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PREFACE

It all began with Serre’s beautiful 1957/58 course at the
Collége de France on Algébre locale - Multiplicités [Se]. Here he introduced
a local algebraic version of the geometric notion of intersection multiplicity
as follows. Let A be a d-dimensional regular local ring and M and N finitely

generated A-modules such that M®,N has finite length. Then he defined their

intersection multipliecity x(M,N) as Eg_l(-l)Jt(Tor?(M,N)) and the course

culminated in the three statements

M) dim M + dim N < d;
) In case of an inequality above, x(M,N) = 0;
M) In case there is equality, x(M,N) > O.

Serre proved (M;) in general and (M,) and (M,) except for
ramified local rings in mixed characteristic. He then cagily added: "Il est
naturel de conjecturer que ces résultats sont vrais pour tous les anneaux
réguliers.”, thus raising the first of the homological questions of the type
this book addresses. Almost 30 years later, (M,) was proved by P. Roberts
[Ro 85], [Ro 87b] and by Gillet-Soulé [GS] using different methods, but (M,)
remains open in the ramified case.

That the (M;) are not true for an arbitrary noetherian local
ring is seen in the example of a 3-dimensional local domain

A = k[[X,Y,U,V]]/(XY-UV), k a field, and its 2-dimensional modules



M=-A/(X,U), N=A/(Y,V). Since Me,N has length 1, statement (M) is
violated.

It was then surmised that the operative fact for regular rings -
which in those days had just been established by Auslander-Buchsbaum and by
Serre himself - is that every module has finite projective dimension. To
exclude examples as above, the (M;) were therefore conjectured for an
arbitrary noetherian local ring provided M or perhaps M and N possessed
finite projective dimension. This was the point of view taken by M.
Auslander, which stimulated a lot of research. It therefore created quite a
stir when a module M of finite length and projective dimension was
constructed over the 3-dimensional ring A above, such that for our module N
the intersection multiplicity x(M,N) = -1, though dim M + dim N = 2 < 3,
contradicting a generalization of (M;), i = 1,2 with only M of finite
projection dimension [DHM]. Over this (and any) complete intersection ring A
however, (M;) is true if both M and N have finite projective dimension,

[Ro 85], [Ro 87b], [GS].

In this book I shall concentrate on such a generalization of
(M;) or rather a weaker form as explained in section 8.5. This Intersection
Conjecture was proved by Peskine-Szpiro in their pioneering joint thesis
[PS 73] in positive characteristic and for rings essentially of finite type
over a field of characteristic 0, a restriction which was soon removed by
Hochster [Ho 75a]. The statement is now the Intersection Theorem 8.4.4, since
P. Roberts recently managed to prove the mixed characteristic case [Ro 87a],
[Ro 89]. Fittingly perhaps, his main tool is the theory of local Chern
characters and their Riemann-Roch Theorem, which is part of the Fulton-
MacPherson treatment of intersection multiplicities in algebraic geometry
[Fu], bringing the development back full circle to the underlying geometry.
Of this part of Roberts’ proof I can only give a brief indication in section

13.1.
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The Intersection Theorem with related results and conjectures
is a focal point in the book. I also treat the Direct Summand Conjecture and
the Monomial Conjecture which are equivalent and prove them in equal
characteristic, Theorem 10.3.5, along the general lines of [Ho 73b].
Hochster has shown in a long and rich paper [Ho 83] that the latter,
ostensibly not overly homological, yet implies the Intersection Theorem and
its consequences. But since the Monomial Conjecture is still open in mixed
characteristic, I have not taken this route.

There are two main strategies for attacking these homological
questions. The first deploys a range of subtle homological arguments, as in
[PS 73], [Ro 76], [Ro 87a]. Most spectacular in the second approach is the
brute force construction by Hochster of Big Cohen-Macaulay modules [Ho 75a].
Both methods have in common that they work in positive characteristic by
exploiting the Frobenius endomorphism, and then obtain the result in equal
characteristic zero by general methods, as explained in Chapter 12. There is
however a notable exception, Roberts’ proof of New Intersection over the
complex field [Ro 80c].

In this book I combine the best of both worlds, plugging our
Big Cohen-Macaulay module into the Acyclicity Lemma to obtain New
Intersection, as first shown by Foxby [Fo 77b]. I present however a
refinement of Hochster's original construction of Big Cohen-Macaulay modules
which goes back to [BS] and [Ba].

I do not list all the homological conjectures, nor trace their
often surprising interconnections. This has been done in [PS 73] and
repeatedly and authoritatively by Hochster [Ho 73a], [Ho 75a], [Ho 75b],

[Ho 78], [Ho 79], [Ho 82], [Ho 87]. To some extent I tried my hand at this
in [St 85], which may serve as a synopsis of the main thrust of this book.

In writing a monograph of this kind, a problem is where to



xii

start. I have decided to take standard homological algebra and the theory of
homological dimension for granted, but in Chapter 3 rather carefully treat
injective envelopes and Matlis duality. While commutative algebra is assumed
at the level of, say, [AM], completion is discussed in Chapter 2 and regular
sequences and parameters in Chapters 5 and 8 respectively. In this way I
hope that the book will not only be of interest to commutative algebraists,
but that mathematicians in other areas and also persevering graduate students
will be able to partake of these fascinating homological questions.

Now for acknowledgements. First I should like to salute Mel
Hochster, whose unflagging enthusiasm for the homological conjectures drew
me into the subject. This book originated in a course and seminar which I
taught more years ago than I care to remember. Several participants have
greatly assisted in the writing of the book. Lex Vermeulen and Ton Vorst
contributed drafts and outlines of sections in the early stages, and so did
Dick Buijs. Jaap Bartijn deserves a special word of thanks. Quite a bit of
material in the book derives from our collaboration on [BS] or from his
thesis [Ba)]. Moreover, we have often discussed the contents of the book and
he has written drafts for certain chapters. Dick Buijs has throughout been
a great help in reading innumerable versions of chapters. His pertinent
comments have reduced the number of errors and improved readability. This
also holds for Anne-Marie Simon who performed the same task during the later
stages.

For a friendly gesture of a different nature I am indebted to
Lou van den Dries. He offered to write a chapter where Big Cohen-Macaulay
modules are shown to exist in equal characteristic 0 once they are known to
exist in all finite characteristics. The argument really pertains in greater
generality, and Van den Dries has given us his view of the matter in Chapter
12, which differs in certain respects from previous treatments. This chapter

also offers a valuable introduction, at fairly elementary level, to Artin
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Approximation and henselization. Since this material is almost entirely
independent from the rest of the book, and was written several years ago,
Utrecht University put out a tract and distributed a limited number of
copies in 1983. Van den Dries would like to thank Craig Huneke for spotting
a gap in the proof of Approximation in that early rendering.

"De Pauwhof" in Wassenaar deserves thanks for several sojourns
of sustained work. The publisher, lastly incarnated in David Tranah, has
shown courtesy and patience throughout. Finally, it is a pleasure to thank
Karin Berlang for cheerfully and competently processing a hundred visions

and revisions before the taking of a toast and tea.

Utrecht, Jan R. Strooker

December 1989



1 HOMOLOGICAL PRELIMINARIES

In writing a book on an advanced topic one cannot start from
scratch, so one needs to make a choice of basic subjects which the reader
is supposed to be familiar with. Here we assume a working knowledge of
homological algebra and the theory of various homological dimensions, as
expounded for instance in standard texts like [CE], [No 60], [HSa] or [Rot].

In this brief chapter we merely explain a few technical devices
which are less uniformly known. They concern the exactness of certain
complexes of modules. In the first section we deal with abstract Acyclicity
Lemma's for single complexes in abelian categories, which will i.a. be used
to deduce the parent version due to Peskine-Szpiro, 6.1.1. We also restate
uniqueness of derived'functors in a form suitable to our purposes. In 1.2 we
consider tensor products of complexes of modules, preparing for certain
results in Chapter 7. Most readers will hardly feel tempted to study this
material for its own sake, but may like to refer back when it is needed in

these later chapters.



2 1 Homological preliminaries

1.1 ACYCLICITY LEMMA'S

Let ¥ and 9 be abelian categories. A sequence Fl, i=20,1,2,...,
of covariant additive functors from € to 9 is called right connected exact
if to each short exact sequence 0 - C' -+ C » C" =+ 0 in § there corresponds a

functorial long exact sequence
0 » F’c’ » F¢ » F°c" » F'¢' » ... » F'¢’ » F'c » Fi¢" » F*’¢’ » ... in 9.

For each object C in $ we put £ C = inf(i] F!C » 0). Notice that £°C is

either » or a nonnegative integer.

1.1.1 PROPOSITION. Let F' be a right connected exact sequence of

ds d N
functors from ¢ to 9. If ¢, =0->C, - C,, » ... > G, is a complex in % such
that for i = 1,...,s both £C, = i and either H,(C,) = 0 or £H,(C,) = O, then

C, is exact.

PROOF. Writing H, for the homology H,(C,), we shall successively
show that H, = O, H,_, =0, ... , H; = 0. If H, » O, then F’H, » 0, and the
monomorphism H, » C_ yields }?OCs » 0 which contradicts the fact that
fc,2s>0.

For each i we shall write T, = coker(d,,;) and K; = ker(d;).

Then T, = G, and f_Ts > s, so that, for 0 < r < s, our induction hypothesis

may read: H = 0 and £T, 21 for 0 < r < i =s.

To take the induction step, consider the two sequences

0-T, »-C. ~»T ~>0and 0->T,, »K - H - 0 vhich are exact because

H,, = 0. The first one gives rise to an exact sequence I-‘iCr -+ I-‘iTr - F‘iﬂTr,r1
for each j = 0. Since fT,, 2 r+l and £C_ > r, we find £ T, = r. The second
one induces an exact sequence Q0 - FO'I'r+1 - FOKr - Fol-lr - FITM1 - ... in 3.
Since r > 1, we know that F’T,,, = F'T,, = 0. If H » O, then F'H_ » O and

thus Folg » 0. But then F°Cr » 0, which contradicts our assumptions.
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One of the advantages of such an abstract formulation in terms
of abelian categories, first noticed by A.-M. Simon [Si], [St 90], is that
we right away have a dual statement. Terminology and notation should be

self-explanatory.

1.1.2 PROPOSITION. Let F, be a left connected exact sequence of
functors between € and 9. If C* = c® » ' » ... » C* » 0 is a complex in ¢
such that, for i = 1,...,s, both £.C' > i and either H'(C') = 0 or

f_H‘(C') = 0, then C° is exact.

It is left to the reader to formulate companion versions for
contravariant functors. To prepare for our next proposition, suppose that
F= (F‘) and G = (G‘) are both right connected exact sequences of functors

from € to 9. A morphism o: F + G is a collection of morphisms o': F' - G!,
i > 0, such that for every short exact sequence 0 -+ C' - C » C" -+ 0 in € the

square

Ficu Fi+ lCl
ai(c") dtic)
GiC” Gi+lcl

commutes in 9. The result we shall need does not occur in this form in the
standard texts, but is an immediate consequence of their treatment of

satellites and derived functors. A more general version is proved in [St 78,

Th. 3.4.3].

1.1.3 PROPOSITION. Let F = (F') and G = (G') both be right connected
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exact sequences of covariant functors between abelian categories € and 9.
Suppose there is an isomorphism ¢°: F -+ . This extends to an isomorphism

o: F » G provided F'T = G'I ~ 0 for every i > 1 and every injective object

I in 8.

We shall also have occasion to use two dual versions, where the

higher functors are required to vanish on projectives.

1.2 A FEW ISOMORPHISMS OF COMPLEXES

We shall need several facts on complexes, which are of a fairly
simple nature, because key results concern complexes of vector spaces. Ad
hoc proofs could certainly be provided. On the other hand, this material is
rightfully part of the theory of derived categories, to which there exists
several introductions in [Ha], [De], [Bor] and [IVv].

We shall strike a compromise, since fortunately the basic
techniques which we shall use are treated carefully and in detail in the
treatise [Bo 80]. In this section therefore we adhere to notation and
terminology of Bourbaki and often refer to this work for the proofs. Our
treatment is in the spirit of [Fo 77a] and [Fo 79].

We take a fixed (commutative) ring A and work with complexes c’

and C, of A-modules. Here C° will always stand for an ascending complex
i-1 i
et ot 4 et L with d'ed™ = 0 and C, for a descending
complex with d;: ¢, -+ C,_; and djod;,; = 0. It is sometimes convenient to

switch from one to the other by writing C, = C'! and d, = dat
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A morphism (of degree 0) u: C° » D° is called a homologism
between these complexes if it induces an isomorphism H(u): H(C") = H(D")
[Bo 80, 82, Déf. 3]. Most authors speak of a quasi-isomorphism or quism, but
Bourbaki’s term is more descriptive. Standard examples of homologisms are
provided by resolutions. If C is a module, one can regard it as a complex C’
by putting ¢° = G and C* = 0 for all i w 0. If 0> C 3 E° » E! » ... is for
instance an injective resolution of C, and E' is the complex
0-+E" > E s .. ., a homologism u: ¢’ » E' is defined by u = (u!) with
uw = ¢ and u! = 0 for i w 0.

Given two complexes C, and D,, we have the notion of the tensor
product complex C,®,D, [Bo 80, 84.1]. It is a descending complex with chain
modules (C.e,D,) = ®, 4y CioADJ. For the differential distinct conventions
are in use, one of which is chosen by Bourbaki. We shall not make this
explicit, since the reader is referred back for the proofs anyway.
Similarly for C,, and D° an ascending complex, Homgr,(C,,D’) is defined
[Bo 80, 85.1]. In what follows we shall only need this when C, is
concentrated in degree 0, in other words may be thought of as a module
C = C,, and it is easy to see that then HomgrA(C,,D°) ~ HomA(C,D') so that

we may forget about the fancier notion.

1.2.1 PROPOSITION. Let u: C° » D’ be a homologism of complexes and F’
a complex of flat modules with F* = 0 for i sufficiently large. Then

1 .eu: F'g,C’ » F'g,D’ is a homologism.

PROOF. This is [Bo 80, 84, Prop. 4].

1.2.2 PROPOSITION. Let A be a noetherian ring and C a finitely
generated A-module. Suppose F' is a complex of flat modules and E° a

complex of injective modules. Then there is an isomorphism of complexes
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F'®,Hom,(C,E") = Hom,(C,F'®,E") and the complex F'®,E" consists of

injectives.

PROOF. For each pair of indices i and j, there is a natural
homomorphism from FJ@AHomA(C,Ej) to HomA(C,FJ@AEQ) which is an isomorphism
because C is finitely presented and F' is flat [Bo 6la, Ch. 1, §2, Prop. 10].
It is straightforward to show that these maps commute with the differentials,
hence yield the desired isomorphism of complexes. In fact, the compatibility
is discussed in the greater generality of Homgr in [Bo 80, 85, 7, (16)].

For each i and j the isomorphism above extends to isomorphisms
F'o,Ext}(C,E’) = Extj(C,F'®,E'), n > 0, by [Bo 80, §6, Prop. 7c)] and, since
Ext:(C,EF) =0 for n>1, so is Ext:(C,FdeAEj). Now it is enough to test
injectivity for cyclic modules C = A/q, a an ideal in A, so the F"@AEJ are
all injective. Since over a noetherian ring every direct sum of injective
modules is injective, all chain modules in the complex F'@AE' are injective.

For the two facts on injective modules which we have just used, the reader

may for instance consult section 3.1 of this book.

1.2.3 PROPOSITION. Let V, and W, be complexes of vector spaces over

a field k and suppose that either V, = 0 for i sufficiently small or W, = 0
for j sufficiently small. Then H(V,)®H(W,) = H(V.®W,). In other words,

for each pair of indices i and j, there is an isomorphism of vector spaces

H (V.0 W) ~ 0, H (V.)@H (W,).

PROOF. Since k-vector spaces are certainly k-flat, this is a

special case of the Kinneth formula [Bo 80, §4, Th. 3, Cor. 4].

As in the rest of this book, (A,m,k) will be standard notation
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for a local ring A with maximal ideal m and residue class field k = A/m. The

next theorem is taken from [Ba, Ch. IV, Prop. 2.7], see also [BS, Th. 4.1].

1.2.4 THEOREM. Let (A,m,k) be a noetherian local ring and
F°F=0-+F%~ ... +F -+ 0 a finite complex of flat A-modules. Let C be an
A-module, E° an injective resolution of C and I’ the complex F'@AE'. Then
I° is a complex of injectives with I = 0 for n < -s, and HYI') = Hn(F'@AC).
Furthermore H“(HomA(k,I')) = @y4jum H’(F'@Ak)@kExti(k,C).

PROOF. We have seen in 1.2.2 that I' is a complex of injectives,
while I" = 0 for n < -s by definition of the tensor product of complexes.
The homologism C + E* is preserved by lF.@A- according to 1.2.1, so
HY(I") = H'(F'e,C).

Next observe that there is an isomorphism of complexes
F'@,Hom, (k,E") = Hom,(k,I") by 1.2.2. Now Hom,(k,E") is a complex of k-vector
spaces, so F'® Hom,(k,E") = F'®, kg Hom,(k,E"). We invoke 1.2.3 with
V' - F'@Ak and W' = HomA(k,E'), since that isomorphism could equally well
have been stated for ascending complexes - here V' = 0 for i > 0. Observing

that HH(W") = Exti(k,C), we obtain the final isomorphism of the theorem.



2. ADIC TOPLOGIES AND COMPLETIONS

The homological conjectures which are discussed in this book
are local and, what is more, need only be proved over a complete noetherian
local ring. The structure of such rings, expressed in the Cohen Structure
Theorems, is heavily used in their solution. Apart from these, we only need
results from this chapter incidentally.

There are in the literature several excellent accounts of the
topics in the title [AM], [Bo 61b, Ch. 3], [ZS]), (Ma 86], but these do tend to
concentrate all too soon on finitely generated modules over noetherian rings.
Nevertheless, there exists a quite attractive theory at least for arbitrary
modules over noetherian rings, and in some cases we may even waive the
noetherian condition. Since this book features the "construction" of certain
infinitely generated complete modules with good properties, cf. Theorems
5.2.3 and 9.1.1, and complete modules are drawing an increasing measure of
attention [Ba), [Si], we have chosen to present an outline of this theory.

In doing so we recall several standard results without proof, and for the
less standard ones give either a proof, hints for a proof or a reference.

In the first section we show how the notion of purity can serve
in the realm of adic topologies when the Artin-Rees Lemma is unavailable. On
the other hand, a pure submodule is a poor man’'s direct summand, and this

paves the way to our proof of Hochster’s Direct Summand Theorem in equal
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characteristic, 10.3.5.

The second section discusses completion, briefly yet in somewhat
more detail than we shall need.

In the third and final section then, Hensel’s Lemma quickly
leads to a proof that an equicharacteristic complete noetherian local ring

contains a field of representatives.

2.1 INDUCED TOPOLOGIES AND PURITY

Let « be an ideal in the ring A and M an A-module. The
descending set of ideals ¢*, t = 0, is taken as a basis of open
neighbourhoods of the 0-element of A. This defines the a-adic topology of
A which then is a topological ring. The module M becomes a topological
module over A by taking the submodules ¢*M to form a basis of open
neighbourhoods of 0 in M. To each m € M we can attach v(m) = sup(t| m € o*M).
The values v(m) are nonnegative integers or =, and we can define
d(m,n) = 27V ™ for m and n in M. This function d is a pseudometric on the
topological module M, which is a metric precisely when N, a*™M = 0, or in
other words, when the module M is Hausdorff in its g-adic topology. It is
well known that g-adic completions, defined by an inverse limit construction
in the next section, can also be described in terms of Cauchy sequences with
respect to the pseudometric d, and sometimes we take this point of view.

A chain (M): M=M; DM, D ... DM D> ...
of submodules is called a filtration of M. It is an q-filtration if

a4, c M;,, for all t, and a stable g-filtration if moreover oM, = M, for

all sufficiently large t. For instance, (¢®*M) is a stable q-filtration of M.



10 2 Adic topologies and completion

An ¢-filtration makes M into a topological A-module, and the topology
defined by a stable ¢-filtration is just the g-adic topology of M. As is
frequently the case, one of the fundamental results in the theory is humbly

known as a lemma, the Artin-Rees Lemma:

2.1.1 THEOREM. Let ¢ be an ideal in a noetherian ring A and M a
finitely generated A-module, with submodule N. There exists an integer
s > 0 such that ¢*M N N = ¢**(¢®M N N) for all t > s. In particular, the
a-adic topology of N coincides with the topology induced by the qg-adic

topology of M.

To see that finite generation of M is essential, consider the
example A = 2 .,, p a prime, a = (p), M= Q, A = N c M. Then the g-adic
topology on M is the indiscrete topology hence far from Hausdorff. Thus the
induced topology on N is also indiscrete and non Hausdorff. However, the

a-adic toplogy on N is clearly Hausdorff, which also follows from the more

general

2.1.2 PROPOSITION. Let g be a proper ideal in a noetherian domain A.

Then rﬁ_o o«¢ = 0, so A is Hausdorff in its g-adic topology.

This is a special case of the next result, Krull’s celebrated
Intersection Theorem. Though Krull's work is older, a particularly efficient

proof using 2.1.1 is given in [AM, Th. 10.17].

2.1.3 THEOREM. Let g be an ideal in a noetherian ring A and M a

finitely generated A-module equipped with the g-adic topology. Then the

closure of 0 in M is rﬁ_o a"M and consists of those m € M which are
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annihilated by some element of 1 + «.

2.1.4 COROLLARY. If moreover g is contained in the radical of A, then

Neao oM = 0 and M is Hausdorff in its g-adic topology.

As we have seen, these results in general do not hold for
infinitely generated modules, but we can sometimes replace the Artin-Rees
Lemma by a strong condition imposed on a submodule: purity. Under a different
name, this notion was used by Prtifer in the theory of infinite abelian
groups, but it fell to P.M. Cohn to generalize it to modules [Cohn]. He also
established some of its basic properties. Later on, Hochster and J.L. Roberts
[HR 74], [HR 76] and Griffith [Gr 76), [Gr 78] realized its potential in

commutative algebra.

2.1.5 DEFINITION. Let A be a ring, and u: N - M a homomorphism of A-

modules. Then

(i) u is called pure if ugl: N®,P -+ M®,P is injective for every
A-module P;
(ii) u is called ideally pure if uwgl: N@,A/a =+ M®,A/a is injective

for every ideal a;
(iii) u is called a-pure if uwel: N®,A/a » M®,A/a is injective for

the ideal aq.

Notice that these statements become increasingly weaker and that
the first two imply that u is injective. Since every module is a direct
limit of finitely presented submodules [Bo 80, §1, Prop. 7] and tensor

products commute with direct limits, it is enough to test purity with

finitely presented modules P. If N is an a*-pure submodule of M for all

sufficiently large t, then the g-adic topology on N coincides with the
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topology induced on N by the a-adic topology of M. The next result is easily

verified by using properties of the tensor product.

2.1.6 PROPOSITION. Suppose u: N + F is a monomorphism into a flat
A-module F.

(i) "u is pure"; "u is ideally pure"; "F/N is flat" are equivalent
statements;

(i) If conditions (i) are satisfied, N is also flat.

Suppose ¢: L, » L, is a homomorphism between two free A-modules
of finite rank. If we denote the linear dual Hom,(-,A) by -*, then " = ¢,
so that both C = coker(¢) and C’' = coker(¢") can be any finitely presented

A-module. The following neat observation is taken from [HR 76, Lemma 5.1].

As a corollary one obtained a useful characterization of purity.

2.1.7 PROPOSITION. Let (M) = 0 » M’ » M » M" -+ 0 be a short exact
sequence of A-modules. Then, with the notation above, ker(C'¢M' -+ C'@M) =

coker (Hom, (C,M) -+ Hom,(C,M")).

PROOF. Tensor (M) with ¢" and notice that the Snake Lemma
[Bo 80, 81, Prop. 2] applies to the resulting diagram. One obtains that
ker(C'@,M’' » C'®,M) = coker(ker(¢'e,M) + ker(¢'@M")). Now use the
isomorphisms L;eAN ~ Hom,(L,,N) which hold for any A-module N, i = 0,1, and

the left exactness of Hom,(-,N).

2.1.8 COROLLARY. The sequence (M) is pure (i.e. M’ +» M is pure) if and
only if the mapping Hom,(N,M) - Hom,(N,M") is surjective for every finitely

presented module N. In case the module M" is finitely presented, purity of
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(M) just means that (M) is split exact.

Thus a pure submodule is a kind of weak direct summand. Further
properties of purity can be found in the papers mentioned. We now turn to an
easy but basic example. Let A be any ring and let A, be the A-module A for
every index vy in an arbitrary index set I'. If A is noetherian, the free
module L = @, r A, is an ideally pure submodule of the module F = Do A, It
even is a pure submodule by 2.1.6, since the product F is flat (even for a

coherent ring, [Bo 6la, Ch. 1, §2, Exc. 12]). Keeping our notation, we find

another pure submodule of F:

2.1.9 PROPOSITION. Let a be an ideal in the noetherian ring A, which
is assumed to be Hausdorff in its g-adic topology. Let L be the closure of

L in F with respect to the g-adic topology. Then L is a pure submodule of

F and hence flat.

PROOF. The second statement follows from the first by 2.1.6.

Since L = F in case I is finite, we suppose I' is infinite and seek to

describe L. A little reflection shows that an element (a_,) of Fis in L

precisely when, for each t > 1, only finitely many a,'s are not in a®.

By 2.1.6 it is enough to test that for any given ideal b C A,
there is an inclusion L n bF c bL, since the other inclusion is obvious.
Choosing M = A and N = b in 2.1.1, we have an integer s = 0 such that
®*Nb=a""*®Nb) c ¢*™ for all t > s. Let b;.....b  be a set of
generators for b. If (a)) € L N bF, there is a finite subset Ty ¢ T such

that a € o® for y ¢ T,. For such an a, if a, » 0, there is, by the

Hausdorff property, a unique t > s for which a, € ¢*, a ¢ ¢**!, and we can

y
write a, = Zl; a{’b, with a{!) € ¢*™. In case a = 0, write a{*) = 0. Define

an element (b,,) € F by putting b_’ = 0 for y € Ty and b,, - a, elsewhere. Then



14 2 Adic topologies and completion

(a,))-(b,) € L. Setting al) = 0 for vy € Ty, we wish to show that the element
(a?’) is in L. But for each t = s we have al*) ¢ ¢ only if a ¢ o***, which

is the case for only finitely many v’'s. Thus (b)) € BL and we are through.

2.1.10 COROLLARY. The module L is a pure submodule of L and

L/6L ~ L/bL for any ideal b which is open in the q-adic topology.

PROOF. The first statement is clear since L c F is pure. Thus
for the second it is enough to show that L + bL = L. The ideal b being open,
it contains q¢* for some t > 1, and we need to prove that L + gL = L. This
is obvious either from the description of L which we just used or from the

definition of L as the topological closure and the fact that L n ¢F = (L

by purity.

These observations are due to Griffith [Gr 76, Lemma 1.7] and
they led to
2.1.11 DEFINITION. Let M be a module over a ring A and ¢ an ideal. A

free submodule L c M is called q-basic if the extension is pure and L is

dense in the g-adic topology of M.

Corollary 2.1.10 now states that L is an g-basic submodule of L.
Unlike Griffith, we do not require the Hausdorff property on M: (0) is a

(p)-basic submodule of the Z(m-module Q. It is well known that over a local

ring every finitely presented flat module is free. Two main results about the

existence of basic submodules generalize this.
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2.1.12 PROPOSITION.

(i) Every flat module over a local ring (A,m) possesses an m-basic
submodule and is free when finitely generated;

(ii) Let a be an ideal contained in the radical of a noetherian ring
A. Suppose that M is an A-module with Tor’(A/a,M) = O and such that M/eM is

A/a-free. Then M possesses an -basic submodule.

Based on two different criteria for flatness, the existence was
established in [BS, Cor. 3.6] and [(Ba, Ch. I, Th. 4.10] respectively. We also

refer to those papers for further results in this circle of ideas.

2.2 COMPLETIONS

For an ideal q in the ring A and an A-module M there is a
surjective inverse system of homomorphisms M/a**'M - M/¢*M, t > 1, and one

defines M = lim M/q*™M. This H coincides with the topological completion of M
t

in its g-adic topology. Here we speak of completion where Bourbaki writes

"complété séparé”. Thus our complete modules are always Hausdorff. The
surjections M + M/¢*M give rise to a homomorphism Ty M- M which is
functorial. Also ker(r,) = M., o*M which is the closure of (0) in the g-adic
topology of M. In the ring A a basis of open neighbourhoods of (0) is
defined by (a®)". In the resulting natural topology, Ais a complete local
ring and M is a topological A-module in its natural topology. Tensoring Tw
over A with A and collapsing Aeﬁﬁ to M yields a functorial A-homomorphism
A@AM - M which is surjective if M is finitely generated.

In case A is noetherian and M finitely generated, the

homomorphism just discussed is an isomorphism which means that if A is
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-

complete in its «-adic topology, so is M. Moreover R@Aat = Adt - () = (%)

A At 2 A A
for t > 1. Also A/a® =~ A/a hence A = A while g is contained in the

Jacobson radical of A. All this is well known and clearly explained in

{AM, Ch. 10) for instance.

2.2.1 PROPOSITION. The completion functor preserves surjections and,
in case A is noetherian, is exact on the category of finitely generated A-

modules. Thus over a noetherian ring its a-adic completion is flat.

PROOF. A short exact sequence of modules 0 - M’ = M+ M" =+ 0
gives rise to an inverse system of exact sequences

0+ M'/(a™ N M) » M/a™ > M"/a'M" + 0.
Since the system is surjective, we find in the limit an exact sequence
[AM, Prop. 10.12] O - M’ - M + ¥" - 0 which proves the first statement. If
A is noetherian and the module finitely generated, we know by 2.1.1 that the
topology induced on M’ is just its g-adic one, so that the completions M’
and M' coincide. The last statement follows from the isomorphism A@AM = M

in case M is finitely generated and the fact that flatness is measured on

such modules.

Suppose the ideal ¢ in A is finitely generated and that

M, v €Tl, are an arbitrary set of A-modules. Put M = Hver M . Then

oM =1L «'M, for all t > 1. In this setting the reader may easily prove

{Ba, Ch. I, Lemma's 2.6 & 2.7]

2.2.2 LEMMA. Let A be noetherian and denote ¢-adic completion by ~.
Then

(1) If each M, is complete in its g-adic topology, so is M;
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(ii) For an arbitrary A-module N, the a-adic completion of the

A-module A@AN is isomorphic to .

For noetherian rings the second statement reduces the
description of completions to completion of modules over complete rings. As
we have seen, if N is finitely generated, then A@AN =« N is already complete.

We now return to Proposition 2.1.9 in the case of a complete

ring, and we retain its notation.

2.2.3 PROPOSITION. Let A be a noetherian ring which is complete in

its a-adic topology. Then F is complete in this topology and L =T

PROOF. The first statement is clear from 2.2.2 (i). The second
one reflects the fact that the completion L of L can be identified with its
topological closure in the complete F [Ke, Ch. 6, Th. 22], since the g¢-adic

topology on L coincides with the topology which it inherits as a subspace

of F.

2.2.4 COROLLARY. Let M be a module over a noetherian ring A satisfying
either of the conditions in Proposition 2.1.12. Then its completion in the

m- resp. a-adic topology is flat.

PROOF. By 2.1.12, M possesses a basic submodule L so that M=t

The module A@AL is A-free and by 2.2.2 its completion is L. The latter is T

by 2.2.3 which is flat by 2.1.9.

2.2.5 THEOREM. Let ¢ be an ideal in the ring A and write ~ for
completion in the g-adic topology. Suppose b is an open ideal in this

topology. Then the map 7,®,A/b is split injective for every module M. It is
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even an isomorphism provided the ideal a is finitely generated.

PROOF. Let o,: M + M/¢*M be the canonical map stemming from the
inverse limit, then o,0ry is just the projection M -+ M/a*M. Since b > «* for

some t > 1, we can compose this with the projection M/a*™M - M/BM. If we

tensor with A/b, we obtain the identity on M/bM, which proves the first

statement.

For the second statement it is now enough to prove surjectivity
of rﬁsAA/ut: M/d*M - ﬁ/utﬁ for all t > 1. Suppose a = (x;,...,%,) and map
R - 2[X,,...,X,] to A by sending X; to x;, i = 1,...,n. An A-module M is then
also an R-module. Putting I = (X,,...,X)) we see that I*M = a*M so that we may

as well complete in the I-adic topology, thus reducing to the case of a

noetherian ring which we again call A. Mapping a free module L onto M, we
notice that it is enough to prove that rusAA/ut: L/a*L ~+ i/uti is surjective.

But for noetherian A we have seen that A/a® = ﬁ/utﬁ, and direct sums are

preserved by the tensor product, so we are through.

The result shows in particular, of course, that in case of a
noetherian ring, the a-adic completion of every module is complete in its
a-adic topology. This is not necessarily true for nonnoetherian rings, e.g.
f{Ba, Ch. I, §3]. For further results on completions and complete modules
we refer to this thesis and to [BS] and [Si]. Here we only mention a useful

consequence of 2.2.5 which was noticed by A.M.-Simon.

2.2.6 COROLLARY. Let b C a be ideals in a ring A with b finitely
generated. Suppose the module M is complete in its a-adic topology. Then M is

also b-adically complete.
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PROOF. The factorizations M - M/B*M - M/¢*M extend to

inverse systems so in the limit we obtain 7,(a) = yor,(b), where
¥ f‘[(b) - f‘l(u), and further notation should be obvious. By assumption 7,(a)
is an isomorphism, therefore M appears as a direct summand in f‘[(b). But b

is finitely generated, so M) is complete in its b-adic topology. Therefore

r4(b) is an isomorphism, which is what we want.

2.3 LIFTING IN COMPLETE LOCAL RINGS

We shall need the simplest form of Hensel’'s Lemma and provide a

quick proof.

2.3.1 PROPOSITION. Let (A,m) be a noetherian local ring, complete in
its m-adic topology, and let £ € A[X]. Suppose f(a) e m and f'(a) € m for a
certain a € A. Then there exists an a € A with a - a e m, f(a) = 0 and

f'(a) € m.

PROOF. We put a;, = a, and proceed by induction to construct
ao,al,...‘,at_ such that f(a,) € m**!, f'(a,) ¢ m and a, - a,_, € m' for
1l < i < t. Clearly then the Cauchy sequence (a,) has a unique limit a € A
and, since the polynomial function f: A + A is continuous, f(a) = 0. Also
a-a, €Em.

Suppose we have found agy,a,,...,a,; with the properties above.
For any b € A we find f(a,_, + bf(a,_,)) - f(a,_,) - £'(a,_,)bf(a,_,) € m*?
by the Taylor formula f(x + h) = f(x) + hf’'(x) + hzg. Since f'(a,_,) is

invertible by hypothesis, put b = -f'(a,.,)™ and a, = a,_, - £'(a,.,) '£(a,,).
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Clearly a, satisfies our requirements and we have proved Hensel’'s Lemma.

This basic result about the lifting of simple roots from k to A

has many applications.

2.3.2 PROPOSITION, Suppose (A,m,k) is a noetherian local ring,
complete in its m-adic topology. If the ring A is equicharacteristic, then
for every maximal subfield K ¢ A the residue class field k is purely

inseparable over the image of K in k.

PROOF. In case char A = 0, there is a copy of Z in A which is
preserved by the residue class map. Thus Z N m = (0) and A contains a copy
of @ which is again preserved by the residue class map. If char A = p > 0,
then F, c A and is preserved by going modulo m. Therefore A always
contains a prime field. Order all subfields of A by inclusion and invoke
Zorn's Lemma to establish a maximal one, say K.

Denoting going modulo m by ~, suppose k contains an X which is
transcendental over K, then K[Xx] N m = (0) so that A contains the field
K(x) which contradicts the maximality of K. Thus k is algebraic over K.
Suppose y is a simple root of an irreducible f e K[X]. According to 2.3.1
there is a simple root x of f € K[X] with X = y. This time K[x] is a field
which intersects m in (0), so K[x] extends K. This contradiction proves the

result.

2.3.3 COROLLARY. If char A~ 0, then K+ m = A and Knm = (0) for

every maximal subfield K of A.

We call such a field K a field of representatives of A. We
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shall identify it with its isomorphic image K = k.

Also in equal characteristic p > 0, there is always a field of
representatives. Here however, not every maximal subfield of A fills the
bill, as the example A = l‘p(X)[[Y]], K= l‘p(Xp+Y) shows. We need to proceed
more circumspectly, since Hensel’'s Lemma no longer serves on account of

inseparability.

2.3.4 LEMMA. Let (A,m,k) be a local ring of equal characteristic

p > 0 and suppose m’ = (0). Then A possesses a field of representatives.

PROOF. The image AP of A under the Frobenius endomorphism
x - xP is a field which is isomorphic to A/m = k. By Zorn's Lemma, we have
a maximal subfield K C A containing AP and we claim that it is a field of
representatives. For suppose X € k\K for some x € A. Since xP € AP c K, the
polynomial XP - %P lives in K[X], and it is irreducible because otherwise x

would be in K and X € K. But then K[x] D K is a proper field extension and

we have our contradiction.

2.3.5 THEOREM. A complete noetherian local ring (A,m,k) of equal

characteristic p > 0 contains a field of representatives.

PROOF. Since A = lim A/mt, its elements x are just coherent
t

strings (x,) such that ¢ (%) = X,, t = 1, where ¢ _ : A/mt*l - A/mt are

the canonical projections. Putting K, = k, our task therefore is to

construct fields K ¢ A/m® such that ¢ maps K., isomorphically onto K.

t+l

We do this by induction. Since p > 2, Lemma 2.3.4 allows us to

lift K, to a field of representatives K, in A/m?. Suppose we have obtained

K;,...,K;, and consider the inverse image R = ¢;11(K,_) ¢ A/m**! which is

clearly a ring. Now ker(¢, ) = mt/m**! and it is in fact a prime ideal p in
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R with pz = (0). An element u € R\P maps onto a unit in A/m' under ¢c+1' so

u ¢ m/m*?!, hence u is a unit in A/m**!. The inverse of ¢ __ (u) lives in K,

t+1
hence the inverse of u lives in R, so R is local with maximal ideal p. We

now apply 2.3.4 to the situation ¢ _|R: R »+ K, to obtain K.,,. This

t+l

finishes the proof.

The existence of fields of representatives was first proved by
1.S. Cohen. The slick proof just given is due to A. Geddes [ZS, Vol. II, Ch.
VIII, Th. 27]. Cohen also obtained results in mixed characteristic. These
however are a bit harder to state and to prove, so we refer to the
literature, [Bo 83, Ch. 9], [Ma 86, Ch. 10]. Besides these modern accounts,
the reader is advised to consult Cohen’s original treatment [Co], which

contains a wealth of information.



3 INJECTIVE ENVELOPES AND MINIMAL INJECTIVE RESOLUTIONS

In this chapter we shall develop the theory of injective
envelopes, describe minimal injective resolutions and treat the Matlis dual.
The subject originated with the important paper [Matl 58]. An early
categorical treatment can be found in [Ga]. The reader may also consult
[SVa] and [Ma 86, §18].

We assume the reader knows some basic facts on injective

modules, e.g. that in any diagram of A-module homomorphisms

0 M N

a homomorphism N + I exists making the diagram commutative if I is injective
(for such an "injectivity test" it is, instead of M -+ N, sufficient to look
at inclusions a ¢ A, a an ideal of A), and also that each module M can be
embedded in an injective module (i.e. the category of modules has enough

injectives). As usual, A is a commutative ring.
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3.1 THE INJECTIVE ENVELOPE OF A MODULE

3.1.1 DEFINITION. Let 0 » M c N be A-modules. The module N is
called an essential extension of M, if N' n M = Q0 for every nonnull

submodule N’ of N.

If i: M » N is an injective homomorphism, it is clear what is
meant by saying that N is an essential extension of M. We need the following

two lemmas:

3.1.2 LEMMA. Let M c N c Q be A-modules. Then M + Q is an essential

extension if and only if M » N and N » Q are both essential extensions.

PROOF. Left to the reader.

3.1.3 LEMMA. Let M Cc N be A-modules. Then there exists a maximal

essential extension of M in N.

PROOF. Let Mc Ny c ... ¢ N, c ... c N be a chain of inclusions
such that each N, is an essential extension of M. A straightforward argument

shows that ? N, is an essential extension of M. The existence of a maximal

essential extension of M in N then follows from Zorn’s Lemma.

We now come to the main notion of this section, namely injective

envelopes.

3.1.4 DEFINITION. Let M c I be A-modules such that I is injective and

an essential extension of M. Then I is called an injective envelope (or
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injective hull) of M.

Two important properties of injective envelopes are given in the

following theorem.

3.1.5 THEOREM.
(i) Each A-module M has an injective envelope;
(i1) If 1, and I, are injective envelopes of the same module M, then

I, and I, are isomorphic.

PROOF. (i) Let J be an injective module such that M c J, let
I c J be a maximal essential extension of M in J, 3.1.3, and let I’ be a
maximal submodule of J such that I N I’ = 0. Then I + J/I’' is an essential
extension and, since J is injective, there exists a homomorphism u: J/I' + J

making the following diagram commutative:

[ — 31

Now, if ker(u) » O, then I N ker(u) » 0 (in J/I'), so the map I -+ J must
have a proper kernel, contradiction. So ker(u) = 0 and we have the chain
of inclusions

OcMcIclJ/I clJ.
Since Mc I and I ¢ J/1I' are essential extensions, Lemma 3.1.2 and the
maximality of I finally show that I = J/I', so J =1 ® I' and I is an
injective essential extension of M.

(ii) Let i;: M+ I, and i,: M + I, be injections of M into I, and I,
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respectively. Since I, is injective, there exists a homomorphism u such
that i, = wi,. In the same way as above it is shown that ker(u) = 0, so
u(I,) is an injective submodule of I,, whence I, = u(l;) @ J with J
injective. Since M » I, is an essential extension and i,(M) c u(l,), J must

be 0. So I, =~ I,.

In the following we shall denote the injective envelope of M,

determined up to isomorphism, by E(M).

3.1.6 EXERCISES.

1. Show that any homomorphism f: M »+ N can be extended to a
homomorphism ¢: E(M) » E(N). Also show that ¢ is injective if and only if £
is injective. Notice that ¢ is in general not uniquely determined by f, so
that the injective hull is not functorial.

2. Let i: M » I be a homomorphism of A-modules and suppose that I
is injective. Show that the following statements are equivalent:

(1) I is an injective envelope of M;

(ii) Whenever j: M -+ J is a monomorphism with J injective, then there
exists a monomorphism u: I » J such that j = wi;

(iii) If u: M » N is an essential extension, then there exists an
essential extension v: N » I such that i = vou.

3. Reformulate and prove Exercise 2 in case "I is injective® is

replaced by "M » I is an essential extension".

3.1.7 PROPOSITION. Let (Hk)kel( be a set of A-modules.

(1) If N, > M, is an essential extension for each k e K, then 121(“‘ is
an essential extension of kch“‘"

(ii) If K is finite or A is noetherian then E(k%(kik) - l‘ee)‘(}fi(ki‘l).
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PROOF. (i) First assume K = {1,2}. Let 0 » Q c N, ® N, and let

P, i = 1,2, be the projection of N, & N, onto N,. If pl(Q) =0, thenQc N,
and QN M, » 0, so QN (M, ® My) » 0. If pl(Q) » 0, then pl(Q) NM = 0. Put
Q=-Qn p;l(Ml) -Qn M, @ N). If pz(Ql) ~0, thenQ, c N, Q NM » 0 so

QN (M, ® M) » 0. If pz(Ql) » 0, then pz(Ql) N M, » 0. But then

p;l(Hz) NQ =((q,,9,) €Qc N, ®Ny| q €M, andq eM,) ~Qn (M & M) » 0.
This finishes the proof for K = ({1,2).
For K finite the proposition is easily proved by induction. If K

is infinite and Q C ;EKN , then each nonnull q € Q has the form q = (qk)kex
i ' finite. t Aq N 0 n .
with K’ finite. But now Aq (kg‘ﬂ,‘) v so Q (gxﬂ,‘) w 0

(11) In view of (i) and Definition 3.1.4 it is sufficient to observe that
the direct sum of the injective modules is again injective in the case that
K is finite (obvious) or A is noetherian (obvious from an injectivity test

on a C A).

3.2 DECOMPOSITION OF INJECTIVE MODULES

In this section A is a commutative noetherian ring. We begin by
recalling that p € Spec A is called an associated prime ideal of M
(p € Ass M), if p = Ann m for some me M, m » 0. It is easy to prove that
maximal elements in the set of ideals that annihilate some nonzero element
of M are prime ideals, and since A is noetherian, that each nonnull module
M has at least one associated prime ideal. Furthermore it is straightforward
that the maximal elements among those ideals that annihilate some nonnull

submodule of M, belong to Ass M.
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3.2.1 DEFINITION. An A-module M » O is called an indecomposable module

if it is not the direct sum of two proper submodules.

3.2.2 PROPOSITION. (Matlis) Suppose I » O is an injective A-module.

Then the following statements are equivalent:

(1) I is indecomposable;

(ii) (0) is not the intersection of two nonnull submodules of I;
(1i1) I is the injective envelope of any nonnull submodule of I,
(iv) The endomorphism ring of I is a local (not necessarily

commutative) ring.

PROOF. The proofs (i) = (iii) = (ii) are left to the reader.
iv) 2 (1): IfI1 =1, @I, (I, I, »0), thenfor f, =1® 0and f, =00 1
we have f, + £, = 1 but neither £, nor f, is an isomorphism.
(ii) » (iv): We need to show that for f,, f, e End I, if f, + f, = 1 then
either f, or £, is an isomorphism. But if f, + f, = 1, then
ker(f,) n ker(f,) = 0, so ker(f,) = 0 or ker(f,) = 0. Suppose ker(f;) = 0.
Then £,(I) = I, so £,(I) c T is injective whence a direct summand of I. Now

(ii) implies f,(I) = I, so f, is bijective.

In the following two theorems it will be shown that each
injective module is a direct sum of indecomposable submodules and that such

a decomposition is unique up to isomorphism.

3.2.3 THEOREM. (Matlis) Every injective module I is a direct sum of

indecomposable injective modules.

PROOF. Let I be an injective module and J a maximal submodule
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among those that are direct sums of indecomposable injective modules. The
existence of such a J is standardly derived from Zorn’'s Lemma. Since the
ring is noetherian, this J is injective, as observed in the proof of 3.1.7
(i1). Then I = J ® J' for some injective module J’. We shall prove that, if
J!' % 0, then J’ contains an indecomposable injective submodule,
contradicting the maximality of J.

If J' » O, then Ass J' » @§ and A/p c J’' for some prime ideal p.
By Exercise 2. of 3.1.6 we can conceive of E(A/p) as contained in J’. By
3.2.2 we need to know that 0 is not the intersection of two nonnull
submodules of E(A/p). But E(A/p) is an essential extension of A/p, and
p » a N b unless one of the ideals q of b equals p. Hence E(A/p) is

indecomposable and we are through.

The second, important, theorem is in fact Azumaya's

Decomposition Theorem, which states that if M = S&M" where End M, is a local

ring for each i € K, then M, is indecomposable and this decomposition into
indecomposables is unique up to permutation and isomorphism [AF, Th. 12.6].
For the reader’'s convenience we shall state here an injective module-

version of this theorem and sketch a proof.

3.2.4 THEOREM. (Matlis) Let I be an injective module and let I = &&I‘
and I = Jgifjj be two decompositions into indecomposables. Then there is a

bijection o: K’ »+ K such that I = J; for all j € K'.

o(3)
PROOF. We first show that for any Jy (say J,) there exists a
module Iil such that Iil ~J,and I =J;, 0 (isilli). (Note I =J,® ... , not

I~J,® ... .)Let p: I » I be the endomorphism given by the projection

onto J, along ngJJ and suppose 0 » m = 2:_1 m (m‘k € I‘k) satisfies p(m) = m
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(i.e. me€ J,). Then p and p’ = 1 - p are idempotents, pp’ =~ p'p = 0 and

p+p' =1, so for each k (1 < k < s) the composite maps
: d
f: I =" I-~-1 -~ I’k an
ix ix

add to the identity on I,k, and by Proposition 3.2.2 (iv) at least one of

them is an isomorphism.
If for each k the map f is an isomorphism, then

t . t
o, o, I, ~op | 1

;_1 " is an isomorphism and sends m to p’(m) = O,

iy
contrary to p(m) = m and p'p = 0. So on at least one module I‘k (say 1‘1) the

composition

- R
1

is an isomorphism with Im(p) = J, (in I), and J, is by I = I sent

4
proj
isomorphically to 1’1' Since I = I,1 sends ’2 I, to 0, it follows that
1

I=J, @ (@ I).

1 (nql )

Now compare the decompositions I = J, ® (“(?. I,) and
!

I=-J,0 (ngJJ). For any J; » J, (say J;), let P, be the projection onto J,
along J, @ (J;‘?,zJj)' Then there is an i » i, say i,, so that pz(Iiz) =J,
by the same argument as above and I = J, ® J, ® (®I,) is a next
decomposition of I, i » i,, i,. Inductively, for each finite subset K" of

K’ we can find in this way an injection o: K" »+ K such that I ,, = J;, so
if K is finite, then K’ is finite and Card K > Card K'.

In case Card K = » it is easy to see that for each i € K there
are only finitely many j € K' such that the projection I + J, induces an
isomorphism I, =~ J;. Thus each i € K corresponds to a finite subset H, of K',
where the H, cover K’. It follows that Card(N x K) > Card K', so again
Card K 2> Card K'. The opposite inequality Card K’ > Card K follows by

interchanging K and K’ in the above proof.
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3.2.5 THEOREM.

(1) Each indecomposable injective module I satisfies I = E(A/p) for
some p € Spec A and each E(A/p) is indecomposable;

(i1) For each A-module M, E(A/p) is a direct summand of E(M) if and

only if p € Ass M.

PROOF. (i) It has been shown in the proof of 3.2.3 that E(A/p)
is indecomposable. Conversely suppose I is an indecomposable injective
A-module. If p € Ass I, then p = Ann x for some x € I and Ax = A/p. It
follows that I > E(Ax) ~ E(A/p), so I = E(A/p).

(ii) If E(A/p) is a direct summand of E(M), then A/p N M » 0, sop = Ann m
for 0 » m € A/p N M. Conversely, if p € Ass M, then A/p c M, so E(A/p) c E(M)

(Exercise 3.1.6 1), hence E(A/p) is a direct summand of E(M).

3.2.6 PROPOSITION. Each indecomposable injective module I has a single

associated prime ideal, in fact Ass E(A/p) = (p).

PROOF. Let pe Ass I and g € Ass I. ThenA/pc I, A/qcC I and,
since I is indecomposable, A/p N A/q » 0. Now for O » x € A/p N A/q we have

Ann X = p and Ann x = q. So p = q.

3.2.7 PROPOSITION. Let p C A be a prime ideal.

(i) For every x € A\p, multiplication by x is an automorphism on
E(A/p);

(ii) For every m € E(A/p) there exists a t 2 1 such that p"m =-0;
(iii) If S ¢ A is a multiplicative system, then S'lE(A/p) - E(a/p) if

Snp=¢, and STE(A/p) = O otherwise.
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PROOF. (1) Since Ass E(A/p) = (p} and x ¢ p, multiplication by
x is injective on E(A/p), so im(.x) = E(A/p), and im(.x) is injective
module whence a direct summand of E(A/p). But E(A/p) is indecomposable, so
im(.x) = E(A/p).
(i1) Each prime ideal minimal above Ann m belongs to Ass E(A/p). But
Ass E(A/p) = (P}, so Ass Am = {p} and the result follows.

(iii) Is clear from (i) and (ii).

In the following E(A/p) is given an Ap-module structure by

defining x/s.m = a;'(xm), m € E(A/p), x € A, s € A\p. Here the map a, is

simply multiplication by s on E(A/p) as in 3.2.7 (i).

3.2.8 PROPOSITION. Let p € Spec A. Then
(i) Hom, (M,E(A/p)) = HomAD(H,E(A/)J)) for each Ap-module M;
(11) Epy (Ag/Phy) = Ep(8/P).

PROOF. (i) Let f € Hom,(M,E(A/p)). Then sf(a/s.m) = f(am) =
af(m), and f(a/s.m) = a/s.f(m), so f is Av—linear.
(ii) E(A/p) is injective as an An-module since Hom, (- ,E(A/p)) =

l-lomAp(-,E(A/n)) is an exact functor. Since A/p - Ap/)lAp is an essential

extension, one has E(A/p) = E(Ap/xmp) .

3.2.9 LEMMA. Let a C A be an ideal and I an injective A-module. Then

Hom, (A/a,I) 1s an injective A/u-module. Moreover, if p € Spec A and a c P,
then Hom,(A/a,E(A/P)) = E;(K/ﬁ). where A = A/a. If a ¢ p, then

Hom, (A/a,E(A/p)) = 0.

PROOF. Hom,(A/a,I) ~ the submodule of 1 annihilated by a, and
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in the diagram of A/a-modules

0 M N

Homa(A/a,1)

there exists a map u: N -+ Hom,(A/a,I) making the diagram commutative,

namely the same map u as in

0 M

N

where M and N are considered as A-modules (with a ¢ Ann M N Ann N). For the
second statement note that Hom,(A/q,-) preserves essential extensions.

Hom, (A/a,E(A/P)) » 0 @ ¢ c p is left to the reader.

3.2.10 LEMMA. Suppose A is a domain and Q(A) its fraction field. Then

Q(A) is the injective envelope of A.

PROOF. Take p = (0) in 3.2.8 (ii) and observe that a field

is injective over itself.

3.2.11 PROPOSITION. Let p € Spec A. Then Hom,(A/p,E(A/D)) = EAm(A/h) =

k(p), where k(p) is the residue class field of A”

PROOF. Apply Lemmas 3.2.9 and 3.2.10.

3.2.12 COROLLARY. For a local ring (A,m,k) we have Hom,(k,E(k)) = k.
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PROOF. Take p = m in the proposition. We leave to the reader
to verify that the isomorphism k ~ Hom,(k,E(k)) is given by a » .a =

multiplication by a on k.

Though the E(A/p) behave well from a formal point of view, we
should like to know their structure more closely. To this end, see the

recent note [Kuc].

3.3 MINIMAL INJECTIVE RESOLUTIONS

We still assume the ring A is commutative and noetherian. In
this section we shall consider "minimal" injective resolutions of
A-modules and derive some important properties, mainly following Bass’

seminal paper [Bas].

3.3.1 DEFINITION. A minimal resolution of an A-module M is an exact
sequence

0 1
(%) o-uSee LS.

where E° = E(M), E' = E(coker(e)) and E* = E(coker(d*™?)) for i > 2.

Each E! is uniquely determined up to isomorphism and in fact
two such minimal resolutions are isomorphic. Write E'(M) for the i-th module

of the nonaugmented complex E' attached to (*). So far, everything is

perfectly general. In the noetherian case, as a consequence of Theorems
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3.2.4 and 3.2.5, each E'(M) can be written as E!(M) = o ui(p,MEA/D),
PeSpeca

where uE denotes u copies of E (u may be infinite, and we do not distinguish
between different infinite cardinals). The importance of the integers

pt(p,M) shows in Theorem 3.3.3. First

3.3.2 PROPOSITION. Let S C A be a multiplicatively closed set.

(1) If I is an injective A-module, then S'!I is an injective
S"'A-module.

(ii) If E' is a minimal injective re:solution of an A-module M, then

S™'E’ is a minimal injective resolution of S™'M over S''A. As a consequence,

md.M - I-‘;-lA(S_lh,S_lM) provided Snp = g,

PROOF. (i) We show that Ext;_lA(N,S'II) = 0 for any finitely

generated S"'A-module N. If M is a finitely generated A-module such that

N = S, then Ext)(M,I) = 0 and Ext;_lA(S'IM,S'II) - ST'Ext}(M,I) (since M is
finitely generated and A is noetherian [Bo 80, 86, Prop 10]), so the
result follows. For nonnoetherian rings the conclusion may fail [Dad].

(i1) Localization being an exact functor, we only need to show that
localization preserves essential extensions. This is true for noetherian
rings, as was proved by Bass in a rather general setting. A quick proof

using the Artin-Rees Lemma 2.1.1 runs as follows. If M ¢ N is an essential
extension of A-modules, we need to show N’ n S!M = 0 for every nonnull
submodule N’ of S''N. We may clearly assume N’ is finitely generated and
therefore N' = S''D for some finitely generated A-submodule D c N. Then

D N M is finitely generated, so S’ (D N M) = N’ n "M = 0 would imply

s(D N M) = 0 for some s € S. Applying the Artin-Rees Lemma to the principal
ideal (s) and the submodule D N M of D, we choose k large enough so that
()™ NM = (8)°D N (DN M) = (s)"*((s)*D n (D N M)) for n > k. The right

hand term is O by assumption, while the left one is not, because (s)"D = 0
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and M is essential in N. This proves the proposition.

3.3.3 THEOREM. (Bass) Let p € Spec(A), k(p) = Ap/‘pAv and let M be an

A-module. Then
M) = dimk(p)sxt;n(k(p),np) - dimk(p)axt;(A/p,u)p.

In particular, if M is finitely generated, then all integers p!(p,M) are
finite.

PROOF. By Proposition 3.3.2 it is sufficient to prove that

pm,M) = dimkExt:(k,H), where (A,m,k) is a noetherian local ring. Let

0
d
0-+M-E - E'> ... be a minimal injective resolution of M. Then the

homologies of 0 - Hom(k,E°) - Hom(k,E') » ... are Exti(k,M).
Write E! = p‘(m,H)E(A/m)@(p@ (P, MYE(A/P)). Then
m

Hom,(k,E') = Hom,(k,s!(m,M)E(A/m)) = p'(m,M)Hom,(k,E(A/m)) since
Hom, (k,E(A/p)) = 0 for p » m. From Hom,(k,E(k)) = k it follows that
pt(m,M) - dimHom,(k,E').

In order to show finally that p'(m,M) = dimkExt:(k,H), we prove
that in the complex Hom,(k,E’) all boundary morphisms are null. Let
0= fe HomA(k,E’)‘ Then mf = 0 and im(f) = k. Now ker(d!) - E' is an
essential extension, so im(f) N ker(d’) » 0 and, since im(f) is a simple
module, im(f) c ker(d'), which implies that d'(im(f)) = 0. So the boundary

homomorphism Hom(k,E’) - Hom(k,E"l) is the null map.

The integers p!(p,M) are often called the Bass numbers of M
w.r.t. p and they will figure extensively in other chapters, notably in
Chapter 10 (Gorenstein rings). Several beautiful results are known for

Gorenstein rings (i.e. rings with finite injective dimension over

themselves) such as, when P,ch c...cp isa chain of prime ideals of
v 1 "
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maximal length in A, then pi(p ,A) = 1 and u(p,,A) = 0 for i » j, one of

the highlights of Bass'’ paper [Bas], see 10.1.6. The following proposition,
where A is not necessarily Gorenstein, but commutative and noetherian as

usual, is preliminary to this result.

3.3.4 PROPOSITION. Let M be a finitely generated A-module and
P C q € Spec A two distinct prime ideals with no other prime ideal "between"

them. Then u!(p,M) = O implies p*l(q,M) = O.

PROOF. By localizing at q, we reduce to a local ring (A,m,k) in

which p is a submaximal prime. Choose x € m\p, put B - A/p, C = B/xB =

= A/(p,x) and suppose p!(p,M) = dimk(wExt:(B,M)p » 0. Now the exact
sequence 0 - B FBpac0 yields that Ext:(B,M) = Ext:(B,M) - Extrl(C,M)
is exact, so by Nakayama Extrl(C,M) w 0.

Consider the module C. From {(C) < =« it follows that there is

a filtrationk = Cyc C, ¢ ... c C, = C such that C /C__, = k (1 ST < n).

Now for each r we have exact sequences 0 + C_;, - C_ ~+ k -+ 0 and

Exty ™ (k,M) -+ Ext}"(C_,M) -+ Ext}'*(C__,,M). If Ext}’(k,M) = O then we find a chain

of inclusions Ext}*(C_,M) c Exti(C_,,M) c ... c Exti'(C,,M) = 0 (since

C, = k), contradicting Extrl(C,M) » 0. So Extrl(k,M) » 0, whence pi*l(m,M) = 0.
Another useful result on minimal injective resolutions is the

following. Introduce the convention that for any ascending complex C' the

shifted complex C°[n] shall have C™™ in degree r. For the notion of regular

element see 5.1.1.

3.3.5 THEOREM. Let E° be the associated complex of a minimal injective

resolution of an A-module M and suppose x € A is both M-regular and

A-regular. Then HomA(A/(x),E'[l]) yields a minimal injective resolution of
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the A/(x)-module M/xM.

PROOF. It follows from Lemma 3.2.9 that the HomA(A/(x),E*) are
injective A/(x)-modules. Now Ass E’ = Ass M and x is M-regular implies
HomA(A/(x),E°) = 0 and then, putting K = coker(e: M - E°), we find
Hom, (A/ (%) ,K) Exti(A/(x),M). Furthermore x is A-regular entails that
pdA/(x) = 1, so H'(Hom,(A/(x),E")) = Exti(A/(x),M) = 0 for i > 2. It follows
that 0 ~ Exti(A/(x),M) - Hom,(A/(x),E') » Hom,(A/(x),E?) » ... is an Injective
A/(x)-resolution of Exti(A/(x),M) which is minimal since Hom,(A/(X),-)
preserves essential extensions.

The only thing left to do is to show that Exti(A/(x),M) ~ M/xM.
For this, apply Hom,(-,M) to the exact sequence 0 »+ A Ao A/(x) » O,
which yields the long exact sequence

0 + 0 - Hom,(A,M) * Hom,(A,M) - Exti(A/(x),M) - 0
which is clearly isomorphic to

0-0-MF M- Exti(A/(x) ,M) = 0; so the theorem follows.

The next easy corollary is in fact an important "change of

rings" result on injective dimension (which we write as id).

3.3.6 COROLLARY. In the situation of Theorem 3.3.5,

) Exty™(N,M) = Ext,,,(N,M/xM) for each A/(x)-module N and all
i > 0; hence idM 2> idA/(”M/xM + 1;

(ii) If (A,m,k) is local and M is finitely generated,

idM = sup(i| Extij(k,M) » 0) and idM = id,,  M/xM + 1.

/(x)

PROOF. (i) The proof uses the isomorphism Hom;(M®,N,T) =

Hom, (M,Homy(N,T)) where the modules M, N and T are taken over the rings A,
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both A and B, and B respectively. For the modules M and N of the corollary,

let E* be as in 3.3.5. Then Ext{”(N,M) = Ef’lHomA(NeA“,)A/(x),E') o

= H'"'Hom,, (,,,(N,Hom, (A/(x) ,E")) = Ext,, . (N,M/xM) which proves the first
contention. The second follows.
(i1) The first statement is clear from 3.3.3 and 3.3.4. Since x € m, the

field k is an A/(x)-module and the second statement is then clear by (i).

Ve end this section with two result which have nothing to do
with minimal injective resolutions, but we fit them in here because they

also use the Ext-functors.

3.3.7 LEMMA. Let N be a finitely generated module over a noetherian

ring A and let M =~ lim M, for some directed system J. Then Exti(N,M) =
3

lim Exty(N,M;) for all i, naturally in N.
J

PROOF. Resolve N in terms of finitely generated free modules,
and let L, be the associated complex with H,(L,) = N. Observe that
HomA(A,r%) = rg so that for each of the chain modules Hom,(L M) =~

lim HomA(Li.Mj). Furthermore the exact functor lzm commutes with homology,
] J

so Exti(N,M) = HHom, (L, M) = Hi(lim HomA(L.,Mj)) = lim HiHomA(L,,MJ) -
3 J

lim Exty(N,M,).
3

We shall use this result in 4.1.8, but here only mention

3.3.8 PROPOSITION. Over a noetherian ring, a direct limit of

injective modules is injective.

PROOF. In the introduction to this chapter we mentioned that

to test injectivity of a module I, it suffices to prove that every ideal a
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in A induces a surjection Hom,(A,I) + Hom,(a,I). Now if I is a direct limit

of injectives, then Exti(A/a,I) = 0 by the lemma, so this is certainly true.

3.4 MATLIS DUALITY

In this section the ring (A,m,k) is assumed to be local

noetherian. The m-adic completion l.i_m A/m* of A will be denoted by 131, and
t

M stands for lim M/m*M for each A-module M. Ve write E is the injective
t

envelope E(k) of the residue class field k.

3.4,1 DEFINITION. The functor Hom,(-,E) is called the Matlis duality
functor, to be denoted as -v, M’ = Hom,(M,E) is called the Matlis dual of M

for each A-module M and M"Y stands for (M")".

3.4.2 PROPOSITION. Matlis duality affords a faithfully exact

contravariant functor and Ann M’ = Ann M for every module M.

PROOF. Contravariance and exactness are clear from the
definition. For faithfulness, consider 0 » m € M in an A-module M. Then the
canonical map Am = A/Ann m »+ A/m -+ E extends to a nonnull homomorphism
M-+ E. SoM » 0 if M » 0. For the second assertion we need to prove that
Ann M” ¢ Ann M since the other inclusion is obvious. So take a ¢ Ann M and
anm € M with am » 0. The above construction with am instead of m yields

an f € M’ such that f(am) » 0; hence af » 0, and a ¢ Ann M'.
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For each module M there exists a functorial homomorphism
M - M"Y defined by m » the map which assigns to each ¢ € Hom,(M,E) the
element ¢(m) € E. It is straightforward that A" « Hom,(E,E) and that the
homemorphism A -+ A" = Hom,(E,E) corresponds with a ~ multiplication on E
by a, written .a as before.

If M is finitely generated, then MY Mg Hom,(E,E), because the
isomorphism is obviously true for M = A" and one knows that Hom,(-,E) is
contravariant exact. Moreover the homomorphism M -+ M*Y can be described by
m - mRid; and am » w®(.a). In general, the map M » M is always injective,
as follows from the proof of 3.4.2. In order to see that it is not always
surjective, take a k-vectorspace V and write it as a direct sum ® k taken
over some index set whose cardinality is the dimension of V. Then
Hom,(V,E) « I Hom,(k,E) « I k by 3.2.11 with p = m. But I k =~ Hom (V,k) so
that V' is isomorphic to the linear dual of the vector space V. It follows

that the canonical map V -+ V'Y is only an isomorphism when dim V < =,

3.4.3 DEFINITION. An A-module M is called reflexive if the canonical

map M » M"Y is an isomorphism.

In order to study this concept, we recall that a full sub-
category ¥ of A-modules is called a Serre subcategory of the category of
A-modules if for each exact sequence of A-modules

O-+M M- M" >0,

M belongs to ¥ iff both M’ and M" belong to ¥. Examples of a Serre sub-
category are the category of artinian A-modules and the category of
noetherian A-modules. Also the reflexive A-modules form a Serre

subcategory, as stated in
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3.4.4 LEMMA.

(i) Let M be an A-module. Then each submodule M’ ¢ M and each
factor module M" = M/M' is reflexive iff M is reflexive.

(ii) Put M'L = (¢ € M| 6(M’') = 0). If M is reflexive, then the
correspondence M' - M'% 1s 1-1 between all submodules of M and all

submodules of M"Y, and reverses inclusions.

PROOF. (i) Apply the Snake Lemma to the injection of
0+ M - M- M" - 0 into its Matlis bi-dual and observe that M’ - (M’)"Y and
M" » (M")'Y are isomorphisms iff M + M"Y is an isomorphism. (ii) Notice that

Mt - ker(M" - (M’)Y) and the statement follows from (i) by dualizing once

more.

Useful reflexive modules are the finite length ones. We already

know that k = kY by 3.2.11, and this implies even more:

3.4.5 PROPOSITION. An A-module M has finite length iff M" has, and in

this case ¢(M) = ¢(M'). Such a module is reflexive.

PROOF. Apply 3.4.4 (i) to exact sequences arising from a

composition series of M resp. M’ to prove that M is reflexive. The equality

of the lengths then follows for instance from 3.4.4 (ii).

This result allows one to tie up the Matlis bi-dual with

completion.

3.4.6 THEOREM. For any noetherian local ring A, there is a canonical

isomorphism A" = A,
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PROOF. Write E, = {e € E| m*e = 0} for t = 0. Then E can be

filtered as E> ... D E > ... D E; D E; = 0 and 3.2.7 (ii) tells us that

. Since A’ = Hom,(A,E) =~ E, we obtain A" « Hom,(E,E) =

Hom,(lim E.,E) = lim Hom,(E,,E). But E, =~ Hom,(A/m*,E) =~ (A/mt)Y, so AW «
t t

lim Hom,((A/m®)",E) = lim(A/m®)"" = lim A/m® =~ A. Notice that this
t t t

yields an isomorphism of rings.

3.4.7 COROLLARY. M = M if M is a finitely generated A-module,.

PROOF. M" = Mg Hom,(E,E) ~ M®,A and Me,A = M if M is finitely

generated. Note that M =~ M if A is a complete noetherian local ring.

In the following an A-module structure on the module E is

defined by letting A act on E through the isomorphism A ~ A" = Hom,(E,E).

3.4.8 THEOREM. E = E(A/f) as an A-module.

PROOF. We leave to the reader to verify that E (injective and

indecomposable as an A-module) is also A-injective and K-indecomposable,

while Ass;E = {m} is obvious.

Extending the A-module structure on E to an A-module structure

can easily be achieved for a larger class of A-modules as follows:

3.4.9 PROPOSITION. Let M be an A-module and suppose for each m e M
there is an integer t > 1 such that m'm = 0. Then M admits a unique A-module

structure extending the A-module structure and satisfying a'm = 0 for t

sufficiently large (depending on m).
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PROOF. If m*m = 0 and 3 € ﬂ, then put am = am where a is chosen
in A such that & - a € m*A. We leave to the reader to verify that this

A-module structure is well-defined and is unique.

Proposition 3.4.9 has two consequences for E. The first one is
that the A-module structure on E described in the proof of 3.4.9 by its

uniqueness coincides with the A-module structure described above 3.4.8. The

second consequence is that the set of the A-submodules and the set of

A-submodules of E are the same.

3.4.10 THEOREM. Suppose A is complete. Then E is reflexive and there
is a 1-1, inclusion reversing, correspondence between all submodules M Cc E

and all ideals « c A given by M » Ann M.

PROOF. Since A is complete, E' =« A, so that EY « A" « E. As a
submodule of E, the module M is reflexive and M = M! describes a 1-1

correspondence by 3.4.4. But M c E' = A is just the ideal Ann M.

3.4.11 COROLLARY. For an arbitrary noetherian local ring (A,m,k)
(1) The module E is artinian;
(ii) A module M is artinian iff M c E" for some n > 1;
e
(iii) The dual M’ of a noetherian M is artinian and vice versa.

PROOF. (i) By the observation preceding the theorem, we may
assume A to be complete in its m-adic toplogy. But then all submodules of
E correspond uniquely to all ideals of the noetherian ring A. Since this
correspondence reverts inclusions, item (i) is clear.

(ii) The "if" part being a consequence of (i), assume that M is artinian.
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Consider all maps ¢: M —+ E® where n ranges over all positive integers. Take a
¢ whose kernel is minimal; this exists because of the artinian condition. If

0 » m € ker(¢), then we obtain a nonnull homomorphism M + E as in the proof

of 3.4.2, If we call this map ¥, the kernel of (¢,¥): M + E" ® E is properly
contained in ker(¢), contradicting the minimality of the latter. So ¢ is

injective.
(iii) A surjection A" » M onto a noetherian M turns into an injection
M + A" ~ E", so M’ is artinian by (ii). In turn, an injection M’ » E°

gives rise to a surjection (A"Y)" + M"Y which means that A® -+ M must be a

surjection since the bi-dual is exact and faithful.

For complete local rings the situation is quite satisfactory:

3.4.12 COROLLARY. Let A again be complete. Then a module M is artinian

iff M' is noetherian and M is noetherian iff M’ is artinian. Both types of

module are reflexive.

PROOF. Since A is complete, A ~ E and E' « A; both these
modules are reflexive. A noetherian module is a homomorphic image of some A",

while an artinian one is a submodule of some E". The result follows.

The following theorem describes reflexive modules more

precisely.

3.4.13 THEOREM. (Enochs [En, Prop. 1.3]) Let A be complete. Then an
A-module M is reflexive if and only if it contains a finitely generated

submodule N such that M/N is artinian.

PROOF. "If" follows from 3.4.4 and 3.4.12. For the opposite
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implication, if m € Ass M, take N = 0, else take N = mm, c M for some
nonnull m; € M. Now consider M/N and let V be the k-vectorspace

{m € M/N| mm = 0). Then V is relexive by 3.4.4 and finitely generated by the
remark just above 3.4.3. If M/N is essential over V, then M/N is contained
in E* for some n; if not, we enlarge N and V by adding mm, » 0 to N for a
suitably chosen m, € M and again define V as the set {m € M/N| mm = 0}, and
so on. If this process does mot stop, then M contains a submodule N’ such
that M/N’ contains an infinite dimensional k-vectorspace V', contrary to
3.4.4, so the process must stop. At the last stage, M/N contains a finite
dimensional k-vector space V such that M/N is essential over V and hence

artinian.

To finish this chapter we present two Ext-Tor dualities
involving the Matlis dual functor and describe a relation between the Bass
numbers p! and the Betti numbers '81‘ As is well known, for a local

noetherian ring A and an A-module M, the Betti numbers ﬂ1(M) are defined as

ﬂl(M) = dim Tord(k,M). If

4
.S L, L oLy~ M~0
is a minimal free resolution of a finitely generated M (i.e. im(d,) c mL, ,
or equivalently rk L, is minimal for each i and 4,81, = O [Se, Ch. IV, App.

I]), then each L; consists of ﬂi(l{) copies of A, as is easily seen by

tensoring with k. The numbers p! were defined in 3.3.1. In the following
(and further on in the book) u!(m,M) is abbreviated to u!(M). We emphasize
that Bass and Betti numbers are nonnegative integers or «; we do not
distinguish infinite cardinalities. The Bass numbers are related to the
Betti numbers in several ways. E.g. in Chapter 10 we shall prove that
pdM < = (projective dimension) iff idM < » for a finitely generated

A-module M over a d-dimensional local Gorenstein ring A, and that in this
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case pi(M) = ﬂd-i(M)' A more general result involving the Matlis dual is

3.4.15 below.

3.4.14 PROPOSITION. Let N and M be A-modules. Then

(1) Tord(N,M)¥ & Extj(N,M);

(ii) Tord(N,M') =~ Ext::‘(l'l,M)V provided N is finitely generated.

PROOF. (i) Let F' and G!' be the functors Hom, (Tor’(-,M),E) and
Exti(-,HomA(H,E)) respectively. Since Hom,(-,E) is exact and contravariant,

F = (Fi) and G = (G') both form a right connected exact sequence of
contravariant functors. For N arbitrary, Hom,(NeM,E) Hom, (N,Hom, (M,E))
describes a well known adjunction [Bo 62, 84, Cor. de Prop. 1], [St 78,
1.7.12 (b)], so we have an isomorphism ¢°: F® + G°. In order to extend this
to an isomorphism o: F + G by the appropriate dual of 1.1.3, we need to know

that F'P = G'P = 0 for i = 1 and every projective module P, and this is
obvious.

(1i) This proceeds by another dual of 1.1.3 affecting left comnected exact
sequences of covariant functors. This time at the 0-level we have an

isomorphism N@,Hom,(M,E) ~ Hom,(Hom,(N,M),E)) for finitely generated N,

since this isomorphism is obviously true for N = A" and both functors are

right exact in N. Again, the higher functors vanish on projectives.
3.4.15 COROLLARY. B (M) - (M) and pi(M) - pl(nv) for any A-module M.

PROOF, Take N = k in the proposition. Then in (i)
Tor}(k,M)” = (B, (M).k)" and Exty(k,M") = p'(M").k.
So (i) implies f, (M) - pt (M) since k = kY. The second identity follows

easily from (ii).



4, LOCAL COHOMOLOGY AND KOSZUL COMPLEXES

Both subjects are well known and standard tools in commutative
algebra. Nevertheless, it is not easy to find all that we shall need covered
in one single text, see however the recent book [HIO, Ch. VII]. Since both
topics will play an important role in later chapters, we have decided to
present a bare-bones account. Thus proofs will be merely outlined or
sketched, and in some cases we shall just provide the reader with a
reference.

Local cohomology was introduced by Grothendieck, using the
language of sheaves, in [Gro 67]. In his hands and those of others it became
an important technique in commutative algebra [HK], [Sc 82a], algebraic
geometry [Ha], [Li], the theory of invariants [HR 74}, [HR 76], analytic
geometry [ST] and the theory of singularities [Gre]. In section 4.1 we
content ourselves with a quick introduction by way of commutative algebra
which is due to Sharp [Sh 70].

Koszul complexes or exterior algebra complexes have been with us
even longer. They and related complexes play a key part not only in
commutative algebra but for instance in complex algebraic geometry and in
differential geometry (de Rham complex). Here we give a frankly utilitarian
account, not emphasizing the exterior algebra structure like in [Bo 80], see

section 4.2,
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In section 4.3 finally we consider limits of Koszul complexes

and explain how these serve to read off local cohomology.

4.1 LOCAL COHOMOLOGY

To define local cohomology and show that it can also be written
as a direct limit of Ext-functors, one only need assume one’s ring to be
commutative - though noncommutative versions have been given [Go, Ch. 60].
For further results though, we shall assume the ring to be noetherian so as

to be able to use the structure of the indecomposable injectives.

4.1.1 DEFINITION. Let a be an ideal in a ring A and M an A-module. Put
La(H) to be the set of all elements m € M which are annihilated by some

positive power of the ideal a.

Observing that {m € M| a'm = 0} = HomA(A/a",H) we see by taking

the limit over t, that La(H) is functorially isomorphic to I}m HomA(A/a",H).
t

It is immediate that L(l is a left exact covariant additive functor from
A-modules to A-modules, so that if we take its right derived functors R*La,
then ROL‘l = L,. These R*L‘l are now defined to be the local cohomology

functors H;, for which we have by [CE, Ch. V, Prop. 4.1}

4.1.2 PROPOSITION. The local cohomology functors H; form an exact

—
connected right sequence of functors as defined in 1.1.1.

We have already seen that La = H?l =~ lim Extg(A/a",-). In
t
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order to extend this to the higher derived functors, first notice that the

lim Ext:(A/uc,-) form an exact connected right sequence of functors because
t

the direct limit is an exact functor. By 1.1.3 it is enough to show that

both H: and lim Ext:(A/u‘,-) vanish on injective modules for i > 1. As
t

derived functors, this is clear for the H;. The other case is equally

obvious, since each of the Ext:(A/uc,-), i = 1, vanishes on injectives. Hence

4.1.3. PROPOSITION. The sequence of functors H; and I}m Ext:(A/ac,-) are
t

naturally isomorphic, exact connected right sequences of functors.

We prove a couple of change of rings results for local
cohomology, quite often useful. For the first, consider a homomorphism of
rings f: A + B and if ¢ is an ideal in A write ¢® for the corresponding

ideal f(q)B in B. Now any B-module N can be viewed as an A-module by

restriction of scalars, so we may consider both H;(N) and H;.(N), which are

easily seen to be isomorphic for i = 0. One may ask whether H; and H;. form

naturally isomorphic exact connected right sequences of functors. This is

true in the noetherian case.

4.1.4 PROPOSITION. Let f: A - B be a homomorphism of noetherian rings,
and ¢ an ideal in A. Then H; and H:, form naturally isomorphic exact

connected right sequences of functors from B-modules to A-modules.

PROOF. As before, we need only prove that both functors vanish

on injective B-modules for i > 1. This is clear for H:.. Since L, commutes

with direct sums, so does each H; [CE, Ch. V, Th., 9.4]. If I is an injective
B-module, it is a direct sum of indecomposable injective B-modules by 3.2.3,

so we need only prove that H;(I) = 0 for an indecomposable injective B-module,
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which is of the form E;(B/q) for some prime q in B, 3.2.5. To inspect the
behaviour of E,(B/q) as an A-module, put q° = fYq) c A. If a ¢ o, then
there is an a € « with f(a) ¢ q, so by 3.2.7, multiplication by a is an
automorphism on I, hence on H;(I) for all i > 0. For any m € H;(I), there is
a t 2 1 such that ¢*m = 0. In particular atm = 0, which shows that m = 0.

We may therefore assume that a C q°. Now take a minimal injective
A-resolution 0 - I - Eﬂ(I) - L. E:(I) -+ ... of I. An indecomposable
injective direct summand of E:(I) is of type E,(A/p), where p is a prime in A,
and it can only occur if p € SuppAI, see 3.3.3, In this case q° ¢ p (since
otherwise there exists a q € q°\p, such that each element of I is killed by
some power of q). Thus a ¢ P, and since this is true for every such p, each
element of Ei(I) is killed by a power of a, for E:(I) is a direct sum of

indecomposables by 3.2.3. Hence La(Ei(I)) - Ei(I) and it follows that

H;(I) =0 for i>1,

A companion result which goes from A-modules to B-modules

requires a flatness assumption.

4.1.5 PROPOSITION. Let f: A - B be a homomorphism of rings with A

noetherian. Let « be an ideal in A and ¢* its extension to B. If B is a flat
A-module, then B@AH;(-) and H;e(BeA-) form naturally isomorphic exact

connected right sequences of functors from A-modules to B-modules.

PROOF. Let M be an A-module, then there is a chain of natural
isdﬁorphisms
B®,H, (M) = B®,(lim Exty(A/a®,M)) = lim(B®,Ext,(A/a",M)) =
t t

lim Exty(B®,A/d",Be,M) = lim Extj(B/(a®)*,BeM) = HYo(Bo,M) .
t t

Here we have used 4.1.3 for the first and the last isomorphism. The second

one is true because tensor products commute with direct limits, [Bo 62, §6,
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Prop. 12}. For the third we need that B is A-flat, A noetherian and A/q®
finitely generated, [Bo 80, §6, Prop. 10 b)]. Naturality follows from the

naturality in 4.1.3, once applied to the ideal ¢, and the other time to «°.

4.1.6 COROLLARY. If g is an ideal and S a multiplicative system in a

noetherian ring A, then S'IH:I(-) and H;_l (s’!-) form two naturally isomorphic
a

exact connected right sequences of functors from A-modules to S 'g-modules.

4.1.7 COROLLARY. If A is noetherian and A is its completion with

respect to an ideal ¢ c A, then Z&@AH;(-) and Hi (f\@A-) form two naturally
a

isomorphic exact connected right sequences of functors from A-modules to

A-modules.

PROOF. By 2.2.1 the completion A is A-flat.

Next we show that local cohomology commutes with direct limits

in the noetherian case.

4.1.8 PROPOSITION. Let a be an ideal in a noetherian ring A and M, a

direct system of A-modules with respect to some directed set. If M = lim N,
3

then H)(M) = 1im Hy(M,) for all {.
J

PROOF. By Lemma 3.3.7, Exti(a/d®,M) = lim Exty(A/a*,M,) for t 21
J

and these isomorphisms commute with the maps induced by the canonical
s < t+s t 1 : i t
projections A/a + A/a”. Therefore Hu(H) ~1lim Ext,(A/d" M) =
t
1_1..m lim Exti(A/u",Mj). However, direct limits commute with each other,
t 3

[Bo 62, §6, Prop. 7], so the latter is isomorphic to lim li.m Exti(A/a",HJ) =
3 t

i
lim H,(M,).
J
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For the local cohomology we wish to consider h; in the notation

of 1.1.1. h;(H) = inf(i| H;(H) » 0)}. Thus to each ideal a c A and module M

is attached a nonnegative integer or «. Notice that in the next lemma we

need no noetherian condition.

4.1.9 LEMMA. Let a be an ideal in the ring A and M an A-module. Let E
be an injective envelope of M and M’ = E/M. Then H;(H) = H:q(n’) for 1 > 2

and also for i = 1 if LG(H) =0,

PROOF. The first statement follows from the long exact sequence
of local cohomology, since H'(E) = O for the injective module E, 1 > 1. For

the second, it is enough to show that Hz(M) - LG(H) = 0 implies

HZ(E) - La(E) = 0. This in turn is an easy consequence of the envelope

property of E with respect to M.

4.1.10 COROLLARY. In the situation above, if h;(H) » 0, then h;(E) -

and ha(H’) - ha(M) - 1.
PROOF. Immediate from the lemma.

In further chapters of this book, we shall mostly consider local
cohomology with respect to the maximal ideal in a noetherian local ring. For

this purpose we record

4.1.11 PROPOSITION. Let (A,m,k) be a noetherian local ring and M a

finitely generated A-module. Then H%(H) is an artinian A-module for every i.

PROOF. Take a minimal injective resolution of M and consider the
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concomitant complex E° with chain modules E"(M) as in 3.3.1. Thus

E"(M) - o pi(p,M)E(A/p), the sum being taken over all primes P in A. We have
already seen that L, = H?n commutes with direct sums, so that Lm(E"(M)) ~
@ pt(p,M)L, (E(A/D)). Furthermore L (E(A/p)) = O for P » m and

Lm(E(k)) = E(k) by virtue of 3.2.7. Thus the i-th chain module of Lm(E')

consists of pi(m,M) copies of E(k); since the u!(m,M) are finite by 3.3.3 and
E(k) is artinian by 3.4.11, this is artinian. Now the artinian modules form
a Serre subcategory of all the A-modules, so the homology H‘Lm(E') - H.r‘n(M)

is artinian.

4.2 KOSZUL COMPLEXES

As mentioned at the beginning of this chapter, the subject is
both venerable and important. We only treat the simplest case and the basic
facts which we shall need.

Let x = %,,...,x, be an arbitrary sequence of elements in a ring

A. Let a = (11,...,ip), l<i, <...< ip < n, be an ascending sequence of
integers, where 0 < p < n. We define Kp(x) to be a free A-module on a basis
(e,), one for each such a, its rank is therefore (B). To record that we are

really dealing with an exterior algebra, we also write e, - ey .. Ay and
P

we define a module homomorphism dp: Kp(x) - Kp,l(x) by

1.

d (e,) = z?q('l)juxreh/\' ..A&, A...ne, , where " means deleting the item.
3 3 P

It is easy to verify that d _jed, = 0, so that we obtain a finite complex

d, d
K,(x) =0->K(x) + K_,(x)~ ... * K& =+ KE&x) ~+0

of finitely generated free modules.



Koszul complexes 55

4.2.1 DEFINITIONS. For any A-module M, we define K, (x,M) to be the
complex K, (x)®,M and K’ (x,M) to be Hom,(K,(x),M). We write their p-th

homologies as respectively Hp(x,M) and HP(x,M).

We speak of the covariant or homological Koszul complex K, (x,M)
of x on M and similarly the contravariant of cohomological K'(x,M). In both
cases their chain modules are finite direct sums of copies of M and are
nonnull at most between degrees 0 and n. If we call g the ideal generated
by x;,...,x, and write aM for the submodule annihilated by g then it is not
difficult to see that Hy(x,M) = M/aM = H'(x,M) and H (x,M) = M = H'(x,M),
which suggests a kind of duality we shall describe in 4.2.8. Notice also that
K,(x,A) = K,(x) and we allow ourselves the notations Hp(x,A) or Hp(x) for
its homology in degree p. Similarly for the contravariant complex.

For a single element z € A, the complex K,(z) is just the

complex 0 -+ A ¥ A + 0 concentrated in degrees 0 and 1 with Hy(z) = A/(z) and
H,(z) = (,,A. These complexes are the building blocks of a general Koszul

complex as follows.

4.2.2 THEOREM. Let x = x,;,...,X, be a sequence of elements in a ring A.

Then K, (x) = K, (xl)eA. ..®,K, (x).

PROOF. The statement being tautological for n = 1 , put
y = X;,...,%X,_, and assume that K,(y), with boundary maps dp, is isomorphic
to K, (xl)eA. ..@,K, (%,-1). In the tensor product complex C, = K.(y)@AK. (x,)
the chain modules Cp can be identified with Kp(y)@)l(p,l(y) and the boundary

map 3, is described by the matrix

4, ¢DFhx,
0 dy_y

where we follow the conventions of [Bo 80, §4, 1]. There is an isomorphism ¢P
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between Cp and Kp(x) defined by setting ¢p(ea) - e, and ¢p(ea) = egre, for
basis elements of K (y) resp. K, ,(y). One easily verifies that these ¢p:s

commute with the respective boundary operators, so that we obtain an

isomorphism ¢ : K,(y)®,K,(x,) » K,(x), which finishes the proof.
Keeping the notation of this demonstration, we state

4.2.3 PROPOSITION. For each A-module M, there are exact sequences

S H M (M) » B xM) B (M) T ... and

Wy M) - B M) - By M) R EP(y M) o L

PROOF. The complex C, may also be described as the mapping cone
of the morphism of complexes .x .: K,(y) » K,(y). True, the sign conventions
differ from the ones chosen in [Bo 80, §2, 6] but serve equally well. It is

easy to check that the split short exact sequences

ao (8
- Cp - Kp-l(y) -0

0 - K, (y)
commute with the boundary maps so that we get a split short exact sequence
of complexes 0 - K,(y) » C, » K,(y)[-1] » 0. Here we have used the standard
notation for a shifted complex as in 3.3.5. We now apply the additive
functors - M resp. Hom,(-,M) to again obtain split short exact sequences
of complexes. These give rise to long exact homology sequences as above,
except that the multiplications are alternately by plus or minus x,. But this
does not affect exactness. The reader may like to make explicit the other

maps in the sequences.
By splitting into short exact sequences one obtains

4.2.4 COROLLARY. There are short exact sequences
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(1) 0 -+ Hy(x,,H (y,M)) - H(x,M) » H,(x,,H,_,(y,M)) -~ O;
(11) 0 ~ H'(x,,H' }(y,M)) ~ HP(x,M) » H'(x_,H*(y,M)) - 0.
4.2.5 PROPOSITION., The functors Hp(x,-) form an exact connected left

sequence, and the HP(x,-) an exact connected right sequence of functors from

A-modules to A-modules.

PROOF. Since the chain modules l%(x) are free, the functors
l%(x)eA- and HomA(l%(x),-) are exact. Thus a short exact sequence of modules

gives rise to two short exact sequences of complexes. The proposition

follows from their associated long exact homology sequences.

4.2.6 PROPOSITION. If x = X,,...,X, € A, then the map

X,.: Ko(x) » K,(x) is homotopic to O for i = 1,....,n.

ie

PROOF. By symmetry, it is enough to show that the above is true

for i = 1. In fact, we shall construct a chain homotopy s of K,(x) of degree
1, such that dpﬂosP + sp'lodp is multiplication on K (x) by x, for all p. We
define s’ on a basis element e, of l%(x) by putting sp(ea) -0 if

a=(1,i,,...,1), sf(e,) = e,~e_ otherwise. We leave it to the reader to

check that s has the desired property.

4.2.7 COROLLARY. If ¢ = (x,,...,x;) and the A-module M is

annihilated by b, then (a+b)H (x,M) = (a+b)H'(x,M) = 0 for all p.

PROOF. Since each .x,,: K,(x) - K,(x) is homotopic to 0, the
same holds for the map .x,, on the complexes K, (x,M) = K, (x)®,M and

K*(x,M) = Hom, (K, (x),M), so that a annihilates their homology. The ideal

b even annihilates their chain modules, so the corollary follows.
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We now discuss a duality between the covariant and the

contravariant Koszul complexes. Let a =~ (i,,... ,ip) be a subsequence of

(1,....,n); we define & to be its "complement". Thus if e, is a basis
element of l(p(x), e; is an element of lgl_p(x) and this assignment is seen to

define an isomorphism between these two free modules. Let o(a) be the sign
of the permutation which takes (1,...,n) to (a,a). If M is an A-module, each

element of l(p(x,M) is uniquely a sum of elements e ®m , where m, € M and the

sum is over the basis elements e, of K (x). As to KP(x,M), define f to be the

map from l(p(x) to M which takes e, to m and all the other basis elements to O.
Each element of KP(x,M) is uniquely a sum of such f7. The boundary maps d:

and d: in K, (x,M) resp. K'(x,M) are easily made explicit from those in K,(x).

4.2.8 THEOREM. For every module M, there is an isomorphism of

complexes

M
0 — Kn(x,M) — - —+ Kp(x,M) — P, Kp_1(x, M) ——--—~ Ko(x,M) —— 0
én l¢p l¢p—1 40

0 e Kn-P n-p+l e KP(x,M) —
0 — K°(x,M) Kn (X‘M)d';d"_"d( (x,M}— (x,M) 0

In particular, H (x,M) =~ H"P(x,M) for all p.

PROOF. For a basis element e ®m in l(p(x,M), we define

P
¢p(e¢®m) - (-1)[2]a(a)f';". In order to check that ¢p_1od: - d:-wlo¢p, we need

only compare their effects on such an e ®m and show that they are the same.
This verification, where the main worry is to keep track of the signs, we
leave to the reader. Here is an instance where introduction of the full

machinery of exterior algebra would have rendered the sign convention more
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natural [Bo 80, §9, 1].

One sometimes needs to know the behaviour of Koszul complexes
under ring extensions, as we investigated for local cohomology in 4.1.4 -

4.1.7.

4.2.9 PROPOSITION. Let X = X,,...,X, be a sequence of elements in a
ring A and M an A-module. Let f: A » B be a ring homomorphism and

£x = fx;,...,fx,, then B®K,(x,M) ~ K, (fx,Be,M) and Be,K"(x,M) =~ K'(fx,BaM).
If moreover B is a flat A-module, then also B@AHP(X,M) ~ Hp(fx,BeAM) and

Be, HF(x,M) = HP(fx,BeM).

PROOF. First Be,K,(x,A) = K,(fx,B) because their chain modules
and boundary maps can be identified. Then K'(fx,B@AM) - HomB(K,(fx.B),BeAM) o
HomB(BeAK,(x,A),B@AM) ~ Bg, Hom, (K, (x,A) ,M) = B@AK'(x,M), where the last
isomorphism depends on the fact that the chain modules of K, (x,A) are free
and finitely generated. The proof is similar for K,. If B is flat, B®,- is

an exact functor, so commutes with taking homology.

Even easier is the next proposition.

4.2.10 PROPOSITION. Let X = X,,...,% € A and let F and M be A-modules.
Then F®,K,(x,M) ~ K, (x,F®,M) and F@AK' x,M) =~ K'(x,F@AH). If F is flat, then

F,H (x,M) ~ H_ (x,F® M) and F®HP(x,M) = HF(x,FeM) for all p.

The following pretty result is used in multiplicity theory. Let
X = X;,...,X, be elements in a ring A which generate an ideal q. It is easy

to see that for each s > 0
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0+ oK (x) » a®K _,(x) » ... » «®Ky(x) = 0

is a subcomplex of K,(x), which we call °K,(x).

4.2.11 PROPOSITION. If A is noetherian, there exists an s, > 0, such

that ®K,(x) is exact for s = s,.

Since we do not need the fact in this book, we refer to [EF] for
the proof. This heavily depends on the Artin-Rees Lemma 2.1.1, and it is
easy to see that the result fails for nonnoetherian rings. There are also
such statements for finitely generated modules, as well as contravariant

versions. Compare with Lemma 4.3.3.

4.3 LIMITS OF KOSZUL COMPLEXES AND LOCAL COHOMOLOGY

In this section, we introduce a hierarchy of Koszul complexes
attached to a set of elements x = X,,...,X, in a ring A and construct maps
between them. In the limit we obtain complexes whose homology is shown to
yield the local cohomology modules with respect to the ideal generated by
the x's, at least in the noetherian case.

Let X = X;,...,%, € A. For t 2 1 we write x(t) = xt,...,x%,

a, - (x%,...,x%), and consider the Koszul complex K, (x(t)) which we

abbreviate to Kf"); for boundary maps we write d;t'). With obvious notation,

the group Hf,") is just A/a, so we have a homomorphism Hf,t'") - Hf,") glven by
the canonical projection A/q,,, * A/a, for all s > 0, but also a map
Hét-) - Hé"") glven by x}...x3: A/a, =+ A/a,,,. Both maps actually stem from

morphisms of complexes as follows. Define 0;": 1(;“" - 1(;" where
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8:"(e,) = xZe, vhen a = (i,,...,1)), 1 <i; < ... < i, =n; here we have

written x, for the product Xy Xy Similarly we define q;": K:” - [(‘(f") by
)

putting r;;"(ea) - xte,.

4.3.1 PROPOSITION. The maps 8%%: K{**’ =+ K" and nt.®: KI® - g{™®

are morphisms of complexes, such that Ho(dt.") and Hy(n%*) are the maps just

mentioned.

PROOF. We verify that r;;:;od;” - d;“”or;;", leaving the map §%*

to the reader. Well,
1 ~
ﬂ;L;(d;t)(e,)) - ):3’_1(-1)3* xgj,,;;;(eil/\. A A .Aeip) -

J+l ¢ s a8 s A8 s A -
.- xR xRy e AL AR AL ey

1 J P 1 J 4

2 R LR LR L XB XS e AL AR AL Ae, =
5=1(-1)7x] 1, 1 T 1 iy

(t+ o8 a8
At (x2. . KR Ko AL .Aeip) - d;t’")(q;"(eu)).

Observe that the ¢%° and the nt'® form an inverse resp. direct
system of complexes K(,”. For any A-module M we get HomA(of",IM) which makes
K*(x(t),M) = Hom,(K!*’,M) and n%-®@l, which makes K,(x‘®’,M) = K{”’g,M into a
direct system of complexes. We denote their direct limits by K;(x,M) and

K3 (x,M) respectively and also write K,,',(x) for K,,',(x,A) and K. (x) for K (x,A).
We use corresponding notations for their homology.

There is an autoduality which we express in

4.3.2 THEOREM. For every x = X,,...,X, € A and A-module M there are

isomorphisms HiP(x,M) = H (x,M) = H (K[ (x)®,M) = H'P(K (x)8,M).

PROOF. Notice that the map ¢  in Theorem 4.2.8 does not depend

on t and provides an isomorphism between direct systems of complexes.
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Therefore, taking the direct limit we obtain the duality 4.2.8, now between
KS (x,M) and l(:,(x,H). Taking homology, we get the first isomorphism above.

In particular K;(x) and K;(x) are in fact, except for reversed indices,

isomorphic complexes, whence the last isomorphism. To show finally that
H.:(x,M) = HP(K';(X)QAM), it is sufficient to know that tensor products

commute with direct limits.

We now wish to establish an isomorphism between Hﬁ(x,H) and the

local cohomology group H‘(’I(M) where ¢ = (X,,...,X,), provided A is noetherian.

We need a preliminary result about the §%'*.

4.3.3 LEMMA. Let A be a noetherian ring and t > 1 a given integer.
There exists an s, = 0 such that, for s = s,, the map HP(OE"): H:,“” & R

is the null morphism for p > 1.

PROOF. Put « = (x;,...,X,) and choose r large enough so that

a c q = (xt,...,xt). For each of the complexes K write Z;" - ker(d;n) for

the cycles and Bl(,“ - im(d}(,‘,,)l) for the boundaries in Kf)“. By the Artin-Rees

Lemma 2.1.1, there exists an s, > 0, such that for s > s; we have

Zl()‘) n oK't ¢ q"’l(z}‘," n a"l(;“). Put r+s, = s,, then for s 2 s, there are
inclusions

{t) spy(t) rro(t) Sy1,(t) ro(t) (t) (t).

2,0 0 CK @ (20 na TKT) € @270 € g2 © B
the last inclusion is a consequences of 4.2.7, applied to the Koszul complex
)

We now shall prove that Hp(oE-‘) =0 for s > 55, p21. Since

#%® is a morphism of complexes, we have 0;"(2;“”) c Z;"), and we need to

show that actually 0;'5(23")) c B;L). Well, 0;'5(1(;“‘)) c u’l(;") - this is the

point where we use p 21 - so 0;'5(2;“5)) C Z;") n a’l(f)n C B;”, and we are

through.
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4.3.4 THEOREM. Let X = X,,...,X, be elements in a noetherian ring A

which generate the ideal ¢. Then HE(x,M) = Hz(M) for every module M.

PROOF. First observe that each chain module K;") is free, so
that a short exact sequence of modules 0 - M’ - M + M" » 0 functorially
gives rise to a short exact sequence of corresponding complexes HomA(l((,"),M)
for each t = 1. Since the direct limit is exact, we get a short exact
sequence 0 - K:,(x,M') - K;(x,M) - K;(x,M“) + 0. The associated long exact

homology sequence shows that the Hi(x,-) form an exact connected right

sequence of functors on A-modules.
We need to prove that Hg(x,M) = HZ(M) and that H2(x,I) = 0 for
every injective module I and p > 1. Since Hom,(-,M) is left exact,

H:(x,M) = lim Hom,(A/q, ,M), where the limit is taken over the canonical
t

projection A/“us - A/q'_. Since the systems ¢, and o* are cofinal, we find
Hz(x,M) = L“(M) - HZ(M). Now for an injective module I the functor Hom,(-,I)

is exact, and since lim is exact, both functors commute with taking

homology. Therefore Hf,(x,I) = 1§m HomA(PH(D")(x),I) where the limit is induced
[4

by the maps 1%(9‘,'5). By the previous lemma, this limit is O for p > 1.

Next we give an explicit construction for the complex K_(x).

For a = (il,...,ip), l<i;<...< ipsn, write A&a for the module A

localized at the element x, = xi1' ..x, and write P =0 A, , where the sum is
a

p
taken over all such a’s. Notice that if g = (k,,... ,kpﬂ) and
a = (kl,...,kj, . ,Iﬁm), then P&p is a further localization of P&a.

Now define §7: CP » C*'! on the component A, - A&B as 8P(y) -
a
(-l)j”y/l if a and f are as above, and 0 otherwise, for y € A, . Clearly
a

57167 = 0 and we have an ascending complex C".
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4.3.5 PROPOSITION. There is a canonical isomorphism K(x) = C°.

PROOF. We use the fact that the direct limit of the system

X X o X
A-"A-"A " ... 1is, as a ring, isomorphic to A , where the element a in
a

the n-th copy of A (n = 0) is identified with a/x3.
Consider now in Kft)(x) and Kf:}(x) the one-dimensional free

components generated by fi resp. f., notation as above 4.2.8, where a and 8

are as defined. It is easy to see that the limit of the direct system

A X2 A
it itk
A = A

is just the map &° on the components A% - A*E

4.3.6 COROLLARY. If x = x,,...,X are elements in a noetherian ring A
which generate the ideal q, then Hﬁ(M) = HP(C'QAM) for every module M and

every p.
4.3.7 EXERCISE. Give a similar description of the complex K (x).

This description of the local cohomology modules in terms of the
complex K;(x) or C° is often convenient. For instance, H;(H) is isomorphic
to the direct limit of the system

> SRR Xaa.
MM ST MzaM o L e MaM R My M

which we shall examine in the next chapter.
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We conclude by remarking that the above treatment of local

cohomology allows a more geometric interpretation in terms of Cech
cohomology. This is the point of view taken in [Gr 67] and [Ha], but we do
not need this. A lot more is known about both local cohomology and Koszul

complexes, for which we refer e.g. to [Se, Ch. IV], [Sc 82] and [HIO, Ch. VII].



5 (PRE-) REGULAR SEQUENCES AND DEPTH

The theory of regular sequences became prominent in the middle
fifties in the hands of such authors as Auslander-Buchsbaum, Rees, Serre and
Kaplansky. It provides a link between ideal-theoretic properties of a ring
and its modules on the one hand and homological concepts on the other. The
reason is that, while reflecting certain ideal-theoretic conditions, regular
sequences behave well with respect to homological invariants. These
sequences are usually treated for finitely generated modules over noetherian
rings. In section 5.1 we take a more general and formal point of view and
consider the notion of a pre-regular sequence, a weak form of regular
sequence. In section 5.2 we prove that after completion the two notions
coincide, which permits an immediate proof of a theorem in Bourbaki. In
section 5.3 then, we introduce the standard notion of depth and tie it up
with an important variant, the Ext-depth. The well-known results in the

noetherian case will be easy consequences of our more general considerations.
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5.1 (PRE-) REGULAR SEQUENCES

Suppose A is a ring and M an A-module. We shall often work with
a fixed sequence x,,...,x, of elements in A and standardly write ¢ for the

' ideal (xy,...,%,).

5.1.1 DEFINITION. Such a sequence is called an M-sequence (or regular
on M) if M » M and x; is a non zerodivisor on M/(x,,...,x, ;)M for
i=1,...,n.

The first non degeneracy condition is added to avoid trivial
cases; the second is what really matters; it expresses that the endomorphism

.X, is Injective on the module M/(x,,...,x,_ ;)M. We sometimes shall write x for

1
the sequence x,...,x, and say that M is x-regular. When M = A we just speak

of a regular sequence in A.

5.1.2 EXAMPLES .
1) The sequence X = X,...,X  is regular in both the rings A[{X,,...,X ] and
A[[X,,...,X]]. In fact, a regular sequence in certain respects behaves like

a set of indeterminates, as we shall see.

2) Let k be a field and put A = k(X,Y,Z}. Then X, Y(X-1), Z(X-1) is an A-
sequence but Y(X-1), Z(X-1), X is not.

3) For k as above, put A = k[[X,Y]]. Let E be the injective hull of the A-
module A/(Y); then X acts automorphically on E and Y nilpotently on every
element of E (3.2.7). Hence X, Y is a regular sequence on M = A ® E but Y,
X is not. Here the module E is far from being separated in the (X,Y)-adic
topology of the local ring A.

4)  An example of this phenomenon with separated module M is described in

{BS, Ex. 3.11 a)]) . There Z, X, Y is an M-sequence but X, Y, Z is not.

What these examples do not contradict is that if M is a
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finitely generated module over a noetherian local ring and x is a regular
sequence on M, then it is an M-sequence in any order. This fact is well
known [Se, Ch. IV, Cor. de Prop. 3], [(Ka 74, Th. 119] and forms one of the
cornerstones of the usefulness of regular sequences. We shall obtain a proof’
as spin-off from our study of the infinitely generated case. Though we
cannot in general permute regular sequences, certain operations are

allowed. The following proposition is often helpful. A proof can be found

in [(No 76, 5.1} and [La, Prop. 1] following an exercise in [Ka 74, Ch. 3,

Exc. 12]. We invite the reader to provide his own proof of the successive

statements.

5.1.3 PROPOSITION. Let A be a ring, M an A-module, x = Xx;,...,X, € A,
a) If M is x-regular, then x; is regular on M/(X,,...,X; ;,X 47, ..., %X, )M for
i=1,...,n,

b) If x, y and z are elements of A with (x,y,z)M » M, then yz,x is an M-

sequence iff both y,x and z,x are.

c) Let x;,...,X,_4,X,43,...,%,, ¥ and z be elements of A, generating an ideal
¢ and assume that ¢M » M. Then the sequence L OIS T £ 12 STCTIN & is
M-regular iff both x;,...,%X;_ |, ¥, X4y, %, and X, ..., %X, 1,Z,%4,...,X, are.
d) A sequence le,...,x:“ is M-regular iff x,,...,x, is M-regular. Here

vV =v,...,y, is a sequence of positive integers.

e) All permutations of a sequence x,,...,x, are M-regular iff all sub-
sequences of x,,...,X, in the given order are M-regular.

As mentioned, regular sequences behave much as a set of
indeterminates in a polynomial ring. We shall pursue this theme in order to

derive certain results on such sequences.
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5.1.4 PROPOSITION. Let R — Z[X,,...,X,] and J C R be an ideal
generated by monomials m,,... 8 in X;,...,X. If m,,... VL, l<psxagq,
contain the indeterminate X;, and L ETRIN 8 do not, then (J : X;) is
generated by the monomials X;lml, . ,X;lmp,mvu, Mg In case (J : X;) = J,

then J = (mwl,...,mq).

PROOF. Let £ € (J : X,), then X,f = 3, f,m,, say, with £, € R.
For each i write f,(X,,...,X)) = £,(0,X,,... ,X) + Xlg‘(xl, ...,X,) and
substitute in the previous equation. Putting X, = 0 we find
0= Zf_pﬂ £,(0,X, ..., X )m;. Thus X, f = 2‘;_1 fm + Zz_pﬂ Xlg‘m‘, hence
f - Zf_l X;lfim‘ + Zf_pﬂ gm;, which proves our first contention. In case

(J : X;) = J, we can continue with the new generators and eventually obtain

- Y
J = (Xlulml, . & pmp,mpﬂ, coom), v, 21, i=1,...,p, such that X; no longer
occurs in these generators. Then X,'!m, € J, so X,''m, = Z*_ hm, + Zipe hym,
for certain h; e R, i = 1,...,q. Now X;ulm1 does not contain X,, but m,... S,
all do. Hence 2‘;_1 hm, = 0 and X;"lm1 is expressed in terms of L WO

Similarly for X;uzmz, . ,X;upmp, $0 J = (mpyy,...,m).

5.1.5 COROLLARY. Let J c R be an ideal generated by monomials. Then J
is generated by a subset of X,;,...,X if and only if, for i = 1,...,n, either

X,eJor (J : X)) =J.

PROOF. Only if being clear, let us assume that X,,...,X, are not
in Jbut X ,,,...,X are, 0 <r <n. Since (J : X;) =J for i =1,...,r,
successive application of the proposition shows that J is generated by

monomials only involving X.,,,...,X,. Then patently J = (X,,,,....X)).

5.1.6 COROLLARY. Let J c R be an ideal generated by monomials and M an

R-module. Let p > 0 be an integer. Suppose Tor?(R/I,M) = 0 for every ideal
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I > J of the shape I = (xll,...,xik), l1<i <...<1i <n. Then

Torﬁ(R/J,H) = 0. Similar statements hold for Excg(R/J,H) and Ext:(H,R/J).

PROOF. Suppose Torﬁ(R/J,H) » 0; the collection of ideals J' 5 J

with J’ generated by monomials in X,;,...,X and Torg(R/J’,H) » 0 contains a
maximal specimen I by noetherian induction. The endomorphism .X; on R/I gives
rise to a short exact sequence

0-+R/(I : X;) »R/T » R/(X,,I) = O.
The associated long exact Tor-sequence and the maximality of T in
combination with 5.1.4 assert that either (I : X;) = I or (X;,I) = 1. In view

of 5.1.5, 1 is of the shape I = (x*1""'x*k)' hence Torﬁ(R/I,M) = 0. This

contradiction proves that Torg(R/J,H) = 0. The proof for the Ext’s is

similar.

This corollary is useful in the proof of the next theorem,
although one can manage with less. It is essential however for proving
5.1.8. Before stating the next theorem, let us introduce some notation. For
a vector v = v;,...,v,, we write x’ for the monomial le...x;“. In case all
the v, are equal, say t, we write x* = x}...xt. Thus x! = x]...x} stands for
the product of the x’s, not for their sequence, hence x! » x. Moreover we
write g, for the ideal (x},...,xt), so that here ¢, = «. This notation is a
little bit misleading, since of course g, depends on the choice of

t nt-t
generators X,,...,X%,. Notice that x*a C (LY .

We now fix a sequence X in a ring A and a module M and relate

the notion of regularity to the Koszul homology.

5.1.7 THEOREM. Consider the statements

(1) The module M is x-regular;
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(i) R, (x,M) = 0 for all p 2 1;
(iii) H,(x,M) = 0;
(iv) The maps .x%: M/qM - H/at+ﬁﬁt'vqﬁ are Injective for all t = 1.

Then (i) » (ii) = (iii) = (iv).

In case n = 1, we interpret a’! to mean A. Notice that conditions

(ii), (iii) and (iv) are independent of the order of the x;’s, but (i) is not.

PROOF. (i) = (ii): The statement is obvious for n = 1; suppose
it has been proved for 1, 2,..., n-1. Since x, is a non zerodivisor on
M/(%, .0 % )M = Ho(xy,...,Xx,_;,M), the short exact sequences of 4.2.4 (1)
show that Hp(xl,...,xn,M) =0 for pz1.

(ii) = (iii): Of course.
(iii) » (iv): Let R = Z[X,,...,X,] and apply the same notational conventions

to the sequence of indeterminates X, as we have done to the x’'s. In

particular, write I = (X;,...,X) and I, = (X‘,...,X:). The sequences

t
0-R/T 3 R/T,, T o R/I™ 5 0

t+1
are exact for all t > 1. We wish to show that they remain exact under -®M,

so it is enough to know that Tor{(R/I‘,H) = 0 for r 2 1. Here M is turned

into an R-module through the ring homomorphism R -+ A determined by X, - x,.
Since I" is generated by all monomials in X,,...,X, of degree r, by 5.1.6 it
is enough to show that Tor{(R/I,M) = 0 or rather that Tor{(z,M) = 0. Now
K,(X,R) is a free resolution of the R-module 2 in view of (i) = (ii)

(Hilbert syzygy theorem), while K.(X,R)@RM = K.(X,R)@RAQAM = K.(x,A)g M =

K, (x,M). Hence Torf(Z,M) = H,(x,M) which is O by assumption. This finishes the

proof.

It should be pointed out that the implications in the theorem

are all strict [Ba, Ch. V, §4] although they may be reversed in certain good
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cases, 5.2.4, 5.2.5 and 5.2.6. We next prove an old result of Kaplansky's
[Ka 62, Th. 1] which provides us with a host of ideals of finite projective

dimension in any ring, once we have regular sequences.

5.1.8 THEOREM. Let x,,...,X, € A and all its permutations form a
regular sequence and suppose the ideal ¢ C A is generated by monomials in

the x’s. Then pdA/¢ < n.

PROOF. Let R = Z[X,,...,X ] and make A into an R-algebra by
mapping 1 » 1, X; » x,, i = 1,...,n. Consider for each monomial generator of
¢ the corresponding monomial in X;,...,X,; they generate an ideal J C R.

Ve first wish to show that pdR/J < n or that Extf(R/J,M) = 0
for any R-module M and p > n. By 5.1.6 it is enough to prove that
Extf(R/I,M) = 0 for all ideals I > J of the shape I = (xll,...,xlk),
l1<i, <... <i, <n, If ve write X = X‘1""’X‘k' then the Koszul complex
K,(X,R) is a finite free resolution of R/I of length k < n, so that the
statement for the Ext’s is true.

Now let P, be a projective R-resolution of R/J of length < n. If
Torﬁ(R/J,A) = 0 for p 21, then P, ®A provides a projective A-resolution of
A/c of the same length. Again by 5.1.6 it is enough to show that
Tor%(R/I,A) = 0 for the ideals I described above, or that the Koszul complex
K,(x',A) is exact except at the 0-th place, where we have written
X! - x‘1""’x‘k' But x,,...,x, form an A-sequence in any order, so by 5.1.3 e)

the sequences x11""'x1x are all regular in A. Therefore Hp(x',A) - 0 for

P=21by 5.1.7, and we are through.

From now on we shall write R(¢) for the radical of the

ideal ¢.
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5.1.9 COROLLARY. [Ka 62, Th. 2] Suppose A is a Z-torsion free module.

If in addition x, € R(¢) for i = 1,...,n, then pdA/c = n.

The proof [Va, Th. 2.6], which goes by localizing and using

minimal resolutions, we leave to the reader.

We now return to Theorem 5.1.7; in order to explore (iv)

further, we write B (M) for the union of the kernels of the composite maps

M -+ M/oM 3 M/q,,, @™ " M; these kernels form an ascending sequence of
submodules of M as t goes to infinity. In other words, B_(M) (and we shall
write B(M) when x is not in doubt) consists of those m € M with

x'm € q,,,0"* "M for some t > 1. We add one more item of notation. If

[T VAN T is a vector of nomnegative exponents, we write

ju] = v, + .... + v, for the total degree. In case n = 1, conditions (i) and

(1ii) in the following proposition are easily seen to be equivalent, while

(1i) should be deleted. So let us suppose n = 2.

5.1.10 PROPOSITION. The following are equivalent:

(1) m € B(M);

(i1) m is one of the m,’s in a relation Zly]=s x'm, = 0 for some s 2 1,
all m, € M;

(iii) m is one of the m,’s in a relation Zlyes x'm, € o** M for some

s21, all m, € M.

PROOF. The implications (i) = (ii) » (iii) are clear.
For (ii) = (i), let m be one of the m,'s in a relation EIU"‘ x'm, = 0, say m,.
Put r = 7,,...,r, where r, = (maxs‘_1 vJ) -y, i=1,...,n Multiplying our

identity by x’, we find that m, € B(M).
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For (iii) =» (i), suppose that m is one of the m, in a relation

ZM-- x'm, € *M. An arbitrary element of «**'M can be written as EM_' x'n,
with all n, € gM. We do so with our element: EM_! x'm, = EM_‘ x'n,. Thus
ZM_, x¥(m,-n,) = 0 and the implication (ii) = (i) yields that all m, -n, are

in B(M). Since oM c B(M) and n, € gM, we find that all m, are in B(M).

In order to further study B(M), we consider the graded rings
(A/a)[X;,...,X,] and G (&) = ®p., ¢°/a*"}, the associated graded ring of the
ideal «. There is a surjective homomorphism of the former to the latter
given by X, » x,. One can extend this to a surjective homomorphism of graded
modules ﬂH: A/a) (X, ... X ]e,M » Ga(M). It is easily seen that every
homogeneous element of the former module can be written as £ = 2|u|_! X"@mu
and that it is 0 if and only if all m, € aM. On the other hand
B,(§) = E|,|o, x"m, mod ¢*"'M.

We next introduce another submodule of M, to wit Q(M) (or Q (M)

when necessary), as the collective kernel of the maps M - M/qM X M/a, M,
t =z 1. In other words Q(M) = (m € M| x*m € g, ,M for some t > 1}. Then
obviously oM c B(M) c Q(M). We write b for the ideal B(A) and q for Q(A).
It is easy to see that always bBM c B(M) and gM ¢ Q(M). Also B and Q are
functorial, i.e. if £: M - N is A-linear then f(B(M)) c B(N) and

f(QQM) c V).

As a remark aside, let us examine these submodules as we take
powers of the x’'s. When x = x,,...,x,, write x(t) = xt,...,)gﬁ. We leave to

the reader a proof of

5.1.11 PROPOSITION. For every A-module M, there are descending chains

of submodules of M
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B, (M) = B,1,(M) D ... D B, ,(M) D B,(p;y, (M) D ... and

QM) = Qu (M) D ... D Qup, (M) D Qg (M) D ...

In the situation of 5.1.7 (iv), which is condition (ii) below,

matters simplify considerably.

5.1.12 THEOREM. Let all notations be taken with respect to
X = Xy,...,X € A and let M be an A-module, then the next three conditions

are equivalent:

(i) ﬂH is an isomorphism;
(ii) aM - B(M);
(iii) M = Q(M).

PROOF. Since we need only test injectivity of the graded
homomorphism ﬂH on homogeneous elements of (A/a)[X,,...,X ] ®,M, the
equivalence of (i) and (ii) is a consequence of the equivalence of items
(1) and (iii) in 5.1.10. Furthermore (iii) obviously implies (ii). So
suppose ¢M = B(M) and take m € Q(M), say with x'm € a M. Since B(M) = Q(M)
when n = 1, assume n > 2. We shall prove by induction on s that xm € atﬂa'H

for all 0 < s < nt-t-1. The case s = 0 is our assumption and the case

s = nt-t-1 our goal, because then m € B(M) by definition of the latter. So
suppose we know that x'm € “r,+1“!H for some given s, 0 < s < nt-t-1. If we

write I' = {v € N*| v, > t+l for at least one i, 1 < i

1A

n, and |v} = s+t+l},

then the elements of g,,,d¢"M are just of the form I, X'm,. Hence we can
write x‘m =~ Ze Xx"m,. We wish to prove that all m, € aM, for then
x'm € a,,,6""'M and we have taken the induction step. Now T . x'm, = x'm € o™

while s < nt-t-1 implies that s+t+l < nt. Hence . x'm, € ¢*"*"?M. In view

of 5.1.10 all m, € B(M). By assumption however ¢4 = B(M), so that all m, € oM.
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Condition (iii) of 5.1.7 also has an interpretation in terms of

graded modules. Write Ru(M) - @:_0 o«*M and let I be the ideal in AlX,, ..., X ]

generated by all elements x,X; - x;X;, 1 <1 < j =< n. There is a surjective
graded A-homomorphism ay: A[Xl,...,Xh]/I@AM -+ Ru(M) determined by

aH(f@m) = f(xy,...,x,) where f is a homogeneous polynomial in A[X;,...,X ].
Then condition (iii) of 5.1.7 is equivalent with @y being an isomorphism.
Since we do not use this fact, we leave its proof to the reader who may
also consult [Bo 80, §9, Th. 1]. In fact that theorem of Bourbaki is just

our Theorem 5.1.7 with condition (iv) replaced by "B, is an isomorphism”.

There is also a connection with Rees’ note [Re 85].

5.1.13 DEFINITION. If the sequence x satisfies (iv) in 5.1.7 and
M » oM for a module M we say that x is a pre-regular sequence on M or

that M is x-pre-regular.

In the equivalent formulation "B, is an isomorphism” this

condition was called quasiregular by Grothendieck in [Gro 64, Ch. 0, Déf.
15.1.7]. We shall justify our choice of name in the next section.

We have seen that x-pre-regularity of a module M can be

described either by saying that all maps .x*: M/aM -~ M/u“t+”u"”*'54 are

injective (definition) or that all maps .x*: M/aM -+ M/a M are injective

x(t+l)
(5.1.12 (iii)). The next results show that the latter condition implies
injectivity and unicity for more general determinantal maps. We therefore

study this circle of ideas in a slightly more general form.

If o = (yl,..,,yn) C (X{,...,%X,) = a, are ideals in the ring A,

we can write the equations expressing the y's in the x's in vector notation:

y = Tx. Here x resp. y stand for the column vector of the x's resp. y's

while T is an nxn-matrix with entries in A which is usually not uniquely
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determined. If T is the adjoint matrix of T, then IT = TT = AL, where

A = det T and I is the n-square identity matrix. Thus Ax = T‘T}_: - TZ hence
multiplication by A yields a map which we again call .A: A/q, - A/a, and
hence for any given A-module M an A-homomorphism .A: M/a M - H/%H. The
example which we have already considered is where y = x(t+l) and

T = diag(x},...,x%t), then A = x*. The purport of the next proposition and its

corollaries is that these maps .x* to a large extent control the behaviour of
the general determinantal maps. To understand the proofs of the last four
results in this section, the reader may find it helpful to draw diagrams of

the maps involved, which we omit for reasons of space.

5.1.14 PROPOSITION. Suppose y = Tx = T'x and write A’ = det T'. Then

- ’
A - A eby.

PROOF. We make the transition from T to T’ by a single row at a
time, and are therefore reduced to showing: if T = (1“) and T' = (r;J) only
differ in their last row, then A - A’ € by. Now A - A’ = det S where the

n-square matrix § = (”u) equals T (and T') in the first n-1 rows, while

Opy = Tny ~ 1"0, j=1,...,n. Since Sx = z with z = (yl,...,yn_l,O), we find
that (4 - A')a, € q,. But Y, € 0, SO a - A')yn - ay, + ... + a1y ., with
a;,...,a,_, €A, and by 5.1.10 this implies the result. With a little more

n-2

care one may prove that actually yl(a - A') € L P

The next corollary expresses functorial behaviour of the

determinantal maps with respect to the submodules Q(M).

5.1.15 COROLLARY. A(Q (M)) c Q, ().

PROOF. Take m € Qx(M), then for some t > 1 we know that



78 5 (Pre-) regular sequences and depth

xtm € 0y epeqyM. Since 6 Ca C R(a,) - R(az(44yy)  there exists an s > 1 such
that Oty © Oyepany- Let S be an n-square matrix such that y(s+l) = Sx(t+l),

and call its determinant I'. Then Z(s+1) - (diag(y:, v ,y:).T)gt_ -

(S.diag(x},...,x8))x. By the proposition, (y°A - Tx")m e b M. On the other

y(stl)
hand

Tx'm € ayq )M C By € O egrny € sy (M) -

M for some u > 1.

Thus y*Am € Q,(,,;,(M). Therefore (y*'1)".y*Am € a, (51, cu1)) =

But (y®*1)%y® = y®utstu gnd we see that y*“**™ Am € a M which means

y(sutstutl)
that Am € Qy(H).
5.1.16 COROLLARY. Suppose in addition that a, ¢ R(g,). Then
(uyH D) QM)
PROOF. There exists a t 2 1 such that xt*! € o for i = 1,...,n.

Suppose Sy = x(t+l), and let the nxn-matrix S have determinant I'. Then

STx = x(t+l) = diag(x},...,x5)x, and TA - x* € b_(,,, by 5.1.14. Now let m e M

Mcbh M, so that

be such that Am € “YM’ then TAm € ¢ X(LH1) T

x(t+1)

x'm € b, M Cq

me QX(M) .

tH1y S :
x(MUM C QM- Therefore (x**1)°.x'm € ax((t+1)(s+1))(M)' i.e.

5.1.17 PROPOSITION. Let a = (yl, ...,yn) C (Xy,...,%) = a be ideals
in A, and let Tx = y with det T = A. If the module M is y-pre-regular, then
the map .A: M/q M -+ M/uyM does not depend on the choice of the matrix T. If M

is x-pre-regular and if ¢, and a, have the same radical, then A is injective.

PROOF. If also T'x = y with A’ = det T*, then A - A’ € b, by
5.1.14. Now bM c B (M) and the latter submodule equals a M in the y-pre-

regular M. This proves the first statement. In the second case, we have
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(uyM 1 A) C Q‘(H) in view of 5.1.16. But M is x-pre-regular, so Q‘(H) - %H

which means injectivity of the map A.

We should like to point out that there is some similarity with

considerations in [SS, (1.2)] and [Ku 86, E, 18-21].

5.2 PRE-REGULARITY UNDER COMPLETION; CONNECTIONS WITH LOCAL

COHOMOLOGY .

We begin by further investigating pre-regularity of a module. If

X = X,.. X is a sequence of elements in a ring A and if y and v are
elements of N", recall that multiplication by x” on an A-module M induces
a map .x": M/((“M - M/a

oM where ¢,, 7 € N", is the ideal generated by

T T v
x}, ..., %", and x* = x;}...x". As observed at the end of the previous

chapter, we have natural limit mappings h,: M/g M ~ H;(M), making the diagrams

M/aM — = . M/a,, M

N

a(M)

commutative. Bearing in mind that y > 0 means that all p, are greater than

zero, we have the following

5.2.1 PROPOSITION. In the situation above, the following statements

are equivalent:
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(1) M is x-pre-regular;
(ii) h, is injective, where h : M/aM - H:(M) is the canonical limit

map, and aM = M;

(iii) The maps xY: M/u“M - M/“,.+uM and h“ are injective for all

u, veN, u>0, and M » M.

t n
PROOF. Since the composite map M/gM ‘3 M/a, M L H:(M) is just

hy: M/oM » H:(N), we see that (ii) = (i). Furthermore, the implication
(iii) = (ii) is obviously true and the only thing left to prove is
(i) = (iii). In addition to the notation we agreed upon after 5.1.6 and

above, we fix an n-tuple of nonnegative integers u = Bpveesoby and define
I'(r) = {y € NI Y, < By i=1,...,n and |y| = r}, where r is a positive
integer. Define g(r) as the ideal generated by all x” with y € I'(r) together
with the ideal a,. Evidently a(r) = ¢ + a,, SO the a(r) form a descending
chain of ideals with g(l) = ¢ = a, and a{r) = a, for r > |p{-n, while
a(r)a(q) c a(r+q).

In order to prove that (i) = (iii), let x'm e uqu. If we put
p = (|vl,...,|v]), we obtain x’m = x*™¥.x'm € x’_".a“,vM C o), |} (the last
inclusion follows from the fact that g > 0). Using (i), we can conclude that
m € aM = ¢(1)M. By induction, we shall show that m € a(r)M for all r. In
particular, once r > |u|-n, we obtain that m € a“M.

m
xm, + 3 x0m
1 =1 737y

Assume therefore that m € a(x)M, say m = & 3

1L (r)

It will be enough to show that each m € a(1l)M. Since xm € o, M, we see

that x”.E,,g.(r) x"m_1 € q,. M. Thus for a fixed ¥ € I'(r), we find that

x""”m,, € (x% + a“,u)M where ¢ is the ideal generated by all x?, o € I'(r)\{vy).

7,41 v 41 .
However, each x° € (xx1 v X" ), since for some i we must have o, >,
v,+1 v +1 u1+1 +1 vty +1
Therefore, x"*”m., € xU. (x5 ... " M+ 0 M C (% CIS S ). |
because v < B, i=1,...,n. Now (i) again yields m, € oM = a(1)M. Hence

m € a(r+1)M and we are through.
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As a first direct consequence of the above proposition we state

the following

5.2.2 EXERCISE. Let A be a ring, x = x;,...,%X, € A, M an A-module. Let
r €N, r >0, and consider y = xll,...,x:l". Then if x is M-pre-regular, so
is y.

The next result plays a key role in our treatment of pre-

regularity and justifies the term: pre-regular becomes regular under

completion.
5.2.3 THEOREM. Let x = x,;,...,X, be elements in a ring A which
generate an ideal a and let M be an A-module with oM = M. Let y = AR A

be an arbitrary permutation of the x's and write M for the g-adic completion
of M. If M is x-pre-regular, the module M is y-regular. Moreover for each k,
0 < k < n, the submodule (yl, e ,yk)f‘[ is closed in the a-adic topology of H
and the factor module ﬁ/(yl, e ,yk)f( is the completion in its g-adic

topology of M/(yl, L. ,yk)M.

PROOF. For integers 1 <k <n and t > 1 write

Neow= r--- ,yk_l,y:, .. ,y:)M, N, = (yl, . ,ykil,y:”,y:ﬂ, .. ,y:)M and
Mo = (.-, M + oM. Clearly Nj, c Ny, C M, C M, and all these

systems of submodules define descending filtrations on M for t -+ =, The

following diagrams commute
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0 M/Ny. Ik M/N‘(,: M/Ngs1g— 0
Tkt ';(,c Tk+1,t
M/M, Ve M/M M/Mi41,e 0

in which the vertical surjections are induced by the identity on M. Exactness
on the right of both rows is immediate; since pre-regularity is impervious

to permutation of the x’'s, injectivity of the second map in the top row is
guaranteed by 5.2.1.

For fixed k these diagrams form an inverse system indexed by t
and we take the inverse limit. All the systems being inversely surjective,
the limit of the top sequence remains exact. However, for all t we have
Moae © Ny M so that x, = lim 7y, is an isomorphism, and also

t

M oneeny © Ngp € M, so that nf = 1lim xp , is an isomorphism. Writing
t

-y
M, = lim M/M, |, we find the exact sequence 0 - M, - M -+ M., ~ 0 as the
t

limit of the bottom row. In particular, M; = ﬁ, so by induction
M- ﬁ/(yl, L. ,yk)ﬁ. Moreover ﬁ/uﬁ = M/oM » 0 by 2.2.5, so we have shown
that M is y-regular.

As for the topological assertions, we have M., = lim M/M,,, . =
t

lim M .,/a'H,,, vhere we have put N, = M/(yl, . ,yk)M, so M., is the g-adic
t

completion of K, ,, and is then complete by 2.2.5. The module

M, = ﬁ/(yl, ,yk)ﬁ is therefore certainly Hausdorff, so that its O-element
is a closed point. The inverse image (yl,...,yk)f{ under the continuous

residue class map M ~ M, is hence closed, and the theorem has been proved.

As a corollary we obtain a result which was proved by

Grothendieck and by Bourbaki in a different manner, [Gro 64, Ch. 0, Prop.
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15.1.9] and [Bo 80, §9, Th. 1]. Setting and notation will be as in the

theorem.
5.2.4 COROLLARY. Suppose that the modules M/(x;,...,%.,)M are all
Hausdorff in the a-adic topology, k = 1,...,n. Then for the sequence
X = Xy,...,%, and the module M all four statements of Theorem 5.1.7 are
equivalent.

PROOF. We need to show that x_acts injectively on the module
M/(%;,...,%_4)M. Now Hausdorffness means that this module maps injectively

into its completion, so it is enough to show that x, acts injectively on

this completion. But this completion is none other than the module ﬁk in

the proof of 5.2.3 (x = y) and we have seen that x, acts injectively.

5.2.5 COROLLARY. Let A be a noetherian ring, x = x,,...,x%, be
elements in A and M a finitely generated A-module. Suppose that the ideal
generated by the x’s is in the Jacobson radical of A. Then all four
statements of 5.1.7 are equivalent. In particular x-pre-regularity is

equivalent to x-regularity on M.

Indeed, the topological conditions of 5.2.4 are satisfied

according to 2.1.4. As another corollary to 5.2.3, we find

5.2.6 COROLLARY. In the situation of 5.2.3, let z = z,,...,z_ be

elements in g. Then the following statements are equivalent:
(1) M is z-pre-regular;
(i1) M is z-pre-regular;

(iii) M is z-regular;

83
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(iv) Statements (i), (ii) and (iii) are true for all permutations

of the z'’s.

PROOF. Writing (z,,...,z;) = b, observe that M is also
complete in its b-adic topology by 2.2.6. Then (i) =» (iii) is contained in
5.2.3, (iii) » (ii) is in 5.1.7. For (ii) = (i), note that we have

commutative diagrams

M/BM—x'  M/b, . M

™MOAA/D ™MOAA/ Dy

Since by 2.2.5 the vertical maps are bijective, the implication follows
immediately. Pre-regularity does not suffer from permuting z's, so 5.2.3

takes care of the equivalence with (iv).

We shall finish this section with results on the structure of
H:(M) for an x-pre-regular module M. In passing, we mention a notion dual to

regular sequences: coregular sequences, see e.g. [Matl 74], [Matl 78] or [Ba].
As one can find in the above references (although the first one is not

explicit about pre-regularity and only treats the ring case), if M is an
x-pre-regular module, then H:(M) is x-coregular. We shall not pursue this
subject further. Instead we prove the following proposition with its

corollaries which shows a relation between a-adic completion and H:(M).
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5.2.7 PROPOSITION. Let X = X,,...,x%, be elements in a ring A which
generate an ideal a, and let M be an x-pre-regular A-module. Then

HomA(A/a“.H:(M)) ~ M/aM for all p € N*, » > 0.

PROOF. Since h,: M/qM - H;(M) is monic by 5.2.1, it is enough
to prove that im(h“) - (v e H:(M)] ayVv - 0}. One of the inclusions being
obvious, we shall take an element v € H:(M) such that oV - 0 and we shall

prove that v € im(h“). By definition of direct limit, v = h‘m,(m mod g , M)

wty
for some v € N* and m € M. Obviously, hyy being monic by 5.2.1, oV - 0
implies that omC o, M. If we can prove that this condition forces that

m is congruent to x'@m mod a“+uM for some m € M, we are done, since we then

13
M) = h, (& mod ¢ M) € im(h,). Note that x ‘me q, M

- vm
have v h‘m(x @ mod a 3 ot

i
1 <j <n, and hence m € u“wM + x:JM (by pre-regularity, 5.2.1), which
implies that m = x;JmJ. mod a“wM for some m, € M.

We shall now show by induction on k that m = x‘;’. . .x:kﬁk mod @, M
for some m, € M. For k = 1 we just have proved the statement so let 1 < k < n.
By hypothesis, we may assume that m = x‘;l. . .x:‘_‘;lfﬁk_l mod g, M. Since also

Uk, Y1 Yk-15 Uk

m = x*m mod a‘m,M. it follows that x,*...xf'm, _, € a“wM + %, *M and hence, by
virtue of the pre-regularity, that

-~ B8 B, +, [ v v,
1 k-1 Uk el k4L n 'n 1 %-1=
mo_, € (X5 .., x5 %y X veeesX DML Thus x b .x N im; €

oM+ le. . .x:“M and the result follows.

5.2.8 COROLLARY. Situation as in the proposition. Then

HomA(H:(A),H;(M)) = M, the g-adic completion of M.

PROOF. HomA(H:(A),H:(M)) - Hom,(lim A/c(t,H:(M)), and since direct
t

limits behave well on the contravariant side of the Hom-functor, this last

module 1s isomorphic to 1§m HomA(A/ut,H'(‘l(M)). In view of 5.2.7, inspection
t

of the identification maps easily yields that our module is isomorphic to
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lim M/aM, the limit taken over the canonical projection maps M/a,, M - M/a M.
t

This inverse limit equals M and the result follows.

5.2.9 COROLLARY. Situation as in 5.2.7. The extension h;: M/aM - Hy (M)

is essential.

PROOF. Since H: is the n-th derived functor of Lu' the local
cohomology module H;(H) is the union of its ascending chain of submodules
Y, = (y € H ()| «*y = 0), t =1,... . If the submodule Z C H (M) is not (0),

it contains a z € Y,,,, but not in Y,. Then «*z N Y, » (0). But Y, = im(h,)

according to 5.2.7, which proves the corollary.

5.3 DEPTH

In this section we shall principally treat two notions of depth:
the ordinary depth using regular sequences and the Ext-depth first introduced
by Rees [Re 57] under another name. The first one has a more intuitive
appeal, while the second possesses better formal properties. As Rees showed,
they coincide for finitely generated modules over a noetherian ring. We
shall not discuss depth in the most general case; it has been studied by
Barger [Barg], Hochster [Ho 74] Northcott [No 76] and Alfonsi [Al]. We do
point out, however, that the Ext-depth can be measured equally well by local
cohomology functors. We finish with a result of D. Lazard which connects
depth once again in a very concrete way with regular sequences - a recurring

theme in this section.



Depth 87

5.3.1 DEFINITION. Let A be a ring, M an A-module and a € A an ideal
with oM = M. We define the depth of M in a as the supremum of the lengths of

all M-sequences contained in a. Notation dpA(a,H), but if A is local and

g = m, its maximal ideal, we just write dp M and speak of the depth of M.

Clearly dpA(G’H) is a nonnegative integer or is «; it is

rather obvious that the latter case cannot occur when A is noetherian,

as we see by using standard methods as developed in Chapter 8 and 5.3.4.

In fact, this is true for any finitely generated ideal in an arbitrary ring,
as follows from 5.3.7 and 6.1.8. Notice that we have not defined a depth
for "divisible" modules with g¢M = M. The reader should be warned that

dpA(a,H) is variously referred to by different authors as classical depth,

chain depth, grade, classical grade or codimension of M in a, Bourbaki not
having pontificated yet.

A maximal M-sequence in g is one which cannot be lengthened,
but there may exist longer M-sequences in a. Simple properties of regular

sequences are reflected in

5.3.2 EXERCISE. Let a € b be ideals in the ring A and M an A-module
with BM » M. Let x,,...,%, be an M-sequence in «. Then for 1 < i < n we have
(i) The sequence x,,...,x, is regular on M/(x;,...,x, ;)M and it is

maximal in o 1iff the above sequence is maximal in q;

(ii) dpA(u,M/(xl,...,xi)M) < dpA(a,M) - i with equality iff
dpA(u,H/(xl,...,xn)H) - dpA(u,H) - n;

(iii) dpA(a,H/(xl,...,xn)H) - 0 iff x,,...,%, is a maximal M-sequence
in q;

(iv) dpA(u,H) < dpA(B,H);

(v) If R(a) = N(b) then dpA(u,M) = dpA(B,M) (use 5.1.3 4)).
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We next describe the behaviour of depth under flat extensions.

5.3.3 PROPOSITION. Let A -+ B be a flat ring homomorphism a C A an
ideal. Suppose the A-module M has the property that (Be,a).(BeM) = Bg M.

Then dpA(a,M) < de(Ba,B@AM).

PROOF. First notice that Ba may be identified with B®,a because
of flatness and that the condition on M implies that aM » M, so that both
depths are defined. The fact that injectivity of maps like

Xyt M/(xg, 00X M M/(x, ..., X )M 1s preserved by Be readily allows

A-l

one to conclude. Localizing being flat, this implies

5.3.4 COROLLARY. Let a be an ideal in the ring A and M an A-module

with M » M. Then dp (a,M) =< inf dp (ay,,M),) where the inf is taken over all
A »y Y

primes p in Supp M/aM.

The inequalities in 5.3.3 and 5.3.4 are in fact equalities in
case A is noetherian, M finitely generated and, in 5.3.3, the ring extension
A + B is faithfully flat. The easiest proof goes by showing that in this
situation depth equals the Ext-depth, and the latter behaves properly. Before

defining this new depth, we collect a few useful facts about the Ext-

functors.
5.3.5 PROPOSITION. Let A be a ring, M and N modules.
(1) If E is an injective envelope of M and M’ = E/M, then

Exty(N,M) = Ext, "(N,M’) for i > 2; and for i = 1 if N is cyclic and

Hom, (N,M) = O;
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(ii) If x,,...,%, is an M-sequence contained in Ann N, then
Exti(N,M) = 0 for 0 < i < n while Extj(N,M) = Hom,(N,M/(x,,...,x)M);
(iii) If A is noetherian and N finitely generated, then

Ass(Hom,(N,M)) = Supp N n Ass M.

PROOF. (i) The module E being injective, Ext;(N,E) = O for 1 > 1
and the statement for i > 2 is clear. If N is cyclic, Hom,(N,M) = O implies
Hom, (N,E) = 0. To see this, suppose 0 » f£: N » E, then f(v) » 0 for a
generator v of N. Hence Af(v) N M » 0 because of the envelope property of
M c E. Therefore 0 » af € Hom,(N,M) for a certain a € A. Thus Hom,(N,E) = 0

and the result follows for i = 1.

(i1) Since the xj’s annihilate all Ext:(N,-), the short exact sequence

. X
0-+M ' M- M/xM -+ O gives rise to short exact sequences in the Ext's.
The proof follows by induction.

(1ii) This is [Bo 61b, Ch. 4, §1, Prop. 10].

5.3.6 DEFINITION. Let a be an ideal in a ring A and M an A-module. Then

E-dpA(u,M) is defined to be the least integer i for which Ext:(A/a,M) w 0.

Thus E-dp is a nonnegative integer or, if such an i does not
exist, it is ». Observe that this time we have not required oM » M and that
for instance E-dpA(u,M) = o for the null module M and every ideal q.
Comparing the first part of the next proposition with 5.3.2 (ii) shows up

one of the advantages of the Ext-depth.

5.3.7 PROPOSITION. Let ¢ be an ideal in the ring A and M an A-module
with oM ~ M.
(1) If x,,...,x, is an M-sequence in q, then

E'dPA(ﬂ,H/(xl, e 1)%)M) - E‘dPA((l,M) - n;
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(ii) dpA(u,H) < E-dpA(u.H).

PROOF. (i) We get short exact sequences
0 - Exti(a/a,M) ~ Ext](A/a,M/xM) - Ext]"™(a/a,M) » 0 for 2 0, so
E-dpA(u,M) - o implies E-dpA(u,M/le) = o and if E-dpA(u,M) is finite, then
E-dpA(u,M/le) is one less. Induction finishes the proof.

(ii) This follows from (i), since an E-dp is never negative.

When are both depths equal? Here is a criterion:

5.3.8 PROPOSITION. Situation as above. The following are equivalent:
1 dp,(a,M) = E-dp, (a,M) = s < =;
(ii) There exists an M-sequence x,,...,X, in ¢ and a nonnull element
z € M/(%;,...,%)M such that gz = 0.

PROOF. (i) = (ii): There exists a maximal M-sequence x,,...,X,
in a; write M = M/(x,,...,x,)M. By virtue of 5.3.5 (ii),

Ext:(A/a,M) = HomA(A/u,}_i). The former is » O by assumption, hence so is the
latter. Then (ii) follows.

(ii) = (i): Use the same isomorphism in reverse and take into account that
Exty(A/a,M) = O for 0 < i < s, again by 5.3.5 (ii). The inequality 5.3.7

(ii) finishes the proof.

Clearly a sequence X,,...,X, as in (ii) is maximal and an
arbitrary M-sequence YooY in a is maximal iff n = s or, equivalently,
n
iff there exists a z' » 0 in M/(yl,...,yn)M such that ez’ = 0.

5.3.9 COROLLARY. Let a be an ideal in the noetherian ring A and M a
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finitely generated A-module with oM » M. Then all maximal M-sequences in q

have the same finite length, to wit dpA(a,M) - E-dpA(a,M).

PROOF. Let x,,...,x, be an M-sequence in g, then
(%) € (%3,%,) € ... C (%g,...,%X;) form a strictly ascending chain of ideals
in the noetherian ring A. Thus there exist a maximal such sequence, say

X,,...%,. We need to show that there exists a z € M/(x,...,x )M = M, z» 0,

with gz = 0. Now all elements of g are zero divisors on M, therefore « is
contained in the union of the prime ideals in Ass M. Since M is finitely
generated, there are only finitely many of these, and ¢ is contained in a
single p € Ass M. There exists a monic f: A/p + M; if one writes

z = f(1 mod p), then z has the desired property.

One cannot dispense with the condition that M be finitely
generated, as the following example shows. Let k be a field and let
A = k[[X,Y]], the local ring of formal power series in two variables. Take
M = ® A/(a), where a ranges over all nonnull non-units of A, in other words,
nonnull power series without constant term. Then dp M = O while E-dp M 2> 1
as the reader may easily show. In fact, using 6.1.10, he or she will find
that actually E-dp M = 1. However, even if M is not finitely generated in
5.3.9, we shall prove in 6.1.8 that E-dpA(a,H) is always finite. It has
also been shown, by means of a topological argument, that 5.3.9 remains
valid for countably generated modules over a complete noetherian local ring
[SVb, Th. 3.4].

The next device allows one to reduce many questions to the case

of E-dp = 0.

5.3.10 LEMMA. Let A be a ring, a Cc A an ideal and M an A-module with

E-dpA(a,H) » 0. If E is an injective envelope of M and M’ -~ E/M, then
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E-dp (4,E) = = and E-dp, (a,M') = E-dp,(a,¥) - 1.

PROOF. This is a consequence of 5.3.5 (i) where N is the cyclic

module A/q.

5.3.11 PROPOSITION. Let ¢ ¢ b ¢ A be ideals and M an A-module. Then

E-dp, (a,M) < E-dp,(b,M).

PROOF. We may assume that E-dpA(B,M) = s. By iterated application
of the lemma, we arrive at a module, say N, for which E-dpA(B,N) = 0 and it
suffices to prove that Hom,(A/q,N) » 0. Compose a nonnull homomorphism

A/b » N with the projection map A/a + A/b to obtain the desired nonnull map

A/a - N.

5.3.12 PROPOSITION. Let g be an ideal in the noetherian ring A and let
M be an A-module. If A » B is a flat ring homomorphism, then

E-dpA(u,M) < E-de(Bu,BeAM); in case the homomorphism is faithfully flat,

there is even equality.

PROOF. Under our assumptions the natural homomorphism
B@AExt:(A/u,M) - Ext;(B@AA/u,BOAM) is an isomorphism for all i > O [Bo 80,
§6, Prop. 10 b)] and flatness also allows us to identify B®,aq with Ba. The

result follows right away.

5.3.13 COROLLARY. Let a be an ideal in the noetherian ring A and let M

be an A-module. Then E-dpA(u,M) = inf E'dPAp(uD’MII) where the inf is taken

over all primes p of A.
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i i
PROOF. By the proof above, (ExtA(A/u,M))n ExtAn(Ap/un,Hp) and
since for any A-module N we know that N » 0 iff Nn » O for at least a

single P, we have the corollary.

5.3.14 COROLLARY. In the situation above, E-dp (a,M) = inf E-dp -
P, ny

inf(i| us'(p,M) » O} where p ranges over all primes containing q.

PROOF. Notice that in 5.3.13 one may restrict the inf to the

primes P containing a, since for the others E-dpA (un,Mp) = o, In view of
P
5.3.11 we have established that E-dpA(u,H) < inf E-dpA Mp so we still need to
P

prove the reverse inequality. Using 5.3.10 we can reduce to the case where

E-dpA(u,M) = 0; since injective envelopes localize well in the case of

noetherian rings, 3.3.2, we need only prove that for some P O a there
exists a nonnull homomorphism f£: k(p) - Hp, where k(p) is the residue class
field of the local ring Ap. Now Hom,(A/a,M) » O is a module over the
noetherian ring A, therefore there exists a prime p € Ass(Hom,(A/a,M)).
According to 5.3.5 (iii) with N = A/a, this p contains « and there is an

injection A/p + M. Localizing the latter at p, we find the desired f, and

the first equality is proved. The second is clear from 3.3.3.

We next discuss how the E-dp can be measured by using local
cohomology in stead of the Ext-functors. Introduce the notation of 4.1.10

for the Hu'

5.3.15 PROPOSITION. Let ¢ be an ideal in the ring A, and M an A-module.
Then E-dpA(a,M) - h;(H).

PROOF. First recall that Hz(H) = {meM: «*m =0 for some

t = 1) while Extj(A/a,M) = (m € M| am = 0}, so that if either of these is
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nonnull, so is the other. Hence h;(M) = 0 iff E-dp(a,M) = 0. When
0 < h;(M) <o or 0 < E-dp(a,M) < «» we can use 4.1.10 resp. 5.3.10 to arrive

at the case just treated and then argue in reverse. Remains the case where

h (M) = E-dp(a,M) - =.

5.3.16 COROLLARY. Let ¢ and b be ideals in a ring A which define the

same topology. Then E-dpA(u,M) - E-dpA(b,M) for every A-module M.

Indeed, local cohomolo functors H!(-) for noetherian rings
:34 a g

only depend on the topology induced by the ideal ¢. Notice that 5.3.11 and

5.3.16 are the counterpart of 5.3.2 for Ext-depth.

In the last theorem of this chapter we return to regular

sequences. First a lemma stating a connection with Ext's.

5.3.17 LEMMA. Let A be a noetherian ring, M and N finitely generated
A-modules, and g = Ann N. Suppose that b is an ideal containing ¢, that

dpA(a,M) = s and bM » M. Then dpA(B,M) = s if and only if b ¢ p for some

prime p € Ass(Ext;(N,M)).

PROOF. Let %;,...,%, be a maximal M-sequence in ¢ and write
M= M/(x;,...,%)M. Then by 5.3.5 (ii) and (iii) Ass(Ext;(N,M)) =
Supp N N Ass M and therefore consists of primes p € Ass M which contain .
Now dpA(B,ﬁ) - dpA(B,M) - s, so dpA(b,M) = s precisely when b is entirely
made up of zero divisors on M. But since Extj(N,M) is a finitely generated
module over the noetherian ring A, its Ass consists of only finitely many
primes, so b is contained in one of these if and only if every element of

is a zero divisor on M.
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In order to state the theorem, let (yl,...,yn) C (X4,...,%;) be
ideals in a ring A and recall the vector notation y = Tx introduced in
5.1.14. The ideals are equal precisely when T is an n-square invertible
matrix, i.e. det T is a unit in A, If T = Eu(a), the elementary matrix with
1's on the main diagonal, a € A in spot i,j, 1 » j, and 0's elsewhere, then

y, = %t oax; and Y, = % for k » i. Such an elementary matrix has

determinant 1, and the group which they generate, the elementary group
E(n,A), consists of invertible matrices. The following extends a result of

Lazard [La, Th. 1] to the module case.

5.3.18 THEOREM. Let M be a finitely generated module over a
noetherian ring A and (%,,...,%X,) = « be a proper ideal with dpA(u,H) -5,
Then there exists a set of generators AR A of ¢ with y = Tx and

T € E(n,A) such that all subsequences of s elements among the y's, in

whichever order, form a regular sequence on M.

PROOF. By virtue of 5.1.3 e) it is enough to find a T € E(n,A)

with y = Tx such that all subsequences of length < s of YyseeeaYos in the
= n
given order, are regular on M. In other words, for m < n, k < s and

l<i, <i,<... <i =<m, the sequence yil,...,yik should be regular on M.

We make our induction on m since for m = 0 there is nothing to prove and for

m=n it is the statement we are after.

Now assume the statement has been proved for 0,1,...,m-1 with
z = Sx, S € E(n,A). Then if 1 < i, <i, < ... <i =m all subsequences of
LI LTI RRERE 7N of length r, 1 < r < k-1 are regular on M. All these

subsequences generate ideals of depth r < k-1 < s on M. By the previous
lemma, such an ideal of depth r on M is contained in only finitely many

primes of depth r on M which are maximal with respect to this property.
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Even if we vary r between O and k-1 and if we consider all possible chains
of integers i,,...,i, with1l =i, < i, < ... < i, = m, we still have only
finitely many primes, the depth of each of which is < s on M. Now

dpA(a,M) = s so g cannot be contained in any of these by 5.3.2, whence it is
not in their union, say D. Now (z,,...,2;) = a, so (z,,¢) ¢ D, where ¢ is the
ideal (z;,...,25 9+%p41s--+12,). By a well known trick first explicited by
Davis [Ka 74, Th. 124], we can find z; -z, +3, az ¢D for suitable
choices of the a,’s in A. The transformation S' which takes z  to z; and

leaves all the other z's invariant, is clearly in E(n,A). Then z' = §’'Sx

solves the induction step, and carrying on till m = n we find our y = Tx.

We conclude this chapter with

5.3.19 EXERCISE. Let A be a noetherian ring and suppose the elements
X,,...,X, generate an ideal « which is contained in the Jacobson radical of
A. Prove that, if M is a finitely generated module with dp(a,M) = n, then

the x;,...,x, form a regular sequence on M.



6 EXACTNESS OF COMPLEXES AND LINEAR EQUATIONS OVER RINGS

The Acyclicity Lemma made its surprise appearance in the joint
thesis of Peskine and Szpiro [PS 73, Ch. I, Lemme 1.8] which injected new
vigour into the entire field. It played an important role in their treatment
of the Homological Conjectures - ostensibly the subject of this book. They
considered noetherian local rings and their maximal ideals, using local
cohomology. It was quickly realized that Ext-functors work equally well, and
the lemma was extended in various directions, {No 76, Ch. 5, Th. 21}, [Fo 77b,
Lemma 1.3], {Sc 82, Kor. 2.3.2]. Here, however, we take a different tack,
considering several specializations of the abstract Acyclicity Lemmas 1.1.1
and 1.1.2. This approach, due to A.-M. Simon, allows for greater flexibility
as we shall see, and establishes that Ext-depth can also be measured by the
Koszul complex, 6.1.6.

In section 6.2 we treat the Buchsbaum-Eisenbud criterion for a
finite free complex to be exact, a tool which has proved its value in many a
concrete situation. As a rather minor application, we show in section 6.3
how it affects the solution of systems of linear equations over rings. Since
the ring is seldom in doubt, we usually drop the subscript A from notations

like E-dpA(a,M) and dpA(a.M).
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6.1 THE ACYCLICITY LEMMA AND A FEW CONSEQUENCES

By considering in the following noetherian local rings, their
maximal ideals and finitely generated modules, the reader may recover the

original Acyclicity Lemma's.

6.1.1 THEOREM. Let a be an ideal in a ring A and
C.=0-C, ~+C 4~ ... G (s 21)
a complex of A-modules such that, for 1 < i <s, E-dp(a,C;) > i and either

H,(C,) = 0 or E-dp(a,H;(C,)) = 0. Then the complex C, is exact.

PROOF. Immediate from 1.1.1 if one takes F!' = Ext:(A/a,-),

since then f = E-dp(a,-) by Definition 5.3.6.

6.1.2 COROLLARY. Let g be an ideal in the ring A and
C. -0->C.->Cs_1-y -»Co-ro
be a complex of A-modules such that, for 0 <i <s, E-dp(e,C;) > i and

either H,(C,) = 0 or E-dp(a,H;(C,)) = 0. Then the complex is exact.

PROOF. Follows from the theorem by raising the indices by one

and calling the 0 on the right the new C,.

The next two corollaries consider complexes of flat modules and
more or less trivially generalize versions dealing with finite free complexes
due to various authors. For a flat module F and an arbitrary module M over

a noetherian ring A, we shall use that E-dp(a,F®,M) > E-dp(a,M), which

follows from the isomorphism Exti(A/a,F@AH) - F@AExt:(A/a,H)
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[Bo 80, §6, Prop. 7 ¢)].

6.1.3 COROLLARY. Let a be an ideal in the noetherian ring A and
F,=0-+F +F_ = ...+ F
be a complex of flat A-modules with s < E-dp(a,A) and either H,(F,) = 0 or

E-dp(a,H(F,)) = 0, 1 =1 < s). Then the complex is exact.

PROOF. Clear from 6.1.1 and the above.

The beauty of such acyclicity statements is that they also
allow one to conclude the other way: the nonexactness of certain complexes
implies an inequality involving Ext-depth. To avoid technical complications,
we state the next result for a noetherian local ring, sufficient for its

application in 13.1.1.

6.1.4 COROLLARY. Let (A,m,k) be a noetherian local ring and
F,=0+F, +F_, +...+F~0
be a nonexact complex of flat A-modules such that {(H,(F,)) < ». Let M be

an A-module such that mM » M. Then E-dp M < s.

PROOF. We may suppose Hy(F,) = 0 (if H,(F,) = O then take
K, = ker(F, » F,) and obtain a complex ... - F, + K, + 0 consisting of fewer
modules). Consider the complex
(*) FeM~0-+>FeM->F oM~ ... ->FoM~+0
in which E-dp H (F.® M) = 0 or H,(F,@ M) = 0 since ¢{(H;(F,)) < » implies that
H,(F,@M) is at most supported in m. We recall that E-dp(F;® M) > E-dp M.
Because of the Acyclicity Lemma 6.1.2 it is now sufficient to

prove that in the complex (%), HO(F,@AH) » 0. But the right-exactness of the



100 6 Exactness of complexes

functor -@,M yields H,(F,@ M) = H,(F,)@ M. Since ¢(Hy(F,)) < =, Hy(F,) is
finitely generated, so Hy(F,) » mH,(F,). Now tensor H,(F,)®,M with k. The
result is (Hy(F.)®M)®@,k =~ H,(F,)/mHy(F.)®M/mM, and this is a tensor

product of nonnull vector spaces. Therefore H,(F,®,M) » O which finishes

the proof.

A more general result can be proved with the methods of
Chapter 7.

Our next aim is to measure the Ext-depth in terms of the Koszul
(co)homology of section 4.2. For x = X,,...,X elements in a ring A and an

A-module M, we considered the descending resp. ascending Koszul complexes
K,(x,M) and K" (x,M). For their homologies we proved in 4.2.8 that

H(x,M) = H_,(x,M) for 0 <1 < n and they are of course 0 outside of that
range. Put h,(x,M) resp. h_(x,M) for the sup resp. the inf(i| H,(x,M) = O}.

Similarly define h*(x,M) and h™(x,M) using H'(x,M).

6.1.5 PROPOSITION. Let M be a module over a ring A and x = X;,...,X;
a sequence of elements in A. Then

(i) h*(x,M) =n - h.(x,M), h(x,M) = n - h,(x,M) and if one of these
invariants is finite, then so are all four of them;

(ii) If A is a noetherian local ring then also h (x,M) = h*(x,M") and

h™(x,M) = h_(x,M"), where -¥ stands for the Matlis dual.

PROOF. (i) is clear from the isomorphisms recalled above. For
(ii), it is enough to prove that H,(x,M)" = Hi(x,M’) and H'(x,M)" = H, (x,M")
for all i, because the Matlis dual is faithful. This functor is also

contravariant exact, so commutes with taking homology, thus we need only
prove that K,(x,M)" « K’ (x,M") and K'(x,M)¥ = K, (x,M"). This in turn is

clear from the identities (NeM)” =~ Hom,(N,M') and Hom,(N,M)" = NeM', 3.4.14,
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which hold for finitely generated N.

6.1.6 THEOREM. Let X = X,,...,X, generate an ideal ¢ in a ring A and

let M be an A-module. Then E-dp(q,M) = h™(x,M).

PROOF. E-dp(q,M) < h"(x,M): We may assume that h"(x,M) = s < =.
Suppose that E-dp(a,M) 2 s+l, and consider the truncated ascending Koszul
complex C* = 0 » K'(x,M) » ... = K®(x,M) » K**(x,M). Its chain modules C'
are finite direct sums of copies of M, and since the Ext:(A/a,-) are
additive functors, E-dp(a,Ci) = E-dp(a,M) = s+l for all i. All the homology
in C* is annihilated by a, so either Hi(C°) =0 or E-dp(a,Hi(C')) - 0. By
virtue of 6.1.1 the complex C' is exact, and we have a contradiction.

h™(x,M) < E-dp(a,M): Now assume that E-dp(a,M) = s < =
and take a free resolution of the A-module A/a; let L, be the associated

free complex with H,(L,) = A/a. The chain modules of the complex

¢ - Hom,(L,,M) are direct products of copies of the module M, and since
K*(x,1 M) = O K*(x,M), we find that h_(x,Ci) = h"(x,M) for all i. Now the
truncated complex C; =0-+C"+ ...+~ C"! is not exact, and indeed its
first nonnull homology is H'(C;) = HC") = Exty(A/a,M). Also H°(x,H'(C;)) =
HomA(A/a,H'(C;)) = H*(C.). In the proof of 4.3.4 we observed that the Hi(x,-)
are a right exact connected sequence of functors. In case h™(x,M) = s+l, we
are therefore in a position to put F! = H'(x,-) in the abstract Acyclicity
Lemma 1.1.1, to show that C; is an exact complex. This contradiction implies

that h"(x,M) < s, and finishes the proof of our theorem.

For infinitely generated ideals one can also relate the Ext-
depth (= local cohomology depth, according to 5.3.15) to Koszul complexes,

see [KM]. Yet another notion of depth, which uses polynomial extensions, was
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considered in that paper and previously in [Barg], [Ho 74] and [No 76].

We now introduce a notion dual to Ext-depth, the Tor-codepth.
For any ideal a in a ring A and an A-module M, define T-codp(a,M) =
inf(i| Tor':(A/u,M) » 0). In case of a local ring (A,m,k) we just write
T-codp for T-codp(m,-). Notice that for a finitely generated nonnull module
M in this case, T-codp M = 0 by Nakayama’s Lemma, but that for instance
T-codp M = = if we take A = 2, for some prime p and M = Q. We invite the
reader to prove a dual result to 6.1.6, now using the dual abstract

Acyclicity Lemma 1.1.2 rather that 1.1.1:

6.1.7 THEOREM. Let x = X,,...,X, generate an ideal « in a ring A and

let M be an A-module. Then T-codp(a,M) = h_(x,M).

6.1.8 COROLLARY. E-dp(a,M) < «» if and only if T-codp(a,M) < w. In
this case, E-dp(a,M) + T-codp(a,M) < n, and equality is achieved precisely
when K’ (x,M) has its homology concentrated in h™(x,M) = h+(x,M) or,

equivalently, K, (x,M) in h.(x,M) = h (x,M).

PROOF. Follows right away from the equalities in 6.1.5, 6.1.6

and 6.1.7.

6.1.9 COROLLARY. If E-dp(a,M) = n, then M/aM » O and

h,(x,M) = h.(x,M) = 0. In particular, x;,...,x, is a pre-regular sequence
on M.

PROOF. In view of the previous corollary, T-codp(a,M) =
h_(x,M) = 0 so M/aM » 0. The last statement follows from 5.1.7, where
condition (ii) implies condition (iv), and the latter was defined as pre-

regularity in 5.1.13.
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A few remarks are in order. Since local cohomology only depends
on the topology defined by the ideal ¢, so does E-dp(a,-), and hence h™(x,-)
does not depend on the generators we have chosen for an ideal yielding the
same topology. It is not hard to show that this is also the case for
T-codp(a,-) and h_(x,-).

In the important case of a noetherian local ring (A,m,k) we can
circumvent this last point as follows. As a consequence of the Ext-Tor
duality vis-a-vis the Matlis dual 3.4.14, and the faithfulness of this dual,
one has T-éodp M = E-dp M’ and E-dp M = T-codp M'. Thus T-codp M can equally
well be measured using any m-primary ideal instead of m. For any two sets of
generators x = X;,...,X and y = AR & for two such m-primary ideals, we
thus have h™(x,M) = h'(y,M) and h_(x,M) = h_(y,M) according to 6.1.6 and 6.1.7
(but of course not for h' and h,, since these depend on n and m). It is a
standard fact in the theory of noetherian local rings, which will be treated
extensively in section 8.2, that the minimal number of elements required to
generate such an m-primary ideal is equal to the Krull dimension of the ring,
say d. Such systems X = X,,...,X; always exist and are called systems of

parameters of A.

6.1.10 COROLLARY. Let A be a d-dimensional noetherian local ring and M
an A-module. Then E-dp M is finite if and only if T-codp M is. In this case
E-dp M + T-codp M < d. Furthermore E-dp M = d if and only if h,(x,M) = O for
every system of parameters x and it is enough to require this for a single

one.

This was proved by J. Bartijn in his thesis [Ba, Ch. IV, §4]

using methods we shall encounter in Chapter 7. The present proof of the more
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general Corollary 6.1.8 and the whole approach to the so-called depth-
sensitivity of the Koszul complex in 6.1.6, which exploits the abstract

Acyclicity Lemma, is due to A.-M. Simon.

6.1.11 EXERCISES.

1. Use 4.2.9 and 6.1.6 to prove that Corollary 6.1.3 remains valid
for a finitely generated ideal « in a nonnoetherian ring.

2. Let M be a module over a noetherian local ring with E-dp M < «.

Prove that E-dp M < dim M.

6.2 THE BUCHSBAUM-EISENBUD CRITERION

In this section we shall treat the Buchsbaum-Eisenbud criterion,
which is a criterion to determine the exactness of a complex of finitely
generated free modules over a noetherian ring A by considering their rank and
the rank of the boundary homomorphisms. In this case, acyclicity statements
become quite specific; since they are the same by 5.3.9, we shall write dp
for E-dp. (dp(a,M) was only defined in 5.3.1 when oM » M; in case gM = M here
let us put dp(a,M) = « since E-dp(a,M) = « in virtue of 5.3.14). In this
section, we make the blanket assumption that A is noetherian and now
introduce some terminology.

Let L, and L, be finitely generated free modules over A with
fixed bases, and let ¢: L, + L, be an A-linear map. We can represent ¢ by a
matrix mat(¢) of size rk L, x rk L,. We shall also deal with ideals of A

generated by subdeterminants (minors) of mat(¢).
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DEFINITIONS.
(1) We define I,(¢) c A as the ideal generated by the kxk-minors of
mat(¢) and set by convention I (¢) = A. Using some results from the theory
of exterior algebras one can check that the definition of Ik(¢) does not
depend on the basis chosen.
(i1) rk(¢) = max{k| I,(¢) » 0).
(iii) redrk(¢) = reduced rank(¢) = max(k| dpA(Ik(¢).A) = 1}.

Of course redrk(¢) < rk(¢). If k = rk(¢), we shall sometimes abbreviate

L($) to 1(¢).

The main theorem of this section is the following:

THEOREM. (Buchsbaum-Eisenbud [BE, Th. 1]) Let

ds d1
L,=0-~+L, L, ~...~L

s-1 0

be a complex of finitely generated free A-modules. Then L, is exact if and

only if
(1) dpA(I(d‘),A) >i fori~=1,...,s;
(2) rk(d,) + rk(d;,;) =rk L, for i =1,...,s.

Since the proof is rather long and elaborate, we treat separately an "if"-

Theorem 6.2.3, and an "only if"-Theorem 6.2.6.

Before considering the "if"-theorem, we shall first prove a few

lemmas:

6.2.1 LEMMA. Let L,, L, be two finitely generated free A-modules and
¢: L, = L, an A-linear map. Then coker(¢) is projective with stable rank (i.e.
the rank is invariant with respect to localization at prime ideals), if and

only if I,(¢) = A, where k = rk(4).
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PROOF. Since I(¢) = A if and only if I(¢)n - Ap for all primes
p. and also coker(¢) is projective with stable rank means that for each prime
coker(¢)n = A; with fixed n, we may restrict ourselves to proving the lemma
for a local ring A, replacing the statement "coker(¢) is projective with
stable rank"™ by "coker(¢) is free".

First suppose coker(¢) is free. Then im(¢) is free too and t:h.e
exact sequences

0 ~+ ker(¢) ~ L; + im(¢) + O and 0 + im(¢) + L, » coker(¢) » 0

both split. So L; = ker(¢) @ im(¢); L, ~ im(¢) ® coker(4), and we can

choose bases for L, and L, such that mat(¢) - [ I OJ, where I is a kxk-

00
identity submatrix. One easily sees now that I, (¢) -~ A, which proves one half
of the lemma.

Now assume I, (¢) = A. Then ¢ has an invertible kxk submatrix Y,

say mat(¢) = [Y *]. After base change: mat(¢) = [

I *
]. After a second
* *

* %

I 0]. But rk(¢) = k, so X must be zero and coker(¢)

b h H t - [
ase change: mat(¢) 0 x

is free and (rk L, - k) is its rank.

[ é.
6.2.2 LEMMA. Let L' = L + L" be a complex of finitely generated
free A-modules with I(¢1) - I(¢2) = A. Then the complex is exact if and

only if rk(¢1) + rk(¢2) = rk L.

PROOF. Since I(¢1) - I(¢2) = A, the integers rk(¢1) and rk(¢2)
do not change under localization at a maximal ideal, so suppose again A is
local. In the same way as in the proof of the previous lemma the statement
I(¢1) - I(¢2) = A implies that ker(¢1), im(¢1), ker(¢2) and 1m(¢2) are free

A-modules. So one can choose bases for L’, L and L” such that

mat(¢,) = [(I) g] ] XL, where rk I = rk(4,);
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mare) - (o 1) where rk T = rk(d,).

[ M)

rk L

Since L’ = L - L" is a complex, we have rk(¢1) + rk(¢z) < rk L, and one

easily sees that this complex is exact if and only if rk(¢1) + rk(¢z) =rk L.

We shall now prove the "if" part of the Buchsbaum-Eisenbud

criterion.

6.2.3 THEOREM, Let L, = 0 - L - L., 5t ... » L, be a complex of
finitely generated free A-modules satisfying

(1) dp,(I(d;),A) =i for i = 1,2,...,s;

(i) rk(d) + rk(d;,;) = rk L, for { = 1,2,...,s.

Then L, is exact.

PROOF. Since for all primes p we have dpAn(I(d1)D’An) >
dpA(I(dl),A) >i (1=1,2,...,8) (so rk(d‘p) = rk(d,)) and furthermore
H,(L,) = 0 if and only if Ht(L-p) = 0 for all primes p, we may suppose that
A 1s local with maximal ideal m.

We use induction on d = dim A (i.e. the maximal length of a

chain of prime ideals Poch cd chy=m the notion of dimension
" " "

2 G o
will be treated extensively in Chapter 8). If d = O then the maximal ideal
m is also minimal and contains only zerodivisors. Since dpA(I(d‘),A) 21>0
shows that I(d,) contains a unit, we see that I(d;) = A (1 =1,...,s) and

the result follows from Lemma 6.2.2.

Now assume the theorem has been proved for dim A - 0,1,...,d-1.
Then for every prime ideal p » m the complex L.)J is exact, so
Supp H,(L,) ¢ {m} and dp H(L,) = 0 or H(L,) = 0 ({ = 1,...,s). Suppose

I(d)) = ... = 1(4,,,) = A and I(d,) » A (possibly k = s). Then by the Lemmas

6.2.1 and 6.2.2 the complex 0 - L, -+ ... » L - coker(d,,;) » 0 is exact and
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L; - coker(d,,,) is free, so we still have to show the exactness of the

" " , a4 A1
tail" of L,, i.e. the complex 0 - Lk - Ly, = ..

9y
. + L, where d’ is
k
induced by d, (note that the homology at L; equals H (L,)). In the latter

complex we have Supp H,(L,) ¢ {m}, so dp H;(L,) = O or H,(L,) = 0 (i -
1,...,k) and furthermore dp Ll: - dp A > dpA(I(dk),A) > k (the first
inequality reflects I(d,) c m). The exactness of 0 - Ll: Ly, ... 2L

now follows from Corollary 6.1.3 with ¢ = m.

We shall next consider the converse statement to 6.2.3. Our
treatment more or less follows Hochster {Ho 75a, Th. 6.4]. First some
notation and two more lemmas. For each finitely generated A-module M define

V, =V,(M) = {p € Spec A| pdApMn 2 i) and

T, = 2,0 = (a €Al pd M, < i).

6.2.4 LEMMA.

(1) V, is closed in Spec A (in the Zariski topology);
(i) V, = {p € Spec A| 1, C p};

iii is a radical ideal, i.e. - .

(ii1) 1, c a e U = Nyey ¥

PROOF. From the definition of V; and %, follows that V, = Supp M
and 7, - {a € A| pd, M, <0} = {a € A| M, = 0} = R(Ann M) so for i = O the
a

result holds.
For i > O we shall give an inductive proof for (i), starting at

V,. Since V; = V,\{p € Spec A| Mn is free over Ap) we need to prove that the
set W = {p € Spec A| Hﬁ is free over Ap) is open. Well, if for p € Spec A the
module Mn is Ap-free, then there exists an integer n and a homomorphism

¢: A" - M such that ¢Il: A; - Mh is an isomorphism. So some element a € A\p

annihilates both ker(¢) and coker(¢), whence M, is free over A, and for
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each q € Spec A such that a ¢ q, the Aq-module Hq is free over Aq The set

{q € Spec A| a ¢ q} is open, contains p and is a subset of W. It is easy to
see that W is a union of open sets, so open.

Now let i > 1. Consider a free presentation of M:
0-+M" +L ~+M~ 0. Using the long Ext,(-,N) sequence and the fact that

localization is an exact functor one easily deduces that V,(M) = V,_,(M'),
whence the statement (i).
The statements (ii) and (iii) finally follow from the

equivalences a € %ev pe pquH < i for all q such that a ¢ q
i

q

© pdA.Ml <ieae 111(){).
6.2.5 LEMMA. In the above situation, if pdM < « then dpA(ﬂ‘(H),A) > 1.

PROOF. We recall from 5.3.14 that dpA(u,A) - 1nf(dpApAp| aCPpl.
Furthermore pdAan + dpAan - dpAnAp for each p € Supp M, in case pdM < =, a

result that we shall prove in 7.1.5 but which most readers will probably

recognize as the Auslander-Buchsbaum equality. So, if dpA(zl‘(H),A) < i, there

would exist a prime ideal p > 3, such that i > dp, Ay = pd, My = i,
ay P Ry
contradiction.
6.2.6 THEOREM. (Buchsbaum-Eisenbud criterion, second part) Let
d d__ d
L.=0-L, L, % + L,

be an exact complex of finitely generated free A-modules. Then
(1) rk(d;) + rk(d,,,) = rk L, (1=<1i=<s);

@ dp,(1(d,),A) = i.

PROOF. We shall first prove (1) by showing that
rk(d,) = rk L, - tk L, + ... + (-1)*7'rk L,.

Put M = coker(d,), S = the collection of nonzerodivisors in A and B = sla
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(the total ring of fractions). Note that de”Bp = 0 for each p € Spec B.

We write d,@,1; = 3‘ (i=-1,...,s). Since L, is a free resolution of M, pdM

is finite, so for all p € Spec B, depMp < de”B)’ = 0 and

3 i 3
=P 1p o
0 =Ly ~ ... = Loy ~ My~ 0

is an exact complex of free Bp-modules which completely splits, so
rk My - = o(-1)*rk L, and
rk Ly = rk(dp) + rk(@y) = rk(@y) + rk My - rk(dy) + =,k L,
whence rk(d) + H.,(-)*rk L, = 0.
From this we deduce:
a. k(@) = =, (-1)*rk L,;
b. S is projective with stable rank, so by Lemma 6.2.1
1¢d,) - $7'1(q,) = B.
We can repeat this argument for coker(ax) for all i < s, so
rk(a‘) - Z:_‘(-l)k"rk L, and SAII(d‘) = B. To show finally that rk(d,) = rk(ax),
we put rk(ax) = r,. Then S'IIr‘(d‘) = B whence Ir‘(d‘) » 0 and S'III‘H(d‘) -0,
s0 I,‘,,l(d‘) = 0 since S contains no zerodivisors. Therefore (1) holds.
To prove (2) we again put M = coker(d;) and r; = rk(d,). Then
for each p € Spec A we have the following equivalences for i > 1.
A, M) cpe pdAnMp >21ie ker(dx-z)p is not free «
@ coker(di)rl is not free (since L, is exact) o
© Iri(di)'Ap v An (because of Lemma 6.2.1) o
© Ir‘(di) cp.
So !]‘(M) = R(I(d;)), whence dpA(ui(M),A) - dpA(I(di),A). From Lemma 6.2.5 it

now follows that dpA(I(di),A) >1i.

Eagon and Northcott [EN, §7], see also [No 76, Ch. 6, Th., 15]
proved a more general result for an arbitrary ring and involving an arbitrary

module, using a version of depth which we have not treated in Chapter 5.
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6.3 LINEAR EQUATIONS OVER RINGS
We shall give a nice proof of some useful facts in the theory of

linear equations over noetherian rings, as indicated by D. Eisenbud.

For a noetherian ring A consider the following system of linear

equations with unknowns x,,...,X,, a; €A, y, € A
Xy, + . F e X = y1
X, + .0ty X - y2

<;E1X1+ +amn;(n-$rm
where m > n.

Let ¢ be the matrix (a,,) and view ¢ as a linear map A" - A™,
A" and A" having standard bases. Then we can contract the above equations to
¢(x) = y and wonder whether this equation is soluble. We shall give a
criterion for this by using the results of the previous section. First we
consider the homogeneous case, i.e. y- 0.
6.3.1 PROPOSITION. The equation ¢(x) = 0 € A" has a nontrivial
solution if and only if redrk(¢) < n (in other words: ¢ is injective o

» redrk(¢) = n).

PROOF. Follows immediately from the equivalences: ¢(x) = O has

only the null-solution o 0 —» A" 2 A" is exact ¢ (Buchsbaum-Eisenbud criterion)

rk(¢) = n and dp(I (¢),A) = 1 « redrk(4) = n.
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If y » 0 the equation is more difficult to handle:

6.3.2 PROPOSITION. (Sharpe, Th.]. Let y = (y,,....y) € A" and let ¥

be the matrix

@y " % Y,

¢ - : : :
@y - E ym

If rk(¥) = n and dp(I, (¢),A) 2 2, then ¢(x) = y has a unique solution in A".
PROOF. Consider the complex L, = 0 + A" % a5 KA" vhere

x(ay,...,ay) = (ay,...,a) A (@, ...,0) A ... A (o, ...,0) (recall that

m > n). By calculating xo¢(e,) (e, is a basiselement of A") one sees that L,

is indeed a complex. From rk(y) = n follows that x(z) = 0, so if we can prove

that L, is exact, we are done, since in that case Y€ im(¢) and ¢ is

injective.

For this proof we shall verify that the conditions of the

Buchsbaum-Eisenbud criterion are satisfied, namely

1) rk(¢) = n;

2) rk(4) + rk(x) = m (so rk(x) = m-n);
3) dp(I(¢),A) = dp(I1 (4),A) 2 2;

4) dp(1(x),A) = dp(I, (x).,A) 2 1.

Conditions 1) and 3) follow from the assumptions of the proposition, so it
is sufficient for us to prove rk(x) < m-n and after this dp(I,  (x),A) = 1.

The inequality rk(x) < m-n follows from the following lemma:

6.3.3 LEMMA. Let L’ 3 L3L"bea complex of finitely generated free

modules over a ring A, with rk L = m, redrk(¢) = n and rk(x) = s. Then
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PROOF. The proof will be given by elementary algebra. Since
redrk(4) = n, I (4) must contain a nonzerodivisor. If I (4) c R(Ann I (x)),
then I, (x) must be zero, contradicting the assumption rk(x) = s. So we have
I.(¢) ¢ R(ann I,(x)), and mat(4) contains an nxn-submatrix T such that the
minor det T = A ¢ R(Ann I_(x)).

After localizing at a prime ideal p > Ann I (x) such that A ¢ p

we have the situation I (¢) = A and I (x) » (0). In the same way as in Lemma

6.2.1 we may suppose mat(¢4) = [(I) 2] ] m (where I is an nxn-identity

submatrix). Since xo¢ = 0, the first n columns of mat(y) are zero, so mat(y)

00
looks like [ H H * J, and one easily sees now that rk(x) < m-n.
0-0

To finish the proof of Proposition 6.3.2 we still have to show
that dp(I,_ (x),A) = 1, and therefore we return to the complex

X

+1
L, =0~ A" 3 am 5T A", where {e;] 1 = 1,...,m) is the standard basis for

n+l
A" and (e, Ae, A...Ae; | 1 <1i, < ... <i, =<m) the same for AA".
1 2 ntl n+l

Let T be an nxn submatrix of mat(¢) with determinant A, say

mat(4) = [I] Consider then the submatrix of mat(x) of which the columns

correspond to the basis elements e, (i=n+1,...,m) of A" and the rows to the
+1
basiselements eA.. .Ae Aey (j=n+l,...,m) of nA A". This submatrix upon
*A 0
inspection has the form . , and its determinant is
0 *A

+"" e I...(x). In this way, the determinant of every nxn-submatrix of mat(¢)

has its (m-n)-th power in I _ (x), so there exists a positive integer N such
that (In(¢))" C I_.(x). Now the statement dp(I__ (x),A) = 1 follows from the

existence of a nonzerodivisor in I.(#). (In fact (In(¢))N c I.(x) shows

that dp(I___(x),A) = 2.)
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In the situation of Proposition 6.3.2, the reader may observe:
(1) If rk(¥) = n+l, then ¢(x) = y has no solution in A®;
(2) If the equation ¢(x) = Y has a unique solution, then rk(y) = n
and dp(I (¢),A) = 1.

These statements together with Proposition 6.3.2 imply the

following slightly more general result:

6.3.4 PROPOSITION. In the situation of Proposition 6.3.2, if
redrk(¢) = n (so dp(I (¢),A) = 1) and rk(¥) = n, then ¢(x) = y has at most a
single solution in A", If moreover dp(I,(¢) ,A) = 2, then such a solution does

exist,

These considerations too extend to nonnoetherian rings if one

uses another notion of depth, see [Sharpe].
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In this chapter we compare various homological invariants. All
three sections have in common that certain results are proved by using double
complexes of modules. In the first two, we are dealing with a particular
double complex in distinct ways, Theorems 7.1.2 and 7.2.14. In the first case
we get identities, the second leads to inequalities. Of course, double
complexes have been employed more extensively in commutative algebra by such
authors as Foxby [Fo 77a], [Fo 79], and P. Roberts [Ro 76], [Ro 80b], while
one might also introduce the full machinery of derived categories as
mentioned in section 1.2. We shall however restrict ourselves to a single
type of down to earth complex as discussed in that section, freely using the
Matlis dual to obtain pairs of results.

The content of 7.1 and 7.2 is in large part taken from Bartijn’'s
thesis [Ba], which in turn owes much to the works of Foxby. Section 7.3
explains certain ideas of P. Roberts [Ro 76], who used a double complex to
relate the annihilators of local cohomology modules to the exactness of
finite free complexes. These results will play a key role in Chapter 11.

Observe that only homological notions figure in this chapter,
like Ext-depth, various homological dimensions and grade. Though the notion
is doubtless familiar to most readers, in this book we take the somewhat

perverse view that Krull dimension is a more subtle invariant and only
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introduce it in the next chapter.

7.1 AUSLANDER -BUCHSBAUM - AND BASS IDENTITIES GENERALIZED

Throughout this section (A,m,k) is a noetherian local ring. We

shall work with flat dimension fd and injective dimension id and we write
fd*M - sup(i] Torf(k,M) w 0) and id*™M - sup{i| Ext:(k,M) w 0). Since we work
over a fixed ring A, we have dropped the A from most notation. It is well
known that for finitely generated modules fd*M = fd M = pd M (the projective

dimension) and 1d*M = id M, e.g. 3.3.6 and [Ma 86, §19, Lemma 1], but
F

fdzp Q = -, p a prime, while in a general local A, if the prime p is not
(p)

maximal, then id*E(A/p) = -=.
Recalling the Ext-Tor duality 3.4.14 stemming from the faithful

Matlis dual -v the reader will have no trouble to prove

7.1.1 PROPOSITION. Let M be a module over a noetherian local ring
(A,m,k). Then
(1) fd M = id M" and id M = fd M";

(ii) fd*™M = 1d*M" and id*™M - fd'M".

We have seen in 3.4.12 that if A is complete in its m-adic
topology, the Matlis dual takes finitely generated modules to artinian ones
and vice versa, so that in this case we find that for artinian modules
E-dp M = 0 and T-codp M < ©, while fd*M =~ fd M and 1d*M ~ id M. These last
two equalities have been extended to all modules which are complete in their

m-adic topology over an arbitrary noetherian local ring (A,m,k) in [Si].
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We can now formulate the theorem which will have several

interesting identities as corollaries.

7.1.2 THEOREM. Let (A,m,k) be a noetherian local ring and M be a
module with fd M < . If N is a module such that Tor{(H,N) =0 for i > 0,
then

Exti(k,Mg,N) ~ ®,,,  Tor* (k,M)®Exti(k,N) for all n.

i+j=n

Moreover, id N < » implies id(Mg,N) < =.

PROOF. First observe that the displayed isomorphism just means

that the dimensions of two k-vectorspaces are equal, finite or not. Let

d d
0-F, =+ . 3 F, > M - 0 be a flat resolution of M and write F* for the
-8 -1
ascending complex 0 -+ F*° 4 % o0 with F! = F, and d* = d,. Let E’

be an injective resolution of N. The tensor product complex I’ = F'@AE°
consists of injectives and has the form 0 » I » ... -+ I - I! » ... where
we shall write § for the boundary operator. Since HL(I°) - HL(F°®AN) -

- Torfl(H,N) for all i in view of 1.2.4 (in which C is our N), we find that
the homology of I° is concentrated in 0 and H(I') =~ Mg, N. Now
I'*=0-1I"> ... >6(IY - 0 is a split exact subcomplex of I', consisting
of injectives. The quotient complex I"" = I°/I'" = 0 » I"® 5 1! 5 12 5 ||
consists of injectives and HL(I"') = H*(I') for all i, so that

0 -+ Mg,N - 1" > 1t s . is an injective resolution of Mg ,N. If E' is finite,

this resolution is finite, which proves the last statement.

In any case, we can apply the functor Hom,(k,-) to the short
exact sequence of complexes 0 » I'° » I" -+ I"" » 0. From the long exact
sequence of homology we obtain H"(Hom,(k,I")) = H"(Hom,(k,I"")) = Ext, (k,Mg,N).
On the other hand, by 1.2.4 we know that
H(Hom, (k,I")) = ® H'(k®,F" )@ Exti(k,N). But H'(k§,F’) = Tor* (k,M), so

i+j=n
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the theorem is proved.

7.1.3 COROLLARY. E-dp(M®,N) is finite if and only if both T-codp M and
E-dp N are finite. In this case E-dp N = fd*M + E-dp(M®,N) and

1d*N = T-codp M + 1d*(Me,N).

PROOF. E-dp(M8,N) < = means that Ext,(k,Mp,N) » O for some n.
The isomorphism in the theorem involves k-vector spaces, so this condition
just means that for some i and j the vector spaces on the right are not O,

which proves the first line. Reading off the inf resp. the sup of the

n| Ext:(k,MsAN) » 0 then establishes the identities.

7.1.4 PROPOSITION. Let (A,m,k) be a noetherian local ring and M be a

module with id M < », Let N be a finitely generated module with
Ext:(N,M) = 0 for i > 0. Then fd(Hom,(N,M)) < » if id N < «. Moreover,
T-codp(Hom,(N,M)) is finite if and only if both E-dp M and E-dp N are. In

this case E-dp N = id*M + T-codp(Hom,(N,M)) and id*N = E-dp M + £d*(Hom,(N,M)).

PROOF. If id M < =, the Matlis dual M’ has fd M’ < ». Since N is
finitely generated we know that Tor}(N,M") = Ext:(N,M)V, 3.4.14. In
particular, Ne,M’ = Hom,(N,M)" and by 7.1.1., id(Ne,M’) = fd(Hom,(N,M)).

We see that M’ and N satisfy the conditions of 7.1.2 and 7.1.3. One then

applies 7.1.1 to the result, bearing in mind that E-dp M = T-codp M’ by
3.4.14. Notice that the condition E-dp N < « only serves to avoid the null

module.

We now put N = A and take M to be finitely generated. Feeding

these into 7.1.3 and 7.1.4 we recover two well known identities.
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7.1.5 COROLLARY. Let A be a noetherian local ring, and let M » O be
a finitely generated module.
If pd M < ®, thendp A =pd M + dp M (Auslander-Buchsbaum);

If idM <o, then dp A = id M (Bass).

Of course, there exist various other proofs of these important
classical results, but the above argument, due to Bartijn [Ba, Ch., IV, §3],
makes particularly clear in which sense these identities are dual. The
identities have been generalized in different directions in [Fo 79] and
[Av, Ths. 3.5 & 5.2].

Our next application of 7.1.2 is to modules M which have finite
Bass numbers and finite Betti numbers. These modules include the finitely
generated and the artinian modules, and their subcategory is closed under

the Matlis dual, see 3.4.15. We can then form the power series B(M,T) =

o ﬂi(M)T‘ and u(M,T) = I, w(M)T!, often referred to as Poincaré series.

7.1.6 COROLLARY. Let (A,m,k) be a noetherian local ring and M a
module with finite Bass and Betti numbers. Let N be a module with finite

Bass numbers.

(i) If fd M < » and Tor{(M,N) = 0 for i > 0, then s(M®,N,T) =
BT Hu(N,T) in Z[[T]][T];

(ii) If id M < » and Exti(N,M) = 0 for i > 0 and N is finitely

generated, then B(Hom,(N,M),T) = p(M, T Hu(N,T) in Z[[T]]{T].

PROOF. The first identity is proved by counting the (finite)
dimensions of the k-vector spaces which occur in the identity of Theorem
7.1.2. Our conditions on Bass and Betti numbers ensure that the power series

on the right are well defined with nonnegative integer coefficients; so are



120 7 Comparing homological invariants

therefore the Poincaré series for M®,N. The second identity follows from

the first, applied to the modules M’ and N.

The corollary allows one to express Bass and Betti numbers of
M®,N resp. Hom,(N,M) in terms of those of M and N, For N = A and M finitely

generated these identities first appeared in Foxby [Fo 77a, Cor. 4.3].

7.2 EQUALITIES AND INEQUALITIES INVOLVING GRADE

We first wish to interpret some of the work in section 6.1 in a
slightly different way. In keeping with the notation introduced in
Proposition 1.1, we attach to two modules N and M over a ring A the

invariants
tor_(N,M) = inf(i| Tor®(N,M) » 0} and
ext” (N,M) = inf{i| Ext;(N,M) w 0}

which can range between 0 and =.

7.2.1 THEOREM. Let N and M be two modules over a noetherian ring A,
If N is finitely generated with annihilator a, then ext (N,M) = E-dp(a,M) and

tor_(N,M) = T-codp(a,M).

PROOF. By 5.3.5 (iii) we know that Ass(Hom,(N,M)) =
Supp N N Ass M = Supp A/a N Ass M = Ass(Hom,(A/q,M)). Over a noetherian ring

a module X is 0 if and only if Ass X = . It follows that ext (N,M) = O if
and only if E-dp(a,M) = O.

Suppose now that E-dp(q,M) = s < ext (N,M). In order to invoke
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the Acyclicity Lemma, take a resolution L, of A/« consisting of finitely
generated free modules L,. In the complex c’ - Hom, (L, ,M) the chain modules
¢! are finite direct sums of copies of M, thus ext (N,C') = ext (N,M) 2> s+l.
The modules H'(C") = Exti(A/a,M) are annihilated by a, hence if H'(C") = 0,
then E-dp(a,Hi(C')) =0 so ext-(N,Hi(C')) = 0. Applying Proposition 1.1.1
: i 3 0 s s+l

with F! = Ext,(N,-), we find that the complex 0 - C + ... > C =+ C is
exact, which contradicts the assumption that H*(C') = Extj(A/a,M) »= 0. We

leave it to the reader to prove that E-dp(a,M) < ext (N,M) by taking a free
resolution of N.

The statement about tor_ can be proved by using Proposition

1.1.2. It is quicker to observe that the primes p in the support of Tor(N,M)

are the ones for which Tor:n(Np,Mn) » 0 or, by the faithfulness of the
Matlis dual -¥ over the local noetherian ring Ap' for which

v i \4 Py
Torfp(Np,Hv) EXtAp(Np'Mp))' see 3.4.14, is not 0. In this way we reduce

to the result for ext (N,M) just proved, leaving further details to the reader.

7.2.2 COROLLARY. ext (N,M) < = if and only if tor_(N,M) < «. In this
case ext (N,M) + tor_(N,M) is bounded above by the minimal number of

generators of each ideal in the radical class of Ann N.
PROOF. Combine 6.1.8, 7.2.1 and the remarks following 6.1.9.

The first statement may fail when N is not finitely generated,
e.g. for A=2, N=Q, M = Q/Z. In case both modules are finitely generated,
there is an interesting symmetry, which does not look all that obvious from

the point of view of the Yoneda Ext'’s [St 78, Ch. 3, §l].

7.2.3 COROLLARY. For two finitely generated modules N and M over a
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noetherian ring A the following are equivalent:

(1) No M = 0;
(i1) Ext;(N,M) = O for all i > 0;
(iii) Ext;(M,N) = 0 for all i > 0.

PROOF. Since N and M are finitely generated, Supp N N Supp M =
- Supp(M@AN) so that clearly Ne M = 0 is equivalent with Torﬁ(N,M) = 0 for all
i > 0. The result now follows from 7.2.2 if one takes into account the

symmetry of N and M in the temsor product.

7.2.4 EXERCISE. Use localization, 5.3.5 and 5.3.9 to obtain a different

proof of 7.2.3.

In order to treat infinitely generated modules, we follow Foxby
[Fo 79, 82] in defining the small support of a module in terms of the notion

of Tor-codepth.

7.2.5 DEFINITION. For a module N over a ring A put supp N =

{p € Spec A| T-codp < =},
ap P

If we write k(p) = Ap/hAp, then one also has supp N =
{p € Spec A| tor_(k(p),Nn) < o) while yet another way to describe this is to

take a flat resolution F, of N and to observe that p € supp N if and only if

pe Supp(k(p)@AhF_h). Here the support of a complex C, is as usual taken to

mean Supp C, = U, Supp H,(GC,). Notice also that supp N = Supp N for a
finitely generated module N, and if moreover A is noetherian, then supp N =
Supp A/a with ¢ = Ann N. The reader will have no trouble in verifying that
for an infinitely generated module these three sets may be distinct:

consider the modules Q and /2 over the ring 2.
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We generalize somewhat.

7.2.6 DEFINITION, Let F, = ... » F, » F,_, » ... = F, + 0 be a

complex of flat modules over a ring A. Then put supp F, = Supp(k(p)eApF.p).

7.2.7 LEMMA. Let A be a noetherian ring and F, be as above. Then
supp F, c Supp F, and both sets have the same minimal elements. In
particular supp N C Supp N for any A-module N and both sets have the same

minimal elements.

PROOF. Since the second statement follows from the first if one
takes for F, a flat resolution of N, let F, be as above. If p ¢ Supp F,, the

complex F‘D is a flat resolution of the null module, so k(p)® F,p is exact

"
and p ¢ supp F,.

It is enough to show that every prime in Supp F, contains a
prime in supp F,, and we need only prove that if F, is not exact over a local
noetherian ring which we again call A, then supp F, » #. The noetherian
module A has a finite filtration with subquotients of the type A/p, p a
prime in A. Since -®,F, is exact for all i > 0, there must be such a prime
with A/pe,F, not exact. By the noetherian condition, there exists a prime q
maximal in this respect. For x € A\q, the prime ideals which occur in an
appropriate filtration of A/(a,x) all properly contain . Therefore
A/(q,x)®,F, is an exact complex and multiplication by x yields an
automorphism of H,(A/a@,F,) for all i > 0 in view of the long exact homology

sequence induced by .x. It follows that Hi(k(q)eAqF,q) = Hi(A/q@AF,)q ~

= H,(A/0®,F,) and the latter is not 0 for some i > 0. Thus q € supp F,.

The advantage of the small support is that we are working with
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vector spaces, which shows up favourably in

7.2.8 PROPOSITION. Let A be a noetherian ring.
(i) For two flat complexes F, and G, as above
supp F, n supp G, = supp F.®,G,;
(ii) For any A-module M there is an inclusion
supp F, N supp M c Supp F,8 M,
and both sets have the same minimal elements;
(iii) For any two A-modules N and M there are inclusions
supp N N supp M C Lﬁ_o Supp Tor?(N,M) C Supp N n Supp M,

and the first two sets have the same minimal elements.

PROOF. (i) For p € Spec A there are isomorphisms between

complexes of vector spaces (k(p)eAnF'h)ek(p)(k(p)eAbG'p) o~
B k(p)eAb(F.DeAbG.h) B k(p)@An(F°@AG°)p‘ The latter complex is exact if and

only if at least one of the original complexes is in view of 1.2.3, so (i)

is clear.

(i1) Take a flat resolution G, of M,. Then H (F.@ M) = H,(F.@,G,) for all

i >0by 1.2.1. Since supp M is by definition supp G,, statement (ii) follows
from (i) and 7.2.7.

(iii) If F, and G, are flat resolutions of N resp. M, then H,(F,®,G,) =~

ax Tor?(N,M) as a special case of the above, so (iii) is a particular

instance of (ii) except for the last inclusion. But this is immediate because

the Tor'’s localize well.

From this result we conclude that supp N N supp M » @ if and
only if tor_(N,M) < =. Next we extend the classical notion of grade in the

sense of Bartijn [Ba, Ch. IV, Def. 3.7].
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7.2.9 DEFINITION. For two modules N and M over a ring A the grade of N

in M is gr,(N,M) = inf E-dpAva where p ranges over all the primes in supp N.

In the case of a noetherian ring, 6.1.10 tells us that

E'dpAth < = if and only if T-codpAva < @ and we obtain, in view of 7.2.5:

7.2.10 PROPOSITION. For modules N and M over a noetherian ring the

following are equivalent:

(i) gr(N,M) < =;
(i1) supp N N supp M » @;
(iii) tor_(N,M) < =,

Compare this with 7.2.1 and 7.2.2 where we needed the module N
to be finitely generated. In that case supp N = Supp N = Supp A/a, where «

is Ann N, and we find, using 5.3.14, that gr(N,M) = ext (N,M) = E-dp(q,M).

Putting M = A, we write gr(N,A) = gr N, the grade of N as
introduced by Rees [Re 57] for finitely generated modules. Among the several
equivalent descriptions above, perhaps the most intuitive is to look at all

the local rings Ah with p € supp N and to take their minimal depth. From the

Ext-description we obtain Rees' inequality:

7.2.11 COROLLARY. For every finitely generated module N over a

noetherian ring, gr N < pd N.

Such a module is called perfect if pd N < @« and gr N = pd N;
for several purposes, these are easier to work with than arbitrary modules

of finite projective dimension. Notice that if an ideal « C A is generated
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by a regular sequence of length r, the module A/a is perfect of grade r.

In order to extend Rees’ Inequality to infinitely generated
modules, just as in 7.1.2, we require flat dimension rather than projective
dimension, an insight first emphasized by Foxby. Just as with grade, however,

we need to involve the small support.

7.2.12 DEFINITIONS. For a module N over a ring A put £fd'N = sup fdk.:g)Nn

and fd' N = inf fd“(n)Nn where p ranges over supp N.

*p

Then £fd'N < £fd'N < fd N for N » 0. We first prove

7.2.13 PROPOSITION. Let A be a noetherian ring and N » 0 an A-module.

If fd N < =, then fd*N = fd N. If in addition N is finitely generated, then
fd'N = gr N.

PROOF. Put r = fd N, and take a prime q which is maximal with
respect to the condition Tor(N,A/q) » 0. This is possible because Tor's
commute with direct limits and a noetherian module can be filtered with

subquotients of type A/p, where finitely many primes p occur. We wish to
A
show that TorQ(N,A/c])cI » 0, because this module is Torrq(Nq,k(q)), which

establishes r < fd'N. Take x € A\q and filter A/(q,%x)) as just described.
For the primes p occuring in the subquotients, we know that Tor{(N,A/p) = O
for i = r and i = r+l. This implies that .x: A/q -+ A/q induces an
automorphism of Tor#(N,A/q), which proves that q € Supp Tor’(N,A/q).

Now suppose N is finitely generated. For every p € Supp N =

supp N there is an identity dp Ap = pd, N, + dp My, according to 7.1.5,
4y P U

hence pdAnNh < dpAnAn. By recalling that pdAnNn - fdApND - fdk(n)Nn and taking

*p

the inf over P € Supp N we obtain fd'N < gr N. To prove the reverse

inequality, take a p € Supp N such that fdﬂpND = fd'N and let qC p be a
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minimal element in Supp N. Clearly fquNq ~ fd'N while dp, Nq - 0 so that
q

dp, Aq = fd'N. Therefore gr N < dp, Ag - fd'N and the proposition is proved.
a a

In order to proceed, we need a result about flat complexes over
local rings, which we shall use again in 13.1.4. If

F, = ...>F >F_, > ... >F > 0 is a complex of flat modules over a ring
A and M is an A-module, we shall write fT = sup{i]| H(F.@ M) = 0} and H for
the fT-th homology group of the complex F,®,M. Thus f’: is a natural number

or ff! = -w,

7.2.14 THEOREM. Let (A,m,k) be a noetherian local ring and M an A-

module. Let F, be as above. Then

(i) If F,®,k is not exact, then F,@ M is not exact provided
E-dp M < =;
(i1) Suppose that F, = 0 for 1 > s > 0 and that m € Ass H. Then F,®,k

. k
is not exact and E-dp M = f, - fT

PROOF. For (i) we observe that E-dp M < « implies T-codp M < « by
6.1.10, or in our present notation, that m € supp M. Since also m € supp F,,
we know by 7.2.8 (ii) that m € Supp F,®,M, which is what we need to prove.
(ii) We write F* for the ascending complex 0 - F° + ... ~ F° + 0 as in the
proof of 7.1.2 and let E° be an injective resolution of M. The tensor product
complex I° = F'QAE‘ consists of injectives and its homology is that of F'eNM,
1.2.4, in which C is our M. If we put f = £, the complex
0+I%- ... >I%!> B~ 0 therefore is split injective where B ¢ I'f are
the boundaries. But then H is a submodule of I'f, and since m € Ass H, we

find that the complex Hom,(k,I") is exact for r < -f but has homology at

-f. From 1.2.4 we read off -ff + E-dp M = -f!, which yields (ii).
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7.2.15 DEFINITION. For two modules N and M over a ring A, we put

tor,(N,M) = sup{i| Tord(N,M) = 0).

Notice that fd*N = tor,(N,k) in the case of a local ring (A,m,k).
But we think of this as an invariant of the module N, while tor,(N,M) is the

relative flat dimension of N and M. Clearly tor,(N,M) < fd N and fd M, and

torl?(Nn,Hp) < tor?(N,M) for all primes p c A. Observe that tor (N,M) > -= is
equivalent with tor_(N,M) < =, so, by 7.2.10, with gr(N,M) < o,

In 7.1.3 we obtained two identities in case fd N < «» and
tor,(N,M) = 0 (there, N and M were interchanged). In case tor, (N,M) is finite,
we get two inequalities [Ba, Ch. IV, Th. 3.8], one of which is a variant of

[Ho 74, Th. 1].

7.2.16 THEOREM. Let N and M be two modules over a noetherian ring A,
with fd N < w. Suppose gr(N,M) < ». Then fd'N < gr(N,M) + tor (N,M) < fd N.

PROOF. Our data imply that tor,(N,M) is finite, so all four
invariants in the theorem are nonnegative integers.
Take a flat resolution of N and let F, be its nonaugmented

complex. Put tor,(N,M) = r > 0 and take a prime p which is minimal in the

support of Tor‘r‘(N,M). By localizing at p, we put ourselves in a position to
invoke 7.2.14 (ii) and obtain that p € supp N while E-dp, M = fdk_f}”Np - r.
An n

Therefore gr(N,M) + tor,(N,M) < fdk‘:g)Nn < fd'N = fd N, the last equality

is in 7.2.13.

For the other inequality, we take a prime p € supp N for which
A
E-dpA Ml’ = gr(N,M). Since tor}](Np,Mn) < tor®(N,M), we are done if we can
P
k() N "‘)1
prove that fd P Nl’ <E dpApMp + tor, (N)J’Mh)‘

We are thus reduced to the following question. If N and M are
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two modules over a local noetherian ring (A,m,k) such that fd N, tor, (N,M),
gr(N,M), T-codp N and E-dp M are all nonnegative integers, we need to prove
that fd&*N < E-dp M + tor,(N,M). We use induction on q = inf(fde, tor,(N,M)}.

The case q = 0 is clear: if fd*N = 0 the inequality is obvious,
if tor,(N,M) = 0 it follows from the first identity in 7.1.3 (remember that
M and N are interchanged). Assume the result has been proved for 0,1,...,q-1,

and take an epimorphism of a free module onto N with kernel N'. Then
Torf(N,M) = Tord ,(N' ,M) for 1 > 2. This shows that tor,(N',M) = tor (N,M) - 1.

Similarly for fde, and the theorem has been proved.

Observe that 7.2.16 just collapses to 7.2.11 if we take N
finitely generated and M =~ A, in view of 7.2.13. On the other hand, for a
perfect module N one obtains a version of Hochster’s Tor-equality

[Ho 75a, Cor. 6.9]:

7.2.17 COROLLARY. Let N be a perfect module over a noetherian ring A

and suppose that M is a module with T-codpApr < «» for some p € Supp N. Then

gr(N,M) + tor,(N,M) = pd N.

7.2.18 EXERCISE. Play around with the Matlis dual and look what you get.

7.3 ANNIHILATORS OF LOCAL COHOMOLOGY

Ve shall begin this section with a rather technical theorem

which goes back to [Ro 76, Th. 1l]. Our version is [Sc 82b, Cor. 1], see also
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[Sc 82a, Satz 2.3.1], where it easily follows from an argument which uses a
filtration on a spectral sequence. In fact, this spectral sequence is one of
the finitely convergent spectral sequences which are associated with the
double complex we shall describe below. Qur proof is somewhat longer but is
more elementary in the sense that it only uses diagram chasing. A corollary
will serve in Chapter 10 to relate (the annihilators of) the local cohomology
with dualizing complexes (when these exist). The next part of this section

is devoted to a study of relations between local cohomology, Koszul complexes,
Ext and Tor in case regular sequences are involved. It paves the way to the
Local Duality Theorem in 10.2.1 and 10.2.7. We finish off by comparing
lengths of certain modules, in which we use for real the spectral sequence

alluded to above. This result too will be taken up in Chapter 10.

7.3.1 DEFINITION. If « is an ideal in the noetherian ring A and if M
is an A-module, let ¢!(a,M) be the ideal Ann H;(H). If A is local with

maximal ideal m, we shall write ¢!(M) for c*@n,H). If moreover M = A, we use

the notation ¢! for c¢!(A).

7.3.2 THEOREM. Let A be a noetherian ring, and « an ideal in A. Let
" =0-¢">...+C>0bea complex of A-modules for which
acC rﬁ_o R(AnnAH’(C')). Then the product ideal co(u,Ck)...ck(a,Co) annihilates

Hk(C') for all 0 <k < s.

PROOF. Consider the double complex C'@AK', where K* = K;(x,A),
for elements x,,...,X, generating a, is the complex which we discussed in

4.3.2 and 4.3.5. We depict this complex as follows:
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0 0
0 —— C°@aK° C*oa K! c—— C*®aK" 0
0 —— C'@aK° C'@a K! — Cl@aK® 0
0 —— C°®,K° Co®a4 K! — C'®a K™ 0
0 0 0
Notice that:
1. The description of K' in 4.3.5 and the fact that

a C n;,o R(AnnAHi(C')) yield that the vertical homology in the double complex

vanishes, except perhaps in the first column: the complexes C'@Al(i are exact
for all i = 1.
2. Since K® = A, we find that C'®,K’ is isomorphic with C".

3. Corollary 4.3.6 yields that the horizontal homology H'(C'®,K")

is in fact H‘L(Ci) and hence cJ(a,Ci) is the annihilator of HJ(CieAK').

A sketch of proof now runs as follows: (i) we take a cycle in

C'@AKo =~ C"; (ii) with the use of 1., we descend to the bottom line; (iii)
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then, climbing up against horizontal homology, we can use 3. to disturb the
various elements effectively by boundaries; (iv) eventually we can draw the
conclusion we want. The proof is visualized in the picture below.

Let us denote by d (resp. 3) the horizontal (resp. vertical)
differential of the double complex, where we shall use for convenience the

convention 3dd = d3 (the reader may take his or her own favourite convention
and adapt the proof). Let y € Ck@AKO with duy ~ 0. Using 1., one easily finds

1,...,U,, where u, € C'®,K** 0 < i < k-1, such that du,,, = du,,
Ug-1 o y f\ 141 4

0<i=<k-1:

As is often the case, ascending is trickier than descending.
We shall describe this process now. Let c, € ti(u,Ck_i), 0 <1i < k. First,

observe that 3: C(’@Al(kﬂ - CleAl(k"1 is monic and hence the question mark in the

diagram is zero. It follows that u, is a horizontal cycle and therefore there
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exists a w, € C"@AK.]"1 such that dw, = c,u,. We shall proceed by induction on
1, 0 =1 s k-1, to find w, € C'®,K**™ such that d(dw,-c,.,...cu,,,) = 0. For
Wy, notice that d(dw,-c,u,) = ddw,-c,du; =~ ddw,-c,du, = 3(c,uy) - du, = 0.
Assume now that we have constructed w, for some 0 < i < k-1. Since
d(dw,-¢, . ..u,y) = 0, we can find w,,, such that

dwiyy, = - (8W ey . iquyy) . It follows that d(dw,y-cp .. . Ceuy,,) =

ddW, 1 -Cy gy - - GOy = 8w, -8 (dwy tey 48W,) = -6, 180w, = 0 and we are

done.

Ve therefore have a w,_, € C?'leAko such that d(0w,_y-¢;...c)
= 0 and consequently c,(dw,_,-c,...c,u.) = 0. We see that c,...cu, = d(cw,_,)

is a boundary and hence zero in vertical homology.

7.3.3 COROLLARY. Let A be a noetherian local ring and let
L"=0-1> ... >L*>0bea complex of finitely generated free A-modules

with finite length homology. Then the ideal ¢°...c* annihilates H*(L") for

all 0 <k < s.

PROOF. Obviously, the theorem applies and we are done if we can

prove that ¢! = ¢Y(L) for a finitely generated free module L. This is clear
Yy &

since local cohomology commutes with direct sums.

We next want to study the above complex K' in case x is a
regular sequence in A. Our approach is based on [Matl 74] and [Matl 78]. Let
us use the notational conventions of Chapters 4 and 5. If x = Xy,...,%X, in A
generate the ideal «, then x(t) stands for the sequence xt,...,x; and a, for

the ideal they generate.

7.3.4 THEOREM. Let x = X,,...,X, be a regular sequence in a noetherian
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ring A. Then K, (x(t),A) is a free resolution of A/a, for every t > 1 and
ﬂ&A)hafhtmwhﬂmof%mymeammEm“M%M)a
Torh_,(A/q, M) for all i and every module M, while H;(M) = Torgﬁ(H:(A),M).

Finally fd H((A) = n.

PROOF. For every t > 1 the sequence x(t) is regular, so
H, (x(t),A) = 0 for i > 1, while Hy(x(t),A) = A/¢,, which proves the first
statement. Self duality 4.2.8 of the Koszul complex then yields the

isomorphisms between Ext's and Tor's. Now construct the complex K (x,A) as
the direct limit of the K, (x(t),A)’s, see 4.3.1. Its chain modules are flat,

and since taking direct limits is exact, its homology is concentrated in

degree zero, where it is H;(A). Tensoring this flat resolution with M we
get the complex K2 (x,M) where we read off homology. In view of 4.3.6 we
obtain H;(M) = Torgd(H;(A),M). From its flat resolution we know that

fa H:(A) < n, but taking M = A/« in the above isomorphism we find

Torﬁ(HZ(A),A/a) = Hz(A/a) = A/u # 0, and we have proved the theorem.

7.3.5 COROLLARY. Let a be an ideal in the noetherian ring A which is
generated by a regular sequence in A of length n. Then c!(a,A) = A for all

0<isnl, ie. H(A) = ... = Hy '(a) = 0.

PROOF. Immediate from the isomorphisms H;(A) = Tor:ﬁ(HZ(A),A).

7.3.6 COROLLARY. Let A be a noetherian local ring with maximal ideal
mand let L' = 0- 1%~ ... + L5 > 0 be a complex of finitely generated

free A-modules with finite length homology. Then HY(L®) = 0 for all i < dp A.

PROOF. Let n = dp A and let x = %x,,...,X, € A be a regular

sequence in A. If « is the ideal generated by the x's, obviously
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a € NSy R(Ann, (H'(L"))) = m. We have already observed that if L is a
finitely generated free A-module, then ¢l(a,L) = ¢!(a,A). Therefore, by 7.3.3

and 7.3.5, we see that A = tu(u,A)...ti(u,A) annihilates Hi(L') for all

i < n-1. The result follows.

7.3.7 EXERCISES.
1. Show that in 7.3.2 and therefore also in 7.3.6 we may replace

the last 0 in the complex by an arbitrary module and that the conclusion
remains valid.

2. Obtain a stronger version of 7.3.6, with the condition that
"either HX(L') = 0 or dp Hi(L') = 0" replacing finite length for each i, as an
immediate corollary of the Acyclicity Lemma 6.1.1.

3. Let x,,...,X_  generate an ideal a« in a noetherian local ring A.
Suppose dp AD > r for every prime b > a. Use 1. to prove that H,(x,A) = 0

for 1 > 1 in the Koszul complex of x = x;,...,X

e

We now return to the double complex C'®,K’ discussed in 7.3.2,

replacing C° by the complex L° from 7.3.6. We shall not depict the double
complex this time, but shall allow ourselves to use the theory of spectral
sequences in a mild way, for which we refer e.g. to [CE, Ch. XIV]. The
following result will be needed in 11.3.9. For clarity we write H, for

vertical and H, for horizontal homology.

7.3.8 PROPOSITION. Let (A,m) and L° be as in the preceding corollary.

Then ¢(H'(L")) < =, ., ¢(H;(L ®,H)(a))).

PROOF. Let a = (X,,...,x;) be an m-primary ideal and let

K" = K;(x,A) with x = x;,...,x, be the complex discussed in 7.3.2. The
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homology of the total complex L°®,K" can be approximated by the terms E_ of

the first and the second spectral sequence associated with it. The term E,
of the second spectral sequence is given by npit - H:‘(PQ(L'@AK.)). We have
seen in 7.3.2 that the columns of the double complex are exact for j = 1, so
“Egi = 0 for j = 1, which means that this spectral sequence degenerates and
that the total homology H(L'@AK') is measured by this term E,: H"(L'@AK') =
= @, "B'="E = H'(L").

Now we calculate the term E, of the first spectral sequence:
Byl - kﬁ(Hﬂ(L'@AK')) = i-L‘,(L'@Aan(A)) in view of the freeness of L' and the
fact that local cohomology only depends on the radical of the ideal a.

Clearly if any of the terms ’E;j has infinite length, the result is true, so

assume not. The point of spectral sequences being that the 1,j-th layer of
H"(L'@AK') is successively approximated in a finite number of steps by

subquotients of the ’Eij with i+j = t, the inequality follows.



8 DIMENSION

In this chapter our rings will mostly be noetherian and the
problems local. We begin with the basic theorem in noetherian dimension
theory: the Principal Ideal Theorem of Krull, or in pithy German, the
Hauptidealsatz. Later on in this chapter we discuss two natural
generalizations, the Eisenbud-Evans-Bruns result on heights of order ideals,
and the Homological Height Theorem of Hochster. The latter has several
consequences which, in turn, suggest fresh questions. First though we
introduce systems of parameters and develop some dimension theory.
Parameters are compared to regular sequences or heights to depths, and this
gives rise to a natural question concerning parameters: Hochster’s Monomial
Conjecture. In this work we use the theory developed in Chapter 5, sections
1 and 2. As part of the material in this chapter is well known and can be
found in most books on commutative algebra, we state a number of standard
facts in the form of excercises. At other points our treatment may present

distinctive features.
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8.1 KRULL'S HAUPTIDEALSATZ

We shall first introduce the Krull dimension.

8.1.1 DEFINITIONS. Let A be a ring and W a subset of Spec A. The Krull

dimension of W (notation dim W) is defined to be the supremum of the lengths
of all chains of prime ideals B, S S B where the B i=20,...,n, are in
W and the length of such a chain is counted as n. If this supremum is finite
it is of course achieved in a saturated chain: between two successive primes
no third prime ideal can be inserted. In this way we can attach dimensions
to rings and modules by putting dim A - dim(Spec A) and dimM = dim(SuppAH)
for the ring A and its module M. If the ring is not in doubt, we also write
dim M and for M = (0) we set dim M = -1. The height of a prime ideal p is
defined as ht,p = dim A31 ; it is the supremum of the lengths of chains of
prime ideals going down from p. Again we often write ht p. The height of an

arbitrary ideal q is then defined as ht ¢ = inf(ht p| p € Spec A, p > a}.
The following list of properties is easy to verify.

8.1.2 EXERCISE.

a) dim A = sup{ht p| p € Spec A) = sup{ht m| m is a maximal ideal in A).
b) dim A/ = sup{dim A/p| p € Spec A, p D a) for every ideal ¢ in A.

c) ht p + dim A/p < dim A for every prime ideal p in A.

d) dimM = sup(dimApMnI pe SuppAM) for every A-module M = (0).

e) For A noetherian and M and N finitely generated A-modules, it is well
known that SuppAM = (p € Spec A| Ann M C p} and Supp(Me,N) = Supp M N Supp N.
Hence dim M = dim(A/Ann M) and dim(M®,N) = dim(A/(Ann M + Ann N)). In

particular, if ¢ is an ideal in A, then dim M/oM = dim(A/(¢ + Ann M)).

We state Krull's celebrated Hauptidealsatz. The best known proof
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is the one by Rees [Re 56]; see also [Ka 74, Th. 142]. The argument was

further shortened by Caruth [Ca]; it is his proof we shall present.

8.1.3 THEOREM. Let x » O be a non unit in a noetherian ring A. Then
ht p < 1 for every prime ideal p which is minimal over (x). This height

equals 1 if x is a non zerodivisor.

PROOF. The last statement follows from the first since a non

zerodivisor does not lie in any minimal prime.
Suppose that ht p > 1, then there exist prime ideals p C b C P

vhere p is minimal over (x). After dividing out P, and localizing at p, we
are reduced to a noetherian local domain A with maximal ideal m, a chain of
prime ideals (0) cagm, and containing an element x » 0 such that (x) is

an m-primary ideal. Take y » O in q. For any a € ((y):x") there is a unique
b € A such that x"a = by. This b € ((x"):y), and the correspondence a » b

is easily seen to describe an isomorphism ((y):x®)/(y) = ((x®):y)/(x").
Since (x) is an m-primary ideal, the module A/(x") has finite length. Now
the length function is additive on exact sequences, so comparing cokernel
and kernel of the endomorphism .y: A/(x") »+ A/(x") we find that ¢{(A/(x",y)) =
L) y)/(x™)) = ¢(((y):x")/(y)). The ascending chain of ideals (y):x"
stabilizes, hence (x",y) = (x™!,y) for n large enough. An equation

x? = ax™l4by yields x*(l-ax) € (y). But l-ax is a unit, so x® € (y). This

implies x € q, a contradiction which proves the theorem.

Recall that a chain of prime ideals P,c--.cp inAis called
%

saturated if no other primes can be inserted. An easy generalization of the
above theorem reads as follows: in a noetherian ring, let p be a minimal

prime over the ideal (x,,...,x,). Then there exists a saturated chain of

prime ideal p c...c p withp =p, p a minimal prime of A and m < n. But
0 = o W m 0
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we can say more: the generalized Hauptidealsatz.

8.1.4 THEOREM. Let Xx,,...,X, be elements of a noetherian ring A such
that (x,,...,%,) » A. Then ht p < n for every prime ideal p minimal over
(X, ...,%). If x,...,x, is a regular sequence, then ht p = n.

PROOF. Proof by induction on n, n = 1 being 8.1.3. By
localizing at p we reduce to the following question: in a noetherian local
ring (A,m) let elements Xx,,...,X, generate an m-primary ideal, then dim A =
ht m < n. Suppose that ht m > n and let p be a submaximal prime ideal with
ht p > n-1. This ideal does not contain (x,,...,x,) which is m-primary, so

suppose x; ¢ P. Then p + (x;) is m-primary, hence there exist a, € A, b, € p,

i=2,...,n, and a positive integer t such that x} = a,x, + b,. Now
(by,...,b)) ¢ p and ht p > n-1, so by induction there exists a prime q with
(by,...,b)) Cca S p. Obviously x,,x§,...,x; are in q + (x,), so the latter

ideal is m-primary. Applying 8.1.3 to the local ring A = A/q with maximal
ideal m, we see that dim A = htx m =< 1, which contradicts q S P S m.

Now assume X,,...,X, is a regular sequence in our local ring
(A,m) and ht m < n as we have just seen. By induction, all minimal primes
over (X;,...,%, ;) have height n-1, but x, is not in a single one of them.

Therefore ht m = n.

An immediate consequence of the theorem is that in a noetherian
ring, the height of a prime ideal (and hence of any ideal) is finite, i.e.
there is a bound to the length of chains of prime ideals going down from any
given prime ideal. Thus a noetherian local ring has finite dimension;
examples show that this need not be true for a noetherian ring with

infinitely many maximal ideals.
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8.2 PARAMETERS AND DIMENSION

One may ask oneself whether for a prime ideal P of height n
there always exist elements x,,...,X  such that  is minimal over (x,,...,x).
Of course, this is a local question and reduces to proving that in an
n-dimensional local ring (A,m) there exist an m-primary ideal (x,,...,X)).

This is true, but we can say more as we shall see.

8.2.1 DEFINITIONS. Let (A,m) be a noetherian local ring, M a finitely
generated A-module. Put d(M) = inf(n| there exist x;,...,x, € m with

Supp M/(x;,...,x )M = {m}}. A set of elements x,,...,xy with d = d(M) such
that Supp M/(x;,...,%4)M = {m} is called a system of parameters of or for M;

we usually abbreviate to s.o.p. for M.

One can also introduce s.o.p.’'s in semi-local rings, as in
[Se, Ch. III, B-3]. Another way of looking at parameters follows from the
identity Supp M/aM = Supp(A/« + Ann M) for any ideal a, see 8.1.2 e).
Thus a s.o.p. for M is a shortest sequence of elements Xx,,...,X; such that
(%X;,...,X3) + Ann M is an m-primary ideal. Bearing this in mind, the reader

will have no trouble with the useful

8.2.2 EXERCISE. For a finitely generated module M over a noetherian
local ring A, the following are equivalent.

(1) Xy,...,% 1s a s.o.p. for M;

(ii) There exists t > 1 such that x},...,x} is a s.o.p. for M;
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(ii1) For all v, =1, i = 1,...,d, the sequence le,,..,x:d is a s.o.p.
for M;
(iv) Xy,.-.,X3 1s a s.o.p. for the A-module A/Ann M;

v) The images X;,...,X; in A/Ann M are a s.o.p. in that ring.
We now connect parameters and dimension.

8.2.3 THEOREM. Let M » (0) be a finitely generated module over a

noetherian local ring (A,m). Then dim M = d(M).

PROOF. Put A = A/Ann M. We know that dimM = dim A and
d, (M) = dK(K) by 8.1.2 e) and 8.2.2 respectively, so it is enough to prove
the statement for M = A.

Let n = dim A, and d = d(A). Then if x,,...,x; is a s.o.p., the
ideal (x,...,%Xy) is m-primary, son = ht m <d by 8.1.4. Conversely, we
shall construct X,,...,X;, € m such that for i = 0,...,n all prime ideals
p > (%),...,%;) satisfy ht p > i. For then m is the only prime containing
(%;,...,%,), which must then be m-primary. This will establish the other
inequality d < n.

The statement being trivial for i = 0, assume we have
constructed x,,...,X, , with the above property. Let nl, . ,ns be the prime
ideals minimal over (x;,...,X;,), all of which have exactly height i-1 < n.
Thus m properly contains U;q nj and we can choose an X; € m which is in
none of the nl, - ,n!. Now any prime p > (X;,...,X;) contains a prime minimal

over (%;,...,X;,), say pj, and the inclusion is strict because x, ¢ pj. Then

ht p > ht pj = i-1, which finishes the proof.

The above dimension theorem can also be proved without using

8.1.4. This generalized Hauptidealsatz, the reader should note, is in turn
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an immediate consequence of 8.2.3. Such an alternative approach brings in
characteristic polynomials and can be found for instance in [AM, Ch. 11] and
[Se, Ch. III, B]. It offers certain advantages, but we have opted for the
"prime avoidance" argument in the above proof, which in one form or another
is frequently used in dimension theory. It is worth observing that in this
proof we have actually constructed a system of parameters x = X,;,...,Xy for
the module M, with the property that every prime, minimal above (x,,...,x%,),
1 < i < d, has height 1. We might call this a "strong" system of parameters,
since not every s.o.p. has this property, as easy examples show [Ma 86, §14].
By exercising a little more care, we might even have achieved this extra
condition for every permutation y = YyreoeaY, of the x's, and we may call
this a balanced strong s.o.p. In order to further familiarize himself with
the notion of parameters, we invite the reader to prove the following fact,
vwhich we shall not need: every s.o.p. X;,...,X; has the property that, for
1l <r <d, at least one minimal prime p of (x;,...,x.) has height r, and
dim A/p = d-r. Another refinement of this kind is best described using the
notation of 5.1.14. Let x = b ST be an arbitrary s.o.p. Then there
exists a matrix T € E(d,A) such that Tx = y where y is a balanced strong
s.o.p. The proof requires a rather simpler version of the induction used in
the proof of Theorem 5.3.18.

In any case, a nonnull finitely generated module over a
noetherian local ring possesses s.0.p.’s and their length is always equal to
the dimension of the module. As a corollary, we obtain a further relation

between dimension and s.o.p.’s.

8.2.4 COROLLARY. Let (A,m) be a noetherian local ring and
Xp,...,% €m. If M » (0) is a finitely generated module, then

dim M/(%;,...,%)M + n > dim M. Equality holds if and only if x,,...,x, are
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part of a s.o.p. for M.

PROOF. Let M = M/(x,,...,x )M and let Yoy, be a s.o.p. for
M. Then m is the only element in the support of ﬁ/(yl, cee ,y.)ﬁ =
M/(x%y,... XY e ,y.)M and hence dim M = d(M) < n+s = n + dim M. If

equality holds, the x’s and y’s together form a s.o.p. for M. Conversely,
if x,,...,x, iIs part of a s.0.p. X;,...,X,,X4,...,Xq4 for M, then m is the
only element in the support of M/(x,,...,x M = M/(x_,,,...,x )} and hence

d-n > dim M. It follows that dim M = d > n + dim M and so there is equality.

Our next result concerns parameter ideals, i.e. ideals generated
by systems of parameters. It will be used in 9.1.1 and is copied from [BS,

Prop. 1.6] and [Ba, Ch. III, Lemma 3.4].

8.2.5 PROPOSITION. Let A be a d-dimensional noetherian local ring and
(X4,...,%4) and (yl, ... ,yd) parameter ideals. Then there exists a parameter
ideal (z,,...,z4) and positive integers r,,...,r; such that (xil, . ,x;d) C
C (21,52, ..., 58 C ol C (2, a2000%gY) € (21,...,29) C (Zg, ... 1Zg-11Y,)
C ... C (zl,yz,...,yd) C (yl,...,yd) is a chain of parameter ideals.

PROOF. We first construct a s.0.p. w,,...,wy such that
Wisee o W, Xygy,.-0,Xg @and Wy, WY 00y, 8T8 s.0.p. 's for 0 < i < d.
Since the case i ~ 0 is trivial, assume we have w,,...,w,, with the desired
property. The rings A/(w,,... SWy 1 Xy4s -0 Xy) and A/(wy, ... VY ,yd)

are one-dimensional by 8.2.4, and therefore the minimal primes of

(W oo Wi X4y oo -0 %g) and (W, ...,W,,,Y . ,yd) are all submaximal.

P S
Since there are finitely many of these, there exists a W, Em which is not
in any of them. This w, fills our requirements, and induction finishes the

construction of the w's.
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Now we can find exponents s, such that w:I € (yl, .. ,yd) and
successively w:* € (w:I, .. ,wzf;l,yl, .. ,yd), i =1,...d, since we are dealing

exclusively with m-primary ideals. Setting z, = w:* we have constructed the
chain going up from (z,,...,z,). Next observe that (z,,... ,zi,x:*:i, .. ,x:d)

are also parameter ideals for i = 1,...,d and arbitrary positive exponents
Ti41,--. 4. Choose an exponent r, such x:d € (z;,...,24) and then

r I r
successively r, such that x* € (z,,...,2z,,x,3}*,...,%). This finishes the

proof. Notice that we have again used prime avoidance.

We now investigate relations between the dimensions of a ring
and certain extension rings, in particular integral and polynomial
extensions. Although these facts are well known, we like to have them

available in the form in which we shall use them.

8.2.6 PROPOSITION. Let f: A - B be a faithfully flat ring extension

and let p c A be a prime ideal. Then there exists a prime 8 ¢ B with
p = £1(R). If moreover there is a prime q C p, then there exists a prime

ideal Q c & in B with q = £7(9).

PROOF. If we can prove that R ~ f }(R) describes a surjective

map from Spec B to Spec A, we are done for then we can find a prime R Cc B
with p = £f1(R) and if we apply this surjectivity to the faithfully flat
extension f: Ap - BB’ we see that there exists a prime § ¢ BB with

£71@) - qAn Contracting § to B gives us the prime Q) we wanted. For the
surjectivity, notice that fp: Av - Bp is faithfully flat, hence po » Bp' so

we can find a maximal ideal ® ¢ Bp with po Cc M. It is clear that then

f'pl(m) - pAn, and contracting & to B we get the prime R with £ 1(R) - p-
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8.2.7 THEOREM, Let f: A » B be a homomorphism of noetherian rings.
Let 8 ¢ B be a prime ideal and p = £ 1(R). Then hegB < hep + ht.BmBB/hB and

equality holds if f is a flat extension.

PROOF. Replacing A and B by A)J and Bp, we may assume that f is

a homomorphism of local rings (A,m) -+ (B,R) and that f'l(m) = m. If the

original f is flat, the new one is even faithfully flat since the

homomorphism is local. For the first statement we must prove that

dim B < dim A + dim B/mB. Let « = (X,,..,X;) be a parameter ideal in A,

then m* ¢ a ¢ m for some t > 0, hence m*B c ¢B ¢ mB. It follows that
R(aB) = R(mB), where R stands for the radical of an ideal, which implies
that dim B/aB = dim B/mB. Now let ?1,. . .,?s be a s.o.p. for B/aB. Then

Xyseoo ,xd.yl, . ,y' generate an fM-primary ideal in B so dim B < d+s =

dim A + dim B/mB.

Assuming now that f is faithfully flat, let s = dim B/mB and

let 9, S e S 9, = M be a chain of prime ideals in B such that mB c Q,.

Then m = £°(M) > £7(8,) > m and hence £(8,) = m for i = 0,...,s. If

Poc .- chy=m is a chain of prime ideals in A, we can apply 8.2.6 to
" "
find a chain of distinct prime ideals g, '3‘ Ry '3‘ . '3‘ R, in B with

f_l(Bi) - yi. Hence R, 5 . 5 Ry-1 5 9, 55 0, is a chain of distinct prime

ideals in B and it follows that dim B > d+s, which finishes the proof.

8.2.8 COROLLARY. Let M be a finitely generated module over a
noetherian local ring (A,m). Then dimﬂf{ - dimM, where ~ denotes the m-adic

completion.

PROOF. By 8.1.2 e) we know that dim,M is the dimension of the

ring A/Ann,M and since completion is an exact functor on finitely generated

modules, we have ;\/Annxf{ = (A/AnnM)". On the factor ring A/AnnM the
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m-adic topology is of course the topology defined by its maximal ideal
m/AnnM. We are therefore reduced to proving the corollary in the case
M = A, and there it follows from 8.2.7 since A + A is faithfully flat and

PN

mA = fa, see section 2.2.

8.2.9 PROPOSITION. Let A ¢ B be an integral extension of noetherian

local rings and let 8 c B be a prime ideal with p = 8 N A. Then ht8 = he,p.

PROOF. Since the ring extension ATI c Bp remains integral, [AM,
Prop. 5.6] the ring B»p/po is 0-dimensional [AM, Cor. 5.8)] so dim BR/)JB13 = 0.
Therefore 8.2.7 shows that htyR® < ht,p. The reverse inequality follows

because we have the Lying Over and Going Up theorems available [AM, Ths.

5.10 & 5.11].

8.2.10 COROLLARY. If (A,m) c (B,M) is a module-finite extension of

noetherian local rings, then every s.o.p. of A is a s.o.p. for B.

PROOF. Let x;,...,Xy be a s.o.p. of A, then
tA(B/(xl,. ..,X4)B) < = hence also LB(B/(xl, ...%X)B) < w, Since A cC B is
certainly integral, by the proposition dim A = dim B, so x,,...,%xy is a

s.o.p. for B.

We now lead up to the results on polynomial extensions which we

are after, in a series of exercises.

8.2.11 EXERCISES.
1. Let f: A -+ B be a ring homomorphism, ¢ an ideal in A and 81 = oB.

a) Let S be a multiplicatively closed system in A. For primes 8 in B we have
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R Nf(S) =P and X c B if and only if FI(B) NS = @ and a c £ 1(B).

b) Let p be a fixed prime in A. There exists an inclusion preserving

correspondence between primes R in B with i) - p and the primes of the
ring Bp/hﬂh

2. Let A be a principal ideal domain which is not a field. Then
dim A = 1. In particular, a polynomial ring in a single indeterminate over a
field has Krull dimension one.

3. When a is an ideal in the ring A, we denote by «[T] the ideal in
the polynomial ring A[T] consisting of all polynomials in the indeterminate
T whose coefficients lie in a.

a) a[T] = aA[T] and a[T] N A = q.

b) a is prime if and only if «[T] is prime.

c) If the prime p ¢ A is minimal over a, then p[T] ¢ A[T] is minimal over
a[T]. Hint: if the prime B in A[T] satisfies a[T] c 8 c p[T], prove that

R NA=p and dravw the desired conclusion.

d) For a prime p in A let W be the set of primes | in A[T] with R N A ~ p.
Prove that dim W = 1 and that p[T] is the unique minimal prime in W. Hint:

use 1., 2. and the identification A[T]n/pA[T]11 = (An/pAn)[T] .

8.2.12 THEOREM. Let A be a noetherian ring and A[T} a polynomial

extension. Then
1) ht,p = ht, ,)b(T] for every prime p c A;
(i1) If 8 is a prime in A[T]) with 8N A = p and 8 2 p[T), then

ht,y8 = ht,p + 1, and such a B always exists;

(iii) dim A[T] = dim A + 1;
(iv) If %;,...,%, € A generate an ideal of height n, then
ht ;8 2 n—?-l for every prime 8 c A[T] which contains x;,...,x, and the

indeterminate T.
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PROOF. Since P(T] = PA(T], (i) is a direct consequence of 8.2.7
Lo
since A + A[T] is flat. For (ii), use (i) and 8.2.11, 3 d). Now also (iii)
is clear so let us prove (iv). Put p = 8 n A, Then p contains (x,,..,x,) and

pI[T] S R since T ¢ p[T]. Hence ht, ;8 > ht, 4 \p[T] = htp = n.

8.3 PARAMETERS AND REGULAR SEQUENCES

In this section we further investigate parameters and compare
them with regular sequences. In 8.1.4 we saw that regular sequences certainly

behave like parameters, and here we explore the connection.

8.3.1 PROPOSITION. Let X,,...,X, generate an ideal of height n in a
noetherian ring A. Let f(X,...,X)) € A[X,...,X|] be a homogeneous polynomial
with f(x,,...,%x;) = 0. Now consider the ideal I in the polynomial ring
B = A[X,,...,X,,T] generated by the polynomials X,T - x,, {1 = 1,...,n. Then
f(X,,...,X)), as an element of B, is in R (I).

PROOF. Put Y, = X,T - x,. If deg f = s, then T*£(X,,...,X)) =
£(Y, 4%, ..., Y 4% ) - g(Y,,...,Y ), where g is a polynomial in the Y,’'s with
constant term g(0,...,0) = f(x,,...,x) = 0. Hence T*f(X,,...,X ) € I.

Suppose ® is a prime ideal in B containing I. If T € ®, then the relations
X,T - x;, € I imply that the x, € 8. Hence ht® = n+l by 8.2.12 (iv). But this
contradicts 8.1.4 since I is generated by n elements. Therefore T ¢ ® and
the membership T*f£(X,,...,X,) € I implies that £(X,,...,X) € 8. Since 8 > I

is arbitrary, this proves our contention.
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8.3.2 COROLLARY. Let X,,...,X, be elements of a noetherian ring A
which generate an ideal a of height n. Then b c R(a), where b is the ideal

b, associated to the x’'s before 5.1.11.

PROOF. Let p be a prime ideal containing ¢, and write f§ for the
prime ideal pB + (T) in the polynomial ring B. Since a« ¢ p, the polynomials
X,T - x, are all in B, hence I c 8. Now let £(X;,...,X)) € A[X,,...,X]] be
homogeneous with £(x;,...,x) = 0. In view of 5.1.10 it is enough to show
that the coefficients of f are in p. But 8.3.1 tells us that

f e nA[X,...,X ] =p[X,,...,X,], which says precisely that.

8.3.3 COROLLARY. Suppose the noetherian ring A contains a field k and
the elements x,,...,X, generate an ideal a« of height n in A. Then these

elements are algebraically independent over k.

PROOF. Let f(X,,...,X)) € k[X,,...,X,] be a nonnull polynomial
with f(x,,...,%x) = 0, and let f, be its homogeneous component of lowest
degree. Clearly f (x,,...,x) € a**!. Considered as a polynomial in

A(X,,...,X,], this f  has its coefficients in b by 5.1.10 with M = A, and
therefore in R(«) by the previous corollary. The latter ideal is proper, its
intersection with k is therefore (0). Hence f = 0, contradicting our

assumption.

Actually, the converse of 8.3.2 is also true: b ¢ R(a) implies
ht a = n, as was proved in [Val, Cor. 2.9]. The important local case of
8.3.2 is known as the analytic independence of all systems of parameters

and goes back to Zariski. The present proof is adapted from Davis [Da 67].
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8.3.4 COROLLARY. Let X = X,,...,X; be a s.0.p. in the d-dimensional

local noetherian ring (A,m). Then b _c m.

It is natural to ask whether the larger ideal a of 5.1.10 is

also contained in the maximal ideal. This is Hochster’s Monomial Conjecture
[Ho 73b, Conj. 1]. It is tantamount to requiring, in the notation of 5.1.10:
for any given s.o.p. x none of the homomorphisms .x%: A/a - A/ag,, is null,

t > 1. Corollary 5.1.16 allows us to state this for more general

determinantal maps as introduced in 5.1.14.

8.3.5 MONOMIAL CORJECTURE. In a d-dimensional noetherian local ring

A, suppose 5.0.pP.'S X = X;,...,%3 and y = Y,»---1Y, Benerate ideals o, D q,.

If Tx = y and A = det T, then the homomorphism .A: A/q - Ala, is nonnull.

Indeed, since R(ay) =m, 5.1.16 with M = A tells us that
(a,:4) C q . By hypothesis q_C m, so that .A: A/e, + A/q, is not null. As a
consequence of 8.3.4 and 5.1.14, the reader may prove that if g, = a,, then
.A is actually an isomorphism.

Since A/q = A/ﬁ for an m-primary ideal ¢, the Monomial
Conjecture is true for A if it is true for its m-adic completion A. The
conjecture was proved by Hochster for equicharacteristic rings [Ho 73b, Prop.
3] and when d < 2. He has also analyzed the situation in detail in [Ho 83].
We shall return to the matter in section 10.3. Here we merely invite the
reader to try his hand at the two-dimensional case, i.e. to show that
xtx§ ¢ (x8*1,x8*1) for any given s.o.p. X,, X, and t > 1; it will alert him to
some of the difficulties involved.

Besides the analytic independence 8.3.4 there exists another

motivation for the Monomial Conjecture. In 4.3.4 we have seen that the
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direct limit of the directed system of maps .x%: A/a, + Afug,, 1s H:(A).
Since local cohomology only depends on the radical of the ideal involved,

H3(A) is just Hy(A). In Corollary 10.2.2 we shall prove a result of
Grothendieck which asserts that H;(M) » 0 for any d-dimensional finitely
generated module M, so H;(A) » 0. This implies that for s large enough all

canonical maps A/u' - H;‘A) have nonzero image, and therefore all the maps

.xt: A/a, * A/q,,, are nonnull. In particular, all maps .x**: A/q, - VL SPP
are nonnull, in other words, the Monomial Conjecture is true for the s.o.p.
x},...,%3. The question then remains whether it is true for all systems of

parameters.

Two remarks are in order. Firstly, it is easy to see that the
statement is not valid for arbitrary d-dimensional modules [Ho 73b, Remark 6].
Secondly, the integer s can be uniformly chosen for all s.o.p.’s; this we
shall see in 11.2.4.

We next wish to examine systems of parameters more closely. To
this end let us recall that a reduced ring is one without nonzero nilpotent
elements and that a ring A is called unmixed when Ass A consists entirely
of minimal primes. An ideal g is called unmixed if ht a = ht p for every

p € Ass A/q; 1in particular, A/q 1s then unmixed.

8.3.6 LEMMA. A reduced noetherian ring is unmixed. Moreover an
element in a minimal prime ideal is always annihilated by an element outside

of that ideal.

PROOF. If ab = 0 for two nonzero elements, then, b not being
contained in all minimal primes, the element a has to be in at least one.
Thus Ass A consists of minimal primes. Now let a be in the minimal prime }.

Then An is an artinian local ring whose maximal ideal )1A1.j consists of

nilpotents. Thus (a/1)* = 0 for some t = 1. Hence sat = 0 for some s € A\p.
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Then (sa)® = 0 so sa = 0 which finishes the proof.

8.3.7 PROPOSITION. Let A be a noetherian ring and suppose the ideal
(%4,...,%,) #» A. Then ht(x,,...,x,) = r for every r, 0 < r < n, precisely if
for every y € A, a relation x_,;y € R(X;,...,x,) implies y € R(x,,...,x.),

r=0,...,n-1.

PROOF. Let p D (x;,...,X,) be a prime ideal minimal with
respect to this property. Then ht p < r by 8.1.4 but ht(x,,...,x.,)) = r+l,
so if %,y € R(x;,...,x.), then y € p. This holds for all such p, therefore
Yy e Ry, ...

Conversely we shall show that all minimal primes of (x,;,...,x.)

have height r, 0 < r < n. Since this is obvious for r = 0, suppose it has

been proved for 0,1,...,r < n. Assume then that ht p < r for some minimal
prime p O (%;,...,X;). Then p > (x;,...,%x.) is minimal (if not, there would
be another prime q with p 3 a> (x4,...,%x.) with ht g = r and this would

imply ht p > r). Now x_,, € P, and we can apply 8.3.6 to the reduced ring
A/R(xy,...,x.). This yields a y ¢ P such that x_,,y € R(x,,...,x.), which

contradicts our assumption. Hence ht P = r+l which finishes the proof.

It is worth comparing the above characterization of strong
parameters with fhe definition of a regular sequence in 5.1.1; in the latter
the radical signs are just dropped, the relationships hold "on the nose".
Similarly, if we replace the inclusion b c R(a) in 8.3.2 by the stronger
condition b c a, then the sequence x,,...,x, is A-pre-regular by 5.1.12, and
if A is local noetherian, then this means regular by 5.2.5, and the converse
is also true. It is therefore small wonder that one of the central and

recurrent themes in local algebra consists in comparing systems of
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parameters with regular sequences, in other words, dimensions with depths.
We offer a few results in this vein, which will illustrate the point. First
of all, Proposition 8.3.7 shows that a regular sequence x,,...,X; in a

noetherian local ring A is certainly part of a strong system of parameters.

For if x ..y € R(%;,...,%;), then (xrﬂy)" € (x;,...,x;) for some t > 1. Since
X;,. .. X,Xt, is a regular sequence by 5.1.3 d), it follows that
yt e (%xq,...,x,;) whence y € R(x;,...,%.), which fulfils the criterion of

8.3.7. A module version reads

8.3.8 PROPOSITION. Let M = O be a finitely generated module over a
noetherian local ring A. Any regular sequence on M can be extended to a

s.o.p. of M. In particular, dp M < dim M.

PROOF. In view of 8.2.4 we need to prove that
dim M/(x;,...,Xx )M + n = dim M for our regular sequence x,...,X,. Now
dim M/x,M = dim M - 1 when x; is not in any minimal prime of Supp M, which is
certainly true if x; is a non zerodivisor on M, i.e. x; avoids all primes in

Ass M. Carry on by induction.

One can actually prove a somewhat sharper inequality. To this
end, for any prime p, we write ht'p for the shortest length of a saturated
chain of prime ideals descending from p right down to a minimal prime in the
ring; this is Kaplansky'’s notion of "little rank" and the second statement
of 8.3.9 below is [Ka 74, Th. 138]. We can extend the notion to an arbitrary
ideal ¢ by putting ht'g = inf(ht'p| p O ¢} and modules M by putting dim™M is
the shortest length of a saturated chain of primes connecting the maximal
ideal m with a minimal element of Supp M. Of course ht'p < ht p and

dim™ < dim M. Write (A,m,k) for our local ring.
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8.3.9 PROPOSITION. In the situation of 8.3.8 dp M < dim"A/p for every
P € Ass M, so in particular dp M < dim'M. Also gr M < ht'p for every

p € Supp M.

PROOF. If p € Ass M, then A/p c M so k(p) c Mp' Thus
s%(p,M) = 0, by 3.3.3. If dimM = r, iterated use of 3.3.4 tells us that
pt(m,M) % 0, so dp M < r by 5.3.14. For the second inequality, recall that
gr M < dp Ap for every p € Supp M by definition, 7.2.9. So we need only

prove that for a noetherian local ring (A,m) always dp A < ht'm. But this

is a weak form of the first inequality, so that the proof has been furnished.

We close this section with another pretty and useful result,

which compares parameters and regular sequences in a particular case.

8.3.10 THEOREM. Let (A,m,k) be a noetherian local ring and
(X4,...,X,) = p a prime ideal of height n. Then y = SATEED A is a regular
A-sequence for every minimal set of generators y of p and (yl,..,yr) is a

prime ideal of height r for 0 < r < n.

PROOF. A minimal set of generators of p consists of dimp/mp
elements according to Nakayama; by 8.1.4 this number is n. It is enough
therefore to prove the result for the x’s. The ideal b attached to the x's,
is contained in R(p), 8.3.2. But p is prime, so R(p) = p. Theorem 5.1.12
now tells us that A is x-pre-regular, so in view of 5.2.5 x-regular, and
that the map ﬂA: @a/m X, X -~ GU(A) is an isomorphism. The left hand

ring is an integral domain, so is therefore the associated graded Gh(A)'

Using the fact that in our local ring the intersection of the powers of p

is the null ideal, 2.1.4, one easily sees that A is an integral domain.
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This takes care of the case r = 0.

We contend that the situation is similar for the factor rings
A= A/(%4,...,%), 1 <1 s n. The images X_,,,...,X; in A form a regular
sequence and generate a prime ideal § ¢ A. According to 8.1.4 we know
htxﬁ = n-r. The first part of the proof tells us that A is an integral

domain or that (x,,...,x.) is a prime ideal in A. The statement about its

height is again a consequence of 8.1.4.

This result is due to Davis, cf. [Da 78], see also [HSV, Kap. I,
Satz 3.16.7]. The condition "local" is essential in the theorem; there are
counter examples even in two-dimensional integrally closed noetherian domains

[He].

8.4 EXTENSIONS OF THE HAUPTIDEALSATZ

We continue this chapter with two later extensions of Krull's
important Theorem 8.1.4. We shall need the concept of a catenary noetherian
ring. This means that all saturated chains of prime ideals between any two
given p c q have the same length; this is therefore an invariant depending
only on p and q, and if A is local, this is simply dim A/p - dim A/q. A ring
is called universally catenary if all its finitely generated ring extensions
are catenary. These rings are not so special as one might believe; in section
9.3 we shall see that all complete noetherian local rings are universally

catenary, a fact we shall use in the proof of 8.4.1.
To present the first generalization, write M - Hom, (M,A) for

each A-module M and consider the bilinear pairing r: MﬁgAH -+ A given by
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r(fem) = f(m). The order ideal g, - (f(m) € A] £ € M") c A reflects
properties of the element m € M. In case M = A", a free module of rank n,

an element m € M is given by its coordinates x,,...,x, on a standard basis of
A" and 8.1.4 says that ht p < rk M for each minimal prime p of o, provided

m € mM for some maximal ideal m. In order to exploit this point of view, we

need to extend the notion of rank. So let rk M = rk

A(O)H(o) in case A is an

integral domain, and if not define rk M = max rkApmAn(Hp/th) where p ranges

over the minimal primes of A. Clearly, if M is finitely generated, its rank

is a nonnegative integer. By localizing at m we can reduce to a local ring:

8.4.1 THEOREM. If M is a finitely generated module over a noetherian

local ring (A,m) and m € mM, then ht p < rk Hp for each minimal prime p

of o.

This was proved by Eisenbud and Evans for equicharacteristic
rings [EE, Th. 1.1], and by Bruns [Br, Th. 1] in general. We shall follow the

latter’s proof.

PROOF. First observe that, since M is finitely presented, B®,0,
is the order ideal of the element 1l®m € B® M in the ring B whenever B is a
faithfully flat ring extension of A. Taking for B the m-adic completion of A,
tensoring with which also preserves both height, 8.2.8, and rank, we may
restrict ourselves to complete local rings. Now divide out by a minimal

prime p of A such that htAlp(omﬂ))/p = ht o,. Tensoring the pairing
T H'@AH -+ A with A/p, we find that (0,+p)/p is contained in the order ideal
of m mod pM in A/p while rkAmM/pH < rk,M. Thus we may carry out our proof

for a complete local domain which we again call A. Such a ring is

universally catenary, cf. section 9.3.
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Since m € mM, write m = 3}, x,m, with x, e m, m, €M,
i=1,...,n. In the polynomial ring A[X,,...,X,] the ideal (m,X;,...,X)) is
maximal; we localize at it to obtain a faithfully flat extension of local
domains A » B. The images of the elements x;+X,,...,x +X, in B generate an
ideal q ¢ B. Since B/q ~ A, the ideal q is prime in B. Let K be the field

of fractions of A, then K is contained in Bq because An q = (0) and M' =

(B@AM)Q - BQQKKGAM is a free Bq-module of finite rank. Consider the element

vo= (X 4X))m + L.+ (#X))m, € Be, M. Then its order ideal in B satisfies
htgo, = hr‘aq(qusov) < rk.BqM' = rk,M, where the inequality is given by our
interpretation of 8.1.4 in terms of an order ideal of a free module and the
left hand equality stems from 8.2.12 (i).

The local domain B is catenary, therefore there exists a prime
ideal 8 c B which contains g, as well as all the indeterminates Xioeo Xy,

and such that hty® < rk,M + n. Now B®,0, C o, because any f € M" extends to

an element 1@f € (B@AM)'. Therefore R contains a minimal prime R, of B®,0, .
But all minimal primes of B®,0, are extended from minimal primes of 0, by
8.2.11. Therefore R, C B, + (X)) € ... € By + (X},...,X)) is a strictly
increasing chain of prime ideals in B which are contained in g, so ht,q, =

hty(B®,0,) < htyR, < rk,M. This finishes the proof.

8.4.2 EXERCISE. In the situation of the above theorem, prove that

ht f(M) < rk M for each f e mM".

The second extension of the Hauptidealsatz is Hochster's

Homological Height Theorem [Ho 73a, Conj. (A)]:

8.4.3 THEOREM. Suppose A + B is a homomorphism of noetherian rings and
M is a finitely generated nonnull A-module with annihilator a. Suppose R c B

is a prime ideal minimal above ¢B. Then ht;® < pdM.
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To show that this implies 8.1.4, take A = Z[X,,...,X ],
a=(X,...,X), M= A/a. By Hilbert's Syzygies Theorem or e.g. 5.1.9,
pdM = n. A homomorphism of A into any given ring B is determined by
specifying the images x;,...,x, € B of X;,...,X . So we recover Theorem 8.1.4:
if 8 ¢ B is a minimal prime of ¢B, then ht,® < n.

Another consequence of the Homological Height is Rees’
inequality 7.2.11: take A = B and ® a minimal prime of the ideal g ¢ A. Then
we know that gr M = dp(a,A) <ht R, 7.2.9, and we obtain gr M < ht 8 < pd M.

The Homological Height Theorem was proved by Hochster in equal
characteristic and conjectured in general. Recently P. Roberts has settled
the remaining case. We shall discuss this in 13.1.3. Here, we take the proof
as read and investigate several consequences. The first is the celebrated
Intersection Theorem, first proved by Peskine-Szpiro [PS 73, Ch. II, Th. 2.1]

when A contains a field, at least in most interesting cases.

8.4.4 THEOREM. (Intersection Theorem) Let M = 0 and N be finitely
generated modules over a noetherian local ring (A,m,k). Then

dim N < pd M + dim(Mg,N).

PROOF. Put ¢ = Ann M and b = Ann N. Then Supp(Mg,N) =
Supp M n Supp N = Supp A/(a + b), see 8.1.2 e). We proceed by induction on
dim(Mg ,N).

If dim(M@AN) = 0, the ideal « + b is m-primary and 8.4.3 with
B - A/ ylelds dim N - dim A/b = ht;m/b < pdM.

If dim(M®,N) > O, take an element x € A which is part of a
s.0.p. for both N and M®,N, see the beginning of the next section. Since

Mo, N/xN = (M®,N)/x(Me,N), we find dim N = dim N/xN + 1 < pd M + dim(M®,N/xN)
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+1=pdM+ dim(M@AN).

8.4.5 COROLLARY. Let M » 0 be a finitely generated module over a
local noetherian ring A. If pd M < =, then
(1) dim A < dim M + pd M (H.-B. Foxby);

(11) dim A - dp A<dim M - dp M (D. Buijs).

PROOF. Both statements are equivalent in view of the identity

dp A=dp M +pd M (7.1.5), while (1) is just 8.4.4 with N = A,

Buijs’ formulation is particularly suggestive. It says that
among finitely generated modules of finite projective dimension, the defect
between dimension and depth is minimal for the ring itself. We elaborate on

this theme in the next chapter.

8.5 DIMENSION CONJECTURES

Throughout this section we work with finitely generated modules
M and N over a noetherian local ring (A,m,k). The standing reference is the
joint thesis of Peskine and Szpiro [PS 73].

Suppose both M and N have positive dimension, then it is easy
to find an element x € m which is part of a s.o.p. for M and part of a s.o.p.
for N. We need to avoid the minimal primes of Supp M and those of Supp N
and these are finite in number. Since m is not among them by the dimension
condition, there exist such an x by prime avoidance. Also dim M/xM =

dim M - 1 and dim N/xN = dim N - 1 in view of 8.2.4, so we can continue
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until either dimension gives out. Similar considerations work for regular
sequences on modules of positive depth. This time we need to avoid the
primes in Ass M and in Ass N and find an x € m such that dp M/xM = dp M - 1
and dp N/xN = dp N - 1, cf. 5.3.7 and 5.3.9. We can continue to construct a
common regular sequence on M and on N until either depth gives out.

Of course this does not mean that an arbitrary s.o.p. resp.
regular sequence for M can always be extended to a s.o.p. resp. regular
sequence for N. We illustrate the point by a banal example. Put
A = k[[X,Y]]/(XY) and M = A/(y) = k[[x]] where x and y are the images of X
resp. Y in A. Clearly x is both a parameter and a non zerodivisor on M, but
not in A. On the other hand, x+y is both a common s.o.p. and a non
zerodivisor on M and A.

For which modules can every s.o.p. on M be extended to a s.o.p.
of A? Same question for regular sequences? M. Auslander conjectured that the
second property is true whenever M has finite projective dimension, while
Peskine-Szpiro did the same for the first property. Auslander’'s conjecture
is now a theorem, and we shall treat it in 13.1.10. Here we shall discuss

the parameter version and tie it in with Theorem 8.4.4.

8.5.1 PROPOSITION. For a finitely generated module M » O over a

noetherian local ring A the two following statements are equivalent:

(1) Every s.o.p. of M can be extended to a s.o.p. of 4;
(ii) dim M + dim N < dim A + dim(M®,N) for every finitely generated
module N.

PROOF. Clearly dim(M®,N) < dim N, so we can find a s.o.p.
Xy,...,% of M® N which extends to a s.o.p. of N. If a = (%;,...,x,), then

dim N = dim N/aN + r by 8.2.4 and the associativity of the tensor product
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tells us that M@AN/aN - (M@AN)/G(MQAN) which has finite length. If we put

b = Ann N/aN, this implies {(M®,A/b) < =. Thus there exists a s.o.p. AT A
of M which is contained in b, where s = dim M. Extend this, according to (i),
to a s.0.p. ) AT A ARTRERI N of A, with d = dim A. We also see that

dim A/(yl,...,y‘) > dim A/p = dim N/gN, so d-s > dim N/gN = dim N - r. The

inequality (ii) follows.

Conversely, let LARENS & be a s.o.p. for M, and put
¢ - (yl....,y‘). Since M/cM = M®,A/c has finite length, condition (ii) says
that dim M + dim A/c < dim A. If 2,,...,2z, is a s.o.p. for A/c, then
(yl,...,y‘,zl,...,zt) is an m-primary ideal so the inequality tells us that

s+t = d and we have extended to a s.o.p. of A, finishing the proof.

Having observed this, Peskine-Szpiro went on to relate version
(ii) above with a strengthening of 8.4.4 which replaces projective dimension

by grade. We need a general inequality involving grade.

8.5.2 PROPOSITION. Let M and N be finitely generated, nonnull modules
over a noetherian local ring A. Then

dp N < gr(M,N) + dim(M®,N) < dim N.

PROOF. By definition of grade, and the fact that N is finitely

generated, gr(M,N) < E-dpAnNn - dpApr < dlngan where p ranges over
Supp M N Supp N = Supp(M®,N) in view of 8.3.9. Since dim A/p + diuhpr < dim N

for every such p, the right hand inequality follows.

For the left hand one, we induce on gr(M,N). If this is O, some
prime p of Supp M is in Ass N. Then dp N < dim"A/p < dim(Mg,N) by 8.3.9. If
gr(M,N) > 0, take an x € Ann M which is regular on N. Then gr(M,N/xN) =

gr(M,N) - 1 and dp N/xN = dp N - 1. The result follows by induction.
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A slightly different formulation of the next result is contained

in [PS 73, Th 1I 0.10].

8.5.3 THEOREM. For a finitely generated module M » O over a noetherian

local ring A statements (C) and (D) are jointly equivalent to (S):

(C) gr M + dim M = dim 4;

(D) dim M + dim N < dim A + dim(M®,N) for every finitely generated
A-module N;

(S) dim N < gr M + dim(Mg,N) for every finitely generated A-module N.

PROOF. Assuming (C) and (D), one rewrites dim A in (D), using
the identity (C), to obtain (S). Conversely, assume (S). Add dim M on both
sides of this inequality and use the right hand inequality of 8.5.2 with
N = A to obtain (D). To obtain (C), compare (S) and the right hand

inequality of 8.5.2, both with N = A,

8.5.4 CONJECTURES. All three statements in the preceding theorem are

true when pd M < =,

For (C), this was conjectured by M. Auslander and it is
sometimes called the Codimension Conjecture. The other ones are due to
Peskine and Szpiro; one might call (D) the Dimension Conjecture while (S) is
sometimes referred to as Strong Intersection. It is indeed stronger than the
Intersection Theorem 8.4.4: gr M < pd M by 7.2.11. This means that for
perfect modules (S), and hence the two others, are true. Notice that (C)
implies 8.4.5. in view of 7.2.11.

The statements have been proved in the graded case by Peskine-

Szpiro in a later note [PS 74, Th. 2], and also a few very special cases are
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known. But in general these conjectures rate among the most important open
questions in local algebra, cf. [Sz]. Peskine-Szpiro took these conjectures
to assert that the support of a finitely generated module of finite
projective dimension sits in Spec A in a particularly nice way. For the
Dimension Conjecture this shows clearly in its parameter version 8§.5.1.
Statement (C) too can be viewed in this light, as we shall see in 9.1.7.
Finitely generated modules of finite injective dimension enjoy
similar, though distinct privileges. Whereas 8.5.4 conjectures that in §.5.2
(for N = A) the largest possible value is reached by gr M + dim M when
pd M < @, the smallest bound is obtained when id M < =« [PS 73, Ch. I,

Cor. 4.9]:

8.5.5 PROPOSITION. Let M be a finitely generated nonnull module of
finite injective dimension over a noetherian local ring (A,m,k). Then

idM =dp A=gr M+ dimM.

PROOF. We need to prove that dp A > gr M + dim M, since
dp A= id M by 7.1.5. Take q € Supp M with dim A/q = dim M. Since

dp Ap > gr M for every p € Supp M, it is enough to prove that

dp A > dp Ap + dim A/p for every such prime. So let dp Ap - 5. Since

id‘p"ﬁ < o, this integer is s. Theorem 3.3.3 and Corollary 3.3.6 imply that
p*(p,M) = 0, and then also that p***(m,M) = O where t = dim A/p in view of
3.3.4. Thus dp A = 1d M > dp Ag + dim A/q in particular, which proves the

result.

This is a convenient place to record an observation of Bass

[Ras, Lemma 3.5] concerning modules of infinite injective dimension.

8.5.6 PROPOSITION. Let M be a finitely generated module of infinite
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injective dimension over a d-dimensional noetherian local ring (A,m,k). Then

wt(M) » 0 for 1 > d.

PROOF. If d = 0, then A is artinian with unique prime ideal m,

and pt(M) = O would imply id,M < i, so proceed by induction on d. In case

- . . J - J
idADMn o for some nonmaximal prime p, then u’(p,M) 17 (pAn,Mn) w 0 for

j = dim A}J = ht p by 3.3.2 and the induction hypothesis. Then u!(M) =

pt(m,M) » O for 1 > j + dimA/p in virtue of 3.3.4, so certainly for i > d.

In the other case, d > dim Ap > dp Ap - ldﬂpMﬁ for every p » m, which means

that u*(p,M) = 0 for i > d. The result follows, since otherwise a minimal

injective resolution of the A-module M would turn out to be finite.



9 COHEN-MACAULAY MODULES AND REGULAR RINGS

In this chapter we investigate what happens when parameters
actually form regular sequences. The spade work has been done in previous
chapters, and we are quickly led to the notions in the title. Taking our
cue through pre-regularity, we discuss Cohen-Macaulay properties in the
first section, referring to the literature for some of the more familiar
ones. In 9.2 the main properties of regular local rings are derived, which
in section 9.3 lead us to the Cohen structure theorems for complete
noetherian local rings. This is a natural place to introduce the Direct

Summand Conjecture.

9.1 COHEN-MACAULAY MODULES AND RINGS
9.1.1 THEOREM. Let (A,m) be a d-dimensional noetherian local ring and
X = X;,...,Xg @ s.0.p. If M is an x-pre-regular module then its m-adic

completion M is y-regular for every s.o.p. y and z-regular for every pre-

regular sequence z = Zy,.-.,2; on M.
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PROOF. Since @ = (x,,...,%Xy) is a parameter ideal, the g-adic
and m-adic topologies coincide. By Theorem 5.2.3 the module M is x-regular
and whenever M is regular for some s.o.p. v = v,,...,v,, then it is regular
for every permutation of the v’'s. Now let r,,...,ry be positive integers

and z,,...,z; be parameters such that there exists a chain of parameter
ideals as in 8.2.5 connecting (xil, Ce ,x:d) and (yl, - ,yd) step by step.
It suffices to prove that if (v,,...,vy) € (v,,...,v4,,¥,) are parameter

ideals and M is v-regular, then w; is a non zerodivisor on ﬁ/(vl, e ,vd_l)ﬁ.
But this is easily seen to be true for any module.

The statement on z-regularity is clear from 5.2.6.

In order to discuss the significance of this result, we
introduce the notions of Cohen-Macaulay and pre-Cohen-Macaulay modules,
usually abbreviated to CM resp. pre-CM. Over the noetherian local ring (A,m)
let us suppose that mM » M. Then dp M < E-dp M < dim M < dim A by 5.3.7,
6.1.10 and 6.1.11, while the first inequality is an equality in case M is
finitely generated, 5.3.9. A finitely generated module with dp M = dim M is
customarily called a Cohen-Macaulay module, and A is called a Cohen-

Macaulay ring if dp A = dim A.

9.1.2 DEFINITIONS. Let x = X,,...,X; be a s.0.p. in a noetherian
local ring A. An A-module M is called a Big Cohen-Macaulay module w.r.t. x
if it is x-regular; it is called x-pre-Cohen-Macaulay if it is x-pre-
regular. A Big CM-module is called balanced if it is CM with respect to all

s.o.p.'s.

A few remarks are in order. The designation "Big" signifies

that the module has maximal depth, i.e. dp M = dim A, but also that the
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module need not be finitely generated. For pre-CM modules we omit this
adjective, since there is no usage before [BS, §1].

The next observations interpret previous results in terms of
the new terminology. Theorem 5.1.7 says that a Big CM module is always pre-
CM, while Theorem 9.1.1 now reads: the m-adic completion of a pre-CM module
is a balanced Big CM module, so for a complete module the notions pre-CM and
balanced Big CM imply one another. This is also true for finitely generated
modules by Corollary 5.2.5, but not in general, as shown in Example 5.1.2 3).
Also notice that a pre-CM module w.r.t. a single s.o.p. is pre-CM for every
s.o0.p. (so is "balanced", if you wish) by 5.2.6 and the fact that the
completion is balanced.

Though we do not go into details here, let us just mention that
the conditions in Theorem 5.1.7 between Big CM and pre-CM are all distinct,
as can be shown by examples [Ba, Ch. V, §4]. For instance, a module M over a

noetherian local ring A satisfies E-dp M = dim A precisely when Hp(x,M) =0

for all s.o.p.'s x and all p 2 1, and it is enough to require this for a
single s.o.p. This result of Bartijn’s follows from 6.1.10. By the above,
however, all of these conditions coincide for finitely generated modules.
Cohen-Macaulay rings and modules have many pleasant properties,
well documented in [Se, Ch. IV, B],{Ka 74, Ch. 3, §1] and [Ma 86, Ch. 6, §16].
Part of these properties have been extended to balanced Big CM modules by
Sharp [Sh 81], Foxby (unpublished) and Zarzuela [Za 87] and [Za 88] or to
complete Big CM-modules [Si]. We mention here that a CM ring is universally

catenary [Ma 86, Th. 3.1] and that the noetherian local ring (A,m) is CM if

and only if its m-adic completion A is. This last fact is easily seen by
noticing that we need only prove that the ring is pre-CM w.r.t. some s.o.p.
X = X,,...,%, and, by 5.1.12, it suffices to show that the maps

t

-x®: A/u » A/q,,, are injective for t 2 1, where we have used notation

standard in that chapter. But ¢ and ¢, are m-primary ideals, hence A/ﬂa =
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A/a and IA&/?mt_+1 = Afa 2.2.5, so that we are looking at the same map for

t+l!

the completion.

9.1.3 PROPOSITION. If a noetherian local ring (A,m) possesses a pre-

CM module, then it satisfies the Monomial Conjecture.

PROOF. We wish to show that for a given s.o.p. x = X;,...,%4

none of the maps .x%

1 Afa A/(lt_+1 is null, t > 1, where the notation is as
in 5.1.7. If M is a pre-CM module, it is pre-CM w.r.t. x. Tensoring the

above maps with - @,1, yields the maps .x*: M/aM -+ M/q .M which by pre-

t+1
regularity are injective. But pre-regularity also implies that M/aM w» O,

so the original maps cannot be null.

Notice that for an m-primary ideal a the condition M » oM is
equivalent to M » mM for any module M. Other consequences of the existence
of pre-CM-modules will be treated in Chapter 13.

A few useful properties of Cohen-Macaulay rings are codified in

9.1.4 PROPOSITION. Let a be a parameter ideal in a d-dimensional
Cohen-Macaulay ring (A,m). Then Exti(A/u,M) =~ Torgﬂ(A/u,M) for every

A-module M and all i. Moreover fd H;(A) = d and H%(M) = Torgﬂ(H;(A),M).

PROOF. This is a direct consequence of Theorem 7.3.4, since a

parameter ideal is generated by a regular sequence of length d, while

HL(M) = Hy (M) for all i and all M.

We now state a number of results on finitely generated modules

of finite projective dimension stemming from the inequality 8.4.5 (ii) and
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which use the notion of Cohen-Macaulay rings and modules.

9.1.5 PROPOSITION. Let M be a finitely generated module over a

noetherian local ring (A,m,k) with pd M < «». Then the rings An are Cohen-

Macaulay for all primes p which are minimal in Supp M. Moreover gr M =~ ht q

for at least one such prime q.

PROOF. If p is minimal in Supp M, then dim Mp = 0 so dp Hp = 0.

From 8.4.5 (ii), we conclude that An is CM, since pdAbHD < pdM < =,

o k() ULV
mmmmmgn1ﬁm%%memwmw71mwum%% Mﬁ

so the inequality just recalled shows that this infimum must be achieved for

a prime q minimal in Supp M. Thus gr M = pquMq. Since dpA Mq = 0, we have
q

pquMq - dp Aq by 7.1.5, and we already know that the ring Aq is Cohen-

Macaulay, so gr M = dp Au = ht q.

9.1.6 COROLLARY. If ¢ = Ann M, then ht « = gr M.

This allows one to reformulate the Codimension Conjecture

8.5.3 (C), cf. [Fo 79, Th. 5.5].
9.1.7 CONJECTURE. In the corollary, ht a + dim A/q = dim A.

This rather explains the name codimension conjecture and yet
again illustrates the theme emphasized in section 8.5: the support of a
finitely generated module of finite projective dimension is embedded in
Spec A in a particularly nice way. It also shows that the Codimension
Conjecture is true for a ring in which all maximal chains of prime ideals
have length equal to the dimension of the ring, e.g. a catenary noetherian

local domain. More generally, rings which satisfy the identity 9.1.7. for
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all ideals o have been dubbed taut-level in [Ra]. We show that a Cohen-
Macaulay ring is taut-level and that, a fortiori, the Codimension Conjecture

is true for such a ring.

9.1.8 PROPOSITION. Let A be a Cohen-Macaulay local ring. Then
ht ¢ + dim A/g = dim A for every ideal g and if « = Ann M for a finitely

generated module M, then ht ¢ = gr M.

PROOF. Since always gr M < ht a and ht ¢ + dim A/a < dim A by the
definitions, the inequality 8.5.2 with N = A implies dp A < gr M + dim A/¢ <

ht a + dim A/a < dim A. If A is Cohen-Macaulay, these are equalities.

We next prove a result which combines observations of Peskine-
Szpiro and Macaulay and tells us when strong parameters actually form a

regular sequence.

9.1.9 THEOREM. Let x,,...,x_ be elements in a noetherian local ring A

which generate an ideal o of height r. Then the following are equivalent:

(1) pd A/u < =;
(ii) X,,...,X, are a regular sequence;
(1i1) pd A/a® < = for all t > 1.

PROOF. If one assumes (ii), then «* is generated by all monomials
in x,,...,x, of degree t and pd A/¢* < = by Theorem 5.1.8, in view of
Corollary 5.2.5.

Since (iii) obviously implies (i), let us suppose pd A/a < «. According to
9.1.6 we have gr A/a = ht « = r, while gr A/a = E-dp(a,A) = dp(a,A) by the

remarks following 7.2.10. Now conclude by Exercise 5.3.19 that x,,...,x_ is
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A-regular. The reader is invited to provide an alternative proof using 5.2.5
and 6.1.6 or Exercise 3 of 7.3.7.

It is clear that the ideals considered in this theorem are
perfect, i.e. the cyclic modules A/¢" are perfect. A special case arises
when r = dim A: if pd A/« < « for a parameter ideal g, then A is Cohen-

Macaulay, and vice versa. In fact we can characterize CM rings as follows.

9.1.10 PROPOSITION. A noetherian local ring is Cohen-Macaulay if and
only if it possesses a module which has finite length and finite projective

dimension.

PROOF. The "if" part is a corollary either of 8.4.5 (ii) or of
9.1.5. In fact the former shows that it is enough for the ring to possess a

CM-module of finite projective dimension, and this module is then perfect.

This proposition and the stronger statement just mentioned can
be conceived as dual versions of a question of Bass, which we shall deal with
in 13.1.6. We end the section with a series of statements in the form of an
exercise. Let us for brevity refer to a finitely generated module of finite
projective dimension which satisfies an equality in 8.4.5 (ii) as a Buijs

module.

9.1.11 EXERCISE. We consider finitely generated modules M over a
noetherian local ring A.

a) If M is perfect, then dp(p,A) = pd M for every p € Ass M.

b) A perfect module is a Buijs module; a Buijs module M satisfies (D) of
8.5.3 and is perfect iff it satisfies (C).

c) If A is Cohen-Macaulay, perfect modules, Buijs modules and Cohen-Macaulay

modules of finite projective dimension are all the same.
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d) 1f M is Cohen-Macaulay, with annihilator q, then B = A/q is both taut-

level and catenary, and if b is an ideal in B, then dp(b,M) = ht b.

9.2 REGULAR LOCAL RINGS

Cohen-Macaulay local rings were characterized as those rings in
which each s.o.p. forms a regular sequence, and it is enough to know this for

a single s.o.p. What if the maximal ideal itself is generated by a s.o.p.?

9.2.1 THEOREM. Let (A,m) be a d-dimensional local ring and suppose

that m = (x;,...,%;). Then every permutation y = y R A of the x’s forms a

1

regular sequence and (yl,...,y:) is a prime ideal of height r for 0 < r < d.

This is just the case p = m of 8.3.10. A local ring as above
is called regular; it is a special kind of Cohen-Macaulay ring and also a
domain (case r = 0 in the theorem). In order to prove the main theorem
characterizing regular rings, we need the following observation which
appears in Grothendieck [Gro 64, Ch. O, Lemme 17.3.1.3] but is probably due

to Kaplansky.

9.2.2 LEMMA. In a noetherian local ring (A,m,k) let x € m\m2. Then

m/(x) is a direct summand of m/xm as an A-module.

PROOF. Let XY 0y, be a minimal set of generators of nm,

which is obtained by lifting a k-basis of the vector space m/m?. Put
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a« = (yl,...,yr). Then a + (x) = m while a¢ N (x) ¢ xm; the latter inclusion
holds because yx € a cannot be true for a unit y. Therefore the composition

m/(x) = (a + (x))/(x) = a/(a N (X)) » m/xm > m/(x)

is the identity and we have the desired splitting.

Recall that the global dimension of a ring is defined to be

sup(i| Ext:(H,N) » 0) over all couples of modules M and N and that for a
local noetherian ring (A,m,k) we know that gl dim A = pd,k, see for instance
[Se, Ch. 1V, C] or { Ma 86, §19, Lemma 1). We are now in a position to
prove a well known characterization of regular local rings due to Auslander-
Buchsbaum and to Serre [Se, Ch. IV, Th. 9],[Ka 74, Ch. 3, §3] or [Ma 86,

Ch. 7]. The usual procedure is to concentrate on pd,k. Here, as an
alternative, we feature id,m, following an exercise in Kaplansky [Ka 74,

Ch. 4, Exc. 6].

9.2.3 THEOREM. For a d-dimensional noetherian local ring (A,m,k) the

following statements are equivalent:

69 A is regular;

(i1) dimm/m? = d;

(iii) m can be generated by a regular sequence;

(iv) The map ﬂA: k[X,, ..., %] - Gy, (A) of 5.1.12 is an isomorphism,
where X,;,...X; generate m;

V) gl dim A < «;

(vi) idm < =,

PROOF. (i) e (ii): Since a basis of the k-vectorspace m/m? lifts
to a set of generators of m, the condition dimm/m? = d just means that m can
be generated by a set of parameters.

(i) » (iii): Is proven in 9.2.1.
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(1i1) » (iv): Since this regular sequence is certainly a s.o.p., we know that
the sequence has length d. A regular sequence is in turn pre-regular, and
the proof that ﬂA is an isomorphism is furnished by Theorem 5.1.12.
(iv) = (ii): The images ﬂA(Xi), i=1,...,d, form a k-basis of m/mZ2.
(1ii) » (v): The A-module k arises from A by dividing out a regular sequence
of length d; hence pd,k = d. By the result recalled above, then gl dim A = d.
(v) = (vi): A fortiori.
(vi) » (iii): Ve first observe that idm = dp A = s by 7.1.5, and we induce
on this common integer and show that it is d.

Case s = 0: Let x € m and consider the ideal (x) in A. The
injection (X) » m extends to a map f: A+ m, given by 1 » y for some y € m.
Then f(x) = xy = x and x(1-y) = 0. However, l1-y is a unit, so x = 0. Thus
A =k, and a field is a 0-dimensional regular local ring.

Case s > 1: Since dp A = s > 1, there exists a non zerodivisor
in m\m?. For if not, then m\m® c U b, where the finitely many p,'s are the

2

elements of Ass A. Thenm c m* U p,, and since m ¢ m?, then m C b, for some

i [Bo 6la, Ch. 2, §1, Prop. 2]. Therefore m € Ass A which would mean
dp A = 0.

Let x be a non zerodivisor in m\m?. Consider the maximal ideal
m/(x) in the factor ring A/(x). By Lemma 9.2.2 it is a direct summand of
m/xm, while idA”xﬂn/xm = g5-1 in view of 3.3.6 (ii). Thus idA”xﬂn/(x) < s-1
but, because dp A/(x) = s-1, we must have equality. By the induction
hypothesis, this maximal ideal m/(x) is generated by a regular sequence

¥,oo-0¥,, in the local ring A/(x). Clearly m is generated by the regular

sequence X,y ,...,Y¥ in A, so s = d.

Once this result has been established, there are many facts

about regular local rings which can be deduced. We refer to [Se, Ch. IV, D]
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and to [Ma 86, Ch. 7]. Here we only mention one of the crowning results in
Serre’s influential course. He showed that the Dimension Conjecture (D) in
8.5.4 is true for all finitely generated modules over a regular local ring
[Se, Ch. V, Th. 3]. Since the Codimension Conjecture (C) is true even over a
Cohen-Macaulay ring, 9.1.7, this means that Conjectures 8.5.4 are all
satisfied for every finitely generated module over a regular local ring. Now
such a module has finite projective dimension by Theorem 9.2.3, so it was
imagined that this was its distinguishing feature. Thus Serre’s achievement
naturally led to Conjectures 8.5.4 and a number of related ones regarding
finitely generated modules of finite projective dimension, which are

certainly not satisfied for arbitrary modules over a noetherian local ring.

9.3 COMPLETE LOCAL RINGS AND THE DIRECT SUMMAND CONJECTURE

We first observe that if A is the m-adic completion of a

noetherian local ring (A,m), then A is regular if and only if A is. This
follows from any of the characterizations in 9.2.3. It is clear that if K is
a field, the power series ring K[[X,,...,X]] withm = (X,,... X)) is
d-dimensional regular local, complete in its m-adic topology.

Now suppose that (A,m,k) is a complete noetherian local ring
which is equicharacteristic. In 2.3.3 and 2.3.5 we obtained I.S. Cohen’s
result that A contains a field of representatives or, as some authors write,
a coefficient field. We now prove Cohen’'s two important structure theorems

for such rings.

9.3.1 THEOREM. Let (A,m) be an equicharacteristic local ring, complete
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in its m-adic topology. Then A is a homomorphic image of a power series ring
K([X,,...,X,]] over a field K. If A is d-dimensional regular, we can choose

n = d and K[[X},...,X4]] = A.

PROOF. Let K be a field of representatives in A, then K + m = A
and Knm = (0). Let x;,...,x be a minimal set of generators of m, then we
can map K[X,,...,X ] to A by choosing the identity on K and sending X, to x,,
i=1,...,n. This map is continuous w.r.t. the (X;,...,X )-adic topology in
K[X,,...,X,] and the m-adic topology in A. Since A is complete, the map
factors through the (X,,...,X )-adic completion of the polynomial ring so we
obtain a continuous ring homomorphism ¢: K[[X;,...,X ]] » A which is clearly
surjective.

In case A is regular, n = d and A is an integral domain. Thus
ker ¢ is a prime ideal, and comparing dimensions shows that it is (0), which

finishes the proof.

9.3.2 COROLLARY. An equicharacteristic complete noetherian local ring

is universally catenary.

PROOF. It is the homomorphic image of a Cohen-Macaulay ring.

9.3.3 THEOREM. Let (A,m) be a d-dimensional equicharacteristic
noetherian local ring, complete in its m-adic topology. Then there exists a
field K and a subring K[[X,,...,X;]] of A such that A is a finitely generated

module over this subring.

PROOF. Let K be a field of representatives in A, and

X = X;,...X; @ s.0.p. in A. As in the proof of 9.3.1 we obtain a continuous
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ring homomorphism K[ (X,,...,X;]] = A which is not surjective this time. It

is injective, however: For suppose that f = T f,, with f, homogeneous of
total degree i in X,,...,X;, is a power series such that f(x;,...,x;) = 0 € A.
If f, is its lowest degree nonzero term, then f (x;,...,x3) € a**!, where

a = (x,...,%). Write f, = T, _, a X’ in the notation of 5.1.10 with

a, € K C A, then that result with M = A tells us that all the coefficients

a, are in the ideal b, C A. But according to 8.3.2 this b_ is contained in
R(a), and since x is a s.o.p., R(a) = m. So a, e KNnm = (0) and £, - 0, so
f = 0. This argument, by the way, explains the name "analytic independence"
for property 8.3.2.

It remains to show that A is a finitely generated K[[X,,...,X;]]-
module. Identify X, and x,, 1 = 1,...,d. Since m® € « for some n = 1, one
easily sees that there exists a finite dimensional K-vectorspace V c A such
that A=V@a. But thenA=-Ve cA=-Voe Vo a* =Veoave Ve o~ ...
Now use that A is complete in its m-adic topology, which coincides with the
a-adic topology. Therefore every element of A is a uniquely determined limit
of a sequence of elements in K[X,,...,X;]V, so A = K[[X,,...,X;]]V, which

means that A is a finitely generated K[[X,,...,X;]]-module.

In the mixed characteristic case, there exist variants of these
results, originally also due to Cohen, which are a bit harder to state and to
prove. We do not do so, chiefly because they are not needed for the main
lines of argument in this book. We refer the reader to [Bo 83, Ch. IX}, [Na,
Ch. 3] or [Ma 86, Ch. 10]. Here we only mention that 9.3.2 is also true in
the mixed characteristic case: a complete noetherian local ring is always
universally catenary, being a homomorphic image of a complete regular local
ring.

We have seen that over a field a complete noetherian local ring

is a module-finite extension of a regular subring. This is one of the
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motivations for Hochster’s [Ho 73b]

9.3.4 DIRECT SUMMAND CONJECTURE. Let R be a regular local ring and A
a module-finite extension ring of R. Then R is a direct summand of A as an

R-module.

This conjecture is related to the Monomial Conjecture 8.3.5 as

we shall see presently. Like that one, it is enough to prove the Direct
Summand Conjecture for the m-adic completion R of R w.r.t. to its maximal
ideal m. For a splitting of R + A is tantamount to the map

Homg (A,R) - Homg(R,R) being surjective. Tensoring with the faithfully flat
R-module R does not change surjectivity. But R being a flat and A a

finitely presented R-module, this map is Homi(ﬁeRA,ﬁekR) - Homﬁ(ﬁQRR,ﬁeRR)
[Bo 6la, Ch. I, Prop. 1ll] or rather Houﬁ(ﬂ,ﬁ) - Houﬁ(ﬁ,ﬁ) and this map is

surjective precisely when R - A splits.

In this chapter we prove the Direct Summand Conjecture in equal
characteristic 0, where in fact the following far more general statement is
true. More general, because a regular local ring is certainly an integrally
closed domain [Se, Ch. IV, Th. 9, Cor. 3], which in equal characteristic O

contains the rationals.

9.3.5 PROPOSITION. Suppose R is an integrally closed integral domain
which contains the rationals. If A is an extension ring which is finitely

generated as an R-module, then this extension splits.

PROOF. We may divide out from A a minimal prime P to obtain an
integral domain A/p; for if the composition R - A - A/p splits, so does

R » A. Hence we may as well assume A is a domain. A similar argument allows
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us to enlarge A if necessary so that its field of fractions L is a Galois
extension of K, the field of fractions of R, and that A is the integral
closure of R in L. If [L : K] = n, the map 1/n.Tr: L » K furnishes the
splitting, for Tr(x) = nx for every x € K, and the trace of an integral
element in L is an integral element in K. Since R is integrally closed,

this means that 1/n.Tr maps A to R as required.

In positive characteristic the Direct Summand Conjecture is
also true, but is a deeper statement, as we shall see in Proposition 10.3.5.
Hochster has given an example to show that mere integral closure does not
suffice [Ho 73b, Ex. 1]. Like most conjectures, this one can be globalized,
but we shall not do so. In mixed characteristic, its validity is unknown,
although there are proofs for certain types of extensions [Ro 80a), [HM],
[Ko 86). The Direct Summand Conjecture is discussed in great detail in
[Ho 73b] and [Ho 83). We include an exercise which shows that integrally

closed is at least necessary [Ho 73b, p. 27].

9.3.6 EXERCISE. If A is a domain which is a direct summand of every

module-finite extension, then A is integrally closed.

We conclude this chapter with

9.3.7 PROPOSITION. Suppose the Direct Summand Conjecture holds in

equal characteristic. So does then the Monomial Conjecture.

PROOF. We only need prove the Monomial Conjecture for a
complete local ring A, so let X = X,,...,X; be a s.o.p., whence A is a

module-finite extension of K[[X,,...,X;]] as in 9.3.3. By assumption there

exists a splitting s: A - K[[X,,...,X,]] of that injection. If X!...Xj =
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Iﬂ_l ale*l with a, € A is a relation in A, then X;...X: - If_l s(al)X.:'+1

is true in the power series ring. But X, being a regular sequence in that

ring, is certainly pre-regular by 5.1.7, so this equation is precluded by

5.1.12 or, more quickly, conclude by 9.1.3.



10 GORENSTEIN RINGS, LOCAL DUALITY, AND THE DIRECT SUMMAND
CONJECTURE

A Gorenstein ring is a particularly nice Cohen-Macaulay ring and,
as we shall see, complete intersections are always Gorenstein. In the first
section we give various characterizations of Gorenstein rings. The second
contains part of the local duality theory for homomorphic images of
Gorenstein rings. In the last section of the chapter, we shall use some of
these results to prove the equivalence of the Monomial Conjecture and the
Direct Summand Conjecture in equal characteristic as well as the Monomial

Conjecture itself in characteristic p > 0.

10.1 GORENSTEIN RINGS

10.1.1 DEFINITION. Let A be a noetherian local ring. Then A is said to
be Gorenstein if it has finite injective dimension over itself, i.e.

id A < =,

We first mention a few elementary properties.
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10.1.2 PROPOSITION. Let (A,m,k) be a noetherian local ring. Then

(1) The m-adic completion A of A is Corenstein if and only if A
is Gorenstein;

(i1) A is Gorenstein if and only if for every non zerodivisor x é m
on A, the ring A/(x) is Gorenstein and a single one suffices;

(i1i1) If A is Gorenstein, also all localizations Ah at a prime ideal

p are Gorenstein.

PROOF. Since Exti(A/m,A)” =~ Exti(i&/ﬁm,?&) [Bo 80, §6,

Prop. 10 b)] and, since id:A = id,A and idi?& - idzlh*., the equivalence in (i)
follows from the faithful exactness of the m-adic completion functor on
finitely generated modules. Furthermore, (ii) is a consequence of 3.3.6 with

M = A. As to (iii), notice that Exty(A/p.A)y = Exc;p(Ah/pAp,Ah) (see 3.3.2) and

the result follows easily.

We next locate Gorenstein rings in between two other types of

ring already discussed.

10.1.3 PROPOSITION. A complete intersection is Gorenstein. A

Gorenstein ring is Cohen-Macaulay.

PROOF. Let A be a complete intersection, i.e. A = R/(x%;,...,x),
where R is a regular local ring and x,,...,X, is a regular sequence in R.
Since R is regular, gl dim R < «», so R is certainly Gorenstein. The
assertion that A is Gorenstein follows by iterated use of 10.1.2 (ii). Now
let A be Gorenstein. Then 8.5.5 with M = A implies dp A = dim A since gr A

is obviously 0.
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In order to give a first characterization of Gorenstein rings,

we need a lemma.

10.1.4 LEMMA. Let f(T) be a polynomial in one variable over 2 and
assume that its coefficients are all nonnegative. In case f(T).f(T'l) -1

in 2[T,T!], then f(T) = T° for some r > 0.

PROOF. If r denotes the degree of f(T), the element g(T) =
T'f(T!) of 2(T,T"!] is in fact in Z[T]. Hence we have a relation £(T).g(T) =
T" in 2[T]. This means that f(T) = #T* for some s < r. But since r is the
degree of f(T) and since f(T) has no negative coefficients, we necessarily

must have f(T) = T .

Recall the power series u(A,T) = Zi, s*(A)T' of 7.1.6.

10.1.5 THEOREM. Let A be a noetherian local ring of dimension d. Then

A is Gorenstein if and only if u(A,T) = T

PROOF. If A i1s Gorenstein, 7.1.6. yields that u(A,T) .p(A,TYH =
B(A,T). Since id A < », u(A,T) is obviously in Z[T}. Clearly, B(A,T) = 1 so
u(A,T) = T° for some r > 0 by 10.1.4. But A is Gorenstein, so id*A = id A =
dp A = dim A = d and we find u4(A) » 0. Hence r = d. Conversely, if u(A,T) =
Td, or more generally if u(A,T) is a polynomial, obviously id A < » and we
are done.

10.1.6 COROLLARY. Let A be a Gorenstein ring. Then p'(p,A) = § for

i,htp
all prime ideals p. Specifically, a minimal injective resolution of A is

0 % A&~ Gy E(A/B) » ... > Oy E(A/D) » E(a/m) » 0.
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PROOF. The first statement follows directly from 10.1.2 (iii)
and the above theorem. Using this and the definition of the u! after 3.3.1,

one obtains the result about the minimal injective resolution of A.

We now shall give a characterization of Gorenstein rings in
terms of irreducible ideals. Recall that a proper ideal of a ring A is
called irreducible if it cannot be expressed as the intersection of two

strictly larger ideals. First, we need

10.1.7 LEMMA. Let (A,m,k) be a noetherian local ring and let ¢ be an

m-primary ideal of A. Then the following statements are equivalent:

(i) a is irreducible;
(ii) The k-vectorspace Hom,(k,A/a) = (a:m)/a is one-dimensional;
(iii) The set of all ideals of A which properly contain a admits

(a:m) as smallest element.

PROOF. Obviously Hom,(k,A/a) =~ (a:m)/a is a nonnull k-vector-
space which for convenience we abbreviate to V. Notice that (a:m) is a
proper ideal if and only if a » m.
(1) » (ii): If dimV > 1, then (0) c V would be the intersection of two

nonnull subspaces so that there would exist ideals a’ and ¢" of A with

a ,c‘ a' € (a:m), a ,c‘ a" € (a:m) and a = a’ N «". This contradicts the fact
that ¢ is irreducible.

(11) » (iii): Let o' be an ideal of A for which a < ¢’ C m. We must

show that a’ D> (a:m). Since the A-module A/a is of finite length, by taking

a composition series, we can find an ideal a" such that a g a" c «' and

such that ma" c a. Hence a c a" c (a:m). But by hypothesis the A-module

(a:m)/a has length one so that a" = (a:m). Therefore a¢' O (a:m), as
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required.
(1ii) = (i): Since «a E (a:m) and every ideal which contains « properly has

to contain («:m), the implication is immediate.
The next result comes from Bass’ influential paper [Bas].

10.1.8 THEOREM. Let (A,m,k) be a noetherian local ring of dimension d.

Then the following statements are equivalent:

(i) A is Gorenstein;

(ii) A is Cohen-Macaulay and pd(A) = 1;

(iii) A is Cohen-Macaulay and some parameter ideal of A is
irreducible;

(iv) All parameter ideals of A are irreducible.

NOTE. The Cohen-Macaulayness of A in (ii) can be deleted, as

proved by P. Roberts [Ro 83]. We shall not pursue this sharpening.

PROOF. (i) = (ii): This is immediate from 10.1.3 and 10.1.6.

(ii) = (iv): Let x,...,X, be a system of parameters for A. Since A is
Cohen-Macaulay, the x's form a regular sequence in A. If A denotes the ring
A/(Xy,...,%,), it follows from 3.3.5 that y%(K) - p:(A) - 1. But

din&Honi(k,K) - y%(K) so k = Honﬁ(k,x) = Hom,(k,A), hence the ideal generated
by the x's is irreducible by 10.1.7.

(iii) =» (1): Suppose that A is Cohen-Macaulay and let there be given an

irreducible ideal, generated by a s.o.p. %;,...,%;. By 10.1.2 (ii), A is
Gorenstein if and only if A= A/(X(,...,%) is Gorenstein. We shall prove
that A is Gorenstein. Since (0) is irreducible in A, EX(K) is an

indecomposable injective module by 3.2.2, hence EX(K) = Ex(k) by 3.2.5. Now
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A is of finite length and E‘-\(k) is its Matlis dual, so has the same length

by 3.4.5. Thus the inclusion A~ EK(I_*.) is in fact an isomorphism, so A is
self-injective and hence Gorenstein.

(iv) = (iii): We only need to prove that A is Cohen-Macaulay. Clearly, by
dividing out a maximal regular sequence, we may assume that dp A = 0. We must

prove that dim A = 0. Suppose not, then there exists a system of parameters

Xy,..-,%y, Wwhere d > 1. For each t > 1, let q, be the ideal generated by
x%,...,x}; then we obtain a strictly descending chain G323 - a G 2 -

of irreducible m-primary ideals of A such that N, ¢ = 0. By Lemma 10.1.7
we find that (a,,;:m) C q for all t > 1. Hence (O:m) = (N “t.+1):m -
MNesy (@4, im) C Ny «, = 0. It follows that m ¢ Ass A, contradicting the

assumption dp A = 0, and we are done.

We next characterize Gorenstein rings in terms of certain sub-
categories of their module category. For convenience, we introduce some
notation. Let A be a local ring. We define ¥ (resp. %) to be the full
subcategory of the category of A-modules, having as objects the A-modules of
finite flat dimension (resp. finite injective dimension). Similarly, we define
¥ » (resp. 3«) to be the full subcategory of ¥ (resp. £), having as objects
the A-modules M € § (resp. M € J) with T-codp M < @ (or, equivalently, with

E-dp M < =, see 6.1.8). In these terms, the characterization reads:

10.1.9 THEOREM. Let (A,m,k) be a noetherian local ring. Then the

following statements are equivalent:

(i) A is Gorenstein;

(i) id*™M < = for some M € ¥ or
(iii) fd*M < « for some M € ‘1«;;
(iv) $ o T 8

) 3, =%
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(vi) I-7.

PROOF. We obviously have the implications (vi) = (v) = (iv) =
(iii). In view of 7.1.1, the Matlis duality functor takes care of the
equivalence between (ii) and (iii). The implication (ii) = (i) immediately

follows from 7.1.3, where we now take N = A: the assumption (ii) yields that

id*A < @ and hence id A < = which means that A is Gorenstein. The only thing
left to prove is (i) =» (vi). Let A be Gorenstein and assume that M € ¥. It

follows from 7.1.2 with N « A, that also id M < ». Hence ¥ ¢ £. Conversely,
if Me 4, then M € F by 7.1.1. Since we just have proved that ¥ ¢ {, it

follows that M’ € . But by 7.1.1 (ii) this means that M € . Hence also

J c ¥. This finishes the proof of the theorem.

10.1.10 COROLLARY. Let (A,m,k) be a d-dimensional local Cohen-Macaulay

ring. Then A is Gorenstein if and only if H.?n(A) is injective. In this case

H3(A) =~ E(K).

PROOF. Let A be Gorenstein. Notice that for p w m, m* ¢ p
and hence HomA(A/m‘,E(A/p)) = 0, see 3.2.9. It follows that L, (E(A/p)) =0
for p » m. Furthermore, Lm(E(k)) = E(k) by 3.2.9. Therefore, using the
minimal injective resolution E' of A, whose specific shape is described in
10.1.6, we see that Lm(E') is a complex concentrated in degree d at which
spot E(k) features. It follows that H.fn(A), which is Hd(Lm(E')) by
definition, is equal to E(k).

Conversely, let A be Cohen-Macaulay and let H:n(A) be injective.
Then certainly H:n(A) € 4. Since H;’n(A) € ¥ by 9.1.4 and obviously

E-dp H;’n(A) = () <, we find that H;’n(A) € }« nyg So A is Gorenstein by

<o *

10.1.9.
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This corollary contains the last ingredient we need to prove
the Local Duality Theorem for Gorenstein rings. This will be carried out in
10.2.1.

We close the section with a few comments on the characterization
of Gorenstein rings in Theorem 10.1.9. Let (A,m,k) be a d-dimensional
noetherian local ring. We know that fd M < pd M for every A-module M, while
if M is finitely generated, f&*M = fd M = pd M= pd?M as recalled in Chapters
7 and 9. In general, there is however the following result, [Fo 77a, Cor.
3.4): if fd M < @, then pd M < d. This implies that the category ¥ in 10.1.9
is the same as the category ? of all modules of finite projective dimension.

As a consequence of 7.1.6 and 10.1.9 the reader may prove

10.1.11 EXERCISE. Let M be a finitely generated module over a
d-dimensional noetherian local ring. If pd M and id M are both finite,

then pi(M) = B, (M) for all i.

10.2 LOCAL DUALITY

This section deals with some aspects of local duality theory.
We should emphasize that we only treat part of the theory. Extended and
stronger versions as well as other applications can be found in e.g.
[Gro 67], [Ha], [HK] and [Sc 82a].

We shall begin with the Local Duality Theorem for Gorenstein
rings. As a consequence, we characterize the Krull dimension of a finitely

generated module over an arbitrary noetherian local ring in terms of local
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cohomology. This parallels an analogous result for depth in 5.3.15. Secondly,
we introduce and discuss dualizing complexes. This results in a duality
theorem for rings which are a homomorphic image of a Gorenstein local ring.
From this it follows that certain ideals in such rings are not nilpotent, a

result which we shall use in section 11.2.

10.2.1 THEOREM. (Local Duality for Gorenstein rings) Let (A,m,k) be a
Gorenstein local ring of dimension d. Then, with the usual notations for

Matlis dual and m-adic completion,

(i) K '(M)Y = Exty(M,A) for all A-modules M and all i;
(ii) }ﬁ;‘(M) = Ext:(M,A)v for all finitely generated A-modules M and
all i.

PROOF. Observe from 10.1.10 and the Local Duality Theorem for

Cohen-Macaulay rings 9.1.4 that H;‘(M) = Tor?(M,E(k)) for all i and all
A-modules M. The result now is a direct consequence of the Ext-Tor-duality

theorem 3.4.14 (in one of its statements M is required to be finitely

generated) and the facts that E(k)' = A and AY = E(k).

10.2.2 COROLLARY. Let (A,m,k) be a noetherian local ring and let M be

an A-module of dimension d. Then
(i) Hi (M) - 0 for i > d;

(ii) If M is nonnull and finitely generated, H;(M) = 0.

PROOF. The dimension of a submodule of M is < d. Furthermore,
M is a direct limit of its finitely generated submodules. Since local
cohomology commutes with direct limits, 4.1.8, it follows easily that we can

reduce (i) to the case where M is finitely generated. In this case we now
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prove (i) and (i1) simultanously.

First of all, since A@AH;(M) ~ Hg(ﬁ) for all i by 4.1.7 and

since A + A is faithfully flat, we may assume that A is complete in the
m-adic topology. By the Cohen Structure Theorem 9.3.1 and the comments
following 9.3.3, (A,m) is a homomorphic image of a complete regular local

ring (R,M). Since M can be viewed as a finitely generated d-dimensional
R-module and since Hﬁ(M) = }ﬁh(M) by 4.1.4, we see that we have reduced the
problem to the case where the ring is regular. So we may assume that A is
regular (and hence Gorenstein) of dimension say D. Since the Matlis duality
functor is faithfully exact, 10.2.1 yields that we must prove that

sup(i| Extj “(M,A) = 0) = d. But sup(i| Ext) *(M,A) » 0) =

D - inf(i| Exti(M,A) # 0) =D - gr M. Hence we must prove that D - gr M = d.
This follows immediately from 9.1.8 and the fact that A is regular and

hence Cohen-Macaulay.

This important result and its proof are due to Grothendieck. It
belongs to a family of theorems which assert that "a respectable local
cohomology vanishes beyond the dimension of the variety but not at the
dimension". An alternative proof of (ii) avoilds local duality but uses the
other Cohen Structure Theorem 9.3.3 rather than 9.3.1. [HK, Satz 4.12].
There also exists an elementary proof [MS, Th. 2.2]. In combination with
5.3.15, Corollary 10.2.2 states that the local cohomology of a finitely
generated module can only live between its depth and its dimension, and
certainly does at either extreme; in between, however, anything may happen

[{Mac], [Sh 75], subject to 4.1.11. To round off 10.1.10 we offer

10.2.3 EXERCISE. A d-dimensional noetherian local ring (A,m,k) is
a) Cohen-Macaulay if and only if H;(A) =0 for i = d;

b) Gorenstein if and only of H;(A) = 0 for i » d and H;(A) = E(k).
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We now come to the dualizing complexes. There are various ways
of introducing these. We have chosen one which for our purposes is the

most direct.

10.2.4 DEFINITION. Let A be a noetherian local ring. A complex D; of
injective A-modules is called a dualizing complex for A if D'-0 EA/D) .,
where d = dim A and the summation ranges over all primes p with dim A/p = d-1i,

and all its homologies H‘(D;) are finitely generated.

The simplest example of a dualizing complex occurs for
Gorenstein rings: the minimal injective resolution of A is a dualizing
complex by 10.1.6. Not every ring admits a dualizing complex. However, we
shall see that a large class of rings does. To explain the name, we mention
that if A admits a dualizing complex and if C° is a finite complex of
A-modules for which all homologies are finitely generated, then there is a
natural homomorphism of complexes C* - Hom,(Hom,(C",D;),D;)) which induces
an isomorphism on the homology groups. In fact, a complex having this
property is often taken as the definition of a dualizing complex. In a
certain derived category sense, there are uniqueness statements for these
complexes (up to shifts). See e.g. [Ha, Ch. 5, §3]. A complex D; as in
10.2.4 in this context is sometimes called a standard dualizing complex.

The following proposition enables us to produce lots of rings
having a dualizing complex. Recall from 3.3.5 the notation for shifting a
complex. If C* is a complex of A-modules, we define the complex C'[n],
ne2 tobe: (i) ¢'[n]* = C** for all i, (ii) the boundary map

c’[n]* » ¢"[n]'*? of C°[n] is just the boundary map C™' - ™! of ¢°.
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10.2.5 PROPOSITION. Let A be a homomorphic image of a noetherian local
ring R, let d = dim A and D = dim R. If R admits a dualizing complex D;, then

the complex D; - HomR(A,D;[D-d]) is a dualizing complex for A.

PROOF. We have A = R/a for a certain ideal a of R. Let p be a
prime in k. If o« ¢ p, then Hom(A,E;(R/p)) = O by 3.2.9. Conversely, if a C },
then Homg(A,E (R/p)) = EA(A/ﬁ), where P is the image of p in A (again, 3.2.9).
One sees that the D: have the desired form, so the only thing left to prove
is that the homology of the complex D, is finitely generated.

But this is true for any complex Iy = Homp(M,I') with M a

finitely generated R-module and I° a complex of injectives with I' = 0 for i
sufficiently negative and finitely generated homology. A proof may run as
follows. Let 0 - K+ L - M » 0 be exact with L a finitely generated free
R-module. From the exact sequence of complexes 0 - Ig - I; - I; + 0 we
obtain exactness of H“l(I;) - Hi(Ig) - Hi(IZ) for each i in the long
homology sequence. Since the result is obviously true for i sufficiently
negative, we may assume by induction that Hkl(Ii) is finitely generated.
Also Hi(I;), being a finite direct sum of copies of HYI®), is finitely

generated, whence Hi(Ig) is.

10.2.6 COROLLARY. Let A be a homomorphic image of a local Gorenstein
ring R and let D; be a minimal injective resolution of the R-module R. Then

D; is a dualizing complex for R and hence D;, as defined in the above

proposition, is a dualizing complex for A.

PROOF. Is immediate from 10.1.6 and 10.2.5.

Notice that by the Cohen Structure Theorem 9.3.1, this result in

particular applies to complete local rings. It has been conjectured by Sharp
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that only homomorphic images of Gorenstein rings possess a dualizing
complex, and this has been verified in certain cases [AG]. Schenzel has shown
that for certain purposes another complex can fill the role of a dualizing

complex [Sc 82a]. We now prove a variant of the Local Duality Theorem:

10.2.7 THEOREM. Let (A,m,k) be a d-dimensional local noetherian ring
which is a homomorphic image of a Gorenstein local ring R. Let D; be a
minimal injective revolution of R and let D; be the dualizing complex for A
as defined in 10.2.5 and let -’ denote the Matlis duality functor

Hom, (-,E,(k)). Then H}'(M) = (H'Hom,(M,D;))" for all i and all finitely
generated A-modules M. Moreover, putting dim R = D, we obtain isomorphisms

Ho'(M) = Exti(M,R)” for all i.

PROOF. Notations as above. Let -~ denote the functor

Hom, (- ,Eg (R/M)), where M is the maximal ideal of R. Since A™ = E,(k) by 3.2.9,
we see that N” = Hom,(N,A”) = N" for any A-module N. Furthermore, by 4.1.4,
H.:n(t{) = H;n(t{) for all i. Using these considerations and 10.2.1 (ii), we find
Hp'(M) = Hp'(M) = Extg(M,R)” = Extz(M,R)". On the other hand, by
construction of D;, we have HomA(M,D;) = HomA(M,HomR(A,D;[D-d])) =
HomR(MeAA,D;[D—d]) = HomR(M,D};[D-d]). Since D,: is an R-injective resolution
of R, we find that HiHomA(M,D;) = Extg'dﬁ(M,R) and hence H;:i(M) =

(H'Hom,(M,D;))" ~ Extp ***(M,R)". This finishes the proof of the theorem.

10.2.8 COROLLARY. Let (A,m,k) be a d-dimensional noetherian local
ring, complete in its m-adic topology, and let D° = D, be as above. Let L’

be a finite ascending complex of finitely generated free A-modules. If
H'(L") has finite length for every i, then the complex L'@Aﬂfn(A) has finite

length homology for every j. More precisely, l(H*(L'@Aan(A))) -
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£(H* (Hom, (L" ,H*3(D")))) for every i and j.

PROOF. Since A is complete, the Matlis dual is a faithfully

exact functor which affords a duality between finitely generated and

artinian modules, 3.4.2 and 3.4.12., Thus the complex L'QAH%(A) has finite

length homology precisely when its Matlis dual has, and these lengths are
equal by 3.4.5. But (L'eAHl'fn(A))V = Honh(L',H%(A)V), and in view of 4.1.11
the module H;in(A)v is finitely generated. Since the complex Lﬁ is split exact
for each prime p » m, this homology is at most supported in m, and therefore
has finite length. Furthermore, by 10.2.7, H}in(A)V =~ Hd—J(HomA(A,D°))W ~

H¥3(D") and we are through.

We next prove that for homomorphic images of Gorenstein

rings certain ideals are not nilpotent. Recall from 7.3.1 that for a

noetherian local ring (A,m), the ideals ¢'(A) are defined as Ann H;(A).
The result is due to P. Roberts [Ro 76, Prop. 1], see also [Sc 79,

Prop. 1].

10.2.9 PROPOSITION. Let (A,m) be a noetherian local ring of dimension d,

which is a homomorphic image of a Gorenstein ring. Then the ideals ),

0 < i <d-1, are not nilpotent and neither is their product ¢.

PROOF. Putting M = A in 10.2.7, we find that HJ *(A) = H'(D")"
for all i where we have again written D° for D;. In view of 3.4.2, it is
enough to find a prime ideal p such that Ann HY(D") ¢p (1l =<i=<d), since

this result will imply that all Ann Hi(D.) and their product (whence the ¢! and

¢) are not nilpotent. Well, let p be a prime such that dim A/p = d. Then

(D'p) degenerates to the complex 0 -+ (Don) +0- ... 20s0 foralli=>1we

have H‘((D'n)) = 0. Since localization is exact, it commutes with taking
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homology. Hence (Hl(D'))p =~ 0 for all i > 1. But by definition, the Hl(D')

are finitely generated so for all i (1 £ i < d) we find that Ann H(D") ¢ P

and we are done.

This proposition will be used in the next chapter to prove the

Big Cohen-Macaulay Module Conjecture in equal characteristic p > O.

10.3 THE DIRECT SUMMAND AND MONOMIAL CONJECTURES IN EQUAL

CHARACTERISTIC

We shall begin this section with a result which is based on
10.2.2 and which states that the Monomial Conjecture is true for high powers
of systems of parameters. As a consequence, we derive the Monomial
Conjecture in equal characteristic p > 0. Furthermore, if A is a Gorenstein
local ring and M is an A-module, we shall give a criterion for the purity of
an injection A » M. This has as a corollary that the Monomial Conjecture
implies the Direct Summand Conjecture. In consequence both conjectures are
true in equal characteristic.

Recall the notation of 5.1.11.

10.3.1 PROPOSITION. Let A be a d-dimensional noetherian local ring
and let X = X,,...,X; be a s.o.p. for A. Then Oey ™ A for all large integers
s, i.e. the monomial conjecture is true for x(s) = xi,...,x§ for all large s.

REMARK. In 11.2.4 we shall give an alternative proof of this
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result. Here, we only use the highest nonvanishing local cohomology group.
In 11.2.4, we shall use 10.2.9, i.e. we shall use all the lower local
cohomology groups. This has the advantage that we get a uniform bound on s,

valid for every s.o.p..

PROOF. Let a be the ideal generated by the x's. Since q is
m-primary, H:n(A) = H;(A) for all i and hence H‘;(A) » 0 by 10.2.2. On the
other hand, H':n(A) is the direct limit of the maps .x%: A/a, = A/q,,, as we saw
in section 4.3. We find that for s large enough all maps A/a, - H:(A) have a
nonzero image and therefore all maps .x%: A/a, - A/u,,, are nonnull. In

particular .x**: A/q, - A/ag 4y, are nonnull and the result follows.

10.3.2 COROLLARY. Let A be a noetherian local ring of equal
characteristic p > 0. Then the Monomial Conjecture is true for A, i.e.
a = A for every s.o.p. x of A.

PROOF. Let x = X,,...,X, be a s.o.p. for A and assume that

1"
q = A, i.e. there is a positive integer t such that x}...x% e (x3*2,... x{').

P

Applyirg the Frobenius endomorphism x - x to this relation, we find that

tp® tp® X(H-l)pe

(-]
X .o.xg € (% . .xé””" ) for all exponents e. Whence qx(P, = A for all

)

e. This contradicts 10.3.1.

We now use the description of Gorenstein rings in 10.1.8 to

prove, in the notation of 5.1.11,

10.3.3 PROPOSITION. Let (A,m,k) be a local Gorenstein ring. Let M be
an A-module and f: A - M be an injective A-module homomorphism. Let
X = X,,...,X; be a s.o.p. in A and let « denote the ideal generated by the

x's. Write v for an element of A such that its image in («:m)/u generates
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this one-dimensional k-vector space. Then f is pure if and only if

£(v) ¢ Q).

REMARK. Notice that v modulo g is unique up to multiplication

with units of A.

PROOF. Assume that f is pure and that £(v) € Q (M), say

xtf(v) € ([, Consider the commutative diagram

Ala at Alacy

f@pA/Q f®aA/Gyy

M/aM M/a 1M

xt

By the purity of £, the vertical maps are injective. Hence x*f(v) € a, M
implies xtv € Upyy- Since A is x-pre-regular, this means that v € q,
contradiction.

Conversely, assume that f(v) ¢ Q,(M). Observe that for t 2 1,
xi,...,xg is a s.o.p. in A so that the k-vector space (q,:m)/a, is one-

dimensional. Since x*’lv ¢ «, (use pre-regularity) and obviously mxtlv ¢ a,,

1

the image of the element x*"!v in A/q, generates the unique minimal ideal of

Ala, .

To reach our conclusion, we need to show that tensoring f
with any A-module N, and it is enough to test for finitely generated N,
preserves injectivity. So let N be a finitely generated A-module and

consider the commutative diagram in the notation of section 2.2
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N 8N _M®aN

™ TMQ AN

J M N
N —Geny (M®a NY

Since N is finitely generated, N is Hausdorff in its m-adic topology and by
2.2.5 ry is monic. Therefore we are done if we can prove that (f@AN)" is

monic. But (f®,N)" = lim f,®N: A/¢®,N -+ M/o M®,N, where f, - f®,A/0, and
t

since both 1im and ® are additive functors, we need only prove that all maps
f,: A/a, » M/aM, t > 1, are split injective. First, notice that f, is
injective, for if A n £ '(qM) would be larger than a,, its image in A/q,
would contain the unique minimal ideal (x*"!v)/q,. But then x*"1f(v) would be
in M, contradicting our assumption on f(v). Hence the A/g,-linear map f, is
injective and therefore splits, because A/¢, is an artinian local Gorenstein
ring (observe that xi,...,xg form a regular sequence in the Cohen-Macaulay

ring A and use 10.1.2 (ii)) whence self-injective. This finishes the proof.

10.3.4 COROLLARY. Let B be a noetherian local ring and assume that
Qx(B) » B for all systems of parameters x of B (i.e. the Monomial Conjecture
is true for B). Then every inclusion of local rings A ¢ B with A regular and
B a module finite A-algebra, splits (i.e. the Direct Summand Conjecture

9.3.4 is true for B).

PROOF. In view of 2.1.8 it is enough to show that the injection
f: A+ B is pure. The maximal ideal m C A can be generated by a regular
sequence X = X;,...,Xy, see 9.2.3. Since « = m, the element v of 10.3.3 can

be taken to be the unit element. Hence by 10.3.3 we are done if we can
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prove that 1 = £(1) ¢ Q (B). But x is also a system of parameters for B,

8.2.10, which clinches the argument.

As a last result of this section we state

10.3.5 PROPOSITION. Both the Monomial Conjecture and the Direct
Summand Conjecture are true for noetherian local rings of equal

characteristic.

PROOF. By 9.3.7, it is enough to prove the Direct
Summand Conjecture in equal characteristic. The equal characteristic zero
case is done in 9.3.5. The equal characteristic p > 0 case follows

immediately from 10.3.2 and 10.3.4.

In mixed charateristic, these conjectures remain undecided,

despite much effort [Ho 83].



11 FROBENIUS AND BIG COHEN-MACAULAY MODULES IN CHARACTERISTIC p

In this chapter we shall construct a pre-regular module M for
any given system of parameters x ~ x,,...,X; in a d-dimensional noetherian

local ring (A,m,k) of positive characteristic. By 9.1.1 we then know that

the m-adic completion M of M is regular for every s.o.p., in other words, is
a balanced Big Cohen-Macaulay module over A.

We outline the procedure. In the first section we "construct" a
module M which is x-pre-regular, except that perhaps M = oM for
a=- (xl,...,xd). In order to show that indeed M » aM, we need two ingredients.

In 11.2 we compare certain annihilator ideals with the ideal ¢
introduced in section 7.3 and whose nonnilpotency in a complete ring was
established in 10.2.9.

In the next section we introduce the Frobenius functor, a
powerful tool in positive characteristic. We develop some of its properties,
in particular on finite free complexes, since they will be needed in
section 13.1. In the last two paragraphs of 11.3 we consider a few simple
functorial properties of the Frobenius.

The latter, together with the nonnilpotency results of 11.2,
allow one to finally prove that M » M for the module constructed in 11.1.
This is explained in 11.4, and by completion we obtain in 11.5 the result we

are after.
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1.1 MODIFICATIONS

If M is an A-module, recall the definition of the submodule B_(M)
and the notation b_ = B (A), 5.1.11. Then (%,...,x )M c B (M) c M and these
inclusions describe natural transformations between functors in the module
category. According to 5.1.12 it is enough to construct a module M with
(Xgy -0 x M = B (M) » M, for such a module is x-pre-regular.

The basic idea is quite simple; it is a variant of Hochster’s
original modification procedure [Ho 75a, Ch. 4]. To him must be credited the
marvellous insight that such a "brute force" approach might actually work.
Our discussion is taken from [Ba, Ch. II, §5] which in turn refined [BS, §2],
where we spoke of monomial modifications. Much in the treatment of our
modifications in this section is purely formal so we take A to be any

commutative ring and x;,...,x, a fixed n-tuple of elements. We write « for
the ideal (x,,...,x;) and suppose we have a module M with oM S B(M),

suppressing the subscript x until we shall need to consider different tuples
x. There is an obvious way to get rid of any given "bad" element m, € B(M)
which we now describe. Here, for purpose of exposition, we call the elements
of B(M) "bad" and we want to render them "harmless" by mapping them into oM’
for some other module M’ (notice that the elements of ¢M are both bad and
harmless). Specifically, we wish to construct a morphism of modules f: M —+ M’
with f(m;) € oM’, such that whenever ¢: M + W is a homomorphism with

#(my) € oW, there exists a homomorphism ¢': M' + W with ¢'of = ¢, thus:
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A universal way of achieving this is to put M' = (M®A")/Av with
v = (-my,X;,...,X,) € M®A", and to define f(m) = (m,0,...,0) mod Av. For if
$(my) = 23_1 x;w, with w, € W, the homomorphism ¢: MoA" + W defined by

¢(m,a,,...,a;) = ¢(m) + iﬂ_l a,w, carries the element v to 0, hence factors
through ¢': M’ = W such that ¢’'of = ¢.

We say that f: M + M’ is a modification of the bad element
m, € B(M) and may now characterize the submodule B(M) c M of the bad
elements as follows: an element m € M is bad if and only if there exists a
modification f: M + M’ of a bad element m; such that f(m) € aM’'. The proof
of this equivalence, which is in fact valid for any functorially defined
submodule C(M) with oM ¢ C(M) c M, is left to the reader.

Our aim is to start from the module A where we have the chain
of ideals a ¢ b ¢ A; if a = b we need not modify and the ring A is Cohen-
Macaulay as we have observed in section 9.1. If not, we successively modify
all the bad elements which are not in a. In the resulting module, we again
modify the bad elements and carrying on in this way, we eventually hope to
create a module M » gM with all its bad elements in M, i.e. with
aM = B(M) = M. To make this precise, we shall now assume our ring A is
noetherian and consider a sequence of modifications

f f f

r-1 T rtl
- (Mou) o (Mpy,un,)
r'r Ttl’

%o )
(A1) = (Moyuo) - (Ml'ul) -
where f_ is a modification of a bad element m e B(M)\eM, and f _(u) = u_,
for all r, so that the u_ are the successive images of u, which we have

chosen to be 1 € A.
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11.1.1 PROPOSITION. For an ideal « = (X;,...,%,) in a noetherian ring A,

the following three properties are equivalent:

(9] There exists an A-module W with W = B(W) » W;

(11) In every sequence of modifications as above u ¢ oM, for all r;

(1i1) For some such sequence the direct limit M = lim M_ has property 1).
r

PROOF. Since (iii) patently implies (i), suppose we have a
module W as in (i) and a sequence of modifications. Take a w € W\aW and
define ¢°: M, - Wby ¢o(uo) = w. Since ¢°(B(Mo)) Cc B(W) = oW, we can extend ¢o
to ¢1: M, - W with ¢1°fo - ¢0, whichever bad element in b\a we have modified.
By induction we find ¢:: M, -+ Wwith ¢:(ur) = w. Now if u € oM., then w € d¥,
which is not the case. So (i) implies (ii).

To prove that (ii) implies (iii), all we need to do is to
choose a sequence of modifications in such a way that its limit M satisfies
oM = B(M). For we already know that 1lim u. = u ¢ oM because condition (ii)
holds at every finite stage r. To accomplish this, choose bad elements

gg,. . "520-1 such that b = (a,gg, e ,gh°o_1). First modify gg in My = A, and

then successively modify the images of g? in M, i =0,...,hy-1. In the

noetherian module M'“o the submodule B(M.no) is finitely generated and we can

choose gé, . 'g"l‘fl to be bad elements in this module such that B(Mho) -

1 1 i 1 1 i
aMho + Agy ...+ A5h1-1' In turn we modify g, ...,ghl_l until we arrive at
the module M'ho"u and we begin all over again, and so on. A little reflection

shows that, for each module M  occurring in the sequence of modificationms,
all the bad elements of B(M )\«M, inevitably get modified somewhere along

the way, so becomes harmless in M = l_i.m M.; hence «M = B(M), which finishes
T

the proof of the proposition.

In order for this construction to yield a pre-regular module, we

therefore have to verify condition (ii) assuming that x,,...,x; 18 a s.o.p.
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in a noetherian local ring (A,m,k). Then these elements are analytically
independent, in the sense that 1 ¢ b, 8.3.4. By our characterization of bad
elements, we conclude that u, ¢ oM;, whichever bad element of b\a we have
modified to obtain f,: M; + M,. Of course, we would like to know that

u ¢ oM, for every r, and it is enough to know that u_, ¢ B(M__,).

11.1.2 PROPOSITION. Let X = X,;,...,X; be a s.o.p. in a local noetherian
ring and ¢ and b have their usual meaning. Suppose ! ¢ A is an ideal such
that ¥ ¢ a but 1b c a. Then u_ ¢ aM_ in every sequence of modifications of

bad elements.

PROOF. If ¢j_1: M, , » A is an A-homomorphism and m;_, € M,;_; is a
bad element, then a¢J_1 carries m;_; to an element of the ideal ab c « for any

choice of a e . If fj_l: M.

;5 its universal

g " h‘l_i is a modification of my.q,

property gives us a homomorphism ¢j: My~ A with ¢_1°f.1-1 - a¢ For arbitrary

3-1°
elements a,,... 18-y in I we may begin with id = ¢0: M, - A and proceed by
induction to obtain ¢r_1: M__, - A such that ¢r_1(ur_1) = a,...a But we may

- r-1°

choose a,,...,a.;,a. in [ such that their product is in "™\a. If u._, € B(M__,),

T

then a;...a _, € b, hence a,...a _,a € a, contradicting the choice of the aj's.

In section 11.2 we shall show that, at least if the ring A has
positive dimension and is complete in its m-adic topology, there exists a
nonnilpotent ideal I which satisfies be C (Xy,...,%g) = a for all s.o.p.
This means that for an arbitary positive integer r we can find a s.o.p. such
that in every sequence of modifications of bad elements we know that
u ¢ aM . For since (x},...,x§) ¢ m* and n:,l m* = (0) in view of 2.1.4, we
can choose t so large that (0) = m ¢ (xf,...,x5). Then x},...,x% is such a

s.o.p. Of course, this is not good enough: we need to show that given an
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arbitrary s.o.p., the element u ¢ oM, for all r 2 1 in every sequence of
modifications of bad elements, while it is enough to prove the existence of
a single s.o.p. with this property in view of 9.1.1 and 11.1.1. This we
shall achieve in positive characteristic in section 11.4, using properties
of the Frobenius functor which will be discussed in section 11.3.

In low dimensions the programme can be carried through without

the help of 11.1.2 (Ba, Ch. II, Cor. 5.3]:

11.1.3 EXERCISE. Any noetherian local ring of dimension less than

three has an x-pre-regular module for every s.o.p. x [Ba, Ch. III, Cor. 3.6].

11.2 RELATIONS BETWEEN ANNIHILATORS

Our objective in this section is to comstruct an ideal [ with
the properties called for in Proposition 11.1.2. Let (A,m,k) throughout be a

d-dimensional noetherian local ring and let for every s.o.p. x = %,,...,%,

the ideals o, b, and a, have their usual meaning. Define ! to be the ideal
N (a, b ) where the intersection is taken over all s.o.p.’s. Then b _Ca
for every s.o.p., but if [ is nonnilpotent we can, given r > 1, choose an x

such that {* ¢ o, . We shall show that this is the case if A is complete,
varying an approach due to Schenzel [Sc 79], [Sc 82a, §2.4]. This in turn
represented an elaboration on Hochster’s theme of "amiability", [Ho 75a,
Lemma 4.4,

Let us introduce Schenzel's ideal

C=n Ann[((xl,...,xi_l) : xi)/(xl,...,xi,l)]

where the intersection is taken over all s.o.p.'s X =%X,,...,Xx; and 1 < i < d.
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Notice that t = A precisely when A is a Cohen-Macaulay ring, and the worse
the ring, the smaller one may expect this ideal to be. The point of the
following considerations is to show that, provided the ring is complete, this
ideal camnot become too small. Our first remark is that we may as well

restrict the intersection to i = d. For suppose a is in this seemingly

larger ideal, and let yx, € (X;,...,X,.;) for some s.0.p. x;,...,%4, 1 =1 <d.
Then yx, € (Xy,...,%; 1 X}y, -.-,%y) for all t = 1. Since x;,...,%,_;,
K}yrr oo 0X5,%, 1s a s.0.p., we know that ay € (X,...,%;,,x},;,...,x}) and

consequently in the intersection over all t > 1. This intersection is just
(Xyy...,X;_;) as one sees by observing that the images of x,,,,...,x; are all

in the maximal ideal of the noetherian local ring A/(X;,...,x,.;). Thus a e r.

Recall the ideals ¢, = Amn H;(A) of 7.3.1 and their product
€ = €yCp...Cyy.
11.2.1 THEOREM. In a d-dimensional noetherian local ring A with d > 0
¢ cn Ann Hi(x,A) CC
V] V]
tdc Ny(a,:q) cl
where the intersections are taken over all s.o.p.'s x. Thus all these ideals

have the same radical.

PROOF. The horizontal inclusions are the ones of importance to

us, as they establish that ¢? ¢ I. In the complete case, ¢ is nonnilpotent
and hence so is [, the result we are after. We shall therefore prove the

horizontal inclusions in full, confining ourselves to a brief indication of
proof or a reference for the remaining ones.

td c ¢: This follows from [Sc 82a, Satz 2.4.5].

¢ C N, Ann H,(x,A): Apply 7.3.3 to K,(x,A). Since the Koszul complex is a

finite complex of finitely generated free modules with finite length
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homology, the ideal c¢4¢,....c, annihilates Hy_(x,A) for 0 <1 < d-1 and all x.
Our statement is the case i = d-1.

N, Ann H,(x,A) c r: The short exact sequence of 4.2.4 (i) for p = 1 yields a
surjection H,(x,...,%4,A) » H (K, (x4,4) ®,Hy(x;,...,%x4.4,A)). The right hand

module is just [(X;,...,X44) ! Xg]/(X;,...,%X4;). The result follows, if one

bears in mind the description of ¢ given above.

tdc r\x(ux:qx): Given a s.o.p. X = X;,...,%X; and a d-tuple a,,...,a4 € £, it is
enough to show that if q € q_ and xb.o.xbagg..agq € (PP kL xy),
then xt...xt . a.a,,,...84q € (x}"1,... xt1,x,,...,%x,). Namely, using descending
induction, from q e a, (i.e. x}t...x5q e (xt*1, ...,x5") for some t > 1) we can
then derive that a,..... a,q € (X;,...,Xy), the result we are after. We have
xb(xb. . oxba,. .80 - xy) € (kP L xE %, ... %) for a certain y € A.
Now x$*1, ... x¥*1 %, ...,%4,x} is a s.0.p., hence a,(x}...xt a,,,...a,q - X,y) €
3, xbx 0, .. 0, %y) because a, € r. Therefore x%...xt ,a,a,,,...a,9 €
¥, ,x}fi,xi, ...,Xy) and the induction step has been taken.

nx(“x:a,) C 1: This reflects the inclusion b  C a.

1 € r: Observe that for any s.o.p. x = X,,...,x; the ideal (x,,...,x4 ;) : %4
is contained in b  in view of 5.1.10, so if a e |, then for all t > 1
af(Xy,...2%gq) @ Xg) € a[(x,...,%Xg) ¢ x;'] c (xl....,xd_l,xg) and the result

follows. This finishes the proof of the theorem.

Several remarks are in order. As we have seen, all the ideals in
11.2.1 are the unit ideal precisely when A is a Cohen-Macaulay ring. In fact
if we define V as the set of those prime ideals which contain ¢ (or any of
the other ideals occurring in 11.2.1), then Schenzel has proven that V

consists of those prime ideals p such that dp AI‘ + dim A/p < d [Sc 82a,

Satz 2.4.6] provided A has a dualizing complex. Thus if A is equidimensional
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i.e. dim A/p = dim A for every minimal prime p, then V is the "set of non
Cohen-Macaulay points". Furthermore all these results can be extended to
finitely generated A-modules, cf. {Sc 82a, §2.4], where other interesting
observations can be found. We shall merely record the properties of [ as
needed in 11.1.2, using the nonnilpotency of ¢, 10.2.9, in a complete ring.

In this case none of the ideals in 11.2.1 is nilpotent.

11.2.2 COROLLARY. If (A,m) is a noetherian local ring, complete in its
m-adic topology, then for any r > 1 there exists a s.o.p. x such that ¥ ¢ a,

and 16, C q,.

Since a s.o.p. remains one after completion, we may as well
carry through our modifications for a complete noetherian local ring. Two
further consequences are worth recording, following [Ba, Ch. III, §2.6]
where we use notation of 5.1.14. Such a result was also proved by Dutta

(Du 89, Th. 2.3].

11.2.3 COROLLARY. Situation as above. There exists a nonnull ideal {

such that the Monomial Conjecture is true for all s.o.p.’'s x with [ ¢ ¢ 1i.e.,
if y is a s.o.p. with o, C o, Y- Tx and det T = A, then A: A/q, - A/uy is

nonnull,

PROOF. Write [ = rk(“x:a,)' then g, C a, for all x. Then a,
cannot be A if [ ¢ a,, so the Monomial Conjecture is true for such an x, see

8.3.5., In the complete case, { » (0) satisfies.

11.2.4 COROLLARY. In a noetherian local ring there exists an integer N
such that for every s.o.p. x = x;,...,%; the powers xj,...,x} satisfy the

monomial conjecture whenever s > N.
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PROOF. Since a possible violation xi...x% = Ef_l a,x™*! remains

one under m-adic completion, we need only prove the statement in the

complete case. Then { » (0). Now « c m® for any n = 1, while n:q m3 = (0),

x(s)

so just choose N large enough that [ ¢ m".

11.3 THE FROBENIUS FUNCTOR

In this section and the next, we work with a ring A of positive

prime characteristic p, so that we have the Frobenius endomorphism x - xP
available. First we show how to extend this to a Frobenius functor which
carries left A-modules to left A-modules. This functor has several nice
properties, a few of which we develop in this section, even beyond what we
shall need in sections 11.4 and 13.1. In the next section then, we show how
to use this functor to succesfully carry through the modifications of section
11.1, utilizing Corollary 11.2.2. It should be pointed out that the Frobenius
functor also played an important role in Peskine-Szpiro’s proof [PS, Ch. I,
§1] of the Intersection Theorem 8.4.4, and that a detailed discussion of

its properties may be found in [HSb, §1].

Let (A,1) be an abelian group isomorphic to A but whose left and
right A-module structures are distinct: its left structure is given by the
identity on A, its right structure by the Frobenius endomorphism. We write
the elements of (A,1) as pairs (a,l), a € A, where the 1 is just a dummy
keeping track of the structure: x.(a,l) = (xa,l) and (a,l).x = (%xPa,1) for

x € A. If M is a left A-module, we define F(M) = (A, 1)e,M, giving it the
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structure of a left A-module by the action on (A,1). Clearly then F(A) = A
as a left A-module, and we can write F°(M) = (A,e)@AM in which we calculate

]
according to the rules x.((a,e)®m) = (xa,e)em, xpe.((a,e)Gm) - (x° a,e)em -
(a,e)®xm for any positive integer e and m € M.

Now we examine what the Frobenius functor does to certain types

of maps. 1f .x: M + M is scalar multiplication by x € A on a module M, then
F(x): F(M) + F(M) is multiplication by x*. In particular, if a homomorphism
#: A" » A" between finitely generated free modules is described by an nxm-
matrix (x‘j), then F(¢) is described by the matrix (xfj). This leads to an

interpretation of F(M) for an arbitrary finitely generated module M. For let

M = A"/(Aa;+. . .+Aa ), where a; € A" is a column vector (xlj,...,xhj),
j =1,...,m. Then F(M) = A"/(Aa%+...+ Ad¥), where a? is the column vector
(xfj,...,x:j). This is seen by letting M be the cokernel of the map A" -+ A"

described by the matrix (XU)' Right exactness of the Frobenius functor, as

a tensor product, and the above observation prove our contention. In

particular, if « c A is an ideal generated by elements x,,...,%,, then

F(A/u) = A/(xf,..‘,xg), a statement which is also easily proved for an
infinite number of generators.
We next show that the Frobenius functor behaves well under

taking fractions.

11.3.1 PROPOSITION. Let S C A be a multiplicative system. Then

S'F(M) = F(SM) for every A-module M.

PROOF. We need to show that S'A®,(A,1)®,- and
(SqA,1)®quSqA®A- are isomorphic functors. Now (SqA,l)quASqA is just

(S_lA,l) while x/s®(a,l) - (xa/s,l) for x, a € A, s € S, determines an

isomorphism S'1A®A(A,1) - (s7!a,1).
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11.3.2 COROLLARY. Supp F(M) C Supp M for every A-module M. Equality

holds for finitely generated modules.

PROOF. Since F(M)p - F(Mp) for every prime ideal p, p € Supp F(M)
implies Mp = (0). If M is finitely generated and p € Supp M, there is a
surjection Mv -+ An/pAp. But F(Ap/pAp) # (0) by previous remarks, and F(Mp)

maps onto this, so P € Supp F(M).

We shall now study a case in which the Frobenius functor is

exact. First, however, we note that this is not true in general:

11.3.3 EXAMPLE. Let k be a field of characteristic p and A = k[X]/(X").
Observe that (x) = A/(qu) and k = A/(x) where we have written x for the
image of X in A. Applying F to the short exact sequence of A-modules

0 -+ (x) = A~ k0 yields that F((x)) = F(A) = F(k) + 0 is exact. Now

F(k) = A/(x®) = A, hence F(A) » F(k) is an isomorphism. On the other hand,
F((x)) = A/(x(p-np) = A. So the functor F is not exact. Furthermore,

pd,k = © since A is not regular, but F(k) is free.
In contrast with this, we have
ds ds—l dl
11.3.4 PROPOSITION. Let 0 - L, +~ L., =" ... + L, be a complex L, of

finitely generated free modules over a noetherian ring A. Then L, is exact

if and only if the complex F(L,) is.

PROOF. This is an easy application of the Buchsbaum-Eisenbud
criterion (6.2.3 and 6.2.6) for exactness, to which we refer for notation.

Recall that the chain modules in both complexes are the same, and that if
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d, is described by a rectangular matrix X,, then the matrix Y, of F(d,)
consists of the same entries raised to the p-th power. If now A is a
kxk-minor of X,, then AP is the corresponding minor of Y,. Thus R(I, (4,)) =
R(I (F(d,))) and in consequence dp(I(d,),A) = dp(I(F(d;)),A) for i = 1,...,s
and also rk d; = rk F(d;). The result now follows from the characterization

of exact complexes in the criterion.

The above argument moreover shows that in the case of a local
ring (A,m) the complex L, is a minimal resolution of M = coker d,, i.e. all
the entries in each matrix X, are in m, if and only if F(L,) is a minimal

resolution of F(M).

11.3.5 THEOREM [PS 73, Ch. I, Th. 1.7]. Let M be a finitely generated

module over a noetherian ring A with pd,M < . Then PdApF(Mp) = pdAnMp for

all prime ideals p C A.

PROOF. Immediate in view of 11.3.2 and the above. Example
11.3.3 shows that it is incorrect to assume that pd,F(M) < « instead of

pdM < =,

This theorem and 11.3.4 imply that F is exact on the
subcategory consisting of such modules. Since F, being a tensor product,

commutes with direct limits, we conclude
11.3.6 COROLLARY. For a regular ring, F is an exact functor.

We next consider the effect of the Frobenius on finite free
complexes with finite length homology. If L, = 0 + L. -+ ... - L, » 0 is such

a complex, one is interested in its Euler-Poincaré characteristic x(L,) =
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Ei_o(-l)il(ﬂi(L,)). Once we have chosen bases for the free modules and
written the maps in terms of rectangular matrices, the maps in F(L,) are
succinctly described by raising each entry in these matrices to its p-th
power. Not so clear however is what happens to yx. A plausible conjecture was

raised by Szpiro [Sz, Conj. C.2]:

11.3.7 CONJECTURE. Let L, be a finite free complex over a d-

dimensional local ring. 1If it has finite length homology, then x(F(L,)) =

pix(L.).

This was recently confirmed by Gillet and Soulé in case the ring
is a complete intersection [GS, Th. B] but is not true in general, though
the order of magnitude is correct [Sei, Prop. 1]. We shall not discuss their
work, but turn to a weaker, asymptotic result on the Euler-Poincaré
characteristic as we iterate Frobenius. To this end we need a useful lemma,
due to P. Roberts [Ro 87a, Lemma 5]. For reasons of exposition we formulate

it for an ascending complex.

11.3.8 LEMMA. Let (A,m,k) be a noetherian local ring and
L"=0-L"+ ... 5L > 0bea complex of finitely generated free A-modules
with dim H*(L") = 0 for i = 0,...,s. Suppose M is a finitely generated
A-module of dimension < r. Then there exists a positive integer C, depending

on M, such that for all e > 0 and all i, l(Hi(Honh(Fe(L'),M))) < pefC.

PROOF. First observe that the H,'s are finitely generated
modules, at most supported in m, so have finite length. There is a finite
filtration of M such that all subquotients are of type N = A/p with p a

prime in A and with dim N < r, and it i< clearly enough to establish the
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inequality for such modules N. We induce on r; for r = 0 we are dealing with
N - k and H,(Hom, (F°(L"),k)) is a vector space of dimension rk L' =cC.

For N = A/p of positive dimension r, there exists a y € m\p
such that the localized complex L; splits, since all the homology of L® is
annihilated by a power of m. This means that there exists an endomorphism o

of L; of degree -1 such that id = od + do where d is the boundary map of L;.

But then, for some positive integer n, the map y% lives on L°, so putting

x = y", we find that x: L' » L is homotopic to 0. So is then for each e the
) . - 3

map .xP : F(L°) - F°(L"). The L' being free, the short exact sequence

Pe

e
0N N-Nx*N-0
induces exactness Of

Pe C)
H, (Hom,(F° (L") ,N)) > H, (Hom, (F*(L"),N)) ~ H, (Hom,(F°(L") ,N/x" N)).

Since the first map is 0, this implies that the length of the second term is

bounded above by that of the third. In the filtration

NoxNo>xN> ...> x?eN all the successive factor modules are isomorphic
to N/xN, since x acts as a non zerodivisor on the integral domain N. Now
dim N/xN < r-1, so the induction hypothesis tells us that
t(Hi(HomA(Fe(L°),N/xN))) < p*""1)C where the constant C does not depend on e.

The lemma follows.

For a complex of finitely generated free modules
L,=0-L > ... >L,~ 0 with finite length homology we put x (L) =
%}E p 4. x(F°(L,)), where d is the dimension of our local ring. This type of
asymptotic invariant was first considered by Dutta [Du 83]. Its present use
for the Euler-Poincaré characteristic is due to P. Roberts [Ro 87a]. That
the limit exists is a consequence of the result of Seibert already mentioned
[Se, Prop. 1]. Szpiro remarked on the existence of this limit provided one
has a certain local Riemann-Roch theorem available, [Sz, §4, Cor.]. The

latter was established by Roberts in [Ro 87a, Lemma 2}, who based himself
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on the local Riemann-Roch theorem in [Fu, Ex. 18.3.12). See also [Ro 89]. A
reader not wishing to take these developments for granted may define xﬂ(L.)
to be the lim inf in the next theorem, which is good enough for its
application in 13.1.2.

Two further remarks are worth making. Once we have our Big
Cohen-Macaulay module in 11.5.1, we may replace the condition "Hy(L,) » O"
below by "L, is nonexact" by virtue of 6.1.4. Secondly, the result is
remarkable in view of Roberts’ construction in [Ro 89, §4] of a three-
dimensional integrally closed Cohen-Macaulay domain with a complex L, as
below such that y(L,) = -1. By his asymptotic result to follow, xﬂ(L,) >0,

so that Szpiro's Conjecture 11.3.7 fails for this ring.

11.3.9 THEOREM. Let L, = 0 -+ Ly » ... » L, » 0 be a complex of
finitely generated free modules over a d-dimensional local ring (A,m,k). If

¢(H (L,)) <= for t = 0,...,d and Hy(L,) = O, then x,(L.) > 0.

PROOF. We may as well assume A is complete, since completion is
exact on finitely generated modules and the length of the homology is

preserved. Positivity of x_  follows right away from the claim:

Lim p™*d ¢(H,(F*(L,)) > 0 for t = 0 and is 0 for t = 1,...,d.

We first treat the positivity. Frobenius being right exact, we
have Hy(F°(L,)) = F°(H,(L,)) and the latter has finite positive length by
11.3.2. A surjection Hy(L,) - k is preserved by F, so {(F°(Hy(L.))) =
L(F°(K)) > l(A/nfe). Although we have not treated this subject in our book, it
is well known that for large n the length of A/m" is a Hilbert-Samuel

polynomial in n of degree d and that its leading term is of the shape a.nd
with a > 0 [AM, Th. 11.4]. This proves the claim for t = 0.

To continue for positive t, we shift L, to an ascending complex
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L*=0-1"~ ... »1%~ 0 with L* = Ly., and appropriate transcriptions of

the boundary maps. Let x = X;,...,X; be a s.o.p. in A and « the ideal
generated by this, and write K° for the complex K;(x,A) introduced in 4.3.2.

It is enough to show that for each t there is a positive integer C, not
depending on e, such that t(Ht(Fe(L'))) < p°*C. As in 7.3.8 we may consider

the double complex Fa(L')QAK' to estimate this length. By that proposition,
we need only show that ¢(H'(F°(L")®,H(A))) < p°*C whenever i+j = t. The
complete ring A has a dualizing complex, D', so by 10.2.8 it suffices to

prove that £(H,(Hom,(F*(L') ,HJ(D")))) < p**C. Now DY = @ E(A/p) where the

sum is taken over all primes p with dim A/p = j. In view of 3.2.7, the chain
module D% is only supported at primes containing some such p. Therefore the

finitely generated homology module H¥9(D") has dimension < j. Since
j =t =d, the inequality is now a consequence of Lemma 11.3.8, and the

claim follows.
To finish this section we take another look at Frobenius:

11.3.10 REMARK. For a reduced ring A, on which the Frobenius
endomorphism is injective, one can describe F more naively as follows. Write

A'® ¢ A for the subring consisting of all p-th powers; it is isomorphic to A.

()

To each A-module M attach an A‘®’-module M which is isomorphic to M as an

(»

abelian group by the mapping m — . The A'®’-structure of M is defined by

M is
A(p)

putting af.fi = am. It is now easily seen that the A-module A®
isomorphic to F(M). In [Ku 71, Th. 2.1] Kunz proved that a reduced ring A is

flat over A®’ if and only if A is regular. In fact Corollary 11.3.6 is the
first half of his result, albeit proved by different means. See also [Her,

Kor. 3.3].

11.3.11 We finally discuss the connection between the Frobenius functor
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and p-linear homomorphisms. An additive homomorphism A: M —+ N between two
A-modules is called p-linear if A(xm) = xPA(m) for all x € A, m € M; an
example is the Frobenius endomorphism of A. Another example is the map

p: M+ F(M) defined by sending m to (1,1)@m, m € M. This is universal in the
following sense: for A p-linear as above, there exists a unique A-linear
homomorphism §,: F(M) » N with f,04 = X; it is defined by §,((a,l)@m) =
ai(m), a€ A, m € M.

On the other hand, if f: M » N is A-linear, then

M f N
HM AN
F(M) F(N)

F(f)
is a commutative square, in which the horizontal maps are linear and the
vertical ones p-linear. Similar observations hold for the iterated functors

F°.

11.4 PRE-REGULAR MODULES IN CHARACTERISTIC p

Using the functorial properties of the Frobenius functor just
discussed, we can succesfully carry through the modifications of 11.1.
Specifically, let (A,m) be a noetherian local ring of positive characteristic
p and X = x,,..,%; be a fixed s.o.p. Let us make a few preliminary remarks

on how Frobenius behaves with respect to modifications.



Pre-regular moduls in characteristic p 219

Let m, be a bad element in the A-module M, with respect to x.

This means that xi...xfm, e (x}*,... ,xgﬂ)udt't'lﬂ for some t > 1, where
(t+1) (t+1)py (dt-t-1)

a= (%,..,%g). Then (x}...x9)"u(my) € (x, Pk Pya PR(M), so

that p(m,) is a bad element in F(M) w.r.t. the s.o.p. x* = x},...,x}.

If f: M » M' is a modification of my w.r.t. x, we may apply F to

the commutative diagram

A Y M@ Ad M’ 0
(4 f
M
in which the row is exact and v = (-m,,X;,...,%y). Right exactness of F and

the diagram ending 11.3 show that F(f): F(M) - F(M') is the modification of
the bad element u(m,) in F(M) w.r.t. the s.o.p. xP.

We are now ready to clinch the argument.

11.4.1 THEOREM. Let X = X;,...,X; be an arbitrary s.o.p. in a

noetherian local ring (A,m) of prime characteristic p. Then there exists

an x-pre-regular A-module.

PROOF. Let (M,,u.) be a sequence of modifications of bad

elements as in Proposition 11.1.1. Suppose u_. € «M, for some r > 1, then we

shall derive a contradiction. Observe that u®(u.) € (xll’e,...,xge)F“(M) for all

e > 0. Now F"’(MJ.,;;"(uj)) is a sequence of modifications of bad elements w.r.t.

Pe

)
the s.o.p. x* =x} ,...,xge. Recall that we may as well suppose A is

complete in its m-adic topology. Then I, the ideal of 11.2.1, is

nonnilpotent by 11.2.2. Thus we can choose e large enough so that IF ¢ ape; a
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(] U] (]
fortiori I* ¢ (xfe,...,xg ). By definition we have b o C (x¥,...,x3 ). But
X

then 11.1.2. tells us that u°(u) ¢ (xf,...,xE)F°(M), which is our

contradiction. Therefore u ¢ oM, for all r and M = lim M  is pre-regular
r

w.r.t. x by Proposition 11.1.1.

11.5 BALANCED BIG COHEN-MACAULAY MODULES IN CHARACTERISTIC p

Completing the module of 11.4.1 in its m-adic topology, we

obtain the result we are after, in view of 9.1.1 and 5.2.3.

11.5.1 THEOREM. Every local noetherian ring of prime characteristic p
has balanced Big Cohen-Macaulay modules. There are such modules M for which
(%3, ...,%X,)M is closed in the m-adic topology of M for all s.o.p. xy,...,X,,

0 <i=<d, and where M is complete in its m-adic topology.

Hochster was the first to construct Big Cohen-Macaulay modules
in {Ho 75a, Th. 5.1], after having realized their importance for a host of
homological conjectures, and he conjectured their existence also in mixed
characteristic [Ho 75a, Ch. 2, Conj. (7)]. In [Ho 75b, Cor. 5.8] he gave a
construction of balanced Big Cohen-Macaulay modules, different from ours.
Needless to say, our treatment should he considered a refinement of his
pioneering work.

A final remark is that the above theorem remains valid for a
ring A such that A_, is of characteristic p. For a s.o.p. remains one after

factoring out the nilradical.
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by

L.P.D. van den Dries

12.0 INTRODUCTION

Fix the positive integer n for the remainder of this
Introduction. We are going to describe a strategy for the proof of the

following fundamental result due to M. Hochster.

THEOREM I. Let A be a noetherian ring containing a field and
let x;,...,%, in A generate an ideal of height n. Then there exists an

(%4, ...,%,)-regular A-module.

In the preceding chapter we proved this theorem in the case A
contains a field of characteristic p > 0. (In fact, the result was only
stated there for local A with x,,...,x; a system of parameters, but the more
general formulation used here follows easily by localization.)

In this chapter we introduce an important general method to
reduce algebraic problems "in equal characteristic 0" to similar problems
"in equal characteristic p > 0". In order to apply this method in proving

Theorem I we have to reformulate the problem in terms of polynomials.
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To do this we use the (sometimes subscripted) expression £, or
£(X,Y), to denote a finite system of polynomial equations over 2:
XY : FXY) - .... = FRE,Y) -0
where X = (X;,...., X)), Y = (Y,,....Y), Fi(X,Y) € 2[X,Y] for i = 1,...,h.
Note that n is the integer fixed above, and that q and h depend on the
system § = £(X,Y). Given a ring A we call an (nt+q)-tuple (x,y) in A a
solution of £(X,Y) in A if
F(x,y) = ... = F(x,y) = 0.
(Here we interpret the integer coefficients of the F’'s by their images in A.)
The next proposition reduces the problem of proving Theorem I to

one on systems of polynomials.

PROPOSITION II. There is a family (¢ of finite systems of

/\)z\EA

polynomial equations over Z (of the form specified above) such that for each

ring A and each x = (xl,...,xn) € A" the following are equivalent:
(i) There exists an x-regular A-module;
(ii) No system §A = §A(X,Y) has a solution (x,y) in A.

A construction of these systems £ A €A, vas actually given

by Hochster in [Ho 75a, Prop. 4.2]. In §1 we prove the proposition as a
special case of a more general result. Our argument is completely different

from Hochster’s.

Suppose now that A is a noetherian ring containing a field of
characteristic 0, that x = (x;,...,X) € A" satisfies he(x,,...,x,) =n, and
that, contrary to Theorem I, there is no x-regular A-module. Then, by
Proposition II, one of the systems §A(X,Y) has a solution (x,y) in A.

We will get a contradiction from this by proving that then the
same system £, must have a solution (x',y') in some noetherian ring A’

containing a field of characteristic p > 0, with ht(x') = n. Indeed, by the
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preceding chapter, there exists in this case an x’-regular A’-module, and we
have a contradiction with Proposition II.
The remaining step in this argument (i.e. "by proving that then

...") is provided by Theorem III below.

THEOREM III. Let £ = £(X,Y) be a finite system of polynomial
equations over Z and suppose that £ has a solution (x,y) in a noetherian
ring A containing a field of characteristic 0, such that ht(x;,...,x)) = n.
Then there exists a domain A’ containing a finite field and finitely
generated over that field such that £ has a solution (x',y’) in A’ with

ht(x{,...,x}) = n.

The proof of Theorem III splits into two steps:

LEMMA IV. Assume that the hypotheses of Theorem III hold and
suppose moreover that A is finitely generated over a field of characteristic
0. Then there is a domain A’ containing a finite field and finitely
generated over that field such that £ has a solution (x’,y') in A’ with

ht(x{,...,xﬁ) = n.

Lemma IV is obviously a special case of Theorem III. That we

can reduce to this special case follows from the next lemma.

LEMMA V. Under the same hypotheses as in Theorem III, there is
a domain A’ containing a field of characteristic O and finitely generated
over that field, such that £ has a solution (x',y’) in A’ with

ht(x{,...,x}) = n.
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From the discussion above, the implications (II & III) = I and
(IV & V) » III should be clear. As said before we will prove Proposition II
in section 1. After this we are reduced to proving Lemmas IV and V. In
sections 2 and 3 we prove IV. Lemma V is the harder one and requires (or so
it seems) a deep approximation theorem due to M. Artin. We treat this very
useful tool in section 6, with the necessary preliminaries on Weierstrass
Theorems and henselization in sections 4 resp. 5. In the short section 7 we
can finally prove Lemma V.

Sections 2, 4, 5 and 6 can be read independently from the
remainder of this book. These sections introduce methods and tools which,
apart from their intrinsic interest, seem to become more and more important

in several branches of algebra.

12.1 HOCHSTER ALGEBRAS AND EQUATIONAL CONSTRAINTS
12.1.1 We fix again the positive integer n and write X = (X;,...,X)).
So Z2[X] = 2[X,,.... X ].

To prove Proposition II of the Introduction we have to find the
equational constraints on pairs (A,x), A a ring, X € A", which are necessary
and sufficient for existence of an x-regular A-module. Formally we identify
such a pair (A,x) with the Z[X]-algebra A whose structural morphism Z[X] -+ A
is given by X, » x; for i = 1,...,n. Under this identification a morphism
(A,x) » (B,y) of Z[X]-algebras is a ring homomorphism A - B mapping x, to Yy

i=1,...,n.

12.1.2 DEFINITION. A Hochster algebra (of type n) is a Z[X]-algebra
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(A,x) such that there exists an x-regular A-module.

All we need to know about Hochster algebras is that they form a

class of Z[X]-algebras with the following two properties.

12.1.3 LEMMA.

(a) If (A,x) - (B,y) is a 2{X)-algebra morphism and (B,y) is a
Hochster algebra, then (A,x) is a Hochster algebra.

(b) If each finitely generated subalgebra (A',x) of a Z[X]-algebra

(A,x) is a Hochster algebra, then (A,x) is a Hochster algebra.

PROOF.
(a) If M is a B-module, then its submodule (yl,...,yk)M is, as a set,
equal to the A-module (x,,...,% )M, 1 <k < n. Hence M is regular if and only

if M is x-regular as an A-module.

(b) Let (A.,,x)7er be the family of finitely generated subalgebras of
(A,x), and suppose each (Av,x) is a Hochster algebra. We shall define an
ideal g of the product algebra (TIA,,x), prove that the factor algebra
((HAv)/a,x/u) is a Hochster algebra, and finally indicate a 2[X]-algebra
morphism (A,x) »((HAv)/u,x/a). By (a) this suffices to conclude that (A,x)

is a Hochster algebra.

Call a subset A of T large, if for some finite subset Y of A
the set A contains all y € T with Y ¢ AL Tt is obvious that I' itself is
large, that A’ is large if A’ > A and A is large, and that the large sets
are nonempty. Most importantly, the large sets are closed under finite
intersections (in other words, they form a filter).

Put q, ~ {a = (a.,)7Er e HA7| a = 0 for all vy € A) for large A.

Then each o, is an ideal of ma,, hence their union a« is an ideal of IA,.
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By assumption there is for each v € I' an x-regular A -module M .
For large 4, Let N, be the submodule (m - (n5)1er € M, | m, - 0 for all y € A)
of the HAﬁ-module M, and let N be the union of all N,; so N is a submodule
of HM1 with u(HM1) c N. Therefore (HM1)/N is a (HA1)/u-modu1e and 1t is
straightforward to check that it is an x/g¢-regular module, where x/a =
(%,/q,...,%,/a). Hence ((HA1)/u,x/u) is a Hochster algebra.

Finally, we define ¢: A » (HA1)/u as follows: For any a € A,
let A be a large set such that a € A, for all y € A. Put ¢(a) = (a1)/a,
where a = a for v € A and a, is arbitrary otherwise. It is easily verified

that ¢ is well defined and that it is a Z[X]-algebra morphism.

12.1.4 More generally, consider instead of 2[X] a noetherian ring Z
and, in stead of the class of Hochster algebras, a class ¢ of Z-algebras with
the following properties:

(a) if A+ B is a Z-algebra morphism and B € ¢, then A € §;

(b) if each finitely generated subalgebra of the Z-algebra A belongs
to ¢, then A € §.

(So for Z = Z[X] and ¢ = class of Hochster algebra, conditions (a) and (b)

hold by the previous lemma.)

Under these assumptions we can prove:

12.1.5 PROPOSITION. There exists a set = of systems of polynomial
equations over Z:

ECY) : F(Y) = ... =FR(Y) =0
(F,(Y) € Z[Y], Y = (Y‘,...,Yq), h and q depending on the system £(Y)) such

that for each Z-algebra A: A € ¢ # no system é(Y) of E has a solution in A.

PROOF. Define = as the set of all systems
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E(Y) ¢ Fy(Y) = ... = F(¥) = 0 (F,(Y) € 2[Y], Y = (Y,...,Yy)) which have no
solution in any Z-algebra belonging to ¢. We only have to show that

conversely a Z-algebra A in which no system £(Y) of = is soluble, belongs to

$.

In view of condition (b) we may reduce to the case that A is
finitely generated as a Z-algebra, say A = Z[y], y = (yl,...,yq), Z = image
of structural morphism Z - A. Let Y = (Y1---~qu) and let F (Y),...,F (Y) in

Z[Y] generate the kernel of the Z-algebra morphism Z[Y] + A with Y, » Y,

Then F;(y) = ... = F,(y) = 0, so the system of equations
F,(Y) = ... = F,(Y) = 0 does not belong to E. By definition of E there
exists a Z-algebra B in ¢ in which the system has a solution y’ = (y;...,y;),
which means that the Z-algebra morphism Z(Y] + B with Y, ~ y;, i=1,...,q,
has Fl(Y),...,Fq(Y) in its kernel. So it induces a Z-algebra morphism

A= Z[Y]/(F,(Y),..,F,(Y)) + B. Hence A belongs to ¥ by condition (a).

Applying 12.1.5 to the class of Hochster algebras yields
Proposition II of the Introduction.

Our treatment here is in the spirit of model theory and does
not give a method to construct the actual equational "constraints”. Such a
method is implicit in [Ho 75a, p. 22] by Hochster who first realized that the
existence of "universal equational constraints" can be used for reduction to
prime characteristic.

In Exercise 6 below we indicate another important class of 2[X]-

algebras satisfying conditions (a) and (b).

12.1.6 EXERCISES.
1. (Converse to 12.1.5) Let Z be any ring and ¢ any class of Z-

algebras for which Proposition 12.1.5 holds. Then conditions (a) and (b) of
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12.1.4 are satisfied by %.

2. Suppose that Z is a noetherian ring and € a class of noetherian
Z-algebras such that (a) and (b) of 12.1.4 hold, with A a noetherian Z-
algebra in both conditions. Check that 12.1.5 is still valid for noetherian
Z-algebras A.

Let in the next two exercises Z and $ satisfy 12.1.4.

3. Show that € is closed under taking direct limits. (Hint: use
12.1.5.)

4, Suppose that A € € = A_, € €. Show that E as in 12.1.5 may be
taken to consist only of systems F,(Y) = ... = F(Y) = 0, such that
(Fi(Y),...,F(Y)) is a radical ideal of Z[Y].

5. (Case n = 1) Let A be a ring, x € A. Write Ann®(x) for

Lﬁ_l Ann(x®), the union of the ascending chain of ideals Ann(x®). Show the

following to be equivalent:

(i) (A,x) is a Hochster algebra;
(ii) (X) + Ann®(x) = A;
(iii) No equation x™ly = x®, m > 0, has a solution y in A.

(Hints: to prove (iii) =» (ii), suppose that (ii) does not hold, i.e.

Xy, + Y, = 1, x“‘yz = 0 for certain ¥ ¥, € A, m > 0, and derive a solution

for x™ly « x®; to prove (ii) = (i), show that (ii) implies that A/Ann®(x) is
x-regular; for (i) =» (iii), suppose that x™ly = x®, m > 0, and that x is not
a zerodivisor on the A-module M; conclude that xM = M.) Note that for A a
domain (ii) means: x is neither a unit, nor zero, while for A a local ring

(ii) is the same as: x is neither a unit, nor nilpotent.

The following class of Z[X]-algebras was introduced by Hochster
in [Ho 75b, §2], in connection with the mixed characteristic case of his

conjecture.
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DEFINITION. Call x = (X;,...,X) € A", A a ring, a system of
quasi-parameters if for each finitely generated Z[X]-subalgebra (A’',x) of
(A,x) there exists a 2[X]-algebra morphism (A’,x) - (B,y) with B local
noetherian and y a s.o.p. for B. (Completing and dividing out a prime of
maximal coheight one can always take for B a complete local, noetherian
domain.) Let us call the Z[X])-algebra (A,x) a quasi-parameter algebra if x

is a system of quasi-parameters.

12.1.6 EXERCISES.
6. Show that the class of quasi-parameter algebras satisfies the
conditions (a) and (b) of 12.1.4.

7. Show: if (A,x) is a quasi-parameter algebra, then (A,x) is

red

also a quasi-parameter algebra.

Comment. Exercise 6 combined with 12.1.5, shows that there
exists a "complete" set of equational constraints defining systems of quasi-
parameters. It would be important to "know" these constraints explicitly; do
they express something natural, say on the ideals which one can form from
the x's using various operations? Some connections with Hochster algebras

are contained in the following exercises.

12.1.6 EXERCISES.

8. Show that Hochster's conjecture, see section 11.5, is equivalent
with: all quasi-parameter algebras are Hochster algebras.

9. Show that for n = 1 Hochster algebras and quasi-parameter

algebras are the same.
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12.2 CONSTRUCTIBLE PROPERTIES AND TRANSFER TO FINITE FIELDS

12.2.1 In this section we introduce a method - the method of
constructible properties - which enables one to reduce certain problems

over fields of characteristic O to similar problems over finite fields. This
method will then be used in section 3 to prove Lemma IV of the Introduction.
As motivation we first consider an example where a reduction to finite

fields is apparent.

12.2.2 Consider a system of linear equations

€Uy + -+ eplly = ¢

uU; + = + ey = oy
where the U’s are the unknowns and the c’'s are integers. We shall show how to
compute a prime number p such that the system is soluble in Q@ if and only if

it is soluble in rr

We know that the system is soluble if and only if

C1p + + - Ciy Cip + + - CIn &

rank . . = rank : AN (*
Cy1 - - - Gy L
(This is true for c’'s in K and solubility in K, where K is any field.) The
rank of a matrix is the least k > 0 such that all (k+l)x(k+l) minors vanish.
Take for p a prime number not dividing any of the nonzero minors of the two
matrices in (*). Then for both matrices in (*) we have:
rank over Q = rank modulo p.

By (*) this implies that the system is soluble in @ if and only if it is

soluble in Fp.
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12.2.3 The crucial point in this argument is that we could express
solubility by certain polynomial equations and inequations over Z in the c's
(certain minors are zero and others are nonzero) and that these (in)equations
are independent of the field K in which the coefficients Cyy» ¢y le.

A similar result holds for arbitrary finite systems of
polynomial equations, provided one considers solubility in the algebraic

closure of the field of coefficients. (This will be proved in 12.2.10.) The

simplest nonlinear example is the equation coU2 +cU+c, =0, Its
solubility in the algebraic closure of the field K, where c, € K, can be
expressed by: (¢, #» 0) or (¢, # 0) or (c, = 0).

More generally we want to consider properties of systems of
polynomials over fields which can be expressed by equations and inequations
over Z in their coefficients. Polynomials are determined by their vector of
coefficients, so we may consider instead properties of vectors c € Kﬂ, K a
field, M > 0. The idea is that a "property" is something which holds for
certain fields and M-tuples over that field, and does not hold for other

fields and M-tuples, This suggests:

12.2.4 DEFINITION. Let C = (C,,...,Cy) be a vector of distinct

variables, M > 0. A C-property is a map which assigns to each pair (K,c),

K a field and ¢ € Kﬁ, the value "true" or the value "false".

C-properties will be denoted by ¢(C), ¥(C), etc. If ¢(C)
assigns to the pair (K,c) the value true, we also say that "K satisfies
¢(c)" or "¢(c) holds in K", and we write K £ ¢(c).

We shall deal with C-properties in an informal way:

12.2.5 EXAMPLES. Let M > 0, C = (C;,...,C,) as above,
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(&) Let ¢(C) be : "X + le+1 + ... + Gy has M distinct zeroes in

the algebraic closure”. A formally precise definition of ¢(C) 1s as follows.

For any field K and any ¢ = (c;,...,cy) € K we put: Kk ¢(c) if and only if
M+ cgebl + ... + ¢, has M distinct zeroes in the algebraic closure of K,
(2) Let £,(C,T), £,(C,T) € Z[C,T]. Then we define a C-property ¥(C)

by: "£,(C,T) and £,(C,T) have a common zero in some extension field". So
K E ¢¥(c) iff there is an extension field L of K and t € L such that

£,(c,t) = f,(c,t) = 0.

12.2.6 We introduce the following operations on C-properties. Given C-

properties ¢1(C) and ¢2(C) we define the C-properties ¢1(C) v ¢2(C),

¢1(C) A ¢2(C), ﬂ¢1(C) by putting, for any field K and ¢ € K

K ¢(c) v ¢,(c) 1ff KE ¢,(e) or Kk ¢,(c),
KE ¢ (c) A ¢,(c) iff K ¢,(c) and K F ¢,(c),
K E w¢1(c) iff not Kk ¢1(c).

The binary operations v and A on C-properties are clearly
commutative and assoclative, and distributive over each other. Also
(6,(C) v $,(C)) = (~¢,(C)) A (~4,(C)), and similarly with "v" and "A"

interchanged. It will not surprise the reader that we call

¢1(C) V ...V ¢k(C) the disjunction of the C-properties ¢1(C),...,¢k(C),
similarly ¢1(C) Aol A ¢k(C) their conjunction, and -¢(C) the negation of
#(C).

12.2.7 From 12.2.2 and the discussion in 12.2.3 it will be clear that

our main interest is in C-properties expressible by equations and
inequations over Z in the variables C. For instance the C-property ¢(C) of

12.2.5 Example (1) is of this type: Let D(C) be the discriminant of
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M+ CX Tt Cy considered as a polynomial in X. Then ¢(C) coincides
with the C-property "D(C) » 0" (which is true for a pair (K,c) 1ff D(c) = 0).
(For a description of "discriminant" see [Lan, Ch. V, §9].) The technical
term for a property expressible by equations and inequations over 2Z is:

constructible property. A precise definition follows.

12.2.8 DEFINITION. Let M > 0, let C = (C,,...,C,) be a vector of M
distinct variables.
(1) A basic C-property is a C-property "a(C) = 0", where a(C) € 2[C].

(It is true for a pair (K,c) 1ff a(c) = 0.)

(ii) Let al,...,ap,ﬁl....,ﬁq € Z[C], p+ q>0, and let @ and 8
denote the sequences (al,...,ap) and (51""’Bq) respectively. Then the C-
property "a,(C) = ... = ap(C) = O and BI(C) » 0 and ... and ﬁq(C) » 0" will be

denoted by (a(C);8(C)) and is called a C-system.
(1ii) A constructible C-property is by definition a disjunction of
finitely many C-systems. (By convention, the disjunction of an empty set of

C-properties is the C-property "1 = 0" which is never satisfied.)

The following exercises state simple facts about constructible
properties. The last two are intended for readers familiar with

constructible sets. In the remainder of this section C will denote a vector

(C;,...,Cy) of M distinct variables, M > 0.

12.2.9 EXERCISES. Prove:

1. The negation of a C-system is a constructible C-property.
2. The constructible C-properties form a boolean algebra with

respect to v, A, and .. Its greatest element is the basic C-property "0 = O"
which is always satisfied, and its least element is the basic C-property

"]l = 0", which never holds. (Hint: use Exercise 1.)
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3. Let ¢(C) be a constructible C-property, K and L fields, Kc L

and ¢ € K. Then K F ¢(c) 1ff L E ¢(c).

4, The boolean algebra of constructible C-properties is isomorphic
with the boolean algebra of constructible subsets of Spec(z{C]), [Ma 80,

Ch. 2, §6], under the isomorphism which associates to the basic C-property
"a(C) = 0" (a(C) € Z[C]) the Zariski-closed set {p € Spec(Z[C])| a(C) € p}.
5. Let ¢(C) be a constructible C-property and ¢(C) the
constructible subset of Spec(Z[C]) corresponding to ¢(C) under the

isomorphism in 4. Let K be a field and ¢ € K", Then K E ¢(c) 1ff the ring

homomorphism 2[C] » K given by C, » ¢, has a kernel belonging to (0.

The following fact explains why constructible properties are so
useful for reducing characteristic zero problems to problems over finite
fields: If ¢(C) is a constructible C-property and K k ¢(c) for some field K
of characteristic 0 and some ¢ € KM, then there is a finite field K' and a

c' € (K')H such that K’ E ¢(c’). This and similar results are derived from

the following crucial theorem.

12.2.10 THEOREM. Let U = (U,,...,Uy) be a sequence of new variables,
N > 0, and let f,(C,U),...,f(C,U), gl(C,U),...,gj(c,U) € 2[C,U], k+j > 0.
Then the C-property ¢(C|f1,...,fk;g1....,gj) defined by: "the system of

equations and inequations

£,(C,U) = ... = £,(C,U) =0, g (C,U) 0, ..., g(C,U) » 0

has a solution u € LY in an extension field L" is a constructible C-property.

REMARK. In fact, we shall explicitly construct a constructible

C-property ¥(C) which coincides with ¢(C|f1,...,gj). Qur argument is easily

adapted to showing that ¥(C) also coincides with the C-property
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<X>‘(C|f1,...,fk;gl,...,gj) defined by: "the system

£f,(C,U) = ... = £,(C,U) =0, g (C,U) » O, ... ,gj(C,U) » 0
is soluble for U within the algebraic closure". (One simply replaces
everywhere in the proof ¢ by &’ and the phrase "in an extension field L" by:

"in the algebraic closure”)

PROOF. Consider first the case N = 1. ®(C|f,,... ,fk;gl, .. ,gj)
clearly coincides with @(C|f,,... ,fk,O;IIgi), so we may assume k > 1 and j = 1.
(If no polynomial g, occurs in ¢, take g = 1.) Without loss of generality
we may also assume that degulf1 > degulf2 > ... 2 degulf , where degulo = 0 by
convention. Write

£,(C,U) = ag (O + ay ((OUF + ... + ay(0),

g,(C.Uy) = B(OW] + B (OUF + ... + B (C),

where d = deg f , e ~ deg, g, .
1 1

We use induction on the integer D defined by: D = 2‘:_1 deg, £, + e.
1
Trivial case: At most one term of the sequence f,... ,fk,g1 has

positive degree in U,. This term (if any) is either f, or g . If it is f, or

if there is none, then the polynomials f,,... ,fk,g1 belong to 2[C] and
<X>(C|f1,...,fk;g1) equals the C-property
(@g(C) =0 v a(C) »0v ... Vva(C) » 0) A £,(C) =0 A ... A

A £(C) =0 gl(C) » 0,
which is clearly constructible. If it is g, then f,,...,f; belong to 2[c],
and ®(C|f,,... ,fk;gl) equals the constructible C-property

£1(C) = ... =~ £,(C) =0 A (B,(C) »O v ... vB(C) = 0).

Main case: At least two terms of the sequence f1" .. ,fk,g1 have

positive degree in U;. The idea is to lower D by applying the Euclidean
algorithm to these two polynomials.

Subcase 1: d > e > 0.

Write § = g, - B,(C)U} = B_ ()T + ... + B (C). By the
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d

Euclidean algorithm there are q,r € Z[C,U,] such that ﬂe'“l.fl = q.g,+r and

degulr < e. Then we have: ¢(C|f1,...,fk;g1) - ¢(C|f1,...,fk,ﬂ.;g1) v
®(CIEy, ..., 5B, .8) = ®(CIEy,....£,8,;E) v ®(Clfy, ... £;B,.T) V
®(Clq,£f,,... ,fk,r;ﬂe.gl). Now degulq + degulr < degulfl, hence by the induction
hypothesis ®(C{f,,... ,fk;gl) is the disjunction of three constructible C-

properties, so is constructible.

Subcase 2: e > d > 0. Define:
o= £ - ag(OU = a0V + L+ a(0),
B, = a(C)g, - B (CUf,,

so deg , < d, and deg; g, < e. Then we have:
1 1

¢(C|f1,...,fk;g1) - ¢(C|f1,...,fk,ad;g1) v ¢(C|f1,...,fk;ad.g1) -
&(CIE,, £, ... £ ,a4:8) V (CIEy, ..., £58)-
Again the induction hypothesis implies that &(C|f},...,f ;g)) is a

constructible C-property. These two subcases cover e > 0.

Subcase 3: e = 0, d>h > 0, where h = degl_l £,.
1

Write £, = v, (OU} + v, (VU] + ... + v,(C),
and

£, = 7 (OFf, - a,(C)udPs (so deg. F, < d),

1 7h( 1 d 1 L2 g”L 1

£, =f, - v (Out (so deg £, < h).

2 2 - 1,(C)U; g”1 2
Then we have:
(CIf, ... i) ~ ®(CIE £y, ... f L,y 58) vV &(CIE,, ... £ iy, -8) =
®(CIE,E .- B8 v RCIE Ly, 8
As before, the induction hypothesis implies that <I>(C|f1,...,fk;g1) is a

constructible C-property. This finishes the proof for N - 1.
Suppose now that N = N'+1, N' > 0, and that the statement of
the theorem is true for N’ instead of N (induction hypothesis). Then we

consider the (C,U;)-property &((C,U))|f,,... ,fk;gl, . ,gJ). By the induction

hypothesis this (C,U,)-property is constructible, hence equals a disjunction
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of (C,U,)-systems:

(2,(C,U;);8,(C.UD) v ... v (a,(C,U)));B (C,U,)), where for each i = 1,...,m
the (C,U,)-system (ai(C,Ul);ﬂi(C,U )) equals ail(C,Ul) - - aik“)(C,Ul) -
0 A ﬂil(C'Ul) w OA ... A ﬂij“)(C,Ul) » 0 (the aiJ's and ﬂijls belonging to
2(C,U;]). Define for i = 1,...,m the C-property & (C) as
¢(C|a11""’aiku);ﬂid""'ﬂiﬂi))’ which is constructible by what we proved
for N = 1.

We claim that ¢(C|f1,...,fk;g1,...,gd) =&(C)v ... Vv &(C). For
suppose K is a field, c e K and K £ ¢(c|f1,...,f;;gl,...,gd). This means that
there is an extension field L of K and u = (u;,...,u) € LY such that
filc,u) = ... = f (c,u) =0, gl(c,u) w0, ..., gj(c,u) w 0. Then
(b,,...,u) € ! is a solution of fi(e,u,U,,...,Up) = ... =
fi(c,u,U,,...,Uy) =0, gl(c,ul,Uz,...,UN) w0, ..., gj(c,ul,Uz,...,UN) w 0, so
LE ¢((c,u1)|f1,...,f;;gl,...,gj). This implies L k (ai(c,ul);ﬂi(c,ul)) for
some 1 € {1,...,m}. By definition of &,(C), this means that K k &;(c), so
RKE&®()v ... ve(c).

The converse: given a field K and ¢ € K! such that
KE &) v ...v &(c), then Kk ¢(c|f1,...,fk;gl,...,gj), is routine and
left to the reader.

This establishes our claim, and finishes the proof of the

theorem.

12.2.11 REMARKS . Note that the C-property ¥(C) of 12.2.5, Example (2),
is constructible by Theorem 12.2.10.

For readers familiar with constructible sets we remark that
Theorem 12.2.10 corresponds, by Exercise 12.2.9, 5, to the case of
Chevalley’s constructibility theorem which says that the image of a
constructible set under the canonical map Spec(Z[C,U]) -+ Spec(Z[C]) is

constructible [Ma 80, Ch. 2, Th. 6].
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But our proof gives extra information as we noted in the remark
following the statement of the theorem. A consequence is a version of

Hilbert’s Nullstellensatz.

12.2.12 COROLLARY. Let K be a field, fl,...,fk,gl,...,gJ € K[U], where
U= (Up,...,Uy). If the system of equations and inequations f,(U) = ... =
£,(U) =0, gl(U) = 0, ..., gj(U) » 0 has a solution in an extension field

of K, then it has a solution in the algebraic closure of K.

PROOF. Replace the different nonzero coefficients Cys-..4Cy in
the k+j polynomials by distinct variables C,,...,C, and apply Theorem

12.2.10 and the remark following its statement.

The next result is the basis of our method of reduction to

finite fields.

12.2.13 PROPOSITION. Let ¢(C) be a constructible C-property. If there
is a field K of characteristic 0 and ¢ € K’ such that K E ¢(c), then there

is a finite field K' and ¢’ € (XK")M such that K’ E ¢(c’).

PROOF. It suffices to consider the case that ¢(C) is a C-system

(a(C);B(C)), vwhere a = (a;,...,0q), B = (ﬂl""’ﬂj)' ai,ﬂh € 2[C]. So we

assume that al(c) = ... =o(c) =0, ﬂl(c) =0, ..., ﬂj(c) = 0 in K. Let
d;,...,d, be the distinct nonzero coefficients of the polynomials
al,...,ak,ﬂl,...,ﬂj. Recall that these coefficients are integers.

We replace in °1"-'»°k’ﬂ1""'ﬂj each coefficient d, by a new
variable D, so that we obtain polynomials Al,...,Ak,Bl,...,Bj in

2(D,,...,D,,Cy, ..., Gyl With A (d,0) = a,(C), ... , B,(4,0) = B, (C), where



Constructible properties 239

d-(d,...,4) €2 i=1,....k, h=1,...,].

Using the notation of 12.2.10 we can express a,(c) = ... =
a,(c) =0, ﬂl(c) =0, ..., ﬂJ(c) =0 by QE ¢(d|A1,...,Ak;Bl,...,BJ).
But ®(D|A,,...,A;B;,...,B)) is, by 12.2.10, a disjunction of

D-systems, so for one of these disjuncts, say (y(D);§(D)), with

v - (71""'7:)' § = (6,,...,68,), we have

7,(d) = ... =7y(d) =0, §,(d) =0, ... ,6,(d) = 0.

Let p be a prime number not dividing any of the §,(d),...,§,(d).
Let dy,...,d! be the images of the integers d,,...,d; in Z/(p) = Fp, and put
d' = (d4;,...,dy). Then clearly rp E (v(d');6(ad')), and because (y(D);86(D)) is
a disjunct of ¢(D|A1,...,Ak;51,...,Bj), we obtain
Fo F ®(d’ [A, .., AGBy, LBy

By the remark following 12.2.10 this implies that in the

algebraic closure of Fp there are ¢{,...,¢; such that, with ¢’ = (¢],...,cy):
Al(d’,c') = ... =A@d,c') =0, Bl(d’,c’) =0, ..., Bj(d',c') » 0, i.e.
a(c’) = ... =(c') =0, ﬂl(c') =0, ..., ﬂj(c') # 0, so K' F ¢(c’) where

K' = Fp(c'). The proof is finished.

12.2.14 REMARK. The proof of 12.2.13 shows that we can choose any

sufficiently large prime number p as the characteristic of K'.

12.2.15 EXERCISES. Prove:

1. If K is a field and L an extension field which is finitely
generated as a K-algebra, then [L : K] < ». (Hint: use 12.2.12.)

2. A field which is finitely generated as a ring (i.e. as a 2-
algebra) is a finite field. (Hint: use 12.2.13 to show that the
characteristic is not 0; then apply 1.)

3. A nonempty constructible subset of Spec(Z[C]) contains a prime

ideal p such Z[C]/p is a finite field. (Hint: use 12.2.12, 12.2.13.)
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REMARK. Theorem 12.2.10 closely resembles a well-known theorem
of Tarski. See for instance [Ja, Ch. 5, §6]. After completion of the
manuscript we noticed that a related concept of constructible property has

been developed by Grothendieck in a scheme theoretic context, cf. [Gro 61,

Ch. 0, §9].
12.3 PROOF OF LEMMA IV,
12.3.1 The problem arises how to apply 12.2.13 to prove Lemma IV of the

Introduction. Let us sketch an approach.

A finitely generated algebra A over a field K can be written as

a quotient K[U]/(f,(U),...,£,(U)), U= (U;,...,Uy). Given x = (x,,...,%,) € A",
y - (yl,...,yq) e A%, we introduce polynomials x,(0), ... x V),

nl(U),...,nq(U) in K[U] such that x; = x, + (f;,....£), y, =yt £y,....8),
i=1,...,n, j=1,...,q.

Let ¢ € K" be the vector of distinct nonzero coefficients of the
k+n+q polynomials £..... 5, XpseeorX,s nl,...,nq.
One can show:
(1) ht,(x;,...,%,) = n e K[ ht(c), where ht(C) is a certain
constructible C-property independent of K;
(2) Fi(x,y) = ... = F(x,y) = 0 ® K ¢(c), where ¢(C) is also
constructible and independent of K.

Under the hypotheses of Lemma IV, i.e. K has characteristic 0,

he,(x,,...,%) = n, and Fl(x,y) = ... =F(xy) =0, we can now apply 12.2.13
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and obtain a finite field K' and ¢’ € (K')M such that, if we put
A" = K'[U]/(E],... ,£)), then ht,, (x{,...,x) =nand F,(x",y') = ... =

Fp(x',y') = 0, where the polynomials F;, x;, n; are obtained from the

polynomials £, X My by replacing ¢ by c¢' and where x; = X; + (£],...,£D),

R HE RN L

So the conclusion of Lemma IV is satisfied, except that A’ may
not be a domain, but this objection is removed by dividing out a suitable
minimal prime. The single remaining problem is to prove (1) and (2) above.
Alas, this being somewhat outside the scope of the book, we just make a few
remarks before presenting a complete proof by a somewhat different method.
In the "model theoretic" study of flelds one considers the boolean algebra
(under v,A) of so-called elementary C-properties of which the constructible
C-properties form a proper subalgebra. An often useful method to prove that
a C-property is elementary is to represent it as a disjunction of a set of
elementary C-properties, and simultaneously as a conjunction of a set of
elementary C-properties. (Both sets are allowed to be infinite.) One can then
apply the following converse of 12.2.9 Exercise 3 to find out whether it is
constructible: an elementary C-property ¢(C) is constructible iff for any
fields K, L with Kc L and any c € K" one has: K E ¢(c) o L E ¢(c).

For further details and references on this subject, see [Dr],
from which it is easy to extract a proof of (1) and (2) above.

Here we have to take another route, avoiding (1) and (2). The
following lemma enables us to convert a height condition into "constructible”
form, at the cost of introducing extra variables and polynomials. Recall that

R(a) denotes the radical of an ideal q.

12.3.2 LEMMA. Let K be a field, D a domain > K and finitely generated
as a K-algebra, with dim D = n. Then an ideal « of D has height n if and only

if there are u;,...,u, € D, algebraically independent over K, and an
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irreducible polynomial p € K[U;,...,U;,V] and a v € D such that:
(1) D is integral over its subring K[u,,...,uw};
(11) p(0,...,0,0) = p(u;,...,u,v) = 0, and R(a) = R(u;,...,u,Vv) in D.

PROOF. Suppose first that ht a = n. By Noether normalization,
[Ma 80, (14.G)], there are K-algebraically independent Yyreeo ,yn in D such
that D is integral over K[yl,...,yn] = K[y]. Then ht a = htK[y](u n K[y]) by
[Ma 80, (5.E) & (13.C)], so there are u;,...,u € a N K[y] such that K[y]
is integral over K[u,,...,u] = K[u], by (Ma 80, (14.F)]. Then D is integral
over K(u), so its fraction field Q(D) is algebraic over K(u). Because dim D =
t:r.degKQ(D) = n, this implies that u,,...,u are algebraically independent
over K.

Now (u;,...,u)D C a, and both ideals have height n in D. (For
the first ideal this follows from [Ma 80, (5.E) (1) & (v), (13.B) (3)].) So
there exists a v which is in all minimal primes of a, but outside each
minimal prime of (u;,...,uw)D which is not also minimal over g. For this v we
have: R(«) = R(uy,...,w,,v), because « and (u;,...,w,,v) have the same minimal
primes (all of which are also maximal).

Because D is integral over K[u] we can take p € K[U;,...,U_,V]
monic in V such that p(u,v) = 0. Taking p of minimal degree in V, it follows
from Gauss’' Lemma that p is irreducible in K[U,,... ,Un,V]. Also U,,...,U,,V
and p generate a proper ideal in K{U,,...,U,,V] because their images
u,...,w,v and 0 in K{u;,...,w,,v] ¢ D do so in D. Subtracting terms in p
invelving U,,...,U,,V vwe see that this can only happen if the constant term
p(0,...,0,0) of p vanishes. This finishes the proof of one half of the lemma.

As for the other direction: consider the kermel of the natural
map K[U;,...,U,,V] = K[u;,...,u,,v] c D. This kernel contains the irreducible

polynomial p, and is a prime ideal of height 1, because dim K{u;,...,u,v] +
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ht(kernel) = tr.degKK(ul,...,uh,v) + ht(kernel) = n + ht(kernel) =
dim K[U,,...,U,,V] = notl, by [Ma 80, (1l4.H)].

Therefore the kernel is in fact generated by p. Now, because

p(0,...,0,0) = 0, we have p € (U,,...,U,,V)K[U,,...,U ,V], so the image of
the proper ideal (U,,...,U, ,V)K[U,,...,U,,V] in K[u,,...,w,,v] is a proper
ideal, i.e. 1 ¢ (u,,...,9,V)K[u,,...,u ,v]. Because D is integral over

Klu,,...,w,,v], this implies 1 ¢ (u,,...,u,v)D, by [Ma 80, (5.E)].

Hence we have n = dim D = htp(u,,...,w,,v) = htya >
hty(yu,,...,w) = ht(u,...,w)K[u;,...,w] =n, so htye = n, which ends the
proof.

We need two easy lemmas before we can apply 12.3.2.

12.3.3 LEMMA. Let U ~ (U,,...,Uy), N> 0, and £ = £(C,U) € Z[C,U].

Define the C-property Abs.Irr.(C|f) by putting, for any field K and c € K"
K | Abs.Irr.(c|f) o f(c,U) is irreducible in K[U]. (K = algebraic closure
of K, "Abs.Irr." is shorthand for "absolutely irreducible".) Then

Abs.Irr(C|f) is a constructible C-property.

PROOF. Suppose that we specify which of the coefficients of
f(c,U) are zero and which are nonzero. (This amounts to requiring that a
certain conjunction of equations and inequations in C holds in (K,c).) This
specification determines the total degree of f(c,U) in U. Then f(c,U) is
irreducible in K[U) if and only if this degree is positive and f(c,U) is
not the product of two polynomials in K[U] of lower degree; this last
condition can be expressed by the nonsolubility in K of a certain system of
equations.

We leave it to the reader to make the above precise (which is

trivial, but messy), and to conclude the required result from 12.2.10.
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12.3.4 REMARK. Note that we have to use here absolute irreducibility

(i.e. irreducibility over the algebraic closure), in order not to violate

12.2.9 Exercise 3: an irreducible polynomial like ¥+1le Q[X] becomes
reducible over an extension field.

Note also that 12.3.3 implies, by 12.2.14, the wellknown fact
that an absolutely irreducible polynomial in 2[U] c Q[U] remains absolutely

irreducible modulo sufficiently large primes.

12.3.5 LEMMA. Let f,,....f,, g....,8 € 2[C,U], U= (Uy,...,Uy), N >0,
and define the C-property [C|R(f,,...,f) = R(gl,...,gj)] by putting, for any
field K and ¢ € K" Kk [¢|R(f;,.... &) = R(g,,....8)]
R(£, (e, U), ... £ (c,U)) = R(gl(c,U),...,gJ(c,U)) in K[U]. Then [C|R(f,,...,f) =
R(gl, - ,gj)] is constructible.

PROOF. Clearly the C-property [C|R(f,,...,f) = R(gl,...,gj)] is
the conjunction of the k+j C-properties [C|f; € R(gl,...,gj)], e,
[Clf, € R(g,, -+, 8], [Clg, € R(E, -, £)], ... . [Clg, € R(Ey, ..., )]

(which are defined in the obvious way).
Each of these is constructible. Consider, say, the first one,

and observe that by Hilbert’s Nulstellensatz we have the equivalence (for
any field K and ¢ € l("): fi(c,U) € R(gl(c,U), . ,gj(c,U)) in K[U] e there is
no extension field of K in which the system gl(c,U) -, o= gj(c,U) =0,

f,(c,U) » 0 has a solution for the U’s. This last statement reads, in the

notation of Theorem 12.2.10: K -@(clgl, e ,gj;fl).
So we have shown that the C-property [C|f; € R(g,,-.. ,gd)]

equals the constructible C-property ®(Clg,,... ,gj;fl) .
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12.3.6 We finally need one new operation on (constructible) properties.
Let (C,U) = (C,,...,Gy,U;,...,Uy) and let ¢ ~ ¢(C,U) be a (C,U) -property. We
obtain from ¢ a C-property ¢,(C) by defining, for any field K and c € K"

KE ¢U(c) e K(U,,...,Uy) k é(c,Uy,...,Uy), where Up,...,U; are algebraically

independent over K. We ask the reader to verify the following trivialities.

12.3.7 EXERCISE. Let (C,U) be as above.
(1) Show that for (C,U)-properties ¢ and ¥ (¢ v ¥),(C) =

8,(C) v $,(C), (3),(C) = ~(4,(C)).

(ii) Let ¢(C,U) be the basic (C,U)-property "a(C,U) = 0", where
- 4y in .
a(C,U) 11+..‘§§N <d ail""u(c)ul ...U" € 2[C,U]. Show that ¢U(C) is the

conjunction of the finitely many basic C-properties “a11~~1u(c) - 0",

i+ 4y < d.
(1ii) Conclude from (i) and (ii) that if ¢(C,U) is a constructible

(C,U) -property, then ¢U(C) is a constructible C-property.

12.3.8 We now have all the ingredients to prove Lemma IV. The proof
which follows is rather lengthy. However, once some reductions are made, the
remaining steps follow the pattern of 12.3.1. For a different approach, see

[Ho 78, pp. 891-892].

12.3.9 PROOF OF LEMMA IV,
Recall that A is a finitely generated algebra over a field K of

characteristic 0, that ¢ = £(X,Y) is a system of equations over Z:

§ = &(X,Y): Fi(X,Y) = ... = F(X,Y) = 0 where F(X,Y) € 2[X,Y], X = (X,,...,X),
Y = (Yl,...,Yq), n > 0, and that ¢ has a solution (x,y) =
(xl,...,xh,yl,...,yq) e A" with ht(x;,...,x,) = n.

We have to show that a similar algebra exists over a finite

field. First we prove that we may reduce to the case that A is a domain of
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dimension n and K is algebraically closed.

We make A a domain by dividing out a suitable minimal prime.
Suppose then that dim A > n. Take a minimal prime ideal p of (x,,...,x)) of
height n. Then dim A/p > 0, so there exists u € A whose image in A/p is
transcendental over K. Let S = K[u]\{0). Then S is a multiplicative subset
of A and disjoint from p. Hence S'A is a domain containing K(u), and is a

finitely generated algebra over this field. Moreover, dim SIA =dimA -1
(because Q(S'IA) = Q(A) and tr.degxh”Q(A) = tr.degKQ(A) - 1), and one checks
easily that ht§4A(x1,...,xh) = ht,(x,,...,%x,) = n.

Applying this localization trick finitely many times we reduce
to the case that for the "new" domain A we have dim A = n. However, the
field K may not be algebraically closed. This is remedied as follows. Let K
be the algebraic closure of K, and consider the finitely generated K-algebra
A= A@KK obtained by base change. If we consider A = A@KE as an extension of
A = A® K, then A is integral over A and flat as an A-module, because K is
integral over K and flat as a K-module. Therefore, by [Ma 80, (13.B) (3) &
(13.€)], we have ht_(x;,...,%,)A = dim A = n.

Now A may not be a domain any more, but this is easily restored
by dividing out a suitable minimal prime. So from now on we may, and shall,

assume that A is a domain of dimension n and that K is algebraically closed.

By 12.3.2 there are K-algebraically independent u,,...,u, in A,
an irreducible polynomial p = p(U,...,U,,V;) € K[U},...,U ,V;] and v, € A
such that:
(i) A is integral over K[u;,...,w];
(ii) p(0,...,0,0) = p(yuy, ..., u,vy) = 0 and R(xy,...,%x;) =
R(uy,...,u,,vy) in A,

Let us write A = K{u,,...,uw,v,,...,v,] and use the following

shorthand: u = (u;,...,w), v=(vy,...,v), U= Uy, 0), V= (V... V).
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We next introduce polynomials f,,...,f,, XpoewnXgn My enatly
in K[U,V}] with the following properties:

(a) f,,...,f, generate the kernel of the K-algebra morphism

K[U,V] + A given by U » u,, Vy = vy, where we choose the f’'s such that for
each § = 1,...,m at least one of f,,...,f, is in K[U,Vj] and is monic in VJ

(to express that v is integral over K[u]).
(b) X, (uv) =%, oo x (V) = x,
M (WV) =y, s (wv) =y
Before proceeding let us note certain properties of these

polynomials. Firstly, it follows immediately from (b) that the polynomials

Fi(x1""'xh'"1""'"q) e K[U,v], i = 1,...,h, vanish at (u,v). Secondly, from
R(Xy,...,%) = R(uy,...,u,v;) in K[u,v] = A, and (a), (b), we get:
ﬁ(xl,...,xn,fl,.,.,fk) =RU,..., U,V £,... . £) in K[U,V].

We are ready to introduce our C-property: let c,,...,c, € K be
the distinct nonzero coefficients of the polynomials f,,..., £, Xps oo Xy
(ITRERTL and p, which are all in K[U,V]. Let ¢ = (c;,...,cy),
C = (C,...,G,). Replace each coefficient ¢, in these polynomials by C,, so that
we get polynomials fﬁ,...,fﬁ, X§,~--:X§: nf,...,qz, p¢ in 2[C,U,V].

We let 9(C) be the C-property obtained by defining for any field

Fand d € F*: F £ 6(d) if and only if the following four conditions hold:

(1) p°(d,U,V) is absolutely irreducible and p¢(d,0,...,0,0) = 0.
(2) ROE(A,U, V), ... 54,0, V), £((d, U, V), ..., £0(d,U, V) =

- R(U,,...,U.,V,,£5(d,U,V),...,£(d,U,V)) in F[U,V].

3) For each j = 1,...,m at least one of £5(d,U,V),...,£f(d,U,V) is

in F[U,Vj] and is monic in V,.
4) In some extension field of F(Up,...,U ) there exists a solution

for the unknowns V,,...,V_ of the following system of equations over

F(U,,...,U):
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FGE@,UV), o, @ UW), 5@ UY), L., 5,0, V) = 0
BOEUY), o, @0V, 5@, U, V), ..., nS(d,UV)) =0
£(d,u,v) =0
£, v -0

p°(d,U,V) = 0.

Because fﬁ(c,U,V) = f,, etc., we have K[ f(c), by the properties

of £,,...,1, XpsooeaXgs Myseveatflgs Pe

n
But §(C) is constructible: clauses (1) and (2) are handled by
12.3.3 and 12.3.4 respectively, (3) is obvious, and for (4) one uses 12.3.7

(iii) and 12.2.10.

By 12.2.13 we may conclude that there is a finite field K’ and
c’' € (K’)M such that K’ k §(c’). In particular, let v' = (v;,...,v ) be a
solution of the system in (4) above, with K’,c’ instead of F,d. Write
A' = R'[U,Vv'], %{ = Xf(c',U.V'), y; - ng(c’,U,v'), i=1,...,m, j=1,...,q,
and p’' = pc(c’,U,Vl) € K'[U,V,]. Then K’ F #(c’) implies: A’ is a domain (by

(4) and the definition of v'), p’(U,V;) € K'[U,V,] is irreducible and

p’(0,...,0,0) = 0 (by (1)), A' is integral over its subring K’'[U] (by (3)),
Fi(x{,...,xé,y{,...,y;) =0fori=1,...,hand p'(U,v{) = 0 (by (4)), and
R(X{, ..., %)) = R(U,,...,U_,vi) in A’ (by (2) and (4)).

Again we can use 12.3.2 to conclude that ht(x{,...,x]) = n in

A’, and we have finished the proof of Lemma IV.
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12.4 THE WEIERSTRASS THEOREMS

12.4.1 The Weierstrass Theorems often enable us to prove results for
(rings of) power series by induction on the number of variables. In section
12.6 they will be an essential tool in deriving an approximation theorem of

M. Artin.

In this section a pair (R,m) will always denote a ring R
together with an ideal m c rad R. Note that an element r is invertible in R

iff its image T in R/m is invertible.

12.4.2 WEIERSTRASS DIVISION THEOREM FOR FORMAL POWER SERIES.

Let (R,m) be such that R is separated and complete in the m-adic topology.
Suppose f = 2:_0 fi}(1 € R{[X]] is regular in X of order s e N, i.e.
fo,...,f,; € m, and f, is invertible. Then for each g € R[[X]] there is a
unique pair (q,r) with g - qf + r and q € R[[X]], r € R[X], degxr < s.

PROOF. Existence: Let u = f, + £, X + ... + £, X" + ... . Then

s+l

u is invertible in R[[X]] and ulf = u'l(Z, f‘x‘ + X*u) = (ul.g, f‘X‘) + X5.

So replacing £ by u'lf, we may assume £ = X* - F with F € m[[X]].

CLAIM: For each k = 0,1,..., and each g € m¥[[X]] there are
q € m*[[X]], T € mK[X] with deg,r < s and T(g) € m*1[[X]] such that
g =qf + r + T(g). (The reader will see from the claim’'s proof that the
notation T(g) is justified.)

Accepting the claim for a moment, we can write for any

g € R[[X]]:
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g = qf + 1, + T (q, € m*[[X]],
T(g) - qf + r + T(g) r, € m'(X], degr, <s,
T'(g) € m'[[X]])
. -
g - qf + r, whereq-Zqi,r-Zri.

So we need only prove the claim. Given g = Z gilli1 € mF[[X]], we
put: q = Z,, g X', r = I, gX', T(g) = F.(Zy, X' "), and it is clear that

8§=-q.(X - F) +r+ T(g.
Uniqueness: Suppose the pairs (ql,rl) and (qz,rz) satisfy the
required conditions. Then putting q = q, - q, and r = r, - r, ve have qf = r
with q € R[[X]], r € R[X], deg,r < s. It clearly suffices to derive from this
that q = 0. Suppose q = % th1 € mE[[X]]. For any i € N the coefficient of
X**' in qf is 0, so
0=qf, +Zq qfi + S 9 fg

hence (assuming, as in the existence part, f = X* - F, F € m[[X]]), q € mEtl,

We have shown: q € m*[[X]] = q € m**?[[X]]. Hence q = 0.

12.4.3 WEIERSTRASS PREPARATION THEOREM FOR FORMAL POWER SERIES.

Let (R,m) be such that R is separated and complete in the m-adic topology,
and let f € R[[X]] be regular in X of order s € N. Then there is a unique
pair (u,W) with u € R[[X]] invertible and W € R[X] monic of degree s in X

and £ = uW.

PROOF. Let R = R/m and, for each r € R, let ¥ denote its image
in R. Write £ = = £,X*. By 12.4.2 we have:
Xaqf+r,q=3 qix* €R[[X]], t =1y + ... + £, X*! € R[X]. So
X = @EgX)EX + X"+ )+ (F + ...+ F XY in R[[X]], which
implies ¥, = ... = T, , = 0.

Also 60.fs = 1, so q  is invertible in R, and hence q is
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invertible in R[[X]]. Putting u = q! and W = X* - r, we obtain f = uW, and
the pair (u,W) satisfies the requirements. If these are also satisfied by
(u',W'), one obtains from f = u'(X® - (X® - W’')) that X* = (u’)7f + (X* - W),
which implies by the uniqueness in 12.4.2: q = ), r=x*-Ww, i.e.

u=u’ and W - W'.

12.4.4 EXERCISE. Suppose the assumptions of 12.4.3 hold. Prove:

1. Given (u,W) as in 12.4.3, W is of the form

W=X+a_X"'+ ... +a, vhere a;,...,a,; € m.

2. R[[X]]/(f) is a free R-module on the basis 1, X, ... , X*1.
12.4.5 LEMMA. Let A be a ring, n >0, and 0 » £ € A[[X,...,X ]]. Then
there is an integer d > 1 with £(T*®™V) T2 7@y . 0 in A[[T]] where
e(k) = d°.

PROOF. Write X(i) for the monomial Xil. . .X:“ and order all
monomials in A[[X,,...,X ]] lexicographically: X(i) < X(j) if i, = j1’
i, - jk_1 but i, < jk for some k € {1,...,n}. Let aX(i) be the lowest
nonnull monomial occurring in f. Choose an integer d larger than each of the
i;,...,i,. Now apply the substitutions X, - T"n'k). k=1,...,n, to the power
series f. Then aX(i) is transformed to aT*!’ with d(i) = 5., 1,d**, which
is clearly less than the exponent d(j) which occurs for any other nonnull

monomial bX(j) in f. Consequently £(T*™*’,. .., T*%) « 0.
In order to apply 12.4.2 and 12.4.3 we need:

12.4.6 LEMMA. Let K be a field, n >0, 0 » f € K[[X,,...,X)]]. Then

there is a K-automorphism r of K[[X,...,X ]] such that r(f) is regular in
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X, (of some order s € N). (Here g € K[[X;,...,X]] is called regular in X
if it is regular in X considered as an element of R[[X ]], where
(R,m) %&f. (R[[X,,.... X411, (X, ... . X DK[[X;,...,X,;]]); note that this

means that g(0,...,0,X)) = 0.)

PROOF. Take an integer d such that £(T°™ YV, .. T°®) » 0 with
e(k) = d*. Define a K-automorphism r of KU[X, ... X 1] by 7(X) =X + X;“”k%

k=1,...,n-1 and r(X)) = X . Then (r£)(0,...,0,X,) = £(x2=V, ... x®) x 0,

which is what we wished to prove.

12.5 HENSELIAN RINGS AND HENSELIZATION

Roughly, a local ring is henselian if it satisfies an algebraic
version of the Implicit Function Theorem. As we shall see, every local ring
has a "smallest" henselian extension, which we call its henselization.
12.5.1 EXAMPLE. Let f(T,,...,T,,X) € C(T,,...,T }[X], where C{T,,..., T}

is the ring of power series in n variables over ( converging in some

neighbourhood of 0 € (" (which may depend on the series).

Suppose a € €, £(0,...,0,a) = 0 and %%(0,...,0,0) » 0. Then the
Implicit Function Theorem for analytic functions says that there is a power
series a(T,,...,T;) € C(T,,...,T,} such that a(0,...,0) = o and £(T,,...,T,,
a(Ty,...,T)) = 0.

Algebraically, the substitution map a(T,,...,T)) - a(0,...,0)

from C{T,,...,T,} to € is just a residue class map. This point of view leads

to the following algebraic description of the property of the local ring
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c{T,,...,T,) we just mentioned.

12.5.2 DEFINITION. A local ring (R,m) is called henselian if it
satisfies Hensel’s Lemma 2.3.1 i.e. given any f(X) € R[X] and any a € R with

f(a) € m and f'(a) invertible, there is an a € R with f(a) = 0 and a = «

mod m.

12.5.3 EXAMPLES.

1. ©{T,,..., T}, (T,,...,T)) is henselian by Example 12.5.1.

2. If the local ring (R,m) is separated and complete in the m-adic

topology, then (R,m) is henselian, Proposition 2.3.1.

12.5.4 LEMMA. Given a local ring (R,m), the following statements are
equivalent:

(i) (R,m) is henselian;

(ii) Given any f(X) € R[X], @ € R and ¢ € m with f(a) = c(f’(a))?,

there is an a € R with f(a) = 0 and a = a mod (c.f’'(a)).

PROOF. (i) = (ii): write f(a+X) = £(a) + £'(a)X + I3, bX* =
c.(£'(a))* + £'(a)X + I3, bX', for certain b, € R. Substitution of cf’(a)Y
for X yields f(atcf’ (a)Y) = c.(f'(@))*. (1 + Y + £, cd,Y') (d, € R). The

polynomial 1 + Y + 2., cdiYi has a zero y in R by (i) (substitute Y » -1),
so a = a + cf’(a)y is a zero of f with a - a € c.f’'(a)R.
(ii) = (i): it clearly suffices to apply (ii) to the case that f'(a) is

invertible.

12.5.5 EXERCISE. Given a local ring (R,m), show that each of the

following conditions is equivalent to: (R,m) is henselian.
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(1) Each polynomial 1 + Y + a,¥> + ... + a Y" € R[Y] with n > 2 and
a, em for i = 2,...,n, has a zero in R;
(2) Each polynomial X + b, X"’ + ... + b,X + by € R[X], with n 2 2,

b, invertible and by € m, has a zero in m;

3) Each polynomial 2" + Z°! + aZZ""2 + ... +a €R[Z]), withn>2
and a, € m for 1 = 2,...,n, has an invertible zero in R.

(Hints: the proof of 12.5.4 really shows that (1) = 12.5.4 (ii). That
henselian = (2) follows by substituting X » 0. (2) = (3): make the
transformation Z » X - 1 to obtain a polynomial as in (2). (3) = (1)

follows similarly by an easy transformation.)

12.5.6 REMARK. The property 12.5.4 (ii) of henselian rings is essential
in the next section on Artin approximation. Most proofs of Artin
approximation use a more difficult version of 12.5.4 (ii) for a system of

polynomials in several variables, but we shall bypass this in our treatment.
The following elementary lemma is quite useful.

12.5.7 LEMMA. Let R be a local ring with residue field k = R/m, let

f(X) € R[X] be a monic polynomial of degree n > 0, and put R[x] = R[X]/(f),

x = X mod(f). Going modulo m is denoted by a bar. Let T = II f:*, e, >0, be

the factorization of f(X) € k[X] into monic irreducible polynomials

£,(X) e k[X], where f,(X) € R[X], , = E; for i » j. Put my = (m,f;(x))R[x].
Then the m; are exactly the maximal ideals of R[x], m; # m; for

i =3, and R(x]/m; = k[X]/(E)).

PROOF. Consider for each i the canonical maps
R(x] = R[X]/(£) = k[X]/(E) -+ k{X]/(E).

The first map has kernel mR[x], the next map has its kernel generated by
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f‘ mod(f), so the composite map has kernel m, = (m, £, (x))R[x], since £, (x)
is a pre-image of fs mod(f) in R[x]. The image of the composite map is the
field k[X]/(f‘), so m; is indeed a maximal ideal.

If j » i, then the image of f;(x) under the composite map is
fJ(X mod(f‘)) - fj(zero of f‘) = 0, so fj(x) ¢ m,. Therefore m, » my for
iwj.

To show that the m,’'s are all the maximal ideals of R[x] we
note that, since R[x] is integral over R, each maximal ideal of R[x]
contains mR[x]. Now Il £ii - f € mR[X] and £(x) = 0, so I £,(x)°! € mR{x].
Therefore each maximal ideal of R[x] contains an element f,(x), so equals

(m, £, (x))R[x].

12.5.8 Later, in 12.5.21, we prove that an integrally closed local
domain R is henselian if and only if each domain § > R that is integral over
R is local. First we establish one direction of this equivalence: this is

(i) = (iv) in the next lemma.

12.5.9 LEMMA. Let R be an integrally closed local domain with fraction
field K and residue field k = R/m. Then we have (i) » (ii) = (iii) = (iv)
for the conditions below.

(1) Each domain $ D> R that is integral over R is local;

(ii) 1f £(X) € R[X] is monic, and irreducible in K[X], then T = ¢° for some
irreducible monic ¢ € k[X];

(iii) For each monic f(X) € R[X] and each factorization f ~ ¢ where

¢.¥ € k[X] are monic and relatively prime there is a factorization f = gh
such that g,h € R[X] are monic and § = ¢, h = ¥;

(iv) R is henselian.
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PROOF. (i) = (ii): since f is monic, each polynomial g € R[X]
can be written as g = qf + r where q,r € R[(X], deg r < deg f. It follows that
fK[X] n R[X] = fR[X], so R{x] = R[X]/(f) is a domain. Since R[x] is integral
over R it is local by assumption (i). Then 12.5.7 tells us that T = ¢* for
some irreducible monic ¢ € k[X].

(ii) = (iii): factor f = £,...f, where fl,...,fm are monic and irreducible
in K[X]. Then the coefficients of the f,’s are integral over R since they

are elementary symmetric functions of zeros of f; and hence of f. Hence
f, € R[X], so by assumption (ii) we have fi - ¢:‘ with ¢‘ € k[X] monic and
irreducible, e, > 0. Now if T - ¢y with relatively prime ¢, as in (iii) it

follows from f = ¢Bl,...,¢;m that ¢ is a product of some factors ¢:* and that

Y is a product of the remaining factors ¢:j‘ Put g = q¢ f:‘ and h = ﬁ £,
i 3

Then clearly f = gh, § = ¢, h = .

(1ii) » (iv): by 12.5.5 we only have to show that each monic polynomial
£(X) =X"+b,_, X'+ ... +bX + b, € R[X] with b, ¢ m, b, € m has a zero
in m. Now E(X) factors as E(X) = X(X*' + ... + b;), and the two factors are
relatively prime in k[X] since b, = 0. Lifting this factorization to one in

R[X]) we get a linear factor X - ¢, ¢ € m, so f(c) = 0.

12.5.10 A crude way to make a local ring henselian is to complete it at
its maximal ideal. For many purposes it is necessary to replace completion

by a more delicate algebraic construction called "henselization" that better
reflects the algebraic properties of the original local ring. We now give the

definition of henselization.

12.5.11 DEFINITION.
(i) Let R,S be local rings. Then a local morphism ¢: R » S is a ring homo-
morphism such that ¢(m(R)) c m(S). (Note that then ¢ induces an embedding

R/m(R) * S/m(S) between their residue fields.)
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(i1) Let R be a local ring. A henselization of a R is a pair (Rﬁ,i)
consisting of a local henselian ring R® and a local morphism i: R - R" with
the following universal property: if ¢: R »+ S is any local morphism into a

henselian local ring S then there is a unique local morphism ¢": R" - S such

that the following diagram commutes:

12.5.12 REMARKS .

1. If a henselization of R exists it is clearly unique up to a unique local
isomorphism over R. So we may unambiguously refer to the henselization of R
if R has one.

2. If R is already henselian, then (R,id) is the henselization of R.

3. Roughly speaking, to construct the henselization of R we only have to
adjoin to R a zero of each polynomial f£(X) € R[X] whose reduction modulo m
has a nonsingular zero in the residue field. To make this idea work we need

the following two lemmas.

12.5.13 LEMMA. Let R be a local ring with residue field k = R/m, let
f(X) € R[X] and let a € k be a nonsingular zero of f(X), t.e., T(a) = 0,

F'(a) # 0. Then a can be lifted to at most one zero of f in R.

PROOF. If f(a) = 0, @ = a, then f'(a) is an R-unit, so for any
X € m we have f(a + x) = f(a) + £'(a).x + multiple of x2 = f£'(a).x.

(1 + multiple of x) = x.(R-unit). Hence, if f(a + Xx) = 0, then x = 0.

12.5.14 LEMMA. Let (R,m) be a local ring and £(X) € R[X] a monic
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polynomial with £(0) € m, £f'(0) € m. Put R[X]/(f) = R[x] with x = X mod(f),
and n = (m,x)R[x]. Then n is a maximal ideal of R[x], and the local R-
algebra R’ = R[x], has the following properties:

(1) the natural map R/m - R'/nR' is a field isomorphism;

(2) mR’ = nR’, i.e. x € mR';

(3) for each local morphism ¢: R + S into a henselian local ring S there is

a unique local morphism ¢': R' + S such that the following diagram commutes:

R
¢
R’ A « S
PROOF. Let f(X) = X" + ... + a,X + a, with a, = £(0) € m and
a, = £'(0) ¢ m. The reduced polynomial QX)) =X"+ ... + 3,X € k[X] factors
as F(X) = X(X™ 1+ ... + 3,), 8, » 0, so E(X) has a single factor X. Hence, by

12.5.7, n = (m,x)R[x] is indeed a maximal ideal of R{x] and R/m =~ R[x]/n.
Localizing R[x] at n yields the local ring R’ and does not change the
residue field, and we have (1l).

The maximal ideal nR’ of R’ is generated by the images of m

and x. Since f(x) = 0, i.e. x(x"1 + ... + a;) = -a; € m, and since
x4+ 4+ a, ¢ n, the image of x in R’ is in mR[x]n = mR’. This proves
(2).

To obtain (3), note that (4f)(X) € S[X] has a unique zero in the
maximal ideal m(S) of S (at least one since S is henselian, and at most one
by 12.5.13). Therefore ¢ can be extended uniquely to a morphism R[x] =+ §
sending x to an element of m(S). This morphism then maps (m,x)R[x] = n into
m(S), hence it factors via R’, i.e., there is a local morphism ¢’ that makes
the diagram in (3) commute. The uniqueness of ¢' comes from the uniqueness

property of the morphism R[x] - S.
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12.5.15 For our purpose we only need the henselization of integrally
closed local domains, and we restrict our attention now to this case. (In
exercises at the end of this section we reduce the general case to this

special case.)

12.5.16 LEMMA. If m is a maximal ideal of the domain R and S is a local
ring with R ¢ S c R, then S = R,,. (Here we consider R and R, as subrings

of the fraction field K of R.)

PROOF. Let a € R\m. It clearly suffices to show that a ¢ m(S).
Take b € R with ab = 1 mod m, so ab - 1 € m. Since m ¢ mR,; N S € m(S), this

implies ab - 1 € m(S), so a ¢ m(S).

12.5.17 LEMMA. Let R be an integrally closed domain with fraction field
K, Let E|K be a finite separable extension, and put R* = integral closure of
R in E. Take an x € R" with E = K(x). (Note: each field generator of E over
K can be multiplied by an element of R to give a new generator inside R'.)
Then the minimum polynomial f(X) of x over K lies in R[X] and

R' ¢ £'(x)"! R[x].

PROOF. Let L be a Galois extension of finite degree over K such
that E ¢ L, put G = Gal(L|K), H = Gal(L|E), and take a coset decomposition

G=oHU ... UgH, k= [E: K], soo,|E, ... , o |E are the distinct K-

embeddings of E into L. We also take o, = id. Note that f(X) = H{_l(X - 0,(x)),
which shows that f has coefficients integral over R, hence f(X) € R[X].
Put g (X) = £(X)/(X - 0,(x)), so g (X) € L[X], and g (X) =

XU+ ¢ X%+ ... + ¢y e R[X], since 0,(x) = x € R". An easy computation
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shows that gl(x) = f'(x), and g‘(x) = 0 for i > 1. Observe also that g‘(X) -
Fhd0,(e, )82+ L+ a(ey).

Let b € R'. Then £'(x).b = g (x).b = 3}, g (x).0,(b) =

Et_l(xF'l + a‘(ck_zx)k-z + ...+ a.(cy)) .o (b) =

(Z o, (b)) .x¥ + (2 0,(c, ,b))x* 2 + ... + Z o,(ceb).

The coefficients Z o,(b), Z o,(c, ;b), ... , Z o,(c,b) are in K since they are

traces of elements in E, and they are integral over R, hence they are in R.

This shows that f£/(x).b € R[x], i.e., b e £'(x)™! R[x].

12.5.18 The next lemma is the key fact that gives us direct access to
the main properties of the henselization of an integrally closed local
domain. To prove and state this lemma we need some decomposition theory, cf.

[Lan, Chs. VII-IX], which we now briefly review, see picture:

p c S c L Meaning of the symbols:
| ’ | (R,m): integrally closed local domain,
K: fraction field of R,

Ddec c Sdec c I_‘dec

S: integral closure of R in the finite
| | ' Galols extension L|K,
m C R C K G: Gal(L|K).

Note that S = 0(S) for all ¢ € G and that G acts transitively
on the finite nonempty set of maximal ideals of S. We fix a maximal ideal p

of S, sopNR=m i.e. plies over m and put:

Gp = {og € G| o(p) = p} (the decomposition group of p),
L% - fixed field of Gn (the decomposition field of p),
s%° - 5 0 L%° = integral closure of R in L%,

pde¢ = p N L%°, a maximal ideal of §%%°.

We also fix a coset decomposition
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G =06y U ... UGy, o =id, k= [L*° : K].
Notice the following facts:
(i) al|Ld°°, e, aledtac are the distinct K-embeddings of L% into L;
(i) o, (p), ... , o, (p) are the distinct maximal ideals of S;
(iii) p is the only maximal ideal of S containing pd“; (this 1is because G)J
acts transitively on the set of maximal ideals of S lying over a given
maximal ideal of $9°°).

(iv) $%° has only finitely many maximal ideals, and they all lie over m.

12.5.19 LEMMA. Let x € $%° belong to p?° but not to any other maximal
ideal of S9%°. (Such an x exists by the Chinese Remainder Theorem.) Then
(6] K(x) = L%
(2) The minimum polynomial f(X) of x over K lies in R[X], and
£(0) em, £'(0) ¢ m;
3) (Sd'”)nd«c - R[x]n, where n is the maximal ideal (m,x)R[x] of R[x].
PROOF., To show K(x) = L%° it is enough to prove that
Gal(L|K(x)) - Gp' the Galoisgroup of L over L%°. Since K(x) c L%, we have
Gal(L|K(x)) > Gp Therefore each coset aich is either contained in
Gal(L|K(x)) (if o,(x) = x), or disjoint from it (if o,(x) = x). So it
suffices to prove o,(x) » x for i > 1 to conclude K(x) = L9°¢. For later use

we prove a little bit more:
(*) o (x) ¢ p for i>1.
dec

If o,(x) € p, 1 > 1, then x € g;}(p) N s%%¢  which is a maximal ideal of S

dec

hence p?*c = (o7!p) N $°°°, by the assumption on x. So o;}(p) is a maximal ideal
of S lying over p?*°, therefore o;'(p) = p (by 12.5.18, fact (iii)), i.e.
p = o,(p), contradicting o, ¢ Gp

Now that we have shown that x generates L%° over K we know that
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its minimum polynomial over K is £(X) = I (X - 0,(x)) = X" + g _ X'+ ... +
a,X + ay, with all a, € K integral over R, hence all a, € R. Furthermore
a; = Hl o, (x) € p PR =m, since 0,(x) = x € p. Note that * a;, is a sum of k
terms, each term a product of k-1 factors o,x, and only one term, namely
0,(x)...0p(x), misses the factor o,(x) = %, and so this is the only term not
in p. (Here we use (*).) Hence a; ¢ p N R = m. Since a; = £(0) and a; = £'(0),
this proves (2).

Clearly R[x] = R[X]/(f), so by 12.5.14 the ideal n = (m,x)R[x]
is a maximal ideal of R[x], and clearly n N R = m. Since a; ¢ m and f'(x) -
a; + element of xR[x] this gives f'(x) ¢ m. In combination with 12.5.17 and

n c pd° this leads to the inclusions

s ¢ £'(x)" R[x] ¢ R[x] C <S°“°>ndec-

Lema 12.5.16 then gives R[x] = (s"“)pd,c.

12.5.20 The lemma shows that the local R-algebra (Sd")pdec is isomorphic
to the R-algebra R’ of 12.5.14, so the conclusions of 12.5.14 apply here:

(1) the local morphism R - (Sd“)pdec induces an isomorphism between the
residue fields;

(2) the maximal ideal of (S5%°) 4ec 1S generated by m;

(3) each local morphism of R into a henselian local ring H can be extended

dec

uniquely to a local morphism of (S )pdec into H.

Since R’ is a localization of R[x] and R[x] is a free R-module,
R’ is a flat R-module. Also mR’ = R’, hence:
(%) (s"‘“))Jdec is a faithfully flat R-module.

These facts will be very useful to us later. Before we continue

with "henselization" we first derive a characterization of henselian

integrally closed local domains.

12.5.21 COROLLARY. For an integrally closed local domain R with fraction
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field K the following five conditions are equivalent:

(i) R is henselian;

(ii) The integral closure of R in each finite degree Galols
extension L of K is a local domain;

(iii) The integral closure of R in the separable closure K“p of

K is a local domain;

(iv) The integral closure of R in the algebraic closure K of K is a
local domain;

(v) Each domain D > R that is integral over R is local.

PROOF. (i) = (ii): assume R is henselian and let S be the
integral closure of R in the Galois extension L|K of finite degree. Then the
polynomial f(X) of 12.5.19 (2) has a zero in R and is irreducible in K[X], so
its degree k = [L%° : K] must equal 1, i.e. L% = K, §%° = R, p%° = 1 and
by 12.5.18 (iii) p is the only maximal ideal of S, so S is local.

(ii) = (iii) is clear since K“p is the inductive union of the fields L such

that K ¢ L ¢ K, and L|K is a Galois extension of finite degree.
(iii) » (iv): if char K = 0 this is obvious since then K = K“p. Suppose
char K = p > 0. Let R..p De the integral closure of R in K, and R the

integral closure of R in K. By assumption R o is local. Let p be a maximal

~ -~ e —~
ideal of R, and let x € R. Then x* € K, N R = R, for some e > 0, and for

this e we have: x e P « x* e p N R

sep = the unique maximal ideal of R

sep’
clearly p is uniquely determined by this equivalence. So R is local.

(iv) =» (v): we may assume D C K. Then R is the integral closure of R as
well as of D in K. Therefore the maximal ideals of D are the intersections

D np with P ranging over the maximal ideals p of R, [Ma 80, (5.E)]. Since

R is local by assumption, so is D.

(v) » (i): this is just 12.5.9, (i) = (iv).
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12.5.22 We now extend 12.5.18 and 12.5.20 to Galois extensions of
infinite degree. Let (R,m) be, as always, an Iintegrally closed local domain
with fraction field K, and let M|K be a Galois extension, not necessarily
of finite degree. Let T be the integral closure of R in M and fix a maximal
ideal q of T; so q lies over m.

q C T C M

quc c Tdec c Mdsc

m C R C K

Put: Gq = {0 € Gal(M|K): o(q) = q) (the decomposition group of q),
Mi%® — fixed field of Gq,

T = T n M**° = integral closure of R in M**°,

a%° = g n ¥%°°, a maximal ideal of T,

Let L range over the fields such that Kc L ¢ M and L|K is a
Galois extension of finite degree. Then M is the inductive union of the L'’s.
For each L, put S(L) = integral closure of R in L, p(L) = g n S(L), a
maximal ideal of S(L). Then the decomposition group G)N-) -

{o € Gal(L|K): o(p(L)) = p(L)} equals {(r|L: r € Gq). (To see this, let

o€ GU(U extend to some & € Gal(M|K); by a standard inverse limit argument
show that Gal(M|L) acts transitively on the set of maximal ideals of T
which lie over p(L), take o' € Gal(M|L) with ¢'(6(q)) = q. Then for r = o'o0

we have r € Gq and 7|L = 0.)

Hence T = U S(L), q = Y b(L), M = Y L, T - Y S(L)%° and

ec dec
(Td )quc = Llf (S(L) n(L)dec‘

Since for the L's considered the results of 12.5.18 and 12.5.20 are

available we obtain from these inductive unions:
(1) q is the only maximal ideal of T lying over gi¢°;

(2) the local morphism R + (T9°%) induces an isomorphism between the
rp quc

residue fields;
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(3) the maximal ideal of (T%*°) is generated by m;
qdec g

(4) each local morphism of R into a henselian local ring H can be extended

uniquely to a local morphism of (Td"c)adec into H;

(5) ('1*"’°)adec is a faithfully flat R-algebra.

Here is the main result of this section.

12.5.23 THEOREM. Let M = K, in 12.5.22. Then (Tf““)adec with inclusion

is a henselization of R.

PROOF. We only have to show that (Td"’)qdec is henselian, since
the required universal property has already been established: fact (4) of
12.5.22.

Let U be the multiplicative set T**\g%*¢, Then U''T is the

integral closure in K, of UTiTdec - (Td")qdec. Any maximal ideal of U''T must

contain the unique maximal ideal U'(g?%¢) of U''T?*°, hence is of the form
U'l(q') for some prime ideal q" of T containing q%*°. Such a q" must be a
maximal ideal, hence q" = q by 12.5.22, fact (1). This shows that U''T is

local, and hence, by 12.5.21 (i) = (iv), (Td“) is henselian.
qdec

12.5.24 Let R = (R,m) continue to denote an integrally closed local
domain. By the construction we just gave for the henzelization of R we may
regard R as a local subring of its henselization; we shall denote this

henselization by R® and its maximal ideal by mP. For each e > 0 we have:
L m®.R" = (m");
2. the natural map R/m® - Rh/(mh)° is an isomorphism.
Note that 1. follows from the case e = 1, which is property (3)

of 12.5.22. The injectivity in 2. follows from 1. and the faithful flatness

of R® over R, cf. property (5) of 12.5.22. To get surjectivity one proves by
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induction on e that each element of R is congruent modulo me.R" to an
element of R; the starting point e = 1 is provided by property (2) of

12.5.22.

By fact 2. we may identify the completions R = lim R/m® and

R - lim R/(mt)®. Since R is a complete local ring, it is henselian, and

the natural map j: R » B" = R is also the unique local morphism making the

diagram

commutative,

12.5.25 PROPOSITION. Let R be an integrally closed local domain and

suppose R is noetherian. Then

(i) R is a faithfully flat Rh-algebra;

(ii) R® is noetherian.

REMARK. It follows from (i) that j: R" - R is injective.

PROOF. Clearly (ii) follows from (i) by [Ma 80, (4.C) (ii)],
since R is noetherian. Because m".R = mR » ﬁ. the proof of (i) reduces to
showing that R is a flat RP-module. By [Ma 80, (3.A), Th. 1 (6)] it suffices
to show that any solutiom (%,,...%;) € (13\)m of a homogeneous linear equation
(*) aX, + ... +aXx =0 (a; € R")
is an R-linear combination of solutions in (Rp)m. Now RP is the inductive

dec)

union of subrings (S(L) as in 12.5.22, and one of these rings, say

D(L)dec

S, contains the coefficients a;,...,a, of (*). The local ring § is clearly

noetherian, so § is a flat S-module. Moreover, the two maps
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R/m® -~ S/m(S)® » R"/(mhP)® are isomorphisms for each e > 0. (Here we use that

12.5.24, 1. and 2. also hold with (RP, P) replaced by (S,m(S)), because of
12.5.20, (1) and (2).) Hence R=-S - RP, so any solution to (*) which lies in

(R)® = (§)™ is an S-linear combination of solutions lying in $®, and is

therefore an R®-linear combination of solutions lying in (RP)".

12.5.26 We have marshalled all the facts that we shall need in the next
section on Artin Approximation. However, for completeness’ sake we indicate
in the following exercises how properties of henselizations of arbitrary

local rings can be obtained from the integrally closed case.

12.5.27 EXERCISES.

1. Suppose the local ring (R,m) has a henselization (Rh,i), and let
« C m be an ideal of R. Then the local ring R/« has the henselization
(R*/aR", 1/a) .

2. Each local ring A is isomorphic to R/a for some integrally
closed local domain (R,m) and some ideal ¢ c m. (Hint: first represent A as
the homomorphic image of a polynomial ring over Z in infinitely many
variables.)

3. Each local ring (A,m) has a henselization ((AP, P),1i), and this
henselization has the following properties:

(i) the natural map A/m - Ap/nﬁ is an isomorphism;

(ii) mt - m-AP;

(iii) A" is a faithfully flat A-algebra, in particular the map i: A - A® is
injective.

Hint: use 1. and 2., and the corresponding results for integrally closed

local domains.

For further information on henselization, see [Na, Ch. VII],
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[Ray]. A useful summary is in [Mi, Ch. I, §4].

12.6 AN APPROXIMATION THEOREM OF M. ARTIN

12.6.1 To solve a system of equations over some ring it is often
convenient to look first for solutions in a suitable extension ring and then
to "specialize" back to solutions in the original ring. This leads to the

following notion.

12.6.2 DEFINITION. Let A, B be rings, A ¢ B. The inclusion A - B is
said to have the speclalization property if for each finite set of elements
b,,...,by of B there is an A-algebra morphism ¢: A[b,,...,by] = A. (Such a ¢

is called a specialization.)

12.6.3 Suppose A + B has the ‘specialization property. Then each finite

system of polynomial equations over A:

Fi(Y) = ... = F(Y) =0, F,(Y) e A[Y], Y = (Y,,...,¥y),
which has a solution in B has a solution in A. Namely, if b = (b,,...,by) € BY
is a solution and ¢: A[b] + A a specialization, then ¢b = (¢b,,...,¢by) € A"

is also a solution.

The converse is often true:

12.6.4 LEMMA. Suppose A is noetherian or B is a domain, and A ¢ B. Then
A - B has the specialization property iff each finite system of polynomial

equations over A which is soluble in B is soluble in A.
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PROOF. We only have to prove one direction. Take first the case

that B is a domain, and let b = (b,,...,by) € BY. We have to find a

specialization A(b] -+ A. Let Q(A) be the field of fractions of A and

consider the ideal of the polynomial ring Q(A)[Y], Y = (Y,,...,Yy),
consisting of all F(Y) such that F(b) = 0. Choose F;(Y), ... , F(Y) in A[Y]
generating this ideal. Now b is a solution of F,(Y) = ... = F,(Y) = 0, and if

a € A" is any solution, then it is clear that we have a specialization
Q(A)[b] + Q(A) sending b to a, and restricting this morphism to A[b] gives
a specialization A[b] + A.

The case where A is noetherian is even simpler.

12.6.5 Note that if K is an algebraically closed field and A any
K-algebra, A = 0, then K + A has the specialization property, by Hilbert's
Nullstellensatz.

Artin’s approximation theorems state the specialization
property for inclusions of certain local rings in their completion. We now

study this situation.

12.6.6 In the remainder of this section we fix a pair (R,m) consisting

of a ring R with a finitely generated ideal m such that R is separated in

its m-adic topology. We let R - lim R/m® denote the m-adic completion of R,
t

so R c R. The ring R may be too "small" for R + R to have the specialization
property. Therefore we look for a ring R with R c R ¢ R which stays "close"

to R (e.g. algebraic over R if R is a domain) such that R + R has the

specialization property.

Let from now on R be a ring with R c R c R.

DEFINITION. R is said to have the approximation property (AP)
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if R » R has the specialization property.

The next lemma explains this terminology. Before we state it,
we recall that, as m is finitely generated, the set R is dense in ﬁ, where

R is equipped with the mR-adic topology (with respect to which R is

separated and complete).

12.6.7 LEMMA. If R has AP, then each solution in R of a finite system
of polynomial equations over R can be approximated arbitrarily closely, in

the mR-adic sense, by solutions in R.

PROOF. Suppose § = (91,. .. ,9N) is a solution in ﬁ“, and let
k € N. We shall show that there is a solution y = (yl,...,yl) € ﬁl (of the
same system) with y = § mod mR (i.e. y, = 91 mod mR for i - 1,...,N).
Let m,,...,m generate m* and write
(*) J,=u + i, vyym with u € R and v € R for i =1,...,N,
j=1,...,t. Let V be the finite subset of R consisting of the Vi Then, by
(*), each specialization ﬁ[V] -+ R sends § to a solution y = (yl,.. . ,y“) with
yo= mod m“ﬁ, i=1,...,N, vhence y = ¥ mod m“ﬁ, again by (*), which ends

+

the proof.

The following technical lemma gives a useful sufficient

condition for AP to hold.

12.6.8 LEMMA. Suppose R c R ¢ R are domains and Q(R) is algebraic over

Q(R). Let K = Q(R), L = Q(f() be the fraction fields of R and R respectively.

If furthermore (f(2), «,(2), ... , (2), B(2), 2), 2 = (Zy,...,Z,,Z;,,) is any

1Ly

tuple such that
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(1) f(Z) € R[Z] is separable and irreducible over K(Z,,...,Z;);
(ii) a(2), ... , ag(Z) € R{Z] and O » B(Z) € R[Z,,...,2,];

R R R At+l R .
(iii) 2 =(2y,...,2,44) €R and 2,,...,2, are algebraically

independent over K;

(iv) f(z) = 0 and o;(2) = 0 mod B(2) in R for i = 1,...,N; and if the

following conditions hold:

(D) L|K is a separable field extension;

~t+l
(11) For each tuple as above there is z = (zl,.‘.,zud) € R with
f(z) = 0, B(z) » 0 and o,(z) = 0 mod B(z) in R for i = 1,...,N; then R has
AP.

PROOF. We first show:
N
(*) For each § = (?1,...,?") € R there is an R-algebra morphism

R[y] - R. By (I) we can choose Z; € R, 1 <1i < t+l with t € N, such that

K(¥) = K(Z,,...,2,,2,,,), where Z,,...,2, is a separating transcendence base
over K and Z,,, is separable algebraic over K(Z,,...,2,). Of course we may
take the z, in R[¥] c R. Let £(Z) € R[Z], Z = (Z,,...,Z.4,), be irreducible
as a polynomial in Z.,, over K(Z,,...,Z,) such that £(2) = 0, 2 = (Z,,...,2,,,).
Then f is in fact separable over K(Z,,...,Z,).

Vrite § = a,(2)/8(2), 1 = 1,...,N, vhere a,(2) € R[Z], 1 ~
1,...,N and 0 = B(2Z) € R[Z,...,Z,]. So we have a,(2) = 0 mod B(%) in R, 1 =
1,...,N. By (II) there is z = (z,,...,2,,) € R with £(z) = 0, f(z) » 0
and a,(z)/B(2z) in R fori=1,...,N.

Without loss of generality we may assume that f is in fact
irreducible in K[Z]. (If not, remove bad factors.) Then K[Z] =~ K[Z]/(f), and
as f(z) = 0, we obtain a K-algebra morphism ¢: K[Z] - L with ¢(2) = z. Now
#(B(2)) = B(z) » 0, hence ¢ can be extended to a morphism

¢: K[2,1/B(2)] » L. So ¢(§) = 8(a;(2)/B(2)) = o, (2)/B(2) € R for i =

1,...,N. Hence ¢ restricts to an R-algebra morphism R[§] -~ R, and (*) is
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proved.

Let § = (3'1,... ,?N) € f{". We are going to construct a
specialization R(§] + R. Let F (Y),...,F(Y) € R[Y], Y = (¥,,...,Y),
generate the ideal of all F(Y) in Q(ﬁ)[Y] such that F(§) = 0. As the proof

~N
of 12.6.4 shows, it suffices to find a solution y € R of

(1) F,(Y) = ... = F(Y) = 0 (since this gives a specialization
¥y~ .
Let X,,...,%, € R be the distinct nonzero coefficients of the
F,'s. Take for each i = 1,...,n a nonzero polynomial pi(X) € R[X] with
(2) pi(xi) = 0. (p1 exists because R is algebraic over R.) Take k € N

large enough so that no other root of P, in R is congruent to x, mod mkR
for i = 1,...,n. Choose m,...,m, in R generating m* and write:
3) X, = X+ Xym + ...+ X, m, X, €R, Xy € R. By (*) there is
an R-algebra morphism

$: RIT - T Xy KKy K] R
(2) and (3) imply that ¢(x,) is a root of pi(X) which is congruent to

x, mod m*R, hence #(x;) = x, by choice of k. This means that ¢ fixes the

coefficients of the F's, hence y = ¢(¥) is a solution of (1), and we are

through.

12.6.9 We will apply the lemma in the following situation. Let k be a
field, X = (X,,...,X,), and put R = k[X], R = k[[X]]. Let m be the maximal
ideal (X;,...,X )R and note that R is the completion of the local ring Rp;

it is a local ring with maximal ideal n = mR. Let ﬁ, with maximal ideal m,

be the henselization of the integrally closed local domain R, ; since R, is
noetherian it follows from the remark after 12.5.25 that we may consider R as
a local subring of R. SoRc R c R. In the proof of the main result of this

section we shall use the following consequence of the faithful flatness of R
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as an R-module: if a, be R and a € bﬁ, then a € bR.

The main result of this section, due to M. Artin, is that R has
AP. For the proof of this we shall check the conditions (I) and (II) of
Lemma 12.6.8. Condition (II) will be verified in the proof of Theorem
12.6.11, while the following result 12.6.10 states that (I) also holds.
(Readers only interested in the characteristic O case, which is all we

need for our applications, may skip 12.6.10.)

12.6.10 PROPOSITION. Let k((X)) denote the fraction field of k[[X]].

Then k((X)) is a separable extension of k(X).

PROOF. For standard facts on linear disjointness and
separability we refer the reader to [Lan, Ch. X, §§5 & 6].

We may of course assume char k = p > 0. The proof is by
induction on n, the essential case being n = 1: Consider the diagram of

field inclusions

k(X)) k((X})) k{(X1))

k(X,)P k(X?) k(X,)

kP — k
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The assertion will follow if we prove that k((X,) )P and k(X,)
are linearly disjoint over k(Xl)p. First we show:
*) k( (Xl))p and k are linearly disjoint over kP.
Let a,,...,a, € k satisfy 3 b“’ax = 0 where b,,...,b, € k((X,)) are not all
zero. After multiplication by a suitable element of k((X,)) we may assume
that all b, are in k[[X;]] and that at least one b, has a nonzero constant

term. (Recall that k{[X;}] is a valuation ring of k((X,)).)

Then the substitution X, -» 0 transforms = b“’ax = 0 into a
linear dependence relation of a;,...,a, over kP, and (*) is proved. A
consequence is that k((Xl))p and k(le) are linearly disjoint over k(Xl)p.

The basis 1, X,, ... , le'l of k(X,) over k(X,’) remains linearly
independent over k((X,)), since X, ¢ k((X;®)). So k((X,")) and k(X;) are
linearly disjoint over k(le).

The linear disjointness in the two upper squares of the diagram
implies the linear disjointness of k((X;))® and k(X,) over k(X,)*. The
assertion is proved for n = 1.

Assume (induction hypothesis) that the statement holds for n.

Then k[[X,, ... ,Xuy]] € k(X ... X)) [[X]] € k(X0 0 X)) ((Kpyy)), SO

(%) k(X - Xey)) © RO, X)) ((Re)) -

The case n = 1 applied to the ground field k((X,,...,X,)) implies:

(Fhk) k((Xy, -, X)) ((Xy,)) is separable over k((X,...,X,))(X,4)-
(**) and (***) clearly imply:

(k) k((X;,...,X4,)) is separable over k((X;,...,X))(X,;)-

The induction hypothesis implies that k((X,,...,X ))(X,,,;) is separable over
k(X .o X) (Kyy) = k(X,,...,X,,,), and combining this with (¥*¥*) we get
that k((X,...,X,,)) is separable over k(X,,...,X,;), which establishes the

proposition.
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12.6.11 THEOREM. (M. Artin) k([X]™ has AP.

12.6.12 PROOF. Induction on n, the number of X-indeterminates. The case
n = 0 is trivial.

Suppose n > 0 and that the assertion holds if we replace n by
n-1 (induction hypothesis). The crucial step in Artin’s proof of 12.6.11 is
the following lemma. Its proof uses the Weierstrass Theorems to transform a

system of equations over k(X,,...,X ] to one over k[X,,...,X _;], and then

A

the induction hypothesis is invoked. We use the notations R, R, R, m, @, n

established in 12.6.9. We first prove

12.6.13 DIVISION LEMMA. Let gl(Z),...,gm(Z), f(Z) e R(Z],

Z=(2,,...,%,), and suppose z = (Z,,...,2,) is a solution of g,(2) = ... =
M ~M

g,(Z) =0, £f(Z) » 0 in R, and let y € N. Then there is z € R with z = z

mod n” and gi(z) = Omod f(z) inR (i = 1,....,m).

PROOF. If f(2) is invertible in ﬁ, then f(z) is also invertible

in R for all z € ﬁH sufficiently close to Z in the n-adic topology on ﬁe,

and this case is trivial. So we may suppose that f(Z) is not invertible in R.
By 12.4.6 we may assume without loss of generality that f(2Z) is regular in
X, of order d > 0. Note that the automorphisms used in the proof of 12.4.6
map R onto itself, and hence, by the uniqueness properties of henselization,

also R onto itself. By enlarging v if necessary, we may finally assume: f(z)

~M
is regular in X of order d for all z € R with z = 2 mod n”.

Let us introduce new variables A,, ... , Ay, Ld (v=1,...,M,
j=0,...,d-1) and put:
WX =X+ 8, X+ L+ A
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The euclidean division algorithm yields:

£(Z") =QW(X) + F X'+ ... +F,

(@) . a1 (L=1,...,m)
B (Z7) = QWX + 6, o X + ... + G g

where Q, Q,, F_1 and Gl_1 are polynomials over k in the variables X,, ... , X,

Agy, ..., Ay, Z‘,_1 (v=1,...,M, j =0,...,d-1) and where the FJ and Gu (=

0,...,d-1, i =1,...,m) do not involve X .

By 12.4.3 and 12.4.4 we can write: f(2) = (unit) x &(X), where

(X)) = X3 +3,,xX"+ ... + 3, with non-units 3, ,...,&, in k[[X,,...,X _;]].

By 12.4.2 we can write:

2, = A, 0(K) + 2, 4 X1+ ..+ 2, with §, € R,
2,ek([Xy, ..., X 3]]  (v=1,...M, j =0,...,d-1). Ve define 2, =
B, aXh 4 42, (v=1,...,M) and 2 = (3],...,%,). Since 2, = 2,
mod G(Xn) (v=1,...,M), we get:

£(27) = £(2) mod ¥(X)), and g (27)) = g (2) mod W(X))
(i=-1,...,m).

But f(2z) = 0 mod %(X ), and gi(i) = 0, hence

£(27) = 0 mod W(X )
8 .
gi(i ) = 0 mod Q(Xn) (i=1,...,m.
Substituting &,, ... , &4, 2, for 4, ... , Ay, Z,; in (a) we see that

(B8) implies:

- { FiXy, ooy Xoogy 8g0 -vv v Baqy Zyg0 ooe s Zygq) = 0

K Gy Xy —ov s Xops Bgs cee s Bggs Bygr cee s Bugu) = O

(i=-1,...,m, j=0,...,d-1).

In other words, (&,, ... , &4, 21'0, e, 2H,d-1) is a solution with

components in k[[X,,...,X _;]] of the following system of polynomial

equations with coefficients in k[X;,...,X ;]:

. { Fy(Xy, oor v Xogs Bgs ooo s Aggs Zigs oo o Bggg) = O
Gy (Xyy ooy Xogs Aoy oo s Bty Zy gy oon s Bygy) =0

(i=-1,...,m, j=0,...,d-1).
The induction hypothesis made in 12.6.12 then gives a solution

(8g, -+- 4 840, 219, --- » Zygq-1) Of (8) with components in k[X,,...,X ,I7,

and such that also:
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(€) a, = 53 mod n7, z,; = 2v3 mod n? (j =0,...,d-1, v=1,...,M).
(For these congruences can be reformulated as extra equations with

coefficients in k([X,,..., X ;].)

Now, for v = 1,...,M, we choose u, in R with u, = {, mod n? and put:

wX) =X+ a8, X+ ..+ g eR
z, - zv,d_l)(n"“'1 +...+tz,,€ Rw=1,....,M
z, = u,.w(X) + z;,

z" = (z],...,2y), so that we get:

z, = z, mod n” (by (¢) and the various equations which z, and 2z, satisfy).

Because (ag, ... , 84, Zy gy eee s zM,d_l) is a solution of (§), we get by
(a):
f(z*) = 0 mod w(X)) and
«) ~
gi(z") = 0 mod w(X) (i = 1,...,m) in the ring R.
But z, = z, mod w(X)) in R for v=1,...,M, hence by (¢):
o f(z) = 0 mod w(X,) (where z = (z,,...,2,) € ﬁM) and
n ~
gi(z) = Omod w(X,) (i =1,...,m) in the ring R.

But z, = Zz  mod n? implies that f(z) is regular in X of order d, hence we

get by 12.4.3 and 12.4.4:

£(z) = (unit) x (X + by, X1+ ... 4+ by), by,,...,b, non-units
of K[[X,,...,X,;]]. So (1) implies: w(X)) = XJ + a,, X" + ... + a, divides
Xg + bd_lxﬁ'1 + ... +b; in R, which implies by the uniqueness part of 12.4.3:
agy = by, ..., a8 = by, so £(z) = (unit) x w(X)) in ﬁ, and because f(z) and

w(X,) are in ﬁ, also (unit) is in R. (Here we use that R is a faithfully flat
R-module as established in 12.5.25 and 12.6.9.) Now (n) implies: gi(z) = 0

mod f(z) inR (1 = 1,...,m) and 12.6.13 is proved.

12.6.14 PROOF OF THEOREM 12.6.11 CONTINUED.

We already established that condition (I) of 12.6.8 is
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satisfied in our situation. Therefore, to finish the proof of Artin’s
Theorem it suffices to show that condition (II) of 12.6.8 is satisfied too.
So consider a tuple (£(Z), @;(Z), ... , ay(Z), B(Z), 2) with

the properties (i) - (iv) of 12.5.8.
Take §x € R such that e, (2) = 91'ﬂ(2) and put y = (91,...,yN).
Define g(Z) = X,.8(2). (a ) and observe that g(z) » O and that the

polynomials f£(Z) and o;(2) - Y,.8(Z) in R[Y,Z], Y = (Y;,...,Yy), i = 1,...,N,

have (¥,z) as a common zero. So by the Division Lemma 12.6.13 there is

(y,zl,...,zt,zgi) in ﬁwﬂ+1 arbitrarily close to (¥,z) which is, in R modulo
g(zl,...,zt, ), a common zero of the polynomials f(Z) and a,(Z) - Y,.B8(Z),
i=1,...,N. In particular f(zl,.. 12,2 " ) -

ax . B(zy,...,2)- agiﬂ(zl,...,zt,zéq)z for some d € ﬁ, which by 12.5.4

(1) = (ii) gives us a z,, € R with

(1) £(zy,...,2y4) =0 and z,; = zéq mod B(z,,...,2,).

Furthermore by choosing z,,...,z, sufficiently close to 2,,...,Z, we may

assume that B(z;,...,z,) » 0. Now put z = (z,,...,2,,). The proof will be
finished if we show that «,(z) = 0 mod B(z) in R for i = 1,...,N. Note that

a(zy,...,2.,z2') - ¥y, .B(z) = 0 mod g(zl,...,zt,zéq) in R. Using the

t+1
definition of g(Z) and the congruence in (1) we find:
(2) o, (zy,...,2,,2.,,) = O mod B(z) in R for i = 1,... N,

so we have proved Artin’s Theorem.

12.6.15 Very strong limitations are known on rings with AP, some of
which are given in the exercise below. Our definition in 12.6.6 of a ring
having AP referred to an inclusion of the ring in the completion of a
distinguished subring. This is easily remedied by giving a definition which
does not have this defect and conforms better with the literature on the
subject.

We consider in the following pairs (A,m) consisting of a ring
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A with a finitely generated ideal m such that A is separated in its m-adic
topology. We write A for the m-adic completion and consider A as a dense

subring of A.

DEFINITION. (A,m) is called an approximation ring if A + A has

the specialization property.

If (R,m) is an integrally closed noetherian local domain with

henselization (R,M), then R c R ¢ R ~ R, cf. 12.5.24, and clearly R has AP
in the sense of 12.6.6 if and only if (R,M) is an approximation ring.
Nonlocal approximation rings are also important. Some

properties of approximation rings are discussed in the following exercise.

12.6.16 EXERCISE. Let (A,m) be an approximation ring. Prove:

(a) Each solution in A of a finite system of polynomial equations
over A can be approximated arbitrarily closely, in the mA-adic sense, by
solutions in A.

(b) If a finite system of polynomial equations and inequations over
A is soluble in A, then it is soluble in A.

(c) m C rad A, and (A,n) is an approximation ring for each finitely
generated ideal n C m.

()] (A,m) is henselian, where Definition 12.5.2 is extended to the
nonlocal case.

(e) If A is a domain, so is A, A is algebraically closed in A and
Q(A) is a separable extension of Q(A).

£ If A is a domain, ®(C) is a C-constructible property and

Q(A) E ®(c) for a tuple c in .&, then there is an A-algebra morphism

¥: Alc] » A with Q(A) F ®(¥(c)).
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(g) If A is a domain and A is normal, then A is normal.

(h) If A is noetherian, so is A.
For the remaining parts we also assume that A is noetherian. Write R(m) for

the radical of m.

(1) (A,R(m)) 1is an approximation ring.

6D} For each ideal a of A the pair (A/a,m+a/a) is an approximation
ring.

(k) For each monic polynomial f(T) € A[T], f » 1, and t = T + (f)

the pair (A[t],mA[t]) is an approximation ring.
(1) For each A-algebra B which is module-finite over A the pair

(B,mB) is an approximation ring.

Hints: For (a) use the proof of 12.6.7; (b) follows from (a)
and the specialization property; for (c), (d), (e), (f), (g) express the
desired conclusion in terms of equations and inequations, and apply (b); for

(h), take any subset of A and obtain a finite subset generating the same

ideal in A, then show it also generates the same ideal in A. For (i), (j).
(k) use properties of completions of noetherian rings like flatness, see

section 2.2; (1) follows from (j) and (k).

12.6.17 The parts (e) and (h) of the above exercise have as
consequences the well-known facts that K[X]™ as described in 12.6.9 is

noetherian, and algebraically closed in K[[X]].

12.6.18 HISTORICAL REMARKS. Artin’s Theorem 12.6.11 has been
generalized and strengthened in many directions, e.g. in [El]. Artin’s
original treatment can be found in {Ar 68] and [Ar 69]. We shall resist the
temptation to say much more on this fascinating subject, except to point out

that approximation theorems are important at various places in algebraic
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geometry, and that Artin, in [Ar 69], also proved the mixed characteristic

case: 12.6.11 remains true if k is replaced by a so-called excellent
discrete valuation ring V (and k[{X,,...,X ]] by V[[xl,...,xn]]); excellent
in this case just means that the fraction field of ¥ is a separable
extension of the fraction field of V. Recently a proof has appeared of the

conjecture that all excellent henselian local rings are approximation rings

[Po 85], [Po 86). See also [Rott]

12.7 FROM NOETHERIAN TO FINITELY GENERATED ALGEBRAS

12.7.1 In this section we shall prove Lemma V of 12.0 as a corollary of
a more general result which may have some independent interest. Its proof
shows a nice interplay of constructible properties with Artin’s

Approximation Theorem.

12.7.2 PROPOSITION. Let R be a ring finitely generated over a prime
field F, and x,,...,x, € R. If there is a noetherian R-algebra A with
ht(x;,...,x)A = n, then there is an R-algebra A’, finitely generated as a
ring over a subfield K ¢ A’, which satisfies ht(x,,...,x A’ =n.

PROOF. Localizing A at a prime ideal of height n lying above
(%, ...,%,)A we may assume that A is local of dimension n. Then completing A
at its maximal ideal and dividing out by a suitable minimal prime we reduce
to the case that A is a complete local noetherian domain containing a field,

namely F. By 9.3.3, A is module-finite over its subring K[[éx,,...,éx]]
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where K is a field of representatives of A and ¢x,,...,¢x are analytically
independent over K, ¢: R + A indicating the structural morphism.

Write R = F[yl,...,yq] with q 2 n, Yy, =% for i - 1,...,n, and
let G (Y),...,G(Y) € Z[Y], Y = (Y,,... ,Yq), generate the ideal of 2[Y]
consisting of all G(Y) with G(y) = 0, where y = (yl, - ,yq).

The ring A is integral over K[[¢x,,...,¢x ]], so each ¢(Y£)
satisfies an equation

AR S Cia, = 0, ey € K[[6%;,... ¢%,]].

(For i = 1,...,n, we take Y, - ¢(x,) = 0 as our equation.) We now introduce

new variables CU (l<i=<q,1xjs=d) and put

C = (Ciyse e Chapree s Capre o 1Caq )

c = (Cyy,.-- 'cld1’ ceeaCqpreee ,chq) R
Gae (C.Y) = Yit + G, ¥ + ... 4 ¢y €2[C,¥], 151 <q. Consider the C-
property &(C|G,,...,G,,Gpyy, .- ,qu;l), which is constructible by 12.2.10, so
the disjunction of finitely many C-systems. Since Q(A) k &(c|G,,... ,qu;l),
the tuple c is a solution for at least one of these C-systems, say

Hy(c) = ... = H(c) = 0, H(c) = O.

Let B be the ring K[¢x,,...,¢x.]” c K[[¢x,,...,¢éx,]]. By Artin’s

Theorem 12.6.11 and the proof of 12.6.7, there is a specialization
¥: Blc] - B with y(H(c)) = H(¥#(c)) » 0. Because trivially H (¥(c)) = ... =
H (¥(c)) = 0 and B is a domain, we have Q(B) t ¢(¢(c)|Gl,...,qu;1). By

definition of ® this means there is a q-tuple y' = (y',...,y’') in an
1
q

extension field of Q(B) such that

G(¥') = ... =G (¥y') = Gpu(P(e)y') = ... =

= Gug(¥(e).y*) = 0.
The last q equations imply that the yx' are integral over the subring
K{¢x,,...,¢x ,¥(c)] of B, hence, see 12.5.22, they are integral over a

subring B'[1/s] of B, where B’ > K[¢x,,...,¢x,] is module finite over
K[¢x,,...,4x,], and s € B'\(maximal ideal of B).
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Put A’ = B'[l/s,y{,...,y;], and let ¢': R + A’ be the ring
homomorphism sending y, to y; (well defined because y' satisfies all

relations satisfied by y over Z). So A’ is an R-algebra via ¢' and A’ is

finitely generated over K (because B' is). Furthermore ¢'(x,) = ¢'(y1) -
y' - y, = é(x) for i ~1,...,n.
1
From the diagram of ring extensions

AI

module
nite

K¢, ..., 4%n)——> B’ B[1/s]—B = K[¢x, .. ., $xa]”™
finite

and going up properties of module-finite extensions [Ma 80, (5.E)] one
immediately deduces that ht(x,,...,%x )A' = ht(¢x;,...,¢x )A" =
= ht(¢x;, ..., ¢x IK[$x;,...,¢x] = n.

This finishes the proof of the proposition.

12.7.3 PROOF OF LEMMA V.

We are in the following situation: £ is a finite system of

polynomial equations over Z in n+q variables (X,Y) = (Xl,...,Xn,Yl,....YA),
and (x,y) = (xl,...,x“,yl,...,yq) is a solution of ¢ in A where A is a
noetherian ring containing a field and ht(x,,...,X)A = n. Let F = prime

field of A. We have to show that there is a ring A’ which is finitely
generated over a subfield K > F such that £ has a solution (x',y’) in A’
with ht(x')A’ = n.

In the previous proposition we simply take R = F[x,y] c A. Then
A’', as in the proposition, has the required properties, with (x’,y’) =

image of (x,y) under the structural morphism R -+ A’.
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12.7.4 REMARK. With a bit more effort we can take the R-algebra A’ in
Proposition 12.7.2 finitely generated, in other words, one can take K = F,
see also [Ko 88]. This raises the question whether the following natural

generalization of 12.7.2 holds:

Let R be a noetherian ring and x,,...,x, € R. If there is a
noetherian R-algebra A with ht(x,,...,X)A = n, does it follow that there is
a finitely generated R-algebra A’ with ht(x,,...,x )A’ = n? This is in

general not the case, as shown by an example in [Ko 88].



13 USES OF BIG COHEN MACAULAY MODULES

These are numerous, but in this final chapter we treat only
two, of unequal importance. The first is a proof of the New Intersection
Theorem 13.1.1. There exist other proofs, [PS 74, Th. 1], [Ho 75b, p. 171],
[Re 76], [Ro 80c, Th. 1], but the present one, due to Foxby [Fo 77b, §1],
quickly and elegantly establishes this result in equal characteristic. In a
major breakthrough, P. Roberts recently succeeded in deriving the unequal
characteristic case from the result in equal characteristic p. His proof,
which uses the intersection theory developed in algebraic geometry by Fulton
and MacPherson [Fu], we can only reproduce in part, 13.1.2. An important
consequence of the New Intersection is the Homological Height Theorem 8.4.3
and its derivates discussed in section 8.4. Two other results which follow
are the Auslander Zerodivisor Theorem 13.1.11 and an answer to a question of
Bass 13.1.7.

Our second application is more parochial and establishes the
nonvanishing of Bass numbers in their allowed range, Theorem 13.2.5. Again
there exist other proofs of this result [Ro 76, Th. 2], [Ro 80b, Ch. 2,
Prop. 4.3] but ours, which is taken from [FFGR, Th. 1.1], has an amusing
feature. A weak kind of Big Cohen-Macaulay module suffices, and this is
shown to exist independently from the characteristic, Proposition 13.2.1.

The existence of Big Cohen-Macaulay modules allows one to prove
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a stronger version of New Intersection [EG, Th. 1.13] which is needed for the
proof of the Syzygies Conjecture. The latter therefore remains unproven in
mixed characteristic, although at present it is being investigated whether
the improved New Intersection would also yield to Roberts’ reduction to
characteristic p. Since the Syzygies Conjecture is the subject of [EG], a
companion volume to the present book, we say no more about it.

In 9.1.3 we saw that the existence of Big Cohen-Macaulay
modules also implies the truth of the Monomial Conjecture. Hochster has
shown, in a rich and detailed paper [Ho 83], that the latter implies New
Intersection, even in its stronger form. But since the Monomial Conjecture
and the closely related Direct Summand Conjecture are still open in mixed
characteristic, these issues remain undecided, though in this direction a

promising theory of tightly closed ideals is being developed by Hochster and

Huneke {HH].

13.1 NEW INTERSECTION THEOREMS AND A FEW CONSEQUENCES

13.1.1 THEOREM. (New Intersection) Let (A,m,k) be an equi-
characteristic noetherian local ring. Let L, =0+ L_~+ ... L, + O be a

finite complex of finitely generated free A-modules. If {(H,(L,)) < = for

i=0,...,5 and L, is not exact, then dim A < s.

PROOF. Let M be a Big Cohen-Macaulay module over A, i.e. mM » M
and E-dp M = dp M = dim A. Since E-dp M < s according to Corollary 6.1.4,

the theorem is proved.
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This result, known as New Intersection, was proved by Peskine-
Szpiro in [PS 74, Th. 1] and, independently, by P. Roberts in [Ro 76] for
positive characteristic and in [Ro 80c, Th. 1] for characteristic 0. The
present slick proof is due to Foxby [Fo 77b, §l1].

In a recent breakthrough, P. Roberts succeeded in extending the
result to mixed characteristic. In his note [Ro 78a], he spoke of the
Intersection Theorem, but we shall stick to the old terminology and reserve
the name Intersection Theorem for its corollary, Theorem 8.4.4. We only give

a sketch of his proof.

13.1.2 THEOREM. The above is also true when (A,m,k) is of mixed

characteristic.

PROOF. It is easy to see that we may assume A to be complete in
its m-adic topology with perfect residue class field and that we may
suppose A is an integral domain by dividing out a prime p with dim A/p =
dim A. If p = char k, the element p = p.1 is a non zerodivisor of A so that
the ring A = A/(p) has characteristic p and dimension d = dim A - 1.

Now suppose the theorem is false; clearly there is then an
offending L, of length s = d < dim A and with Hy(L,) # 0. Its reduction
L, = L,/pL, is a nonexact complex (e.g. by 7.2.14 with M = A/(p)) over A with
finite length homology and Hy(L.) » 0. We can apply Frobenius, and 11.3.9
tells us that its asymptotic Euler-Poincaré characteristic xm(f,) > 0. On
the other hand, the fact that L, is L, reduced mod p, allows one to
conclude that xw(f,) = 0. This is a contradiction, so dim A < s.

Roberts’ proof that xm(f,) = 0 is based on the properties of
local Chern characters and a local Riemann-Roch Theorem. These matters

pertain to the new treatment of intersections in algebraic geometry due to
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W. Fulton and R.D. MacPherson and are explained in the authoritative
treatise [Fu, Ch. 18]. This Riemann-Roch Theorem was partly inspired by the
type of problem in local algebra which is discussed in our book. It fell to
P. Roberts to bring the power of these methods to bear and prove New
Intersection in full generality [Ro 87a], [Ro 89]. Elsewhere [Ro 85],

[Ro 87b], he used them to settle a question of Serre, as mentioned in the
Preface.

A further remark is in order. Though we announced 13.1.2 as a
reduction to the known case of characteristic p, just like its author did in
[Ro 87a), our proof is arranged in such a way that it actually furnishes a
proof whenever char k = p. One induces on dim A, the case of dimension 0
being trivial. In this integral domain A one just divides out by an element
# 0 (not necessarily p = p.l) to reduce to a ring of characteristic p and
lower dimension, and the arguments that X,(t-) > 0 and X@(t-) = 0 work as
before. Using techniques as in Chapter 12, one can now also prove New
Intersection in equal characteristic 0. Roberts, of course fully aware of
this, has therefore provided a new proof in all three cases, to set alongside
his old one in characteristic p [Ro 76] (and the one by Peskine-Szpiro
[PS 74, Th. 1]) as well as his "analytic" proof over the complex numbers
[Ro 80c, Th. 1].

At long last we are able to prove the Homological Height

Theorem 8.4.3 and hence its consequences in Chapters 8 and 9.

13.1.3 THEOREM. New Intersection implies Theorem 8.4.3.

PROOF. Since we may assume pd M < «, take a minimal free

resolution of M and let L, = 0 -+ L.+ ... » L, > 0 be the concomitant
complex with its homology concentrated in 0 and Hy(L,) = M. If Ann M = ¢ and

® is a prime in B minimally containing «B, then L,®,By is a finite free
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complex over the ring BB with finite length homology. Since HO(L.SABB) -

MB » 0, this complex is not exact, so ht f = dim B33 <s = pd M.

There exist several versions of New Intersection for finite free
complexes, some of which are only apparently stronger than 13.1.1, others
may be genuinely so. They are most easily proved by plugging a Big Cohen-
Macaulay module into the appropriate version of the Acyclicity Lemma [Fo 77b,
Th. 1.2], [Ho 83, Th. 2.6]. Whether they are also susceptible to proof in
mixed characteristic by reduction to characteristic p, is under investigation.
While not dealing with these, we prove a version which features (not
necessarily finitely generated) flat modules. Here our Big Cohen-Macaulay

module is not inserted into an Acyclicity Lemma of Chapter 6, but rather

into the somewhat more general Theorem 7.2.14. We retain the notation ff

of that theorem.

13.1.4 THEOREM. Let F, =0+ F, +» ... » F, » 0 be a complex of flat

modules over an equicharacteristic noetherian local ring (A,m,k). If F, is

not exact and Supp H,(F,) c (m} for i = 0,...,s, then dim A < ft < s.

PROOF. First invoke 7.2.14 (ii) with M = A to ensure that F.@,k
is not exact. Next let M be a Big Cohen-Macaulay A-module, then E-dp M =
dim A < =; 7.2.14 (i) tells us that the complex F.,® M is not exact. Clearly,
its homology can only be supported at m. Now 7.2.14 (ii) yields dim A =

E-dp M=fF - fl<fcs,

13.1.5 COROLLARY. Let A be as above, and I' =01+ ... 2 1*>0
be a complex of injective A-modules. If each homology of I' is finitely

generated and I° is not exact, then dim A < s.
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PROOF. Apply the faithfully exact Matlis dual to I°. Since
each (I')Y is flat and Hi(I°)V - Hi((I')V) is artinian by 3.4.11, we may

apply the theorem to (I')' and obtain the result.

13.1.6 COROLLARY. If a ring A as above possesses a finitely generated

module M with id M < «, then A is Cohen-Macaulay.

PROOF. A minimal injective resolution has length s = id M =
dp A by 7.1.5. By the previous corollary also dim A < s so that A is Cohen-

Macaulay.

This answers a question first raised by Bass and later known as
Bass’ Conjecture, and strengthens Proposition 9.1.10. The quick proof above,
deriving 13.1.5 from 13.1.4 by way of the Matlis dual, is due to J. Bartijn,
but close in spirit to certain considerations in Foxby [Fo 82]. It has the
(temporary?) disadvantage of depending on the existence of Big Cohen-
Macaulay modules, so that we do not know whether the proof goes through in
mixed characteristic. Actually, 13.1.5 is true in all cases since it can be
derived from New Intersection using dualizing complexes [Ro 80b, Ch. 3].
However, 13.1.6 was originally proved in Peskine-Szpiro [PS 73, Ch. II,
Th. 5.1] using the Intersection Theorem 8.4.4, so that it is now verified

in general. We omit their proof, which is somewhat lengthy. Anyway, we state

13.1.7 THEOREM. A noetherian local ring which possesses a finitely

generated module of finite injective dimension is Cohen-Macaulay.

13.1.8 COROLLARY. A noetherian local ring is Gorenstein if and only if

it possesses a cyclic module of finite injective dimension.
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PROOF. A Gorenstein ring is a cyclic module of finite injective
dimension over itself, so assume A/g has finite injective dimension as an

A-module for some ideal q. Putting N = A and M = A/a in the second identity
of 7.1.6, we find B(A/a,T) = u(A/a, T (A, T). Now pi(A/q) = O for

i >id A/a = dp A = s, say, while w(A) = 0 for j < dp A. Since ﬂo(A/u) -
dim (A/q®,k) = dimk = 1, we see that 1 = u3(A/a)p®(A) so that u®(A/q) =
u%(A) = 1. But A is Cohen-Macaulay, hence s = d = dim A. Thus A is

Gorenstein by 10.1.8.

This was first proved in [PS 73, Ch. II, Th. 5.5]. A different
approach is taken in [Le, Th. 1.9]. Another consequence of 13.1.4 is an
extension to modules of finite flat dimension of the Auslander Zerodivisor

property mentioned at the beginning of section 8.5.

13.1.9 THEOREM. Let (A,m,k) be an equicharacteristic noetherian local
ring and M an A-module with fd M < © and T-codp M < «». Then a regular

sequence on M is regular in A.

PROOF. It is clearly enough to show that a zerodivisor in A is
a zerodivisor on M. So let x € m be such a zerodivisor and put
a = Ann(x) » 0. Then m € Supp a, and since m € supp M, we see that X =
Supp a N supp M = @; we can therefore localize at a prime p which is minimal
in X. A little reflection shows that we need only solve our problem for the

module Mp over Ap' i.e. show that the zerodivisor x/1 in AU is a zerodivisor
on Mp' We therefore shift gears and assume from the outset that X = {m}.

Choose a prime p € Ass o. Since A/p C «, also

Supp A/p N supp M =~ {m}. Moreover p € Ass a C Ass A, so
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dp A < dimA/p < dim A/p, by 8.3.9.

Let 0 - F, - ... =+ F, + M+ 0 be a shortest flat resolution of
M and F, the corresponding complex whose 0-th homology is M. Now m € supp M,
so F,®,k is not exact; neither is therefore the complex F.®,A/p and its
homology is only supported in m. Hence 13.1.4 tells us that dim A/p < f: -
£&M. On the other hand we find from 7.1.3 with N —= A that f&*M -
dp A - E-dp M. Combined with the fact that dp A < £d*M which stems from the
first two inequalities, this implies E-dp M = 0. In other words, m € Ass M,

and since x € m, it is a zerodivisor on M.

We do not know whether this result of Bartijn’s [Ba, Ch. IV, Prop
5.8] is true in mixed characteristic, since we used the "Flat Intersection"
13.1.4, which was proved using Big Cohen-Macaulay modules. However, the
original Auslander Zerodivisor Conjecture has now been proved in general.
The reader is invited to furnish a proof either as a simplified version of
the above, this time using 13.1.1 and 13.1.2, or else to follow Peskine-
Szpiro, who derived the result from the Intersection Theorem 8.4.4 [PS 73,

Ch. II, Th. 3.1].

13.1.10 THEOREM. Let M be a finitely generated module over a noetherian

local ring A. If pd M < », then every M-sequence is an A-sequence.

This result yields a characterization of integral domains, also

due to Auslander [PS 73, Ch. II, Cor. 3.3]:

13.1.11 EXERCISE. Let A be a noetherian local ring. Show that A is an

integral domain if and only if there exists a prime ideal p with pd A/p < =,
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13.2 NONVANISHING OF BASS NUMBERS

We shall need a weak derivate of Big Cohen-Macaulay modules,
which has the advantage of also having been established in the mixed

characteristic case.

13.2.1 PROPOSITION. Let (A,m,k) be a d-dimensional noetherian local
ring. We can find a system of parameters x;,...,X; and a module N » mN such
that

(i) XN = 0;

(ii) Xy,..-,%gy 18 a regular sequence on N;

(iii) E-dp N = dp N = d-1.

PROOF. If A is equicharacteristic, there exists a Big Cohen-
Macaulay module M for every s.o.p. x = Xyy e oo 1Xgo12Xg. Put N = M/x M. Then
d-1 <dp N <E-dp N=E-dp M - 1 <d-1 which proves (iii). (i) and (ii) are
obvious.

In mixed characteristic, if char k = p, so is char A/(p) and we
distinguish two cases. If dim A/(p) = d, then any s.o.p. x of A is one for
A/(p) and we take an x-regular module M and proceed as before. If
dim A/(p) =~ d-1, we form the system of parameters Xx,,...,%;,,p of A and
notice that x,,...,X4.; is a s.0.p. for A/(p). There exists a balanced Big
Cohen-Macaulay A/(p)-module N. As an A-module, N is easily seen to satisfy

(1), (1i) and (iii) if we set x; = p.

The next lemma slightly varies [FFGR, Lemma 1.4].



294 13 Uses of big Cohen-Macaulay modules

13.2.2 LEMMA. Let (A,m,k) be a noetherian local ring, complete in its
m-adic topology, and let x,,...,X, be a regular sequence on an A-module
N » mN. Put a = (Xy,...,%,). Then Ext:(N/uN,M) » 0 for every finitely

generated nonnull module M of depth 0 for 0 < 1 < n.

PROOF. We exploit the Matlis dual for the complete ring, first
observing that M’ is artinian and that M" ~ M by 3.4.12 and that T-codp M’ -
E-dp M = dp M = 0 by in view of 3.4.14, so that mM’ » M'. Moreover
Torl(- M) = Ext:(-,MW) = Ext:(-,M) for all i by the same proposition. It
therefore suffices to prove that Tori(N/qN,MV) » 0 for 0 < i <n.

We induce on n, the case n = 0 being easy: our data tell us
that N/mN » 0 so that N/mN@kMV/mM" is the tensor product of two nonnull
vectorspaces, hence is » 0. So is therefore N@AMV.

Putting b = (%,,...,%,;), we may assume that Tor’(N/bN,M’) = 0
for 0 < i < n-1. Since X, acts injectively on N/bN, we find exact sequences
Tord(N/aN,M’) ~ Tork ) (N/BN,M") > Torf | (N/BN,M") for 1 < i <n. Now m is the
only prime in the support of the artinian module M’, hence of Tor’  (N/bN,M")

so that x, is a zerodivisor on these nonnull Tor’s. The lemma follows, since

the case i = 0 is easily taken care of as above.
We need two more lemma's.

13.2.3 LEMMA. Let M be an A-module over a noetherian local ring
(A,m,k). If pi(M) = O for a certain integer i = 0, then Exti(T,M) = 0 for

every A-module T with Supp T = {m}.

PROOF. Write T = lim T; with T; ¢ T finitely generated
N

submodules. Since Exti(T,M) - lém Exti(Tj,M), we are reduced to proving the
3
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result for finitely generated T, still only supported in m. Such a T has

finite length, and we conclude by looking at a composition series of T and
the corresponding exact sequences of the Ext’s, since dimkExt:(k,M) -

p(M) = 0.

13.2.4 LEMMA. Given a noetherian local ring (A,m,k) of depth 0, there

exists an exponent t > 0 such that m* has a direct summand isomorphic to k.

PROOF. Since m € Ass A, there is an x € A, x » 0, which is

annihilated by m. Choose t such that x € m*\m**!. Put X = x mod m**!, and

prolong to a basis X,y ,...,¥ of the k-vectorspace m%/m**l. An arbitrary
lifting to m* yields a minimal set of generators LI AR A of this ideal.
We need to prove that (x) N (yl,...,yn) = (0). If ax € (yl,...,yn), then a

cannot be a unit, so must be in m. Then ax = 0 and we are through.

We can now prove the main result of the section, [FFGR, Th. 1.1].
This nonvanishing of the Bass numbers is more rigid than the behaviour of the
related local cohomology functors, which can very well vanish between either

extreme, as we mentioned after 10.2.2.

13.2.5 THEOREM. Let (A,m,k) be a noetherian local ring and M a finitely

generated A-module. Then u!(M) » O if and only if dp M < i < id M.

PROOF. Since A is faithfully flat over A and M is finitely
generated, A@AExti(k,M) = Ext%(k,f{) and dpﬁ M= dpAM. Furthermore, by 8.2.8,
dim.M = dimM, so we may assume A is complete.
A

If id A = @, then p*!(M) » 0 for i > d = dim A by 8.5.6. If

id M < w, then p!(M) ~ 0 for i =id M =dp A <d (7.1.5 and 8.3.8) and
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M) = 0 for 1 > id M. Always pi(M) = 0 for i < dp M. A little reflexion
shows that it is sufficient to prove that pi(M) = O for dp M < i < d-1;
incidentally we shall then have proven that the possession of a finitely
generated nonnull module of finite injective dimension forces the ring A to
be either Cohen-Macaulay or almost Cohen-Macaulay, i.e. dim A - dp A = 1.
This is a weak form of 13.1.7 which is of course entirely fitting: we are
going to use N in 13.2.1, a poor man’s Big Cohen-Macaulay module.

Proceeding as explained in section 8.5, take a largest possible

common regular sequence on M and on A, say X;,...,%., and call the ideal which
these elements generate b. Putting A = A/b and M = M/BM, we see that dp M =
dpM + r = dpM+r and dim A = dim K + r. Also p*"(M) = pz(M) by 3.3.6
while idM = idxﬁ + r. We may therefore assume that dp M = 0 or that
dp A = 0.

In the first case, consider the s.o.p. X;,...,%; and the module
N guaranteed by Proposition 13.2.1 and with a« = (x;,...,%x4.;). Now
Exti(N/aN,M) = O for 0 < i < d-1 by 13.2.2. Furthermore Supp N/aN = (m)
because x;N = 0, while x,,...,x; form a system of parameters. Lemma 13.2.3
then tells us that p!(M) = O for all i such that 0 < i < d-1, which proves
our contention in case dp M = 0.

Assume therefore dp M > dp A = 0. Clearly id M = = and we shall
prove that p!(M) = O implies p!*1(M) = 0. Since pi(M) » O for i = dp M, this
will suffice. The short exact sequence 0 » m*' + A -+ A/m* -+ 0 gives rise to

isomorphisms Exti(mt,M) I~ Extiﬂ(A/m‘,M) since 1 = 1. By 13.2.4 we can choose

t such that there is a splitting m* = k® ¢ for some ideal ¢, so Exti(mt,M) =
Ext‘:(k,M)@Exti(c,M). But then pi*}(M) = O by a composition series argument

on A/mt.

More is known about the behaviour of the Bass numbers, for which

we refer to [Fo 71], [Fo 77b] and [Ro 80b].
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