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Problem: Show that the induced topology indeed satisfies the definition of a topology.

Solution: Let U = {Ui} be the topology of Y and X ⊂ Y . The induced topology is
V = {Ui ∩X|Ui ∈ U}.

i) ∅ = ∅ ∩X so since ∅ ∈ U we have ∅ ∈ V .
ii) X = X ∩ Y so since Y ∈ U we have X ∈ V
iii) Take Vi = Ui ∩X ∈ V then

V1 ∩ V2 ∩ ... ∩ Vn = (U1 ∩X) ∩ (U2 ∩X) ∩ ... ∩ (Un ∩X)

= (U1 ∩ U2 ∩ ... ∩ Un) ∩X
∈ V (0.1)

iv) For an arbtirary number of Vi’s:

⋃
i

Vi =
⋃
i

(Ui ∩X) =

(⋃
i

Ui

)
∩X ∈ V (0.2)

Problem: Why aren’t closed subsets of IRn, e.g. a disk with boundary or a line in IR2,
along with the identity map charts (note that in its own induced topology any subset
of IRn is an open set)?

Solution: If C ⊂ IRn is closed we may still view it as an open set in its own induced
topology. The identity map id : C → IRn is certainly continuous (in inverse image of an
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open set is open by definition of the induced topology). It is also clearly 1-1 and hence
is a bijection onto its image. However consider id−1 : id(C) ⊂ IRn → C this has

(id−1)−1(C) = C (0.3)

but since C is open in its own induced topology and closed in the topology of IRn we
see that id−1 is not continuous (as (id−1)−1 of an open set is closed). Thus id is not a
homeomorphism.

Problem: What is IRP 1?

Solution: By definition IRP 1 = {(x, y) ∈ IR2 − (0, 0)|(x, y) ∼ (λx, λy), λ ∈ IR − 0}.
A point (x, y) ∈ IR2 − (0, 0) defines a line through the origin. The point (λx, λy) with
λ 6= 0 will define the same line as (x, y). Thus IRP 1 is the space of lines through the
origin.

On the other and a line through the origin is specified by the angle (roughly θ =
arctan(y/x)) it makes with the postive x-axis. Since (x, y) and (−x,−y) define the same
line this angle is indentified modulo π rather than 2π. Thus IRP 1 can be indentified
with a circle.

To make this more precises one should construct a diffeomorhpism from IRP 1 to S1.
Try this.

Problem: Show that the following:

U1 = {(x, y) ∈ S1|y > 0} , φ1(x, y) = x

U2 = {(x, y) ∈ S1|y < 0} , φ2(x, y) = x

U3 = {(x, y) ∈ S1|x > 0} , φ3(x, y) = y

U4 = {(x, y) ∈ S1|x < 0} , φ4(x, y) = y

(0.4)

are a set of charts which cover S1.

Solution:
It should be clear that all the Ui are open and cover S1 and that the φi continuous

with φi(Ui) = (−1, 1). Their inverses are

φ−1
1 (θ) = (θ,

√
1− θ2)

φ−1
2 (θ) = (θ,−

√
1− θ2)

φ−1
3 (θ) = (

√
1− θ2, θ)

φ−1
4 (θ) = (−

√
1− θ2, θ)

(0.5)

which are continuous for θ ∈ (−1, 1) hence they are homeomorphisms (onto their image).
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Next we must check that φi ◦ φ−1
j : (−1, 1) → (−1, 1) are C∞ for all non-intersecting

pairs. Thus we must check that

φ1 ◦ φ−1
3 (θ) =

√
1− θ2 , φ3 ◦ φ−1

1 (θ) =
√

1− θ2

φ1 ◦ φ−1
4 (θ) = −

√
1− θ2 , φ4 ◦ φ−1

1 (θ) =
√

1− θ2

φ2 ◦ φ−1
3 (θ) =

√
1− θ2 , φ3 ◦ φ−1

2 (θ) = −
√

1− θ2

φ2 ◦ φ−1
4 (θ) = −

√
1− θ2 , φ4 ◦ φ−1

2 (θ) = −
√

1− θ2

(0.6)

These are all C∞ since θ ∈ (−1, 1).

Problem: Show that the 2-sphere S2 = {(x, y, z) ∈ IR3|x2 + y2 + z2 = 1} is a 2-
dimensional manifold.

Solution: The hint was to consider sterographic projection. This requires using two
charts

US = {(x, y, z) ∈ S2|z < 1} and UN = {(x, y, z) ∈ S2|z > −1} (0.7)

these are clearly open and cover S2. In each chart one constructs φN/S : UN/S → IR2 by
taking a straight line through either the south pole (0, 0,−1) or notth pole (0, 0, 1) and
then through the point p ∈ UN/S. These lines are defined by the equation

X(λ) =

 0
0
±1

+ λ

 x
y

z ∓ 1

 (0.8)

so that X(0) is either the north or south pole and X(1) is a point on S2. We define
φN/S(p) to be the point in the (x, y)-plane where the line intersects z = 0. Note that
this construction works on all of UN and on all of US respectively but not on all of S2.
Explicitly one has

φS(x, y, z) =
(

x

1− z
,

y

1− z

)
φN(x, y, z) =

(
x

1 + z
,

y

1 + z

)
(0.9)

By construction these maps are injective as they define a unique line and this will
intersect the z = 0 plane at a unique point. They are continuous and their inverses
(to construct them consider the line through (u, v, 0) and (0, 0,±1) and see where it
intersects S2):

φ−1
S (u, v) =

(
2u

1 + u2 + v2
,

2v

1 + u2 + v2
,
u2 + v2 − 1

1 + u2 + v2

)

φ−1
N (u, v) =

(
2u

1 + u2 + v2
,

2v

1 + u2 + v2
,
1− u2 − v2

1 + u2 + v2

)
(0.10)
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These are also continuous. Finally we must simply observe that

φS ◦ φ−1
N (u, v) =

(
u

u2 + v2
,

v

u2 + v2

)
φN ◦ φ−1

S (u, v) =
(

u

u2 + v2
,

v

u2 + v2

)
(0.11)

are C∞ on φN(UN ∩ US) = φS(UN ∩ US) = IR− (0, 0).

Problem: Consider the circle S1 as above. Show that f : S1 → IR with f(x, y) = x2 +y
is C∞.

Solution: We can take the coordinates above. We need to consider f ◦φ−1
i (θ) : φi(Ui) →

IR:

f ◦ φ−1
1 (θ) = θ2 +

√
1− θ2

f ◦ φ−1
2 (θ) = θ2 −

√
1− θ2

f ◦ φ−1
3 (θ) = 1− θ2 + θ

f ◦ φ−1
4 (θ) = 1− θ2 + θ

(0.12)

clearly all these functions are C∞ on φi(Ui) = (−1, 1).

Problem: Show that f : S1 → S1 defined by f(e2πiθ) = e2πinθ is C∞ for any n.

Solution: Again we choose the same charts and note that θ ∈ [0, 1]. First observe that

f ◦ φ−1
1 (θ) = ein arctan(

√
1−θ2/θ)

f ◦ φ−1
2 (θ) = e−in arctan(

√
1−θ2/θ)

f ◦ φ−1
3 (θ) = ein arctan(θ/

√
1−θ2)

f ◦ φ−1
4 (θ) = e−in arctan(θ/

√
1−θ2)

(0.13)

Note that this is well defined since θ 6= 0 on φ1(U1), φ2(U2) and θ 6= ±1 on φ3(U3), φ4(U4).
For any function χ we also have that

φ1(e
inχ) = cos(nχ)

φ2(e
inχ) = cos(nχ)

φ3(e
inχ) = sin(nχ)

φ4(e
inχ) = sin(nχ)

(0.14)
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thus we see that φi ◦ f ◦ φ−1
j (θ) has the form:

cos(n arctan(
√

1− θ2/θ)

± sin(n arctan(
√

1− θ2/θ)

cos(n arctan(θ/
√

1− θ2)

± sin(n arctan(θ/
√

1− θ2)

(0.15)

And these are all C∞ on the appropriate range of θ.

Problem: Show that the charts of two diffeomorphic manifolds are in a one to one
correspondence.

Solution: Let {Ui, φi} and {Va, ψa} be differential structures for M and N respectively
and f : M→N a diffeomorphism.

First we show that {f(Ui), φi ◦ f−1} is a set of charts that cover N . We note that
these cover N :

∪if(Ui) = f(∪iUi) = f(M) = N (0.16)

Furthermore φi◦f−1 are clearly homeomorphisms (bijective, continuous with the inverse
continuous).

Similarly {f−1(Va), ψa ◦ f} is a set of charts that cover M.
Now on Va ∩ f(Ui) we have that

ψa ◦ f−1 ◦ φ−1
i : φi(Va ∩ f(Ui)) → ψa(Va ∩ f(Ui)) (0.17)

and this is C∞ as f is C∞ (recall the definition). Thus the charts {f(Ui), φi ◦ f−1}
are compatible with the charts {Va, ψa}. Since we take the differential structure to be
maximal we find that the charts {f(Ui), φi ◦ f−1} must be included in the differential
struture {Va, ψa} of N .

Similarly {f−1(Va), ψa ◦ f} are compatible with the charts {Ui, φi} and since we
assume the differential structure to be maximal it follows that the {f−1(Va), ψa ◦ f} are
included in {Ui, φi}.

Thus it follows that {Va, ψa} and {Ui, φi} are in a one-to-one correspondence with
each other.

Problem: Show that the set of diffeomorphisms from a manifold to itself forms a group
under composition.

Solution: Suppose f, g : M→M are diffeomorphims. Then

φi ◦ (f ◦ g) ◦ φ−1
j = φi ◦ (f ◦ φ−1

k ◦ φk ◦ g) ◦ φ−1
j = (φi ◦ f ◦ φ−1

k ) ◦ (φk ◦ g ◦ φ−1
j ) (0.18)

is C∞ for all i, j, k since f and g are C∞. Similarly for g−1 ◦ f−1. Furthermore f ◦ g is
a bijection if both f and g are. Thus f ◦ g is a diffeomorphism.
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Clearly id : M → M is a diffeomorhism and by definition (the properties are
symmetric between f and f−1) if f is a diffeomorphism then so is f−1.

Problem: What goes wrong if try to define (X · Y )(f) = X(f) · Y (f)?

Solution: With this defintion we find that

X · Y (f + g) = (X(f) +X(g))(Y (f) + Y (g))

= X(f)Y (f) +X(f)Y (g) +X(g)Y (f) +X(f)Y (g)

= X · Y (f) +X · Y (g) +X(f)Y (g) +X(g)Y (f)

(0.19)

and the last two terms are unwanted.
If we try the same trick that we used for the commutator and define [X, Y ](f) =

X(f)Y (f)− Y (f)X(f) then this clearly vanishes identically.

Problem: Show that, if in a particular coordinate system,

X =
∑
µ

Xµ(x)
∂

∂xµ

∣∣∣
p
, Y =

∑
µ

Y µ(x)
∂

∂xµ

∣∣∣
p

(0.20)

then

[X,Y ] =
∑
µ

∑
ν

(Xµ∂µY
ν − Y µ∂µX

ν)
∂

∂xν

∣∣∣
p

(0.21)

Solution: We simply calculate:

X(Y )(f) = X

(∑
ν

Y ν ∂

∂xν
(f ◦ φ−1

i ) ◦ φi

)

=
∑
µ

(
Xµ ∂

∂xµ

(∑
ν

Y ν ∂

∂xν
(f ◦ φ−1

i ) ◦ φi ◦ φ−1
i

)
◦ φi

)

=
∑
µ

∑
ν

(
Xµ∂µY

ν ∂

∂xν
(f ◦ φ−1

i ) +XµY ν ∂2

∂xν∂xµ
(f ◦ φ−1

i )

)
◦ φi

(0.22)

Since the second term is symmetric in Xµ and Y ν we find that

X(Y )(f)− Y (X)(f) =
∑
µ

∑
ν

(Xµ∂µY
ν − Y µ∂µX

ν)
∂

∂xν
(f ◦ φ−1

i ) ◦ φi (0.23)

and we prove the theorem.

Problem: Show that for three vector fields X, Y, Z on M the jacobi identity holds:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0 (0.24)
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Solution: Here we simply expand things out

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = X([Y, Z])− [Y, Z](X) + Y ([Z,X])

−[Z,X](Y ) + Z([X, Y ])− [X,Y ](Z)

= X(Y (Z))−X(Z(Y ))− Y (Z(X)) + Z(Y (X))

+Y (Z(X))− Y (X(Z))− Z(X(Y )) +X(Z(Y ))

+Z(X(Y ))− Z(Y (X))−X(Y (Z)) + Y (X(Z))

= 0 (0.25)

where we used the linearity properties of vectors, i.e. X(Y + Z) = X(Y ) +X(Z).

Problem: Consider a manifold with a local coordinate system φi = (x1, ..., xn).

i) Show that
[

∂
∂xµ

∣∣∣
p
, ∂

∂xν

∣∣∣
p

]
= 0

ii) Evaluate
[

∂
∂x1

∣∣∣
p
, ϕ(x1, x2) ∂

∂x2

∣∣∣
p

]
where ϕ(x1, x2) is a C∞ function of x1, x2.

Solution: In the first case we find[ ∂

∂xµ
,
∂

∂xν

]
(f) =

∂

∂xµ

∣∣∣
p

(
∂

∂xν
(f ◦ φ−1

i ) ◦ φi

)
− ∂

∂xν

∣∣∣
p

(
∂

∂xµ
(f ◦ φ−1

i ) ◦ φi

)

=
∂2

∂xν∂xµ
(f ◦ φ−1

i ) ◦ φi −
∂2

∂xµ∂xν
(f ◦ φ−1

i ) ◦ φi

= 0 (0.26)

And in the second case:[ ∂

∂xµ
, ϕ

∂

∂xν

]
(f) =

∂

∂xµ

∣∣∣
p

(
ϕ
∂

∂xν
(f ◦ φ−1

i ) ◦ φi

)
− ϕ

∂

∂xν

∣∣∣
p

(
∂

∂xµ
(f ◦ φ−1

i ) ◦ φi

)

= ϕ
∂2

∂xν∂xµ
(f ◦ φ−1

i ) ◦ φi +

(
∂

∂xµ

∣∣∣
p
ϕ

)
∂

∂xν

∣∣∣
p
(f)

−ϕ ∂2

∂xµ∂xν
(f ◦ φ−1

i ) ◦ φi

=

(
∂

∂xµ

∣∣∣
p
ϕ

)
∂

∂xν

∣∣∣
p
(f) (0.27)

so [ ∂

∂xµ
, ϕ

∂

∂xν

]
=

(
∂

∂xµ

∣∣∣
p
ϕ

)
∂

∂xν

∣∣∣
p

(0.28)

Problem: Show that the dual space is a vector space and has the same dimension as
the original vector space (if it is finite dimensional).

Solution: Let V be a vector space with a basis e1, ..., en. The space of linear maps
L : V → IR is clearly a vector space (you can add them and multiply them by elements
of IR). A linear map is defined by its action on a basis. Hence if L(ei) = ci then

L(
∑

vie
i) =

∑
viL(ei) =

∑
vic

i (0.29)
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Let Lj be the linear map defined by

Lj(e
i) = δi

j (0.30)

Clearly there are n such maps, one for each value of j. Furthermore any other L can be
written as

L =
∑

ciLi (0.31)

so that L(v) =
∑
vic

i. To prove that they are linearly independent we assume that∑
diLi = 0 (0.32)

Then we consider this acting on each vector ej to find dj = 0. Thus they are indeed
linearly independent.

Problem: Prove that, if, in a local coordinate system (x1, ..., xn),

X =
∑
µ

Xµ(x)
∂

∂xµ

∣∣∣
p
, ω =

∑
µ

ωµdx
µ
∣∣∣
p

(0.33)

then
LXω =

∑
µ

∑
ν

(∂νωµX
ν + ων∂µX

ν) dxµ
∣∣∣
p

(0.34)

Solution: Here we just do the calculation noting that

σµ(ε, p) = xµ(p) + εXµ + ... (0.35)

near ε = 0 and hence that

(σ?ω)µ =
∑

ων(σ)
∂σν

∂xµ

=
∑

(ων + ε∂λωνX
λ)(δν

µ + ε∂µX
ν) + ...

=
∑

(ωµ + ε∂λωµX
λ + ε∂µX

νων) + ...

(0.36)

LXω =
d

dt

(
σ(t, p)?ω

∣∣∣
p

)
= lim

ε→0

1

ε

(∑
ε∂λωµX

λ + ε∂µX
νων

)
dxµ

=
∑

(Xν∂νωµ + ∂µX
νων) dx

µ

(0.37)

Problem: Show that if, in a local coordinate system

T =
∑

Aµ1µ2...µr
ν1ν2...νs

∂

∂xµ1

∣∣∣
p
⊗ ...⊗ ∂

∂xµr

∣∣∣
p
⊗ dxν1

∣∣∣
p
⊗ ...⊗ dxνs

∣∣∣
p

(0.38)
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is an (r, s)-tensor,

Xi =
∑

Xµ
i

∂

∂xµ

∣∣∣
p
, i = 1, ..., s (0.39)

are s vectors and
ωI =

∑
ωI

νdx
ν
∣∣∣
p
, I = 1, ..., r (0.40)

are r co-vectors, then

T (ω1, ..., ωr, X1, ..., Xs) =
∑

Aµ1...µr
ν1...νs

ω1
µ1
...ω1

µr
Xν1

1 ...X
νs
1 (0.41)

Solution: Here we simply evaluate using linearity:

T (ω1, ..., ωr, X1, ..., Xs) = T

(∑
ω1

µ1
dxµ1

∣∣∣
p
, ...,

∑
Xν1

1

∂

∂xν1

∣∣∣
p
, ...

)

=
∑

ω1
µ1
...ωr

µr
Xν1

1 ...X
νs
1 T

(
dxµ1

∣∣∣
p
, ...,

∂

∂xν1

∣∣∣
p
, ...

)
=

∑
Aµ1...µr

ν1...νs
ω1

µ1
...ωr

µr
Xν1

1 ...X
νs
1

(0.42)

Problem: Show that if T is an (r, s)-tensor, (U1, φ1 = (x1, ..., xn)) and (U2, φ2 =
(y1, ..., yn)) are two local coordinates charts with U1 ∩ U2 6= ∅ such that

T =
∑

Aµ1µ2...µs
ν1ν2...νs

∂

∂xµ1

∣∣∣
p
⊗ ...⊗ ∂

∂xµr

∣∣∣
p
⊗ dxν1

∣∣∣
p
⊗ ...⊗ dxνs

∣∣∣
p

(0.43)

and

T =
∑

Bµ1µ2...µs
ν1ν2...νs

∂

∂yµ1

∣∣∣
p
⊗ ...⊗ ∂

∂yµr

∣∣∣
p
⊗ dyν1

∣∣∣
p
⊗ ...⊗ dyνs

∣∣∣
p

(0.44)

then

Bµ1µ2...µr
ν1ν2...νs

=
n∑

λ1=1

...
n∑

λr=1

n∑
ρ1=1

...
n∑

ρs=1

Aρ1ρ2...ρs

λ1λ2...λs

×
(

∂

∂xρ1

∣∣∣
p
yµ1

)
...

(
∂

∂xρr

∣∣∣
p
yµr

)

×
(

∂

∂yν1

∣∣∣
p
xλ1

)
...

(
∂

∂yνs

∣∣∣
p
xλs

)
(0.45)

where yµ(x) is understood to be the component of the transition function φ2 ◦ φ−1
1 and

xµ(y) is understood to be the components of the transition function φ1 ◦ φ−1
2 .
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Solution: Here we note that in the y-coordinate chart

Bµ1µ2...µr
ν1ν2...νs

= T

(
dyµ1

∣∣∣
p
, ...,

∂

∂yν1

∣∣∣
p
, ...

)
(0.46)

We know from previous calculations that

dyµ1

∣∣∣
p

=
∑ ∂yµ1

∂xλ1
dxλ1

∣∣∣
p
,

∂

∂yν1

∣∣∣
p

=
∑ ∂xρ1

∂yν1

∂

∂xρ1

∣∣∣
p

(0.47)

Thus, using linearity, we find

Bµ1µ2...µr
ν1ν2...νs

= T

(
dyµ1

∣∣∣
p
, ...,

∂

∂yν1

∣∣∣
p
, ...

)

= T

(∑ ∂yµ1

∂xλ1
dxλ1

∣∣∣
p
, ...,

∑ ∂xρ1

∂yν1

∂

∂xρ1

∣∣∣
p
...

)

=
∑ ∂yµ1

∂xλ1
...
∂xρ1

∂yν1
...T

(
dxλ1

∣∣∣
p
, ...,

∂

∂xρ1

∣∣∣
p
...

)

=
∑ ∂yµ1

∂xλ1
...
∂yµr

∂xλr

∂xρ1

∂yν1
...
∂xρs

∂yνs
Aλ1...λr

ρ1...ρs

(0.48)

Problem: If

ω = A12dx
1 ∧ dx2 + A34dx

3 ∧ dx4

η = B123dx
1 ∧ dx2 ∧ dx3 +B125dx

1 ∧ dx2 ∧ dx5

(0.49)

then what is ω ∧ η?

Solution: We find

ω ∧ η =
(
A12dx

1 ∧ dx2 + A34dx
3 ∧ dx4

)
∧
(
B123dx

1 ∧ dx2 ∧ dx3 +B125dx
1 ∧ dx2 ∧ dx5

)
= A34B125dx

3 ∧ dx4 ∧ dx1 ∧ dx2 ∧ dx5

= A34B125dx
1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5

(0.50)

where we used the fact that dxλ ∧ dxλ = 0.

Problem: Prove that if ω ∈ Ωp(M) and η ∈ Ωq(M) then ω ∧ η = (−1)pqη ∧ ω.

Solution: By linearity it is sufficient to consider

ω = dx1 ∧ ... ∧ dxp , η = dxp+1 ∧ ... ∧ dxp+q (0.51)
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Then we find

ω ∧ η = dx1 ∧ ... ∧ dxp ∧ dxp+1 ∧ ... ∧ dxp+q

= (−1)pdxp+1 ∧ dx1 ∧ ... ∧ dxp ∧ dxp+2 ∧ ... ∧ dxp+q

= (−1)p+pdxp+1 ∧ dxp+2 ∧ dx1 ∧ ... ∧ dxp ∧ dxp+3 ∧ ... ∧ dxp+q

= (−1)pqdxp+1 ∧ ... ∧ dxp+q ∧ dx1 ∧ ... ∧ dxp

= (−1)pqη ∧ ω
(0.52)

Problem: Prove that if ω ∈ Ωp(M) and η ∈ Ωq(M) then d(ω∧η) = (dω)∧η+(−1)pω∧
dη.

Solution: In components we have

d(ω ∧ η) =
1

p!q!

∑
∂λ

(
ωµ1...µpην1...νq

)
dxλ ∧ dxµ1 ∧ ... ∧ dxµp ∧ dxν1 ∧ ... ∧ dxνq

=
1

p!q!

∑(
∂λωµ1...µpην1...νq + ωµ1...µp∂λην1...νq

)
dxλ ∧ dxµ1 ∧ ... ∧ dxµp ∧ dxν1 ∧ ... ∧ dxνq

=
1

p!q!

∑
∂λωµ1...µpην1...νqdx

λ ∧ dxµ1 ∧ ... ∧ dxµp ∧ dxν1 ∧ ... ∧ dxνq

+(−1)p 1

p!q!

∑
ωµ1...µp∂λην1...νqdx

µ1 ∧ ... ∧ dxµp ∧ dxλ ∧ dxν1 ∧ ... ∧ dxνq

= (dω) ∧ η + (−1)pω ∧ dη (0.53)

Problem: Prove the following. Let f : M → N , (y1, ..., yn) be local coordinates on
V ⊂ N and (x1, ..., xm) local coordinates on U ∩ f−1(V ) ⊂M. If

ω =
n∑

ν=1

ων1,...,νp(f(p))dyν1

∣∣∣
f(p)

∧ ... ∧ dyνp

∣∣∣
f(p)

(0.54)

then

f ?ω =
m∑

µ=1

n∑
ν=1

ων1...νp(f(p))
∂

∂xµ1
(yν1 ◦ f)...

∂

∂xµp
(yνp ◦ f)dxµ1

∣∣∣
p
∧ ... ∧ dxµp

∣∣∣
p

(0.55)

Solution: Recall that we defined

f ?ω(X1, ..., Xp) = ω(f?X1, ..., f?Xp) (0.56)

Now we saw before that

(f?X)µ =
∑

Xν ∂

∂xν
(yµ ◦ f) (0.57)

11



Hence

(f ?ω)ν1...νp = (f ?ω)

(
∂

∂xν1
, ...,

∂

∂xνp

)

= ω

(
f?

∂

∂xν1
, ..., f?

∂

∂xνp

)

=
∑

ωµ1..µp

(
f?

∂

∂xν1

)µ1

...

(
f?

∂

∂xνp

)νp

=
∑

ωµ1..µp

∂

∂xν1
(yµ1 ◦ f)...

∂

∂xνp
(yµp ◦ f)

(0.58)

Problem: Show that if
ω = pdx+ qdy (0.59)

then

C?ω =

(
p(C(t))

dx ◦ C
dt

+ p(C(t))
dy ◦ C
dt

)
dt (0.60)

Solution: We have just seen that

(C?ω)µ =
∑ ∂

∂xµ
(yν ◦ C)ων(C) (0.61)

Thus in this case we simply have C?ω = (C?ω)tdt with

(C?ω)t =
∂

∂t
(x ◦ C)ωx(C(t)) +

∂

∂t
(y ◦ C)ωy(C)

= p(C(t))
dx ◦ C
dt

+ p(C(t))
dy ◦ C
dt

(0.62)

Problem: Consider the manifold IR2 − {(0, 0)} and the 1-form

ω =
ydx

x2 + y2
− xdy

x2 + y2
(0.63)

What is ∫
C
ω (0.64)

along the curve C(t) = (2 + cos(2πt), 2 + sin(2πt)). Next consider the 2-form

ω =
dx ∧ dy
x2 + y2

(0.65)

What is ∫
C
ω (0.66)
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where C : I2 → IR2 − {(0, 0)} is given by C(t1, t2) = (t1 + 1)(cos(2πt2), sin(2πt2)).

Solution: Our definition of the integral tells us that∫
C
ω =

∫ 1

0
C?ω

= −2π
∫ 1

0

(
(2 + sin(2πt)) sin(2πt)

(2 + sin(2πt))2 + (2 + cos(2πt))2
+

(2 + cos(2πt)) cos(2πt)

(2 + sin(2πt))2 + (2 + cos(2πt))2

)
dt

= −2π
∫ 1

0

(
sin(2πt)

2 + sin(2πt)
+

(2 + cos(2πt)) cos(2πt)

(2 + sin(2πt))2

)
1

1 +
(

2+cos(2πt)
2+sin(2πt)

)2dt

= arctan

(
2 + cos(2πt)

2 + sin(2πt)

) ∣∣∣1
0

= 0

(0.67)

For the second example we find∫
C
ω =

∫ 1

0

∫ 1

0
C?ω

=
∫ 1

0

∫ 1

0

1

(Cx)2 + (Cy)2

(
∂Cx

∂t1

∂Cy

∂t2
− ∂Cy

∂t1

∂Cx

∂t2

)
dt1dt2

= 2π
∫ 1

0

∫ 1

0

1

(1 + t1)2

(
cos2(2πt2) + sin2(2πt2)

)
dt1dt2

= 2π
∫ 1

0

dt

(1 + t)2

= −2π
1

1 + t

∣∣∣1
0

= π

(0.68)

Problem: Consider the manifold IR2 − {(0, 0)} and the 1-form

ω =
ydx

x2 + y2
− xdy

x2 + y2
(0.69)

Show that this is closed. Is it exact?

Solution: To show that it is closed we calculate

dω =
∂

∂y

(
y

x2 + y2

)
dy ∧ dx− ∂

∂x

(
x

x2 + y2

)
dx ∧ dy

=

(
1

x2 + y2
− 2y2

(x2 + y2)2

)
dy ∧ dx−

(
1

x2 + y2
− 2x2

(x2 + y2)2

)
dx ∧ dy
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=

(
x2 − y2

(x2 + y2)2

)
dy ∧ dx−

(
y2 − x2

(x2 + y2)2

)
dx ∧ dy

= 0 (0.70)

We saw in the lectures that ∫
C
ω = −1 (0.71)

where C(t) = (cot(2πt), sin(2πt)). Note that ∂C = C(2π) − C(0) = 0 hence if ω = dη
for some η then ∫

C
ω =

∫
C
dη =

∫
∂C
η = 0 (0.72)

this is a contradiction hence η can’t exist, i.e. ω is not exact.

Problem: Show that if

X =
∑
µ

Xµ ∂

∂xµ

∣∣∣
p

(0.73)

is a vector field expanded in some local coordinate chart φi(p) = (x1(p), ..., xn(p)) and
we define

dX =
∑
µ

∂νX
µdxν

∣∣∣
p
⊗ ∂

∂xµ

∣∣∣
p

(0.74)

then dX will not be a tensor. However check that if ω =
∑
ωµdx

µ|p is a co-vector
(1-form) then

dω =
∑
µ

(∂νωµ − ∂µων)dx
ν |p ⊗ dxµ|p (0.75)

is a tensor. Hint: consider how things look in a different coordinate chart ψ(p) =
(y1, ..., yn).

Solution: Consider another coordinate system ψ(p) = (y1, ..., yn). In this coordinate
system we have

X =
∑

X ′ν ∂

∂yν
, X ′ν =

∑ ∂yν

∂xρ
Xρ (0.76)

so that

∂

∂yν
X ′µ =

∑ ∂xλ

∂yν

∂

∂xλ

(
∂yµ

∂xρ
Xρ

)

=
∑ ∂xλ

∂yν

∂yµ

∂xρ
∂λX

ρ +
∑ ∂xλ

∂yν

∂2yν

∂xρ∂xλ
Xρ

(0.77)

The first term is okay, i.e. it obeys the tensorial transformation rule. But the second
term is wrong. Thus it is not a tensor.

For a 1-form one we have

ω =
∑

ω′µdy
µ , ω′µ =

∑ ∂xρ

∂yµ
ωρ (0.78)
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the same steps give

∂

∂yν
ω′µ =

∑ ∂xλ

∂yν

∂xρ

∂yµ
∂λωρ +

∑ ∂2xρ

∂yµ∂yν
ωρ (0.79)

Thus again this is not a tensor on behalf of the second term. However the second term
is manifestly symmetric in the indices µ and ν. Hence if we construct the exterior
derivative, whose compondents are,

∂µων − ∂νωµ (0.80)

then this will transform as a tensor.

Problem: Prove that in a local coordinate system the curvature tensor is

R =
∑

R ρ
µνλ dxµ

∣∣∣
p
⊗ dxν

∣∣∣
p
⊗ dxλ

∣∣∣
p
⊗ ∂

∂xρ

∣∣∣
p

=
∑(

−∂µΓρ
νλ + ∂νΓ

ρ
µλ + Γσ

µλΓ
ρ
νσ + Γσ

νλΓ
ρ
µσ

)
dxµ

∣∣∣
p
⊗ dxν

∣∣∣
p
⊗ dxλ

∣∣∣
p
⊗ ∂

∂xρ

∣∣∣
p

(0.81)

Solution: To evaluate the components of R in a coordinate chart we can simply evaluate

R λ
µνρ = R

(
∂

∂xµ
,
∂

∂xν
,
∂

∂xρ
, dxλ

)

=

(
−DµDν

(
∂

∂xρ

)
+DνDµ

(
∂

∂xρ

))
(dxλ)

=
∑(

−Dµ

(
Γσ

νρ

(
∂

∂xσ

))
+Dν

(
Γσ

µρ

(
∂

∂xσ

)))
(dxλ)

=
∑(

−∂µΓσ
νρ

∂

∂xσ
− Γσ

νρΓ
τ
µσ

∂

∂xτ
+ ∂νΓ

σ
µρ

∂

∂xσ
+ Γσ

µρΓ
τ
νσ

∂

∂xτ

)
(dxλ)

(0.82)

from here we can read off the desired formula.

Problem: Convince yourself that in a local coordinate system

DλT
µ1...µr

ν1...νs
= ∂µT

µ1...µr
ν1...νs

+
∑

Γµi
λρT

µ1...ρ...µr
ν1...νs

−
∑

Γρ
λνi
T µ1...µr

ν1...ρ...νs

(0.83)

15



Solution: We start with the definition

DXT (ω1, ..., ωr, Y1, ..., Ys) = X(T (ω1, ..., ωr, Y1, ..., Ys))

−
∑

i

T (ω1, ..., DXω
i, ..., ωr, Y1, ..., Ys)

−
∑

i

T (ω1, ..., ωr, Y1, ..., DXYi, ..., Ys)

(0.84)

Just as with the one-form case in the notes we find that, in a coordinate system, with

X =
∂

∂xλ
, Y i =

∂

∂xνi
, ωj = dxµj

T µ1...µr
ν1...νr

= T

(
dxµ1 , ..., dxµr ,

∂

∂xν1
, ...,

∂

∂xνs

)
(0.85)

so that

DXY
i =

∑
Γρ

λνi

∂

∂xρ
, DXωj = −

∑
Γ

µj

λρdx
ρ (0.86)

the second expression follows from the definition of DXω given in the notes. Evaluating
the definition using these expressions gives

DλT
µ1...µr

ν1...νs
= ∂µT

µ1...µr
ν1...νs

+
∑

i

Γµi
λρT

µ1...ρ...µr
ν1...νr

−
∑

i

Γρ
λνi
T µ1...µr

ν1...ρ...νr

(0.87)

Problem: Consider IR2 and cover it (or more precisely all but the origin) with polar
coordinates show that the Euclidean metric is

g = dr ⊗ dr + r2dθ ⊗ dθ (0.88)

Solution: We start with the Cartesian metric in 2-dimensions

g = dx⊗ dx+ dy ⊗ dy =
∑

δµνdx
µ ⊗ dxν (0.89)

To construct the metric in polar coordinates we note that, on IR2 − {0, 0},

x = r cos θ , y = r sin θ (0.90)
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are the transition functions yµ(xν). In the new coordinates

g′µν =
∑ ∂xλ

∂yµ

∂xρ

∂yν
δλρ (0.91)

where the y’s are the polar coordinates. Thus we find

g′rr =
∂x

∂r

∂x

∂r
+
∂y

∂r

∂y

∂r
= cos2 θ + sin2 θ = 1

g′rθ =
∂x

∂r

∂x

∂θ
+
∂y

∂r

∂y

∂θ
= −r cos θ sin θ + r sin θ cos θ = 0

g′θθ =
∂x

∂θ

∂x

∂θ
+
∂y

∂θ

∂y

∂θ
= r2 sin2 θ + r2 cos2 θ = r2 (0.92)

and hence
g′ =

∑
g′µνdy

µ ⊗ dyν = dr ⊗ dr + r2dθ ⊗ dθ (0.93)

Problem: Show that in a local coordinate system (x1, ..., xn) the coefficients of the
Levi-Civita connection are

Γλ
µν =

1

2
gλρ(∂µgρν + ∂νgρµ − ∂ρgµν) (0.94)

Solution: From the lectures we saw that

2g(DZY,X) = Z(g(X, Y )) + Y (g(Z,X))−X(g(Y, Z))

−g([Y, Z], X)− g([Z,X], Y ) + g([X,Y ], Z)

(0.95)

So let us choose our usual coordinate system and

X =
∂

∂xµ
, Y =

∂

∂xν
, Z =

∂

∂xρ
, and g =

∑
gµνdx

µ ⊗ dxν (0.96)

The above equation becomes

2g

(
Γλ

ρν

∂

∂xλ
,
∂

∂xµ

)
=

∂

∂xρ

(
g

(
∂

∂xµ
,
∂

∂xν

))
+

∂

∂xν

(
g

(
∂

∂xρ
,
∂

∂xµ

))

− ∂

∂xµ

(
g

(
∂

∂xν
,
∂

∂xρ

))
(0.97)

so this becomes

2gλµΓλ
ρν = ∂ρgµν + ∂νgρµ − ∂µgνρ (0.98)

or equivalently

Γλ
ρν =

1

2
gλµ(∂ρgµν + ∂νgµρ − ∂µgνρ) (0.99)
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