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Problem: Show that the induced topology indeed satisfies the definition of a topology.

Solution: Let & = {U;} be the topology of Y and X C Y. The induced topology is
V = {U, N X|U; e U},

i) =0NX sosince ) €U we have ) € V.

ii) X = XNY sosince Y € U we have X € V

iii) Take V; = U; N X € V then

vinv,n.nV, = (UnNnX)NnU:nX)N...N U, NX)
eV (0.1)

iv) For an arbtirary number of V;’s:

UX/,-ZU(UZ-mX):(UUi>mXev (0.2)

Problem: Why aren’t closed subsets of IR", e.g. a disk with boundary or a line in IR?,
along with the identity map charts (note that in its own induced topology any subset
of IR" is an open set)?

Solution: If C' C IR" is closed we may still view it as an open set in its own induced
topology. The identity map id : C' — IR" is certainly continuous (in inverse image of an



open set is open by definition of the induced topology). It is also clearly 1-1 and hence
is a bijection onto its image. However consider id~! : id(C) C IR" — C this has

(id )1 (C)=C (0.3)

but since C' is open in its own induced topology and closed in the topology of IR" we
see that id~! is not continuous (as (id~')~! of an open set is closed). Thus id is not a
homeomorphism.

Problem: What is IRP!?

Solution: By definition RP! = {(z,y) € R* — (0,0)|(z,y) ~ (Az,A\y), A € R — 0}.
A point (z,y) € IR* — (0,0) defines a line through the origin. The point (Az, A\y) with
A # 0 will define the same line as (z,y). Thus IRP! is the space of lines through the
origin.

On the other and a line through the origin is specified by the angle (roughly 6 =
arctan(y/x)) it makes with the postive z-axis. Since (x,y) and (—z, —y) define the same
line this angle is indentified modulo 7 rather than 2w. Thus IRP! can be indentified
with a circle.

To make this more precises one should construct a diffeomorhpism from IRP! to S?.
Try this.

Problem: Show that the following:

U = {(z,y)€Sly>0},  ¢u(z,y) ==
Uy = {(z,y) €Sy <0},  ¢olx,y) =2
U = {(z,y) €Sz >0},  ¢s(z,y)=y
Uy = {(z,y) € Sr <0}, Os(z,y) =y

are a set of charts which cover S!.

Solution:

It should be clear that all the U; are open and cover S' and that the ¢; continuous
with ¢;(U;) = (—1,1). Their inverses are

(0.5)

which are continuous for § € (—1, 1) hence they are homeomorphisms (onto their image).



Next we must check that ¢; o ¢;" : (=1,1) — (—1,1) are C* for all non-intersecting
pairs. Thus we must check that
¢progy (0) = V1-62, ¢3 0 ¢1 ' (0)
progy (0) = —V1I-0, g0 (0) =V
$ro0¢5'(0) = V1-062, $30¢y (0) = V1 -0
G091 (0) = —V1-62, $10¢y" (0) = —V1- 02
(0.6)
These are all C* since § € (—1,1).

Problem: Show that the 2-sphere S? = {(z,y,2) € R*2® + y> + 22 = 1} is a 2-
dimensional manifold.

Solution: The hint was to consider sterographic projection. This requires using two
charts

Us = {(z,y,2) € S?|z < 1} and Un = {(z,y,2) € S?|z > -1} (0.7)

these are clearly open and cover S?. In each chart one constructs ¢n/s : Uy/s — IR? by
taking a straight line through either the south pole (0,0, —1) or notth pole (0,0,1) and
then through the point p € Uy/g. These lines are defined by the equation

0 T
XAN)=10 |+ Y (0.8)
+1 zF1

so that X(0) is either the north or south pole and X (1) is a point on S?. We define
®n/s(p) to be the point in the (x,y)-plane where the line intersects z = 0. Note that
this construction works on all of Uy and on all of Ug respectively but not on all of S2.

Explicitly one has
_ L Yy
(bg(x,y,z) - (].—Z’l—Z)

_ r Yy
qu(l',y,Z) - (1+Z71+Z>

(0.9)

By construction these maps are injective as they define a unique line and this will
intersect the z = 0 plane at a unique point. They are continuous and their inverses
(to construct them consider the line through (u,v,0) and (0,0,£1) and see where it
intersects S?):

o 2u 2v u? + 0% —1
95 (u,v) <1+u2+v2’1+u2+02’1+u2+02>
o 2u 2v 1 —u? —0?
oy (wv) = <1+u2+02’1+u2+v2’1+u2+v2>

(0.10)



These are also continuous. Finally we must simply observe that

65065 (0 0) = (e )

u? + v?’ u? + v?

¢n o o5 (u,v) = < . . )

u? + 02’ u? + 0?2

(0.11)
are C'*° on ¢N(UN N Us) = ¢S(UN N Us) =R - (0,0)

Problem: Consider the circle S as above. Show that f : ST — IR with f(x,y) = 22 +y
is C*°.

Solution: We can take the coordinates above. We need to consider fog; '(6) : ¢;(U;) —
R:

fodi'(0) = 0 +V1-6?

fod ' () = > —V1—02

fopz*(0) = 1—6>+0
(0)

= 1-6%+94
(0.12)

clearly all these functions are C*° on ¢;(U;) = (—1,1).
Problem: Show that f : S' — S! defined by f(e?) = €270 is C* for any n.

Solution: Again we choose the same charts and note that 6 € [0, 1]. First observe that

fo (/51_1(0) _ emarctan(m/e)
fo ¢2—1(9) _ e—marctan(\/@/e)
fo ¢§1<9) _ einarctan(G/M)
fo ¢Zl<9) _ e—inarctan(@/@)

(0.13)

Note that this is well defined since 6 # 0 on ¢1(Uy), ¢2(Us) and 6 # +1 on ¢3(Us), ¢4(Uy).
For any function y we also have that

$1(e™) = cos(ny)
Ba(e™) = cos(ny)
B3(e™) = sin(ny)
pa(e™) = sin(ny)

(0.14)



thus we see that ¢; o f o ¢;'() has the form:

cos(n arctan(v/1 — 62/6)
+ sin(n arctan(v/1 — 62/6)
cos(n arctan(/v/1 — 62)
+ sin(n arctan(d/v/1 — 62)
(0.15)

And these are all C* on the appropriate range of 6.

Problem: Show that the charts of two diffeomorphic manifolds are in a one to one
correspondence.

Solution: Let {U;, ¢;} and {V,,1,} be differential structures for M and N respectively
and f: M — N a diffeomorphism.

First we show that {f(U;), ¢; o f71} is a set of charts that cover A/. We note that
these cover N:

Ui f(Us) = f(UiU;) = fM) =N (0.16)

Furthermore ¢;0 f~1 are clearly homeomorphisms (bijective, continuous with the inverse
continuous).

Similarly {f~'(V,), %, o f} is a set of charts that cover M.

Now on V,, N f(U;) we have that

Yoo fTHodr 1 ¢i(Van f(U3)) — vu(Va N f(UI)) (0.17)

and this is C* as f is C*® (recall the definition). Thus the charts {f(U;),¢; o f~'}
are compatible with the charts {V,,,}. Since we take the differential structure to be
maximal we find that the charts {f(U;), ®; o f~'} must be included in the differential
struture {V,, 1.} of N.

Similarly {f~!(V,), %, o f} are compatible with the charts {U;, ¢;} and since we
assume the differential structure to be maximal it follows that the {f~'(V,), v, 0 f} are
included in {U;, ¢;}.

Thus it follows that {V,,4,} and {U;, ¢;} are in a one-to-one correspondence with
each other.

Problem: Show that the set of diffeomorphisms from a manifold to itself forms a group
under composition.

Solution: Suppose f,g: M — M are diffeomorphims. Then
gio(foglog;' =¢io(fod; oprog)od;' = (giofod)o(progos;’) (0.18)

is C* for all 4, j, k since f and g are C*. Similarly for g7' o f~'. Furthermore f o g is
a bijection if both f and g are. Thus f o g is a diffeomorphism.

bt



Clearly id : M — M is a diffeomorhism and by definition (the properties are
symmetric between f and f~!) if f is a diffeomorphism then so is f~!.

Problem: What goes wrong if try to define (X - Y)(f) = X(f) - Y(f)?
Solution: With this defintion we find that

X-Y(f+g) = (X(H)+X@HY(f)+Y(9)
= X(NHY () +X(NHY(9)+ X (@)Y (f) + X ()Y (9)
= X -Y(/)+X Y(9)+X()Y(9)+X(9)Y(f)
(0.19)

and the last two terms are unwanted.
If we try the same trick that we used for the commutator and define [X,Y](f) =
X()Y(f) = Y(f)X(f) then this clearly vanishes identically.

Problem: Show that, if in a particular coordinate system,

X =5 X7(e) &iu V=XV axu (0.20)
then 5
=) > (XH9,YY —Y*9,X") oy B (0.21)
wov
Solution: We simply calculate:
0
X0 = X (S lroer o)
> (30 (S pstr o) o006 061
0 0?
= ZZ(X“@ YV (fod ) + XYY o W(foeb;l))o@
(0.22)

Since the second term is symmetric in X* and Y" we find that

0

(fodos  (023)

X(Y)(f) =Y(X)(f) =22 (XH9 Y =Yg, X") ——

and we prove the theorem.
Problem: Show that for three vector fields X,Y, Z on M the jacobi identity holds:

X, [V, Z]|+ [V, [Z. X]| + [Z,[X,Y]] =0 (0.24)
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Solution: Here we simply expand things out

XY 2+ Y (2, X+ 12, X Y] = X(IY, 2]) = [V, Z2](X) + Y ([Z, X])
=12, X](Y) + Z([X,Y]) = [X,Y](2)

= ( (2)) = X(2(Y)) =Y (Z(X)) + Z(Y (X))
+Y(Z2(X)) =Y (X(2)) - 2(X(Y)) + X(2(Y))
+Z(X(Y)) = 2(Y (X)) = X(Y(2)) + Y(X(2))

=0 (0.25)
where we used the linearity properties of vectors, i.e. X(Y + Z) = X(Y) + X(Z).

Problem: Consider a manifold with a local coordinate system ¢; = (z!, ..., z").
how that ol =
i) Show tha {&W B p} 0

ii) Evaluate [% p,gp(xl,ﬁ)%

T

} where ¢(z!, 2%) is a C* function of x!, z2.
p

(gstreeies)
- (foor") oo~

oxvOxH 8x“8x”<f )0
=0 (0.26)

Solution: In the first case we find

o 0 0 (D e
o 30 ) = Wp((%y(f ¢;")o ) 5,
0? 1

And in the second case:

om0 0) = ol (P o onr) — e, (otr o) o0
— gt o 00k (gl )
o O (foo o
= (50h#) a0 (0.27)

SO

(0.28)

L oo (2],) 2
ax“’gpax”  \ Ozm p(p ozY p

Problem: Show that the dual space is a vector space and has the same dimension as
the original vector space (if it is finite dimensional).

Solution: Let V be a vector space with a basis e, ...,e". The space of linear maps
L:V — R is clearly a vector space (you can add them and multiply them by elements

of IR). A linear map is defined by its action on a basis. Hence if L(e’) = ¢’ then
L wve') => vL(e') = v (0.29)

7



Let L; be the linear map defined by

Lj(e") = ¢ (0.30)

J

Clearly there are n such maps, one for each value of j. Furthermore any other L can be
written as

L=> L (0.31)
so that L(v) = X v;c’. To prove that they are linearly independent we assume that
> d'L;=0 (0.32)

Then we consider this acting on each vector e; to find &/ = 0. Thus they are indeed
linearly independent.

Problem: Prove that, if, in a local coordinate system (z?, ..., "),
0
_ w2 _ m
X = %:X (@), w= %:wudx \p (0.33)
then
Lxw=> Y (Ow, X"+ w,0,X") dx“’ (0.34)
[ P
Solution: Here we just do the calculation noting that
ot (e,p) = 2" (p) + eX* + ... (0.35)

near € = 0 and hence that

(W) = Talo)gs

= Z(wu + Ea)\wa)\)<5Z + €0, X") + ...
= ) (w,+ €Ohw, X + €0, X w,) + ...

(0.36)
b = (vt
= —|o
xw dt » D wp
1 y
= 11_{1(1] - (Z ea,wquA + €0, X wl,> daxt
= ) (X"0w, + 0, X w,) dz"
(0.37)
Problem: Show that if, in a local coordinate system
0
T =" Athz-hr v Ve .
Z VIV2- Vs 9o |p ® & Otir Ip ® dx » ® ® dx » (O 38)

8



is an (r, s)-tensor,
0
X, =Y XI o =l (0.39)

are s vectors and

I __
=Y

, I=1,..r (0.40)
p
are r co-vectors, then

T(w' . Xy, . X)) =D At whwy XX (0.41)

Solution: Here we simply evaluate using linearity:

X V1
! 8ml’1

5 -
p

T(W,..,W"\ X1, .., X,) = T(Zwildx’“ )
o)
P Qpn

= YAl XP XY

w1t

Z w:“ w, XPVLXPT (da:”l

)

(0.42)

Problem: Show that if T is an (r,s)-tensor, (Uy,¢1 = (z',....,2")) and (Us, ¢y =
(y',...,y™)) are two local coordinates charts with U; N Uy # @) such that

0
T = AH1LH2Hs _— .. dz" .. dx”e A4
Z V1V2-Vs e p® ® Ot p® X p® & dx » (O 3)
and
T = Z BH1k2- b 9 ' ® dy” Vs (0.44)
V1Vs...Vg ayul p ayu
then
Blbatts e = D e D D D AT
AM=1 A=lpi=1 ps=1
0 0
M1 Hr
x <8x91 p? ) <8xﬂr 7 )
X g . 4 s
dyvtlp dyvs v
(0.45)

where 3 (z) is understood to be the component of the transition function ¢, o ¢7' and
2*(y) is understood to be the components of the transition function ¢, o ¢y .

Ne}



Solution: Here we note that in the y-coordinate chart

0
b B

M2 .. _ M1
B vive...Vs T (dy

) 0

We know from previous calculations that

0 Oxf 0

oyt
m = M = 4
4y P 2 OxM da p’ Oy Ip 2 Oyt OzPr lp (047)
Thus, using linearity, we find
0
BH1#2-Hr = T po =, .
ViV2...Vg (dy p’ ’ay”l p’ )
=T dx™ ...
<Z B Ty ’Zayl’l Oxrrlp >
ayul axpl A a
= T det
2 dxM " Oy~ ( N P >
oy* Oyt dxP OxPs A
ax)\l ax/\r aylll aylls P1---Ps
(0.48)
Problem: If
Ajadat A dx? + Azydz® A dat
n = Biasdz! A da? A dz® + Biasdzt A dz? A da®
(0.49)

then what is w A n?
Solution: We find

wAn = (Algdl'l A dz? + Asudx® A dx4) A (Blggd.Il A dx? A dx® + Bigsdz!' A dz? A d:p5)
= AsyBiosda® Ada* Adat A da? A da?
= Ay Biosdzt Adx® A dx® Adat A da®

(0.50)
where we used the fact that da* A da* = 0.
Problem: Prove that if w € QP(M) and n € Q4(M) then w Anp = (=1)Pn Aw.
Solution: By linearity it is sufficient to consider
w=dr' A..Adx", n = dz" A A daPte (0.51)
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Then we find

wAn = dx' A Ada? AdaPTEA A daPTe

= (=DPda”™ Ada' Ao AdaP AdaPTEA LA daPT
(—1)PHPdgP Tt A da:p“ Adzt A .. AdzP A dxp+3 A .o A daPte
= (=D)PdaP™ A Ad2PTEANdTt A LA da?
(=1)PMnAw

(0.52)

Problem: Prove that if w € QP(M) and n € Q4(M) then d(wAn) = (dw) An+(—1)PwA
dn.

Solution: In components we have
dwhn) = — Z O (Wuroosy o) AT A ™ A A dah® A da® A A s
p! q
= W Z (akwul...upnyl...yq + wul...p,pa)\nyl...yq)
da Adx" A AN dxtr A dat A LA date

~ ol ql D Oy iy o uqu Adz AN dt A da A LA dat

—i—(—l)p]Tq' Zwm.“up@)\nylmyqu“l A ANz A da A dxt A LA date

= (dw)An+(—=1)’w Adn (0.53)
Problem: Prove the following. Let f : M — N, ( ,-.»y") be local coordinates on
V C N and (z!,...,2™) local coordinates on U N f~1(V) C M. If
= Lo v AN dy'r 0.54
0= 3w (PO A (054
then
frw = Z Zw 0 — (" o f)... 0 (y”? o f)dz" | A ... A dxtr (0.55)
p=1v=1 i 3 K1 Oxtw P p
Solution: Recall that we defined
fw(Xy, ..., Xp) = w(fiXa, ., [ Xp) (0.56)
Now we saw before that
=X o) (0.57)
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Hence

oz Oxvr

= <f* PR 7f* v )
ox Oxvr
M1 o Yp
Zwm Hp (f* ZEV1> (f*axyp>
9, 0
= Zwm-w@(ym © f)'“axyp (Y7o f)

(f*w)m...up = (f*w) (a’ ey a)

Problem: Show that if
w = pdx + qdy

then

o (p<0<t>>dxdjc +p<c<t>>dydjc) it

Solution: We have just seen that

(C ) = X 5l 0 Chea(C)

Thus in this case we simply have C*w = (C*w),dt with

8
dzoC dyoC
o ) —

(€)= SroC)u(C(t) +

= p(C())

Problem: Consider the manifold IR* — {(0,0)} and the 1-form

_ ydx xdy
T2 + y2 x2 + yz

L

What is

along the curve C(t) = (2 4 cos(27t), 2 + sin(2nt)). Next consider the 2-form

_dr Ndy
- x2+y2

L

12

What is

(0.58)

(0.59)

(0.60)

(0.61)

(0.62)

(0.63)

(0.64)

(0.65)

(0.66)



where C': I, — IR* — {(0,0)} is given by C(t,t5) = (t; + 1)(cos(2nty), sin(27ts)).

Solution: Our definition of the integral tells us that

/ w = / C*w
c 0
_ o /1 ( (2 + sin(27t)) sin(27t) (2 + cos(27t)) cos(2nt) ) 5
0 \(2+sin(27t))% + (2 + cos(27t))? (2 +sin(27t))? + (2 + cos(27t))?
o / ( sin(2mt) (2 + cos(27t)) cos(27rt)> 1
2 + sin(27t) (2 + sin(27t))? 14 <2+COS(27T75))2

2+-sin(2mt)
2 + cos(27t) ’1
2 +sin(27t) / 1o

dt

= arctan (

=0
(0.67)
For the second example we find
11
/w = //C’*w
c
B / / ocT ocY — aCv oc” bt
- (C)2 oty Oty Ot Ot )
_ 2 .
= 277/0 /0 m (cos (27ty) + sin (27rt2)) dtdty
1
_ 27r/ dt
o (1+1)?
1
- o
1+th
=7
(0.68)
Problem: Consider the manifold IR? — {(0,0)} and the 1-form
oo YT _ody (0.69)

ZE2 _|_ y2 12 + y2
Show that this is closed. Is it exact?

Solution: To show that it is closed we calculate
0 Y 0 x
dv = —|——dyNde — — | ——|dxANd
w oy <x2+y2> YALE— 55 <x2+y2> LAy

1 21 1 212
= - dy Ndx — — dr Nd
@ﬂ+w (ﬂ+m%9 g @ﬁ+ﬁ (ﬁ+y%g e

13




22— 02 2 _ 42
- <(m2 n 52)2> dy N\ dx — ((52 n y2)2> dx N\ dy
=0 (0.70)
We saw in the lectures that
/ w=-1 (0.71)
c
where C(t) = (cot(2nt),sin(2nt)). Note that 0C = C(27) — C(0) = 0 hence if w = dn

for some 1 then
/w:/dn:/ n=20 (0.72)
c c ac

this is a contradiction hence 7 can’t exist, i.e. w is not exact.

Problem: Show that if
X = E XH— 0.73
m Oxt lp ( )

is a vector field expanded in some local coordinate chart ¢;(p) = (z'(p),...,2"(p)) and
we define

%,
L O (0.74)

dX =3 0,X"da"
I

then dX will not be a tensor. However check that if w = Y w,dz"|, is a co-vector
(1-form) then
dw => (Oyw, — Ouw,)dz"|, @ dz"|, (0.75)
"
is a tensor. Hint: consider how things look in a different coordinate chart ¥ (p) =
(', ).

Solution: Consider another coordinate system ¥ (p) = (y',...,y"). In this coordinate

system we have
x=y x»2 x7 =3 W x (0.76)
oyv OxP '

so that

0 ox* 9 [oy+
Yoxm — B
oy Z Oy? Ox? <8$P >
oz Oyt or* 0%y
YT H, xP
2 dy” dxr 2 oy¥ OxPox?

p

(0.77)

The first term is okay, i.e. it obeys the tensorial transformation rule. But the second
term is wrong. Thus it is not a tensor.
For a 1-form one we have

oxP
w = w,dy" w, = a;wp (0.78)

14



the same steps give

o oz* OxF 0z
oy = 2 o oy Ot 2y

(0.79)

Thus again this is not a tensor on behalf of the second term. However the second term
is manifestly symmetric in the indices p and v. Hence if we construct the exterior
derivative, whose compondents are,

Ouwy, — Oywy, (0.80)
then this will transform as a tensor.

Problem: Prove that in a local coordinate system the curvature tensor is

R = ZRWde“\ ®dr*|

‘ ®8xp

= Y (- armuarumura [y +TI0, ) da*| @ de*|)

‘ ®55 agjp
(0.81)

Solution: To evaluate the components of R in a coordinate chart we can simply evaluate
o o0 0
A I oA o
Bow™ = R(E)x“’ax”78xp’dx )
0 0 A
(0 (2) () o
o 9 o 0 A
£ (-2 (15 (5)) + 2 (55 (5 )) 0

= Z( d.I¢ 0 —rarfiﬂara O o a)(dﬁ)

rs VpT O § 0T 1P Oy L)

(0.82)
from here we can read off the desired formula.
Problem: Convince yourself that in a local coordinate system

D, TH#r _ aMTm---ur

Vy...Us Vi...Vs
i A e P e
+ T5T
_ P 1oy
Z F)\ViT V1...p.. Vs

(0.83)
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Solution: We start with the definition

DxT(w',...,w" Y1,....Y,) = X(T(w',...,w",Y1,....Ys))
—> T(w', ..., Dxw',...w", Y1, ..., )

— ZT(wl, cnw' Y1, DY YY)
(0.84)

Just as with the one-form case in the notes we find that, in a coordinate system, with

0 i 0 ,
X=w VT g wimd”
0 0
THLHr = T |dz", ... dz" ey ——
Vi...Vp ( T, ax ’833”1’ 78.171/5)
(0.85)
so that 5
DyY'! = ZF’A’W% , Dxw; = — Zfﬁzdx” (0.86)

the second expression follows from the definition of Dyw given in the notes. Evaluating
the definition using these expressions gives

DyTHbe, = 9T

1...Vs Vy...Us

_ P M1y
Z F)\l/iT Vl...p..Up
%

(0.87)

Problem: Consider IR* and cover it (or more precisely all but the origin) with polar
coordinates show that the Euclidean metric is

g=dr®@dr+1r*d)®df (0.88)

Solution: We start with the Cartesian metric in 2-dimensions
g=dr@dr+dy@dy = 6 di" ® dz” (0.89)
To construct the metric in polar coordinates we note that, on IR? — {0,0},

r=rcosf , y =rsind (0.90)
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are the transition functions y*(z"). In the new coordinates

o> Ox*
=y 0.91
g;w ayu ayy Ap ( )

where the y’s are the polar coordinates. Thus we find
Oxr dx Oy dy .
= — 4+ 22 =cos?f 20=1
Jrr or or * oror sin
0201, Dy0y

, . Oz dydy . . _
gy = 6r89+8r80 rcosfsiné + rsinf cosf =0

Oxr dx Oy dy )
o oxoxr  Oyoy o . oo 2 29 _ 2
Jog = 8980+0989_T sin“f +r“cos“ 0 =r (0.92)

and hence

g =>g,dy" @dy’ =dr ®dr+r’d) ®df (0.93)

Problem: Show that in a local coordinate system (z',...,2") the coefficients of the
Levi-Civita connection are

1
FZ\V = §g>\p(augpl/ + augpu - apg;u/) (094)

Solution: From the lectures we saw that

29(DzY, X) = Z(g(X,Y))+Y(9(Z X)) - X(9(Y, Z))
—g([Y7 Z]vX) - g([Zv XLY) +g([X7 Y]7Z)

(0.95)
So let us choose our usual coordinate system and
0 o o
_ Y _ 9 _ 0 B . .
X = ot ’ Y= oxr? ’ Z= oxrP ’ and 9= zguudx & dx (096)

00 (T o 9\ 0 o 0 N 0 o 0
g P OrA Oxi | Oz g ox+’ Oxv folnd g Oz’ Oxt

so this becomes

QQAMF;\V = apg;w + augpu - 8ugyp (098)
or equivalently
1
Ly, = 59" Oogu + Oy — Dugiy) (0.99)
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