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1. ALGEBRAIC STRUCTURES

In this introductory section we recall some basic concepts concerning rings. For details
consult any book on ring theory, for example the notes [Th].

(1.1) Commutative groups. Let G be a set equipped with:
e amap +: GXG — G, that is, to any pair (g, g ) € G x G of elements, + associates
exactly one element g+ ¢’ € G; n

e amap —: G — G, that is, to any element g € G, it associates exactly one element
-9 € G; ‘
e an element 0 € G.
The set G is said to be a group exactly when the next three requirements are fulfilled.
(G1) (g+9g)+d" =g+ (¢ +g") forallg,g,¢" € G;
(G2) g+0=gand 0+ g =g for all g €G;
(G3) g+ (—g)=0and (—g)+g=0forallge G.

" Here, (G1) is the associativity of +. (G2) states that 0 is a neutral element. (G3) means

that —g is an inverse element to g, and it follows that this is uniquely determined. We

refer to this group as (G, +), or just as the group G. The usage of the symbols +, — and
0 is called additive notation.

Let (G, +) be a group. It is said to be commutative (or Abelian) exactly when
(G4) g+ ¢ =g +gforallg,g cG. '

In this case + is called the addition, O is the zero element, and —g is the opposite element

to g. For g, h € G we set g —h =%f g + (—h) and note that g — g = 0 by (G3).
Consider a set {n} consisting of exactly one element n; it is a commutative group with
n+n=n,0=nand —n =n, and it is called the zero group and denoted 0, that is,

0 = {0}.

- -(1.2) Commutative rings. Let (R, +) be a commutative group. ‘It is said to be a ring
‘exactly when it (in addition to +, — and 0) is equipped with:

- . aso-called multiplication, that is, a map Rx R — Rthat to any pair (r,r') € RxR
associates exactly one element rr' € R; and :
e a so-called identity element 1 € R,
such that the next three requirements are fulfilled.

(R1) (rr')r" = r( ! ”) for all r,7/, 7" € R.(associativity); .
C(R2) r(r ") =’ +rr" and- (r+7 r' 4—»rr”+r’r" for al[ 7 X r” E R (dxstnbutmt})
(R3)r1—rand1r—rforallr€R B

" Tt follows that

(1.2.1) . Or =0 forall 7€ R.

Namely: 0r=0r+0=0r+(0r-0r)=(0r+0r)-0r=(0+0)r-0r=0r-Or=0.
The ring R is said to be commutative exactly when

(R4) 7" = r'r forall r,7" € R.

Examples of commutative rings are the mtegers 7., the complex numbers C and poly-
nomial rings like Z[X], (C[X] The ring of 2x 2 matrices with complex cntries is an example of a
non-commutative ring, see also (1.3).

A ring ‘R is said to be non-trivial exactly when R # {0}, that 1s, 1 # 0 (if r € R\ {0}
then 1r = r # 0 = 0r and hence 1 # 0.)




HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 3

(1.3) Exercise: Endomorphism rings. Let V be a vector space over the real numbers R (or any - - -

other field), -and consider the set of endomorphisms A =9 Homg(V, V') which consists of all linear
maps: V' — V. Prove that A is a ring with the usual addition, and with composition of maps as the

multiplication. Prove that it is commutative if and only if the dimension of the vector space V is at
most 1. ‘

(1.4) Convention. Throughout these notes

lR denotes always non-trivial commutative ring.

(1.5) Special ring elements. For 7 € R we have the following definitions:

(1.5.1) T is invertible <= Jr 'eR: rrl=1;
(1.5.2) T is a zero-divisor <= 3@ €ER:ta=0 N a#0;
(1.5.3) T is non-zero-divisor <= VYa €R: ta=0 = a=0.

Another word for an mvertlble element is a unit, and non-zero- divisors are often called
reqular elements. .

(1.6) Spec1al rings.” We have the following two definitions and an observation.

(1.6.1) "R is a,ﬁela' N Vr € R\ {0}: r is invertible; and
(162) R isa integral domain &Ly € R\ {0}: r is a non-zero-divisor
(1.6.3) - o == V'r'reR =0 = r=0V r=0.

- Every field is a domain. The ring of complex numbers C is a field while the polynomial
- ring C[X] is an integral domain but not a.field (for example, the element X is not
invertible). The ring Z/(4) of residue classes modulo 4, that is, Z/(4) = {0,1,2,3}, is
- -'not an mtegral domain (smce 22 —-0 ’Wl’llCh is the ZEro element) :

(1. 7) Ideals An ideal o in R is’ a subset aCR satnsfymcr the next COHCllthl’lS
(I1) 0 € a; :
(12) a +a' Eaforalla adea;
(I3) racaforallv € Rand a € a.

-~ The ideal a-is said-to be- proper exactly when a # R. Proper ideals contain no invertible
“elements: If a is an‘ideal and u € a-is invertible, then for any e R we Obta.m T= rl =

or(uet) =7 () = (ruMu € af hence a =R

- The'subsets O = - {0} and R are Ideals in R ancl they are called the trivial zdeals 0i is . .
called the zero ideal

(1.8) Principal ideals. For a € R the notation Ra is used for the principal ideal gen-
erated by a, that is, Ra =% {ra | 7 € R}; often—when the name of the ring is clear
from the context—we write (a) instead of Ra; that is, (a) =9¢f {ra|r € R }. The trivial
ideals are principal: O = (0) and R = (1).

The ring R is said to a PID, that is, a principal ideal domain, exactly when it is a
domain-and all its ideals are principal. The ring of integers Z and the polynomial ring
C[X] over the complex numbers are principal ideal domains.
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2. MODULES \
(9 1) Deﬁmtlon ‘Module. Let (M,+) be a commutative group. It is said to be a
module over R, or just an R—-module, if it (in addition to 4, — and 0) is equipped with

e a (so-called) R-multiplication, that is, map R x M — M that to any (r,m) €
R x M associates exactly one element rm € M,

- such that

(M1) (rr'ym = r(r'm) for all r,7' € Rand m € M (asaociativity)

(M2) (r+r)ym =rm+r'm and r(m+m') =rm+rm’ for allr,7’ € R and m, m' € Mo
(distributivity); '

(M3) 1m =m for allm € M (unitarity).

The ring R itself is an R-module with R—multiplication equal the ring-multiplication.

The zero group O = {0} is always an R—module with the R-multiplication r0 = 0.

If R is a field then M is an R—module, if and only if M is a vector space over R.

Every commutative group G is a Z-module with Z-multiplication defined for r € Z
and g € Gbyrg=0forr =0, by rg =g + --- + g, the sum of r copies of g, for r > 0,
and for r < 0 by rg = —(—r)g (which has already been defined as —r > 0). It follows

by repeated apphcatlons of the distributive rule (M2) that this is a Z-multiplication in - -

the group M, and that it is only possible one. On the other hand, every module, and
hence, in partlcular every Z—module, is, by definition, also a commutative group. So the
concept “Z-module” is the same as “commutative group”

For each element m in an R—module M the following hold.

(2.1.1) - 0m =0;
(2.1.2) » (-1)ym = —m.

In the first equality the left hand zero is that of the ring while the right hand one is that )
of the module; in the second- equahty —1 € R-and —m & -M.- The first-equality- follows.

~ from: Om = (0 4+ 0)m = Om + Om, and hence Om ="0m + (- Om) = 0 the: second one:

0=0m=(1+(=1))m _1m+( )m = m + (—1)m.
For 7,7 € R and m,m' € M the next two equalities follow from the module rules (M1)
and (\/[2) combined W_l@h (2.1.2). .

(2.1.3) (r—7"Ym=rm—r'm and r(m- m') =rm-—rm’.

(2.2) Deﬂmtlon Submodule A submodule N of an R module M is a subset N - M :' |

N satlsfymcr

(SQ n+n€Nforallnn€N o ‘
(S3) rne€ N for allr € R and n € N.

Each submodule is itself an R-module with the restrlctlons of the addltlon and the
multiplication. It is called propéer exactly when N # M. The trivial submodules of M
are M itself and O = {0}. |
The submodules of the R—module R are exactly the ideals in R.
If Risafield and V isan R—module, that is, a vector-space over R, then the submodules
of V are exactly the subspaces of V.

(2.3) Intersection of submodules. Let M be an R-module and let Ny, ., N, be
submodules of M. For the intersection Ny M ---N N, we have
reNynO---NN, <= 2N ,..., 26N,

"




AR i
$24sk)

HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 5

and it follows that (S1)-(S3) are satisfied for the intersection, that is, NyN---N N, is a
submodule of M. . '

(2.4) Exercise: Infinite intersection of submodules. Let M be an R-module and
let (N;)ier b€ a family of submodules of M. For the intersection (), IV; we have

xEﬂNi & ax €N, forall 1€1.
el
Prove that (),c; N; is a submodule of M.

(2.5) Sum of submodules. Let M be an R-module and let Ny, ..., N, be submodules-
of M. The sum N+ ---+ N, is defined by

Ny +-- +Ntd—ef{n1+ +7zt|n1€Ni,...,nt€NL}.

The sum Nl ---+ N, is a submodule of M:
(S1) 0=0+---+0e N, +---+ Ny .

(S2) (m+---+n)+(n)+-+n) = (ni+n}) -+ (n+n;) € Ny -+ N, for
ny,ny € Ny, ... ng,ny € Ny

(S3) r'(_mir-*-+nt):rn1+---+rn£€ Ni+---+N,forre Rn, € Ny,...,n, € N;.

(2.6) Exercise: Infinite sum of submodules 1. Let M and (N;);c; be as in (2.4).
The sum ), ., N; of these submodules is a subset of M defined by

df . .
ZN = +n,t|t€N 21,...,1t€[,ni1€Nil,--~,nitENit}

i€l

Prove that Z :er Vi is a submodule of M.

. (2 7) Exercxse- Submodule rule. Let. N be a subset. of an R~module M. Prove that .

N is a submodule of M if and only if the following holds:

(27.1) N+ and rn+n' €N forall r€ R and n,n' € N.

(2.8) Linear combinations. Let ne Ny be a non—negative integer (possibly n = 0), let

T1,...,Tn € R be n elements in the ring R, and let wy, ..., w, € M be n elements in an

- R-module M. The linear combination of the elements wi,...,w, € M with coefficients

STy .o Th € Reis the sumirywy 4+ -+ mwy, which s an element in the module M f
e 'n = 0 then the hnear combmatlon 1s by deﬁmtlon the zero element 0 € M

(2 9) Generated subset Let W be a (p0831bly empty) subset of the R-module ]\/[ The
subset generated by W is then denoted by span, W and defined as follows

(2-9-1) Spanp W q—e‘f{ﬁw.l + ot rawy [ nENg, T € R wy, o w, € W

that is, span r W is the set of all linear combinations of elements from W. It follows from
the convention in (2.8) that span, @ = O (the zero submodule of M),
Note that W C spany W since w = lw € span, W for-all w e W.

(2.10) Generated submodule. Let- M be an E-module with a subset .
The set spang 117 is then a submodule af M, and it is the smallest submodule of A/
containing W, that is, if N is a submodule of M then the following holds.

2.10. 1 C <= spang W C N
(2.10.1) I N panp W C N
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If W = @ then these assertions are obvious, so assume that W # @. First we note that
spang W is a submodule of M: ‘

(S1) 0 = 0w € spang W for any w € W;

(S2) the sum of two linear combinations of elements from W is again a linear combi-
nation af elements fra W;

(S3) r(riwy +--- + Thw,) = (rrl)wl 4+ (rr)w, € spang W by (M1)&(M2).

In the bi-implication, “<” follows from W C spany W, cf. (2.9), while “=" follows by
(2.8). We say that spang W is the submodule generated by W.

(2.11) Exercise: Infinite sum of submodules 2. Let M, (N ier, and ) ., N; be as
in (2.6). Prove that 3, N; = spang (U;c; Ni)- -

(2.12) Finitely generated modules. An R—module M is said to be finitely genera-
ted exactly when it has a finite subset W such that M = spang W, that is, there exist
ne N and my,...,m, € M such that any element m in M. is a linear combination of
my, ..., mn € M, and that is, there exist 1, ...,7,; € Rsuch that m =rym, 4T M.

The zero module O er finitely generated; it can be generated by the element 0 (but it
can also be generated by 0 elements). |

The R—module R is ﬁmtely generated it can be generated by the one element 1. BEvery
principal ideal (a) in R is a finitely generated module, namely generated by a.

(2.13) Cyclic modules-1. An R-module A is said to be cyclic exactly when it is
generated by one element: M = spang{m} for an element m € M.

The zero module is cyclic: O = spang{0}. The ring R is a cyclic R-module: R =
spanp{1}. An ideal is a cyclic module if and only if it is a principal ideal. We set
Rm = spanR{m}' this is in acc()rda'nce the notation in (1 8)

(e 14) Exercxse Sum of cyclxc submodules. Let W be. a subset of an R-module M

Prove that spang W = S wew-Rw, cf. (2.11). .In partlcular
(2.14.1) :

M is finitely generated 45} M=Rmy+---+ Rmn for some m,,. .. My € M ..

(2.15) Homomorphisms. Let M and N be R-module, and let o M — . Nbea map. |
Then, ¢ is said to be a.homomorphism.of R modules-or an R homomorphzsmgor Justv y
a homomorphlsm—exactly when it satlsﬁes

(H1) go(m+m) W(m)*ﬁp(m’) for allm m € M el
(H2) (rm) = rip(m) forall v '€ Randm € M.~ "

~ Someuse also the term R-linear maps. Here, (H1) means that pis a group homomor—
-phism, and thls implies that - o

(2.15.1) 0(0p) = On

where 0,; and Oy are the zero elements in M and N, respectively.

When we mention an R-homomorphism ¢: M — N, we alway assume that M and N
are R—modules: M is said to be the source for ¢, and N is said to be the target for ¢

If R is a field then ¢ is an R~homomorphism, if and only if it is a linear map of vector
spaces M — N over R. '

Furthermore, ¢ is a Z-homomorphism, if and only if it just satisfies homomorphism
rule (H1), that is, it is a homomorphism Al — N of commutative groups.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 7

If N is a submodule of an R-module M, then the wmnclusion map 1: N - M, n—n
is an R-homomorphism which often is displayed as N < M.

The identity map on M is denoted 1p: M — M; it is—of course—an R—homomor-
phism.

(2.16) Multiplication homomorphisms. Let a € R be an element and let M be an
R-module. A map ap: M — M is then defined by ap(m) = am for m € M. This map
is an R~homomorphism: For m,n € M and r € R we have the next equalities.

= fa(m +n) (2) am + an 24 ap(m) + ap(n) and

ap(rm) by et a(rm) (LD ar)m @ (ra)ym by r(am) by gef rap(m).

Here, (M1) and (M2) are from the definition of modules (2.1) while (R4) is the commu-
tativity of R, cf. (1.2) and (1.4).

The R—homomorphism ay;: M — M is called multiplication with a on M. Note that
ap for a = 1 is the identity 1;; on M.

ap(m +.n)

(2.17) Isomorphisms. If p: M — N is a bijective R-homomorphism, then the inverse
map p~': N — M is also an R~homomorphism:

P (ntn)= 7 (e () + el (0))) =0 (w(e ™ () + o7 (1))
= (7o) (n) o () =p7i(n) + o7 ()
forn,n' € N, and similarly ¢ '(rn) = r¢~!(n) forr € Rand n € N.

A bijective R-homomorphism ¢: M — N is said to be an R-isomorphism; we write

@: M = N. The identity 1p;: M — M is an R-isomorphism. The notation M =

N means that there exists an R—isomorphism M — N .and M and N is said to be
1somorphic. - -

(2.18) Zero homomorphism. Let M and N be R—modules. The zero homomorphism .
0 =oyn: M — N is defined by o(m) =0 for all m € M. When M = N it is the
multiplication 0y : M — M with 0. There exists exactly one R—homomorphism O — N
and exactly one R-homomorphism M — O- namely the zero homomorphisms' -

(2.19) Kernel and image. Let ¢: M — N be an R- homomorphxsm Its /cernel and .
-, 1mage, respectively, are deﬁned as follows

S Kerp ™ p7(0) E (me M [ p(m) =0} and
T(2192) - Img L (M) = {p(m)|me M},

The following hold. '

(2.19.3) Ker.y is a submodule of M;

(2.19.4) Im ¢ is a submodule of N.

Although this follows from exercise (2.20) a proof is pmx ided: For m,m’ € Keryp and
r € R we have:

©0(0) =0, (p(m +m') =p(m) +¢(m)=0+0=0,p(rm) =rp(m) =r0=0,

Thus, 0, m +m’,rm € Kery. To y,y" € Imyp choose m,m’ € M such that p(m) =y and
@(m') = v'; for r € R the elements

0=p(0), y+y =p(m)+om)=plm+m) ry=rpoim)=o(rm)
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all belong to Im ¢.
For every R—homomorphism ¢: M — N the following hold. .
(2.19.5) _ ¢ isinjective <= Kerp =0
(2.19.6) ‘ @ is surjective <= Imp =N.
The latter follows directly from the definition of surjectivity. Although the former

- follows from the special case R = Z, that is, the well-known case of commutative groups,

a proof is included here: Assume first that ¢ is injective and that m belongs to Kery.
Since ¢(m) = 0 = ¢(0) we obtain m = 0 (as desired) by the injectivity of . Next assume
that Kerp = O and that m, m’ € M have p(m) = p(m’). We get

p(m—m') = p(m+(=m")) = p(m)+p(—m') = p(m) + (—p(m')) = p(m) - p(m') =0.
Thus, m —m’ € Kerg, that is, m = m/, and the injectivity of ¢ has been established.

(2.20) Exercise: Images and inverse images of submodules. Let ¢: M — N be an

R- homomorphlsm and let M’ and N” be submodules of M and N, respectively. Prove
that .

module which "is’ denoted Ml @ - ® M, and called the. dzrect sum of My,..., M,. (The
notation My x --- x M, is'some_times used, in particular for rings, and it is called the
direct product.) ' ' :

For any u € {1,...,t} there 'are two R-homomorphisms

- -(2.21.1) The 'z'n‘clu'sian -L-,;‘Mu—)Mlea @M, given by ‘m,  (0,. o,m;,o,...,O)

~ ~with the mu in space number u.

(2.22) Inner direct sum. Let Ny,..., N; be submodules of an R—module M. The map
vnyong: Ny @@ Ny — Ny+---+ N given by (ny,...,n) —n+-- -+

is a sur]ectwe R-homomorphism, cf. (2.5). The submodules Ny, ..., N, are said to form
inner direct sum exactly when vy, .y, is injective, that is, vy, y, is an isomorphism:

Ny@---® N =N+ -+ N,

For t = 2 we have:

(222]) I<QI VNINy = { (l" ’*L’IJ) 1 T & ]\Tl N ]\TZ}

(2.20.1) . (M ) {o(m'y|m' € M'} is a submodule of N; '
‘(2.20.2) _1(’\[’) Lef {meM|p(m)e N} erensubmodule of M.
(2.21) Finite direct sums. Let My, ..., M, be R—medules and consider the product:
| z‘*_"fM1 e M {(ma, - my) [ € A[l,...,mt_e M}
~ This set 5 can be equlpped with the addition '
(ml,.. ymy) +(m, ... mt) = (m1 +mi,...,m +m;))
N for (my, .. m,;) (mj,-..,m;) € &, and ¥ becomes a- Comr_nutatwe group with (0, ...,0)
- as the zero element and ‘with (ml, ~.,mi) = (=my,...,~m). The R- multlphcatlon ki
Cr{my, ... ,my). = (rmy, ..., rmy) for 7 E Rand (my,...,m) € & makes ¥ into an R-

mETT

L (2212) The pm]ectzon Ty My GB GB Mt — /[u , gwen by (ml,. ,}ﬁ ) o mu R
Note that - ' <
(-2§21.3) T © by = lpg, - f

i
|
|
;
t
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‘and hence:

(2.22.2) - N, and N, form inner direct sum <= N, NN, =0.
(2.23) Residues. Let H be a submodule of an R-module M and let z € M. The residue
class and the set of residue classes are defined by, respectively,

(2231) . [z)lg={z+h|heH)}

(2.23.2) M/H ={[m]y|me M},

and they are pronounced z modulo H ‘and M modulo H, respeci:i.vely. Often we use the
abbreviated notations T = [z ]y and M = M/H, respectively, when it is obvious from
the context that we are working modulo H. Note that for m;,my; € M the next kolds:

(2233) my =My < my—me € H.

(2.24) Residue module. The set M/H has an addition, cf. [Th, GRP (4.15)]; it well-

defined by m +7 = m +n. It has also an R-multiplication well-defined by rim = 7m. (It

m = m' then m —m’ € H and hence rm — rm’ = r(m — m)EH use (2.23.3).)
With these M/H becomes an R-module. Note also:

—-m=—m, .0 is the zero element, and m =0 ifand only if me H.

The residue map o
(2.24.1) pua: M — M[H given by m — m =[m]y

is a surjective R~homomorphism with Ker ppry = H.

(2.25) Residue ring. Let a be a proper ideal in R and consider the residue set R = R/

which is an- R-module by (2.24). - It is -actually a commutative nori-trivial ring' w1th< E
- multiplication ‘well:defined- by ‘73 =% 75 for r;s € R cf. {Th,nRNG (2.7)]. This -uses

that R is supposed to be commutative.

(2.26) Over-lining. Let a be a fixed proper ideal, and consader the residue ring R R/
For any R-module M we set aM = spanp{am|a € a and m € M }, that is,

aM = {aymy+-- - + a,my }’néNg,al',..;_ 'an‘é-a'ml;.. My '6 M}5 R

-~ by (2.9.1) since Ra'=.a. .Set M o MjaM. (For M. =R this is in accordance with.
. _the earlier definition.of R.) It follows from (2:27:3) below that M i$ an R-module wn:h L
'multlphcatlon well- deﬁned by T = =def 7777 that is, [7]a[m ] any =3¢f [rm]aM

(2.27) Annihilators. Let M be an R—module and-let € M be an element.
Anng M :'{TER|Tm:Oforallm€M}

Anng(z) & {reR|rz =0}

Note that these are ideals in R. The next equality results from (2.9.1) and the commu-

tativity of R, and it is followed by a special case, cf. (2.14.1).

(2.27.1) | Anng M = ﬂ Anng(w) if M = spang W .

weW

(2.27.2) Anngp M = Anng(my)0-- -0 Anng(my,) if M = Rmy + -+ Rm,, .
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Let N be an R—module such that a C Anng N. The R—module N is then also an
R-module with multiplication well-defined by S : _

(2:27.3) n =% rnforr € R and.n;e N .

Namely, if T = rthenr—1' € a C Anng N and hence rn —r'n = (r —r')n = 0. In
particular, M is an R-module for any R-module M, cf. (2.26).

(2.28) Homomorphism Theorem. Ifp: M — N is an R—homomorphism and H is a
submodule of Ker ¢, then there is one and only one R—-homomorphism @: M /H — N
such that 3([m]u) = @(m) for all m € M. R

(2.29) Proof. It is known from [Th, GRP (5.6)] (applied to the surjective group ho-
momorphism M — Img, m — «p(m)) that there exists a unique group homomorphism
@: M/H — N .such that p([m)u) = p(m) for allm € M; thisis also an R-homomor-

. phism:
J(2:29.1) CB(r[mn) = @([rmlk) = plrm) =rp(m) = rg((m)u)
for all me M and 7 € R. ' | oo

(2.30) Isomorphis_m Theorem. If¢: M — N is an R—homomorphism , then there is
one and only one R—isomorphism {: M/ Kery — Imyp such that B([mkery) = ©(m)
forallme M. -

(2.31) Proof. It is known from [Th, GRP (5.8)] that there exists a unique group iso-
morphism ¢: M/ Ker p — Im ¢ such that P([m]u) = @(m) for all m € M; this is also
an R-isomorphism by the calculation (2.29.1). _ A O

L (232)Cychc modules 2. Let M be an R—module. Recall from (2.13) that it is cyclic
- if and only if it is-generated by one of its elements, that is,. M .= Rw (= spang{w }).for .
©..-some w € M. ' '

(2.321) M iscyclic <= M =R/AnngM.

SOOI M = Ruw is cyclic, then the map ¢: R — M defined by @(r) = rw is a surjective
~ homomorphism of R-modules with Keryp = Anng(w) = AnngM. T he Isomorphism

‘Theorem (2:30) yields the desired isomorphism. If, on the other hand, ¢: R/ Anng M —

" M is an isomorphism, then M is generated by D([ 1 Anog M)

25 ,‘.A»',‘(Z;"33)"-Finité‘. Gérieration Theorem. Let H be a submodule of an‘R-module M. The '
“following then hold. - LT

(2.33.1) - M s finitely generated => ~ M/H is finitely generated ;
(2.33.2) M/H and H are finitely generated = M s finitely generated .

(2.34) Proof. If M = Rmy+---+ Rm, then M = Rmy + - - - + Rmg; this proves (2.33.1).

Next assume that M = Rmy + - -+ Rmg and H = Rhy + -+ Rh, [and we want to
prove that M = Rmy + -+ Rmg+ Rhy +-- -+ Rhy]. Consider m € M. Choose first

r,...,Ts € Rsuch thatm = rym, +- 1 s (€ M), that is, m—(rymy+- - ~+rymyg) € H.

Choose next 74, ..., € R such that m — (rymy + -+ 71emg) = i hy + - T that |
is, m = rymy + - +Tsms+ rihy + -4 Tihe as required. : [

}Z i
|35
|5

L
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(2.35) Noetherian modules. Later we will present a class of R-modules M for which
also the following holds: ‘

M is finitely generated == H is finitely generated

holds. Cf. for (3.14) for an example of a finitely generated R—module M with a submodule
H which is not finitely generated.
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3. FREE MODULES -

The modules in thlS sectlon tltle are the bu11d1ng blocks for the homological theory of
modules. We start by presenting the finitely generated free R-modules.

(3.1) Finitely generated free modules. Let W = {wl, ...,wyp } is a finite subset' of
an R-module M

The set W = {wy,...,wy } is then said to be linearly independent exactly when every
linear relation is trivial, that is, for all ry,...,m, € R we have:

(311) r1w1:{-.'_-;+'rnwn=0 == =Q_,_._..,’I’n' =0.

The linear relation is at the left and the triviality is expressed at the right.
The set W 1s said to be basis for M exactly when

(3.1.2) W= {wl, ...,w,} linearly independent and spangp W =M,

that is, W is a linearly independent set that generates M.

The R-moduleM is said to be finitely generated free module exactly when it has a
finite basis. .
(3.2) R". For ne N we set R" “R@- - ® R, the direct sum of n copies of R, cf. (2.21);
the addition and R-multiplication on R™ are given by, respectively:

(1, yTn) + (T, Th) = (T1+r’1,...,rn+1_";) and r(ry,...,mn) = (rr,...,77a)-

In addition, we set R° def O, the zero module.
The finitely generated modules R for n€ N are free:
O is free with basis &.
R is free with basis {1}.
R? is free with basis { (1,0),(0,1) }.

- R"is free with basis {(51, 0, ) where §;-= (0 ;1;0,;0) with- the Lin -

space number 1.

(3.3) Theorem: Finitely generated free modules. The modules R™ are the proto-
types of ﬁmtely generated free modules: For any R-module M the following holds:

M is ﬁmtely generated free <<= dneNjg: M = R".

_ (3 4) Proof To prove “« = “ assume: that W= {ws,-. wn} is a finite basis for M, -
- and define the .map o: R™ .—. M by a(ry,. ) =l rwy o W This ‘map is. ..

easﬂy seen to be an R—homomorphxsm It is mjectlve since W is linearly independent,

- cf. (3.1.1) and it is surjective since spany W = M. Thus o is an 1somorphlsm -
“ follows from (3.5). : , g

| (3.5) Exercise: Free module and isomorphism 1. Let F be a finitely generated free

R-module with basis W = {wy,...,w, }, let N be an R-module, and let ¢: F' — N be
an isomorphism. Prove that N isa ﬁmtely generated free R-module with basis ¢ ().

(3 6) Theorem: Finitely generated modules over a field. If R is a field and I 15 a
finitely generated R-module, then F' is a finitely generated free R—module.

! In these notes, when we list a finite set, we assume tacitly that the list is without repetitions. that
is, in this example, w; # w; whenever 1 # j.
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(3.7) Proof. Since F is a finitely generated vector space. it has a (ﬁmte) basis. . . . .00

(3.8) 8 Theorem: Finitely generated free modules over a PID. IfR is-a PID, cf.

(1.8), F is a finitely generated free R—module, and G is a submodule of F'; then G is
finitely generated free.

(3.9) Proof. Choose by (3.3) n€ Ny and an isomorphism ¢: ' — R" and set H =
©(G) which is a submodule of R*. By (3.3) it suffices to prove that H is a finitely
generated free module. This will be done by induction on n.

For n = 0 we have that H = O which is free.

Assume now n > 0, and consider the projection

m: R* — R™ ' given by w(t,7a,...,7) =(r2,...,Tn).

The submodule 7(H) of R™! is finitely generated free by the inductive hypothesis. .Lét

(p1,---,pv) be a basis for 7(H), and choose hy, ..., h, € H such that n(h;) = p; for all i.

[f HNKerm = O then the restriction my: H — n(H) is an 1som0rphlsm and H is
finitely generated free by (3.3). :

Next assume that H N Kerm # O. Since Kerm = {(r,0,...,0) | r; € R} there
is an isomorphism 1: Kerm — R. Since R is PID, a € R can be chosen such that
Y(H NKern) = (a), Now choose hg € H NKern such-that )(hg) = a. It remains to be
seen that (ho, h1,...,h,) is a basis for -H; this is verified by inspection. ]

(3.10) Exercise: Finitely generatéd free modules. Let F' be a finitely generated

free R-module, that is, F' = R" for some n€ Ny, cf. (3.3). Prove that this n is unique,

‘that is, if R* = R" then n = n'. [Use (without proof) that there exits a maximal ideal

m in R and consider the corresponding over-lining, cf. (2.26). Apply then (3.33) twice

-_ and (5.3).]_ .

“.‘vector “space V = RM gver- the real numbers R. Prove that; the vector-space A = HomR(V V) is a

(non- commutatlve) ring with composition as the multiplication. Prove that the left A-module A® A is

isomorphic to the left A-module A.

(3. 15) Exercise:. Finitely generated free modules over a PID. Let R, F', and G

' "be as in’ (3 8) and choose ‘m;; s NO such that F= R™ and G = R". Prove that n <m.

N (3 13) Module of functions. Let W bea (possible empty) set. Let RW denote the set_ o
~of maps ¢: W= R; the elements of RW are called: functions on W: If W.= 7 then.'» .
'RY = R? consists of one and only one map, the empty map. The set RY becomes an

R-module by the definitions:

(3.13.1) (¢ + w><w> L o(w) + P(w)

(3.13.2) () (w) = rp(w)

for QL/, €W andre R If W= then RY = R? is the zero module O. For ¢ € R

“we define its support by

suppio = {w e W | p(w) #0},

and we set.

(3.13.3) RW) & {¢ € R" |suppp is linite }
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which is a submodule of RW. The set W is finite if and only if RW) = R". We make
the obvious identification '

(3.13.4) » UL} — g

(3.14) Exercise: Ring of functions. Let R by any commutative non-trivial ring, and
let W be any set. Prove that the R-module R" becomes a commutative ring with the
product o9 € RY of ¢, € RW defined by (¢9)(w) =" o(w)p(w) for w € W. Prove
that R™) is an ideal in RY. Prove that the submodule R™) of the R -module RY is
not finitely generated when W is infinite.

(3.15) Spanhing homomorphisms. Any subset W of an R-module M induces a map -

(3.15.1) orwm: RW) — M given by orwar(p) & Z plw)w .
weW

As supp g is a finite subset of W, this sum is finite in the sense that its terms o(w)w are

zero for all w € W but finitely many; namely ¢(w)w = Ow = 0 whenever w ¢ supp ¢, cf.
(3.13.3) and (2.1.1)

If {1,...,7, } be a finite subset of W then the next holds for any ¢ € R("):
(3152) supp ¢ (—:{ L1y xn} aad O—RWM(QO) = (p(il)xl +oo Q(In)xn -

It is straightforward to verify that orwar is an R-homomorphism, it is called the
spanning homomorphism for the subset W of the R-module M, cf. (3.16.1).

(3.16) Surjectivity. Let W be a subset of an R-module M. The first equality below
follows from (2.9.1), and then the next follows by definition. '

(3.16.1) : Imogwar = spang W

(316.2). . . onwa issurjeciive | <= - W generates M.

(3.17) Kronecker delta functions. Let X be a set, and >lé-t w € X be an element. The ‘

Kronecker delte function é,,: X — R is defined by

5w(l)?{1 if z=w

0 otherwise. = . -

. 1f ¢ belongs to RA(XVI)Vand {z1,...,2.} is a finite subset of X -,-»-thén__.t_h_e _le,leQing hold:-_'

AT suppe € (mm) = @) b (s

the function on either side maps any ; 1};_0,50»(3:1-) :an_d any other r € X £0 0.

(3.18) Linear independehce.__A subset W of an R—module M is said to be linearly
independent exactly when every linear relation of elements from W s trwial, that is, if
ne Ny, r1,...,7n € R, and wy, ..., w, € W are such that

(3181) riwy + - +'rn'wn:0:
- then '
(3.18.2) b =0, =0

It is (3.18.1) that is the linear relation, and (3.18.2) that expresses the triviality. The
empty subset W = & is (by definition) linearly independent.
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(3.19) Theorem: Linear mdependence Let W be a subset of an R—-module M. The
following then holds.

(3.19.1) W' is linearly independeh_t " < Oorwwm IS Injective,

(3.20) Proof. © = ": Assume that W is linearly independent, and that ¢ is in
Kercpwas - [In_ view of (2.19.5) we want to prove that ¢ = 0]. Choose a finite subset
{z1,...,2n } of X such that supp ¢ C {z1, ..., }. We have then by (3.15.2):

o(z)z + - - +<P($n)~’l7vn = QRWM(‘P) =0.

This implies that ¢(x;) =0 for all 7, and hence that ¢ = 0 [as desired ].
“ «= ": Assume that opw(y) is injective, and that we have a linear relation
rawy + -+ raw, =0 [and we want to prove-that r; = 0 for all 7].

Set @ =110y, + - - - +Tndy, € RW). Note that opwa(p) = riw; + - - - + raw, = 0, so

”by (2.19.5) we obtam ¢ =0, and hence r; = p(w;) =0 for all 7 [as deSLred]. O

"(3.21) Exercise: Transcendence. Consider the complex numbers C as a module over

the integers Z, a number o € C, and the subset

1 def 2 n
W, ={la,a°...,a" . .}

| of the Z—module C. Prove the following:

W, is linearly independent <=« is a transcendent number,

¢f. [Th, POL (3.17.8)]

~(3.22) ‘Exercise: Annihilators and linear independence. Let W be a linearly inde-
- pendent subset of the R-module M. Prove that Anng(w) = O for all w € W.

(3.23) Exercise: Subsets of the ring. Let W be a ion-empty subset b'f'thé'fih'g'. Prove =

that W is linearly independent if and only if W consist of exactly one element w and
Anng(w) =0.

(3.24) Basis. A subset I of an R-module M is a basis for M exactly when the span-
. 'ning _homomorphism ogwa is an isomorphism, that is, if and only if W is a linearly
: mdependent generatlng set for M, cf (3 19. 1) and (3 16.2).

(3 25) Natural ba51s Set. AX : def {6 | we X} (C R(X ) It is then stralghtforward -
~“to verify that the following holds." .

(3.25.1) ' The set Ay is a basis for R%O.

This basis Ay is called the natural basis for R

If X is finite, say X ={1,...,n} foran n€ Ny, then R has natural basis (d1,...,0n),
cf. (3.2).

(3.26) Free modules. An R—module F is said to be free exactly when it has a basis,

that is, there is a subset W of F' such that opwpr: RW) — Fis an isomorphism, cf.
(3.24).

(3.27) Free modules over a set. For any set X, the - modul R is free with basis
Ay, cf. (3.25.1); it 1s called the free module over X.
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(3.28) Exercise: Free module and isomorphism 2. Let F' be a free R—module with
basis W, let N be an R-module, and let p: F — N be an isomorphism. Prove that N
" is a free R—module with basis (p(Vl ).

Prove that an R-module M is. free if and only if there is a set X such that M = R(X).

(3.29) Theorem: Module as homomorphic image of a free. Any R—module M is
a homomorphic image of a free R—module, that is, there exists a free R—module F and a

surjective homomorphism F — M. If M is finitely generated by n elements, then M is
a homomorphic image of, R".

(3.30) Proof. Choose any génerating set W for M (for example, W = M), but choose it

consisting of n elements, if M is finitely generated by n elements. Then orwa: RW) —- N

M is surjective by (3.16.2), and R™W) is free by (3.27). If W consists of n€ Ny elements,
then RW) = R" cf. (3.13.4). . : .

(3.31) Exercise: Q free over Z Determine whether the set of ratLOnal numbers Qis
free as a Z—module.

(3.32) Exercise: Free madules over integral domains. Let R be an integral domain
and let B be its field of fractions, cf. [Th, RNG (4.4)]. Assume that R is not a field.
(a) Prove that RC B ?

(b) Prove that B is an R-module.

(c) Prove that B is not a free R—module.

(d) Let M be a free R—submodule of B. Prove that M is cychc

(e) Prove that B cannot be an R—submodule of a free R— module.

TR

(3.33) Theorem: Over—lmmg and modules-of functions. Let a be a proper ideal,

- . and. con51der the correspondmrf over—]mm cf. (2 26). There Is then an. R—xsomorphlsm -

(X'

R(X

(3.34) Proof. Recall that the elements of R(X are functlons pr X — VR such that (,0( )=
0 for -all but ﬁmtely many z € X Let the map ®: RX 5 RY) be defined by that for

p € R) the image ®(yp) € R , that is, the functlon (D(tp) X — R is deﬁned by =

(@) (@) =" 0(2) (= v ()l)forl“EX

. lt.is easy to see.that. <I> is an R~ homomorphlbm To prove that @ is surjectlve let. 1/) i

o(z) € R such that @(z) = ¥(z) € R Set o(a ) =0 forall = ¢ suppp.. This defines

g€ RX) such that ¢(z) =(z) for all z € X, that is, (I)(go) 2. In the next chain of |

- bi- 1mphcat10ns the last one results from (3.17. 1) -
peKerd <= VicX: pz)ca <= p(X)Cd < «péaR(X‘);
Thus, Ker ® = aRX) | and the Isomorphism Theorem (2.30) yields the next isomorphism:

RO = RX japt*) = §Y

and this proves the desired assertion. O

b

% In these notes, the notation C always means proper inclusion, that is, X ¢ Y if and only if X C Y
and X #Y.

o "f_.belong to R( that s, Y. X —- R is 'a'map: For-a gwen T € suppw choose any-e element
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4. MODULES OF HOMOMORPHISMS

B _(4.1) Homomorphisms form an R—module. Let M and N be R-modules, and set

~Homg(M, N) < {p: M — N | is an R-homomorphism } .

This is an R—module. For ¢, € Homg(M,N) and r € R define maps as follows:
4Ll @+ M= N by (p+¥)(m) = p(m)+ p(m);
(4.1.‘2). ro: M — Nby (rg)(m) & r(p(m)) .

Then © + ¥, 79 € Homg(M, N), that is, they are R—homomorphisms. For example, for
a € R and m € M there are equalities:

(4.13). (re)(am) L r(p(am)) 2 r(ap(m))
(4.1.4) | @ ra)p(m )—— ar)p(m)
(4.15) o Daprem) € alrg)m).

The reasons behind these six éqdalities are as follows.

(1) by the above definition of r¢.

(2) since ¢ is an R-homomorphism.

(3) since N is an R-module.

(4) since R is commutative! Cf. (1.4)

(5) since N is an R-module.

(6) by the definition of ry.’ :
With the addition above and the R-multiplication the set Homg(M, N) becomes an

R-module. The zero homomorphism, cf. (2.18), is the zero element, and the opposite -

element —¢ to ¢ € Homg(M, N) is defined by ( — @) (m) =4t —p(m) for m € M.

(43) Tnduced homomorphism (covariant case). Let M be an R-module, and lel

v: N — N' be a homomorphism of R-modules. There is then a (covarzantly) znduced
R-homomorphism:

Ve qﬁf’HomR.(M; v): Homg(M,N) — HOfﬂR(M, Ni)
defined by -

. u*(k,o) = wp (— vo go) 3 th_at is, by the commutative diagram”f-v»»]\,[

>g'0 ..

N

N'.

Thus, v,(p): M — N’ is defined by (v.(p))(m) = v(p(m)) for m € M.

It is easy to verify that v,: Homg(M, N) — Homg(M,N') is a homomorphism of R—
modules. For example, that v,(rp) = rv.(p) for 7 € R and ¢ € Homg(M, N) is verified
as follows: _ ‘

(1)) (m) = (v o (1)) (m) = v(rp)(m)) = v(r(ip(m)))

—(u(p(m)) =7 e p)(m) = r(v.(v))m).

3 Here--and very often below-—the composition circle o is omitted.
1 And that is, whenever two compositions of homomorphisms in the diagram have the same source
and the same target, then they are equal.

.A'.-df->. I
V@) B L



LRI

SRS

18 HANS-BJ@QRN FOXBY  DECEMBER 20, 2004

i

If /- N — N” is another R-homomorphism, then
(4.2.1)- (V'v), = (V'),v.: Homg(M,N) — Homg(M, N)",

since (V0).(p) = (V0)p = v/ (1) = (V)(14(0)).

For the identity homomorphism 1y € Hompg(N, N) we have the next formula. .
(422) (]-N)* = l’HomR(M N): HOH’IR(M, N) — HOIIIR(]\4, N)

(4.3) Induced homomorphism (contravariant case). Let u: M — M’ be a homo-

morphism of R—modules, and let N be an R-module. There is a (contravariantly) induced
R-homomorphism:

¢ Hompg(p, N): Homg(M% N) — Homg(M, N)
defined by

L (cp) gou ( go ‘ou), that is, by the-eommutative diagram M —2 o w .

def
B () =9'n

/
| N.
Thus, u*(¢"): M — N is defined by (u*(¢"))(m) = ¢'(x(m)) for m € M.

It is easy to verify that u*: HomR(A/[’,N) — Hompg(M, N) is a homomorphism of
R—-modules.
If p~: M~ — M is another R—homomorphlbm then

(4.3.1) (uu = (u7)"p*: Hompg(M',N) — Homg(M ~, N).

For the identity homomorphism 1, € Hompg(M, M ) we have the next formula.

(4 32 - , (1M) -: 1H0mR(M N)- HOHIR([M N) - HOII“[R(A4 N)

4 (4 4) Homomorphlsms from the rmg Let N be an R-module. The map. .

Ca: HomR(R ‘N) — N given by <,o — a(p ) = <p(1)

“is then an isomorphism of R-modules; the inverse o™ N — Hompg(R, N) is defined as

follows: for n € N the homomorphism o 1(n) € HomR(R N) is given by (a™*(n))(r) =
™ for re R ' : :
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5. FUNCTORS

(5.1) _Cafegory of R-modules. The class of all R-modules and of all R-homomor-
phisms is called the category of R-modules and denoted. Mod(R); the modules in it are

sometimes referred to as its object while the R-homomorphisms are referred to as its
morphisms.

~ In this section we consider also another non-trivial commutative ring R’ and the cate-
gory Mod(R') of R'-modules and R'-homomorphisms.

- (5.2) Covariant functor. Let F: Mod(R) — Mod(R’) be a map in the sense that

e to any R—module M, the map F associates a unique R'-module F(M),

e to any R-homomorphism ¢: M — N, the map F associates a unique R'-ho-
momorphism F(p): F(M) — F(N), that is, F' induces a map Homg(M, N) —
Homp (F(M), F(N)) given by ¢ +— F(y). '

The map F is said to be a covariant functor: Mod(R) — Mod(R’), exactly when the
next two requirements are fulfilled. : ’

(6.2.1)  F(py) = F(¢)F(¢) for all composable R~homomorphisms L Y, M ﬁ» N,
(6.2.2)  F(lm) = Lpy for the identity map of any R-module M .

(5.3) Functor of isomorphism. If F': Mod(R) — Mod(R') is a covariant functor and
@: M — N is an R-isomorphism, then F(¢p): F(M) — F(N)is an R’'-isomorphism and

(F(p)) ™ = F(p™), since. F(¢ " )F(p) = F(¢™'p) = F(1m) = Lpan by (5.2. 1) and
(5.2.2), and similarly F(p)F(¢™1) = 1run)-

(5.4) The functor Hom(H,—-). Let H be an R-module. The map:
HomR(H ) Mod(R) - \/Iod(R) given by M o HomR(H M) gp o HomR(H,(p)

is then a covariant functor Cf (4 2. 1) and (4.2.

(5.5) Over-lining functor. Let a be a ‘ﬁxéd’proper ideal, and consider the over-lining
from (2.26). Any R-homomorphism ¢: M — N induces an R-homomorphism @: M-
N well-defined by p(m) = ga(m) This follows from the Homomorphism Theorem (2.28)

applied to to the induced R— homomorphlsm oM N me (,o(m) sinceaM C Kerg. -~ - -

It is straightforward to venfy that (,m,) gm,b for. 3 and 1/ as | in (5 2 1) and that 1M = 1M -

- -‘_';for all R—modules M.

Thus over- hnmg MM, i <,0 is a covarlant functor Mod(R) Mod(R)

(5.6) Exerc1se Constant functor. Let F': Mod(R) — Mod(R’) be a covariant func-
tor. Assume that F'is constant, that i is, there exist an R’'-module Mg and an R'~homo-
morphism @ : M§ — Mj such that F(M) = M] for all R 1nodules M and F(yp) = yj for
all R-homomorphisms p: M — N. What is ¢;?

The next subsections are needed for the presentation of the fraction functor in (5.11).

(5.7) Special multiplicative system. A subset S of R is said to be a special multipli-
cative system, exactly when

(5.7.1) les , ss'e S foralls,s'e€S,and 0¢S.
(1t is the condition 0 ¢ S that is “special”.)
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Examples of special multiplicative systems:

(5.7.2) S “R\p when p isa prime ideal in R, cf. [Th, RNG (2.9)].

(5.7.3) S L o™ |ne No} when a€ R is such that a” 75 0 for all neNp.

(5.8) Set of fractions. Let'M be an R-module, let S be a special multiplicative system

- in R, and consider the product set

MxSE{(ms)|meM,seS}
with the relation ~ is defined by T

(m,s) ~ (m/, s") & JueS:us'm =usm/

for (m,s),(m’,s') € M x S. If also (m”,s") belongs to M x S, then the following three
assertions are easdy verified:

(5.8.1) Reflexivity: (m,s) ~ (m,s);

(5.8.2) Symmetry: (m,s) ~ (m's) = (m'- s') ~ (m,s); o

(5.8.3) Transitivity: (m,s) ~ (m/,s') A (m/,s') ~ (m",s") = (m;s)-N (m",s").
For example, in order to prove the transitivity, assume that u,u’ € S are such that
us’'m = usm'’ and'u’s”

u"s"m = u”"sm” by an easy calculatlon which uses the commutativity of R.

1t follows that ~ is an equivalence relation on M x S. For (m,s) € M x S we define
the co;‘responding fraction as the equivalence class:

m/s & {(n,t) e M x S| (n,t) ~ (m,s)};

we call m and s the numerator and the denominator, respectively. We note that

“"(584) _ mfs=m'/s <<= FueS:us'm=usm';

in partlculal 7 e
(5.8.5) . m/s=0/1 <= Anmngm)NS #o.

Next, we define the set of fractions as

SIME m/s|m€M/\s’€S}

- (5. 9) Ring and module of fractions. Let M bean R-module, let S be a special multi-
‘plicative system in R, and- con81der the set of - ffactlons S M. -Ttis then stlamhtforward:. 1
" to verify that the addition and the R- multlphcamon are well-defined by

(5.9.1) m/3~}—m/5'd'e (sm+sm)/ss '

(5.9.2) _ ) r(m/s_) e (rm)/s

m' = u's'm”. Setting u’ = w'us’ (which belongs to S) we get

e
¢ .o

for m/s,m'/s' € S™'M and 1 € R. These make S~'M into an R-module with 0/1 as

zero element and with —(m/s) = (—m)/s.

The R-module S™'R is now easily seen to be a commutative ring with multiplication |

well-defined by
(r/s)(r'[s") = (r1')/ss"

and with 1/1 as the identity element; it is called the ring of fractions (with S as the

set of denominators). This ring is non-trivial by(5.8.5) in view of the last condition in

(5.7.1).
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The R—module S™'M has a well-defined S~ R—multiplication
(r/s)(m[s) = (rm)/ss,

and this makes S“lM into an S~'R-module. If op: M — N is an R—homomorphism,
then an S~'R-homomorphism S~!p: S7'M — SN is well-defined by
(5.9.3) (S7'9)(m/s) & p(m)/s for mjse S™'M .

(5.10) Field of fractions. Let R be an integral domain and consider the special multi-
plicative system S =9 R\ O, cf. (5.7.2). Then B =%f S7IR is the field of fractions of
R, cf. [Th, RNG (4.4)], and any R-module M induces a vector space S~*M over B.

(5.11) Fraction functor. Any special multiplicative system S in R induces a covariant
functor:

gt Mod(R — Mod(S 'R) given by M~ S~ 11\/[ o ST,
cf. (5.9), in particular, (5.9.3).

(5.12) Contravarlant functor. Let F. Mod(R) — Mod(R’) be such that

e to any R-module M, F associates a unique R'-module F'(M),

e to any R-homomorphism ¢: A — N, F' associates a umque R'—homomorphism
F(p): F(N) — F(M), that is, F' induces a map

HQmR(A-[, N) — Homg (F(N), F(M)), ¢ — F((p) :
Note the change in directions of the '_armws:

(5.12.1) : ' ME5 N

(1220 PN p).

- Then F'is sald to be a contmvamant functor Mod(R») ﬁ,\/lod(-R-’). éxa-(izélgf.,When the next. . ..
- --two requirements are fulfilled:- N . ’

. (5.12.3) F(ey) = F'(I/))F((,O) '_for all composable R;homomorphisms LY M 4N,
(5.12.4) F(lM) =1Fy for the identity' map of any R-module M .

- For- the former, note the direction of the arrows: F(L) & F(M) « F(w) F(N)

- (5.13) Functor of 1som0rphlsm 1f F: \/Iod(R) M(f)d(R")‘-iSja' contravariant fuﬁ_‘c_tdr o
‘and p: M — N is-an R~ —isomorphism, then. F((p) F( ) — F(M)is-an- R'~isomorphism: -

and (F (o)) =F(e™).

(5.14) The functor Hom(—,H). Any R-module H induces a contravariant functor

Hompg(—, H): Mod(R) — Mod(R) given by M +— Hompg(M, H), ¢ — Homg(p, H),
cf. (4.3.1) and (4.3.2).
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6. EXACTNESS

(6.1) Sequences. A family of ‘composable R-homomorphisms (and their sources and
targets) '

O c BB M BB M S M, B

is said to be a sequence (of R—homomorphlsms). Note that the arrows point to the right,

and that the index of each homomorphism correspond to that of its source. Sequences
can be bounded to the left:

(6.1.1) . . . M, 25 M 255

bounded to the Tight:

(6.1.2) . B My BB M,

or bounded:

(6.13) M, £5 M, 2 23 M, M.

(6.2) Exact sequences. The (possibly bounded or partly bounded) sequence (1) is said
to ezact atthe module M, exactly when Imgp,,; = Kerg,, and it is said to be ezact

exactly when it is exact at all possible modules, that is, Imy, = Ker @, for all possible:

integers £. In sequences (6.1.1) and (6.1.3), respectively, (6.1.2) and (6.1.3), it is not
possible talk about exactness at M, , respectively, at M, .

(6.3) Exercise: Kernel— cokernel sequence. For any R-homomorphism (: 1\1 N
we define its cokernel by Coker p =def N /Imp. Establish an exact sequence:

O——»Kerqyilkf———»N%CokergoaO.

(6 4) Short sequences A short sequence-is a. sequence of the form - -

' O—»K—»L——»M—eO

that is, a sequence consisting of four R—homomorphisms (and hence five modules) such

that the leftmost has the zero module as source (and thus is the zero homomorphism)

and such that the rightmost has the zero module as target (and thus is the zero homo-
morphism).

) OHK-—>L~+:M~+O

is said to be _ - »

e half-ezact exactly when K =5 L -5 M is exact, that is, Im x = Ker ;.

e left-ezact exactly when O — K —— L %-1\4 is exact, that is, if and only if x 1s
injective and Im x = Ker A ;

o right-ezact exactly when K — L 2o M > Os exact, that is, if and only if
Im x = Ker A and X is surjective;

o short-ezact exactly when it is exact, that is, if and only if « is injective, Imr =
Ker A, and A is surjective.

(6.6) Special short-exact sequences. A sequence of the form

O—H L L/H -0

T >

i
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where L is an R—module, H is a submodule of L, ¢ is the.inclusion, and p is the residue
homomorphism, is short-exact; it is called a special short-exact sequence.

(6.7) Isomorphic short sequences. Two short sequences

(6.7.1) O—K 5L 5M -0
(6.7.2) - O—K “ 02 M -0

are said to be i1somorphic exactly when there exist isomorphisms
o K 5K B: L1, and v: M — M’

such that the diagram

6.7.3) K—"— [ —2 M
af= ,@lé “sz
K — 2 6

is commutative, that is, Sk = k'a and YA = XN0.

(6.8) Exercise. Prove that, when two isomorphic short sequences are given, and the one
is half-exact (respectively, left-exact, right-exact, short-exact), then the other has the
corresponding property.

/(6.9) Isomorphic short sequences and functors. Any (co- or contravariant) functor

o F: Mod(R) =51 ’Iod(R’) transform any two 1som01phlc short sequences into 1somorphlc
- sequences. - '

Lot O K 2L 25 M »0and 0 - K L’—~aM’—>Obeiso'mo"r'phic

- short sequences, and consider the commutative diagram (6.7.3). In the covariant case,
- the functor sends it into a diagram

F(<) F(A)

F(L) F(M) |

F(ﬁ)l F(wl' SRR

O ey

I EN

B . F'fc’

R0y S ()

in the contravariant case all arrows should be reversed. F(a), (), and F(vy) are iso-
morphisms by (5.3) and (5.13). The diagram is commutative, since any functor sends

a commutative diagram into a commutative one; for example, F(8)F(x) = F(0k) =
F(k'a)= F(r')F

(6.10) Lemma: Ubiquity of special short-exact sequences.
Every short-exact sequence is isomorphic to a special short-exact sequence.

N - - K A -~ ;

(6.11) Proof. Let O — K —~ L 25 M — O be short-exact, and set / =9 Imx =
Ker A. Since H is the image of x and since this map is injective, it induces an isomorphism
R K — H | ke nii) Setting a =9 £V and 8 =97 1, (the identity) the left square in
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" the next diagram is commutative, when ¢ is the inclusion.

(6.11.1) K—S—s [ —2—>M
=2 K %T,@ ~ 1y
L | P
H L L/H

The isomorphism - is induced by the Isomorphism Theorem (2.30) applied to the surjec-
_tive homomorphism A: L — M. Letting p be the residue map; the right hand square is
commutative, and the desired isomorphism of short sequences has been established. 0O

(6.12) Half-exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R')
is said to be half-ezact exactly when it sends any short-exact sequence into.a half-exact
sequence.

(6.13) Exercise: Half-exact functor of O. Let F*: Mod(R) — Mod(R’) be a (co- or
contravariant) half-exact functor, and consider the zero module O. Prove that- F*(O) is
the zero module. [Prove that M = O if and only if 1), = 0. Consider the sequence

O — 0% 0 22 0 - 0. Prove that it is short-exact, and apply F'.]

(6.14) Left-exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R’)

is sa1d to be left-exact exactly when it sends any short-exact sequence into a left-exact
- sequence.

(6.15) Right-exact functors. A (co- or contravariant) functor F: Mod(R) — Mod(R')
is said to be right-ezact exactly when it sends any short-exact sequence into-a rldht exact
sequence

h (6. 16) Exacf functors. A '(co-—. or eonf'faveri-ant)»fnncfer F :~--Mod-A(R) —aMod(R’) is.said. .

to be ezact exactly when it sends any short-exact sequence into a short-exact sequence,

that is, into an exact (short) sequence Note that exact functors are not called short—exact '

functors.

(6.17) Exactness of functors by spemal short-exact sequences. ‘A (co- or contra- -
variant) functor F: Mod(R) — Mod(R’) is, respectively, half- exact, left-exact, right-.
. 'exact; or.exact, if and only if it sends any- special short-exact sequence intoa , respectively;
- half-exact, left- exact nght exact, or short-exact sequence. Thxs follows from (6:10), (6.9);.-

and (6.8).

(6.18) Lemma: Left/right-exact functor of left /right exact sequences. Let
F: Mod(R) — Mod(R') be a(co- or contravariant) functor, and consider the short
sequence:

(%) O-K-"“5L>%M—0
as well as 1ts Image:

F(x) 0 — F(K) ™ Py 22 F(ar) -

Here shown in the covariant case; in the contravariant casc all arrows should be reversed.

f
{_'3;
5

it
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The following then hold.- - - -

(6.18.1) F' covariant and left-exact and (%) left-exact = F(x) left-exact.

(6.18.2) F covariant and right-exact and (x) right-exact = F (%) right-exact.
(6.18.3) F Contravariant and left-exact and (x) right-exact = F'(x) left-exact.
=

(6.18.4) F contravariant and right-exact and (x) left-exact F'(x) right-exact.

(6.19) Proof. We prove (6.18.1) and leave to the reader the verification of the other
three assertions.

Assume that F is covariant and left- exact, and that (x) is left-exact, [and we want to

prove that F(x) is left-exact]. The left-exact sequence (*) induces the first of the next
two short-exact sequences:

(1) | O—K-"5L 5ImA—0
(1) O —ImiA— M - M/ImX - O.
Here A(6) & A(¢) for € € L, while ¢ is the inclusion, and p is the residue map. Note that

(o) ‘ A = A

Since F is covariant and left-exact, (f) and (f) induce exact sequences:

F(1) 0 — F(K) ™ pr) ™ P(im A
F(1) 0 — F(imA) 22 p(M) 23 P(M/Im ).
The proof of the desired exactness of

Fls) o O F(K)F(N) Y (M)

Py ™

1° F(k) is injective by the exactness of F(T)
2° ImF(k) € Ker F(\): F(A\)F(k) = F()\ ) F((L/\) ) F(tAk) =
F()FONF(x) L Fuo=0.

30 KerF(/\) 2 Kel( (L)F(X)) i< Ker F()\) ImF( ). O

(6 O) Overv1ew of exactness of spec:al functors

) The over-lmmg functor —: Mod(R) — Mod(R), cf.- (5 5) is rlght exact.
) The covariant Homfunctor Homg(H, —): Mod(R) — Mod(R), cf. (5.4), is left-exact. -
) The fraction functor S~': Mod(R) — Mod(S™'R), cf. (5.11) is exact.

) The contravariant Hom functor Homg(—, H): Mod(R) — Mod(R), cf. (5.14), is
left-exact.

1
2
3
4

Below, these propositions will be stated more precisely and proofs will be provided.

(6.21) Theorem: Over-lining is right—éxa’ct. Let a be a proper ideal and consider

the ring R R /a. The over-lining functor —: Mod(R) — Mod(R) is then right-exact.

(6.22) Proof. Recall from (5.5) that if M is an R-module then M ° of M/a;\[ and if
- Al — N is an R-homomorphism then @: M — N is defined by () = (m Let
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O—-H — L %5 L/H — O be a special short-exact sequence, and we want to prove
that the induced sequence

7-S5IT-5T/H-0
is exact. This is divided into three parts.
1° Im7 C Kerp, that is, pt = 0: This is very easy: pt = pt = 0=0.
2° Imt D Kerp: Assume that € = [{],; belongs to Ker p, that is,
0 =7p(6) = p(€) = [p(O) lacz/eny = [[ €]t Jace/mmy -

From this we get { €]y € a(L/H), that is, there are a;,...,a, € aand 4y, ...,¢{, € L such
that

[]u = 41[€1]H + -t anllna,

that is, [ €]y = [a1€1+ - -+anln ]y (in L/H), and hence h =41 £ — (a6 4+~ - - +aqln) € H.

Thus
(€lar = [€—(a1ly + - - -+ anbn) Jar = [Rar = Y[ R ]an) € Im T,
as desired. ' ' ) -

3% P is surjective: Left to the reader. o ' ' A

(6.23) Example: Over-lining is not exact. Consider the rincF R def Z, the ideal a et
(2), the corresponding over-lining, the exact sequence 0O— R %R R/2) — O,
and the induced sequence O — R —% ", R -2, R/(2) — O . Since the homomorphlsm 2r

is zero and. its source is non-zero, it is not mjectl\e and hence the induced sequence is
not exact. :

- (6.24) Theorem: S'_1 is exact. If S is a special multiplicative system in R, then the
_fraction functorS LE Mod(R) —. Mod( 1R) is exact. . :

N (6 25) Proof For any R—homomorphlsm w: M — N 1t is. stralghtforward to verlfy that‘ |

(6.25.1) .. ImS~lp=2S" 1Irn<p and KerS o= s Kergp,
and the desired assertion follows as’ S~ 1O o. s : ' d

’ (6 26) Exermse S is exact. Do the verlﬁcatlon of-(6: 25 1)

RN 27) Hom(H; ) is left- exact If H is an R—module ‘then the'covanant homomor—:'.

E phlsm functor HomR(H -): Mod(R) — Mod(FR)-is ieft exact

want to prove that the induced sequence

O — Homp(H, K') — Homg(H, M) > Homp(H, M/K)

is exact. This is divided into three parts.
1° ¢, is injective: Assume that a € Kere, (C HomR(H K)), that is, ta = ,(a) = 0.
~ Since ¢ is injective, we get a = 0, as desired. '
2° Im, C Ker p,: This is easy: p.t, = (pt), =0, =0.

PR

. (6.28) Proof. Let O — K- M -2 M/K - — O.bea spe(ual short-exact sequence. We

3° Im¢, D Ker p,: Assume that 3 € Ker p, (€ Homg(H, M) ), that is, p0 = p.(3) =0 ©
so ImpB C Kerp = K, that is, # maps into K, that is, g ¢ HomR(H K), and hence

=10 =1.(0) € Im¢, as desired. ]
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- (6.29) Example: Hom(H,-) is not exact. Consider the ring R % Z, the R-module

def

R/(2), the functor Homp(H, —), the sequence O — R =% R -2, R/(2) — O which
is short exact, and the induced sequence

(%) . O — Homg(H, R) — Homg(H, R) — Homg(H, H) — O .

Here, Homg(H,R) = O: for ¢ € Homg(H,R) and h € H we have 2p(h) = ¢(2h) =
©(0) =0 (in R = Z), that is, p(h) = O forallh € H, and hence ¢ = 0. On the other hand,

Hompg(H, H) # O because 1y # 0, and hence () is O - O — O — Homg(H,H) — O
which is not exact. .

(6.30) Hom(—,H) is left-exact. If H is an R—module, then the contravariant homo- .
morphism functor Hompg(—, H): Mod(R) — Mod(R) is left-exact.

(6.31) Proof. Let O — K - M —£5 M/K — O be a special short-exact sequence. We
want to prove that the induced sequence: :

-0~ Homg(M/K, H) £- Homg(M, H) 5 Hompg(K, H)

is exact. This is divided into three parts.

1° p*is injective: Assume that o € Kerp* (C HomR(M/K H)), that is, ap =p*(a) =
0. Since p is surjective we obtain a = 0 as desired.

2° Im p* C Kerc*: This is easy: ¢*p* = (p)* =0* =0.

3° Imp* O Kere*: Assume that § € Kert*, that is, 3: M — H is an R—homomor-
phism such that f¢ = (*(8) = 0, and this implies that Ker 8 D Im. = K. Thus the
Homomorphism Theorem (2.28) yields an R-homomorphism 3: M /K — H such that
B([m]k) = B(m) for all m € M, and hence 8 = Bp = p*(8) € Im p*, as desired. O

(6.32) Example: Hom(—,H) is not. exact..Consider the ring R 7, the R-module. ..

- H =R, the functor Hom(=; H); the sequence O = R -2, % R 5 R/(2) —-0 which
"is short-exact, and the induced sequence which is the top row in the next ‘commutative

diagram.

(6321) O —=Homp(R/(2), R) *— Homp(R, R) **= Homa(R, R)——0 .

. 2R

'~ Here o is thelsomorphlsm from (4.4) given bya(,@) o B(1) for B € HomR(R, R). Since

2g 1s not surjectlve (2r)* cannot be it either, and hence the induced sequence is not
exact. : : o ' RS

(6.33) Five Lemma. Assume that the next diagram is commutative and has exact rows.

K—p—2 oy N2 p
K[ A ,ul ul s

! ! / l4 ! ’
K~ [ = M ——= N' —— P

(a) If X and v are injective and k is surjective, then ji is injective.
(b) If X and v are surjective and 7 is injective, then yu is surjective.
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(c) If X and v are bijective, « is injective, and 7 is surjective, then pis byectwe
(d) Ifk, A, v, and 7 are isomorphisms, .then so is p.

(6.34) Proof. (a)
(0) Assume, that m € Ker ¢« [ and we want to prove m = 0].
(1) ¥'u(m) = 0.
‘ (2) n =" y(m).
3 (3) v(n) =0 as vy =+p.
(4) n =0 as v is injective.
(5) m = B(¢) for some £ € L as Kery C Im g.
(6) € =4t \(¢). :
(7) B'(¢) =0 as §'A = ug.
(8) ¢ =d/(K') for some k' € K' as Ker ' C Ima/. =
- (9) k' = k(k) for some k € K as K is surjective.
(10) ¢, =% (k).
“(11) Ml) =¥ as da =a'k.
(12) ¢y ="l as \'is injective.
'(13) m = B(¢) = Palk)= 0(k) = 0 [as desired].

This procedure is called a didgram chase, and can be illustrated as follows.

PR AR R TRES L 13 LY I PN R TSR At

w0 @ 0
: (10) (12) (s) 7 @ 7
k*—'———»‘ ol =(1 % m E n
an USYJw> | »{@)
’ -,GI . ¥
R 2 o 0t ! 0

(8) - ' _ (_7):_, (1)

mence
o B
K L M— N d P
K/ - Lr — A{l — I' N, . ’ Pl
(4) 0(6)
H
p
: ’ @) 0
' ) =T — M, om———» 0 v 0

(6.35) Additive functors. A (co- or contravariant) functor F': Mod(R) — Mod(R') is
sald to be additive exactly when

g
E

Flp+1) = F(p) + F(¥) and all R-homomorphisms ¢, 1 € Homg(M, N),
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“that is, if and only if the next map

Homg(M, N) — Homp (F(M), F(N)), ¢ = F() in the covariant case;
Homg(M, N) — Homg (F(N), F(M)), ¢ — F(y) in the covariant case
is additive, that is, a Z-homomorphism.
It follows that if F is additive, then (with notation as above):

(6.35.1) Flo— ) = Flp) = F().

(6.36) Examples: Additive functor. The next functors are additive.

(1) Over-lining functor ~—: Mod(R) — Mod(R), cf. (5.5)..

(2) Covariant Hom functor Hompg(H, —): Mod(R) — Mod(R), cf. (5.4).

(3) Fraction functor S7: Mod(R) — Mod(S7!R), cf. (5.11). °
(4) Contravariant Hom functor Hompg(—, H): Mod(R) — Mod(R), cf. (5.14).

(6.37) Proposition: Additive functor of zero. Let F:-Mod(R) — Mod(R’) be a co-
or contravariant additive functor. If 0: M — N is the zero homomorphism of R—modules
and O is the zero module, then F(0) = 0 and F(O) = O. '

(6.38) Proof. We treat the covariant case only. In the groub Ho-mR/(F(M), F(N)) we
have by (6.35.1):

F(0) = F(0 —0) = F(0) — F'(0) =0.
Furthermore, 10y = F(lo) = F(0) = 0; thus F(O) =0. O

(6.39) Splitting seqﬁencés‘. A short sequence

() O->M-L-N>P—0,
.- is-said to split- exactly ‘when there are R-homomorphisms.o: N .— M and 7::P — N,. L
~-thatis; - - : R : :

(1) ' o ,O__’A/[I—‘i’—NéP;“*Os

such that '

We say also that (1) is split- exact because of the next result.

- (6.40) Lemma: - Splitting _'s:equer'_i'é_é_é‘-‘_ If the sequence (1) splits then it-is-exact: -

(6.41) Proof. Divide into four parts.

1° uis injective since op = lpr."
2° Imp € Kerv: vp = 0 because: _

v = viyp =v(po + ﬁ/)u — ypop+vrop = vply + lprp =2vp.
3° Imp 2 Kerv: For n € Kerv we have: :

n = ly{n) = (po +v)(n) = plo(n)) + r(v(n)) = p(o(n)) € mp.

4° y is surjective since v7T = lp. 0

(6.42) Proposition: Additive functor and split sequences. If Fis an additive
(co- or contravariant) functor, then F takes any split-exact sequence 11to a split-exact
sequence.
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i

(6.43) Proof. We treat the covariant case only. Assume that F is an additive covariant

functor, and consider the sequence (1) satisfying (x) of (6.39). Applying F yields a

sequence _ _
- F) F(v)
Fit) 0 — F() 22 PNy 22 F(P) 0
’ F(U) F(T)
Since [’ is an additive functor, we obtain the next relations
F(x) F(o)F(it) = Lrary, F(p)F(o) + F(T)F(v) = 1pwy, and F(v)F(7) = Lpep),
and the desired assertion has been established. o O

(6.44) Direct summands. A submodule H of an R-module M is said to be a direct
summand in M exactly when therg exists a submodule K of M such that M = H + K
and H N K =0, that is, M = H & K (inner direct sum), cf. (2.22.2).

(6.45) Theorem: Split-exact sequences. Consider the short sequence:

(1) O—M-—>N-">P—0O.
The following are the equivalent.
(2) The sequence (1)
(22) The sequence (1) is exact and Im p is a direct summand in N.
(721) The sequence () is exact and op = 1 for some R—homomorphism o: N — M.
)
)

)
)
(wv) The sequence (1) is exact and vt = 1p for some R—homomorphism 7: P — N.
(v) The sequence (1) is isomorphic to the short sequence:

is split-exact.

(M) O—>M-—M®P_—~>P—0

m+— (m, 0)

(m, p)'—+P

( ) Thus if (T) is splzt exact, then /V Me®'P:

_(6.46) Proof. “(7) = (u1) A (¢v)” by (6.40). :
“(i11) = (v)”: Define 9: N — M & P by ¢(n) & (o(n),v(n)) for n € N. The next

~diagram is then commutative, and ¢ is an isomorphism by Five Lemma (6.33).

b v

M—/—M&P—F—P

IR
®

~“(v) = (9)": By assumptions we have the next commutative diagram with vertical
isomorphisms and split-exact lower row.

i v

M N

a‘% [3[% ’)'
L »

ho

o

M—5M®P-———p
AL tp

o ; . def  _ def ,__ - :
The R-homomorphisms ¢ = a '7y0and 7 = 7 'py have then the desired properties.
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For the remaining implications confer Exercise (6.47) : g
(6.47) Exercise: Split-exact sequences. Prove the remaining implications in (6.46)

(6.48) Proposition: Additive functor of direct sum. If F is an additive functor,
and M and P are R—modules, then F(M & P) = F(M) ® F(P).

(6.49) Proof. Due to (6.42), the additive functor F' sends the split-exact sequence (1)

from (6.45) into the split-exact sequence F(}) from (6.43); (6.45.x) yields the desired. (]

(6.50) Exercise: Functor and direct sum. Let H be a non-zero R-module, and
consider the constant functor, cf. (5.6):

°

. Cy: Mod(R) — Mod(R), M= H, ¢ ly,
(a) Prove that Cy is not additive.
(b) Prove that R™ @ RN =~ pMN
(c) Prove that Cy (M ® N) = Cu (M) ®Cu(N) prov ided H® H=H.

(6.51) Exerc1se Gamma - functor Let a be an element in the ring R. For any R—
module 1\[ we set:

ToMY {me M|a'm=0 forsome ne Ny}.

(a) Prove that [,(A/) is a submodule of M.
(c) Prove that o(Fq(M)) € g N -whenever p: M — N is an R-homomorphism. Let
Lo(p): To(M) — [y(N) be the restriction. '

- (d) Prove that I'; is-a functor.
(f) Prove that F is left-exact. , : . S :
- (g) Prove that T; is exact if a-is 1nvert1ble or mlpotent the la.tter is, a™ = 0 for some

Prove that ', is additive:

ne NO

(h) Prove that I’a is exact if R =4 7/(6)-and a =% [3].

(i) Suppose that the ring R has exactly one maximal 1deal Prove that a is invertible or
mlpotent if Fa is exact

(6.52) Exercise: Half—exact is .additive. Let F": Mod(R) — Mod(R’) be a (co— or...

contravanant;) half~exact functor Prove that F is addltwe

_(6.53) Lemma: Exact tllted sequences. Let

\
/

(6.53.1)

/ .
\ A

M
/

\
TN 8
L/
O
be a commutative diagram. If the three tilted sequences are exact, then so is the hori-
zontal one.
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1

(6.54) Proof. 1° Imk C Ker\: Ak = dyBa = 60 = 0.

2° Ker A C Imxk:-
(0) Assume that ¢ € Ker A [and we want to prove £ € Imx].

(1) ¢ L) el.

(2) 6(8) = 5(x(0)) =

(3) ¢ = 0 (since d is injective by assumption).

(4) Choose k' € K’ such that g(k') = ¢ (using that Kery C Im (3).
(5) Choose k € K such that a(k) = k' (since « is surjective).

(6) ~(k) = Bla(k) = BK) =€

This diagram chasing can be illustrated as follows.

) K <@
k / (6)\ / (0) 0
. (k 12’.41

ll®
0

Ll
(6.55) Proposition: Exact functor of exact sequence. Let
(1) oo My ZB M, S My — -

‘be a (possibly bounded or partly bounded) exact sequence, and let F be a (co- or con-
travariant) exact functor. The induced _séquence 5

is then exact.

(6.56) Proof. Set K, = X Im ¢ny1 = Kerg, for all (possible) n and consider the next

st

commutative diagram in which the ¢,,’s are inclusions and the ¢,’s are ‘induced by the

- Acorresp_ondmg @n- In _the next commuta,t;ve dlagram the tllte_d_ short sequences__ape exact.

WV \ . L Ko |
M ) ©Pe . Pet+1
41 Py M, M,y
[{[_}_] I(€~1

0 O

O

° Here shown in the covariant case; in the contravariant case all arrows should be reversed.
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Applying the exact functor F to the above diagram we- obtain the next diagram with
short-exact tilted sequences.

F(A) o 0

\ / o e
F(K,-
F(lpe% ( \F;( 1) o /(t( ¢-2)
e) F(pes1)
F (M) o) F(M,) — F(M,_,)
4(:e+1) F(‘% F(ee—1)
F(Ke+ ) F(Ke1)
O C .0
The exactness of the horizontal sequence follows from (6.53). ° O




ICRRIEE ML R SEEN

- usmg the prOJectlwty dxagram (7 '))

34 HANS-BJORN FOXBY DECEMBER 20, 2004

!

7. PROJECTIVE MODULES

Recall that the covariant Hom functor Hompg(H, —) is left-exact for all R—modules H.

(7.1) Projective modules An R-module H is said to be projective exactly when the
functor HomR(H ) is exact, that is, if and only if the induced homomorphism

Hompg(H, p): Homg(H, M) — Hompg(H,N)

is surjective for any surjective R—homomorphism p: M — N,cf. (6.27).
(7.2) Projectivity diagram. Projectivity of the R— module H is often explained by the
diagram:

4

M N 0.

This means: If the solid arrows- are glven and the row is exact, then the dotted arrow
exists such the triangle commutes

(7.3) Not projective. The Z-module Z/(2) is not prOJectlve cf. (6.29).

W

(7.4) R is projective. The R-module R is always projective: If p: M — N issurjective,
then it follows that Homg(R, ¢): Homg(R, M) — HomR(R N) is surjective from the
next commutative diagram: A

-Homg(R,9)

HomR(R M) HomR(R N)

. M .V " . N ,
when ay(p ) = u(l) and aN(u) o ( ), cf. (4. 4)
(7. 5) Exercnse R is pro Jectlve Pr0ve that the R—module R is always prOJCCtlve by

(7. 6) Isomorphlc pl‘OjeCthBs If n: H =, H'is an lsomorphlsm of R—modules then

Hisa pro;ectwe module 1f and only if H' is 50, because the next diagram is commutatlve g

Hom g (H,p)

Hompg(H, M)

Homg(H, N)

= | Hompg(n,M) =~ | Hompg(n,N)

HomR(H’,M) ) HOII}R(H/,IV)

Homg(H',p

for any R-homomorphism @: M — N.

(7.7) Theorem: Free is projective. If I is a free R-module. then I is projective.
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(7.8) Proof. Assume-that F' is free with basis (f;):;ex, and let the solid part of the next
projectivity diagram with exact row, cf. (7.2), be given.

M——— N 0.

Use the surjectivity of ¢ to choose, for each z €.X, an element m, € M such that
w(mz) = a(fs). Since every f € Fis a (finite) unique sum f = > _, 7. f; with all
T, € R, we can define B by B(f) = 3, x 7em.. We then get the desired assertion:

oB() =63 rema) = 3 rap(ma) = 3 realf) = a(f). O

reX zeX . zeX

(7.9) Projective but not free. Consider the commutative group R’ L R (def R x R);
the addition is (11, 79)+(Fy, 75) =3¢ (r1+r1, r2+r2) The group R’ becomes a commutative
ring -with the multiplication (ry,75)(r1,72) =9 (r171, 7272); the identity element is (1, 1).
The subsets a; =% R x O (=%f {(r,0) | r € R}) and a; =% O x R are ideals in R,
hence R'-modules. Since the R'—module R’ is free and R’ = a; & ay, the module a, is
projective. For any element (r,0) € a; we have (0,1) € Anng(r,0), so (r,0) cannot be
part of a basis for a,, cf. (3 22) Thus, a; is a projective non- free R'—module.

(7.10) Lemma: Surjectlons onto projective. If p: M — P is a surjective R—homo-
morphism with the module P is projective, then the exact sequence

(D) O~—>Ker<p—~—>]\4—*>P-—>O'_'._,,_.

spbts and P is 1.>omorphlc to a d1rect summand in M

(7.11) Proof. Let the solid part of the next prOJectlwty diagram with exact row, cf.
(7.2), be g c,wen

P

1tp

%)

Choose f such that the triangle commutes, that is, 90 = 1p. Thus, ’(z’v) 'i'n'TheO'rem':.
Split-exact sequences (6.45) is fulfilled, and hence the sequence (1) splits. The last asser-
tion results from (v) in that theorem. O

(7.12) Lemma: Direct sum of projectives 1. If P and Q are R—modules, then the
following holds.

P EB () Is projective <= P and @Q are projective.
(7.13) Proof. Set SE¥pPg @ and consider the next split-exact sequence:

' -~

O-—=P ~ S — () O
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Let @: M — N be any R-homomorphism, and consider the induced commutative dia-
gram: '

Homg(m,M) Hompg(¢,M)

0 —> Homg(Q, M) Homg(S, M) Homg(P, M) — O

Hompg(Q,¢) Homg(S,») Homg(P,p)

O —— HomR(Q, N) m HomR(S, N) W HomR(P, N) —0
The rows are exact as they result from application of an additive functor to a split-exact
sequence, cf. (6.48).

Proof of “=”. Assume that S is projective. By symmetry it suffices to prove that P
is projective. Let ¢: M — N be surjective [and we want to prove that Hompg(P, p) is
surjective]. Hompg(S, ) is surjective by assumption, and Homg(¢, N) is surjective by the
exactness of the bottom row in the diagram. The commutativity of the diagram yields
the equality , ]

HomR(L; N)Hompg(S, ) = Hompg(P, ) Homg(t, M)
We already know that the left hand side is surjective. Thus, so is the left factor of the
right hand side, and the desired assertion has been established.

Proof of “«". Assume that P and @ are projective, assume that ¢: M — N is
surjective [and we want to prove that Hompg(S, ) is surjective]. This follows from
the commutative diagram by using part (b) of Five Lemma (6.33) (with = the zero

_map:O—>O). o : . o . O

~ (7.14) Exercise: Direct sum of ‘projectives 1. Prove that the above lemma also

' follows from the pI’O_]QCthlty diagram, cf. (7.2).

- (7.19). Theorem PrOJectlve }s dlrect summand in free. For any R—module P the

, followmcrholds R LR

P ‘proje-ctive' = P "difect summand in free.

(7.16) Proof. “=”: P is a homomorphic image of a free module by (3.29), so the
assertion follows from (7.10). . '_ : : ,
e Use(77) and (712) T : a

L (7 17} Not prOJectwe Consnder an- mtegral domam R w1th field- of fractions B, and N
" assume that Risnot a field.: Part. (e) in (3. 3‘7)“35901 ts that the R—module ‘B cannot be:

‘a submodule of a free R-module. Thus B'is not projective by (7. 15)

(7 18) Zero-divisors. The set of zero-divisors for an R- module M is deﬁned as:

Zerog [—{rER}SmEM m#£0Aam =0} (= U Anng(m) ).

meM\O

(7.19) Exercise: Zero-divisors. Prove that Zerog P C Zerog R, if P is a projective

R-module. PO, 'Fp:";‘\ PO e o iF TELPYD  Ypeo o WP,D)c = TP, ;) so =y

)9
t’?l‘ e ¥ R Y, k4

(7. )O) Proposntlon dvgr-lmmg and projectivity. For’a proper Jdeal a in R and the |

corresponding over-lining functor ~ : Mod(R) — Ml od(R) the following holds.

P projective over R == I’ projective over R.

P P,
K T T
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(7.21) Proof. Assume that P is projective. Thus P is a-direct summand of a free R-
module F, cf. (7.15), and F'is isomorphic to R for some set W, cf. (3.28). It follows

that P is a direct summand of RW) = R\, cf. (3.33). Now apply (7.15) once more. I

(7.22) Propesition Fractions and projectivity. For a special multiplicative system

in R and the correspondmg fraction functor S~': Mod(R) — Mod(S'R) the following
holds.

P projective over R = S~ 'P projective over S7'R.

(7.23) Proef: 'As in the previous proof (7.21), it suffices for any set W to establish.

[~}

an isomorphism &: ST RW)) — (S'R)W). For any ¢/s € S7HRM™)) the ele-
ment <I>(cp/s € (STYR)Y™) | that is, the function ®(p/s): W — S~I'R, is defined by

®(p/s)(w) = p(w)/s. It remains to be verified that ® is a well-defined bijective -
S~!'R-homomorphism; this is straightforward—albeit tedious. O

(7.24) Projective resolutions. A projective resolution P. of an R-module M is a se-
quence of R-homomorphisms:

) o )
Po=-oP 2P, 2P 2P0
together with an R-homomorphism P, %, M such that
e P, is a projective R-module for all (€ NO,
oP—>/\/[dif~—+Pg———>Pe 1ae—»---P PO M — O is exact.

The sequence P. — M is then called the augmented pro;ectlve resolution of M. Note

‘that the index of the R homomorphlsm O in the prOJectlve resolution equals that of its.

source.

(7 25) Free resolutlons A free resolutzon of an R module M is a proyectwe resolutlon R

F. of M in which each module F} is free. (Recall that every free module is pro jective, cf. -
(7.7).) The corresponding augmented free resolution is the e_xact: sequence F. — M:

If 2 € R\ Zerog R, cf. (7.18), then O - R —— R — O is a free resolution of the -
R-module R/(z). The sequence O — R - R % R/(z) — O is exact when p is the
residue homomorphism; it is the correspondmg augmented free resolution. -

- 2(7 26) Lemma: Ublquxty of - prOJectxve and free resolutlons AH R—modules have‘;‘v
" a free, and hence’ pmJecmve resolution. -

(7.27) ,Pr‘oof. To any R—module M we are required to construct an exact sequence

(*) "‘_’F€+1?E’Fe_’Fél%"" Fl_*FO—_’A[—’O

with each Fj free.

Start by choesing a surjective R—homomorphism Fy D, M with Iy free, cf. (3.29).

" Now, (#) is exact at M.

Assume next that that R-homomorphisms dy, .. ., 9, have been chosen such that (*)
is exact at Fy_y, ..., Fo, M [and we want g1 such that it is exact at F; too. Choose
surjective R~homomoxph15m ppr: Fepr — Ker J¢ with free source, and let Jy. 1 Feyy —
F, be the induced homomorphism; it has Imdp, 1 = Ker d; [as desired]. L
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(7.28) Projective dimension. Let M be an R-module. It is said to have finite projective
dimension exactly when it has a bounded projective resolution, that is, there is a bounded
exact sequence

(t,) , o_;pri, 2 Pl—————>P0——>[\/I——;O
with Py, ..., P, projective modules.

When M # O has finite projective dimension, then the projective dimension of M is
the smallest p € Ny such that there exists an exact sequence ().

If M # O has not finite projective dimension, then we set pd R ]\[ 0.

Finally, we set pdg O = —o0.

Thus, for any R—-module M # O and any n € Ny we have:

There exists an exact sequence:

(7.28.1) pdpM <n = O=P, 2 .2 p 2 0
B with Fg, . .. ,_Pn projective.

Note furthermore the next equivalence for an R~module M.

(7.28.2) de M=0 < M is projective and non-zero.

(7 29) PFOJeCthe dimension over a field. If R be a field and M is any R—-module,
that is, vector-space over R, then pdgy M < 0. Namely, M is a free R-module because it
has a basis: if M. is finitely generated then this is well-known from Linear Algebra. In

_general, it is a consequence of Zorn’s Lemma: Let W be the set of linearly independent

subsets W of the module M. This set W is then non-empty (as @ is in it), and it is also

- inductively ordered by inclusion, that is, if Y.is a totally ordered ® subset of W then Y

has a maujorant7 in W, namely the union UY€Y Y. By Zorn’s Lemma W has a maximal

" element W 5. Set F =9 spany W, which is free by (3.16.1), (3.19.1), (3.27). Thus it
suffices to prove. that. F = M. Assume F C M.and look for a. CO[ltr&dlCthﬂ -Choose - -
.z € M\ F and divide into two cases.

1° Rz N F # O. Choose r € R such that rz € F and rz # 0. The latter ylelds r#0,

" and hence, as R is a field, we have z = r~!(rz) € F contradicting the choice of z.
© 2Rt N F = 0. In this case we will prove that {z}U W, in linearly independent -
(contradicting the maximality of Wy). Indeed, let rz + rywy + -+ +r,w, = 0 be a '
- linedt relation with wy, ..., w, € Wy and r,rq,...,7, € R, and note that then rz €
. "Rz nspang Wy = Rz N F= O. Thus, r =0 since otherwise. x = 7 Mrz) =0€F,
: ','gand the remammg part of the lmear Ielatlon 1s r1w1 + + rnwn = 0 Wthh yleld o
' Tl ’_ Th = 0 ‘ - .

Thus M is prOJectlve by (7.7), and hence 'deM —0if M 7é O cf. (7 28.2), and

pdp M = —co otherwise.

(7.30) Projective dimension over a PID. If R be a PID, that is, a Principal Integral
Domain, cf. (1.8), and M is any R-module, then pdp M < 1. If M is finitely generated,
then it is a homomorphic image of a finitely generated free module Py, cf. (3.29). Let P,
be the kernel, that is, there is an exact sequence

O—P —-Fk—-M—=0.
(‘ that is, for Y, Y' € Y either Y C Y}~ Y V. 7
? that is, an element W € W such t,!m Y CWiralY €Y.
5 that is, if W€ W and Wy C W, then Wy = 1.

STITITT
SETERTH

e
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Here, P; is free by (3.8); thus pdg M < 1 by (7.28.1). .In general, it follows from this
special case by applying the derived functors that will be introduced later.

(7.31) Exercise: Projective dimension of R/(z). Assume that x € R\ Zerog R, cf.
(7.18) and (7.25). Prove that the following hold.
_ —oo if (z)=R
pdpR/(z)=¢ 0 if (z) CR and R = (z)® R/(z)
1 otherwise.

(7.32) Proposition: Projective dimension and the fraction functor. If S is a

special multiplicative system in R, and M is an R—module, then the next inequality
holds.

pdg-1g ST'M <pdp M .

(7.33) Proof. This is certainly true if pdy M = co or M = O. ‘Therefore, assume that
pdy M =p€ Ny and choose an e}\act sequence .

(Tp) O— P, —>P -A-~—>P1—>P0—>1\[—~>O

with By, ..., P pro;ect;we R-modules. The induced sequence ,
Sﬁl(Tp) O — §” 1Pp_)S lpp——l — = STIP - STlpy — ST M'—»O‘,'-.
since S7!is an exact functor, cf. (6.24),'ef; (6.55) (or just (6.25.1) ). Since each ST'Ppis
a projective S‘IR—module1 cf. (7.‘22), we have proved that pds-1p S™'M < - O

(7.34) Exercise: Projective dimension and special over-lmmg Let a = (3: ) be a
proper prmc1pal 1deal in- R and consider the correspondmg over- hmng

- (a) LetO~ K 25 I -, M -0 be an exact sequence, and a assume that T ¢ ZeroR M
‘ cf (7 18) Prove the exactness of the mduced sequence

~ _ 0-FK LT LM-o0.
(b) Prove that pd ’VI <pdpMifz ¢ ZeroRMU Zerog R.
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| g
- 8. COMPLEXES AND HOMOLOGY

(8.1) Complexes. An R-complex—or a comi:)lex of R—-modules—is a sequence, cf. (6.1)
of R-homomorphisms :
’ . ey . oK

(8.1.1) K.= —>Kyy1 —K,— Kn_1—--

such that 95*8K:; = 0 for all n € Z; the R-homomorphism 95" is said to be the n’th
differential. The R-module K, is said to be in degree n in the R-complex K.. An
R—complex can be bounded to the left, to the right, or in both directions, cf. (6.1.1) -
(6.1.3), and when this is the case, we leave out superfluous zero modules: we write, for %

example, an R—complex K. with K, = O forn <0 as --- — K, D, Ky — O (that is,

notas-'--ﬁKl——(’il—»KQ‘—»O——w--). . i

(8.2) Boundary and ¢ycles. For any R—complex K. and any n € Z we define

B.(K.) oo Im B,If;l , the n’th mod_ule. of boundaries; }
Zn(K.) e Ker 0K+ | the'n’th module of cycles; and _ t
C(K.) % Coker 05 (& K,/ Ba(K.)), the n’th cokernel. L

(8.3) Homology. Let K. be an R-complex. As 9K 9K-1 = 0 we have B,(K.) € Z.(K.)
and define '

def

|
H(K.) ¥ Z,.(K.)/Ba(K.), the n’th homology module. :

The next four sequences are short-ezact :and provide relations between ‘the homology. |
- ... ... modules, boundaries, cycles, and cokerpels.. ... . ... ...

(8.3.1) 0 — Bo(K.) & zn(k.) S HA(K.) - O f
(8.3.2) 0 — Bn(K.) — K, - Co(K.) S0
I k= 16 o 10 0 o
- (834) 0 (K Gl £B<K>—> 0 |

Here, the hooked arrows are inclusions, and the two-headed ones are inclusions. Fur-
thermore, 95+ (r) = 9%+ (x) for z € K, (but the maps 0K-(z) and 9 (z) are not |
necessarily equal as their targets might be different). Finally, since B, (K.) C Keraﬁ\(/‘, |
the Homomorphism Theorem (2.28) yields a well-defined R-homomorphism d/,’f\ given |

by 5‘/,?([1]3”(,\’.)) = 0K (z). It follows that ‘[:L‘]B,II(K,) € Kera/n"’\' if and only if
r € Kerdf = 7,(K.); thus, Keraffl"\' = Zn(K.)/Bn(K.) = Hy(K.), as desired.

(8.4) Morphisms. For R-complexes K. and L., an R-morphism p.: K. — L.isa °
family (p,: K, — Ln)nez of R-homomorphisms such that Ok, = 0N for all
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n € Z. The last condition is the commutativity of the diagram

(8.4.1) K, Ky e .

This is often phrased as: “R-morphisms commute with the differentials.” The R-homo-
morphism ¢, is said to be in degree n in the R—morphism ¢. .

(8.5) Special R—morphisms. The following hold for R—complexes K. and L..

The dentity 1g, = (11(,,3 K, — Kn)nez is an R-morphism.

The zero-morphism oL = (oKnLn: K, — Ln)nEZ’ cf. (2.18), is an R—morphism.

For a € R there is the niultiplication morphism ag, = (aKn K, — Kn)nez, cf. (2.16).
(8.6) Composition. Let . = (¢n), ., K. — L and ©. = (Yn) _,: L. — M. be
R—mcrphisms. The composite Y. = ((pnibn)nezz K. — M. is then an R-morphism.
(8.7) Isomorphisms. An R-morphism ¢. ("D”)nez K. — L. is said to be an isomor-
phzsm ex_actly when there exists an R—morphism . !: L. — K. such that ¢. "lp. = 1.
and @.. 7" =1p, . This is. tantamount to that ¢, is an isomorphism of R—modules for

all n € Z, and when the latter is the case, then ¢. ' = (Lpn‘l)nezz L. — K. and this is
an. R-morphism. '

Tlet O - K—-L—>M— 0O and O — — L' = M' — O be two short sequences,

ek (6 4)..1f they are- complexes t,hen are 1somorphlc as such if and- only if they are so in
-*thesenseof(67) e T >

(8 8) Module as complex Any R-module M can be viewed as the R—complex:

O—-M—O0O

--which has. M in degree 0 and has the zero .mc.dule in all other degrees. If an R—complex N.

is concentrated in degree 0, that is, N, =0 for £ # 0, then N is equal to the R-module Ny

L (con81dered as a complex). Thus; modules are 1dent1ﬁed w1th the correspondmo complex o
- -~ - concentrated in degree zero, and - vice versa. : '

If M. and N. are R—complexes which are concentrated in degree 0, that is, they are-
modules under our identification, then p.: K. — L'is an R- morphlsm, if and only if
wo: Ko — Ly is an R—homomorphism.

(8.9) Category of R-complexes. “The class of all R—complexes and all R—-morphisms
is called the category of R-complexes and is denoted Com(R). In view of (8.8), the

- category Mod(R) of R—modules and R-morphisms is contained in Com(R). Some says

that Mod(R) is a full subcategory of Com(R) to emphasize that for any M and N in
Mod(R), all morphisms M — N in Com(R) belong to Mod(R), cf. (8.8).

(8.10) Short-exact sequence of complexes. The next sequence of R—morphisms

O. — K. 2 [ Y M. — 0.
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is said to be short ezact exactly when the sequence of R-homomorphisms

O—»Kn—(ﬁ'—‘» n—lﬁ‘—»]wn—,O

is exact for each n € Z.

(8.11) Homology homomorphlsms Let .: K. — L. be an R-morphism. It follows
then directly from the definition, cf. (8.4), that the next inclusions then hold foralln € Z.

(8 11 1) (Pn(Bn(K )) - Bn(L ) and SOn(Zn(K )) 7 (L )

It follows that for each n € Z an R—homomorphism Hy(i.) is well- deﬁned as follows

(8.11.2) Ha(p.): Ha(K.) — Ho(L) by  Ha(e)([z]Ba(x.)) d"i‘ l<Pn($)an(L-)-

Here, = belongs to Z,(K.) so ¢n(z) € Zn(L.) by (8.11.1). Assume that z’ € Z,(K.) and
[2]8akc.) = [%']Ba(k.)- We then have z -1’ € B,.(K.), and hence ¢,(z) — ¢n(z') =

on(r — 2') € By(L ) cf. (8:11.1); thus, [¢a(z)|Ba(z.) = [@n(2") ]Ba(r.)- This proves that
H,(.) is.well-defined. It fits into the next commutative diagram:

(8.11.3) BH(K.)C———> Zn<K.) | H,(K.)
(‘P")'lsn(x.) \ (‘P")lzn(x.) l Hn.(% )] »
Bn(L. ) Zn(L.) n(L )

Here, the hooked arrows are inclusions, the double head ones are re81due homomorphlsms
and the left and the mlddle vertxcal ones are restrictions of v, .

(8.12) Theorem: Homology is a functor. For any n € Z the n’th homology H, ( ).k
is a covariant. functor: Com(R). — Mod(R). That is;

(1) If K. is an R-complex, then H,(K.) is an R-module.

(2) If p.: K. — L. is an R-morphism, then H a(pe): H (K ) —-H,(L.) is an R homo—.A

morphism.

(3) Ho(3. -) = Ha(9.) Hyy ((p)forR—morplusmsgo K. —+L. andd) L. ~—9M

(4) Ho(1k.) = Luy(k.y» if K. is an R—complex S

~ (8.13) Proof. (1) is by the. definition of homology, cf (8 3) and (2) is by that of the \,.'
o homology homomorphlsm cf: (8 11 2) '

(3) The definition of the homology homomorphlsm of (8. 11.2), is used several tlmesr- »

in the next chain of equahtles in" which z belongs to Zn(K.).

Hn(lﬂ-w-)(lIlB_n(K-)) = l(lbn‘Pn)(m)an(M.) _
= l(l/)n(‘Pn(’I)) an(M.)
= H, () ([ (2) lp.(20))
= Ho () (Hale ) ([ 7 |Baxc))
= (Hn(l/)- ) Hn(ﬁ))(ll an(K.)) :

This proves the desired assertion.

(4) l*"or z € Zn(K.) we have H, (1) ([2 ] k.)) = [k (2) o) = [z]B,.(x.), that
s, (K (L) = Ty - U
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(8.14) Theorem: Homology is half-exact. -Let n be an integer. The functor H.(-)
is then half-exact, that is, any short exact sequence of R-morphismes:

0. - K. 5.2 M. - 0.

induces an exact sequence of R—homomorphisms:
Ho(K.) ") 1) ™% 1, (ML) .

(8.15) Proof. We are required to prove that Im H,(¢.) = Ker H,(3.).

The inclusion Im H,(p.) C Ker H,(¢.) follows: from H,(¥.) H,(¢.) = Hp(.p.) =
H,,(0.) = o where the first equality is from (8.12.3), the second one is by assumption, and
the last one is obvious from the definition (8.11.2).

Next, we prove the inclusion Im H,(p.) 2 Ker Hy(¢.). To do this, we assume that
- € € Zy(L.) is such that the element [£]g,(1.) in H,(L.) belongs to Ker H,(¢.); thus, by
the definition of H,(¢.), cf. (8.11.2), the assumptions are:

.(8.15.1) 0€Z,(L) and ,(f) € Bo(M.).=ImoM:, .
We want to prove that [€]g, 1. belongs to Im Hy (i), that is,

L .
(8.15.2) (). (r.) = [on(k) ]Bn(iﬁf) for some ke Z,(K.).

"~ To achieve this, we chase—on the next page—a commutative diagram in which the
‘rows are exact and the columns are complexes.
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. E,‘tv
©nti Yntl
O - Ko - L_n+1 M 0
.
avft{+l ) 854'—1 671:/{(-1 )
[
g
0 K, L, - M, o
(.
O Kn~1 - Ln—l "V"*l A"/[n—l O
~ @) _ |
Iz m ‘
T T
| |
@ |
' (1)
|
8[” l(é) f
o 2: |
e . ,
] T f.
t
: _ (_
o e |
B i~ 24 O N
(11)\0 RN (9)\0 5
' (0) m= _def d}n(e) i
(1) m € Im M-, by assumption, cf. (8. 15 1). (
(2) The row is exact. '
(4) The square is commutative.
(6) The row is exact.
(9) By assumption, cf. (8.15.1).
(10) The square is commutative.
(11) The row is exact. o
Thus, we have k € Z,(K.) such that [£]p, ., = [{ — L (C)]B (ry = [on(F) ko) 3
a

‘and this was exactly what we desired, cf. (8.15.2).
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(8.16) Theorem: Connecting Homdmorphism. Let .
(S) 0. — K. 2 L. ¥ M. - 0.

be a short-exact sequence of complexes, and let n be an integer. Furthermore, for any
element w in H,(M.), choose m € Z,(M.) such that w = [m]p, .y € Ha(M.), and let
k' € K, be determined by the next diagram chase:

o Ky —2 [, —" M, o

‘l’n—l

Knoy —= Ly ——> Mp_y —> O

O

é*————>

m
(2) [

. "

(4) 0

k't i

The following then hold.

(1) The element k' belongs to Z.n_l(K.)‘

(2) Theclass [k")g,_,(k.) € H,_1(K.) does not depend on the choices made.
(3) The resulting map

58 Ho(M.) — Hoo(K.) given by 69 (w) % [Ks._ k.
is an R-homomorphism. ' '
(4) The next sequence of R~homomorph1sms is exact:

Hn(L )Hn(w ‘H, (M)-—»Hn 1(K)Hn 1(<p- n—I(L‘) R

(8.17) Proof. Each part results from enhancing the diagram chase. 0O

(8.18) Long-exact sequence. The previous theorem and the half-exactness of the ho- |

mology functor, cf. (8.14), yield that every short-exact sequence (S)__o_f 'R-complexes, as_
in Theorem (8.16), induces a (so called) long exact sequence: S ’

-  ~,7('8._’1_8_.1) e (K ) H"(“" ) H (L) Hn(g-) (M )
‘ . CHa 6<s> :
Hn—1<K-) o) gy I(L_)ﬂJHn (ML) T

(8.19) Exercise: Snake Lemma. Let the diagram

O > Kl o L1 i A/jl O

O Ko ——2 s Ly ——> M, — 0

be commmutative and have exact rows. Prove that there is an induced exact sequence:

0 — Kerrx — Ker A — Kerp 2, Coker 1 — Coker A — Coker w— 0.
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(8.20) Theorem: Functoriality of Connecting homomorphism. Let

(S) 0. K —2 e — s 0.
K 1,\. o
) o K. —2 L, 0.

be a commutative diagram of complexes with exact rows. The next diagram involving
the connecting homomorphisms of the rows is then commutative for each n € Z.

5©
H,.(M.) Hoi(K)
Hn(#‘)\ lﬁn_m-) .
. 'y / '
+ Ha(M.) - Hoa (K
(8.21) Proof. By inspection. S O

(8. 22) Induced functor of complexes 1. Let T: Mod(R) — \/Iod(R ) be a covariant
functor and assume that it is additwe, cf. (6 35). If K. is an R—-complex, then there is
an mduced sequence of R’ homomorphxsms
: Ke
T S oo T() "0 T(0) T

Th1s is indeed an R'-complex with 8T(A ) =

T(Kn—l) e
T(0K+) because

T(0x:1)T (05" )— T (0510 ) =T(0) =

- since. T is add1t1ve see also- (6.37):- :

If . = (pn: Kn — Lp)nez-is-an: R—inorphtsm K. = L. then the mduced family -~

VALY ) et (T(pn): T(Ky) = T(Ln)) is an R'-morphism, because the commutativity
of the left diagram below implies that of the right.

(8221) ' .' ‘-Ku _ ¥n .- . Ln , ' T(Kn) T(pn) T(Ln)

Thus there is an 1nduced map -
(8.22:2)

T: Com(R)—>C0m(R) gwenby K - T(K.), ¢ K. — L —T(a].

This is easily seen to be a functor, the functor of complexes mduced by the module
functor T.

(8.23) Theorem: Homology and Exact Covariant Module Functor. Consider an

exact additive® covariant functor T \’[od(R — Mod(R'). There exists then for any

R-complex K. and any n € Z an R'-isomorphism

(8.23.1) 0K - HA(T(K.)) = T(H.(K.)).

9 One can prove that all half-exact functors are additive; this is, however, not so important here.
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F urthermore, if p.: K. — L. is any R—morphism, then the next diagram is commutative.

Ke

(8.23.2) Hn(T(K.)) T(Hn(K.))
Hn (T(p-)) T(Hn(pe))
Ha(T(L.)) T{Hn(L.)) .

oL+
(8.24) Proof. Chase the diagrams induced by the short-exact sequences in (8.3). O

(8.25) Exercise: Mapping Cones. Let ¢.: K. — L. be an R-morphism. For n € Z
consider the next definitions.

(8.25.1) | M, € L,® Kn;
(8252)  pin: My — Mo_y, pn(ln, kn_1) “ﬁf(aL (€n) +0n-1(knr), =011 (knon) )
(a) Prove that M. = - - - — Mpy; 283 M, 25 M,_; — -+ is an R-complex.

It is called the mapping cone of the R-morphism . .
Let K.’ be the R—complex K. shifted one degree to the left, that is, it is glven by

(8.25.3) ' KK, og 9K gk
Furthermore, t.: L. — M. is the inclusion, that is, Ln(é ) =def (En,O) e M, , and

M. — K. is the prOJectlon that 1s Ta(bn, kn— 1) —def kn_1 € K.".

(b) Prove that
sy o. — L. 25 M. =5 K.' - 0.

is an exact sequence in Com(R).

“(c) Make the identification H,(K.') = n(K ) SRR B
A (d) Prove that the connecting hornomorphism 5  Hoa (K ) = Hu(L2) is equal to- B

H,(¢.): H,(L.) under the above identification.
(e) Describe M. when K. and L. are modules, cf. (8.8). '
(f) Prove that M. is exact if and only if Hy(.) is an isomorphism for alln € Z.

(8.26) Quasi- 1somorphlsms An R-morphism @.: K. — L. is said to be a quasi—.'

1somorphisms exactly when H ((p ) is an lsomorphlsm for all n € Z, and the latter
is the case if and only if the mapping.cone of ¢:~is an exact complex, cf (8- 25) When - -
e Koo Lo is an R—homomorphlsm then the correspondmg R- morphLSm ot Ko — Loy

cf. (8.8), is a quasx lsomorphlsm 1f and only if g is an isomorphism in Mod(R)

(8.27) Exercise: Hom and mapplng cones. Let p.: K. — L. be an R —morphism -’
with mapping cone M. , cf: (8.25), and let H be an R-module.

(a) Prove that the R—complex Hompg(H, M.), cf. (8.22) is isomorphic to the mapping
cone of of the R-morphism Homg(H, ¢.): Homg(H, M.) — Homp(H, M.).
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9. HoMOTOPY AND PROJECTIVE RESOLUTIONS

(9.1) Homotopic morphisms. Two R-morphisms ¢., 9. : K. — L. in Com(R) (with
same source and same target) are said to be homotopic, exactly when there exists a family

(Un: Kn'—-—> Ln+1)n€Z
of R—homomorphisms such that

On = Un = 0105 + 0 i1on forall neZ.

When this is the case we write . ~ 1. .

(9.2) Ilustration: Homotopy.

T

Le
an+l {

" Note, however, tha,t there are NO requirement of commutathty on nezther the rhomboid |
: vnor the triangles!

(9 3) Proposition. If ¢. and 1. are homotopic R-morphisms, then the induced R—ho- t
momorphisms Hy, (¢.) and H, (3.) are equal for alln € Z.

- (94) Proof. Choose the family (an: Kn — Lnﬂ) z such that ' i

- (*) o On = Yn = On_ Of + 0k 0, forall neZ. o

Forz & Z 2(K:) we get gn(z) = ¥n(z) = 851 (on(z)) which belongs to Bn(L ); that is, "~
[@a() |Ba(z.) = [¥n(2) JBa(r.) in Hp(L.). By the definition (8.11.2) of homology homo-
morphisms we get for all z € Z,(K.) that Ha(¢.)([z]s,.(k.)) = Ha(¥- )([ IBa(k.)), that ¢
is, Hy (. ) = Hu(3).), as desired. a

. ’ - |
~ (9:5) Proposition. Let T: Mod(R) — Mod(R') be an additive covariant functor and |
*  consider the mduced one T Com( ) Com(R'), cf. (8.22)." The following then holds.

.
"(96) Proof ApplyTto( )above . ' | B I

(9.7) Split R—complexes. An R-complex K. is said to split, exactly if 1, ~ o., that
is, there exists a family (on: K, — Knﬂ) of R-homomorphisms such that

(*) lg, = 0n 108 + 050, forall neZ.

If K. isshort,say K. =0 — Ky — K; — Kg — O, then it splits in this sense exactly
when it does so in the sense of (6.39).

Let T': \1od([{) — Mod(R’) be an additive covariant functor. If K. splits, then so
does T'(K.), cf. (8.22) and (9.5).

-

(9.8) Proposition. If K. splits, then it is exact, that is, H,,(K.) = 0 for all n € Z.
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(9.9) Proof. We have 1y, (k.) = Ho(1k.) = Ha(ok.) = o by, respectively, (8.12.4), (9.3),
and the definition (8.11.2). Thus, H,(K.) = O. _ O

(9.10) Exercise. ‘Consider the ring R &t Z/(4) and prove that the next complex is exact
but does not split:

K.¥ . -RZRAZRZR-

(9.11) Exercise. Let R be a field, and let K. be an ezact complex. Prove that K. splits.
[Divide K. into tilted sequences as in (6.56) and apply (7.29) and (7.10).]

(9.12) Exercise. Let R be a ﬁeld, and let T: Mod(R) — Mod(R') be an additive co-
variant functor. Prove that T is exact.

(9.13) Exercise. Assume that the R—complex :
p,.:....w,ID_,..._,p1 ...‘._+p0,_,o
is exact, and that P is prOJectwe for all.£e No. Prove that P. splits.

(9.14) Continuation of homomorphisms. Let p: M — M’ be an R-homomorphism
of R-modulés, and let P. and P be projective resolutions of M and M', respectively, cf.
(7.24), and set 9, = 3" and 8, = 9F* for all ne No.

- A continuation of p is an. R morphlsm p: P. — P. such that ,u@o = Jypo, that is,
such that the next dlagram is commutative: :

.Bn. . B al ‘ ' .
P, P - Py % M 0

a/.

T - Pn -
I P ‘ lun—p' _ | Ko ‘ lu
'rP’>'>_' . P' P’ -P"'" SEEEQY VresuEurty)

e

' (The right hand square commutes because p@g = Oy o, and the others commute since .

is a morphlsm )

j(9 15) Theorem The fo]lovung then hold

(3) There exists a contmuatmn of -
() If,u._. P, —P. and fi.: P.:— P. both are contmuatwns of ,u, then o u

The proof of thlS theorem rehes on. the niext aux1ha1y result

- (9.16) Lemma Let K 5 L' 5 M be an exact sequence of R—modules, let P be a

projective R-module, and let a: P — L be an R homomorph1sm such that Aa = o.
There exists then an R-homomorphism o': P — K such that ko' = a. Illustration:

(9.16.1) v P

This means: If the solid arrows are given, the row is exact, and the right triangle com-
mutes, then the dotted arrow exists such the left triangle commutes. (For M = 0 then
this is the projectivity diagram (7.2).)
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(9.17) Proof of Lemma. As P is projective, the next sequence is exact, and the existence

of the desired o follows.

Hompg(P,x) Hompg(P,)\)
_—_—

HOITIR(P, K) HomR(P, L) HomR(P, ]V[)
aal| ................... e > (¢} O

a

(9.18) Proof of the theorem.

Part (3) is established by constructm [0 41 s - - -5 n » - - - TeCursively using the lemma.
n = 0. The diagram ,

yields p such that Syue = 1.
n = 1. By the choice above we have 9)pod; = 901 = po = o, so the next diagram

Py
END
o0
L. }’ ’
i
Pl F
1

provides p; such that djp; = ,uoal as desired. :
n > 1. Assume that po, g1, ., tn—1 have been chosen appropriately; in partlcular

such that_un‘ganvlv = 8, _ftn_1. We then have 0, 1/Ln 100 = fn90n: 18 = Y- 20 0,
~and the next diagram

P,

O

provides p,, such that 0/ 1, = p,-19, as desired. :

Part (!). Assuming that 4. and . both continues z, and hence that p. — jz. continues
the zero homomorphism o: M — M’ we want to prove that p. ~ z., thatis, g — . ~o..
Thus, we may assume that p = o, that is, g continues o, and we want to prove that
(. ~ o. , that is, there exists a family (o, : Pn — P!, {)nez such that p, = 0,00+ T 10n
for all ne Ny .

n

S
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n=240
P
3 o9 o
Ko

o ,
P/ P '
1 & 0 % M.

Thus, 800 = po as required, since o_; = o (as its source is zero).
y Y1 )

n > 0. We have already p,_1 = &,0p_1 + 0,-20,-1 and hence the fourth equality in
the next chain. )

a;(/ln Un 16 ) mufn a:larl—lan = Mn-—lan - 8;;0_n«ia-n.
- = (ﬂn—l _va:lan—l)an: Jn—Zan—lan

= 0p-90 = 0

- The diagi"am

now yields Un = 0., 10n 4+ on_ 16 as desired. O

Wxthout proof we ment1on the next useful result.

‘in Mod(R), and let P. and P". be projective resolutions of M and M", respectively.
There exists then a projective resolution P. of M’ and continuations . : P. — P. and
pe: Pi— P of p: M — M’ and u’: M — M", respectively, such that

| O. - P. 2 PP 0
- is an.exact sequence in. Com(R)

,#‘_.

. O.> P “u . P/ ”> P”. AAAAAAA > O",

v "

O——> M M —— M" O 0

. (9.19)'_Hofs’e'S'hoé'Lerhma” 'L'et'O LOMUE MO MY S0 bé an exact sequence

Illustratlon There Is. the next exact’ sequence of augmented pro Jecmve resolul:1ons e
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(9.20) Example. Consider the next exact sequence of Z-modules:

0-2%2252/2—0.

The next is a corresponding exact sequence of augmented projective resolutions:

o) — 0O 10) o) O
1z

0 o) 7 Z 0,
3, 2z

00— 2> 72— 7 8]
1z 8(/) 2z

0 7—2 7 — 7)) —— 0O

-0 O O — o) — 0

Here) all(x) =def (—iE,QiE), a(/)(xay) =def 2z + y7 Ll(x) —det (.'13,0), and 7'(2(:[),1;/) -t Y.
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10. -LEFT DERIVED OF COVARIANT FUNCTORS

There are two kinds of functors, the covariant ones and the contravariant ones. For
each of these there are two kinds of derived functors: left derived functors and right
derived functors; this makes four cases to consider. Two of these cases rely on the theory
of projective resolutions, namely, that of left derived functors of covariant functors which
is described in this section, and that of right derived functors of contravariant functors,
confer Section 11. The two remaining ones rely on (so-called) injective resolutions and
are deferred to the later section 13 and its exercise (13.15).

(10.1) Convention. Throughout this section

T: Mod(R) — Mod(R') is an additive covariant functor.

We also consider its induced functor T: Com(R) — Com(R'), cf. (8.22).

(10.2) Definition. For n € Z the n'th left derived functor L, T: Mod(R) — Mod(R')
of T is defined as follows:

(M) If M is an R—module, then choose a projective resolution P. of M, and set
L. T(M) < H,(T(P.)).

Dependence upon the choice of P. will be discussed below.

(u) If u: M — M’ is an-R-homomorphism, then choose projective resolutions P. and

. of M and M’, respectively, choose a continuation p.: P. — P of y, and set

def

L T() “ Ho(T(12)): Ha(T(P.)) = Ha(T(PY)

... Dependence upon the choices of P., P, and p, will be discussed below.

~ (10.3) Theorem: Uniqueness. The.folléwing hold.

(M) For any R-module M, the R'-module L,T(M) is uniquely determined up to
unlque 1somorphzsm That is, if P. and P. are projective resolutions of M, and
:P. — P. is any continuation of 1M , then the induced map

(T(%)) Ha(T(P-)) —*Hn(T(P )

1S an 1somorph1sm and it does not. depend on the chozce of Qo s
(1) For any R~homomorphism p: M — M’, the induced R’ ~homomorph13m L T(p,)
is uniquely determined up to isomorphism. That is, the dlagram

T(tp )

H,(T(P-)) "2 H,(1(P.))

Ho(T(pe))

‘Hn(T(ﬁ- )

H.(T(P2)) }ﬁpnmﬁt» ,

is commutative, whenever . is as in (M), P. and P are projective resolutions
of M', the morphisms . : P. — P. and p.: P. — P. are continuations of y, and
oW PLo— PLois a continuation of 1.
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(10.4) Proof. (M) Choose a continuation . : P. — P. of 1,;, and note that then the
composite p.p.: P. — P. and the identity 1p,: P. — P. are both continuations of
1y M — M. Thus, @.p. ~ 1p, by (9.15.1), so (9.5) yields

T(@.)T(¢.) ~T(Lp.) = 17p.) -

For any n € Z, apply now the homology functor to obtain

Ho(T'(P-)) Ha(T(0-)) = lup(rp.y) -
Similaﬂy we get
| Ha(T(10:)) Ha(T(.)) = L, r(5. ) -
Thus, H,,(T(y.)) is an isomorphism. :
The last assertion in (M) is left for the reader to verify, and so is that of (1) O

(10.5) Theorem: Functoriality. For alln € Z the derived functor L, T is a functor:

(1) L, T(¢p) = Ln T(4') Ly, T(,u) for alln € 7. when p: M — M'and p': M' — M" are
R—homomorphisms.

(2) L, T(1y) = 1u,, 7(m) for all 1 € Z when M is an R—-module.

(10.6) Proof. (1) Let P., P., and P" be projective resolutions of M, M’ and M",
respectively, and let p.: P. — P. and p!: P. — P" be continuations of y and g/,

respectively. Then g p.: P. — P”. is a continuation of p/pe: M — M”, and

Lo T4 1) = Ha(T(p ) = Ha(T (i) Ha(T(1)) = L 'T(u’) L T(p)
by (10.2.42), (8:22), (8.12.3), and (10.2.4). |

(2) Let P. be a projective resolution of M. The 1dent1ty lp. is then a contmuatlon of
: M — M, and hence

B T(bar) = Ho(T'(1p. ) =H, (1T(P ))-~-1Hn(T<P N’ an T(M)

’,’_by.(iom) (8:22), (8.12.4), and (028 o

T =0 foralln <0:. _
T(M) O for alln > pdg M. : :
(M)=0 for alln >0 if M is pro;ecmve.' S
(0).= O for alln € Z.
Oforalln#O:waaﬁeld R
(M’)' O for aIl n > 1, if Ris PID n>1; and 1\{’ is fimte]y generatedlo

- (10. 7) Vanishing. The followmg hold.
)

nw T
T
T =
LnT

(10.8) Proof Let P. be a projective resolutlon of M. If n < O then P, = 0. If n >
pdy, M, then we may assume P, = O. In both cases, L, T(M) = H,(T(P.))-= 0/O = O.

(1) and (2) have been established, and (3) and (4) follow, while (5) and (6) result from
(7.29) and (7:30), respectively.

(10.9) Derived over-lining. Let abea proper ideal in R, and consider the corresponding
over-lining functor ~: Mod(R) — Mad(R), cf. (2.26), as well as its derivatives L, for

n € Z. In some cases the following holds.

L, =0 for n> deT{.

10 Later it will turn out that finite generation is superfluous here.

!:?;
!!}
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A first case is covered by the next proposition (in which pd R < 1), while another one
will be treated in a later section.

(10.10) Proposition: Derived special over-lining. Let a = (x) be a proper principal
ideal in R, and assume that z ¢ Zerog R. The following then hold for all R—modules M.
(1) L, (M)=0 for n>?2.

(2) L (M)=0 <= =x¢ZerorM.

(10.11) Proof. Choose a projective resolution P. of M and note that L, (M) = H,(P.).
By (7.19) there is the next short-exact sequence

0. — P. _ z p. 5 P, 0.

in Com(R). Here, p. is the residue map P, — P, in each degree, and zp, is the multipli-
cation morphism of (8.5); the latter induces in homology the R—homomorphism zy,(p.),

confer the definition (8.11.2) of homology homomorphisms. In the induced long-exact
sequence, cf. (8.18.1), . :

Ho(P.) H,(P-) -
Hn~l(P') :

H,(P.) H,(P.) -2
Ho(P-) Ho(P.) Ho(F7)
H_(P.)

we have H,(P.) = 0 for n # 0. This y;elds ﬁrst that H ( P.)y = 0forn > 2 and (1)
follows Next 1t gives an exact’ sequenoe o o R

} 0 - Hy(P.) — Ho(P.) 5 H '(P;,)‘LAH;(?T')-H_‘O,- L S
and (2) follows since Hq(P.) = M. : - )

(10.12) Proposition: Additivity. The functor L, T is additive for all ne Np.

(10 13) Proof. Let ¢,%: M — N be two R- homomorphxsms Choose projective res: - -

. olutions P. and Q. of M and N, respectively, and. continuations @.: P. — Q. and
- ~’.‘1p P.—-Q. of: 0 and - respecmvely ‘The thlrd equahty m the next cham is by the-»
definition (8.11.2) of homology homomorphlsms : S

Lo T(o+ ) = Ho(T(p- +4.))
 =Ha(T(e) + T ()

— HA(T- () + Ho(T- (5-))
=L, T((p) + L T(w) -0

(10.14) Theorem: Long-exact sequence of derived functors.
Let T: Mod(R) — Mod(R') be an additive covariant functor, and let

M.=0— M- M 2 M -0
be an exact sequence of R—modules. For alln € 7. there exists then an R'-homomorphism

opM s L, T(M") — Ly T(M)

©<=coc==o
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1

such that the next sequence is exact:

' n 6T Me
Ln+l T(A[’)L +1T(lf) n+1 T(A[II _ﬂ_*
- §TMe
LaT(M) —= 9 1, ) =Ty, Ty
Ln lT(l‘)

Ln—1 T(&")
_—

L1 T(M) — L, T(M)
(10.15) Proof. The Horse Shoe Lemma (9.19) provides an exact sequence

0. — P. 2L P2 Pl 0
in Com(R) consisting of projective resolutions of M, M’, and M", respectively, and with
p and p.” being continuations of p and 1/, respectively. The exact sequence of R-modules
' 0— P, 2 p 0 pr 0

. splits.sirlce P! is projective, cf. (7.10), and hence, since T' is an additive functor, the
induced sequence

also splits, cf. (6.42), and hence it is exact. lt follows that the sequence

T(u )

0. - 1(P.) " (P " T(PY) — ©.
in Com(R’) is exact. In view of the deﬁmtlon of the derived functor L, T', cf. (10 2) the
desired long-exact sequence results from Theorem (8.16). O
- (10. 16) Corollary 1. The functor L, T is half-exact for all n > 0. | a

- (10 17 Corollary 2 The functor Lo T Is nght exact.

(10.18) Proof. LT = O by (10.7.1). 0

: (10 19) Corollary 3. If. O K — P — M — O is an exact sequence of R—modules
~.-and P is prOJectlve then L, T(M) L, T(K) forn > 1. ‘

. (10 20) Proof The theorem provxdes the next exact sequence

| L T(P)—»L T(M) Ln- 1T(K)ﬁLn 1T(P)
_The two outer modules vanish by (10.7.3), so 4, is an isomorphism. 0
(10.21) Corollary 4. A_ssume' that T is right-exact. To any R-module M there exists

then an R'-isomorphism 0™ : T(M) — Lo T(M) such that the next diagram is commuta-
tive for any R—homomorphism p: M — M':

T(M) s (M)

oM jz = lem’

Lo T(M) LT

o T(
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Because of this commutative diagram, the isomorphism 6.is often said to be natural, and
the functors T" and Lo T' are said to be isomorphic.

(10.22 Proof Let P. be a projective resolutlon of M, and consider the next diagram.

T(of"

T(P) TTf%) 7194) O
T(‘L 1) _T(lLo) Lo :’?(OM ) —— O

T(8f*)

The top row results from the exact sequence P, — Py — M — O by applying the
functor T, and it is exact because T is right-exact, cf. (6.18.2). The lower row is exact as
Lo T(M) = Ho(T'(P.)) = Coker(T(Py) — T(Py)). As the left square is commutative, the
isomorphism 6™ has been provided. That ' T(u) = Lo T(1)0™ is left for the reader to -
verify. : U

(10.23) Corollary 5. If T is exact, then L, T = O for alln'> 1.

(10.24) Proof. For a given R-module M, use induction on n. Choose an exact sequence -
O — K— P — M — O with P projective.
n = 1. The theorem and (10 7.3) give an exact sequence

O — Ly T(M) 25 Ly T(K) — LOT(P) Lo T(M) — 0.

As T is right-exact, Corollary 4 (10.21) yields that the functor Lo 7 is isomorphic to T

and thus exact, and it follows from the exact sequence that L, T(M ) =0. ,
n > 1. Corollary 3 (10.19) provides the 1somorphlsm L, T(M) =~ L, T(K). The latter

~ module vanlshes by the inductive hypothesxs e e o g

”(10 25 Corollary 6 If T is nght exact and L1T O then T is. exact o o o

(10.26) Standard Kernel Notation. Let M be an R-module, let -P. be a prOJectlve
resolutlon of M, consider the augmented resolution:

P—>l\/f—,-_—%Pg—ﬁpg_l?—l—%j-.-—?z—)P1~—>P0-—>]V[~—>O

and deﬁne the standard kemel notatzon for P. as follows
' o : : def

L | K(P)—K B
~ Note that K,(P.) g, (P — M) for all n € 7, that is,
o O , » if n< -1
M if n=-1

10.26.1 K, (P.) = |
( ) (7) Ker(Py — M) if n=0

Ker(P, — P,q1) if n>0
Moreover, for each n > 0 there is the next shert—exa_c't sequence:
(10.26.2) O =Ky (P.)— P, - K, (P.)—0O.

Namely, the Isomorphism Theorem (2.30) yields the isomarphism P,/ K,(P.) = Imd,.
and the latter module is equal K,,_;(P.), since the sequence P. — M is exact.

The next useful result is an improved version of Corollary 3 (10.19).

©Oc=mooo=o
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(10.27) Corollary 3 Plus. If P. is a projective resolution of an R-module M, then
(10.27.1) Lt T( o1 (P-)) = L T(Kn(P.))

whenever n > 0 and m';>_ 1. (Note that the sum of the indices on either side is m +n.)
Furthermore, for any k > 0 there is the next isomorphism:

(10.27.2) *Lig1 T(M) = Ly T(Kx_1(P-)) .

(10.28) Proof. The short-exact sequence (10.26.2) induces by (10.14) the next long-exact
sequence:

Lons1 T(Ps) = L1 T(Kno1(P-)) = Loy T(Kn(P.)) = L T(P,) -

Here, the outer modules vanish asm > 1, cf. (10.7.3), and the first isomorphism has been
established. The second one is obvious for k =0 (as K_;(P.) = M), and it follows from
the next chain in which 1 < ¢ <k + 1:

Lt T(M) = Lt T(K_y (P.)) 2 -+ = Ly T(Ke_o(P.)) = -+ = Ly T(Ket(P2)) . O
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11. RIGHT DERIVED OF CONTRAVARIANT FUNCTORS

This section describes the theory of right derived functors of an additive contravariant
functor. As this is dual to that of left derived functors of an additive covariant functor,

no proofs are provided. At the end Ext-modules are presented and applied to projective
dimensions.

We start by some useful notatlon

(11.1) Cohomologlcal Notation. Sometimes it is handy to use superscripts when de-
scribing complexes:

n—1

K‘ N Kn-—l L) Kﬂi}(ﬂ%—l .
whxch is subject to the condition 9}. dg° '=0foralln € Z. Weset B*(K~ )dEfI m !
and Z" (K )def Ker 9. and define the n’th coho,mology by
n +\ def op . n .
HY K )=2Z"(K )/B"(K.).

This K correspond to the usual complex K. given by K, =% K- and 9K+ =df 9
note that H,(K.) =H™(K").

(11.2) Convention. Throughout this section -

U Mod(R) —>'Mod(R') is an additive and contravariant functor.

The functor U induces a contravariant functor U: Com(R) — Com(R'): when we use
homological notation in Com(R) and cohomological notation in Com(R') it is given as
follows on an R~complex K. and an R- morphlsm o K. — Lo

). n+1) R
(1122) U(a): U(L)——»U(K) is defined by U(a )”der( n) -

The sign is often'handy—but not always. needed. - It is straightforward to verify that
U(P.) is an R'—complex-and’ that U ( .) is an R'-morphism. The next result is dual to

Theorem (8 93)

(11 3) Theorem Homology and Exact Contravarlant Module I\mctor o

Let U: Mod(R) — Mod(R')- be an exact additive contravariant functor For any R—-
'complex K and any n e 7 there exzsts then an R —1somorph1sm :

(11.3.1) | 0 H“(U(K.))—aU(Hn(K.)),

such that if, furthermore, . : K. — L. is any R-morphism, then the next diagram is
commutative.

N
(11.3.2) o HMU(LY)) 2 U(Ha(L))
H* (U () U(Hn(p-))
H™(U(K. = UMLK
(U(K.)) 7. (Hn(£K.)) 0
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(11.4) Definition. For n € Z the n’th right derived functor R™U: Mod(R) — Mod(R')
of U is defined as follows:

(M) If M is an R—module, then choose a projective resolution P. of M, and set
R"U(M) = H"(U(P.)).

(p) fp: M — M'isan R—homomorphlsm, then choose projective resolutions P. and
- P. of M and. M’, respectively, choose a continuation p.: P. — P. of u, and set

R U(p) € H(U(w.)): HYU(P.)) —» H*(U(P.)).

def

(11.5) Theorem: Uniqueness. The following hold.
(M) For any R-module M, the R'-module R™ U(M) is uniquely detérmined up to
unique isomorphism.
(1) For any R—~homomorphism p: M — M’, the induced R'~homomorphism R™ U (1)
is uniquely determined up to unique isomorphism. O

(11.6) Theorem: Functoriality. For alln € Z the denved functor R™ U is a functor:

(1) R U u) R™ U(p)R*U(W') for alln € Z When w: M — M' and u M — M"
are R—homomorphisms.

(2) R*U(Im) = lrry(any for all n € Z when M is an R-module. O

(11.7) Vanishing. The following hold.

(1) R®U = O for alln < 0.

(2) R®*U(M) =0 for alln > pdy M.

(3) R*U(M) =0 for alln >0 if M is projective.

(4) R*U(O) =0 forallmeZ.

(5) R"U = Oforalln#O:meaﬁeld

(6) R* U(M’) = O for alln>1, if R'is PID n > 1 and M’ is ﬁmtely generated11

. (11.8) Proposition: Additivity. The functor R" U is additive for all ne NO. 0Oy

(11.9) Theorem: Long-exact sequence of derived functors. =~ -
Let U: Mod(R)-— Mod(R') be an additive contravariant functor, and let

—O—~>M—+M"—~>M”"”O

such that the next sequence Is exact:

‘ o _..11
R™1 U (1) 5y

- R~ 1U(M') — R U(M)

n

L " }5 .
Reoary P gy ey ST ge gy

nt 1 Rty .
Rt gL g gy 0
(11.10) Corvollary 1. The functor R" U is half-exact for all n > 0. 0

1 Later it will turn out that finite generation is superfluous here.

. be an exact sequence of P—modules Foralln E Z there ex1sts then an R’¥homomorphxsm‘__
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(11. 11) Corollary 2. The functor R°U is Ieft.—exact, L ' O

(L1 12) Corollary 3. If O K — P — M — O is an exact sequence of R-modules
and P is prOJectlve then R"U(M) = R"” LU(K) forn > 1. O

(11.13) Corollary 3 Plus. If P. is a projective resolution of an R-module M, and the
standard kernel notation of (10.26) is used, then
(11.13.1) - R™ U(K,_i(P.)) = RMU(Ka(P.))

whenever n. > 0 and m > 1. (Note that the sum of theindices on either side ism +mn.) -
Furthermore,. for any k > 0 there is the next isomorphism:

(11.13.2) R U(M) 2 R U(Kg-a(P-)). a
(11.14) Corollary 4. If U is left-exact, then the functofs U and R°U are isomorphic (in
the sense of (10.21)). 0
(1_1.15)'corollary 5. If U isexact, then R*U = O foralln > 1. O
(11.16) Corollary 6. If U is left-exact and R'U = O, then U is exact. a

(11.17) Ext-modules. Let N be an R-module. For any n € Z we set

: (11 18) Long—exact Sequence for Contravarlant Ext Let H be an R—module, and "~ - -

Exth(—, N) = R™ Homp(~, V).

These are called the contravariant Ext ~functors. They are half-exact, additive, and con-
travariant. The functors Ext%(—, N) and Hompg(—, N) are isomorphic (in the sense of
(10 23)). Ext will be studied in further detail in Section 16.

et M be the exact sequence o0 M=5 M M0 of R- modules ‘There is then

an induced long-exact sequence:

om 80 .
) Homp(M', H) “2"*%) Hom r(M, H) ——*

HomR(y.

0 — Homp(M", H) -

L R H | “Exth(p,H)
Bxeh (M, H) D ~ Exth (M, H) !
- - . R . ) . . ] . '-n—‘l
. - Bxty ( e
Ext’}% 1(1\[’ H) - et E t?z ‘(M H)————A—f—'i
V - .E)(n ', 7 ”‘ ,H' 5"’, )
B (M, ) SR g v ) S Bt (M H)
K ny Bt Extyt (1, H)
EX(};IZ+1(A/{H) H) _t (H E tffl{+1(1\[l [_{) Hs

(11.19) PDT PrOJectlve Dimension Theorem. The following are equivalent for
any R— module M and any ne Ng.

1) pdp M <n;

(it) Extm(M,H) = O forallm > n and all R-modules H;

(u1) Ex t"”‘f\[ H) = O for and all R-modules /1 ,
(w) If P. is a projective resolution of M, then Ext"HAM KL (P) = O,
(v) If P. is a projective resolution of M. then K. (P.) is projective.
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' In items (iv) and (v) the standard kernel notation of (10.26) is used.

(11.20) Proof. The implications “(it) ==> (ii1)”, “(41i) => (i)”, and “(v) = (4)" are
obvious, while “(¢) = (42)” follows from the vanishing result (11.7).
“(iv) = (v)” follows from the next lemma, since (11.13) yields

ExtL(Kn_1(P.), Kn(P.)) 2 ExtF (M, K. (P.)). O

(11.21) Lemma. Let O — K 5 P — K’ — O be an exact sequence, and assume that
P is a projective module. The following then holds:

K' is projective <= Extp(K',K)=0O. {

(11.22) Proof. The implication “ == 7 is by the vanishing result (11.7).‘ To prove the .

opposite one, assume that Extp(K’, K) = O, and consider the exact sequence i
Hompg(P, K) "5 Homp(K, K) <= Exth(K, K)

from (11.18). Thus, our assumption yields that Homg(a, K) is surject;lve..-' Choose ¢ € i
Hompg(P, K) such that Homg(a, K)(0) = lg, that is, oo = 1g.- By Theorem (6.45) the "
short-exact sequence splits, and it follows that K" is projective, cf. (7.10), as desired. [ }

(11.23) PDC ef Projective Dimension Corollary. If M is an R-module, then ‘
—————— pdr M = sup{ne Ny | Extx(M,H) # O for some H} }{

This number is in Nj £ { —co }UNp U { o0 oo _ O

=
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12. INJECTIVE MODULES,

Recall that the contravariant functor Hompg(—, H ) is left-exact for all R—modules H.
(12.1) 1 InJectlve modules. An R-module H is said to be injective exactly when the
functor Homp(—, H) is exact, that is, if and only if the induced homomorphism

Hompg(p, H): Homg(N, H) — Homg(M, H)
is surjectwe for any injective R-homomorphism p: M — N, cf. (6.30).

(12.2) Injecti\}i'ty diagram. Injectivity of the R—module H is often explained by the
diagram:

¢ M - N

£

H

This means: If the solid arrows are given and the row is exact then the dotted arrow
exists such the triangle commutes.
(12.3) Not injective, The Z-module Z/(2) is not injective, cf. (6.32).

I
The next three auxiliary results correspond to.the results on projectivity (7.6), (7.10),
and (7.12), and their proofs are dual, that is, they are obtained by reversing the ArTOws.

(12.4) Isomorphic injectives. If n: H — H' is an isomorphism of R-modules, then
H is an injective module if and only if H' is so ) O

(12.5) Lemma: Injective submodule splits off. If wrl— N IS an IHJECtIVG R—hO* e
" momorphism with the source I injective, then the exact sequence

O—-I1- M-—»M/Imp — O

splits, and [ is isomorphic to a direct su_rrimand in M. _ o a -

(12.6) Lemma: Direct sum of aneCtIVGS IfI and J are R~modu1es then the follow-

-~ The next theorem 1S an 1mportant tool in the theory of mjectlve ‘modules

(12.7) Baer’s Criterion. The following are equxvalent for any R-module H.
(¢) The module H is injective;

(it) The restriction homomorphism Hompg(R, H) — Homg(a, H) is surjective for any
ideal a in R, that is,

O ~a—— R

H ;

(12) To any ideal a in R and anyv R-homomorphism «: a — H there exists hy € H
such that a(a) = ahg for all a € a. :

(12.8) Proof. The implication (/1 == ()" is by the definition of injectivity.

Ied s mjectne = v and J arem]ectlve ‘ D
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“(i1) => (#11)”: Let o € Hompg(a, H) be given, and choose, by the assumption, 5: R —
H such that the restriction 8|, is equal «, and set hg =%°f §(1). For any a € a we have
then a(a) = B(a) = aB(1) = ahy as desired.

“(441) = (4)”: We assume that (iiz) holds and want to prove that Homg(—, H) s o

exact, and to test this it is sufficient to consider a special short-exact sequence
O—-K<—M-»M|K-—O
and prove that the induced sequence

Hompg(M, H) — Homg(K,H) — O

is exact. The latter is, to any R-homomorphism «: K — H there exists an R-homomor-

phism g: M — H such that the restriction p|x equals . To achieve this, let X denote
the set of pairs (L A) such that

e L is submodule of M and L D K;
e\ L— Hisan R-homomorphlsm with )\| K= K.

We will prove that X contains an’element of the form (M, p).
This set X is (partially) ordéred by:

(L) = (LX) &5 LCl and X[p= A

We will prove that X hereby is inductively ¢ ordered, cf. (7 29). If Y is a totally ordered
subset of X, then it has a majora.nt namely (L /\) where L is the union of the submodules
L occurring in Y (and this is a submodule of Mas Y is totally ordered), and where A

is defined by A(z) = A(z) whenever (L,\) € Y is such that z € L (and X is hereby
well-defined due to the definition of the ordering <).

Thus, X is inductively ordered, so Zorn’s Lemma gives a maximal element (N v)in X,

N = M. then v: M — H.is the desu:ed extensxon of k.

Next. assume that N C M. [and. look for a contradlctton] .Choose mg. € .M \ N, .."
~and set-q =9l {a €.R | .amg.€ N}, which is an ideal in R. Define a:a — H by

ala) =% v(amy): Since o is an R-homomorphism, our assumption (%) yields an element
ho € H such that a(a) = ahg for alla € a. Set N’ =%f N + Rmy, which is a submodule
of M, and define v': N’ — H by V/(n + rmy) = df y(n) +rhy for n € N and r € R.
To see that this well-defines v/, assume that ny +rimg = ny + ramy, and conclude that

’(7“1 —'TQ)mo——nz—nleN SO Tl‘_TQEa ‘and hence - -

(rl - T'Q)ho = a(r; — "r'g) _~u((r1 ~ rg)m{))f u(ng — nl) = V(’I’LQ)‘ - u(ﬁl)

thus v(ny) + rlho-—- I/(TLQ) 4+ T’Qho (as reqmred for. the . well-definition of v ) Note thatVA )

V'|y=v, and hence V' |x= k.
Now it has been verified that (N', /) belongs to X. Since (N, u) < (N',V)and (N,v) #

| (N’, 1), we have obtained the desired contradiction to the maximality of (N,v). O

(12.9) Injectives over a field. If Ris a field, then O and R are the only ideals, so (i)

i Baer’s Criterion is always fulfilled, and all modules are injective.

(12.10) All exact sequences split. The following are equivalent.
(z) All modules are injective. »
(1) Al I modules are projective.

(i22) All additive functors are exact.

(1) All short-exact sequences split.
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Indeed, “(i) = (w)” and “(iz) == ()" by (12.5) and (7.10), respectively. Furthermore,
“(1v) == (1i)” since additive functors preserve splitting sequences (6.42). Finally, “(4i)
= (1)” and “(4it) = (1) are obvious.
Later, in (18.36), we will prove that they are equivalent to
(v) The ring R is a finite product of fields.

These five conditions are equivalent also over non-commutative rings, when the fifth one is replaced by
“The ring is a finite product of matrix algebras over division rings.” Such rings are said to be semisimple.

/

(1'2.1'1”) Tsomorphic Functors. Let F,G: Mod(R) — Moa(R’) be two functor of the
same variance. They are said to be isomorphic, exactly when there for each R-module

M is an R'-isomorphism 6,: F/(M) — G(M) such that the next diagram is commutative
for each R- homomorphlsm p: M — N:

F(M) —;» G(M)
F(p) l J{G(w)-
F-(N) - G(N)

The diagram is here shown in the covariant case in the contravariant one, the vertical
arrows should be reversed.

If F and G are isomorphic, and F' is exact (respectively, left- exact, rlght exact, half-
exact), then G is the same..
If T is a right-exact covariant functor, then it is 1somorph1c to Lg T, cf. (10 21). It U
is a left-exact contravariant functor, then it is 1som0rphlc to R°U, cf. (11 14).
O

(12.12) Theorem:; Swap 1somorphlsm Let K, L and 1\/I be. R—modules There is -

- then. an isomorphism. .

QKLM HOITIR(K HomR(L M)) > HomR(L HOHIR(K M))

which is natural in K, in L, and in M that is, t;here are the next three pa1rs of xsomorpluc

- functors:
(12.12.1) Hompg(— HomR(L M)). == Homg(L,Homg(—, M)) _
- (12.12.2) | Hompg(K, HomR( M)) = H 1p(— HomR(K M)) ‘ o ,
(a2 HomR(K HomR(L )= H (L HomR(K )) A ;::: EEIRTREE

(12. 13) Proof. Let us start by analyzmg the element of the source: Assume that K
belongs to it, that is, « is an R-homomorphism r: K —- Hompg(L, M), so it associates to -
any k € K an element (k) in Hompg(L, M), that is, an R— homomorphlsm k(k): L — M,
and this sends each ¢ € L into the element (k(k))(¢) € M.

To determine Qycpp: Homp(K, Homg(L, M)) — Hompg(L, Homg (K, M)) we want for
any « € Hompg(K, Homg(L, M)) to define Qg pa (k) in Hompg(L,Homg (K, M)), that is,
the R—homomorphism Qg (k): L — HomR(K M), and this is done’ by defining for
each £ € L the R-homomorphism (Qgra(k))(€): K — M by the assignment

((mem(fs))( )) (k) = (x(k))(0)

12 The name “swap” was introduced in the book Gorenstein Dimensions (1990) by Lars Winther
Christensen.
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1

for k € K. It is seen by inspection that QKLM 1s an R homomorphlsm Thus we have
also the R-homomorphism

Qricar: Homg(L,Homg(K, M)) — HomR(K Homg(L, M)) .

In is seen by inspection that

QremQxim = lHomgp(k Homg(L,M) a0d Qe raiQirm = LHomg(L Homp (K, M)) -

Thus, Qg is an R—isomorphism.
That Qgra is natural in K means that for any R-homomorphism ¢: K — K’ the
next diagram is commutative:

Hompg(K',Homg(L, M)) — Drm, Homg(L, Homg(K', M))
‘HomR(go,HomR(L,M)) - . Hompg(L,Homg(p,M))

Hompg (K, Homg (L, M))

Homg(L, Homg (K, M)) .

An inspection shows that this indeed is the case. Naturality in L follows, and-naturality
in M can be verified. 0

(12.14) Corollary: Hom(P,I) is projective.. If P is a projective- R—module, and I is
an injective R-module, then Homg(P,I) is an injective R—module.
(12.15) Proof. By the.theorem there is the following isomorphism of functors:

" Homg(~, Homg(P,I)) = Homg(P,Homg(—, I))

The right hand functor is exact as it the composite of the exact functors Homg(—, I) and

- HomR(P ) ‘Thus the left hand functor is exact, as desired. a

S (12 16) Divisible modules. Let R be an integral domain, and let D be an R- module.

" We say that D is divisible, exactly when the multlphcatlon map rp: D — D,z 1T 18

o surjective for all r € R\ O. Thus,

D isdivisible <= Vre R\OVdeDIze D:rz=d.

(12:17) Theorem: 1nject1v1ty vs. Divisibility. Let D be a module over an integral
A domam ‘R, and let K be a submodule of D.. The foHowmtr l;hen hold

(1 ) IfDis mject}ve then D-is dzvzszble S o " L
(2) If R is PID and D is divisible, then D is mjectlve - ' -
(3) If D is divisible, then D/K is divisible. ’

(4) If R is PID and D is injective, then D/ K is injective.

(12.18) Proof. (1) Assume that D is injective, and let 7 € R\ O and d € D be given. By
setting a/(ar) =% ad for a € R an R-homomorphism a: (r) — D has been well-defined
(ast # 0 and R is a domain). By (4iz) in Baer’s Criterion (12.7) we get dy € D such that
alar) = (a.r)do for all @ € R. With x =% dy we have rz = (1r)d, = a(lr = 1d=d, as
~ desired.

(2) Assuming that D is dlvlslble we will verify condition (72i) in Baer’s Criterion (12.7).
Let «: a — D be any R- homomorphlsm with an ideal as source, and search for dy € D
such that a(a) = adg for alla € a. As Ris PID we can choose ay € R such that a = (ag).
If ap = 0 then dy = 0 will do the job. Therefore assume that ag # 0 and choose by the
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divisibility of D an element dy € D such that a(ag) = agdp. Now, for a € a choose reR
such that a = rag, and obtain the desired assertion:

a(a) = a(rag) = ra(ag) =r(aede) = (rag)do = ady .
(3) is obvious.

(4) If D is injective, then it'is divisible by (1). Thus, D/K is divisible by (3) and hence
injective by (2). , g

(12.19) Exercise: Field of Fractions. Let R be a domain. Prove that its field of
fractions B is an injéctive R—module.

(12.20) Faithfully injective modules. An R-module [ is said to be faithfully iﬁjective,
exactly when it is injective and Hompg (M, I) # 0 whenever M is a non-zero R—module.

(12.21) Faithfully injective group. The Z-module A =%f Q/Z is faithfully injective.
Indeed, the group Q of rational numbers is a divisible Z-module, and Z is a submodule
of it. Thus, the group A is divisible by (12.17.3) and hence injective by (12.17.4). If M is -
a non-zero Z-module, choose a non-zero m € M, and let ne NU oo be the order of m. If
n is finite, then a Z-homomorphism ¢ : Zm — Ais well-defined by ¢(zm) =4 [£]z; if n

is infinite, then a Z-homomorphism ¢: Zm — A is well-defined by p(zm) = =def [9] In

both cases we have a non-zero Z-homomorphism ¢: Zm — A. Since A is an injective Z~

module, ¢ can be extended to a Z homomorphlsm 4,9 M — A. Thus, Homz(M,A) # O
as desired. . -

(12.22) Induced structure As any R-module is a Z-module, and any R—homomor~
phism is a Z-homomorphism, we have Mod(R) € Mod(Z) (However if M and N are
R modules, then Homz(M, N) might beé a proper subset of Homgz(M, N).)

~ If'M is an R—module,-and Gis'a Z- module then the Z—module Homz(l\/[ G) becomes

‘V'an R- module with the multlphcatlon given as. follows: ~ -

For T E Randpe HomZ(M G) the product rs M= G is deﬁned by

(rp)(m) = p(rm) for m E M.

Y .

A calculamon shows that this endows HomZ(M G) w1th a structure of an R module.
The deﬁnmon above does. not require the underlying ring to be commutative.. Indeed let A be any

(not necessarily commutative) ring. A commutative group (M, +)i is then said to bea A~ “module, exactly

-+ . when there is a multiplication A'x M —-M such that (M1), (M2), and (M3) of (2. 1) hold whenr,r’ € R :
" are replaced by A, N-€ A." (Some refer ta this as M is'a, left A- module) The opposite ring A°is the - - -
“group (A, +) equipped with thé opposite. multiplication AX A=A, (A, )\’) = XA If N is ari A°-module, =~

then the associativity condition (M1) of (2.1) can be written /\()\' )= (NA)n (In this case some write

the multiplication as (/\ n) — n; thus (M1) becomes n(AX') = (nA)X', and some refer to N as a right
A-module.) ’ '

If M is a A—module and Gisal- module, then Homz (M, G) is a A°~module.

(12.23) Proposition: Swap isomorphism. Let K and L be R—modules and let G be
an Z-module. There 1s then an isomorphism

Hom (K, Homy (L, G)) = Hom p(L, Homz (K, G))

of R-modules, and it is natural in K, in L, and in GG.

(12.24) Proof. This is a restriction of Homz(K, Homz(L, (7)) =2 Homz(L, Homz (K, G))
from the Theorem (12.12) tJ
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:_glﬁQ._‘Z_-!S_)__Pontryagin Module. The Pontryagin module of R is Agp =% HomZ(R, A)
where A= Q/Z is the faithfully injective Z-module introduced in (12.21). By (12.22),
Apg is an R—module. .

The Pontryagin module A, is faithfully injective, because of the next isomorphisms:

Hompg(—, Ag) = Homg(R, Homz(—, A)) = Homz(—, A),

T

where the former results from (12.23) and the latter from (4.4).
;g (12.26) Pontryagin Duality. The Pontryagin duality functor is the contravariant exact
functor (—)¥ =" Homg(—, Ag).
For an R-module M the module MV = Hompg(M, A)g is said to be the Pontryagin dual
R-module of M. If a: M — N is an R—homomorphism, then the induced one oV : NV
MY is the Pontryagin dual R-homomorphism. Note that the faithful injectivity of A R
5 yield the next:
E
%; (12.26.1) ' M#O = MY # O;
| 12.26.2 o is injective <= oV issurjective;
2 (12.26.3) a is surjective - <= " is injective;

(12.26.4) a is bijective <= " is bijective.

xP ©f Exactness Principle. The following are equivalent for R-complex K..

(12 E

K. is exact;
Ho

(K

27)

(
(i mp(K.,I) is exact for all mJectzve R-modules I;
)Y is exact.

(s
(12.28) Proof. “(¢) = ()" and “(4ii) == (1) follow from (11.3), while “(i1) = (111)"
is obvious." ' o .0

(12:29) Evaluation Homomorphlsm “The map e¥: M - MYV is given as s follows: ..
For m € M, the image e}/ (m) € MYV = Homp(MV, Ag), that is, the R-homomorphism |
e¥(m): MV — Apg, is defined by (e} (m))(r) =2 p(m) for p € MV = Hompg(M, Ag).

(12.30) Injectivity The evaluation homorho’rphism eM: M — M VViis 1nject1ve

~..(12.31) Proof. Form € M \O we have Rm # O, and hence Homg(Rm, AR) 7é O S0
-+ choose.an R-homomorphism p: Rm -~ A, r-which is mon-zero, that is, p(m) # 0. By !

- . the’ injectivity. of AR we can extend p to p M. . AR Thus u(m)~--p( m) #0as.
desired. »

(12.32) Embedding into an injective module. Every R-module M can be embedded ':
into an injective R—module I.

(12.33) Proof. Choose a surjective R—homomorphism 7,: P — MY with projective
source. The induced homomorphism MYY — PV is then injective, and its target is an
injective module by (12.14). Finally, M is embedded into MYV by (12.30). O

(12.34) Injective resolutions. An injective resolution I’ of an R-module M is a sc-
—guence-of-R=NOMoMoIphisms:

. 0 ol 4 .1 O9eF1
=0 0%, o, e 9 e 9

EETET
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together with an R-homomorphism M a—__le I° such that -
e ['is an injective R—module for all € Ny;

Mol oo p 2 O e e 8 s exact.
The sequence M — I’ is then called the augmented injective resolution of M. Note that

the index of the R—homomorphism &¢ in the injective resolution equals that of its source.

(12.35) Lemma: Ubiquity of injective resolutions. FEach R-module M has an in-
jective resolution.

-(12.36) Proof. First embed M into an injective R~module °, next embed C! =d°f [°/M

into an injective R-module I', then C? =9 ['/C! into an injective R-module 72, and
so on. - 0

(12.37) Injective dimension. Let M be an R-module. It is said to have finite injective

dimension exactly when it has a bounded injective resolution, that is, there is a bounded
‘exact sequence ’ :

.:v‘: e

'8 4 . o-MZp 2, 11 R L ARy LRG|

‘with 10, I" injective modules.

{ When M # O has finite injective dimension, then the injective dimension of M is the

smallest n € Ny such that there exists an exact sequence (™).
= , - If M # O has not finite injective dimension, then we set idg M = co.
Finally, we set idg O = — .

Thus, for any R—module ]\/[ 7é 0 and any n € Ny we have:

: v There exists an exact sequerice:
C(12371) -0 dgM <n =

-AO~>M'——>[O o= [ =0
s _ Cwith 19,00 I injectivel
» Furt-hérvrr-l-o‘f.e;m _
' (12.37.2)‘- ldRM =0 <= M isinjective and non-zero.

(12 38) Injectlve dlmensmn over a field. If M is a module over a field R, then idg M
is zero if M 7é 0 and —oco ‘otherwise, cf. (12.9).

(12.17. 4) 1mphes that C is injective.

(12.40) Bounds on Homologncal Dimensions. Consider for any ne Ny the next two
assertions concerning the ring R-

(  (pE) pdg M < n for all Rvmvodules M Ff) 6(8/';}4 L ,f
© (i) iddg M < n for all R—modules M.

If Risa field, then (p%) and (i%) hold by (7.29) and (12.38).

If Risa PID, then (i}) holds by (12.39), and (7.30) yields the next:

(pL) pdgp M’ <1 for all finitely generated R-modules M'. :

Later, in Auslander’s Theorem (17.6), we prove that (p}) holds, if and only if (i%)
holds; thm uses further properties of the Ext functor. It then follows that (pR) actually
does hold, when Risa PID. , n % -

&

BT [ A o

(12:39) I‘njé'ct'ivé dimerision over 'a'PID If Ris a PID and M is an R- m-odum then' .
Cidp M < Indeed by (12.32) there.is an exact sequence O — JW T - C — O and
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13. RIGHT DERIVED OF COVARIANT F'UNCTORS

(13 1) Convention. Throughout this section

T: Mod(R) — Mod(R’) is an additive and covariant functor. k

We also consider its induced functor T Com(R) — Com(R'), cf. (8.22).

\
N

-i
i
!

This section describes—without proofs—the theory of right derived functors of covari-
ant functors; this relies on the theory of injective modules.

(13.2) Definition. For n € Z the n'th right deriwed functor R"T \’Iod(R) — Mod(R')
of T is defined as follows:

(M) If M is an R-module, then choose an imjective resolution I of A, and set
/o :
A e L7 < ReT def fyn : —_
TONEHTEY. 1T,
(w) If p: M — N is an R~homomorphism, then choose mjectlve resolutlons I" and

J" of M and N, respectively, choose an R-morphism p": I — J° whxch is a-

continuation of u, that is, ,U,Oa;..l = 8;.1 w, and set .
T(u) = HY(T(u)): HY(T(I")) — HY(T(J"))

(13.3) Theorem: Uniqueness. The following hold.
(M) For any R-module M, the R'-module R" T(]\/[) 1sAuvniquely determined up to
unique isomorphism. '

(¢) For any R—homomorphism p: M — » M, the induced R’ —homomorphlsm R T(p)
is umquely determined up to unique 1somorph1sm ‘ . g

(13 4) Theorem Functorlahty For aH n € Z the denved functor R” T is a functor -

=y

(1) R® T(p) = R T()R* T(w) for alln €7 Whenp M =M’ and s M M are --

R-homomorphisms. .
(2 ) R” T(1y) = Lgn ) for all n € Z When M is an R-module - - g

(1 .5) Vanishing. The following hold
R*T =0 for alln <O0. '

T(M) O for alln > idg M.

T(M) = O for alln->-0 if M s mjectnfe S

1
2 R"
R™ T(O) O for alln € Z.
Rn
RT).

(
(
(¢
(s
1 ( T= Oforalln#OIlesaﬁeld

)
)
) R
)
) o |
YR*T = OforaHn>11fR1sPIDandn>1 S O

3
4
)
(6

(13.6) Proposition: Additivity. The functor R*T is additive for all ne Ny, 0

o Let T: I\Iod(R) — Mod(R’) be an additive covariant functor, cmd let

M =0—-M-" M-S M —0
be an exact sequence of R-modules. For alln € Z there exists then an R'—homomorphism

%o s RET(M") — R™ T (M)
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such that the next sequence is exact: . ..

J R™- 1 n— 1
Covorans RPIT(MY) R T (M) M
R T n oo,
" RrT(M) T R"‘T(M’) T R (M) —T
R_n+1 RrtLT
R (M) LRy T

(13.8) Corollary 1. The functor R™ T .is half-exact for all n > 0.

7(13.9) Corbllary 2. The functor R° T is left-exact.

<

(13.10) Corollary 3. If O - M — [ - C — O is an exact sequence of R-modules
and I is injective, then R"T(M) = R T(C) forn > 1. O

(13.11) Corollary 4. IfT is left-exact, then the functors T and R° T are isomorphic. O
(13.12) Corollary 5. If T is exact, then R*T = O for all n. > 1. a

(13.13) Corollary 6. If T is left-exact and R* T = O, then T is exact. O

(13.14) Exercise: Derived functors of I',. Consider the Gamma functor T, for an
element a € R, cf. (6.51), and the set S(a) = {a™ [n€ Ng }. If 0 ¢ S(a), then S(a) is a
special multiplicative System and we set M, = S(a)"'M; otherwise we set M, =0.

(a) Establish, for any R-module. M an exact sequence O — ['o(M) ~2 M £, M, .
Assume from now on, that R is a domain, and that D is a dnvxslble R—module

Let O—-D— J 50— . O be an exact sequence w1th 4J mjectlve

(c) Estabhsh the next commutative diagram with exact rows and columns. H"ﬁ (7 \)
e O 0 £l \D
: td pe '- %
O r'.(D) ~D—"D, 0 (; H o
. Lg R
O L)y S g 00 fcad e
| v LE g |
O Fa(C) c Ca 0
O O

(d) Prove that R' T, (D) =0.

(e) Prove that R*"T,(D)=0for alln > 1.

(f) Prove that R" ', (M) = 0 for all n > 2 for any R-module M .
(

Actually (f) holds over any ring—the proof is harder, though.)

(13.15) Exercise: Left Derived of Contravariant Functors. Describe this theory.
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14. DIRECT PRODUCTS AND SumMs

(14.1) Family of Sets. The notation ([\/II)Iex is a family of sets, when each M, is a set
and X is an index set (or class). : '

Example A. M, = R for allz € X.

Ezample B. X = {1,...,n}. There are then n modules: M;y,..., M,.

" (14.2) Product Set. The product set [[,cx Mz of a family (M) _, of sets is the set

{(mz) .cx | Y2 € X: m; € M, } consisting of all families (mz) c  of elements such that
m; € M

Ezample A continued. Recall from (3.13) that RX = {¢ | p: X — R is a function }.
When M, = Rforall z € X, then the map RX = [lex Mz, 0 ((p(a; )Ie is bijective,
and we make the identification R* =[], Ma.

Ezample B continued. When X = {1,...,n}, then [[,cx My = M; x --: X M,, the
usual product set. o

(14.3) Direct Product of Modules. The. direct product of a family (M), ., of R-
modules is the product set H:ex- M, equipped with addition and multiplication defined

. as follows:

() + () % ()

) - def .
reX zeX T(mz)xex = (TTnI)IEX"

Indeed, this makes it into an R-module.
Ezample A continued. In this case, the product module is RX the module of functions,

of. (3.13).

Ezample B continued. Here, the product module is the direct sum M, ® --- D M, , cf.
(2.21). | :

- (14.4) Direct Sum of Modules. For m = (mz)zex € HIEX M, we set suppm =4

o {z€ X | my#0Y}. The set H:}:EX 1\/[ =4l {m € [,ex Mz-| Suppm is finite } is a
- submodule of the R-module [], ex M _and it is called the dzrect sum (or coproduct) of
the family (M, )aex

Ezample A contmued The direct sum is: the module of functlons R(X) cf. (3.13).
Ezample B continued. It is-again the finite direct sum M1 ® - €B Mn, cf.- (2 21) and

: (14 3) w1th elements (my;: - mn) my € M, for all T

' ((a5) Famlhes Of HOmOmorphlsms Let (‘P: M = N ) be a famllv of R~ho- A.
‘~‘m0morphlsms e

( ) There is then the mduced R- homomorphlsm erx Pz Al—[xex M - ]—[IE)\ ;. given
b) (Tnz) FEX (‘px(mm))zex ‘ . .

(2) As well as its restriction ||,y w21 [liex Me — [ex Nz -

(3) (HJZEX (701) = HIGX Im Y and Im(uzex (pl") IR HzeX Im Pz -

(4) Ker (TT,ex 9:) = [, ex Kerg, and Ker ( H ex #x) = Hpex Kerg, .

(5) For any family of R— homomorphbms (Yz: Ny — P;) Lo x the following are equivalent.

(1) The sequence M, N, Y, P, is exact forall z.€ X .-
. “\ nx - X Px I_IIE Yx
(11) The sequence [[,oy Mo =5 [Lex Mo =5 P, is exact.

zeX
oy e x 9z ; Heex¥s , .
(1) The sequence [, M, == Jl.ex No = [l.ex s exact.
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: »(14 6) Dlrect Product and Sum of Functors. Any family

(F.: Mod(R) - Mod(R")), _,
of functors F, of the same variance induces functors

1L 7= ] Fe: Mod(R) — Mod(R)

zeX zeX

by setting (ﬂ;ex F) (M) = o [Tex Fo(M) and ([L,ex Fz)(0) = Lof [Lex Fz(p) for any

R-module M and any R—homomorphlsm @. The sum [[,., F; is defined sxmllarly If _

X ={1,...,n} then F1 ® ---@F, denotes [[, .y Fz = [I,cx F:-

Exactness The following are equivalent.
(1) F, is exact, respectively, left-exact, right-exact, halfeexact, for all x € X;
(%) [l ex F= has the same property;

(111) [1,cx F: has the same property.

(14.7) Morphisms of Functors. Let F' and G be two.functors Mod(R) — Mod(R') of
the same variance. A family (Oy: F(M) - G(M )),, indexed by the R-modules M is
then said to be a morphisms'® ©: F — G, exactly when the next diagram

F (M) -G(M)
F(w)l lG(so)
F(N) G’(N) .

is commutative for each R-homomorphism ¢: M — N. The diagram is here shown in
the covariant case; in the contravariant one, the vertical arrows should be reversed.
If ©: F — G is a morphism, then it is an 1som0rphlsm of functors cf (12 11) if and

A .o_nly if © M 1S an isomorphism for all R-modules M.-

If ®p is an isomorphism for all M in a certain subcatecfory of \/[od(R) then we say
the O is an isomorphism on that subcategory.

(14.8) Exercise: Hom(R —) is the Identity. Prove that-the functor HomR(R )
1bomorph1c to the identity functor. :

(14.9) Exercise: Isomorphic Hom functors. Prove that the functors HomR( M) -

_ - . -and HomR(— N) are 1somorphlc xf and only if M = N Prove the same for the functors_ . :
_'HomR( M, —) and HomR(N —). ' ' ‘ o

B (14.10) Isomorphism Theorem Hom & Product. Let (]\[ ) be a family of__R— -

modules. There is then the next 1somorph1sm of functors:

®: | [ Homg(—, M) = Homp(—, | | M)

zeX zeX

(14.11) Proof For any L, the map ®*: [[Homg(L, M,) — Hompg(L,[[ M,) is given by,
that for ¢ = (i,)_in the source, the image ®"(p) in Homg(L, [] M,), that is, the R-ho-
momorphism ®X(p): L — [ M,, is defined by (®"())(€) = (w.(¢),) (€ [T M,). Itis
straightforward tohverify that ¥ is a morphisms of functors. It is an isomorphism with
the inverse given by (&%) '(X) =" (7, \,) _for the projections 7,: [[M, — M. U

B Or we say that O, is functoral in M.
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(14.12) Corollary: Product of Injectives. For any family (M ) of R-modules the
next holds .

H M, is injec‘tive & M, isinjective forall x€ X. =~ . 0O
, TeX ’
(14.13) Isomorphism Theorem: Hom & Sum. If (M) _, is a family of R-modules,

then the restriction of the isomorphism ® from Theorem (14.10) to direct sums

P H Homg(—, M) — Hompg(—, H M)

zeX zeX

is an isomorphism on the subcategory Mod' (R) of finitely generated R—modules, that is,

for any finitely generated R—module L' there is the next isomorphism:

. B|F: HHomRL M)——»HomR(L 1M

zeX zeX

(14.14) Proof. We venfy first, that the restriction maps into Homg (L', [[,cx Mz): For
© = (02)ex. € Haex Homg(L', M,) and ¢ € L' we have (®Y())(€) = (22(€)) . »
so the support of (991(6’)) reX is contained in supp which is finite by assumption.
The restriction is injective since L itself is. To prove that it ‘is surjective, let
A € Hompg(L',1] M.) be given. From the previous theorem we know that there ex-
ists € [[Hompg (L', M) such that @L’(f) = X. Thus, it suffices to prove that supp ¢ is
finite. Assume that L' =spang{f,...,¢n}, andset Y = =4l supp A\(£1) U - - -supp A(4,).

This set is finite because it is a finite union of finite sets. If the element z belongs to
supp ¢, then ¢, 760, that is, wz(€:) 74 0 for some i; thus z € Y. O

(14.15) Noetherian ngs The ring R is said to be Noetherian ', exactly when every
ideal in R is finitely generated.. It.is easy-to see, that R is Noetherlan if and only if it has

the Ascending Chain Condition onideals: - Everyascending chainag € ay--C a, € -~
- of ideals is ultlmately stable,.that.is, there is an Ne Ny such that ay = an; -

Fields and PIDs are Noethenan If R is Noetherian, then the residue ring R /a, the
ring SR of fractions, and the polynomial ring R[X] are all Noetherian. (Proofs will be

- provided later.) -

- (14.16) Corollary ‘Direct ‘sum of - Injectlves IfR is Noethenan t;hen the next holds.

f0r any famIIy (M ) of R—modu]es

IGX

(14.17) Proof. The implication “ =" follows from (12.6) as [[,cx M. = My®[], ., M.
To prove the other implication, assume that each M, injective, any use Baer’s Criterion

(12.7) to prove that M =[] ., M, is injective. Let a be an ideal and consider the next
commutative diagram: :

HomR_(R, ]\/T) - ‘ HOH]R(G, ]\[) O
=~ | pR zi@ﬂ
I1,cx Homg(R, M) - > 1, Homp(a, AL;) ~ )

MoAfrer Bmmy Noether (German), 1882-1935, the founder of modern algebra.
Y ) g
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The isomorphisms are by Theorem (14.13) as the modules R and a are finitely generated.
The lower row is exact by assumption, and hence the top row is exact, as desired. ()

(14.18) Exercise: Direct sum of Injectives. Prove that the ring R is Noetherian,
if the direct sum I_[IE « My is injective, whenever each M, is injective. [Assume that
a, C --- Ca, C --- is an infinite strictly increasing chain of ideals in R. Embed each
R/a, into an injective module M, . Prove that [] .y My, is not injective.

(14.19) Isomorphism Theorem: Hom & Sum-Product. If (M’-‘)zex
R-modules, then there is the next isomorphisni of functors:

U HomR(H M, —) =, HHomR(Mz,-). -

rzeX © zeX

is a family of

(14.20) Proof. For ¢ € Homg([[ M;, L) we set ¥X(p) = —def (L) ,)'{, which belongs to
[1,cx Homg(M,, L), and where ¢, is the inclusion M, < ]| M, . Define '

L ][ Homp(M,, L) — HomR(H M, L)
) zeX ' zeX
by (QL(('“’I)zex)) ((nLI)IEX) =del N x Bz(mz) € L; the sum is finite because (mi)z_ex
belongs to [[ M, . It is straightforward to verify that the maps QFWE and VIO are the
identities. o O
(14.21) Corollary: Direct sum of Projectives. IfR is Noethenan and (M ) is a

T€EX
famzly of R-modules, then the next holds: :

H M, is projective = <= M, s project;i_ve fdr all r € X. O
z€X

' '(14 22) ‘Exércise: - Module ‘of Maps. Let M be an R~m0dule let X be a set and
" "define' MX to be the Setofmast—>M_ E C

(a) Provide M* with the structure of an R- module '
(b) Identify MX with [[,cx M, when M, = M forallz € X.
(c) Establish an 1som0rphlsm MX — Hompg(RX) M ) of R~m0dules
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15. COMPLEXES OF HOMOMORPHISMS

This section contains auxiliary results to be used in Section 16.

(15.1) Complex of Homomorphlsms For R—complexes X. and Y. we define an R—
complex Homg(X.,Y.). as follows. :

(M) The n’th module is:

Homg(X.,Y.)n & H Hompg (X, Yeyn) -
tez

Thus, each element a. in this module is a family (ae: Xz — Yen) oy of R-ho-
- momorphisms, and a. is said to be a homomorphism of complexes: X — Y.of
degree n. (Examples: Any morphism ¢. : X. — Y. is a homomorphism of degree
zero. The family (8;) sez, Of differentials in an R-complex X. is a homomor-
phism: X. — X. of degree —1. Any family o. = (O’g: X — Yg+1)eez defining a

homotopy between two morphisms: X. — Y. belongs to Hompg(X.,Y.);.)
(¢) The n'th differential

aHOmR(X Ye). HomR(X Y. )n. — HOan(X~ ) Y');l—-l

in degree n is defined as follows:
BHomA V) (0,) X (@Y cp — (— 1)1 087
for a. = (a )eez € Homg(X.,Y.)
For any (. € Homg(X.;Y.), the last deﬁnition yields:

(15.1.1) B. € Zg(Homg(X.,Y.).) <= (. isamorphism: X. —Y..
(15.1.2) f. € Bo(Homp(X.,Y.).) = f. ~0. .

4y

- - The last is that B. is homotopic to the zero-morphism 0.: X. — Y.. Thus; the set - .
~of equwalence classes. of -morphisms - X. —- Y. -with- respect to-homotopy- is precisely -

Ho(Homp(X.,Y.).) . :

As usual, cf. (8.8), we identify any complex concentrated i degree 0 with the module in
degree 0, and vice versa. If M and N are R-modules, then the complex Homg(M, N).
equals the module Homg(M, N), and if, furthermore, X. is an R—complex, then the
‘complex Hompg(M, X.)., respectively, Homg(X., M)., is equal to the result of applying
-the covariant functor Homg(M, —), respectively, the contravariant functor Homg(—, M),

ot the complex X, cf. (8 92) 1espect1vely, (11 2. 1) (and here the sxgn matters) ,

' o (15 2) Induced Morphlsms Let . Y -, Y’ be a m01phlsm of R—complexes and let

X. and Z. be R-complexes. There are the next induced morphisms:
HomR(X. ,.). s Hompg(X.,Y.). = Homg(X.,Y)., aw— Y«
Homg(¢., Z.).: Homg(Y!, Z.). — Homg(Y., Z.)., o'+ a'1.

(15.3) Shifted Complex. Let X. be an R—complex. The R complex £X. is defined as
follows:
(SX)n & X, 9% 4 g
and it is said to be the complex X shifted one degree to the left™.
Note that H,(E£X.) = H,(X.).

1 The complex £X. is also called the suspension of X, and it was introduced in (8.25.3) using a
different notation.
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(15.4) Cone of Morphism. Let a.: X. — Y. be a morphism of R-complexes. The
mapping cone Cone(a. ). of a. is the R—complex defined as follows:

Cone(a. ), def Y, ®Xn1 (=Y. 02X.),),

! aT(Eone(ozo )+ (y'nv‘a:n 1 def (8Y (yn. + Qo 1(1:11 1 n—.l(‘rn"l)) .

There is the next exact sequence of R—complexes:
0. - Y. 25 Cone(a.). == ¥X. — O.,

where i and 7. degreewise are the inclusion and the projection, respectively. In the
corresponding long-exact sequence, the connecting homomorphism H,,;(2X.) — H,(Y.)

turns out to be H,(a. ). Thus, setting C. =%f Cone(a.). , there is the next exact sequence:
(15.4.1)

Hn+l(a ) 'k(a )

Hot () 2 (V- ) e Ho (C) — Ha(X) 22 H (v, —— HA(C)

(15.5) Cone and Homomorphisms. Let -w’: Y. — Y‘. be an R—morphism, and let X.

and Z. be R-complexes. It is then not hard to establish the next identification and the
~ next isomorphism:

Cone(Homg(X., 9.).). = Homp(X., Cone(s.). ). :
Cone(Homg (3., Z.).). = SHompg(Cone(1. )., Z.). .

(15.6)  Quasi-isomorphisms. Let a: X. — Y. be an R-morphism; it -is said to be
a quasi-isomorphism, exactly when it induces isomorphisms in homology, that is, the
homomorphism Hyp(a.): Hp(X.) — Hy(Y.)is an isomorphism for alln € Z.

If a: M — N is an R-homomorphism, then it is also an R-morphism, cf. (8.8), and it
.. is.a quasi-isomorphism of complexes; if and only if it is an. isomorphism of modules ,
- IL P. is a projective resolution of an R- module M, then .the mduced R-morphism
. Po = M is a quasi-isomorphism. - :
If 1. is an m3ect1ve resolution of an R—module N then ‘the induced R- —morphism

_1/ N —1I. isa quasx 1somorphlsm
- (15.7) Cone and Qua81 1somorphlsms By (15 4.1) we have the next:
(15 7. 1) Laisa qua,SL 1som0rphxsm , e Cone(a ) is exact.
i (15 8) Exact Complex of Homomorphlsms Consxder vaomplexes P I and K.
The following then hold. B SO - :
(P) If P. is bounded to the right and each P is projective, then the next holds:
K. isexact == Homg(P.,K.). is exact
(I) If 1. is bounded to the left and each I, is injective,'_then the next holds:
K. isexact == Hompg(K., ). is exact.

For (P), assume that P, = 0 for n < 0, and prove that Ho(Hompg(P-., K.).) vanishes,
that is, that any morphism P. — K. is homotopic to the zero morphism. This is
achieved as in the proof of the theorem (9.15.!) (which actually does not need to require
the modules P to be projective). :

Here written homologically.
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(15.9) Induced Quasi-isomorphisms. Let ¢.: Y. — Y’ be an R—morphism, and let

P. and I. be R-complexes. The following then results from (15.7), (15.8), (15.5), and
(15.7) once more:

:(P) If P. is bounded to the right and each P, is projective, then the next holds:

3. is’a quasi-isomorphism == Homg(P.,1.). is a quasi-isomorphism.
(I) If 1. is bounded to the left and each I, is injective, then the next holds:
P. is a quasi-isomorphism == Homg(?., I.). is a quasi-isomorphism.
(15.10) Resolutions and Induced Quasi-isomorphisms. Let P. be a projective re-
solution of an R—module M, and let I.'7 be an injective resolution of an R-module N.

Consider the induced quasi-isomorphisms 7.: P. — M and v.: N — L., cf. (15.6), as
well as the next two quasi-isomorphisms, that they induce, cf. (15.9):

‘ HomR(P_ ’ N)_ HOmR(P- We)e HomR(P' , [. ). HomR(w. e )e HomR(l\f’ [. ). '

For each n € Z, these two quasi-isomorphisms induce the next two isomorphisms in
homological degree —n:

(15.10.1)

H_,(Hom e Ve )e H_.(Homg(m.,[.). ) .
Exti(M, N) U0k (Homp( P, 1).) =m0 g (Homp(M, 1.).).

Recall from (11.17) that Exty(M, N) is R" Homg(—, N)(M), that is, the n’th right de-
rived of the contravariant functor Homgz(—, N) applied to the module M, and hence
EXt?{(A/L N) == H_n(HomR.(P. , N). )

By the way, the right hand module above is R" Homg(M, —)(V), that is, the n’th right

derived of the covariant functor Homg(AZ, —) applied to the module N, cf. (13.2).

17 Again written homologically.

e
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16. EXT

For any R-module N and any n € Z the contravariant functor Ext &(—, N) was intro-
duced in (11.17) as the n’th right derived of the contravariant, functor Hompg(—, N). In
this section, this functor is extended to a bi-functor Ext%(—, —) in two varlables (and it
is explained what this means). Furthermore, it is proved that Ext B(M, =) for fixed M is
isomorphic to the n-th right derived of the covariant functor Homg (M, —).

(16.1) Hom is a bi-functor. Thatis, if u: M - M" and v: N — N’ are R-homomor-
phisms, then the next diagrams are commutative:

Hompg(M V)

(16.1.1) Hompg(M, N) Hompg(M, N') ap— s vap
Hompg(u,N) g Hompg(u,N")
Homp(M', N) ————— Hompg(M', N') GV

Homp(M',v)
We set Hompg (g1, v) =3 HomR(M v) Homp(pu, N): HomR(M’ N) — Homg(M, N').
(16. 2) Ext}(M,—) is a functor. For a fixed R-module M we make Ext}(M, —) into

a functor as follows: First, choose a projective resolution P. of M. Next, consider any
R—homomorph1sm v: N — N’ and the induced R—-morphism

HomR(_P. ,v): Homg(P., N) - Hompg(P.,N') .
The desired R~h0m0rrnorphism’is obtained by taking cohomology:
Ext} (M, v) € H™(Homg(P.,v)): Exth(M, N) — Ext}(M, N').
- This .m'akes Ext%(M,-) into" a- functor: the composite of Hompg(P. ,—): Mod(R) —

Com(R) and the cohomology functor H(=): Com(R) = Mod(R). =

(16. 3) Ext is a bi-functor. That is, if u: M — M’ and v: N — N’ are R- homomor—
phisms, then _the next diagram is commutative:

Ext (M)

“Ext(M, N) Ext’y (M, N')

BRI BxeRuN)

Ext (M, N) s BUR(MY, N

Ihdeed, choose_projectiye resolutions ‘P. and P! of M and M’, respectively, and con-
sider the next commutative diagram: '

Homp(P. v)

Hompg(P., N) > Hompg(P., N')
Homp(P. ,N) Hompg(P.,N")
Hompz (P, N) Homp(PL, N}

Hompg(P- v)

The desired assertion follows by takine n’th cohomology.
" O O
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(16.4) Ext as derived of covariant Hom. By Definition (11.17), Ext}(—,N) is the
derived functor R™ Homg(—, N) for n € Z and an R-module N. Temporarily, we set
Ext (M, ~) =%t R™Homg(M, ~), cf. (13.2), forn € Z and M € Mod(R). Dually
again, Ext’(—, ~) is a bi-functor, cf. (16.3). It follows from (15.10.1) that this bi-functor
EXt?(—, ~)is isomorphic to Ext}(—,~). Now, the notation Exty(—,~) is superfluous.

(16.5) Theorem: Ext. For every n € Z there exists a bi-functor

—
Ext’(—, —): Mod(R)® x Mod(R) — Mod(R);
contravariant in the first variable'® and covariant in the second.

( (P1) For any R—module N, the functor Extz(—, N) is the n’th right derived functor
\ R" Homg(—, N) of the contravariant functor Hompg(—, N).

i (I1) For any R—module L, the functor Exty(L,—) is the n’th rzght denved functor .-

R™ Hompg (L, —) of the covariant functor Homg(L, —).

(P2) Ext}(M, N) depends on the choice of projective resolutlon of M, but is unique

up to unique isomorphism.
(12) Extp(L, M) depends on the choice of injective resolution of M, but’is unique up
- to umque isomorphism. :
(P3) Exty(—, N) = Homg(—, N).
(I3) Ext%(L,—) = Homg(L, —). '
(P4) N is mjectne if and only if Ext? "(—,N)=0 foralln>0.
(14) L is projective, if and only if Ext} (L ) O for all n> 0
(H) Consider the next short-exact ladder®

. o

SR
-:\

18 As indicated by the superscript ©P.
19 That is, a commutative diagram with exactly two columns (or rows) satisfying the mentioned
exactness property.
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(P5) The short-exact ladder (H) induces the next ,lono_fexaét ladder:

Exty '(a’,N) ;

Ext% '(M', N)

Ext '(M’, N)
vExtE“L(ﬁ,N) Ext} ™ (u,N)
Exty '(a,N)

Ext% (M, N) Ext (M, N)

it !
B Exth(a” ,N) .
Exti(M", N) . Extyk(M", N)
Exth (4 ,N) | Extk(u/,N)
L Ext%(a’,N) n
Ext(M', N) — Exti(M', N)
Ext?(i.N) T Bxth(u,N)
— Exth (o, N) n
Ext%(M, N) Extgp(M, N)
an ' op

(I5) The short-exact ladder (H) induces the next long-exact ladder:

ot &t
LY Ext(L,a) — -
Ext®(L, M) — ExtR(L,M)
Rl | B E) e

. ExtR(L,)

Ext?(L, M) —— " Extl(L, M")

ExtR(L,u') _ Ext%(L,u")
Ext} (L) - :

Extg(L, M") ———— Exty(L, M")

| A 5
N (o AL > R
Ext (L) ’ Ext i+ (L,7)

Ext'éH(L,oz')

Exti (L, M) Ext} (L, M")

(16.6) Proof. (P1) is by the definition (11.17), and (11) is by (16.4). (P2) and (12) are
by (11.5) and (13.3), respectively. (P3) and (I3) are by (11.14) and (13.11), respectively.
(P4) and (14) follow from (11.16), (11.15), (13.13), and (13.12). The vertical exactness

in (P5) is by (11.18); commutativity of diagrams involving connecting homomorphisms
& is by (8.20), while that of the other ones is by (16.31. The proof of (15) is dual. U
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17. HOMOLOGICAL DIMENSIONS

Projective dimension of & module was introduced in (7.28), and the main results are
PDT (11.19) and PDC (11.23). Injective dimension was defined in (12.37). This section
brings the main results on injective dimension and relations to projective dimension.

(17.1) Injectivity Lemma. The followmg are equivalent for any R—module M.
T () Misinjective;

(i) Extp(H, M) = O for all n > 0 and all R-modules H;

(222) Ext}{(R/g,M) = O for all ideals a.

(17.2) Proof. “(i) = (i)” by (P4) in Theorem: Ext (16.5).
“(12) = (142)” is obvious.
“(#i4) => (1)”: The exact sequence O — a - R — R/a — O induces the next one:
Homg(R, M) — Homg(a, M) 2> Extk(R/a, M),

and the desired assertion follows from-Baer’.s Criterioh~"(12.7). : u

(17.3) IDT < Injectlve Dimension Theorem T he following are equivalent for any

(1) idg M < mn; ‘
(1) Extg(H, M) = O for allm > n and all R-modules H;
(#1) Extit'(H, M) = O for and all-R-modules H; '
(#@’) Extk™ (H', M) = O for and all finitely generated R-modules H';

| () Ext"H(R/ a, M) = O for and all ideals a;

(w) If I s a mjectlve resolution of M then the cokernel C™ Y(I"). is injective.

correspondmg ones in the proof of PDT . (11 19).

“(2i1) = (448°)” and “(444’) = (i2”) " are obvious.

“ (") = (iv)”: By an argument dual to the one for (11. 13) we get the isomorphism
Extr(R/a,C* (1)) = Ext}t'(R/a, M). Thus; by assumption, the Injectivity Lemma
(17 1) ylelds that C"~ 1(I ) is mjectlve A : _ O

| (17 5) IDC Injectlve Dlmensmn Corollary If M' Is an R~module then .

Tidp M= sup{ne No|! Ext"(H M) # O’ for some H} o
= sup{ne NO | Ext"(H' M) # 0 for some ﬁmtely generated H' }
= sup{n€ Ny | Exty(R/a, M) # O for some ideal a} .
This number is inN{,, cf. (11_23)_ : - 0

(17.6) Auslander’s Theorem. The following are equivalent for the ring R and n€ Ny.

(P ) de M < n for “all R-modules M;
(i%) idg N < n for all R—modules N;
(p”) pdy M < n for all finitely generated R-modules M';
(ph)” pdg R/a < n for all ideals q;
(E%) BExtpt' (M, N) = O for all R-modules M and N;
(E7%)" Ext}y (M, N).= O for all finitely generated R-modules M' & all R-modules N;
(B7)7 Extpt (R/a, N) = O for all ideals a and all R-modules N

e

USSP
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(17.7) Proof.

obvious

(PR) (PR)
PDT [ (1) :}% Yus
obvious n\/ 7
> (ER) ()
obvious
IDT {(i) = (iii)l PDT [ (i) = (m)]
(i%) - IDT [(i#") — ()] 0

(17.8) Global Dimension.. It is defined as follows:

gldim R d:efsup{ pd, M | M is an R-module } (€ NgU {0 }). Fosa | rro =\
The next is a reformulation of Auslander’s Theorem (17.6). ﬁm

; (17.9) Auslander’s Theorem for Global Dimension.

gldim R =sup{idg N | N is an R-module }

B =sup{pdy M’ | M' is a finitely generated R-module }

- =sup{pdg R/a|a is an ideal } o |
=sup{n|Extkz(M,-) #O foran R-moduleM} _
=sup{n | Extkz(M',—) # O fora finitely generated R-module M' }
—sup{nlExtR(R/a —) # O for an xdeala} . . » 0

(17 10) Global Dlmensmn over a field. gldlm R'=0if Ris’d field. This follows from N
_the theorem since every ﬁmtely gcnerated R- module that is, ‘vector space over R is

free, that is, has a basis. Thus, every module is projective. A(_:tually, every module is -
free, cf. (7.29).» '

(17.11) Global Dimension over a PID. gldim R = 1 if R is a PID which is not a :
field. Indeed, if r € R\ O is not a unit, then pdg R/(r) > 0, see for example (7.19), - .
so gldim R > 0. On the other hand, pdy M’ < 1 whenever M' is ﬁmtely generated cf.

(7 30) Alternatxvely 1dRN <1 by (12 39) ' :

(17 12) Dedekmd Domaxns One can prove that 1f R is a domam then gldxm R = 1 N
if and only if every ideal a # O in R is a (finite) product. of prime ideals; these rings are
_ called Dedekind domains and are important in algebraic number theory, confer [Sc,2.1].

~

I/ Appr = 05 n 2 16hat s ,,J,,\‘/,a ” ),‘ <“7 D 0.0

\stem in R, then gldim S™'R < gldim R, cf. (7.32).

(17.14) Global Dimension over 7/(4). gldim Z/(4) = co. Setting R =% Z/(4) and
L M =% 7,/(2), the latter is a module over the former with multiplication well-defined

by [a)wlT]e) =* [az]@). The sequence O — M —=> R L, M — O is exact, when
the -homomorphisms are well-defined by a([z]m) =% [22]4 and B([a]w) ="' [alq)-
Since the sequence cannot split, A/ is not projective, that is, pdy M > 0, and the next
lemima and the above exact sequence nnply that pd, M = pdgy M+ 1; thus, pdg M = 00




it i.'ﬁ.f\
r ’~-.-I\./g

~ By hypothesis, £ =d°f
| EXt?{H(A{’ N) whenever n > £, and it follows that pdg M = pdg K+1, if pdg M > £+1

Bl HANS-BJORN FOXBY DECEMBER 20, 2004 -

i

(17.15) Lemma: Projective Dimension & Short-exact Sequences. If the sequence

O— K —L— M — Oisexact, andpdp L < pdg M (< 00), thenpdp M = pdy K + 1.

(17.16) Proof. For any ne Ny and any R—module N, we have the next. exact sequence:
(12) Exty(L, N) = Ext}(K, N) =, ExttY(M, N) — ExtX (L, N),
pdp L is finite. Thus, there is an isomorphism Exth(K, N) =

(and this includes pdz M = 00). Next assume pdy M =
sequence

(t) Ext&(L, N) — Ext&(K, N) == Ext& (M, N) - O.
which yields pdp K = £ as desired in this case.

¢ + 1, and consider the exact

O

(17 17) Exercise: Injective Dimension & Short-exact Sequences. If the sequence

— K - L—- M — O isexact, andidg L < idg K (< 00 ), prove that thenidg K =

. ldR]\[+1

(17.18) LHF Od-(if Lemma on Hélf—exact Functors 0. If T: Mod(R) — Mod(R') is

a half-exact (co- or contravanant) functor such that T(R/a)> O for all ideals a in R,
then T(M') = O for all finitely generated R—modules M .

vast asiaZ Py .'—“4
— r;

(17.19) Proof. Assume that .M.’ = Rm| + - -+ Rm], and use induction on n.
n=1: M'= Rm)] is cyclic, so it is isomorphic to R/a for some ideal a, cf. (2.32), and
T(M") = O by assumption. '
n>1: Set M" =9 Rm! and N’

X =def M’'/M", and note that N’ is generated by
the n — 1 elements [m) |am,.. ., [m],_

Lwe, so T(N') = O by the inductive hypothesis.

- Furthermore, T(M") = O by the already established case. As the functor 7 is half-exact,

AR

" 50 is the mlddle one, as desired.- _ >

it sends the short-exact sequence. Q. — .M :— M’ .—.N' —.O.into the. exact sequence - - b

T(M") — T(M') = T(N'). As the gwo outer. modules in the latter sequence are trivial;-.

//

7 H

, an ! e . ,(/)/\_) )fr’_(,,;_,, H

aepm(tl) T ey Ry My S e ’-Lff’”-) 70 g/

X
& e

é_v/f)‘_, )
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18. NOETHERIAN RINGS AND MODULES

5 (18.1) Noetherian Modules. An R-module M is said to be Noetherian, exactly when
% every submodule is finitely generated. The R—module R is Noetherian, if and only if the
- ring R is Noetherian in as defined in (14.15).

(18.2) Exercise: ACC. Prove that an R-module M is Noetherian, 1f and only if it
satisfies the next Ascending Chain Condition:
(ACC) Every ascending chain M; C --- C M, C M,,; C --- of submodules of M is

eventually stationary, that is, there exists an N& N such that My = M, for all i€ N:
My C---CMy=Mpy =

(18.3) Noetherian Rings. These include fields, PIDs, homomorphic images of Noe-
therian rings, cf. (18.4), and rings of fractions of Noetherian rings with respect to special
multiplicative systems, cf. (18.5).

(18.4) Exercise: Homomorphic images. Let a be a proper ideal in a Noetherian ring .
: R. Prove that the ring of residue classes R/a is Noetherian. - Justify the title of this
L exercise.

e (18.5) Exercise: Ring of fractions. Let S be a special multiplicative system in a
Noetherian ring R. Prove that the ring S™'R of fractions is Noetherian.

(18.6) Polynomial Ring. If R is a Noetherian ring, then the pol‘yr’iomial ring R[X] in
one variable X is Noetherian, cf. [Fo, ROM 4.2(5)]. '

(18.7) Non—-Noetherian Ring. Let the set X be infinite, and consider the ring RX. By

L RN LR

quence of R-modules O K BNy SN Y O the following holds: -
L is Noetherian <+ K and M ére Noetherian'

(18.9) Partial proof.. Assume.that L is. ] \Ioethertan and we w1ll prove that M is Noe- -
therian. Let' N be a submodule of M. By assumptions, the inverse image [~ 1(N ) .is

’ surjectwe ] _ e 0o

(18.10) Exercise. Carry out the [emaihing parts of the proof of (18.8).

(18.11) Corollary. For any R—modules My, . .., M, the next holds:

M, & ---@ M, is Noetherian <— M, is Noetherian for all 1.
(18.12) Proof. Apply the proposition to the exact sequence:

O M@ - ®M, M D OM, > M, - O . -

(18.13) Finitely Generated over Noetherian Ring. If M is a finitely generated
module over a Noctherian ring R, the M is a Noetherian module.

(3 14{) RX)isan ideal that is not ﬁmtely generated. Thus the ring RX is not. \Ioethenan o

- (18. 8) Proposition: Noetherlanness &: Short-exact Sequences For any exact se-

- finitely generated Hence s0 18 ﬁ(ﬁ ( )) —f' (where the mclusmn “D” holds as B is. ..
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(18.14) Proof. Choose a surjective R—homomorphism R" — M. Since R™ is Noetherian
by the corollary (18.11), so is M by the proposition (18.8). a

(18.15) FtP < Finiteness Prmaple Let F: Mod(R) — Mod(R’) be an additive

~Functor, and assume that

(*) ' F (R) isa fimtely generated R —module.

Assume furthermoze elther

(a) F is right-exact and covariant; or
(b) F is left-exact and contravariant, and the ring R’ is Noetherian.

" The following then holds:

(t) M is a finitely generated over R .=> F(M') is a finitely generated over R.

(18.16) Proof. (3.29) yields an exact eeqtlence R* - M' — O. As F(R") = F(R)", it
induces the next exact sequence, respectively: ;

(a’) F(R)n — F([\’[’) — O
(b) : 0 — F(M') - F(R)™.

In case (a), the desired assertion (1) follows from the assumption (*) and the exact
sequence (a’). In case (b), we use that F/(R)" is Noetherian by (18.13). 0

(18.17) Corollary. If R is Noetherian, and M and N are finitely generated R-modules,
“thén tmomR(M N) is finitely generated.

(18.18) Proof. The functor Homg(—, N ) is left-exact and contravariant. The R-module

- .HomR(R N) is finitely generated since it 1s 1som0rphlc to N by (4 4) Thus the desired
.- assertion-follows from FtP-.--.--- - - . : Q.

(18 19L&9Mn If M is a finitely generated module over a Noetherian ring R, then
M has a projective resolution P. consisting of finitely generated free modules.

(18.20) Proof. As in (7.27); choose finitely generated free modules Po,Pi,..., Py, ...

recurswely The first one, Fp, can be chosen finitely generated free as M is finitely gene-

~ rated, cf. (3.29). Whien finitely. generated free modules PO, Pl ,Pn 1 have been chosen,
‘_'.therelsthenextexactsequence L : S S

0 mﬂemlaﬁ%aH%HMaa

Since P,_; is finitely generated, and R is Noetherian, the module P,_; is Noetherian

- by (18.13), and hence the submodule K, _, is finitely generated, so it is a homomorphic

image of a finitely generated free P, . ' a

(18.21) Corollary. If R is Noetherian, and M and N are finitely generated R-modules,

““then the modules Exty(M, N) are ﬁnitely generated for all n.

(18.22) Proof. Choose, by the proposition, a projective resolution P. of M with each
P, ﬁmtel\ gencrated. The module Hompg(F,, N) is then Noetherian by (18.17), and
hence its submodule Z"(Hompg(P., NV)) is finitely generated. Thus, so is Ext’,ﬂl(l\v{) N} =
H™(Homg(P., N)) as it is a homomorphic image of 2" (Homg(P., NV)).

P
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(18.23) IsoP ¢ Isomorphlsm Principle. Let ©: ' — G be a morphism of additive
functors F, G \’[od(R) — Mod(R'). Assume that R is Noetherian, and that

(%) - ' Of: F(R) — G(R) is an isomorphism.
i“p Assume furthermore, either , | /L/ (R) =R 3
(a) F and G are right-exact and covariant; or . > i
(b) F and G are left-exact and contravariant. ‘ o, SPNE SN
)= G) v
The following then holds: Hw) =GV

() ©M: F(M') — G(M') is an isomorphism for all finitely generated R-modules M'.

(18.24) Proof. The proof is divided into two parts.

Part 1: OF" is an isomorphism for all n€ N. Proof by induction on n.

n = 1 by assumption.

n > 1. The split-exact sequence O.— R"7! — R” —+» R — O induces, as O is a
morphism of functors, the next commutatwe dladram

0~ F(R™) > F(R") ——F(R) —— O

F»j“, .eRn_-l ~ . eRn GR o
ma . 0——G(R")——=G(R) —=G(R) — 0

The rows. are exact, cf. (6.42); O is an isomorphism by assumption, and OF" " is an
R ‘isomorphism by the inductive hy pothe81s Thus, by the Five Lemma, cf. (6.33), ©% is
e one too, as desired. e

L¥
S

Part 2: (1) holds. Choose, by (18. 19) an exact sequence Iy — Fy — M — O
with Fy and Fy finitely generated free. Th1s sequence mduces in each of the two cases a
' 'commutatlve dlagram with" exact rows: ’ : ’

W _F(Fl)——»F(Fo)—w(M)';;b*”””""“""‘

el\/fl

G(F) — G —=G(M) ——0

- eFf | = ofo | =

O 'O———>F(M)_————>F(Fo) ff_p(Fl) o

M| Vi'e[-fo o "'651' P

0 —> G(M) —— G(Fy) — G(F)

The xeomorphxsms result from the first part of the proof. The Five Lemma shows that
OM is an isomorphism in either case. o : 0

(18.25) Theorem: Hom & Fractions. Let R be NOetherzan let N be an R—module,
and let S be.a special mu]tzphcatzve system. There is then a morph1sm of functors:

Ay ST Homp(—, N) — Homg1z(S7(=),SIN) .

Whenever M’ 19 a Fmtel creneldted Rfmodule it induces an isomorphism:
Y &S I

S

Mgt
S Homg p(S™IM! STIN)

S 'Hompg(M' N)
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18. roof. For any -module M an 57" R-homomorphism
26) Proof. F R-module M an S~'R-h hi

3

AS v ST'Homg(M, N) — Homg-1x(S~'M, S~'N) o

is defined by that the S~!R-homomorphism A3;n(p/s): ST'M — S7IN for p/s € ;

S~'Hompg(M, N) is well-defined by (3§;n(0/s))(m/t) =2 o(m)/(st) for m/t € STIM. |
An inspection verifies that this is a morphism of functors.

Both functors are left-exact and contravariant. The next diagram is commutative: I

ro fen s sk 28
IR ' 7 S 'Homg(R,N) d Homg-1(S7'R,S™'N) .
e e NS i . e 1
) , o ’ 0 S7lagp ag_ N L & /,:{ 18 s Las 7Y |
R o S—lN . o :-;,-*f 0:;\““‘5 Fo oot M ":ﬂ
' ' !
"Consult (4.4) concerning the isomorphisms «. It follows that A3, is an isomorphism,
and the Isomorphism Principle IsoP (18.23) yields that A}, is an isomorphism for all
finitely generated R—module M ' as desired. a »
(18.27) Corollary: Ext & Fractions. Let R be Noetherian, let N be an R-module, [
and et S be a special mult1p11cat1ve system. For each finitely generated R—module M
there is an isomorphism:’
STIExt% (M, N) & Ext® . (S™'M’, ST'N) .
(18.28) Proof. Choose, by Proposition (18.19), a projective resolution P. of M’ w1th
ea.ch P, finitely generated. _
STIExtR(M’, N) = ST'H*(Homg(P., N))
EHY(STHoma(PL,N))
= H"(Homg—lR(S”lP S_lN))
= Exta1g(S7'P., S 1N)
The equalities are by the définition of Ext, cf. (11.17), the first 1som0rphlsm s by (8.22),
and the second one is by the theorem. ‘ o a
gt g L e
_ _(18 29) Corollary Injective Dimension & Fractlons IfR Is, Noet;henan an N is ¥
E ".'..‘anyR—module thenlds 1RS 1]V<1dRN S o g

'(18 30) Proof By IDT (17 3) it suﬂices to prove that Ext 15(S ‘1R/E,S“‘N): O .
whenever n > idg NV and @ is an ideal in S 'R, The ideal @ in $- 'R induces an ideal - [
a =% {a € R|a/l €a}in R. Notethat S~'a = a, so that the exactness of the -
fraction functor yields S7'(R/a) = S™'R/a, cf. (6.24). This gives the first of the next
two isomorphisms: ‘

Exts-i (ST R/a, STIN) = Ext’sp(S7(R/a), ST'N) = S™'Ext}(R/a, N) = O

for n > idg N; the second Lsomorphnm is by the previous corollary (18.27), and the
equality is by IDT (17.3). )

o AR

(18.31) Corollary Injectlwty & Fractions. If R i1s Noetherian, and N is an njective
R-module, then S™'N is an injective module over S™'IR. 0
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(18.32) Theorem: Projective Dimension over Noetherian Rings. If R is Noether-

ian, and M’ is a finitely generated R-module, then the next holds:
‘pdg M' =sup{ ne Ny | Extx(M',N') # O for some finitely generated N'}
. =sup{ ne Ny | Ext (M',R/b) # O for some ideal b}.

(18.33) Proof. By PDC (11.23) it suffices to prove the next:

(%) pdg M" < sup{ne Ny | Extj(M’, R/b) # O for some ideal b} .

Let w denote the number on the right, and assume that it is finite. As Ext}yt'(M’, R/b) =

O for all ideals b, LHF 0 (17.18) yields Exts+'(M’, N') = O for all finitely generated
N'. Let P. be a projective resolution of M’ with P, ﬁmtely generated—and hence
Noetherian—for all n, cf. (18.19). The w’th kernel K,,(P.), in the standard notation
of (10.26), is a submodule of the Noetherian module P,, and hence K, (P.) is finitely

(18.34) Theorem: Global Dimension over Noetherian Rings. If R is Noetherian,

then the next holds:
gldim R = sup{idg N’ | N’ is finitely generated }
. =sup{idg R/b | b isan ideal }
- =sup{ne Ny | Extk(R/a, R/b) # O for some ideals a,b}.
(18.35) Proof. In the. first two lines the inequalities “>" are obvious, and “>” in the

last line follows from IDT (17.3). Let s denote the last number in the theorem. Thus, it
suffices to prove that gldim R < s. Since gldim R =sup { pdg R/a|a is an ideal } by

o A'uslander’sTheorem (17.9) the previous theorem (183'2) yields crldim R <s. O

is Noetherlan Prove that R-1 1s isomorphic to a finite product of ﬁelds

T s

.,

_generated. It results that Exty*t(M’, K, (P.)) = O by our assumption. Now, the desired 2
" pdg M’ < w follows from PDT (11.19). a
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19. TENSOR PRODUCT

(19.1) Maps. Forsets X and Y, the set of maps ao: X — Y is denoted, Ma.ps(X Y). For
maps of sets p: X — X' and ¢: Y — Y’ there are the next two induced maps:

Méps(go, Y): Maps(X',Y) — Mdps(X, Y), o — dp;
Maps(X,1): Maps(X,Y) — Maps(X,Y’), B+ 90.

(19.2) Hom. For R-modules M and N, the set Homg(M, N) is a subset of Maps(M, N),
that is, there is an inclusion:

wain: Hompg(M, N) — Maps(M, N) .
(19.3) Maps of Product Sets. Consider sets X, Y, and Z, and there pr.oduct set:
XxY={(z,y)|zreX and yeY}.

There are then bijective maps ® = ®XYZ and ¥ = \IfX YZ each the inverses of the other:

(0) Maps(X x Y, Z)

Maps(X, Maps(Y, Z))

~ Indeed, for v € Maps(X x Y, Z) the element ®(y) € Maps(X, Maps(Y, Z)), that is, the

map ®(v): X — Maps(Y, Z), is defined as follows: For z € X the element (®(v))(z) €
Maps(Y, Z), that is, the map (®(7))(z): Y — Z, is defined as:

(@) @)@ -
\/Ioreover for 8 € Maps(X, Maps(Y, Z)) and (a: y) € X X Y we set:
((B)) (z,v) (ﬁ(w))

" Itisnow str alghtforward to veufy that Wod and ®oW are > the Ldentlmes on \/[aps(X X Y Z )

and Maps(X, Maps(Y, Z)), respectively. (Sometlmes Maps(U W) is-denoted by WU and
(0) is expressed as ZXxY ~ (ZY)X )

(19.4) Homomorphisms of Suitable Product Modules. For R- modulés M and N

we want to construct’ a new module ‘M @ N, the .tensor product, aping (0);- that is;

such that there, for any R module P, are the top 1som0rph13ms in the next commutatwe -

o .dIagram
o (O) | _ - HomR(M ®RN P) ‘—’HémR(M HomR(N P) |
CwmerN.P| : o WM, Hom g (N.P)
Maps(M ®g N, P) Méps(M, Hompg(N, P))
Maps(< ar, v, P) . wlaps(Affw,{fp)
MNP

> Maps(M, \Iaps(N P))

Maps(M x N, P) =

\pl\f

The lower left vertical map is induced by by amap eprn: M x N — M ®g N that results:
from the construction below of the tensor product, cf. (19.12).
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(19.5) Bilinear Maps. .Let .M, N, and P be R-modules.
The set of maps Maps(M x N, P) is then an R-module, cf. (14.22), namely PM*V.
A submodule Bilg(M, N; P) of it is then defined to consist exactly of the R—bzlmear

maps y: M X N — P, that is, those ~y satisfying the next four relations (in the module
P) for all m,m’ € M, all n,n" € N, and allr € R:

(al) v(m+m',n) = y(m,n) +~(m',n);
(m1) ' ' ¥(rm,n) = ry(m,n); |
(a2) . y(mntn) =q(m,n) +y(m,n');
(m2) v(m,rn) = ry(m,n).

(al) and (ml) mean that, for a fixed n € N, the map M — P, = — ¥(z,n) is an
R-homomorphism, that is, it belongs to Homg(M, P).

(a2) and (m2) mean that, for a fixed m € M, the map N — P, £ — y(m,x) is an
R-homomorphism, that is, it belongs to Homg(N, P).

The subset Bilg(M, N; P) is a submodule of the R-module Maps(M x N, P), it is
called the module of bilinear maps: M x N.— P. .

(19.6) Bil & Double Hom. The diagram (0O) in (19.4) contains two bijective maps
OMNP and MNP and each one is the inverse of the other. The restrictions ®|M"* and
U | MNP of these, cf. the diagram below, are easily seen to be isomorphisms, and again
each one is the inverse of the other:

MNP

(1) Bilg(M, N; P) Homg (M, Homg(N, P))

lI,]I\'INP

— Maps(M, Maps(N, P)) .

Maps(M % N, P)

(19.7) Free Module over MxN. Let M and N be R-modules. Consider the product
set M x N (thus forgetting its module structure for the time being), and the free R-
module RM*N) with basis (8(m, "))(m )EMxN cf. (3.27).

Let K MN be the submodule of R(MxN) generated by the elements

Cal) T By = S = vt
(m1) | IR Semum) — T0(mm)
(a2) Smmtnty = Smn) = ()
(m2) O¢m,rn) — T0(mn) -

(19.8) Tensor Product of Modules. The tensor product of M and N is the R—module
M ®r N & RM>M) 1Ky (confer (19.7)).

(19.9) Tensor Product of Elements. Furthermore, for m € M and n € N we define
the the tensor product of the elements m € M and n € N as follows:

def

men = {6(m,n) ]KM.N
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(19.10) Generators. As {d(mn | (m,n) € M x N } generates R(M>*N) we have:
M®r N =spang{m®@n|meM and ne N},
that is, M ®g N is generated by m®n for me€ M and n € N.

(19.11) Relations. Since Kasn, cf. (19.7), contains the elements (al), (ml), (a2), and
(m2), there are the followmg relations among these generators.

(A1) (m+m)@n=m@n+m' Qn;
(Ml.). . , (rm)®@n =r(m®n);
(A2) C  mn+n)=mn+men;
(M2) ' me® (rn) =r(m® n) .

(19.12) Bilinear Map into Tensor Product. The map

eMn: M x N = M®gN, (m,n) »men
is bilinear, that is, ey n € -BilR(M, N; M®%N). In gqheral; it is not an K-homomorphism
(and that was the reason for forgetting the module structure on A x N in (19.7)).
(19.13) Theorem: Bilinear Map versus Homomdrphiém from Tensor Product.
Let M, N, and P be R—-modules. The following then hold.

(a) Any R-bilinear mapy: M x N — P induces an R— homomorphzsm :M®rN — P
given on generators by ¥(m ® n).=%f y(m, n) '

(b)- Any R-homomorphism o: M ®RN — P mduces an R- bzlmear mapa: M x N — P

given by a(m,n) =% a(m ®@n). -

- (c) There are R—isomorphisms that are inverse to each other:

Bilg(M; N; P) === Homg(M @i N, P) -

~

- (19.14) Proof. (a) Let the R—homomorbhism RMxN) —, P be given on basis elements by

d(m,n) = ¥(m, n); its kernel contains Kpsn since vy is bilinear. Thus, the Homomorphism

' - Theorem (2: 28) yields an R~hom0m0rphlsm ¥ M ® R N - P that is well-defined by |
....’Y(m®n) y(m,n). " R

(b) is 0bv1ous and ( ) follows ; '. : o D

1(19 15) Tensor Product is a Functor For any R homomorphlsm p: M — Mf’ and

any R-module N there is an induced R- homomorphlsm ’
LR N: M Qg N — M QrN, m®nr—.>',u(m) Qn,

corresponding to the bilinear map M x N — M’ ®R N, (myn) — pm)®n. ltis
straightforward to verify that this makes

— ®pr N: Mod(R) — Mod_(R) , M—> M®rN, p—p®gN
into an additive, covariant functor. Similarly, there is an additive, covariant functor:

N &p~: Mod(R) — Mod(R), M— N ®r M, i+ N Qg pt.

(19.16) Exercise. Prove that — ®p — is a bi-functor.
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(19.17) Theorem: Adjointness. If M, N, and P are R—modules, then there are inverse
R-isomorphisms:

AMNP

HomR(M Rr N, P) o HomR(M, HOI’HR(N, P)) .

FMNP

These induce the next isomorphisms of functors®:

(19.17.1) . Homg(— ®gr N, P) = Homg(—,Homg(N, P));
(19.17.2) ... Hompg(M ®g —, P) = Homg(M,Homg(—, P))
(19.17.3) Homg(M ®g N, —) = Homg(M,Homg(N, -)).

(19.18) Proof. Definition of the map AMNP: For v € H(;mR(M ®g N, P) the map
AMNP(y): M — Homg(N, P) is defined by that the map (AMNP(y))(m): N - P for
m € M is defined for n € N by:

((A“NP( ) (m )(n X ym&n) (€ P)

Definition of I’MN?: For 8 € Homg(M, Homg (N, P)) the map FMNP(B) M®rN — P
is well-defined on a generator m ® n € M ®pr N by:

(CNP(B)) (m@n) = (B(m))(n) (€ P)

It follox\s from (19.6.1) and (19.13.c) that AMNF and TMNF are inverse 1som0rphlsms
The three remaining assertions are verified by inspection. B n

(19.19) Theorem: Tensor Product is Right Exact. If O - M — M’ M — 0
is exact, then the induced sequence M @g N — M'®r N — M" ®g N — O is exact.

(19.20) Proof. We want io prove the exactness of the next compléx: ~

(%) K. = M@y N> M & N—M &N 0.

Let I be any R-module, set H =% Homg (N, I), and consider the next commutative .
diagram: : :

O — Homp(M" @g N, I) — Homp(M' &p N, T) — > Hotn (M @ N,T)

O

Homp(M", H) ~ Homp(M', H) -Hompg(M, H)
The isoniorphisms and the commutativity come from (19.17.1), and the lower row is exact
as it results from applying the left-exact functor Homg(—, H) applied the the given exact
sequence. Thus, the upper row is exact, and the Exactness Principle ExP (12.27) yields

that the sequence (*) is exact, as desired. u
(19.21) Exercise. Provide a direct, element-wise, proof of the theorem (19.19).

(19.22) Theorem: Tensor Product & Over-lining. Let a be a proper ideal in R.
The corresponding over-lining functor is then isomorphic to the tensor product functor

2 . . - . . ) > MNP Sy ‘
20 That i3, the isomorphisms AMNPE and TYNP are functorial in M, N, and P.
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R®g —. The isomorphisms are given as follows: _
(‘p*M A . (;5M
(19.22.1) M o~ ﬁ@ M that is, M/a.M’ = (R/a)®r M
M M
ml—————>1® [m]aMt—————>[1]a®m
rm <—i T X Mm |

[rm]apy <— [T ]a®m.

(19.23) Proof. The R-homomorphism¢: M — (R/a)®g M defined by go(m) [1].@m
has Ker ¢ D aM, so it induces well-defined ™ as above, cf. (2.28): On the other hand,
the map ¥: (R/a) x M — M/aM defined by ¥([7]o,m) = =d¢t [rm ], is well-defined and
bilinear; thus, it induces t/)M above. Finally, it remain to check that PMGM and pMyYM
are the iderftities on M and R ® g M, respectively. ' O

(19.24) Corollary.‘ The functor R® g — is isomorphic to the identity functor Inoary- U

_(19 25) Theorem Tensor Product & Fraction Functor Let S be a special multi-

plicative system. The corresponding fraction functor S~ (=) is then isomorphic to the
tensor product functor ST'R ® g —. The isomorphisms are given as follows:

M

ST 1JV[

R

ST'R@r M

o
4

m/&—————* (1/s)@m

.T‘m/5<————i (r/s)@m.

(19.26) Proof. A bllmear map ,BM STIRxM — S™*M is welI defiried by 8™ (r/s,m) &
E '_(rm) /5, and it induces the R— homomorphlsm M of the theorem. It is not hard to verify

that the R—homomorph1sm M is also well-defined, and it is easy to check that 6M~M
M 6M are identities. _ a

~(19. 27) Assocnatlvﬂ:y For R—-modules M, N, and P there’'is the next isomorphism:

o (M®RN)®RP M ®r (N ®g P)

(m®n)®P'————>m®(n®p)

.-_'.‘Th1s is functoual m M N and P S R o '_ . D

(19 98) Commutatlwty For R-modules M and P there is the next LSOITIOIphlaIIl

M @pP———=P®rM

mQp———pRm.

This is functoriaf in M and P. J

(19.29) Exercise. Obtain the Swép I[somorphism (‘12.12) from the associativity and the

commutativity above.

(19.30) Theorem: Tensor Product of Projectives. If P and P" are projective Ii—
modules, then their tensor product P @ P’ is a projective R-module.
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(19.31) Proof. By Adjointness (19.17) we have the next isomorphism of functors:
(%) Hompz(P ®g P, —) = Homp( P, Homg(P', =)) .
By assumptions, the functors Hompg(P, —) and Homg(P', —) are exact. Hence so is their

composition, that is, the right hand functor in (*). Thus, Homg(P ®g P’, —) is exact, as
desired. . 0

(19.32) Dot—Slash Notation. Setting M.N =% N®pM and M/N =% Hompg(N, M)
(and noting the order of M and N), we have the next five isomorphisms:

(+) M.N=<M.N' commutativity, cf. (19.28).
(o) (M.N).P = M.(N.P) associativity, cf. (19.27).
(/) (M/N)/P = M/(N.P) <adjointness, cf. (19.17).
(R.) R.N =N © unitarity, cf. (19.24).

(/R) M/R=M co-unitarity, cf. (4.4). -
There are also the next two R—homom‘drphisms: .
(/) (M/N).P — M/(N/P) evaluation, cf. (20.20).

<) (M.N)/P « M.(N/P) co-evaluation, cf. (20.15).
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20. FLAT MODULES

The covariant functor H ®g — is right-exact for all R-modules H, cf. (19.19).

(20.1) Flat /modu.les'. An R-module H is said to be flat, exactly when the tensor functor
H ®g — is ezact, that is, if and only if the following holds for R—homomorphisms:

p: M — M’ is injective == H@ru: HRp M — H®p M' is injective.

(20.2) Examples: Flat modules.

(a) The R-module R is flat as R Qg — = luod(R) > cf. (19.24), is exact.

(b) For any special multiplicative system S the R—module S7'R is flat as S “IR®r—is
isomorphic to S71(—), cf. (19.25), and the latter functor is exact by (6.24).

(c)IfRisa domain but not a field, then the residue field B is flat by the above, but not
projective, cf. (7.17).

(d) Ifr € R\Zerog R s a non-invertible, then the R—module R/(z) is not flat: Tensoring
the injective homomorphism R %, Rby R/(z) yields R/(z) -2, R/(z) which is not
injective. ° : e

(e) If Fis a flat R-module, then Zerog F' C Zeror R. Indeed, for z € R\ Zeror R the
injective homomorphism R %, R induces by (a) the map F %, F. This map is
injective due to the flatness of F', and hence = ¢ Zerog F.

(20.3) Proposition: Tensor Product of Flat Modules. If the R-modules I and I
are flat, then the module F ®g F' is flat. ‘

(20.4) Proof. The functor (F®g F') ®g — is isomorphic to F®g (F'®g—),cf. (19.27),
and the latter one is exact because it is the composition of two exact functors. t

"R-module F.

(1) F is flat;
(1) Hompg(F, 1) is injective for all injective modules I;
(1) The Pontryagin dual I V' is injective.

(20.6) Proof. By Adjointness (19.17). we have the isomorphism:

“(i1) == (411)” results from the definition oAfPo_r,‘lt'ryagin duals (12.26).

“(i11) = (1)”: The isomorphism () shows, in particular, that the functors ‘(—®§ F)V

and Hompg(—, FV) are isomorphic. As the latter is exact, so is the former, and by the
faithfulness, we conclude that — ®p F is exact too. O

(20.7) Corollary: Projective is Flat. If P is a projective module, then P 1s flat.

(20.8) Proof. The module Homp (P, I) is injective by (12.14), so the flatness of P results
from the theorem (20.5). O

(20.9) Corollary: Direct Sum of Flat Modules. If ([31.) Ly sa family of flat R-
modules, then the direct sum ,ex Fris flat. '

(20.5) Theorem: Flatness versus Injectivity. The following are eqmvalent for an .
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(20.10) Proof. Theorem (14.19) yields Hompg([[,cx F%, 1) = [[,cx Hompg(F;, I) for any ..
module [. If it is injective, then the latter module is injective by the theorem (20.5) and
_Corollary (14.12). Application of the theorem once more, yields the desired assertion. [

(20.11) Exercise: Direct Sum and Tensor Product. Let (Mx)xex be a family of

R-modules. Establish an isorhorphism ([[,cx M:) ®r — = [[,ox (M. ®& —) of functors.
Provide an alternative proof of the corollary above (20.9).

(20.12) Tensor Product of Ideal and Module. The next notation is needed for the
Flatness Theorem (20.13) that follows below. '

Let a be an ideal in R, let ¢: a < R be the inclusion, and let ' be an R-module.

The R-homomorphisp wap: a®g F' — F is then defined by the commutativity of the
next dlacrram )

(V) . | aQ@g F e F
m. -
R®g F,

where the isomorphism is from (19.24). Thus war is well-defined on a generator by the
next formula:

5 = war(a® f) = af
foraEaéndeF .

If a’ is an ideal contained in a, and t": @’ < ais the inclusion, then there is the next
- commutative dlagram '

.(V) . depF—
e a'®RF.‘

-{20.13) Flatness Theorem, The fo]lowmg are equ1va1ent for any R—module F.
(1) F is flat; \

(zz) wap a ®R F— F is mject}ve for a]l 1deals a; S
(u ) wep o' ®@p F = F 1s injective for all finitely generated 1deals a’.

(20. 1’4) Proof. () = (ii )”: Assuming that F'is flat, the injective R-homomorphism
te @ — R induces an injective map Lot ®R F:d @p F — R®g F in the diagram (V) in
(20 12) thus, wy r is injective. , .
“(10) = (u) : Assume that (ii’) holds, and that w belongs to Kerw,r [and we want
to prove w.= 0]. As the module a®p F is generated by {a® f |a € a and [ & [}, cf
(19:10), w = 21(a1 ® fi) +- - -+ xp(a, @ fr) forsome ne N, ;... z, € R, a;,...,a, €4,
“and f,.. ., fn € F. Consider the finitely generated ideal a’ =4¢f (a;, . a,) which is
contained in_a, and the inclusion /: a’ < a. To distinguish the elements in a’ ® g F from
those in a ®p I, we use ® ( instead of ®) when describing the generators of a’ ®p F,
that is, a’ @g F'is generated by {a' ®' f | @’ €d’ and f € F}, and we have:

LI®[3 F:d (XRF — R F, a &' f —a ® f
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Furthermore, recall that ay, . . ., a, belong to the ideal a’ (by the definition of it), and set:

Wz (d, @ f) -+ Tad,® fo)Ed.
We have then (¢ ®g F)(w') = w and the commutative diagram (V') in (20.12) yields
wa (W) = wer(w) = 0. Thus, by assumption, w' =0, and hence w = 0, as desired.
“(44) => (i)”: By Theorem (20.5) it suffices to prove that Homg(F,I) is injective,

 whenever I is an injective module. Let a be any ideal, and consider the next commutative

diagram:
Hompg(F, I)

i \w

Homg(R ®r F,I) Hompg(a Qg F, I)

Homp(:®r F.1I)

ARFI

IR

o

AnFI

Hompg(a, Homg(F, I))
P ’ T |a-

The top isomorphism is from (19.24), and the two other isomorphisms are by adjointness,
cf. (19.17.1). Since, by assumptions, [ is an injective module and wqr is an injective ho-
momorphism, it follows that Homg(war, I) 1s surjective. Thus, so is the lower horizontal
map, and Baer’s Criterion (12.7) yields the desired injectivity of Homg(F,I). - O

Hompg(R, Homg(F, 1))

(20.15) Co-Evaluation Homomorphism. For R-modules K, L, and M the R—homo-
morphism

 Homg(K, L) M <2 Homp(K, L@p M)
T g (eek(k) @m)

is well-defined, and induces three morphisms of functors?!: -

(20151) oM Homp(~,L) ®r M — Homg(—, [ ®r M)
(20152) ofOM: Hompg(K,-) ®r M — Hompg(K,-®r M)
1(20.15.3) oK) Homp(K,L) ®g — — Homp(K,L®r —) -

TR ‘The definition of ¢¥ LM ¢an be explaiued:fu,rt‘ﬁélf:as-fdl,low_s-:" Consider a :g'enér:atct',ﬁ®mi

¥

~"in the tensor product Homz (K, L) @z M, that is, x € -HomR(K,,Lj- and m € M. The :

element oK™ (x @ m) in Homgp(K,L®g M), that is, the homomorphism ¢**M(k ® m)
from K to L &g M, is then defined by (o™ (x ®m))(k) =4 (k) @ m.

To prove that, for example, (LY is a morphism of functors, one is required to prove
that the next diagram is commuitative for any homomorphism a: K — K" ’ ‘

K

Homp(K, L) ®p M —

M Homg(K, L@ M)

Homp(a,L)®r M ' Hompg(a,L® g M)
HOI’I\R([<,, L) Qp M Ij’—;;\» HODXR(K'/, L®g A[) )

21 That is, the homomorphism oW EM s functoral i K, L, and M.

{
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This can be done by inspection, for example by element. wise considerations i in the dia-
gram: .

Ko ®mi—s> (k= (K'a)(k) ® m)

(k — k' (a(k)) ® m)

f

K @ m——— (K — &'(k') @ m)
(20.16) Theorem: Co-Evaluation. If the ring R is Noetherian, K is a finitely genera-
ted R—module, L is any R-module, and F' is a flat R-module, then the co—evaluation

) oKLF. Hompg(K,L)®g F' — Homg(K, L Qx F)
is an isomorphism. '

(2017) Proof. Note first that the functors Homg(—, L) ® g F and Homg(—, L®g F) are

left-exact, the former because F is flat. In the next commutative diagram the isomor-
phisms are from (4.4).

Homg(R,L) @ F- ottt Homg(R, L ®r F)
aL®R; ;LXJRF
L®g F.
Thus ofLF is an 1som0rphlsm IsoP (18.23) yields the desired assertion. O

‘('20 18) Corollary: Tensor Product of Injective & Flat. Ifthe ring R is Noetherian,

I is an-injective R—-module, and F' is a flat R—module, then the tensor product I@R F 134_‘. .
.- -an injective module.. -

(20.19) Proof. Let a be any ideal, and let ¢: a — R be the inclusion. By (20.15.1) there
is then the next commutative dlagram

omp (L F
Hompg(R, I) ®g F MHomR(a,, I)®r F

GRIF |2 o » | jalF

—~Homg(a, T @p F)
P : T|a-

The two co-evaluation homomorphisms are isomorphisms by Theorem (20.16). The
injectivity of the module I implies that the homomorphism Hompg(¢, I): Homg(R,I) —
- Hompg(a, I')is surjective, and hence so is the top horizontal map in the diagram. It follows
that the bottom one is surjective too, and Baer’s Criterion (12.7) implies that [ ® g [ is
injective, as desired. . -0

" Homgp(R, [ @p F) ——

(20.20) Exercise: Evaluation. Let K, L, and M be R-modules.

(a) Establish a homomorphism 7% K @ Homg(L, A1) — Hompg(Homg(K, L), M)
which is functorial in K, L, and M.

(b) Describe this in case L = M = A, the Pontryagin module, of. (12.25) and (12.26).
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Assume, from now on, that the ring R is Noetherian.
(c¢) Prove that 78! is an isomorphism, when K is finitely generated and I is injective.
(d) Prove that Homg(L, I) is flat when L and I are injective.

(20.21) Theorem Finitely Generated Flat is Projective. If R is Noetherzan and
Fisa ﬁmtely generated flat R—-module, then F' is pro Jectxve

(20.22) Proof. Assume that the sequence of R~homomorphisms L 2, ' — O is exact,
and prove exactness of the next induced complex:

K. ¥ Homg(F, L) 2 Hompg(F,L') — O

To accomplish this, by ExP (12.27), it suffices to prove that, for any 1n3ect1ve R-module
I, the top sequence in the next diagram is exact.

0] Homp(Homg(F, L'), I )HomR(’\ I)HomR(HomR(F L) I)
SFLT | = . L.e2| fFLI '
%) F @ Homp(L/, 1 fonloma ) pi @ p Homp(L, 1)

The two isomorphisms are from (b) in the Evaluation (20.20). The lower row is exact.
because contravariant Hom is always left-exact, and because F' is flat. The diagram is
commutative, so the top row is exact, as desired. : o O

(20.23) Torsionfree Modules. Let R be a domain. An R-module M is then said
to be torsionfree, exactly when , for all r € R\ O the multiplication homomorphlsm
ry: M — M, mw— rm is injective, that is, the next holds:

T o ‘v’rER\OVmEM\O rm#()
Compé.rev (1‘2416); B

(20.24) Exercise: Flatness versus Torsionfreeness. Let F' be a module over an

integral domain R, and let K be a. submodule of F ‘The followmg then hold

(1) If F is flat, then F is torsionfree.

(2) If R is PID and F' is torsionfree, then F'is: ﬂat

(3) If F is torsionfree, then K is torsionfree.
(4) If R is PID and F 1s Hat then K is ﬂat
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- 21. TOR

For any R-module N and any n € Z the covariant functor Tor®(— N') will be intro-

“duced as the n’th left derived of the covariant functor — ®pgr N. This functor will be

extended to a bi-functor TorZ(—, —) in two variables.

(21.1) Tensor Product as Bi-functor. That is, if p: M — M and v: N — N’ are
R-homomorphisms, then the next diagrams are commutative:

Mgy

(21.1.1) © M®gN M ®r N’ m@n—————m Qg v(n)

uRaN p®RN'

M'@r N —ems MY @r N pu(m) @gn———— u(m) @ v(n)

We set pt ®p v =3 (u@r N')(M ®g v) = (M’ @g v)(p®r N): M @R N — M' @ N

The next result is analogous to Theorem: Ext (16.5).

(21.2) Theorem: Tor. For every n € Z there exists a functor in two variables:

Torf(—, —): Mod(R) x Mod(R) — Mod(R) ;

It is covariant in both variables. .

(Fl ) For any R-module N, the functor TorR(—~ ) is the n’th left derived- functor -
Lo (~ ®i N) of the covariant functor =@ N and for any’ R-module M, the functor - -

Torf (M, —)'is the n’th left derived functor L,(M ®g —) of the covariant finctor =~

M ®p —. Thus, Tor®(M,N) = H,(P. ® N) = H,(M ®g Q.) when P. and Q. are.
pro jeCtI ve resolutions of M and N, respectively. :

(F2) Tor®(M, N) depends on the choice of projective resolution of M or N but is umque
up to unique isomorphism.

(F3) Tor0 (= -)=-—- ®R — as a functor in two variables.

© - (F4) Tor® n (M, N)= TorZ(N, M) functorial in both variables. - . - L
o (F5) Tor is a bi- finctor.- That.is, if pu:. M — M’ and v: N = N’ are R—homomorpmsms'_

then the next dzagram Is commutative:

 TolR(M
Tork (M, N) ——*Tor “(M,N").

Torf (1,N) Torf(p,N")
4

TotR(M’, N) —— - Tor*(Al', N)

TorR(Ar,

(F6) I is flat, zfand 0111V if Tor(—, F) = O for alln > 0, if and only if Tor®(F,~) =0
for all'n > 0.
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(F7) The next short-exact ladder:

o O
N - N

VNI ) ﬁu
o) O.

induces the next long-exact ladder:

o’;+l : . g;l'i-l
Tor® (M «) R ~
Tor® (M, N). >~ Tor, (M, N)
“TorB(M,1) ' TorB(M,7)

Tof,ff( M)

TorR(M N’) TOLR(M N

| TorR(Mu) L L | Ty L
-Torff_(M N”) T‘"R(M“") TorR(M N7
I ~ &

nl( )

_Torﬁ_l(M N) Torf_l(M, N)
TocR (Mwy| o Tor?_,(M,D)

onl( Ol)

—=Torf (M, N) - -

| Tor, (M N

In particular, any exact sequence O — K —F — N — O with F" flat induces an exact
sequence: ' R

(%) . O — Tori{(L, N) 5 LOp K-> L&rF—->LQrN -0

and isomorphisms Tor¥ (L, N) = Tor*(L, K) forn > 1. - 0

(21.3) Flat resolutions. A flat resolution F. of an R-module M is a sequence of R~
honwmorphisms:

F.:...__;FE——’)Fglaz—‘l? [11——@%[0“"0
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together with an R-homomorphism F B, M such that .

e F,isa flat R-module for all f€ Ny;
def Op—1

.F—’)M—"“—’Fg‘——*Fgl—*' Fl_’FO AI**OISGX&C(?
The sequence F. — M is then called the augmented flat resolution of M. Note that the
index of the R—homomorphism 9, in the flat resolution equals that of its source.
Any R-module admits a flat resolution as any projective resolution is a flat resolution.

(21.4) Example. Let R be a domain that is not a field, and let B be the field of fractions.
The R-module B/R has then O — R — B — O as flat resolution, and this is not a
projective resolution, cf. (20.2.c).

(21.5) Exercise: Tor by Flat Resolution. Let F. be a flat resolution of M, Prove for
any n€ Ny that the functors Tor?(M, —) and H,(F. ® —) are isomorphic.

(21.6) Exercise: Flat Resolution & Injective Resolution. Let F. be a flat resolution

of M, and let I be an injective module. Prove that Homg(F.,I) is an injective resolution
of Homg (M, I).

(21.7) Lemma. Let K be a submodule of an R-module M, and let a be an ideal. If the
module M/K is flat, then (aM) N K = aK.

(21.8) Proof. In the next diagram:

Torf(R/a, M/K) ———>(R/a ®RK—>(R/a) ®R M
Il

K/(aK)

O Ker ¢

M/(aM)

the upper row is (part of) the long-exact sequence obtained by applying the functor
(R/a) ®g — to the exact sequence O — K — M — M/K — O. The equality is .
because M/K is flat by assumption, confer .alsa (F6) in Tor Theorem (21.2). The two.

isomorphisms are by (19.22)." The homomorphism ¢ is well-defined by ¢([k]ax) = o
S _[k]uM, and it is easy to verlfy that the rectangle commutes. It follows that Kergo =Q.
N On the otheér hand Kergo (a]\[ NK)/aK, and the desured assertlon follows S

(21 9) von Neumann Regular Rings. The ring R is said to be von Neumann regular,

exactly when there to each r € R exists an z € R'such that ror = 7, thatis, (r?) ='(r) =
for all 7 € R.

(21.10) Example: von Neumann Regular Ring. Let L be a field , and consider the
ring R =% LX cf (3.14). This ring is von Neumann regular: To each element ¢ in-
R, that is, function ¢: X — R, define ¢ € R by ¥(z) =% o(z)~! when p(z) # 0,

and p(z) =% 0 otherwise, because then (z)y(x)p(z) = ¢(z) for all 2 € X, that is,

PP = . »

(21,11) Lemma: von Neumann Regular Rings. R is von Neumann regular, if the
R-module R/(r) is flat for all v € K.
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(21.12) Proof. Letting, for an r € R, M =% R, K =% (r), and a =% (r), Lemma
(21.7) yields that (r) = (r)RN (r) =aM N K =aK = (r)(r) = (r?), as desired. O

(21.13) Exercise: von Neumann 'Regula'r- ‘Rings. Assume that R is von Neumann
regular. Prove the next assertions. '

a) To any principal ideal (&) there exists an idempotent®® e generating (a).
g

. (b) The R-module R/(e) is projective whenever e is an idempotent.

(c) The R-module R/a is projective whenever a is an ideal generated by two elements.
(d) The R-module R/a is projective whenever a is a finitely generated ideal.

(e) The exact sequence O — a — R — R/a — O splits whenever a is a finitely generated
ideal.

(f) Every R-module is flat.

The next characterization of von Neumann regular rings follows directly from Lemma
(21.11) and Exercise (21.13).

(21.14) Theorem: von Neumann Regular Rings. The ring R is von Neumann reg-
ular if and only if all R-modules are flat. o O

(21.15) Exercise: Finite Generation of Tensor Product and Tor. Let M and N
be finitely generated R-modules. '

(a) Prove that M ®g N is finitely generated.
(b) Prove that TorZ(M, N) is finitely generated for all n€ Ny, if R is Noetherian.

22 o -
22 That is, e = e.
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22. FLAT DIMENSION .

(22.1) Flat dimension. An R—module M is said to have finite flat dimension exactly
when it has a bounded flat resolution, and when this is the case, the flat dimension of M
is determined as smallest f € Ny such that it has a flat resolution of length f. If M does
not have finite flat dimension, then we set fdg M = oo, provided the module is not the
zero module: we set fdr O = —c0.

Thus, for any R—module M # O and any n € Ny we have:

- . There exists an exact sequence:
(22.1.1) fdg M <n <= O—F, 2. .. 252 MmS0
with Fy, ..., F, flat.

Note furthermore the next equivalence for an R—module M.
(22.1.2) de M=0 < M isflat and non-zero.

(22.2) Example. Let. R be.a domain that is not a ﬁeld and let B be its field of fractions.
Then fdgr B-= 0 as it is a flat module, and fdg(B/R) = 1 by (21.4), since B/R is
not flat by (20.2.e), since any non-invertible 7€ R\ O belongs to Zerog(B/R) (as
r[]r =[1]r[0]r = 0 and [ }]r # 0).

(22.3) Example. If M is a module over a PID R, then de M<1 by (20.24.4).
As any projective module is flat by (20.7), we obtain the next mequahty

(22.4) Lemma Flat & PrOJectlve Dimension. For all R-modules M the inequality
deM < deM holds - » _ . a

©(22.5) Example If R be a domam and not a ﬁeld and 1et B be its- ﬁeld of fractions. - -

“'Thefe is then a strict mequahty de B =0 <pdgB, cf (20 2.c)

(22 6) FDT def Flat Dlmensmn Theorem The followmg are equivalent for any R—

module M and any ne Ng.

( ) de M < n; ’ ’
(i) Torl(H,M) = o for aH m > n and all R—modules H

e (m) TornH(H 1\{) - O for and all' R-modules -H;-

- iy Tor® (R/a", M) =0 for and aH ﬁmtely generated zdeals a’;
n+1
() If F is a Hat resolution of M, then the. kernel K, _1(F.) is ﬁat

(~2.7) Proof. With one exception, all parts of t_his proof are similar to the corresponding
ones in the proof of IDT, cf. (17.4). Thus, we concentrate on the exceptional one:

“(1607) = (iv)”: Assume that (7)) holds, and that F. is a flat resolution of M, and
consider the kernels K, =% Ker(F, — F,_;) for te N, Ky =% Ker(F, — M), and
K_; =9t M, as well as the resulting short-exact sequences:

(te) 0O - Ky—Fp— Ky — O

for £€ Ny . Let o/ be a finitely generated ideal, and consider the short-exact sequence

(+) » O—d S R-»Rd—O.
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By Flatness Theorem (20.13)—in view of the diagram (V) in (20.12)—it suffices to prove
that K;_1 ®r ViK1 @rd — K,_1 Qg R is injective. Because of the exact sequence

() - Tor®(K,_1,R/a') 25 Koy ®r d = Koy ®r R

from (F?)‘ in Theorem: Tor (21.2), it suffices to prove Tor(K,_1, R/a’) = 0. This follows
from the next chain (in which the sum of indices is n in each line):

Tor®(K,_1, R/d') = TorX(K,_s, R/a')

R

1

Tor? (Ko, R/d')
= Toer(K_l, R/d)
= Tor® ,(M,R/d') = 0;
the former equality is by convention and the latter is by assumption. a

(22.8) FDC d—ef Flat Dimension Corollary. IfM is an R—module, then

fdg M = sup{n€ Ny | Tort?(H, M) # O for some H}
= sup{n€ Ny | Tort®(R/a’, M) # O for some finitely generated ideal a'}.
This number is in N§, cf. (11.23). -0

(22.9) Proposition: Over Noetherian Ring. If R is Noetherian, and M’ is a finitely

generated R-module, then pd, M’ = fdg M".

(22.10) Proof. Since one inequality is known in general, cf. (22.4), it suffices to prove

pdp M' < fdg M'. Therefore, assume that n =3 fdp M’ <.co and M’ #.0, and.chaose .
. a projective resolution .of. M’ by. finitely generated. modules P,,.cf. (18.19). -We want to

see that the kernel K,,_ 1(P.) is projective. It is flat by FDT (22.6), and it is finitely -
generated, because it is a submodule of P,_; which, as a finitely generated module over a

PR NEREY

ety

!
oF

Noetherian ring, is Noetherian by (18 13) It results from Theorem (20.21) that K,_,(P.) '

is projective, as desired. ‘ ' O

(22 11) Exercise: Flat Dimension & Fractions. Let M be an R+ module and let S

~ ... be a spec1a1 multlphcatxve system Prove that fds iR S~ 1M < fd R M

TOI‘n ( 1(_)7 (N)) =5 1T01”n(——5 N) .

(22.13) Exercise: Torsion. Let R be a domain with B as field of fractions. For any
R-module M define the torsion submodule of M as

My dg {meM]|azm =0 forsome 2€ R\ O}.

(a) Prove that the functors (=) and Torf(—, B/R) are isomorphic.
(b) Prove that TorX(M, N),. = Torf(M, N) for n > 0.

The name Tor is an abbreviation of Torsion, and can be motivated by either of the
above.

- _-(22 12) Exercnse Tor & Fractxons Let M- be an. R—module and let S be a spemal
' multlphcatwe system. Establish an 1somorphlsm of bi- functors _
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(22.14) Theorem: Higher Adjointness. For any injective R-module I, any R-
modules M and N, and any ne N ‘there is an isomorphism of functors:

Exth (M, Homg(N, I)) 2 Homg(Tor(M, N), I},
which is functorial in M and N. '
(22.15) Proof. Let P. be a orojective resolution of M. In the next chain the two equal-
ities are by the definitions: (21.2.(F1)) and (11.17), respectively.
Hompg(Torf(M, N), I) = Homg(H,(P. ¢ N), I) = H"(Hompg(P. ®r N, I))
= H"(Hompg(P.,Hompg(N, I)))=Extk(M, Homg(N, I)).
The first isomorphism is by (11.3); the second one is the adjunction (19.17.1). O

(22.16) Corollary: Injective & Flat Dimensions. There is the next equality:
" fdg N = sup{ idg Hompg(N,I)|I is an injective R—module } .
- (22.17) Proof. The inequality “>" follows from the theorem in view of FDT (22.6) and

IDT (17.3). Setting I equal the Pontryagin module A®, cf (12.25), the isomorphism of
the theorem yields, iri view of (12.26.1),

Ext}h(M, Homp(N, A®)) #0 <« Tor(M,N) #£0.
Thus,_ fdg N = idg HomR(N, AR), and the desired equality has been established. O

(22.18) Exercise: Higher Assoc1at1v1ty Prove that the modules TorR(A[ N)®@g F
and Tor?(M; N ®g F) are isomorphic, whenever F' is flat.

(22.19) Exercise:. ngher Evaluatlon Prove that the modules Tor?(K, HomR(L 1))

“and Horn g (Ext} (K, L), T) are 1somorph1c and that fdg(Homp (K, [ ) < idg K, whenever
. Ris \loethenan K'is finitely generated, and I is'injective. ey

(22. 20) Exerc1se ngher Co-Evaluation. Prove that the modules Ext (K, L)®r F
and Exts(K, L ®g F) are isomorphic, and that idg(L ®g F') < idg L, whenever R is
Noetherian K is ﬁnitely generated and F'is flat.

- (22 91) WeakZBGlobal Dlmensmn It is deﬁned as follows

wgldxm R = sup{ deM | M is.an R module } (e NO U{oo })

(22. “) Remarks ( ) wgldlm R=0 1f and only if R is von Neumann regular of. (21 ll)
(2) wgldim R < gldim R by (22.4). An example with strict inequality is provided by

(22.23) below, and in (22 26) it is proved that equality holds always over Noetherian
llll“S

(22.23) Weak Global Dim vs. Global Dim. Let L be a field, let X be an infinite
set, and set R =% [X which is a von Neumann regular ring, cf. (21.10), and hence has
weldim R = 0, cf. (21.14)." We shall prove that gldim R > 0 by proving that not all
short-exact sequences split, ¢f. (12.10). Indeed, assume that the ideal a =9¢f LX) is an
direct summand in R, we get R = a @ b (inner direct sum) for some ideal b in E. In
particular, ab € anNb = O. We will next prove that then b = (. Namely, assuming that

97 - . - . . - - - "
-7 In older literature, flat dimension is called “weak homological dimension”.
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@ €b and p # O, choose x € X such that p(x) #0. The function ¢ is then non-zero
(as it sends = into é,(z)p(x) = ¢(z) # 0), and as it belongs to ab, this contradicts
ab = O. Now b = O, and we have LXY) = a = R = L*X which contradlcts the infinity of
X. (Consulting Exercise (18.36) is an alternative to the above.)

(22.24) Theorem: Weak Global Dim.
wgldim R = sup{fdg M' | M’ finitely generated module }
= sup{fdg R/a’ | a' finitely generated ideal }
= sup{n | Tor?(R/a', ~) # O for a finitely. generated ideal } .

(22.25) Proof. For ne Ny consider the next four assertions:
(fp) fdg M < n for all R-modules M;
(f2)’ fdg M’ < n for all finitely generated R—modules M’;
(fg)~ fdg R/a’ < n for all finitely generated ideals a';
(T%)™ Torf, [ (R/a’, —) = O for all finitely generated ideals a'.

(fﬁ) obvious (f?z)l

FDC (22.8)“ » ’ uobvious

(T < () .
(22.26) Theorem: Weak Global Dim over Noetherian ng If R is Noethenan

then w«rldlm R = gldim R.

' (22.27) Proof. By, respectively, Auslander’s Theorem (17.9), Proposition: Over Noe-

therian ng (22 9) Definition (22 91) and Remark. (22.22. 9) we. obtain the- next four

. . relations:. .

gldim R = sup{ de M' | .M’ ﬁmtely generated }
= sup{fdg M' | M’ finitely generated }

s

< wgldim R < gldim R. - , R D%
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-23. KRULL DIMENSION

First we summarize aspects of the theory of commutative rings in general; later we
specialize to the Noetherian ones.

(23.1) Radical. The set Rad(R) ¥ {z € R | 2" = 0 for some n€ N} is called the
radical®* of R. This is an ideal in R (because R is commutative; for example, the
binomial formula gives (z +y)™ = .7 (})z'y™

(23.2) Prime Ideals & Maximal Ideals. We use the next notation:

SpecRc-iéf {p|p isaprime ideal } D Max R & {p|p is amaximal ideal } # & .

p€eSpeckR <= R/p isadomain. meMaxR <= R/m is a field.

The existence of at least one maximal ideal is due to Zorn’s Lemma: The set of proper

ideals is non-empty (as R is non-trivial) and inductively ordered (as the union of a totally
ordered set of ideals is again an ideal).

(23.3) Minimal Prime Ideals.

"peMinR <& pis minimal in  Spec R
Thus, p € Min R, if 'and only if p € Spec R and p = q whenever ¢ C p and q € Spec R.
(23.3.1) MinR # @ .

This follows by Zorn’s Lemma applied to Spec R ordered by inverse inclusion: If Y is
a totally ordered non-empty subset, then q =9 ﬂpevp belongs to Spec R. Indeed, if
a,b € Rhas ab € q and b ¢ q, then choose py € Y such that b ¢ py, and note that
qa=1 ev p’ when Y' =% {p’ € Y |p' C po} (as Y is totally ordered) Because b ¢ p’

and a € p for -all p €Y', we conclude that a € q, as desired.

(23.4) Proposition. If R is Noetherian, then Min R is finite.

(23.5) Lemma. FEach ring homomorphism p: R— R induces fh.e next map:

Spec : Spec R — Spec R P H(p).

p = ) (E {r e RIplr) 5
belongs to Spec R. The induced ring homomorphism R — R/p, 1+ [¢(r) J;, has kemel

. »"‘,_(23 6) Proof For p E Spec R we are requlred to prove that

- p. Thus, the Isomorphism Theorem (for rings) yields that R/p is isomorphic to a subring

of R/p. As the latter is a domain, so is the former, that is, p € Spec R. 0O

(23.7) Exercise: Spec as Functor. Describe Spec as a contravariant functor from the
category of rings and ring homomorphisms to the category of sets and maps.

(23.8) Variety of an Ideal. For anideal a in R its variety Vg(a) is defined as follows:.

Vg(a) dﬁ{{pESpeCR[an},

24 Or nzlmdacal
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If W is any subset of R we set Vg(W) & Vr(spang W), for example, for a € R we write
V r(a) instead of Vg((a))-

There is a map ®,: Spec(R/a) — Vg(a) given by p — m,7}(p) when 'my: R — R/a
is the residue homomorphism. Thé map @, bijective, and it respects inclusions, that is,
®,(p1) C ®4(p2) if p1 € po, and its inverse in given by &,7'(p) = p/a.

- (23.9) Prime Ideals in Ring of Fractions. Let S be a special multiplicative system

in R. The map
Ug: Spec(S‘lR} — {peSpecR|pNS=0}, p—{reR|r/lep}

is the one induced by the ring homomorphism R — S7'R, r +— r/1, cf. (23.5); Us is
bijective and respects inclusions. To any p € Spec R with p S = &, the ideal S'p
belongs to Spec (S7!R), and ¥35'(p) = S~}

°

(23.10) Proposition: Radical. Rad(R) = npé\/lian .

(23.11) Proof. The inclusion ‘v follows from the fact that a" € p 1mphes a €p
whenever p is a prime ideal. .

“D7: Assume that £ € R\Rad(R) [and we want p € Min R with 2 ¢ p]. Consider the
special multlphcatlve system S(z) =9 { 2™ | n€ Ng }, and the non-trivial ring R, =%f
S(z)"'R. Choosing p € Min R, by (23.3.1), the corresponding prime ideal p, cf. (23.9),
then belonas to Min R and z ¢ p by (23.9) once more. : 0

(23.12) Examples: Spec:

(a) If L is a field, then Max L = SpecL MinL ={O} and Rad( )=0.
(b) If R is a domain, then Min R = { O } and Rad(R) =

)

(c) If Ris a PID, ‘then Max R = {(p)-| p isa prime element } SpecR = MaxRU{O}
).
)

. (d) Spec R/a = {p/a | p € Vg(a) }, when ais anideal, cf. (23.8). - . .
. (e) Spec S~ 1R = {57! p \ p € SpeCR p 0 S @} when S is.a. specxal multlphcatlve !

system, cf. (23.9). .

) SpecZ)(4) = {([2]en) .
. (g) Specz/(ﬁ) = {([ l) ([3](6))}

(23.13) Local Ring. The ring R is said to be local exactly when it is Noetherian and has

: only one maxtmal zdeal Recall: that Max R# @ by (23 2) We use the next termmolo
' - (Rym, k) is Tocal"- (:} ‘R is Noetherlan MaxR {m} avnd.'l.c»u:_-R/-m;‘
a Wesaythatklsthereszdueﬁeld - SIS

(23.14) Locallzatlon Let R be Noetheuan For p € Spec R, the set R\ p is a specxal
multlphcatlve system, and we set

det

M, = (R\p)™
for any R-module M. Then M, is a module over the ring I, which is local by (23.12.e):
(Ry, Py, k(D)) is a local ring with xg(p) R R,/pyp-

Here, p, = {p/s|p€p and s€ R\ p},and the field kg(p) is isomorphic to the field
of fractions of the domain R/p.

e
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(23.15) Krull Dimension. The Krull dimension of the ring R is denoted dim R, and it
is the supremum of n€ Ny such that exists a chain

- PoCPp1C- CPn

in Spec R, that is, a chain of prime ideals. In the chain (}) there are exactly n strict
inclusions; for n = 0 the chain is just po (without inclusions). As Spec R # @ by (23.2)
we have:

dimM eNgU {0 }.

- (23.16) Examples: Dim. Confer the corresponding part of Example (23.12).

(a) If L is a field, then dim L = 0. _

(b) If R is a domain and not a field, then dim R > 0. .
(c) If R is a PID and not a field, then dim R = 1.

(d) dim R/a < dim R, when a is an ideal.

(e) dim ST'R < dim R, when S is a special multxphcatwe system.

(f) dimZ/(4) = 0.

(g) dimZ/(6) = 0.

In cases (d) and (e), more precise results will be provided later.
(23.17) Infinite Dimension. Let L be a field, and consider the next infinite chain of
polynomial domains:

LIX\) CL[X, Xo]C---CL[Xy,...,Xa] C -

The union of these rings is easily seen to be a ring; it is denoted L[ X, X, - - >]var'1d said
to be the polynomial ring over L in the infinitely many indeterminates X, X 2, .., and
it is a domain. In the infinite chain '

0 c(X)c (Xl,Xg)C SC Xy 1 Xn) C o

;IIZ{-

S Xa)
L[ Xpi, Xn+2,-- ], and the latter is a domain. Thus dim L[ X, X5, - ]

(23.18) Height of Prlme Ideal. For p € Spec R the height htz p is deﬁned as:
| htg p & dLmR (e NOU{OO})

. j By (’)3 12. e) apphed with S= R\ p we get:

htRp = sup{ ne No | There is pnme 1deal cham po - ' C P }

htgp = 0 e p € MinR.

(23.19) Exercise: Height Inequality. Let p be a primeideal. Prove the next inequality:
htgp +dimR/p < dimR.

Provide an example with strict inequality.

- (23.20) Exercise: Height. Let R be a UFD?*, and let p € Spec R have htR p = 1. Prove

that p is a principal ideal generated by a prime element:

The next two fundamental results are proved in [Ka] and [ BH], respectively.

25 . . N . . .
22 That is, a Unique Factorization Domain
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(23.21) PIT ef Principal Ideal Theorem by Krull. Let z be an element in R, and

assume that R is Noetherian. For any prime ideal p that is minimal in VR(z) (that is,
p/(z) € Min R/(x) ) the next inequality holds:

htgp <1.

- (23.22) PAL ©f Prime Avoidance Lemma. Assume that P1,.--,Pn areideals in R,

and that at most two of these are not prime ideals. If a is an ideal that is not contained
in any p;, then
aZ pLU---Upy.

Thus “the ideals pq,...,pn can be avoided by an element in a”.

(23.23) Proposition: Spec R mﬁmte If R is Noetherian and dim R > 2, l;hen the set
Spec R is infinite.

(‘)3 24) Proof. We’ wdl actually prove that X & {p € SpecR | htRp < 1} is infinite.

Axssume that X = {py,...,pn } is finite [and look for a contrad1ct10n] Asdim R > 2
by assumption, q € Spec R can be chosen such that htg q > 2. Next, use PAL (23.22)

~to choose z € g\ p1U---U py,. By (23.3.1) Min R/(z) is non- empty, so p’ can be

chosen minimal in Vg(z), cf. (23.12.d). By PIT (23.21) we have htg p’ <1, and hence
p’ € X ={p1,...,pn} contradicting z € p’' \ pyU---U p,,. O

For the rest of this section we assume, cf. (23.13):

(R,m, k) is a local ring.

g ‘(’)3 25) GPIT = General PIT For ne Ny the followma are eqmvalent

__{2). There ex1st al, o an E m such that VR(al, ce an.) = {m }
(22) drmR <m; : :

. (23 26) Proof. “(n) = (z)” by induction on n:

n = 0: dim R < 0 means that dim.R = 0, that is, Spec R = {m }. The ideal generated

- by 0 elements.is spang @ = O, the zero.ideal, cf. (2.9.1). Thus, VR(O) = Spec R = {m},
. as desired.

.. n >0 By Pr0p081t10n (23 4) t,he set-Min R is ﬁmte say Mm R.= {ql, ,qm} By - f.‘
. PAL. (23 22) we carn chdose x € msich that z°¢-q1U- -~ U gy Set R:=4"R/(x) whichis -

~ a local ring with maximal ideal m' =% m/(z). In order to be able to apply the inductive
, hypothe51s we want to prove: :

(*) |  dmR<n-1.

To achieve this, let p, C --- C p, be any (strict) chain in Spec R, and consider the
corresponding chain p; C --- C p;in Spec R, cf. (23.12.d), that is, = € p, and p;/(x) = p,.
As x 1s in pg and as it is not in any of the minimal prime ideals qi, . .., q,, we conclude

‘that pg 1s not minimal, that is, htgpy > 1, so we may choose p_; € Spec R such that
p_1 C po- Now, we have constructed a chain in Spec R of length ¢ + 1, and hence
£+ 1 <dim R. As the latter, by assumption, is at most n, we have established ().
The inductive hypothesis now provide elements [a ](T), . ,[ an-1](x) € R such that
Vie(laily). - lan-ilm) = {m'}, and hence Vg(ay,...,a, 1, 7) = { m}, as desired.
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“(7) => (i) \
n = 0: In this case Vg(ay, ..., a,) = Vg(O) = Spec R and hence Spec R = {m }; thus,
dim R = 0. ’

n = 1: As, by assumption, m is minimal in Vg(a,), PIT (23.21) yields htpm < 1, that
is, dim R < I as desired.

n > 1: This requires a special argument that will be provided later—if at all. g

(23.27) Corollary 1. If m can be generated by b (€ Ny) elements; thendimR <b., 0O -

(23.28) Corollary 2. dim R < co. - ' O

(23.29) Corollary 3. Set d % dimR. There exists then a,...,aq € w such that
Vr(ai,-..,a5) = {m}. | O

(23.30) Exercise: Generating Ideal up to Radical. Prove that there to any ideal a
in R exists a1,...,aq € a such that d = dim R and Vg(ay, .. ,ad) = Vg(a).

(23.31) Theorem: Dimension of Ring Modulo Element. Set d d:ef dlmR assume
that € m, and set R =% R/(x). The following then hold.

(a)d—1<d1mR<d '
(b) If dim R = d, then there exists p € Min R such that dlm(R/p) =dandz€p.
(¢) If £ ¢ Uperin g P> then dim R =d — 1.

(d) If dim R >0, then there z can be chosen in m such thac dmR=d~1

(23.32) Proof. First note that
S v SpecR={p/(z) | p€Vr(z)}

by (23.12. d) Thus for (a) only the mequahty dme >d- 1 needs explanatlon Set S

e = dimR, and choose by Corollary 3 (23.29) [a; ](a),- ae)wy € m! =% m/(x). (the--

maximal ideal in R) such that m’ is minimal in VR([G1](1),-,- [ae](z)) Thus, m is-. .

minimal in Vg(a,,...,a.,7), and d < e+ 1 follows from GPIT (23 25)
(b) results from (]‘) and (c) follows.

(d): Choose x €m\ Up:MmR P by PAL (23 22) in view of the ﬁmteness of Mm R, cf.
(23.4). Apply then (c)." =~ ' ‘ - AR R

B - (23.33) Non—local Noetherlan ngs L

(a) Let-Abea Noetherian ring which need riot be local If d _def d1m A< and a'is an
ideal in a, then there exist d + 1 elements ay,..., ag41 such that VA(al, . ad+1) =
Va(a ). This is a variation of Exercise (23.30). :

(b) Later we will give an example of a Noetherian ring A with d1m A = 0. Corollary 2
(23.28) implies that this ring is not local. (Thering L[ X, Xy, - - -] in Example (23.17)
1s not Noetherian.) In any ring A with dim A = oo, there is an infinite sequence of

chawns in Spec A: pog 5 Pro C Pui; - 5 Pro CPat € - - C Pan ;- .- (but each chain
is finite when the ring is Noetherian). o



NI . N .
cinekbdshsseel - e e

gtk

E
,§

114 HANS-BJORN FOXBY = DECEMBER 20, 2004

1

24. MINIMAL GENERATION

Throughout this section:

(R, m, k) is a local,

that is, R is Noetherian, Max R = {m }, and k = R/m.

Over-lining will, in this section, always refer to the ideal m, that is, for an R-module
N, an element n € N, and an R—homomorphlsm @: N — P, we write N = N/mN
(which is a vector space over k), @ = [n]my (which is an element in N), and 3: N - P
(which is the induced linear map of vector spaces). Thus, the structure of N as a vector
space over k is given by T =7n for r € Rand n € N, cf. (2.27.3). As already indicated,
there is one exception to the general usage of over-lining: in general we write k, not R.

Further notatiofi in this section: N denotes an R-module, b is in Ny, and ny,...,n,

is a set of elements in N (and it is empty if b = 0). For a4,...,a, € R we consider the
linear combination: :

Eiaini =any+---+apny .

When ¢ is used as a lower index, its range will be {1,...,b}, and the same applies to the -

letter 5. Thus, 1 <17,5 < b (in this section).
(24.1) Invertible elements. For z,u € R the following hold.

(24.1.1) ugm <= u isinvertiblein R.

(24.1.2) r€e€m = 1-z isinvertiblein R.

In the former, both sides are equivalent to(u) = R, and in the latter, z and 1 —z cannot

- both belong to m.

N are not linearly independent if and only if there exists a number® j such that

(. T € Ligjkn;
and this is tantamount to
NG e _nJEEI#Rnl—FmN
~_ '(94 3) Theorem Noether s Isomorphlsms The followmg hold for submodules N’
and N” of N. . ‘
(24.3.1) ‘ N'/(N'N N”) = (N’ + N")/N" .
(24.3.2) | (N/N")/(N'/N")y= N/N' if N"C N'.

(24.4) Proof. (1): The map N’ — (N'+N")/N" given by n' + [n']|y~ is a surjective R
homomorphism with kernel N'NN". Thus, the desired assertion results from Isomorphism
Theorem (2.30). o :

(2): The map N — (N/N")/(N'/N") given by n v [[n ]y~ |n:/n is a surjective R-ho-
momorphism with kernel N’, so Isomorphism Theorem (2.30) yields again the desired. [

2 1 {1,...,b} as always in this section

by

'(24 2) Lmear independence over k. We shall often use that ‘elements AL, ..,Trfg'ih' B
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(24.5) NAK ef Nakayama’s Lemma?” If N is a finitely generated R-module and
N # O then N # O.

(24.6) Proof. AS over-lining is right-exact, cf. (6 21), LHF 0 (17.18) yields that it suffices
to assume N = R/a for an ideal a. As R is local, and R/a 5 O, we obtain that a C m
and hence an exact sequence’ N — k — O. As over-lining is right-exact we get another
exact sequence M — k — O. Since k =k # O we get N # O as desired. O

(24.7) NAK Corollary 1. Let N’ be a submodule of a finitely generated R-module N .
The following then holds:

mN +N' =N :> N =N.

(24.8) Proof. The secand equality in the chain below results from the next Exercise
(24.9).

N/N' = (N/N")/m(N/N') = (N/N{_)/((mzv +N)/N') = N/(mN + N') =0

The isomorphism is from Noether’s Isomorphism (24.3.2)." O

(24 9) Exercise: Ideal tlmes Resxdue Module. Prove that a(N/N') = (aN+N'")/N’
whenever a is an 1deal and N’ is a submodule of an R~module N.

(24.10)_NAK Corollary 2. For ny,...,n, € N, the foI_lO.Wing are equivalent.
- (¢) ny,...,ny generates N; ’ '
(1) 71, ..., generates N, and N is finitely generated

(24 11) Proof. “(7) == ()" is obvious. o -
“(1#) == (1)": Consider the submodule N' =40 9. Rn; of -N'.-In the k—module N we

. ‘have (N’ + mN)/mN = 3 ik = N the former- by the definition of ‘N’; the latter by -~
" the assumption. Thus N+ mN =N and NAK Corollary 1 (24.7) ylelds N' = N as

desired. . 0

(24.12) Definition: Minimal- Generators. Any set of elements ny,...,n, € N is a
minimal generating set for N, exactly when it generates N and no n; is superﬂuous the

' 'latter is, for all 5 we have:

(24 13) Pr0p051t10n Mmlmal Generators For ni,...,my € N, Avthe feIonving are
_equivalent. o , .
- (1) nyi,...,ny is-a minimal rreneratmg set for N;

() my,..., M isa basis for N- over k, and the R—module N is ﬁmtely generated.

(24.14) Proof. “(2) == (1i)": Asn,,...,n, generates N, the residues 7y, . . ., m, certainly
generates N. Assume that they are not linearly independent [and look for a contradic-
tion]. By (24.2.1) there is a j such that n; € Z'l-#j[{ni +mN, that is, n; = Siymng + T
with all 7, € R and 2 € mN. Since ny,...,n, generates the module /V, we can find

2T Late Hideyuki Matsumura wrote in [M1, page 11]: “This simple but important lemma is due to
T. Nakayama, G. Azumaya, and W. Krull, and although it is usually called Lemma of Nakayama, late
Prof. Nakayama did not like the name.”
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ma,- .., My € msuch that x = ¥;m;n; . Thus,

nj = LT + Lymn,
that is,
(1 — mj)nj = Ei?gj(’f'i +mi)ni € 2i¢iji .

As 1—m; is invertible in R, cf. (24.1.2), n; belongs to ¥;z; Rm; contradicting [ as desired ]
the minimality of the generating set n,,...,ny.
“(41) = (1)”: Under our assumptions, NAK Corollary 2 (24.10) yields that ny,...,n,

generate IV, and we are required to prove the minimality. Assume that, for some j,

we have n; in X;z;Rn;. We get ; € Yiy;kn; contradicting the linear independence of
n‘l) <y nb.

~ (24.15) Vector Space Dimension. The dimension of a k—vector space V' is denoted by

|Vl; it belongs to Ng U {00 }. Thus, we reserve the operator name dim for the Krull
dimension. '

(24.16) Definition: Zeroth Betti Number. For any R-module N its zeroth Bett:

number is defined to be SE(N) = =4 [Nl in Ng U { 0o }. (Later, in (24.30), higher order
Betti numbers ;BR(N) will be introduced for ne N.)

~ From Proposition: Minimal Generators (24.13) we obtain the next:
(24.17) Corollary: Mmlmal Generators.' For any finitely generated R—module N the
next are equivalent.

(1) n1,-..,n is a minimal generating set for N;
(1) ny,-..,np generates N, and b = R(N) . D

(24 18) Mmlmal Number of Generators Let N be a finitely generated R-module.’ It-
~follows from' the corollary above, that all minimal generatlnfI sets for N have the number

of elements and that:

ﬂ(?(N ) is the minimal number of genemtors for N.

(24.19) Lemma. If O — U SV — W -0 is an exact sequence of vector spaces over
k, then

|V\k = |U|k +|W|k (m NOU{OO})

split, cf. (7.10), and hence V2U@W, cf (6.45. *) and the desu‘ed assertion follows. (]

(24.21) Lemma: Modulo an Element. If N is a ﬁmtely’generated R*module, and T

is an element in N, then the following holds:

R L~ BE(N) =1 if 2 ¢ mN
| fo (N/Rz) = {ﬁg(N) if z€mi.

(24.22) Proof. We start b§' some calculations.
N/Rz = (N/Rz)/m(N/Rz) = (N/Rz)/((mN + Rzx)/Rx) = N/(mj\;[ + Rx).

(N + Rz)/mN = Rz )un = k[2]an (€ N)

- j. (24 20) Proof Because W is a prOJectlve k—module of! (7 29) or (17 10) the sequence B
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In the first line, the first equality is by definition of over-lining (in this section), the second
one is by Exercise (24.9),-and the third one is by Noether’s second isomorphism (24.3.2)
In the second line, the left hand module is generated by. the residue class of z, and this
yields the first equlity; the second one is because both sides are submodules of the vector
space N. Noether’s second isomorphism (24.3.2) yield also the next exact sequence:

| O — (mN + Rz)/mN — N/mN — N/(mN + Rz) — O.

In view of the above, the last exact sequence gives the next exact sequence:
O = k[z]mn —~N—-N/Rx—0.

Thus, by Definition (24.16) and Lemma. (24.19) wé have obtainedlthe next:
ﬂ§(W/R$) = ,B(’,{(N) — k[ z |anle-

{2 o] = {1 if ©¢&mN

0if z€mN.

Finally, note that:

The desired assertion has been proved. S _ o

(24.23) Lemma:.,Two Rings. Let N be a finitely generated R—module and let a be an
ideal such a € Anng N. Then N is also a module over R/a and:

RIe(N) = BR(N) -

(24.24) Proof. For the first assertion consult (2.27.3). It follows that ny,...,n, generates

. N as an R—module, if and only it does so as a module over R/a, and that it is a minimal

generation set over R if and only if it is so over R/a. Now apply (24.18). O

© (24.25) Exercise: Zeroth Betti Number & Tensor Product. Prove that the fol-

(8) M@R N=M®&.N.
Assume from now on, that M and NN are finitely generated.

S (b) BH(M ®r N) = B (M) B3 (N).
(O M#£0 and'N#£0 = M®gN#£O.
' (24.26) Lemma: Free Cover. Let- N 'be-a finitely genera_téd R-module, and let
;. ..,ny be a minimal generating set for N. Tht_areﬁex_ist‘sﬂthen_an ;exact_:s'_eq_uén_ce'_:ﬁ ' '

inducing an isorhérphism 7 R = N, and such that t = o0 and Torl(N k) = K.

(24.27) Proof. Define o by o(ry,...,75) df s rn, . It is surjective as ny, . ..,y generates
N. Set K =%f Kero. The exact sequence () has been established. For 7p,..., T € R
we have 5(77,...,Tp) = 2,737 in N. Furthermore, & is an isomorphism as ni,...,7
is a basis for N over k, cf. (24.13). The remaining assertions now follow from the next
long-exact sequence: :

Tor®(R?, k) — TorR(N k) “5 K~ R 25 N —.0

because Torf (R k) = O. 0
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Compare the next result to Theorem: Finitely Generated Flat is Projective (20.21)
which does not require the ring to be local.

(24.28) Theorem: Flmtely Generated Flat is Free. Let N be a finitely generated

R-module, and let n,,...,n, be a minimal generating set for N. If the module N is flat,
then it is free, and n,,...,ny is a basis for it.

(24.29) Proof. It follows from the lemma (24.26) that K = Torf'(N, k), and the latter

module is O since N is flat. Thus, K = O, so NAK (24 5) ylelds K =0,and N 2 R
by the lemma once more. . 0

(24.30) Definition: Higher Betti Numbers. For any R-module N, the n’th Betti
number is BE(N) =% | Tor2(N, k)| (€ NgU {0 }).
If N'is finitely generated, then SF(N) < oo for all n, cf. (21.15.b).

(24.31) Theorem: Minimal Free Resolutions. For any finitely generated R~module
N there exists an exact sequence: _

(f) i Rt On phet g O, g B Ny o

with bg,by,. .., bn...€ Ny such that 8, is an isomorphism, and 8, = o forn > 1.

Furthermore, for any exact sequence (1) such that 8,, = o forne N, there are equalities:
(x) by = ﬁR(N) for all ne No .
(24.32) Proof. Set K 1 = N and choose recurswely for ¢ = 0,1,... shortv—_exact se-

quences:

0 — K, J‘_;_Rbe_ %, K£~—'1_ -0

‘as.in (24.26,%) such that &7 is-an- isemorphism and 7z- = o.- Settlnff (90 =def 5, and,-ﬁl
8- =% ;- o5 for n > 1, note that.0,.= g is an 1somorphlsm and 3 = In- 1an = oan =0." "

To prove the last assertion, note that

def

Pg=""‘*Rbn“—?Rbn_l-""’—“)Rbli—)Rbo-;—)O

is a projective resolution of N, and that

Pi@pk=:"-5 JLE Ot S kbl ko — O

- '(24 33) Corollary Vamshmg of Bettl Numbers The followmg hold, when N is a
: ﬁmtel) generated R-module.

~(a) pdp N =sup{ne No | BE(N) #0} (< o).

(b) ﬁR(N) #0 foralln < pdp N.
(24.34) Proof. Both assertions follow from () in view of (x), cf. the theorem(24.31). O

(24.35) Corollary: Modulo an Element. If N is a finitely generated R-module, and
2 € m\ Zerog N U Zerog R, then B/ (N/xN) = GR(N) and Pdr/(ry N/zN = pdp N.

(24.36) Remark. By (7.34.b), pdg,,y N/zN <pdg N holds in further generality.

. It-follows. that Tor®(M, k) = H, (P R k)_ = kb" for ne NO, e the deﬁmtlon (24 30) of .
o ,Bettl numbers ylelds the des1red assertlon LT L D :
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(24.37) Proof of Corollary. Let ~ denote the}iunctot — ®gr R/(z) (as the usual over-

lining is occupied as denoting — ®z k). Thus, M = M/xM for all R—-modules M. Note
that (R, m/(z), k) -is a local ring.
The exact sequence of R—modules from the theorem (24.31):

o Rt S R o R 5 N 0
induces, by Exercise (7.34), an exact sequence of R-modules:
| --~—>§b"—»Eb"“—»---——»ﬁ’“—)NHO.
Since R = k, the theorem (24.31) yields B/ (M/zM) = BE(N), and pdg/m N/zN =
pdg N follows by the first corollary (24.33). a

(24.38) Exercise. Provide a more direct prove of Lemma: Modulo an Element (24.21).



HHEIATE

120 HANS-BJORN FOXBY DECEMBER 20, 2004

i

25. REGULAR LocAL RINGS I

Throughout this section:

(R,m,k) is a local.

(25.1) Minimal Generation of Maximal Ideal. The minimal number of genexatms

of the maximal ideal m is ff(m) = |m/m?|y, cf. (24.18) and (24.16), when m? =% mm.
By GPIT (23.25) and (24.18) we have the next

(F) - ' Fundamental Inequality: dim R < B§(m).

(25.2) Modulo an Element. For z € m we set®®:

(25.2.1) . R¥ R/(z) and w’' € m/(z). .

Note that (cf. also the Noether isomorphxsm‘(24.3.2)):

(25.2.2) - - (R, m’, k) is a local ring.

For z € m\ Upeptin g P oné dédﬁces from (c), respectlvely, (24.21) and (24.23), the
~ following: ‘ -

(25.2.3) S dimE =dim R — 1
e = (R e

(25.3) Definition: Regular Local Ring. The local‘rmff (R, m, k) is said to be regular,

3 .'exactly when there is. equahty in.the Fundamenta,l Inequahty(FI) that is,

R .1s.regul_ar_ , 4:> dlmR ﬁo(m) o

(25.4) Dimension Zero.

R isreglar and dimR=0 <= R is a field.

- Indeed, B3t (m =0.if and only 1f m= O

g ""_(25 5) Dlmensmn One

R is regular and dlmR— 1' ¢:> m is pfi'r.lcipa’li
Indeed, Bf(m) = 1 if and only if m is pr1nc1pal These rings turn out to local PIDs, cf.
(25.10) and consult also. (25.12).

(25.6) Fundamental Lemma. Assume that z € m\ UpeMi;R p, and consider the local
ring (R, W', k), cf. (25.2.1). The following then hold.
(a) If R is regular, then:

"R is regular <= z¢m°

(b) If R is regular, then R is regular and x ¢ m?.

9 . . . s A ]
’8 In this section—in contrast to the usage in Section 24.
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(25.7) Proof. (a): As ff(m)—1 = dim R— 1 = dim R by the assumptions and (25.2. 3)
the desired equivalence follows from (25.2.4).

(b): Assume that R is regular, that is, the first equality in the next chain.
dim R = ﬁ_(m’) > B(m) — 1 >dimR — 1 = dimR.

Here, the inequalities result from (25.2.4) and Fundamental Inequality (FI), respectively,
the first equality is our assumption, while the last one is by (25.2.3). Thus, equality holds
in both cases, that is, respectively, z ¢ m* and R is regular. O

(25.8) Theorém. If R is regular, then R is a-domain.

(25.9) Proof. We use induction on d % dim R.

d = 0: In this case R is a field by (25.4) and hence a domain.

d > 0: First, note that, in this case, m ¢ pfor all p € Min R. Second, note that m ¢ m?
by NAK (24.5) as, in this case, m # O. Thus, PAL (’)3 22) yields m g (UpeMmR p)um?.

Choose
Ol xem\((-u p)un?).

pEMin R

Now, R = S R/(z) is regular by (a) in Fundamental Lemma (25.6), and hence R is a
domain by the inductive hypothesis, that is, (x) is a prime ideal in R By the choice of
the element z, this prime ideal is not minimal. Consider the special multiplicative system
S =%t R\ (z) and the ring S™'R, and choose, by (23.3. 1) a minimal prime ideal in this
ring; by (23.9), this minimal prime ideal is of the form S~!p for a prlme ideal p in R such
that SNp = @ that is, pC (z). Now we have the next:

(x) o Wp=p.

- Namely, as “C" is 0bv1ous we prove the 0pp081te mclusxon Assume that P belongs to p.
As p C (z) there exists r € R such that p = rz, which-—as 2 ¢ p-—implies that r ¢ p.and

hence p € zp as required for (x). Now NAK (24.5) yields p = O. Thus, R is a domain,.
as desued : - O

(25. 10) Theorem: Dimension One. If dim R = 1, then the next holds
R is regu]ar = R is PID )

5(95 11) Proof The xmphcatlon' f‘x;t‘ ™is obv10us by (25 5) N B
= ”: Assume that m = (t). Furthermore, assume that there exists an ideal that is

€3

not a prmmpal ideal [and look for a contradxctlon} As R is Noetherian, we can choose
a maximal among non-principal ideals; cf. (18.2). Set b =% {r'€¢ R | tr € a}. Since"
a Cm = (t) (as a is not equal to R which is a principal ideal), we have a = tb, and NAK
(24.5) yields a C b which, in turn, implies that b is a principal ideal, say b = (b). Thus,
a = tb = (tb) which is the desired contradiction. : N tJ

(25.12) DVR “ Discrete Valuation Ring. The local ring R is said to by a discrete
valuation ming, abbreviated as DVR, exactly when it is regular and dim R = 1. Assume
now that R is a DVR with maximal ideal m. It is then PID by the previous theorem
(25.10), and hence UFD. If m = (¢), then for each r € R\ O there exists v(r)e Ny and
u € R\msuch that r = ut*”) and v(r) and u are uniquely determined. The map r +— v(r)
can be extended to the field of fractions w: B — 7 U {00} by w(r/s) =% v(r) — v(s)
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and w(0) = oo. This w satisfies w(bc) = w(b) +w(c) and w(b+ c) > min{ w(b), w(c)}
for all b,c € B, and it is said to be a discrete valuation. , :

(25.13) Krull’s Conjectures. If R is a regular local ring, then the next holds.

(a) Any localization R, of R at a prime ideal p is a regular local ring.
(b) The ring R is UFD

These will be proved later by proving and using the next key result.
R isregular <= gldim R <o0.

(a) then follows directly by (17.13). (b) requires more—to be providéd. lba..ter.

(25.14) Regular Sequence. Let M be an R-module.

An element z in R is the said to be M—regular, exactly when z ¢ ZeroR M, that is, if
and only if the sequence O — M 5 M is exact, and that is, if and only if zm # O for all
m e M\O.

For ne Ny a sequence Ty, . ..,y € R is said to be M—regqular, exactly when the next
holds:

11 & Zerog M, 13 ¢ Zerop M/z M, ..., 2, & Zerog M/(zy,. .., T0p-1)M ,

that is, if and only if, z; is M/(zy,...,zi—1)M-tegular for alli € {1,...,n}. Forn =0
the sequence is empty, and it is regular.

Here, we do not require that (zy,...,2,)M C M which, however, is fulfilled if when
M is finitely generated, M # O, and x4, ...,z, € m, cf. NAK (24.5).

"Furthermore, the above definition is concerning an ordered sequence i, ..., Tn.

7 (25.15) Example. Let R = Z(Q), the 1ocahzat10n of the ring of integers Z at the pnme

ideal (2) cf (‘23 14 that is; '

—{r/stereR sEN S odd},

which is a local ring (and a subring of Q). Consider the R-module M =def Q. The

sequence 1,0 is M-regular (as Zerog O = &) but 0, 1 is not.

(25 16) Remark. One can prove that if M is finitely generated, and z,...,z, IS an

M -regular sequence, then any permutatlon To(1)s = :c'(,_(n‘)v o_f Ty, ..., In is again an M-
'regular sequence : _ R S ‘

" The next result is 1mportant in our quest for proofs of the Krull conjectures

- (25.17) Proposition: Maximal Ideal in Regular Local ng. If R is regular, and

Ty,...,Tq are minimal generators for m, thenxy,..., 24 1'5 an R-regular sequence.

(25.18) Proof. We use induction on d. Note first that, under our hypotheses, d = dim R.
d = O The sequence is empty in this case, cf. (25.4), and thus R-regular.

d >0 By (24.13) we have 1, ¢ ‘m?. Thus, as MinR = {O} by (25.8), the
local ring R et R/(z;) is regular by Fundamental Lemma (25.6.a). The sequence

[22](x0), - [Zd]@z,) 15 @ minimal set of generators for the maximal ideal m/(z,) in R,

and hence it is R-regular by the inductive hypothesis, and our desired assertion results
from the next lemma. - tJ
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(25.19) Lemma. Forz,,...,z, €m,n > 1, and R-module M the following holds.
I ¢ Zeror M and

‘_:'73 Xy,...,ZTp IS M-regular <= .
i¥ o Ty,...,ZTn IS M/xyM-regular.

(25.20) Proof. For j > 2 we’have the next:
(M/zM)[(zs,...,2;)(M]/2 M) = (M/z:M) /(21,25 ..., 2;)(M/2, M)
= A{/(lil,l‘g - ,:L'j)1\/1,

where the equality is (24.9) and the isomorphism is Noether’s (24.3.2). The desired
assertion follows by the definition (25.14). : a -
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26. HALF-EXACT FUNCTORS

Throughout this section:

[ R is a Noetherian ring. J

(26.1) Associated Prlmes & Support. For any R-moduleM we define:

AssR MY {p € Spec R| Anng(z) =p for some z € M}
SuppRAI = {p € Spec R | Anng(z) Cp for some. z € M }.

e

The elements of the former set are called associated primes, and the set is called the

assassinator; the latter set is the support of M.

(26.2) Proposition: Prime Idéals. The following hold for R—modules K, L, and M.
(a) Assg M C Suppp M.

(b) If M # O, then Assg M # .

(c) If p € Spec R, then M, # O, if and only if p € Suppp M.

(d) If M is finitely generated, then the set Assp M is finite.

(e) Zeror M = cassp ne P- :

() IfO— K — L — M — O is an exact sequence, then there are the next inclusions:

Assp K € Assg L C Assg K UAssg M .
(g) IfO - K - L — M — O is an exact sequence, then there are the next equality:
Suppg L = Suppg K U Suppy M .
(h) Suppg M C Vg(Anng M) with equality if M is finitely generated.

(26.3) Proof. (a).is obvious from- the definitions: - - ' R

(b): The set X =4 {Anng(z) | x € M\ O} has—as R is Noetherlan—a ma.xxmal
element, and this is a prime ideal.

(c) follows from (23.14) and (5.8.5).

(d) follows from (26.5) below.

(e): The inclusion “D” is obvious. To prove the other one assume that a € R and
z € M are such that ax = 0; choose p in Assg Rr C Assg M.

(f) ‘The-first inclusion is obvious from the definition.. For the second one, assume that

" and conclude p € Assi M. respectxvely, peAssp K.

(g): The assertion follows directly from (c) in view of the exactness of the 1ocahzat10nf

functor, cf. (23.14) and (6.24).

(h): The inclusion follows from the definitions, cf. (26. 1) and (23.8), since AnnR(:c) c

Anng M for all z € M. Next, assume that M = Rmy +--- + RM, and consider the i

homomorphism ¢: R — M" defined by ¢(r) =4 (rmy, .., rm,). As Kerp = Anng M,
there is an exact sequence O — R/ Anng M — M"™ by Isomorphism Theorem (2.30),
and hence Vg(Anng M) = Suppgr(R/ Anng M) C Suppy M™ = Suppy M by Definitions

(23.8) and (26.1) together with (g). .

(26.4) Definition: Prime Factor Chain. A chain O = My C M,--- C M, = M of

submodules of an W-module M together with py, ..., p, € Spec R such that M;/M, ; =

R/p, forall v = {1.... n}issaid to be a prime factor chain of M.
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(26.5) Proposition: Prime Factor Chain. If M is a finitely generated R-module, . .

then M admits a prime factor chain, and there are inclusions:

Assg M C {p1,.--,pn } C Suppg M

for any such’prime factor chain.

(26.6) Proof. The zero module admits a prime factor chain, namely the empty one (with
zero submodules and zero prime ideals). Choose M' maximal among the submodules
admitting prime factor chains. Then, M’ = M since Assg M/M' # & otherwise by
(26.2.b). For the second assertion consult (f) and (g) in (26.2). O

(26.7) Special Prime Avoidance Lemma. If M isa finitely generated meodule, and
a is an ideal in R such that a C Zerog M, then a C p for some p € Assg M.

(26.8) Proof. Use PAL (23.22) together with"(d) and (e) in (26.2). O

(26.9) LHF 1 “’ Lemma on Half-exact Functors 1. Let T Mod(R) — Mod(R')
"be a half-exact functor. To any finitely generated R-module M with T(M) # O there
exists then p € Suppp M such that T'(R/p) # O.

(26.10) Proof. Choose a prime factor chain O = My C My--- C M, = M with prime
ideals p1,...,pn € Suppg M, cf. (26.4) and (26.5). Each of the short-exact sequences

O M- M; = Rpi— O
_induces-an exact sequence .. | |
T(Ml 1) —*T(M) — T(R/P )

- (w1th the arrows reversed in the contravarlant case) CAs. T(M,) = (M ).# 0 and .
- T(Mg)=T(0)= 0, cf. (6. 13) we conclude T(R/p ) # O for some 1. a

(26.11) Linear Functors. Let T_: Mod(R) — Mod(R) be a functor with the same
target as source. It is said to be-R-linear, exactly if it additive, and it satisfies T (rp) =
- rT(u) for all r € R and all R~homomorphism -, that is, if and only if the induced map
- .Homg(M, N) — Homg(T(M), T(V')) is-an R-homomorphism. If T is additive, then T'

"is R-linear, if and only if T(rar) = 71 forall r € R and all- R—modules M, ", cf. (2.16).
- Indeed; if p: J\[ - M is-an R homomOLphlsm and ré R then T(r,u) T(TM o p) e

O T(rig) oT(u

(26.12) Lemma: Linear Functor & Annihilator. If T is an R-linear functor, thenb |
Anng T'(M) O Anng M for all R—modules M.

(26.13) Proof. ryy = o forr € AnnR M’heH(’:e rr(m) = 0, that is, r € Anng T'(M). U

- (26.14) Proposition: Derivative of Linear Functor. IfT is a linear functor, then so
are its derivatives L, T and R"T.

(26.15) Proof. For an R-module A with projective resolution P. and r € R, the mor-
phism rp_: . — P., cf. (8.5), is a continuation of ry: M — M; thus:

L. T(rar) = Ho(T'(rp.)) = Ha(rrp.y) = Taarip.)) = TLaT(M) - 0
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1

(26.16) Ext & Tor. For any be Ny the functors Ext} (— —) and Tor®(—,~) are linear

- in either variable. Thus,

(26.16.1) Anng Ext}(M,N) 2 Anng M + Anng N;-
(26.16.2) Anng Tor?(M,N) D Anng M + Anng N. O
(26.17) Auxiliary Lemma. Let T Mod(R) — Mod(R) be a half-exact and R-linear

funct;or If M’ is a finitely generated R—module with T(M') # O, then there exists
p € Suppr M’ such that:

(1) T(R/p) # O and T(R/a)=O whenever a is anideal with aDp. .-

(26.18) Proof. The set X & {q € Suppg M’ | T(R/q) # O} is non-empty by LHF 1 - |

(26.9), so choose p maximal in it. IfT(R/a) # O, then LHF 1 (26.9) gives q € Supppg R/a
with T(R/q) # O. Since Suppg R/a = Vg(a) € Vg(p) C Suppg M', we have q €
Suppr M'. As p C a C g, this contradicts the choice of p as being maximal in X. Thus,
(1) has been proved. . a

(26.19) LHF 2 €' Lemma on Half-exact Functors 2. Let T: Mod(R) — Mod(R)

be half-exact and R-linear, and assume either

(a) T is contravariant; or
(b) T is covariant and left-exact.

TR

If M' is a finitely generated R—module with T(M') # O, then there exists p € Suppy M"

such that T(R/p), # O.

(26.20) Proof. Auxiliary Lemma (26.17) yields p € Suppg M’ such that T(R/p) # 0,

and T (R/ a) = O whenever a is an ideal with a D p.
We want to prove that

e 0 T(R/) T T(RY) . )
is exact for all ¥ € R\ p. Indeed, set a =% p+ (r) (D ), and note tha,t the exact

sequence
— R/P 2% R/p - R/a— O
in either case, (a) or (b), mduces the exact sequence (f). Now, it follows tha.t the map

T(R/p) — T(R/p), is injective, cf. the next Exermse (26.21) = e [EI

R (26 21) Exercise: - Injectivity of Fraction Homomorphlsm If Sis a speCLal mul—‘
R ‘tiplicative system in R, and 1\4 is an R—module sach ‘that S N Zerop M = I, then thet-,

fraction homommphlsm M = S'M, m w m/l, 1s 1nject1ve Formulate and prove a
corresponding assertion concerning surjectlwty N

(26.22) Theorem: Measuring Injective & Flat Dimension. For any R~mddule N .

there are the next two equalities:

(i) idg N = sup{ne Ny | E\((’}}(R/p N), # O for some p € Spec R };
(f) fdp N = sup{n€ Ny | Tor(R/p, N), # O for some p € Spec R}.

(26.23) Proof. (i): The inequality “>” follows directly from IDC (17.5). To prove
the other one, assume that n < idg V [and we want to find p € SpecR such that
Exth(R/p, N), # O]. The functor Ext}(—, N) is contravariant and R-linear, so LHF 2
(26.19) yields the desired p in view of IDT (17.3).
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(f): The inequality “>" follows directly. from FDC-(22.8). If n = fdg N < 00,
then Tory(—, N) is left-exact and covariant, so FDT (22.6) and LHF 2 (26.19) yield

p € Spec R with Tor?(R/p, N), non-zero. In general, if the right hand side of (f) is finite,
then equlity follows from the next exercise. O

(26.24) Exercise: LHF 2 Révised. Let T Mod(R) — Mod(R) be a covariant functor.
It is said to be left-connected, exactly if there to any short-exact sequence

O-K-"5L25M—0

exists an R-homomorphism A: T(M) — T(K) such that also the next sequence is exact:

(M) 2 7(k) T 1) T
(a) Prove that T is left-connected, if it is left-exact.

(b) Prove that the functor Ty —def [Tis, Torf(—, N) is left-connected for all g Ny and
all R-modules N.
(c) Assume that T is a left-connected and R-linear covariant functor, and let M’ be a fini-

tely generated R- module such that T(M') # O. Prove that there existsp & Suppy M’
such that T'(R/p),

(d) Prove the remaining paxt of the equality (26.22.f).

N 7o)

(26.25) LHF 3 <" Lemma on Half-exact Functors 3. Suppose that (R, m, k) is local,
and that T': Mod(R) — Mod(R) is an R-linear, covariant, half-exact functor, such that

T (M') is finitely generated, whenever M’ is finitely generated. If there is one finitely

generated R-module M’ with T(M') # O, then T'(k) # O.

(26.26) Proof. Auxiliary Lemma (26.17) yields p € Suppyp M’ such that T(R/p) #.O, o
...and T(R/a).= O whenever a is an ideal witha D p. Foranyr € R\ p,seta =4 p+(r), =
. and note that the short-exact sequence: . .

O - R/p——»R/p—aR/a—»O

mduce the next exact sequence:

T(R/p) — T(R/p) — O.

- Thus, NAK (24.5) yields r ¢ m. This implies that p = m, and hence T(k) = T(R/p) #0
- as desired.. o o

pdg L' =sup{ne NOIExt (L' )#£O0}:

(26.28) Proof.” “>” follows from PDC (11.23).

“<”: Let ue Ny be such that u < pdg L' (the latter might be infinite), and we want
to prove Ext% (L', k) # O. The functor Ext%(L', —) is linear by (26.14), covariant, and
half-exact. Moreover, it carries finitely generated R~modules into finitely generated ones
by (18.21), and there is a finitely generated R-module’ M’ such that Exth(L', M') # O,
cf. (18.32). Thus, the desired assertion follows from LHF 3 (26.25). O

- (26.29) Exercise. Deduce the result (26.27) above by taking a minimal free resolution

of L', cf. (24.31). [Prove and use that HomR( k) = Hompg(— ®p k, k).] Furthermore,
prove that Bxth (L' k) # O forall v < pd, L'
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(26.30) Lemma. Let M be a finitely generated module over a local ring (R,m, k), and
let  belong to m \ Zerog M. There is then an equality pdp M/zM = pdy M + 1.

(26..31) Proof. The exact sequence O — M = M — M — O induces the next one:
Ext’ (M, k) = Ext& Y M, k) — Ext&(M, k) — Ext&(M, k) —= Ext4(M, k).

Here we used that Extj(—,k) is a linear functor, cf. (26.16). By (26.16.1),

Anng Ext%(M, k) D m, so the multiplications by z are zero. Thus, for each £€ N, there
is an exact sequence:

O — Ext&Y(M, k) — Ext&(M, k) — Ext& (M, k) — O,
and we obtain: , :
Extt(M,k) #0 == Ext4'(M,k)#0 or Exthi(M, k) #O;
Exti'(M,k) 0 = Ext4(M,k)#0.
In view of PDC: Finite Generated over Local Ring (26.27), the former yields f,he inequality
pdg M < pdp M + 1, and the latter gives the opposite inequality. : 0

(26.32) Exercise. Let M, R, and z. be as in '(26.30),, and assume furthermore that z ¢

A

Zeror R. Prove that on the category Mod(R/(z)) the functors Ext’ () (M/zM, =) and !

Ext’: (M, —) are isomorphic. Provide another proof of (24.35): Pdg/(xy M/zM = pdg M.

(26.33) Exercise. Let (R, m, k) be a one-dimensional regular local ring (for example,
R =% Z)), let a be a generator for m, and let T denote the functor R' Ty, cf. (13.14).
Prove that T' is R-linear, that T'(R) # O, and that T(R/p), = O for all p € Suppg R.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 129

27. DEPTH

Throughoﬁt this section:

(R, m, k) is a local.

(27.1) Depth of Module. depthy M = inf{n€ No | Ext}(k, M) #0}e NoU {0}

(27.2) Example. Let R be a local domain with field of fractions B. For x € m\ O the
multiplication homomorphism z,: & — k is zero-while zg: B — B is an isomorphism;
thus, for n€ Np the homomorphism gz k,5) = Exth(z, B) = Ext}(k, zg) is both zero
and an isomorphism, and hence Ext%(k, B) = O. Thus, depthy B = inf & =c0. -

(27.3) Lemma: Depth Zero. For any R-module M the following are then equivalent.
(i) depthy M = 0;
(11) Hompg(k, M) # O;
(11) m € Assp M.
If M is finitely generated then these are equzvalent to the next:
" () Zerog M =

Sy (27 4) Proof. “(z) <= ()" by the definition of depth (27.1).
P “(11) == (#1)": For ¢ € Hompg(k, M)\ O we have m = Anng(¢([1]a) € Assg M.
“(16) = (u)": If m = Anng(m) € Assg M and m € M, then ¢: k — M, [r]n— ™m
is a well-defined R- homomblphism which is non-zero.
“(11i) = (w)” by (e) in Proposition: Prime Ideals (26.2)
“(v) == (#1)" Assume from now on that M is finitely generated. (d) and (e) in
Proposition: Prime Ideals (26.2) yield t:hat Zeror M is a finite union of pnme ideals;
‘namely the associated ones, so PAL (23 ) gives the desired. o El B

z € m\ Zerog M, then.depthy, M/zM =depthp, M —1 (e NgU {0 }).

(27.6) Proof. The exact sequence O — M % M — M — O induces the next one:
Bt (k, M) S Extl (k, M) — Extly (k, M)~ Extb(k, M) 2 Extfy(k, M) .

o O—> Extf l(k M) = Extf\(k; M) 5 Exth(k, M) —»O
Thus: - o
Extt 'k, M) #0 <= Ext'(k,M)#0 or Excg(k, M) # O,

and the desired equation follows: U

27.7) Remarks. If a is an ideal in R, and A/ is an R-module, then the following hold.

7.
) a € Anng(M/aM).

) Anng M C Zerog M if M # O.
)

)

(
(a
(b
(c) If z ¢ Zerog(M/aM) and aM C M, then = ¢ a by (a) and (b), and hence a C a+(x).
(d

Ifzy,...,2, € mis an M-regular sequence, cf. (25.14), and (x4, ..., z,)M is a proper
subset of M, then there is the next stricily ascending finite chain:
(T) C---Clxy,-2) Cloy L 20) C C (1,00, Ta) -

(27.5) Proposition: Depth Modulo Regular Element. If M is an R-module and'rm

- '_ Here the multlphcatlons by T are:zero, and for each ¢e Ny we obtain an exact’ sequence:. 8
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(27.8) Maximal Regular Sequence. Element z),...,z, € m are said to form
a marimal M -reqular sequence, exactly when it is an M-regular sequence, and
Zeror(M/(z1, . ..,za)M) = wm. The latter implies that (zy,...,z,)M C M (as
Zerop O = @), and that z1,...,z,,w is not M-regular for any w € m.

(27.9) Lemma: Existence of Maximal Regular Sequence. If mM C M, then M
admits a maximal regular sequence in m. In particular, if M is finitely generated and
non-zero, then it admits a maximal regular sequence in m.

. (27.10) Proof. The first assertion follows from (d) in (27.7), since R is Noetherian, and

then the second one results from NAK (24.5). ' O
(27.11) Example. Since ZerogO = &, any sequence yy,...,Ym is an O-regular se-
quence. Thus, if zy,...,z, is an M-regular sequence such that (zi,...,z,)M = M,
then z1,...,Zn, Y1, .-, Ym is M-regular for any y1,. "=, ym € R.

(27.12) Proposxtlon ‘Maximal Sequence & Depth Ifxy,.. ,z, € m is an M~
regular sequence, then the-following hold.

(a) depthg M > n.
(b) If M is finitely generated then the next holds:

depthp 1\/[ =n. <= Ij,...,Tp ISa max1mal M-regular sequence in m.

(27.13) Proof;_ (a): Prop031t10n Depth Modulo Regular Element (27.5) yields the next
sequence:

depth g M = depthR(A[/mlM) +1=--=depthg(M/(z\,. .., 2, )M) +n >n.
~ (b): ‘By» Lemma. Depth Zero (27. 3) depthR(M/(:L"l,...,a:n)j\/[) = 0 if and only if
© Zexog(M/(z1, .- :cn)JM) =m, that is, 1f and only if 24,.01,%, is a maximal M—regular
';.sequencemm o . .

(27.14) Corollary: Depth of letely Generated Module. If M is finitely genera-
ted, then the next equality bolds '

depthR M': sup_{ ne Novl There exists ,M—regu]ar sequence Ty, Tn € m}.

CExt%(R/p, M) £0 = Ext”‘(k M) #O.
(b) depthR M < depthR M, +1. ’ '

(27.16) Proof. (a): Choose x € m '\ p, and consider the short-exact sequence:
O~ R/p > Rlp — Rja—0O
where a & p + (2), and the induced one:
Ext&(R/p, M)~ BExt%(R/p, M) —> ExtI ' (R/a, M)

9 . ) . )
29 Such prime ideals are sometimes said to be sub-maximal.

e ey

N A 15 Lernma Let M be a ﬁmlse]y generated R~modu1e and let p €. SpecR be such‘ oy
'4-'.thatd1m(R/p)—129 R R .

o (a) For ¢ Ny the followmg theri holds
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As Ext4(R/p, M) is finitely generated by (18.21), NAK (24.5) yields Exty'(R/a, M) #
O. Thus, LHF 1 (26.9) gives the desired: Ext”l(k M) #0 as SuppR(R/a) Vgr(a) =
{m} (because dim(R/p) =1 and p C a).

(b): Set = depthR M, and assume that ¢ < co. Let kg(p) be the residue field of the

local ring R, , cf. (23. 14) and note that kg(p) = (R/p),. Thus, (18.27) yields the next
isomorphism: '

Ext&(R/p, M), =~ Ext4 L (kr(P), My).
As the latter module is non-zero by our assumptions, Exté (R/ p, M) # O, and hence
Ext&'(k, M) # O by (a). Thus, depthy M < ¢+ 1, as desired: - O

(27.17) Proposition: Depth Inequality. If M is finitely generated, and p belongs to
Suppy M, then the next holds:

depthp M < depthp M, + dim(R/p).

(27.18) Proof. We use induction on n & dim(R/p).

n = 0: In this case-p = m, so the inequality certainly holds (and is an equality). °
n > 0: Choose a chain of prime ideals:

(%) ' . p=poCp1 C---Cp,=m.
This is possible since Spec (R/p) = {q/p | q € Vr(p) } by (23.12.d). From the chain (x)

- it follows that dim(R/p;) = n — 1, so the inductive hypothesis yields that -

depthp M < depthg, My, + (n—1).
Now apply (b) in Lemma (27.15) to the R, ~module Af,, and obtain:
depthR Mpl < depthR M, +1

:-because dxm(Rpl/ppl) =. 1 and (M )p’ L= Mp, consult also (23 12. e) and the next»
exercise. o : REEEEREIE TR o I

(27.19) Exercise: Localization & Fractions. Let S be a special multiplicative system
in R, let p € Spec R be such that p 'S = @, and let M be an R—module. Provide an’
isomorphism M, = (S 'M)s-1, of Ry modules Prove the next equahtles '

(27191) ASSS 1S~ A{_{S p|p€ASSR /\[ &Hd pﬁS @}
(27192) Supps 1RS 1M—{S plpESuppRl\[ and pﬂS @}

-(27 20) Pr0p051t10n Depth & Dlm If M is a finitely generated R—modu]e and p

belongs to Assg M then
depthR']\/[ < dim(R/p) _

(27.21) Proof. Since p € Assg M, (27.19.1) yields p, € Assg, M,, that is, dept:thRP M, =
0 by (27.3), and Proposition: Depth Inequality (27.17) yields the desired inequality.. O

(27.22) Exercise: Minimal Prime. Let M be an R-1odule, and let p be minimal in
Suppg M. Prove that p belongs to Assg M.

(27.23) Krull Dimension of Module. The Krull diinsion of an R-module M is:

dimp M dgsup{ dim(R/p) | p « Suppy M}
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Note that, for any ideal a in R, the Krull dimension dimg(R/a) of the R-module R/a
equals the Krull dimension dim(R/a) of the ring R/a, cf. (23.8) and (23.12.d). Note also
dimg M < dim R, and that. the latter if finite by Corollary 2 (23.28) to GPIT (23.25).

(27.24) Theorem: Depth & Dim. If M is a ﬁniﬁelj’r generated non-zero R—module,
then depthy M < dimg M. - . '

(27.25) Proof. Choose p € Suppp M such that dim(R/p) = dimg M, and note that
this p is necessarily minimal in Suppg M, and hence p € Assp M by Exercise: Minimal
Prime (27.22), and it follows from (27.19.1) that p, € Assg, M,, which, in turn, yields
depthg M, =0 by Lemma: Depth Zero (27.3). Thus, the desired inequality results from
Proposition: Depth Tnequality (27.17). ,. O

(27.267 Cohen—Macaulay Modules. A finitely generated R-module M is said to be
a Cohen-Macaulay, exactly when depthgy M = dimg M. This is an interesting class of

modules, see [BH].

L-Sovs et
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28. AUSLANDER-BUCHSBAUM EQUATION

Throughout this section:

(R,m,k) is a local.

(28.1) Auslander—Buchsbaum Equation. If M is a finitely generated non-zero R-
module with pdy M finite, then

B depth R = pdg M + depthy M .
Here we write depth R %t depthy R. The proof of ABE will be provided below after

some preparations.

(28.2) Lemma. The following are equivalent for any finitely generated R-module N.
(i) N is free; '
(iz) N is projective;
(i1) N is flat. :

(28.3) Proof. “(i) == (i)” and “(#) == (#44)” hold always, while “(iiz) = (3)” is by
Theorem: Finitely Generated Flat is Free (24.28). , O

(28.4) Lemma If depth R = O and M is a ﬁmtely generated R-module W1th pdp, M
finite, then M is free

(28.5) Proof. Assume that p f pdy M > 0 [and look for a contradiction]. Choose by
Theorem: Minimal Free Resolution (24.31) a minimal free resolution: '

T O R T R s R By M0

and set B Im 3 Wthh is 1somorph1c to the free non:zero module F. Smce depth R =0, .
we have m € ASSR R by Lemma: Depth Zero (27.3), that is, m = AnnR(x yforan z € R..

-~ By the minimality of () we have B C wmE, (as 8 = 0). Thus, zB = O, and this

contradlcts that B is free and non-zero. - _ _ tl

(28.6) Depth over two ngs If Misa ﬁmtely generated R-module and ais en ideal

. -----:-:contalned in-Anng M, then- depthR/a M. = depthy M, since [$1]a,-. (znle € m/ais.
- ‘M-regular, if and- only 1f Tiy s T € m is M~regular (as [z ]am =% 2m for 7 € m and‘ L

m € M).

"‘(28.7) ‘Depth of Free. If F is a finitely generated free non-zero R-module, then

depthy F' = depth R (as any sequence is [—regular if and only if it is R -regular).

(28.8) Proof of ABE. We use induction on s depth R. ‘

s = 0: Inthis case, M is free by Lemma (28.4), and (28.7) yields pd, \[+d€[)uhR M =
0+0=0=s=depthR.

s > 0: Divide into two cases:

1° depthg M > 0: The assumptions on R and M imply that m ¢ Assg RU Assg M,
cf. (27.3). As the set of prime ideals Assg R U Assg M is finite by (d) in (26.2), PAL
(23.22) yields that m is not contained in the union of these prime ideals, that is, m 7
Zeror RUZerop M by () in (26.2). Choosing x € m\ (Zerog R U Zevoy, M) and setting



g adivhen el

st obdkiisinRi sy o

TR

134 HANS-BJORN FOXBY DECEMBER 20, 2004

i

R =df R/ (z) and M =det M /xM we get the following:

depth R= depth rR ' by convension
=depthy B+1 by (27.5)
= depthg R+ 1 | by (28.6)
= depth 7%_ +1 by convension

=pdg M + depthﬁﬁ/f +1 by the inductive hypothesis
= pdg M +depthg M +1 by (24.35)
= pdy M +depthg M +1 by (28.6)
= pdr M +depthy M by (27.5),
as desired. ° - ,
2° depthp M = 0: Choose an exact sequence O — K — F' — M — O with F finitely

generated and free. As depth R > 0, (28.2) and (28.7) yield pdp M > 0, and hence
pdg M = pdg K + 1. The next is an induced long-exact sequence

O — Hompg(k, K) — Homg(k, F) - Homg(k, M) 2, Exth(k, K).

As Hompg(k, F) = 0 by (28.7) and Hompg(k, M) # O by assumption, Homg(k, K) = O
and Exty(k, K) # O by the long-exact sequence, and hence depth 5 K = 1, which implies
pdg K = depthR — 1 by case 1°. Now we have pdg M = pdp K + 1 = depth R as
desired—in this case. » ]

(28.9) Range of Homological Dimensions. If M is a finitely generated R-module
with pdg M finite, then ABE (28.1) yields pdg M € {0,1,...,depth R}. On the other
hand, to any p € {0,1,...,depth R} there exists a finitely generated R-module M with
pdy M = p, namely M = _def R/(x1,- .., ,) where 21, - xp is.an R regular sequence in

“m, cf. (26.30). _
" 'H. Bass has proved that to any p € £0,1,.7;dim R } there exists a R-module M mth‘
pdy M = p. Gruson, Jensen, and Raynaud have proved that pdy N < dim R, if just

fdp N < 0o. Auslander has proved:
sup{ldRN | idg N < o0} —sup{deN | fdg N < o0’}
= sup{ depth R, | p € Spec R }

dim R if depthR dim R
dlmR — 1 0therw1se -

(28.10) Exercise. Prove some of the equalitiesabove. '

e,
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29. REGULAR LocAL RINGs II

" Throughout this section:

(R, m, k) is a local.

(29.1) Main Theorem Regularlty & Global Dimension. The following are equiv-

alent.
(1) R is a regular local ring;
(1) pdgk < oo;
(") pdg k =dim R;
(1) gldim R < o0;
(m ) gldim R = dim R.

(29.2) Corollary: Krull’s First Conjecture holds. If R is regular, then R; is a
regular local ring for all p € Spec R.

(29.3) Proof of Corollary. Consult ‘also (17.13). 0 -
(29.4) Proof of Mz_iin Theorem. Set d % dim R.
“(1) = (#’)": Let z1,...,24 be-a minimal generating set for m, and note that it is
~an R-regular sequence by Proposition (25.17). Applying Lemma (26.30) d times yields:
d=pdg R+d=pdgR/(z1)+d—1=---=pdg R/(z1,. .., Ta) = pdg R/m = pdgk.
“(ii’) == (4ii’)": First, we note that:
(%) Extp(R/p, k), = O for all- p € Spec R\ {m},ne N, .

-~ Indeed; Supppg Eﬁ;;(R_/p.,,k).ﬁgf.VR(AnnR Ext%(R/p,k)) € {m} by (26.2.h), (26.16.1).
In view of (*) the formula: for injective dimension-(26.22.1). gives the next equality: .. .. ...

- ,(f T lidek =sup{ne No | Ext}y(k, k) £0} < d.
* The inequality results from the hypothesis (i’ )Aand PDT (11:19). Next, choose by

Auslander’s Theorem for Global Dimension (17.9) a finitely generated R-module N’

_ ' such that the next equahty holds:
NG R gldlm RA— pdp N’ = sup{ne Ng | Exti(N', k) #0}.

o Here ‘the. second equahty is by PDC: letely Generated over Loca Rlng (26 27). Now
- IDC: (17 5) ylelds the unlabeled mequahty in' the next chain:’ Do : ‘

(1)
'gldlm rY sup{ne No | Extz(N', k) #0} <idrk <d,.

_ This gives the desired assertion as d = pdz k < gldim R.

‘(i) = (w1)” and ° () = (zz)” are obvious.

‘(1) == (1) by induction on s %' depth R.

s=0: Since pdgk < 0o, ABE (28.1) and Lemma (28.2) yield that k is a free R-
module, and hence R is a field, that is, R is regular.

s>0: Asm ¢ m? by NAK (24.5) (since m # O), and as m ¢ p whenever p € Assp [V
(since'depth R = s > 0), PAL (23.22) provides = € m \ (m? U Zerog R), cf. also (26.2.¢)
Set R =% R/(z) and m =% m/zm. By the next lemma (29.5), the R—module k is a
direct summand in the R-module mi. The latter has finite projective dimension, suce
pdzm = pdym by Corollary: Modulo an Element (24.35), and hence pdg & is finite



T
L R

]
S

136 HANS-BJORN FOXBY. DECEMBER 20, 2004

i

Thus, the inductive hypothesis yields that R is regular, and Fundamental Lemma (25.6.b)
shows that R is regular—as desired. ‘D

(29.5) Lemma. Ifz € m\ m?, then k is a direct summand in the R/(x)-module m/zm.

(29.6) Proof. An R-homomorphism ¢: k& — m/zm is well-defined by ¢([7]m) =2 [r2 ],

Since 1, d_=ef z ¢ m?, it can be extended to a minimal generating set x,z,,...,z, form
with b =% gf{(m). Then [2]z),-.,[Zs](z) is @ minimal generating set for m/(z), since
it generates it and has the correct number B (m/(z)) = Bf(m) — 1 = b—1, of elements.

Next we prove for ay,...,ap, c1,...,c, € R that the next holds:

[Zia:x; lem = [Eicﬂz‘]xm (in m/xm) = [a Jm = [ci]m (in k=R/m).
Indeed, if £;(a; — b;)z; € zm,_then

(a1 —e1 —m)zy + Eisola;i — ¢)z; =0 (in m)

for somem € m, and hence 33;[ @;—¢; |m[ Zi |m2 = 0 in the vector space m/m*over k = R/m..
Since ([Z1]m2, - --,[Zs]m2) is @ basis for m/m?, cf. (24.13), in particular, [a; — ¢, |m =0, -

that is, [a1]m = [¢1]m In k. Thus, an R—homomorphism p: m/zm — k is well-defined by -

p([Biaizilem) =2 [a1]m- As p(([r]m)) = p([72]2m) = A([21]m) = [1 ], the sequence
O

L .
k—= m/rm ——— Coker ¢

>~ O
splits, as desired. o ' _ O

et T

prr——— o
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30.-REGULAR RINGS .

Throughout this section:

R is a Noetherian ring.

(30.1) Definition: Regular Ring. The Noetherian ring R is said to be regular, exactly
when Rq is a regular local ring for each m € Max R. If this is the case, then R, is a
regular local ring for any p € SpecR. Indeed, choose a maximal ideal m containing p.
Note that pn € Spec Ry, cf. (23.9), and that-(Ra)p, = Ry, cf. (27.19). As R, isa regular

local ring by assumption, the validity of Krull’s First conjecture, cf. (29.2), ensures that
so is R,.

©

- (30.2) Regulai* Ring of Infinite Dimension. Nagata has constructed a Noetherian
- ring with infinite Krull dimension, and this ring turns out to be regular, see [Na, page

203]. Let R be any regular ring with dim R = co. There is then for each n€ Ny an
of R,

My

we then have v
de(R/mn) > pdg, Kr(my) =dim Ry, >n
def

)

- confer Main Theorem (29. 1) For M = Hme\/laxR R/m we therefore have pd; M > n for
. all ne Ng; thus, pdg M =

This shows that any regular rmg of infinite dimension admits a-non-zero module of
infinite projective dimension. The next result shows that over a reular ring finitely ge-
nerated non-zero modules have always finite projective dimension.

~ (30.3) Theorem. If M is a finitely generated module over a regular ring R, then de M
s ) ﬁmte
- (30.4) Proof. Choose by (18.19) a projective resolution P. of M ‘with each P, finitely
- generated, and use the standard kernel notation of (10. 26). Forany p € Spec R condition

(w) in PDT (11.19) yields the next:

) (%) pdg, M, >n = Ext'}zjl(Mp,(Kn)p) #£0.
* Recall Ext““(M, Ky), = Extit (M, (Kn)y), cf. (18.27). Set

an = Anng BxtE (M, K, -

' ;_"As Ext"“(M K ) is ﬁmtely genelated by (18. 21, ‘we have SuppR Ext”“(M, K. =
Vg(an), cf. (26.2.h), and (*) has been translated into the next: '

(+%) pdr, My >n <= pe€ Vg(a,).

‘In particular, we have the next:

(T) VR(GU) 2 VR(al) 22 VR(an) 2 VR(anH) Do

As Min R/a, is finite, the set V g(a,) has a finite number minimal elements. Let b,, denote
there intersection, and note that Vg(b,) = Vg(a,), and that b, equals the intersection
of-all prime ideals in Vg(a,). Now (f) yields the next sequence:

(1) b Cb,C---Cb,Ch

n+1 ,:

Set b & Uneng, bn which is an ideal in R. Furthu‘more Va(b) = Nuer, Vr(ba) =

ﬂnemo Ve(a,). As pdg, M, < dimA, < oo forall p € Spec R we conclude from (5#)

©cx=ooo=no
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that (\,en, VR(an) @, and hence b = R; thus, 1 € b, for some me Ny, that is,

Vr(an) = Vr(bm) = @, and it follows that a,, = R, that is, Extm+1(M Kn) = O, and
pdp M < m follows from PDT (11.19). , O

(30.5) Remark. Let A be a ring. The set Spec A is then a topological space with
{Va(a) | a isanidealin A} as the class of closed subsets. If (F}), . is a family of
closed sets such that

FODF1 - 2F, 2+ and (| Fa=2,
n€ENg

then there exists me Ny such that F,, = @. This topology is quasi-compact but seldom
Hausdorff. If A is Noetherian, then every closed subset is quasi- compact. .

(30.6) Main Theorem: Regular ‘Ring‘; If R is a regular ring, then it is isomorphic to
a finite product Ry x --- x R, of regular domains, and the next holds:

@) gldim R = max{gldim ‘R,,...,gldim R,.l }-

(30.7) Proof. As R is Noetherian, the set MinR’is finite, cf. (23.4), say Min R =
{pl,.._,pn} and set R; =% R/p; when 1 < i < n. Let R denote the finite prod-
uct Ry x ---x R, of Noetherian integral domains, this is again a Noetherian ring.

For each m € Max R there exists one and only one p € Min R such that p C m. Indeed,
the regular local ring Ry is a domain, cf. (25.8), and the our assertion follows, beca.use
Spec Ry = ={pulp € SpecR and p Cm} cf. (23.9).

The next map:

R R_)R TH([ ]Pl"" [ ]Pn
is a ring homomorphlsm as well as an R-homomorphism of R—modules
-For each m € Max R the induced homomorphlsm POm: R — R is an isomorphism.

" Indeed, choose 7 such’ that m D pl’ For j # i we then have m 2 pj, and hence’ |
T (R))m = 0. Thus, Ry = (Ri)m = (B/P)m = Ru/(p:)m = Ru/O = Ru, and the de-

sired assertion follows. We have now proved that Max R 1 Supp rKerp =0 and that
Max RN Supp r Coker ¢ = &, and hence that Suppy Ker o = Suppy Coker ¢ = &, that is, !
Ker ¢ = O and Coker ¢ = O, so ¢ is-an isomorphism as desmed Thus the 1som0rphxsm

R= R, x--- X R, has been established.

-‘The remaining-assertions; -the regularlty of each R and the equahty (D) result from :
'Exerc1se(3010)be10w , 4 o o R D

(30 8) Global Dlmenswn Zero If A is a commutatwe ¥ing’ w1th gldlm A= 0 then it

is Noetherian by (14.18) and hence a finite product of ﬁelds by the theorem, but this is

: already known from (18 36)

(30.9) Global Dimension One. If gldim R = 1 then R is a finite product of Dedekind
domains, cf. (17.12), and fields.

(30.10) Exercise: Direct Product of Rlngq Let the ring A be isomorphic to a direct
product -A; x - -- x A, of rings.

(a) Prove that the assignment N +— A;N provides an exact functor Mod(A4) — \’Iod(A )
that takes projective A—-modules into projective A;—modules .

(b) Prove that pdiy N = max{pd,, A\N,.. ., pdy, AN }. i

(¢) Establish the remaining assertions in Main Theorem: Regular Ring (30.6).



HOMOLOGICAL ALGEBRA DECEMBER 2/0, 2004 139

'31. REGULAR LoCAL Rings IIT

Throughout this section:

, (R, m, k) is a local.

This section provides an affirmative answer to Krull’s second conjecture.

(31.1) Main Theorem: Regular Local is UFD. If R is a regular local ring, then it
is UFD, -that is, a Unique Factorization Domain.

(31.2) Remarks on Factoriality. That a domain R is has unique factorization means
that -there to each non-invertible non-zero element r in R exist n€ N and irreducible
elements p1,...,pn in R such that r = p; - -- p,, and that this factorization is unique up
to the order of the factors and up to multiplication with invertible elements. As this ring
R is Noetherian, such factorization always exists, and uniqueness is tantamount to that
each irreducible element is a prime element, that is, it generates a prime ideal.

Next, we introduce the properties P, and P3 of the ring R and state three lemmas
concerning these properties. The Main Theorem follows from Lemma 3 and Lemma 1,
while Lemma 2 is used in the proof of Lemma 3.

(31.3) Deﬁnition The ring R satisfies property P, , respectively, property Ps, exactly if

for all elements a,b in R the projective dimension pdy R/(a,b) is at most 2, respectively,
at most 3. -

(31.4) Lemma 1. If R satisfies P3 , then R is UFD.
(31.5) Lemma 2. If R is UFD, then R satisfies Py~ =~~~ -
(31.6) Lemma-3. If R is Aregular, then R satisfies Pj .

(31.7) Proof of Lemma 1. Assume that a is an irreducible element in R [and' we

want to prove that (a) is a prime ideal.] To achieve this, consider elements b € R\ (a) -

-and ¢ € R such that bc € (a) [and we want to prove that ¢ € (a)]. Next, define two

R-homomorphisms as follows: S
,0 (a) (b) = R2 by <p(z) = (a: y) when z=z0= yb
v R* — (ab by P(z, y)'— za——yb

- Consider the following two exact sequences:

(@) N (b) —F— g2 —L > (a,b) 0

O - (a,b) R ~ R/(a, b) 0.

As pdp /(a,b) < 3 by assumption, we get pdg(a,b) <2 and pdg(a) N (b) < 1. Set
def

¢ = (b): (a) :{IGRl;L‘aE(b)}_

An isomorphism ¢ — (a) N (b) is defined by z +— za.
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- Next we want to prove that ¢ is a principal ideal. Assume that n < ,Béz(c) > 1 [and
look for a contradiction.] Note first that—under this assumption—the module ¢is not
free, and hence not projective, cf. (28.2). Thus, the above yield pdge=1. ..

Choose, by NAK (24.5), z; € ¢ \ m¢, and next y; € R such that z,a = y14; ‘the latter
is possible because 7, € ¢ = (b) : (a). It is then easy to see that ¢ = (z1) : (y1). Extend
z; to a minimal generating'set- z1,...,Z, for c. Choose y; € R such that zayy = Yoz,
which is possible since 7, € ¢ = (z1) : (1) Let (fi,.--, f») be a basis for F* = R, let
p: F — ¢ be defined by p(f;) = z;, and set G =9 Ker p. As (z1,...,7,) is a minimal
generating set for ¢, this G is a submodule of mF’ and p is surjective.

As pdg ¢ = 1, the exact sequence O — G — F — ¢ — O shows that G is free, cf: -

(28.2). Let (g1,--.,9k) be a basis for G. Since p(y2fi — y1f2) = Y21 — 122 = 0 and
p(zafi — T1f2) =0 there exist r,...,7,51,.--, Sk € Rsuch that yf; — y1f2 = L8 10
and 22 fi —z1 f2 = B5_;5ig; . Because ml(yafn _y1f2) = yikza fi —T1f2), we get z1m; = yisi,
and hence sy,...,5; € (1) : (y1)- Since G C mF, there exist, for each 7 € {1,...,k},

elements m;y, ..., Mi, -€ m such that g;=m; fi + - -+ mi, fn. Thus,
332f1 - 271f2": E{'C=13igi =% T P i f;) = 1(2 =15 mu)f] :
By comparison of coefficients on elther 51de we get 1 = —Ei___ls,—mig € me contradicting

- the choice of z;.

'Now we have proved that ﬁ (¢) is not larger than 1, that is, ¢ is a principal ideal. Since

~(a)N (b) == ¢ we can choose d € R such that (a) N (b) (d). As ab e (d) C (b), choose

e, f € R such that ab = ed and d = fb, and hence a = ef. Here, f € m, because otherwise
we have (b) = (d) and hence b € (d) C (a) contradicting our assumption b ¢ (). Thus,
as a is assumed to be an irreducible element, e must be invertible, and hence (ab) = (d).

* The latter ideal equals (a) (b) by the choice of d. Since bc € (a) by assumptlon we get

bc € (a)N (b) (ab) and bc = gab which yields ¢ = ga € (a), as desired. )

| (31 8) Proof of Lemma 2 Assume that R is UFD, and that ¢ = (a,b) is an ideal

__generated. by two elements 1 and we want to prove that pdg ¢ < 1. ] This is certainly the

case if ¢ is principal, so we assume that this is not the case, in particular, a,b € m. As R
is UFD, we can choose a greatest common divisor dofa an b, that is, a = da', b= db,
such that o’ and-b’ have only invertible elements as common divisors. In partlcular a’, b
is an R-regular sequence, and hence pdg R/(a’,b') < 2, that is, pdg(a’,d’) < 1. Thus, as

o= (a,b) = (a b’)d ={(d, b’) has prOJectlve dlmensmn at most 1, as desired. ]

e (31 9) Proof of Lemma 3.. Assume -that R is regular and that a, b 6 R, and- set;
_5-c =% (g, b).. We want to prove that pdg(R/c) < 3. We use induction on d = _def gim R.
d< d<3:In this case we have pd(R/¢) < 3 since gldlm R = dim R by Main Theorern:-

Regularxty & Global Dimension (29.1)

d>3: We want to prove pdgc¢ < 2. We may assume that a,b € m\ O. Setting
cia= =det{reR|zaCc}for any ideal a, we have an ascendmg chain:

c:mCc:m? §-~-_ c:m’ §c4m5+1§---.

SR

o

Choose s€ N such that ¢ :m® = ¢ : m**! set 0 2 ¢ , and note that m ¢ Assg(R/0). |

damental Lemma (25.6) (since R is a domain by (25.8)) R = R/(z) is regular with

Choose € m\m?U ZeroR(R/D) by PAL (23.22) (in view of NAK (24.5)). By Fun-

dim R = d — 1 and hence it satisfies P3 by the inductive hypothesis, so it is is UFD by |
the already established Lemma 1. Thus, R satisfies P, by Lemma 2, which has also been

proved. Consider the ideal ¢ =9 (¢ 4 (z))/(z) in R, and note that it is generated by
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the two elements @, b. Tt follows that pdz(R/¢) < 2, and we obtain the next sequence:

depthg(R/c') = depthz(R/c’) by (28.6)
= depth B — pdg(R/¢) by ABE (28.1)
> depth R-2 by the above
=dimR — 2 by (25.17) and (27.14)
=d—-3>0 by assumption.

_ Thus, m ¢ Assg(R/c') = Assg(R/(c + (x))) where.the equality is by Noether’s Isomor-
phism (24.3.2). It follows that (¢ + (z)) : m = ¢+ (z), and hence

d=c:m* C (c+(z)):m® =c+(z).
To each d € 0 there exists therefore ¢ € ¢ and 7 € R such that d = ¢+ rx, that is,
rz =d —c, and hence r € 0 as z ¢ Zerog(R/v). This shows that 9 C ¢ + 0z, and hence
0 = ¢+0zx. Thus, z(d/c) = (z0+¢)/c = 0/¢, and NAK (24.5) yields 0 = c. Now we have"
zc¢ = (z)Nc, because “C” is obvious, and “D” follows since z ¢ Zerog(R/0) = Zeror(R/c). .
Thus ¢ =% ¢/zc = ¢/(z)Nc = (c+(2))/(x) = ¢ using the Noether isomorphism. (24.3.1).
From (24.35) we conclude that pdp ¢ = pdg¢ = pdg ¢’ < 1 which implies the desired. O

2 (31:10) Final Remark. Consult [Ka] concerning another proof of Main Theorem (311)
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ABE, see Auslander——Buchsbaum Equatxon 133

abelian group, 2
ACC, 85
addition, 2
additive functor, 28, 29
" and zero, 29
coproduct, 31
direct sum, 31
splitting sequence, 29
additive notation, 2
adjointness, 93
higher, 107
algebraic structures, 2
annihilator, 9
linear independence, 15
zero-divisor, 129
Ascending Chain Condition, 85
Ass, see assassinator, 124
assassinator, 124, 125
module of fractions, 131
associated prime Ldeal 194 125, 131
depth, 131
dimension, 131
associativity, 2, 4
_higher, 107
tensor product, 94

’

" augmented flat resolution, 103

augmented injective resolution, 69 .

-augmented projective resolution, 37

Auslander’s Theorem, 82, 83

_Auslander-Buchsbaum Equation, 133 -

auxiliary lemma, 126

‘Azymaya, G., 115

Baer’s Criterion, 63

basis, 15

B'etti number

,mmlmal generators 116 g

. - modulo element,-116- -

non-vanishing, 118
projective dimension, 118
tensor product, 117
two rings, 117 '
vanishing, 118
zeroth, 116
of maximal ideal, 120
bi-functor
Ext, 79
Hom, 79
tensor product, 101
Tor, 101
bilinear map, 91
homomorphism from tensor product, 92
into tensor product, 92
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bound on homological dimension, 69, 82, 83,

133, 134
boundary in a complex, 40

category of complexes, 41
category of modules, 19
co—evaluation, 99

higher, 107

homomorphism, 98

isomorphism, 99
Cohen—Macaulay module; 132
cohomological notation, 59
cokernel in a complex, 40
commutative group, 2

.-commutative ring,2

commutativity
tensor product, 94
complex, 40
homomorphism ~, 76
and cone, 77 -
exactness, 77
morphism of, 40
composition of morphism, 41
cone, 47, 77 '
complex of homomorphisms, 77
_long-exact sequence, 77 .
‘of quasi-isomorphism, 77
connecting homomorphism, 45
functoriality,. 46

- Jong-exact sequence; 45 - -
~constant funetor; 19 - oo
--continuation of homomorphism, 49, 70

contravariant Ext, 61
long-exact sequence, 61

- contravariant.functor, 21

right derived of, 60

. contravariant Hom, 21

left-exact, 27
not exact, 27 .
~ convention, 3 7 -

. coproduct

‘projective modules, 75
tensor product, 97
coproduct, see direct sum, 74
covariant Ext, 79 °
covariant functor, 19
left derived.functor of, 53
right derived of, 70
covariant Hom functor, 19
covariant Hom is left-exact, 26
covariant Hom is not exact, 27
cycle in a-complex, 40
cyclic module, 6, 10
tensor product, 93

Dedekind domain
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global dimension, 83

‘degree (in a complex), 40

A p Pontryagin module, 68

" - depth, 133

associated prime, 131

definition, 129

dimension, 131, 132

finitely generated module, 130

free module, 133

inequality, 131

Krull dimension, 131, 132

maxirnal regular sequence, 130

over domain, 129

over two rings, 133

regular element, 129

zero, 129

-projective dimension, 133

derived functor

left derived, 54

long-exact sequence, 55

of 'y, 71

right derived, 60, 70
dim, see Krull dimension, 110
dimension, see also Krull dimension

vector space, 116
direct product of functors, 72
direct product of modules, 72
direct sum

finite, 8

functors, 72

homomorphism functor, 75

injective modules, 74, 75

..injectives, 63 ... . ... .. .

inper, 8 -
modules, 72
of Noetherian modules, 85
projective modules, 75
projectives, 35, 36
 tensor product, 97
direct summand
free module, 36
in.Noetherian module 85
lnjectlve 63 .
projective, 35

‘discrete valuation ring, see DVR, 120

distributivity, 2, 4

divisible module, 66
injectivity, 66

domain = integral domain, 3

dot—slash notation, 95

DVR, 121

DVR, Discrete Valuation Ring, 120, 121

embedding into an injective module, 68

endomorphism ring, 3

5;’1‘{[ evaluation homomorphism, 68
injectivity, 68

evaluation
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co-, 98, 99
higher, 107
Hom, 99
homomorphism, 99
isomorphism, 99
evaluation homomorphism, 68
injectivity, 68
exact functor, 24
homology
contravariant case, 59
covariant case, 46
of exact sequence, 32
exact sequence, 22
exact functor of, 32
exact tilted sequences, 31
exactness
of complex of homomorphisms, 77
of short sequence, 22
of special functors, 25

-exactness principle, 68

Ext, 80
bi-functor, 79
contravariant, 61
covariant, 79
finitely generated, 86
linear, 126
main theorem, 80
module of fractions, 88
modulo an element, 128
over Noetherian ring, 88
vanishing, 130

" factoriality, 139

faithfully injective

group, 67

module, 67, 68
families of homomorphism, 72
family of sets, 72 '

FDC, Flat Dimension Corollary, 106
FDT, Flat DlmQI‘lSlOl’l Theorem 105 )

ﬁeld 3
exact sequences; 647
'Aﬁmte product of, 64 -
fractions, 21 '
" global dimension, 83
injective dimension; 69"
" injectives modules, 64
of fractions
injectivity, 67
projectives modules, 64
finite direct sum, 8
finite generation theorem, 10
finite product of fields, 64

finitely generated free module, 12, 13

over a field, 12

over a PID, 13

over non-commutative ring, 13
over PID, 13
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finitely generated module, 6 over an integral domain, 16
depth, 130 ) over-lining, 16
over Noetherian ring, 85 free resolution, 37 .
projective resolution, 86 minimal, 118
Finiteness Principle (FtP), 86 FtP (finiteness prmcxple) 86
Five Lemma, 27 ) functor
Aat dimension, 105 ’ and direct sum, 31
" corollary, 106 » identity, 94
cyclic module, 108 isomorphism of ~s, 65, 73
finitely generated module, 108 left derived, 54
injective dimension, 107 morphism of ~s, 73
over domain, 105 of isomorphism, 19, 21
over Noetherian ring, 106, 126 right derived, 60, 70
over PID, 105 functorial homomorphism, 73, 93, 98, 99, 101,
projective dimension, 105 106 107 o
range, 134 . functoriality, 1, 54, 60, 70, 73, 93, 94, 98, 99,
ring modulo finitely generated ideal, 108 101, 107 .
theorem, 105 connecting homomorphism, 46
Flat Dimension Corollary (FDC), 106 fundamerntal lemma, 120
Flat Dimension Theorem (FDT), 105
flat module, 96 gamma functor, 31
characterization, 97 ) General Principal Ideal Theorem (GPIT), 112
coproduct, 96 . : generated submodule, 5
direct sum, 96 L generating maximal ideal up to radical .
example, 96 ’ Krull dimension, 113
finitely generated, 100, 118, 133 generating set '
‘free, 133 . ) : modulo maximal ideal, 115
- freeness, 118 ' ' generators '
injective' module, 96 Betti number, 116
local ring, 118 o minimal, 115, 116
projective, 100 - - o ' zeroth Betti number, 116 :
“ projective module, 96 . 0 oo generators of maximal ideal
residue module, 103~ -~ -+ - oecoo o cKrulldimension, 113 s
~-tens'or‘pfoduct, 96 - : global dimension, 83, 107
tensor with injective, 99 - : Z/(4), 83
_tensoring by ideal, 97 Dedekind domain, 83
-. torsionfree module, 100 - - field, 83
flat residue module, 103 one, 138 »
ﬂat resolution, 102 .‘ ) over Noetherian ring, 89, 108
; mjectlve resolutlon 103 o PID, 38, 83
not projective resolutlon, 103 .. regularlocal ring, 122
o Ter, 103 ST T e 4ring_0'f'fractﬁions,.'83_
R '.Z_fractxon functor 21 126 S e weak, 107
- is exact, 26 o : zero, 89, 138 '
tensor product, 94 : : GPIT, General Principal Ideal Theorem, 112
fractions, 20, 21 : group, 2
and projectivity, 37 o
free cover, 117 o - ) half-exact functor, 24
free is projective, 34 . - auxiliary lemma, 126
free module, 15 ' is additive, 31
and isomorphism, 12 lemma 0 , 84
depth, 133 . - lemmal, 125
finitely generated, 12, 133 . lemma 2 revised, 127
over a field, 12 lemma 2 , 126
over a PID, 13 lemma 3 , 127
homomorphic image of, 16 non-vanishing, 125-127
isomorphism, 16 of finitely generated module, 125-127
over M x N, 91 of zero module, 24
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half-exact sequence, 22
height, 111
inequality, 111
UFD, 111
higher adjointness, 107
higher associativity, 107
higher Betti number, 118
higher co—evaluation, 107
higher evaluation, 107
Hom
bi-functor, 79
finitely generated, 86
module of fractions, 87
quasi-isomorphism, 78
homological dimension
bound on, 69, 82, 83, 133, 134
homology
and exact contravariant functor, 59
and exact covariant functor, 46
as functor, 42, 43
functor L
connecting homomorphism, 45
homomorphism, 42
is half-exact functor, 43
of a complex, 40
homomorphic image
of free module, 16
of Noetherian ring, 85
homomorphism, 6
and tensor product, 93
as'map, 90 '
_ complex.of ~s,-76.-
. from the ring, 18 . .. .
functor
adjointness, 93
contravariant, 21
coproduct, 74
covariant, 19
direct sum, 74, 75
Hom(—H), 21
Hom(H,-), 19
- product, 73, 75
_sum, 74, 75

functorial ~, 73, 93, 98,99, 101, 107

“modules, 17
Homomorphlsm Theorem 10
homotopy, 48 .
and additive functor, 48
and homology, 48
Hom(R,-) is the identity, 73
Homz(M, G) as R—module, 67
Horse Shoe Lemma, 51
example, 52

(i%), 82
IDC, Injective Dimension Corollary, 82
ideal, 3

tensor module, 97
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times residue module, 115
variety of, 109
identity element, 2
identity functor, 94
identity map, 7
identity morphism, 41
IDT, Injective Dimension Theorem, 82
image, 7
image of submodule, 8
inclusion map, 7
induced homomorphism
contravariant case, 18
covariant case, 17
induced morphism of complexes, 76
induced quasi-isomorphisms
resolutions, 78
induced structure, 67
injective dimension, 69
bound on, 69, 82, 83, 134
corollary, 82
flat dimension, 107
module of fractions, 838
over field, 69
over Noetherian ring, 88, 126
over PID, 69
range, 134
short-exact sequences, 84
" theorem;, 82
Injective Dimension Corollary (IDC), 82
Injective Dimension Theorem (IDT), 82

" injective group

faithfully ~, 67 - )
mjectwe module 63 82
. and .Hom, 66 .
direct sum of ~s, 74, 75 .
divisibility, 66
faithfully ~, 67
flat module, 96
module of fractions, 88
© product of ~s, 74 -
projective module, 66
- tensor with flat, 99 .. .

' ’,'.i'njéc_tiVe:res',(')v'l.titi(i)n,‘68' L

flat resolution, 103
injective resolution exists, 69

" injective submodule splits off, 63

injectives over a field; 64.
injectivity diagram, 63
Injectivity Lemma, 82
inner direct sum, 8
integral domain, 3
intersection of submodules, 4, 5
inverse image of submodule, 8
invertible element, 3

local ring, 114
isomorphic functors, 65, 73
isomorphic short sequences, 23

isomorphic short sequences and functors, 23
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isomorphism, 7

swap, 65, 67
Isomorphism Principle (IsoP) 87
isomorphism theorem, 10 .
isomorphisms of complexes, 41
IsoP (1somorphlsm principle), 87"

kernel, 7
kernel notation, 57
kernel-cokernel sequence, 22
kronecker delta function, 14
Krull dimension, 110

associated prime, 131

depth, 131, 132

domain, 111

field, 111

finite ring, 111

finiteness, 113

generating maximal ideal up to radical, 113

generators for ideal, 113

generators of maximal ideal, 113

inequalities, 113

infinite, 111

module, 131

PID, 111

residue ring, 111

ring modulo element, 113

ring of fractions, 111
Krull’s conjectures, 122, 135, 139
Krull, W, 115 ’

ladder, 80, 81"

-long-exact, 80,81 .- .. ... ...

short-exact, 80
left derived functor

covariant case, 53
left—connected functor, 127
left-exact functor, 24

of left exact sequence, 24

of right exact sequence, 24
left-exact sequence, 22

,"Lemma on Half-exact Functors" 0 LHFO 84 T
‘Lemma on Ha.lf exact Functors 1 125

Lemma on Half-exact Functors 2
revised, 127
Lemma on Half-exact Functors 2,126,128

" Lemma on Half-exact Functors 3 , 127

LHEF 0, Lemma on Half-exact Functors-0 , 84
LHF 1, Lemma on Half-exact Functors 1 , 125
LHF 2, Lemma on Half-exact Functors 2 , 126
LHF 3, Lemma on Half exact Functors 3 , 127
linear combination, 5
linear functor, 125

annihilator, 125

derivative, 125
linear independence, 14

over residue field, 114
linear map, 6
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local ring, 110
invertible element, 114
modulo an element, 120
localization, 110, 124
module of fractions, 131
regular local ring, 122
long-exact ladder, 80, 81
long-exact sequence, 45
cone, 77
contravariant Ext, 61
derived functors, 55

main theorem
factoriality, 139
regular local ring, 135
map, 90
of product set, 90
Map, maps, 90
mapping cone, see cone, 47
Max, set of maximal ideals, 109
‘examples, 110
maximal ideal, 109
- examples, 110
minimal number of generators, 120
maximal regular sequence, 130
depth, 130
Min, set of minimal prime ideals, 109
Min, set of minimal primes
examples, 110
minimal free resolutions, 118
minimal generators, 115, 1,16",
number of, 116 .
minimal number of generators
maximal ideal, 120
minimal prime ideal, 131
examples, 110
minimal prime ideals, 109
Mod(R), category of R—modules, 19
module, 4
tensor ideal, 97
module as complex, 41

L module ‘modulo element, -

_Betti-number, 116 . .. .
module of fractions, 21

Ass, 131

assassinator, 131

Ext, 88

Hom, 87

injective dimension, 88

injective module, 88

localization, 131

Supp, 131

support, 131

tensor product, 94, 106

Tor, 106
module of functions, 13
module of maps, 75
modulo an element, 120
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morphism of complexes, 40

cone of ~, 77
morphism of functors, 73
multiplication, 2, 4
multiplication homomorphism, 7
multiplicatiod morphism, 41
multiplicative system, 19
(=)Y Pontryagin dual, 68
MV Pontryagin dual, 68

Ng, 62 .

NAK, Nakayamas Lemma, 115
Corollary 1, 115
Corollary 2, 115~

Nakayama’'s Lemma, 115
Corollary 1, 115
Corollary 2 , 115

Nakayama, H., 115

natural basis, 15

nilradical, 109

Noether’s isomorphisms, 114

~ Noether, Emmy, 74

Noetherian module, 85
direct sum, 85
direct summand, 85
short-exact sequence, 85
noetherian module, 10
Noetherian ring, 74
dimension, 113 '
Ext, 88

7 finitely generated module, 85 .

~ global dim'er_ls.io_n, 89, 108 -
- homomorphic image, 85

: mﬁmte dlmensmn 137 R

injective dimension, 88 -

. injective modules, 74, 75
polynomial ring, 85

" projective dimension, 89
projective modules, 75

’ _prOJectwe resolution -
» - finitely generated module 86
o regularity, 137

‘ring of fractions, 85 -

" weak global dimension, 108 T

non-Noetherian ring, 85
non-trivial ring, 2
non-zero-divisor, 3, 122

opposite element, 2
over-line functor
left derived of, 54, 55
over-lining, 9 '
projective dimension of, 39-
tensor product, 93
over-lining.and freeness, 16
over-lining and projectivity, 36
over-lining functor, 19
over-lining is not exact, 26

i

over-lining is right-exact, 25

Py, 139
P;, 139
(PR), 82
PAL, Prime Avoidance Lemma, 112
PDC
finitely generated over local ring, 127
PDC, Projective Dimension Corollary, 62
finitely generated over local ring, 127
PDT, Projective Dimension Theorem, 61
PID, Principal Ideal Domain, 3, 120, 121
global dimension, 83
injective dimension, 69
projective dimension, 38
polynomial ring_
over Noetherian ring, 85
Pontryagin dual, 68

" Pontryagin duality, 68

Pontryagin duality functor, 68
Pontryagin module, 68
Prime Avoidance Lemma (PAL), 112

- prime factor chain, 124

prime ideal, 109
examples, 110
residue ring, 109
ring homomorphism, 109
ring of fractions, 110
prime ideals ’
* infinitely many, 112
minimal, 109
prmmpal ideal, 3 -

o principal 1deal domam .see PID,3

A'product

homomorphism functor, 75

-product module, 72

product of injective modules, 74
product of rings, 138 .
product set, 72 '

" . prejective but not free, 35

projective dimension, -38

. and fractions, 39 -

" and over-lmmg, 39 L
" base change, 118

" Betti numbers 118

bound on, 69, 82, 83, 133, 134

corollary, 62

depth zero, 133

finitely generated module, 118, 133
local ring, 127, 128
modulo element, 128

finitely generated over local ring, 127

flat dimension, 105, 106

modulo an element, 118, 128

over a field, 38

over a PID, 38

over local ring, 118

over Noetherian ring, 89, 106
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range, 134

residue field, 135

short—exéct sequences, 84

theorem, 61
Projective Dimension Corollary

finitely gener/atted module

local ring, 127

Projective Dimension Corollary (PDC), 62

finitely generated over local ring, 127
Projective Dimension Theorem (PDT), 61
projective module, 34 . '

and Hom, 66

direct summand in free, 36

finitely generated, 133

flat, 100

flat module, 96

free, 133

injective module, 66
projective modules

coproduct of, 75

direct sum of, 75

tensor product, 94
projective resolution, 37

finitely generated module

over Noetherian ring, 86

projectivity and Ext!, 62
projectivity diagram, 34
proper ideal, 3
property P, 139
property Ps, 139

quasi—compacﬁ space, 138 - - - Sl

-~ quasi-isomorphism; 47, T7-- -« .-

cone of ~, 77
quasi-isomorphisms

Hom, 78

induced, 78 .

R™, 12
R, 71
R-homomorphism, 6

':"1R§mqrphism,'40"-. P
"“Rad, radical- .- - -

examples, 110"
radical, 109 -
examples, 110" .
intersection of minimals, 110 ’
regular element, 3, 122
regular local ring, 137
definition, 120
dimension one, 120, 121
- dimension zero,'1‘20
‘factoriality, 139
global dimension, 122, 135
is domain, 121
localization, 122
main theorem, 135, 139
modulo element, 120
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UFD, 122, 139
regular ring, 137
finite product of domains, 138
finite projective dimension, 137
generators of maximal ideal, 122
infinite dimension, 137
main theorem, 138
regular sequence, 122, 129
generating maximal ideal, 122
maximal, 130
depth, 130
subsequence, 122
zero module, 130
residue, 9
residue map, 9
residue module, 9
times ideal, 115
residue ring, 9
prime ideals, 109
resolutions .
induced quasi-isomorphism, 78
minimal free, 118 - ’
right derived functor
contravariant case, 60
covariant case, 70
right-exact functor, 24 -
of left exact sequence, 24
of right exact sequence, 24
over-lining, 25 }
right-exact sequence, 22
ring, 2 - .
-product, 138 . - --- - ..

- ring of fractions, 20
- global dimension, 83

of Noetherian ring, 85
prime ideals, 110

ring of functions, 14

RY" module of functions, 13

" semisimple ring, 65

sgq_ﬁence, 22

- set of fractions, 20 - . - -
. “shifted complex, 76- - S
‘short sequence, 22
. .short sequence, exact, 22
* short sequences, isomorphic, 23

short-exact ladder, 80
short-exact sequence, 22
and boundary, 40
and cokernel, 40
and cycle, 40
and homology, 40
of Noetherian modules, 85
special, 23
short-exact sequence of complexes, 41
short-exact sequences
injective dimension, 84
projective dimension, 84

149



150 " HANS-BJ@RN FOXBY - DECEMBER 20, 2004

slash—dot notation, 95
snake lemma, 45
source, 6
span W, 5
spanning homomorphism, 14
injectivity, 15
surjectivity, 14
Spec
infinite, 112
Spec as topological space, 138
Spec, set of prime ideals, 109
examples, 110
ring of fractions, 110
special multiplicative system, 19
special prime avoidance lemma, 125
special short-exact sequence, 22, 23
split complex, 48, 49 ”
split sequence and Ext!, 62
split-exact sequence, 29-31 .
. splitting sequence, 29-31
additive functor, 29
" standard kernel notation, 57 .
sub-maximal prime ideal, 130
submodule, 4
submodule rule, 5 .
“subsets of the ring, 15
sum of cyclic submodules, 6
sum of injective modules, 74, 75
sum of projective modules, 75
sum of submodules, 5, 6
Supp, see support, 124

" _support, 124,125

~ module of fractlons 131
) surjectxon onto pr0]ect1ve 35
swap isomorphism, 65,.67

target -6
tensor evaluatxon ’
see. co—evaluatxon 99
" tensor -evaluation: .see co%valuatlon a8
tensor product
. .asso<:1at1v1t.y, 94

.- Betti number,’ 17 -

-~ bi-functor, 92,101 "
_co—evaluation, 99

" commutativity, 94
coprod, 97

cyclic module, 93
definition, 91 )
direct sum, 97
finitely generated, 104
flat modules, 96
fraction functor, 94
functor, 92

adjointness, 93

generators, 91
homomorphism, 93
ideal and module, 97

- _'Z/ (4)

injective and flat, 99
module of fractions, 94, 106
over-lining, 93
projective modules; 94.
relations, 92 -
right exact, 93
the ring, 94
tensor product ®, 90
tilted sequences
exact, 31
Tor
bi-functor, 101
by flat resolution, 103
finitely generated, 104
linear, 126
main theorem, 101
module of fractions, 106 -
torsion, 106
torsiorr product, 106
torsionfree module
flat module, 100
torsionfree modules, 100

- transcendence, 15

trivial ideals, 3

UFD, Unique Factorization Domain, 111
regular local ring, 122, 139

Unique Factorization Domain, see UFD, 111

unit, 3

unitarity, 4

variety as closed subset, 138
variety of ideal, 109

-.vector.space dimension; 116 - - -

short-exact sequence, 116
| — |, vector space dimension, 116
von Neumann regular ring, 103

all modules flat, 104

finitely generated ideals, 104

weak global dimension, 107, 108
- definition, 107 '
over Noetherlan rmg, 108

global dimension, 83 .
Zero = zero-divisors, 36
zero element O, 2
zero homomorphism o, 7

" zero ideal, 3

zero module O, 2

zero morphism o., 41

zero-divisor, 3, 36, 124, 125
annihilator, 129
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