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CHAPTER XII.
LINEAR SPACES.

A space will now be considered whose elements f,g, ... are some-
times called points or vectors. It is assumed that an operation + is deiined
for every pair of elements of S and that multiplication on the left by a com-
plox number is defined for each elemont of S.

Definition 12.1. If f and g are any two elements of a space S, then

8 is called linear if f + g and af (a 8 complex number ) are in 8, and if
a) f+g=g+f,
b) (f +g)+h=1r +(g+h),

c) g+ x =1 has at least one solution x in S. (The uniqueness of

this solution is not postulated, but it will be proved in Theo-
rem 12,1.)

d) a(bf) = (ab)f,

e) a(f +g) =af + ag,

£) (a +b)f = af + bf,

g) 1t = £,

Postulate A: The space 3 is linear

It will be assumed throughout tha} S satisfies Postulate Aw

THEOREM 12.1. If f and g are any two elements of 8, then the equa-

tion g + x = £ has exaotly one solution in S which will be denoted by f - g.

fa-f 1_s 1ndeagndent g £ e_lil_ will %\&kzoted EZ. 0.
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Proof: By Definition 12.lc, the equation f + j = f has a solution'j
and f + x = g has a solution ~. Irom the first of thess equationa it follows
that (£ + x) + 3 = (f+F) + x =1 +x, so that, by the second oquation,

&+ 3 = g. Hence 3 is e solution of evesy equation f + 3 =f, Ifn is
another such solation, then 7 + j =N, :f +N = 3 , and by Definition
12,1a, 'j = N o+ Hence avery squation f + }’ = f has the unique solution 3
which will be dencted by 0, since ~onfusion with the number zero !s practically
never a risk. Let z be a solution of ¢ + 2z = 0. If g+ x =g +y, then
(g*+x)+z=(g+y)+z, (g+z)+x=(g+z)+y, 0O+x=0+y, and x = y,
Hence g + x = f has a unique solution x which will be denoted by £ - g. It
Zollows immsdiately that, for =very element £, f - f = 0.

Definition 12.2. O - £ will be denoted hy -f'.

It is obvious that (f) + (-g) = (£) - (g).

THEQREM 12.2, For any el@ment f of 5, (oY = 0, and for any complex
nurber «, a0 = O.

Proof: By Lefinition 12,1f, (1)2 = (1 + O)f = (1)f + (0)f. Since
tne equation {1)f = (1)f + x has the unigue solution x = 0, it follows that
(0)f ='0. Again, Ly Defimition 12,le, uf = a(f + 0) = uf + a0, and a0 = 0.

THEORE_M _1.2'_.£. For any alsment £ of S and any complex number a,

(-a)f = a(-f) = -(af).

Proof: It follows from the preceding theorem that 0 = of + [-(af)],
O=0f =[a+ (-a)]f =uaf + (-a)f, and O =~ a0 = a[f + (~£)] = af + a(-f).
The theorem follows from the fact thut 0 = af + x has a uniqus solution.

®
Definition 12.3. If & comp]!x number (z, g) is essociated with each

pair of elements f and g of S such that
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a) T8 = (e,f) (where & is the complex comjugate of =),
b) (£,£) >01ifr £ £ 0,

c) (af, g) = a(f,g) (wherv a is a complex number ),

d) (fl" fz) g) = (f]; 5) + (fZ’ 5)!

then (f,g) is called the inner product of £ and g.

It follows from part a of this definition trat (f, f) is reual, so
that the sign of inequality in part b has sense. If f = g = 0, then by part c,
(0, 0) = a(0, 0) for any complex number a. Hence (O, 0) = 0. Conversely,
if (f, £) = 0, then f must be O to be consistent with part b. Hence (£,f) = 0
when and only when £ = O.

THEORRM 12.4. If (£, g) i the inmor preduct of f and g, then
(6 af) = a(g, £) and (g, £+ £,) = (g, £,) *+ (g £,).

Proof: By Definition 12.2, (g, af) = (&f, g) = a(f, g) = a(F, g) =

= a(g, T). Again, (g, £+ ) = (T 1,7E) = (T, €) ¥ (T, ¢) =
= (T,e) + (T78) = (g, £1) *+ (g, £,).

Postulute B: An inner product is defined over the linear space S.

.

It will be assumed throughout that S satisfies Postulate B.

Dofinmition 12.4. The positive square root V(f, ) is called the
Longth of f and is denoted by fifll -

It is obvious that ll£]] = 0 wken and only when £ = 0 and that llaf]] =
=lal <lisll.

THEOKEM 12,6, (Schwarz's Lenmu.) If f and g ure any two elements of
8, then I(£, )| Slell <l gl

Proof: Since 0 5 (f-g, f-g) = (1,£) + (g,6) - (£,8) - (£.8) =
=g N2+ Nlg 13- 2R(e,e), it follows that R(r,e) 5 zlle 1% s)lgll?. ¢
and g ure replaced by af and -:'l- g (where a > 0), the left side «f this in-

2 2 .
equality is unchanged, while the right side becomes -g- "f” + —}-2- "g”&
2a
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The g.l.b. of this expression being |l£l « |[gll , 1t follows tht R, g) §
Shell llgll - 1If £ is replaced by 6f (where |6l = 1), the left side of this
last inequality becomes Re(r, g), while the right side remuins unchanged.

If in ths relation (f - g, £ - g) 2 0 the sign of equality is to hold,

Since the maximum of RO(f, g) is | (£, g)| , therefore |(f, g)l 5"i‘” . “g

it must be the case that f = g. 1If the relation R(f, g) = llell - ug” is to
be an equality, ther21 f =0or g=0or af = é g, where a has the positive
value which makes% fell2 « —1-5 llgl1? & minimum, that is, £ = &g, & > 0.
If the equality is to hold inz:he theorem itself, it must be the case that
f =0org=0o0r 6f =« g, where @ has the value which maximizes Ro(f, g)s
that is, £ = 3 g, [} complex and / o. Hence a necessary condition that the
oquality hold in the preceding thecrem is that f = Qor g = O or f = f3 g,
[b) / o. It is obvious that this condition is also sufficient.
THEOREM 12.5. It f and g aro any two elements of S, then
He+gh Sl +llgh .
Proof: By Theorem 12.5, (f + g, £ + g) = lel® + llgl? « 2r(e, g) S
3 ”f"z + "5“2 + 2 ”f" . ”gll « The theorem follows upon taking square roots.
In this theorem the equality holds if and only if R(f, g) =ll#ll «llgll ,
that 1s, as the discussion following Theorem 12.5 showed, if and only if f = O
org=0orf=dg, X >o.
Definition 12,5: If f and g are any two elements of S, then the

distanoe between them is taken to be ||f - g|/ and is denoted by D(f, g).

THEOREM 12.7. D(f, £) = o, D(f, g) > o when f £ & D(£, g) = D(g, £),
D(¢, g) + D(g, h) 3 D(£, h), D(f + b, g + h) = D(£, g), and D(af, ag) =
= lal D(£, g).

The proofs of all parts of the theorem are apparent,
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By Theorem 12,7 the distance D(f, g) possesses all the properties
which may be reasonsbly expected of a distance in a linear space. (For ex-
ample, see F, Hausdorff, "Mengenlehre™, W. de Gruyter and Co., Berlin and
Leipzig, 1927, definitions on pp.34-97. For all topological questions, see
the discussions, ibid., pp.94~138.) Hence D(f, g) can be used to defime a
topology in S:

Definition 12.5: By 1lim € = it is meant that lim IIf - £l = o,
n=-»00 n-->00

A function F(f) is continuous at f if the condition lim i‘n = f implies the
n-»00

condition 1lim F(fn) = F(f). (The definition domain of F(f) must be contained
n-»00

in 8, but its range of values may be contained in S or it may consist of com-
ple x numbers. This definition is of course equivalent to the statement that
for every & > o there exists a § = 6(&‘,&) > o such thut whenever ”g -fll < é
then lIF(g) - F(£)]] S € or Ir(g) - F(£)] Se .) The generulization of the
notioa of continuity to two or more variables (of which some may run over
complex numbers) is apparent.

Let C be a subset of S. f is a condensation poiat of C if there exists

a sequence fl, fz, .e. of elemeants of C such that 1lim fn = f. (This is of
n-»00

course equivalent to the possibility of finding for euch &€ an element g & C
such that llg-¢ll <e¢e.)

C is closed if it contains all its condensation points. C is dense
in D if every point of D is a point of C or a condensation point of C. C is
open if, for each £ € C, there exists an ¢ = E(f) > o such that the entire
sphere |l g - £ll < & 1is contained in C. (This means of course that the
complement of C is closed. Seo Definition 1.8 et seg.)

Thus & topology is determined in S by means of the distance D(f, g)

and all topological problems relating to S can be discussed in the usual
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'Wloy.
' THEORBM 12 .8: The funotions £ + g, af, =, £ = & (£, g), ll2] and

lig - gll are continuous in £, g, and a.
Proof: The relations
(e +6) - (v gl = li(e-2)+(e-g )l Sle-zel + llg-gfl ,
lag - ag il = ll(a+ (a-a))e+(£~2))-at)l 5
flaol . e -fon + "f'oﬂ ola- aol +la- o.ol e - to“ .
Ie, 8) - (e8] = I(e g+ (£ = 2), g+ (& - 8)) - (£, g)| S
Slell ollg-gll « llggll-fle -2l +1le-2llll - gl

show that £ + g, af, and (f, g) are ocontinuous. If a = -1, then af beccmes -f;
if g is replaced by ~-g, then £ + g becomes f -~ g; if g = £, then V(f,g) = lells

if £ is replaced by £ - g, then l f" becomes “ f-g ” .

The theory of spaces S has been based so far on the notions of £ + g
and af (linearity) and (£, g) (inner product). ||l and "distance® were de-
fined in terms of these notions and their essential properties determined
by means of them. But topological literature is much more familiar with the
following set of primitive notions: f + g and af (linearity), and [l2]|
(metrioity). (of. Hausdorff, loo. oit,) Then the fundemental properties of
"t" (mentioned after Definition 12.4 and in Theorem 12.8) are to be postu-
lated, while (£, g) will bedefined in terms of the metric and its properties
proved, But to do this, additional postulates concerning “t” are needed.
This situation will now be discussed in detail.

Definition 12,.7: A linear space 8 1s called metric if an absolute

value “t” is defined in 8 suoch that.

a) ligll >o£f}(0,
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vy Naell =lal « llell
o) Ile +g" 5”1‘"4-”g" .

(Then of course t, g) = ” f - g” def'ines a distunce for which Theorem 12,7
is valid.)

It will be assumed for the moment that S satisfies Postulates A and
Bl' but not necessarily B.

THEOREM 12,91 It o(r, g) = 3 LT ”Zﬁ”n‘f"ﬂli (whore £ and g
are in S and not both 0), and if % = g.l.g. 9;_ C%f, g) and = l.ub, of

C(f, g) for all f and g in S, then §S & S13 4 T2 and &p= 1.

2 2
alj£l] + 4]l gl 1
Proof: First, C(f + g f-g):én_'.-_‘_”_z._’f.r . .
s ’ £+ gl % f_g”& C{f, g)

Hence if C(f, g) ever assumes a value a, it also assumes the vulue% « There~

fore A =1 and, since A= A, «T1 S A + Second, ”f+g”2+”f-g“2§

Sa(llell +11gh ) S a2l 2ellgll?), so that (£, g) S2. Thus pS 2, and

gince o =1, aZ 3. This completes the proof.

The following examples show that &, f} may assume all values com-
patible with Theorem 12,9; that is, that (3 may assume all values z 1, s 2.
Let S be the real Euclideun space with rectangular coordix}ates. If £ is the
poinf with coordinates ¥, X,, 1etlls ”p = (, xll by ‘ lep)E , where p is some
fixed number 2 1. In case p = oo, we may interpret “f“P = Max (,xll ,lle ).
pH= ﬂp is obviously a continuous function of p. For p =1 and p = @ the
choices £ = (1, 0), g = (0, 1) resp. £ = (1, 1), g = (1, -1) prove that ﬂp- 2,
For p = 2, the following Theorem 12.10 (or an easy direct verificution) will
give Dp =1, Thus all values = 1, = 2 are assumed by the VX

Postulate BZ= c(f, g) = 1.

THEOREM 12.10: In a linear metric space S, Postulate B2 is the neces-
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sary and sufficient condition that an inner product (£, g) satisfying Posty-

late B may be defined in such a way that llgf| = V(¢, £). If (£, g) can

All this remains true if the condition b) in Definition 12,7 is

replaced by the weaker condition

bt) unllagll =0 ana el =gl .
a0

Proof: If there exists an innmer product (f, g).such that
Hell = Ve, £), then s
(t+g £+g)+(f-g £=-g)=2(,1r)+2(g, g)

so that |2 + gll % 2 - gll? = 2llell?+ 21l gl1? and c(e, g) = 1. Thus
Postulate B2 is necessary. Again "

(f+g £+g)-(f-8g £-g)=2(f, g)+2(g £) = 4%(¢, g).
Considering J(£, g) = -Ri(f, g) = ~K(if, g), we have
Re, g) = 3lle + gl 2 |le - gll?),

(£, &) = R(r, &) - 1R(1r, g).

Hence (f, g) if it exists and is such that llell = V£, £), is uniquely de-

(*)

termined by ” f'” . (Observe that so far Postulate Bl‘ that is Definition 12.7,
has not been used at all.)
It remains to prove the sufficiency of Postulate 82' Suppose the
space 3 satisfies Postulates A, Bl and Bz, but with b') instead of b) in De-
finition 12.7. Define(f, g) by the equations (*). It must be shown that
(f, g) satisfies the conditions in Definition 12.3, and that /2]l = V(¢, £).
Condition b') implies |0}l = 0, and so C(f, g) = 1 gives for £ = 0,
“g" = ”-s" . This implies R (0, g) = O.

Replace now in the first part of (*) £ by fl : f_, and add. Using

2’
(£, g) = 1, that is |1k + hll% [lx - nll1% « 21k (1% 21Inl12, this gives
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R(ey+ £, 8) + R - £y, 8) =

= %{”fla- £+ gll Z-Hflf- £,- 5”24-”1'1- £+ g“z-”f‘l- £,- g“z_( =

= %i(“ff g+ f2”2+”fl+ g - fZHZ) - (”fl- g+ f2”2+”f1- g - fz “2)} =

2iczlle + gllZ zlle,112) - zlle, - gll? ellg,I1%)3 -

1 2 2

_2-{“1‘1+ g“ - ”fl- g“ }= Z’R(fl, g).
Put fl = fz, then there results 'R(Zfl, g) = Z'Jf(fl, g). Hence we have
7(.(!'1+ £, g) + ){(1‘1- £, g) = 2{(21‘1, g), or, replacing £, £, by

f1- f .
‘]‘2—2‘ ; ’R(fl, g) + R(r,, g) = a((r1+ £,, g). Now replace f,, £, by ify, if,,

fi+ £2
2 s’

and use the second part of (*):

&) (£, 8) + (f,, g) = (£;* £,, &)

Let us now discuss equation

3t) (af, g) = a(f, g).

Denote by S the set of all (complex)a for which it holds. (3 ) implies that a,
b €S imply a £ beS. Obviously 1 € 8; so all integers 0, ¥ 1, ¥ 2, ... be-
long to S« As a, b€ S, b ;( 0 obviously imply% € S, all rational numbers
belong to S.

By Definition 12.7, c), |Inll = |l k|l S|l n - x||(repace £, g vy
h - k, k). Interchanging b, k, we get [kl = [[nll S/ln-xll ; thus
[l = el S 0im - el . Bonool it + el = lpe+ehl Sll=-piell ,
and if & -» f3 , this converges to 0 by b'). So lag + g” is a continuous
function of A ; similarly “o(f - g” . Therefore R (&£, g) and (A £, g)
are by (') also continuous functions of & , Thus S is a closed set, As the

real o 's are limits of mtional o«'s, all real «'s belong to S.

Now (}) holds for & = i, as follows directly from (*). Hence i e S,
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and if «,, o, are real, o,-id, = o + %1- € S. Thus all complex o's
belong to 8; that is (+) always holds.

We have verified the conditions c¢), d) of Definition 12.3, a) mean
R(e, g) = R(g, £), R(if, g) = ~R(ig, £). The first relation follows di-
rectly from (*). Ae for the second, observe that liell = I12]] and (*) give
R(1e, 1g) = R(f, g); hence R (if, g) = R(-£, 1g) = - R(¢f, 1g) = - R(ig, £).

It remains to prove b) and ”f'” = m , but the former follows
from the latter. This means A(f, £) = ll£l[%, R(if, £) = 0. Nowa), o)
imply (£, & g) = K (£, g), and so (& f,Ar) -la 2(1‘, f). Therefore,

(2¢, 2f) = 4(f, £), ((1 + 1)f, (1 + 1)f) = ((-1 + i)f, (-1 + 1)f) = 2(f, £),
proving our statements.

Thus the spaces satisfying Postulates A and B are identical with
those satisfying A, Bl' and Bz, that is, with those linear metric spaces in
which the invariants o« and [3 defined in Theorem 12.9 assume their extreme
-values ot = 3 = 1, Each of the notions (f, g) and £l can be used to derive
the other.

It is now desirable to resume the investigation of the properties of
spaces 8 satisfying Postulates A and B.

Definition 12.8: If £ and g are any two elements of S, they are

called orthogonsl, £ L g, if (£, g) = 0; £ is called norm1lized if Il 2]l = 1,

L!_e_t_A 2_1'_ elements f, g, ... in S is called orthogonal if each pair gi: distinct

elaments 2£A. are orthogonal; A is called normalized £ each eloment of A is

normalized, _I_{A _ii ortho;onal 29_ normalized, it _1_1 called ortho-normal (2.9_.)

if A 18 0.n., it is called complete or maximal in S if it is not a proper part

of any other o.n. set in 8.

It is obvious that if A is o.n., then each subset of A is also o.n.
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1if £ = g,

If f and g are any two elements of an o.n. set A, then (f, g) = {0 itf g

Conversely, if A is such a set that any two of its vlaments satisfy this con-
dition, then A is o.n. Thus if A consists of a finite or infinite sequence
Pps Pos v of distinct elements, the o.n. character of A is equivalent to the

-
condition (\pm, \Pn) = omn’ where 6nn is the wellsknown Krounscker symbol

lifm=n . .
Smn = {0 it m ’( .1: In the sequel, the letters ‘P, ¥, ... will always be used

to denote the elements of an o.n. set.

That an o.n. set A is complete in S means that there exists no ele-
ment Y € S such that the set consisting of A and ‘Y is o.n.; that is, there
exists no normalized element ‘P € S such that L A. But if £ # 0O and £ A,
whex"e f& 8, then ¢ = ﬂ'il"lT f is normalized and orthogonal to A. Thus it fol-
lows that the complsteness in S of an o.n. set A in 8 is equivalent to the fact
that the only elsmen®t in S orthogonal to A is £ = 0.

If “?l, ‘1"2, ess is an o.n. set of elements and if g = i Xy Lpi,
i=1

o] n
then it is obvious that x; = (g, $.)» It 2 £, is defined to be lim 2 £,
J i=1 n-»o00 i=l

2
(provided that this limit exists), and if g = > x; \P;, then xy= (g, \-Pj)
i= o
since (p, q) is continuous and since x, = lim (D x5 Py $.) = (in Py P.)e
J nswo isl J i=1 J
THEOREM 12,11: If “Pl, e, ‘fni_sa'finite o.n. set in S and if g € S,

n
then V -“g - g xi\fi“ i_sminimized when xJ.= (g, \PJ.); if vmin _i_s__t_:_h_e_ mini-

mm value, then 0 5 v2, = g lI% ¥ I, )17, so that llgll® 2
1=1

n
2 iZl](g,\fi)lz. (This last relation is known as Bessel's inequality.)
R < n n n
Proof': 0 = "S - j%xi ?1"2 = (g - E.xi'f’is g - g—l xi'fi) =

(g.8) - ( Zn ) (Zn Zn i
= (g,8) ~ (g, 2 X - s + » =
i=1 i*i i=1 xi\fi €) (1=1 xi'ﬁ j=1 xiﬁ)
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n - n n

= (g, 5) - iz.l xi(g" "‘Pi) - 1Z=1 xi( q’i' g) + i’:jz-l (xi "Pio xj ?j)’

n n
- (e, g) - R[> x, (&l + 2 Ix1% -

i=1 i=1

2 2 — 2 2 _ 2
-{gltlxil - 2ix, (&) + | (g w11} Nlgll® - 2_1(e $ I
n

- (Z Iz~ (&, ¢ 1% + llgll® -3 I ¢,)%

The theorem follows from the form of this last expression.
Gorollary 1z If A is any o.n. set in §, then Bessel's imequalit;

holds for eny finite subset of A. If A is an infinite sequence Wys Dps cee s

then the series Z ‘(g, “f‘i)l is convergent and s ”g“z

The statemente of the following Corollaries 2, 3, and 4 are of in-

terest only if A is non-countable.

Corollary 2: If A is any o.r. set in S, then (g, ‘) = o for every ¢

in A except for a countable subset and > (g, )] not only has sense but is
convergent and = g”z (This last :'relation, or that one in Corollary 1, is
again Bessel's inequality; if it is actually an equality it is called Parseval's
equation.)

Corollary 3: If A is any o.n. set in 8, gggg‘_gi‘, 8ps +o« 18 eny

sequence of elements of 8, then all but a countable set of p's in A are si-

multaneously orthogonal to all the g's.

Proofa: Corollary 1 is apparent. It follows from Bessel's inequa-
1ity that the number k of ‘p's such that |(g, \P)rz > & 1s not greater than
—I-LE-UE; thus k is finite. If & is given the values 1, 1/2, 1/3, esey the
corresponding sets of ¥'s such that ,(g,?)lz > £ make up a countable set and

comprise all ‘s such that l(g, *P)lz > 0. This proves Corollary 2. Corollary
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3 follows at once.

Definition 12.9. A set T is called separable if there existe a

countable set of its elements which is dense in T.
e = =

Corol]arz 4. If A i’.:‘.ﬂf’.‘ﬁ‘ set in S, and E Tisa segarable

part of S, then all the elements of A except for a countable subset are simul-

Proof: Let fl, fz, .ss be a sequence Z of elements of T demse in T.

Let g be any element of T and let {fg] be a subsequence of 2_ such that
i
lim f = g. Except for & countable set of 's in &, (P, fi) = Ofor all i
n-c0
and for all ¥ in A. Hence, with at least the same exceptions, (\f, fg )=0
i

for all i and (by continuity) (¢, g) = O.

Corollary 5: If A is any o.n. set in S, and if S itself is separable,
then A is countable.

Proof': If A were not countable it would contain elements < which
would te orthogonal to the whole of S. Such an element ‘¥ would therefore be
orthogonal to itself. Hence Y = O. This contradicts the normalized character
of A.

THEOREM 12.12: If S is separable, any subspace S' of § is also se-

Erable.
Prooft': Suppose the sequence > fl, fz, .e. is in S and dense in S.

Corresponding to each pair of positive integers m and n let an elcment & of 8'
be selected such that D(g‘m, fn) <% (providing, of course, that there existe
such an element). Then the elements Bon 8TC dense in S'. To show this, let g

be an element of 8'. Then there exists a subsequence fi » fi s ees Of Z such
1 2

that 1lim D(g, £, ) = 0. For sufficiently large n, D(g, £, ) <% , and then
n-»00 n n

elemente h & 8' with D(h, f‘i ) <% exist; for example, h = g. Thus - is de~
n n
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1 1 2
fired D(g, £, ) < x D(gmi s £y ) <%, and therefore (g, &ny ) <5 by
n n n n

Theorem 12,€.

Defirition 12.10: A finite set of eloments fl, cee, fn of S is called

n

lirearly independent if the condition E xifiz 0 is satisfied only by the set
O_f__v_ﬂ.}‘_&gixl 2 ,,, = xn = 0.

It is easily seen that every finite o.n. set '-fl, cees Wy is linearly

n

indepencdent, for the condition Z X, kei = 0 implies (by the remark tefore

i=1
Theorem 1£,11) that x5 = (o, \Pj) = 0.

THEURKM 12.13. If f., ..., f are linearly independent elements of
s o s ] N — —— — _—

a gpace S, then there exists an o.r. set _c_>£ eleng_z:ti '-Pl, eeay \Pn E S.

Proof: Since flf 0 it can be written fl =8, 4, where & #0 and
] "71” = 1. Since f, and f, are lineurly independert, the difference
£,- (fz, ‘~P1)‘Pl is aifferent from zero, is orthogonul to ‘f,, and can be
writter. as 8, Yoo where &y ¥ 0, "\fzu = 1. “fz is ori hogonf.l to &fl. Since
3

fl’ fz, and fs are lineurly independent, the diff'erence fs- fi—l(f'y upi) ‘f‘i is

differert from zero, is orthcgonal to \fl and Pos and can be written as
&g \pgs Where a, Ao, ”?3” = 1. Y, is orthogenal to ‘P, and p,. This
process may be contirued until the set "Fl’ (EEPR % is obtaired.

A sequcnce I‘l, fz, eee Of elements of § is called fundamental if

lim D(rm, rn) = 0 (that is, if 1lim (fn- fn) = 0).
m, N=»oo m, r=»00

Definition 12.11. A space S is called complete if, corresponding to

each fundamental sequence fl’ fz, ess of elements of S there exists an elcment

£ of 8 such that 1lim I(f, rn) = 0 (that is, such that 1lim £ = £).
. NP0 n-»o00

The follcwing alternatives holdfor a space S: 1) if all finite sets
Zn of linearly independent elements of S are formed, where n is the number

of elements in a particular set Za’ the least upper bound N of n may be fi-



XI)e. LINEAR SPACES 17

nite or infinite. By Theorem 12.12 and the remark following Definition 12.10
this alternative may be replaced by the alternative that the least upper bound
N of n with respect to all finite o.r. sets of elements of 8 is finite or in-
finite. 2) S may or may not be separatle. 3) S may or may not be complete.

THEUREM 12.14: If S is such that N (of the previous puragraph) is
finite, then S can be represented by the complex N-dimenstonal Euclidoan

space; hence S is separable and complete.

Proof': There exists an o.n. set Pps eees fx in S. It is apparent

ihat any element f of S can be represented as £ = { X; 9y in one and only
i=1
one way. If EN is the complex N-dimensional Euclidean space, then f can be
represented in EN by the point (xl, ceey xN). Similerly, any other element
g of S would be represented by the point (yl, cees yN). It follcws that
(f +g) ~(x1+ Yys e Xyt yN) and af ~ (axl, cees e.xN), so that £ + g and
af are in EN' Conversely, since S is linear, there is an element of S correas-
. )} N

ponding to each point of EN' Furthermore, (f, g) = (Z X, Pes Z V.9.) =
K R AL
=§1 "13'-1' so that S is isomorphic with EN.

If S is such that N is finite, then an o.rn. set ‘-Pl, ey tpk is com~

plcte when and only when k = N.

Definition 12.12, A space S is said to be extended to & space T if T

1is obtained from S by the addition of elements to S, ana if £ + g, af, and

(£, ¢) are defined over T in such a manner that, for elements of S, the defi-

nitions of these notions in S and T agree. (A1l these spaces are assumed to

satisfy Postulates A and B.)

THEOKEM 12,16, Any spuce S can be extended to a complete spuce ‘s

12 eaaential_lx g_n_l_z one way such that S 1.3_ dense }2 4. 8 and 7 have the

same value of N and the same character with regard to separability.
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Proof: Let F = ifil be a fundamental sequence of elements of 8., F
is said to be equivalent to G, F ~G, if 1lim D(fn, gn) = 0, It follows that
FPF~F; if F~G, G~F; If F~G and G~§:’1?~ H. F will now be regarded as
an element of a space T , and all fundamental sequences equivalent to F will
be regarded as the same element of v, {fi} and {gi] are fundamental se-
quences, then {fi* g;} and [kfi] are also and the operations F + G and aF in

/rare defined to bo[fi+ e and{a.t‘ilg (P, G) is taken to be 1lim (fn, gn).

] .
That this limit exists follows from the fact thatl(fn, gn) - (fm, gm)l'

=g+ (2 - £), gyt (8- gy)) - (£g, g )T Ne -2 Il ellg Il +1el g -e]l +
+lle - £ | - llg,- gyl and m}i:w[(rn, g,) - (£, &)1 = 0 since [l [ and llg|l
are bounded (insomuch as "i‘m" = "fn+ (t‘m— f'n)" 5Hrn|| + “fm- le sllfn“ +E

for a sufficiently great but fixed n and ell m > n), It is apparent that se-
quences equivalent to [!‘i} and {gil may be used in the definitions of F + @,

aF, and (F, G) without doing more to the first two of these entities than re-
placing them by equivalent entities and without changing the last entity at all.
Hence the same operations ocour in 8 and 4°, If l"f = {f, £, «so} and

Fs = {8, By ove}, then Ff- I*‘g when and only when f = g, Hence f, l?f and all
fundamental sequences equivalent to Ff may be identified, and if there exists

an element f corresponding to a given element F, operations on f and F have

the same significance. Let ?‘ be the space of all fundamental sequences ari-
sing from 8. Then 7 nas the properties of 8 in that 1t 1s linear with an

inner product, as all parts of Definitions 12.1 and ;2.5 oan he easily veri-
fied. (In particular, the condition (F, F) = O implies that F ~ 0, and thus

in the present terminology F = 0.) Finally, 8 is isomorphic to, and in the
present terminology, even identical with a part of 4" 1 the set of all F,..

£
By Theorem 12.14, if N is finite for 8, 8 is complete and therefore
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7". If N is infinite for 8, it is infinite for 7‘ . Hence S and 7Fhave
the same character with regard to the first of the alternatives mentioned be-
fore Theorem 12.14 and they have the same value of N.

If F belongs to /f’ then F is a fundamental sequence {f 3

1im lle.- £.ll = 0, so that im ( lim ”f-f”)ao. Now D(£,, F) =

i,j-»00 i i-»m j-»oo

= lim“fi- f" . Therefore 1lim D(f,, F) = 0, that is, 1lim f = F. Hence
j=»o0 J i-»0 : i-»0

S is dense in 4]" .

If ¢is sepurable, then its subset S is also; if S is separable, 7‘
is also, since S is dense in /Jv. Hence S and q'have the same character
with regard to the second of the above mentioned alternatives.

q'is always complste, for let Fl’ Fz, «s. be any fundamental se-
quence in 6‘ « 8ince S is dense in T, there exists an element fn of S such
that D(F -f ) <3'-. The scquence §f } is fundamental since | f£- i‘n"=

=ll(e-F )+ (F-F )+ (F-2 )=

Hence {_i‘nl is an ele-

ment F of ¢such that 1lim D(fn, F) = 0, so that 1lim D(Fn, F) = 0, This
n-»00 n—»00

completes the proof except for the uniqueness of ’8".

Suppose there were a second extension ,flof S such that S is denss in
0“ . If ifi} is a fundamental sequence in S, and therefore an element of 7 s
then ifi] has a limit ‘¥ in 9". Likewise the fundamental sequence igil has
a limit ¥ in ’3". But ‘¥ and ‘Y cunnot be equal unless {fi- gi} converges
to 0, that is, unless{ fi} a.nd{gi] are equivalent. Hence distinct elements
of /fcorrespond to distinct elements of /f/, and conversely, distinct ele-
ments of /r::orrespond to distinct elements of 7'. « Since ?Mis complete, this
mapping covers all of @‘ o Since S is dense in 7‘/, this mapping provides anm
image in @Afor every element of 7”. Hence the mapping is one-to-one between

’
?‘ and ?0 . It is obvious that the operations F + G, aF, and (F, G) have the
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significance in /J“a.a in 7 , 80 that the mapping is isomorphic.
It is now possible to consider the following postulates concerning
the space 3:
A. S is linear. (Definition 12.1.)
B. An inner product is defined over S. (Definition 12.3.)

01. N is finite.
- (Alternative 1 after Definition 12,11,)

_0_2. N is infinite.

Dl' S is separable.
- (Definition 12.9, alternative 2 after Definition 12,11,
22. S is not separable.

El' S is complete.

} (Definition 12.11, alternative 3 after Definition 12.11
Ez. S is not complete.

There are, a priori, eight possible combinations of the postulates A,

1
EI’ and that S is the complex N-dimensional Euclidean space. Thus only the

B, C?, Do‘ E-:(P’ 6,T=1, 2) for S. But by Theorem 12.14, cl implies D. and

four combinations of (2a with Da_a.nd E’t remuin for consideration. By Theorem
12,15 it is possible to replace S by a complete space 7" without altering any
of the other conditions. Hence it may be assumed that El
Thus, besides the combination A, B, C; (and D, El)’ the only combi-

holds.

nations to be considered are A, B, Cz, Dl or Dz, and El. These latter cases
will be the main concern of these investigations. In any event, it will be

assumed throughout the sequel that S satisfies Postulates A, B, and E .

and sufficient condition that Z a; Py be be convergent is that Z Ia be

convergent.

Proof: The condition is necessury, for if i &,
M
then 1lim ﬂ}: i a, .l = 0, and therefore
i T
m,n=-»o {=1 i=1
m>n

is convergent,
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= lim ”Z 8, 9,- Zai\P “ = lim ”Z i‘Pi“

m,a~»0 i=1 mn,n=» i=n+
m>n m>n
m :n m 2 2
lim Z ¥ \f lim Z 'a. ‘ = 0. Hence Ia ‘
83 _j : i
m,n=»o0 " i=ntl J=n+1 m,n-»00 i=n+l 1=1
m>n m>n

is vonvergent. The condition is sufficient by a reversal of the argument in
view of the fuct that S is complete and that 1lim can be replaced in this
m,n-»m
cas» by lim . m>n
m,n=»00
Corollary: If A is any o.n. set in S, then Z (£,P)9 is com eryent,
- - T/ - 77 T PeA T

where f is any element of 8.

Proof: This follows immeuiately from Corollary 2 of Theorem 12.11
together with Theorem 12.16.

THBOLEM 12.17: If A is any o.n. set in §, if f is any olement inm 5,
and if g is defined by the condition £ = 2 (f, )P+ g, then gL A.
- s T/ e T T YEA -

Prool': If A is countable, then all the clements of A may be included

' (]
in the summation and, for any tpj of A, (f, \Pj) = (iZ1 (£, \pi) ¥is -.pj) + (g, y’j) =

= (f, '-pj) + (g, lfj) and (g, ij) = 0. If A is not countable, consider a given
‘PO € A. It is sufficient to extend the surmation 2_ over thoss Y& A for
which (£, \f) / 0 and, in addition, kpo (which may o:fn:y not be such that
(£, 9 / 0'. All thewoe § form a sequence, and for them the condition
(g,f) = 0 obtains; in particular, (g,¥°) = 0. This completes the proof since
'f'was arbitrary.

Definition 12.13: Let M be u subset of S. If f + g € M whenever
£EMand ge U, and if af & M whenover f & M, then M is called linear.

It is cleur that M is complete in the seunse of Definition 12.11 if
and only if it is closed in the topological sense (Definition 12.6) inasmuch

as S is complete
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It is obvious that the product of any set of linear (closed) sets is
linear (closed). A linear set in 8 is usually called a linear manifold (1l.m.)
in S.

If X is any set in 8, there exists a l.m. M in § containing X (for
example, 8 itself)., The common part of all l.m.'s containing X is the
"smallest™ l.m. containing X; it will be called "the" l.m. determined by X and
will be denoted by {X}. The symbol [X] is defined similarly with respect to
closed linear manifolds (c.l.m.). In general,{X, Y, ..., £, g, ...} is the
l.m. determined by the sum of X, Y, eee, £, g, «ee, and [X, ¥, veu, £, g5 oos)
is the c.l.m. defined analogously. It is obvious that [X]D{X}DX.

If X is any set in 8, then {X? and [X] can be constructed directly
in the following manner, as is easily verified: { X} is the set of all elements
i e.ifi. where fie Xand n=1, 2, ... « [X] is the set of all condensation
:;:Jints of {X}. §X} = [X] if X has a finite basis.

It is now desirable to take up the key theorem of the present general
discussion of spaces 8: The existence of a complete o.n. set in any space S,
This theorem holds without any further restrictions on S, but in order to prove
it, it i1s necessary to use rather deep results of the general theory of sets;
the so-called "well ordering theorem™ of Zermelo, G. Cantor's ™transfinite ordi-
nal numbers®, and the possibility of definition by "transfinite induction".
(For a systematic exposition of this theory, see, for example, Hausdorff, loc.
ait. before Definition 12.6, pp.55-58, b8-62, and 62 respectively. For the

notion of “power" and "equivalence™ which will be used later, see ibid.,

pp. 26-41, 70-73.) Now it happens that, for separable spaces S, there exists
another proof which does not make use of so much material. Therefore two proofs
will be given: first, for separaile spaces S (Satisfying Postulate Dl) withe

out the use of the general set-theory, and second, the set-theoretical proof
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for an arovitrary space S.

THEOREM 12.18: There exists a complete o.n. set A in S if S satisfies
Postulate Dl (that_ is, if S is separable) and A is at most countable.
Proof: Let fl’ fz, ««s be a sequence of elements of S which is dense

in 8. Let fn be the first element ;( 0; in general, let fn be the first ele-
1 i

ment of this sequence after f which is linearly independent of f ,...,f

P11 8 fi-1

If for some value k of i there exists no such element fn (x being the smallest
k

such value of i), them the induction stops at f . Let all such elements
-1

fnibe selscted. An o.n. set Fis Pps ove may be constructed from the elements

fn by the process used in the proof of Theorem 12.13. It follows that every fn
i i

is a linear aggregate of 's and conversely. And as every !‘P is an fn or a
i

linear aggregate of fn 's, every f 1is a linear aggregute of ¢'s.
i

The P's form an o.n. set A by construction. If f is orthogonal to all
the \p's, it is orthogonal to their linear aggregates and therefore to all the
f 's and the condensation points of the f}l's, that is to say, to every element
g of S. Thus f is orthogonal to itself and f = 0. Hence A is a complete o.n.
set.

THEOREM 12.19. There exists a complete o.a. set A in S.

Proof: Let the elements of S be well ordered so that to each element
of 8 there is attached an ordinal number o . The elements Y4of A will be se-
lected from among the elements fe( of S by transfinite induction. If all ‘fn,

B < &, have already been selected, then proceed for oA as follows: if "f““- 1
and (f“, \Pn) = O for every 3 < & for which a kfﬁ has, oreen defined, then put
P = £ 3 if o does not fulfill these conditions, then leave ‘¢, undefined.

Tt is obvious that the set A sodetermined is o.n. Suoppose there existed an



24 XIl. LINEAR SPACES

element £ of S, I f“ = 1, orthogonal to A« This f has an ordinal number
& , £ =£, , and it would be the case that llfdjl a1 and (r‘,vb) = 0 for all
f <o . Hence f = f = 'Yy would have been included in A. Therefore A is
complete,

It is of interest to inquire which subsets M of S satisfy Postulates
A, B, etoc. (of course when the definitions of f + g, af, and (f, g) remain
unchanged). One sees immdiately that the answer is as follows: M satisfies
A (linearity) if and only if M is linear. M always satisfies B (existence of
an inner product). M satisfies E, (completeness) if and only if it is closed.

Thus the c.l.m.'s are those subsets of S which satisfy A, B, and El’
the postulates which have been explicitly assumed to hold for S. Therefore
the c.l.m.'s are of particular importance.

With regard to the other postulates, the following remarks are appar-
ent : if S satisfies Cl' then any subset M does also, and N2 s Nl' where Nl
is the N associated with S and N, that associated with M, If S satisfies Gz,

2

M may satisfy either cl or Cz. If S satisfies Dl'

and if S satisfies Dz. M may satisfy either Dl or D

M does also (Theorem 12.12),

2°
THEOREM 12.20. If M is a c.l.m., & necessary and sufficient conditior

that an o.n. set A <M be complete in M is that any element £ of M be repre-

sentable as > (£,0) .
Yea

Proof: The sufficiency of the condition is evident, for if f & M and
£1 A, £ = 0, The condition is necessary, for if f is any element of M, then
n
121 (£, \pi)\fi is an element of M (where P15 s++s §, 8Te elements of A), and
2. (£,9)w 1is convergent and is an element of M since M is closed. Hence
YeA
£ - Z (f,9) 1is ad element of M which, by Theorem 12,17, is orthogonal

€A
to A. Sinoe A is oomplete,f-z (£,9)f =Oand £ = »_ (£,9)¢ .
& PEA
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THEOREM 12.21: 1If M is & c.l.m., & necessary and sufficient condi-

tion that an o.n. set A in M be complete in M is that, for any element f of M,
lell? - Zl(f )12
Proof: The condition is sufficient, for if f is an eloment of M
orthogonal to A, then “f” = Qand f = 0. The condition is necessary, for,
by Theorem 12.20, any elemeant f of M may be represented as f = Z (£, 9)y o
Hence (£, £) = Il £/1% = ([ Z (£, ¢)e, £) = Z (£, 9 ), f)?- Z I, o) 2
Corollary: In the precedin; theorem the condition ||f “2 ; | (e, v)l

is equivalent to the condition that (f, g) = Z (£,9)(¢, g) for any two
elements £ and g of M. ( Z converges abaol tely )

Proof: The second condltion obviously implies the first. Conversely,
if in the first condition f is replaced by f + g and f ~ g and the two re-
sults subtracted, the conditionﬂ(f, g) -; RI(£,¥)(¥, g)], as well as the
absolute convergpnce of ‘gA%' result. If hee:ein f and g are replaced by if
¥ g, then it is seen that I, g) -%ﬁ[(f,v)(v , g)], and the absolute

convergence of ZA:’ follows. Hence (f, g) = Z (£,2)(¢, &)
fe

Definition 12.14: If Misa subset or S, then @ M is the set of all

elements of S orthogonal to M.

THEOREM 12.22: M < N implies that @ MO@N. OM is always a c.l.m.
OU=QiM] =M. ©[N, i, ...] = @OU) - @©N) + 00 .

Proof: That M © N implies that ©®@ MD ® N is clear.

The set Qf of all elements g of S orthogonal to a given element f is
ovviously & c.l.me Since®@ M = || Q» it follows that @M is & c.l.m. (Note
the second remark after Derinitigi l1l:a 13,)

Suppose £ € @M., Then ML f and Q> M, Since Q, is a c.l.m.,

Q> [M]. Hence [M]L £, that is, f € ®[M]. Therefore @ M c® [M]. By the

first part of the theorem, @ MD @ [M] D @ [M] since M C {M]} < [M]. Hence
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QM =@ (M} = [M].

Iffe (@HU)* (ON) * ooo, then £ t AN, £ E >N, ..., 80 that
£1M, £ 1N, ..., and therefore £.1 P, where P is the sum of M, N, ... . Con-
versely, if £ L P, then f& (®M) * (®ON) * +e. =@OP =S [P] =[N, X, ...].

Thus all parts of the theorem are proved.

Rresented gg_x_m_e_ and onlz one way ﬁf = f1+ fz, where fla M and fza @ M.
Proof: By applying Theorem 12.19 to the c.l.m. M (instead of 8), it
followa that there exists an o.n. set A in M which is complete in M, Let fl -
=2 (f,9)9 and lot £, = £ - £,. As in the proof of Theorem 12.20, £, £ M
YEA .
and f, L A. Hence f, € ©A and £,& @ [A]l. By Theorem 12.20, [A] = M, so that
1,6 ©OM
This representation is unique, for if f = f1+ fa- i’i* fé (where fl and
] 1 - - - -
fl are in M and rz and tz are in® M, then f‘l l‘i fé 1‘2. But fl fj'l. is
in M and fé - fz is in © M. Hence the element represented by these two ex-

pressions is orthogonal to itself so that it must be O, Thus fl - fi and fz- £

2

Proof: As @ ( ®M) =&( ®[M]) by Theorem 12.23, and as [M] is a ¢.l.m.,
the first part of the theorem follows from the second if M is replaced by [M].
So it is necessary to consider only the second part. As every element of M is
orthogonal to @M, Mc@® ( @M). Thus it remains to show that © ( @ M) < M.

Suppose £ & @ ( ®M). By Theorem 12,23, £ = £+ £,, where £, & M and
=f, is in

1 2
® (@ M). Since f, is in both © M and © ( ® M), it is orthogonal to itself and

£,€ ®MU. By the preceding argument, f,€ © (©M), so that £ ~ £

must be O. Hence f = £, and £ € M, Thus © (@G M) c M, and the proof is complete.

It follows from, Theorems 12.18 and 12.20 that in every space S satis-

fying Postulates cz and Dl (that is, separable but not Euclidean),there exists
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a coplote o.n. set A: \Pl’ upz, eee in 8, which must be countably infini.e,

such that each oloment f of S can be represented as f = i (£,4¢, )ufi
o i=1

= Z *p \pys Where x, = (£, \fi) Hence to each elsmeat f there corresponds
i=1

one and only one sc¢t of complex numbers (xl, Xos «ss) such that, by Corollary

1 of Theorem 12.11, Z lx , is finite. Conversely, to each set of complsx

1um‘ners(:cl, x ) sur‘h that Z ’x l is finite, there corresponds, by

2

i=1 D
Theorem 12,15, one anu only ono alement £ of S: f = i X3Py
i=1

If £ coiresponds to (x], X5 «..) and g to (yl, Ygs one ), then af
obviously corresponds to (axl, 8x,, «..)and £ + g to (x1+ Yir Xg* Ygs ees ),
@

and, by the Corollary to Theorem 12.21, (r, g) = z LYy
i=1

Thus S (which was asauned to satisfy Postulate Dl) is isomorphic with

the space given by

Definition 12 lo. The space of all sequences of complex numbers

(xl, Xys eed) such that >:1 Ix | is finite and in which the operations af,
£+ (f, 8) a_rzﬂiﬁf&

a(xl, Xys vee) =(ax1, By, eee)s

(xl, Xps eee) ¥ (yl, Vo eee) = (x *¥s X5t Yy, ees)s

((xys x5 wee (yl, Y, eed)) = i xij
is allad Hilbert space, H.

It will be shown thut af and f + g belong to H, and that the summation
dafining (f, g) couverges absolutely. If a space S satisfying Postulates A, B,
CZ.' Dl' and E1 Wore now knc;vm, theso asseriions would follow from the isomor-
phism of S’avld H deduced above, as would also the fact that H too satisfies
these postulates. But since no such space has been constructed here (some will

be given in the appendix to this chapter; H is the simplest), these assertions

must be provsd indepeadently.
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'2

=
and i lyil together with the fact that [x,7 = lx, | - 'yil s §,x1|2+ %,Y,_‘z-
=1

The remaining assertions are provided for by

The absolute convergence of f 1"1 follows from that of i ’xi

THEOREM 12,.25: H satisfies Postulates A, B, cz, Dl’ ﬁ‘i_‘.i. El.

Proof: The relations a) to g) of A (Definition 12,1) are obvious, it
being necessary to prove only that if £ and g belong to H, then af and £ + g

do also. But if le |2 is finite, then i Iax is also finite. Again, if
=1

lx '2 and 2 'yil are finite, then {Ix + yilz is finite sinoce

1-

|x1+ ‘Yi‘ + Ixi- yil - 2|xilz * Zlyil , Bothat |x1+ yila = le |2 + 2|y1I2

It is apparent that B is satisfied.

Since the elements fj = (0, +++, 0, 1, 0, ...) (the 1 is at the jt-]?—
place), j = 1, ..., n, are linearly independent, Cz is satisfied.

That H utlisfies Dl (separability) follows from the fact that the set
of all elements (}1; ""}n’ 0, 0, o), n =1, 2, ..-3“(}1).3(31), ceey
’Jl(:fn), 3(‘3 n) rational, is countable and dense in H. (If (x5 Xy, +e) 18 in
H, there exists an n and an element (}l, evns$s 0 0, eee) such that, corres-
ponding to & >0, i |x Iz <-§- and l‘ji- x, |2 <f- ,1=1, ..., n.)

Finally, oconsider the fundamental sequence of elements f = (x(n), xgn).

n=1, 2, ... . Since 1lim llr -zl =0, 1im Zl (m), gn),z = 0, so that

m,n=-»0o0 m,n~»c0 i=l
for each 4, lim |x (") i“)l =0, Thusx, = lim x§") exists. But
m, n~»om N>
1n (1n 2 | x ("') (’“)Iz ) =0, so that 1im lx(“)- % = 0. Thus
m=»® n-$co i=l m=»o 1-1
a

0
at least one of the numbers Z lx&‘)- x1| is finite (say for m = m,),
i=l

(x§m°)- X xg - x5 «ee) i8 in H, and, as (x§m°), xgm"), ees) 18 In H,
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£ = (x;, %, «-.) i5 in 4, Since lim i ng_m) - xilz o, limt =r.
m=»0 i=l m-»00

Hence El is satisfied.

The entire discussion from Theorem 12.24 on shows that there is one
and, up to isomorphisms, essentially only one space S satisfying A, B, 02, Dl’
and El’ i.e., the Hilbert space H.

Now conaider the case where S satisfies Dz.

Again there is a complete o.n. set A in 8, but it is not countabls.
A may be mapped in a one-to-one fashion on some set I of indices. For exampls,
if A were finite, I might be chosen as the set of positive integers 1, ..., N
(where N is tho number of elements of A); if A were countably infinite, I
might be chosen as the set of all positive integers 1,2,...; in any event,
because of the well ordering theorem, I may be chosen as the set of all ordinal
numbers & < L , where JL is a suitably chosen "aleph" (i.e., that for Ij
for these notions, cf. loc,zit. before Theorem 12,18). Of course, the map may
be chosen in other ways, and it might even coincide with A.

If A & I, denote the element of A corresponding to « in the given
one-to-one mapping of A on I by \p, .

By Theorem 12 .20, each eloment f of S can be represeuted as

£ -ag (£, %‘)Yﬁ-o&&zl Xy fi » Where x_ = (£, ¥, )+ Hence to each element f

there corresponds one and only one ordered set of complex numbers (xd), < €& I,
such that, by Corollary 2 of Theorem 12.11, x“/ 0 for only a countabls set of
o's and‘,‘;I ‘x‘*,z is fin.ite. Conversely, to each ardered set of complex
numbers (x,), & &I, where xd/ 0 for only a countable set of «'s and
O\Z“ |x °&Iz is finite, there corresponds, by Theorem 12.16, one and only one
element £ of 8: f -“; Xy Yo

If £ corresponds to (x,) and g to (y,), then af corresponds to (ax,)

and £ + g to (x, +y,), and, by the Corollary to Theorem 12.21, (f, g) =
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= x;.
G T

Thus 8 (which was assumed to satisfy DZ) is isomorphic with the space
given by the following definition (in which it is not assumed that I is non-
countable or even that I is infinite; but the I corresponding to the space S
disoussed above will of course be non-countable).

Definition 12,16: Let I be an arbitrary set (£ indices « ). The

space _o_!;_a_l_}_ ordered sets of complex numbers (x“), o« &€ I, such ﬁt xd/ 0 for

only a countable set of o's (E I itself is countable, this condition is omit-

ted) Lnli_‘gx Ix&lz is finite, and in which the operations af, f + g, and (f,g)

are defined by
a(x,) = (ax,),
(x) + (y) = (x, + ¥,)s
(xds () = 2 = 5,

«ET

is called HI.

The sum.g; Xy Y« 18 absolutely convergent, again because 'x* )-'*I-
- lxokl . | yoJ s ﬂxJz + ﬁl);lz. In other respects, HI is characterized by
THEOREM 12.26: If I is finite with N elements, HI is isomorphic with

the N-dimensional complex Buclidean space, that is, H, satisfies A, B, 01, D

I 1
and B, (For I =(1, ..., N), Hy is identical with it.) If I is countably infi-

nite, HI is isomorphic with Hilbert space H, that is HI sétisfi_g_s_ A, B, Ca, D

1’
and El. (For I = (1, 2, «ss), Hp is identical with it.) If I is non-dountabls

H, satisfies A, B, Cz, Dz, and E ,

— 1

I

Proof: The first two statements are obvious. (See Theorems 12.14 and
12.25.) The third is proved for A, B, Cz, and E1 in the same way as in Theorem
12.85, D2 follows, by Corollary 5 of Theorem 12.11, from the existence of a

non-countable o.n. set, i.,0., the set of all elements \fn- (8“',’), where o , pel,
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6 L Jl if & =10,
L o if « /{s .
It is now possibls to characterize completely the space o sauisiying

A, B, and El.

THEOREM 12.27: Every spuce S satisfying A, B, and E is isomorphic

with some spuce HI. With regard to isomorphism, I may be replaced by any set.

I' of the same "power" (that is, any set I' on which I can be mapped in a one-

if T and I' are of different powers, H; and H;, are non-isomorphic. Thus if I

aloph (cf. loc..cit.before Theorem 12.18), then N\ is determined uniquely by S.

In the sense 31; Theorem 12,26, the relution betwesn C_ , Do-’ and I
or fL is as follows: if I is finite, so that N =N =1, 2, ... < w, then

S satisfies Cl and Dl: if I is countably infinite, so that JL = ¢, then S

satisfies C2 and Dlg if I is noan-countabls, so that N >« , then S satisfies

C2 and Dz.

Proof: The first statement follows from Theorem 12.]4 and the remarks
before Definitions 12,15 and 12.16. The second statement is ohvious. The fourth
follows from the third. The last statement is a repetition of Theorem 12.26,

It remains to prove the third statement, i.o., if HI and I'III are isomorphic, I

can be mapped in a one-to-one fashion on I'.
Now if I is finite, HI is a complex Euclidean space of (say) N di-
mensions (Theorem 12.14) and (by the remark on complete o.n. sets following
this theorem) I and I' must both have exactly N elements. Thus the third
statement is proved if I is finite, and similarly if I' is finite, so that it

may be assumed that both I and I' are infinite.



32 XII. LINEAR SPACES

Defino Yﬁ' (Q"D)' where & , pé& I, 6“{,.- {}J g :;ﬁ : and let

the element of HI' corresponding to Yp in the isomorphism be \rf; « In HI"
\0;3- (x“h), «€I', P& I. For a given [E I, denote the countable set of

’
A''s (EI')forwh:lch:&,ﬁ/obyYn. ’
If ok;é I' belongs to no Y, , then W = (6“/“;), o’€ I', is normalized

and orthogonal to every &p;, , 80 tha!z its image W= (y,), A € I, in I by the
isomorphism is normalized and orthogonal to every \Pn. Since the condition
(LP, \fﬁ) = 0 implies that .y,5 = 0, therefore \y = 0. This contradicts the fact
that \p is normalized.

Therefore I' is exhausted by the sum of all the Yﬁ's, so that its
"power” is not greater than Notimes the "power™ of I. But infinite powers
are unaltered when multiplied by N (efsloc.cit., p.71). Hence the power of
I' is not greater than the power of I. Interchange of I and I' shows that the
power of I is not greater than the power of I'. Hence I and I' have the same
power. This completes the proof of ell parts of the theorem.

This charucterization of the spaces S satisfying A, B, and El leads
to exactly one invariant, i.e., the aleph N .

Definition 12.17: The aleph M1, which is an isomorphism-invariant

uniquely determined by S and which completely characterizes § to within iso-

morphisms (Theorem 12,27), is called the dimension of S. .

The spaces S with L = N =1, 2, ... < w , H(l ) are complex

seses

Euclidean spaces of finite dimension and lead to nothing new, But Nl = w

leads to the Hiloert space, H = H(l 2 ) which is a new and interesting geo-~
325000

metrical objeot. The cases [fl > «w correspond to still more general spaces,

B(‘*)“A but it will be seen that these spaces are very similar to Hilbert

space with regard to most of their important properties. This is duo to the

faot that every separable part of them lies in a subset of them which is a
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Bilbert space, that is, in a separable c.l.me¢ Thus all theorems which do not
rofer simultanecusly to more than a countable or separable set of points are
really always discussed in Hilbert space.

In order to obtain this result, the following theorem is needed:

THEQREM 12.28: If X is a subset of 8, then either all or none of the
sets X, i{xl, [x] are separable.

Proof: If {X] is separable, then [X] is also, since {X} is dense in
[X]. 1If [X] is separable, then X is also, since X < [X]. It remains to show
that if X is separable, then {X]is also.

Suppose the sequence fl, i‘z, ... i8 dense in X. Ifﬁ(ni),b(ai), e
R(a;),':](a;), n =1, 2, ..., are all rational, then the eloments ajf + ... + a’f

11
form a countabla set D which is dense in the set of all elements a1f1+...+ anfn’
where n = 1, 2, ... and where 8)se0e,8 8TE arbitrary complex numbers. Thus D
is dense in the set of all elements algl+...* 8 80 where Byseees B BT arbi-
trary elements of X; therefore D is dense in i{X} . Hence {X} is separable,
and the proof is complete.

Thus every separable X is contained in [X] which, being a separable

c.l.m., is a complex Euclidean space or a Hilbert space.

Appendix I.

It is desirable to give further examples of spaces having the proper-
ties A, B, B, and some combination of CP R Do— (p,e»-],a), In particular those
with c2 D1 are of interest, as they are isomorphic with Hilbert space (efe
Theorems 12.26 or 12.26). This is particularly important, because these ex~
amples will be "functional spaces™ which, on the one hand, will later be use-
ful in illustrating many results of the theory of Hilbert spaces; and on the

other hand they lead to the chief applications of the theory. Other examples,
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based on uncountably infinite direct products, will furnish interesting examples
of "functional®™ hyper-Hilbert spaces.

Before we construct our examples, it is advisabla to give the follow-
ing extension of the definitions of Chapter XII:

THEOREM 12'.1, Assume that a space S satvisfies the postulates A, B

of Chapter XII, except B, b) (cf. Definition 12.3) insteud of which only this

}_a_ required:

br) (£, £) = o.

A, B without exception:

Call two elements f, g of S equivalent, £ ~g, if lIf - gll = 0. Then

ths following facts hold:

(i) f~f; £~ g implies g~f; £~ g, g~ h implies f ~ h .
(i1) Call the set of all g~f for a given f £ S, ¢f. A1l ¢f are mutually
exclusive subsets of § (that is: &, ;1¢g implies @, ° Qfg = 0), and

their sum is S. Call their set §.

(iii) f ~g implies af ~ag; f~ g, h~k implies f + h~g + k; £ ~g,
h~k implies (£, h) = (g, k), and thus if]l = |ig] .

(iv) If¢;¢€ §;£E¢:g€¢:then ¢ai" ¢f+g
a, @, ¥ alons ( and not on the particular choice of £ & B, ge %),

call them a @, & + %, (B, %), 9]

(v) With the notations of (iv) § satisfies the postulates A, B without ex-

s (£, g), || £|| depend on

ception .

(vi) 8 satisfies E if and only if S satisfies it.

(vii) 8 has o.n,_subsets and ocomplste o.n. subsets of the same powers as S.
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Proof: One verifies immediately that the proofs of Theorems 12.5
(Sohwarz's Lemma) and 12.6 depended on B, &), b'), c), d) alone (cf. Defini-
tion 12.3). Therefore they apply to our present S. Thus “f” =0, "g” =0
imply llagll = o, lI£ + gll = 0. Considering £ - £ =0, g - £ = =(f - g),
£f-ha=(f ~-g)+ (g~ h) this proves (i); considering a(f - g) = af -~ ag,
((f +h) - (g +k)) =(f -g)+ (h -k) it proves the two first statements
of (iii). As to the third statement of (iii), owing to the distributivity
of (g, k) (cf. B, a), c), d)) we need only to consider the case where f = 0,
h = 0. Then l(g, ¥)| = llell « |{xll = o, (g, k) = 0, completing the proof.

(ii), (iv) are immediate consequences of (i), (iii) respectively.

All parts of A as well as B, a), b'), ¢),d) carry over immediately
from 8 to 8. l@ll= 0means @ = @, with lell = 0, that is £~ 0, that is
g = ¢°; and ¢° plays the role of O in §. Thus (v) is proved.

As to (vi) and (vii), it is obvious that the behavior of S and § is
identical in all thess respects: we pass from S to S by replacing each f € S
by its ¢f; and from § to S by replacing each @ e S by some £fe@ (that is
g - B

Definition 12'1: If S sutisfies the assumptions of the preceding theo-

rem, then the formation of the ¢ = ¢f's is callzsd the process of necessary

identifications in 8; and § is said to arise from S by making the nacessury

identifications in S.

In what follows we will, for thc sake of brevity, identify SD P‘(M)
and SD,,A*(M) and correspondingly f and ¢f , whenever this can be done without
a loss of clarity.

Let now D be a space and P‘(M) a regular outer measure in it (defined

for all subsets M of D, cf, Definitions 10.2,1, 10.2.5).
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Of course, we could just as well begin with a finite, non-negative,
totally additive meusure function V(M), defined 6n a half-ring ﬂ of subsets
M of D, Then we would form, by Theorem 10.3.2, the outer measure \I;(l), which
agrees with v(M) on R and is determined by R -~ and put P*(x) - VI(]I). As
we will see below, it would even sutffice to extend w(M) to the Borel-ring of
AR, BR(CR). But we prefer to use consistently the outer measure. Therefore
we return to the )1‘()[) as mentioned above.

We now define:

Definition 12'2. Let D be a space, and }1‘(“) be a regular outer mea-

sure in it. Let MF, F'(M) be the set of all complex valued functions f = f£(P),
_——— - ’

defined for all P & D, and measuruble with respect Eg_)xt(ll).

Lot S, ,(u) DS the 88t of all thoss ¢ & WPy
§ e(®)|? apoug) 10 £anste.
D

THEOREM 12'2: We have:

*(M) for which

(1) Ire sn,)n(n)
((ar)(P) ® & - £(P)).
(11) I f,ge sn,)w(u)’ then £ + g & SD,F,(u)((f'fs)(P) = £(P) + g(P)).

(111) 1¥ ¢, g€ SD,,.\*(M)’ then Snr(P)E(‘f)' dp(My) 1s finite.

and a Ls_ & complex constant, then af g 8,

D, p*(M)

(iv)  If we define ESD.P‘(I) af, £ + g as in (1), (i1) and (f, g) =

- gr(P)E('F)'dr(uP) (of. (111)),the situation of Theorem 12',1 arises:
D

SD )“(") satisfies the postulates A, B, E of Chapter XII, where B, b),
E

must be replaced by B, b').
(v)  The necessary identifications (of. Definition 12'1) are these: £ ~ g if

and omly iF the set of all P with £(P) / g(P) bas the measwre 0. The

sD,P'(M) which results from these identifications satisfies A, B, B with-

out exception, (Cf. Theorem 12!.1 and Definition 12'.1.)
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Proof: (i) is obvious; (ii) follows owing to the identity
2(p) + g(®)I% = 1£(P)I? + lg(®)|? + 2 R(£(P)TTF)), from (1ii); (11i) follows
trom | £(B)E(BY ) = %‘f(P)lz + %lg(P)IZ. The statements of (iv) concerning A, B
are obvious. lIf - gll = 0 means (¢ - g, £ - g) = 0, § |£(P) - &(P)|%antaty) = o5
and as | £(P) - g(P)lz 2 0 everywhere, this means that | £(P) - g(P)I2 Ao,
£(P) # ¢(P) holds only on a P-set of measure O. This proves the first half of
(v), the second half follows from (iv) and Theorem 12'.1, (v), (vi). Thus it
remains only to prove the statement of (iv) concerning El: That SD‘P (1) i
complete.

Consider a sequence fl, fz, cee & SD for which 1lim |l fm- £ 1= o.

T1, N=»00

(M)
Thus for every &€ > 0 an n = no(é) exists such that m, n z o imply
<
e, -2 Il 5¢€
Choose & subsequence 11, 12, see Of 1, 2, ... (/C <12< ees ) Wwith

> 1 1
lu'- n (?). Then lo_, 'La+1 = no(F)’ "f fl || < Is
S liz (@ -, (@®)° dp(uy) = he, -¢, N2SL. . Denote by T_the
p o y 2 P L Lew 16 o
set of all P's for which | £, (P) - (P)l z 1 ; ‘then T is measurable,

and the above integrel is oclearly H (2-;) }'(Tcr) ﬂ_l:l ; thus P(To') s io_ .

Therefore
@© o)
(1) F > s S A spll
Po_afa' O_BPP o U_Z_P 40 M
and hence P(ﬂ Z lg_, for every p = 1, 2, «ss, and js thus = 0.
P'l 0'-_p 3'4

If P ¢ E :P T_ , then there exists a9 -.P(P) =1, 2, .¢s, such that for

>
o =p,P¢ T,.. That is: li)‘er(P) - .(;ev"(}?)l <;-]-'; « As the series
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2. —1—01' + ... converges, this proves the existence of lgm fﬂ (P).
2P 2P o “.P
w©
As Tr Z To’ is a set of measure 0, we may redefine all fn(P)'s
pe1oop

in it and put them = O tkere (cf. the first part of (v)). Ther lim fL,SP)

exists everywhere, Define £(P) = 1lim f (P). £(P) is clearly measurfble.
o %o

Consider |t (P) - fl (P), If oo—> w, it ccnverges to

le (P) - f(P)'z, and it is always = O. Therefore

lim inf € |(£.(P) - £, (P)]® q Z Cle(p) - £(p)|? a .
n1ne §1,(P) - g (O qp) 2§15, (2) - 1)1 apcy)

(cf. Corollery 2, Theorem 11.3.7.) Now assume n = no( €). If o is great
enough, A Zq (e ) also; and thus tke S .ee d}J(M ) on the left side be-
o [} D P

< _2

comes = & .
Thus tle integral is finite, fn ~-f g SD,P*(M)' and with it
. X ) - <

£f=f- (fn- f£) e SD,P*(M)' Now the ubove inequality proves "fn rll S

forn = no( &), that is lim fm = f. This completes tle proof.
n-»co

We wish now to discuss the behavior of S with respect tc the
D, p* (i)
conditions Cy and Do_ of Chapter XI1I.

Definition 12',2: A measurable subset M of D is irreducible, if every

measureble subset N of M}-E.B_)J(N) =0 2‘_}1(1{.).

THEOREM 12'.2: Every set of measure O is irreducible; every irreducible

set has a finite measure.
Proof: The first statement is obvious. &as to the second, observe that

we can write D = D;*D,* ..., Dy € ch «ee, Where all D, are measw able sets

of finite measure., (Cf. Definition 10.2.6.) Thus Dcl[c M, nﬁnc;}z(nuu) -};(E),

But as M is irreducible, P(Dlll) = 0, or }x(ll) for each n, thus thre latter holds

for all sufficiently great n. Therefore p(M) = p(D M) s p(D,) is finite.
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THLOKEM 12'.4. If ;x'(M) is determined by a countable half-ring 7,,

ana every oz‘e-ﬂr_ill_t_-:s_f-j_ (P), PeD, _iﬁmeasuruble; then every i_rreducible set

M is eithor of mwasure O, or else & P& M with 0 <}1((P)) < +aw exists such

thut M - (P) hus the meusure 0.

Remurk: It is clear that any M of this structure is irreducible, and
that it determines tre P in question uniquely.

Prcof: We must prove that 1f M is irreducible and }1(M) > 0, then a
P & M with )1(11 - (P)) = 0 eaists, thus that p(NM) = }1((?)), and hence trat
0< P((P)) < +00 (the iatter by Theorem 12'3).

Write D as a sequence Dl’ Dz, vee o For eachn =1, 2, ...,

s ses be the n's of the first kind.

P(D:.M) =0 or )x(DnM) = p(¥); let n, n,

>
Then }1( D1 M) = 0 also, ana thus Zl Dn M # M. Choose & P & M which is
c=1 o o= o

[e 0}
gz D M, that is, P4 D for o= =1, 2, ...+
o=1 o Kead

Consider P((P))' If it were <}.1(M), we could by Theorem 10.3.2 and

the remurk immediutoly following it, find a sequence D) ,D Tt with
1 2

@ o
(P) « Zl DP 5 z], }‘(DH ) <}1(M). Then for some p = pP, Pg Dp’ )1(DPM) s
o= p-

P
o
< <
=P(D;>) = Zl }l(DP ) < )I(M). Thus P(DpM) =0, p=n_ for some o =1, 2, ...
i P
and we shoulu have P & D1 , which is impossible. Thus, since (P)C M,
o
),1((?)) s P(M), we must have P((P)) = )A(M), }1(! - (P)) = 0. This completes thre
proof.
We now prove the criterion for C :

THEOREM 12'.b: satisfies Cl if and orly if there oxists a

s‘D,)v'(M)
finite number P_f.mutually exclusive irreducible subsets Ml’ ceey MN of D, such

that

N
);(Mn) >0forn=1, ..., N; p(M -Zl x) = 0.
o
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_y‘_ this is the case, sb,p*(l)

pis )1‘(][) 18 determined by a oountable half-ring ®, and every ome-

jl”.;. N dimensions,.

point-set (P), PED, is measurable, then we may assume that the l(n are one-

point sets: M = (P ).
Proof: The last statement results from the previous ones immediately,

by application of Theorem 12'.4.
Consider first the necessity of our conditions. Assume that sD,)x‘(l()

fulfi{lls C., and has N* = 0, 1, 2, .., dimensions, If Il, erey % are mutually

ll

exclusive measurable subsets of sD,)l*(ll)’ all with measures > 0, then write

again D = D1+ Do*¥ eee, ch. ch ese, 811 p(n ) finite (of. Definition 10.2,6).

Then 1im p(n ) }1(1( ); thus thers exists an i with P(”i“n) > 0 for all
1=pn0

n=1, +ss, me Define
= 1 for P &Dilln

£, (P)
= 0 otherwise
e
Then £ € RD,P‘(")' because p(D,M ) = jv,) i finite, If :;1 a,f = 0, then

m
the P with Z anfn(P) / 0 form a set of measure Q; thus there exists & P € Dil

with Z 8 £ (P) = 0., This proves &= 0 for all n = 1, ,,., m; thus the
n-l

fl. vesy rl are linearly independent. Hence m = x'.

Therefore the possible m are bounded., Let m = K be the greatest onme.
We see that ¥ = X',

Consider the system My, «.., Mo If ,.1(1) i l%) > 0 we could add
D - ni-l M to it; thus r(D - i l&) =0, Ifa neuura.ble M'c N with )x(l' YA o,
F(l&) existed, we could replace Il’l by M, ln- M'; thus ‘ is irreducible, This
establishes the necessity of our conditions, together with the faot that

iD,p‘(ll) has = § dimensions.
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Consider next the sufficiency of our conditions. Assume that

lll, ssey l(I are given, as described in the theorem. As lln is irreducible,

=1 for P & lln
£ (P)
= 0 otherwise

}x(un) is finite, and thus

belongs to §'D P'(“):

Consider now & real-walued f & SD,}.\*(H)’

measurable for every A , and < M, thus its measure is O or }A(M). If we put

The set llnsp[f(P) < A]J is

A= <1, -2, ..., it converges to 0; thus the measure is not always P(M)5 if
we put A=1, 2, ..., it converges to M; thus the measure is not always Q.
1
Therefore these A have a finite g.l.b.: Ape Now P(Mnsp[f(P) <Ap- F]) = 0,

ROLSLIE(R) < A+ %]) = p(), and therefore p(M S LA - -‘1-)- S e -f-l;]) -

= r(u) for p= 1, 2, ««. « Forming the product of all these sets (for all

p=1,2, ...) we obtain : P(Mnsp[f(P) = /\n]) = ).I(M), or :
P(Mnsp[f(l’) £ A1) = o

If f is complex valued, we obtain the same thing by forming '\n for
R £(P) and Y£(P) separately, thus obtaining Al and A} ; and then setting
Ay = AL+ 1iAD.

Now it is clear that £(P) ;12 A £, (P) implies

PeZus[f(P)/A]+(n-Zu).

n=1
This is @& sum of N + 1 sets of measure 0, thus is itself a set of measure O.
Therefore f~% A f oo 8nd in g )x*(M) £ = %1 Anfn'
Thus cl is fulfilled, and §D,y*(li) has = N dimensions. This estub-

1ishes the sufficiency of our conditions, and proves that § has 5§

D,’xt(l)
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dimersions.

Therefore the proof is completed.

As to the Do__we can only give a suificient criterion for Dl (its con-
verse being thus necessary for D )s

THEORLY 12'.6: § (i) 58 satisfies D, ifp (M) cun be determined by

a countatle ba_lf-ring %

Proof: We wish to show that, if a choice of /Q has heen mace in which

- =
R is countable, then SD,}-*(M) D’F*(M)

by various subscts, the separability of which implies the separability of 8.

is separable., We stall replace §=5

Consider first the sct §1 of all real and non-negutive functions in 8.

If £(P) € S, thex obvlously /lkf(P) and 271‘(?) & S; and thus fo(P) =
= ¥ax (0, Re(p)), £,(P) = uax(0, - K£(P)), £,(P) = Max (0, & £(P)),
3

!‘3(?) = Max (0, = ;Lff'(P)) are in § and thereforc in §1. Now f = Z ifr .
p=e

2) then the countuble set

And sc, if the sequence f(l), f(
3
Pr(mp),
of all go ire 3 ong, n, My, N
only prove that §1 is sepuruble.

s eee is dense in §1,

3" 1, 2, ...; 1is dense in §. Thus we need

Now we know that if an £(P) 20 1is measurable, there exists & sequence
of measurable finite~valued functions fl(P), fz(P), ... with rational values,
such that 0 5 £1(P) S £,(P) T ... T2(p), £,(P) —> £(P). (define £ (P) = the
greatest rumber of tho form -% s, P=0,1, 2, .., which is s f£(P).) Thus
§lecp) - I‘n(P)Izd)x(MP) -0, llf = [| ~> 0, that is: The set §, of all
functions in §, which have only a finite number of different values, all of
those being rational, is dense in §1. Hence we need only prove that §2 is se-
parable.

For any measurable subset M of D which has a finite measure, let ]‘M(P)

be defined by
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=1 for Pz M
1,(P)
M =0 for P#M

2
-
Pl""’Pn rational; Ml, cony Mn meusurable with a finite measure. Hence if §

n
Then S, is the set of all functions of the form ZPU']'M » where n=0,1,2,...;
=1

3
is the spuce of all functicas IM’ ¥ as wbove, end if luw, IM(u, ees 18 & se=

guence densec in 5

n
. then the countable set of all Z Po-lm (n=0,1,2,004;

=l

pyseeespy Tutionuls pyy wee, p =1, 2, «..) is dense in § Thus we neecd

2!
only prove the sepurubility of §3.
If we wish, we may consider the M's themselves instead of the IM's as

elerents of 5,5; cnly we must Lhen define

Distance (M, N) = lllM- 1N|| = S|1M(P) - 1N(P)|2 ap(iy) =

= 1 s dp(M)) = p((M + N) - MN).
(M+l§-MN) pe) - )

For any of our M's we huave

@ 0o
paa) = ){‘(M) = Lok, 2 PN ), whore a1l N, £ R, andMc > K.

i=1 i=1

e}
Thus if & > 0, there exists a sequence N, Nyy e & R,Mc N, with

i=1
[ © ®©
).x(M) + € 2 Zl)i(Nl) :)x(zl Ni)‘ ).x(g N, - M) s & .« Now the sequence of
i= i= -

n o«
sets Z Ni’ n=1, 2, ..., converges increasingly toward 7: N therefore

i=1 i=1 i

r ® n
P(ZN‘) -—»)1(2 Ni)’ and there is ann = 0, 1, 2, ... with )a(zNi) z
i=1 ~ i=l i=1

[99] ac
2)x(Z B)- &, p(2_ 1) S & . Therefore
i=l i=l

n I 00
Distance (M, 1Z=1 N) = p((u+ 1Z=1 N)-M FZ; ) s

- @ 0 n <
")‘“E Ny- M) + (E N-9 K))F

i=1
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<] n
< <
-p(in-n)+ (> x-S K)S2€ .
=11 i N~
- n
Thus, the set §, of all sets > N,n=0,1,2 «ol, .. eR;is
1=1

denge in 55. But the countability of R obviously implies that of §,, and

47
thus 53 is separable, It follows from our previous remarks, that this completes
the‘proor.

The theorems which we have proved enable us to construct many examples
of functional spaces which satisfy postulates A, B, E and some combination of
GP . Dcr' 02, Dl’ that is Hilbert space, is of chief interest here. In order
to illustrate the reach and working of this method, we shall discuss some
examples.

Example 1, Consider a discrete measure (cf. Chapter X, §5, example 1).
In this case we know that the space D must be countable; thus it is a finite or
infinite sequence of points Pl’ Pz. ese, for which we may as well write
1, 2, «e. « BEach point has a weight w)1 Z 0. The general element of §D,,ﬂ(u)’
e function f(n), n = 1, 2, ..., may be as well written as a (finite or infinite)

sequence xl, Xos cee o Then SD‘)1 (M) is defined by the requirement that
2
AR NEN
n

be finite -- which oéndition is void if the set D (of all n) is finite, and even
if the set of all n with w, > 0 is finite; but an essential restriction if in-
finitely many n's with L > 0 exist. The inner product for f ~(x1. Xos ee)s

g ~(y1, Ygs eee ) is consequently (by Theorem 12',.6),
(06 = x5, 908) = 3w, -

As K is countable (of. Definition 10.5.1), § fulfills D.. As the only

D,P*(ll) 1
irreducible sets with a measure > O are the one-point-sets (n) with w, >0,
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therefore we huve Cl or C2 according as & finite cr infinite number of n's with

v, > 0 exist, ard their nunber is the dimension of § ) (by Theorem 12!,5).

D,}z*(ll
If, in particular all w, = 1, then we are back to the normal forms of
Definitions 12.15 and 12.16. But we obtain only the cases with dimensions
='O, 1, 2, «uuy No that is the finite dimensional Buclidean spaces and Hil-
bert space.
Example 2. Lot D be an N-dimeusiona] Euclidean space R‘N’ N=1,2, ...y
or a subset of it. We coulc choose for P*(M) the exterior measure criginating
from any Lebesgue-Stieltjes-Radon-measure (cf. Chapter X, §5, Example 4). We

shkall only consider for the moment those P.(Ll)'s which are absolitely continuous

with respect to N-dimensional Lebesgue measure }1&(1(), that is

) = SMW(P)d Fg(¥p)s

where W(P) is any measurablc, real, end non-negative function (ef. Chapter XI,

Now S is the set of ull measurable functions f(P) in D for which

D,)x*(li)

§ el o) = § Wiz le(e) ap i)
is finite. The inner product is

(£, g) = SDf(P)E(?Idy(MP) - SD W(P) £(P)ETF)dp,(Mp).

We have W(P) = O in all of D, but as the omission of all points with W(P) = 0
from D obviously does not matter, we mey as well assume W(P) > 0 in all of D.

m,cun be chosen countable (cf. Theorem 10.E.1S; thus s has the

D, p*(M)
property D, (by Theorem 12'6). As a countable ‘R exists, the second half of

Theorem 12!',56 shows that the Mn occurring in that theorem may be chosen as
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one-point-sets. This contradicts in our case p(M ) > O; thus RD -
»

(u) can be
ir case C, only if P(D) = 0. As W(P) > 0 in all D, this means that P&(n) = 0,
When %’F‘(u) has dimension 0, it contains only the element O. Ctherwise we

have the case 02; that is, the combinations cz. Di: then § is a Hilbert

D,}x#(M)
space. ’

Most of the important illustrations and applications of the theory of
Hilbert space are of this type.

Example 3: All foregoing examples lead to spaces fulfilling Dl‘ that
is to separable ones, In other words: the dimension was always s No. We
wish to show now that any infinite dimension can be obtained.

Let I be an arbitrary (infinite) set of indices, and form for each
A EI the same set: (0, 1), with the disorete measure wo=w o= 4. This is the
ocase Zz in Examples la, 2, of §6, Chapter X, Form now the direct product
H Z ;s and 1ts measure J(M), by Definition 10.4.8. Put D =TT, p*(u) =
- ﬁ"(l), and form their sD,)a*(l)‘ We shall see that §D,’J'(M) has the dimension
power(I). As this is H }\Jo, we have at any rate Oase C,; and according as it
is = )Vo or > fVO we shall have Case Dl or Dz.

D 'HZ‘ is the set of all functions x = x(x), where & € I, and the

values are O, 1, Define now a function F“O(x), for each o g I, by

Fd\o(x) = 2x(k)) - 1.

Clearly qu(x) is always = ¥ 1, and in partioular = 1 in (1) ¢ | I Z-_z
«LE T
and tn = -1 o % [T 2. whe
“$a,

This proves that Fuo(x.)’la measurable, and that for any finite subset

of I 1:’; P, (x) is also measurable. F\n‘thﬁrl“LL 1!"%(;;)'2 = 1, 8o that

SDI m’“o(x),zdf(ux) = 1; thus ull;l:’;l"do(x) belong to %'ﬁ'(") and are nor-
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walized. One can verify easily that Tr¢ F, (x)dﬁ(]ﬂ Y=0it g £ 0;
& °

but as || Fc\o(x -I—r F ()

Y aot(frp)-g ¥ *o
5, ;l:]; B, (x) - T (x, () = 0 if G F VA Thus the
[

o&oe‘f'

(x), this proves

' | F (x) form & normulized orthogonal systen in S
Aok

D, fir (1)*

But this system is complete. This is shown if we prove that their

lipear aggregutes are everywhere dense. Now we suw in the proof of Theorem

121'.6 thut those of the lZN (x)} (n=0,1,2,4003 NjseeobN € R) are every-
te
where dense; thus it suifices to skow that each la is a linear aggre-

ZN()

gate of certain of our functions.

Now each N ¢ ‘R has obviously the forn M 3% JII”‘? Zz
e T-

ME " !I Zz, and¢ is some finite subset of I. We can replace ¢ here bty

s where

any finite set "/‘c¢ < I. Thus each Z N. D N € ’(R,, has the same form.
i=1
Recause of the obvious additivity, it suffices to consider the case where M

is a one~-point set; let its element be (x“; A € ¢ ), where x, = 0, 1. Then

tle set to be considered is L -ch !; (x«)x ] " Z ;5 or if we put

AEl-Go
¢c =@, +@ , where x, = 0in@ and x, = 1 m¢+, then we have:

L= o\”eq&"_(O)X !! E!L (1) X MIII (¢|+| 4 ) This formule implies

ORI CERACHE ISR AC)

A€ ¢+
which is clearly a linear aggregate of;lj; Fdn(x)'s. This completes the proof
of completeness for the ;1:‘; 3;o(x).
Thus the dimension of §D,""(M) is the power of the set of all T—r (x),
that is of the set of all finite subsets @ of I. This is 1 + power (I) +
+ (power (I))2 + vue o It is clear that this power is 2 power (I); but as I is
infinite, it is even = 1 + power (I) + power (I) + ... = 1 + )‘(o' power (I) =

= 1 + power (I) = power (I). Hence the dimension SD }‘(H) is the arbitrarily
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presoribed (infinite) power (I).

Note ‘rat in spite of the non-separability of § ~ (if power
D,j(m)

(1) > No), the total measure of D is finite:
H(D) = R =1,
Fo) -} TT )

Other important examples of functionsl spuces satisfying our postu~
lates originate from the theory of alrost periodic functions. Thus the H.Bohr
almost-periodic functions fulfill A, B, Cz, Dz, EZ' while A. Besicovitch's
generelization of these functions fulfills A, B, Cz, Dz, El' (The latter
space is isomorphic with the complete extersion of the former in the sense of
Theorem 12.15. Its dimension in the power of the continuum, N.) But we do
not intend to give further detuils of this sukject here. The reader ray be re-
ferred to the monograph of A. Besicovitch, "Almost pericdic functious", Cam-
bricge, 1902, (Cf. in particular Chapter II there, and its appendix, pp.67-1Z2€;

especially pp.109-112.)



49

CHAPTER XIII.
LINEAR OPERATORS.

It is assumed in this chapter that S satisfies Postulates A, B,
and El'

Definition 13.1. The direct product of S by itself, S X S, is the
sst of all ordered pairs, <f, £'), where f gnd £' arc elemente of S. In
$x 8, a<f, £'> is taken to be {af, af'}, <f, £'> +<g, g'> is taken to be
(£ +g £+ g'), and (£, £'>, g, g')) 1is taken to be (f, g) + (f', g').

It is apparent that S X S satisfies Postulates A and B. If (f,, 51) .
<f2, 52>’ +es is a fundumental sequence of elements of S X S, then it is
reudily seen that this sequence has the limit (f, g)in SX S, where

£ = lim fn and g = 1lim &, Hence S X S satisfies Postulate El'
n->mom n-=»00

Definition 13.2. An operator (1n S) is a function @ which is de-

ponding to each element f of D. The set D is called the (definition) domain,

D(), of #. The set of all yalues f, £ ¢ D(f), is called the range, R(f),
of @. The set of all elements (f, ff >, £ & D(f) and #f & R(f), is callcd tle
graph, G(4), of #. Thus D(#) < 5, R() c S, and G(f) c 8 X 5.

To say that {f, g) € G(#) thus means thut £ ¢ D(f), g & R(4), f#f

existe, and one of its vulues is ge

Definition 13.3. An operator f is called linear if G(#) is a l.m,

THEOREM 13.1. If #f is linear, then D(f) and R(f) are l.m.'s.
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Proof: If¢E, (ff) ) end (&, (fg),) are elemente of G(f), where (gr),
and (ﬁg)o are particular values fgf and gg, then {f, (ﬁf)o) + (g, (;fg)o) =
=<t + & () * (Be),) & G(F), and alf, (#) > = (af, a(ft) ) € G(H).
Therefore (f + g) € D(f) and af € D(g), so that D(F) is a l.m.,

[(de) + (Bg) ] €R(F) and a(ff) & R(F), so thet R(f) is a l.m., B(£ + g)
exists and one of its values is (;61')°+ (ﬁg)o, and @(af) exists and one of its
values is a(ﬁf)o.

As every linear set contains the zero element, {0, 0) is in the graph
of every linear operator.

Definition 13.4. An operator ] is culled single-valued (8.v.) i

there is associated exactly ome value ﬁr with each element f & D(ﬂf).

Thus, if @ is s.v. and if {f, g,> and {e, gz) are in G(f), tken
g, = £
THEOREM 13.2. A necessary and sufficient condition that & linear

operator [ be 8.v. is that £(0) have the unique value O.

Proof': By the remark above, O is one of the values ﬂf(O). Hence the
condition is necessary. To show that it is sufficient, suppose that (£, 81>
a.r‘md (s, 32) are elements of G(g). Since @ is linear, (£, gl) - <z, gy =
= (o, g -8y > € G(#). Thus g~ 8, is one of the values #(0). Since the
unique value of ﬂ(o) is 0O, B)- 8y = 0, and g = &y Therefore tf is s.v.

By en argument similar to that used in the preceding proof, it may be
shown that if ﬂ is linear and if f has two different values associated with
some element in D(ﬂ), then ﬁ has infinitely many values associated with each
element in D(f). .

If # is 8.v. and linear, and if f and g are in D(F), then £ + g and

af are in D(), and B(f + g) = #f + fg and P(af) = aff.
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Definition 13.5. An operator I is called continuous if it is con-

tinuous at every point of its domein D(g) (cf.Definition 1Z.€).

It is apparent that this definition is meaningful only when f is s.¥.
Hence, if an operator is described as being continuous, it is also described
as being s.v.

It is desiruble at this point to make a digression from the general
theory of operators in order to discuss in detail a particularly important

special class of operators, the projections.,

Defirition 13.6. If M is a c.l.r. in 8, if f € 8, and if f = f1+ fz,
where fl € M and fz ¢ @M (by Theorem 12,23, the representation fl+ fz is

Jecting £ on M is denoted by PMI‘ = fl. (Note that projections are defined
only with respect to c.l.m.'s.)

THEOREM 13.3: A necessary and sufficient condition that an operator

E be a projection Py is that 1) E is s.v., linear, with D(E) = 8, 2) (Ef, g) =

= (£, Bg) for every f and g in §, and 3) E* = E, whers E° is defined to be EE.

¥ is uniquely determined by E.

Proof of necessity: Condition 1) is immediate. 2) If f and g are in
S, then f -1‘1+ t‘z and g = g% Bps where fla M, fzteu, g & M and gp & oM
Then (Ef, g) = (fln gl"' 52) - (fla 51) and (f, Bg) = (fl# fz: Bl) = (rl' 51)'

3) Ef = £, and £t = E(Ef) = Ef, = £, (the decomposition of £, & Mbeing

1
£1= 8¢ 0).

Proof of uniqueness of M: If there exists a c.l.me M such that E = Pld
then, for any element f of 3, Ef = Puf. If £ &€ M, then Ef = P“f = f; if f is
not in M, then Ef = Puf ¥ f. Hence M is the set of all solutions of the equa-
tion Bf = £, and R(E) D M. Now let g be any element of S and let Eg = h. Then

Ezg = Eh. Since Ez- E, Eh = h, and h & M. Therefore R(E) € M, and thus
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R(E) = M. This completes the proof,

Proof of sufficiency: Let M be the set of all solutions of the equa-
tion Ef = £,” Then, as in the preceding proof, M = R(E), Since E is linear,
M is linear (Theorem 13.1). It will now be shown that E is continuous. By
Sotwarz's Lemma, lEe|l« el 2 | (g, £)| = | (E%¢, £)| = | (B, BE)| = (Ee, Be) =
L "Et‘"z for every f& 8. If "Ef" > 0, this relation may be divided by llntll
with the result that [l£f] 3 [lee|| . But this 1ast condition obviously holds if
| E£l] = 0, s0 that it holds for all £ ¢ S, Hence, for any f and g in S,
" B(f - g)" - |lBr - Eg" s "f - g" , and E is cortinuous over S, Therefore M is
closed, so that M is a c.lem. It remains to show that E = PM' Let £ be any ele
ment of S. Then f = Ef + (f - Bf). But Ef is in M, Since E°f = Ef, Bf - E°f =
If g is any element of 8, O = (Ef - Ezt, g) = (f - Bf, Eg). If g runs through
S, Eg runs through M, Hence (f - Ef) t® M and E = Pye

Remark 1: If E is an operator satisfying conditions 2) and 3) of the
preceding theorem, then, since (Ef, g) = (Ezf, g) = (Ef, Bg), it follows that
(Bf, Bg) = (Ef, g) = (£, Bg). Conversely, if E is such that (Ef, Eg) = (Ef, g)
for every f and g of 8, then conditions 2) and 3) obtain, for (Ef, g) = (Ef, Eg)
= (Eg, Bf) = (i, T) = (£, Bg) and (Ef, g) = (Ef, Eg) = (by the preceding equa-
tion) (E(Ef),g) = (Bf, g), so that (Ef - Ef, g) = 0. If g is taken to be
Ef - B, then Bf - E°f = O and E°f = Ef for all f, Hence E- = E.

Remark 2: It should be mrticularly noted that, from the proof of tle
preceding theorem, if E = Pll’ then M is the set of all solutions of the equa-
tion Bf = £, and M = R(E).

Remark 3: Since (Bf, £) = (Ef, Ef) = ||Ef Ilz, (Ef, £) is real and non-
negative, But it was shown that IBfll 5 (l£fl . Hence 0 5 (e, £) 5| £)j%.

Remark 4: Certain projections are of particular interest.

1) If M= [0], Pll- 0.
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2) U=8, By=1l

3) If M= (], where liyll = 1, BE = Pgyf = (f,9)¥.
4) By f =f - PBf = (1-Pf, sothat B ;= 1~ By.

The preceding remark has some noteworthy consequences,

Remark 6: If E is a projection, 1 - E is also a projection, and since
Ew=1l - (1~ E), it follows that E is a projection when and only when 1 ~ E is
a projection., (This may be verified by the followi ng computation: (1 - E)2 =

“1-E-E+E

=1-E.)

Remark 6: If E = PM’ then 1 - E = P@ll' Thus ® M is the set of all
solutions of the equation (1 - E)f = f, that is, of the equation Ef = 0, More~
‘over, @ ¥ = R(1 - E).

Remark 7: If E = P, then we saw that Ef = O as well as [[Efll = 0 are
characteristic for f ¢ @ M. Ef = { is characteristic for £ £ M. Thus

"Ef" =ll£ll is necessary. But it is also sufficient, because it implies
ha - ) 1% = ((1-E)E, £) = (£, £) - (B, £) = Dol % el ? = o,
(1 -E)f =0, Bf = f, Thus Ef = £ as well as |Ef| = ||f]| is characteristic for
f &M
THEOKEX 13,4, If E and F are projectious in S, then & necessury snd

sufficient condition 1) that EF be & projection is that EF = FE, 2) that E + F

be a projecticn is that EF + FE = 0, another such condition being that EF = O,

and a third such condition being that FE = O, 3) that E~ F be a projecticn is

that BF = F, another such condition being that FE = F.

Proof: It is obvious that EF, E + F, and E - F are linear, s.v., and
defired over the whole of S.
Part 1) Since (EFf, g) =(Ff, Eg) = (£, FEg), the condition EF = FE is

necessary and sufficient that (EFf, g) = (f, FFg). Moreover, the condition
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EF = FE is sufficient that (Eli‘)2 = EFEF = EEFF = BF, Hence the condition
EF = FE is necessary and sufficient that EF be a projection.

Part 2) It follows immediately that ((E + F)f, g) = (£, (E + F)g).
Since (B + F)? = B°+ EF + FE + P2 = (E + F) + (EF + FE), the oondition EF + FE = 0
is necessary and sufficient that E + F be a projection. But from the condition
EF + FE = 0 it follcws that E(EF + FE) ~ (EF + FE)E = E°F - FE = F - FE = 0, 8o
that EF = FE = 0. Conversely, if EF = 0, then since O is a projection, EF is a
projection and, by Part 1), EF = FE, Hence EF + FE = 0, Therefore the condition
EF = 0 is necessary and sufficlent that E + F be a projection. Since E + F is
symmetric in E and F, the condition FE = O is also necessary and sufficient .

Part 3) E - F is a projection when and only when 1 - (E - F) =
= (1 - E) +F is a projection. By the preceding part, either of the conditions
(1 - B)F = 0or F(1 - B) = 0 is necessary and sufficient that E - F be a projec-
tion. This completes the proof of the theorem.

It follcws fror the above procf that EF is a projection if either E + F
or E~F is a projection,

THEORY 13.6: If E = P, and F = Py, then EF = Py, B+ F = PLI,N]'
and E(1 - F) = PH(@ N)W_hegm, E +F, and B(1 - F) are projections.

Proof: It is obvious that if EF = L then L € MN, for if f is any ele-
ment of S, then E(Ff) &€ M, F(Ef) & N, and EF = FE, Conversely, if f is any ele-
ment of MN, then Bf = £, Ff = £, and thus EFf = Ef = £, so that MN < L. Hence
L = M. * Again, if B+ F = P, then LC {M, N}, for if f is any element of §,
then (E + F)f = (Bf + F£)€ {M, N} . Conversely, if f is any element of {M, N},
then £ = g + h, where g € N and h &€ N. Hence (E + F)(g + h) = Bg + Fg + Eh + Fh,
But Bg = g and Fh = h, 80 that (B + F)(g + h) = g + h + FEg + EFh = g + h since
EF = PE = 0. Hence LD {M, N}, and therefore L = {M, N}. But L is closed, so
that {M, N] = [M, N]. The rest of the theorem is immediate,
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THSOUY 1.6, If B = P, and F = P and BF = FE, then {1, N} = [M, N]
&nd E+F - &F = B 1o

Proot: In the proof of Theoren. 1Z.5 it was shown that {M, N}= [M, N]
if EF = FE = O. PBut row the hypothesis is mernly that KF = FN, Since E(1 - F)=
+ (1 - F)E, therefore B' = E(1L - F) is a projection, say Pyr- Sires B'F = 0,
E' + F is a proj ction and, by Theorem 13.5, {M', N} = [M', N]. But EF and
E' + KF = E are projecticns, and {M', MN} = [M', MN] = M. With tbe aid of these
two representaticns of M, it tollows that, sinco MN N, {M, Nj = iM', MN, N} =
= §M', Njand [N, N] = [M', MN, N] = [M', N]. But {M', N} = [M', N]. Hcnce
M, N1 = [y, N].

By Theorems 12.22 end 12.24 it follcws that [M, N] = ® (® M® N). Hence
P,y 1= 0 =B -P) =1-(-E)1-F)=E+p- B

In order to generalize the preceding theorem to the case where EF #£ FE
1t is necessary to introauce thke following definticn and prove the following
tleorem,

Definstion 18.7: If By, f, ... is u sequence 2 of s.v. operutors,
if £ is an elemont of | | L(F) such that lim £ f caiste, and if D is the set of
M1 such elunents T, then 3 is 381¢ Lo hive & ot § orer D, and, for £ € D =

= D(g), g = lim ﬂnf.

n-300
THEOKEM 17.7. If E = PM and F = PN’ then the sequence Zl of operators

E, FB, EFE, FEFFE, ... has a limit G, the sequence Zz: F, EF, FEF, ... has the

same limit G, and G = P, (The condition EF = FE reed not hold.)

my*
+h
Proot: Let An be the n operutor of the sequence Zl' Then

(Amf, Ang,) = (Am*n-Ef’ g), where g =1 if m and n kuve the sume parity and

£ = 0 if m and n have opposite parity. It must be shown that if f is any ele-

2
ment of S, thennlim A f exists. But I Af -Af e = (Af - AT, AT - Af)



56 XIII. LINEAR OPERATORS

= AE) - (he, AL) - (A8, AE) + (AL, ML) (y oty £) & (4 i1, £) -

- 2(‘h¢n f.f' £). (Sincem + n - ¢ is always odd, the last term of this ex-

pression may be written as 2(A. 15 £).) If it can be shown that lim (‘2 £)
2k=1 1 i- 1

exists, then the limit (as m~»co and n-»co ) of this last expression exists and is

zero, so that lim A f exists. Now (Ay, .f,f) = (A,f, A,£) = IA,f 12, Lixewise

n-»m

VA 217 = (4, 2, £). Bub A, f ts either BA or FAf, 80 that, by Remark 3,

Ia,, 20 Sla (£ o Bemoe (a,, .f, £) = (Apy41fs £). Therefore (Af, £) = (a4, £)R

z (Asf £) % ... 3 0. Thus lim “21 £ £) exists; therefore lim A f exists; let

1->0 n-g®
it be denoted by f . If G is defined by the condition Gf = £ , then D(G) = 8

and G is s.v. It is obvious that G is linear. But lim (‘hf' Lng) =
m,n-»o

= 1lim (ﬂnm- f,g), so that (Gf, Gg) = (Gf, g). By Remark 1 and Theorem 1%.3,
m,n=$00 &

G is a projection PL.

If £ is an element of MN, then Ef = Ff = f, gnr-r, and Gf = f, By
Remark 2, £ € L, so that MN < L., Since nu- ‘21#1“‘1 F‘Zi-l. 121, it follows
that, if i-»wm, BG = G and FG = G since E and F are continuous. Let g be any
element of 8 and let Gg = £. Then Ef = £ and Pf = £, 80 that R(G) = L < MN.
Thus L = MN.

By interchanging E and F in this argument, it is seen that Zz has a
limit @' = Py, so that G = G',

Corollary: If B = Pnﬁl' = Pp Ml’[u"]- 1 - @', where G' 18 the
limit of the sequence (1 -~ B), (1 ~F)(1 - B), €1 - B)(1 - F)(1 - B), «0v

Proofs By Theoroms 12.22 and 12.24, [M,N¥] =® (© M® N). Hence
Flun"foeuen™ ! "fouen 1 - ¥
IfFB= Py and F = P, do not commute, it is still the case that M, H]=

= [M, ¥] in Buolidean spaces of finite dimension, but it is not necessarily the

case in other spaces, such s Hilbert space.
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IfE= Pl( and F = Pll' then the condition B =F is taken to mean M c N,
It is readily seen that this sign of inequality as applied to prajections has
all the usual properties of this symbol. M <N means Ff = f for all f € M, that
is for all £ = Eg. That is : FEg = Bg for all g, or: FE = E, Thus B SFis
equivalent to FE = B, and to the equivalent statements in Theorem 13.4, 3).

The assertion that M and N commute is taken to mean that E and F com-
mute, that is, that BF = FE. If M and N are orthogonal, M L N, then E and F
are said to be orthogonal, Now M _L N means that O = (Bf, Fg) = (f, EFg) for
every f and g in 8. Since the relation holds for every f, it states that Efg = 0
for every g, that is, BF = 0. Thus the orthogonality of E and F is equivalent
to EF = 0, and to the equivalent statements in Theorem 13.4, 2).

THEOREM 13.8., The condition E = F 1s equivalent to the condition that

I el = vl for every £ £ 8, where E and F aro projections.

Proof: If E = F, then, by the above remark, EF = E. By Remark 3 fol-
lowing Theoren 13.%, IEfll = |[EFfl| = |Ffl| . Conversely, the second condition im-
plies the first, for let B = P and let F = Py. Then if lleell S Ipell for every
£ &£ 8, then in the case where f & M, Ef = £ and |FelZ|l£]l . Therefore, by Re-
mark 3, (Fe,£) = IFell? 2 Jlel® = (¢, £) and ((1-F)£, £) S 0. Since F is a pro-
jection, 1 - F is a projection and ((1 - F)£) = J(1 - F)f "2 S 0. Hence
(1 -F) = 0and Ff = £, so that, by Remark 2, f & N. Therefore M C N, that is,
ESF. This completes the proof of the theorem.

Corollary: If B = F, then |Bf|| = |[Pfll is equivalent to Bf = Ff.

Proof: As F - B, B, F are projections, we have ||Ff - el 2.
= I(F - R)El® = ((F - B)E, £) = (FE, £) = (B, £) = JFr | 2 [|Ee ]| %, and thus
IBell = |IPell means Pf - Bf = 0, Ef = Ff.

THEOREM 13.2. If El,..., En are projections, then a necessary an___dg_ui-
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ficient condition that Z_ E; be & projection is that :.P E_= O whenever p Fo.

i=1
Proof: It is apparent that Z Ei satisfies conditions 1) and 2) of
i=1
Theorem 13.Z. IfEE-Orory/cr,then(iEi)z (s)+ i:nz
n .P o i=1 IJ-
- Z Ei’ 80 that condition 3) is also satisfied.

i=1
Thus the condition of the theorem is sufficient.

n
Ir Z E, isa projection, then, for every f € S, "f”z " (Z Ei)f"z =

-(i Ef, £) = f:llnfllz "urllz legll 2, where p £ o . Let g be any

element of S and let B g = £; then E f = f, By the preceding inequality, EPf = 0.
Therefore B.PE B " 0 for every g, so that Ey!q_ = 0 for P / 0 . Thus the condi-~
tion of the theorem is necessary.

THEOREM 13.10. If a sequence of projections Bl, Bz, «eo is such that

either B ¥ B, Z ... or B, 5B, = ..., then the sequence has a limit E which is

[ grojection.
Proof: If B S B, Z ..., then by Theoren 13.8, || B¢ | * 2 ||B,cll 2z

z ge0 z 0, where £ is any element of 8. The sequence I!lt"z, llzzrllz, eee there~
forehas a limit, so that there exists a member n, such that, for m and n > L

“l lnf"z - ||Enr||2l < &€, 8ince the B's are projections, this condition becomes
l(zg, £) - (B2, £)| < € (cf. Remerk 3), that i, l(-2)e, £)] <€

for m and n > ne ¥ms n, Bmz ‘n’ and, by the remark preceding Theorem 13.8,
E,- B is a projection, If m >n, B - B is a projection and l((!n- lm)t,f)l <&.
In any event, |l (Bn- ln)t 12 - "lmf -8 "2 < € formand n >n,. Therefore
lim B,f exists; let this limit be £'. Let E be dofined by ti oondition Ef = £*,
m is 8.v., linear, and defined over all 8, and since (xir, Iig) - (nir. g)
for all 1, (Ef, Bg) = (Bf, g) by continuity, Henoe, by Remark 1 and Theorem 13.3,
B is a projeotion, and the first part of the theorem {s proved. The second part
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follows immediately from the first and the fact that if ESF, 1 - E = 1 - F.

>

Corollary l:In the preceding theorem, E1 z E2 2...%E and

< < <
E1=E2-...-E.

Corollary 2:In the preceding theoren, if F is a projection such that

EizF_o_x_'_EiiF_f_‘ﬁﬂl._i, thenEgFo_rEﬁF; hence E is the greatest

(smallest) precjection setisfying the conditions of the preceding corollary.

Corollary 3: In the preceding theorem, if Ei = PM and E = PM then
—_— - 3 —_—

M= ]j M, or M= [Ml, u, eeele

Proofs: The proof's of all these corollaries are apparent.,

It is now desirable to resume thLe development of the general theory of
operetors.

If ‘fl, ‘Pz, ees and &Pi, kplz, ... are two (not necessarily countable)
complete o.n., sets in S, then the set of all elements (Lf.x, 0) together with
all elemente (O, kP(; > is a complete o.n. set in § X 5. Thus the dimension of
S X 8 (cf. Definition 12.7) is double the dimension of S. If it is infinite,
therefore tlLe two dimensions are equal (cf. Hausdorff, p.71).

Let . be the set of all elements {f, O) in S X S and let Y be the set
of all elements {0, £). Then X and Y are c.l.m.'s in 8 X 8. If (g, g')>-L X,
then ({f, 0>,{g, g'>) =0, (f, g) =0 for all f & S, and g = 0, Hence
® X = Y, and, in the same way, ® Y = X. Let I.x be the isomorphism mupping S on
Xz Ixf = (f, 0), and let IY be the isomorphism mapping S on Y: IYf =<0, £,
Then I;ll and I;.l map X and Y on 8. If Py {f, g is defined to be {f, 0) for all
g, and if PY <f, g) is defined to be {0, g) for all £, then PX and PY are pro-
jections of SX S on X and Y. It follows from this discussion thet D(g) =
- Iil(PxG(ﬁf)) and R(g) = I;I(Pyc(ﬁ)); conversely, G(#) is the set of all sums

g, 0)+ <0, g , where £ & D(£) and g is one of the values f#f.
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Definition 13.8: An operator # is called closed if G(f) is closed.

Let £., £,, ... be a sequence of elements of S and consider the follow-
1’ t2 q

ing five conditions: 1) lim f =f, 2) f & D(#) for each n, 3) lim (;irn)o
n=-$0o N0

exists (denote it by ro), where (ﬂftn)o is one of the values ﬂtn, 4) £ & D(d),
and 6) £, is one of the velues .

THEOREM 13.11. That # is closed means that conditions 1), 2), and 3)

(in the preceding paragraph) together imply 4) and 5); that @ is continuous means

that 1), 2), and 4) together imply 3) and 6) (where now 5) means that f#f = £)s
_i_t:_ﬂ is linear, tien the continuity gﬂ is sufficient that 1) and 2) together

imply 3). Hence i&ﬁ_i_s_ closed, linear, and continuous, its domain is closed.

Proof: To say that G(g) is closed means that, if 1» Py +ee is any
fundamental sequence in G(f), then the sequence has a limit in G(f). But the
statement that Pl' PZ‘ «s+ is a fundamental sequence in G(g) is equivalent to con~
ditions 1), 2), and 3), and the statement that the limit is in G(f) is equivalent
to conditions 4) and 5). The second statement follows immediately from Definitien
13.5, The third statement results by applying the second to the double sequence
tm- f'n, where it is remembered that S is complete.

It should be noticed that the closedness of ﬂ does not imply the closed-
ness of either D(F) or R(f).

Definition 13.9: If ¢(g) cG(P), then P is oalled & continuation giﬁ

and ﬁ is called a contraction of P; this relation between ﬁ and P is indioated
by the notation gcPp

Definition 13,102 'i‘ is that operator whase graph G(f) is {G(f)} ; z is

et — — S———— S—— ———— — an—
that operator whose graph (@) is [6(f)]. Thue B > a > 4.

This definition may be reformulated as follows: D(B) is the set of all

elements a,f,+ ... + & f , where £, ..., f € o(g), and ﬁ(alff .ee unfn)_:lu
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tke set of all values alﬁfl-i cee + anﬁfn. D(B) is the set of all elements f
such that 1) there exists a sequence £1s £5, oo of elements in D(#) with 1i-
mit £, and 2) it is possible to select a set of values (ﬁfl )o' (afz)o. «es such

that lim (ﬁfn)o exists. (By (Bfn)o is meant one of the values ﬁi‘n.) Let
£° = xllim (ﬁfn)o. '}'Z’ff is the set of ull possible values f° arising from all pos-

n=»00

sible sequences f fz, ++s of the sort described.

1°
For any operator f§, ﬁ and @ ere linear. (Cf. Theorem 13.1). If an
operator is s.v., then each of its contractions is s.v.; for example, if ﬁ is
5.V., then ﬂf is s.v., and if z is s.v., then ﬁ and ﬂ are 8.v, But if ,6 is 8.V.,
then in general neither ﬁ nor 5 is s.v., and if ﬁ is 8.V., then in general ﬁ is

not s.v. As mentioned above, D(B) may not be closed.

Delirition 13.11. The isomorphism Te, £ = (-, £ meps S8 X 8 on

itself and will always be deroted by U.

2

Tt is obvious trat U is linear, trat U° = -1, and tlat O° = 1. Thus

¥%W = -M, and if M is linear, U°M = M. If F end G are in S X S, Then (UF, U6) =
= (F, G). Thus IGFll = IFll . The condition M L N implies that UM LUN. Finally,
o () = (o u).

Definition 13.12. If TG(£)_L G(P), then § is said to be partially ad-
Joint %o P.

THEORFL 13.12. A necessary and sufficient condition that g be partially

adjoint to P is that (e, g) = (£, Pg) for every f & D(gd), every g & D(P), and

all vulues @f and Pg.

Proof: If £ & D(£) and g & D(P), then, for any values gf and Pg,
e, g L <e, pe), {-A, 2> L <k, Pe), (K-f, £, <& P&)) =0,
-(gf, g) + (£, Pg) = 0, and the condition is necessary. A reversal of the argu-
ment shows that the condition is sufficient.

Corollary: Kﬁ is partially adjoint to P, then P is partially adjoint
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to 4.

Proof: By Theorem 13.12, (ff, g) = (£, Pg). Henoe (PF, g) = (¥, Fg),
that is, (Pg, £) = (g, £f).

1t Ue(g) L 6(P), then G(P) c ® (T6(#). Hence if P is such that G(P) =
= ® T6(f), then P is the maximal operator partially adjoint to f. This leads to

Definition 18.13, The operator #" such that G(#') =® Ua(f) 1s ocalled
$he adjoint of £,

By Theorem 12.22, every adjoint is olosed and linear.

Stnoe Ta(#) L 6(4*), 1t follows as in the proof of Theorem 13.12 that
(g, g) = (£, fg) whenever #f and ﬁ‘g have sense. Conversely, D(ﬁ‘) is the set
of all elements g of 8 for which there exists an element g‘ of 8 such that
(B2, g) = (g, &) for every £ & D(f) and all values g, and R($*) is the set of
a1l g* corresponding to g.

1f @ c P, then, by Theorem 1.22, §*> P*. Since G(B) = {G(#)} and
6(#) = [G(F)], the same theorem shows that g* = #* = p*.

THEOREM 18.13. £''=F o4.

Proof: By Theorem 12.24, &(f'") = ® (@ Ta(d)) = @ TH(T© a(d)) =
~oPouf) -0 (- ) e @) - [¢(#)] - o).

TEEOREM 13,141 £ 1is s.v. when and only when [D(f)] = 8.

Proof: Since f is linear, it follows by Theorem 13.2 that it is suf-
fioient to show that £'(0) has the unique value O when and only when [D(f)] = 8.
Suppose that h is any value of g°(0). This means that <0, h)_L Ua(g),
<o, n> L %%a(f), and ¢-h, 0> L -G(#). Thus for any f & D(f) and any value
g, ({-h, 0>, {~£, -f£)) = 0 and (n, £) = 0. Hemce h LD (F), bl [D(F)],
and h ¢@ [D(f)]. Therefore h = 0 is the unique solution of these conditionms
(1.0., £* 18 8.v.) when end only when @ [D(f)] = (0). But this condition is
equivalent to the condition that ®® [D(f)] = ® (0), that is, that [D(F)] = 8.
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(cf. Theorem 12,24, )
Corollary 1. If ;5 is linear, then f is s.v. when and only when
D(#) is dense in S.

Corollary 2: % is s.v. when and only when D(f) is dense in s.

Corollary 3: If P is partially adjoint Eﬁ and if [D(P)] = 8, then

B is s.v.
Corollary 4: In Jorollary 3, if D(f) = S, then # = P* and B = g%,
Corollary 5: ﬂ € V‘implies ﬁ*:: ’/‘*.

Proofs: Corollary 1 follows from the fact that D(#) is linear. Cor-

ollary 2 follovs from Theorems 13.13 and 13.14 and the linearity of ﬁf‘. Corol-
lary 3 follows from Corollary 2 and the fact that ﬁf‘: P. With regard to Cor-
ollary 4: by Theorem 13.14, f and P‘ are s.vV. Since ﬂ‘: P, ﬁf“c P* and
ZcP. Since D(F) =S, # = P'. Hence f* = P**= B. Corollary 5 is obvious.

Definition 13.14: # is called Hermitian if f is mrtially adjoint to

itself, that is, if (Bf, g) = (f, fig) for every f and g in D(f); f is called
self-adjoint (s.2.) Eﬁ = f.

THEORSM 13.15: If f is s.a., then f is Hermitian.

Proofs (ff, g) = (£, £¢) = (£, fe).

THEOREM 13.16: If § is Hermitian, then ' o 4''> 4.

Proof': }6’: g since f contains any partial adjoint of g, Hence
£ g% since £ 4, #*> £ 4.

Corollary: Eﬁgg.g_., f_l_ag&f = ﬂ“ = ﬂ.

Proof: The proof is apparent.

THEOREM 13.17, The condition g° = g is equivalent to the condition

that B is s.a.; the condition § = #*" implies that @ is closed and linear.

* -k
Proof: From the condition ﬁ‘ = ﬂf" it follows that ﬁ‘ = ﬂ‘ , leos,
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that F = B*. Ocuversely, 1f B = B*, then B* = B**. Since B* = £*, 1t folloms
that f* = £**. The rest of the theorem follows from Theorem 13.13.
THEOREM 13.18: If § is Hermitian and D(f) = S, then # is s.a. and s.v,
Proofs This is the special case of Corollary 4 of Theorem 13.14 with Pufl,
It follows from this theorem that every projection is s.a.

Definition 13.15: # is called bounded over M c D(f) if there exists

& number € such that el 5 ¢ for all £ ¢ M and for all values ff.
THEOREM 13.19: If g is linear, and if there exists an open sphere
' in S such that # is bounded over () and 71 o(4) is not empty, then g

is ocontinuocus (and therefore s.v.) over D(f). (Cf. Definition 13.5 and remark
following.)
Proof: Buppose f ¢ 7~ o(g). (to exists.) Then there exists a

closed sphere 't with center ‘o’ Let the radius of 7' be & . 1If g is
any element of D(f) such that lgll < €, then £ = tigistn 7" p(d) ana
lﬂ(fo ] ‘“5 C, where C is a bound of f over 7- D(f). Bince £ 1s linear,
“ﬁ(zG)“ = lll.‘(r°+ g) - ﬂ(fo - S)" '-<"ﬂ(f° + S)' +llp'(f° - S)" S 20, Hence
hggll S 6. 1t #(0) has a value (#o)a, every o\(ﬂo)o is also a value of F(0)
by linearity. Thus la(g0) o' s ¢, I(go) o“ N |§| for every complex o\ . This
requires that (ﬁo)o = 0. BSinoe 4 is linear, £ is s.v.

Let h be any element of D(f) and if h # 0 let by = m‘m h. Then
hlll- €, Ionl = iy 16l S o, and Ignl s -g Inll . For h = 0 the last
inequality still holds. If h=p - p,, where p € D(f) and P, E D(f), then
e - LA s % Ip - p,| snd § 1 continuous over D(f).

Let ff be a linear operator, and consider the following six conditions:

a) There exists an open lphaf'o 4 1n 8 such that g is bounded over

- D(f) and 7% D(d) 1is not empty.
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b) There exists a constant A = 0 such that [ gell S allell, £ & n(g).

o) There exists a constant A = O such that Igf - ggll S alle - gl ,
£ and g in D(F).

d) # is continuous and s.v. over D(d).

o) l(ge, g) Salel-lgl, £é& D(d) and g £ s.

o) I (ge, £) Salell?, £ & n(g).

THEOREM 13.20: If g is a linear operator, then the five conditions

a) - ) are equivalent to each other. If ﬂig linear, Hermitian, with D(f)

dense in 8, a) - e') are equivalent,

Proof: The proof of Theorem 13.19 shows that a) implies b), c), and
d); it is obvious that each of these latter conditions implies a). Hence the
first four of these conditions are equivalent. It is apparent that e) implies
@'), and that b) implies e) (by Schwarz's Lemma), To show that e) implies b),
lot g = #£. Then (gt, ge) = Ige 12 Saliell el ge)l, and b) is immediate.
To show that e') implies e) when f is Hermitian and D(f) is dense in S, replace
f by £—;—§— , where f and g are in D(f), and take the difference between the two
results. Then%[(ﬂt‘ + ﬁs. f+g)- (ﬂf - ﬂg’ £ -g)l =R(¢f:‘5) N
S%A[Z e )%+ 2|l g ||2]. If, as in tho proof of Schwarz's Lemma, f and g are
replaced by af and é g, and then f replaced by @f, | 8] = 1, it follows, exactly
as in the proof mentioned, that |(gf, g)| Salell« llgh . so far, £ and g must
both belong to D(f). Since D(f) is dense in 8, it follows by continuity that
this relation holds for any g &€ S. Thus conditions a) to e) are equivalent,
and if g is Hermitian with D(f) demse in S, then conditions a) to e') are equi-
valent.

Definition 13.16: If a linear operator satisfies the above five (six)

conditions it is called bounded.

Thus, if @ is bounded, it is liuear, continuous, and s.v. over D(f).
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It is apparent from the above proof that b), c), e) and e!) hold for
the same set of A's. Let A be the g.l.b., of these A's. Then b), ¢), e) and

e') hold for all A = A « It is apparent that A is the l.u.b, of each of the

following expressions: J-“.ﬂ’- N{—rﬁ-gﬁ.ﬂ_ .Ié_ﬁ_f'_ﬁl“. (_L%_é_nf;)'_)

DEFINITION 13.17: l #| is taken to be A ; if # is linear, Hermitian,

&nin(m is dense in S, then mﬂm = g.l.b.'.ﬂ_( lf;uf) and ]I-ﬂfii = l.u.b.—z—l(ﬁ"' £

((gf, £) is real); if, furthermore, (#f, £) = 0 for all f in D(#), # is called

semi-definite, and E (ﬁf, £) = 0 only when f = 0, then ﬂj._s_ called definite.

It follows that, if § is Hermitian, @M = maxt|Ng)| , [T gT I3,
The next three theorems are concerned with the question as to how much
can be said about B and g° from the properties of .
THEOREM 13.21: If # is bounded with D(f) dense in S, then Il 8l =
= WEN = Bg*N , o) = p(F") = s, and B and £ are continuous and s.v. over

the whole of S.

Proof: Since 8> f, (Ao)ﬂ z (Ao),d' Now let f,, f,, ... be any funda-
mental sequence, in D(ﬂ) such that lim }dt‘ exists. Let f and ﬁf be the limits
of these sequences. If, for all n, A= -ﬁﬁfi\l s them A = -‘n%i—"— « Hence
(A )ﬁ = (A )ﬂ and g = mﬂ”" Thus P is bounded, and hence continuous

and s.v. over D(ﬁ) which is dense in S. By Corollary 2 of Theorem 13.14,
D(ﬂ ) is dense in S. Hence, by continuity, the condition |(gf, g)l Alell -
for £ & D(ff) and g & S is not weakened if g is restricted to being in D(f).
But (g, g)| = (g, )] = |(8°e, £)|. Hence |(£'e, £)] Sallzll < gl for
£ &D(f) and g &€ D(F*). Since D(F) is dense in S, this condition still holds,
by continuity, for £ & S. Therefore ||)6'|| = IM‘III , 80 that f is bounded,
continuous and s.v. over D(f) which is dense in 8. Since ﬁ and f are linear,

olosed, and continuous, it follows by Theorem 13.11 that D(B) = o(f’) = s.
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Lemma ¢ Eﬂg linear, closed, s.v., discontinuous, ﬂn(ﬁ) = §, if

C _i_g_ any goaitive number, and _i_{fls_ﬂ closed sghere i_n S, then there exists

& closed sphere q,'i_n qﬁover which || gl > C.
Proof: Since ﬂf is discontinuous, there exists an interior element

foéfr', suchthatlﬁfol|>c. Then we have for gotﬁfo;(o, ( "g’ )
0

- lfi-ﬂ!;"ffl - ||¢f°|| > C. By Corollary 2 of Theorem 13.14, D(g*) is dense in

[
S. 8Since Qf-ﬁ-&—nﬂ— is continuous in g, this implies the existence of a

*
g & D(f) with (ﬂf‘éi 1) > C. Now (ﬂfél ) . E“’—g—f"—si-Z is continuous in f;

therefore there exists an 79 > 0, such that Ir - foll s N implies i%é—ﬁ—i)- > Ce
1

Considering %[5-1—)5 "ﬂf ;" Il = ﬂ,ﬁfll , we even have ",df“ > C. Thus
1 1

the closed sphere /J‘lz "f - fo " s n meets our requirements, as 7 can be made
sufficiently small that /yi < 7. .
THEOREM 13.22, li‘_ﬁ is linear, closed, s.v. and D(#) = S, then g is

continuous over the whole of S.

Proof: Suppose ﬂf were discontinuous. By the preceding lemma it fol-
lows that, if /ro is any closed sphere in S, there exists a closed sphere
/Il c /J‘O such that “ﬂfﬂ > Cl = 1 over g‘i, and its radius may be taken <% .
Again there exists a closed sphere 7; < 7 such that ﬂﬂf S (!2 = 2 over /3"2,

1
and its radius may be taken <% « Repetition of this argument shows that there
exists a sequence of closed spheres /J; > /ri = 7"2 S ..., such that ”ﬂf“ >n
over @:‘, and the radius of G:x is -3'1- . As S is complete, there exists at least
one element f in all the spheres 7'nand llﬂfo" is not finite. This contradicts
the hypothesis that ﬁ is s.v. over S. Hence }6 is continuous.
THEOREM 13.23. If § is linear, closed, s.v., with D(f) dense in S, them

f has the same properties.
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Proof: The first two of these properties are apparent. The third
follows from Corollary 1 of Theorem 13.14. The fourth follows from Corollary
2 of Theorem 13.14 since g = J.
THRORBM 13.24. If § is Hormitian, if [D(f)] = 8, and if g% 5 g, then
% is & projection.
Proof: By Corollary 3 of Theorem 13.14, § 1s s.v.; henoe # and ﬂz
are s.v. 8ince ﬁz: JA “2 = ff over D(f). Since § is Hermitian, (g, fg) =
= (f°t, §) = (fr, &) for all £ and g 1n D(g). Hemos (fr, fg) = (B, g) for a1
£ and g in D(f), and, by continuity, (B, Bg) = (B, g) for 81l £ and g in
D(B) (where it is recalled that B (and §) is 8.v.). Therefore Ige !l 2, (ir,r) s
S18e0 « Nell, and Vged S 020 for all £ in D(B). Therefore (g - b)|l =
=ifg - #al S)g - nllfor all g and h in D(F), and # is continuous. Since ¥
is s.v., it is bounded; § is linear; since [D(§)] = 8, it follows by Theorem
13.21 that D(?) = 8. The theorem follows from Remark 1 and Theorem 13.83.
Definition 15.18: If § is gn operstor, if f is a given element of 8,
Af here exists & g £ D(6) such that ome of the values of fig is f, then the set
It follows immediately that B(£™) = R(F), R(F™>) = D(F), and (1)1« 4.
It fc P, then gl 7L,
TERGREM 13.26¢ § and £ bave the same charaoter with regard to lineari-
El' olondnou, Borlitloitx‘ =n;d_ self-adjointness; _11 ﬁ _ln_g P are (pu'thllz!
adjoist, then £ and P are also.
Proofs It is apparent that G(4) = Ta(-f). Hence o(;'\l) = {Ga(-f)} =
= BE0(-H)] = B0(C8) = Ba(H) = (B ). stntlardy, B = @)L wna (£1)° -
- (f )« These three relayions prove the theorem with regard to linearity,

closedness, and self-adjointness. If (‘k. g) = (£, Pg), then (F~ le, g~
= (e, pplg) = (4671, #7lg) = (£, PVg). Thus 1f 6 and P are partially ad-
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Joint, f 1 and P-l are also. The remaining parts of the theorem result in a
similar way.

The remaining theorems of this chapter have special applications to
certain operators to be discussed later.

THEORZM 13.26. If @ is linear, closed, s.v., with D(§) dense in §, then

ﬁ*ﬁ and ﬁ}d‘ are s.a., linear, closed, s.v., with domains dense in S.

Proof: By Theorem 13.23, ﬁf* is 8.v. Since G(d) is a c.l.m., any ele-
ment F in 8 X S can be represented as F = F + F,, where F, €& G(g) and Foe @ G(f).
Since G(£") =@ U6(f), Wa(4") = ® (-G(F)) =@ 6(f). Hence F, ¢ Ua(f'). Ir F s
the element (f, 0 ), then F, is an element (g, Og), g & D(#), and F, is an ele-
ment <-B'h, b)Y, h £ D(F*). Thus £ = g - f'h and 0 = fg + h, so thet h = -fg.
Hence f = (ﬂf*ﬂ + l)g. Since f is an arbitrary element in S, R(ﬂf‘ﬂ +1) =
= D((6'8 + 1)'1) = 8. If f is replaced by g°, then, since ' = g, R(¢f+ 1) =
= p((#8" + 1)1y = 5. mus (B + 1)t, @) = (B, @) + (5, &) = (4, ) +
+ (2, g) = (£, £'8) + (£, g) = (¢, (£'F + 1)g). Hence (£'f + 1) is Hornitian.
By Theorem 13.25, (8°# + 1) is Hormitisn. But D((8'6 + 1)™}) = 8. By Theo-
rem 13.18, (g'# +1)™! is s.a. and s.v., and by Theorem 13.25, (4'# +1) is s.a.
It is readily seen thut (P + 1)‘ = P* + 1. Hence if (p + 1)‘ = (P + 1), then
P* = P. Therefore f}d is s.a., and hence linear and closed; since ﬂ and ﬁ‘ are
8.Va, fﬂ is s.v.; by Corollary 1 of Theorem 13.14, D(ﬁ‘ﬁ) is dense in S. The
rest of the theorem follows by a similar argument in which it is shown, as above,
that (ﬂf'r 1) is Hermitian, thut ﬂﬁ* is s.a., and that M‘ has the other proper=
ties stated.

THEOREM 13.27. If § is linear, closed, s.v., with D(g) dense in S, then

Mg+ 7 S2 sna WA+ 17 S1 5 furthermore, (8% + 1) and

BE'8 + 1)™" are slosed, bomdod, and defined over all S.
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Proof:s It was shown in the proof of the preceding theorem that
(£°6 +1)"" is s.v. and thut its domain is 8. Let g be any element of S and let
£ = (8°% +1)"Yg. Therefore £ & D(F'M + 1), and, a fortiori, £ & D(F). Thus
g has a unique value, that is, #(6°% + 1) "lg has a unique value for every g
in 8. By Theorem 13.23, #' 1s s.v., so that g% + 1 1s s.v. Hence (£°% + 1)f
has the unique value g. Now ((g°f + 1)t, £) = (d'fe, £) + (£, £) = (ge, fe) +
+ (2, £) = Igell® + llel2. 1£ £ 1s replaced by (8°8 + 1)"1g, then this relation
veocmes (g, (4% + 1)72g) = 148" + 1)Ll + (8% + 1) Lel®. By Sonwarzts
Lemna, lgll « H(g*6 + 1) g | Z (6" + 1) IR+ I gg"8 + 1) 26l since tne
last term is non-negative, it follows that "gn Z)g% + 1)'1g” , and since
the firet term of the right member is non-negative, lgl® = lg(#*d + 1) gll%,
that 1s,lg] 2 0g(8% + 1)l . monce (g% « 1)1l S 1 ana
g’ + 1)l 1. By Theorem 13.25, (8° + 1) and A(g"F + 1) are
linear and olosed, and these opsrators have already been shown to be bounded
and defined over all S, so that the proof is complete.

The operator (#°# + 1) has been shown to be Hermitian. Let
(£ + 1) g = £, where g € 8. Then (g, (£°6 + 1)7'g) = (£ + 1)r, £) =
=l gel® + N2l Z 0, and (g, (4" + 1)™'h) = 0 tmplies (£ + 1) g =2 =0, g = 0.
Honoe (6'% + 1)™! 1s derintte and 0 5 (A% + 1) 5 MMeg + 1M Fa.

THEOREM 13.28. Let # be as in Theorem 13.26. It is obvious that
D(d"d) < D(F). Let #) be suoh that D(f;) = D(FF) and such that, 1f £ & D(F,),
g.f =g, Ten % - 4.

Proof: Since ﬁlc £ and @ 1s closed and linear, ﬁlc f. Henoce

[c(ﬁl)] < G(f). It must be shown that [c(ﬁl)] = G(f). (Remark: if M and N
are c.l.m. with MC N, then any element f & N can be represented as f = 1’1+ f‘z,

where E.Ka.ndfze (o) B Sinnofelnndflg McC N, it follows thltfz.lf-f

1
is in N. Therefore f,é (@M)N., If it can be shown that £, = 0 for any £ £ N,
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then M = N. But it can be shown that f, = O by showing that @ M)N = 0.)
Suppose K € @ [G(ﬂl)] + G(#). Since K ¢ G(#), it may be represented by <k, fk).
As in the proof of Theorem 13.26, any element F of the form {(f, 0) may be re-
presented as (g, fg) + (-ﬁ*h, h), where h = -fg. Since h & D(}Zf‘), ﬁ.ﬁg is de-
fined, and g ¢ D(8'6) = D(F) so that fg = Fg. Hence <g, f&> € G(F)) < [a(4))]
and K1 (g, #g> . Since <-6"h, h> £ @ 6(d), ¥ L <¢-F'h, h). Hence K is ortko-
gonal to an arbitrary element F = (f, 0) and ({k, £k)>,<f, 0> ) = 0, so that
(k, £) = O for al) £. Thus k = O. Since § is s.v., fk = 0. This completes the
proof.

THEORMK 18.29. If § is & sori-definite linear Formitian operator, then
I(ge, e)| S Vg, £)(Bg, €) for every £ and g in D(f).

Proof: Since f is semi-definite, (#(f - g), £ - g) Z 0 for £ and g in
D(#). TFence ZR(ff, g) = (g, £) + (fg. g). If the argumont in the proof of
Schwarz's Leyma is applied to this relstion, it follows that | (4, g) | s
S Vg, 1) €), (Fo, p) Boirg 2 0 for p e D(B).

If f is as in the precading theorem, and if f is such that (@f, £) = 0,
then (@, g) = O for all g ¢ D(F). If D(@) is dense in 8, then, by continuity,
(ft, ) = 0 for all g in S, Therefere #f = 0, that is, p"l(o) = f., By Theorem
13.25, }Zf'l is linear. If jfl is s.v., then £ = 0 and ﬁ is definite. This proves
the following

Corollary: If # is a semi-definite lineur Hernitian oporstor with D(f)

dence ir S, and i{p"l is s.v., then ﬂi_s.definite.

Let A and A* be linear, closed, s.v., with domains dense in S. Let MA)
be the set of elomente f of D(A) such that Af = 0; let N(A*) be defined analcgous-
ly. By the second remark after Definition 13.1% it follows that N(A*) consists of
all elements £ such that (f, Ag) = (0, g) = O for all g & D(4), that is, of all

elements f orthogonal to R(A). Hence N(A*) = @ R(A). Similerly, N(A) = ®R(A®).
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This proves
THECREM 13.80: In the above motation, N(A) = @ B(A"), N(4*) = @ R(A),
and 1 A = A%, then N(4) = @ R(A).

Appendix II.

Let A be & linear closed operator in S. Then G(A) is a o.l.m. in 8 X 8,
and determines & projection EA in 8 X 8. (In this discussion an operator in
8 X 8 is denoted by a soript letter, while an operator in 8 is denoted by a La-
tin letter.) It is desirable to represent £ A by operators in 8.

1t A 1s en arbitrary operator in 8 X 8, then (L <f, g) =<h, k),
where h and k are each functions of £ and g. But if a is linear, then a(f, g
=0de, 0>+ (K0, £) = CAyyf, Ay ) + CAyoe, Ap) = CApyf + Aor, Ay f ¢ Appe),
where A”(i, j =1, 2) are operators in 8. Thus a may be represented by the
A A
Aoy Az

continuous, s.v., or bounded, then all Ai j have the same property.

matrix

" - It 1s apparent that all A, are linear; if QA 18 closed ,

Now suppose that a is a projecticn PG( 1) where A is linear and closed,

Then Py, (¢, gd=(h, AR} =(P ;T +P g, P,f+P,g), where Py

denotes

In the proof of Theorem 13.26 it was shown that, if PG(L)“’ 0)= <h. AhY), then
£ = (A%A+ 1), that 15, b= (A" + 1)}, But h = P f; therefore P,"
= (4% + 1) and 2, = A(A°A + 1)L, By Theorem 13.27, P,, snd P, are bounded
and defined over 8. By Definitiem 13.1%, G(A*) =@ U6(A). Since Poaa) "
1 -1 -1
- G(‘)ﬂ’ R PG(L‘)- 1- ﬁPG(‘)U . Therefore I (£, g>= <8s £,
-1 ]
PG(L)ﬁ {t, g = (l’ns - Plzf: PZ].‘ - Pzzf) » ﬁPG(A)n (£, g)=
= (Bppf = P18y = Pppf ¢ Ppok), and Ry, #(f, g> =
L 4 &
= (1= Ppp)f+ Pyyg, Pppf + (1= P )g) . Thus Pjy= 1 = By, Pom By,
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» * * *¥
Py, = Py and P,, = 1 - P,,, where Pij denotes (PG(A‘))ij' Since A = A,
* ¥, * -1 *, % -1
Pyy = A (AA+ 1) " = Py, and Py, = AA (AA + 1)"". By Thecrem 13,27, P, is

bounded and defined over S; it is apparent that P22 must also have these prop-

erties. It is convenient to tabulate these results,

* -1 *, % -1
Pll = (AA +1) P12 = A (AL +1)

* -1 * * -1
PZI = A(A A + 1) PZZ = AL (AA + 1)
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CEAPTER XIV.
COMMUTATIVITY, REDUCIBILITY

In the preceding chapter an important class of operators wus considered:
the projections. The next task will be to define and (partially) analyze another

important class: the unitary operators.

Definition 14.1. An isomorphism of S is a biunique mapping f-» Uf

of 8 upon itself which leaves invariant all formel relations used in the postu-

lational characterization of S. (This accords with general usage.) All these

formal relations may be expressed in terms of the operations af, f + g, (£, g)

Henoe it EE. postulated 3£ &8 unitary transformation that, for a.rb:ltreu-x e, £, g,

1) U(af) = auf, 2) TU(f+g) = Uf + Tg, 3) (vur,vg) = (£, g).

it is evident that such an isomorphism f —» Uf may be looked upon as an dperator

U. Whenever it is desired to emphasize the operatorial character of an isomor-

phism (and this will usually be the case) it will be called & unitary operator.

It is necessary to introduce some direct operatorial characterizations
that a transformation be unitary.

THEOREM 14.1. An operator U.is unitary if and only if

1) U is s.v., lineer, and closed,

2) Juell =gl for all elements £ in S,
3) D(U)= R(U) = 8. "

The third condition may be replaced by the following (which is apparently weaker )2
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3') D(U) and R(U) are dense in 8.

Proof: It will be shown that 1, 2, and 3 are necessary and that 1, 2,
and 3' are sufficient.

Necessity of the conditions: condition 3 follows from the fact that
the transformation f-» Uf maps 8 on itself; condition 2 follows from part 3 of
Definition 14.1 when £ = g; it is evident from Definition 14.1 that U is s.v.
&nd linear, and closure follows from continuity over D(U) = 8(jjut - Ugl = £ - gll)

Sufficiency of the conditions: from 1 (linearity) and 2 it follows
that llur - vgll = llr - gll . Thus 1f UF = Ug, then £ = g, so that U has & s.v.
inverse v! which (evidently) satisfies conditions 1, 2, 3', Since |uf - Ug“ -
-l - g" , U is continuous over D(U); by Theorem 13.11, D(U) is closed; since
D(U) is dense in 8, D(U) = S. As the same argument applies to U-l, D(U.l) =8,
and U is & biunique mapping of S on itself. Since U is linear, conditions 1 and
2 of Definition 14.1 obtain., It remains to show that (Uf, Ug) = (f, g)« By 2,
this condition holds for f = g. In particular, it follcws from the condition
(o, o) - ofE, o5E) - (5B, D8 - (G, DB ) tat R (ur, Ug) -
» R(£, g)e If g is replaced by ig, this argument shows that & (Uf, Ug) =,
= (f, g)s This completes the proof.

Remark 1. The preceding theorem shows that every unitary operator is
bounded.

Remark Z. It is evident from condition 3 of Definition 14.1 that con-
dition 2 of the preceding theorem may be replaced by the (apparently) stronger
condition (Uf, Ug) = (£, g). By Theorem 13.21, D(U') = S, so that this condi-
tion may be written in the form (U‘Uf, g) = (£, g); since D(U) = 8, this con~
dition implies that U0 = 1. As the condition D(U'U) = S implies the condition

D(U) = 8, it folleows that another set of necessary and sufficient conditions
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that U be unitary is that
1) U is s.v., linear, and closed,
2) t'u -1
3) R(U) is dense in S.
Remark 3. If U is wnitary, then U'Uf = £, UU'Uf = Uf, so that UD'g = g
if g = Uf, that is, if g & T(U). But U0* is continuous and R(U) is dense in 8,
so that U‘U‘g = g for all elements g. Hence UU‘ = 1, But, from l;emark 2,
U0 = 1. Thus

w’ - v'v -1,

Conversely, this relation (regardless of the unitary charscter of U) is equi-
valent to the condition U > = U°, Hence it implies that R(U) = D(U™) = D(U™)
= S, Thus condition 2 and 3 of the preceding remark may be replaced by the «on
dition

Z) vvawt .

or by the condition

3) vlaoh.

Remurk 4. The argument used at the end of the proof of Theorem 14.1
and in Remark 2 may be used to show that condition Z of Remark 3 (that is, con-
ditions 2 and 3 of Remark 2) may be replaced by the condition
2') a2l U'f” « ll2l| for all elements £ in 8. ‘

Those unitary operators which are also Hermitian are of some interest
per se. They are bounded (Remark 1), s.v., linear, closed, and their Hermitian
character is expressed by the condition U = U', that is, Uz = 1 (condition 2
of Remark 3). Conversely, the condition Uz = 1 implies that D(U) = 8, so that
the property of being Hermitian implies the property of being s.z., 8.v.

(Theorem 13.18), and therefore also linear and closed. This leads to
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THSOREM 14,2, The set of unitury operutors U which are also Hermitian

is exactly the set of Hermitian operators such that U2 =1,

(Proof above.)

a2 2 e
Remark. Since (L;i L Ureul U+(2*2*,§L ) , the condition ¥ is

, 4
v+, ual
equivalent to the condition (—-2- == Hence the correlation
Bl .y 2E-1-7

2
sets up a biunique correspondence between the set of all unitary-Hermitian
operutors U and the set of all projections E.

Since unitary operatcers were defined as isomorphisms of S upon itself,
the set of all unitary operators forns a group. Hence
1) 1 is unitary,
2) ™! is unitary along with U,
3) UV is unitary alcng with U and V.
(It is evident that these piopositions muy be reudily verified by means of any
other one of the above churacterizations of the property of being unitary.)

If U ard V are unitary-Hermitian, then UV will be unitary-Hermitian
if UV = VU (since UVF, g) = (f, VUg), so that (UV)* = (VU). Let the projections
E and F correspond respectively to U and V; let E = PM and F = P ; assume that

N
v = VU; thenG-g?'. =.(2_£-_1.)_(52E:}.)_+_l

=1 -E-F + 28F =1 -}8B(1-F) + F(1-E)}
= EF + (1-E)(1-F) corresponds to UV. Since UV = VU, EF = FE, and M and N com-
mute. But

B(1-F) + F(1-E) = PlueN), Nen)l’

B+ (1-B)(1-F) = Py (o u)(e N)],
so that

&= % ), Newl® Fiw, @uen
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It is now desirable to introduce the concept of commutativity., If A
and B are two s.v. operators, it may well happen that D(AB) and D(B4) are dis-
tinet or even empty. It 1s a case of particular interest when BAf and ABf exist
and are equal for every eloment f in the domain of one of the operators, say A.
Fer BAf to exist for all f £ D(A) it is necessary and sufficient that D(B) D R(4).
For ABf to exist for all £ € D(A) it is necessary and sufficient that D(B) D D(A)
and that Bf & D(A) for all £ & D(A). If under these conditions BAf = ABf for
every f ¢ D(A), it is apparent that it cannot be said that AB = BA, for these
two operators may have distinot domains; all that cen be said is that AB O BA.

Because of the conditioms on D(B) it is convenient to assume that
D(R) = S, 1In this cuse it is possible to assert (conversely to the preceding
remark) that if AB DBEA, then ABf = BAf for all £ & D(A). But it would intro-
duce an undesirable element of asymmetry between the roles of A and B to say
on this basis that A and B commute. Symmetry is retained between A and B in

Definition 14.2. Let A and B be two s.v.operators. A and B are said
to commute if either 1) D(A) = 8 and BA D AB (so that for £ & D(B) it follows
that Af € D(B) and ABf = BAf),or 2) D(B) = S and AB O BA (8o that for £ £ D(A)
it follows that Bf & D(A) and ABf = BAf).

Remark. If D(A) = D(B) = 8, then D(AB) = D(BA) = 8 and either of the
conditions in the preceding definition implies that-AB = BA, this being the
oustomary definition of commutativity. Thus in the present extended sense of
the word, the condition BA O AB may also be utilized when D(A) = 8 regardless of
the nature of D(B); and the condition AB O BA may always be utilized when D(B) = 8,
regardless of the nature of D(A).

It should be noted that no definition of commutativity has been given
in the oase where D(A) ¥ 8 and D(B) ¥ 5. This case is at present insufficient-

ly mnalyzed, though in certain special cases (to be discussed later) satisfactory
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definitions can be given.

THEOREM 14.2. If A is & 8.v. operator, it follows that

1) A commutes with 1.

2) If AO = O, then A commutes with O,

3) If D(a) = S, then A commutes with A.

4) If A conmutes with B, if B is s.v. (80 that Bf = Bg only when f = g), and

if either D(A) = 8 351)(3'1) = R(B) = S, then A commutes with B L.

5) If A commutes with B and C, then A commutes with BC.

6) If A is lineer and commutes with B and C, then A commutes with aB and B tc.

7) If A commutes with Bl' Bz, ees, if B= lim Bn (i.e., Bf is defined i.‘f and

n~00
only if all an are defined and lim an exists, and in this event
n—»co
Bf = 1lim an), and if either D(A) = S and A is continuous or D(B) = S and

n=+co
A is closed, then A commutes with B.

8) If A commutes with B, if A" and B' are s.v., and if either D(s) = D(A") = 8
or D(B) = D(B") = S, then A" commutes with B',

9) If A is linear, continuous, and commutes with B, and if B is 8.v., then A

Proof: Parts 1 and 2 are evident since D(1) = D(0) = S, Parts 3 to 7
are readily verified from Definition 14.2; in each of these parts the case where
D(A) = 8 (requiring the use of condition 1 of Definition 14.2) must be considered
separately from the case where D(A) £ 8 (requiring the use of condition 2; note
the remark). Part 9 follcws at once if D(A) = 8 (condition 1); but if D(A) ¥ s,
then D(B) = S and B = 5, so that the remainder of part 9 is immediate., It re-
mains to consider part 8, where, by reason of syme;,ry, it may be assumed thut
D(B) = D(B*) = 8. Let g be an element of D(A*). For arbitrary £ £ D(4) it fol-
lows trat (£, B'A"g) = (Bf, A'g) = (AR, g) = (BAf, g) =(af, B'g). Hence there

exists an element g* - B‘A'g such that (f, g‘) = (Af, B‘g) for all £ & D(A).
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But this last condition implies that B'g &€ D(A*) and A*B'g = B*A*g. Hemce
‘t s BtA#.

A refinement of the concept of commutativity is given by

Definition 14.3. Let A and B be two s.v. operators. A and B are said
to commute adjointly (c.a.} if either 1) D(A) = D(A*) = 8 while A and A" com-
mute with B, or 2) D(B) = D(B") = 8 while B and B’ commute with A.

Remerk, If D(A) = D(A") = S, then, by Theorems 13.22 (applied to A")
and 13.21, both A and A* are bounded; if D(B) = D(B*) = S, then B and B' dre
bounded. If both of these conditionr obtain, then, by condition 1 of the pre-
ceding definition, AB = BA, A*B = BA*, and by condition 2, AB = BA, AB® = B'A,
The first equations of these pairs are the same, the second equations arise from
each other by applying the operation ‘. (It is evident that (XY )* = Y.x,'l for
bounded operators X, Y). Thus condition 1 of the precéding definition may always
be utilized when D(A) = D(A‘) = 8 regardless of the nature of D(B) and D(B');
and condition 2 may always be utilized when D(B) = D(B*) = S, regardless of the
nature of D(A).

The present definition of c.a. does not apply in the case where
D(A) £ 8 and D(B) £ S. We will see later that in these cases too a satisfactory
definition of c.a. can be given. Thus c.a. will turn out to be a more natural
notion then commutativity itself. In this aspect, Theorem 14.f and the remark
which precedes Definition 14.4, are quite instructive.

THEOREM 14.4. _I£A is & s.v. operator, it follows that

1) 4 o.s. with 1.

2) If AO = O, then A o.a. with O,

3) If D(a) = D(A") = S, then A c.a. with A.

4) If A o.a. with B, if B\ is s.v. (see Theorem 14.%,part 4), and if either

D(A) = D(a") = 8 or D(B™Y) = R(B) = D(B*™}) = R(B®) = 8, then A o.a. with B,
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5) If A o.a. with B and C, then A c.a. with EC.

6) If A is linear and c.a. with B and C, then A c.a. with aBand B ¥ c,

7) If Ac.a. with B), By, ..., if B= 1lim B (see Theorem 14.3, part 7), and
if sither D(A) = D(A*) = § or D(8) - D(3") = S and A 1s closed, then A s.a.
with B.

8) If A c.a. with B, and if B® is s.v., then A c.a. with B'.

9) If A is linear, continuous, and c.a. with B, and 11_"5 is 8.v., then A c.a.

with B,

Remurks: This theorem is obviously analogous to Theorem 14.3. How-
ever, part 8 is stronger here then there; two applications of part 8 (once to
B and then to A) leud to part 8 of Theorem 14.3; the direct analogue of part 8
does not hold for commutativity itself. In fact, this is the principal reason
for the introduction of the terminology “commutes adjointly™.

Proof: The proofs of parts 1 to 7 are the same as in Theorem 14.2.
In particular, the condition D(a) = D(A*) = S in part 7 implies that A is bounded
and therefore continuous. In part 9 it mey again be assumed that D(A) = D(A‘) -
= S; since the condition D(B) = S implies that B = B, the analogy is complete.
It remains to consider part 8. If D(B) = D(B‘) = S, then B is bounded, B is
8.V., and B-ﬁ-B“. If B is replaced by B', then in Definition 14.3 the opera-
tors B and B* are replaced by B‘l and B“ = B, that is, no change is made. If
D(A) = D(A‘) =S, then A = 4 = A“, and it must be shown that if B commutes with
A and A*, then B® commutes with A and A”, that is, with A* and A*® = A, But
this follows directly from Theorem 14.3, part S.

It is of particular interest to discuss tke situation in which A c.a.
with an operator which is either a projection or is unitary.

THEOREK 14.5. An operator A c.s. with a unitary operator U if and only

if A is inverient under U, that is, A = vav™t.
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Proof: Right multiplication of A = UAU-I with U giveas AU = UA; left
multiplication with U™> gives U CA = AU™Y, and as UL = U, U°A = AU®. Thus
the condition is sufficient. Conversely, if A commutes with U, AU DUA, and
in particular £ & D(A) implies Uf &€ D(A). If A c.a. with U, then this asser-
tion holds also for U° = UL, It follows that D(A) is transformed by both

U and’ U-l into part of itself ; therefore it is invariant under U, and so A,

1 1 1

and UAU = have the same domain. Since AU DUA, A DUAU -, this gives A = UAU .
If E is a projection, then E = E‘, D(E) = D(E') = 8, and the follow-
.1ng three conditions are equivalent: A c.a. with E, A commutes with E, and
AE D EA.
Definition 14.4. If A c.3. with E = P, (note the preceding remark),

then E and M are each said to reduce A.

THEORRM 14.6. If A and A" are s.v. with D(A") dense in S, then the

following four relations together constitute a necessary and sufficient con-

dition that A be reduced by E = Pn:

1) EBf € D(A) for £ £ D(A),
2) Bf & D(A") for £ & D(a),
3) Af € Mfor £ & M D(4),
4) A"t e Mfor £ & M. DA").

Proof of necegsity. Condition 1 is immediate, Condition 2 follows
direotly from Theorem 14.4, part 8 (where A and B are replaced by E and A).
If £ € M+ D(A), then Bf = £ and Af = ABf = EAf, so that Af & M. Condition
4 follows in an analogous manner,

Proof of sufficienoy: If f & D(A), then (by 1) 2f is in D(A), M, and
M+ D(A). By 3, ARf & M, so that E(AEf) = ABf. Similarly, if g 2 D(A'), then
E(a"Bg) = A’Bg. Since E* = B, (AEf, g) = (BAEr, g) = (A, Bg) = (Er, A'Eg) =
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= (f, EA.Eg) = (f, A'ES) = (Af, Bg) = (EAf,g). Therefore (AEf, g) = (EAf, g)
for all f in D(4) and all g in D(A‘). Since D(A‘) is dense in S, this re-
lation holds for all g. Hence AEf = EAf for all f € D(A), so that AE DEA.
Remark: In the preceding theorem the condition that D(A‘) be dense
in S may be replaced by the condition that D(A) be dense in S.
Corollary: If A and A® are s.v. and defined over all of S, then a

necessary and sufficient condition that A be reduced by E = PH is that Af & M

and A"f & M for £ & M.

. Proof: This corollary is merely a special case of Theorem 14.5 in
which conditions 1 and 2 are necessarily satisfied and in which conditions
3 and 4 reduce to the conditions stated.

Theorem 14.6 and this corollary show that A and A‘ may be regarded
as operators in merely the space M. Thus the behavior of A may be analyzed
by means of subspaces M reducing A.

THEOREM 14.7. If A is a linear, closed, and s.v. operator, then
1) A is reduced by E = PM if and only if it is reduced by 1 - E = P

———— e e a M
2) If A is reduced by every E = PM,_ where o ranges over a set I (of indices

@), then A is reduced by

a) Pm, where 7&=I‘;M‘ o

b) Pr, where T=1..., ¥, «es] (where o in [...] ranges over
a1l of 1).

Proof: Purt 1. By Theorem 14.4, parts 1 and 6, if A c.a. with E,
then it c.a. with 1 - E, and if A c.a. with 1 - E, then it c.a. with
1- (1-E) = E.

Part 2b. This follows directly from parts 1 and 2a since
[oons My, el =@ ([T @)

Part 2a., Case 1. I contains only two slsments, say 1 and 2. Since
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A c.e. with El and Ez, it follcws by inducticn from Theorem 14.4, part 5,
that A c.a., with each of the operators El, E2E1’ EIEZEI, ees o By Theorem

13.7, this sequence has for limit the projection P,

M

By Theorem 14.4,
part 7, A c.a. with P, .
My My
Caso 2. I is a finite set, say (1,...,n). This case follows immedi-
ately by induction.

Case 3. I is a countably infinite set, say (1,2,...). Let mk -

> > s
ng M . Then Pm" = Pm" =... is a sequence of projections which, by Theo-
rem 13.10, has the limit Pm, where M -f M« By Case 2, A c.a. with every
&1

Pmﬁ, so that, by Theorem 1%4.4, part 7, A c.a. with Pm.

Case 4, I is a non-countable set. Let all possible (finite or infi-
nite )sequences MN, ll“z, «ss be formed from the set of sets M . Let f be an
element of S and lot y be the g.l.b. of all the numbers "Pum- u“.__.rll cor-
responding to all the sequences MN, H“‘a.’ eee o It is apparent ':hat Y Zo.

Let n be a positive integer. There exists a sequence Hﬁn, Mom eoe such that
1 2

“P)l M Pll<y + % + Let A}, 3, +e. bo any sequence in I containing all
L Mmoo

“~ ! b n s .
“he indices o (n, i=1,2, ...), and lot M = M/h'“/iz"' . Then

<
MwMoMye ool M on, IREN SR,

1
n M tlh<y+ 5. (Here, and

~t Mmoo,
o, oLy
in what follows, use is made of Theorem 13.8 and the discussion of the rela-
tion E = F preceding it.) But Il Bl Ty, and as lIpgll 15 indopendent of n,
el =~ .
It will now be shown that Puf = me for all f in S. Let A be an ar-
bitrary element of I. Since the sequence A , /51, ﬂz. e«es contains all the in-
n
dices o, , it follows that "P".n!‘" =] Pu,\' u,; uﬁjf Il =Yy « But ﬂPuf"- Y » 80
that "Pll' lf” - " Pni‘" « By the corollary to Theorem 13.8, this relation im-
A
plies that P, . = P f and, as P, cM+sMCM Pf & M, . "But this con-
u,uf T R ends as By e M, ) Bf €M)

dition holds for each A in I, so that pur € M and Pm Puf = Put‘. But N c X
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<
and Pm = Pl(' Hence Pm'PM - P,m, and therefore me = Pnf .
n
3

Let £ and f‘ be two elements of S, let o, and o\;n be the respective

gets of indices determined as above, and let (31, ﬁz, .+« be a sequence con-
s n *n - . X
sisting of all the indices oy and %y . Then Pm.f.‘ me’ and PMf Pmi .
Now let f be restricted to D(A) and let £*a Af. The preceding relations
assume the form Puf = me and PMA.(‘ = PmAf. By Case 3 and Theorem 14.5,
Pnf € D(A) and APMf = PMAI‘; hence P,”Lf € D(4) and AP,mf = %At‘, where f is
an arbitrary element of D(A). Therefore APmD P_,A, A comautes with B__,

m m

and (by the remark preceding Definition 14.4) A c.a. with Pm.

THEOREM 14.8. Let T be a sepurabls subset of S(for example, & se-

guence), and let Al, Az, ... be a sequence of bounded operators defined over

all of S. There exists a separable c.l.m. M containing T and reducing each

of the operators Al’ Az, cee o (E S is itself separable, then M = S and the

theorem is trivial.)

Proof: Let f‘l, fz, ... be a sequence of elements of T dense in T.

If a c.l.m. M is found which contains f f2, eee, then M DT since M is

12
closed. Hence it is sufficient to consider the sequence I‘l, fz, cee o

The set Z of expressions X(l)' eee * x(p)rn is countable, where
n=1,2, ..., p=0, 1, 2, ..., where xJ (j =1 <o, p) is an operator A
or an operator A;(i =1, 2, ...), and where X(l)' cee I(p) represents the
operator 1 if p = O. It will be shown that [Z] satisfies the conditions re-
quired of M. It is apparent that fn € [Z] for each n. By Theorem 12,28,
[2] is separable since the set Z is separable. It remains to shuw that if
f & [2], then }.if and Azf are in [2] (cf. the corollary of Theorem 14.6).
Now if £ £ Z, then A.f and A are in Z; if £€ {2}, then Af and AT are

i
in {Z} since A, and AI are linear; and if £ & [Z], then A,f and A%f are in

i i
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{Z] since Ay and A: are continuous. (Note that closedness would be insuffi-

cient.) This completes the proof.
THEOREM 14.9. Let T be a separable subset of 8 (for example, 8 se-

quence), and let Al’ Az, ... be a sequence of linear, closed, s.v. operators

in 8. There exists a separable c.l.m. M containing T and reducing each of

the operators Al’ Az, cee o

Proofs: As before, it is su ficient to consider T as being a sequence

1‘1, fz, e«es o The operators of the sequence i] PX’ Py, PG(AI)’ PG(Aa)' eoe
are bounded and defined over 8 X S. (Cf. Definition 13.11 and the remark pre-
ceding Definition 13.8). Let [Z] be the set constructed as in the preceding
proof with respect to the sequence of points (fl, o), <f2, 07, «e. « Then
[2]) reduces each of these operatars and, by the corollary of Theorem 14.5,
1£ (¢, g) & [2], then T (f, g) = <-g, £>, Py {f,gd>= {f, 0%, and Py(f,s)-
= {0, g)are all in [Z].

Let M be the set of all elements f such that {f, 0) & [2] and let
N be the set of all elements g such that <0, g) & [Z]. It is apparent that
M= I;l([Z] X); since X is a c.l.m., M is a c.l.m.; since [Z] is separable,
M is separable; M obviously contains the elements fl’ f2, eee o It remains
to show that M reduces A, Ay, «-s o If {f, g> € [Z], then, by the last
assertion of the preceding paragraph, f ¢eM and g £¢ N, But if f &¢ M, then
£, 0) & [z], €0, £) & [Z] (by the operator §), and £ € N. Hence M < N.
It follows similarly that M DN, so that M = N, Therefore, if <f, g> & [Z],
then £ and g are in M. Again, if {f, g> ¢ &[z], then {f, g) L. ¢h, k) for
every element (h, k) & [Z]. Therefore (£,h) + '(g, k) = O for every h and
k in M, Since M is linear, 0 & M. Hence (f, h) + (g, 0) = O for all h in M,
and £ 8 ® M. It follows similarly that g e ® M,

Let f be any element of D(Ai). Then £, Aif> is any element of G(Ai)'
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8ince [Z] reduces pG(Ai), PG(Ai)P[Z] {f, .A.ir>- P[Z]PG(Ai)(f, Aif) =
= P[3) <f, A1f> . Therefore P23 {s, Af) & 6(a,); let P[z] £, AL =

= {g, Aig) . 1r{r, Aif) is resolved by Theorem 12,23 with respect to [Z] ,
then, sinoe (£, A,f) and one component are in G(Ai), the other component is
also. Hence (f, Aif> = (g, Aig) +<{n, Aih> , where (g, Aig> € [2] and

¢h, Aih) € ®[Z]. Therefore f = g + h, where, by the preceding paragraph,
gEM, g¢ D(Ai), and he® M, h e D(Ai); likewise A,f = A,g + A/h, where
Aig & M and Aih €® M. Since M is a c.l.m,, it determines a projection Pu.
Since P f = g, PBf & D(Ai) and A,P\f = A.g = BAf (since Ag € M). As f
was an arbitrary element of D(Ai), it follows that AiPn3 Pll‘i' so that A,

and Pl( commute. This completes the proof.

THEORZM 14.10. Let Al‘ Az’ «++ be a sequence of linear, closed, 8eV.

operators in S. There exists a set of separable and non-empty c.lem.'s My

( A ranging over a suitable set J (of indices)) such that 1) if & £ p s -

then M_ and llp are orthogonal, 2) [e.s, My, +o.] = 8 (xin [...] ranging

over all of J), and 3) each set M, reduces sach operator A

1
Proof. The sets M, will be constructed in such a manner that J will
be a set of Cantor's ordinal numbers, namely, the set of all numbers o < oTo
for a suitable number Eo. Therefore the sets M, will be defined by trans-
finite induction; cZo(and hence J itself) will be determined only at the end
of the process. The transfinite induction is as follows: suppose that, for
each &« < % l(« has been defined so as to satisfy conditions 1 and 3 of the
theorem (for each o < o,» M, is separable, non-empty, and reduces each Ai).
Let Su, - [...,Ilb,\,...], where oA ranges over all ordinal numbers less than
Rye If 8*0- S, let I be the set of all ordinal numbers oA less than K e

Then condition 2 is also satisfied and the proof is complete. In this case
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the induction stops at the number *,e

But if Sd\o )‘ S, then, by Theorem 14.7, each Ai is reduced by@S“o .
By Theorem 14.9 there exists a separable and non-empty c.l.m. Muoc e %‘O
which reduces each Ai. Thus the sets M, , s LN satisfy conditions 1
and 3 and the entire set of sets M_ is defined by transfinite induction.

Since 8 itself has an ordinal number 4L and since the ordinal num-
ber of [e.., M, eee], &< Xy is not less than Ky the process can reach
no nunber Ry >/ . Hence it must stop at some number A= 550 = , and
when it stops, S&-o = S. This completes the proof.

Remark. By Theorems 12.26 and 12.27, each set M, is a finite-dimen-
sional Buclidean space or a Hilbert space., (More accurately, each set M is
isomorphic with such a space. But, for the sake of brevity, the words "iso-
morphic with" will always be omitted in what follows.) If the sets M& are
infinite in number, they may be classified into mutually exclusive, countably
infinite classes. The sums of the sets Md\ of each such class may themselves
be used as sets M_ , and they are all Hilbert spaces. If the number of sets
Il“ is finite, then S is separable and the theorem can be satisfied with the
use of only one set M, = S. In this case M, = 8 is a finite-dimensional
Buclidean space or a Hilbert space.

Thus it turns out that, unless S is a finite-dimensional Buclidean
space, all the sets M, may be chosen as Hilbert spaces.

Theorem 14.10 shows that any I‘init—). or countable finite set of linear,
olosed, s.v. operators may be simultaneously reduced by a system of separable
and non-empty c.l.m's M, having properties 1 and 2. It is therefae of inte-
rest to discuss the nature of such systems M, and the way operators A reduced
by them are determined by their behavior in the individual sets M . The fol-

lowing theorems contribute to such a discussion:
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It should be remarked that these theorems (particulurly Theorem 14.12)
will be of use even in separable spaces where it will sometimes be of im-
portance to construct operators A from their contractions in c.l.m.'s M, (of
the sort described above) which reduce them,

It will not be assumed in what follows that the sets M, are either

separable or non-empty.

lem's, cranging over a set J

THEOREM 14.1l. Let Il“_b_e_i system of c.
(of indices), such that 1) if A f » then M, and M, are orthogonal, and 2)
[ees, M, ...] =38 (¢ in [...] ranging over all of J).

Then every element f in S has a unique representation of the form

£=2 f,,f €M , whre f, = 0 for all o € J aside from a finite or
*EJ el - -

vergent., Incidentally, f, = By £ and Iel? = S Iz II%
o AET

Conversely, & meaning attaches to each series EJ 0,0, &€ M,

for which 2_l£ll? s finite: £, = O for all ok € J aside from & finite or
T T ey - - - -

countable subset and the sum of the non-vanishing elements f o« 18 convergent.

Proof: The last part of the theorem will be proved first. If
2 s
x€g * L
of indices . If € is taken successively to be 1, TeF I s then it is

evident that ”fo(ﬂz / 0 and / O for only a finite or countable set of in-

”2 is finite, then the relation "t‘“ua > € holds for only a finite set

dices ot. Let the indices of the non-vanishing elements f be denoted by
“1, 0(2, ees o If this sequence is finite, the question of convergence does
not arise, If it is infinite, let f‘*i. = ‘i ‘Pi’ where ai = "1""9” and

kfi - -"?;T-"— f“‘: « The elements kpl, Yoo oo form an o.n. set and Theorem
12.16 leads to the result stated.

A8 f -f =) f ~f = f (this is obvious if A= &, for
“% P a§o\°‘ 1
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some i = 1, 2, ..., but it is tra3 for o F &1s Kyy +ee t00, since then
£, = 0; in what follows the sequence Xys Koy eoo may be finite or infinite),
and as £, & M, CO M, for «; A o, it follows that £ - f eeu“. But

2
£,€M . Hemoo Py f =f . It is evident thatllz a \pi” - ‘%’]lil , 80

that flg Il 2 -||Zf“£“2 - lef Z}If 12 . This proves part of the first
1 i

assertion of the theorem: the uniqueness of the elements f in the represen~

tation f = : f for given £, and the explicit formulae con:erning them. It
73 J
remains to prove only the existence of such a representation for an arbi-

trary f.

If £ & 8 and if Pllf / 0, let Pll“f = &, Y, Where a = "Puof'" and

Y -]TWH_ Py f. The elements \p, form an o.n. set., By Theorem 12,11,

Corollary 2, "1‘"2 Z | (e, 'f“), Z,ajg "P f ”2 The last sum-
mation may be extended over all oA & J since P f = 0 for those indices ot

for which \p, was not defined. Hence Z "PM f" ? 18 finite and the argu-
REJ o
ment above shows that there exists an element f! = Z PM £ (let r -
AEJ o
- P““t' & M) and Pll:' a Puo\f‘. Therefore Pll“(f -ft) =0, f - £ is ortho~

oonal to M, for each ot & J, f - £' is orthogonal to [..., ¥ eee] = 8 and

oA ?

f - £t = 0, This completes the proof.

THEOREM 14.12, Let the sets M, , o € J, be as in Theorem 14.11.

Let A be an operator in S which is linear, closed, s.v., and reduced by each

set M. By condition 3 of Theorem 14.6, Af & M_for £ & M * D(A), so that

A may be considered as an operator in lle‘ as long as only elements of M, are

considered; when A is so regarded it will be denoted by Ay A“ is thus the

contraction of A over M_ D(A). The following assertions are valid:

1) r = Z » £, & M, (see Theorem 14.11), then Af is defined if and only

all olements A f are defined and Z ”A £ "2 is finite; in this event
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A= ) AL,

xReT

2) Bach operator A is linmear, closed, and s.v.

3) Conversely, if in each set M  there is yiven a linear, closed, s.v.

operator i“, there exists a unique linear, cl_os’e_d., 8.7. ogers.tor A in

S which 1o reduced by each sut M, and for which Ay = Ky for all o € J.
Proof: Part 1. Since "(f‘, £y ”2 =gl 2, el 2 (see Definition

13,1), part 1 may be reformulated in the following manner: the elements
{f, Af) coincide with the elsments é (f*, ALY, £ € M, where
a%ll(f“’ A“f*)uz is finite. If Theorem 14.11 is applied to the space G(A)
instead of S (see Definition 13.2; G(A) is a c.l.m., and hence is a space
to which Theorem 14.11 may be applied), it follows that G(A) = [..., G(Ay),s..]s
But A, is the contraction of A over M :D(A). Hence (in an obvious notation)

G(Ay) = (M X 8)*G(a). Therefore

[eee,6(a)s ooe] = [ooe, (M X 8)°G(A), ooe] = ([eee, M, oo0] X 8)-G(aA) =
= (8 X 8)G(a) = G(a).

Part 2, Since G(A) and ¥, are c.l.m.'s, 80 also are M X S and
G(A*) = (M‘*X 8)*G(A). Hence A, is linear and closed. As A is s.7., its
contraction A‘,k is also 8.V.

Part 3. Corresponding to the operators i o 10 My (x ranging over J)
there exists a unique operator A satisfying part 1 with A, = Z“ inasmuch as
it was shown in the proof of part 1 that this condition means merely that
G(A) = [oee, 0(3“), ess], and this in turn exactly determines G(A), that is,
A . Let this operator A be denoted by K. Any operator A of the sort de-
soribed in part 3 would satisfy part 1 with A oL i o’ therefore it remains

merely to prove that A satisfies part 3.



92 XIV. COMMUTATIVITY, REDJUCIBILITY

As G(&) is a c.l.m. by definition, A is linear and closed; part 1
shows that 1t is s.v. (Theorem 14.11), If £ € D(A), then let f = d% £, .

£ € M, . By application of part 1 to any element t‘ﬂ (R E€J) it follows

thet £, € D(X) and Afy = K5 €, . But Py £ =5 »andas Af = > K £,

1“ £, € ll“ « The relation Pu}" = 1/5 i}s is obtained in a similar manner

My
commutes with Pl.{ﬁ and M/$ reduces A. This condition holds for all P EJ.

It has already been pointod out that the contruction of A over My D(X) is

(by Theorem 14.11). Hence Pnﬁi‘ € D(R), KPM £ = i/, £, = P Af, so that A
/b

1/5 . Therefore A satisfies part 3, and the proof is complete.

The above decomposition of an operator A in S into operators A, in
M, is simply related to the various operations which may be performed with
A on the basis of the definitions of this and the preceding chapter. These
relationships are enumerated in

THEORAM 14.13. Lot the sets M, € J, bo as in Theorem14.11

and 14.12; let A and B _b_eutﬂ line_gr_'_, closeq_, 8.7, operators each gf_ which

is reduced by each set M, ; let Au\ and B, be their respective contractions

over M e D(A) and M D(B) (see Theorem 14.12). The following assertions are

valid:
1) AcBif and only if A, © B_for every ¢ J.

2) A is partially adjoint to B if and only if A is partially adjoint to

By for every ol€ d.

3) (A"), exists and is equal to (A,)" for every ke J.

4) A has a 8.7. inverse if and only if each A, has a s.v. inverse; (A-l)ok
exists and is equal to (A*)'l for every € J.

5) If K is any one of the six classes Kl’ cee, KG enumerated below, then

A belongs to K if und only if A, belongs to K for every ot €&J.
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Il, e, Ks consist of all operators which are respectively Hermitian,

semi-definite, definite, projections, s.a., unitary.

6) A is bounded if and only if each A, is bounded and the numbers [[lAJll,

& €J, are bounded, in this event, llAll = Lowebe I a .

Proof: Part 1. The necessity is evident; the sufficiency follows
from Theorem 14.12, part 1.

Part 2. Seme as part 1 together with the fact that the relation
Hell 2 . Z”f;”z of Theorem 14.11 may be generalized so as to assume the

AeT
form (£, g) = 2 (fy . 6, ) (£ = 22, , 6~ 2o B fo € Mo B € ).
(The real part of this latter relation results from the former by replacing
£ by f_}& and f%& in succession and taking the difference between the two
results; the imaginary part results by replacing f and g respeotively by £
and ig.)

Part 3. Since A is reduced by the sets M_ (Theorem 14.4,part 8),
it is possible to form the operators (A*)m o As A and A" are partial adJoints,'
the seme is true (by part 2) of A and (A%), . Hemce (A%), c (A)*. Let
A' be the operator such that A"* - (Ac\)*‘ Then A, and A}, are partial ad-
joints, so that the same is true of A and A'. Hence A' c A*, and (Au)* =
Alc A; (by part 1). Therefore (A*)d\ - (A*)*.

Part 4. It must first be shown that the condition Af = O is equi~
valont to the condition Ao( £, = 0 for every o€ J. But the necessity is
evident and the sufficiency follows from part 1. Since A-l is reduced by the
sets M (Theorem 14.4, part 4), it is possible to form the operator (A-l)“.
It is evident thet (A™1) = (o)l

Part 6. The assertion with regard to Il(Hemitian) follows from
part 2; with regard to K (s.a.) from part 3; with regard to xs(unitary)from

- *
parts 3 and 4 together with the fact that, for a unitary operator, A 1. A
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(Remark 3 following Theorem 14.1); with regard to K, (projections), the
assertion could easily be verified directly, but as a matter of fact it is
contained in the assertions regarding Kl and x6 since A is a projection if
and only if 2A -~ 1 is Hermitian and unitary (see the discussion at the end
of the section dealing with unitary operators); with regard to Iz (semi~de-
finite), the necessity is evident and the sufficiency follows from the re-
lation (f, g) -d;'r (£, » g“) (derived above) since this relation implies
the relation (Af, f) -“;J (Ay £,5 £,); With regard to K, (definite), the
assertion follows from this same relation or from Kz and part 4.

Part 6. It is evident that, if A is bounded, then each A, 18 also
bounded; in fact, I Al s Al since each A, is a conmtraction of A. Thus
the condition is necessary, and IlAlll ai.g.‘_‘}). il A,Jll. Conversely, suppose
that each A, is bounded and that the numbers WAl , o<e J,are bounded.

Let € = l.u.b. Mah . mhenlia, gll Sc-llghtor ge M, . If in the re-
lation |If ” 2 -éﬂf” 2 the element f is replaced by Af and f‘* is replaced

by A‘ .t‘* , the result is that "Af” 2 -;"A& f" 2. Hence ”Af" g 02-”1‘"2
and lagll Scelif)l, that is, A is bonndegrmd Mall S ¢, Thus the condition
is sufficient and Mall = loade Walll . This completes the proof.

Let B be an operator in S; % is taken to be that operator in 8 X 8
def'ined by the condition B<e , 8> = (Bf, Bgd. (It is apparent that
(£, €> € D(%) 1f and only if £ € D(B) and g € D(B).) In the notation of
Appendix II, .3 is represented by the matrix Ig g". If BO = 0, a straight-
forward computation shows that .3** is similarly represented by the matrix
BEL

0O B

Assume that B is s.v. with D(B) = 8. The fact that a s.v. operator

A commutes with B means that if f € n(a) then Bf € D(A) and that ABf = BAf,

that is, (Bf, BAf) € G(A), or again, if {f, g) € G(A) then (Bf, Bg) € G(A),
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or again, 1f € G(a) then By € G(a).

Let ‘ZA = a(a)* The preceding condition states that %Aﬁif = 3‘?
for all y€G(A), that is, for all « = ZAV’. This means that
zA@szf. PEFrorall ¥, or again, €,5€, = ﬂ‘ﬁA. This leads to

THEOREZM 14.14. If A and B are s.v. with D(B) = S, then A commutes

with B when and only when ZA@‘EA - ?ZA; if, furthermore, D(B) = D(B*) =8,

then A c.a. with B when and only when %A@- 7}‘£A .

Proof': The first assertion has just been proved. It implies that
s . el *
in the second assertion the relations ﬁA '/} ‘gA ng and ZA 3 ‘ZA = 1} gA
constitute a necessary and sufficient condition. A4s ZA and @ are bounded
and everywhere defined ( @' has these properties because B has them) it is
possible to apply the operation * to the second relution and obtain the re-
sult ZAZ}ZA - £, g . The first and last relations together imply that

ZA@ = ggA . Conversely, this relation implies the two just mentioned:
(gaﬁ RN %~ R
8B - Byt - T,

Remark. It should be noted that, in the second part of the preceding
theorem, 8A and f} are both bounded and everywhere defined. Hence the con-
dition ZA@ = @%A means that @ commutes with %A and therefore that 7}’
c.a. with €.

By using the matrix notation of Appendix II it is possible to replace

An A

Agy Ay

EAWhen and only when B commutes (c.a.) with All’ A12’ AZl’ A22' This provides

b A by its matrix Tt is evident that ]} commutes (c.a.) with

a criterion in S thut A and B c.a.
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Appendix III.
A familiar way to "arithmetize” operators is to replace them by ma-
trices. However, to do this in the general case (as when the operatoars g
are linear, closed, 8.v., with domains dense in a Hilbert space 8) it is
necessary to use a certain amount of caution. The purpose of this appendix
is to carry out this replacement.
The following theorem is useful to this end:

THEOREM 14'.1. If M is a separable l.m., then there exists in M a

finite or countable o.n. set A: ‘), £y, +s. Such that ia} ¢ Mc [A].

Remark. M need not be closed. If the operation [+..] is applied to
the relation [Ajc Mc [A], then [A] = [M] = closure of M. In the case where
M = S (8 being separahle), this result leads to Theorem 12.18.

Proof's Let fl' f'z, «ss be a sequence of elements of M which is dense
in M. This sequence is also dense in [M] = closure of M., The method of
proof of Theorem 12.18 carries over to the space [M] (since M is a c,l.m.)
when applied to the sequence fl' f2’ eee o The set ¥y Yos «ee 8O obtained
satisfies the requirements of the theorem.

It is desirable to consider successively the three essentially dis-
tinct possibilities with regard to the dimension JL of a spuce 8 (compare
Definition 12.17). J\ may be finite (N =N =0, 1, 2, ...), countably in-
finite (Nl = @), or uncountably infinite (ML > w); correspondingly S will
be an N-dimensional EBuclidean space, a Hilbert space, or a hyper-Hilbert
space.

Case 1, NA=N=0,1, 2, ...; S an N-dimensional Euoclidean space.

Let g be a linear, s.v. operator with D(f) dense in 8. (In the other
two cases it will be necessary to ua;me closure also, but at present this is

unnecessary.) By Theorem 14',1 there exists an o.n. set A: ¥ys soes YL in
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D{(#) which is dense in D(f) and hence also dense in S; it follows that A is

complete in 8, L = N, and every element of 8 is of the fomi o ‘fy, that
»=1

i, S = {A] . Since f§ is linear, D(f) = 8. Thus § is defined over the whole

of 8, and A may be taken as any complete o.n. set.

Letﬁ‘f‘i"ya-\fo‘ sothataPo_-(ﬂ\(,qo_ o Iff = id\f
N

£ o= N j"l
and g = Q'le YoPo-s them y ;Lzl a o_o\y. Furthermore,
hel2 -3 |al?, hgl? - SIS e al?,
P=1 P o=l p=1 P p
(g, £
g, ©) - ng o @ —
. o
It is evident that the range of values of 1_p-1 P J’ is

bounded since N is finite and constant. By Definition 13.16 the operator ﬁ
is bounded; sinoce D(f) = 8, @ is closed. By Theorem 13.21 or 13,23, ﬁ‘ ox~
ists and has the same character as f; if a}')o.- (ﬁ‘ TP,YO_ ), then a},-

= (?y, ﬂ'fd,) = a°'.P. These results are summarized in

THEOREM 14'.2, 1If f is linear, s.v., with D(f) dense in S, then # is

everywhere defined, bounded, and closed; ﬂ‘ exists and has the same properties.

If A is a complote o.n. set ?1’ seey ?N' form the representations

ﬁlfy - y"' \p o B0 that 9. = (ﬂ ). Then the matrix llaPo_ﬂ is said

to belogﬁ t_othe operator g cfor the aet A= (\?1, e, '-fn).

In the same sense, the matrix “‘;,a- || » where aj')cr: “".P, will belong

to f" for the set A = (), «eus'fy)e

N

N
xrs "'Pi-l IP‘GD.‘_'Eﬂ = E]_ Yo-\fa-‘ t_h?_xlya_'% ayq- “f'
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This theorem (proved above) leads directly to the following
Corollary: Since D(g) = 8 and since p" is s.7. (Theorem 13,14), the

condition f e #° implies the condition # = #', that is, if # is Hermitian

then it is s.a. (Theorem 13 .18). Furthermore, the condition ﬂ = ﬂ* is equi-

L]
valent to aPo_- a};a_ for all p, o (since a.Pa_ (a.;)c,) determines @(4 )), that
is a - aa_P.
Case 2, 1 = ; § a Hilbert space.

Let # bs & linear, closed, s.7. operator with D(f) dense in S. By
Theorem 14'.1 there exists an o.u. set A: ‘1, \fp, +ee in D(@) which is com-
plete in 8., Let ¢1 be the contraction of @ over A, that is, D(ﬁl) = A, ﬁlc g.
Since A is complete in 8 it is possible to introduce the representation

®
ﬁ?ﬁ 'ﬁl‘{} - B‘po- $ » Where a‘Pa_- g q‘)P, \fd_) = (ﬁl \fp, \fo_). Since

o =1
#, < B and since f 1s linear and closed, it follows that B < g

THEOREM 14'.3. If @ is linear, closed, s.v., With D(#) dense in 8,

then there exists an o.n. set A: $1s Pos oee i_nD(ﬁ) which is complete in §

and such that 3, = }ﬁ, where )61 is the contraction of £ over A.

Remark: If D(Z) = S and if g is bounded (so that @ is continuous
over S), then ﬂl is continuous over D(ﬁfl) since ﬁlC . Hence D(ﬁl) is a
c.l.m. (Theorem 13.11). But D<Bl) > le) = A so that D(ﬁl) > [A] = S. Hence
D@l) = S and 731 = ﬂ. Under these conditions every complete o.n. set A satis-
fies the conditions of the theorem. It will be shown in a later chapter that
in all other cases not every complete o.n. set in D(ﬂ) satisfies the condi-
tions of the theorem.

Proof: Since 8 is separable, S X S and G(ﬁ) C 8 X S are also separable,
Hence there exists a sequence (1‘1, ﬂfl) . <f2, ﬁf‘z) » eee dense in G(g). If

(fn . ﬂ!‘n), (fn , ﬂfn) s «es 18 a subsequence of this sequence with limit
1 1 2 2
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<£, £%>, then, since § is closed, (f, £'> € G(#), that is, £ & D(f) and g = £*.
If ﬂfo is the contraction of ﬂ over the set B: fl, fz, ese, then ’ﬁo =g,

It is evident that the set B is dense in D(f) and S. Let A be the
o.n, set Yl, Pys eee arising from M = {fl, f2, «ee} = {B} according to the
constructions of Theorems 12 .18 and 14',l1. Since A} = {B} , it follows that

ﬁl = ﬁo, 51" 250 = f; and [A] = [B] = S. Hence A satisfies the conditions of

the theorem.

Definition 14'.1. A complete o.n. set A: Pys Pos eoe which satisfies

the conditions of the preceding theorem will be called a determining set for 8.

Since A is complete, the relations g Y..Pz ﬂl ‘PP = and

1 aPd"."d"
a.PG‘- (g By ) = (ﬁl \,}, ¥, ) noted above still obtain. The matrix IlaPu_ll
1s said to belong to the operator f for the A = (1’1, Pgs ese)e (These a's

are closely analogous to the a's used in Case 1.)
@© o2}
2 2 2
By Theorem 12.16 Ja_ |%= g MWo= 1l II° is finite.
' :-Z=1 | d o-Zull o Yo ﬁ?ﬁ

Tt is evident that D(ﬁl) = {D(ﬁl)} = {A} , that is, D(ﬁl) is the set of

n
all elements f = Z x ¢ , where n is any positive integer. If g = ﬂli‘ =

P=1 i
S Yoty thon B nS xfipsS xS S e,
- t. = = I~ ,
a_‘lycr‘fa' en Pyt - P;xppl?p 71 xy a,_lapcr‘fo- & Pslafa. xp fo
n
and Vo™ P=1 apo_xy .

Although it is not possible to give a direct characterization of
D(zl) = D(f) (except by directly tramslaing Definition 13.10 and the dis-
cussion following it), something can be said in the event that A cD(ﬂ*),
1.0, f* ¢ is dofined for all y_ in A. By Theorem 12.5, (df, ¢ )=(t, £ e,)
is a continuous funotion of £ over D(f). Hence if f& D(f), £ = é x,Pkf.P R
g = oil Yg\fy s then y = (e, L(o_) is a continuous function ofPf. Let
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2(0), i; Xy 9y ¢f(n) f v Blp_s then £ = 11m £(2), . Y=t y (B

P, n=»00 Nn=po

= lim
n—»oo J:il sl N y-l -P"'.P
®

In this disoussion it was proved incidentally that Z upo’ xP is con-
=1
vergent, However, if f = Z x.P tpp is an arbitrary element of 8, this series
=1
is even absolutely oconvergent, the reason being that

2 2 2 2
; oo Pf; | (0] ; | (g B0 = 18",
and i" x "2- "1‘”2, so that f |a |2 and ilx 'l are both finite, while
.P- P Pal ‘PG' P: ?

"‘fa'" | S Ha ,z + i|x 2.

Definition 14-.2. I §, Ar f1o Ppr eees LS ¢ fpr P ) BT 88
above with A n(pf'), then let f = Zi x5 pp Tange throgg 8 u_.n_gl_ form the
expressions Yo cg por .P _If_t_%; be that operator whose domain D(ﬂ‘z) is
the set of all elements f such that Zly l 1s finite and which is defined

by the oonditionﬁf - i Vo Py fe D(,d )e

It follows from the preceding discussion that fc ﬂfz.

It is possible to characterize ﬁz completely ip terms of ﬂ. Since
A cD(f), it is possiblo to define ﬁ" as the contraction of ff° over A. The
conditions f & D(f'). and £%= (f’)‘r together mean that (f, ﬂ"g) - (f*, g)

for all elements g in D(ﬂ") = A, i.e., for all eloments g = fo Let

4 -; xP?P' s c-i-l £ .\fy 80 that (f‘, 'fd_) =z, and (£, p"'?o_) -

= (£, #‘tr,) - Pé (t, PP)( "P' p"\p,) -3_:1 (£, YP)(,d Por o) " ; %o o7

it S Hence y =" z P Since the nurbers z - are arbitrary except for the
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condition that > | a,lz be finite, it follows that f = f y "fo' » where
Zly 12 18 finite, i.0., that (£'') = £,.
Inasmuch as }f ﬂ. (p" > £ and ﬂz > f (Theorem 13.13 and the
remark preceding it). But ﬁz- (6" (f )* (of. 1l.c.), so that the con-
dition ﬁ2= # is equivalent to the condition (7' ). - f‘ (# 1s linear and
closed so that f = ﬂ” (Theorem 13,13)); as '5" and ﬁ‘ are both linear and closed,
each of these conditions is equivalant to the condition B*'- f. But this is
obviously equivalent to the statement that the complete o.n., set A (assumed con-
tained in D(ﬁ‘)) ia a determining set for f. These results are summarized in
THEOREM 14'.4. (1) Let § be linear, closed, s.7., with D(f) dense

in S; let Az ‘-f’l, *Pz, <+« be & complete o.n. set determining ﬁ; let ﬁ be the

contraotion of B over Ac D(¢); introduce the representation @ tp ﬂl .P

-O-ZSI 1) thata. =(¢ ('dl\ff Py )+ Then

(1) fill spol” = 18 ) 10 rintte.

@D
(2)  D(#,) 1s the set of all elements £ = il %y fpr and 0 = Bt = 2 o fo
Pa o=
'“hycr-; aPo_xP .

(3) While ,d ﬂ the only way to characterize it is to apply to it Defi-

nition 13.10 and the discussion following this definition.

(i1) However, if Ac D(ﬂf‘) (f is linear, closed, 8.¥., with D(ﬁ‘)

denss in S; seo Theorem 13,23), then

) i;'w “ 18" ¢ )f s finite.
.P.

(2') _Le_ty“ be the contraction _oiﬁ‘ over AC D(ﬁ*), g._ng_l._e_t_:_ﬂz be the

operator introduced in Definition 14'.2. Then 4, = (§*')*, implying

that ﬁc ‘2 3 these conditions in turn imply that ’52 is linear, closed,
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8.v., With D(f,) dense in S.

(3 The conditions # = ¢2 and }f*'- #” are equivalent with each other, and

with the requirement ihat A is a determining set for ﬂf' .

This theorem (proved above) leads directly to

Corollary 1. :IiD(ﬁ) = §, then both g end ﬂ* are everywhere defined

and bounded (Theorems 13.22 and 12.21). Hence every set A is & determining

set for both £ end ﬂ“. In this case Part 2' of the preceding theorem charac-

lows by Theorem 13.1€ that ] is Hermitian when and only when jzfl is Eermitian.

Honce, for all p, @, (14,75 ) = (', £i75 ), that is, %0 = Trpt
Unfortunately, no compurably simple crilerion is known for the proper-
Ty of being s.a.
Corollary 3. If f is Hermitian, then # < £, so that A < D(f)c D(#").
Hence the assumption in (1i) of the proceding theorem is satisfied. Since
#, < g g, it is evident that £* = #,. Therefore g, = o -ﬂ'; =-B]* - g

The condition ﬁcﬂz in 2' assumes the well-known form ﬂc ﬂ"; if }5 = ﬂ?, then

-6 and pis s.a. Homeo, by 3', A is a dotermining set for g7 if and only
if B is s.s.

It is possible to follow the procedure inverse to that outlined above:
start with a complete o.n. set A: WPys Pps eee and a matrix "ayo." , and con~
struct the operators ,6, ﬂf', ﬂf s ﬁz.

THEORRM 141.5. 1) Let A be & complete o.r. Set ¢, f,, ... and let

fa oﬂbe a matrix (of complox numbers). There exists & linear, closed, s.v.

operator @, with D(f) dense in 8, to wh:.ch ”a " belcngs for A (Definition

14’.1) 11‘ md only if every series : fa a~ ia finite, and in this event
o~=]1

p' _:l_._s_ \migue.
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‘2 is

®
2) The condition Ac D(ﬁ,) obtains if and only if every series Z"Po
£l -

finite.

fos)
Proof of 1): The necessity of the finiteness of every series Zl apdlz
o =1
follows from Theorem 14'.4, 1); the uniqueness of B (if it exists at all) fol-

lows from the uniqueness of ﬂ, Theorem 14'.4, 2) and the fact that ﬁf = ﬁ,.
- '

[}
As to the sufficiency of the condition that every series Z |a o_lz be finite:

o =1
it is possible to define an operator P over A by the condition Py = f apcr‘fa-
o =1

and to let g = B. It is evident that A c D(f), p’la P, and g = B = B, so that
o 1

A is a determining set for ﬂf; furthermore, ﬁ WP- PYP- Pgl a.pa'?o- .
o))
2
Proof of 2): The necessity of the finiteness of every series Zla q_'
p=1

follows from Theorem 14'.4,1'); to show this condition sufficient, let

ey Then (f, )=a = ( *), so that o(g,*);
L & aPa_k.pP. en 1‘1}, Yo aFo_ \ry, ¥ )» 80 that v ¢ 1 );
bt 4,78 - 8"

The theory of operators, as originally formulated by Hilbert and as
developed until recent times, was usually based on matric representation in a
fixed orthogonal system., This method is quite convenient for operators which
are defined everywhere and bounded. (Most of Hilbert's theory was restricted
to operators of this type.) But it is evident that for unbounded o;;erators
the description becomes rather involveds It will be seen in later chapters
that a number of characteristically "pathological™ results may be obtained for
unbounded operators (which represent the "general case™), The complicated and
"pathological™ behavior of matrices representing unbounded operators is a
strong argument in favor of the present abstract method. Of course this does
not lessen the importance of learning as much as possible about the behavior
of matrices of operators. ‘

It should be emphasized that the conditions prevailing in Case 1
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(finite dimensional Euclidean spaces) as described by Theorem 14'.2 may be
oconsidered as highly simplified and special cases of those conditions in
Case 2 (Hilbert space), the chief element of this simplification being that
in Case 1 every linear manifold is closed and every linear operator is closed
and bounded.

Base 3. N > w ; 8 a hyper-Hilbert space.

Let ﬂ te a linear, olosed, 8.v. operator with D(f) dense in 8 (ocom-
pare Theorem 13.23)). By application of Theorsm 14,10 and the remark follow-
ing 1t, there is obtained a set J of indices o« and for each & £€ J a Hilbert
space X such that 1) if &£ , then M, and I(A are orthogonal, 2)

{eees M, «..] = 8, where o ranges through J, and 3) each M, reduces B

Since the dimension of M_ is coand since [eae, M, ., eee] = 8, it
follcws that (power of J)e co = fL . As [L is non-countably infinite, the
power of J must be infinite. Hence (power of J)¢ <o = (power of J), so that
the power of J is J1. . Thus J is non-countably infinite. (In Case 2, where
N = w , it would be possible for the power of J to be unity.)

By Theorems 14.11 and 14,12, the operator @ is completely character-
ized in S by its behavior in each spuce M % that is, by its contractions ﬂo\
over K o D(F) (x ranging through J). But the operators ﬁo\ ere in the Hilbert
spaces M " sc; that the results obtained in Case 2 are applicable to them.

By making this application it is found that the behavior of f in Case 3 is
quite analogous to that in Case 2, The precise formulation of the situation
is as follcws:

Let I be a set (of indices) of power S\ which can be used to label
the complete o.n. sets of 8. (8 is homeomorphic to the space HIz ocompure Defi-
nition 12.16 and Theorems 12.26 and 12,27.) It will be assumed for the moment
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that I is non-countably infinite (characteristic of Case 3), but it will be
seen later that this assumption is unnecessury .

THEOREM 14'.6. If g is a linear, closed, s.v. operator with D(f4) dense

in 8, then there exists an o.n. set Az Pur AEI in D(ﬂ) which is complete

in 8 and such that ﬁl = @, where ”1 is the contraction of B over A.

Remark: Exactly the seme remark (with exactly the seme proof) can be
made here as following Theorem 14'.3,

Proot': Let lld , R E&J, be the Hilbert spuces of Theorem 14.10 as
described above; let ﬂ ” be the contructions of ﬂf over Mu- D(}f). By application
of Theorem 14'.3 to ﬂu in l[q , there exists an o.r. set A“ “*a.l""o\.z' ves
ir D(@ ) which is complete in M_ and which is a determining set for By

The entire set A: \Pe(,n' A€ J,n=1, 2, ..., i8 0.n.; but
(Al o [a,] = ¥, Al o [..., M, «se] = 8, 80 that A is ‘camplete in S. Since
A c D(f,) <D(f), it follows that A € D(f). Let "1 be the contraction of f
over A*D(f), and let ﬁm, be the contraction of ﬁ“ over A¢ D(ﬁ“) = Ap D(f) =
- Ad: D(ﬂl). Then ('ﬂl)ds (ﬂa)l, and hence (31)0‘3(3;)1 = f (since A, is a de-
termining set for ﬂ“). By Theorem 14,12,1), it follows that ‘51 o ﬁ‘; btut it is
obvious that ?31 c ﬁ, so that 31 = ﬁ. Therefore, to complete the proof of the
theorem it remains merely to change the labeling from A: \Po&.n’ X E J,

n=1, 2, ..., into A: Pu s R E I

Definition 14'.3. A complete o.n. set A: P s o« & I, which satisfies

the conditions of the preceding theorem will be called a determining set forf.

Since A is complete, it is agein possible to irtroduce the represen-

tations f¢, = B, %, -§ $pr FEL BEL sothat g, = (Fh,¥,) -

a

% %

= ( s ‘£, )e The matrix Jla is said to belong to the operator g for the
178 A o/

set A = (..., ‘fe\ s see)e
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THEORIM 14'.7. (i) Let & be linear, closed, s.v., with D(F) dense in

S; let Az $yr * € I, be a complete o.n. set determining ﬁ; let }51 be the

contraction of # over A C D(#); introduce the reprosentation I Y= ﬁl Pa™

.Z. ﬁ,dél, AEIL 80 sothata. - (e, 2 %) -(ﬂlv‘,v/,) Then
1) Z |a Iz - "ﬂ\fd” is finite (so tha.t for any particular &,

v(ﬁ- 0 &_u_ll /5'5 except for at most a countable set which depends
on et ).

2) D(}é ) is the set of all elements f -“EE X, Py » Where L is any finite

subset of I, and g =¢i -ﬂg kf/,‘ with I -etEZL “p Xo ®

3) While ﬁ ﬁ, the only way to characterize it is to apply to it Definition

13.]0 and the discussion following this definition.

(i1) However, if A cD(ﬁ*) (}6‘ is linear, oclosed, 8.V., with D(ﬂf‘)
dense in S; see Theorem 13. 23), then

E | - uﬂ \r/,” is finite (so that, for any particular A
/b. 0 for all o's except for at most a countable set which depends

on A ).

2'). Let f be the contraction of ﬂ over A © D(ﬂ‘), and let ﬁ? be the opera-

tor defined as follows: 1let f .u%l Xy Py Iange through S and form the
expressions Y " Z “/5 x, (these sums are all a’bsolutely convergent ).

*E
Then D(ﬂfz) is the set of all elements f such that Z | y/5 1s finite and,

for £ & D(f,), #,f is taken to be Z Yot It follows that g, = "'y

implying that f§ ;6, these conditions in turn imply that ,6 is linear ,

closed, 8.¥., with D(ﬁz) dense in 8.

3') The conditions J ] -,ﬂ? and }J" = ;f are equivalent, so that A is & deter-

mining set for f
Remark concerning 2'). Ir Z 'x ' is finite, x, = O for all except

at most a countable set, and for any particula.r o in this set, ‘,‘/9 = 0 for
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all /.5 except for at most a countable set. Hence if ¥ = Z a
A JET B
most countable set of y's is distinct from 0. Thus the condition that

x“,anat

Z |y/_\l2 be finite is not quite as strong as it might seem.
el

Proof: Exactly the same as for Theorem 14'.4, where the set (1, 2,...)
is always replaced by the set I, and where the sets (1, ..., n) are replaced

by finite subsets L of I.

Corollaries 1-3. Exactly the same as for Theorem 14'.4, with exactly

the seme proof,

] ac‘/s” be a matrix (of complex numbers) with o & I, A& I. There exists a

linear, clcsed, s.v. operator #, with D(f) dense in 8, to which a belongs

for A (Definition 14'.3) if and only if every series Z lagyf is finite, and
- - AEI -

in this event ﬁ is unique.

2) The condition A  D(g") obtains if and only if every series 2 la_|% 1s

I AEL P

finite,

Proof: Exactly the same as for Theorem 14'5, where the set (1,2,...)
is always replaced by the set I.

By comparing the results of Cases 2 and 3 it is seen that they are
identical when, in Case &, I is countable and unessentially specialized to
I=(,2,...))s In fact, the results of Case 2 follow directly from Case 3:
the non-countability of J was not utilized, and Case 2 arises by taking J = (1)
with ll1 = S. Case 1 arises for a finite I, and its conditions, described by
Theorem 14'.2, also satisfy the theorems in Case 3 of which they are extremely
simplified special cases (see the discussion at the end of Case 2).

In brief, the results of Case 3 apply to any S and any I. However, if
S is N-dimensional Euclidean (I finite, Case 1), thene ssentially more is known

(ef. Theorem 14.2 and the discussion at the end of Case 2).











