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PREFACE

The main part of this book is an expanded version of lectures which
I gave at Sheffield University during the session 1971-2. These
lectures were intended to provide a first course of Homological
Algebra, assuming only a knowledge of the most elementary parts
of the theory of modules. The amount of time available was very
limited and ruled out any approach which required the elaborate
machinery or great generality that is sometimes associated with the
subject. The alternative, it seemed to me, was to build the course
round a number of topics which I hoped my audience would find
interesting, and create the necessary tools by ad hoc constructions.
Fortunately it proved rather easy to find topics where the techniques
needed to treat one of them could also be used on the others. In the
event, the first five chapters were fully covered in the course. The
last chapter was added later and it differs from those that precede
it by including some material which, so far as I am aware, has not
previously appeared in print. This material has to do with what
are here called semi-commutative local algebras. It is hoped that it
may be of some interest to the specialist as well as to the beginner.

Reference has already been made to one way in which the amount
of available time influenced the structure of the course. It had,
indeed, a second effect. In order to speed up the presentation, some
easily proved results and parts of some demonstrations were left as
exercises. Other exercises were included in order to expand the main
themes. What actually happened was that two members of the class,
Mr A. S. McKerrow and Mr P. M. Scott, were good-natured enough
to do all the exercises and, in addition, they provided the other
participants with copies of their solutions. These solutions, edited so
as to remove differences of style, are reproduced here. However the
reader will find that his grasp of the subject is much improved if he
works out a fair proportion of the problems for himself, rather than
merely checks through the details of the arguments provided. The
more difficult exercises have been marked with an asterisk.

I am much indebted to other mathematicians who have written
on similar or related topics, and the list of references at the end
shows the books and papers that I have consulted recently. It is a
pleasure to acknowledge the help and benefit that T have derived

[ vii ]



viii PREFACE

from these and other sources. I have not attempted to compile a
comprehensive bibliography. Naturally the degree of my indebted-
uess varies from one author to another. I have, for example, made
much use of I. Kaplansky’s treatment of homological dimension.
Also I am very conscious of the influence which the writings of
H. Bass and R. G. Swan have had on this account.

As on other occasions, I have been very fortunate in the help that
has been given to me. Once again my secretary, Mrs E. Benson, has
converted pages of untidy manuscript into an orderly form where
the idea that they might turn into a book no longer seemed un-
reasonable. Besides this Mr A. S. McKerrow checked much of the
first draft to see that it was technically correct. Their assistance has
been extremely valuable and I am most grateful to them both.

D. G. NORTHCOTT
Sheffield
October 1972



NOTES FOR THE READER

This opportunity is taken to summarize what the reader is assumed to
know already, and to draw his attention to any conventions or ter-
minology which may differ slightly from those to which he has been
accustomed.

All the main topics in this book have to do with rings and modules.
First a word about rings. Unless otherwise stated, these need not be
commutative, but every one is required to have an identity element.
(Usually the identity element does not have to be different from the
zero element.) When we speak of a homomorphism of one ring into
another, it is to be understood that the identity element of the former
is mapped into that of the latter. In particular, if I' is a subring of a
ring A, that isif the inclusion mapping I' > A is a ring-homomorphism,
then our convention ensures that I' and A must have the same identity
element. An important subring of A is its centre. This, of course, is
composed of all elements y with the property that Ay = yA for every
Ain A.

Let A be aring. In any reference to a A-module it is always intended
that multiplication of an element of the module by the identity 1,,
of A, shall leave the element of the module unchanged. In other words,
we only consider unitary modules. Note that there are two types of
A-module, namely left A-modules and réght A-modules.t The system
formed by all left resp. right A-modules (and the homomorphisms
between them) is referred to as the category of left resp. right A-
modules and is denoted by €% resp. €%. Though use is made of the
language of Category Theory it is not at all necessary that the reader
should have previously met the definition of an abstract category.
To illustrate the language let us observe that a module over the ring
Z of integers is just the same as an (additively written) abelian group.
Further if 4 and B are two such objects, then a mapping f: 4 - B is
a homomorphism of Z-modules if and only if it is a group-homo-
morphism. A convenient way in which to describe all this is to say
that the category of Z-modules can be identified with the category of
(additively written) abelian groups.

Although we assume no general knowledge of Category Theory it is

1 If the ring is commutative we do not need to make this distinction.

[ix]



X NOTES FOR THE READER

supposed that the reader is familiar with the elementary theory of
modules and, on this basis, certain terms are used without explanation.
The following are typical examples: submodule, factor module; image;
kernel and cokernel (of a homomorphism); exact sequence, commutative
diagram; direct sum and direct product. In addition we take as known
the standard isomorphism theorems and presuppose some elementary
knowledge of transfinite methods based on well-ordering and Zorn’s
Lemma. A leisurely account of these matters will be found in (20) in
the list of references, should the reader wish to supplement his
knowledge.

Let f: A — B be a homomorphism of A-modules. If, in addition, fis
an injective mapping, then, of course, it is customary to say that fis a
monomorphism. We shall also say that f is monic whenever we wish to
describe a situation of this kind. This is done solely to expand a
limited vocabulary which otherwise could lead to tedious repstition.
For the same reason, if the homomorphism f is a surjective mapping,
then we shall say either that f is an epimorphism or that it is epic
depending on which alternative description happens to be the more
convenient.

Our next remarks concern notation in relation to sets and modules.
Thus if 4 is a set, then ¢, always denotes the identity mapping of 4.
Now suppose that X and Y are sets. If X is a subset of ¥ and we wish
to indicate this, then we shall write X < Y. However, if X is a proper
subset of Y, thatisif X < Y but X & Y, then X < Y will be used to
convey this information.

Turning now to modules, let A be a ring and {4,};.; a family of
A-modules. The family will have both a direct sum and a direct
product. The former of these will be denoted by @ 4, and the latter

iel
by [T 4,. However when we have to do with a finite family
iel

{4y, 4y, ..., 4},

thenweuse 4, ® 4, ® ... 4, and 4, x 4, % ... x 4, as alternatives
to (—% A, and ﬁ A, respectively. Again if 4 is a A-module, then
i=1 i=1

@ A4 or ® A will denote a direct sum in which all the summands are
tel 1

equal to 4 and there is one of them for each member of I. Likewise
11 4 or ] A will denote a direct product in which each factor is 4
ieI I

and there is one factor for each element of the set I.
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It is hoped that enough has now been said to prepare the reader.
Note that the numbering of theorems, lemmas and so on is begun
afresh in each chapter. If a reference is made to a result and no chapter
or section is specified, then the result in question is to be found in the

chapter being read. In all other cases the extra information needed
for identification is provided.






1

THE LANGUAGE OF FUNCTORS

1.1 Notation

A, T, A will denote rings with identity elements. They need not be
commutative. Z will denote the ring of integers. The category of left
(resp. right) A-modules will be denoted by %% (resp. €%). Sometimes
it is immaterial whether we work exclusively with left A-modules or
exclusively with right A-modules. In such a case €, will denote the
category in question. When A is commutative, we make no distinction
between €% and ¥%. Also we normally identify the category of
additively written abelian groups with the category of Z-modules.
Finally ¢ 4 is used to denote the identity map of 4.

1.2 Bimodules

Suppose that 4 is both a A-module and a I'-module, the additive
structure being the same in both cases. Let us suppose that multipli-
cation (of an element of 4) by an element of A always commutes with
multiplication by an element of I'. We then say that 4 is a (A, T')-
bimodule. If, for example, A operates on the left and I' on the right,
we may indicate this by writing ,A4.. If 4 and 4’ are both (A, I')-
bimodules of the same type, then a mapping f: 4 — 4’ which is simul-
taneously A-linear and I'-linear is called a bihomomorphism.

Example 1. Every A-module is a (A, Z)-bimodule.

Example 2. If T is the centre of A, then every A-module is a (A, I')-
bimodule.

Example 3. A itself is a (A, A)-bimodule with one A acting on the
right and the other on the left. This is by virtue of the associative law
of multiplication.

1.3 Covariant functors

Suppose that with each module 4 in %, there is associated a module
F(A4) in €, and that to each A-homomorphism f: 4 — A4’ there cor-

I NFC



2 THE LANGUAGE OF FUNCTORS

responds a A-homomorphism F(f):F(4)—~F(A’). Suppose further
that

(1) F(i,) = tp forall A in¥6,;

(2) F(gf) = F(g) F(f) whenever f:A—>A"and g: A’ > A" in €,.
In these circumstances we say we have a covariant functor F: €, ~%,
from A-modules to A-modules. Simple. commutative diagrams (of A-
modules and A-homomorphisms) such as

44,

/N

A” A3__>A4

remain commutative when a covariant functor is applied. Also if
f:4—4' is an isomorphism and ¢g: 4’ — A is its inverse, then, for a
covariant functor F, F(f):F(4)—->F(A’) is an isomorphism and
F(g9):F(A')~>F(A) is its inverse. This is because gf and fg are
identity maps.

For the remainder of section (1.3), F:%, —>%, will denote a co-
variant functor,

Definition. F is said to be ‘additive’ if whenever fi:A-—->A" and
fa: A= A" are A-homomorphisms, sharing a common domain A and a
common codomain A’, we have F(f,+f,) = F(f,) +F(f,).

Note. The A-homomorphisms of 4 into A’ form an abelian group.
This is denoted by Hom, (4, 4’). Addition in Hom, (4, 4’) is defined
by (fi+/s) (@) = fi(a) +fola).

If F is additive, then it carries null homomorphisms and null
modules into null homomorphisms and null modules.

In the classical theory of modules, finife direct sums and finite
direct products are indistinguishable. Here this is recognized by
introducing the notion of a biproduct.

Let 4,,4,,...,4, and 4 be A-modules and suppose we are given
homomorphisms o;: 4, >4(1 < i < n)andm;:A— A, (1 <7 < n). The
complete system is called a representation of 4 as a biproduct of
A4, .., 4,0

(@) mjo; =8y, ie. m;o; is a null resp. identity homomorphism if
i % jresp. ¢t = j;

(b) Zo,m, = identity.
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In these circumstances we write variously

A=4,04,® ... @4, (direct sum notation),
A=A4,xA4,x ... x A, (direct product notation),
A=2A4,%A4,%...% A, (biproduct notation),

and, more explicitly,
loy, cyop; Ay, .om,] = Ayx Ay ... x 4,

We call 0,: 4, 4 the canonical injection (it is necessarily a mono-
morphism}) and 7;: 4 — A, the canonical projection (it is necessarily an
epimorphism).

Exercise 1.1 Let [oy,...,0,;A;m,....,7,] = Ay x Ay%...x A, in 6.
Show that if A-homomorphisms f;:A,—B (1 < i < n) are given, then
there exists a unique homomorphism f:A—B such that fo, = f; for
1 < ¢ < n. Show also that if g,:B— A, (1 <1 < n) are prescribed A-
homomorphisms, then there exists a unique homomorphism g: B— A such
that m,g = g, for 1 <t < n.

Exercise 2. Let [0y,...,0,4;m,...,m,] = A, xAyx...x 4, in 6.
Show that the homomorphism A, @A,®...® 4, — A induced by the o,
and the homomorphism A-—>A;x Ay x ... x 4, induced by the m, are
both of them tsomorphisms.

Observe that if 4,,4,,...,4, are given, then we can always find
A,0,,0y...,0, and m, 7, ..., 7, so that

loy, oo dsmy, o m,] = Ay v dgn...x 4,
Theorem 1. Let F: 6, —%, be an additive covariant functor and let
(01 ey Ops A3y, e, ] = Ay Ay x A, in 6,. Then
(F(oy), ..., F(o,); F(A); F(m), ..., F(m,)] = F(4,)* F(4,) *...« F(4,)

n 6.
Proof. Apply F to the relations 7,0, = §;; and X o, 7m; = identity.

We shall now show that this property characterizes additive co-
variant functors.

Theorem 2. Let F:6, —%, be a covariant functor and suppose that
whenever [0y, 09; A;m, 7] = A; % Ay in 6, then

[F(ay), F(oy); F(A); F(my), F(m,)] = F(A4,) « F(4,)in €,.
In these circumstances F is additive.

1 Solutions to the Exercises will be found at the end of the chapter.
1-2



4 THE LANGUAGE OF FUNCTORS
Proof. Let f,, f,: A— B be homomorphisms. Further, let
(04,00 C5my, o] = A% A.

Then [F(ay), F(o,); F(C); F(m), F(m,)] = F(A)* F(A) and therefore
tpe) = F(oq) F(my)+ F(0,) F(my). Defined: 4 - C by d = o, + 0,. Then
md = m(0, + 7y) = 14 from which we obtain

F(m)F(d) = F(md) = F(i,) = ipy.
Similarly F(m,) F(d) = t g4 Now
F(d) = tpey F(d) = (Flo) F(m) + F(o,) F(m,)) F(d).

Hence

F(d) = F(oy) F(my) F(d) + F(o,) F(my) F(d)

= F(0)) g+ F(03)ip = Floy) + F(oy).
Define g:C— B by g = fym,+ fym,. Then

go, = (fim+fom) oy = fimoy +fomo, = fi.
Similarly go, = f,. Furthermore gd = (f;m, + fo7,) (0, + 03) = fi + [
Accordingly F(fy+f,) = F(gd) = F(g) F(d) = F(g) (F(0y) + F(03)).
Thus F(fy+f,) = Fg) Floy) + F(g) F(ay)

= F(go,) + F(go,)

= F(f))+ F(f,).
Hence f is additive.

Theorem 3. Suppose that [0y, 05; A;my,7,) = A% Ay in 6. Then the
sequences

oy M
0>A,>A->4,50 (1.3.1)
and 0>Ad,>A->A4,50 (1.3.2)

are exact.

Proof. We need only consider (1.3.1) and for this it suffices to show
Kerm, < Imo,. Let a e Kerm,. Then

a = oym(a)+oymy(a) = oy (a)e Im oy
Lemma 1. Suppose that 4, A and A Z;A are A-homomorphisms
such that m o, = identity. Then A = Im al@Ker M.

Proof. Let a € A. Then m,(a — o, m(a)) = 0 and therefore
a=oymla)+(a—o,m(a))eImo; +Kerm,.
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Now assume that aeIm o, n Ker 7y, say a = o,(a,) with a, € 4,. Then
ay = moy(a;) = m(a) =0

whence o = 0. This shows that 4 = Im o; @ Kerm,.

Theorem 4. Let 0—>A11>1 A I;A2—> 0 be an exact sequence in 6,.
Then the following statements are equivalent:
(1) Im o, (= Kerm,) is a direct summand of 4;
(2) there exists a A-homomorphism my: A — A, such that
m oy = identity;
(3) there exists a A-homomorphism oy: A, A such that
My 0y = tdentity;
(4) there exist A-homomorphisms y: A,—~> A and m: A — A, such that
[0y, 005 A;m, my] = Ay Ay,

Proof. By the definitions and Lemma 1,
(4)=(2)= (1) and (4)= (3)= (1).

Assume (1), say 4 = Im o, @ B for some submodule B of 4. Now o,
induces an isomorphism 4, 5 Im ;. Let v:Im o; 3 4, be its inverse.
Next 7, induces an isomorphism B 5 4,. Let v: 4, 5 B be its inverse.
Put 7, = up and o, = jv, where p: A -1Im o, is the projection asso-
ciated with the relation 4 = Imo, @ B and j: B— 4 is an inclusion
mapping. Then m; oy = identity, 7, 0, = 0, myo;, = 0, 7, 0, = identity.
Finally if a € 4, then o,m(a) is the projection of @ on Imo, and
o, Ty(a) is the projection of a on B. Thus

o,ma)+0,mla) =a or oym + 0,7, = identity.

Accordingly (1) implies (4).

Definition. Let 0> 4, 545 A, —0 be an exact sequence in €,. If
the four equivalent conditions of Theorem 4 hold, then it is called a ‘split
exact sequence’.

Wenow see, in view of Theorem 3, thatif [0}, 07y; A; 7y, 7] = A, % 4,,

then o m
0>4,>A—-A4,-0

A EN
and 0>4,>A4—->4,-0

are split exact sequences. On the other hand, if 0 >B—+>A4—->C—>01is
a split exact sequence, then we have an isomorphism 4 ¥ B® C.
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o i
Theorem 5. Let 0> A, > A—> A,— 0 be a split exact sequence in €,
and F: €, — €, an additive covariant functor. Then

F(ay) F(my)

0>F(4,)—>F(4)—>F(4,)—>0
is a split exact sequence in 6.
Proof. Choose 07y: Ay—> A, m: A~ 4, so that
[oy, 003 A5y, m] = Ay % A4,.

Then, by Theorem 1, [F(0,), F(0,); F(A4); F(my), F(m,)] = F(A,)xF(4,)
and therefore F(ay) F(my)
0—-FA4,))——FA)—>F(4,)>0

is a split exact sequence by virtue of Theorem 4.

Exercise 3. In the diagram
A A4,
\ /
A
/ \
A, A,
suppose that m oy = identity and that n,05, = identity. Suppose also that
A >A—A, and A, A A,

are exact. Show that [0y, 0y; A; 7y, M) = Ay % A,.

Exercise 4. Let F:%,—>%, be a covariant functor and suppose that
whenever 0>A4"'>A—>A"—>0 is a split exact sequence in €,, then
0>F(A")>F(A)—~ F(A")—> 0 is a split exact sequence in €,. Deduce
that F is additive.

Let F:%6,—>%, be a covariant functor. Assume that whenever
0>A4"'>A4—->A4"->0is exact in €, then

0>F(A"Y>F(A)—~F(4")
resp. F(4')>F(A)—>F(A")->0
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is exact in €. In these circumstances we say that F is left exact resp.
right exact. Should it be the case that the exactness of

0-A">4A—->A"->0
only implies that of F(4')—>F(4)—~>F(A"),

then F is said to be half exact. If F is both left and right exact, i.e. if
0—+>A4">A4->A"—0is exact always implies that

0— F(A") > F(4)->F(A") -0

is exact, then F is said to be an exact functor.

Let F:€,->%, be a covariant functor. If F is left exact then it
preserves monomorphisms, whereas if it is right exact it preserves
epimorphisms.

Lemma 2. Suppose that the covariant functor F is left exact and that
0>A4;,>A—>A4, is exact in €,. Then 0—->F(A,)~>F(A)—~>F(4,) is
exact in 6, .

The proofs of this and the next two lemmas are straightforward and
will be omitted. In both Lemmas 3 and 4, F is understood to be a
covariant functor from %, to €,.

Lemma 3. Suppose that F is right exact and A,-> A4 - A, 0 is exact
in€,. Then F(A,)—>F(A)—> F(4,)— 0 is exact in €.

Lemma 4. Supposethat F is exact and A, — A — A, ts an exact sequence
in €. Then F(A,)—> F(A)— F(A4,) is exact in E,.

Theorem 6. If the covariant functor F is half exact, then it is additive.

Proof. Let [0y,0,A;m,m) = A% A, in €,. By Theorem 2, it is

enough to show that [F (o), F(0,); F(4); F(m), F(n,)] equals
F(4,)=F(4,).

Now by Theorem 3 and the half exactness of F,

F(oy) F(my)
F(4,)— F(4)—>F(4,)

F(oy) F(m)
and F(4,)—> F(A)—>F(4,)
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are exact. Consider the diagram

F(4,) F(4,)
\ %
F(A)
F(4,) F(4,)

Exercise 3 shows at once that
[F(0y), F(0,); F(A); F(m,), F(m,)] = F(A,)* F(4,).

This completes the proof.

Suppose that the covariant functor F is exact and that 4, is a
submodule of the A-module A. Then the inclusion mapping gives rise
to an exact sequence 0—> A, > A and therefore 0> F(4,)—>F(4) is
exact. Thus F(4,) may be regarded as a A-submodule of F(A). This
observation is relevant to the next two exercises.

Exercise 5. Let F: 6, ~%, be a covariant exact functor. Show that F
preserves tmages and kernels.

Exercise 6. Suppose that the functor F: €, —%, is exact and covariant,
that A is a A-module, and A, A,, ..., A are A-submodules of A. Show
that, as submodules of F(A),

FA,+Ay+...+4,)=F4,)+F(A,)+...+F(4,)
and FA,ndsn...nd,)=FA)nFd,)n...nF4,).

1.4 Contravariant functors

We now introduce a second type of functor. Assume that with each
module 4 in %, there is associated a module G(4) in %, and that
with each A-homomorphism f: 4 — A’ there is associated a A-homo-
morphism G(f):G(A')— G(A4). Assume further that

(1) G(iy) = tguy for all A inE6,;

(2) G(gf) = G(f)G(g) whenever f:A—-> A" and g: A’ > A" in€,.
We then say that we have a contravariant functor G from A-modules
to A-modules.
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Let G: ¥, > %, be a contravariant functor. If

A A ——— 4

A——— 4" Ay—— > 4,

are commutative diagrams in %, then applying G leaves them com-
mutative but the arrows are reversed. Also if f: 4 - A4’ is an isonror-
phism and ¢: 4" > 4 is its inverse, then G(f):G(4’')—> G(4) is an iso-
morphism and G(g):G(4)—>G(A’) is its inverse. It is clear how
additive contravariant functors are defined. If @ is additive, then it
converts null homomorphisms and null objects into null homo-
morphisms and null objects.

Theorem 7. Let G: €, ~%, be an additive contravariant functor and
let [0y, ...,0;4;m, ..., =A;%..x A, inE 4. Then

[G(my), ..., K(m,); G(A); K(ay), ..., K0,)] = G(Ay) x G(Ay) *...x G(A,,)
inby.

Proof. Apply G to the relations ;0 = 8;; and Zo, 7, = identity.

Theorem 8. Let G: %6, %, be a contravariant functor and suppose
that whenever [0y, 0y; A; 7y, M) = Ay % Ay in €, then
[G(m1), G(my); G(A); G(01), Gloy)] = G(A,) x G(4,)

tn €. In these circumstances G is additive.

Proof. Suppose that f,,f,: A —B and let [0y, 0y; X; 7y, m,] = B*B.
Then m; +7,: X - B. Let g: A > X be such that m,g = f,, and therefore
(my+7my)g = myg+meg = fi+fo. By hypothesis,

[G(my), G(my); G(X); G(0y), G(0,)] = G(B) * G(B).

Furthermore Gy +m,): G(B) > G(X)
and (o) G(my+m,) = G(my+70),) = i),
In addition G(m) + G(m,): (B) > G(X),

and G(o,) (G(my) + G(my)) = tep)
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as well. It follows (see Exercise 1) that G(m +m,) = G(m) + (7).
Finally

G(fi+]2) = G(my +my9) = Gg) G(my +75) = G(g) (G(my) + G (7))
= G(g) G(my) + G(g) G(my) = G(my9) + G(myg) = G(fy) + G (/).
Theorem 9. Let O—>A1$A :A2->0 be a split exact sequence in €,

and let G: €, — %, be an additive contravariant functor. Then

G(my) G(oy)
0>0(4,)— G(A)—>G(4,)—>0

is a split exact sequence in €.

Proof. This is the analogue of Theorem 5 and we simply modify the
proof of that result.

Let G: €, — %, be a contravariant functor. It is said to be left exact
if whenever 0> A4’ >4 - A" -0 is exact in €,, then

0>GA"Y>G(4)->F4") (1.4.1)

is exact in €,. We say that G is right exact if, in place of (1.4.1), we
have an exact sequence

GA")>G(A)>G4")~0. (1.4.2)
Furthermore @ is called half exact if the exactness of
0+>A4'"-4—+4"-0
only implies that of G(4")—>G(4)—~>G(A’). (1.4.3)

Finally @ is said to be exact if it is both left exact and right exact, i.e.
if the exactness of the sequence 0> A4’ 4 - A" — 0 implies that

0->GFA") > GFA)->G4)>0 (1.4.4)
is exact.

Lemma 5. Suppose that A’ >4~ A"—>0 is exact in €, and that
G: 6\ €, is contravariant and left exact. Then

. . 0>GA")—>F4)->GF4)

15 exact in €.

This is trivial as are Lemmas 6 and 7 provided that one bears in
mind that a left exact contravariant functor converts an epimorphism
into a monomorphism whereas a right exact contravariant functor
changes a monomorphism into an epimorphism.

Lemma 6. Suppose that G: 6, — 6, s contravariant and right exact.
If now 0> A"—> 4> A" is exact in €, then G(A") > G(4)—>G(A")~0
is exact in €.
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Lemma 7. Suppose that the functor G:%, —%, is contravariant and
exact. If now A'>A— A" is exact in 6y, then G(A") > G(4)>G(4’)
1 exact in 6.

Theorem 10. Let @ be a half exact contravariant functor. Then it is
additive.

The proof is similar to that of Theorem 6 save that we use Theorem 8
in place of Theorem 2.

1.5 Additional structure
Let F:%,—>%, be an additive covariant functor. Suppose that 4 is
a (A, T')-bimodule. For definiteness we shall assume that 4 belongs
to L. If yeI', then multiplication by y induces a A-homomorphism

A —y> A and this will give rise to a A-homomorphism F(4)— F(4).
For xe F(A), let us define yx to be the image of 2 under F(4)— F(A).

If now vy, y,€T, then 4
\

%" A (1.5.1)

| <

is a commutative diagram in €, and it follows, on applying F, that
Yo(71%) = (Y571)x. In fact, because F is additive, F(4) is now a
(A, T)-bimodule with F(A4) in €k. Also if 4, A’ are (A, I')-bimodules
and f: 4 — A’ is a bihomomorphism, then because the diagram

A ! - A’
Y Y
A ! > A’
is commutative, so too ig
F(A) uktl F(A')
F(4) ultl F(4)

Thus F(f)is a (A, I')-bihomomorphism.
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We have supposed that 4 belongs to k. If instead we had assumed
that 4 was a (A, T')-bimodule with 4 in €E, then the conclusions
would have been the same except that F(4) would have had the
structure of a (A, T')-bimodule with F(4) in €&.

Next assume that G: %, —%, is a contravariant additive functor.
To begin with suppose that 4 is a (A, I')-bimodule with 4 in €%, If
now x € 3(4) and vy eI, define xy to be the image of x under the map-

ping G(4)—G(4) induced by A4 —7—,>A. The commutative diagram
(1.5.1) now yields

G(A)
\
Y271 G(A)
Ve
G(A)

which is also commutative, so (zy,)y; = «(v,y;). In fact G(4) is a
(A, T)-bimodule with G(4) in ¥, and each bihomomorphism 4 — 4’
induces a bihomomorphism G(4')—>G(4). (If we suppose that 4 is a
(A, T')-bimodule with 4 in €&, then G(4) will be a (A, I')-bimodule
with G(A) in €%.) Note that in the contravariant case, the side on which
the auxiliary ring T operates is changed on applying the functor.

1.6 Bifunctors

Besides considering functors in one variable, we may also consider
functors in many variables. Such a functor may be covariant in
some of its variables and contravariant in others. By way of illustra-
tion we shall discuss a functor of two variables, i.e. a bifunctor, con-
travariant in the first variable and covariant in the second.

Suppose that with each module 4 in €, and B in €. there is asso-
ciated a module 7'(4, B) in %, and suppose also that given f: 4’ > A4
in €, and g:B—> B’ in %}, there corresponds a A-homomorphism
T(f,9):T(A,B)~>T(4',B’). If now

(1) T(im iB) = iT(A,B)’ P ;
2) T(ffv9:19) = T(f1,9.) T(f, 9) whenever A" 5A4'5A4 in €, and

g 0
B— B’ - B" in %,
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then we say that T is a bifunctor from €, x €. to €, which is contra-
variant in the first variable and covariant in the second.

Assume that T is such a functor. If we keep A fized, then we obtain
a covariant functor T(4,-):6.—%,. Here it is understood that if
g9:B— B’ in €}, then by T(4,9) we mean T'(i,,g). Likewise if B is
kept fixed, then we obtain a contravariant functor 7'(~, B): 6, ->%,.
If both 7'(4,-) and T'(-, B) are additive (for all choices of 4 and B),
then T is said to be additive. Thus if T is additive, then

TA,9,+9,) =T(4,9,)+T(4,9,)
when ¢,,9,: B—> B’ in €, and
T(fi+fo B) = T(f1, B)+T(fs, B)

provided that f,, f,: 4’— 4 in €,. Again, if both 7(4,-) and T'(-, B)
are left exact (for all choices of 4 and B), then T is called left exact.
Accordingly if T is left exact and the sequences

A;>A—->A4,-0
and 0—->B,~B-—>B,
are exact in €, and €. respectively, then both
0->T(A4,, B)-~T(A,B)->T(4,,B)
and 0->T(A,B,)~T(4,B)—~>T(4, B,)

will be exact in €,. The notions of right exact, exact, and half exact
functors are generalized in the same way.

We continue to suppose that T(4, B) is contravariant in 4 and
covariant in B but now add the assumption that 7" is additive. Let Q
be a ring with identity and suppose that 4 is a (A, Q)-bimodule.
Then T(4,B) is a (A, Q)-bimodule. However, because T(-, B) is
contravariant, Q will operate on different sides in the two cases so that
if, for example, 4 belongs to €%, then T(4, B) will belong to ¥&.
We know that a bihomomorphism f:A’—>A4 of (A, Q)-bimodules
induces a bihomomorphism 7'(4, B)—>T(4’, B). Still assuming that
4 is a bimodule, suppose that g: B— B’ in 4. and that we Q. Then,
with a self-explanatory notation,

) t4 4 ©
4>4A->A4A=A4A->A4A-A4

g ig iB g
and B>B' -B' =B->B->hB.
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Consequently T(w,ip)T(i4,9) = T(iy,9) T(w,i5)
which shows that the diagram

T(4,q)

T(4, B) > T(4, B)
w w
T(4, B) 149 .4, BY

is commutative. It follows that 7(4,9):7(4, B)—T(4, B’) is a bi-
homomorphism as well.

Now assume that B is a (', Q)-bimodule. Then 7'(4, B) is a (A, Q)-
bimodule and Q acts on the same side of 7'(4, B) as it does in the case
of B. Each bihomomorphism BB’ of (I, Q)-bimodules induces a
bihomomorphism 7T'(4,B)—T(4,B’). Also each A-homomorphism
f:A’~ A induces a bihomomorphism

T(f, B): T(4, B)->T(4’, B).

1.7 Equivalent functors

The notions introduced in this section apply to functors in arbitrarily
many variables, but we shall explain them by considering primarily
functors of two variables, where the functors concerned are contra-
variant in the first variable and covariant in the second.

Let T'(4, B) and U(4, B) be functors from %, x % to €, which are
contravariant in 4 and covariant in B. Suppose that for each module
4 in €, and each module B in . there is defined a A-homomorphism

745:T(4,B)~U(4, B) (1.7.1)

and that these are such that, whenever A’ >4 in ¢, and B-> B’ in
%r, the diagram

748

T(4, B) U(A, B)

Na'm

T(4’, B")

U(d’, B)

is commutative, i.e. we assume that the homomorphism (1.7.1) is
natural for homomorphisms 4’ —» 4 and B— B’. We then say that we
have a natural transformation n:T - U.
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For example, each I'-homomorphism B— B’ induces a natural
transformation 7'(-, B)—T(-, B’) between T'(-, B) and T'(-, B') con-
sidered as functors of a single variable which varies in €,. Likewise
each A-homomorphism A’->4 induces a natural transformation
T(A,-)—T(A’,-) between T(4,~)and T'(4’, ) considered as functors
of a single variable which this time varies in €.

Natural transformations of functors may be composed in an obvious
manner.

Finally suppose that the natural transformation %:7 — U is such
that 5 ,5:T(A, B)—>U(4, B) is an isomorphism in €, for every 4 in
%, and B in %p. In this situation 7 is called a natural equivalence and
we say that T and U are naturally equivalent. The relation of natural
equivalence between functors is reflexive, symmetric and transitive.

Example. Let I be the identity functor on %, so that for every A-
module 4 and A-homomorphism f, I(4) = A and I(f) = f. A natural
transformation #: I — I is then characterized by the fact that whenever
f:4—A'"in €,, the diagram

A 4 4
f f
A’ LEk A

is commutative. If y and 3’ are two such natural transformations, then
they may be ‘added’ and ‘multiplied’ in such a way that

+7")a=14+74 and (1) 4 = N47a-
Note that if, in the above diagram, we take f to be y: A - 4, then we
find that 43’ = 59, i.e. our multiplication is commutative.

Let y belong to the centre of A. We obtain a natural transformation
n:I1—>1 by taking 7, to consist of multiplication by y. The next
exercise shows, among other things, that all natural transformations
of I into itself arise in this way.

Exercise 7. Establish a bijection between the elements of the centre of A
and the natural transformations of the identity functor (on €,) into iiself.
Deduce that the natural transformations of the identity functor into tiself
form a ring which is isomorphic to the centre of A.

A point has now been reached where enough of the language of
functors has been developed for our immediate purposes. To save
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time we have worked exclusively with modules, but of course it is
possible to prove similar results in a much broader context. The reader
who wishes to see how this extra generality can be achieved may like
to consult (7) and (17) in the list of references provided at the end.

Solutions to the Exercises on Chapter 1
Exercise 1. Let [oy,...,0,;A4;m,....m,] = Ayxds*..x 4, in E,.
Show that if A-homomorphisms f;:A;,—~B (1 <1 < n) are given, then
there exists a unique homomorphism f:A — B such that fo, = f; for
1 < i < n. Show also that if g;:B—>A; (1 < i < n) are prescribed A-
homomorphisms, then there exists a umique homomorphism g:B—>A
such that m,g = ¢, for 1 < ¢ < n.

n
Solution. Define a homomorphism f: 4 > B by f = X f;m;. Then
i=1

foi = (.Zlfjﬂj) 0 = .Zlfjﬂjo-i = _Zlfjaji =fi (I<i<n)
J= 1= 1=
Letf’: A — Bbe another homomorphism suchthatf'o, = f; (1 < ¢ < n).

n n n
Then f,=f,":A=f,('210-i7ri) =,21f,o-iﬂi=.21fiﬂi=f'
i= i= i=
This proves uniqueness.

Now define a homomorphism ¢: B> 4 by g = f; 0;9;- Then
i=1
n n n
Ty =7 (1210';'9;‘) = Zlﬂio'jgj = .Elaijgj =g; (1<i<n).
= 7= i=

Let g": B~ A beanother homomorphismsuchthatm¢’ = ¢;(1 < ¢ < n).
Then

4 > ! i ! kid ’ Lid
g =149 = (,Elm-m-) g =,21<fz-m~g = ,Elm-gi =g.
1= 1= 1=
This completes the solution.

Exercise 2. Let [0y,05,...,0,; 457, 7, ..., 7] = Ay x Ay%..%x 4, in
€,. Show that the homomorphism 4, ® 4, ®...® A, —~ A induced by
the o, and the homomorphism A — Ay x Ay x ... x A, induced by the 7,
are isomorphisms.

Solution. Let ¢: A4, ® 4, ®...® A, A be the homomorphism in-
duced by the o, and :4->A4;x4,x... x A, the homomorphism
induced by the 7,. Then

n
Ay xdyx..xd, =4, 04, ®...0 4, $((a1, s, - .., a,)) = T 0,(a;)

and Y (a) = (mya), mya), ... m(@). =
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We have ¢y: 4 - A4 and, in fact, forallae 4
¢Pr(a) = ¢((my(a), y(a), ..., T(a)))

Consequently ¢y = ¢ ,. Also
WA, DA,®. 04,4, 94,8..04,
and, for all (@, a,,...,a,)in 4, @4, ®...® 4,, we have

V(e ) = (£ o)
= (r(Eose) m( Erie). oom(Eote)

- (Emosa), Emoa, . Emoa)

j=1

M=

dy5(ay), ...,

1 J

3nj(aj))

s

= (% dy5(a;),
=1 i

= (A, 8y, ..., @)

Thus yr¢ is also an identity map. Accordingly ¢ and 3 are isomor-
phisms and furthermore ¢y = ¢—1.

Exercise 3. In the diagram
4, 4,

oy /
\

A4, A,

suppose that m, o, = identity and that m,0, = identity. Suppose also that

4,5454, and 4,545 4,
are exact. Show that [y, 05, A;my,my] = Ay % A,.
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oy my [ My
Solution. Since A;—~A—-> A, and 4,4 — A4, are exact, myo; = 0
and 7,0, = 0. We therefore obtain 7;0; = d;; for 4,j = 1, 2. To prove
that [0y, 0y; A; 7y, m,] = A, % A, it remains to be shown that

ty = 07 + Oy,
Now by Lemma 1, 4 = Im o, ® Kern,. However Ker7; = Im o, and
therefore 4 =Imo, ® Imo,. Let acAd. Then a = oy(a,)+0y(a,),
where a,€ 4,. It follows that 7,(a¢) = a;. Consequently

(0171 + 07M5) (@) = oy(ay) + 02(a,) = @.

The desired result follows.

Exercise 4. Let F:% ,—~%, be a covariant functor and suppose that
whenever 0>A4"—>A—>A"->0 is a split exact sequence in €,, then
0>F(A4")>F(A)—>(4")>0 is a split exact sequence in €,. Deduce
that I is additive.

Solution. Let [0, 0,; A;m;,m,] = A, % A, be an arbitrary biproduct.

Then 0> 4 1:; A i A,->0 is a split exact sequence, and therefore
O—)F(Al)ﬁd—li F(A)TiF(AZ) — 0 is split exact as well. In particular
F(av) F(m) F(ay) F(m)
F(4,)—> F(4)—> F(A,)is exact. Similarly F(4,)——> F(4)—> F(4,)
isexact. Next F(m,) F(o,) = F(m,0,;) = identity. Hence, by Exercise 3,
[F(oy), F(o,); F(A); F(my), F(m,)] = F(4,)* F(4,), and therefore, by

Theorem 2, F is additive.

Exercise 5. Let F: €, ~%, be a covariant exact functor. Show that F
preserves images and kernels.

Solution. Let f: A - B be a homomorphism. Then f is composed of
the epimorphism 4 —>Imf and the monomorphism Im f— B. Hence
F(f) is obtained by combining the epimorphism F(4)—F(Imf)
with the monomorphism F(Im f)— F(B). Thus Im F(f) is just #(Im f)
regarded as a submodule of F(B). We may therefore write symbolically
ImF(f) = F(Imf).

Next, since Ker f > A — Bisexact, so toois F(Ker f) > F(4)— F(B)
and, moreover, F(Kerf)—F(A4) is monic. Hence

Ker F(f) = F(Kerf)
provided that the latter is regarded as a submodule of F(4).
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Exercise 6. Suppose that the functor F: €, —~%, is exact and covariant,
that A is a A-module, and 4., A,, ..., 4, are A-submodules of A. Show
that, as submodules of F(A4),

FlA,+A4,+...+4,)=F4,)+ F(4,)+...+ F(4,)
and FA,nd4,n...n4,) = F(4,))n F(4d,)n...nF(4,).
Solution. We may suppose that n = 2. Let B;, B, be submodules of
A with B, < B,. On applying F to the commutative diagram

B,——— B,

A
formed by the various inclusion mappings, we see that F(B,) = F(B,).

Now 4;c 4,+4, and 4,n4, < 4,. Thus F(4,) < F(4;+4,) and
F,nd,) = F(4,). Accordingly F(4,)+F(4,) < F(4d,+4,) and
F(4,n4,) = F(4,)n F(4,).
Let X = 4, ® A, and define f;: X - 4 by f;(a,,a,) = a;. Then
(fi+f2) (ay, a5) = a, +a,.
Consequently Imf; = 4, and Im (f, +f,) = 4, + 4,. But F is additive
{Theorem 6). Hence, by Exercise 5, we have (as submodules of #(4))
F(4,+4,) = F(Im (f; +f,)) = Im (F(f1 +[,))
=Im (F(f) +F(f;) < Im F(f,) + Im F(f,)
= F(Imf,) + F(Imf,) = F(4,)+ F(4,).
It follows that F(4,+ 4,) = F(A,)+ F(4,).
Let Y =4/4,xA|4,. Defineg;:4—-Y (i = 1,2) by
9:1(a) = {$1(a), 0}, 95(a) = {0, $5(a)},
where ¢;: A > A[A, is the natural mapping. Then
(91+92) (@) = {$1(a), Po(a)}.
Accordingly Kerg, = 4, and Ker (g, +¢,) = 4, n 4,. Thus, as sub-
modules of F(4),
F(A,n4,) = F(Ker (g, +9g,)) = Ker (F(g,+9g,)) (by Exercise 5)
= Ker (F(g,) + F(g,)) 2 Ker F(g,) n Ker F(g,)
= FP(Kerg,) n F(Kerg,) (by Exercise 5)
= F(4,)n F(4,).
Accordingly F(4,n A4,) = F(4,)n F(A,).
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Exercise 7. Establish a bijection between the elements of the centre of A
and the natural transformations of the identity functor (on %) info
itself. Deduce that the natural transformations of the identity functor
tnlo iself form a ring which is isomorphic to the centre of A.

Solution. We need only consider left A-modules. Let y be an element
of the centre of A. For each 4 in ¥%, define a mapping #(y):A4—~ 4
by 7(y)4(a) = ya. Since vy is in the centre of A, 7(y), is a A-homo-
morphism. Also if f: 4 > B is in €%, then the diagram

I(4) 1) > I(B)
7(Y)a 7(y)s
I(4) ) I(B)

where [ is the identity functor, is. commutative. It follows that n(y)
is a natural transformation of I into itself. Hence % maps elements of
the centre of A to natural transformations of the identity functor
into itself.

Let y, and vy, be elements of the centre of A and assume that
7(¥1) = 7(y2). Then %(y,), = 7(ys),, where A is considered as a left
A-module, and in particular v, = 5(y;), (1) = 9(y5), (1) = 7,. Hence
7 is an injection.

Next let u:I—1 be a natural transformation and put y = u, (1).
If now AeA, define a homomorphism f:A—>A by f(A') = X’A. The

commutative diagram
f

A = A
I8N0 “a
A 7 A

shows that yA = f(y) = fua (1) = uy(f(1)) = f(1) s (1) = Ay. Thus y
is in the centre of A. Now assume that 4 belongs to €% and let ac A.
Define a homomorphism g: A — A by g(A) = Aa. From the commuta-

tive diagram
g

A — A
N Ha
A A
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we obtain u 4(a) = p49(1) = gu,(1) = g(y) = ya. Consequently

Ha = 1Y)
and therefore, since 4 is arbitrary, x = 9(y). Accordingly 7 is sur-
jective and hence bijective.
Since 7 is a bijection and the centre of A is a subring of A, it only
remains to be shown that 7 preserves sums and products. This how-
ever is clear.

Supplementary Exercises on Chapter 1

Exercise A. Let yu: A > A’ be a A-homomorphism. Show that the follow-
ing statements are equivalent:

(1) play) + pula,) whenever a,, a, are distinct elements of A;

(2) ufy = pfs (for A-homomorphisms f, and f,) always implies f, = f,.

Solution. Assume (1). Let f;, f,: B— A be A-homomorphisms such that
ufy = pfe. Then, for every be B, u(fi(b)) = u(fy(b)) and so, by (1),
f1(b) = fo(b). Thus f; = f,.

Assume (2). We may suppose that we are dealing with left A-modules.
Let a,,a,€ A be such that a, + a,. For ¢ = 1,2 define A-homomor-
phisms f;:A—4 by f,(A) = Aa;. Then f, + f, and therefore, by (b),
1fy + uf,. Hence there exists Ae A such that pf,(A) + pfy(A), ie.
Ap(a,) + Aula,y). 1t follows that u(a,) + p(a,).

Exercise B. Let v: A - A’ be a A-homomorphism. Show that the follow-
ing statements are equivalent:

(1) v is surjective;

(2) gyv = gov (for A-homomorphisms g,,9,) always implies g, = g,.

Solution. Assume (1). Let g,,9,: A’ — B be A-homomorphisms such
that g, v = g,v. For every a’ € A’ there exists a € 4 such that v(a) = a'.
Consequently g,(a’) = g,v(a) = g,v(a) = g,(a’). Hence g, = ¢,.

Assume (2) and suppose that v is not surjective. Then there exists
a’e A’ such that @’ ¢ Imv. Define g;: 4’ > A'[Imv (i =1,2) by g, = 0
and g, is the natural epimorphism. Then g,(a’) = 0, ¢,(a’) + 0 which
shows that g, + ¢,. But ¢,» = 0 = g,», and now (2) gives a contra-
diction.

Exercise C. Let ¢: A— B and yr: B—>C be A-homomorphisms. Show

¢ v
that 0 > A — B> C is exact if and only if the following two conditions are
satisfied:
(@) ¥¢ = 0;
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(b) whenever there is a A-homomorphism 0: X — B such that Y6 = 0,
then 6 = ¢ f for a unique A-homomorphism f: X —» A.

Solution. Assume that (a) and (b) both hold. Then Im ¢ < Ker .
Also if j:Ker y - B is the inclusion mapping, then ¥;j = 0 and there-
fore, by (b), j = ¢y for some A-homomorphism y:Keryr—A4. It
follows that Keryr = Imj < Im ¢ and therefore Im ¢ = Ker y. Now
assume that f;:D-—>A(i=1,2) are A-homomorphisms such that
¢f1 = ¢fy = 0 (say). Then 6 = 0 and hence, by (b), f; = f,. It follows,
from Exercise A, that ¢ is an injective mapping. This proves that

¢ ¥
0—+ A — B— Cis exact. The other assertions contained in the exercise
are trivial.

Exercise D. Let ¢: A~ B and : B—C be A-homomorphisms. Show

that A iBiC»O is exact if and only if the following two conditions
are satisfied:
(@) ¥¢ =0;
(b) whenever there is a A-homomorphism 6:B— Y such that 8¢ = 0,
then 8 = gy for a unique A-homomorphism g:C - Y.

Solution. Evidently if A—¢>B iO»O is exact, then the two condi-
tions are satisfied. Assume therefore that (a) and (b) hold. Then
#(4) = Ker . Let v: B—>B/[¢(A) be the natural mapping. It follows
that v¢ = 0 and therefore, by (b), v = yy for some A-homomorphism
v:C—B[¢(A). Thus¢(4) = Kerv 2 Ker . Accordingly ¢(4) = Keryr

¢ ¥
whence 4 - B—C is exact.
It remains for us to show that ¥ is surjective. Suppose that

g9,::C—>D (i=1,2)

are A-homomorphisms such that g,y = g, = 6 (say). Then 6¢ = 0
whence g, = g, by condition (b). That i is surjective now follows from
Exercise B.
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THE HOM FUNCTOR

2.1 Notation

The notation remains as in section (1.1). In particular A, I, A denote
rings (with identity elements) which need not be commutative, and Z
denotes the ring of integers. The category of additive abelian groups
is identified with the category of Z-modules.

2.2 The Hom functor
Let A and B belong to %,. We have already remarked that the
A-homomorphisms of 4 into B form an additive abelian group
Hom, (4, B). Let u: 4’ > A and v: B— B’ be A-homomorphisms. We
define a mapping
Hom, (#,v):Hom, (4, B)—-~Hom, (4', B')

by requiring that fe Hom, (4,B) be mapped into vfu. Clearly
Hom, (u,v) is a homomorphism of abelian groups and if u, v are iden-
tity maps, then Hom, (u, v) is also an identity map. Again if
u:A">A" and v:B' —>B"
are in €, then
Hom, (uu',v'v) = Hom, (v, v") Hom, (u,v).

In fact Hom, (4, B) is a bifunctor from €, x %, to the category of
Z-modules (additive abelian groups) and it is contravariant in the

first variable and covariant in the second. This functor is called the
Hom functor. Note that if u,, u,: A’ A4 and v, v,: B— B’, then

Hom, (u; +uy, B) = Hom, (u,, B)+ Hom, (u,, B)
and Hom, (4, v, +v,) = Hom, (4,v,)+Hom, (4, v,).
Accordingly the Hom functor is additive.
Theorem 1. The Hom functor is left exact.
The theorem asserts that if 0—>4'—> 4+ A4"->0isexactin%,, then

0—-Hom, (4", B)—>Hom, (4, B)->Hom , (4', B)
(23]
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is exact for every B in €,; also if 0> B’—B—> B"—0 is exact in €,
then o . Hom, (4, B')—>Hom, (4, B)-Hom, (4, B")

is exact for every 4 in %,. The verification of these statements is
straightforward.

Exercise 1. Prove Theorem 1.

Theorem 2. Let {4}, ; and {B},.; be two families of modules in €,
and, with the usual notation for direct sums and direct products, put
A= @ A;and B = ]'[ B;. Then there exists a (canonical) isomorphism

HomA 4,B) ~ I1 HomA (4;, B;) of abelian groups.
7,5

Proof. Let o‘i:A;-—>A be the canonical injection for the direct sum
and 7;: B— B; the canonical projection for the direct product. If now
fe HomA 4, B then {m;fo}; ; is in ]'[ Hom, (4, B;). The mapping

taking f into {m;fo}; ; yields the requu‘ed isomorphism.

Corollary 1. Suppose that each A; is a (A, A)-bimodule. Then A is a
(A, A)y-bimodule and therefore Hom, (4, B) and Hom, (4,, B;) are A-
modules. On this understanding the canonical tsomorphism

Hom, (4,B) = II Hom, (4,, B;)

L)

is an isomorphism of A-modules.

Proof. Suppose that fe Hom, (4, B) and de A. The product of é and
8

f
f is (with a self-explanatory notation) 4 - 4 - B and the image of
this in [] Hom, (4,, B;) has the composite mapping

¥

o 8 ! 7
A;~A->A->B->B ;
a3 8
as its typical component. But 4;,— 4 > 4 coincides with

& oy
A,—~A4,~A4.

Thus the image of the product of & and fis the same as the product of
& and the image of f.

Corollary 2. Suppose that each B; is a (A, A)-bimodule. Then B is a
(A, A)-bimodule and therefore Hom, (4, B) and Hom, (4;, B;) are A-
modules. On this understanding the canonical tsomorphism

Hom, (4, B) ~ I] Hom, (4;, B;)

is an isomorphism of A-modules.
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Proof. This is a minor modification of the proof of Corollary 1.

Exercise 2. Suppose that the modules A, B belong to €, and that T is
the centre of A. Since A is a (A, I')-bimodule, Hom, (4, B) is a T-
module. Since B is a (A, I')-bimodule, this also induces a I'-module
structure on Hom,, (4, B). Show that these two structures coincide.

Example 1. Let the module 4 belong to €,. Since A is a (A, A)-
bimodule, Hom, (A, 4) is a A-module of the same type as 4. We
have, in fact, an isomorphism Hom, (A, 4) 5> A4 of A-modules in
which f is mapped into f(1). Indeed if 4 - A’ is a A-homomorphism,
then the diagram

Hom, (A, A) > A

Hom,(A, A') A’

is commutative. Thus Hom, (A,-) is naturally equivalent to the
identity functor.

Example 2. Let A belong to ,. Since A is a (A, A)-bimodule,
Hom, (4, A) is a A-module, but of the opposite type to 4. Thus
Hom, (-, A) is a left exact functor from %% to €%. It is alsot a left
exact functor from €% to €%. This functor forms the basis of an
important duality theory.{

Example 3. Let ® be a Z-module and let 4 belong to ¢%. Then 4
is a (A, Z)-bimodule, so Hom, (4, @) is in €%. Again A is a (A, A)-
bimodule. Consequently Hom, (A, ®) is both a left and a right A-
module. In fact Hom,(A,®) is a (A, A)-bimodule and therefore
Hom, (4, Homy (A, ©®)) belongs to €%. We shall compare Hom, (4, ©)
with Hom, (4, Hom, (A, ©)).

Let feHom, (4, 0)andletac 4. Define ¢,: A - O by ¢,(A) = f(ad).
Then ¢aEHomZ (A, 0), ¢al+a2 = ¢a1 + ¢a2 and ¢a)t = (¢a) A. (For

($aA) (X) = §,(AX") = f(aAl")
and ¢,,(A") = f(aAA’) as well.) Next we define ¢p: 4 - Hom, (A, O) by
¢(a) = ¢a'
1 Strictly speaking we are concerned with two different functors but we allow

ourselves a certain informality of language.
1 See Chapter 5.
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Then ¢ e Hom, (4, Homy (A, ®)). We now have a mapping
74:Hom, (4,0)—>Hom, (4, Hom, (A, 0))
in which 7 4(f) = ¢ and where, for e 4 and A€ A,
($(@)) (A) = f(ad).

It is easy to check that #, is an isomorphism of abelian groups.
Suppose that f corresponds to ¢ and that A,e A. Then Ayf and Ay¢
are both defined. In fact (A, f) (ad) = f(aAA,) and

((A8) (@) (A) = f(add,)

as well. It follows that Ayf corresponds to A,@. Consequently 5, is an
1somorphism in €%.

Suppose next that u:4’— 4 is a homomorphism in €%. Then the
diagram

Hom,(4, ©) T Hom,(A4, Hom,(A, ©))
Hom,(4’, ©) /7;\,4/ >Hom,(4’, Hom,(A, ©))

is commutative. These observations may be summed up as follows:

the functors Hom (-, ©) and Hom, (-, Homy (A, ©)) from €% to €% are
naturally equivalent.

It is, of course, also possible to regard Hom, (-, ®) and
Hom, (-, Hom, (A, ©))

as functors from €% to €% in which case they will again be naturally

equivalent. We shall find a useful application of these equivalences in
section (2.5).

2.3 Projective modules
Let P belong to %,.

Definition. P is called a ‘ projective A-module’ if the functor
HomA (P 3 _)>

from €, to the category of abelian groups, is exact.

Obviously if a module is projective, then so is any module which is
isomorphic to it. The following lemma gives a useful criterion for a
module to be projective.
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Lemma 1. Let P belong to €,. Then the following two statements are
equivalent:

(@) P is A-projective;

(b) whenever we have a diagram

P

A = B -0
in €, and the row is exact, then there exists a A-homomorphism
g: P—A such that f = ug.

Proof. Condition (b) is equivalent to the following: whenever 4 - B
is an epimorphism in %, the induced homomorphism

Hom, (P, A)—~Hom, (P, B)

is also an epimorphism. In other words, (b) is equivalent to the assump-
tion that Hom, (P,-) preserves epimorphisms. The lemma now
follows because, in any case, Hom, (P, -) is left exact.

We recall that a A-module is called free if it is isomorphic to a
direct sum of copies of A or (equivalently) if it has a base, that is a
linearly independent system of generators.

Theorem 3. Every free A-module is A-projective.
This is a simple application of Lemma 1.

Exercise 3. Prove Theorem 3.

Theorem 4. Let {4.};.; be an arbitrary family of A-modules and put
A =@ A,. Then A s A-projective if and only if each A, is A-projective.
i

This is another simple application of Lemma 1.
Exercise 4. Prove Theorem 4.

Corollary. Every direct summand of a A-projective module is A-
projective.

Theorem 5. If 0> A4~ B— P -0 is an exact sequence of A-modules
and P is A-projective, then the sequence splits.t

Proof. Using Lemma 1, we see that there exists a A-homomorphism

1 See section (1.3) for the definition of a split exact sequence.
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P->B such that the composite homomorphism P—B->P is the
identity map of P. The theorem now follows from (Chapter 1, Theorem
1).

Theorem 6. Let A belong to €,. Then there exists an exact sequence
P—+>A-0,in %y, where P is A-projective.

Remark. Note that a canonical construction is given and that, for
this construction, P turns out to be free.

Proof. Put F = @ A. Then F is free. Further the mapping F -4 in

aed
which {A },. , is mapped into X A, « is a A-epimorphism.
acd

Theorem 7. 4 module P is projective if and only if it is a direct sum-
mand of a free module.

Proof. If P is a direct summand of a free module, then it is projective
by Theorem 3 and Theorem 4 Cor. Suppose now that P is projective.
By Theorem 6 we can construct an exact sequence 0~ B~ F— P—0,
where F is free. This splits by virtue of Theorem 5. Hence P is (essen-
tially) a direct summand of F.

Corollary. If the projective module P can be generated by m elements,
then P is a direct summand of a free module with a base of m elements.

Proof. In the latter part of the proof of Theorem 7 we can arrange
that F has a base of m elements.

Exercise 5. Suppose that

P | T | 7111
A B C

is a commutative diagram in €,, that P is projective, gf = 0, and the
lower row is exact. Deduce that there exists a A-homomorphism P -> A
which makes the diagram

IJJ ;I[ \11[
A > B >

commutative,
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Exercise 6.* +Show that every submodule of a free Z-module is free and
deduce that every projective Z-module is free.

Exercise 7. Give an example of a projective module which is not free.

Exercise 8.* Let P be a projective A-module. Show that there exists a
free A-module F such that P ® F and F are isomorphic.

Theorem 8 (Dual Basis Theorem). 4 A-module P is projective if and
only if there exist families {a;};. ; of elements of P and {f;};.; of elements
of Hom, (P, A) such that (i) for each a€P,f,(a) = 0 for almost all 1,
and (ii) a = Zf;(a)a, for every ac P. When P is projective, the family
{a;};c1 may be taken to be any generating system of P.

Proof. Assume for the moment that : F - P is an epimorphism,
where F is a free A-module with a base {e;};c;. From (Chapter 1,
Lemma 1) and Lemma 1 we see that P is projective if and only if ¢
is an identity map for some A-homomorphism ¢:P— F.

Suppose first that P is projective and choose such an F, ¢ and ¢.
Put a; = y(e;,). If ae P, then we can write ¢(a) = Zf;(a)e;, where
fi(a) = 0 for almost all ¢ and each f,;: P> A is a A-homomorphism.
Further a = yr¢(a) = Zf;(a)a;. Evidently in choosing F and ¢ we
can arrange that {a;},.; is any prescribed generating set of P.

Now suppose that we have families {a};.; and {f;};.; satisfying
conditions (i) and (ii) in the statement of the theorem. Construct a
A-homomorphism ¥ : ¥ — P in which F is a free A-module with a base
{e;};cr and ¥(e;) = a;. Define a A-homomorphism ¢:P—F so that
d(a) = Zf;(a)e;. Then y¥d(a) = X f.(a)a; = a and therefore Y¢ is an

identity map. Accordingly ¥ is epic and now P is projective by our
initial remark.

Exercise 9. Let R be an integral domain with quotient field ¢ and let
I + (0)be an ideal of R. Show that the following statements are equivalent:
(@) I is projective;
(b) I us tnvertible, that is there exist elements a,, a,, ...,a, in I and
Q1o o> qn tn @ such that ¢, < Rforv=1,2,...,nand

191+ 0202+ ... + @y, = 1.
Deduce that a projective ideal of R ts necessarily finitely generated.
If B is an integral domain and all its non-zero ideals are invertible,
then R is called a Dedekind ring.

1 Exercises marked with an asterisk are likely to prove more difficult than those
which are not.
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2.4 Injective modules
Let E belong to €.

Definition. E is said to be an ‘injective A-module’ ¢f Hom , (-, E) is an
exact functor from €, to the category of abelian groups.

Clearly every A-module which is isomorphic to an injective module
is also injective.

Lemma 2. Let E belong to €,. Then the following two statements are
equivalent:

(@) E is A-injective;

(b) whenever we have a diagram

> A
fj
E
in €, in which the row s exact, there exists a A-homomorphism

g:B— FE such that gu = f.

The proof is similar to that of Lemma 1 and will be omitted.
Theorem 9. Let {B};.; be a family of A-modules and put B =[] B;
tel
(direct product). Then B is A-injective if and only if each B; is A-
injective.
This is a simple application of Lemma 2.

0

Corollary. A direct summand of a A-injective module s A-injective.
Exercise 10. Prove Theorem 9.

/ g
Theorem 10. Let 0 E— A — B 0 be an exact sequence of A-modules
and suppose that E is injective. Then the sequence splits.

Proof. By Lemma 2, there exists a A-homomorphism %:4 — E such

that the diagram 5

E—————4
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is commutative. That the sequence splits now follows from (Chapter 1,
Theorem 4).

Theorem 10 shows that whenever an injective module E is a sub-
module of a module A4, then ¥ is a direct summand of A. We shall see
later (Theorem 15) that this is a characteristic property of injective
modules.

We can greatly strengthen Lemma 2.

Theorem 11. Let E be a left A-module. Then the following statements
are equivalent:
(a) E is A-injective;
(b) for every left ideal I and A-homomorphism f:1— E there exists a
A-homomorphism g: A — E such that the diagram

I me A

is commutative.
Remark. A similar result holds for right A-modules.

Proof. First (a) implies (b) by Lemma 2. 4ssume (b). Suppose that 4
is a submodule of a left A-module B and that we are given a A-
homomorphism ¢: 4 - E. By Lemma 2 it is enough to show that ¢
can be extended to a A-homomorphism B E.

Let 2 consist of all pairs (C, ¢), where C is a A-module between A
and B and ¥ is a homomorphism C - E extending ¢. Clearly (4, ¢)e Z.
If (C, 1), (Coifrs) belong to X, let us write (C),¥y) < (G, ¥ry) if
C, = G, and ¥, extends ;. X is now partially ordered and it is easy
to verify that X is a non-empty inductive system. By Zorn’s Lemma
it has a maximal member (C*, ¥ *) say. The construction ensures that
A < C* < B. The proof will be complete if we show that B = C*.

Assume B £ C*. Choose fe B so that f¢ C*. Put

I={AAeA, ApeC*}.
Then I is a left ideal. If A I, then we can define f:I > E by
F(A) = *(AB).
The mapping f is a A-homomorphism and, by hypothesis, it can be
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extended to a A-homomorphism g:A—E. Thus g(A) = ¢y*(Ag) if
Ael.

Put C = C*+Ap. If ceC, then we can write ¢ = c*+Af, where
c*eC* and A€ A. Let ¢ = ¢f + A, be a second such representation.
Then A—A; el and therefore y¥*(c*) +g(A) = ¥*(cf)+g(A,). We can
therefore define yr:C > E by y(c* + AB) = yr*(c*) +¢(A) and this will
be a A-homomorphism. If ae 4, then

Yla) = Y(a+08) = y*(a) = f(a).
Thus (C, ¥)e Z. Since C* = C and ¥ extends y* this contradicts the
maximality of (C*, ¥*). The proof is now complete.

Example 4. Let R be an integral domain and @ its quotient field.
Then @ is an injective R-module. For let f:I— @ be an R-homomor-
phism, where I is an ideal, then, by Theorem 11, our claim will be
established if we can show that f can be extended to an R-homo-
morphism ¢: R— . In this connection we may suppose that I & (0).
Suppose now that a,bel and a + 0, b + 0. Since f is an R-homomor-
phism, it follows that f(a)/a = f(b)/b. Thus f(a)/a = q (say) is inde-
pendent of the choice of a. Define ¢: R— @ by ¢(r) = rq. Then ¢ is an
R-homomorphism extending f.

Exercise 11. Show that every left A-module is injective if and only if
every left ideal s a direct summand of A.

If A has the property that every left ideal is a direct summand of
A, then A is called a left semi-simple ring. Right semi-simple rings are
defined similarly. It is known that a ring which is left semi-simple is
also right semi-simple and vice versa.

We recall that a A-module M + 0is said to be simple if M and 0 are
its only submodules.

Exercise 12.* Let M be a A-module. Show that the following three
statements are equivalent:

(1) every submodule of M is a direct summand of M ;

(2) M is a sum of simple submodules;

(3) M is a direct sum of simple submodules.

2.5 Injective Z-modules
It is convenient to make the following:

Definition. The Z-module © is called ‘divisible’ if © = mO® for every
non-zero integer m.
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Theorem 12. A Z-module is injective if and only if it is divisible.
This follows without difficulty from Theorem 11 provided we note
that if me Z, then mZ is a typical Z-ideal.

Exercise 13. Prove Theorem 12.

Theorem 13. Let P be a projective A-module and © an injective Z-
module. Then Hom, (P, @) is an tnjective A-module of the opposite type
to P.

Proof. Let us first show that Hom,, (A, ©) is A-injective, i.e. that the
functor Hom, (—, Hom, (A, ®)) is exact. Now, by Example 3, this
functor is naturally equivalent to Hom, (-, ©) and this is certainly
exact, so the desired conclusion follows.

Next let F be A-free. We then have a A-isomorphism of the form

F ~ @ A. ThusHom,, (¥, ®) and Hom, (® A, ®)are A-isomorphic. It
iel !
follows, by Theorem 2 Cor. 1, that Hom, (¥, ®) and the direct product
I1 Hom, (A, ®) are also A-isomorphic. That Hom, (F,Q) is A-
tel
injective now follows from the first part of the proof and Theorem 9.
Finally assume that P is A-projective. Then, by Theorem 7, P is
a direct summand of a free A-module #. Hence Hom, (P,®) is a
direct summand of the A-injective module Hom, (F,®). That
Hom, (P, ®) is A-injective follows from Theorem 9 Cor. and with this
the proof is complete.
Let @ be the additive group of the rational numbers. Clearly @ is
divisible. Put Q = @/Z. The divisibility of @ is inherited by Q;
consequently (Theorem 12) Q is Z-injective. For each 4 in €,, put

A* = Homy (4, Q). (2.5.1)

Then 4*is a A-module of the opposite type to 4. Also, by Theorem 13,
Hom, (-, Q) is a contravariant exact functor from €% to €% and it
converts projectives into injectives. Likewise it may be regarded as a
contravariant exact functor from €% to €% again converting projec-
tive modules into injective modules.

Lemma 3. Let X be a Z-module, and x a non-zero element of X. Then
there exists fe Hom, (X, Q) such that f(x) += 0.

Proof. Since Q is Z-injective, we may assume that X = Zz. First
suppose that the period of «x is infinite. Then X is a free Z-module
with base x and we may choose f so that f(x) is any prescribed non-
zero element of Q. Now suppose that « has period m, Choose we Q

2 NFC
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so that w #+ 0 but mw = 0. (For example & could be taken to be
(1/m)+Z.) We now define fe Hom, (X, Q) by f(nx) = nw. This has
the required properties.

As a consequence of Lemma 3 we note that if 4 is in %, then

A*=0 ifandonlyif 4 = 0. (2.5.2)

Theorem 14. Let A belong to €. Then in €, we can construct an exact
sequence 0— A — K, where E is A-injective.

Remark. 1t should be noted that the construction can be done in a
canonical manner. The theorem asserts that every module is a sub-
module of an injective module.

Proof. We shall take €, to be €%. Then A* belongs to €% and we
can construct, in a canonical manner (see Theorem 6), an exact
sequence F—>A*—>0, where F' is a free A-module. Applying the
functor Hom (-, Q) to this sequence we obtain an exact sequence
0> A** > F* in ¥% and, by Theorem 13, F* is A-injective.

Let ac 4. Define ¢,: A*—Q by ¢,(f) = f(a) for all fe 4%, i.e. for
all fin Homy (4, Q). Clearly ¢, e Hom, (4%, Q) = 4** We therefore
have a mapping ¢:4 - A** in which ¢(a) = ¢,. Next ¢ is additive
since ¢a1+a2 = ¢a1+¢a2' If AeA, then (Ad,) (f) = $a(fA) = (fA) (a).
But (fA)(a) = f(Aa). Consequently (Ag,)(f) = f(Aa) = $,o(f) and
therefore A, = ¢,,. This shows that ¢: 4 - 4** is a homomorphism

of left A-modules. It is in fact a monomorphism. For suppose that
aeA, a+ 0. By Lemma 3, there exists fe Hom, (4, Q) = 4* such
that f(a) #+ 0. It follows that ¢,(f) + 0 and hence ¢, += 0. This estab-
lishes our claim. By combining the monomorphisms 4** > F* and
A — A** we obtain an exact sequence 0.4 — F* in €,. With this
the theorem is proved.

Theorem 15. Let E be a A-module. Then the following two statements
are equivalent:
(a) E is A-imjective;
(b) E is a direct summand of every A-module which contains E as a
submodule.

Proof. Assume (a). Let V be a A-module which contains E as a sub-
module. By Theorem 10, the exact sequence 0>E-—>V—>V/E—0
splits and therefore Z is a direct summand of V.

Assume (b). By Theorem 14, it is possible to construct an exact
sequence 0—> K — E*, where E* is A-injective. Accordingly E is a
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submodule of an injective module and hence a direct summand of an
injective module by virtue of (b). That E is injective now follows from
Theorem 9 Cor.

Exercise 14. Show that every left A-module is projective if and only if
every left A-module is injective.

2.6 Essential extensions and injective envelopes
Let 4 be a submodule of a A-module B, i.e. let B be an extenston of 4.

Definition. B is said to be an ‘essential extension’ of A if every non-
zero submodule of B has a non-zero intersection with A.

For example, a module is always an essential extension of itself.
An extension of a A-module 4 which is different from A will be said
to be non-trivial.

Lemma 4. Let A be a submodule of a A-module B and let {C};.; be a
non-empty family of submodules of B such that if i,,t,€ I, then either
G, € G, or C;, = C; . Denote by C the set-theoretic union of the C;. Then
C is a submodule of B. Further if each C; is an essential extension of A4,
then C is an essential extension of A. Finally if C,n 4 = 0 for all 1,
then Cn A = 0. '

Proof. Only the statement about essential extensions needs comment.
Assume therefore that each C, is an essential extension of 4 and let
U be a non-zero submodule of C. We need only show that U has a
non-zero intersection with A and for this we may suppose that U is
generated by a single element. But in that case there will exist i€/
such that U < C;, and now the fact that U has a non-zero intersection
with 4 is clear.

Theorem 16. Let V be a A-module. Then the following two statements
are equivalent:

(@) V is A-injective;

() V has no non-trivial essential extensions.

Proof. Assume (a) and let U be an essential extension of V. By Theo-
rem 15, U = V + W, where W is a submodule of U satisfying

WnV=0.

Thus W = 0 and therefore U = V.
Assume (b). By Theorem 14, there exists an injective module E
containing ¥ as a submodule. Denote by X the set of all submodules

2-2
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of E that intersect V only in the zero submodule, and let us partially
order Z by means of the inclusion relation. X is not empty (it contains
the zero submodule of E) and, by Lemma 4, it is an inductive system.
Accordingly, by Zorn’s Lemma, Z contains a maximal member B say.
By construction V n B = 0. We claim that E = V + B. Observe that
once this claim is established we shall know that V is a direct sum-
mand of E and hence injective by Theorem 9 Cor.

Assume that £ + V+B. Put E' = E/B and let V' be the image of
Vin E’. Then V' is strictly contained in £’. Also V' is isomorphic to
V and therefore it inherits property (b). Accordingly E’ is not an
essential extension of V' and so there exists a submodule C, of E,
strictly containing B and such that V' n (C/B) = 0. 1t follows that
V n C = 0 and therefore C € Z. This however contradicts the maximal
property of B and now the theorem is proved.

Definition. Let A be a A-module. An “injective envelope’ of A is an
injective, essential extension of A.

Theorem 17. Let A be a A-module and E an injective extension module
of A. Then E contains a submodule which is an injective envelope of A.

Remark. In view of Theorem 14, this shows that every A-module has
an injective envelope. We shall see later that injective envelopes are
virtually unique.

Proof. Let X consist of all the submodules of £ that are essential
extensions of 4 and let X be partially ordered by inclusion. Then
Ae¥ and, by Lemma 4, X is an inductive system. Zorn’s Lemma now
shows that X contains a maximal member C say. It will suffice to
prove that C is injective and, by Theorem 16, this will follow if we
show that C has no non-trivial essential extensions.

Let D be an essential extension of C. Since E is injective, the in-
clusion mapping C—E can be extended to a A-homomorphism
¢:D—E. Now Ker¢ nC = 0 and therefore Ker¢ = 0 by the basic
property of essential extensions. Accordingly ¢ is monic and there-
fore ¢(D) is an essential extension of ¢(C') = C and hence an essential
extension of 4 contained in E. Our choice of ¢ now shows that
¢(D) = C = ¢(C) and therefore C' = D. This completes the proof.

Theorem 18. Let f: 4 5 A’ be an isomorphism of A-modules, E an
injective envelope of A, and E' an injective envelope of A’. Then f can be
extended to an isomorphism of E on to B'.
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Proof. Since E' is injective and A4 is a submodule of £, Lemma 2
shows that there is a A-homomorphism ¢:E — E’ extending f. Now
Ker¢pn A = Kerf = 0, whence Ker¢ = 0 because £ is an essential
extension of 4. Accordingly ¢ is monic, and therefore ¢(E) is iso-
morphic to E and hence injective. We have 4’ < ¢(E) and, by
Theorem 15, B’ is a direct sum of ¢(E) and a module B’ say. But then
A’ n B’ = 0 because ¢(E)n B’ = 0. It follows that B’ = 0 and hence
that ¢(F) = E’. Thus ¢ is an isomorphism and the proof is complete.

Let E, and E, be injective envelopes of the same A-module 4. By
Theorem 18, the identity map of 4 can be extended to an isomorphism
of E, on to E,. In this sense 4 has, to within tsomorphisms, a unique
injective envelope. From now on we shall therefore speak of the
injective envelope of a module.

Exercise 15. Let R be an integral domain. Show that the injective
envelope of R (considered as an R-module) is its quotient field. Deduce
that R, constdered as an R-module, 1s injective if and only if it is a field.

Let p be a prime number. The rational numbers whose denominators
are powers of p form a ring D,, containing Z. We put

Z(poo) = Dp/Z

and regard this as a Z-module. As an abelian group Z(p*) is isomorphic
to the multiplicative group formed by all *-th roots of unity, where
v is a variable positive integer.

Exercise 16. Let p be a prime number and v a positive integer. Show
that Z(p>) is the injective envelope of a Z-module which is isomorphic
to Z|p°Z.

Let @ denote the rational numbers and let p be a prime number.
The rational numbers which have denominators prime to p form a
ring which is denoted by Z,,.

Exercise 17. Show that Z(p*) and Q|Z,, are isomorphic Z-modules.

Exercise 18. Let {4 };.; be a family of modules in €, and, for each
iel, let B, be an essential extension of A;. Show that ® B, is an essential
tel
extension of @ A,;.
tel

Exercise 19. Let A, 4,,..., 4, be modules in €, and, for 1 < ¢ < n,
let E, be the injective envelope of A,. Show that B, ® E, ®...® E,, is the
injective envelope of A, ® A, ®... D 4,

Let I be a two-sided ideal of A. Then A/I is not only a ring but it
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may be regarded as a (A, A/I)-bimodule with A operating on the left
and A/I on the right. Hence Hom, (A/I,—) may be regarded as a
functor from €% to €%,;. We make the following

Definition. A monomorphism f:A—> A" in €, is called an ‘essential
monomorphism’ if A’ is an essential extension of f(A).

Exercise 20.* Let I be a two-sided ideal of A. Show that Hom, (A[I,-),
considered as a covariant functor from €% to €%, preserves injectives
and essential monomorphisms.

Solutions to the Exercises on Chapter 2
Exercise 1. Show that the bifunctor Hom, : €, x €,—~%€ , is left exact.

¢ ¥
Solution. Let 0B’ - B— B"—0 be exact in €, and let 4 belong
to €,. Suppose that f,,f,e Hom, (4, B’) and let them be such that

Hom, (4, ¢)(f,) = Hom, (4, ¢) (f;). Then ¢f; = ¢f,. Consequently,
since ¢ is a monomorphism, f; = f,. Thus Hom, (4, ¢) is a mono-
morphism. Further,

Hom, (4,y¥)Hom, (4, ¢) = Hom, (4,¢¥¢) = Hom, (4,0) =0
since Hom, (4, -) is additive. Accordingly
Im {Hom, (4, ¢)} = Ker{Hom, (4,)}.

Let f: A — B belong to Ker {Hom, (4, )}, i.e. suppose that ¢ f = 0.
Then Im f < Ker iy = Im ¢. But ¢ is a monomorphism. It follows that
there is a A-homomorphism g: A - B’ which makes the diagram

A

B'._—qi.__).B
commutative, i.e. which satisfies Hom, (4, ¢) (g) = f. Thus
Ker{Hom, (4, )} < Im {Hom, (4, ¢)}

and we have shown that

0—-Hom, (4, B’)~>Hom, (4, B)>Hom, (4, B")
is exact.
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Let 0> A4’ >4 > A" >0 be exact in %, and let B belong to €,.
If now g¢,, g, Hom, (4", B) and are such that

Hom, (m, B) (9,) = Hom, (7, B) (),

then g, 7 = g, and, since 7 is an epimorphism, ¢, = ¢,. Accordingly
Hom, (mr, B) is a monomorphism. Next

Hom, (o, ByHom, (7, B) = Hom, (70, B) = 0
because o' = 0. Thus we shall have established that
0—>Hom, (4", B)—~Hom , (4, B)>Hom, (4’, B)
is exact and completed the solution if we show that
Ker{Hom, (o, B)} < Im {Hom, (7, B)}.

Let f: A - B belong to Ker {Hom, (o, B)}, i.e. assume that fo = 0.
Then f(Kerwm) = f(Imo)=0 and hence there exists a A-homo-
morphism g: A” - B which makes

A___ﬂ___>Al/
/

g
B

a commutative diagram, i.e. which ensures that Hom, (7, B) (g) = f.
Thus Ker{Hom, (¢, B)} < Im {Hom, (7, B)} and the solution is
complete.

Exercise 2. Suppose that modules A, B belong to €, and that I" is the
centre of A. Since A 1s a (A, I')-bimodule, Hom, (4, B) is a ["-module.
Since B is a (A, I')-bimodule this also induces a I'-module structure on
Hom, (A4, B). Show that these two structures coincide.

Solution. Let fe Hom, (4, B) and yeT'. If ¢ is the product of y and
fin the case where 4 is considered as a (A, I')-bimodule, then

A——Y—>A
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is a commutative diagram. Now let & be the product of y and f when
B is considered as a (A, I')-bimodule. In this case the diagram

f

A—B

B

is commutative. However because f is a A-homomorphism,

A Y A

f S

is also commutative. Hence g = k and therefore multiplication by v is
the same in both structures.

Exercise 3. Show that every free module is projective.
Solution. Let F be a free A-module and consider a diagram

F

A ] 0

where the row is exact. Let {¢;};.; be a base for F, and, for each ie 1,
put b; = o(e;). Since 7 is an epimorphism, for each i€ I, there exists
a;€ A such that 7(a;) = b;. Define a homomorphism 7: ¥ - 4 by

(X Ae) = T Aza;

tel ek

Then (X Are;) = DA (@) = T 20 = (X Aey).

tet iel tel tel

Consequently 77 = o and hence F is projective.
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Exercise 4. Let {4,};.; be a family of modules in €, and, with the
usual notation for direct sums, put A = ® A,. Show that A is projective
if and only if each A, is projective. ‘

Solution. Let 0, 4,—~A4 and m;: 4> A, be the canonical homo-

morphisms. First assume that 4 is projective and consider a diagram

A,

1

B g

c 0

in €,, where the row is exact. From consideration of the diagram

o,

A—T - 4
s
B g C 0

we obtain a homomorphism «:4 - B such that ga = fr;. Define
B:A,—~B by f =ac;. Then gf = gao; = fm,0, = f. Thus 4, is pro-

jective.
Next assume that each A4, is projective and consider a diagram
A
f
B ! c 0

where the row is exact. From the diagram

Ai——-—ﬂ——>A
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we obtain a homomorphism o;:4,— B such that ga; = fo,;. Define
B:A—>B by pla) =X a;m(a) whenever ac A. This is a A-homo-
el

morphism. Now, for each ae 4,

g9B(a) = X ga,m(a) = Elfo-iﬂi(a) = f( % 7ymi(@)) = fla),

iel i
i.e. gf = f. This shows that 4 is projective.
Exercise 5. Suppose that

f
P JL g ]T
A B >()

is a commutative diagram in €,, where P is A-projective, gf = 0 and
the lower row is exact. Deduce that there is a A-homomorphism P— A
which makes the diagram

| I 7111
A B >

commutative.
Solution. Put X = Im (A4 - B). With a self-explanatory notation
P>L+>B>C=P->L>M->C=0

and therefore P— L— B maps P into Ker (B—C) = X. Hence there
exists a A-homomorphism P — X such that the diagram

P —L

A X -> B

is commutative. But 4 -» X is an epimorphism and P is projective.
It follows that there exists a A-homomorphism P-—>A which pre-
serves the commutctive features of the latter diagram. This mapping
has the desired properties.
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Exercise 6. Show that every submodule of a free Z-module is free and
deduce that every projective Z-module is free.

Solution. Let A & 0-be a free Z-module and B a submodule of 4.
The module A has a base {a,},.; say. We introduce a well ordering <
on I. This secures that I has a minimal element o say. It is also
possible to arrange that it has a maximal element 7.

For jeI denote by A4; the submodule of 4 generated by the ele-
ments {a,};<;and put B; = B n 4 ;. Next we define a Z-homomorphism
fi:B;—~>Z by putting fi(T A;e;) = A;. If now K; = Kerf;, then

1<
K; = BnlU 4; and we have an exact sequence

i<j
0->K;—»B;,>Imf;-0

IR

which splits because, since Im f; is an ideal of Z, it is Z-free. We can
therefore find a submodule C;, of B;, such that B; = K; @ C;. Here C;
is isomorphic to Im f; and so it is Z-free. It will now be proved, using
transfinite induction, that B,= @0,
i<j

for all j in I. Since B, = Bn 4, = Bn A = B this will prove that B
is Z-free.

It is clear that K, = 0 and therefore that B, = C,. Suppose that
gel and that B; = @ C; whenever j < ¢. It will suffice to show that

i<j
B, = ® ;. Now
i<q
E,=Bn(U4)=U(Bn4)=UB,
i<q i<q i<q
But U B; is the sum of the modules C; with ¢ < ¢ and this sum is
i<q
easily seen to be direct. Thus K, = @ C;. Finally
t<q
Bq=Kq@Cq= @C’L
i<q

and this completes the solution to the first part of the exercise. The
second part now follows because a projective Z-module is necessarily
a submodule of a free Z-module.

Remark. Let R be an integral domain with the property that every
R-ideal can be generated by a single element. The above argument
can be adapted to show that any submodule of a free B-module is
itself free.

Exercise 7. Give an example of a projective module which is not free.
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Solution. We have 2Z +3Z = Z and 2Z 0 3Z = 6Z. Hence if R is the
ring Z[6Z, A = 2Z|6Z, and B = 3Z[6Z, then R = A ® B and there-
fore 4 is R-projective. But R contains six elements. Consequently a
free R-module contains either an infinite number of elements or a
finite number k of elements, where k is a multiple of six. However the
number of elements in 4 lies between zero and six. Consequently 4
is not free.

Exercise 8. Let P be a projective A-module. Show that there exists a
free module F such that P @ F and F are isomorphic.

Solution. By Theorem 7, there exists a free A-module F’ (say) such
that ' = P’ @ P for some A-module P’. Put
F=P@®oPoOPO®P®...,
where there are countably many summands. Then F is free, since it
is the direct sum of copies of the free module #’. Furthermore,
PpF=P@oP @®POP ®..
=P oPoOP OP®...
=F.
Exercise 9. Let R be an tntegral domain with quotient field Q and let
1 £ 0 be an ideal of R. Show that the following statements are equivalent:
(@) I is projective;
(b) I ts imvertible, that is there exist elements a,,a,, ...,a, in I and
Qi -s 0 0 Q@ such that ¢ 1< R for v=1,2,...,n and
O g1+ 00+ ...+, G, = 1.
Deduce that a projective ideal of R is necessarily finitely generated.

Solution. First assume that I is projective. By Theorem 8, there
exist families {a;};.; of elements of I and {f;};., of elements of
Homg, (I, R) such that, for each element x of 1, f;(x) = 0 for almost all
jeJand x = Z“,I fi(x)a;. Let a be a non-zero element of I. Then

JE

a=fi@)e; +f(@)a; +...+f;(a)a;,
where j,, j,, ..., J, are distinct elements of J. Put a, = a;, and
9 = a7}, (a)
so that a,q, +a,¢q,+... + 2,9, = 1. If now ye I, then
0,y = o= f;(ay) = f;,(y)-
Thus g,y € R and we see that [ is invertible.
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Next assume (b) and define a family {f,|v = 1,2, ...,n} of elements
of Homy, (I, R) by f,(x) = g,2. (Note that when xel we have q,xe R
because ¢, < R.) For x in I we now see that

=010 T+ AGeT+ ... +0,q,% = a f1(2) +apf(x) + ... +a,fr ().

Accordingly, by Theorem 8, I is projective.
Finally suppose that 7 is a non-zero projective ideal of R and choose
ay,ay, ..., a, and ¢y, ¢, ..., g, as above. If now xe I, then

=0, X+ 0@+ ... +8,0,% = a7+ 7o+ ... +Q,7,,
where 7, = q,xe¢q,I < R. Thus a,,a,, ...,a, generate I and therefore
I is finitely generated.

Exercise 10. Let {B.};.; be a family of A-modules and let B be their
direct product. Show that B is A-injective if and only if each B; is A-
injective.
Solution. First assume that B is A-injective. Let ¢ and consider
a diagram

0 A— o)

Ji

B.

1

where the row is exact. Let o,: B, B and m,;: B— B, be the canonical
homomorphisms. Then from the diagram

0 A g ¢
fi
Bi __._0"__+B

we see there exists a homomorphism 4;:C — B such that h;g = o, f;.
Defineh;:C - B;by h; = m;h;. Thenh,g = m,h;g = n,0,f, = f;. Accord-
ingly B, is injective.

We next assume that each B; is injective. Consider a diagram

0 A g %,

f
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in €, where the row is exact. From the diagrams

0 A ! C
s
m.
B——>p

we obtain homomorphisms k;:C— B; such that 7,f = k;g. Define a
homomorphism k:C — B by k(c) = {k;(c)};c;- Then, for each ac 4,

kg(a) = {k;9(@)}icr = {7 f(@)}icr = f(a).
Hence kg = f and B has been shown to be injective.

Exercise 11. Show that every left A-module ts injective if and only if
each left ideal is a direct summand of A.

Solution. Assume that every left A-module is injective. Then every
left ideal I is an injective left A-module. From the diagram

0 -] I A

i

1

where fis an inclusion map, we see that there exists a homomorphism
g:A—1 such that gf is the identity map of . Accordingly, by
(Chapter 1, Lemma 1), Imf = I is a direct summand of A.

Conversely suppose that every left ideal is a direct summand of A
and let 4 be a left A-module. Consider the diagram

0 > ] ! - A

g

A4

where [ is a left ideal of A and, as before, fis an inclusion map. Since
I is a direct summand of A, there exists a homomorphism ¢: A1
such that ¢f is the identity map of I. Then g¢: A -4 and gof = g¢.
Theorem 11 now shows that 4 is injective.
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Exercise 12. Let M be a A-module. Show that the following three state-
ments are equivalent:

(1) every submodule of M 1s a direct summand of M ;

(2) M is a sum of simple submodules;

(3) M vs a direct sum of simple submodules.

Solution. Assume (1). Let N be a submodule of M and U a submodule
of N. Then U @ V = M for a suitable module V and therefore

N=U®(VnN).

Thus N also has property (1).

Now suppose that N £ 0. We claim that N contains a simple sub-
module. For let « be a non-zero element of N. Using Zorn’s Lemma it
is easy to see that there exists a maximal submodule 4, of N, such
that ¢ 4. By our opening remark, N = 4 @ B for a suitable module
B. Evidently B =+ 0. Let B’ be a non-zero submodule of B. Since B is
a submodule of M, we have B = B’ @ B” for a certain module B”.
Since 4 =« A+ B’ = N we see that xe (4 + B’). On the other hand
(A+B)Yyn(A+B"y= A and therefore x¢ (4 + B”"). It follows that
B” < A whence B” = 0 and B = B’. This shows that B is simple and
establishes our claim.

Let {S,},., be the family consisting of all simple submodules of M.
Then M = (¥ 8;) ® N for some submodule N of M. Now

jeJ

(X8;)nN=0

JjeJ
and therefore N cannot contain any simple submodule. It follows
that N = 0 and therefore M = %Sj. Thus (1) implies (2).

7€
Assume (2) and let {S,},.; be a family of simple submodules of M
satisfying 3 §; = M. Our intention is to deduce (3) so we may assume
jeJ

that J is non-empty. A straightforward application of Zorn’s Lemma
shows that there exists a maximal subset I, of J, such that the sum

> 8;is direct. Let jeJ. Then §; = ¥ §;. (For otherwise
tel tel
tel
and therefore j¢ I. Moreover, if I' = I U{j}, then the sum ¥ §; is
tel’

direct and this contradicts the maximality of I.) Accordingly

jeJ iel
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and hence M is the direct sum of the family {S;}
shows that (2) and (3) are equivalent.
Still assuming (2), let N be a submodule of M. Put

sc7- This argument

Jo ={jljeJ and 8;n N = 0}.

Then M = N +3 S; and under the natural mapping M — M|N each
jed,

8;(jedy) is mapped isomorphically on to a simple module §; say.

Thus M/N =3 Sj and, by our previous discussion, there exists

jeJy
I, < J, such that M/N = Y §; and the sum is direct. We now have
iel,
M= N+(X8;). Also, because 3 S; is direct, N n (X S;) = 0. Thus
iel, iel, tel,

N is a direct summand of M and all is proved.

Exercise 13. Show that a Z-module is injective if and only if it is
divisible.

Solution. Suppose that E is Z-injective and let m be a non-zero
integer. Let ee E and consider the diagram

I ine 7

E

where I is the ideal of Z generated by m and f is the homomorphism
defined by f(nm) = ne. Since E is injective there is a homomorphism
h:Z— E extending f. Accordingly ¢ = f(m) = h(m) = mh(1). Whence
eemkE. It follows that £ = mE and the divisibility of F is proved.

Conversely, suppose E is divisible and let I be any non-zero ideal
of Z. Consider a diagram

&
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in €;. We have I = Zm for some non-zero integer m. Put e = f(m).
Since mE = E there is an element ¢’ in £ such that e = me’. Define a
homomorphism %:Z — E by h(n) = ne’. Then h extends f. That E is
injective now follows from Theorem 11.

Exercise 14. Show that every left A-module is projective if and only if
every left A-module is injective.

Solution. First suppose that every left A-module is injective and that
4 is a left A-module. There exists an exact sequence

0>K—>P—>A4-0,

where P is projective. But K is injective. It follows, from Theorem 10,
that the sequence splits. Accordingly A is isomorphic to a direct
summand of P and therefore, by the corollary to Theorem 4, 4 is
projective.

Next suppose that every left A-module is projective and let B be
a left A-module. There exists an exact sequence

0->B—->E->E[B->0,

where F is injective. Since E/B is projective, Theorem 5 shows that
the sequence splits. Accordingly B is isomorphic to a direct summand
of F and therefore B itself is injective.

Exercise 15. Let R be an integral domain. Show that the injective
envelope of R (considered as an R-module) is its quotient field. Deduce
that R, considered as an R-module, is injective if and only if R is a field.

Solution. Let Q be the quotient field of R. Then, by Example 4, @ is
injective. Suppose now that 4 is a non-zero submodule of ¢ and let
r/s be a non-zero member of 4, where r, s€ Rand s # 0. Thenr = s(r/s)
is a non-zero member of A N B. Hence ¢ is an essential extension of
R and therefore an injective envelope of R.

Finally, R is injective if and only if it is its own injective envelope.
Hence R is injective if and only if it is its own quotient field.

Exercise 16. Let p be a prime number and v a positive integer. Show
that Z(p®) is the injective envelope of a Z-module isomorphic to Z|p'Z.

Solution. We first prove that Z(p>) is divisible and hence, by Theorem
12, injective. Let « + 0 belong to Z(p=) and let m == 0 be an integer.
Then a = (a/p”)+ Z, where r > 0, ae Z and p does not divide a; also
m can be expressed in the form m = p°n, where s > 0 and = is an
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integer not divisible by p. We can now find integers &, k such that
hp" +kn = a. Thus hp™+*+ km = ap® and therefore

m(pfc+s+Z) =1%+Z = .

Accordingly Z(p®) is injective.

Next let C be the Z-submodule of Z(p®) generated by (1/p*)+ Z.
Then C is cyclic with a generator whose period is p* and therefore C
is isomorphic to Z/p*Z. The solution will be complete if we prove that
Z(p>) is an essential extension of C and this will follow if we prove
that ZanC + 0. If r < v, then a belongs to Za and C so we may
assume that 7 > v. But then

P =1%,+Z cZanC
and p"a + 0.

Exercise 17. Show that Z(p®) and Q|Z,, are isomorphic Z-modules.

Solution. If, as before, D,, is the Z-module consisting of all rational
numbers with denominators which are powers of p, then the inclusion
mapping D, — @ induces a Z-homomorphism f: Z(p®) - @/Z,. Now f
is a monomorphism. For if m/p", where me Z and r > 0, belongs to
Z,, then p" divides m and therefore m/p" is in Z.

Now suppose that ¢ and d # 0 are integers. We can write d = p°n,
where s > 0 and » is an integer not divisible by p. Then ¢ = hp*+ kn
for suitable integers % and k, and therefore

AL
d p ' n
. k k c
Accordingly f ('173 +Z) =1F+Zp = 3+Zp.

This shows that f is an epimorphism as well as a monomorphism and
hence it is an isomorphism.

Exercise 18. Let {A4,};.; be a family of modules in €,, and for each
t€ 1 let B; be an essential extension of 4,. Show that @ B, is an essential
tel
extension of @ A,;. '
tel

Solution. Let C be a non-zero submodule of @ B;. Let ceC and
iel

suppose that ¢ + 0. Then ¢ = b, +b,+ ... +b,. where each b, is a non-

zero member of B; and ¢,1,, ..., ¢, are distinct elements of /. We shall
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construct, in succession, a sequence A;, A, ..., A, such that
A by +by+...+b,)

is a non-zero member of 4; ® 4, @...® 4,. This will ensure that
A, ¢ is a non-zero member of @ A, and complete the solution.

Since B; is an essential e)z(etiansion of 4, , there exists u,€ A such
that b, is a non-zero member of 4, . Put A, = y,. Assume next that
we have constructed A, A,, ..., A, for some 7 < n to meet our require-
ments. If A,b,,, = 0 we put A,,; = A,. On the other hand, if

Arbr+1 +* O’
then as B, is an essential extension of 4,  there exists g, ;€A
such that u, ,A,b,., is a non-zero member of 4, . In this case we
put A,.; = #,.,A,. In either event A, ,(b;+b,+4...+b,,,) is & non-
zero member of 4; @ 4, ®...® 4,,,, and the existence of a sequence
with the desired properties has been demonstrated.

Exercise 19. Let A, A,, ..., A, be modules in €, and, for 1 < i < n,
let E; be the injective envelope of A;. Show that B, ® E, @...® E,, is the
injective envelope of A, D A, @...® 4,,.

Solution. This follows at once from the previous exercise and Theorem
9, since a finite direct sum is also a direct product.

Exercise 20. Let I be a two-sided tdeal of A. Show that Hom , (A[I,-),
considered as a covariant functor from €% to €%, preserves injectives
and essential monomorphisms.

Solution. Let A be a module in €%. Put 0:,I = {a|ac 4, Ia = 0}.
Then 0: 41 is a A-submodule of 4 which is annihilated by I and hence
it is a A/I-module. Suppose that fe Hom, (A/I, A) and let 1 be the
image of the identity element of A in A/I. If now A€, then
Af(1) =f(A1) =f(0) =0

and therefore f(1)isin 0: , . We now have a mapping of Hom, (A/I, 4)
into 0: ,I in which f goes into f(1). An easy verification shows that
this is an isomorphism of A/I-modules.

Let ¢: 4 - A’ be a A-homomorphism. Then ¢ induces a mapping of
0: I into 0: ;. 1. We now have a diagram

Hom,(A/I, 4) e >0:, 1

Hom/\(A/-I’ A 0: 41
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in €%);, which is commutative and in which the horizontal mappings
are isomorphisms.

Let ¢: 4> A’ be an essential A-monomorphism. In order to show
that Hom, (A/I, 4)->Hom, (A/I,A’) is an essential A/I-mono-
morphism it suffices to show that the same is true of (0: ,I)— (0: .. I).
Alternatively it is enough to prove that if 4’ is an essential extension
of 4, then the A/I-module 0: , I is an essential extension of 0: 1.
But this is clear because if B is a submodule of 0: ;.1 , then

Bn(:,)=BnA.

Next suppose that 4 is A-injective. To show that Hom, (A/I, 4)
is A/I-injective it will suffice to prove that 0: ,I is A/I-injective. Let

0 —J——L—>7
P
0:,1
be a diagram in ¥%;; with the row exact. Then
0 ~[——I—
p
0:,7
J
A

is a diagram in %%, where j is an inclusion mapping. Since 4 is A-
injective, there is a A-homomorphism %: ¥V — A4 such that kg = jp.
But IV = 0. Consequently Ih(V) = 0 and therefore (V) < (0: ,I).
Thus there exists a A-homomorphism k: V — (0: ,I) such that jk = A.
It follows that kg = p. That 0: , I is A/I-injective is now clear because,
since V and 0: ,I are A/I-modules, k is a A/I-homomorphism.
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A DERIVED FUNCTOR

3.1 Notation

The notation remains as in section (1.1). In particular A, I', A denote
rings (not necessarily commutative) with identity elements and Z
denotes the ring of integers.t As usual we identify the category of
additive abelian groups with the category of Z-modules.

3.2 A basic isomorphism
Let 4, B belong to €,. By (Chapter 2, Theorem 6) and (Chapter 2,
Theorem 14), we can construct, in €, exact sequences
0->4,>P->A4-0 (3.2.1)
and 0—>B—E->B,—0, (3.2.2)

where P is projective and ¥ is injective. Since the functor Hom, is
left exact, these give rise to exact sequences

0 Hom, (4, B)—~Hom, (P, B)-> Hom, (4,, B) - Cokera -0

and (3.2.3)

8
0->Hom, (4, B)>Hom, (4, E)>Hom, (4, B,) > Coker f— 0(3.2.4)

respectively. We shall now show that Cokera and Coker 8 are iso-
morphic abelian groups.

Let ussay that fin Hom , (4,, B)is assoctated with gin Hom, (4, B;)
if there exists v e Hom, (P, E) such that the diagram

0 A, P A >
f © g
E B, 0

is commutative. Note that given f: 4,->B we can always choose u
and g to achieve this end. Likewise given g we can find « and f.

1 A is also used to denote a connecting homomorphism. See section (3.4).
[631]
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Suppose that fe Hom, (4,, B) and that the diagrams

0 4, >P A >0
/ u g
> >F B, 0
and
0 A4, P >4 >0
f w g
0 B E >B, >0
are commutative so that g and ¢’ are both associated with f. Then
P——>4
u-u’ g9
E————B,

is a commutative diagram and v — u’ vanishes on the image of 4, in P.
Hence there exists a A-homomorphism 4 — E such that

P———4
w’ 9
E——B,
is also commutative, and this shows that

£
g—9 €Im{Hom, (4, E)>Hom 4(4, B,)}.

Thus if [¢] and [g’] are the natural images of g and ¢’ in Coker 8, then
[g] = [¢']- In this way we arrive at a Z-homomorphism

Hom, (4,, B) -~ Coker g (3.2.5)

in which f is mapped into [g].

Suppose, for the moment, that fe Im {Hom, (P, B) ; Hom, (4,,B)}.
Then there exists a A-homomorphism P — B such that the diagram
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Aj— P

B

is commutative. Define u: P> E in %, so that

A—————>P

B——F

is commutative and now we see that f is associated with the null
homomorphism of 4 into B,.
The last paragraph shows that the Z-homomorphism (3.2.5) induces

a homomorphism Coker & — Coker 4. (3.2.6)

In this, if f and ¢ are associated in the above sense and [f] and [g]
are their natural images in Coker « and Coker f respectively, then [f]
is mapped into [¢]. Similarly we can define a Z-homomorphism

Coker g — Coker o (3.2.7)

in which [¢] is mapped into [f]. The composites of (3.2.6) and (3.2.7)
are identity maps. Consequently they are inverse isomorphisms. This
yields

Lemma 1. There is an isomorphism (of abelian groups) between
Coker a and Coker f with the following property: if fe Hom, (4,, B) is
associated with ge Hom, (A, B,) in the sense explained above, then the
tmage [f], of f, in Coker a corresponds to the image [g], of g, in Coker B.

We shall refer to the isomorphism described in Lemma 1 as the
canonical isomorphism between Coker « and Coker 4.

For the moment let us keep 4 and B fixed. If we change the se-
quence (3.2.1) but leave (3.2.2) unaltered, then Coker # willnot change.
Thus Coker « will remain unaltered to within isomorphism if we
change (3.2.1). Likewise Coker « is completely unaltered and Coker g
is unchanged to within isomorphism if we change (3.2.2). In fact we
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can say (informally) that Cokera = Cokerf is an abelian group
which depends on 4 and B but is otherwise independent of both
(3.2.1) and (3.2.2). We propose to investigate the functorial properties
of this group.

Lemma 2. If either A is projective or B is injective, then Coker o and
Coker g are null.

Proof. If A is projective, we may take P = 4 and 4, = 0. Thus
Cokera = 0 and therefore Coker f = 0 as well. On the other hand, if
B is injective, then we may take E = B and B, = 0 and again the
desired conclusion follows.

Let A’, A and B, B’ belong to €, and let us construct exact sequences

0>A4A;>P —->A4">0, (3.2.8)
0>4,->P >4 -0, (3.2.9)
0->B -E - B,~>0, (3.2.10)
and 0—->B" - E'—»B;—>0, (3.2.11)

where P’, P are projective and £, K’ are injective. Suppose now that
we are given homomorphisms ¢: 4"+ 4 and y:B— B’ in €,. We can
then construct commutative diagrams

0 Aj P’ A’ 0
é1 £ ¢ (3.2.12)
0 >4, P A 0
and
0 B E B, 0
¥ 7 4 (3.2.13)
B’ E’ B; >()

though there may be many ways of doing this. From (3.2.12) we obtain
the commutative diagram

Hom,(P, B)————>Hom,(4,, B)—————Coker a
(3.2.14)

Hom,(P’, B)—% > Hom,(4}, B')—————Coker o’
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whereas (3.2.13) yields
B

Hom,(4, E)——————Hom,(4, B;)—————— Coker it
(3.2.15)
Hom,(4', E')—~ > Hom,(4’, B;)———— Coker f

which is also commutative.

Lemma 3. The diagram

Coker a

Coker g

(3.2.16)

Coker o’ —— Coker g’

wn which the horizontal mappings are the canonical isomorphisms, is
commutative.

Proof. Suppose that the diagram

0 A4, p > 4 0
S g
—= B E B, 0

is commutative. Then f and g are associated and therefore the image
of fin Coker « corresponds to the image of g in Coker 4. Furthermore
¥ f$, and Y g¢ are associated and therefore the image of Y f¢, in
Coker o’ corresponds to the image of ¥, g¢ in Coker 8’. This proves the
lemma.

Since (3.2.16) is commutative, Coker a > Cokera’ is independent of
the freedom of choice associated with ¢, and £. Likewise

Coker #— Coker g’

18 independent of the freedom. of choice associated with  and i, .
For example, any commutative diagram of the form
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0 -4, P A —0
j iA
0 A, P A 0

together with the identity map i5: B— B will induce the identity map
on Coker «.
Suppose that in €, we have commutative diagrams

I~ _

4" and B

and that for each of 4,4, A" resp. B, B’, B” we construct an exact
sequence on the lines of (3.2.9) resp. (3.2.10). In this way we arrive at
homomorphisms

Coker a - Cokera’, Cokera’—Cokera” and Cokera— Cokera”

(the notation is self-explanatory) and there will be similar mappings
involving Coker 8, Coker #’ and Coker #”. An easy verification shows
that the diagram .

Coker \
/Coker a (3.2.17)
Coker a”
is commutative and likewise the same is true of
Coker f
Coker f’ (3.2.18)

Coker g”
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It follows from this and the last paragraph, that if A’ —> 4 and B— B’
are isomorphisms, then Coker a — Cokera’ and Coker f— Coker £’ are
isomorphisms as well.
For each 4 in €, let us construct an exact sequence
0>4,>P—>A4-0 (3.2.19)

with P projective. Once this has been done Coker a is determined solely
by A4 and B. In fact our results show that Coker « is a bifunctor from
%, x €, to the category of abelian groups which is contravariant in
4 and covariant in B. Again, if for each B in %, we construct an exact

sequencef 0—>B—>E->B,>0, (3.2.20)

then Coker f is likewise a bifunctor from %, x €, to the category of
abelian groups and it is also contravariant in A and covariant in B.
Moreover, Lemma 3 shows that the functors Coker o and Coker g are
naturally equivalent.

The functors Cokera and Cokerp depend superficially on the
choices of the sequences typified by (3.2.19) and (3.2.20). Suppose
now that we make new choices of the sequences of type (3.2.19) but
leave those of type (3.2.20) unaltered. Then the functor Coker o will
change but Coker # will not. It follows that, to within equivalence,
the functor Cokera is independent of the sequences (3.2.19) used in
its construction and a similar observation applies to Coker §.

As this fact is of fundamental importance we shall restate it in a
somewhat stronger form. The functor Coker & resp. Coker 8 depends
initially on the selected sequences (3.2.19) resp. (3.2.20). Suppose
that we change these selections quite arbitrarily so that, to typify the
change, (3.2.19) becomes

0>4,>P>4-0

and (3.2.20) 0—>B—>E-B,~0.

This yields new functors Coker & and Coker 8. By our earlier remarks,
the identity maps of 4 and B yield isomorphisms Coker « = Coker &
and Coker # > Coker 8. Further, by Lemma 3, the diagram

Coker a _— Coker f
Z 2 (3.2.21)
Coker a —— Coker

t It is understood that E is injective.
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is commutative. Indeed if we regard all the terms as functors, then
(3.2.21) is a commutative diagram of natural transformations.

The functor that we have just constructed is called the first extension
Sfunctort and it is denoted by Ext} (4, B). More precisely, for each
4, B in €, we form a commutative diagram of (abelian) groups

Ext\(4, B)

/ \ (3.2.22)

Coker o ———=—> Coker

in which all the mappings are isomorphisms and the horizontal one is
the canonical isomorphism introduced earlier. To begin with

Ext} (4, B)

is just an abelian group, introduced for convenience, but then we may
regard it as a functor (contravariant in 4 and covariant in B) by
requiring that the isomorphisms of (3.2.22) be natural equivalences.}
In this way we avoid giving preferential treatment to either Coker «
or Coker .

Let 4 and B be A-modules and let us construct exact sequences
0>A4,»P—->A->0and 0>B—>E—>B,—0, where P is projective and
E injective. By the construction of Ext} (4,B) we have exact
sequences

0—Hom, (4, B)->Hom , (P, B)->Hom, (4,, B)>Ext} (4, B)—~0

and (3.2.23)

0—Hom, (4, B)—~Hom, (4, E)—~Hom, (4, B,) > Ext} (4, B) >0
of Z-modules. (3.2.24)
Theorem 1. Let A be a A-module. Then the following two statements are
equivalent:
(a) A 1is projective;
(b) Ext} (4, B) = 0 for all A-modules B.

t The property that gives this functor its name is discussed in section (3.9).

1 Strictly speaking, Ext} represents two functors, one for left A-modules and one
for right A-modules. When A is commutative, it is not necessary to distinguish
between them.
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Proof. By Lemma 2, (a) implies (b). We assume (b) and construct an
exact sequence 0> A4, —>P >4 >0 with P projective. For each A-
module B we have an exact sequence (3.2.23). Taking B = 4,, and
remembering that Ext} (4, B) = 0, we find that

Hom, (P,4,)>Hom, (4,,4,)—0

is exact. Hence there exists a A-homomorphism P — 4, which when
composed with 4, P gives an identity map. Accordingly the exact
sequence 0— A4, ->P—>A4 — 0 splits and therefore 4 is isomorphic to
a direct summand of P. It follows that 4 is projective and now the
proof is complete.

A similar argument can be used to prove

Theorem 2. Let B be a A-module. Then the following two statements
are equivalent:

(@) B ts injective;

(b) Ext} (4, B) = 0 for all A-modules A.

Exercise 1. Prove Theorem 2.
Theorem 3. The functor Ext} (4, B) is additive.

Proof. Let g: B— B’ be a A-homomorphism and 0>4,>P—>A4—0
an exact sequence in 4, with P projective. The definition of Ext}
as a functor ensures that

Hom,(4,, B)y———— Ext}(4, B)————0

Hompy (4, g) Ext}(4,g)

Hom,(4,, B)—— Ext\(4, B')——————>0

is a commutative diagram with exact rows,
Now suppose that ¢,,¢,: B~ B’ are A-homomorphisms and apply
the preceding remark with g = ¢,, ¢, and ¢; + ¢, in turn. Since

Hom, (4,,9,+9,) = Hom, (41,9,)+Hom, (4,,9,)
it follows that
Ext} (4,9, +¢.) = Ext} (4,9,) + Ext}, (4, g,).

Thus Ext} (4,-) is additive and a similar argument shows that
Ext} (-, B) is additive as well.
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Exercise 2. Suppose that A, B belong to €, and that T is the centre of A.
Since 4 is a (A, I')-bimodule, Ext} (4, B) is a ['-module. Since B is a
(A, T')-bimodule, this also induces a I'-module structure on Ext} (4, B).
Show that these two structures coincide.

3.3 Some remarks on diagrams

Let {D};.; be a family of modules in €, and Q a set of ordered pairs
of elements of I. Assume that with each pair (z,5) e Q there is asso-
ciated a A-homomorphism ¢,;: D,~ D; and denote by D the complete
system [D;, ¢,;;1€1, (1,5) € Q]. We shall call D a diagram in €,. Two

diagrams D =D, ¢iyiicl, i) Q) (3.3.1)
and D' =D}, ¢35, (i,j)eQ] (3.3.2)
which share the same labels I and Q will be said to be similar.

Let D and D’ be similar diagrams, the details being as shown in
(3.3.1) and (3.3.2). By a translation f: D D’ will be meant a family

{fi}ier of A-homomorphisms f;: D, D) such that for each (i,j) in Q
the square

D, Bis Dj
Ji 1
p—= ;

is commutative. Two translations f: D — D’ and g: D — D’ of diagrams
may be added to give a new translation of D into D’. Also translations

such as D— D’ and D’'— D" may be composed to give a translation
D-D".

3.4 The Ker-Coker sequence

In section (3.4) it is to be understood that all diagrams are formed in
%,. Thus all the objects in the diagrams will be A-modules and all

the mappings A-homomorphisms. We note that, given a commutative
diagram ¢

L——M

U—mV
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there exist unique homomorphisms
Ker¢>Keryyr and Coker¢->Cokeryr

which make the enlarged configuration
$

Ker ¢ —>L > M Coker ¢
14
Ker ¢ > [J > Coker ¢
commutative.
Lemma 4. Let
A > B C
If g kb
A B’ C’

be a commutative diagram with exact rows. If now A’— B’ is monic,
then the induced sequence Kerf—Kerg—Kerk is exact. On the other
hand, if B—C is epic, then the resulting sequence

Coker f— Coker g — Coker &
is exact.

Proof. Assume that A’—>B’ is monic. Obviously the product of
Kerf—>Kerg and Kerg—XKer? is null. Let b in Kerg become zero
in Ker k. Then b is the image with respect to 4 — B of some element
acA. Now f(a) becomes ¢(b) == 0 in B’ and therefore f(a) = 0, i.e.
acKerf, because 4’ — B’ is monic. This proves that

Kerf—Kerg—Kerh
is exact. The other sequence is treated similarly.

Exercise 3. Complete the proof of Lemma 4.
Until we come to Theorem 4 we shall be concerned with a commuta-
tive diagram

G
&
Q
=

(3.4.1)

A e |
~,

o
<

<
S

oy
Q
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with exact rows. We now define a A-homomorphism
A:Ker h— Cokerf. (3.4.2)

The construction of A. Let ce Ker b < C. Since ¢ is an epimorphism,
¢ = Y (b) for some element be B and then {r'g(b) = hif(b) = h(c) = 0.
Thus g(b) = ¢'(a’) for some a’c 4’ and o’ itself has a natural image,
[a"] say, in Coker f. The mapping A is now defined by
Afe) = [a']. (3.4.3)
In this construction the element b is not unique. However if we
change it the effect on a’ is to replace it by an element of the form
a’ + f(a), where a € 4. This does not alter [a’]. Thus A is well defined
and, after this observation, it is easily seen to be a A-homomorphism.
It is called the connecting homomorphism.

Theorem 4. Let (3.4.1) be a commutative diagram with exact rows.
Then the resulting sequence (the Ker—Coker sequence)
A
Kerf—Kerg—Kerh—>Coker f— Coker g—>Cokerk (3.4.4)
s exact.

Proof. By Lemma 4, it is enough to show that

A
Kerg— Ker h— Coker f (3.4.5)
A
and Ker b — Coker f -~ Coker ¢ (3.4.6)
are both exact. Let b e Kerg and consider A(y(b)). Since
g(b) = 0 = ¢'(0),

it follows that A(y(b)) is the image of zero in Coker f. Thus A(yr(b) = 0
and therefore the result of combining Ker g—Kerk with A is null.
Now suppose that ce Kerh and A(c) = 0. Let b and a’ be defined as
in the construction of A(¢). Then a’ = f(a) for some ae 4. It follows
that g(b) = ¢'(a’) = ¢'f(a) = gp(a) and therefore b — p(a) € Ker g. Thus
¢ = Y(b) = (b d(a)) ey (Kerg). This proves that (3.4.5) is exact.
The proof that (3.4.6) is exact is left as an exercise.
Exercise 4. Complete the proof of Theorem 4.

It is worth noting that in the case where we have a more detailed
commutative diagram

0 A > B C 0

S g h

0 A’ B C-
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with exact rows, then the Ker—Coker sequence can be extended at
both ends to yield an exact sequence

A
0 Ker f—Ker g Ker b - Coker f » Coker g - Coker ~ — 0.

Corollary. Let p "
A B >( >0

S g h

0 -4 ? B LAY, Y

be a commutative diagram with exact rows and let T be a translation of
this into a diagram

é 1%

A B -C 0
I
0 ~r—r ey ¥ -7
with similar properties. Then the resulting diagram
Ker f—Kerg Ker h—=—=Coker f—>Coker g——>Coker %
Ker f——Keryg Ker % > Coker f —Coker g —>Coker
s commutative.
Proof. 1t is enough to show that
Ker h—=—>Coker S
(3.4.7)

Ker i——>Coker f

is commutative. Let ce Kerk and let b and a’ be chosen as in the
construction of A(c). Then the image of A(c) in Cokerf may be ob-
tained as the image of T'.(a’), in Coker f, where 7',.: A’ > A’ denotes the
translation homomorphism. The image of ¢ in Ker % is, with a similar

3 NFC
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notation, T(c). Now to construct A(7(c)) we may use the elements
Tp(b) and T,.(a’) in the same way that b and o’ were used in the
construction of A(c). Thus A(7}.(c)) is simply the image of T,.(a’) in
Cokerf, i.e. it is the image of A(c) in Cokerf. This proves that (3.4.7)
is commutative.

Exercise 5. Suppose that the sequence 0— A - B—C->0 is exact in
%, and let 'y be a central elementt of A. Establish the existence of an exact
sequence

0> (0:,y)=>(0:5y)>(0:py)>A4[yA—B[yB—C[yC—0,
where, for example, 0: ;v is the submodule of A annihilated by y.

Exercise 6. Let f:A—>B and g:B—C be A-homomorphisms. Show
that there exists an exact sequence

0—Ker f—>Ker (gf) > Ker g Coker f— Coker (gf) - Coker g > 0.

3.5 Further properties of Ext}

Throughout section (3.5) we shall work in %,. Accordingly all map-
pings are understood to be A-homomorphisms of A-modules.

Let 0>4'>4—>A"->0 be exact and let 0B~ F - B,—0 also
be exact but with E injective. Then there results a commutative
diagram 0 0 0

0——Hom,(A", B)——Hom,(4, B)—sHom,(4’, B)

0——Hom, (4", E)———sHom,(A, E)——sHom,(A’, E)—0

g I3 s

0——sHom,(4", B,)—=Hom,(A4, B,)—Hom,(4’, B;) (3.5.1)

with exact rows and columns. Note that the middle row, which is
longer than the others, is exact because E is injective. The theory of
the Ker—Coker sequence now yields the exact sequence

A
Ker g” - Ker f— Ker 8'— Coker " — Coker - Coker 8’ (3.5.2)

1 A central element of A is one which belongs to the centre of the ring.
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and this in turn leads to the exact sequence

0->Hom, (A", B)>Hom, (4, B)->Hom, (4’, B)

A
— Coker " — Coker - Coker 8. (3.5.3)

Finally, because of the equivalences (3.2.22), this can be converted
into an exact sequence

0—-Hom, (4", B)>Hom, (4, B)->Hom, (4’, B)

A
S Extk (4", B)—> Extl (4, B) > Ext} (4', B). (3.5.4)

We pause here to make an observation. Suppose that in the above
discussion we replace 0>A’'—>4—->A"->0 by an exact sequence
0>4,+-P—->A4—-0 with P projective. Then the diagram (3.5.1)

takes the form
0 0 0

0——Hom,(4, B)——Hom,(P, B)——sHom,(4,, B)

0.

Hom,(A4, E)———Hom,(P, E)——sHom,(4,, E)——0

0———>Hom,(4, B,)—Hom,(P, B;)—sHom,(4,, B,) (3.5.5)
and the connecting homomorphism in (3.5.3) is now
A:Hom, (4,, B)—Coker {Hom, (4, E)>Hom, (4, B,)}.

It is not difficult to show that this is the same mapping that we en-
countered earlier in (3.2.5). Since we shall not make use of this fact,
the verification of its correctness is left to the reader.

Theorem 5. Every exact sequence 0— A’ > A - A" — 0 gives rise to an
exact sequence

0->Hom, (4", B)—Hom, (4, B)>Hom, (4’, B)

A
~Ext} (4", B)->Extl (4, B)>Ext} (4', B). (3.5.6)
3-2



68 A DERIVED FUNCTOR

]Z
4
18 a commutative diagram in €, with exact rows and B—~B is a A-
homomorphism, then (with a self-explanatory notation) the diagram

Furthermore if

~

0 > -4 >0

N — N

’

0

"'A” "'O

Hom,(4’, B) 4 Extl(4”, B)

(3.5.7)

— A JLN

Hom, (4", B) Exti(4”, B)
1s commaulative.

Proof. The first statement has already been proved. We keep the
notation as before and construct an additional exact sequence

0->B—E->B,~0,

with E injective. We can now form a commutative diagram
T
E
where B—> B is the given homomorphism. This together with the
commutative diagram

T
\A'
induces a translation of (3.5.1) and now the desired result follows

from Theorem 4 Cor.
Theorem 5 has an important consequence to which we must draw

0 B

0 B

B

. >0

a7 0

0

s e—h|

0 a7 0
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attention. Let 0> A’ — A - A" — 0 be an exact sequence of A-modules.
If now 0> B—~> E— B, — 0 is also exact and ¥ is injective, then we can
use these sequences to construct a connecting homomorphism

A:Hom, (4', B)—~Ext} (4", B).

Now suppose that in place of 0+ B— E — B, -0 we employ a second
exact sequence 0—>B—E B, >0, where E is also injective. This
time the construction produces a connecting homomorphism

A:Hom, (4’, B)—~Ext} (4", B)

say. However if we apply Theorem 5 with 0> 4’ — A4 > A" -0 iden-
tical to 0>A’—>A4—>A"—->0 and use 0—> B—E — B, >0 in place of
0—>B—E > B, 0 (B— B being, in this case, the identity mapping),
then the commutative property of (3.5.7) shows that A = A. Accord-
ingly the connecting homomorphism A:Hom, (4', B)—~Ext} (4", B) is
independent of the choice of the sequence 0— B —> E — B, — 0 used tn its
construction.
We turn next to a companion result to Theorem 5. Let

0->B—-B->B"-0

be an exact sequence and suppose that 0->4,—>P—>A4 -0 is also
exact with P projective. From these we obtain a commutative diagram
Q 0 0

0——=Hom,(4, B')——Hom,(A4, B)——Hom,(4, B")

0——>Hom,(P, B')———Hom,(P, B)———>Hom,(P, B")——0

0——Hom,(4,, B'y)—>Hom,(4,, B)—Hom,(4,, B”) (3.5.8)

with exact rows and columns, the longer middle row being exact
because P is projective.

From this we obtain, by considerations very similar to those
already encountered, the theorem which follows.
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Theorem 6. Every exact sequence 0— B’ —~ B-> B” — 0 gives rise to an
exact sequence

0—Hom, (4, B')>Hom, (4, B)>Hom, (4, B")
A
— Ext} (4, B')>Ext} (4, B)—>Ext} (4, B"). (3.5.9)

Further if
0 - B’ B B" 0
0 > B’ B >R’ >0

18 a commutative diagram in €, with exact rows and A—>A is a A-
homomorphism, then (with a self-explanatory notation) the diagram

A

Hom, (A, B") Ext}(4, B)
\ (3.5.10)

_ — A A

Hom,(4, B") > Exti(4, B)

18 commutative.

The reader should note that it follows from this theorem (by virtue
of observations analogous to those made after the proof of Theorem 5)
that the connecting homomorphism A:Hom, (4, B")— Ext} (4, B’)
does not depend on the choice of the exact sequence

0>4,-P->A4->0
that was used in its construction.
Exercise 7. Let T" be the centre of A. Show that the connecting homo-
morphisms (denoted by A) in Theorems 5 and 6 are I'-homomorphisms.t
Theorem 7. The functor Ext} (4, B) is half exact.
Proof. Half exactness follows immediately from Theorems 5 and 6.

The following criterion for an injective module is sometimes useful.
Theorem 8. A4 left A-module E is injective if and only if
Sor all left ideals I.

Proof. We shall assume that Ext} (A/I, E) = 0 for all left ideals
and deduce that E is injective. (The converse follows by Theorem 2.)

1 See (Chapter 2, Exercise 2) and Exercise 2.
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Left I be a left ideal and f: 1 — E a A-homomorphism. By (Chapter 2,
Theorem 11) it is enough to show that f can be extended to a homo-
morphism. of A into E. Now this will follow if we show that the
homomorphism Hom, (A, E)— Hom, (I, E) induced by the inclusion
mapping I - A is surjective. But the sequence 0 >1—>A—>A[I-0is
exact. Consequently, by Theorem 5, we have an exact s..quence

0—->Hom, (A/I, E)->Hom, (A, E)>Hom, (I, E) > Ext} (A/l, E).

HoweverExt} (A/I, E) = 0.Consequently Hom, (A, E)—>Hom, (I, E)
is surjective as required.

We recall that a module is called cyclic if it can be generated by a
single element.

Exercise 8. Show that if each cyclic left A-module is projective, then
all left A-modules are projective.

Theorem 9. Let 0> A4'>A— A" 0 be a split exact sequence of A-
modules. Then, for each B in €, the connecting homomorphism

A:Hom, (4, B)—~Ext} (4", B)
18 null.

Proof. We have an exact sequence
Hom, (4, By—>Hom, (4’, B)— Ext} (4", B)

and, by (Chapter 1, Theorem 9), Hom, (4, B)—>Hom, (4’, B) is sur-
jective. The theorem follows. Similarly we can prove

Theorem 10. Let 0> B’ — B+ B"— 0 be a split exact sequence of A-
modules. Then for each A in €, the connecting homomorphism

A:Hom, (4, B")—Ext} (4, B’)
s null.

3.6 Consequences of the vanishing of Ext} (4, B)

The following theorem will help to throw new light on the significance
of the extension functor though we shall postpone consideration of
some of its implications until later.

g 7
Theorem 11. Let 0->B—>X > A->0 be an exact sequence in €, and
let v:B-> B’ be a A-homomorphism. Then it ts possible to construct a
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commutative diagram

0 B X > > ()

Y T 24

0 > B’ X’ >A 0

in €, with exact rows.

Proof. Let y: B— B’ @ X be the A-homomorphism defined by

Then because ¢ is a monomorphism so too is £ and we can construct
an exact sequence u .
0>B->B @X—->X"—0.

Now define ¢: B’ > X' by ¢(b") = #(b',0). If (b’) = 0, then

(®',0) = (=7(b),9(b))

for some b in B and therefore b = 0 and hence b' = 0 as well. It
follows that ¥ is a monomorphism. Next if #(b’, z) = 7(by, z,), then
xz,—x = g(B) for some £ in B. Consequently f(x;) = f(x). We can
therefore define a A-homomorphism ¢:X'—>A4 by ¢n(b’,x) = f(x).
Evidently ¢ is an epimorphism and ¢y = 0. Now suppose that
on(b’,x) = 0. Then x = g(b,) for some b,e B and therefore

(bl’ x) = (b(’)’ O) +/1'(b0)a

é

where by e B’. Thus #(b’, x) = (b, 0) = 1 (by) and hence 7(b’, z) e Im yr.
This proves that the sequence
¥ ¢
0>B—>X'>4->0
is exact.

We next define a A-homomorphism 7: X - X’ by 7(x) = n(0,z). If
now be B, then

79(b) = m(0,9(b)) = 7(y(b), 0) = Yy(b)
and therefore 7g = yry. Finally if x € X, then
$7(x) = ¢m(0,2) = f(x)
which shows that ¢7 = f. This completes the proof.
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g f
Exercise 9. Let 0>B—>X—+> A >0 be an exact sequence (in €,) and
let w: 4’ - A be a A-homomorphism. Show that it is possible to construct
(tn €,) a commutative diagram

0 —=B X’ A" 0

0 B > X A ()
with exact rows.

Theorem 12. Let A and B belong to €. Then the following statements
are equivalent:

(@) Ext} (4,B) = 0;

(b) every exact sequence 0—>B X > A0, in %, splits.
Proof. Assume (a) and let 0> B> X —> 4 >0 be exact. Since

Exti (4,B) =0,
we have an exact sequence
Hom, (X, B)—>Hom, (B, B)—=0

and therefore ¢z is the image of a homomorphism X — B. Accordingly
the product of B->X and X — B is an identity map and therefore
0—>B—> X+ 4 -0 splits.

Assume (b). We first construct an exact sequence 0 >4, —-P—>4 -0
with P projective. Let yeHom, (4,, B). By Theorem 11, we can
produce, in %, a commutative diagram

0 A, P A 0
l‘y iA
0 > B X A 0

with exact rows, and by hypothesis the lower row splits. Since
Ext} (P, B) = 0, Theorem 5 shows that we have a commutative
diagram

Hom (B, B) : Exti(4, B)

identity

Hom,(4,, B) —> Ext1(4, B)——0
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where the lower row is exact and § and 7 are connecting homomor-
phisms. By Theorem 9, £ is a null map. Since iz is in Hom, (B, B)
and has image v in Hom, (4,, B), it follows that #(y) = 0. But v is
an arbitrary element of Hom , (4,, B) and 7 is surjective. Accordingly
Extl (4, B) = 0.

Theorem 13. Suppose thai

a B A 13
0>4,-P->A4->0 and 0->B->E->B,—0

are exact in €, with P projective and E injective. Then we have an iso-
morphism Ext} (4,, B) ~ Ext} (4, B,) of abelian groups.

Proof. By Theorems 1 and 2, Ext} (P, B,) = 0 and Ext} (4,, E) = 0.
It follows that we have exact sequences

u
Hom, (4,, E)—>Hom, (4,, B;)—>Ext} (4,,B)—>0

and  Hom, (P, B,)—>Hom, (4,, B,)— Ext} (4, B,) 0.

The theorem will now follow if we show that Im « = Imv.

Let feImu. Then there exists a A-homomorphism ¢: 4, E such
that ug = f. Since E is injective, there exists a A-homomorphism
¢:P— E such that ga = g. Thus uga = f and u¢ € Hom, (P, B,). The
relation pgo = f shows that f = v(u¢g) e Imv. This proves that

Imu < Imw

and the opposite inclusion can be established by a similar argument.

Remark. We make some brief observations concerning the iso-
morphism Ext} (4,, B) = Ext} (4, B,). Suppose that we keep 4 and
B fized. It is then possible to vary 0—+4,— P-4 — 0 while leaving
0—- B->E - B, — 0 unaltered. This reveals that, to within isomor-
phism of abelian groups, Ext} (4,, B) is independent of the sequence
0—>A4,->P->A4-0.Inasimilar sense, Ext} (4, B,) is independent of
the sequence 0—>B->FE->B,~>0. Let us identify Ext} (4,, B) and
Ext} (4, B,) thereby obtaining an abelian group Ext? (4, B) say,
depending only on 4 and B. This is, in fact, a new bifunctor called the
second extenston functor. However we shall not pursue this line of
investigation.}

1 For accounts of the higher extension functors see (5), (14) and (19) in the list
of references.
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Theorem 14, Let 0>A4,—->P, ,—~...>P—-FP—~>A4—->0and
0>B>E,~E,~..—>E, ,—~B,~>0

be exact sequences in €y, where n > 1, P, is projective and E; injective.
Then there is an isomorphism Ext} (4,, B) ~ Ext} (4, B,) of abelian
groups.

Proof. Put Ay =4 and, for 1 < i <n—-1,4, = Im(P,— P,_;). Then
we have exact sequences 0— 4, —>P_1—>A 1—~>0for 1 < ¢ < n. Next
put By = Band, for 1 <j < n—1,set Im(&,_,~E;) = B;. This time

we have exact sequences O—>B,._1—>Ej_1——>Bj—>O for 1 <j < n. By
Theorem 13 we have an isomorphism

EXtA (A'L 1 B —1,+1) ~r EXt}\ (Ai, Bn-i)
for each 7 in the range 1 < ¢ < n. The theorem follows.
Theorem 15. Let 0> A4, P,_—~...>P,>F—>A—>0and
0>A4,-P, ;—»..>P—>P;>A4->0

be exact sequences in €,, where n > 1 and P, and P; are projective. Then

for any B in €, we have an isomorphism Ext} (4,,B)~ Ext}(4,, B)

of abelian groups. Furthermore A, is projective if and only if A, is

projective.

Proof. Using (Chapter 2, Theorem 14), we can construct an exact

sequence 0>B>E,>E —~>..—~E, ,-~B,—0,

where E, is injective. Then, by Theorem 14, we have isomorphisms
Extl (4,,B) ~ Ext} (4, B,) ~ Ext} (4,, B).

Finally 4, resp. 4, is projective if and only if Ext} (4,, B) resp.
Ext} (d4,, B) is a null group for all B. The theorem follows.
A very similar argument (which we leave to the reader) will establish

Theorem 16. Let0->B—>E,—~>E,~...~E,_,—~B,—~>0and
0>B->E,~E—~..>E, ,->B,—~>0

be exact in €, with n > 1 and E; and E; injective. Then for any module
A in €, we have an isomorphism Ext'fl (4, B,) ~ Ext} (4, B,) of
abelian groups. Furthermore B,, ts injective if and only if B, is mjectwe
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3.7 Projective and injective dimension

In section (3.7) we shall work primarily in the category €% of left
A-modules.

Suppose that 4 + 0 is a left A-module. Assume that » > 0 is an
integer and that there exists an exact sequence

0B, —->P_,»>...>P->F—->4->0 (3.7.1)

with each P, projective, but that there is no exact sequence of the
same kind with fewer terms. We then say that 4 has (left) projective
dimension n and write [.Pd, (4) = n. If no such sequence as (3.7.1)
exists we put [.Pd, (4) = oo. Finally, if 4 = 0 then we set

1.Pd, (4) = —1.

Thus [.Pd, (4) is defined for all modules 4 in 4. (If B belongs to
%R the analogous concept is denoted by r.Pd, (B) and is called the
(right) projective dimension of B.) Note that 4 is projective if and
only if I.Pd, (4) < 0. Also isomorphic modules have the same pro-
jective dimension. Again if 0->4,—+P—>A—-0 is exact and P is
projective, then I.Pd, (4) =1.Pd, (4,)+ 1 provided I.Pd, (4) > 0.

Exercise 10. Let {4,};.; be a non-empty family of left A-modules and
A their direct sum. Show that

1.Pd, (4) =supl.Pd, (4,).
iel

Exercise 11.* Let 0> A4'—> A~ A" — 0 be an exact sequence of left A-
modules. Establish the following:

(1) if1.Pd, (4) > 1.Pd, (4'), then 1. Pd, (4") = 1.Pd, (4);

(2) if1.Pd (4" > 1.Pd, (4), then 1.Pd, (4") = 1.Pd, (4’ )+1

(3) if1.Pd,(4')=1.Pd, (A), then I.Pd, (4") < 1. PdA( )+

If ¢: A - Ais a ring-homomorphism and U is a left A- module then
we can turn U into a left A-module by putting Au = ¢(A)u for each
Ain A and w in U. We recall that a ring is called non-trivial if its
identity element and zero element are distinct.

Exercise 12. In the above situation show that, if A is a non-trivial ring,
then 1.Pd, (U) < 1.Pd, (A)+1.Pd, (D).

Now suppose that C belongs to €% and that C & 0. Assume that
n > 01s an integer and that there exists an exact sequence

0>C—->Ey—~E,~>..~E,—»0 (3.7.2)
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with each E; injective, but that there is no shorter exact sequence of
the same kind. We then say that C has (left) injective dimension n
and write 1.Id, (C) = n. If no such sequence as (3.7.2) exists, then
we write l.1d, (C) = co. Finally we put{.Id, (0) = — 1. Thus!.1d, (C)
is defined for all modules C in €%. (If B belongs to €%, then the
analogous concept is denoted by r.1d, (B) and is called the (right)
injective dimension of B.) Note that C is injective if and only if
1.1d, (C) £ 0. Also isomorphic modules have the same injective
dimension. Further if 0 >C - E - ;>0 is exact and F is injective,
then!.1d, (C) = 1.1d, (C}) + 1 provided that [.Id, (C) > 0.

Exercise 13. Determine Pd, (@) and 1d; (Z), where @ denotes the field
of rational numbers.

Exercise 14. Let {B,};.; be a non-empty family of left A-modules and
let B be their direct product. Show that 1.1d, (B) = supl.Id, (B,).
iel

Theorem 17. We have

supl.Pd, (4) = supl.1d, (O), (3.7.3)
4 5
where A and C vary in €%.
Proof. We first show that
supl.Pd, (4) < supl.Id, (C) (3.7.4)
4 c

and for this we may suppose that sup!.Id, (C) = n, where 0 < n < o0.
Indeed in view of (Chapter 2, Exercise 14) we may assume that
1< n<oo.

Let A belong to €% and, using (Chapter 2, Theorem 6), construct
anexactsequence 0> 4, —~F,_,—...—>P,— Py-> A - 0with F,projec-
tive. If we can show that 4, is projective, this will show!.Pd, (4) < »
and (3.7.4) will follow. Suppose that C belongs to €%. Observe that if
we can show that Ext} (4,,C) = 0, then the projective character of
A, will follow from Theorem 1.

To this end we form an exact sequence

0>C—>E,—>E —~..~>E,~>0,

where E; is injective. This is possible because 1.1d, (C) < n. By
Theorem 2, Ext} (4, E,)) = 0. Hence, by Theorem 14, Ext} (4,,, C) =0.
Thus (3.7.4) is established and the opposite inequality is proved
similarly.
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In view of Theorem 17 we may put
1.GD(A) =supl.Pd, (4) = supl.1d, (C) (3.7.5)
4 ¢

and call I.GD (A) the (left) global dimenston of A. Here 4 and C vary
in €%. If we work in €% we obtain the (right) global dimension of A.
Thisisdenoted by r.GD (A). It can happen that!. GD (A)and ».GD (A)
are different.t

Theorem 18. We have
1.GD (A) = supl.Pd, (A[I), (3.7.6)
I

where I ranges over all the left ideals of A.
Proof. 1t is enough to show that
1.GD (A) < supl.Pd, (A[I) (3.7.7)
I

since the opposite inequality is obvious. For this we may suppose
that supl.Pd, (A/I) = n, where 0 < n < c0.
1

Let C belong to €%. It is sufficient to prove that 1.1d, (C) < n. If
n = 0, then, for every I, A/l is projective and hence Ext} (A/I,C) = 0.
It follows from Theorem 8, that C is injective and therefore

1.1d, (C) < 0 < n.

We may therefore suppose that 1 < n < co. Construct, with the aid
of (Chapter 2, Theorem 14), an exact sequence

0>C—>Ey—~>..»E, ,-C,»>0

with E, injective. It now suffices to show that C, is injective. By
Theorem 8, this will follow if we show that Ext} (A/I,C,) = 0 for
each left ideal 1.

Let I be a left ideal. Since I.Pd, (A/I) < » we can construct an
exact sequence 0>P,—>P,_,~>..>F—>A/I->0
with P, projective for 0 < ¢ < n. Then Ext} (P,,C) = 0. But now
Ext} (A/I,C,) = 0by Theorem 14, and with this the proof is complete.

Exercise 15. Skow that GD (Z) = 1.

Let 4 be a left A-module. We know that we can construct an exact
sequence 0— A, - F - A -0 with P, projective. We may then con-
struct an exact sequence 0—A4,—>P,—~A4,—0 with P, projective.

1 See I. Kaplansky (12).
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Indeed it is possible to continue this process indefinitely, the typical
exact sequence having the form 0> 4, ;> P, A,— 0, P, being pro-
jective. By combining these short exact sequences we arrive at an
infinite exact sequence

w.>B,~>P, ;>..>P,>F—->A4->0

where F,, P,, P, etc. are all projective. An exact sequence of this form
is called a projective resolution of A. Note that 4 will have finite
projective dimension if and only if it has a projective resolution which
is composed of zero modules from some point onwards.

Now let B be a left A-module. Using similar considerations we can

construct an ¢njective resolution of B, that is to say an infinite exact
sequence

0>B>E,~>E,~..>E, ,~>E,—...

where each F, is injective. Of course B has finite injective dimension
if and only if it has an injective resolution whose component modules
are zero modules from some point onwards.

However, we can do rather better in the injective case. Let K, be
the injective envelopet of B. Then we can construct an exact sequence
0—->B->E,— B,—~>0, where B—E, is an inclusion mapping. In the
same way we can construct an exact sequence 0> B, > ¥, - B, -0,
where E, is the injective envelope of B}, and so on indefinitely. These
sequences can then be put together to give an injective resolution
of B. In particular we see that there exists an exact sequence

€ do d, dx
0>B>E,~>E,»E,~>E;— ... (3.7.8)

where (i) E, is the injective envelope of ¢(B), and (ii) for each ¢ > 0,
E,,, is the injective envelope of d,(Z,). Such an exact sequence is
known as a minimal injective resolution of B.

Theorem 19. Let the A-modules B and B’ have minimal injective
resolutions

do dy
0>B—>E,>E,—~E,—~...

d df
and 0>B'>Ey—>Ei—>E;—~...

respectively. Further let f: B = B’ be an isomorphism in €. Then it is
possible to construct, tn succession, A-isomorphisms ¢o:Ey> By,

1 See section (2.6).
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¢, Ey > E1 and so on which are such that the diagram

dy d,

0 > B K, B > E, -
f Po &1 P2
a &
0 ~ B E; > £ Ei—> - -

18 commultative.

Remark. This theorem shows that minimal injective resolutions are
essentially unique.

Proof. The existence of ¢, making the first square commutative
follows from (Chapter 2, Theorem 18). This situation induces an
isomorphism of dy(E,) on to dg(E;). By the same theorem, the induced
isomorphism of d,(E,) on to dy(Ey) can be extended to an isomorphism
¢.:E, > E] between their injective envelopes, and now we have
¢,dy = dgpy. Next there is induced an isomorphism of d,(E,) on to
d1(E7) and this leads to an isomorphism ¢,: E, 5 E, satisfying

. Pody = di ;.
And so on indefinitely.

Theorem 20. Suppose that
dy dy
0>B>E,—~E,~E,— ...

ts @ minimal injective resolution of the left A-module B and let n > 0
be an integer. Then 1.1d, (B) < n if and only if B, = 0 for all © > n.

Proof. 1t is clear that if E,, = 0, then E; = 0 for all 2 > m. We shall

therefore assume that 1.1d, (B) < n and deduce that E, = 0. The

proof will then be complete since the other assertions are trivial. It

isevident that we may suppose that » > 2for this part of the argument.
We have an exact sequence

0—>B——>E0——>E1—> —>En_2—>dn—2(En—2)—>0
and, since I.1d, (B) < n, there also exists an exact sequence
0—-B->Ey,~>E{—~..~E, ,~E, >0,

where each Ej is injective. By Theorem 16, d,,_,(¥,_,) must also be
injective and this implies that d,_,(F,_,) = E,_,. Thus d,_, is sur-
jective and therefore d, ,(E, ;) = 0.Since E, is the injective envelope
ofd, ,(E,_,), this proves that £, = 0.
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Exercise 16.* Suppose that
0>B—>E,~E,~FE,—~...
18 @ minimal injective resolution of the left A-module B and let y be an

element of the centre of A which is not a zerodivisort on either A or B.
Show that if D = Im (E,—> E,), then

0—>Hom, (A/yA, D)->Hom, (A/yA, E,)>Hom, (A/yA, E,)—...

s @ minimal injective resolution of the AJyA-module Hom, (A/yA, D).
Show also that Hom, (AJyA,D) and B|yB are tsomorphic AlyA-
modules.

Exercise 17. Let B be a left A-module and v an element of the centre of
A which is not a zerodivisor on either A or B. Suppose thatl.1d, (B) < n,
where 1 < n < 0. Show that 1.1d 5 (BlyB) < n—1.

3.8 A-sequences

We begin with an exercise.

Exercise. 18 Let I be a two-sided ideal of A and P a projective left
A-module. Show that P|IP is a projective left A|I-module.

Theorem 21. Let y be an element in the centre of A which is neither a
unit nor a zerodivisor, and let A be a left A|yA-module such that

[.Pdyp, (4) =,
where 0 < n < 0. Then 1.Pd, (A) = n+1.

Remark. It is not the case that if K is a left A/yA-module such that
1.Pd,,, (K) = 00, then necessarily 1. Pd, (K) = oo as well.

Proof. We use induction on ». First suppose that n = 0. Then 4 is a
direct summand of a non-zero free A/yA-module ® and it remains a
direct summand of @ if we regard both 4 and ® as A-modules. Hence
(Exercise 10) 1.Pd, (4) < 1.Pd, (®). But, as a A-module, ® is a
direct sum of copies of A/yA. Accordingly, again by Exercise 10,
1.Pd, (D) =1.Pd, (A/yA). But, because y is not a zerodivisor, we

have an exact sequence 0—>A1>A—>A/yA—> 0 of A-modules and
therefore, by Exercise 11,
1.Pd, (AJyA) < 1.Pd, (A)+1 = 1.

t The assertion that y is not a zerodivisor on B means that if b € B and yb = 0,
then b must be zero.
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Thus for any free A/yA-module ® we have
1.Pd, (®) < 1

and, in the present mstance we also have 0 < 1.Pd, (4) < 1. Now we
cannot have [.Pd, (4) = 0. (For in that case 4 would be a submodule
of a free A—module F and v would not annihilate any non-zero element
of F. However 4 & 0 and y4 = 0. Thus we arrive at a contradiction.)
Accordingly I.Pd, (4) = 1 and the theorem has been proved for the
case n = 0.

We now turn to the case n = 1. In this situation we can construct
an exact sequence 0— L—> M — 4 -0 of A/yA-modules, where L and
M are A/yA-projective. Accordingly M is a direct summand of a
free A/lyA-module ® say, and therefore I.Pd, (M) < 1.Pd, () < 1
as we saw above. Similarly /.Pd, (L) < 1. Consequently

0<1.Pd,(4) < 2

by virtue of Exercise 11. However we cannot have [.Pd, (4) = 0 for
the same reason that this was ruled out in the case » = 0. It will
now be assumed that /.Pd, (4) = 1 and from this we shall derive a
contradiction. The theorem will then be proved when » = 1.

We can construct an exact sequence 0—+P—>F-—>4 >0 of A-
modules, where F is free and P is a submodule of F. Since we are
supposing that {.Pd, (4) = 1, P is projective. Now yF < P because
v4 = 0 and therefore we have an exact sequence

0— 71;, l;,——n‘l -0
in 6,;,5. By Exercise 18, F|/yF is AJyA-projective and therefore P/yF
is A/yA-projective because n = 1. It follows that the exact sequence

yF_P P

00— —
yP yP yF

-0,
in €/, splits. However, by Exercise 18, P[yP is AjyA-projective.
Consequently yF[yP is AjyA-projective as well. But multiplication

by y induces an isomorphism F' ~ yF in which P corresponds to yP.
Thus there result A/yA-isomorphisms

A~ F[P~ yF|yP

which imply that 4 is A/yA-projective, contrary to our assumption
that » = 1.
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The theorem has now been established both when » = 0 and » = 1.
We therefore suppose that » > 2 and assume the result to be known
for all smaller values of the inductive variable. In €,,,, we construct

an exact sequence 0>4,>0>A4->0,

where @ is AjyA-free. Then [.Pd,,, (4;) = n—1 and therefore, by
the inductive hypothesis, [.Pd, (4,) = ». On the other hand,

I.Pd, (®) <1
by our previous observations. It therefore follows, by Exercise 11,
that [.Pd, (4) =1.Pd, (4,)+1 =n+1 and with this the proof is
complete.
Definition. A4 sequence y,,7ys,, ..., v, of elements belonging to the centre
of A will be called a ‘A-sequence’ if for each i (1 < © < n) y; is not a zero-
divisor on A/(y, A+ 7y, A+ ...+, A).

Suppose that y;, Vs, ..., 7, (n > 2) is a A-sequence. Then y; is not a
zerodivisor. Further, if A* is the ring A/y, A and y} is the natural
image of y, in A*, then the elements y¥,y3, ..., v belong to the centre
of A* and they form a A*-sequence.

Theorem 22. Let vy, %, ..., Vs (n = 1) belong to the centre of A and
form a A-sequence. If now yyA+y, A+ ... +y,A %= A, then

LPdy {A/(yy A+ys A+ ... +7,A)} = n.

Proof. We use induction on n. First, however, we note that y, is
neither a zerodivisor nor a unit.

If n = 1, then because I.Pd,, » (A/y;A) = 0 Theorem 21 shows
that {.Pd, (A/y,A) = 1 as required. We shall therefore suppose that
n > 2 and that the theorem has been proved for A-sequences with
only n— 1 terms.

It follows, from the induction hypothesis, that if A* = Afy, A, then
1.Pdj. {A*/(yE A% + ... +yE A*)} = n— L. Accordingly, by Theorem 21,

LPd, {A*(yFA*+ ...+ v A*)} = n.

However A*[(ys A*+...+yEA*) and A/(y;A+Yy,A+...+y,A) are
isomorphic A-modules and so the desired result follows.

3.9 The extension problem
Let 4 and B belong to €.
Definition. By an ‘extension of B by A’ we mean an exact sequence

S) 0-B>X->A4->0 (3.9.1)
nG,.
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The extension problem is to classify all such extensions. Suppose
therefore that we have a second extension of B by 4 say

(Y 0>-B>X"-A-0. (3.9.2)

We shall say that S and 8’ are equivalent extensions if there exists a
A-isomorphism f: X 5 X" which makes the diagram

/X
0— =B f\\\\\A—————>0
\\\\\X////// (3.9.3)

commutative. It is clear that this gives us a relation between exten-
sions which is reflexive, symmetric and transitive. We therefore speak
of classes of equivalent extensions.

Exercise 19. Suppose that0~B->X >4 —->0and0—>B—>X'>A4 >0
are exact, and that f: X - X' is a A-homomorphism which makes the
diagram

X

TN

’

commutative. Show that f is an isomorphism.
Consideration of the canonical exact sequence

0>B-BpAd—-A4-0

shows that there exist extensions of B by 4 which are split exact

sequences. If an extension splits, then so does any extenston which

is equivalent to it. If two extensions both split, then they are equiva-

lent. Accordingly there is a class of extensions of B by 4 all of

whose members split and which contains all split extensions.
Suppose that we have an extension

v ¢
(8) 0>B>X->A-0. (3.9.4)
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This will give rise to a connecting homomorphism
Ay:Hom, (B, B) > Ext} (4, B). (3.9.5)

Furthermore, by Theorem 5, if 8’ is an extension equivalent to S,
then the mappings AL and A}, will coincide. It follows that if we put

AYS) = Agl(ip), (3.9.6)

then A1(S) belongs to Ext} (4, B) and we have, in effect, a mapping
of the classes of equivalent extensions of B by 4 into the abelian
group Ext} (4, B). We shall show, in a moment, that this mapping is
a bijection, but first we shall make one or two preliminary remarks.
To begin with we observe that if § is a split exact sequence, then,
by Theorem 9, A} is a null homomorphism. Accordingly, the element of
Ext} (4, B) which arises from the class of split extensions is the zero
element. Again we could use (3.9.4) to obtain a connecting homo-

morphism AL:Hom, (4, 4)-> Ext} (4, B),
and just as we put ALY(S) = Al(i5) we could equally well put
A¥(S) = A}(i,)

and this would give us an alternative method of proceeding. However
this would yield nothing new because of

Exercise 20. Show that if S is an extension of B by A, then
AY(S) = A(S).

In view of the result contained in this exercise, we shall forget all
about A%(S) and, to simplify the notation, we shall write Ag and A(S)
in place of A} and Ak(iy) respectively.

We have to show that the association of A(S) with § provides us
with a bijection as stated above. To this end we construct an exact

sequence 0—>A1f>P > A0 with P projective. In what follows this
sequence will be kept fixed. Suppose now that we have an extension
(3.9.4). Then, because P is projective, we can construct, in €,, a
commutative diagram

0 N p— P— % >4 0
|

¥ T \l,iA (3.9.7)
¢

0 B X —A4 0
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which, by Theorem 5, yields a commutative diagram

Hom,(B, B)
As (3.9.8)

Hom,(P, B) - Hom,(4,, B)——————> Ext}(4, B) -0
where the row is exact and Q is the connecting homomorphism asso-
ciated with the upper row of (3.9.7). Since the image of i in

Hom, (4,, B)
is v, it follows that Qy) = Aglig) = A(S). (3.9.9)

Now suppose that we are given an arbitrary A-homomorphism
v:4,;—B. By Theorem 11, we can then construct a commutative
diagram (3.9.7), and therefore we can find an extension § such that
A(S) = Q(y). But Q is surjective. Consequently every element of
Ext} (4, B) has the form A(S).

Let us return to the diagram (3.9.7). Each element xe X can be
expressed in the form x = 7(p) + ¥ (b), where pe P and b e B. Suppose
that z = 7(p") + ¥(b’) is a second such representation. Then

T(p—p') = ¥’ -b),
whence a(p—p') = ¢7(p—7p') = 0. Thus there exists a, € 4, such that
p—p' = play) and
Uylay) = 7(ay) = T(p—p') = Y(b'—b).

But ¢ is monic. Consequently 7(p)+y(b) = 7(p’) + (b’) tmplies that
p—p = fla)and b—b" = —y{a,) for some a, e A,.
Finally assume that we have two extensions, say

14 2 V2 #a
0>B+>X,-4—-0 and 0->B->X,>A4->0,

and suppose that these give rise to the same element of Ext} (4, B).
We wish to show that the extensions are equivalent. For each 1
(¢ = 1, 2) we define y; and 7, just as we defined y and 7 in the case of
the extension S. It then follows from (3.9.9) that Q(y,) = Q(y,).
However the lower row of (3.9.8) is exact. Consequently there exists a
A-homomorphism ¢: P— B such that 68 = y, — ..
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We now define a mapping f: X; > X,. Each element of X, can be
expressed in the form 7,(p) + ¢, (b). We put

J(T(p) + (b)) = 75(p) + ¥5(b) + ¥, 0()

and then an easy verification {using the results of the last paragraph
but one) shows that f is well defined. In fact f is a A-homomorphism

and, since B1(ra(B) + Y2 (B)) = u7a(p) = (D)

and Po(To(p) +Y5(b) + Y2 0(p)) = Po7a(p) = a(p),
the diagram

is commutative. It follows (Exercise 19) that f is an isomorphism.
Accordingly the two extensions are equivalent and we have proved

Theorem 23. There is a bijection between the classes of equivalent
extensions of B by A and the elements of Extl (4, B) in which the class
of the extension S corresponds to Ak (ig). Moreover the class of split
extensions corresponds to the zero element of Ext} (4, B).

Exercise 21.* Let 0>B—> X, > A—-0and 0> B> X,—> A4 >0 be two
extensions of B by A and suppose that they correspond to the elements
w, and w, respectively of Ext} (4, B). Construct an extension of B by A
that corresponds to w, + w,.

Solutions to the Exercises on Chapter 3

Exercise 1. Let B be a A-module. Show that the following two statements
are equivalent:

(@) B isinjective;

(b) Ext} (4,B) =0 forall 4 in%,.

Solution. By Lemma 2, (a) implies (b). Assume (b) and construct an
exact sequence 0 - B E — B, -0, where E is injective. Since

Ext} (B,,B) =0,
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we obtain an exact sequence

0—Hom, (B,, B)-»>Hom, (B;, E)—>Hom, (B,, B;) > 0.
Hence there exists fe Hom, (B,, E) such that the diagram

E——>B,
f ‘a
Bl

is commutative. Accordingly 0-> B — E — B, — 0 splits. It follows that
B is a direct summand of F and so it is injective.

Exercise 2. Suppose that A, B belong to 6, and that I" is the centre of A.
Since 4 is a (A, T')-bimodule, Ext} (4, B) is a T'-module. Since B is a
(A, T)-bimodule, this also induces a I'-module structure on Extl (4, B).
Show that these two structures coincide.

Solution. Let y belong to I' and, for each A-module C, let y,:C—C
be the A-homomorphism which results from multiplication by 1y.
We have to show that Ext} (v, B) = Ext} (4, yg).

Construct an exact sequence 0> B— E — B, -0 with E injective.
Then the diagram

0 B > F B, 0
¥B lYE hZ:N
0 B E B, >

is commutative and, by the definition of Ext}, we have commutative
diagrams

Hom,(4, B;)————— > Ext}(4, B)———————0
HomA(')/A, Bl) Ext}\(yA, B)

and Hom,(A, B,)—————s Ext}(4, B)———=0
Hom,(4, B;)——— Ext}(4, B)————0

Homy(4, ys,) Ext}(4,ys)

Hom,(A4, B;)—— > Ext}(4, B—— >0
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where the rows are exact. However, by (Chapter 2, Exercise 2),
Hom, (y 4, By) = Hom, (4,yp,) and from this the desired result
follows.

Exercise 3. Let
A LA 4 c

f g h

a—* gV o

be a commutative diagr am in €, with exact rows. Skow that if ¢' is monic,
then the sequence Ker f—>XKerg—Kerh is exact, whereas if  is epic,
then Coker f— Coker g — Coker k is exact.

Solution. The first assertion was proved in the discussion of Lemma 4.
Also, in any event, it is clear that the product of Coker f— Cokerg
and Coker g — Coker % is null.

Now assume that ¢ is epic. Suppose that b’e B’ and let [b'] denote
its image in Coker g. If [b'] maps into zero in Coker &, then i’ (b") = h(c)
for some ¢e ' and hence, because yr is epic, ¥'(b') = hfr(b) = ¥'g(d)
for a suitable b in B. It follows that b’ —g(b) is in Kery’ = Im ¢'.
Consequently there exists a’ € A’ such that b’ = g(b) + ¢'(e’). Accord-
ingly [b'] = [¢'(a)] that is to say [b'] is the image of the element [a'],
of Coker f, that corresponds to a’. This shows that

Ker {Coker g — Coker b} < Im {Coker f—> Coker g}

and completes the argument.

Exercise 4. Let ) p v

S g h

0 >4’ ? B’ v o4

be a commutative diagram in €, with exact rows. Show that the Ker—
Coker sequence

A
Ker f— Ker g > Ker 2 — Coker f - Coker g - Coker k

18 exact.

A
Solution. 1t remains to be shown that Kerk — Coker f— Cokerg is
exact (see Theorem 4, Lemma 4, and Exercise 3). Suppose therefore
that ceKerh. Since ¥ is epic, there exists be B such that y(b) = c,
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and then ¥'g(b) = hy(b) = h(c) = 0. Hence g(b) is in Ker ¢y’ = Im ¢’,

that is g(b) = ¢’(a’) for some a’ in 4’. By the definition of the con-

necting homomorphism A{c) = [a’], where the notation is the same

ag in Exercise 3. But [¢'(a’)] = [¢(b)] = 0 and therefore ¢ maps into
A

zero under the composite homomorphism Ker 2 — Coker f— Coker g.

Suppose next that [a’] maps into zero under Cokerf— Cokerg.
Then ¢'(a’) = g(b) for some b in B and k(b)) = Y'g(b) = '¢’'(a’) = 0.
Thus y(b) e Ker k and Ayr(b) = [a’]. It follows that [¢'] is in Im A and
with this the solution is complete.

Exercise 5. Suppose that the sequence 0> A - B—C -0 is exact in
€, and let y be a central element of A. Establish the existence of an exact
sequence

0—>(0:47)—~>(0:3y)>(0:¢y)>AfyA - BlyB—-C[|yC—0
where, for example, 0: 4y is the submodule of A annihilated by 7.
Solution. For each M in %, let y,,: M - M be the A-homomorphism

which results from multiplication by y. Then Kery,, = 0:;,7 and
Cokery,, = M[yM. Now

0 A
YA B Yc
0 A B =

is a commutative diagram with exact rows. Hence, by Theorem 4
and the note following it, we obtain an exact sequence

0—>Kery,—~Kerygz— Kery,—Cokery ,— Coker yp— Coker y,— 0.
The assertion follows.
Exercise 6. Let f: A — B and g: B— C be A-homomorphisms. Show that
there exists an exact sequence
0—Ker f— Ker (gf) > Ker g Coker f - Coker {(gf) - Coker g— 0.
Solution. Define a A-homomorphism k:4 @ B—>B @ C by
h(a,b) = (f(a)—b, g(b)).
Then
0 A A®B B 0

f h g

0 B BaC C 0
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is a commutative diagram with exact rows, where the horizontal
mappings are the natural ones. Accordingly, by Theorem 4 and the
note following it, we have an exact sequence

0—Ker f-+Ker h-—>Kerg— Coker f— Coker A — Coker g — 0.

We shall complete the proof by showing that Ker % resp. Coker k is
isomorphie to Ker (gf) resp. Coker (gf).

If h(a,b) = 0, then g(b) = 0 and f(a) = b. Thus gf(a) = 0 and hence
acKer (9f). We can therefore define a homomorphism

¢:Kerh—Ker (gf)
by ¢(a,b) = a. Clearly ¢ is monic. Also if e Ker (gf), then
(a,f(a))eKerh

and is mapped, by ¢, into a. This shows that ¢ maps Ker A isomor-

phically on to Ker (gf).
Let u: B @ C—C be the A-homomorphism defined by

plb,c) = g(d) +c.
If (b, ¢) eIm h, then there exist x€ 4 and fe B such that

(b, ¢) = (f(@)— B, 9(p))

and therefore u(b,c) = gf(a). Thus g(Ima) < Im (gf) and hence g
induces a homomorphism ir:Coker > Coker (gf) which is epic be-
cause y is epic. We shall now show that ¢ is also monic and with this
the solution will be complete.

Suppose that the image of (b, c) in Coker A is mapped into zero by
¥, i.e. suppose that u(b,c) = gf(a) for some acA. It will suffice to
show that (b,c¢)eImh. But gf(a) = u(b, ¢) = g(b) +¢ whence

¢ = g(f(a)—b).
Thus k({a,f(a) —b) = (b,¢) and consequently (b, ¢) e Im & as required.

Exercise 7. Let T" be the centre of A. Show that the connecting homo-
morphisms (denoted by A) in Theorems 5 and 6 are I'-homomorphisms.

Solution. For any A-module M and y €T, denote by y,,: M — M the
homomorphism which multiplies every element of M by .
Consider an exact sequence 0—~ A4’ >4 — A" - 0. Then

A/, A AA” 0

Va4 Ya Yar

0 A’ A A" 0
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is a commutative diagram in €, with exact rows. From Theorem 5
we obtain a commutative diagram

Hom,(A4’, B) A Exti(4”, B)
Homy (ya, B) Ext}(ya, B)
Hom,(4’, B) 4 Ext}(4”, B)

However the vertical maps are multiplicationst by y. Consequently
A is a I"-homomorphism.

On the other hand, consider an exact sequence 0> B'—~B—B" 0.
Then

0 B’ B - B” > ()
bZ:d B bZ: 4
B B B’

is also a commutative diagram in €, with exact rows. From Theorem 6
we now obtain a commutative diagram

Hom,(4, B") A Exti(4, B)
Homy (4, v5~) Ext}(4, ys)
Hom,(4, B") 4 ExtX(4, B)

and the desired result follows as before.

Exercise 8. Show that if each cyclic left A-module is projective, then all
left A-modules are projective.

Solution. Suppose that every cyclic left A-module is projective.
Then A/I is projective for every left ideal of A. Hence, by Theorem 1,
Ext} (A/I, B) = 0 for every left A-module B and every left ideal I.
Theorem 8 now shows that every left A-module must be injective.
Accordingly, by (Chapter 2, Exercise 14), every left A-module is
projective.

g /
Exercise 9. Let 0—>B—~>X —>A >0 be an exact sequence (in €,) and
let w: A’ — A be a A-homomorphism. Show that it is possible to construct

1 See (Chapter 2, Exercise 2) and (Chapter 3, Exercise 2).
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(tn €,) a commutative diagram

0 B X" A" 0

0 B

b
e
<

with exact rows.
Solution. Define a A-homomorphism 7:4’ @ X - A4 by
(@', x) = —w(a')+f(z).
Then 7 is epic because 7(0, ) = f(x). Now construct an exact sequence

0>X' 54 @X>A4>0inG,.
Define the A-homomorphism ¢: X’ A4’ by ¢(z’') = a’, where
maz') = (o', x).
Ifa’e A’, then we can choose x € X such that f(x) = w(a’). In this case
m(a’,x) = 0and hence (o', ) e Ker 7 = Im . Consequently there exists
2’ € X’ such that p(x') = (¢, x) and therefore o’ = ¢(x’). Accordingly
¢ is epic.

Now, whenever be B, 71(0, g(b)) = —w(0) + f(g(b)) = 0 and therefore
(0,9(b))eKerm = Im p. Thatis (0, g(b)) = u(z’) for some 2’ € X'. Define
Y:B—>X' by ¢(b) =, where u(z') = (0,9(b)). Then ¢ is a well
defined A-homomorphism since g is a monomorphism. If

P(by) = ¥r(by) = 2,

then u(z') = (0,9(b,)) = (0, g(b,)) and hence g(b;) = ¢(b,). But, since g
is monic, this shows that ¥ is monic as well.

Let be B and put 2’ = (b). Then u(z’) = (0, g(b)) and therefore
oY (b) = ¢(z') = 0. In order to show that the sequence

v ]
0->B->X'-4"->0

is exact we need only show that Ker ¢ < Im . Suppose that ¢(z') = 0.
Then p(x') = (0,2) for some xe X. Now mu(z’) = 0. Consequently
f@) = m(0,2) = mu(z') = 0. It follows that zeKerf = Img, that is
x = g(b) for some be B. Hence p(x’') = (0,¢(b)) and =’ = ¢r(b)eImy.

It remains to obtain a homomorphism o: X’ — X such that fo = w¢
and oy = ¢. Define 0: X' > X by o(2') = « where u(z') = (¢’, ). Then
fo(x') = f(x) and wé(z') = w(a'). Now (@', x) e Im 4 = Ker 7 and hence
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0=m(a",z)= —w(@)+f(x). It now follows that fo(z') = wd(z).
Finally suppose that be B. Then y(b) = a’ where pu(z') = (0, ¢(b)) and
therefore oy (b) = g(b).

Exercise 10. Let {4,};.; be a non-empty family of left A-modules and
A their direct sum. Show that 1. Pd, (4) = supl.Pd, (4,).
iel

Solution. Suppose that n > 0is an integer and for each ¢ € I construct
an exact sequence

0>4;,,>P, —~..>F,~>F,>4,-0,

where each P, , is projective. These sequences give rise, in an obvious
manner, to an exact sequence

0—>(—BAi’n—->@Pi’n_1—>,,,—>(—BRM»A»O
tel iel iel

and, by (Chapter 2, Theorem 4), @ F;, is projective. Again, by
tel
(Chapter 2, Theorem 4¢), @ 4, , is projective if and only if 4, , is
iel
projective for every ¢ in I. We now see that the following statements
are equivalent:
(1) 1.Pd,(4) <
(2 Q—) A4;,1s pro]ectlve

)
(3) 4, ,is projective for each ¢ 1;
(4) 1.Pd, (4;) < nforeachiel;
(5) supl.Pd, (4,) < n.

The desired result follows.

Exercise 11. Let 0>4'5454"50 be an exact sequence of left A-
modules. Establish the following:

1) of 1.Pd, (4) > 1.Pd, (4'), then 1.Pd, (4"} = 1.Pd , (4);

2) if 1.Pd, (A") > 1.Pd, (A), then 1.Pd, (4") = 1.Pd, (4")+1;

3) ¢f1.Pd, (A") =1.Pd, (A), then I.Pd, (A4") < 1.Pd ,(4)+1
Solution. Construct epimorphisms y': P’ > A’ and y": P" -~ A" with
P’ and P" projective, and put P = P’ @ P". Then P is also projective.

Since 7 is surjective and P” is projective, there exists a A-homo-
morphism @: P” — A such that 76 = {". Define

Yy:P—>A4A by y(p'.p")=a¢'(p")+0(p").
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Then ¢ is a A-homomorphism and the diagram

0 P’ >p P 0
v v v
0 — g A— A" >0

is commutative, where the upper row is formed in the canonical
manner. Accordingly if we relabel P’, P, P" as P,, F,, P; and use the
Ker-Coker sequence, we obtain a commutative diagram

0 0 0
‘ ¢./
0 A; Pg A" 0
o
0 .y p— A or
m
0 A] p— 0
0 0 0

with exact rows and columns.

Put k=min(l.Pd, (4'),1.Pd, (4)). If k=00, then we are in
situation (3) and, in this instance, the assertion is trivial. If k = — 1,
then either 4’ =0and 4 & 0, or A’ = A = 0. In both these situations
the statement to be proved is obvious. Thus we may suppose that
0 < k < o0. From here on we use induction on k.

Assume that k = 0. There are three possibilities namely (a) 4 + 0
and projective, but A’ is not projective; (b) 4 + 0, A" + 0and both are
projective; (¢) A’ & 0 is projective, but 4 is not projective. Now if 4"
is projective, then the sequence 0> A4’ — A4 —> A" - 0 splits. It follows
that, in case (a), A" is not projective and I.Pd, (4") ={.Pd, (4")+ 1.
Case (b) is trivial. Lastly, in case (c), A" is not projective because
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otherwise we should have an isomorphism 4 ~ 4’ @ A" contradicting
the assumption that 4 is not projective. Now in the last diagram we
may arrange, on this ocecasion, that A; = 0. Then 4, and A] are iso-
morphic and

1.Pd, (4) = 1.Pd, (4,)+1 = 1.Pd, (4})+1 = 1.Pd, (4").

This disposes of the case & = 0.
We now assume that 1 < k < oo and make the natural inductive
hypothesis. Then !.Pd, (47) =1.Pd, (4')—1 and

1.Pd, (4,) = 1.Pd, (4)—1.

If A” is not projective, then also [.Pd, (47) =1.Pd,(4")—1 and
everything follows by induction. Finally suppose that 4" is projective.
It is then possible to arrange that A7 = 0. This secures that 4; and 4,
are isomorphic and hence that [.Pd, (4') = 1.Pd, (4) = k. Also

1.Pd, (A" < k+1=1.Pd, (4)+1.
With this the solution is complete.

Exercise 12. Let ¢: A — A be a ring-homomorphism and suppose that
A s a non-trivial ring. Show that if U is a left A-module, then

1.Pd, (U) < 1.Pd, (A)+1.Pd, (D).

Solution. Put m = 1.Pd, (A). Then m > 0 and we may assume that
m < 0. We may also assume that [.Pd, (U) < co. The result will be
proved by induction on I.Pd, (U).

If 1.Pd,(U)= —1, then U = 0 and the assertion in this case is
trivial.

Next let I.Pd, (U) = 0. Then U is A-projective and hence a direct

summand of a free A-module @ A. It follows that U, considered as a
tel
A-module, is a direct summand of @ A also considered as a A-module.
el
Since [.Pd, (A) = m, Exercise 10 shows that [.Pd, (® A)=m.

el

Accordingly ; pq (77) < m = 1.Pd, (&) +1.Pd, (D).

Assume now that n > 0 and that the assertion holds for A-modules
whose projective dimensions do not exceed n. Let U be a left A-
module and suppose that {.Pd, (U) = n+ 1. We may construct, in

%,, an exact sequence 0—>V>F-U->0,



SOLUTIONS TO EXERCISES 97
where F is A-free. Then [.Pd, (V) = » and so, by our induction hypo-
thesis, 1.Pd, (V) < m+1.Pd, (V) < m+n.

But 0>V —>F—->U-0 is an exact sequence of A-modules and our
previous remarks show that I.Pd , () < m. Accordingly, by Exercise

1, 1.Pd, (U) < m+n+1=1.Pd, (A)+1.Pd, (V).
This completes the solution.

Exercise 13. Determine Pd, (Q) and 1d, (Z), where Q is the field of
rational numbers.

Solution. We can construct an exact sequence 0> 4 - F—> @ —0 in
% 5, where F is free and 4 is a submodule of F'. By (Chapter 2, Exercise
6), 4 is free and hence projective. Now @ is not projective. (For if it
were then, by (Chapter 2, Exercise 6), it would be free as well as
divisible. However no non-zero free Z-module is divisible.) It follows
that Pd, (@) = 1.

Consider the exact sequence

0>Z—->Q—>Q|Z~0.

Both @ and @/Z are divisible and therefore injective Z-modules by
(Chapter 2, Theorem 12). On the other hand, Z is not divisible and
therefore not injective. It follows that Id, (Z) = 1.

Exercise 14, Let {B;};.; be a family of left A-modules and let B be their
direct product. Show that

1.1d, (B) = supl.Id, (B,).
tel
Solution. The argument is a simple adaptation of that used to solve
Exercise 10.

Exercise 15. Show that GD (Z) = 1.
Solution. For every ideal I, of Z, we have an exact sequence
0->1>Z—-Z|I->0.

Now Z is projective and, if I + 0, I and Z are isomorphic Z-modules.
Consequently I is projective. It follows that Pd,(Z/I) < 1. Hence,
by Theorem 18, GD(Z) < 1. But, by Exercise 13, Pd, () = 1. It
follows that GD (Z) = 1.

Exercise 16. Suppose that
0>B>E,~>E,—~H,—...

4 NFC
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ts a minimal injective resolution of the left A-module B and let y be an
element of the centre of A which is not a zerodivisor on either A or B.
Show that if D = Im (Ey—> E,), then

0—>Hom, (A/yA, D)-Hom, (AJyA, E,\)>Hom, (A/yA, E,)— ...

18 a minimal injective resolution of the AlyA-module Hom, (A/yA, D).
Show also that Hom, (A/yA,D) and B|yB are isomorphic A[yA-
modules.

Solution. Let E be an injective A-module. Since multiplication by y
induces a monomorphism A — A, the resulting homomorphism

Hom, (A, E)>Hom, (A, E)

is epic. Accordingly Hom} (A, ) = y Hom, (A, E). However, by
{Chapter 2, Example 1), Hom , (A, E) and E are isomorphic A-modules.
Consequently £ = yE.

Let C be a A-module and 0:,y the submodule annihilated by y.
Then, as we saw in the discussion of (Chapter 2, Exercise 20), we have
a A/yA-isomorphism Hom, (A/yA, C) % 0:o7y which is natural for A-
homomorphisms f:C— C*.

Let 0>C'—C—>C"— 0 be exact in %, and consider the commuta-
tive diagram

0 '’ — > (" >0
Y Y Y
0 (0 > C” >0

The theory of the Ker—Coker sequence shows that we have an exact
sequence

0> (0:0Y) > (0:07) = (0:65y) = O [yC".
Accordingly if ¢’ = y(C’, then
0—>Hom, (A/yA,C")»>Hom, (A/yA,C)—Hom, (A/yA,C") -0

is exact in 5.

Put Dy=D and D;=Im(E;—E,,,) for ¢ > 1. Then D, is the
image of the injective A-module E; and we know that E; = yE,. Thus
0>D;~E,; ,—~D; ,—~0is exact and D; = yD,. Accordingly

0—Hom, (A/yA, D;)—Hom, (A/yA, E;;)—Hom, (A[yA,D;,;)—>0

is exact in %,,,,. Further D;— K, , is an essential monomorphism
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and E;,, is A-injective. It follows, from (Chapter 2, Exercise 20), that
Hom, (A/yA, D;)—Hom, (AJyA, E,,,) is an essential monomorphism
in €,,, and Hom, (A[yA, E,,,) is AfyA-injective. Accordingly

0—Hom, (A/yA, D)—-Hom, (A/yA, E,)->Hom, (AJyA, E,)— ...
is a minimal injective resolution of the A/yA-module Hom, (A/yA, D).
y ¥
We have B n Ker (E,— E,} = Ker (B—B) = 0 because y is not a

zerodivisor on B. It follows that Ker (EO—ZEO) = 0 because E, is an
essential extension of B. But yE, = E, because E, is injective. Thus
multiplication by 7y induces an isomorphism on E,. Consider the
commutative diagram

0 B >F, >D >0
Y Y Y
0 B >, >D >0

Since this has exact rows, the theory of the Ker—Coker sequence shows
that we have a A/yA-isomorphism 0:,y~ B[yB. It follows that
Hom, (A/yA, D)and BJyB are isomorphic in %, ,,, and this completes
the solution.

Exercise 17. Let B be a left A-module and y an element in the centre
of A whichis not a zerodivisor on either A or B. Supposethatl.1d, (B) < n,
where 1 < n < 00. Show that 1.1d ., (B/yB) < n—1.

Solution. Let 0B~ E;— E,— ... be a minimal injective resolution
of B. By Exercise 16,

0—Hom, (A/yA, D)—Hom, (A/yA, E,)—Hom, (A/yA, E;)— ...,

where D = Im (E,— E,), is a minimal injective resolution of the A[yA-
module Hom, (A/yA, D). By Theorem 20, E; = 0 for all ¢ > » and
hence Hom, (A/yA, E;) = 0 for all ¢ > n. Consequently

1.1dps (Homy (AfyA, D)) < n—1.

Exercise 16 also shows that Hom, (A/yA, D) and BJyB are isomor-
phic A/yA-modules. Accordingly I.1d,;,, (B/yB) < n—1 as required.

Exercise 18. Let I be a two-sided ideal of A and P a projective left
A-module. Show that P[IP is a projective left AJI-module.
4-2



100 A DERIVED FUNCTOR

Solution. Since P is projective there is a free A-module F and A-
homomorphisms o: P— F and 7: F — P such that 7o = ip. Let {e;},c
be a base for F and let €; be the natural image of ¢; in F/IF. An easy
verification shows that {¢,},. ; is a base for F/IF as a module over A/I,
so that, in particular, F'[IF is A/I-free.

The homomorphisms o and 7 give rise to A/I-homomorphisms
G:P[IP—F|(IF and 7:F|/IF->P[IP and their composition is an
identity map. It follows that & is a monomorphism and im7@ is a
direct summand of F/IF and therefore A/I-projective. But P/IP and
Im @ are isomorphic. Consequently P/IP is A/I-projective as well.

v ¢ v ¢
Exercise 19. Suppose that0->B—>X A4 —->0and 0>B—>X'>A4 -0
are exact sequences, and f: X — X' is a A-homomorphism such that the
diagram

XI
s commutative. Show that f is an isomorphism.

Solution. Suppose that f(x) = 0. Then ¢(x) = ¢'f(x) = 0 and hence
x = (b) for some beB. But y'(b) = fyr(b) = 0 and, since ¥’ is a
monomorphism, b = 0. Thus x = 0and therefore fis a monomorphism.

Now assume that 2’ € X'. Since ¢ is an epimorphism, there exists
re X such that ¢(x) = ¢’'(z’). Then ¢'(x’' — f(x)) = ¢'(2') — P(z) = 0.
Hence z' — f(x) = ¢'(b) for some be B. It follows that

f@@)+x) = ¢'(b)+f(x) = 2.

Thus f is also an epimorphism and hence an isomorphism.

Exercise 20. Show that if S is an extension of B by A, then
AYS) = A¥(S).

v ¢
Solution. Let S be the exact sequence 0B —>X —A->0. We can

-8 n
construct exact sequences 0> 4, P >4 >0and

[ a’
0—>B—>E->B,~>0,
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where P is projective and E injective. Hence we obtain commutative
diagrams 0

#

Hom,(B, B)

\

0——>Hom,(4, E)—>Hom,(X, E)——>Hom,(B, E)—>0

|

0——> Hom,(4, B,)—>Hom,(X, B;)—> Hom,(B, B,)

Ext}(4, B)

and 0

Hom,(4, 4)

0—>Hom,(P, B)—> Hom,(P, X)—> Hom,(P, 4)——>0

00— Hom,(4,, B)—> Hom,(4,, X)——>Hom,(4,, 4)

Ext}(4, B
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with exact rows and columns. Further A(S) resp. A%(S) is, by defini-
tion, the image of i resp. i, under the connecting homomorphism
arising from the first resp. second diagram.

Consider the first diagram. The image of ip in Hom, (B, E) is ¢”'.
Choose fe Hom, (X, E) to have image ¢’ in Hom, (B, E), i.e. so that
f¥ = o’. The image of f in Hom, (X, B,) is #'f. Accordingly, by the
theory of the connecting homomorphism (see section (3.4)), there
exists g€ Hom, (4, B,) such that g¢ = 7'f. Then AY(S) is the image g,
of g, in Ext} (4, B).

Let us now examine the second diagram. The image of 7, in
Hom, (P, 4)is m and there exists f' € Hom, (P, X) such that ¢f' = 7.
Further there exists ¢g’e Hom, (4,,B) for which 3¢’ = f'o. This
ensures that A2(8) is the image §', of ¢, in Ext}, (4, B).

Next the diagram

0 A, z P | 0
g JF Jg
0 —>p—7" F—2X—>B, 0

is commutative because ff'c =fyg’ = o'g’ and 7'ff = gof = gm.
Hence ¢’ and g are associated in the sense of section (3.2). It follows
that ' = g and therefore A%(S) = AYS).

'/’l ¢1 /8 ¢2
Exercise 21. Let 8,:0 > B X, > A0 and 8y:0>B-> X3 A0
be two extensions of B by A and suppose that they correspond to the

elements w, and w, of Ext} (4, B). Construct an extension of B by A
that corresponds to 0, + w,.

Solution. Let Y be the submodule of X; @ X, consisting of all pairs
(%y, x5) such that ¢,(x;) = @o(z,), and let Y’ be the submodule of
X, @ X, formed by all pairs (—y,(b), ¥,(b)), where be B. Then Y’ is

a submodule of Y. Put X = Y[Y’ and, if (x,,2,)€ Y, let (x,,x,)
denote its natural image in X. Define a A-homomorphism ¢:B— X

by #(b) = (¥1(8), 0) = (0, ¥5(8)). If now () = 0, then
(‘ﬁl(b), 0) = (— 'ﬁl(b,)’ 'ﬁz(b,))

for some b’ € B. Thus ¢,(b’) = 0 and, since ¥, is a monomorphism,
b’ = 0. It follows that i, (b) = 0 and hence that b = 0. This shows that
¥ is a monomorphism.
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Define a A-homomorphism ¢: X — 4 by ¢((2;, 2,)) = Py(x;) = ¢a(,).
It is easily verified that ¢ is well defined. Moreover, if ac 4, then
there exist z,€ X, and 2z,€ X, such that ¢,(x,) = ¢y(x,) = a. Hence
@ = ¢((x;, 2,)). This shows that ¢ is an epimorphism.

We claim that P
S) 0-B>X—>4-0

is an exact sequence and therefore it provides an extension of B by 4

For suppose that ¢((z, z,)) = 0. Then z, = ¥;(b;) and x, = ¥,(b,)
for suitable elements b,, b, in B. Accordingly

(21, 25) = (Y1(by +(0, Yry(by)) = Yr(by + by).

It follows that Ker ¢ = Im ¢ and, as the opposite inclusion is obvious,
this establishes our claim.

B a
Let0— A4, > P—>A - 0bean exact sequence in €, with P projective
and form commutative diagrams

s a

0 A4, P A 0
"1 71 ta
0 B i X, Z A 0
and
0 >4, L sp— sy 0
Ve
0 —B g X, —4 >
Next define a A- homomorphlsm T: P >Xbyr(p)= ( 1P), To(p)). This
is possible because ¢,7,(p) = P,75(p) = a(p). A straightforward veri-
fication shows that the diagram
0 >4, —P Y >0
Y1t72 l T lz 4
0 ~p—"—>x 4 >0

is commutative.
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Finally let Q:Hom, (4,, B) > Ext} (4, B) be the connecting homo-
morphism arising from the sequence 0— 4, P->4 0. By (3.9.9),
Q(y;1) = A(S;) = 0, and likewise Q(y,) = w,. It follows that

A(S) = Qy1+72) = Qy1) + Qy2) = 01+,

which shows that § is the required extension.



4

POLYNOMIAL RINGS AND
MATRIX RINGS

4.1 General

As usual A, T, A denote rings which have identity elements (but
which need not be commutative) and the symbols €,, €%, €% etc.
retain the significance given to them in section (1.1). We shall con-
tinue to use Z to denote the ring of integers and, when convenient,
identify the category of additive abelian groups with the category of
Z-modules. Throughout section (4.2), the letter « will be used for an
indeterminate. We recall that a non-triviel ring is one in which the
zero element is different from the identity element.

4.2 The polynomial functor

Let @ be an indeterminate and let us denote by A[x] the set of poly-
nomials in x with coefficients in A. Thus if f and ¢ belong to A[z],
then they are expressions of the form

F=2g+ A+ 2,22+ .. +A,,2™
and g =Ag+ A+ A2+ ..+ A, an,
where A; and A belong to A. Let us define the sum and product of f
MAIEY  f g = Qg+ A+ A+ A @+ A+ AP+,
and  fg = (AgAg) + (AgA] + A, A0)  + (Ag Az + A A+ A Ag) 22 + ..,

then the result is that A[x] becomes a ring having the constant poly-
nomials 040z + 022+ ... and 1+ 0x+0z%+ .., as its zero and identity
element respectively.

The indeterminate x may be identified with the polynomial

0+ 14022+ 03+ ...

and if this is done then z belongs to the centre of A[x] and is not a
zerodivisor. Note that if A is non-trivial, then x is also a non-unit of
Alz].

[ 105 ]
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Consider the mapping A[z] - A in which each polynomial is mapped
on to its constant term. This is a surjective ring-homomorphism whose
kernel is the (two-sided) ideal (x) = xA[x] generated by «. It follows
that Alz]/(x) and A are isomorphic rings. We normally identify them

and write Alz]/(@) = A. (4.2.1)

Let 4 be aleft A-module. We may also consider formal polynomials
in z with coefficients in A. The set of all such polynomials is denoted
by A[z]. Thus each element £ of A[«] is an expression of the form
£ =agta,x+a,2%+ ... +a,a%, where a,,a,, a,, etc. belong to 4. It is
clear how members of 4[x] are to be added and it is also clear that,
once addition has been defined, 4[x] constitutes an abelian group.

Suppose that f = Ag+Az+...+A,2™ and £ = qg+a,2+... +axs
belong to Alx] and A[z] respectively. We define the product f§ by

JE = (Ro@) + (A1 + A1) X+ (A9 @y + A1y + Apatg) 22 + ...
and it is now apparent that 4[x] has taken on the structure of a left
Alxz]-module. However we can say more. Suppose that u:4 > Bis a
homomorphism of left A-modules. This will induce a A[x]-homo-
morphism 4[x]— Blz] in which ay+a,x + a,2% + ... in A[z] is mapped
into the element u(a,) +u(a,) x +u(a,)2*+ ... of B[z]. In fact we have

constructed a covariant functor from €% to €%;,). This will be called
the polynomial functor.

Exercise 1. Show that the polynomial functor is exact. Show also that
if the left A-module A is free, then A[x] is a free Alx]-module. Deduce
that a left A-module B is A-projective if and only if Blx] is Alx]-
projective,

As an application we shall prove

Lemma 1. Let A be a left A-module. Then
1.Pd, (4) = 1.Pd,,y (A[x]).
Proof. Let n > 0be an integer and let us construct an exact sequence
0->4,-P,_ ;.. >P>F—+>A-0,

where each P, is A-projective. Applying the polynomial functor we
find, using Exercise 1, that

0—>A4,[x]—=P,_i[x]—>... > P[x] > F[x] > A[x] >0

is an exact sequence of A[x]-modules in which each P[x] is Alx]-
projective. Next . Pd, (4) < nif and only if 4,, is projective, whereas
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1.Pd,; (A[x]) < = if and only if 4,[x] is A[x]-projective. However,
by Exercise 1, for 4,, to be A-projective it is necessary and sufficient
that A4,[x] be A[x]-projective. Thus I.Pd, (4) < n is equivalent to
1.Pd,, (A[x]) £ n and now the lemma follows.

We recall that I. GD (A) denotes the left global dimensiont of A.

Theorem 1. If A is a non-trivial ring, then
1.GD (A[z]) = I.GD (A) +1.

Proof. If 1.GD (A) = oo, then I.GD (A[x]) = oo as well by virtue of
Lemma 1. We may therefore suppose that !.GD(A) = n, where
0 < n < o0. In this case there exists a A-module 4 such that

1.Pd, (4) = n.

It follows, from (4.2.1), that . Pd 1y (4) = » and now, by (Chapter 3,
Theorem 21), we have {.Pd,;(4) = n+ 1. Accordingly

1.GD (A[z]) = n+1.

To complete the proof we shall assume that M is a left A[x]-module
and show that I.Pd, (M) < n+1. To this end let ¥V consist of all
sequences {mg, My, My, ...}, where m;e M and almost all the m, are
zero. Then N becomes an abelian group if we add two such sequences
term by term. We can now turn & into a left Alx]-module in such a
way that (Az”) {mg, My, My, ...} = {fto, oy, oy -}
where pu; =0 if j < v and u; = Am,_, if 4+ > v. In order to identify
this module, we observe that the mapping A— A[x] which takes
Ae A into the corresponding constant polynomial is a ring-homo-
morphism. Let us use it to regard M as a A-module. If we do this and
then form M([z], it is clear that N and M[x] are isomorphic A[x]-
modules under an isomorphism in which {mgy, m,, m,, ...} corresponds
to the polynomial with the m; as coefficients. It follows that

1. Pdy (V) = 1. Py (M) = 1.Pd, (M)

by Lemma 1. Consequently I.Pd, ., (N) < n.
We next define a mapping ¢: N — M by requiring that the image
of {my, my, my, ...} be ¥ xim,. (Remember that M is a A[x]-module.)
1

Then ¢ is surjective and an easy verification shows it to be a A[z]-

homomorphism.
1 See section (3.7).



108 POLYNOMIAL RINGS AND MATRIX RINGS

Suppose now that {m,, m,, ms, ...} belongs to Ker ¢. Then X x'm; = 0.

Put Mo = — (my +amy+?mg+...),
M = — (Mg +xmg+x2my+...),
Hfo = —(mg+axmy+aximg+...)

and so on. It follows that {u,, #,, s, ...} belongs to N and also that

{mo, my, My, ...} = {pto, Ty — pooy Tpos — o, .- }-
We can, in fact, obtain a mapping N - Ker ¢ by associating the ele-
ment {s,, fy, #s, ...} of N with the element

{2po, Tps — pho, Tppa =ty -}

of Ker ¢. This particular mapping is compatible with addition and
we have just proved that it is surjective. Also if y; + 0 and u; = 0 for
all j > s, then xp,, , —p, + 0. It follows that N —>Ker¢ is an iso-
morphism of abelian groups and an easy verification shows that it is
indeed an isomorphism of Afx]-modules. Thus we have an exact

sequence é
0>N->N->M->0

of Alx]-modules. Accordingly, by (Chapter 3, Exercise 11),
1.Pdy (M) < 1.Pd i (V) + 1.

Since we have already shown that {.Pd,; (V) < n, this completes
the proof.

This result is readily generalized. Let z,, x,, ..., %, be distinct inde-
terminates. Then we can form, in an obvious manner, the ring
Aly, x5, ..., %] of polynomials in «,,,, ..., x, with coefficients in A.
Here it is understood that the various indeterminates commute with
one another and also with the elements of the ground-ring A. Thus
2y, Xy, ..., X, are all in the. centre of Alzy,x,, ...,x,]. Suppose, for the
moment, that ¢ > 2 and put A* = Afx,,2,,...,%,_,]- Then every
member of Afz;,%,, ...,x,] may be regarded as a polynomial in z,
with coefficients in A* so that we have, in fact, a ring-identity

Az, g, ..oy Xg_q, ] = A¥[x,].

In view of this Theorem 1 yields, by a straightforward induction on
the number of variables, the following more general result.

Theorem 2. Let A be a non-trivial ring and let x,,x,, ..., x, be indeter-

minates. Then
1.GD (A[zy, %y, ..., 2]) = 1.GD (A) +s.
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Exercise 2. Let A be a non-trivial ring and zy, ,, ..., x,indeterminates.
Put Alx] = Alxy, @, ..., x,]. Show that

1.Pd, i {Alx]/ (2, Alx] + 2 Al2] + ... + 2, Al2])} = s.
There is a special case of Theorem 2 which, for historical reasons,
merits a special mention. This is

Theorem 3. Let K be a field and x,,x,, ..., 2z, indeterminates. Then
GD (K[xy, 25, ..., %]) = 8.

Remark. This result is known as Hilbert’s Syzygies Theorem.

Proof. By Theorem 2 it is enough to show that GD (K) = 0, i.e. that
every K-module is projective. But a K-module is just a vector space
over K and as such it possesses a base. Accordingly every K-module
is free and with this the proof is complete.

4.3 Generators of a category

The ring A can be regarded as a left module with respect to itself,
that is to say it can be regarded as an object of the category %¥%.
Of course, it is a very special object. In terms of a concept to be intro-
duced shortly, its important properties are described by saying that
A is a generator of the category. However there are other modules
which share these properties. We shall characterize the typical
generator K by means of the functor Hom, (K,-) to which it gives

rise.

To this end let F: %, ->%, be an additive covariant functor and
suppose that C, D are A-modules. If now fe Hom, (C, D) then F(f)
belongs to Hom, (F(C), F(D)) and the association of F(f) with f
provides a homomorphism

Hom, (C, D)~ Hom, (F(C), F(D)) (4.3.1)
of abelian groups.
Definition. The additive covariant functor F:€, —%€ , is said to be
‘faithful’ if (4.3.1) is a monomorphism for all choices of C and D.

Let K be a A-module. Then Hom, (K, -) is an additive covariant
functor from %, to € ,.

Definition. The A-module K 15 said to be a ‘generator’ of the category
€ \ if the functor Hom, (K, -), from €, to € ,, ts faithful.

Theorem 4. Let K be a generator of €, and A a A-module. Then A is
the sum of its submodules f(K), where f ranges over Hom, (K, 4).
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Proof. Let B be the sum of the submodules f(K) and let ¢: 4> A4/B
be the canonical homomorphism. Put F = Hom, (X, ). Then

F(¢):Hom, (K, A)—~Hom, (K, A/B).
Indeed if fe Hom, (K, A), then

F@)(fy=of=0

because f(K) < B = Ker¢. Thus F(§) = 0 and therefore ¢ = 0 be-
cause I is faithful. It follows that B = 4 as required.

Theorem 5. Let K be a generator of € , and A a A-module. Then A is
a homomorphic image of a direct sum of copies of K.

Proof. We define a module C by

C= Y K (direct sum),
Homy (K, 4)

le. C is a direct sum in which each summand is K and there is one
summand for every member of Hom, (K, 4). A typical element of C
is a family {a/}se mom, (&, 4) Where a,€ K and almost all «; are zero.

Let :C— A be the A-homomorphism in which the family {«,} is
mapped into ¥ f(e;). Obviously, for each f in Hom, (K, 4), ¥(C)

f

contains f(K). It follows, from Theorem 4, that y(C) = A. This
completes the proof.

We are now in a position to describe the typical. generator of €,
in module-theoretic terms.

Theorem 6. Let A be a non-trivial ring and let K be a module in €.
Then K is a generator of €, if and only if there is a direct sum of copies
of K which has a non-zero free module as a direct summand.

Proof. Suppose first that K is a generator. By Theorem 5, we can
construct an exact sequence 0>B—>C—A—0in %,, where C is a
direct sum of copies of K. But A is projective and therefore, by
(Chapter 2, Theorem 5), the sequence splits. Consequently A is iso-
morphic to a direct summand of C.
Now assume that C is a direct sum of copies of K, say C = @ K,
I

and that ® + 0isa free submodule of ' which is also a direct summand
of that module. Evidently we may suppose that @ has a base con-
sisting of a single element e (say).
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Let 4 be a A-module. By (Chapter 2, Theorem 2) we have an iso-
morphism
Hom, (C,4) 3 TT Hom, (K, 4)
I

of abelian groups in which f in Hom, (C, 4) is mapped into {fo},.;,
where o,: K > C is the typical embedding homomorphism. Further if
u:4—->A"is a A-homomorphism, then the diagram

Hom,(C, 4) — IT Hom,(K, 4)

1

Hom,(C, 4") — 1 Hom,(K, A’)
1

is commutative. Here the right vertical homomorphism is induced
by % on a term by term basis.

Assume that u:4—> A4’ is such that the induced homomorphism
Hom, (K, 4)—Hom, (K, A’) is null. We wish to show that u itself
is a null homomorphism. Now the above remarks show that

Hom, (C,4)—>Hom, (C, 4")

is null, that is to say ug = 0 for every g in Hom, (C, 4). Thus ug(e) = 0
for all such g. But we can arrange that g(e) is any prescribed element
of 4. Consequently u(a) = 0 for all e 4, and with this the theorem
is proved.

Corollary. Any non-zero free A-module is a projective generator for € ,.
We mention briefly the dual theory. Let T: €, — %, be an additive
contravariant functor, then when 4 and B are A-modules 7" induces a
homomorphism
Hom, (4, B)~>Hom, (T(B), T(4)) (4.3.2)
of abelian groups.

Definition. The contravariant functor T:€,—>%, is said to be
‘faithful’ if (4.3.2) is @ monomorphism for all choices of A and B.

Let M be a A-module. Then Hom, (-, M) is an additive contra-
variant functor from €, to €. If this functor is faithful, then M is
called a cogenerator of € ,.

Exercise 3. Let E be an injective A-module containing ® A[L, where
L

L ranges over all the maximal left ideals of A. Show that E is an injective
cogenerator of € ,.
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4.4 Equivalent categories

It can happen that two categories of modules, say %, and €, have
almost identical properties even though the rings A and A differ in im-
portant respects. (For example one of the rings might be commutative
and the other not.) However the resemblance between the two cate-
gories suggests that A and A will have similar homological properties.
Itis thisidea that we shall investigate in the remainder of this chapter.
Suppose that F': ¢, - %, is an additive covariant functor and that
A, B are A-modules. Then, as we noted in section (4.3), F will induce a
homomorphism Hom, (4, B)->Hom, (F(4), F(B)) (4.4.1)
of abelian groups.
Definition. The additive covariant functor F: €, —%, is said to be
‘fully faithful’ if (4.4.1) is an isomorphism for all choices of A and B.

Exercise 4. The additive covariant functor F: €, —€ 5 18 fully faithful
and f: A — B is a homomorphism in € . Show that f is an isomorphism
of and only if F(f) is an isomorphism.

We introduce a further definition.

Definition. The covariant functor F: €, —~%, is called an ‘equiva-
lence’ if it is additive and there exists an additive covariant functor
G: 6 ,—C, such that GF is naturally equivalentt to the identity functor
on €, and FQG is naturally equivalent to the identity functor on € 4.

If there exists an equivalence from €, to € ,, then we say that the
categories %, and €, are equivalent. Equivalence between categories
is obviously reflexive and symmetric. An easy verification shows that
it is also transitive. When F and @ are as described in the definition,
they are referred to as inverse equivalences.

Let F:6,—>%, and G:%,—>%, be covariant functors. For the
moment we shall not make any assumptions about additivity.
Denote by I, respectively I, the identity functor on %, respectively
%, and suppose that we are given natural equivalences 7:1, -~ GF
and {:I, - FG. In this situation let f: A — B be a A-homomorphism.
We then have a commutative diagram

A / B
Na 7B
GF(A) V) . qF(B)

T See section (1.7) for the definition of naturally equivalent functors.
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in which %, and 55 are A-isomorphisms. It follows that the mapping
which carries f into GF(f) is a bijection of Hom, (4, B) on to

Hom, (GF(4), GF(B)).
Consequently the mapping
Hom, (4, B)>Hom, (F(4), F(B))
induced by ¥ and the mapping
Hom, (F(4), F(B))>Hom, (GF(A4), GF(B))

induced by G are injective and surjective respectively.
Let K and M be A-modules and put G(K) = A’ and G(M) = B’.
We then have a bijection between Hom, (K, M) and

Hom, (F(A4"), F(B"))
such that if g in Hom, (K, M) corresponds to ¢ in
Hom, (F(4), F(B)),

then the diagram
K ! M
145 Cur
) ¢ /
F(A’) F(B)
is commutative. Let g and ¢ correspond in this way. Then
G(K) ) (M)
G(Cx) G(Em)
GF(A") 9) GF(B)

is also a commutative diagram and the vertical mappings are A-
isomorphisms. Now the results of the last paragraph show that every
A-homomorphism from GF(A4’) to GF(B’) is of the form G(¢). Con-
sequently every member of Hom , (G(K), G(M)) is of the form G(g).
However the relation between F and G is symmetrical and therefore
a similar conclusion applies to the members of Hom, (¥ (4), F(B)).
Collecting together the information we have derived concerning F,
we arrive at the following result: the mapping

Hom, (4, B)>Hom, (F(4), F(B))



114 POLYNOMIAL RINGS AND MATRIX RINGS

induced by F is a bijection. In particular, if F: € ,— %, is an equiva-
lence, then it is fully faithful.

Exercise 5. Let F: €, %, be an additive covariant functor and let
G: b\ —F , be a covariant functor in the reverse direction. Assume that
GF resp. FG is naturally equivalent to theidentity functor on € , resp. € 5.
Show that G is also additive. (Thus F and G are inverse equivalences.)
We are now ready to give a useful characterization of equivalences.

Theorem 7. Let F: €, % , be an additive covariant functor. Then in
order that F should be an equivalence it is necessary and sufficient that
the following two conditions be satisfied :
(@) F is fully faithful;
(b) to each module in € , there shall correspond an tsomorphic module
of the form F(4).

Proof. We shall assume that (a) and (b) hold and deduce that F is
an equivalence. The converse follows at once from what has already
been established.

Let K belong to €, and, using (b), construct an isomorphism

{x:K > F(A), where A is a suitable A-module. Define G(K) by
G(K) = A4 so that {: K— FG(K). Now suppose that v: K - K’ in €.
There then exists a unique A-homomorphism g: FG(K) - FG(K') with
the property that i = {xv. It follows, from (a), that there is a
unique member of Hom, (G(K), G(K')) which is transformed by F
into f. This member will be denoted by G/(v). Accordingly

G(v): A K)—>G(K")
is a A-homomorphism which is characterized by the property that the

diagram v

K K’
x Lk
FG(K) oW . FG(K')

is commutative. Evidently G (identity) = identity. Also if v": K’ —> K"
is another A-homomorphism, then G(v'v) = G(v') G(v). Thus we have
constructed a covariant functor G: %, —%, which is such that the
{x provide a natural equivalence between the composite functor FG
and the identity functor I,.
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Now suppose that 4 is a A-module. Then
{rar F(A)>FGF(4)
is a A-isomorphism. It follows, from (a), that there exists a unique

homomorphism 7.0 A ->GF(A)

in €, such that F(y,) = {p). Further, by Exercise 4, %, is an iso-
morphism. Let v:4 > 4" be a A-homomorphism and consider the
diagram

A = A’
N4 jﬂA' (4.4.2)
GF(A) erw QF(4’)

It is clear that, on applying F, the resulting diagram is commutative.
It follows, again from (a), that (4.4.2) is itself commutative. Accord-
ingly the 3 4 collectively constitute a natural equivalence between the
identity functor I, and GF. To complete the proof it suffices to show
that @ is additive. This, however, is a consequence of Exercise 5.

Exercise 6. Let F: €, —~%, and G: € ,—F€, be inverse equivalences.
Show that if A is a A-module and K a A-module, then there exists an
isomorphism
Hom, (4,3(K)) > Hom, (F(4), K)

of abelian groups which is natural for homomorphisms A' > A and
K—>K'in €, and € , respectively.

At this point the question arises as to the extent to which equivalent
categories resemble one another. This will now be investigated.

Lemma 2. Let F: €, >% , be an equivalence and suppose that ¢: A -~ B
and yr: B—>C are A-homomorphisms. Then

¢ ¥
(@) the sequence 0— A —> B—> C is exact in €, if and only if

F(g) @)
0—>F(4)—> F(B)—— F(C)

is exact in € ;

¢ v
(b) the sequence A - B— C—0 is exact in G, if and only if

F($) Fp)
F(4)— F(B)— F(C)—0

is exact in G 5.
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Proof. First assume that the sequence
F(¢) F@)
0—>F(4A)—> F(B)— F(C)
is exact. Then F(yr¢) = 0 and therefore yr¢ = 0 because, by Theorem 7,
F is fully faithful. Now let f: D — B be a A-homomorphism such that
Y¥rf = 0. Further let g: D— A be a typical member of Hom, (D, 4).

In order to showt that 0> A4 i Bi C is exact it will suffice to prove
that there is a unique g such that ¢g = f. But F(¢) F(f) = 0. Con-
sequently there is a unique A-homomorphism y:F(D)- F(4) such
that F(f) = F(¢)y. But, by Theorem 7, ¢g = fif and only if

F(f) = F(¢) F(g)

that is if and only if F(g) = y. A further appeal to Theorem 7 shows
that there is a unique g with this property.

Next suppose that 04 i Bi C is exact and let G: %, —~>%, be
an equivalence inverse to F. Then 0—GF(A)—~>GF(B)—GF(C) is
exact, The results of the last paragraph applied to the equivalence @
allow us to conclude that

0—>F(4)—F(B)—>F(C)
is exact. This disposes of (@) and (b) may be dealt with similarly.

Theorem 8. If F: €, —~>%, is an equivalence, then the functor F is
exact.

Proof. This is an immediate consequence of Lemma 2. However, as
the next theorem shows, we can say a great deal more.

Theorem 9. Let F: €, —~%, be an equivalence and let ¢: A — B and

¢ ¥
¥r: B—>C be A-homomorphisms. Then A B—C is exact in €, if and
F@)

only if F(A)ﬂ‘i F(B)—> F(C) s exact in 6 ,.

Proof. We shall assume that F(4)— F(B)— F(C) is exact and deduce

that 4 - B Cis exact. The converse follows by virtue of Theorem 8.
Let G: € , — € 4 be an equivalence inverse to ¥'. Then, by Theorem 8,

G'is exact and therefore GF(4)— GF (B)— GF(C) is an exact sequence.

However this obviously implies that 4 -~ B—C is exact as required.

Exercise 7. Let F: €, —% , be an equivalence and let K be a A-module.
Show that K is a generator of €, if and only if F(K) is a generator
of € 4.

1 See Chapter 1, Supplementary Exercise C.
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Theorem 10. Let F: €, %, be an equivalence and let A, B be A-
modules. Then

(@) A is A-projective if and only if F(A) is A-projective;

(b) B is A-injective if and only if F(B) is A-injective.
Proof. Let G:€,—>%, be an equivalence inverse to F. We shall
make use of the natural isomorphism

Hom, (4, G(K)) ~ Hom, (F(4), K) (4.4.3)

introduced in Exercise 6.

Suppose that 4 is A-projective and let 0> K’'—> K — K" -0 be an
exact sequence in €,. Since G is exact (Theorem 8), the induced
sequence 0> G(K') - G(K)~>G(K") -0 is exact in €, and therefore

0—Hom, (4, (K"))>Hom, (4, G(K))—~Hom, (4, G(K")) >0
is also exact because 4 is A-projective. It follows, from (4.4.3), that
the sequence

0—>Hom, (F(4), K')>Hom, (F(4), K)—>Hom, (F(4),K")—=>0
is exact as well. This proves that F(4) is A-projective.

Next suppose that F(4) is A-projective. Then the reasoning just
given shows that GF(4) is A-projective. But 4 and GF(4) are A-
isomorphic. Consequently 4 is A-projective and now (a) is proved.
A simple adaptation of the argument yields a proof of (b).

Theorem 11. Let F:€,—>%, be an equivalence and let A, B be A-

modules. Then
(1) the projective dimensions of A and F(A) are equal;
(2) the injective dimensions of B and F(B) are equal.

Proof. We use our customary notation for projective dimension and
begin by showing that Pd, (¥(4)) < Pd, (4). For this we may suppose
that Pd, (4) = », where 0 < n < 00. In these circumstances there

exists an exact sequence
0->P, P _,—>..>P—->F—->4-0,
where each P, is A-projective. But, by Theorem 8, ¥ is exact. Con-
sequently we have, in €, an exact sequence
0—>FP)>F(P,_))>...>F(P)—>F()~>FA)->0
and, by Theorem 10, F(P,) is A-projective. This shows that
Pd, (F(4)) < n = Pd, (4)
and establishes the desired inequality.
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Let G: ¢, > %, be an equivalence inverse to F. Then GF(4)and 4
are A-isomorphic modules and our previous considerations show that
Pd, (GF(A)) < Pd, (F(4)). Accordingly Pd, (4) < Pd, (F(4)) and
with this (1) is proved. Similar considerations yield (2).

From (Chapter 3, Theorem 17) we know that

sup Pd, (4) = sup Id, (B).

Ae€y Beéy
Put GD(¢,) = sup Pd, (4) = sup Id, (B) (4.4.4)
Ae€, Be¥,
so that, with the notation of section (3.7),
@D (%) =1.GD(A) (4.4.5)
and GD(%%) = r.GD (A). (4.4.6)

Theorem 12. Let F: %, —>% , be an equivalence. Then
GD (%,) = GD (%,).

Proof. Every A-module K is isomorphic to a module of the form
F(4) and, for such an 4,Pd, (K) = Pd, (F(4)). Hence, by Theorem
11,
GD (¢,) = sup Pd, (F(A4)) = sup Pd, (4) = GD(%,).
AeFp AeCy

We shall now digress a little in order to prepare the way for an
application of these results. Let B be a A-module. Then Hom, (B, B)
is certainly an abelian group. Suppose that f and g belong to

Hom, (B, B).

Then each of them is a A-homomorphism of B into itself. Accordingly
gf, that is the A-homomorphism which maps the element be B into
g(f(®)), also belongs to Hom, (B, B). Thus the elements of Hom , (B, B)
may be multiplied as well as added and indeed they form a ring. This
ring, which is called the endomorphism ring of B, will be denoted by
End, (B). It has iy as its identity element and the zero element is
the null homomorphism of B into itself. We recall that an element of
aring is called a unst if it has a two-sided inverse. The units of End, (B)
are the automorphisms of B.

Exercise 8.% Let E be a non-zero, injective A-module. Show that the
following statements are equivalent :

(@) E has no non-trivial direct summands;

(b) E is the injective envelope of each of its non-zero submodules;
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(¢) every pair of non-zero submodules of E has a non-zero intersection;

(d) the non-units of End, (E) form a two-sided ideal.

For the reader’s interest we mention that a non-zero injective mo-
dule E having the four equivalent properties listed in Exercise 8 is
called an indecomposable injective. We return to the main discussion.

In order to be more explicit let us work in the category ¢%. Then
B will be a right A-module. Put Q = End, (B) and, if be B and ¢ € Q,

write b = ().

It is easy to check that this turns B into a left 2-module, i.e. B belongs
to €5. In fact if e Q and A€ A, then

POA) = ($(0)) A = ($b) A.

In other terms, B is a (A, Q)-bimodule with A operating on the right
and Q on the left. Now the Hom functor is contravariant in its first
variable. It follows that Hom, (B, -) is an additive covariant functor
from €% to ¢E. Note that if fe Hom, (B, 4) and ¢eQ, then the
product of f and ¢ with respect to the structure that Hom , (B, 4)
possesses as a right Q-module, is simply the composition f¢ of the
homomorphisms ¢:B->B and f: B— A. In particular, taking A = B,
Hom, (B, B) constdered as a right Q-module s just the ring Q regarded
as a right module with respect to itself in the usual way.

Theorem 13. Let B be a right A-module and put Q = End, (B).
Fugrther let Hom, (B,-) = F (say) be considered as a covariant functor
from €% to €E. Then the mapping

Q = Hom, (B, B)>Hom, (F(B), F(B)) = End, (Q) (4.4.7)
induced by F is a ring-isomorphism.
Proof. Let ¢, ¢, and ¢, belong to Hom, (B, B) = Q. Then
F(py+pp) = F(d1) +F(gy),

because F is additive, and F(ip) = ¢, because F is a functor. Next
F(¢) = Hom, (B, ¢) and therefore, if we €,

(F(9)) (0) = do. (4.4.8)
Accordingly
(F(p16)) (@) = $1$20 = $1((F (D)) (w))

whence F(¢$,¢,) = F(¢,) F($,). This shows that (4.4.7) is a ring-
homomorphism and, by (4.4.8), it is clearly an injective mapping.
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Finally let ae Homg (€, Q) it being understood that « is in €§.
Put = a(1,). Then yre Hom, (B, B) and for we Q we have

(F() (@) = Yo = a(lg) o = a(w)

whence F (i) = a. Thus our ring-homomorphism is also a surjective
mapping and now the proof is complete.

For the next theorem we assume that B is a right A-module and
that {4,};; is a family of right A-modules. The direct sum of the 4,
is denoted by 4 and m;: 4 - A4, is used to indicate the canonical pro-
jection of 4 on to the summand 4,.

Theorem 14, Let the situation be as described above. If the A-module
B is finitely generated, then there is an isomorphism
Hom, (B, 4) ~ @ Hom, (B, 4,)
el

(of abelian groups) such that f in Hom , (B, A) corresponds to {m;f};.; in
® Hom, (B, 4,). If Q = End, (B), then the same mapping is also an
iel

tsomorphism of right Q-modules.

Proof. The fact that B is finitely generated ensures that 7,f is a null
homomorphism for almost all + and hence that {mf},; belongs to
@® Hom, (B, 4;). The mapping which takes f into {m,f},; is a homo-

iel

morphism of abelian groups which is obviously a monomorphism. Let

{9:}ier belong to @ Hom, (B, 4,) and, for be B, put g(b) = {g;(b)};cs-
el

Then ge Hom, (B, 4) and it is mapped into {g;};;. This proves that
we are dealing with an isomorphism of abelian groups.

Finally assume that fe Hom, (B, 4) and that ¢ Q. As already
observed, the product of f and ¢ when Hom, (B, 4) is regarded as a
right Q-module is the composite homomorphism f¢. If the iso-
morphism is applied to this product, then we obtain {m;f¢};.; which
is none other than the product of {m,f},.; and ¢. Accordingly the
isomorphism is not only an isomorphism of abelian groups, but also
an isomorphism of Q-modules.

4.5 Matrix rings

In this section we shall be working primarily in €%. If 4 is a A-module

and I is an arbitrary set, then as in previous similar situations @ 4
I

will denote a direct sum in which all the summands are equal to 4
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and there is one of them for each member of I. Likewise [T 4 will
I

denote the direct product in which every factor is 4 and there is one
factor for each element of the set I.

Lemma 3. Let B be a finitely generated, right A-module and put
Q = End, (B). Suppose that C = @ B and D = @ B. Denote by F the
1 J

additive functor from €% to €E given by F = Hom, (B,-). Then the
homomorphism g (€, D) Homy, (F(C), F(D))

(of abelian groups) induced by F is an isomorphism.

Proof. We shall show that the lemma can be reduced to the case
where € = B and D = B. In this situation the desired result follows
by Theorem 13.

Let o,: B—~C resp. n;:C— B be the i¢th injection resp. projection
homomorphism. By Theorem 14, there exists an Q-isomorphism

Hom, (B,C)> ® Hom, (B, B),
I

that is an Q-isomorphism

FC)> €{> F(B),

in which f in Hom, (B, C) corresponds to {7, f};c; = {(F(m,)) (f)}ies in
@ Hom,, (B, B). It follows that, for each ¢/, the diagram
1

F(B)
F / Xmﬁctlon

O)——=——=@F(B)

is commutative. Using this together with (Chapter 2, Theorem 2) we
obtain isomorphisms (of abelian groups)

Hom,, (F(C), F(D)) ~ HomQ(eI) F(B), F(D)) ~ III Hom, (F(B), F(D)).

To see how these operate, suppose that ¢ in Hom (F(C), F(D))
corresponds to yr in Hom, (® F(B), F(D)) and to
I

{idier in lI_[Homn (F(B), F(D)).
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Then we have a commutative diagram

th injection ¥

FB) " > 0 () —F—F(D)
F(g,) @

F(C)

and, by (Chapter 2, Theorem 2), ¢, is the result of combining the two
mappings in the upper row. Accordingly ¢ in Hom, (F(C), F(D))
corresponds to {¢F(0;)};; in [1 Homg, (F(B), F(D)). Again

3

Hom, (C,D) = Hom, (® B,C) = I] Hom, (B, D),
I I

where g in Hom, (C, D) corresponds to {go;};c; in [T Hom, (B, D).
1

Consider the diagram

Pt

Hom,(C, D)

IT Hom,(B, D)
I

Homg(F(C), F(D))———=—1I Homy(F(B), F(D))
1

Here the horizontal mappings are the isomorphisms already en-
countered. The left vertical mapping is induced by F and the right
vertical mapping is also induced by F but this time on a term by
term basis. The observations of the last paragraph show that the
diagram is commutative. We wish to show that the vertical mapping
on the left is an isomorphism. This will follow if we can prove that
the homomorphism

Hom, (B, D)~ Hom,, (F(B), F(D)),

induced by F, is an isomorphism. Accordingly we may make an
entirely fresh start and suppose from here on that C = B.

Let p;: D— B be the jth projection. Since B is finitely generated
we have, by Theorem 14, an Q-isomorphism

Hom, (B, D) > @ Hom, (B, B) (4.5.1)
J
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in which f in Hom, (B, D) corresponds to {p;f},c; = {(F(9;)) (f)}jer
in ® Hom, (B, B). It follows that, for each j in J, the diagram
J

Hom (B, D)————> @HomA(B, B)
F(py) jth projection

Hom,(B, B)

is commutative, that is to say

is a commutative diagram in ¥%. Using the horizontal mapping we
arrive at isomorphisms

Hom,, (F(B), F(D)) ~ Hom, (F(B), EJi-) F(B)) ~ G—J) Hom, (F(B), F(B))

of abelian groups. Note that the second isomorphism follows from
Theorem 14 as soon as it is observed that F(B) is a finitely generated
Q-module. (In fact F(B) is Q itself considered as a right Q-module.)
To see how the isomorphisms work, let ¢ in Homg (F(B), F(D))
correspond to ¥ in Hom, (F(B), ® F(B)) and to {¢},.; in

J

@ Homg, (F(B), F(B))

Then v jth projection

F(B)————— ® F(B)————>F(B)

J
¢ F(p,)

F(D)

is a commutative diagram and the result of composing the two
homomorphisms in the upper row is ¢,. Accordingly the member of
@ Hom, (F(B), F(B)) that corresponds to ¢ is {F(p;) ¢};es-

J
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Consider the diagram

T —

Hom,(B, D) > ®Hom,(B, B)
J

Homg(F(B), F(D))———> ®Homq(F(B), F(B))

where the horizontal mappings are the isomorphisms previously
investigated and both the vertical mappings are induced by F. The
observations of the last paragraph show that the diagram is com-
mutative. By Theorem 13, the homomorphism

Hom, (B, B) > Hom, (F(B), F(B)),
which F induces, is an isomorphism. Accordingly
Hom, (B, D)—-»Hom,, (F(B), F(D))
is also an isomorphism and with this the proof of the lemma is complete.
We come now to the main result of this section.

Theorem 15. Let B be a finitely generated, projective generator of €%.
Pyt F = Hom, (B,-) and Q = End, (B). Then F:¥%->%Eg is an
equivalence.

Proof. Let I be any set. By Theorem 14,
F(® B) = Hom, (B,® By~ @ Hom, (B,B) = @ Q
I I I I
and the isomorphism in the middle is an isomorphism of Q-modules.
Accordingly F(@® B) is a free right Q-module and every free right
I

Q-module is isomorphic to a module of this form. The functor F is
additive. We shall show that it is an equivalence by making use of
the criterion provided by Theorem 7.

Let M be a right Q-module. It is possible to construct an exact

sequence P
FleB)->F@B)->M->0
J I

of Q-modules. By Lemma 3, there exists a A-homomorphism
ff®oB->®B
J I
such that F(f) = ¢. Using f, we construct an exact sequence

5
®@B>@®B->A-+0
J 3
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in €, and we apply the functor F to this sequence bearing in mind
that F is exact because B is projective. In this way we arrive at the
exact sequence

¢
F(? B)—»F(? B)—»>F(4)->0

whence F(A4) and M are isomorphic Q-modules.
Let C and D be A-modules. In view of Theorem 7 the proof will be
complete if we show that the homomorphism

Hom, (C, D)~ Hom,, (F(C), F(D)) (4.5.2)

induced by F is an isomorphism. But B is a generator of ¥% and
Homg, (F(C), F(D)) is a subgroup of Hom, (F(C), F(D)). This shows
that (4.5.2) is a monomorphism, i.e, it shows that ¥, considered as a
functor from €% to €& (rather than from €% to €;), is faithful. Let
Y F(C)— F(D) be an Q-homomorphism. The proof will be complete
if we show that there is a member of Hom, (C, D) which is mapped
by F into .
By Theorem 5 we can construct, in %, exact sequences

@BZ;(-DBZ‘)O’»O
I, I,

and ® B> @ B> D-0.
Js J

Bearing in mind that F is exact and that, for any set I, F(@® B) is Q-
I

free, we observe that we can produce,t in €&, a commutative diagram

F(u,) Flu,)

F([®B) F(IGL)B) > F(C) >()
lv lg 2
F(v,) F(v,)
F(J@B)——-—>—F(JG-)B) > F(D) >()
with exact rows. But, by Lemma 3, there exist A-homomorphisms
v, ®B->®B
I, i
and w, ®@B->® B
I, Js

such that F(w;) = £ and F(w,) = 3. Accordingly F(w,u,) = F(v,0,)
and therefore w,u, = v,0, because, as we have already seen, F is

1 See Chapter 2, Exercise 5.
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faithful. It follows that there exists a A-homomorphism ¢:C - D such
that the diagram

Uy Uy

®B DB C 0
I I,
W, lwl g
Uy Uy
®B > ® B > > ()
J: J,

is commutative. Finally
F(g) F(u;) = F(vy) F(wy) = F(v,)§ = Y F(uy)

whence F(g) = ¢ because F(u,;) is an epimorphism. This ends the
proof.

Let » > 1 be an integer and denote by M,(A) the ring formed by
all square matrices of order » with elements in A. Further let B be a
free right A-module with a base e,, e,, ..., e, of n elements. If now

feHom, (B, B),

n

then fley) ='§:16jajk,
i=
where the a ;. belong to A. Let us associate with f the element
@y Qg ... Gy
Ay Qgp ... O,
An1 Cpg Qpn

of M, (A). This association gives us a ring-isomorphism
End, (B) = M, (A).

Since B is a finitely generated, projective generator for €%, the next
theorem is an immediate consequence of Theorem 15.

Theorem 16. Let n > 1 be an integer. Then the categories €% and
€5 n) are equivalent and therefore r .GD (A) = r.GD (M, (A)).

We add a few remarks in conclusion. Note that if A is commutative
and non-trivial, then M, (A)is non-commutative if n > 2. Nevertheless
A and M, (A) give rise to equivalent categories. Again we have been
working in this section with right A-modules instead of the more
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usual left modules. This is because it gives us a slight notational

advantage. It is easy (but tiresome) to check that similar arguments

hold for left A-modules. An alternative procedure is outlined below.
A bijection ¢: A —A is called an anti-isomorphism if

PA+ ) = ¢(A) +6(A,) and (A Ap) = B(Ap) B(A,)

for all A;, A, in A. (Note that in these circumstances ¢ will necessarily
map the identity element of A into the identity element of A.) If an
anti-isomorphism exists between A and A, then the rings are said to
be anti-isomorphic. This relation is symmetric.

Denote by A* the ring which has the same elements as A and the
same addition, but in which multiplication is defined by reversing
the order of the two factors. We call A* the opposite of A. Note that
the identity mapping provides an anti-isomorphism between a ring
and its opposite.

Exercise 9. Show that if A and A are anti-isomorphic, then €% and
€% are equivalent. Deduce that €5 and €y (4) are equivalent, where n is
an arbitrary positive integer.

Theorem 16 provides us with information concerning the global
dimensions of a ring of the form M,(A). Now in the theory which
deals with the structure of rings, direct sums of matrix rings of this
type play an important role. This prompts a general question con-
cerning the global dimensions of a direct sum of rings. The question
and its answer are covered by the next exercise.

Exercise 10.* The ring A is the direct sum of the rings Ay, A,, ..., A,
Show that
r. GD (A) = maxr.GD(A)).
1<p<s
Finally we mention, in passing, that the methods used in sections
(4.4) and (4.5) can be used for deciding} whether a given abelian
category is equivalent to a category €% for some ring A.

Solutions to the Exercises on Chapter 4
Exercise 1. Show that the polynomial functor is exact. Show also that
if the left A-module A is free, then Ax] is a free Alx]-module. Deduce
that a left A-module B is A-projective if and only if Blz] is Alx]-
projective.
1 See (26), Theorem 1.19.
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Solution. That the polynomial functor is exact is clear. Let F be a
free A-module with a base {¢;},.;. Then each e; determines a corres-
ponding constant polynomial g; in F[x]. An easy verification shows
that {€;},c; is a base for F[x] over A[x]. In particular, F[x] is a free
Alx]-module.

Suppose that 4 is a projective A-module. Then 4 is a direct sum-
mand of a free A-module F. Applying the polynomial functor to the
inclusion mapping 4 - F, we see that A[x] is a direct summand of
the A[z)-module Fx]. However we know, from the last paragraph,
that F[x] is A[x]-free. Consequently A4[x] is A[x]-projective.

We obtain a ring-homomorphism A — A[x] by mapping each ele-
ment of A into the corresponding constant polynomial. This enables
us to regard each Af[x]-module as a A-module. Considered as a A-
module, Afx] is free with the powers of x forming a base. It follows
that each free Alx]-module is free when regarded as a A-module.

Now assume that 4 is a A-module and that 4[x]is A[x]-projective.
Then A[x] is a direct summand of a free A[x]-module ®. If we regard
A[z]} and ® as A-modules, then A[x] continues to be a direct sum-
mand of ® and, by the last paragraph, ® is A-free. Thus A[z] is A-
projective. But, as a A-module, 4[] is a direct sum of copies of 4.
It follows, from (Chapter 2, Theorem 4), that A4 itself is A-projective.

Exercise 2. Let A be a non-trivial ring and let x,,,, ..., x, be inde-
terminates. Put Alx] = Alxy, %,, ..., %,]. Show that

1.Pd g (Alx])/ (e Ale] + 2 Al2] + ... +2,Al2]) = s.
Solution. Each z; belongs to the centre of A[x] and an easy verifica-

tion shows that x,;, x,, ..., %, is a A[x]-sequence in the sense of section
(8.8). Further, because A is non-trivial,
Alz] + x Alx] +x, Alx]+ ... + 2, Alx].

The desired result therefore follows from (Chapter 3, Theorem 22).

Consider the ring-homomorphism A[z]— A in which each poly-
nomial is mapped on to its constant term. This is surjective and
xy Alx]+xo Alx] + ... +x, Alx] is its kernel. Hence if we use the ring-
homomorphism to enable us to regard A as a A[x]-module, then A and
Alx)/(xy Alx] + 2, Alx]+ ... + 2, Alx]) are isomorphic. Consequently
our result may be stated as .Pd,,;(A) = s.
Exercise 3. Let E be an injective module containing @ AL, where L

L

ranges over all the maximal left ideals of A. Show that E is an injective
cogenerator of €%.
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Solution. Let A and B be left A-modules. We are required to show
that the Z-homomorphism

Hom, (4, B)—Hom, (Hom, (B, £), Hom, (4, E))

induced by Hom, (-, £) is a monomorphism.

Suppose that f: A - B is a non-zero A-homomorphism. Then there
exists a€ 4 such that b = f(a) is non-zero. Let C be the submodule of
B generated by b. Then the function g: A —C defined by g(A) = Ab is
an epimorphism and hence C is isomorphic to A/Kerg. But Kergis a
proper left ideal of A and therefore it is contained in a maximal left
ideal, L say. The identity mapping of A induces an epimorphism
A/Kerg—A/L. Since A/L < E and C is isomorphic to A/Kerg, we
now have a A-homomorphism k:C — E for which A(b) + 0. Further
C < B and £ is injective. Consequently there exists a A-homomor-
phism 2':B—E such that A'j =k, where j:C— B is an inclusion
mapping. Thus A'(d) + 0 and therefore A'f + 0. Since k'f is just
Hom, (f, ¥) applied to ', this shows that Hom, (f, ) = 0. The
desired result follows.

Exercise 4. The additive covariant functor F: €, — € , is fully fasthful
and f:A — B is a A-homomorphism. Show that f is an tsomorphism if
and only if F(f) is an isomorphism.

Solution. We know that if f is an isomorphism, then F(f) is also an
isomorphism without any special assumption concerning the functor
F.

Suppose now that F(f):F(4)—F(B) is an isomorphism. Then
there exists a A-homomorphism y: F(B)— F(4) such that

YE(f) = ipw

and F(f)y = i g Since F is fully faithful, there is a A-homomorphism
g:B— Asuchthat F(g) = y.Hence F(gf) = F(g) F(f) = vF(f) = F(i,)
and F(fg) = F(f)F(g) = F(f)y = F(ig). It follows, since F is fully
faithful, that gf = ¢, and fg = ¢5. Thus fis an isomorphism.

Exercise 5. Let F:€,—>%, be an additive covariant functor and let
G p— € be a functor in the reverse direction. Assume that GF resp. FG
is naturally equivalent to the identity functor on €, resp. € . Show that
G is additive. (Thus F and G are inverse equivalences.)

Solution. Let f, g belong to Hom, (4, B). Since the identity functor
on %, is additive and F@ is naturally equivalent to it, F( is also

5 NFC
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additive. Hence FG(f+g) = FG(f)+ FG(g) = F(G(f) + G(g)) because
F is additive as well. The discussion in the text shows that F is fully
faithful. Consequently G(f+g) = G(f) + G(g), that is, G is additive.

Exercise 6. Let F: €, —~%, and G:€,—> %, be inverse equivalences.
Show that if A ts a A-module and K a A-module, then there exists an

isomorphism g om, (4, G(K)) > Hom, (F(4), K),

of abelian groups, which is natural for homomorphisms A'—> A and
K> K'in €, and € , respectively.

Solution. We have a natural equivalence w:FG—1,. If K is a A-
module, then wy: FG(K) > K induces an isomorphism
Hom, (F(4), FG(K)) > Hom, (F(4), K).

Now, by Theorem 7, F is fully faithful and therefore it gives rise to an
isomorphism Hom, (4,G(K)) > Hom, (F(4), FG(K)). By combining,
we arrive at an isomorphism

Hom, (4,G(K)) > Hom, (F(4), K)
in which fin Hom, (4, G(X)) corresponds to wg F(f) in
Hom, (F(4), K).

Suppose that u: 4’ >4 in €, and v: K- K’ in €,. Then, because
g = g FG(v), we have

wg F(G©)fu) = 0 (FG©)) F(f) F(u) = v{wg F(f)) F(u)
which shows that the diagram

Hom, (4, H(K)) ~————> Homy(F(4), K)

Hom,(4', G(K")) — Homy(F(4'), K')
is commutative. This completes the solution.

Exercise 7. Let F: €, —% 5 be an equivalence and let K be a A-module.
Show that K is a generator of € , if and only if F(K) is a generator of € .

Solution. Suppose first that F(K) is a generator of ¥, and let 4, B
be A-modules. We wish to show that the natural Z-homomorphism
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Hom, (4, B)—>Hom, (Hom, (K, 4), Hom, (K, B)) is a monomor-
phism. Assume that fe Hom, (4, B) and Hom, (K, f) = 0. Since the
diagram

Hom,(K, 4) > Hom (F(K), F(4))
Hom, (K, f) Homp(F(K), F(f))
Hom, (X, B) Hom,(F(K), F(B))

is commutative (the horizontal mappings are the Z-isomorphisms
induced by F'), it follows that Hom, (F(K), F(f)) = 0 whence F(f) = 0
because F(K) is a generator. But F is fully faithful; consequently
f = 0. This shows that the functor Hom, (K, -) is faithful and hence
that K is a generator.

Suppose now that K is a generator of ¥, and let G: ¢, —>%, be an
equivalence inverse to /. Then GF(K)is isomorphic to K and therefore
GF(K) is a generator of €. By the first part, it follows that F(K) is
a generator of € ,.

Exercise 8. Let E be a non-zero injective A-module. Show that the
Sollowing statements are equivalent:
(@) E has no non-trivial direct summands;
(b) E s the injective envelope of each of its non-zero submodules;
(¢) every pair of non-zero submodules of E has a non-zero intersection;
(d) the non-units of End, (E) form a two-sided ideal.

Solution. Assume (a). Let A be a non-zero submodule of E. Then, by
(Chapter 2, Theorem 17), E contains an injective envelope E’ of 4,
and £’, by (Chapter 2, Theorem 15), must be a direct summand of E.
Consequently £’ = E. Thus (a) implies ().

Assume (b). Suppose that 4 and B are non-zero submodules of E.
Then, by hypothesis, E is an injective envelope of B and therefore
an essential extension of B. Consequently 4 n B is non-zero and we
have shown that (c¢) follows from (b).

Now assume (c). Let he End, (F) and suppose that Kerh = 0.
Then A(E) <€ E and, since k(E) is isomorphic to E, it is injective.
Accordingly, by (Chapter 2, Theorem 15), E = h(E) @ B for a suitable
submodule B of E. But () + 0 and A(¥) n B = 0. Consequently, by
(c), B = 0 and therefore #(E) = E. Thus k: E — E is an automorphism,
i.e. b is a unit of End, (E). It follows that if fe End, (), then fis a
non-unit if and only if Kerf + 0.

5-2
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Suppose that f, and f, are non-units of End, (£) and that ¢ is an
arbitrary element of End, (¥). Then Kerf, + 0, Kerf, + 0 hence, by
(€), Kerf, n Kerf, + 0. It follows that Ker (f; + f,) + 0 and therefore
fi+ fz is a non-unit. Again Kerf; < Ker (¢f,) so we see that ¢f; is a
non-unit as well. We must now show that f, ¢ is a non-unit. However
if ¢ is a unit this is clear whereas if ¢ is a non-unit, then Ker¢ + 0
and Ker ¢ < Ker (f;¢). Thus, in any event, f; ¢ is a non-unit. These
remarks show that (d) is a consequence of (c).

Finally assume (d). Let B = A, ® A,, where 4,, A, are submodules
of Eandleto,: 4, E andn,: E -> A, be the canonical homomorphisms.
Then o,m, + 0,7, = iy and therefore either o,m, or o,m, is a unit.
For definiteness suppose that o, is a unit. Then £ = oym,(E) = 4,
and therefore 4, = 0. This completes the solution.

Exercise 9. Show that if A and A are anti-isomorphic, then €% and €%
are equivalent. Deduce that €% and €, ) are equivalent, where n is an
arbitrary positive integer.

Solution. Let ¢: A — A be an anti-isomorphism and let 4 be a left
A-module. For ac 4 and d€ A define ad by ad = Aa, where A denotes
the element of A determined by ¢(A) = 6. This turns 4 into a right
A-module. We use F(4) to designate A considered as a right A-
module.

Let 4,4’ be left A-modules. A mapping f:4 >4’ is a A-homo-
morphism if and only if, considered as a mapping of #(A4) into F(4'),
it is a A-homomorphism. When f: 4 — A’ is a A-homomorphism, the
corresponding A-homomorphism F(4)—F(A’) will be denoted by
F(f). This provides an additive covariant functor F: €% %% which
is clearly an equivalence.

Let A* be the ring opposite to A. Then we have a mapping

Vi M (A) > M, (A%)
in which each matrix in M, (A) is converted into its transpose. It is
easily verified that this is an anti-isomorphism.

By the first part €% is equivalent to €% and € (,) to €% (av)-
Since, by Theorem 16, %, and %% (.. are equivalent, the desired
result follows.

Exercise 10. The ring A is the direct sum of the rings Ay, A,, ..., A,.
Show that r.GD (A) = maxr.GD (A)).

ISpu<s
Solution. Let m,:A— A, be the canonical projection. This is a sur-
jective ring-homomorphism and if we consider A, as aright A-module,



SOLUTIONS TO EXERCISES 133

then it is a direct summand of A and hence A-projective. Thus
r.Pd, (A,) < 0. It follows, from (Chapter 3, Exercise 12), that if U
is a right A -module, then r.Pd, (U) < r.Pd,, (U). In particular if
U is A -projective, then it is A-projective.

Put e, = m,(1). Then e, belongs to the centre of A,

— 2 _ =
l=e +e+...+e, €,=¢, e€,=0

when 4 % v, and A, = Ae,. Let M be a A-module. Then Me, is both
a A-module and a module over the ring A, = Ae, the two structures
being connected through the homomorphism 7, in the usual way.
Now if M ~ @ M, in the category €%, then Me, ~ ® M;e, in €%,.

iel iel
It follows that if F is a free right A-module, then Fe, is a free right
A -module.

Let U be a right A ,-module. We claim that U is A -projective if
and only if it is A-projective. For suppose that U is A-projective,
then in €% we have a relation U @ P = F, where P is A-projective
and F is A-free. Hence Ueﬂ @Peﬂ = Fe, whence Ue, = Uis A,-pro-
jective. This establishes our claim because the reverse implication has

already been established.
Once again let U be a right A ,-module. T'his time we claim that

r.Pd, (U) = r.Pd,, (V).
Indeed it is sufficient to show that
r.PdA“(U) < r.Pd, (V)

and for this we may suppose that r.Pd, (U) = n, where 0 < 7 < 0.
To this end construct, in €% , an exact sequence

0>4,»P, ,—»>..>P—>F->U-0,

where F, is A -projective and hence also A-projective. Then, because
r.Pd, (U) = n, the A ,-module 4, is A-projective and therefore also
A -projective. Hence r.Pd, (U) < n and our claim follows.

We now see that r.GD (A,) < r.GD (A) and therefore

maxr.GD (A,) < r.GD (A).

1<spus<s
Finally let M be a right A-module. Then
M=Me,®Me;® ... ® Me,.
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Accordingly, by (Chapter 3, Exercise 10),
r.Pd, (M) = maxr.Pd, (Me,)
1spss

= maxr.Pd,, (Me,)

1<p<s

< maxr.GD(A)).

1<ps<s

Thus 7.GD (A) < maxr.GD(A))

1<pss

and now the solution is complete.
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DUALITY

5.1 General remarks

As usual, A denotes a ring with identity element and €% resp. %
denotes the category of left resp. right A-modules. When we do not
need to specify in which of these two categories we are working, then
we shall use €,,. Now A itself can be regarded as either a left A-module
or as a right A-module. When considered as a left A-module we shall
use the symbol A; and when we wish to regard it as a right A-module
it will be designated by A,.

Our main purpose will be to study Hom, (-, A). This, as we have
noted earlier,t may be regarded as a left exact contravariant functor
taking left A-modules into right A-modules or, equally well, as a
left exact contravariant functor from right A-modules to left A-
modules. Thus if 4 is a A-module, then 4* = Hom, (4, A) is also a
A-module. However A* is of the opposite type to A, i.e. it has the
elements of A operating on the other side. We shall refer to 4* as
the dual of A.

The prototype for our duality theory is the theory of finite-
dimensional vector spaces. This theory does not extend to spaces
where the dimension is arbitrary. Hence in our generalized theory we
must expect to have to limit ourselves to the consideration of finitely
generated modules. It is therefore highly advantageous to be in a
situation where a submodule of a finitely generated module is always
finitely generated, and this is tantamount to requiring that the
ground-ring A be Noetherian. We shall therefore devote an initial
section to a survey of the basic facts concerning Noetherian rings
and modules and it will be covenient, at the same time, to draw
attention to the almost parallel Artinian theory because this will be
needed later.

1 See Chapter 2, Example 2.
1 See the next section for the definition.

[135]
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5.2 Noetherian and Artinian conditions
Theorem 1. Let M be a A-module. Then the following two statements
are equivalent:
(a) every non-empty set of submodules of M contains at least one
mazximal member;
(b) given an infinite increasing sequence K, = K, < K < ... of sub-
modules of M, there exists a positive integer p such that K, = K,
foralls > p.

Remark. When (a) holds we say that M satisfies the maximal condi-
tion for submodules, and when (b) holds that M satisfies the ascending
chain condition for submodules. Thus the theorem asserts that the
two conditions are equivalent. Another way of describing the ascend-
ing chain condition is to say that every infinite increasing sequence
of submodules terminates.

Proof. Assume (a) and let K, < K, < K;< ... be an increasing
sequence of submodules of M. Then the family {K } ., contains a
maximal member K, say. Evidently K, = K, for all s > p.

Now assume (b) and suppose that Q is a non-empty set of sub-
modules of M. We shall suppose that Q2 has no maximal member and
derive a contradiction. With this hypothesis, if KeQ, then there
exists K’ e Qsuch that K < K’. (Remember < means strict inclusion.)
It follows that, because Q is non-empty, we can generate an infinite
strictly increasing sequence

K, cK,cK;c..
of submodules of Q. However this violates (b).

Definition. Let M be a A-module. If M satisfies the two equivalent
conditions of Theorem 1, then M is said to be a  Noetherian’ A-module.

Definition. We say that the ring A is ‘left resp. right Noetherian’ if
A resp. A, is a Noetherian A-module.

Theorem 2. Let M be a A-module. Then the following two statements
are equivalent:
(@) every nom-empty set of submodules of M contains at least one
minimal member;
(b) every infinite decreasing sequence K, 2 K, 2 K;2 ... of sub-
modules of M terminates, that ts becomes constant from some
point onwards.
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The proof of this result is so similar to that of Theorem 1 that we
shall omit it. When (a) holds M is said to satisfy the minimal condition
for submodules. The condition described in (b) is called the descending
chain condition.

Definition. 4 A-module M which satisfies the two equivalent conditions
of Theorem 2 is called an ‘Artinian’ A-module.

Definition. The ring A is said to be ‘left resp. right Artinian’ if A,
resp. A, is an Artinian A-module.

Theorem 3.1 4 A-module M is Noetherian if and only if each of its
submodules 1s finitely generated.

Proof. First suppose that M is Noetherian and let K be a submodule
of M. The set of finitely generated submodules of K is not empty
and therefore it possesses a maximal member K’ say. To show that
K is finitely generated it is enough to prove that K = K’'. Evidently
K’ = K. Let ye K. Then there is a finitely generated submodule K",
of K, containing both K’ and y. By the choice of K’, we must have
K’ = K" and therefore y€ K'. This shows that K = K'.

Now suppose that all the submodules of M are finitely generated.
Let Ny N,= N,< ... be an infinite increasing sequence of sub-
modules of M. To complete the proof it is enough to show that the

e}
sequence terminates. Put N = |J N,. An easy verification shows that

v=1
N is a submodule of M. It is therefore finitely generated say by
%1, &g, ..., ¥,. Choose p so that N, contains all the x;. Then N = N, = N
and therefore N, = N, for s > p.

Corollary. The ring A is left resp. right Noetherian if and only if each
left resp. right ideal is finitely generated.

The Noetherian condition has interesting connections with the
theory of injectives. The next two exercises give examples of this.

Exercise 1. Let A be left Noetherian. Show that every direct sum of
injective left A-modules is injective.

Exercise 2.* Given that every countable direct sum of injective left A-
modules is again injective, deduce that A is left Noetherian.

Theorem 4. Let 0> A - B—>C 0 be an exact sequence of A-modules.
Then B is Noetherian if and only if A and C are both Noetherian. In

+ There is a counterpart to this result in the theory of Artinian modules, but we
shall not say anything about it here. See, however, (25) Theorem 3.21.
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particular, all submodules and factor modules of a Noetherian module are
themselves Noetherian.

Proof. We shall assume that 4 and C are Noetherian and deduce that
B is Noetherian. (The converse is trivial.) For this we may assume
that 4 is a submodule of B.

Let K, = K, < K, < ... be an increasing sequence of submodules
of B. Since 4 is Noetherian, the sequence

(Kynd)s(K,nd)s (K;nd)y<...
terminates and, since C is Noetherian, the same is true of
(K;+4) s (Ky+4)c (Kz3+4) < ...

Hence there exists an integer p such that K,n4 = K,n4 and
K,+4=K+Aforalls>p.
Suppose that s > p. Then

Ks = K;n (Ks+A) = Ksn (Kp'l'A) = Kp+(KsnA)

because K, < K. Accordingly K, = K,+ (K, n 4) = K, and we have
shown that the sequence K, < K, ¢ K; < ... terminates. This proves
the theorem.

Corollary. Let My, M,, ..., M,, be Noetherian A-modules. Then

MoM,o.. &M,
18 also Noetherian.

Proof. We may suppose that p = 2. In this case the assertion follows
at once from the canonical exact sequence

0->M M & M—~>M,—0
and Theorem 4.

Exercise 3.* Suppose that A is a Noetherian left A-module and that x
is an indeterminate. Show that the polynomial modulet A[x] is No-
etherian when considered as a left module with respect to the polynomzal
ring A[x].

This incorporates the famous Basis Theorem of Hilbert. The result
is very useful for constructing examples of Noetherian rings. It occurs
here as an exercise rather than as a theorem because it will not play
a significant role in the Duality Theory to which this chapter is
devoted.

1 See section (4.2).
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Theorem 5. Suppose that A is left Noetherian and let M be a left A-
module. Then M is Noetherian if and only if it is finitely generated.

Proof. If M is Noetherian, then it is finitely generated by Theorem 3.
Now assume that M is finitely generated. We can construct an exact
sequence 0—> K - F — M — 0, where F has the form

AOAND...® A,

That F is Noetherian follows from Theorem 4 Cor. and now an
application of Theorem 4 shows that M is Noetherian as well.

Corollary. Suppose that A is left Noetherian and M is a finitely
generated left A-module. Then every submodule of M s finitely generated.
This follows by combining Theorem 5 with Theorem 3.

Exercise 4.* GQive an example of a ring which is left Noetherian but
not right Noetherian.

Theorem 6. Let 0> A - B> C 0 be an exact sequence of A-modules.
Then B1is Artinian if and only if A and C areboth Artinian. In particular
all submodules and factor modules of an Artinian module are themselves
Artinian.

A proof can be obtained by making minor modifications to the
arguments used to establish Theorem 4. The proof of the corollary to
Theorem 4 can also be adapted to prove the following

Corollary. Let My, M,, ..., M, be Artinian A-modules. Then
MOM®..0M,

18 also Artintan.

Exercise 5.* Give an example of a ring which is left Artinian but
not right Artinian.

Theorem 7. Let A be left Artinian and M a finitely generated left A-
module. Then M is Artinian.

Proof. M is a homomorphic image of a direct sum A, @ A; @ ... @ A,
The assertion now follows from Theorem 6 and its corollary.

5.3 Preliminaries concerning duality

For the present we shall make no special assumptions concerning
the ring A. Let 4 be a A-module and put

A* = Hom, (4, A). (5.3.1)
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Then 4* is also a A-module but of the opposite type to 4. It is called
the dual of A and Hom, (-, A) is called the duality functor. (Strictly
speaking there are two duality functors, one from %% to % and the
other from %% to €%. However either the context will make clear
which it is that we have in mind or our remarks will apply in both
cases.) Observe that if fe 4*, Ae A and A4 is a left A-module, then
(fA) (@) = f(a) A for a in 4, whereas if 4 is a right A-module, then
(Af)(a) = Af(a). Of course, isomorphic modules have isomorphic
duals.

Consider A = Hom, (A;, A). This is a right A-module. We have in
fact a A-isomorphism AF ~ A, (5.3.2)

in which f in A* corresponds to f(1) in A,. This isomorphism will
sometimes be used to identify A;* with A,. There is also a similar

isomorphism A* & A, (5.3.3)

in which ¢ in A¥ corresponds to g(1) in A;. This allows us to identify
AF with A,

Let F be a free A-module with a finite base ey, e,, ..., ¢,. For each
¢ (1 <t < n) define a A-homomorphism ¢;:F—A by ¢,(e;) = dy,,
where J;; is the Kronecker symbol. Then ¢,€ F*. We claim that F*
is a free A-module having ¢,, ¢,, ..., P, as a base. In establishing this
we shall assume for definiteness that F is a left A-module and therefore
F* ig a right A-module. Let Ay, A,, ..., A, belong to A. Then

M=

(P12 + P Ao+ ... +6,4,) (e) = (P: ;) (e;)

=1

and therefore (¢,A;+... + ¢, 4,) (¢;) = A;. Our claim is now obvious.
It is usual to refer to ¢;, @, ..., @, as the base of F* dual to the base
e),€9,....,6,0f F.

Exercise 6. Show that if P is a projective A-module which can be
generated by n elements, where 0 < n < o0, then the dual module P* is
also A-projective and it too can be generated by n elements.

Exercise 7. Let A be a right Noetherian ring. Show that the dual of any
finitely generated left A-module is also finitely generated.
Let 4 be a A-module with dual 4*. Then A* itself has a dual 4**,
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This is called the double dual or bidual of A. Evidently A** is an
additive covariant functor of A. Suppose that ae 4 and

fed* = Hom, (4, A).
Define a mapping ¢,: 4*— A by ¢,(f) = f(a). Obviously

Sofi+ f2) = dalfi) + Dalfo)-
Let us assume that 4 is a left A-module and that Ae A. Then

¢a(f/1) = f(a)A = ¢a(f) A
Thus ¢, is a A-homomorphism, i.e. ¢, A** and we arrive at the same
conclusion if 4 belongs to €%.
Consider the mapping
64> A% "(5.3.4)
defined by d 4(a) = ¢, so that, if fe A*, then

(0.4(a)) (f) = fla). (5.3.5)

A straightforward verification shows that §, is a A-homomorphism.
We shall refer to &, as the canonical homomorphism of A4 into its
bidual. Let u: 4 — B be a A-homomorphism. This will induce a A-
homomorphism u*: B* - 4* and this in turn will give rise to a homo-
morphism u**: 4** > B**_ [t is easy to check that the diagram

A %4 A+
u wrs (5.3.6)
B % B**

is commutative. Accordingly the homomorphisms &, constitute a
natural transformation of the identity functor on ¢, into the bidual
functor.

Definition. The A-module A is called ‘reflexive’ if 8, is an iso-
morphism; it is called ‘ sems-reflexive’ if 8 4 s a monomorphism.

Semi-reflexive modules are also known as forsionless modules. The
reason for this name is explained by the next theorem. Observe that
if a A-module A4 is reflexive resp. semi-reflexive, then any module
isomorphic to A is also reflexive resp. semi-reflexive. The lemma
which follows is just a useful restatement of the definition of a semi-
reflexive module.
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Lemma 1. Let A be a A-module. Then A is semi-reflexive if and only
if for each a€ A,a * 0, there exists fe Hom, (4, A) such that f(a) + 0.

We shall now illustrate some of our concepts by means of an excur-
sion into the theory of integral domains. Let R be an integral domain
and M an B-module. An element xe M is called a forsion element if
cx = 0 for some ce R, ¢ &+ 0. The torsion elements form a submodule
N which is called the forsion submodule of M. If N = 0, then M is
said to be torsion free. If, however, N = M then M is said to be a
torsion module. For example N itself is a torsion module and M/N is
torsion free.

Theorem 8. Let R be an integral domain and A a finitely generated
R-module. Then A is semi-reflexive if and only if it is torsion free.

Proof. Assume first that 4 is a semi-reflexive. Let ac 4, re R with
a + 0,7 + 0. By Lemma 1, there exists fe Homy (4, R) such that
f(a) = 0. Then rf(a) + 0, because R is an integral domain, and there-
fore f(ra) # 0. It follqws that 7a + 0 and this proves that 4 is torsion
free.

Now assume that A is torsion free. We wish to show that 4 is semi-
reflexive so we may suppose that 4 + 0. Let a,, a,, ..., a, generate 4
and from among these select a maximal subset that is linearly inde-
pendent with respect to E. We may take it that a,a,,...,a, are
the members of the selected subset. It is now possible to find ce R,
¢ % 0sothatcd < Ra, + Ray+ ... + Ra,. Note that Ra, + Ra, + ... + Ra,
is a free R-module with a,,a,,...,a, as base. Denote by ¢, the R-
homomorphism of Ra, + Ra,+ ... + Ra, into R which maps

P10y 7o+ ... T
into 7,.
To complete the proof suppose that ae 4,a + 0. Then

ca =110+ 705+ ... +r.a,,

where the 7; are in R and we can select one of them, say r,, so that
r, + 0. (This is because A is torsion free.) Define an R-homomorphism

fi:A—>R by f(a) =¢,(cx). Then f(a)=r, and therefore f(a)+ 0.
That 4 is semi-reflexive now follows from Lemma 1.

Let R be an integral domain and F its quotient field. If I is an R-
submodule of ¥, then we put

I7' = {a|eeF and al < R}.
It is easily verified that -1 is also an R-submodule of F.



PRELIMINARIES CONCERNING DUALITY 143

Theorem 9. Let R be an integral domain and I + (0) an ideal of R.
Then I* = Homy, (I, R) and I7! are isomorphic R-modules.

Proof. Suppose that a,bel and a # 0,b =+ 0. Then if fe I* we have
f(@)]a = f(b)/b. Thus the element g = f(a)/a, of F, is independent of
the choice of the non-zero element a of I. Further if cel, then
gc = f(c)e R which shows that geI-1. Accordingly there exists an
R-homomorphism [*—71-1 in which f is mapped into ¢. Obviously
this is a monomorphism.

Assume that ¢'e I-1. We can define an B-homomorphism ¢:7 >R
by ¢(c) = cg’. Then ¢eI* and its image in I~! is ¢’. These remarks
prove that the mapping I* — I~ is an isomorphism of R-modules.

Exercise 8. Let R be an integral domain with quotient field F and
I % (0) an ideal of R. Show that I is reflexive if and only if I = (I-1)-1,

We shall now leave the discussion of integral domains and return
to the general theory.

Exercise 9. Show that a submodule of a semsi-reflexive module ts semi-
reflexive and that a direct summand of a reflexive module is reflexive.

Theorem 10. A finitely generated projective module is reflexive. In
particular, a free module with a finite base is reflexive.

Proof. Let F be a free module with a base e,, e, ..., e, and let

D1 P2 -5 P

be the base of F'* dual to e,, e,, ..., e,. In F** let ¢, ¥, ..., ¥, be the
base dual to ¢y, @, ..., P,. Then 8z(e;) and y; both belong to

Hom, (F*, A)

and (Op(e;) (9;) = dsle) = 8 = Yri(y).

It follows that &z(e;) = ¥; and hence that dp:F > F** is an iso-
morphism taking the base e, ¢,, ..., ¢, of F into the base Y, {r,, ..., ¥,
of F** TIn particular F is reflexive.

Now let P be a projective module which can be generated by n
elements. Then, by (Chapter 2, Theorem 7 Cor.), P is a direct sum-
mand of a free module with a base of n elements. That P is reflexive
now follows from Exercise 9.

Let A be a A-module. If we apply the duality functor to the A-
homomorphism é ,: 4 - A**, then we obtain a A-homomorphism

O Axx 5 4* (5.3.7)
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In addition we have the canonical homomorphism
8 ni A¥ > A¥¥¥, (5.3.8)

We claim that
3j8A* = iA*' (5.3.9)
Exercise 10. Establish the relation 8% 8 4« = 1 4.
As a simple application of (5.3.9) we prove

Theorem 11. The dual of an arbitrary module is semi-reflexive. The
dual of a reflexive module is reflexive.

Proof. Let A be a A-module. By (5.3.9), 4. is a monomorphism and
therefore A* is semi-reflexive. Now assume that 4 is reflexive. Then
d , is an isomorphism and therefore so too is 6%. By (5.3.9),

(?A* = (6:;)_1.

Accordingly & 4. is an isomorphism and the proof is complete.

5.4 Annihilators

Let A be a A-module and 4* its dual. Suppose that K is a submodule
of A and denote by K° the set consisting of all f in 4* such that
f(x) = 0 for every  in K. Then KO is a submodule of 4*. We shall
call it the annihilator of K in A*. Now assume that M is a submodule
of A* and let M° consist of all ze A such that f(x) = 0 for every
fe M. This is a submodule of 4. It will be called the annthilator of
M in A. (Note that M also has an annihilator in 4**, but for the
present this will not concern us.) The next lemma summarizes some
of the elementary properties of annihilators. In it K resp. M denotes
asubmodule of 4 resp. 4*and K°resp. M%itsannihilatorin A*resp. 4.

Lemma 2. The annihilator operators have the following properties:
(@) if K; < K, then K§ < KY, and if M, < M, then M$ < MY;

b) K< K®and M = M,

¢) K®= K gnd M® = M0,

d) (K;+K,)* = K{n K and (M, + M,)° = M9n M}.

Proof. The assertions (a), (b) and (d) are trivial. From (a) and (b)
we deduce that K% < KO However if in M < M we replace M by
K?® then we obtain the opposite inequality. Thus K° = K°° and
MO = M0 gimilarly.

We saw in (5.3.2) that we have a A-isomorphism Af = A, in which
f in A} corresponds to f(1) in A,. Suppose that Ae A; and fe Af.

(
(
(
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Then f(A) = Af(1). Assume that I is a left ideal of A, that is a sub-
module of A;, and let I° be its annihilator in Af. Then feI° if and
only if f(A) = 0 for all Ael, i.e. if and only if 7f(1) = 0. Thus if we
wdentify AF with A,, then the annihilator 1° (of I in Af) is simply the
right annihilator of the left ideal I in the obvious sense.

Next consider a right ideal H of A, that is a submodule of A,. This
will have an annihilator H® in AY¥. However, as we saw in (5.3.3), we
have a A-isomorphism A} x~ A,. If this is used to identify A} with A,
then H® becomes the left annihilator of the right ideal H in the obvious
sense.

The observations of the last two paragraphs may be combined.
Let I be a left ideal of A and consider it as a submodule of A;. Then
100 435 the left annihilator of the right annihilator of I. On the other
hand, if H is a right ideal and we regard it as a submodule of A,,
then H® is the right annihilator of the left annihilator of H.

Exercise 11. Let K, K,, ..., K, be submodules of a A-module A and
suppose that A is their direct sum. Put

U,=K,+...+K, ;+K,,+...+ K,

so that U, is a submodule of A. Show that A* =UY® Uy® ... » U
and that U? and K¥ are isomorphic A-modules.

Definition. 4 submodule K of the A-module A is said to be *closed
wn A’ of the annihilator, in A, of the annihilator of K in A* is K itself.

Thus K is closed in 4 if and only if K% = K in which case we shall
also say that K is a closed submodule of A. The slightly cumbersome
wording is used to prevent a possible source of confusion. Suppose
that M is a submodule of A*. To determine whether M is closed in
A* we have to consider the annihilator, in 4*, of the annihilator of
M in A** (not in A). However, as we shall now show this difficulty
disappears when 4 is reflexive.

Lemma 3. Let A be a reflexive A-module, M a submodule of its dual
A*, and MO the annihilator of M in A. Then & (M) is the annihilator
MO (say) of M in A**. Further M° and MO have the same annihilator in
A* and therefore M is closed in A* if and only of M = M.

Proof. For acA put ¢, =04a). Then ¢,eHom (4% A) and
¢.(f) = f(a) for all fe A*. Thus ae M? if and only if ¢,(f) = 0 for all

fe M thatisifand only if ¢, € M. Since 8 ;: A > A**isan isomorphism
this proves the first assertion.
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Let ge A*. Then g(a) = 0 for all ae M° if and only if ¢,(g) = 0 for
all ae M°. Accordingly g(a) = 0 for all ae M if and only if 6(g) = 0
for all # M°. This proves the second assertion and establishes the
lemma.

We recall that the duality functor is left exact.

Theorem 12, Let 0>K> A i B—>0 be an exact sequence of A-
modules (where j is an inclusion mapping) and let 0~ B* > 4* > K*
be the exact sequence obtained by applying the duality functor. Then B
1s semi-reflexive if and only of K ts closed in A. In any event B*, con-
stdered as a submodule of A*, coincides with the annihilator, K°, of K
in A*.

Proof. Let f belong to B*¥ = Hom, (B, A). Then the homomorphism
B*—>A* takes f into f¢. But the members of 4% = Hom, (4, A)
that have the form f¢ are just those that vanish on K, i.e. they are
precisely the members of K°. This proves the final assertion.

Suppose that K = K. Let be B,b + 0 and choose ae 4 so that
¢(a) = b. Then a¢ K and therefore a¢ K°. Accordingly there exists
g€ K° such that g{a) + 0. But, as is shown by the remarks of the last
paragraph, g = f¢ for some fe Hom, (B, A). It follows that f(b) + 0.
We may now conclude that B is semi-reflexive by appealing to
Lemma 1.

Finally suppose that B is semi-reflexive and let ae K%, Since
K < K%, the proof will be complete if we show that a belongs to K.
Suppose that a¢ K. Then ¢(a) + 0 and therefore, by Lemma 1, there
exists fe Hom, (B, A) such that f $(a) + 0. But we know that foe KO
and by hypothesis ae K. Consequently f¢(a) = 0 and with this
contradiction the proof is complete.

Theorem 13. Let K be a left A-module and n > 0 an integer. Then
the following statements are equivalent:
(1) K is a closed submodule of a free module with a base of n elements;
(2) K is isomorphic to the dual of a right A-module which can be
generated by n elements.

Proof. Assume (1). Then K is a closed submodule of a free module F
with a base of n elements. Let K° be the annihilator of K in F*.
Then we have an exact sequence 0> K% F* > B 0. Now F* ig
also free and it too has a base of » elements. Consequently B is a
right A-module which can be generated by »n elements. By applying
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the duality functor, we arrive at an exact sequence

0— B* —> F** > (K0)*
and, by Theorem 12, B* is isomorphic to the annihilator of K°in F#**,
But F is reflexive (Theorem 10). Consequently, by Lemma 3, B* is
isomorphic to K% and K° = K because K is closed in F.

Assume (2). We may then suppose that K = B*, where B is a right
A-module generated by n elements. Construct an exact sequence
0—>@Q->G-> B0, where G is a free module with a base of » elements
and ¢ is a submodule of . On applying the duality functor we obtain
an exact sequence 0— B* > G* —» @*, where G* is a free module with
a base of n elements. It is now enough to show that B*, considered
as & submodule of G*, is closed in G*. This, however, follows from the
nextlemma.

¢
Lemma 4. Let 4> B->0 be an exact sequence of A-modules. Then

the dual sequence 0> B*— A* is also exact and B*, considered as a
submodule of A*, is closed in A*.
j ¢
Proof. Put K = Ker ¢. Then 0> K - 4 > B 0isan exact sequence,
* j *

¢
where j is an inclusion mapping, and therefore 0 - B* - 4* - K* i

*

exact as well. Since the sequence 0— B* > 4* —»1Imj*—0 is exact,
the desired result will follow from Theorem 12 if we show that Im j*
is semi-reflexive. But Imj* is a submodule of K* and K* is semi-
reflexive because it is a dual (Theorem 11). We may now deduce that
Imj* is semi-reflexive by appealing to Exercise 9.

Let 0>4,—>4—->4,—0 be an exact sequence of left A-modules.
This gives rise to a connecting homomorphism

A:Hom, (4,, A) —>Ext} (4,, A).
In the first instance this is a homomorphism of abelian groups.
However Hom, (4,, A;) and Ext} (4,, A;) are both of them right A-
modules by virtue of the fact that A; is a (A, A)-bimodule. Let A
belong to A. Then multiplication on the right by A induces a A-
homomorphism ¢,:A;—A; and, by (Chapter 3, Theorem 5), the
diagram
Hom,(4,, A) = Ext}(d,, A)

Homy (4,, ¢,) Ext} (4, $2)

Hom,(4,, A) 2 Ext}(4, A)




148 DUALITY

is commutative. Bearing in mind that AF = Hom, (4,, A,), this says
that A:AF¥—Ext} (4,,A) is a A-homomorphism and not just a
homomorphism of abelian groups. Of course, we reach exactly the
same conclusion if 0> 4, >4 - 4,0 is an exact sequence in €%.

Theorem 14. Let A be a finitely generated, semi-reflexive A-module.
Then there exists a finitely generated, semi-reflexive A-module B (of the
opposite type to A) with the ard of which exact sequences

8
0-> A5 A% 5 Extl (B, A)—0 (5.4.1)

'3
and 0-> B> B** > Ext}, (4, A)—0 (5.4.2)
of A-modules, can be constructed.

¢
Proof. We can form an exact sequence 0—> K —F — A —0 where F
is a free module on a finite base. On applying the duality functor we
obtain an exact sequence

¢‘
0>A4*>F*> B0, (5.4.3)

where B is a certain A-module of the opposite type to 4. But F* is
a free module on a finite base. Consequently B is finitely generated.
Again, by Lemma 4, 4* is a closed submodule of F*. Accordingly,
by Theorem 12, B is semi-reflexive.
From (5.4.3) we now derive an exact sequence
¢“

0— B* > F¥** 5 A** 5 Ext} (B, A)—=>0 (5.4.4)
in €, because, since F* is free and hence projective, Ext} (F'*, A) = 0.
Consider the commutative diagram

F ? A
61:‘ 6A
Fx* o > 4 ¥%

Here 6, is an isomorphism and &, a monomorphism. It follows that
A is isomorphic to § ,(4) = Im ¢**. Accordingly, by (5.4.4),

Cokerd, = Ext} (B, A)

and we have an exact sequence

8
0-> A > A** > Ext} (B, A) 0. (5.4.5)
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Next (5.4.4) yields an exact sequence 0—B* > F** »]Im¢** >0
which we may replace by

0—>B*—> F** 5 4 0. (5.4.6)
Put M = Im ¢*. Then (5.4.3) provides an exact sequence
0—>M-—>F*-B->0. (5.4.7)

We can now repeat our argument but with 0—>M - F*—>B->0
replacing the original sequence 0 —~ K — F - 4 — 0. If we do this, then
(5.4.6) shows that we may use 4 to take over the role previously
played by B. Hence in our new situation (5.4.5) becomes changed
into an exact sequence

8
O—>B—B>B**—>Ext}\ 4,A)—>0

of A-modules. With this the proof is complete.
Our next theorem merely restates certain parts of Theorem 14 in
a form which is particularly convenient for applications.

Theorem 15. Given a finitely generated, semi-reflexive, A-module A,
there exists a finitely generated, semi-reflexive, A-module B (of the
opposite type to A) which can be used to form an exact sequence

8
0> A4 A%* > Exth (B, A)>0

of A-modules. On the other hand given a finitely generated, semi-reflexive,
A-module B, it is always possible to construct such an exact sequence
with A finitely generated and semi-reflexive.

The reader should note that in order to obtain the second part of
Theorem 15 it suffices to interchange the roles of 4 and B in Theorem
14.

5.5 Duality in Noetherian rings

In order to make further progress with our theory we shall, at this
point, impose Noetherian conditions on A. We recall that if A is
right Noetherian, then, by Theorem 5, every finitely generated right
A-module is Noetherian and, by Exercise 7, the dual of any finitely
generated left A-module is finitely generated. Of course, in this
context, the roles of left and right are interchangeable.

Theorem 16. Suppose that A is right Noetherian and that A is a
finitely generated left A-module. Then A is semi-reflexive if and only if
A is a submodule of a free module with a finite base.
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Proof. Suppose that A is semi-reflexive. Since A is right Noetherian,
A* is finitely generated. We can therefore construct an exact se-
quence G—>A*—>0, where ¢ is a free A-module with a finite base.
An application of the duality functor now yields an exact sequence
0> A** > G*. But, by hypothesis,  ,: 4 - A** is a monomorphism.
Accordingly 4 is a submodule of G* (up to isomorphism) and G* is a
free module with a finite base. This proves half of the theorem. The
other half follows from Exercise 9 and the fact that a free module
with a finite base is reflexive.

Theorem 17. Let A be left and right Noetherian. Then the following
two statements are equivalent:
(@) A;and A, are both injective;
(b) all finitely generated left A-modules and all finitely generated
right A-modules are reflexive.

Proof. Assume (a). First suppose that 4 is finitely generated and
semi-reflexive. Then, by Theorem 15, there exists an exact sequence

8
0-> A A%* > Ext} (B, A)—>0

of A-modules, for a suitable A-module B. It follows that ¢, is an iso-
morphism because, since A is injective, Ext} (B, A) = 0. Thus finitely
generated semi-reflexive modules are reflexive.

Now suppose that A4 is an arbitrary finitely generated A-module.
It is then possible to construct an exact sequence 0>C—F - 4 >0,
where F is a free module with a finite base and C is a submodule of F'.
By Theorem 16, C is semi-reflexive. Further, since F is finitely gen-
erated it is Noetherian and therefore, by Theorem 3, (' is finitely
generated. Accordingly, by the remarks of the last paragraph, C is

reflexive.
Consider the commutative diagram
0 - > F A 0
3cl &'j 6‘,41
0 O** Fxx Ax* 0

This has exact rows because the two dualizing functors are exact in
the present instance, and d; and 85 are isomorphisms. I't follows that
d 4 is an isomorphism and hence that 4 is reflexive. Thus («) implies

(b).
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Assume (b). Let B be a finitely generated right A-module. Then, by
hypothesis, B is reflexive and therefore a fortiori semi-reflexive. It
follows, from Theorem 15, that there exists an exact sequence

s
0—>A—:A**—>Ext}\ (B,A,)—>0,

where A4 is finitely generated and semi-reflexive. However, by virtue
of (b), &, is an isomorphism. Consequently Ext} (B, A,) = 0. This
holds for all finitely generated right A-modules B and, in particular,
it holds whenever B is a cyclic right A-module. That A, is injective
now follows from (Chapter 3, Theorem 8). The proof that A, is in-
jective is similar.

Definition T'he ring A is called a ‘Quasi-Frobenius’ ring if (1) it is
left and right Noetherian, and (2) A; and A, are both injective.

Thus if A is left and right Noetherian, then it is a Quasi-Frobenius
ring if and only if all finitely generated A-modules are reflexive. It is
known that if A is left and right Noetherian and A, is injective, then
A, must be injective as well, but the usual proof of this depends on
the structure theory of semi-simple rings and we shall not stop to go
into this here. The reader will find details in J. P. Jans (10), Chapter 5.

The last theorem tells us when all finitely generated A-modules are
reflexive. Next to be investigated will be the conditions under which
all finitely generated, semi-reflexive modules are reflexive.

Theorem 18. Let A be left and right Noetherian. Then the following two
statements are equivalent:

(@) r.Idy(A) < 15

(b) every finitely generated, semsi-reflexive, left A-module is reflexive.

Proof. Construct an exact sequence 0—>A,—E— U0 of right A-
modules, where E is injective. Then ».Id, (A) < 1 if and only if U
is injective.

Assume (a). Let 4 be a finitely generated, semi-reflexive, left A-
module. By Theorem 15, there exists an exact sequence

)
0> A= A** >Extl (B, A,) >0

of A-modules, where B is a finitely generated, semi-reflexive, right
A-module. By Theorem 16, B is a submodule of a free module F with
a finite base. Using the exact sequence 0—B->F—>F[B—>0 and
(Chapter 3, Theorem 13), we see that Ext}, (B, A,) and Ext}, (F/B, U)
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are isomorphic. Since U is injective, this shows that Ext} (B, A,) = 0
and hence that 8, is an isomorphism. Our argument therefore shows
that (a) implies (b).

Assume (b). Let B be a finitely generated right A-module. We can
then construct an exact sequence 0—>B,—G->B->0 of right A-
modules, where @ is a free module with a finite base and B, is a sub-
module of G. Since B, is a submodule of a free module with a finite
basge it is semi-reflexive. It is also finitely generated because A is
right Noetherian (see Theorem 3). It follows, from Theorem 15, that
there exists an exact sequence

8
0> A 4%* > Extl, (B, A,) >0,

where A is a finitely generated, semi-reflexive, left A-module. But
such a module is reflexive by hypothesis. Consequently

Ext} (B,, A,) = 0.

However, by (Chapter 3, Theorem 13), Ext} (B,, A,) and Ext} (B, U)
are isomorphic. Thus Ext} (B, U) = 0 and this holds for all finitely
generated right A-modules B. From (Chapter 3, Theorem 8) we can
now deduce that U is injective and hence that r.Id, (A) < 1. This
completes the proof.

5.6 Perfect duality and Quasi-Frobenius rings

Suppose that A is left and right Noetherian. We have seen in Theorem
17 that in order that all finitely generated A-modules should be re-
flexive it is necessary and sufficient that A should be a Quasi-
Frobenius ring. Such rings exhibit a rich duality theory of the kind
encountered in the theory of finite-dimensional vector spaces. This
situation may be described informally by the statement that for
these rings we have perfect duality in respect of finitely generated
modules. A summary of what this entails is provided by the next
theorem. In it K denotes a submodule of a A-module 4 and M a
submodule of the dual 4*. Moreover K° resp. M® denotes the annihi-
lator of K resp. M in A* resp. 4. The conclusions of the theorem
should be taken in conjunction with the more elementary results
contained in Lemma 2.

Theorem 19. Suppose that A is a Quasi-Frobenius ring. Further let
A be a finitely generated A-module and A* its dual (so A* is also finitely
generated). Then
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1) K = K% for all submodules K of 4;
2) 0> K% A4* > K* 0 is exact for every submodule K of A;

) (K n K,)* = K9+ K$, when K, K, are submodules of A;

*y M = M for all submodules M of 4;
2¥) 0> M'—> A4 > M*—01is exact for every submodule M of 4;

¥y (Myn M,)° = M9+ MY, when M;, M, are submodules of A*.

Further if 1 is a left ideal of A and H a right ideal, then I = I and
H = H%.

(
(
(3
(1
(
(3

Remarks. In (2*%) the homomorphism A — M* is understood to be
the one obtained by combining 4** - M* (the dual of the inclusion
mapping) with 8 ,: 4 - A** We recall that 1% is the left annihilator
of the right annihilator of I and H® the right annihilator of the left
annihilator of H.

Proof. For each submodule K of 4 we have an exact sequence
0>K—>A—>(AJ/K)—~0 and A/K is finitely generated and therefore
reflexive. Accordingly, by Theorem 12, K is closed in 4 and therefore
(1) is proved. Next, by Theorem 17, A, and A, are injective and there-
fore 0> (4/K)*—> A4* > K*— 0 is exact. But, by Theorem 12, (4/K)*
may be identified with K°. Consequently (2) is proved as well. Further
(1*) follows from (1) if we note that 4 is reflexive (because it is
finitely generated) and make use of Lemma 3.
To establish (3) put M, = K9. Then, by Lemma 2 and (1),

(My+ M) =MinM$=K,nK,
and therefore

(K0 Kp)® = (My+ Mp)*® = My+ M, = K$+ K}

by virtue of (1*). This proves (3) and the same device will serve to
prove (3%).

Consider (2*). The exact sequence 0—> M > A* > (A*/M)—>0 to-
gether with the injective character of A gives rise to the exact sequence

0> (A*/M)* > A% > M* 0.

Also, by Theorem 12, the image of (A*/M)* in A** is the annihilator
of M in A** and this, by Lemma 3, is § ,(M°) because 4 is reflexive.
In view of the fact that §,:4 - 4** is an isomorphism, it follows
that 0> M A > M* >0 is exact, where 4 > M* is the homo-
morphism described in the remarks following the statement of the
theorem. Accordingly (2*) has now been proved. This establishes the
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theorem because the assertions concerning I and H® are special
cases of (1).
Suppose momentarily that A is left and right Noetherian and that

I=1I% H=H®

for all left ideals I and right ideals H. We shall see later that this is
sufficient to ensure that A is a Quasi-Frobenius ring. However before
we can win through to this result we must review briefly the notion
of the length of a module,

Let C be a submodule of a A-module B and suppose that C + B.
By a composition series from B to C we mean a chain

B=K,oK,>2K,>..2K,=C (5.6.1)

of submodules from B to C with the property that each factor module
K, /K;(1 <1< n)is simple. If (5.6.1) is a composition series, then
we say that it has length n. In the case where C = B it is convenient
to say that there is a composition series from B to C of length zero.

Exercise 12. Let C be a submodule of a A-module B. Show that there
exists a composition series from B to C if and only if B[C is both No-
etherian and Artinian.

Exercise 13. Let C be a submodule of a A-module B and suppose that
there exists a composition series from B to C of length p. Suppose also

that B=-K,oK,>..5K,=C

is a chain of submodules from B to C. Deduce that n < p. Hence show
that any two composition series from B to C have the same length. Show
also that any chain of submodules from B to C can be refined info a
composition series (from B to C) by introducing extra terms into the
chain.

Let B be a A-module. We put L, (B) equal to the length of a com-
position series from B to its zero submodule if such a series exists,
otherwise we define L,(B) to be ‘plus infinity’. Accordingly L, (B)
is defined in all cases. It is called the length of B. Evidently isomorphic
modules have the same length and there exists a composition series
from B to a submodule C if and only if L,(B/C) < oo in which case
L, (B/C) will be the common length of all such composition series.
By Exercise 12, L,(B) < oo if and only if B is both Noetherian and

t+ This follows from the natural bijection connecting the submodules of B that
contain C with the submodules of B/C.
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Artinian. Note that L,(B) = 0if and only if B = 0 whereas L, (B) = 1
if and only if B is a simple module.

Suppose that L,(B) < oo and also B > €' > 0, where C is a sub-
module of B. By Exercise 13, the chain B © €' © 0 can be refined to
a composition series

B=K,oK,>..2K,2K,;,>..2K,=0,
where ' = K, say. Then n = L,(B), n—q = L,(C) and ¢ = L,(B/C).
Accordingly Ly(B) = Ly(BJC) + L;(C). (5.6.2)
This holds provided that L,(B) < co. Note that it is no longer neces-
sary to exclude the possibility that C may coincide with B or its zero
submodule for in either of these situations the assertion is trivial.
Also (5.6.2) will still hold if B happens to be a zero module.

Now assume that L,(B) = o0 and that C is a submodule of B.
Then either L,(B/C) = or L,(C)= oo for otherwise we could
construct a composition series from B to C' and one from C to 0 and
these would combine to give a composition series from B to 0. Thus
(5.6.2) is valid for any module B and submodule C and therefore we
have proved

Theorem 20. Let 0>A'>A—>A"->0 be an exact sequence of A-

modules. Then Ly(A) = Ly(4")+ Ly(4")
regardless of whether or not the lengths involved are finite.
Corollary. Let A = 4, @ 4, @ ... ® A, m € 4. Then
Ly(A) = Ly(A4y) + Ly(4g) + ... + Ly(4,).
Proof. We need only consider the case n = 2 and this follows from
the theorem because we have a canonical exact sequence
0>4,-4, ®A4,>4,—-0.
The next theorem shows that the notion of length is particularly

relevant to our investigations relating to perfect duality.

Theorem 21. Let A be a Quasi-Frobenius ring. If now A s a finitely
generated A-module, then L, (A4)1s finite and, moreover, L (A) = L,(A*),
where A* is the dual of A. In particular, L,(A;) and L, (A,) are finite
and equal.

Proof. By Theorem 19, there is a bijection between the submodules
K of A and the submodules M of A*. In this K and M correspond
precisely when each is the annihilator of the other, Furthermore the
bijection reverses inclusion relations.
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Both 4 and 4* are finitely generated. Consequently, by Theorem 5,
they are both Noetherian. Since 4* is Noetherian, the inclusion re-
versing bijection shows that 4 is Artinian as well as Noetherian.
Accordingly L,(4) < co. On replacing 4 by 4* we find that we also
have L,(A4%*) < c0. Again, if we apply the bijection to a composition
series from 4 to its zero submodule, the result will be a composition
series from 4 * to its zero submodule. This proves that L, (4) = L,(A4*)
and now the proof is complete.

Theorem 22. Suppose that L,(A;)) and L,(A,) are both finite and that
the dual of every simple module has length at most unity. Then A is a
Quasi-Frobenius ring.

Remark. It is in fact true, though we shall not stop to give a proof,
that if A is left resp. right Artinian, then it is also left resp. right
Noetherian.t It follows that L ,(A;) and L,(A,) are both finite, if and
only if A is left and right Artinian.

Proof. Our hypotheses ensure that A is both left Noetherian and left
Artinian. They also ensure that it is right Noetherian and right
Artinian. It follows, by Theorems 5 and 7, that every finitely generated
A-module is Noetherian and Artinian and so has finite length.
Let 4 be a finitely generated A-module. We claim that

Ly(A4%) < Ly(4).
This will be established by induction on n = L,(4). If n = 0 the
assertion is trivial and if » = 1 it follows by hypothesis. We shall
now suppose that » > 1 and make the obvious induction hypothesis.
Let us construct an exact sequence 0—>A4,—>A4->A4,-0, where
L,(A4,)=1and L,(4,) = n—1. On applying the duality functor we
obtain an exact sequence

¢
0>AF > A*—> AT

of finitely generated A-modules and now, by Theorem 20 and the
induction hypothesis,

L\(A%) = Ly(47) + Ly ($(4%))
< Lp(47) + Ly(47)
< Ly(45) + Ly(4y)
= L, (4).
This establishes our claim.

1 See, for example, (25) Theorem 3.25 Cor.
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Since Af = A, and A¥ = A,, it follows that L,(A,) < L,(A;) and
Ly(A) < Ly(A,). Hence L, (A;)) = Ly(A,). Using Theorem 20 Cor., we
now conclude that if F is a free module with a finite base, then
Ly(F) = Ly(F¥).

Once again let 4 be a finitely generated A-module. This time we
clavm that L,(A*) = L,(A). For we can construct an exact sequence
0->B—>F—> A0, where F is free with a finite base and B is finitely
generated. Applying the duality functor we arrive at an exact

sequence v
0> A*—>F*—> B*
whence L,(A*)+ L (Y (F*)) = Ly(F*)
= LA(F)
= L,(4)+L(B).

But L,(A4*) < Ly(4) and L,(y(F*)) < L,(B*) < L,(B). Accordingly
L,(4%*) = L,(4) as required.

Let 0-» A4, >4 - 4,— 0 be an exact sequence of finitely generated
A-modules. We assert that the derived sequence 0> A¥ - A*—> AF -0
ts exact. In any event we have an exact sequence

0>Af > A*—> A¥

so our assertion will follow if we prove that o is surjective. For this
we need only show that L, (w(4%)) = L,(A¥). But

Ly(@(4%)) = Ly(4%) - LA(4F)

which is what was needed.

Let I be a left ideal of A. If the main conclusion of the last para-
graph is applied to the sequence 0—>1—> A > A/l — 0 (this is an exact
sequence of finitely generated modules) we see in particular that the
induced homomorphism Hom, (A, A;) >Hom, (I, A,) is surjective. It
follows, by (Chapter 2, Theorem 11), that A, is injective and a similar
argument shows A, to be injective as well. This proves the theorem.

Theorem 23. Let A be left and right Noetherian. Then the following
statements are equivalent:

(@) for every left ideal I and right ideal H, I = I and H® = H;

(b) A s a Quasi-Frobenius ring.
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Proof. Assume (a). There is then a bijection between the set of left
ideals and the set of right ideals in which, when I corresponds to H,
I° = H and H® = I. This bijection reverses inclusion relations. Since
A is right Noetherian, we may conclude that it must be left Artinian
as well as left Noetherian. It follows that L,(A;) < co and, of course,
L, (A,) < oo for similar reasons.

Let 4 be a simple A-module. In view of Theorem 22, if we can
show that the dual of 4 is also simple, then (b) will be proved. Clearly
we need only consider the case where 4 is a left A-module and there-
fore we may suppose that 4 = A/I, where I is a maximal left ideal.

Consider the exact sequence 01—+ A—>A[I—0. By Theorem 12,
(A/I)* is isomorphic to I° and our bijection shows that I° is a simple
right ideal. Thus (A/I)* is a simple A-module and we have shown that
(@) implies (b). The converse has already been established as a part
of Theorem 19,

5.7 Group rings as Quasi-Frobenius rings

Some particularly interesting examples of Quasi-Frobenius rings
arise in connection with the theory of finite groups. We shall now
explain how this comes about.

Let & be a multiplicative group and let K be a field. By considering
formal linear combinations of the elements of G' we can construct,
over K, a vector space K(G) which has the elements of ¢ as a base.
Suppose that £ belongs to K(G). Then £ has a unique representation
in the form £ =Ug; k,o.

Here k,e K and only finitely many k, are non-zero. Let £ = X k.7

TEQ
be a second element of K(G). We can turn K(G) into a ring by de-

fining the product of £ and §’ by means of the formula
€' =X ko k; (o).

This ring is the so-called group ring of G with coefficients in K. The
identity element of the group ring is the identity element of G.

Let V be an arbitrary vector space over K. Since K(G) may be
considered as a (K, K(G))-bimodule with the elements of K(®) operat-
ing on the right, Homy (K(G), V) has the structure of a left K(@)-
module. (For similar reasons it may also be considered as a right
K(@)-module.) Consequently if B is a left K(G)-module, then because
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it may be regarded as a K-space, it is possible to form two abelian
groups namely Homy (B, V) and Homg, (B, Homy (K(G), V)). We
claim that there exists an tsomorphism

Homy (B, V) ~ Hom gy (B, Homg (K(G), V))

of abelian groups which is natural for K(G)-homomorphisms B’ — B.

The reader may remember that a very similar situation has been
encountered earlier. Suppose that A is an arbitrary ring and that ©
is a module over the ring Z of integers. Then, as we saw in Example 3
of section (2.2), for each left A-module 4 there is an isomorphism

Hom, (4,0) ~ Hom, (4, Hom, (A, ©))

of abelian groups which is natural for A-homomorphisms A’ 4.
Indeed the arguments used to establish this result can be adapted in
a straightforward way to meet the requirements of the new situation
so we shall not go into any details.

It is now clear that Hom (-, V) and Hom g (-, Hom g (K(G), V)),
considered as functors from €% to €,, are naturally equivalent.
Butall K-modules are injectivet and therefore the functor Homy (-, V)
is exact. Consequently our other functor is also exact and therefore
Homy (K(G), V) is an injective left K(G)-module. For similar reasons
Hom (K(G), V) is injective when regarded as a right K(G)-module.

Theorem 24. Let K be a field and G a finite group. Then the group ring
K(G) 1s a Quasi-Frobenius ring.

Proof. Since G has only a finite number of elements, the dimension
of K(G) as a K-space is finite. Let I, < I, < I; < ... be an increasing
sequence of left ideals of K(G). Now each I, is a vector subspace of
K(@). It follows that the sequence terminates. Accordingly K(G) is
left Noetherian and similar considerations show it to be right No-
etherian as well.

It will now suffice to show that K(G&) is injective both as a left
K(G)-module and as a right K(G)-module. The first of these is typical
so we shall concentrate on that. Now, considered as a left K(G)-
module, Homy (K(G), K) is injective by our earlier remarks. If
therefore we can show that Hom, (K(G), K) is a free K(G)-module
with a base consisting of a single element, this will show that

Hom g, (K(G), K)

T See, for example, (Chapter 2, Exercise 11).
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and K(G) are isomorphic left K(G)-modules and the theorem will be
established.

Let e K(). Then 7 is a linear combination, with coefficients in
K, of the elements of Q. Define a mapping u: K(@)— K by putting
4(7) equal to the coefficient of the identity element of G in the expres-
sion for 9. Then g Hom (K(G), K).

Suppose that fe Homg (K(G), K) and put £ = 3 f(r)71. Then

£e K(@) and, for 0@, re@
(En) (o) = /t(1§60'f(1)1—1) = f(0).

Accordingly £u = f and therefore K(G)x = Homg (K(G), K).
Now assume that { in K(G) is such that {u = 0. Let { = 3 k, 0.

oe@

Then, for e @, ({u) (7) = O thatis u( 3 7%,0) = 0. Thus k, = 0. It
oeG}

follows that { = 0 and now we see that u, by itself, constitutes a base
for Homy (K(G), K) considered as a left K(G)-module. As already
explained, the theorem follows.

Solutions to the Exercises on Chapter 5

Exercise 1. Let A be left Noetherian. Show that every direct sum of
injective left A-modules is injective.

Solution. Let I be aleftideal of A and f: I - @ E a A-homomorphism,

sesS
where {E }, s is a family of injective left A-modules. Since A is left

Noetherian, I is finitely generated and therefore f(I) is finitely
generated as well. It follows that there exists a finite subset S, of S,
such that f(I) =€ @ E,. By restriction, we obtain a A-homomorphism

seS,

I> @ E,, which, since @ E, is injective, can be extended to a A-
seS, seS,

homomorphism A—> @ E,. It follows that f itself can be extended
s€S,

to a A-homomorphism A — @ E,. Since I was an arbitrary left ideal,
8eS

it follows, from (Chapter 2, Theorem 11), that @ E, is an injective
seS

module.

Exercise 2. Given that every countable direct sum of injective left A-

modules is again injective, deduce that A is left Noetherian.

Solution. Suppose that A is not left Noetherian. Then we can find
a strictly ascending chain I, < I, < I, < ... of left ideals of A. Put
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I= G I,. Then I is also a left ideal of A and I/I, + 0. For each n,
n=1

let E, be the injective envelope of I/I,,f,:I/I,—E, the inclusion
mapping, and ¢,:I—I/I, the natural epimorphism. Then g, = f, $,
is a non-zero A-homomorphism g,.: I - E,,. Define a A-homomorphism

g:1—> 5 E’n by g(A) = {gn(A)}r=1. (This is well defined since, for each
Ael, there exists n, such that, for n > ngy, Ae I, and therefore

By our hypothesis, @ E, is injective and therefore g extends to a
n=1

homomorphism h:A—>é—3 E,. Let m,; é% E,—~E, be the canonical
n=1 n=1

projection. Then there exists k& such that 7, k(1) = 0 for all n > £.
Suppose that n > k and Ael. Then

gn(/\) = ﬂng(/\) = ﬂnk(/\) = Aﬂnh(l) =

Thus when = > k, g,,: I - E, is a null homomorphism and we now
have a contradiction. This completes the solution.

Exercise 3. Suppose that A is a Noetherian left A-module and that
is an indeterminate. Show that the polynomial module A[x] is No-
etherian when considered as a left module with respect to the polynomial
ring Alx].

Solution. Let U be a A[x]-submodule of A[x]. Forn =0,1,2,... let
A, consist of the zero element of 4 together with the leading coeffi-
cients of all polynomials of degree n that belong to U. Then 4, is a
A-submodule of 4 and 4, < 4,,, for all » > 0. Since 4 is a No-
etherian A-module, we can choose an integer &V such that 4, = 4,
whenever n > N. Now A, is finitely generated. Let

Ay = Aoy +Aay+...+Aa,
and for each ¢ (1 < ¢ < p) select ¢,(x)e U so that it has the form
Bi@) = gV + faN by a4

Next A+dx+... + AxN-1, considered as a A-module, is isomorphic to
the direct sum 4 @ A4 @ ... @ A, where there are NV summands, and
therefore it is Noetherian. It follows that

Un(A+Ax+...+AxN-1)
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is a finitely generated A-module. Let it be generated by

101(56), 302((13), ceey wq(x)

Now suppose that f(x)e U and let it have degree k. Suppose for
the moment that &k > N. Then the leading coefficient of f(x) belongs
to Aoy +Aay+...+Aa,. It follows that there exists fi(x)e U such
that &, < k, where k, is the degree of fi(x), and

flx) = fi(x) (modA[x]¢;+...+Alzx]d,).

If k, > N, then we can repeat the argument. Proceeding in this way
we find that there exists f*(xz)e U such that the degree of f*(x
smaller than N and f{x) — f *(x belongs to Alz] gy(x) +... + Alx] @, ( x)
But then f*(x) is in (4 +Ax +...+AaN-1) n U. Consequently

f@)eAlx] g +... +Alz] @, + Ay +... + Ay,
Accordingly U, considered as a Afx]-module, is generated by

Bisvr By trss oo ¥

and therefore, in particular, it is finitely generated.

Exercise 4. Give an example of a ring which is left Noetherian but
not right Noetherian.

Solution. Let A be the ring generated, over the integers, by elements
z,y which satisfy relations yx = 0 and yy = 0. Further let T" be the
subring Z[x] of A. Then each element of A can be written uniquely in
the form vy, +y,y, where y,,y,€T.

By Exercise 3, I is a Noetherian ring. Now A is a finitely generated
left '-module and therefore it is Noetherian as a left I'-module.
However if I is a left ideal of A, then I is a I'-submodule of A and so
it is finitely generated as a I'-module. Consequently I is also finitely
generated as a A-module. It follows that A is a left Noetherian ring.

Denote by I, the right ideal of A generated by y, xy, 2%, ..., 2%y
Then {I,},-, is an increasing sequence of right ideals. Assume that
there is an integer n such that I, , = I,. Then

2y = YA+ YA, + ..+ 2YA,,,

where Ay, Ay, ..., A, belong to A. But yx = yy = 0. Consequently for
each ¢ = 0,1,...,n there is an integer k; such that yA;, = yk, = k,y.
Thus 2™ty = kyy+ kyxy + kya?y + ... + b, 2"y. This however gives a
contradiction because each element of A has a unique representation
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in the form y; + v,y with y,, y,€ I'. Accordingly the I, (n > 1) form a
strictly ascending chain of right ideals and therefore A cannot be
right Noetherian.

Exercise 5. Give an example of a ring which is left Artinian but not
right Artinian.

Solution.t Let K be a field and o: K - K a ring-homomorphism such
that [K:0(K)] = 0. (For example, K could consist of all rational
functions over a field F in countably many indeterminates

Xy, Xy Ly, +ee

and o:K— K could be defined so that it leaves each element of F
fixed and satisfies o/(z,) = «,, for all v.)

We now define a (K, K)-bimodule N with one K operating on the
left and the other on the right. To this end let N have the same
elements as K and the same addition. If now ne N and ke K, then
kn is to be obtained by using ordinary multiplication in K whereas
nk is to be given by nk = o (k) n. This produces a bimodule structure.

Put A = K ® N. Then A is an abelian group and it becomes a ring

if t
twepu (foy, my) (kg, mg) = (ky kg, oy g + 1y ky).

This has (1, 0) as identity element and we can regard K as a subring
of A if we identify k& with (%, 0). As a left K-space, A has dimension
two. Consequently A is left Artinian.

Let {e;};c; be a base for K over o(K) so that the index set I is
infinite. Put »; = (0,¢;). Then v,e N. We claim that, in A, the sum
Siv; A of right ideals is direct. This, of course, will show that A is

iel
neither right Artinian nor right Noetherian.
Suppose that X v;A; = 0, where A; = (k;, n;) and v;A; = 0 for almost

all ¢. Now v, A, = (0,a(k;)e;) and therefore o(k;) = 0 for each ¢ in I.
Hence k;, = 0 and v, A, = 0 in every case. This establishes our claim.

Exercise 6. Show that if P is a projective A-module which can be
generated by n elements, where 0 < n < o0, then the dual module P* is
also A-projective and it too can be generated by n elements.

Solution. Let P be a projective module generated by p,, ps, -.., Py
and let ¥ be a free A-module with a base ey, ¢,, ..., e,. There exists a
A-epimorphism 7: F— P with n(e;) = p;, for 1 <7 < n. Since P is

1 This example is taken from A. Rosenberg and D. Zelinsky (23).
6-2
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projective, there is a homomorphism o:P— F such that 7o = ip.
Consequently o*n* = (mo')* = tp., where the notation is self-
explanatory. It follows that P* is a direct summand of F* and
therefore a homomorphic image of F*. But, because F is a free
module with a base of n elements, F* is also a free module with a
base of n elements. Accordingly P* is a projective module which
can be generated by » elements.

Exercise 7. Let A be a right Noetherian ring. Show that the dual of
any finitely generated left A-module is also finitely generated.

Solution. Let A be a finitely generated left A-module, then we can
construct an exact sequence 0—>K —F-—>A—-0, where F is a free
left A-module with a finite base. On applying the duality functor we
find that, up to isomorphism, 4* is a submodule of F*, But F* is a
free right A-module with a finite base. Since A is right Noetherian,
it follows, by Theorem 3, that 4* must be finitely generated.

Exercise 8. Let R be an integral domain with quotient field F and
I % (0) an ideal of R. Show I is reflexive if and only if I = (I-1)~1.

Solution. The proof of Theorem 9 shows that there exists an iso-
morphism ¢: I* > I-! of R-modules where, if fe I* and ael (« + 0),
then ¢(f) = f(x)/a. It follows that I** ~ (I-1)*. Here w in I** corres-
ponds to w¢—! in (I71)*. By similar considerations we have an iso-
morphism ¢:(I-1)* 5 (I71)~1 of R-modules. This time if ge (I-1)*
and fe I-1(f + 0), then y¥(g9) = g(f)/B. Note that I < (I-1)-1.

By combining ¥ with the isomorphism I** x (I-1)* we obtain an
R-isomorphism I** x~ (I-1)~1. Note that if fe I~ (8 + 0), then v in
I'** will correspond to wg—YB)/B in (I-1)-1L.

Consider the diagram

f o (I-Hy-t

where I—(I-1)-! is an inclusion mapping. Let ael, fcI-! with
£+ 0, and put 0 = 8;(a), p~(f) = f. Then f(a) = af and therefore

wp=HP)B = (81(x)) (F)B =F(2)]B = e
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This proves that the diagram is commutative and now the desired
result follows.

Exercise 9. Show that a submodule of a semi-reflexive module is semi-
reflexive and that a direct summand of a reflexive module is reflexive.
Solution. Suppose that 4 is semi-reflexive and that B is a submodule
of A. Let o:B—A be the inclusion mapping. Then, with a self-
explanatory notation,

B %5 B¥*

T 0—**

A 8

Ax*

is a commutative diagram. But o and J, are monomorphisms.
Consequently &5 is also a monomorphism and therefore B is semi-
reflexive.

Now suppose that B is a direct summand of a reflexive module 4.
Then there exist homomorphisms o:B—>4 and 7: 4 — B such that
7o = ig. It follows that m**g** = (mo)** = i p.., and therefore 7** is
an epimorphism. Next the diagram

04

A AF*
m ”**
B % > Bk

is commutative, and &, is an isomorphism. We now see that Jy is
an epimorphism. From the first part of this exercise d is also a
monomorphism. Accordingly & is an isomorphism and B is reflexive.
Exercise 10. Establish the relation 8%8 o = 1 4.
Solution. We have 8 ;,: A* —> A*** and 8%: A*** > A*. Suppose that
fe A* and put @ = ,.(f). Then geA*** and &%(¢) = ¢6,. Thus
8% 8,44(f) = 0 4+(f) 0 4. Accordingly, for every ain 4,
(048,44 (@) = [8.4+(f) 0.4 (@) = 8,4:(f) [.4(a)].

But, by the definition of 6 4.(f),

0.40(f) [84(@)] = [6.4(a)] (f)

= f(a).

It follows that 6% 8 ,(f) = f for all fe A* and therefore 6% 6 o = i 4.
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Exercise 11. Let K, K,, ..., K, be submodules of a A-module 4 and
suppose that A is their direct sum. Put

U;=K,+..+K,_,+K,,..+K,

so that U, is a submodule of A. Showthat A* =US® U3® ... ®» U°
and that U} and K} are isomorphic A-modules.

Solution. Let o,;:K,~>A and m;:A— K, be the canonical homo-
morphisms Suppose that fe 4*. Since 7,(U;) = 0 we have fo,m,e US.

Nowf = Zfo‘ m; and therefore it follows that A* = U+ U3+ ...+ US.

Assume next that fors =1,2,...,n, f,e Ul and fy +fo+... +f, = 0.
For any ae 4 we have a = k1+k2—|— ... +k, for suitable k,e K,, and,
since K; = U; whenever ¢ + j, f, = 0 provided that ¢ # j. Thus
fila) = f;(k,) + f, )4+ filk, f, ) and therefore

—fila) = fulky) +.. +f,_1 )+ fialky) + o+ fulky)
This shows that f; = 0 for every j. Consequently in the relation
A* = U9+ U+ ... + U the sum is direct.

In order to show that U? and K} are isomorphic define a A-homo-

morphism ¢: US> K¥ by ¢(f) = fo,;. If now ge K¥, then

gm;e U} and  @(gm,) = gm0, = g.

Hence ¢ is an epimorphism. Finally if fe U} and ¢(f) = 0, then f
vanishes not onlyon K, ..., K, ;,K,,,..., K, but also on K, because
fo, = ¢(f) = 0. It follows that f = 0 and hence that ¢ is a mono-
morphism as well as an epimorphism. This completes the solution.

Exercise 12. Let C be a submodule of a A-module B. Show that there
exists a composition series from B to C if and only if B[C is both No-
etherian and Artinian.

Solution. Suppose that B=K,> K, > ... > K, = C is a compo-
sition series from B to C. If n = 1, then B/C is a simple module and
therefore Noetherian and Artinian. Suppose now that a similar
implication has ben established for any composition series of length
n—1. Then, since B= K,> K, > ... @ K, _, is a composition series
from B to K,,_,, we see that B/K,_, is Noetherian and Artinian. Also
K, _,/C is simple and hence Noetherian and Artinian. Since we have
an exact sequence 0> K, ,/C—>B|C—B|K, ;-0 the desired con-
clusion, namely that B/C is Noetherian and Artinian, follows.

Now assume that B/C is Noetherian and Artinian. Let S be the set
of submodules K of B such that (1) B2 K = C, and (2) there exists a
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composition series from K to C. Since C belongs to S, § is not empty.
By considering the submodules K/C of B/C we see that S contains a
maximal member B’ say. It is enough to show that B’ = B. Assume
that B’ + B. Then B/B’ is non-zero and it is Artinian because it is
isomorphic to (B/C)/(B’/C). It follows that there exists a submodule
B" of B such that B2 B” > B’ and there are no submodules of B
strictly between B” and B’. Accordingly B” €S and now we have the
desired contradiction since B’ is maximal in S.

Exercise 13, Let C be a submodule of a A-module B, and suppose that
there exists a composition series from B to C of length p. Suppose also
that B= K,> K, > ... © K, = C 1s any chain of submodules from B
to C. Deduce that n < p. Hence show that any two composition series
from Bto C have the same length. Show also that any chain of submodules
from B to C can be refined into a composition series (from B to C) by
introducing extra terms into the chain.

Solution. We prove the first assertion by induction on p. Clearly if
p = 0 the result is obvious as in that case B = C. Suppose that p > 0
and let B=J,>J; > ... 2 J, =C be a composition series from B
to C. Clearly we may suppose that n > 0. Consider the modules

B=J,+K, ;24+K, ;=2..2J,+K, ,=K,_,.
Since we have isomorphisms
i + Ky )[(Jpa+ Kpy) ® (Jn + K g) + ) (i + K y)
~ i/ (0 (Joa + Ka))
~ I/ Ja+ 0 Kyy)
~ (il ) [(ia + 0 K1) 41)
we see that (J;+K,_,)/(J;.,+K,_,) is either a simple module or a

1
zero module; furthermore if J, n K, _; & J;,; then it is a zero module.

We claim that there is at least one value of i for which
T Ky & .

For we can choose be K,_, so that b¢ K,. Now select ¢ as large as
possible so that beJ,. Then ¢ < p. Also beJ; n K,_, but b¢J; . This
establishes our claim.

Our discussion so far shows that there must exist a composition
series from B to K,_, of length p’, where p’ < p. By induction we
conclude that n—1 < p’ < p—1. Accordingly n < p and the first
assertion is proved. The other assertions are immediate consequences.
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LOCAL HOMOLOGICAL ALGEBRA

6.1 Notation

As usual, A denotes a ring with an identity element and we do not
assume that A is commutative. When we wish to consider A as a
left respectively right A-module, we denote it by A, respectively A,.
In the latter part of this chapter, it will be necessary to pay special
attention to the properties of commutative rings. A typical commuta-
tive ring (with identity element) will be denoted by S.

6.2 Projective covers

In this section we shall introduce the concept of a projective cover.
This is the counterpart of the notion of an injective envelope which
was defined in section (2.6). However, whereas a A-module always
possesses an injective envelope, it is only in special circumstances that
a projective cover will exist.}

Let B be a A-module.

Definition. A4 ‘projective cover’ for B is a pair (P,yr), where (i) P is
a projective A-module, (ii) Y P—> B is a A-epimorphism, and (iii) no
proper submodule of P is mapped by yr on to B.

For example, a projective module is its own projective cover with
respect to the identity mapping. It should be noted that in some
situations we omit a direct reference to the epimorphism iy, but when:
this happens it will be clear from the context which is the relevant
mapping.

The next theorem shows that projective covers (when they exist)
are essentially unique.

Theorem 1. Let u: B> B’ be an isomorphism of A-modules and let
(P, ) resp. (P, ¢ be a projective cover for B resp. B'. Then there exists
an isomorphism v: P > P’, of A-modules, which satisfies w = r'v.
1 An account of rings for which every module has a projective cover will be found
in H. Bass (3).
[ 1681
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Proof. Since P is projective and ¥’ is an epimorphism, we can find
a A-homomorphism v: P — P’ such that 'v = uir. Then

¥'o(P) = up(P) = w(B) = B'

and therefore v(P) = P’, because (P’, ') is a projective cover for B’'.
Since P’ is projective and we have just shown that » is an epimor-
phism, we must have P = Kerv @ C for a suitable submodule C of P.
It follows that

wp(C) = Y'v(C) = y'v(P) = §'(P') = B’ = u(B)

whence (C') = B because u is an isomorphism. Since (P,¢) is a
projective cover for P, this shows that C' = P and therefore Kerv = 0,
We have now proved that v is an isomorphism, and with this the

theorem is established.
Let B be a A-module and

w.>P >P, _,—>...>P>F—->B->0 (6.2.1)
a projective resolution of B. Put B, = B and, for » > 1, put
B, =Im(P,—~P,_,).

Definition. T'he exact sequence (6.2.1) is called a ‘minimal projective
resolution’ of B if, for each i > 0, P, is a projective cover for B;.

Theorem 2. Suppose that
w.~>P, P ,—»>..>F—->B->0

s @ mintmal projective resolution of the A-module B, and let m > 0 be
an integer. Then, with the usual notation for projective dimension,
Pd, (B) < m if and only of P, = 0 for all n > m.
This is nearly obvious. Since a closely analogous result is to be
found in (Chapter 3, Theorem 20), we shall not go into details.
Minimal projective resolutions have strong uniqueness properties.
This is shown by

Theorem 3. Let u: B > B’ be an isomorphism of A-modules and let
ve.>P,>... > P >F—~>B->0
respectively v...>P)—>...>P—>Py;—>B >0

be a minimal projective resolution of B respectively B'. Then there exist
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A-isomorphisms y;: P, 5 Pj (i = 0,1, 2, ...) which make

it —>P,—>...—>P, > P, > B >0
'/’nl lbll '/’ol ’Ml
..-—)P;_—>...__>.Pi >P;) ;BI >0

a commutative diagram
This is a simple applicationt of Theorem 1.

6.3 Quasi-local and local rings

We recall that an element u, of A, is called a unit if there exists ve A
such that uwv = vu = 1. Of course, » (when it exists) is unique and is
the tnwverse of u.

Definition. 4 ring A is called a ‘quasi-local ring’ if the non-units of
A form a two-sided ideal.

Suppose that A is a quasi-local ring and that J is the ideal formed
by the non-units. Evidently J is a maximal left ideal and, indeed,
A has no other maximal left ideal. Likewise, J is also the unique
maximal right ideal of A. Now, in any ring, the intersection of all the
maximal left ideals coincides with the intersection of all the maximal
right ideals. The common intersection is known as the Jacobson
radical of the ring. In the case of our quasi-local ring, it is clear that
the Jacobson radical is simply the ideal J of non-units. For this
reason the ideal of non-units in a quasi-local ring will be referred to
as the radical of the ring.

Let A be a quasi-local ring and J its radical. If I is a two-sided
ideal of A and I + A, then I < J and A/I is a quasi-local ring with
radical J/I. In particular A/J has the zero ideal as its radical and
therefore every non-zero element of A/J is a unit in that ring. In
other terms, A/J is a division ring. Any element in A which is not in
J is a unit. Accordingly if ce J, then 1 —¢ is & unit of A.

Theorem 4.1 Let A be a quasi-local ring with radical J and let M be
a finitely generated left A-module. Assume that K is a submodule of M
such that K+JM = M. Then K = M. In particular if JM = M, then
M=0.

1 Compare with (Chapter 3, Theorem 19).
1 This result is a form of Nakayama’s Lemma.
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Proof. We have J(M|K)= M|K and M/K is finitely generated.
Moreover it is enough to show that M/K = 0. Accordingly we may
suppose that K = 0. Thus we assume that JM = M and deduce that
M is a null module.

Suppose that M + 0, and let M = Au,+... +Au,_,+ Au, with n
minimal. Then «, belongs to M = JM so

Up = Cr U+ oo +Cp Uy 3 +C, U,
with ¢,eJ. We now have
(1—cp)up€ Auy+ Aug+ ... + Au,,_,

and therefore u, € Au, + Au,+... + Au,_, because 1—-c, is a unit. It
follows that M = Au;+Auy,+...+Awu,_, and this contradicts the
minimal property of n. The proof is thus complete.

Let M be a A-module and u,, %, ..., %, elements of M. We shall say
that u,, %y, ..., u, form a minimal set of generators for M if (i) uy, us, ..., u,
generate M, and (ii) for no value of ¢ (1 < ¢ < n) is M generated by

ul, reey 'ui~1, ui_‘_l, ey un.

Exercise 1. Let A be a quasi-local ring with radical J, M a finitely
generated left A-module, and u,, u,, ..., u, elements of M. Denote by 7,
the natural image of w, in M [J M. Show that u,, u,, ..., u, generate M if
and only if wy,u,, ..., %, generate M[JM over the division ring AJJ.
Show also that uy, u,, ..., %, 1s a minimal set of generators for M if and
only if uy, Uy, ..., %, ts a base for M[JM over A|J. Deduce that any two
minimal sets of generators for M contain the same number of elements,
and that this number is equal to the length of M [J M considered either as
a A-module or as a A|J-module.
A useful application of Exercise 1 is provided by

Exercise 2. A is a quasi-local ring with radical J and M is a finitely
generated left A-module. Furthermore we M but u¢ JM. Show that
there exists a minimal set of generators for M that has w as a member.

We are now ready to consider the question of the existence of
projective covers in the quasi-local case.

Lemma 1. Let A be a quasi-local ring with radical J and let . P> M
be an epimorphism, where P is a finitely generated, projective, left A-
module. If now Ker iy = JP, then (P, ) is a projective cover for M.

Proof. Let X be a submodule of P such that ¥(X)= M. Then
X +Keryr = Pand therefore X +JP = P. Consequently, by Theorem
4, X = P and now the proof is complete.
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Theorem 5. Let A be a quasi-local ring with radical J and M a finitely
generated left A-module. Then M has a projective cover. If (P,v) is a
projective cover for M, then P is a free module on a finite base and
Kery = JP.

Proof. Let M = Auy+ Auy+ ... + Au,, where the integer » is minimal,
and construct a free module ¥ with a base ¢;, e,, ..., ¢, of n elements.
Define an epimorphism ¢ :#— M so that y(e;) = u; for 1 <7 < n.
We claim that Ker iy = JF. For suppose that

Aje;+ A8+ ...+ A e, eKery.

We must show that all the A; are in J. Assume the contrary. Without
loss of generality we may suppose that A;¢J, i.e. we may suppose
that A; is a unit. Since A u; + AUy + ... +A,%, = 0, it follows that
U € Aug+ ... + Au,,. Accordingly M = Au,+...+Au, and, as this
contradicts the minimality of », our claim is established.

Lemma 1 now shows that (¥, ) is a projective cover for M. This
particular projective cover has the properties described in the state-
ment of the theorem. The uniqueness of projective covers shows that
all other projective covers share these properties.

Theorem 6. Let A be a quasi-local ring and P a finitely generated
projective A-module. Then P is free.

Proof. The pair (P, i) is a projective cover for P. Hence, by Theorem 5,
P is a free A-module.

It is known that any projective module whatsoever over a quasi-
local ring is free, but the proof of this involves considerations of a
different kind, and we shall not go into details here.t

Exercise 3. Let I be a two-sided ideal of an arbitrary ring A and let
(P, ) be a projective cover for a left A-module A. Show that (P[IP,yr*)
is a projective cover for the A[I-module A|IA, where y*: P[IP - A[IA
ts the homomorphism induced by . (Consequently if v belongs to the
centre of A, then P[yP is a projective cover for the A|yA-module AfyA.)

This is a convenient point at which to introduce Noetherian con-
ditions.

Definition. A4 ring A is called a ‘left local ring’ if it is quasi-local and
left Noetherian.

Of course, if A is a quasi-local and right Noetherian, then it is called
a right local ring. We give an example.

1 For a proof see I. Kaplansky (11).
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Let ay, x,, ..., x; be indeterminates and denote by A[[z,, z,, ..., %]
the ring of formal power series in z,, z,, ..., x, with coefficients in A,
Addition and multiplication of formal power series are defined in the
obvious way, it being understood that the indeterminates commute
with each other and with the elements of A.

Exercise 4. Show that a member of Al[xy, s, ..., %,]} ts @ unit of that
ring if and only if its constant term is a unit of A. Show also that if A
is left Noetherian, then so too is Al{x,, x,, ..., %,]].

It follows, from this exercise, that if A is a left local ring, then
Al[zy, z,, ..., ,]] is a left local ring as well. More particularly, if D is
a division ring, then D[[x;, Z,, ..., Z,]] is a left and right local ring and
the non-units are just the power series which have zero constant
terms.

Let A be a left local ring and M a finitely generated left A-module.
By Theorem 5, M has a projective cover (F,, ), where F, is a free
module on a finite base. Put M, = Ker {,. Since A is left Noetherian,
it follows, by (Chapter 5, Theorem 5 Cor.), that M, is finitely generated.
Accordingly it has a projective cover (Fy,y,), where F, is a free
module with' a finite base. Put M, = Keryr;. Then M, is finitely
generated and it has a projective cover (F}, ;). Evidently we can
continue in this way indefinitely. Define d;: F; > F,_, to be y;: F, > M,
followed by the inclusion mapping M, — F,_;. Then

d; dy Yo
i FB>F ... > >F—>M—-0

is a minimal projective resolution of M. Thus every finitely generated
left A-module has a minimal projective resolution and each projective
module appearing in such a resolution is a free module on a finite base.

Theorem 7. Let A be a left local ring, M a finitely generated left A-

module, and
w.>P,—>P,_1—>...>P>F—>M->0

a minimal projective resolution of M. Further let 'y be a central element
in the radical J (of A) which is not a zerodivisor on either A or M. Then

the derived sequence
w~>P|yP,—~ P, _1[yPy_y—~>...>P[yP,—> F|yFy—~ M|yM -0
is @ minimal projective resolution of the AlyA-module M|y M.

Proof. Put M, = M and, for ¢ > 1, put M; = Im (F,— F,_,). Then for
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each 7 > 1 we have a commutative diagram

0 M, P, M, 0
Y Y Y
M; P, M;_, >0

with exact rows, where each vertical mapping is produced by multi-
plication by y. Since v is not a zerodivisor on A, it is not a zerodivisor
on any submodule of a free A-module. In particular y is not a zero-
divisor on F; (z > 0) nor on any M; provided that j > 1. Moreover, by
hypothesis, v is also not a zerodivisor on M, = M. It follows that each
vertical mapping in our diagram is a monomorphism and therefore,
applying the theory of the Ker-Coker sequence,

0> MlyM;—~F,_|yF,_y~M;_[yM; ,~>0
is exact for every 4. Accordingly the infinite sequence
...>P|yP,— P)|yPy—> M|yM -0

is exact. Finally, by Exercise 3, P,/y P, is a projective cover for M;/y .M,
and with this the proof is complete.

Theorem 8. Let A be a left local ring with radical J, and M a finitely
generated left A-module. Further let v be an element of the centre of A
which is contained in J, and suppose that vy is not a zerodivisor on A
or M. In these circumstances 1. Pd, (M) = 1.Pd,,, (M[yM).

Proof. Let the notation be as in Theorem 7. By Theorem 4, M = 0
if and only if M[yM = 0 and, by the same result, P, = 0 if and only
if P,[yP, = 0. Theorem 8 now follows by virtue of Theorems 2 and 7.

The next theorem shows that when the radical of a local ring has a
non-zero annihilator, all finitely generated modules having finite
projective dimension are free.

Theorem 9. Let A be a left local ring with radical J, and M a finitely
generated left A-module such that 1.Pd, (M) < oo. If now there exists
A€ A such that A + 0 and AJ = 0, then M is a free module.
Proof. Put 1.Pd, (M) = n. By Theorem 6, it is enough to show that
M is projective, i.e. that n < 0.

Assume that n > 1. We now define a left A-module K. If n = 1 we
put K = M. If however n > 2, then we construct an exact sequence

0>K—>P, ,»>..>P—>F—>M->0,
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where each P, is finitely generated and projective. In either case K is
finitely generated and /.Pd, (K) = 1. The theorem will follow if we
obtain a contradiction.

Let (F,9) be a projective cover for K. Then the sequence

0—>Ker¢—>F—¢> K->0

is exact and, since [.Pd, (K) = 1, Ker ¢ is projective and therefore,
by Theorem 6, free. Again, by Theorem 5, Ker iy = JF. Consequently
AKeryr = 0 because AJ = 0. It now follows, because A + 0 and Ker ¢
is free, that Keryr = 0. Accordingly ¥ and K are isomorphic and now
we have the required contradiction because [.Pd, (K) = 1.

Let A be a local ring with radical J. Then A/J is a A-module and
it is not unreasonable to expect that it will have special importance
in relation to the homological properties of A. We shall now embark
on some investigations which lend support to this idea and which
will culminate in a demonstration that the global dimension of A is
equal to the injective dimension of A/J.

Lemma 2. Let A be a quasi-local ring with radical J, and suppose that
C is a finitely generated left A-module such that Hom, (C,A[J) = 0.
Then C = 0.

Proof. Let us assume that C + 0. By Theorem 4, C/JC * 0 and we
have an exact sequence

0->Hom, (C[JC, A|J)—>Hom, (C,A[J]).
Thelemma will therefore follow if we show that Hom, (C[JC, A/J) * 0.
But C/JC is a free AJ/J-module with a base e, e,, ...,¢e,, where n > 1.

Hence C/JC is isomorphic to A|J @ A[J @ ... ® A[J, where there are
n summands, and therefore we have an isomorphism

Hom, (C|JC, AlJ) ~ @ Hom, (A[J,AlJ).
i=1
Since Hom, (A/, A/J) % 0, the lemma follows.

Theorem 10. Let A be a left local ring with radical J and C a finitely
generated left A-module. Then C is projective if and only if
Ext} (C,AlJ) = 0.

Proof. We shall assume that Ext}, (C, A/J) = 0 and deduce that C is
projective. The converse follows by virtue of (Chapter 3, Theorem 1).
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Let (F, ) be a projective cover for C and put K = Ker y. Then

v
0>K—->F->C—>0 (6.3.1)

is an exact sequence and, by Theorem 5, K < JF and F is a free
module on a finite base. Of course, since A is left Noetherian, K is
finitely generated.

By hypothesis, Ext} (C, A/J) = 0 and therefore the sequence

0->Hom, (C,A[J)—>Hom, (F,A/J)~Hom, (K, A[J)—0,

to which (6.3.1) gives rise, is exact. But K = JF < F. Consequently
the mapping Hom, (F, A/J)—>Hom, (K, A[J) can be factored into

Hom, (F, A/J)-> Hom, (JF, AJJ)— Hom, (K, AJJ).
However if fe Hom, (¥, A/J), then §(f), which is the restriction of
f to JF, is null because J annihilates A/J. Thus £ is a null mapping
and therefore the eptmorphism n§: Hom, (F, A|J)—~>Hom, (K, A[J)is
null as well. It follows that Hom, (K, A/J) = 0 and therefore K = 0
by Lemma 2. This shows that ¢r: F - C is an isomorphism and proves
that C is free as required.

Let A be a left local ring and C a finitely generated left A-module.’
We can restate Theorem 10 as follows: C is projective if, and only if,

for every exact sequence 0>A>B>C=0
the derived sequence

0->Hom, (C,A[J)—>Hom, (B, A/J)~>Hom, (4,A[J)—>0
is exact. The next exercise provides a companion to this result.
Exercise 5. Let A be a left local ring with radical J and C a finitely
generated left A-module. Show that the following two statements are
equivalent:
(1) C is A-projective;
(2) for every exact sequence 0-—>A—>B-—>C->0 of A-modules the
induced sequence 0—> A|JA > B|JB->C[JC — 0 is exact.
We come now to the result on the global dimension of local rings
which was mentioned earlier.
Theorem 11. Let A be a left local ring with radical J. Then, with the
usual notation, 1.GD(A) = 1.1d, (A}J).
Proof. By the definition of the left global dimensiont of A,
1.1d, (A/J) < 1.GD(A)

1 See section (3.7).
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80 it is only necessary to establish the opposite inequality and for
this we may suppose that !.1d, (A/J) = n, where 0 < n < o0.

Let C be a finitely generated left A-module. By (Chapter 3, Theorem
18), it will suffice to prove that [.Pd, (C) < n.

First suppose that » = 0. Then A/J is injective. Consequently
Ext} (C, AlJ) = 0 and therefore C is projective by Theorem 10. Thus
1.Pd, (C) < »in this case. Now assume that n > 1. Since

1.1d, (A[]) = n,
we can construct an exact sequence
0>A/J>Ey~>E,~..~E, >0,

where each E; is injective. On the other hand, because A is left
Noetherian, we can construet an exact sequence

0-C,»>P,_;—>..»PF—>PF—->C->0,

where Fy, B, ..., P,_; are finitely generated and projective and C,
itself is finitely generated. Evidently the theorem will follow if we
show that C, is projective and this in turn will be established, by
virtue of Theorem 10, if we prove that Ext} (C,, A/J) = 0. However,
by (Chapter 3, Theorem 14), Ext}, (C,, A/J) is isomorphic to

Ext} (C,E,)

and this vanishes because E, is injective. Accordingly the proof of
the theorem is complete.

6.4 Local Quasi-Frobenius rings

In this section we return briefly to the study of Quasi-Frobenius
rings. These were defined in section (5.5). They make a reappearance
because, when one confines one’s attention to quasi-local rings, it is
possible to characterize them in a new and interesting manner. The
next theorem should be compared with Theorem 22 of Chapter 5
from which, in fact, it will be derived.

Theorem 12, Let A be a quasi-local ring such that both A, and A, have
finite length. Then the following two statements are equivalent:
(a) the intersection of each pair of non-zero left tdeals and each pair
of non-zero right ideals is non-zero;
(b) A is @ Quasi-Frobenius ring.

7 NFC
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Proof. Assume (a). The ring A is non-trivial and left Artinian, and
therefore it contains at least one simple left ideal. However, by
condition (a), there cannot be two different simple left ideals. Thus
there is exactly one simple left ideal I (say) and likewise there is
exactly one simple right ideal H (say). We clavm that I = H. For let
ne A and define a mapping f:I— Iy by f(A) = Ay. This is a homo-
morphism of left A-modules. Since I is simple, either f(I) is simple
or f(I) = 0. In either case, f(I) < I that is I < I. This shows that I
is a non-zero right ideal and, since A is right Artinian, it contains a
simple right ideal. Accordingly H < I and, by similar arguments,
I = H.Thus I = H as claimed.

By (Chapter 5, Theorem 22), we can show that A is a Quasi-
Frobenius ring by proving that if M is a simple module, then its dual
has length at most unity. Without loss of generality we may suppose
that M is a left A-module in which case it is isomorphic to Aj/J.
However, by (Chapter 5, Theorem 12), the dual of A;/J is isomorphic
to the right annihilator J° of J. Accordingly we may complete the first
part of the proof by showing that .J° is contained in H.

Let Ae A. Since J is a two-sided ideal, J(AJ?) = 0 and therefore
AJO = JO. Accordingly J° is a two-sided ideal and, because JJ° = 0,
we may regard it as a left module over the division ring A/J. Hence,
as a left A/J-module, J° is isomorphic to a direct sum of copies of
A/J and therefore it is a direct sum of simple left ideals. But I is the
only simple left ideal. Accordingly J° < I = H and we have proved
that (a) implies ().

Assume (b). Then A; and A, are injective. Now we have a ring
isomorphism End, (A,) ¥ A in whi¢h ¢ in End, (A,) corresponds to
(1) in A. It follows that End, (A,) is a quasi-local ring and hence
(Chapter 4, Exercise 8) that A, is an indecomposable injective. On
the other hand, End,, (A,) is anti-isomorphic to A and therefore it too
is quasi-local. Thus A, is an indecomposable injective as well. The
fact that condition (@) is satisfied now follows from (Chapter 4,

Exercise 8).

6.5 Modules over a commutative ring

A good deal is known about the homological properties of commutative
local rings, but familiarity with the proofs of the main results makes
it clear that the full force of the commutative law is not required.
In fact one can obtain some interesting generalizations via the
notion of what we shall call semi-commutative local rings. However
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before we can win through to these extensions, it will be necessary to
give a brief account of certain parts of classical commutative algebra.

In what follows S will always denote a commutative ring with
identity element. If 4 and B are ideals of S, then by 4B we mean the
set of all finite sums a,b, +ayb,+ ... +a,b,, where a;e 4,b,e B. Of
course ABis an ideal of S, and multiplication of ideals is commutative
and associative.

Let A be an ideal of S and denote by Rad 4 the set composed of all
elements of § that have positive powers that are contained in 4.
This is an ideal. We call Rad 4 the radical of 4, though the reader
should be careful not to confuse this notion with that of the radical
of a local ring. It is easy to see that if A + S, then Rad 4 #+ §. Also if
A, A,,...,A, are ideals of S, then

Rad(4,n4d,n...n4,)=Rad4;nRad4,n...nRad4,. (6.5.1)

Exercise 6. Let A and B be ideals of S, where B is finitely generated and
B < Rad 4. Show that B™ = A for some positive integer m.

We recall that an ideal P of S is called a prime tdeal, if (i) P + 8,
and (ii) when a, f€ 8§ and affe P, either ac P or feP. Thus P is a
prime ideal if and only if S/P is an integral domain. Note that if P is
a prime ideal and 4, 4,, ..., 4,, are ideals such that 4,4,...4,, < P,
then 4; < P for at least one value of 4.

The next theorem will find many applications.

Theorem 13. Let A be an ideal of S and let P, P, ..., P,, be prime
tdeals. If now A is not contained by any P, then there exists o A such
that a¢ P,o¢ Py, ...,a¢ P,.

Proof. We may assume that none of P, P, ..., P, is contained by
any of the others. Suppose that 1 < ¢ < m. Then

AP,..P_,P.,...P,

is not contained in F; so there exists «; in AP,... P,_, P, ... P, such
that «;¢ F,. Thus a;€ 4, a; ¢ P, whereas a; € P if ¢ + j. Put

a=oytayt...+a,.

Then o has the required properties.

Let M be an S-module. We denote by Anng M the ideal formed by
all elements se S such that sM = 0. This ideal is called the annihilator
of M. Now assume that ¥V is a submodule of M.
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Definition. We say that N is a ‘ primary submodule’ of M if (a) N + M,
and (b) whenever s€ S,xe M and sx€ N, either xe N or

seRad (Anng (M[N)).

Thus if N is a primary submodule of M and sxe N, then either
x€ N or "M < N for some positive integer A.
Assume that N is a primary submodule of M and put

P = Rad (Anng (M/N)).

Since M [N =+ 0, it follows that P + 8. We claim that P is a prime ideal.
Forsuppose thata, fe 8, afe P, but g ¢P. Then there exists an integer
k such that a?g"M < N. But f¢ P and therefore f¢ Anng (M/N).
Accordingly we can find x € M such that f*x¢ N. However a*(f*x)e N
and N is a primary submodule of M. It follows that

o’ e Rad (Anng (M /N)).

Accordingly some power of o* (and hence some power of a) belongs
to Anng(M|N). Thus o€ P and our claim is established. The con-
nection between P, N and M is described by saying that N is a P-
primary submodule of M.

Exercise 7. Let P be a prime ideal of S and let N, N,, ..., N, (g > 1) be
P-primary submodules of an S-module M. Show that Nyn N,n ... n N,

s also a P-primary submodule of M.

Let K be a submodule of an §-module M and X a non-empty sub-
set of . We denote by K:,, % the submodule of M that consists of
all x, in M, such that oxe K for every o in X, This construction has

many useful properties.
First KcsKiytcM (6.5.2)

and if K, K,, ..., K, are submodules of M, then
(KinKon ... 0Kyl = (Kyige Z) 0 (Ko Z) 0o 0 (Kpipe X). (6.5.3)
Also if 8 denotes the ideal generated by X, then

K2 = K.y S% (6.5.4)
so that, in particular, K:pyyo=K:ySo (6.5.5)
for any element o in S. Another elementary relation is

K:yZ = N (K:p0) (6.5.6)

el
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which is an immediate consequence of the definition. From (6.5.4)
and (6.5.6) we obtain

K:3(Soy+8oy+... +80,) = (Kipoy) N (Kipr0) 0 oo N (K ipp07,).
Finally if 4 and B are ideals of S, then (6.5.7)
(K:ppd):yyB=K:pyy AB. (6.5.8)

Lemma 3. Let N be a P-primary submodule of the S-module M. If
now oeSbut o¢ P, then N0 = N.

Proof. Suppose that x€ M and oxe N. Since o is not in
Rad (Anng (M /N)),

we have xe N. Thus N:,,0 = N and the opposite inclusion is obvious.

We must now direct our attention to the theory of primary de-
compositions. To this end let K be a submodule of an S-module M.
We say that K has a primary decomposition in M if it can be expressed

in the form K=NaNn..0N, (6.5.9)

where each N; is a primary submodule of M. Suppose that this is the
case and that N, is a P-primary submodule of M. The P, may not all
be different. However in this situation we can use Exercise 7 to
group together those primary submodules which are associated with
a common prime ideal. Thus we can secure that no twoof A, B, ..., P,
are the same. Assume that this has been done. If N, contains

Mn..ANNNyn... NN,

then it is superfluous, that is it can be dropped from (6.5.9) without
destroying the equation. Supposing for the moment that there exist
superfluous N;s, let us take the first one and omit it and then renumber
the remaining primary submodules so as to close the gap. If the
result still contains superfluous N;s we repeat the operation. And so
on. Eventually we arrive at a primary decomposition

K=NnNn..nN,,

where (@) the prime ideals P, (i = 1,2, ..., k) are distinct and (b) none
of the N; (s = 1,2, ..., k) is superfluous. We then say that

KE=NnNn..nN,

is a normal primary decomposition of K in M. Note that any primary
decomposition of K in M can always be refined (by the above pro-
cedures) to one that is normal.
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Theorem 14. Let K be a submodule of the S-module M and suppose

that K has a primary decomposition in M. Further let
K=NnNn..nN,

and K = Nin Ny 0 ... 0 N, be normal primary decompositions of K in

M. If now N; resp. N; is Pi-primary resp. Pi-primary, then the two sets

{PL, B, ..., P} and {P3,P;,...,P}} of prime ideals contain the same

members.

Proof. Let P be maximal (with respect to inclusion) among
P,PR,....F, P,P; .. P,

Without loss of generality we can suppose that P = P;. We claim that

P occurs among P, B, ..., F,. For assume the contrary. By Theorem

13, we can find se P so that s is not in any of P, ..., P, P;,..., P;_,.

Since P = Rad (Anng (M/N;)) there exists a positive integer k such
that s"M < N, and therefore N;:,,s" = M. Suppose that 1 < ¢ <gq.
Then s*¢ P, and therefore, by Lemma 3, N;:;,s* = N,. Similarly
Nj:yst = N;
for 1 € j < t~1. It follows that
K:ppsh = (Nyiprs?) N (Npipgs™) 0 een 0 (N2 8%)
=NnN;n...nN,
=K.
On the other hand
K:ppsh = (N1t 0 (Naiprs®y 0o 0 (Vi 308)
=Nin..nN_nM
=NinNyn...n Ny,
Accordingly N;n N3 n...n N;_, = K = N;and therefore ¥ is super-
fluous in the representation K = Nyn Ny n ... N Nj. This gives a con-
tradiction and thereby establishes our claim. We may therefore
suppose that F, = P = P,
Choose (using Theorem 13) o€ P so that ¢ is not in any of
P,.. P, P,.. P,
and let # be a positive integer so large that o#M < N,and o+ M < Nj;.
Then N,:j0# = M, Nypygot = M, Niiyyo# = N;(1 <4< ¢g—1), and
Nigor=Nj(1<j<t—1).
Put K* = K:j,0%. Then
K*=NnNn..nNN,_,=NinNyn...oN_,.
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Here we have two normal primary decompositions of K* in M. The
theorem now follows by induction on p = max (q,¢) as soon as we
observe that we have to do with a triviality if p = 1.

Suppose that M is an S-module and that the submodule K has a
primary decomposition in M. Then it has a normal primary decom-

position, say K=NnN,n...nN,
e q,

where N, is F;-primary. By Theorem 14, the prime ideals P, B, ..., P,
are determined solely by K and M, i.e. they are independent of the
normal primary decomposition selected. We refer to P, F,, ..., F, as
the prime ideals belonging to the submodule K of M. In this connection
we regard M itself as an empty intersection of primary submodules
of M. Thus M, considered as a submodule of itself, has a primary
decomposition, but the set of prime ideals belonging to M is empty.

The discussion of primary decompositions will be continued in the
next section. We shall conclude this one by giving preliminary con-
sideration to another topic which also has its origins in commutative
algebra.

Let M be an S-module. A sequence o, @, ..., a, of elements of §
is called an S-sequence on M if, for each ¢ (1 < ¢ < p), «, is not a zero-
divisor on M[(ot; M +ay M + ... +t;_y M), that is if

ey M+ayM+... 4o, M)y, =a,M+a, M+...+a, M

(1<1<p).
Thus a by itself is an S-sequence on M if and only if « is not a zero-
divisor on M. Again an S-sequence on S (considered as a module
with respect to itself) is described simply as an S-sequence. This
conforms with the terminology introduced in section (3.8).

Let ay, a5, ..., a, belong to S, let M be an S-module, and suppose
that k satisfies 1 < £ < p. Then a,, s, ..., a, is an S-sequence on M
if, and only if, &;, a,, ..., ¢} is an S-sequence on M and &y 4, %49, .-+, Ay
an S-sequence on M/[{ot, M +a, M + ... +a; M). Usually the order of
the terms of an S-sequence on M cannot be altered without destroying
the S-sequence property.t However we do have

Lemma 4. Suppose that 1 < i < p and let oy, ..., 00, 0,4, ..., 0, be an
S-sequence on M. Assume that

(e M+ ...+, Myya,,=a,M+a,M+...+a, ;M.
Then oy, ..., c;_q, 01,0 0iyo, -..» &, 18 also an S-sequence on M.

1 See (21) for more on this point.
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Proof. Put K =a,M+...+a; M, a, = 2 and a;,, = 8. Then
Kiyo=K, Kyf=K and (K+aM):yf=K+aM.
It will suffice to show that (K+pM):yya = K+ M. To this end
assume that xe M and that ax belongs to K+ M, say ax = u+ fy,
where ue K and ye M. Then y is in (K+aM):yf = K+aM, say
y = v+az, where ve K and ze M. We now have a(x—fz)e K. Con-
sequently x — fz is in K and therefore xe K + fM. Accordingly
(K+pM)pya = K+ M

and, as the opposite inclusion is obvious, the lemma follows,
Our next result, apart from its intrinsic interest, will be useful
later in developing the theory of S-sequences on a module.

Theorem 15. Let M be an S-module, A an ideal of S, and o an element
of A which is not a zerodivisor on M. Then {aM ), A} M and

Ext} (S/4, M)
are isomorphic S-modules.

Proof. The exact sequence 0—>M—> M —>M|aM -0 gives rise to a
further exact sequence namely

¢
Homg (S/4, M)—>Homg (S/4, M[a M)~
¥
Ext}, (S/4, M)->Ext} (S/4, M).

Here, since S is its own centre, all the terms are S-modules. Moreover,
by (Chapter 3, Exercise 7), all the mappings are S-homomorphisms.

Let U be an §-module then, as we saw in the discussion of (Chapter 2,
Exercise 20), Homg (§/4,U) and 0:;; 4 are isomorphic S-modules.
Now 0:;,,4 = 0because xe 4 and « is not a zerodivisor on M. Accord-
ingly Homg (S/4, M) = 0. Again the mapping ¥ consists in multi-
plication by a and a(S/4) = 0. Thus ¥ is a null homomorphism.
This shows that our exact sequence provides an isomorphism

Homg (S/4, M[aM) ~ Extk (S/4, M).
Finally Homg (S/4, M [aM) is isomorphic, as an S-module, to
(0310 A) = (@M 25 A) ] M

and now the proof is complete.
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6.6 Algebras

We have now to find a fruitful way of linking the results taken
from commutative algebra to the theory of non-commutative rings.
A convenient way of doing this is to invoke the notion of an algebra.
To this end, S will always denote a commutative ring (with an identity
element) and A a ring (with an identity element) which need not be
commutative.

Let K be a submodule of a A-module M. We say that K is an
trreducible submodule if (@) K + M, and (b) K is not the intersection
of two strictly larger submodules of M.

Exercise 8. Let M be a Noetherian A-module. Show that every sub-
module of M can be expressed as a finite intersection of irreducible
submodules.

In this exercise it is to be understood that M itself is to be regarded
as an empty intersection of irreducible submodules of M.

Suppose now that we have a ring-homomorphism ¢:8 - A (taking
identity element into identity element) and that ¢(S) is contained in
the centre of A. In these circumstances we say that A is an S-algebra
and refer to ¢ as the structural homomorphism.

Assume that A is an S-algebra and that M is a left A-module. Then
the structural homomorphism ¢ enables us to regard M and all its
A-submodules as modules over the ring 8. (If se § and xe M, we put
sx = ¢(s)x.) Suppose that K is a A-submodule of M and that seS.
Then both sM and K:,s are A-submodules of M and not merely
S-submodules.

Let us say that a two-sided ideal I of A is a central ideal if it can
be generated by elements which belong to the centre of A. For ex-
ample, when A is an S-algebra and Cis an ideal of S, CA is a central
ideal of A. Note that, for a left A-module M,

CM=(CANM (6.6.1)
and this is a A-submodule of M. If K is a A-submodule of M and I

a two-sided ideal of A, we define K:;,I to be the A-submodule of M/
consisting of all € M such that Ix < K. With this notation

for every ideal C of S. In particular K:,,C is a A-submodule of M.
Theorem 16. Let A be an S-algebra and M a Noetherian left A-module.

Further let K be a A-submodule of M. If now K and M are regarded as
S-modules, then K has a primary decomposition in M.
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Proof. In view of Exercise 8, it will suffice to show that if K is an
irreducible A-submodule of M, then the S-module K is a primary
submodule of the S-module M.

Assume the contrary. Then there exist ze M and se8 such that
sxe K, x¢ K and s¢ Rad (Anng (M/K)). Thus, for every

n>0 sM&EK.
Accordingly K < K:y,s and K = K +s#M the inclusions being strict.
Now (K pr8) © (Kipys?) < (Kipps®) < ...
is an increasing sequence of A-submodules of M which, since M is a
Noetherian A-module, terminates. Hence we can choose g so that

K:ps* = K:p 8%, We shall now obtain a contradiction of the fact that
K is an irreducible A-submodule of M by showing that

K = (K:ps#) 0 (K +sM).
Assume that z belongs to (K :y,s#) 0 (K +s#M). It will suffice to prove

that x belongs to K. Now z = u + s*y, where ue K and ye M. Since
stz K, it follows that s?#y € K and therefore y belongs to

Ky 6% = K:ppst.
Thus s#ye K and hence ze K as required.

Theorem 17. Let A be an S-algebra and a left Noetherian ring, let M
be a finitely generated left A-module and K a A-submodule of M. If now
A s an ideal of S, then the following statements are equivalent:

(1) A is not contained in any prime ideal belonging to K when K 1is

regarded as an S-submodule of M ;

(2) there exists ac A such that K: o0 = K;

3) K:yyd =K.
Proof. M is a Noetherian A-module. Consequently, by Theorem 16,
K, when regarded as an S-submodule of M, has a primary decom-
position in M. Let K = N;n N,n ... n N,, where N, is a P,-primary
submodule of the S-module M, be a normal primary decomposition.
For the rest of the proof all modules are thought of as S-modules.

Assume (1). For each (1 < < q) we have 4 & P,. Hence, by
Theorem 13, there exists ae€.A such that a¢ P,a¢ P, ...,a¢P, By
Lemma 3, N;:3;a = N,. Consequently

Ky = (Nyigro) 0 (Npipra) 0en 0 (Nyipr0t)
=MnoN,n...nN,
=K.
Thus (1) implies (2) and it is obvious that (2) implies (3).
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Assume (3). Let A, be a finitely generated S-ideal contained in 4.
Since A is left Noetherian, we can choose 4, so as to maximize 4,A
in which case it is clear that 4,A = AA. Further, by (6.6.2),

K=K, A=K yAA=K: ) A;A =K ;; 4,
and it is enough to prove that 4, is not contained by any of
P,P, .. P,
Thus from now on we may add the assumption that 4 itself is finitely
generated.
Since K = K:y; A, we see that

and, repeating the argument, it follows that K:j, A# = X for all
pu > 0.
Renumber the N;sothat 4 £ P, A& F,,...,4 ¢ B, but

Acs P, AP, ..., AP,
We wish to show that h = ¢q. If A+ 1 < j < ¢, then
4 = Rad (Anng (M/N}))

and 4 is finitely generated. Hence, by Exercise 6, A* < Anng(M/N,)
if u is large enough. Choose x4 so that A*M < N;(h+1<j < ¢) in
which case N;:j4# = M for all j between 2+ 1 and q. Since F; is
prime, A# & P, provided that 1 < ¢ < k. For such an ¢ we can select
a, € A so that a, ¢ P, and then, by Lemma 3,

N, © NpippAe & Ny = N,
showing that N;:;; A# = N,. Accordingly
K:pr Ak = (Nyipr ARy 0 oo 0 (Nt A9) 0 (Nyppiar A#) 0 0 (N2 4#)
=NnNn...nN,.
But K = K:j;A#. Thus K = N;nN,n ... n N, and now we see that
h = q for otherwise N, would have been superfluous in the original

decomposition.
We return now to the study of S-sequences on a module.

Theorem 18. Let A be an S-algebra and a left Noetherian ring, let M
be a finitely generated left A-module, and 4 an ideal of S. Further let
0y, &y, -y A AN A7, Ay, ..., & be S-sequences on M, where each o; and o
tsin A. Then

(ey Mo, M+...+a M)y A=y M+a,M+...+a, M



188 LOCAL HOMOLOGICAL ALGEBRA
if and only if
oy M+osM+...+aMypyd=aM+o,M+...+a ;M.
Proof. Put
Ui=ayM+a,M+...+0, M and Ul=o M+asM+...+a;M

for 0 < 7 < t—1, where by U, and U, we mean the zero submodule of
M. Then U;:py A = U, because U,y a,,, = U, and likewise
Uiyd =Uj.

Thus if we take the whole collection of prime ideals that belong to
the submodules Uy, ..., U, 4, Uy, ..., U;_; of M, then, by Theorem 17,
A is not contained in any of them. It follows, by Theorem 13, that
there exists fe 4 such that £ is not in any of these prime ideals.
Consequently U,:y,f = U, and Uj:p,f = U; for 0 <2 <t—1. We see
now that a,,...,a, ;, 0 is an S-sequence on M and, by repeated
applications of Lemma 4, conclude that 8, «,, ..., «,_, is an S-sequence
on M. Similar considerations show that both a1, ..., ;, f and

Boag, ..,
are S-sequences on M.
Neither o, nor g is a zerodivisor on M/U,_,. Consequently, using
Theorem 15, we have S-isomorphisms

{lcyM+...+oy yM+a M)y A (e, M +... +oy_y M+, M)

R {o(M|U,_y) :M/U,_lA}/“t(M/Ut—l)
~ Exty(S/4,M|U,_,)

~A{pM| Ut—l):M/Ut_lA}/ﬁ(M/ Uia)
Al M+...+oy M+ M)y Aoy M + ...+, M + M),

It follows that

(g M+...+ay  M+a,My:yyAd =a,M+...4+e, M+, M
if and only if

(BM 4oy M+...+a, M)y A =M +a,M+...+as_ M.
Likewise

(e M+...+ M+ M)y A =ayM+...+ M+ M
if and only if

PM+asM+...+oy M):yyA =M+ M+...+0q M.
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Accordingly it suffices to prove the theorem for the sequences
By, ey and  fBoay, ...

Thus unless the sequences o, &,, ..., o, and ay, a3, ..., a; are identical,
we can always increase the number of initial terms they have in
common. By repeated applications of this observation we can reduce
the theorem to the case where a; =« for ¢ =1,2,...,t in which
situation it is obvious.

Corollary. Let A, S, A and M satisfy the hypotheses of Theorem 18

and suppose that oy, a,, ..., a, and aj, a3, ..., «, are S-sequences on M
composed of elements of A. If now v < t, then it is possible to find
01y Oyrgs oees gt A sOthat oy, ... 0, ap,q, ..., 08 an S-sequence on M.

Proof. We have (o, M+...+o,M):pyA =a, M +...+a,M because
(e, M+...+a, M) o,y =00, M+...+a, M. Hence, by Theorem 18,
ey M+...+o, M): ;4 = a1 M+ ... +a, M. It follows, by Theorem 17,
that there exists a,, € 4 so that

(g M+...+a, M) g0,y =y M+...+0, M.
This secures that a5, ..., o, &, ,, is an S-sequence on M. If now
v+1 <t

then we can repeat this argument, and so on until the desired result
is obtained.

Let A be an S-algebra and a left Noetherian ring, M a finitely
generated left A-module, and 4 an S-ideal such that AM + M. Let
us attempt to build up, step by step, an S-sequence a,, a,,a3... on
M composed of elements of 4. We claim that we must reach a point
where we can go no further. For otherwise we would generate an
infinite sequence and theoy M+, M +... + o, M (: = 0, 1,2, ...) would
constitute an increasing sequence of A-submodules of M. But M is a
Noetherian A-module. Accordingly there would exist an integer ¢
such that

oy M+o,M+...+a,M =, M+o, M+...4+a;,M+o; M.
Thus oy, M+a,M+...+o, M = (¢, M +oa M +...+a; M)y
=(MtoyM+...+a;, M)iya;,
=M

which contradicts our assumption that A M + M. Thus our claim is
established. Let a; be the last term in the sequence. We then say that
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Ay, Ag, -+, Oy 18 & maxtmal S-sequence on M in A. Note the fact that we
cannot go any further means that

(o M+a,M+...+a, M)y A+ ayM+oaygM+...+0, M.

Again, by Theorem 18 Cor., any two maximal S-sequences on M in 4
contain the same number of terms. This number will be called the
grade of A on M and denoted by gr{4; M}.

Let A, 8, M and A be as before so that, in particular, AM + M
and gr{4; M} is defined. Now let 4’ be any S-ideal such that

A'A = AA.
Since AM = (AAMM = (A'AYM = A'M,
it follows that A’M + M and gr{A4’; M} is defined. We claim that
gr{d; M} =gr{Ad’; M}. (6.6.3)

To see this we first note that, by replacing 4’ by 4+ A4’, we may

suppose that 4 < A’. Let a,,«,, ..., 2, be a maximal S-sequence on
M in 4. Since

(e M+...+a; M)A = (e, M+...+a, M) AA
=(,M+...+a, M), A'A
=(a, M+...+o, M) A,

we see that (o, M +...+ay M)A’ + 0, M+ ...+, M and therefore
&y, Ay, - .-, A is also a maximal S-sequence on M in A’. This establishes
(6.6.3).

If I, I, are two-sided ideals of A, then we can define their product
L I, just as we did in the case of ideals in a commutative ring. I, I,
is also a two-sided ideal and our multiplication is associative but not
commutative. With its aid we can give a useful extension of (6.6.3).
This is provided by

Exercise 9. Let A be a left Noetherian ring and an S-algebra. Further
let M be a finitely generated left A-module and A, B ideals of S such that
AM = M and BM 3= M. Show that if AA contains a power of BA,
then gr{B; M} < gr{d; M}.

Finally assume once more that A is a left Noetherian ring and an
S-algebra, and that M is a finitely generated left A-module. If now
I is a two-sided ideal of A such that IM + M, we shall put

grs{l; M} = gr{¢—Y(I); M}, (6.6.4)
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where ¢:8— A is the structural homomorphism. For example, if
there is an S-ideal 4 such that I = AA, then AA = ¢~(I)A and
therefore grg{I; M} = gr{4; M} by virtue of (6.6.3).

6.7 Semi-commutative local algebras

As before § will denote a commutative ring with an identity element.
Let A be a quasi-local S-algebra with radical J.

Definition. The quasi-local S-algebra A will be said to be ‘semi-
commutative’ if there exists an S-ideal A such that Jk¥ < AN < J for
some positive integer k. It will be said to be ‘strongly semi-commutative’
if the ideal A can be chosen so that AA = J.

Observe that if A is a quasi-local S-algebra and I + A is a two-
sided ideal of A, then I is contained in the radical J. Also A/I has an
obvious structure as a quasi-local S-algebra and its radical is J/I.
Furthermore if A is semi-commutative respectively strongly semi-
commutative, then A/l is semi-commutative respectively strongly
semi-commutative.

Now suppose that A is a left local ring and a semi-commutative
S-algebra. Further let M + 0 be a finitely generated left A-module.
By Theorem 4, JM + M and therefore grg{J; M} is defined. Let 4 be
any S-ideal such that J* = AA = J and put ¢~1(J) = B, where
¢:8 - Ais the structural homomorphism. Then grg {J, M} = gr{B; M}
and J* ¢ 4A < BA < J. Accordingly each of 4A and BA contains a
power of the other and therefore, by Exercise 9, gr {4; M} = gr{B; M}.

It follows that grs (J; M) = gr{4; M}. (6.7.1)
This observation will be used frequently in the sequel.

Lemma 5. Let A be a left local ring with radical J and a semi-commu-
tative S-algebra. If gro{J; A} = 0, then there exists Ae A such that
A 0but AJ = 0.

Proagf. Choose an ideal 4, of S, and a positive integer k such that
Jk < AN < J. Then, by (6.7.1), gr{d;A} = 0 and therefore every
element of 4 is a zerodivisor on A, It follows, from Theorem 17,
that 0:4,4 + 0 and therefore there exists A’e A; such that A" + 0
and AA" = 0. Thus A’4 = 0 and therefore A'(4A) = 0. This shows
that A’'J* = 0. Choose the smallest integer & such that A'J* =0,
Then 2 > 1 and A’J*1 4 0. Select A”eJ* 1 so that A’A” &= 0. Then
A’A"J = 0 and the proof is complete.
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Our next result generalizes an important theorem in the homology
theory of commutative Noetherian rings.

Theorem 19. Let A be a left local ring with radical J and a semi-
commutative S-algebra. Further let M = 0 be a finitely generated left A-
module such that 1. Pd, (M) < co. Then

gro{/; M}+1.Pd, (M) = grg{J; A},
where J s the radical of A.

Proof. Choose an S-ideal 4 such that J* = AA < J for a suitable
integer k. Thus grg {J; A} = gr{4; A} = n say. We shall use induction
onn.

If n = 0 then, by Lemma 5, there exists Ae A such that A & 0 but
AJ = 0. Hence, by Theorem 9, M is a non-zero free module. Since
gr{d; A} = 0, every element of 4 is a zerodivisor on A; and therefore
also a zerodivisor on M. Accordingly grg{J; M} = gr{4; M} = 0 and
we see that the theorem holds for the case » = 0. We shall now
suppose that n > 0 and that the theorem has been proved for smaller
values of the inductive variable. Since gr{4;A;} = n > 0, there exists
a e A such that « is not a zerodivisor on A.

First assume that grg{J; M} = 0, i.e. that gr{4; M} = 0. Let (F, ¢)
be a projective cover for the A-module M and construct an exact
sequence 0> K - F iM — 0, where K = Kery. Then K is a finitely
generated A-module and, by Theorem 5, K < JF. Further, by the
same theorem, F is a free module and therefore a is not a zerodivisor
on F or K. Let ¢:8— A be the structural homomorphism. Then ¢(x)

belongs to J and to the centre of A, and it is not a zerodivisor on
either A or K. We may therefore apply Theorem 8 and so obtain

1.Pd,,, (K|aK) =1.Pd, (K) < o

since [.Pd, (M) < co. Now gr{4; M} = 0 and therefore « is a zero-
divisor on M. This shows that M is not free and hence not projective
(Theorem 6). Thus K + 0and!.Pd, (K) = 1.Pd, (M)— 1. Accordingly

1.Pd, (M) =1.Pd,,,, (K/aK)+1.

Consider AjaA. This is a left local ring with radical J/aA, and it
is also a semi-commutative S-algebra. Further

(JjaA)k = A(AjaA) = J[aA
and gro{J[aA; AfaA} = gr{d; AJaA} =n—1.
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We may therefore apply the inductive hypothesis to the AJaA-
module K/aK. This shows that

1.Pd (K/aK)+gr{A,K/aK} =n-—1
and therefore 1.Pd, (M)+gr{d; K|oK}=n. (6.7.2)

Now gr{4; M} = 0 and therefore, by Theorem 17, there exists xe M
such that « #+ 0 but Az = 0. Choose £ F so that yr(§) = z. Then
AE = Keryr = K and hence, in particular, afe K. However af¢ aK
because §¢ K and a is not a zerodivisor on F. But A(af) = a(AE) < aK
and therefore aK:xA + K. This shows that gr{d;K/aK} = 0.
Accordingly, by (6.7.2), I.Pd, (M) =n = grg{J;A;} and the induc-
tive step has been taken when grg{J; M} = 0.

Now suppose that grg{J; M} > 0. We can choose an element «, in
A, not only so that it is not a zerodivisor on A but also so that it is
not a zerodivisor on M, Then, by Theorem 8,

1.Pdyjup (MoaeM)=1.Pd, (M) < 00
and therefore, this time by (Chapter 3, Theorem 21),
1.Pd, (M[aM)=1.Pd, (M)+1.
Further, since
gro{J; MjaM} = gr{d; M[xM}
=gr{d; M}—1
= grst/; M- 1,
it follows that
1.Pd, (M[aM)+gre{J; M[aM} =1.Pd, (M)+grs{J; M}.

Hence, in our present situation, we can reduce the value of grg {J; M}
step by step until all we have to do is to establish the desired result
when grg{J; M} = 0. However this special case has already been
covered. Thus the inductive step has been accomplished in full and
therefore the proof is complete.

Theorem 20. Let A be an S-algebra and also a left local ring with
radical J. Suppose that there exists an S-sequence &y, Q,, ..., a,(q = 0)
on A suchthat J = ay A+ o, A+ ... +a,A. Then, with the usual notation

Jor global dimension, I.GD (A) = q.
Remarks. We regard an empty sequence of elements of § as forming

an S-sequence on every S-module. Thus the case ¢ = 0 asserts that if
J = 0, then {.GD (A) = 0 which, of course, is obvious because A is
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then a division ring. Note that the conditions of the theorem ensure
that A is a strongly semi-commutative local S-algebra.

Proof. Let ¢:S— A be the structural homomorphism. Then
¢(C¢1), ¢(C€2), veey ¢(aq)

is a A-sequence in the sense of section (3.8),
dla) A+ da) A+...+d(a) A =J,

and J # A. Accordingly !.Pd ,(A/J) = q and therefore I.GD (A) > q.

We must now prove the opposite inequality. Let M be a finitely
generated left A-module. Then, by (Chapter 3, Theorem 18), it is
enough to show that I.Pd, (M) < ¢. For this step we shall use induc-
tion on ¢. Note that if ¢ = 0 then A is a division ring and there is, in
this case, no problem.

From here on we assume that ¢ > 1 and make the obvious induetion
hypothesis. By applying this hypothesis to the ring Ajo, A we see
that .GD (A/a; A) = ¢— 1. Since we wish to show that !.Pd, (M) < ¢
we may suppose that M is not projective. Construct an exact sequence
0—->K-—>F—>M-—0, where F is a free module on a finite base and K
is a submodule of F. Then K is non-zero and finitely generated.
Further ¢(a,) is not a zerodivisor on F and therefore it is not a
zerodivisor on K. By Theorem 8,

g—13 1.Pd,, A (Kfe,K) =1.Pd, (K) = 1.Pd, (M)—1.

Thus I.Pd, (M) < q and the proof is complete.

Our final theorem provides, among other information, a converse
to Theorem 20. In order not to obscure the main lines of the argument
certain technicalities have been concentrated in the following lemma.

Lemma 6. Let A be a left local ring with radical J and a strongly
semi-commulative S-algebra. Suppose that grg{J; A} > 0. Then there
exists a€ S such that o is not @ zerodivisor on A, aA = J and aA & J2.

Proof. Let ¢:8— A be the structural homomorphism. Since
grs{J; A} > 0,

we have J + 0 and therefore, by Theorem 4, J2 + J. Put 4 = ¢~1(J)
and B = ¢—1(J?). Since A is strongly semi-commutative, AA = J and,
since J2 + J, we have 42 = B < A, where the second inclusion is
strict.

Consider A, as an S-module. Certain prime ideals P, P,, ..., P, of §
will belong to its zero submodule. By renumbering, if necessary, we
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may arrange that P,, P,, ..., P, are the maximal members (with respect
to inclusion) of the set {P, P,, ..., F,}. Choose a'e 4 so that a'¢ B.
Then o’ will belong to some of P, P,, ..., P, but not to others. We
shall suppose that «'¢ Py, ...,a’¢ P,and «’'€ P, 4, ...,a’€F,.

Since gr{d; A} = grg{J; A} > 0 it follows that 4 and hence A2 is
not contained in any of P, P, ..., F,. Accordingly B¢ B, ...,B¢ P,
and therefore BP, F, ... P, is not contained by any of P, P, s, ..., F,.
Theorem 13 now shows that there exists fe€ BP F,... P, such that
PéP, 1, B¢ R, Puta = o'+ . Thenac 4,a¢ B and a is not in any
of P, P, ..., B,. It follows that « is not a zerodivisor on A, aA < J, but
aA & J2 This completes the proof.

The next theorem provides an extension to one of the most impor-
tant theorems in the homology theory of commutative Noetherian
rings.

Theorem 21. Let A be a left local ring with radical J, and suppose that
A is a strongly semi-commutative S-algebra. Then the following state-
ments are equivalent:

(@) 1.GD (A) < o0;

(b) 1.Pd, (A]J) < oo;

(¢) 1.1Id, (A}J) < oo;

(d) there is an S-sequence oy, &, ..., &, on A such that

A+ A+... +a,A=J.
Moreover, when these conditions are satisfied,
[.GD(A) =1.Pd, (A}J) =1.1d, (A}])

and their common value is the number of terms in any S-sequence on A
which generates J.

Proof. In view of Theorems 11 and 20, it will suffice to prove the
following assertion: if [.Pd, (A/J) = q, then there exists an S-sequence
0y, Oy, .-, 0tg 0N A such that oy A+ o, A +... +a, A = J. We concentrate
on this.

Put gr{J; A} = tand let ¢: 8 — A be the structural homomorphism.
Then J = AA, where 4 = ¢—Y(J). We shall use induction on £.

First suppose that ¢t = 0. By Theorem 19, I.Pd, (A/J) = 0. Thus
AlJ is a projective A-module and therefore, by Theorem 6, it is free.
But J(A/J) = 0. Consequently J = 0 and the key assertion has been
proved for the case ¢ = 0.
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Now assume that ¢ > 0 and that the assertion in italics at the
beginning of the proof has been established for all smaller values of
the inductive variable. By Lemma 6, there exists a€ S such that «
is not a zerodivisor on A,aA < J, and aA & J2.

Put A* = AJaA and J* = J[aA. Then A* is a left local ring with
radical J*, and a strongly semi-commutative S-algebra. Also

gra{J*; AT} = gr{d; Afad;}
=gri{d; Aj—1
=f—1.
We claim that J* is isomorphic (as a left A*-module) to a direct sum-
mand of J[aJ. For ¢(a)e J, p(a)¢ J% Consequently, by Exercise 2,

there exist «,, 2, ..., x,, in J such that ¢(«), z,, ..., x, is a minimal set
of generators for J considered as a left A-module. Put

U =J@(a)+ Azy+ ... + Ax,,.

Then J = A¢(a)+ U. Now suppose that ye A¢g(a) n U. In these cir-

cumstances y = A@(a) = wd(x)+ A2, +... + A, x,, Where A, A,, ..., A,

arein A and we.J. We now see that (o — A) ¢(a) + A2+ ... + 4,2, = 0
whence w — AeJ and therefore AeJ. Accordingly ye J ¢(a) It follows
that A¢(a) n U = J@(x) and hence that

Jlo] = T[T () = (Ad()[Tp()) ® (U]J ().
But J* = JjahA = J[Ad(a) = (J]J $(«))[(Ad(@)]] p(a))-
It follows that J* and U[J¢(x) are isomorphic as left A-modules and

hence as left A*-modules. This establishes our claim.
Since « is not a zerodivisor on A or J, Theorem 8 shows that

1.Pd,. (Jja) = 1.Pd, (J).
But 1.Pd, (J) < co because we have an exact sequence
0>J—>A>AlJ>0

and we are given that . Pd, (A/J) < co. Hence it follows, by (Chapter 3,
Exercise 10), that [.Pd,.(J*) < 1.Pd,.(J/aJ) < o0 and so we see
that 1.Pd,. (A*/J*) < c0. Accordingly we can apply the inductive
hypothesis to A* and so conclude that there exists an S-sequence
Oy, Oy, ..., & ON A* = AfoA such that J* = au A% +ag A%+ .. +a, A¥,
But now «, ,, a3, ..., a; is an S-sequence on A and

J=aA+a, A+ oA
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Finally, by (Chapter 3, Theorem 22), A =1.Pd, (A[J) = ¢ and with
this the proof is complete.

It remains for us to give examples of non-commutative local rings
to which our theory is applicable. Suppose then that D is a division
ring and that x;, x,, ..., 7, are indeterminates. Then, as was explained
in the remarks immediately following Exercise 4, the power series
ring D[[x,, x,, ..., %,]] is a left and right local ring whose radical J is
the two-sided ideal generated by the indeterminates z,,x,,..., 7,
themselves.

Now let y;,¥,, ..., ¥, be further indeterminates and use Z to denote
the ring of integers. There is a ring-homomorphism ¢ which maps the
polynomial ring Z[y,,y,, ...,y,] into D[[x,, z,, ...,x,]] in such a way
that ¢(y;) = z, for 1 <4 < ¢. As a result D[[x,, x,, ..., 2,]] becomes a
strongly semi-commutative Z[y,,y,, ..., y,]-algebra. Finally if I is a
two-sided ideal of D[[x,,,, ..., z,]] which is different from the ring
itself, then A = D[[z,;, %, ..., 2,]1/I is a left and right local ring and a
strongly semi-commutative S-algebra, where S = Z[y,,y,,...,y,].
Thus A is a ring to which the theorems of this section are applicable
and, of course, it will (in general) be non-commutative.

Solutions to the Exercises on Chapter 6

Exercise 1. Let A be a quasi-local ring with radical J, M a finitely
generated left A-module, and 4y, s, ..., u, elements of M. Denote by u,
the natural image of w; in M|JM. Show that u,, u,, ..., u, generate M if
and only if Uy, U, ..., %, generate M|JM over the division ring AlJ.
Show also that u,, u,, ...,u, is @ minimal set of generators for M if and
only if Uy, Uy, ..., &, 1 a base for M|JM over A|J. Deduce that any two
minimal sets of generators for M contain the same number of elements
and that this number ts equal to the length of M[JM considered either
as a A-module or as a A|J-module.

Solution. If M = Au,+ Au,+ ... + Au,, then
M[IM = Au;, + Auy+ ... + Au,.

On the other hand, if M/JM = Au, + Auy+ ... + A%,, we may con-
clude that M = JM + Au, + Auy+ ... + Au, and therefore

M= Au+Auy+ ...+ Au,
by Theorem 4.
These remarks show that the u, form a minimal set of generators
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for M if and only if the %, form a minimal set of generators for M[J M.
Assume that Au, + ... + Au, = M|JM or equivalently that

(AJT) Ty + ... + (AJT) T, = M|TM.

In these circumstances no u; is a superfluous generator if and only if
Uy, U, -.., W, are linearly independent over A/J. Thus the elements
%y, Uy, ..., U, form a minimal set of generators for M/JM when and
only when they are a base for M[JM over A/J. Assume that this is
the case. Then M|JM is isomorphic to a direct sum of » copies of
the left A-module A/J. Accordingly M/JM has length n and all is
proved.

Exercise 2. A is a quasi-local ring with radical J and M is a finitely
generated left A-module. Furthermore we M but u¢ JM. Show that
there exists a minimal set of generators for M that has u as a member.

Solution. If ve M we shall use v to denote its natural image in M/J M.
By Exercise 1, we have only to show that there exists a base for M /J M
over the division ring AfJ = D (say) which has u as one of its elements.
Put K = M[JM and denote by ¢: K — K/Dwu the canonical D-homo-
morphism. There now exist ;, %,, ..., 2, in K such that

¢(.’t1), ¢(.’L’2), AR ] ¢(xp)

form a base for K/Du over D. Since u + 0, it follows that u, 2, 2,, ..., ,,
is a base for K over D.

Exercise 3. Let I be a two-sided ideal of the arbitrary ring A and (P, )
a projective cover for the left A-module A. Show that (P/IP,yr*) is a
projective cover for the A[I-module A[IA, where yr*:P[IP—>A|IA is
the homomorphism induced by .

Solution. By (Chapter 3, Exercise 18), P/IP is a projective A/I-
module and it is clear that y* is an epimorphism. Let K be a sub-
module of P satisfying IP < K < P and y*(K/IP)= A|IA. Then
IA+y(K)=A and therefore Yy(IP+K)=A. We now see that
IP + K = P and hence, since IP < K, that K = P. This completes
the solution.

Exercise 4. Show that a member of the power series ring Al[xy, z,, ..., %,]]
8 a unit of that ring if and only if its constant term is a unit of A. Show
also that if A is left Noetherian, then so too is A[[xy, @y, ..., z,]].

Solution. Let fe Al[zy, %, ..., 2,]]. It is obvious that if f is a unit in
the power series ring, then its constant term is a unit in A. Now
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suppose that f = u+ ¢, where € A and is a unit in that ring, and ¢
is a power series with zero constant term. Then u~f = 1 —w, where w
is a power series with zero constant term, and it suffices to show that
1-w is a unit. Suppose that v; > 0,v, > 0,..., ¥, > 0 are integers. If
k>2v +vy+...+v, then the coefficient of aprae...a% in
1+w+w?+... +o* is independent of k. Put

¥ =2Za

Vi Vg Vg

vy ¥ v
151 Vz...v3x11x2z oee L

An easy verification shows that (1 — )y = 1 = (1 — w). Consequently
1 —w is a unit as required.

From now on we shall assume that A is left Noetherian and we
shall show that A[[z,, z,, ..., z,]] is left Noetherian by using induction
on s. We begin with the case s = 1 and use x to denote the single
indeterminate.

Let I be a left ideal of A[[x]]. For k > 0 denote by U, the set of
power series which (a) belong to I, and (b) are such that each of
20, 21, ..., 2%~ has a zero coefficient. Let 4, be the set of elements of
A formed by the coefficients of z* arising from the members of U,.
Then A, is a left ideal of A and 4, < A4,,,,. For each k > 0 we select
a finite set S, of members of U, so that the coefficients of 2% in the
various members of S generate 4, as a left ideal. Finally we choose
an integer m so that 4, = A, for all k > m.

We claim that S;U SyU ... U S,, generates I as a left A[[x]]-ideal.
For let fel. By subtracting from f a suitable linear combination
(with coefficients in A) of the members of S;uS,U...US8,,_; we
obtain a power series ge U,.

Let 8, = {1, P, ..., ;). For each i(1 <i<gq) we can form an
infinite sequence A, A{V, A, ... of elements of A such that, if ¢ > 0,
then 7

g— X AP+ APz + ... +APt) ¢,
i=1

belongs to U, ,;. Then
aq

g=2 (AP +APx+ AP 22 +...) ¢,
i=1

and our claim follows. Accordingly I is a finitely generated ideal and
therefore A[[z]] is a left Noetherian ring.

Suppose now that s > 1 and put A* = A[[xy, %y, ...,2,_;]]. Each
member of Af[z,,x,, ..., Z,_4,2,]] can be written, in a unique manner,
as a power series in z, with coefficients that belong to A*. Thus the
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rings A[[x,, 2, ..., %,]] and A*[[x,]] may be identified and now it is
clear how the main conclusion of the last paragraph extends by
induction.

Exercise 5. Let A be a left local ring with radical J and C a finitely
generated left A-module. Show that the following two statements are
equivalent:
(1) C is A-projective;
(2) for every exact sequence 0—>A—>B—>C—>0 of A-modules the
induced sequence 0> A[JA - B[JB—C|JC -0 is exact.

Solution. First assume that C is projective, andlet 0 >4 - B—~>C—-0
be exact. We can define, in an obvious manner, a covariant functor
F. €% %% so that F(U) = U|JU. Then F is additive and therefore,
by (Chapter 1, Theorem 5), it preserves split exact sequences. But
0> A - B C - 0 splits because C is projective. Accordingly

0->A4/JA—B|JB—~>C|JC—~0

is a split exact sequence and we have shown that (1) implies (2).

Now assume that (2) holds. Let u,,u,, ..., %, be a minimal set of
generators for C and let F be a free A-module with a base e, e,, ..., ¢,
of n elements. Define a A-epimorphism y: F—C so that ¥(e;) = u,
and put K = Keryr. By (2), the exact sequence 0> K —>F—->C—0
induces an exact sequence 0> K/|JK > F[JF—>C[JC—0 and, by
Exercise 1, both F|JF and C[JC have length n. By (Chapter 5,
Theorem 20), K/JK has zero length and therefore K = JK. But K is
finitely generated because A is left Noetherian. Consequently, by
Theorem 4, K = 0. Thus C and F are isomorphic and, with this, the
solution is complete.

Exercise 6. Let A and B be ideals of S, where B is finitely generated
and B < Rad 4. Show that B™ < A for some positive integer m.

Solution. Let B = S8, +88,+...+8f, and choose k so that gfe A
for ¢ = 1,2,...,9. If now v, v,,...,v, are non-negative integers such
that v, +v,+... +v, = kq, then there exists ¢ such that v; > k and
therefore £}1 832 ... frec A. Accordingly B < 4.

Exercise 7. Let P be a prime ideal of S and let N, N,, ..., N, (g > 1) be
P-primary submodules of an S-module M. Show that

Ny nDNyn...nN,

18 also a P-primary submodule of M.
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Solution. Put N = N;n N, n ... n N,. Then

Anng (M[N) = Anng (M[N,) 0 ... n Anng (M/[N,)
and therefore, by (6.5.1),

Rad {Anng (M/N)} = Rad {Anng (M|N,)} n ... n Rad {Anng (M/N,)}
= P.

Now assume that se8, xe M, sre N and s¢ P. Then, since sxe N,
and s is not in Rad {Anng (M/N,)} = P, it follows that xe N;. This
shows that x€ N and the desired result follows.

Exercise 8. Let M be a Noetherian A-module. Show that every submodule
of M can be expressed as a finite intersection of irreducible submodules.

Solution. Let T be the set of submodules of M which cannot be
expressed as finite intersections of irreducible submodules. We shall
assume that Z is not empty and derive a contradiction.

Since A is Noetherian, we can choose a maximal member K of X.
Then K + M (otherwise K would be an empty intersection of irre-
ducible submodules) nor is it irreducible. Hence K = K, n K,, where
each K, is a submodule of M strictly containing K. Thus neither K,
nor K, is in ¥ and therefore each is a finite intersection of irreducible
submodules. But this implies that K itself is the intersection of a
finite number of irreducible submodules of M and now we have the
desired contradiction.

Exercise 9. Let A be a left Noetherian ring and an S-algebra. Further
let M be a finitely generated left A-module and A, B ideals of S such
that AM + M and BM + B. Show that if AA contains a power of BA,
then gr{B; M} < gr{d; M}.

Solution. Let ¢:8— A be the structural homomorphism and put

C = ¢~ (AA).Then AA = CA. Consequently CM + M and, by (6.6.3),

gr{d; M} = gr{C; M}. Now choose an integer % so that B*A = 4A.
This secures that B* < C.

Let ¥y, Vs, -+, ¥ be a maximal S-sequence on M with
v;eB(1<i<t).

Then ¢t = gr {B; M}. Further, let us arrange that as many as possible
of the terms at the beginning of the sequence y,,v,, ..., v; are in B,
We claim that, in fact, all the v, are now in B¥. For if not, let v, be the
first to satisfy y,¢ B¥. Then v, is not a zerodivisor on

M{yyM+...+y, M)
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and hence the same holds for y%. Thus y,, ..., y,_;, v¥ is an 8-sequence
on M and, as we know, it can be continued to provide a maximal
S-sequence on M in B. However, since y¥ e B¥, we now have a con-
tradiction and with it our claim is established.

It has been shown that all of y,,7¥,, ..., v, are in B¥ and we know
that B < C. Accordingly

gr{C; M} >t =gr{B; M}
and therefore gr{4; M} > gr{B; M} as required.
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