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1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ

é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1.Ý��îüõ �ÂÎõ �¤ é�Âð �þÂÑ÷ ¥� ü��õÀÖõ ÓþÂã� À�� �Àµ���î V (G) üú�Â�è ø üû��µõ �b ä�Þ¹õ ×þ ¥� ÛØÈµõ ´¨� 2üþ�� �¨ G 1é�Âð 1.1.1 ÓþÂã�ø ,À÷�ªüõ ùÀ�õ�÷ é�Âð 4ý�û ñ�þ ö� ý�Ìä� �î E(G) �ä�Þ¹õ ø é�Âð 3ý�û §�b¤ ö� ý�Ìä�,Àª�� G ¥� ñ�þ ×þ e = uv Âð� .À�îüõ �µÆ��ø �¤ V (G) ¥� �Ìä ø¢ E(G) �Ìä Âû �� �î ý��Î��¤.À�þ�ðüõ v ø u Â� âì�ø ñ�þ �¤ e ß��»Þû ø e üþ�úµ÷� ý�û§�b¤ �þ 5 üþ�úµ÷� ¯�Ö÷ �¤ v ø u ù�ðö�.À�þ�ðüõ 6�ì�Ï×þ �¤ ñ�þ ö� ù�ðö� ,À�ª�� Õ±Î�õ Ýû Â� üó�þ üþ�úµ÷� ¯�Ö÷ Âð�.À�þ�ðüõ 7 ý¥��õ ý�ûñ�þ �¤ ñ�þ ø¢ ö� ,À�ª�� ö�ÆØþ ñ�þ ø¢ üþ�úµ÷� ¯�Ö÷ Âð�Graph1Triple2Vertex3Edge4Endpoints5Loop6Parallel edges71



é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
.À�û¢üõ Çþ�Þ÷ d(v) �� ø ,À�õ�÷üõ §�b¤ ö� 8��¤¢ �¤ v �·õ §�b¤ ×þ Â� âì�ø ý�ûñ�þ ¢�Àã�.À�þ�ðüõ (�ú��)9 �óø�þ� §�b¤ ,Àª�±÷ âì�ø ö� Â� üó�þ º�û �î �¤ ü¨�b¤ ß��»Þû�¤�¬ �� G ý�ûñ�þ ø �û§�b¤ ¥� ý��ó�±÷¢ G é�Âð ¤¢ 10 ´Èð×þ 2.1.1 ÓþÂã�v0e1v1e2v2:::vn�1envnù�ðö� ,Àª�� ùÀÈ÷ ¤�ÂØ� ´Èð ¤¢ üó�þ º�û Âð� .À�µÆû ei üþ�úµ÷� ¯�Ö÷ vi ø vi�1 ö� ¤¢ �î ´¨�¤Áð ö� ,Àª�� ùÀÈ÷ ¤�ÂØ� ü¨�b¤ º�û ¤Áð ×þ ¤¢ �î ü�¤�¬ ¤¢ ø À�þ�ðüõ 11¤Áð×þ �¤ ´Èð ö��¤ Â�Æõ ö� ,v0 = vn Ý�ª�� �µª�¢ v0e1v1e2v2:::vn�1envn Â�Æõ ¤¢ Âð� .À�õ�÷üõ 12Â�Æõ×þ �¤.À�þ�ðüõ 13¤ø¢×þ,À�ª�� ¤ø�¹õ Ýû �� ö� ù��¿ó¢ §�b¤ ø¢ Âû Âð� ,G À�÷�õ ü¨�b¤ n é�Âð ×þ ¤¢ 3.1.1 ÓþÂã�.Ý�û¢üõ Çþ�Þ÷ Kn ¢�Þ÷ �� ø Ý�þ�ð 14 Ûõ�î �¤ é�Âð.Ý�þ�ðüõ 15¤�Àµú� é�Âð ,Àª�� ¤�Àµú� ö� ñ�þ Âû �î �¤ üê�Âð 4.1.1 ÓþÂã�.¢¤�¢ ¤�Âì C¤¢ ö� üþ�úµ÷� ¯�Ö÷ üóø ´Æ�÷ C ¤¢ �î ´¨� üó�þ C ¤ø¢ 16 Â�ø 5.1.1 ÓþÂã�Degree8Isolated vertex9Walk10Trail11Path12Cy
le13Perfe
t graph14Digraph15Chord162



é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêö¢ø�ê� ø uv ñ�þ éÁ� ÛÞä ¥� ´¨� �¤�±ä G é�Âð ¥� uv ñ�þ 17Ý�ÆÖ�Â þ¥ 6.1.1 ÓþÂã�.¢Â�ð ��¹÷� uv ñ�þ ¤¢ w§�b¤ �¤¢ �� ßþ� �î ö� ý�� �� uwv Â�Æõ�î ´¨� G �ì�Ï Â �è ý�ûñ� þ ¥� ý��ä�Þ¹õ G é�Âð ¤¢ 18ý¥�¨¤�� ×þ 7.1.1 ÓþÂã�.À�ª�� �µª�À÷ üîÂµÈõ üþ�úµ÷� §��¤.Ý�þ�ðüõ 19ùÀª á�±ª� �¤ ý¥�¨¤�� ¤¢ ¢���õ ý�ûñ�þ Â� âì�ø §��¤.Ý�þ�ðüõ 20��� ý¥�¨¤�� ×þ ,À�ª�� ùÀª á�±ª� §��¤ ��Þ� ö� ¤¢ �î �¤ ý¥�¨¤��×þ v ø u À�÷�õ ö� ù��¿ó¢ §�b¤ ø¢ Âû ý�Â� �î ´¨� üê�Âð 21À�±Þû é�Âð 8.1.1 ÓþÂã�.Àª�� �µª�¢ ¢��ø Â�Æõ u� v° � �Â � � � E(H) ø V (H) ù� ðÂ û ,Ý � þ� ð G é�Â ð 22é�Â ðÂ þ¥ �¤ H é�Â ð 9.1.1 ÓþÂã�.À�ª�� E(G) ø V (G) ¥� üþ�û�ä�Þ¹õÂþ¥Çþ�Þ÷ G1 [G2 ¢�Þ÷ �� �¤ �ûö� 23 á�Þµ�� ,À�ª�� é�Âð ø¢ G2 ø G1 ù�ðÂû 10.1.1 ÓþÂã�.´¨� E(G1) [E(G2) ö� ý�ûñ�þ �ä�Þ¹õ ø V (G1) [ V (G2) ö� §��¤ �ä�Þ¹õ �î Ý�û¢üõ�� �¤ ö� §��¤ �ä�Þ¹õ ö��µ� ù�ðÂû ,Ý�þ�ð 24üÈ¿�ø¢ �¤ G = (V;E) é�Âð 11.1.1 ÓþÂã�é�Âð .À÷Â�ð ¤�Âì ý�þ�Þµõ ý�û¥�Âê� ¤¢ ñ�þ Âû üþ�úµ÷� §��¤ �î ¢Âî ¥�Âê� ö��� ��¹õ �ä�Þ¹õ ø¢Subdivide17Mat
hing18Saturated19Perfe
t20Conne
ted21Subgraph22Union23Bipartite243



é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêV ¥� üþ�û¥�Âê� Y ø X ö� ¤¢ �î À�û¢üõ Çþ�Þ÷ ��÷ (X;Y;E) üþ�� �¨ �¤�¬ �� �¤ G üÈ¿�ø¢.À�ª��üõÛõ�î üÈ¿�ø¢ é�Âð ×þ �¤ üÈ¿�ø¢ é�Âð ù�ðö� ,Àª�� Y §�b¤ Âû �� ¤ø�¹õ X §�b¤ Âû Âð�.À�û¢üõ Çþ�Þ÷ Km;n ¢�Þ÷ �� �¤ Û¬�� üÈ¿�ø¢ é�Âð ,jY j = n ø jXj = m ù�ðÂû .À�þ�ðü þ� ¨ø¢ ý� û´ ª� Ú ÷ ù� ðÂ û Ý � þ� ð 25 ´¿ þÂ Ø þ �¤ H ø G é�Â ð ø¢ 12.1.1 ÓþÂã�¥� e ñ�þ ýø¤ G é�Âð ¥� v §�b¤ �î À�ª�� ¢���õ ö��� � : E(G)! E(H) ø  : V (G)! V (H)G �= H ¢�Þ÷ �� �¤ H ø G´¿þÂØþ é�Âð ø¢ .Àª�� �(e) ñ�þ ýø¤  (v) Âð� �ú��øÂð� ,Àª�� G é�Âð.Ý�û¢üõ Çþ�Þ÷×þ ,À�ª�� ùÀª Û¬ø Ýû �� Â�Æõ ×þ �� �fÖ�ì¢ ö� §�b¤ ø¢ Âû �î �¤ üê�Âð 13.1.1 ÓþÂã�.Ý�þ�ðüõ 26´¡¤¢27 Û� ,Àû¢üõ Çþ��ê� �¤ é�Âð À�±Þû ý�û�Ôó�b õ ¢�Àã� ö� éÁ� �î üó�þ 14.1.1 ÓþÂã�.Àª�±÷ ý¤ø¢ º�û ¤¢ ñ�ÞÈõ Âð� �ú��øÂð� ,´¨� Û� ñ�þ ×þ ÂÚþ¢ �¤�±ä �� .Ý�þ�ðüõ.À�þ�ð Gé�Âð 28�Ôó�bõ×þ �¤ G é�Âð ñ�Þ�Æî�õ À�±Þû é�ÂðÂþ¥ Âû 15.1.1 ÓþÂã��ûö� éÁ� �� �î ´¨� �û§�b¤ ¥� ý��ä�Þ¹õ ,G é�Âð 29ü¨�b¤ ©Â�×þ 16.1.1 ÓþÂã�.À��þüõ Çþ��ê� G é�Âð ý�û�Ôó�bõ ¢�Àã�Isomorphi
25Tree26Bridge27Component28Vertex 
ut294



é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
¥� üªÂ� §�b¤ ×þ ,v �¤�¬ ßþ� ¤¢ ,Àª�� v Û·õ §�b¤ ×þ �ú�� Ûõ�ª X ü¨�b¤ ©Â� ù�ðÂû.¢�ªüõ ùÀ�õ�÷ G é�Âð.¢¤�À÷ üªÂ� §�b¤ �î ´¨� ñ�Þ�Æî�õ À�±Þû é�ÂðÂþ¥ 30í�Ü� 17.1.1 ÓþÂã�.Àª�� §�b¤ k Ûì�À� ý�¤�¢ G ü¨�b¤ ©Â� Âû ù�ðÂû ´¨� À�±Þû-k ,Gé�Âð 18.1.1 ÓþÂã�:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ Çþ�Þ÷ K(G) �� �¤ Gé�Âð ýÀ�±ÞûK(G) = minfk : ´¨� À�±Þû-k ,Gg¤¢ �¤ G ö��µ� ù�ðÂû ´¨� 31¼ÎÆõ�þ �½Ô¬ ¤¢ öÀ÷�È÷ Û��ì G é�Âð ×þ 19.1.1 ÓþÂã�©ø¤ ßþ� .À��Ø÷ âÎì §�b¤ ¥� Â�è ý��ÎÖ÷ ¤¢ �¤ ÂÚþÀØþ G ñ�þ ø¢ º�û �î ¢Âî Ý�¨Â� ý¤�Ï �½Ô¬.À�þ�ð Gé�Âð ¼ÎÆõ öÀ÷�È÷ �þ G ý��½Ô¬Çþ�Þ÷ �¤ Gé�Âð ö¢Âî Ý¨¤°Üè� .¢�ª üÖÜ� G �� ´¿þÂØþ üê�Âð ö���ä �� À÷���üõ G ¼ÎÆõ é�Âð ¥� eG ¼ÎÆõ öÀ÷�È÷.Ý�þ�ðüõ ùÀª ¼ÎÆõ é�Âð ,G é�Âð ¥� eG ¼ÎÆõ öÀ÷�È÷ ��ù��¿ ó¢ ¤�Ï � � .Àª� � Gi é�Â ð ¥� ü ó� þ pi Ý � � î ­Âê ,i 2 f1;2g ý�Â � 20.1.1 ÓþÂã�G1 ¥� �¤ p1 Å³¨ .Ý�õ�÷üõ vi �¤ Çþ�úµ÷� ø ui �¤ ö� ý�Àµ�� ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ pi ý�Â� �¤ üµú�,Ý�õ�÷üõ u �¤ ÀþÀ� §�b¤ ø ù¢Âî Õ±Î�õ Ýû Â� �¤ u2 ø u1 §�b¤ ø¢ ,Ý��îüõ éÁ� G2 ¥� �¤ p2 ø¢�¹þ� ý�Â� .Ý��îüõ �ê�®� À�îüõ Û¬ø v2 �� �¤ v1 �î �¤ p ÀþÀ� ñ�þ ,32ýÂ¨ ñ�Ê�� ¢�¹þ� ý�Â�Blo
k30Planar31Series 
onne
tion325



é�Âð �þÂÑ÷ ¥� ü��õÀÖõ Óþ¤�ã� 1.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
ñ�þ ñ�� ,Ý�õ�÷üõ v �¤ ÀþÀ� §�b¤ ø ù¢Âî Õ±Î�õ Ýû Â� ��÷ �¤ v2 ø v1 §�b¤ ø¢ ,33ý¥��õ ñ�Ê���î üµó�� ¤¢ �� �� ßþ�Â���� .À�î Û¬ø Ýû �� �¤ v ø u§�b¤ ø¢ �î Ý��îüõ �ê�®� ý¤�Ï �¤ ÀþÀ�ø p1 ö¢Âî Õ±Î�õ �� ù¢�¨ �¤�¬ �� ö���üõ �¤ ý¥��õ ñ�Ê�� ,´¨� �ì�Ï ×þ p2 ø p1 ¥� üØþ �fÖ�ì¢.¢¤ø� ´¨¢ �� À�ª�� ´ú� ×þ ¤¢ ø¢Âû �î ý¤�Ï �� p2

u 1p 1 u 2p 2v 1p 11 v 22 2u uv 1 v 2p vp
21 2 1 21 2 1

G2ø G1 é�Âð ø¢ ¤¢ ý¥��õ ø ýÂ¨ ñ�Ê�� 1.1 ÛØªParallel 
onne
tion33
6



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1ÂµÈ�� ��ä�Ï� ý�Â� .Ý��îüõ �ÂÎõ �¤ ÀþøÂµõ �þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ììø Óþ¤�ã� ´ÞÆì ßþ� ¤¢.Àþ�Þ÷ �ã��Âõ [10℄ â�Âõ �� À÷���üõ ùÀ�÷��¡ �û ��±�� ������øüû��µõ �ä�Þ¹õ ×þ E ö� ¤¢ �î ´¨� M = (E;I) °�Âõ �ø¥ M 34ÀþøÂµõ 1.2.1 ÓþÂã�:À�î üõ ëÀ¬ Âþ¥ ¯Âª �¨ ¤¢ �î ´¨� E ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð I ø.; 2 I (I1.Y 2 I ù�ðö� ,Y � X ø X 2 I Âð� (I2� î ¢¤�¢ ¢� �ø x 2 X � Y À � ÷� õ ý� Ì ä ù� ðö� ,jXj > jY j ø Y 2 I ø X 2 I Â ð� (I3.Y [ fxg 2 I35���õ¥ �ä�Þ¹õ �¤ E ø E ýø¤ ÀþøÂµõ ×þ �¤ M ù�ðö� ,Àª�� ÀþøÂµõ ×þ M = (E;I) Âð�.À�þ�ðüõ ö�,Àª�� �µª�À÷ ¤�Âì I ¤¢ �î �¤ E �ä�Þ¹õÂþ¥ Âû ø M 36ÛÖµÆõ �ä�Þ¹õ×þ �¤ I �Ìä Âû.Ý�þ�ð M ¤ø¢ ×þ �¤ M ÀþøÂµõ ñ�Þ���õ �µÆ��ø �ä�Þ¹õ Âþ¥ Âû ø Ý�þ�ðüõ 37 �µÆ��ø �ä�Þ¹õ×þ.Ý�þ�ðüõ 38¢�¥� ÀþøÂµõ ,À÷� ÛÖµÆõ �û�ä�Þ¹õÂþ¥ ��Þ� ö� ¤¢ �î �¤ ýÀþøÂµõ ß��»ÞûMatroid34Ground set35Independent set36Dependent set37Free38
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ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêC �¤�¬ ßþ�¤¢ ,Àª�� E �ä�Þ¹õ ý�û�ä�Þ¹õÂþ¥ ¥� ý�ù¢��÷�¡ C Ý��î ­Âê 2.2.1 ��Ìì.À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ C Âð� �ú��øÂð� ´¨� E ýø¤ ÀþøÂµõ ×þ ý�û¤ø¢ ¥� ý��þ�¢Âð.; 62 C (C1.C1 = C2 ù�ðö� ,C2 � C1 ø C2 2 C , C1 2 C Âð� (C2�î ý¤�Ï�� ¢¤�¢ ¢��ø C3 2 C ù�ðö� ,e 2 C1 \ C2 ø C1 6= C2 ø C2 2 C ø C1 2 C Âð� (C3.C3 � (C1 [ C2)� e.Ý�þ�ð ¤ø¢ éÁ� Û¬� C3 ¯Âª ��� .¢�ª �ã��Âõ [ 5.1.1 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ��Ìä n �� ý¤ø¢ ß��»Þû .Ý�þ�ð M ÀþøÂµõ �ì�Ï ×þ �¤ M ÀþøÂµõ ¥� ý�Ìä ×þ ¤ø¢ ×þ.Ý�þ�ð M ¤ø¢-n×þ �¤ M ÀþøÂµõ ¥�ü þ� ¨ø¢ ´ ª� Ú ÷ Â ð� ,Ý � þ� ðü õ 39´ ¿ þÂ Ø þ �¤ N ø M À þøÂ µ õ ø¢ 3.2.1 ÓþÂã�Âð� �ú��øÂð� ,Àª�� ÛÖµÆõM ¤¢ X � E(M) �î ý¤�Ï �� Àª�� �µª�¢ ¢��ø F : E(M) ! E(N).Àª�� ÛÖµÆõ N ¤¢ F (X)Àª�� Âþ¥ ÅþÂ��õ A Ý��î ­Âê 4.2.1 ñ�·õA = �1 0 0 1 10 1 0 0 1�­Âê � � �¤�¬ ß þ� ¤¢ .À ÷�ùÀ ª ý¤�Á ð�� ÷ 5,4,3,2,1 ²� ¥� ° � �Â � � � � ûö� µ ¨ ö� ¤¢ � îI = f;; f1g; f2g; f4g; f5g; f1;2g; f1;5g; f2;4g; f2;5g; f4;5gg ø E = f1;2;3;4;5gIsomorphi
398



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
ü÷�µ¨ ý�û¤�¢Â� ¥� üÎ¡ ÛÖµÆõ ý�û�ä�Þ¹õÂþ¥ üõ�Þ� I ý�Ìä� .Àª��üõ ÀþøÂµõ ×þ (E;I).Ý�û¢üõ Çþ�Þ÷ M [A℄ �� ø Ý�þ�ð 40ý¤�¢Â� ÀþøÂµõ×þ �¤ ��� ÀþøÂµõ .À�ª��üõ AÅþÂ��õý�û�ä�Þ¹õ �þ�¢Âð �¤ I �ä�Þ¹õ .E = E(G) ø Àª�� é�Âð ×þ G Ý��î ­Âê 5.2.1 ÓþÂã�.´¨� ÀþøÂµõ ×þ (E;I) �¤�¬ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ G ¤ø¢ü� ý�ûé�ÂðÂþ¥ üõ�Þ� ý�ûñ�þ.Ý�û¢üõ Çþ�Þ÷ M(G) ¢�Þ÷ �� ø Ý�þ�ð G é�Âð 41ý¤ø¢ ÀþøÂµõ �¤ ÀþøÂµõ ßþ�,Àª�� Âþ¥ ÛØª é�Âð G Ý��î ­Âê 6.2.1 ñ�·õ

e 2

e

e

e
e1

4

5

3

GG2.1 ÛØªø E = fe1; e2; e3; e4; e5g Ýþ¤�¢ G ý�Â� �¤�¬ ßþ�¤¢I = f;; fe1g; fe2g; fe4g; fe5g; fe1; e2g; fe1; e5g; fe2; e4g; fe2; e5g; fe4; e5ggC = ffe3g; fe1; e4g; fe1; e2; e5g; fe2; e4; e5gg øVe
tor matroid40Cy
le matroid41
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ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý�þ�ð 42×�ê�Âð ÀþøÂµõ ,Àª�� ý¤ø¢ ÀþøÂµõ ×þ �� ´¿þÂØþ �î �¤ ýÀþøÂµõ 7.2.1 ÓþÂã�ý�û�þ�� .Ý�õ�÷üõ M 43 �þ��×þ �¤ M ÀþøÂµõ ñ�Þ�Æî�õ ÛÖµÆõ �ä�Þ¹õ Âû 8.2.1 ÓþÂã�.Ý�û¢üõ Çþ�Þ÷ B �þ B(M) ¢�Þ÷ �� �¤ M ÀþøÂµõ.jB1j = jB2j ù�ðö� ,À�ª�� M ÀþøÂµõ �þ�� ø¢ B2 ø B1 Âð� 9.2.1 Ýó� .¢�ª �ã��Âõ [1.2.1 Ýó [10℄ ℄ �� : ö�ûÂ�Çþ�û�þ�� Í¨�� �¤ ö� ö���üõ ,¢Âî ß��ã� Çþ�û¤ø¢ Í¨�� �¤ ÀþøÂµõ Âû ö���üõ �î ¤�Ï ö�Þû:¢Âî ö��� Âþ¥ ��Ìì Õ��Îõ ��÷ø¢ ¤¢ �î Àª�� E ý�û�ä�Þ¹õÂþ¥ ¥� ý��þ�¢Âð B ø �ä�Þ¹õ ×þ E Ý��î ­Âê 10.2.1 ��Ìì:À�îüõ ëÀ¬ Âþ¥ ¯Âª.B 6= ; (B1)ý¤�Ï �� ¢¤�¢ ¢��ø y 2 B2 � B1 À�÷�õ ý�Ìä ù�ðö� ,x 2 B1 � B2 ø B1; B2 2 B Âð� (B2).(B1 � x) [ y 2 B �î�¤�¬ ßþ� ¤¢ .À÷Â�ðüõ ý�� B �Ìä ×þ ¤¢ �î ´¨� E ý�û�ä�Þ¹õÂþ¥ ö� �þ�¢Âð I Ý��î ­Âê.´¨� ö� ý�û�þ�� �þ�¢Âð B �î ´¨� ÀþøÂµõ ×þ (E;I)� .¢�ª �ã��Âõ [ 3.2.1 ��Ìì [10℄ ℄ �� : ö�ûÂ�Graphi
 matroid42Base43
10



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêß� �� �¤ X � ± �¤ .Àª� � X � E ø À þøÂ µ õ ×þ M = (E;I) Ý� � î ­Âê 11.2.1 ÓþÂã�:Ý��îüõ ÓþÂã�r(X) =MaxfjAj : A � X ;A 2 Ig :Ýþ¤�¢ �¤ Âþ¥ ��Ìì ø Ýó ,ë�ê �±�¤ â��� ý�Â�Âþ¥ Íþ�Âª ¤¢ �î ´¨� üã��� r : 2E ! N [ f0g ø �ä�Þ¹õ ×þ E Ý��î ­Âê 12.2.1 Ýó:À�îüõ ëÀ¬.0 � r(X) � jXj ù�ðö� ,X � E Âð� (R1).r(X) � r(Y ) ù�ðö� ,X � Y � E Âð� (R2).r(X [ Y ) + r(X \ Y ) � r(X) + r(Y ) ù�ðö� ,À�ª�� E ¥� �ä�Þ¹õÂþ¥ ø¢ Y ø X Âð� (R3)×þ (E;I) �¤�¬ ßþ� ¤¢ .r(X) = jXj �î ´¨� E ¥� X ý�û�ä�Þ¹õÂþ¥ �þ�¢Âð I Ý��î ­Âê.Àª��üõ ö� 44�±�¤ â��� r �î ´¨� ÀþøÂµõ� .¢�ª �ã��Âõ [ 1.3.1 Ýó [10℄℄ �� : ö�ûÂ��¤�¬ ßþ�¤¢ .X � E(M) ø Àª�� r �±�¤ â��� �� ÀþøÂµõ ×þ M Ý��î ­Âê 13.2.1 ��Ìì:À÷¤�ÂìÂ� Âþ¥ Í��ø ¤. r(X) =j X j Âð� �ú��øÂð� ´¨� ÛÖµÆõ X (Óó�). jXj = r(X) = r(M) Âð� �ú��øÂð� ´¨� �þ�� ×þ X (�):Ý�ª�� �µª�¢ x 2 X Âû ý�Â� ø ù¢�� üú�Â�è X Âð� �ú��øÂð� ´¨� ¤ø¢ ×þ X (�)Rank4411



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêr(X � x) = jXj � 1 = r(X):� .¢�ª �ã��Âõ [ 5.3.1 ��Ìì [10℄℄ �� : ö�ûÂ�â��� .Àª�� r �±�¤ â��� �� E ýø¤ ÀþøÂµõ ×þ M Ý��î ­Âê 14.2.1 ÓþÂã�
l : 2E ! 2E �bÎ��® ��8 X � E ; 
l(X) = fx 2 E : r(X [ x) = r(X)g:ö¢ø�ê� �î ¢�ªüõ Û¬�� X �� üþ�Ìä� ö¢ø�ê� ¥� X ¤�µÆ� ÂÚþ¢ �¤�±ä �� .Ý�þ�ð 45¤�µÆ� ÂÚÜÞä �¤.ÀûÀ÷ Â��ç� �¤ X �±�¤ �ûö�ßþ� ¤¢ .Àª�� â�� � ×þ 
l : 2E ! 2E ø üú� Â�è �ä�Þ¹õ×þ E Ý��î ­Âê 15.2.1 ÝóÂþ¥ Íþ�Âª ¤¢ ´¨� ßþ� ,Àª�� ÀþøÂµõ ×þ ¤�µÆ� ÂÚÜÞä 
l �î ßþ� ý�Â� üê�îø �¥� ¯Âª �¤�¬:À�î ëÀ¬.X � 
l(X) ù�ðö� ,X � E Âð� (
l1).
l(X) � 
l(Y ) ù�ðö� ,X � Y � E Âð� (
l2).
l(
l(X)) = 
l(X) ù�ðö� ,X � E Âð� (
l3).x 2 
l(X [ y) ù�ð ö� , y 2 
l(X [ x)� 
l(X) ø x 2 E ,X � E Âð� (
l4)� .¢�ª �ã��Âõ [ 2.4.1 Ýó [10℄ ℄ �� : ö�ûÂ�Closure Operator4512



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêù�ðö� ,x 2 E ø X � E Âð� 16.2.1 Ýór(X) � r(X [ x) � r(X) + 1:� .¢�ª �ã��Âõ [ 3.4.1 Ýó [10℄ ℄ �� : ö�ûÂ�M ¤¢ X ¤�µÆ� �¤ 
l(X) .X � E(M) ø Àª�� ÀþøÂµõ ×þ M Ý��î ­Âê 17.2.1 ÓþÂã�46´Üê×þ �þ �µÆ� �ä�Þ¹õ×þ �¤ X ù�ð ö� ,
l(X) = X Âð� .Ý�û¢üõ Çþ�Þ÷ �X �� ø ùÀ�õ�÷.Ý�þ�ð.Ý�õ�÷üõ 47Í¡×þ �õ�÷ö�þ�� ßþ� ¤¢ �¤ ø¢ �±�¤ ¥� ´Üê ×þ 18.2.1 ÓþÂã�ù� ðÂ û ,Ý � þ� ð 48Â � ð�Â ê � ä� Þ ¹ õ × þ �¤ E(M) ¥� X � ä� Þ ¹ õÂ þ¥ 19.2.1 ÓþÂã�(.À�îüõ À�ó�� �¤ M ,X Ý�þ�ðüõ ÂÚþ¢ �¤�±ä ��) .
l(X) = E(M)Y ,X Ý�þ�ð ,
l(X) = Y Ý�ª�� �µª�¢ E(M) ¥� Y ø X ý�û�ä�Þ¹õÂþ¥ ý�Â� ù�ðÂû ß��»Þû.À�þ�ðüõ ��÷ M ¤¢ X â�¨�� �¤ Y ´ó�� ßþ� ¤¢ .À�îüõ À�ó�� �¤Ý��î üõ ÓþÂã� .Àª�� ö� ý�û�þ�� �þ�¢Âð B ø ù¢�� ÀþøÂµõ ×þ M Ý��î ­Âê 20.2.1 ��Ììßþ� .Àª��üõ E ýø¤ ÀþøÂµõ ×þ ý�û�þ�� �þ�¢Âð B� �¤�¬ ßþ�¤¢ .B� = fX : E �X 2 Bg.Ý�õ�÷üõ M ÀþøÂµõ 49 ö�ðø¢ �¤ ö� ø ù¢�¢ Çþ�Þ÷ M� �� �¤ ÀþøÂµõ� . ¢�ª �ã��Âõ [ 1.1.2 ��Ìì [10℄ ℄ �� : ö�ûÂ�Flat46Line47Spanning48Dual4913



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý�þ�ðüõM ÀþøÂµõ ý�û51¤ø¢Ýû ø �û50�þ��Ýû°��Â� �� �¤ M� ÀþøÂµõ ý�û¤ø¢ ø �û�þ��:À÷¤�ÂìÂ� Âþ¥ Í��ø ¤ M ÀþøÂµõ ö�ðø¢ ý�Â�B�(M) = B(M�) ; (M�)� =M.r(M) + r�(M) = jE(M)j �î ý¤�Ï �� Ý�û¢üõ Çþ�Þ÷ r� �� �¤ M� ÀþøÂµõ �±�¤ â��� ß��»Þû.Ý�þ�ð üõ ��÷ M �±�¤ -Ýû â��� �¤ r� â���ø X � E(M) ø ÀþøÂµõ ×þ M = (E;I) Ý��î ­Âê 21.2.1 ÓþÂã�I 0 = f Y � E(M)�X : Y 2 I(M)gö� ø Ý�û¢üõ Çþ�Þ÷MnX �� �¤ ÀþøÂµõ ßþ� .´¨� ÀþøÂµõ ×þ (E �X; I 0) �¤�¬ ßþ�¤¢ ,Àª��.Ý�õ�÷üõ X 52éÁ� M �¤ýø¤ �� M 53ÀþÀ½� �¤ ö� ø Ý�û¢ üõ Çþ�Þ÷ M jY �� �¤ ÀþøÂµõ ßþ� ,Y = E(M) �X Âð�.Ý�õ�÷üõ YX 54­�±Ö÷� .Àª�� X � E(M)ø ÀþøÂµõ ×þ M = (E;I) �î Ý��î ­Âê 22.2.1 ÓþÂã�.M=X = (M�nX)� :Ý��îüõ ÓþÂã� ø Ý�û¢üõ ö�È÷ M=X �� �¤ M ¤¢Cobase50Co
y
le51Deletion52Restri
tion53Contra
tion54
14



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêý��ó�±÷¢ �Ü�¨ø �� �î ýÀþøÂµõ .Àª�� ÀþøÂµõ ×þ M = (E;I) Ý��î ­Âê 23.2.1 ÓþÂã�55¤� � �õ ×þ �¤ ¢�ªüõ Û¬�� M ¤¢ E(M) ¥� üþ�û�ä�Þ¹õÂ þ¥ ýø¤ �û­�±Ö ÷� ø �ûéÁ� ¥�.Ý�õ�÷üõ M ÀþøÂµõü�ãþ ,Àª�� M� ¤���õ ×þ N� Âð� �ú��øÂð� ´¨� M ¤���õ ×þ N ß��»ÞûN� =M�nX=Y , N =MnX=YÝ��î ­Âê ,M ÀþøÂµõ ¥� e �Ìä Âû ý�Â� .Àª�� ÀþøÂµõ ×þ M Ý��î ­Âê 24.2.1 ÓþÂã�
(e) = feg [ ff : .Àª�� �µª�¢ f ø e �Ìä ø¢ Âû Ûõ�ª ý¤ø¢ Mg.e 2 
(f) Âð� �ú��øÂð� e
f Ý��îüõ ÓþÂã� ñ��.´¨� E(M) ýø¤ ý¥¤� Ýû �Î��¤ ×þ 
 �Î��¤ 25.2.1 ��Ìì� .¢�ª �ã��Âõ [ 2.1.4 ��Ìì [10℄ ℄ �� : ö�ûÂ�¥� t �Ìä Âû ý�Â� ù�ðö� ,Àª�� ý¥¤� Ýû §�î-
 ×þ T ø T � E(M) Âð� 26.2.1 �¹�µ÷.
(t) = T ,Ýþ¤�¢ T� .¢�ª �ã��Âõ [ 3.1.4 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�ø �ì�Ï Âû �î ´¨� üúþÀ� .Ý�þ�ðM À�±Þû ý�û�Ôó�bõ �¤ 
 �Î��¤ ´½� ý¥¤� Ýû ý�û§�î.À�ª��üõ M À�±Þû ý�û�Ôó�bõ ,M �ì�Ï Ýû Âû ��÷M �¤�¬ ßþ� Â�è ¤¢ .Ý�þ�ð À�±Þû �¤ M ÀþøÂµõ ù�ðö� ,Àª�� M �Ôó�b õ �ú�� E(M) Âð�.´¨� À�±Þû�÷Minor5515



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê�¤�¬ �� X ù�ðÂû Ý�þ�ð 56¥�¨�À� ×þ �¤ M ÀþøÂµõ ¥� X �ä�Þ¹õÂþ¥ 27.2.1 ÓþÂã�.Àª�� M ý�û�Ôó�bõ ¥� üä�Þµ��Â�è ¥�¨�À� ×þ �¤ M ÂÚþ¢ ¥�¨�À� Âû ø À�µÆûM üúþÀ� ¥�¨�À� ø¢ E(M) ø üú� �ä�Þ¹õ.Ý�þ�ð üúþÀ�.´¨� M ¥�¨�À� ×þ ��÷ E �X ù�ðö� ,Àª�� M ¥�¨�À� ×þ X Âð� �î ´¨� üúþÀ�.Àª�� E(M) ü�ãþM ÀþøÂµõ ���õ¥ �ä�Þ¹õ ¥� ý��ä�Þ¹õÂþ¥ T Ý��î ­Âê 28.2.1 ��Ìì.r(T ) + r(E � T )� r(M) = 0 Âð� �ú��øÂð� ´¨� M ¥�¨�À� ×þ T �¤�¬ ßþ�¤¢� .¢�ª �ã��Âõ [ 1.2.4 ��Ìì [10℄ ℄ �� : ö�ûÂ�T Âð� �ú��øÂð�MnT =M=T ù�ðö� ,Àª��M ÀþøÂµõ ¥� ý��ä�Þ¹õÂþ¥ T Âð� 29.2.1 ��Ìì.Àª�� M ¥�¨�À� ×þ� .¢�ª �ã��Âõ [ 4.2.4 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�.Àª�� À�±Þû M� Âð� �ú��øÂð� ´¨� À�±Þû M 30.2.1 �¹�µ÷� .¢�ª �ã��Âõ [ 8.2.4 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�ý¤ø¢Ýû ý�¤�¢M ù�ðö� ,À�ª�� M ÀþøÂµõ ¥� C ¤ø¢ �þ�Þµõ �Ìä ø¢ y ø x Âð� 31.2.1 ��Ìì.C \ C� = fx; yg �î ´¨� C� Û·õ� .¢�ª �ã��Âõ [ 9.2.4 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�Separator5616



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê. jC \ C�j 6= 1 ù�ðö� ,À�ª�� M¤ø¢Ýû ×þ C� ø ¤ø¢ ×þ C Âð� 32.2.1 ��Ìì� .¢�ª �ã��Âõ [ 11.1.2 ��Ìì [10℄ ℄ �� : ö�ûÂ�.Ý�õ�÷üõ 57Àõ�ã� �õ�÷ö�þ�� ßþ� ¤¢ �¤ Û±ì ��Ìì ´�¬�¡m ý�û�ä�Þ¹õ Âþ¥ ��Þ� �þ�¢Âð B ø ý�Ìä n �b ä�Þ¹õ ×þ E Ý��î ­Âê 33.2.1 ÓþÂã�.´¨� E ýø¤ ÀþøÂµõ ×þ ý�û�þ�� �þ�¢Âð B �¤�¬ ßþ�¤¢ .n � m � 0 ö� ¤¢ �î Àª�� E ý�Ìä.Ý�õ�÷üõ 58´¡���Øþ ÀþøÂµõ �¤ ö� ø ù¢�¢ Çþ�Þ÷ Um;n �� �¤ ÀþøÂµõ ßþ�.U�m;n = Un�m;n �î ´¨� üúþÀ��î �¤ M ÀþøÂµõ ¥� ´Üê ×þ .Àª�� ÀþøÂµõ ×þ M = (E;I) �î Ý��î ­Âê 34.2.1 ÓþÂã�.Ý�õ�÷üõ ö� ¥� 59�½Ô¬Â��×þ ,Àª�� r(M)� 1 �±�¤ ¥�ß�ä ¤¢ ø ¤ø¢ ×þ �î Àª�� E �ä�Þ¹õÂþ¥ X ø ÀþøÂµõ ×þ M Ý��î ­Âê 35.2.1 ��Ììý�û�þ�� �þ�¢Âð B0 �¤�¬ ßþ�¤¢ .B0 = B(M) [ fXg Ý��î ­Âê .´¨� M �½Ô¬Â�� ×þ ñ��ùø�ä �� .´¨� E(M) ýø¤M 0 ÀþøÂµõC(M 0) = (C(M)� fXg) [ fX [ e : e 2 E(M)�Xg:.´¨� ùÀõ� ´¨¢��M ÀþøÂµõ ¥� X �½Ô¬Â�� -¤ø¢ 60 ÇÜû�ø �Ü�¨ø �� M 0 ÀþøÂµõ Ý�þ�ð� .¢�ª �ã��Âõ [ 7.1.2 ��Ìì [10℄ ℄ �� : ö�ûÂ�Orthogonality57Uniform matroid58Hyperplane59Relaxing6017



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê�ø¥ ×þ �¤ (X;Y ) �ø¥ .À � ª� � M À þøÂ µ õ ´Ü ê ø¢ Y ø X Ý � � î ­Â ê 36.2.1 ÓþÂã�.r(X) + r(Y ) = r(X [ Y ) + r(X \ Y ) ù�ðÂû Ý�þ�ð 61¤�øÀõ,M ÀþøÂµõ ¥� Y ù��¿ó¢ ´Üê Âû ý�Â� �îý¤�Ï�� Àª�� M ÀþøÂµõ ¥� ´Üê ×þ Z Âð� ß��»Þû.Ý�þ�ðüõ M ÀþøÂµõ ¥� 62¤�øÀõ ´Üê×þ �¤ Z ù�ðö� ,Àª�� M ¥� ¤�øÀõ �ø¥ ×þ (Z; Y )ý� û� ä� Þ ¹ õ ýø¤ ü þ� ûÀ þøÂ µ õ ° � �Â � � � M2 ø M1 Ý � � î ­Â ê 37.2.1 ��Ììø E = E1 [ E2 Ý � � î ­Â ê .E1 \ E2 = ; � îý¤� Ï� � À � ª� � E2 ø E1 Ý û ¥� �À �ßþ� .´¨� À þøÂ µ õ ×þ (E;I) �¤�¬ßþ�¤¢ .I = fI1 [ I2 : I1 2 I(M1) ; I2 2 I(M2)g.Ý�û¢üõ Çþ�Þ÷ M1 �M2 �� ø Ý�þ�ð M2 ø M1 ÀþøÂµõ ø¢ 63Ý�ÖµÆõ âÞ� �¤ ÀþøÂµõ� .¢�ª �ã��Âõ [ 12.2.4 ��Ìì [10℄ ℄ �� : ö�ûÂ�: Ýþ¤�¢ ß��»ÞûB(M1�M2) = fB1[B2 : ´¨�M2 �þ�� ×þ B2 øM1 �þ�� ×þ B1 g :
C(M1 �M2) = fC1 [ C2 : ´¨� Mi ÀþøÂµõ ý�û¤ø¢ �þ�¢Âð Ci ,i 2 f1;2g ý�Â� g:rM1�M2(X) = rM1(X \E1) + rM2(X \E2) :ø E1 Ýû ¥� �À� �ä�Þ¹õ ø¢ ýø¤ ù��¿ó¢ ÀþøÂµõ ø¢ M2 ø M1 �î Ý��î ­Âê 38.2.1 ��Ìì.�ì�ÏÝû �÷ ø À÷��ì�Ï �÷ �î À�ª�� M2 ø M1 ¥� üþ�Ìä� °��Â� �� p2 ø p1 Ý��î ­Âê .À�ª�� E2Modular pair61Modular 
at62Dire
t sum6318



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêø E2 ¤¢ �÷ ø ´¨� E1 ¤¢ �÷ �î ´¨� ý�Ìä p Ý��î ­ÂêE = (E1 � p1) [ (E2 � p2) [ fpg: :Ý��îüõ ÓþÂã�Cs = C(M1np1) [ C(M2np2) [ f(C1 � p1) [ (C2 � p2) [ P : pi 2 Ci 2 C(Mi)g::Ýþ¤�¢ i 2 f1; 2g ý�Â�Cp = C(M1np1) [ f(C1 � p1) [ p : p1 2 C1 2 C(M1)g [ C(M2np2)[f(C2�p2)[p : p2 2 C2 2 C(M2)g[f(C1�p1)[(C2�p2) : pi 2 Ci 2 C(Mi)g:.À�µÆû E ýø¤ ÀþøÂµõ ×þ ý�û¤ø¢ �þ�¢Âð Cp ø Cs �¤�¬ ßþ�¤¢� .¢�ª �ã��Âõ [ 4.1.7 ��Ìì [10℄ ℄ �� : ö�ûÂ�À � ª� � Cp ø Cs ° � �Â �� � � ûö� ý� û¤ø¢ � ä� Þ ¹ õ � î �¤ E ýø¤ ý� ûÀ þøÂ µ õø S(M1;M2) Â � ù¢� ¨ �¤� ¬ � � � þ P ((M1; p1); (M2; p2)) ø S((M1; p1); (M2; p2)) � �ø¢ 65 ý¥��õ ñ�Ê�� ø 64 ýÂ¨ ñ�Ê�� °��Â� �� �¤ �ûÀþøÂµõ ßþ� ø Ý�û¢üõ Çþ�Þ÷ P (M1;M2)ø¢ ¥� P (M1;M2) ø S(M1;M2) ´Ö�Ö�¤¢ .Ý�þ�ð p2 ø p1 �þ�� ¯�Ö÷ �� ´±Æ÷ M2 ø M1 ÀþøÂµõ�Ìä ßþ� .¢�ªüõ Û¬�� ,À�îÂµÈõ �Ìä ×þ ¤¢ �ûö� ���õ¥ ý�û�ä�Þ¹õ �î M2 ø M1 ÀþøÂµõ.Ý�þ�ðüõ ñ�Ê�� �þ�� �ÎÖ÷ �¤ íÂµÈõSeries 
onne
tion64Parallel 
onne
tion6519



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê�¨ Ûì�À� �ûö� ¥� ×þ Âû �îý¤�Ï�� À�ª�� ÀþøÂµõ ø¢ N ø M Ý��î ­Âê 39.2.1 ÓþÂã�M ÀþøÂµõ ø¢ ¥� ��Àî º�û ý�Â� ¥�¨�À� ×þ fpg ø E(M) \E(N) = fpg Ý��î ­Âê ø À÷¤�¢ �Ìä¤�Ï �� �þ ø S(M;N)=p ¥� ´¨� �¤�±ä N ø M ÀþøÂµõ ø¢ ¥� M �2 N 66á�Þ¹õ-2 .Àª�±÷ N ø.M �2 N = N �2M �î ´¨� üúþÀ� .P (M;N)np ñ¢�ãõ.Ý�þ�ð ö� ý�û´ÞÆì �¤ N ø M ø á�Þ¹õ-2 �þ�� �ÎÖ÷ �¤ pö��� N À�÷�õ ýÀþøÂµõ ù�ðÂû ,Ý�þ�ð M ÀþøÂµõ 67´ÞÆì �¤�¡ �¤ Q ÀþøÂµõ 40.2.1 ÓþÂã�:Ý�ª�� �µª�¢ X À�÷�õ E(N) ¥� ý��ä�Þ¹õÂþ¥ ý�Â� �î Àª�� ¢���õM = NnX , Q = N=X.E(Q) = E(M) �î ´¨� ¼®�øE(M) ¥� (X;Y ) ¥�Âê� ,M ÀþøÂµõ ý�Â� .Àª�� üã�±Ï ¢Àä ×þ k Ý��î ­Âê 41.2.1 ÓþÂã�:Àª�� ¤�ÂìÂ� Âþ¥ ¯Âª ø¢ Âð� Ý�þ�ð 68ý¥�¨�À�-k ×þ �¤(1) minf jXj ; jY j g � k , (2) r(X) + r(Y )� r(M) � k � 1M ¥� 69ñ�Þ� � � õ ý¥�¨�À�-k ×þ �¤ (X;Y ) ù� ðö� ,Àû¢  ¤ ýø�Æ � (1) �Î��¤ ¤¢ Âð� (Óó�).Ý�þ�ð.Ý�þ�ð M ¥� 70 Õ�ì¢ ý¥�¨�À�-k ×þ �¤ (X;Y ) ù�ðö� ,Àû¢  ¤ ýø�Æ� (2) �Î��¤ ¤¢ Âð� (�)2-Sum66Quotient67k-Separation68Minimal k-separation69Exa
t k-separation7020



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý�þ�ð 72ùÀª�À�-k �þ 71ùÀ÷�ª�À�-k �¤ M ù�ðö� ,Àª�� ý¥�¨�À�-k ×þ ý�¤�¢ M Âð� (�)ÀþøÂµõ k 2 f1;2; :::; n � 1g Âû ý�Â� ù�ðÂû ´¨� À�±Þû-n ,M ÀþøÂµõ ,n � 2 Âû ý�¥� ��.Àª�� À�±Þû M Âð� �ú��øÂð� ´¨� À�±Þû-2 ,M ßþ�Â���� .Àª�� �µª�À÷ ý¥�¨�À�-k º�û Mý�Â� M ù�ðÂû .Ý�û¢üõ Çþ�Þ ÷ �(M) � � �¤ M ÀþøÂµõ ¥� �� � ýÀ�±Þû 42.2.1 ÓþÂã�:¥� ´¨� �¤�±ä M ¥� �(M) ýÀ�±Þû ,Àª�� ùÀª�À�-k ,k Âþ¢�Öõ ü¡Â�minfj : Àª�� ý¥�¨�À�-j ý�¤�¢ Mg.�(M) =1 Ý��îüõ ÓþÂã� �¤�¬ ßþ� Â�è¤¢Âð� �ú��øÂð� ´¨� À�±Þû-n ,M ÀþøÂµõ Ý�þ�ð ,Àª�� ×þ ¥� Âµð¤�� üã�±Ï ¢Àä n ù�ðÂû.�(M) � n.�(M) = �(M�) �¤�¬ ßþ� ¤¢ .Àª�� ÀþøÂµõ ×þ M Ý��î ­Âê 43.2.1 ��Ìì� .¢�ª �ã��Âõ [ 5.1.8 ��Ìì [10℄ ℄ �� : ö�ûÂ���÷ ø ¤ø¢ Âû ù�ðö� ,jE(M)j � 2(n� 1) ø Àª�� À�±Þû-n ,M ÀþøÂµõ Âð� 44.2.1 ��Ìì.´ª�¢ À�û��¡ �Ìä n Ûì�À� M ¤¢ ¤ø¢Ýû Âû� .¢�ª �ã��Âõ [ 6.1.8 ��Ìì [10℄ ℄ �� : ö�ûÂ�´¡���Øþ ÀþøÂµõ M ù�ðö� ,Àª�� üû��µõ�÷ ýÀ�±Þû ý�¤�¢ M ÀþøÂµõ Âð� 45.2.1 �¹�µ÷ùø�ä�� .´¨�k-Separable71k-Separated7221



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
�(Ur;n) = 8>>>>>>><>>>>>>>:

r + 1 n � 2r + 2 Âð�n� r + 1 n � 2r � 2 Âð�1 �¤�¬ßþ�Â�è¤¢
ø Àª� � M À� ±Þû-k ÀþøÂ µ õ ý�Â � ý¥�¨�À�-k ×þ (X;Y ) Ý� � î ­Âê 46.2.1 �¹�µ÷.´¨� M ÛÖµÆõ ¤ø¢Ýû ×þ �þ ø ÛÖµÆõÝû ¤ø¢ ×þ X �¤�¬ ßþ� ¤¢ .jXj = k Ý��î ­Âê� .¢�ª �ã��Âõ [ 11.1.8 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�¤¢ .¢¤�¢ �Ìä 2n� 1 Ûì�À� �î Àª�� À�±Þû-n ÀþøÂµõ ×þ M Ý��î ­Âê 47.2.1 ��Ìì.Àª�� M ¤ø¢Ýû ×þ ��÷ ø ¤ø¢ ×þ �î ¢¤�À÷ ý�Ìä-n �ä�Þ¹õÂþ¥ º�û M �¤�¬ ßþ�� .¢�ª �ã��Âõ [ 7.1.8 ��Ìì [10℄ ℄ �� : ö�ûÂ�ü¡Â � ý�Â � Â ð� � ú � �øÂ ð� ´Æ � ÷ À � ± Þ û-3 ,M À � ± Þ û-2 À þøÂ µ õ ×þ 48.2.1 ��ÌìM ¥� ùÂ¨ ¤���õ ×þ �� �ûö� ¥� ×þ Âû �î ý¤�Ï �� ,M = M1 �2M2 ,M2 ø M1 ý�ûÀþøÂµõ.À�µÆû ´¿þÂØþ� .¢�ª �ã��Âõ [ 1.3.8 ��Ìì [10℄ ℄ �� : ö�ûÂ�ßþ� ¤¢ .E(M1) \E(M2) = fpg �� À�ª�� üþ�ûÀþøÂµõ M2 ø M1 Ý��î ­Âê 49.2.1 ��Ìì: �¤�¬

22



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
(i) r(S(M1;M2)) = 8>>><>>>: r(M1) + r(M2)� 1 ,Àª�� M2 ø M1 ýø¢ Âû ¥� �ì�ÏÝû ×þ p Âð�r(M1) + r(M2) �¤�¬ßþ�Â�è¤¢
r(P (M1;M2)) = 8>>><>>>: r(M1) + r(M2) ,Àª�� M2 ø M1 ýø¢ Âû ¥� �ì�Ï ×þ p Âð�r(M1) + r(M2)� 1 �¤�¬ßþ�Â�è¤¢(ii) :�Áó Àª��M2 ¥� �ì�ÏÝû×þ øM1 ¥� �ì�Ï×þ p �î ßþ� ÂÚõM1 = S(M1;M2)=(E(M2)� p):�Áó Àª�� M2 ¥� �ì�Ï ×þ ø M1 ¥� �ì�ÏÝû ×þ p �î ßþ� ÂÚõM1 = P (M1;M2)n(E(M2)� p):(iii) S(M1;M2)np = (M1np)� (M2np)P (M1;M2)=p = (M1=p)� (M2=p) : ø(iv) S(M1;M2)=p = P (M1;M2)np :(v) ù�ðö� ,e 2 E(M1)� p Âð�S(M1;M2)ne = S(M1ne;M2) ; S(M1;M2)=e = S(M1=e;M2);P (M1;M2)ne = P (M1ne;M2) ; S(M1;M2)=e = p(M1=e;M2):� .¢�ª �ã��Âõ [ 15.1. 7��Ìì [10℄ ℄ �� : ö�ûÂ�,Àª�� E ¥� üþ��ä�Þ¹õ Âþ¥ Xø Àª�� ÀþøÂµõ ×þ M = (E;I) Ý��î ­Âê 50.2.1 ÓþÂã�Ûõ�ª ,Àª�� X �Ìä ×þ Ûõ�ª �î M ¤ø¢ Âû ù�ðÂû À�µÆûM ¥� üþ�û ýÂ¨ ¤¢ X ý�Ìä� Ý�þ�ð23



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêM ¤¢ ff; gg �î ý¤�Ï �� À�ª��M ÀþøÂµõ ¥� ýÂ¬��ä gø f ù�ðÂû ß��»Þû .Àª�� X ý�Ìä� �Þû.À�µÆû ý¥��õ M ¤¢ g ø f Â¬��ä Ý�þ�ð �¤�¬ ßþ� ¤¢ ,À�û¢üõ ¤ø¢ ×þ Û�ØÈ�¥� ý¥��õ �ã¨�� ×þ M ù�ðö� ,Àª�� M ¥� ¤ø¢-2 ×þ f ø Mnf = N Âð� 51.2.1 ÓþÂã�M ¥� ¤ø¢Ýû-2 ×þ f ø M=f = N Âð� ¤�Ï ß�Þû .´¨� M ¥� ý¥��õ éÁ� ×þ N ø ´¨� N.´¨� M ¥� ýÂ¨­�±Ö÷� N ø N ¥� ýÂ¨ �ã¨�� ,M ù�ðö� ,Àª��.Àª�� N� ¥� ýÂ¨ �ã¨�� ×þ M� Âð� �ú��øÂð� ´¨� N ¥� ý¥��õ �ã¨�� ×þ M ß��»Þûß��»Þû ,Ý�þ�ð 73ý¥��õ §�î �¤ ý¥��õ ý�Ìä� ¥� ñ�Þ�Æî�õ �ä�Þ¹õÂþ¥ 52.2.1 ÓþÂã�§�î×þ ,M ¥� ýÂ¨ §�î ×þ .Ý�þ�ð 74 ýÂ¨ §�î �¤ ýÂ¨ ý�Ìä� ¥� ñ�Þ�Æî�õ �ä�Þ¹õÂþ¥.Àª�� �Ìä ø¢ Ûì�À� Ûõ�ª ù�ðÂû ´¨� üúþÀ� Â�è ø ´¨� M� ¥� ý¥��õ¥� �Ìä �¨ �� ¤ø¢Ýû ×þ ø 75¶Ü·õ×þ �¤ M ÀþøÂµõ ¥� �Ìä �¨ �� ¤ø¢ ×þ 53.2.1 ÓþÂã�.Ý�õ�÷üõ 76üþ���¨×þ �¤ MN0 ¥� 77Â�¹÷¥-k×þ Nm,...,N1,N0 À�±Þû-k ý�ûÀþøÂµõ ¥� �ó�±÷¢ ×þ 54.2.1 ÓþÂã�Â�¹÷¥ ßþ� Ý�þ�ðüõ ,Àª�� i 2 f1;2; :::;mg ý�Â� Ni ¥� ¤���õ ×þ Ni�1 ù�ðÂû .Ý�õ�÷üõ Nm ��.´¨� t = maxf jE(Ni)j � jE(Ni�1)j g ñ�Ï ý�¤�¢.Ý�þ�ðüõ ù¢ÂÈê �¤ ×þ ñ�Ï �� üþ�ûÂ�¹÷¥ ß��»ÞûParallel 
lass73Series 
lass74Triangle75Triad76k-Chain7724



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� vn+1,...,v2,v1 §��¤ �� �¤ Wn é�Âð 55.2.1 ÓþÂã�ø ù¢�¢ ¤�Âì ùÂþ�¢ ×þ Í�½õ ýø¤ ö�Èþ�ûÅþÀ÷� °��Â� �� Ýû Â¨ ´È� �¤ vn,...,v2,v1 §��¤Û¬ø vn+1 �� ñ�þ ×þ �fÖ�ì¢ Í¨�� �¤ ÂÚþ¢ §��¤ ø Ý�û¢üõ ¤�Âì ùÂþ�¢ ßþ� �îÂõ ¤¢ �¤ vn+1 §�b¤Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� é�Âð ßþ� ý�ûñ�þ ¥� �¤ E2 ø E1 �ä�Þ¹õ ø¢ .Ý��îüõE1 = fe0i : e0i = vn+1vi ; 1 � i � ng øE2 = fei : ei = vivi+1 ; 1 � i � n� 1g [ fen = vnv1g´Èð ��÷ ø ´¨� é�Âð ßþ� ý�ûñ�þ �ä�Þ¹õ Â��Â� E1 [E2 �î ´¨� ¼®�øv1e1v2e2v3e3v4:::vnenvn+1n �± �¤ ¥� 78  Â�×þ �¤ Wn é�Âð ¥� Û¬�� ý¤ø¢ ÀþøÂµõ .¢�� Àû��¡ Wn é�Âð ¤¢ ¤ø¢ ×þWn é�Âð ý�ûñ�þ ÀþøÂµõ ßþ� ���õ¥ �ä�Þ¹õ ý�Ìä� .Ý�û¢üõ Çþ�Þ÷ M(Wn) �� �¤ ö� ø Ý�õ�÷üõßþ�Â���� .¢�� À�û��¡E(M(Wn)) = fe1; e2; e3; :::; en; e01; e02; e03; :::; e0ng�¤�¬ �� �¤ C �ä�Þ¹õ Âð�C = fe1; e2; e3; :::; engÇÜû�ø ¥� Û¬�� ÀþøÂµõ .¢�� Àû��¡ M(Wn) ¥� �½Ô¬Â��-¤ø¢ ×þ C ù�ðö� ,Ý��îüõ ÓþÂã�Wheel78
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ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê
.¢�¢ Ý�û��¡ Çþ�Þ÷ W n �� �¤ ö� ø ùÀ�õ�÷ n �±�¤ ¥� 79Ç¡Â�×þ �¤ M(Wn) ¤¢ C �½Ô¬Â��-¤ø¢.Àû¢üõ Çþ�Þ÷ �¤ Wn  Â� (3.1) ÛØª
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n3.1 ÛØªÓþÂã� ¤¢ �î üþ�û¢�Þ÷ ö�Þû �� �¤  Â� ßþ� ø Àª��  Â� ×þ M Ý��î ­Âê 56.2.1 ÓþÂã�¤¢ �î �¤ e0i �Ìä ,f1;2; :::; ng ¤¢ i Âû ý�Â� �¤�¬ ßþ�¤¢ .Ý��îüõ ý¤�Áð °Æ�Â� ,ùÀª ö��� Û±ì�Ìä ×þ ,¢¤�¢ ¤�Âì E2 �ä�Þ¹õ ¤¢ �î �¤ ei �Ìä ø M ÀþøÂµõ ¥� 80ùÂ�×þ ,¢¤�¢ ¤�Âì E1 �ä�Þ¹õWhirl79Spoke8026



ÀþøÂµõ �b þÂÑ÷ ¥� ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� 2.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý�þ�ðüõ M ÀþøÂµõ ¥� 81üÎ�½õ.´¨�ûüþ���¨ ø �û¶Ü·õ ¥� ý�ùÂ�¹÷¥ À�±Þû-3 ý�ûÀþøÂµõ �ãó�Îõ ¤¢ ü¨�¨� ¤�µ¡�¨ ×þM ÀþøÂµõ ���õ¥ �ä�Þ¹õ ý�Ìä� ¥� üú�Â�è ý�û�ä�Þ¹õÂþ¥ ¥� ü±��Â� Tk,...,T2,T1 Ý��î ­Âê,f1;2; :::; k �1g ¤¢ i Âû ý�Â� �îý¤�Ï�� ´¨� üþ���¨ ×þ �þ ¶Ü·õ ×þ �ûö� ¥� ×þ Âû �î À�ª��ø jTi \ Ti+1j = 2 (Óó�)ø (Ti+1 � Ti) \ (T1 [ T2 [ ::: [ Ti) = ; (�)üþ� ��¨ �ä�Þ¹õ ×þ ø ¶Ü·õ �ä�Þ¹õ ×þ Õ� ì¢ ¤�Ï � � fTi; Ti�1g �ä�Þ¹õ ¤¢ (�)Tk,...,T2,T1ý�û82À÷��� ��M ¥� Â�¹÷¥ ×þ ,Àª�� ��� Íþ�Âª ý�¤�¢ �î �¤ Tk,...,T2,T1�b ó�±÷¢ .´¨�.Ý�õ�÷üõÀ�÷�õ �þ�Þµõ �Ìä k + 2 ý�¤�¢ M ù�ðö� ,Àª�� M ÀþøÂµõ ¥� Â�¹÷¥ ×þ Tk,...,T2,T1Âð�ý�Â� .Ti = fai; ai+1; ai+2g Ýþ¤�¢ f1;2; :::; kg ¤¢ i Âû ý�Â� �îý¤�Ï �� ´¨� ak+2,...,a2,a1ø¢ ßþ� �î À÷¤�¢ ¤�Âì À÷��� ×þ ¤¢ ÍÖê �î À�µÆû Â�¹÷¥ ý�û�Ìä �ú�� ak+2 ø a1 ý�û�Ìä ,k � 2.Ý�õ�÷üõ Â�¹÷¥ üÜ¡�¢ ý�Ìä� �¤ ak+1,...,a3,a2 ø ,Ý�õ�÷üõ Â�¹÷¥ üþ�úµ÷� ý�Ìä� �¤ �ÌäÀª� � M À�±Þû-3 ÀþøÂµõ �� �õ¥ �ä�Þ¹õ ¥� ý¥�Â ê� (A;B) Ý��î ­Âê 57.2.1 ÓþÂã�ñ�Ï �� M ¥� üþ�ûüþ���¨ ø �û¶Ü·õ ¥� Â�¹÷¥ ×þ Tk,...,T2,T1 ø jBj � 2 ø jAj � 2 �îý¤�Ï��,À�ª�� B ¥� Â�¹÷¥ üþ�úµ÷� ý�Ìä� ø A ¥� Â�¹÷¥ üÜ¡�¢ ý�Ìä� �îý¤�Ï�� Àª�� À÷��� ø¢ Ûì�À�Rim81Link8227



á�®�õ �ÂÏ 3.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.Ý�õ�÷ üõ M ¥� 83ßê×þ �¤ Tk,...,T2,T1 Â�¹÷¥ �¤�¬ ßþ�¤¢ù� ðÂ û ,Ý � þ� ð 84F ö�À � õ ýø¤ Ç þ� Þ ÷ Û �� ì �¤ M = (E;I) À þøÂ µ õ 58.2.1 ÓþÂã�.´¨� F ö�À�õ ýø¤ ÅþÂ��õ ×þ A ö� ¤¢ �î M =M [A℄85 ü þø¢ø¢ � þ ýÂ � þ� � �¤ GF (2) ö�À � õ ýø¤ Ç þ� Þ ÷ Û �� ì ý� ûÀ þøÂ µ õ 59.2.1 ÓþÂã�.Ý�þ�ðüõ�îý¤�Ï�� À�ª�� ÀþøÂµõ ø¢ N ø M Ý��î ­Âê 60.2.1 ÓþÂã�E(M) \E(N) = � :ñ�Ê�� .Àª�� N ø M ÀþøÂµõ ø¢ Âû ¤¢ ¶Ü·õ ×þ � ø üþø¢ø¢ ý�ûÀþøÂµõ N ø M Ý��î ­Âêýø¤ ýÀþøÂ µ õ ö� ø ¢�¢ Ý �û��¡ ö�È ÷ P�(M;N) � � � ýø¤ �¤ N ø M 86� µ ê� þ Ý �Þã � ý¥�� õ�îý¤�Ï�� À�µÆû E(M) [ E(N) ¥� X ý�û�ä�Þ¹õÂþ¥ ö� ý�û´Üê �î ´¨� E(M) [ E(N).Àª�� N ¤¢ ´Üê ×þ X \E(N) ø M ¤¢ ´Üê ×þ X \E(M)á�®�õ �ÂÏ 3.1ßþ� °ó�Îõ ¥� ÂµÈ�� ø ´ª�¢ Ý�û��¡ [13℄ ø [10℄ ø [3℄ â���õ ýø¤ ý¢�þ¥ ��Ø� �õ�÷ö�þ�� ßþ� ¤¢â±�õ ¥� ��Ìì ×þ ö��� �� �Àµ�� �õ�÷ö�þ�� ßþ� üÜ¬� ��Ìì ��±�� ý�Â� ø ¢Âî Ý�û��¡ ù¢�Ôµ¨� â���õFan83F-representable84Binary85Generalized parallel 
onne
tion8628



á�®�õ �ÂÏ 3.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊê.¢¤�¢ ý�ùÀÞä ÇÖ÷ üÜ¬� ��Ìì ��±�� ¤¢ ��Ìì ßþ� �î Ýþ¥�¢Â�üõ [13℄:Ýþ¤ø�üõ �¤ Âþ¥ °ó�Îõ ��Ìì ö��� ¥� Û±ìéÁ� �¤ M ¥� üþ�Ìä� Ý�µÆû À�Þì�ä .Àª�� M À�±Þû-3 ÀþøÂµõ ¤���õ ×þ N Ý��î ­ÂêÂð� �î ¢�ªüõ �ÂÎõ ñ��¨ ßþ� ñ�� .Àª�� ö� ¤���õ ×þ N ø ù¢�� À�±Þû-3 Û¬�� ÀþøÂµõ �� Ý��î��� Û®�Ô� �þ� ùÄþø �� ?´Ôð ö��� üõ ý��� �� jE(M) �E(N)j ¢¤�õ ¤¢ ,Àª�±÷ üÜÞä ¤�î ßþ�¤¢ .´¨� ÂÔ¬ Â��Â� ��� Û®�Ô� ù�ðö� ,Àª�� À�±Þû-3 ÀþøÂµõ ×þ N Âð� ´¨� üúþÀ� ?¢¤�¢ ü÷�Âî¢��ø ,Àª�� À�±Þû ÀþøÂµõ ×þ N �î üµó�� ý�Â� üÖ�ì¢ ý��� ö�Âî �î Ý�û¢üõ ö�È÷ �õ�÷ö�þ�� ßþ�.¢¤�¢�¤ N ÀþøÂµõ ñ�� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ N À�±Þû ý�û�Ôó�b õ ¢�Àã� �¤ �1(N) ,N ÀþøÂµõ ý�Â�À�±Þû-3 ý�ûÀþøÂµõ ¥� �2(N) Û·õ ý��þ�¢Âð ¥� á�Þ¹õ-2 ø Ý�ÖµÆõ âÞ� ñ�Þä� Í¨�� Ý�÷���üõ¢Âê ��ÂÊ½�õ üµ¿þÂØþ ´½� �2(N) �î À÷�ù¢Âî ´��� [4℄ ¥À÷�õ¢� ø ��úÚ��÷�î .Ýþ¤ø� ´¨¢��.Àª�� �2(N) �þ�¢Âð ¤¢ �ûÀþøÂµõ ¢�Àã� �2(N) Ý��î ­Âê .´¨�×þ MÂð� .jE(N)j � 4 �îý¤�Ï�� Àª�� À�±Þû-3 ÀþøÂµõ ×þ N Ý��î ­Âê 1.3.1 ��Ìì:ù�ðö� ,¢¤�¢ ùÂ¨ ¤���õ ×þ ö���ä �� �¤ N �î Àª�� ñ�Þ���õ-¤���õ À�±Þû-3 ÀþøÂµõjE(M)j � jE(N)j � 3:� .¢�ª �ã��Âõ [ 1.2 ��Ìì [13℄ ℄ �� : ö�ûÂ�.´¨� �õ�÷ö�þ�� ßþ� üÜ¬� ��Ìì �î Ýþ¥�¢Â�üõ Âþ¥ ��Ìì ö��� �� ñ��29



á�®�õ �ÂÏ 3.1 ü��õÀÖõ Ý�û�Ôõ 1 ÛÊêÀ�±Þû-3 ÀþøÂµõ M ø üú� Â�è ÀþøÂµõ ×þ N Ý��î ­Âê ( üÜ¬� ��Ìì) 2.3.1 ��Ìì�¤�¬ ßþ�¤¢ ,¢¤�¢ ¤���õ ö���ä �� �¤ N �îý¤�Ï�� Àª�� ñ�Þ���õ-¤���õjE(M)j � jE(N)j � 22(�1(N)� 1) + 5(�2(N)� 1):
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2 ÛÊê
üµ¡¤¢ �þ�¹�

üÜ¬� ��Ìì ��±�� ¤¢ �î Ýþ¥�¢Â�üõ üµ¡¤¢ �þ�¹� ¥� ��Ìì À�� ��±�� ø ö��� �� �Àµ�� ÛÊê ßþ� ¤¢¥� �¤ T (M=e) ´¡¤¢ ö¢¤ø� ´¨¢�� ©ø¤ ÛÊê ö�þ�� ¤¢ .´ª�¢ Àû��¡ ý¢�þ¥ ¢Â�¤�î �õ�÷ö�þ�� ßþ�.Ý��îüõ ö��� T (M) ´¡¤¢�û��Ìì 1.2.´¨� ùÀª ´��� [4℄ ¤¢ ¥À÷�õ¢� ø ��úÚ��÷�î Í¨�� Âþ¥ ý�þ�Ìì¼�½¬ ¢Àä ü¡Â� ý�Â� �¤�¬ ßþ� ¤¢ .Àª�� À�±Þû ÀþøÂµõ ×þ M Ý��î ­Âê 1.1.2 ��Ììý�ûñ�þ �� T ü¨�b¤-k ´¡¤¢ ×þ ø Mk,...,M2,M1 À�±Þû-3 ý�ûÀþøÂµõ ¥� ý��ä�Þ¹õ ,k ´±·õ¢��ø Mk,...,M2,M1 � � ùÀª ý¤�Áð °Æ�Â� ý�û§�b¤ ø ek�1,...,e2,e1 � � ùÀª ý¤�Áð °Æ�Â��î ý¤�Ï�� ,¢¤�¢E(M1) [E(M2) [E(MK) = E(M) [ fe1; e2; :::; ek�1g (Óó�)
31



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
ù�ðö� ,À�îüõ Û¬ø Ýû �� �¤ Mj2 ø Mj1 ý�û§�b¤ �î Àª�� üó�þ ei Âð� (�)E(Mj1) \E(Mj2) = feigù�ðö� ,À�î Û¬ø Ýû �� �¤ Mj2 ø Mj1 ý�û§�b¤ �î Àª�� �µª�À÷ ¢��ø üó�þ Âð� (�)E(Mj1) \E(Mj2) = ;�� ø À�îüõ ý¤�Áð °Æ�Â� �¤ T=e1; e2; :::; ek�1 ´¡¤¢ §�b¤ �ú� � �î ´¨� ýÀþøÂµõ M (¢):¢�ªüõ Û¬�� Âþ¥ �¤�¬Ë±Ö�õ ei �î üµìø ,Ý��îüõË±Ö�õ T ¤¢ ×þ �� ×þ ø °��Â� �� �¤ ek�1,...,e2,e1 ý�ûñ�þÀþøÂµõ �� �¤ ë�±Î÷� ßþ� ¥� ùÀõ� ´¨¢ �� §�b¤ ø À÷�ªüõ Õ±Î�õ Ýû Â� ö� üþ�úµ÷� ý�û§�b¤ ¢�ªüõ.Ý��îüõ ý¤�Áð °Æ�Â� ei üþ�úµ÷� ý�û§�b¤ �� ÂÒ��µõ ý�ûÀþøÂµõ á�Þ¹õ-2 ¥� Û¬��ù¢�¢ Çþ�Þ ÷ 1.2(a) ÛØª ¤¢ �î Àª� � G é�Âð ý¤ø¢ À þøÂ µ õ M Ý� � î ­Âê 2.1.2 ñ�·õö� ¤¢ �î À�îüõ ëÀ¬ Û±ì ��Ìì ÝØ� ¤¢ 1.2(b) ÛØª ¤¢ T ´¡¤¢ �¤�¬ ßþ� ¤¢ .´¨� ùÀª.´Æ�÷ á�÷ ßþ� ¥� üµ¡¤¢ �ú�� T ñ�� Âû �� .À÷�ùÀª ù¢�¢ Çþ�Þ÷ 1.2(
) ÛØª ¤¢ G5,...,G2,G1ù¢�¢ Çþ�Þ÷ 1.2(d) ÛØª ¤¢ �î ü�¤�¬ �� G5 ø G4 ,G3 ¢À¹õ ý¤�Áð °Æ�Â� �� ��÷ T 0 ´¡¤¢.À�îüõ ëÀ¬ Û±ì ��Ìì ÝØ� ¤¢ ,´¨� ùÀª
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�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
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�� .´Æ�÷ ¢Âê ��ÂÊ½�õ Û±ì ��Ìì ¤¢ ùÀª ý¤�Áð °Æ�Â� ´¡¤¢ �î Àû¢üõ ö�È÷ Û±ì ñ�·õ��ÂÊ½�õ �þ�¹� ×þ Û±ì ��Ìì ¤¢ üîÀ÷� Â��ç� �� �î À÷¢�¢ ö�È÷ [4℄ ¤¢ ¥À÷�õ¢� ø ��úÚ��÷�î ,ñ�� ÂûÂ�è ,Ý��î �þ�¹� ù�¤ ×þ ¥� ÂµÈ�� �� �¤ ¤ø¢Ýû ×þ Ýþ¢�� ¤¢�ì Û±ì ñ�·õ ¤¢ ö�� .¢�ªüõ Û¬�� ¢Âê�þ�¹� ù�¤ ×þ ¥� ÂµÈ�� �� ö���üõ Ýû �¤ ¤ø¢ ×þ ,ö�ðø¢ ¥� ù¢�Ôµ¨� �� .´¨� ùÀõ� ¢��ø �� üþ�µØþ33



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊêùÀþ¢ �þ�¹� ¤¢ À�÷���üõ �û¤ø¢Ýû ø �û¤ø¢ �î üþ�ûù�¤ ö¢Âî ¢øÀ½õ �� ¥À÷�õ¢� ø ��úÚ��÷�î .¢Âî��Ìì ¤¢ T ´¡¤¢ �î À÷�ù¢Âî ´��� �ûö� ùÄþø �� .À��îüõ ß�ÞÌ� �¤ üµ¡¤¢ �þ�¹� üþ�µØþ ,À÷�ª:�î ßþ� Â� ¯øÂÈõ ,´¨� ¢Âê �� ÂÊ½�õ Çþ�ûñ�þ ¢À¹õ ý¤�Áð °Æ�Â� �� ´±Æ÷ ,1.1.2¤ø¢Ýû ×þ �þ ¤ø¢ ×þ �þ ø ¢¤�¢ �Ìä ¤�ú� Ûì�À� �î Àª�� À�±Þû-3 ÀþøÂµõ ×þ Mi Âû (Óó�).Àª��°Æ�Â� ¤ø¢Ýû Í¨�� ø¢ Âû � þ ¤ø¢ Í¨�� ø¢ Âû �î Àª�� �µª�À÷ ý¤ø�¹õ §�b¤ ø¢ º�û T (�).À�ª�� ùÀª ý¤�Áð� þ� ¹ � × þ ,À � î ëÀ¬ 2.1.2 ñ� · õ (Ó ó�)¯Â ª ø 1.1.2 � �Ì ì Í þ�Â ª ¤¢ � î ü µ ¡¤¢.Ý�õ�÷üõ M ¥�1üµ¡¤¢ø¢ º�û ö� ¤¢ �î ´¨� T (M) üµ¡¤¢ �þ�¹� ×þ ý�¤�¢ M À�±Þû ÀþøÂµõ Âû 3.1.2 ��Ìì.À�ª�� ùÀª ý¤�Áð °Æ�Â� ¤ø¢Ýû Í¨�� ø¢ Âû �þ ¤ø¢ Í¨�� ø¢ Âû �î À÷¤�À÷ ¢��ø ý¤ø�¹õ §�b¤üµ¡¤¢ �þ�¹� �¤ T (M) .´¨�µØþ Çþ�ûñ�þ ý¤�Áð °Æ�Â� �� ´±Æ÷ T (M) ´¡¤¢ ,ùø�ä ��.Ý�õ�÷üõ 2ü÷�÷�îý¤�Áð °Æ�Â� �¤ T (M) ý�û§�b¤ �î Àª�� �ûÀþøÂµõ ¥� ý��ä�Þ¹õ �u2(M) Ý��î ­Âêý��ä�Þ¹õ �î �u2(M) ¥� á�Þ¹õ-2 ø Ý�ÖµÆõ âÞ� ñ�Þä� Í¨�� ö���üõ �¤ M �îý¤�Ï�� ,À�îüõ�u2(M) �î À÷�ù¢Âî ´��� [4℄ ¥À÷�õ¢� ø ��úÚ��÷�î .¢¤ø� ´¨¢�� ,´¨� À�±Þû-3 ý�ûÀþøÂµõ ¥��� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ �� ÂÒ��µõ T (M) ¥� M 0 §�b¤ ×þ Âð� .´¨� ¢Âê ��ÂÊ½�õ üµ¿þÂØþ ´½�Tree de
omposition1
anoni
al tree de
omposition234



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê×þ M 0 �î üµìø ö� ¤¢ �î ¢¤�¢ T3(M 0) üµ¡¤¢ �þ�¹� ×þ M 0 ù�ðö� ,Àª�� n � 4 ý�Â� �Ìä n¤ø¢Ýû ×þ M 0 �î üµìø ø ¢�ªüõ ý¤�Áð °Æ�Â� ý�Ìä �¨ ¤ø¢ ×þ �Ü�¨ø �� §�b¤ Âû ,´¨� ¤ø¢�î Àû¢üõ �¹�µ÷ ßþ� .¢�ªüõ ý¤�Áð °Æ�Â� ý�Ìä �¨ ¤ø¢Ýû ×þ �Ü�¨ø �� §�b¤ Âû ,´¨�¢�ª ý¤�Áð °Æ�Â� ý¤�Ï À÷���üõ §�b¤ n� 2 �� ´¡¤¢ Âû ùø�ä �� ø ¢¤�¢ §�b¤ n� 2 ,T3(M 0),´¨� ùÀª ý¤�Áð °Æ�Â�M 0 � � �î �¤ T (M) ¥� ü¨�b¤ ñ�� .Àª�� M 0 ¥� üµ¡¤¢ �þ�¹� ×þ �î°Æ�Â� M 0 �� �î �¤ T (M) §�b¤ âì�ø ¤¢ .Ý��îüõ ­�ä T3(M 0) ý�Â� Çþ�û��¿µ÷� ¥� üØþ ���� T3(M 0) �� �¤ T (M)�M 0 ü�ãþ Û¬�� é�Âð Ýû ¥� �À� á�Þµ�� ø ù¢Âî éÁ� ,´¨� ùÀª ý¤�Áðx ��÷ �¤ ö� �î üó�þ ,À�îüõ Û¬ø M 0x �� �f ·õ �¤ M 0 �î T (M) ¥� x ñ�þ Âû ý�Â� .Ýþ¤ø�üõ ´¨¢À�îüõ Û¬ø T3(M 0) ¥� ü¨�b¤ �� �¤ M 0x �î Ý��îüõ �ê�®� (T (M) �M 0) [ T3(M 0) �� Ý�õ�÷üõÂû ý�Â� �¤ ��� ©ø¤ .´¨� ùÀª ý¤�Áð °Æ�Â� ,Àª��üõ ö� �Ìä ×þ x �î ýÀþøÂµõ Í¨�� �î¤�ÂØ� ,´¨� ùÀª ý¤�Áð °Æ�Â� �Ìä ¤�ú� Ûì�À� �� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ Í¨�� �î T (M) §�b¤Âû ö� ¤¢ �î ´¨� M üµ¡¤¢ �þ�¹� ×þ T3(M) .Àª�� T3(M) Û¬�� é�Âð Ý��î ­Âê .Ý��îüõ.´¨� ùÀª ý¤�Áð °Æ�Â� À�±Þû-3 ÀþøÂµõ ×þ Í¨�� §�b¤ùÀª ù¢�¢ Çþ�Þ÷ 2.2(a) ÛØª ¤¢ �î Àª�� G é�Âð ý¤ø¢ ÀþøÂµõM Ý��î ­Âê 4.1.2 ñ�·õ,G1 ö� ¤¢ �î À�îüõ ëÀ¬ 1.1.2 ��Ìì ÝØ� ¤¢ 2.2(b) ÛØª ¤¢ T ´¡¤¢ �¤�¬ ßþ�¤¢ .´¨�.À÷�ùÀª ù¢�¢ Çþ�Þ÷ 2.2(
) ÛØª ¤¢ G3 ø G2
35



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
M ( G )1 M ( G )3e 1 M ( G )2e 2G( a ) ( b ) T ( M )

e 1 e 2 e 1 e 2G 1 G 2 G 32.2 ÛØªT3(M 0) üµ¡¤¢ �þ�¹� ø Ý�õ�÷üõ M 0 �¤ ´¨� �Ìä ¤�ú� �� ¤ø¢ ×þ �� ÂÒ��µõ �î T (M) ¥� M(G1).´¨� ùÀª ù¢�¢ Çþ�Þ÷ 3.2(a0) ÛØª ¤¢ �î ´¨� G0 é�Âð ý¤ø¢ ÀþøÂµõM 0 .Ýþ¥�¨üõ ö� ý�Â� �¤G01 ö� ¤¢ �î À�îüõ ëÀ¬ 1.1.2 ��Ìì ÝØ� ¤¢ 3.2(b0) ÛØª ¤¢ T3(M 0) ´¡¤¢ �¤�¬ ßþ�¤¢.À÷�ùÀª ù¢�¢ Çþ�Þ÷ 3.2(
0) ÛØª ¤¢ G02 øM ( G )‘ M ( G )‘2e ‘ 11G ‘( a ‘ T ( M )3 ‘e( b )‘ 1G ‘ 1 G ‘ 2e ‘ 1( c ‘ 3.2 ÛØª36



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
¢�ªüõ ý¤�Áð °Æ�Â� ý�Ìä-3 ¤ø¢ ×þ �Ü�¨ø �� §�b¤ Âû ,´¨� ¤ø¢ ×þ M 0 üµìø �î Ý����üõø Ý� �îüõ éÁ� T (M) ¥� �¤ M 0 �À µ �� .Ý þ¥�¨üõ �¤ T3(M) ñ�� .¢¤�¢ §�b¤ n � 2 ,T3(M 0) ø.Ýþ¤ø�üõ ´¨¢�� �¤ (T (M)�M 0) [ T3(M 0) Ýû ¥� �À� á�Þµ��

M ’ = M ( G )1 M ( G )3 1 M ( G ’ )2M ( G ’ )M ( G ’ )
M ( G )2e = x1 e 2T ( M )

e ’ 1T ( M ’ )3T ( M )M ( G ‘ ) M ( G ’ ) M ( G )1 2 3
M ( G )2e = x1e ’ 1T ( M )3 e 2

4.2 ÛØªÇþ�Þ÷ 5.2 ÛØª ¤¢ G3,G2,G02,G01 ö� ¤¢ �î À�îüõ ëÀ¬ 1.1.2 ��Ìì ÝØ� ¤¢ T3(M)´¡¤¢.´¨� ùÀª ý¤�Áð °Æ�Â� À�±Þû-3 ÀþøÂµõ ×þ Í¨�� §�b¤ Âû �î Ý����üõ ø À÷�ùÀª ù¢�¢37



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
e’

e‘ 1
e’1 e1 e2 e 1 e 2

G’ G’ G G1 2 2 31 2 2 35.2 ÛØªÝ � � î ­Â ê .¢� ªü Þ ÷ É¿È õ M Í¨� � ¢Â ê � � ÂÊ½ � õ �¤�¬ � � T3(M) ´¡¤¢�2(M) .À�îüõ ý¤�Áð °Æ�Â� �¤ T3(M) ý�û§�b¤ �î Àª�� üþ�ûÀþøÂµõ �ä�Þ¹õ �2(T3(M))ý�¤�¢ M Âð� .Àª�� �2(M) ý�Ìä� ¢�Àã� �2(M) Ý��î ­Âê ø ù¢�¢ ¤�Âì �2(T3(M)) ý�� �� �¤Ý��î ­Âê .Ý��îüõ ÓþÂã� tXi=1�2(Mi) ýø�Æõ �¤ �2(M) .Àª��Mt,...,M2,M1 À�±Þû ý�û�Ôó�bõ.Àª�� M À�±Þû ý�û�Ôó�bõ ¢�Àã� �1(M) = tÀ�±Þû é�ÂðÂþ¥ ×þ .Àª�� M ¥� üµ¡¤¢ �þ�¹� ×þ T ø À�±Þû ÀþøÂµõ ×þ M Ý��î ­Âê¥� H ¥� Mj ý�û§�b¤ �Þû ýø¤ á�Þµ�� X ù�ðÂû ,À�îüõ �Öó� �¤ E(M) ¥� X �ä�Þ¹õÂþ¥ T ¥� HÉ¿Èõ �¤ X2 ø X1 ý�û�ä�Þ¹õÂþ¥ ¤¢ E(M) ¥� ¥�Âê� ×þ T ¥� e ñ�þ Âû .Àª�� E(Mj) \E(M)¥� fX1;X2g ¥�Âê� e ñ�þ Ý�þ�ð ´ó�� ßþ� ¤¢ .À÷�ùÀª �Öó� T � e ý�û�Ôó�b õ �Ü�¨ø �� �î À�îüõ­Âê ñ�� .Àû¢üõ Çþ�Þ÷ �¤ X2 ø X1 ý�û�ä�Þ¹õ e Ý�þ�ð ß��»Þû ø Àû¢üõ Çþ�Þ÷ �¤ E(M)�¤ E(M) ¥� fX;Y g ¥�Âê� M 0 Ý�þ�ð .´¨� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ �î Àª�� T ¥� ü¨�b¤ M 0 Ý��î38



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
X ¤¢ �fõ�Þ� ¢�ªüõ �Öó� T �M 0 ¥� ý��Ôó�bõ �Ü�¨ø �� �î E(M) ¥� �ä�Þ¹õÂþ¥ Âû Âð� Àû¢üõ Çþ�Þ÷.¢Â�ð ¤�Âì Y ¤¢ �þ¤¢ �¤ T ´¡¤¢ ù¤��ø¢ .Àª�� 2.1.2 ñ�·õ ¤¢ Gé�Âð ý¤ø¢ ÀþøÂµõ M Ý��î ­Âê 5.1.2 ñ�·õ�¤ E(M) ¥� X �ä�Þ¹õÂþ¥ é�ÂðÂþ¥ ßþ� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ T ¥� H À�±Þû é�ÂðÂþ¥ .ÝþÂ�ðüõ ÂÑ÷.À�îüõ �Öó�

M( G  )1 M( G  )3 M( G  )4b

d i

M( G ) M( G )

e1
e3

e 2 e 4

a

c

d

e
f g h

i

j

G
T

M( G )2 M( G )
5

b i M( G )1
M( G  )3

a

c

d

e h

i

j

M( G )1 3

e1 e 2

M( G  )2

HX={a,b,c,d,e,h,i,j} 6.2 ÛØª
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�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
ý�û�ä�Þ¹õÂþ¥ ¤¢ E(M) ¥� ¥�Âê� ×þ �îý¤�Ï�� ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ T ´¡¤¢ ¥� e3 ñ�þ ñ��.À÷�ùÀª �Öó� T � e3 ý�û�Ôó�bõ �Ü�¨ø�� �î À�îüõ É¿Èõ X2 ø X1

X  ={a,b,c,d,e,i,j}1 X   ={f,g,h}27.2 ÛØª.´¨� ùÀª ´��� ¥À÷�õ¢� ø ��úÚ��÷�î Í¨�� Âþ¥ ��ÌìÀ ª� � E(M) ¥� ¥�Â ê� × þ fX1;X2g ø À � ± Þ û À þøÂ µ õ × þ M Ý � � î ­Â ê 6.1.2 ��Ìì:À�ó¢�ãõ Âþ¥ ��Ø�� �¤�¬ ßþ�¤¢ .jX1j; jX2j � 2 �îý¤�Ï��.´¨� M ¥� ý¥�¨�À�-2 ×þ fX1;X2g (Óó�.Àû¢üõ Çþ�Þ÷ �¤ fX1;X2g �î ´¨� üó�þ ý�¤�¢ �î ¢¤�¢ À�±Þû-3 üµ¡¤¢ �þ�¹� ×þ M ( �,�ø¢ ´ó�� ¤¢ �îý¤�Ï�� Àû¢üõ Çþ�Þ÷ �¤ fX1;X2g �î ¢¤�¢ §�b¤ ×þ �þ ñ�þ ×þ T (M) ( �°Æ�Â� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ �Ü�¨ø �� §�b¤ ßþ� ,Àû¢ Çþ�Þ÷ �¤ fX1;X2g§�b¤ ×þ Âð� ü�ãþ.¢�ªüõ ý¤�Áð.Ý��îüõ ´��� �¤ ( �) ´ÞÆì ( Óó�) ´ÞÆì ¥� �Àµ�� : ö�ûÂ�
40



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê�¤�¬ �� À÷���üõ M �¤�¬ ßþ�¤¢ .Àª�� M ¥� ý¥�¨�À�-2 ×þ fX1;X2g Ý��î ­Âê,°��Â� �� �ûö� ���õ¥ ý�û�ä�Þ¹õ �î ¢�ª �µª�÷ b �þ�� �ÎÖ÷ �� M2 ø M1 ý�ûÀþøÂµõ á�Þ¹õ-2¥� ù¢�Ôµ¨� �� M ý�Â� �¤ T3(M) À�±Þû-3 üµ¡¤¢ �þ�¹� ×þ ñ�� .À�ª��üõ X2 [ b ø X1 [ b.Ýþ¥�¨üõ �bÂÖµ¨�°Æ�Â� e �� ö� ñ�þ �ú��ø M2 ø M1 �� ö� ý�û§�b¤ �î T1 §�b¤ ø¢ �� ´¡¤¢ ×þ ¥� �Àµ��Â ð� .´¨� ùÀª � µ¡�¨ k � 1 ý�Â � Tk ´¡¤¢ Ý � � î ­Âê .Ý � � îüõ áøÂª ,´¨� ùÀª ý¤�Á ðÝ�û¢üõ ¤�Â ì ù�ðö� ,Àª� � À� ±Þû-3 ,À�îüõ ý¤�Áð °Æ�Â� �¤ Tk §�b¤ ×þ �î ýÀþøÂµõ Âû°Æ�Â� �¤ Tk §�b¤ �î Ý��îüõ ��¿µ÷� �¤ M 0 Û·õ ýÀþøÂµõ �¤�¬ ßþ� Â�è ¤¢ .Tk = T3(M)×þ ý�¤�¢ ù�ðö� ,Àª�±÷ À�±Þû-3 ,M 0 Âð� �î ßþ� �� ���� �� ø ´Æ�÷ À�±Þû-3 ø À�îüõ ý¤�Áð,Àª�� M 0 ¥� ý¥�¨�À�-2×þ fX 01;X 02g Ý��îüõ­Âê ,´¨� k < 3 ü¡Â� ý�Â� ý¥�¨�À�-kø X 01 [ b0 ���õ¥ ý�û�ä�Þ¹õ �� M 02 ø M 01 ÀþøÂµõ ø¢ ¥� á�Þ¹õ-2 �¤�¬ �� �¤ M 0 ö���üõ ñ��ñ�þ �Ü�¨ø �� �îM 02 øM 01 §�b¤ ø¢ �� Tk ¥� M 0 §�b¤ ßµê�Øª �Ü�¨ø�� Tk+1 ´¡¤¢ .´ª�÷ X 02 [ b0ý�Ìä� Â� ,´¨� âì�ø M 0 Â� �î Tk ¥� e ñ�þ Âû �îý¤�Ï�� Àþ�üõ ´¨¢�� ,À÷�ªüõ Û¬ø Ýû �� b0´¨�M ¥� À�±Þû-3 üµ¡¤¢ �þ�¹� ×þ T3(M) ßþ�Â���� .Àª�� âì�ø À�µÆû e Ûõ�ª �î fM 01;M 02g.Àû¢üõ �¹�µ÷ �¤ (�) ,( Óó�) �Áó .Àû¢üõ Çþ�Þ÷ �¤ fX1;X2g �î ´¨� üó�þ ö�Þû b ñ�þ øüµ¡¤¢ �þ�¹� ×þ T3(M) Ý��îüõ­Âê .Ý��îüõ ´��� �¤ (�) ´ÞÆì ,(�) ´ÞÆì ¥� ñ���î ßþ� ý�Â� ,3.1.2 ��Ìì ����� .Àû¢üõ Çþ�Þ÷ �¤ fX1;X2g �î Àª�� üó�þ b ø M ¥� À�±Þû-3�Ü�¨ø �� ø¢ Âû �î Ýþ¢Âðüõ T3(M) ¥� ¤ø�¹õ §�b¤ ø¢ ñ�±÷¢ �� ,Ýþ¤ø� ´¨¢�� T3(M) ¥� �¤ T (M)41



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
�À�� �¤ üþ�û§�b¤ ß��� ¥� �� ø¢ �î üµìø .À�ª�� ùÀª ý¤�Áð °Æ�Â� ¤ø¢Ýû �Ü�¨ø �� ø¢ Âû �þ ¤ø¢�� �¤ §�b¤ ø¢ ö� °�îÂ� ¥� Û¬�� §�b¤ ø Ý��îüõË±Ö�õ À�îüõ Û¬ø Ýû �� �¤ �ûö� �î üó�þ ,Ý��îý¤�Áð °Æ�Â� ,À÷¢�� ù¢Âî ý¤�Áð °Æ�Â� �¤ ñ�þ üþ�úµ÷� ¯�Ö÷ �î ü¨�b¤ ø¢ á�Þ¹õ-2 �Ü�¨øÂû �þ ¤ø¢ �Ü�¨ø �� ø¢ Âû �î ý¤ø�¹õ §�b¤ ø¢ º�û �î Ý�û¢üõ �õ�¢� ü÷�õ¥ �� �¤ À�þ�Âê ßþ� .Ý��îüõ�î Àû¢üõ �¹�µ÷ T (M) üþ�µØþ ñ�� .Ý�ª�� �µª�À÷ ,À�ª�� ùÀª ý¤�Áð °Æ�Â� ¤ø¢Ýû �Ü�¨ø �� ø¢.´¨� T (M) ö�Þû Û¬�� ´¡¤¢ø¢ Âû T3(M) ¤¢ �î ßþ� ÂÚõ ,Àû¢üõ ö�È÷ �¤ fX1;X2g �î ´¨� T (M) ¥� üó� þ b ñ��ß�Þû ñ�� .À�ª�� ùÀª ý¤�Áð °Æ�Â� ¤ø¢Ýû �Ü�¨ø �� ø¢ Âû �þ ¤ø¢ �Ü�¨ø �� b üþ�úµ÷� �b ÎÖ÷ø¢ Âû �î Ý��îüõ­Âê ,¢�ª �µ¨�î �ÜÿÆõ ´�Üî ¥� ý��� �î ßþ� öøÀ� .Ý��îüõ ü¨¤Â� �¤ ´ó��ñ�Þ�Æî�õ ´¡¤¢Âþ¥ ×þ ¥� üó�þ bÅ� .À�ª�� ùÀª ý¤�Áð °Æ�Â� ¤ø¢ �Ü�¨ø �� b üþ�úµ÷� �ÎÖ÷,T (M) Û�ØÈ� ý�Â� .À÷�ùÀª ý¤�Áð °Æ�Â� ¤ø¢ �Ü�¨ø �� ö� §��¤ �Þû �î ´¨� T (M) ¥� T 
¯�Ö÷ ¥� üØþ �ú�� §�b¤ ßþ� Ý��îüõ ­Âê ø Ý��îüõ Ë±Ö�õ �ú�� §�b¤ ×þ �� �¤ T 
 ´¡¤¢Âþ¥¥� �Ôó�b õ ×þ �Ü�¨ø �� �î E(M) ¥� �ä�Þ¹õÂþ¥ Âû ,T = T3(M) ý�Â� .Àª�� v �f ·õ b üþ�úµ÷�âì�ø üó�þ �õ �î ´¨� ¤�ÂìÂ� üµìø ßþ� .¢¤�¢ ¤�Âì X2 ¤¢ �fõ�Þ� �þ X1 ¤¢ �fõ�Þ� ,¢�ªüõ �Öó� T � v¤¢ �¤ fX1;X2g �î ´¨� ü¨�b¤ ö�Þû v §�b¤ ÝþÂ�ðüõ �¹�µ÷ ßþ�Â���� .Ý��î Ë±Ö�õ �¤ v §�b¤ Â�´ÞÆì ,(�) ´ÞÆì ¥� ßþ�Â���� .´¨� ùÀª ý¤�Áð °Æ�Â� ¤ø¢ �Ü�¨ø �� ø Àû¢üõ Çþ�Þ÷ T (M).Ý�µêÂð �¹�µ÷ �¤ (�)� .´¨� ��� ���Èõ (�)) (Óó�) ��±��42



�û��Ìì 1.2 üµ¡¤¢ �þ�¹� 2 ÛÊê
ø T (M) ¥� °��Â� �� T3(M�) ø T (M�) ö���üõ .Àª�� À�±Þû ÀþøÂµõ ×þ M Ý��î ­Âêý¤�Áð °Æ�Â� �¤ T3(M) ø T (M) ¥� §�b¤ ×þ �î ýÀþøÂµõ Âû ö¢Âî ßþ�Úþ�� �Ü�¨ø �� T3(M).¢¤ø� ´¨¢�� ,ö� ö�ðø¢ �� ,À�îüõ�¤ T (M) ý�û§�b¤ �î üþ�ûÀþøÂµõ ö�ðø¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ 2.1.2 ñ�·õ ù¤��ø¢ 7.1.2 ñ�·õ.Ýþ¥�¨üõ �¤ T (M�) �ûö� �Ü�¨ø �� ø Ýþ¤ø�üõ ´¨¢�� À��îüõ ý¤�Áð °Æ�Â�

T ( MM ( G ) M ( G ) M ( G )e 1 e 3e 2 e 41 43G T ( MM ( G ) M ( G )4
e 1 e 2 e 1 e 3 4 e 3 e 452 ee 2G 1 1 2 G 2 1 3G 4 3G 4 Ge e e e3 e e 41 3 53 42e 2

2
G * e 1 e 42 G G *4 G *5M ( G * M ( G * M ( G *1 31 3* 4G *

G M ( G *e ee e 4M ( G T (52* 1 2 3 M **
8.2 ÛØª43



M ¥� ñ�þ ×þ ��è¢� �� T (M) ¥� üµ¡¤¢ ßµ¡�¨ ©ø¤ 2.2 üµ¡¤¢ �þ�¹� 2 ÛÊêM ¥� ñ�þ ×þ ��è¢� �� T (M) ¥� üµ¡¤¢ ßµ¡�¨ ©ø¤ 2.2ø T (M) ß�� �Î��¤ �� ´¨� �¥� .Àª�� üú� Â�è ø À�±ÞûM=e ø e 2 E(M) Ý��î ­Âê ñ��ß�� �Î��¤ ùbÀ��î ß��ã� ßþ� ,Àª�� À�±Þû Mne Âð� ,ö�ðø¢ �� ���� � � �î Ý�û¢ �Âª �¤ T (M=e)°Æ�Â� �¤ T (M) ¥� ü¨�b¤ �î Àª�� ýÀþøÂµõ M 0 Ý��î ­Âê .¢�� Àû��¡ ��÷ T (Mne) ø T (M):Ý��îüõ ÛÞä Âþ¥ ©ø¤ �� T (M=e) ö¢¤ø� ´¨¢�� ý�Â� .e 2 E(M 0) �îý¤�Ï�� À�îüõ ý¤�Áð.Ýþ¥�¨üõ �¤ T (M 0=e) (Óó�).Ýþ¤ø�üõ ´¨¢�� �¤ T (M)�M 0 ø T (M 0=e) Ýû ¥� �À� á�Þµ�� (�),Ý�õ�÷üõ b �¤ ö� �î üó�þ ö¢ø�ê� �� ,À�îüõ Û¬ø K �� �¤ M 0 �î Àª�� T (M) ¥� üó�þ b Âð� (�).Ý��îüõ Û¬ø ,´¨� b Ûõ�ª �î T (M 0=e) ¥� ü¨�b¤ �� �¤ T (M)�M 0 ¥� K §�¤ù¢Âî Ë±Ö�õ �¤ b ñ�þ ù�ðö� ,À�î Û¬ø Ýû �� �¤ ¤ø¢Ýû ø¢ �þ ¤ø¢ ø¢ b ùÀª �ê�®� ÀþÀ� ñ�þ Âð� (¢)§�b¤ ø¢ �î üþ�ûÀþøÂµõ b �þ�� �ÎÖ÷ �� á�Þ¹õ-2 �� �¤ b üþ�úµ÷� §�b¤ ø¢ ë�±Î÷� ¥� Û¬�� §�b¤ ø.Ý��îüõ ý¤�Áð °Æ�Â� ,À��îüõ ¤�¢ ö�È÷ �¤ b üþ�úµ÷��f ·õ �� �¤ M 0=e �î �¤ b ñ�þ ù�ðö� ,Àª�� �µª�¢ §�b¤ ×þ ¥� ÂµÈ�� T (M) ø jE(M 0=e)j = 2 Âð� (ø)ýÀþøÂµõ H 0 .Ý��îüõ ý¤�Áð °Æ�Â� H 0 �� �¤ Û¬�� §�b¤ ø Ý��îüõË±Ö�õ ,À�îüõ Û¬ø H.Àþ�üõ ´¨¢�� E(M 0=e) � b ¥� b0 ý�µØþ �Ìä �� b ö¢Âî ý¤�Áð °Æ�Â� ù¤��ø¢ �� H ¥� �î ´¨��¤ b0 ù�ðö� ,À�î Û¬ø K 00 Û·õ ÂÚþ¢ ¤ø¢Ýû ×þ �� �¤ K 0 ,b0 ø Àª�� ¤ø¢Ýû ×þ K 0 Âð� ,ùÂ¡���,À��îüõ ¤�¢ ö�È÷ �¤ b0 üþ�úµ÷� ¯�Ö÷ �î ýÀþøÂµõ ø¢ á�Þ¹õ-2 �� �¤ Û¬�� §�b¤ ø Ý��îüõË±Ö�õ44



M ¥� ñ�þ ×þ ��è¢� �� T (M) ¥� üµ¡¤¢ ßµ¡�¨ ©ø¤ 2.2 üµ¡¤¢ �þ�¹� 2 ÛÊê.Ý��îüõ ý¤�Áð °Æ�Â�
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3 ÛÊê
ü��õÀÖõ ¸þ�µ÷

´��� �¤ üØ��Ø� Ýó ý¢�Àã� ,¥��÷ ¢¤�õ ý�ûÝóø �û��Ìì ø ÓþÂã� À�� ö��� ¥� Å� ÛÊê ßþ� ¤¢�î Ý�û¢ üõ ö�È÷ ,3.3.3 Ýó ¤¢ ùÄþø �� .´ê¤ À�û��¡ ¤�î �� üÜ¬� ��Ìì ��±�� ¤¢ �î Ý��îüõ¤¢ ´Ö�Ö� ßþ� .¢¤�¢ ¥��÷ ÀþÀ� �Ìä ¸�� Â·î�À� ö¢ø�ê� �� N Õ�ì¢ ý¥�¨�À�-2 ×þ °þÂ¿�.¢�� Àû��¡ Ýúõ ¤��Æ� ,´¨� À�±Þû N �î üµó�� ¤¢ üÜ¬� ��Ìì ��±��Óþ¤�ã� 1.3�Ìä ×þ ¥� Â�è �� ý¥��õ ý�û§�î Â¬��ä ø �û�ì�Ï éÁ� ¥� Û¬�� ÀþøÂµõ 1.1.3 ÓþÂã�.Ý�õ�÷üõ N ÀþøÂµõ ý¥�¨ù¢�¨ �¤ ö� ø Ý�û¢üõ Çþ�Þ÷ Si(N) �� �¤ N ÀþøÂµõ ¥� ý¥��õ §�î Âû ¥�Âþ¥ �¤�¬ �� �¤ ö� ø Ý�û¢üõ Çþ�Þ÷ Co(N) �� �¤ N ÀþøÂµõ ý¥�¨ù¢�¨Ýû 2.1.3 ÓþÂã�:Ý��îüõ ÓþÂã�Co(N) = (Si(N�))�:46



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêÀ�ª�� M ÀþøÂµõ ���õ¥ �ä�Þ¹õ ¥� �ä�Þ¹õÂþ¥ ¤�ú� Y2,Y1,X2,X1 ù�ðÂû 3.1.3 ÓþÂã�X1 \ Y2 ø X1 \ Y1 �ä�Þ¹õ ¤�ú� Âû ù�ðÂû Ý�þ�ð üõ 1âÏ�Öµõ �¤ (Y1; Y2) ø (X1;X2) ý�û¥�Âê�.À�ª�� üó�¡Â�è X2 \ Y2 ø X2 \ Y1 øM ÀþøÂµõ ���õ¥ �ä�Þ¹õ ¥� Ýû ¥� �À� ý�û�ä�Þ¹õÂþ¥ B ø A Ý��î ­Âê 4.1.3 ÓþÂã�:�¤�¬ ßþ�¤¢ ,À�ª��kM (A;B) = minfr(X) + r(Y )� r(M)g:.B � Y ø A � X �îý¤�Ï�� ´¨� E(M) ¥� ý¥�Âê� fX;Y g ö� ¤¢ �î¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3ý¤ø¢ ,E(M) ¥� y ø x �Ìä ø¢ Âû ý�Â� ,Âð� �ú��øÂð� ´¨� À�±ÞûM ÀþøÂµõ 1.2.3 ��Ìì.Àª�� �µª�¢ ¢��ø ø¢ ö� Ûõ�ª� .¢�ª �ã��Âõ [ 4.1.4 ��Ìì [10℄ ℄ �� : ö�ûÂ��þ ¤ø¢ ×þ ,ö� ¥� y ø x �Ìä ø¢ Âû ý�Â� ,Âð� �ú��øÂð� ´¨� À�±Þû M ÀþøÂµõ 2.2.3 �¹�µ÷.Àª�� �µª�¢ ¢��ø ø¢ Âû Ûõ�ª ¤ø¢Ýû ×þ� .¢�ª �ã��Âõ [ 3.3.4 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�ßþ�¤¢ .X � E Ý��î ­Âê ø Àª�� E �ä�Þ¹õ ýø¤ ÀþøÂµõ ×þ M Ý��î ­Âê 3.2.3 ��Ìì:�¤�¬Cross147



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.Àª�� Â�ð�Âê-Ýû E �X Âð� �ú��øÂð� ´¨� ÛÖµÆõ �ä�Þ¹õ ×þ X (Óó�).Àª�� ÛÖµÆõ-Ýû E �X Âð� �ú��øÂð� ´¨� Â�ð�Âê X (�).Àª�� ¤ø¢Ýû ×þ E �X Âð� �ú��øÂð� ´¨� �½Ô¬Â�� ×þ X (�).Àª�� �½Ô¬Â��-Ýû ×þ E �X Âð� �ú��øÂð� ´¨� ¤ø¢ ×þ X (¢)� .¢�ª �ã��Âõ [ 6.1.2 ��Ìì [10℄ ℄ �� : ö�ûÂ�:�¤�¬ ßþ�¤¢ .Àª�� E(M) ¥� �ä�Þ¹õÂþ¥ ×þ X ø ÀþøÂµõ ×þ M Ý��î ­Âê 4.2.3 ��Ìì¤¢ x Âû ý�Â� �î Àª�� ´�¬�¡ ßþ� �� ñ�Þ���õ �ä�Þ¹õ ×þ X Âð� �ú��øÂð� ´¨� ¤ø¢ ×þ X (Óó�).x 2 
l(X � x) ,X.
l(X) = X [ fx : x 2 C � X [ x �îý¤�Ï�� ¢¤�¢ C ¤ø¢ ×þ Mg (�)� .¢�ª �ã��Âõ [ 10.4.1 ��Ìì [10℄ ℄ �� : ö�ûÂ�:�¤�¬ ßþ�¤¢ .Àª�� E(M) ¥� ý�Ìä e ø M ÀþøÂµõ ¥� ¤ø¢ ×þ C Ý��î ­Âê 5.2.3 �µØ÷.´¨� M=e ý�û¤ø¢ ¥� üä�Þµ�� C ù�ðö� ,e =2 C Âð� (Óó�).´¨� M=e ¥� ¤ø¢ ×þ C � e �þ ´¨� M ¥� �ì�Ï ×þ e ù�ðö� ,e 2 C Âð� (�)� .¢�ª �ã��Âõ [ 1.3 Ç¿� ßþÂÞ� [10℄ ℄ �� : ö�ûÂ�Âþ¥ ¯Âª ¤¢ C �¤�¬ ßþ�¤¢ .Àª�� M ÀþøÂµõ ý�û¤ø¢ �ä�Þ¹õ C Ý��î ­Âê 6.2.3 ��Ìì:À�îüõ ëÀ¬�Ìä ×þ �¤�¬ ßþ�¤¢ ,f 2 C1 � C2 ø e 2 C1 \ C2 ø À�ª�� C ¥� üþ�Ìä� C2 ø C1 Âð� (C 03)48



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.f 2 C3 � (C1 [ C2)� e �îý¤�Ï�� ¢¤�¢ ¢��ø C ¥� C3� .¢�ª �ã��Âõ [ 11.4.1 ��Ìì [10℄ ℄ �� : ö�ûÂ��Ìä ×þ f Ý��î ­Âê .´Æ�÷ ¶Ü·õ ×þ �î Àª�� À�±Þû ÀþøÂµõ ×þ M Ý��î ­Âê 7.2.3 Ýó.�2(M=f) = �2(M)� 1 �¤�¬ ßþ�¤¢ ,Àª��üõ À�±Þû�÷ Mnf �îý¤�Ï�� ´¨� M ¥�� .¢�ª �ã��Âõ [ 5.2 Ýó [7℄ ℄ �� : ö�ûÂ�,s � 2 ü¡Â� ý�Â� �î Ý��î ­Âê ø Àª�� N À�±Þû ÀþøÂµõ ¥� ý�Ìä e Ý��î ­Âê 8.2.3 Ýó­Âê ,jE(Ni)j > 1 Âð� ,f1;2; :::; sg ¤¢ i Âû ý�Â� .À�ª�� Nne À�±Þû ý�û�Ôó�b õ Ns,...,N2,N1´¨¢�� ei �Ìä �� e �Ìä ö¢Âî ý¤�Áð °Æ�Â� ù¤��ø¢ �� N=[E(N) � (E(Ni) [ e)℄ ¥� N 0i Ý��îN0 Ý��î ­Âê .N 0i = Ni Ý��î ­Âê ø E(Ni) = feig Ý��î ­Âê ,jE(Ni)j = 1 Âð� .Àª�� ùÀõ�N0 ¥� À÷���üõ N �¤�¬ ßþ�¤¢ .Àª�� fe; e1; :::; esg ���õ¥ �ä�Þ¹õ �� ý�Ìä-(s+ 1) ¤ø¢ ×þ�� ,¢¤�¢ �Ìä ×þ ¥� ÂµÈ�� jE(Ni)j �î ý¤�Ï �� ,N 0i ý�ûÀþøÂµõ ¥� �ûá�Þ¹õ-2 ¥� ý��ó�±÷¢ ��ù�ðö� ,Àª�� ù¢�¨ N Âð� ùø�ä�� .Àþ� ´¨¢�2(N) � s� 1� l + sXi=1�2(Ni):.´¨� Nne ý�û�ì�ÏÝû ¢�Àã� �� Â��Â� l ö� ¤¢ �î� .¢�ª �ã��Âõ [ 10.2 Ýó [7℄ ℄ �� : ö�ûÂ�
49



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêßþ�¤¢ ,´¨� À�±Þû Nne �îý¤�Ï�� Àª�� N À�±Þû ÀþøÂµõ ¥� ý�Ìä e Ý��î ­Âê 9.2.3 Ýó:�¤�¬�2(N) � �2(Nne):� .¢�ª �ã��Âõ [ 9.2 Ýó [7℄ ℄ �� : ö�ûÂ�M=e �þ Mne �¤�¬ ßþ�¤¢ .Àª�� M À�±Þû ÀþøÂµõ ¥� ý�Ìä e Ý��î ­Âê 10.2.3 ��Ìì.´¨� À�±Þû� .¢�ª �ã��Âõ [ 1.3.4 ��Ìì [10℄ ℄ �� : ö�ûÂ�Ý��î ­Âê ø Àª�� E �ä�Þ¹õ ýø¤ À�±Þû-3 ÀþøÂµõ ×þ M Ý��î ­Âê 11.2.3 ��Ìì.´¨� À�±Þû-3 ,Co(Mne) �þ Si(M=e) �¤�¬ ßþ�¤¢ .e 2 E� .¢�ª �ã��Âõ [ 4.1 ��Ìì [10℄ ℄ �� : ö�ûÂ�M ¥� ¤ø¢ ×þ C ø �Ìä ¤�ú� Ûì�À� �� À�±Þû-3 ÀþøÂµõ ×þ M Ý��î ­Âê 12.2.3 ��Ììí�Âµª� M ¥� ��¹õ üþ���¨ ø¢ Ûì�À� �� C ù�ðö� ,Àª�±÷ À�±Þû-3 ,e 2 C Âû ý�Â� Mne Âð� .Àª��.¢¤�¢� .¢�ª �ã��Âõ [ 1 ��Ìì [5℄ ℄ �� : ö�ûÂ�º�û �îý¤�Ï�� Àª��M ¥� ý�Ìä e ø À�±Þû-3 ÀþøÂµõ ×þM Ý��î­Âê 13.2.3 �¹�µ÷¤�Âì M ¥� üþ���¨ ×þ ¤¢ �þ ¶Ü·õ ×þ ¤¢ e �¤�¬ ßþ�¤¢ ,À�µÆ�÷ À�±Þû-3 ,M=e ø Mne ¥� ��Àî50



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.¢¤�¢� .¢�ª �ã��Âõ [ 8.4.8 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�ý�ûÂÚÜÞäø r2 ø r1 �±�¤ â���� �� üþ�ûÀþøÂµõ °��Â� ��M2 ø M1 Ý��î ­Âê 14.2.3 ��Ìì: À�ó¢�ãõ Âþ¥ ��Ø�� �¤�¬ ßþ�¤¢ .À�ª�� E ���õ¥ �bä�Þ¹õ ø 
l2 ø 
l1 ¤�µÆ�.´¨� M1 ´ÞÆì �¤�¡M2 (Óó�).´¨� M1 ´Üê ×þ M2 ´Üê Âû (�).r1(Y )� r1(X) � r2(Y )� r2(X) : ù�ð ö� X � Y � E ù�ðÂû (�).´¨� M2 ý�û¤ø¢ ¥� üä�Þµ�� �¤�¬ �� M1 ¤ø¢ Âû (¢).
l1(X) � 
l2(X) ,X � E Âû ý�Â� (ø)� .¢�ª �ã��Âõ [ 6.3.7 �¹�µ÷ [10℄ ℄ �� : ö�ûÂ�ø Mne ,e 2 E Âû ý�Â� �î ý¤�Ï�� Àª�� À�±Þû-3 ÀþøÂµõ ×þ M Ý��î ­Âê 15.2.3 Ýó:À÷¤�ÂìÂ� Âþ¥ ��Ø�� �¤�¬ ßþ�¤¢ ,Àª�±÷ À�±Þû-3 ,M=eM ¥� üþ� ��¨ ×þ A [ e ù�ðö� ,jAj = 2 ø Àª�� Mne ¥� ý¥�¨�À�-2 ×þ fA;Bg Âð� (Óó�).´¨�.´¨� M ¥� ¶Ü·õ ×þ A [ e ù�ðö� ,jAj = 2 ø Àª�� M=e ¥� ý¥�¨�À�-2 ×þ fA;Bg Âð� (�)� .¢�ª �ã��Âõ [ 2.2 Ýó [5℄ ℄ �� : ö�ûÂ�
51



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêÝ� � î ­Âê ø Àª� � M À� ±Þû À þøÂ µ õ ¥� À � ±Þû ¤� � � õ ×þ N Ý� � î ­Âê 16.2.3 ��Ìì×þ ö���ä �� �¤ N ø ´¨� À�±Þû M=e ø Mne üØþ Ûì�À� �¤�¬ ßþ�¤¢ .e 2 E(M) � E(N).¢¤�¢ ¤���õ� .¢�ª �ã��Âõ [ 6.3.4 ��Ìì [10℄ ℄ �� : ö�ûÂ�Âþ¥ ý�û �¤�±ä ¥� üØþ ù�ð ö� ,Àª�� M À�±Þû-3 ÀþøÂµõ ¥� �Ìä ×þ e Âð� 17.2.3 ��Ìì:´¨� ¼�½¬.´Æ�÷ �Ìä ø¢ ¥� Ç�� Ûõ�ªMne ¥� ýÂ¨ §�î º�û ø ´¨� À�±Þû-3 ,Co(Mne) (Óó�).´Æ�÷ �Ìä ø¢ ¥� Ç�� Ûõ�ªM=e ¥� ý¥��õ §�î º�û ø ´¨� À�±Þû-3 ,Si(M=e) (�).¢�ª �ã��Âõ [ 2.2.3 ��Ìì [11℄ ℄ �� : ö�ûÂ�üØ��Ø� ¸þ�µ÷ 3.3���¤� [3℄ ¤¢ 3¢¤�î ø 2 ü±ÆØ��Í¨�� Ýó ø¢ ßþ� ��±�� .À��îüõ ö��� �¤ kM (A;B)«��¡ Âþ¥ Ýó ø¢.´¨� ùÀª.À�ª��M ÀþøÂµõ ���õ¥ �ä�Þ¹õ ¥� Ýû ¥� �À� ý�û�ä�Þ¹õÂþ¥ A ø B Ý��î ­Âê 1.3.3 Ýó: �¤�¬ ßþ�¤¢.kM (A;B) = kM�(A;B) (Óó�)ø ,kN (A;B) � kM (A;B) ù�ðö� ,A [B � E(N) �îý¤�Ï�� Àª�� M ¤���õ ×þ N Âð� (�)Bixby2Coullard352



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêù�ðö� ,e 2 E(M) � (A [B) Âð� (�)maxf kMne(A;B); kM=e(A;B) g = kM (A;B) øminf kMne(A;B); kM=e(A;B) g � kM (A;B)� 1 :� .¢�ª �ã��Âõ [ 1.3 Ýó [3℄ ℄ �� : ö�ûÂ�N ,ÀþøÂµõ ßþ� �î ¢Âî Û�Ü½� ø �þ�¹� �¤ M Û·õ ýÀþøÂµõ ¤�µ¡�¨ Õ�ì¢ ¤�Ï �� [12℄ ¤�Þ�¨ø ´¨� ñ�Þ���õ-¤���õM ø ´¨� E(N) ¥� ¥�Âê� ×þ fA;Bg �îý¤�Ï�� ¢¤�¢ ¤���õ ö���ä �� �¤×þ fA;Bg �î üµó�� ¤¢ �ú�� �¤ �¹�µ÷ ßþ� �õ .À�îüõ ëÀ¬ kM (A;B) > kN (A;B) �Î��¤ ¤¢.ÝþÂ�üõ ¤�î �� ,´¨� N ¥� ý¥�¨�À�-2Ý��î ­Âê .Àª�� N ¥� Õ�ì¢ ý¥�¨�À�-2×þ fA;Bg ø ÀþøÂµõ ×þ N Ý��î ­Âê 2.3.3 ÝókM (A;B) > 1 �Î��¤ ¤¢ ø ¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î Àª�� ñ�Þ���õ-¤���õ ÀþøÂµõ ×þ M:À÷¤�ÂìÂ� Âþ¥ ��Ø�� �¤�¬ ßþ�¤¢ .À�îüõ ëÀ¬.N =MnP=Q �îý¤�Ï�� À÷¤�¢ ¢��ø E(M) ¥� Q ø P ý�µØþ ý�û�ä�Þ¹õÂþ¥ (Óó�)Mz �¤�¬ ßþ�¤¢ .z 2 Q �î üµìøMz = M=z ø z 2 P �î üµìøMz = Mnz Ý��î ­Âê (�)Õ�ì¢ ý¥�¨�À�-2 ßþ� ø B � Yz ø A � Xz �îý¤�Ï�� ¢¤�¢ fXz; Yzg ý¥�¨�À�-2×þ ÍÖê.´¨�,i Âþ¢�Öõ �Þû ý�Â� �î ý¤�Ï�� ¢Âî ý¤�Áð °Æ�Â� zn,...,z2,z1 �¤�¬ �� ö���üõ �¤ P [Q (�).Yzi = B [ fzi+1; zi+2; :::; zng ø Xzi = A [ fz1; z2; :::; zi�1g53



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.À�µÆû Q ø P ý�Ìä� �ø��µõ ¤�Ï �� zn,...,z2,z1 ý�Ìä� (¢)¢¤�À÷ C� Û·õ ý¤ø¢Ýû º�ûM ø jC �Qj � 1 ø C � P [Q �î ¢¤�À÷ C Û·õ ý¤ø¢ º�ûM (ø).jC� � P j � 1 ø C� � P [Q �îý¤�Ï��� îý¤� Ï� � ¢¤�¢ ¢� �ø M ¥� C Û · õ ý¤ø¢ ù� ðö� ,zi 2 P Â ð� ,i > 1 Â þ¢� Ö õ � Þ û ý�Â � (ù)Û·õ ý¤ø¢Ýû ù�ðö� ,zi 2 Q Âð� .C � fzi�1; zig � (Q \ fzj : j > ig) [B ø fzi�1; zig � C.C� � fzi�1; zig � (P \ fzj : j > ig) [A ø fzi�1; zig � C� �îý¤�Ï�� ¢¤�¢ ¢��øM ¥� C�.´¨� ¤�ÂìÂ� i < n Âþ¢�Öõ �Þû ý�Â� ÝØ� ,B ø A ý��Ëþ�ã� �� ùø�ä ��� .¢�ª �ã��Âõ [ 2.3 Ýó [3℄ ℄ �� : ö�ûÂ�×þ M Ý��î ­Âê .Àª�� N ÀþøÂµõ ¥� Õ�ì¢ ý¥�¨�À�-2×þ fA;Bg Ý��î ­Âê 3.3.3 Ýó�¤�¬ ßþ�¤¢ .kM (A;B) > 1 ø ¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î Àª�� ñ�Þ���õ-¤���õ ÀþøÂµõjE(M)j � jE(N)j � 5: (1)À�±Þû�÷M=e �þ Mne ,E(M) [E(N) ¤¢ e ý�Ìä� ¥� üÌã� ý�Â� ø Àª�� À�±Þû N Âð� ùø�ä ���î T (M) ¥� ü¨�b¤ ù�ðö� ,Àª�� À�±Þû� ÷ Mne Âð� ùÄ þø �� .jE(M) � E(N)j = 1 ù�ðö� ,Àª��ø¢ ý�¤�¢ �f Ö� ì¢ §�b¤ ßþ� .´¨� ¶Ü·õ ×þ ,¢�ªüõ ý¤�Áð °Æ�Â� e Ûõ�ª ýÀþøÂµõ �Ü�¨ø ��¤�ú� Âû ø À÷�ªüõ ý¤�Áð °Æ�Â� �û¤ø¢Ýû Í¨�� �ûö� ýø¢ Âû �î ´¨� T (M) ¤¢ ¤ø�¹õ §�b¤ø¢ Âû �� ,À÷�ªüõ ù¢�¢ Çþ�Þ÷ ,À�µÆû ¶Ü·õ ßþ� Â� âì�ø �î T (M) ¥� üþ�ûñ�þ Í¨�� �î ý��ä�Þ¹õ.À÷¤�¢ í�Âµª� B ø A �ä�Þ¹õ� îý¤�Ï� � ¢¤�¢ Q ø P Û·õ ý¢Â ê � �ÂÊ½� õ ý�û�ä�Þ¹õÂ þ¥ E(M) Û± ì Ý ó � �� � � : ö� ûÂ �54



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.N =MnP=QÝ��î ­Âê .Ý�¨Â� Ëì��� �� �� Ý��îüõ ´��� ÓÜ¡ ö�ûÂ� ¥� ù¢�Ôµ¨� �� �¤ (1) �Î��¤ ñ���¤�¬ ¤¢ ö�ðø¢ ßµ êÂð ÂÑ ÷ ¤¢ � � .n � 6 Ý� � î ­Âê ø n = jP j + jQj = jE(M)j � jE(N)j���� �� �¹�µ÷ ¤¢ .z6 2 Q ,2.3.3 Ýó (¢) ´ÞÆì �� ���� �� ßþ�Â���� .z1 2 P Ý��î ­Âê ,�ø�óÛ±ì Ýó (�) ´ÞÆì �� ���� � � ñ�� .´¨� Mnz1=z6 ¥� ¤���õ ×þ N Û±ì Ýó (Óó�) ´ÞÆì ��ý�ûÀþøÂµõ á�Þ¹õ-2 ÀþøÂµõ ßþ� Å� ,´¨� M=z6 Õ�ì¢ ý¥�¨�À�-2 ×þ fXz6 ; Yz6g ö��´ÞÆì � � ��� � � � ø z1 2 P � î ü þ�¹ ÷� ¥� .E(M2) = Yz6 [ b ö� ¤¢ � î Àª� �üõ M2 ø N2fXz1 ; fz2; z3; z4; z5; bgg Å� ,´¨� Mnz1 Õ� ì¢ ý¥�¨�À�-2 ×þ fXz1 ; Yz1g Û± ì Ý ó (�)�î ´¨� H ø M1 ý�ûÀþøÂ µ õ á�Þ¹õ-2 ,N2 ßþ�Â �� � � .´¨� N2 ¥� Õ� ì¢ ý¥�¨�À�-2 ×þ� � Mnz1=z6 � î Ý þÂ � ðü õ �¹ � µ ÷ ñ� � .E(H) = fa; z2; z3; z4; z5; bg ø E(M1) = Xz1 [ aÀþøÂµõ ø¢ á�Þ¹õ-2 ,Mnz1 ùø�ä �� .´¨� ùÀõ� ´¨¢ �� M2 ø H ,M1 ¥� ßµêÂð á�Þ¹õ-2�¤�¬ ßþ� Â�è ¤¢ �Âþ¥ ,´¨� À�±Þû H Ý�þ�ð ñ�� .N1=z6 = H �2M2 ö� ¤¢ �î ´¨� N1 ø M1Q ø P ,Û±ì ��Ìì (�) ø (Óó�) ´ÞÆì �� ��� � � � ù�ðö� ,À�ª� � H ¥� �Ô ó�b õ ×þ ¤¢ b ø a Âð�.kN (A;B) = 0 6= 1 ù�ðö� ,À�ª�� H ¥� ü�ø�Ôµõ ý�û�Ôó�b õ ¤¢ b ø a Âð� ø À�µÆ�÷ ¢Âê �� ÂÊ½�õÀ�±Þû Hnfz3; z5g=fz2; z4g ÀþøÂµõ ,kN (A;B) = 1 ø À÷¢Âê �� ÂÊ½�õ Q ø P ö�� ùø�ä ��� � ��� � � � ß þ�Â �� � � .¢�ªüõ ß� � ã � H ¤� � � õ ×þ ö�� �ä � � ¢Â ê � � ÂÊ½�õ �¤�¬ � � ø ´¨�,2.2.3 �¹ � µ ÷ � � � �� � � � ø ´¨� fa; bg Ûõ� ª ¤ø¢ × þ Hnfz3; z5g=fz2; z4g ,1.2.3 � �Ì ì�� Hnfz3; z5g=fz2; z4g �î ´Ö�Ö� ßþ� .´¨� fa; bg Ûõ�ª ¤ø¢Ýû ×þ Hnfz3; z5g=fz2; z4g55



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê×þ fa; b; z2; z4g �î Àû¢üõ �¹�µ÷ ,¢�ªüõ ß��ã� H ¥� ¤���õ ×þ ö���ä �� ¢Âê �� ÂÊ½�õ �¤�¬,3.2.3 ��Ìì (�) ´ÞÆì �� ���� � � ßþ�Â��� � .´¨� H ¥� ¤ø¢Ýû ×þ fa; b; z3; z5g ø H ¥� ¤ø¢×þ �îüþ�¹÷� ¥� ø ´¨� �½Ô¬Â�� ×þ fz2; z4g �Áó ,´¨� �½Ô¬Â�� ×þ E(H) � fa; b; z3; z5g×þ ü�ãþ H ¥� Í¡ ×þ fz2; z4g ÝþÂ�ðüõ �¹�µ÷ ,´¨� r(H)� 1 �±�¤ ¥� ´Üê ×þ H ¥� �½Ô¬Â��.r(H) = r(H�) = 3 ßþ� Â� ùø�ä .´¨� ø¢ �±�¤ ¥� ´Üê� îý¤� Ï� � ´¨� z5 ø z4 Ûõ� ª � î ¢¤�¢ C Û· õ ý¤ø¢ M ,2.3.3 Ý ó (ù) ´ÞÆ ì � �� � ��îý¤�Ï�� Àª��M=z6 ¥� ¤ø¢ ×þ C 0 Ý��î ­Âê .C � fz4; z5g � (Q \ fzj : j > 5g) [ BÛõ�ª fz4; z5g [ (Q \ fzj : j > 5g) ù�ðö� ,C 0 \ B = ; Âð� .C 0 \ fz4; z5g 6= ; ø C 0 � C�Á ó ø C 0 \ B 6= ; ß þ�Â �� � � .´ ¨� 2.3.3 Ý ó (ø) ´ Þ Æ ì � � Ë ì� � µ õ � î ´ ¨� M ¥� ý¤ø¢C � z6 ,5.2.3 � µ Ø ÷ (Ó ó�) ´ÞÆ ì � � � �� � � � ö� � .´¨� H ¥� ý¤ø¢ b [ (C 0 \ fz4; z5g):´ª�¢ Ý�û��¡ �¤ Âþ¥ ´ó�� ø¢ Å� ,´¨� M=z6 ý�û¤ø¢ ¥� üä�Þµ���þ ,À�µÆû H ¥� üþ�û¤ø¢ fb; z5g ø fb; z4g ýø¢ Âû (Óó�).´¨� H ¥� ý¤ø¢ fb; z4; z5g (�)ßþ�Â �� � � .Àª� � ý¥�� õ b � � À ÷�� �üÞ ÷ z4 �î Ý þÂ � ðüõ �¹� µ ÷ ,´Æ� ÷ H=z4 ¥� ý�� ì�Ï b ö��� �� � � ,À � µ Æ û H ¥� ü þ� û¤ø¢ fb; z4; z5g ø fa; b; z2; z4g ö� � .´ ¨� H ¥� ý¤ø¢ fb; z4; z5gfa; b; z2; z5g ¤¢ ñ�ÞÈõ ø a Ûõ�ª ý¤ø¢ H �î ÝþÂ�ðüõ �¹�µ÷ ,6.2.3 ��Ìì ø ¤ø¢ éÁ� ´�¬�¡ø ´Æ� ÷ b Ûõ�ª ¤ø¢ ßþ� �Á ó ,¢¤�¢ ¤�Â ì fb; z4; z5g ¤¢ ß� �»Þû ø fa; b; z2; z4g ¤¢ b ö�� .¢¤�¢fa; z5g ,ßþ� Â� ùø�ä .´Æ�÷ ¤ø¢ ×þ fa; z2g ñ�� .Àª��üõ fa; z2; z5g ¥� ý��ä�Þ¹õÂþ¥ ßþ�Â����56



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêÀû��¡ H ¥� ý¤ø¢ fa; b; z4g ,¤ø¢ éÁ� ´�¬�¡ ���� � �¤�¬ ßþ� Â�è ¤¢ �Âþ¥ ,´Æ�÷ ¤ø¢ ×þý��ÎÖ÷-3 Í¡ ø¢ ý¥��õ ñ�Ê�� Hnz3 �¹�µ ÷ ¤¢ .´¨� H ¥� ý¤ø¢ fa; z2; z5g ßþ�Â �� � � .¢� �� � ý¥��õ �þ ù¢�� �ì�Ï ×þ Àþ�� z3 �Ìä ,H=z5 ÀþøÂµõ ¤¢ ñ�� .´¨� fb; z4; z5g ø fa; z2; z5g¤���õ ×þ ö���ä �� ¢Âê �� ÂÊ½�õ ¤�Ï �� Hnfz3; z5g=fz2; z4g �¤�¬ ßþ� Â�è ¤¢ ,Àª�� b �þ aÀ� ó� � fa; z5g �Ü �¨ø � � Í¡ ßþ� �î ´¨� H ¥� üÎ¡ ýø¤ z3 ßþ�Â �� � � .À þ�üÞ÷ ´¨¢� � H ¥�¥� ��Àî º�û ö�� .´¨� ùÀª À�ó� � fb; z5g �Ü�¨ø �� Í¡ ö� �î ´¨� H ¥� üÎ¡ ýø¤ � þ ùÀªø b ,a ¥� üØþ �� ý¥��õ z3 �î ÝþÂ�ðüõ �¹�µ÷ ,À�µÆ�÷ H ¥� ý¤ø¢ fa; b; z3; z4g ø fa; b; z2; z3gMnz3 ¥� Õ�ì¢ ý¥�¨�À�-2 ×þ fXz3 ; Yz3g ,��¨ ø �ø¢ ý�û´ó�� ¤¢ .´¨� H ÀþøÂµõ ¤¢ z5¥� Õ � ì¢ ý¥�¨�À�-2 ×þ fXz3 ; Yz3 [ z3g ßþ�Â �� � � ,¢�ªüõ â �¨� � Yz3 � Ü � ¨ø � � z3 ø ´¨�Å� .´¨� Ëì� � � ×þ ß þ� ø ´Æ� ÷ ý¥�¨�À�-2 ý�¤�¢ M ,kM (A;B) > 1 ö�� ,´¨� M�î ,Mnz1 = M1 �2 N1 �î Ý��îüõ ý¤ø�¢�þ ñ�� .´¨� H ¥� ý¤ø¢ fz3; ag ÝþÂ�ðüõ �¹�µ÷â�¨��M ¤¢ �¤ z3 ,Xz1 ß��»Þû ø Xz3 ö�� .E(M1) = Xz1 [ a ø N1=z6 = H �2M2 ö� ¤¢.´¨� N1 ¥� ý¤ø¢ fa; z3; z6g ßþ�Â���� .´Æ�÷ N1 ¥� ý¤ø¢ fa; z3g �î ÝþÂ�ðüõ �¹�µ÷ ,À�û¢üÞ÷�� .Àª��üõ Xz1 [ fz3; z6g ¤¢ ñ�ÞÈõ ø ´¨� fz3; z6g Ûõ�ª �î ¢¤�¢ D Û·õ ý¤ø¢ M �¹�µ÷ ¤¢¤¢ ñ�ÞÈõ ø ´¨� fz5; z6g Ûõ�ª �î ¢¤�¢ D� Û·õ ý¤ø¢Ýû M ,2.3.3 Ýó (ù) ´ÞÆì ����� ùø�ä�� n � 6­Âê �� ���� �� . ´¨� Ëì��� ×þ �î ,jD \D�j = 1 ßþ�Â���� .Àª��üõ Yz6 [ fz5; z6g´�¬�¡ �� Ëì��µõ ßþ� �î ,´¨� z6 �Ìä Ûõ�ª �ú�� ¤ø¢Ýû ø ¤ø¢ ßþ� í�Âµª� �î ÝþÀ�¨¤ �¹�µ÷ ßþ�.´¨� ¤�ÂìÂ� (1) �Î��¤ �î ÝþÂ�ðüõ �¹�µ÷ Å� ,n < 6 ßþ�Â���� .Àª��üõ Àõ�ã�57



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.Àª�� À�±Þû�÷ M=e �þ Mne ,e 2 P [Q ü¡Â� ý�Â� ø Àª�� À�±Þû N Ý��îüõ ­Âê ñ��M ,´¨� À�±Þû N ö�� .´¨� À�±Þû�÷ Mne Ý��îüõ­Âê ,¢�ª �µ¨�î �ÜÿÆõ ´�Üî ¥� �î ßþ� öøÀ�e Ûõ�ª �î �u2(M) ý�Ìä� Å� ,´¨� À�±Þû�÷ Mne ö�� .e 2 Q ßþ�Â���� ,e =2 P ø ´¨� À�±ÞûËì��� ×þ �î ,kM (A;B) = 1 ù�ðö� ,E(M) = C Âð� .À�û¢üõ Û�ØÈ� �¤ C Û·õ ý¤ø¢ À�µÆû.´¨� C Ûõ�ª ùÂ¨ �¤�¬ �� E(M) ßþ�Â���� .´¨�ý¥�¨�À�-2 ,M ��¿µ÷� �� ���� � � ßþ�Â��� � .¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N ,M=e ñ��� � fX;Y g 6.1.2 Ý ó � �� � � ùø�ä� � .B � Y ø A � X �îý¤�Ï� � ¢¤�¢ ¢��ø M=e ¥� fX;Y gý�Â� �î Ý�÷�¢üõ Û±ì ÛÊê �� ���� �� .À÷�ªüõ ù¢�¢ Çþ�Þ÷ T (M=e) ¥� §�b¤ ×þ �þ ñ�þ ×þ �Ü�¨ø:¢¤�¢ ¢��ø ßØÞõ ´ó�� �¨ ,T (M=e) ¥� T (M) À�ó��,¢� � ùÀª ý¤�Áð °Æ�Â � T (M=e) ¥� D ¤ø¢ � Ü �¨ø � � � î T (M=e) ¥� ü¨�b¤ � ú � � (Óó�)°Æ�Â� �¤ T (M) ¥� ü¨�b¤ �î ´¨� ý¤ø¢ D [ e ö� ¤¢ �î ,À�� þüõ Â��ç � D [ e �� ö� °Æ�Â�.À�îüõ ý¤�ÁðùÀª ý¤�Áð °Æ�Â� e Ûõ�ª ¶Ü·õ ×þ Í¨�� �î ýÀþÀ� §�b¤ �¤¢ �� T (M=e) ¥� üó�þ (�).¢�ªüõ Ý�ÆÖ�Âþ¥ ,´¨�§�b¤ �¨ �� ,¢�� ùÀª ý¤�Áð °Æ�Â� C� ¤ø¢Ýû �Ü�¨ø �� �î T (M=e) ¥� w §�b¤ �ú�� (�)¤¢ w ¥� ¤ø�¹õ Âû ,À�µÆû w0 ý�û¤ø�¹õ �ú�� w2 ø w1 ö� ¤¢ �î ¢�ªüõ ßþ�Úþ�� w2 ø w1 ,w0¤ø¢Ýû Í¨�� °��Â� �� w2 ø w0 ,w1 ý�û§�b¤ ø ´¨� w2 ø w1 ¥� üØþ �fÖ�ì¢ �� ¤ø�¹õ T (M=e)ø w0w1 ý�ûñ�þ ,À÷�ùÀª ý¤�Áð °Æ�Â� C�2 ¤ø¢Ýû ø fx1; e; x2g ���õ¥ �ä�Þ¹õ �� C ¶Ü·õ ,C�158



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.E(C�) = (E(C�1) [E(C�2))� fx1; x2g ø À÷�ùÀª ¤�¢ ö�È÷ x2 ø x1 Í¨�� °��Â� �� w0w2� îý¤� Ï� � ¢¤�À ÷ ¢� �ø M ¥� fX 0; Y 0g ý¥� ¨�À �-2 Å � ,kM (A;B) > 1 ö� �¢�ªüõ ù¢�¢ Çþ�Þ÷ T (M=e) ¥� w §�b¤ �Ü�¨ø �� fX;Y g �î ÝþÂ�ðüõ �¹�µ÷ .Y � Y 0;X � X 0¤¢ ùÀª �ÂÎõ ÝØ� ßþ�Â���� .Àþ�üõ ´¨¢ �� (�) ©ø¤ ¥� ù¢�Ôµ¨� �� T (M=e) ¥� T (M) ö� ¤¢ �îfxi; bi1; bi2; :::; bimig Ý��î ­Âê ,f1;2g ¤¢ i Âû ý�Â� T (M) ¤¢ .´¨� ¤�ÂìÂ� Ýó ¥� �ÜÞ� ßþÂ¡�w2 �þ w1 Â� �î �¤ T (M) ¥� üþ�ûñ�þ ýÂÚþ¢ ¥� Å� üØþ ñ�� .À�µÆû âì�ø wi Â� �î À�ª�� üþ�ûñ�þø¢ �î ýÀþøÂµõ ø¢ á�Þ¹õ-2 �� �¤ Û¬�� §�b¤ ,­�±Ö÷� Âû ¥� Àã� ø Ý��îüõË±Ö�õ ,À�µÆ�÷ âì�øá�Þ¹õ-2 ,M �¤�¬ ßþ�¤¢ .Ý��îüõ ¤�¢ö�È÷ ,À÷¢�� ù¢Âî ý¤�Áð °Æ�Â� �¤ ñ�þ ö� üþ�úµ÷� §�b¤ý�ûÀþøÂµõfC�1; C�2; C;M11;M12; :::;M1m1 ;M21;M22; :::;M2m2g.E(Mij)�E(M) = fbijg ö� ¤¢ �î ´¨�X ¤¢ ñ�ÞÈõ E(Mij)� bij ¥� ��Àî Âû �î ´¨� ´�¬�¡ ßþ� ý�¤�¢ fX;Y g ý¥�¨�À�-2Âû ß þ�Â �� � � .À û¢üõ Çþ�Þ ÷ �¤ fX;Y g � î ´¨� ü ó� þ bij ,6.1.2 � �Ìì Õ ±Ï �Á ó ,´¨� Y � þÕÜãµõ �Ìä ö� �î ßþ� �� �µÆ� B �þ A �� �¤ bij .À�îüõ âÎì �¤ B ø A ¥� üØþ �fÖ�ì¢ E(Mij)� bij�î ÝþÂ�ðüõ �¹�µ÷ ,kM (A;B) > 1 ö�� .Ý��îüõ ý¤�Áð °Æ�Â� ,Àª�� B �þ A ¥� ×þ ��Àî ��ø ùÀª ý¤�Áð °Æ�Â� A �� �î Àª�� �µª�¢ �Ìä ×þ Ûì�À� Àþ�� C�i �ä�Þ¹õ ,f1;2g ¤¢ i Âû ý�Â��î �ä�Þ¹õ ¤�ú� Âû ßþ�Â���� .´¨� ùÀª ý¤�Áð °Æ�Â� B �� �î Àª�� �µª�¢ �Ìä ×þ Ûì�À�59



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.À��îüõ âÎì �¤ B ø A ýø¢ Âû ,À�µÆû âì�ø w0 Â� ø À÷�ªüõ ù¢�¢ Çþ�Þ÷ T (M) ¥� ñ�þ ×þ Í¨��ö�� .Àª�� E(M)� (E(N) [ e) ¥� ý�Ìä f ø jE(M) �E(N)j > 1 �î Ý��î ­Âê ñ��.´¨� À�±ÞûM=f ù�ðö� ,f 2 Q Âð� ø ´¨� À�±ÞûMnf ù�ðö� ,f 2 P Âð� Å� ,´¨� À�±Þû Nf 2 P Å� .f =2 Q ßþ�Â���� ,´¨� À�±Þû�÷M=f �¤�¬ ßþ�¤¢ .f 2 C�1 � m1[j=1 bij Ý��î ­Âê ñø��¹�µ÷ ¤¢ .Àª�� B ¥� ý�Ìä ø A ¥� ý�Ìä ø x1 Ûõ�ª Àþ�� C�1 � f ùø�ä�� .´¨� À�±ÞûMnf ø´ÞÆì ����� ßþ�Â���� .kM=e=f (A;B) = 0 �Áó ø ´¨�M=e=f ¥� ý¥�¨�À�-1×þ fX�f; Y �fgßþ� ø kMnf (A;B) = kM (A;B) ßþ�Â���� ø kM=f (A;B) � 1 � kM (A;B) Ýþ¤�¢ ,1.3.3 Ýó (�)¥� ù¢�Ôµ¨� �� �Áó ø f =2 C�1 � m1[j=1 bij �î ÝþÂ�ðüõ �¹�µ÷ Å� .´¨�Ëì��µõM ��¿µ÷� üÚ÷�Ú� ��Âð� ø ´¨� Mnf Â��Â� M 0 ù�ðö� ,f 2 P Âð� �î Ý��î ­Âê ñ�� .f =2 C�1 [ C�2 ,ö¤�Ö� ´�¬�¡Û±ì ÛÊê ¤¢ T (M) ¥� T (M 0) ßµ¡�¨ üÚ÷�Ú� �¤�¬ ßþ�¤¢ .´¨� M=f Â��Â� M 0 ù�ðö� ,f 2 Qý¥�¨�À�-2 �î ¢¤�À÷ ü¨�b¤ ø ñ�þ º�û T (M 0) ,Ó�¬�� ö� �� ���� �� .´¨� ùÀª ù¢�¢ ¼�®���� M 0 ßþ�Â���� ø kM 0(A;B) > 1 ßþ�Â���� .B � Y 0 ø A � X 0 �îý¤�Ï�� Àû¢ Çþ�Þ÷ �¤ fX 0; Y 0g� .jE(M) �E(N)j = 1 �î ÝþÂ�ðüõ �¹�µ÷ Å� .´¨� Ëì��µõ M ��¿µ÷� üÚ÷�Ú�×þ M Ý��î ­Âê .Àª�� N À�±Þû ÀþøÂµõ ¥� ý¥�¨�À�-2 ×þ fA;Bg Ý��î ­Âê 4.3.3 Ýó.À�îüõ ëÀ¬ kM (A;B) > 1 ¤¢ ø ¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î Àª�� ñ�Þ���õ-¤���õ ÀþøÂµõ:�¤�¬ ßþ�¤¢�þ ,�2(M) < �2(N) (Óó�)
60



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê
§�b¤ ßþ� �î À�îüõ ý¤�Áð °Æ�Â� �¤ T (M) ¥� ü¨�b¤ �î ¢¤�¢ ¢��ø H Û·õ ýÀþøÂµõ (�)üþ���¨ ×þ H �þ ø À�µÆû ¤ø¢Ýû ö� ¤ø�¹õ ø¢ ø ´¨� ¶Ü·õ ×þ H �îý¤�Ï�� ¢¤�¢ ¤ø�¹õ ø¢ �bÖ�ì¢¢�ª ù¢�¢ Çþ�Þ÷ T (M) ¥� üó�þ �Ü�¨ø �� �î ý¥�¨�À�-2 Âû ý�Â� .À�µÆû ¤ø¢ ö� ¤ø�¹õ ø¢ ø ´¨�E(H) �E(N) ý�û�ä�Þ¹õ ø À÷¤�¢ í�Âµª� B ø A ýø¢ Âû �� ö� ´ÞÆì ø¢ Âû ,À�î âÎì �¤ H ø.À÷À��ø �Ìä ×þ Ûõ�ª ø À÷Â��Â� E(M)�E(N) ø�¹�µ ÷ ,kN (A;B) = 1 ö�� ùø�ä �� .´¨� À�±Þû M ßþ�Â �� � � ,kM (A;B) > 1 ö�� : ö�ûÂ�ý�û�ä�Þ¹õ ,2.3.3 Ý ó � �� � � .´¨� ¤ø¢Ýû ×þ � ÷ ø ¤ø¢ ×þ � ÷ M ø M 6= N �î Ý þÂ � ðüõÓþÂã � ,�2(M) ¤¢ H Âû ý�Â � .N = MnX=Y �îý¤�Ï� � À ÷¤�¢ ¢��ø Y ø X ¢Â ê� �ÂÊ½�õH� = Hn(X \E(H))=(Y \E(H)): :Ý��îüõ� :Ý��îüõ ´��� �¤ Âþ¥ Ýó ø¢ ,Ýó ��±�� öÀª Ûõ�î ý�Â�.jE(H�)j � 2 �îý¤�Ï�� ¢¤�¢ ¢��ø �2(M) ¤¢ H ÀþøÂµõ 5.3.3 Ýó¥� ù¢�Ôµ¨� �� �¤�¬ ßþ�¤¢ .jE(H�)j � 3 Ý�ª�� �µª�¢ �2(M) ¤¢ H Âû ý�Â� Ý��î ­Âê : ö�ûÂ�.Ýþ¥�¨üõ N ý�Â� T3(N) À�±Þû-3 üµ¡¤¢ �þ�¹� ×þ ,M ¥� T3(M) À�±Þû-3 üµ¡¤¢ �þ�¹�Ûì�À� H� ÀþøÂµõ ,À�îüõ ý¤�Áð °Æ�Â� �¤ T3(M) ¥� §�b¤ ×þ �î H Û·õ ýÀþøÂµõ Âû ý�Â�°Æ�Â� �Ìä �¨ Ûì�À� �� ÀþøÂµõ ×þ �Ü�¨ø �� T3(H�) ¥� §�b¤ Âû ßþ�Â �� � � .¢¤�¢ �Ìä �¨T3(H�) ´¡¤¢ �� T3(M) ¥� H §�b¤ Âû ö¢Âî ������ �� T3(M) ¥� �¤ T3(N) �õ .¢�ªüõ ý¤�ÁðT3(N) ¥� üó�þ �� ÂÒ��µõ ,´¨� âì�ø H Â� �î T3(M) ¥� b Û·õ üó�þ ö� ¤¢ �î Ýþ¤ø�üõ ´¨¢��61



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê
,´¨� ö� �Ìä ×þ b �î ýÀþøÂµõ �Ü�¨ø �� §�b¤ ßþ� �î ´¨� âì�ø T3(H�) ¥� ü¨�b¤ Â� �î ´¨��î ÝþÂ�ðüõ �¹�µ÷ ,9.2.3 ��Ìì ø 8.2.3 ��Ìì ����� �¤�¬ ßþ�¤¢ .´¨� ùÀª ý¤�Áð °Æ�Â��2(N) = XH2�2(M) �2(H�) � XH2�2(M) �2(H) = XH2�2(M)1 = �2(M) (2).¢�� Àû��¡ ¤�ÂìÂ� �¹�µ÷ �¤�¬ ßþ� Â�è ¤¢ ,´¨� ¤�ÂìÂ� ýø�Æ� (2) �Î��¤ ¤¢ Ý��î ­Âê Ý�÷���üõßþ�Â�����2(H�) = 1 ;Ýþ¤�¢ �2(M) ¤¢ H Âû ý�Â� (3)
T3(N) À�±Þû-3 üµ¡¤¢ �þ�¹� ×þ Ý�÷���üõ ,6.1.2 ��Ìì (�) ´ÞÆì ¥� ù¢�Ôµ¨� �� ñ��.Àû¢ Çþ�Þ÷ �¤ fX1;X2g ý¥�¨�À�-2 �î Àª�� �µª�¢ üó�þ ´¡¤¢ ßþ� �îý¤�Ï�� Ýþ¥�Æ� N ý�Â�Â�Ñ÷ �� T3(N) ¥� H� §�b¤ Âû ¢À¹õ ý¤�Áð °Æ�Â� �� �ú�� T3(N) ¥� À÷���üõ T3(M) ,(3) �����Çþ�Þ÷ fX 01;X 02g ý¥�¨�À�-2 �î ¢¤�¢ üó�þ T3(M) ßþ�Â���� .Àþ� ´¨¢ �� H ÀþøÂµõ ü�ãþ ö�.´¨� Ëì��� ×þ �î ,kM (X1;X2) = 1 ßþ�Â��� � .X2 � X 02 ø X1 � X 01 �îý¤�Ï�� Àû¢üõ.´¨� ¤�ÂìÂ� 5.3.3 Å�,jE(H�)j = 2 ù�ðö� ,jE(H�)j � 2 Ý�ª�� �µª�¢ �2(M) ¤¢ H ü¡Â� ý�Â� Âð� 6.3.3 Ýó.jE(M) �E(N)j = 1 ø ´¨� üþ���¨ ×þ �þ ¶Ü·õ ×þ H ÀþøÂµõö�� ´¨�Ëì��� ¤¢ Y ø X üþ�µØþ �� ßþ� .´¨�M �Ôó�bõ ×þ H ù�ðö� ,E(H�) = ; Âð� : ö�ûÂ�.E(H�) 6= ; ßþ�Â �� � � .´¨� M=f ø Mnf ÀþøÂµõ ø¢ Âû ¥� ¤���õ ×þ N ,f 2 E(H) �î üµìø62



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊêüµìø .´¨� �ì�ÏÝû ×þ �þ ø �ì�Ï ×þ H� �¤�¬ ßþ�¤¢ .jE(H�)j = 1 �î Ý��î ­Âê ñ��H �î ÝþÂ �ðüõ �¹�µ ÷ ,¢�ªüõ ß��ã � H ¥� ¤� � �õ ×þ ö�� �ä � � ¢Âê� �ÂÊ½�õ ¤�Ï �� H� �îù�ðö� ,f 2 E(H) \ (X [ Y ) Âð� ,jE(H)j � 3 �î üµìø ßþ�Â���� .´¨� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ,3.3.3 Ýó � �� � � �¹�µ ÷¤¢ . ´¨� À� ±Þû� ÷M=f � þ Mnf ßþ�Â �� � � .´¨� À� ±Þû� ÷ H=f � þ Hnf.´¨� Ëì��� ×þ �î ,jE(M) � E(N)j � jE(H) � E(H�)j � 2 üóø .jE(M) � E(N)j = 1H� ßþ�Â���� .´¨� À�±Þû N �Âþ¥ ,´¨� À�±Þû H� Ý�þ�ð .jE(H�)j = 2 Ý��îüõ­Âê ßþ�Â����ö�ðø¢ �� ���� �� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ E(H) \ (X [ Y ) ¥� �¤ g �Ìä ñ�� .´¨� ´¿þÂØþ U1;2 ��¤�Ï �� H� �Âþ¥ ,´¨� À�±Þû�÷ Hng �¤�¬ ßþ�¤¢ .g 2 Y Ý��î ­Âê Ý�÷���üõ ,�ø�ó �¤�¬ ¤¢E(H�) Ûõ�ª �î ý¤ø¢ Hng ßþ�Â���� ø ¢�ªüõ ß��ã� H ¥� ¤���õ ×þ ö���ä �� ¢Âê �� ÂÊ½�õÀ�±Þû�÷ Hng �õ� ´¨� �Ìä �¨ Ûõ�ª Ûì�À� ø ´¨� À�±Þû-3 ,H �î ßþ� ¥� ßþ�Â���� .¢¤�À÷ ,Àª��Àû��¡ À�±Þû�÷ Mng Å� ,´¨� À�±Þû�÷ Hng ö�� .H �= U2;3 �î ¢�ªüõ Û¬�� �¹�µ÷ ßþ� ,´¨�� .jE(M) �E(N)j = 1 ÝþÂ�ðüõ �¹�µ÷ ,3.3.3 Ýó ����� ßþ�Â���� .¢����� .jE(H�)j � 2 �îý¤�Ï�� ¢¤�¢ ¢��ø �2(M) ¥� H Û·õ ý�Ìä ,5.3.3 Ýó �� ��� ñ��Ý��î­Âê .´¨� ¢Âê��ÂÊ½�õH ßþ�Â���� .jE(M) �E(N)j = 1 ø jE(H�)j = 2 ,6.3.3 Ýó ���¤�¬ ¤¢ ö�ðø¢ ßµêÂð ÂÑ÷ ¤¢ �� .g 2 E(H) � E(H�) �¤�¬ ßþ�¤¢ .E(M) � E(N) = fgg�¹�µ÷ ,3.3.3 Ýó ´ÞÆì ßþÂ¡� ¥� ùø�ä �� .N =M=g ø ´¨� ¶Ü·õ ×þ H ÝþÂ�ðüõ �¹�µ÷ ,�ø�óÂû �î ¢¤�¢ ¤ø�¹õ ø¢ �fÖ�ì¢ §�b¤ ßþ� �î À�îüõ ý¤�Áð °Æ�Â� �¤ T (M) ¥� ü¨�b¤ H �î ¢�ªüõâì�ø H Â� �î T (M) ¤¢ ñ�þ ø¢ Âû ùø�ä �� .À÷�ùÀª ý¤�Áð °Æ�Â� �û¤ø¢Ýû �Ü�¨ø �� �ûö� ýø¢63



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê�� �ä�Þ¹õ ¤�ú� Âû ,3.3.3 Ýó ´ÞÆì ßþÂ¡� ¥� ù¢�Ôµ¨� �� ø À�û¢üõ Çþ�Þ÷ �¤ �ä�Þ¹õ ø¢ ,À�µÆû.¢�ªüõ Ûõ�î 4.3.3 Ýó ��±�� ßþ�Â���� .À÷¤�¢ í�Âµª� B ø A ýø¢ Âû­Âê .¢¤�¢ �Ìä ¤�ú� Ûì�À� �î Àª� � À� ±Þû ù¢�¨ ÀþøÂµõ ×þ N Ý��î ­Âê 7.3.3 ÝóÂð� .¢¤�¢ ¤� � � õ ×þ ö�� �ä � � �¤ N �î Àª� � ñ�Þ � � � õ-¤� � � õ À � ±Þû-3 ÀþøÂ µ õ ×þ M Ý� � îüþ���¨ ×þ �� ÕÜãµõ e ù�ðö� ,Àª�� M=e ø Mne ýø¢ Âû ¥� ¤���õ ×þ N ø e 2 E(M) � E(N)Âû ù�ðö� ,X 0 � X ø N = MnX=Y Âð� ùø�ä �� .T �e � e � E(N) �îý¤�Ï�� ´¨� M ¥� T �e.´¨� �ì�ÏÝû ×þ ,¢¤�À÷ í�Âµª� E(N) �� �î M=Y nX 0 ¥� H �Ôó�bõÝ��î ��¿µ ÷� �¤ Si(M=e) ¥� üþ�Ìä� Ý� ÷�� �üõ ,´¨� M=e ¥� ù¢�¨ ¤�� �õ ×þ N ö�� : ö�ûÂ ��î ÝþÂ�ðüõ �¹�µ ÷ N ��¿µ÷� � � ���� � � .À�ª� � �µª�¢ ¤���õ ×þ ö���ä �� �¤ N �î ý¤�Ï��Ýó ����� ø ´¨� À�±Þû-3 ,Co(Mne) ,11.2.3 ��Ìì ����� ßþ�Â���� .´Æ�÷ À�±Þû-3 ,Si(M=e)�î Àû¢üõ �¹�µ÷M ��¿µ÷� üÚ÷�Ú� .¢¤�¢ �Ìä ø¢ Â·î�À�Mne ¥� ýÂ¨ §�î Âû ,17.2.3.Àª�� ö� ¥� ¤���õ ×þ N �î ý¤�Ï�� À÷�ª ��¿µ÷� À�÷���üÞ÷ Co(Mne) ý�Ìä��¤�¬ ßþ�¤¢ .Àª�±÷ ñ�ÞÈõ E(N) ¤¢ Mne ¥� üúþÀ� Â�è ýÂ¨ §�î º�û Ý��î ­ÂêÂ ð� .Ý � � î Ë±Ö � õ � þ éÁ� �¤ ýÂ¨ §�î Âû ¥� ý�Ìä À þ� � ,M ¥� N ö¢¤ø� ´¨¢ � � ý�Â �×þ �þ ,Mnena ¥� ¤���õ ×þ N ù�ðö� ,a =2 E(N) ö� ¤¢ �î Àª�� ýÂ¨ §�î ß��� ×þ fa; bgN ¥� �ì�ÏÝû ×þ �õ� ´¨� Mnena ¥� �ì�ÏÝû ×þ b ö�� ,ñø� ´ó�� ¤¢ .´¨� Mne=a ¥� ¤���õ�� Â��Â� �îý¤�Ï�� ´¨� Mnenanb ¥� ¤���õ ×þ N ßþ�Â���� ,b =2 E(N) ÝþÂ�ðüõ �¹�µ÷ ,´Æ�÷À�±Þû-3 ÀþøÂµõ ßþ�Â���� .´¨� Mne=a ¥� ¤���õ ×þ N ,´ó�� ø¢ Âû ¤¢ ßþ�Â���� .´¨� Mnenb=a64



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê×þ Mne �î ÝþÂ�ðüõ �¹�µ÷ Å� .´¨� Ëì��� ×þ �î ,¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N ,Co(Mne)e Ûõ�ª �î ´¨� T �e üþ���¨ ×þ ý�¤�¢ M ,ßþ�Â���� ,¢¤�¢ E(N) ¤¢ ñ�ÞÈõ üúþÀ� Â�è ýÂ¨ §�î.T �e � e � E(N) �îý¤�Ï�� ´¨�ù�ðö� ,f 2 E(H) Âð� .Àª�±÷ �ì�ÏÝû ×þ H Ý��î ­Âê ,Ýó �ø¢ ´ÞÆì ��±�� ý�Â� ñ��¤¢ .À÷¤�¢ ¤� � �õ ö�� �ä � � �¤ N ,M=f ø Mnf ýø¢ Âû ,¢¤�À ÷ í�Âµª� E(N) � � E(H) �î üµìø¥� � û¤ø¢Ý û ¥� á� Þ µ �� × þ T �f ß þ�Â �� � � .´¨� M=Y ¥� ü þ� �� ¨ × þ ø ¢¤�¢ ¢� �ø T �f �¹ � µ ÷�Áó ø ´¨� Ëì��� ×þ �î ;´¨� �ì�ÏÝû ×þ H ßþ�Â���� ,T �f \E(H) = ffg �õ� .´¨�M=Y nX 0� .¢�ªüõ ´��� ÝØ�ñ�Þ���õ-¤���õ À�±Þû-3 ÀþøÂµõ ×þ M ø Àª�� ý�Ìä-4 ¤ø¢ ×þ N Ý��î ­Âê 8.3.3 Ýó�îý¤�Ï�� Àª�� �µª�¢ ¢��øM ¥� C Â�ð�Âê Â�è ¤ø¢ ×þ Âð� .¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î Àª��.jE(M)j = 8 ù�ðö� ,E(N) � Cñ�Þ���õ jE(M)j ö� ý�Â� �î Àª�� üÌÖ÷ ñ�·õ (M;N) ø Àª�±÷ ´¨¤¢ Ýó Ý��îüõ ­Âê : ö�ûÂ�:Ý��î ­Âê .´¨�U = fe 2 E(M)�E(N) : ´¨�M=e øMneýø¢ Âû ý�Â� ¤���õ ×þ Ng�îý¤�Ï�� Àª��M ¥� �û¶Ü·õ ¥� ý��ä�Þ¹õ T Ý��î ­Âê .E(M) � 
l(C) � U �î ´¨� üúþÀ��� üî�Âµª� �î ¢¤�¢ ¢��ø M ¥� D� ¤ø¢Ýû ×þ ,
l(C) 6= E(M) ö�� .´¨� üú�Â�è T � 
l(C),M=e ßþ�Â���� .¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N ,M=e ÀþøÂµõ ,D� ¤¢ e Âû ý�Â� ùø�ä�� .¢¤�À÷ 
l(C).À÷¤�¢ í�Âµª� D� �� �î ¢¤�¢ ¶Ü·õ ø¢ Ûì�À� M ,12.2.3 ��Ìì �� ��� �¹�µ÷ ¤¢ .´Æ�÷ À�±Þû-365



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.jT j � 2 ßþ�Â����Â û � î Ý þÂ � ðü õ �¹ � µ ÷ ,7.3.3 Ý ó � �� � � ,T � 
l(C) � U ö�� .T 2 T Ý � � î ­Â êö�� ,�¹�µ÷ ¤¢ .T �e � e � E(N) �îý¤�Ï�� ¢¤�¢ ¤�Âì T �e üþ���¨ ×þ ¤¢ T � 
l(C) ¥� e �Ìäø T �1T \ (T � 
l(C)) �îý¤�Ï�� ¢¤�¢ T �2T ø T �1T �ø�Ôµõ üþ���¨ ø¢M ÀþøÂµõ ,jT � 
l(C)j � 2¤¢ .jT �iT \E(N)j = 2 ,i Âû ý�Â� ø À�µÆû ý�Ìä ×� �þ�Þµõ ý�û�ä�Þ¹õ T �2T \ (T � 
l(C)).´¨� E(N) ¤¢ ñ�ÞÈõ RT ü�ãþ ö� üÎ�½õ ý�Ìä� �îý¤�Ï�� ´¨� ßê ×þ T �2T ,T ,T �1T �¹�µ÷.jT \E(N)j = 1 ,ùÄþø ��,´Æ�÷ ¶Ü·õ ×þ Ûõ�ª N ö�� .Ý��îüõ ��¿µ÷� ,´¨� T � fTg ¥� ý�Ìä �î �¤ T 0 ñ��ÝþÂ�ðüõ �¹�µ÷ ,jE(N)j = 4 ø RT [RT 0 � E(N) ö�� .jRT [RT 0 j � 4 ßþ�Â���� .RT 6= RT 0.¢Â�ðüõ ¤�Âì T �2T 0 �þ T �1T 0 ,T �2T ,T �1T ¥� üØþ ¤¢ E(N) ¥� �Ìä Âû ùø�ä �� .RT [RT 0 = E(N).´¨� M j
l(C) ¥� S ýÂ¨ §�î ×þ ¤¢ ñ�ÞÈõ E(N) ßþ�Â����×þ ý�¤�¢ M �¤�¬ ßþ�¤¢ .e 2 
l(C)�C Ý��î ­Âê .
l(C) = C �î Ý�û¢üõ ö�È÷ ñ��Ý� ÷�� �üõ ,Àõ�ã � ø ¤ø¢ éÁ� ö�÷� ì � � � � � ùø�ä �� .e 2 C 0 � C [ e �îý¤�Ï�� ´¨� C 0 ¤ø¢¥� � ì�Ï ×þ e ßþ�Â �� � � ,C 0 � E(M) � E(N) �Á ó .C 0 \ S = ; �î Ý� � î ��¿µ ÷� ý¤�Ï �¤ C 0�¹�µ÷ ø ¢¤�À÷ ¢��ø e ßþ�Â���� .´¨� Ëì��µõ ,7.3.3 Ýó Â¡� ´ÞÆì �� ßþ� �î .M=(C � E(N)).
l(C) = C ÝþÂ�ðüõ:Ý��îüõ ü¨¤Â� �¤ Âþ¥ ´ó�� ø¢�þ ,T \ T 0 6= ; (Óó�)66



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.T \ T 0 = ; (�)­Âê Ý � ÷�� �ü õ ,¢� ª � µ ¨� î � Ü ÿÆ õ ´� Ü î ¥� � î ß þ� öøÀ � .Ý � � îü õ ü¨¤Â � �¤ (Ó ó�)� î Ý þÂ � ðü õ �¹ � µ ÷ ,´Æ � ÷ ¶ Ü · õ ×þ Ûõ� ª N ö�� .T �2T = T �1T 0 ø T 0 \ T �2T 6= ; Ý � � îE(N) �� �î ´¨� RT [ RT 0 ßê ßþ� üÎ�½õ ý�Ìä� .´¨� M ¥� ßê ×þ T �2T 0,T 0,T �2T ,T ,T �1T.´¨� Â��Â�üþ���¨ ×þ �� ÕÜãµõ f ,7.3.3 Ýó �� ��� �¤�¬ ßþ�¤¢ .f 2 U � (T [ T 0) Ý��î ­Âê ñ���� üî�Âµª� T �f � f ÝþÂ�ðüõ �¹�µ÷ Àõ�ã� ����� �õ� .T �f � f � E(N) �îý¤�Ï�� ´¨� M ¥� T �fjU�(T [T 0)j � 2 Ý��î ­Âê .T �f \E(N) = E(N)�(T [T 0) ßþ�Â���� .¢¤�À÷ (T [T 0)\E(N).T �f \ E(N) = T �g \ E(N) �¤�¬ ßþ�¤¢ .À �ª� � U � (T [ T 0) ¥� ý� þ� Þ µ õ ý�Ìä� g ø f ø,M�nf �¹�µ ÷ ¤¢ .´¨� M� ¤¢ ý��ÎÖ÷ ¤�ú� Í¡ ×þ ff; gg [ (E(N) � (T [ T 0)) ßþ�Â �� � �×þ ö���ä �� �¤ N ,M=f ÀþøÂµõ ,f 2 U ö�� .Àª��üõ À�±Þû-3 ,M=f �Áó ø ´¨� À�±Þû-3.jU � (T [ T 0)j � 1 �¹�µ÷ ¤¢ .´¨� Ëì��� ¤¢ M ��¿µ÷� üÚ÷�Ú� �� ø ¢¤�¢ ¤���õýÂ¨ §�î ×þ ö���ä � � �¤ C � (T [ T 0) �î Ý� �îüõ ü¨¤Â � �¤ M j(C [ T [ T 0) ñ���î ÝþÂ �ðüõ �½�µ ÷ ,C [ U = E(M) ö�� .C [ T [ T 0 6= E(M) ßþ�Â �� � � .¢¤�¢ üúþÀ� Â �è.ÝþÂ�ðüõ ÂÑ÷ ¤¢ U � (T [ T 0) ¥� �¤ e �Ìä .jU � (T [ T 0)j = 1 �¹�µ÷ ¤¢ .jU � (T [ T 0)j � 1.´¨� ÀþøÂµõ ßþ� ¥� ýÂ¨ §�î ×þ C � (T [ T 0) ø M j(C [ T [ T 0) = Mne �¤�¬ ßþ� ¤¢ßþ� Â�è ¤¢ ,´Æ�÷ À�±Þû-3 ,M�ne ñ�� .´¨� M� ¥� Í¡ ×þ e [ (C � (T [ T 0)) ßþ�Â �� � ��¹�µ÷ ø jC � (T [ T 0)j = 2 ßþ�Â���� .¢�� Àû��¡Ëì��µõM ��¿µ÷� üÚ÷�Ú� �� M=e �¤�¬67



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.¢�ªüõ Ûõ�î ��Ìì ��±�� (Óó�) ´ó�� ¤¢ °��Â� ßþ� �� .jE(M)j = 8 ÝþÂ�ðüõ.RT � T = R0T � T 0 �î Ý�ª�� �µª�¢ Àþ�� ,Àõ�ã� ����� .Àª�� ¤�ÂìÂ� (�) Ý��î ­Âê ñ��¤ø¢ Ýû ×þ E(M) � C Ý��î ­Âê .´¨� M ¥� ¤ø¢Ýû ×þ E(M) � C �î Ý�û¢üõ ö�È÷ ñ���¹�µ÷ ¤ø¢Ýû éÁ� ùÀä�ì �� ��� ,jT � 
l(C)j = 2 ø 
l(C) = C ö�� �¤�¬ ßþ�¤¢ .Àª�±÷ M�� .¢¤�À÷ üî�Âµª� T �� ø ´¨� E(M) � C ¤¢ ñ�ÞÈõ �î ¢¤�¢ D� Û·õ ý¤ø¢Ýû M �î ÝþÂ�ðüõ¥� üØþ ,¢¤�¢ í�Âµª� M ¥� ¶Ü·õ ø¢ � � D� �î Ý� �� þüõ ¤¢ ,12.2.3 ��Ìì ù¤� �ø¢ ßµÆ� ¤�î � �ø jT 00 \ E(N)j = 1 ßþ�Â���� ,T 00 2 T �¹�µ÷ ¤¢ .Àª�� �ø�Ôµõ T 0 �� Àþ�� �î ,´¨� T 00 �f ·õ �ûö�,T 00 � C � D� �î ÝþÂ�ðüõ �¹�µ÷ Àõ�ã� �� ��� ,¢¤�¢ í�Âµª� D� �� T 00 � C ö�� .jT 00 � Cj = 2´�¬�¡ ¥� ù¢�Ôµ¨� � � ø T �2T ø T �1T ø T 00 � � �Î��¤ ¤¢ ßþ�Â �� � � .T \ (T 00 � 
l(C)) = ; ßþ�Â �� � ��¹�µ÷ ,jE(N)j = 4 ö�� .T 00 = RT �¤�¬ ßþ� Â�è ¤¢ ,T 00 \RT = ; �î ÝþÂ�ðüõ �¹�µ÷ ,Àõ�ã�Ûõ�ª E(N) ö�� .¢¤�¢ ¤�Âì T 00 ø T 0 ýø¢ Âû ¤¢ E(N) � RT ¢Âê �� ÂÊ½�õ �Ìä �î ÝþÂ�ðüõ�î ,T 00 = T 0 �î ÝþÂ�ðüõ �¹�µ÷ ,À�µÆû T 00 ø T 0 Ûõ�ª �î üþ�ûßê �Æþ�Öõ �� ,´Æ�÷ ¶Ü·õ ×þC� �¤ ¤ø¢Ýû ßþ� .´¨� M ¥� ¤ø¢Ýû ×þ E(M) � C �î ÝþÂ�ðüõ �¹�µ÷ �Áó .´¨� Ëì��� ×þ.Ý�õ�÷üõ(T �1T [ T �2T )� (T \ E(N)) ,¤ø¢Ýû éÁ� ùÀä�ì ����� .jC�j = 4 �î Ý�û¢üõ ö�È÷ ñ��� � Â ��Â � À þ� � ,C ø T ýø¢ Â û � � À õ� ã � ß µ êÂ ð ÂÑ ÷ ¤¢ � � � î ´¨� M ¥� D�T ¤ø¢Ý û ×þ Ûõ� ª,e 2 D�T [D�T 0 �¤�¬ ßþ�¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ e 2 RT �T .Àª�� (T �1T [T �2T )� (T \E(N))C ¥� �Ìä ×þ Â·î�À� Ûõ�ª ¤ø¢Ýû ßþ� .´¨� M ¥� ¤ø¢Ýû ×þ Ûõ�ª (D�T [D�T 0) � e ßþ�Â����68



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê.jC�j = 4 ßþ�Â���� ,C� = (T [ T 0)� C �¹�µ÷ ¤¢ .Àª�� Â��Â� C� �� Àþ�� ßþ�Â���� ø ´¨�À�±Þû ÀþøÂµõ ×þ M 0 ,7.3.3 Ýó ����� �¤�¬ ßþ�¤¢ .M 0 = M=(C � E(N)) Ý��î ­ÂêM 0 ¥� ¤ø¢Ýû ×þ C� ø ¤ø¢ ×þ E(N) Ý�÷�¢üõ .´¨� À�±Þû-3 ,M 0 �î Ý��îüõ ´��� ñ�� .´¨�ý�ûüþ���¨ ßþ� ¥� ��Àî Âû ,À�µÆû E(M 0) ¤¢ ñ�ÞÈõ T �2T 0,T �1T 0 ,T �2T ,T �1T ¥� ×þ Âû ö�� .´¨�C� ¥� �Ìä ×þ �ú�� Ûõ�ª �ûüþ���¨ ßþ� ¥� ��Àî Âû ùø�ä �� .À�µÆû ��÷ M 0 ¥� üþ���¨ ×þ M�µª�¢ í�Âµª� C� �� �î ¢¤�À÷ ý¤ø¢-2 º�û ,M 0 ßþ�Â���� .À�ª�� üõ �þ�Þµõ �Ìä� ßþ� ø À�µÆû¢��ø E(N) ¤¢ ñ�ÞÈõ M 0 ¥� ý¤ø¢-2 º�û ,´¨� M 0 ¥� ¤ø¢ ×þ E(N) ö�� ùø�ä �� .Àª��º�ûM 0 Å� .´¨� ù¢�¨ÝûM ö�� ,Àª��üõ ��÷ ù¢�¨ÝûM 0 �õ� .´¨� ù¢�¨M 0 ßþ�Â���� .¢¤�À÷¥� üúþÀ� Â�è ý¥�¨�À�-2 ×þ fX;Y g Ý��î ­Âê .Àª�� �µª�¢ À÷��� üÞ÷ üúþÀ� ý¥�¨�À�-2ßþ�Â���� .Àª�� �µÆ� (M 0)� ø M 0 ýø¢ ¤¢ Âû X ø jX \ T j � 2 Ý��î ­Âê Ý�÷���üõ .Àª�� M 0ßþ�Â���� ,´¨� E(N) Ûõ�ª X �¹�µ÷ ¤¢ .Àª��üõ T �2T ø T �1T Ûõ�ª �¹�µ÷ ¤¢ ø ´¨� T Ûõ�ª X,M 0 ö�� .´¨� À�±Þû-3 ,M 0 �î ÝþÂ�ðüõ �¹�µ÷ �Áó .´¨� Ëì��� ×þ �î ;jY j � 2 ø jXj � 6� .jE(M)j = jE(M 0)j = 8 ßþ�Â���� .M =M 0 �î ÝþÂ�ðüõ �¹�µ÷ ,¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N.Àª�� ö� üÎ�½õ ý�Ìä� �� M ÀþÀ½� N ø ¤�ú� �±�¤ ��  Â� ×þ M Ý��î ­Âê 9.3.3 ñ�·õ.´¨� ¤�ÂìÂ� üÜî ´ó�� ¤¢ ýø�Æ� ßþ� �î Ýþ¢�¢ ö�È÷ Û±ì Ýó ¤¢ .jE(M)j = 8´ó�� ßþ� ¤¢
69



üØ��Ø� ¸þ�µ÷ 3.3 ü��õÀÖõ ¸þ�µ÷ 3 ÛÊê
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1.3 ÛØª.E(N) = fa1; a2; a3; a4g ø E(M) = fa1; a2; a3; a4; b1; b2; b3; b4g Ýþ¤�¢À�±Þû-3 ÀþøÂµõ ×þ M ,´¨� ö�ðø¢ ¢�¡ ø À�±Þû-3 ,r � 3 ý�Â� M(Wr) �îßþ� �� ���� ��.¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î ´¨� ñ�Þ���õ-¤���õfb3; a3; b4g ø fb3; a2; b2g ,fb1; a1; b2g ,fb1; a4; b4g ö� ý�û¶Ü·õ �þ ý�Ìä �¨ ý�û¤ø¢fa3; b4; a4gø fa1; b2; a2gø fa4; b1; a1gö� ý� û ü þ� �� ¨ � þ ý�Ìä�¨ ý� û¤ø¢ Ý û .À � µ Æ ûßþ� ø jT �iT \E(N)j = 2 ø jT \ E(N)j = 1 Ý��îüõ ùÀû�Èõ �î ý¤�Ï�� .À�µÆû fa2; b3; a3gøö� ý�Ìä -4 ¤ø¢ Ýû ø ´¨� ý�Ìä -4¤ø¢ ×þ N .À�î üõ ëÀ¬ Û±ì Ýó Íþ�Âª ¤¢ ñ�·õ.jE(M)j = 8 ø ´¨� fb1; b2; b3; b4g
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4 ÛÊê
ýÀ�±Þû ´ó�� ü¨¤Â�

ö�È÷ ß��»Þû .Ý��îüõ ´��� ,Àª�� À�±Þû N �î üµó�� ý�Â� �¤ üÜ¬� ��Ìì ÛÊê ßþ� ¤¢ö��� �� �Àµ�� .¢¤�¢ ¢��ø ,Àª�� À�±Þû ÀþøÂµõ ×þ N �î üµó�� ý�Â� üÖ�ì¢ ý��� ö�Âî �î Ý�û¢üõßþ� üÜ¬� ��Ìì ��±�� ¤¢ �î Ý��îüõ ö��� �¤ ¥��÷ ¢¤�õ �¹�µ÷ À�� Å³¨ .Ýþ¥�¢Â�üõ ÓþÂã� À��.´ª�¢ Àû��¡ ý¢�þ¥ ¢Â�¤�î ÛÊêÓþ¤�ã� 1.4¥� E(N) ¥� T üó�¡ Â�è �ä�Þ¹õ Âþ¥ éÁ� �� �î Àª�� ýÀþøÂµõ M Ý��î ­Âê 1.1.4 ÓþÂã�.À�þ�ð M 1 â�¨�� ×þ �¤ N �¤�¬ ßþ�¤¢ .´¨� ùÀª Û¬�� N ÀþøÂµõü ì� � À � ± Þ û À þøÂ µ õ ×þ ö� éÁ� �î À � ± Þ û À þøÂ µ õ ×þ ¤¢ ¤ø¢Ýû ×þ 2.1.4 ÓþÂã�.¢�ªüõ ùÀ�õ�÷ 2ü¨�b¤ ¤ø¢Ýû ,¢¤�Áðüõextention1Vertex Co
ir
uit271



Óþ¤�ã� 1.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê.ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ ÛØª ¤¢ �¤ M(W3) ø W3 é�Âð 3.1.4 ñ�·õ
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M(w3)1.4 ÛØªüì�� À�±Þû ÀþøÂµõ ×þ ö� éÁ� �� �î ´¨� M(W3) ¤¢ ¤ø¢Ýû ×þ fb1; b2; b3g �î Ý��� �üõ.´¨� ü¨�b¤ ¤ø¢Ýû ×þ fb1; b2; b3g �Áó .À÷�õüõö��µ� ù�ðÂû ,À�þ�ð 3 ý¥��õ-ýÂ¨ �Ø±ª ×þ ,¢¤�À÷ �ú�� §�¤ �î �¤ G é�Âð 4.1.4 ÓþÂã��ã¨�� ñ�Þä� ¥� ý��ó�±÷¢ Í¨�� ,À�ª��üõ ñ�þ ×þ �ú�� Ûõ�ª ��Àî Âû �î À�±Þû é�Âð ø¢ ¥� �¤ ö�.¢¤ø� ´¨¢ �� ýÂ¨ �þ ý¥��õSeries-parallel network372



Óþ¤�ã� 1.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêý¥��õ -ýÂ¨ �Ø±ª «��¡:�¤�¬ ßþ� ¤¢ .Àª�� ý¥��õ - ýÂ¨ �Ø±ª ×þ G Ý��î ­Âê.´¨� ¼ÎÆõ é�Âð ×þ G (Óó�).´¨� í�Ü� ×þ G (�). ´Æ�÷ í�Ü� ×þ G=e �þ Gne ù�ðö� ,Àª�� �ûö� ¥� üØþ e ø Àª�� �µª�¢ ñ�þ �¨ Ûì�À� G Âð� (�)G2 ø G1 ý�ûé�Âð .ÝþÂ�ðüõ ÂÑ÷ ¤¢ Âþ¥ ÛØª ¤¢ �¤ G3 ø G2 ø G1 ý�ûé�Âð 5.1.4 ñ�·õø¢ Âû .À��îüõ ëÀ¬ ý¥��õ-ýÂ¨ �Ø±ª «��¡ üõ�Þ� ¤¢ �Â þ¥ ,À�µÆû ý¥��õ-ýÂ¨ �Ø±ª.À�µÆû ñ�Þ�Æî�õ À�±Þû -2 é�Âð ø¢ Âû �Âþ¥ ,À�µÆû í�Ü� ø¢ Âû .À�µÆû ¼ÎÆõ

G1

e
e

G3

e

G2G1 G3a2.4 ÛØªÂû ¥� �¤ e ñ�þ Âð� ,À÷¤�¢ ñ�þ �¨ ¥� ÂµÈ�� ��Àî Âû G2ø G1 .Ý��îüõ ü¨¤Â� �¤ Â¡� ¯Âª ñ��:´ª�¢ Ý�û��¡ ù�ðö� ,Ý��î éÁ� G2ø G1é�Âð ø¢73



Óþ¤�ã� 1.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê

G1\e
G2\eb 2.4 ÛØªÂ¡� ¯Âª �Áó .À�µÆ�÷ í�Ü� ×þ G2ne ø G1ne ý�û é�Âð ¥� ��Àî º�û �î Ý��îüõ ùÀû�Èõß��»Þû ,´Æ�÷ À�±Þû -2 ,G3 �f ø� �Âþ¥ .´Æ�÷ ý¥��õ-ýÂ¨ �Ø±ª G3 é�Âð �õ� .´¨� ¤�ÂìÂ� ��÷:´ª�¢ Ý�û��¡ Ý��î ü¨¤Â� �¤ Â¡� ¯Âª Âð�

G3\e3.4 ÛØª.´Æ�÷ ý¥��õ -ýÂ¨ �Ø±ª G3 �Áó ,´¨� í�Ü� ×þ G3ne �î Ý����üõ74



¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê¥��÷ ¢¤�õ ý�ûÝó ø �û��Ìì 2.4Ý��î ­Âê ø ¢¤�¢ �Ìä ¤�ú� Ûì�À� �î Àª�� À�±Þû-3 ÀþøÂµõ ×þ M Ý��î ­Âê 1.2.4 ÝóÀ�±Þû -3 ,Mnf ø Mne ý�û ÀþøÂµõ ¥� ��Àî º�û �îý¤�Ï �� Àª�� M ¥� ¶Ü·õ ×þ fe; f; ggÝó �� Ýó ßþ�) .´¨� g ø f ¥� üØþ �fÖ�ì¢ ø e Ûõ�ª �î ¢¤�¢ üþ���¨ ×þ M �¤�¬ßþ�¤¢ .À�ª�±÷.( ´¨� éøÂãõ ��� ü·Ü·õ� .¢�ª �ã��Âõ [9 .4.8 Ýó [10℄ ℄ �� : ö�ûÂ�Ý��î ­Âê .À�ª�� M À�±Þû-3 ÀþøÂµõ ¥� ý�þ�Þµõ ý�Ìä� e ø f Ý��î ­Âê 2.2.4 ��Ìì�¤�¬ßþ�¤¢ ,À÷¤�¢ ¤�Âì M ¥� fe; f; zg üþ���¨ ø fe; f; ag ¶Ü·õ ¤¢ fe; fg (Óó�)�þ ,´¨� ´¿þÂØþ U2;4 �� M (�).� = fe; f; ag ö� ¤¢ �î ,´¨� ´¿þÂØþ P�(M(K4);M=z) n fe; fg �� M (�)ø (�) ¥� üØþ ßþ�Â���� ,´¨� ¤�ÂìÂ� (Óó�) ù�ðö� ,À�ª�� À�±Þû�÷ ,M=e ø Mne ýø¢ Âû Âð� ùÄþø ��.Àª��üõ ¤�ÂìÂ� (�)� .¢�ª �ã��Âõ [ 1.5 ��Ìì [1℄ ℄ �� : ö�ûÂ�Ý��î ­Âê .jE(M)j � 4 ö� ¤¢ �î Àª�� À�±Þû-3 ÀþøÂµõ ×þ M Ý��î ­Âê 3.2.4 ��ÌìMnZ ýø¢Âû ,C ¥� Z Û·õ ý�Ìä ø¢ ý�û�ä�Þ¹õÂþ¥ �Þû ý�Â� �îý¤�Ï�� ´¨� C¤ø¢ ý�¤�¢ M�¤�¬ßþ�¤¢ ,À�µÆû À�±Þû�÷ ,M=Z ø�þ ,M �= U2;4 (Óó�)75



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêø M�j(C [ fa; b; 
g) �=M(K4) �îý¤�Ï�� ´¨� fa; b; 
g üþ���¨ ×þ ý�¤�¢ M ø jCj = 3 (�)M� = P�(M�j(C [ fa; b; 
g);M�nC)� .¢�ª �ã��Âõ [ 5.5 ��Ìì [1℄ ℄ �� : ö�ûÂ�´¿þÂØþ ¤���õ ×þ ´¨� �Ìä ¤�ú� ý�¤�¢ Ûì�À� �î M À�±Þû-3 ÀþøÂµõ Âû 4.2.4 ��Ìì.¢¤�¢ M(K4) �þ U2;4 ��� .¢�ª �ã��Âõ [ 13.2.11 ��Ìì [10℄ ℄ �� : ö�ûÂ��� I� ø I �îý¤�Ï�� ´ª�÷ MnI�=I �¤�¬�� ö���üõ �¤ M ÀþøÂµõ ¥� ¤���õ Âû 5.2.4 �µØ÷.À�µÆû ÛÖµÆõÝû ø ÛÖµÆõ ý�û�ä�Þ¹õ °��Â�� . ¢�ª �ã��Âõ [ 5.3.3 ��Ìì [10℄ ℄ �� : ö�ûÂ�Ýþ¤�¢ ,X � E � T Âû ý�Â� ù�ðö� ,T � E Âð� 6.2.4 ��ÌìrM=T (X) = rM (X S T )�rM(T ) ; rMnT (X) = rM (X)� .¢�ª �ã��Âõ [ 6.1.3 ��Ìì [10℄ ℄ �� : ö�ûÂ�üÜ¬� ��Ìì 3.4×þ M Âð� .Àª�� üú�Â�è À�±Þû ÀþøÂµõ ×þ N Ý��î ­Âê üÜ¬� ��Ìì 1.3.4 ��Ììù�ðö� ,¢¤�¢ ¤���õ ö���ä �� �¤ N �î Àª�� ñ�Þ���õ -¤���õ À�±Þû-3 ÀþøÂµõjE(M)j � jE(N)j � 5(�2(N)� 1):76



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê�� ´±Æ÷ �î Ý��îüõ ��¿µ÷� �¤ (M;N) ËÖ÷ ñ�·õ ø ´Æ�÷ ¤�ÂìÂ� ��Ìì Ý��î ­Âê : ö�ûÂ�.´Æ�÷ À�±Þû-3 ,N �î Ý��îüõ ùÀû�Èõ .´¨� ñ�Þ���õ (jE(M)j;�jE(N)j) ýø¤ üþ�±Ôó� °��Â�ßþ�Â���� .�2(N) � 2 ùÄþø��jE(N)j � 4 (4)�î ÝþÂ�ðüõ �¹�µ÷ ,´¨� ��Ìì ý�Â� ËÖ÷ ñ�·õ ×þ (M;N) ö�� ,ùø�ä��jE(M)j > jE(N)j + 5(�2(N)� 1) ßþ�Â����jE(M)j � 10 (5)
: Ý��î üõ ´��� �¤ Âþ¥ ý�û Ýó ,��±�� öÀª Ûõ�î ý�Â�� î Àª� � M ¥� ¤� � � õ × þ N 0 ø N ¥� ý¥� ¨�À�-2 ×þ fX1;X2g Ý � � î ­Â ê 2.3.4 Ýó.À�îüõ ëÀ¬ K 0N (X1;X2) > 1 �Î��¤ ¤¢ ø ¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ø ´¨� ñ�Þ���õ -¤���õ�îý¤�Ï�� ´¨� H ý�îÂõ §�b¤ �� ü¨�b¤-3 Â�Æõ ×þ T (N 0) �¤�¬ßþ�¤¢,jE(H) \E(M)j = jE(N 0)�E(N)j = 1 (Óó�)ø À÷¤�¢ í�Âµª� X2 ø X1 ýø¢ Âû �� H ¤ø�¹õ ø¢ Âû (�)�þ (�)�þ ø ,´¨� ¤ø¢Ýû ×þ N ø À�µÆû ¤ø¢Ýû T (N 0) ¤¢ ö� ý�û¤ø�¹õ �î ´¨� ¶Ü·õ ×þ H (1).´¨� ¤ø¢ ×þ N ø À�µÆû ¤ø¢ T (N 0) ¤¢ ö� ý�û¤ø�¹õ �î ´¨� üþ���¨ ×þ H (2)77



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê�¹ � µ ÷ ,KN (X1;X2) = 1 ö�� ùø�ä� � .´¨� À � ± Þ û N 0 ,K 0N (X1;X2) > 1 ö�� : ö� ûÂ �,3.3.3 Ýó ����� .N 6= N 0 �î ÝþÂ�ðüõjE(N 0)j � jE(N)j � 5 (6)ßþ�Â���� .´¨� ¤�ÂìÂ� (M;N 0) �ø¥ ý�Â� ��Ìì ,(M;N) ��¿µ÷� üÚ÷�Ú� �� ���� ��jE(M)j � jE(N 0)j � 5(�2(N 0)� 1): ´ª�¢ Ý�û��¡ ,Â¡� ýø�Æõ�÷ ø (6) ýø�Æõ�÷ �� ���� ��jE(M)j � jE(N)j � 5�2(N 0)Ýþ¤�¢ ,´Æ�÷ ¤�ÂìÂ� (M;N) �ø¥ ý�Â� ��Ìì ö���2(N 0) � �2(N) (7)��� ùø�ä�� .¢¤�¢ �Ìä �¨ Ûì�À� �2(N 0) �Ìä Âû ,´¨� À�±Þû N ö�� ø �2(N 0) � 2 ßþ�Â����T (N 0) ¥� H §�b¤ ×þ �î Ý��î ­Âê Ý�÷���üõ ,�ø�ó �¤�¬ ¤¢ ö�ðø¢ �� ���� �� ø 4.3.3 Ýó ��¥� ��Àî Âû �î ¢¤�¢ ¤ø�¹õ ø¢ �fÖ�ì¢ ø ´¨� ùÀª ý¤�Áð °Æ�Â� üþ���¨ ×þ �Ü�¨ø �� �î ¢¤�¢ ¢��ø�î �ä�Þ¹õ ¤�ú� Âû �� X2 ø X1 ýø¢ Âû �îý¤�Ï�� À÷�ùÀª ý¤�Áð °Æ�Â� ¤ø¢ ×þ �� �ûö�fX1; X2g ý¥�¨�À�-2 ö�� .À÷¤�¢ í�Âµª� ,À÷�ªüõ ù¢�¢ Çþ�Þ÷ H Â� âì�ø ý�ûñ�þ �Ü�¨ø��ù¢�¢ Çþ�Þ÷ T (N) ¥� §�b¤ ×þ �Ü�¨ø �� N ¥� ý¥�¨�À�-2 Âû �î ÝþÂ�ð üõ �¹�µ÷ ,´¨� ù��¿ó¢��Ìì (�) ´ÞÆì ����� �Áó ,¢¤�À÷ üó�þ º�û T (N) ßþ�Â���� . T (N) ¥� ñ�þ ×þ �Ü�¨ø �� �÷ ¢�ªüõ� .¢�ªüõ ´��� Ýó ø ´¨� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ N ,6.1.278



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêÝó ñ�� .N = MnX=Y Ý��îüõ­Âê .´¨� ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ N �î Ý�÷�¢üõ ö��î�:Ý��îüõ ´��� �¤ Âþ¥.À�µÆ�÷ ¢ÂÔ�ÂÊ½�õ Y ø X ý�û�ä�Þ¹õ 3.3.4 Ýó×þ fX1;X2g ø À � µ Æ û ¢Â Ô �ÂÊ½ � õ Y ø X ý� û� ä� Þ ¹ õ � î Ý � � îü õ ­Â ê : ö� ûÂ ��Ìä ý�¤�¢ �î ¢¤�¢ N 01 Û·õ ý¤���õM ,2.3.4 Ýó ����� �¤�¬ ßþ�¤¢ .´¨� N ¥� ý¥�¨�À�-2ý�îÂõ §�b¤ �î ´¨� ü¨�b¤-3 Â�Æõ ×þ T (N 01) ùø�ä�� .N 01ne1 = N �îý¤�Ï�� ´¨� e1C11 ý�û¤ø¢ � � ÂÚ þ¢ §�b¤ ø¢ ø ´¨� ùÀª ý¤�Áð °Æ�Â � e1 Ûõ�ª üþ� ��¨ ×þ �Ü �¨ø � � ö�,i Âû ý�Â � �¹� µ ÷ ¤¢ .¢¤�¢ í�Â µª� Xj Âû � � C1i Âû ö� ¤¢ �î À ÷�ùÀª ý¤�Áð °Æ�Â � C12 ø.Ý��îüõ ü¨¤Â� �¤ N ¥� fC11 \ E(N); C12 \ E(N)g ý¥�¨�À�-2 ñ�� .jC1i \ E(N)j � 2T (N 02) ùø�ä�� .N 02ne2 = N �îý¤�Ï�� ´¨� e2 �Ìä ý�¤�¢ �î ¢¤�¢ N 02 Û·õ ý¤���õ M ù¤��ø¢ùÀª ý¤�Áð °Æ�Â� e2 Ûõ�ª üþ���¨ ×þ �Ü�¨ø �� ö� ý�îÂõ §�b¤ �î ´¨� ü¨�b¤-3 Â�Æõ ×þÂû �� �ûö� ¥� ��Àî Âû �î ,À÷�ùÀª ý¤�Áð °Æ�Â� C22 ø C21 ý�û¤ø¢ �� ö� ÂÚþ¢ §�b¤ ø¢ ø ´¨�ø e1 ýø¢ Âû ,Y ø X üþ�µØþ ßµêÂð ÂÑ÷ ¤¢ �� .À÷¤�¢ í�Âµª� C12 \ E(N) ø C11 \ E(N) ýø¢E(N) ö�� �¤�¬ßþ�¤¢ .M 0 = Mn(X � fe1; e2g=Y �î Ý��îüõ­Âê .À�µÆû X �Ìä e2ø M 0ne2 = N 01 ñ�� .´¨� �¨ �±�¤Ýû ý�¤�¢ M 0 ø Àª��üõ M 0 ¤ø¢ ×þ �Áó ,´¨� M ¤ø¢ ×þö� ý�û´Üê fe1; e2g ø fe2g ø fe1g �î ´¨� �¨ �± �¤ � � ýÀþøÂµõ M 0 ö�ðø¢ ø M 0ne1 = N 02´¨� M 0� ¤¢ �½Ô¬Â�� ×þ fe1; e2g �Áó ,r�(M 0) = 3 ø E(M 0) = E(N) [ fe1; e2g�Âþ¥ ,À�µÆû�± �¤ ¥� ý�Ìä ø¢ ´Üê ×þ fe1; e2g ö�� ø ´¨� M 0 ö�ðø¢ ¤¢ ø¢ � ± �¤ ¥� ´Üê ×þ âì�ø ¤¢ � þ79



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê´¿þÂØ þ ý¥�¨ù¢�¨ � � M 0�ø À � µÆû M 0� ¤¢ ×þ � ± �¤ ¥� ý�û´Ü ê fe2g ø fe1g �Á ó ,´¨� ø¢ñ�� .�2(M 0) = �2(N) � 1 ,9.2.3 Ýó � �� � � ,M 0nfe1; e2g �= N ö�� ø .¢�ªüõ M(K4) � ��¹�µ÷ ¤¢ .´Æ�÷ ��Ìì ý�Â� ËÖ÷ ñ�·õ ×þ (M;M 0) ßþ�Â���� ,jE(M 0)j > jE(N)jßþ�Â���� jE(M)j�(jE(N)+2) = jE(M)j�jE(M 0)j � 5(�2(M 0)�1) � 5(�2(N)�1)�5.� .´¨�¤�ÂìÂ� 3.3.4 ßþ�Â���� .´¨� Ëì��� ×þ �î ,jE(M)j � jE(N)j � 5(�2(N)� 1)Ý��î ­ÂêU = fe 2 E(M)�E(N) : ´¨� M=e ø Mne ýø¢ Âû ¥� ¤���õ ×þ N g.×þ ö���ä�� �¤ N ,M=e ø jE(N)j � 4 ö�� .Ý��îüõ ��¿µ÷� �¤ e 2 U ø U 6= ; , 3.3.4 Ýó ������� �Âþ¥ ,´Æ�÷ À�±Þû-3 ,Si(M=e) ßþ�Â���� ,¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ,Si(M=e) ,¢¤�¢ ¤���õÀ�±Þû-3 ,Co(Mne) ,11.2.3 ��Ìì ����� �Áó .¢�� Àû��¡ Ëì��� ¤¢ M ö¢�� ñ�Þ���õ -¤���õ,´Æ�÷ À� ±Þû-3 ,Mne ö�� .¢¤�¢ �Ìä ø¢ �f Ö � ì¢ Mne ¥� üúþÀ�Â �è ýÂ¨ §�î Âû ø ´¨�,À�µÆû e Ûõ�ª �î M ý�ûüþ���¨ ¥� ÛØÈµõ fT �1; T �2 ; :::; T �ng �ä�Þ¹õ ,13.2.3 �¹�µ÷ ���� �.À÷�Ýû ¥� �À� ø¢ �� ø¢ T �n � e ø ... ,T �2 � e ,T �1 � e ùø�ä�� .´¨�üó�¡Â�èÝ��îüõ ´��� �¤ Âþ¥ Ýó ñ��.T �i � e � E(N) Ýþ¤�¢ ,f1;2; :::; ng ¤¢ i Âû ý�Â� 4.3.4 Ýó.f 2 T �i � (e [ E(N)) ,i = 1 �f · õ ,f1;2; :::; ng ¤¢ i ü¡Â � ý�Â � Ý � � îü õ ­Â ê : ö� ûÂ ��î ¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ø ´¨� À�±Þû-3 ,Mne=f �¤�¬ßþ�Â�è ¤¢ ,n � 2 �¤�¬ßþ�¤¢,M=f �î Àû¢üõ �¹�µ÷M ��¿µ÷� üÚ÷�Ú� ß��»Þû .´¨� Ëì��µõ M ��¿µ÷� üÚ÷�Ú� ��80



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê,fe; fg ¤¢ x Âû ý�Â� �î ÝþÂ�ðüõ �¹�µ÷ ,T �1 � � 1.2.4 Ýó ö�ðø¢ �� ���� � � .´Æ�÷ À�±Þû-3.Te 6= Tf Ý� � îüõ ­Âê .j T x \ T �1j = 2 ø x 2 Tx �îý¤�Ï� � ¢¤�¢ ¢��ø M ¥� T x ¶Ü·õ�Áó ,´¨� M ¤¢ ßê ×þ T �2 ø Te ,T �1 ,Tf �¤�¬ßþ�¤¢Si(M=f) �=M=fn(T �1 � fe; fg)ö���ä�� �¤ N �î ¢Âî ��¿µ÷� ý¤�Ï ö���üõ �¤ ö� ý�Ìä� ø ´¨� À�±Þû-3 ,Si(M=f) ßþ�Â���� ø,´ó��ßþ�¤¢ .Te = Tf �î Àû¢üõ �¹�µ÷ M ��¿µ÷� üÚ÷�Ú� �� Ëì��� ßþ� .Àª�� �µª�¢ ¤���õ ×þý�Ìä g Ý� � î ­Âê .Ý� � îüõ ��� � M� � � ñ�� .n = 2 ø ´¨� M ¤¢ ßê ×þ T �2 ø Te ,T �1¢ÂÔ�ÂÊ½�õ ý�Ìä ei Ý��îüõ ­Âê ,f1;2g ¤¢ i Âû ý�Â� ø Àª�� Te � fe; fg ¥� ¢ÂÔ� ÂÊ½�õM� ÝþÂ�ðüõ �¹�µ÷ ,2.2.4 ��Ìì ����� ,´Æ�÷ À�±Þû-3 ,Co(M�ne) ö�� .Àª�� T �i � Te ¥�¶Ü·õ ßþ� �Ìä ß�õ�¨ Ý��îüõ­Âê .¢¤�¢ í�Âµª� ff; gg ¤¢ fe; f; gg �� �î ´¨� ¶Ü·õ ×þ ý�¤�¢´¨� M� ¥� �¶Ü·õ fe1; e2; e3g �î ÝþÂ�ðüõ �¹�µ÷ ,3.2.4 ��Ìì ����� �¤�¬ßþ�¤¢ .Àª�� e3ff; g; e3g ø T �2 ,T �1 ,� ¥� Â �è � � M(K4) ý�û¶Ü·õ ö� ¤¢ �î M� = P�(M(K4);M�nTe) øÂþ¢�Öõ �Þû ý�Â� �¹�µ÷ ¤¢ .jE(M)j � 10 ,(5) �� ��� ñ�� .´¨� À�±Þû-3 , M�nTe ø À�µÆûÀ�±Þû-3 , Co(M�nei) ,i Âþ¢�Öõ �Þû ý�Â� ßþ�Â���� .´Æ�÷ À�±Þû-3 ,Si(M�=ei) ÀþøÂµõ ,iý�Â� �î ÝþÂ�ðüõ �¹�µ÷ ,À�ª��M� ¥� üþ���¨ ×þ ¤¢ À�÷���üÞ÷ �û ei ¥� ��Àî º�û ö�� ø .´¨�ßþ�Â���� .´¨� M�=e ¥� ¤���õ ×þ ø ¤ø¢Ýû ×þ N� ñ�� .´¨� À�±Þû-3 ,M�nei ,i Âþ¢�Öõ �Þûö���ä�� �¤ ,N� ,M�ne1 �¹�µ÷ ¤¢ .¢¤�¢ ¤���õ ö���ä�� �¤ ,N� ,M�=ene1 ù�ðö� ,e1 =2 E(N) Âð�,ö¤�Ö� ¥� ù¢�Ôµ¨� �� ø e1 2 E(N) ßþ�Â���� .´¨� Ëì��µõM� ��¿µ÷� üÚ÷�Ú� �� �î ¢¤�¢ ¤���õ81



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê�Áó .´¨� ß��� ��÷ M�=f ßþ�Â���� ø ¢¤�¢ ¤���õ ö���ä�� �¤ N� ,M�ne=f ùø�ä�� .e2 2 E(N).Àª��üõ M�ne3 ¥� ý¤���õ ß��»Þû ø ´¨� ,M�=fne3 ¥� ¤���õ ×þ N ù�ðö� ,e3 =2 E(N) Âð�.e3 2 E(N) ßþ�Â�����¤ N� ,(M;N) �� ¿ µ ÷� ü Ú ÷� Ú � � � ß þ�Â �� � � ø ´ ¨� À � ± Þ û-3 ,M�nTe À þøÂ µ õ×þ ö�� �ä� � �¤ N�ng ,M�nTe �î ÝþÂ �ðüõ �¹�µ ÷ .g 2 E(N) �Á ó .¢¤�À ÷ ¤� � �õ ×þ ö�� �ä� �ø jE(N�ng)j = jE(N)j � 1Å� .´¨� ¤ø¢Ýû ×þ N� �Â þ¥ ,´¨� À � ±Þû N�ng ø ¢¤�¢ ¤� � � õ.�2(N�ng) = �2(N)� 1: ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Âþ¥ ´ó�� ø¢ ñ��;jE(N�ng)j � 4 (Óó�).jE(N�ng)j = 3 (�)-¤���õ ßþ� �î Ý��îüõ ��¿µ÷� M�nTe ¥� À�±Þû-3 ¤���õ ×þ �¤ M 0 ,(Óó�) ´ó�� ¤¢ý�Â� ��Ìì ,(M;N) ��¿µ÷� üÚ÷�Ú� �� ���� �� .¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N�ng ø ´¨� ñ�Þ���õßþ�Â���� ø ´¨� ¤�Âì Â� (M 0; N�ng)jE(M 0)j � jE(N�ng)j � 5(�2(N�ng) � 1) (8)ø ´¨� ñ�Þ���õ -¤���õ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ M�nTe ¥� À�±Þû-3 ¤���õ ×þ �¤ M 0 ,(�) ´ó�� ¤¢,1.3.1 ��Ìì ����� �¤�¬ßþ�¤¢ .¢¤�¢ ùÂ¨ ¤���õ ×þ ö���ä�� �¤ N�ngjE(M 0)j � jE(N�ng)j � 3 (9)
82



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêM 0 ��¿µ÷� ¥� .M 0 = (M�nTe)nX 0=Y 0 Ý��îüõ­Âê .M� = P�(M(K4);M�nTe) ñ��.M�nX 0=Y 0 = P�(M(K4);M�nTenX 0=Y 0)Å� .Àª��üõM 0 ¶Ü·õ ×þ � �î ÝþÂ�ðüõ �¹�µ÷¥� ¤���õ ×þ N�ng ö�� ùø�ä�� .´¨� À�±Þû-3 ,M�nX 0=Y 0 ßþ�Â���� ,´¨� À�±Þû-3 ,M 0 ö��M� ��¿µ÷� üÚ÷�Ú� �� ���� �� .´¨� M�nX 0=Y 0 ¥� ¤���õ ×þ N� ÝþÂ�ðüõ �¹�µ÷ ,´¨� M 0¥� ù¢�Ôµ¨� �� ,(Óó�) ´ó�� ¤¢ ßþ�Â���� .M 0 =M�nTe �¹�µ÷ ¤¢ .X 0 = Y 0 = � �î ÝþÂ�ðüõ �¹�µ÷,Ýþ¤�¢ (8)jE(M�nTe)j � jE(N�ng)j � 5(�2(N�ng) � 1):� ¹ � µ ÷¤¢ , (jE(M)j � 3) � (jE(N)j � 1) � 5((�2(N) � 1) � 1) ß þ�Â �� � �(9) ¥� ù¢�Ôµ¨� �� ,(�) ´ó�� ¤¢ .´¨� Ëì��� ×þ �î ,jE(M)j � jE(N)j � 5(�2(N)� 1)� 3,jE(N)j = 4 �õ� .jE(M)j � jE(N)j � 5 ßþ�Â���� ,(jE(M)j � 3)� (jE(N)j � 1) � 3 ,Ýþ¤�¢�¤ 4.3.4 Ýó ��±�� Ëì��� ßþ� .jE(M)j � jE(N)j � 5(�2(N)� 1) ßþ�Â���� ø ,�2(N) = 2 �Áó� .À�îüõ Ûõ�îÝ � � î ­Â ê .T �i = fe; ai; big ,i Â þ¢� Ö õ � Þ û ý�Â � Ý � � îü õ ­Â ê ñ� �,M 0 �= Co(Mne) �¤� ¬ß þ�¤¢ . N 0 = N=fa1; a2; :::; ang ø M 0 = Mne=fa1; a2; :::; ang.Ý��îüõ ´��� �¤ Âþ¥ Ýó ñ�� .´¨� À�±Þû-3 ,M 0 ßþ�Â����.jE(N 0)j � 3 5.3.4 Ýóñ�Þ���õ -¤���õ ßþ� �î Àª�� M 0 ¥� À�±Þû-3 ¤���õ ×þ M 00 ø jE(N 0)j � 4 Ý��îüõ­Âê : ö�ûÂ��î Ýþ¤�¢ ,(M;N) ��¿µ÷� üÚ÷�Ú� �� ���� �� .¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N 0 ø ´¨�83



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêjE(M 00)j � jE(N 0)j � 5(�2(N 0)� 1) (10)ý�Â�.M 00 = Mn(X 0 [ e)=Y 0=fa1; a2; :::; ang �¤�¬ßþ�¤¢ .M 00 = M 0nX 0=Y 0 Ý��îüõ ­Âê�� bi �� ýÂ¨ ¤�Ï�� ai ö¢ø�ê� �� ,M 00 À�±Þû-3 ÀþøÂµõ ¥� À÷���üõ Mn(X 0 [ e)=Y 0 ÀþøÂµõ ,i Âûßþ�Â���� ,E(N) � E(Mn(X 0 [ e)=Y 0) ñ�� .�2(Mn(X 0 [ e)=Y 0) = n+ 1 ßþ�Â���� .Àþ� ´¨¢,üþ�±Ôó� °��Â� ¤¢(jE(M)j;�jE(Mn(X 0 [ e)=Y 0)j) � (jE(M)j;�jE(N)j)×þ N ü�ãþ �ø¢ Éµ¿õ ,��Ìì ý�Â� (M;N) üþ�±Ôó� ñ�Þ���õËÖ÷ ñ�·õ Âû ¤¢ ,1.3.4 ����� �õ��î Àû¢üõ �¹�µ÷ ßþ� ,´Æ�÷ ¤ø¢Ýû ×þ �þ ¤ø¢ ×þ Mn(X 0 [ e)=Y 0 ö�� .´¨� ¤ø¢Ýû ×þ �þ ¤ø¢�¹�µ÷ ¤¢ .´¨�¤�ÂìÂ� (M;Mn(X 0 [ e)=Y 0) ý�Â� ��ÌìjE(M)j � jE(Mn(X 0 [ e)=Y 0)j � 5(�2 (Mn(X 0 [ e)=Y 0)� 1) = 5n�� .jE(M)j � jE(M 00)j � 6n ßþ�Â���� ø jE(Mn(X 0 [ e)=Y 0)j = jE(M 00)j + n Ýþ¤�¢ ß��»Þû.jE(M)j � jE(N 0)j � 6n+ 5(�2(N 0)� 1) Ýþ¤ø�üõ ´¨¢�� (10) �� ýø�Æõ�÷ ßþÂ¡� ö¢ø�ê�� õ� .jE(M)j � jE(N)j � 5(�2(N 0) + n � 1) ´ª�¢ Ý � û�� ¡ ,jE(N 0)j = jE(N)j � n ö��.´¨� ¤�ÂìÂ� 5.3.4 �î ÝþÂ�ðüõ �¹�µ÷ Å� .Ý�¨¤üõËì��� �� ßþ�Â���� ø �2(N) = �2(N 0) + n�.jE(N 0)j � 2 �î ÝþÂ�ðüõ �¹�µ÷ N 0 ¤�µ¡�¨ ¥� ,jE(N)j � 4 ö�� ø ´¨� ¤ø¢ ×þ N 0 ñ��Ýþ¤�¢ ,�2(N) � 2 ö�� ù�ðö� ,M 0 = N 0 Âð� .jE(N 0)j 2 f2;3g ,5.3.4 ����� ßþ�Â����jE(M)j � jE(N)j = 1 � 5(�2(N)� 1)84



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê,jE(N 0)j = 3 Âð� .Ý��îüõ ÓþÂã� �¤ M 00 ÀþøÂµõ ñ�� .M 0 6= N 0 ßþ�Â���� .´¨� Ëì��� ×þ �î� îý¤� Ï� � ´ ¨� M 00 Û · õ À � ± Þ û-3 ¤� � � õ × þ ý�¤�¢ ,M 0 ,1.3.1 � � Ì ì � �� � � ù� ðö�Âð� .¢¤�¢ ùÂ¨ ¤���õ ×þ ö���ä�� �¤ N 0 �î ´¨� ñ�Þ���õ -¤���õM 00 ø jE(M 00)j � jE(N 0)j � 3M 00 Û·õ ¤���õ ×þ ý�¤�¢ M 0 ßþ�Â���� ,´¨� N 0 ¥� �ì�Ï öøÀ� â�¨�� ×þ M 0 ù�ðö� ,jE(N 0)j = 2.E(N 0) � E(M 00) �îý¤�Ï�� Àª��üõ U1;3 �� ´¿þÂØþ �î ´¨�.Àª�� ñ�Þ�Æî�õ jY 0j �î ¢�ªüõ ��¿µ÷� ý¤�Ï Y 0 ö� ¤¢ �îM 00 =M 0nX 0=Y 0 Ý��î ­Âê.M 000 = Mn(X 0 [ e)=Y 0 Ý��î ­Âê .M 00 = [Mn(X 0 [ e)=Y 0℄=fa1; a2; :::; ang �¤�¬ßþ�¤¢.Àþ�üõ ´¨¢�� bi � � ýÂ¨ ¤�Ï�� ai ö¢ø�ê� � � M 00 À�±Þû-3 ÀþøÂµõ ¥� ,i Âþ¢�Öõ �Þû ý�Â� �î.ffai; big; E(M 000)� fai; bigg ¥� ´¨� �¤�±äM 000 ý�ûý¥�¨�À�-2 �ú�� ,i Âû ý�Â� ßþ�Â����Ý��îüõ ´��� �¤ Âþ¥ Ýó ñ��.n = 1 6.3.4 Ýó­Âê .´Æ�÷MnX 0=Y 0 ¤¢ �ì�ÏÝû ×þ e �î Ý�û¢üõ ö�È÷ �Àµ�� . n � 2 Ý��î ­Âê : ö�ûÂ�À��î ­Âê .e 2 C� � X 0 [ e �îý¤�Ï�� ¢¤�¢ C� Û·õ ¤ø¢Ýû ×þ M �¤�¬ßþ�¤¢ .Àª�� Ý��îf ßþ�Â���� .´¨� Mn(X 0 � f)=Y 0 ý�û¤ø¢Ýû ¥� á�Þµ�� ×þ ff; eg �¤�¬ßþ�¤¢ .f 2 C� � e.Mn(X 0 [ e)=Y 0 =Mn[(X 0 � f)[ e℄=(Y 0 [ f) �Áó ,´¨�Mn[(X 0� f)[ e℄=Y 0 ¥� �ì�ÏÝû ×þüÚ÷�Ú� �� Ëì��� ×þ �î M 0nX 0=Y 0 = Mn(X 0 � f)=(Y 0 [ f) �î ÝþÂ�ð üõ �¹�µ÷ ßþ�Â����×þ fe; ai; big ,i Âû ý�Â� ö�� .´Æ�÷MnX 0=Y 0 ¤¢ �ì�ÏÝû ×þ e �¹�µ÷ ¤¢ .´¨� Y 0 ��¿µ÷�¥� � ì�ÏÝû ×þ e ö�� .¢� � Àû��¡ MnX 0=Y 0 ý�û¤ø¢Ýû ¥� üä�Þµ�� Å� ,´¨� M ¥� ¤ø¢Ýû85



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêº�û ,n � 2 ö�� ,Àõ�ã � ´�¬�¡ ��� � � ùø�ä�� .´¨� À� ±Þû ÀþøÂ µõ ßþ� ,´Æ� ÷ MnX 0=Y 0.Àª�� e Ûõ�ª �î ¢¤�À÷ ¢��ø MnX 0=Y 0 ¤¢ ý¤ø¢-2ý�¤�¢ ù�ðö� ,Àª�±÷ À�±Þû-3 Âð� . ´¨� À�±Þû-3 ,MnX 0=Y 0 �î Ý�û¢üõ ö�È÷ ñ��×þ fJ;Kg �¹ � µ ÷ ¤¢ .jJ j � 2 ø e =2 J ö� ¤¢ � î ¢� � Àû��¡ fJ [ e;Kg ý¥�¨�À�-2 ×þÂû ¤¢ .´¨� fai; big Â��Â� ,i ü¡Â� ý�Â� K �þ J ßþ�Â���� ,´¨� Mn(X 0 [ e)=Y 0 ¥� ý¥�¨�À�-2�Ìä ×þ ¤¢ �ú�� fe; ai; big ü¡Â� �� �î ´¨� MnX 0=Y 0 ¤ø¢ ×þ ¤¢ e ,15.2.3 Ýó ����� ,´ó��ö�� .´¨� À�±Þû-3 ��÷ MnX 0=Y 0 �î Àû¢üõ �¹�µ÷ Àõ�ã� ´�¬�¡ �� Ëì��� ßþ� .¢¤�¢ í�Âµª��î ÝþÂ�ðüõ �¹�µ ÷M ��¿µ÷� üÚ÷�Ú� �� ���� � � ,¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ,MnX 0=Y 0�Áó ø M 00 =M 0 ßþ�Â���� .X 0 = Y 0 = �jE(M)j � jE(N)j = (1+ jE(M 00)j+ n)� (jE(N 0)j+ n) = jE(M 00)j � jE(N 0)j+1 � 4Ëì��� ×þ �î , jE(M)j � jE(N)j � 5(�2(N) � 1) �î ÝþÂ�ðüõ �¹�µ ÷ ,�2(N) � 2 ö��� .n = 1Å� .´¨��î Ý þÂ � ðüõ �¹� µ ÷ ,jE(N)j � 4 �î ´Ö� Ö� ßþ� � � 6.3.4 ø 5.3.4 ý�ûÝ ó °�îÂ � � �jE(N)j = 4 (11)�� �¤ fe; a1; b1g ¤ø¢Ýû .¢�ªüõ ¢�¹þ� fa1; b1g �Ü�¨ø�� �î ,¢¤�¢ ý¥�¨�À�-2 ×þ �ú�� M 000 øÝþÂ�ðüõ �¹�µ÷ ,´¨� ùÀª ��¿µ÷� U ¤¢ ù��¿ó¢ ¤�Ï�� e ö�� .Ý��îüõ ý¤�Áð °Æ�Â� ù¤��ø¢ T �e.¢�ªüõ ÓþÂã� U ¥� e �Ìä Âû ý�Â� T �e �î
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üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê� ä� Þ ¹ õÂ þ¥ × þ E(M) � D � îý¤� Ï� � ¢¤�¢ ¢� �ø M ¥� D Â � ð�Â ê ¤ø¢ × þ 7.3.4 Ýó� îý¤� Ï� � ¢Â î ý¤�Á ð °Æ�Â � h ø g ,f � � ö�� �ü õ �¤ ö� ý�Ìä� � î ´¨� U ¥� ý�Ìä� ¨.¢¤�¢ í�Âµª� �Ìä ×þ �fÖ�ì¢ ¤¢ T �h ø T �g ¥� ��Àî Âû �� T �f ø T �g \ T �h = ;,´¨� ¤�Â ìÂ � (M;M 000) �ø¥ ý�Â � � �Ìì ,´¨� ¤ø¢Ýû ×þ � ÷ ø ¤ø¢ ×þ � ÷ M 000 ö�� : ö�ûÂ �ßþ�Â���� ,jE(N)j = 4 Ýþ¤�¢ ,(11) ����� ñ�� .jE(M)j � jE(M 000)j � 5 ßþ�Â����jE(M 000)j � jE(N)j = jE(M 00)j � jE(N 0)j � 3:�Âþ¥ ,jE(M)j � jE(M 000)j � 3 �î Àû¢üõ �¹�µ÷ ßþ� ø5 = 5(�2(N)�1) < jE(M)j�jE(N)j = (jE(M)j�jE(M 000)j)+(jE(M 000)j�jE(N)j):� � M 000 ¥� fT �e � e;E(M 000) � T �e g Õ � ì¢ ý¥� ¨�À �-2 ý�Â � �¤ 2.3.3 Ý ó Ý þ¤�¢ À Ê ì ñ� �Å � ,´ ¨� À � ± Þ û-3 ,M ö� � ø ´ ¨� M ¤� � � õ × þ M 000 � î ´ ¨� ü ú þÀ � .Ý þÂ ± � ¤� îñ�Þ���õ �îý¤�Ï�� Àª�� M ¥� ý¤���õ M1 Ý��îüõ ­Âê ñ�� .kM (T �e � e;E(M 000)� T �e ) > 1.À�îüõ ëÀ¬ kM1(T �e � e;E(M 000)� T �e ) > 1 �Î��¤ ¤¢ ø ¢¤�¢ ¤���õ ×þ ö���ä�� �¤ M 000 ø ´¨�-¤���õ �� ���� �� ,¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ,M1 ö�� �¤�¬ßþ�¤¢ .M1 6=M Ý��îüõ­Âê�¹�µ÷ ,�2(M 000) = 2 ö�� ßþ�Â���� .´Æ�÷ À�±Þû-3 ,M1 �î ÝþÂ�ðüõ �¹�µ÷M ö¢�� ñ�Þ���õø ´¨� ¶Ü·õ ×þ �ûö� ¥� üØþ ,¢¤�¢ §�b¤ ø¢ T (M 000) ñ�� .�2(M1) � �2(M 000) �î ÝþÂ�ðüõ�þ ¶Ü·õ ×þ Ûõ�ª §�b¤ �¨ Ûì�À� T (M1) ,4.3.3 Ýó �� ��� �õ� .Àª��üõ M 00 �� ´¿þÂØþ ýÂÚþ¢T (M 000) ßþ�Â���� .Àª��üõ E(M1)�E(M 000) ¥� x ¢ÂÔ�ÂÊ½�õ �Ìä Ûõ�ª �î ¢¤�¢ H üþ���¨ ×þ,Àª�� üþ���¨ ×þ H Âð� ,´¨� T (M1nx) �� Â��Â� ø Àª�� ¶Ü·õ ×þ H Âð� ´¨� T (M1=x)Â��Â� �î87



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê
Àû¢üõ �¹�µ÷ Ëì��� ßþ� .Àª��üõ �Ìä ¤�ú� Ûì�À� �� ¤ø¢Ýû �þ ¤ø¢ ×þ �� ÂÒ��µõ �î ¢¤�¢ ü¨�b¤.M1 =M �î�Î ��¤ ¤¢ ø ¢¤�¢ ¤� � � õ ×þ ö�� � ä� � �¤ M 000 � î ´¨� ñ�Þ � � � õ -¤� � � õ M Ý � ÷�¢üõ ñ��ÂÊ½�õ ý�û�ä�Þ¹õ ,2.3.3 Ýó ����� �¤�¬ßþ�¤¢ .À�îüõ ëÀ¬ kM (T �e �e;E(M 000)�T �e ) > 1, z1 �¤�¬�� ö���üõ �¤ P [Q ý�Ìä� ø M 000 = MnP=Q �îý¤�Ï�� À÷¤�¢ ¢��ø Q ø P ¢ÂÔ�´ÞÆì �� ��� ñ�� .À�µÆû Q ø P ¤¢ �f�ø��µõ �Ìä� ßþ� �îý¤�Ï�� ¢Âî ý¤�Áð °Æ�Â� zm, ...,z2Mz1 À�±Þû-2 ÀþøÂµõ ¥� ý¥�¨�À�-2 ×þ fXz1 ; Yz1g ùø�ä�� .Xz1 = T �e � e ,2.3.3 Ýó (�)Xz1øMz1 ¥� ¤���õ ×þ M 000 ö�� .´¨� Mz1 ¥� ¤ø¢Ýû-2×þ �þ ¤ø¢-2×þ Xz1 ßþ�Â���� .´¨�×þ Xz1 ö�� .´¨� Mz1 ¥� ¤ø¢Ýû-2 ×þ Xz1 �î ÝþÂ�ð üõ �¹�µ÷ ,´¨� M 000 ¥� ¤ø¢ Ýû ×þM ¥� üþ���¨ ×þ Xz1 [ z1 ,15.2.3 Ýó ����� ø z 2 P �î ÝþÂ�ðüõ �¹�µ÷ ,´Æ�÷M ¥� ¤ø¢Ýû-2,M=e ßþ�Â���� ,M�j(T �e [ z1) �= U2;4 ,3.2.4 ��Ìì ����� �¤�¬ßþ�Â�è¤¢ ,e = z1 ßþ�Â���� .´¨�.´¨� Ëì��� ¤¢ M ö¢�� ñ�Þ���õ-¤���õ �� �î ,¢�ªüõ À�±Þû-3fXz2 ; Yz2 [ z2g üóø ´¨� M=z2 ¥� ý¥�¨�À�-2 ×þ fXz2 ; Yz2g ö�� .Xz2 = T �e ñ������� ßþ�Â���� .Àû¢üõ â�¨�� �¤ z2 ,M ¤¢ T �e �î ÝþÂ�ðüõ �¹�µ÷ ,´Æ�÷M ¥� ý¥�¨�À�-2 ×þ,e =2 C Âð� .z2 2 C � T �e [ z2 �îý¤�Ï�� ¢¤�¢ C Û·õ ý¤ø¢ M ,4.2.3 ��Ìì (�) ´ÞÆìßþ�Â �� � � ,´¨� Mne ¥� ¤ø¢Ýû ×þ ø ¤ø¢ ×þ Ûõ�ª �î ´¨� ý�Ìä�¨ �ä�Þ¹õ ×þ C ù�ðö�.e 2 C �Áó .´¨� Ëì��� ×þ ßþ� �î ,´Æ�÷ À�±Þû-3 Co(Mne)
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üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê,4.3.4 Ý ó � �� � � ö� � .´¨� M=e ¥� ¤� � � õ × þ N � î Ý þÂ � ðü õ �¹ � µ ÷ ,e 2 U ö��N �� Ý��î éÁ� M=e ¥� �¤ z2 Àþ�� Å� ,Àû¢ üõ â�¨��M=e ¤¢ �¤ z2 ,T �e � e ø T �e � e � E(N)ßþ�Â���� ,Ýþ¤ø��� ´¨¢ �� �¤.´¨� M=enz2 ¥� ¤���õ ×þ N (12),Àõ�ã� ����� .¢¤�¢ ¢��ø T �z2 ,7.3.3 Ýó ����� ßþ�Â���� ø z2 2 U �î ÝþÂ�ðüõ �¹�µ÷ ,z2 2 Q ö��¤¢ ,T �z2 � z2 6= T �e � e ñ�� .´¨� C ¥� �Ìä ×þ Ûõ�ª T �z2 \ T �e ßþ�Â �� � � ,T �z2 \ C 6= fz2gßþ�Â���� .¢�� Àû��¡ M ¥� ý¥�¨�À�-2 ×þ f(T �z2 [ T �e ; E(M) � (T �z2 [ T �e )g �¤�¬ßþ�Â�èjT �z2 \ T �e j = 1 ; T �z2 \ T �e � C (13)¥� üä� Þ µ�� � î ´¨� E(N) ¥� ý�Ìä�¨ �ä� Þ¹õÂ þ¥ ×þ (T �z2 � z2) [ (T �e � e) �¹ � µ ÷ ¤¢S Û·õ ýÂ¨ §�î ×þ ¤¢ Àþ� � ý�Ìä�¨ �ä�Þ¹õ Â þ¥ ßþ� .Àª� �üõ Mnfe; z2g ý�û¤ø¢Ýû.¢�� Àû��¡ Mnfe; z2g ý�û�ì�ÏÝû ¥� üä�Þµ�� �¤�¬ßþ�Â�è ¤¢ ,Àª�� ñ�ÞÈõ Mnfe; z2g ¥�� � ö�� ,´¨� À� ±Þû-3 ,M=e �î Ý�¨¤üõËì�� � ßþ� � � ø M�j(T �e [ T �Z2) �= U2;5 ßþ�Â �� � �×þ ø S Ûõ�ª �î ¢¤�¢ D Û·õ ý¤ø¢ Mnfe; z2gÅ� .´¨� Ëì��� ¤¢ M ö¢�� ñ�Þ���õ-¤���õ.jE(M)j � 10 ,(5) ����� .E(N) � D ßþ�Â���� ,jE(N)j = 4 �õ� .Àª��üõ E(N) � S ¥� �Ìä.´¨� M ¥� Â�ð�Âê ¤ø¢ ×þ D ,8.3.3 Ýó ����� ßþ�Â����Ý�û¢üõ ö�È÷ ñ��jU j � 3 (14)¤¢ �î ,N = Mne=z2nI�=I Ýþ¤�¢ 5.2.4 �µØ÷ ����� ßþ�Â���� ,´¨� Mne=z2 ¥� ¤���õ ×þ N ñ��89



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê,6.2.4 �� ��� ßþ�Â���� .´¨� ÛÖµÆõÝû Mne=z2 ¤¢ I� ø ÛÖµÆõ I ö�r(N) = r(Mne=z2)� jIj = r(M)� 1� jIj�¹�µ÷¤¢ .r(N) = 3 ßþ�Â���� ,´¨� ý�Ìä-4 ¤ø¢ ×þ N �õ�r(N) = r(M)� 1� jIjjIj = r(M)� r(N)� 1 = r(M)� 4�õ� .D �E(N) � I �¤�¬ßþ�¤¢ .I� \D = ; Ý��î ­ÂêjD �E(N)j = jDj � jE(N)j = (r(M) + 1)� 4 = r(M)� 3Mnf ¥� ¤���õ ×þ N ù�ðö� ,f 2 I� \D Âð� ßþ�Â���� .I� \D 6= ; �î Àû¢üõ �¹�µ÷ Ëì��� ßþ�M=f ¥� ý¤���õ N �î ÝþÂ�ð üõ �¹�µ÷ ,´¨� ¤ø¢ ×þ ��÷ N ø ¢¤�¢ ¤�Âì D ¤ø¢ ¤¢ f ö�� �õ� .´¨�.jU j � 3 �î ÝþÂ�ðüõ �¹�µ÷ ,f =2 fe; z2g ö�� .f 2 U ßþ�Â���� .´¨�Ý�û¢üõ ö�È÷ ñ�� .e0 =2 D ,ö�Øõ� �¤�¬ ¤¢�î Ý��îüõ ��¿µ÷� ý¤�Ï U � fe; z2g ¥� �¤ e0 �îT �e0 \C = ; (15),À õ� ã � ´ � ¬� ¡ � �� � � ,C � T �e [ z2 ø e0 =2 T �e [ z2 ö� � .À ª� ± ÷ ß � � � Ý � � îü õ ­Â êßþ�Â���� .T �e0 � e0 = T �e0 \ C � C � e � T �e � e ßþ�Â���� ,e; z2 =2 T �e0 ñ�� .T �e0 \ C = T �e0 � e0¤�ÂìÂ� (15) �¹�µ÷ ¤¢ .´¨� Ëì��� ×þ �î ,´¨� À�±Þû-3 ,M=e ßþ�Â���� ø M�j(T �e [T �e0 ) �= U2;4.´¨�
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üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê´¨� z02 �Ìä Ûõ�ª U �î ÝþÂ�ðüõ �¹�µ÷ ø Ý��îüõ ù¢�Ôµ¨� e ý�� �� e0 ¥� ��� ¶½� ¤¢ ñ��.fz02; e0g � C 0 � T �e0 [ z02 �î ý¤�Ï� � ¢¤�¢ C 0 Û·õ ¤ø¢ ×þ M 0 ø T �z02 \ T �e0 6= ; �îý¤�Ï� ��î Ý þÂ � ðüõ �¹� µ ÷ ,jD \ E(N)j = jE(N)j = 4 ö�� ßþ�Â �� � � ø jC 0 \ E(N)j � 2 ßþ�Â �� � �üÚ÷�Ú� �� ���� �� .z02 =2 D �þ e0 =2 D ßþ�Â���� .C 0 � fe0; z02g � E(N) � D ùø�ä�� .C 0 * D,(15) ø (13) °�îÂ� �� .D \ fe; z2; e0g = ; �¹�µ÷ ¤¢ .e0 =2 D �î ÝþÂ�ðüõ �¹�µ÷ ,e0 ��¿µ÷��î ÝþÂ�ðüõ �¹�µ÷T �e \ T �e0 \ T �z2 = ; (16)�î Ý�û¢üõ ö�È÷ ñ��T �e \T �e0 = ; �þ T �e0 \T �z2 = ; ( 17)
ýÂ¨ §�î ×þ ¤¢ (T �e � e) [ (T �z2 � z2) �î Ý�÷�¢üõ .Àª�� ´¨¤¢�÷ (17) Ý��îüõ­Âê.j(T �e � e)\ (T �z2 � z2)j = 1 ø j(T �e � e)[ (T �z2 � z2)j = 3 ñ�� .´¨� ñ�ÞÈõMnfe; z2g ¥� ST �e0 � e0 (16) � �� � � � õ� ,Àª� � � µ ª�¢ í�Â µª� T �z2 � z2 ø T �e � e ýø¢Âû � � À þ� � T �e0 � e0 ö��.T �e0 � e0 � (T �e � e) [ (T �z2 � z2) �î ÝþÂ�ðüõ �¹�µ÷ ,¢¤�À÷ (T �e � e) \ (T �z2 � z2) �� üî�Âµª�M ¥� üþ���¨ ×þ fe0; e; z2g ,ñø� ´ó�� ¤¢ .e0 2 S �þ ,´¨� Mnfe; z2g ¥� �ì�ÏÝû ×þ e0 ßþ�Â����¤¢ ßþ�Â���� .e0 2 S �¹�µ÷ ¤¢ .´¨� Ëì��� ×þ ßþ� �î ,¢¤�À÷ D Â�ð�Âê ¤ø¢ �� üî�Âµª� �î ´¨�D ¤¢ ñ�ÞÈõ �û�ì�ÏÝû ßþ� �õ� .À�µÆû �ì�ÏÝû (T �e � e) [ (T �z2 � z2) ý�Ìä� ,Mnfe; z2gne0�î ÝþÂ�ðüõ �¹�µ÷ Å� .´¨� Ëì��� ×þ ßþ� �î ,Àª��üõ Mnfe; z2gne0 ¥� ¤ø¢ ×þ �î ,À�µÆû91



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê� .´¨� ¤�ÂìÂ� (17)ñ�� .E(M) � D � fe0; e; z2g � î Ý � û¢ ö�È ÷ À þ� � ,7.3.4 Ý ó �� ± �� ö¢Â î Ûõ� î ý�Â �T �z2 � z2 ø T �e � e ,T �e0 � e0 ¥� ��Àî Âû ö�� .´¨� M ¥� Â�ð�Âê ¤ø¢ ×þ D ø D \ fe0; e; z2g = ;Ý þÂ � ðü õ �¹ � µ ÷ ,À � ª� �ü õ D ¤¢ ñ� ÞÈ õ � î À � µÆ û Mnfe0; e; z2g ý�û¤ø¢Ýû ¥� üä� Þ µ��ø¢ ,(17) � �� � � .´¨� Mnfe0; e; z2g ¥� ¤ø¢Ýû ×þ T �z2 � z2 ø T �e � e ,T �e0 � e0 ¥� ��À î Âû �îö� � .À ª� �ü õ E(N) � ûö� á� Þ µ �� ß þ�Â �� � � ø À � µ Æ û Ý û ¥� �À � � û¤ø¢Ý û-2 ß þ� ¥� � �Â Ú þ¢ ý� � ø¢ ö� � � ¤ø¢Ý û-2 ß � õ� ¨ � î Ý þÂ � ðü õ � ¹ � µ ÷ ,j(T �e � e) \ (T �z2 � z2)j = 1Ý� � î ­Âê .´¨� Mnfe0; e; z2g ¥� ýÂ¨ §�î ×þ ¤¢ ñ�ÞÈõ E(N) ßþ�Â �� � � .¢¤�¢ í�Â µª�Mnfe0; e; z2g ¥� ý¤ø¢ ,´¨� Â�ð�Âê M ¤¢ D ö�� �¤�¬ßþ�¤¢ .f 2 E(M) �D � fe0; e; z2g¥� � î À ª� � ùÀ ª ��¿ µ ÷� ý¤� Ï ´¨� ß Ø Þ õ ¤ø¢ ß þ� ùø� ä� � .´¨� f Û õ� ª � î ¢¤�¢ ¢� �øñ�ÞÈ õ � î ´¨� Mnfe0; e; z2g ¥� ýÂ¨ §�î ×þ ¤¢ ñ�ÞÈ õ E(N) �Â þ¥ ,Àª� � ��¹ õ E(N)ö�� .´¨� Mnfe0; e; z2g=(D � E(N)) ¥� � ì� Ï ×þ f � î Ý þÂ � ðü õ �¹ � µ ÷ .Àª� �ü õ D ¤¢� ì� ÏÝû ×þ f � î Ý þÂ � ð ü õ �¹ � µ ÷ ,7.3.3 Ý ó � �� � � ,N = M=(D � E(N))n(E(M) � D)¤�ÂìÂ� ,7.3.4 �î ÝþÂ�ðüõ �¹�µ÷ Å� .´¨� Ëì��� ×þ �î ,´¨� Mnfe0; e; z2g=(D � E(N))¥�� .´¨�.´¨� ùÀª ß�ÞÌ� ,(7.3.4) ����� ö� ¢��ø �î Àª�� M ¤¢ Â�ð�Âê ¤ø¢ ×þ D Ý��î ­Âê.M 0 =M=(D�E(N)) Ý��î ­Âê .T �h \ T �g = ; ö� ¤¢ �î ,E(M)�D = ff; g; hg Ý��î ­Âê¥� ��Àî Âû �� �î ´¨� ü·Ü ·õ T �f ö� ¤¢ �î ´¨� ¤�ú� �± �¤ ¥� À þøÂ µõ ×þ (M 0)� �¤�¬ßþ�¤¢92



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê�î Àû¢üõ �¹�µ÷ ßþ� .¢�ªüõ Û¬ø ü�ø�Ôµõ ¯�Ö÷ ¤¢ ý¥��õ ñ�Ê�� ÕþÂÏ ¥� T �h ø T �g ý�û¶Ü·õ,À�µÆûM 0 ¥� ��¹õ ý�Ìäø¢ ý¥��õ ý�û§�î T �h � T �f ø T �g � T �f �îý¤�Ï�� ,´¨� À�±ÞûM 0¥� ñ�Þ���õ �ä�Þ¹õÂþ¥ ×þ Z Ý��î ­Âê ñ�� .¢¤�À÷ ýÂÚþ¢ üúþÀ�Â�è ý¥��õ §�î º�û M 0 øßþ� .¢¤�À÷ üúþÀ�Â�è ý¥��õ §�î º�û M=(D � (E(N) [ Z)) �î ý¤�Ï�� Àª�� D � E(M),¢¤�¢ �Ìä ø¢ �fÖ�ì¢ �� ��ÀîÂû ,üúþÀ�Â�è ý¥��õ §�î ø¢ �fÖ�ì¢M=(D � (E(N)) �Âþ¥ ,¢¤�¢ ö�Øõ�¤¢ x Âû ý�Â� �¤�¬ßþ�¤¢ .M 00 =M=(D � (E(N) [ Z)) Ý��îüõ­Âê .jZj � 2 �î ý¤�Ï��.´¨� M 00 ¥� Tx ¶Ü·õ ¤¢ ñ�ÞÈõM=(D �E(N)) ¥� T �x � T �f ý¥��õ §�î ,fg; hg,¢¤�À÷ ý��ì�Ï Ýû ,M 00 ö�� ,7.3.3 Ýó ����� .´¨�À�±Þû -3 ,M 00 �î Ý�û¢üõ ö�È÷ ñ��ù¢�¨Ýû � � ÷ M 00 ßþ�Â �� � � ,´¨� ù¢�¨Ýû M=(D � E(N)) ö�� ùø�ä� � .´¨� À � ±Þû M 00 �Á óM 00 ¥� ¤ø¢ -2 ×þ �ûö� ¥� ��Àî º�û �î¢¤�¢ ¤ø¢-2 ø¢ �fÖ�ì¢M=(D �E(N)) �î üµìø ø ,´¨�.¢¤�À÷ üúþÀ�Â�è ý¥�¨�À�-2 º�û M 00 ßþ�Â �� � � .´¨� ù¢�¨ M 00 �î ÝþÂ�ðüõ �¹�µ ÷ ,´Æ�÷ñ�� .minfjXj; jY jg � 3 �¤�¬ß þ�¤¢ .Àª� � M 00 ¥� ý¥� ¨�À�-2 ×þ fX;Y g Ý � � î ­Â êÛì�À� ¤¢ Th ø Tg ,T �f ¥� �� ø¢ �� Ûì�À� ,X �f ·õ ,Y �þ X �¤�¬ßþ�¤¢ .E(M 00) = T �f [ Tg [ ThÝ� ÷�� �üõ ß� �»Þû .jX \ Tgj � 2 Ý� � î ­Âê Ý� ÷�� �üõ ,ö¤�Ö � � �� � � .¢¤�¢ í�Â µª� �Ìä ø¢,jTg \ T �g j = 2 ö�� ø Tg � X ßþ�Â �� � � .´¨� � µÆ � (M 00)� ø M 00 ýø¢ Âû ¤¢ X Ý� � î ­Âêø T �h [ Th � X �¤�¬ßþ�Â�è¤¢ ,jX \ Thj � 2 �î Ý��îüõ ���� .T �g � X �î ÝþÂ�ðüõ �¹�µ÷ö�� ø Y � Th �¹�µ÷ ¤¢ .T �f � X ßþ�Â���� ,jX \ T �f j � 2 �Áó .´¨� Ëì��� ×þ �î ,jY j � 1�Á ó ø r(M 00) = 5 ßþ�Â �� � � .À�ª� �üõ �þ�Þµõ Tg ø Th ø Y = Th �î ÝþÂ�ðüõ �¹�µ ÷ ,jY j � 393



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêüþ���¨ ×þ �¹�µ÷ ¤¢ ø ´¨� M 00 ¥� üþ���¨ ×þ Th ßþ�Â���� .r(X) = r(M 00) + 1� r(Y ) = 4.´¨� Ëì��� ×þ �î ,´¨� À�±Þû-3 ,M=h ßþ�Â���� ,M�j(Th [ T �h ) �= U2;4 �Áó .Àª��üõ M¥�.´¨� À�±Þû-3 ,M 00 �î ÝþÂ�ðüõ �¹�µ÷ Å�ÝþÂ�ðüõ �¹�µ÷ ,´¨� M ¥� À�±Þû-3 ¤���õ ×þ ø ¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N ,M 00 ö����Ìì ��±�� Ëì��� ßþ� .jE(M)j � 10 ,(5) ����� �î üó�� ¤¢ ,jE(M 00)j � 9 �õ� .M 00 =M �î� .À�îüõ Ûõ�î �¤ 1.3.4Ý��îüõ ���¤� 1.3.4 ��Ìì ý�Â� ñ�·õ ×þ ñ��.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ÛØª 8.3.4 ñ�·õ

4.4 ÛØª
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üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêüû� � µ õ� ÷ ¢�Àã � ,Àª� � üõ ×þ ¥� Â µ ð¤� � � î n ¼�½¬ ¢Àä Âû ý�Â � � î Ý �û¢üõ ö�È ÷¤¢ .�2(N) = n � îý¤�Ï� � ,¢¤�¢ ¢��ø ,À � î üõ ëÀ¬ 1.3.4 � �Ìì ÝØ� ¤¢ � î N À þøÂ µ õ� µ ª�¢ N ýø�Æ õ � ÷ ø N � � ´¿ þÂØ þ ¤� � � õ ×þ M � î Ý � ª� � � µ ª�¢ ¥� � ÷ ÍÖ ê Â ð� ´Ö � Ö�¤¢ i Â û ý�Â � .À �� þ ¢� ± ú � À ÷�� �ü Þ ÷ ,1.3.4 � �Ì ì ö�Â î � î ¢�¢ À û�� ¡ ö� È ÷ � õ ñ� · õ ,À ª� �¤¢ ö� üÎ �½ õ �Ìä ý� û §�b¤ � î Àª� � ´¿ þÂ Ø þ ü¡Â� � � Gi Ý � � î ­Â ê ,f1;2; : : : ; ng,´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ ï¤�� ý¢Àä m ö� ¤¢ �î ,À÷¤�¢ ¤�Âì vi(4m+6),: : :,vi2,vi1 ý¤ø¢ °��Â�ý�Â � ø ,Gn,: : :,G2,G1 ý�ûé�Âð ý��¹õ -§�b¤ á�Þ µ�� ¥� G Ý� � î ­Âê .m = 100n �f · õvi2vi1 ý�ûñ�þ éÁ� ø 
i2,
i1,di3,di2,di1 ý�ûñ�þ ö¢ø�ê� ��,f1;2; : : : ; n� 1g ¤¢ i Âþ¢�Öõ �Þû,
i1 = vi2v(i+1)(2m+4) ,di1 = vi(m+3)v(i+1)(2m+4) ö� ¤¢� î v(i+1)(2m+4)v(i+1)(2m+5) ø.À ª� � ùÀ ª Û � ØÈ � di3 = vi1v(i+1)(3m+6) , 
i2 = vi1v(i+1)(2m+5) ,di2 = vi2v(i+1)(2m+5)ö� ¤¢ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ N =M(H) ø M =M(G) ñ��H = G n [n�1i=1 fdi1; di2; di3g= [n�1i=1 f
i1; 
i2g×þ M �î Ý�û¢ ö�È÷ Àþ�� .´¨� ùÀª ù¢�¢ Çþ�Þ÷ (4.4) ÛØª ¤¢ G é�Âð ,n = 3´ó�� ý�Â��î Ý��îüõ ùÀû�Èõ .¢¤�¢ N �� ´¿þÂØþ ¤���õ ×þ �î ´¨� ñ�Þ���õ -¤���õ À�±Þû-3 ÀþøÂµõÛ�ØÈ� �Ìä 4m+ 6 �� ü¨�b¤ ¤ø¢Ýû ×þ ,À�µÆû âì�ø Gi  Â� Âû �îÂõ Â� �î üþ�ûñ�þ ,N ¤¢ý�û§�b¤ ö¢Âî üØþ ¥� �î ü¨�b¤ ø¢ ,f1;2; : : : ; n� 1g ¤¢ i Âþ¢�Öõ �Þû ý�Â� ùø�ä�� .À�û¢üõ-2 Âû ø ,À � � îüõ ¢�¹ þ� N ¥� ý¥�¨�À� -2 ×þ ,À ÷�ª üõ Û¬�� G ¤¢ 
i2 ø 
i1 üþ�ú µ ÷�95



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊêÀþ�� ,Àª�� N �� ´¿þÂØþ �î M ¥� ¤���õ ×þ ö¢¤ø� ´¨¢ �� ý�Â� .´¨� á�÷ ßþ� ¥� N ý¥�¨�À�ö�È÷ À þ� � �À µ �� .M n D=C �= N Ý� � îüõ­Âê .Ý� � î ��è¢� ø éÁ� �¤ �Ìä 5(n � 1) �Þûù� ðö� ,Àª� � C ¤¢ Gi ý�û Â� ¥� üØ þ ¥� s ùÂ � ×þ Â ð� .E(M) � E(N) = C [D � î Ý � û¢�Ø±ª ×þ ÀþøÂµõ ø¢ ¥� üØþ ÂÒ��µõ á�Þ¹õ -2 ¤¢ �îý¤�Ï�� ¢¤�¢ ý¥�¨�À�-2×þ M(G=s),jE(M) � E(N)j = 5(n� 1) ø m = 100n ö�� .´¨� �Ìä m� 3 Ûì�À� �� ý¥��õ-ýÂ¨N �¤�¬ßþ�Â�è ¤¢ ,Àª�� �µª�¢ N �� ´¿þÂØþ ¤���õ ×þ �î ´Æ�÷ ÂþÁ� ö�Øõ� M(G=s) ý�Â��Ìä º�û ���Èõ ¤�Ï�� ø ´Æ�÷ C ¤¢ Gi Âû ¥� ùÂ� º�û ßþ�Â���� .´Æ�÷ ý¥�¨�À�-2×þ ý�¤�¢.´Æ�÷ D ¤¢ Gi ¥� üÎ�½õn � 1 ý�¤�¢ M(G n s) ù�ðö� ,Àª�� D ¤¢ Gi ý�û Â� ¥� üØþ ¥� s ý�ûùÂ� ¥� ü¡Â� Âð�ü¨�b¤ ý�û¤ø¢Ýû �Þû ø ,4m+ 5 ù¥�À÷� �� ü¨�b¤ ¤ø¢Ýû ×þ ,´¨� 4m+ 6 ù¥�À÷� �� ü¨�b¤ ¤ø¢Ýû.¢¤�¢ 4m+ 6 ù¥�À ÷� � � ü¨�b¤ ¤ø¢Ýû n �f Ö � ì¢ N � õ� .À� µÆû ¸� � Â ·î�À� ù¥�À ÷� � � ö� ùÀ÷�Þ� ì� ��î üû�¤ �ú�� ÝþÂ�ðüõ �¹�µ÷ N ¤�µ¡�¨ ¥� ,jE(M) �E(N)j = 5(n� 1) �õ� ,m = 100n ö��ùÂ� ×þ ��è¢� �Ü�¨ø�� ,¢¤ø� ´¨¢�� 4m+ 6 ù¥�À÷� �� ü¨�b¤ ¤ø¢Ýû ¥��÷ ¢¤�õ¢�Àã� N ý�Â� ö��µ�¤¢ Gi º�û ¥� �ûùÂ � ¥� ��Àî º�û Å� .´¨� ßØÞõ Â�è ÝþÀþ¢ �f ± ì �î ,´¨� �û Â� ¥� üØþ ¥�ö�� �¤�¬ßþ�Â �è ¤¢ .´Æ�÷ C ¤¢ Gi º�û üÎ�½õ ý�Ìä� ¥� ��Àîº�û ßþ�Â �� � � .´Æ� ÷ DÝþÂ � ðüõ �¹� µ ÷ Å� .Àª� � üÎ�½õ �Ìä ßþ� � � ¤ø�¹õ ùÂ � ×þ Ûõ�ª À þ� � D ,´¨� ù¢�¨ N.C [D = E(M)�E(N)
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üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê�î Ý�û¢üõ ö�È÷ ñ��. C = [n�1i=1 f
i1; 
i2g ø D = [n�1i=1 fdi1; di2; di3gÀþøÂµõ ×þ M ¥� �ó�±÷¢ ßþ� üó��µõ �Ìä ø¢ éÁ� . ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ di3,
i2,di2,
i1,di1�ó�±÷¢� � ý¥�� õ- ýÂ¨ �Ø±ª ×þ � � ÂÒ� � µ õ ö� éÂÏ ×þ �î ¢¤�Áðüõ üì� � ý¥�¨�À� -2 ×þ � �� � ´¿þÂØ þ ¤� � � õ ×þ À ÷�� �üÞ ÷ À þøÂ µ õ ß þ� � î Àû¢üõ �¹� µ ÷ ß þ� .´¨� �Ìä 2m Ûì�À��î ´¨� ¼®�ø .´Æ�÷ D ¤¢ di3,
i2,di2,
i1,di1 ¥� üó��µõ �Ìä ø¢ º�û ßþ�Â���� .Àª�� �µª�¢ NÂ·î�À� Ûõ�ª D ßþ�Â �� � � .Àª� � di3,
i2,di2,
i1,di1 ¥� ÂµÈ� � � þ �Ìä ¤�ú� Ûõ�ª À÷�� �üÞ÷ DÛÖµÆõ -Ýû D ,M ¤¢ �î Ý þÂ � ðüõ �¹� µ ÷ ,M ¤� µ¡�¨ ¥� .´¨� ü þ�Ìä� ß� �� ¥� �Ìä �¨�Ìä ø¢ �f Ö � ì¢ Ûõ�ª C ßþ�Â �� � � .jCj = r(M) � r(N) = 2(n � 1) Å� ,´¨� ÛÖ µÆõ C ø¥� �Ìä ¤�ú� Ûì�À� Ûõ�ª D �¤�¬ßþ�Â �è ¤¢ ,´¨� fdi1; 
i1; di2; 
i2; di3g �ä�Þ¹õ Âû ¥�,´Æ� ÷ D ¤¢ di3,
i2,di2,
i1,di1¥� ü ó�� µ õ �Ìä ø¢ º�û ö�� .¢� � Àû��¡ ý��ä�Þ¹õ ß� ��ø D = [n�1i=1 fdi1; di2; di3g ßþ�Â���� .f
i1; 
i2g � C ø fdi1; di2; di3g � D �î ÝþÂ�ðüõ �¹�µ÷Âû éÁ� .´¨� N ¢�¡ ,´¨� ´¿þÂØþ N �� �î M ¥� ý¤���õ �ú�� �¹�µ÷ ¤¢ .C = [n�1i=1 f
i1; 
i2g´Æ�÷ À�±Þû -3 �î À�îüõ À�ó�� ýÀþøÂµõ M ¥� 
i2 ø 
i1 ¥� ×þ Âû ­�±Ö÷� �þ di3,di2,di1 ¥� ×þN ´¨� ¼®�ø ßþ�Â���� .Àª�� N �� ´¿þÂØþ ¤���õ ×þ ý�¤�¢ �î ¢¤�À÷ ýÀ�±Þû -3 ¤���õ º�û øÂð� üµ� �î ÝþÂ�ðüõ �¹�µ÷ .¢¤�¢ N �� ´¿þÂØþ ¤���õ ×þ �î ´¨� ñ�Þ���õ -¤���õ ÀþøÂµõ ×þÂ� Õ�ì¢ �¤ 1.3.4 ��Ìì ö�Âî Ý�÷���üÞ÷ ,Ý��î ßþ�Úþ�� ö� ¥� üµ¿þÂØþ ü³î �� �¤ N �î Ý�ª�� ¥�¹õ.Ý��î97



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê

1 2 2e 1
1 2 3

5.4 ÛØª98



üÜ¬� ��Ìì 3.4 ýÀ�±Þû ´ó�� ü¨¤Â� 4 ÛÊê
22 3

11 6.4 ÛØª´¡¤¢ .´¨�ùÀª ù¢�¢ Çþ�Þ ÷ 5.4 (a) ÛØª ¤¢ ´¨� N = M(H) �î Ý� � îüõ ùÀû�Èõ(b) ÛØª ¤¢ H3ø H2 ø H1 ö� ¤¢ �î À�î üõ ëÀ¬ 1.1.2 ��Ìì ÝØ� ¤¢ 6.4 ÛØª ¤¢ T (N),1.3.4 � �Ìì � �� � � ß þ�Â �� � � .�2(N) = 3 ,Ý þ¤�¢ n = 3 ´ó�� ¤¢ ,À ÷�ùÀª ù¢�¢ Çþ� Þ ÷ 5.4.jE(M)j � jE(N)j � 10 : �¹�µ÷ ¤¢,jE(M)j � jE(N)j � 5(�2(N)� 1) = 5(n� 1)
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5 ÛÊê
üÜî ö�Âî ×þ

À�±Þû ý�ûÀþøÂµõ ý�Â� ñ�õÂµÆî� ý�û�¹�µ÷ ü¡Â� �� �¤ Û±ì ÛÊê ¥� üÜ¬� �¹�µ÷ ,ÛÊê ßþ�¤¢ÀþøÂµõ ×þ M ö� ¤¢ �î ,Ý��î ´��� jE(N)j °Æ� Â� �ú�� �¤ jE(M)j ýø¤ ö�Âî �� ,Ý��îüõ °�îÂ�¥� ���Èõ ñÀõ ×þ ý¤ø�¢�þ �� .¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N �î ´¨� ñ�Þ���õ-¤���õ À�±Þû-3.Ý��îüõ áøÂª Ýþ¤�¢ ¥��÷ M ö¢�� À�±Þû �� �ú�� �î üµó�� ý�Â� üÜ¬� ��ÌìÀ þøÂ µ õ ×þ M ø Àª� � À � ±Þû �Ô ó�b õ k � � À þøÂ µ õ ×þ N Âð� �î ´¨� ùÀª ´�� � [6℄ â�Âõ ¤¢Â·î�À� jE(M)j � jE(N)j ù�ðö� ,¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N �î Àª�� ñ�Þ���õ-¤���õ À�±Þû´ª�¢ Ý � û�� ¡ ´ ó� � ß þ� ¤¢ � î ,À � ª� � ¢�¥� ö� ö� ðø¢ � þ N � Ø � þ� Â Ú õ ,´¨� 2k � 2 Â ��Â �.jE(M) �E(N)j � k � 1üÜ¬� ¸þ�µ÷ 1.5.´¨� ùÀõ� [6℄ â±�õ ¤¢ Âþ¥ Ýó ø¢ ��±��
100



üÜ¬� ¸þ�µ÷ 1.5 üÜî ö�Âî ×þ 5 ÛÊêÀª�� ñ�Þ���õ -¤���õ À�±Þû ÀþøÂµõ M ø üú��÷ ÀþøÂµõ ×þ N Ý��î üõ ­Âê 1.1.5 Ýó.jE(M) �E(N)j � 2�2(N)� 2 �¤�¬ßþ�¤¢ .¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �îý¤�Ï��� .¢�ª �ã��Âõ [ 3.2 Ýó [6℄ ℄ �� : ö�ûÂ�-¤���õ À�±Þû ÀþøÂµõ ×þ M Âð� .Àª�� üú�� ÷ ÀþøÂµõ ×þ N Ý��î üõ ­Âê 2.1.5 Ýó.jE(M)j � 3jE(N)j � 2 : ù�ðö� ,¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �îý¤�Ï�� Àª�� ñ�Þ���õ� .¢�ª �ã��Âõ [ 4.2 Ýó [6℄ ℄ �� : ö�ûÂ�
üê�Âð ¥� ý¤ø¢ ÀþøÂµõ ×þ Mi Ý��î ­Âê ,f1;2; : : : ; ng ¤¢ i Âþ¢�Öõ �Þû ý�Â� 3.1.5 ñ�·õ­Âê .Àþ�üõ ´¨¢ �� ´¨� 
i �� ý¥��õ �î ei ñ�þ ö¢ø�ê� �� fp; di; 
ig ¶Ü·õ ¥� é�Âð ö� �î Àª��Ý � � îüõ ­Âê ø Àª� � p � þ� � �ÎÖ ÷ � � Mn,: : :,M2,M1ý�ûÀ þøÂ µ õ ý¥�� õ ñ�Ê �� M Ý � � îüõ.N =M n fd1; d2; : : : ; dng=f
1; 
2; : : : ; 
ng� îý¤�Ï� � ,´¨� (1.5) ÛØª é�Â ð ¥� ý¤ø¢ À þøÂ µ õ ×þ M À þøÂ µ õ ,Àª� � n = 4 � îü µ ìøø ß�� �ÎÖ÷ �¤�¬�� ö� ùÀª ��è¢� ý�ûñ� þ ø ùÀþÂ � ¯�Î¡ �¤�¬�� ö� ùÀª éÁ� ý�ûñ� þø en,: : :,e2,e1 �ì�Ï n Ý�ÖµÆõ âÞ� N = N(G1) �î Ý��îüõ ùÀû�Èõ .À�µÆû ùÀþÂ � ¯�Î¡,ùø�ä� � .jE(N)j = n + 1 ßþ�Â �� � � .´¨� ùÀª ù¢�¢ Çþ�Þ ÷ (b) ÛØª ¤¢ �î ´¨� p � ì�ÏÝûÂ� ¯øÂÈõ ´¨� 2.1.5 Ýó ý�Â� ñ�õÂµÆî� ñ�·õ ×þ M Å� .jE(M)j = 3n+ 1 = 3jE(N)j � 2p �÷ ø ei �î ßþ� ý�Â� .´¨� ö� ¤���õ ×þ N �î Àª�� ñ�Þ���õ -¤���õ À�±Þû ÀþøÂµõ ×þ M �î ßþ�ø di éÁ� .Ý��î ��è¢� �¤ 
i ý�Ìä� ø éÁ� �¤ di ý�Ìä� Àþ�� ,Àª�� M ¥� ¤���õ ×þ ¤¢ �ì�Ï ×þ101



üÜ¬� ¸þ�µ÷ 1.5 üÜî ö�Âî ×þ 5 ÛÊê×þ ÀþøÂµõ ßþ� ,´¨�ùÀª ù¢�¢ Çþ�Þ÷ (d) ø (
) ÛØª ¤¢ �î À�îüõ À�ó�� ýÀþøÂµõ M ¥� 
i ��è¢� �þÝó ö�Âî �î Àû¢üõ ö�È÷ ñ�·õ ßþ� ßþ�Â���� .´¨� À�±Þû�÷ ßþ�Â���� ø ¢¤�¢ fei; 
ig ¤¢ ñ�ÞÈõ �Ôó�b õ.´¨� Õ�ì¢ 2.1.5

2.1.5 Ýó ý�Â� ñ�õÂµÆî� ñ�·õ ×þ 1. 5 ÛØªùÀõ� ´¨¢ �� �û 
i ��è¢� ø �û di éÁ� �� �î ´¨�ùÀª ù¢�¢ Çþ�Þ÷ G1 é�Âð (b) ÛØª ¤¢:Ý��î üõ ùÀû�Èõ .´¨�jE(N)j = n+ 1 = 5; jE(M)j = 3n+ 1 = 3jE(N)j � 2 = 13:
1 3p

2 41
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üÜ¬� ¸þ�µ÷ 1.5 üÜî ö�Âî ×þ 5 ÛÊê
�û di éÁ¡ ¥� Û¬�� é�Âð ø ´¨�ùÀª ù¢�¢ Çþ�Þ÷ (d) ÛØª ¤¢ �û 
i ��è¢� ¥� Û¬�� é�Âð.´¨�ùÀª ù¢�¢ Çþ�Þ÷ (
) ÛØª ¤¢

d1 d2 d3 d4p

e2

p

e1
e3

e1

e2
e3

c4

4

c1

c2 c3

e2 e4
e1 e4

(C) (d)

ù� ðö� ,jE(M)j � 3 � îý¤� Ï� � À ª� � À � ± Þ û À þøÂ µ õ × þ M Â ð� 4.1.5 Ýó.�2(M) � jE(M)j � 2U2;3 �þ U1;3 �� M ù�ðö� ,jE(M)j = 3 Âð� .Ý��îüõ ´��� jE(M)j ýø¤ �ÂÖµ¨� �� �¤ ÝØ� : ö�ûÂ�.´¨� ¤�ÂìÂ� Ýó ø ´¨� ´¿þÂØþßþ�Â �� � � .´¨� ¤�Â ìÂ � ÝØ� ù�ðö� ,Àª� � À � ±Þû -3 ,M Âð� .jE(M)j � 4 �î Ý� � îüõ ­Âê103



üÜ¬� ¸þ�µ÷ 1.5 üÜî ö�Âî ×þ 5 ÛÊê¢��ø M2 ø M1 ý�ûÀ þøÂ µ õ �¤�¬ß þ�¤¢ .´Æ � ÷ À � ± Þ û -3 ,M � î Ý � � î ­Â ê Ý � ÷�� �ü õ,i 2 f1;2g Â û ý�Â � � î Ý þ¤�¢ ,�Â Ö µ ¨� ­Â ê � � � � � .M = M1 �2 M2 � îý¤� Ï� � À ÷¤�¢Å� .�2(Mi) � jE(Mi)j � 2�2(M) = �2(M1) + �2(M2) � jE(M1)j+ jE(M2)j � 4� .jE(M)j = jE(M1)j+ jE(M2)j � 2 �Âþ¥ ,´¨� ¤�ÂìÂ� ÝØ� ßþ�Â����À�±Þû -3 ÀþøÂµõ ×þ M Âð� .Àª�� üú�Â�è ÀþøÂµõ ×þ N Ý��îüõ ­Âê 5.1.5 ��ÌìjE(M)j � 18jE(N)j�27 :ù�ðö� ,¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N �î Àª�� ñ�Þ���õ -¤���õ�¤ N �îý¤�Ï�� Àª��M ¤���õ ×þ ø À�±Þû ñ�Þ���õ -¤���õ ÀþøÂµõ ×þ N 0 Ý��î ­Âê : ö�ûÂ�:Ýþ¤�¢ 4.1.5 ø 2.1.5 Ýó ¥� ù¢�Ôµ¨� �� .¢¤�¢ ¤���õ ×þ ö���ä���2(N 0) � jE(N 0)j � 2 � 3jE(N)j � 4:Ýþ¤�¢ 1.3.4 ��Ìì ¥� ù¢�Ôµ¨� ��jE(M)j � jE(N 0)j � 5(�2(N 0)� 1) � 15jE(N)j � 25� .¢�ªüõ ´��� 2.1.5 Ýó ¥� ù¢�Ôµ¨� �� ÝØ� ßþ�Â���� ø
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6 ÛÊê
üÜ¬� ��Ìì ��±��

��Ìì ��±�� ,ÛÊê ßþ� ¤¢ .´¨� ùÀª ´��� ´¨� À�±Þû N �î üµó�� ¤¢ 4 ÛÊê ¤¢ üÜ¬� ��Ìì1.1.6 Ýó ,1.3.4 ��Ìì ¥� Â�è �� ,��±�� ¤¢ üÜ¬� ¤���� .Ý��îüõ Ûõ�î üÜî ´ó�� ¤¢ �¤ üÜ¬�.Àª��üõ
üþ�ú÷ ¸þ�µ÷ 1.6Àª�� ñ�Þ���õ -¤���õ À�±Þû ÀþøÂµõ ×þM ø Àª�� üú��÷ ÀþøÂµõ ×þ N Ý��î­Âê 1.1.6 Ýó�¤�¬ßþ�¤¢ .¢¤�¢ ¤���õ ×þ ö���ä�� �¤ N �î�2(M) � 4(�1(N)� 1) + �2(N)Ý��îüõ ��¿µ÷� ��Ìì ý�Â� üÌÖ÷ ñ�·õ �¤ (M;N) ø ´Æ�÷ ¤�ÂìÂ� ��Ìì Ý��îüõ ­Âê : ö�ûÂ�¥� ý¤���õ ö���ä �� �¤ N 0 .´¨� ñ�Þ���õ (jE(M)j;�jE(N)j) ýø¤ üþ�±Ôó� °��Â� �� ´±Æ÷ �î105



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê¤¢ ø ¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N �î ´¨� ñ�Þ���õ -¤���õ N 0 �îý¤�Ï�� Ý��îüõ ��¿µ÷�M¢¤�¢ ¢��ø N 0 ¥� H �Ôó�bõ ×þ �ú�� ,N 0 ��¿µ÷� �� ���� �� .À�îüõ ëÀ¬ �1(N 0) < �1(N) �Î��¤ý�Ìä� ¥� Ýû ¥� �À� ý�û�ä�Þ¹õÂþ¥ Y ø X Ý��îüõ­Âê .´Æ�÷ N ¥� ý��Ôó�b õ H �î ý¤�Ï��N 0=z ø N 0 n z ýø¢ Âû ¥� ý¤���õ N ø ,z 2 X [ Y Âð� .N 0 nX=Y = N �îý¤�Ï�� À�ª�� HN 0 ö¢�� ñ�Þ���õ �� Ëì��� ×þ ,�1(N 0=z) = �1(N 0) �þ �1(N 0 n z) = �1(N 0) ö�� ù�ðö� ,Àª��ßµêÂð ÂÑ÷ ¤¢ �� .À÷¢ÂÔ� ÂÊ½�õ Y ø X ý�û�ä�Þ¹õ �î ÝþÂ�ðüõ �¹�µ÷ Å� .¢�ªüõ Û¬��.Ý��îüõ ��¿µ÷� X ¥� �¤ e �Ìä .X 6= ; Ý��î ­Âê Ý�÷���üõ ,�ø�ó �¤�¬ ¤¢ ö�ðø¢ÀþøÂµõ ¢��ø �Áó ø �1(N 0 n e) = �1(N 0) �¤�¬ßþ�Â�è ¤¢ ,´¨� À�±Þû�÷ H n e ÀþøÂµõ ñ���� C ¤ø¢ ×þ ´¨� e Ûõ�ª �î �u2(H) ¥� ý�Ìä ßþ�Â���� .¢¤�¢ Ëì��� N 0 ��¿µ÷� ù�½÷ �� N 0 n e,Àª�� �µª�¢ ¤�Âì �ä�Þ¹õ ßþ� ¤¢ f ø ù¢�� üú��÷ (C \ (X [ Y )) � e Âð� .´¨� �Ìä�¨ Ûì�À�,À÷¢ÂÔ�ÂÊ½�õ Y ø X ý�û�ä�Þ¹õ �î ´Ö�Ö� ßþ� �� �î ¢�� Àû��¡ N 0 n e ¥� �ì�ÏÝû ×þ f ù�ðö�ö� ¤¢ �î C � e = fe1; e2; : : : ; ekg Ý��îüõ ­Âê .C \ (X [ Y ) = feg ßþ�Â���� .¢¤�¢ Ëì���¥� �ì�ÏÝû ×þ C \E(N) ¥� �Ìä Âû .k � 2 �¤�¬ßþ�¤¢ .C \ E(N) = fel+1; el+2; : : : ; ekg�� �¤ T (H) ý�ûñ�þ .À�µÆû el,: : :,e2,e1 ,C �� ÂÒ��µõ §�b¤ Â� âì�ø ý�ûñ�þ ,T (H) ¤¢ .´¨� N-2 �� g ñ� þ Âû ��è¢� �Ü �¨ø � � �î ü¨�b¤ ø Ý� �îüõ ��è¢� ýÂÚþ¢ ¥� Å� üØþ el,: : :,e2,e1 ��ù¤��ø¢ ,Àþ�üõ ´¨¢�� À÷¢Âîüõ ý¤�Áð °Æ�Â� �¤ g üþ�úµ÷� ¯�Ö÷ �f ±ì �î üþ�ûÀþøÂµõ á�Þ¹õ�î Àª�� C �� �ø�Ôµõ ýÀþøÂµõ Hi Ý��îüõ­Âê ,À�þ�Âê ßþ� �¹�µ÷ ¤¢ .Ý��îüõ ý¤�Áð °Æ�Â�¥� Â �è� � ei ÂÚ þ¢ ü þ�ú µ ÷� �ÎÖ ÷ ö�� .À � îüõ ý¤�Áð °Æ�Â � �¤ ei ñ� þ ü þ�ú µ ÷� ¯� Ö ÷ ¥� üØ þ106



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊêü�û�Ôó�b õ ßþ�Â���� .´¨� À�±Þû Hi n ei ÀþøÂµõ ,¢�� ùÀÈ÷ ý¤�Áð °Æ�Â� T (N) ¤¢ ý¤ø¢ �� C.À�µÆû ek,: : :,el+2,el+1 ýø¤ �ì�ÏÝû k � l �� ù�ÂÞû Hl n el,: : :,H2 n e2,H1 n e1,H n e¥� �î Àª�� �µª�¢ ¢��ø ý��Ôó�bõ Âð� �Âþ¥ .Àª�� �µª�¢ í�Âµª� E(N) �� Àþ�� H n e ¥� �Ôó�bõ Âû¥� �Ôó�b õ Âû ,ùø�ä�� .¢�� À�û��¿÷ ¢ÂÔ� ÂÊ½�õ Y ø X ý�û�ä�Þ¹õ ù�ðö� ,Àª�� ��¹õ E(N)×þ ö���ä�� �¤ N ,N 0 n e �¤�¬ßþ�Â�è ¤¢ ,´¨� N ¥� �Ôó�b õ ×þ ÍÖê ¥� üþ�Ìä� Ûõ�ª H n eßþ�Â���� .´¨� ÂµÞî N ý�û�Ôó�bõ ¢�Àã� ¥� ö� ý�û�Ôó�bõ ¢�Àã� �î ¢¤�¢ ¤���õ�1(N) = �1(N 0) + k � 1 (18)Ý�û¢üõ ö�È÷ ñ�� .X 6= ; Ý��î ­Âê Ý�÷��� üõ ö�ðø¢ �� ���� �� �î Ý��îüõ ý¤ø�¢�þÝ � ÷�� �üõ ,¢�ª �µ¨�î � Ü ÿÆõ ´�Üî ¥� �î ßþ� öøÀ � .f 2 X � e Ý� � îüõ­Âê .jXj = 1 �îßþ�Â��� � ,´¨� À�±Þû ��÷ H n f ù�ðö� ,Àª�� À�±Þû H1 n f Âð� .f 2 E(H1) � e1 Ý��î ­Âêö�� .´¨� À�±Þû� ÷ H1 n f ßþ�Â �� � � .´¨� Ëì��µõ N 0 ��¿µ÷� � � �î ,�1(N 0 n f) = �1(N 0)�¹� µ ÷ ,´¨� À � ±Þû H1 n e1 �Â þ¥ ,Àª� � � µª�¢ � ì�ÏÝû ×þ ö�� �ä � � �¤ e1 À ÷�� �üÞ ÷ H1 n f,´¨� N �Ôó�b õ ×þ ¥� ÍÖê üþ�Ìä� Ûõ�ª H1 n e1 ö�� .´¨� À�±Þû�÷ H1 n f; e1 �î ÝþÂ�ðüõ�� Ëì��� ×þ ßþ� ø ;´¨� ��¹õ E(N) ¥� �î ´¨� �Ôó�bõ ×þ ý�¤�¢ H1 n f; e1 �î ÝþÂ�ðüõ �¹�µ÷ý�f ß��� �î ÝþÂ�ðüõ �¹�µ÷ Å� .À÷¢ÂÔ� ÂÊ½�õ Y ø X ý�û�ä�Þ¹õ �î ´¨� ´Ö�Ö� ßþ�´Ö�Ö� ¤¢ �õ ,´¨� ùÀª ­Âê üú��÷ ö�ðø¢ ¥� ù¢�Ôµ¨� �� X ö�� .jXj = 1 ßþ�Â���� ,¢¤�À÷ ¢��ø.Ýþ¢Âî ´��� �¤ Âþ¥ ý�û�¹�µ÷
107



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê.jXj = 1 ù�ðö� ,X 6= ; Âð� 2.1.6 �¹�µ÷:´¨� ßþ� ö� Ý�ÖµÆõ �¹�µ÷.jY j = 1 ù�ðö� ,Y 6= ; Âð� 3.1.6 �¹�µ÷f Ûõ�ª � î �u2(H) ¥� ý�Ìä ø jCj = 3 ù� ðö� ,Y = ffg ø X = feg Â ð� 4.1.6 �¹�µ÷.´¨� C� ý�Ìä -3 ¤ø¢Ýû ,´¨�¤¢ �Â þ¥ ,´¨� À � ± Þ û� ÷ H1=f �¤�¬ß þ�¤¢ .f 2 E(H1) � e1 Ý � � î ­Â ê Ý � ÷�� � ü õ¤¢ �Âþ¥ ,´¨� À�±Þû H1=f n e1 ùø�ä�� .¢�� Àû��¡ N 0 ��¿µ÷� �� Ëì��µõ N 0=f �¤�¬ßþ�Â�è¢ÂÔ� ÂÊ½�õ ßþ�Â���� ø ´¨� ��¹õ E(N) ¥� �î ´¨� �Ôó�b õ ×þ ý�¤�¢ H1=f n e1 �¤�¬ßþ�Â�èý�Ìä -3 ¤ø¢Ýû ×þ ,´¨� f Ûõ�ª �î �u2(H) ¥� ý�Ìä �¹�µ÷¤¢ .¢�ªüõËÖ÷ Y ø X ö¢��,´¨� e Ûõ�ª �î �u2(H) ¥� ý�Ìä ö�ðø¢ �� ���� �� .Àª��üõ ��÷ e1 Ûõ�ª �îý¤�Ï�� ´¨� C�� .´¨� ¤�ÂìÂ� 4.1.6 �¹�µ÷ ßþ�Â���� .´¨� �Ìä �¨ ý�¤�¢ ��÷ C ü�ãþ�Áó ø ´¨� ¤�ÂìÂ� (M;N 0) ý�Â� 1.1.6 Ýó ÝØ� ,(M;N) ��¿µ÷� üÚ÷�Ú� �� ���� ���2(M) � 4(�1(N 0)� 1) + �2(N 0):Ýþ¤�¢ ýø�Æõ�÷ ßþ� ø (18) �Î��¤ �� ���� ���2(M) � 4(�1(N)� 1) + �2(N 0)� 4(k � 1) (19):Ýþ¤�¢ �¤ Âþ¥ ´ó�� ø¢ 3.1.6 ø 2.1.6 �¹�µ÷ ,ö�ðø¢ �� ���� ���þ ,jY j = 0 ø jXj = 1 (Óó�).jY j = 1 ø jXj = 1 (�)108



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê:Ýþ¤�¢ (Óó�) ´ó�� ¤¢�2(N 0)� �2(N) = �2(H)� �2(H nX=Y ) = 0�jCj � 2+ lXi=1�2(Hi)1A
�0�k � l + lXi=1�2(Hi n ei)1A = l � 1+ lXi=1(�2(Hi)� �2(Hi n ei));�î Ý�÷�¢ üõ ,ñ�� .jCj = k + 1 ö�¤¢�î�2(Hi)� �2(Hi n ei) � 1ßþ�Â���� .´¨� ¤�ÂìÂ� i Âþ¢�Öõ �Þû ý�Â��2(N 0)� �2(N) � 2l� 1 � 2k � 1: ´ª�¢ Ý�û��¡ (19) ýø�Æõ�÷ �� ýø�Æõ�÷ ßþ� °�îÂ� ���2(M) � 4(�1(N)� 1) + �2(N)� 2k + 3.k � 2 �Âþ¥ ,Àª��üõ Ýó ý�Â� ËÖ÷ ñ�·õ ×þ (M;N) �î ´¨� ´Ö�Ö� ßþ� �� Ëì��� ×þ ßþ� ø.´Æ�÷ ¤�ÂìÂ� (Óó�) �¹�µ÷¤¢,Û ± ì À � ÷� Þ û .k = 2 ßþ�Â �� � � .jCj = jC�j = 3 ,4.1.6 �¹ � µ ÷ � � � � � (�) ´ ó�� ¤¢.fe2; e01g � E(N) Ý � � îüõ­Âê �À µ �� .C� = ff; e1; e01g ø C = fe; e1; e2g Ý � � îüõ­Âêø e01 �ì�Ï ¥� Ý�ÖµÆõ âÞ� H nX=Y ø ´¨� N ¥� �ì�Ï ×þ e01 ø �ì�ÏÝû ×þ e2 ,´ó�� ßþ�¤¢,(19) ¤¢ �¤�±ä ßþ� ö¢Âî ßþ�Úþ�� �� .�2(N) = �2(N 0) ,´ó�� ßþ� ¤¢ .Àª��üõ e2 �ì�ÏÝû109



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊêÝ��î ­Âê Ý�÷��� üõ ñ�� .´Æ�÷ Ýó ý�Â� ËÖ÷ ñ�·õ ×þ (M;N) �î Ý�¨¤üõËì��� ßþ� ��ñ�� .e01 =2 E(N) Ý��î ­Âê Ý�÷���üõ ,�ø�ó �¤�¬ ¤¢ ö�ðø¢ �� ���� �� .jfe2; e01g \E(N)j � 1ßþ�Â���� .N = N 0 n e=f ø ´¨� À�±Þû H1 n e1�2(H) = 2+ �2(H1 n e1) + lXi=2�2(Hi) ø�2(H nX=Y ) = 2� L+ �2(H1 n e1=f) + lXi=2�2(Hi n ei) ßþ�Â�����2(N 0)� �2(N) = �2(H)� �2(H nX=Y ) = �2(H1 n e1)� �2(H1 n e1=f)
+l + lXi=2(�2(Hi)� �2(Hi n ei))Y ø X �¤�¬ß þ�Â � è ¤¢ ,À ª� � � µ ª�¢ í�Â µ ª� E(N) � � À þ� � H1 n e1=f ¥� � Ô ó�b õ Â û ñ� �N 0 ��¿µ÷� �� N 0 n e=f �¤�¬ßþ�Â�è¤¢ �Âþ¥ ,´¨� À�±Þû H1 n e1=f ßþ�Â���� .À�µÆ�÷ ¢ÂÔ�ÂÊ½�õ¤���õ ×þ N ��÷ ø ¢¤�¢ N ý�û�Ôó�bõ ¢�Àã� �� ´±Æ÷ ýÂµÞî ý�û�Ôó�bõ ¢�Àã� N 0 �Âþ¥ ,´¨� Ëì��µõßþ�Â���� .´¨� ö��2(H1 n e1)� �2(H1 n e1=f) � 1

110



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê:Ýþ¤�¢ f2; : : : ; lg ¤¢ i Âû ý�Â� ,���Èõ ¤�Ï ���2(Hi)� �2(Hi n ei) � 1 ßþ�Â�����2(N 0)� �2(N) � 2L � 2k = 4Ýþ¤ø�üõ ´¨¢�� (19) ¤¢ ýø�Æõ�÷ ßþ� ö¢Âî ßþ�Úþ�� ���2(M) � 4(�1(N)� 1) + �2(N) + 4� 4(k � 1)� .À�îüõ Ûõ�î �¤ ��±�� Ëì��� ßþ� ø Ý�¨¤üõËì��� �� ,k = 2 ö��Ý��îüõ ü¨¤Â� �¤ Âþ¥ ñ�·õ ,´¨� Õ�ì¢ üÜ±ì Ýó ¤¢ ùÀª ���¤� ö�Âî �îßþ� ùÀû�Èõ ý�Â�Ûõ�ª �î Àª�� ñ�þ -7 �� üê�Âð Gi Ý��îüõ­Âê ,f1;2; : : : ; ng ¤¢ i Âû ý�Â� 5.1.6 ñ�·õCi ñ� þ ø¢ ¥� ù¢� Ô µ ¨� � � �¤ f
i; pi; dig ¶Ü · õ 
i ö�¤¢� î ,´¨� qi ø 
i Â �ø ø¢ � � Ci ¤ø¢-5 ×þø ´¨� ´¿ þÂØ þ Kn+3 � � � î Àª� � ü ê�Â ð G0 Ý � � îü õ ­Â ê .´¨� pi ý¥�� õ qi ø ,¢¥� ¨üõø : : : ,M(G2) ,M(G1) ñ�Ê �� � � M(G0) ¥� M À þøÂ µ õ .À � ª� �ü õ ö� ý� ûñ� þ Pn,...,P2,P1Ý��îüõ­Âê .¢�ªüõ Û¬�� Pn,...,P2,P1 ¤¢ °��Â � � � á�Þ¹õ -2 ÛÞä ÕþÂÏ ¥� M(Gn)ÀþøÂµõ À÷���üõ M ÀþøÂµõ ,n = 2 ´ó�� ý�Â� .N = M n fd1; d2; : : : ; dng=f
1; 
2; : : : ; 
ng,ùÀª ��è¢� ý�ûñ�þ ø ùÀþÂ� ¯�Î¡ �� ùÀª éÁ� ý�ûñ�þ ö� ¤¢ �î ,Àª�� (1.6) ÛØª é�Âð ý¤ø¢À�±Þû ÀþøÂµõ ×þ M �î Ý��îüõ ùÀû�Èõ .À÷�ùÀª ù¢�¢ ö�È÷ ùÀþÂ� ¯�Î¡ ø ß�� �ÎÖ÷ �¤�¬ ��111



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê,�1(N) = �2(N) = n + 1 ùø�ä�� .¢¤�¢ ¤� � �õ ×þ ö�� �ä � � �¤ N �î ´¨� ñ�Þ� � �õ -¤�� �õ.�2(M) = 5n + 1 ß þ�Â �� � � .�2(M(Gi)) = 5 ,i � 1 Â þ¢� Ö õ � Þ û ý�Â � � î ü ó� � ¤¢.À � îü õ ëÀ ¬ 1.1.6 Ý ó ¤¢ ùÀ ª Ó þÂ ã � ö�Â î ¤¢ ñ� · õ ß þ� � î Ý � û¢ü õ ö� È ÷ ñ� �

1.1.6 Ýó ý�Â� ñ�õÂµÆî� ñ�·õ ×þ1.6 ÛØª
c 1 P 1c 1 d 1q P 1M ( G )1 1p p 2M ( G )0 q c2 2d 2p 2 M ( G )21

.¢�ªüõ Û¬�� ÀþøÂµõ �¨ ßþ� ¥� á�Þ¹õ-2 ÕþÂÏ ¥� M �î Ý��îüõ ùÀû�Èõ
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üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê
.N =Mnfd1; d2g=f
1; 
2g �îý¤�Ï�� Ýþ¥�¨üõ ,´¨�M ÀþøÂµõ ¤���õ ×þ �î �¤ N ÀþøÂµõ ñ��

N=N(H)

,N(H 01) ý¤ø¢ ý�ûÀþøÂµõ Ý�ÖµÆõ âÞ� �î Ý��îüõ ùÀû�Èõ ñ�� ,�1(N) = 3 �î Ý��îüõ ùÀû�Èõ.�2(N) = 3 ßþ�Â���� .´¨� N ÀþøÂµõ Â��Â� N(H 03) ø N(H 02)
N(H’  )

N(H’  )
N(H’  )1

2
3

�î À�îüõ ëÀ¬ 1.1.2 ��Ìì ÝØ� ¤¢ �î Ýþ¥�¨üõ T1 üµ¡¤¢ �þ�¹� ×þ ,M(G1) ÀþøÂµõ ý�Â�.À÷�ùÀª ù¢�¢ Çþ�Þ÷ ÛØª ¤¢ G05 ø G04 ,G03 ,G02 ,G01 ö� ¤¢
113



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê
e 3 42 M ( G ’ )M ( G ’ ) M ( G ’ )M ( G ’ )1 e eG 1
e 1 M ( G ’ )2 53 Te e e 41 e 1 e 2 e 3 e 4e 4e 1 e 2 3 eG ’1 G ’ 2 G ’ 3 G ’ 4 G ’ 5

Ý�û��¡ Ýû M(G2) ý�Â� ���Èõ ¤�Ï�� ,�2(M(G1)) = 5 �î Ý��îüõ ùÀû�Èõ ßþ�Â��� �.Ýþ¤ø�üõ ´¨¢�� �¤ �2(M(G)) ñ�� .�2(M(G2)) = 5´ª�¢M ( G ’ )M ( G ’ 1 ) 2e 1 M ( G ’ )M ( G ’ )M ( G ’ ) M ( G ’ )3 4 5ee ee2 3 4 5
M ( G ’ )M ( G ’ 8 )M ( G ’ )M ( G ’M ( G ’ )M ( G ’ )6 1 1 1 9ee ee1 0 9 8 7T 0 ) e 6 M ( G ’ 7 )×þ N ñ�� .�2(M(G)) = 5n+ 1 = 11 ,n = 2´ó�� ¤¢ �î Ý��îüõ ùÀû�Èõ �¹�µ÷¤¢114



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê
ø ¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N ø ´¨� ñ�Þ���õ-¤���õ À�±Þû ÀþøÂµõ ×þM ø ´¨� üú��÷ ÀþøÂµõ�2(M) � 4(�1(N)� 1) + �2(N) :Ýþ¤�¢,1.1.6 Ýó ¤¢ ùÀª ÓþÂã� ö�Âî ¤¢ ñ�·õ ßþ� ,�2(N) = �1(N) = 3 ø �2(M) = 11 ö�� ñ��.À�îüõ ëÀ¬

e 1 e e 3 e 3 e 4 e 5e 41 2ee 2eG ’1 G ’ 2 G ’ 3 G ’ 4 5G ’ 5
G ’ 8e e 15 G ’ 6 G ’70 e 6 e 7e 6

e G ’ 97 9e 8 eG ’ 1 0 G ’ 1 1e e 1 09e 89 G 1 0 1 1
.Ý��î Ûõ�î �¤ üÜ¬� ��Ìì ��±�� �� Ýþ�ù¢�õ� ñ��115



üþ�ú÷ ¸þ�µ÷ 1.6 üÜ¬� ��Ìì ��±�� 6 ÛÊê� îý¤� Ï� � À ª� � M ¥� À � ± Þ û ¤� � � õ × þ N 0 Ý � � îü õ ­Â ê : ü Ü ¬� � � Ì ì �� ± ��:Ý þ¤�¢ 1.1.6 Ý ó ¥� ù¢� Ô µ ¨� � � .¢¤�¢ ¤� � � õ × þ ö�� � ä � � �¤ N ø ´ ¨� ñ� Þ � � � õ-¤� � � õ�2(N 0) � 4(�1(N)� 1) + �2(N):��Ìì ¥� ,¢¤�¢ ¤���õ ×þ ö���ä �� �¤ N 0 �î ´¨� ñ�Þ���õ-¤���õ À�±Þû-3 ÀþøÂµõ ×þ M ö���î ÝþÂ�ðüõ �¹�µ÷ 1.3.4jE(M)j � jE(N 0)j � 5(�2(N 0)� 1): ßþ�Â����jE(M)j � jE(N 0)j � 20(�1(N)� 1) + 5(�2(N)� 1).Ýþ¤�¢ 1.1.5 Ýó �����jE(N 0)j � jE(N)j � 2(�1(N)� 1):� .¢�ªüõ ´��� ��Ìì Û±ì ýø�Æõ�÷ ø¢ âÞ� �� °��Â� ßþ� ��Ýû �� �¤ �ûö� ý�ûö�Âî �î ´¨� üã�±Ï ,À�µÆû ���Èõ 5.1.5 ø 2.3.1 ��Ìì ­Âê ö��ß�Ú÷��õ �î ßþ� ¯Âª �� ,´¨� �ø¢ ��Ìì ¥� Â� Õ�ì¢ ñø� ��Ìì ö�Âî Ý��îüõ ùÀû�Èõ .Ý��î �Æþ�Öõ,Àª�� �µª�À÷ ý��ì�ÏÝû ø �ì�Ï º�û N Âð� ,ùÄþø �� .Àª�� ø¢ Ûì�À� N ¥� �Ôó�b õ Âû ý�Ìä� ¢�Àã�ñ�� Âû �� .´¨� 5.1.5 ��Ìì ¥� Â� Õ�ì¢ 2.3.1 ��Ìì ,5.1.6ø 3.1.5 ý�û ñ�·õ �� ���� �� ù�ðö���Ìì ¥� Â� Õ�ì¢ 5.1.5 ��Ìì ù�ðö� ,Àª�� �ì�ÏÝû n ø �ì�Ï n Ý�ÖµÆõ âÞ� N ,ñ�·õ ö���ä�� Âð�.´¨� 2.3.1116
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â��Âõ â��Âõ
Abstra
tLet N be a minor of a 3-
onne
ted matroid M su
h that no proper 3-
onne
tedminor of M has N as a minor. This Thesis proves a bound on jE(M)�E(N)j.For a matroidN , �1(N) denote the number of 
onne
ted 
omponents of N . Now N 
anbe 
onstru
ted from a 
olle
tion �2(N) of dire
t sum and 2-sum. We �nd out �2(N) isunique up to isomorphism. �2(N) be the number of matroids in �2(N). The followingis the main result of the Thesis. Theorem 1.1. Let N be a non-empty matroid and Mbe a minor-minimal 3-
onne
ted matroid having N as a minor. ThenjE(M)j � jE(N)j � 22(�1(N)� 1) + 5(�2(N)� 1).
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