dipole and a sink.

The Euler characteristic of a torus is 0. So, if there is a vortex with index 1,
there must be a crosspoint with index — 1.
We obtain

1+(-1)=0.
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Vortex

T
N s —\\\
A7 27— 7N N\ \
AN N /) )
"N/ / /

Crosspoint

FIGURE 1

® PROBLEM 9-46

oL . abL . o.r o L. ¢ _ 1 Ly . L~ O __1
ONOW thdl tne sum oI e 1ndiccs Of Singuidr pouts O 4 Suriace 1s cgual I

to its Euler characteristic

For any map on a given surface the expression
V-E+F
is invariant and equal to its Euler characteristic. Thus
V-E +F=x.

Suppose there is a map drawn on some surface. This map can be replaced by

a flow as follows:
N\ "
i JERN

FIGURE 1

1. Replace vertices by sources.
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2. Put crosspoints at the center of each arc.

n | 5 NIV S iy 1 SRy
J. Ul d SIIIK dl e CCLcCl U

We obtain:

F sinks of index 1

The sum of indices is
V-E+F

® PROBLEM 9-47

D C D Cc
FIGURE 1

SOLUTION: _ B

o f“——_‘—“})
N

FIGURE 2
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Figure 1a can be easily drawn according to the requirements as shown in
Figure 2.

A% 94 n

We can start from B and then move t0 A, D, B, C, D.

It is not Pnes;hle to draw F'lmlrp 2b. Let ug return to Fi

A ARV WD Lw l.u

two points B and D where three lines merge. Then, to make a drawing we
have to start with one such point and end with the other. In case of Figure 1b,
we have four points, A, B, C, D where three lines merge. One can be used to
start a drawing, the second to end it; but there is no way we can “get rid” of

the remaining two points.

® PROBLEM 9-48

Determine the order of each vertex.

FIGURE 1

Which vertices are odd and which are even?

Why must the total number of arc-ends in any network be even?
Show that the total number of odd vertices must be even.

SOLUTION:

A network consists of a finite number of vertices linked by arcs. The arcs
must be non-intersecting. Such a network is sometimes called a linear graph.
The number of arc-ends meeting at the vertex is called an order.

A vertex whose order is an even number is calied an even vertex. A

vertex with an odd order is called an odd vertex

SWwdh VYV ALEL QR UNIW ViNVWL IJU WHALWLE WiE UMW T WA vWwWdiae

From the drawing we have

A 1 odd
B 1 odd
C 5 odd
D 2 even
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even
odd

even
even

NN & NS

cven

1 odd
— The number of arc-ends is twice the number of arcs; hence, itiseven.

The number of arc-ends is equal to the sum of the orders of all the
vertices. Hence, the total number of odd vertices must be even.

AN ST QTN

® PROBLEM 9-49

I Show that the network I

| A : |
| |
| N4 |
| / |
| N |

FIGURE 1

is planar.

SOLUTION:

A network that can be mapped onto a simply connected surface in such a
way that the arcs don’t intersect is called planar.
The network of Figure 1 can be mapped on the plane (see Figure 2).

A 5 |

/

D FIGURE 2 c
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This network can also be mapped onto a sphere as shown in Figure 3.

FIGURE 3

® PROBLEM 9-50

ppose there are three houses, A, B, and C. Each house has to be con-

/\ /\ N\

O

IS/ \Silis

Water / \\‘ G

_———/

FIGURE 1

SOLUTION:

It cannot be done. Here is why.
Let us connect the first house A with water, electricity, and gas, and then
proceed through these points to the second house B, see Figure 2.
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D2 G \
\E\/
W D,
FIGURE 2

We have three lines from A to B which do not cross. These lines divide the

connected; and if in D3, then G cannot be connected.

DEDADRI EAA
(1 454 -1 5 -

©

| 24
e - i

Give an example of a non-planar network.

SOLUTION:

Note that the network depicted in Figure 1 illustrates Problem 9-50.

Another example is the complete network on five vertices shown in
Figure 2.

It can be proven that every non-planar network must contain either a
network of Figure 1 or network of Figure 2 as a sub-network.
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SOLUTION:

A sequence of arcs which can be followed continuously without any arc
being passed more than once is called a path. Figure 1 depicts a path, ABCD.

A o
A math travarcag a natuwnrlr 1 f avary arn AfF tha natuwnrly 1g inchiidad 1n tha nath
e N Palll tlavwviowd ad livi VIN 11 Uvbl_y alyv Ul v 11l VIN 1D 11IVIUULVUL 11 L1V l}alll-
A — e

FIGURE 2 C
No path traverses a network shown in Figure 2.
A closed path (that is such, which starts and finishes at the same vertex)
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is called a circuit.
A path that is not closed is called open.

OBLEM 9-53

Show that a network which has more than two odd vertices cannot be

I traversed by a single path. I

SOLUTION:

Figure 1 depicts a network, which
c E

AN

O('

F

FIGURE 1

cannot be traversed by a single path.

This network has three vertices of the order of one, three vertices of the
order of three and one vertex of the order of four. If a path traversing a
network is closed, then an even vertex may be the starting and terminating
point of the “journey.” If a path traversing a network is open, then it starts
and terminates at odd vertices. Hence, we conclude that if a network has
more than two odd vertices, it cannot be traversed by a single path.

The network in Figure 1 has six odd vertices and cannot be traversed by a
single path.

® PROBLEM 9-54

I Which of the following networks can be traversed by a single path? I

—
)
AL

a e o |
p Ae  C

(a) (b)
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/
/
e
e
e

G F

(c)
FIGURE 1

SOLUTION:

A connected network can be traversed by a single open path, if and only
if it has exactly two odd vertices.

/ a .
oure 1 has two odd vertices A and C, and it can be tra-

® PROBLEM 9-55

Which of the networks is connected and which is disconnected?

A

AT T
/SN L N0 WL
c D E s \E\/

{ =\ 1L\ { -~
\4) (D) {C

I Find a necessary condition for a network to be connected. I

SOLUTION:

A network is said to be connected if every pair of vertices belongs to
some path; otherwise the network is disconnected.

—r
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Networks (a) and (c) are connected

A.-. N mA~AOOAer

This condition is necessary but not sufficient.

® PROBLEM 9-56

SOLUTION:

Any connected network, such that the number of its vertices is one more
than the number of its arcs is called a tree. Any connected network can be

reduced to a tree by the removal of appropriate arcs. We can remove BC, AC,
and CD to obtain a network (see Figure 2) which is a tree.

B C
A [ o —9
E D
FIGURE 2

® PROBLEM 9-57

A planar network is mapped onto a simply connected surface, so that no

arcs intersect.
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The number of arcs and vertices is given. Determine the number of I
bounded regions into which the surface is separated.

SOLUTION:

Let v be the number f vertices and a the number of arcs. Then the num-

ber of bounded regions i

Indeed, for a triangle

-

FIGURE 1

we have 3 -3 + 1 = 1. For an arc with two vertices1 =2 + 1 =0.

¢

FIGURE 2

According to the network depicted in Figure 2, by adding new arcs and
vertices, we can obtain any network.

L™

(a) (b)
FIGURE 3

In Figure 3(a) we added one arc and one vertex, hence the numbera —n + 1
remains the same. In Figure 3(b) one arc was added and the number of

naotant hanra ~ _ 1 1
V\dl I.l\.z\rb lD UUllDlalll, VIV © i1 'I' 1 luuu.«aooo U_y L.

In such a way, we can obtain any network. That completes the proof.

® PROBLEM 9-58

I List the tie-sets, which specify the network in Figure 1. I
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SOLUTION:

Any planar network can be completely determined in terms of its inde-
pendent bounded ngIOHS or in terms of paths between its independent pairs

V(v-1)

of vertices. There are 5 panrs but only v — 1 independent pairs (v is the

embhne ~AF crartinnac) A matuararls o Aafinnad ke $3a cnto sxrhan 160 Qierintiiean o
NUMocr 01 VErtic D}. 2 HUIWUILIR DD UCLLICU VY U= wiill ItS StrucCudic€ is
determined by paths between its independent pairs of vertices. A tie-set is a
single closed path, such that exactly two arcs meet at each vertex. Figure 2
depicts some tie-sets.

FIGURE 2

Another possibility is
a, a; az ag, 4, 4443 ag a7, 434446, a1 42 43045

or any other combination of four independent closed paths.

® PROBLEM 9-59

Is it possible to traverse a network depicted in Figure 1 by a single path?
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FIGURE 1

SOLUTION:

To be traversed by a single path, a network has to be connected (it is a
necessary condition but not sufficient).

If a network has two odd vertices, then these vertices have to be the
initial and final vertices of the path. Now suppose a network has an even

mmlane V.. N AF AAA crnvbinnc Thaw ot lancs
NUIMOCT 271 > £ 01 044 veruicCes. 11 at 1€ast

it.
The network of Figure 1 has four odd vertices, hence two paths are
needed to traverse this network. We can choose for example

ABAEDBCDC and ED.

5
[}
-

Nns arc 1€CEssary to traverse

® PROBLEM 9-60

Here is the famous problem of the Konigsberg bridges solved by Euler.
Is it possible to cross them all in turn, passing no more than once over

each?

| ¢ . _ I
| _ A== 2 |
| = 5% \\\\II/// X I
| —://{// KNEIPHOFF nonm |
| -\ P AN I
::5/ ‘\\\\~

FIGURE 1
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SOLUTION:

Let us denote the regions as shown in Figure 1.
Then we have to traverse a network shown in Figure 2 with one single

path.

x /‘\} >

D
FIGURE 2

But this is impossible, because A, B, C, and D are odd vertices.

® PROBLEM 9-61

be built in order to make the walk possible? Again, we have to cross all

bridges by passing only once over each.

SOLUTION:

From Figure 2 of Problem 9-60, we see that there are four odd vertices.
Hence the eighth bridge has to eliminate two odd vertices, for example, C
and D (see Figure 1) A

O

D
FIGURE 1

We have to build a bridge between C and D as shown in Figure 2.
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FIGURE 2
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111C O lly WO OUU VCILICOD dlC 11OW A dlll D, IICIICC d WdIK 11dd 0 dudll dl A
(or B) and end at B (or A)

Is it possible to draw the figure shown in Figure 1 without lifting the

l pencil and passing once and only once through each point?

FIGURE1 C 4

SOLUTION:

Yes. Note that all the vertices are of the order of four.

We can start from A and draw a circle A G, A, then move to B and draw a
circle B G, B, then move to C and so on, until we draw the last surrounding
circle F G¢ F. To complete the drawing we sketch FA, which closes the inner
circle.
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FIGURE 2

It is also possible to draw the Olympic symbol (see Figure 3) without lifting
the pencil and passing only once through each point.

FIGURE 3

® PROBLEM 9-63

Here is an odd puzzle. It’s quite possible that you already know the
solution. If you don’t, try to find it.

FIGURE 1

The network consists of 9 dots (see Figure 1). Draw 4 lines without
lifting the pencil from the paper so as to cross out every dot.
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SOLUTION:

To solve the problem, we have to leave the frame of the dots.

v<'/
(RN 7

<

./ ~

-

FIGURE 2

Another solution is shown in Figure 3. Here the line crosses each dot once
and only once.

FIGURE 3

® PROBLEM 9-64

Suppose you own a mansion with the floor-plan depicted in Figure 1.

| c I
| D N |
I it o / F I
| N A |
| o 1 o I

. B — 7T

1 i | T | |}
AT - - W T K
s L
Entrance FIGURE 1
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| To support yourself, you have to guide tourists through each room. Is is
possible to traverse the mansion starting at the entrance and passing

AAAAAAAAA PEGG PR |

I each door once and onl Yy once:! I

SOLUTION:
Let us denote the rooms A, B, C, D, E, F, G, H, and K.

order of the vertex, henceA has order 3 B -4, C 4, D 4, E 2 F - 2
G-6,H —4, k— 4. There is only one odd vertex. It is possible to traverse the

network by a single path. One possible route is shown in Figure 2.

?E { |} / ]

J—r 1w L

=!= T | i —— |+
1 L

= J. 1 I ‘

N 1 T

FIGURE 2

® PROBLEM 9-65

I Prove the following theorem: I

I THEOREM

Consider first, the case when all vertices are even.

We can start at an arbitrary vertex A. Since A is even, the path must end
at A. If parts of the network not already visited remain and the order of A is
higher than 2, we can draw another closed path.
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FIGURE 1

Two closed paths with a common point A can be considered as one closed
path.

If the task is not yet accomplished, the new path must be linked at B with
the rest of the network.

FIGURE 2

We can repeat this procedure until we reach the solution, that is when the
path traverses the whole network.

The reasoning is almost the same for the case of a network with two odd
vertices A and B.

B,

.,
s ERPWORSUVR T L

FIGURE 3

We start at A (or B) and end at B (or A). The rest of the network contains only
even vertices previously discussed and is linked to AB at some point D.
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® PROBLEM 9-66

SOLUTION:

FIGURE 1

It is possible to draw a triangle but not a square, which has four odd vertices.

D onse s oo o Ph .SV R, P MR DU Y 1. el o Vo
FUI d UUIICSPUIIUIUB llCtWUl tU fldveC O lly CVCIl VCOILILOD, th pUiygUll
must have an odd number of sides. Figure 2 depicts 5-gon and 7-gon.

FIGURE 2

FIGURE 3
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® PROBLEM 9-67

I Suppose you have three chains with clips. Arrange them in such a way I
that they interlock as a whole but individual pairs do not interlock. That
is, if you open any one chain, they all become separated.
SOLUTION:
Figure 1 does not offer a solution.
//" ~\\‘ -~ B ~\\ 'l"’ i ‘~~‘\

P4 _\‘ /l \‘

/A 7\ 7. C \
! ! \ o\ 3
] § \ { \ A
i f \ i [ \
) ] H [ !
I | ! i ] ]
] v Vo ]
1 v ] 1 [ H
] v/ v /] §

\ \ / v/ /

\\\‘ \‘ |_‘ y (I’ "'I

‘s~~~~ . PR . P ,r" '\- ‘¢/'
FIGURE 1

Opening B separates all of the chains. But opening A or C does not. Fig-

d

ure 2 illustrates the solution.

-

FIGURE 2
Y @ Y GG SR .Sy [ | F U SV SRy
UpClll 1 dlly Clidlll > [Jdldl > UIC 1CIIldl llllg Ww0O.
The knowledge of knots is part of topology. It has been proven that it is

e y ) A
impossible to tie two knots at two ends of a rope in such a way that when
brought together they may cancel each other.

® PROBLEM 9-68

Prove that five (or more) countries are never neighbors of each other.
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SOLUTION:

It is easy to show that four countries can be neighbors of each other, see

Q

Figure 1. —
o -
%
a ¢ B
ap ‘D
¢ . .
%’ / e
A
c
FIGURE 1

LetA, B, C, and D be the capitals or respective countries. Their capitals can
be connected by roads that pass through only two countries (Figure 1). Con-
necting the capitals A, B, and C we get the triangle shown in Figure 2.

FIGURE 2

D can be interior or exterior of this triangle. In both cases, we obtain a large
triangle composed of three small adjacent triangles. E is the capital of the fifth
country. It lies in one of the small triangles or outside the large triangle,

Figure 3.
& e E

AN [~_ )
\ /E'o yD
N/ _—

Al

FIGURE 3

In either case, E is separated from one capital by a triangle of roads. To get
from E to B (in our case) one has to cross at least one existing road.

Hence, countries with capitals B and E are not neighbors. That completes
the proof.
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® PROBLEM 9-69

I Show that the chromatic number of a piane surface is larger than three. I

SOLUTION:

Here we deal with the famous four-color problem. In 1976 it was proven

tiante

tiiat.
every map drawn on a sheet of paper can be colored with only four
colors in such a way that countries having a common border receive

different colors.
This problem was formulated by Francis Guthrie in 1852.
The least number of colors required to color a map on any given surface
is called the chromatic number of that surface. A chromatic number is a
topological property of the surface.

FIGURE 1

The drawing shows that three colors are insufficient to color a map on the
plane surface. We will prove later that five colors are sufficient to color any
map. So far we know that:

chromatic number of a plane surface = 4.

® PROBLEM 9-70

-~

Derive the regular map with the least number of additional vertices and
ular icted in Figure 1.

SOLUTION:

A map is a network consisting of a number of vertices and non-intersect-
ing arcs linked together in a such a way that an area is separated into simply
connected regions. Figures 1 depicts a map.

A map is called regular, if

320



FIGURE 1
1. its vertices are of order three or more.
2. each arc separates two distinct regions.
3. each arc joins two distinct vertices.

The map of Figure 1 is not regular. We shall add some vertices and arcs to
make it reguiar.

In problem 9-68, we proved that it is not possible for five countries to
be located in such a way that each of them is adjacent to each of the
other four. This result led Augustus DeMorgan (who was the first one to
prove it) to believe that he solved the four-color problem. Why was he
wrong?
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SOLUTION:

The fact that five mutually adjacent countries do not exist on a map does
not constitute a proof of the four-color conjecture. Quite a few mathemati-
cians have made this mistake. Consider a map of six countries.

RN

FIGURE 1

Among the six countries, there is no collection of four in which each member
is adjacent to the other three. Nevertheless it takes four colors to color this

tries (here 3).

® PROBLEM 9-72

Prove the following:

THEOREM

Any regular map on the plane surface or the surface of a sphere
must have at least one region bounded by fewer than six arcs.

SOLUTION:

FIGURE 1
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Let ¢ be the Euler characteristic, then
V-E+F =¥ (1)

where V'is the number of vertices, E, arcs, and F regions. Hence, for any sur-
face of the Euler characteristic ¢ > 0, we have

V-E+F >0 or 6V—6E +6F>0. )

Since the map is regular, (see Problem 9-70) all vertices are of the order of 3

or higher:
2E 23V (3)

From (2) and (3), we obtain
6F —2E > 0 (4)
Let F,, denote the number of regions, each bounded by exactly » arcs. In Fig-

ure 1, regions 2, 3, 7, 8, and 9 are bounded by 3 arcs, hence F3 = 5. While F,
=1,Fy=1,F5=1, Fg= 1. The map is regular, therefore

Fy= (5)
The tatal niimhar Af racinnce i1c
4dllwv UGl 11Ull1IUWl Uk IUEIUIID 10
I N
TTLA ©)
From (4), (5), and (6), we find
6 FE, - nF, = (6-n)F, >0 7
n-2,23,... 2 n=23, ...
Then
4F, + 3F3+2F,; + Fs-F; —... >0 €]

Hence some n < 6 must exist for (8) to hold. Thus, any regular map on a
surface of the Euler characteristic > 0 must have at least one region bounded
by less than six arcs.

Using the results of Problem 9-72, prove the six color theorem.

SIX COLOR THEOREM

Any regular map on a surface of the Euler characteristic > 0 requires

six colors at the most, if no neighboring regions are to be colored the
same.
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SOLUTION:

Obviously the theorem is true for F < 6. We shall prove that, if the theo-
rem holds for F then it holds for F* + 1. We proved in Problem 9-72 that at
least one region exists which is bounded by less than six arcs, that is by two,

three, four, or five arcs. Suppose this region shrinks to a point. The four

PR ~ o e PR

possibilities are illusirated below.

For all cases with a contracted map, which contains F~ regions the theorem
holds by assumption. That is each of the contracted maps requires six colors.
From the drawing, we see that when the region is restored there is a color
available for it without the total of six colors being exceeded. Hence, if the
theorem is true for F, then it is true for F +1. Since it is true for F < 6, the proof
is completed.

® PROBLEM 9-74

SOLUTION:

For any regular map
V-E+F=x (2)
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2F =23V

Thus
6(E-V)=6(F-v)=2E 3)
Combining (1) and (3) we find
BF>2E 4
Since_the map is regnlar
BZF,, > EnF,, (5)
n n
SF,(B-n)>0,n=22 ©6)
n

From (6) we conclude that at least one region must have a boundary consist-
ing of less than f arcs.

I Determine the smallest integer B satisfying I
! FB > 6(F ~) o |

when F > B. Consider the following values of x : 0, 1, 2, -1, -2, ...,
-10.

SOLUTION:

For ¢ = 0, we have
B>6. 2)

The smallest integer B satisfying (2) is o = 7.
Let us write (1) in the form

P> 6(1-F) 3)
Then for i = 1, we obtain By = 6. Similarly for x = 2, we find
B>6-F )

The smallest integer B, satisfving (4) is B, = 6.
o Qry O \°/ | il V)

111 SAtia2 Y12

a
Note that the same values of B, were obtained from the six-color theo-

rem.
We find:

forx=—1, B>6+5%g Po=7 (5)
fory=-2, B>6+ %/ Br=8
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fory==7 B>6+*/r Bp=10

forxy=—8 B>6+ %/ By=11

forxy=—9 we get Bo=11

forx =—10 we get By =12 6)
We can summarize the results

2 6
1 6
0 7
-1 7
-2 8
-3 9
-4 9
-5 10
-6 10
-7 10
-8 11
-9 11
-10 12

From the inequality
BF > 6(F — ) forall F > f

derive the formula for B, for negative values of  (see Problem 9-75).
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SOLUTION:

From (1) we have

B> 6(1 —X/p) (2)
\ ry \*=/
Since % < 0, we can substitute for F the smallest admissible § + 1. Thus
n /4 X N\ s
p=>0oU -3 3)
and
B+1DP>6P+6-6% 4)
or
5.2 49
(B-35) >4 -6 (5)
49 5
B>/ —6x + 5 (6)

The smallest integer B satisfying (6) is

[30=int[\/%2—6x+§]+1 %)

where int x = a means a is an integer and x = a
For negative values of x, we obtain

X Po

-1 7

-2 8

-3 9

-4 9

-5 10

-6 10

-7 10

-8 i1

-9 il

-10 12

-11 12

-12 12

-13 13

-14 13

-15 13
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® PROBLEM 9-77

OO

fry
'-
Q
.
'

FIGURE 1

Figure 1 shows a torus divided into seven regions. Each country is a neigh-
bor to the remaining six countries. We see that to paint a map on the torus,
one needs at least seven colors. Hence the chromatic number 3 of the torus is

B=7. ()
The Euler characteristic % of the torus is = 0. From Problem 9-75, we obtain
B=7. A

SOLUTION:

A chromatic number, defined as the least number of colors required to
color a map on any given surface, is a topological property of the surface.
We tried to determine the chromatic number as a function of the Euler
characteristic of the surface. Here are the results:
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from Problem 9-69 fory =2 B=4

from Problem 9-73 forxy >0 B=<6
from Problem 9-75 fory=2orl B=<6
fory=0 B=s7
fory=-1 B=<7
fory=-2 B=8
fory=-3 =<9
fory=-4 B=<9
fory=-5 B=10
forxy=-6 B=10
fory=-7 B=10
fory=-8 =11
from Problem 9-77 fory=0 B=7

Note that the table in Problem 9-75 gives only the sufficient numbers of
colors. Another problem is to determine the necessary number of colors.

It has been proven that for the surfaces of the Euler characteristic = 1 or
¥ = 0 or x = an even negative integer, the values obtained in Problem 9-75
are necessary as well as sufficient. For those surfaces, the calculated values
of p are the chromatic numbers. Hence

X Chromatic Number
1 6
0 7
-2 8
-4 9
-6 10
-8 11
-10 12

® PROBLEM 9-79

Suppose the world has the shape of a two-fold torus. What is the least

number of colors needed to depict on the model of the world political
situation?
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FIGURE 1

SOLUTION:

The Euler characteristic of a two-fold torus is ¢ = — 2. From the table
(Problem 9-78), we find that chromatic number of a two-fold torus is § = 8.
Hence, eight colors are needed to paint any map on the surface of a two-fold

rus.

=
Q

® PROBLEM 9-80

It has been proven that the maximum number of colors required for
regular maps on a sphere or on a plane is six. Using Heawood’s argu-
ment, show that this number can be reduced to five.

SOLUTION:

Any regular map on a sphere contains a region bounded by less than six
arcs.

FIGURE 1
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This region can always be painted with the color number five. It’s obvious
for the regions bounded by two, three, or four arcs.

A ragIne rimes Fivia arnc ag a lhnsieadace: cnmen male I.A
FUI. thC lcslUll hav iy 11ve alts ad a UUUllUdly, SUILIC l.)dll U tIcC
an

1
B, C, D, E must have no common boundary. Indeed, suppose A and
common boundary, then B has no common boundary w1th D (or E). Thus w
need four colors to paint A, B, C, D, and F and the fifth one is available.
Suppose one arc is removed from the region bounded by two, three, or
four arcs.

egions
C have a

a8V W

(¢

FIGURE 2

The number of regions decreases by one. If the maps in Figure 2 to the right
can be colored with five colors, so can the original maps to the left.

If, for instance, A and C are of the same color, then by removing two arcs
(Figure 3) we decrease the number of regions by two.

we get

FIGURE 3
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Again, if the map to the right (Figure 3) can be colored with five colors, then
so can the original map. Gradually we reduce the number of regions until it

i lace than giv Qinrca that fran nhvinngly ha Anlarad with lage than n-v ~nlare
iS ICSS wuiail SiX. JINCC uidu Cail 6oV lUuDl_y UL VCUILIULILVU VWL IVDD Liall DIA LVULULY,
the original map requires five colors or less. This result is known as Heawood’s

® PROBLEM 9-81

How many colors are requlred to color every map on the plane surface?

SOLUTION:

Four! In 1976 the four-color problem was solved. For over a hundred
years many mathematicians have tried in vain to prove (or disprove) this
simple statement:

Four colors are required to color any map on the plane surface.

-

Attempting to find the solution, mathematicians like ueawooa {empe and

ntrbhnff develanaed the new hranch_oranh thenarv now
AJLILIN1AV/L A UUVUAUFVU tilw 11w VY Uvidliviil™ 5‘. yll I.II.VUI. A\

airline routes and wiring diagrams.

In 1975 a group of scientists at the University of Illinois, using an IBM
360 computer, proved the four-color conjecture. The method used involved
the reducibility of over 1,500 configurations.

It is amazing that the complete proof of this simple statement consists of
hundreds of pages, miles of calculations and is impossible to carry out with-
out the use of the computer.

Chances are that one day some bright teenager will find a short and
elegant proof. It is also conceivable that no such proof is possible.

- [+ Y = Y oY - Y BN
@ rFRuYpLEm

I 1. Which of the points A, B, C, and D lie inside the curve and which lie I

outside the curve?

.y
I=-0 L

/~ )

! |
l I
! I
A e
FIGURE 1
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SOLUTION:

1. It is obvious that a triangle (or circle) separates a plane surface into an
area inside and outside its perimeter. The same property is assumed for any
continuous non-self-intersecting closed curve. For the curve of Figure 1, it is
easy to see that A lies inside its perimeter and B outside its perimeter.

For more complicated curves, such as in Figure 2, it takes a while to
determine what is inside and what is outside. In this case, C is outside and D is
inside.

Even though the terms “inside” and “outside” are intuitively simple, they
require a rigorous mathematical treatment.

2. By definition, any curve homeomorphic to a circle is called a Jordan
curve.

® PROBLEM 9-83

FIGURE 1
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A polygonal path consists of # straight line segments joining n distinct points
in a plane Line segments can intersect only at their end points. Each line
nnnnnnnnnnnnnnnnnnnnnnnnnnnnn Tha ctraiaht lina canrmmant nra rallad tha

nglllClll JUlllb lWU pUlutb uulqucl_y 1 11C bualslu 111IC DCEIIICULD aiv uvdilivu Ui
sides of the polygon. Polygonal paths determine the perimeter of the poly-

gon. The flgure deplcts a polygonal path.

® PROBLEM 9-84

JORDAN CURVE THEOREM

On a plane or on the surface of a sphere, a Jordan curve separates
the surface into two disjoint regions having the curve as a common
boundary.

n
It is surprising that this theorem is obvious to almost everybody but it
I requires a fairly complex proof.

l Prove the Jordan curve theorem for a polygonal path.

SOLUTION: _
A B
Fy
>

P2
P3 ® //\\ -
e — =
P4 P5 \/

FIGURE 1

Iways possibie to find a line segment AB

,itis a
£ th e | Thig t. 1
ny of the sides. This separates the plane (with the

polygnna_ path) into two disjoint sets:
a f points such that a ray from the point in the direction
parallel to AB intersects the polygonal path an even number of times;
B - an odd number of times.
P,ea, P;E0, PsEaq,
P 2 € B3 P 2 € B

from Figure 1.

Suppose a point moves along a line segment not intersecting a polygonal

path and not parallel to AB, (Figure 2).
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FIGURE 2

The number of intersections of the ray with the polygonal path always changes
by a multiple of two. Thus, if any point belonging to a is joined to any point
of B by a polygonal path, this new path must cross the old one an odd

€ ticnno Can Disgiira 2
1

PR o8 a
11UV UL, OVL I'Igulv .

N
VX
W

FIGURE 3

>
Yo

If both points P, and P, belong to the same subset (o or ), they can be joined
by a polygonal path not intersecting the original polygonal path.

Thus it is possible to identify a as the set of points outside the polygonal
path and f as the set of points inside.

_a PADI ERA o _OoOF
w NMVPLEREIVE I9"0J

... ... |
Look again at the proof of the Jordan curve theorem for a polygonal I
I path (Problem 9-84). Why does the same method applied to any Jordan I

I curve lead to difficulties? I

SOLUTION:

Since a polygonal path contains the finite number of sides of the poly-
gon, it is easy to find a direction not parallel to any side.
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FIGURE 1

to find a direction which is nowhere tangential to a curve. Obviously for a
circle, no straight line in the plane exists, which is not parallel to some
tangent to the circle. See Figure 2 where CD is parallel to AB.

/B

//’\ o /

\ /
N/ A

® PROBLEM 9-86

Another amazing statement in topology is that in a plane there are
infinitely many simply connected bounded regions which all have the
same boundary. Consider this puzzle for three regions:

73,
YN
iy )

)
e
==

| I
| I
| I
| I
I 2> 7 |
| FIGURE 1 I

There is an island. Within the first day you have to dig three canals:
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from the sea, from the cold lake, and from the warm lake in such a way
that the waters are separated and any point of the island is less than 1

N Lo [ A ~Felan Aax;

miie Irom any water Uy the end of the aay.
In the next half day the digging continues according to the same

principles and each point has to be less than a !/, mile from each kind of
water. The work is carried out in intervals 1 day, Y/, /4, /g, /16, --- of the
day.

What happens at the end of the second day?

——SOLUTION:

The island (or whatever is left of it) forms a closed set A nowhere dense.
Each point of A is arbitrarily near to each kind of water.

Note that A is the common boundary of three regions: the sea, the warm
lake, and the cold lake.

e PROBLEM

I Rotate a disc and an annulus in its own plane about its own center. I

I What point (or points) is always mapped into itself?

i

SOLUTION:

FIGURE 1

Let ¢ be the angle of rotation. The transformation is rigid, one-to-one and
continuous. Each point A of the disc is mapped into A”. For ¢ not an integer
multiple of 2nx, there is one point only, which maps into itself, namely the
center of the disc.

For the same rotation of an annulus there is no point which maps into
itself.
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FIGURE 2

® PROBLEM 9-88

Explain the result of Problem 9-87 in terms of Brouwer’s fixed point

theorem.

SOLUTION:
BROUWER'’S FIXED POINT THEOREM

TCAr anvu nAantiniinng trancfnrmatinn nf o Aicrn ¢t~ itcalf thara 1o ot lanct Ana
1'Ul a l_y CULILIIIUUUD L1dlidivliiiatlvll Ul a UIdL LU 1wuill, UIVILV 1D al 1vast uliv
point which is mapped to itself.

Since rotation is a continuous transformation, at least one point of a disc
is mapped into itself.
There is no continuous transformation f of a disc into itself

f:D—D
such that, for every x € D, fix) = X.
Brouwer’s fixed point theorem deals with the topological property, hence
it holds for any region homeomorphic to a disc. It can be applied to various

situations in life.
Consider for example a pool of oil spilied on the road.

boundary remains the same

wind

FIGURE 1
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When the breeze blows, the surface of oil is moved. Assuming the

FiIGURE 1
Show that when the material contracts so as to occupy only a part of its
original area (Figure 1b), then there will always be a point A that occu-

pies the same location before and after contraction.

SOLUTION:

Contraction is a continuous transformation, thus we can apply Brouwer’s
fixed point theorem.

Wa ~rnannlinda that at lanagt Ana nnint nnanniniag tha cama nlana aftar ~Ann

YYU LCUILIVIUUGLV Uial al 1vaodst uUllv PUllll Ubbupl\:o iV sailliv Plabb aliivl LVUILLT
traction as before. Note that the same is true if we stretch out an elastic
material

Prove Problem 9-89 without direct reference to Brouwer’s fixed point
theorem.

SOLUTION:

Suppose the original region is colored in the form of a chessboard and
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point P occupies P~ after contraction. All squares can be grouped into three
categories:

I. For every point belonging to the square, P’ lies nearer the right side than

this point.

II. For every point belonging to the square, P lies nearer the left side than
this point.

III. Squares that are neither I nor II.

It is easy to see that the squares of type I and II are never neighbors. Thus,

square III goes from top to the bottom and a line can be drawn passing only

through the squares of type I1I, which join the upper edge with the base.
Let us draw an arrow PP~ at each point of this line. Since not all P” can li

Linl e ¢lane D ot A1l ooy maen Aleann A imeas sl De: o cncem s d~loa s 2
lllgllCl tiidll I 11Ut dll dl110WwW)D dlC UllCL«lCU UPWdlU. Dy LUIC dAIIIC LOKCIL 110t
arrows are directed downward. Hence at least one point Q exists with a hori-
zontal QQ".

Since Q belongs to square III, there must be point R in this square with a
vertical RR".

Ql

9]

Rl

FIGURE 1

Since the square is small, such an abrupt change of direction is impossible
(note that transformation is continuous) for a large PP".
Hence, the arrow PP’ for all points of the square must be small. When

...L.-... Al i Sem cern e e ——~ ~L el .4

the number of Square€s increases, we reach the limit of point Py, such that
P0P0 =0 thatlS, PO=P0

and Py is the fixed point of the transformation.

® PROBLEM 9-91

Here is a curious consequence of the Brouwer’s fixed point theorem:
At any given time there are two points on the earth which are anti-
podes and which have the same temperature and the same air pressure.

340



FIGURE 1

SOLUTION:

Suppose you have a sphere made of elastic material, for example, an
inflatable ball. If the ball is folded and deflated so as to become flat, then
there are two antipodes, A and B, which will lie one upon another.

FIGURE 2

It can be proven by using Brouwer’s fixed point theorem. Since both tem-
perature and pressure are continuous, the conclusion follows.

A DDhADI ERE o
W Frnnvekia b4
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Here is a fixed point theorem for one dimension:
If an interval is continuously transformed to itself, then there is at
least one point of the interval which remains fixed.

One way to prove it is to divide the interval into small segments. List all
complete segments for each division of the interval AB shown below.
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FIGURE 1

SOLUTION:

On the original segment AB we arbitrarily choose any number of points.
All these points and the end-points A and B are labeled at random, 0 or 1.

On both sides of every 0, we put a dot. When a zero is at the end-point A
or B, it gets one dot.

mall segment (i.e., one that does not inciude any subsegments) is
- t Ment rshan 1t hac a ) at A nd and a1 at tha

when it has a 0 at one end and a 1 at the other.
0 e,

we list all small segments and circle the com-

TN\

a. @, 00 ,(01), 11, (10), 00
9. (),

00

o o
[y
[y

- ~

[y

[y

- ~»

- -

[¢]
ED
[aY
[u—y
[y
(WY
GD
(]
)
GD
[a—y
[y
GD
(=] N
g
(@]
[y
GD

® PROBLEM 9-93

Show that if the end-points of the original line segment are labeled 0

and 1, then any division of this segment contains at least one complete
segment.
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SOLUTION:

Let n be the number of complete segments. Then the total number of dots
is n plus some even positive integer

# dots = n + 2k.

On the other hand,

# dots = # of 0’s at the end-points + 2 - /

where [ is the number of interval 0’s.
We conclude that if the end-points of the original segment are labeled 0

and 1, then the number of complete segments must be odd. Thus, an original
segment 01 (or 10) contains at least one complete segment.

® PROBLEM 9-94
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Suppose the original line segment, labeled 01, is continuously trans-
formed into itself.

We label the points of the transformed segment O, if their distance from
the end-point 0 has not decreased and 1, if their distance from end-point 1
has not decreased.

0 1

[ ]

o
s,

-
e

Oe
O P
o ¢

FIGURE 1

There must be at least one complete segment and since the labeling can go
on infinitely, this segment can be made arbitrarily small.

At the limit, this segment tends to a single point, which is the fixed point
we are seeking.
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® PROBLEM 9-95
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SOLUTION:

complete w— 2 complete triangles

triangtes ~

1
0 1
FIGURE 1

We shall use a method similar to the one-dimensional case. Consider a
triangle arbitrarily subdivided into smaller t riangles. The original triangle is

labeled 012. The vertices lying on the side 01 are labeled 0 or 1 only,
vertices on 02 are labeled O or 2 only and vertices on 12 are labeled 1 or 2
only.

A complete triangle is defined as a small triangle with vertices labeled
012.

This division of an original triangle contains at least one complete tri-
angle. Next we continuously transform and divide the original triangle. Di-
minishing the complete triangle becomes the fixed point.

The above theorem is sometimes called Sperner’s lemma.

In the same manner, we can prove Brouwer’s fixed point theorem for any
dimension.

® PROBLEM 9-96

SOLUTION:

Curves x and y are the boundaries of the cylinder. By cutting the cylinder
along the line AB and then opening it, we obtain a rectangle. To ensure that
the rectangle can be folded back, so as to give the cylinder we described its
vertices; and use arrows to indicate that there is no twisting.
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FIGURE 1
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FIGURE 2

The diagram obtained as such is called a plane diagram.

® PROBLEM 9-97

For the torus depicted in Figure 1, make the needed cuts and sketch its
corresponding plane diagram.

» O

M i O,
N

FIGURE 1
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SOLUTION:

Two cuts, a, b are shown in Figure 1. The first cut, a, enables us to
straighten the torus so as to obtain a cylinder.

b

-

b
FIGURE 2

Here again arrows indicate that there is no twisting. Also note that all four
vertices are labeled with the same letter.

Make the necessary cuts and draw a plane diagram (rectangle) of a I

I sphere. I

SOLUTION:

To obtain a plane diagram, we have to cut the sphere twice as shown in
Figure 1. To obtain a rectangle, we have to deform the cuts. The plane
diagram of the sphere is shown in Figure 2.
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FIGURE 2

® PROBLEM 9-99

FIGURE 1

SOLUTION:

We cut a Mdabius band along the line AB and then twist it (qure 2). Note

A @lVils v AL ¢ £). 1 >

that we used two different letters, x and y, since the edges are not joined to-
gether.

A X B
a A Yy a
A y A
FIGURE 2
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Note that from the plane diagram of a Klein bottle it is impossible to
obtain a Klein bottle in three-dimensional space.

Y/ bvcrn b cameleoa R I obtain a plane diagram of a Klein
We have to make two cuts in order to obtain a plané aiagram OI a Kicii
bottle (Figure 3).
~ \ o /
b
A P A
avy a
A - A
b
FIGURE 3
@ PROBLEM o_100
w FNRWYUMNKkk] 7™ 1V

Draw the plane diagram of the real projective plane. Compare the plane
diagrams of a Mobius band, Klein bottle and the real projective plane.

SOLUTION:

Compare these three diagrams:

oA

FIGURE 1
is the plane diagram
we obtain a diagram of a Klein bottle. If the opposite sides of the rectangle
are to be joined together, then we should have to place the arrows in opposite
directions as in diagram III. III is the plane diagram of the real projective
plane, where each pair of opposite sides is joined in the opposite direction
(with a twist).

The real projective plane can be represented as follows:

P

L‘ a Ao lhned adA: xr wntd H M
of a Mobius band. u_y aaaing arrows {0 avoia w‘v’iSuﬂg,
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 of the re d to a line
great circle parallel to S. This circle is mapped nto a lm
Euclidean plane, with the line of infinity added, is called the real prO_]CCthC
plane.

Y]
Q.

® PROBLEM 9-101

From the plane diagrams, obtain the Euler characteristic y of

a cylinder

a one-fold torus

3. asphere

4. a Mobius band

ARiWAll UV itiw

I 5. a Klein bottle i

6. areal projective plane.

SOLUTION:

We shall apply the expression
x=V—-E+F. (1)
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For a cylinder

B X B

there are two distinct vertices, V = 2, three distinct sides, g, x, y, E = 3, and one
face F = 1. Thus

x=2-3+1=0.
For a one-fold torus
A b A
a AN A a
A o A
V=1,FE=2,F=1, hence
x=1-2+1=0.
For a sphere
A X B
X v n Y
B y C
V=3,E=2,F=1, hence
Xx=3-2+1=2.

For a Mobius band
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B y A
v/= 2, E = 3, F = 1, nence
x=2-3+1=0
For a Klein bottle
A ° A
a \/ a
A N A
V=1,E=2,F=1, hence
x=1-2+1=0.
For a real projective plane
A b B
a / Vv a
B Y A
V=2,E=2 F=1,hence
x = 1.
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® PROBLEM 9-102

number. Thus, prove that the chromatic number of a torus is seven.
-~

~ SOLUTION:

By remembering that a plane diagram will be folded into a torus, we can

color the rectangle as follows:

b
A > A
1 5 1
7
3
a - »‘8
o
2
1 4 1
A b A
FIGURE 1

Note that when folded, each color borders with the remaining 6. This result
is known as the seven color theorem for a one-folded torus.

® PROBLEM 9-103

The plane diagrams are
b A A a B
A S S
ay K 7 ya by k \ Aa
Torus Sphere
A b A c b A

FIGURE 1
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Let us establish the reference orientation as clockwise (we can choose counter-
clockwise as well).

2~ £ can £ temobamn

Starti 1g Irom, 10r instance, tnc I€It uppe€r COrner and assigning + to €acn
edge when the arrow moves clockwise or — when counter-clockwise we
obtain

equivalent representations are

—a+b-b+a

+b-b+a—-a

=’1_Ln=n_Ll'\
v T wu u T U

® PROBLEM 9-104

_
I What is the Euler characteristic of a sphere with s holes? I

SOLUTION:

The Euler characteristic of a sphere isy = 2.

O

PPVEN
@

/ \
( \
\ J
\ /
N

FIGURE 1

Suppose a hole is removed from a sphere (Figure 1). Then the number of the

arc increases by one. The Euler characteristic
2=x=V-E+F (1)

decreases by one. Hence for a sphere with one disc removed
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x=2-1=1. (2

x=2-2=0. (3)

v N/
Tha cnhara with tiirn halag 10 hAamanmarmhia ta am Amvan Aglindaes
i1nc DPI]CIC WILLL LWU HHUILD 1D Huilivul lUlPlllb v all Ul)Cll byllllUCl
In general, a sphere with s holes has the Euler characteristic

X=2-s. 4)

® PROBLEM 9-105
What is the Euler characteristic of a sphere with » handles and no holes?

SOLUTION:

A sphere with two handles and no holes (see Figure 1) is homeomorphic
to a two-fold torus.

R
A N\

FIGURE 1

VoJ

The Euler characterisiic of a two-fold torus is — 2. Hence, the Euler charac-
teristic of a sphere with two handles i

g —2.
VY AVAIA LYV U AALR J

In general, a sphere with » handles and no holes left open is homeomor-
phic to an n-fold torus. The genus of the surface of an n-fold torus is n. But

x=2-2g
Then
X =2-2n

is the Euler characteristic of a sphere with » handles.
The Euler characteristic of a sphere with no handles is
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with one handle

Suppose a sphere with no holes and » handles is given with a map drawn
on it. Since every region of the map must be simply connected, at least
one arc must be drawn along every handle (Figure 1).

/
I

A

FIGURE 1
By using the procedure described below, determine the Euler char-
acteristic of a sphere with n handles from

xVE+F

SOLUTION:

We shall detach one end of each handle in order to obtain a sphere with n
holes and n pipes, called cuffs.

I. First Stage
We have a map on a sphere with » handles and no holes, such that x =
V—E + F.

II. Additional vertices are added to the map, one at every intersection of an

arc and a boundary where a handle is to be disengaged. Such a boundary is
now treated as an arc. Hence
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Vbecomes V + k
E becomes E + 2k
F becomes F + k
where k is the number of additional vertices to be added.

III. Detachment

FIGURE 2

Figure 2 shows a sphere with 3 handles detached. In order to make a surface
closed, we have to cover n holes and n open cuffs with 2n discs. When the
handles are detached, k arcs and k vertices are added.

Now we have

V = 2k vertices, E + 3k arcs, and F + K + 2n regions.

The thereby obtained surface is homeomorphic to a sphere. Hence,

x=2=(V+2k)—(E+3k)+(F +k+2n) (2
and
V—F+F;7—7n (1\
-~ = -~ —~ \~)
X =2-2n. 4

Cf. Problem 9-106.

® PROBLEM 9-107

The Euler characteristic of a cylinder is zero and of a disc is one. By

attaching and removing various surfaces, find the Euler characteristic of
a sphere with 7 handles and 4 holes.
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SOLUTION:

It is easy to calculate the Euler characteristic from the formula

x=2-2n—-k
N

14 %

~~
st
N

where n is the number of handie k
x=2-2-7-4=-16. (2)
- The other way is to start with a brand new sphere ¥ = 2. Then make2-7=14

holes for handles =2 -2 - 7, then 4 holes =2 — 2 - 7 — 4, then put 7 cylin-
ders to make handles, x=2-2-7-4+7 - 0. Thus,

x = ¥ [sphere] —x [disc] - (2n + k) + x [cylinder] - n =
=2-14-4=-16. (3)

- sy S~ aAnn
W FRVYUDLEM J—-1V0

I Generally, if n open surfaces Py, P,, ..., P, are joined together along the II

boundaries, then the Euler characteristic  of the resulting surface is

| x = ¥[P1] +x[Ps] + .. +¥[P.]. o |

By applying (1), obtain the Euler characteristic of a sphere, putting
together

1. ncylinders and two discs.

2. asphere with k holds and & discs.

SOLUTION:

= ny, [cylinder] + 2y [disc] =n-0+2-1=2. (2)

2. The Euler characteristic of a sphere with k holes is
x=2-k.

By covering k holes with & discs, we obtain a sphere. Hence
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The plane diagram (Figure 1) of the real projective plane (see Problem 9-
100) can be topologically deformed into a sphere with the appropriate hole
shown in Figure 2.

FIGURE 2

By closing the hole in such a way that the sides are joined according to the
arrows, we obtain a closed surface intersecting itself (see Figure 3). The
surface is one-sided. Points A and B are single; all other points of the seg-
ment AB are double points.
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